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Preface

The study and the construction of complex non-Kihler manifolds is a demanding
and interesting mathematical problem, with applications to Theoretical Physics. On
the one side, in the words of [dBT13], “a sort of chemical analysis of symplectic
and holomorphic contribution can be successfully performed in order to better
understand the role of the different components of the theory” of Kidhler Geometry,
which “represents a perfect synthesis of the Symplectic and the Holomorphic
worlds.” On the other side, deeply studied problems in Kéhler geometry have often
a non-Kihler counterpart that is naturally motivated by Theoretical Physics, as, for
example, the Hull-Strominger system [Str86, Hul86, GF16] that extends the Calabi—
Yau theorem to non-Kiahler manifolds. When studying such problems, one has to
deal with the lack of examples and techniques or at least with choosing the right
context where doing so.

The CIME Summer School on “Complex non-Kihler Geometry”, held in Cetraro
(Italy), on July 9-13, 2018, was aimed at introducing young students and researchers
to this field, by presenting a vast range of techniques from different aspects of the
theory: from complex analysis to complex differential geometry, from holomorphic
dynamics to geometric analysis.

In complex dimension one, the classification of holomorphic curves is the “crown
jewel of differential geometry” [GroOO]. In higher dimension, even in complex
dimension two, the classification of compact complex manifolds is still an open
problem. The classification of compact complex surfaces was started by the Italian
school of algebraic geometry and then continued by Kunihiko Kodaira in the
1950s, (see e.g., [BHPV04, Nak84]). The incomplete steps regard minimal compact
complex surfaces with Kodaira dimension —oo and with first Betti number equal to
one and positive second Betti number b, > 0: Masahide Kato gave a fascinating
construction of complex surfaces in this class [Kat78], characterized by containing
b rational curves [DOTO03]. Therefore, the problem of completing the classification
of compact complex surfaces reduces to the construction of rational curves. Andrei
Teleman gave important contributions in this direction [Tel05, Tel10]. His course
on “Non-Kihlerian Compact Complex Surfaces” presents the classical theory on
Enriques-Kodaira classification and non-Kihlerian surfaces, class VII surfaces, and
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the construction and the classification of Kato surfaces. He also pointed out the main
ideas of his gauge theoretical methods to prove the existence of cycles of curves on
class VII surfaces with small second Betti number, as well as of his recent results
obtained with Dloussky [DT18] towards classification up to biholomorphism.

A construction of a compact complex surface in class VII, with a complicated
fractal subset, can be done starting from a Hénon map to obtain a compact
dynamical system. This idea by Hubbard et al. [HPV0O0] has been presented in
his talk on “Compact complex surfaces from Hénon mappings, and a surprising
surgery.”

In higher dimension (complex dimension n > 2), examples of non-Kihler (not
even symplectic) complex manifolds are given by LVM manifolds that have been
initially introduced and studied by Lépez de Medrano and Verjovsky [LMV97].
This construction was then generalized by Meersseman [Mee97, Mee00] and Bosio
[BosO1], and these manifolds are known as LVMB manifolds. The essential idea
(discovered by André Haefliger) is that one can obtain non-algebraic complex
manifolds as the space of leaves of holomorphic foliations of complex algebraic
manifolds. In his course on “Intersection of quadrics in C", moment-angle mani-
folds, complex manifolds and convex polytopes”, Alberto Verjovsky explains in
details how to make use of such a general principle: we start with a linear action
of C™ in C" for n > 2m or, in other words, with a configuration of n vectors in
C™. If the configuration is “admissible” (more precisely, if it satisfies the “weak
hyperbolicity” and “Siegel conditions”), the holomorphic (singular) foliation F in
the projective space CP"~! is the one given by the orbits of the linear action we start
with.

Such examples confirm a conjecture by Bogomolov [Bog96] on the realizability
of any compact complex manifold by a transverse embedding into a projective
manifold equipped with an algebraic foliation. In his talk “Algebraic embeddings
of complex and almost complex structures” Jean-Pierre Demailly explained a recent
work joint with Gaussier [DG17] in the direction of the Bogomolov conjecture: they
show an embedding theorem for compact almost complex manifolds as subvarieties
transverse to an algebraic distribution in a complex affine algebraic manifold.

Another way to study and try to understand complex non-Kihler manifolds
is to look for “canonical” metrics, where the word “canonical” may refer to
some cohomological or curvature properties, e.g., having constant curvature. The
story begins with the Calabi conjecture [Cal54] in Kihler geometry and its 40-
year-old solution by Yau [Yau77, Yau78]. Together with [Aub76] and the recent
works [CDS14, CDS15, Tial5] on the Yau-Tian-Donaldson conjecture, they give
a complete description of Kihler-Einstein metrics. Kédhler metrics being Ricci-flat
are also characterized by the restricted Riemannian holonomy being in SU(n), and
(both elliptic and parabolic) complex Monge—Ampere equations are useful tools for
their investigation. There are different ways to generalize the notion of Kéhler Ricci-
flat metrics to Hermitian non-Kiahler manifolds. One possibility is to consider the
so-called Calabi-Yau manifolds with torsion. They are characterized by the Bismut
connection having restricted holonomy in SU(n), namely, by a Bismut-Ricci-flat
metric, and they are motivated by heterotic string theory [Hul86, Str86, LYO0S5].
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The course “The Anomaly flow and Hull-Strominger system” by Sébastien Picard
focused on the problem of constructing canonical Hermitian metrics on complex
non-Kihler manifolds. In particular, the lectures focused on the “Anomaly flow,”
a tool that Sébastien Picard, in joint work with Phong et al. [PPZ18a, PPZ18b,
PPZ19], recently introduced and investigated to study this non-Kihler Calabi-Yau
geometry. The simplest case, the “Anomaly flow with zero slope,” preserves the
conformally balanced condition and deforms conformally balanced metrics towards
astheno-Kihler metrics, so that stationary points are Kéhler. In this sense, it can be
understood as a deformation path connecting non-Kéhler to Kihler geometry.

Another possible way to generalize the Calabi conjecture to non-Kéhler mani-
folds has been studied by Tosatti and Weinkove [TW10]. More precisely, they prove
that each element in the first Bott-Chern class can be represented as the first Chern-
Ricci form of a Hermitian metric. The result is obtained as a corollary of uniform
estimates for a complex Monge—Ampere-type equation on a compact Hermitian
manifold. Their work has been presented by Eleonora Di Nezza in the talk “The
Calabi conjecture on compact Hermitian manifolds.”

Geometric flows, such as the Kéhler-Ricci flow or the Anomaly flow, give another
way to study and construct canonical metrics on a compact Kéhler or Hermitian
manifold. The basic idea is very simple: we pick a random initial metric, we run the
flow, and we hope that such flow of metrics will converge to a special one. This is
what happens, for example, on a compact Kihler manifold with negative or zero first
Chern class [Cao85]. The problem is that, in general, it may happen that the time of
existence of the flow is finite and that the limit metric is singular. One then needs
to restart the flow with a singular data. This is the reason why studying geometric
flows in a weak sense is of major importance in this respect. “Pluripotential Theory
on Hermitian Manifolds” was instead the subject of the course of Stawomir Dinew.
The aim of the course was to introduce the Hermitian version of complex Monge—
Ampere equations, mostly trying to generalize the analytic techniques coming from
the Kédhlerien counterpart. First of all, he defined several “Kihler-type” conditions
(such as “balanced,” “Gauduchon,” “astheno-Kéhler,” and “pluriclosed” metrics),
giving a variety of examples. If we fix one of these conditions, a “canonical”
metric on a compact Hermitian manifold has to satisfy such a condition and to have
some special curvature property. Once again, the problem boils down to a complex
Monge—Ampere equation. He then introduced the first notions of pluripotential
theory on compact Hermitian manifolds in order to treat (even in contexts presenting
singularities) such equations. This last part mostly relies on his works [Dinl6,
DK12].

Recently, Gued; et al. [GLZ18] developed a parabolic pluripotential theory on
compact Kéhler manifolds, defining and studying the “weak” Kihler-Ricci flow
and, more precisely, the weak solutions to degenerate parabolic complex Monge—
Ampere equations. The results were announced in the talk by Vincent Gued;.
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Chapter 1 )
Lectures on Pluripotential Theory Shethie
on Compact Hermitian Manifolds

Stawomir Dinew

Abstract The note is an extended version of lectures pluripotential theory in the
setting of compact Hermitian manifolds given by the author in July 2018 at Cetraro.

1.1 Introduction

Let (X, J) be a compact complex and connected manifold with J denoting the
fixed (integrable) almost complex structure. Unless otherwise stated by n we shall
always denote the complex dimension of X. We begin with the basic fact in complex
geometry which follows easily from patching local data in coordinate charts:

Theorem 1.1 (X, J) admits a Hermitian metric.

If g is such a Hermitian metric then in local coordinates we write

n
g= (8= Z gjrdzj ® dzx,
k=1

where the coefficients g jk are smooth local complex valued functions, such that
pointwise g ik (z) is a positive definite Hermitian symmetric matrix.

Given a Hermitian metric g on X we identify it with the positive definite (not
necessarily closed!) (1, 1) form w defined by

VX, Y € T.X w(@)(X,Y):=g()X,Y). (1.1)

This form is often called the Kihler form of g in the literature, but we shall not use
this terminology in order to avoid confusion with the Kéhler condition.
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The very existence of a Hermitian metric has profound implications on the
geometry and analysis of X. For example there is a natural volume form given
locally by det(gj,;)d V. (Note that the formula differs from its Riemmanian
counterpart as there is no square root over the determinant!)

Exercise 1.2 Show that this locally defined volume form is global in the sense that
it does not depend on the choice of the coordinate chart.

Just as in the Riemmanian geometry the metric allows one to compute length, to
measure angles etc.

The construction based on gluing local data implies in fact that Hermitian metrics
exist in abundance. Hence a very natural question appears:

Question 1.3 Are there Hermitian metrics that are better than the others?

While the question is far too vague it raises various problems related to geometry
and analysis.
One of the classical “good” Hermitian metrics are the Kéhler ones.

Definition 1.4 Let (X, J) be a Hermitian manifold equipped with a Hermitian form
. If do = 0 the metric is called Kihler. A complex manifold X is called a Kéhler
manifold if it admits a Kédhler metric.

There are many reasons why kéhlerness is a natural condition both geometrically
and analytically: its Levi-Civita connection coincides with the Chern connection,
one has VJ = 0, we have the so-called Kihler identities relating the canonical
operators, the i99-lemma holds and so on. Analytically kihlerness means that (in
a suitable coordinates) the metric is Euclidean up to terms of order 2. Also locally
there exist potentials for the (1, 1)-Kihler form associated to the metric.

Note that each Kihler metric defines a de Rham cohomology class in
H'1(X,R). The i99-lemma (see [Dem]) which holds on Kéhler manifolds allows
the following relation between two cohomologous Kihler metrics:

Theorem 1.5 Let X be a Kdihler manifold. If w1, wy are two Kdhler metrics
representing the same de Rham cohomology class then there exists a smooth real
valued function ¢ such that

w) = w] + iai_?(p.

The theorem says that the only way to perturb a Kéhler metric within its
cohomology class (and to remain Kihler!) is by adding 99 of a smooth function.

Of course such a perturbation by any function defines a closed (1, 1)—form and
it will be Kédhler form if it is additionally positive definite.

Definition 1.6 A smooth real valued function ¢ is called admissible (or smooth
strictly w-plurisubharmonic) if

w+iddg > 0.
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We shall call these functions w-psh and we shall often use the notation w, for
w~+i90¢.

Returning to the general Hermitian setting a question arises: how to perturb a
given Hermitian metric hoping to get metrics with better properties? Since there are
no obvious cohomological constraints in general the answer pretty much depends
on one’s background: people from conformal geometry may for example wish to
perturb the Hermitian form « by a multiplicative factor e” with p being some
smooth function.

People coming from Kihler geometry may in turn hope that w + iddg for a
suitably chosen function ¢ might still be a good choice even though there is no
cohomology class to be preserved.

In the lectures we shall pursue this second approach (which does not mean that
the first one is not worth a try too!). Relying on the existent theory in the Kéhler
setting we shall investigate what remains true in the general Hermitian setting, what
are the new phenomena to cope with and so on.

Pluripotential theory in the setting of compact Kihler manifolds has proven to
be a very effective tool in the study of degeneration of metrics in geometrically
motivated problems (see [Kol98, Kol03, EGZ09, KTO08], which is by far incomplete
list of the literature on the subject). Usually in such a setting singular Kdhler metrics
do appear as limits of smooth ones. Then pluripotential theory provides a natural
background for defining the singular volume forms associated to such metrics.
More importantly it provides useful information on the behavior of the Kéhler
potentials exactly along the singularity locus, which is hard to achieve by standard
PDE techniques. On the other hand the theory does not rely on strong geometric
assumptions, as most of the results are either local in nature or are modelled on
local ones. It is therefore natural to expect that at least some of the methods and
applications carry through in the more general Hermitian setting.

Of course there is inevitably some price to pay. Computations on general
Hermitian manifolds are messier. We lack many important tools from the Kéhler
setting. Arguably the most important difference for us however will be the lack of
invariance of the total volume f x (@ + dd°u)" for an admissible function u (which
is easily seen after two applications of Stokes theorem). As one will soon verify this
leads to troublesome additional terms involving dw and/or dw A d€w and controlling
these in a suitable sense is the main technical difficulty in the whole theory.

The interest towards Hermitian versions of the complex Monge-Ampere equation
has grown rapidly in the recent years. The first steps were laid down by the French
school most notably by Cherrier [Che87] and Delanoé [De81]. In these papers the
Authors followed Aubin and Yau’s arguments [Y78] to get existence of smooth
solutions of the Monge-Ampere equation in the case of smooth data. The Authors
were successful only in particular cases (that is under geometric assumptions on the
background metric). The main problem to overcome were the a priori estimates
needed to establish the closedness part in the continuity method. The renewed
interest towards Hermitian Monge-Ampere equations came with the breakthroughs
by Guan-Li [GL10] and especially Tosatti-Weinkove [TW10a, TW10b]. Guan
and Li were able to solve the equation assuming geometric conditions different
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than these from [Che87] and [De81], while the missing uniform estimate was
finally established without any assumptions in [TW10b]. Parallel to these recent
advances foundations of the corresponding pluripotential theory were laid down
(see [DK12, BL11] and [KN1, KN2, KN3]). The theory is still in an infant state,
and the techniques are technical modifications of their Kihlerian counterparts.

In order to motivate the construction of such a theory we shall list a couple of
arguments relying on (Kéhlerian) pluripotential reasonings and try to investigate
what happens in the Hermitian realm. One of our first discoveries is that there
is a condition strictly more general than kihlerness that yields almost the same
pluripotential theory. It was studied by Guan and Li [GL10]. The Authors assumed
that dd°w = 0 and dd°(w*) = 0. Under this condition almost every pluripotential
argument from the Kihler setting carries through verbatim. It should be emphasized
that in Hermitian geometry there are many other conditions imitating kdhlerness.
These are motivated by various geometric considerations. Some of these conditions
have consequences that are relevant to pluripotential theory.

The notes are organized as follows. We start with some basic notation and
motivate the theory by listing some applications of Kéhler pluripotential theory.
Section 1.4 is devoted to some explicit constructions of bad plurisubharmonic
functions and Hermitian metrics. Hopefully these examples shed more light on what
kind of singular behavior can be expected within the theory. Later we define some
of the “close-to-Kihler” conditions which can be found in the literature. In the next
section we describe some explicit examples of Hermitian manifolds and “canonical”
metrics on them. This list is of course only a glimpse into the vast world of
Hermitian geometry. The existence of suitable adapted coordinates (due to [GL10])
is shown in Sect. 1.7. Such a coordinate system will turn out to be very useful in the
proof of higher order a priori estimates for the Dirichlet problem later on. The main
pluripotential tools are discussed in Sect. 1.8. In particular we show that the complex
Monge-Ampere operator is well defined on bounded w-plurisubharmonic functions
and it shares the convergence properties known from the Kihler case. Section 1.9 is
devoted to the most important tool in the whole theory—the comparison principle.
As explained it differs considerably from the one known in the Kéhler setting unless
the form w satisfies some restrictive additional conditions. In the next section the
solution of the Dirichlet problem is presented in detail. For the openness part we
follow [TW10a], while for the C2 estimates we borrow the main idea from [GL10].
The uniform estimate is taken from [DK12]. Then we solve the Monge-Ampere
equation with right hand side being an L? function with p > 1 following [KN1].

These are expanded lecture notes of the course that I taught during a C.I.M.E
workshop “Complex non-Kéhler geometry” in Cetraro 9-13.07.2018. The lectures
are based on the manuscript [D16] and more recent developments. It is a great
pleasure to thank the organizers of this event for the invitation.
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1.2 Notation

Throughout the paper X will denote a compact, complex and connected manifold.
Unless otherwise specified n will always be the complex dimension of X.

As usual d will denote the exterior differentiation operator, while d and 9 will
be the (1,0) and (0, 1) part of it under the standard splitting. In some arguments
involving integration by parts it is more convenient to use the operator d¢ := i (9 —
d), so that dd® = 2i99. These will be used interchangeably. We shall also make use
of the standard notation w,, standing for w + dd“u.

d;j will denote the Kronecker delta symbol. We shall make use of Einstein
summation convention unless otherwise stated.

Throughout the note we shall use the common practice of denoting constants
independent of the relevant quantities by C. In particular these constants may vary
line-to-line. If special distinction between the constants is needed in some arguments
these will be further distinguished by C , C, C; and so on.

A special constant that controls the geometry of (X, w) (see below for details) is
denoted by B—it is the infimum over all positive numbers b satisfying

— bw? <niddw < be’* and (1.2)
—bw’ < n%idw A dw < bw’.

It should be emphasized that this constant measures how far our metric is from
satisfying a special condition studied by Guan and Li [GL10]. Of course if w is
Kihler then B = 0.

1.3 Why Pluripotential Theory?

In this section we shall briefly list some applications of the pluripotential theory on
Hermitian manifolds. As the theory is still developing it is expected that this list will
grow rapidly in the near future.

To begin with we recall that a basic example of a local plurisubharmonic function
is log(]|F(z)||) with F being a local holomorphic mapping. Thus the theory is
tightly linked to complex analysis. More globally let L be a holomorphic line bundle
over (X, w) with o a (holomorphic) section (for analysts: it will be a collection
of nowhere vanishing holomorphic functions gyg defined on the intersections of
coordinate charts Uyg := U, N Ug which satisfy the relations gy = Id and
8up8py &y = Id). 1f ||- || is a smooth norm on the space of sections (collections of
holomorphic functions f, on U, such that on intersections f, = gqup fp), then

u(z) = logllo (2)||
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is a global function which is smooth except on the divisor {¢ = 0} and
iddlog|lo|| > —Cw, for some constant C dependent only on the choice of the
normon X \ {o = 0}. It can be proven that this inequality extends past {o = 0} in
the distributional sense—u is quasiplurisubharmonic.

This simple observation has important consequences: pluripotential theory might
be useful for constructing analytic objects on the manifold as —oo-values of suitably
constructed functions. Unfortunately for a general w-psh function u its —oo locus is
much more complicated and hard to deal with as we shall see in the next section.

Reversing a bit the discussion above a natural question is whether one can
construct w-psh functions with prescribed singularities. One way of doing so is
by solving suitable Monge-Ampere equations. Such an approach was initiated
in the paper [TW12], which was motivated by the fundamental paper [Dem93].
Precisely the Authors goal was to construct w-plurisubharmonic functions with
prescribed logarithmic singularities at a collection of isolated points. Such singular
quasiplurisubharmonic functions can be applied as weights in various Ohsawa-
Takegoshi type L? extension problems or 8 problems.

The construction based on Demailly’s idea in [Dem93] is by solving a family of
Monge-Ampere equations with right hand sides converging to Dirac delta measures.
More specifically in the Kéhler case a family of Monge-Ampere equations

e € C°(X), supxpe =0
o+ dd°¢e > 0 (1.3)
(0 +dd“¢e)" = xeo"

is considered, where for each € > 0 x, is a smooth strictly positive function with
suitably normalized total integral. Moreover it is required that x. converge weakly
to a combination ) _ ¢;8; of weighted Dirac delta measures as € tends to zero. Then
the weak limit of the solutions (which exist by the Calabi-Yau theorem [Y78]) is the
required function.

In the Hermitian setting such a technique requires a modification of the approxi-
mating equations:

¢e € C®(X), supxpe =0
w+dd¢e >0 (1.4)
(0 +dd°Pe)" = e xea",

where ¢, is some constant (the equations are then solvable by [TW10b]). Successful
repetition of the argument relies crucially on controlling total volumes, that is on the
uniform control of the constants c.. This is why the results in [TW12] are complete
only in dimension 2 and 3.

It is worth pointing out that construction of w-psh functions with non-isolated
analytic singularities is substantially harder, partially due to a lack of reasonable
Monge-Ampere theory for such functions.
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The Monge-Ampere equation is also related to the Ricci curvature in the Kahler
setting through the following construction:

Given a Kihler metric wp and a representative « of the first Chern class on a
manifold X the Calabi problem boils down to finding a metric @ cohomologous
to wp, such that Ric(w) = «. By the dd° lemma any such w can be written as
wo + dd°¢ for some smooth potential ¢. Furthermore Ric(wo) = o + dd“h, where
the Ricci potential / is a function uniquely defined modulo an additive constant
(which can be fixed if we assume the normalization [ "o} = [, »"). Recall that
in the Kihler setting one has Ric(w) = —ddlog((w)") with @" denoting n-th
wedge product of @ (modulo the identification of the coefficient of the volume form
with the volume form itself). Hence Ric(w) = « is equivalent to

(wo + dd“¢)"
(wo)"

& (wo +dd°)" = "l

Ric(wo + dd°¢) = Ric(wo) — dd°h < —dd log = —dd‘h

for some constant c. Exploiting the kihlerness of wg and integration by parts one
easily sees that under our normalization ¢ = 0 and we end up with the standard
Monge-Ampere equation

(w0 + dd°¢)" = "} (1.5)

with prescribed right hand side.

This equation for smooth /2 and wy was solved in the celebrated paper of Yau
[Y78]. In modern Kéhler geometry it is of crucial importance to understand the
behavior of the potential ¢ (or the form wg + dd°¢ itself) if we drop the smoothness
assumptions on /& and/or the strict positivity of wg. Such a situation occurs if we
work on mildly singular Kihler varieties (see for example [EGZ09]) or when one
tries to understand the limiting behavior of the Kéhler-Ricci flow (see [KTOS]
and references therein). It is exactly the setting where pluripotential theory can
be applied an indeed in such settings the uniform estimate for the potential ¢ (a
starting point for the regularity analysis) is usually obtained in this way (compare
[EGZ09, KTO08]).

Returning to the Hermitian background the picture described above has to be
modified. The obvious obstacles are that a Hermitian metric wg need not define a
cohomology class and the dd‘ lemma may fail. On the bright side the first Chern
class can still be reasonably defined in the Bott-Chern cohomology, that is the
cohomology given by

g _ kerld 1 Cpg(X) = Cpgs1(X) ® Cpa1,4(X))

BC — Im{ddcCp_1 4—1(X)} ’ (1.6)

where Cp, ,(X) denotes the space of smooth (p, g)-forms.
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Given a Hermitian metric wy its first Chern form can be defined analogously to
the Kihler setting by

RicBC (wp) := —ddlog(w}).

It turns out that the first Ricci forms represent the first Bott-Chern cohomology class
cf €(X) in the Bott-Chern cohomology. Hence a natural question arises whether any
form o in cf C(X ) is representable as the Ricci form of some metric wy + dd€¢.
A computation analogous to the one above shows that such a ¢ has to satisfy the
equation

(w0 + ddd)" = "l (1.7)

with a function % as above and some constant ¢ > 0. Contrary to the Kéhler case,
however, the constant need not be equal to zero and thus the Hermitian Monge-
Ampere equation has one more degree of freedom. As we shall see later this adds
some technical difficulties into the solution of the equation.

The discussion above resulted in the fact that solutions to Hermitian Monge-
Ampere equation prescribe the Ricci form in the Bott-Chern cohomology. Thus
weakening of the smoothness assumptions on f and/or strict positivity of wy is
helpful in situations analogous to the ones in the Kihler setting above.

Arguably one of the most exciting problems in Hermitian geometry is the
classification of class V11 surfaces. To this end the conjectural picture reduces the
problem to finding rational curves on such a surface. This is an extremely hard
geometric problem. Essentially the only working tool in some special cases is a
deep gauge theoretic argument of Teleman [T10].

It thus worth mentioning that another approach to construction of rational
curves exploiting some singularity magnifying Monge-Ampere equations has been
proposed by Siu [Siu09].

It is thus quite intriguing to investigate the relationships between Monge-Ampere
equations and the existence of rational curves.

1.4 A Couple of Inspiring Examples

1.4.1 Local Theory

As we have already mentioned the functions

log(I1F ()1

are plurisubharmonic for holomorphic mappings. Thus obviously analytic sets are
locally contained in a —oo-locus of some plurisubharmonic functions.
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Is this the general picture? Let us begin with the following example:

Example 4.1 Let  be the disk centered at zero with radius 1/2 in C. Let {a,};2
be the set of all complex numbers in 2 \ {0} with both coefficients being rational
(ordered in some fashion). Consider a sequence of real positive numbers b,
decreasing sufficiently rapidly to O such that

o0
> " bloglan| > —oo.

n=1

Consider the function

o
u(z) := anloglz — ay.

n=1
Obviously u,, = Zle bnlog|z — ay| are subharmonic and decrease towards u.
Hence u is also subharmonic, #(0) > —oo, yet {u = —oo} contains a dense subset

of Q!

Our next example taken from [Dem] is, in a sense, even more surprising—it
shows that even if a plurisubharmonic function is nowhere equal to —oo it still may
fail to be locally bounded from below:

Example 4.2 The function

e¢]

() =) /:210g(|z —1/kl+ e
k=1

is everywhere finite but is not locally bounded from below at zero.

Exercise 4.3 Is it possible, using a countable collection of such v’s for every
rational complex number to get a dense set of points such that a plurisubharmonic
function is everywhere finite but unbounded from below near any point from the
dense set?

These examples lead to the following definitions:

Definition 4.4 A set E is said to be pluripolar if it is locally contained in a —oo
locus of a plurisubharmonic function. Given any plurisubharmonic function the set
{u = —oo0} is called the pole set of u.

Exercise 4.5 A pluripolar set is contained in a pole set of some function but need
not be equal to a pole set. Construct an example in C? of a pluripolar set which is
not a pole set.
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Definition 4.6 Given a plurisubharmonic function u the unbounded locus set of u
is the set of points z, such that u is not bounded from below in every neighborhood
of z.

In pluripotential theory there are different tools for measuring the pointwise
singularities of plurisubharmonic functions. Among the basic ones (see [Dem]) is
the Lelong number:

Definition 4.7 (Lelong Number) Let u be a plurisubharmonic function defined in
a neighbourhood of a point zg € C". Then the limit /im, ¢+ of the quantity

1
/ dd‘u A (dd‘loglz —zoD)" ' = , / ddu n "
|lz—zol<r r lz—zol=r

is called a Lelong number of the function u at zg.

Note that unless u is unbounded near zo the Lelong number vanishes. This is
however not a sufficient condition as the plurisubharmonic function —log(—Ilog|z|)
near zero shows. Intuitively speaking the Lelong number measures whether u has
logarithmic singularity at zo—these are the heaviest singularities that plurisubhar-
monic functions could have.

The equality above (whose proof can be found in [Dem]) in particular implies

that the quantity rz,ql,z l—z0l<r ddu A B"~' (which is up to a universal multiplica-

; 1
tive constant equal to 22
set

li—zo]<r Au) is increasing with r. This implies that the

E.(u) := {z|u has a Lelong number at least ¢ at z}

is small for any ¢ > 0. More precisely for any ¢ > 0 it has zero 2n —2 + ¢ Hausdorff
measure.

It turns out however that more is true: a deep theorem of Siu [Siu] states that the
set E.(u) are always analytic for ¢ > 0:

Theorem 4.8 (Siu) Let u be a plurisubharmonic function in a domain Q c C".
Then for any ¢ > 0 the set E.(u) is an analytic subset of Q2.

This result is one instance of appearance of analytic objects in pluripotential
theory.

1.4.2 Kdhler Versus Hermitian

Below we discuss an example where general Hermitian pluripotential theory
behaves differently to its Kéhlerian counterpart.

A broad field where pluripotential theory applies is the study of singular metrics
i.e. in the case where the background (1, 1)-form fails to be a metric. One such
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instance occurs if some of the eigenvalues are zero i.e. we deal simply with
semipositive forms.

Suppose w; is a sequence of smooth Kiéhler forms converging smoothly to a
limiting smooth semipositive form w. The local example to keep in mind is

_ i _
wj =idzy ANdz1 + jdzz ANdZp

in C2.

Geometrically these metrics shrink the zo direction, so the limiting space can be
identified as a metric space with C x {0} as the zp-factor is collapsed (this is a very
easy example of Gromov-Hausdorff convergence).

Recall that the Frobenius theorem (under mild additional assumptions) implies
that the kernel of w is an integrable distribution i.e. we get a foliation by
holomorphic leaves. As a result we end up with a limiting space that has some
sort of complex structure.

In the Hermitian case obviously there is no Frobenius type theorem for the
limiting form. Can we thus extract a sort of complex structure in the limit? The
following example shows that the answer is no in general:

Example 4.9 ([TWI14]) Consider the standard Hopf surface X i.e. C2\ {(0,0)}
modulo the action of the group generated by the contraction (z1, z2) — (;21, ézz)
equipped with the family of metrics

2 _
1 ZjZk _
w(t) = (=208 +2t, 7 )idzj A dz.
/;1 212 + |22 T P P

fort € (0, é). As t converges to é the metrics converge to the nonnegative form

2

ZjZk . _
w(1/2) = idz; N dzy.
D= 20 (e 4 a5 7 45

It is easy to see that the kernel distribution of @ (1/2) are the vectors X = i X/ 32]_

satisfying 27:1 7;Xj = O 1i.e. the complex tangent directions of the spheres in C?
centered at zero.

Exercise 4.10 If the distribution were integrable that would mean that the boundary
of the unit sphere in C> would contain locally a holomorphic curve. Show that this
is impossible.

More careful analysis shows that w(#) collapses, as ¢ tends to é, the spheres
centered at zero. It can be shown that the limiting space is in fact the radial direction
modulo the group action i.e. a circle! For obvious reasons then the limiting space
cannot admit a complex structure!
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1.5 Kihler Type Conditions

Given a fixed Hermitian manifold X it is natural to search for the “best” metric that
X admits. The reason is at least twofold: nice metrics usually significantly simplify
computations and more importantly it is sometimes possible to deduce geometric or
topological information from the existence of these.

Unlike the Kihler case there is a large number of mutually different “Kéhler
type” conditions. Below we list the most common ones. Our discussion is borrowed
from [D16].

Definition 5.1 (Balanced Metric) Let (X, w) be a n-dimensional Hermitian man-
ifold. The form w is said to be balanced if it satisfies

d@"H =0.

Of course this definition differs from the Kihler condition only if n > 3. The
motivation behind such a condition partially comes from string theory (see [AB95,
FIUV09, FLY12] and the references therein). There are various constructions of
explicit examples of non-Kihler, balanced manifolds in the literature. For example
using conifold transitions Fu, Li and Yau in [FLY 12] proved that such a metric exists
on the connected sum 4 S® x S° of k copies of the product of two three-dimensional
spheres. Another example is the Iwasawa manifold which will be given in the next
section.

Balanced metrics impose some geometric restrictions on the underlying manifold
(for example it follows from the Stokes theorem that no smooth one-codimensional
complex subvariety can be homologous to zero) and hence not every manifold can
be endowed with such a metric.

From potential theoretic point of view the most important property of such
metrics is that the Laplacian of any admissible (or even merely smooth) function
u on X integrates to zero. Namely if we choose the canonical Laplacian associated
to the Chern connection on X then we get

/(Awu)a)" = n/ idou A" = —n/ dun I =0.
X X X

An interesting exercise, left to the Reader, is to check that in the intermediate
cases between the balanced and Kéhler conditions we do not get anything besides
Kéihlerness:

Exercise 5.2 Suppose 1 < k <n — 1. If w is a form such that
d" % =0,

then dw = 0 i.e. w is Kdhler.

A second family that we consider are the so-called Gauduchon metrics [Ga].
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Definition 5.3 (Gauduchon Metric) Let (X, w) be a n-dimensional Hermitian
manifold. The form w is said to be Gauduchon if it satisfies

dd¢(@"" = 0.

Unlike balanced ones, these exist on any compact Hermitian manifold. Moreover
a theorem of Gauduchon [Ga] states that given any Hermitian form o there exists
a conformal factor e?> such that the new form e®>w is Gauduchon. Gauduchon
metrics are useful in many geometric contexts, for example the notion of a degree
of a line bundle over a Gauduchon manifold is well defined via the formula

deg,(L) = /cl(L) YN

where c1(L) is the first Chern class of L. This is the starting point for a stability
theory for vector bundles in the Hermitian setting (see [LT95]).

Yet another difference is that after the exchange of the power n — 1 to a lesser
power we do get nontrivial new conditions. This is in fact how Astheno-Kihler
metrics are defined.

Definition 5.4 (Astheno-Kihler Metric) Let (X, w) be a n-dimensional Hermi-
tian manifold (n > 2). The form w is said to be Astheno-Kahler if it satisfies

dd(@" %) = 0.

This condition was used by Jost and Yau [JY93] in their study of harmonic maps
from Hermitian manifolds to general Riemmanian manifolds.

Unlike the Gauduchon metrics Astheno-Kihler metrics impose some constraints
on the underlying manifold. It can be shown that any holomorphic 1-form on such
a manifold must be closed. Explicit examples of Astheno-Kéhler but non-Kihler
manifolds can be found in dimension 3 where they coincide with the pluriclosed
metrics to be defined below. Another type of examples are the so-called Calabi-
Eckmann manifolds. These are topologically products 2"~ x §2"~1 (m > 1, n >
1) of odd dimensional spheres. Any such manifold admits families of complex
structures which can be constructed using Sasakian geometry. In [Mi09] it was
shown that a special choice of such a complex structure yields an Astheno-Kéhler
manifold. Since H2(5%"~! x §%"~1) = 0 such manifolds are never Kihler.

Much more information regarding Astheno-Kihler geometry can be found in
[FT].

Finally the important notion of the aforementioned pluriclosed metrics is defined
as follows:

Definition 5.5 (Pluriclosed Metric) Let (X, ®) be a n-dimensional Hermitian
manifold. The form o is said to be pluriclosed if it satisfies

dd‘w = 0.
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The pluriclosed metrics are also known as SKT (strong Kihler with torsion)
in the literature [FPS04]. Of course in dimension 2 this notion coincides with
the Gauduchon condition, hence any complex surface admits pluriclosed metrics.
In complex dimension 3 some nontrivial examples of non-Kihler nilmanifolds
admitting pluriclosed metrics were constructed by Fino, Parton and Salamon in
[FPS04].

As is easily verified, Gauduchon metrics also have the property that the Laplacian
of a smooth function integrates to zero. This is not the case for Astheno-Kihler and
pluriclosed metrics in general.

A strengthened version of the Gauduchon condition was considered by Popovici
in [Pop13]:

Definition 5.6 (Strongly Gauduchon Metric) If (X, w) is n-dimensional Hermi-
tian manifold, the form w is said to be strongly Gauduchon if 3(" ') is 9 exact.

Of course strongly Gauduchon implies Gauduchon and these notions coincide if the
93-lemma holds on X (see [Pop13]) but in general the inclusion is strict. Note also
that any balanced metric is strongly Gauduchon.

The strongly Gauduchon condition was introduced by Popovici in [Pop13] in
connection with studies of deformation limits of projective or Kihler manifolds. We
refer to [Pop13] for the geometric conditions imposed by this structure. In particular
a necessary and sufficient condition of existence of such a metric on a manifold X
is the nonexistence of a positive d-exact (1, 1)-current on X.

None of the conditions above actually guarantee the invariance of the total
volume of the perturbed metric. More precisely the value [y (w + dd‘u)" does
depend on u and this is the main source of troubles in pluripotential theory. Still a
condition weaker that being Kiher can be imposed so that the total volume remains
invariant. This condition has been investigated by Guan and Li [GL10]:

Definition 5.7 A metric satisfies the condition imposed by Guan and Li if dd‘w =
0 and dd‘(w?) = 0.

Observe that this is weaker than Kéhler yet by twofold application of Stokes’
theorem it can be shown that the total volume remains invariant. Let us also stress
once again that the constant B from Sect. 1.2 measures how far our metric is from
satisfying the above condition.

Remark 5.8 Recently Chiose [Chi] has shown that Guan and Li condition is
equivalent to the constancy of the total volume f x @" for all @ differing by a dd* of
a quasiplurisubharmonic function.

Remark 5.9 Non Kihler metrics satisfying the above property do exist. A trivial
example, taken from [TW10a], is simply the product of a compact complex curve
equipped with a Kihler metric and a non-Kéhler complex surface equipped with a
Gauduchon metric.

We refer the interested reader to the article [Pop14], for more explicit examples
and interactions between the notions above.
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1.6 Explicit Examples of Non-Kéhler Hermitian Manifolds

We begin this section by defining the most classical examples of non-Kihler
manifolds—the Hopf manifolds. These were historically the first ones and were
discovered by Hopf in 1948 [Ho48].

Definition 6.1 (Hopf Manifold) Let ¢ be any nonzero complex number satisfying
[t| # 1. Then it induces a Z action on C" \ {0} by scaling i.e.

(k, w) — t*w,

for any k € Z, w € C" \ {0}. The action is discrete and properly discontinuous,
hence the quotient manifold C" \ {0}/z is a smooth manifold.

Remark 6.2 In the literature more general definitions are being considered. In
particular some Authors define Hopf manifolds as above but with the Z action
induced by any contracting-to-zero biholomorphic mapping of C" \ {0} into itself.

It can be proved that the Hopf manifolds are all diffeomorphic to S**~! x S!,
hence the first Betti numbers are odd—in particular these are never Kihler. Another
obstruction is that H2(X, R) vanishes which also shows that X cannot be Kihler. In
fact it can be proven that Hopf manifolds do not admit even balanced metrics.

On the bright side a Gauduchon metric is explicitly computable in the simplest
case. Indeed, suppose that n = 2, then the metric

idzNdz+idw Adw
2|2 + |w|?

is clearly invariant under the group action, hence descends onto the quotient
manifold. Moreover it is easy to check that ddw = 0, so this metric is pluriclosed
(or Gauduchon).

In the two dimensional case Hopf manifolds do belong to the special class of
the so-called class VII surfaces, named after the original Kodaira classification
list [Kod64, Kod66, Kod68a, Kod68b]. These are characterized by two conditions:
the first Betti number b;(X) is equal to 1, while the Kodaira dimension «(X)
is minus infinity. Class VII minimal surfaces are the only remaining class of
two dimensional manifolds that is not fully classified yet. More precisely the
classification was obtained by the works of Kato, Nakamura and most notably
Teleman [Ka78, Na84, T10] in the cases when the second Betti number b3 (X) is
small. Classification is complete in the case b (X) < 2 (see [T10]). In the remaining
cases a theorem of Dloussky-Oeljeklaus-Toma [DOTO03] yields a classification
provided one can find b (X) rational curves (possibly singular) on X. Conjecturally
this is always the case and indeed this holds in the classified cases b2 (X) < 2. Hence
the classification problem boils down to the construction of rational curves.

Let us now present one of the simplest examples of a class VII manifold, called
Inoue surface [In74] (in this case by (X) = 0).
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Definition 6.3 (Inoue Surface) Let M be a 3 x 3 integer valued matrix with
determinant equal to 1. Suppose that it has a positive eigenvalue o and two
complex eigenvalues 8 and B Let also (a1, a2, a3) and (b1, by, b3) be eigenvectors
corresponding to « and B respectively. The Inoue surface is defined as the quotient
H x C, H being the upper half plane, by a group G generated by the following four
automorphisms:

go(w, z) == (aw, Bz),
giw,z) =w+aj,z+b) i=123.

Remark 6.4 1t can be proven that the action is discrete and properly discontinuous,
hence the quotient is a smooth manifold. An important property of G in this
construction is that it is not an Abelian group but is a solvable one. There are two
other classes of surfaces defined by Inoue, also being quotients of H x C by a
solvable group.

On Inoue surfaces one can also find an explicit pluriclosed/Gauduchon metric:

Definition 6.5 (Tricerri Metric) Let w(z, w) := ifn’f{zi’f + Im(w)idz A dz. This
metric is invariant under the action of G and hence descends to the Inoue surface. It

can be computed that dd“w = 0.

Our last example is known as Iwasawa threefold. It is not Kihler for it admits a
non-closed holomorphic 1-form:

Definition 6.6 (Iwasawa Manifold) Let

1z123
M ={AcGL3(C)|]A=1]012|, zieC,i=1,2,3}.
001

The Iwasawa threefold is defined as quotient of M by the lattice of such matrices
with coefficients being Gaussian integers acting on M by a left multiplication.

It is easily observed that dz1, dzo and dz3 — z1dz; are invariant holomorphic one
forms on M. As d(dz3 — z1dz2) = —dz1 A dz is also invariant, it descends to a
non-zero 2-form. Thus dz3 — z1dz> is a non closed holomorphic one form on M. It
can be shown that

idzi ANdZy +idzo ANdZy +i(dz3 — z1dz2) A (dz3 — 71d22)

descends to a balanced (hence strongly Gauduchon) metric on the Iwasawa three-
fold.
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1.7 Canonical Coordinates

In the Kihler setting many local computations are significantly simplified by the use
of canonical coordinates. More specifically such coordinates not only diagonalize
the metric at a given point (which we assume to be the center of the associated
coordinate chart) but also yield vanishing of all third order derivative terms while
the fourth order terms are the coefficients of the curvature tensor.

Of course in the general Hermitian setting one cannot expect vanishing of all
third order terms. Yet getting more information than pointwise diagonalization is
crucial in some laborious computations. Hence a question appears whether some
milder “interpolating” conditions on third order terms are achievable. As observed
by Guan and Li [GL10] this is indeed possible:

Theorem 7.1 (Guan-Li) Given a Hermitian manifold (X, w) and a point p € X it
is possible to choose coordinates near p, such that gl-]f(p) = §;j and for any pair
i, k one has g“ (p) =0.

Proof Choose first local coordinates z; around p (identified with O in the coordinate

chart), such that at this point the metric is diagonalized. Then rechoose coordinates
by adding some quadratic terms:

a 10gr7
w,—zr~|—z BT e+ T 22,

o 2 0z,
Observe that
0
=8 atp; (1.8)
Jw;
__ Z ag” BZm 8Zr aZm 8Zr _ 3gr; aZr 8Zr . (19)
Bw,awk 0Zm 8w,- dwg  Jwg dw; 0z, dw; owy

Computing now g,.] = g(ai_ , 33)_), one gets
i J

85’,7_2”: T
duwe = 5 dwiowy 0,

ag;@ aZP aZr 823

+ 0zp dwy dw; BIZ)j'

r,s,p=1
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Plugging now (1.8) and (1.9) into the formula above we get

3g 8g dg
i Z( Z i (8m18rk + Smk(sn)(sn - azrr Srzgrk)
r=1 m#r

g
+ Z s pk5ri8si =0.
r,s,p=1

1.8 Basic Notions of Pluripotential Theory: Currents
and Capacities

In this section we shall define all the basic tools in Hermitian pluripotential theory. A
good reference for classical plurisubharmonic functions is [H62]. The pluripotential
theory in the local setting was developed by Bedford and Taylor in [BT82]. For
Kihlerian counterparts of the discussed notions we refer to [Kol03, GZ05].

1.8.1 Some Linear Algebra

Given a (1, 1)-form o = «jridzj A dZzy it is easy to see that « is real (@ = «) iff
the coefficients pointwise form a Hermitian matrix. Hence the following definition
is natural:

Definition 8.1 Let w be a real (1, 1)-form. Then w is said to be positive if the
coefficients w;; form pointwise a nonnegative Hermitian matrix.

Exercise 8.2 Let i be any smooth (1, 0)-form. Show that i u A p is positive. Show
that any constant coefficient positive (1, 1)-form in C" can be written as a sum of at
most n forms of the type i A .

By duality any (n — 1,n — 1) real form is representable by a n x n matrix of
its coefficients and once again one can define positivity through the positivity of the
Hermitian matrix.

In intermediate degrees the coefficient matrix is substantially larger. One may
still use its positivity properties for a definition:

Definition 8.3 Let 7 be a (p, p)-form in C", where 1 < p < n — 1. We say that
7 is strictly positive if the coefficient matrix is pointwise a nonnegative Hermitian
matrix.
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Way subtler notion of positivity (which is however more useful!) can be given
through an action on simple positive forms:

Definition 8.4 A (p, p)-form is said to be simple positive if it can be written as
Hle(iuj A ;) for some (1, 0)-forms wj. A (n — p,n — p)-form y is said to be
positive if for any simple positive (p, p)-form n one has y A n > 0.

Exercise 8.5 Inspect the differences between positivity and strict positivity in the
first nontrivial case i.e. when p = 2 and n = 4.

1.8.2 Currents

Below we recall the notion of a current which generalizes in a sense the notion of
an analytic subvariety. First we define the space of test forms.

Definition 8.6 Let D), ,(£2) denote the space of smooth (p, g)-forms with compact
support in £ equipped with the Schwartz topology (i.e. a sequence o; converges to
« if the coefficients converge in C*° and the union of the supports of «; is compact).
Elements of D, ,(£2) are called test forms.

Exercise 8.7 Let x : C — R be any smooth function with compact support.
Consider the forms o (z) := x (z+ j)idz Adz. Do a converge to 0 in the Schwartz
topology?

Given the space of test forms we define its dual—the space of currents:

Definition 8.8 A current of bidegree (n — p, n — ¢) (or of bidimension (p, g)) is a
continuous linear functional on the space D), ,(£2).

Currents have all the standard properties of linear functionals: they can be
added, multiplied by a scalar etc. A special feature of currents is that they can be
differentiated. Formally if D denotes any partial derivative then

DT (o) := eT (D)

with ¢ € {—1, 1} depending on the bidegree so that the sign is consistent with the
standard Stokes formula.

Exercise 8.9 Determine the sign of ¢ in terms of p and q.

Exercise 8.10 Let the Dirac delta measure §; acton a (1, 1) form f(z)idz A dzZ in
C by

8:(f) = f(2).
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Determine whether the following operators are currents of dimension (1, 1)

o0
a)Z@,;
j=1

00 .
Py,

b . 053

)/Z::IBJZ /

e¢]

97
5 a/z(SO‘

j=1

A current 7 which is equal to its conjugate T is called real (this is only possible
if p = g). A very special role in pluripotential theory is played by positive currents:

Definition 8.11 A real current 7 of bidimension (p, p) is said to be positive if for
any simple positive test form y one has

T(y)=0.

Exercise 8.12 Determine which of the currents from the previous exercise are
positive.

A crucial fact that shall be used repeatedly is that positive currents have
coefficients that are particularly nice:

Theorem 8.13 (Riesz Theorem) Ler T be a current of bidimension (p, p). It can
be written uniquely as

/
T = > Tykdzjy A+ -dzj,_, AdZig A+ dZg,_,,
|J1=n—p,|K|=n—p

where ' denotes summation over increasing multiindices and Ty are distributions
(currents of bidimension (0,0)). If T is positive then T;jx are complex valued
measures.

Exercise 8.14 Riesz theorem states that a distribution satisfying 7 (¢) > 0 for
any nonnegative test function ¢ has to be a (positive) measure. Deduce from this
that a positive (1, 1)-current has (complex valued) measures p jk as coefficients.
Furthermore u i is a real measure, whereas j i(A) = [, ]-(A) for any Borel set A.
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1.8.3 Plurisubharmonic Functions

We begin this Section by recalling the definition of the basic object of study: the
w-plurisubharmonic functions:

Definition 8.15 The w-plurisubharmonic functions are the elements of the function
class

PSH,(X) :={u € L'(X,») : dd°u > —w, u € CY(X)},

where CT(X) denotes the space of upper semicontinuous functions and the inequal-
ity is understood in the weak sense of currents.

We call the functions that belong to P S H,,(X) either w-plurisubharmonic or w-psh
for short. Recall the handy notation w, := @ + ddu.

Note that the definition coincides with the usual one in the Kéhler setting. In
particular w-psh functions are locally standard plurisubharmonic functions plus
some smooth function.

Let now U be a coordinate chart in a compact complex Hermitian manifold
(X, ). Shrinking U a bit if necessary one can find two smooth local strictly
plurisubharmonic functions p; and pp such that Q; = dd‘p; < o, while
w < Q := dd°p;. This simple observation has powerful consequences: as w-psh
functions are (locally) €2;-plurisubharmonic all local properties of w-psh functions
are essentially the same as in the Kihler setting.

We note that all functions u in PSH,(X), normalized by the condition supxu =
0 are uniformly integrable. This follows from classical results in potential theory
(see [Kol98]). We provide a proof following quite closely the one in [GZ05], where
the Authors treat the Kéhler case.

Proposition 8.16 Ler u € PSH,(X) be a function satisfying supxu = 0. Then
there exists a constant C dependent only on X, w such that

/ lulw™ < C.
X

Proof Consider a double cover of X by coordinate balls BSl CcC BS2 c X, s =
1,---, N.Ineach BS2 there exists a strictly plurisubharmonic potential p; satisfying
the following properties:

pslaBSZ =0
infB%ps >-C

dd‘ps = w5 = W,
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where C is a constant dependent only on the covering and w. Note that plurisub-
harmonicity coupled with the first condition above yields the inequality p; < 0 on
B2.

Suppose now that there exists a sequence u; € PSH,(X),supxu; = 0
satisfying limj_, o0 . x lujlo™ = oo. After choosing subsequence (which for the
sake of brevity we still denote by u ;) we may assume that

/ ujlo™ > 2/ (1.10)
X

and moreover a sequence of points x; where u; attains maximum is contained in
some fixed ball B!,

Note that ps + u; is an ordinary plurisubharmonic function in BS2 and by the
submean value property one has

ps(xj) = ps(xj) +uj(xj) < C/2 ps(2) +uj(z)dV < C/ZMj(Z)dV +C,
BS BS
(1.11)
where dV is the Lebesgue measure in the local coordinate chart, while C denotes

constants dependent only on le and Bsz. Thus (1.11) implies that for some constant
C one has

/ luj(2)ldV < C. (1.12)
B}
Consider the function v := 2?11 ;j . By classical potential theory this is again an

w-psh function or constantly —co. By (1.12), however, the integral of v over BS2 is
finite, thus it is a true w-psh function. By the same reasoning we easily obtain that
UNS Ll(B,I) foranyt € 1,---, N and hence v € L' (X). This contradicts (1.10),
and thus the existence of a uniform bound is established. O

Exercise 8.17 In the Kdhler case a much neater argument can be used to establish
this fact. In fact suppose that |, x@" = 1 and let the function G, (z, w) satisfy
(w; +dd{G(z, w)) A wg_l = &y with 8y, being the Dirac delta measure (G is thus
the Green function with respect to w). Then

u(w) =/ u(z)(w; +dd;G(z, w)) A a)g_l
X

and integration by parts finishes the proof.
Check for which classes of special Hermitian metrics this Green type arguments
works without any adjustment assuming that the Green function exists.

In fact a much stronger result is true: w-psh functions are uniformly exponentially
integrable. To prove this we need the following ingredient (see Lemma 4.4 in [H61])
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Lemma 8.18 Let u be a negative plurisubharmonic function in Br(0) C C" and A
be any positive number. Assume further that u(0) > —1. Then

/ e MAgy () < C
B, (0)

forany r < Re™/? and some constant C dependent only on n, A and R.
Assuming this fact the following theorem holds:

Theorem 8.19 Let (X, w) be a compact Hermitian manifold. Then there exists
positive constants o and C, dependent only on X, w such that for any w-psh function
¢, supx¢ = 0 one has

/ e %" < C.

