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Preface

This volume was intended as a short summary of the essentials of Lagrangian
dynamics for undergraduate students of physics and engineering. A number of
topics have been included in order to make the presentation compact, succinct, as
well as comprehensive. The topics include:

(a) A Review of Classical Mechanics

(b) Holonomic and Non-holonomic Systems

(c) Virtual Work

(d) The Principle of D’ Alembert for Dynamical Systems
(e) The Mathematics of Conservative Forces

(f) The Extended Hamilton’s Principle

(g) Lagrange’s Equations and Lagrangian Dynamics

(h) A Systematic Procedure for Generalized Forces

(i) Quasi-coordinates and Quasi-velocities

(j) Lagrangian Dynamics with Quasi-coordinates

(k) Lagrangian Dynamics with Quasi-coordinates-Prof. Ranjan Vepa’s Approach

An ample number of examples have been included which demonstrate the tech-
niques involved.
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Chapter 1 ®
Introduction Check for

Joseph Louis Lagrange was one of the greatest mathematicians of the eighteenth
and early nineteenth centuries and he has left a remarkable legacy in both the fields
of physics and mathematics. This volume begins by recounting the biographical
highlights of his life and his contributions.

In the present chapter one of the cornerstones of the book in the form of
the direction cosines and their relationship to the Euler angles is presented and
elaborated upon. The direction cosines play an important role in the approach by
Prof. Ranjan Vepa and are used extensively in Chap. 4.

1.1 Introductory Remarks

Joseph Louis Lagrange, originally Giuseppe Lodovico Lagrangia, was of
French and Italian descent and was born in Turin in 1736 (see Rouse Ball
[30, pp. 330-339]). Lagrange had originally intended to study law but while at
college in Turin, he came across a tract by Halley which roused his enthusiasm
for the analytical method. He thereupon applied himself to mathematics, and in
his 17th year he became professor of mathematics in the royal military academy
at Turin. Without assistance or guidance he entered upon a course of study which
in 2 years placed him on a level with the greatest of his contemporaries. With the
aid of his pupils he established a society which subsequently developed into the
Turin Academy. Most of his earlier papers appear in the first five volumes of its
transactions. At the age of 19 he communicated a general method of dealing with
“isoperimetrical problems,” known now as the calculus of variations to Euler. This
commanded Euler’s admiration, and the latter, for a time, courteously withheld
some researches of his own on this subject from publication, so that the youthful
Lagrange might complete his investigations and lay claim to being the first to posit
the calculus of variations. Lagrange did quite as much as Euler towards the creation

© Springer Nature Switzerland AG 2020 1
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of the calculus of variations. The subject, as developed by Euler lacked an analytic
foundation, and this Lagrange supplied. He separated the principles of this calculus
from geometric considerations by which his predecessor had derived them. Euler
had assumed as fixed, the limits of the integral, i.e. the extremities of the curve to
be determined, but Lagrange removed this restriction and allowed all co-ordinates
of the curve to vary at the same time. In 1766 Euler introduced the name “calculus
of variations,” and did much to improve this science along the lines marked out by
Lagrange.

In the year 1766, Euler left Berlin for St. Petersburg, and he pointed to Lagrange
as being the only man capable of filling his place. D’ Alembert recommended him
at the same time. Frederick the Great thereupon sent a message to Turin, expressing
the wish of “the greatest king of Europe” to have “the greatest mathematician” at his
court. Lagrange went to Berlin, and remained there for 20 years. Frederick the Great
held him in high esteem, and frequently conversed with him on the advantages of
perfect regularity of life. This led Lagrange to cultivate regular habits. He worked
no longer each day than experience taught him he could, without breaking down.
His papers were carefully thought out before he began writing, and when he wrote
he did so without a single correction. During the 20 years in Berlin he crowded the
transactions of the Berlin Academy with memoirs, and also wrote the epoch-making
work called the Mécanique Analytique. The approach used by Lagrange will be the
subject matter of this volume and will be presented in the subsequent chapters.

Newton’s laws were formulated for a single particle and can be extended to
systems of particles and rigid bodies. The equations of motion are expressed in
terms of physical coordinates and forces, both quantities conveniently represented
by vectors. For this reason, Newtonian mechanics is often referred to as vectorial
mechanics. The main drawback of Newtonian mechanics is that it requires one free-
body diagram for each of the masses in the system, thus necessitating the inclusion
of reaction forces, the latter resulting from kinematical constraints ensuring that
the individual bodies act together as a system. These reaction and constraint
forces play the role of unknowns, which makes it necessary to work with a
surplus of equations of motion, one additional equation for every unknown force.
J.L. Lagrange reformulated Newton’s Laws in a way that eliminates the need to
calculate forces on isolated parts of a mechanical system. A different approach to
mechanics, referred to as analytical mechanics, or analytical dynamics, considers
the system as a whole, rather than the individual components separately, a process
that excludes the reaction and constraint forces automatically. This approach, due
to Lagrange, permits the formulation of problems of dynamics in terms of two
scalar functions, the kinetic energy and the potential energy, and an infinitesimal
expression, the virtual work performed by the non-conservative forces. Analytical
mechanics represents a broader and more abstract approach, as the equations of
motion are formulated in terms of generalized coordinates and generalized forces,
which are not necessarily physical coordinates and forces, although in certain cases
they can be chosen as such. Any convenient set of variables obeying the constraints
on a system can be used to describe the motion. In this manner, the mathematical
formulation is rendered independent of any special system of coordinates. There are
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only as many equations to solve as there are physically significant variables (see
Meirovitch [24, pp. 262-263]).

1.2 Direction Cosines and Euler Angles of Rotation

The relationship between direction cosines and Euler angles is presented as
background material to be used in the subsequent portions of this text. This chapter
has been adopted from Wells [51, pp. 139—-141 and Appendix A, pp. 343-344]. The
direction cosines [, m, n of line Ob, relative to axes X, Y, Z are just] = x/r,m =
y/r,n = z/r, where x,y, z are the X, Y, Z coordinates of the tip of r, where
r = /(x2+ y2 +z2) (see Fig.1.1). It then follows that (x> + y? + z2)/r? =
24+ 92+ 2+ 2+ =1.

Assuming that coordinates X1, Y1, Z; form an inertial coordinate frame, while
coordinates X, Y, Z are attached to a translating and rotating body, the angles
between the X coordinate and coordinates X, Y1, Z1 are 011, 612, 013, respectively.
Hence the direction cosines between coordinate X and coordinates X1, Y1, Z; are
a1] = cosfy, @y = cosbia, a3 = cos B3, respectively (see Fig. 1.2). The same
relationships between the X coordinate and coordinates X1, Y1, Z; exist as for line
Ob, that is:

o} +ah, +al =1 (1.1)

We can similarly show that the direction cosines between coordinate Y and
X1, Yy, Z;, that is ao1, a22, ap3 and between coordinate Z and X1, Y1, Z1, that is

2z =cosB,=/
=

¥ =cosb,=m
o

E=c0593=r,l
r

Fig. 1.1 Definition of direction cosines [, m, n
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m' is located at

b —xy\z'in the XY Z'
Z, " Coordinate system
L and at
P X,y.Z inthe X,Y,Z

coordinate system

x || X axis
X y |l Y axis
z || Z axis

Inertial axes

X'¥ ' .2 parallelto X,,V,,.Z,
X, ¥ ,Z fastened to body only at O.
v, .v, . v = components of v along X,V 2.

w= body's ang. rate wrt X’ ¥ ', 7"
. =linear velocity of m "wrt X ", ¥V ', 2"
w, o o =components of w along X.,V¥.,Z

¥ = velocity of /m ° wrt inertial axes
v=[v_,v v ].components of valong X, V,Z
9.v =[v

1.
2
3.
4.
0 5
6.
7
8

=[V V- vw],componenrs of v_o along X', ¥ .7

ox

Fig. 1.2 Body translating and rotating, while X, Y, Z frame rotates about O relative to the body

Z

Fig. 1.3 Sketch of body, fixed at O, but free to rotate in any manner about this point

a31, @32, 033, respectively, obey the same relationship as in Eq. 1.1 or:
a3 +oh oy =1 of g tad; =1 (1.2)

Consider that the body in Fig. 1.3 is fixed at O, but is free to rotate in an arbitrary and
random fashion about this point. All quantities under consideration will be measured
relative to the fixed inertial axis system X, Y, Z. At a given instant of time, the
body is undergoing rotation about some line Oa with an angular velocity of w. As
a consequence of this rotation, the mass particle m’ possesses a linear velocity v
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normal to the Oa — m’ plane, of magnitude v = wh, where & is the normal distance
from m’ to the rotating Oa axis. The axis of rotation Oa has direction cosines with
respect to the fixed coordinate system X, Y, Z of [, m, n, respectively. Similarly,
the velocity vector v has direction cosines o1, ao, @3 with respect to the X, Y, Z
axes and its components along the X, Y, Z axes are, respectively, vy, vy, and v;.
From the discussion related to Fig. 1.1 above, it follows that: o) = vy /v,y =
vy /v, a3 = v;/v. Similarly, w is also composed of components along the X, Y, Z
axes, that is: = [wy, wy, w,]. The direction cosines may then be shown to be:
| = wy/wo,m = wy/w,n = w;/w. Recall that o is directed along the line Oa.
Now the velocity of the mass particle | m’ may be written in the form: v = w x ,
where r = xi + y] + zk and w = wyi + wyj + wzk Performing the above vector
multiplication results in:

Uy = WyZ — @) Vy = WX — WyxZ; V; = Wy — WyX (1.3)
However, a1 = vy /v = vy /wh. This implies that:

WyZ —Wzy  Wyz Wy  mz—ny
wh T wh  wh Ok

) = (1.4)

due to the fact that /| = wy/w ,m = wy/w, and n = w,;/w. Hence the direction
cosines o1, a2, and o3 may be written as:

WyZ— @y @y @y  mz—ny

o =ufv=—mr wh  oh  h
WX —WxZ WX wxz hx—lIz
o) =vyvr=—— = — - =
; wh wh wh h
Wyy —wyX  wyy wyx ly—mx
— — A — _—_—— = — 1.5
o3 = ve/v wh wh  oh h (1)

The body in Fig. 1.2 is assumed to be rotating and translating with respect to the
inertial coordinate frame X1, Y1, Z;. The X, Y, Z coordinate system, with its origin
attached to the rigid body, at O, rotates in a random fashion relative to the body. The
X', Y’, Z' axes whose origin is also located at O remain parallel to the inertial axes
X1, Y1, Z1. The coordinates of m’ with respect to the X, Y, Z and X', Y’, Z' axes,
respectively, are: x, y, z and x’, y', 7.

Letting w represent the angular velocity of the body while u stands for the linear
velocity of m’, each measured relative to X', Y’, Z’, the components of the Vectors
o and u, along the X', Y', Z' axes are designated as o) a)),w and u/, uy, u,
respectively. Then akin to the fact established earlier that vy = wyz — w;y; vy =
WX —WyZ; V; = Wy y—wyX, We have: u/, = a)/yz/—a);y/; u/y =olx' -7 u, =
@,y — o\x'. Allowing uy, uy, u; to be the components of u along the momentary
positions of the X, Y, Z axis frame, we can write:
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! / /

Uy = U, 0] + u,o2 + u,a13
! / /

Uy = U001 + U0 + U023

/ / /
Uz = Un 031 + U032 + U 033 (1.6)

where o1, o12, @13 are the direction cosines of X relative to X', Y’, Z’,
an1, a2, a3 are the direction cosines of Y relative to X', Y/, Z/, and a3y, o3, 033
are the direction cosines of Z relative to X', Y’, Z’. Equation 1.6 may be understood
by taking the partial derivative of u, with respect to «’,, which results in: g’;—z =oq].
In other words, the cosine of the angle between u, and u/, is the same as the cosine
of the angle between the X axis and the X’ axis. This statement also holds for the
cosine of the angle between the X and the Y’ axes, etc. Another interpretation of the
above equation is that u, is the sum of the geometric projections onto the X axis of
the velocities u';, u}, and u’. A similar situation holds for u, and u.. Thus we have:

uy = (07 = @Yo + (@ x' = 2Ny + (@Y — oy x)ans
uy = (0,7 — Yoz + (@ x" — iy + (WY — @y x")ans
uy = (@07 — W y)as) + (@ — o ez + (@Y — oy (1.7)
The relationship between the X’ coordinate relative to X, Y, Z coordinates may
similarly be shown to be of the form: x’ = xaj; + yao| + zas; where a1y, ao1, as;
are the direction cosines of X' relative to X, Y, Z. We may show that for all three
coordinates X', Y’, Z' relative to the X, Y, Z coordinates, the relationship is the
following:
x' = xai1 + yao1 + za3
y = xop + yax + za3
7 = xa13 + yoos + za33 (1.8)
where a1, a21, @31 are the direction cosines of X’ relative to X, Y, Z, a12, a2, a3

are the direction cosines of Y’ relative to X, Y, Z, and o3, an3, 33 are the direction

cosines of Z’ relative to X, ¥, Z. Similarly, for angular rates ., o/ /., we have:

/

W, = wxA1] + ®y02] + w031
/

W, = WxA12 + wyon + w a3

/
W, = WxA13 + WyA23 + ;033 (1.9)
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Using the identities:

uy = (@7 — @ yNan + (@ x" — 2N + (@Y — oyx)ans
uy = (0,7 — Wl y)az + (@yx" — w2 + (@Y — 0y x")as
uy = (0,7 — wy)asr + (W x" — o 2z + (@0, y — ixNezs  (1.10)

and the values for x’, y'z’ and o}, o,

w’ in Egs. 1.8 and 1.9, we have:
uy = (0,7 — Wy + (0 x" — Wi + (@Y — o x)ais
= uy = (oy[xa13 + yaos + zaz3] — o lxaiy + yex + zanen
+ (wl[xaq) + yoor + za3i] — o [xa1s + yaos + zasz)ar
/

+ (@ [xa12 + yaoo + zaz] — wy[xar + yazr + zazi D3

(1.11)

It turns out that the coefficient which multiplies x is zero, or BB"XX = 0. This may be
seen from the following expression:

ouy
i ap(aploor + wioy + azio;] — ajlanoy + anoy + ano;l)

—ap(alanoy +aioy + o310;] — ajleioy + ey + azzw;])

+ o (@ilanoy +anwy + azpe;] — aplaer + aszwy + azzo;])
= (a3 — apa3)|ajioy + ooy + a3jw;]

+ (a11013 — a3 ooy + anwy + azw;]

+ (o112 — apai)lowy + aswy + azzw;] =0
thus implying that u, is of the form:
Uy = 0110023003207 Y — 01102200330, Y + 020021 X330, Y — X]20023031W; Y
— 0130210320 Y + 030002031 W; Y + K1 022033WyZ — (] K23032Wy 2
— 02021033y 7 + (120023031 Wy + 1300210320y 7 — 01300220031 Wy T

(wyz — wzy)[a11002033 — ap021033]

+ (wyz — wy)azaziazn — ajjozas;]

+ (wyz — wy)anasas; — a1za031]
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which may be simplified as follows:

uy = (wyz — wzy) | (@122 — apony) @sz + (13021 — @j1a23) a32

=33 =a32

+ (@203 — a3an) a31) | = (a%l +ad, + a§3)(wyz — w;y) (1.12)

=031
=1

since uy = wyz — w,y. Similarly uy, and u, are:

uy = (wzx — wy2) | (@12e31 — @11032) @23 + (211033 — A13031) A2

=023 =022

2 2 2
+ (a3a32 — apasz)azy) | = <a23 + a5 + 0l21>(wzx — Wx2)

=
21 -1

u; = (wyx —wyy) | (@22a31 — a21032) 013 + (0210033 — @23Q31) €12

=aq3 =12

+ (o233 —azzann) agy) | = (0(]23 +ad, + alzl)(wyz — wzy)

=aq1 -1
The identities for a3, @32, and o33 appear in Wells” book [51, pp. 343] and will be
developed in the sequel.

Let i1, i2, i3 be the orthogonal unit vectors along the X, Y|, Z| axes, respec-
tively, and ey, e>, e3 be the orthogonal unit vectors along the X, Y, Z axes. The
direction cosines between the i; and ej, e, and e3 unit vectors are accordingly:
a11, op1 and a31. The iy, i, and i3 vectors may then be written in terms of the ey, e3,
and e3 vectors and the corresponding direction cosines between the two systems of
unit vectors as follows:

i1 =oajre] +a1e2 + a3re;
ip = ape; +axner + aze;

i3 = aj3e; +axzep + a3ze; (1.13)
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Similarly, the ej, e, and e3 unit vectors may be expressed in terms of the iy, i2, i3
unit vectors and the corresponding direction cosines between the two systems of

unit orthogonal vectors as follows:

el = aq1i1 + a2l + o303
er = an1i1 + axpiy + a3i3

311 + azin + a33i3

€3

(1.14)

Since the unit vectors are orthogonal we have: ey -e2 = 0; e1-e3 =0; ex-e3 =
0; e1-e1=1; ex-ex =1; e3-e3 = 1. Similarly for the iy, i3, i3 orthogonal unit
vectors we have: i1-ip = 0; i1-i3=0; i2-i3=0; i1-i1 =1; ir-ip =1; i3-i3 = 1.
The dot products of the vectors iy - i1, i3 - iz and i3 - i3 will yield the following:

= (a11e1 +az1e2 +a3ie3) - (a11e1 + az1ex + azies)

~
~.

= l=oaf +03, +03

ir-iz = (aner +aner + azes) - (anne; + aner + aznes)
=1 :a%2+oz%2+a§2

i3-i3 = (a13e; + a3zer + a33es) - (wizer + azzer + a33zes)

= 1=of; +a3; + a3,

Similarly the dot products of the vectors iy - io, i1 - i2 and iy - i3 result in:

i1-i2 = (a11e; + ez + azjes) - (@pe) + aner + aznes)
= 0= a2 + o210 + 31031

i1-i3 = (a11e1 +az1e2 +azre3) - (@13e1 + azzer + a33es)
= 0 =oaj1013 + az1003 + 231033

ip -3 = (a2e; +axer +anes) - (ai3el + azzer + a33es)

= 0 = apai3 + a3 + aznass
The same procedure is employed on the e, e>, and e3 vectors, that is:

e1-e1 = (an1i1 + a2iz + ay3i3) - (ar1iy + a2 + o13i3)
= 1=af +ap, +aj;
er - ex = (o1 + aiz + az3i3) - (2111 + @iz + 023i3)

= 1 =03, + a3, + a3,

(1.15)

(1.16)
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e3-e3 = (a31i] + aziz + a33i3) - (31l + asiz + a33i3)
= 1 =03 + a3, + s

e1-ex = (an1i] +apiz +a13i3) - (2181 + axniz + a23i3)
= 0=ojja21 + appan + aj3a3

e1-e3 = (a1i] + apiz +a13i3) - (@316 + aziz + a33i3)
= 0 =aj1a31 + o203 + @13033

er-e3 = (an1i] + aniz + az3iz) - (@31l + aziz + a33i3)

= 0 = az1a31 + 02032 + 23033 (1.17)

The following has been assumed:

(a) Xy, Y1, Z; is a fixed and stationary coordinate system.

(b) X,Y, Z is a body fixed coordinate system where the body rotates around some
fixed point O.

(c) The direction cosines between the X coordinate and coordinates X, Y1, Z; are
ol 012, @3-

(d) Similarly, for the direction cosines between the Y coordinate and coordinates
X1, Yy, Z1, we have: ap1, a2, a3, €tc.

Hence, the transformation of a vector from the stationary X1, Y1, Z; coordinate
system to the rotating X, Y, Z coordinate system can be written in matrix form as
follows:

Xp Qi o2 o3 Xea
Yo | = | 21 a2 023 Yea (1.18)
b Q31 32 033 Zea

Xea
where the vector | y,, | is in the Xy, Y1, Z; coordinate frame and the vector

Zea
Xp
yp | is in the X, Y, Z coordinate frame. The rotation of the vector Xy, Y1, Z;
Zb

coordinates into the vector in X, Y, Z coordinates can be described by Euler angular
transformations in matrix form as follows:

Xp cos 6 cos ¥ cos 6 sin Y —sin@ Xea
yp | = | sin¢gsinf cos iy — cos¢ siny sin¢ sinf sin Y + cos ¢ cos ¥ sin¢p cos 6 Yea
4 cos ¢ sin 6 cos Y + sin ¢ sin i cos ¢ sinf sin ¥y — sin ¢ cos Y cos ¢ cos b Zea

(1.19)
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Equating the two transformations we note that:

o] =cosfcosy; ajp =cos@siny; o3 = —sinf
ap] = sing sinf cos ¥ — cos @ sinyr; ap = sin ¢ sin 6 sin Y + cos ¢ cos Y
a3 = sing cos6; w31 = cos ¢ sinf cos ¥ + sin ¢ sin Y

o3y = cos ¢ sin6 sin iy — sin¢g cos ¥; w33 = cos ¢ cosb

(1.20)
Taking the product of a7 * @33
22 * o33 = (sin ¢ sin O sin ¥ 4 cos ¢ cos ) * (cos ¢ cos 6)
= cos ¢ cos 6 sin ¢ sin O sin ¥ + cos 6 cos? ¢ cos Y
(1.21)
Similarly the product of —a23 * 32
—an3 k32 = —(sin ¢ cos ) x (cos ¢ sin b sin Y — sin ¢ cos )
= —(cos ¢ cos 8 sin ¢ sin O sin ) + cos O sin’ ¢ cos Y
(1.22)
Calculating oy * @33 — a3 * @3p, we have:
a7 * 33 — @23 * @32 = (COS ¢ cos B sin ¢ sin O sin Yr)
— (cos ¢ cos O sin ¢ sin O sin )
+ cos 0 cos? ¢ cosyr + cos O sin? ¢ cos Yy
=cosfcosy = ayy (1.23)

Similarly for o3, we have: aj2 = a3 * @31 — @33 * ®p; = cos @ sin ¥, which is
expanded in the following equation:
a3 * 3] = (sin¢ cos ) *x (cos ¢ sin O cos Y + sin ¢ sin )
= sin ¢ cos 0 cos ¢ sin 6 cos Y + sin” ¢ cos 6 sin
—a33 xap] = —(cos ¢ cosB)(sin ¢ sinb cos ¥ — cos ¢ sin )
= cos’ ¢ cos 6 sin iy — cos ¢ cos 6 sin ¢ sin 6 cos
= o3 * 03] — (o33 * o] = cos B sin Y

(1.24)



12 1 Introduction

And finally for ap; = @32 * 013 — o12 * @33, the result is:

a3 * @13 = (sin ¢ cos Y — cos ¢ sin O sin ) (sin 6)
=sinfsin¢ cosy — sin” 0 Cos ¢ sin Y
— a2 x 33 = —(cosf sinyr)(cos P cosf) = — cos? 6 sin Y cos ¢
= op) = sinfsing cosy — sin29cos¢ sinyr — cos” 6 sin Y cos ¢
= sin# sin ¢ cos ¥ — cos ¢ sin Y

(1.25)

Following a similar procedure, all of the identities between the Euler angles and the
direction cosines are as follows:

o]] = Q23 * 033 — Q23 * 3n = COSH cos Y

o2 = 023 * (03] — (33 * 2] = COS O sin Y

013 = Q2] * A3) — (3] * 0pp = — Sinf

2] = o3p k 0]3 — (]2 * @33 = Sin¢ sin 6 cos Y — cos ¢ sin Y
02 = (o33 * o]] — (13 * @3] = Sin¢ sin 6 sin ¥ + cos ¢ cos Y
03 = Q3] k|2 — A]] * @3 = sin¢ cos

03] = (]2 * 023 — (2 * 13 = COS ¢ sin 6 cos Y + sin ¢ sin Y
o3) = (o]3 * 02] — Q1] * @23 = COS ¢ sin 6 sin ¥ — sin ¢ cos Y
033 = (1] * Q22 — (]2 * 0p] = COS ¢ cos B

e o



Chapter 2 ®
Lagrangian Dynamics: Preliminaries Qs

The notions taken from classical mechanics, which are required for an under-
standing of Lagrangian Dynamics, are introduced in the present chapter. These
notions include linear and angular velocities, linear and angular momenta and their
derivatives with respect to time, as well as kinetic and potential energies and work.
The chapter includes many examples of a didactic nature. These topics have been
chosen to serve both as a review of classical mechanics, especially the concepts of
work and kinetic and potential energy, and to set the framework for the study of
Lagrangian Dynamics in Chap. 3.

2.1 Angular Velocity of a Body and Linear Velocity
of a Typical Particle Within That Body
(See Wells [51, pp. 140-142])

A body with axes centered at point O rotates with angular rate w and translates with
velocity v, with respect to an inertial axis system X1, Y1, Z; (see Fig.2.1—note
that Figs. 1.2 and 2.1 are the same). An axis system X, Y, Z, attached to the body
at point O, rotates in an arbitrary fashion with respect to the body. At every instant,
the motion of the X, Y, Z coordinate frame is “frozen” with respect to the rotating
body. The velocity v, of the origin may be written in terms of the instantaneous
components of the X, Y, Z axes as: v, = [vVox, Voy, UOZ]T. Similarly the rotation
rate @ of the body in the instantaneous X, Y, Z components may be written as:
w = [wy, wy, wZ]T. In the rotating X, Y, Z axis frame, the instantaneous location of
a point mass m’ is [x, y, z]7. The velocity of point mass m’ with respect to inertial
axes X1, Y1, Z1, but expressed in X, Y, Z coordinates, is therefore:

Uy = Vox + (wyZ —wyy), Vy = Vgy + (X —wy2), Uz =Vp; + (0ry — wyx)
2.1)

© Springer Nature Switzerland AG 2020 13
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m'is located at

Y __—x\y'\z'in the X\,Y\Z'
.Z g /— coordinate system
¥ S — and at

X,y.z inthe X,Y,Z
coordinate system

x || X axis
X yl'Y axis
z || £ axis

1.X", ¥ .2 parallelto X,,¥,.Z,
2.X,¥ .7 fastened to body only at O,
Y 3. VoV, V.= components of v along X,V ., 2.

4.w= body's ang. rate wrt X *, ¥ ", 7"

o 5.u=linear velocity of m "wrt X ", ¥V ', 2"

6.0, ,w _,w =components of w along X, V.2

7.v= velocity of m ° wrt inertial axes

8.v=[v_,v, v ].components of valong X,V 2

9.v =lv,.v,. v ].components of v_oalong X,V ,Z

Fig. 2.1 Body translating and rotating, while X, Y, Z frame rotates about O relative to the body

The full significance of Eq.2.1 may be understood by considering the following
points (not necessarily in order of importance) together with a study of several
examples to follow.

1.

2.

The origin O is attached to any arbitrarily chosen point within the body, about
which the body and the X, Y, Z coordinate system rotate.

Equation 2.1 is valid even though the X, Y, Z frame (origin fixed at O) may
rotate relative to the body. It is also possible that this frame may be “body-fixed,”
that is, rigidly attached to the body. When this is not the case, the x, y, z vary,
while in the body-fixed case, they are constant. Normally, body-fixed axes are
utilized.

. Components of v,, the inertial velocity of O, are expressed along instantaneous

directions of X, Y, Z, that is: v, = [Vox, Voy, vOZ]T (see Fig. 2.1 where v,y is
illustrated).

. Regardless of where O is located, vy, Voy, Vo, is the same for all of the mass

particles which make up the rigid body. Hence v, expresses the linear velocity of
the object as a whole.

. The total angular velocity of the body w is always measured with respect to an

inertial frame, i.e., relative to a non-rotating axis frame such as X', Y’, Z’ in
Fig.2.1.

. wisexpressedin X, Y, Z components wy, wy, @, that is, along the instantaneous

directions of coordinates X, Y, Z.
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7. Regardless of where the origin O is located in the body, w always has the same
magnitude and direction. Whatever the location of O, w is directed along some
imaginary line passing through O. This implies that this vector can be relocated
to any other origin within the body without undergoing a change in magnitude or
direction.

8. Subject to forces acting on the body, w and v, may change their magnitudes and
directions. Under these circumstances, their directions, relative to the body, are
not fixed.

9. Equation 2.1 is used to write a general expression for the kinetic energy of a rigid
body as shown in the sequel (see Eq. 2.15).

2.2 Angular Velocity of a Body and Linear Velocity
of a Typical Particle Within the Body: Examples

Example 1 [51, pp. 143-145]

The rigid body suspended within a supporting frame, in Fig. 2.2, rotates about a
vertical shaft A — Oy with angular velocity dyr/dt. The body can simultaneously
rotate with an angular velocity d¢/dt about a shaft, supported by bearings Bj, B>,
which is offset from the vertical by a constant angle 6. In the top view of Fig.2.2b,
Y is read off relative to the inertial X axis. The angle ¢ between the horizontal line
a — b and the rotating axis X is measured in the planar section of the body normal to
line O — Z. The total angular velocity w of the body is the vector sum of d¢/dt and
dyr/dt. The aim is to determine the components of w and the linear velocity of an
arbitrary mass particle within the body at various locations of the rotating X, Y, Z
frame.

a. (a) body-fixed axes X, Y, Z as depicted in Fig.2.2,
(b) origin O at the intersection of the vertical A — O line and the B; — B, axis
(c) ¢ is a vector pointing in the Z axis direction
(d) 1// is directed along the vertical line A — O or Z; axis
(e) X, Y, Z components of w: wqy, Way, Wy, are calculated from components of
1/} and ¢ along the X, Y, Z axes
This implies that

Wax = Y sin @ sin ¢; wWay = ¥ sin 6 cos ¢; Waz = é + Y cos 2.2)
Wax, Way, Wa; are the angular velocities along “instantaneous” coordinates

X, Y, Z. With O located as in Fig. 2.2, v,, the velocity of point O with respect
to an inertial frame is zero, that is, v,y = vsy = v,; = 0. Hence, the components
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X,Y,Z are Body fixed W
axes with origin at O

Section of Normal to

Rigid Frame OZ Axis (X-Y Plane)

1
Total angular velocity of the body w=d+1)
o, =ysinBsing
©,=ypsinBcosa For body
~ S fixed axes
w,=p+ypcost as shown

Vo=V, = "’o,=0

X, Y,, Z, are inertial
axes with origin at O
(X, points out of the

page) T

1

(a)

Top view

(b)

Fig. 2.2 Tllustration of the treatment of the angular velocity of a body and linear velocity of a
typical mass particle. (a) Side view. (b) Top view



2.2 Angular Velocity of a Body and Linear Velocity of a Typical Particle. . . 17

of the velocity of m’ relative to an inertial frame, expressed in terms of the
instantaneous directions of X, Y, Z (see expression 2.1) are:

Uy = WyZ — Wy = Vzsin® cos¢ — (¢ + &cos@)y
Uy = WX — xZ = (¢ + ¥ cos @)x — Yz sinO sin
Uy = Wyy — WyX = 1/'/y sinf sin¢ — yrx sin 6 cos ¢

(2.3)

where x, y, z are the coordinates of m’ in the X, Y, Z axis system.

b. (a) The origin of the X, Y, Z coordinate frame is relocated to some arbitrary
position along the O — Z axis, point pj, where the distance from O to p;
is /.

(b) All axes remain parallel to their original positions and the total angular
velocity remains unchanged.

(c) Shifting of dy//dt to a vertical line through p; and taking components of
dyr/dt and d¢/dt result in the same expressions as in Eq.2.2, since the
coordinate frame is parallel to its original position.

(d) However, v, = dy/dt x I =dy/dt [sin6 (I =distance O — p;) and it is
directed along O — b line in the planar section normal to line O — Z.

The components of the velocity of p; (the new origin) with respect to an
inertial frame, and in terms of the instantaneous X, Y, Z axes are:

Vox = 1ﬁl sinf cos¢; oy = —{M sinfsing; vy, =0 2.4)
Note that 2.4 results from 2.3 directly by letting z = [, x = y = 0. Therefore, the

components of the velocity of m’ relative to the inertial coordinate system and
expressed in the instantaneous coordinates X, Y, Z, with the origin at p1, are:

Vlsin@ cos ¢ + [Yzsin@ cosd — (¢ + ¥ cosH)y]

Vy =
vy = —1&1 sin @ sin ¢ + [(ci) + 1// cosf)x — 1/}1 sin @ sin @]
Vg =1/}ysin95in¢—1/}xsinécos¢

2.5)

where x, y, z are measured along the instantaneous X, Y, Z coordinates. The
significance of vy, vy, v; is the following: a stationary observer located on the
base A measures the velocity v of mass particle m’ relative to inertial coordinates
X1, Y1, Z1. Then vy, vy, v, as given by 2.5, are components of v expressed in
the body-fixed X, Y, Z axis system, at the instant that this axis system occupies
this particular position and the observer takes the measurement.

c. With the origin of the body-fixed X, Y, Z frame shifted to p, (any arbitrary
point within the body) and with each axis parallel to its position in case a,
the vectors v/ and ¢ must be moved from the positions shown in Fig.2.2 to
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parallel lines passing through p;. Hence it is obvious that wcy, wcy, W, the
angular velocities with the origin at p, are equal to wgy, Way, Waz, respectively,
the angular velocities as in case a. A helpful way of determining v,y , voy, Vo, for
this situation is the following:

(a) let xa, y2, 22 be coordinates of pj relative to X, Y, Z when the origin of the
X, Y, Z coordinate system is at O (as in case a).
(b) then, applying 2.3, v, is given by:
Vox = fﬁzg sinf cos ¢ — ((i) + w cos )y
Voy = (¢ + ¥ cos@)xa — Yrzp sin 6 sin
Vo; = lﬁyg sinf sin¢ — yx; sin 6 cos ¢
(2.6)

Hence vy, vy, v, respectively, for case c are given by:

vy = Yrzosinf cos ¢ — (¢ + ¥ cos ) yr +[Vrz sin6 cos ¢ — (¢ + ¥ cos ) y]

Vox

vy = (¢ + ¥ cos@)xz — Yrzo sinf sin g +[¢ + ¥ cos0)x — Yz sin6 sin @]

Voy

v, = Yy2sinf sin¢g — x3 sin @ cos ¢ +[y sin @ sin ¢ — yrx sin 6 cos P]

Voz

2.7)

where x, y, z in 2.7, the location of the mass particle m’, is measured relative
to the origin at p;, but expressed in X, Y, Z coordinates. The origin p,, with
coordinates x7, y2, 72, is also measured with respect to O and expressed in
X, Y, Z coordinates.

Example 2 [51, pp. 145-146]

The disk D, in Fig. 2.3, rotates freely about the shaft b — ¢ with angular velocity
d¢/dt, where the angle ¢ is read off relative to the shaft b — c—see pointer p;.
Simultaneously, the shaft a — b rotates with angular velocity dyr/dt where ¥ is the
angle between the fixed X| — Z; plane and the rotating plane which is normal to the
a — b shaft—see pointer p;. The complete angular velocity w of D is the vector sum
of d¢/dt and d//dt. Relocating dy//dt to O, the origin, and taking components
along the body-fixed X, Y, Z axes, it is apparent that, just as in the example on
page 15 (Eq.2.2),

wy = Y sin @ sin ; wy = V¥ sin 6 cos ¢; w; = é + Y cos (2.8)
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Fig. 2.3 Another example of the treatment of the angular velocity of a body and linear velocity of
a typical mass particle

The components w, w1y, w1 along the fixed X, Yy, Z; axes are:
wix = ¢ sinf cos y¥r; Wiy = ¢ sinf sin yr; wl; = $cosh + 2.9)

The magnitude of the two angular velocity vectors in Egs. 2.8 and 2.9 are one and the
same. The magnitude of the total angular velocity of disk D is therefore given by:

— 2 2 2 2 2 2
a)—\/a)x+a)y+a)z —\/cz)lx+a)1y+a)lz

= \/qﬁz sin® 0 cos2 ¥ + $2 sin® 0 sin® ¥ + ¢2 cos? 6 + Y2 + 2¢yr cos O

= \/ézsin29 + 2 cos2 0 + Y2 + 2¢ cos O = \/¢2 + Y2 + 2¢9 cos O
(2.10)

The direction of w relative to the moving X, Y, Z axes is determined by the direction
cosines /, m,n which may be shown to be: | = wy/o m = wy/o n = w;/o,
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where @ = | /w? + w3 + w2. Using the relations in Eqs. 2.8 and 2.10, the direction
cosines [/, m, n become:

[ oy V sin @ sin ¢
® P2+ P2 + 249 cos O
wy ¥ sin 6 cos ¢
m=—= = ; —
@ \/§? + 42 + 29 cos b
W, & + v cosd
n=—

© P+ Y2+ 267 cosb
2.11)

Similarly, the direction cosines of @ with respect to the X1, Y1, Z; coordinate frame
are obtained with the aid of Eqgs. 2.9 and 2.10 as follows:

W1x qﬁsin@cosw
h = = — - —
© VG2 + Y2+ 207 cost
iy $ sin @ sin
m=—-—= = = —
@ /@2 + 2 + 29y cos O
w1; q'bcose—f—g'ﬁ
n=—

©  J§ + 92+ 29y coso

(2.12)
The linear velocity relative to the inertial frame, expressed in X, Y, Z components,
of a typical particle in D, is found exactly as in case b on page 17 and the procedure
will be illustrated below. The origin of the X, Y, Z axis system is at the center of disk

D which is rotating with angular velocity of v sin (see Fig. 2.4). The velocities at
the origin O are obtained from Eq.2.3 with x =0, y = 0, z = s and are therefore:

Vox = 51/} sinf cos¢  vyy = —SI/} sinfsing v,; =0 (2.13)

For a mass particle m’, located at x, y, z in the X, ¥, Z coordinate system (on the
disk D), the velocities vy, vy, v, may be determined as in Eq. 2.1 as follows:

Uy = Vox + (@0y2 — @;y), Vy = Vpy + (WX —0x2), V; =1y + (Wxy — wyX)

Vox = S sin 6 cos ¢ Voy = —s1 sin @ sin ¢ Vo; =0

wy = Y sin @ sin ¢, wy = ¥ sinf cos ¢, W, = é + ¥ cos @
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Fig. 2.4 Definition of velocities voy, Voy

Uy =s1/'fsin9cos¢+z¢sin000s¢—y(q'H—lﬁcos@)
vy = —sy sin@ sin¢ + x(¢ + ¥ cos @) — v sinfs € ¢
v, = yl/'/ sinf sin¢ — x1 sin 6 cos ¢
(2.14)

2.3 Most General Form of Kinetic Energy

When interpreted as in Eq. 2.1 above (repeated here for convenience), the preceding
equations for vy, vy, v, express the velocity of any particle in a rigid body (see
Fig.2.1), relative to inertial coordinates, but expressed in the components of the
rotating and translating coordinates X, Y, Z.

Uy = Vox + (@yZ — @7)), Vy = Vpy + (0;X —0x2), Uz = Voz + (0xy — wyX)

It thus turns out that a general expression for the kinetic energy 7T is obtained by
inserting these relations into T = 1/2Y " m' (v + v§ +v2), where m’ is an elemental
mass, , and the summation takes place over all of the elemental mass particles which
make up the rigid body.
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On collecting terms, we have:

1 1
T = EM W2 + vgy + vgz) +§“))2c Zm/(y2 +22)
—_—

2

Vo

+ %wi > om' @ + 2%

+ %wg X:m’(x2 +%)

+ Vox (wy Zm’z — w, Zm’y) + voy (a)Z Zm’x — Wy Zm’z)

+ vy, <a)x Zm/y — wy Zm/x) — wywy Zm/xy — wyw;, Zm/xz

— Wy, Zm’yz (2.15)

where M is the total mass of the body, m’ is an elemental mass particle and
the summations are carried out over all of the elemental masses. Replacing the
summations with integrals and the elemental mass m’ with an infinitesimal mass
dm, the kinetic energy T may be shown to be equivalent to:

1 1
T = EMUZ + 3 [a)?clx + w?ly + a)glZ — 2wy wylyy — 2wy 1, — 2a)ya)zlyz]

+M [Vox (07 — @.F) + Voy (0 — 0x2) + Voz (02 — 0, %) ]

(2.16)
where X, y, 7, the distance from the origin to the centers of gravity of the rigid
body are: X = [xdm/M,y = [ ydm/M,Z = [ zdm/M, the moments of inertia
Iy, Iy, I, are, respectively: I, = [(y2+2z2)dm, Iy, = [(x*+2%)dm, I, = [(x*+
yz)dm and where the products of inertia Iy, I, Iy; are: I, = fxydm, I, =
[ xzdm, I,; = [ yzdm. It may be shown that:

[a)ilx + a)ily + a)?]Z —2wywylyy — 20w, 1y, — Zw},a)zlyz] =o' lw

2.4 Summary: Important Points Regarding Kinetic Energy
(See Dare Wells [51, pp. 148-149])

a. It was previously noted that w is the angular velocity of the body relative to
inertial coordinates and v, is the linear velocity of the origin O of the X, Y, Z
coordinate system with respect to an inertial coordinate system. The angular
velocity terms wy, wy, w;, and the velocity components voyx, Voy, Voz, Of the
origin O are expressed along the instantaneous directions of X, Y, Z.
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b. The moment and product of inertia terms Iy, Iyy, etc., and the center of gravity
components X, y, Z, must be calculated with respect to the instantaneous rotating
and translating X, Y, Z axes (see Fig. 2.1, page 14).

c. With the angular and linear velocity vectors o, v,, respectively, and the moments
of inertia, resolved as stated above, the kinetic energy expression 2.16 is valid
for the X, Y, Z axis frame, whether it is body-fixed or performing any arbitrary
angular motion about O relative to the rigid body. This also includes the case
where X, Y, Z may be rigidly attached to the body or fixed in direction. The
underlying assumption is that in all cases, the origin O is attached to the body.

d. When the X, Y, Z frame rotates relative to the body, x, y, z in 2.16 vary as do
Iy, Iy, etc., as well as X, ¥, 7. These inertial variables vary with the motion.

e. The X, Y, Z frame may be body-fixed, which implies that the inertial terms
Iy, Iy, etc., and X, y, 7 are constant. Hence body-fixed axes are desirable and
are almost always used. In any event, statements made under paragraph (a) must
be borne in mind.

f. Under certain conditions, for example, with O at the center of mass, Eq. 2.16 can
be significantly simplified. This condition implies that x = y = Z = 0 and the
terms of 7 which include X, y, 7 become zero. The coordinate frame need not be
rigidly fastened to the body (except at O).

g. If any point in the body is fixed in relation to an inertial frame and O is located
at this point, voy = Vsy, = Vo; = 0 and all the terms with v, voy, Vo are zero.

h. If O is at the body’s center of mass and body-fixed X, Y, Z axes are defined to
be along the body’s principal axes of inertia, where Iy = I, = I,; = 0, then
the kinetic energy T becomes: T = %M v+ %(wag + Iya)§ + Lw?) where
Iy, I, and I, are constants.

2.5 Examples: Kinetic Energy and Equations of Motion

In the following group of examples body-fixed axes have been employed throughout.
This is in general the most convenient procedure.

Example 3 [51, p. 150]

Three examples of a physical pendulum, consisting of a thin plate of sheet metal
(lamina), pivoted at p and free to swing vertically through angle 6, are shown in
Fig.2.5. Expressions for the kinetic energy 7', with the origin at three different
points on the lamina, will be used to better understand Eq. 2.16.

1. Axes X, Y, Z are located as in Fig. 2.5a, with the origin at the pivot point p. The
Z axis is normal to the plane of the paper. From this setup, it is apparent that
wy = wy =0, w; = dO/dt. Since the origin is stationary, vox = Voy = Vo; = 0.
Hence Eq.2.16 becomes: T = %Izéz as anticipated. I, is taken around the Z axis
at the pivot point.
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Xy

(@ ©

(c

Fig. 2.5 Physical pendulum consisting of a lamina pivoted at p with the origin of the X, Y
coordinates defined at three different locations

2. In Fig.2.5b the origin is at the center of mass point, designated as c.m. Once
more, oy = wy = 0,0, = 6. Thus vy = lé,voy =V, =0,x=y=272=0.
The velocity v,y is derived from the expression v = @ x R, where w = df/dt
and R = [. Hence from Eq.2.16, T = %Mlzé2 + %Izéz. I, is taken around the Z
axis at the c.m. point in this case. Notice that the term %M 1% has been added to
the moment of inertia 7, and this is just a restatement of the parallel axis theorem.

3. In Fig. 2.5c the axes are more generally oriented. As in the preceding two cases,
wy =wy =0,0, = 6. However Vox = ré cosa, Voy = —résina, Voz; = 0 and
X,y are the distances along the X and Y axes, respectively, from the new origin
O to the c.m. point. Thus, from Eq. 2.16, the kinetic energy 7T is:

R I S TR SN ST g -
T_2Mr 0 +2110 Mro(x sino + y cos &)

where I, is now about the Z axis at the instant considered. Note that the I
appearing in situations 1, 2, and 3 are different in each case.

As an aside, the equations of motion for case (3), using the d’ Alembert-Lagrange
formulation will now be calculated. A detailed derivation of the d’Alembert—
Lagrange equations will be carried out in the sequel. In each of the above cases
Fy = —Mgl sin 6. The equation for potential energy is:

v

Fp=——_
o 36

=—Mglsing = V = /Mgl sinfdfd = —Mgl cosb 2.17)
For case (3) The Lagrangian becomes:

1 . 1 . .
L=T-V= EMrze2 + 51102 — Mr6*(xsina +ycosa)+ Mglcosd =0
(2.18)
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Hence the equations of motion for case (3) are:

d (0 a a
ALY L o L ising
dt \ 360 a0 a6
oL 2 . . _
Y = Mr<0+ 1,0 —2Mr6(x sina + ycos )
d (9L Mr?6 + 1.6 — 2Mr6 (X sina + 5 )
— | —= ) = Mr —2Mr6(x sinx cos o
di \ 36 : Y
d (0L 0L

o <£> %8 = Mr?6 + 1,6 —2Mré (X sina 4+ ycosa) + Mgl sinf = 0

=0 {Mr2 + I, —2Mr(x sina +§cosa)} = —Mglsinf

25

(2.19)

Example 4 [51, pp. 150-151]

The following example will illustrate the calculation of kinetic energy, as well as
the use of the d’ Alembert-Lagrange formulation for the derivation of the equations

of motion.

The marble slab, of Fig. 2.6, is free to translate and rotate in the X| — Y7 plane
under known, given forces Fj, F;. The origin O is located at any arbitrary point
and axes X, Y, Z are attached to the lamina. The variables x, y, & may be shown

1 Y ) // F, F,
./ ) =
,/
Thin Laminar D
% Region ane '
| X
|:I |
|
_— |
]
\\--\"‘-._ y -
Y %

Fig. 2.6 Lamina with two applied forces—Lagrange’s equations
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to be suitable independent generalized coordinates, thus resulting in a 3 degrees of
freedom system. The angular velocities are: oy = wy =0, w, = é, while the linear
velocities of the origin are: vyx = X cos6 +y sinf, vy, = ycosf —x sinf, vy, = 0.
The velocities vy, voy are components of the velocity of O which are projected
onto the instantaneous positions of X and Y. Hence Eq. 2.16 results in:

1 1. .
T = zM(fcz +3H) + 51192 + MO[(3X — xy)cosH — (AX + yy) sin6)]  (2.20)

The equations of motion corresponding to x, y, 6 are easily calculated. For example,
the 6 equation is derived as follows:

d (0T oT
—=)—-——=F
dt \ 96 a6
oT : . i e
5% = 1,0 + M[(yx — xy) cos O — (XX + yy) sinf)]

aT .
7 = MO[(yx — xy) sin6 + (Xxx + yy) cos 0)]

d (9T .
- = (a_e) = L0 + M[(JX — i¥) cos 6 — (¥X + 57) sin0)]

— M[O(3X — %7) sinf + 6 (X + y¥) cos 0]

-2 (£> O LG+ MIGT — £5) cos0 — (5T + §7) sin6)]
dt \ 90 a6
— M[O(yX + %) sinf + 6(XX + yy) cos 0]
+ MO[(JX — xY) sinf + (XX + y¥) cos6)]
= .6 + M[(§X — X¥y) cos 6 — (XX + ¥y)sin0)] = Fy
(2.21)
The coordinates of the points of application of F| and F> on the lamina with respect

to the X, Y, Z coordinate system are x{, y| and x}, y5, respectively. The generalized
force Fy is actually a torque which may be written as:

Fo=1 = flyxi - flxyi + f2yxé - f2xy£ (2.22)

where fix, f1, are the X and ¥ components, respectively, of F; and f>x, f2y are the
X and Y components, respectively, of F,. Accordingly, the generalized forces in the
X and Y directions are Fy = fiy + fox, Fy = f1y + foy.
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Example 5 [51, pp. 151-152]

The sheet metal lamina depicted in Fig.2.7(1) is hung up by a string of constant
length r and is free to swing as a “double pendulum” in a vertical plane.

