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Abstract. Stochastic optimization problems with probabilistic and
quantile objective functions are considered. The probability objective
function is defined as the probability that the value of losses does not
exceed a fixed level. The quantile function is defined as the minimal
value of losses that cannot be exceeded with a fixed probability. Sample
approximations of the considered problems are formulated. A method to
estimate the accuracy of the approximation of the probability maximiza-
tion and quantile minimization is described for the case of a finite set of
feasible strategies. Based on this method, we estimate the necessary sam-
ple size to obtain (with a given probability) an epsilon-optimal strategy
to the original problems by solving their approximations in the cases of
finite set of feasible strategies. Also, the necessary sample size is obtained
for the probability maximization in the case of a bounded infinite set of
feasible strategies and a Lipschitz continuous probability function.
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1 Introduction

Problems of stochastic programming with probabilistic and quantile objective
functions are encountered in many applied problems, where special attention is
paid to the reliability of the system. These problems and methods for solving
them are well covered in [1].

In this paper, we research the sample average approximation (SAA) method
for solving stochastic programming problems with probabilistic and quantile
objective functions. This method is based on statistical estimation of the objec-
tive function. For the expectation objective function, the convergence of the SAA
method is proved in [2]. The SAA method was applied to stochastic program-
ming problems with probabilistic constraints in [3], where the convergence of
the method was proved for a special case of the problem. In [4], the possibil-
ity of approximating a stochastic programming problem with probabilistic and
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quantile objective function was investigated. The hypo-convergence of sampling
probability functions is proved, which in turn guarantees the convergence of the
approximation of the probability maximization and quantile minimization prob-
lems with respect to the value of the objective function and with respect to the
optimization strategy.

From recent works on the SAA, [5] can be noted, where general approach to
study approximations of stochastic programming problems is suggested. In [6],
confidence bounds on the optimal objective value are constructed.

When the SAA method is applied, the reduced problem can be considered as
a stochastic optimization problem with discrete distribution of the vector of ran-
dom parameters. These problems can be reduced to mixed integer programming
problems [7], which can be solved by using available software.

To apply the SAA method, it is useful to know the quality of the obtained
approximate solution. In [8-10], in the case of a finite set of feasible strategies,
an estimate of the required sample size was obtained to approximate an expecta-
tion minimization problem. This result was extended for the case of a Lipschitz
continuous expectation function in [8]. To estimate the required number of real-
izations of the random vector, the exponential estimation of large deviations
was used. In [11], the rate of convergence is studied for stochastic programming
problems with probabilistic constraints.

This paper presents sample size estimates for problems of stochastic program-
ming with probabilistic and quantile objective function. For the probability max-
imization, we consider cases of finite and bounded set of feasible strategies. For
the quantile minimization, the case of finite set of feasible strategies is considered.

2 Statement

Let (X, F,P) be a complete probability space. Let X be a random vector defined
on this probability space. For simplicity, we assume that X C R™ is a closed set.

Let us denote by @(+): U x X — (—00, 4+00) a loss function, where U C R”™ is
a nonempty compact set of strategies u. We assume that the function (u,z) —
&(u, x) is lower semi-continuous in uw € U and B(U) x F-measurable in z € X,
where B(U) is the Borel o-algebra of subsets U. These conditions guarantees
that the function (u,x) — @(u, ) is a normal integrand [12].

Let us introduce the probability function

Py(u) = P{P(u, X) < ¢},
and quantile function
¢a(u) 2 min{p : Py(u) > o},
where a € (0, P*) is a given reliability level,

P* = sup P{P(u, X) < +o0}.
uelU
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We consider the probability maximization problem

o £ sup P,(u) (1)
uelU

and the quantile minimization problem
x A -
= f a . 2
¢" = Inf pa(u) (2)
The sets of e-optimal solutions to problems (1) and (2) are denoted by
U;é{uEU: P,(u) > o — ¢},
VEE{ueU: pu(u) < ¢* + ¢}

respectively.

3 Sample Approximation

Let X1,..., Xxn be a sample generated by random vector X, i.e., random vectors
Xk, k = 1,N, are independent identically distributed with distribution func-
tion F(z) = P{X < z}. We assume that the sample is defined on a complete
probability space (2, F',P’). This probability space may differ from the space
(X, F,P). However, below we will use the same letter P for the probability P’,
because it is clear which probability space is considered. Then we can write the
frequency of the event {®(u, X) < p} as

N
1
P £ N D X(—oong) (P(u, X)), 3)
k=1

where

(z) & 0, x€ A
Xalt) = 1, xz¢A.