X

Proof This result in the Kihler case can be found in [T89]. If 2r is the injectivity
radius of (X, w) we fix a r/4—net of points {x1, - - - xy} i.e. a collection of points

such that the geodesic balls B,/4(x;) cover X and N is the smallest cardinality of
such configuration. Using the uniform integrability of w-psh functions we have for
any w-psh function ¢ normalized so that supx¢ = 0 the inequalities

s”pBr/4(xz')¢ = _f "
Byja(x;)

If p; is a Kéhler potential of a metric 2 > w in By, (x;) then p; is uniformly bounded
in B;I (x;) and hence the local plurisubharmonic function p; + ¢ satisfies

(:0[ +¢)(yl) = S”PB,/4(xi)Pi +¢ = —

3

JB s "

Pi+¢SCinBz4r(xi)

min; fBr/4(Xi) '

cit by Lemma 8.18

for some constant C under control. Taking o := C +
we get

/ e ito=C) gy < .
B2 (yi)

It remains to observe that y; are (by definition) in B,;4(x;), hence B, 4(x;) C
By /2(y;) and adding the integrals above we get the statement. O

Remark 8.20 Note that we used a similar localization argument as in the proof of
uniform integrability. As the exponent o depends on the geometry of (X, w) we
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needed a more delicate reasoning. In fact in Kéhler geometry the supremum of all
such « for fixed (X, w) is a very important invariant (known as the a-invariant) and
its computation is a subtle problem. It is yet to be seen whether its Hermitian analog
has interesting geometric applications.

1.8.4 The Monge-Ampere Measure

By construction @ + dd‘u is a positive (1, 1)-current i.e. a differential form with
distributional coefficients. This raises a serious problem in defining (w + dd“u) A
(w + dd“u)—we would have to multiply distributions to get the coefficients!

We will follow Bedford and Taylor’s idea [BT82, BT76] to construct this product.
First, by Riesz theorem a positive current has measure coefficients i.e. each of the
distributional coefficients is a complex valued measure.

The crucial observation in Bedford-Taylor theory is that for a locally bounded
plurisubharmonic function u the current u(dd“u) also has measure coefficients.
Note that this may still be the case for some unbounded functions but in general
there is no reason why the product of an integrable function and a measure may still
be a measure.

Theorem 8.21 (Bedford-Taylor) The inductively constructed currents
(ddw)* ;= dd°u(dduw) ")

are well defined, closed and positive. Furthermore if u is a decreasing sequence of
locally bounded plurisubharmonic functions with u as a limit then

(ddu ) — (ddu)*

as currents.

Proof Recall that T; — T as currents if for any test form i one has
limjooT; () = T().

We begin with the following basic observation: if 7} is a sequence of currents
convergingto T then dd“T; — dd°T i.e. distributional differentiation is continuous
with respect to convergence of currents. The proof hinges on the fact that, by
definition, dd“T;(y) = T;(ddv) and is left as an easy exercise.

Note that once we know that (ddu)*~! is a positive current it has measure
coefficients, and hence u(ddu)*~! is well defined. Thus it remains to show that
(ddu)* is positive.

Pick i; a local sequence of smooth plurisubharmonic functions decreasing
towards u (such a sequence can be constructed using a standard mollification with
a smoothing kernel). Note that ﬁj(ddcu)k_l — u(dd®u)*" since (ddu)*~! has
measure coefficients and we can use dominated convergence theorem.
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But on the other hand dd®(iij(ddu)*~1) is equal to ddii; A (dd°u)*~! by
definition once i ; is smooth and (dd“u)*~! is closed. Finally dd®ii ; A (ddu)*~! is
positive since it is a product of a positive current and a (1, 1)-positive form. Passing
to the limit we obtain the positivity of (dd“u)*.

It remains to prove the claimed convergence for decreasing sequences. As the
result is purely local it suffices to prove it in any small ball B,/2(z0) C By(20).
Furthermore if p(z) := A(|z— z()|2 — r2) for a large enough A taking the maximums
of u;’s and u with p we get new functions U;, U agreeing with the old ones on
B, /2(z0) and smoothly approaching zero near d B, (zo). Then it suffices to show that
Uj(dd°Uk=! — U(dd°U)*=" on B, (z0).

We show this convergence in two steps. First of all we show that any cluster point
of Uj(ddU,; =1 in the weak topology of currents has to be bounded from above by
U(dd°U)*~! as a current (note that Uj;dd° Uj)k’1 is locally of finite mass, hence
cluster points exist by the Banach-Alaouglu theorem).

To this end suppose (relabelling if necessary) that the whole sequence weakly
converges. Fix ¢ a smooth positive closed test form of the appropriate bidegree. Fix
also jo € N. Note that

limjooUj(dd°Up ™ Ay < Ujy(dd U A < gjy(ddUN T Ay,

where g, is any continuous function majorizing U j,. But then the right hand side
converges as measures to gj,(dd°U)*~! A 4. As Uj, is a decreasing limit of such
continuous functions g j, we obtain

limj—ooUi(ddUN Ay < Ujo(dd°UY " Ay

Passing now with jj to co we obtain the claimed bound.
Next we will show that the inverse inequality holds for the total masses of the
currents involved. Note that

/ Udd U Ay
By (z0)

< / U;jdd° U ' Ay = UddU; A (dd°U)* 2 Ay
By (z0) By (z0)

5/ Ujdd"U,/\(dd"U)Hmp...5/ U;(dd°UH—" Ay
By (z0) B

r(20)

Taking the limit as j — oo concludes the proof.
0O

Exercise 8.22 In the proof above we modified u s so that they are smooth near the
boundary and vanish on the boundary. Where is this used? Also where the continuity
of gj, was used?
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Returning to the Hermitian setting we argue in a local chart where a Kéhler form
2 = ddn can be found so that 2 > w.
Then formally in that chart

k
(+dd“u)* = (dd (n+u)—(Q-w)) = (';) (=D (dd® (n+u)) A(Q—w)
j=0

and all the terms on the right hand side are well defined by the Bedford-Taylor
construction.
To get the convergence for decreasing sequences we write

dduj+ow=dduj+n—-T, T=(Q—w).
Then by the Newton expansion again
(ddu; + o) = (ddu; + QL —k(ddu; + QAT +...£TF  (1.13)

By the convergence theorem for local psh functions all the terms on the right
converge as currents, and the sum of their limits is

(ddu + QX —k(ddu+ Q¥ 'AT +... £ T" = (dd°u + w)*.

This allows the use of some local results from pluripotential theory developed by
Bedford and Taylor in [BT82]. In particular the Monge-Ampere operator
Wy =y A Awy
is well defined for bounded w-psh functions.
Having the convergence for monotonely decreasing sequences it is natural to
ask whether continuity of the Monge-Ampere operator holds for any sequence u ;

of plurisubharmonic functions converging weakly towards u € PSH N L . The
answer (a bit surprisingly) is no as shown by Cegrell [CE83]:

Example 8.23 There is a plurisubharmonic functionu € Lj> in C? and a sequence
uj € PSH N LY, such that u; — u weakly (in fact the convergence is even in L?

for any p € [1, 00)) but
(dd‘u;)? -+ (ddu)®.
Proof Let f(z),g(z) be non negative subharmonic functions of one complex

variable. Then (f(z1) + g(z2))? is a plurisubharmonic function in (z1, z2) with
Monge-Ampere measure equal to

8(f +g)2dd°f nddg +8(f + g)ldg Ad°g Addf +df And°f Addg].
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Pick now g(z) = |z|? say. It will be sufficient to show that the convergence
fiAfj — fAf need notholdif f; are bounded subharmonic functions converging
weakly to a bounded subharmonic function f (we leave the details of this and the
previous computation as an exercise).

To show the latter fact consider a compactly supported probability measure u
such that the potential

f2) = f log(1z — wl)dp(w)

is bounded from below—the ~(normalized) Lebesgue measure restricted to the unit
disc would do. Let a := inf f and define

f@) = f@)—a+l.

By definition f > 1 everywhere. Consider now an approximation of du by
i(j) ()
1)

combinations of discrete Dirac delta measures du; := Zi:l a;" 8, (p for some
i

al.(j) >0, bfj) € suppi. Then fj(z) = [log(lz — w|)duj(w) converge weakly to
f yet they are clearly unbounded from below. Take then f;(z) = max{ fj(z) —a+
1,0}. As fj’s converge to f > a in L? it is easy to see that fj’s converge to f in
L? too. Note however that f Af > Af has total mass at least one while f;Af; =0
as measures since f/ ’s are harmonic off their singularities. O

Next we prove three very important inequalities known as Chern-Levine-
Nirenberg (CLN) inequalities in the literature (see [CLN69]):

Theorem 8.24

(i) (Local version) Let uy,---u, € PSH(2) N L°(R). Then for any two open
relatively compact subsets K € L € 2 there is a constant C = C(K, L, Q)
such that

\/Kddclxll AR /\ddcun < C(K, L, Q)H7:1||uj||Loo(L),

(ii) (Local integral version) Let K,L and u; be as above. Then there is a
constant C = C(K, L, Q2) such that for any plurisubharmonic function v (not
necessarily bounded!) normalized so that supqv < 0 one has

/ —vdduy A+ ANdduy < C(K, L, Q10T ujllzoer);
K

(iii) (Global version) Let (X, w) be a compact Hermitian manifold. Then there is a
constant C dependent only on X, w such that for any bounded w-psh functions
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¢, j =1,---,n and a non-positive w-psh function \ one has

f —Y(w+ddp) A A (w+dd )
X
< ClIY I x.w) + T (lgjllzeox) + D

Proof The first statement follows from (iterated) multiplication by a cut-off function
and integration by parts. We leave the details as an exercise to the Reader.

Next we claim that (ii) implies (iii). To this end we again use localization in
charts. In each chart of a triple cover U; € V; € W; we find potentials p; of a local
Kihler metric 2 > . Then the integral over U; of

—Y(@+dd¢p) A AN (w+ddd)

is majorized by [, —(dd*(pi + $1)) A -+ A (dd°(p; + ¢n)). Applying the local
integral version of the CLN inequalities this is bounded by

ClIVI L v, + LT (19 + pillLei)

and the claim follows, since p; is uniformly under control in V;

It remains to prove (ii). As the result is local we shall argue in a fixed ball
B, /2(z0) € By(z0), such that By, (zo) is relatively compact in L. Just as in the
proof of Theorem 8.21 we may modify u ;’s close to the boundary so that they agree
on By 2(zo) with the original u ;’s and vanish smoothly on d B, (z0) in the sense that
they are all equal to A(|z — zo|? — r?) for a constant A under control.

We also assume that v is smooth, the general case follows then by approximation.
Hence

/ —vddui A - AddCu, < / —vdduy Addus A - AddCu,,.
By/2(20) By (z0)

At this stage we claim that in the last integral we can exchange each dd“u; factor
by Add€|z|*. Indeed

/ —vdduy Adduy A -+ AddTun — A(lz — 20 = 17)]
By (z0)
= f —[un — Az = z0)* = r)1dd u; Add us A -+ A ddv
By (z0)
< C/ ddu; Addus A -+ A ddCv,
Br(ZO)

as is seen after two integrations by part (and we use the fact the last factor is
constantly zero near the boundary).
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Arguing as in (i) the last integral is controlled by

c/ dd€|z)" " A ddCv,
B%r(ZO)

and after yet another multiplication by a cut-off function and integration by parts we
end up \yith fBZr(?O)—vd)L < ||v||L1(L).. N

Arguing then in the same manner with the remaining factors dd“u; we end up
with

/ —vdduy A - Adduy < Cl|Yl|p1, +/ —v(dd®|z)*)",
By j2(z0)

By (z0)

which yields the claim. O

Exercise 8.25 Check carefully the localization argument. It is obvious provided
that u;’s are uniformly negative on B, (z¢). Can we claim such a uniform bound?

1.8.5 Bedford-Taylor Capacities

In [BT76] Bedford and Taylor introduced a new capacity which has proven to be an
extremely useful tool in pluripotential theory. Below we recall the definition:

Definition 8.26 Let Q2 be a domain in C". Given a Borel subset £ C 2 its capacity
is given by

cap(E, Q) := sup{/ (ddw)*|lu e PSH(R),0 <u < 1}.
E

Exercise 8.27 Let K be a compact subset of 2. Show that cap(K, 2) is finite. Is
cap(£2, Q) finite for 2—a ball in C*?

This notion was transplanted in [Kol03] to the setting of compact Kéahler
manifolds. The same construction can be applied in the Hermitian case.

If (X, w) is Hermitian the Monge-Ampere capacity associated to (X, w) is the
function defined on Borel sets by

Capy(E) := sup{/ (w+ddu)" Ju e PSH(X,w)and 0 <u < 1}.
E

Exercise 8.28 In the Kihler case Cap,(E) < sup fX(a) + ddu)" = fx ",
hence the so-defined quantity is bounded. This reasoning fails in the Hermitian case.
Nevertheless show, using Theorem 8.24 and integration by parts, that Cap,,(K) is
finite for any Borel subset K of the Hermitian manifold (X, w).
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We refer the reader to [Kol03, GZ05] for the basic properties of this capacity
in the Kéhler setting. In the Hermitian case one can repeat much of the Kihlerian
picture. Below we list some basic properties of cap,, that will be useful later on:

Proposition 8.29

(D) If Ey C Ez C X then cap,(E1) = capw(E2),
(ii) If U is open then cap,(U) = sup{cap,(K)| K — compact, K C U},
@ii)IfU; /U, Uj —openthen cap,(U) =lim;_ccap,(Uj).

Proof The first property follows from the very definition of cap,,. To prove the
second fix ¢ > 0 and a competitor u for the supremum, such that

capy,(U) 5/ )l + &.
U

Since w], is a regular Borel measure by inner regularity there is a compact set
K C U satisfying

/a),’}f/a),’:—l—efcapw(l{)—i—e.
U K

Coupling the above facts and letting ¢ converge to zero we end up with cap,,(U) <
sup{capy(K)| K —compact, K C U}, and the reverse inequality follows from the
first property.

Finally the third one can be proved as follows. Fix once more ¢ > 0 and a
compact set K C U, such that

capy,(U) < capy,(K) + ¢.
Observe that for j large enough K C U; and hence
capy(K) < cap,(Uj) <limjoocapy(Uj).
As aresult we obtain
cap,(U) <limjoocapy(Uj),

while the reverse inequality is obvious. O

For w-Kihler the patched local Bedford-Taylor capacity was studied in [Kol03].
That is for a fixed double covering B! cc B? C X of coordinate balls, we define
the capacity cap/, of a Borel set E by

n
cap),(E) =Y _cap(E N B}, BY),

s=1
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with cap(E N BSI, BS2) denoting the classical Bedford-Taylor capacity [BT82]. It
was shown in [Kol03] that cap,, and cap), are equicontinuous in the Kihler case.
Our next result shows this equicontinuity in the Hermitian setting:

Proposition 8.30 Ler (X, w) be a compact Hermitian manifold with a fixed double
cover B! € B? of coordinate charts. Then there exist a constant C > 0 dependent
only on X, w and the double cover such that for any Borel set E

C~'cap! (E) < cap,(E) < Ccapl (E).

Proof From the continuity properties of capacities it suffices to prove the result for
compact sets.

To show the left inequality we fix a compact set K C X and let K := K N B/
It suffices to prove that cap,(K) > cap,(K;) > Ccap(Ks, BSZ) for every fixed s.

To this end fix a smooth function ¥ on X with values in [—1, 0], such that y =0
off BSZ, while x| Bl = —1. Then there is a small constant § < ; such that 2§y is
w-psh. Note that this § depends only on X, w and the covering.

Fix any ¢ > 0. Then from the definition there is a local plurisubharmonic
function u on B3, such that 0 < u < 1, and

f (ddu)" > cap(Ky, B?) — ¢.
Ky
Consider now the function

_ 2
_ {max{25x(z),5(u(z) D}+1 z € By (1.14)

28x+1 z€ X\ BL

By construction ¢ is a global w-psh function equal to §(# — 1) + 1 on le. Note that
1>¢>-25+1>0.Then

capy(K) > / (w+dd o) > (w~+ddp)" > (w+ddSu)".
K K Ky

Exploiting the positivity of dd“u this can be further estimated from below by

(ddsu)" = 8" | (dd°u)" > 8"[cap(Ky, BY) — ¢l.
Ky K

As ¢ was arbitrary passing to zero yields the left of the claimed inequalities.

In order to prove the right one note that in each chart BS2 there is a bounded
strictly plurisubharmonic function py, such that dd€ps > w. Normalizing by adding
a constant we may assume that for any s we have 0 < p; < C, with C > O a
constant dependent only on the covering and the geometry of the manifold.
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Again fix an ¢ and ¢ which is an w-psh competitor in the definition of cap,,, (we
assume 0 < ¢ < 1) such that

/ (w+dd°¢)" > cap,(K) —e.
K

O : . 9tps
The point is that the local function u, := -/}

0 < us < 1. Indeed, the inequalities are clear. As

is plurisubharmonic and satisfies

dd¢ +ddps >dd¢ +w >0

uy is plurisubharmonic on B2.
But then

capol®) ~e < [ @+daoy =3 [ @+ daor.
K — Jk,

Exploiting the definition of py this string of inequalities continues as
) / (dd®(ps + ¢))" = (C + 1)" f (dduy)" < (C+1)" ) cap(Ky, BY),
s YK Ky s

as claimed. O

Before we proceed further we recall a basic local solvability result of Kolodziej
(se [Kol05] for a much more general version):

Theorem 8.31 Let B be a ball in C* and the function f be LP integrable on B for
some p > 1. Then the Dirichlet problem

ve PSH(B)NC(B)
ddv)" = f (1.15)
vlpp =0

admits unique solution v. Moreover there is a constant ¢ > 0 dependent only on
n, p and the diameter of the ball B, such that

1
SMPB(—U) = C||f||2p(3)-

Theorem 8.31 yields immediately a comparison between the volume and capacity
of a set:

Proposition 8.32 Ler K be a compact subset of a ball B C C". Then for any g > 1
there is a constant C dependent only on n, q and the diameter of the ball such that
V(K) < Ccap(K, B)? with V(K) denoting the Lebesgue measure of K.
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Proof If V(K) = 0 the inequality trivially holds. Suppose that V(K) > 0 and

consider the function f := X"l 1 » where xg is the characteristic function of the

V(K) 4
set K. Obviously fB fP = 1for p > 1 such that [1) + ; = 1. Using Theorem 8.31

one finds a continuous solution v to the problem

ve PSH(B)NC(B)
(ddv)" = f
vlgp =0,

for which —c¢ < v < 0 for some uniform ¢ > 0. But then u := f + 1 is a competitor
in the definition of capacity. Hence

3

1

. 1 . 1 V(K

cap(K, B) z/(dd‘u)": /(dd‘v)": / XK= (K)
K c" Jk " Jk V(K)lfq ch

which yields the proof. O

Remark 8.33 1Tt can be proven using subtler tools that the volume is controlled by
the capacity in an even stronger way. See [Kol05] for details.

The local results above can be used to prove a volume-capacity estimate on a
compact Hermitian manifold:

Theorem 8.34 Let p > 1 and f be a non negative function belonging to L? (w™).
Then for any compact K C X one has

fK fa" < C(p, Xl fllpcapo(K)?,

where C(p, X) is a constant dependent only on p and (X, ).

n—1
Proof As [ fo" <|Ifll,(fx a)")ll’ it suffices to prove that
/ o < C(q. X)capy(K)
K

for any ¢ > 1. To this end consider the double covering le E Bs2 as in
Proposition 8.30. We assume that the number of the balls is fixed, and their radii
are under control. Recall that K := K N B!

Then
" < / " <C / dv,
Joor = =X,
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as " on compact subsets of coordinate charts differs from the Lebesgue measure
by a bounded function. Invoking now Proposition 8.32 we have

f " < C Y cap(Ks. BYT < C(Y_cap(Ky. BD)'.
K N N

But by Proposition 8.30 the latter quantity is controlled by Ccap,,(K)?, as claimed.
0O

As yet another consequence of psh-like property of w-psh functions one gets the
capacity estimate of sublevel sets of those functions.

Proposition 8.35 Let u € PSHy,(X), supxu = 0. Then there exists an indepen-

dent constant C such that for any s > 1 cap,({u < —t}) < ?

Proof We shall use the double covering introduced in Proposition 8.16. Fix a
functionv € PSH,(X),0 < v < 1. Then we obtain

1
/ )y < / —uwy.
{u<—t} rJx

Now by the generalized Chern-Levine-Nirenberg inequalities (Theorem 8.24) one
obtains that the last quantity can be estimated by

1 C
C u ny <
t” 1@y = ;

which completes the proof. O

We finish this Section with a lemma which shall be used throughout the note.
It follows from the proof of the comparison principle by Bedford and Taylor in
[BT76].

Lemma 8.36 Lef u, v be bounded PSH, (X) functions and T a (positive but non
necessarily closed) current of the form wy, A -+ A wy,_, for bounded functions u;
belonging to PSH,,(X). Then

/ ddc(u—v)/\TZ/ d°(u —v) AdT.
{u<v}

{u<v}

Proof Suppose first that u, v and the boundary of the set {u < v} are smooth. If p is
a smooth defining function of {# < v}, then u — v = ap for some positive function
« on the closure of {u < v}.

Given any smooth positive (n — 1, n — 1) form 6 we thus get the equality

/ d‘(u—v)/\@:/ adp NG.
d{u<v} dfu<v}
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On the other hand if o denotes the surface area element on d{u < v} induced by w
then o = H*d‘f.f’ll, where * stands for the Hodge star operator with respect to .
Now if d°p A0 = fdo for some function f we end up with the equality

*dp
lldpl|”

Butdp A d°p A6 > 0, which yields that «f > 0 and thus

adp ANdp ANO =afdp A

/ (dd"(u—v)/\é—dc(u—v)/\dé)=/ d°(u—v) NO
{u<v} dfu<v}

dfu<v}

The case of a current T of the given form is done by approximation of each u;
by a decreasing sequence of smooth w-psh functions.

Finally if either u, v or d{u < v} is not smooth we consider an approximating
sequence of smooth w-psh functions u/, v/. By the Sard theorem for almost every
t the sets {u/ < v/ 4 t} have smooth boundary. Thus we can apply the argument
above to the pair (u/, v/ + t) and then let ¢ to zero. Finally we let j — 0o and the
desired inequality follows. O

1.9 Comparison Principle in Hermitian Setting

In the Kéhler setting the comparison principle says that for any u, v € PSH,(X) N

L% (X) we have
/ ) 5/ ).
{u<v} {u<v}

In a sense this integral inequality makes up for the lack of a classical maximum
principle in pluripotential theory. It is a basic ingredients in many proofs—see
[Kol05].

Such an inequality is in general impossible on Hermitian manifolds due to the
following proposition:

Proposition 9.1 A necessary condition for the comparison principle to hold is that

Yu € PSH,(X) N L®(X) /(a)~|—ddcu)" =/ o".
X X
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Proof Note that for any bounded w-psh function # we can find a constant C such
that u — C < 0 < u + C. Then applying the comparison principle to the pairs
(u — C,0) and (0, u 4 C) (the integration takes place over the whole of X) one gets
that [} o} = [y ©", whence the result. O

It was recently proven by Chiose! [Chi] that such an invariance of total volume is
in fact equivalent to the Guan-Li type conditions dd“w = 0, dw Adw = 0 imposed
on w.

Thus unless w is of special type we have to allow some additional error terms
into the inequality. The next theorem shows that such a result indeed holds. Below
we present a weaker form of a comparison principle with “error terms” which will
be useful in obtaining a priori estimates:

Theorem 9.2 (IDK12]) Let w be a Hermitian metric on a complex compact
manifold X and let u,v € PSH,(X) N L*®(X). Then there exists a polynomial
P, of degree n — 1 and zeroth degree coefficient equal to 0, such that

n
/ ) 5/ a)Z~I—Pn(BM)Z/ a)ﬁ/\a)"ik,
{u<v} {u<v} {u<v}

k=0
where B is defined by (1.2) and M = supy,<y(v — u). The coefficients of the
polynomial are nonnegative and depend only on the dimension of X.

This claim says that provided the product of B and the supremum of v — u is
small enough the error terms are small. Of course these error terms are bounded
anyway and can be incorporated in the coefficients of the polynomial P, but here it
is emphasized that P, is independent of the functions u and v and also that the error
terms involve lower order Hessians of w,,. In general it is impossible to control these
pointwise but it will turn out later that these can be controlled by ! in the integral
sense over specific subdomains.

Proof Note that

/ ) =/ wA@"! +/ ddv Ao ! < / wAo"!
{u<v} {u<v} {u<v} {u<v}

+/ ddu N a)fl + / d°(v —u) A d(wﬁfl),
{u<v}

{u<v}

where we have used Lemma 8.36. Again by (1.2) we have

dd®(@" ") < Bl@* A "2 4 0 A 0" 3.

1Professor Demailly informed me that he was aware of this equivalence long time ago.
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Thus by Stokes’ theorem

/ wy < / wy /\a)ﬁ_1 —/ d(v—u) /\dc(a)f)'_l) < / wy /\a)ﬁ_1
{u<v} {u<v} {u<v} {u<v}

+/ (v —u) Add (@) 5/ oy A"}
{u<v}

{u<v}

+ S”P{u<u}(v — M)B/ (a)2 A U)Z*2 4 0)3 A w373).

{u<v}

Repeating the above procedure of replacing w, by w and w, in the end one obtains
the statement. O

In the computations above it is easy to see that the term f w<v) a)Z_l A o will
never appear on the right hand side but we shall not use this fact. Also for
small n the polynomials P, are explicitly computable: in particular one can take
Py(x) = 2x, P3(x) = 2x2 + 4x. In general we can use the following (very) crude

count: In the process we exchange a term f{ ok A @ A o* for the term

u<v}
Jiuew) A @l A o and S @ = w)dd® (@1 A wl, A o*=). The latter
term splits into six pieces and each of them contains w, with power no higher than
k — 1. Of course there are special cases when some of these terms coincide or do
not appear, but the upshot is that there will be at most 7" terms in the very end. Thus
one can take P, as P, (x) = 7"(x + x>+ -« 4+ x"71).

Below we shall state a technical refined version of the above theorem. It works
only for special sublevel domains but has the advantage that all the lower order
Hessian terms are incorporated into the w]}-term at the cost of enlarging the constant

1 in front of it. This inequality was proven by Cuong and Kolodziej in [KN1]:

Theorem 9.3 (Comparison Principle-Refined Version) Let X, w,u and v be as
above. Take 0 < ¢ < 1 and let m(e) = infx(u — (1 — e)v). Then for any small

3
&
constant) < 5 < 168

sB

f W1—eyy = (1+n214" ) / o
n

{u<(1—e)v+m(e)+s} & {fu<(l—e)v+m(e)+s}

for some universal constant C dependent only on X, n and w.

Observe that this comparison principle works only for sublevel sets very close to the
empty set {u < (1 —&)v +m(e)}. The bonus is that we control not only @ but also
the (integrals of) lower order Hessians of w,.

Proof Observe that (1 — &)v + m(e) + s is w-psh. Denote by

ay = / a)llj A"k,
{fu<(l—e)v+m(e)+s}
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Plugging u and (1 — €)v 4+ m(e) + s in the first version of the comparison principle,
we obtain that

Sup{u<(1—s)v+m(£)+s}{(1 —e)v+m(e)+s—u} <s.

Observe that from the assumptions made on s Bs is small, hence P,(Bs) < n7"Bs
(since x* < x fork > 1, x € (0, 1)). Then it is enough to get rid of the lower order
Hessians of w,,.

Note that ew < w(1—¢)v+m(e)+s and hence

k —k—1
say < / Wy, N O(1—g)p A O" .
{fu<(l—e)v+m(e)+s}

Swapping now (1 — &)v 4+ m(e) 4+ s with u as in the previous proof we get
say < ap+1 + sB(ax + ax—1 + ax—2) (1.16)

(with the understanding that a_; = a_» = 0). Now we shall prove inductively
that a; < iak+1. Indeed for k = 0, 1 this follows from inequality (1.16) and the
assumption that s B < *172 Suppose now that the inequality is true for k —2 and k — 1
then (1.16) results in

83

& <
ak_ak+1+16

2 4 )
ag + ap+ ,ak | = ag+1+ ,ai,
e e 2
which proves the claim.
Our inductive argument gives us the inequality a; < zn ap, so the integrals

of lower order Hessians can be estimated by f{u<(1—s)v tm(e)ts) @u and the result
follows. O

Observe that when B = 0 (in particular when o is Kihler) the theorem above
gives us the standard comparison principle.

Finally we prove an analog of the comparison principles for the Laplacian with
respect to a Gauduchon metric.

Proposition 9.4 Let w be a Gauduchon metric andlet ¢, v € PSH,(X)NL*®(X).
Then

/ wy Aol < / w4 A
{p<v} {p<v}

Proof The claimed inequality can be rewritten as

f (dd°[6— ¥ Ao = 0,
{p<v}
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But this as an immediate consequence of the proof of Lemma 8.36 since the latter
integral is at least

/ dc[¢_1/f])Adwn_l :/ [d)_‘/f]/\ddca)n_l -0
Land 6<v)

by the Gauduchon property of w. Note that in the last integration by parts we used
that ¢ — ¢ = 0 on the boundary. O

1.10 The Complex Monge-Ampeére Equation on Compact
Hermitian Manifolds

In this section we shall discuss in detail the solvability of the Dirichlet problem
for the complex Monge-Ampere equation in the Hermitian setting. First we shall
prove existence and uniqueness in the smooth case. Although this is not part of
pluripotential theory we include the detailed argument for the sake of completeness.
Our goal will be the following theorem:

Theorem 10.1 Let (X, w) be a compact Hermitian manifold of complex dimension
n. Let also f be any smooth strictly positive function on X. Then the following
problem

ueC>®X), w+ddu>D0,

supxu =0,

c e R,

(w+ddu)" = e fo", f eC®X)

(1.17)

admits a unique solution (u,c). Furthermore there exist constants Cy, k =
0,1,2, - dependent only on X, w and f, such that the C*-th norm of the function
u is bounded by Cy.

Note that we do not assume compatibility conditions on f (i.e. we do not assume
that f x fo" = f x @") but instead we introduce an additional constant ¢ in the
equation.

In the case when w is Kidhler the solvability of this equation was proved by Yau
in his seminal paper [Y78]. The Hermitian case was studied by Cherrier [Che87],
and later by Guan-Li, Tosatti-Weinkove [GL10, TW10a] up until the final resolution
by Tosatti and Weinkove in [TW10b].

Our exposition is borrowed from [D16].
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The method of proof will follow the classical continuity method approach. More
precisely we consider the family of problems

Uy € PSHy(X),
(e supxu; =0, (1.18)
(w+ddu) = e (1 —t+tf)o" f eC®X), f >0,

fort € [0, 1]. Clearly the problem () is solvable and it is enough to prove that the
set

A :={T € [0, 1]| (x); is solvable for every t < T'}

is open and closed in [0, 1].

To this end we shall first prove uniqueness of the constant ¢ and uniqueness of
the solution u. Then we pass to the openness. The hard part of the argument is the
closedness which is achieved by establishing a priori estimates for the solutions.

1.10.1 Uniqueness

In [TW10b] the authors proved that if u, v are smooth w-psh functions and their
Monge-Ampere measures satisfy ol! = e fo", o) = e? fo" for some smooth
function f and some constants c¢; and ¢, then in fact ¢c; = ¢ and u and v differ
by a constant. This is the counterpart of the uniqueness of potentials in the Calabi
conjecture from the Kéhler case.

The equality u = v is easy. Indeed, suppose that we already knew that ¢; = c».

Then we have

n—1
0=¢"fo" — e fo'" =) — ) =dd°(u —v) A (Z ok Aot 1R,
k=0

This can be treated as a linear strictly elliptic equation with respect to # — v for the
coefficients of the form Zz;(l) a),’j A wﬁ_l_k pointwise give strictly positive definite
matrix. But then the strong maximum principle yields that # — v must be a constant.

Now we show that ¢; = ¢3. The proof is taken from [DK12] and is in the spirit

of pluripotential theory. Suppose, to the contrary, that
w, = fo, o) =e? fo"

for some smooth u, v and c; # c2. We can without loss of generality assume that
c) > (.
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Consider the Hermitian metric w + ddu. Since by the assumptions above it is
smooth and strictly positive one finds a unique Gauduchon function ¢,, such that

infxgy =0, dd°(e" V% (w4 ddu)"~") = 0.

Then one can apply the comparison principle for the Laplacian with respect to
the Gauduchon metric (Proposition 9.4) e? (w + ddu) which yields

/ "D (g 4+ ddu)" N A wy < / e("_l)d’”a);'.
{u<v}

{u<v}

Exchanging now v with v + C (which does not affect the reasoning above) for big
enough C one obtains

/ =D (w —i—dd"u)"*1 Awy < / e("fl)‘p“wz.
X X

Note that the left hand side can be estimated from below using (pointwise) the AM-
GM inequality:

(cp—cq)
/ eV (o 4+ ddu) N A wy > / o= Do+ 2 ).
X X

Coupling the above estimates one obtains

(cp—cy)
l<e » <1,

a contradiction.

1.10.2 Continuity Method: Openness

The openness part boils down to showing that if (x)7 is solvable then the problem
(*); is also solvable for ¢ close enough to T. This is achieved by applying the
implicit function theorem between well chosen Banach spaces and linearization
of the equation. Here the linearized operator is essentially the Laplacian, and we
shall prove that this operator is bijective in our setting. The details are taken from
[TW10a].

First of all we need the following classical fact:

Proposition 10.2 Let w be a Gauduchon metric on X and let A, be the Laplacian
operator with respect to w. Then, given any f € L*(X, w) there is a unique W>?
Jfunction u which solves the problem

Apu = f, /vw":O
X
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if and only lffX fo™ = 0. Furthermore if ¢ € (0,1) and f € C*(X), then u €
CH(X).

Proof Uniqueness of normalized solutions follows from the ellipticity of A,. The
formal computation

/ < Aypu,g > a" =/ gddu A " =/ udd® (g )
X X X

= / (udd®g A" +udg Ad°(@" ") —udg A d ("))
X

:/ <u,Alg> "
X

shows that the adjoint operator A is second order elliptic and moreover it contains
no zero order term (note that we use the Gauduchon condition here!) thus it contains
only constant functions in its kernel. On the other hand, again by classical elliptic
theory the image of A,, in L? is perpendicular to the kernel of A} which proves
the first assertion. The second assertion is a consequence of the classical Schauder
theory of linear elliptic equations. O

Suppose now that at time 7" we have a smooth solution u to the problem (x)r
(we skip the index T for the ease of notation). Let ¢, denote the Gauduchon
function associated to w,. We normalize it by adding a constant if needed so that
S X eV (y4-ddu)* = 1. We also fix a small positive constant @ < 1 (dependent
on X, o and n—the dependence will be important in the later stages when we prove
higher order a priori estimates).

Consider the two Banach manifolds

B; := {w € C*>%(X)| /X we "D = 0}
and
By = {h € C*(X)| /Xe“("*l)%wg =1}.

Consider the mapping 7 : By — Ba given by

(0 +ddu +ddv)"

T W) :=log (@ + ddew)

- log/ eV () 4+ ddu + ddv)".
X

Observe that 7(0) = 0 and that any function v sufficiently close to 0 in C>%-norm
is (o + dd“u)—plurisubharmonic.
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By the implicit function theorem the equation 7 (v) = #h is solvable for any
h € By sufficiently close in C* norm to zero if the Frechet derivative

(DT) : ToB) = By — ToBy = {g € C*(X)| /Xge@—l)‘/’uw;} =0}

is an invertible linear mapping.
But a computation shows that

(DTY() = Derrageans —n /X O S o

Note that the last summand is zero because e® (w + ddu) is Gauduchon. The
question is thus whether A, 4+44¢, : By — To B2 is a continuous bijective mapping.

By Proposition 10.2 (recall that e’ (w + dd‘u) is Gauduchon metric!) the
equation

A gpu (w+ddcu) m=r

is solvable if and only if [y " (w + dd°u)" = 0 and the solution is unique up to
an additive constant. Thus we can assume that f X ne("’l)"’“ wj; = 0. Furthermore,
if T € C*(X) then 5 belongs to C>%(X) and hence it belongs to Bj. Note that
A pu (w+dd(,~u)(n) = e_¢uA(w+dd"u)(77) thus (DT)(n) = t is solvable if and only
if fX e D% (e 4+ ddu)" = 0 i.e. exactly if T belongs to ToB,. This proves
the surjectivity of (D7) and injectivity follows from the normalization condition.
Finally continuity of (D7) follows from the Schauder C>¢ a priori estimates for the
Laplace equation.

1.10.3 Continuity Method: Closedness—Higher Order
Estimates

Before starting the proofs of a priori estimates let us stress that third and higher
order ones follow from standard Schauder elliptic theory as long as C>% estimates
are proven for some small positive @ < 1. Thus we are left with proving estimates
up to order 2 + «.

By the complex version of the Evans-Krylov theory (see [TWWY 14] for a nice
overview) there is a constant

C=CX,o,n|[Aullco, [lullco, 1 fllct)
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and 0 < a < 1 dependent on the same quantities, such that if u solves Eq. (1.17)
then

[lullp2a < C.

Thus what remains is to prove uniform bound for the Laplacian of u, and of u itself.

1.10.4 Continuity Method: Closedness—Second Order
Estimate

The aim of this subsection is to prove the following estimate:

Theorem 10.3 ([(GL10]) Ifu is a solution to Eq. (1.17) then there exists a constant
C=CX,w,n,||[Af]lco, [lullco), such that

O0<n+Au<C,

where the Laplacian is the ordinary Chern Laplacian with respect to the metric w.

Once we have second order estimates the gradient estimate follows by interpolation.
Our proof will differ slightly from the one in [GL10] but, of course, the main idea
remains the same.

Proof Consider the function A(u) := log(n+ Au) + h ou, where A is an additional
uniformly bounded strictly decreasing function that we shall choose later on. If we
can prove that at the point z where A attains maximum we have that n + Au is
bounded then we are done since at any other point x we have

log(n + Au)(x) < A(z) —h(u(x)) <C.

Thus let us fix a point of maximum of A and identify it with zero in a local chart.
We shall use ordinary partial derivatives in this chart—in particular g; ik will denote

dg.- . . o
ai’k’ and so on. Let us also denote by g’ the metric g7 + u,7, while gk, g will
denote the inverse transposed matrices of g and g’ respectively.

In order to simplify the computations let us assume that we have chosen

;7 and BZZB’% and then rechoose the canonical
coordinates so that additionally g;; ,(0) = O for any i, k. Observe that the Hessian
of u is still diagonal at zero. Moreover we can safely assume that Au(0) > 1, say,
for otherwise we are done.

Applying logarithm to both sides of Eq. (1.17) and differentiating twice at z we

get

coordinates diagonalizing the metric g;

8P (gprk + uprk) = Log(Fk + &7 gpi ki (1.19)
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—8 78" (ghs. 7+ 5D (87 i) + 877 (8 pr T+ U prad)
= 1og(f)7 — 8"°8" 815,18 p7.k + 8" & pi 47 (1.20)
Taking trace in the second equation we obtain
M1grp ekl + 8787 ak + ) = AOg(f) = 18prkl® + 87 i
(1.21)

_gpﬁgr

Let us now investigate the function A at the point of maximum. From the
vanishing of the first derivative of A we get the equalities

gi”iffgif”i]k W Wik L2
- Au—+n + uk_Au+n+ - (1.22)

(The first term in the first summand vanishes because we have chosen the special
coordinates!) Taking now the trace of the Hessian of A at the point z with respect to
g’ we obtain the inequality

A " (gif”'f)k/} |Zu’ |2
0> kkA R kk L] _ i %iik h/ _ h// 2 . 1.23
= 8 k — 8 [ Au+n (Au+n)2+ Ui + g |”] ( )
From Eq. (1.22) the second term can be exchanged by —(h’)zg,klzluk|2, while the
third one reads h'(n — ), g,kk ). In order to estimate the first term we observe that

(gijui])klé = gf/i;;uﬁ + Uik + 2R€(g/l<j”i]15)‘

The fourth order term, after taking trace with g/k’E can be exchanged using Eq. (1.21).
Note that, exploiting the diagonality of g at z one has

ijo_ Qs i i}
8r=-8"8" 815k = —8jix-

Altogether the first term then reads

i (8" i) ke _ o ugtii g/kEZRe(gﬂ,k”i]lE) _ RSk Alogf
Au+n Au+n Au+n Au+n
gl 878 Mg T unl?

Au+n Au+n

Note that the first summand above is controlled from below by —C >_, g,kk with
the constant C dependent on the sup norm of all second order derivatives of g. The
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same goes for all the terms in the third and fourth summand (the dependence of C
on the relevant quantities is clear—note also that in a sense these terms are even
“better” due to the Laplacian in the denominator).

Summing up our computations up to now inequality (1.23) results in
. . g/rfg’klglglz,—Fu /;'2
0>[-h —C kk_C n h/2 kk 2 TK,l rki
> [ ]ijg + 10— (1) gl + s

'Kk ZRE(gﬁ,k”ij/E)
Au+n

The last summand can be rewritten as follows:

ek 2Re(gj;,kui],;) %k 2Re(gﬂ,kul’,§]) . g 2Re(g/z k(gzk j +ui — 8k, J))

Au+n o Au+n Au~|—n

e - T e
_ g’kkz\/g”gi (857 48,7 7 i RS i w8k )

Au+n —8 Au+n
i#]

(We sum only over indices i # j for in the special coordinates g;; , = 0.) Applying
Schwarz inequality the latter is bounded above by

|2

: . : 81874l / j
ka A;kjrn ka /lk Z kk<zgkk sz

A
i#j e
+Cy g,
k
where we have also used the elementary inequality g;? < Au +n.
Thus our main inequality reduces to
gg g 1

>[—H — "kk _ W — (W2 "kk 2
0> C]ijg C+I ()];g P+

The last term can be handled as follows

TP G kky . (2 "kky, |2 ! 2
88 |grl€,k' . ’rf[(Zkg |grl€,k' )(Zkgkﬁ)] - ’ﬁ'Zk(urlEk +grl€,k)|

Au+n ¢ (Au + n)? =8 (Au + n)?
_ g/rf|h/u >k 8rk.k 2 2
r A + n k)

where in the last equality we have made use of Eq. (1.22).



1 Lectures on Pluripotential Theory on Compact Hermitian Manifolds 47

Expanding the squares and applying Schwarz inequality once more we end up
with
grgtg P il ok &
, > G2 L1 2 1 peT k Srk,k ’
Autn =8 ((h)" +h)fur|” —|h'lg (Au +n)?

and the last summand is estimated by C ), g,’ T
Summing up our main inequality now reads

0= [—h' —C1Y g —Cc+ 10" =11y g™ ).
k k

So if we choose the function i(t) = Ce™" for a sufficiently large constant C, and
assuming a bound on oscxu we end up with

0=cy ¢¥—c
k

which shows that g/kk are upper bounded and hence g;d; are also lower bounded.

From the equation we immediately get that g,,/dE are upper bounded at the point z
which establishes the desired estimate. O

Exercise 10.4 We used the special coordinates introduced in Sect.1.7 in the
computations. Check whether the usage is just simplifying the calculations or is
it used in a substantial way.

1.10.5 Continuity Method: Closedness—Uniform Estimate

The last and historically the hardest step is to establish the uniform C® estimate.
The uniform estimate was proven by Cherrier, Guan-Li and Tosatti-Weinkove
[Che87, GL10, TW10a] under various additional assumptions on the metric w. The
general result with no assumptions on w was first accomplished by Tosatti and
Weinkove in [TW10b]. There the Authors used a version of Moser iteration to obtain
the following bound:

Vol({u < infxu +¢}) > 6, (1.24)

for some fixed constants ¢ and §. Roughly speaking such an estimate tells us that
there is some control from below on the volume of “small” sublevel sets. This
coupled with suitable Sobolev inequality completes the proof, see [TW10b] for
details.
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Below we prove the uniform estimate using techniques from pluripotential
theory taken from [DK12]. For different approaches we refer also to [BL11]. More
specifically we shall prove the following result

Theorem 10.5 Let u be a solution to Eq. (1.17). Then there exists a constant C > 0
dependent on || f||p, p, X, w, n, such thatinfxy u > —C.

In the proof we shall prove and exploit a similar bound to (1.24) but we shall use
the capacity instead of the volume. Thus our goal is the inequality

capo,({u < infxu + €}) > 6.

Indeed suppose that such an inequality is already proven. Then exploiting
Proposition 8.35 we immediately get a uniform bound of infxu and we are done.

Let us first establish an additional capacity inequality which is modelled on an
analogous argument from the Kéhler setting:

Proposition 10.6 ([IDK12, KN1]) Let u be a w-psh solution of the equation ), =
fa", where f € LP(X,w) for some p > 1 and v be any bounded continuous
w-psh function satisfying —Cop < v < 0. Take a constant 0 < ¢ < 1 and let
0 <t << e 0 < s << g betwo sufficiently small constants. Then there is a
constant C = C(n, X, w, p, &, Cp), such that

t"capy,({u < (1 —e)v +infx[u — (1 — &)v] + s})
< ClIfllLreapo(u < (1 —e)v +infxlu — (1 — e)v] +s + 1))

Proof For notational simplicity we denote by m (¢) the quantity
infxlu — (1 —e)v]

and by U(s, ¢) the set {u < (1 — &)v + m(e) + s}. Throughout the proof we
shall assume s and ¢ are small enough, so that all technical requirements for the
application of Theorem 9.3 are satisfied.

Pick any w-psh function w such that 0 < w < 1. As w is a competitor for

the supremum in the definition of the capacity we need to bound from above the

quantity t" f{u<(1 —e)v+m(e)+s) @y-

To this end observe that the following inequality holds:

m(e) — (Co+ Dt < infx[u — (1 —&)((1 —)v +1w)] <m(e)
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Thus we get the following string of set inclusions
UG,e) ={u<(I—ew+m(e)+s}Clu<—-e)((1—1)v+tw)+me)+ s}
C {u < (1—&) (I =t)v+tw)+infxlu—(1—e)(1—t)v+1w)]+s+(Co+ 1)t} = V
Clu<U—ev+m(e)+s+2(Co+ it} =U(s +2(Co + i, 8).

Note that (I — f)v 4+ tw is a w-psh function, and the set V is defined so that
Theorem 9.3 can be applied for the pair (u, (1 — #)v + tw) provided s and ¢ are
sufficiently small. Thus

(I —=e)n)" /U(s 0 C()Z) <((I—=gn)" /V a)Z] = /Vw?l—s)((l—t)v+tw)

< C/ ol < C/ ),
1% U(s+2(Co+1)t,¢)

where we have made use of Theorem 9.3 in the penultimate inequality. Note that the
constant C depends on ¢ but is independent of « and v.
Continuing the string of inequalities we get

C/ W < ClIfllLreapo(U(s +2(Co + 1)t, €))?,
U (s4+2(Co+1)t,¢)

where the last inequality follows from Theorem 8.34. Thus our claim follows after
we exchange ¢ with 2(Co + 1)z. |

Remark 10.7 Observe that we haven’t made use of the continuity of v. This
assumption will be used later to guarantee openness of the sets U (s, €).

Let us now explain how the above estimate implies that
capo({u <infxu+e}) =6

for some ¢ and §. In fact we shall prove the following more general statement:

Proposition 10.8 There exists a small constant so, such that for any s < so one has

s < ||f||2/p"Ccapw(U(s, 8))r11,f0ra constant C dependentonn, €, X, Co, p and w.

In particular we get our desired bound by plugging v = 0 and taking any fixed
positive ¢ < 1.

Proof Suppose s is chosen so small that Proposition 10.6 applies for any s, t < sp.
Define inductively s; to be the supremum of all numbers between 0 and s;_; such
that

2capy(U(s, €)) < capy,(U(si—1, €))}.
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Then s; is clearly a decreasing sequence and any s; is well defined for the sets
shrink to the empty set as s decreases to zero. Observe also that U(s, &) are
open sets and from the continuity of the capacity for increasing open sets (recall
Proposition 8.29) we get 2cap,, (U (si+1, €)) < cap,(U (s;, €)), while by definition
lim,_ +2cap,(U(s, €)) > capu(U(si-1, £)).

Také now an s, such that s; < s < s;_1. Then from Proposition 10.6 we get

(5i—1 — $)"cape,(U (s, €)) < Ccapy(U(si—1, €))*.

Observe that since s > s; we have 2cap,, (U (s, €)) > cap, (U (si—1, €)).
Coupling these inequalities we obtain

(si-1 —9)" =4Ccapo,(U (s, 8)) < 4C(;)iflcapw(U(So, €)),

where the last inequality follows from iteration.
If we now let s to s;, then take n-th roots and finally sum up the inequalities over
i we will obtain

o o0
1 1 1
So.= Y (s = sit1) = (AO)/" Y () capy (U so, ),
i=1 j=0

which is the claimed result. O

1.11 Weak Solutions for Degenerate Right Hand Side

We have already proved that solutions to the smooth Dirichlet problem for the
complex Monge-Ampere equation exist and are unique. Furthermore the argument
provides an a priori uniform bound for the solutions if the L” norm of the right
hand side is under control for some p > 1.

In this section we shall discuss the solvability of the Dirichlet problem

ue PSH,(X), supxu =0

(@+ddu)" = e fo" feLP(X,0), p>1, f>0. (1.25)
The strategy is to use the smooth solvability to approximate the singular right hand
sides by smooth functions f; in a suitable way, and then to extract a convergent
subsequence of solutions u ;. This approach leads to a problem, namely the behavior
of the constants ¢; in such an approximation procedure. The technical heart of the
matter if we want to extract convergent subsequences is to show that these c;’s are
bounded from above and below independently of the supremum norms of f;. This
was proven in [KN1]:



1 Lectures on Pluripotential Theory on Compact Hermitian Manifolds 51

Theorem 11.1 Let X, w, f # 0 and p be as above. Let also f; be a sequence
of smooth strictly positive functions convergent in LP norm to f. Then the
corresponding sequence of constants cj associated to the problems

u; € PSH,(X),
(k)i y supxu; =0, (1.26)
(w+ddu;)" = e“ fio"

is uniformly bounded from above and below.

Proof Let us first give a lower bound for ¢;’s. For the sake of brevity we drop the
index j in what follows. Recall that from the proof of Proposition 10.6 applied to
e = é, say, and v = 0 one has

t"cap,({u < infxu +s}) < Ccap,({u < infxu +s ~|—t})2

for all #, s smaller than a fixed constant &¢. Taking ¢+ = s and estimating the capacity
on the right hand side by an uniform constant, which is legitimate since cap,,({u <
infxu +s +t}) < capy,(X), one gets the inequality

C
capo({u < infyu + s}) < i
On the other hand from Proposition 10.8 one has

s < (Ce|l fllr) " cape({u < infxu + so})n.

Coupling these one obtains

s> < CeI|| FIINE,

for all s < gp. But then obviously ¢ cannot decrease to minus infinity, hence we get
a lower bound.

The upper bound is established as follows: since f; convergeto f in L?, conver-
gence also holds for f jl/ " towards f1/" in L' (we have to use the compactness of
X here). Thus for j large enough

1/n, n
ff.l/"a)">fxf @ >0
x 7 2

But from the AM-GM inequality one has (0 +dd‘u;) A" =1 > (% f;)/"o" thus

oCiln (@ 4 dduj) A" "

2 /
=
[x fmom Jx



52 S. Dinew

if we multiply "' in the last integral by the Gauduchon function ¢”*~1¢ (which
is uniformly bounded) we get

2 o
ecj-/n < e—(n—l)mjd)/(a)_i_ddcu‘)Ae(n—l)d)wn—l
fX fl/nwn X J
— 2 e*(nfl)inf(p/ e(nfl)q}wn
fX fl/nwn x
by the Stokes theorem. O

Now we are ready for the proof of the existence theorem:
Theorem 11.2 The Dirichlet problem (1.25) admits a continuous solution.

Proof Itis enough to show that the sequence of solutions u ; of the problems (1.26)
admits a Cauchy subsequence in the uniform topology. Indeed then one can extract
a continuous limit. The Monge-Ampere operator is continuous with respect to
uniform convergence, thus the limiting function solves the equation.

