Chapter 3 )
Interpolation of Non-smooth Functions Shethie
and Anisotropic Polytopal Meshes

The solutions of boundary value problems may contain singularities and/or have
layers, where the solution changes rapidly. For such non-smooth functions, the
application of pointwise interpolation is not well defined and in the presence of
layers the use of regular and uniform meshes is not optimal in some sense. For
these reasons quasi-interpolation operators for non-smooth functions over polytopal
meshes are introduced and analysed in this chapter. In particular, operators of
Clément- and Scott—Zhang-type are studied. Furthermore, the notion of anisotropic
meshes is introduced. These meshes do not satisfy the classical regularity properties
used in the approximation theory and thus they have to be treated in a special way.
However, such meshes allow the accurate and efficient approximation of functions
featuring anisotropic behaviours near boundary or interior layers.

3.1 Preliminaries

In the theory of classical interpolation it is assumed that the interpolant is at least
in the Sobolev space H?(§2) or even smoother, such that point evaluations are well
defined. When talking about non-smooth functions, we have those in mind which
are only in H'!(£2) and do not satisfy any further regularity. Such functions can be
solutions of boundary value problems according to existence and uniqueness theory,
cf. the Lax—Milgram Lemma given in Theorem 1.6. But, these functions do not fall
in the theory of Sect.2.5 yielding optimal rates of convergence on sequences of
uniformly refined meshes. Instead of using pointwise values for the interpolation
of non-smooth functions, one has to exploit averages of the function over certain
neighbourhoods of the nodes.
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Fig. 3.1 Example of the neighbourhoods of nodes, edges and elements in two space dimensions

Let #;, be a polytopal mesh of a bounded domain £2. For each node z € .4 in
the mesh we consider its neighbourhood w, defined by

o= |J K. (3.1)

ze NV (K)

where .#"(K) denotes the set of all nodes belonging to the element K € .J%.
Furthermore, we introduce the neighbourhoods of edges, faces and elements as

WE = U wy , wF = U wy , WK = U wyz , (3.2)

ze NV (E) ze N (F) ze NV (K)

cf. Fig. 3.1 for a visualization in two space dimensions. The neighbourhoods are
open sets which are constructed by agglomerating elements next to the correspond-
ing node, edge, face and element, respectively. The diameter of a neighbourhood w
is denoted by h,,. An important role plays the neighbourhood w;. Its diameter £,
is of comparable size to the diameter of K C w, as shown in

Lemma 3.1 Let %), be regular and stable mesh of a two- or three-dimensional
domain. The following properties hold:

1. Each element is covered by a uniformly bounded number of neighbourhoods of
elements, i.e. |{K' € #, : K Cwg'}| <c, VK €%,
2. Forallz € N, and K C wy, itis h,, < chg.

The constants ¢ > 0 only depend on o, 0.7 and c_y .

Proof The first statement is seen easily. Let K € %, be fixed. Due to the above
constructions, the number of element neighbourhoods wg’ with K C wg- is equal
to the number of elements contained in the neighbourhood wg . Consequently, the
statement follows since

wg = U Wy = U U K,

ze N (K) ze NV (K) ze N (K')
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and the number of nodes per element as well as the number of elements containing
a node are bounded uniformly, see Lemmata 2.7 and 2.16 as well as Corollaries 2.6
and 2.15 for d = 2 and d = 3, respectively.

In order to see the second statement, we first recognize that

he, <2 max hg .
K'Cw,

Let the maximum be reached for some K’. If K and K’ share a common edge E,
the stability of the mesh, i.e. hgr < cxhrp < chk, gives the desired estimate,
namely h,, < 2chk.If K and K " do not share a common edge, we can construct
a sequence of elements K; C wg,i = 1,...,n such that K; = K’, K,, = K and K;
and K; 1 share a common edge. Arguing as above yields

ho, <2 ()" hi .

Since the number of elements contained in w,, and thus in particular n, is uniformly
bounded according to Corollaries 2.6 and 2.15, the statement is proven. O

In the forthcoming sections, we treat the two- and three-dimensional cases with
d = 2,3 simultaneously. Therefore, if we write F, .%;, and so forth, we mean the
faces of the discretization for d = 3 and with some abuse of notation the edges
for d = 2. In this chapter, we restrict ourselves to the first order approximation
space Vhl with k = 1 and we simply write V), for shorter notation. In the three-
dimensional case we may use the simple generalization for the construction of Vj,
introduced in Sect. 2.3.4 which relies on polyhedral elements with triangular faces.
The theory in this chapter is also valid for the case of polyhedral elements with
polygonal faces. The detailed description of the approximation space is discussed
in the later Sect. 6.2. At this point, however, we give a small outlook in order to
present the full theory for quasi-interpolation operators. The generalization of V}, to
polyhedral elements with polygonal faces reads

Vi={ve H'(@): Avly =0VK € Hj and v, € Vi(F) VF € 73 |
(3.3)

where V, (F) denotes the two-dimensional discretization space over the face F. The
nodal basis functions are constructed as in the two-dimensional case but they have
to satisfy additionally the Laplace equation in the linear parameter space of each
face.
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3.2 Trace Inequality and Best Approximation

Before we introduce quasi-interpolation operators and study error estimates, some
analytic auxiliary results are reviewed and extended. These include in particular
trace inequalities and approximation results for the L,-projection into the space of
constants over patches of elements. If no confusion arises, we write v for both the
function and the trace of the function on an edge and face, respectively.

In the two-dimensional setting, Lemma 2.4 guaranties the existence of the
isosceles triangles with common angles for non-convex elements in a regular
polygonal mesh. This is sufficient to guaranty the following lemma proven in [174].

Lemma 3.2 Let %, be a regular mesh, v e H'(K) for K € J, and E € &(K). It
holds

—1/2 1/2
Wl < ¢ {210l oy + 171011 7o)}

with the isosceles triangle Tlisso C K from Lemma 2.4, where c only depends on oy,
and thus, on the regularity parameter oy .

Under the additional assumption on the stability of the mesh, we can generalize
this trace inequality and state a similar result, which is valid for d = 2, 3. Remember
the convention that F denotes a face or edge depending on the considered
dimensions d.

Lemma 3.3 (Trace Inequality) Ler %}, be a regular and stable mesh, v € H'(K)
for K € 2, and F € #(K). It holds

-1/2 1/2
ol < ¢ (e 2 Molau +h 0l

where ¢ only depends on o, .7 and ¢y .

Proof Since ., is regular and stable, we have an auxiliary discretization .7, (K)
into tetrahedra such that each face F € .# (K) is decomposed into triangular facets
of these tetrahedra. According to Lemma 2.14 the discretization .75, (K) is shape
regular in the sense of Ciarlet. It is well known, see [2, 40], that there is a constant
C only depending on the regularity parameters of the auxiliary discretization such
that for Tie € 75,(K) and v € H'(Tie) it holds

2 -1 2 2
Iz, 07 = € (hTtet”””Lz(ne[) + hﬂet”””mmﬁ)) :

Furthermore, itis hr/cy < hr,, < cxhr, cf. Sect.2.2.2, and thus we obtain for
the triangle T C Tt N F and v € Hl(K) that

2 -1 2 2
101330y = € (BE 1013 19+ HE 1010 )

Summing this inequality for all triangles which lie in F yields the desired result. O
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Another important analytical tool is the approximation of functions in Sobolev
spaces by polynomials. We already applied such results over polytopal elements
in the proof of Theorem 2.27. Since these elements are star-shaped, the well
known results from [40, 69] are applicable. Next, we consider the polynomial
approximation over the neighbourhoods defined in (3.1) and (3.2) which are not
star-shaped in general, and therefore we have to extend the theory.

Lemma 3.4 Let %), be a regular and stable mesh and k € Ny. There exists for every
function v € H* () and every neighbourhood o € {w,, wr, wg} a polynomial
p € PX(w) such that

|U - p|H[(w) < Cl’lﬁ;’_l_g |U|Hk+l(w) forﬁ = 0, . ,k+ 1 5

where C only depends on o, 0. and c_y as well as on k and the dimension d.

Proof Let w € {w;, wF, wg}, since % is regular and stable, there is an auxiliary
discretization of @ into tetrahedra formed by 7,(K) of all K C w. This
discretization is shape regular in the sense of Ciarlet and the number of tetrahedra is
uniformly bounded because there are only finitely many K with K C w according to
Lemma 3.1 and each element is decomposed into a bounded number of tetrahedra
according to the Lemmata 2.7 and 2.16. Now, that we have a uniformly bounded
number of tetrahedra with uniformly bounded aspect ratios due to the regularity, we
can argue as in [8] adapting an iterative procedure already mentioned in [69]. We
skip the rest of the proof and refer the interested reader to the cited literature. O

The previous result can be applied to obtain error estimates for the L,-projection.
We only consider the projection into the space of constants. For v € H!(w) this
projection is given by

1
I1,v = / v(x)dx.
ol Jo

It is known that the Poincaré constant

_
Criwy= sup 107 TVl _ (3.4)

veHl (@) ol

is finite and depends on the shape of w, see [169]. Exploiting that
lv = HovllLy @) =min||v — gl w)
geR

we deduce from Lemma 3.4 that the Poincaré constant Cp (@) is bounded uniformly
for the neighbourhoods w € {w;, wF, wk} in a regular and stable mesh.