By using (3), the quantile function can be estimated by
eV (u) £ min{p: PN (u) > a}. (4)

The sample approximation of the probability maximization problem is for-
mulated as
T(N) A& N) .
Ué = Arg r;leaécPé (u), N e N; (5)

and the sample approximation of the quantile minimization problem is formu-
lated as .
VN & Arg mi[I]upgN)(u), N eN. (6)
ue

From [4] it follows that quantile function (4) coincides with the order statistics
of sample values {®;}2_| for the random variable & £ &(u, X) that has index
[a@N] and is called the sample quantile, where [z] £ min{k € N: = < k}.
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4 Estimation of the Necessary Sample Size
for Probability Maximization

In [4] the convergence of the approximating stochastic programming problems (5)
and (6). These results, however, do not show the quality of solutions for a given
sample of size V. In this section, we find upper bounds on the necessary sample
size to consider a solution to (5) as an approximate solution to problem (1).

4.1 Case of Finite Set of Feasible Strategies
Let us begin with the case when the set U is finite. Its cardinality is denoted

by |U].
We consider the event

{oMeuvzh= U N{EYw=rMe)}.

The event {US(QN) o U;} means that there exists an optimal solution ugaN) to the

approximation problem (5) such that ufaN) is not e-optimal solution to the true

problem (1).
Then, given that the set U is finite, we can find an upper bound for the
probability

7(N) € P(N) (4, p(N) )

Let u* be an optimal solution to the true problem (1). If there several optimal
solution to problem (1), then u* can be taken arbitrarily. It follows from (7) that

P{IM¢uz}< Y P{PYW 2PN W)
ueU\U

H(N H(N *
<101 e PP > PV ®)
Let us introduce the random variables

fk = X(—oo,a,o] (@(quk)) — X(—o0,¢p] (QS(U*an))

Notice that & are independent. Then we can write

N N
P {PéN)(u) > AS(()N)(U*)} =P {ka > 0} =P {exp <t25k> > 1},
k=1
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where ¢t > 0. By Chebyshev’s inequality,

SRR

M(t) £ E [exp (t&)]

is the moment-generating function of the random variable &;.

N
exp (tZskﬂ = (M)~
k=1

where

(10)

Lemma 1. Let M(t) be the function defined by (10). Let 0 < € < o*. Then

inf M(t) < /1— 2.

t>0

If o < 1= then

inf M(t) <2y/(a* —e)a* +1+e—2a" <1—¢e2

>0
Proof. Let us introduce the events
AE{D(u, X) < ¢},
B2 {0(u, X) < ¢},
Then

where - B
py =P(AN B), p_=P(AN B).

(11)

Since u* is an optimal solution to the true problem (1) and u € U \ Ug, it holds

that
P(A) <a*—e, P(B)=a".

From (11) and (12), it follows that
P+ € [0,0é* - 5]7 p- € [E,OL*].

Therefore,

(12)

(13)

e <P(B)-P(A) =P(ANB)+P(ANB)—(P(ANB)+P(ANB)) = p_ —p..

(14)

The function ¢ — M (t) is convex. From the optimality conditions, we obtain

1 _
Argmin M (t) = { lnp}
t>0 2 ps

if p; > 0. From (14), it follows that

1 _
flnp— > 0.
2 py
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Thus,
Qp+,p-) = Inf M() = 2\/p-py +1—ps —p-. (15)

If py = 0, then equality (15) holds too.
The function (p4,p—) — Q(p+,p—) is concave (see, for example, [13, P. 74]).
Let us find
max Q(p4,p-)
P+ P

subject to (13), (14), and (15). Since the unconditional maximum of Q(p4,p_)
is attained when p; = p_, the conditional maximum is attained when the con-
straint (14) is active. Taking into account the constraint p + p_ < 1, it is easy
to see that

inf M(t) <

[nax <AQp+:p-) |p- —pr =&, pr+p- <1 pp €[0,0" —¢], p_ €e,a™]}

—

Zmax{2 p+(p++e)+1-2py —¢e|pr+psr +e<1 py €[0,0" —¢]
P+
21/? 1+€+1—(1—s)—s—\/1—s2 if
2¢/(« *+1l+4e—2a* <V1-—g2 if

Thus, Lemma 1 is proved.

Let us prove a theorem on the necessary sample size to approximate the true
problem (1).

