Chapter 1 ®
Introduction Check for

Joseph Louis Lagrange was one of the greatest mathematicians of the eighteenth
and early nineteenth centuries and he has left a remarkable legacy in both the fields
of physics and mathematics. This volume begins by recounting the biographical
highlights of his life and his contributions.

In the present chapter one of the cornerstones of the book in the form of
the direction cosines and their relationship to the Euler angles is presented and
elaborated upon. The direction cosines play an important role in the approach by
Prof. Ranjan Vepa and are used extensively in Chap. 4.

1.1 Introductory Remarks

Joseph Louis Lagrange, originally Giuseppe Lodovico Lagrangia, was of
French and Italian descent and was born in Turin in 1736 (see Rouse Ball
[30, pp. 330-339]). Lagrange had originally intended to study law but while at
college in Turin, he came across a tract by Halley which roused his enthusiasm
for the analytical method. He thereupon applied himself to mathematics, and in
his 17th year he became professor of mathematics in the royal military academy
at Turin. Without assistance or guidance he entered upon a course of study which
in 2 years placed him on a level with the greatest of his contemporaries. With the
aid of his pupils he established a society which subsequently developed into the
Turin Academy. Most of his earlier papers appear in the first five volumes of its
transactions. At the age of 19 he communicated a general method of dealing with
“isoperimetrical problems,” known now as the calculus of variations to Euler. This
commanded Euler’s admiration, and the latter, for a time, courteously withheld
some researches of his own on this subject from publication, so that the youthful
Lagrange might complete his investigations and lay claim to being the first to posit
the calculus of variations. Lagrange did quite as much as Euler towards the creation
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2 1 Introduction

of the calculus of variations. The subject, as developed by Euler lacked an analytic
foundation, and this Lagrange supplied. He separated the principles of this calculus
from geometric considerations by which his predecessor had derived them. Euler
had assumed as fixed, the limits of the integral, i.e. the extremities of the curve to
be determined, but Lagrange removed this restriction and allowed all co-ordinates
of the curve to vary at the same time. In 1766 Euler introduced the name “calculus
of variations,” and did much to improve this science along the lines marked out by
Lagrange.

In the year 1766, Euler left Berlin for St. Petersburg, and he pointed to Lagrange
as being the only man capable of filling his place. D’ Alembert recommended him
at the same time. Frederick the Great thereupon sent a message to Turin, expressing
the wish of “the greatest king of Europe” to have “the greatest mathematician” at his
court. Lagrange went to Berlin, and remained there for 20 years. Frederick the Great
held him in high esteem, and frequently conversed with him on the advantages of
perfect regularity of life. This led Lagrange to cultivate regular habits. He worked
no longer each day than experience taught him he could, without breaking down.
His papers were carefully thought out before he began writing, and when he wrote
he did so without a single correction. During the 20 years in Berlin he crowded the
transactions of the Berlin Academy with memoirs, and also wrote the epoch-making
work called the Mécanique Analytique. The approach used by Lagrange will be the
subject matter of this volume and will be presented in the subsequent chapters.

Newton’s laws were formulated for a single particle and can be extended to
systems of particles and rigid bodies. The equations of motion are expressed in
terms of physical coordinates and forces, both quantities conveniently represented
by vectors. For this reason, Newtonian mechanics is often referred to as vectorial
mechanics. The main drawback of Newtonian mechanics is that it requires one free-
body diagram for each of the masses in the system, thus necessitating the inclusion
of reaction forces, the latter resulting from kinematical constraints ensuring that
the individual bodies act together as a system. These reaction and constraint
forces play the role of unknowns, which makes it necessary to work with a
surplus of equations of motion, one additional equation for every unknown force.
J.L. Lagrange reformulated Newton’s Laws in a way that eliminates the need to
calculate forces on isolated parts of a mechanical system. A different approach to
mechanics, referred to as analytical mechanics, or analytical dynamics, considers
the system as a whole, rather than the individual components separately, a process
that excludes the reaction and constraint forces automatically. This approach, due
to Lagrange, permits the formulation of problems of dynamics in terms of two
scalar functions, the kinetic energy and the potential energy, and an infinitesimal
expression, the virtual work performed by the non-conservative forces. Analytical
mechanics represents a broader and more abstract approach, as the equations of
motion are formulated in terms of generalized coordinates and generalized forces,
which are not necessarily physical coordinates and forces, although in certain cases
they can be chosen as such. Any convenient set of variables obeying the constraints
on a system can be used to describe the motion. In this manner, the mathematical
formulation is rendered independent of any special system of coordinates. There are
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only as many equations to solve as there are physically significant variables (see
Meirovitch [24, pp. 262-263]).

