Chapter 4 ®
Engineering Magnetostatics e
and Boundary-Value Problems

4.1 Constitutive Law of Magnetic Material

In a domain 2, having boundary I", containing permanent magnets, i.e. aggregates
of magnetic dipoles or, from now on, steady electric current distributed with density
J (A m~?), a magnetostatic field is set up; it is defined by field strength H (A m~')
as well as flux density B (Wb m2 = T). In general, the link between H and E, i.e.
the constitutive law of the medium, is complicated. Neglecting hysteresis, the law
is single-valued and can be expressed, for an isotropic medium in the absence of
permanent magnetization, by

B = uH 4.1)
where 1 is called permeability (H m~!) and, in the most general case, is a function
of |H |[; the inverse of p is called reluctivity v. The observer is supposed to be at rest
with respect to the field [4].

4.2 Maxwell’s Equations of Magnetostatic Field

The equations governing the magnetic field are in £2

V-B=0 4.2)

VxH=J 4.3)
and along I

n-B=0 4.4)
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nxH=0
n-B=0
u
Fig. 4.1 Magnetic field domain with field-based boundary conditions
if " is a flux line (flux lines parallel to I"), or
nxB=ulg 4.5)
if current of surface density Js (Am™Yis present, or
nxH=0 (4.6)

if flux lines are perpendicular to I".
For an isotropic and linear medium, in terms of B, the equations become in £2

V-B=0; VxB=uJ 4.7
with
n-B=0 (4.8)
or
nxB= u_s 4.9)
or
nxH=0 along I' (4.10)

The equations written above unambiguously define the magnetostatic field which,
because of (4.5), is solenoidal [4].
A general field domain is shown in Fig. 4.1.
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Fig. 4.2 Line current
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If both J5 and J are given, then it must be
/ \Jsldr = / |7|d 2 (4.11)
r Q
i.e. the total current sums up to zero: therefore, densities Jg and J cannot be inde-

pendent.
In a non-homogeneous domain at the interface between two materials of perme-
ability u; and p,, from (4.2) it holds

n-(B,—B;))=0 (4.12)

so that the normal component of IE is always continuous (Fig. 4.2).
If there is a current of density Js (A m™!), then from (4.3) it follows

nx (Hy—Hy)=J, 4.13)

If J, = 0 the tangential component of H is continuous. Equations (4.12) and
(4.13) are called transmission conditions.

In the case of a non-homogeneous medium, the following remark can be put
forward. After (4.1) and (4.2), considering vector identity (A.14), one has

V-uH=puV-H+Vu-H=0 (4.14)
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In the case of a non-homogeneous medium, field H is solenoidal if V. and H are
orthogonal vectors; this means that lines separating layers of different u are parallel
to field lines of H.

Conversely, after (4.1) and (4.3), considering vector identity (A.16), it turns out
to be

Vxu 'B=pu'VxB+Vu ' xB=17 (4.15)

It appears that, in a current-free medium (i.e. J = 0), field B is irrotational if V!

and B are parallel vectors; this means that lines separating layers of different . are
orthogonal to field lines of B. If Viu~! = 0 and J = 0 (homogeneous current-free
medium), then Bis always irrotational.

Finally, an extension of constitutive law (4.1) is considered.

In the presence of a permanent magnetization By in the magnetic material (per-
manent magnet) the constitutive law is

B = uH + By (4.16)

V-B=0 4.17)
VxB=uJ +V x By (4.18)
In particular, the field inside a permanent magnet is described by (4.18) with

J =0;it follows that the magnet can be modelled by an equivalent distribution of
current given by J,, = 'V x By.

4.3 From Field to Potentials

(i) From (4.2), since, for any vectorA, V - (? X Z) = Oholds (see A.8), itis possible
to define a vector function A (Wb m~') called vector potential by means of

VxA=B (4.19)
and

V-A=0 (gauge condition) (4.20)
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This way (4.2) is fulfilled, while (4.3) becomes

Vxpu (VxA)=T 4.21)

For a homogeneous domain, after (A.12) and (4.20) it turns out to be

VA= —uJ (4.22)

This is the (Poisson’s) vector equation governing A. In a system of rectangular
coordinates it corresponds to the following three scalar equations

Wz/?) _9%A, N %A N A, S
x ox? 9y? 872 Pl
(VZZ) = —uldy
’
(VZK) 3 (4.23)

In general, the gradient of an harmonic function 7 may be added to A, having all
the equations fulfilled. Suitable boundary conditions on I" must be added in order to
define the field in a unique way.

In particular, after (4.18) and (4.22), the potential inside a permanent magnet is

. =2— = =
given by VA = —V x B,.
(i) In atwo-dimensional domain, vectors J and so A have only one non-zero com-
ponent; hence, vector potential can be treated as a scalar quantity.

