Chapter 2 )
Calabi-Yau Manifolds with Torsion Chack for
and Geometric Flows

Sébastien Picard

Abstract The main theme of these lectures is the study of Hermitian metrics in
non-Kidhler complex geometry. We will specialize to a certain class of Hermitian
metrics which generalize Kéhler Ricci-flat metrics to the non-Kéhler setting. These
non-Kihler Calabi—Yau manifolds have their origins in theoretical physics, where
they were introduced in the works of C. Hull and A. Strominger. We will introduce
tools from geometric analysis, namely geometric flows, to study this non-Kéhler
Calabi—Yau geometry. More specifically, we will discuss the Anomaly flow, which is
a version of the Ricci flow customized to this particular geometric setting. This flow
was introduced in joint works with Duong Phong and Xiangwen Zhang. Section 2.1
contains a review of Hermitian metrics, connections, and curvature. Section 2.2 is
dedicated to the geometry of Calabi—Yau manifolds equipped with a conformally
balanced metric. Section 2.3 introduces the Anomaly flow in the simplest case of
zero slope, where the flow can be understood as a deformation path connecting
non-Kihler to Kéhler geometry. Section 2.4 concerns the Anomaly flow with o
corrections, which is motivated from theoretical physics and canonical metrics in
non-Kihler geometry.

2.1 Review of Hermitian Geometry

We start by reviewing non-Kihler metrics in complex geometry. In particular, we
study unitary connections, torsion, and curvature associated to a Hermitian metric .

2.1.1 Hermitian Metrics

Let X be a complex manifold of dimension n. The manifold X is covered by
holomorphic charts U, equipped with local holomorphic coordinates CAR 0
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such that X = 1« U The complexified tangent bundle of X will be denoted T'X,
which splits

TX=T""Xe1%'X.

Using local coordinates, a tangent vector in 7YX is a combination of

0 d
azl’ T am

and a tangent vector in 77! X is a combination of

d d
azl ’ ’ 7" :
We will use the notation
d d
ox = , g = __, .
K= gk k™ gzk

Next, we will use £27°9(X) to denote differential forms of (p, ¢) type. This means
that in local coordinates, £27°9(X) is generated by

dZ'V Ao ANdZP ANdZIV AN - dT

We will use the following convention for the components ¥ of a differen-

T Jqit-ip
tial form ¥ € 27-9(X)

1

v = O Z W,/Tl"'jqil"'ipdzip A .- 'dZil A dzjq A A dzj1. Q2.1
pq-:

The exterior derivative d decomposes into
d=0+0,
where
31 2PUX) — PTh(X), §:02PUX) — 2PIT(X),

are the Dolbeault operators. A Hermitian metric g on X is a smooth section
(T19x)* @ (T%1 X)* such that in local coordinates

g =g d/ ®dz, 2.2)
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where gz j is a positive-definite Hermitian matrix at each point.

8kj > 0, 8kj = 8jk-

In (2.2) we use the summation convention, which will be used throughout these
notes, where we omit the summation sign for matching upper and lower indices. We

use the notation g/* = (gx j)_l for the inverse, meaning that

e =01,
We can identify the metric g with a Hermitian form o € £2 LI(X,R) via
o =ig;dz/ ndzt.
The metric g induces a metric on differential forms £27°9(X), and we define the
Hodge star operator x : 279(X) — £2"~9"~P(X) by requiring
n

_ w
aAxB =g(a, B) a

forall o, B € 279(X).
A basic fact which will be often used in these notes is
Proposition 2.1 Let X be a compact complex manifold with Hermitian metric g
and 0X =0. Let f € C*°(X,R). If
g/ 0,00 f = 0,

everywhere on X, then f is a constant function.

Proof Let c denote the maximum value attained by f on X. The set

S=rf"10)

is closed. We claim that S is also open. Indeed, let p € S. Let B be a ball in a local

chart such that f attains a maximum in the center of B and satisfies g/ kg g f =0
in B. By the Hopf strong maximum principle (e.g. Theorem 2.7 in [HL11]), we must
have f = c in B. This shows that S is open, and hence S = X. m|

A Hermitian metric w is Kéhler if
dow = 0.

Kéhler manifolds are of fundamental importance as they lie at the crossroads of
both Riemannian geometry and algebraic geometry. In these notes, our goal is to
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generalize the Kéhler condition while still retaining enough structure to develop an
interesting theory.

There are many ways to generalize the Kéhler condition. There is the notion of a
pluriclosed metric, which satisfies

iddw = 0.
There are also astheno-Kéhler metrics [JY93], which satisfy
030" = 0.

It was shown by Gauduchon [GA77] that every compact complex manifold admits
a Gauduchon metric, which satisfies

i3d™ 1 = 0.

More generally, Fu-Wang-Wu [FWW13] introduced the notion of k-Gauduchon, for
1 <k <n — 1, which is defined by the condition

1390 A" k1 = 0.

All these notions generalize Kdhler metrics in different ways. In these notes, we will
mostly focus on another notion: we say a Hermitian metric w is balanced if

do" ' =0. (2.3)

The special properties of balanced metrics were noticed early in the study of Her-
mitian geometry, arising for examples in articles of Gauduchon [GA75]. Balanced
metrics were studied systematically by Michelsohn [MI82], and these metrics were
rediscovered in theoretical physics in the development of heterotic string theory
[HU186, ST86, LY05]. A main theme in Michelsohn’s work is that balanced metrics
are in some sense dual to the Kéhler condition. For example, Kihler metrics are
inherited by the ambient space (via pullback) while balanced metrics can be pushed
forward [MI82].
Given a Hermitian metric w, its torsion is defined by

T=idw, T=—idw.

We see that a metric is Kéhler if and only if its torsion vanishes. The components of
the torsion are given by

1 P
T = Tyndd" nded AT T = T

) _d7" Ad7 A dZE.

m
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Explicitly, we have
Tijm = 0j8km — Om8kj» Tijim = 0;8mk — 08k 24

We can raise indices using the metric, and we will write T, i = gkt Ty We can
also contract indices, and we will use the notation

ik
Tj = gl leij'
We will also use the 1-form 7 defined by
T = dezk .
Taking norms, we have
IT1> = ¢""8" 8 Ty T i

ikm

lt)? = M1 T;.

2.1.2 Connections

Let E — X be a complex vector bundle of rank r. The bundle E can be specified
by an open cover X = |  Un together with transition matrices #,,, : Uy N U, —
G L(r, C) satisfying

tun” p = 8%,
and
% ptop?y = 1%y on Uy, N U, NU,.

If all transition functions f,,, are holomorphic, then E is a holomorphic bundle.
A section s € I'(X, E) is given by local data (U,,, s,,%), where

1
s=(su (), S,ur(zu)) on Uy,
and s, : U, — C’ is a smooth map which transforms via
(su)a = t,u.vaﬁsvﬁ

on U, N U,. On a holomorphic bundle, we say s is holomorphic if the s, are
holomorphic.
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Let us illustrate this notation by considering the example of the holomorphic
tangent bundle 71-0X . Here the transition functions are

0z,

t ik =
Vv - k]
" 3ka

which are defined on the intersection of coordinate patches (Uy, z ,L" yand (U,, z,0).
Sections of T1:0X are vector fields V = Vig; € (X, TLOX), andonU, NU,,

0z,

¢ ¢
Bz./Vv'

v,k

Next, we recall that from a bundle E, we can induce bundles such as E*, E, and
det E. If the bundle E has transition matrices #,.,, then sections ¢ € I'(X, E*) are
given by data (U, ¢,.o) which transform according to

(¢,u)ot = tvp,ﬂotd)vﬂ-

Similarly, sections s € I" (X, E) transform by

@
S =ts svﬁ,

and sections ¥ € I'(X, det E) are given by local functions v, : U, — C which
transform by

wu = (det tp,v) Yy.

To differentiate sections of a vector bundle, we use a connection V. Connections
can be expressed locally as V = d + A, where A, are local matrix-valued 1-forms
(A)i%p defined on Uy,. The local matrices (A,,); satisfy the transformation law

(A)i =ty (A 1y~ — Bityn)t 2.5)

Here we omitted the indices for matrix multiplication. This transformation law is
designed such that for any section s € I' (X, E), its derivative V;s is again a section.
Explicitly, derivatives of s are given locally by

Vis% = 09;s% + Aiaﬁsﬁ, V;-sa = al—.s“ + Al’-aﬁsﬂ.
with the notation

Vi=Va, V;»:Va;.

az! az!
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Given a connection on E, we can induce connections on E*, E , det E, etc., by
imposing the product rule. For example, the product rule i (so¢*) = Visad® +
S Vi @® leads to the definition

Vibe = hbe — P AL 0 Vidw = 0100 — dpA;ls

for sections ¢ € I'(X, E*). Similarly, for a section u € I'(X, E), the induced
connection is defined by

Viu® = u® + AEaﬂuB’ V,;u& = aku& + Ako‘/guﬁ,
and for a section ¥ € I'(X, det E™), the induced connection is
Viv =0y — A%V, Vi =0y — A% (2.6)
As a final example, the induced connection on I' (X, E* ® E *) is defined by
Vihapg = Okhag — A ohyp — Akylgh&y.
We now focus our attention on the holomorphic tangent bundle 7'°X. Given a
Hermitian metric = ig,;jdz/ A dz* on X, we say a connection V on T10X is
unitary with respect to w if
Vi 8kj = 0.
On a Hermitian manifold (X, w), the Chern connection is the unique unitary
connection on 719X such that A &t = 0. The Chern connection acts on sections
VelIX, T'0X) by
Vi(VI9) = (ViVDdi, Ve (VIan) = (VV)a,
where
Vi Vi=aVi+ 1, vt vivi=g v,
and
Iy = 8" gpe. 2.7)
Due to its simplicity, the Chern connection is best suited for most computations.
However, in non-Kihler geometry, there are other interesting connections on 710X
to consider too. We start with the Levi-Civita connection, which acts on V €

(X, TX) by

VE(Vi; + Vg = (VEVHY, + (VEV)a,,
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where
. . . Tie P
¢ ¢ 1
VEV = VI 4+ T,V — , Vi, TV
oo g .
VE Vi = 8]EVZ + 5 TV,
and

VEVI = VEVi, VEVI = ViV

To be clear, we note that here, and throughout these notes, Fk’i is reserved for the
expression (2.7), which is not the Christoffel symbol of the Levi-Civita connection.
This well-known connection from Riemannian geometry preserves the metric
V8 g = 0 and has zero torsion tensor V‘)g( Y- V§X —[X, Y]. For Kdhler metrics, T =
0 and we see that the Levi-Civita connection coincides with the Chern connection.
However, for general Hermitian metrics, the tensor Ty; j is nonzero and the Levi-

Civita connection does not preserve the decomposition T7X = T'9X @ 701X In
particular, it does not define a connection on the holomorphic bundle 7'-0X.

We can add a correction to V¢ to obtain a new connection which does preserve
T1.0X. We define

1 _
vt =vé 4 2g_1H, H =i —do.

The new connection acts on V € I'(X, TLOX) by v,j(vfa,-) = (V,;|r vHo; with
components

VIV =8 Vi+ (I, — T VY, (2.8)
VIV = RV 4 " Ty V.

We will call this connection the Strominger—Bismut connection [BI89, ST86]. It
evidently preserves 70X, and a straightforward computation shows that

V+g;g/ = 0,

hence VT is a unitary connection. Furthermore, vVt = V8 4+ ég’lH has the
property that its torsion 3-form

T(X,Y,Z2)=g(VyY —ViX —[X,Y], Z)

is given by the skew-symmetric 3-form H.
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Using the Chern connection V and the Strominger—Bismut connection VT, we
can define a line of unitary connections which preserve the complex structure.