Lemma 3.5 Let %), be a regular and stable mesh. There exists a uniform con-
stant ¢, which only depends on oy, 0. and ¢y, such that for every neighbourhood



70 3 Interpolation of Non-smooth Functions and Anisotropic Polytopal Meshes

w € {w,, wp, wg ) withz € Ny, F € %), and K € %, it holds
v — MovliLy) < cholvlgie forve H'(w).

In the following, we give an alternative proof for the two-dimensional case
(d = 2) with = w,. For convex w, the authors of [136] showed Cp(w) < 1/m.
In our situation, however, w, is a patch of non-convex elements which is itself non-
convex in general. We proceed as in [180]. The main tool in the forthcoming proof
is Proposition 2.10 (Decomposition) of [169]. As preliminary of this proposition, an

admissible decomposition {w;}7_; of w with pairwise disjoint domains w; and

n
w = Ua),'
i=1

is needed. Admissible means in this context, that there exist triangles {7;}?_, such
that 7; C w; and for every pair i, j of different indices, there is a sequence
i =ko, ..., ke = jofindices such that for every m the triangles 7, , and Tj,, share
a complete side. Under these assumptions, the Poincaré constant of w is bounded by

1/2
il L
Cr() = max :8(” - (1 LA ) (Chan +26r@0) 11 f

3.5)

Proof (Lemma 3.5, Alternative for d = 2 with « = ®,) Before we prove
the estimate, we note that Cp(K) < ¢ for an element K which satisfies the
regularity and stability assumptions of Definitions 2.1 and 2.2. This follows by
remembering the construction of the auxiliary triangulation ,(K). K can be
interpreted as patch of triangles corresponding to the point zgx. Thus, we choose
w, =T;,i = 1,...,n with {Ti};':1 = T,(K) for the admissible decomposition
of K. The integer n corresponds to the number of nodes in K and thus it is
uniformly bounded according to Lemma 2.7. Furthermore, it is Cp(w;) < 1/m,
K| < h%( and hczol_/|T,-| = hzTi/|T,-| < ¢, because of the shape-regularity of the
auxiliary triangulation proven in Lemma 2.3. Consequently, the application of
Proposition 2.10 (Decomposition) from [169] yields Cp(K) < c.

Now, we address the estimate for general w, in the lemma. Therefore, we apply
once more Proposition 2.10 of [169]. For this reason, we construct a decomposition
{w;i}?_, and show that it is admissible by giving explicitly a set of triangles {T;}_,
which satisfy the above mentioned properties. Furthermore, the terms in (3.5) are
estimated.

To simplify the construction, we first assume that the patch consists of only
one element, i.e. w, = K € J#,,and let E, Ey € &(K) withz = E| N E>.
We decompose w;, or equivalently K, into w; and w, such that n = 2. The
decomposition is done by splitting K along the polygonal chain through the points
z, zx and 7/, where z € 4/ (K) is chosen such that the angle 8 = /zzgxZ is
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w, =K ,

Fig. 3.2 Construction of admissible decomposition for K and w, from Fig. 3.1

maximized, see Fig. 3.2 left. Itis B € (;r/2, m], since K is star-shaped with respect
to a circle centered at zg. The triangles {T;}"_, are chosen from the auxiliary
triangulation in Lemma 2.3 as T; = Tg, € 9, (K), cf. Fig. 3.2 middle. Obviously,
{w;}]_, is an admissible decomposition. Next, we estimate the terms in (3.5) and
show that Cp(w;) < c. The element K is star-shaped with respect to a circle
of radius px and we have split this circle into two circular sectors during the
construction of w;, i = 1, 2. A small calculation shows that w; is also star-shaped
with respect to a circle of radius

_ pk sin(B/2)
" 14sin(B/2)

wj

which lies inside the mentioned circular sector and consequently satisfies the
relation pg /(1 + \/2) < po; < pk/2, see Fig.3.2 (left). Thus, the aspect ratio
of w; is uniformly bounded, since

ho, _ (14 VDhg
Puw; - PK

<(1+V2)oyu.

Furthermore, we observe that i, < hg < oy pk =< ox|zZk| and accordingly
he, < oxl|Zzk|. Consequently, w;, i = 1,2 is a regular element in the sense of
Definition 2.1 and thus, we have already proven that Cp(w;) < c. Additionally, we
obtain by (2.2) and by the regularity of the mesh that

2 2
hwi < Zhwi < 2h%<

< < <2cyoy .
IT:| — hg;px — hE Pk

This yields together with |w;| < hz)z and Proposition 2.10 (Decomposition) of [169]
that

Cp(wy) < (16(n - (c2 + 2c) c%a%)l/z ,

and thus, a uniform bound in the case of w; = K and n = 2.
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In the general case, the patch w, is a union of several elements, see (3.1) and
Fig.3.1. In this situation, we repeat the construction of w; for all neighbouring
elements of the node z, see Fig.3.2 (right). Consequently, n is two times the
number of neighbouring elements. This number is uniformly bounded according
to Lemma 2.7. The resulting decomposition {w;}7_, is admissible and the estimate
of [169] yields Cp(w;) < c, where c only depends on o and c_y . |

Remark 3.6 More precisely, the previous proof yields the estimate

1/2
Cp(wn) < (16(n — Deoy max {Ch(@) +2cp<wi>}> ,

where n is two times the number of elements in w, that is usually a small number.
Consequently, Cp(w;) is controlled by Cp(w;),i = 1, ..., n which only depend on
the chunkiness parameter £, / pw,; according to [40].

3.3 Quasi-Interpolation of Non-smooth Functions

In the case of smooth functions like in H?(§2), it is possible to use nodal interpola-
tion. Such interpolation operators have been constructed and studied in Sect.2.4,
and they yield optimal approximation error estimates. The goal of this section,
however, is to define interpolation for general functions in H'(£2). Consequently,
quasi-interpolation operators are applied, which utilizes certain neighbourhoods of
the nodes. Classical results on simplicial meshes go back to Clément [59] and to
Scott and Zhang [154]. They use L-projections instead of point evaluations in order
to specify the expansion coefficients in the given basis.
For v € H'(£2), we are interested in quasi-interpolation operators of the form

=Y (v € Vi, (3.6)
ze Ny

where the set of nodes .#; and the neighbourhoods w(v;), which depend on the
first order basis functions, have to be specified. The Clément and Scott—Zhang
interpolation operators differ in the choice of .44 and w(;). Furthermore, it is
desirable that homogeneous Dirichlet data is preserved such that Jv € H ll)(.Q) for
ve HY(R).

3.3.1 Clément-Type Interpolation

The Clément interpolation operator Jc is defined as usual by (3.6), where we choose
Ny = M \ A, p as all nodes which do not lie on the Dirichlet boundary, and
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w(¥z) = w, as neighbourhood of the nodes. Thus, the interpolation is given as a
linear combination of the basis functions v, associated to the nodes in the interior
of £2 and the Neumann boundary I'y. The expansion coefficients are chosen as
average over the neighbourhood of the corresponding nodes. For v € H ll)(.Q), it is
Jcv € Hé(!?) by construction.

Theorem 3.7 Let %), be a regular and stable mesh and let F € %), and K € %),
The Clément interpolation operator satisfies forv € H b(.Q) the interpolation error
estimates

1/2
v = Jcvlliak) < chrlvlgiwey and v —JIcvllr) < chl 1ol »

where the constants c only depend on o, 0.7 and c .

Proof The proof follows the arguments of [170, 174] with several modifications for
the treatment of polytopal meshes. We start with the first estimate. For K € ., we
have the partition of unity property, i.e. ZZEW(K) Y, = lon K and ||1/fz||LOO(K) =1
forz € 4 (K). We distinguish two cases, let all nodes z € .4 (K) of the element
K be located in the interior of §2 or in the interior of the boundary Iy, i.e.
z € M, \ . p. Applying the best approximation result Lemma 3.5, we obtain

A

v =Jcvlam < Y e — Muw)lLyk)
ze NV (K)

Z v = Mo, vl ()

ze NV (K)

Z Chwz|v|H1(a)z)

ze NV (K)

IA

IA

IA

C]’lK|U|Hl(wK) .

