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Abstract The finite element method (FEM) which is popular in calculating
strength of engineering constructions disposes a long list of basic finite elements
(FEs) for building discrete finite element design dynamic models (DDMs) of lifting
cranes. The paper presents the general methods of developing equations of motion
for crane systems with multiple (n) degrees of freedom and their components in the
form of matrixes of stiffness and masses of a thin-walled bar and plate FEs, the
latter being analyzed using the Kirchhoff plate theory. The produced final formulas
help to analyze the quality of DDM of structural steelworks of the bridge cranes
built using bar FEs with a closed profile and plate FEs based on the comparison of
general bending stiffness of longitudinal girders and on the comparison of funda-
mental frequencies (FFs) and eigenforms (EFs) of oscillations of their DDM.

Keywords Lifting bridge crane � Structural steelworks � FEM � Finite element �
Thin-walled bar with closed profile � Plate � Design dynamic model � Equation of
motion

1 Formulation of a Problem

The intensive development of computer engineering has resulted in a revaluation of
traditional beliefs in studying strength of the structural parts of lifting cranes, which
allows determining the boundary lines of displacements, deflections, and stresses
more accurately in the studied structures. For these purposes, the finite element
method (FEM) appears the most popular among the methods oriented to the effi-
cient use of a PC where some basic finite elements (FEs) apply the approximation
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of actual structures in the process of building design dynamic models, the most
important FEs being considered the thin-walled bars with open and closed profiles
and plate FEs (Fig. 1).

In this regard, it becomes obvious that for carrying out the dynamic computation
analysis of 3-D structures of the lifting cranes, which are made of bars with open
and closed profiles or of plates (shells), as it comes from the theory of consistent
FEs in terms of FEM, it is necessary to form a design dynamic finite element model
(FEM) of a structure with n degrees of freedom [1] for the combination of loads
required for the design. Because the core DDM of a crane is presented by the
skeleton axes of longitudinal and end girders, steelwork elements of a load trolley,
structural elements of crane connecting passages, etc., its drawing based on a finite
element network is considered less difficult and, consequently, more efficient for
practicing project analyses. Along with a bar FEM of a crane, its plate model seems
more time taking and data consuming, which allows to control computation
parameters of DM in any point of a cross section of the model element, especially in
welded seams, zones of joining the stiffness diaphragms to the flanges and verticals
of the general and end girders of the bridge, etc. Thus, there appears the need to
assess the priority of the bar and plate DDMs of a bridge crane in terms of their
dynamic portraits, which seems especially appropriate in a seismic design of the
lifting cranes using both the linear spectrum method (LSM) and dynamic analysis
method (DAM) [2].

2 Finite Element Building Design Dynamic Models

Finite element equation of motion of crane DDM is known [3] as:

M½ � €V tð Þ� �þ cz M½ � K½ �ð Þ0:5
h i

_V tð Þ� �þ K½ � V tð Þf g ¼ Pstf gþ Pdyn
� �� M½ � €AðtÞ� �

ð1Þ

Fig. 1 Basic finite elements: a cross sections of thin-walled bars of open and closed profile having
2 � 7 = 14 freedom degrees; b thin plate with 4 � 5 = 20 freedom degrees
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where cz is loss factor [4]:

cz ¼ 2n ¼ 2 dz ð2pÞ2 þ d2z

h i�0:5
� �

� dz
p
;

and d3—logarithmic decrement of oscillations damping, according to which
damping ratio in (1) for steel structures of the crane lays within n� 0:02� 0:04,
which corresponds to logarithmic decrement dz ¼ 0:125� 0:25.

Obviously, in (1) M½ �n�n and K½ �n�n are mass and stiffness matrixes of a com-
plete system, which are formed of mass and stiffness matrixes of separate FEs in
their local coordinate system (LCS), V tð Þ is vector of displacements of discrete
nodes of finite element DDM of the crane of order 1� n, its parameters for separate
bar jk FE are as follows:

V tð Þf gjk1� n
GCS

¼ ðdX dY dZ uX uY HZ H0
ZÞj;T

ðdX dY dZ uX uY HZ H0
ZÞk;T

� �
;

Here, T is a transposition index, and the first three parameters indicate linear
shifting of the node, next three parameters denote angle of rotation, and the last one
denotes a derivative from an angle of torsion (deplanation).