V© = (1 —k)V+xVT,

where k € Ris a parameter. This family of connections is known as the Gauduchon
line [GA97]. We note that this line collapses to a point when w is Kéhler.

There are other connections which play a role in theoretical physics which do not
preserve the complex structure. One such example is the Hull connection [HU286,
LE11, DS14], denoted by V™ = V& — ; g’lH . Explicitly, this connection acts on
Vel(X, TX)by

—yi ' i L ij 7 1
vV, V= V' + FkZZV — g”TkﬂV , 2.9)
—yi _ q.yi
VoVE=o Vi
Although V™~ does not preserve 710X, a direct computation shows that V~g = 0.
Most computations in these notes will be done using the Chern connection, and
from now on we reserve V to denote the Chern connection. We will use superscripts
e.g. V7, to denote other connections.

Next, we review integration and adjoint operators in Hermitian geometry. The
first identity is the divergence theorem for Hermitian metrics.

Lemma 2.1 Let (X, w) be a closed Hermitian manifold. The divergence theorem
for the Chern connection V is given by

/V,V’@”:/ T,Viw", (2.10)
X X

foranyV e I'(X, T1.0X).

We see that the torsion components 7; play a role when integrating by parts. The
proof is similar to the Kdhler case, and is omitted.

Next, we recall the L2 pairing of differential forms, given by (¢, ) =
fx g(p, ) ®", where g(¢, ¥) is the induced metric on ¢, € £2279(X). For
example, for n, B € QI’O(X), we define

<n,ﬂ>=/ g njpr o,
X
and for o, x € 21 (X),

(@, x) = /ng"gma/;zxfm "
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The adjoint operators 3" : 274(X) — £2P~14(X) and at + erix) —
27471(X) are defined by the property

0, ¥) = (p,3Ty), (3, ¥) = (¢, ¥).

We will also write d* = 87 4+ 3. We will need an explicit expressions for these
adjoint operators in the following special case.

Lemma 2.2 Let (X, w) be a Hermitian manifold. The adjoint operators act on « €
2V1(X) by

(0a); = —g"V0z, + g Tz, 2.11)
@k = g1V pagr — g Tpage. (2.12)
Proof Leta € 2L1(X) and B e 291(X). The components of 98 are
(0B)g; = VB

The inner product (&, 38) = (3 e, B) expands to
jk pd,,_ N jkeat oN-p. n
/;{g 8 akp(Vq,Bj)a) —/;(g (0 ot)k,Bja).

Applying the divergence theorem (2.10) to the left-hand side, we obtain (2.11).
A similar computation leads to (2.12). |

As a corollary, if we apply these identities to @ = w = igg jdzj A dzF, we obtain
@Tw)y; =iT;, @0y =—iTy. (2.13)
and

d'w=iF-1).

2.1.3 Curvature

Let E — X be a complex vector bundle. The curvature of a connectionV =d + A
on E is a 2-form valued in the endomorphisms of E given by

F=dA+ANA,
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with components

1 i - i -
Fi;%pdz! A dzF + F;%pdz! A dzk.

1 .
F = ijalgdzj /\de + )

2

The curvature form of the Chern connection of a Hermitian metric w will be denoted
Rm. In this case, one can verify that the curvature form Rm is an endomorphism-
valued (1, 1) form

Rm = Ry ;P ydz! A dZF,
with components given by
RijPq = =0l = —9;(8"°918sq)-
We may write this as
Rm = 3(g~'9g), (2.14)
which holds in a holomorphic frame on 710X . We note that in general, when using
unitary connections other than the Chern connection on 7'1:X, the curvature will

have (2, 0) and (0, 2) components as well.
We can raise and lower indices of the curvature tensor using the metric g i

Rijine = 8ip Ry "0 = —0p9jgie + 8" 0 2ins 9 gre. (2.15)

Lemma 2.3 The curvature of the Chern connection on (X, w) satisfies the follow-
ing Bianchi identities

Rijme = Riijie + ViTyig
Rijine = Reenj + Vil
Proof For example, we compute using the definition (2.15) and obtain
Rijine — Rijre = — 970 8ime + 8" 0ginsdj 87¢ + 8087, — 8 Ingr,dj e
= 0 Oy — Opgime) — &8 0;8r¢ (9 gy — O &is)
- o
=0 Tym; — Fje prk
= ViTyak-

The other identity is derived in a similar way. O



68 S. Picard

There are four notions of Ricci curvature for the Chern connection in Hermitian
geometry, and we will use the notation

_p.p P - I _p.P. PRI _ pP ..
Rij=Rej"pr Rij=RCprj Rpy=Rep"j, Ry =Ry

From the Bianchi identity, we see that these notions of Ricci curvature are all
different. We will call Ry j the Chern—Ricci curvature, and it is also given by

R];j = —0g0; logdetgp,.

The Chern—Ricci form represents the first Chern class [Z’IH Ric,] = c1(X) and is
given by

Ric,, = —90 logdet g = Ry ;dz/ A dZ*.

There are two notions of scalar curvature, denoted by

R = gzmgij]Eer = Rppjjv R = gjrhgekRzzjnu = Rpjjp-
2.1.4 UQ) Principal Bundles
2.1.4.1 Definitions
We denote the group of complex numbers with length equal to 1 by U(1). A U (1)
principal bundle can be specified by an open cover X = | u Un together with
smooth maps
g U, NU, — U,
such that
— -1 _
Bup =1, Euv = v
and
8uv8vp = Eup>

on an non-empty overlap U, NU, NU,. In this section, we review how a connection
on a line bundle defines a connection on a U (1) principal bundle.
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Let L — X be a smooth complex line bundle with data (U, NU,, t,.), equipped
with a connection V4 = d + A whose curvature is F4 = dA. We also consider the
line bundle L’ — X given by the data

(U,l,L N Ul)a @ir‘“}), tN«V — el"[;w.
(70

To compactify the fibers, we equip L with a metric &, which is locally given by
(U, hy) where h, are positive functions which transforms as

1

- h,.
|t |?

hy

The metric & provides an isomorphism of the line bundles L and L', where the
connection d + A on L becomes the connection d + A’ given by

1
A =A-— 2dlogh,

on L’. It can be checked that this expression satisfies the transformation law for a
connection (2.5), which in this case becomes

Al = Al —idty,. (2.16)

Thus we have induced a connection d + A’ on L’ with curvature
dA = Fy. 2.17)
Let w : P — X be the U(1) bundle determined by the data (U, N U,, el

Locally, points in P are given by (z, e'Vir) with projection T (Zp, ety = Zus
where the coordinates ¢!¥# on the fiber transform via

oV — ity iV
In other words, on U, N U,, there holds
Y =Yg + T + 27k, (2.18)

for an integer k. Combining this with the transformation law for the connec-
tion (2.16), it follows that

6 =dy, —iAl (2.19)
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is a global 1-form on the total space of the bundle # : P — X. We call 6
the connection 1-form of the U (1) bundle P. Furthermore, by (2.17), its exterior
derivative is

do = —iFy.

The connection 1-form 6 splits the tangent space T P of P into vertical and horizon-
tal directions. For the vertical direction, we note that by (2.18), the expression 3‘3&

transforms as a global vector field on w : P — X. We define the vertical subbundle
V by

0
V = kerm, = span { oy }

The horizontal space is given by H = ker 6. The tangent bundle of P splits as
TP=V®H,

and m.|p : H — T X is isomorphism.

2.1.4.2 Non-Kihler Manifolds Constructed from Principal Bundles

Connections on U (1) principal bundles can be used to construct non-Kéhler
complex manifolds. This idea was first used by Calabi—-Eckmann [CE53], and later
generalized by Goldstein—Prokushkin [GOO04]. In this section, we will construct the
Calabi—-Eckmann manifolds.

Our first example will use P! as the base manifold. We cover P! by the open sets

Uo = {[Zo, Z1] : Zo #0}, Ui ={[Zo, Z1]: Z1 # 0},

and define coordinates ¢ = 2 on Up and § = g‘; on Uj. The line bundle L =
0(—1) — P! equips the covering {Up, U1} with the transition function

Z
to1 : UpNUp — C*, to = 0.
Z

This data defines a U(1) principal bundle 7 : P — P! by the same covering
P! = Uy U U; and transition function

Zo |Z1]

cUpNU — St
VARVA
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In the trivialisation Ug x S 1, we use coordinates (¢, ei‘/’o), and in the trivialisation
Uy xS 1 , we use coordinates (&, e ). On the overlap,

Jvo — & v
€1

In fact, the space P is diffeomorphic to the sphere S°. If we write
$* = {(@0.21) € C? : Jzol” + |21 |* = 1),

then a diffeomorphism is given by F : $> — P, where

F(z0,21) = <[zo,z1], |§0|> elUyxS', 20#0,
0
F(0,z1) = ([0, 1],z1) € U x S'.

The inverse of F is given by

. 1 . . .
Fl (¢, V) = 2(e””O, celVy, (z, eV e Uy x S,

V141l
F7H([0,11, €Y1 = (0, €, ([0, 1], e Up x S
Next, we define a connection on P.

A metric on L = 0(—1) is defined by two positive functions kg : Uy — (0, 00)
and hy : U; — (0, oo) satisfying hyp = M We will take

lto1]? "
ho=1+¢c% hy =14+ &

The Chern connection of (L,h) is V. = d + A with A = dlogh. As explained
in (2.19), a connection on L defines a connection 1-form 6 on P given by

0=dy—iA,
which satisfies
do = —idA = —iddlogh = wrs. (2.20)
Next, we add a trivial fiber S' = {¢/?} to our space, and consider the manifold

Ml,():PXSlZS?’XSl.
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Using the connection 8, we split the tangent bundle

TMio=H® 9 D 9
b= <aw> <a¢>‘

We can define an almost complex structure J on M o by identifying H with TP!
and using the standard complex structure on dy and dy. To be precise, if j is the
complex structure on P!, then

R R

J=@ a1,

1 =_,1_ = .
oYy 9 ¢ oy
The space T'-° M ¢ is spanned by pullbacks of 7"-°P! and

d .0

oy g’
To show J is integrable, we can apply the Newlander—Nirenberg theorem. If z

denotes a local holomorphic coordinate on P!, then (1, 0)-forms on M| g are locally
generated by

(*dz, 0 +idé).

We note that 0 4 id¢ is a (1, 0) form since it sends dy 4 {9y to zero and H = ker6.
For local functions fi, f>, then by (2.20) we compute

dlfidz+ (0 +idep)] =dfi Adz+dfa A (0 +ido) + frors. (2.21)

It follows that for any n € .QLO(MLO), then (dn)z*o = 0. By the Newlander—
Nirenberg theorem, we conclude that M ¢ is a complex manifold.

The complex surface M ¢ is known as the Hopf surface. Since it is topologically
$3 x S1, we see that the second Betti number of M  is zero. Therefore My is a
non-Kihler complex surface.

This same construction can be applied to the manifold M; ; = P x P, which
is a product of two copies of the U (1) principal bundle P over P!. Then M i is a
complex manifold of complex dimension 3, which is a fibration over P! x P!,

w: Mg — P! x Pl

Since M| =~ $3 x $3, this construction defines a non-Kéhler complex structure on
§3 x 3.
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In fact, the threefold M; | does not even admit a balanced metric [MI82].
Suppose w is a positive (1, 1) form on M ; such that dw? = 0. Let D be a divisor
on the base P! x P!, Since

/ o > 0,
7*(D)

it follows that the class [w?] € H 4(M 1.1, R) is non-trivial. This is a contradiction,
since H*(S? x §3,R) = 0.

The construction described above readily generalizes to M, , = S?P*! x §24+1,
giving fibrations

TiMy, — PP xPI.