In the last step we used that the number of nodes in .4 (K) is uniformly bounded,
see Lemmata 2.7, 2.16, and 3.1, which gives h,, < chg. In the case that at least
one node of the element K is on the Dirichlet boundary I'p, i.e. z € .4}, p, we write

v—TJcv = Z Yzv — Z Yzllw,v
ze. ¥ (K) ze N (K)\ N, p
= Y Y -Tuv)+ Y Yy,
ze. ¥ (K) ze N (K)NAp,p
and obtain
lo=Tcvlm = Y. IWe—Mo)lii+ Y. (Vo) -

ze N (K) ze N (K)NAj.p
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The first sum has already been treated and the term in the second sum can be
estimated by

d/2
12T, vl Ly k) < ol 12l Lo i) 1K1Y < B2 100

Because of z € 4, p, there is an element K’ C w, and a face F' € % (K’) in the
Dirichlet boundary, such thatz € A" (F’) and F' € %), p. Therefore, v vanishes on
F’ and we obtain with the trace inequality, see Lemma 3.3,

|, v = |F'|7Y2 v — Ho,vll 1,7

— 1/2 —
AP0 I = Haglisop + 10110 )

IA

IA

1-d/2 _
ChK’ / {ha)zl”v — lel)”Lz(wz) + |U|H1(wl)] s

where we exploit h‘}gl < c|F'|, see Remark 2.13, hpr < hgs, and
he, < chg' < chp according to Lemma 3.1 and the stability of the mesh. The
best approximation, see Lemma 3.5, and the observations hix < h,, < chg’ as well
as 1 —d/2 <0 gives

1-d/2
1Mool < chie Pl - (3.7)

Putting all estimates together proves the first statement of the theorem.

To prove the second estimate of the theorem, we proceed in a similar manner.
Let F € ), be an edge (d = 2) or a face (d = 3). We have Zze./V(F) Y, = 1on
F and |Y L) = 1 forz € A (F). First, let F € %), be such that all its nodes
z € N (F) are located in the interior of £2 or in the interior of the boundary Iy,
ie.z € A, \ h p. Applying the trace inequality, see Lemma 3.3, with an element
K’ € ), that satisfies K’ C w, and F € .%(K), as well as the best approximation,
see Lemma 3.5, we obtain as above

lv—TnvllLyr) = Z v — Mo, vy (F)

eV (F)
1/2 -1
<= 3 e R = vl + 0l )
eV (F)
1/2
< Z C/’ZF/ |v|Hl(a)z)
eV (F)
1/2
S ChF/ |U|H1((DF) .
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If at least one node of F is on I'p,i.e. z € A} p, we have

=Tmlye < D W@ =Tl + Y. 1Yallw, vl -
ze NV (F) ze N (F)NAMy. D

The first sum is treated as before, so let us have a look at the second sum. For
z€ N (F)N A, p and some element K’ € ¢, with F € Z#(K’), we have
according to (3.7)

1-d/2 1/2
12w, vl Ly(ry < 1FI1Y2 0] < ¢ IF1Y2 RGP 0l ) < e 0l oy -

where in the last estimate we have used |F| < h%_l and h}{,d/ 2 < h};d/ 2, Putting
all estimates together and exploiting that the number of nodes per edge (d = 2) and
face (d = 3) is uniformly bounded, see Lemma 2.7 and Definition 2.10, yields the
second statement of the theorem and concludes the proof. O

3.3.2 Scott-Zhang-Type Interpolation

The Scott-Zhang interpolation operator Jsz : H'(£2) — Vj, is defined as usual
by (3.6), where we choose 4, = A} and w(Y,) = F;, where F;, € %, is an edge
(d = 2) or face (d = 3) withz € F, and

F,CcIlpifzep and F,CcQUIlyifze QUIy.

Thus, the interpolation is given as a linear combination of all basis functions v,. The
expansion coefficients are chosen as average over edges and faces. By construction,
it is Jszv € Hl:l)(.Q) forv € H$(.Q), such that homogeneous Dirichlet data is
preserved. We have the following local stability result, which can be utilized to
derive interpolation error estimates.

Lemma 3.8 Let ¢}, be a regular and stable mesh and K € #,. The Scott-Zhang
interpolation operator satisfies for v e H'(2) the local stability

1Tszvli,k) < ¢ (Il Lywk) + RV g 0f)) >

where the constant ¢ only depends on oy, 0.7 and c .

Proof The only non-vanishing basis functions vy, over K in the expansion of Jszv
are those with z € 4/ (K). Due to the stability of the Ly-projection [T, we have
ITF,vllL,F,) < lvllL,y(F,- Furthermore, there exists K, € ¢, with F; C 0K, such
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that K, C wg. Therefore, we obtain with the trace inequality, see Lemma 3.3,

—1/2
\TF, vl = |F,l 2 1Tl Lo (R,

IA

_ —-1/2
e 1F ™ PhE 2 (Il + B0 a1 (k)

A

< 1KoV (Il Loy + Pk IVl g1 (k)

since | K| < hd < cdjghd thZ < c|Fy|hF, and hfp, < hg, due to the regularity

and stability of the mesh. Utlhzlng this estimate and ||V || 1, (k) = 1 yields

13szvlla) < Y. IUTEY) YallLyk)

ze. ¥ (K)
< > e Wl 1KIY2
ze. ¥ (K)
1/2
K|
< Z <|K| (”U”Lz(KZ)+th|U|H1(KZ)) .
ze N (K) z

Furthermore, it is K, K, C w; and thus hg, < hg,. Lemma 3.1 yields h,, < chg
and consequently g, < chg. Additionally, we can bound |K|/|K,| uniformly,
because of |K| < hl}( < ch”}(Z < cagf/,p?(l < c¢|Ky,|, since the d-dimensional ball
of radius pg, is inscribed in K,. Exploiting that K, C wk and that the number of
nodes per element is uniformly bounded, see Lemmata 2.7 and 2.16, finishes the
proof. O

Theorem 3.9 Let %), be a regular and stable mesh and K € #},. The Scott—Zhang
interpolation operator satisfies for v € H'(§2) the interpolation error estimate

lv—TszvllL, k) < chklvlgi o) »

where the constant ¢ only depends on oy, o7 and c .

Proof For p = I, v € Ritis obviously p = Jszp and Vp = 0. The estimate in
the theorem follows by Lemma 3.8 and the application of Lemma 3.4, since

lv —Tszvll,k) < v — pllLyk) + 1Tsz(v — Pl k)

IA

¢ (Ilv = PllLao) + vl g1y

IA

ChK|U|Hl(wK) .
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3.4 Anisotropic Polytopal Meshes

When dealing with highly anisotropic solutions of boundary value problems, it is
widely recognized that anisotropic mesh refinements have significant potential for
improving the efficiency of the solution process. Pioneering works for the analysis
of finite element methods on anisotropic meshes have been performed by Apel [10]
as well as by Formaggia and Perotto [78, 79]. The meshes usually consist of
triangular and quadrilateral elements in two-dimension as well as on tetrahedral and
hexahedral elements in three-dimension. First results on a posteriori error estimates
for driving adaptive mesh refinement with anisotropic elements have been derived
by Kunert [119] for triangular and tetrahedral meshes. For the mesh generation and
adaptation different concepts are available which rely on metric-based strategies,
see, e.g., [108, 125], or on splitting of elements, see [152] and the references
therein. The anisotropic splitting of classical elements, however, results in certain
restrictions why several authors combine this approach with additional strategies
like edge swapping, node removal and local node movement. These restrictions
come from the limited element shapes and the necessity to remove or handle hanging
nodes in the discretization. For three-dimensional elements the situation is even
more difficult. In contrast, anisotropic polytopal elements promise a high potential
in the accurate resolution of sharp layers in the solutions of boundary value problems
due to their enormous flexibility. An appropriate framework is developed in this
section.

3.4.1 Characterisation of Anisotropy and Regularity

Let K ¢ R?, d = 2,3 be a bounded polytopal element. Furthermore, we assume
that K is not degenerated, i.e. |K| = measy(K) > 0. We define the center or mean
of K as

_ 1 /
Xg = x dx
K| Jk

and the covariance matrix of K as
1
Mcoy(K) = / (x —Xg)(x —Xg) | dx e R
K| Jk

This matrix has already been used in Sect.2.2.3 for the bisection of elements in
the discussion of mesh refinement. Obviously, Mcoy is real valued, symmetric and
positive definite since K is not degenerated. Therefore, it admits an eigenvalue
decomposition

Mcoy(K) = Ug Ag Uy
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with
Ug =Ug' and Ag =diag(Ag1, ..., Ax.d) -

Without loss of generality, let the eigenvalues satisfy Ax 1 > ... > Ak 4 > Oand we
assume that the corresponding eigenvectors ug 1, ..., Uk 4, collected in U, form a
basis of R? with the same orientation for all considered elements K € ..