1. (a) The center of mass is offset from the origin by X,y with respect to the
X, Y, Z coordinate frame.
(b) With body-fixed axes X, Y, Z as shown in Fig. 2.7(1), ¢ and 6 may be shown
to be a set of suitable generalized coordinates.
(c) Asis apparent, the angular rates in the X, ¥, Z coordinate system are: wy =

and ¢> is measured relative to the vertical about the Z axis, then the angular
rate about the Z axis is simply w. = ¢. The angle ¢ is not measured relative
to the angle 6.

(e) The velocity at the origin O is: v, = r6. The components of v, along the X
and Y axes are v,y and vy, respectively, and they are: v, = ré sin(¢p — 9);
Voy = r cos(¢p — 6).

u=¢p—0
V,=rosinu
V,,=rfcosu

Vo, =X,sind—y cosp
P - . 1
V,,=V,sing+x cosd

%)

Fig. 2.7 Double “pendulum”
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(f) The kinetic energy is calculated by means of Eq.2.16, repeated below for
convenience:

1

1
T = Z
2

Mvg+2

[wilx + wily + a)glZ —2wywylyy — 20 w1y,

- Za)ya)zlyz]

+M [on (@yZ — 07Y) + Voy (@0 X — 0xZ) + Vor(@xY — wy)_c)]
(2.23)

The kinetic energy then becomes:
1 hn 1, . _ .
T = EMr 0° + 51145 + Mr¢0[x cos(¢p — 0) — ysin(¢p — 6)] (2.24)

Note that I, in this example, is calculated with respect to the origin O of the
X, Y, Z coordinate frame. I, could also have been calculated with respect to
the center of mass of the lamina, and it would then not have been necessary to
include the x, y terms in the resulting kinetic energy expression (see Nielsen
etal. [16, p. 4] and Example 8 on page 113).

(g) Expressions for Fy and Fy are obtained as follows (see Fig. 2.8):

V=—Mgh; h=rcosf —ysing +xcos¢
=V =—Mg(rcosf — ysing + x cos ¢)

F, oV Mgrsin6
=—— = —Mgrsin
0 90 8
av _ . —
Fy = _ﬁ =—-Mg(xsing +ycose)

(2.25)

2. Suppose that point O on the slab can slide along the smooth parabolic line y; =
bx12 as shown in Fig. 2.7(2). Then, the velocities along the X and Y axes, v,, and
oy, Tespectively, are (note that v,, = 0):

2 .2 :2. .. .
v, =X{ + Y5 Uox = X1SIn¢ — y1COS P

Voy = y18in¢g + X1 cosp; vy, =0 (2.26)
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Z,=Xsing
Z,=XCoso V=—Mgh \
Z,+Z,=ysin¢ F‘*:_aaev
> z,=ysing—Xcoso oV
h=rcos6—2z, Fo= 26

> h=rcosB—ysinp+xcosap
Fig. 2.8 Definition of potential V and generalized forces Fy, Fy

Since the velocity at point O is: vg = x12 + )'/12, and the angular velocities are:

oy =0,0y=0,0, = é, Eq. 2.16, repeated below becomes:

1 2
T = EMUO

1
+5 |2+ 2Ly + 2L = 200, Ly = 20002 L; = 20500y |
+M [on (@0yZ — @) + Voy (WX — @x7) + Vor(@Wxy — a)y)_c)]

_ o 1o ro— o
:>T_2M(x1+y1)+2¢ IZ—I—MQ)[vax vgxy]
= lM(icl2 + 33 + 1452&

2 2

+ M@ [(31 sing + X1 cos §)X — (X1 sing — y1 cos ¢)y] (2.27)

Example 6 [51, p. 152]

A slender rod whose linear mass distribution is p per unit length and whose total
length is L (see Fig. 2.9) rotates freely with an angle 6, in the bearing at O about a
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distance from O to c.m.=y) Body-fixed axes X,Y,.Z

1
|I C.m.

i
zl
- R
Inertial —— |
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) . o 1
- w,=-60, 0, =8,cosb,,w,=0,sind,
9'] o, = —0 SInO myl=9|cosl]l,m”=9|
B a
R Q.
o
Ar— : > Y
Inertial axes X, Y, Z, 8, P_?(I;tlloal *
X, points out of the page View

Fig. 2.9 Rotating slender rod

horizontal axis. The bearing at O is attached to the horizontal arm A — B, which also
rotates with angular rate d6; /dt about the Z; axis, through an angle 6;. The kinetic
energy of the rod should be evaluated by integration and the results compared to the
following relation:

1 1
T = EMvg + 2 [a))%lx + a)ily + wflz —2wywylyy — 2wxw; 1y, Za)ya)zlyz]

+M [on (@yZ — 0;Y) + Voy (WX — @x7) + Voz (@xY — wyf)]
(2.28)

where X, ¥, Z, the centers of gravity of the rigid body are: X = [ xdm/M, y =
[ydm/M, Z=[zdm/M.

1. Within the context of this problem, the total mass of the slender rod is M =
fOL pdl. Additionally, the moments of inertia of the slender rod about the
instantaneous Z and X axes, respectively, with the origin at O, are evaluated
tobe: I, = Iy = [i pl?dl.

2. From the definition of ¥, we have: My = fo ydm = fo oldl

3. The velocities in the X direction are: —R91 and — 911 sin 0, and the velocity in
the Z direction is: 192. The inertial velocity of point O in X, Y, Z coordinates is:
Vox = —Rél, Voy = Vo7 = 0.
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4. In addition Rélz sin 6 fOL pldl = Rélz sin o M'y. Furthermore, since the angular
velocity 6, takes place around the X axis, the term %022 fOL pl?dl becomes
%Ixég. Similarly the angular rotation around the Z axis is ) sin6, and hence
the term %912 sin? 6, fOL pl?dl may be written as %Izélz sin?6,. And finally
LR26? [ pdl = 1 MR?62.

5. The defining equation 7 = 1/2 [ v2dm can therefore be written as:

1t . .
T = 5/ [(R + sin62)?6% + 12631pdl
0
1 5., (F 1. L
= T = - R*0} / pdl + =67 sin” 6, f pl2dl
2 0 2 0

20 . L 1‘2 L 2
+ RO sin6, pldl + 292 pl=dl
0 0

1 20 15, T 1 .,

=>T= EMR o7 + EIZG1 sin” 6, + MyRO{ sin6; + Elxez
(2.29)
6. Using the formula in Eq.2.28, where v, = —Rél; Voy = 0; v, = 0;
Vo = Vox, Wy = —6h; wy =01cosbh; w; =018inby, Iyy = I; = I, =

I, =0andx =0; y#0; z=0,theequation becomes:
1 2, 115 2 2

T = EMUO + 3 [wxlx +wyly + o l; — 20wy lcy — 20 0 1y — Zwywzlyz]
+M [on (@yZ — 07Y) + Voy (WX — @xZ) + Voz(@xy — wyf)]

1 1 _ _ _ _
= EMU(% + 3 [w)%lx + a)glz] + M [v(,x(a)yz — ;) + Voz(wxy — a)yx)]

1 5 1. . .
= EMRZQIZ + E[9221x + 6% sin® 61,1 + M Ry67 sin 6

(2.30)

2.6 Notation System Used in This Book

Lecture on Notation Systems: Video Times—00:00-06:01

Two notation systems were used in the 2-003SC course on Engineering Dynamics,
given at MIT (see Vandiver [48]), in order to specify position vectors, velocity
vectors, and vectors of any kind that might be associated with translating and
rotating reference frames (see Fig. 2.10).
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System | System |l

Inertial Frame X ,Y ,Z
rotating +translating frame A, ,

Fig. 2.10 Tllustration of notation systems

Figure contains a rigid body, and a reference frame, the Axyz reference frame
with origin at A, which is attached to and moves with the rigid body. The whole
system is translating and rotating in an inertial frame O with coordinates X, Y, Z.
We need to be able to describe the position and the velocity of this rigid body,
and any point on this rigid body, say point B, which might actually be moving
with respect to the rigid body. The position vector from the origin O to the Axyz
reference frame in notation system I is designated as © R4. The O superscript that
precedes the R signifies that the vector is in the inertial coordinate system or is
measured with respect to the inertial coordinate system. Similarly point B is labeled
as  Rp and signifies the vector from the origin of the inertial coordinate system to
the point B on the rigid body. The vector from point A on the rigid body to point B
is labeled as 4 Rp and signifies the position of B with respect to point A on the rigid
body. This notation is the superscript version of the vector designation scheme.

Notation System II (which will be used henceforth) uses the subscript format,
where for instance, the position vector from the origin O to the Axyz reference
frame in System II would be: R4,0, which implies that “with respect to O, is
just the “/O” symbol. Similarly, in this notation system, point B with respect to O
would be Rp/o. Finally, the vector from point A to point B is Rp,4. So the two
notation systems are exactly equivalent. When the context is clear, the subscript
format “with respect to O,” is just the “O” symbol, for example, the moment of
inertia with respect to O may be written as /. This method is the preferred one and
will be used frequently, although not exclusively, throughout the text.

It would be desirable to be able to take the time derivative of the vector at point
B and use it to derive expressions for velocities in a rotating and translating frame.
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The position vector Rp, ¢ is simply a vector sum which may be written as: Rg/p =
Raj0+Rp/a. The time derivatives of Rp, ¢ in both notation systems are as follows:

dRp/o0 dRaj0 d
= = — (R
vB/0 dt dt +dt( B/A)/O
——

va/0

ORpB/A
=vp/0 + ( / > +w/0 X Rp/a
ot ) a

dRp/o0 _ dRaj0 d

= (R
vB/0 dt dt Jrdt( 5/4)o
VA/O
oR
=va/0 + B/4 +wo X Rp/a
ot /)4
d°R Od A9
£ o vp =2 vg+ — (ARB) =% v44+ — (ARB) +9 w x* Rp
dt dt ot

(2.31)

where w/0, wp, and O w all signify the rotation of the rigid body with respect to O.

aR . . .
The term (%)/A is used to determine if there are any changes in the vector

within the rotating Axyz frame. It is as though an observer was situated on the
rotating Axyz coordinate frame and was measuring any changes over time of the
Rp/a vector. The difference between system I and system II notation lies in the fact
that the /O subscripts become superscripts. The term % x4 Ry is the contribution
to the velocity, as seen in the inertial frame and caused by the rotation of the rigid
body.

2.7 Angular Momentum of a Mass Particle

Lecture 5: Video Times—35:35-55:03
The material in this section was adapted from the MIT Lecture Series on Dynamics
(see Vandiver 2.003SC Engineering Dynamics. - Video of Lecture 5: Angular
Momentum [45]).

Figure 2.11 depicts a particle with mass m within an inertial coordinate system
O XY Z. The particle is located at point B and has a total force acting upon it of
Fp = Y fp. The vector from the origin O of the inertial coordinate system to
point B is rp;o. The particle is traveling with a velocity of vp at some instant of
time and therefore has a linear momentum with respect to the inertial coordinates of
Pgjo = mup/g.
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Fig. 2.11 Illustration of linear momentum Pg,o

The definition of angular momentum for the particle is:
hgjo =rpjo X Pgjo =rgjo X mvg/o (2.32)

Lowercase h is used for particles and uppercase H indicates a rigid body. The
derivative with respect to time of the angular momentum is the sum of the torques
applied to the particle, with respect to the coordinate system in which the angular

L . dh L
momentum is being calculated, that is: ;z/ % = 3" 1p/0, and the torque at B is with
respect to the origin O in the inertial frame O XY Z. In planar motion this equation
would be written as /0 = )" /0. The angular momentum of the particle at B with

respect to any other arbitrary point, say, point A, is by definition:

rB/O0 =Taj0 +TB/A; hBjo =TB/0 X PBjo =7raj0 X Ppjo +7rB/a X Pgjo

=hajo +hp/a

= hp/a =rp/a X Pgjo (2.33)

The momentum must always be computed with respect to the inertial frame. The
formula for the torque on the particle at B with respect to point A (which will be
proven in the sequel) is as follows:

dhpa

ar +va/0 X PB/O (2.34)

TB/A =
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Fig. 2.12 Two link robot A

Two Link Robot

load

x. B

An interesting example would be a two link robot arm (see Fig. 2.12). The two links
can rotate. The origin is at O while the load is at point B and the motor is located
at point A. The motor rotates the link with the load and has to be able to supply the
right amount of torque in order to be able to move the load. The amount of torque
required is what needs to be calculated.

The sum of the external forces at B yields the time rate of change of the
momentum at B with respect to O, that is: Y fp = Fp = dift/o = mdvd#.
This is the momentum vector of our particle. The torque of B with regard to A is:

dPg/o
dt

TB/A =rB/A X Fp =rp/a X (2.35)

where Fp is the sum of all the forces acting on the particle at point B. A useful
vector identity is the following:

d ( ) = dy n dx N dy d ( ) dx (2.36)
X V)= x X —= + — x X —=—(xxy)—— X .

PEIEI G T YT T a Y T a Y

where both x and y are vectors. Applying this latter identity to rp;4 x dlzz/ 2 by

letting rg/a = X; dl:f/o = ilif results in:
dPB/O d drB/A
— - P — P 2.37
TB/A =TBIAX — 7 (rg/a x Pgjo) o < Peio (2.37)

hp/a
However, rg;4a = rpjo — ra;o and so the time derivative of rp,4 becomes:

drgja  drpjo  drajo
_ - — 2.38
- i It VB/O — VA/O (2.38)
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Now (rB /A X Pp /0) = hpya is the angular momentum of the particle at B with
respect to A, as previously defined, so that the expression for the torque 7,4 can
be rewritten in the following way:

dhpya
dt

TB/A = — (vB/o — vaj0) % Pgjo (2.39)

Since Pg;po = mvp/o, it turns out that:

(vB/o — vaj0) X Pjo = vBjo X mvgo —va/0 X Mg/o (2.40)
— ——

=0

Hence the torque 7,4 turns out to be:

dh
4 +va/0 X mvp/0 = d—Bt/A +vas0 X Pgjo 2.41)

TB/A =

B/
dt

The term v4,0 X Pp/o can sometimes be irksome and it would be of advantage not
to have to calculate it but revert to the usual formula which states that the torque
is the time rate of change (derivative) of the angular momentum, that is, T = %.
There are two obvious situations in which v4,0 X Pg/o = 0 and they are:

. vajo = 0 = t8/4 = dhj;“. This is a significant result because the point A

can be arbitrarily located anywhere in the plane. As long as the point A isn’t in
motion (va,0 = 0), the torque may be calculated with respect to that arbitrary
stationary point (you can have a fixed set of axes at point A). This allows for
consideration of rotations around a fixed axis which is not necessarily located
at the center of mass. The same result as in Eq.2.41, with v4,0 = 0 holds for
rigid bodies. For example, it is possible for a rigid body to rotate at one end and
not necessarily around its center of mass. The formula applies as long as the
velocity of the axis about which it’s rotating, and about which the torque is being
computed, is not in motion (fixed and stationary).

2. If the velocity vector v4 ¢ is parallel to the momentum vector Pg; ¢, then va ;o X
Pg;o = 0.If the point A is at the center of mass, then its momentum is defined
as Pg/jo = mvajo = vajo X Ppjo = vajo X mvayjo = 0, even for rigid
bodies. The point A is labeled as the point G (the center of mass).

3. This result is very useful in problems of dynamics. The formula for torque with

respect to the center of mass may be written as the time rate of change of & with
dh;g
dt

respect to G, thatis: 7/ =

Although the above center of mass proof is valid for particles, it can easily
be extended to rigid bodies by summing or integrating over all of the individual
particles in the rigid body.
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2.8 Rigid Body Angular Momentum

Lecture 5: Video Times—55:03-59:18
The material in this section was adapted from the MIT Lecture Series on Dynamics
(see Vandiver 2.003SC Engineering Dynamics. - Video of Lecture 5: Angular
Momentum [45]).

The torque for a rigid body with respect to a point A is:

T4 =Hja+va0 x Pgjo (2.42)

Note that the point A can be in motion (even accelerating). The term va,0 X Pg/0
can go to zero if va;0 = 0, i.e. the point A is stationary and rotation is taking
place around the fixed axis at A, or v4,o is parallel to Pg,o—it’s always the case
that va;o X Pgjo = 0 when th@ point A is at the center of mass of the rigid
body. For these two cases, 7,4 = H; 4. The condition for fixed axis rotation around
an axis at point A is: va;o = 0. When the problem calls for the calculation of a
torque required for a rotation around the center of mass, then the formula to use is:
76 = H /G and for the torque of a body which is pinned and rotates about a fixed
axis at a point A, not situated at the center of mass, the formula that is required is:
T4 = Ha.

Example 7: Carnival Ride Problem

Lecture 5: Video Times—59:18-1:17:05
The following example was taken from: Vandiver 2.003SC Engineering Dynamics.
- Video of Lecture 5: Angular Momentum[45].

The carnival ride is depicted schematically in Fig.2.13. There is a fixed point
A and a fixed axis around which the arm rotates. The arm can also be extended or
retracted. The rider sits on the end of the extendable arm.

The path taken might be an inward spiral, similar to the act performed by a figure
skater, of decreasing the rotational moment of inertia by retracting both arms to the
sides while turning around in a circle. What forces would be felt by the rider on the
ride or what accelerations will the rider feel?

Given Conditions: § = constant, i = constant The rider will feel a centripetal
and some Coriolis acceleration, because r # 0. Since the length of the arm, which
is rotating at constant speed, is changing, there will also be a change in linear
as well as angular momentum, because r x P is changing (as the length of the
arm extends or retracts). Any change in angular momentum requires a torque. The
formula developed prior to the example will aid in the calculation of the torques
needed and the forces on the rider as the length of the arm becomes longer or shorter.
The rider at B can be regarded as a ‘particle’. Then hp, ¢, the angular momentum
of the rider at B with respect to O, is going to be hg,0 =rp;0 x Pp/o. Since this
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Fig. 2.13 Carnival ride problem
is a planar motion problem, confined to the X — Y plane, with rotation of the arm

6 taking place around the Z axis, it is convenient to use polar coordinates, which
means that the angular momentum may be rewritten in the form of:

1. Angular Momentum:

hB/O =rB/0o X PB/O =re, Xxm (f‘ér + r@ée) =re, x mrbeg = r2m9k

—
YB/O
(2.43)
2. Torque:
dh ‘A v
/0 = ;t/O = 2mri6k + mr?dk (2.44)

The term 7¢, is the extension rate but there is also a component of velocity in the
¢y direction of réé.g. In the equation for torque, the term v4,0 X Pp/o = 0, since
the point A is a fixed point around whose axis, the rotation takes place. In fact the
point A and the point O are the same points. The constant terms in the expression
for the torque are k, m, 6 and these terms need not be differentiated with respect to
time. Since it was assumed that § = constant, the torque then becomes:

dhgjo

= 2mri6k (2.45)

TB/0 =
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The term 2mrifk is the Coriolis acceleration and mr20k is referred to as the
“Eulerian” acceleration. It’s possible to write the torque as r x F, that is:

/0 = rér x (2mif +rmb) &y (2.46)
e ———
e

The term rméég is the force required if the arm (with the rider seated on the end) is
accelerating in the ¢y direction. Assuming that & = constant, then the torque may
be written as:

/0 = re, X ég (2mié) = 2mrifk = r x Fcoriolis 2.47)
——
g
For this problem we are given the following data: m = 100kg,r = Sm,7 =

0.4m/s,0 = 3rad/s. The rotation rate is slightly less than half a revolution per
second. Hence, the Coriolis force Fcyriolis = (meé) is 240 N. The torque 5,0 =
2mri§ = 240 x 5 = 1200 N-m. The acceleration agjo is: apyo = Fcoriolis/Mm =
% = 2.4 meters per second*second = 2.4/9.81 ~ 0.25xg.

Assuming that the system is spinning but the arm is not moving in and out, that
is 7 = 0, what force would you expect the rider to feel? The rider would feel a
centripetal acceleration in the direction of O (in the inwards direction). If the rider’s
seat could swing around so that the rider would be facing inwards, towards O, the
rider would feel that he is being pushed out of his seat. If his seat is facing outwards
(the usual situation), the rider would be pushed backwards into his seat. If the arm
is moving outwards at 0.4 m/s, there will be an additional 1/4x g’s of acceleration in
the ég direction, i.e. in the direction of increasing 6, which is perpendicular to the
arm. The value of the centripetal acceleration would be: acensriperal = Q% =3%x
5 = 45 = 4.5xg. The Coriolis would be insignificant compared to the centripetal
acceleration.

2.9 Linear and Angular Momenta and Their Derivatives

This section was adapted from the book on Dynamics by Beer et al. [4, pp. 721-
722]. The linear momentum vector L of a particle is defined to be:

L =mv (2.48)

where v is the particle’s velocity vector and m is its mass. Taking the time derivative
of L (assuming that the mass is constant) results in:

L =md=ma (2.49)
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where a is the particle’s acceleration vector. However from Newton’s second law of
motion:

F=ma=m— =1L (2.50)

where F' is the force applied to the particle. If more than one force is applied to the
particle simultaneously, then the forces must be summed as follows:

Y F=ma=m—=1L (2.51)

The following assumptions have been made: A particle P of mass m is moving
with velocity v with respect to an inertial frame Oxyz, where O is the origin of
the inertial frame. The moment about O of the vector mv is termed the moment
of momentum or the angular momentum of the particle P about O, at the instant
under consideration and is designated by Ho. From the definition of the moment of
a vector, and labeling by r, the position vector of P from the origin of the inertial
coordinates, Ho is defined to be:

Hop =r xmv (2.52)
The time derivative of Hy is simply:

Ho=F xmv+r Xxmo=vXmv+r X ma (2.53)
——

=0

Vectors v and mv are collinear, hence the first term of FIO is zero. Noticing that
r x ma = r x F represents the moment about O of the force F, the second term
is designated as M. If more than one force acts simultaneously on the particle P,
then we have:

rx Y F=Y Mo=Ho (2.54)

2.10 Work and Calculation of Kinetic and Potential Energies

Work of a Weight W

The contents of this section have been taken from Beer et al. [4, pp. 756-763]

The work performed by the force F which results in a displacement vector dr is
defined as the quantity:

dU = F - dr (2.55)
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where both F ad dr are vector quantities. In Cartesian coordinates the above
equation may be written in the form:

dU = Fydy + Fydy + F.d; (2.56)

Work is a scalar quantity, meaning that it has a sign and a magnitude but no
direction.

* Work is positive if the angle between the force vector F and the displacement
vector dr is acute (less than 90°)

* Work is negative if the angle between the force vector F' and the displacement
vector dr is obtuse (between 90° and 270°)

e Zero if the force vector and the displacement vector are perpendicular

The above implies that the total work over a finite path from point A to point A; is:
Az

Ui = (Fydy + Fydy + F.d;) 2.57)
Ay

If the y axis points upward, for a weight W we have: F, =0, F,=0, F,=-W.
This implies that:

dU = —Wdy
Y2
U1_>2 = — Wdy
Y1
or U2 =—-W(n2—y1)=—WAy (2.58)

where Ay is the vertical shift as the particle moves from A to A;. The work of the
weight W equals the product of W and the vertical displacement of the center of
gravity of the body. From the foregoing, it is apparent that the work W is positive if
Ay is negative, that is, when the body moves down.

Work of the Force Exerted by a Spring

Consider a body attached to a fixed point (such as a wall) by a spring. When the
spring is undeformed, the body is at Ag. From experimental evidence we know that
the force F exerted by the spring on body is linearly proportional to the deflection
x of the spring from its un-stretched position Ao, that is:

F =kx (2.59)
where k is the spring constant in units of Newtons per meter. Note that the direction

of the force exerted by the spring on the body is in the opposite direction to the
deflection of the spring. The work of the force F by the spring during a finite
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displacement of the body from A (x = x1) to A2(x = x) is determined to be:

X2

1 1
dU = —Fdx = —kxdx; Uiy =— / kxdx = Ekx% — Ekx% (2.60)
X

1

Kinetic Energy of a Particle

Figure 2.14 illustrates the motion of a particle with mass m subject to a force F' and
traveling along the curved path from point A; to point A, along a curved trajectory.
Writing Newton’s second law in terms of the tangential component of the force F,
that is F}, the result is:

F, dv 2.61)
= mda; = m— .

t 1 dt

where v is the velocity tangential to the particle’s trajectory. The tangential velocity
may be written in the form:

ds

= — 2.62
V= (2.62)

where s is the distance the particle travels along the curved path. The acceleration
a; may then be shown to be:

dv dvds dv
Fl = m— =

m—— =mv— (2.63)
dt ds dt ds

Integrating F; from A where s = 51 and v = v to A where s = 57 and v = vy:

52 2 dv v2 1 1
/ Fids = m/ v—ds = m/ vdv = —mv% — —mvl2 (2.64)
S1 51 dS V] 2 2

Note that fsslz Fids = Uy, where Uj_,; is the work done by the force on the
2

particle as it is displaced from A to A;. The entity %mv is a scalar quantity and

Fig. 2.14 Motion of a
particle with mass m subject
to a force F and traveling
along the curved path from
point A; to point Aj

&
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it is defined to be the kinetic energy of the particle with the symbol 7. This implies
that:

1L, 1 5

Uioo = Emv2 - Emv1 =T —-T (2.65)
The above equation expresses the fact that when a particle moves from A to A;
while subject to the action of a force F, the work performed by the force F equals
the change in kinetic energy of the particle and is known as the principle of work
and energy. Rearranging the terms in Eq. 2.65 of Uj_,» = T» — T, we have: Uj_,2+
T1 = T». Hence, the kinetic energy of the particle at A> can be calculated by the
addition to its kinetic energy at Ay, the work performed on the particle by the force
F during its displacement from Aj to A;. In a comparable fashion to Newton’s
second law, from which it was derived, the principle of work and energy applies
only with respect to a Newtonian or inertial frame of reference. The points listed
below should be borne in mind concerning the kinetic energy of a particle:

* Both work and kinetic energy are scalar quantities.

e Their sum can be computed as an ordinary algebraic sum, the work Uj_,, being
considered as positive or negative in accordance with the direction of F'.

* When several forces act on the particle, the expression U;_,, represents the total
work of the forces acting on the particle.

e U, is obtained by adding together the work of the various forces algebraically.
This is possible since the kinetic energy of a particle is a scalar quantity.

* The speed v used to determine the kinetic energy 7 should be measured with
respect to a Newtonian or inertial frame of reference. The kinetic energy is always
positive regardless of the direction of motion of the particle.

Conservation of Energy (Beer et al. [4, pp. 785-786])
We know from Eq. 3.33 that the work of a conservative force such as the weight of
a particle or the force exerted by a spring may be expressed in the form:

Uso=Vi =W (2.66)
Similarly the kinetic energy is:
1 2 1 2
Ui = Emvz — Emvl =T, —-T (2.67)

Equating the two forms of energy for a conservative force, we have:

U172 (potential energy) = Uj_,;(kinetic energy)
or Vi—-WV=-Ti=>=Vi+T1 =WV+T1T (2.68)

The above equation (Eq.2.68) states that when a particle moves under the action
of conservative forces, the sum of the kinetic and potential energies of the particle
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remains constant. The sum T +V is the total energy of the particle and is symbolized
by E. For example, the pendulum bob with weight W is released with zero velocity
at Aj and is allowed to swing vertically (see Fig. 2.15). The potential, kinetic, and
total energy at A; with A, as the reference datum is:

Vi=WIl, Ty=0, T,+V,=WI (2.69)

The kinetic energy at A; where the velocity of the pendulum bob is zero is: 73 = 0.
Similarly at A, the kinetic energy is %(W/ g)v%. The speed of the pendulum at A;
is determined from the principle of work and energy as follows:

1w
T1=0; V=W T2=§—v§; Va=0
g

1w
Ti + Vi =T2+V2=>O+Wl=§;v%+0
= vy = /2l (2.70)

Hence at A, with speed of the bob equal to vy = /2gl, the kinetic energy is:

T—1 2_ ] 2¢l =WIi; V, =0
= —Mmv; = —— — ; —
2 272 2 g g 2

The total mechanical energy E = T 4 V at A; and at A, remains the same. At A
the energy is entirely potential energy while at A, it is entirely kinetic energy.
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2.11 Systems of Particles

This section was derived from Beer et al. [4, pp. 856-862]. A system is composed
of n particles; each particle P; has mass m; and acceleration a; with respect to
an inertial or Newtonian frame of reference. The force on particle P;, brought to
bear by particle P;, is labeled as f;; and is termed an internal force. The sum of
all the internal forces exerted on P; by all of the system’s particles is: sz:] fij-
Note that f;; has no meaning and is assumed to equal zero. The resultant of all the
external forces acting on P; is labeled as F;, and thus Newton’s second law may be
written as:

n
Fit+ ) fij =mia; (2.72)
j=1

The position vector of particle P; with respect to the origin O is of an inertial frame
is r;. Taking moments about O, we have:

n
ri XFi+Z(ri X f,-j)zri X ma; 2.73)
j=1

Note that the force exerted on particle P; by particle P;, that is f;; is equal in
magnitude but opposite in sign to the force exerted by particle P; on particle P;,
that is f;; = — fj;. This is true because of Newton’s third law (for every action,
there is an equal and opposite reaction). In fact these two forces come in pairs and
have the same line of action but act in opposite directions thus canceling each other
out. The sum of the moments about O of forces f;; and f;; are:

ri X fij+rjx fii=ri x (fij + fj)+@j—ri) x fji=0 (2.74)
—0 =0

Notice from Fig. 2.16 that the vectors r; — r; and f}; are collinear and hence (r; —
ri) x fji = 0. Adding together all of the system’s internal forces and summing the
moments due to the internal forces about O, the result is:

n n n n
Y3 hi=00 Y > rixfij=0 (2.75)
i=1j=1 i=1 j=1

In other words, the sum of all of the internal forces and the sum of the moments
about O due to the internal forces are all zero. Summing up all of the external
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Fig. 2.16 Internal forces cancel each other out

forces and the moments about O due to the external forces leads to:

n n
Y F =) ma; (2.76)

i=1 i=1

D i x F) =) (i x miay) (2.77)

i=1 i=1

The above equation states the fact that the system of the external forces F; and
the system of effective forces m;a; have the same resultant and the same moment
resultant.

Linear and Angular Momentum of a System Composed of Particles
The linear momentum of the system is defined to be the sum of the linear momenta
of all the particles of the system, that is:

n
L= mu (2.78)
i=1
The angular momentum H, about the origin O of the system of particles may be

defined as:

n
Hy =Y (ri x mjv;) (2.79)
i=1
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Differentiating both the linear and angular momenta of Eqgs. 2.78 and 2.79, respec-
tively, with respect to time ¢ results in:

n n
L= Zmii)i = Zmiai (2.80)
i=1 i=l1

n n
Hy =Y (i x mivi) + Y _(ri x mi;)

i=1 i=1

n n
=3 (i xmpv) + Y (ri x miy)
. —_— .
i=1 -0 i=1
n n
= Hy =) (ri xmivy) = ) (i x mja;) (2.81)

i=1 i=1

The right-hand members of Eqgs.2.76 and 2.80 are the same. The same is true of
Eqgs.2.77 and 2.81 and so it must be true that:

n n
Y Fr=L; ) Mo;=H, (2.82)
i=l1 i=1

These equations state the fact that the resultant of all of the external forces and the
moment of the resultant of all of the external forces about the fixed point O are
equal, respectively, to the time derivatives of the linear and angular momenta about
O of the system of particles.

Motion of the Center of Mass of a System of Particles

Denoting by 7 the position vector of the mass center G of the system of particles
with respect to the origin O of an inertial frame, the relation between the mass center
and the masses and locations of the particles may be written as:

n n
mr = Zmiri; m = Zmi (2.83)
i=1 i=1

Converting the position vectors 7 and r;, respectively, into rectangular components,
Eq.2.83 becomes:

n n n
mx = me; my = Zmiyi; mz = me (2.84)
i=1 i=1 i=1
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Taking the time derivatives of both sides of Eq. 2.83:

n n
mr = me = mv = Zmivi (2.85)
i=1

i=1

where the velocity of the mass center G, with respect to the inertial coordinate frame
centered at O, is written as v. Recognizing that the right-hand side of Eq. 2.85 is the
same as the linear momentum L (Eq. 2.78), we therefore have:

L =mv (2.86)
If we differentiate both sides of the above equation with respect to ¢, we find that:
L =mv=ma (2.87)

where the acceleration of the mass center G with respect to the inertial coordinate
frame centered at O is denoted by a@. Substituting for L = )", F; from Eq.2.82
into Eq. 2.87 results in:

Xn: Fi =ma (2.88)

i=1

Equation 2.88 is identical with the result which would be attained for a particle of
mass m, which equals the total mass of the particles of the system, acted upon by
the sum of all of the external forces. In other words, the center of mass G of an
aggregate system of particles translates as if the entire mass of the system and all
of the external forces acting upon the disparate particles were concentrated at that
point.

Angular Momentum of an Aggregate of Particles About Its Mass Center
There are applications where it is advantageous to consider the movement of the
particles of the system with respect to a centroidal (mass center) frame Gx'y'z/,
which translates with respect to the Newtonian frame Oxyz. It will be demonstrated
that 3, Mo; = H, still holds when the frame Oxyz is replaced by Gx'y'z’.
Denoting by r; and v;, the position and velocity vector, respectively, of the point P;
relative to the moving axes Gx'y’z’, the angular momentum H; of the system of
particles about the mass center G is as follows:

n
H = "r] x mv] (2.89)
i=1
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Differentiating both sides of Eq. 2.89 with respect to r we get (see Eq.2.81):

n
H = rl x mid] (2.90)

i=1

where a/ stands for the acceleration of P; with respect to Gx’y’z’. The acceleration
of particle P; with respect to the inertial coordinate frame is:

ai=a+a, =a, =a —a (2.91)

where a; and a, respectively, symbolize the accelerations of particle P; and the
center of mass G with respect to the inertial frame Oxyz. Inserting the expression
for a] above into Eq.2.90 results in:

n n
HG = (r] x mia;) — (Z m,'rl-/) xa (2.92)
=1 =1
l l
=0

The term ) i m;r; = mr’ = 0, since the position vector 7" of G relative to the
frame Gx'y’7’ is zero. Equation 2.92 becomes:

HG = (] xmiap) =Y _(r] x F) (2.93)
i=1

i=1

The sum in Eq. 2.93 therefore reduces to the moment about G of the external forces
acting on the particles of the system which can be written as:

n
Z Mg, = H (2.94)

i=1

The above equation expresses the fact that the moment about the point G of all of
the external forces is equal to the time derivative of the angular momentum about
G of the aggregate system of particles. In Eq.2.89 the angular momentum H_, was
defined as the sum of the moments about G of all of the particles m;v; in their
movements with respect to the centroidal frame of reference Gx'y’z'. Sometimes it
may be desirable to compute the sum Hg of the moments about G of the particles
m;v; with regard to the inertial frame of reference Oxyz, that is:

n
Hg =Y _(r] x mjv) (2.95)
i=1
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Since v; = v + v/, Eq.2.95 becomes:

n n
Hg = (Zm,r[) XU+ Zmiri’ X v (2.96)
i=1 i=1

As observed earlier, the first term in Eq. 2.96 is equal to zero since (Z:’:I m;r] ) =
mr’ = 0. The location of r/ is at the center of mass of the particles or at the
origin of the Gx'y’z" coordinate frame. Hence, the angular momenta H/; and Hg
are identical. This implies that their respective time derivatives are equal as well, or:

Hg = H}; (2.97)

Summarizing, the angular momentum Hg can be computed by forming the
moments about G of the particles in their motion with respect to either the
Newtonian frame Oxyz or the centroidal frame Gx’y’z’:

n n
Hg =Y _(r] x mv)) = Y _(r] x mjv)) (2.98)
i=1 i=1

Kinetic Energy of an Aggregate (System) of Particles (Beer et al. [4, pp. 872—
873])

The kinetic energy T of a system made up of many individual particles is defined to
be the sum of the kinetic energies of the individual particles of the system and may
be written as:

1 n
T=> ;(miviz) (2.99)

It is often convenient, when computing the kinetic energy of a system comprised of
a large number of particles (as is the case for a rigid body) to consider the motion of
the mass center G of the system and the motion of the system relative to a moving
frame attached to G, separately. The velocity v; of particle P; relative to the inertial

coordinate frame Oxyz may be expressed in the form of: v; = v + v/, where 7 is
the velocity of the mass center G relative to the inertial frame and v is the velocity
2

of particle P; relative to the frame Gx"y’z’. Since v; = v; - v;, the kinetic energy of
Eq.2.99 becomes:

R I _
T =2 ) mivi-v) =5 3 mi@+v) - (@ + )
i=1 i=1

o [/ n n n

v _ 1

?(E (mi)>+v~ E mivl{—i—z E miv}?
i—1 i=1 i=1

(2.100)
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In the above equation (Eq.2.100) the first sum represents the total mass m of the
system. The second sum is equal to mv’ = 0 since v’ represents the velocity of the
center of mass G relative to the centroidal frame Gx’y’z’ (which is clearly zero).
Hence Eq. 2.100 may be written as:

1 1 &
T = Emﬁz +3 > mivf? (2.101)
i=1

The above equation demonstrates that the kinetic energy 7 of a system of particles
can be obtained by adding the kinetic energy of the mass center G and the kinetic
energy of the system of particles as it moves relative to the frame Gx'y’z’.

2.12 Principle of Work and Energy for a Rigid Body

The concept of work and energy for a rigid body is based upon chapters 10 and 17
in the book by Beer et al. [4, pp. 560-562, 1082—1085].

Assume that the rigid body is composed of a very large number n of mass particles
each with weight Am;. The mathematical expression of the principle of work and
energy is: Ty + U1 = T», where T} and T, are the initial and final values of the
kinetic energy of the particles forming the rigid body and Uj_,, is the work of all
the forces acting on the assorted particles of the body. The total kinetic energy is
then:

1 n
T = EZ;Am,»v,? (2.102)
1=

The expression Uj_., symbolizes the work of all the forces, either internal or
external, acting on the complete set of particles which compose the rigid body.
However, the total work of the internal forces which hold together the disparate
particles of a rigid body is zero. Consider any two particles A and B of a rigid
body and the two equal and opposing forces F' and — F which they bring to bear on
each other (see Fig. 2.17). In general, small shifts dr and dr’ of the two particles are
different, however, the components of these displacements along the line connecting
the two particles, the line AB, must be equal, otherwise, the distance between the
particles would change and the body could not be considered to be rigid. Therefore,
the work done by the force F is equal in magnitude to the work of —F, and their
sum is zero. Hence it may be safely assumed that the total work of the internal forces
acting on the particles of a rigid body is zero, and the expression for the work U; 2,
in the equation of the principle of work and energy, 71 + U;_.2 = T3 includes only
the work of the external forces acting on the body during the displacement under
consideration.
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Fig. 2.17 Small displacements dr and dr’ of the two particles differ but the components of these
displacements along A — B are equal—no net internal forces

Work Performed by Forces Acting on a Rigid Body
Previously it was noted that the work of a force F during a shift of its point of
application from Bj to Bj is:

B
Ui—» :/ F -dr (2.103)
B

1

or

K2
U1_>2=/ (|F| cos a)ds (2.104)
51

where |F| is the magnitude of the force, « is the angle between the direction of
motion of the rigid body and the direction of the applied force at the point of
application B, and s is the variable of integration which measures the distance
traveled by B along its path.

When calculating the work of the external forces acting on a rigid body, it is
advantageous to determine the work of a couple without considering the work of
each of the two forces forming the couple separately. The two forces F and —F
form a couple of moment M and act on the rigid body (see Fig.2.18). Any small
movement of the rigid body which transports A and B into A’ and B”, respectively,
can be separated into two parts: in the first part, points A and B undergo matching
shifts dry; in the second, A’ remains in place while B’ moves into point B” through
a distance of dry whose magnitude is: |dry| = ds) = rd9 r = |B’ — A’|. During
the first phase of the motion of the rigid body, the work of F is commensurate in
magnitude and opposite in sign to the work of — F and their sum is therefore zero.
In the second phase, only force F' performs useful work which is: dU = Fdsy =
Frd6. Note that the product Fr is equal to the magnitude M, the moment of the
applied couple. Hence, the work of a moment M acting on a rigid body is simply:

dU = Mde (2.105)
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Fig. 2.18 Work done PO
by couple -
M =dU = Fds, = Frd6

where d6 is the small angle through which the rigid body pivots (around point
A”). The work performed by the couple during a finite rotation of the rigid body
is calculated by integrating both sides of Eq.2.105 from the initial value 6, of the
angle 6 to its final amount 8,. We write this expression as follows:

&)
Ui = Mdo (2.106)
01

If the moment M of the couple is constant, the above formula 2.106 becomes:
U2 = M6 —61) (2.107)

There exist a number of forces which arise in problems of kinetics which do no
work. These include forces applied to fixed points where there is no subsequent
motion involved or which act in a direction orthogonal to the displacement of their
application point. Among the forces which do not perform any work, the following
have been included:

1. the reaction force at a frictionless pin when the body being supported rotates
about the pin

2. the reaction force of a frictionless surface when the body in contact moves along

the surface

. the weight of a body when its center of gravity moves horizontally.

4. when a rigid body rolls without slipping on a fixed surface, the friction force F at
the point of contact C doesn’t perform any work since the velocity vc at the point
of contact C is zero. The work of the friction force F', during a small movement
of the rigid body is therefore: dU = Fdsc = F(vcdt) = 0.

W

Kinetic Energy of a Rigid Body in Planar Motion
Assume that a rigid body of mass m is undergoing planar motion (see Fig.2.19). If
the absolute velocity v; of each mass particle P; of the body is written as the sum of
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Fig. 2.19 Rigid body in
plane motion—Xkinetic energy y

the velocity v of the center of mass G and of the velocity v; of the particle relative to
a non-rotating frame Gx’y’ which is rigidly attached to G, then from Eq.2.101, the
kinetic energy of the system of particles forming the rigid body may be written as:

1 1 &
T = zm# +5 ;(Ami)ugz (2.108)

where Am; is the mass of any particle of which the rigid body is made up of.
However, the magnitude v equals the product r/w, where ] is the distance of P;
from the axis of rotation (which passes through G and is perpendicular to the plane
of motion), and of the magnitude w of the angular velocity of the body at the instant
under consideration. Substituting the expression v; = r/w into Eq.2.108 results in:

T = —mv + - (Zr’zAm,> (2.109)

Since the sum in Eq.2.109 equals the moment of inertia I of the rigid body about
the axis of rotation (which passes through G and is perpendicular to the plane),
Eq. 2.109 becomes:

1 1-
T=- =1 2.110
2mv + 3 w? ( )
When a rigid body is in translation only, that is @ = 0, then the above expression is
reduced to %miz, while in the case of a rotation only about the body’s c.g., without

translation, that is when v = 0, Eq. 2.110 becomes: %7(92. In conclusion, it becomes
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apparent that the kinetic energy of a rigid body in planar motion can be divided into
two parts:

1. the kinetic energy %miz associated with the linear translatory motion of the

center of mass point G of the body
2. the kinetic energy %I w” which is due to the rotation of the body about G.

Kinetic Energy of a Rigid Body in Planar Motion: Non-centroidal Rotation
Equation 2.110 is valid for any type of planar motion. Hence it can be used to
calculate the kinetic energy of a rigid body which is rotating about a fixed axis
through O (see Fig. 2.20) with an angular velocity w. The kinetic energy of the body
can be written in a more direct fashion by noting that the speed v; of the particle
P; equals the product r;w, where r; is the distance from the fixed axis to the point
P; and w is the magnitude of the instantaneous angular velocity of the rigid body.
Substituting this expression into Eq. 2.102 results in:

1 1 (¢
T = 5 X:(Ami)(ria))2 = 3 (Z F?Ami) w? (2.111)
i=1 i=1

Since the terms within the brackets on the right-hand side of Eq.2.111 is defined to
be the moment of inertia of the rigid body about the fixed axis through O, that is
Io =Y.' r}Am;, then Eq.2.111 becomes:

1

1
T=§m& (2.112)
It should be noted that the above results are not limited to the motion of plane slabs
or to the motion of bodies which are symmetrical with respect to the reference plane,
but can be applied to the investigation of planar motion of any rigid body, regardless
of its shape.

Fig. 2.20 Rigid body in v
plane motion—noncentroidal _
rotation Vs
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2.13 Angular Momentum of a Rigid Body in Three
Dimensions

We now turn to the dynamics of rigid bodies in three dimensions (see Beer et al.
[4, pp. 1147-1148]).