These non-Kéhler complex manifolds were discovered in [CE53] and are now
named Calabi—-Eckmann manifolds. A variant of this construction will be revisited in
Sect.2.2.3.4 to produce T2 fibrations over Calabi—Yau surfaces [GO04], and these
manifolds will play a role as a class of solutions to the Hull-Strominger system
[FYO08, FYO07].

2.2 Calabi-Yau Manifolds with Torsion

Let X be a compact complex manifold of complex dimension n. We assume now
and henceforth in these notes that n > 3. Suppose X admits a nowhere vanishing
holomorphic (n, 0) form £2. Given a Hermitian metric o = igj j dz/ Ad7*, the norm
of £2 is defined by

'

1212% =i"2 2. (2.22)
n!

Using a local coordinate representation 2 = £2(z) dz' A --- A dz", this norm is
1217 = 22 ) (detg; )"
A Hermitian metric @ on (X, §2) is said to be conformally balanced if it satisfies

d(|2|,e" ") = 0. (2.23)

We see that the Hermitian metric y = ||.Q||i)/ =14, is balanced in the sense of

Michelsohn [MI82]. We will call (X, §2, w) a Calabi—Yau manifold with torsion.
Though Kihler manifolds provide a class of examples, Calabi—Yau manifolds

with torsion need not admit a Kéhler metric. We shall see that Calabi—Yau manifolds

with torsion, though non-Kéhler, still retain interesting structure. The geometry
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of Hermitian manifolds satisfying condition (2.23) belongs somewhere between
Kihler geometry and the general theory of non-Kéhler complex manifold described
in Sect.2.1. We note that there are other proposed generalizations of non-Kéhler
Calabi—Yau manifolds in the literature; see e.g. [GGPO8, LE11, TO15].

It was shown by Li—Yau [LYO0S5] that condition (2.23) is equivalent to certain
SU (n) structures arising in heterotic string theory [HU186, HU286, ST86, DS 14,
P01, GMPWO04]. In this section, we will explore the geometric implications of this
condition.

2.2.1 Curvature and Holonomy
2.2.1.1 Holonomy

From the point of view of differential geometry, Calabi—Yau manifolds with torsion
can be understood by imposing a holonomy constraint. While Kihler Calabi—
Yau manifolds are characterized by the Levi-Civita connection having holonomy
contained in SU(n), here we consider the holonomy of the Strominger—Bismut
connection V¥ instead.

Lemma 2.4 ((MI82]) Let (X,w) be a Hermitian manifold equipped with a
nowhere vanishing holomorphic (n, 0) form §2. Define x = ||§2 ||i)/("_l)a). Then

dix =i@log|2llo — 1) — i@ log | 2]l — 7).

Here t is the torsion I-form of w, and d; is the L* adjoint with respect to x.

Proof The torsion 1-form of x is given by

T) =il Ve [a,-<||9||},,/<"“gk e aj<||9||}/<"“gk,~>}.
Simplifying this expression give
T/ =Tj - 3;10g 21w,

where T is the torsion of w. We apply the identity (2.13) for the adjoint 8; ofx. O

Next, we interpret the conformally balanced condition in terms of a torsion
constraint. This relationship between T and log ||£2]|, will have a recurring role
as the key identity in the subsequent computations.
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Proposition 2.2 ([MI82]) Let (X, w) be a Hermitian manifold equipped with a
nowhere vanishing holomorphic (n, 0) form 2. The conformally balanced condi-
tion (2.23) is equivalent to the torsion constraint

Tj = 9;j1og[2llw, T;=0;log 2]

Proof Expanding the conformally balanced condition gives

0=201og |2l A" '+ n—1dwA "2
A computation shows the following identity
n—DdoA" 2 =—-1 A"
Therefore
91log |2]lw A" ' =1 A"
It follows that T = dlog ||£2]| . O

Our first application of the torsion constraint will be to construct parallel sections
of the canonical bundle.

Lemma 2.5 ([GA16]) Let (X, w) be a Hermitian manifold with a nowhere van-
ishing holomorphic (n,0) form §2. Suppose (X, w, §2) satisfies the conformally
balanced condition (2.23). Then ¢ = ||§2 ||a_)1.Q satisfies

VT =0.

Thus v € I'(X, Kx) is nowhere vanishing and parallel with respect to the
Strominger—Bismut connection V7.

Proof By (2.8) and (2.6), the induced connection V* on 1 is given by
Viy =y — (T = TV, Vg =y — " Ty, (2.24)
The unbarred derivative is
Viy = =9 log [21loy + 121,92 — [y — Ty,

We note that

0;§2

0;§2 -
20;log |12l = o — 870985y = o

o
- Ea‘
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and therefore
Vi = (9 log12llo — T)Y-
By (2.24), we also have
V- = (=7 log 121lw + T

If (X, w, £2) is conformally balanced, we may use Proposition 2.2 and substitute the
torsion constraint 7; = 9; log || 2]/, to conclude V¥ = 0. |

Theorem 2.1 ([GA16]) Let (X, w) be a compact Hermitian manifold with nowhere
vanishing holomorphic (n,0) form §2. Then (X, w, §2) satisfies the conformally
balanced condition (2.23) if and only if there exists ¥ € I'(X, Kx) which is
nowhere vanishing and parallel with respect to the Strominger—Bismut connection
vt

Proof The previous lemma constructs a nowhere vanishing parallel section if
(X, w, £2) is conformally balanced. On the other hand, suppose there exists a
nowhere vanishing section ¥ € I' (X, Kx) such that

vty =o0.
We will follow the proof given in lecture notes of Garcia-Fernandez [GA16]. Write
v=e'2,

for a complex function f. Since V*g; ;= 0, the norm of v is constant. Let us
assume that |||, = 1. Then

1=c/"12|2,
and
[+ F=210g]2llo-
By the formula (2.24), we obtain
0= V'Y = (=8 f — T +20; log||2])¥,
0=Vry =&/ + TNy (2.25)

We know that the real part Re f is log ||£2]|», and we will now show that the
imaginary part Im f is constant. For this, we use (2.25) to compute

H(f — f) =20 log|R2e— T,
#(f— f)=—2@3log |2 — T).
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By Lemma 2.4,
id(f — ) =2d}x.
for x = ||22]1/" "V x. Therefore
did(f - f) =0,

hence (d(f — f),d(f — f))x = 0 and Im f is constant. Since Re f = log ||£2 |,
it follows that

df =dlog|£2|le
and (2.25) implies the torsion constraint
dlog | 2l, = .

By Proposition 2.2, (X, w, §2) is conformally balanced. m]

As a consequence of the existence of parallel sections, we obtain the following
interpretation of the conformally balanced condition in terms of a holonomy
constraint.

Corollary 2.1 ([ST86, LY05]) A compact Hermitian manifold with trivial canoni-
cal bundle (X, w, §2) satisfies the conformally balanced condition (2.23) if and only

if

Hol(V™) C SU ).

2.2.1.2 Curvature

Next, we study the structure of the curvature tensor of Calabi—Yau manifolds with
torsion. We start with the curvature of the Bismut connection. By the definition (2.8),
we can write V™ = d + A with

AjPq = Flz —Tljg, A

From this expression, we may compute Rm™ = dA + A A A. The components
(Tr Rm™)gp = R;ﬂVV are
(Tr Rm ™)y = 3Tk — 8Ty, (TrRm™)g; = —(a]T,; — a,jj), (2.26)

(T Rm ™) = —0pTj — 9; Ty + 0,9 log |22, (2.27)
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The following characterization is due to Fino and Grantcharov, which indicates
that conformally balanced metrics can be viewed as non-Kéhler analogs of Kéhler
Ricci-flat metrics.

Theorem 2.2 ([FG04]) Let (X, w) be a compact Hermitian manifold with nowhere
vanishing holomorphic (n, 0) form $2. Then (X, w, §2) is conformally balanced if
and only if

TrRm™* =0.

Proof From (2.26) and (2.27), we see that manifolds satisfying the torsion con-
straint in Proposition 2.2 satisfy Tr Rm™ = 0. For the other direction, we note that
by Lemma 2.4, we can write

TrRm™* = idd;x,

for x = 21l "~ . It follows that if Tr Rm* = 0, then (d} x, d}x), = 0 and
hence d;)( = 0. By Lemma 2.4, we conclude d log ||$2||,, = T and hence (X, w, £2)
is conformally balanced. O

For most subsequent computations, we will be using the Chern connection V,
so we now turn to curvature of the Chern connection. This tensor satisfies certain
useful identities on Calabi—Yau manifolds with torsion that we will now describe.

Proposition 2.3 The Chern—Ricci curvature of a conformally balanced metric
(X, w, 82) satisfies

REj =2ViT;.
Proof The Chern—Ricci curvature is given by
RlEj = 8]'315 log ||~Q||3)

Applying the torsion constraint (Proposition 2.2) gives the result. O

As a consequence, we obtain the following identities between Ricci curvatures
of the Chern connection.

Proposition 2.4 ([PPZ318]) A conformally balanced metric (X, w, §2) satisfies

1
I pl B
Ri; = R{, = Ry,

1 -
R = ,R R= g% 907 1og 12113,
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Proof By the Bianchi identity (Lemma 2.3),
Ri; = 8" Ripgj = 8" Rejgp + ViTajp) = Rij = ViT).

Applying the previous proposition gives R//Ej = éR,; i The identity for RI/E//' is
derived similarly. Taking the trace gives the relation between the scalar curvatures
R and R'. o

From the divergence theorem (2.10), we note in passing that the total scalar
curvature of the Chern connection of a Calabi—Yau manifold with torsion is positive.

In fact,
/Rw"=/(2|r|2)w".
X X

We conclude this section with the remark that in Strominger’s work [ST86], the
condition d(||£2||,@" ") = 0 appeared in another form. The reformulation of this
condition in terms of balanced metrics is due to Li and Yau [LY05].

Theorem 2.3 ([LY05]) Let (X,w) be a Hermitian manifold with nowhere
vanishing holomorphic (n,0) form §2. The conformally balanced condition
d(|2|lo@" ") = 0 is equivalent to the equation

do=1i@—09)10g] 2.

Proof This follows from combining diw = i(T — 1) (2.13) with 9 log |2, =
(Proposition 2.2). |

2.2.2 Rigidity Theorems

We note in this section some conditions under which a Calabi—Yau manifold with
torsion is actually Kdhler. We start with a result of Ivanov—Papadopoulos [IPO1].
The proof given here follows the computation of [PPZ318].

Theorem 2.4 ([IP01]) Ler (X, w, £2) be a compact Calabi—Yau manifold with
torsion, so that d(]|2||,@" ") = 0. Suppose

(90w = 0.

Then w is a Kdihler metric.

Proof We start by computing i ddw. Its components are

e 1 - P
188a)=4(188a));]k5d2 ANdZ* AdZ AdT
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given explicitly by
(100w); 75, = ed585; — gy + ;&7 — ;-

Using the definition of the curvature tensor (2.15) and the torsion (2.4), we find

(iaéw);j—.ke = _R?kfe + Rfkfl — Rf@fk + Rz_'Zj_'k — gSFT;ng,“ (2.28)

sij*
Setting this expression to zero and contracting the indices, we see that pluriclosed

metrics satisfy

0= gﬁg’“—'(1'85co),7kZ =2R —2R+|T|%

Applying Proposition 2.4, we see that if we further assume that @ is conformally
balanced, then

g/*aj0rlog 1217, =1T|> = 0.

The maximum principle for elliptic equations (Proposition 2.1) implies that
log || £2 ||(20 must be constant, and hence |T'|? = 0. O

Next, we state the result of Fino—Tomassini [FT11], which builds on work of
Matsuo—Takahashi [MTO1]. We follow here the computation given in [PPZ19].