Boundary conditions (4.8) and (4.10), in terms of B= (Bx, By) along the boundary
I with normal unit vector n = (nx, ny) and tangential unit vector 7 = (tx, ty) =
(ny, —n.), become, in terms of A,

_ = dA dA
n-B=nB,+nB,=n— —n,—
T ay ox
PGSR 7 W (4.24)
ey Tax A ’

i.e. A = const along " and

- = - 0A 0A \-
nxB= (any — nyBx)zZ = —nxa — ny@ i
_ = \= 0A-
= —(n . VA)lZ =——1i,=0 (4.25)
an

ie. ‘?,—2 = 0 along I, respectively.
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(iii) IfJ = 0in £ and 2 is simply connected, then, along with A, the field H can
be described by a scalar function ¢ (total scalar potential, A) defined as

H=-Vy (4.26)
In fact, (4.3) is automatically satisfied, while from (4.2) we obtain
V- -uVe =0 in 2 4.27)

The latter is the Laplace’s equation governing total scalar potential ¢ with suitable
boundary conditions.

The condition of simply connected domain can be obtained by suitable cuts, if
necessary. If this condition is not fulfilled, nevertheless ¢ can be still defined, apart
from multiples of a constant.

(iv) In a three-dimensional domain, following the T—- methgd, in regions free
of impressed current (Jy = 0) an electric vector potential 7 (A m~') can be
defined as

VxT=17J (4.28)

Comparing (4.28) and (4.3) it turns out that H and T, which have the same curl,
must differ by the gradient of a function £2 (dual scalar potential, A)

H=T-V® (4.29)

This way, the electric and magnetic vectors, J and H, have been reformulated in
terms of two potentials.

In order to define 7 uniquely, a gauge must be introduced.

The equations governing electric and magnetic field can be now expressed in
terms of T and £2. In fact, from (4.3) taking the curl of both members and taking
into account (4.2) and (4.29), one has

<l

< (0" xT) =V x0Ty — %M(T _vo)

<l

x (07 'VxT)=Vxo '], (4.30)
and from (4.2)
V-u(T-VR2)=0 4.31)

In regions where o = 0 one has J = 0 and therefore, from (4.2), V x T = 0.
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Moreover, imposing the gauge V - T = ,ua% V-T =0, from (4.30) and (4.31)
one obtains two independent equations for 7 and 2, namely

T —puo— = —
lwat 0
VT = -V xT, (4.32)
and
002
VI —po— =0
15
V2 =0 (4.33)

subject to appropriate boundary conditions. They are

axT=0 £2=0 (4.34)
or
_ = EX?;
T=0, —=0 (4.35)
an

if the boundary is normal to a flux line (i.e. 7 X B = 0) or it is parallel to a flux line
(ie.n- B = 0), respectively.
After determining 7', £2 is given by

9m=%+wm”/€fmw (4.36)
0

with £2¢ to be determined.

The following remark can be put forward.

In the two-dimensional case, the magnetic vector potential has only one non-zero
component, and this makes the computational cost low. In contrast, if a formulation
based on magnetic vector potential is used for a three-dimensional problem, all three
vector components are unknown; therefore, the computational cost is high. The T-£2
formulation is a good compromise: in fact, the use of vector potential T in current-
carrying conductors makes it possible an accurate modeling of current distribution,
while the use of scalar potential €2 elsewhere leads to economy in computation. Suit-
able conditions are needed at the boundary between conducting and non-conducting
materials.

(v) Whenin (4.1) permeability 1« depends on |H |, one has [B| = u(|H|)|H | and for
the solution of (4.22) one should resort to an iterative procedure. According e.g.
to the Newton-Raphson method, the residual r(A) of the governing Eq. (4.22)
is developed in Taylor’s series, truncating the development at the first order
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dr
r(A) = r(A-) + (—

7 )(Ak — A1) + 0(Ay) (4.37)

A=A

If an estimate of solution A;_ atthe (k — 1)-thiteration is available, the subsequent
prediction Ay, at the k-th iteration is given by (4.28) after imposing r(A;) = 0. It turns
out to be

dr

—1
Ar=Ar_ — | — Aj_ 4.38
k k-1 |:dA A_A“:| r(Ac-1) (4.38)

Then, p and so ‘ﬁ] are updated by means of the new estimate of A, and the problem
is solved again. The procedure stops when the error between two successive solutions
is less than the prescribed threshold. It is necessary to know an initial prediction Ay
and the value of the derivative j—:‘ at each iteration.