Hg, the angular momentum of a body about its mass center G can be calculated
from the angular rate w of the body when three-dimensional motion is considered.
The angular momentum of the body about G may be determined in accordance with
Eq.2.98, as follows:

n n
Hg = Z(r; x Am;v;) = Z(r; X Am;v)) (2.113)

i=1 i=1

where r/ and v, denote the position and velocity vectors, respectively, of the particle
P;, of mass Am;, relative to the body fixed non-rotating (“‘centroidal frame”) frame
Gxyz, whose origin is located at the body’s c.g. point (see Fig.2.21). However,
v, = w X r{, where o is the instantaneous angular velocity of the body. Substitution
of this latter result into Eq. 2.113 results in:

n n

Hg =Y () x Ampv)) = Y [r] x (@ x r)) Am;] (2.114)

i=1 i=1

Assuming that the angular velocity vector of the body at the instant considered, ,
may be decomposed into three orthogonal components, w = [wy, wy, w,], which
are the terms along the x, y, and z coordinates, respectively, of the Gxyz coordinate
system and further assuming that the position vector r/ may be also accordingly
decomposed, that is rl.’ = [xi, vi, zi], we have:

Fig. 2.21 Rigid body angular
momentum in three
dimensions
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i j ok
® X r{ = | wy wy o | = i(wyzi — yiwz) + jlwxi — ziwy) + k(wxyi — xiwy)
Xi Vi Zi
(2.115)

Proceeding to calculate the vector product r/ x (w X r}), based upon the result of
w x r] from Eq. 2.115, we have

i j k
rix (@ xr) = X Vi Zi
(wyzi — Yiwy) (Wzx; — zjwy) (Wxyi — Xiwy)
= i[yi(@xyi — Xiwy) — Zi(@x; — Zix)]
+Jlzi (wyzi — yiwy) — Xi(wxyi — Xjwy)]
kX (0% — zioy) — Yi(wyzi — yi;)]
= i[wy O} +77) — WyX;yi — W X;Z]
—}—f[a)y(xl? +27) — Oy Xy — @271
+hlw: (57 + y7) — oxxizi — oyizi] (2.116)

Adding Am; to Eq.2.116 and summing, the result is:

n
Hg =i (3} +2}) — oyxiyi — o.xizi)Am;
i=1

n
+7 ) oy +2) — wexiyi — w2yizil Am;
i=1

+ kZ a)z(x + yl — WxXiZi — wyyiZi]Am; 2.117)
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Letting the masses Am; become infinitesimally small, replacing the summation sign
with integrals and letting the components of Hg be Hg = [Hy, Hy, H;] leads to:

Hx=a)x/(y2~|—zz)dm—a)y/xydm—cuz/zxdm
Hy=a)y/(x2+z2)dm—wxfyxdm—wzfyzdm

HZ:wZ/(x2+y2)dm—wx/Zxdm—a)y/yzdm
2.118)

It should be noted that the integrals containing squared terms signify the “cen-
troidal” mass moments of inertia of the rigid body about the x, y, and z axes,
respectively, and the integrals containing products of the mutually orthogonal
coordinates represent the “centroidal” mass products of inertia of the rigid body.
Defining the entities within the integrals as follows, we have:

L L= [P +2dm; Iy = [P +2D)dm; I = [P+ y?)dm
2. Iy = [xydm; I,,=[yzdm; I,=[zxdm
3. Ley =1y Ly =1y, g = Iy

Rewriting Eq. 2.118 with the above definitions results in:

Hy = wx Iy — wylyy — w1y,
Hy = wyIy — wylyy — w1y,
H, = w,I; — wyl;x — wylzy
(2.119)
Equations 2.119 demonstrate that the operation which transforms the vector w into

the vector Hg consists of the array of moments and products of inertia. In matrix
form this relationship is as follows:

I, —Iy —Iy; Wy
He = | —L)x I, —Iy wy (2.120)
Iy =1y, I Wy

It should be noted that, having obtained the linear momentum mv and the angular
momentum Hg of a rigid body, the angular momentum about a point O, Hp can be
easily determined by addition of Hg, the angular momentum at G, with the angular
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Y H.
H,=H_ +rXmv L=mv
IA _IX\-' _IYZ
HG: _Iw\ I}'- _Iw.
_In _fz_v ‘fz e o
=
M center of mass
o/’ :
2

Fig. 2.22 Rigid body angular momentum in three dimensions about a point O

momentum about O of vector mv (see Fig.2.22 and Beer et al. [4, p. 1150]) as
follows:

Ho = Hg +T x mv (2.121)

where m is the mass of the body, 7 is the distance from point O to the center of
gravity of the body, and v is the linear velocity at the c.g. point of the body.

Kinetic Energy of a Rigid Body in Three Dimensions (Beer et al. [4, pp. 1152—
1153])

Examining a rigid body of mass m in three-dimensional motion, and recalling that
if the absolute velocity v; of each particle P; of the rigid body is written as the sum
of the velocity v of the mass center G of the body and of the velocity v, of each
of the particles relative to a frame Gxyz attached to G and of fixed orientation (see
Fig. 2.23), the kinetic energy of the aggregate of the particles forming the rigid body
can be expressed as:

1 1 &
T = Emﬁz +3 > (amiv? (2.122)
i=l1

where the term on the right signifies the Kinetic energy T’ of the body relative to
the centroidal non-rotating frame Gxyz. Since v; = w x r;, T’ of Eq. 2.122 may be
expressed in the following form:

n

1
T = 3 Z(a) x r)}Am; (2.123)
i=1
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Fig. 2.23 Kinetic energy of a
rigid body in three
dimensions

From Eq. 2.115 we have: a)xrl./ = f(a)yzi —y,'a)z)—i—f(a)zxi —z,-a)x)—f—lg(a)xyi —X;jWy),
and thus (o x r]) - (@ X r]) becomes:

(@ x 7)) (@ x 1)) = (Wyzi — Yiwy)* + (% — ziwy)* + (Wx Y — Xiwy)?
= a)f(ziz + y,~2) + wi(x? + Z,-z) + a)?(xiz + yiz)

— 20y wyX; Yi — 20y 0 X Zi — 20yw0;Z; i

(2.124)
The expression for 77, Eq. 2.123 then becomes:
1 n
T'=3 Z[wi(z? + 1) + 0l(F + 2D + 02 (6F + ¥
i=1
— 20y wyX; Vi — 20y XiZi — Zwywzz,-y,-]Ami (2.125)

Letting the masses Am; become infinitesimally small and replacing the summation
sign with integrals results in:

1 1 1
T = Ea)f /‘(z2 + yz)dm + §w§ /(x2 +z5)dm + wa /(x2 + yz)dm

1 1 1
—2a)xa)y§/xydm - 2a)xa)Z§/xzdm —2w),wzzfzydm

(2.126)
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The expressions of Eq.2.126 within the integral signs are the same as those of
Eq.2.118 and so T’ may be written in the form:

1
=3 |2+ @31y + 2L = 200y Ly = 20002 L; = 2050:yc |

(2.127)

Substituting Eq. 2.127 into the expression for the kinetic energy of the body relative
to centroidal axes, Eq. 2.122, the result is:

1 1
T = Emvz 3 [wﬁlx + @2y + 2L, — 2030y Ly — 2030 I — 2wywzlyz]

(2.128)

If the coordinate frame is chosen so that it coincides instantaneously with the
principal axes x’, ', 7’ of the body, that is the axis system wherein the products
of inertia Iy, Iy;, Iy, are all identically zero, the relation obtained in Eq.2.128
reduces to:

1 =2 1 2 2 2
T = Smi?+ 5 [wx, oLy + wz,lz/] (2.129)



Chapter 3 )
Lagrangian Dynamics Qs

In this chapter, the fundamental ideas which make up the main body of the
theory of classical Lagrangian dynamics are presented. These include among
others, the notion of generalized coordinates and degrees of freedom, generalized
forces, configuration and velocity constraints, Pfaffian forms, and the definitions
of holonomic and non-holonomic systems. The concept of virtual work for static
systems and the principle of d’ Alembert are used for the formulation of the virtual
work principle for dynamical systems. These two aforementioned principles are
combined into the extended Hamilton’s principle which is the precursor to the
derivation of the d’Alembert-Lagrange equations of motion. Since conservative
forces play such a central role in classical mechanics, these types of forces are
investigated and the equivalence between the work performed by a conservative
force and the change in the potential energy due to the former is established. Finally,
the d’Alembert-Lagrange procedure for the derivation of equations of motion is
formulated with the aid of the extended Hamilton’s principle. One method by which
to deal with the problem of constraints within the framework of the d’ Alembert—
Lagrange formalism in mechanics is by means of Lagrangian multipliers which
are covered in the present chapter. The generalized forces encountered in practice
are usually of the non-conservative type and a systematic procedure employing the
concept of virtual work and illustrated through examples is presented in order to
deal with these forces. The final section of this chapter deals with the notions of
Hamiltonians and the connection between the Lagrangian and the Hamiltonian via
the Legendre transformation.
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64 3 Lagrangian Dynamics

3.1 Definitions Required for the Study of Lagrangian
Dynamics

The following definitions, taken from the lectures by MIT Profs. J. Vandiver and
David Gossard (see 2.003SC Engineering Dynamics—An Introduction to Lagrange
Equations—Lecture Notes [49]), and additional material taken from Professor Haim
Baruh’s book [3, pp. 216-220, 223-224], shall be used henceforth:

Generalized Coordinates Consider an inertial coordinate system and let
r;(x;, yi, zi) represent the location of the ith particle within this coordinate frame.
The vector r; may be expressed in Cartesian coordinates i, j, k as:

ri=xiit+yj+zk i=12,...,N 3.1)

In many cases, it is more advantageous to use a different set of variables,
other than the physical coordinates to describe the motion of the system. A
set of variables ¢1,¢92,...,9,, n = 3N, related to the physical coordinates
X1, Y1, 21, .-, XN, YN, 2y may be defined as follows:

X1 =x1(q1,92, .-+ qn)
yi=y1(q1.92,---,qn)
21 =21(q1,92, -+ qn)
x2 =x2(q1,92, - -, qn)

'xN ZxN (q13q2a~--,(h)
yN = YN (q1.92, ..., qn)
N =28 (q1.92, -, qn)

(3.2)

The generalized coordinates of a mechanical system are therefore the minimum
group of parameters which can completely and unambiguously define the configu-
ration of that system. They are called generalized because they are not restricted
to being Cartesian coordinates and are not even required to be measured from
an inertial reference frame. However, they are used to express the kinetic and
potential energies of the rigid bodies which make up the dynamical system. The
kinetic and potential energy must be computed with respect to an inertial reference
frame. Therefore the generalized coordinates must be able to express the velocity
and displacement of rigid bodies with respect to an inertial frame of reference.
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Fig. 3.1 A spherical z
pendulum whose length L
may or may not vary

For example, the spherical pendulum in Fig.3.1 can be located with Cartesian
coordinates x, y, z or by generalized coordinates q1, g2, g3, where g1 = L, g» = 0,
q3 = ¢. The two sets of coordinates are related by:

x = Lcosfsing = gy cos(qz) sin(g3z)
y = Lsinfsin¢ = g sin(gz) sin(g3) (3.3)
z = —Lcos¢ = —qi cos(g3)

If the length of the pendulum is constant, that is, g; = L = constant, then only the
variables g» = 6 and g3 = ¢ are required. If we decide to use the coordinates x, y, z
to describe the motion, they must be related to the constraint equation, that is:

x2+y2+z2=L2

= constant (3.4
Constraint relations such as the latter indicate that the generalized coordinates
x,y,z are related to each other and hence it is possible to analyze the system
with fewer of them. We therefore need to distinguish between a set of generalized
coordinates where each coordinate is independent of all the others and a set where at
least one generalized coordinate is not independent, such as in the above example.
In general, for a system consisting of N particles with m constraints (m constraint
equations) acting on it, the system can be uniquely described by p independent
generalized coordinates qy, (k = 1,2, ..., p), where:

p=3N—-m=n—-—m; n=3N 3.5)

in which p signifies the number of degrees of freedom of the system. The number
of degrees of freedom is independent of the coordinates used and is a characteristic
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]

Fig. 3.2 A particle moving
on a smooth surface

flx,y,z,t)=0

% P

of the dynamical system. While there exists more than one way of selecting the
number and types of generalized coordinates, the number of degrees of freedom
p = n — m is invariant.

Equality Constraints In dynamical systems, constraints arise as a result of contact
between two or more bodies and their effects are to restrict the motion of the
bodies to which the constraints are applied. Each constraint has associated with it
a constraint equation and a constraint force, which may be regarded as a contact
or reaction force. The constraint equation is a description of the geometry or
kinematics of the contact. Note that equations of constraint may also be written
when the observer is situated within a moving reference frame and there are no
contacts. The relative motion equation between the observer and the system under
observation then becomes the constraint equation. Figure 3.2 depicts a particle P,
constrained to move on a smooth surface whose shape function or configuration
constraint is:

fx,y,2,t)=0 (3.6)

The shape function f(x,y, z,¢) = 0 is smooth and has both first and second
derivatives in all of its variables. For a system described in terms of n generalized
coordinates, the corresponding configuration constraint may be written in the form:

fi.q2,...,q2,) =0 3.7
and the time derivative of f (in terms of its generalized coordinates g1, g2, . . ., gn, )
may be shown to be:

af _ of . of . of . af
Y+ g+ 0 (3.8)

dt — dq g2 0qn ot
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The corresponding differential, which expresses the constraint relations in Pfaffian
form, may be written as:

a a a a
df:—qu1+—quz+-~'+ qun—i-—fdt:O
9q1 Rl7p) Aqn ot

The time derivative (Eq.3.8) of the constraint equation results in constraint
equations in velocity form (or velocity or motion constraints), which may be written
in terms of the n generalized coordinates as:

df af . aof . af . af
— IC R A— 3.9
s 3q1q1 + 8q2q2+ + aqnqn + » (3.9

As becomes apparent, the general form of a velocity constraint in terms of the n
generalized coordinates becomes:

n

D apgi+ajp=0 j=12....m (3.10)

k=1
where ajx and ajo (j = 1,2,...,m;k = 1,2,...,n) are functions of the
generalized coordinates, for example, a;x = a;x(q1, g2, .- ., qn, t). Assuming that
f(q1,92,--.,qn,t) = 0 represents the ith constraint, it is possible to relate the

partial derivatives of f with respect to the generalized coordinates to the aj; terms
and a o as follows:

df  af . af . af . af
A —-L . —t
ar a9, T

n
Y ajdk+ajo=0 j=12....m

k=1
af af af af
= a1 =—,0)2=—,...,0, = —,a;) = — 3.11
ail a0 a2 92 Ain 9 aio a3 ( )

It should be noted that when constraints are imposed upon a set of independent
generalized coordinates, some of the generalized coordinates lose their indepen-
dence. A constraint that can be expressed as both a configuration constraint
f(q1.92, ..., gs) = 0and a velocity constraint of the type Y ;_, ajkx +ajo =0
Jj =1,2,...,m is referred to as a holonomic constraint (see Prof. Marghitu [20,
pp- 211]). Constraints which do not possess this property are designated as non-
holonomic constraints. A holonomic constraint which doesn’t depend explicitly on
time, that is, f(q1,q2,...,q,) = 0, is called a scleronomic constraint, while a
holonomic constraint which is explicitly time dependent is known as a rheonomic
constraint. Since the majority of constraints encountered in engineering applications
are scleronomic, only these types of holonomic constraints will be considered.
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Holonomic Systems From the discussion above, it is to be noted that a constraint
that can be expressed as both a configuration and a velocity constraint is referred to
as a holonomic constraint. When there are no constraints which restrict the motion
of the system, it becomes apparent that a holonomic system is one in which the
number of independent generalized coordinates required to describe the motion of
the system equals the number of degrees of freedom, thatis, p =n —m;m = 0.

Non-Holonomic Systems When the constraint is non-holonomic, there is no
integration factor which will allow the differential df to be integrated to become f.
Furthermore, the constraint force associated with a non-holonomic constraint cannot
be expressed as a force normal to a surface S, i.e., the non-holonomic constraint
doesn’t define a surface—it is a constraint on the generalized velocities.

Consider a system that originally has n degrees of freedom and is subjected to
m holonomic constraints. The constraints reduce the degrees of freedom from n to
n — m. The resulting system is unconstrained of order n — m.

By contrast, a non-holonomic constraint constrains only the generalized veloc-
ities without affecting the generalized coordinates. In such systems there are n
generalized coordinates and n — m independent generalized velocities.

Figure 3.3 depicts a typical non-holonomic system undergoing planar motion.
The configuration coordinates related to point A are X4, Y4 with respect to the
inertial coordinates X, Y and 6, the angle the body makes relative to the inertial X
axis. The non-holonomic constraint is associated with the translational velocity of
point A, vy4, which, in vector form is:

VA= Xal +YaJ (3.12)

Fig. 3.3 Generic vehicle
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Since there is no sideways motion, the constraint may be described by:

va-j=0;j=cosfJ —sinf] = vy -j
= (Xal +YaJ) - (cosOJ —sin6I)
. - ¥y,
=Ysc080 — Xasin0=0=> X4 ——=0 (3.13)
tan 6
The system is non-holonomic since the velocity constraint cannot be integrated to
yield a configuration constraint. The associated constraint force is essentially the
resistance of point A to any sideways motion or the resistance to any movement
perpendicular to the motion in the v4 direction. A different category of constraints
restricts a particle or system to a domain bounded by a surface. Such a constraint
may be expressed as an inequality of the form: f(x, y, z,¢) > 0, for a bounding
surface in motion and is known as an inequality constraint. It is also non-holonomic
since it cannot be integrated.

Degrees of Freedom The number of degrees of freedom of a system is the
number of coordinates that can be independently varied in a small displacement.
Stated another way, the number of degrees of freedom is the same as the number
of independent directions in which a system can move from any given initial
configuration. Consider a system consisting of N rigid bodies in 2D space. Each
rigid body has three degrees of freedom: two translational and one rotational. The
N-body system has 3N degrees of freedom. Now let’s say that there are k kinematic
constraints. Then the system has d = 3N — k degrees of freedom. For example, a
single uniform stick confined to a vertical, x—y plane has three degrees of freedom,
x, y, and rotation, 6 about the z axis. It has no additional constraints. If we connect
one end of the stick to a pivot, it now has two constraints, one in each of the x and y
directions. It is still free to rotate. Therefore d = 3 — 2 = 1 dof. The motion of the
pinned stick may be completely specified by one coordinate, the angle of rotation.

Completeness and Independence of Generalized Coordinates In choosing
which coordinates to use one must obey two requirements:

1. A set of generalized coordinates is complete, if it is capable of locating all parts
of the system at all times.

2. A set of generalized coordinates is independent if, when all but one of the
generalized coordinates are fixed, there remains a continuous range of values
for that one coordinate.

For example, specifying coordinates xi, y; and xz, y» in the double pendulum
system depicted in Fig.3.4, we have four coordinates which fully describe the
locations of the masses of the system. However, the system has only two degrees
of freedom. It turns out that the specified coordinates are not independent, since
fixing x2, y2 and y; will not allow us to obtain a continuous range of values for x
(we assume that the strings are of fixed length). A better choice for the generalized
coordinates would be 61 and 8. These two coordinates are indeed independent.
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Fig. 3.4 Double pendulum N
system

Fig. 3.5 Non-holonomic Az
system—+# of degrees of

freedom < # coord. needed to

fully determine position of .

the ball 2] ¢

X 7
]
yE
Ball free to roll around on x-y plane without
slipping

Ball can rotate around x-axis and around y-axis
but not around z-axis

In summary, in order to find the equations of motion of a dynamical system using
Lagrange equations, one must first determine the number of degrees of freedom, “d,”
and then choose a set of “d” generalized coordinates, which make up a complete
and independent set. If the system is non-holonomic, and of the following type:
Z;’zl ajeqe +aj;dt = 0; j = 1,2,...,k, itis possible to solve a modified form
of Lagrange’s equations in order to obtain the system’s dynamics. This topic will
be dealt with in greater detail in Chap. 4. An example of a non-holonomic system
in which more coordinates are needed than the system’s degrees of freedom is
described by the following system (see Fig. 3.5).

The ball is allowed to roll about the x and y axes, but not spin around the z axis.
The ball without any constraints has six degrees of freedom. When it is constrained
to not have any translatory motion in the z direction, it then has five degrees of
freedom. Without being allowed to spin along the z axis it is therefore reduced to
four degrees of freedom. The ball cannot slip, i.e., it has no translatory motion in
the x — y plane and this reduces the number of degrees of freedom from four to
two. However, to fully describe the location of the ball and its orientation, four
coordinates are required, two translation coordinates in the x—y plane and two
angular coordinates 6 around the y axis and ¢ around the x axis, respectively. Hence
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the number of degrees of freedom is smaller than the number of coordinates needed
to fully describe its position and the system is therefore non-holonomic (see Prof.
Vandiver, Lecture 15 [42]).

3.2

Summary: Holonomic and Non-holonomic Systems

Definitions

¢ Holonomic Constraints

1.

If the conditions of constraint can be expressed as equations connecting
the coordinates of the particle (and possibly the time) having the form:
f(@r1,r2,...,t) = 0, then the constraints are said to be holonomic. Con-
straints which are not expressible in the form of the above equation are
non-holonomic (see Goldstein [28, pp. 12-16]).

. A constraint that can be expressed as an equation in just the configuration

variables, and possibly time, but independent of the rate variables” (see Mason
(21, pp. 25-27]).

. Since a holonomic constraint is one that can be expressed as a functional

relationship between the coordinates: f(g1,q2,...) = 0, using such a
constraint, by simple substitution, one of the coordinates may be eliminated.

¢ Non-Holonomic Constraints

1.

If the conditions of constraint can be expressed as follows:

f@ri,ra, ... 1y, 71,72, ..., Ty, t) = 0, then the constraints are said to be
non-holonomic.
For a non-holonomic constraint, either rate variables or inequalities are
required (see Mason [21, pp. 25-27]).
A non-holonomic constraint is one that cannot be expressed in terms of
the position variables alone, but includes the time derivative of one or
more of those variables. These constraint equations cannot be integrated to
obtain relationships solely between the joint variables. The most common
example in robotic systems arises from the use of a wheel or roller that rolls
without slipping on another member (see Springer Handbook of Robotics
[33, pp. 25)).
In general, a non-holonomic constraint is a differential equality constraint
that cannot be integrated into a constraint that involves no derivatives. A
simple example is that of a car which cannot move sideways, thereby making
parallel parking more difficult (see Springer Handbook of Robotics [33,
pp. 148]).
Three variables are required to locate a car on the plane—two for its position
and one for its angle. However a car has only two degrees of freedom
at any instant, acceleration/deceleration and steering, yet it can reach any
configuration in the plane by judicious maneuvers.
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6.

10.
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In the case of non-holonomic constraints it is not possible to give arbitrary
and independent variations to the generalized coordinates without violating
the constraint relations. In a non-holonomic system, the variations or
changes 8q1, 6q2, . . ., 8q are related and are not independent. This implies
that (for scleronomic non-holonomic constraints):

n
D ajedqe=0;j=1.2,.... kik<n

e=1

(3.14)

The number of degrees of freedom is denoted by n, while k expresses
the number of constraint relations. These equations are in differential form
and are not integrable (see Greenwood [14, pp. 36-37] and Greiner [15,
pp- 301-303]). Non-holonomic constraints cannot be written in closed
form (algebraic equation), but instead must be expressed in terms of the
differentials of the coordinates (and possibly time), that is:

n
Zajedqe—l-aj,dt =0;j=12 ...,k

e=1

aje:w(CIl,QZw--vCIn»t) (315)

Constraints of this type are non-integrable and restrict the velocities of the
system, which implies that:

n
> ajede+aj =0;j=12 ..k (3.16)

e=1

. The following example was taken from Lecture 7 of the lecture series by

Prof. Deyst and How [9, pp. 15].

Example: Wheel rolling without slipping on a curved path (see Fig.3.6).
Define ¢ as the angle between the tangent to the path and the X-axis at the
instant of interest.

The non-holonomic constraints of rolling without slipping are as follows:

X =vcos¢p = récos¢
y =vsing = rf sing
dx —rcos¢dd =0
dy —rsingdf =0 3.17)
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Fig. 3.6 Wheel rolling without slipping on a curved path—classic example of a non-holonomic

system

11.

12.

13.

14.

15.

There are two differential equations of constraint, neither of which can be
integrated without solving the entire problem. Hence the constraints are non-
holonomic. The reason is that the change in 6 can be related to the change
in x, y for a given ¢, but the absolute value of 6 depends on the path taken
to get to that point (which is the “solution”). In other words, the absolute
value of 6 depends on the path taken to get to that point or the angle ¢,
which constitutes the solution to the problem. The problem cannot be solved
without knowledge of the solution. Since the angle ¢ is known only after
solving the problem, the equations are not integrable. Hence, the problem is
non-holonomic.

Why study non-holonomic constraints?

(a) It is fundamental to all of robotics.

(b) The robot has only a few motors, say k, while the task has many degrees
of freedom (DoF), say n. How many independent motions can the robot
produce? At most k. How many degrees of freedom in the task does the
robot wish to control? Perhaps all n. The difference between the number
of DoFs and the number of motors implies a non-holonomic constraint
(see Mason Lecture 5 [22, pp. 8]).

(c) A holonomic constraint is a constraint on configuration: it says there
are places you cannot go. It implies a reduction in freedom of motion,
while a non-holonomic constraint is a constraint on velocity: there are
directions you cannot go in, but you can still get to wherever you desire
(see Mason Lecture 5 [22, pp. 25]).

Non-holonomic Constraints: Constraints that constrain the velocities of
particles but not their positions (see Meam [18, pp. 7]).

With non-holonomic systems, the generalized coordinates are not indepen-
dent of each other (see Fantoni and Lozano [10, pp. 17]).

A non-holonomic system is one in which there is a continuous closed circuit
of the governing parameters, by which the system may be transformed from
any given state to any other state. Because the final state of the system
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depends on the intermediate values of its trajectory through parameter space,
the system cannot be represented by a conservative potential function such
as, for example, the inverse square law of the gravitational force. This latter
is an example of a holonomic system: path integrals in the system depend
only upon the initial and final states of the system (positions in the potential),
completely independent of the trajectory of transition between those states.
The system is therefore said to be integrable, while the non-holonomic
system is said to be non-integrable (see Wikipedia [1]).

For systems with holonomic constraints, the dependent coordinates can be elimi-
nated by introducing generalized coordinates. If the constraints are non-holonomic,
this approach does not work. There is no general method for treating non-holonomic
problems. Only for those special non-holonomic constraints that can be given in
differential form can one eliminate the dependent equations by the method of
Lagrange multipliers or quasi-velocities. The approach taken closely mirrors that of
Meirovitch [23, pp. 157-164], Cameron and Book [8, pp 47-59], and Vepa[50] and
will be presented in the next chapter. There exists a more advanced approach to the
subject of non-holonomic systems, their characterization, identification, and control
based on the following topics found in differential geometry and related subject
matter such as Lie groups, Lie algebras, etc. A partial list includes the following
topics:

Manifolds, differentiable manifolds, manifolds and maps
Tangent vectors, spaces, vector fields
Fiber bundles
Differential k-forms
Exterior derivatives
Jacobi-Lie brackets, Lie groups
Vector fields and flows
Lie brackets and Frobenius’ theorem, the Lie algebra associated with a Lie
group, actions of Lie groups, Canonical coordinates on a Lie group
9. Tangent spaces and tangent maps
10. Cotangent spaces and cotangent maps
11. Differential forms
12. The exponential map
13. The geometry of the Euclidean group, metric properties of SE(3), volume forms
on SE(3)
14. Lie groups and robot kinematics

NN R P~

The interested reader is encouraged to pursue these topics in greater detail by
referring to the following works by Murray et al. (A Mathematical Introduction to
Robotic Manipulation [25]), Selig (Geometrical Methods in Robotics [32]), Bullo
and Lewis (Geometric Control of Mechanical Systems Modeling, Analysis, and
Design for Simple Mechanical Control Systems [7]), Bloch et al. (Nonholonomic
Mechanics and Control [5]), Soltakhanov et al. (Mechanics of Non-Holonomic
systems [35]), to name but a few.
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3.3 Virtual Work for Static Systems Only

The approach taken in the sequel is that outlined in the book by Meirovitch (see [24,
pp- 263-267]). Consider a system of N particles residing within a three-dimensional
enclosure and let the virtual displacements

8x1, 8y1, 8z1, 8x2, 8y2,8z2,...,08xN, Syn, Szn

be defined as infinitesimal changes in the Cartesian coordinates of x1, y1, 21, X2, 2,
22,...,XN, YN, ZN. Although the virtual displacements are arbitrary, they must
however comply with the system constraints. For example, if a particle is confined
to a surface, then the virtual displacement must be along that surface, since a real
particle can neither penetrate nor leave the surface. The virtual displacements are
small (imaginary) variations in the coordinates, achieved by envisaging that the
system’s position has been ever so slightly displaced. The underlying assumption
is that the virtual displacement process is instantaneous, and so §t = 0. Since the
virtual displacements are infinitesimal they obey the rules of differential calculus. A
key presupposition is that on every particle in the system there is a resultant force
R; which is the sum of an externally applied force such as gravity, aerodynamic lift,
drag, etc. and a constraining force, such as a force which confines the motion of the
particle to the surface upon which it moves. Mathematically, we have:

Ri=F+f,i=12..N

where F; is an externally applied force and f; is a constraining force. When the
system is in equilibrium, each and every particle must be at rest, which implies that
the resultant force on each particle must be nullified, or R; = F; + f; = 0,i =
1,2, ..., N. The virtual work on the ith particle is defined to be:

SW; =R;-6r;i=0,i=1,2,...,N
since R; = 0,i = 1,2,..., N. The above scalar products R; - §r; = 0,i =
1,2, ..., N represent the virtual work carried out by the resultant force R; due to

the virtual displacement vector §r; of the ith particle. Summing up the virtual work
for all of the N particles, we have:

N
WZZR,"(SI’I‘ZO
i=1

N N
=W =) F-8ri+» fi-ori=0 (3.18)
i=1 i=1
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We limit ourselves to systems for which the constraint forces act in directions which
are perpendicular or normal (or conjugate) to the virtual motions, such as a particle
confined to a smooth surface. This implies that the virtual work due to constraint
forces are zero. Conversely, if a particle is confined to a jagged, uneven surface,
there is a tangential component of the constraint force due to friction, in addition to
the component in the normal direction, which results in positive virtual work due to
the tangential constraint force. Thus, we rule out any constraining forces, such as
friction, etc., which gives rise to a non-zero virtual work value. With the virtual work
due to forces of constraint nullified, the sum of the virtual work due to constraint
forces and external forces may be written as:

N N

Y fibri=0=8W=> F-ér;=0 (3.19)

i=1 i=1

When the virtual displacements §r; are all independent and comply with system
constraints, we can invoke the arbitrariness of the virtual displacements and
conclude that

N
SW = Z 81 =0 (3.20)

which can be satisfied for all possible values of §r; only if
FF=0,i=1,2,...,N

The preceding statement is known as the principle of virtual work. However,
when the coordinates r; (i = 1,2, ..., N) are related by constraint equations, i.e.,
they are not independent, it is more convenient to use “generalized coordinates”
q1, 92, - - -, qn, Which may or may not be Cartesian coordinates. In vector form, we
have:

ri=ri(q1.q2, ... qn) i =1,2,.... N (3-2)

The rules of differential calculus must now be invoked in order to obtain the virtual
displacements:

) or; —8 +—8 Sgr+- -+ — ori LSqn = E o ) =12,...,N (322
T = :
i 3 q1 902 q92 3 qn = £ FPn 9k

where 841, 8q2, . .., 8q, are all independent virtual generalized displacements, as
opposed to §ri(i = 1,2,..., N) which are not independent. Replacing dr; in
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Eq. (3.20), with the value determined in Eq.(3.22) and changing the order of the
summations, we have:

N N n 97 n N a7
SW=Y Fi-sri=) F- 8—laqk=Z<ZE~a—’)aqk
i=1 i=1 =1 4k k=1 \i=1 Ik
n
= Okdqr =0 (3.23)
k=1
where
N or;
Qk=§:ﬂ-5i,k=LZ.”m (3.24)
qk

i=1

are designated as the generalized forces. Since all of the §g; are now independent
by definition and entirely arbitrary, it is possible to assign values to them according
to our whim. Letting 6g1 = 1,8¢q> = ég3 =, ..., = dg, = 0, it becomes apparent
that only Q1 = 0 can satisfy Eq. (3.23). Repeating the same procedure, but with
k =12,3,...,n, in sequence, we obtain the conditions for the static equilibrium of
the system of particles:

0r=0,k=1,2,...,n
8q1 =0qr = -+ =08qk—1 =0qk+1 = ...,0q, =0, dqx =1 (3.25)

3.4 The Principle of d’Alembert for Dynamical Systems

This section was adapted from Meirovitch [23, pp. 65-66] and Meirovitch [24,
pp. 267-268].

Since the principle of virtual work was developed for the static equilibrium of
systems, it cannot be used directly to derive the equations of motion of systems
with dynamics. The principle of virtual work may however be extended to cover
dynamical systems by employing a quasi-equilibrium tool, known as d’Alembert’s
principle for dynamical systems. Returning to the definition of the resultant force
Ri=F,+ fi,i=1,2,..., N, assume that m;, a typical mass particle in a system
of particles (i = 1,2, ..., N), is subjected to the applied force F; and the constraint
force f;, while any internal forces are miniscule and may be neglected. Newton’s
second law for particle of mass m; then takes the form:

Fi+ fi—-miii =0,i=1,2,...,N (3.26)
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where —m;7; may be looked upon as an inertial force. Recall that an inertial
force resists a change in the velocity of an object and is equal to and in the
opposite direction of an applied force, as well as a resistive force. The inertial force
—m;¥; is the negative of the time derivative of the momentum vector p; = m;7;.
Equation (3.26) is the mathematical statement of d’ Alembert’s principle. The beauty
of d’ Alembert’s principle is that it allows for the treatment of problems of dynamics
in the same manner as static problems. Applying the principle of virtual work in
Eq.(3.20) to the mass particle m; and using d’Alembert’s principle, Eq. (3.26),
yields:

(Fi+ fi —mi#) - 6ri =0,i=1,2,...,N (3.27)

Once again limiting the discussion to constraint forces f; with zero virtual work and
taking the sum over all of the mass particles leads to:

N
Z(E —m;ii) - 8r; =0 (3.28)
i=1

Equation (3.28) incorporates both the virtual work principle (of statics) and
d’Alembert’s principle for dynamical systems and is termed as the generalized
principle of d’Alembert or as the Lagrange version of d’Alembert’s principle. The
sum of the applied and the inertial force, that is, F; — m;7;, is sometimes designated
as the effective force acting on mass particle m;. The generalized principle of
d’Alembert may be stated as follows: The virtual work carried out by the effective
forces over infinitesimal virtual displacements, which are compatible with system
constraints, is zero.

If the position vectors r;(i = 1,2,..., N) are all independent, d’ Alembert’s
principle, Eq. (3.28), may be used to derive all of the equations of motion of the
system. Otherwise, coordinate transformations, from the dependent coordinates
ri(i =1,2,..., N) to the independent generalized coordinates g (k = 1,2, ..., n),
must be carried out as indicated by the following equation:

ri:ri(qlvq2a~'-7QH)vi:1721~--aN (329)

3.5 The Mathematics of Conservative Forces

This section is based upon Meirovitch [23, pp. 15-17], Ginsburg [13, pp. 213-214],
and Baruh [3, pp. 44].

A very important class of forces is the class of conservative forces for which the
work depends only on the initial position r1 and the final position r and not on the
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path taken from r; to r,. Denoting two distinct paths from r; to r» by I and /1,
respectively, the non-dependence of the work on the specific path may be stated

mathematically as follows:
rn rn
/ F -dr =/ F -dr (3.30)
rl r

Pathl Pathll

The above equation may also be rewritten in the form:

r 5 r r
/ F-dr—f F~dr=/ F-dr—l—/ F-dr:%F-dr:O 3.31)
r r r 2

Pathl Pathll Pathl Pathll

in which § denotes an integral over a closed path. In view of Eq. (3.31) it is possible
to state that the work performed by conservative forces over a closed path is zero.
In the sequel, conservative forces will be labeled with the subscript ¢ and non-
conservative forces with the superscript NC in order to distinguish between them.

Consider a conservative force F, and choose a path from r; to rp which
passes through the reference position 7,.¢. Define the potential energy as the work
performed by the conservative force in moving a particle from position » along the
path to the reference position 7.y, or

V() = f "R dr (3.32)

where V (r) is a scalar function depending on r alone, since 7,y is arbitrary. The
work performed by conservative forces in moving a particle from position r| to
position ro may be expressed in the form:

rn Fref r2 Fref Fref
/ Fc-dr=/ Fc'dr—i—/ Fc-dr=/ Fc'dr—/ F.-dr
rl rl Tref rl r2

=V@ie)—-V@)=—(Va—-V)
(3.33)

where V; = V(r;)(i = 1,2). Equation (3.33) states that the work performed by
conservative forces in moving a particle from ry to ry is equal to the negative of the
change in potential energy from V1 to V».

In general, forces can be divided into conservative and non-conservative classes
with the latter being denoted by a superscript of NC, that is, FVC. In accordance
with the above, work may be expressed as the sum of the work due to the
conservative and non-conservative forces, that is:
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r r r
/ F~dr=/ Fc-dr—l—/ FNC . ar
rl rl rl

r
=TT =—(v2—v])+/ FNC . ar (3.34)
rl

where T; is the kinetic energy related to the coordinate of position r; (i = 1, 2).
When dW is a perfect differential, the integral of Eq.(3.33) may be written in
differential form as:

dW = F(r) -dr = —=dV (r)
where the potential function V is a function of r only. In order for d W to be a perfect

differential, the force must depend only on the position vector, which implies that
the force must be conservative

3.6 The Extended Hamilton’s Principle

Beginning with the case where all of the position vectors r;(i = 1,2,..., N) are
independent, the virtual work of all of the applied forces including conservative and
non-conservative forces may be written as:

N
Z F;-8r; =8W (3.35)
i=1

We now consider m;#; which we would like to modify to a more suitable form:

g (mifi - 8ri) = mifi - 8ri 4 miFi - OF;

1
=m;i; - 6r; + 6 (Emﬂ;i . r",') =m;r; - 0r; +8T;
(3.36)

where 87; is the kinetic energy of particle m;. Note that the variation § obeys the
rules of differential calculus and hence § (%m iFi - i) may be written in the form:

r .. 1 A ..
1) <§miri . r,-) = Emi8ri -ri + Emiri -8r; = m;iéri - i (3.37)
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Rearranging %(mir'l- - 8r;) = m;Fi - 8r; + 8T; and integrating with respect to time
over the interval 1; <t < t, leaves us with:

t [5) L 4
—/ m,-i‘} . SVidt = / STI‘dl —/ —(ml-i,- . Sr,-)dt
11 1 151 dt

n
= / 8Tydt — mifi - 1}
1
(3.38)

Since the virtual displacements are arbitrary, they may be chosen so as to satisfy
ori =0att =t and t = t,. This being the case, Eq. (3.38) reduces to:

t n
—/ m;r; - Sridt =/ 8Tidt; 6ri =0,t =t1,tp;i=1,2,...,N (3.39)
n

1

Evaluating the sum taken over i and integrating with respect to ¢ over the interval
t1 <t < t, we have:

n N )
—/ Zmii’}-(Sridtzf 8Tdt:8r; =0, i=1,2,...,N ,t =11, (3.40)
= n

where T is the total of the kinetic energies of all of the mass particles or the system’s
kinetic energy. Integrating Eq. (3.28) with respect to time over the interval t; < ¢ <
t> and using the results of Egs. (3.35) and (3.40), the ensuing equation is:

n (N ___
f > (Fi = myki) - bri dt:/ (W +8T)dt =0
151 141

i=1
éri=0,i=1,2,...,.N ,t=1,b
(3.41)
Equation (3.41) represents the mathematical expression of the extended Hamilton’s

principle. The virtual work §W may be divided into two parts, the first due to
conservative forces and the second due to non-conservative forces. We then have:

SW =W, +5w" ¢ (3.42)

Recalling from Eq. (3.33) that §W,. = —§V, Eq. (3.42) may be written as:

SW =W, +sW" ¢ = _sv 4w (3.43)
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The extended Hamilton’s principle, as expressed in Eq. (3.41) becomes:

/Q (WNC—8V+8T>dt=O
4]

éri =0,i=12,...,N ,t=1,0n
(3.44)

We assumed that the position vectors r; were independent. If, however, this
is not the case, then the position vectors must be transformed to an independent
set of generalized coordinates. It is therefore expedient to use an independent set
of generalized coordinates gx(k = 1,2, ...,n) at the outset in order to calculate
potential and kinetic energies. The energies are the same in any coordinate system.
Recalling that §r; =0 (i = 1,2, ..., N) when the §r; are independent, by analogy
dqx =0 (k =1,2,...,n), and the extended Hamilton’s principle for generalized
coordinates may be rewritten in the form:

2 _nc
/ SW '~ =8V +6T |dt =0
1 5L
oqr =0, i=1,2,...,n,t=t,t

(3.45)

Letting £ = T — V, and assuming that we have only conservative forces operating
on the system, that is, WNC = 0, Eq. (3.45) becomes:

1% 1%)
/ (SL)dt = 5/ Ldt =0
11 1

8qr =0, i=1,2,....,n,t=1,0
(3.46)
The expression £ = T — V is known as the Lagrangian and Eq. (3.46) is referred

to as the extended Hamilton’s principle (see Meirovitch [23, pp. 68] and Baruh
[3, pp. 249-251]).

3.7 Lagrange’s Equations and Lagrangian Dynamics

The extended Hamilton’s principle is not the most effective method for the
derivation of equations of motion since it requires certain operations which must be
performed, such as integration by parts. The d’ Alembert—Lagrange equations, which
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are derived from the extended Hamilton’s principle is a more expedient and efficient
method for obtaining equations of motion (see Baruh [3, pp. 253-254]). The
kinetic energy of a general dynamic system can be written in terms of generalized
coordinates (displacements) and their derivatives (generalized velocities) in the
following functional form:

T=T(1,92:---.9n: 41,92, - - qn) (3.47)
The variation in kinetic energy is simply stated as:

" /aT aT .
ST = —8qx + —8x (3.48)
= \ 94k qr

Similarly, the potential energy V has the form:

V = V(CII, q27~-',CIn) (3'49)

and the variation of V may be written as:
n
av
8V = <—8qk> (3.50)
; 94k

In addition, the virtual work of the non-conservative forces, from Eq. (3.23) takes
on the form:

n
—NC
W =" Qudar (3.51)
k=1
where Qi (k =1,2,...,n) are the generalized non-conservative forces. Substitut-

ing the expressions for T (Eq. 3.49) and V (Eq. 3.50) into the extended Hamilton’s
principle (Eq. 3.45), we arrive at:

n__ nZ aT 9V aT
f (SWNC—SV—HST)dt:/ Z[(-——Jrgk) 8qk+—,85}k:| dt=0
f n i L\9qk 9k 984

8qr =0, k=1,2,....n,t=1H,b
(3.52)
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We now integrate the following term by parts as follows:

L 9T 9T d
/ T sgedr = / 2 s dr
n gk 1

L) 8qy dt
——
u dv
oT Lg (3T
s li- [ 4 (—) Sqi dr
08qK —— n dt \9qx ) —~
~—— v S——— v
u du

(3.53)

Notice that we utilized the conditions égx = 0,7 = t1,t = 1 in the integration
by parts procedure above. These latter conditions are due to the fact that the end
points must vanish by definition of the variation. Introducing this latter result into
Eq. (3.52), we then have:

/’Zi[aT v P d (BT)}(S Ji— 0
nojo L9k 9k ar \ogi)]™

(3.54)

Since the virtual displacement values dgx (k = 1,2, ...,n) are arbitrary, we can
assign 6g; = 1 while setting all of the other virtual displacements §qx = 0 (k =
2,3,...,n). Under these circumstances, Eq.(3.54) can be satisfied only if the
coefficient of §¢ is zero, that is:

9T OV o A (AT g d (AT 9T v
a1 qi ar\ag) dt \ 9q aq1 | oq1 '

The same procedure as above is carried out for all of the virtual displacements and
the resulting Lagrange equations are:

d (dT\ dT aV
_(_‘>__+_=Qk;k=1,2,...,n (3.56)
dt \ 3¢y 0qr  Oqx

Non-conservative forces which have hitherto not been dealt with explicitly are those
which are proportional to the velocity of a particle and which resist the motion, in
that, they act in the direction opposite to the particle’s velocity (see Meirovitch [23,
pp- 73, 88-91]). Due to the fact that the system loses energy when such forces come
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into play, they are termed as dissipative forces, i.e., some of the system’s energy is
dissipated. Assume that the dissipative forces acting on particle i are written in
Cartesian coordinates and are of the form:

Fy, = —cy X;; Fy, = _Cy,-)"i; F, =—c;zi5i=1,2,...,N

i

Note that the parameters cy,, c¢y;, and c;; are functions which depend only on the
coordinates and not on the velocities. The virtual work may be shown to be:

(in(Sxi + Fy;éyi + FZiSZi)

M-

N
D F-or =
i=1

i=1

4

= — Z (cx;%idx; + ¢y, yibyi + ¢,2i6zi)
i=1

Using the fact that §r; = ri(q1, q2, - .., qn), and dr; /gy = 0F; /dqk, Sr; takes the
form:

This implies that:

5)(,':28XI' _Z yl _n%

k=1 = 0dx

Applying this latter result to the equation for virtual work results in the virtual work
becoming:

N N
Z Fi-éri = — Z (cx;%i8xi + Cy, ¥idyi + ¢2,2i82;)
' i—1
35, 3%;
= - Z Zcxlxz + Cy; Vi 3k +c i e 3qk

"o [
= _ZE ZE(Cxixiz—i_Cyr‘)"iz'l'cmiiz) 3qx
=1 %9k |5
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where F = ZZN=1 %(Cx,« xl2 + ¢y, )-)iz + ¢z Ziz) is termed a Rayleigh’s dissipation
function. Assuming that the only non-conservative forces are of the dissipative type,
the virtual work equation becomes:

NC  w— " IF oF
WU =) Odqr=—) —dqx=Qr=——.,k=12,...,n
,; ,;3% gk

It then follows that Eq. (3.56) may be expressed as:

d (0T oT A%
_(_.>__+__Qk:O;k=l,2,...,n
dt \ 9y oqr  dqk
:d(8T> 0T | 9V, OF _

dr \ 9 g dqr  9qk

Examples

The following four examples have been taken from Widnall’s MIT OpenCourse-
Ware course (Widnall [53]) on Dynamics, Lecture L-20.

Example 1

Let’s consider a simple mass—spring one degree of freedom system (see Fig.3.7)
with one generalized coordinate x;. It possesses kinetic energy of the form: 7 =
%m)'cz and its potential energy is: V = %kx2 (see Eq.2.60). The Lagrangian is
L=T-V = %me - %kxz. Application of Eq.(3.56) to the Lagrangian of
this simple system results in the familiar differential equation for the mass—spring
oscillator, which is: mX + kx = 0. It is obtained as follows:

Fig. 3.7 Mass—spring system

\j
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d (9 a d (0T aT aV
_<_'£>__'£_ (_>——+—=Q1=0

dt \9x1)  ax1  dr \ox ax1 | axp
x1=x;Q1=O$i<a—T>—a—T+a—V=0
dtr \ 0x 0x 0x
aT o d (3T 9T v

—=mx; — | —)=mi; — =0, — =kx
ox dt(Bx) ox ax
d (0T T oV _ o
ar\ox ) ox Tax MTTHT
(3.57)

Example 2: Two DOF Mass—Spring System

Figure 3.8 depicts a two degrees of freedom system with three springs, described
by two differential equations. The relevant equations can be obtained by direct
application of the d’ Alembert-Lagrange equation. The expressions for the kinetic
and potential energies are, respectively:

2
1 . 1 1 1
T = Z Emixiz; 1% §k1x12 + Ekz(xz - x1)2 + §k3x§

(3.58)
Utilizing the d’ Alembert—Lagrange’s equation on L = T — V =, we have:
d (0L BL_O_d L BL_O
dr \ 9x ax;  dr \9x» axy
N d (0L . d [(dL .
— | = ) =mx;; — | —— ) = mox
dr \ 9, P s 22
oL Vv oL A%
——=———=kixi+thk(x1 —x2); ——— = ——— =ka(x2 — x1) + k3x2
0x1 0x1 0x2 dx2
= m1X1 = ka(x2 — x1) — kix1; ma¥s = —ka(x2 — x1) — k3x2

(3.59)
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Fig. 3.8 Two degrees of freedom system composed of springs and masses

Example 3: Simple Pendulum

We begin by applying the d’Alembert—Lagrange’s equation in order to derive the
equations of motion of a simple pendulum. It is expedient to do so in polar
coordinates. This is a one degree of freedom system. However, it will prove
advantageous, when we shall be required to analyze the double pendulum, to begin
with a description of the position of the mass point 71 (located at the bottom of the
pendulum) in Cartesian coordinates x; and y; and then write down the Lagrangian
in the polar angle 6. Referring to sub-figure (a) of Fig. 3.9, we have:
X1 = /’l1 sin91; )'61 = h1 COS9191

y1 = —hicosfi; y1 = hy sin 6,6, (3.60)
and so the kinetic energy is:
T = 2m + 3D = smid (3.61)
The potential energy V is:
V =migy1 = —migh cosb (3.62)
The Lagrangian £ is:
L=T-V= %mlh%(é1)2+m1gh100591 (3.63)
From the above equation it becomes apparent that the generalized variable ¢ is:
g1 = 01. The entity h; is constant, and so the only variable quantity is 0y, and it

naturally becomes the only available generalized variable. Application of 3.56 with
q1 = 6 yields the differential equation governing this single pendulum’s motion.
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Yi Yi

Fig. 3.9 Single and double pendulums

d<8£> oT 3V
— +—=0

dr 391 - 3_91 3_91 -

3L 5. d (0L -

— =m1h76)); — | — | = m1h70

a6, MO0 4 (391> i

oV T .