Theorem 2.5 ([FT11, MTO01]) Let (X, £2, w) be a compact Calabi—Yau manifold
with torsion of dimension n > 3, so that d(||2 ||l ,w" ") = 0. Suppose

139" 2 = 0.

Then w is a Kdihler metric.

Proof We assume thatn > 4, since the statement follows from the previous theorem
when n = 3. Expanding derivatives,

1300 2= (n—2)iddw A" +in—2)(n—3)T AT A4

We will wedge this expression with  to obtain an equation on top forms. For this,
we use the general identities

1 i
N {g’/gk%zjki }a)", (2.29)
and

_ i .7 = -
A" = ~ 6ns — Dt — 2) {g”g“g’""‘f’nz;mki }w", (2.30)
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for any @ € !22’2(X, R) and ¥ € .93’3(X, R), where we use the component
convention (2.1). Applying these identities gives

®Aiddw" 2

(n—3)

(n—2) ij kl;:am
= 00w) 75
[ 878 00 + g0 1

ij k€ _mn N n
2n(n —1) 88 8 (T/\T)ngjmk,'i|0)-

2.31)

Symmetrizing the components of the torsion tensor 7', we see that
(T ANDjigimki = TimiTeni + Tomi Tija + Timi T + Tigm Tine + Toom T i
+Tton Ty + Tjia T + Toiw T + Toik Tt (2.32)

Setting (2.31) to zero and substituting the expression (2.28) for i 99w and (2.32) for
T A T, we obtain the following identity

(n—=2)

_ (n—23) 2 5
C 2n(n—1) _ ©6lz|* = 3IT1%),

2R — 2R +|T|?
( + | |)+6n(n 1

satisfied by any astheno-Kihler metric w. We now use the conformally
balanced condition by applying Proposition 2.4, which gives 2R’ — 2R =
—g/*3;9; log || 21|, Simplifying, we obtain

(n —2)g'*d; 9 log 1211w = IT* + 2(n — 3)|7|*> > 0.

By the maximum principle for elliptic equations (Proposition 2.1) we must have
IT|? 4+ 2(n — 3)|7|> = 0. Hence |T|> = 0 and w is Kihler. O

There are more theorems of this nature; for other conditions on balanced metrics
which imply that it is Kihler, see [FIUV09, LY 12, LY 17].

A folklore conjecture in the field (e.g. [FV16]) speculates that if a Calabi—Yau
with torsion (X, £2, ) admits another metric wy which is pluriclosed, then X must
be a Kihler. If w; is instead assumed to be astheno-Kéihler, then X need not be
Kaihler [FGV, LU17].

2.2.3 Examples
2.2.3.1 Kihler Calabi-Yau

We have already seen that conformally balanced metrics generalize Kahler Ricci-
flat metrics, since they are characterized by vanishing of the Ricci curvature of VT,



82 S. Picard

and V™ coincides with the Levi-Civita connection for Kéhler metrics. We note here
a simple direct proof that Kidhler Ricci-flat metrics are conformally balanced.

Let (X, £2) be a Kihler Calabi—Yau manifold. By Yau’s theorem [YA78], there
exists a Kdhler metric w with zero Ricci curvature. In this case, ||£2], is constant,
since

i0dlog |21 = i0dlog 2(2)82(z) — iaélogdetg,;j =0,

and hence g/’Eaj or log ||.Q||§) = (. By the maximum principle, ||£2|, is constant.
Since w is Kihler, we have dw"~! = 0, and hence d (|| 2| ,0" ') = 0.

2.2.3.2 Complex Lie Groups

Next, we study invariant metrics on complex Lie groups, which provide a class
of natural non-Kéhler metrics. Let G be a complex Lie group. Choose a positive
definite inner product on the Lie algebra g, and letey, ..., e, € g be an orthonormal
frame of left-invariant holomorphic vector fields on G. The structure constants of
the Lie algebra g in this basis will be denoted

d
[ea, en] = c“apea.

Taking the dual frame e!, . . ., ¢”, we may define a left-invariant metric w by
w=1i Z e’ nel.
a

We note that this metric cannot be Kéhler unless G is trivial. Indeed, taking the
exterior derivative gives

1
de? = zcabded Aneb. (2.33)
Therefore
.5 1 a x 5d x 5b
10w = zc“bde Ne" Ne,
f0n 1 a s r A zd A 5b
00w = 4cahdc rs€ Ne Net Ne”, (2.34)

so this invariant metric is not Kéhler or pluriclosed in general. We take the Calabi—
Yau form to be

Q=e¢" A ne
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which is a nowhere vanishing holomorphic (r, 0) form. Using (2.22), we see that
1£2]lw = 1.

Checking whether  is conformally balanced reduces to verifying that dw" ' = 0.
This implies a condition of the structure constants, which does not hold for arbitrary
Lie groups, but still admits plenty of examples. We say that G is unimodular if its
structure constants satisfy

Zcppa =0.

p

This condition is well-defined on G and does not depend on the choice of frame.
It was noted by Abbena and Grassi [AG86] that dw"~! = 0 if and only if G is
unimodular. Indeed, from (2.33) we see that T%,; = ¢?p4. Hence G is unimodular
if and only if T; = 0, which holds if and only if w is conformally balanced by
Proposition 2.2.

Thus unimodular complex Lie groups admit left invariant conformally balanced
metrics. An explicit example is given by SL(2, C). To obtain a compact threefold,
we may quotient out by a discrete group and let X = SL(2, C)/A.

We claim that X does not admit a Kdhler metric. For this, we use the fact that
SL(2, C) admits a basis e such that ¢?;; = €44 the Levi-Civita symbol. Let w =
i8pg €@ A 2P, and compute

@55 = 2083585, — 83,:55,)-
In dimension 3, we have the contracted epsilon identity
€ars€abd = 8rbOsd — Orddps- (2.35)
Therefore, by (2.34),
(i09w)j4, = Sasdbr — 8arSbs-

We see that w? and i 33w are proportional to each other.
a1,
100w = 20) . (2.36)

This in particular illustrates another difference with Kihler geometry, where w?

always represents a non-zero cohomology class. Now suppose X admits a Kahler
metric x. Then

- 1
O:/i&&wa: /w%x (2.37)
X 2 Jx

which is a contradiction since w? A x > 0.
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For more examples of complex Lie groups, Fei—Yau [FY15, Proposition 3.7]
classify complex unimodular Lie algebras of dimension 3 and study the Hull-
Strominger system in each case. A theorem of Wang [WA54] states that the only
compact parallelizable manifolds admitting Kahler metrics are the complex tori.
2.2.3.3 Iwasawa Manifold
We consider the action of a, b, ¢ € Z[i] on C? given by

x,y, 00— (x+a,y+c,z+ay+Db). (2.38)

Let X be the quotient of C? under this action. The manifold X is an example of an
Iwasawa manifold. We have a projection

7:X > T*=C/AxC/A, 7(x,y,2)=(x,Y).

Here A is the lattice generated by 1, i. The fibers are isomorphic to tori 7 ! (x, y) =
T?2. Hence M is a torus fibration over 74. The form

2 =dzANdx Ndy,
is defined on X, and is holomorphic nowhere vanishing. We define
0 =dz —xdy.

This form on C3 is invariant under the action (2.38), and is thus well-defined on X.
Consider the family of metrics

wy =e"d+i0AN0, ®=idx ANd¥ +idy Ad7,

where u : T* — R is an arbitrary function on the base 7%. A computation shows
that

121le, = €7,
and
d(|2 |, @2) = 0.

Thus (X, wy, £2) is conformally balanced. However, X does not admit a Kéhler
metric. Let wp be metric with # = 0. Direct computation gives

@
100wy = )



2 Calabi—Yau Manifolds with Torsion and Geometric Flows 85

We can rule out the existence of a Kdhler metric x by considering f xi ddwo A x as
in the previous section, see (2.37).

2.2.3.4 Goldstein—Prokushkin Fibrations

In this section, we describe a construction of Goldstein—Prokushkin [GO04] which
utilizes U (1) principal bundles to generalize the previous example. Let (S, @, £2) be
a Kéhler Calabi—Yau surface equipped with two (1, 1) form w1, wy € 2r H 2(S WAR
which are anti-self-dual with respect to @.

*W] = —W], *xW) = —W).

There exists line bundles L1, L, over S with connections A1, Ay whose curvature
iFa,,iFa, is equal to i, w,. As detailed in Sect.2.1.4, the line bundles L1, L
can be compactified to form S! principal bundles P, — S, P, — S equipped with
connection 1-forms 61, 6, satisfying

d@i = —w;.
Let X denote the total space of the S! x S! principal bundle 7 : X — S whose

fibers are the product of the fibers of Py, P. Locally, points of X are given by
(z, €'V, e'¥2). As we discussed in Sect. 2.1.4, we have the global vector fields

0 d
a1’ 0Yn

’

which span the vertical space V = ker m,, and satisfy

0 8)—1 9(3 =1
‘(awl -7 am)‘

The horizontal space is given by
H = ker6; Nker6,,
and the tangent space admits the decomposition
TX=HeaV.
Furthermore

g :H—>TS
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is an isomorphism. It follows that the complex structure js on S induces an almost
complex structure on H. We define on X the almost complex structure

0 0 d d
J=@ gjsy®l, I = 1 -— .
A1 Y Y Y

We define the 1-form
0 =—01 —ibs.

Since |y = 0 and 0(dy, + idy,) = 0, we see that (V) = 0 forany V € TO!X.
Thus 0 is a (1, 0) form. Furthermore,

df = " (w1 +iwy).

Similarly to our discussion of Eq. (2.21) in Sect. 2.1.4.2, we can use that (1, 0) forms
are locally generated by {w*dz!,7*dz? 6} to apply the Newlander-Nirenberg
theorem and establish that J integrable. Thus X is a compact complex manifold
of dimension 3.

In fact, X is a Calabi—Yau manifold with torsion. Let

2 =0 A7*Q2s,
which is a nowhere vanishing (3,0) form. The form 2 is holomorphic since
ds2 =0.
For u € C*°(S, R), we consider the family of metrics
wy = * (e D) +i0 A6,

These metrics will be revisited, as they form the Fu—Yau ansatz of solutions to the
Hull-Strominger system [FY08]. We compute

~2
I2AQ =i0 A0 ATH(25 A R25) = i6 /\é/\n*(uszsugf’; )

w? = 7* (@) + 2 (@ D) NiO AD, W) =3T*(e D7) Aif A6

=

Since (S, @) is Kihler Ricci-flat, then || 25| is constant, which we may normalize
such that

120w, =e™". (2.39)
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We can now compute

Ad(||R2 0, ®2) = d(T*(e"d) 4+ 21*d A i6 A 6)
=2n*QO AN int* (w1 +iw) AO —27*D N i A TTH (w1 — iw))

=0,
since
c?)/\a)lzc?)/\a)zzo,

as wi, wy are anti-self-dual. Thus (X, w,, £2) is Calabi—Yau with torsion. In fact, X
is non-Kihler unless w; = wy = 0. To see this, we compute

00wy = —30 A 30 = —(T* w1 + in W) (TFw) — intwy) = —1* (0] + w3).
Since w1, w7 are anti-self-dual,
iaéwo = JT*(a)l A *w] + w2 A *w2).

If X admits a Kéhler metric x, then
0:/ i99wo A X :/ T (w1 A *xw1 + w2 A *xawp) A X,
X X

which is strictly positive unless ||w; ||62?) = ||a)2||§) =0.

2.2.3.5 Fei Twistor Space

As our last example, we outline a construction of Fei [FE16, FE15] which
generalizes earlier constructions of Calabi [CAS58] and Gray [GR69]. The example
will be a T* fibration over a Riemann surface.