First of all we can assume that (after passing to a subsequence) the sequence of
the constants c; is convergent to some c. Let us still denote this subsequence by c;.

Note that the family u ; is normalized by supxu ; = 0, hence it forms a relatively
compact subset in the L'-topology. Thus we can assume that the sequence uj
converges in L! to a w-psh function u (take another subsequence if necessary).

Observe now that in the Dirichlet problems (1.26) the right hand sides are
uniformly bounded in L? for the chosen subsequence. By Theorem 10.5 we get
that the sequence u  is then uniformly bounded. Let then Cy > 0 be a constant such
that u; > —Co for every j.

We shall argue by contradiction. To this end consider the quantities Sy; :=
infx(uy —uj;) < 0. Since supx(ux — u;) = —infx(u; — ug), it is enough to
prove that the numbers Si; converge to zero as k and j tend to infinity.

Suppose that this is not the case and let 1 > ¢ > 0 be a constant such that
Skj < —(Co + 3)e for arbitrarily large j # k (we can further decrease ¢ if needed).
Then if my; (¢) as usual denotes the infimum over X of the quantity uy — (1 — &)u;
we obtain the inequality my;(s) < S;.

As in the proof of Proposition 10.6 suppose that s, << ¢. Then we have a set
inclusion

{I/lk < (1-— S)Mj +mkj(8) + s ~|—t} C {I/lk <uj + Skj +eCo+s +t},
and the last set is in turn contained in
{ug <uj—e} C{lug —uj| = €}

by our assumption on the constants Sy;.
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From the proof of Proposition 10.6 we then know that for all # and s smaller than
a (fixed) ¢

t"cap,({ur < (1 — &)uj + myj(e) + s})

< C/ wzk < C/ “)Zk = C/ et fra'
{upg<(1—&)u j+myj(e)+s+t} lug—uj|>e lug—uj|>e

< Clle* fillLr (Vol (lug — uj| > e))?/P=1,

The latter quantity converges to zero as j, k — 00, as uy converge to u in L'. But
arguing analogously to the proof of Proposition 10.8 the capacity term on the left
hand side cannot converge to zero when ¢ and s are fixed, a contradiction. m]

Note that the argument above yields existence, but not the uniqueness of the
solutions.

Exercise 11.3 Recall the uniqueness argument in the smooth setting. What exactly
fails if we try to apply it in the non-smooth setting as above?

Uniqueness and better regularity of the solutions can be nevertheless obtained,
at least for strictly positive right hand side. This was proven in [KN3], where tools
beyond the scope of these notes were used. We state the main results of [KN3]
without proof:

Theorem 11.4 Let u, v be w-psh functions, such that w, = fo", ) = go" and
supxu = supxv = 0. Assume that f > ¢ > 0, fX gw" > 0 and both f, g €

P (o 1 .
LP(") for some p > 1. Then for every a < | ., there is a constant C dependent
onn,a, |l fllce, |1gllLr, such that

supx|u — vl < CIIf — gll7,-

In particular the Dirichlet problem with LP strictly positive right hand side admits
a unique solution.

Theorem 11.5 Let u be an w-psh function, such that w, = f&" for some [ €
LP(0"), p > 1. Assume that f > ¢ > 0. Then u is Holder continuous with any
Holder exponent o, such that

- 2(p—-1
pnn+ 1) +p—1

It is unknown whether the strict positivity assumptions in the above theorems can
be relaxed.
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Chapter 2 )
Calabi-Yau Manifolds with Torsion Chack for
and Geometric Flows

Sébastien Picard

Abstract The main theme of these lectures is the study of Hermitian metrics in
non-Kidhler complex geometry. We will specialize to a certain class of Hermitian
metrics which generalize Kéhler Ricci-flat metrics to the non-Kéhler setting. These
non-Kihler Calabi—Yau manifolds have their origins in theoretical physics, where
they were introduced in the works of C. Hull and A. Strominger. We will introduce
tools from geometric analysis, namely geometric flows, to study this non-Kéhler
Calabi—Yau geometry. More specifically, we will discuss the Anomaly flow, which is
a version of the Ricci flow customized to this particular geometric setting. This flow
was introduced in joint works with Duong Phong and Xiangwen Zhang. Section 2.1
contains a review of Hermitian metrics, connections, and curvature. Section 2.2 is
dedicated to the geometry of Calabi—Yau manifolds equipped with a conformally
balanced metric. Section 2.3 introduces the Anomaly flow in the simplest case of
zero slope, where the flow can be understood as a deformation path connecting
non-Kihler to Kéhler geometry. Section 2.4 concerns the Anomaly flow with o
corrections, which is motivated from theoretical physics and canonical metrics in
non-Kihler geometry.

2.1 Review of Hermitian Geometry

We start by reviewing non-Kihler metrics in complex geometry. In particular, we
study unitary connections, torsion, and curvature associated to a Hermitian metric .

2.1.1 Hermitian Metrics

Let X be a complex manifold of dimension n. The manifold X is covered by
holomorphic charts U, equipped with local holomorphic coordinates CAR 0

S. Picard (><)
Department of Mathematics, Harvard University, Cambridge, MA, USA
e-mail: spicard @math.harvard.edu

© Springer Nature Switzerland AG 2019 57
D. Angella et al. (eds.), Complex Non-Kdihler Geometry, Lecture Notes
in Mathematics 2246, https://doi.org/10.1007/978-3-030-25883-2_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-25883-2_2&domain=pdf
mailto:spicard@math.harvard.edu
https://doi.org/10.1007/978-3-030-25883-2_2

58 S. Picard

such that X = 1« U The complexified tangent bundle of X will be denoted T'X,
which splits

TX=T""Xe1%'X.

Using local coordinates, a tangent vector in 7YX is a combination of

0 d
azl’ T am

and a tangent vector in 77! X is a combination of

d d
azl ’ ’ 7" :
We will use the notation
d d
ox = , g = __, .
K= gk k™ gzk

Next, we will use £27°9(X) to denote differential forms of (p, ¢) type. This means
that in local coordinates, £27°9(X) is generated by

dZ'V Ao ANdZP ANdZIV AN - dT

We will use the following convention for the components ¥ of a differen-

T Jqit-ip
tial form ¥ € 27-9(X)

1

v = O Z W,/Tl"'jqil"'ipdzip A .- 'dZil A dzjq A A dzj1. Q2.1
pq-:

The exterior derivative d decomposes into
d=0+0,
where
31 2PUX) — PTh(X), §:02PUX) — 2PIT(X),

are the Dolbeault operators. A Hermitian metric g on X is a smooth section
(T19x)* @ (T%1 X)* such that in local coordinates

g =g d/ ®dz, 2.2)
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where gz j is a positive-definite Hermitian matrix at each point.

8kj > 0, 8kj = 8jk-

In (2.2) we use the summation convention, which will be used throughout these
notes, where we omit the summation sign for matching upper and lower indices. We

use the notation g/* = (gx j)_l for the inverse, meaning that

e =01,
We can identify the metric g with a Hermitian form o € £2 LI(X,R) via
o =ig;dz/ ndzt.
The metric g induces a metric on differential forms £27°9(X), and we define the
Hodge star operator x : 279(X) — £2"~9"~P(X) by requiring
n

_ w
aAxB =g(a, B) a

forall o, B € 279(X).
A basic fact which will be often used in these notes is
Proposition 2.1 Let X be a compact complex manifold with Hermitian metric g
and 0X =0. Let f € C*°(X,R). If
g/ 0,00 f = 0,

everywhere on X, then f is a constant function.

Proof Let c denote the maximum value attained by f on X. The set

S=rf"10)

is closed. We claim that S is also open. Indeed, let p € S. Let B be a ball in a local

chart such that f attains a maximum in the center of B and satisfies g/ kg g f =0
in B. By the Hopf strong maximum principle (e.g. Theorem 2.7 in [HL11]), we must
have f = c in B. This shows that S is open, and hence S = X. m|

A Hermitian metric w is Kéhler if
dow = 0.

Kéhler manifolds are of fundamental importance as they lie at the crossroads of
both Riemannian geometry and algebraic geometry. In these notes, our goal is to
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generalize the Kéhler condition while still retaining enough structure to develop an
interesting theory.

There are many ways to generalize the Kéhler condition. There is the notion of a
pluriclosed metric, which satisfies

iddw = 0.
There are also astheno-Kéhler metrics [JY93], which satisfy
030" = 0.

It was shown by Gauduchon [GA77] that every compact complex manifold admits
a Gauduchon metric, which satisfies

i3d™ 1 = 0.

More generally, Fu-Wang-Wu [FWW13] introduced the notion of k-Gauduchon, for
1 <k <n — 1, which is defined by the condition

1390 A" k1 = 0.

All these notions generalize Kdhler metrics in different ways. In these notes, we will
mostly focus on another notion: we say a Hermitian metric w is balanced if

do" ' =0. (2.3)

The special properties of balanced metrics were noticed early in the study of Her-
mitian geometry, arising for examples in articles of Gauduchon [GA75]. Balanced
metrics were studied systematically by Michelsohn [MI82], and these metrics were
rediscovered in theoretical physics in the development of heterotic string theory
[HU186, ST86, LY05]. A main theme in Michelsohn’s work is that balanced metrics
are in some sense dual to the Kéhler condition. For example, Kihler metrics are
inherited by the ambient space (via pullback) while balanced metrics can be pushed
forward [MI82].
Given a Hermitian metric w, its torsion is defined by

T=idw, T=—idw.

We see that a metric is Kéhler if and only if its torsion vanishes. The components of
the torsion are given by

1 P
T = Tyndd" nded AT T = T

) _d7" Ad7 A dZE.

m
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Explicitly, we have
Tijm = 0j8km — Om8kj» Tijim = 0;8mk — 08k 24

We can raise indices using the metric, and we will write T, i = gkt Ty We can
also contract indices, and we will use the notation

ik
Tj = gl leij'
We will also use the 1-form 7 defined by
T = dezk .
Taking norms, we have
IT1> = ¢""8" 8 Ty T i

ikm

lt)? = M1 T;.

2.1.2 Connections

Let E — X be a complex vector bundle of rank r. The bundle E can be specified
by an open cover X = |  Un together with transition matrices #,,, : Uy N U, —
G L(r, C) satisfying

tun” p = 8%,
and
% ptop?y = 1%y on Uy, N U, NU,.

If all transition functions f,,, are holomorphic, then E is a holomorphic bundle.
A section s € I'(X, E) is given by local data (U,,, s,,%), where

1
s=(su (), S,ur(zu)) on Uy,
and s, : U, — C’ is a smooth map which transforms via
(su)a = t,u.vaﬁsvﬁ

on U, N U,. On a holomorphic bundle, we say s is holomorphic if the s, are
holomorphic.
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Let us illustrate this notation by considering the example of the holomorphic
tangent bundle 71-0X . Here the transition functions are

0z,

t ik =
Vv - k]
" 3ka

which are defined on the intersection of coordinate patches (Uy, z ,L" yand (U,, z,0).
Sections of T1:0X are vector fields V = Vig; € (X, TLOX), andonU, NU,,

0z,

¢ ¢
Bz./Vv'

v,k

Next, we recall that from a bundle E, we can induce bundles such as E*, E, and
det E. If the bundle E has transition matrices #,.,, then sections ¢ € I'(X, E*) are
given by data (U, ¢,.o) which transform according to

(¢,u)ot = tvp,ﬂotd)vﬂ-

Similarly, sections s € I" (X, E) transform by

@
S =ts svﬁ,

and sections ¥ € I'(X, det E) are given by local functions v, : U, — C which
transform by

wu = (det tp,v) Yy.

To differentiate sections of a vector bundle, we use a connection V. Connections
can be expressed locally as V = d + A, where A, are local matrix-valued 1-forms
(A)i%p defined on Uy,. The local matrices (A,,); satisfy the transformation law

(A)i =ty (A 1y~ — Bityn)t 2.5)

Here we omitted the indices for matrix multiplication. This transformation law is
designed such that for any section s € I' (X, E), its derivative V;s is again a section.
Explicitly, derivatives of s are given locally by

Vis% = 09;s% + Aiaﬁsﬁ, V;-sa = al—.s“ + Al’-aﬁsﬂ.
with the notation

Vi=Va, V;»:Va;.

az! az!
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Given a connection on E, we can induce connections on E*, E , det E, etc., by
imposing the product rule. For example, the product rule i (so¢*) = Visad® +
S Vi @® leads to the definition

Vibe = hbe — P AL 0 Vidw = 0100 — dpA;ls

for sections ¢ € I'(X, E*). Similarly, for a section u € I'(X, E), the induced
connection is defined by

Viu® = u® + AEaﬂuB’ V,;u& = aku& + Ako‘/guﬁ,
and for a section ¥ € I'(X, det E™), the induced connection is
Viv =0y — A%V, Vi =0y — A% (2.6)
As a final example, the induced connection on I' (X, E* ® E *) is defined by
Vihapg = Okhag — A ohyp — Akylgh&y.
We now focus our attention on the holomorphic tangent bundle 7'°X. Given a
Hermitian metric = ig,;jdz/ A dz* on X, we say a connection V on T10X is
unitary with respect to w if
Vi 8kj = 0.
On a Hermitian manifold (X, w), the Chern connection is the unique unitary
connection on 719X such that A &t = 0. The Chern connection acts on sections
VelIX, T'0X) by
Vi(VI9) = (ViVDdi, Ve (VIan) = (VV)a,
where
Vi Vi=aVi+ 1, vt vivi=g v,
and
Iy = 8" gpe. 2.7)
Due to its simplicity, the Chern connection is best suited for most computations.
However, in non-Kihler geometry, there are other interesting connections on 710X
to consider too. We start with the Levi-Civita connection, which acts on V €

(X, TX) by

VE(Vi; + Vg = (VEVHY, + (VEV)a,,



64 S. Picard

where
. . . Tie P
¢ ¢ 1
VEV = VI 4+ T,V — , Vi, TV
oo g .
VE Vi = 8]EVZ + 5 TV,
and

VEVI = VEVi, VEVI = ViV

To be clear, we note that here, and throughout these notes, Fk’i is reserved for the
expression (2.7), which is not the Christoffel symbol of the Levi-Civita connection.
This well-known connection from Riemannian geometry preserves the metric
V8 g = 0 and has zero torsion tensor V‘)g( Y- V§X —[X, Y]. For Kdhler metrics, T =
0 and we see that the Levi-Civita connection coincides with the Chern connection.
However, for general Hermitian metrics, the tensor Ty; j is nonzero and the Levi-

Civita connection does not preserve the decomposition T7X = T'9X @ 701X In
particular, it does not define a connection on the holomorphic bundle 7'-0X.

We can add a correction to V¢ to obtain a new connection which does preserve
T1.0X. We define

1 _
vt =vé 4 2g_1H, H =i —do.

The new connection acts on V € I'(X, TLOX) by v,j(vfa,-) = (V,;|r vHo; with
components

VIV =8 Vi+ (I, — T VY, (2.8)
VIV = RV 4 " Ty V.

We will call this connection the Strominger—Bismut connection [BI89, ST86]. It
evidently preserves 70X, and a straightforward computation shows that

V+g;g/ = 0,

hence VT is a unitary connection. Furthermore, vVt = V8 4+ ég’lH has the
property that its torsion 3-form

T(X,Y,Z2)=g(VyY —ViX —[X,Y], Z)

is given by the skew-symmetric 3-form H.
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Using the Chern connection V and the Strominger—Bismut connection VT, we
can define a line of unitary connections which preserve the complex structure.

V© = (1 —k)V+xVT,

where k € Ris a parameter. This family of connections is known as the Gauduchon
line [GA97]. We note that this line collapses to a point when w is Kéhler.

There are other connections which play a role in theoretical physics which do not
preserve the complex structure. One such example is the Hull connection [HU286,
LE11, DS14], denoted by V™ = V& — ; g’lH . Explicitly, this connection acts on
Vel(X, TX)by

—yi ' i L ij 7 1
vV, V= V' + FkZZV — g”TkﬂV , 2.9)
—yi _ q.yi
VoVE=o Vi
Although V™~ does not preserve 710X, a direct computation shows that V~g = 0.
Most computations in these notes will be done using the Chern connection, and
from now on we reserve V to denote the Chern connection. We will use superscripts
e.g. V7, to denote other connections.

Next, we review integration and adjoint operators in Hermitian geometry. The
first identity is the divergence theorem for Hermitian metrics.

Lemma 2.1 Let (X, w) be a closed Hermitian manifold. The divergence theorem
for the Chern connection V is given by

/V,V’@”:/ T,Viw", (2.10)
X X

foranyV e I'(X, T1.0X).

We see that the torsion components 7; play a role when integrating by parts. The
proof is similar to the Kdhler case, and is omitted.

Next, we recall the L2 pairing of differential forms, given by (¢, ) =
fx g(p, ) ®", where g(¢, ¥) is the induced metric on ¢, € £2279(X). For
example, for n, B € QI’O(X), we define

<n,ﬂ>=/ g njpr o,
X
and for o, x € 21 (X),

(@, x) = /ng"gma/;zxfm "
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The adjoint operators 3" : 274(X) — £2P~14(X) and at + erix) —
27471(X) are defined by the property

0, ¥) = (p,3Ty), (3, ¥) = (¢, ¥).

We will also write d* = 87 4+ 3. We will need an explicit expressions for these
adjoint operators in the following special case.

Lemma 2.2 Let (X, w) be a Hermitian manifold. The adjoint operators act on « €
2V1(X) by

(0a); = —g"V0z, + g Tz, 2.11)
@k = g1V pagr — g Tpage. (2.12)
Proof Leta € 2L1(X) and B e 291(X). The components of 98 are
(0B)g; = VB

The inner product (&, 38) = (3 e, B) expands to
jk pd,,_ N jkeat oN-p. n
/;{g 8 akp(Vq,Bj)a) —/;(g (0 ot)k,Bja).

Applying the divergence theorem (2.10) to the left-hand side, we obtain (2.11).
A similar computation leads to (2.12). |

As a corollary, if we apply these identities to @ = w = igg jdzj A dzF, we obtain
@Tw)y; =iT;, @0y =—iTy. (2.13)
and

d'w=iF-1).

2.1.3 Curvature

Let E — X be a complex vector bundle. The curvature of a connectionV =d + A
on E is a 2-form valued in the endomorphisms of E given by

F=dA+ANA,
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with components

1 i - i -
Fi;%pdz! A dzF + F;%pdz! A dzk.

1 .
F = ijalgdzj /\de + )

2

The curvature form of the Chern connection of a Hermitian metric w will be denoted
Rm. In this case, one can verify that the curvature form Rm is an endomorphism-
valued (1, 1) form

Rm = Ry ;P ydz! A dZF,
with components given by
RijPq = =0l = —9;(8"°918sq)-
We may write this as
Rm = 3(g~'9g), (2.14)
which holds in a holomorphic frame on 710X . We note that in general, when using
unitary connections other than the Chern connection on 7'1:X, the curvature will

have (2, 0) and (0, 2) components as well.
We can raise and lower indices of the curvature tensor using the metric g i

Rijine = 8ip Ry "0 = —0p9jgie + 8" 0 2ins 9 gre. (2.15)

Lemma 2.3 The curvature of the Chern connection on (X, w) satisfies the follow-
ing Bianchi identities

Rijme = Riijie + ViTyig
Rijine = Reenj + Vil
Proof For example, we compute using the definition (2.15) and obtain
Rijine — Rijre = — 970 8ime + 8" 0ginsdj 87¢ + 8087, — 8 Ingr,dj e
= 0 Oy — Opgime) — &8 0;8r¢ (9 gy — O &is)
- o
=0 Tym; — Fje prk
= ViTyak-

The other identity is derived in a similar way. O
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There are four notions of Ricci curvature for the Chern connection in Hermitian
geometry, and we will use the notation

_p.p P - I _p.P. PRI _ pP ..
Rij=Rej"pr Rij=RCprj Rpy=Rep"j, Ry =Ry

From the Bianchi identity, we see that these notions of Ricci curvature are all
different. We will call Ry j the Chern—Ricci curvature, and it is also given by

R];j = —0g0; logdetgp,.

The Chern—Ricci form represents the first Chern class [Z’IH Ric,] = c1(X) and is
given by

Ric,, = —90 logdet g = Ry ;dz/ A dZ*.

There are two notions of scalar curvature, denoted by

R = gzmgij]Eer = Rppjjv R = gjrhgekRzzjnu = Rpjjp-
2.1.4 UQ) Principal Bundles
2.1.4.1 Definitions
We denote the group of complex numbers with length equal to 1 by U(1). A U (1)
principal bundle can be specified by an open cover X = | u Un together with
smooth maps
g U, NU, — U,
such that
— -1 _
Bup =1, Euv = v
and
8uv8vp = Eup>

on an non-empty overlap U, NU, NU,. In this section, we review how a connection
on a line bundle defines a connection on a U (1) principal bundle.
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Let L — X be a smooth complex line bundle with data (U, NU,, t,.), equipped
with a connection V4 = d + A whose curvature is F4 = dA. We also consider the
line bundle L’ — X given by the data

(U,l,L N Ul)a @ir‘“}), tN«V — el"[;w.
(70

To compactify the fibers, we equip L with a metric &, which is locally given by
(U, hy) where h, are positive functions which transforms as

1

- h,.
|t |?

hy

The metric & provides an isomorphism of the line bundles L and L', where the
connection d + A on L becomes the connection d + A’ given by

1
A =A-— 2dlogh,

on L’. It can be checked that this expression satisfies the transformation law for a
connection (2.5), which in this case becomes

Al = Al —idty,. (2.16)

Thus we have induced a connection d + A’ on L’ with curvature
dA = Fy. 2.17)
Let w : P — X be the U(1) bundle determined by the data (U, N U,, el

Locally, points in P are given by (z, e'Vir) with projection T (Zp, ety = Zus
where the coordinates ¢!¥# on the fiber transform via

oV — ity iV
In other words, on U, N U,, there holds
Y =Yg + T + 27k, (2.18)

for an integer k. Combining this with the transformation law for the connec-
tion (2.16), it follows that

6 =dy, —iAl (2.19)
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is a global 1-form on the total space of the bundle # : P — X. We call 6
the connection 1-form of the U (1) bundle P. Furthermore, by (2.17), its exterior
derivative is

do = —iFy.

The connection 1-form 6 splits the tangent space T P of P into vertical and horizon-
tal directions. For the vertical direction, we note that by (2.18), the expression 3‘3&

transforms as a global vector field on w : P — X. We define the vertical subbundle
V by

0
V = kerm, = span { oy }

The horizontal space is given by H = ker 6. The tangent bundle of P splits as
TP=V®H,

and m.|p : H — T X is isomorphism.

2.1.4.2 Non-Kihler Manifolds Constructed from Principal Bundles

Connections on U (1) principal bundles can be used to construct non-Kéhler
complex manifolds. This idea was first used by Calabi—-Eckmann [CE53], and later
generalized by Goldstein—Prokushkin [GOO04]. In this section, we will construct the
Calabi—-Eckmann manifolds.

Our first example will use P! as the base manifold. We cover P! by the open sets

Uo = {[Zo, Z1] : Zo #0}, Ui ={[Zo, Z1]: Z1 # 0},

and define coordinates ¢ = 2 on Up and § = g‘; on Uj. The line bundle L =
0(—1) — P! equips the covering {Up, U1} with the transition function

Z
to1 : UpNUp — C*, to = 0.
Z

This data defines a U(1) principal bundle 7 : P — P! by the same covering
P! = Uy U U; and transition function

Zo |Z1]

cUpNU — St
VARVA
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In the trivialisation Ug x S 1, we use coordinates (¢, ei‘/’o), and in the trivialisation
Uy xS 1 , we use coordinates (&, e ). On the overlap,

Jvo — & v
€1

In fact, the space P is diffeomorphic to the sphere S°. If we write
$* = {(@0.21) € C? : Jzol” + |21 |* = 1),

then a diffeomorphism is given by F : $> — P, where

F(z0,21) = <[zo,z1], |§0|> elUyxS', 20#0,
0
F(0,z1) = ([0, 1],z1) € U x S'.

The inverse of F is given by

. 1 . . .
Fl (¢, V) = 2(e””O, celVy, (z, eV e Uy x S,

V141l
F7H([0,11, €Y1 = (0, €, ([0, 1], e Up x S
Next, we define a connection on P.

A metric on L = 0(—1) is defined by two positive functions kg : Uy — (0, 00)
and hy : U; — (0, oo) satisfying hyp = M We will take

lto1]? "
ho=1+¢c% hy =14+ &

The Chern connection of (L,h) is V. = d + A with A = dlogh. As explained
in (2.19), a connection on L defines a connection 1-form 6 on P given by

0=dy—iA,
which satisfies
do = —idA = —iddlogh = wrs. (2.20)
Next, we add a trivial fiber S' = {¢/?} to our space, and consider the manifold

Ml,():PXSlZS?’XSl.
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Using the connection 8, we split the tangent bundle

TMio=H® 9 D 9
b= <aw> <a¢>‘

We can define an almost complex structure J on M o by identifying H with TP!
and using the standard complex structure on dy and dy. To be precise, if j is the
complex structure on P!, then

R R

J=@ a1,

1 =_,1_ = .
oYy 9 ¢ oy
The space T'-° M ¢ is spanned by pullbacks of 7"-°P! and

d .0

oy g’
To show J is integrable, we can apply the Newlander—Nirenberg theorem. If z

denotes a local holomorphic coordinate on P!, then (1, 0)-forms on M| g are locally
generated by

(*dz, 0 +idé).

We note that 0 4 id¢ is a (1, 0) form since it sends dy 4 {9y to zero and H = ker6.
For local functions fi, f>, then by (2.20) we compute

dlfidz+ (0 +idep)] =dfi Adz+dfa A (0 +ido) + frors. (2.21)

It follows that for any n € .QLO(MLO), then (dn)z*o = 0. By the Newlander—
Nirenberg theorem, we conclude that M ¢ is a complex manifold.

The complex surface M ¢ is known as the Hopf surface. Since it is topologically
$3 x S1, we see that the second Betti number of M  is zero. Therefore My is a
non-Kihler complex surface.

This same construction can be applied to the manifold M; ; = P x P, which
is a product of two copies of the U (1) principal bundle P over P!. Then M i is a
complex manifold of complex dimension 3, which is a fibration over P! x P!,

w: Mg — P! x Pl

Since M| =~ $3 x $3, this construction defines a non-Kéhler complex structure on
§3 x 3.
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In fact, the threefold M; | does not even admit a balanced metric [MI82].
Suppose w is a positive (1, 1) form on M ; such that dw? = 0. Let D be a divisor
on the base P! x P!, Since

/ o > 0,
7*(D)

it follows that the class [w?] € H 4(M 1.1, R) is non-trivial. This is a contradiction,
since H*(S? x §3,R) = 0.

The construction described above readily generalizes to M, , = S?P*! x §24+1,
giving fibrations

TiMy, — PP xPI.

These non-Kéhler complex manifolds were discovered in [CE53] and are now
named Calabi—-Eckmann manifolds. A variant of this construction will be revisited in
Sect.2.2.3.4 to produce T2 fibrations over Calabi—Yau surfaces [GO04], and these
manifolds will play a role as a class of solutions to the Hull-Strominger system
[FYO08, FYO07].

2.2 Calabi-Yau Manifolds with Torsion

Let X be a compact complex manifold of complex dimension n. We assume now
and henceforth in these notes that n > 3. Suppose X admits a nowhere vanishing
holomorphic (n, 0) form £2. Given a Hermitian metric o = igj j dz/ Ad7*, the norm
of £2 is defined by

'

1212% =i"2 2. (2.22)
n!

Using a local coordinate representation 2 = £2(z) dz' A --- A dz", this norm is
1217 = 22 ) (detg; )"
A Hermitian metric @ on (X, §2) is said to be conformally balanced if it satisfies

d(|2|,e" ") = 0. (2.23)

We see that the Hermitian metric y = ||.Q||i)/ =14, is balanced in the sense of

Michelsohn [MI82]. We will call (X, §2, w) a Calabi—Yau manifold with torsion.
Though Kihler manifolds provide a class of examples, Calabi—Yau manifolds

with torsion need not admit a Kéhler metric. We shall see that Calabi—Yau manifolds

with torsion, though non-Kéhler, still retain interesting structure. The geometry
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of Hermitian manifolds satisfying condition (2.23) belongs somewhere between
Kihler geometry and the general theory of non-Kéhler complex manifold described
in Sect.2.1. We note that there are other proposed generalizations of non-Kéhler
Calabi—Yau manifolds in the literature; see e.g. [GGPO8, LE11, TO15].

It was shown by Li—Yau [LYO0S5] that condition (2.23) is equivalent to certain
SU (n) structures arising in heterotic string theory [HU186, HU286, ST86, DS 14,
P01, GMPWO04]. In this section, we will explore the geometric implications of this
condition.

2.2.1 Curvature and Holonomy
2.2.1.1 Holonomy

From the point of view of differential geometry, Calabi—Yau manifolds with torsion
can be understood by imposing a holonomy constraint. While Kihler Calabi—
Yau manifolds are characterized by the Levi-Civita connection having holonomy
contained in SU(n), here we consider the holonomy of the Strominger—Bismut
connection V¥ instead.

Lemma 2.4 ((MI82]) Let (X,w) be a Hermitian manifold equipped with a
nowhere vanishing holomorphic (n, 0) form §2. Define x = ||§2 ||i)/("_l)a). Then

dix =i@log|2llo — 1) — i@ log | 2]l — 7).

Here t is the torsion I-form of w, and d; is the L* adjoint with respect to x.

Proof The torsion 1-form of x is given by

T) =il Ve [a,-<||9||},,/<"“gk e aj<||9||}/<"“gk,~>}.
Simplifying this expression give
T/ =Tj - 3;10g 21w,

where T is the torsion of w. We apply the identity (2.13) for the adjoint 8; ofx. O

Next, we interpret the conformally balanced condition in terms of a torsion
constraint. This relationship between T and log ||£2]|, will have a recurring role
as the key identity in the subsequent computations.
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Proposition 2.2 ([MI82]) Let (X, w) be a Hermitian manifold equipped with a
nowhere vanishing holomorphic (n, 0) form 2. The conformally balanced condi-
tion (2.23) is equivalent to the torsion constraint

Tj = 9;j1og[2llw, T;=0;log 2]

Proof Expanding the conformally balanced condition gives

0=201og |2l A" '+ n—1dwA "2
A computation shows the following identity
n—DdoA" 2 =—-1 A"
Therefore
91log |2]lw A" ' =1 A"
It follows that T = dlog ||£2]| . O

Our first application of the torsion constraint will be to construct parallel sections
of the canonical bundle.

Lemma 2.5 ([GA16]) Let (X, w) be a Hermitian manifold with a nowhere van-
ishing holomorphic (n,0) form §2. Suppose (X, w, §2) satisfies the conformally
balanced condition (2.23). Then ¢ = ||§2 ||a_)1.Q satisfies

VT =0.

Thus v € I'(X, Kx) is nowhere vanishing and parallel with respect to the
Strominger—Bismut connection V7.

Proof By (2.8) and (2.6), the induced connection V* on 1 is given by
Viy =y — (T = TV, Vg =y — " Ty, (2.24)
The unbarred derivative is
Viy = =9 log [21loy + 121,92 — [y — Ty,

We note that

0;§2

0;§2 -
20;log |12l = o — 870985y = o

o
- Ea‘
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and therefore
Vi = (9 log12llo — T)Y-
By (2.24), we also have
V- = (=7 log 121lw + T

If (X, w, £2) is conformally balanced, we may use Proposition 2.2 and substitute the
torsion constraint 7; = 9; log || 2]/, to conclude V¥ = 0. |

Theorem 2.1 ([GA16]) Let (X, w) be a compact Hermitian manifold with nowhere
vanishing holomorphic (n,0) form §2. Then (X, w, §2) satisfies the conformally
balanced condition (2.23) if and only if there exists ¥ € I'(X, Kx) which is
nowhere vanishing and parallel with respect to the Strominger—Bismut connection
vt

Proof The previous lemma constructs a nowhere vanishing parallel section if
(X, w, £2) is conformally balanced. On the other hand, suppose there exists a
nowhere vanishing section ¥ € I' (X, Kx) such that

vty =o0.
We will follow the proof given in lecture notes of Garcia-Fernandez [GA16]. Write
v=e'2,

for a complex function f. Since V*g; ;= 0, the norm of v is constant. Let us
assume that |||, = 1. Then

1=c/"12|2,
and
[+ F=210g]2llo-
By the formula (2.24), we obtain
0= V'Y = (=8 f — T +20; log||2])¥,
0=Vry =&/ + TNy (2.25)

We know that the real part Re f is log ||£2]|», and we will now show that the
imaginary part Im f is constant. For this, we use (2.25) to compute

H(f — f) =20 log|R2e— T,
#(f— f)=—2@3log |2 — T).
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By Lemma 2.4,
id(f — ) =2d}x.
for x = ||22]1/" "V x. Therefore
did(f - f) =0,

hence (d(f — f),d(f — f))x = 0 and Im f is constant. Since Re f = log ||£2 |,
it follows that

df =dlog|£2|le
and (2.25) implies the torsion constraint
dlog | 2l, = .

By Proposition 2.2, (X, w, §2) is conformally balanced. m]

As a consequence of the existence of parallel sections, we obtain the following
interpretation of the conformally balanced condition in terms of a holonomy
constraint.

Corollary 2.1 ([ST86, LY05]) A compact Hermitian manifold with trivial canoni-
cal bundle (X, w, §2) satisfies the conformally balanced condition (2.23) if and only

if

Hol(V™) C SU ).

2.2.1.2 Curvature

Next, we study the structure of the curvature tensor of Calabi—Yau manifolds with
torsion. We start with the curvature of the Bismut connection. By the definition (2.8),
we can write V™ = d + A with

AjPq = Flz —Tljg, A

From this expression, we may compute Rm™ = dA + A A A. The components
(Tr Rm™)gp = R;ﬂVV are
(Tr Rm ™)y = 3Tk — 8Ty, (TrRm™)g; = —(a]T,; — a,jj), (2.26)

(T Rm ™) = —0pTj — 9; Ty + 0,9 log |22, (2.27)
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The following characterization is due to Fino and Grantcharov, which indicates
that conformally balanced metrics can be viewed as non-Kéhler analogs of Kéhler
Ricci-flat metrics.

Theorem 2.2 ([FG04]) Let (X, w) be a compact Hermitian manifold with nowhere
vanishing holomorphic (n, 0) form $2. Then (X, w, §2) is conformally balanced if
and only if

TrRm™* =0.

Proof From (2.26) and (2.27), we see that manifolds satisfying the torsion con-
straint in Proposition 2.2 satisfy Tr Rm™ = 0. For the other direction, we note that
by Lemma 2.4, we can write

TrRm™* = idd;x,

for x = 21l "~ . It follows that if Tr Rm* = 0, then (d} x, d}x), = 0 and
hence d;)( = 0. By Lemma 2.4, we conclude d log ||$2||,, = T and hence (X, w, £2)
is conformally balanced. O

For most subsequent computations, we will be using the Chern connection V,
so we now turn to curvature of the Chern connection. This tensor satisfies certain
useful identities on Calabi—Yau manifolds with torsion that we will now describe.

Proposition 2.3 The Chern—Ricci curvature of a conformally balanced metric
(X, w, 82) satisfies

REj =2ViT;.
Proof The Chern—Ricci curvature is given by
RlEj = 8]'315 log ||~Q||3)

Applying the torsion constraint (Proposition 2.2) gives the result. O

As a consequence, we obtain the following identities between Ricci curvatures
of the Chern connection.

Proposition 2.4 ([PPZ318]) A conformally balanced metric (X, w, §2) satisfies

1
I pl B
Ri; = R{, = Ry,

1 -
R = ,R R= g% 907 1og 12113,
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Proof By the Bianchi identity (Lemma 2.3),
Ri; = 8" Ripgj = 8" Rejgp + ViTajp) = Rij = ViT).

Applying the previous proposition gives R//Ej = éR,; i The identity for RI/E//' is
derived similarly. Taking the trace gives the relation between the scalar curvatures
R and R'. o

From the divergence theorem (2.10), we note in passing that the total scalar
curvature of the Chern connection of a Calabi—Yau manifold with torsion is positive.

In fact,
/Rw"=/(2|r|2)w".
X X

We conclude this section with the remark that in Strominger’s work [ST86], the
condition d(||£2||,@" ") = 0 appeared in another form. The reformulation of this
condition in terms of balanced metrics is due to Li and Yau [LY05].

Theorem 2.3 ([LY05]) Let (X,w) be a Hermitian manifold with nowhere
vanishing holomorphic (n,0) form §2. The conformally balanced condition
d(|2|lo@" ") = 0 is equivalent to the equation

do=1i@—09)10g] 2.

Proof This follows from combining diw = i(T — 1) (2.13) with 9 log |2, =
(Proposition 2.2). |

2.2.2 Rigidity Theorems

We note in this section some conditions under which a Calabi—Yau manifold with
torsion is actually Kdhler. We start with a result of Ivanov—Papadopoulos [IPO1].
The proof given here follows the computation of [PPZ318].

Theorem 2.4 ([IP01]) Ler (X, w, £2) be a compact Calabi—Yau manifold with
torsion, so that d(]|2||,@" ") = 0. Suppose

(90w = 0.

Then w is a Kdihler metric.

Proof We start by computing i ddw. Its components are

e 1 - P
188a)=4(188a));]k5d2 ANdZ* AdZ AdT
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given explicitly by
(100w); 75, = ed585; — gy + ;&7 — ;-

Using the definition of the curvature tensor (2.15) and the torsion (2.4), we find

(iaéw);j—.ke = _R?kfe + Rfkfl — Rf@fk + Rz_'Zj_'k — gSFT;ng,“ (2.28)

sij*
Setting this expression to zero and contracting the indices, we see that pluriclosed

metrics satisfy

0= gﬁg’“—'(1'85co),7kZ =2R —2R+|T|%

Applying Proposition 2.4, we see that if we further assume that @ is conformally
balanced, then

g/*aj0rlog 1217, =1T|> = 0.

The maximum principle for elliptic equations (Proposition 2.1) implies that
log || £2 ||(20 must be constant, and hence |T'|? = 0. O

Next, we state the result of Fino—Tomassini [FT11], which builds on work of
Matsuo—Takahashi [MTO1]. We follow here the computation given in [PPZ19].

Theorem 2.5 ([FT11, MTO01]) Let (X, £2, w) be a compact Calabi—Yau manifold
with torsion of dimension n > 3, so that d(||2 ||l ,w" ") = 0. Suppose

139" 2 = 0.

Then w is a Kdihler metric.

Proof We assume thatn > 4, since the statement follows from the previous theorem
when n = 3. Expanding derivatives,

1300 2= (n—2)iddw A" +in—2)(n—3)T AT A4

We will wedge this expression with  to obtain an equation on top forms. For this,
we use the general identities

1 i
N {g’/gk%zjki }a)", (2.29)
and

_ i .7 = -
A" = ~ 6ns — Dt — 2) {g”g“g’""‘f’nz;mki }w", (2.30)
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for any @ € !22’2(X, R) and ¥ € .93’3(X, R), where we use the component
convention (2.1). Applying these identities gives

®Aiddw" 2

(n—3)

(n—2) ij kl;:am
= 00w) 75
[ 878 00 + g0 1

ij k€ _mn N n
2n(n —1) 88 8 (T/\T)ngjmk,'i|0)-

2.31)

Symmetrizing the components of the torsion tensor 7', we see that
(T ANDjigimki = TimiTeni + Tomi Tija + Timi T + Tigm Tine + Toom T i
+Tton Ty + Tjia T + Toiw T + Toik Tt (2.32)

Setting (2.31) to zero and substituting the expression (2.28) for i 99w and (2.32) for
T A T, we obtain the following identity

(n—=2)

_ (n—23) 2 5
C 2n(n—1) _ ©6lz|* = 3IT1%),

2R — 2R +|T|?
( + | |)+6n(n 1

satisfied by any astheno-Kihler metric w. We now use the conformally
balanced condition by applying Proposition 2.4, which gives 2R’ — 2R =
—g/*3;9; log || 21|, Simplifying, we obtain

(n —2)g'*d; 9 log 1211w = IT* + 2(n — 3)|7|*> > 0.

By the maximum principle for elliptic equations (Proposition 2.1) we must have
IT|? 4+ 2(n — 3)|7|> = 0. Hence |T|> = 0 and w is Kihler. O

There are more theorems of this nature; for other conditions on balanced metrics
which imply that it is Kihler, see [FIUV09, LY 12, LY 17].

A folklore conjecture in the field (e.g. [FV16]) speculates that if a Calabi—Yau
with torsion (X, £2, ) admits another metric wy which is pluriclosed, then X must
be a Kihler. If w; is instead assumed to be astheno-Kéihler, then X need not be
Kaihler [FGV, LU17].

2.2.3 Examples
2.2.3.1 Kihler Calabi-Yau

We have already seen that conformally balanced metrics generalize Kahler Ricci-
flat metrics, since they are characterized by vanishing of the Ricci curvature of VT,
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and V™ coincides with the Levi-Civita connection for Kéhler metrics. We note here
a simple direct proof that Kidhler Ricci-flat metrics are conformally balanced.

Let (X, £2) be a Kihler Calabi—Yau manifold. By Yau’s theorem [YA78], there
exists a Kdhler metric w with zero Ricci curvature. In this case, ||£2], is constant,
since

i0dlog |21 = i0dlog 2(2)82(z) — iaélogdetg,;j =0,

and hence g/’Eaj or log ||.Q||§) = (. By the maximum principle, ||£2|, is constant.
Since w is Kihler, we have dw"~! = 0, and hence d (|| 2| ,0" ') = 0.

2.2.3.2 Complex Lie Groups

Next, we study invariant metrics on complex Lie groups, which provide a class
of natural non-Kéhler metrics. Let G be a complex Lie group. Choose a positive
definite inner product on the Lie algebra g, and letey, ..., e, € g be an orthonormal
frame of left-invariant holomorphic vector fields on G. The structure constants of
the Lie algebra g in this basis will be denoted

d
[ea, en] = c“apea.

Taking the dual frame e!, . . ., ¢”, we may define a left-invariant metric w by
w=1i Z e’ nel.
a

We note that this metric cannot be Kéhler unless G is trivial. Indeed, taking the
exterior derivative gives

1
de? = zcabded Aneb. (2.33)
Therefore
.5 1 a x 5d x 5b
10w = zc“bde Ne" Ne,
f0n 1 a s r A zd A 5b
00w = 4cahdc rs€ Ne Net Ne”, (2.34)

so this invariant metric is not Kéhler or pluriclosed in general. We take the Calabi—
Yau form to be

Q=e¢" A ne
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which is a nowhere vanishing holomorphic (r, 0) form. Using (2.22), we see that
1£2]lw = 1.

Checking whether  is conformally balanced reduces to verifying that dw" ' = 0.
This implies a condition of the structure constants, which does not hold for arbitrary
Lie groups, but still admits plenty of examples. We say that G is unimodular if its
structure constants satisfy

Zcppa =0.

p

This condition is well-defined on G and does not depend on the choice of frame.
It was noted by Abbena and Grassi [AG86] that dw"~! = 0 if and only if G is
unimodular. Indeed, from (2.33) we see that T%,; = ¢?p4. Hence G is unimodular
if and only if T; = 0, which holds if and only if w is conformally balanced by
Proposition 2.2.

Thus unimodular complex Lie groups admit left invariant conformally balanced
metrics. An explicit example is given by SL(2, C). To obtain a compact threefold,
we may quotient out by a discrete group and let X = SL(2, C)/A.

We claim that X does not admit a Kdhler metric. For this, we use the fact that
SL(2, C) admits a basis e such that ¢?;; = €44 the Levi-Civita symbol. Let w =
i8pg €@ A 2P, and compute

@55 = 2083585, — 83,:55,)-
In dimension 3, we have the contracted epsilon identity
€ars€abd = 8rbOsd — Orddps- (2.35)
Therefore, by (2.34),
(i09w)j4, = Sasdbr — 8arSbs-

We see that w? and i 33w are proportional to each other.
a1,
100w = 20) . (2.36)

This in particular illustrates another difference with Kihler geometry, where w?

always represents a non-zero cohomology class. Now suppose X admits a Kahler
metric x. Then

- 1
O:/i&&wa: /w%x (2.37)
X 2 Jx

which is a contradiction since w? A x > 0.
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For more examples of complex Lie groups, Fei—Yau [FY15, Proposition 3.7]
classify complex unimodular Lie algebras of dimension 3 and study the Hull-
Strominger system in each case. A theorem of Wang [WA54] states that the only
compact parallelizable manifolds admitting Kahler metrics are the complex tori.
2.2.3.3 Iwasawa Manifold
We consider the action of a, b, ¢ € Z[i] on C? given by

x,y, 00— (x+a,y+c,z+ay+Db). (2.38)

Let X be the quotient of C? under this action. The manifold X is an example of an
Iwasawa manifold. We have a projection

7:X > T*=C/AxC/A, 7(x,y,2)=(x,Y).

Here A is the lattice generated by 1, i. The fibers are isomorphic to tori 7 ! (x, y) =
T?2. Hence M is a torus fibration over 74. The form

2 =dzANdx Ndy,
is defined on X, and is holomorphic nowhere vanishing. We define
0 =dz —xdy.

This form on C3 is invariant under the action (2.38), and is thus well-defined on X.
Consider the family of metrics

wy =e"d+i0AN0, ®=idx ANd¥ +idy Ad7,

where u : T* — R is an arbitrary function on the base 7%. A computation shows
that

121le, = €7,
and
d(|2 |, @2) = 0.

Thus (X, wy, £2) is conformally balanced. However, X does not admit a Kéhler
metric. Let wp be metric with # = 0. Direct computation gives

@
100wy = )
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We can rule out the existence of a Kdhler metric x by considering f xi ddwo A x as
in the previous section, see (2.37).

2.2.3.4 Goldstein—Prokushkin Fibrations

In this section, we describe a construction of Goldstein—Prokushkin [GO04] which
utilizes U (1) principal bundles to generalize the previous example. Let (S, @, £2) be
a Kéhler Calabi—Yau surface equipped with two (1, 1) form w1, wy € 2r H 2(S WAR
which are anti-self-dual with respect to @.

*W] = —W], *xW) = —W).

There exists line bundles L1, L, over S with connections A1, Ay whose curvature
iFa,,iFa, is equal to i, w,. As detailed in Sect.2.1.4, the line bundles L1, L
can be compactified to form S! principal bundles P, — S, P, — S equipped with
connection 1-forms 61, 6, satisfying

d@i = —w;.
Let X denote the total space of the S! x S! principal bundle 7 : X — S whose

fibers are the product of the fibers of Py, P. Locally, points of X are given by
(z, €'V, e'¥2). As we discussed in Sect. 2.1.4, we have the global vector fields

0 d
a1’ 0Yn

’

which span the vertical space V = ker m,, and satisfy

0 8)—1 9(3 =1
‘(awl -7 am)‘

The horizontal space is given by
H = ker6; Nker6,,
and the tangent space admits the decomposition
TX=HeaV.
Furthermore

g :H—>TS
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is an isomorphism. It follows that the complex structure js on S induces an almost
complex structure on H. We define on X the almost complex structure

0 0 d d
J=@ gjsy®l, I = 1 -— .
A1 Y Y Y

We define the 1-form
0 =—01 —ibs.

Since |y = 0 and 0(dy, + idy,) = 0, we see that (V) = 0 forany V € TO!X.
Thus 0 is a (1, 0) form. Furthermore,

df = " (w1 +iwy).

Similarly to our discussion of Eq. (2.21) in Sect. 2.1.4.2, we can use that (1, 0) forms
are locally generated by {w*dz!,7*dz? 6} to apply the Newlander-Nirenberg
theorem and establish that J integrable. Thus X is a compact complex manifold
of dimension 3.

In fact, X is a Calabi—Yau manifold with torsion. Let

2 =0 A7*Q2s,
which is a nowhere vanishing (3,0) form. The form 2 is holomorphic since
ds2 =0.
For u € C*°(S, R), we consider the family of metrics
wy = * (e D) +i0 A6,

These metrics will be revisited, as they form the Fu—Yau ansatz of solutions to the
Hull-Strominger system [FY08]. We compute

~2
I2AQ =i0 A0 ATH(25 A R25) = i6 /\é/\n*(uszsugf’; )

w? = 7* (@) + 2 (@ D) NiO AD, W) =3T*(e D7) Aif A6

=

Since (S, @) is Kihler Ricci-flat, then || 25| is constant, which we may normalize
such that

120w, =e™". (2.39)
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We can now compute

Ad(||R2 0, ®2) = d(T*(e"d) 4+ 21*d A i6 A 6)
=2n*QO AN int* (w1 +iw) AO —27*D N i A TTH (w1 — iw))

=0,
since
c?)/\a)lzc?)/\a)zzo,

as wi, wy are anti-self-dual. Thus (X, w,, £2) is Calabi—Yau with torsion. In fact, X
is non-Kihler unless w; = wy = 0. To see this, we compute

00wy = —30 A 30 = —(T* w1 + in W) (TFw) — intwy) = —1* (0] + w3).
Since w1, w7 are anti-self-dual,
iaéwo = JT*(a)l A *w] + w2 A *w2).

If X admits a Kéhler metric x, then
0:/ i99wo A X :/ T (w1 A *xw1 + w2 A *xawp) A X,
X X

which is strictly positive unless ||w; ||62?) = ||a)2||§) =0.

2.2.3.5 Fei Twistor Space

As our last example, we outline a construction of Fei [FE16, FE15] which
generalizes earlier constructions of Calabi [CAS58] and Gray [GR69]. The example
will be a T* fibration over a Riemann surface.

We first describe the base of the fibration. Let (X, ¢) be a Riemann surface
equipped with a nonconstant holomorphic map ¢ : £ — P! satisfying ¢*€0(2) =
K 5. This condition is known to imply that the genus of X~ must be at least three.
As a concrete example, we may take X to be a minimal surface in T3 with ¢ being
the Gauss map [FHP17]. By the work of Meeks [ME90] and Traizet [TRO8], there
exists minimal surfaces of genus g > 3 in T3,

Using stereographic coordinates, we may write ¢ = («, B, y) with (a, 8, y) €
§2 C R3. Fixing the Fubini-Study metric wrs on P!, we pullback via ¢ an
orthonormal basis of sections of &/(2) to obtain 1-forms w1, (2, u3. We then equip
X with the metric

O=iuy AL Fip2 A flo F i3 A f3.
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This metric has Gauss curvature k given by
A *
kw = —¢ wFs,

hence k < 0 and « vanishes at branch points of ¢.

We now describe the fibers. Let (T4, g) be the 4-torus with flat metric, which
we will view as a hyperkihler manifold with complex structures 7, J, K satisfying
IJ =Kand I? = J2 = K2 = —1, and corresponding Kéhler metrics wy, wy,
wk. Ateach z € X, we use the map ¢ = («, B, ) to equip 7% with the complex
structure

al +6J +yK.

If j5 denotes the complex structure on X, we may form the product X = X x T4
and equip it with the complex structure

Jo=js ®(al +B8J+yK).
This complex structure is integrable, thus X is a compact complex manifold of
dimension 3. In fact, X has trivial canonical bundle, and we can give an explicit
expression for a nowhere vanishing holomorphic (3, 0) form
2 =ur Aoy +pu2 Awy + U3z Awg.
Let
o' = aow; + Bos + yok

be the Kihler metric corresponding to the complex structure af + J +y K on T*.
The Fei ansatz w on X is the following family of conformally balanced metrics.
Proposition 2.5 ([FE16, FE15]) Given any f € C*°(X, R), the Hermitian metric
given by

wf = o+ el o,

is conformally balanced. Furthermore, |2 ||, = e 2/,

Thus X is Calabi—Yau with torsion, and in fact, it is non-Kihler.

2.2.3.6 Other Examples

We have now discussed many examples of Calabi—Yau manifolds with balanced
metrics, many of which were already listed in the pioneering work of Michelsohn
[MI&2]. There are also example which will not be studied in these notes. For
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example, there is the construction of Fu et al. [FLY12] on connected sums of
$3 x S3. There are parallelizable examples on nilmanifolds and solvmanifolds
[UGO07, OUV17, FIUV09, FG04, UV14, UV15]. Non-compact examples are con-
structed in [FY09, FE17, FIUV14]. There are also examples from the physics
literature, e.g. [BD02, BBDGO03, DRS99, HIS16, MS11].