Theorem 1. Let 8 € (0,1). If the set U is finite and
In|U| —In(1 - )

N>2 16
- |In(1 —¢e2)] (16)
then .
P {00 cuz} =8, (17)
Moreover, if it is known that o* < %, then inequality (17) holds if
In|U| —In(1 - ) (18)

’ln(2\/7a*+1+€—2a)

Proof. First, let us consider the case o* < e. Then, it is obvious that

P {0 cug}=1,

hence, the assertion of the theorem is true.
If o* > ¢ and o* < %, then, from (8), (9), and Lemma 1, it follows that

P{U<N>¢U€}<mf|U|( g(z\/7+1+a—2a)
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Thus, inequality (17) holds if
N
|U]| (2\/(04* —e)a* +1+€—2a*) <l-pg&

N> In(1 - 3) —In|U| In|U| —1n(1 — B)

T (2@ —gar+1+e-20) [ (20" —)a* +1+e207)

Since

2/ (a* —eg)a* +1+e—2a" </1—¢2

we obtain that inequality (17) holds for
In|U| —In(1 - p) _21n|U| —In(1-7)
Vi (1 2]

In the case when a* > ¢ and a* > 1%, the theorem is proved in the same
manner. Theorem 1 is proved.

N>

Remark 1. In [9, Theorem 5.17], a result similar to Theorem 1 is proved for the
maximization of the expectation function. By applying this result to problem
(1), it can be obtained that inequality (17) holds for

Nz o UI= = 5)
)

It is easy to check that
e? < |ln (1 — 52)’
for e € (0,1). Thus, the sample estimate (16) improves the result in [8] for

maximization of the probability function.

Remark 2. To apply the sample estimate (18), we need to know exact solution
to problem (1). However, the sample approximation is construct to estimate a*.
Sometimes, it possible to find an upper bound & > o*. If & < %, then we can
improve the sample estimate (16). It is guaranteed that inequality (17) holds if

In|U| —In(1 - p)

(2m+1+a—2@)"

N >
‘hl

4.2 Case of Bounded Set of Feasible Strategies

Let us consider the case when U is a bounded, not necessarily finite, subset of
R™. The diameter of U is denoted by

D= sup [ju—vl],
u,velU

where the norm ||u|| = max{|u1], ..., |u,|} is used.
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We suppose that the probability function u — P,(u) is Lipschitz continuous
on U with a Lipschitz constant L, i.e.

| Po(u) — Po(v)] < Llju— o (19)
for all u,v € U.

Theorem 2. Let 5 € (0,1). If the assumption (19) is satisfied and

nln {ﬁ] —In(1-7)

N>2 inf 20
= e [ In(1 — ~2e2)| ’ (20)

then .
p {U;M c U;} > B. (21)

Proof. First, let us check that the event { AQ(DN) C U;} € F'. Since the function
(u,x) — D(u,x) is a normal integrand, the function u — P,(u) is upper semi-

continuous and the set U is compact [4]. Also, the u IE’(,(QN)(U) is upper
semi-continuous for all fixed realizations of the sample. The compactness of U
and semi-continuity of these function imply that the supremum

sup P;N) (u)
uclU

is attained and is a measurable function of the sample. Thus, the considered
event can be represented as

{UéN) C U;} = ﬂ {p;N)(u) < sup p;N)(v)}

uweU\Ug vel
= ﬂ {sup P;N)(u) < sup péN)(u)},
kEN ueUy uelU

where )
Uy=<queU: inf [|[u—v|]|>-7;.
velUg k
The set Uy is compact, so the function

(xlv"'u‘rN) = sup pggN)(u)
ueUy

is measurable and, hence,
r(N /
[t cugher.
Let U be a finite subset of U. Let

A .
v = sup inf |lu—v].
uelU vel
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The value of v shows the maximal distance between an arbitrary point of U and
the nearest point of U. The set U can be selected in such a way that

. D"
u<|—| . 22
o< 7] (22)
It will be assumed that condition (22) is satisfied.
Let _ _
U;é{ueU: P,(u) Za;ij—e},
where

Q
|

o = sup Py (u).
uelU

Since the function w — P,(u) is Lipschitz continuous, the condition u € f]f,
implies u € USHH. If v € (0,1) is a fixed number and Lv = (1 — ), then

{0 ctged e {o™ cug}. (23)
From (23) and Theorem 1, it follows that
(N € (N rTYE
p{o® cuz}>p o cop)=p
if

N ol =0 —5) _ W[P]"—W(1-p i 02| -0 -5)
[In(1 —1222)] [In(1 —1222)] (1 —1222)]

Since 7 is selected arbitrarily, the theorem is proved.