We first describe the base of the fibration. Let (X, ¢) be a Riemann surface
equipped with a nonconstant holomorphic map ¢ : £ — P! satisfying ¢*€0(2) =
K 5. This condition is known to imply that the genus of X~ must be at least three.
As a concrete example, we may take X to be a minimal surface in T3 with ¢ being
the Gauss map [FHP17]. By the work of Meeks [ME90] and Traizet [TRO8], there
exists minimal surfaces of genus g > 3 in T3,

Using stereographic coordinates, we may write ¢ = («, B, y) with (a, 8, y) €
§2 C R3. Fixing the Fubini-Study metric wrs on P!, we pullback via ¢ an
orthonormal basis of sections of &/(2) to obtain 1-forms w1, (2, u3. We then equip
X with the metric

O=iuy AL Fip2 A flo F i3 A f3.
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This metric has Gauss curvature k given by
A *
kw = —¢ wFs,

hence k < 0 and « vanishes at branch points of ¢.

We now describe the fibers. Let (T4, g) be the 4-torus with flat metric, which
we will view as a hyperkihler manifold with complex structures 7, J, K satisfying
IJ =Kand I? = J2 = K2 = —1, and corresponding Kéhler metrics wy, wy,
wk. Ateach z € X, we use the map ¢ = («, B, ) to equip 7% with the complex
structure

al +6J +yK.

If j5 denotes the complex structure on X, we may form the product X = X x T4
and equip it with the complex structure

Jo=js ®(al +B8J+yK).
This complex structure is integrable, thus X is a compact complex manifold of
dimension 3. In fact, X has trivial canonical bundle, and we can give an explicit
expression for a nowhere vanishing holomorphic (3, 0) form
2 =ur Aoy +pu2 Awy + U3z Awg.
Let
o' = aow; + Bos + yok

be the Kihler metric corresponding to the complex structure af + J +y K on T*.
The Fei ansatz w on X is the following family of conformally balanced metrics.
Proposition 2.5 ([FE16, FE15]) Given any f € C*°(X, R), the Hermitian metric
given by

wf = o+ el o,

is conformally balanced. Furthermore, |2 ||, = e 2/,

Thus X is Calabi—Yau with torsion, and in fact, it is non-Kihler.

2.2.3.6 Other Examples

We have now discussed many examples of Calabi—Yau manifolds with balanced
metrics, many of which were already listed in the pioneering work of Michelsohn
[MI&2]. There are also example which will not be studied in these notes. For
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example, there is the construction of Fu et al. [FLY12] on connected sums of
$3 x S3. There are parallelizable examples on nilmanifolds and solvmanifolds
[UGO07, OUV17, FIUV09, FG04, UV14, UV15]. Non-compact examples are con-
structed in [FY09, FE17, FIUV14]. There are also examples from the physics
literature, e.g. [BD02, BBDGO03, DRS99, HIS16, MS11].

2.3 Anomaly Flow with Zero Slope

In this section, we will discuss a geometric flow which preserves the geometry
described in Sect.2.2. The material in this section can be found in joint work with
Phong and Zhang [PPZ218, PPZ318, PPZ19].

A central problem in complex geometry is to detect when a given complex
manifold admits a Kéhler metric. We would like to study this question on Calabi—
Yau manifolds with torsion. Motivated by Sect. 2.2.2, we will deform conformally
balanced metrics towards astheno-Kihler (i 990" 2 = 0).

Together with Phong and Zhang [PPZ19], we introduce the flow

d T
4 (12110e" ) = 19902,
d(12lwo@ )" = 0. (2.40)

We call this evolution equation the Anomaly flow with zero slope. The name comes
from an extension of the flow which adds higher order correction terms proportional
to a parameter ¢’, which is used to study the Hull-Strominger system and the
cancellation of anomalies in theoretical physics. We will discuss the Anomaly flow
when o’ terms are included in Sect. 2.4.

The first thing to note is that the conformally balanced property is preserved by
the flow

d(|2 @@ ®" ) =0,

which follows from taking the exterior derivative of (2.40). In fact, the balanced
class of the initial metric

[121lo0@©)" 1 € Hpc"" "' (X,R)

is also preserved, since

d _
dt[ufzuww"—l] =[i33w" %] = 0. (2.41)
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Here Hggl”“l (X) is the Bott—Chern cohomology of X, given by

fee2 ! H(X) 1 da = 0)

n—1,n—1
" X {i09pB : B e 2n=2n=2(X)}

BC

Stationary points weo of the flow satisfy both
d(|1R2lwp@’s") =0, i930!% =0,

hence by Theorem 2.5, they are Kihler. The Anomaly flow with zero slope thus
deforms balanced metrics to a Kéhler metric in a given balanced class.

2.3.1 Evolution of the Metric

The first question to ask about the flow (2.40) is whether it exists for a short-time,
and if so, we would like an explicit expression for the evolution equation of the
metric ® = ig,;jdzj A dzF.

We begin by deriving the evolution of the determinant of the metric.

Lemma 2.6 Suppose w(t) =igg jdzj A d7¥ satisfies the evolution equation

d n—1y __
dt(IIQIIww ) =¥(@), (2.42)

for W (r) € 2"-17=1(X R). Then the norm of 2 evolves by

d n U Aw

2]l = — :

dt n-2) o
which follows from the identity

. 2n U Aw
Tro =
n=2)2)e "

From now on, traces will always be taken with respect to the evolving metric w.
Explicitly,

Tra = i_lgjkoc,;j,

fora (1,1) formo = cx,;jdzj A dZx.
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Proof Using the well-known formula

Sdetgr; = (detglgj)gjk(ag)zzjs

we differentiate
d d _ _ 1 .
518l = (22 Pdete)™? = = |2]uTré.
Expanding (2.42), we obtain
d n—1 . n—2
dr 12]e )" + (1 —DI2[pew A" =W.
Substituting the variation of ||£2 ||, gives
1 . n—1 . n—2
— 2||.Q||C,)(Tra))a) +@m— 12w A w =y, (2.43)

Next, we wedge this equation with  to obtain the following equation of top forms.

(Tr @)

1
—ZIIQIIw(Trcb)w" + (= D[] " =¥ Ao

From this equation we can solve for Tr w. O

Lemma 2.7 Suppose a)(t) Satisﬁes
w

for w(t) € 2"-L7=1(X R). Then the metric evolves by

n Y Aw 1
o = w— * Y
(n=2)I12]o " (n— D2 |e

Proof To extract d;w, we will apply the Hodge star operator » with respect to o to
the expanded equation (2.43).

— 1!
o ) ) [2llo(Tr@)o + (n — DY2]lo(—0w + (Tr@)w) = +¥

Here we used the identities 0" ! = (n — 1)!w and

[*(ax A w"fz)],;p =—n—-2agpy +i(n —2)!(Tra)ggp, (2.44)
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for any @ € £!(X). This last identity can be found in e.g. [HU305, PPZ318].
Therefore

1

1
oow = (Tro)w — * W
2 (n — D2l

Substituting the previous lemma gives the desired expression. O

For the Anomaly flow with zero slope, the form ¥ is given by
U =id00" 2 =n—2)iddwond" P +in—2)(n—=NT AT A" (2.45)

To obtain an explicit expression for the evolution of the metric, we must expand the
torsion terms.

Theorem 2.6 ([PPZ19]) Suppose w(t) solves the Anomaly flow
d n—1 canc, n—2 n—1
dt(llf?llww ) =1i00(0" %), dI2]lwo@(©)"") =0.

If n = 3, then the metric evolves via

1 D ml _s¥ T
atg/;j=2”9”w|:—R/;j+g 8 TijTS[/; ,

and if n > 4, then

1 ~ 1
38, = —R:. T2 —2|71%) o7,
e (n—1>||9||w[ AT R

Leth g T o g (T T T T ) + T4 T 2.46

The metric evolution can be compared with other flows in Hermitian geometry,
e.g. [ST10, ST11, TW15, US16, ZH16]. The expression when n = 3 is similar to
the metric evolution in the Streets—Tian pluriclosed flow [ST10], though they differ
by the presence of the determinant of the metric || £2||,,. We note that the Anomaly
flow is a flow of balanced metrics while the pluriclosed flow is a flow of pluriclosed
metrics, so these flows exist in different realms of Hermitian geometry. Such torsion-
type terms appearing in (2.46) also appear in other Ricci flows preserving other
types of geometry, such as for example the metric evolution in the G2 Laplacian
flow [KA09, BRO5].

Proof We will derive the expression assuming that n > 4, as the case n = 3 is easier

and follows a similar argument. We use the notation

.2 pa ik =3 _jk pg ,sF
Trd =i "gMgl ., Trw =i"gl"glMg" W, o .,
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for & € 22%(X) and ¥ € 233(X). We begin by computing
(*i030" )z,
= (n—2)[* (3w A ") ]gp +i(n —2)(n = 3)[*(T AT A" g,

. N |
=i(n—2)g" ((00w)rsgp +1 ) (Triddw)ggzp

4 i TR A Ty, (”_62)!

2 Fsjigp (Tr T A T)gqp. (2.47)

This follows from (2.45) and the following identities for the Hodge star operator

—3)!
(2@ A0l = itn = 30 pgy +1 " (T 0rgg,

n—4! = - .(n—4)!
5 g”g”lI/;sﬁqp +i 6 (Tr¥)ggp, (2.48)

*(¥ A" H]gp =
which hold for any @ € 2%2(X,R) and ¥ € £233(X,R). For a proof of these
Hodge star identities, see [PPZ19].

Next, we compute using (2.29) and (2.30),

(000" 2 A w 00w A" 2 TAT A3
o =mn-2) o +i(n—2)(n—3) o
(n—2) iz i(n—73) -
= Tr(i0d Te(T AT). 2.49
an(n — 1) T+ oy TTTATD) (2.49)

We now substitute (2.47) and (2.49) into Lemma 2.7. The Tr (i3dw) terms cancel
exactly, and we are left with

o= 1 P —
g ((00w)rsgp — 878" (T A Tissiap

diggp = —
*8ap 201 = D20

(n = DIl
i _
T60— -, AT g (2.50)

By identity (2.28), we have
gSF(iaéw)ft}sp = —qu + Rép - qu + qu — & rgnm Tmps anq

We now use that the evolving metrics are conformally balanced. In this case, by
Proposition 2.4, we have

&7 (1000)isgp = Ryp — &7 8" Tinsp T (2.51)
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Substituting (2.51) and (2.32) into (2.50) and expanding the torsion terms gives the
explicit expression for 9,85 p. o

As a consequence of Theorem 2.6, the Anomaly flow with zero slope exists for a
short-time from any initial metric. Indeed, from (2.15) we have

Rie = —g'%8;0rgme + &/* ¢ 07 gims 0 870 (2.52)

and so Riz¢(g) is an elliptic operator in g. There is a slight subtlety, which is that the
proof of Theorem 2.6 only shows that the Anomaly flow with zero slope is parabolic
when restricted to variations in the space of conformally balanced metrics. One way
to resolve this issue is by using the Hamilton—Nash—Moser [HA82] implicit function
theorem, and we refer to [PPZ116, PPZ19] for details.

Corollary 2.2 ([PPZ19]) Let wo be a conformally balanced Hermitian metric.
There exists an € > 0 such that Anomaly flow with zero slope admits a unique
solution on [0, €) with w(0) = wy.

2.3.2 Non-Kdahler Examples

We outline here some simple examples to illustrate possible behaviors of the flow.

