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Abstract. This paper deals with the dynamic modelling of lower mobility parallel
manipulators using the screw theory. The proposed approach is developed by
considering both the permitted and restricted virtual displacements of a parallel
manipulator, leading to the evaluation of intensities of the wrenches of actuations
and constraints applied on the moving platform. By introducing the complementary
part in terms of generalized constraint forces/torques, it completes the dynamic
model of lower mobility parallel manipulators, and provides a feasible way to
investigate the dynamic interactions between the limbs and the moving platform.

Keywords: Dynamic modelling - Parallel manipulators + Screw theory

1 Introduction

With the wide applications of parallel kinematic machines (PKM) in industry, high-
speed pick-and-place operations and high-speed drilling/milling in situ for example,
more and more attentions have been paid to the improvement of dynamic behaviors of
the system with the goal to achieve higher accuracy and productivity. In spite of a
number of commercial software that have been available on market, a general, com-
plete and precise formulation of rigid-body dynamics of parallel kinematic machines is
still in need since it is helpful to gain deep insight into dynamic performance evalu-
ation, motor sizing, trajectory planning and control algorithm development.

In this paper, the application of dynamic model for design purpose as that stated in
[1] is addressed by introducing a novel modelling approach for lower mobility parallel
manipulators based on the principle of virtual work [2], which is capable of evaluating
the reactions in terms of both actuation and constraint imposed on the moving platform
simultaneously. The proposed method is developed drawing on the generalized Jaco-
bian and the acceleration analysis of parallel manipulators presented in our previous
works [2, 3].

Hereby, the virtual displacements related to the permitted and restricted motions
can be naturally defined, and the inertial and resulting gravity wrenches of a rigid body
are formulated in a body-fixed frame. Then, the virtual work of individual rigid bodies
can be lumped together, resulting in analytical expressions of the actuation and con-
straint forces/moments.
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2 Kinematic Analysis

The kinematic analysis of a non-redundant actuated and non-overconstrained f~-DOF
(2 £f <£6) parallel mechanism is briefly reviewed [2, 3].

As shown in Fig. 1, a global frame /C is placed on the base and an instantaneous
frame K’ keeping parallel to K is established on the platform. In order to evaluate the
tensor of inertia of the jth (j = 1,...,n; — 1) body in limb i, a body-fixed frame Kﬁi is
attached to body j with its z-axis coincident with the (j, + 1)th (j, =) joint axis.
A body-fixed frame IC; is placed on the platform. Considering the effects of constraints,
6 — n; 1-DOF virtual joints are added in limb i by making an assumption that all of
them are active ones. Then, referring to [2, 3], the joint velocity and the accelerator of
the platform can be given as

Virtual joint j+1
/ ' @N&M "
2 Joint n; —/
Body j 3 f K,
%
S Jointj,+1
K Virtual joint 6-n;

Joint 1

Fig. 1. Coordinate frames in the ith limb of a parallel mechanism
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where Qa‘,-m,-(ja =1,.. .m,-)/éw-”,-(jc =1,...,6 —n;) are the joint rates of the j,th/j.th
jointin limb i; g, ,(x = 1,...,/)/q.9(0 = 1,...,6 — f) denote the joint rates of the yth/
PJth actuated joint; The definition and expression of J;, W, A, H; can be found in [3, 4].
From Eq. (1), the twist of permissions [2] and the accelerator of the jth body in limb
i can be expressed as
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where G, is a (j, x 6) matrix formed by the first j, rows of Ji’l; H,;; < RO*JaXJa ig the
corresponding Hessian matrix extracted from H; [3]. Since Eq. (2) is formulated in &,
when $,;;/$, and A; ;/A are evaluated with respect to Iiji/ICIL, , the adjoint transformation
should be applied.

$;,=Ady S, =Tiq, $; =Ad,$, =T,q (3)
=Ad, Aj;, A" =Ad, A (4)
Tj;=Adg J,; P = [Tuji Tejil, Tp= AdgpwiTA =[Tap Tecp) (5)
[t ] e[y
Toji= [$Pa,]z $1(Dj:z>.j,i}’ T.ji= [$1(ch)J,i $P(,Jl ]
Tap= 80y - S, ] Teo=[80), . 8]

where R; (R,) is the orientation matrix of K’ with respect to K7, (KC7) and [y <] ([r,x])
is the skew-symmetric matrix of the vector r;;(r,). The columns of T;; and T, are
nothing but partial screws [5].