2.3 Anomaly Flow with Zero Slope

In this section, we will discuss a geometric flow which preserves the geometry
described in Sect.2.2. The material in this section can be found in joint work with
Phong and Zhang [PPZ218, PPZ318, PPZ19].

A central problem in complex geometry is to detect when a given complex
manifold admits a Kéhler metric. We would like to study this question on Calabi—
Yau manifolds with torsion. Motivated by Sect. 2.2.2, we will deform conformally
balanced metrics towards astheno-Kihler (i 990" 2 = 0).

Together with Phong and Zhang [PPZ19], we introduce the flow

d T
4 (12110e" ) = 19902,
d(12lwo@ )" = 0. (2.40)

We call this evolution equation the Anomaly flow with zero slope. The name comes
from an extension of the flow which adds higher order correction terms proportional
to a parameter ¢’, which is used to study the Hull-Strominger system and the
cancellation of anomalies in theoretical physics. We will discuss the Anomaly flow
when o’ terms are included in Sect. 2.4.

The first thing to note is that the conformally balanced property is preserved by
the flow

d(|2 @@ ®" ) =0,

which follows from taking the exterior derivative of (2.40). In fact, the balanced
class of the initial metric

[121lo0@©)" 1 € Hpc"" "' (X,R)

is also preserved, since

d _
dt[ufzuww"—l] =[i33w" %] = 0. (2.41)
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Here Hggl”“l (X) is the Bott—Chern cohomology of X, given by

fee2 ! H(X) 1 da = 0)

n—1,n—1
" X {i09pB : B e 2n=2n=2(X)}

BC

Stationary points weo of the flow satisfy both
d(|1R2lwp@’s") =0, i930!% =0,

hence by Theorem 2.5, they are Kihler. The Anomaly flow with zero slope thus
deforms balanced metrics to a Kéhler metric in a given balanced class.

2.3.1 Evolution of the Metric

The first question to ask about the flow (2.40) is whether it exists for a short-time,
and if so, we would like an explicit expression for the evolution equation of the
metric ® = ig,;jdzj A dzF.

We begin by deriving the evolution of the determinant of the metric.

Lemma 2.6 Suppose w(t) =igg jdzj A d7¥ satisfies the evolution equation

d n—1y __
dt(IIQIIww ) =¥(@), (2.42)

for W (r) € 2"-17=1(X R). Then the norm of 2 evolves by

d n U Aw

2]l = — :

dt n-2) o
which follows from the identity

. 2n U Aw
Tro =
n=2)2)e "

From now on, traces will always be taken with respect to the evolving metric w.
Explicitly,

Tra = i_lgjkoc,;j,

fora (1,1) formo = cx,;jdzj A dZx.
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Proof Using the well-known formula

Sdetgr; = (detglgj)gjk(ag)zzjs

we differentiate
d d _ _ 1 .
518l = (22 Pdete)™? = = |2]uTré.
Expanding (2.42), we obtain
d n—1 . n—2
dr 12]e )" + (1 —DI2[pew A" =W.
Substituting the variation of ||£2 ||, gives
1 . n—1 . n—2
— 2||.Q||C,)(Tra))a) +@m— 12w A w =y, (2.43)

Next, we wedge this equation with  to obtain the following equation of top forms.

(Tr @)

1
—ZIIQIIw(Trcb)w" + (= D[] " =¥ Ao

From this equation we can solve for Tr w. O

Lemma 2.7 Suppose a)(t) Satisﬁes
w

for w(t) € 2"-L7=1(X R). Then the metric evolves by

n Y Aw 1
o = w— * Y
(n=2)I12]o " (n— D2 |e

Proof To extract d;w, we will apply the Hodge star operator » with respect to o to
the expanded equation (2.43).

— 1!
o ) ) [2llo(Tr@)o + (n — DY2]lo(—0w + (Tr@)w) = +¥

Here we used the identities 0" ! = (n — 1)!w and

[*(ax A w"fz)],;p =—n—-2agpy +i(n —2)!(Tra)ggp, (2.44)
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for any @ € £!(X). This last identity can be found in e.g. [HU305, PPZ318].
Therefore

1

1
oow = (Tro)w — * W
2 (n — D2l

Substituting the previous lemma gives the desired expression. O

For the Anomaly flow with zero slope, the form ¥ is given by
U =id00" 2 =n—2)iddwond" P +in—2)(n—=NT AT A" (2.45)

To obtain an explicit expression for the evolution of the metric, we must expand the
torsion terms.

Theorem 2.6 ([PPZ19]) Suppose w(t) solves the Anomaly flow
d n—1 canc, n—2 n—1
dt(llf?llww ) =1i00(0" %), dI2]lwo@(©)"") =0.

If n = 3, then the metric evolves via

1 D ml _s¥ T
atg/;j=2”9”w|:—R/;j+g 8 TijTS[/; ,

and if n > 4, then

1 ~ 1
38, = —R:. T2 —2|71%) o7,
e (n—1>||9||w[ AT R

Leth g T o g (T T T T ) + T4 T 2.46

The metric evolution can be compared with other flows in Hermitian geometry,
e.g. [ST10, ST11, TW15, US16, ZH16]. The expression when n = 3 is similar to
the metric evolution in the Streets—Tian pluriclosed flow [ST10], though they differ
by the presence of the determinant of the metric || £2||,,. We note that the Anomaly
flow is a flow of balanced metrics while the pluriclosed flow is a flow of pluriclosed
metrics, so these flows exist in different realms of Hermitian geometry. Such torsion-
type terms appearing in (2.46) also appear in other Ricci flows preserving other
types of geometry, such as for example the metric evolution in the G2 Laplacian
flow [KA09, BRO5].

Proof We will derive the expression assuming that n > 4, as the case n = 3 is easier

and follows a similar argument. We use the notation

.2 pa ik =3 _jk pg ,sF
Trd =i "gMgl ., Trw =i"gl"glMg" W, o .,
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for & € 22%(X) and ¥ € 233(X). We begin by computing
(*i030" )z,
= (n—2)[* (3w A ") ]gp +i(n —2)(n = 3)[*(T AT A" g,

. N |
=i(n—2)g" ((00w)rsgp +1 ) (Triddw)ggzp

4 i TR A Ty, (”_62)!

2 Fsjigp (Tr T A T)gqp. (2.47)

This follows from (2.45) and the following identities for the Hodge star operator

—3)!
(2@ A0l = itn = 30 pgy +1 " (T 0rgg,

n—4! = - .(n—4)!
5 g”g”lI/;sﬁqp +i 6 (Tr¥)ggp, (2.48)

*(¥ A" H]gp =
which hold for any @ € 2%2(X,R) and ¥ € £233(X,R). For a proof of these
Hodge star identities, see [PPZ19].

Next, we compute using (2.29) and (2.30),

(000" 2 A w 00w A" 2 TAT A3
o =mn-2) o +i(n—2)(n—3) o
(n—2) iz i(n—73) -
= Tr(i0d Te(T AT). 2.49
an(n — 1) T+ oy TTTATD) (2.49)

We now substitute (2.47) and (2.49) into Lemma 2.7. The Tr (i3dw) terms cancel
exactly, and we are left with

o= 1 P —
g ((00w)rsgp — 878" (T A Tissiap

diggp = —
*8ap 201 = D20

(n = DIl
i _
T60— -, AT g (2.50)

By identity (2.28), we have
gSF(iaéw)ft}sp = —qu + Rép - qu + qu — & rgnm Tmps anq

We now use that the evolving metrics are conformally balanced. In this case, by
Proposition 2.4, we have

&7 (1000)isgp = Ryp — &7 8" Tinsp T (2.51)
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Substituting (2.51) and (2.32) into (2.50) and expanding the torsion terms gives the
explicit expression for 9,85 p. o

As a consequence of Theorem 2.6, the Anomaly flow with zero slope exists for a
short-time from any initial metric. Indeed, from (2.15) we have

Rie = —g'%8;0rgme + &/* ¢ 07 gims 0 870 (2.52)

and so Riz¢(g) is an elliptic operator in g. There is a slight subtlety, which is that the
proof of Theorem 2.6 only shows that the Anomaly flow with zero slope is parabolic
when restricted to variations in the space of conformally balanced metrics. One way
to resolve this issue is by using the Hamilton—Nash—Moser [HA82] implicit function
theorem, and we refer to [PPZ116, PPZ19] for details.

Corollary 2.2 ([PPZ19]) Let wo be a conformally balanced Hermitian metric.
There exists an € > 0 such that Anomaly flow with zero slope admits a unique
solution on [0, €) with w(0) = wy.

2.3.2 Non-Kdahler Examples

We outline here some simple examples to illustrate possible behaviors of the flow.

2.3.2.1 Iwasawa Manifold

Letw : X —> T* Ige the Iwasawa manifold considered in Sect. 2.2.3.3 with ansatz
wy, = e+ i0 A0, where

& =idx Adx +idy Ady, 0=dz— xdy,

and u(x, y) is a smooth function u : T* — R. We will show that this ansatz is
preserved by the Anomaly flow. We previously computed that ||£2 ||, = ™", and so

182 |, > = €"@* 4 2id> A O A 6.

u =
Furthermore,

~2
109w, = 03" A D+ “; .
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The Anomaly flow with zero slope 9; (|| 2 || ow?) = i 39w reduces to
u 1 u
dre" = 2(Ac;)e + D). (2.53)

The flow exists for all time by linear parabolic theory. The functional defined by
M((1) = /X 12l @@,
satisfies in this case
d d _
M) = f 3 D> NiO A D
dt dt X
corun g a3 a2
=3 idd(e"wAifB AO)+ O°NIOANO
X 2 Jx
1 .. -
= (w+i0 An6) > 0.
2 Jx

It follows that M(¢) — oo linearly as + — oo. The functional M(w) is
sometimes called the dilaton functional, and was introduced in [GRST18] to develop
a variational formulation of the Hull-Strominger system.

Since (2.53) is a linear parabolic equation and [ e — oo as 1 — oo, we also
have that e — 0o everywhere on T% as t — oo. The geometric statement is that
182 ||, — O everywhere on the base T*. The flow cannot converge in this case since
the Iwasawa manifold does not admit a Kidhler metric.

2.3.2.2 Compact Quotients of SL(2, C)

Next, we study quotients of SL(2, C) by a lattice A as described in Sect. 2.2.3.2. Let
{eq} be a left-invariant basis of holomorphic vector fields with [e,, ep] = €4pa€4.
We will study the ansatz

w=po, ®=1ie*ne’,

where p > 0 is a constant. This ansatz was used by Fei—Yau to solve the Hull-
Strominger system on complex Lie groups [FY15].
As computed in (2.36),

100 @2
l w = .
Py
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Next, we compute using the definition of the norm (2.22) and obtain
121l = 7.
Thus
I121low® = (p72p*)d?.

Using the ansatz w = p® on X = SL(2, C)/A, the Anomaly flow with zero slope
becomes the ODE

d 1p 1
whose solution is given by

1

p(t) = .
(P12 = 1)

We see that the flow develops a singularity as p — oo in finite time. In particular,

there exists T < oo such that ||£2|, — 0 ast — T. The flow cannot converge

since X does not admit a Kéhler metric.

2.3.3 Kihler Manifolds

The previous two examples illustrate how the Anomaly flow can develop singular-
ities on non-Kihler manifolds. If the manifold is already known to admit a Kihler
metric, the flow should detect it. Since there are many different Kihler metrics on
a given Kéhler manifold, the flow must select a single one in the limit. We will
explain this mechanism in this section and explain how the flow may provide insight
in studying the relation between the Kéhler cone and the balanced cone.

Let X be a compact complex manifold with Kdhler metric ¥ = i Xz jdz/ A dz*
and nowhere vanishing holomorphic (n, 0) form £2. We will start the Anomaly flow
with zero slope with the initial data

12 [lwo@©)" " = 3" (2.54)

This equation determines the initial metric w(0), which is manifestly conformally
balanced and is explicitly given by the following lemma.

Lemma 2.8 Let x € 2V1(X,R) be a Hermitian metric and 2 € £2™°(X) be
nowhere vanishing. The equation

120"t = x" ! (2.55)
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admits a unique Hermitian metric solution w given by
o =[2);¥"Px.
Proof We let
o =[], Dy, (2.56)

and so we only need to solve for the determinant. Taking the determinant of both
sides of (2.55) and raising to the power of ( _11) gives

ne
18211,"/ "D (detew) ™" = (det ).
Recall that [|£2 |2 = £2£2(detw)~!. Multiplying both sides by 22, we obtain
1215121, ¢D = 1215
Therefore
121,/ =121y, (2.57)
and the existence result follows from (2.56). For uniqueness, suppose @ and ®

solve (2.55). Then (2.57) determines ||$2]l, = |23 and so @' = &', from
which it follows [MI82] that w = &. O

We claim that the solution to the Anomaly flow with zero slope and initial
data (2.54) is given by

12l = x®", (2.58)
where
X=X+1iddp >0,
and the scalar potential ¢ satisfies

= ot KF 100"

X}’l

. 9(x,0)=0,

(we use the notation ¢ = 9;¢), with

1

e = .
2
(n =Dl
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Indeed, the ansatz (2.58) solves the equation of the flow. To see this, we compute

d _ . _
1 12le" "'=m—DgnAx"?

=(n—1idd¢ A x" 2.

The equation for ¢ can be rearranged as

1

o= .
(n— DI

Therefore
d n—1 f0n -2 n—2
dtIIQIIww =199([[£21,) A x" 7.

On the other hand, by Lemma 2.8, we have
199" % = i03(12*x"
=i00([21;%) A x" 2.

It follows that the ansatz (2.58) satisfies
d _
5 12|00 ! = iddw" 2.

By uniqueness of solutions, the ansatz (2.58) is preserved by the Anomaly flow with

zero slope. To summarize our discussion, we state the following result.

Theorem 2.7 ([PPZ19]) Let X be a compact complex manifold of dimension n
with a nowhere vanishing holomorphic (n, 0) form 2. Suppose X admits a Kdihler
metric x. Then the Anomaly flow jt 12]pe" ' = 000" 2 with initial metric
satisfying

12 lo@@©)" " = 2" (2.59)
reduces to the following scalar flow of potentials

_ det(x; + ¢

det 3 , 9x,0)=0, (2.60)
et Xij

p=e
with the positivity condition § +i99¢ > 0, where e/ = (n—1)||£2 ||?(. The evolving
metric in the Anomaly flow is given by

o) = 121,0" " x (). x@) =% +idde. (2.61)
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The Monge—Ampere flow (2.60) arising here shares similarities with the Kédhler—
Ricci flow and the MA~! flow. The Kihler—Ricci flow was introduced by Cao
[CAS852] and has since been an area of active research in Kéhler geometry (e.g.
[CSW18, DL17, GZ17, PS06, PT17, ST07, SW13, TZ06, TZ16]). The M A" flow
was recently introduced by Collins—Hisamoto—Takahashi [CHT18], and is expected
to produce optimal degenerations on Fano manifolds which do not admit Kéhler-
Einstein metrics.

Unlike the Kéhler—Ricci flow, the logarithm does not appear in the speed of
evolution ¢, and unlike the M A~! flow, the determinant of X appears in the
numerator instead of the denominator. For general parabolic equations, changes in
speed can have major implications in the analysis, see [FGP18] for a recent example
of this phenomenon in Kihler geometry. Though the analysis of (2.60) does differ
from the Kihler—Ricci flow and M A~ flow, in [PPZ19] we show that a smooth
solution to the flow exists for all time 7.

In contrast to the previous examples in section Sect.2.3.2, in this case we
can easily show that ||£2|, stays bounded above and below along the flow.
Differentiating (2.60),

e = e_f{

This is a linear parabolic equation for ¢. It follows from the maximum principle for
parabolic equations (e.g. Proposition 1.7 in [SW13]) that

infg(x, 0) < ¢(x, 1) < sup¢(x, 0).
X

Since ¢(x, 0) = 0, we have

infe~/ <@, t) < supe*f.
X X

By (2.60), we have

det x;
efinfe= < Akj < el supe*f.
X detx,;j X

By (2.57),

sy {det 7 D/@=2)
o — 1Q2=D/(=2) _ 2D/ (n=2) .
121lwy = 1152115 Is21; det x

Therefore

' < 12lwn < C,



100 S. Picard

along the flow, where C > 0 only depends on [|§2||; and n. The degeneration of
I£2]|, exhibited for non-Kéhler examples in Sect. 2.3.2 does not occur in this case.
Estimating |[$2 ]|, () is only the first step in the study of the flow. From here, we
can use a priori estimates and techniques from fully nonlinear PDE to establish long-
time existence and convergence. We refer to [PPZ19] for full details. The result is

Theorem 2.8 ([PPZ19]) Let X be a compact complex manifold of dimension n
with a nowhere vanishing holomorphic (n, 0) form §2. Suppose X admits a Kdhler
metric X. Then the Anomaly flow g‘llt 12l ! = i80w" 2 with initial metric
satisfying

12|y ©)" " = g1

exists for all time, and smoothly converges to a Kdihler metric wxo.
In fact, ws is given explicitly by

woo = 121132/ xo0

3

where xo is the unique Kéhler Ricci-flat metric in the cohomology class [ ], and

| _
1212, = [’fjn/inngQ.
o xI" Jx

To conclude this section, we note that we cannot expect the Anomaly flow on
Kéhler manifolds to converge starting from an arbitrary metric. This is due to
the relationship between the Kihler cone and the balanced cone. Indeed, an initial
conformally balanced metric determines a balanced class

12 llww©)" ' e Hp" ' (X),

and the evolving metric w(#) remains in this class (2.41). Stationary points of the
flow are Kéhler metrics, so convergence of the flow would produce a Kéhler metric
in the balanced class of the initial metric. However, there exists Kihler manifolds
with balanced classes which do not admit any Kihler metric [FX14, TOO09].
Understanding which balanced classes come from Kihler classes is an interesting
problem in Hermitian geometry [FX14], and we hope that future work studying the
Anomaly flow and its singularities will provide insight.

2.4 Anomaly Flow with a’ Corrections

We will now restrict our attention to Calabi—Yau threefolds. In this section, we
modify the Anomaly flow (2.40) by adding &’ correction terms. The parameter
a € R will be referred to as the slope parameter.

Let X be a compact complex manifold of dimension n = 3. Suppose X admits a
nowhere vanishing holomorphic (3, 0) form £2. We first study the case of threefolds
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with vanishing second Chern class, so we assume that c;(X) = c(X) = 0.
Consider the flow

/

d 2 e o
(12||ww?) = iddw —  TrRm A Rm, (2.62)
dt 4
d(12 |l ©)" ) = 0.

Recall that we use the notation Rm for the endomorphism-valued (1, 1) form which
is the curvature of the Chern connection of w. When ¢ = 0 and n = 3, this flow
becomes (2.40) from Sect. 2.3. Stationary points w, satisfy

!/

0; Te Rm A Rm = i33woo, d(|2 o, 0) =0,

which can be viewed as a sort of non-Kihler analog of the Kéhler—Einstein equation
TrRm = Aw, dw =0.

More generally, if c2(X) # 0, we can add a cancellation term @ € 22%2(X, R) with
[@] = c2(X), and consider the flow

/

d _
dr (12l pw?) = iddw — i (Tr Rm A Rm — @(1)), (2.63)
d(12llw©@0)*) = 0.
Flows of type (2.63) are called Anomaly flows, as introduced in joint work with

Phong and Zhang [PPZ218, PPZ318]. The motivation for studying this evolution
equation comes from theoretical physics, which we describe next.

2.4.1 Hull-Strominger System

Our motivation for adding the &’ correction terms comes from heterotic string
theory. The Hull-Strominger system [HU186, ST86] is the following system of
equations on a Calabi—Yau threefold

FAw?*=0, F*?2=F?0—0, (2.64)
!

930 — j (Tt Rm A Rm — Tt F A F) =0, (2.65)

d(|12]l,»*) = 0. (2.66)
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The system is a coupled equation for a Hermitian meric w on X and a metric s on a
given holomorphic vector bundle £ — X. Here Rm, F are the curvature forms of
unitary connections of w, &, viewed as endomorphism valued 2-forms.

Equation (2.64) is the Hermitian-Yang-Mills equation, which admits solutions
as long as E is stable of degree zero with respect to w by the Donaldson-
Uhlenbeck-Yau theorem [DO85, UY85] (see [LY86, BU8S] for its extension to
the Hermitian setting). Equation (2.65) is the Green-Schwarz anomaly cancellation
equation from theoretical physics [GS87]. All together, the system was introduced
by Hull and Strominger as a model for the heterotic string admitting non-zero
torsion, generalizing the equation proposed by Candelas—Horowitz—Strominger—
Witten [CA851] where the threefold is required to be Kéhler with Ricci-flat metric.

For example, Kihler Calabi—Yau threefolds provide solutions to the Hull-
Strominger system. In this case, we take the gauge bundle E to be the tangent
bundle E = T19X, and h = w to be Kiihler Ricci-flat. Then (2.64) and (2.65) hold
automatically, and by the argument in Sect.2.2.3.1, we see that w is conformally
balanced.

Going beyond Kéhler geometry, there are many diverse examples of solutions
using various gauge bundles E. The first solutions in the mathematics literature
were obtained by Li and Yau [LYO0S5] by perturbing the Kihler solutions, and the
first solutions on non-Kiahler manifolds were obtained by Fu and Yau [FYO0S]. Since
then, there have been constructions of parallelizable examples [FIUV 14, FIUV 14,
FY15, OUV17, GR11], solutions on Kihler manifolds for arbitrary admissible
gauge bundles [AG121, AG122], solutions on fibrations over a Riemann surface
[FHP17], and non-compact examples [FY09, FE17, HIS16].

The Hull-Strominger system is interesting from the point of view of canonical
metrics on non-Kihler Calabi—Yau threefolds, as it is a curvature constraint (2.65)
combined with a closedness condition (2.66). There are also other proposed optimal
metrics in non-Kihler complex geometry: e.g. constant Chern scalar curvature
[ACS17], vanishing Chern—Ricci curvature [TW10, TW17, STW17], Chern—Ricci
flat balanced [FE17], just to name a few.

As a system of partial differential equations, the Hull-Strominger system is fully
nonlinear. It can be viewed as an analog of the o7 equation, but as a full system for
the metric tensor g i There has been much progress in the study of scalar oy-type
equations in complex geometry e.g. [BLOS5, CJY15, DDT17, DL15, DK17, DPZ18,
HMW10, PPZ116], but very little is known about PDE systems which are nonlinear
in second derivatives.

To study the Hull-Strominger system, it was proposed in [PPZ218] to use the
Anomaly flow with @ = Tr F' A F coupled to the Donaldson heat flow [DOS85].

h~'9,h = —A,F,
!

d _
0 (121]low?) = iddw — ‘Z (Tr Rm A Rm —Tr F A F),

d(|12lwo@(©0)%) = 0.
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Stationary points solve the Hull-Strominger system. The Anomaly flow, when
restricted to certain ansatzes, provides new nonlinear equations arising naturally
from geometry and physics [PPZ217, PPZ317]. We will describe some of these new
equations in the following sections.

2.4.2 Evolution of the Metric

We now derive the evolution of the metric tensor w = igj jdzj A dz¥ under the
Anomaly flow (2.63). The argument given here is similar to the one from Sect. 2.3.1.
We write

d
dt(||9||ww2) =V,
with
- a/
Y = [iaaw -4 (Tt Rm A Rm — qs)}.

By Lemma 2.6, we already know that the trace of the evolution of the metric is
given by

. 6 YAw
Tro = 3
1£2]lo o
which combined with identity (2.29) is
Tro = Tr. (2.67)
2(1£2]jw

As in (2.43), we expand the flow to the following expression

1

W =0. (2.68)
162 /|

1
- 2(Trd))a)2 +20A®—

We apply the Hodge star operator » with respect to w to both sides of the equation.
By identities (2.44), (2.48), and *xw? = 2w, the components of the resulting (1, 1)
form are given by

1 1
oz*[— (Tro)w® + 20 A w — w}
2 12l 1z

. . . 1 Y [
= —Ztatg,;j + t(Tra))gEj — 121 I:_lg”lpr%sj + 2(Tr lI/)g,;ji| . (2.69)
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Substituting the expression for Trw (2.67) into (2.69), we see that the Tr ¥ terms
cancel and the evolution of the metric is

d 1
dtgléj

sr

= /2
2120,

From here, we can derive an explicit expression for the evolution of the metric.

Theorem 2.9 ([PPZ318]) Suppose w(t) solves the Anomaly flow (2.63). Then the
metric evolves by

d 1

. L - a -
dtg,’}/ = 2”9” [_ R]E/ +gbrganVhS‘ nFIE - 4 gsr(R[]ESalngj]ﬁa - ¢7ksj)i|’
w

(2.70)

where [, ] denotes antisymmetrization in both barred and unbarred indices.

Proof We have already established

/

d

%) = — ¢ (1980)ryg; —
ar®t = 22, 7sky

4 ¢ (TrRm A Rm — Q));,;sji|.

By (2.51), we have an expression for g* (i 9dw) Fisj in terms of Ricci curvature and

torsion. This gives the desired expression. O

We note that (2.70) is a fully nonlinear system, as it is quadratic in the
curvature. For other geometric flows which are quadratic in the curvature, see e.g.
[FR85, GGI13,0L09]. Since the flow is fully nonlinear, we cannot expect short-time
existence for arbitrary initial data. However, from (2.70), we see that the right-hand
side is parabolic if the o’ correction terms are small. The full details are provided in
[PPZ218].

Theorem 2.10 ([PPZ218]) Let wo be a conformally balanced Hermitian metric on
X satisfying |a' Rm| < é Then there exists T > 0 such that the Anomaly flow (2.63)
admits a unique solution w(t) on [0, T) with w(0) = wy.

Given any metric g;;, we can find A >> 1 so that Ag;; satisfies |o'Rm| < 1.
This is simply because Rm(Lg) = Rm(g) (with Rm defined as in (2.14)). Thus
to guarantee short-time existence starting from a given metric, we can rescale the
size of the manifold, or choose a small value for . For several examples [FHP17,
PPZ418], the condition |’ Rm| < 1 is preserved along the flow, which suggests
that it is a natural condition.
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2.4.3 Anomaly Flow with Fu-Yau Ansatz
2.4.3.1 Scalar Reduction

In this section, we return to the construction of Goldstein—Prokushkin described in
Sect. 2.2.3.4. We first recall the setup.

The base of the fibration (S, ®, 25) is a Calabi—Yau surface with Kihler
Ricci-flat metric ® and nowhere vanishing holomorphic (2,0) form 5. Let
wi,wy € 2mH 2(S , Z) be anti-self-dual (1, 1) forms. Using this data, Goldstein
and Prokushkin [GO04] constructed a T2 fibration 7 : X — S which is non-Kéhler
but admits conformally balanced metrics. Their construction builds on earlier ideas
of Calabi and Eckmann [CE53], which we discussed in detail in Sect. 2.1.4.2.

We recall that the connections of the U (1) principal bundles forming the S' fibers
of X define # € £219(X) satisfying

30 =0, 30 = w +iw).
Furthermore,
2 =025 N0
is a nowhere vanishing holomorphic (3, 0) form on X, and the family of metrics
Wy =€e"d+i0 N0, (2.71)
is conformally balanced for any u : S — R. These metrics were used by Fu and
Yau [FY08, FY07] to solve the Hull-Strominger system on the threefold X.
In this section, we will start the Anomaly flow with a metric of this form, and
check whether the ansatz is preserved. For this, we compute (see (2.39))
120w, =€, 12]lw,0 = e“d* +2b A if A, (2.72)
and
100wy, = i0de" A D — 30 A3 =idde" A D — (0 + 3). (2.73)

Next, we must compute the curvature terms. This calculation was done by Fu and
Yau in [FYO08].

Theorem 2.11 ([FYO08]) The curvature of the Chern connection of w, satisfies

Tr Rm(wy) A Rm(wy) = Tr Rm(&) A Rm(®) + 200u A 30u + 4idd(e " p),
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where p € 21(S,R) is given by p = Pk dzl A dzF with

i, - : .
8P (w1 —iw)gj (w1 + lwz),;p. (2.74)

P]}jzz

Proof We work in a local coordinate chart. Since d(w; + iwy) = 0, there are local
functions @1, ¢ such that

A(pidz") = w1 +iwy, 2.75)
where z!, 72 are local holomorphic coordinates on the base S . Define
6p =6 — cpldzl — (pzdzz.

Then {dz', dz?, 6y} is a local holomorphic frame of 219(X). The metric can be
written as

W, = (e”(é,;j —I—(/)k(pj)idzj A d7*
i i60 A dZF + @ idZ" A6y +i6 A 6p.

Let B = (¢1, ¢2). Then the metric in this local frame is given by

_ [(e"é + B*B) B*
&= B 1]

Its inverse is

1 e_ug_l —e_"g_lB*
8 TloeuBg ' 14e B B

The curvature in this frame is Rm = dg~'dg. Computing at a point p € X, we may
assume that p = 0 and B(0) = 0. The curvature at p is then

Rm = [Ril R12:| .
R3| R3,
with

Ry, =0du-1+Rm—e " '9B* A 3B
R3, = —3B Adu—3Bg '9g + 39B
Ry, =d(e g '3B")

R3, = —¢ “3Bg '9B*.



2 Calabi—Yau Manifolds with Torsion and Geometric Flows 107

We must compute
Tr Rm A Rm = Tr Ry Ry +Tr Rj5 R5; + Tr R5 Ry, + Tr R5, R5,.
Expanding this out, we obtain the following expression.
TrRm A Rm
—2(30u) +Tr Rm” + ¢ 2“Tr (3~ '0B*3B3~'9B*IB)
+209uTr Rm — 2¢ “30uTr §~'9B*3B — 2¢ “Tr(Rmg '3 B*dB)
—2Tr(d(e “$~'9B*)dBIu) — 2Tr(d(e 2~ 'aB*)aBZ'92)
+2Tr(3(e 8~ '9B*)00B) + ¢ 2“9Bg~'0B*9Bg ' 9 B*.
Using the identities
—2Trd(e “g~'9B*)aBg 195 = —20Tr(e "5 '0B*3BS'02)
+2Tr(e "%~'9B*3B Rm),
and
—2¢7"39u Tr(¢~'0B*3B) = —20Tr(e "3~ '0B*9Bau)
+2Trd(e 2~ 9B*)(dBou),
as well as Tr Rm = 0, we cancel a few terms and are left with
Tr Rm A Rm = 2(39u)? + TeRm” — 23Tr(e "4~ 0B*3B3~'92)
—20Tr(e “$~'9B*3Bou) + 20Tr(e “5 10 B*39B).

= 571955, this expression simplifies to

Using 98~
Tr Rm A Rm = 2(30u)> + Tr Rm A Rm +230Tr(e 2 ~'9B* A IB).
We have by definition
9B* AJB = <3i<p13/;<p1 8i</>13;;</>2> d7 A d7-.
0i 020501 0; 20701
Using (2.75), we obtain (2.74). O

We now add a gauge bundle to the system. Let Eg be a stable vector bundle of
degree zero over the base Kihler surface (S, ®). By the Donaldson-Uhlenbeck-Yau
theorem [DO8S, UY85], we may equip Es with a metric Hg satisfying

F(H) Ad = 0.
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On the threefold, we consider the bundle £ = 7*Eg — X with metric H = 7* Hy.
This metric is Hermitian—Yang—Mills with respect to the Fu—Yau ansatz w,,, since

F(H)Aw2 =0
for any u € C*(S, R).
Putting together everything computed so far, we have

/

103wy, — i (TrRm(wy) A Rm(wy) — Tr F(H) A F(H))

!/

=idd(e"d —a'e " p) — O; (Bdu) A (00u) + L, (2.76)
where u € £222(S, R) is given by
/

W= "; (Tr F(Hs) A F(Hs) — TtRm(®) A Rm(®)) — (0} + ©3).

Combining (2.72) and (2.76), we see that the Anomaly flow reduces to the following
scalar fully nonlinear PDE on the base manifold S.

d

!/
e & =i03(e"d —o'e " p) + O; (09u)® + 1. (2.77)
This evolution equation can also be written as

d 1
dte” =, [A@e” —a

,iaé(e_“,o) /A +0n ,LL

2221 +a'or(idou) + 2221
Here 6, (i aéu) =(@ Béu)zc?)_z is the determinant of the complex Hessian of # with
respect to @.

By standard parabolic theory, this equation admits a short-time solution as long as

/

/ /e7”p+2i35u>0.

o =e"d+a

2.4.3.2 Stationary Points

For stationary points of (2.77) to exist, integrating both sides shows that we require

=
S
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which is the cohomological constraint

@2

217

/

o . . 2 2
4 /S[TrRm(w)/\Rm(w) — Tr F(Hs) A F(Hs)] =/S[|w1| + [@2|]

It is possible to construct data (S, Es, w1, wy, &’) satisfying this condition. Indeed,
since we assume ¢1(S) = c1(Es) = 0, the constraint is

27 &2

J 27

Note that when seeking solutions to the Hull-Strominger system, after rescaling
wy — Awy, in (2.65) we can assume that ‘Z € Z. Explicit examples are exhibited in
[FY08, FY07]; when &’ > 0, we may take S to be a K3 surface and use the theory
of stable bundles over K 3 surfaces to construct Eg, and when o' < 0 we may take
S to be either a torus 7% or a K3 surface.

The main theorem of Fu—Yau guarantees the existence of smooth solutions to the
Hull-Strominger system when the cohomological condition | g i = 0 is satisfied.

Theorem 2.12 ([FYO08, FY07]) Let (S, ®) be a Kihler surface, &' € R, p €
QUYS, R), and p € 2%%(S, R). Suppose . satisfies the condition fS u =0. Then
there exists a smooth functionu : S — R solving

w1 |2 w2

21

“ Lex(S) — er(Es)] =
" Lea(8) = ex( s)]—/s[\

) 21

A
0=i33(c"®—a'e"p)+ O; (09u)> + u,

such that ' = e +o’'e ™ p + "giaf_)u > 0.

For further work relating to the Fu-Yau solutions, we refer to [CHZ118, CHZ218,
GA40, LE11, PPZ117, PPZ116, PPZ216, PPZ118].

2.4.3.3 Long-Time Existence

The first observation in the Anomaly flow with Fu-Yau ansatz is the following
conserved quantity.

Lemma 2.9 Let w(t) = e“Dé +i0 A 0 be a solution to the Anomaly flow with the
cohomology condition f s i = O satisfied. Then the conservation law

d
f 120 =0,
dt X

holds along the flow.
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Proof In the case of the Fu-Yau ansatz @ = e“® + i0 A 0, by (2.72) we have

/ugm@3=/3&@%weAé
X X

Using [, u = 0, from (2.77) we see that

d /e“&ﬂ:o
dt Jg

is a conserved quantity. O
Together with D.H. Phong and X.-W. Zhang, we prove the following result.

Theorem 2.13 ([PPZ418)) There exists Ly > 1 depending only on (S, @), u, p,
o' with the following property. Suppose fS u = 0. Start the Anomaly flow on the
fibration w : X — S with initial data

w(0) =Ld+i0 A0,

for any constant L > Lg. Then the flow exists for all time, and converges to a
solution to the Hull-Strominger system.

For initial data with small L, we suspect that the flow will develop singularities.
We will discuss in Sect.2.4.4.1 an example of the Anomaly flow over Riemann
surfaces where this behavior is observed.

Different choices of L correspond to different balanced classes of the stationary
point. We know that the balanced class [||£2 low?] € H*(X,R) is preserved by the
Anomaly flow, and in this case

12 low?] = [“®%] + 2 A i6 A D).

The class [¢“®?*] € H*(S,R) is a top cohomology class on the Kéhler surface S,
and is therefore parametrized by the integrals

/6“6)2 cR.
S

Therefore the choice of [ ¢"®? in the initial data is related to the choice of balanced
class of the evolving metric.

As an aside, we note that in general, the conservation of the balanced class
(12 low?] € Hé’CZ(X ) along the Anomaly flow should lead to conserved quantities,
which may also be useful when studying the flow beyond the Fu—Yau ansatz.
The Bott—Chern cohomology of complex manifolds differs in general from the de
Rham cohomology, and we refer to [AT13, AN13, ADT16] for recent progress on
computing Bott—Chern cohomology.
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2.4.4 Nonlinear Blow-Up

In this section, we briefly describe a few more examples and illustrate some of the
nonlinear phenomena which can occur.

2.4.4.1 Fibrations over Riemann Surfaces

We return to the construction of fibrations p : X — X over a Riemann surface
(¥, ®) of genus g > 3 described in Sect.2.2.3.5. We recall that these were non-
Kaihler threefolds, and the Fei ansatz metrics

a)fzezfc?)—i—efa/,

are conformally balanced for any smooth function f : ¥ — R.

It is not immediately clear that this family of metrics will be preserved by
the Anomaly flow. It turns out that this is indeed the case, and the flow reduces
to a single scalar parabolic PDE for f on the base X of the fibration. The key
computation in [FE15, FHP17] gives the identity

/

iaéa)f — jTr Rm(wys) A Rm(wy) = (00U — kud) Ao,

where

/
—ef + % ket
u=e’ ke 7.
T

and « < 0 is the Gauss curvature of the background metric @. Since
2 _ fA /
2l @} = 2volys 4+ 2e! & N o,

we can factor out @’ in the formulation of the Anomaly flow as (2, 2) forms, and the
flow reduces to

P Y f o —f f o =f
del = |&00:( e/ + jwem ) —uclel 4 ke : (2.78)

on the Riemann surface (X, ®). The flow admits a short-time solution as long as

which is automatic if o’ > 0. In [FHP17], together with T. Fei and Z. Huang, we
study the asymptotics of the flow.
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Theorem 2.14 ([FHP17]) There exists Lo > 1 depending on (X, @) and o' with
the following property. Start Anomaly flow with initial data

w0) = L*®+ Lo,
for any constant L > L. Then the flow exists for all time and

wf

*
— P ox,
1 3

3 Jx 120,03

where oy = qlzc?) is a smooth metric on X, and q1 > 0 is the first eigenfunction of
the operator — Ay + 2k.

In the above theorem, we have long-time existence, but unlike Theorem 2.13,
£2]lo; — 0 as ¢ — oo. This can be understood by the fact that there are no

stationary points in the large radius regime ¢/ > 1. We note that the result in
[FHP17] is more general than the one stated above; the asymptotic behavior holds
if the initial data satisfies u(x, 0) > 0.

For initial data with small L, finite-time blow-up can occur. Indeed, following
[FHP17], we consider the case when o’ > 0. If

) 8a/m2(g — 1)?
<

, 2.79
|l Loo 5y VOI(Z, @)2 (&79)

then the flow encounters a singularity in finite time. To see this, we compute using
the evolution equation (2.78), and use that k < 0 and that the Laplacian integrates

to zero.
d 1 !
/efc?): / |K|efc?)—a /Kzeffc?).
dt b 2 P> 4 b

By the Cauchy—Schwarz inequality and the Gauss—Bonnet theorem,

2
MMg—DP=(f|w@ s(/emﬁ(fk%ﬁa)
) ) )

Therefore
d . oo . ! - 7!
/ ol < lelizoecz) / o - * (4 (g — 1))? / ol .
dt P> 2 b 4 X
The ODE for A(t) = [ e/ is then

d
chAzsnmuwAz—swn%g—lﬁ,
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which can be rearranged as

d
5 <(||K||L°0 A? — 8a'm?(g — 1>2>e'K'w’) <0.

Therefore
licl| Lo At)?

<8a'm?(g —1)* - [&x’nz(g —1)% - ||x||LoovO1(2)2L2} exp([l&c | oo 1),

and we see that the flow must terminate in finite time if (2.79) holds. In fact,
€2, — oo in finite time.

2.4.4.2 Lie Groups

For our final example, we will study the Anomaly flow using unitary connections
beyond the Chern connection. Let X be a complex Lie group of dimension n = 3,
and let {eq, €2, e3} be a frame of holomorphic vector fields. Let {el, e, e3} be the
dual frame of holomorphic (1, 0) forms. Denote the structure constants by

d
lea, ep] = c“apeq.

Consider the Hermitian metric
d=iy e N
a

A section of T1-0X can be expressed as V = V%¢,. By definition (2.8), Strominger—
Bismut connection V' of & acts in the frame {e,} by

ViVa=VEVE T VC, Vive = VEVE+ T

cba

VC

where we now denote the Chern connection by V< for clarity. Since gzp = S4p in
this frame, V€ = d. Furthermore,

1
T =idw= —zcabded NN
Therefore

ViVE =8,V 4 VY, V;Va = 9V — ey, VO



114 S. Picard

Along the Gauduchon line V®) = (1 —k)VE + k' VT, we have
VOV =9V AW Ve, VIV = gy 4 AW e
with
d

A9y =k cpq, AV = —k g
The curvature form is defined by Rm = dA + A A A. More specifically,
R _1R.a NP 1R__a G Ak L R el A
m_2 kj b€’ Ne ~|—2 Kjbe ANe” + & be ANe,
where the components are
Rij“p = 8e; Ak"p — 8, Aj"p — " jkAr s + Aj A D — Ak A b,
Rii%p = 05, Ap"s — 05, A" — " jk Ai®p + A ARs — AR cAf D,
R];jab = aejA,;“b — agkAjab + AjaCA,;Ch — AEHCAJ'C},.

Using the expression for the connection A®) on the Gauduchon line, the compo-
nents are explicitly

r 2 r 2 r
R g = —kc" jkcPrg + k7P jrc kg —k“cPipc” jq,
R:-P, = T eq +2r4 q 2 q .
17 =K jkclp + K7 jpcdir — K7 kpcd jr,
2 r
Ri;Pq = k(=" jredir 4 Tipc’ jq)

The surprising computation of Fei—Yau [FY 15] shows that Tr Rm A Rm is actually
a (2, 2) form, and its (2, 2) part is given by

(Tr Rm A Rm)gy;; = 26 (2K — DerreesSrpedijct qp.

We refer to [FY 15] for the full calculation.

We now specialize to the Lie group SL(2, C) with structure constants ct jk = €ijk
the Levi-Civita symbol. Let 2 = ¢! A €2 A €. We also fix « = 1 for simplicity, so
that we only consider the Strominger-Bismut connection V. In this case, by two
applications of the contracted epsilon identity (2.35), we derive

(Tr Rm™ A Rm+)l€c7ij = 2c"kec?ij [ Srpcyp ]
= 2Crkicqij [28,«(1]

= 4(8kidgj — Okjdei).
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Since & = i8;jze* A &', we have

(Tr Rm™ A Rm )iz = 207z
By (2.36), we know i3 is also proportional to &?.

1
2

306 = _ &%

By scaling the metric @, we see that the diagonal ansatz
o) = 22D,

is preserved by the Anomaly flow

d _ /

dl(||.(z||ww2) — 90w — ‘Z Te Rm™* A Rm™,
and becomes the ODE

d 1 2 /
A= (A" — .
dt 2( «)

In the large radius regime, if we start with
w(0) = Lo

where L > 1, then [|£2||(;) — 0O in finite-time. Outside of this region, the behavior
is sensitive to initial data and sign of &’. For example, if &’ > 0, then for small initial
A, we may have that ||£2||, ) — oo in finite-time.
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Chapter 3 )
Non-Kihlerian Compact Complex Shethie
Surfaces

Andrei Teleman

Abstract This text follows the lecture series given by the author in the CIME
School “Complex non-Kéhler geometry” (Cetraro, July 9-13, 2018) and is dedi-
cated to the classification of non-Kéhlerian surfaces. In the first three sections we
present the classical theory:

* The Enriques Kodaira classification for surfaces and the classes of non-Kihlerian
surfaces,

* Class VII surfaces and their general properties,

¢ Kato surfaces: construction, classification and moduli.

In Sect.3.4 we explain the main ideas and techniques used in the proofs of our
results on the existence of cycles of curves on class VII surfaces with small b;.
Section 3.5 deals with criteria for the existence of smooth algebraic deformations
of the singular surface obtained by contracting a cycle of rational curves in a
minimal class VII surface. We included an Appendix in which we introduce
several fundamental objects in non-Kihlerian complex geometry (the Picard group
of a compact complex manifold, the Gauduchon degree, the Kobayashi-Hitchin
correspondence for line bundles, unitary flat line bundles), and we prove basic
properties of these objects.
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3.1 The Enriques-Kodaira Classification: Classes
of Non-Kéhlerian Surfaces

3.1.1 The Kodaira Dimension and the Algebraic Dimension

Recall that the Kodaira dimension of a connected, compact complex manifold X
can be defined as follows:

—00 if Vo e N* h0(K®") = 0,
kod(X) =1 1hin {k e N| (h‘)(ff")) is bounded} if 3n e N* iO(K®") > 0

n

Therefore the Kodaira dimension measures the growth of the plurigenera
Pu(X) = hO(KF")

of X as n — oo. Note that kod(X) = 0 if and only if 0 < P,(X) < 1 for any
n, and there exists n such that P,(X) = 1. For d > 0 one has kod(X) = d if and
only if the sequence (P,(X)), has polynomial growth of degree d for n — oo.
Recall also that the algebraic dimension a(X) of a compact complex manifold X is
the transcendence degree of its field of meromorphic functions M (X). One has the
following general inequality which compares the three dimensions associated with
complex manifolds:

kod(X) < a(X) < dim(X).

The equality a(X) = dim(X) holds if and only if X is Moishezon, i.e. it has a
modification which is a projective algebraic manifold. The plurigenera, the Kodaira
dimension and the algebraic dimension are bimeromorphic invariants of complex
manifolds.

A compact complex manifold is called Kéhlerian if it admits a Kéhler metric.
Kéhlerianity implies strong topological properties. For instance, using Hodge
theory, it follows that the Betti numbers of any of any Kéhlerian compact complex
n-dimensional manifold X satisfy the conditions: byx(X) > 0 for 0 < k < n, and
bok+1(X) € 2N for any k.

Throughout this article by a complex surface we mean a compact, connected
2-dimensional complex manifold. For surfaces we have a simple Kéhlerianity
criterion:

Theorem 3.1.1 A complex surface is Kdhlerian (it admits a Kihler metric) if and
only if b1 (X) is even.

Theorem 3.1.1 has been first proved indirectly, using the Enriques-Kodaira clas-
sification of complex surfaces, classical Kéhlerianity criteria for elliptic surfaces,
and Siu’s theorem stating that any K3 surface is Kéhlerian [Siu]. A different proof,



3 Non-Kihlerian Compact Complex Surfaces 123

which gives directly and uniformly the existence of a Kidhler metric on any surface
with even first Betti number, is due to Buchdahl [Bu2], [Bu3].

For surfaces we also have a simple algebraicity condition: a complex surface is
projective algebraic if only if a(X) = 2.

3.1.2 Elliptic Surfaces

A surface X is called elliptic if it admits a surjective map f : X — Y to a Riemann
surface Y whose generic fibre is an elliptic curve. Such a map is called an elliptic
fibration.

Definition 3.1.2 (See [BHPYV, section V.5], [P1]) An elliptic fibration f : X — Y
is called

(1) relatively minimal, if X contains no vertical (—1)-curve.

(2) elliptic bundle, if it is a locally trivial fibre bundle on Y with an elliptic curve as
standard fibre.

(3) principal elliptic bundle, if it is an elliptic bundle satisfying one of the following
two equivalent conditions:

(a) the structure group of the bundle reduces to the group of translations of the
standard fibre.
() R'f:(Ox) = Oy.

(4) elliptic quasi-bundle, if one of the following equivalent two conditions is
satisfied:

(a) any fibre of f is smooth elliptic, or a multiple of a smooth elliptic curve.
(b) the holomorphic type of a general fibre of f is constant.

(5) principal elliptic quasi-bundle, if it is an elliptic quasi-bundle and
R' f.(Ox) = Oy.

Principal elliptic quasi-bundles have a simple structure [P, Proposition 1.8]:

Proposition 3.1.3 Any principal elliptic quasi-bundle f : X — Y can be obtained
by applying a finite sequence of logarithmic transformations to a topologically
trivial principal elliptic bundle over Y.

This result can be used to describe effectively moduli spaces of surfaces which
are total spaces of principal elliptic quasi-bundles, so it can be regarded as a
classification theorem for this class of surfaces. On the other hand, by Plantiko [P,
Lemma 1.1], we know that any relatively minimal elliptic fibration with non-
Kdhlerian total space X is a principal elliptic quasi-bundle:
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Proposition 3.1.4 Let f : X — Y be a relatively minimal elliptic fibration with
non-Kdahlerian total space X. Then f is a principal elliptic quasi-bundle, so it
can be obtained by applying a finite sequence of logarithmic transformations to
a topologically trivial principal elliptic bundle over Y.

Therefore, by Proposition 3.1.4, the classification of non-Kihlerian minimal
elliptic surfaces reduces to the classification of pairs (fy : Xo — Y, ¥), where
fo is a topologically trivial principal elliptic bundle, and ¥ a finite sequence
of logarithmic transformations chosen such that the first Betti number of the
resulting surface is odd. This condition can be written down explicitly [Pl, Lemma
1.10]. Therefore, in conclusion, the classification of non-Kéhlerian minimal elliptic
surfaces is well understood.

3.1.3 The Enriques-Kodaira Classification

The Enriques-Kodaira list gives a coarse classification of minimal complex surfaces
taking into account their Kodaira dimension. We explain briefly this list pointing out
and describing the classes of non-Kihlerian surfaces.

3.1.3.1 Surfaces with kod(X) = —o0

Any minimal surface X with kod(X) = —oo belongs to one of the following
classes:

1. Minimal rational surfaces: surfaces biholomorphic to P? or Hirzebruch surfaces.

2. Ruled surfaces of genus g > 1. A surface in this class is biholomorphic to P(E),
where E is a holomorphic rank 2-bundle on a Riemann surface of genus g > 1.

3. Minimal class VII surfaces. A class VII surface is a complex surface X with
b1(X) = 1 and kod(X) = —o0.

The surfaces in the first two classes are algebraic. Class VII surfaces are
non-Kihlerian, and are not classified yet. This important gap makes the Enriques-
Kodaira classification incomplete. On the other hand the above list shows that, in the
Kéhlerian case, the condition kod(X) = —oo is very restrictive: there are only few
families of Kéhlerian surfaces with this property, and these families can be described
explicitly. We will see that a similar result is expected in the non-Kéhlerian case: if
the standard conjecture on class VII surfaces is true, this class will be the union of
well understood subclasses, which can be described and classified explicitly. In other
words, the classification of class VII surfaces is a very challenging, longstanding,
still unsolved problem, but, if the expected conjecture is proved, we will have a clear
and explicit classification of these surfaces.
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3.1.3.2 Surfaces with kod(X) =0

Any minimal surface X with kod(X) = 0 belongs to one of the following classes:

. Bidimensional tori.

. K3 surfaces.

. Bielliptic surfaces.

. Enriques surfaces.

. Primary Kodaira surfaces.

. Secondary Kodaira surfaces.

AN AW

The surfaces in the first four classes are Kdhlerian. The set of possible algebraic
dimensions of bidimensional tori is {0, 1, 2}, so this class contains both algebraic
and non-algebraic surfaces. The same holds for K3 surfaces.

A bielliptic surface is the quotient of a product of elliptic curves by a finite group,
and is an elliptic quasi-bundle over an elliptic curve. An Enriques surface is the
quotient of an elliptic, algebraic K3 surface by an involution, and is an elliptic
fibration over a rational curve. Bielliptic surfaces and Enriques surfaces are all
projective algebraic.

Primary and secondary Kodaira surfaces are all non-Kihlerian. Primary Kodaira
surfaces are topologically non-trivial elliptic principal bundles over elliptic curves.
A secondary Kodaira surface is the quotient of a primary Kodaira surface by a
finite group, and is a principal elliptic quasi-bundle over a rational curve. The
classification of Kodaira surfaces is well understood.