2.3.2.1 Iwasawa Manifold

Letw : X —> T* Ige the Iwasawa manifold considered in Sect. 2.2.3.3 with ansatz
wy, = e+ i0 A0, where

& =idx Adx +idy Ady, 0=dz— xdy,

and u(x, y) is a smooth function u : T* — R. We will show that this ansatz is
preserved by the Anomaly flow. We previously computed that ||£2 ||, = ™", and so

182 |, > = €"@* 4 2id> A O A 6.

u =
Furthermore,

~2
109w, = 03" A D+ “; .
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The Anomaly flow with zero slope 9; (|| 2 || ow?) = i 39w reduces to
u 1 u
dre" = 2(Ac;)e + D). (2.53)

The flow exists for all time by linear parabolic theory. The functional defined by
M((1) = /X 12l @@,
satisfies in this case
d d _
M) = f 3 D> NiO A D
dt dt X
corun g a3 a2
=3 idd(e"wAifB AO)+ O°NIOANO
X 2 Jx
1 .. -
= (w+i0 An6) > 0.
2 Jx

It follows that M(¢) — oo linearly as + — oo. The functional M(w) is
sometimes called the dilaton functional, and was introduced in [GRST18] to develop
a variational formulation of the Hull-Strominger system.

Since (2.53) is a linear parabolic equation and [ e — oo as 1 — oo, we also
have that e — 0o everywhere on T% as t — oo. The geometric statement is that
182 ||, — O everywhere on the base T*. The flow cannot converge in this case since
the Iwasawa manifold does not admit a Kidhler metric.

2.3.2.2 Compact Quotients of SL(2, C)

Next, we study quotients of SL(2, C) by a lattice A as described in Sect. 2.2.3.2. Let
{eq} be a left-invariant basis of holomorphic vector fields with [e,, ep] = €4pa€4.
We will study the ansatz

w=po, ®=1ie*ne’,

where p > 0 is a constant. This ansatz was used by Fei—Yau to solve the Hull-
Strominger system on complex Lie groups [FY15].
As computed in (2.36),

100 @2
l w = .
Py
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Next, we compute using the definition of the norm (2.22) and obtain
121l = 7.
Thus
I121low® = (p72p*)d?.

Using the ansatz w = p® on X = SL(2, C)/A, the Anomaly flow with zero slope
becomes the ODE

d 1p 1
whose solution is given by

1

p(t) = .
(P12 = 1)

We see that the flow develops a singularity as p — oo in finite time. In particular,

there exists T < oo such that ||£2|, — 0 ast — T. The flow cannot converge

since X does not admit a Kéhler metric.

2.3.3 Kihler Manifolds

The previous two examples illustrate how the Anomaly flow can develop singular-
ities on non-Kihler manifolds. If the manifold is already known to admit a Kihler
metric, the flow should detect it. Since there are many different Kihler metrics on
a given Kéhler manifold, the flow must select a single one in the limit. We will
explain this mechanism in this section and explain how the flow may provide insight
in studying the relation between the Kéhler cone and the balanced cone.

Let X be a compact complex manifold with Kdhler metric ¥ = i Xz jdz/ A dz*
and nowhere vanishing holomorphic (n, 0) form £2. We will start the Anomaly flow
with zero slope with the initial data

12 [lwo@©)" " = 3" (2.54)

This equation determines the initial metric w(0), which is manifestly conformally
balanced and is explicitly given by the following lemma.

Lemma 2.8 Let x € 2V1(X,R) be a Hermitian metric and 2 € £2™°(X) be
nowhere vanishing. The equation

120"t = x" ! (2.55)
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admits a unique Hermitian metric solution w given by
o =[2);¥"Px.
Proof We let
o =[], Dy, (2.56)

and so we only need to solve for the determinant. Taking the determinant of both
sides of (2.55) and raising to the power of ( _11) gives

ne
18211,"/ "D (detew) ™" = (det ).
Recall that [|£2 |2 = £2£2(detw)~!. Multiplying both sides by 22, we obtain
1215121, ¢D = 1215
Therefore
121,/ =121y, (2.57)
and the existence result follows from (2.56). For uniqueness, suppose @ and ®

solve (2.55). Then (2.57) determines ||$2]l, = |23 and so @' = &', from
which it follows [MI82] that w = &. O

We claim that the solution to the Anomaly flow with zero slope and initial
data (2.54) is given by

12l = x®", (2.58)
where
X=X+1iddp >0,
and the scalar potential ¢ satisfies

= ot KF 100"

X}’l

. 9(x,0)=0,

(we use the notation ¢ = 9;¢), with

1

e = .
2
(n =Dl
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Indeed, the ansatz (2.58) solves the equation of the flow. To see this, we compute

d _ . _
1 12le" "'=m—DgnAx"?

=(n—1idd¢ A x" 2.

The equation for ¢ can be rearranged as

1

o= .
(n— DI

Therefore
d n—1 f0n -2 n—2
dtIIQIIww =199([[£21,) A x" 7.

On the other hand, by Lemma 2.8, we have
199" % = i03(12*x"
=i00([21;%) A x" 2.

It follows that the ansatz (2.58) satisfies
d _
5 12|00 ! = iddw" 2.

By uniqueness of solutions, the ansatz (2.58) is preserved by the Anomaly flow with

zero slope. To summarize our discussion, we state the following result.

Theorem 2.7 ([PPZ19]) Let X be a compact complex manifold of dimension n
with a nowhere vanishing holomorphic (n, 0) form 2. Suppose X admits a Kdihler
metric x. Then the Anomaly flow jt 12]pe" ' = 000" 2 with initial metric
satisfying

12 lo@@©)" " = 2" (2.59)
reduces to the following scalar flow of potentials

_ det(x; + ¢

det 3 , 9x,0)=0, (2.60)
et Xij

p=e
with the positivity condition § +i99¢ > 0, where e/ = (n—1)||£2 ||?(. The evolving
metric in the Anomaly flow is given by

o) = 121,0" " x (). x@) =% +idde. (2.61)
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The Monge—Ampere flow (2.60) arising here shares similarities with the Kédhler—
Ricci flow and the MA~! flow. The Kihler—Ricci flow was introduced by Cao
[CAS852] and has since been an area of active research in Kéhler geometry (e.g.
[CSW18, DL17, GZ17, PS06, PT17, ST07, SW13, TZ06, TZ16]). The M A" flow
was recently introduced by Collins—Hisamoto—Takahashi [CHT18], and is expected
to produce optimal degenerations on Fano manifolds which do not admit Kéhler-
Einstein metrics.

Unlike the Kéhler—Ricci flow, the logarithm does not appear in the speed of
evolution ¢, and unlike the M A~! flow, the determinant of X appears in the
numerator instead of the denominator. For general parabolic equations, changes in
speed can have major implications in the analysis, see [FGP18] for a recent example
of this phenomenon in Kihler geometry. Though the analysis of (2.60) does differ
from the Kihler—Ricci flow and M A~ flow, in [PPZ19] we show that a smooth
solution to the flow exists for all time 7.

In contrast to the previous examples in section Sect.2.3.2, in this case we
can easily show that ||£2|, stays bounded above and below along the flow.
Differentiating (2.60),

e = e_f{

This is a linear parabolic equation for ¢. It follows from the maximum principle for
parabolic equations (e.g. Proposition 1.7 in [SW13]) that

infg(x, 0) < ¢(x, 1) < sup¢(x, 0).
X

Since ¢(x, 0) = 0, we have

infe~/ <@, t) < supe*f.
X X

By (2.60), we have

det x;
efinfe= < Akj < el supe*f.
X detx,;j X

By (2.57),

sy {det 7 D/@=2)
o — 1Q2=D/(=2) _ 2D/ (n=2) .
121lwy = 1152115 Is21; det x

Therefore

' < 12lwn < C,
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along the flow, where C > 0 only depends on [|§2||; and n. The degeneration of
I£2]|, exhibited for non-Kéhler examples in Sect. 2.3.2 does not occur in this case.
Estimating |[$2 ]|, () is only the first step in the study of the flow. From here, we
can use a priori estimates and techniques from fully nonlinear PDE to establish long-
time existence and convergence. We refer to [PPZ19] for full details. The result is

Theorem 2.8 ([PPZ19]) Let X be a compact complex manifold of dimension n
with a nowhere vanishing holomorphic (n, 0) form §2. Suppose X admits a Kdhler
metric X. Then the Anomaly flow g‘llt 12l ! = i80w" 2 with initial metric
satisfying

12|y ©)" " = g1

exists for all time, and smoothly converges to a Kdihler metric wxo.
In fact, ws is given explicitly by

woo = 121132/ xo0

3

where xo is the unique Kéhler Ricci-flat metric in the cohomology class [ ], and

| _
1212, = [’fjn/inngQ.
o xI" Jx

To conclude this section, we note that we cannot expect the Anomaly flow on
Kéhler manifolds to converge starting from an arbitrary metric. This is due to
the relationship between the Kihler cone and the balanced cone. Indeed, an initial
conformally balanced metric determines a balanced class

12 llww©)" ' e Hp" ' (X),

and the evolving metric w(#) remains in this class (2.41). Stationary points of the
flow are Kéhler metrics, so convergence of the flow would produce a Kéhler metric
in the balanced class of the initial metric. However, there exists Kihler manifolds
with balanced classes which do not admit any Kihler metric [FX14, TOO09].
Understanding which balanced classes come from Kihler classes is an interesting
problem in Hermitian geometry [FX14], and we hope that future work studying the
Anomaly flow and its singularities will provide insight.

2.4 Anomaly Flow with a’ Corrections

We will now restrict our attention to Calabi—Yau threefolds. In this section, we
modify the Anomaly flow (2.40) by adding &’ correction terms. The parameter
a € R will be referred to as the slope parameter.

Let X be a compact complex manifold of dimension n = 3. Suppose X admits a
nowhere vanishing holomorphic (3, 0) form £2. We first study the case of threefolds
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with vanishing second Chern class, so we assume that c;(X) = c(X) = 0.
Consider the flow

/

d 2 e o
(12||ww?) = iddw —  TrRm A Rm, (2.62)
dt 4
d(12 |l ©)" ) = 0.

Recall that we use the notation Rm for the endomorphism-valued (1, 1) form which
is the curvature of the Chern connection of w. When ¢ = 0 and n = 3, this flow
becomes (2.40) from Sect. 2.3. Stationary points w, satisfy

!/

0; Te Rm A Rm = i33woo, d(|2 o, 0) =0,

which can be viewed as a sort of non-Kihler analog of the Kéhler—Einstein equation
TrRm = Aw, dw =0.

More generally, if c2(X) # 0, we can add a cancellation term @ € 22%2(X, R) with
[@] = c2(X), and consider the flow

/

d _
dr (12l pw?) = iddw — i (Tr Rm A Rm — @(1)), (2.63)
d(12llw©@0)*) = 0.
Flows of type (2.63) are called Anomaly flows, as introduced in joint work with

Phong and Zhang [PPZ218, PPZ318]. The motivation for studying this evolution
equation comes from theoretical physics, which we describe next.

2.4.1 Hull-Strominger System

Our motivation for adding the &’ correction terms comes from heterotic string
theory. The Hull-Strominger system [HU186, ST86] is the following system of
equations on a Calabi—Yau threefold

FAw?*=0, F*?2=F?0—0, (2.64)
!

930 — j (Tt Rm A Rm — Tt F A F) =0, (2.65)

d(|12]l,»*) = 0. (2.66)
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The system is a coupled equation for a Hermitian meric w on X and a metric s on a
given holomorphic vector bundle £ — X. Here Rm, F are the curvature forms of
unitary connections of w, &, viewed as endomorphism valued 2-forms.