The vectors in the right part of equation of motion (1) denote external static,
dynamic, and kinematic effects, in which €AðtÞ� �

can represent accelerogram of a
design earthquake [5], and the expression before the vector of velocity _V

� �
is

Martemyanov–Zeitleen attenuation matrix [5].
In the course of the design analysis of crane steelworks, there appears a question

of priority of using bar or plate FEs (Fig. 1) in order to build their DDMs, as well as
a need to conduct a comparative characteristic of bar and plate DDMs of a crane in
terms of their “dynamic portraits,” i.e., on the level of their fundamental frequencies
(FFs) and eigenforms (EFs) of oscillations received for the discrete bar and plate
dynamic systems (DDM) of the crane construction. The definition of FF and EF can
be derived from solving the equation of free oscillations of n-order

M½ � €VðtÞ� �þ K½ � VðtÞf g ¼ 0f g; ð2Þ

which is following from (1), as a special case.
As it is well known, the matrix of stiffness (mass) in (1) of a complete bar system

of the crane structure of order n � n consisting of Sjk FE is determined by the
method of suppositions

K½ � n�n
GCS

¼
Xjk¼s

jk¼1

K½ �jj7�7
K½ �jk7�7

K½ �kj7�7

K½ �kk7�7

� 	
14�14
GCS

 !
n�n

; ð3Þ
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(mass matrix—with substitution of index K for M), according to which the formula
of stiffness (mass) matrix of a separate bar FE jk K½ �jk14�14

GCS

in (3) divides into four

blocks (further formulas (10)–(12)) when introducing them into original matrix (3)
of order n � n K½ � n�n

GCS
, according to the numeration of freedom degrees of the

discrete nodes j and k of the crane structure DDM.
Let us indicate that in (3)

K½ �kj7�7¼ K½ �jk7�7


 �T
; ð4Þ

where T is an index of transposition of matrixes. Besides (4), it should be taken into
account that in (3) stiffness (mass) matrix of FE jk is transformed from LCS into
GCS using a diagonal matrix

K½ �jk14�14
GCS

¼ T½ �jk14�14


 �T
� K½ �jk14�14

LCS

� �
� T½ �jk14�14


 �
; ð5Þ

where

T½ �jk14�14¼

K½ �3�3 0½ �3�3 0
0½ �3�3 K½ �3�3 0
0 0 1

0
@

1
A

7�7

0½ �7�7

0½ �7�7

K½ �3�3 0½ �3�3 0
0½ �3�3 K½ �3�3 0
0 0 1

0
@

1
A

7�7

2
6666664

3
7777775
; ð6Þ

and matrix K½ �3�3 in (6) is a matrix of directional cosines of Euler angles b; a; c
(Fig. 2).

K½ �3�3¼ Kb

� 
3�3 Ka½ �3�3 Kc

� 
3�3; ð7Þ

where, according to linear transformation of coordinates of nodes of a separate jk
FE from LCS into GCS, using matrix formula (5), the right part of formula (7)
executes transformation LCS ! GCS to angles b; a; c as three original matrixes
Kb a;cð Þ
� 

3�3, product (7) of which helps to obtain matrix K½ �3�3 from (6)

½K�3�3 ¼
cos b � cos c� sin a � sin b � sin c � cos b � sin c� sin a � sin b � cos c cos a � sin b

cos a � sin c cos a � cos c sin a
� sin b � cos c� sin a � cos b � sin c sin b � sin c� sin a � cos bv cos c cos a � cos b

2
4

3
5:
ð8Þ
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Values of angles a and b in formula (8) are calculated from ratio (Fig. 2):

sin a ¼ dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2x þ d2y þ d2z

q ; sin b ¼ dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2x þ d2z

p

and c in (8) is angle of clear rotation, which characterizes the turn of finite element
around longitudinal axis z. Evidently, backward transformation GCS ! LCS is
described by transposed matrix ½K�T3�3 from (8).