— — — =mgh;sinf; = mh36] +mighysinf =0 (3.64)
36, 096,

Example 4: Double Pendulum

The double pendulum is depicted in sub-figure (b) of Fig. 3.9 and consists of two
point masses of mass m] and mj, connected by massless strings of length 4
and hj, respectively (the c.g. points of both bodies are situated at the bottom of
each pendulum, respectively). The two pendulae are connected to their respective
pivot points, about which they swing. This system is endowed with two degrees of
freedom: 67 and 6,. The first step in the application of the d’ Alembert—Lagrange’s
equations is the determination of the expressions for the kinetic and the potential
energies, as the system rotates through the independent angles 61and 6>. From
geometrical considerations, the Cartesian coordinates of the two masses are:
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X1 = hysinfy; y; = —hjcosb
X2 = x1 + hpsin6r, = hysin6; + hy sin6;

Yo = y1 — hpcos0y = —hjcosby — hycos 6

(3.65)
Differentiating the coordinates in Eq. (3.65) with respect to time ¢, we have:
)'61 = /’ll COS 9191; )')1 = h1 Sin@lél
X2 = hjcos Qlél + hj cos 9292
Yo = hpsin 9191 + hy sin 9292
(3.66)
Squaring x| and y; and adding the terms together:
X7 + 31 = hicos? 61 (61) + hisin’ 01 (61)* = hi(6))? (3.67)

Similarly for x; and y;
x% = (hy cos 0101 + hj cos 9292)2
= h3 cos® 01 (1) + h3 cos® 62(62)* + 2h1hy cos By cos 62616,
¥3 = (hy sin66; + hy sin 626,)*
= 2 sin” 0, (6)) 4 h} sin® 02(62)2 + 2h 1 hy sin 6 sin 626, 6,
= 12 + 33 = h3(01)? + h3(02)% + 2h1h26165 cos(6) — 62) (3.68)

The kinetic energy is:

T

1 . . 1 . .

S G+ 3D + SmaEs +53)

R T s . ~
—§m1h1(91) +§M2[h1(91) + h5(62)" 4 2h1h2016; cos(61 — 62)]
(3.69)

The system’s potential energy V is:

V =migy1 +magys = —mighi cosf —mag(hy cos6; + hycos )
= —(m1 +mp)gh| cosO; —moghycosH;
(3.70)
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With the preceding information now at our disposal, the Lagrangian £ =T — V
may be easily calculated and it turns out to be:

1 . 1 . . ..
L=T-V =Em1h%(91)2 + Emz[h%(el)z + h3(62)? + 21126165 cos (61 — 62)]

+ (m1 4+ ma)ghy cos 01 + maghy cos 6
3.71)

The terms required for the d’ Alembert-Lagrange’s equation (Eq. 3.56) are therefore:

oL . . .

g = mlh%Ql + mzh%91 + moh1hy6, cos(6; — 62);
1

d . .

% = mah30; + mah1hyf; cos(6) — 62)
2

d (0L ; , .
— <—) = mhif) +mahi) + mahihaf, cos(6) — 62)
dt \ 86,

. d
+m2h1h2925[cos(91 —67)]

= mhify + mahi) + mahihaf, cos(6) — 62)
—mahyhaf; sin(0) — 62)(6) — 62)

d (3L ) B} . L
— < ) = mphy0y + mohhy0; cos(6) — 6r) — mahhy60; sin(6; — 6,) (61 — 6»)

dt 8_92
0 .. 0 0 — 6
% = mzhthGIGZ%lz) — (my +ma)gh; sin0;
= —mzhlhzéléz sin(01 — 6) — (m1 + m3p)gh sin6;
0L Coa .
= - = mah1h20165 sin(01 — 62) + (m1 + ma)ghy sin6;
1
0L . . dcos(0; —6r) .
— =mohhy0p ——M— — h 0
26, mah1h6016> 20 maghy sin 6
= mzhlhzéléQ sin(0) — 6) — maghy sin6,
0L

5 = —mah1h20165 sin(0) — 6») + maghs sin 6> (3.72)
2
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Applying Eq. (3.56) to L = T — V with g; = 61and ¢ = 6, and using the results
of Eq. (3.72) leads to the following set of differential equations:

d (9L 0L _
dr \ 96, 360,

= (my + ma)h30; 4+ mahihabh cos(0) — 02) — mahihaby sin(@) — 62)(6) — 62)
+ mah1ha616s sin(0) — 62) + (my 4+ ma)ghy sinf; =0

= (m1 + ma)h36; 4+ mahihabh cos() — 62) + mah1ha63 sin(6) — 62)
— mah1hy01605 sin(0 — 62) + mahha616, sin(6; — 62)
+ (my +m2)gh;sinf; =0

d (L) _ 0L 25 .
T (891> 36, (my + m2)h16) + mahihat, cos(0) — 6)

+ mah1hy63 sin(@) — 62) + (my +ma)ghy sinf; =0
4 (E) _L
dt \ 96, 00,
= mah20 + mahihafi cos(0) — 62) — mahihaby sin(6y — 62) (61 — 62)
— mah1hy6165 sin(@; — 62) + maghs sinfr =0
= mahyly + mahihaf cos(0) — 62) — mahiha67 sin(@) — 6,)
+ mah1h26165 sin(8) — 62)
— mah1h26165 sin(@; — 62) + maghs sinhr = 0
= mahyb + mahihaf cos(0) — 62) — mah1ha67 sin() — 6,)
+ moghysinfy =0
(3.73)

Example 5: Quad Copter (see Rodolfo et al. [29, pp. 23-34])

Introduction

A helicopter is an airborne system, such that, with the use of rapidly spinning
rotors, it is able to push a mass of air in a descending direction through its rotor
or rotors, which results in the creation of thrust to support the vehicle in mid-air.
The principle by which this is done is similar to the propeller on a conventional
aircraft, although the thrust in a conventional aircraft is in the horizontal plane,
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while that of the helicopter is directed vertically. Conventional helicopters have two
rotors, arranged to counter-rotate in the plane of the rotor disk, both of which provide
upward thrust. The counter-rotation is required in order to cancel out the reaction
torque exerted on the helicopter’s body from the rotor’s engines. An additional
conventional arrangement for countering engine torque on the body is to have a main
rotor directed vertically and a tail rotor which produces a lateral thrust, thus creating
a moment which counterbalances the torque on the body. The drawback of these two
“conventional” schemes is the very complicated mechanism required to synchronize
and redirect the rotor thrust to where it is desired. The system charged with the task
of synchronization and redirection of thrust is the swash plate. The swash plate
controls the angles of attack on the rotor blades and tries to periodically adjust them
such that they are at their maximum values when the rotor is moving against the
oncoming wind (retreating) in forward flight and at their minimum values when
the blade is advancing into the oncoming wind. The swash plate is composed of a
very elaborate, costly, intricate, and very robust set of linkages, servomechanisms,
dampers, and gears with a constant need for maintenance and repairs.

A quadrotor helicopter or quadcopter, in contrast, has four (or more) equally
spaced rotors, situated on the periphery of a square, rectangular, or circular body
and arranged in either an “x” or “+” configuration. Having four (or more) motors,
each of which is capable of an independent rotor rotational speed adjustment, allows
for the elimination of the swash plate. The disadvantage of this arrangement are the
resulting losses in energy incurred by speeding up or slowing down the rotors in
mid-flight, as compared to a conventional helicopter where a constant rotor speed is
maintained throughout all flight phases.

The quadrotor’s controls derive from the angular speeds of four electric motors
(see Fig.3.10). Each motor generates a thrust and a torque, whose combination
results in the main thrust, the yaw torque, the pitch torque, and the roll torque which
in concert act on the quadrotor. In addition, the rotor blades on the quadrotor all
have a constant pitch angle and are not adjustable. The quadrotor motors turn in a
fixed direction and hence the forces produced by the rotors are all positive. However
motors m| and m3 rotate in a clockwise direction (producing counter-clockwise
reaction torques), while motors m; and m4 rotate in an anti-clockwise direction
(producing clockwise reaction torques).

While gyroscopic effects and aerodynamic torques tend to cancel each other out
in trimmed flight, because of the particular spatial arrangement of the motors, their
effects will be included as part of the non-conservative generalized forces (torques).
The main thrust u is the sum of individual thrusts ( f; + f2 + f3 + f4) of each motor.
The pitch torque is derived from the difference in thrusts f; — f3, while the roll
torque depends upon the difference between forces f, and f4, thatis, fo — f4. The
yaw torque is the sum of the reaction torques of the motors, T, — T, + Ty —
Ty The reaction torques 1,,,, i = 1, 2, 3, 4 are due to shaft acceleration and blade
drag. The explanation contained in Gibiansky’s blog [12] is straightforward, very
comprehendible, and elegant in its simplicity. The torque which an electric motor
produces is directly proportional to the difference between the input current /, when
the motor is working under load conditions, and the no load current I,, that is,
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Fig. 3.10 Schematic diagram of a quadcopter

t = K;(I — 1), where K; is the current to torque scale factor. This implies that the
current [ is: [ = %K’I" The voltage across the input terminals of the motor may be
expressedas: V =1 ItQm + Kyw. Ry, is the motor’s ohmic winding resistance and K,
is its back-emf scale factor with units of volts per radians per second. The back-emf
is directly related to its rotational speed w. The voltage due to the winding resistance
is negligible in comparison with the back-emf and hence may be neglected. We also
assume that the motor torque 7 is much larger than K; I,,, and so the power produced
by the electric motor is:

K1 K1 K1
P_IV= M IRy + Kyo) = T+ K¢y T+ K¢l R, + Ky
Kt KI Kt

~ <E) (Kyw)

The power is used to generate the lift required to keep the vehicle in the air. By the
law of conservation of energy, the energy consumed by the motor, in a given period
of time, is equivalent to the force generated on the propeller times the distance that
the displaced air (air that the rotor has displaced) moves, thatis, P -dt = F -dx =
P = Fdx/dt = Fv. If the velocity of the displaced air in hover is v, and the force
equals the weight or thrust 7' of the vehicle, then P = T vj,. From momentum theory
(see Seddon et al. [31, pp. 25]), the hover velocity and hence the power are given as:
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ro,_kKe KK T3/2

=0 204" K °7 K V204

where A is the area of the rotor disk or the area swept out by the rotor, p is the
density of the air in which the vehicle is flying, and K is the scale factor relating
thrust to torque. Note that torque is proportional to the thrust since, by definition,
T=FxF , where 7 is the distance vector from the center of rotation to the point
of application of the force F. Furthermore, K, depends upon the rotor blade shape
and layout. It turns out that the thrust 7 may be written as:

T3/2 K,,K,T T2 KK,

= w = — _—
V20A K; 20A K;

K,k K, K 2
:>T1/2=;{—ra)‘/2pA:>T=( ;{’w 2pA> = ka?
t

t

From basic fluid dynamics, the drag force equation describing the frictional force
which opposes motion in the direction of the velocity vector of the rotor is:

1 2
D = E'OCD Apv
where Cp is the drag coefficient of the blade, A, is the cross sectional area of the
rotor blade, and v = w X R is the linear velocity of the blade at its tip (R is the radius
of the rotor blade). The torque due to the rotor blade’s profile drag is therefore:

1 1
Tdrag = D X R = 5pcDA;,sz = 5pcDA;,(a)R)zR = bo? (3.74)

Since the motor’s torque is opposed by the torque due to aerodynamic drag, the
torque equation for each motor/rotor combination is:

Lrotor® = T, — Tdrag; 1 =1,2,3,4 (3.75)

where I,,:, 1S the moment of inertia of the motor and rotor combination in the
direction perpendicular to its rotation (motor’s z axis), e is the rotation rate of the
ith motor, and 7,,, is the torque produced by the ith motor. For quasi-stationary
maneuvers, o is constant, which implies that /,.,;,-@ = 0 and so the motor’s reaction
torque equals the drag induced torque or t,;; = Tgrag;- In order to maneuver, the
quadrotor must adjust the speed of its motors as follows:

1. Forward pitch motion is obtained by increasing the speed of motor m3 while
reducing the speed of motor m.
2. Similarly, roll motion is obtained by using motors m, and mg4.
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3. Yaw motion is obtained by increasing the torque 7,,, and t,,, of motors m and
m3, respectively, while decreasing the torques t,,, and t,,, of motors m, and my4,
respectively.

Torques

There are two distinct sources for torques which act on the quadcopter’s body (we
have neglected aerodynamic torques, except for the blade profile drag torques). The
first source is due to the torques exerted by the motors on the body or the motors’
reaction torques T,,,, which were shown to be related directly to the rotor blades’
profile drag and are proportional to each individual rotor’s rotation rate bw?>. The
sum of all of the four motor reaction torques is the torque which will tend to turn the
vehicle about the body’s k axis (see Fig. 3.10). Mathematically, this may be written
as: Z?: 1 (—Ditlg, ; = Tyaw- The torque which gives rise to angular roll is directly
related to the imbalance between the forces f, and f, that is, (f> — fa)l = Trou.
A similar force imbalance situation arises for the angular pitch; however, forces f>
and f3 are involved, leading to: (f2 — f4)] = tpiscn. The second source of externally
applied torques is due to the “gyro effect” of each individual motor and rotor blade
combination (see Beer et al. [4, pp. 1185]). The rotating rotor may be looked upon
as a gyro, and when it is subject to an angular rotation perpendicular to its axis of
rotation or perpendicular to the angular momentum vector which defines its rotation,
a torque results which is perpendicular to both the angular momentum vector and
the applied angular rate. In mathematical terms, we have:

Toyro = 2 X H

4 4 Pb
Hk = ZHZI,C\ = Zlm[a)ilz; Q=|q
i=1 i=1 ™
4
Toyroron = _ij X Hié = —qb Z Im,-wilA-;
i=1
4
Teyropicen = —pbf x Hk = —Db Z Imia)if

i=1
D’Alembert-Lagrangian Dynamics
Defining the generalized coordinates to be: ¢ = (X, Y, Z, v, 0, ¢), where R =

XI+YJ+ZK isthe position vector from the origin of the inertial coordinate system
to the center of mass of the quadrotor (in inertial coordinates) and n = (¥, 6, ¢)
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are the Euler angles around the yaw (around the Z (13 )), pitch (around the Y(f ),
and roll (around the X (f )) axes, respectively, which define the orientation of
the quadrotor with respect to the inertial coordinate system. The kinetic energy
has a translational component as well as a rotational part. The derivatives of the
Euler angles are: 7 = (V/, 0, ¢). The rotational kinetic energy is of the form:
Trotate = %ﬁTI funtn. Since the angular rates have not been measured along the
quadrotor’s body axes, the full inertia tensor must be used in the computation of
rotational kinetic energy, and it is:

Ix(t) _Ixy(t) _Ixz(t)
Trar = | =Ly () Iy(t) —Iy(t) (3.76)
_zx(t) _Izy(t) Iz(t)

Because of the motion of the quadrotor, the parameters of the inertia tensor are
changing at every instant of time and it would be more advantageous to be able to
use the principal moments of inertia measured along the body fixed axes, which
remain invariant throughout the flight. In body fixed axes, the inertia tensor is
constant, diagonal, and doesn’t contain any off-diagonal terms. The resulting inertia
tensor is:

()

(3.77)

~

Il

o o &
o
S~ o o

The angular rates in body axes are: Q2 = (p, ¢, r), and the connection between the
derivatives of the Euler angles and the body axis angular rates is as follows:

¢ — Y sinf —sind 0 17[v

p
Q=|gq|= écos¢+1/)cosé}sin¢ =| cos@sing cos¢ O 9 =Wy
r Yrcosf cos ¢ — 0 sing cosfcos¢p —sing 0 ¢
W’?

(3.78)

Rewriting the rotational kinetic energy in terms of the derivatives of the Euler angles
results in:

T, —lszTIsz—l'TWTIW '—l'Tj' (3.79)
rntate—2 —277 n 7777—277 n .

J

The matrix J = 9 (1) becomes the inertia matrix for the complete rotational kinetic
energy of the quadrotor system, expressed directly in terms of the generalized
coordinate vector 7. The Lagrangian for the quadrotor may be written as follows:
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L= Tiranstate + Trotare — u

. N A N 1 . .
E=XI1+YJ+ ZK; Tiransiate = quuadgT 3

L7 ..
Trotate = EYITJU; U= mquadgz

1 . . 1. .
= L= EmQuadgT &+ inTjn — Mguad8Z

0L

2= = Mgaag (3.80)

where m 44 is the total mass of the quadrotor system and U is the potential energy

of the system. The generalized forces are |:F5 i|, where Fr = Tg/p F. The Euler
T

transformation from body to inertial coordinates Tk, p is:

Xea cos 8 cos Y sing sinf cos ¥ — cos ¢ sin ¥ cos ¢ sin 6 cos P + sin ¢ sin Y
Yea | = | cos@siny sin¢ sinf sin ¥ + cos ¢ cos ¥ cos ¢ sin b sin Y — sin ¢ cos Y
Zea —sin6 sin ¢ cos cos ¢ cos b

3.81)

The generalized forces, Fz = Tk s F are the translational external forces applied
to the quadrotor due to main the thrust from the four propellers. The generalized
torques or moments, 7, represent the yaw, pitch, and roll moments, respectively,
and Tg,p denotes the Euler rotation matrix, which transforms a vector in body
coordinates to a vector in the inertial coordinate frame. The forces in the body frame
F are transformed into forces in the inertial frame F¢. The overall thrust in the —zk
0
direction is u = Z?:l fi and the vector of forces in body axes is: F=10
u
The force f; is the force produced by motor m;, as shown in Fig. 3.10. Commonly
the force produced by each motor is proportional to the square of its angular rate w;
in the following manner: f; = kia)l.z, where k; is a constant and w; is the angular
speed of the ith motor. The faster the motor turns, the more thrust it generates. The
generalized torques may be written as:

Ty Tyaw
T=| T | = | Tpitch + Tgyropiren
| 75 Troll + Tgyroyou
_Tm1 — Tmy t Ty — Ty o 0 A~
= (fr— fol = | poi x Hk
N L qavj x Hk
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Ty Ty — Ty + Ty — Ty 40
=l |= (f2— fal — | P iy Imwi | (3.82)
- (fs — fl b iy Iy i

where [ is the distance from the center of any motor to the center of gravity of the
system. Since the Lagrangian is free of cross terms in the kinetic energy equation
(Eq. 3.80) between £ and 7, the d’ Alembert—Lagrange equations can be separated
into the dynamics for the X, Y, Z generalized position coordinates and for the n =
(¢, 8, ¢) generalized Euler angle coordinates. The d’ Alembert-Lagrange equations
for translation become:

1 . . 1 . . .
Liranslate = quuadET &= mquadgz = quuad [X2 + y? + ZZ] - mquadgz

[aLtranslate] |:a%mq”ad [XZ +72 4 22] a%mquad [).(2 +72+ ZZ]

9é X ’ Y ’

. . . T

LM guad [X2 +¥2 4 22]
9z

d(mquadé)

dt = mquudé

= Mgyad [X’ Y, Z]T = mquudé =

= mguaa [X, ¥, Z]"

aLtranslate _ aLtranslt/lte a-Ctranslate a-lztmnslt/zte T
o0& X ’ Y ’ 0Z

= [0 0,m g]T i 9Liranslate _ 0 Lyranslate
» b Mauad 3é o8

dt
. . . T T
= Mguad [X7 Y, Z] - [0, 0, mquadg] =TEg/B [0, 0, M]T (3.83)
[ —
F

For the generalized angular coordinates, the d’ Alembert—Lagrange’s equations
may be written as:

I, . 0Lrorate . d [0Lorare ., .
Lrotate = —HTJU; I:#:| =9 [4] = jn +j77

2 on Tar | o
d aLrotate aLrolate _ . 1 a(nTj??) _
m[aﬁ}[ M}_ﬂ+ﬂ 2o T

(3.84)
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With the following definition of the “Coriolis-centripetal” vector: V(n, )

. (7T Tn
gJn — %&(na—g"), the d’ Alembert—Lagrange’s equations for the rotational dynamics
become:
R EIUNL o
:fn+:fn—§(T)=Jn+V(n,n)=f (3.85)

Factoring out the 7 term, the “Coriolis-centripetal” \7(n, 0)
expressed as:

vector may be

. . 10(T9)\ . .
Vn,n) = (ff— 5% n=C(m,mn (3.86)
-T
The term (% a(%nj)> is evaluated as follows:
[ 2 13
T W 0.8) = | jo1 jo oz |30 = [w o ¢]
| J31 J32 J33
T = [ ji1 + 6jo1 + izt Vji2 + 0o+ djaa Vi3 +0)23 +<15j33}
L P P12 P13
= [P1w.6.9) P, 6.0) P13v.6.9))
P11 P11 P11
0 = A A6O A
P, 0, ¢) o v+ 59 + 2% ¢
P12 P12 P12
%] = A A6O A
P12, 0, ¢) o v+ o9 + ” é
P13 P13 P13
,0, = A AO A
P13, 0, ¢) M ¥+ 59 + " é
P Pu Pn
W 90 3¢
T
13(’7 J) Ll opp app aPp
N (23,7 =TWED =5 W T
P13 P13 P13
3 90 99
o (i)
sVan =9I - n=(J-F)
87] ———
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Summarizing the equations of motion, the result is:

X 0
Mayaa | ¥ | + 0 =F:
Z Maguad8
Jii=1t—Cmnn (3.87)
To simplify, define T as follows:
Ty Ty
t=|% |=9 ' @-Chp=i=J " @—-Comnn=| %
) )
(3.88)
Finally, the outcome is:
X 0
Mauad V| + 0
z Mauad8

cos 6 cos ¥ sin¢ sinf cos ¥ — cos ¢ sin Y cos ¢ sin 6 cos ¥ + sin ¢ sin 0
= | cosfsiny sin¢ sinf sin Y + cos ¢ cos Y cos ¢ sin b sinyr — sin¢p cos ¥ 0
—sin6 sin ¢ cos cos ¢ cos 6 u

= mquad)? = u (cos ¢ sin 6 cos Y + sin¢ sin yr)
mquadf; = u (cos ¢ sinf sin iy — sin¢p cos )
mquadz = u(cos¢cosb) —mgyuadg

V=7 0="7:¢=7 (3.89)
It is also possible to expand the terms Ty, Tg, Tg.
Numerator of 7y

2ty + 21ty sinb + (21, — 21) Ty cos? ¢

I, ..
xzz)wesinze

+ (Iedy + I I, — If)q'bé cosf + (21, — 21,)t9 cos ¢ cos O sin

+ 21y — 2I)ts cos® psind + (I 1y —

+ (I 1y — I1)6% cos g sing sin§ + (I} + I} — 21, 1,)6> cos® ¢ sin ¢ sin 6
+ (12 — Iyz)q'ﬁl& cos ¢ cos” 0 sin ¢

+ Uyl — I I + If — Iyz)q'bé cos2¢>cos0
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+ I 1y — If — 1)2,)1&9' cos* ¢ cos B sin O

+ (LI = IyI + I} = 2L Iy + I3)y0 cos” ¢ cos 0 sin 0
Denominator of 7y

21,1, cos® 6
Numerator of 7y
(Iy — 1)ty sin2¢ + 21,79 cos 6 + (I} — I Iy)$y cos® 0

+ 21 —21))7 cos? ¢cosO + 211, — If — 13)6.?2 cos? ¢ sin 6 sin’ ¢

+ (If — Iyz)zﬁl/} cos? ) cos? 0 + (21, — 21y)7y cos ¢ sin g sin 6

— 1)2,1/}9 cos ¢ cos 6 sin ¢ sin 6

+ Ul — 1,1, + Iy2 — If)(ﬁé cos ¢ cos  sin ¢

+ (Ix2 + Iy2 — 2Ix1y)1'00' cos’ ¢ cos 6 sin ¢ sin 6

+ Uy — I I + Iylz)tﬁé cos ¢ cos @ sin ¢ sin 6
Denominator of 7y

211y cosf

Numerator of 7,
— 2L 17y cos?0sin” 6 — 211y cos*O + IXIZZI,‘DG‘ cos’ 0 sin” 0
— 20 Ity cos? Osin6 + (21, I, — 21, 1,)tg cos® ¢ cos® 0 sin* 0
+ If[zéz cosq&cos2 6 sin® 0 sin ¢ + (If[z — IXIZZ)dSé cos’ 0 sin
— 21x1y11¢9' cos> 6 + leylzlﬁé cos’ 6
+ (I)%IZ + Iyzlz)t/}é cos* ¢ cos> 6 sin” 0
+ (IyIZ2 — I}Z,IZ - lezz - If[z)l/'/é cosqucos3 0 sin 0
+ QLI - 211ty cos® ¢ cos? 0sin @
— leylzq'bé cos® 6 sin 6
+ @I, =21 I)Tt9 cos ¢ cos’ 0 sin ¢ sin 6

+ QLI — 1)31Z - Iflz)é2 cos® ¢00529 sin? @ sin ¢
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+ (I 7 = DI — 12 + I} 1:)¢6 cos® ¢ cos® 0 sin 6
+ ZInyIzl'ﬂé cos? 0] sin’ ¢ cos® 0 sin? @
- I Izéz cos ¢ cos” 0 sin® 0 sin 1)
+ (1}2,1Z - If]z)(bl‘ﬁ cos ¢ cos* 0 sin ¢ sin 0
Denominator of 7y
2L Iy I (sin® 6 — 1)?

It soon becomes apparent that the terms Ty, Tg, Ty are best calculated numeri-
cally. In the example on page 239, the moment equations are left in the body axis
system and hence the torque equations are much simpler. If we assume that the
vehicle is hovering, that is, ¥ = 6 = ¢ = 0°, the torques become:

2ty + 1:§0 — 1,0 + 1.¢0

21,
279 + Ly — Ly
Tp =

21,
. 2ty +Lyo
Tp = —FF——

21,

Further simplifications result when we use the fact that I, = I, (due to symmetry
of the i and f coordinates), in addition to the assumption that the angular rates are
zero. We have for the torques:

3.8 Recap: Writing d’Alembert-Lagrangian Dynamics

Lecture 15—Video Times—1:24-11:08, 20:26—-25:29

This section was adapted from the MIT Lecture Series on Dynamics as presented by
Prof. Vandiver (see Vandiver—2.003SC Engineering Dynamics. Video of Lecture
15: Introduction to Lagrange With Examples) [42]. The Lagrangianis: L=T —V,
where T is the kinetic energy of the system and all of its component parts and V is
the potential energy of the system. In addition, g; are the j generalized coordinates
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and Q; are the j non-conservative generalized forces. The d’ Alembert-Lagrangian

equation is:
d (0L 0L
( ) - = =0

i \94;) ~ dq;
=>d(8T> T d<av)+av_Q
di\dq;) dq; dr\dq;)  dq; <L
—_— = S = 4
1 2 =0 3

(3.90)

It should be noted that the potential energy is neither dependent on velocity nor

on time ¢ for mechanical systems and hence j—t (%) = 0. When dealing with
J

. d (av :
electromagnetics, however, the term (E) might not equal zero. As may be

observed, the left-hand side of the equations of motion contains terms with ¢ and
velocity v or ¢; in them. The right-hand side has these generalized forces which are
the non-conservative forces in the system.

The procedure for obtaining the Lagrangian dynamics of a system is outlined as
follows:

Left-Hand Side

1. Determine the number of degrees of freedom available and decide upon your set
of generalized coordinates, the q}s.

2. The generalized coordinates need not be Cartesian nor inertial nor orthogonal.
The set of selected generalized coordinates must however be independent and
complete, and the system (with the chosen generalized coordinates) must be
holonomic.

. Verify for completeness, independence, and holonomicity (see page 69).

4. Calculate the kinetic energy T and the potential energy V for every rigid body in

the system.

5. Compute items 1, 2, and 3 in the d’Alembert-Lagrangian equation above for

each ¢g; or degree of freedom. That is, for every generalized coordinate, items 1,
2, and 3 must be computed. The computation of the non-conservative generalized
force will be treated in the sequel. The components 1, 2, and 3 for each ¢;
constitute the left-hand side of the d’Alembert-Lagrangian equation. If there
are no external forces, non-conservative forces, and only conservative external
forces which act on the system, then items 1 plus 2 plus 3 equal 0. But if
there exist non-conservative forces which act upon the system, such as friction,
then the right-hand side of the d’ Alembert-Lagrangian equation or Q ; must be
accounted for.

(O8]
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Right-Hand Side

1. For each g;, that is, for each generalized coordinate, the generalized non-
conservative force Q; that potentially accompanies the g; and acts upon the
system must be found.

2. Compute the virtual work §WNC for the non-conservative forces. The delta
SWJN € is associated with the virtual displacement 8¢ j

For every generalized coordinate shift the system by a small amount dq;
while keeping all of the other coordinates gx, k = 1,...m, k # j constant and
compute the amount of much virtual work performed by this virtual motion.
The virtual work §W; (the superscript NC is dropped for convenience) is:
dW; = Q;dq;. The entity being sought after is Q ; and it’s going to be a function
of all those external non-conservative forces acting through a very small virtual
displacement, resulting in a very small amount of virtual work.

Example 6: Mass—Spring Dashpot (Damper) Single Degree
of Freedom System

Lecture 15—Video Times—25:40-37:40

This example is originally from the video of Vandiver’s Lecture 15 (see Vandiver—
2.003SC Engineering Dynamics. Video of Lecture 15: Introduction to Lagrange
With Examples) [42]. The mass—spring dashpot (damper) system has a single degree
of freedom x and hence only one coordinate is required to describe its motion. The
generalized coordinate x is Cartesian so g; = g1 = x. It is complete, independent,
and holonomic.

1. The kinetic energy T is: T = %mxz.

2. The potential energy V is: V = %mkx2 —mgx.
3. The non-conservative forces include the external excitation force and that due to
the dashpot and are: ) FINC =(=bx+ F())i.

The force F(t) is an external excitation force and could be non-conservative since
it could do work on the system and dissipate energy. It’s neither a potential nor a
spring. It could be an external vibration. The conservative forces are kx and mg,
while the non-conservative forces are F(z) and bx. Carrying out the operations
required in the d’ Alembert-Lagrange’s equation we have:

d (dT\ 9T d (daV aV
-] )"\t = Qj
dr \dq; /) 9q; dt\dq;/) g,

1, 1 5
T:me ;V:Emkx —mgx;qr =x
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d (dT d (oT 1_ dx .
N = )===)=z2m— =mi
dt \ 9q; dt \ 0x 2 dt

oT _ 0T _
0q; T ax
vV v
— = — =kx —mg
0q; ax
FNC .8, = (—bx + F(1))i - 840 = —bx8y + F(1)8x = Q184 (3.91)
1

In summary, we have:

d (AT _ d (3T _ 1o, di _ .=
'E(W,)—dz(ax)—zzmdz—mx

oT __ _ 3T __ . . . .
9 = "ax = 0 since T is a function of x only
W _ WV _ gy —

Wj = ox = kx mg

.mxX +kx —mg = Q) .
(Z Fi) -dr = (F(@t) —bx)i - dr, where F; and dr are both vectors. dr is
the infinitesimal motion and it is actually the same as dx. The virtual motion

R

dr(81, 82,83, ...,8;) is in general a function of the virtual displacements B}S of
all of the degrees of freedom. In this case we only have one, but we could have
81,682, 83,84, ...,6;. Each component of the force in the direction of one of the

virtual movements does virtual work.
6. Q18 = —bidy + F(t)8, = SWNC

Rearranging the above we arrive at the dynamical equation, which is (Fig.3.11):

mx + kx —mg = —bx + F(t) (3.92)

daehpot (damper e teebody Ay

degree of freedom system D]ag ram

bx kx bl_lgk

T

F mg F
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Example 7: Pendulum with a Mass and Spring

Lecture 15—Video Times—37:40-1:21:16

This example was presented in the video of Vandiver’s Lecture 15 (see Vandiver-
2.003SC Engineering Dynamics. Video of Lecture 15: Introduction to Lagrange
With Examples) [42]. The system consists of a steel rod with a metal sleeve through
which the rod passes, and which is attached to the rod by a spring. The metal sleeve
slides along the rod in both the up and down directions without friction. The rod,
sleeve, and spring are attached at point A to a hinge and the whole system can swing
back and forth as a pendulum. The system contains several sources of kinetic energy
and varied forms of potential energy. There is a force F coswt which is always
horizontal, located at the bottom of the metal sleeve, which pushes this system
back and forth. The problem is to derive the equations of motion of the system.
The motion is planar and there are two rigid bodies involved. Each rigid body has
six degrees of freedom, but because of planar motion, each body has a maximum
of three degrees of freedom. For planar motion, each rigid body can move in the
x and y directions and can rotate about the z axis, where they are not attached
together by the spring. The maximum number of degrees of freedom for the two
rigid bodies, each acting independently of the other is six. This problem has two
degrees of freedom, which are the angular displacement 6 of the system from the
vertical and x; the linear displacement of the sleeve’s center of mass along the rod
with respect to point A. The coordinate system X; — Y] rotates with the rod and
sleeve. The coordinates chosen are independent, since, freezing one of them, the
other can still traverse over the full range of values for that coordinate. They are
also complete since with the two coordinates, all parts of the system may be located
at all times. Furthermore, the generalized coordinates are also holonomic since the
number of independent generalized coordinates required to describe the motion of
the system equals the number of degrees of freedom. The physical parameters of the
system are as follows:

1. Mass of the rod: M|, moment of inertia in the z direction about the point A:
(I7z) 4, length of the rod: L location of the center of mass of the rod: G|

2. Mass of the sleeve: M>, moment of inertia in the z direction about the sleeve’s
center of mass: (I ;)g, length of the sleeve: L, location of the center of mass of
the sleeve: G,

In order to proceed, the potential and kinetic energies must be determined. In
the calculation of the potential energy, the appropriate reference points must be
determined and the un-stretched length of the spring accounted for. Let Lo be the
un-stretched length of the spring. The potential energy of the spring may be written

2
as: Vipring = %k <x1 — Ly — %) (Fig.3.12). There are two other sources for

potential energy due to gravity, the potential energies of the rod and the sleeve,
respectively. In order to calculate the potential energy of the rod, it is recommended
to use the equilibrium position of the rod (hanging vertically) as the reference
position. The un-stretched length of the spring has no bearing on the calculation
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Y, (j)

Rod:M,(1,),,L,,G,
S.‘eﬁ’\f’e :M'_;‘[I”](;! LEDGQ

< ——————— Spring with spring constant k, attached to
Rod the top of the metal sleeve and to the top
of the rod

» Motion of
Metal
sleeve
' periodic external excitation force

Fit)=F,cosmt
(t)=F, F(t)=F cosot

F,coswtsin®

I
I
i F,coswtcosB
I

Metal
sleeve

|
|
|
|
! X, (i)
G, , G, are the centers of mass of the rod, sleeve respectively
(I,,), is the z— axis moment of inertia of the rod about point A
(I,,); is the z—axis moment of inertia of the sleeve about its center of mass

Fig. 3.12 Pendulum with a moveable mass and spring

of the potential energy of the rod. The potential energy is the difference in the
heights between the rod in its reference position and the rod which has rotated by an
angle 6 (see Fig.3.13).

It should be noted that the change in potential energy from one position to
another is path independent (because gravity is a conservative force). In other
words, it isn’t necessary to carry out the calculation of — [mg - dr. The only
thing that must be accounted for is A#h, the change in height (or the change in
the vertical position) of the center of gravity of the object between its equilibrium
position and its perturbed or rotated position. The potential energy of the rod
is: Vipg = %Ml g (1 —cos ). Similarly, the potential energy of the sleeve is:

Viteeve = Mag (Lo + % — X1 COS 9). Note that the initial height was (Lo + %
and the final vertical position was x1 cos #. The important entity is the difference
between the initial and final heights and it is this difference which gives us the

potential energy. Adding together the potential energies of the spring, rod, and sleeve
results in the overall potential energy, which is (Fig. 3.14):

1 Lo 2
V= Vspring + Viod + Vsieeve = Ek (xl — Lo — 7)

L L
+ ?lMlg (1 — cos6) + Mag (Lo 4 72 — xj cos 9) (3.93)
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spring
L 1
2 Steel rod
Metal
™ sleeve

Ah=%(1—cosﬁ)

Fig. 3.13 Pendulum with a moveable mass and spring—geometrical definitions I

spring
L
. Steel rod
.____E__;_____._____
.,.__2..__1.,___.____.. Metal
- sleeve

E
Ah=Lo+?2—x1c059

Fig. 3.14 Pendulum with a moveable mass and spring-geometrical definitions II
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The kinetic energy T consists of the rotational kinetic energy of the rod,
rotational kinetic energy of the sleeve, and the translational kinetic energy of the
sleeve. The rotational kinetic energy of the rod is: Tp;—rod = % (Iz2) 4 62. Similarly
the rotational kinetic energy of the sleeve is: T;or—siceve = % ;)¢ 62. The moment
of inertia of the rod is calculated by the parallel axis theorem because it is pinned
at A. As for the sleeve, since it is in motion both rotationally and in translation, and
the center of mass of the sleeve is in motion (due to its translation), then it is more
convenient to use the sleeve’s moment of inertia about its center of mass. Because of
the sleeve’s translatory motion, this must also be accounted for in the kinetic energy
calculation of the sleeve. The translational kinetic energy of the sleeve is therefore:

1
Tirans-siceve = §M2 (VG)g : (VG)O (394)

The velocity of the center of mass of the sleeve, in inertial coordinates, is: (Vg ).
Note that (Vg)o is a vector. The velocity (V) with respect to coordmates X1 — Y
is: (Vg)o = %11 + 0x1] This implies that (V(;)0 (Vg)o = xl 02 . The total
kinetic energy of the sleeve is therefore:

1 . 1 . .
Tsiceve = Trot-siceve + Tirans-sieeve = E (IZZ)G 02 + EMZ (x% + elez) (3.95)

Hence the total system kinetic energy is of the form:
1 . 1 . 1 . .
T = Trod + Tsleeue = 5 (Izz)A 92 + 5 (Izz)G 92 + EMZ (x% + ezx%) (396)

Since we have two independent generalized coordinates x| and 6, we are required
to apply the d’ Alembert-Lagrange’s equation twice, once for each coordinate. For
the x; generalized coordinate, the d’ Alembert—Lagrange’s equation results in:

d T aT
L () - i =0
2. I (g—le =4 (2 szl) = Myx;
3. — oT

ax1
sleeve.

4. %Z%Zk(ﬂ Lo——) M;g cos6

Q‘&

= —§M22x1912 = —szléf. This is the centripetal force acting on the

5. Summing the above three terms we have: M)x| —szlélz—i—k <x1 — Lo — %) —
Mjpgcost = Q1.

There should be a centripetal term in the —X direction since the system is
undergoing circular motion. In addition there is a coriolis force in the Y direction.
Note furthermore that the equations are scalar equations and not vector equations.
The only thing required to complete the Lagrangian formulation in the generalized
x1 coordinate direction is to find Q. The virtual work in the x; direction must
be determined. The virtual displacement §x; is in the x; direction. The virtual
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work is the product of the component in the x; direction of the externally applied
force Fpcoswt with the virtual displacement 6x1. The virtual work § W; may be
written as:

W1 = F(@t) -dr = [Fycoswt sin @i + Fo cos wt cos Qf] . lef

= Fpcoswt sinf8x; = Q16x; = Q1 = Fpcoswt sinf (3.97)

The d’ Alembert-Lagrangian dynamics in the x; direction are therefore:

. L
Maiiy — Mox 62 + k (xl —Lo-— 72> — Mygcosf = Fycoswtsin®  (3.98)

where the linear acceleration term is X, the centripetal acceleration is —x16%,

the spring force is k (xl — Lo — %), and the gravitational acceleration along the

rod in the X direction is —Mjg cos 6. Once completed, it always helps to check
the resulting equations for consistency, based upon classical Newtonian physics.
The linear centripetal and coriolis accelerations in classical Newtonian physics are,
respectively:

(f)Oxy = ).C.lacentripetal = Q X (R X 1) ; acoriolis = 282 % (f)Oxy
r=x1i; (F oy, = X1i; Q = 0k
A A ,_\ sy a
= dcentripetal = Ok x (0]( X x1l) = —(0)"x1i

Aeoriolis = 20k x J'Clg = 29X1f (3.99)

Questions to be Answered for Consistency Check of g1 = x

* Does the equation contain a linear acceleration term along the X axis?

 Is there a centripetal acceleration term only in the x; direction?

¢ Is there no coriolis acceleration term in the x; direction?

* Is there a spring force?

* Is there a component of gravity in the direction of motion, up and down the rod?

e Do the sum of the above terms equal any externally applied forces in that
direction?

Another test for consistency is to make sure the system satisfies the laws of
statics. Assume that all of the time derivatives are zero. In addition, at static
equilibrium the system is completely vertical, and so § = 0, which implies that
cosf = 1, sinf = 0. The dynamic equation along the X; direction becomes:

Lo L,
k xl—L0—7 —Mg=0=>k XI—LO—? = Mg (3.100)
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This condition states that when static equilibrium is achieved, the spring stretches

Ly

by the amount (x; — Lo — 7) in order to compensate for the gravitation force due

to the mass of the sleeve M>g.

As for the d’ Alembert—Lagrange equations in the 6 direction, we have:

- T =Troa + Tsiceve = % (IZZ)A 9‘2 + % (IZZ)G 9‘2 + %M2 (x12 + élez)
V= Vspring + Viod + Vsiceve =

L Ly 2 L Ly

—Lo— % +7M1g(1—c0s9)+M2g L0+7—x1c059
aT v _ .

)— 947 + 3 0Q;

L) = & (§Uecln 26 + 3 1ecl 20 + $M22603 )

([Izz]fx 9 + [Izz]"G 9 + M29X12) )
L2140 + [ 0 + Mafix} + 2My0x151)

Nf—
k‘
auny
v =
P\] —

[~ &~
S

NN
SIS
\]

[~
S |

Il
—
—

@
ﬂ

I

o

90
v _ v _ (%Mlg sin@ + Mpgx; sin@)

CSWy = 0280 = F -dr ,dr = (x1+%)3ej,F(z) — Fycoswf sinf7 +

Fy cos wt cos Gf
= 0260 = F -dr = (x1 + %) Fo cos wt cos 6560

= 0 = <x1 + %) Fo cos wt cos 6

. Summing the above three terms we have: ([IZZ]A§+[IZZ]G§+M2§)C%+

2M29x1x1) + (%Mlg sin@ + Mhgx sin@) = (x1 + %) Fycos wt cos O

Remarks

The dynamics of the second equation describe the swinging motion of the
pendulum, as well as the linear motion of the sleeve as it slides up and down
along the rod.

The swinging motion is in the f direction. Hence we will end up with an equation
in the f direction.

The angle 6 speeds up or slows down along its trajectory. As the pendulum
reaches its highest angular value at the top of the swing, the angular velocity
6 goes to zero, while at the bottom of the swing, when the pendulum is vertical,
the angular velocity is at a maximum.

This implies that we expect to have terms in ] (Eulerian terms).

There is also a coriolis term of the form 2M29x1x1 in the f direction or along the
Y1 axis. This is to be expected since the sleeve is sliding up and down along the
rod and has a non-zero velocity x1, while the pendulum is swinging.

Whenever a body moves radially while it is swinging in a circle, the result will
be a coriolis acceleration.

This implies that the angular momentum of the body is changing and a force is
required to change the angular momentum.



3.8 Recap: Writing d’ Alembert-Lagrangian Dynamics 113

» For the generalized force Q», the virtual work is F -dr. The work is force applied
over a distance.
e A virtual deflection in angle times the moment arm gives you a distance. The

small displacement dr is the linear trajectory traced out by (x1 + %) 66. The

distance x; is from the pivot point of the pendulum to the center of gravity of
the sleeve and % is from the sleeve’s center of gravity to the end of the sleeve.
The sum of the two terms is the effective position or radius of the sleeve or the
moment arm with respect to the pivot point and its product with 66, the virtual
angle, describes the distance the sleeve has traveled.

* The direction of the angular motion of the sleeve is along the Y] axis or in the f
direction.

» This equation is a torque equation.

e The term szl2 looks like the parallel axis theorem for the sleeve. Since we used
the (I;;); which is the sleeve’s moment of inertia at its center of mass, then the
sum of (I;;)g + M2)c12 = (I;;)4 is the sleeve’s moment of inertia around the
pivot point of the pendulum.

Questions to be Answered for Consistency Check of ¢; = 6

* Does the equation contain angular acceleration terms?
e Is there a coriolis acceleration term?
e Are there torques due to the masses Mg, Mg, that is, (% Migsinf +

Magx; sin 9) ?
* Do the sum of the above terms equal any externally applied moments?

Example 8: Cart and Pendulum, Lagrange Method

Recitation 8—Video Times—3:57-35:00

This example originates from Vandiver’s video of Recitation 8 (see Vandiver-
2.003SC Engineering Dynamics. Video of Recitation 8: Cart and Pendulum
Lagrange Method [46] and the Recitation 8 Notes [38]).

A cart and pendulum, shown below, consists of a cart of mass, 1, moving on a
horizontal surface, without friction, and acted upon by a spring with spring constant
k. From the cart, a pendulum consisting of a uniform rod of length, /, and mass, m»,
is suspended at and pivots about point A (see Fig. 3.15). There are no external forces
acting on the system.
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Fig. 3.15 Cart with spring and pendulum

Find the following using Lagrange’s method:

1. T, the system’s kinetic energy
2. V, the system’s potential energy
3. vé, the square of the magnitude of the pendulum’s center of gravity

The generalized coordinates are: g1 = x;q» = 6. The linear velocity of the
pendulum’s center of mass, vg, is given by:

A~ s l. ~ o1 ~
VG =)'cI+§9j = ()'c-l- E@cos@) I+ EGsinQJ
1262 : 1262
=05 VG = VG = ()'cz—l— Tcos29 +l)'c900s0> + Tsinze

1262 .
= (;&2 + - +1%6 cos@) (3.101)

The kinetic energy T is:

| (R O L T & L
T=§m1x +§m2vG+§ 0% v =|x +T+lx9cos9
1 1 162 . 1 2\ .
=T = Emlfcz + Emz (J&z + o + 1x6 cos 9> + 3 <%> 6% (3.102)
———

Ig
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where Ig = ’"1221 is the moment of inertia of the pendulum (slender rod) at its center

of mass G. Since the point at which the rod is pinned moves, i.e., the rod doesn’t
rotate about a fixed point, it is more convenient, when calculating the kinetic energy,
to separate the motion of the rod into a rotation and translation of its center of mass
(see Nielsen et al. [16, p. 4]). Consequently, the parallel axis theorem for the moment
of inertia of the rod cannot be used and the moment of inertia about the rod’s center
of mass must be utilized instead.