Equation (2.64) is the Hermitian-Yang-Mills equation, which admits solutions
as long as E is stable of degree zero with respect to w by the Donaldson-
Uhlenbeck-Yau theorem [DO85, UY85] (see [LY86, BU8S] for its extension to
the Hermitian setting). Equation (2.65) is the Green-Schwarz anomaly cancellation
equation from theoretical physics [GS87]. All together, the system was introduced
by Hull and Strominger as a model for the heterotic string admitting non-zero
torsion, generalizing the equation proposed by Candelas—Horowitz—Strominger—
Witten [CA851] where the threefold is required to be Kéhler with Ricci-flat metric.

For example, Kihler Calabi—Yau threefolds provide solutions to the Hull-
Strominger system. In this case, we take the gauge bundle E to be the tangent
bundle E = T19X, and h = w to be Kiihler Ricci-flat. Then (2.64) and (2.65) hold
automatically, and by the argument in Sect.2.2.3.1, we see that w is conformally
balanced.

Going beyond Kéhler geometry, there are many diverse examples of solutions
using various gauge bundles E. The first solutions in the mathematics literature
were obtained by Li and Yau [LYO0S5] by perturbing the Kihler solutions, and the
first solutions on non-Kiahler manifolds were obtained by Fu and Yau [FYO0S]. Since
then, there have been constructions of parallelizable examples [FIUV 14, FIUV 14,
FY15, OUV17, GR11], solutions on Kihler manifolds for arbitrary admissible
gauge bundles [AG121, AG122], solutions on fibrations over a Riemann surface
[FHP17], and non-compact examples [FY09, FE17, HIS16].

The Hull-Strominger system is interesting from the point of view of canonical
metrics on non-Kihler Calabi—Yau threefolds, as it is a curvature constraint (2.65)
combined with a closedness condition (2.66). There are also other proposed optimal
metrics in non-Kihler complex geometry: e.g. constant Chern scalar curvature
[ACS17], vanishing Chern—Ricci curvature [TW10, TW17, STW17], Chern—Ricci
flat balanced [FE17], just to name a few.

As a system of partial differential equations, the Hull-Strominger system is fully
nonlinear. It can be viewed as an analog of the o7 equation, but as a full system for
the metric tensor g i There has been much progress in the study of scalar oy-type
equations in complex geometry e.g. [BLOS5, CJY15, DDT17, DL15, DK17, DPZ18,
HMW10, PPZ116], but very little is known about PDE systems which are nonlinear
in second derivatives.

To study the Hull-Strominger system, it was proposed in [PPZ218] to use the
Anomaly flow with @ = Tr F' A F coupled to the Donaldson heat flow [DOS85].

h~'9,h = —A,F,
!

d _
0 (121]low?) = iddw — ‘Z (Tr Rm A Rm —Tr F A F),

d(|12lwo@(©0)%) = 0.



2 Calabi—Yau Manifolds with Torsion and Geometric Flows 103

Stationary points solve the Hull-Strominger system. The Anomaly flow, when
restricted to certain ansatzes, provides new nonlinear equations arising naturally
from geometry and physics [PPZ217, PPZ317]. We will describe some of these new
equations in the following sections.

2.4.2 Evolution of the Metric

We now derive the evolution of the metric tensor w = igj jdzj A dz¥ under the
Anomaly flow (2.63). The argument given here is similar to the one from Sect. 2.3.1.
We write

d
dt(||9||ww2) =V,
with
- a/
Y = [iaaw -4 (Tt Rm A Rm — qs)}.

By Lemma 2.6, we already know that the trace of the evolution of the metric is
given by

. 6 YAw
Tro = 3
1£2]lo o
which combined with identity (2.29) is
Tro = Tr. (2.67)
2(1£2]jw

As in (2.43), we expand the flow to the following expression

1

W =0. (2.68)
162 /|

1
- 2(Trd))a)2 +20A®—

We apply the Hodge star operator » with respect to w to both sides of the equation.
By identities (2.44), (2.48), and *xw? = 2w, the components of the resulting (1, 1)
form are given by

1 1
oz*[— (Tro)w® + 20 A w — w}
2 12l 1z

. . . 1 Y [
= —Ztatg,;j + t(Tra))gEj — 121 I:_lg”lpr%sj + 2(Tr lI/)g,;ji| . (2.69)
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Substituting the expression for Trw (2.67) into (2.69), we see that the Tr ¥ terms
cancel and the evolution of the metric is

d 1
dtgléj

sr

= /2
2120,

From here, we can derive an explicit expression for the evolution of the metric.

Theorem 2.9 ([PPZ318]) Suppose w(t) solves the Anomaly flow (2.63). Then the
metric evolves by

d 1

. L - a -
dtg,’}/ = 2”9” [_ R]E/ +gbrganVhS‘ nFIE - 4 gsr(R[]ESalngj]ﬁa - ¢7ksj)i|’
w

(2.70)

where [, ] denotes antisymmetrization in both barred and unbarred indices.

Proof We have already established

/

d

%) = — ¢ (1980)ryg; —
ar®t = 22, 7sky

4 ¢ (TrRm A Rm — Q));,;sji|.

By (2.51), we have an expression for g* (i 9dw) Fisj in terms of Ricci curvature and

torsion. This gives the desired expression. O

We note that (2.70) is a fully nonlinear system, as it is quadratic in the
curvature. For other geometric flows which are quadratic in the curvature, see e.g.
[FR85, GGI13,0L09]. Since the flow is fully nonlinear, we cannot expect short-time
existence for arbitrary initial data. However, from (2.70), we see that the right-hand
side is parabolic if the o’ correction terms are small. The full details are provided in
[PPZ218].

Theorem 2.10 ([PPZ218]) Let wo be a conformally balanced Hermitian metric on
X satisfying |a' Rm| < é Then there exists T > 0 such that the Anomaly flow (2.63)
admits a unique solution w(t) on [0, T) with w(0) = wy.

Given any metric g;;, we can find A >> 1 so that Ag;; satisfies |o'Rm| < 1.
This is simply because Rm(Lg) = Rm(g) (with Rm defined as in (2.14)). Thus
to guarantee short-time existence starting from a given metric, we can rescale the
size of the manifold, or choose a small value for . For several examples [FHP17,
PPZ418], the condition |’ Rm| < 1 is preserved along the flow, which suggests
that it is a natural condition.
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2.4.3 Anomaly Flow with Fu-Yau Ansatz
2.4.3.1 Scalar Reduction

In this section, we return to the construction of Goldstein—Prokushkin described in
Sect. 2.2.3.4. We first recall the setup.

The base of the fibration (S, ®, 25) is a Calabi—Yau surface with Kihler
Ricci-flat metric ® and nowhere vanishing holomorphic (2,0) form 5. Let
wi,wy € 2mH 2(S , Z) be anti-self-dual (1, 1) forms. Using this data, Goldstein
and Prokushkin [GO04] constructed a T2 fibration 7 : X — S which is non-Kéhler
but admits conformally balanced metrics. Their construction builds on earlier ideas
of Calabi and Eckmann [CE53], which we discussed in detail in Sect. 2.1.4.2.

We recall that the connections of the U (1) principal bundles forming the S' fibers
of X define # € £219(X) satisfying

30 =0, 30 = w +iw).
Furthermore,
2 =025 N0
is a nowhere vanishing holomorphic (3, 0) form on X, and the family of metrics
Wy =€e"d+i0 N0, (2.71)
is conformally balanced for any u : S — R. These metrics were used by Fu and
Yau [FY08, FY07] to solve the Hull-Strominger system on the threefold X.
In this section, we will start the Anomaly flow with a metric of this form, and
check whether the ansatz is preserved. For this, we compute (see (2.39))
120w, =€, 12]lw,0 = e“d* +2b A if A, (2.72)
and
100wy, = i0de" A D — 30 A3 =idde" A D — (0 + 3). (2.73)

Next, we must compute the curvature terms. This calculation was done by Fu and
Yau in [FYO08].

Theorem 2.11 ([FYO08]) The curvature of the Chern connection of w, satisfies

Tr Rm(wy) A Rm(wy) = Tr Rm(&) A Rm(®) + 200u A 30u + 4idd(e " p),
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where p € 21(S,R) is given by p = Pk dzl A dzF with

i, - : .
8P (w1 —iw)gj (w1 + lwz),;p. (2.74)

P]}jzz

Proof We work in a local coordinate chart. Since d(w; + iwy) = 0, there are local
functions @1, ¢ such that

A(pidz") = w1 +iwy, 2.75)
where z!, 72 are local holomorphic coordinates on the base S . Define
6p =6 — cpldzl — (pzdzz.

Then {dz', dz?, 6y} is a local holomorphic frame of 219(X). The metric can be
written as

W, = (e”(é,;j —I—(/)k(pj)idzj A d7*
i i60 A dZF + @ idZ" A6y +i6 A 6p.

Let B = (¢1, ¢2). Then the metric in this local frame is given by

_ [(e"é + B*B) B*
&= B 1]

Its inverse is

1 e_ug_l —e_"g_lB*
8 TloeuBg ' 14e B B

The curvature in this frame is Rm = dg~'dg. Computing at a point p € X, we may
assume that p = 0 and B(0) = 0. The curvature at p is then

Rm = [Ril R12:| .
R3| R3,
with

Ry, =0du-1+Rm—e " '9B* A 3B
R3, = —3B Adu—3Bg '9g + 39B
Ry, =d(e g '3B")

R3, = —¢ “3Bg '9B*.
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We must compute
Tr Rm A Rm = Tr Ry Ry +Tr Rj5 R5; + Tr R5 Ry, + Tr R5, R5,.
Expanding this out, we obtain the following expression.
TrRm A Rm
—2(30u) +Tr Rm” + ¢ 2“Tr (3~ '0B*3B3~'9B*IB)
+209uTr Rm — 2¢ “30uTr §~'9B*3B — 2¢ “Tr(Rmg '3 B*dB)
—2Tr(d(e “$~'9B*)dBIu) — 2Tr(d(e 2~ 'aB*)aBZ'92)
+2Tr(3(e 8~ '9B*)00B) + ¢ 2“9Bg~'0B*9Bg ' 9 B*.
Using the identities
—2Trd(e “g~'9B*)aBg 195 = —20Tr(e "5 '0B*3BS'02)
+2Tr(e "%~'9B*3B Rm),
and
—2¢7"39u Tr(¢~'0B*3B) = —20Tr(e "3~ '0B*9Bau)
+2Trd(e 2~ 9B*)(dBou),
as well as Tr Rm = 0, we cancel a few terms and are left with
Tr Rm A Rm = 2(39u)? + TeRm” — 23Tr(e "4~ 0B*3B3~'92)
—20Tr(e “$~'9B*3Bou) + 20Tr(e “5 10 B*39B).

= 571955, this expression simplifies to

Using 98~
Tr Rm A Rm = 2(30u)> + Tr Rm A Rm +230Tr(e 2 ~'9B* A IB).
We have by definition
9B* AJB = <3i<p13/;<p1 8i</>13;;</>2> d7 A d7-.
0i 020501 0; 20701
Using (2.75), we obtain (2.74). O

We now add a gauge bundle to the system. Let Eg be a stable vector bundle of
degree zero over the base Kihler surface (S, ®). By the Donaldson-Uhlenbeck-Yau
theorem [DO8S, UY85], we may equip Es with a metric Hg satisfying

F(H) Ad = 0.
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On the threefold, we consider the bundle £ = 7*Eg — X with metric H = 7* Hy.
This metric is Hermitian—Yang—Mills with respect to the Fu—Yau ansatz w,,, since

F(H)Aw2 =0
for any u € C*(S, R).
Putting together everything computed so far, we have

/

103wy, — i (TrRm(wy) A Rm(wy) — Tr F(H) A F(H))

!/

=idd(e"d —a'e " p) — O; (Bdu) A (00u) + L, (2.76)
where u € £222(S, R) is given by
/

W= "; (Tr F(Hs) A F(Hs) — TtRm(®) A Rm(®)) — (0} + ©3).