For a discrete node with 7 degrees of freedom matrix of coordinate, transfor-
mation in (5) will be as follows:

½T� j7�7 ¼
½K� j3�3 ½0�3�3 0
½0�3�3 ½K� j3�3 0
0 0 1

2
4

3
5; ð9Þ

where ½0�3�3 means zero matrix with dimensions 3 � 3, and a unit in the seventh
component reflects model of deplanation of a thin-walled bar, according to which,
sum of bimoments in the node equals to 0.

For a thin-walled bar, FE with 14 freedom degrees matrix of transformation of
coordinates subject to (9) can be written as (6)

Fig. 2 Transformation of
LCS ! GCS for arbitrary in
space finite element jk
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For practical use matrix K½ �jk14�14
LCS

of bar FE jk from (5) is presented as blocks (3)

of matrix formulas (10)–(12) which are determined by elasticity modules E and
G (MPa), axial and polar moments of inertia Ix(y,q)(M

4), length L(m) and cross
section area A(M2). Besides, in Eqs. (10)–(12) parameter D is determined by a
formula

D ¼
4EJ�x J2q þ J2z � 2JzJq


 �
LJ2ql

4 ;

where J�x is sectorial moment of inertia of a bar FE with closed profile [6], Jq is its

directed moment, and l ¼ 1� Jz=Jq

 �

.

Similar to (10)–(12), matrix of distributed masses of bar FEs jk in LCS is given
in blocks [7] of matrix formulas (13)–(15), where p is volume weight of material
(kg/m3) of FE jk, and additionally, analogously to (4),

½M�kj7�7
LCS

¼ ½M�jk7�7
LCS

� �T

:

It should be taken into consideration that concentrated masses of useful load
transported by crane and, if any, ballast loads and crane counterweights are con-
sidered in DDM nodes in directions of their linear freedom degrees.

K½ �jj7�7¼

12EJy
L3 0 0 0 6EJy

L2 0 0
0 12EJx

L3 0 � 6EJx
L2 0 0 0

0 0 EA
L 0 0 0 0

0 � 6EJx
L2 0 4EJx

L 0 0 0
6EJy
L2 0 0 0 4EJy

L 0 0
0 0 0 0 0 6GJz

5L þ 3D
L2

� � � 11GJz
10 � 3D

2L

� �
0 0 0 0 0 � 11GJz

10 � 3D
2L

� � 17GJzL
15 þD

� �

2
66666666664

3
77777777775
;

ð10Þ

K½ �kk7�7¼

12EJy
L3 0 0 0 � 6EJy

L2 0 0
0 12EJx

L3 0 6EJx
L2 0 0 0

0 0 EA
L 0 0 0 0

0 6EJx
L2 0 4EJx

L 0 0 0

� 6EJy
L2 0 0 0 4EJy

L 0 0
0 0 0 0 0 6GJz

5L þ 3D
L2

� � GJz
10 þ 3D

2L

� �
0 0 0 0 0 GJz

10 þ 3D
2L

� � 2GJzL
15 þD

� �

2
66666666664

3
77777777775
; ð11Þ
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K½ �jk7�7¼

� 12EJy
L3 0 0 0 6EJy

L2 0 0
0 � 12EJx

L3 0 � 6EJx
L2 0 0 0

0 0 � EA
L 0 0 0 0

0 6EJx
L2 0 2EJx

L 0 0 0
� 6EJy

L2 0 0 0 2EJy
L 0 0

0 0 0 0 0 � 6GJz
5L � 3D

L2
� � � GJz

10 � 3D
2L

� �
0 0 0 0 0 11GJz

10 þ 3D
2L

� � � GJzL
30 þ D

2

� �

2
66666666664

3
77777777775
;