3.1.3.3 Surfaces with kod(X) =1

Any surface X with kod(X) = 1 is elliptic. Note that there are many families of
elliptic surfaces X with kod(X) # 1. For instance some tori, some K3 surfaces,
all bielliptic surfaces, all Enriques surfaces, all primary and secondary Kodaira
surfaces, and also some class VII surfaces are elliptic, but the Kodaira dimension
of all these surfaces is not 1. Surfaces with kod(X) = 1 are also called properly
elliptic surfaces.

3.1.3.4 Surfaces with kod(X) =2

A surface X with kod(X) = 2 is called surface of general type. All these surfaces
are projective algebraic. The classification of these surfaces leads to two interesting
research topics which have been intensively studied with impressive success since
many decades [BHPV, chapter VII]:

* Problems related to the “geography” of the Chern numbers of minimal surfaces
of general type: which pairs (a, b) of positive integers can be realized as the
Chern numbers (c%(X ), c2(X)) of a minimal surface X of general type?
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* Moduli problems: for a fixed pair (a, b) of positive integers describe the Gieseker
moduli space My, of minimal surfaces X of general type with c%(X) = a,
c2(X) =b.

The moduli space My is quasi-projective. The proof is based on the fundamen-
tal properties of the pluricanonical maps of surfaces of general type. Recall that the
canonical model of a minimal surface of general type X is the (possibly singular)
normal surface X¢u, obtained by blowing down the connected components of the
union of the (—2)-curves of X. The 5-canonical map

fs o X — P(HA(KS®))
is everywhere defined, and induces an embedding
kst Xean = P(HO(KF))

of the canonical model X.,n [BHPV, Theorem VII 5.1]. Therefore X can be
identified with the resolution of singularities of a normal projective subvariety X/,
of a projective space Py, the pair (X/,,, Px) being canonically associated with X.
This shows that, although surfaces of general type are not fully classified, they are
explicit algebraic geometric objects, and are much better understood than class VII
surfaces.

The conclusion of this section is: taking into account the Kodaira dimension,

there are three classes of minimal, non-Kéhlerian surfaces:

1. minimal class VII surfaces; they have Kodaira dimension —oo.
2. primary and secondary Kodaira surfaces; they have Kodaira dimension 0.
3. non-Kiherian properly elliptic surfaces; they have Kodaira dimension 1.

The surfaces in the second and third classes are all principal elliptic quasi-
bundles, and can be easily classified using Proposition 3.1.4. Class VII surfaces are
not classified yet, and this is a fundamental gap in the Enriques-Kodaira list. The
first properties of these surfaces and the standard conjectures on their classification,
will be presented in the next section.

3.2 Class VII Surfaces

3.2.1 Topological Properties

Let X be a class VII surface. The coefficients formula relating homology to
cohomology gives

H'(X,Z) = Hom(H,(X, Z),Z) ~ Z, 3.1
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so the cohomology group H'(X,Z) is always an infinite cyclic group, although
Hi(X, Z) might have torsion.

Using Corollary 12 proved in Appendix, we see that b1 (X) = 1 implies g(X) =
1. Combining with pg(X) := hO(ICX) = 0 we obtain

x(Ox) =1—q(X)+ pg(X) =0.

The Noether formula [BHPV] gives now c% (X) + c2(X) = 0. On the other hand we
have c2(X) = x(X), and in our case the topological Euler-Poincaré characteristic
x(X) of X coincides with b, (X). Therefore we obtain the following simple general
formula for the Chern numbers of a class VII surface:

— 1 (X) = c2(X) = ba(X). (3.2)

In general, for a non-Kéhlerian surface X, we have b4 (X) = 2p,(X) [BHPV],
so the vanishing of p,(X) gives b4 (X) = 0, in other words the intersection form

.H*X,Z H*(X,Z
Ix : ( )/Tors x H )/Tors - Z

of the differentiable 4-manifold X is negative definite. By Donaldson first theorem
on the intersection forms of differentiable 4-manifolds, it follows that /x is standard
over Z, i.e., putting b := by(X), there exists a basis (ej,...,ep) of the free
Z-module HZ(X, Z)/Tors such that Ix(e;, ej) = —&;;. Decomposing the class
c1(Kx) := ¢1(Kx) + Tors with respect to such a basis we obtain

b
c1(Kx) = Z kie;
i=1

with k; € 7Z. On the other hand the class ¢ (Kx) = —c1(X) is a lift of the Stiefel-
Whitney class wy(X), so it is a characteristic element for the intersection form Iy,
i.e. it satisfies the identity

¢1(Kx)-h=h-hmod?2, Vh € H*(X, Z)/Tors.

Replacing / with e;, we see that k; € 2Z + 1 for 1 < i < b. On the other hand we
have

b
b=—ci(Kx) =Y k.
i=1
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so ki € {x1} for any i. Therefore, replacing ¢; by —e; for some indices i if

necessary, we obtain a basis (e, ..., ep) of H 2(X , Z) [ Tors satisfying
b
Ix(ei,ej) = —8ij, c1(Kx) = Zei- (3.3)
i=1

A basis satisfying these two conditions is unique up to order, and will be called a
standard basis of H*(X, 7) /Tors.

Remark 3.2.1 Let X be a class VII surface with by (X) = b. The set
By :={e € HX(X,Z)/Tors| ¢* = ¢ - c1(Kx) = —1}

has b elements. The following data are equivalent:

« astandard basis of H2(X, Z)/Tors.
e abijection {1, ...,b} - By.
e atotal order on By.

3.2.2 Analytic Properties: The Picard Group
and the Gauduchon Degree

Let X be a class VII surface. Since the Frolicher spectral sequence of a complex
surface degenerates at the first level [BHPV] we obtain

b1(X) = q(X) + h°(2}),

s0, since b1(X) = q(X) = 1, we have ho(Qk) = 0. Consider the short exact
sequence of sheaves

0>C—0x% Q>0

where Qél is the sheaf of closed holomorphic 1-forms. We obtain the cohomology
exact sequence

0— H'@QL,) — H'(X,C) - HY(Ox). (3.4)

Using the sheaf inclusion Qﬁ( a < 52}( and the vanishing of H O(Qk) we obtain
HO(chl) = 0, so (3.4) shows that the canonical map H!(X,C) — H'(Oy) is
injective. Since both cohomology spaces are 1-dimensional we obtain

Remark 3.2.2 Let X be a class VII surface. The canonical linear map H ! (X,C) —»

H'(Oy) is an isomorphism.
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The cohomology group H'(X, C*) has an interesting geometric interpretation:
it can be identified with the group of isomorphism classes of flat holomorphic
connections with structure group C*. Comparing the cohomology exact sequences
associated with the short exact sequences

027225 Oy > 0%y >0, 0> Z25 C—Ch— 0

of sheaves on X, and using the notations introduced in Appendix we obtain
Remark 3.2.3 Let X be a class VII surface. The canonical group morphism
H'(X,C*) - H'(0%) = Pic(X)

is a monomorphism which identifies H 1(X, C*) with Pic” (X). In other words,
any holomorphic line bundle with torsion Chern class on X admits a unique
flat holomorphic connection. The obtained isomorphism H L(x,C* = Pic” (X)
induces an isomorphism

1 ~
. (C)/Zm'Hl(X, 7y = Pic’(X0)

between the connected components of the unit elements of the two Lie groups.

Using (3.1) and choosing an isomorphism ¢ : /= HY(X,7Z), we obtain
induced isomorphisms

e :R=> H' (X,R), ec : C=> H'(X,C), g : C*= Pic’(X).

By Corollary 12 proved in Appendix it follows that, for any Gauduchon metric g on
X, we have a formula the form

deg, (e0(¢)) = C(e, g)log|¢| V¢ € C*,

where C(e, g) is a non-zero real constant which depends smoothly on g [LT].
Therefore the sign of C (e, g) depends only on €. We choose ¢ such that C (e, g) > 0
for any Gauduchon metric g on X. In this way we obtain canonical isomorphisms

Z= H'(X,2), R=> H'(X,R), C= H'(X,C), C*= Pic’(X),

and, denoting by [L;] € PicO(X ) the element which corresponds to ¢ via the fourth
canonical isomorphism, we have the identity

deg,(Ly) = Cglog|¢| V¢ € Cc*, (3.5)

where C, is a positive constant depending smoothly on g.
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3.2.3 The Classification of Class VII Surfaces with by = 0

Class VII surfaces with by = 0 are classified. Before stating the result, recall
that a Hopf surface is a quotient of the form C? \ {0}/G, where G acts properly
discontinuously on C? \ {0}. Any such surface belongs to the class VIL. A Hopf
surface X = C? \ {0}/ G is called primary if G is infinite cyclic, i.e. if 71 (X, xq) =~
Z. A non-primary Hopf surface is called secondary.

An Inoue surface [In] is a quotient of the form C x H/G, where H is the half-
plane {z € C| J(z) > 0}, and G is a solvable group of affine transformations of the
complex plane leaving invariant and acting properly discontinuously on C x H. The
classification theorem for class VII surfaces with b, = 0 [Tel] states:

Theorem 3.2.4 Any class VII surface with b, = 0 is biholomorphic to either a
Hopf or an Inoue surface.

Note that Hopf surfaces and Inoue surfaces are fully classified, so this result
solves the classification problem for b, = 0.

3.3 Kato Surfaces

3.3.1 Definition and Construction of Kato Surfaces

A spherical shell in a complex surface X is an open subset U C X which is
biholomorphic to a standard neighbourhood of S* in C2. A spherical shell U C X
is called global if X \ U is connected.

Definition 3.3.1 A Kato surface is a minimal class VII surface with b, > 0 which
contains a global spherical shell.

Kato surfaces are well understood: they can be all obtained using a simple two-
step construction procedure: iterated blow up of the standard ball B ¢ C? at
the origin, followed by a holomorphic surgery. More precisely, let b be a positive
integer, and 77 : IT — B be an iterated blow up of order b of B C C? at 0 obtained
in the following way:

* We start by blowing up B at 0.
e If b > 1 we continue with b — 1 successive blow ups respecting the following
rule: at every stage we blow up a point taken on the last exceptional divisor.

Let 0 : B — U be a biholomorphism onto a neighbourhood of a point x € TII
chosen on the last exceptional divisor, such that the following two conditions are
fulfilled:

e o(0) =x.
* o extends to a biholomorphism between neighbourhoods of the compact closures
BcCcC>,UCIL
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Fig. 3.1 The construction of
a Kato surface

The surface X (7, x, o) obtained by identifying the two components of the boundary
AWM\ U)=n""0B)UID)

via the obvious extension of o o 7 (see Fig.3.1) is a Kato surface with b, = b. By
results of Kato [Kal, Ka2, Ka3] and Dloussky [Dl11, DI2] any Kato surface can be
obtained in this way.

The isomorphism type of X (;, x, o) depends only of the conjugacy class of the
germ (7 o 0)g (Dloussky). This germ is a contracting germ. The conjugacy classes
of contracting germs of this special type have been classified by Dloussky [DI2]
and Favre [Fa], who gave normal forms for these germs. These results show that the
conjugacy classes of contracting germs of this type depend on a finite number of
parameters, so the moduli space of Kato surfaces with a fixed second Betti number
is finite dimensional. This correspondence between Kato surfaces and conjugacy
classes of contracting germs allowed Oeljeklaus-Toma to construct moduli spaces
of Kato surfaces with a fixed configuration of curves [OT]. In Sect.3.3.4 we will
describe the moduli spaces of Kato surfaces with b, = 1 and by = 2.

Remark 3.3.2 Let (7, x, o) be a triple defining a Kato surface with b = b > 0.
The maps
[<—IO\U— X(r,x,0)

induce isomorphisms in 2-homology, so H>(X (7, x, o), Z) comes with a canonical
basis induced by the obvious basis of H>(I1, Z) formed by the homology classes
created by blow ups, ordered by the “order of creation” [DI1]. This shows that,
using the notation introduced in Remark 3.2.1, the set

BX(rx.0) :={e € H (X, Z)| &* = e-c1(Kx) = =1} C H*(X(7,x,0),Z)
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comes with a canonical total order. This order depends effectively on the triple
(, x, 0), but the associated cyclic permutation of By is a biholomorphic invariant.
Therefore, for any Kato surface X, the set By is endowed with a well defined
cyclic permutation cx : Bx — By, which is independent of the choices of a triple
(r, x, o) and a biholomorphism X =~ X (=, x, o). This invariance property can be
proved using [DITel] as follows: Let BX := Dx(Bx) C Hx(X,Z) be image of By
under Poincaré duality, and 7 : X — X be the universal cover of X. The set

BX .= {h € Hy(X,Z)| me(h) € BX} C Hy(X, Z)

is naturally endowed with

* a free action of the group Auty (X) ~ 7,
* acanonical total order defined by

hy < hy if Ep, D Ep,,

where, for a class & € BX R Eh stands for the canonical effective divisor
representing the class & in Borel-Moore homology [DITel, Theorem 1].

The canonical cyclic permutation of cx : Bx — By is induced by the successor
map BX — BX with respect to this total order, taking into account the obvious
bijections BX /Z = BX = By.

This remark shows that, for a Kato surface X, fixing a class e € By gives a well
defined standard basis of H2(X, Z) obtained by applying to e the powers of cx.

3.3.2 Subclasses of Kato Surfaces

Taking into account the structure of curves, Kato surfaces are divided in five classes:

3.3.2.1 Enoki Surfaces

A surface X € Vllggio is called Enoki surface, if it contains a non-empty,
homologically trivial, effective divisor. Such a surface contains a homologically
trivial cycle C of by(X) rational curves. If b = 1, C consists of a single
homologically trivial rational curve with a simple singularity. For b, > 2 the
irreducible components of C are smooth rational curves of self-intersection —2.
By the main result of [En] such a surface is biholomorphic to a compactification of
a holomorphic affine line bundle over an elliptic curve.

An Enoki surface is called generic if C is its maximal reduced effective divisor.
Equivalently, X is a generic Enoki if it is biholomorphic to a compactification of a
non-linear holomorphic affine line bundle over an elliptic curve. Figure 3.2 shows
the configuration of curves on a generic Enoki surface. In this picture, and in the
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Fig. 3.2 Curves on generic Enoki surfaces

following pictures showing configuration of curves on Kato surfaces, next to each
curve C we indicated its self-intersection number C? and the decomposition of the
dual class [C] € H*(X,Z) with respect to a suitable standard basis (e, ..., ep)
(see Sect. 3.2.1).

3.3.2.2 Parabolic Inoue (Special Enoki) Surfaces

A surface X € VI bmzigo is called a parabolic Inoue, or a special Enoki surface, if
it is an Enoki surface which also contains an elliptic curve E. Figure 3.3 shows
the possible configurations of curves on parabolic Inoue surfaces with b, < 3. For
such a surface one has E2? = —by(X), [E] = — Z?:] e;, and X is biholomorphic
to a compactification of a holomorphic linear line bundle over E, such that E
corresponds to the zero-section of this line bundle. One has Ky = O(—C — E),
so C 4+ E is an anti-canonical (AC) divisor on X. Such a surface also admits a
non-trivial holomorphic vector field.

@ —e1 @ —€1 — €9

by =1 by =2

Fig. 3.3 Curves on parabolic Inoue surfaces with by < 3
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€3 — €1 — €2

€y — €3 — €1

—eq

{)2:1

b2:3

Fig. 3.4 Curves on half Inoue surfaces with b, < 3

3.3.2.3 Half Inoue Surfaces

A surface X € VIIZ?QO is called half Inoue surface, if it contains a cycle of b2 (X)

rational curves C with C? = —b,(X). The maximal reduced divisor of a half Inoue
surface is C, and the associated class [C] € H*(X,Z) decomposes with respect
to a standard basis as [C] = — Zibzl e;. One has IC?Z ~ O(=2C), but Ly #

O(—C). The image of H (C, Z) in H{(X, Z) has index 2. In all other cases, if C is
a cycle on a Kato surface X, the canonical morphism Hi(C, Z) — Hi(X, Z) is an
isomorphism. Figure 3.4 shows the possible configurations of curves on half Inoue
surfaces with by < 3.

3.3.2.4 Inoue-Hirzebruch Surfaces

A surface X € VIIbmzig0 is called Inoue-Hirzebruch surface, if it contains two cycles
C1, Cy of rational curves. If this is the case, these two cycles are disjoint, their sum is
the maximal reduced effective divisor of X, and contains b, (X) curves. With respect
to a standard basis the corresponding cohomology classes decompose as

[C1] = —ey, [C2] = —ey,
where (I, J) is a partition of {1, ..., b}. One has Kx >~ O(—C; — C3),s0 C; + C;

is an anti-canonical (AC) divisor on X. Figure 3.5 shows the possible configurations
of curves on Inoue-Hirzebruch surfaces with b, < 3.
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1 €3 —ea—e1

-3
€y — €3
—e1 —es —€2— €3

I
w

by =2 b

Fig. 3.5 Curves on Inoue-Hirzebruch with by < 3

—€2—¢€3

])2:3 1)2:3

Fig. 3.6 Curves on intermediate surfaces with by < 3

3.3.2.5 Intermediate Surfaces

A surface X € VIIZ?QO is called an intermediate surface, if it contains a single cycle
C of rational curves, and also trees (at least one tree) of rational curves intersecting
the cycle. The maximal reduced divisor of an intermediate surface is connected, and
has b>(X) irreducible components. Figure 3.6 shows the possible configurations of
curves on intermediate surfaces with b, < 3.

3.3.3 General Properties of Kato Surfaces

The Kato surfaces have the following remarkable properties:

1. Any Kato surface X has exactly b»(X) rational curves.
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2. A Kato surface has either one or two cycles of rational curves.

3. Any Kato surface is a deformation in large (a degeneration) of a family of
blown up primary Hopf surfaces. In particular any Kato surface with b, = b
is diffeomorphic to (S' x S%#bﬁ%.

4. Any small deformation of a Kato surface is either

e a Kato surface, or
* ablown up Kato surface, or
* ablown up primary Hopf surface.

5. Any Kato surface has a holomorphic foliation.

Remark 3.3.3 All Kato surfaces with fixed b, are deformation equivalent. However
the intersection numbers of the holomorphic curves and the homology classes
represented by analytic cycles are different, depending on the considered subclass.
This phenomenon is not consistent with the intuition we have from algebraic
and Kihlerian geometry, and illustrates a well-known difficulty occurring in non-
Kéhlerian complex geometry: the “explosion of volume” of analytic cycles in
holomorphic families [Ba], [DITel].

Example 3.3.1 Let Xo < X — B be the versal deformation of a half Inoue surface
Xo with b, = 1. B can be identified with the ball B C C2 such that X is the fibre
over 0. There exists a curve Z > 0 in B such that for any z € B \ Z the fibre X is
a blown up primary Hopf surface, and for any z € Z \ {0} the fibre X is a generic
Enoki surface. As a moving point z € B \ Z approaches a point ¢ € Z \ {0}, the
area of the exceptional curve £, C X, tends to oo, and the limit fibre X, does
not contain any 1-dimensional analytic cycle representing the class e; = [E;]. The
only curve of X, is a homologically trivial singular rational curve C;. Similarly,
as a moving point { € Z approaches 0, the area of C; C X, tends to oo, and the
limit fibre X does not contain any non-empty 1-dimensional analytic cycle which is
homologically trivial. The only curve of Xy is a singular rational curve representing
the class —e; (see Fig.3.7).

Fig. 3.7 A family of class blown up Hopf  generic Enoki half Inoue

VII surfaces with by = 1. It
—1
-1 —> 6) —>
0

contains blown up Hopf
surfaces, Enoki surfaces and a
half Inoue surface

€1
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3.3.4 The Moduli Spaces of Framed Kato Surfaces with b, = 1
and by =2

In this section we describe the moduli spaces of Kato surfaces with b, = 1 and
by = 2. These examples show that, in principle, Kato surfaces can be classified
explicitly, and should be regarded as the known surfaces in the class VIIE?EO of
minimal class VII surfaces with positive b;.

An important tool in the classification of Kato surfaces is the trace invariant
introduced by Dloussky [DI1], [DIKo], which can be defined as follows. First, for a
blown up Hopf surface X we denote by tr(X) the trace of the differential at O of the
holomorphic contraction ¢ : C> — C? defining the minimal model of X.

Let now X be a Kato surface, and let

Xo—> X —> B

be a deformation of X containing blown up primary Hopf surfaces, where B C C"
is the standard ball (see Sect. 3.3.3). The condition “X is blown up Hopf surface”
defines a Zariski open set analytic By C S. The map By > z — tr(Xy)
has a holomorphic extension at 0, and tr(X¢p) coincides with the value of this
extension at 0. Denoting by VIIg C VII‘bnzii0 the class of Kato surfaces, we obtain a
biholomorphic invariant

tr: VIIg — D,

where D C C is the standard disc.

3.3.4.1 Moduli Spaces of Framed Class VII Surfaces

A (cohomologically) framed class VII surface is a pair (X, e), where X is a class
VII surface, and e € By (see Remark 3.2.1). Framing class VII surfaces in this way
is motivated by Remark 3.3.2, which shows that, for a Kato surface, fixing a class
e € By determines a standard basis of H>(X, Z); this basis obtained by applying to
e the powers of the canonical cyclic permutation cx (see Remark 3.3.2).

Let b be a fixed positive integer. We denote by Mg (b) the moduli space
(regarded as topological spaces) of framed Kato surfaces with b, = b. This space
can be defined either as the underlying topological space of the analytic stack of
framed Kato surfaces, or as the quotient of the space of Kato complex structures on
the differentiable 4-manifold (S! x S3)#b]f% by a suitable diffeomorphism group.
We do not discuss here these technical definitions, but we note that one can also
construct this moduli space using the correspondence between Kato surfaces and
contracting germs explained in Sect. 3.3.1. The trace invariant defines a continuous
map

tr: Mg (b) — D.
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An important remark of Dloussky-Kohler states that any Kato surface with non-
vanishing trace is an Enoki surface [DIKo, Remark p. 54]. In other words, putting
D* := D\ {0}, we have

Proposition 3.3.4 Let b > 0. The open subspace tr='(D®) C M (b) coincides
with the moduli space of framed (generic and special) Enoki surfaces with by = b.

This moduli space has been studied by Dloussky-Kohler [DIKo]. Theorem
[DIKo, Theorem 1.23] can be reformulated as follows:

Theorem 3.3.5 The space tr—'(D*) C Mk (b) can be identified with the quotient

D* x C?
/(C* X up’

where C* x jup, acts on C? by
€. r) - (7. (zogj<h—1) = (x, (r'¢z))o<j<h—1)-

Via this identification, the trace map is given by (t, (Zj)ogjgb—l) — T.

For z € D* the fibre
oY= u2) c Mk ()

is the moduli space of framed Enoki surfaces with b = b and fixed trace z; it can
be identified with the non-Hausdorff quotient

b—1 ._ CP
P = o s
which decomposes as the union 2! = (PP~ /) U{x}, where PP~ := PP=1/p,,
is a projective variety and is open in 3?1, Any neighbourhood of * coincided with

the whole ‘Bh_l. Note that one has P9 = {x}, P! ~ P! but Pk is singular for k > 2.
In our pictures we will use the following symbols for the quotients 0, 31

0 8 B @

3.3.4.2 The Moduli Space of Kato Surfaces with b, =1

The moduli space Mg (1) can be identified with the quotient

(DX O\ (0,0,
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where C* acts on (D x C) \ {(0,0)} by ¢ - (7, 2) := (7, {z). This quotient can be
further identified with the union

(D* x {0}) U (D x {1})

endowed with the topology determined by the following conditions:

* a basis of open neighbourhoods of a point (r, 1) € D x {1} is
{V x {1}] V open neighbourhood of 7 in D}.
* abasis of open neighbourhoods of a point (t, 0) € D* x {0} is
{V x {0, 1}] V open neighbourhood of 7 in D*®}.

Via this identification, the trace map is given by (7, ) +> 7; its fibre over a point
T € D* is the non-Hausdorff quotient 3. The points of the form (, 1) (respectively
(r,0)) with T € D* correspond to generic (special) Enoki surfaces, and the point
(0, 1) corresponds to the (up to isomorphism) unique half Inoue surface with b, = 1.
As Fig. 3.8 suggests, any small deformation of the half Inoue surface is a generic
Enoki surface. This can be proved directly, without using our description of the
moduli space Mg (1), taking into account that

» any special Enoki surface has an AC effective divisor.

 the existence of an AC effective divisor is a closed condition in holomorphic
families.

¢ A half Inoue surface does have an AC effective divisor, so it cannot be the limit
of a family of special Enoki surfaces.

. generic Enoki

. parabolic Tnoe the generic fibre of tr: the quotient PB° §

half Inoue

tr

Fig. 3.8 The moduli space Mg (1) of framed Kato surfaces with by = 1
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3.3.4.3 The Moduli Space of Kato Surfaces with b, = 2

Let D C C be the standard disc.

Definition 3.3.6 The disc with a line of origins is the quotient
._DxC
D= /c
where C acts on D x C by
¢-(z,u) = (z,u+82).

This C-action on D x C is fibrewise transitive over D*® and trivial over 0. The
obvious map ® — D is surjective; its fibre over a point z € D*® is a singleton,
whereas its fibre over 0 € D is the line {[0,u]| u € C}. Therefore ® can be
intuitively thought of as a disc with a 1-parameter family of mutually non-separable
“origins” 0, := [0, u]. For a disc with a line of origins we will use the symbol
illustrated in Fig. 3.9.

The open subspace tr=1(D*) C Mg (2) is described by Theorem 3.3.5, and the
result is simple: this open subspace of M (2) is a trivial fibre bundle over D® with
the non-Hausdorff quotient 3! as fibre (Fig. 3.10):

The closed subspace tr=1(0) ¢ Mg(2) is more interesting; using the results
of [Fa] and [OT] one can see that this subspace is homeomorphic to the space 2)
obtained as follows:

+ Consider the degenerate conic ¥ C P defined be the equation X; X = 0. The
involution ¢ : ¥ — Y given by [Xo, X1, X2] = [X0, X2, X1] interchanges the
irreducible components Y+ of Y and leaves its singularity ¢ = [1, 0, 0] fixed.

Fig. 3.9 A disc with a line of
origins

Fig. 3.10 The open subspace the fibre over a point z € D*®:
tr~1(D*) € Mk (2) . 1
the non-Hausdorff quotient P

tr

P —

D® o Z
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* Choose t-conjugate points y+ € Y+ \ {c}, copies D+ of the standard disc, and
biholomorphic maps f+ : D+ — U+ on open neighbourhoods U+ of y+.
e Define

Y = @-UD2Dpe 1o ¥ \ {y— v+ D,

where the expression on the right denotes the push-out associated with the
inclusion D* [[D$ < ©_][® and the homeomorphism

D*1ID% — (U~ \ {y-HLHWU\ {y+)

induced by f*. In other words 2) is obtained from Y by replacing U™ with a disc
with a line origins ®+, and y4+ with the corresponding line of origins of D .

The singularity ¢ of ) corresponds to the (up to isomorphism) unique framed
Inoue-Hirzebruch surface with b, = 2. There are two isomorphism classes of
framed half Inoue surfaces with b, = 2, and they correspond to t-conjugate points
vt e YE\ {yF, ¢}. The complement ) \ {c, v, v} corresponds to the moduli
space of framed intermediate surfaces with b = 2, and the union of the two lines
of origins corresponds to the subspace of intermediate surfaces admitting a non-
trivial vector field. ) contains two remarkable points, which are also t-conjugate and
correspond to intermediate surfaces admitting an AC effective divisor (Fig.3.11).

Fig. 3.11 The closed
subspace tr=1(0) C Mg (2)

intermediate

half Inoue
° [ Inoue-Hirzebruch

intermediate with vector field

intermediate with AC divisor
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Note any small deformation with non-trivial trace of a point y € 2) is a generic
Enoki surface. This can be proved directly, using a semicontinuity argument, as in
the case by = 1, by taking into account that there is no Kato surface with b, = 2 and
vanishing trace that has both a non-trivial vector field and an AC effective divisor.

3.3.5 Standard Conjectures on Class VII Surfaces

Two important results show that existence of curves plays an important role in the
classification of class VII surfaces:

The first theorem is due to Dloussky-Oeljeklaus-Toma [DOT], and gives a
positive answer to a conjecture stated by Kato:

Theorem 3.3.7 Any surface X € VII‘bnzig0 with by(X) rational curves is a Kato
surface.

The second is an older result of Nakamura [Na3]:

Theorem 3.3.8 Any surface X € VIIbmzig0 with a cycle of rational curves is a
degeneration of a 1-parameter family of blown up primary Hopf surfaces.

These results suggest the conjectures:

Conjecture 1 Any surface X € VIIbmzig0 has b, (X) rational curves.

Conjecture 2 Any surface X € VII‘bnzig0 has a cycle of rational curves.

By Theorem 3.3.7, Conjecture 1 will solve the classification problem up to
biholomorphism (equivalent to the GSS conjecture).

By Theorem 3.3.8, Conjecture 2 will solve the classification problem up to
deformation equivalence.

Nakamura’s Theorem 3.3.8 states that any surface X € VHE‘EO with a cycle of
curves belongs to the known component of the moduli space of class VII surfaces;
this moduli space contains both Kato surfaces and blown up primary Hopf surfaces,
the latter being generic. In the next section we will see that, using a combination
of complex geometric and gauge theoretical techniques, one can prove [Te2], [Te3],
[Te8], [Te9]:

Theorem 3.3.9 Any minimal class VII surface X with 1 < by(X) < 3 contains a
cycle of curves.

Therefore any minimal class VII surface X with 1 < b2(X) < 3 belongs to the
known component of the moduli space of class VII surfaces.
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3.4 Gauge Theoretical Methods in the Classification of Class
VII Surfaces

3.4.1 Instantons and Holomorphic Bundles on Complex
Surfaces

Let (X, g) be a complex surface endowed with a Gauduchon metric (see [Gau] and
Appendix in this article). A holomorphic rank 2 bundle £ on X is called

* stable, if for every line bundle £ and any sheaf monomorphism0 — £ — £ one
has

deg(L) < ;degg (det(&)).

e polystable, if it is either stable, or isomorphic to a direct sum £ & M of line
bundles with deg, (£) = deg, (M).

We will consider moduli spaces of (poly)stable bundles with fixed determinant line
bundle. Let (E, h) be a differentiable Hermitian rank 2-bundle on X, and D be a
fixed holomorphic structure on the line bundle D := det(E). Denote by

MS(E), MS'(E)

the moduli sets of stable, respectively polystable holomorphic structures £ on
E inducing the fixed holomorphic structure D on det(£), modulo the complex
gauge group G€ := I'(X, SL(E)). M%(E) has a natural complex space structure

obtained using classical deformation theory. M[;t(E ) can be endowed with a natural
topology induced by the Kobayashi-Hitchin correspondence we explain briefly
below (see [Bul], [LT]).

Let a be the Chern connection of the pair (D, det(4)), and G := I'(X, SU(E)) be
the gauge group of special unitary automorphisms of the Hermitian bundle (E, k).
Denote by A(E) the space of unitary connections on (E, &) and by

MASD(E) .= (A € A(E)| det(A) =a, (FO)T =0}/G
the moduli space of projectively ASD unitary connections on (E, h) which induce

a on D. We will also need the open subspace MaASD (E)* C MaASD (E) defined by
the condition “A is irreducible”; it has the structure of a real analytic space.
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The Kobayashi-Hitchin correspondence states that the map
A > the holomorphic structure on E defined by 4

induces a bijection KH : M(‘?SD(E) — M%I(E). More precisely we have a
commutative diagram

M?SD(E)* SN M(/l\SD(E)
KH*l ~ ~ iKH

MSE)  —  MYE)

where K H is a bijection and K H* areal analytic isomorphism. We endow Mgt(E )
with the topology induced by K H. In general Mgt(E) is not a complex space
around the reduction locus R := Mgt(E) \ %(E). R can be identified with
the subspace of reducible instantons in MﬁSD(E). If c1(D) ¢ 2H 2(X,7) this
subspace is a union of tori of real dimension b1 (X). The local structure of ./\/lg;t(E )
around R can be described explicitly using the Kobayashi-Hitchin correspondence
and Donaldson theory.

The Kobayashi-Hitchin correspondence has been first used by Donaldson as a
tool to describe moduli spaces of instantons on algebraic surfaces. The “unknown”
(the object to describe) was M?SD(E ) and the computable object was ./\/lg;t(E ). In

our case the moduli space Mlgt(E ) cannot be regarded as a computable object. The
problem is that, on non-algebraic surfaces, the appearance of non-filtrable bundles
complicates the description of such a moduli space. We explain briefly this difficulty.
Recall that a rank 2 holomorphic bundle £ on X is called filtrable if there exists a
sheaf epimorphism

E—->F—0

onto a torsion free coherent sheaf F of rank 1. A filtrable bundle £ fits in a short
exact sequence

0O M—-E-N®Izy— 0,

for line bundles M, N and a 0-dimensional locally complete intersection Z C X.
Therefore, filtrable rank 2 bundles are, in principle, classifiable. A non-filtrable
bundle is stable with respect to any Gauduchon metric. There exists no classifi-
cation method for non-filtrable bundles. Usually their presence is detected using
deformation theory.
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3.4.2 A Moduli Space of Instantons on Class VII Surfaces

Letnow (X, g) be a class VII surface endowed with a Gauduchon metric, and (E, h)
be a differentiable rank 2-bundle on X with ¢3(E) = 0 and det(E) = Kx, where
Kx stands for the underlying C* bundle of the canonical line bundle x. Let a be
the Chern connection of (Cx, det(h)). The fundamental objects used in our program
to prove existence of curves on class VII surfaces are the moduli space

M = MEYE) = MESP(E).

and its open subspace M := M;é(E) ~ M(‘;“SD (E)* of stable bundles, which
is a complex space of dimension b := by(X). The rough idea of our strategy to
use moduli spaces of holomorphic bundles is simple: prove that the same filtrable
bundle can be written as an extension in two different ways. This will yield a non-
trivial, non-isomorphic morphism of line bundles, whose vanishing locus will be a
curve.

The first crucial property of the moduli space M is compactness, which holds in
full generality [Te3]:

Theorem 3.4.1 (X, g) be a class VII surface endowed with a Gauduchon metric,
and (E, h) be a differentiable rank 2-bundle on X with c;(E) = 0 and det(E) =
Kx. Then ./\/ll;ét(E) is compact.

The proof is due to N. Buchdahl and the author, and makes use of a combination
of gauge theoretical and complex geometric arguments.

Suppose that X € VIIbmzig0 is not an Enoki surface, and that g has been
chosen such that degg (Kx) < O (this is also always possible, see [Te3]). Then
M>tis a smooth b-dimensional complex manifold. Moreover, the reduction locus
R is a finite disjoint union of circles, and every circle C C R has a compact
neighbourhood which is homeomorphic to the trivial bundle over C with fibre a
cone (in the topological sense) over ]P’fgl, where b := by(X).

From now on we will suppose for simplicity that H; (X, Z) =~ Z. This simplifying
assumption allows us to parameterize the set of connected components of R in
a simple way: R is a disjoint union of 22! circles C (1.7} indexed by unordered
partitions {7, I} of the index set J := {1, ..., b}.

Note also that he moduli space M comes with a natural involution given by ® Lo,
where [Lg] € PicO(X ) is the non-trivial square root of [Ox]. The fixed points of this
involution are called twisted reductions. The fixed point set is always finite and is
contained in M®%; if 71 (X, xo) = Z this set has 26=1 elements. The filtrable bundles
in our moduli space can be classified as follows: Let (e, . . ., ep) be a standard basis
of H*(X,Z). Let £ be rank 2 bundle on X with det(§) = Ky, c2() = 0, and let
& — L be an epimorphism onto a rank 1 torsion-free sheaf. One can prove [Te3]
that £ is locally free, and there exists a subset / C J such that

ci1(L) =ej := Zei.

iel
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Therefore any filtrable bundle £ in our moduli space fits in a short exact sequence
0> Kx®L - E&— L —0, (3.6)

where ¢ (L) = ey for an index set I C J. We will denote by ./\/lit C M the subset
of isomorphism classes of stable bundles which are extensions of type (3.6) with
fixed ¢;(£) = e;. One has

MG = {[A] [A])

where A is the canonical extension of X, defined as the essentially unique non-
trivial extension of the form

0—>K:X_)_A—>Ox—>0

(note that 1! (Cx) = 1 by Serre duality) and A’ := A ® L.
If I # ( the closure ./\/lit of M?t in M contains the circle C ;i moreover, if

X has no curves in certain homology classes, the subset M} C M is a IP’(‘CI =1
fibration over a punctured disc, and these fibrations are pairwise disjoint.

3.4.3 Existence of a Cycle on Class VII Surfaces with Small b,

We present the main ideas of the proof of Theorem 3.3.9 for b, = 1, and we explain
the general strategy for larger b;. If the method generalizes for arbitrary by, we will
have a proof of Conjecture 2, which would complete the classification of class VII
surfaces up to deformation equivalence.

Let X be class VII surface. A cycle in X is an effective divisor which is either
en elliptic curve, or a cycle of rational curves. Note that minimal class VII surfaces
X € VII‘bnzii0 containing an elliptic curve have been classified [Nal, Na2, Na3], and
we know that any such surface is a parabolic Inoue surface, so it also has a cycle of
rational curves.

Proposition 3.4.2 [f the canonical extension A can be written as a line bundle
extension in a different way (with a different kernel), then X has a cycle.

In particular, if A belongs to M3 for I # ¥ or coincides with a twisted reduction,
then X has a cycle.

Proof Suppose that .4 can be written as a line bundle extension in a different way,

. . . . J
i.e. there exists an invertible subsheaf £ < A such that

(1) L #Kx.
(i) j is a bundle embedding, i.e. the linear map £(x) — A(x) induced by j is
injective for any x € X.
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Since £ # Kx the composition p o j is non-zero, because, if it were 0, we would
have £ C Ky, so L = Kx(—D) for an effective divisor D which is nonempty by
(i). But this contradicts (ii) taking x € D.

The composition p o j cannot be an isomorphism either, because the canonical
extension is non-split by definition. Therefore im(p o j) = Ox(—D) where D > 0
is the vanishing divisor of p o j.

Restricting the diagram to D and taking into account (ii) we obtain Lp ~ Kp.
But £ >~ O(—D). Therefore wp := Kx(D)p is trivial. This implies that D is either
a cycle (when it is reduced) or it contains a cycle [Te3]. ]

Proposition 3.4.2 shows that, in order to prove the existence of a cycle on X, it
“suffices” to prove the following “remarkable incidence”:

[A] e {twisted reductions} U (U MP). (RI)
140

3.4.3.1 The Existence of a Cycle for b, =1

In the case b, = 1 one can prove that the connected component My of the circle
Cy. 5 in the moduli space M is a compact disc. The boundary of this disc is the circle
Cy. 7, its center b is a twisted reduction, and the punctured open disc M \ (C U {b})
coincides with M;t Therefore we have the following dichotomy: either [A] € M,
so the remarkable incidence (RI) holds, and the theorem is proved, or the connected
component of A in M is a closed Riemann surface ¥ C M5! which has at most
two filtrable points. The latter possibility is ruled out by the following proposition
[Te2]:
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Proposition 3.4.3 Suppose that X is a complex surface with a(X) = 0, E is a
differentiable rank 2 bundle over X, Y is a closed Riemann surface and

Y — MI™Pe(R) oy s [€)]

is a holomorphic map to the moduli space of simple structures on E [LT]. Then all
the bundles £, contain a constant (independent of y) subsheaf T of rank 1 or 2. In
particular the bundles £y are either all filtrable or all non-filtrable.

The idea of the proof is to show that f has a classifying bundle & on ¥ x X,
and to regard & as a family of bundles on Y parameterized by X. If this family is
generically stable, one obtains a meromorphic map X --» M'(Y) to a moduli
space of semistable bundles on Y. Since Y is a Riemann surface, this moduli space
is a projective variety.

Therefore, Proposition 3.4.3 shows that the appearance of an “unexpected”
component in the moduli spaces leads to a contradiction, hence the remarkable
incidence holds, which proves that X has a cycle.

3.4.3.2 The Strategy for Larger b,

For larger b, the idea is to prove the following dichotomy (similar to the dichotomy
used for by = 1):

D: Either the remarkable incidence holds (and then X has a cycle) or M contains
an irreducible compact subspace Y C M of positive dimension with an open
subspace Yy > [A] such that the points of Yo \ {[Al} correspond to non-filtrable
bundles.

The proof of this dichotomy for b, < 3 is explained in [Te3], [Te8], [Te9] and
makes use of [Te5], [Te6]. On the other hand the following proposition shows that
the existence of such a compact subspace ¥ C M>! leads to a contradiction:

Proposition 3.4.4 Let X be minimal class VII surface with by > 0 arbitrary. There
does not exist any irreducible compact subspace Y C M5 of positive dimension
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with the following property: [A] € Y and there exists an open neighbourhood of Yy
of [A] in Y such that the points of Yo \ {[Al} correspond to non-filtrable bundles.

The proof of Proposition 3.4.4 uses of a variation formula for determinant line
bundles in non-Kéhlerian geometry [Te7].

3.5 Algebraic Deformations of Singular Contractions
of Class VII Surfaces

3.5.1 From Local to Global Smoothability

Recall that, by the theorem Dloussky-Oeljeklaus-Toma [DOT] (Theorem 3.3.7 in
this article), Conjecture 1 will solve the classification problem up to biholomor-
phism, and by the theorem of Nakamura [Na2] (Theorem 3.3.8 in this article),
Conjecture 2 will solve the classification problem up to deformation equivalence.
More precisely, if X has a cycle of curves, then X belongs to the known component
of the moduli space of class VII surfaces, and this known component contains both
Kato surfaces and blown up primary Hopf surfaces, the latter being generic. We
have seen that, using Donaldson theory, one can prove Conjecture 2 at least for
small b,. Therefore an important question is: can one pass from “X has a cycle” to
the stronger property “X is a Kato surface”? We know that the existence of curves
cannot be obtained by “passing to the limit” because of the “explosion of area”
phenomenon (see Remark 3.3.3).

A new approach have been suggested by G. Dloussky and the author in [DITe2]:
for a minimal class VII surface with a cycle of rational curves, use algebraic
deformations of the singular surface obtained by contracting the cycle.

Let X € VIIbmziQO withacycle C = Cp+---+ C,_1 of r > 1 rational curves. We

know 1 <r < hy(X).If C 2 — 0, then X is an Enoki surface, hence a Kato surface.

Suppose C? < 0. Contracting C one obtains a singular surface ¥ with an isolated
singularity c¢. The germ (Y, ¢) is a cusp, in particular it is an elliptic, Gorenstein
singularity.

Theorem 3.5.1 ([DITe2]) If the germ of singularity (Y, ¢) is smoothable, then the
singular surface Y is globally smoothable. Moreover

(1) Ifr < by(X), then any smooth deformation Y' of Y is a rational surface Y’ with
bry(Y') = 10 + by(X) + C=.
(2) If r = by(X), then any smooth deformation Y' of Y is an Enriques surface.

The main ingredients used in the proof are:

1. Letw : X — Y be the contraction map. One has

wy = 1:(Kx(C)), Qy’ = m.(Qx).
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2. Using Serre duality on Cohen-Macauley spaces and ideas coming from Naka-
mura, we proved the following vanishing theorem:

Theorem 3.5.2 With the notations above one has: H*(Y, ®y) = 0.
3. A lemma due to Manetti [Ma]:

Proposition 3.5.3 Let Y be a complex surface with finitely many isolated
singularities {y1, ..., ys}. If H*(Y, ®y) = 0 then the natural germ morphism
Def(Y) — xj_,Def(Y, y;) is smooth, in particular surjective.

Here we denoted by Def(Y) the base of a versal deformation of Y, and by
Def(Y, y;) the base of a versal deformation of the singularity (Y, y;).

3.5.2 Local Smoothability: Looijenga’s Conjecture

Our result shows that Y is globally smoothable if the cusp (Y, ¢) is smoothable.
Having this implication the natural question is: which cusps (Y, ¢) are smoothable?
The answer is given by Looijenga’s conjecture, which has recently become a
theorem. In order to state this result we need a preparation.

Definition 3.5.4 Let C = ), ., C; be an oriented cycle of r rational curves
[DITe2]. The type of C is given by

[C01 -..,Crfl] = {[_Cg’ ctt _C,%_l] lfr > 2

2-cl1 ifr=1"

The type of a cycle should be regarded as an element of Z%r /Z, . In other words
one has

[C()s Cl, '-'7C}’71] = [Clv -'-1Cr717C0] == [Crfl,C(), '-'7C}’72]

(see [DITe2] for details). Note that for any cycle C one has

r—1
—C? =) (e -2),
=0

and for any cycle C C X € VIIE?EO with C? < 0 it holds
Vie{0,....,r =1}, ¢; 22,3j€{0,...,r =1}, ¢; = 3. 3.7
There exists an important involution on the set of “types” verifying conditions (3.7).

Put s := Z;;(l)(c’j — 2) = —C?. The Hirzebruch-Zagier dual type [dy, . .., ds_1]
is constructed by replacing any element ¢; > 3 in the original type by the (possibly
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empty) sequence

in the original type by the single element / 4- 3.

Example 3.5.1 The dual of the type [3,2,...,2] (of lengthr)is [r +2]. If r =1
we obtain a selfdual type: [3].

The following conjecture of Looijenga [Loo] became a theorem (see [GHK],
[Eng]):

Theorem 3.5.5 The cusp (Y, ¢) is smoothable if and only if there exists a smooth
rational surface with an anti-canonical cycle D whose type [dy, . ..,ds_1] is the
Hirzebruch-Zagier dual of [co, . .., cr—1].

Note that the condition “[dp, . .., ds—1] is the type of an anti-canonical cycle in
a rational surface” is equivalent to the condition “[dy, ..., ds—1] is the type of an
anti-canonical cycle in a blown up P2”, and can be checked algorithmically.

Example 3.5.2 Suppose that the type of C is [3] (the type of a nodal curve with
self-intersection —1). The dual type is [3]. A singular rational cubic I" C ch is anti-

canonical, but has I'> = 9. The proper transform I" of I in the blown up ]f"zc of ]P’ZC

at 10 smooth points of I" is an anti-canonical nodal curve of P2, and its type is [3].
Therefore the smoothability condition given by Looijenga’s conjecture is fulfilled,
so (Y, ¢) is smoothable.

In a similar way one can prove [DITe2, Theorem 5.7]:
Corollary 3.5.6 The cusp (Y, c) is always smoothable if Z:& (c;i —2) < 10.
Therefore

Theorem 3.5.7 ([DITe2]) Let X be a minimal class VII surface, C C X be a cycle
of r rational curves with c? <0 [co, ..., cr—1] be its type, and (Y, c) be the
singular contraction of (X, C). Then r < ba(X) and

(1) Y is smoothable if and only if the dual type [dy, . ..,ds—1] of [co, ..., cr—1] is
the type of an anti-canonical cycle in a smooth rational surface which admits P>
as minimal model. This condition is always satisfied when Zf;é (ci —2) < 10.

(2) If r < by(X), then any smooth deformation Y' of Y is a rational surface with

ba(Y) = 10+ ba(X) + C* = 10+ r.
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Fig. 3.12 Smooth
deformations of the singular
surface Y obtained by
contracting a cycle in a
minimal class VII surface

Y’ y”

(3) If r = by(X), then X is a half-Inoue surface, and any smooth deformation Y’
of Y is an Enriques surface.

The condition Zf;é (ci —2) < 10 is automatically satisfied when r < b2 (X) <
11 so, in this range, the singular surface Y obtained starting with a pair (X, C)
as above, is always smoothable by rational surfaces. Therefore any minimal class
VII with a cycle C satisfying the conditions C> < 0, r < by(X) < 11 can be
“connected” to a smooth rational surface using a two-step “geometric transition’:
contract, then deform (Fig. 3.12).

This reminds us of the “Web Conjecture” in the theory of Calabi-Yau 3-folds:
Any two deformation classes of CY 3-folds can be connected by a sequence of
“geometric transitions” consisting of

* birational contraction to a normal variety,
* deformation of the contraction.

Theorem 3.5.7 suggests a possible strategy for proving Conjecture 1 for minimal
class VII surfaces with a cycle of rational curves and b, < 11: classify all families
of smooth rational surfaces parameterized by D®, degenerating to a surface with a
single singularity which is a cusp; prove than only contractions of the Kato surfaces
may occur as limits.
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Appendix
The Picard Group and the Gauduchon Degree

Let X be a connected, compact n-dimensional complex manifold. Recall that the
Picard group Pic(X) of X is the group of isomorphism classes of holomorphic line
bundles on X, and can be identified with H!(X, (9’;(). The exponential short exact
sequence gives the cohomology exact sequence

0— H'(X,2) 2% H'(X,0x) > H'(X, 0%) = Pic(X) —> NS(X) — 0,
where the Neron-Severi group NS(X) is defined by
NS(X) := ker(H*(X, Z) — H*(X, Ox)).
A class ¢ € H*(X,7Z) belongs to NS(X) if and only if it can be represented by a
closed real 2-form of type (1,1). Denoting by Pic’(X) the kernel of the Chern class
morphism Pic(X) N NS(X), we obtain a short exact sequence

{1} = Pic’(X) — Pic(X) = NS(X) — 0 (3.8)

and an identification
0.y _ HY (X, Ox)
Pic’(X) = /ZniHl(X, 7y (3.9)

Remark 1 The image of 27'riH1(X, Z) in HI(X, Ox) is closed, in particular the
quotient H 1(X, Ox)/2niH 1(X, 7Z) has the structure of an Abelian connected
complex Lie group.

Proof The obvious embedding 2wi H Y(X,Z) — HY(X, Ox) factorizes as
2niH (X, Z) — H'(X,iR) > H' (X, Ox).
The coefficients formula shows that 27i H'(X, Z) is a lattice in H!(X,iR), in

particular it is closed in this real vector space. On the other hand, using de Rham and
Dolbeault theorems, it is easy to prove that the R-linear morphism H'(X,iR) —
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H 1(X , Ox) is injective. Therefore 2wi H 1(X , Z) is closed in an R-linear subspace
of H'(X, Ox), so itis closed in H' (X, Oy). [ ]

Using (3.8) it follows that

Remark 2 Pic(X) has a natural structure of an Abelian complex Lie group, and
Pic®(X) is the connected component of its unit element.

For a class ¢ € NS(X) we put Pic(X) := {[£] € Pic(X)| c1(£) = ¢}, and
Pic (X) := {[£] € Pic(X)| ¢1(L) € Tors)}.

Recall that a Gauduchon metric on X is a Hermitian metric g on X whose Kéhler
form wy satisfies dd® "1 = 0. An important theorem of Gauduchon states that any
conformal class of Hermitian metrics on X contains a Gauduchon metric (which is
unique up to constant factor if n > 2), so there is no obstruction to the existence of
Gauduchon metrics.

The degree map associated with a Gauduchon metric g on X is the group
morphism

degg :Pic(X) > R

defined by
i
deg, (L) := Fa, A1, 3.10
egg( ) /;{27[ Ap Q)g ( )

where h is a Hermitian metric on £, and Fy, € i ALL(X) is the curvature of the
Chern connection Ay associated with the pair (£, #). Changing /& will modify the
Chern form ¢ (L, h) = 2’;{ Fy, by a dd‘-exact form. Since g is Gauduchon, the
right hand term of (3.10) is independent of 4, so deg, is well defined.

The Kobayashi-Hitchin Correspondence for Line Bundles

Let (X, g) be a connected, compact complex manifold endowed with a Gauduchon
metric. We denote by A% the bundle of (p, ¢)-forms on X, and by A, : AR? —
Af{l’qfl the adjoint of the wedge product operator wg A- : Af{l’qfl — Aff’q. The
same symbol A, will be used for the induced operator A”>4(X) — AP~La=1(x)
between spaces of global forms. Denoting by vol, = nl! a)g the volume form on X,

and using the identity Agzw, = n, we obtain easily the identity

a Ao~ = (n—D!(Ag)volg Va € A*(X, C). (3.11)
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Definition 3 Let £ be a holomorphic line bundle on X. A Hermitian metric 4 on
L is called Hermitian-Einstein if the real function i A g Fa,, is constant. If this is the
case, this constant is called the Einstein constant of / and is denoted ¢y,.