1.2 Direction Cosines and Euler Angles of Rotation

The relationship between direction cosines and Euler angles is presented as
background material to be used in the subsequent portions of this text. This chapter
has been adopted from Wells [51, pp. 139-141 and Appendix A, pp. 343-344]. The
direction cosines /, m, n of line Ob, relative to axes X, Y, Z are just! = x/r,m =
y/r,n = z/r, where x,y, z are the X, Y, Z coordinates of the tip of r, where
r = /(x2+ y2 +z2) (see Fig. 1.1). It then follows that (x> + y? + z2)/r? =
24+ y2 42/ + 2+ =1.

Assuming that coordinates X1, Y1, Z; form an inertial coordinate frame, while
coordinates X, Y, Z are attached to a translating and rotating body, the angles
between the X coordinate and coordinates X, Y1, Z1 are 611, 612, 013, respectively.
Hence the direction cosines between coordinate X and coordinates X1, Y, Z; are
a1] = cosfy, @y = cosbia, a3 = cos B3, respectively (see Fig. 1.2). The same
relationships between the X coordinate and coordinates X1, Y1, Z; exist as for line
Ob, that is:

o} +ah +al =1 (1.1)

We can similarly show that the direction cosines between coordinate Y and
X1, Yy, Z;, that is ao1, a22, ap3 and between coordinate Z and X1, Y1, Z1, that is

2z =cosB,=/
=

¥ =cosb,=m
o

E=c0593=r,l
r

Fig. 1.1 Definition of direction cosines [, m, n
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Fig. 1.2 Body translating and rotating, while X, Y, Z frame rotates about O relative to the body

Z v

Fig. 1.3 Sketch of body, fixed at O, but free to rotate in any manner about this point

a31, o032, @33, respectively, obey the same relationship as in Eq. 1.1 or:
a3 +o tagy =1 af +of gy =1 (1.2)

Consider that the body in Fig. 1.3 is fixed at O, but is free to rotate in an arbitrary and
random fashion about this point. All quantities under consideration will be measured
relative to the fixed inertial axis system X, Y, Z. At a given instant of time, the
body is undergoing rotation about some line Oa with an angular velocity of w. As
a consequence of this rotation, the mass particle m’ possesses a linear velocity v



1.2 Direction Cosines and Euler Angles of Rotation 5

normal to the Oa — m’ plane, of magnitude v = wh, where & is the normal distance
from m’ to the rotating Oa axis. The axis of rotation Oa has direction cosines with
respect to the fixed coordinate system X, Y, Z of [, m, n, respectively. Similarly,
the velocity vector v has direction cosines o1, ap, a3 with respect to the X, Y, Z
axes and its components along the X, Y, Z axes are, respectively, vy, vy, and v;.
From the discussion related to Fig. 1.1 above, it follows that: o) = vy /v,y =
vy /v, a3 = v;/v. Similarly, w is also composed of components along the X, Y, Z
axes, that is: = [wy, wy, w,]. The direction cosines may then be shown to be:
| = wy/wo,m = wy/w,n = w;/w. Recall that o is directed along the line Oa.
Now the velocity of the mass particle . m’ may be written in the form: v = » x r,
where r = xi +y ] + zk and w = wyi + wyj + a)zk Performing the above vector
multiplication results in:

Uy = WyZ — W;Y; Vy = ;X — WxZ, Uz = Wy — WyX (1.3)
However, a1 = vy /v = vy /wh. This implies that:

gy = DI O @7 @y mz—ny as
wh wh wh h ’

due to the fact that | = wy/w ,m = wy/w, and n = w;/w. Hence the direction
cosines o1, oz, and o3 may be written as:

WyZ— @y @y @y  mz—ny

= T o T wh
y WX —WwxZ WX wyz hx—lIz
o) =/ = —mMmM8M = — e
S wh wh  oh h
o = v, /v = Wxy = @yX _ Wxy  OpX ly —mx (15)
wh wh wh h

The body in Fig. 1.2 is assumed to be rotating and translating with respect to the
inertial coordinate frame X1, Y1, Z;. The X, Y, Z coordinate system, with its origin
attached to the rigid body, at O, rotates in a random fashion relative to the body. The
X', Y’', Z' axes whose origin is also located at O remain parallel to the inertial axes
X1, Y1, Z,. The coordinates of m’ with respect to the X, Y, Z and X', Y’, Z' axes,
respectively, are: x, y, zand x’, y', 7.