ð12Þ

M½ �jjLCS
7� 7

¼ qAL
420

� �
156 0 0 0 �22L 0 0
0 156 0 22L 0 0 0
0 0 140 0 0 0 0
0 22L 0 4L2 0 0 0

�22L 0 0 0 4L2 0 0
0 0 0 0 0 156 Jx þ Jy

A


 �
0

0 0 0 0 0 0 0

2
666666664

3
777777775
;

ð13Þ

M½ �kkLCS
7� 7

¼ qAL
420

� �
156 0 0 0 22L 0 0
0 156 0 �22L 0 0 0
0 0 140 0 0 0 0
0 �22L 0 4L2 0 0 0

22L 0 0 0 4L2 0 0
0 0 0 0 0 156 Jx þ Jy

A


 �
0

0 0 0 0 0 0 0

2
666666664

3
777777775
;

ð14Þ

M½ �jkLCS
7� 7

¼ qAL
420

� �
63 0 0 0 13L 0 0
0 63 0 13L 0 0 0
0 0 70 0 0 0 0
0 �13L 0 �3L2 0 0 0

�13L 0 0 0 �3L2 0 0
0 0 0 0 0 �156 Jx þ Jy

A


 �
0

0 0 0 0 0 0 0

2
666666664

3
777777775
:

ð15Þ
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By analogy with (2)–(6), two-component matrix of plate stiffness (Fig. 1b)

consists of stiffness matrix K½ � 1ð Þ
20�20 of plane stress condition

K½ �ð1Þ20�20¼
Eh

24ab 1� l2ð Þ
K½ �1;110�10 K½ �1;210�10

K½ �2;110�10 K½ �2;210�10

� 	
; ð16Þ

field of node shifts {V} of which is written as vector of axial and traverse motions

Vf g ¼ u1; v1; . . .; u4; v4f gT ; ð17Þ

and second component K½ � 2ð Þ
20�20 of 3-D deformation of the plate

K½ �ð2Þ20�20¼
Eh

24a b 1�l2ð Þ
K½ �1;110�10 K½ �1;210�10

K½ �2;110�10 K½ �2;210�10

� 	
; ð18Þ

field of node shifts {V} of which is described as vector of traverse motions (from
the plane of plate) and two angle motions (Fig. 1b).

Vf g ¼ w1hx1hy1. . .w4hx4hy4
� �T

: ð19Þ

Rank of matrixes (16) and (18) 20� 20 is determined by total number of
freedom degrees of the plate, which follows from (17) and (19), and separate matrix
blocks (16) and (18) are correspondingly presented by matrix formulas (20), (21)
and (22)–(24), for which the formula similar to (4) applies
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ð2
0Þ
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ð2
1
Þ
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In addition, it should be noted that open matrixes K½ �1;110�10 and K½ �1;210�10 from (16)
look like matrix formulas (20) and (21) [8, 9], at the same time in (16) it should be
noted that K½ �1;110�10¼ K½ �2;210�10, and K½ �2;110�10¼ K½ �1;210�10. Stiffness matrixes (20) and
(21) represent reactions of the plate in conditions of plane deflected mode, i.e., from
two individual motions of each node shown on design chart of the plate FE
(Fig. 1b), namely: ui; i ¼ 1; 2; 3; 4 and vi; i ¼ 1; 2; 3; 4, where i is numeration of
plate nodes, and complete matrix of FE plate can be found by summing up matrixes
(16) and (18), components (22)–(24) of matrix (18) being stipulated by displace-
ments (19). It should be taken into consideration that in matrixes (20), (21) and
(22)–(24) l is Poisson’s ratio, and c ¼ b=að Þ.

Two-component matrix of distributed masses of the plate is calculated similar to

matrixes of stiffness (16) and (18)—from mass matrix of the plate M½ �ð1Þ20�20 under

plane DM and mass matrix M½ �ð2Þ20�20 under 3-D deformation, reduced to one rank
20 � 20, which is considered possible, because motions (17) uxi and uyi are
components of only plane stress condition and do not depend on motions (19)
wi; hxi; hyi of bend component.