The eigenvectors of Mcoy(K) give the characteristic directions of K. This fact
is, e.g., also used in the principal component analysis (PCA). The eigenvalue A
is the variance of the underlying data in the direction of the corresponding eigen-
vector ug ;. Thus, the square root of the eigenvalues give the standard deviations in
a statistical setting. Consequently, if

Mcoy(K) = cl

for ¢ > 0, there are no dominant directions in the element K. We characterise the
anisotropy with the help of the quotient Ax 1/Ag 4 > 1 and call an element

. ... Ak
isotropic, if A
K.d
. ... Ak
and anisotropic, if > 1.
K.d

For d = 3, we might even characterise whether the element is anisotropic in one or
more directions by comparing the different combinations of eigenvalues.

Exploiting the spectral information of the polytopal elements, we next introduce
a linear transformation of an anisotropic element K onto a kind of reference element
K.Foreachx € K , we define the mapping by

X X=Fxk(X) = Agx  with Ag =ax A PUL, (3.8)

and g > 0, which will be chosen later. K = Sk (K) is called reference
configuration later on.

Lemma 3.10 Under the above transformation, it holds

1. 1R| = K[| det(Ag)| = b 1K1/ T 2o

2. Xg = Sk (Xk),
3. Mcov(K) = oz 1.

Proof First, we recognize that

det(Ag) = o det(A PUL) = o //det(Ag) = (x%/\/]_[;l:l AR
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Consequently, we obtain by the transformation
K| = /Jﬁ: K| det(Ak)| = o |K|/v/det(Mcoy(K)) ,
K

that proves the first statement. For the center, we have

_ 1 - | det(Ag)| / _ _
X = ~ XdxX = ~ A xdx = AgXg = XK) .
R= R /1? Rl K B kXK = Sk (Xk)

The covariance matrix has the form

Men(B) = o [ @%@ x0)T &
Rz

| det(Ak)| ) i}
= R Ak (x — Xg) (Ag (x — Xg)) | dx
= AxMcoy(K)Ag
—1/2 —1/2
= oy (AL PUD WUk AR UL (AR PUDT
= a%( I,
that finishes the proof. O

According to the previous lemma, the reference configuration K is isotropic,
since A R /A Rd = 1, and thus, it has no dominant direction. We can still choose
the parameter o in the mapping. We might use ox = 1 such that the variance of
the element in every direction is equal to one. On the other hand, we can use the
parameter o in order to normalise the volume of K such that |I’(\ | = 1. This is
achieved by

1/d

1/d 4 Ak i
Kz(Jdet(Mcov(K))> _ \/1_[/—1 K i (3.9

K| K|

see Lemma 3.10, and will be used in the following.

Example 3.11 The transformation (3.8) for a¢x according to (3.9) is demonstrated
for an anisotropic element K C R?,i.e.d = 2. The element K is depicted in Fig. 3.3
(left). The eigenvalues of Mcoy(K) are

Ak1~ 11146 and Ago=~1.18,

and thus

AK,1

~9440>1.
AK,2
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20

-1.5

Fig. 3.3 Demonstration of transformation (3.8): original anisotropic element (left) and trans-
formed element centered at the origin (right)

In Fig. 3.3, we additionally visualize the eigenvectors of Mcoy(K) scaled by the
square root of their corresponding eigenvalue and centered at the mean of the
element. The ellipse is the one given uniquely by the scaled vectors. In the right
picture of Fig. 3.3, the transformed element K = 3k (K) is given with the scaled
eigenvectors of its covariant matrix MCOV(I? ). The computation verifies |I? | =1,
and we have
= 8.59-1072 —3.93.107"7
Meov(K) ~ <—3.93 10717 8.59.1072 )

In view of the quasi-interpolation and interpolation operators and their approxi-
mation properties, the meshes have to guaranty certain requirements. In the previous
analysis of such operators, we made use of isotropic polytopal elements in regular
and stable meshes .%#}. The corresponding definitions of Sect. 2.2 are summarized
in the following remark.

Remark 3.12 Let %, be a polytopal mesh. %, is called a regular and stable
(isotropic) mesh, if all elements K € %), satisty:

1. K is a star-shaped polygon/polyhedron with respect to a circle/ball of radius px
and midpoint zg .

2. The aspect ratio is uniformly bounded from above by o ¢, i.e. hx /px < ox.

3. For the element K and all its edges E € &(K) itholds hg < cyhEg.

4. In the case d = 3, all polygonal faces F' € .% (K) of the polyhedral element K
are star-shaped with respect to a circle of radius pr and midpoint zr and their
aspect ratio is uniformly bounded, i.e. hr/pfr < 0%.

Obviously, these assumptions are not satisfied in the case of anisotropic meshes.
The aspect ratio of the element depicted in Fig. 3.3 (left) is very large and one of its
edges degenerates compared with the element diameter. In the definition of regular
and stable anisotropic meshes, we make use of the previously introduced reference
configuration.
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Definition 3.13 (Regular and Stable Anisotropic Mesh) Let .7}, be a polytopal
mesh. %7}, is called a regular and stable anisotropic mesh, if:

1. The reference configuration K forall K € %, obtained by (3.8) is a regular and
stable polytopal element according to Sect. 2.2, see Remark 3.12.

2. Neighbouring elements behave similarly in their anisotropy. More precisely, for
two neighbouring elements K; and K, i.e. K1 N K2 # &, with covariance
matrices

Mcoy(K1) = Uk, Ak, Uy, and  Mcoy(K2) = U, Ak, Uy,
as defined above, we can write
Ak, = (I + AKX K2 Ap and  Ug, = RE1 K2y,
with
AKLKY _ digg (5/’?"’(2 = 1,...,d) :

and a rotation matrix RX1-K2 ¢ R?*4 guch thatfor j = 1,...,d

172

Y

0< 650K < cs <1 and 0 < |RKVK2 1||2< K“) <cr
J )\Kl,d

uniformly for all neighbouring elements, where || - |2 denotes the spectral norm.
In the rest of the chapter, the generic constant ¢ may also depend on ¢ and cg.

Remark 3.14 For d = 2, the rotation matrix has the form

RELK2 _ COS¢K1,K2 —sin¢K1*K2
~ \singpXvK2 cospKiKa |7

with an angle ¢X1-X2_ For the spectral norm || RX1-X2 — []|,, we recognize that
(RK-K2 — T (REK2 — 1) = (sin? 152 4+ (1 = cos %1527 1,

and consequently

12
IRK12> — 1o = (sin? 65152 4 (1 - cos p152)2)

K1,K
sin <¢ ; 2) — sin(O)‘

K, K
<le™t"2,

=2
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according to the mean value theorem. The assumption on the spectral norm in
Definition 3.13 can thus be replaced by

1/2
AKyL1
|¢"1”‘2|( ) <cp.

AK, 2

This implies that neighbouring highly anisotropic elements have to be aligned in
almost the same directions, whereas isotropic or moderately anisotropic elements
might vary in their characteristic directions locally.

Let us study the reference configuration K Cc R4, gl =2,30of K € %, which is
regular and stable. Due to the scaling with ag, itis | K| = 1 and we obtain

1=|K| <h% <09 p =09 vapk | (vr) <o K|/ (vm) =0 [ (v7)

where v = 1 ford = 2 and v = 4/3 for d = 3, since the circle/ball is inscribed the
element K. Consequently, we obtain

o

PEIRE oy

(3.10)

lfllrthernlore, ford = 3, let F be a face of K and denote by E one of its edges, i.e.,
E € &(F). Due to the regularity and stability, we find

|F| = np} = w05 = wh} /o = nhp/(croF)
and thus ford = 2,3
Wt < c|F| . (3.11)

A regular and stable anisotropic element can be mapped according to the
previous definition onto a regular and stable polytopal element in the usual sense.
In the definition of quasi-interpolation operators, we deal, however, with patches of
elements instead of single elements. Thus, we have to study the mapping of such
patches. These include in particular the patches w,, wr and wg defined in Sect. 3.1.

Lemma 3.15 Let %), be a regular and stable anisotropic mesh, w, be the patch of
elements corresponding to the node z € Ny, and K1, Ko € ¢, with K1, K C w,.
The mapped element §k,(K2) is regular and stable in the sense of Sect. 2.2, see
Remark 3.12, with slightly perturbed regularity and stability parameters & and
C depending only on the regularity and stability of ;. Consequently, the mapped
patch § g (wz) consists of regular and stable polytopal elements for all K € ¢, with
K C w,.

Proof We verify Remark 3.12 for the mapped element K 2 = §k, (K2).
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3k, 03k, ) Sx, o3,

Sk,

Fig. 3.4 Anisotropic element K, with mapped regular and stable element K, (reference configu-
ration) and perturbed mapped element K, = §k, (K2)

First, we address 1. of Remark 3 12. K2 = %k, (Kz) is regular and thus, star-
shaped Wlth respect to a circle/ball B.If we transform K; into K, with the mapping
Sk, © S K,» See Fig. 3.4, the circle/ball B is transformed into an ellipse/ellipsoid

B = Sk, © Sg; (§). Since the transformations are linear, the element Ez is star-

shaped with respect to the ellipse/ellipsoid B and in particular with respect to the
circle/ball inscribed B.