Letting w represent the angular velocity of the body while u stands for the linear
velocity of m’, each measured relative to X', Y’, Z’, the components of the Vectors
o and u, along the X', Y', Z' axes are designated as o) a)y, ! and u; uy, u,
respectively. Then akin to the fact established earlier that vy = wyz — w;y; vy =
WX —WyZ; V; = Wy —wyX, We have: u), = a)/yz/—a)éy/; u/) =owlx' -7 u, =
@,y — @\x'. Allowing uy, uy, u; to be the components of u along the momentary
positions of the X, Y, Z axis frame, we can write:



6 1 Introduction

/ / U

Uy = U, 0] + U, o2 + u,a13
! / /

Uy = U 001 + U002 + U023

uy = uhas) + ulosy + ulos; (1.6)

where o1, o12, @13 are the direction cosines of X relative to X', Y’ Z’,
a1, a2, aa3 are the direction cosines of Y relative to X', Y/, Z/, and a31, o33, 033
are the direction cosines of Z relative to X', Y’, Z’. Equation 1.6 may be understood
by taking the partial derivative of u, with respect to «’,, which results in: 2;—2 =oaj].
In other words, the cosine of the angle between u, and u/, is the same as the cosine
of the angle between the X axis and the X’ axis. This statement also holds for the
cosine of the angle between the X and the Y’ axes, etc. Another interpretation of the
above equation is that u, is the sum of the geometric projections onto the X axis of
the velocities u';, u, and u’.. A similar situation holds for u, and u.. Thus we have:

Uy = (a);z/ —olyNai + (wx' — w2 + (W, y' — w_/yx/)al3
uy = (7' — @ y)aar + (W x" — w2 Nan + (@Y — oyx)ao;
Uy = (@7 — )zt + (@ — w2z + @,y — ohxazs  (17)
The relationship between the X’ coordinate relative to X, Y, Z coordinates may
similarly be shown to be of the form: x’ = xa1; + yan; + za3z; where a1, a2, @31
are the direction cosines of X' relative to X, Y, Z. We may show that for all three
coordinates X', Y’, Z' relative to the X, Y, Z coordinates, the relationship is the
following:
x' = xail + yaa1 + za3
Y = xai + yax + za3n
7 = xa13 + yaos + za33 (1.8)
where a1, a21, @31 are the direction cosines of X’ relative to X, Y, Z, 12, a2, o33

are the direction cosines of Y’ relative to X, Y, Z, and a3, an3, 33 are the direction

cosines of Z’ relative to X, ¥, Z. Similarly, for angular rates ., /!, we have:

/

W, = wxA1] + ®y02] + 0031
/

W, = WxA12 + Wy + 0032

/
W, = wxA13 + OyA23 + ;033 (1.9)
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Using the identities:

/7 /.7 /] /7 /) /]

uy = ()2 — o y)an + (0x —oyz)an + (@,y — opx)as
/! /.7 /! /! /! /)

uy = (wy2" —wy)on + (0x — w2 + (0, y — oyx)a

U, = (@7 — @yt + (@x' — ez + (@, — olxHazz  (1.10)

and the values for x’, y'z’ and o}, wy,

’ in Egs. 1.8 and 1.9, we have:
uy = (0,7 — Wy + (@ x" — i + (@Y — oy x)ais
=y = (W [xa13 + yoos + za33] — w [xar + yarr + zaznl)an
+ (.[xar) + yoor + za31] — @i [xa13 + yaos + zazsDag2
/

+ (@ [xa12 + yooo + zaz] — wy[xar + yazr + zo3i D3

(1.11)

It turns out that the coefficient which multiplies x is zero, or 33"; = 0. This may be
seen from the following expression:

ouy
- ap(aploor + wioy + az1o;] — ajlanoy + enoy + ano;l)

—ap(alanor +aioy + a310;] — ajleioy + ey + azze;])

+ o (@ilanoy +anwy + wze;] — aplaer + wszwy + azzo;])
= (a3 — apa3)(ajior + ey + a3jw;]

+ (a11013 — a3 ooy + anwy + azwe;]

+ (oo — apai)lapoy + aswy +azzw] =0
thus implying that u, is of the form:
Uy = 0110030032007 Y — 01102200330, Y + X12002] X330, Y — (1200230317 Y
— 0130210320 Y + 03002031 W; Y + K[ 022033WyZ — K] 0230(32Wy 2
— 02021033Wy 27 + 0120023031 Wy + 1300210320y 7 — 01300220031 Wy T

(0yz — @z y)[@11002033 — ap021033]

+ (wyz — wy)azaziazn — ajjoszas;]