Thus, component mass matrixes of the plate look like matrix formulas (25) and
(26) [8, 9], where p is a volume weight of material of the plate, and a; b; h are its
dimensions (matrices (22), (24)–(26) are symmetric),
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2Þ
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ð2
3
Þ
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ð2
4
Þ
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½M
�1ð

Þ
20
�2

0
¼

a
�b

�q
�h

36
�

4 0
4

0
0

0
0

0
0

0
0

0
0

0
0

2
0

0
0

0
4

0
2

0
0

0
0

4
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

1
0

0
0

0
2

0
0

0
0

4
0

1
0

0
0

0
2

0
0

0
0

4
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
2

0
0

0
0

1
0

0
0

0
2

0
0

0
0

4
1

2
0

0
0

0
1

0
0

0
0

2
0

0
0

0
4

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0

2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4

3 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 5:
ð2
5Þ
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ð2
6
Þ
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In the process of developing matrix of stiffness and masses of plate DDM of the
crane, stiffness matrix K½ � 24�24

GCS
of a separate FE of the plate in GCS 0XYZ looks

similarly as (5) for the bar

K½ � 24�24
GCS

¼ T½ � K½ �024�24
LCS

T½ �T;

where index “′” means a parameter in LCS.
In the general case of loading a plane plate FE, when external loads are exerted

both on its median surface and along the normal, there applies linear dependency in
LCS oxyz

fQg ¼ ½K 0�fvgþfR0
pg; ð27Þ

where fQg is vector of external forces, and fR0
pg is vector of external loads exerted

onto FE reduced to its node freedom degrees:

fvgi ¼ vxi vyi wzi hxi hyi vif gT; ð28Þ

R0
p

n o
¼ Qxi Qyi Nzi Mxi Myi Mzif gT ð29Þ

Because motions vxi; vyi are the components of plane stress only and do not depend
on motions wzi; hxi; hyi which characterize the bend, let us introduce a turn angle of
each node of a plate vi that does not take part in motion neither of plane stress, nor of
the plate bend. That is why, when studying 3-D metal structures, in every node of
which non-coplanar plates join, let us introduce into (28) angle vi and corresponding
to it null moment Mzi, and into stiffness matrix, according to the proper freedom
degree, let us introduce a stiffness ratio equal to 0, then the turn angle vi of this node
will be 0. After that stiffness matrixes of a certain i node of FE plate from (27) will be

;

1 6

...

{ }

...
0

n
pi

u
pi pi

R

R R

×

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

, ð30Þ

where indexes “п” and “и” mean “plane” and “bend.” Now it is clear that global
matrix [K] of FE and its vector of reactions {Rp} are linked to the local matrix
½K 0�6�6 and the vector of reactions fR0

pg6�6 by a dependence

½K� 24�24
GCS

¼ ½T �½K 0� 24�24
LCS

½T�T ; Rp
� � ¼ ½T � R0

p

n o
; ð31Þ

where
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½T �24�24 ¼
T0½ �1

T0½ �2
T0½ �3

T0½ �4

2
664

3
775 ð32Þ

matrix of coordinates transformation LCS ! GCS of the four-node plate, where
m = 1, 2, 3, 4, and T0½ �m in (32) of a separate m-node.

3 Conclusion

Calculations of the dynamic impact onto the crane structures of different types
including seismic impact start with developing the design models that constitute a
certain hierarchical structure, the quality of these models being very important in
the construction design.

In practice, it is required to design crane structures of the new and more complex
constructive shapes, so it is necessary to develop new methods in terms of the finite
element base of the design models. The demands to work out modern projects of
the crane structures are considered satisfied, if there is an accounted 3-D nature of
the impact and if the structures are considered as unified 3-D systems; various
nonlinearities should be accounted as well.

The paper presents two alternative ways to create the design dynamic models
(DDM) of the crane bearing structures based on the plate FE and on the rod FE.
Choice of the way should be defined by the assigned task and the design analysis of
the load bearing metal structures of the lifting cranes.
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