4.3.1 Field of a Line Current in a Three-Dimensional
Domain: Differential Approach

A current I(A), concentrated at » = 0 and directed along the z axis in a system of
cylindrical coordinates (7 @ 2), is considered (Fig. 4.2) [1].
The symmetry implies H = (0, H, 0) and from (4.3) the field equation is

— — 1lorH 0H 1
VXH:——=—+—H=18(F), r>() (439)
r r

where H vanishes as r approaches infinity. The general solution is

r

1ﬂ0=%1/mmMp+k (4.40)
0

The Dirac’s § in a cylindrical geometry can be approximated by

5= limdy, >0 4.41)

with §, = #, r < «a and 8, = 0 elsewhere. Consequently, the field H can be
approximated as

H:h%m (4.42)

For r < « it turns out to be
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1 I r?
H, = - I/,oéadp—}—ka _-<—2’—+ka>
r\ma
0
_Ir +ka (4.43)
T 2ma? r '

Since §,, is a regular function near the origin, also H, will be regular near zero;
therefore k,= 0.
For r > « it turns out to be

o o
1 1 I
Hy=—\1|] pdudp +ke | =~ Y pdp
r r\ ra
0 0
1/ 1 o I
= \=—=5)=7= r>0 4.44)
r\ma® 2 2rr

The Biot-Savart’s law follows

1
H(r)=limHy,(r) = —, r>0 (4.45)
a—0 2mr

Alternatively, the Stokes’s theorem can be applied to (4.3), giving fl H-tdt =1,
if £ is a closed line linking the conductor once. Considering the field geometry, £ can
be taken as a circular line centred at r = 0; therefore, (4.41) follows.

From (4.41) and (4.19) the vector potential is

— 1 _
A=—1Inri,, r>0 (4.46)
2wy

4.4 Magnetostatic Energy

Given a magnetostatic field characterized by strength H and flux density Bin alinear
medium, the specific energy (J m—3) of the field is defined as %H - B; if the medium
is isotropic, the energy W(J) stored in an unbounded region §2 is given by

1
W= E/HBd.Q (4.47)
o}

If the constitutive relationship of the magnetic material is non-linear, the specific
energy is fOB H dB’ and the total energy is
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B
W= f f HdB |do (4.48)
2 0

H
In some cases it is convenient to introduce the specific co-energy [ BdH' and the
0
total co-energy is

H

W = / / BdH' |d2 (4.49)

2 0

In the case of linear medium W = W’ holds.
In the linear case, taking into account the following identity (see A.13)

HB=H (VxA) =4 - (VxH) -V (AxA) =47 (H xA)

(4.50)
and (4.3), the total energy stored in a region £2 of boundary I is
1 (= = 1 - = 1 — - _
W=E/H.Bd9=E/A.JdQ—E/(HxA).ndF 4.51)
2 2 r

The equation above reducesto W = % f_Q A-TJdS2ifeitherAx7n = 0orH xn =0
along I' [3].

4.5 Forces and Torques in the Magnetostatic Field

4.5.1 Principle of Virtual Work

Given a structure in the field region, on which force F is to be computed, a virtual
linear displacement ds in the direction of F, supposing that the magnetic system is
supplied by a constant current / creating a linkage flux @, the sum of mechanical
work Fds and variation of magnetic energy dW is equal to the input energy Id® so
that the following balance equation

Fds=d(I® —W)

F = i(I<;l> - W) (4.52)
ds
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In the case of an angular displacement d 9%, the torque M with respect to the rotation
axis is

d
M=o~ W) (4.53)

The quantity I®-W, denoted by W', is the complementary energy or co-energy of
the system.

On the other hand, if the magnetic system is isolated, mechanical work Fds and
variation of magnetic energy dW take place so that

Fds+dW =0 (4.54)

Therefore, the force can be evaluated as

aw
F=—— (4.55)
ds
while the torque is
aw
M=—— (4.56)
dv

If the system is linear, W' and W coincide.

4.5.2 Lorenty’s Method

It is based on the definition of flux density; in the empty space, the force F exerted
on current / carried by a linear conductor of length £ is F = I€ x B where B is the
external field, i.e. the flux density in the absence of current. In general, the force F
exerted on current distributed with density J in the region £2 is

F = / J xBd2 4.57)
2

Direction of force is orthogonal to the plane defined by flux density and current
density vectors.
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4.5.3 Method of Maxwell’s Stress Tensor
Defined a closed surface I" enclosing the structure, then force F is evaluated as
F:/V?d.@:f?.ﬁdr (4.58)
Q r

where 7 is the outward normal unit vector,
The Maxwell’s magnetic stress tensors 7', assuming a system of rectangular coor-
dinates, in a three-dimensional domain can be represented in matrix form as

_ 1(H.B, — HyB, — H.B.) H.By H.B.
T = HyB, 1(HyB, — H\B; — H.B.) HyB,
H. By H.B, 3 (H.B. — H By — HyB,)

(4.59)

In order the tensor be uniquely defined, surface I" should not be coincident with
the interface between materials having different permeability [2].