The total kinetic energy is made up of the sum of the kinetic energies of all of
the rigid bodies in the system. There are two rigid bodies, namely the cart and the
pendulum and so each one has its own kinetic energy. The velocity of the cart on
wheels is x. The linear velocity of the pendulum is also x at the point at which it is
pinned to the cart but it also has an angular velocity of %l 6 in the f direction (vg =
0k x %lA = %léf). Summing the two velocities of the pendulum and transforming

the velocity in the f direction to components in the [ and J directions gives us the
vG, that is, vg = (X + %0 cos) [ + é@ sin6J. This allows us to write the kinetic
energy as the sum of the kinetic energies of each individual rigid body (see equation
for T above—Eq. (3.102)). In general form, the kinetic energy may be written as:
1, 1 1,
T =-mx“+ —movg -vg + —w" Igw (3.103)
2 2 2
where w = 6k, Igw = I;0 = "%2912 and o’ Igw = m%zéz. The potential energy
V may be written as:

1 l
V= Ekxz +mag (1 = coso) (3.104)

The Lagrangian £L =T — V is:

1 1 1262 )
L= Emlfcz + M2 <)'c2 + e + 1x60 COSG)
1 (moal 1 !
+5 <m122 )92 — Ske® — mag3 (1= cos) (3.105)

The d’ Alembert-Lagrange’s equations for g; = x are as follows:

d (oL 0L _ .. p— . d
1'd_(3q/>_W_Q]"£_T_V7E( )

d (a7 aT T v _
2"1_(34/> 34/+3q, Qj= (ax)_a_+a——Q1
3. di(?iz) a ([M1+m2]x+2m2190039>

= [m1 +m2]X + zmzlé cosf — zmzlez sin @

4. 9L —
e =
5. W:kx

6. Summing: g—t (a—T) -5+ %—Z = [m1+my]X + %mzlé cosf — %mzléz sinf +kx

ax
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Note that —%mzl 62 sin § resembles a centripetal acceleration term. Since there are
no non-conservative forces, then Q1 = 0 and the dynamic equation for g1 = x is:

1. 1.
m1 + my]¥ + §m219 cosf — §m2192 sinf +kx =0 (3.106)

The d’ Alembert-Lagrange’s equations for g» = 6 are as follows:

d (L 3L _ .. p_ Ld (av) _
L (3) 4 = e £ =7 vigi (i) =0
d (L 0L oL az:
2'7(84)_% Q/=>,1,(39) =0
1 1 1 mal?\ 52 17, 2
3. L = §m1x + sm2 (x + £ +lx00059) + 7(1—)9 — skx® —

mogh (1 —cos)
4. i (%—g) = % (% [12—9 +Ix cos@] Méﬂ) =
(xl cosf — 16 sin 6 + 9) + 22l

5. %ﬁ =— [—§m2 (16 sin6) — mégl sm@] [%mz (146 sin6) + mégl sin 9]

6. Summing: %mg ()'c'l cos® — x10sin@ + l_é') + mzl g + [%mz (l)'cé sin6) +

mzzgl sm@] = %mz ()'c'l cos 6 + %9) + mzl 6+ ngl sind = 0, =0
Adding a dashpot (or damper) and an external time-varying force F(¢) will
introduce non-conservative forces into the system which must now be accounted

for as generalized forces Q1 and Q», respectively (see Fig. 3.16). The virtual work
due to the non-conservative forces is:

2
swh¢ =2Qjaqj = (F(t) — bx) 8x + (0) 86 (3.107)
- —_— ——
[ 0>

Note that the non-conservative force F'(¢) does not undergo any motion at its point
of application, when a virtual displacement of 46 is introduced. The same is true for
the non-conservative damper force —bx, hence Q> = 0.

The two dynamic equations then become:

1 . 1 .
[my +mp]X + Emzle cosf — Emzlez sinf + kx + bx = F(t)

by (s1coso + ) + ™55 ™28 o o (3.108)
5ma | &l cos 5 D 5 siné = )

Adding another horizontal force F,(¢) at the bottom end of the pendulum will
result in (see Fig.3.17) an additional force in the [ direction which is: F (t)f .
Sxl = F>(t)8x. This implies that Q1x = (F(t) —bx + F,(1))éx = Q1 =
F(t) — bx + F>(t). Freezing §x and allowing only §6 motion, some work will
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Fig. 3.16 Cart with spring, damper, and pendulum
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Fig. 3.17 Cart with spring, damper, and pendulum-geometrical considerations
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be performed by Fz(t) The variation 36 causes a motion of the slender rod
at distance /86 in the j direction. Projecting this distance onto the I axis, the
distance becomes [ cos 986 1. This implies that the work performed by F>(f) is:
SWo = 0280 = Fr(t)] - 1cos08601 = F>(t)l cos086. This further implies that
Q2 becomes: Oy = F>(t)l cos 6. Note that the generalized force in the x direction
has the units of force and the generalized force in the 6 direction has the units of
torque.

3.9 Lagrange Multipliers for Constrained Systems

The following section is based upon Chap.2 in the book by L. Meirovitch
(L. Meirovitch—Methods of Analytical Dynamics [23, pp. 52-55]) and Chapters
9 and 10 in Fitzpatrick’s book [11, pp. 128, 147-148].

Assume without loss of generality that we have a system described by two
generalized variables gjand g;. The two generalized coordinates g; and g are
not independent and the holonomic (time independent or scleronomous) constraint
connecting the two variables is of the form f(q, g2) = 0. The Lagrangian £ is
a function of both ¢; and g, and their derivatives with respect to time, that is:
L = L(q1, 92, 41, g2). From the extended Hamilton’s principle (Eq. 3.46), we have:

[5)
/ LAt =0,L=T -V;t=1,t
t
oT 9V d [(oT
= 8L)dt = / |: - - (—):| Sqrdt =0
/ 1 Z gk gk dt \ 9gx
ST
f 9q1 q1  dt \9q1 7
N aT 9V d [dT sa ) di — 0
b g di \agp)]°") " T

> [ (L () o [ ) Jon ==
—— — | — 1 _— = 2 =Ul1=11,I2
f Bql dt 36]1 9 86]2 dt g

(3.109)
It was previously noted that the generalized coordinates g; and ¢, are not inde-

pendent and at a fixed instant of time the variation of the constraint equation
f(q1,g2) = 0 becomes:

af
9 9 f 8q1
(gf:_f q1+—f8q2_0:>8q2_+
aq1 aq af
992
af o
f—0:>8f—0:>8q2———f28q1 (3.110)

1 9f
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Eliminating 8¢g> from the d’ Alembert-Lagrange equations results in:
2T d (9 0 d (9
n \Ldq1 dr \9q dqy  dt \ 94,

_/Q([E_i(%)}g _[%_i(%ﬂﬂ@a )d;—o-
)y Vg —ar \ogi )% " Lagy ~ ar \ogn )] agy o °1 ) T

r=1n,0
/oL d (3L dqr  [9L d (L] 0q2
= =_ L (= =_ L= Sqidt = 0
f dq1  dt \9dq1)] of dq2  dt \9q2) ] of
t=1t,h (3.111)
The above equation must be satisfied for all possible perturbations of §¢q;, which
implies that the integrand must be identically zero. Letting [a—ql — % (%)] 33% =
[g—(fz — % (%)J %—‘;} = A(¢) leads to the following result:
0L d (dL\]|oqn [9L d (9L)\]dq
dg1  dt \9q1 /| of ~ loqx dr \dqa)] of
A B
9q1 942
A— =B— = A(¢
= A 7 of (*)
0
:>A—A(t)—f =0;B—k(t)—f =0
9q1 9q2
0 d (9 a
= _L _ _L _ )\(t)—f =0
dgq) dr \9q 9q1
0 d (9 0
oL _ 4 —[' —At)— f =0 (3.112)
agy dt \9¢» g2

The Lagrange multiplier, A(¢), may be chosen in such a way as to ensure that
both of Eq.(3.112) go to zero. Because the virtual work must remain zero, it
follows that the generalized force Q; must act in a direction which is conjugate to
the corresponding generalized coordinate. Assuming that the dynamical system in
question is conservative, then from Egs. (3.22), (3.33), and (3.130), the generalized
work and the generalized forces may be written as:

N N n
5WC=ZF,~.5;»,~=ZF Zar‘ q/—Z(ZF 8r’>8q,—ZQ18q/
i=l1 i=1

j=1
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N
8.
= Q=) Fg- j=12..n
i=1 i
v Noav o v
R i 2T 1,2, n (3.113)
1

i=1 o bqj  Bq

where V is the system’s potential energy. By analogy, the generalized constraint
force (i.e., the generalized force responsible for maintaining the corresponding
constraint) takes the form: Qk = )»(t)%. Extending the analysis to n generalized
coordinates which are subject to the ho?onomic constraint f(q1,q2,...,qn) = 0,
we find that:

_E—i(éM)- —)\(;)%zo

L9g1  dr \ g1 9q1

[0 d [0 T b
_‘E__<_‘£) —A(t)—fzo
| dq2  di \9q2) | g2

(0L d (0L of
9an dr (m)- 05 =0

(3.114)

The generalization to multiple () holonomic constraints of the form f; (g1, q2, .. .,

qn); j = 1,2, ..., mis straightforward and may be written as:
) d (9 “ af;
_L__ _L _Z)L/(t)i:()
dq1  dt \0q, o
B d (9 “ af;
_L__ _‘C —Z/\j(t)iﬂ)
dq2  di \9q2 e 32

0L d (oL = A
oo~ ()] 2405, =0

(3.115)

0L m o Ofi . L .
The term Y > =1 (t)ﬁ may be viewed as the derivative with respect to the

generalized coordinate g; of an augmented potential function £ — Z;”zl Aj@) f-
The idea is to render this augmented potential function stationary by requiring that
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all the terms of the form % — Z;’;l')»j (t)g—]qz; k = 0,1,...,nare identica.lly equal
to zero. When the generalized coordinates are not independent but are subject to m

non-holonomic constraints having the Pfaffian form:

n

> ajpdgi +ajodt =0; j=1,2,....m (3.116)
k=1
where the coefficients ajx, k = 1,2,...,n are functions of the generalized

coordinates g;, the virtual displacements are:
n
Zajkaqk=o;j=1,2,...,m (3.117)
k=1

Multiplying the virtual displacements by A;,i = 1,2, ..., m and adding all of the
results to the d’ Alembert—Lagrange equations, we obtain:

d (3L 3L =

— ) -—= A + k=1,2,..., 3.118

T <8qk> ™ 121: 1aik + Ok n ( )
The terms Z;": 1 Mage k=1,2,..., nmay be regarded as equivalent forces, which

are in fact constraint forces, that is:
m

Qk=ZAlalk k=1,2,....n (3.119)
=1

There are n + m equations, n d’Alembert-Lagrange equations of the form:

% (%) — g—gﬁ = Y Maw + Qx k = 1,2,...,n and m non-holonomic

constraint equations Zzzl ajkdqr + ajodt = 0;j = 1,2,...,m. Hence, there
are n generalized coordinates and m Lagrange multipliers which must be found. If
the constraints are holonomic, that is, f;(q1,q2,...,qn,t) =0 1 =1,2,...,m,
then ajx = df;/9qx.

Example 9: Virtual Work (see Meirovitch [23, pp. 62—-63])

The system in Fig.3.18 is composed of a mass m connected to a weightless link
of length L and a spring with a spring coefficient k as shown. In the spring’s un-
stretched position, the link is in the horizontal position. The principle of virtual
work may be used to calculate the angle 6 corresponding to the equilibrium position
of the system for the given configuration. The position of the ends of the link in the
equilibrium position is given by:

x =L —cosB);y=Lsinb (3.120)
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Fig. 3.18 System used to demonstrate the virtual work principle

where x is the amount by which the spring is stretched and y is the distance by
which the mass m is lowered below the horizontal. The virtual work is as follows:

SW = —kx8x + mgdy = 0; 8x = Lsin686; 8§y = L cos 086 (3.121)

Recall that the variation § operates on functions in the same way as a derivative.
The virtual displacements in the x and y directions are §x = L sin050 and §y =
L cos 060, respectively. Substituting the above values for §x and §y and x = L(1 —
cos 0) into the equation for virtual work results in:

SW = —kL(1 — cos0)Lsin080 + mgL cos 080 = 0 = (1 — cosf) tanh = g

(3.122)

The solution to the above transcendental equation results in the equilibrium value of
6. It is also possible to solve this problem with Lagrange multipliers. The constraint
equations may be written as:

fi=x—L( —cosf)=0; fr=y—Lsind =0
= 48f1 = 6x — Lsin680 =0;5f» =8y — Lcos880 =0 (3.123)
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Multiplying 871 by A1 and 8> by A2, respectively, and adding the results to §W we
obtain:

SW = —kxdx+mgdy+Aii (8x — Lsin080)+x, 8y — Lcos080) =0  (3.124)

Replacing x in the above equation by x = L(1 — cos #) and regrouping the terms in
the above equation as coefficients of the parameters éx, 8y, 66, we have:

[-kL(1 —cosO) + r1]8x+[mg + A2l Sy—[rA1Lsin6d + AL cosf]80  (3.125)

Equating the coefficients of 8x, §y, and 86, respectively, to zero in the above
results in:

[kL(1 —cos@) +Xr1]=0;[mg+ A2] =0;[ALsind + AyLcosf] =0
(3.126)
The solutions for A1, A», and 6 then follow, and are:

m

Al = mgcoth; hy = —mg: k—Lg = (1 = cos ) tan 6 (3.127)
The Lagrange multiplier A, is simply the reaction force at point A to the mass m,
while X1 is the horizontal reaction force at point B.

3.10 A Systematic Procedure for Generalized Forces

Recitation 9—Video Times—2:18-14:49, Lecture 16— Video
Times—28:16-56:16

The problem of generalized forces and the method by which they may be deduced
is presented below and relies in part on the videos and handout (Recitation 9
Notes: Generalized Forces with Double Pendulum Example) of Recitation 9 and
Lecture 16 by Prof. Vandiver et al. (Vandiver and Gossard—Video of Lecture 16:
Kinematic Approach to Finding Generalized Forces [43] and Vandiver et al. Video
of Recitation 9: Generalized Forces [47].)

Consider a three-dimensional rigid body with n generalized coordinates, g ;, upon
which N non-conservative forces are brought to bear, and where the distance from
the origin O of an inertial coordinate system to the point of application of force F;
on the body is r;. For the same position vector r;, the virtual displacement of the
point when generalized coordinates are varied is §r; (see Fig.3.19). ér; is the total
virtual displacement at the point of application of force F; and it is the sum of all of
the virtual displacements of the generalized coordinates, or:

or; ar; ar,
§ri=_——8q1+ —dq+---+
q2 ol

s 3.128
g 3 qn ( )

n
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F-dr=|F||dr|cosv

Fig. 3.19 3D rigid body with n generalized coordinates acted upon by N non-conservative forces

The work done by a force is: dW = F -dr = |F||dr|cosv, where v is the
angle between the force and the infinitesimal displacement dr. Note that only
the component of the force, which is projected in the direction of the motion, is
important. The virtual work done by all the non-conservative forces is therefore:

NC Y or; il ar;
SWNC = "F; - or = ZF Z—Sq]_z YoF- L
i=1 qj

j=1 \i=1 9q;

n
8qj =) Qjdq;
j=1
(3.129)

Hence the generalized forces Q ; are given by:

N
a.
szzpi._ar{ j=12...n (3.130)
i=1 i

If the rigid body executes only planar motion, then it has three degrees of freedom,
since it can move in the X direction, the Y direction and rotate with angle 8 around
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its Z axis. The three generalized coordinates can be X, Y, and 6. Accompanying
these generalized coordinates are the virtual displacement § X, §Y, and 860 and these
are used to calculate the virtual work of the rigid body. The generalized forces
Ox, Oy, and Qy are the entities being sought after.

Example 10: Generalized Forces on a Double Pendulum

Recitation 9—Video Times—2:18—-14:49

A double pendulum is shown in Fig.3.20 with a force F acting at point P. The
generalized coordinates for this case are g1 = 61 and g = 6, (see Vandiver—
2.003SC Engineering Dynamics. Recitation 9 Notes: Generalized Forces with
Double Pendulum Example [39]). The location of the force with respect to the origin
O is described by the vector r, which can be written in terms of the I and J unit
vectors as:

rp = (1 sin0; + L sin6) [ + (=11 cos ) — lp cos 62) J (3.131)

The partial derivatives of rp with respect to #; and 6, are then:

¥(J)
‘ |
o &= x(i) ¢ 7
»
P
0, N,
_—» m],,'t\‘\\ —1’2sin[90':'—____02):—Izc05O2
[,cosB, \\\r P \
mz, Iz \\\\ \
o T \_x\\\ - '\___ :
Lsing, Bigp—290-0, “A
i V. | F J
i 1,cos(90°—0,)=1,sin0, P E,

Fig. 3.20 Generalized forces acting on a double pendulum
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orp orp
ae =1 cos91] + 1 sm91J — lzcosezl + 1 sm@z] (3.132)
001 00,

The applied force F may be decomposed along the two coordinates” directions as:
F =F, I+ Fy J. From Eq. (3.130), the generalized forces Qg,, Qp, become:

3 . . )
Qo = F - arTP = (Fxl + F_VJ> : (zl cosO 1 +1, sin91]>
1

= Fylicos 01 + Fyl; sinf;

9 A A ) )
04, = F - a;P (FXI + FyJ> : (12 cosbhl + b sin921>
2
= Fylpcos0, — Fylrsinf, (3.133)

The virtual work done on the system by the generalized forces and small displace-
ments 361, 60, is therefore:

SWNC = 00,801 + 04,802 = (Fxly cos 6y + Fyly sin6) 86
+ (Fyla cos 6, + Fylp sin6,) 86, (3.134)

The double pendulum has two natural frequencies and two mode shapes, which may
be obtained by writing out the d’ Alembert—Lagrange equations.

Additional Remarks on Recitation 9 (See Vandiver-2.003SC
Engineering Dynamics. Video of Recitation 9: Generalized
Forces [47])

Recitation 9—Video Times—2:18—-14:49

1. If a force is added at point B of the double pendulum, with components By and
By, then a vector r, from the origin to the point of application of the force B

would be: rp, = [; sin@li -1 00591f = g%’l’ =1 cosOf — I sin@lf.

2. The generalized force would then be: Qp = (Bxi + B,y J ) . g—g’;
(Bxf+ Byf) . (11 cosOl — I sin@lf) = Byl cos0; — Byly sin6.

3. There are therefore two contributions to the total generalized force Qg,: Qp, =
S B Qu = F B

4. The same procedure as for Qg, is used to calculate the generalized force Qp, .
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Example 11: Torques and Kinetic Energy on a Rotating
Cylinder and Disk

Recitation 9—Video Times—15:31-35:40

1. For the system in Fig. 3.21, assume that the coordinate system x(f), y(f), z(IG)
at the instant considered is an inertial coordinate system (we freeze the motion
at the instant considered).

2. Since the body B (mass m>) is axially symmetric, at any instant of time, a set

of principal coordinates could be defined for the body B which are parallel to

the x(f), y( f ), Z(/%) coordinates at the instant considered.

The total angular velocity of the body B is: w = Qk — wlf.

4. The mass m; has a linear component vg = Qk x lf = —QIi. This equation
describes the instantaneous linear motion of the center of mass of m,. The mass
my is also rotating with angular velocity @ = Qk — a)lf and so the kinetic
energy 1> of mass m is calculated with the following formula (see Eq. 2.16):

»

1 1
T= EMU% + 5 [a))zclx + wily + a)?lz— 2wy wy Iy — 2wy 1, — Za)ya)zlyz]

+M [UBx (@0yZ — @;Y) + vpy(w X — wx7) + vp (wxy — a)yf)]
(3.135)

 w,

Fig. 3.21 Another example for the calculation of torques and kinetic energy
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where X, 7, Z, the centers of gravity of the rigid body are: X = [ xdm/M, y =
[ydm/M, Z = [zdm/M, the moments of inertia I, I, I, are, respectively:
L = [0?+Ddm, I, = [+ Hdm, I, = [(x*> + yHdm and
where the cross products of inertia Iyy, Iy;, Iy, are: Iy = fxydm, I, =
[ xzdm, I,; = [ yzdm.It may be shown that:

[a))zclx + a)ily + a)glZ —2wywylyy — 2w w1y, — Zwywzlyz] =o' lw
(3.136)

. Since B is axially symmetric, the inertial cross products are zero. In addition,

the body B rotates around its center of mass and hence x =y =z = 0, and so
the general formula for kinetic energy becomes:

=l 2+1 21 + 0’1, + 21 3.137)
2—2m2v3 wax wyly + ol 3.

. Additionally, since w = Qk — a)lf, this implies that vy = 0, wy = —w1, w; =

2 and so the above formula becomes:

_ 1 2, 1 2 0?2 1
T = smavh + 5 [0+air, +21] (3.138)
Finally vp - vp = (—Qlf) . (—Qlf) = Q27 and so the kinetic energy T»
becomes:

1 1
T = Sm@ + [wfly + 9211] (3.139)

The kinetic energy of the rod (mp) is: 71 = %IOQ2 = %TQZ.
The total kinetic energy is:

1 myl? 1 1
T=Ti+T =" Q24 Q2% + - [w%ly + 9212] (3.140)
2 3 2 2
The moments of inertia of the body B (defined with respect to its center of
gravity) are:

I, 00 Wy I, 00O 0 0
He=|01,0 wy |[=]101,0 —w1j | = | —Lywj
0017 || 00 I Qk L.Qk

(3.141)
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11. The angular momentum at point O of mass m, with velocity vp = —QI iis:
Ho = Hg +rgjo x Pgjo
Ho = Hg +1] x mavg = —Lyw1 ] + L9k + (lzmzsz)/%

— (IZ + lzmz) Qk — Lyw ] (3.142)

Recall thatf x —i = k.
12. What are the torques required to make this system continue to rotate?
13. Torque is the derivative with respect to time of Hy, that is:

Zfext =24 vajo X Pgjoiva0 =v0 =0
dH, o0H,
270 (—0> +wx Hop
dt ot rotating frame

0Hp
= E Text = <—> +vas0 XPgjo +w x Hop
ot rotatingframe — ~~—"

0
= 3 [(1 + 1 mz)Qk—valj]wwaHO

=0+ (SZI% — a)lf) X [(IZ + lzmg) Qk — Iya)lf]
= Qk x (—Iya)lf) + (—wlf) X (IZ + 12m2> Qk
= Qu, (Iy - 12m2)2 (3.143)

where Y 7oy is the sum of all externally applied torques. The term w x Ho
appears because of the change of direction of two of the unit vectors (both i i and

J are continuously changing direction). The i and J unit vectors are changing
dHo

dt )rolatingframe
accounts for the remaining time-varying entities in the problem and it equals

zero—i.e., there are no time-varying entities except for the unit vectors (both i
and j are continuously changing direction).

direction at the rate of 2. The explicit time derivative term (
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Example 12: Spring and Mass on Inclined Face
of Moving Cart

Lecture 16—Video Times—9:30-20:45, 37:50-53:29

This problem was taken from: Vandiver 2.003SC Engineering Dynamics. Video of
Lecture 16: Kinematic Approach to Finding Generalized Forces [43] and 2.003SC
Engineering Dynamics. and Problem Set 6-Solutions [37].

The cart has mass m, and an inclined surface as shown in Fig. 3.22. A uniform
disk of mass m and radius R rolls without slipping on the inclined surface. The
disk is restrained by a spring with spring constant K, attached at one end to the
cart. The other end of the spring attaches to an axle passing through the center of
the disk (center of mass of the disk). The cart is also attached to a stationary wall
by a spring with spring constant K, and a dashpot with constant “b.” A horizontal
external force F(t) is applied at the center of mass of the disk as shown.

(r)o=(rao+(r,),

Uniform

~ / Disk of
\“4Tn

mass m

Y(J) & F,I

Fig. 3.22 Spring and mass on inclined face of moving cart
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1. Kinetic Energy 7T and Potential Energy V:

(a)
(b)
(©)

(d)

(e)

€3]
(@

(h)
®

@

9]

®

(m)

(n)
(0)
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There are two generalized coordinates which completely describe the
motion of this system X(i) and x| (f).

Assume that there are no external non-conservative forces being applied to
the system, that is, Flf =0and bX = 0.

Assume further that the static position of spring K exactly balances out
the gravitational force on the disk in the generalized x (f) direction, that is:
Kixy =mgsin6.

The only remaining term in the potential energy in the x; (i) direction is due
to the stretching of the K spring beyond its equilibrium position, that is:
Vk, = sKix2.

There is no gravitational potential due to the cart in the X (I) direction
since the cart doesn’t undergo any change in height along its trajectory
(its trajectory is horizontal only). The only potential energy in the X ()
direction is due to the spring K> and itis: Vg, = lK2X2.

Adding the two potential energy terms results in the total system potential
energy, which turns out tobe: V = Vi, + Vg, = %lelz + %K2X2.

This is a planar motion problem and the axis of rotation of the disk is
a principal axis, perpendicular to the plane of translational motion of the
system or in the zk direction. )

The disk rotates with an angular velocity of w, = 6 = —%.
The velocity of the center of mass of the disk, with respect to the origin O
of the inertial coordinate system, equals the velocity of the cart as a whole
with respect to O and the velocity of the center of mass of the disk with
respect to the cart.

In mathematical terms, we have: (vg)o = (v¢)o + (vg)c = X7+ )'clf,
where (vg) o is the velocity of the center of mass of the disk with respect to
0, (vc) o is the velocity of the cart wrt O, and (vg)c is the velocity of the
center of mass of the disk wrt the cart.

The unit vector in the ith direction may be rewritten in the i , J coordinate
system as: i =cosOl —sin6lJ.

static

The (vg)c term then becomes: (vg)c = X1 (cos@f — sin@f).

The kinetic energy of the disk with respect to the origin O is therefore:
Taisk = %m(v(;)o -(vg)o + %Iza)g = %m (Xz +2X% cosf + x]2 cos? 9+
xlz sin’ 9) + %Izwg = %m (Xz +2Xxi cosO + xlz) —i: %Izcug.

The kinetic energy of the cart, as it moves in the X (1) direction is: T¢qrr =
Lo X2,

The total kinetic energy of the system is the sum of the kinetic energies of
the cart and the disk and it is equal to: T = Tearr + Tyisk = %mo)'(2 +
Im (X? 42X cos0 + i2) + L Lw?.

The distance traveled in the xlf direction by the disk is: x; = R@. This
implies that x| = RO.
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(q) For the disk, its mass moment of inertia is: I, = %mRz. In addition,
w, =6 = a)g =, and so the total kinetic energy becomes: 7 = émon +
%m ()'(2 +2Xx cosO + x )—l—%mR 62 _ 2m,,X2+ sm (X2 +2X %) cos 0+
22
1 mx1
i)+ 3

2. Equations of Motion Derived by Means of Lagrange’s Equation:
(a) The Lagrangian L =T—-Vis: L = %m,,)p—i—%m (X2 +2Xxi cosf + xlz)—}—

.2

1 - (K0t o).

(b) Lagrange’s equation for the generalized variable X is: di(—ﬁ-) — —§ =
Ox =0.

(c) Lagrange’s equation for the generalized variable x| is similarly: %(%) —
8X| Qxl - O

(d) Since there are no external non-conservative forces acting on the system, the
generallzed forces Qx and Q,, are both equal to zero.

(e) BX = (m, + m)X + mxq cos 6

() £ L) = (mo +m)X + mii cos 6

(@ —5% =KX

ok IS5

(h) %Eé—xé — aL = (m, +m)5f+m)é'1 cosf + KX =0
1) %: XcosQ+mx1+ + mxy

() () =mX cos6 + 3mi,

) —4£ = Kixi

) () — £ =mX cos + 3mii + Kix1 =0

Summarizing, the two equations of motion are:
(my +m)X + mxcos6 + K2 X =0

. 3
mX cos 6 + me] + Kix1 =0 (3.144)

3. Generalized Forces:

Assume now that there are two external non-conservative forces being applied
to the system, that is, F 1f and —bX1 (the force from the dashpot or damper).
This implies that Qx # 0 and Qy, # 0. The position vector from the origin O
of the inertial coordinate system to the point of application of the external non-
conservative force F7 is (r1)o. Since the total motion of this point (the point of
application of the external non-conservative force) is made up of the motion of
the main cart plus the motion of the disk relative to the main cart, the position
vector (r1)p may be written as: (r1)o = (ra)o + (r1)a, where (r4)o is the
position vector of point A with respect to the origin O and (1) 4 is the point of
application of the external non-conservative force F; with respect to the point
A on the cart. The vector from the origin to point A may be written in inertial
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coordinates as (rA)o = X[ +VYJ. The unit vector i may be expressed in terms
of unit vectors i and J as follows: i = cos61 — sin0J. Hence, x;i becomes:
x1(cos 0f —sin6J ). The position vector (1) o may therefore be written as:

(r)o = XI+YJ +xi(cos0l —sindJ) (3.145)
————
(ra)o (r)a

Two forces in the X I direction contribute to the generalized force Q x, where the
contribution of Fj to Qx is (Qx) r,. The virtual work due to F is shown to be:

.9 R
(Qx)F 86X = F1l - (ar—IX)OSXI (3.146)

However,

d(rdo
X

=1= (Qx)F,6X = FiI - 18X = F16X (3.147)
The virtual work in the x; direction due to Fj is: (Q1),,8x and it turns out to be:

~ 0 N
(Q1)x,8x1 = FiT - %w (3.148)

X1

As was demonstrated above ry in terms of the inertial coordinates is: r| =
x1(cos 81 —sin 6 J), and so the partial derivative of r; with respect to x| becomes:

ary
ry = xl(cosel — s1n0J) _8 (cos@l — sm9]) (3.149)
x1

Hence the virtual work in the x| direction due to F is:

(1), 8x1 = Fi1 - (cosO —sin0J)8x; = Fj cos08x; = (Q1)x, = Fj cosb
(3.150)

Given that the wheels of the cart don’t slip, then the friction at the point of contact
with the wheels of the cart doesn’t do any work. In addition, a small virtual
deflection, §x;, doesn’t make the cart move so that there are no other forces
in the problem that move when the system undergoes a small movement in xi.
Hence, the total (Q1)y, is: (Q1)x; = Fi cos 6. We found, previously that Q x, the
generalized force due to the motion of the cart (due to F) was: (Qx)r, = Fi.
The vector from the origin to the point of application of the force due to the
dashpot is (7)o and the magnitude of the dashpot force is —bX. The position
vector (r2) o may be written in the form:

(r)o = (X —a)l + (Y —ay)J (3.151)
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The virtual work due to the dashpot is:

(0x)p58X = (Qx)F,8X = —bX1I - a(aigo(SXI = —bXI 8XI = —bX5X
(3.152)
Hence the total Qy is:
0x = (0x)F + (Qx)r, = F1 —bX (3.153)

So whenever a position vector r; to the point of application of an external non-
conservative force F; can be specified, then it can be used in the following
formula:

N
8 .
Qjaqj=ZFi.£5qj j=12.n (3.154)
i=1 I

The foregoing procedure should be performed for each force that is applied. It
involves taking the derivative with respect to the coordinate ¢; and multiplying it
by 8¢g, which is the virtual work done by each of these forces. All of the virtual
work terms for each of the applied non-conservative forces are added together to
get the total virtual work done due to a deflection at the particular generalized
coordinate, g;. For example, in the case of Qy, there are two contributions
because two forces were exerted on the main cart, F; and —bX. And so the
summation in this problem, when the generalized variable is X, is for the two
contributions, F| and F5.

Remarks

* In this problem, the two generalized coordinates are X in the inertial system
which describes the motion of the cart, and x; which describes the motion of the
disk relative to the cart and it enables the distance vector (r1) o to be written as
follows: (r1)o = XI +YJ + xi(cos 61 —sin6J).

e The term x;(cos 0f —sinoJ ) is only relative to the cart.

* The motion of the cart plus the motion of the point relative to the cart yields the
total motion. The generalized coordinates were chosen in order to allow for a
description of those two motions.

» Application of a force to the disk may cause the cart to move; however, it should
be remembered that the generalized forces are what is desired, i.e., the application
of a force to the disk which may cause the cart to move is not the problem to be
solved when looking for the generalized forces.

e In the search for the generalized forces, motion of only one generalized coor-
dinate at a time, with all other generalized coordinates “frozen,” should be
performed. For example, while the disk is allowed to undergo a small deviation
in its location, the main cart should not move.



3.10 A Systematic Procedure for Generalized Forces 135

* The consequence of that motion must be determined. The motion of the disk does
a little virtual work because there’s a generalized force operating on it over an
infinitesimal distance. If the cart’s position is perturbed, and the disk’s position
remains unchanged, the whole cart including the disk moves. But the amount
that the disk moves is exactly equal to the amount that the cart moves because
the disk’s position with respect to the cart is frozen.

e The motion of the cart, with the disk frozen (i.e., the relative position between
the disk and the cart is frozen or fixed) allows for the calculation of Qx.

* Even though the force Fj is applied to the disk, the disk moves when the cart
moves. But the cart doesn’t move when the relative position between the cart and
the disk changes. The disk is free to move when the position of the cart is frozen.

* Recalling the discussion about complete and independent coordinates, x is
independent of X.

* Freezing x; and making a change in X implies that the cart as a whole moves.
However freezing X still allows x; to move. These coordinates are therefore
independent.

Example 13: Two Carts Connected By a Spring
(Video of Lecture 16—Vandiver [43])

Lecture 16—Video Times—56:40-1:03:35

Question: Given two masses connected by a spring, if the first mass is “pulled,”
will the second mass be “pulled” along by the first mass? Will the two masses “pull
each other along”? Why will there not be the “pull-along” effect on the second mass
from the first mass? Two carts both on wheels, with a spring in between them, are
depicted in Fig. 3.23.

Y(J) 4

Fig. 3.23 Two carts connected by a spring
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This is a planar motion problem. Each of these bodies is capable of planar motion
in the x and y directions and each can have a rotation. Rotation and motion in the
y direction are not however allowed (the cart has two wheels and can only move in
the X direction) so that the number of degrees of freedom of the system is 3*2-c =
6-2-2 = 2 degrees of freedom. How many generalized coordinates are needed? The
generalized coordinate for the first mass will be x; and for the second mass it will
be x3.

The kinetic and potential energies of the system are:

1. 1. 1
T = Emlx]z + zmzxg; V= Ek (x1 — (x2 — Ip)))? (3.155)
where [y is the un-stretched length of the spring. The virtual work due to x is
therefore:

9
0. 8x1 = F - %8)61 = Fiox1 = Qx, = Fii 71 = x1 (3.156)
1

where Q,, is the generalized force due to Fj (it’s equal to Fp) and it’s the
generalized force exerted on the mass m; (on the first cart). The virtual work in
the x; direction is:

01,8x =0 (3.157)

There are no external non-conservative forces on the second cart, so that Qy, = 0.
When computing the generalized forces, all of the movements except one are frozen
and the work done due to the unfrozen motion must be determined. In reality, a force
F1 on the system will result in this whole system moving to the right.

Applying a steady force F on cart 1, the whole system will move to the right-
hand side. But for the purpose of computing the generalized force on each mass, fix
the positions of the masses at some instant of time, and then for one coordinate at a
time, cause a little virtual deflection and determine how much work gets done.

Example 14: (Example 7—Continued)—Pendulum with a
Mass and Spring (see Vandiver et al. [42])

Lecture 15—Video Times—1:05:00-1:21:16

The system consists of a steel rod with a metal sleeve on the outside of the rod and
attached to the rod by a spring. The metal sleeve slides up and down along the rod.
The rod, sleeve, and spring are attached at point A to a hinge and the whole system
can swing back and forth as a pendulum. The system has multiple sources of kinetic
energy and multiple forms of potential energy. For purposes of the problem, there
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is a horizontal force F cos wt located at the metal sleeve which pushes this system
back and forth. The problem is to derive the equations of motion of the system.
The motion is planar and there are two rigid bodies involved. Each rigid body has
six degrees of freedom, but because of planar motion, each body has a maximum
of three degrees of freedom. For planar motion, each rigid body can move in the
x and y directions and can rotate about the z axis, where they are not attached
together by the spring. The maximum number of degrees of freedom for the two
rigid bodies, each acting independently of the other is six. This problem has two
degrees of freedom, which are the angular displacement 6 of the system from the
vertical and x; the linear displacement of the sleeve’s center of mass along the rod
with respect to point A. The coordinate system X; — Y] rotates with the rod and
sleeve. The coordinates chosen are independent, since, freezing one of them, the
other can still traverse over the full range of values for that coordinate. They are
also complete since with the two coordinates, all parts of the system may be located
at all times. Furthermore, the generalized coordinates are also holonomic since the
number of independent generalized coordinates required to describe the motion of
the system equals the number of degrees of freedom (Fig. 3.24).

Y, (j) ;
' J ROd:Ml,{Iu)AyLI:GI

Y(T) Sleeve : M, (I,,):,L,,G,

Spring with
< Spring constant k

Rod

»  Motion of

\ Metal

sleeve

1 periodic external excitation force

F(t)=F,coswt=F,
F(t)=F cosnt
Metéi

. 1
! F,coswtsin® : @
sleeve I
I

|
| Xy (i) |
X(I)
G, , G, are the centers of mass of the rod, sleeve respectively
(I,,), is the z—axis moment of inertia of the rod about point A
(I,,); is the z—axis moment of inertia of the sleeve about its center of mass

Fig. 3.24 Pendulum with a mass and spring—continued



138 3 Lagrangian Dynamics

The equations of motion of the system were:

. L
M>X| — M2x1912 +k (X] — Lo — 72> — Mg cosf = Qy,

([IZZ]A G+ (L2166 + Mabx? + 2M29x15c1) + (TlMlg $inf + Magx; sin 9)
L,
= (xl + 7) Focoswt cosh = Qg (3.158)

where [I;;], is the moment of inertia around the Z axis of the rod at point A and
[I;;]1; is the moment of inertia of the sleeve at its center of mass. In addition, due to
the parallel axis theorem, the term szl2 is added to [I;;]; in order to compensate
for the fact that rotation is at the point A and not at the mass center of the sleeve.

The terms (%M 18 sinf + M»gx sin 9) are the moments due to gravity acting on
the rod and sleeve, respectively. The virtual work along x; may be written as:

~ Or N N ~ n A ~ n
Ox0x1 = FJ - 8—28x1i;r2i =rycosBl +rrysinfJ;i =cosfl + sinfJ
X1

9 A ) )
r = x1; aﬁ = 1= Qy6x1 = FoJ - (cosOf +sin0.1)sx; = Fysin06x,
x]
(3.159)

The virtual work in the 6 direction may be written in a similar manner as follows:
N I o . .
FJ - 3—686r21 =rpycos01 +rysin6J; 29 = —rysinfl +rycos6J

~ 0 N N A
= FyJ- %59 = FJ - (r2 cos0J — ry sinel) — Fyrycosf
(3.160)

At static equilibrium, all of the derivatives and second derivatives with respect to
time tend to zero and the angle 6 = 0, and so the dynamic Eq. (3.158) becomes:

L
k(xl—L()—7> = Mg

where (x 1—Lo— %) is the amount by which the spring is stretched due to M>g.
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3.11 Practice Finding Equations of
Motion—D’Alembert-Lagrange

Lecture 17 [44]—Video Times—0:00-9:00

This material was adapted from Vandiver and Gossard-2.003SC Engineering
Dynamics. Video of Lecture 17 [44].

The relevant equations for the direct method of finding the equations of motion
for a rigid body are the following:

1. Newton’s 2nd law: }_ F,; = aPsj0 _ mag;o.

dr
2. Torque about an arbitrary point A: 74 = (@)0 +va0 X Pgj0 = (%)O +
rG/a x mag,o. If the point A is at the center of mass, i.e., at point G, then

simplifications can be made. If the point A is moving, then the term v4,0 x Pg/0
must be included in the equation for torque. The new equation is: (‘ld#) o +

rg/A X mag/o-
3. Angular momentum about point A: H4 = Hg +ra/c X Pgjo.

Problems in mechanics may be analyzed from either the direct (Newton Euler) or
the d’ Alembert-Lagrangian points of view. Several problems will be treated by both
the direct and d’ Alembert—Lagrangian methods. The question of which method to
choose and the ease of use of either method will be discussed.

Hockey Puck Problem

Lecture 17 [44]—Video Times—9:10-40:56

We have a mass (puck) sliding on a horizontal frictionless plane (ice) with a moment
of inertia about the Z axis of (Iz)g = M«?2, where « is the radius of gyration of the
puck and M is its mass (Fig. 3.25).

The puck has a cord wrapped around it and it is being pulled with a force of
F1. The puck’s radius is R. The puck can both slide on the ice and rotate around
its Z, axis. In order to write the equations of motion, the number of degrees of
freedom must be determined. Which method is the simplest, Lagrange or the direct
method? How many independent coordinates are required? Is this problem one of
planar motion? It is a planar motion problem with one rotational degree of freedom
(around the Z axis) and two translation degrees of freedom (in the X — Y plane).
With three degrees of freedom, three equations of motion are required. One way
of solving this problem is by the direct method with the torque equation around
the center of mass. Another way would be to use the Lagrange method. The direct
method will be used to solve this problem with the X, axis aligned with the force
F1, which implies that & = 0°. The three independent coordinates are X, Y, 6. There
are no external forces in the Y direction which implies that y = 0. The only external
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- e
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Fig. 3.25 Puck sliding on a horizontal frictionless plane

force in X direction is F| and it equals the mass times the acceleration, that is,
F1 = Ma. The force equations are:

Y F=mj=0=5=0.Y F=Fl=M; (3.161)

Rotation of the inertial frame X, Y, Z to be aligned with F has eliminated the need
for breaking the force Fj into components Fj cos@ in the X direction and Fj sinf
in the Y direction. It has also resulted in y = 0. The third equation is the equation
for the torque and it is:

_dH);g  d((I)gw;)
DTG =g =

= - = (I.)gw. = (I.)gH = FRK (3.162)

where —RJ x FiI = F\ Rk is the external applied torque.

Remark Although the equation ) F, = my = 0 seems trivial, it shouldn’t be
discarded. It is a valid unconstrained equation of motion with a degree of freedom
in that direction. It was achieved by a judicious alignment of the inertial axes and the
fact that 6 was nullified as a result. Otherwise three non-zero accelerations would
have resulted.
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Attention will now be turned towards solving the problem by means of the
d’ Alembert—Lagrangian equations. It is equally simple, except for the derivation
of the generalized forces. The kinetic energy T is:

_ 1 o 1 (o o
T= UG —i—EM(x +y) (3.163)

rotational K.E. translational K.E

Since there are no springs and no differences in heights in the X, Y plane, the
potential energy is simply:

V=0 (3.164)
d’ Alembert—Lagrange’s equation is:

d T 3T 3V
————t— =0 (3.165)
dt dq; 9dq;  9q;

Letting the generalized coordinates be: g1 = 6, g> = x, g3 = y and carrying out
the operations indicated in the above equation (d’Alembert-Lagrange’s equation)
results in:

oT __ oT __ o
o
2. EW=E(IZ)G‘9=(IZ)GQ
aT __ T __
3. m_a—_o
4. 3L =0
dqlE)T aT Vv 2}
5. 755 — a5 tag =Qo= Uz)g0 = Qs
oT __ oT __ .
d 0T __ d T __ s
aT __ T __
8. @—W—O
vV _ vV
10. EH_W+_x:Qx:>Mx_Qx
11. My = Q,

Now, what remains is to find the three generalized forces Qg, Oy, Q. Assuming
that our X axis is parallel to the force Fi, and there is a virtual displacement dy,
there would not be any virtual work since §y is perpendicular to F and virtual work
W = Fy -8y = 0. This implies that Oy = 0. The approach to solving for the
remaining two generalized forces will be to use the rigorous kinematic theory. The
steps are as follows:

1. Return to the situation where the force F; and the inertial X (i ) axis are not
aligned (see Fig. 3.26).

2. Draw a position vector from the origin O of the coordinate frame to the point
of application of the force, point D on Fig. 3.26—position vector rp, 0.
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"pio=Teiotpic

froc=R
ji=—sin01+cos0]
F,=F,cos@1+F,sin0J]

Fig. 3.26 Generalized forces for sliding puck problem—I

3. Draw position vectors rg,;o from O to the center of mass G and rg,p from G
to D.

4. Using vector algebra, it can easily be shown that rp,0 = rgj0 + rpsG
(see Fig. 3.26).

5. FG/OZXi+Yj

6. Define a coorAdinate system x (fl), y1 (fl) which rotates with the rigid body.

1. rpjc = —Rji

8. rD/O_rG/O +rD/G—XI+YJ RJ]

9. ji expressed in an inertial frame is: ]1 — 51n91 + cos@]
10. Combmmg terms results in: rp,o0 = XI+YJ— le XI+YJ+Rsin6l —

Rcos@J—(X—i—RsmO)I—i—(Y RcosG)J.A . .
11. Fj in the inertial coordinatAe system becomes: Fiy = Ficos@1 + F1sin6J.
12. The virtual work in the X I direction is:

il
"D/O s

07 -8r = Q8x = FycosO1 -

From item 8, the partial derivative with respect to X of rp,¢ is 1 and so

Q> - 8r = FycosO1 - 3/ 6x = Fycosf08x = Qy = Ficosb
X
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13. The virtual work in the ¥ J direction is:

.9
Q3 -6r = 0,8y = Fysin0J - —2L2

Sy
Once again, from item 8, the partial derivative with respect to ¥ of rp,p is 1
and so:

.9
03 -8r = Fisin6J - 2219

8y = Fysin6dy = Qy = Fysin6

14. The virtual work in the 8 direction is:

0rp/o orpjo

0480 = F, - 36 = Fy (cosei+ sinef) : 56

rpjo = (X + Rsin@) [ + (Y — Rcos6) J

a}"D/O

= RcosOl + Rsin6J
20

— 0480 = F (cosei+ sinef) 'R (cos9i+ sinef) 56

— F\R <c0520 +sin29) 56 = FIR86 Qg = Qo = FiR

(3.166)

The torque Qg is not dependent on the angle 6, which is logical. Had the axes been
oriented initially in such away that the force F; was aligned with the X (/) axis and
perpendicular to the Y (J) axis, then the angle & would have been zero. The sine

and cosine terms then do not appear in the equation for 7p,¢ and it is impossible to

calculate the partial derivative rg)e/ 9 required in order to obtain the generalized force

Qp. The conclusion is that in order to carry out this procedure, the configuration
and orientation of the system should be in its most general form. Once the above
procedure has been completed, the problem can be simplified by letting 6 = 0. For
this problem the intuitive method would have yielded results much more quickly.
For the intuitive method we could do the following:

1. For the system with the axes X(i), Y(f), Z(I%), allow a small deflection Sx,
then the virtual work would be Q,éx = F cos 85x, which would mean that the
generalized force Q, = Fjcosf

2. Similarly for dy, the virtual work would be Q,6y = Fjsin6dy and so the
generalized force O, would be Q, = F;sinf

3. For a small displacement §6, the puck would move a distance R36 and so the
virtual work would be Q66 - Fi = RS8O - F1 = RF50, which implies that
0y = RF|. Note that the motion R§6 is in the same direction as Fj.