Applying (3.11) to i F4, = 2mc1(L, h) we obtain the following formula

2w

= VoL () deg, (L) (3.12)

Ch

for the Einstein constant of a Hermitian-Einstein connection on L. Therefore a
Hermitian metric 4 on £ is Hermitian-Einstein if and only if

27

(A Fp =
PR 1) Vol (X)

deg, (L.

Proposition 4 Let L be a holomorphic line bundle on X. Then L admits a
Hermitian-Einstein metric h, which is unique up to constant factor.

Proof Let hg be an arbitrary Hermitian metric on £, and let u € C*°(X, R). The
metric h = e"hg is Hermite-Einstein if and only if

Ag(i00u +iFy, ) = deg, (L),

614
(n — 1)!Volg (X)
i.e. if and only if u is a solution of the elliptic equation

2

iAgddu = g
(n — 1)Vl (X)

degg(ﬁ) — iAgFAhO.

The definition of deg, (£) gives

2
d L) —iAgF l, =0,
/X((n—l)!Volg(X) egg (L) — il Aho>vog

so the result follows from Lemma 5 below (see [LT, Corollary 1.2.9]). |

Lemma 5 Let (X, g) be a connected, compact complex manifold endowed with
a Gauduchon metric. Denote by R the line of constant real functions on X. The
operator P = iAg00 : A%(X,R) — A%X,R) has the following properties:

(1) ker(P) =R.
(2) im(P) = R*, where the symbol * stands for the orthogonal complement with
respect to the L*-inner product.

Proof

(1) Note first that P is a second order elliptic operator which vanishes on
locally defined constant functions (has no 0-order terms in local coordinates).
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The maximum principle applies and shows that a function u € ker(P) is
constant around any local maximum. Therefore the non-empty closed subset
u’l(umax) C X where u attains its global maximum upy,x is open in X. Since
X is connected, it follows u’l(umax) = X, so u is constant.

(2) Since g is Gauduchon it follows easily that R C im(P)~. On the other hand, the
symbol of P is self-adjoint, so the index of P vanishes. Taking into account (1)
it follows that dim(im(P)1) = 1, so the inclusion R C im(P)L is an equality.

Proposition 4 has an important interpretation in terms of moduli spaces. In order
to explain this interpretation, we will change the point of view and we will consider
variable unitary connections on a fixed differentiable Hermitian line bundle. Let
(L, h) be a differentiable Hermitian line bundle on X, and let A(L, ) be the set
of unitary connection on (L, k). This set is an affine space over the linear space
A'(X,iR) of iR-valued 1-forms on X, so it has a natural Fréchet topology. The
gauge real group C*(X, S!) acts on A(L, h) in the obvious way: denoting by

ds: A°(L) > AN(L)

the linear connection associated with A, the gauge action on A(L, h) satisfies the
identity:

dpa=fodsofl=dy—dff .

The quotient M(L, h) := A(L, h)/C®(X,S'), endowed with the quotient topol-
ogy, is called the moduli space of unitary connections on (L, /). It is an infinite
dimensional Hausdorff space [Te4].

Definition 6 Let (L, &) be a differentiable Hermitian line bundle on X with
c1(L) € NS(X). A unitary connection A on (L, h) is called Hermitian-Einstein
if the curvature form Fy,, has type (1,1) and i Ag F4 is constant.

The Hermite-Einstein condition is gauge invariant so, denoting by A"E(L, ) c
A(L, h) the subspace of Hermitian-Einstein on (L, &), we obtain a closed subspace

MUE(L h)y — M(L, h)

called the moduli space of Hermitian-Einstein on (L, h).

Let 94 : A%L) — A%L(L) be the second component of the first order
differential operatordy : A%(L) — AY(L) = ALO(L)@®A%1(L). The first condition
in Definition 6 means that 2_93‘ =0, so 94 defines a holomorphic structure £4 on L;
the corresponding sheaf of holomorphic sections is given by

LA(U) ={s e T(U, L)| 945 = 0}
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for open sets U C X. The assignment A — L4 induces a well defined map
KHg . n: MIE(L, h) — Pic"H)(X)
called the Kobayashi-Hitchin correspondence associated with (L, /). Proposition 4
can be reformulated as follows:
Corollary 7 Let (L, h) be a differentiable Hermitian line bundle on X with c{(L) €
NS(X). The Kobayashi-Hitchin correspondence
KHg 1 MPE(L, h) — Pict®)(X)

is a homeomorphism.

For a class ¢ € NS(X) let (L., h.) be a differentiable Hermitian line bundle of
Chern class c. The classification theorem for differentiable S!-bundles shows that
(L¢, h¢) is well-defined up to unitary isomorphism.

Remark 8 Corollary 7 gives a homeomorphism

KHy: MHE:= [T M"E(Lc, he) — Pic(X).
ceNS(X)

The moduli space MME has a natural group structure defined by tensor product
of Hermite-Einstein connections and, with respect to this structure, K H, is an
isomorphism of real Lie groups.

Moduli Spaces of Flat S'-Connections

Recall that a Hermitian line bundle (L, /) on a compact differentiable manifold X
admits a unitary flat connection if and only if ¢;(L) € Tors. This follows easily
using the cohomology exact sequence associated with the short exact sequence of
constant sheaves on X

(1) - z 20 iR 2% st ().
Therefore the moduli space My of flat S!-connections on X decomposes as

Ma= ] Ma(Le, o),

ceTors

where (L., h.) is a Hermitian line bundle of Chern class ¢, and Mg (L., h.) denotes
the moduli space of flat unitary connections on (L., k). The classical classification
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theorem for flat connections gives an identification
My—>Hom(m (X, Z), §') = Hom(H\ (X, Z), §")
0.

given by the map hol which assigns to any flat connection its holonomy represen-
tation. Note that Mgy has a natural Lie group structure, and fits in the short exact
sequence

{1} > M — Mg -5 Tors — 0,

where J\/lg is the moduli space of flat unitary connections on the trivial Hermitian
line bundle.

Remark 9 Let X be a compact differentiable manifold. The moduli space J\/lg is
canonically isomorphic to the quotient H L(X,iR)/H' (X, 27iZ)-torsor, so it is a
real torus of dimension b1(X). In particular My is compact, and the connected
component of its unit element is the torus Mg.

Let now X be a compact complex manifold, and g be a Gauduchon metric on X.
Any flat connection on a Hermitian line bundle on X is obviously Hermite-Einstein,
so we get an obvious inclusion Mg < MME which identifies My with a subgroup
of MHE,

Remark 10 The images
Picyn(X) := K Hg(My), Picdy(X) := K Hg(M$)

of Mg (Mg) in Pic(X) (respectively PicO(X)) are independent of g; the first
(respectively second) image coincides with the subgroup of isomorphism classes
of (topologically trivial) holomorphic line bundles £ on X admitting a Hermitian
metric & with Ay, flat.

Corollary 11 Let X be a complex surface, and g be a Gauduchon metric on X.
One has

Picya(X) = ker (deg, PicT (X) - Pic’ (X) — R).

In particular, the kernel ker (degg picT(x) Pic’ (X) — R) is independent of the
Gauduchon metric g, and is a compact Lie group of real dimension b1 (X).

Proof The inclusion Picyq(X) C ker (degg PicT (X) Pic’ (X) — R) is obvious
and holds for manifolds of arbitrary dimension. Conversely, let [L] € pic” (X) with
deg, (£) = 0. Remark 8 shows that £ ~ L4 for a Hermite-Einstein connection
A € AME(L,), where ¢ := ¢ (L) € Tors. Since deg, (L) = 0, formula (3.12) gives
iAgF4 = 0. Taking into account that i F4 is a (1,1)-form, it follows that 2’;{ Fu
is an anti-selfdual 2-form on the compact, oriented Riemannian 4-manifold (X, g).
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Since this form is also closed, it follows that it is harmonic, so it coincides with the
harmonic representative of the Chern class cll)R(L) in de Rham cohomology. But
this de Rham class vanishes, because ¢ (L) € Tors. Therefore 2’;1 F4 = 0, which
shows that A is flat, so [A] € My, and [£] € K Hy(Mg) = Picya(X) as claimed.
The other claims follow from Remarks 9 and 10. |

The real dimension of PicO(X) is 2q(X), where ¢(X) = dim(H' (X, Ox)) is
the irregularity of X. By Remark 9 the real dimension of Picgﬂ(X ) is b1(X). Taking
into account Corollary 11 we obtain:

Corollary 12 Let X be a complex surface, and let q(X) be its irregularity.

(1) One has2q(X) — 1 < b1(X) < 29(X).

(2) If b1(X) is even, then b1(X) = 2q(X), Picya(X) = PiCT(X) and the degree
map associated with any Gauduchon metric on X is a topological invariant.

(3) If b1(X) is odd, then b1(X) = 2q(X) — 1, Picya(X) has real codimension 1
in PicT (X) and the degree map associated with any Gauduchon metric on X
induces an isomorphism

Pic(X) _Pic"(x),_ =
/Picﬂﬁ(X) - [Picun(x) = R-
The identity
by (X) = 2q(X) if bi(X) is even,
BT 2¢(X) = 1if by (X) is odd,

is well known [BHPV]. Our proof uses gauge theoretical methods, and gives a
geometric interpretation of this identity.
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Chapter 4 )
Intersection of Quadrics in C”, fleckir
Moment-Angle Manifolds, Complex

Manifolds and Convex Polytopes

Alberto Verjovsky

Abstract These are notes for the CIME school on Complex non-Kdhler geometry
from July 9th to July 13th of 2018 in Cetraro, Italy. It is an overview of different
properties of a class of non-Kihler compact complex manifolds called LVMB
manifolds, obtained as the Hausdorff space of leaves of systems of commuting
complex linear equations in an open set in complex projective space P%_l.

4.1 Introduction

The origin of the so-called LVM manifolds is the paper [DV97] by Santiago Lépez
de Medrano and the author of these notes. There they define and study a new
infinite family of compact complex manifolds (a finite number of diffeomorphism
classes for each dimension) which, except for a series of cases corresponding
to complex tori, are not symplectic. The construction is based on the following
principle discovered by André Heafliger:

If F is a holomorphic foliation of complex codimension m on a complex manifold M with
m < n =dimc M and T is a C* manifold of real dimension 2m which is transversal to
F then ¥ is a complex manifold. Indeed it suffices to provide ¥ with a holomorphic atlas
from transversals to the plaques of a foliation atlas of F.

The essential point is that one can obtain non-algebraic complex manifolds as
the space of leaves of holomorphic foliations of complex algebraic manifolds, as
long as the space of leaves is Hausdorff. In particular the foliation could be given
by a holomorphic action of a complex Lie group. In fact the construction in [DV97]
uses an explicit linear action of C in C* (n > 3) which descends to a projective
linear action on complex projective space ]P’g;l and there is an open set )V C ]P’fé_l
which is invariant under the action and such that every leaf (orbit) of the action
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is an immersed copy of C or C*; furthermore, the space of leaves of the foliation
by orbits of V is compact and Hausdorff and therefore it is a compact complex
manifold. In some sense the set V is the union of “semi-stable orbits” (or Siegel
leaves) of the action in the sense of Geometric Invariant Theory (GIT) and is the
complement of a union of projective subspaces of different dimensions. In fact V) is
the image under the canonical projection C* — ]P’?éfl of the set of orbits in C" that
do not accumulate to the origin (a sort of Kempf-Ness condition). In a very pretty
paper [CZ07] Stéphanie Cupit-Foutou and Dan Zaffran describe how to construct
the generalized family of LVMB manifolds from certain Geometric Invariant Theory
(GIT) quotients.

They show that Bosio’s generalization parallels exactly the extension obtained
by Mumford’s GIT to the more general GIT developed by Bialynicki-Birula and
Swiecicka.

The article [DV97] is a continuation of the foundational papers by Girbau et al.
[GHS83] about the deformations of foliations which are transversally holomorphic.
In fact, André Haefliger used these results to study in [HA85] the deformations of
Hopf manifolds which are realized as the space of leaves of a foliation.

Another continuation of that work was obtained by Jean-Jacques Loeb and
Marcel Nicolau which uses the foliation in order to describe the deformations of
the Calabi—Eckmann manifolds [LN96].

The initial construction in [DV97] can be extended to the case of projective
linear actions of C" for any positive integer m on P as long as n > 2m. Then,
under two assumptions related to the n x m complex matrix A of eigenvalues of
the linear flows which determine the action one obtains new compact manifolds.
These assumptions are that A be admissible i.e., it satisfies the weak hyperbolicity
and Siegel conditions. This was achieved by Laurent Meersseman who studies in
detail several aspects of the compact manifolds in [MEQO]. These compact complex
manifolds Ny are now known as LVM manifolds. A very interesting property of
these manifolds when m > 1 is their very rich topology. For instance, any finite
abelian group is a summand of the homology group of one of these manifolds.
In particular some of the manifolds have arbitrarily large torsion in its homology
groups. In [BOO1], Frédéric Bosio gives a generalization of the construction of
LVM manifolds. The idea is to relax the weak hyperbolicity and Siegel conditions
A and to look for all the subsets S of C" such that action (4.1) in Sect. 4.2 is free
and proper. The manifolds that are either LVM manifolds or the generalization by
Frédéric Bosio are now known as LVMB manifolds. The manifolds N, are obtained
as the orbit space of a free action of the circle on an odd-dimensional manifold
Mi(A) contained in the sphere S*"~! which is the intersection of homogeneous
quadratic equations and called moment-angle manifold. Santiago Lépez de Medrano
has studied deeply these intersection of quadrics in several papers by himself and
some collaborators [GL13, GL05, GL14, DM88, DM89, DM 14, DM17] in particular
the paper [GL13] by Samuel Gitler and Santiago Lépez de Medrano has been a great
advance to understand the topology of moment-angle manifolds.

The LVM manifolds are not symplectic (except when 2m + 1 = n when
the manifolds are compact complex tori) however under an arbitrarily small
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deformation of A the manifolds N, fiber a la Seifert-Orlik over a toric manifold
(or orbifold) with fiber a compact complex torus. This is due to the following fact:

The complex manifolds N of complex dimension n — m — 1 admit a locally-
free holomorphic action of C™ (recall that n > 2m); although N, is not Kéhler, the
foliation G5 on Ny by the leaves of the action is transversally Kéhler, in particular
G is a Riemannian foliation and thus admits a transverse invariant volume form. In
particular either has a Zariski open set of noncompact leaves or else all are compact
complex tori.

If A satisfies a rationality condition called condition K in Definition 4.12 then all
the leaves of G5 are compact, in fact they are complex tori C”/T" (I' = Z?™) and
the quotient is Hausdorff. Hence it is a compact complex manifold (or an orbifold).

Furthermore, the rationality conditions K in Definition 4.12 imply that the
transversal Kihler form is “integral” (a sort of transversal Kodaira embedding
condition) which makes this quotient an algebraic manifold or variety with quotient
singularities of dimension n — 2m — 1. In fact this quotient admits an action of
(C*H"2m=1 with a principal dense orbit so it is a toric manifold X (A) where
A = A, is the corresponding fan which depends on A.

The reciprocal is true as shown by the author and Meersseman [MVO04]: If
X (A) is a toric variety with at most singularities which are quotients then there
exists an admissible configuration A which satisfies conditions K in Definition 4.12
and therefore any toric variety with at most quotient singularities is obtained
by the quotient of a LVM manifold by a holomorphic locally-free action of a
compact complex torus. In this paper one uses Delzant construction over a rational
simple convex polytope which is naturally associated to the convex hull H(A)
of the configuration. When the leaves of G are not compact the leaf space is
not Hausdorff and one has a “noncommutative” complex manifold in the sense
of Alain Connes [CO85, CO94]. This happens when the convex polytope H, is
not rational and a convex polytope associated to the foliation G5 is non-rational.
There are important reasons to consider nonrational polytopes. For instance, toric
varieties corresponding to simple rational polytopes are rigid (i.e., they cannot be
deformed) whereas simple rational polytopes can be perturbed simply by moving
the vertices to non-rational simple polytopes. The problem of associating to a non-
rational polytope a geometric space of some kind is an old one and emerges in
different subjects, including symplectic geometry, via the convexity theorem and the
Delzant construction. In fact it also is connected with the combinatorics of convex
polytopes see for instance Stanley [ST83] where a link between rational simplicial
polytopes and the geometry and topology of toric varieties is explained following
earlier work of McMullen [MA93] and Stanley [ST96]. There are important reasons
to consider nonrational simple polytopes and its and give them an interpretation
in relation to toric geometry. In this respect the article by Prato [PRO1] is the
first work that addresses this problem via symplectic geometry and she defines
the notion of quasifolds, which is a generalization of the notion of orbifolds and
associates to a non-rational simple polytope a quasifold. In a joint paper [BPO1]
Elisa Prato and Fiammetta Battaglia generalize the notion of toric variety and
associate to each non-rational simplicial polytope a Kihler quasifold and compute



166 A. Verjovsky

the Betti numbers (see also [BPO1]). The paper by Battaglia and Zaffran [BZ15]
uses also the leaf space of the foliation G5 of the manifolds N4 to have either toric
orbifolds in the rational case or quasifolds in the non-rational case. Thus the papers
[BZ15, BPO1, BAO1, BPO1, PROI1] are foundational papers in the theory of non-
rational polytopes.

In [KLMV14] a different interpretation as non-commutative toric varieties is
given of the pair (N4, Ga) in the case A does not satisfy the rational condition (K).
Non-commutative toric varieties are to toric varieties what non-commutative tori are
to tori and, as such, they can be interpreted in multiple ways: As (noncommutative)
topological spaces, they are C*-algebras associated to dense foliations, that is to
say, deformations of the commutative C*-algebras associated to tori in the spirit of
Alain Connes.

However, while non-commutative tori correspond to linear foliations (defor-
mations) on classical tori, non-commutative toric varieties correspond to the
holomorphic foliation G5 ) on Ny .

The manifolds Ny are certain intersections of real quadrics in complex projective
spaces of a very explicit nature. The homotopy type of LVM-manifolds is described
by moment angle complexes.

The paper of Bosio and Meersseman [BMO06] is a beautiful paper with many
ideas and interconnection of several branches of mathematics. In fact the title and
subject of the present notes is very much inspired on this paper.

They do a deep study of the properties of LVM manifolds and also made signif-
icant advances in the study of the topology of the intersection of kK homogeneous
quadrics.

In particular, the question of whether they are always connected sums of sphere
products was considered: they produced new examples for any k which are so, but
also showed how to construct many more cases where they are not.

Independently in [DJ91] Michael W. Davis and Janusz Januszkiewicz had
introduced new constructions, part of which essentially coincide with those above,
where the main objective was the study of some important quotients of them
(different from the ones mentioned above) which they called foric manifolds (in
contrast with toric varieties that are algebraic). These toric manifolds are topological
analogues of toric varieties in algebraic geometry. They are even dimensional
manifolds with an effective action of an n-dimensional compact torus (SYH", there is
akind of “moment map”’ and the orbit space is a simple convex polytope. One can do
combinatorics on the quotient polytope to obtain information on the manifold above.
For example one can compute the Euler characteristic and describe the cohomology
ring of the manifold in terms of the polytope. The paper by Davis and Januszkiewicz
originated an important development through the work of many authors, for which
we refer the reader to the book of Buchstaber and Panov [BP02]. A line of research
derived from [DJ91] is the paper [BBCG10] where a far-reaching generalization is
made and a general splitting formula is derived that provides a very good geometric
tool for understanding the relations among the homology groups of different spaces.

There is a principal circle bundle p : M1(A) — N over each manifold Ny . The
manifold M1 (A) is a smooth manifold of real odd dimension 2n — 2m — 1 called
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moment-angle manifold. The manifold M;(A) admits an action of the torus (ShH.
The orbit space of this action is a convex polytope of dimension 3n — 2m — 1 thus
there is a “moment map”. In addition M1 (A) has in a contact structure and in many
cases is an open book with a very interesting structure [BLV17].

In the present notes we present various results and properties of LVMB
manifolds:

1. Complex analytic proprieties

2. The relation between these manifolds and toric manifolds and orbifolds with
quotient singularities.

3. Their topology and geometric structures

The main body of the results presented in these notes are in part contained in the
papers [BLV17, BM06, DV97, ME0O, MV04, MVO08].

4.2 Singular Holomorphic Foliations of C" and ]P’f(":_l Given
by Linear Holomorphic Actions of C"” on C" (n > 2m)

Let M be a complex manifold of complex dimensionn and 0 < p < n.

Definition 4.1 A holomorphic foliation F of complex dimension p (or complex
codimension n — p) is given by a foliated atlas (Uy, @), ., Where U, are open in
M, {U;};c7 is an open coveringof M and ®; : U; — V; Cc C" 7 x CP = C"
are homeomorphisms such that for overlapping pairs U;, U the transition functions
®;; = q)jq),'_l :®;(U; NU;j) — @;(U; NUj) are of the form:

®jj(x, ) = (P} (x), ;(x,y)) xeC' P, yeCr (A)

1

where CD}J. and <I>l.2j are holomorphic and CD}J. is a local biholomorphism between

open sets of C"~7 and <I>l.2. is a local holomorphic submersion from an open set in
C" onto an open set of C.

Definition 4.2 The atlas (Uy, ®y), ., is called a holomorphic foliation atlas and
the maps &, are called holomorphic flow boxes or holomorphic foliation charts.
The sets of the form CID(;l({x} x CP), x € C"P, ie., the set of points whose
coordinates (X, Y) with X = (x1,--- ,x,—p) € C""P, Y = (y1,---,yp) € CP
satisfy X = C for some constant vector C € C"~? are called plagues. Condition
(A) says that the plaques glue together to form complex submanifolds called leaves,
which are immersed in M (not necessarily properly immersed). If (Uy, ¢o),.7
is a complex atlas as in Definition 4.1 the leaves are immersed p-dimensional
holomorphic submanifolds of W.
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The family of biholomorphisms {@}j }ic1 defines a groupoid called the transverse
holonomy groupoid. It can be used to define noncommutative toric varieties [BZ15,
KLMV14].

Let m and n be two positive natural numbers such that n > 2m. Let A :=
(A1, -+, Ay) be an n-tuple of vectors in C" where A; = ()Ll.l, e M) fori =
1,--,n.

To the configuration (Aq, --- , A,) we can associate the linear (singular) folia-
tion of C" generated by the m holomorphic linear commuting vector fields (1 <
j<m)

n
i 0
cr E) REREEN )\,/ ;
2 00...0
dz ]
i = 020...0 Z, (System of linear equations)
00 A
21
Z=|: 1|, j=1, ,m, TeC
n

Let us start with the construction of an infinite family of compact complex
manifolds. Let m be a positive integer and n and integer such that n > 2m.

Definition 4.3 Let A = (A, ..., A,) be a configuration of n vectors in C™. Let
H(Ay, -, Ay) be the convex hull of (A, ---, Ay).
We say that A is admissible if:

(1) (SC) The Siegel condition: O belongs to the convex hull H(A) :=
H(A1, ..., Ay) of (A, ..., A,)in C" ~ R,

(2) (WH) The weak hyperbolicity condition: for every 2m-tuple of integers
i1, - ,iopsuchthatl <iy <--- <izy <nwehave 0 ¢ H(A;,, -, Apy,)

This definition can be reformulated geometrically in the following way: the
convex polytope H(A1, --- , A,) contains 0, but neither external nor internal facet
of this polytope (that is to say hyperplane passing through 2m vertices) contains 0.
An admissible configuration satisfies the following regularity property (Fig.4.1).

Lemma 4.1 Let A; = (A;, 1) € (C’"“,fori e {1,---,n}. For all set of integers
J Cc{l,---,n} such that 0 € H((A/j)jej) the complex rank of the matrix whose
columns are the vectors (A’j)jEJ is equal to m + 1, therefore it is of maximal rank.
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Fig. 4.1 Quadrilateral in C AZ

corresponding to m = 1 and Py ° A1
n = 4 given by the single

equation in C* given by the Ne)

diagonal matrix A| =

diagonal(Ay, A2, A3, Ag)

A3

One considers the holomorphic (singular) foliation F in projective space ]P’fé_l
given by the orbits of the linear action of C™ on C”" induced by the linear vector
fields (4.1).

(T, [z]) € C" x P! — [z1-exp(A1, T), ..., 20 -exp(A,, TV € P (4

where T = (t1,-+- ,ty) € (C’”, [z1, -, zn] are projective coordinates and (—, —)

is inner product (Z, W) = Zz,w,

One can lift this f011at10n to a foliation F in C” given by the linear action
(T,2) e C" x C" —> (21 -exp{A1, T), ...,z - exp{A,, T)) € C". (B)

The so-defined foliation is singular, in particular 0 is a singular point. The behavior
in the neighborhood of 0 determines two different sorts of leaves.

Definition 4.4 (Poincaré and Siegel Leaves) Let L be a leaf of the previous
foliation. If 0 belongs to the closure of L, we say that L is a Poincaré leaf. In the
opposite case, we talk of a Siegel leaf.

If L is a Siegel leaf then the distance from that leaf to the origin is positive and one
can show that there exists a unique point z = (z1, -+, 2,) € L which minimizes
the distance to the origin and this point satisfies

n
Y Azl =0 4.2)
i=1
This is because the leaf Ly through the point W = (wy, ---, wy) in the Siegel

domain is the Riemann surface

Ly = {(w1 cexp(ALLT), ..., wy - exp{A,, TH) eC" | T € (Cm}
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Fig. 4.2 Siegel and Poincaré leaves
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and to minimize the (square of the) distance to the origin we see that Lagrange
multipliers imply that the complex line from the origin to a point that minimizes the
square of the distance must be orthogonal to the orbit at the point (Fig. 4.2).

One has the following dichotomy:

1. If 0 ¢ H(Aq, ..., Ap) then every leaf is of Poincaré type.
2. The set of Siegel leaves is nonempty if and only if 0 € H (A1, ..

Forz = (z1, -+ ,z5) € C"let I, C {1,---
z; #0}andlet A;, = {A; : j € I;}. One defines:

S=38

={zeC" | 0eHA}

s An)
,n} defined as follows I, = {j :

S as the complementof subspaces in C"

(4.3)

Definition 4.5 We define V = V(A) C P"*~! to be the image of S in P"~! under

the canonical projection 7 : C* — {0} — P~

Let

T=TWA)={zeC" | z#0. > Ailzl*=0}

©)

then 7 is the set of points that realize the minimum distance in each Siegel
leaf. Then 7 meets ever Siegel leaf in exactly one point and it meets each leaf
transversally. We have that 7 = 7 U {0} is a singular manifold with an isolated

singularity at the origin.
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Let

N =Nj={zleP" |

n
X:A,'Izil2 =0} Equations of LVM manifolds (D)
i=1

One can verify that S is the union of the Siegel leaves and that S is an open set
of the form § = C" — E where E is an analytic set, whose different components
correspond to subspaces of C" where some coordinates vanish.

The leaf space of the foliation restricted to S, that we call M, or M if we want
to emphasize A, is identified with 7.

Since S contains (C*)" we see that S is dense in C".

The weak hyperbolicity condition implies that the system of quadrics given by
the preceding equations which define 7 and N have maximal rank in every point
thanks to Lemma 4.1.

The Siegel condition implies that 7 and N are nonempty. One can show also that
F is regular in S and that 7 is a smooth manifold transverse to the restriction of F
to S. In other words the quotient space of F restricted to S can be identified with
T.

As mentioned before, the open set S is a deleted complex cone in C": i.e. if
Z € Sthen AZ € S for all . € C*. Therefore V = 7 (S) (Definition 4.5) is an open
set of ]P’féfl . Then 7 (7) is a smooth manifold of dimension equal to the codimension
of F and transversal to the leaves.

By the following Lemma by André Haefliger 7z (7) is a complex manifold:

Lemma 4.2 (A. Haefliger) Ler 9 be a complex manifold of complex dimension
n = 2 and F a holomorphic foliation of MM of codimension m > 1 with n >
m. Let Nt C M be a smooth manifold of real dimension 2m which is transversal
to the leaves of F. Then N is in a natural way a complex manifold of complex
dimension m.

Proof In fact if V. C 91 is an open subset of 91 which is contained the domain
U, of the foliation chart ®, : U, — C™ x C™™" of F then if &Da = @y, Vis
the restriction of ®, to V and r; : C™ x C"™ is projection onto the first factor
then ¥, = 7 o &Da is a holomorphic coordinate chart of 1. Condition (A) in
Definition 4.1 implies that the coordinate changes are holomorphic. O

Remark 4.1 Bogomolov has conjectured that every compact complex manifold W
can be obtained by this process for a singular holomorphic foliation of projective
space and W transversal to the foliation outside of the singularities. More precisely
he asks: can one embed every compact complex manifold as a C* smooth
subvariety that is transverse to an algebraic foliation on a complex projective
algebraic variety?

In this respect, Demailly and Gaussier [DG17] have shown an embedding
theorem for compact almost complex manifolds into complex algebraic varieties.
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They show that every almost complex structure can be realized by the transverse
structure to an algebraic distribution on an affine algebraic variety, namely an
algebraic subbundle of the tangent bundle.

By Haefliger’s Lemma 4.2 above, 7 defined in (C) has the structure of a (non-
compact) complex manifold which we call M.

Also N can be identified with the quotient space of F restricted to V' (Defini-
tion 4.5) and therefore it inherits a complex structure. Let us denote this complex
manifold by N. The complex dimension of M isn —m and of Nisn —m — 1.

The natural projection M — N, induced by the projection = : C" \ {0} — ]P’KI,
is in fact a principal C* fibration. Let M| denote the total space of the associated
circle fibration It has the same homotopy type as M but it has the advantage of being
compact.

Let us observe that M| can be identified with the transverse intersection of the
cone 7 (with the vertex at the origin delated) and the unit sphere S**~! in C". For
this reason we make the following definition

Definition 4.6 Let

Mi=Mi(A)={z=G1-,z) €C" | D Ailul>=0, Y lul>=1).
i=1 i=1
4.4

Then M7 (A) is called the moment-angle manifold corresponding to A.

Remark 4.2 Let A be an admissible configuration. Then Na and Naa+p) (With
A € GL,(C) and B € C™) are biholomorphic (provided that (AA + B) is
admissible and provided that the corresponding sets S are the same).

Remark 4.3 The manifold N is naturally equipped with the principal C*-bundle
T — N.

Remark 4.4 The natural projection M| — N is a S'-principal bundle. It is in fact
the unit bundle associated to the bundle 7 — N.

Then, the differentiable embedding of N into the projective space described yields
an embedding of fibre bundles

M SZn— 1

| |

N —— CpP™!

Let us denote by w the pull-back of the Fubini-Study Kéhlerian form by this
embedding. The form w is thus a closed real two-form on N which represents the
Euler class of the bundle M| — N.

Definition 4.7 We call w the canonical Euler form of the bundle M1 — N.
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Definition 4.8 Let 1 < i < n. We say that A; (or more briefly i) is indispensable
if (A})je(ije 1s not admissible. Let I C {1, ...,n}. We say that (A;);e; (or more
briefly 1) is removable if (A ) jeje is still admissible.

Remark 4.5 Let I C {1,...,n} of cardinal p. If I is removable, then the configu-
ration (A;);eyc gives rise to a holomorphic LVM submanifold of N(A1, ..., A,) of
codimension p.

Remark 4.6 We write Sy, No, M1 (A) etc., if we want to emphasize the configura-
tion A. However many times we omit A if it is clearly understood and no confusion
is possible.

Another characterization of S is the following:
S = {z € C" | 0 is not in the closure of the leaf of F through z} 4.5)

in other words S is the union of the Siegel Leaves and it open and invariant under
the action of C™.

Remark 4.7 The space of Siegel leaves S has the same homotopy type as M and
therefore also as M. This is because S is a deleted complex cone over the origen.
It is a union of disjoint copies of C — {0} = C* corresponding to complex lines
through the origin. Therefore it retracts to M7 which is the union of unit circles in
each line.

Remark 4.8 The linear holomorphic action of (C*)™ commutes with the diagonal
action (by diagonal matrices) hence (C*)" acts on M.

Definition 4.9 (LVM Manifolds) If A is an admissible configuration the manifold
N = Ny given by formula (D) above is called a LVM manifold corresponding to
A. It is a compact complex manifold and dimc Ny =n —m — 1.

4.3 Examples

4.3.1 Elliptic Curves

We consider m = 1, n = 3 i.e., one linear equation in C3. In C consider a non-
degenerate triangle with vertices A1, A2 and A3. Let A = (A1, A2, A3). Suppose
that the origin is in the interior of this triangle. Then the open set of Siegel leaves
Sa C €3 is the complement of the three coordinate hyperplanes z; = 0, z; = 0 and
z3 = 0.

The setin 7 C C? — {0} given by the equation:

Mz + ralzal® + Aslz3? =0 (4.6)
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is the transversal as in formula (C) above and it meets every leaf in S, in exactly
one point. So that the space of leaves in Sp can be identified with the set given by
Eq. (4.6).

The set T is a complex cone with the origin deleted so thatif Z € T alsocZ € T
for all c € C*.

We see that Ny := Ny, 2,.14) 1S the projectivization of 7 and therefore N can
be identified as the quotient set of points satisfying the following two equations:

Mlzi1? 4+ 22022 + A3lz312 =0

lz1? + |z21? + 231> = 1

modulo the natural action of the circle given by

(z1,22,23) = (Uz1, Hz2, mz3), lpul =1, (z1,22,23) € N.

The set of points satisfying the two equations is T3 = S! x S! x S!.

Hence one has a free action of C* and the quotient Ny := M /C*, then a complex,
compact manifold of dimension one. In fact N, is an elliptic curve. To identify the
corresponding complex structure, observe that in this case S = (C*)3. The mapping
exp : C3 - S = (C*)3 given by exp(¢1, &2, £3) = (€51, €%2, €53) can be used to
identify Ny, 1,.1;) With the quotient of C by the lattice generated by A3 — A, and
A1 — A2. So we have that

3—A2

N(p1,20,23) 18 biholomorphically equivalent to the elliptic curve with modulus il i

Observe that in this case we obtain all complex structures on the torus. By
choosing adequately the order of the A; we obtain a mapping from the Siegel domain
to the Siegel upper half-plane in C. Therefore Any elliptic curve is obtained this way.

4.3.2 Compact Complex Tori

(i) If n = 2m + 1, the convex hull {A;}ieq1,... 2m+1) is a simplex in C" =~ R2m,

In fact if one removes one the A’s then O is not in the complex hull of the
remaining. In other words S is equal to (C*)" and one can show that N is a complex
torus.

Remark 4.9 Every compact complex torus is obtained by this process. In particular,
if n = 3 and m = 1 we obtain every elliptic curve.
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4.3.3 Hopf Manifolds

(i) If m = 1 let us define forn > 4
A1 =1 Ay =i A3=...=A,=—-1—1.

It is easy to verify that under these conditions S is equal to (C*)> x C"~2\ {0}.
Consider the two real equations that are used to define 7

1Z11? = |z31® + ... + |zal?

1221? = |z312 + ... + lzal®.

If we fix the modules of z; and z (by the definition of S they cannot be 0) the
above equations imply that these modules are equal and that (z3, .. ., z,) belong to
a sphere S~ Therefore these equations define a manifold which is diffeomorphic
to S5 x §! x S! x Rf. The manifold M obtained as the intersection of 7~ and
the unit sphere of C” is diffeomorphic to S x S! x S! and N is diffeomorphic
to S! x §?"73_ In particular for n = 4, on has all the linear Hopf surfaces.

4.3.4 Calabi-Eckmann Manifolds

(iii) Letm =1, n =5 and
Al =1 A =A3=1i Apg=As=—-1—1i.

An argument similar to the previous one shows that N is diffeomorphic to S* x
S3. One obtains an example of a Calabi—Eckmann manifold that is not a Kihler
manifold.

Remark 4.10 In general one obtains complex structures in products of odd dimen-
sional spheres S+ x S¥*! like in the classical Calabi—Eckmann manifolds. In
fact: Every Calabi—Eckmann manifold is obtained by this process.

4.3.5 Connected Sums

(iv) S. Lépez de Medrano has shown that for the pentagon in the picture below M;
is diffeomorphic to the connected sum of five copies of S* x S*. The complex
manifold N is the quotient of this connected sum under a non-trivial action of
S! (Fig. 4.3).
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Fig. 4.3 Pentagon in C. The A2 (m=1)
number 7; is the multiplicity
of & (n=1) Ay
0 >“ (m=1)
(ne=1)""*
)\S (ns=1)

Fig. 4.4 Polygon, the
number 7; is the multiplicity
of A;

When m = 1itcanbe assumed A is one of the following normal forms: Take n =
ni1+- - -+noey41 apartition of 7 into an odd number of positive integers. Consider the
configuration consisting of the vertices of a regular polygon with (2¢ + 1) vertices,
where the i-th vertex in the cyclic order appears with multiplicity »;.

The topology of M1 and N can be completely described in terms of the numbers
di =n;+---+nj4¢—1,1.e., the sums of £ consecutive n; in the cyclic order of the
partition:

For ¢ = 1: M; = S~ x §2m-1 y §253-1 For ¢ >~ 1. M; =
#521 (S2i=1 x §2n=24i=2) See Theorem 4.1 below (Fig. 4.4).

To describe the topology of N we will use the following known facts about the
topology of Mj: First observe that the smooth topological type of M (as well as that
of N) does not change if we vary continuously the parameters A as long as we do
not violate condition (WH) in Definition 4.3 in the process. It is shown in [DM89]
that the parameters A can always be so deformed until they occupy the vertices of
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a regular k-gon in the unit circle, where k = 2/ 4 1 is an odd integer, every vertex
being occupied by one or more of the ;.

Therefore the topology of M (and that of N also) is totally described by this
final configuration, which can be specified by the multiplicities of those vertices,
that is, by the partition

n=ny+---+ng.

Observe that different partitions give different open sets S and therefore also
different reduced deformation spaces. It is clear that if we permute cyclically the
numbers n; we obtain again the same manifolds and deformation spaces, but it
follows from the next result that the cyclic order is relevant for their description.
It is shown in [DM89] that the topology of M is given as follows:

Letd; =n; +njy1 +---+njy—1, fori =1, ..., k (the subscripts being taken
modulo k). Let also d = min{dy, ..., dy}.

These numbers determine the topology of M;:

Theorem 4.1

(1) If k = 1 then M| = .

(2) Ifk =3 then My = §?"1—1 x §2m2—1 » §2m3—1

(3) If k = 21+ 1 > 3 then £ > 1 and M, is diffeomorphic to the connected
sum of the manifolds S§2di—l o §2n=2di=2 (j — | ... k)ie, M =
#?Z:-iil (SZd,-—l % gzn—zd,-—z)_

The proof of parts (1) and (2) is quite direct, while the proof of part (3) is long
and complicated [DM89]. In what follows we shall only use the fact that the integral
homology groups of M coincide with those of the above described connected sum
and the fact that M, is (2d — 2)-connected. The homology calculations (and part
(2) of Theorem 4.1) were first obtained by Wall [WAS80]. Thus our results will be
independent of [DM89] and will provide a simplified proof of some of the cases of
Theorem 4.1.

4.3.6 Some Examples of LVM

In the cases where M| is not simply connected (i.e., whenk =3 andd =n; = 1),
the complex structure on N can be described in terms of the defining parameters
by identifying it with previous descriptions of these known manifolds, for instance
when n = k = 3 the manifold N is diffeomorphic to the torus S! xS'. When M; is
simply connected we obtain new complex structures on manifolds. An intermediate
situation is given by the cases k = 3, with n1 = 2, n, and n3 even, where one can
show, using the fact that each C" can be considered as a quaternionic vector space,
that M, is diffeomorphic S* x §?"2~1 x §2%3~1 and the action of the circle acts on
the first factor so N is diffeomorphic to ]P’}C x §712~1 5 §213~1 Tt is easy to see that in
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some cases N can be identified with the product of P<1C with one of the Loeb-Nicolau
complex structures on S*2~1 x §2%3~1_ But in other cases there is no simple way
to establish such an identification, and it is plausible that these give new complex
structures.

When k = 3, n; = d > 2 we definitely get a manifold which is not a product,
but a twisted fibration over P%l_l. In fact, N clearly fibers over Pf(':'_l with fiber
§?m2=1 5 §?13~1 This fibration does have a section (recall that we are assuming that
n1 = d is not bigger than the other n;) which is homotopic to the map P%‘fl — N
constructed in Lemma 4.3 in Sect. 4.4 below. But, by Remark 4.12 at the end of
the same Sect. 4.4 below, the normal bundle of ]P)?élfl in N is stably equivalent to
the normal bundle of ]P)?élfl in P%_l. By computing the Pontryagin classes of this
bundle one shows that it is not trivial. We therefore have:

Theorem 4.2 When 3 < ny < ny < n3 there is a non-trivial (S¥"2~! x §¥3-1y.
fibration over ]Pfé1 ~with an (n — 2)-dimensional space of complex structures.

When k£ > 3 we get new complex structures on manifolds. We will give the
complete description of the underlying real smooth manifold only in the case where
alln; =1 (son =k = 21 + 1), where the computations and arguments are simpler.
To do this we can assume as before that the A; are the n-th roots of unity: A; = ,oi s
0 a primitive root.

One has that £ > 1 and M is a parallelizable (2n — 3)-manifold with nontrivial
homology only in the two middle dimensions n — 2 and n — 1 only, where it is free
of rank n:

Hy,_»(M1) = H,—1(My) =Z"

It follows from the Gysin sequence of the fibration M; — N (and from the order
of its Euler class in Remark 4.11 found in Sect. 4.4 below) that N has homology
only in dimensions 2i,i = 1, ..., n — 2 where it is free of rank 1, and in dimension
2] — 1 where it is free of rank 2/.

On the other hand, M is the boundary of a manifold Q constructed as follows:

Let

Z={zeC'=C™! | SR0)zz =0, Tzz = 1}.

Z is diffeomorphic to the 4/ manifold $%~! x §%+! (since the defining quadratic
form has index 2/) and is the union of two manifolds with boundary

0t ={zeC" | IRO)zzi =0, £TI()zizi >0, Bziz; = 1}

whose intersection is M.

The involution of C" which interchanges the coordinates z; and z,_; preserves
Z and M), and interchanges QF with Q~. Therefore these two are diffeomorphic
and M is an equator of Z.
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Let O = Q7. It follows now easily from the Mayer-Vietoris sequence of the
triple (S2~1 x $?*+1 0, 07) that H;(Q) = 0 for i # 2I — 1,2I, in which
case it is free of rank / 4+ 1 and [, respectively, and that H;(M1) — H;(Q) is
always surjective. Q is also simply connected by Van Kampen’s Theorem. The
Hurewicz and Whitehead Theorems now show that all homology classes in Q
can be represented by spheres which for dimensional reasons can be assumed to
be embedded in M by Whitney’s Imbedding Theorem. (This is enough to show,
using the h-Cobordism Theorem, that M; is a connected sum, as described in
Theorem 4.1. It is shown in [DM89] that these facts are true in general, by a detailed
description of all homology classes in M7).

The S! scalar action leaves Q invariant, so the quotient R = Q/S' is a compact
manifold with boundary R = N. Now the fibration Q — R again embeds in a
diagram

SZd‘1—>M1—>SZd‘1—>SZ"‘1

L

d—1 d—1 n—1
]P(C —- N — ]P(C — ]P(C

See Lemma 4.3 in Sect. 4.4 below.

It follows now from the cohomology Gysin sequence of the fibration Q — R
that Hy;(R) =Z,i =0,...,1 — 1 and Hy_1(R) = 7!, all other homology groups
being trivial.

Now we can embed, by Lemma 4.3 in Sect. 4.4 below, ]P’fg1 in R representing
all even dimensional homology classes, and [ disjoint (2] — 1)-spheres with trivial
normal bundle representing the generators of the corresponding homology group of
R (since all these classes come from Q and are therefore spherical, and their normal
bundles are again stably equivalent to the trivial normal bundle of S*~! in ]I”fgl).
Taking a tubular neighborhood of these manifolds and joining them by tubes we
get a manifold with boundary R’ whose inclusion in R induces isomorphisms in
homology groups. It follows from the h-Cobordism Theorem [MI65] that N = dR
is diffeomorphic to d R’ which is a connected sum of simple manifolds. These are
I copies of S*~1 x S?~1 and the boundary of the tubular neighborhood of ]P’fg1
in R. By the remark at the end of Lemma we know that the normal bundle of this
inclusion is stably equivalent to the normal bundle of IP’fgl in IE%. We have therefore
proved the following

Theorem 4.3 For every l > 1 there is a (2l — 1)-dimensional space of complex
structures on the connected sum of IP’fEl xS? and I copies of S?'=1 x S*=1, where

]P’fc_l xS? denotes the total space of the S*-bundle over ]P’fc_l stably equivalent to
the spherical normal bundle of ]P’fg1 in ]P%.

Observe that for I = 2 we get a manifold which is similar, but not equal, to the
one constructed by Kato and Yamada [KA86], where the first summand is a product
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instead of a nontrivial bundle. Both manifolds had been considered before, from the
point of view of group actions, by Goldstein and Lininger (see [GL71]).

In general, these complex structures are very symmetric, in the sense that we can
still find holomorphic actions of large groups on them (see [DM88]). In particular,
there is an action of the complex, noncompact, (n — 2)-torus (C*)"~2 on them with
a dense orbit. In this sense, our manifolds behave as toric varieties.

4.4 Form =1 and n > 3 the Manifolds N Are Not
Symplectic

Theorem 4.4 For n > 3, the manifold N = Ny is a compact, complex manifold
that does not admit a symplectic structure.

Proof In fact it follows from the classification given by Theorem 4.1 that the
manifold depends on the polygon of k vertices and for k = 1 the manifold M;
is empty and M is a nontrivial circle bundle over N. In general we have that M}
lies in the sphere S**~! and that N sits inside the complex projective space ]P’fé_l
(but not as a holomorphic submanifold), so we have an inclusion of S!'-bundles:

M < S2n71

”‘l lm

N —— ]%’l

where 771 and 7, are the restrictions of the canonical map = : C" \ {0} — P! to
M and S*"~! respectively.

We will prove first that the inclusion of N can be deformed down in I%*l into a
projective subspace of low dimension d — 1, but not lower. We will prove first the
following:

Lemma 4.3 The above inclusion of S'-bundles embeds homotopically in the

following sequence of bundle maps:

S2-1 _y pp 5 S2d-1 _, g1
l l l l (Diagram)

d—1 d—1 n—1
IP’C —- N — IP’C — IP’C

where the composition of the bottom arrows is homotopic to the natural inclusion.

Proof of Theorem 4.3 If we put d coordinates z; = 0 we obtain a new manifold
Mi(A’) where A’ is a configuration of eigenvalues that is concentrated in [ + 1
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consecutive vertices of the regular (2/ 4+ 1)-gon. This configuration being in the
Poincaré domain, it follows that the above manifold is empty. O

This means that the original M1 (A) does not intersect a linear subspace of C" of
codimension d and that correspondingly N does not intersect an d-codimensional
projective subspace of Péﬁl. Then the inclusion of N in P%fl can be deformed into
a complementary projective subspace of dimension d — 1, which gives the middle
bundle map.

Now, M being (2d — 2)-connected (by Theorem 4.1), it follows that M| — N
is a universal S'-bundle for spaces of dimension less than 2d — 1 (see [ST51, p. 19])
and therefore the Hopf bundle over Pﬁéﬁl admits a classifying map into it, which
gives the first map in the bottom row. The composition of the bottom maps also
classifies this Hopf bundle and is therefore homotopic to the natural inclusion, so
the Lemma is proved. From the description of M; it follows that M; is simply
connected, except for the cases k = 3, d = n1 = 1. In these cases the S L_action on
M =S Ly §2m=1y §2n3=1 ¢an be concentrated on the first factor, and therefore N
is diffeomorphic to §2m=1 5 §213=1 Unless no = n3 = 1 we have that H2(N) = 0
and N is not symplectic.

In all the other cases we have that d > 1 and M; is 2-connected. From the
cohomology Gysin sequence of the fibration M; — N it follows that H*(N) = Z
generated by the Euler class e. However, it follows from the Lemma the following:

Remark 4.11
e £ 0, e =0

so this class does not go up to the top cohomology group H>"~4(N, Z), and it
follows again that N is not symplectic, and Theorem 4.4 is proved. O

Nevertheless, observe that N is a real algebraic submanifold of ]P’fé_l since it is
the regular zero set of the (non holomorphic) function g : P%fl — R? defined by
EXiziZi
g([zla"'azn])z lil
XziZi
Remark 4.12 This implies that the normal bundle of N in ]P’féfl is trivial. Observe
also that the map ]P’fé_l — N in the Lemma is homotopic to an embedding, whose
normal bundle is then stably equivalent to the normal bundle of ]P’jéfl in ]P’KI.
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4.4.1 Compact Complex Tori Are the Only Kihler LVM
Manifolds

Let k denote the number of indispensable points (remember Definition 4.8 above).
By Carathéodory’s Theorem k£ < 2m + 1 and the maximum is attained only when
n = 2m + 1. One has:

Lemma 4.4

(1) S = (C** x (C"*\ A) with A an analytic set of codimension at least two in
every point.

(2) This decomposition descends to a decomposition My = (S x My where My
is a real compact manifold which is 2-connected.

Sketch of the Proof Let S = C" \ E, where E is a union of subspaces (see (4.3))

E={zeC" | 0¢HALY)

The components of codimension one are given by indices corresponding to indis-
pensable points in the configuration. This proves the first part. Since A is of complex
codimension at least 2 in every point (C" % \ A) is 2-connected, hence M is 2-
connected, since they have the same homotopy type. O

In examples 4.3.3,4.3.4 and 4.3.5 above one obtains compact complex manifolds
which are not symplectic because the second de Rham cohomology group is trivial.
This is in fact a general property of the manifolds we obtain:

Theorem 4.5 Let A be an admissible configuration as in Definition 4.3 and Ny the
corresponding compact complex manifold. The the following are equivalent:

(1) H(A) is a simplex

(2) Ny is symplectic.

(3) Ny is Kdhler.

(4) Ny is a complex torus.
(5) n=2m+ 1.

Sketch of the Proof It is easy to prove the equivalence of (3) and (4): If N is a
complex torus, one must have S = (C*)" hence all the A; must be indispensable
and in this case the convex hull must be a simplex and n = 2m + 1. If the convex
hull is a simplex then, as in Example 4.3.2, N is a compact complex torus.

The most difficult part is that (1) implies (4). One proves that by contradiction.
Suppose n > 2m + 1. As in the examples one must study the de Rham cohomology
of N and to prove that it is incompatible with the existence of a symplectic form.

We consider two cases:

First Case There exists indispensable points. From here one can deduce that the
fibration M — N is trivial. Hence the decomposition M| = (SH* x My of the
previous Lemma gives a decomposition N = (SH =1 x M.
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In other words if N has a symplectic structure it must be supported by (S")*~!.

The maximal power of this symplectic form must be a volume form in N but that is
only possible only if k — 1 is equal 2n — 2m — 2 which is the real dimension of N.

Second Case If there are not indispensable points then M is 2-connected and
the fibration M — N is not topologically trivial. Therefore the second de Rham
cohomology group of N is generated by the Euler class of that fibration. Analyzing
carefully this fibration one shows that the Euler class is trivial. Therefore this class
is not symplectic, the proof is similar to that of Theorem 4.4. O

4.5 Meromorphic Functions on the Manifold Ny

Many analytic properties of LVM manifolds are related to the arithmetic properties
of the configuration A. One nice example of this fact is given by the following

Theorem 4.6 ((ME00, Theorem 4]) Let N be a LVM manifold without indispens-
able points. Then the algebraic dimension of N is equal to the dimension over Q
of the Q-vector space of rational solutions of the system (S):

(S)

The idea of the proof is very simple. If f is a meromorphic function on N,
then it can be lifted to a meromorphic function f of S which is constant along
the leaves of F. Since we have assumed that there is not an indispensable point
Lemma 4.4 implies that S is obtained from C”" by removing an analytic subspace of
codimension at least two at every point. Therefore f can be extended to all C" by
Levi’s Extension Theorem (see [BHPVO04, p. 26]). Furthermore f must be invariant
by the action given by (4.1) in Sect.4.2. In particular f must be invariant by the
standard action of C* on C" \ {0}, and descends to I%fl. Therefore f is a rational
function. We can show that the fact that f is constant along the leaves of F implies
that an algebraic basis of these rational functions is given by the monomials

Sn

81
Zl '---'Zns

where (s1, ..., S,) is a rational basis of the vector space of solutions of system (S).