4.5.4 Link Between Lorentz’s and Maxwell’s Approach

There is a link between Lorentz’s and Maxwell’s approach to force calculation. In
fact, using (4.1), (4.3) and (4.57), the force density f (Nm™) is

f:]xE:(ngB x B (4.60)

In particular, the x-directed component is

fi =B 0B: _ g 28 g 0B p 0B 4.61)
= VB, —vB,— —vB,— +v .
* “ 9z “ax Y ox 7 9y
After adding and subtracting the term 5 ?j it follows
F uaB§+ 3 an+ 3 an+
= - vB,— + vB,—
T2 ox “ 9z Y 3y
VO o o, 2
— 3o (B+ B +B?) (4.62)
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It turns out to be

9B 9(B,.B 9B 3(B.B,
E_x_}_vg_vB _Z_}_vu_{_

fe= 2 0x 0z Yoz ay
3B, 3B, 3
o 2 g 2 2% (g2 p? (4.63)
dy ox 20x\"” :
3 12\ 0(B:B,) 9(B.B — -
fx=v|:a<B§—E|B|>+ (ay})+ (3z Z)—BXV-Bj| (4.64)

Due to (4.2) the last term of (4.64) is zero; then, if vector

s
v, =v( B — = [B[’, B.B,, B.B.
1 X 2 Y

1
= <§ (HXBX - HyBy - HZBZ)ﬂ HXByv Hsz> (465)

is defined, f, can be viewed as its divergence, apart from a constant k which can be
set to zero, namely

fi=V-v, (4.66)

A similar result holds for force density components f, and f',; it follows

v, = <HyBx, %(HyBy — H,B; — H.B.), H},BZ) (4.67)
such that
£ = V. v, (4.68)
and
Vv, = (HZBX, H.B,, %(HZBZ — H.B, — HyBy)) (4.69)
such that
f.=V. v, 4.70)

respectively. Therefore, according to (4.58), the force F(N ) can be computed as the

flux, leaving surface I", of tensor T represented by matrix (4.59), in which the row
entries are the components of vectors vy, k =1, 3.
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Correspondingly, the torque is given by M = /, rTpro X T - ndT where 7pg is the
position vector of point P on I with respect to the rotation axis in O.

It can be remarked that a solenoidal vector w may be added to (4.65), (4.67)
and (4.69) leaving force density components (4.66), (4.68) and (4.70) fulfilled. This
means that stress tensor (4.59) is not uniquely defined.

As far as a comparison of methods is concerned, the following remark can be put
forward. In order Lorentz’s method to apply, a current density must be defined in £2;
in contrast, virtual work principle (VWP) and Maxwell’s stress tensor method (MST)
are more general. VWP is computationally more expensive, because the derivative
of energy or co-energy is approximated by means of a finite difference, involving
two displaced positions of the structure. Therefore, two field analyses are necessary
to compute force or torque at a given position. MST require only one field analysis.

4.6 Worked Example

4.6.1 Force on an Electromagnet

Let an electromagnet with a movable plunger be considered (Fig. 4.3), [1].

The iron core is supposed to have infinite permeability. The air gaps in the x
direction are supposed to be much smaller than the air gap ¢ in the y direction.

The circulation of the magnetic field H, along a line linking the excitation current
NI and crossing the air gap t in the normal direction, reduces to

NI = Ht 4.71)
Therefore at the air gap
NI
H = - (4.72)
IRON
+ °*| NI
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, (S
IRON yT
”””” r T X

Fig. 4.3 Model of the electromagnet
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while in the iron part H = 0. Following (4.49), the co-energy stored in the air gap is
given by

! po(ND?S
W = —poH*St = ——— 4.73
FHo > 4.73)
where S is the cross-section of the central limb and g is the air permeability.
If NI is constant, according to (4.52), the force acting on the movable part is

AW’ S (NI'\*
F=""=-02(2 (4.74)
ot 2\t

The force is negative, i.e. opposite to the direction of increasing #; therefore, it is
attractive, regardless of the sign of 1.

In order to apply the method of Maxwell’s stress tensor, an integration surface I
enclosing the movable part is considered having 7 as its outward normal unit vector.

Taking into account the field distribution, it follows

= -ig B 0 }
Tz[ 2755y (4.75)
0 1iH,B,
_ = 1
F = / T -idll = (0, 3 }.ByS) (4.76)
I

Therefore it turns out to be

1

o 1 NI
Fy, = EMOHyS = EMOS ’y 4.77)

The force is attractive, because variables ¢ and y are oriented in opposite directions.
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