144 3 Lagrangian Dynamics

3.12 A Note on Equivalent Forces and Torques

Lecture 12 [41]—Video Times—46:23-50:02, Lecture 17
[44]—Video Times—40:56—45:29

This material was adapted from Vandiver and Gossard-2.003SC Engineering
Dynamics. Video of Lecture 12 (see [41]) and the Video of Lecture 17 (see [44]).
A rigid body has a center of mass G and an applied force F (see Fig.3.27). The
force has a line of action and the perpendicular to that line of action is of length
d from the force’s line of action to the center of mass. Since the line of action
of the force doesn’t pass through the center of mass, the force exerts a torque (or
moment) on the body of t = r x F = Fd. Figure 3.27a and b depict two entirely
equivalent situations, in that the two upper forces in Fig.3.27b cancel each other
leaving only the force F' on the lower left. The force F' on the lower left side of
Fig.3.27b and the force F on the upper right-hand side of Fig. 3.27b form a couple
which is equivalent to the couple in Fig.3.27a of t = Fd, both in magnitude
and direction. This implies that the system in Fig. 3.27b is equivalent to Fig.3.27¢c
which has a force F whose line of action passes through the center of mass G,
along with a torque (or moment) t = F'd of magnitude and direction the same as
Fig.3.27a. In the general case (Fig. 3.27d), where many forces are being applied to
the body, an equivalent system consists of a force Fr,, Whose line of action passes
through the center of mass, and a torque tr4; (see Fig. 3.27e). The force Fryq; is:
Frotal = Z,NZI F;. Similarly the total torque is: T7orq1 = ZINZI ri)G % Fj.

Fig. 3.27 Geometry for equivalent forces and torques
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Hockey Puck Problem—Continued

Lecture 17 [44]—Video Times—45:29-49:56

Returning to the hockey puck problem, the force Fj is in the direction as shown
in Fig. 3.28a. Carrying out the same procedure as discussed above, the system is
entirely equivalent to Fig. 3.28c, with a net force F in the positive Idirection acting
at the mass center and a torque of T = RF] K also acting at the center of the mass.

The generalized force Q, is obtained from the virtual work due to the motion
of a generalized coordinate. The virtual work in the X direction is (the kinematic
approach is used):

~ 01 A ~ 0] ~ Jrq A
08, =F1 - —éb6;n=XI1+YJ;, —=1——=1J
dax ax ay
= 0.8, = F11-18,
08y =Fil-J8,=0 = 0y =F: 0y =0 (3.167)
As for Qg, the total torque tr = RFiK and the corresponding virtual work
becomes:
0080 = (t7)G - 80 = RF1K - K86 = Qp = RF) (3.168)

Note that no derivatives were required in order to obtain the Qg term. The lesson to
be learned is that if the problem is shifted to the center of mass of the rigid body,
the » and its derivatives become much easier to compute and the application of the
torque becomes very obvious.

a) b) 0)

Fig. 3.28 Generalized forces for hockey puck problem—II
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Example 15: Pendulum with a Plane of Symmetry
(Video of Lecture 17—Vandiver [44])

Lecture 17—Video Times—50:28-1:00:04

The following figure contains an odd shaped pendulum with one plane of symmetry.
The plane of symmetry is parallel to the plane of the paper or perpendicular to the
pin about which the body rotates. The axis of rotation at point A is perpendicular to
the plane of symmetry, while the center of mass is at G. Any rigid body with a plane
of symmetry can have an axis perpendicular to its plane of symmetry about which
it can rotate as a pendulum. The pendulum in planar motion has three degrees of
freedom (translatory motion in the plane and one angular motion degree of freedom)
and two constraints (no translatory motion because it is pinned at one point), which
leaves one degree of freedom. The axis about which the pendulum rotates is a
principal axis of the body with mass moment of inertia (I.)4 = (I.)g + ML?
(from the parallel axis theorem—see Beer et al. [4, pp 514]). Applying the general
equation of the direct method (see page 139) about point A, the equation of
motion is:

dHy  d[(I)A0K]
dt dt

Ta = = (U)abK =) Te (3.169)
The free body diagram of this pendulum is depicted in Fig. 3.29. The reaction forces
at the pin at point A are R, and Ry and Mg is the gravitational force. The torque
which results from Mg with respect to point Ais R x F =L sin61 x Mg(—f) =
—MgL sin 6K . The direction of the torque is negative and points into the plane of
the paper. The torque equation then becomes:

(I)AGK =" Tery = —MgLsin0K = (I.)20 + MgLsinf =0 (3.170)
The following equation is the generic undamped equation of motion for any single

degree of freedom pendulum made out of a rigid body, and rotating about an axis
that is a principal axis, no matter what the shape of the body. The equation is:

(I.)A6 + MgLsin6 =0 (3.171)

If it can be rotated about one of its principal axes and not through G, the center
of mass of the body, any single degree of freedom system will oscillate. If the
axis of rotation passes through G, the torque due to gravitational forces is zero
and no oscillation will take place. If there is a damping force, then it will appear
on the right-hand side of the above equation. If a given body has a single plane of
symmetry, then the above equation applies when the axis of rotation is perpendicular
to that plane of symmetry and the body in question becomes a pendulum. The
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free body diagram

Fig. 3.29 Pendulum with a plane of symmetry

moment of inertia of I, with respect to A or (I;)4 can be easily obtained from
the parallel axis theorem if (/)¢ is given (Fig. 3.29).

Example 16: Atwood’s Machine (Video of Lecture
17—Vandiver [44]+ Video of Lecture 10—Vandiver [40])

Lecture 17—Video Times—1:01:00-1:05:00, Lecture 10—Video
Times—17:52-31:50

The Atwood’s machine is depicted in Fig. 3.30. There are three rigid bodies involved
in planar motion, which implies that there are potentially nine degrees of freedom.
However, due to constraints, the two masses can neither rotate nor move in the I
direction; therefore, each mass has one degree of freedom. In addition the pulley
can only rotate, leaving it with only one degree of freedom. The rope connecting the
two masses doesn’t slip, which implies that R6 = y, thus imposing an additional
constraint on the system. The masses are connected, so that when one moves
upwards by a distance of say y, the other mass moves down by the same amount. So,
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e free body diagramof the whole system
X(I) N
L]
A
R

| F‘ﬂi n

yl yl Jn]lg

Fig. 3.30 Atwood’s machine

finally, we end up with a one degree of freedom system. Both masses are initially at
the same starting positions with respect to the J coordinate, when they are released.
If the pulley is not massless, then the moment of inertia of the pulley system is:
I4 = m3k?, where mj is the pulley’s mass and « is its radius of gyration. From the
free body diagram of the whole system it is apparent that the reaction force N on
the pivot point at A doesn’t introduce any moments. The moments are created by
m1g and myg and are: (m1gR — mggR)k. The tensions in the cord 7' are internal
to the system and are therefore not of concern. Another way of looking at it is to
note that the 7" which supports mass m creates an equal and opposite moment to
the T which supports mass my, thus resulting in zero moments produced by T.
The angular momentum with respect to point A that is 414 may be written as:

Py A X Py /0 4 Fmyya X Pmyjo = (my +m2) Ryk

SINCE Fpm /4 = Tmy/a = R and Py 0 = ml)}/z, Punyjo = mzylg . The time
derivative of /4 turns out to be:

B4 _ () +mo) R3h
— = (m1 +my
dt Y
Note that lowercase i was used since the masses m and m, are considered to be
mass particles. The sum of the torques with respect to point A is therefore:
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dhy

=— P
ZTA s +va/0 XPo
=0
A dhg i
D4 =(mgR—mgRK = —= = (m1 +m2) Rk
.My —my
y=——"-g (3.172)
mi +my

The term v4,0 = 0 since the point A doesn’t move with respect to the point O. In
this problem, it was assumed that the pulley was massless. If that isn’t the case, then
a term would have to be added to &4 and to the time derivative of &4 to account
for the mass of the pulley such that: dé’—;‘ = (m1 + mo) Rj)'l% + 146. 1t’s possible to
relate 4 to ¥, since y = RO = § = R6.

Example 17: Falling Stick Problem (Lecture
10-2.003J/1.053J—Dynamics and Control I—Peacock [27])

A stick with uniformly distributed mass m and length L slides without (or with)
friction as it falls. For the moment, assume that there is a friction force F. Its center
of mass is located at G (x., y.) as in Fig.3.31. The position vector r. of the center
of mass is:

~ ~ ~ L ~
re =Xl + yeJ = xc1 + b} sin6J (3.173)
The linear momentum Pg is:
. .~ mL. A
P = mr, = mx.1I + 79 cosfJ

The force equation which is the time derivative of the linear momentum is:

dP - mL . . )
> For = S =micd + mT (9 cos — 62 sine) J (3.174)

Assuming for the moment that there are no forces in the X (I) direction, then
mx, = 0. In. the Y (J) direction, the sum 01i forces lg:ads too N —mg =
2L (Gcos® —02sinf) = N = mg + "L (6 cosd —6%sind). The moment
equation at the center of mass may be written as:

dHg

T, = Ie =
LT dr dt

d(I.)G6 o n L .
()6 p _ (1)K = —N7 cos0k (3.175)
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- - o £ " -
Y(J) rc—ch+ch—ch+2 sin®J

s Glx.,y.)

N

Fig. 3.31 Falling stick problem

where (I;)¢ is the moment of inertia of the stick in the K direction (directed out of
the page) with respect to its center of mass. Combining the result previously derived
for N with the moment equation, we have:

.. mL /.. oL L
(I))go = — |:mg + - (9 cos§ — 62 51n9):| ) cos 6

mL? mgL

cosf =0

2 .. mL2.2,
cos“ 6 G—TG sinf cos @ +

= ((IZ)G +

(3.176)

If there is a friction force F, then the acceleration in the X (f ) direction becomes
(Fig.3.31):

L. .
mi,=uN = i = LN =L [mg Tl (9 cos —92sin9):| (3.177)
m m 2
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3.13 Lagrangians, Hamiltonians, and the Legendre
Transformation

In classical mechanics, the Lagrangian is used to derive a system of n second-order
differential equations (for a system with n degrees of freedom), while the Hamilto-
nian formulation results in a system of 2n first-order differential equations called
Hamilton’s equations with some special properties. In particular, the derivatives
(states) in this system are uncoupled, and the differential equations can be derived
from a single (scalar) function called the Hamiltonian (see Van Brunt [36, pp. 159-
170]). Hence, from a computational point of view, the Hamiltonian formulation
is advantageous. Note that the n second-order differential equations which are the
outcome of the d’ Alembert-Lagrange procedure may be converted into a system of
2n first-order differential equations by designating the generalized velocities ¢; = v;
as additional states. However the resulting set of first-order differential equations
may or may not have coupled states or may be non-symmetric with respect to
gi and v;. The Hamiltonian, on the other hand, uses generalized velocities g; and
generalized momenta p; defined as:

Y

=—, i=1,2,...,n (3.178)
aqi

Pi

The resulting 2n Hamiltonian equations of motion for ¢; and p; have an elegant
symmetric uncoupled form which are referred to as canonical equations. The
Hamiltonian, as will be shown in the sequel, may be obtained from a Legendre
transformation of the d’Alembert-Lagrangian equations. It should be noted that
both formalisms lead to equations of motion describing the same trajectory.

Legendre Transformations

Contact transformations play an important role in differential equations and geome-
try. A contact transformation depends on the derivatives of the dependent variables
and one of the simplest and most effective of the contact transformations is known
as the Legendre transformation. This transformation provides the link between the
d’Alembert-Lagrange and Hamilton’s equations. Let f(x) be a smooth convex
function such that f”(x) > 0 and let p be the derivative (or the slope) of y = f(x)
at x (with respect to the independent variable x), that is, p = f’(x), where (-)’
denotes the derivative with respect to the independent variable. The derivative p is
a strictly monotonic function of x. This implies that there exists a single value of
the slope p for each given value of x and vice versa. The positive definiteness of
the second derivative of f, thatis, f”(x) > 0, suggests that f(x) is strictly convex
in shape. Geometrically, under these conditions, any point on f(x) is determined
uniquely by the slope of its tangent line. Regarding x(p) to be a function of p, it is
possible to transform from the coordinates (x, f(x)) to (p, H(p)) by introduction
of the following function which is a simple example of a Legendre transformation:

H(p) = —y(x) + px (3.179)
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A notable feature of the above transformation is that it is an involution, i.e., the
transformation is its own inverse. To see this, note that

dH(p) dpx dy dx dx dp

dp =__J’() p=—55+1)5+ dp

= (—y/(x)+p)—x+x =x
\—,_/dp
=0
—H(p) + px = —(=y(x) + px) + px = y(x) (3.180)

Note that (—y’(x) + p) = 0 since y’(x) = p by definition. The above calculations
show that if we apply the transformation to the pair (p, H (p)) we are able to recover
(x, ¥(x)). Summarizing the above, we have:

p= dx f(&x)=—-H(p)+ px
¢ ¢ (3.181)

x =98 H(p) = —f(x) + px

Consider the following function of n variables u;, i = 1,...,n (see Meirovitch
[23, pp. 91-97]), F = F(u1,uz, ..., u,) and define a new set of n variables v;, i =
1, ..., n such that:

oF
vi=—,i=12,...,n (3.182)
au,-

In order to ensure the independence of the new set of variables v;, the determinant
of the Jacobian of the gradient of ' must not equal zero or the Hessian matrix must
not be singular, that is:

v dv | dug VF . F . 9F
duy Jdur duy, dujuy oujun duiuy
R (3.183)
Qg vy Ovy 3*°F  8°F . 3’F
Juy duy duy Qunuy Ounuy unuy

This will allow us to solve for the u/s in terms of the v's. A new function G =
Z?:l u;v; — F, which is an n-dimensional Legendre transformation, is defined
and the variables u; are expressed in such a manner so that G may be written only
in terms of the vlfs, that is, G = G(vy, v, ..., v,). Since the sets of variables u;
and v; are independent, they may each be assigned infinitesimal arbitrary variations
dv;, Su; allowing the variation of G to become:



3.13 Lagrangians, Hamiltonians, and the Legendre Transformation 153

Fig. 3.32 Strictly convex ¥
function used in the N ,
derivation of a simple ! f (X = p

legendre transformation

n
oF
8G = Z (uidv; + vidu;) — Z Eaui

i=1 i=1

" oF
Z |:ui5vi + (vi — —) aul} (3.184)
ou;

i=1

Seeing that G = G (vy, vy, ..., vy), it follows that:

G =Y —su; (3.185)

Based on the fact that v; = gTZ (see Eq.3.182), Egs. (3.184) and (3.185) become
(Fig.3.32):

n n aG
6G = Z [uidv;] = Z 8_,6Ul
i=1 i=1
0G
su=—,1i=1,...,n (3.186)
avi

Hamiltonian Function
Using the foregoing results, the Hamiltonian function is defined to be:

oL, N
WZZa—éiql‘—L:Zpi%‘—L (3.187)
i=1 i=1
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The Hamiltonian function may be written in vector shorthand as:

H(q1,92,---.4qn, P1, D2+ - Pnst) = H(q, p. 1) (3.188)

where q, p are both vectors of length n and q is the vector of generalized coordi-
nates, while p is the vector of generalized momenta. Notice that the Hamiltonian
is a Legendre transformation of the Lagrangian. The variation of the Hamiltonian
function H, which appears in Eq. (3.187), may be written in the form:

n n
0L 0L oL
SH =Y (didpi + pidgi — -—dqi — 84 | = > _ (didpi — =—q
(q’ PP g qz) = <q’ " b q’)

i=1
(3.189)

since p; = % from Eq. (3.178). The variation of H is also calculated to be:

“(OH IH

i=1
and thus we have from Eqs. (3.189) and (3.190) that:

c}izﬁ,—gzﬁ,izl,l...,n (3.191)
opi dqi  0qi

Noticing that G = ), u;v; — F has the same form as the Hamiltonian function

H = Y7, pigi — L, the terms in Eq.(3.191) are the result of the Legendre

transformation.

Assuming that we have a holonomic system, that is, the generalized coordinates
are independent of each other, and there are no generalized non-conservative
forces acting on our system (Q; = 0;i = 1,2, ..., n), the d’Alembert-Lagrange
equations are (see Eq. (3.56)):

d (0T oT oV .
+ =0;i=1,2,...,n

dt \dg; ) dq;  oqi
d [0 0
= — —‘E — —L =0 (3.192)
dt \ 9gi agi

From Egs. (3.187), (3.191), and (3.192), the following relations result:

0L d<8£) d<8£>_8£_ OH

=550 =0 \ag ) a\sq) "o = o
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oH oH

—sqgi=—,1i=12,...,n (3.193)
api

The 2n set of first-order differential equations (n for ¢; and n for p;) in Eq. (3.193)

are generally referred to as the Hamiltonian canonical equations. The derivative

with respect to time of the Hamiltonian  may be written as:

OH . OH

= o2, n
dgi " Opi

pi =

oH . 8(H_> oOH

d n
—{H s PRI s s Y ey 1) = — 0 5. e
T (H@1 a2 qn p1o P2, s D) ;(aqi Qi)+

_Zn:(_._.‘Jr.‘._)+87{_87{:d(H_3(H
—i_l Piqi T qipi 3 o dr o

(3.194)
Equation (3.194) was obtained by substitution of the Hamiltonian canonical equa-
tions (see 3.193) into the time derivative of HH. If the system’s constraints are
holonomic while the system itself is subjected to generalized non-conservative
forces, that is, forces which are not derivable from a potential function, then the Q;
terms which appear in 3.56 must be taken into account. Equation (3.56) is repeated
below for the reader’s convenience.

d (0T oT 9V )
+ =Q0ii=1,2,...,n

dt \d¢; )  dqi = oq;
d (0L oL
d (LN 3L _ o, 3.195
:>dt<8c},~> L " G199

Since the generalized momenta p; were defined to be (see Eq.3.178): p; =
i =1,2,...,n, then, based upon Eq.(3.195), the generalized momenta take
following form:

AL
aq;’
the

a
P T (3.196)
9q;

and the Hamiltonian canonical equations become:

oH . oH
9qi

i=12,....,n (3.197)
api

qi =
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In the event that m constraints are non-holonomic (the generalized coordinates are
not independent), that is (see Eq. 3.116):

n
Zajiqi+aj0:0;j:l,2,...,m
i=1

and the generalized forces are derivable from a potential function (conservative
forces), which means that Q; =0, i = 1,2, ..., n, then with the aid of Lagrange
multipliers (see Eq. 3.118), the d’ Alembert—Lagrange equations become:

m

d (9 3
—<—.£>——‘C=Zx,a,,~ i=1,2,....n (3.198)
dt 8(],’ aq,- =

Once again the Hamiltonian canonical equations become:

IH | ~ OH
pi=——+ Majis g =— ,i=1,2,...,n (3.199)

agi -1 opi
Finally, for non-conservative forces which are derivable from Rayleigh’s dissipation
function F, the d’ Alembert-Lagrange equations and the corresponding Hamiltonian

canonical equations are:

0L L  OF
dt

8‘]! aqi 0q;
dH OF AH
= pi=— ———gi=— ,i=1,2,....n (3.200)
g 04 opi

Outline of the Procedure to Obtain the Hamiltonian (see Greiner [15, pp. 327-
331])

DN =

. Form the Lagrangian £

. Calculate the vector of generalized momenta (see Eq.3.178) p; = g—é, i =
1,2,...,n

3. The Hamiltonian (Eq. 3.187) is written as:

aL( Ly l?t)
H = an—q,q L(Q1,%yt)—zpzq: L(q“qtvt)
i=1 i=1

4. The total differential of the Lagrangian £(g;, ¢;, t) is:

n
oL . 9L
dL = Z—dq, +Za—qidq,~+¥ (3.201)
i=1
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5. The d’Alembert—Lagrange equations for a system with conservative forces and
holonomic constraints are (see Eq. (3.192)):

d (0L\ 0L _ o . 0L
dt \ 9q; dqi p'_aqi

6. The total differential of H (p, q, t), utilizing the calculated total differential of £
in Eq. (3.201), is of the form:

n n n
) ) 0L oL . 0L
dH(p,q,t) = E (pidqi + qidpi) — E a_qd‘]i - E —dg; — —dt
i=1 1

i=1 = 04 ot
Y ; : . . oL
= 2 (pidi + Gidpi — pidgi — piddp) — P
i=1
n
. . 0L
= Z (gidpi — pidq;) — Wdt (3.202)
i=1

7. The canonical Hamiltonian equations are easily derived from Eq.(3.202) as
follows:

. 0H . AL OH oH 0L
qi = a_p'; pi = = ; ==

T aq  aqi ot ot

Remarks

1. For a system consisting of N particles with holonomic, scleronomic con-
straints, subjected to conservative internal forces, the kinetic energy is: 7 =
%Zf\/:lmifi -i’i ,i = 1,2,...,N.

2. Since the constraints are time independent, there exist transformations between
the vector of Cartesian distances and the generalized coordinates, that is, r; =

ri(q;),l = 1,2, ..., n. Itis therefore possible to recast r; in the following form:
" or;

I = —qy (3.203)
23,

=1

3. Hence, the kinetic energy becomes:
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g1 992 gy
1 r or) 2
+2 {mz[a Q1+aq2%+ +8nt]n
orp , arp . 2
[8q1q‘+a REty q]}

+%{mN[z—Nq1+2rTqu+ +ar1;’qn}

[ e 5
s xrm i e s n o
+...+%gém1\,[%%}mk (3.204)

4. Designating a j to be: ajx = Z,N:l m; [% %] in Eq. (3.204), we arrive at:
J

n n
_ % S ajedjn (3.205)

j=1k=1

5. Since the kinetic energy term in Eq. (3.205) is a homogeneous function of order
two with respect to the generalized velocities ¢ ;, application of Euler’s theorem
for homogeneous functions (see below: A Short Note on Euler’s Theorem for
Homogeneous Functions) to the kinetic energy term 7 results in:

N
aT i
; 30, i = (3.206)

6. However, from the definition of the Hamiltonian for a holonomic, scleronomic
system with conservative forces and the definition of the Lagrangian (see
Eq. 3.187), we have:

T
H = Z—q, —Z—.-c},~—(T—V)=2T—T+V=T+V (3.207)
= 9qi
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For a holonomic, scleronomic system with conservative forces, the Hamil-
tonian turns out to be the total energy of the system. The implication of this
result is that the work required in order to find the Hamiltonian need not be
carried out by beginning with a determination of the Lagrangian.

A Short Note on Euler’s Theorem for Homogeneous Functions

Any function f(x) that possesses the characteristic mapping: x — Ax; f(x) —
Af(x) is said to be homogeneous, with respect to x, to degree 1. By the same
token, if f(x) obeys the mapping: x — Ax; f(x) — A f(x), then f(x)
is homogeneous with respect to x to degree k. In general, a multivariable

function f(xq,x2,x3,...,x¢) is said to be homogeneous to degree n in
variables (x, x2, x3, ..., x;) if for any value of A, f(Axy, Axo,...,Axx) =
A" f(x1, x2, ..., xx). It shall now be demonstrated that for a homogeneous function
to degree n,

=nf(x1,x2, ..., xx)

k
f (x1, x2, ..., xk)
E X

0x;
i=1 !

Proof
fOxr, Axz, oo, Ax) = A" f(xp, X2, ..., Xk)

0 n n—1
B_A{A f(xl,xz,...,xk)}:nk f(x1,x2, ..., Xk)

0
Ty {f(rx1, Axp, .., Axp)} =

O {f(Axg, Axa, ..., Axp)} 0Ax n o {f(Axy, Ax2, ..., Axg)} 0Axo n

oAX] oA 0AX) A
n o{f(Ax1, Axa, ..., Axg)} OAxk
OAX) oA
_ 0f O Ax, - M) n OfOxt, Axa, . M)} n
a oAX] ! Irx) 2
0 AX], AX2, ..., AX _
+ L (xt, Axa k)}xk:nkn lf(xl,xz,...,xk)
OAX)
0 L X2, e, d L X2, e,
1 {f(x1, x2 xk)}xl n {f(x1, x2 Xk)}x2+m
0X1 9x2

n o{f(x1,x2, ..., x0)}
0Xy

xp =nf(xy, x2, ..., Xk) (3.208)
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Example 18: Simple Pendulum (see Greiner [15, pp. 332-334])

The solution of the simple pendulum problem was obtained in Example 3 by means
of the d’ Alembert—Lagrange formula (see Example 3.7 Eq. (3.64)) and the derived
dynamical equation was:

m1h30y +mighysin; =0 = 6] + hilsinel =0 (3.209)

The Lagrangian £ was shown to be:

1 .
L:T—V:zmlh%(91)2+m1ghlcos91 (3.210)
From the Lagrangian, with generalized coordinate q; = 60, the generalized
momentum is:
oL . . ..
Po =5 = m1h20y = pe, = m1h36; (3.211)
1

The procedure for deriving the dynamics by means of the Hamiltonian is now
presented in outline form as follows:

1. The Hamiltonian 7 is:

.0 1 .
H=Y —=¢ —L=0—{-mh>6))> hy cos®
Z ql 1891 {2””1 101)° +m1ghy cos 1}

1 .
—Emlh%(el)z—mlghlcosel
250 1 2,412 1 2,412
= m1h1(61) _Emlhl(é’l) —mlghlcosé?l:zmlhl(éh) —m1gh1 cos O]

2. The canonical Hamiltonian equations were presented above in the form:

oM . oL aH 9L
Gi=—ipi=-——= pi=
oo T T dq  aq T g

and so the canonical equations become:

s 0L oM
qi = Y1, pi = 94; = g

oH d 1

891 = 8_91 {_Emlh (91) +mlgh100891} = —mighi sinb

= mihib = —mighy sin6; = m1h36; +migh; sinf =0

which is identical to Eq. (3.209).
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Example 19: Central Motion (see Greiner [15, pp. 331-332])

Assume that a particle with mass m is subjected to the action of a single central
force. A central force is a force that points from the particle directly towards a
fixed point in space, the center of rotation, and whose magnitude only depends on
the distance of the object to the center, that is, V(r), where r is the distance of
the particle to the center or origin of the force. The particle is undergoing planar
motion while the force is radial and the motion can therefore be described by the
two polar coordinates r, ¢ (see the following figure). The solution procedure is the
following:

1. Calculate the Lagrangian £:

r= rcos¢f+rsin¢f
V= r'cosqbf—r<i>sin¢f+fsin¢f+r¢300s¢f
= f(fcosqb —r(f')simﬁ) +f(fsin¢+r<i>cos¢)

V|2 = v - v = #2(cos ¢ + sin® ¢p) — 2rih cos ¢ sin ¢
+2ri¢ cos ¢ sing + r2¢2 sin’ ¢+ r2<i>2 cos? ¢
= 2 4+ 242

2. The Lagrangian is:

L=T V)= Jmiv? = V) = 3m (P +79%) ~ Vi)

3. The two generalized momenta (corresponding to the two generalized velocities
T, ¢, respectively) are:

4. The Hamiltonian H becomes:

H

Z%ql L—% %(])—lm(r +r¢>+V(r)

. 1 . 1 .
= mi? + mrz(]b2 — Em (7"2 + r2¢2> + V(r) = 5m (};2 + r2¢2) + V()
2 2

:2m+2

7+ V(r)

5. The components 7, ¢ are calculated from:

37’(_pr.._37‘{_p¢

F= — 5

dpr  m’' " dpy mr
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6. In similar fashion, the components p,, py are calculated from:

oM Py V(). oH

O Zmr3 or Pe =" 3¢

pr:

The result above ( %{ = 0) indicates that for motion subjected to a central
force, the angular momentum is preserved This statement may be understood
by transformation of the coordinates from Cartesian to polar and evaluating the
acceleration in the transformed coordinate frame as follows:

(a) The velocity in radial coordinates is: v = r'fr + rd)z}
(b) The acceleration may be derived as follows:

di o di A
_r = ¢ ¢s ¢ - _¢lr
dv ., T .dgr i ¢" i ¢" i d)dld’
a=—=ri,+r— +r1¢i ri rog—
dr — " ar eI T

=i, (7 = rd?) +ip (r§ + 297)

(c) Since the problem involves a central force, there is no acceleration directed
along the iy axis, only along the i i, or the radial axis. This implies that

d /. .
m(rg+2i4) = 0= = (r29) =r (r§ +24) = 0

(d) Note that the term (mrqu) is the angular momentum of the system and it
remains constant throughout the trajectory of the mass m.

1 3
1: ? i
-
: assm
4 J
rsin ¢
P .
@ X j
rcos ¢

originof force



Chapter 4 )
Quasi-Coordinates and Quasi-Velocities fesiie

Lagrangian dynamical systems with non-holonomic constraints is the main topic
of this chapter. This category of systems is first transformed into a “standard”
d’ Alembert—Lagrangian form by means of a set of Lagrangian multipliers applied
to the constraints. The concepts of quasi-coordinates and quasi-velocities are
then introduced. While quasi-coordinates are not necessarily related to physical
generalized coordinates, quasi-velocities do have some physical significance. The
d’ Alembert—Lagrange method for the derivation of dynamical equations is appro-
priately modified in order to incorporate the non-holonomic constraints, in the form
of relations on quasi-velocity constraints. Two examples which serve to illustrate
the procedure are provided, the second example being more significant as it is the
prototype of a wide variety of three-wheeled mobile robots. The main drawback
of the aforementioned procedure, as portrayed by the given examples, is the
effort involved in performing the required transformations and matrix operations.
A simpler and more straightforward approach involves the transformation of the
Lagrangian and its calculation in body-centered non-inertial coordinates, where the
non-holonomic constraints in the form of quasi-velocities are incorporated directly
into the modified d’ Alembert—Lagrange equations. Two non-trivial examples which
use the transformed d’ Alembert-Lagrange equations are calculated, the first involv-
ing the derivation of a six degree of freedom set of motion equations for a rigid
aircraft, while in the second, the equations of motion of a quadcopter vehicle are
obtained.

© Springer Nature Switzerland AG 2020 163
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164 4 Quasi-Coordinates and Quasi-Velocities
4.1 Definitions and Recapitulation

The transformation from one coordinate frame to another, namely from inertial to
body axes (and vice versa) was presented and discussed in Chap. 1, Eq. 1.18 and is
repeated here for velocities as follows:

u 1] 12 ®13 ur uy 011 021 031 u
v | = | a1 axn a3 vr |5 | v | = | a2 o2 033 v 4.1)
w Q31 32 033 wy wy Q13 023 033 w
[ S— —_— ——
Tpyr T8

where u;, vy, and wy are the inertial velocities of a given body and u, v, w are the
body’s velocities in body-centered coordinates. The Euler transformation from body
to inertial components is simply the matrix transpose of the Euler matrix in Eq. 1.19
and turns out to be:

uj cos ¥ cosf cos ¥ sin¢ sinf — cos ¢ sin Y sin ¢ sin i + cos ¢ cos 1 sin O u
vy | = | cosOsiny cospcosy + sing sinyr sinf cos ¢ siny sinf — cos ¥ sin ¢ v
wy —siné cos 6 sin ¢ cos ¢ cos O w
uy a1 a21 3] u
= | v | =] o2oan a3 v
L wr 13 23 033 w |
— ———
T/
u Qi a12 o3 uy
= | v |=| o2 a2 a3 vy 4.2)
L w Q3] 032 o33 wy |
[ —
Tpy1

It then follows that:

du  0v  dw

duy oduj Oduj
1] 021 O3]

du dv  Jv

au; vy o | = | @rzan a3z | =Ti/B (4.3)
13 023 (033

du dv  dw

aw[ aw, 6w1

The d’ Alembert-Lagrange equation expresses in summary form the principle of
virtual work and may be written as:

" d (3T aT
lo-fs() ol a

e=1
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where T is the kinetic energy of a given system. The above equation is valid for both
holonomic and non-holonomic constraints. If the variations g, were independent
of each other, the terms within the square brackets would be zero for each e and
hence the equation would revert to the standard equation for Lagrangian dynamics.
Since this is not the case for non-holonomic constraints, no simplification can occur
because some of the §g, terms are dependent on others.

In the above equation it was assumed that all forces which were derived from
a potential function were accounted for in the Lagrangian (kinetic energy terms)
and all nonpotential forces were designated as Q.. The generalized coordinates are
related by non-holonomic (and scleronomic or time independent) constraints of the

type:
n
Zaledqezo; I=1,2,....m (4.5)
e=1

where aj, (e = 0, 1,2, ..., n) are functions of the coordinates §¢g,. It then follows
from the above differential that the virtual displacements are not independent, but
related and of the form:

n
D aedge=0: 1=1,2,....m (4.6)
e=1

Multiplying each sum ZZ:l ajedge = 0; I = 1,2,...,m by A; and summing
overe = 1,2, ..., nresults in (see Sect. 3.9, pp. 118-121):

{A1 (a118g1 + a12dqa + - - - + a1,8qn) + A2 (a218q1 + ax»dqr + - - - + a2, 8q,)
n

m
+ o+ A (@n18q1 + am2dqa + - - - + Amndgn)}dq. = Z (Z )Llale> 3q.
=1

4.7)

While the virtual displacements &, are still not independent, a judicious choice of the
multipliers A;; [ = 1,2, ..., m will render the bracketed coefficients of §g., ¢ =
n—m—+1,...,nto be 0. The remaining 8¢, are independent so that they can be
chosen at will, and thus, the coefficients of §g,, ¢ = 1,2,...,n — m are zero.
Substituting the results of Eq.4.7 into the d’ Alembert-Lagrange equation 4.4, we

have:
= d (9T aT “
Z |:Qe - ia <8_qe> T <;/\lale)}:| 8g. =0

e=1

d (98T aT ”
= |:Q1 - {E (8_q1> . (;Alan)” 3q1
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d (0T
A=) - A )
+ [Qz {dt (842) o0 ( E 26112) ” 92
d (0T
. == E A 8g, =0
+ + |:Qn [dt (aqn) 9 ( 1a1n>]:| qn

=1

(4.8)

Letting Q), = Y /L, Maie, e =1,2,...,n,the above set of d’ Alembert-Lagrange
equations may be written as:

" d (T T
|-G (5 )~ g~ @] Joac=o0
d (9T aT A
;‘[Ql‘ d_<8q1>_3_611_Q1H @
d (3T aT s
+[Q2‘{d—(aqz)‘a—qz‘gz}] e

d (0T oT
+"[Q”_{E<aqn> 90n Q”‘Sq”zo @9

Setting the sum Q.+ Q, = Q,, the collection of d’ Alembert-Lagrange equations
becomes:

2 {5 () -

<[ [5()- o (£ ) 2o
ol (4 () s

It then follows that:
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d (of or Q, |89, =0 4.11)
dr \og, ) " agy T '
The above set of d’ Alembert-Lagrange equations may be represented in matrix form
as follows:
d [dT aT
ST (= 1=\ _ =21 _ =0 4.12
s (57 )~ 150 ) 1) @12
where
- (7 \ - L
(8q’. ) % Q
aT T
oT| (a_”> T || (0) = @
g | , “logf | LT B
. aT
aT Q
- (3%) - L 4n -

and where furthermore:

q1 q1 5q1
q2 92 8q2
{qg} = ; {g) = ; {8q)=
L 9n | _(/in_ _5(]11_

4.2 Quasi-Coordinates and Quasi-Velocities

The following two sections are based upon the paper by Cameron and Book [§].
By definition, the instantaneous position of a system may be unambiguously
described in terms of its generalized coordinates g;. We can accordingly describe
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the instantaneous velocity of a system in terms of its generalized velocities g ;. How-
ever, it turns out that this characterization of velocity is not unique. Consider, for the
moment, angular motion. The three Euler angles ¥, 8, ¢ could be the designated
generalized coordinates and the angular velocity components [pp, gp, )T could
be used to describe the system’s angular velocity. However, with the exception of
planar motion, an angular velocity component is seldom the rate at which an Euler
angle varies. The relationship between the body’s angular rates [pp, qp, rp]T and
the Euler angular rates {b, é, ¢> is the following:

Db ¢ — yrsin@
gr | =| 6Ocosp+ v cosfsing (4.13)
rp —0sing + v cos @ cos ¢

Rate variables such as p, are called quasi-velocities and are denoted by y;.
Accordingly the symbol y; is termed a quasi-coordinate. The prefix “quasi”
signifies that y; need not necessarily have any relation to a physical generalized
coordinate, whereas the y; parameters will have some physical significance (see
Ginsburg [13, pp. 589]).

Quasi-velocities y; s = 1,2, ..., N may be modeled as linear functions of the
time derivatives of the generalized coordinates and are of the form:

N
Yo=Y 0jidj =Oud1+Onda+ -+ Ongy s=12,....N (414)
j=1

which implies that:

Y1 =01141 + O2d2 + 03143 + - - + Opnign
Y2 = 01241 + ©242 + O3243 + - - + On2gn

73 = 013¢1 + O2¢2 + O33¢3 + - - - + Opn3gn

YN = O1nG1 + Oong2 + O3ng3 + - + Onngn (4.15)
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or in matrix form:

N O ©21 O31 -~ On1 | . - — .-

Y1 q1 Y1
. O On B3 --- On . .
V2 q2 V2
. B3 O3 B33 --- Op3 . )
V3| = q3 | ; v | ={I}

. O1y Oy O3y -+ Ony . .
| VN | L4dN _| L VN |

01"
(4.16)
where the coefficients ®j; are known functions of the generalized coordinates

qr, k=1,2,..., N. The above matrix equation may be rewritten in the following
abbreviated form:

I} =11"{g) (4.17)

Assuming that [¢] is invertible, that is, [19T]_1 = [B], will allow for a solution to
be obtained for {g} by writing:

{g) = [B1{TI'} (4.18)

It may easily be shown that when [B][#]7 = [I], then [9#]7 [8] = [I] and
[B1T [9] = [1] as follows:

B1191" =11 = (B[] (B =B = (91" [B] = ]
T
D17 181 =111 = (1917 1B1) =181 9] =11] (4.19)

The relationship between [S] and [¢], as noted in Eq.4.19, will allow the kinetic
energy T to be expressed as a function of the generalized coordinates g, k =
1,2,..., N and the quasi-velocities y;, s = 1,2,..., N. The unmodified kinetic
energy is a function of the generalized coordinates and their time derivatives of the
form T = T(q; ¢) and it is transformed to T (g; I"), by replacing the generalized
velocity vector g by the vector of quasi-velocities I, thatis: T(q: ¢) — T(g; ).
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The d’ Alembert-Lagrange equations repeated below for convenience are:
d [oT oT
sy [— 31—t —-1—1— =0
oo’ (15~ {5 ) - @)
The component parts of the above equation include the following vector terms:

{9T/3G} and {dT/dq)

Recalling that T was formed from T by replacing the generalized velocities gy in
T, with the q_uasi-velocities vk, implies that T and T are intimately related, that is,
T(g;q) — T(q;T'). Hence the derivative {07 /04} for any index k may be written
as:

aT 3y, oT
—.:Z—.l=Z®ki3_, k=12,....,N (4.20)

The foregoing is a valid operation since:

aT T 3y aT 3y aT 9y
_ v m o YN

0qr  9y10qk  3y2 Aqik YN Ok

and

Y1 =01141 + 02142+ +Onign
2= 0141 +Oxngy+ - + On2gy

V3 = 013G1 + 0342 + -+ Onzgn

YN = O1ng1 + Oang2 + -+ Onngn (4.22)
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It then follows that:

i 0y2 0y3 Ay YN
= @ . = @ , —— = N y T — g oo ey - @
qu k1 3 k2 2k 3 3 ki 3 kN
(4.23)
oT dy1 | oT T YN
h = T " A - A
and hence 3 o1 30k + 7> 36r + + N 30k becomes:
aT AT aT aT N oaT
== O+ —Ou+t-+—ny=) —O (4.24)
gk I 3y IyN ; i
Writing the a7 /9qx, k =1,2,..., N terms as a column vector:
r 0T 1 Zl l®ll AY; i
9q1
N B}
T Di (”)21'%
042

Dl

’Sl'ﬂ
I

! e,

T PINNCET
g

N aT
2T 2i=1 Onigy

AT
@11(,),1 +®126),2 +®13(,},3 +- -+ OI1N-
©y I% r +®223y2 +®23% + o Oy 2

aT oT
3155, + (”)32(,),2 + 0333}/3 + 4+ O3y g5

aT oT oT oT
®N1W + ®N2m +®N3m + -+ Ony -
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[ ©11 O O3 - Oy ] _%_
©21 O O3 -+ Oy oT
972
31 O3 B33 -+ O3y oF aT
= s | =01 i
OnN1 On2 Opns --- Opny oF
L d L oyy

(4.25)

From Eq.4.25, it becomes apparent that the time derivative of {07 /dg} may be
handily deduced to be:

d [aT) _d (s oT 5] oT L oT 4.26)

dr |ag |~ dr arl) ar dt | or '
As was noted previously, the coefficients ®;; are known functions only of the
generalized coordinates gx; k = 1,2,..., N, thatis, ©;; = 0;;(q1,42,...,4N),

and are not related to the generalized velocities ¢gx; k = 1,2, ..., N. This implies
that the time derivative of any element of the matrix [], ©;; becomes:

N
d®;; 8@,~jdﬂ 3®ijd£ 8@,~jdﬁ 00;; dgn _Za@)i,@
dt dq1 dt agqy dt daqz dt dgn dt P aqr dt
4.27)

Equation 4.27 may be written vectorially as:

7”=[q'1 G343 qn | | Bar

={g)7 {m—q’} S NI {m—’} (4.28)
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where the result of Eq.4.18, which stated that {¢} = [ﬂ] F , was utilized in the

©;

above expression. Note that the term d®;; /dt = F} g1r {3—} is a scalar with

the indices ij.
Hence every element ®;; of the matrix [19] is of the form:

Y e {2} (e} e {222

Y s {2 (e e {29} ]

(F) a7 {252 (e e {2e ) (0) s 2] (R e {29

6] = R R e L R S R - S T !