Remark 3. A similar result for minimization of the expectation function is
proved in [8]. This result can be obtained from Theorem 2 if ¢ = 1/2. Addi-
tional optimization in ¢ € (0,1) can improve the result [8] for the special case
of probability maximization. If the exact value of the infimum is difficult to
find, then the sample estimate N can be found by substituting several values of
t € (0,1) into (20). The minimal value of the obtained numbers can be set as
the sample estimate V.

Remark 4. To apply the sample estimate (20), the Lipschitz constant is need
to know. If the function u — P,(u) is continuously differentiable on the set U,
then, from the mean value theorem, it follows that

[P (u) = Po(v)] < sup IV Po(w)]llu = vl

Therefore, we can take L = sup,, < || VP, (w)||. Methods to find the gradient of
the probability function are described in [14,15].
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5 Estimation of the Necessary Sample Size for Quantile
Minimization

In this section, we find upper bounds on the necessary sample size to consider
a solution to (6) as an approximate solution to problem (2). We assume that the
set U is finite.

We suppose that the following assumption is satisfied.

Assumption 1. The random variable ®(u, X) is absolutely continuous for all
u € U with probability density function p,(-) continuous at the point p,(u) with
its neighborhood. Also, there exists a number C > 0 such that

minp,(pa(u)) > C.
As for the probability function, consider the event
Vi evit= U N{eMw<eMu}.
ueU\VE yeU

Then we can find an upper bound for the probability

P{vMevii< 3 PN {eMw<eMwm}]. oy

ucU\VE yeU

Let us fix an optimal solution to the true problem (2) w*. From (24), we
obtain

PV vl 3 P{eM) <o)}
ueU\VgE

< Ul e PRl (@) < 600} (25)

Let us define the random variables

v =@V () — ¢ (u), N €N
Notice that the random variables @&N)(u*) and @&N)(u) can be dependent. We
need to find an upper bound on the probability

P{nn > 0}.
By the Mosteller theorem [16], the distribution of the order statistics @&N) (u*)
(N) e
and ¢’ (u) converges to a normal distribution:

VE (60 - ) % 2~ (0.5 220),
VN (@&N)(u) - cpa(u)) < 7, NN(O, IM).
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Therefore, we can write

lim Eny < —¢
N — o0 IN = ’

4a(1 —
lim sup var [anN} < M.
N—o0 C

Thus, for any 0 < &’ < ¢, there exists N(¢’) € N such that

Eny < —e+¢, (26)
4ol — «
var [ny] < % (27)

for all N > N(¢). We would like to notice that N(&") can depend on u. So, the
maximal value of N (') should be taken.
By Cantelli’s inequality, for N > N ('),

var [ny]

P >0 <P —Eny>e—-€1<
{ny =0} <P{nn NN 2 € 6}_Va1‘[77]v]+(€_5/)2

do(l — )
S lal—a)+ (e _&2CN’

Thus, from (25), the theorem follows.

Theorem 3. Let U be a finite set, B € (0,1). Assumption 1 is supposed to be
satisfied. Then

. 4a(l — @)
PV gveEl <|U : 28
{a 7 0‘}_| |4a(1—a)+(675’)20N (28)
for sufficiently large N.
Now, we can obtain the corollary from Theorem 3.
Corollary 1. Let assumptions of Theorem 3 be satisfied. Then
P{VMcveh=p
if
4a(1 — -1

- (1=p)(e—-¢)2C
and N > N(¢').

Proof. From (28), it follows that the assertion of the theorem is true if

4a(l — @) <1-5

|U|4a(1 —a)+ (e—¢€)2CN —

By solving this inequality, we obtain (29). The corollary is proved.

Remark 5. Unfortunately, it is difficult find bounds on the value N(¢'). To use
the estimate (29), inequalities (26) and (27) should be checked. It can be made
by statistical methods.
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6 Conclusion

In the paper, sample size estimates for approximation of stochastic optimization
problems with probabilistic and quantile objective functions are obtained. These
estimates are quite rough for practical use, but they allow us to judge the com-
plexity of the solution to the original problem. In future research, it is planned
to improve this result for special cases of stochastic optimization problems. We
hope that it is possible to describe a class of problems for which exponential
bounds can be obtained instead of (28). Also, a more general case of quantile
minimization problem on a bounded set should be studied.
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