Next, we address 2. of Remark 3.12 and we bound the aspect ratio. The
radius pg, of the inscribed circle/ball as above is equal to the smallest semi-axis
of the ellipse/ellipsoid B. Let X; and X» be the intersection of B and the inscribed
circle/ball. Thus, we obtain

208, = 3k, 0§ &1 — %)l

—1/2 1 1/2 ~
OlKZA / UK2 UKIAK/I X —X2)

_¥Ky | 12 Ki.Kov—1/2,,T (K1 K2\ " 1/2 5
ak, ‘AKI (I + 47072 Uk, (R l 2) Uk Ak, X —%)

o T
=K ‘(1 + AK“’Q)‘”Z( Uk (RE K2 1) o A+ 1) & - %)
K

IA

oK 1/2
a [+ aRe T2 (g PR — il AR + 1) 20,
1

12
oK, I K1.K2 —1/2] (AKM) K1.K
= max 146" 1+ RALR2 — 207,
ak, j=l,..d (465770 Ak d ” 2 )20k,
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since the spectral norm | - |2 is invariant under orthogonal transformations
and, in particular, under rotations like Ug,. With similar arguments, we can
bound h,. Therefore, let X1,X» € 9K, be such that h R = Xi — X»| and

X = 5k, 03}11 (X)) € 3K, i = 1,2. With similar considerations as above, we
obtain

hg, = I8k, o%}i(il —X2)|

1/2
A
o max fa4s)2 <1+<AK"1) IIRKI*K2—1||2> hi, -

IA

aK, j=1,..., K.d
Exploiting the last two estimates yields

- " K.k 12 Chg
hg, —Mmaxj=i,., d\/1+8j <1+<)»K1,1>/ ||RK1,K2—I||2) "%,

PK, minj—y,. 4 \/1 +5/KLK2 AKy.d

1+¢ hz 14+c¢ -
\/ 65(1+cR)2 K2<\/ U+cp)oy =64 .

I —cs rr,  V1-—cs

PK,

Obviously, the aspect ratio is uniformly bounded from above by a perturbed
regularity parameter o . ~ ~

Finally we address 3. of Remark 3.12. Let E be an edge of K> with endpoints X;
and X,. Furthermore, let E be the corresponding edge of K> with endpoints X and
X;. In the penultimate equation we estimated & g, by aterm times hg, . Due to the
stability it is & g =c v h and, as in the estimate of p 8 above, we find that

~ ~ —1,~ ~
hg = X1 —X2| = [k, o 5, X1 —X2)|

2 172
“K: max ’(1 —l—SJK“KZ)_l/Z} (1 + ( Kl’l) | REKLK2 I||2) h .

ak, j=1,.., AKLd

IA

Summarizing, we obtain
1 +cs 2 ~
hgz < l—c (I+cp)cwhg=crhg.
— G5

O

Remark 3.16 According to the previous proof, the perturbed regularity and stability
parameters are given by

~ 14+¢ - 1+c¢
oy = s (1+CR)20‘% and ¢y = s (1—i—cR)2 cy .
1 —cs 1 —cs
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Proposition 3.17 Let K € %, be a polytopal element of a regular and stable
anisotropic mesh J, and F € Fy one of its edges (d = 2) or faces (d = 3).
The mapped patches §k (wk) and Tk (wF) consist of regular and stable polytopal
elements.

Proof The mapped patches Fx(wz), z € A4 (K) consist of regular and stable
polytopal elements according to Lemma 3.15. Since wg and wF are given as union
of the neighbourhoods w,, see (3.2), the statement of the proposition follows. O

Proposition 3.18 Each node z € N}, of a regular and stable anisotropic mesh %),
belongs to a uniformly bounded number of elements and, vice versa, each element
K € %, has a uniformly bounded number of nodes on its boundary.

Proof Let w, be the neighbourhood of the node z. According to Lemma 3.15, the
mapped neighbourhood @, consists of regular and stable polytopal elements, which
admit a shape-regular decomposition into simplices (triangles or tetrahedra). The
mapped node Z therefore belongs to a uniformly bounded number of simplices and
thus to finitely many polytopal elements, cf. Sect.2.2. Since @, is obtained by a
linear transformation, we follow that z belongs to a uniformly bounded number of
anisotropic elements. With the same argument we see that K and thus K has a
uniformly bounded number of nodes on its boundary. O

Remark 3.19 In the publications of Apel and Kunert (see e.g. [10, 119]), it is
assumed that neighbouring triangles/tetrahedra behave similarly. More precisely,
they assume:

* The number of tetrahedra containing a node z is bounded uniformly.
* The dimension of adjacent tetrahedra must not change rapidly, i.e.

hit ~hir YT, T'withTNT #@,i=1,2,3,

where iy 7 > ha, 7 > h3 1 are the heights of the tetrahedron T over its faces.

The first point is always satisfied in our setting according to the previous proposition.
The second point corresponds to our assumption that Ag, and Ak, differ moder-
ately for neighbouring elements K; and K7, see Definition 3.13. The assumption
on Uk, and Uk, in the definition ensure that the heights are aligned in the same
directions, this is also hidden in the assumption of Apel and Kunert.

The regularity of the mapped patches has several consequences, which are
exploited in later proofs.

Lemma 3.20 Let K1, K> be polytopal elements of a regular and stable anisotropic
mesh J¢, w, and wg, be the neighbourhoods of the node z € N}, and the
element K1, respectively. Furthermore, let K1, Ko C w,. We have for the mapped
patch & € {§k,(wz), §k, (wk,)} and the neighbouring elements, that

K
hz <c and Kol <c,
|K1]
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where the constants only depend on the regularity and stability parameters of the
mesh.

Proof According to Lemma 3.15 and Proposition 3.17 the patch @ consists of
regular and stable polytopal elements. Obviously, itis iz < C max{hf : K C &),
where the constant takes the value C = 2 for & = Fk,(w,) and C = 3 for
@ = Tk, (wk,), respectively. Let us assume without loss of generality that the
maximum is reached for K which shares a common edge E with K. Otherwise
consider a sequence of polytopal elements in @, cf. Lemma 3.1. Due to the regularity
and stability of the elements, it is

3c oy
hg <3hg <3cyhgp < 3c%hK1 = (om)l/d
according to (3.10), since K1 Sk, (K1) = K1
In order to prove the second estimate, we observe that |K| = |K 11/ det(Ag I,
see Lemma 3.10. The same variable transform yields |K;| = |K2| /ldet(Ag,)l,

where I?z = Sk, (K2). Thus, we obtain

K K ~ -
2l VRl Ryl < 1@l < <c
K1l IR Z

and finish the proof. O

3.4.2 Approximation Space

The approximation space V}, is defined in such a way that the functions v, € V}, are
harmonic on each element, cf. (3.3). This property originates from the definition of
basis functions i in Sect. 2.3 as local solutions of Laplace and Poisson problems
over the physical elements K € .%#j. In classical finite element methods, however,
the basis functions are usually introduced over a reference element. In order to
obtain the approximation space over a general physical element these basis functions
from the reference element are mapped to the physical one. This strategy has not
been addressed so far for polytopal elements due to the lack of an appropriate refer-
ence element. But, in the previous section we introduced a reference configuration K
for an element K. Thus, we can define basis functions w on K as in Sect. 2.3 which
are in the lowest order case harmonic and map them onto the physical element K
such that y™f = {ﬂ o §k. In general, these functions are not harmonic anymore
on the physical elements, i.e. Ay™ = 0in K. More precisely, we obtain by the
transformation (3.8)

div (MCOV(K)VWef) =0 ink.
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Hence, ¢ is defined to fulfil an anisotropic diffusion equation on K. This is
consistent in the sense, that if K is already a reference configuration, i.e. K = f
then it is Ay™ = 0 because of Mcoy(K) = aKI cf. Lemma 3.10. Thus, nodal
basis functions I/Iref constructed this way coincide with the nodal basis function ¥,
defined by (2.6) in Sect. 2.3.1.

The approximation space constructed as described above is denoted by V;fef
since the reference configuration is exploited. For the sake of simplicity we restrict
ourselves here to k = 1 as well as to the two-dimensional case and to the three-
dimensional case with solely triangular faces of the polyhedra. Then, we can also
write

V}fef {v e H' (£2) : div (Mcov(K)Vv) ’K =0andv|yx € ;w(aK) VK € %} .

The spaces Vj and Vhref share two important properties which are used in the
forthcoming proofs, namely

PYUK) C WV PYEK)CVE . and 0=y Yt <1, (3.12)

Iz

where 1, and 2" denote the corresponding nodal basis functions of V}, and V',

respectively.