+ (wyz — wy)anasas; — a1za031]
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which may be simplified as follows:

uy = (wyz — wzy) | (@112 — apony) @sz + (13021 — @j1a23) a32

=33 =a32

+ (a2a23 — agza) asy) | = (Ot%l +ad, + oe§3>(wyz —wzy) (1.12)

=a3]
=1

since uy = wyz — w;y. Similarly uy and u, are:

uy = (wzx — wx2) | (@r2e31 — @11032) @23 + (11033 — A13031) A2

=023 =022

2 2 2
+ (a3a32 — apasz)azy) | = (%3 + a5 + a21>(a)zx — wy2)

=21

=1

u; = (wyx — wyy) | (@22a31 — a21032) @13 + (0210033 — @23Q31) K12

=3 =012

2 2 2
+ (a23030 — azzon) aq1) | = (a13 +aj, + ot“)(wyz — w.y)

=oq1

=1

The identities for a3, 32, and o33 appear in Wells” book [51, pp. 343] and will be
developed in the sequel.

Let i1, i2, i3 be the orthogonal unit vectors along the X1, Y, Z| axes, respec-
tively, and eq, e>, e3 be the orthogonal unit vectors along the X, Y, Z axes. The
direction cosines between the i1 and e, ez, and e3 unit vectors are accordingly:
a11, op1 and a31. The iy, i, and i3 vectors may then be written in terms of the ey, 3,
and e3 vectors and the corresponding direction cosines between the two systems of
unit vectors as follows:

i1 =oaj1e; +a1e2 +a3re;
ip = ape; +axner + aze;

i3 = aj3e; +axzep + a3ze; (1.13)
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Similarly, the eg, e, and e3 unit vectors may be expressed in terms of the iy, i2, i3
unit vectors and the corresponding direction cosines between the two systems of
unit orthogonal vectors as follows:
el = aq1i1 + ai2iz + @133
er = ap1i1 + axpiz + a23i3
e3 = o31i] + a3ir + a33i3 (1.14)
Since the unit vectors are orthogonal we have: e; -e2 = 0; e1-e3 =0; ex-e3 =
0; e1-e1=1; ex-ex =1; e3-e3 = 1. Similarly for the i1, i2, i3 orthogonal unit
vectors we have: i1-ip = 0; i1-i3=0; i2-i3=0; i1-i;1 =1; iz-ip =1; i3-i3 = 1.
The dot products of the vectors iy - i1, i3 - iz and i3 - i3 will yield the following:
i1-i1 = (a11e1 +az1e2 +azie3) - (@1e1 + azrex + azie3)
= 1=0of + 03 +03,
ip-ip = (ap2e; +axer +anes) - (@ze) + axnes + aznes)
= l=af, +ayn+o3,
i3-i3 = (a13e] + a3er + a33e3) - (@13e1 + azzen + a33es)

= l=al +a3+ak (1.15)
Similarly the dot products of the vectors iy - io, i1 - i2 and i - i3 result in:

i1-i2 = (a11e; + 1€z + a3je3) - (@pe) +aner + aznes)
= 0= a2 + o210 + 31031

i1-i3 = (a11e1 +az1e2 +azre3) - (@13e1 + azzen + a33es)
= 0 =oaj1013 + a21003 + 31033

ip -3 = (ap2e) +axer +anes) - (@13e] + azzer + a33es)

= 0 = apa3 + axnas + 3033 (1.16)
The same procedure is employed on the e, e>, and e3 vectors, that is:

e1-e1 = (an1i1 + a2iz + a13i3) - (ar1iy + op2iz + o13i3)
= 1=af +ap, +aj;
e2 - ey = (oo + aiz + az3i3) - (2111 + ax2iz + a23i3)

= 1 =03, + a3, + a3,
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e3-e3 = (a31i] + aziz + a33i3) - (3161 + aziz + a33i3)
= 1 =aj + a3y +a5;

e1-ex = (a11iy +apiz +a13i3) - (@21i1] + axniz + a23i3)
= 0=ojja21 +appan + aj3a3

e1-e3 = (a1i] +apiz +a13i3) - (3161 + aziz + a33i3)
= 0 =aj1a31 + o203 + @13033

er-e3 = (an1i] + aniz + a23iz) - (@31l + aziz + a33i3)

= 0 = az1a31 + 02032 + 230033 (1.17)

The following has been assumed:

(a) Xy, Y1, Z; is a fixed and stationary coordinate system.

(b) X,Y, Z is a body fixed coordinate system where the body rotates around some
fixed point O.

(c) The direction cosines between the X coordinate and coordinates X, Y1, Z; are
ol 012, @3-

(d) Similarly, for the direction cosines between the Y coordinate and coordinates
X1, Yy, Z1, we have: ap1, a2, 23, etc.