Combining (2.72) and (2.76), we see that the Anomaly flow reduces to the following
scalar fully nonlinear PDE on the base manifold S.

d

!/
e & =i03(e"d —o'e " p) + O; (09u)® + 1. (2.77)
This evolution equation can also be written as

d 1
dte” =, [A@e” —a

,iaé(e_“,o) /A +0n ,LL

2221 +a'or(idou) + 2221
Here 6, (i aéu) =(@ Béu)zc?)_z is the determinant of the complex Hessian of # with
respect to @.

By standard parabolic theory, this equation admits a short-time solution as long as

/

/ /e7”p+2i35u>0.

o =e"d+a

2.4.3.2 Stationary Points

For stationary points of (2.77) to exist, integrating both sides shows that we require

=
S
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which is the cohomological constraint

@2

217

/

o . . 2 2
4 /S[TrRm(w)/\Rm(w) — Tr F(Hs) A F(Hs)] =/S[|w1| + [@2|]

It is possible to construct data (S, Es, w1, wy, &’) satisfying this condition. Indeed,
since we assume ¢1(S) = c1(Es) = 0, the constraint is

27 &2

J 27

Note that when seeking solutions to the Hull-Strominger system, after rescaling
wy — Awy, in (2.65) we can assume that ‘Z € Z. Explicit examples are exhibited in
[FY08, FY07]; when &’ > 0, we may take S to be a K3 surface and use the theory
of stable bundles over K 3 surfaces to construct Eg, and when o' < 0 we may take
S to be either a torus 7% or a K3 surface.

The main theorem of Fu—Yau guarantees the existence of smooth solutions to the
Hull-Strominger system when the cohomological condition | g i = 0 is satisfied.

Theorem 2.12 ([FYO08, FY07]) Let (S, ®) be a Kihler surface, &' € R, p €
QUYS, R), and p € 2%%(S, R). Suppose . satisfies the condition fS u =0. Then
there exists a smooth functionu : S — R solving

w1 |2 w2

21

“ Lex(S) — er(Es)] =
" Lea(8) = ex( s)]—/s[\

) 21

A
0=i33(c"®—a'e"p)+ O; (09u)> + u,

such that ' = e +o’'e ™ p + "giaf_)u > 0.

For further work relating to the Fu-Yau solutions, we refer to [CHZ118, CHZ218,
GA40, LE11, PPZ117, PPZ116, PPZ216, PPZ118].

2.4.3.3 Long-Time Existence

The first observation in the Anomaly flow with Fu-Yau ansatz is the following
conserved quantity.

Lemma 2.9 Let w(t) = e“Dé +i0 A 0 be a solution to the Anomaly flow with the
cohomology condition f s i = O satisfied. Then the conservation law

d
f 120 =0,
dt X

holds along the flow.
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Proof In the case of the Fu-Yau ansatz @ = e“® + i0 A 0, by (2.72) we have

/ugm@3=/3&@%weAé
X X

Using [, u = 0, from (2.77) we see that

d /e“&ﬂ:o
dt Jg

is a conserved quantity. O
Together with D.H. Phong and X.-W. Zhang, we prove the following result.

Theorem 2.13 ([PPZ418)) There exists Ly > 1 depending only on (S, @), u, p,
o' with the following property. Suppose fS u = 0. Start the Anomaly flow on the
fibration w : X — S with initial data

w(0) =Ld+i0 A0,

for any constant L > Lg. Then the flow exists for all time, and converges to a
solution to the Hull-Strominger system.

For initial data with small L, we suspect that the flow will develop singularities.
We will discuss in Sect.2.4.4.1 an example of the Anomaly flow over Riemann
surfaces where this behavior is observed.

Different choices of L correspond to different balanced classes of the stationary
point. We know that the balanced class [||£2 low?] € H*(X,R) is preserved by the
Anomaly flow, and in this case

12 low?] = [“®%] + 2 A i6 A D).

The class [¢“®?*] € H*(S,R) is a top cohomology class on the Kéhler surface S,
and is therefore parametrized by the integrals

/6“6)2 cR.
S

Therefore the choice of [ ¢"®? in the initial data is related to the choice of balanced
class of the evolving metric.

As an aside, we note that in general, the conservation of the balanced class
(12 low?] € Hé’CZ(X ) along the Anomaly flow should lead to conserved quantities,
which may also be useful when studying the flow beyond the Fu—Yau ansatz.
The Bott—Chern cohomology of complex manifolds differs in general from the de
Rham cohomology, and we refer to [AT13, AN13, ADT16] for recent progress on
computing Bott—Chern cohomology.
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2.4.4 Nonlinear Blow-Up

In this section, we briefly describe a few more examples and illustrate some of the
nonlinear phenomena which can occur.

2.4.4.1 Fibrations over Riemann Surfaces

We return to the construction of fibrations p : X — X over a Riemann surface
(¥, ®) of genus g > 3 described in Sect.2.2.3.5. We recall that these were non-
Kaihler threefolds, and the Fei ansatz metrics

a)fzezfc?)—i—efa/,

are conformally balanced for any smooth function f : ¥ — R.

It is not immediately clear that this family of metrics will be preserved by
the Anomaly flow. It turns out that this is indeed the case, and the flow reduces
to a single scalar parabolic PDE for f on the base X of the fibration. The key
computation in [FE15, FHP17] gives the identity

/

iaéa)f — jTr Rm(wys) A Rm(wy) = (00U — kud) Ao,

where

/
—ef + % ket
u=e’ ke 7.
T

and « < 0 is the Gauss curvature of the background metric @. Since
2 _ fA /
2l @} = 2volys 4+ 2e! & N o,

we can factor out @’ in the formulation of the Anomaly flow as (2, 2) forms, and the
flow reduces to

P Y f o —f f o =f
del = |&00:( e/ + jwem ) —uclel 4 ke : (2.78)

on the Riemann surface (X, ®). The flow admits a short-time solution as long as

which is automatic if o’ > 0. In [FHP17], together with T. Fei and Z. Huang, we
study the asymptotics of the flow.
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Theorem 2.14 ([FHP17]) There exists Lo > 1 depending on (X, @) and o' with
the following property. Start Anomaly flow with initial data

w0) = L*®+ Lo,
for any constant L > L. Then the flow exists for all time and

wf

*
— P ox,
1 3

3 Jx 120,03

where oy = qlzc?) is a smooth metric on X, and q1 > 0 is the first eigenfunction of
the operator — Ay + 2k.

In the above theorem, we have long-time existence, but unlike Theorem 2.13,
£2]lo; — 0 as ¢ — oo. This can be understood by the fact that there are no

stationary points in the large radius regime ¢/ > 1. We note that the result in
[FHP17] is more general than the one stated above; the asymptotic behavior holds
if the initial data satisfies u(x, 0) > 0.

For initial data with small L, finite-time blow-up can occur. Indeed, following
[FHP17], we consider the case when o’ > 0. If

) 8a/m2(g — 1)?
<

, 2.79
|l Loo 5y VOI(Z, @)2 (&79)

then the flow encounters a singularity in finite time. To see this, we compute using
the evolution equation (2.78), and use that k < 0 and that the Laplacian integrates

to zero.
d 1 !
/efc?): / |K|efc?)—a /Kzeffc?).
dt b 2 P> 4 b

By the Cauchy—Schwarz inequality and the Gauss—Bonnet theorem,

2
MMg—DP=(f|w@ s(/emﬁ(fk%ﬁa)
) ) )

Therefore
d . oo . ! - 7!
/ ol < lelizoecz) / o - * (4 (g — 1))? / ol .
dt P> 2 b 4 X
The ODE for A(t) = [ e/ is then

d
chAzsnmuwAz—swn%g—lﬁ,
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which can be rearranged as

d
5 <(||K||L°0 A? — 8a'm?(g — 1>2>e'K'w’) <0.

Therefore
licl| Lo At)?

<8a'm?(g —1)* - [&x’nz(g —1)% - ||x||LoovO1(2)2L2} exp([l&c | oo 1),

and we see that the flow must terminate in finite time if (2.79) holds. In fact,
€2, — oo in finite time.

2.4.4.2 Lie Groups

For our final example, we will study the Anomaly flow using unitary connections
beyond the Chern connection. Let X be a complex Lie group of dimension n = 3,
and let {eq, €2, e3} be a frame of holomorphic vector fields. Let {el, e, e3} be the
dual frame of holomorphic (1, 0) forms. Denote the structure constants by

d
lea, ep] = c“apeq.

Consider the Hermitian metric
d=iy e N
a

A section of T1-0X can be expressed as V = V%¢,. By definition (2.8), Strominger—
Bismut connection V' of & acts in the frame {e,} by

ViVa=VEVE T VC, Vive = VEVE+ T

cba

VC

where we now denote the Chern connection by V< for clarity. Since gzp = S4p in
this frame, V€ = d. Furthermore,

1
T =idw= —zcabded NN
Therefore

ViVE =8,V 4 VY, V;Va = 9V — ey, VO
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Along the Gauduchon line V®) = (1 —k)VE + k' VT, we have
VOV =9V AW Ve, VIV = gy 4 AW e
with
d

A9y =k cpq, AV = —k g
The curvature form is defined by Rm = dA + A A A. More specifically,
R _1R.a NP 1R__a G Ak L R el A
m_2 kj b€’ Ne ~|—2 Kjbe ANe” + & be ANe,
where the components are
Rij“p = 8e; Ak"p — 8, Aj"p — " jkAr s + Aj A D — Ak A b,
Rii%p = 05, Ap"s — 05, A" — " jk Ai®p + A ARs — AR cAf D,
R];jab = aejA,;“b — agkAjab + AjaCA,;Ch — AEHCAJ'C},.

Using the expression for the connection A®) on the Gauduchon line, the compo-
nents are explicitly

r 2 r 2 r
R g = —kc" jkcPrg + k7P jrc kg —k“cPipc” jq,
R:-P, = T eq +2r4 q 2 q .
17 =K jkclp + K7 jpcdir — K7 kpcd jr,
2 r
Ri;Pq = k(=" jredir 4 Tipc’ jq)

The surprising computation of Fei—Yau [FY 15] shows that Tr Rm A Rm is actually
a (2, 2) form, and its (2, 2) part is given by

(Tr Rm A Rm)gy;; = 26 (2K — DerreesSrpedijct qp.

We refer to [FY 15] for the full calculation.

We now specialize to the Lie group SL(2, C) with structure constants ct jk = €ijk
the Levi-Civita symbol. Let 2 = ¢! A €2 A €. We also fix « = 1 for simplicity, so
that we only consider the Strominger-Bismut connection V. In this case, by two
applications of the contracted epsilon identity (2.35), we derive

(Tr Rm™ A Rm+)l€c7ij = 2c"kec?ij [ Srpcyp ]
= 2Crkicqij [28,«(1]

= 4(8kidgj — Okjdei).
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Since & = i8;jze* A &', we have

(Tr Rm™ A Rm )iz = 207z
By (2.36), we know i3 is also proportional to &?.

1
2

306 = _ &%

By scaling the metric @, we see that the diagonal ansatz
o) = 22D,

is preserved by the Anomaly flow

d _ /

dl(||.(z||ww2) — 90w — ‘Z Te Rm™* A Rm™,
and becomes the ODE

d 1 2 /
A= (A" — .
dt 2( «)

In the large radius regime, if we start with
w(0) = Lo

where L > 1, then [|£2||(;) — 0O in finite-time. Outside of this region, the behavior
is sensitive to initial data and sign of &’. For example, if &’ > 0, then for small initial
A, we may have that ||£2||, ) — oo in finite-time.
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