3 Dynamic Modelling

First, the inertial wrench of a rigid body evaluated in different reference frames is
investigated. The inertial wrench $; can be expressed in K as

v =Ad T80 = —m"AY + ad"($))m"$; (6)

wl —
Ad,"'mCAd,!, ad"($]) = AdTad"($])Ad]_

where m€ is the tensor of inertia. Hence, the inertial wrench of the Jjth body in limb i,

$fv1’].’l, and the inertial wrench of the platform, $-  can be obtained by adding sub-

wl,p?
script °j, i’ and ‘p’ to the corresponding terms in Eq. (6), respectively.
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Suppose that the parallel mechanism is subject to the effect of a gravity field, then
L

WG ji?
in ICJ-LJ and ICIS, can be obtained through adjoint transformation, respectively. Then, the

L
w,i

the gravity wrenches of the jth body in limb i, $ and the platform, $va”7, evaluated

overall wrench ${‘V7p ($; . ) evaluated in ICIE (leL,l.) can be expressed as

L L L L L L
$., =%, %6, 8., =%, %, (7)

Finally, the principle of virtual work states

l T T
ow = Z ($vaJ,i) $i+ (%,p) $;,+F4=0 (8)
i=1 j=1
f:(fz FI)Ta fa:(fm] faf)T, fﬁ‘:(fc,l fc,ﬁ—f)T

where F,, (x=1,...,f) and F.y (J =1,...,6 —f) denote the intensities of the
wrenches of actuations and constraints. Then, we have

Fay=— er ($fv.j,i)T$(P)fl>J',i - <$€v,p)T$1(7)2,p7 r=1L...f )

=1 j=1

Foo==Y_ Z ($fvi,.7,.>T$§D?Jﬁi - ($@7P)T$§;2p, 9=1,...6—f (10

Base link RP limb
(three-in-one part)

2-DOF wrist

UPS limb

Fig. 2. Schematic diagram of the R(2RPS-RP)-UPS parallel mechanism within the TriMule
robot

Table 1. Dimensional parameters (unit: m)
i 1 2 3
HEH 0.135/0.135|0.135
HB_B,H 0.555/0.32 |0.32




296 H. Liu et al.

Fay (Few) can be physically interpreted as the superposition of the projection of
the overall wrench of a rigid body on the direction of corresponding partial screw.

Table 2. Definitions of body-fixed frames and inertial parameters

Kk, K¢ m, I€, R, r; (unit: kg, m, rad, s)
my; = 14.449

Iflz diag[0.059 0.123 0.168]
Rey =13 rc;, =0

my; = 31.071
I = diag[4.541 4538 0.062]
RC,2,i = 13’ rC,Z,i = (0 0 —-0.178 )T

my; = 11.449
I§,= diag[0.865 0.865 0.007]
Resi =13, rc5,=0

my4 = 115.870
If,= diag[1.172 8.106 8.628]
Reyo=1s 1c,4=0

np4 = 14.329
IZCA: diag[0.126 0.086 0.115]
Rero =13 rep4 = 0

m, = 80.077
IS= diag[ 16.066 16.043 0.638]

R, =1 rc,=(0 0 —0453 )




4 Example
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A 3-DOF R(2RPS-RP)-UPS parallel mechanism within a 5-DOF hybrid robot is taken as
an example (see Fig. 2). The geometric parameters for this example are given in Table 1.
While, the definitions of body-fixed frames and inertial parameters obtained from 3D
software are listed in Table 2. Assume that the trajectory of the reference point A is

Ta,l (Nm) z.c,],4 (Nm)
40 60
....... Model
3.8 —Software 30
3.6 0
34 30
32 -60
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(@) (d)
z,,(Nm) (N)
a2 F;‘,ZA N
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....... Model
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450
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3.0 300
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(b) (e
T (Nm)
a3 F;,S,At (N)
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....... Model
150
3.0 —Software
50
1.0
450
1.0
4150

3.0
0 05 1.0 1.5 20 25 3.0 35 40 45 t(S)

-250

0 05 1 15 2 25 3 35 4 45 t(S)

(©) )

Fig. 3. Variations of the actuated torques (Figure a, b, ¢) versus time compared with commercial
software and constrained moment and forces (Figure d, e, f) versus time
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x = —rsinyy(r) +xo
y = reosy(t) + yo (11)
=20

r=045m, xp =0, yo=—0.145m, z0 =0.75 m

where (xo yo zo)" is the initial value of A; y(¢) is the motion rule as the same as
that given in [2]. The variations of 7, (y = 1,2,3) and F.y (¥ = 1,2, 3) versus time
can be obtained using Eqgs. (9) and (10) (see Fig. 3). Moreover, the results of 7, are
also compared with those obtained by a commercial software.

It has to be pointed out that for the convenience of dynamic modeling and com-
putational efficiency, some assumptions are made in the proposed method with little
loss of accuracy: (i) the inertia of S joints and lead-screw assemblies in active limbs are
neglected; (ii) all active limbs are assumed to be axially symmetrical, leading to the
inertia matrices being diagonal. However, the inertia parameters of all components are
taken into account in the software. From the comparison study, it can be found that
although the numerical results of two models are not exactly the same, the residuals are
rather small. Therefore, the effectiveness of the proposed approach is demonstrated.

5 Conclusion

This paper presents a general and systematic approach for dynamic modelling of lower
mobility parallel manipulators. A calculation of both the intensities of the wrenches of
actuations and constraints is derived, which is formulated in a compact form as the
superposition of the projection of the overall wrench of a rigid body on the direction of
corresponding partial screw. Compared with other methods in literatures, this approach
completes the dynamic model by developing the complementary part in terms of
generalized constraint forces/torques.
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