3.4.3 Anisotropic Trace Inequality and Best Approximation

In this section we transfer some of the results of Sect. 3.2 to the regime of anisotropic
meshes. Here, the mapping (3.8) is employed to transform a regular and stable
anisotropic element K onto its reference configuration K, which is regular and
stable in the sense of Sect. 2.2, see also Remark 3.12.

Lemma 3.21 (Anisotropic Trace Inequality) Ler K € %, be a polytopal element
of a regular and stable anisotropic mesh J¢, with edge (d = 2) or face (d = 3)
F € %, F C OK. It holds

|F| _
il <c K| (||v||%2(,<) + ||AKTVv||%2(K)) :

where the constant ¢ only depends on the regularity and stability parameters of the
mesh.

Proof In order to prove the estimate, we make use of the transformatlon (3.8) to the
reference configuration K with? = voF¢! x »atrace inequality on K, see Lemma3.3,
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as well as of (3.10), (3.11) and hl%d < |I/{\|’1 = 1. These tools yield

o2, 5

|F| L (F)

IFl ) 12 2

< 7 (10T 2, + R P )

< clFIng (1912, 2, + h% 102 5 )

2
||U||L2(F) =

< clF| (1912

IF]
¢ et (PIac + 14T Vol qe)) -

+1IVolI?

La(K) L (K))

O

Remark 3.22 1f we plug in the definition of A = agxAg/*UJ, we have the
anisotropic trace inequality

|F| 172
ol <€ g (113, + o APUE V013, ) -

Obviously, the derivatives of v in the characteristic directions ug ; are scaled by
the characteristic lengths Al/ 2, j = 1,...,d of the element K. This seems to be
appropriate for functions w1th anisotropic behaviour which are aligned with the

mesh.

For later comparisons with other methods, we bound the term |F|/|K| in case
of F C 0K. Let zg be the midpoint of the circle/ball in Definitions 2.1 and 2.11,
respectively, of the regular and stable reference configuration K. Obviously, it is
|K| > |P| for the d-dimensional pyramid P with base side F' and apex point
Sgl(zg), since P C K due to the linearity of §x. Denote by kp r the hight of

this pyramid, then it is | P| = é | F|hp, r and we obtain

|F| _
<chp (3.13)
IK]
In the derivation of approximation estimates, the Poincaré constant also plays a
crucial role on anisotropic meshes. This constant is given in (3.4).

Lemma 3.23 Let %), be a regular and stable anisotropic mesh, w, and wg be
neighbourhoods as described in Sect. 3.1, and K € J¢, with K C w,. The Poincaré
constants Cp(@,) and Cp (@) for the mapped patches w, = Fg(wz) as well as
ok = §k(wk), can be bounded uniformly depending only on the regularity and
stability parameters of the mesh.
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Proof According to Lemma 3.15 and Proposition 3.17, the patches @, and wg
consist of regular and stable polytopal elements. Thus, we utilize Lemma 3.5 on
the mapped patches and the statement follows. O

Next, we derive a best approximation result on patches of anisotropic elements.

Lemma 3.24 Let %), be a regular and stable anisotropic mesh with node 7 € N},
and element K € J¢,. Furthermore, let w, and wg be the neighbourhood of z
and K, respectively, and we assume K C w,. For w € {w,, wk} it holds

-7
lv—IuvllL, ) < c 1Ay VVllLy ()

and furthermore
1/2
= Movllyw <c| D 1AL Vol,&y | -
K'eJth:K'Co
where the constant ¢ only depends on the regularity and stability parameters of the

mesh.

Proof We make use of the mapping (3.8) and indicate the objects on the mapped
geometry with a tilde, e.g., @ = Fk (o). Furthermore, we exploited that the mapped
L-projection coincides with the L;-projection on the mapped patch, consequently
I,v = IT3V. This yields together with Lemma 3.23

1/2 =~ ~
lv = MovliLyw) = 1K1Y 10 = M0l ,@)

IA

cha K1V 0] g s
= chz K" IV¥) @)

= chg 1A% VolLyw) -

The term Ay is uniformly bounded according to Lemma 3.20, and thus the first
estimate is proven.
In order to prove the second estimate, we employ the first one and write

-T -T
lv = MovllT, ) < c 1A Vol =c D>, IAx Vol -
K'ep:K'Cw

Therefore, it remains to estimate ||A}TVU||L2(K/) by ||A;<T V||, k) for any ele-
ment K’ C w. We make use of the mesh regularity and stability, see Definition 3.13,



90 3 Interpolation of Non-smooth Functions and Anisotropic Polytopal Meshes
and proceed similar as in the proof of Lemma 3.15.
lAx " Vollykry = ZI; ot (1 + 2K K A V2 RE KU TV 0l 1, (k01
= ool (4 KN AU RS0l
_ ZI;’ o, (1+AK K)1/2A1/2UT (RK K)TU A71/2 1/2UK/VU||L2(K’
< I+ ARV AZUL RS TU A Pl A T Vel

where we substituted AET = _1A1/ 2U T,. Finally, we have to bound the ratio

ok’ /ak and the matrix norm. Accordlng to the choice (3.9) and Lemma 3.20, it is

(aK,>2 KIS ey KT (4 85Kk
LN vy KT

I
< (e, =

’

and for the matrix norm, we have
17+ A2 ALZU L RE Y TUR AP
K',K\1/2 1/2 K' K —1/2
<N+ A% ") allAg Ug (R -n' Uk A"+ 112
<V1+es(l+cp),

that finishes the proof. O

Remark 3.25 Inthe previous proof, we have seen in particular that for neighbouring
elements K, K’ C wg, it is

-T T
lAg VvullL,ky < c llAg Vol

with a constant depending only on the regularity and stability of the mesh.

3.4.4 Quasi-Interpolation of Anisotropic Non-smooth
Functions

In this section, we consider the quasi-interpolation operators from Sect.3.3 on
anisotropic polygonal and polyhedral meshes. The analysis relies on the mapping to
the reference configuration of regular and stable anisotropic polytopal elements as
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in [181]. Earlier results for quasi-interpolation operators on anisotropic simplicial
meshes can be found in [10, 79, 119], for example. Some comparisons are also
drawn in the following.

The general form of the Clément and to Scott—Zhang operator is given in (3.6)
forv e HY(2), namely

Jv= Z Iy )V € Vi,
ze N

where the set of nodes .#; and the neighbourhoods w (1) are chosen accordingly.
We point out, that the results of this section stay valid if we replace the basis
functions ¥, by w;ef, which have been discussed in Sect.3.4.2. In this case the
quasi-interpolation operator maps into the approximation space defined with the
help of the reference configurations, i.e. J : H'(2) — V}fef. In the forthcoming

proofs, we only employ the properties (3.12) which are shared by V}, and V}fef.

3.4.4.1 Clément-Type Interpolation

The Clément interpolation operator J¢ is defined by (3.6) with AL = A5, \ A4.p
and o () = w,, see Sect. 3.3.1 for details. For v € H),(£2), itis Jcv € H}(R2)
by construction.

Theorem 3.26 Let ¢}, be a regular and stable anisotropic mesh and K € J&,.
The Clément interpolation operator satisfies for v € H$ (£2) the interpolation error
estimate

v = JevllLyx) < e lAR T Voll Ly »
and for an edge/face F € #(K) \ Fu.p

1/2
-7

lv=TcvllLyrp) <c k|12 IAx Vol wr) »

where the constants ¢ only depend on the regularity and stability parameters of the

mesh.

Proof We can follow classical arguments as for isotropic meshes, cf. Theorem 3.7.
The main ingredients are the observation that the basis functions ¥, form a
partition of unity on K, and that they are bounded by one. Furthermore, anisotropic
approximation estimates, see Lemma 3.24, the anisotropic trace inequality in
Lemmata 3.21 and 3.20 and Remark 3.25 are employed. We only sketch the proof
of the second estimate.