Example 4.1 Letn =5etm = 1, and:

Al =1 Ar=1 A3=—-1—1i Ag= i+1 As = —i —
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One verifies immediately that there are not indispensable points. The complex
dimension of N is 3 and its algebraic dimension is according to the preceding
Theorem 4.6. Indeed

5,52 2
212573 2125
f@= " 8@ = 3
2475 232}

are meromorphic functions which are algebraically independent on N and in
addition every meromorphic function on N depends algebraically on f and g.

Recall that a connected Moishezon manifold M is a compact complex manifold
such that the field of meromorphic functions has transcendence degree equal the
complex dimension of the manifold.

It is shown in [MEQO] that when Theorem 4.6 applies the algebraic dimension of
N is at most n — 2m — 1 therefore the dimension is strictly inferior to its dimension
n —m — 1. In other words: if there are not indispensable points N is not Moishezon.
This happens if and only if A is a simplex. Hence we have the following:

Theorem 4.7 (IME00, Theorem 3]) The following are equivalent:

(i) N is Moishezon.
(ii) N is projective.
(iii) N is a complex projective torus.

Sketch of the Proof We follow the proof given by Frédéric Bosio in [BOO1, pp.
1276-1277]. If I is a subset of {1, ..., n} such that O is in the convex envelope of
(Ai)ier, then the restriction of action (4.2) to the complex vector subspace of C"
given by the equations

z; =0 pour j &1

defines also a LVM manifold that we denote N;. Then this is a complex submanifold
of N. One can verify thatif n > 2m 41, i.e., there are points that can be eliminated,
one can find always submanifolds which have indispensable and in fact we can fine
such a submanifold with odd first Betti number. But if N is Moishezon then all of its
complex subvarieties are also Moishezon and therefore must have first Betti number
even. ]

Remark 4.13 Exactly this last argument implies that N is not Kédhlerif n > 2m + 1.
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4.6 Deformation Theory

4.6.1 Small Deformations

We will state without a proof a theorem of stability of LVM manifolds under small
deformations. Let A be an admissible configuration and N the associated LVM
manifold. For € > 0, let (A;)_c<;<¢ be a small smooth perturbation of A (i.e.,
a smooth function from (—¢, €) to (C")" such that Ag = A = (A1, ..., Ap)).
Since the Siegel and weak hyperbolicity conditions are open in (C™)", if € is
sufficiently small all the configurations (A’) are admissible. The manifold (e, €),
U N C I%*l x R admits an obvious submersion over (—¢, €) with compact
te(e,e
ﬁb(ers). Ehresmann’ Lemma implies that all the N, are diffeomorphic, however
they are not necessarily biholomorphic it is enough, for instance, to start with a
configuration A which verifies la condition (K) in Definition 4.12, and to perturb it
in (C™)")in order to obtain (A)’ which verify (H) in 4.12. This way one obtains a
non-trivial family of de LVM manifold Ny parametrized by the interval (—e, €).
On the other hand, if A et A’ are two admissible configurations such that A’
is obtained from A’ by a complex affine transformation of C™”, i.e., there exists
a complex affine transformation A of C™ such that A; = A(A;) for all i, one
sees immediately since A(Sp) = &’ and A sends a Siegel leaf of the system
corresponding to A to a leaf corresponding to A’.

Definition 4.10 Let A be an admissible configuration and N, the corresponding
LVM manifold. One calls space of parameters of N the set of equivalence classes
on an open connected neighborhood of A in (C™)" consisting of equivalence classes
of admissible configurations under the equivalence = given by A = A’ if and only
if there exists a complex affine transformation A such that A(A) = A(A').

The weak hyperbolicity condition implies that A affinely generates the space
C™ [MVO04, Lemma 1.1]. Up to renumbering the vectors on can assume that
(A1, ..., Apm41) are affinely independent. Given a sufficiently small open con-
nected set of configurations in (C™)" containing A, one sees that every element
in that open set can be transformed in a unique way to a configuration where the
first m + 1 vectors coincide with those of A. Therefore:

Lemma 4.5 Let D be an space of parameters for Nx. Then D can be identified
with an open connected subset of (C™)"~"~1,

Under these conditions on can construct a holomorphic family D of deformations
of N parametrized by D. It is enough to consider the quotient of S x D under the
action in formula (4.1) with parameters in D.
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Theorem 4.8 ((ME00, Theorem 11]) Let D be an space of parameters of the LVM
manifold Na corresponding to the configuration A. Let D — D be the associated
family of deformation. Then

(i) If S is at least 3-connected, the family D is a versal family of deformations of
Nj.
(ii) If S is at least 4-connected and A; # A if i # j, the family D is universal

Hence under rather restrictive conditions we have that all the small deformations
of N, are obtained by just perturbing the configuration A. However this is not the
general case: the Hopf surfaces don’t admit a universal family.

4.6.2 Rigidity and Versality for m = 1

We consider the configuration corresponding to the regular polygon with n = 2/ 41
vertices (see Sect.4.3.5). Let n = n1 + - - - + ny be an ordered partition of n with
d > 4. Let A = (Ay,...,AL), A € C be the admissible configuration where the
multiplicity of A; is n;.

Recall that the complex structure on N(A) does not vary within the affine
equivalence class of A. We show now that the converse is true in most of the cases.
These include in particular all cases with k > 5. It is plausible that the result is true
in general.

Theorem 4.9 Let n = ny + --- + ni be an ordered partition of n with d #
2. Then any two collections of eigenvalues corresponding to this partition give
holomorphically equivalent manifolds N if, and only if, they are affinely equivalent.

Proof The sufficiency of the condition was observed above. For the necessity, if
d = 1 we are in the Calabi—Eckmann case, and this was shown by Loeb and Nicolau
[LN96, Proposition 12]. For d > 2 we follow their argument:

Let V = §/C* which is an open subset of ]P’KI. Then the complement of V in
]P’fé_l is a union of projective subspaces whose smallest codimension is d. By the
results of Scheja [SC61] we have that

H\(V,0)=H'PL,0) fori<d-2

where Oy denotes the sheaf of holomorphic functions on a manifold. The second
cohomology groups were computed by Serre and are C in dimension O and trivial
otherwise (see e.g. [GH7S, p. 118]).

Now, let O'™ be the kernel of the map O — O given by the Lie derivative along
the vector field & which generates the C action on V, so we have an exact sequence
of sheaves:

0— 0" 502 050
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The associated cohomology exact sequence shows that, for d > 3,
H'(V,0") = C, but this group can be identified with H'(N, ©). Therefore
this group is also C and since it classifies the principal C-bundles over N, any two
non-trivial principal C-bundles over N differ by a scalar factor.

Let Ni, N> be two such manifolds which are holomorphically equivalent and
consider a biholomorphism ¢ : N; — N». Over each N; there is a principal C-
bundle V; — N;, where the total space V; is in both cases V, but is foliated in two
different ways by the projectivized leaves of each system. We have to lift ¢ to an
equivalence of the principal C-bundles V;, which amounts to finding an equivalence
between Vi and ¢*V,. Now V| and ¢*V, are non-trivial C-bundles (otherwise
they would have sections, N; would embed holomorphically in I%*l and would
be a Kéhler manifold, recall [WE73, p. 182]). By the previous computation these
differ by a scalar factor and there is an equivalence between V| and V; preserving
the leaves of the foliations. By Hartog’s Theorem this equivalence extends to
one of I%*l into itself which must then necessarily be linear since the group of
biholomorphisms of ]P’g;l is the corresponding projective linear group. But then it
follows easily that the corresponding eigenvalues must be affinely equivalent, and
Theorem 4.9 is proved. O

Theorem 4.9 says that when d # 2 the reduced deformation space of N injects
into its universal deformation space. For d = 1 the question of whether the reduced
deformation space is universal or not depends on the existence of resonances among
the A; (see [HAS8S, LN96]). For d > 4 the situation is simpler and only depends on
the condition that all the A; be different:

Theorem 4.10 Let n = ny + - -+ + ng be an ordered partition of n with d > 4.
Let A be a collection of eigenvalues corresponding to this partition and assume that
all A; are different. Then the corresponding reduced deformation space of N(A) is
universal.

Proof Following again [LN96] we consider the exact sequences of sheaves over V:

. L
0> 0" 505600
0—> O™ > O" - @ — 0

where ® denotes the sheaf of holomorphic vector fields on a manifold and ®*V and
®, are defined by these sequences. Now again by Scheja [SC61] we have

H'(V,0)=H'(PL,0) fori<d-2
H O(Pﬁgl, ®) is the space of holomorphic global vector fields on ]P’féfl (all of

which are linear) and can be identified with the space of n x n matrices modulo the
scalar ones. Fori > 0, H' (]P’?éfl, ®) =0. O
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The first sequence above gives a cohomology exact sequence for d > 4:

. L .
0= H°OM) = H°%©) =5 HY©) — H!(©®") - 0.

Since & corresponds to the diagonal matrix with entries A; and these are different,
the kernel and cokernel of L¢ can be identified with the space of diagonal matrices
modulo the scalar ones, so H'(©"?) is a space of dimension n — 1. The class of &
in this vector space is non-zero.

From the exact sequences of sheaves we have the diagram:

H%®) — H'(O") > H'(©®") > HY(©®,) - 0

1= 0
H°©0) —» HY®)

where the two middle horizontal maps are induced by multiplication by &. Since the
lower one is injective by the above remark, it follows that so is the upper one and
that H'(®}) is of dimension n — 2.

Now it is easy to see that Hi(®y) is isomorphic to Hi(N, ©). It follows that
H'(N, ©) is of dimension n—2 and is the tangent space to the universal deformation
space of N. Since we have shown that the reduced deformation space is smooth, has
dimension n — 2 and injects into this universal space, it follows that it is itself a
universal deformation space and Theorem 4.10 is proved. O

Observe that in Theorem 4.10 if n = 2/ 4 1 then for [ > 4 the space of complex
structures is the universal deformation space for any of its members.

4.6.3 Global Deformation Theory of LVM Manifolds

Here the deformation theory of equivariant LVM manifolds is explained and then
together with the reconstruction theorem we conclude that this implies the existence
of the moduli stack of torics.

Let A be an admissible configuration. We want to describe the set M of G-
biholomorphism classes of LVM manifolds N’ such that Sy is equal to S up to
a permutation of coordinates in C".

We assume that A satisfies (4.21) and

A; is indispensable <= i <k “4.7)
that is, the k indispensable points are the first k vectors of the configuration. In
the same way, every class [N/] of M can be represented by a configuration A’

satisfying (4.21), (4.7) and

S:=8r =58 (4.8)
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Remark 4.14 Condition (4.8) is equivalent to K 5 being combinatorially equivalent
to K,/ with same numbering (4.31). Observe that because of our convention (4.7),
having the same numbering implies having the same number of indispensable
points.

Now, observe that, because of (4.21), there exists an affine transformation T of
C™ sending A onto a configuration (which we still denote by A) whose first m + 1
vectors satisfies

Ay =ie;, Ao — A1 =ey, ..., Apy1 — A1 = ey,

where (eq, ..., ey)is the canonical basis of C™. 4.9)

It is straightforward to check that this does not change N up to G-biholomor-
phism. In the same way, each class of M can be represented by an element A’
satisfying (4.21), (4.7), (4.8) and (4.9). We call S-normalized configuration such a
configuration.

Let 7A be the set of S-normalized configurations. This is an open and connected
set in (C™)yr—m—1,

Assume now that N,/ is G-biholomorphic to Nj. Then, Gp and G,/ as
subgroups of Aut(Nyp), respectively Aut(N,/) are isomorphic Lie groups. Hence,
their universal cover are isomorphic as Lie groups, that is, using the presentation
given in Proposition 4.6, there exists a matrix M in GL,_,,_1(C) which sends the
lattice of G5 bijectively onto that of G 5. Using notations (4.22) and (4.23), this
means that there exists a matrix P in SL,_1(Z) such that

M(1d, BAA") = (Id, By A, P. (4.10)
Decomposing P as
P:(Pl P2) @.11)
01 02

with P; a square matrix of size n — m — 1 and Q5 a square matrix of size m, we
obtain

MBAAL' = (P + By AL Q1) BAAL' = P+ By AL Qn. (4.12)
Because of (4.9), this means that
‘Ba = ("Py+ '02'BA) (P + '01 By ! (4.13)

that is

Proposition 4.1 Ler A and A’ be two S-normalized configurations. Then Np and
Ny are G-biholomorphic if and only if A and A’ satisfies (4.13).
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Thus, M4 is the quotient of T by the action of SL,_;(Z) described in (4.13).
We claim

Proposition 4.2 [f the number k of indispensable points is less than m + 1, then the
moduli space M(X) is an orbifold.

Proof From the previous description, it is enough to prove that the stabilizers of
action (4.13) are finite. Let f be a G-biholomorphism of Nj. Set

Si={weC™™ 1 | 1,...,1,w) eS8} (4.14)

O

Observe that (4.14) is a covering of the quotient N; of SN {z] - - - ;41 # 0} by the
action (4.1). Indeed, we have a commutative diagram

((C*)n—m—l Sl S
l l l (4.15)
Ga N Na

where the horizontal maps are inclusions and the first two vertical ones are
coverings.

Then, up to composing with a permutation of C”, we may assume that f sends
Nj onto itself. Because of assumption (4.7), the set (4.14) is a 2-connected open
subset of C"~™~1 hence the restriction of f to Ny, say fi, lifts to a biholomorphic
map Fy of (4.14). More precisely, Si is equal to C"~~! minus a finite union of
codimension 2 vector subspaces, hence by Hartogs, F extends as a biholomorphism
of C"—m—1,

On the other hand, the restriction of f to G preserves G and lifts as a
biholomorphism F of its universal covering C"~"~!. And we have a commutative
diagram

cn—m—1 exp(2im—) ((C*)nfmfl
Fl lFl (4.16)
Cn—m—l exp(2i7rf); (C*)n—m—l
But, since the linear map F = M must preserve the abelian subgroup of

Proposition 4.6, using (4.9) and (4.10), we have

n—m—1
F(z+e;) =I:"(z)+Ple,- =F(2) + Z ajje; 4.17)
j=1
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that is Q1 is equal to 0. But through (4.16), this implies that

ai; pmet i n—m—1
Fi(w) = (w1 i ---wn_m_lf)jzl (4.18)

Now, recall that Fj is a biholomorphism of the whole C"m=1 5o must send a
coordinate hyperplane onto another one without ramifying. This shows that P; =
(aij) is a matrix of permutation. Hence every stabilizer is a subgroup of the group
of permutations with n — m — 1 elements, so is finite.

Example 4.2 (Tori) Letn = 2m + 1, then there are 2m + 1 indispensable points,
S is (C*)" and N is a compact complex torus of dimension m [MEOO, Theorem 1].
The associate polytope K is reduced to a point and N = G. The moduli space M
is equal to the moduli space of compact complex tori of dimension m, which is not
an orbifold for m > 1.

Example Hopf Surfaces Letn = 4 and m = 1, then there are two indispensable
points and S is (C*)? x C?\ {(0, 0)}. A S-admissible configuration is given by a
couple complex numbers (13, 14) belonging to

{zeC | Nz <O0andNz < Iz} (4.19)

The manifold N, is equal to the diagonal Hopf surface obtained by taking the
quotient of C? \ {(0, 0)} by the group generated by

(z, w) —> (exp2im (A3 — A1) - Z, (exp2im(hg — A1) - W) (4.20)

Two points (13, A4) and (A}, )\Q) with coordinates in (4.19) are equivalent if and
only if their difference is in the lattice Z @ Z or if the difference of (A3, A4) by
the switched (A, A%) is in this lattice. The isotropy group of a point is Z, for the
diagonal A3 = A4 and is zero elsewhere. The moduli space is an orbifold.

Observe that not all Hopf surfaces are obtained as LVM-manifolds, but only
the linear diagonal ones. Now, they coincide with the set of Hopf surfaces that are
equivariant compactifications of (C*)?.

(a) Generalized Hopf Manifolds

When n1 = ny = 1 the manifold N is diffeomorphic to S! x §?3~1 Here the
mapping exp : C? x (C™\0) — S = (C*)? x (C"\0) given by exp(¢1, &2, ¢) =
(€%, e%2, ¢) can be used to identify N with the quotient of C"3\0 by the action of Z
defined by the multipliers

Aoti — A2 .
o = exp 2711)L N ,i=1,...,n3.
1 — A2
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In this case we obtain all complex structures on S! x §?3~! having C"\0 as
universal cover when there is no resonance among the ¢;. But in the resonant case
we do not obtain all such complex structures since we do not obtain the non-linear
resonant cases of Haefliger (see [HAS85] for the notion of resonance).

(b) Generalized Calabi—Eckmann Manifolds

When n1 = 1 and ny, n3 are both greater than 1 we have seen that the manifold
N is diffeomorphic to S?2~1 x §?3~1 Here the mapping exp : C x (C™\0) x
(€5\0) — S = C* x (C\0) x (C"\0) given by exp(¢. £1. &) = (¢, ¢1, &)
can be used to identify N with the quotient of (C"2\0) x (C"\0) by the action of C
defined by the linear differential equation with eigenvalues A; = 27i (A; — A1), i =
2,...,n. This is exactly the construction of the Loeb-Nicolau complex structure
corresponding to a linear system of equations of Poincaré type [LN96].

Observe that in their construction only the quotients of the eigenvalues of the
system are relevant for the definition of the complex structure on N, so once again
only the quotients i;:ikk of our original eigenvalues count.

Again we obtain all their examples of complex structures on S>>~ !§?"3~1 when
there is no resonance among the )L;. But, once more, in the resonant case we do not
obtain all their complex structures since we do not obtain the non-linear resonant
examples (see [HAS8S]).

Observe that in all the cases considered in this section only the quotients Ai =k

Aj—Ak
are relevant in the description of the complex structure of N (in accordance with
Theorem 4.9 that affinely equivalent configurations of eigenvalues with the same &
give the same complex structure) and that they are actually moduli of that complex
structure.

4.7 LVM Manifolds as Equivariant Compactifications

Theorem 4.6 has a deeper explanation related to the structure of Ny and the
arithmetic properties of A. In fact S contains always (C*)" as an open and dense
subset invariant under the foliation F. If we pass to the quotient under the action
of (4.1) one obtains that Ny has as an open subset G, which is the quotient of
(CH" by F. Since F is defined by the action (4.1) and this action commutes with
the group structure of the multiplicative group de (C*)", it follows that G itself is
a connected commutative complex Lie group. In other words:

Theorem 4.11 ([LMO2]) Ny is the equivariant compactification of a complex
commutative Lie group G 4.

Remark 4.15 In some sense, this theorem is the principal reason of the interconnec-
tion between LVMB manifolds, toric varieties, convex polytopes and moment-angle
manifolds.
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Definition 4.11 A connected complex Lie group G is called Cousin group (or
toroidal group in [KO64]) if any holomorphic function on it is constant [AKO1].

Proposition 4.3 Cousin groups are commutative. Moreover, they are quotients of a
complex vector space V by a discrete additive subgroup of V [AKOI ].

Proposition 4.4 Any commutative connected complex Lie group G can be written
in a unique way as a product G = C x C! x (C*)" where C is a Cousin group
(I,r =20).

Proposition 4.5 A commutative complex Lie group is Cousin if and only if it does
not have nontrivial characters.

Observe that (C*)" acts by multiplication on the space of Siegel leaves Sy with
an open and dense orbit, making it a toric variety. This action commutes with
projectivization and with (4.1), making of N5 an equivariant compactification of
an abelian Lie group, say G 4. A straightforward computation shows the following
[ME9S, p.27]

Proposition 4.6 Assume that

rankc <A11 A”;“) =m+1. 4.21)

Then G is isomorphic to the quotient of C"*~"~1 by the 7"~ abelian subgroup
generated by (Id, Bp Axl) where

Ar ="My — Ary ooy At — A (4.22)
and
B =t(Am+2—A1,...,An,1 — A1). (4.23)

Remark 4.16 1t is easy to prove that

rankc <A11 AI") =m+ 1.

(cf. [MV04, Lemma 1.1] in the LVM case). Hence, up to a permutation, condition
(4.21) is always fulfilled.

We say that Ny and Np+ are G-biholomorphic if they are (G 5, G 5/)-equivariantly
biholomorphic.

Remark 4.17 When S is (C*)", one has N = G is a compact complex Lie group
and therefore a compact complex torus. This is a direct proof of the example
presented in 4.2.
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The structure of groups like G, is well-known [60]. Since we know that the
dimension of G, is equal to that of N we obtain that G, is the quotient of
(C*)"~™=1 by a discrete multiplicative subgroup I'. The group G is sometimes
called a semi torus i.e., there exists a short equivariant exact sequence

0— (CH"™ ! 5 Gy —>T—0

where T is an appropriate compact complex torus of dimensionn —m — 1.

Furthermore, the group G, is isomorphic to (C*)* x C, where @ > 0 and C
is a Cousin group. Compact Cousin groups are just complex tori. However there
are non-compact Cousin group, for instance If C = (C*)"~"~4~1/T, and Iy is
a “sufficiently generic” discrete subgroup in order to have that any holomorphic
function on (C*)"~~4~! which is invariant under I'y must be constant then any
holomorphic function on the quotient is constant.

In our case, any holomorphic function on G extends to a meromorphic function
on Ny . Then Theorem 4.6 shows is the following:

Proposition 4.7 If N does not have an indispensable point, then the algebraic
dimension of Ny is equal to the dimension a of the factor C* in the associated
decomposition G = (C*)* x C.

Hence we obtain the following.

Corollary 4.1 (IME00, Proposition IV.1]) Let Np be an LVM manifold which is
the equivariant compactification of the connected complex abelian Lie group G .
Suppose Ny is without indispensable points. Then one has an equivalence:

(i) Na does not have non-constant meromorphic functions
(ii) G is a Cousin group, i.e., every holomorphic function on G 5 is constant
(iii) System (S) has no solution in the rationals.

4.8 Toric Varieties and Generalized Calabi—-Eckmann
Fibrations

Let A = (A, -, A,) be a configuration which is admissible i.e., it satisfies both
the Siegel and weak hyperbolicity conditions as before.
Recall again the system of equations:

(S)
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Definition 4.12 We say that the configuration A satisfies condition (K) if the
dimension over QQ of the vector space of rational solutions of the system (S) above
is maximal, in other words is of dimensionn — 2m — 1.

Observe that any linear diagonal holomorphic vector field

- 9
&= ;aiZi .

1

on C" projects onto a holomorphic vector field on N. In particular, let

A=, 1<i<n
and define the m commuting vector fields on &
~ 9 oD
ni(z) = <Re A jX_;Zj 8Zj> = ;ER()J/)Zj 52, 1<i<m (VF)

for i between 1 and m. The composition of the (holomorphic) flows of these vector
fields gives an action of C" on N. The following theorem is proven in [MEQO], as a
generalization of a result of Loeb and Nicolau [LN99].

Theorem 4.12 ([MEO0O, Theorem 7]) The projection onto N of the vector fields
M1, ..., 0m) gives on N a regular holomorphic foliation G of dimension m.
Moreover, the foliation G is transversely Kdhlerian with respect to w, the canonical
Euler form of the bundle M1 — N (see Definition 4.7).

Recall that transversely Kihlerian means that

1. G is the kernel of w.

2. wis closed and real.

3. The quadratic form hA(—, —) = w(J—, —) + iw(—, —) (where J denotes the
almost complex structure of N) defines a hermitian metric on the normal bundle
to the foliation.

Remark 4.18 We note that this theorem gives non-trivial examples of transversely
Kéhlerian foliations on compact complex manifolds.

4.8.1 Canonical Transversally Kihler Foliations

The aim of this subsection is to study the quotient space of N by G. Observe that it

can be obtained as the quotient space of S by the action induced by the action (B).
Going back to the abelian group G5 of Theorem 4.11, we see that its Lie algebra

is generated by the linear vector fields z;d/dz; fori = 1, ..., n. Due to the quotient
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by (B), they only generate a vector space of dimension n—m — 1 as needed. Amongst
these n — m — 1 linearly independent vector fields, we can find m of them which
extend to Sy without zeros and which generates a locally free action of C” onto
S - For example, we can take the commuting vector fields in formula (VF) above.

Definition 4.13 (Canonical Foliation) We denote by G = G, the foliation induced
by this action. This is the canonical foliation of Ny .

It is easy to check that G is independent of the choice of vector fields. Indeed,
changing the vector fields just means changing the parametrization of G, that is
changing the C™-action by taking a different basis of C".

Pull back the Fubini-Study form of P"~! to the embedding (4.27). This is the
canonical Euler form o of A, as defined in Definition 4.7. It is a representative
of the Euler class of a particular S!-bundle associated to N A, hence the name.
Then G is transversely Kéhler with transverse Kihler form w. For our purposes,
we will not focus on @ but on the ray R™%w it generates Recall that A fulfills
condition (K) if (4.39) admits a basis of solutions with integer coordinates; and that
A fulfills condition (H) if (S) does not admit any solution with integer coordinates. If
condition K in Definition 4.12 is fulfilled, then G is a foliation by compact complex
tori and the quotient space is a projective toric orbifold, see [MV04] which contains
a thorough study of this case.

We just note here that, even if condition (K) in Definition 4.12 is not satisfied,
the foliation G has some compact orbits. Indeed, let I be a vertex of K. Then, by
(4.30), 0 belongs to H(Ajc), so by [MV04, Lemma 1.1],

Nje ... Aje
rankc ( 1'1 ’21m+1> =m+ L. (4.24)

Hence, up to performing a permutation, we may assume at the same time (4.21) and
IN{l,....m+1}=0. (4.25)

Definition 4.14 An n-dimensional toric variety W (possibly singular) is an alge-
braic variety with an open and dense subset biholomorphic to (C*)" such that the
natural action of (C*)" extends to a holomorphic action on all of W. In other words:
a toric variety of complex dimension # is an algebraic variety which is an equivariant
compactification of the abelian algebraic torus (C*)".

‘We have

Proposition 4.8 For each vertex I of K a, the corresponding submanifold Ny is a
compact complex torus of dimension m and is a leaf of . Moreover, assume that A
satisfies (4.21) and (4.25). Then, letting By denote the matrix obtained from (4.23)
by erasing the rows A;j — Ay fori € I, the torus Ny is isomorphic to the torus of
lattice (Id, BjA}D).



4 LVM Manifolds 197

The following theorem is the fundamental connection between toric varieties
with at most quotient singularities (i.e., quasi-regular varieties) and LVM manifolds.

Theorem 4.13 ([MV04, Theorem A]) Let N be one of our manifolds correspond-
ing to a configuration which satisfies condition (K) in Definition 4.12. Then N
is a Seifert-Orlik fibration in complex tori of dimension m over a quasi-regular,
projective, toric variety of dimension n — 2m — 1. More precisely: Let A be an
admissible configuration satisfying condition (K) Then

(1) The leaves of the foliation G of N are compact complex tori of dimension m.

(2) The quotient space of Nx by G is a projective toric variety of dimension n —
2m — 1. We denote it by X (A), where A is the corresponding fan.

(3) The toric variety X (A) comes equipped with an equivariant orbifold structure.

(4) The natural projection 71 : N — X (A) is a holomorphic principal Seifert
bundle, with compact complex tori of dimension m as fibers.

(5) The transversely Kdhlerian form w of N projects onto a Kdhlerian (singular at
the singular locus of X (A) as a variety) form @ of X (A).

Moreover, condition (K) is optimal with respect to these properties in the sense that
the foliation G of a configuration which does not satisfy it has non-compact leaves,
so item 1 is not verified.

4.9 Idea of the Proof of Theorem 4.13

4.9.1 Toy Example

We start with an example that shows the close relationship between LVM manifolds
and Calabi—-Eckmann manifolds.

Example 4.3 Consider the admissible configuration given by
Al=Ary=1 A3 =1 Ay =—1—1.

We have seen in Sect. 4.3.3 that the manifold corresponding N is diffeomorphic
toS! x S3, ie., Nisa primary Hopf surface. One knows [BHPV04, Chapter V,
Proposition 8.18] that such a surface contains either exactly two elliptic curves or
else it is an elliptic fibration over ]P’(lc. In addition these two cases are distinguished
by their algebraic dimensions: in the first case the algebraic dimension is O and in
the second it is 1.

Although Theorem 4.6 does not apply directly here since the configuration has
two indispensable points one still has that the algebraic dimension of N is greater
or equal to a, the number of rational solutions which are Q-linearly independent of
system (S). Here a = 1, the solutions of system (S) are generated by

s1=1 so = —1 s3=0 s4 =0
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It follows that the algebraic dimension of N is equal to one and that N fibers over
IP’(}: with fiber an elliptic curve.
Let us now consider A j = a; + ib; and the following action of C? in P3.:

(11, 12), [2]) € (CD? x PY > [z -1} - 3 121 = (2111, 2211, 2312, 24/ (11 12)] € B,

(E)

Let us restrict this action to V (the projection to P% of the open set of Siegel leaves
of the system Definition 4.5 )

V={lz]ePt | @i ...,24) € (C*\{(0,0)}) x (C*)}
The projection
[21.....za] €V —> [21.22] € P
is invariant under the action (E), hence the quotient of V under the action can be
identified with PL.
Consider now the action (4.1) of C on V (Definition 4.5). This action commutes
with the action of of (C*)2, hence it respects the projection. In fact, the inclusion

TeCr (tj =expT, i =expiT) € (C*)?

intertwines the two actions: N is given by the action (E) of (C*)? restricted to
couples (1, 1) on its image. So one has the commutative diagram:

y2iL oy
[
N Lt

On the other hand the fibers of the projection in the righthand side are
biholomorphic to (C*)?, and the fibers in the lefthand side are biholomorphic to
C. The the fibers of p are given by the quotient of (C*)?> C where C acts on (C*)?
by the inclusion defined above. A direct calculation shows that the fibers are elliptic
curves isomorphic to the quotient of C* by the group generated by the homothety
7z — exp2n - z. In this way we obtain the elliptic fibration of N over P<1C"

Everything in the preceding example can be generalized to the case of any
manifold N = N where A verifies condition (K) in Definition 4.12. Let

Aj=aj+ibj 1<j<n
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and consider the action of C*" on P%fl given by the formula:
(R, S,[z]) e C" x C" x ]P’g;l > [zj -exp(aj, R) - exp (b;, S)];?:l e ]P’g;l

Since N verifies condition (K) in Definition 4.12, up to replacing the configuration.
A by A(A) where A is an appropriate real affine transformation of R>" ~ C”
one can assume that the real and imaginary parts of each A are vectors belonging
to the lattice Z" [MV04, Lemma 2.4]:
This means that the preceding action of C*" on ]P’?é_l is equivalent to an algebraic

action of (C*)?" on ]P’fé_l

(t,5,[z]) € (CH™ x (CY" x PE b [z1 - 1M - sP', o gy - 1% - 5P e P!
(4.26)
1 m
where a; and b1 ; belong to Z™. Here t%/ (respectively sbi) means e t,[,i’
b n
(respectively s,” - ... - s, ).

When one restricts the action (4.26) to V (see Definition 4.5), one can show
that one obtains as quotient a projective toric variety X. In fact this procedure is
precisely the construction of toric varieties as GIT (Geometric Invariant Theory)
quotients by de David Cox in [CO95]. One simply verifies that the open set V C
P%fl corresponds to the semi-stable points for the natural linearization of C* —
]P’fé_l [MV04, Lemma 2.12]. Since in our case the quotient is a geometric quotient
(the orbit space which is Hausdorff) and not a quotient where one identifies instead
the closure of the orbits, one deduces that the semi-stable points are in fact stable
and, via [CO95], that the quotient is a projective quasi-regular toric variety i.e., it
possesses at worst quotient singularities,

Let i be the inclusion: T € C™ —— (expT,expiT) € (C*)™ x (C*)™.

Like in the toy example one can restrict the action (4.26) to the pairs in (C*)™ x
(C*)™ that are in the image of i. This way one obtains an algebraic action of C" on
V. This action is precisely the action of formula (4.2). One obtains the same type of
commutative diagram as in the toy example:

1d
(CE)

Z/—<
X<

P

A calculation shows that the fibers of p : Ny — X are compact complex tori
of complex dimension m. This is equivalent to showing that every isotropy group
under the action is a lattice isomorphic to Z>". In fact this lattice can be explicitly
calculated here is where one uses the rationality condition (K) in Definition 4.12.
The lattice is constant in an open an dense set (in the Hausdorff or Zariski topology)
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but it could have special fibers that are finite quotients of the typical fibre (all the
fibers are isogenous). In other words: the projection p corresponds to the quotient
(i.e., the orbit space) of N by the holomorphic action of a compact complex torus of
complex dimension m acting with finite isotropy groups. This implies that X has the
structure structure of an orbifold such that p : N — X is a Seifert-Orlik fibration
[OR72].

Remark 4.19 The pre-image under p : N — X of a singular point of X is
necessarily a special fiber. However there could be above regular points special
fibers. In fact, the locus on the base X having special fibers could be of codimension
one but the singular locus of X as a normal projective toric manifold must have
codimension at least two. The reason of this difference is that X is an orbifold
in addition to being toric and this structure could have “fake” codimension one
singularities. For instance in the examples 4.3.3 of if one replaces Ay = 1 by
Ay = p, one constructs a Hopf surface with an elliptic fibration over ]P’(lC having
two singular points of orbifold type and one or two special fibers.

Theorem 4.13 has the following corollary:

Corollary 4.2 Let N satisfy the conditions of Theorem 4.13. Then the algebraic
reduction of N is a quasi-regular, projective, toric variety of dimension n —2m — 1.

As a particular case of the previous theorem one recovers the elliptic fibrations
used by E. Calabi and B. Eckmann to provide the product of spheres S?7~! x §2¢~!
(for p > letg > 1) with a complex structure. This generalization is given by the
following

Definition 4.15 A generalized Calabi—Eckmann fibration is the fibration obtained
by the previous theorem.

Since we know, fixing m and n, that the set of configurations satisfying condition
(K) in Definition 4.12 is dense in the space of admissible configurations on obtains:

Corollary 4.3 Every manifold N corresponding to an admissible configuration is
a small deformation of a generalized Calabi—Eckmann fibration

Remark 4.20 All the fibers are isogenous complex tori.
In the case where X (A) = ]P’é X IP’% with its manifold structure, then the fibration
is the one in elliptic curves
82p+1 % S2q+1 —> CPP x CpP1
where S?7*! x §24+1 is endowed with a Calabi—-Eckmann complex structure (see
[CES53]). This explains the following definition.

Definition 4.16 We call such a Seifert bundle N — X (A) a generalized Calabi—
Eckmann fibration over X (A).
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Corollary 4.4 Let A be an admissible configuration satisfying condition (K). Let
z € S and let

Jo={i1,....ip}={1<i<n | z #0}

Then,

(1) The lattice in C™ of the orbit through z is 27‘L’L

(2) The orbit through 7 is an exceptional orbit tfand only if Lo © Ly, In this
case, it is a finite unramified quotient of the generic orbit of degree the index of
L() in L(Jz)lf.

The construction in the preceding section is completely reversible. Let X be a
quasi-regular toric projective variety (i.e., if it has singularities they are quotient
singularities) then the construction by David Cox in [CO95] permits to realize X as
the quotient of an open set X, by a linear algebraic action of (C*)? like the one
given in formula (4.26) above. One can arrange this action in order to have p even
and set m = p/2. Then one defines the configuration by the formulae:

A={Aj=a;+ib; | 1 < j<n} (Realization of A) F

where the natural numbers a; b; are the weights (like in formula (4.26)) of the
algebraic action of (C*)*" = (C*)™ x (C*)™ and one induces an action of C” on
X5 via the inclusion i defined above. To achieve one uses the following technical
Lemma found in [MV04, Lemmas 2.12 et 4.9.]:

Lemma 4.6 ((IMV04, Lemmas 2.12 et 4.9]) With the previous definition the
configuration A is admissible and satisfies condition (K) in Definition 4.12. In
addition the open set V(A) (see Definition 4.5) is equal to Xs.

One can show without difficulty that the variety X obtained by Cox construction
is the generalized Calabi—Eckmann fibration associated to N via the commutative
diagram (CE).

Therefore one the following theorem which is the reciprocal of Theorem 4.13:

Theorem 4.14 Let X be a projective, quasi-regular, toric variety. Then there exists
m > 0 and a manifold N corresponding to an admissible configuration which
admits a generalized Calabi—Eckmann over X and whose fibres are complex torii of
complex dimension m.

Furthermore, if X is nonsingular (smooth), one can choose m and N such that
the fibration is a holomorphic principal fibration.

Remark 4.21 The previous theorem motivated a possible definition of non-
commutative toric varieties and its deformations (usual toric varieties are rigid).
See [BZ15, KLMV14].
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Example 4.4 ([MV04, Proposition 1]; Hirzebruch Surfaces) Let a € N. Then the
manifold Ny associated to the admissible configuration A = {A1, Az, A3z, A4, As}
with

A=As=1 Ar=i Az=Qd*+3a)+iQa+1)  As=—2(a+1)—2i
is diffeomorphic to S* x S* and it is a principal fibration in elliptic curves over the

Hirzebruch surface F,.

The existence of such manifold was noticed by H. Maeda in [MA74].

4.9.2 Examples

In this subsection, we shall use the following facts (which are proven in [DV97]).
Let A = (A1, ..., As) be an admissible configuration with m = 1 and n = 5. Then,
the classification of Np up to diffeomorphism is completely determined by k, the
number of indispensable points. We have

k =0 <= N is the quotient of #(5)(S? x $Y by a non-trivial action of st
k=1 <= N is diffeomorphic to S* x S
k=2 <= N is diffeomorphic to (S* x S')

where #(5)S? x S* denotes the connected sum of five copies of S* x S*. In all of the
following examples, we shall give the fans in R? with canonical basis (eq, e2) and
lattice Z2, or in R with canonical basis e1 and lattice Z.

Remark 4.22 In the examples that follow we also use the very technical fact, proven
in [MV04], that given the fan A of a toric variety with quotient singularities one can
recover the configuration A satisfying condition (K) of Definition 4.12. In particular
one can recover from the fan the number of equations m and the dimension n to have
an admissible action of C"* on C".

Example 4.5 Consider the complete fan A generated by

w] = €] wy = € w3 = —€1 — e
of the complex projective space CP2. There is a unique class of Kihler classes (in
the sense of Theorem G in [MV04]), which is that of the (Chern class) of the anti-
canonical divisor. Up to scaling and up to translation, the polytope Q is defined

as

O=weR® | (wi,u)>—1, (wyu)>—1, (w3, u) >—1}.
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By the methods of [MV04] (F) we can recover the configuration:
M=l =A3=1 Ag=—-3+1i s = —i .

It is easy to check that this configuration has two indispensable points (A4 and X5)
and thus the manifold N is diffeomorphic to S° x S!. We obtain finally the well-
known (holomorphic) fibration S° x S! — ]P% and the pre-symplectic form of N
scaled by 5 projects onto the (Chern class) of the anti-canonical divisor.

Notice that we may easily compute the modulus of the fiber in this case. From
Corollary B in [MV04], we obtain the lattice and we obtain:

1
L= 5Veth(—4 +i,1419)

and this modulus is equal to

—-4+i =3 5,
14i o2 Tt
It is known [CES3] (see also [LN96]) that, for any choice of a modulus 7, there
exists a complex structure on S> x S! such that it fibers in elliptic curves of modulus
T over the complex projective space.
Fix t = o + i with 8 > 0. A straightforward computation shows that the
admissible configuration

DA,

(L))
3)»; l+ad4—« Y

determines a complex threefold diffeomorphic to S* x S! which fibers over ]P’% with
fiber an elliptic curve of modulus t.

N
N
W

Example 4.6 Consider the complete fan A generated by
wy = e wy =e w3 = —ey wy = —e
of CP! x CP'. The Kibhler classes are
Do.p = a(D1 + D3) + B(D2 + D4) a>0, >0
corresponding to the rectangles

OQup={u,u) eR? | —a<u <o, —f<ur<p}.
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We get the corresponding configuration:
M=A3=1 M=A=1I As = —2a — 2ip.

The corresponding manifold N, g is diffeomorphic to S* x S3 and we find the
Calabi-Eckmann fibration S* x S* — ]P’é: X P<1C" The pre-symplectic form of Ny g
projects onto a representative of the class of Dy g (up to scaling).

Fix o and 8. As in Example 4.5, for every choice of T € C with Im 7 > 0, there
exists a matrix A of GL»(R) such that the product of the previous configuration
by A determines a LVM manifold diffeomorphic to S* x S* which fibers over the
product of projective lines with an elliptic curve of modulus 7 as fiber (compare
with [CE53]).

Alternatively, we may start from

M=Ar3=1 M=M=1I As=—1—1.

which is an admissible configuration such that the class of @ is D11 (up to scaling)
and perform a translation on (X1, ..., As) to have another Kihler ray associated to
o (see Remarks 4.11 and 4.12 in [MV04)).

More precisely, assume that < 1 and 8 < 1 and let

=2 1-2p
= l
2 +28+1 " 2042841

then the class of @ of N((A1, ..., As5) + b)is Dy g.
Example 4.7 Consider the fan of ]P’(IC:

wi = €] wy = —eq

There is a unique Kéhler ray, that of D = D; + D;. We choose p; = p and
p2 = g for p and ¢ strictly positive integers, that is we want to recover all possible
codimension one equivariant orbifold singularities on P<1C' Wetaken =4andm = 1
and choose

One can show that that configuration is:

~1 2p+1
—1

-3 1-2q
+1
2q 2q

A=
2p 2p

>

W
I
—_

2 = )\.4=l

It is easy to check that the corresponding manifold N, , is diffeomorphic to
S* x S!. It is the total space of a generalized Calabi-Eckmann fibration over ]P’é:
with at most two singular points of order p and g.

Notice that if p and g are not coprime, then the orbifold structure cannot be
obtained as a weighted projective space, i.e. cannot be obtained as quotient of C? \
{(0, 0)} by an algebraic action of C*.
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Example 4.8 Consider the complete fan A generated by
wy = e€q, w3z = €2, w3 = —eyq, W4 = —e€1 — €2, w5 = —e€2

of the toric del Pezzo surface X obtained as the equivariant blowing-up of ]P% in
two points. Define Q as the pentagon associated to the anti-canonical divisor of X
(which is ample for X is del Pezzo)

O={weRkR? | (wiu >-1,... (ws,u)>—1}.

We want to construct a generalized Calabi—Eckmann fibration with elliptic curves
as fibers. This implies that we must take m = 1 and n = 5, so we cannot add
any indispensable point. As the sum of the w; is not zero, we cannot take at the
same time p; = ... = ps = 1. In other words, there does not exist any non
singular generalized Calabi—Eckmann fibration over X with elliptic curves as fibers.
However, if we allow exceptional fibers, the construction is possible keeping m = 1.
For example, take

p1=2 p2=2 p3=1 pa=1 ps=1.

This gives
v =21, vy =2, V3=-—e], V4=—€] —e), V5=—e),
2 1
€1 =€ = _, €3 = €4 = €5 =
7 7

Notice that £ is Z2. Taking a linear Gale transform of this, we obtain
M =1, M =1, A= —2—4i, M=4+4 As = —4—2i.

This gives a fibration in elliptic curves N — X where N is the quotient of
the differentiable manifold #(5)S® x S* by a non trivial action of S'. The orbifold
structure on X has two codimension one singular sets of index 2 and the form 7w
projects onto a representant of the Chern class of D.

Example 4.9 We consider the same toric variety X and the same polytope Q as in
Example 4.8, but this time we want p; = ... = ps = 1, i.e. we want a non singular
fibration. We are thus forced to increase m by one and take m = 2 and n = 7, which
gives us two additional indispensable points. We take

vy =e€1, V2 = €3, V3 = —€], V4 = —€] — €,

Vs =—e, Vg =—V] —V2 — V3 —V4—Vs=e;+e, v;=0
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and

1
€l=...—€=¢€7= _, € =
1 5 7= 6 3
Notice that €¢ is chosen so that ve/€g lies in the interior of H(vi /€1, ..., v5/€5).
Making all the computations, we find that
1i00—-1+i -1 3-2i
A, ..., A7) = . . .
(A1 2 (001: 1 1+z—5—41)

defines a LVM manifold diffeomorphic to (#(5)S*® x S*) x S! (by application
of Theorem 12 of [MEOO]) which is the total space of a non singular principal
holomorphic fibration over X with complex tori of dimension 2 as fibers. The form
9w projects onto the anti-canonical divisor of X.

Example 4.10 Leta € N and consider the complete fan A generated by
w) = ey wy = e w3 = —e2 wyg = —ey| +aep

of the Hirzebruch surface F,.

Let D = D1+ Dy + D3+ (a+ 1) D4. The divisor D is ample (see [FU93, p. 70]).
We take v; = w; for 1 < i < 4 and add the vertex vs = —v; — ... — v4 = —ae).
We have m = 1 and n = 5. We choose

1 1 1 a+1 a+1

DT ours T oa4+s T omss “Toags ST ougs

Taking a linear Gale transform of this, we obtain
M=M=1 A =i A3 = (2a’+3a)+ia+1) As = —2(a+1)-2i

with only one indispensable point A5. We thus have the following proposition.

Proposition 4.9 Let a € N. Consider the admissible configuration
M=A=1  d=i A=QRd*+3a)+iRa+1)  As=-2(a+1)—2i

Then, the corresponding LVM manifold N, is diffeomorphic to S® x S and is a
principal fiber bundle in elliptic curves over the Hirzebruch surface F, (where F
is CP! x P%:). The scaling of the canonical Euler form of the bundle M1 — N,
by 2a + 5 projects onto a representant of the Chern class of the ample divisor
D =D+ Dy+ D3+ (a+1)D4 on F,.

Remark 4.23 The preceding example shows that, for special complex structures of
Calabi—Eckmann type on S* x S?, there exists holomorphic principal actions of an
elliptic curve whose quotient may be topologically different (since the Hirzebruch
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surfaces Fy, are all diffeomorphic to S? x S? whereas the Hirzebruch surfaces ot
are all diffeomorphic to the non-trivial S?-bundle over S?, and these two manifolds
have different intersection form).

4.10 From Polytopes to Quadrics

This section and the following rely on the paper by Panov [PA10] and we also
recommend [BP02] for this section. Let R" be given the standard inner product
(-, -) and consider convex polyhedrons P defined as intersections of m closed half-
spaces:

Mg, by ={x eR" | (@i, x)+b; =20}, for i=1,...,m
with a; € R", b; € R. Assume that the hyperplanes defined by the equations
(ai, x) +b; = 0 are in general position, i. e. at least n of them meet at a single point.
Assume further that dim P = n and P is bounded (which implies that m > n).
Then P is an n-dimensional compact simple polytope. Set
Fi={xe€P:{aj,x)+b =0} (F for facet).
Since the hyperplanes are in general position F; is either empty or a facet of P. If
it is empty the linear equation is redundant and we can remove the corresponding
inequality without changing P.
Let A p be the m x n matrix of row vectors a;, and bp be the column m-vector
of scalars b; € R (i € {1, ---, m}). Then we can write:
P={xeR":Apx+bp >0}
and consider the affine map
ip:R" > R",
ip(x)=Apx +bp.
It embeds P into the first orthant
Rg():{(yl,",}’m)ERm | yl>07 ie{la-'-am}}‘
We identify C™ (as a real vector space) with R*” as usual using the map

z = (Z1y.vy2m) > (xl,yl,...,xm,ym), where z; = xi ~|—iyk for k =
1,...,m.
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Consider the following commutative diagram where Zp its obtained by pull-back
and
p:C" — R is given by p(z1, ..., zm) = (I21l, - .., lzm):

%
Zp ‘P cm

x| lﬂ

P—— R
ip 20

The map p may be thought of as the quotient map for the coordinatewise action
of the standard torus

T" = {1, zm) €C7 5 |zl = 1 for 1 <i <m)

on C™.

Therefore, T acts on Zp with quotient P, and i ;‘, is a T™-equivariant embed-
ding.

The image of R” under i p is an n-dimensional affine plane in R™, which can be
written as

ip(RM)={yeR" :y=Ap(x) +bp for some x € R"}
={yeR" : Ty =Tbp},

where I' = ((yjx)) is an (m — n) x m matrix whose rows form a basis of linear
relations between the vectors a;. That is, I' is of full rank and satisfies the identity
'Ap =0.

Then we obtain that Zp embeds into C™ as the set of common zeros of m — n
real quadratic equations:

m m
in(Zp)=]zeCm | Zyjk|z,<|2 - Zyjkbk, for1<j<m— n} (Quadratic »)
k=1 k=1

(&)

The following properties of Zp easily follow from its construction.

1. Given a point z € Zp, the i’ coordinate of i »(2) € C™ vanishes if and only if z
projects onto a point x € P such that x € F; for some facet F;.

2. Adding a redundant inequality to results in multiplying Zp by a circle.

3. Zp is a smooth manifold of dimension m + n. The embedding i}, : Zp — C™
has T" -equivariantly trivial normal bundle.
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4.11 From Quadrics to Polytopes (Associated Polytope
of LVM Manifolds)

Let N and
n n
Mi={zeC" | Y AlzlP=0,) [zl =1}
i=1 i=1

be as before in Definition 4.6.
Let us remark that the standard action of the torus (S')* on C”

((expify, -+ ,expiby),z) —> (expifi - z1,...,expiby - Zu) H)

leaves M invariant. The quotient of M by this action can be identified, via the

diffeomorphism r € RY ) — r’e R, to

K={re®" | Y rnA=0 Y r=1} M
i=1

i=1

Lemma 4.7 The quotient K is a convex polytope of dimension n — 2m — 1 with
n — k facets.

Proof By definition K is the intersection of the space A of solutions of an affine
system with the closed sets r; > 0. Each one of these closed sets defines an affine
half-space AN{r; > 0} in the affine space A. In other words, K is the intersection of
a finite number of affine half-spaces. Since this intersection is bounded (since M is
compact), one obtains indeed a convex polytope. The weak hyperbolicity condition
implies that the affine system that defines K is of maximal rank. Hence, K is of
dimension n — 2m — 1.

Let us consider in more detail the definition of K. The points r € K verifying
r; > 0 for all i are the points which belong to the interior of the convex polytope.
They correspond to the points z de M; which also belong to (C*)", i.e. to the
points of Mj such that the orbit under the action (H) is isomorphic to (SH". The
points which belong to a hyperface are exactly the points » of K having all of
its coordinates except one equal to zero. They correspond to the points z de M
which have a unique coordinate equal to zero, i.e. such that its orbit under the action
(H) is isomorphic to (S")"~1. One obtains from the definition of K that there exist
points of K having all coordinates different from zero except the i’ coordinate if
and only 0 belongs to the convex envelope of the configuration formed by the A ;
with j different from i; hence if and only if A; is a point which can be eliminated
keeping the conditions of Siegel and weak hyperbolicity. therefore one has n — k
hyperfaces. O
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Definition 4.17 One calls the convex polytope K = K, corresponding to the
admissible configuration A the associated polytope. The polytopes H(A) and K,
are related by the Gale transform.

One central idea is that the topology of the manifolds Mj, and therefore of the
manifolds N, is codified by the combinatorial type of the polytope K. To make this
idea more precise, it is interesting to push to the end the reasoning involved in the
proof of the preceding Lemma. One had seen that

Ki=Kn{r,=0, rj > 0for j # i}
is nonempty, and therefore is a hyperface de K, if and only if
0€ HU(A)ji)
Analogously, given [ a subset of {1, ..., n}, the set
Ki=Kn{rp=0foriel, rj >0forj &I}

is nonempty, and therefore it is a facet of K of codimension equal the cardinality of
I, if and only if

0e HWA))jer)

One has therefore established a very important correspondence between two
convex polytopes: the polytope K on one hand and the convex hull of the A;’s
on the other hand.

This correspondence allows us to to prove the following result:

Remark 4.24 1t follows from [MV04, Lemma 1.1] that
rankc <A11 AI") =m+1.