(FY 11 {25 | {ry 11 {252 | {r) e {25 ) (0} e {25

(4.29)

Writing the above result in summary form, [19] turns out to be:

[#]=[{I } (B’ {8@:,} (4.30)

i=1,2,..N
j=12"N

Following a procedure similar to the one used to calculate {307/dq}, the
derivative of T with respect to ¢ for any index k turns out to be:

aT T 3T oy aT 3y aT 9y aT 9y
or _oTr 9T doyy | 9T dy» 9T dys 0T dyw
dgr  Oqx 8)/1 dgr 92 0qr | 0y3 dqk YN dgqr

aT aT i
=— + L k=1,2,. (4.31)
aCIk i 3)/1 8 k

Note that T is a function of both the generalized coordinates ¢x, k = 1,2,..., N
and of the vector of quasi-velocities I, that is:

TZT(Q,F)ZT(CII,C]L,QNJ/I,)/Z,,)/N)

Additionally, the elements of [¢}] are all functions of the generalized coordinates
q1, 92, - - ., qn, thatis, any ij element of [¢] or ®;; = ©;;(q1, g2, ..., qn), and so
this implies, from Eq. 4.22, that:
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vi = 01i(q1,92,493,...,98)q1 + O2(q1,92,43,...,9N)q2
+03i(q1, 92,93, ..., 9N)q3
+...+0Op¥i(q1,92,93,...,9Nn)gN (4.32)

The partial derivative of the quasi-velocity y; with respect to the generalized
coordinate gx becomes:

. . N
dyi 00y, 00y, 003, 0ON; . Iy 30
o= g1+ 92+ g3t -+ qns o = qj
g 9q gk Aqx g aqxk jX_‘: dqr !
(4.33)
And so from Eq. 4.31, the expression 07 /dqx, k = 1,2, ..., N becomes:
aT AT L aT oy
N 12, N
dqk gk = Vi Iqi
- N .&: N
oT AT < 00, .
= — + — q9i, k=1,2,....N 4.34)
gk Z Vi X_: dqr
i=1 j=1
Expanding the double sum in Eq. 4.34 results in:
N .= N -
oT 00 ;; . oT (001 . 0077 . 0037 . 0N .
Zf.za”q,:a—.(a e R T L
oo Y V1 qk qk qk qk
AT (901, . 00y . 003 . 90N .
! ( 1,  39n. On. . quN>
dy2 \ 9qx gk aqk 9qk
T (9013, 30y . 0033, A0N3 .
7( B, 4392, 395, . %ON, )
3y3 \ gk dqk gk gk
AT (901n . 080y . 003y . 90NN .
7( W+ 2+ G NNQN)
dyn \ gk 9gk 9qk dgk

(4.35)
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Rewriting the preceding result in vector inner product form:
[ (i e+ S i) ] [
(o + R+ 2as o+ 22an) | | 4
(e + Ggan+ Sgraa v+ Tgaw) || 4E
(Pin + 2Ggin + PGan + oo+ 2an) | LA
(4.36)

The leftmost vector in the preceding equation may also be rewritten as the inner
product of two vectors as follows:

9011, 0071 . 003, 90N .
q1 q2 q3+ -+ qNn
g g gk gk
R
42
_ | 9911 90 003; ON1 | .| g
= [ fou 2pa 20w 3PN | 43 (4.37)
Lgn
The same pattern repeats itself for the other rows, that is:
BEL) 90 20N - 7
( i+ S+ Gpldn ket 3q1Zqu>
0 0027 003; KICIN)
(3‘1kq + 3(1kq2+ 3611{613—'— T e qN)
9013 0073 - 0033 ION3 -
<3f1kq tog 2t B Bt Ty qN)
091§ RIS 003N - 1ONN
_<3qk N+ Ty 2t gt T Ty qN)
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M 0011 007 003 00N1 ]
gk dqk gk T Ogk - .
q1
0012 002 003 00 N2
dgk  dqx  Oqk " Ogk &
0013 0023 0033 00 N3
_ gk dqk gk ©0qk @
001y 00y 003y IONN
dqc  Oqk gk 94k L gy |

4 Quasi-Coordinates and Quasi-Velocities

(4.38)

Therefore the double sum of Eq. 4.34 may be written as a product of one row vector,

one matrix, and one column vector, that is:

B 001 909 003
(quq t S 2t Gt
RISIY) 003,
<3IZA a1t 9qx a2+ gy VAR
N .m N
aT a0 j; iG] 90 EIC)
Ji. 13 23 33
ZWZ 3q q4j = (quq+3qkq+quq3+
- OViGo o4k
IO1N - RIS 003y
-( ki el e rral K
[ 801 080y
ogr  Igx
001 002
dqr gk
0013 003
=[ai AT oT ai] gk 4k
ay1 dy2 dyz T YN
901y 00n
oqr  9qx

9ON - ]
-+ aq 4 N)
ION2
-+ D4k QN)
00N3
-+ a4 N)
IONN -
-+ gk qN) .
003 3ON1 ]
gk 9q
003 ION2
dgr """ Ogx
0033 I0ON3
ogr """ Oqk
RICEYN 0ONN
9k 9k

f=5]
=i

|
=

=t
=1

|
NS

f=5]
=

)
>

D
=1

T

CY
<
=

q1

a2

q3

gn |

(4.39)
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Hence summarizing, the term 07" /dq; may be written succinctly as:

- T
ot _of [of )T [an ) oF g0 [oT
BQk_aqk+{8f} [3%}{} +{}[ }{M‘} (440

T T
where {g¢} is an N x 1 column vector, [g; ] isan N x N matrix, and {—H isa

T T
1 x N row vector. Once again, it should be noted that the product { e } [%] {g}

or {¢}7 [ aqk] { oT ] are scalars and so letting the index k vary over its range from

k=1,2,. arthe column vector with entries 7 /dqx ,k = 1,2, ..., N may be
formed as follows:
[ @ [ T [ [22]]
aq1
d i [ i || ) [ 2]
q2
). || @ B e ] e {Z?}
ol IR R S [ 2]
L - L - :—’__J
[n
(4.41)

4.3 Lagrangian Dynamics with Quasi-Coordinates

The principle of virtual work led to the d’ Alembert—Lagrange equations in matrix
form. These equations were stated in Sect. 4.1, Eq.4.12 and are repeated below for

convenience:
r{d 0T oT B
oo ({55 {5} @) =0

The following terms in the d’Alembert—Lagrange equations were derived in
Sect. 4.2 (see Eq. 4.26):

jt {8T} _ % ([ﬁ]{i—?}) =[#] {z—?} +[0]%{2_§}
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where, with the aid of Eq. 4.2, [19] [ oT } can be shown to be:

ar
o)

_{I"}TW]T{B%I} { } 81" {a()p} { } 61" {a(m} {I;}T[mr{a(g(y,

-

{ } ﬂ]r{aoz]} { } 181" aoz } { } 181" ’a(u} {l:,}T[’B]T{%} V_l
_ { } ﬂ]r{oo;l} { } i {()()37} { } 18] {aou} { } ﬁ]r{aow} f
() 181" {a@Nl} ()" [ﬂ]T[dONz} e [ﬂ]T{BONz] ey T {8®NN} %

T [ 994 ﬁ
= [ty {5, . d {31'"} (4.42)
Furthermore the term [ ] % {g—?—} was calculated to be:

]

1

SEN
—

|
= |Hl
S~
|

[ ©11 O O3 -+ Oy

S~
N

|
N
N—

B2 O B3 --- Oy

SES
N

Dl
§'|'il
N—

d |aoT O31 O3 B33 --- O3y
£ = (4.43)

Oy On2 Op3 --- Opny

Sk
VN
(o5
D
§'|ﬂ-
N—
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d

This implies that < {%

written as:

i{a_T}_ {["}T[/g]T{&} 8_ +[19]i i (4.44)
dr | dag | g Ji=12..N T dr | or '
J=12,

In addition, from Eq. 4.41, {%} was shown to be:

} = [?] {g] + 014 {§}7 in shorthand form may be

‘ [ oT T [asT[ar] 7]
cor 1 [ @[] ()
g1 Lo
aT AT T [0 ] [or
s 7q: T4} _3qz_{ar}
oT aT T [aw ] [T
AT _ | g5 | _ | 9 T 14} @[?ﬁ]
dq
o oF a7 [0 ] [af
9qN q | dgn | | oT
- [y T[22
i g} |97
oT AT [ 99 ]
o g} |94 |
_ ﬂ T [as ] aT
=135 |+ @& | 945 | {E}
aT
La ] L@ 2] ]
—
n

oT oT oT
:{g;z{g}m]{ﬁ] @45
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Hence, the d’ Alembert-Lagrange equation ( j[ {B—T] — {g—;} — {Q}) = 0 may be
written down in the following shorthand form as:

(@ 5] - ) - 1o)

oT oT
—[n]{a—r}—{aq}—{Q}—O (4.46)

The following expressions are defined to be:
T 80!/
(N =817 Q)5 A= | (P} LB {50, =l @a)

Pre-multiplying the above d’Alembert-Lagrange equation (Eq.4.46) by [8]” and
using the definitions of [A] and {N}, the result is:

r (119 [T Ty [ 99 L
j=12,...,.N

oT or |\ .7
[n]{ar} {£}>—[ﬂ] {0}

r aT r aT rlor|
=[B]" [9] — {ar}ﬂﬂ] [A]{ar} (8] { q}—{N} (4.48)

Recall that [,B]T [9] = [[], and so the d’ Alembert—Lagrange equation for quasi-
coordinates may be written in the form:

d ot + a2 rfor = (N} (4.49)
a1 or (81" [A] — [B] g |~ :



4.3 Lagrangian Dynamics with Quasi-Coordinates 181
Example 1 [8, pp. 16-17]

A simple example involves the angular motion of a rigid body constrained to rotate
about a point (see Meirovitch [23, pp. 159-160 ] or Cameron and Book [8, pp. 16—
17]). Note that there are no constraints whatsoever on the rotational motion. The
roll-pitch—yaw quasi-velocities wy, wy, w, were introduced in order to simplify
the equations and to illustrate the techniques involved in writing the d’ Alembert—
Lagrange equations of motion for non-holonomic joints. These quasi-velocities are
non-holonomic in the sense that they are not the derivatives of any generalized
coordinates (generalized angular velocities or Euler angular rates). Letting the
body’s angular rates represent the quasi-velocities, that is, wy = y1, wy = y», w; =
)/3, while the Euler angular rates are defined to be the generalized velocities, i.e.,
é = ¢1,6 = ¢», ¥ = ¢3, the relationship between the Euler angular rates and the
body’s angular rates is simply:

Wy d)—l/}sine 1 O —sin@ é
wy | = fcosp+ Yrcosfsing | =| 0 cos¢p cosHsing 6
w, —0sin¢ + v cos 6 cos ¢ 0 —sin¢ cos b cos ¢ v
(91"
(4.50)

The kinetic energy T is of the form:

_ 1 IxO O Wy 1
T=2lwoww]| 00,0 w §<Iw + Iyw +1w) (4.51)
001 w,

In outline form, the procedure for calculation of the d’ Alembert-Lagrange equations
for this problem is:

1 write: (91 [9] 55 ][5 1 3%

1 0 0
[9] = 0 cos ¢ —sin¢ 4.52)
—sinf cos 6 sin¢ cos 6 cos ¢

0 0 0
[¢] = 0 —psing —dcos¢
—6 cosf —0sin6 sing + ¢ cos ¢ cos§ —0 sin 6 cos ¢ — ¢ sin ¢ cos O
(4.53)
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0 0 0
W 0 i (4.54)
20 = sin ¢ cos ¢ .
0 cos¢ cosf —sin¢ cosH
0 0 0
v
| = 4.55
[89] 0 0 0 (4.55)

—cosf —singsinf — cos ¢ sin 6

000
av
— | = 4.56
[81&] 000 (4.56)
000

2. Write: [8], [B1F

0 cos¢ —sing
0 sin¢/cos6 cos¢p/cosb

4 1 singtan® cos¢tan6
1B1=(1017) =

1 0 0
=[] = |:sin¢tan9 cos¢ sing/ cosQ:| 4.57)
cos¢tanf —sing cos¢p/cosb
3. Write: {F}
Wy é — Y sinf
{f‘} =|wy | = 6 cos ¢ + i cos 6 sin ¢ (4.58)
w; —0sin¢ + v/ cos 6 cos ¢

w; COS ¢ + wy sin ¢
= cos¢sing + ¥ cos @ sin2¢ — b cospsing + {pcosecoszqﬁ
= v cos 6 (4.59)
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4. Write: [n]
(P} 1817 [99/09]
= | (I} 181" [99/06] (4.60)
()7 1817 199 /0v]

5. Write: {1} (81"
1 0 0
{f‘}T 81" = [wx wy wz] singtan® cos¢ sing/cosb

cos¢tanfd —sing¢ cos¢/cosfd

= [wx + wy sin¢g tan 6 + w; cos ¢ tan 6 wy cos p — w, sin ¢ wyzg;‘z + wzig:‘g]

[(j;élp] 4.61)

6. Write: {I'}" [817 [80/0¢1: {T'}" 1817 [99/901: {T'}" 1817 [99/9¥1: [n]
N 1 . . . .
[¢> 0 w] [£:| = [0 —0sing + ¥ cos¢ cos —0 cos¢p — 1/fsm¢cos0]

=[0w, —w,] (4.62)

... [oY . . ] . )
[c/)@ 1//] [%} = [—I//COS@ — sin6 sin ¢ —wcosqﬁsme]

Lo av
[(]591#][—] =[000] (4.63)
oy
[¢ 6 W] [gl] 0 —6'sin6 + v cos ¢ cos 6 —6 cos ¢ — v sin ¢ cos 6
[n] = [¢ 6 1//] [25] | = | v coso —1) sin 6 sin ¢ —1 cos ¢ sinf
(664 ]15] 0 0 0
i 0 w, —wy
N —yrcos® —yrsinfsing —yr cos ¢ sin 6
0 0 0
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0 w; —wy

—(w; cos @ + wy sinp) —(w; cos @ + wy sing) tanh sing —(w; cos ¢ + wy sin¢) tan & cos ¢
0 0 0

(4.64)

7. Write: [A] = [¢] — [n]

[A] = [?] -l
0 0 0
= 0 —psing —dcosp

—6cos® —0sinf sing + ¢ cos ¢ cosd —6 sinf cos ¢ — ¢ sin ¢ cos 0

0 Wy —Wy
—yrcosf —yrsinfsing —yr cos O sing
0 0 0

0 —w; wy
= | ycosO ¥ sinf sing — ¢ sin ¢ Y cos 0 sing — ¢ cos p
_70'0059 —6 sinf sin ¢ + ¢ cos ¢ cos —6 sin 6 cos ¢ — ¢ sin ¢ cos O

0 —w; wy
= | wycos¢ + wysing Vrsinfsing — ¢ sin ¥ cos@ sing — ¢ cos ¢
L —6 cos @ —6sinf sin ¢ + ¢ cos ¢ cos & —0 sin6 cos ¢ — ¢ sin ¢ cos O
[ 0 —w, wy ]
—¢sing —¢cos

= | (w;cos¢ + wy sin¢)
+ sin ¢ tan 6 (w; cos ¢ + wy sing) + cos ¢ tan & (w; cos ¢ + wy, sin ¢)

—6 cos @ —6 sin 6 sin ¢ + ¢ cos ¢ cos 6 —6sinf cos ¢ — ¢ sin ¢ cos 6

(4.65)
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8. Write: [B]7 [A]

817 [A] =

*

1 0 0
singtanf cos¢ sing/cos6
cos¢tanf —sing cos ¢/ cosb

0 —w, wy
—¢ sin —¢ cos
(w cos ¢ + wy sin¢) ¢sind pcosd
+sin¢ tan 6 (w; cos ¢ + wy sing) +cos ¢ tan & (w; cos ¢ + wy sin ¢)
L —0 cos b —0 sin@ sin ¢ + ¢ cos ¢ cos 6 —0 sin6 cos ¢ — ¢ sin p cos O

0 —w; wy 1

wy tan 6 sin¢ — (b

cos ¢ (w; cos ¢ + wy sin ¢) sing tan 0 (—w; + w; cos? ®) +w, cos? ¢ tan O

—fsing +sin ¢ tan 6 (wy sin ¢ cos ¢ — Osing) —6tan6 cos¢sing

+w, tan 6 cos? ¢ sing

(j) — 2w, cos ¢ tan O
wy cos? ¢ tan &

—sing(w; cos ¢ + wy sing)  —wy sing tané + w, cos’ ¢ tan 6 A
. ) —6 cos? ¢ tan O

-6 cos ¢ -0 cos ¢ sin ¢ tan 6
—w, cos? ¢ sin ¢ tan 0

+wy cos? ¢ sin ¢ tan 6

(4.66)
9. The following assumptions are used to simplify [8]7 [A]:
@¢0~0
®) wy X ¢; wyx0; w, XY
The simplified version of [,B]T [A] is the following:
0 —w; wy
w, 0 —wy 4.67)

—wy wy O
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10. Using the preceding result (the simplification in item 9), the matrix product
(817 [A] {S—H may be written as:

AT ] AT ] AT T
dwy dwy Wz Hw, +wy dw,
0 —w, wy
AT AT T, 0T
[ﬂ]T [A] dwy = Wy 0 — Wy dwy = Wy dwy Wy w,
aT aT aT aT
Ju; —wy wy O Ju; Wy gy, T Wiy,
(4.68)
A
11. The matrix product — [B8]7 [ % % % ] may be shown to be:
T
a¢
1 0 0 B
— | singtanf cos¢ sing/cos6 o
cos¢tanf —sin¢ cos¢p/cosb
aT
ay
_aT
¢
= —sin¢>tan0%—cos¢%—sin¢/cos@% (4.69)

—cos¢tan9g +sin¢g —cos¢/cosb

Ol
SN

with the results in

- e 4
12. Hence, combining [% (BBTTX % a"ui) % ;—Jy)

items 10 (Egs. 4.68) and 11 (Eq. 4.69), respectively, we have the following set
of d’Alembert-Lagrange differential equations which describe the rotational

joint’s motion as follows:

d (aT) aT T  oT
— ) —w— twy— =71
ow;

dr \ dwy owy B % a

d [T T oT . T T  sing T

— | — W, —— — Wy—— —singtanf — — cosp— — — =10
dt \ dw, dwy dw, d¢ 30 cos@ Y

d [T aT N cos ¢ tanf +sm¢8T cos¢ dT .
< _ w. o 9L o _
dt \ dw, Yow, | ow, 90 cosoay

(4.70)
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where 11, 72, and 13 are the input torques in the body’s x, y, and z directions,
respectively, required to maintain the rotation of the joint.

Example 2 [8, pp. 14-15]

Consider the common tricycle which typifies a wide variety of three-wheeled mobile
robots (see Fig. 4.1). This vehicle is subject to two non-holonomic constraints. The
velocity of the front wheel is in the direction that it is pointing and this constitutes
the first of the two non-holonomic constraints, i.e., the front wheel doesn’t slide.
The second constraint is related to the rear wheels which also don’t slide from
side to side—there is no side slip of the rear wheels. The system has four degrees
of freedom, three of which describe the tricycle’s position: x, y, 8. The additional
degree of freedom is the steering angle ¢. The four degrees of freedom are reduced
by the two non-holonomic constraints to two. The two independent degrees of
freedom are the velocity of the front wheel v and the front wheel’s turning rate ¢.
The turning rate of the rear wheels 6 is dependent upon the forward velocity v and
the front wheel’s steering angle ¢, that is, & = (v sin ¢) /. The upshot of the fact that
the system has only two degrees of freedom is that solely the d’ Alembert-Lagrange
equations of motion with the derivatives dv/dt and d?¢/dt* are of interest, i.e.,

O

i=1

Fig. 4.1 Tricycle geometry and notation
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factors in the d’ Alembert—-Lagrange equations with the term d6 /dt may be ignored.
The equations which describe the tricycle’s motion are the following:

X =v cos¢ cosf
Yy =v cos¢ sinf
. v o
0 = —sing
l
The velocity v may be solved for as follows:

Xcosf =v cos¢ cos” 6
ysinf = v cos¢ sin? @

. sinf

Sv=1x +y

cos ¢ cos ¢

.71

4.72)

The two constraints are: front and rear wheels don’t slip which implies that
velocities in the ¥; and R directions (perpendicular to v), respectively, are zero.

This may be written as (see Fig. 4.2):

vyi = ycosf — xsinf = 0; vg ~ [0 cosfcos¢ — xsing =0

vy =ycosB—xsin8=0

4.73)

Y, is the direction

perpendicular to
the rear wheels

\
\
\

—Xsin(8+¢)

R is the direction
perpendicular to
the front wheel

v,=10cosBcos(B+d)—xsin(0+p)=0
8~0,p>>0v,~I0cosBcos p—xsinp=0

Fig. 4.2 Geometry for velocities perpendicular to both front and rear wheels
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The equation relating the vector of quasi-velocities {F} to the vector of general-
ized velocities {g} is derived from the non-holonomic constraints vy; = 0, vg = 0
and the forward velocity of the front wheel v = x(cos8/cos¢) + y(sin6/ cos @),
and may be written as:

v X
. vyi . y
I't = s = o
{r} on | =1y
L ¢ ¢
DEE X BEEE
{F} _ || _ —s.1n9 cos 6 0 0 y (4.74)
VR —sing 0 Icosfcosgp 0 0
L ¢ | 0 0 0 1 ¢
Y
917 {q}
The inverse relationship {g} = [S] {F} becomes:
X1 [cos¢cosd —sinf 0 17 v 7
y cos¢sinf  cosf 0 Vyi
= 4.75)
; in ¢ tan ¢ tan 6 1
0 SI? —= lan Tcos ¢ cos UR
¢l L o 0 0 ¢
(Al

The Lagrangian £ (assuming that there is no potential energy, only kinetic energy)
may be written as:

I= %m (v + v} +}) + %1,;,4;2 + %199'2 (4.76)
where m is the mass of the tricycle, I, is the moment of inertia of the front wheel
assembly at the joint connecting the front and rear wheels, relative to the steering
angle rate ¢, and Iy is the moment of inertia of the rear wheel assembly at the
joint connecting the front and rear wheels, relative to the tracking angle rate of the
rear wheels 6. Although the Lagrangian £ contains the 6 term, in the sequel, it
will be seen that 3£/ doesn’t enter into any of the calculations. Recalling the
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discussion prior to the introduction of the example on pp. 181, the d’Alembert—

Lagrange equations for quasi-velocities are:

d [oL r 9L r | 9L
—{—=1+ Al —1¢ — — 1 ={N 4.77
dt{al“} [ﬂ][]{ar} (Bl P {N} &.77)
where
[A] =[]~ [n]
[T 7] - T
v Bx
aT dri aT 3
— ¢ = P — = (4.78)
al’ a7 aq oF
SUR w
of o
L ¢ - 99 -
Differentiation with respect to time of [}] may be written as:
_%—sine —sing 0]
sin¢ 0 0 0
d 4 | cosg c08
— (9] = —
dt[ ] dt
0 0 IlcosBcosep 0
L 0 0 0 1]
m st . ] ) -
("’CZ’;SZZW — Oczgan) —6 cos 6 —¢cos ¢ 0
$sinOsing | fcos o
B (Lintsind 4 Seont) g sing 0 0
0 0 —(lécos@ sing + 16 cosqbsin@) 0
i 0 0 0 0 ]

(4.79)
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The matrix [5] is composed as follows:

(] =

The term {F }T [B]7 is of the form:

r— . 1 ¢
cospcosf cosgsing =& 0
—siné cos 6 —M 0

. T .
{T} 181" =[v vyi vk 6]
1
0 0 [cos¢cos6 0
L 0 0 0 1
T

(vcos ¢ cosh — vy; sinf)

(vcos¢gsinf + vy; cos6)

vsing
[

vy; tan6 tan ¢ + VR
] [ cos B cos ¢

¢

The remaining elements which make up the matrix [7] are:

0000 0000
97 o000 | [09] [0000
[5;}_ 0000 [5}}_ 0000

0000 0000

191

(4.80)

(4.81)

(4.82)
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— 3 9 —
s(‘)% cos 6 0 0
99 Bl —sing 0 0
[_} _ (4.83)
a6 .
0 0 —lcos¢sinf 0
| 0 0 0 0
i CO:fS;i;q’ 0 —cos¢ O]
sin ¢ sin 0
%D, cos? ¢ 0 0
— | = (4.84)
d¢
0 0 —lcosfsing 0
. 0 0 0 0|
Carrying out the prescribed operations results in:
00007
AT .7 | 00 2T o7 | 0000
I — | =1r = 4.85
{r}" 18] [ax] (PF 81" | 500 | =[0000] (4.85)
L0000 |
00007
T, 7[00 T 70000
r — | =1r = 4.86
{r}" 181 [ay] (PP 81" | 500 | =[0000] (4.86)
| 0000
T o [ 97
I R
() 0| 5
(vcos ¢ cosf — vy; sin6) '—%—cos@ 0 0]
(vcos ¢ sin6 + vy; cos6) gg:g —siné 0 0
(”s}ng — yimbtng ICOSZRC()W) 0 0 —lcos¢sind 0
i é ] Lo 0 0 0
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cos O (vy; cosf+v cos ¢ sinh) + sin O (vy; sinf—v cos¢ cosb) 1T
cos @ cos ¢

cosf (vy; sinf — v cos¢ cosf) —sinf (vy; cosf + v cos¢ sinf)

_ . v sin¢ UR __ vy, sing sinf
! cos sin 6 ( 1 + [ cos¢ cosb [ cos ¢ cosb

0

_ [ Wi _ycose tanf (vy; sing sinf — vg) — v cos ¢ sinf sin¢ 0]

cos ¢
4.87)
T |99
r -
(T} 181 [M}
. T ~ -
(v cos ¢ cos O — vy; sin6) %O —cos¢p O
(vcos ¢ sinf + vy, cosb) singsiné 0 0
cos? ¢
in 6 i tan ¢ tan ¢ .
(US;n - anl =8+ lcosléRcos¢) 0 0 —lcosfsing 0
i ¢ 1L o o 0 0 |
r sin¢ sin6 (vy; cosf+v cos¢ sinf)  cosb sing (vy; sind—v cos¢ cos ) =7
cos? ¢ cos? ¢
0

cos ¢ (vy; sinf — v cos¢ cos@) — [ cosb sing (U S}n¢ +7 COS';RCOSQ - U,Yés;&(bcsgn;)

= [v tang 0 vy, 3% — vgtang — veoso 0] (4.88)



194 4 Quasi-Coordinates and Quasi-Velocities

Combining the above results, the matrix [n] becomes:

{0} 181 [32]
[l = Gy [%_i]
(ry i [
T
{0} 181 | 55
B 0 0 0 0]
0 0 0 0
B iy —vcos¢ tan (vy; sing sinf — vg) — v cos¢ sinf sing 0
| v tan¢ 0 vyics(i;g) — vgtan¢ — vcosf 0 |
(4.89)

The matrix [A] = [19] — [n] may be written as:

[A]=[?]—In]
[ (Pnaine - ) ~deoso ~feosp 07
(B + %) ~Osine 0 0
0 0 —(I¢coshsing + 16 cospsind) 0
i 0 0 0 0]
"o 0 0 0]
0 0 0 0
_ otz —vcosg tan® (vy; sing sinf — vg) — v cos¢ sin® sing 0
i vczisnf 0 vyi :(‘;‘Z — vgtan¢g — vcoséd 0 |
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[ (¢cosOsing _ fsind : ; 7
( Cgsszs(;n — c2§"¢ ) —0 cos —pcos 0
dsinfsing | fcosd 3o
( sinfsing . oo ) —fsind 0 0
_c:))%id) vcos —tan6 (vy; s'in¢> sinf — vR).—f— v cos ¢ sinf sin¢g 0
’ —(l¢0050 sing + 10 cosd)sinG)
—v tan ¢ 0 fvy,-%JrvRtanq&JrvcosO 0|
(4.90)
Using the fact that vg = vy; = 0, the matrix [A] may be simplified to be:
™ [ écosOsing 6 sinf o 0 T
( ol <osé ) —6 cos O —¢cos¢ 0
ésianin(ﬁ 6 cos 6 s
( e cow) 6 sin6 0 0
[A] =
v cos ¢ sinf sin
0 v Cos ¢ . ,¢ . ¢ . 0
— (I cos 6 singp + 16 cos ¢ sin 0)
v sin¢g
L — o5 0 vcosf 0]
“4.91)

Because the only independent generalized coordinates are v and ¢, the dynamic
equations of interest will be those related to v and ¢. The coefficients of interest can
then be obtained by pre-multiplying the matrix [A], by the appropriate rows of the
[,B]T matrix. Since our interest lies only in v and ¢, the matrix [A] should be pre-
multiplied by the first and fourth rows of [8]7, respectively, to obtain the desired

coefficients. We assume the following:

. cos¢gsing ~ 0

. cos¢singd ~ 0

Vy; = 0, VR = 0

. 6 may be ignored in the dynamic equations

. The only dynamics of interest are related to v and ¢

The product of [87]

S S I S R

Lst row [A] becomes:

[cos¢c0s0 cos ¢ siné ﬁ O]
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g eosdsi . ) .

(d)cg(s)szs(;nd) — ecg;“;) —6cosé —¢cos¢

¢ 0sing 6 cosd 3 o

( Sf(‘)szsm + focd ) —0sin6 0

*
0 v cos v cos ¢ sinf sin¢
— (I cos O sing + 16 cos ¢ sin )
i = ”Cinf 0 v cos 6

cos? ¢ cos ¢
—6 cos ¢ cos2 6 — 6 cos ¢ sin 6 + ﬁ%"’v cos ¢

—d')coszd)cosé’—i—g#[ v cos ¢ siné sin ¢ :|

— (l(]) cos 6 sin ¢ + 16 cos ¢ sin 9)

0

cos ¢ cos @ (écostirW) _ ésin@) +cossin® <¢>§1n69m¢ 4 fOcost 6 cosh

cos? cosd

. . 22 i . .
= [d)tanqb —6 cos ¢ + %sind)cosqﬁ w — ¢ cosf — B cos¢psingsind 0]

~ [d)tanq& 0 —¢ cosb O]

Hence, the result of [ﬂT]mmw * [A] {g—%} becomes:

I

D
<

=53
I

T oLl . )
I:ﬁ ]lstrow*[A]iﬁ} - [¢tan¢0_¢C059 O]

avy,‘

=53
S

=8
<
=

NN

_¢tan¢—£ —qbcos@£
ovR

4.92)

(4.93)
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Note that all terms related to 8 are not taken into account, that is, 6 cos ¢singsinf ~
0, since the only independent quasi-velocity and generalized coordinates are
v and ¢, respectively. Using exactly the same procedure as above, the term
[B" 14i row * [A] may be shown to be:

[0001]

i eosts ) ] _

(¢ngszs(;n¢ - HC;‘S“;) —6 cos 0 —¢ cos ¢ 0

¢ sin 6 sin ¢ 6 cosb ) o

( ey Cf;;jp) —6sin6 0 0

*
0 v cos ¢ v cos ¢ siné sin¢
— (I cos 0 sing + 16 cos ¢ sin )

i —% 0 vcosé 0|

= [—v tan¢ 0 vcos6 0]
(4.94)

Hence, the result of [B7 ] % [A] { } becomes:

4throw

mliv
=S

=5
I

I:lgT:I4throw * [A] {%} = [—U tan¢ 0 vcosf 0]

@
<
=

|m
~

=8
<
=

T
L 9¢ _

3L 3L
= —vtand);[: +vcos€a—£ (4.95)
dv R

The additional terms in the d’ Alembert-Lagrange equations

o {BL} (81" [A]{ } (81" {a£}={N} (4.96)
t dq
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are: j[ {M} and — [ﬁ]T {% }, respectively. For the — [ﬂ]T {8_2} terms, only the
first and fourth rows of [,B]T are required and the results are:

3L m oL
dx x
oL 9L
dy . ay
—[,BT] —[cosqbcos@ cos ¢ sin #O]
Ist row 3_2, Py
30 20
iz 0z
L d¢ L 3¢
aL AL  sing 3L
= —cos¢cos€—£ —cos¢sinfg— — . ¢—£.
ad ay I 96
ax ax
L L
oy By L
~[#"] ——[0001] =-= 4.97)
4throw g g a¢
0 0
L L
L 3¢ - L 3¢

Finally, the relevant terms of % { 0L ] that is, the first and fourth terms of the vector

are:
4 [iZ) a [z
dt | dv |7 dr | 9¢

Combining all of the foregoing results, the relevant d’ Alembert—Lagrange equations
become:

d |oL oL . L sing oL
—{— ¢ —cos¢pcosd— —cos@psind— — —
dt | ov ox dy [ 96
L dL
+¢tan¢——¢cos9— =F,
VR
d |oL| oL dL dL
— 11— ———vtan¢—+vcos€—=t
dt | 9¢ ¢ dv OVR

(4.98)
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where F), is the external generalized force applied to the tricycle and t is the external
generalized torque.

4.4 Lagrangian Dynamics with Quasi-Coordinates: Prof.
Ranjan Vepa’s Approach

The following section is based on the approach by Prof. Ranjan Vepa (see Vepa [50,
pp. 69-72]).

For most systems where quasi-velocities are involved, the kinetic energy is a
function of both the generalized coordinates 1,0, ¢ and the quasi-velocities
[pb, g, 51" . Hence there are two approaches to writing the Lagrangian dynamics.
In the first approach, the quasi-velocities are written in terms of the generalized
velocities and generalized coordinates, that is:

Pb d) — I// sin §
qp | = 6 cos ¢+ ‘/f cos 6 sin ¢ 4.99)
rp —6 sin + v cos O cos ¢

These terms are then substituted into the energy equations and subsequently the
system’s Lagrangian dynamics are derived. In the second approach, the mixed quasi-
velocities and generalized coordinates are retained but the Lagrangian dynamics
must be modified accordingly. The method to be developed in the sequel, in order
to obtain the Lagrangian dynamics for the mixed quasi-velocities and generalized
coordinates, was adapted from the work of Ranjan Vepa [50, pp. 69-72]. The time
derivative of a rotation matrix will be required in the sequel and so it is now
introduced.

Time Derivative of a Rotation Matrix (See Britting [6, pp. 16-17], and
Noureldin et al. [26, pp. 37-38, 43—45])

Consider a time varying matrix 7;/,(t) which represents the Euler transformation
between the coordinate frames F, and Fj. That is, a vector in frame Fj is
transformed (rotated) to a vector in frame F, by T,/,(¢). Frame Fj rotates with
angular velocity 2 relative to F,, which we may regard as fixed. At time 7, the F,,
and Fj frames are related through the Euler rotation matrix, 755 (¢). During the next
instant of time, At, frame F}, rotates to a new orientation such that the Euler rotation
matrix at ¢ + At is given by T, /(¢ + At). By definition, the time rate of change of
Ta/b(t) is given by:

ATap(1) lim Tap(t + At) — Tayp(t)

(4.100)
0 At At—0 At

Tapp(t) = lim
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Take, for example, the rotation matrix from the body frame to the inertial axis
system, that is:

cos 6 cos Y sin¢ sinf cos ¥ — cos ¢ sin Y cos ¢ sinf cos ¥ + sin ¢ sin Y
Ty (1) = | cosOsiny sing sind siny + cos ¢ cos ¥ cos ¢ sin@ siny — sin¢ cos ¥

—sin6 sin ¢ cos 6 cos ¢ cos

(4.101)

Allowing for very small angular rotations from time 7 to time ¢ + Af¢, such that
¢ =¢+ AP, Y =y + Ay, 0" = 0+ A0, the rotation matrix T7/p(r + Ar)
becomes:

Ty/p(t + Ar)

cos 6’ cos Y’ sing’ sinf’ cos ' — cos ¢’ sin Y’ cos ¢’ sin6’ cos Y’ + sin ¢’ sin Y’
= | cosf siny’ sin¢’sin@’ sin Y’ + cos ¢’ cos ' cos ¢’ sin’ sin ' — sin ¢’ cos ¥’

—sin6’ sin¢’ cos 6’ cos ¢’ cos 6’
(4.102)
Furthermore assuming that the A angles are very small, so that A¢ — 0, Ay —

0, A0 — 0, and cos A¢p = cos Af = cos Ay = 1,sinA¢p = A¢,sinAyY =
Ay, sin A8 = AO; ApAY = APAO = Ay A6 =~ 0, we have:

1. Tyyp(t + Af)(1,1) = cos ¥ cos @ — Ay cos @ sinyy — A6 cos yr sin6

2. Ty/p(t + A(1,2) = cosysingsind —cos¢psiny + A¢psingsiny —
AYr cos ¢ cos + A¢ cos ¢ cos Y sin 6 + A6 cos Y cos 6 sin ¢
— A sin¢ siny sin 6

3. Tyyp(t + A(1,3) = sin¢gsiny +cos¢pcosysind + Agcosgsiny +
Ay cos Y sin ¢ + A0 cos ¢ cos Y cos 6 — A¢ cos Y sin ¢ sin 0
— A cos ¢ sinyr sin 6

4. Tyr/p(t + A1)(2,1) = cos@ sinyf + Ay cos y cos€ — Af siny siné

5. Typ(t + AD(2,2) = cospcosy +singsinysind — Agcosyrsing —

AYr cos ¢ sinyr + A¢ cos ¢ sin Y sin 6 + Ay cos Y sin ¢ sin 0
+ A6 cos 0 sin ¢ sin

6. Ty/p(t + A1)(2,3) = cos¢sinysind —cosysing + Aysingsiny —
A¢ cos ¢ cos + Ay cos ¢ cos Y sin 6 + A6 cos ¢ cos 6 sin Y
—A¢sing siny sinf

7. Tp(t + At)(3,1) = —sinf — A6 cos o
8. Ty/p(t + At)(3,2) = cosfsing + A¢ cosp cosd — Af sin¢siné
9. Ty/p(t + A1)(3,3) = cos¢ cosf) — A cosf sing — A cos ¢ sinf

Note that the bold items in the above list constitute the elements of the 77,p(t)
matrix. Hence subtracting the matrix 77, (t) from T7,p (¢t + At), dividing through-
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out by At and letting lima;—, ¢, we are left with:

. Typ@t+ At) — Ty p(0) . ATyp@) dTyp()
lim = lim =
At—0 At At—0 At dt

Postulating that 77,p(t + At) = T, (t)[{ + Y (t)] allows us to solve for Ty, (¢t +
Ar) — Ty;p(¢) as follows:
Typt+At) =TygOI +Y@O] = Y () = TIT/B(I) (T1/B(t + At) — Ty /(1))
= Typ(t + At) — Tyyp(t) = Ty ()Y (1)

Y11 Y12 Y13
For example, assuming that Y (#) = | y21 y22 y23 |, then:

Y31 Y32 Y33

Tyt + At)(1,1) — Ty p()(1,1) = — At cos 0 sinyy — A6 cos ¥ sin6
=Ty, Dy + Tyyp)(A, 2)y21 + Tyyp(t)(1, 3)y31
= y11cos ¥ cos O + yz1(cos ¥ sin ¢ sin6 — cos ¢ sin )
~+y31(sin ¢ sin Y + cos ¢ cos Y sin 0)

. . . sin ¢ cos ¢
= cos ¥ sin6 [yo1 sing + y31 cos @] +cosf sinyr | y31 —— — ya1

cosf cosf

—A6

—AY
+y11 cos Y cos
= y11 =0; y21sin¢ + y31cos¢ = —Af; y3;sing — y21 cos¢ = —Ar cos6

The coefficients y>1, y31 may be determined as follows:

31 cos2¢> + Y21 sin¢ cos ¢ = —A6O cos¢p
V31 sin2¢ — y21cos ¢ sin¢p = —Ar cos O sin ¢
= y31 = —Aycosfsin¢g — Ab cos ¢
y218in¢ + y31cosp = —AO = yy; sing = —y3j cos¢p — Ab
=—A0+ A8 cosz¢ + At cos 6 cos ¢ sin ¢
= yp18in¢g = Ab(cos’0 — 1) + A cos 6 cos ¢ sin ¢
= yo1 = —Afsing + Ay cosb cos ¢



202 4 Quasi-Coordinates and Quasi-Velocities

A similar procedure may be carried out for the evaluation of yi2, y22, ¥32 and
Y13, Y23, ¥33, thus resulting in the Y (¢) matrix, which is of the form:

0 A sing — Ay cos¢ cosf A6 cos @ + Ay cos6 sing
Y(t) =| Avcos¢cos — Afsing 0 Ayrsind — Ag
—Af cos¢p — Ay cos @ sin ¢ A¢—1/}sin6 0
(4.103)

Finally dividing T;,p(t + At) — Ty/p(t) throughout by At and letting lima,—0
results in:

Tip(t + A1) —Tyyp(t) lim ATy () dTy p()

li = =Ty/p@) lim Y(t
AIIEO At At—0 At dt I/B( )AIIEO ®
0 6 sin¢ — v cos ¢ cos 6 6 cos ¢ + ¥ cos O sin ¢
=T;/B(t) | ¥ cos¢cosd —dsing 0 Vrsing — ¢
—0 cos¢ — Y cos O sin é — ¥ sin6 0
0 —rp aqp R
=Ty | r, 0 —pp|=Typ0OR" (4.104)
—qp pp 0

where ¥ = lima—0 %; ¢ = lima;—o AA—f; 6 = lima;—0 42.

The time derivative of T;,p(t) may be obtained as well from purely geometric
considerations. Since the rotation at time ¢ + Af consists of the rotation up to time ¢,
followed by the small rotation 7 4+ A8 from time ¢ to time 7 + At, the total rotation
from time ¢ = 0 to time ¢+ At may be written as: Ty, p(t +At) = Ty, (t)(1 + ABy).
As may be seen from Fig. 4.3, A6}, is given by:

0 —AOyaw AOpirch 0 —AYy A6
AGp = ABy 4w 0 —AOron1 | = Ay 0 —A¢ (4.105)
—Abpitcn  AbRoll 0 —A9 Ap O

Note that ABgyir, AOpitch, AByqy are the small rotation angles through which
frame Fj has rotated during the time A¢. Dividing Af, by At and and letting
At — 0 results in:
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Z(t+At ﬁ; Z(t)

» Y(t+AtL)

Y(t)

X(t)
X(t+At) X(t+At]:X[t)+A8Pirchz(t]_AeYawY(t)

Y(t+At)=Y(t)+A0,, X(t)—AB,, Z(t)
Z(t+At)=Z(t)+A0g, Y (t)—AOp, ., X(t)

Fig. 4.3 Time derivative of a rotation matrix—small angle rotations

e v
Fup) = lim Tup@® o8 = T() fim | e o Mg
— S S0
0 —rp qp
=T | m 0 —pp | =Tap®Q = =T Q" =-Q  (4.106)
—q» pp 0

where pp, gp, rp are the roll, pitch, and yaw angular velocities of frame Fj with

Pb
respect to frame Fy, thatis, 2 = | ¢; [. In the limit as At — 0, AA—QI” is the skew-
b

symmetric form of the vector angular velocity of the F}, frame relative to the F,
frame during time At. This skew-symmetric matrix is the matrix equivalent of a
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Ux
vector cross product between vector 2 and velocity vector V. = | v, |, that is,
Uz
Uy Uy
lima;—o AA—OI” vy | =—2x | v,
Uz Uz

Summarizing then, the derivative with respect to time of the Euler rotation matrix
Tayp is:

Tusp = TapQ2l = —Tup Q2 (4.107)

Transformation for Translational Motion
In the sequel, whenever the intent is clear from the context of the discussion, the
symbols {-} and [-] shall be dropped.

The basic idea is to transform the Lagrangian £ into £ in such a way that the latter
contains the velocities in body-fixed axes u, v, w, translations xp, yp, zp, and body
angular rates pp, gp, rp. The Lagrangian £ is a function of the inertial location and
velocities of the system under consideration (the generalized inertial coordinates
and generalized inertial velocities), that is, £ = L (x7,ys, 25,u1, 01, Wy) =
L(X X 1), while the modified Lagrangian contains the system’s location and
velocities in body axis coordinates. In other words, L= Z(xh, Vb, by U, U, W) =
L (X 5. X B). The body-centered and inertial velocities and positions are intimately
related via Euler transformations Tg,; and Tj,p which transform from inertial to
body-centered coordinates and vice versa. Stated more precisely, the transformation
uj
from body-centered velocities to velocities along inertial axes is: | vy =

wy
u
Ty/g | v |.The partial derivatives of £ with respect to uy, vy, and wy, for example,
w
may be written in the following fashion:
0L 9L du +aZ v +aZaw
duy " du dug ov duy ow duj
9L 0L ou 9L dv 9L dw
dvy  dudvy v dvy  dw dvg
9 L L L d
0L _9Lou | 9LOv | 9L ow (4.108)

duy  dudv; | v dv; | dw vy
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In matrix form, the partial derivative of £ with respect to the velocity vector in
inertial coordinates V; may be written as:

oL Ou dv  dw L
3u1 31,4] au, 3[4[ W
oL [ _ | du v dw L
vy - dvy dvy dvy v (4109)
oL Ou v dw L
dwy Jwy dwy Jdwy w

Lagrange’s equation in generalized inertial coordinates for the translational degrees
of freedom may be written in the form:

d (0L 0L . d (0L 0L
d_t(ﬁ)_a_X[_Ql’ X1:V1:>E(m)—8—XI—Q1 (4.110)

In Sect. 4.1, the transformation between the velocity vector in body coordinates and
the corresponding velocity vector in inertial coordinates was shown to be:

Ju Jdv  Jw

Qu; du; Jup

du v B
T g = ﬁﬁ% (4.111)

v dw
Jwy; odwy Jdwy
where Tj,p is the direction cosine matrix (or Euler transformation matrix ) which

rotates the velocity vector in body coordinates, [u, v, w]T, into the velocity vector
in inertial coordinates [u;, vy, w;]?. The foregoing relationship may be written

_ uj u
; : .9 3
succinctly in the form: ﬁ =Ti/B {ﬁ}, where Vi = | v; [and Vp = | v
wy w
Similarly, for position the following relationship holds:
L dxp dvp Bz L
axy dx; 0xy; 0xj axp
AL | _ | 3xp 3y dzp oL
dyr | 7| 9yr 9yr 9y b (4.112)
oL xp dyp Bz 3L
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which may be written in compact form as: 37 = Ty/B 3y The preceding results
imply that:
0L _, L _ . 9L _ 9L
avi ~ MPave T By T avg
0L 9L 3L oL
— =Typ—— =>Tp/1=—— = — 4.113
ax;  Paxy T Pax, T axg @113

where X; = [x7,y1,2 1T isa position vector in inertial coordinates and Xp =
[xp, Vb, 2517 is the corresponding position vector in body (or rotating ) coordinates.
Similarly V;, Vp are the velocity vectors in inertial and body coordinate frames,
respectively. The derivative with respect to time of an Euler rotation matrix 77,
takes the following form:

0 —rp qp
dTy/p ~ A A A
dt/ =Ty | r, 0 —pp | =Typ®Q" = -T1p12 QT =-Q
—q» pp O
QT = wx

(4.114)

Hence the time derivative of Tg/; % may be written as:

d 3L L d oL d oL
T, T T L= 4.115
dr [ BITsv, } By, YR G ey T (avg) 4115

The rotation matrix 77, p has the property that the product 77,3 Tg;; = 1, thatis, the
inverse of 77, implies rotation in exactly the opposite direction and in the opposite
sequence. This implies that:

Te/1Tig + ToyiTip =0= TpTi/p = —Tg/T18
= Tpy1 = —Tp/iT1/8Tss1 = To/iT1sQ2Ts)1 = 2Ty (4.116)
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Using the fact that TB /1= QTB ;1 and substituting this result into the equation for

the time derivative of % leads to:

d| oL A 0L d (0L
=== )+ T — =
dt|:3VB] B/’<av,>Jr B/’dz<av,)

_ 4.117)
_d]3L QT T
dr | 9Vg B/ITIB\ By
d (3L oL oL
Tp)— [ — Ql —=
= B/’dz<avl) dr[avB} (avB>
Furthermore, we know that:
L oL oL _ . 0L 0L _ 1, 3L
0xX, B ax. T axs T Bax, T Taxg BIISx,
(4.118)

Combining the terms in Tp/; [d (33X£1) - %] — Tp/1Qr = O results in the

transformed translational Lagrangian dynamic equation which is:

d (3L L oL ~ L AL
TB/I[E(@)‘E‘Q'] dz<8V3>_QEWB_aXB_TB/IQ1_O

L AL oL 7 3L L
= Tg/1 ~ T 01| = |50 | + @ 5 — o5 — T Qr =0
dt B

ax;/) oxy Vg avg  9X
Fp
4.119)
since QT = —Q. In addition, X ; = V. Note that in the development of the

transformation of the translational equations of motion, it was tacitly assumed that
the origin of the body-centered coordinate system is at the body’s center of mass.
The same assumption will be used in developing the rotational equations of motion
in the sequel.
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Example 3

The transformed equations for translational motion shall be applied to a body with
six degrees of freedom (where the potential energy due to gravity has not been taken
into account). The Lagrangian £ for translational motion is:

— 1
L= Em(u2 + 2+ w?) (4.120)

where u, v, and w are the velocities of the body along the body-centered coordinate
axes, with the center of mass at the origin of this axis system. Carrying out the

operation indicated by % (%) + QTQ _ 3L _ Tg/1 Q1 = O results in:

Vg 0Xp
0 —rp qp
FBx
m|ov|+m| rp, 0 —pp v |=| Fay
i FBZ
—q» pp 0O
= m@u —rpv + qpw) = Fpy
m(0 +rpu — ppw) = Fpy
m(w + ppv — qpu) = Fp; (4.121)

Transformation for Rotational Motion
For the rotational dynamics case, we use the following definitions:

L o2[g.0,y]"

2. ¢£04,6,y1"

3. 05 2 [y (0. 8), (0. 8) .7 (0. 9)] =0

4. pp=1b(0.0.9.0.0,v) = p (P, D)

5. qp=qp($.0.9.9.6,9) =qp (P, D)

6 r;,:r;,((;&,@,l/f,é,é,l/f)=r;,(<I>,CI>)

7. L=L(¢.0,9.6.0.9)=L(D, D)

8. L = L(po(0.0.9.6.0.9).q5(6.0.9%.6.0.9) .7 (9.0.9.6.6.4)) =

The relationship between the body’s angular rates and the Euler angular rates
may be written in the following manner:
Py = ¢ — Yrsind; gy = 6 cos¢ + V sinp cos 0;
r, = —6sing + w cos ¢ cos b
45 = pp + (gp Sinp + rp cos @) tan 9; 6= qp COS P — rp Sin ¢;

- (gp sin @ + rp cos @) (4.122)
cos 6
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With the definitions of o = Qp £ [pp, qp, 7517 and ® £ [¢, 0, ¥]7, the transpose
of the Jacobian matrix J, thatis, JT = 9 Qp/0P, turns out to be:

opp 9qp 9r 9
26 06 a—£ %[Pberb]
00p 3 .
_ P 9qp 9 — il
S0 — | BH @ | = wlean]
app dqp f]
3%;3%;# W[Pb%rb]

0 —6sin¢ + v cos ¢ cos —6 cos ¢ — r sin ¢ cos O

= | — cosh — sin ¢ sin & —/ cos ¢ sin 6 (4.123)
0 0 0
pp dgp Irp
3 9o 9
1 0 0
0 app dgp 9 :
e = % % F | = 0 cos ¢ —sing | =MT
—sin @ sin ¢ cos O cos ¢ cos 6
oy dgy drp
a9y Y
(4.124)
The inverse matrix of M, i.e., L = M ™!, is defined to be:
1 0 —sin6 1 sin¢ tan 6 cos ¢ tan 0
M =10 cos¢ singcosf |; L=M'=1|0 cos ¢ —sin¢
. sin ¢ cos ¢
0 —sin¢ cos ¢ cos 0 = o0
(4.125)

Since the Lagrangian £ and transformed Lagrangian £ are related, the following
operation is justified:

oL _0Ldpy , 0Ldgy 0Ly
dp  dpp dp  Oqp 3  Orp 3¢
oL 3Ldpy, 9L gy, 0L
36 dpp 96 | dq, 96 | orp 96
0L _ 0Lopy  9Ldgy | 9L ory

=== 2y =
oy Opp 3y dgp Y Orp Oy
(4.126)
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Writing the above in matrix form, the partial derivative of £ with respect to the
Euler angular rates, ®, may be written as:

oL dpp dqp Orp oL 2L
Ers 26 0 09 s 0
9L _9Qp 9L aL | _ | opp dgp ory || 0L | _ g7 | 0L
b od 903 9D 90 90 90 agp aqp
AL dpp dqp Brp 9L 9L
v W 9 v oy ary
908 0L
3 305
(4.127)

Symbolically, the partial derivative of the Lagrangian £ with respect to the vector
of Euler angles ® may be written in terms of the partial derivatives of the modified

Lagrangian £, with respect to ® and the vector of body angular rates Q p, that is:

0L L
b 9D

905 0L

0 10, (4.128)

To recap, we shall use the following definitions in the sequel:

(1>

1. 9£/305 [%
L0273
9

2.9Qp/0d &

ap
a9

app

N
3. 00p/0d 2 |

ap
0y
1 0

4. M =

9gp
ay

agp
a9

agp
a0

dgy
oy

rp
rp

¢

drp
00

Arp
oY

0

arp

-2

¢

arp
20

arp

oy

—sind

0 cos¢ sin¢gcos6
0 —sin¢ cos ¢ cosb

aZ]T

a5 Lpvab ]

2 poavro]

5 Lpw ab 1]

sin¢ + v/ cos ¢ cos @ —6 cos ¢ — r sin ¢ cos O
— 1y sin¢ sin 6 j

—1 cos ¢ sinf
0

1 0 0
0 cos ¢ —sin¢
—sin sin¢ cos @ cos ¢ cos O

=MT

1 sin¢g tan 6 cos ¢ tan 6

0 cos¢ —sing
0 sin ¢ cos ¢

cos O cosf

s L=M"1=
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From the relationship between the body’s angular rates and the Euler angular rates
we can deduce the following:

Pb 1 0 —sin6 @
gp | =] 0 cos¢ singcosd 6 | = Q0p=Mdd/dt = d®/dt = LQp
b 0 —sin¢ cos ¢ cosb 1//
(4.129)
The d’Alembert—Lagrange equation for the rotational modes is of the following
form:
d (0L 0L
Kl=(=)-=_ =0 4.130
[dr (aq>> P Q’] ( )

where K is a constant. The time derivative of 8 £/d® is calculated as follows (see
Eq.4.127):

By BE 4 () BL (B
0 00p dr \ 9o 008 dt \00p
T _li % _ \"! T 0L i 0L
:>(M) dt(acb _(M> M 9035 +dt 903p
) (6) 2 )
dt \ 9o 9Qp ) dr\9Q0p

The term 9.£/9d® was shown to be:

(4.131)

0L 9L 3Qp 3L

=== (4.132)
o IP 0P 90p

Therefore the d’Alembert-Lagrange equation for the rotational modes, that is,

K [% (;%) — g—é — Q,] = 0, may be written as follows:

4 <£> =L [E + Q{| =L [% 4998 3L Q,} (4.133)

dt \od 0P P 0P 90p
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Using this latter result, the transformed d’Alembert—Lagrange equation for the

rotational modes may be written as:
rd (LY _ rpr IL L4 IL

dt \ 9o 903 dt \90p

30p 0L . 0L d [ L

= [BCD %0 a0, T 0" ] <8Q3> T <8Q3>

N <—a£ ) L +L™m" (_az: ) _pr?s 3L 1y
dt \ 905 9D 905 9 905

d (ALY _70L o 3QB T
T <8QB> Lioe tL <M ><8Q3> Lo

(4.134)

Previously the value of 9 Q0 p/d® was shown to be:

0 —ésinqb—l—{hcosqbcos&—écoszb—{hsinq&cos@

008 . Co . .
o —1r cosf —r sing sin 6 —r cos ¢ sin 6
0 0 0
(4.135)
The calculated time derivative of M7 is
1 0 0

Mt = 0 cos ¢ —sin¢

L —sin @ sin ¢ cos 6 cos ¢ cos O

0 0 0

=M= 0 —¢sing —¢pcosp
—60 cosf ¢cospcost — 6 singsind —g singp cos @ — 6 cos ¢ sin O

(4.136)



4.4 Lagrangian Dynamics with Quasi-Coordinates: Prof. Ranjan Vepa’s... 213

Pb ¢ — 4 sin6
Hence using the relationship | ¢, | = | 6cos¢ + ¥ cosOsing |, the expres-
rp —0sin¢ + v cos 6 cos ¢
sion (MT — 33%) turns out to be:
A
0P
0 0 0
= 0 —psing —pcos

—6cosh ¢cosgcoshd — O singsind —g sing cosd — 6 cos ¢ sin 6

0 —ésind)—i—fﬁcosd)cose —écosq’)—g&sin(f)cos@

— | —=vrcosb — 9 sing sin 6 —yr cos¢siné
0 0 0
i 0 ésind)—dxcos:bcos@ écos¢+1/)sin¢cos€

V¥ cos 6 ¥ sing sinf — ¢ sin ¢ ¥ cos ¢ sinf — ¢ cos ¢

—6cosO dcospcosd —Osing sind —gsing cosd — 6 cos ¢ sin d

0 —rp qp

rp COS ¢ + gp, Sin ¢ —pp Sin ¢ —pp COs ¢

rp sin ¢ cosf — gp cos g cosO ppcosg cosh + rpsinf —pyp, sing cos & — gp, sinf

(4.137)
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The latter expression may be rewritten in the form of a matrix product:

[ 0 —rp q» l

rp cos ¢ + qp sin ¢ —pp sing —pp cOs ¢

rpsing cosf — qp cos pcos6 ppcosg cosO + rpsinf —pp sing cos @ — qp sin 6

0 —rp qp
1 0 0
= 0 cos ¢ —sing rp, 0 —pp
—sin# sin¢ cos 6 cos ¢ cos 6
G —qp ppb 0

(4.138)

The d’Alembert-Lagrange equation using quasi-velocities for rotational motion
then becomes:

4 (£> i <MT - aQB) <£> =L"Q;,
dt \ 903 0D 30 )\ 905

0 —rp qp
Q' =1n 0 -p
—q» ppb O

(4.139)

4 Quasi-Coordinates and Quasi-Velocities
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Example 4: Equations of Rotational Motion

The transformed equations for rotational motion will be applied to a body with six
degrees of freedom. The Lagrangian £ for rotational motion is:

— 1
L= 5(1xp£ + Iyg} + Lrd) (4.140)

where I, I, and I, are the bodies’ moments of inertia at the center of mass, pp, gp,
and rp, are the rotational velocities of the body along the body-centered coordinate
axes, with the center of mass at the origin of this axis system. Carrying out the

operation indicated by % (£> — LT% + QT (i> = LT Q,results in:

00p 008

0 —rp q»
L pp L pp TBx
Ligy |+ mn 0 —pp Ligy | = | T8y
L7y Irp TB;

—q» pp 0O

= Lipp +qprp(I; — Iy) = TBx

Iy pp + pprp(Iy — I) = 13y

I.py + pogp(Iy — Ix) = TB;
(4.141)

4.5 Lagrangian Dynamics in Quasi-Coordinates—Vepa’s
Approach—Origin Not at Mass Center

The following section is based on the approach by Prof. Ranjan Vepa (see Vepa [50,
pp- 73-75)).