Hence, the transformation of a vector from the stationary X1, Y1, Z; coordinate
system to the rotating X, Y, Z coordinate system can be written in matrix form as
follows:

Xp Qi o2 o3 Xea
Yo | = | 21 a2 023 Yea (1.18)
b Q31 32 033 Zea

Xea
where the vector | y., | is in the Xy, Y1, Z; coordinate frame and the vector

Zea
Xp
yp | is in the X, Y, Z coordinate frame. The rotation of the vector Xy, Y1, Z;
Zb

coordinates into the vector in X, Y, Z coordinates can be described by Euler angular
transformations in matrix form as follows:

Xp cos 6 cos ¥ cos 6 sin Y —sin@ Xea
yp | = | sin¢gsinf cos iy — cos¢ siny sin¢ sinf sin Y + cos ¢ cos ¥ sin¢p cos é Yea
p cos ¢ sin 6 cos ¥ + sin ¢ sin i cos ¢ sin b sin ¥y — sin ¢ cos Y cos ¢ cosH Zea

(1.19)
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Equating the two transformations we note that:

a1 =cosfcosy; ajp =cos@siny; oz = —sinf
ap] = sing sinf cos ¥ — cos ¢ sinr; ap = sin ¢ sin 6 sin Y + cos ¢ cos Y
a3 = sing cosf; w31 = cos ¢ sinf cos ¥ + sin ¢ sin Y

o3y = cos ¢ sin6 siny — sin¢g cos ¥; w33 = cos ¢ cosb

(1.20)
Taking the product of a7 * «33
) * o33 = (sin ¢ sin O sin { 4 cos ¢ cos ) * (cos ¢ cos 6)
= cos ¢ cos 6 sin ¢ sin O sin Y + cos 6 cos? ¢ cos Y
(1.21)
Similarly the product of —a23 * 32
—an3 * @32 = —(sin¢ cosf) x (cos ¢ sin b sin Y — sin ¢ cos )
= —(cos ¢ cos 8 sin ¢ sin O sin ) + cos 6 sin’ ¢ cos Y
(1.22)
Calculating oy * @33 — a3 * a3p, we have:
07 * 33 — @23 * @32 = (COs ¢ cos B sin ¢ sin 6 sin Yr)
— (cos ¢ cos 0 sin ¢ sin 6 sin Yr)
+ cos 6 cos? ¢ cos Y + cos O sin? ¢ cos Y
=cosfcosy = ayy (1.23)

Similarly for «12, we have: aj2 = a3 * @31 — @33 * ®p; = cos @ sin ¥, which is
expanded in the following equation:
a3 * 3] = (sin¢ cos ) * (cos ¢ sin O cos Y + sin ¢ sin Yr)
= sin ¢ cos 0 cos ¢ sin O cos Y + sin’ ¢ cos B sin
—a33 xap] = —(cos ¢ cosB)(sin ¢ sin b cos ¥ — cos ¢ sin )
= cos’ ¢ cos 6 sin i — cos ¢ cos 6 sin ¢ sin 6 cos ¥
= o3 * 03] — (o33 * o] = c0s O sin Y

(1.24)
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And finally for ap; = @32 * 213 — o12 * @33, the result is:

032 * 013 =

(sin ¢ cos ¥ — cos ¢ sin 6 sin Y) (sin 6)

sin O sin ¢ cos ¥ — sin” 0 cos ¢ sinyr

— 12 x 33 = —(cosf sinyr)(cospcosf) = — cos? 6 sin Y cos ¢
= ap) = sinfsing cosyy — sin” § cos ¢ sinyr — cos” 6 sin ¥ cos ¢
sin 0 sin ¢ cos Y — cos ¢ sin Y

(1.25)

Following a similar procedure, all of the identities between the Euler angles and the
direction cosines are as follows:

11
o12
13
21
22
23

WA s W=

092 * 033 — (03 * 33 = COS 6 cos Y

003 *k 03] — (33 * 2] = cos 6 sinyr

o)1 * 03p — @3] x Ay = —sind

032 k 0]3 — Q@2 * @33 = Sin¢ sin6 cos Y — cos ¢ sin Y
o33 k] — @3 * @3] = Sin¢ sin 6 sin ¥ + cos ¢ cos Y
03] kA2 — )] * @32 = sin¢ cosf

o2 * a3 — @22 * @13 = COS ¢ sin @ cos ¥ + sin ¢ sin Y
o3 k2] — Q1] * @23 = COS ¢ sin @ sin Y — sin ¢ cos Y
o] * 012 — 2 * 2] = COS ¢ cos B
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