Hence, up to a permutation, condition (4.21) is always fulfilled.

Definition 4.18 We say that Ny and N, are G-biholomorphic if they are
(G(A), G(A')-equivariantly biholomorphic.

Recall that by definition (D) the manifold Ny embeds in P! as the C®
submanifold

N ={z]eP"! ZAIZ, =0}. (4.27)
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It is crucial to notice that this embedding is not arbitrary but has a clear geometric
meaning. Indeed, it is proven in that action (4.1) induces a foliation of Sy ; that every
leaf admits a unique point closest to the origin (for the Euclidean metric); and finally
that N is the projectivization of the set of all these minima. This is a sort of non-
algebraic Kempf-Ness Theorem. So we may say that this embedding is canonical.

The maximal compact subgroup (S!)” C (C*)" acts on Sy, and thus on Nj.
This action is clear on the smooth model (4.27). Notice that it reduces to a (S')"~!
since we projectivized everything.

The quotient of N by this action is easily seen to be a simple convex polytope
of dimension n — 2m — 1, cf. Up to scaling, it is canonically identified to

Kpi={re@®)" | ZAr,- =0, Zri =1}. (4.28)
i=1 i=1

It is important to have a description of K as a convex polytope in R” =21 This
can be done as follows. Take a Gale diagram of A, that is a basis of solutions
(v1, ..., vp) over R of the system (S):

Xn: Aixi =0
i=1

(S)
n
Z xi =0
i=1
Take also a point € in K 5. This gives a presentation of K as
(x e R"™2"=1 | (x,v) > —¢fori=1,...,n} (4.29)

This presentation is not unique. Indeed, taking into account that K is unique only
up to scaling, we have

Lemma 4.8 The projection (4.29) is unique up to action of the affine group of
Rn—Zm—l.

On the combinatorial side, K5 has the following property. A point r € K4 is a
vertex if and only if the set I of indices i for which r; is zero is maximal, that is has
n — 2m — 1 elements. Moreover, we have

risavertex <= SpaN{zi=0fori eI} #0 < 0¢€ H(A]c) (4.30)

for 1¢ the complementary subset to / in {1, ..., n}. This gives a numbering of the
faces of K by the corresponding set of indices of zero coordinates.
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More precisely, we have

J C{1,...,n}is aface of codimension Card J

(4.31)
< SaN{zi=0forieJ}#0 < 0 H(A)
In particular, Ko has n — k facets. Observe moreover that the action (4.1) fixes
Sa N{z; = 0fori € J}, hence its quotient defines a submanifold N; of Ny of
codimension Card J.

4.12 Moment-Angle Manifolds

We will explain the link between the moment-angle manifolds in Definition 4.6
and the manifolds studied by Buchstaber and Panov in [BP02]. Let P be a simple
convex polytope with the set 7 = {F1, ..., F,} of hyperfaces (i.e., codimension
one faces). Let T; ~ S' for 1 <i <nandletTr =T x---x T, ~ (SH? =T"
be the n torus with its standard group structure. For each hyperface F; associate T;,
the circle corresponding to the i™ coordinate of T”.

If G is a face of the polytope P let

T = l—[ I, CTr
FiDG

For each point g € P, let G(g) be the unique face of P which contains g in its
relative interior

Definition 4.19 The moment-angle complex Zp associated to P is defined as
Zp =(Tr x P)/ ~

where the equivalence relation is: (1, p) ~ (f2, ¢) if and only if p = g and 11£, le
T()-

The moment-angle complex Zp depends only upon the combinatorial type of P
and it admits a natural continuous action of the n-torus 7 having as quotient P.
The fact that P is simple implies that Zp is a topological manifold (see [BP02,
Lemma 6.2]).

Consider now the moment-angle manifolds M1 (A) defined by formula (4.6) and
let K 5 the associated polytope (4.17). One has the natural projection IT : Mj(A) —
K A The faces of codimension g of K (A) correspond to the orbits of the of the points
of V which have some precise ¢ coordinates fixed. In other words the orbits above
the relative interior of a codimension ¢ face are isomorphic to (S')"~9. En poussant
un peu plus loin cette description, on montre le lemme suivant.
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Lemma 4.9 ([BM06, Lemma 0.15]) Let N5 be an LVM manifold without indis-
pensable points. Let K 5 be its associated polytope. Then there exists an equivariant
homeomorphism between M1 (A) and the moment-angle variety Zg , .

Equivariant homeomorphism means that the homeomorphism conjugates the
action (H) of on M1 (A) to the action of Tx on Zp.
Hence:

Corollary 4.5 Let Ny et Ny two LVM manifolds without indispensable points.
Then there exists an equivariant homeomorphism of the associated moment-angle
varieties M1(A) and M| (A") if and only if the associated polytopes K s et K 5 are
combinatorially equivalent. More generally, there exists an equivariant homeomor-
phism between M{(A) and M1 (A’) if and only K and K,/ are combinatorially
equivalent the number of indispensable points k and k', respectively, are equal.

Proof The combinatorial equivalence between K 5 and K 5/ implies the existence of
an equivariant homeomorphism between Zg, and Zg Ao and hence by Lemma 4.9
between entre M1(A) and M;(A’). The proof for any number of indispensable
points follows from the first result and Lemma 4.9. O

It is more delicate to have the same result up to equivariant diffeomorphism,
however one has the following theorem:

Theorem 4.15 ((BM06, Theorem 4.1]) There is an equivalence between the
following assertions:

(i) The manifolds My(A) and M1(A") are equivariantly diffeomorphic
(ii) The corresponding associated polytopes K and K, are combinatorially
equivalent and the number of indispensable points k and k' are equal.

4.13 Flips of Simple Polytopes and Elementary Surgeries
on LVM Manifolds

The motivation of this section is to generalize the following result of Mac Gavran
[MC79] adapted to our case.

Theorem 4.16 (Mac Gavran [MC79]) Let A be an admissible configuration.
Suppose that the associated polytope K, is a polygon with p vertices. Then the
moment-angle manifoldM(A) is diffeomorphic via an equivariant diffeomorphism
to the connected sum of products of spheres;

@GNS x 87Ty x (s
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There are many cases of configurations for higher-dimensional polytopes where
the manifolds M;(A) are similar to those of Mac Gavran i.e., the manifolds are
products of manifolds of the type:

1. Odd dimensional spheres
2. Connected sums of products of spheres

Bosio and Meersseman [BMO06] showed that some, but not all, moment-angle
manifolds My are connected sums of products of spheres, and they conjectured that
if the dual to the polytope is neighborly, then the manifold is such a connected sum.
This conjecture was proven by Samuel Gitler and Santiago L6épez de Medrano in
[GL13].

Let us remember once more the results by de Medrano [DM88, DM89] on the
classification of manifolds M;(A) when m = 1 given above in Sect. 4.3.5 given by
Theorem 4.1.

When m = 1 the vectors are vectors A; in C ~ R? and S. Lépez de Medrano
shows that one can modify the configuration A € C through a smooth homotopy
A; (just moving the vectors) that satisfies the admissibility conditions of Siegel
and weak hyperbolicity for all t € [0, 1] such that Ao = A and A; is a regular
polygon with an odd number of vertices 2/4-1 and with multiplicities ny, ..., ny/41.
Thus, for instance, in Fig.4.5, one can move from the pentagon at the left to the
pentagon at the right to configurations with different multiplicities, for instance
configurations with 4 vectors with multiplicities n; = n, = 1 and n3 = 3, then
3 vectors of multiplicities n; = 1, np = n3 = 2, and finally 5 vectors of multiplicity
1. Ehresmann Lemma implies, that all manifolds belonging to the homotopy are
diffeomorphic.

With these notations we recall Theorem 4.1 which was seen before:

Theorem 4.17 ((DM88, DM89]) Let N be an LVM manifold m = 1 then M\ is
diffeomorphic to

(i) The product of spheres S™ 1 x §?2=1 5 §213=1 i) = 1,
(ii) The connected sum

#12l=-ii1§2di -1 x S2n—2d,- -2

ifl > 1. Whered; = npj1+. ..+ n[i+1—1] and [a] is the residue of the Euclidean
division of a by 21 + 1.

Fig. 4.5 Chambers of a pentagon in C (the small cross is the origin in C)
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If m > 1 one has a higher dimensional polytope of n elements in C" (n > 2m)
and there is not a way to have a canonical model. One could consider a homotopy
that takes the configuration to one with minimal number of vertices, but that is
not enough to determine the polytope which is the convex hull of the points in
the configuration. For this reason it is better to adapt the approach used by Mac
Gavran in [MC79]. He considers simply connected manifolds of dimension p + 2
which admit a smooth action of a torus (S!)? which satisfies certain conditions, in
particular one requires that the quotient under the action can be identified with a
2-dimensional convex polygon K with p vertices. If we write M; ~ (SH)¥ x My,
where ~ means “up to an equivariant diffeomorphism”, then as in Lemma 4.4 one
shows that the factor My verifies the hypotheses of Mac Gavran. The proof of Mac
Gavran Theorem is done by induction on the number p of vertices of K. If p = 3
one has a triangle and we know that M is S x (SH%, where My is the sphere S°.
To go from a polygon with p vertices to a polygon with p 4 1 vertices one can
do the following “surgery”: remove an open neighborhood of a vertex and glue an
interval. The reciprocal operation consists in collapsing to a point an edge. Now we
recall that the faces of the associated polytope corresponding to the admissible sub-
configurations of A (i.e., subsets of A) determine equivariant subvarieties of M or
My where the quotient space identifies in a natural way with the given face. In other
words to remove a neighborhood of a face means to remove an invariant (under the
action of the torus) tubular neighborhood of the subvariety associated to the face
in question in My. The invariant subvarieties have trivial tubular neighborhoods (by
the Slice Theorem). Since we know that the subvarieties associated to a vertex is
a torus and the subvarieties associated to an edge are the product of a torus with
S3, one sees that if M p denotes the manifold corresponding to a polygon K with p
vertices, then to pass from M), a M consists of applying an equivariant surgery

My = (M, x SH(SH? 2 x D* x SHu (8772 x S x D?)

Where D* denotes the closed disk of dimension s. The work of Mac Gavran consists
of understanding the meaning of these surgeries up to equivariant diffeomorphisms.
To generalize this approach to higher dimensional polytopes K we need to
generalize the notion of “surgery”. and understand what is the construction one
has to perform on the moment angle manifold M; associated to K. This is done
using the following notion of cobordism between polytopes inspired by MacMullen
[MA93] and Timorin [TI99].

Definition 4.20 Let P and Q be two simple convex polytopes of the same
dimension p. One says that P and Q are obtained from each other by an elementary
cobordism if there exists a simple convex polytope W of dimension p + 1 such
that:

(1) P and Q are disjoint hyperfaces of W.
(i) There exists a unique vertex v of W that does not belong neither to P or Q.
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p Q

Fig. 4.7 Flip de type (2, 2)

Let us recall that everything related to polytopes is up to combinatorial equiva-
lence for instance Fig. 4.6 illustrates an elementary cobordism between a square and
a pentagon.

Given a vertex v, since W is simple, there are exactly g + 1 edges that have v
as an end point. Then, hypothesis (ii) these edges have the second end point either
in P or in Q, then the fype of the elementary cobordism is the pair (a, b) where a
(respectively D) is the number of edges joining v to P (respectively Q). Of course
at+b=qg+1,

Definition 4.21 One says that Q is obtained from P by a flip of type (a, b) if there
exists an elementary cobordism of type (a, b) between P and Q.

Figure 4.7 shows an example of type (2, 2).

Let us consider the elementary cobordism W of dimension 4 between the 3-
dimensional polyhedra P and Q and let us “cut” W with 3-dimensional hyperplanes
parallel to P. Starting from P one sees that the edge [AB] is contracted as one
moves the cuts up to the point when the edge collapses to the vertex v = A when
the cut meets the vertex A. On the other hand if one makes cuts by hyperplanes
parallel to O the edge [AB] is contracted to v = A. In some sense W is the trace of
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the cobordism. In other words Q is obtained P by removing a neighborhood of the
edge [AB] and gluing the “transverse” edge [AB'].

This description can be generalized for higher dimensional polytopes. A flip of
type (a, b) is obtained by removing a simplicial face of dimension a and gluing
the neighborhood of a simplicial face of “complementary” dimension b. Since the
simplicial faces of dimension a correspond to products of a sphere of dimension
2a—1 by a torus [BMO6, Proposition 3.6] an argument similar to that of Mac Gavran
shows that if K’ is obtained from K (of dimension ¢) by a flip of type (a, b), then
the manifold (Mp)' is obtained from My (de dimension p) by an elementary surgery
of type (a, b) then:

(Mo)' = (Mo x SH\ (S x D* x SHU(SH™? x §*71 x D?)
ifa=1and
(MO)/ — M() \ ((Sl)[)—Zb—Za-‘rl x D2h X S2a—l) U ((Sl)[)—zb—ZH-i-l x SZb—l X DZa)

ifa > 1.

The proof of this fact is very delicate and technical since we must prove the
equivariance of the constructions. All the details can be found in [BMO06].

The essential difference with the case of polygons of Mac Gavran is that starting
with an odd-dimensional sphere as My after a finite number of elementary surgeries
one does not end up with a manifold of the type connected sum of products of
spheres or product of spheres. In fact in the next section one will describe the
homology. However the previous considerations prove again that if two moment-
angle manifolds of type M; of dimension p are combinatorially equivalent they are
obtained from the sphere S?”~! by the same sequence of elementary surgeries and
therefore they are equivariantly diffeomorphic.

4.14 The Homology of LVM Manifolds

Recall that from Lemma we have that for a configuration A the associated moment
angle manifold M;(A) factorizes as M1(A) ==~ (Sl)k X My(A) where k is the
number of indispensable points and My(A) is 2-connected. Since M( is a moment-
angle manifold one can use the results of Buchstaber and Panov [BP02] to compute
the homology and cohomology of these manifolds.

Theorem 4.18 ((BMO06, Theorem 10.1]) Let Ny be an LVM manifold and My(A)
the 2-connected factor as in Lemma 4.4. Let K be the associated polytope (quotient
under the action of the torus). Let K* be its dual which is therefore a convex
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Fig. 4.8 K™ is the octahedral A
which is the dual of the cube
K, the subcomplex which
corresponds to the vertices
{1, 2, 3,4} is indicated in
boldface

simplicial polytope. Let F be its set of vertices. Then the homology of Mo(A) with
coefficients in 7, is given by the formula:

Hi(My(A), Z) = @ Hi 71 (K3, Z)
ICF

where H; denotes the reduced homology, |I| is the cardinality of T and K>
is the maximal simplicial subcomplex of K* with vertices . (We remark that
H;i(My(A),Z) =01ifi <0).

Let us explain the meaning of maximal simplicial subcomplex of K* with vertices
Z. Given a g-tuple (i1, ..., ig) in Z it is a face of the simplicial subcomplex K7 if
and only if a g-face of the simplicial complex K*. For instance in Fig. 4.8 (K* is
the octahedral which the dual of the cube K') the subcomplex which corresponds to
the vertices {1, 2, 3, 4} is indicated in boldface.

Let us consider now the question of the level of complexity of the homology of
the manifolds My(A). By Theorem 4.18 the dual polytope K* can be an arbitrary
simplicial complex and the question of complexity becomes to ask which simplicial
complexes can be maximal subcomplexes of a simplical convex polytope. We
claim that any finite simplicial complex can be a maximal sub-complexes of a
simplical convex polytope. In effect, let K¢y be any finite simplicial complex, we
can always embed K in a simplex &¢ of dimension d equal to the number of
vertices of Ko minus one. In general is not embedded in a maximal subcomplex
For instance in Fig.4.8, K¢ is the one-dimensional complex with is a circuit
of four edges with vertices in boldface. It can be embedded in a tetrahedron
&3 as a circuit with 4 vertices but the maximal associated subcomplex is the
tetrahedron itself so this embedded copy is not maximal but we can fix this by
choosing a barycentric subdivision of the tetrahedron. In general it is enough to
make barycentric subdivision of all the faces that belong to the maximal simplicial
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complex generated by K to obtain an embedding which is maximal. This is always
possible (see [BMO06]).
Therefore one has:

Theorem 4.19 ((BMO06, Théorem 14.1]) Let K¢ be any finite simplicial complex.
Then there exists a 2-connected LVM manifold N such that its homology verifies:

Hiyq41(N.Z) = H;(Ko.Z) @ ...

for all i between 0 and the dimension of Ky.

Hence there exist an LVM manifold such that its homology has as a direct
summand the homology of a given simplicial complex, in particular its homology
can be as complex as one wishes. For instance, given a finite abelian group & there
exists a configuration A such that N has as subgroup & in its group of torsion.

Remark 4.25 In [BMO06, Theorem 10.1] one finds a formula describing the ring
structure via the cup product of the cohomology of these manifolds.

Remark 4.26 More details and results about the homology of moment-angle man-
ifolds using the fact that they have in many cases an open-book structure will be
found in Sects.4.17 and 4.17

4.15 Wall-Crossing

Let us consider again Fig. 4.5 before now considered as Fig. 4.9 with the purpose of
illustrating the process of wall-crossing.

Consider in Fig.4.9 different positions of the origin (marked as a cross) with
respect to a configuration which is a regular pentagon and in the three positions the
pentagon has been translated so that the origin is in different “chambers” bounded
by the diagonals of the pentagon. We see that if the point marked with a cross moves
from the figure on the left to the figure on the right then the figure in the left has two
indispensable points, in the second there is one indispensable point and in the figure
at right there are not indispensable points. The the manifolds from left to right are,
respectively, S° x S! x S!, then S* x S* x S! and finally #5(S® x S%).

0

Fig. 4.9 Wall-crossing from one chamber to another
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As we mentioned before, these configurations are similar: one passes from one to
the other translating A by a family A, or if one wishes translating the origin. If we
take the latter perspective and if we regard the translation of the origin as a homotopy
along which 0 moves, we see that there is a moment in which O crosses at certain
moment a “wall” [A; A ;] (in fact one crosses first a wall to go from left to the middle
and the another to go from the middle to the right). The topology changes exactly
after crossing the wall. In effect, if O does not encounters the wall the configuration
is admissible and M;(A) does not change differentiably (again using Ehresmann
Lemma). After crossing the wall the topology of M; changes drastically and after
crossing the wall, by the same argument using Ehresmann Lemma, nothing happens
for the rest of the homotopy.

This situation generalizes to every dimension.

Question How does the topology of M| changes when we cross a wall?

Let us see what happens in our example in Fig. 4.9 at the level of the associated
polygons. At the left one has a triangle, in the middle a square and finally at right
a pentagon. In other words one passes from the configuration at the left to the
configuration in the middle by a surgery of type (1, 2), then from the configuration
in the middle to that in the right to a second surgery of type (1, 2). This solves
completely this particular case.

Some simple arguments of convex geometry allows us to see that everything
is analogous in the general case. When one crosses a wall in a configuration
(A1, ..., Ap), the wall is supported by 2m vectors A;. This wall separates the
convex envelope of A in two connected components one contains O before the other
contains 0 after. The A ;’s which do not belong to the wall divide in two parts: a
belong to the part that contains O before crossing the wall and b to the part that
contains O after crossing the wall. One of course has a + b = n —2m, namely a + b
is equal to the dimension of the associated polytope plus one. We say that it is a
wall-crossing of type (a, b).

With this notation we have:

Theorem 4.20 ({(BMO06, Theorem 5.4]) Let A et A’ be two admissible configura-
tions. Suppose that A’ is obtained from A through a wall crossing of type (a, b).
Then

(i) The polytope associated to K' is obtained from K by a flip of type (a, D).
(ii) The manifold M| (A") is obtained from M| (A) by an elementary surgery of type
(a,b).

One can be more precise and characterize the face of the polytope where
the “flip” happens (or equivalently the subvariety along which we perform an
equivariant surgery in function of the wall).
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4.16 LVMB Manifolds

Recall that
S:={zeC" | 0eH(AL)} (4.32)
where
iel, < z; #0. (4.33)
Then Ny is the quotient of the projectivization IP(S) by the holomorphic action

(T, [z]) € C" x P(S) > [zi exp(A;, T)];

i=l1,..., n

(4.34)

where (—, —) denotes the inner product of C”, and not the hermitian one. It is a
compact complex manifold of dimension n —m — 1, which is either a m-dimensional
compact complex torus (for n = 2m + 1) or a non kihler manifold (forn > 2m+1).

4.16.1 Bosio Manifolds

In [BOO1], Frédéric Bosio gave a generalization of the previous construction. His
idea was to relax the weak hyperbolicity and Siegel conditions for A and to look for
all the subsets S of C" such that action (4.1) is free and proper.

To be more precise, letn > 2m+1and let A = (Aq, ..., A,) be a configuration
of n vectors in C™. Let also £ be a non-empty set of subsets of {1, . .., n} of cardinal
2m + 1 and set

S={ze€C"|I, D E forsome E € &} (4.35)

Assume that

(i) Forall E € &, the affine hull of (A;);cf is the whole C™.
(ii) Forall couples (E, E') € £ x &, the convex hulls H((A;)ier) and H((A))icg’)
have non-empty interior.
(iii) Forall E € £ and for every k € {1, ..., n}, there exists some k' € E such that
E\ {k'} U {k’} belongs to €.

Then, action (4.1) is free and proper [BOO1, Théoréme 1.4]. We still denote it by

N although it also depends on the choice of S. As in the LVM case, it is a compact

complex manifold of dimension n —m — 1, which is either a m-dimensional compact

complex torus (for n = 2m + 1) or a non Kéhler manifold (for n > 2m + 1).
Assume now that (A1, ..., A,) is an admissible configuration. Let

E={IcC{l,...,n}|0e H({(Aier} (4.36)
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Then (4.35) and (4.32) are equal, the previous three properties are satisfied and the
LVMB manifold is exactly the corresponding LVM.

We say that A;, or simply i, is an indispensable point if every point z of S satisfies
z; # 0. We denote by k the number of indispensable points.

4.16.1.1 The Associated Polytope of a LVM Manifold

In this section, N is a LVM manifold. Recall that the manifold N embeds in P"~1
as the C*° submanifold

N={(z1eP"" | Y Alul*=0}. 4.37)
i=1

It is crucial to notice that this embedding is not arbitrary but has a clear geometric
meaning. Indeed, it is proven in [ME98] that action (4.1) induces a foliation of S;
that every leaf admits a unique point closest to the origin (for the Euclidean metric);
and finally that (4.27) is the projectivization of the set of all these minima.! So we
may say that this embedding is canonical.

The maximal compact subgroup (S!)” C (C*)" acts on S, and thus on N . This
action is clear on the smooth model (4.27). Notice that it reduces to a (S')"~! since
we projectivized everything.

The quotient of N by this action is easily seen to be a simple convex polytope
of dimension n — 2m — 1, cf. [ME98] and [MV04]. Up to scaling, it is canonically
identified to

Ky:={re®")" | Y Arn=0 > ri=1) (4.38)
i=1 i=1

It is important to have a description of K as a convex polytope in R” =21 This
can be done as follows. Take a Gale diagram of A, that is a basis of solutions
(v1, ..., vy) over R of the system

Zn: A,'x,' =0
i=1

(4.39)
n
> =0
i=1
Take also a point € in K 4. This gives a presentation of K as
(x e R"™2"=1 | (x,v) > —¢ifori=1,...,n} (4.40)

IThis is a sort of non-algebraic Kempf-Ness Theorem.
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This presentation is not unique. Indeed, taking into account that K 5 is unique only
up to scaling, we have

Lemma 4.10 The projection (4.29) is unique up to action of the affine group of
Ranmfl'

On the combinatorial side, Kz has the following property. A pointr € K is a
vertex if and only if the set / of indices i for which r; is zero is maximal, that is has
n — 2m — 1 elements. Moreover, we have

risavertex <= SN{z; =0fori e I} #0 < 0¢€ H(A]c) (4.41)

for I¢ the complementary subset to / in {1, ..., n}. This gives a numbering of the
faces of K by the corresponding set of indices of zero coordinates. To be more
precise, we have

J Cc{l1,...,n}is aface of codimension Card J

(4.42)
< SN{z;=0forieJ} #0 < 0e H(A)

In particular, K5 has n — k facets. Observe moreover that the action (4.1) fixes
S N{z; = 0fori € J}, hence its quotient defines a submanifold N; of Np of
codimension Card J.

Also, (4.31) implies that

S={zeC"|Iisafaceof Ky} (4.43)

Remark 4.27 Other results related to LVMB manifolds were obtained by Battisti
[BA13], Ishida [IS17, ISO] and Tambour [TA12].

4.17 Moment-Angle Manifolds and Intersection of Quadrics

Remark 4.28 This section is based on the papers [BLV17, BLV, GL13] and it
borrows freely a lot from them. In order to be compatible with the notation in
these papers, we use in this section sometimes different notations that the ones
used in the previous sections, for instance the moment-angle manifolds M1 (A) are

called here Z° (A) and the corresponding LVM manifolds N are denoted here
N =Z"(A)/s'

The topology of generic intersections of quadrics in R” of the form:

n n
Y onxt=0. Y x}=1, whered eRi=1,...n
i=1

i=1



224 A. Verjovsky

appears naturally in many instances and has been studied for many years. If k = 2
they are diffeomorphic to a triple product of spheres or to the connected sum of
sphere products [GLOS5, DM89]; for k > 2 this is no longer the case [BBCG10,
BMOG6]) but there are large families of them which are again connected sums of
spheres products [GL13].

The generic condition, known as weak hyperbolicity and equivalent to regularity
of the manifold, is the following:

If J C1,...,m has k or fewer elements then the origin is not in the

convex hull of the A; withi € J.

A crucial feature of these manifolds is that they admit natural group actions: all of
them admit Zg actions by changing the signs of the coordinates.

Their complex versions in C*, which we denote by Z€ or ZC(A) (denoted by
M (A) in the previous sections),

n n
Y Ailul?=0, Y lzfP=1, whered; eCli=1.....n
i=1 i=1

(now known as moment-angle manifolds) admit natural actions of the n-torus T"

((ul7 "‘1”")7 (Z11 "'7Zn)) = (u1Z17 ““unzn)

The quotient can be identified in both cases with the polytope P given by

n

; Airi =0, ri =1, ri = 0.
i=1
i=

i=1

that determines completely the varieties (so we can use the notations Z(P) and

z° (P) for them) as well as the actions. The weak hyperbolicity condition implies
that P is a simple polytope and any simple polytope can be realized as such a
quotient.

The facets of P are its non-empty intersections with the coordinate hyperplanes.
If all such intersections are non-empty Z and Z° fall under the general concept of
generalized moment-angle complexes [BBCG10].

If we take the quotient of z° (A) by the scalar action of S':

N@A) =Z°A)s',

we obtain a compact, smooth LVM manifold N'(A) C IP’Z;I.
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When k is even, N'(A) and z° (A) x S' have natural complex structures and
so does Z° (A) itself when k is odd, but admit symplectic structures only in a few
well-known cases [DV97, MEOO].

An open book construction was used to describe the topology of Z for k = 2
in some cases not covered by Theorem 2 in [DM89]. In [GL13] it is a principal
technique for studying the case k > 2. In Sect.I-1 we recall this construction,
underlining the case of moment-angle manifolds:

If P is a simple convex polytope and F one of its facets, Z(C(P) admits an open

book decomposition with bindingZ © (F) and trivial monodromy.

When k = 2, the varieties Z and z° (A) can be put in a normal form given by
an odd cyclic partition (see Sect. I-1) and they are diffeomorphic to a triple product
of spheres or to the connected sum of sphere products (see [DM89, GL13]). Using
the same normal form, we give a topological description of the leaves of their open
book decompositions which is complete in the case of moment-angle manifolds:

The leaf of the open book decomposition of z° (A) is the interior of:

(a) a product S§Z2—l o §2m3—1 5 p2m—2,
(b) a connected sum along the boundary of products of the form SP x D?"=P~4,
(c) in some cases, there may appear summands of the form:

a punctured product of spheres S*P~1 x §21=2r=3\D?—4 o
the exterior of an embedding ~ S*4~! x S~ ¢ s,

The precise result (Theorem 4.22 in Sect. I-1) follows from Theorem 4.23 in Sect. I-
4, a general theorem that gives the topological description of the half real varieties
Z, = Z N {x1 = 0}, and requires additional dimensional and connectivity
hypotheses that should be avoidable using the methods of [GL05]. Some of the
proofs follow directly from the result in [DM89], while other ones require the use
of some parts of its proof. All these manifolds with boundary are also generalized
moment-angle complexes. In Part I, using a recent deep result about contact forms
due to Borman et al. [BEM15], we show that every odd dimensional moment-
angle manifold admits a contact structure. This is surprising since even dimensional
moment-angle manifolds admit symplectic structures only in a few well-known
cases. We also show this for large families of more general odd-dimensional
intersections of quadrics by a different argument.
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Part I: Open Book Structures

I-1 Construction of the Open Books

Let A’ be obtained from A by adding an extra A; which we interpret as the
coefficient of a new extra variable xo, so we get the variety Z’:

A (x%%—x%)—l—Z)\;xiz:O, (x§+x12)+2xi2=1.

i>1 i>1

Let Z be the intersection of Z with the half space x; > 0. Z; admits an action
of Z;l with quotient the same P: Z can be obtained by reflecting P on all the
coordinate hyperplanes except x; = 0. Z is a manifold with boundary Zy which is
the intersection of Z with the subspace x; = 0.

Consider the action of S' on Z’ by rotation of the coordinates (xo, x1). This
action fixes the points of Z and all its other orbits cut Z transversely in exactly
one point. So Z’ is the open book with binding Z, page Z and trivial monodromy:

Theorem 4.21

(i) Every manifold Z' is an open book with trivial monodromy, binding Zo and
page Z .

(ii) If P is a simple convex polytope and F is one of its facets, there is an open book
decomposition of z° (‘P) with binding Z © (F) and trivial monodromy.

.. . . . c . .
(ii) follows because if we write the equations of Z (P) in real coordinates, we

getterms A; (xl.z—i- yl.z) so each X; appears twice as a coefficient and z° (P) is a variety
of the type Z’ in several ways. It is then an open book with binding the manifold
Z; (P) obtained by taking z; = 0,

When k = 2 it can be assumed A is one of the following normal forms (see
[DM89]): Take n = nj + --- 4+ nye4+1 a partition of n into an odd number of
positive integers. Consider the configuration A consisting of the vertices of a regular
polygon with (2€+ 1) vertices, where the i-th vertex in the cyclic order appears with
multiplicity n;.
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The topology of Z and z° (A) can be completely described in terms of the
numbers d; = n; + --- + nj4¢—1, i.e., the sums of £ consecutive n; in the cyclic
order of the partition (see [DM89, GL05] and Sect. I-1):

Forf=1:7Z =81 x §-1 xgu-1  7C _ -1, §2n—1  §n3—1
20+1 20+1
Forf>1:Z= # (847! x§472), z€ = # (S g2,
Jj= Jj=
Now we have a similar description of the topology of the leaves in all moment-
angle manifolds, where || denotes connected sum along the boundary and

g;’f;fl a1 is the exterior of S?2~1 x §275—1 jn §2"—4 (see Sect. I-3):

Theorem 4.22 Let k = 2, and consider the manifold z° corresponding to the

cyclic partitionn = n1 + - - - +nap1. Consider the open book decomposition OfZ(C
corresponding to the binding at 71 = 0, as given by Theorem 4.21. Then the leaf of
this decomposition is diffeomorphic to the interior of:

(a) If € = 1, the product
San—l x 82n3—1 x D2n1—2.

(b) If£ > 1 andny > 1, the connected sum along the boundary of 2+ 1 manifolds:

42 1
2d;—1 2n—2d; -3 2d;—2 2n—2d; -2
J:!(S x D )]—[i:]_@[r?,(D xS )
(c) Ifn1 = 1 and £ > 2, the connected sum along the boundary of 2¢ manifolds:
T 2d;—1 2n—2d; -3 : 2d; -2 2n—2d; -2
- n—2d; — i— n—2d;—
i]:! (S x D ) ]_[ i:]_ZL (]D) xS )

]_[ (SZdzfl % Sng+271\D2n74) .
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(d) Ifny = 1 and £ = 2, the connected sum along the boundary of two manifolds:

2dr—1 2ds—1\ m2n—4 ]_[ c2n—4
(5% g2t [ [ 4, .

Theorem 4.22 will follow from its real version (see Theorem 4.23). It follows also
that in cases (c¢) and (d) the product of the leaf with an open interval is diffeomorphic
to the interior of a connected sum along the boundary of the type of case (b).

For k > 2, the topology of moment-angle manifolds and their leaves is much
more complicated and it seems hopeless to give a complete description of them: they
may have non-trivial triple Massey products [BA03], any amount of torsion in their
homology [BMO06] or may be a different kind of open books [GL13]. Nevertheless,
it is plausible that a description of their leaves as above may be possible for large
families of them in the spirit of [GL13].

The manifold N'(A), defined in the introduction, also admits an open book
decomposition, since the S! action on the first coordinate commutes with the
diagonal one.

Let

7, Z (A) = N(A),

denote the canonical projection.

Consider now the open book decomposition of Z © described above, correspon-
ding to the variable z,. If A is obtained from A by removing A, it is clear that

the diagonal S'-action on Z° has the property that each orbit intersects each page
in a unique point and at all of its points this page is intersected tranversally by the
orbits. This implies that the restriction of the canonical projection 7, to each page
is a diffeomorphism onto its image N'(A) — N'(A,).
For k even we therefore obtain, since N'(A) — N'(A,) has a complex structure:
For k even, the page of the open book decomposition of z° (A) in Theorem 4.22
with binding Z  (A) admits a natural complex structure which makes it biholomor-

phic 1o N(A) — N(A,).

For k odd, both the whole manifold and the binding admit natural complex
structures.

So we have a very nice open book decomposition of every moment-angle ma-
nifold. Unfortunately, it does not have the right properties to help in the construction
of contact structures on them.

The topology of these manifolds and of the leaves of their foliations is more
complicated, even for k = 2, and only some cases have been described (see [DV97]
for the simpler ones).
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I-2. Homology of Intersections of Quadrics and Their Halves

We recall here the results of [DM89], whose proofs are equally valid for any
intersection of quadrics and not only for k = 2.

Let Z = Z(A) C R" as before, P its associated polytope and Fi, ..., F, the
intersections of P with the coordinate hyperplanes x; = 0 (some of which might be
empty).

Let g; be the reflection on the i-th coordinate hyperplane and for J C {1, ..., n}
let g; be the composition of the g; with i € J. Let also F; be the intersection of the
F; fori € J.

The polytope P, all its faces (the non-empty F;) and all their combined
reflections on the coordinate hyperplanes form a cell decomposition of Z. Then
the elements g;(Fy) with non-empty Fj generate the chain groups Cy(Z), where
to avoid repetitions one has to ask J N L = ¢ (since g; acts trivially on F;).

A more useful basis is given as follows: let h; = 1 — g; and & be the product of
the h; with i € J. The elements hy(Fy) with J N L = @ are also a basis, with the
advantage that 4 ;C«(Z) is a chain subcomplex of C(Z) for every J and, since h;
annihilates F; and all its subfaces, this subcomplex can be identified with the chain
complex Cy (P, Py), where Py is the union of all the F; with i € J. It follows that

H.(Z) =~ &y H«(P, Py).

For the manifold Z we start also with the faces of P, but we cannot reflect them
in the subspace x; = 0. This means we miss the classes & (Fr) where 1 € J and
2
we get

H(Z,) ~ @1¢sH(P, PJ).

To compute the homology of Z © (A) one can just take that of its real version (with
each A; duplicated) or directly using instead of the basis iy (Fr) with JNL = ¢
the basis of (singular) cells Fr x Ty (with J N L = @) where T7 is the subtorus of
T" which is the product of its i —th factors with i € J. This gives the splitting

Hi(Z" (M) ~ @y Hi_ 1 /(P, P)).

(See [BMO06]).

These splittings have the same summands as the ones in [BBCG10] derived from
the homotopy splitting of £ Z. Even if it is not clear that they are the same splitting,
having two such with different geometric interpretations is most valuable.

2The retraction Z — Z . induces an epimorphism in homology and fundamental group.
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I-3. The Space é;;f q

Consider the standard embedding of S” x S7 in S™, m > p + ¢ given by
SP x §7 ¢ RPH! x R4+ — RP+4+2 c R+

whose image lies in the m-sphere of radius /2.

We will denote by E:';’f 4 the exterior of this embedding, i.e., the complement in
S™ of the open tubular neighborhood U = int (SP x S x D"~P~7) C S™. Observe
that the boundary of gzl,q is SP x S? x §"~P~4~! and that the classes [S" P~ 1],
[SP x §"~P~4~1]and [S? x §”~P~9~!] are the ones bellow the top dimension that
go to zero in the homology of U. By Alexander duality, the images of these classes
freely generate the homology of 8’”

Theorem A2.2 of [GL13] tells that under adequate hypotheses (and probably
always) & p’ q X D! is diffeomorphic to a connected sum along the boundary of
products of the type S* x D" +1—a,

Under some conditions (and probably always), 51’;1, q 1s characterized by its
boundary and its homology properties: Let X be a smooth compact manifold with
boundary SP x S7 x §”~P~4~! and ( the inclusion 8 X C X.

Lemma Assume that

(i) X and 0X are simply connected.
(ii) the classes 1, [S™ P77, 1,[SP x S" P47 and 1,[S? x S"~P~47] freely
generate the homology of X.

Then X is diffeomorphic to g,’ﬁq

Proof Observe that condition (i) implies that p,g,m —p—g—1 > 2sodim(X) =
m > 7. Consider the following subset of 9 X:

K=SP xxxS" P9 1ysxxS?x§rra-1

and embed K into the interior of X as K x {1/2} with respect to a collar
neighborhood 94X x [0, 1) of dX. Finally, let V be a smooth regular neighborhood
[HI62] of K x {1/2}in dX x [0, 1).

Now, the inclusion V C X induces an isomorphism in homology. Since the
codimension of K in X is equal to 1 + min(p,q) > 3, X \ int(V) is simply
connected and therefore an h-cobordism, so X is diffeomorphicto V.

Since é:l’,’" o verifies the same properties as X, the above construction with the

same V shows that £ g 18 also diffeomorphic to V and the Lemma is proved. O
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I-4. Topology of Z and Z, When k = 2

For k =2 and ¢ = 1 a simple computation shows that
Zy =Dl sl gl

For the case £ > 1 we recall here the main steps in the proof of the result about
the topology of Z in [DM89], underlining those that are needed to determine the
topology of Z_. For the cyclic partition n = n 4 - - - 4+ n2¢41 we will denote by J;
the set of indices corresponding to the n; copies of the i-th vertex of the polygon in
the normal form. Let also D; = J; U --- U Ji4¢—1 and ﬁ,- its complement.

It is shown in [DM89] that for k = 2, the pairs (P, P;) with non-trivial
homology are those where J consists of £ or £ + 1 consecutive classes, that is,
those where J is some D; or f)i. In those cases there is just one dimension where
the homology is non-trivial and it is infinite cyclic.

In the case of D; that homology group is in dimension d; — 1 where d; = n; +
-+ 4 nijq¢—1 is the length of D;. A generator is given by the face Fj, where

Li = Di\ ({ji—1} U {ji+e))

and ji—1 € Ji—1, ji+e € Jiy¢ are any two indices in the extreme classes of ﬁ,- (in
other words, those contiguous to D;).

Fp, is non empty of dimension d; — 1. It is not in Pp,, but its boundary
is. Therefore it represents a homology class in Hy,—1(P, Pp,), which defines a
generator hp, Fr, of Hg_1(Z). Since Fy, has exactly d; facets it is a (d; — 1)-
simplex so when reflected in all the coordinate subspaces containing those facets
we obtain a sphere, which clearly represents hp, Fr, € Hy,—1(Z).

The class corresponding to D; is in dimension n — d; — 2 and is represented by
the face F i where L; = D; \{j} and j is any index in one of the extreme classes of
D;. It represents a generator of H,_4,—2(Z), but now it is a product of spheres. For
£ =1 this cannot be avoided, but for £ > 1, with a good choice of j and a surgery,
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it can be represented by a sphere (this also follows from [GL13]). We will not make
use of this class in what follows.

The final result is that, if £ > 1, all the homology of Z below the top dimension
can be represented by embedded spheres with trivial normal bundle.

Let Z!_ be the manifold with boundary obtained by setting xo > 0 in Z’ (as
defined in Sect.I-1). Then Z/, can be deformed down to Z by folding gradually
the half-plane xp > 0, x1 onto the ray x; > 0. This shows that the inclusion Z C er
induces an epimorphism in homology so one can represent all the classes in a basis
of H*(Z;) by embedded spheres with trivial normal bundle. Those spheres can be
assumed to be disjoint since they all come from the boundary Z and can be placed
at different levels of a collar neighborhood. Finally, one forms a manifold Q with
boundary by joining disjoint tubular neighborhoods of those spheres by a minimal
set of tubes and then the inclusion Q C Z/, induces an isomorphism in homology.
If Z is simply connected and of dimension at least 5, then Z/, minus the interior
of Q is an h-cobordism and therefore Z is diffeomorphic to the boundary of QO
which is a connected sum of spheres products. Knowing its homology we can tell
the dimensions of those spheres:

If £ > 1 and Z is simply connected of dimension at least 5, then:

20+1
Z— # (Sdf—l x S”‘df—z).
j=1

For the moment-angle manifold ZC this formula gives, without any restrictions

20+1
7C _ -#1 (Szdl,-q % 82n72dl,-72).
]:

(In [GL71] this has recently been proved without any restrictions also on Z).

The topology of Z/, is implicit in the above proof: Z/, is diffeomorphic to Q
and therefore it is a connected sum along the boundary of manifolds of the form
SP x D" 7377 _ Since any Z with ny > 1 is such a Z’ we have:

If Zy is simply connected of dimension at least 5, and £ > 1, n1 > 1 then:

+2 1
zo =] (s% " x o) [ ][] (29" xra=?).
i=2 i=(+3

The classes D; and D; that now give no homology are the ones that contain 7.
The case n1 = 1 is different. When n; > 1 the inclusion Zy C Z induces an
epimorphism in homology (since it is of the type Z C Z',). This is not the case for
ny = 1: for the partition 5 = 1 4+ 14 1 + 1 + 1, the polytope P is a pentagon
and an Euler characteristic computation (from a cell decomposition formed by P
and its reflections) shows that Z is the surface of genus 5. Now Z has partition
4 =14 2+ 1 and consists of four copies of S!. From this, Z must be a torus
minus four disks that can be seen as the connected sum of a sphere minus four
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disks (all whose homology comes from the boundary) and a torus that carries the
homology not coming from the boundary.

In general, when n1 = 1 Zj is given by a normal form with 2¢ — 1 classes, has
4¢ — 2 homology generators below the top dimension, only half of which survive in
Z4.But Z4 has 2¢ + 1 homology generators, so two of them do not come from its
boundary and actually form a handle.

To be more precise, the removal of the element 1 € J; allows the opposite
classes Jy4+1 and Jy42 to be joined into one without breaking the weak hyperbolicity
condition.

Therefore Z( has fewer such classes and Dy = J, U --- U Jpy1, which gives
a generator of H,(Z, ), does not give anything in H,(Z;) because there it is not a
union of classes (it lacks the elements of Jy to be so).

The two classes in Hy(Z,) missing in H.(Z;) are thus those corresponding to
J = D and J = Dy4»; all the others contain both Jy41 and Jy4> and thus live in
H.(Z,).

As shown above, these two classes are represented by embedded spheres in Z
with trivial normal bundle built from the cells Fr, and Fp,,, by reflection. Now
Fr, N Fp,,, is a single vertex v, all coordinates except x1, X, Xj,,, being 0.

The corresponding spheres are obtained by reflecting in the hyperplanes corres-
ponding to elements in D, and Dy, respectively. Since these sets are disjoint, the
only point of intersection is the point v.

Now, a neighborhood of the vertex v in P looks like the first orthant of R—3
where the faces Fr, and Fr, , correspond to complementary subspaces. When
reflected in all the coordinates hyperplanes of R” 3, one obtains a neighborhood of v
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in Z4 where those subspaces produce neighborhoods of the two spheres. Therefore
the spheres intersect transversely in that point.

A regular neighborhood of the union of those spheres is diffeomorphic to their
product minus a disk:

Sd2—1 % Sde_l\Dn_?).

Joining its boundary with the boundary of Z we see that Z is the connected
sum along the boundary of two manifolds:

Z+ — Sdz*l X Sd€+271\]D)n73 ]_[ X

where 0X = Zp and X is simply connected.

Now, all the homology of X comes from its boundary which again is Zy, since
all those classes actually live in the homology of Z and are the ones corresponding
to the classes D; and f)i that do not contain n. Those classes also exist in the
homology of Zj and are given by the same generators, so this part of the homology
of Zy embeds isomorphically onto the homology of X.

If £ > 2, Zy is a connected sum of sphere products, so the homology classes of X
can be represented again by disjoint products S” x I"*~7~3 and finally we construct
the analog of the manifold with boundary Q and the #-Cobordism Theorem gives:

If Z is simply connected of dimension at least 6, and ny = 1, £ > 2 then

14

Z, = (Sd,-—l % Dn—d,-—2) ]_[ ]i[ (Dd,-—l % Sn—d,-—Z)

i=(+3

x

Il
w

]_[ (Sdzq % SdMq\Dns) .

The homology classes of Z are those corresponding to Dy, D4 (not coming
from the boundary) and to D3, ﬁl, ﬁ5. Clearly the last ones come from the classes
[Sratna=l] [Sr2— 1y §13+74=1] and [S75~! x §73+74~ 1] in the boundary. This means
that X satisfies the hypotheses of the lemma in Sect. I-3 with p = ny—1,g = ns5—1
and m = n — 3, so we can conclude that X is diffeomorphic to 5;2131 _1- We have
proved all the cases of the

ns

Theorem 4.23 Let k = 2, and consider the manifold Z corresponding to the cyclic
decomposition n = ny + --- + nae41 and the half manifold Z, = Z N {x; > 0}.
When £ > 1 assume Z and Z, = Z N {x; = 0} are simply connected and the
dimension of Z is at least 6. Then Z . diffeomorphic to:

(a) If € = 1, the product

Sn2—1 x Sn3_1 x Dnl_l.
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(b) If£ > 1 andny > 1, the connected sum along the boundary of 20+ 1 manifolds:

0+2 1
]_[ (Sd,-—l y Dn—dl-—Z) ]_[ ]_[ (Ddi—l % Sn—di—Z).
i=2 i=0+3

(c) If n1 = 1 and £ > 2, the connected sum along the boundary of 2 manifolds:

ji;i (Sdﬁl % andﬁZ) ]—[i:];}_?’ (Ddﬁl % Snfdi72>

]_[ (Sdz—l % Sdg+2—l\Dn—3) )

(d) If n1 = 1 and £ = 2, the connected sum along the boundary of two manifolds:

LI IE=

When n1 = 1 and £ = 2 we have the additional complication that restricting
to x1 = 0 takes us from the pentagonal Z fto the triangular Zy, which is not a
connected sum but a product of three spheres and not all of its homology below the
middle dimension is spherical.

Theorem 4.23 immediately describes, under the same hypotheses, the topology
of the page of the open book decomposition of Z’ given by Theorem 4.21, since this
page is precisely the interior of Z .

Theorem 4.22 about the page of the open book decomposition of the moment-
angle manifold Z€ follows also, since this page is Z, for Z the (real) intersection of
quadrics corresponding to the partition 2n — 1 = 2n1 — 1)+ 2n2) +- - -+ 2n2e+1).
In this case all the extra hypotheses of Theorem 4.23 hold automatically.

Theorem 4.23 applies also to the topological description of some smoothings
of the cones on our intersections of quadrics. In this case the normal form is not
sufficient to describe all possibilities as it was in [DM88] where actually only
the sums d; were needed to describe the topology or in the present work where
additional information about 7 only is required.
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Part II: Some Contact Structures on Moment-Angle Manifolds

The even dimensional moment-angle manifolds and the LVM-manifolds have the
characteristic that, except for a few, well-determined cases, do not admit symplectic
structures. We will show that the odd-dimensional moment-angle manifolds (and
large families of intersections of quadrics) admit contact structures.

Theorem 4.24 [fk is even, z° (A) is a contact manifold.

First we show that Z* (A) is an almost-contact manifold. Recall thata (2n + 1)-
dimensional manifold M is called almost contact if its tangent bundle admits a
reduction to U(n) x R. This is seen as follows: consider the fibration 7 : ZC (A) —
N (A) with fibre the circle, given by taking the quotient by the diagonal action. Since
N (A) is a complex manifold, the foliation defined by the diagonal circle action is
transversally holomorphic. Therefore, z° (A) has an atlas modeled on C"~2 x R
with changes of coordinates of the charts of the form

((le 1Zn72)7t) = (h (le 7Zn727t)1g(zlv"' 7Zn727t))7

where h : U — C"2 and g : U — R where U is an open set in C"2 x R and, for
each fixed 7 the function (z1, - - - , zp—2) > h (21, -+ - , Zn—2, ) is a biholomorphism
onto an open set of C"~2 x {t}. This means that the differential, in the given
coordinates, is represented by a matrix of the form

0...0r

where * denotes a column (n — 2)-real vector and A € GL(n — 2, C). The set of
matrices of the above type form a subgroup of GL(2n — 3, R). By Gram-Schmidt
this group retracts onto U(n — 2) x R.

Now it follows from [BEM15] that Z © (A) is a contact manifold and the Theorem
is proved.

In [BV14] it is given a different construction, in some sense more explicit, of
contact structures, not on moment-angle manifolds but on certain non-diagonal
generalizations of moment-angle manifolds of the type that has been studied by
Goémez Gutiérrez and Santiago Lopez de Medrano in [GL71]. It consists in the
construction of a positive confoliation which is constructive and uses the heat flow
method described in [AWO00].
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The argument used there applies however for many other intersections of
quadrics that are not moment angle manifolds, for which the proof of the previous
Theorem need not apply:

Theorem 4.25 There are infinitely many infinite families of odd-dimensional
generic intersections of quadrics that admit contact structures.

First consider the odd-dimensional intersections of quadrics that are connected
sums of spheres products:

An odd dimensional product S™ x S" of two spheres admits a contact structure
by the following argument: let n even and m odd, and n, m > 2. Without loss of
generality, we suppose that m > n (the other case is analogous) then S is an open
book with binding S”~2 and page R”~!. Hence " x S is an open book with
binding $” 2 x S and page R"~! x S". This page is parallelizable since R x S"
already is so. Then, since m+n—1 is even the page has an almost complex structure.
Furthermore, by hypothesis, 2n < n + m hence by a theorem of Eliashberg [EL90]
the page is Stein and is the interior of an compact manifold with contact boundary
S™=2 x S". Hence by a theorem of Giroux [GI] S" x S™ is a contact manifold.

Now, it was shown by Meckert [ME82] and more generally by Weinstein
[WEO91] (see also [EL90]) that the connected sum of contact manifolds of the same
dimension is a contact manifold. Therefore all odd dimensional connected sums of
sphere products admit contact structures.

Additionally, it was proved by Bourgeois in [BO02] (see also Theorem 10 in
[GI]) that if a closed manifold M admits a contact structure, then so does M x T.
Therefore, all moment-angle manifolds of the form Z x T2 where Z is a connected
sum of sphere products, admit contact structures. For every case where Z is a
connected sum of sphere products we have an infinite family obtained by applying
construction Z +> Z’ an infinite number of times and in the different coordinates (as
well as other operations). The basic cases from which to start these infinite families
constitute also a large set and the estimates on their number in each dimension keep
growing. Adding to those varieties their products with tori we obtain an even larger
set of cases where an odd-dimensional Z admits a contact structure.

Another interesting fact is that most of them (including moment-angle manifolds)
also have an open book decomposition. However, for these open book decompo-
sitions there does not exist a contact form which is supported in the open book
decomposition like in Giroux’s Theorem because the pages are not Weinstein
manifolds (i.e manifolds of dimension 2n with a Morse function with indices of
critical points lesser or equal to n). It is possible however that the pages of the
book decomposition admit Liouville structures in which case one could apply the
techniques of McDuff [MC91] and Seidel [SE11] to obtain contact structures.
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