The partition of unity property is used, which also holds on each edge/face F,
i.e. ) 4 y(r) ¥z = 1 on F. We distinguish two cases, first let A" (F) N A, p = 2.
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With the help of Lemmata 3.21 and 3.24, we obtain

Y W@ = o)y = Y. v = u,vlliye

lv—TJcvllL,(F)

ze N (F) ze N (F)
|F|1/? T 12
<c ) K12 (””_”wz”"%z(K)H'AK VU”%z(K))
ze N (F)
FIV2 T
<c Y 2 1A% Vol
ze N (F)

For the second case with A" (F) N A, p # &, we find

lv=3cvlym < Y, IWa@—To)lye + Y. IWallwvliye -
ze N (F) ze N (F)N\My,p
(3.14)

The first sum has already been estimated, thus we consider the term in the second
sum. Forz € A (F) N M. p, i.e. z € I'p, there is an element K’ C w, and an
edge/face F' € F#(K') suchthatz € A (F') and F' € %, p. Since v vanishes on
F’, Lemmata 3.21 and 3.24 as well as Remark 3.25 yield

[y,v| = [F'| 72 v = vl L,y < 1K 172 1A VIl (0y) -

Because |K'|/| K | is uniformly bounded according to Lemma 3.20, we obtain

| |1/2

12T, 0|l Ly (Fy < [Ty 0] 1Vl Locry | FIY? < € 1A Vol Ly, -
|K|1/2

Finally, since the number of nodes per element is uniformly bounded according to
Proposition 3.18, this estimate as well as the one derived in the first case applied
to (3.14) yield the second interpolation error estimate in the theorem. O

Remark 3.27 1In the case of an isotropic polytopal element K with edge/face F it is
A %...%)\dfvhz , andthus og ~1.

Therefore, we obtain from Theorem 3.26 with AI}T = a;(l A%z Ul;r that

~ T
lv—TcvllLyk) < chk [Ug VullLywg) = chk [Vl g1y

and
|F|1/2

T 1/2
|K|1/2 ”UKVUHLz(a)F) =< ChF |v|Hl(a)F) s

lv—TcvllL,m <c
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since |F| < h‘fv*l as well as |K| > ch?( and hg < chpf in consequence of
the regularity and stability, cf. Remark 3.12. Obviously, we recover the classical
interpolation error estimates for the Clément interpolation operator, cf. Theorem 3.7.

In the following, we rewrite our results in order to compare them with
the work of Formaggia and Perotto [79]. It is A}T = a,}lAzzU;(— with

Uk = (ug.1, ...,k q). Thus, we observe

d
-T 2 _ =2 . . 2
1A VUL p) = 2k D Ak UK+ VI, 0p) -
Jj=1

and since uK,j-Vv:]Rd — R, we obtain

||uK,j-Vv||% or) = u} Vv(Vv)TuKJ dx:u; Gg(v)ug

2( K) , ] ]
K'Cog K
with
dv Jv ¢ dxd T
Gk = ) o o 9% eR™ | x=(x1,...,xq)
Kicox WK ONIX S =1

Therefore, we can deduce from Theorem 3.26 an equivalent formulation.

Proposition 3.28 Letr %), be a regular and stable anisotropic mesh and K € ).
The Clément interpolation operator satisfies for v € Hé (£2) the interpolation error
estimate

., 12
lv—="Tcvllr,x) SC(J{I_(I Z)\K,ju—,;j Gg(v)ug j )
j=1
and for an edge/face F € F(K) \ Fn.p
1/2
- L IFI2 T /
lv—TJcvliLyF) < cag K12 Z)»K,j ug ; Gg()ug,j ,
=1

where the constant c only depends on the regularity and stability parameters of the
mesh.

Now we are ready to compare the interpolation error estimates with the ones
derived by Formaggia and Perotto. These authors considered the case of anisotropic
triangular meshes in two-dimensions, i.e. d = 2. The inequalities in Proposi-
tion 3.28 correspond to the derived estimates (2.12) and (2.15) in [79] but they are
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valid on much more general meshes. When comparing these estimates to the results
of Formaggia and Perotto, one has to take care on the powers of the lambdas. The
triangular elements in their works are scaled with A; x, i = 1, 2 in the characteristic
directions whereas the scaling in this section is )\}ﬁ, i=1,2.

Obviously, the first inequality of the previous proposition corresponds to the
derived estimate (2.12) in [79] up to the scaling factor a}l. However, for convex

elements the assumption
ag ~ 1, ie., |K|~ Ak 1hk 2

seems to be convenient, since this means that the area |K| of the element is
proportional to the area 71\/ A K,l\/ Ak 2 of the inscribed ellipse, which is given by
the scaled characteristic directions of the element.

In order to recognize the relation of the second inequality under these assump-
tions, we estimate the term |F|/|K| by (3.13) and by applying hp r > A}(/Zz This
yields

1/2
~ 1 T T 12
lv—TcvllL,F) <c /2 <)\K,l ug  Gxug, 1+ rig2ug , Gg (V) “K,Z) ,
K2

and shows the correspondence to [79], since hx and Aj g are proportional in the
referred work.

3.4.4.2 Scott-Zhang-Type Interpolation

The Scott—Zhang interpolation operator Jsz : H L(2) - V, is defined by (3.6)
with A, = A and w(Y;) = Fz, where F, € % is an edge (d = 2) or face (d = 3)
with z € F, and

F,CcIlpifzelp and F,CcQUIlyifze QUIy.

By construction, it is Jszv € HLI)(Q) for v € Hé(!?), such that homoge-
neous Dirichlet data is preserved. We have the following local stability result on
anisotropic meshes.

Lemma 3.29 Let %), be a regular and stable anisotropic mesh and K € J%,. The
Scott—Zhang interpolation operator satisfies for v € H'(§2) the local stability

-T
13520026 = € (Il Lot + 14K Vol )

where the constant ¢ only depends on the regularity and stability parameters of the
mesh.
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Proof The proof is analog to the isotropic version in Lemma 3.8. The difference
is that the anisotropic trace inequality Lemmata 3.21 and 3.20, Remark 3.25 and
Proposition 3.18 are used. For details see [181]. O

Theorem 3.30 Let %), be a regular and stable anisotropic mesh and K € . The
Scott—Zhang interpolation operator satisfies for v € H'(§2) the interpolation error
estimate

~ —-T
lv—TszvllL,k) < 1A% Vv, k) »

where the constant c only depends on the regularity and stability parameters of the
mesh.

Proof For p = I, v € Ritis obviously p = Jszp and Vp = 0. The estimate in
the theorem follows by Lemma 3.29 and the application of Lemma 3.24, since

lv —TszvllL,k) < v = pllLyk) + 1Tsz(v — P llL, k)

IA

¢ (10 = Pl + 14K Volap)

IA

T
cllAgx VullLy(wx) -

3.4.5 Interpolation of Anisotropic Smooth Functions

In the previous section, we considered quasi-interpolation of functions in H'!(£2).
However, we may also address classical interpolation employing point evaluations
in the case that the function to be interpolated is sufficiently regular as in Sect. 2.4.
This is possible for functions in H2(£2). In the following, we consider the pointwise
interpolation of lowest order with k = 1 into the approximation space V}fef on
anisotropic meshes. V}f‘*f has been discussed in Sect.3.4.2 and its basis functions
w;ef are constructed such that ;/;;ef coincide on the reference configuration K with
the usual harmonic basis functions from Sect.2.3. The interpolation operator is
given as

Tpv = Z v(z) Yt e vt (3.15)
ze N,

for v € H?(£2), on anisotropic meshes. In the analysis, it is sufficient to study the
restriction of J, : H2(2) — V}fef onto a single element K € %, and we denote

this restriction by the same symbol

T HA(K) — Vi
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Furthermore, we make use of the mapping to and from the reference configuration,
cf. (3.8). As earlier, we mark the operators and functions defined over the reference
configuration by a hat, as, for instance, v = v o 3}1 : K — K. We have already

used Vv = ag UKAEI/?V\T)‘, and by employing some calculus we find

H®) = a2 APUR H) Uk AL (3.16)
where H (v) denotes the Hessian matrix of v € H?(£2) and H (V) the corresponding
Hessian on the reference configuration. Additionally, we observe the relation
between the 1nterpolat10n Jnv transferred to the reference configuration K and the
interpolation 3 v defined directly on K. Namely, it is

o~

Jnv =40, (3.17)

since only function evaluations in the nodes are involved and the mapped basis
functions coincide with the basis functions defined directly on K, see Sect.3.4.2.
Furthermore, the interpolation jh coincides with the pointwise interpolation in
Sect. 2.4 since the functions Ilfret are harmonic. Thus, we can apply known results
for the interpolation error on the reference configuration.

First, we consider the scaling of the H!-seminorm when K is mapped to K.

Lemma 3.31 Let K € %, be a polytopal element of a regular and stable
anisotropic mesh J¢y,. For v € HY(K), itis

d . d—1
nj=2 )‘K,J |ﬁ|2 < |v|2 < 1_[]=1 AK, J |ﬁ|2 _
AR 1 HY(K) = ""THY(K) = AK HY(K) *

Proof Applying the transformation to the reference configuration yields

—1/2
0 = IV0I3, k) = IK] ek Uk A V012 o

128 2

= |Klag 1A V017, &, |K|aKZ)\ ax, L(I?).
2
Since Ag.1 > ... > Ak 4, we obtain

Kl o o < e, < N
ey @ = Whaao =0 Wig)

Due to the choice (3.9) for ag, it is |K|a%<
proof.

= \/ ]_[?=1 Ak, j, that completes the

O
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Next, we address the interpolation error. Therefore, we use the convention that
H(K) = Ly(K).