The velocity and position vectors at point P, and at the center of mass C are defined
as follows:

u Uc xp — X¢
Vo=1|v|: Ve=| v |5 Rp—Re=|y,— e (4.142)
w We Zp — Z¢

V) is the velocity vector at point P, while V. is the velocity vector at the center
of mass point C, respectively. R, — R, is the distance from the center of mass to
any point P. The velocity components with respect to the point P are related to the
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velocity of the center of mass and the coordinates of point P by the relation:

Vp=Ve+wx (R, —R.)

u Ue 0 —r» a Xp — X¢
LN I L U R o Yp — Ye
w We Zp — Z¢
‘ —q» p» O P
-
e +qpzp —2¢) —re(Yp — Ye)
v
=1 VU +rb(xp —Xc) — pb(Zp —Z¢) (4.143)
w
We + pp(Yp — Ye) — qp(xp — X¢)

The results of the foregoing equation imply that:

du = 1; ﬂzl; a_wzl
3uc avc 8U)C
ou ou
= = 0
dv, ow,
0 ad
L% (4.144)
o, ow,
Jw _ Jw _
due. v,

The velocity at the center of mass may also be related to the velocity of the rotating
and moving coordinates centered at O and the distance from the point O to the
center of mass at point C, as follows:

Ve=Vo+w xR =V, +V,

e | [ e 0 —rp qb x|
Ve _ Ye + o 0 —pp Ye
w .

‘ “ —q» p» O “
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_ " _ .
Xe + qbZc — TbYe
Ve .
= | Yo+ rpXe — Poc (4.145)
We .
Ze + PbYe — qbXc

Given the Lagrangian £, expressed in terms of the body-centered velocity com-
ponents V,, = [u vw ]T, the partial derivatives of £ with respect to u, v, and w,
taking into account the fact that #, v, and w are intimately related to u., v., and w,
respectively, may be written in the following fashion:

0L 9Lou.  9LOv. 0L dw,

u ou, ou + 0V, ou + dw, du
aL 9L D 3L L d

;£= Lﬂ_k Lﬁ_i_ L dwe (4.146)
ov ou, ov 0V, v dw, dv

oL 9L du, OdLov. 9L dw,
Jw  duc dw  dve, dw  dw, Jw

While the vector V), is written in body-centered coordinates, it should be remem-
bered that it is the velocity of point P with respect to the inertial coordinate frame
X, Y, Z. In matrix form, the partial derivative of £ with respect to the velocity vector
V), may be written as:

oL due Jve dwe L
du du OJu Ou duc
oL | — | duc dve dwe oL
v | T avl dv v v, (4.147)
ol due v dwe vd
3;5 Jw Jdw Jw 88u§¢
due e dwe oL 0L
ou Jdu Ju 100 ou duc
due Jue Jwe | — L | = | oL
T 3 e | = 010 | = S 1= | o (4.148)
due dve dwe 001 oL 3L
Jw Jdw Jw Fm) Jw.

Similarly the Lagrangian £, in terms of the body-centered position components
T . o = . .
R, = [x » Yp Zp ] , and the partial derivatives of £ with respect to the coordinates
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of the center of mass, x., y., and z., for example, may be written in the following
fashion:

0L 3L dx. 9L dy. dL dz¢
= — + —= + =
0xp 0xc 0xp  0ye 0xp  0zZc 0xp
0L 0L dx. 3L dy. L 3z
— — + = + =
dyp  0xc 0y,  0Yc dyp,  0zc Oyp
0L AL dx. 3L 3dy. IL dz
= — + = + =
0z 0xc 0zp  0yc 0zp  9z¢ 0Zp

(4.149)

The matrix of partial derivatives of £ with respect to the position vector R pis:

=8
I

2L Oxe dye Dz oL
dxp dxp 0xp dxp xe
G | _ | xe v bz || T
ayp | T | 9yp 9yp yp dye (4.150)
oL dre Dy 9z || oL
3zp dzp 0zp 0zZp 3¢

Since R, and R, are related via a constant vector K, thatis, R, = K+ R, = x, =
Xe + ke yp = Ye + ky; 2p = z¢ + k;, and both are within the rotating coordinate
axis system, the partial derivatives between the components of R, and R, turn out
to be:

axc — 1; 8y(; _ O; 8ZC _ O
8.XP 8xp axp
B | ]
Xe — O, Ye _ 1’ Zc -0 (4151)
ayp ayp 3yp
0x, —0; Y _o; 0Z¢ _
aZp aZp BZp
Rewriting Eq.4.151 as a matrix:
0xe 9yc z¢ L 3L
7, 7, 0%y 100 e i
Oxe dye 9z¢ | _ AL | _ | oL
dyp, dyp oy, | — 010 = v, | = | oy (4.152)
Oxe Bye Dze 001 oL oL
dzp dzp 9dzp %2, .



4.5 Lagrangian Dynamics in Quasi-Coordinates—Vepa’s Approach—Origin. . . 219

For the rotational modes, the partial derivative of the Lagrangian £ with respect to

the component parts of the vector v = [ Pb qb Th ]T may be written symbolically as
(Eq.4.128 is similar in form):

oL oL av.7 | oL
{%}:{%}Jr[aw“avc} (4.153)

where V, = [uc Ve We ] Rewriting using the foregoing definitions of the vectors w
and V,, the partial derivatives of the Lagrangian £ with respect to the component
parts of the vector w = [ Pb qGb b ] and with respect to £ become:

0L 0L  Ouc 0L v 9L  dwe 0L
opp dpp  dpp duc  dpp dve  Ipp Jwe

9L oL u. 9L v, 0L dw. oL
= + — + +

—_— = 4.154)
dgp  dqp  3qp duc  3qp dve gy Jw,
0L 3L auCaZ_+avCaZ dwe 9L
arp,  drp  Orp due  drp dve  drp dwe
As a matrix, this latter result is:
L g ue 0ve Owe Q
app app ap, Opp Opp e
AL _ g due dve dwe g
agp | — | oqp + gy 9qp  9qp e (4.155)
2L L due ve dwe 8L
arp rp orp 0rp Orp Jwe

It was previously shown that the velocity at the center of mass with respect to an
inertial coordinate system is:

Vo=V, +®x Re=V,— Re x @ (4.156)

Ue .
Xe + 4qbZec — bYe

) .
“ | = Yo + rpXe — PbZe 4.157)

We

Ze + PbYe — qbXe
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Therefore the foregoing matrix of partial derivatives of the velocities of V. with
respect to @ becomes:

Jue Jve dwe

dpy, dpp Ipp 0 —zc ye

due dve dwe | _ ry

b dap oas | = | % O —Xe | = Rex
due Jve dwe —ye xc 0

drp, or, orp

L L 9L

app app duc

— - L aL L
oL _ 0L L =\ _ 1=
=5 | = I + R, X T :{aw}_{aw}”LR”X{avc}

gi oL 0L

b arp owe

(4.158)

Hence the time derivative of {%} in rotating x, y, z coordinates becomes:

d{&L} d{aZ} d( {aZ}) d{&f}
1 =t=—1=t+— R x = 1=
dt | dw dt | dw dt V. dt | dw

+dRL.X oL +Rxd oL
dt V., “ T dr|av.

D

I~

Iz
D
&)

Dlas
<
[

app pp 0 —z¢ ye

d| 0| d| 47 d -
— oL | = 2| L - _ 9L
Zar | | T e || e O T avc
oL oL — 9L
arb % yC -xC 0 au'i‘

9L

0 —z¢ Yye e

vl 0 ok | Loz (4.159)
dr | v
—Ye X 0 0L

=5
S
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The vector product w x {%} is (see Eqs. 4.153 and 4.158):

wx{%}: x{%}—i—wx{ch(gé)} (4.160)

Therefore the sum of % l oL } +w X { 9L } which is the time derivative of d [a—z}
in the inertial X, Y, Z frame, becomes:

dqocy o oz)_d (0] d (o, [0Z
di oo | "¢ Voo | " dar Voo | "ar \ " ) av.
oL oL
—i—wx{ch<avc>}+wx{£}(4.l6l)

The derivative of a vector Q in inertial coordinates is Qinerrial = Qrorating+w® X Q,
and so:

oL d oL oL
o 2 o 2 o fo (2]

Qinertial Qrm‘ating wxQ

Hence the time derivative of % { 9L } in inertial coordinates is:

e8] ] oo ] o e )

oL oL 9L
pp 0 —rp qb app 0 —we ve dute
~ ozl s 0 = || [ we 0 —ue || 2Z
dt | b Pb 3 c c T
oL —q, pp O oL —ve ue 0O 0L
arp arp ow,

(4.163)
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Transformation for Translational Motion
The transformed translational d’ Alembert-Lagrange dynamic equations, when the
origin is at the center of mass, were previously shown to be (see Eq.4.119):

— — L
0L 0L =
M 0 -1 qp Em dxp
d — — o r
L)L _ oL | | 2L | =
| % +| r O Db oL hy | = Fg (4.164)
9L - 0 L 9L
oL qb Pb oL o
We have shown above that:
0T oL oL o
W 8“17 axp axl
oL | = | oL L | — | AL
L= |: e | = | o (4.165)
oL 9L AL 3L
Jw dw, 9zp xc

and thus when the center of mass and the origin of the rigid body do not coincide,
the transformed d’Alembert-Lagrange dynamic equations at the center of mass
become:

oL 0L L
Jut, 0 —rp qp ute B
L v I oL | | L | = F (4.166)
dt Ve b Pb v dyc =B ’
L — 0 L 0L
FIT db Db Bu .
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Transformation for Rotational Motion
The transformed rotational d’Alembert—Lagrange dynamic equations, when the
origin is at the center of mass, were previously shown to be (see Eq. 4.139):

afiz) o) (2]
dt{aa)} L {acb}rwx{aw}_L 0

r gl 7 ML 7 r gZ 7
P 1 0 0 0 0 —rp ||
d adl sin ¢ %l gl
=7 @ | — | singtan® cos¢p iop +| r, 0—pp b
9L L 9L
arp cos¢tanf —sin¢ zgz‘g 0 —qp ppb O rp
1 0 0 Q¢
— : sin ¢ 0o
= | singtan® cos¢ oo 4.167)
cos¢tan® —sing (égzz Qry

Hence, we would expect that when the origin is not situated at the center of
mass, the transformed rotational d’ Alembert-Lagrange dynamic equations will have
additional terms to account for the offset of the c.g. point from the origin. In fact the
equations are:

d (oL 7L 9L L 7
dz<8w> L ad>+wx(aw>+{VCx{aV0”_L Qc + Rex Iy

[ oL 7] oL 0T

pp 9L

P 1 0 0 o 0 —r g || %

d g_z sin ¢ 8L 0L

_ & — | g 0 — 9L
=7 b singtanf cos¢ o +| n»n 0 —pp dar
9L ) 9L _

ar, cos@tanf —sin ¢ 2‘3i‘§ Y —q» pp O 9L

s "
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0 —w. v, guzc

+ we 0 —ue §

—ve us O aBEC
1 o o 7]2] 0 —zc ye || Fx
= | singtan® cos¢ zt)ns‘g Qro +| ze 0 —x¢ F,
cos¢tand —sing zgiz Qry —Ye Xe 0 F;

(4.168)

The term R, x Fp, where Fp is the vector of forces acting on the body at the origin
of the body-centered coordinate system, is due to the moment induced by the force

vector Fp and the distance to the c.g. point R,.. The term {%} was shown above
c

to be equal to:

L

duc Ue

% =| v |=V (4.169)

9L

dw, We

and this implies that:
L
oue
Vex | 2L | =V x V=0 (4.170)

L

owe
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Hence the transformed rotational d’Alembert—Lagrange dynamic equations,
when the c.g. point is offset from the origin, are:

d (oL 7oL L L T
—|—]|-L — — Ve x =L R, x F
dz(aa)) 30 (8w>+{ ¢ {SVL” Qr+ Rex Iy
0z T oz FZ ]
o 1 0 0 % 0 -n g o
d | 3L no || % =
—_ _ . sin F;
=7 b singtanf cos¢p % +1 rnn 0—pp b
oL 9L oL
arp cos¢tanf —sin¢ zgi‘g & —q pp O any
oT
0 —we: v auf_

—ve ue O (;’E(
1 o o ]9 0 —z¢ ye |[Fs
= | singtan@ cos¢ z;n;z Qro +| ze 0 —x. Fy 4.171)
cos¢tanf —sin¢ ‘égi‘g Qry —ve xe O F.

Example 5: Rigid Aircraft Dynamics [S0, pp. 75-79]

We have shown previously that the velocity of any point P, within a rigid body with
Cartesian coordinates R, = [x,, ¥, Zp] and with respect to an inertial coordinate

. T .
frame, is: Vy = Vo + @ x Ry, where V), = [u v w] , and V,, the velocity at
the origin of the coordinate frame within the rigid body in inertial coordinates, is:

. . .T .
V, = [xc Ve zc] . The equations for u, v, w express the x, y, z components of the



226 4 Quasi-Coordinates and Quasi-Velocities

Z
/ . C=center of mass ; O=originof rigid body axis system
/// V,=V,+oXR,; V.=V +oXR
S VP—Vl_=(uxtRP—Rl_h=>VP=V{+u)X[RP—Rl.]
/ (r)=[p,,q,,r,,]r ; vo=['x‘.l' Ve 2r]r

V =velocity of point Pwrt inertial coordinates X,Y , Z
V .=velocity of center of mass point C wrt inertial coordinates X ,Y ,Z
V =velocity of origin point O wrt inertial coordinates X ,Y ,Z
Fig. 4.4 Velocity of point P with respect to center of mass point C

inertial space velocity of point P in a rigid body (see Fig.4.4). We can rewrite this
velocity equation in the following way:

Vo=Vy—wxRy=V,+ Ry x0 =V, =V, + R, x 4.172)

or in matrix form:

X u X

¢ 0 —rp qb P u+rpyp —qpZp
y v
Yl = = mn 0 —pp I PbZp — TbXp
Z w z

¢ —q» pp O P W+ gpXp — PbYp

(4.173)

Hence a general expression for the kinetic energy T is obtained by inserting these

relations into 7 = 1/2 [ [ [(#2 + 32 + z2)dm, where the triple integral signifies
v
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integration over the complete volume of the rigid body. On collecting terms, we

have:

1 2 2
T:Em(u2+v2+w2)+%///(yi{—zi)dm-F%///(X%+Zi)dm
v v
’l? 2, .2
+3///(x,,+y,,)dm—prb///xpypdm—pbrb//fxpzpdm
v v v
o fosin (] | Fatn= ] | [
v v v
—v ///rbedm_///prpdm
v v
—w ///pbypdm—///qupdm 4.174)
v v

Notice that by definition: [ [ [ x,dm = mxc; [ [ [ y,dm = myc;
v v

[ | [ zpdm = mz.. The kinetic energy T may be shown to be equivalent to:
v

1
T = Em(u2 +0v2 + wz)
l 2 2 27y _ _ _
+ 3 Pblx + qbly + Vblz Zp},thxy 2pprply; 2q}9rhlyz

+mu@pye — qpzc) + v(Ppzec — rpXe) + w(gpXe — ppye)l

1
+§ I:PZIX + ‘H%Iy + rZIz - zthbey —2pprply; — 2‘]hrh1yz]

0 —rp qp u
+m [xc Ye Zc] ro, 0 —pp v
—g» pp O w

(4.175)
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where m is the total mass of the body, and where x., y., z, are the coordinates the
center of mass point C of the rigid body with respect to the origin O. The moments

of inertia Iy, Iy, I are, respectively: I, = [ [ [(v3 +z3)dm, I, = [ [ [(x} +
v v

z%)dm, I, = fff(xf, + ylz,)dm and the cross products of inertia Iy, Iy, I, are:
v

Ly = [ [ [xpypdm, I, = [ [ [xpzpdm, I,; = [ [ [y,zpdm. It may be
v v v

shown that:

I:Pglx + qgly + ”le = 2ppqplyy — 2pprply; — 2‘1b”blyz] =o'lo

Pb I, —Iy —I;
w=|qp |: I = Iy Iy —Iy,;
rp —1Iy,; _Iyz =1,

The foregoing results will now be used to derive the equations of motion of
a rigid body aircraft. For use in the sequel, we recall the definitions of the Euler
transformation matrices Tg/; and Ty,p which transform from an inertial to a body
axis system and vice versa. The matrices are:

cosf cos Y cos 0 sinyr —sinf
Tg/r = | singsinf cos ¥ — cos ¢ sin Y sin¢ sin O sin Y + cos ¢ cos Y sin ¢ cos
cos ¢ sinf cos Y +singsinyy cos@sinf sinyy — sing cos Y cos g cos |

cos ¥ cos O cos Y sin ¢ sin & — cos ¢ sin sin¢sin1/f+cos¢cosd/sin0_
Ti/p = | cos@sinyr cos¢cosy + sin¢ sin i sinf cos ¢ siny sind — cos ¥ sin @
—sinf cosd sin¢ cos ¢ cosf

(4.176)

The translational equations were previously derived (see Eq.4.166) and are of the
form:

d | oL 0L oL
dt{avp}+w {av,,} [aR,, 51901 =Fs
7 - 7 oL
o 0 —rp qb oL ox,
d _ _ —
_ 0L _ 0L _ oL _
g_Z —q» pp O oL oL
w ow

X
o
=
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However the potential energy V is:

Xp
V=-mgZ; =—mg[00 1]T1/B Yp
ip
Xp
:—mg[—sin@cos@sin¢cos¢cos9] Yp
ip
Hence,
0Z; .
xp —sinf
0L v aV az; | _ . .94
m__@__ E , | =M8 cosfsing |;
8z
F; cos ¢ cos 8

From Eq. 4.175, the kinetic energy T was shown to be:

1
T:Em(u2+v2+w2)
—

2
V[’

R,
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(4.178)

1
+ E [P[%Ix + q;fly + rflz - 2Pb¢1b1xy —2pprply; — ZQbrnyz]

+mu(rpye — qpze) + v(Ppze — rpxe) + w(gpxe — ppye)l

(4.180)

The partial derivatives of £ with respect to the vector of linear velocities u, v, w are

deduced to be:

|22} -1or)-

1
(=3
~

|

[ u+ (yerp — zeqp)

=5
=

oL
~

Il
3

|
g1S

v+ (Zepp — XeTp)

w + (XcGp — YePb)
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[ ] _ycrb_ZCQb_ [ u | [0 —Zc¢ Ye i _pb_
-m v +m ZePb — Xl | _ m v +m ze 0 —x. qb
w Xeqb — YePb w —ye xc 0 rp
o B B o - C (4._181)

Calculating the time derivative of {§TT }, we have:
)4

i 0 —z¢ ye Pb
d oT v Zc O —Xc qb
— ) =\ _ +m 4.182
dt { v, } ( )
w —Ye Xc 0 p
The term w X {%} is
I
0 —r q» % 0 —rp q»
aT v
— oT —
wx{m} rp 0 —Pb Fr =m rp 0 —Pb
w
—q» pp 0 oz —q» pp 0
0 i 0 —z¢ e ] _ph ]
—Ib qb
+m rn 0 —pp Ze 0 —x b
— Ve Xc 0 rp
—q» p» O Ye e
0 —rp b u 0 —r b ] Zcqdb — Yclhb
=m rp 0 —Pb v —m rp 0 —Db elb ™ ZePb
w Db — Xcqb
—q» p» O —q, pp O Yebb = Xed

(4.183)
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Combining the terms in Eqs. 4.182 and 4.183, the dynamic equations are:

dfoLl oL JoL|_ .
ar |av, [ T9 7 av, ar, [~ 8

— o S B _
i Ze Ve Pb 0 -1 @ u
v ze 0 —x. qb v
=>m +m +m| rp, 0 —pp
w —ye x¢ O Fp w
—g» pp O
0 —rp qp Zcqdb — YcIb
—sinf
Xelp — .
-m| r, 0 —pp c’b = ZcPb —mg | cos@sing | = Fp
. cos 6 cos ¢
b — b
—qp pp O Ye P cq
(4.184)

The rotational d’Alembert-Lagrange equations, for the situation where the center
of mass and the origin of the body-fixed coordinate system do not coincide, were

previously shown to be:

d (aL) oL L oL _,r
dt(8w> L a¢+wx(aw>+{vcx{avc”_L Qr + Rex Iy
L

r gl 7] r oL r gZ 7
Py 1 0 0 I 0 —rp g || "
d| L . oL L
= o 99 | — | singtanf cos¢ zi)ns(z 3 +1 rp 0—pp dqp
g . cos ¢ g g
arp cosptant —sing 0 —qp ppb O arp
0L
0 —we ve due
|l we 0 —ue || £
—ve uc O 335
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1 0 0 Qry 0 —z¢ ve |[Fe
= | sin¢tanf cos¢ Zgi(z Qo +| z2¢e 0 —x¢ Fy
cos¢tanfd —sing ‘égzg Qey —Ve X O F;

(4.185)
The kinetic energy T may be shown to be:
-1
T = Em(uz + 02 4 w?)

1
+ 3 [p;%lx + qgly + rl%lZ —2ppqpley — 2pprply; — 2qbr;,1yz]

+mu@pye — qpzc) + v(Ppze — rpXe) + wW(Gpxe — ppye)l

u
=§m[uvw] v
w

1
+ = [P[zylx + ‘Z}zly + rZIz - 2Pb‘]b1xy —2pprply; — ZQbrnyz]

2
0 —rp q»

+mxeyeze|| e O —pp || v (4.186)
=4 pp 0 w

where m is the total mass of the body, and where x., y., z., are the coordinates the

center of mass point C of the rigid body with respect to the body-fixed origin O.
Xp

The potential energy V is: V = —mg [O 0 1] Tig | yp | = —mgzy, and so the
Ip

modified Lagrangian £ = T — V becomes:

- 1
L= Em(u2+v2 +w2)

1
+ E I:p}%Ix + Q}%Iy + r}glz - 2Pb‘]b1xy —2pprply; — 2Qbrb1yz]
+mu(rpye — qpzc) + v(Ppze — rpxe) + w(gpxe — ppye)l

u
:Em[uvu)] v
w
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1
+ E [P;%Ix + 9}31)* + rlglz - ZPbelxy —2pprply; — ZC]brnyz]

0 —rv aq»
+m[xcyczc] r, 0 —pp v
—qp p» O w
Xp
+mg[—sin9 cos 6§ sin ¢ cochosqS] Vp (4.187)
p
21

The vector {%} turns out to be:

L
3_Pb = Lipp — Liyqp — Lezrp +m (vze — wyc)
L
— = lyqp — Leypp — Lyzrp + m (wxe — uzc)
9qp
9L
% = Lry — L pp — Lyqp + m (uye — vxe)
0L
py, Iy —ILy —I; Pb 0 ze =Y u
= % Iy Iy —Iy; qp | +m zZe 0 x v
AL Iy, =1Ly, I T'p Yo —xc 0 w
arp
(4.188)
Differentiating the above result with respect to time leads to:
oL
apy I Ly —1I; Pb 0 z¢ —Yyc u
d | 7 .
R e B A N N i B 0
AL I, —1; I Tp Ye —x¢ 0 w
arp

(4.189)
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In order to calculate [LT] {% }, the following relationships are required:

[00 1] T/ = [—sin6 cos6 sing cos cos p]

-9 -
99
8 0 cosfcos¢p —cosH sing
= | 9 [[001]T;8 = |—cos® —sin6sing —sin6 cos ¢
9 0 0 0
kX
_ 27
1 0 0 %9
ino 9
. S
= | singtanf cos¢ T 00 1100 1] 718
3
| cosgtan® —sing 25 | [ WV
0 —k, k
0 cos @ cos¢ —cosfsing |
= [ —cosfcos¢ 0 —sin6 =—| k; 0 —k; (4.190)
sin ¢ cos 6 sin 0 N
—ky ke 0
T . . T
where [ky ky k;] = [—sin@ cos@sing cosf cos¢] .
However
- 9 -
1 0 0 o9 Xp
ing 9
: sin
singtan® cos¢ o5 39 [001]T1/3 Vp
3
; ¢ R
cosptanf —sing 5 v Zp
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- -
0 —k; ky | [x, 1 0 0 %9 X
. a2
=—| k 0 —ky||yp|=| singtand cos¢ zgls‘g 0 100 1]y
0
—ky ky O Zp cos ¢ tan@ — sin ¢ Egzg_ g 27
_aﬁ_
1 0 0 ¢
s dzp
_ . sin P
= | singtant cos¢ 5
s dzp
. cos P
cosgtanf —sing
4.191)
Since
oL vV dz1
V=V$.0)=—mgzy = — =—— =mg—ot
(¢,0) mgzy o0 o0 mg8¢
3L 9V dz; oL
00 20 a6 Iy
the term [LT] { g% }, from Eq.4.191, is therefore equivalent to:
oL r 9z 7
1 0 0 5 1 0 0 %
' oL . 971
singtané cos¢ zgls‘g 3 | =mg | singtanf cos¢ zt)ns‘g 99
. cos ¢ g . cos ¢ by
cosgtanf —sing 5 Y cosgtand —sin¢ 5 I
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0 —k, ky |[x,

=-mg| k, 0 —k:||yp (4.192)

Hence the rotational d’ Alembert-Lagrange equations are:

o i\ T (i )y
dt<8a)> L aq>+wx(aw>+!V0X{aV0”_L Qr + R x Fy

[ L] [ 9L ] i g_Z 7
r 1 o o " 0 —rp qp ||
J | iz o | | 2 iz
= dap | — | singtan6 cos¢p o5 O |+ rn 0—pp dap
L . X L 4L
arp cos¢ptand —sing 23:‘5 Iy —q pr O oy
0L i ]
0 —we ve duc 1 0 0 Qg
L | — | @ sin ¢ O
+1 we 0 —u, 5= | = | singtan6 cos¢
—Ve U 0 9L cos¢tanf —sin¢ cos ¢ Qry
¢ ¢ . cosf

0 —z Ye Fy

(4.193)
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However from Eq. 4.189, % {%} is:

L )
apb I, —1Iy —1Iy, Pb 0 z¢ —ye

d 3T .

E ks Iy I, —Iy; g |+m| —z. 0 x
?_z =1 _Iyz I b Ye —%xc 0
arp

Furthermore, from Eq.4.188, @ x { % } turns out to be:
AL
app I, =1y =,

0 —rp qp -~ 0 —rp qp

0 —pp % =1 rm 0 —pp || —Ly I, —I

—q» pp O —q» pp O

E _Ixz _Iyz IZ
arp
0 z¢ —Ye
0 —rp qp
+m| rp, 0 —pp —zc 0 x¢
—gq» pp O
Ye —Xc 0
and — [LT] {%} is:
0 —kz k‘ Xp 0 —Zp Yp kx

mg| k;, 0 —ky yp|=—-mg| zp 0 —xp ky

—ky kx 0O Zp —yp Xp O k;
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w

(4.194)

Pb
qb

r'p

w

(4.195)

(4.196)
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Combining all of the above results:

d (oL) oL 9L oL || _, 7
dt(8w> L a¢+wx(aw>+{V0X{aVCH_L Qv + Re x Fp

Iy —Iyy —Ix; Pb 0 zc —yc i
= | Ly Iy =Lz || g [tm]| -z 0 =xc v
— Iz _Iyz Iz '.'b Ye —Xx¢ O w
Iy —ILcy —Iy; Pb
0 —rp qp
+1 . 0 —pp —Ixy Iy —Iy; qb
—qp pp O
—Ix; —Iy; I L "D
0 2z _yc_ u
0 —rp qp
tm| rp 0 —pp || —z2c 0 =xc v
—-qp pp O
Ye —Xx¢ 0 1w
1 0 0 Qro
. i O
= | singtanf cos¢ zg‘sg ’
. cos ¢ Q'L’l//
cosgtant —sing
0 —zp yp ||k« 0 zc —ye || Fx
+mg| zp 0 —xp||ky|+| —2¢ 0 xc Fy 4.197)
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Example 6: Quadcopter Equations of Motion [17, pp. 1-18]

The quadrotor model has been presented previously as an example (see Chap. 3,
page 92). In the present approach, the modeling procedure will be based upon
the quasi-velocities instead of the generalized coordinates. It is assumed that the
center of gravity coincides with the origin of the body-fixed coordinate system . The
quasi-velocities are non-holonomic in the sense that they are not the derivatives
of any generalized coordinates (generalized Euler angles or position in inertial
coordinates). The solution procedure will be outlined in the sequel. The quasi-
velocities are defined to be:

1. {f‘l}T = [u v w]T
-\ T T
2. {2} =[poap s ]
and are all nonlinear functions of the generalized coordinates g; = [X YZ ]

q2 = [¢ 0y ]T, respectively, and their time derivatives, as listed below:

u X
{Ciy=|v|=Tpu| Y
w V4
cosf cos Y cos 6 sinyr —sinf X
= | sin¢ sinf cos ¥ — cos ¢ siny sin¢ sinf sin ¥ + cos ¢ cos Y sin¢ cosH Y
cos ¢ sinf cos ¥ + sin ¢ sin Y cos ¢ sinf sin i — sin ¢ cos Y cos ¢ cos 6 Z
Db é — ¥ sin6 1 0 —sin6 q)
{f‘z}= qp | = Gcos¢+yrcosfsing | =|0 cos¢ cosfsing
Tp —0 sin¢ + v cos 0 cos ¢ 0 —sin¢ cos @ cos ¢

(4.198)

Once again, note that the quasi-velocities cannot be integrated to obtain the
generalized coordinates. The kinetic energy T is of the form:

B 1 I, 00 Db 1 u
T=§[Pb%rb] 01,0 qb +§m[uvw] v
001 rp w

1 m
= (pr,f + Iyg? + Izr,f) +3 (u2 oy wz) (4.199)
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The potential energy is: V = —mgZ, and so the Lagrangian £ is:

- - 1 m
£=T—V=—<1xp,%+lyq,3+lzr§)+—<u2+v2+w2>+ng

2 2
Xe
Z = [— sinf cos 6 sin ¢ cos f cos ¢] Ve (4.200)
Zc

The d’ Alembert-Lagrange equations, when the center of mass and the origin of the
body-centered coordinate system coincide, were shown to be of the form:

d [ oL 9L AL
( £ ) +w L oL =Tpg;1Q1
——

ar \ avs X 9Vs  0Xg
Fp
d |dL r| oL 0Ll 7
u Xc Q1’¢

w Zc Q‘[I/f
¢ Db 1 0 0
d=|6|; w=|gqgp |: LT =] singptand cos¢ 12
’ ’ cos
. cos ¢
) p cosptanf —sing -

(4.201)

Hence, the force terms in the d’ Alembert—Lagrange equations are as follows:

u
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0 —rp q» u wqp — Vrp
L
wxﬂzm rp 0 —Pb v =m | urp — wpp
—qp p» O w vpp — uqp
-7
dx¢
o7 5T —sin6 0
T =8 e | =mg | cosOsing |; Fp= 0
B VT cos 0 cos ¢ fi+ o+ f3+fa
ze

(4.202)

Similarly the moment terms in the d’ Alembert—Lagrange equations (see Eq. 4.202)
are:

leab
d | oL ;
di |dw | yab
Iz’;b
1 o o |%
3L ; —
Ty =\ _ _ : ¢ 9
—L {843}_ singtanf cos¢ o 9L
cos ¢

cos¢tanf —sin¢

[=3] (1)
=

(4.203)

The remaining terms are:

Xy xXx —sinf 0
Ve | = | x x singcos6 0
2z X X cos¢cosb VA

= X, =—2Zsinf; y. = Zcos@sing; z. = Zcosb cos ¢ (4.204)
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where x signifies a don’t care condition, hence:

d
L = mg(y. cos 6 cos ¢ — z. cos O sin ¢)

a9
= ng(cos2 0 cos ¢ sing — cos® 6 cos¢sing) =0
L . o
20 —mg(x.cos6 + z.cos ¢ sinb + y. sin ¢ sin )
= —mgZ(—sinf cos 6 + cos? ¢ sin6 cos O + sin’ ¢cosfsinf) =0
L
1 0 0 s
L L . =
@:0:_1]{5}:_ singtang cos¢ ¢ oL
cos¢tanf —sin¢g 2 %
0 0 0 0
— : ¢ —
= — | singtanf cosdp 5 0|l=10
: ¢
cos@ptanf —sin¢g o5 0 0
(4.205)
and furthermore:
[0 =y ap | [ Lepo (I. = I,)qbrs
9L
@ X4 r, 0 —pp Lygy | = | (Ix = I)psro
o)
L —49b Pb 0 Ly (Iy — L) ppap
(L= L)
(Iy = I) popro
i 0
I,=1, (4.206)
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Combining all of the above (Egs. 4.203, 4.205, and 4.206), the moment equations
become:

L pp 0 (I — Iy)gprp T
Ligy |+ |0 |+ | e—L)ppry | =LT0: = | (4.207)
L 7p 0 0 Ty

Close examination of Fig. 3.10 reveals that the roll torque is a function of f> — fa,
the pitch torque depends upon f; — f3, and the yaw torque is the sum of all of the
individual torques produced by the individual motors, that is, Ty, —Ta, +Ta; — T, -
The motor torques 7,,;, i = 1, 2, ..., 4 are actually the reaction torques due to shaft
acceleration and aerodynamic drag of the body of the quadcopter, including the
rotor blades. The aerodynamic drag opposes the motor torque, thus resulting in the
following torque equation for each motor/rotor combination:

Lroror® = Tm; — Udrag; i=1,2,3,4 (4.208)

where I,,:0 1S the moment of inertia of the motor and rotor combination in the
direction of the motor’s rotation (motor’s z axis), w is the rotation rate of the ith
motor, and T,,, is the torque produced by the ith motor.

From basic fluid dynamics, the drag force equation, describing the frictional force
which opposes motion in the direction of the velocity vector of the rotor, is:

1 2
D = —pCpApv
2
where Cp is the drag coefficient of the blade,A; is the cross sectional area of the
rotor blade, and v = w X R is the linear velocity of the blade at its tip (R is the radius
of the rotor blade). The torque caused by the rotor blade’s profile drag is therefore:

1 1
Tdragg = D X R = E,OCDAbUZR = EpCDAb(wR)zR = bw?

For quasi-stationary maneuvers, o is constant, which implies that 7,,;,,@ = 0 and
so the motor’s reaction torque equals the drag induced torque or 7, = Tgrag- In
order to maneuver, the quadrotor must adjust the speed of its motors as follows:

1. Forward pitch motion is obtained by increasing the speed of motor m3 while
reducing the speed of motor m.

2. Similarly, roll motion is obtained by using motors m, and mg4.

3. Yaw motion is obtained by increasing the torque 7,,, and t,,, of motors m and
m3, respectively, while decreasing the torques 7, and T,,, of motors m, and mg4,
respectively.
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For maneuvers where w is constant, the aerodynamic drag moment equals the motor
torque, since:

Irot = TM; — Udrag = T™™; = Tdrag (4209)

1)
—
=0
In order to obtain forward pitch motion, motor m3 must rotate more quickly than
motor m1. For yawing motion, the torques of motors m; and m3 are increased,
while the torques of motors m, and my4 are decreased. Roll motion is achieved by
increasing the speed of motor m, while decreasing the speed of motor m4 and vice
versa.

Torques

There are two distinct sources for torques which act on the quadcopter’s body (we
have neglected aerodynamic torques, except for the blade profile drag torques). The
first source is due to the torques exerted by the motors on the body, or the motors’
reaction torques t,,,, which were shown to be related directly to the profile drag of
the rotor blades and are proportional to each individual rotor’s rotation rate bw>. The
sum of all of the four motor reaction torques is the torque which will tend to turn the
vehicle about the body’s k axis (see Fig. 3.10). Mathematically, this may be written
as: Z?:] (—1)it! T; = Tyqw- The torque which gives rise to angular roll is directly
related to the imbalance between the forces f, and f>, thatis, (f> — fa)l = Trou.
A similar force imbalance situation arises for the angular pitch; however, forces fi
and f3 are involved, leading to: (f1 — f3)] = tpiscn. The second source of externally
applied torques is due to the “gyro effect” of each individual motor and rotor blade
combination (see Beer et al. [4, pp. 1185]). The rotating rotor may be looked upon as
a gyro, and when it is subject to an angular rotation rate perpendicular to its axis of
rotation or perpendicular to the angular momentum vector which defines its rotation,
a torque results which is perpendicular to both the angular momentum vector and
the applied angular rate. In mathematical terms, we have:

Toyro = Q2 X H

4 4 p
Hk =Y Hik=Y I,ok Q=g
i=l1 i=1 r

4
Teyropn = —qJ X Hk = =g ) Iy il

1=
4
Toyropien = —PI X Hk=—p Z Lp,wi ]

i=1
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The generalized torques may be written as:

_TW Tyaw
T=| T | = | Tpitch + Tgyropiich
L Tp Troll + Tgyrorou
_Tml — Ty + Tz — Ty R 0 R
- (f>— fol — | pi x HE
L (f3 — fl qj x Hk
Ty Ty — Ty + Ty — Ting 40
Sl =" G ey e | @210
% (fs = fl a4 31 Iy i

where [ is the distance from the center of any motor to the center of gravity of the
system. The moment equations then become:

L po (I; = Iy)gprp T

Lgy |+ | Ue=Dppry | =L70:=| 1

L7y 0 Ty
(fs — Ol —q oy Imoi

=| (o=l = p i Inoi (4.211)

Tml - Tmz + ng - Tm4



Chapter 5 )
Conclusions Pt

In this book an attempt was made to review the basics of Newtonian mechanics
(see Chap.2), and introduce some of the key concepts involved in formulat-
ing Lagrangian dynamics such as virtual work, kinetic energy, the principle
of d’Alembert for dynamical systems, the mathematics of conservative forces,
generalized coordinates, generalized forces, constraints, both holonomic and non-
holonomic, the extended Hamilton’s principle, etc. (Chaps.?2 and 3). The treatment
of a particular class of non-holonomic constraints, where the quasi-velocities can be
modeled as linear functions of the time derivatives of the generalized coordinates, is
dealt with in Chap. 4 by methods introduced by Whittaker [52], Meirovitch [23],
and Cameron and Book [8]. While this approach is sound, it is also somewhat
cumbersome as was demonstrated in examples 1 and 2 of Sect.4.3.The method
of Prof. Ranjan Vepa in Sects.4.4 and 4.5 is more suited for deriving equations
of motion. His scheme is based upon transforming the Lagrangian, which is a
function of the generalized coordinates and generalized velocities, that is, £(g, ¢),
into the Lagrangian containing both the quasi-coordinates and quasi-velocities, that
is, Z(F, f), where I' is the vector of quasi-coordinates and I" is the vector of
quasi-velocities, respectively. The advantage of this approach is that the derivation
of the equations of motion turns out to be far less cumbersome. Throughout the
text, examples have been presented to illustrate the concepts involved. Although
the presentation is mathematically sound, the approach taken in this text was
intermediate and did not cover many important topics such as the calculus of
variations as exemplified by Cornelius Lanczos’ book “The Variational Principles of
Mechanics” [19].There is a more comprehensive and more mathematically oriented
(and perhaps more advanced) treatment of the subject of mechanics in the form
of Arnold’s book “Mathematical Methods of Classical Mechanics” [2], with topics
ranging from Lagrangian mechanics, variational calculus, Lagrangian mechanics on
manifolds, differential forms, Lie algebras of vector fields, and so on. As mentioned
in Sect. 3.2, a more exhaustive approach to the subject of non-holonomic systems,
their characterization, identification, and control based on the following topics found
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in differential geometry and related subject matter such as Lie groups, Lie algebras,
etc. would include the following topics among others:

¢ Manifolds, Differentiable manifolds, manifolds and maps

» Tangent vectors, spaces, vector fields

* Fiber bundles

 Differential k-forms

» Exterior derivatives

» Jacobi-Lie brackets, Lie groups

e Vector fields and flows

» Lie brackets and Frobenius’ theorem, the Lie algebra associated with a Lie group,
actions of Lie groups, Canonical coordinates on a Lie group

* Tangent spaces and tangent maps

+ Cotangent spaces and cotangent maps

 Differential forms

* The exponential map

* The geometry of the Euclidean group, metric properties of SE(3), volume forms
on SE(3)

e Lie groups and robot kinematics

The interested reader is encouraged to pursue these topics in greater detail
by referring to the works by Murray et al. “A Mathematical Introduction to
Robotic Manipulation” [25], Bullo and Lewis “Geometric Control of Mechanical
Systems Modeling, Analysis, and Design for Simple Mechanical Control Systems”
[7], Bloch et al. “Nonholonomic Mechanics and Control” [5], Soltakhanov et al.
“Mechanics of Non-Holonomic Systems—A New Class of Control Systems” [35],
to name but a few. The area of robotics has also borrowed heavily from these
advanced mathematical methods, for example, Siciliano et al. in the “Springer
Handbook of Robotics—2nd Ed.” [33] and Siciliano et al. in the text “Robotics—
Modelling, Planning and Control” [34], both discuss in detail the subject of
non-holonomic trajectory planning. In addition, the control of robotic systems is
replete with variational approaches in the form of optimal control theory, such as
appears, for instance, in the book by Bloch et al. “Nonholonomic Mechanics and
Control” [5] and the work of Soltakhanov et al. “Mechanics of Non-Holonomic
Systems—A New Class of Control Systems [35].”
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