Theorem 3.32 Let K € %}, be a polytopal element of a regular and stable
anisotropic mesh . For v € Hz(Q), itis

d
v = Tnvl3e gy < cagt Se(K) Y Akirk jLi(ug i ug j; v)
ij=1
with
1, fort =0,
— d—1
Se(K) = 1 ]_[j=1 AK,j B
, fort =1,
IK| AK.d
where

2
LK(uK,,-,uK,,-;v)zf (u—lgl-H(v)uK,j) dx fori,j=1,....d.
K

and the constant ¢ only depends on the regularity and stability parameters of the
mesh.

Proof Property (3.17) together with the scaling to the reference configuration and
Lemma 3.31 as well as (3.10) yield for £ = 0, 1

|U - JhU|HZ(K) S |K| SZ(K) |U - thlHZ(f)

2(2—0) ~2
< ch VK| SU(K) [0z,

< clK| Se(K) [0l3n 2, -

where the interpolation estimate in Theorem 2.27 has been applied on K. Next, we

transform the H?-semi-norm back to the element K. Employing the mapping and
the relation (3.16) gives

D@ = /A IH® 17 d%
K

—4
(%4 1/2 1/2
= |§| /KHAK/ Ug H)Ug A% dx
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where || - || r denotes the Frobenius norm of a matrix. A small exercise yields
d 2
1/2 1/2
1A PUEH@UK AR = Y dxcirk (uk Houk,)
ij=1

and consequently

—4 d
B2, o = 9K Ak,irk, jLx(ug i, ug j; v)
H2(K) — |K| K,irK, jLK\UK i, UK, j, .
i,j=1
Combining the derived results yields the desired estimates. O

For the comparison with the work of Formaggia and Perotto developed in two-
dimensions, we remember that their lambdas behave like A; g ~ \/A Ki i =12
Employing the assumption g ~ 1 raised in the comparison of Sect. 3.3.1, we find

VAk.1/Ak2 1
K| ko

Therefore, we recognize that the estimates in Theorem 3.32 match the results of
Lemma 2 in [79], but on much more general meshes.

3.4.6 Numerical Assessment of Anisotropic Meshes

In the introduction of Sect. 3.4, we already mentioned that polygonal and polyhedral
meshes are much more flexible in meshing than classical finite element shapes. This
is in particular true for the generation of anisotropic meshes. In this section we give
a first numerical assessment on polytopal anisotropic mesh refinement. We propose
a bisection approach that does not rely on any initially prescribed direction and
which is applicable in two- and three-dimensions. Classical bisection approaches
for triangular and tetrahedral meshes do not share this versatility and they have to
be combined with additional strategies like edge swapping, node removal and local
node movement, see [152].

Starting from the local interpolation error estimate in Theorem 3.26, we obtain
the global version

1/2

=T 2
lv=3cvliye <c| D 1AL VoIl k)
Keut,
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by exploiting Remark 3.25 and Proposition 3.18. As in the derivation of Proposi-
tion 3.28, we easily see that

d
: 2 -2 T
n= Z nx  with  pg =g Z)\K,j ug ;G ug j
Keuty j=1

and

dv 9 d
};@):([ voov dx) eR | x=(x1,....xa)"
K

dx; 9 ij=1

is a good error measure and the local values ng may serve as error indicators
over the polytopal elements. This estimate also remains meaningful on isotropic
polytopal meshes, cf. Remark 3.27. In the case that v € H!(£2) and its derivatives
are known, we can thus apply the following adaptive mesh refinement algorithm:

1. Let 2% be a given initial mesh and £ = 0.

2. Compute the error indicators ng and n with the knowledge of the exact function v
and its derivatives.

3. Mark all elements K for refinement which satisfy ng > 0.95n/+/|#;|, where
| #¢| is the number of elements in the current mesh.

4. Refine the marked elements as described below in order to obtain a refined mesh
K.

5. Goto 2.

In step 3, we have chosen a equidistribution strategy which marks all elements for
refinement whose error indicator is larger than the mean value. The factor 0.95 has
been chosen for stabilizing reasons in the computations when the error is almost
uniformly distributed. For the refinement in step 4, we have a closer look at the first
term in the sum of ng, which reads

up, G ug

K,1 ’
s
K,1 K’l

because of [ug 1| = 1. Since Ag 1 > Ak 4 for anisotropic elements, the refinement
process should try to minimize the quotient such that the whole term does not
dominate the error over K. Obviously, we are dealing here with the Rayleigh
quotient, which is minimal if ug ; is the eigenvector to the smallest eigenvalue of
G’ (v). As consequence, the longest stretching of the polytopal element K should
be aligned with the direction of this eigenvector. In order to achieve the correct
alignment for the next refined mesh, we may bisect the polytopal element orthogonal
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to the eigenvector which belongs to the largest eigenvalue of G% (v). Thus, we
propose the following refinement strategies:

ISOTROPIC The elements are bisected as introduced in Sect. 2.2.3, i.e., they are
split orthogonal to the eigenvector corresponding to the largest eigenvalue of
Mcov(K).

ANISOTROPIC In order to respect the anisotropic nature of v, we split the
elements orthogonal to the eigenvector corresponding to the largest eigenvalue
of G} (v).

Both refinement strategies do not guaranty the regularity of the meshes since there
is no control on the edge lengths due to the naive bisection. This might be imposed
additionally in the realization, but the approach also works well in the forthcoming
tests without this extra control.

For the numerical experiments we consider £2 = (0, 1)? and the function

v(x1, x2) = tanh(60x2) — tanh(60(x; — x2) — 30) , (3.18)

taken from [109], which has two sharp layers: one along the xj-axis and one along
the line given by x, = x; — 1/2. The function as well as the initial mesh is depicted
in Fig. 3.5. We apply the BEM-based FEM as usual, although the local BEM solver
is not tailored for the anisotropic elements. For the details on the realization see
Chap. 4.

Test 1: Mesh Refinement

In the first test we generate several sequences of polygonal meshes starting from
an initial grid, see Fig. 3.5 right. These meshes contain naturally hanging nodes and
their element shapes are quite general. First, the initial mesh is refined uniformly,

Fig. 3.5 Visualization of function with anisotropic behaviour (left) and initial mesh (right)
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Fig. 3.6 Mesh after six uniform refinement steps using the ISOTROPIC strategy and zoom-in

i.e., all elements of the discretization are bisected in each refinement step. Here, the
ISOTROPIC strategy is performed for the bisection. The mesh after six refinements
as well as a zoom-in is depicted in Fig. 3.6. The uniform refinement clearly generates
a lot of elements in regions where the function (3.18) is flat and where only a few
elements would be sufficient for the approximation.

Next, we perform the adaptive refinement algorithm as described above for the
different bisection strategies. The generated meshes after 6 refinement steps are
visualized in Figs. 3.7 and 3.8 together with a zoom-in of the region where the two
layers of the function (3.18) meet. Both strategies detect the layers and adapt the
refinement to the underlying function. The adaptive strategies clearly outperform
the uniform refinement with respect to the number of nodes which are needed to
resolve the layers. Whereas the ISOTROPIC strategy in Fig.3.7 keeps the aspect
ratio of the polygonal elements bounded, the ANISOTROPIC bisection produces
highly anisotropic elements, see Fig. 3.8. These anisotropic elements coincide with
the layers of the function very well.

Finally, we compare the error measure 7 for the different strategies. This value
is given with respect to the number of degrees of freedom, which coincides with
the number of nodes, in a double logarithmic plot in Fig.3.9. The error measure
decreases most rapidly for the ANISOTROPIC strategy and consequently these
meshes are most appropriate for the approximation of the function (3.18). The
convergence order for n has not been studied analytically, however, we observe
faster decrease for the ANISOTROPIC refinement in this test for the considered
range. This behaviour might result from a pre-asymptotic regime. A slope of 1/2
for d = 2 corresponds to linear convergence in finite element analysis.
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Fig. 3.7 Mesh after six adaptive refinement steps for the ISOTROPIC strategy and zoom-in
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Fig. 3.8 Mesh after six adaptive refinement steps for the ANISOTROPIC strategy and zoom-in

Test 2: Mesh Properties

We analyse the meshes more carefully. For this purpose we pick the 13th mesh
of the sequence generated with the ISOTROPIC and the ANISOTROPIC adaptive
refinement strategy. In Sect. 3.4.1, we have introduced the ratio Ag 1/Ak 2 for the
characterisation of the anisotropy of an element. In Fig.3.10, we give this ratio
with respect to the element ids for the two chosen meshes. For the ISOTROPIC
refined mesh the ratio is clearly bounded by 10 and therefore the mesh consists of
isotropic elements according to our characterisation. In the ANISOTROPIC refined
mesh, however, the ratio varies in a large interval. The mesh consists of several
isotropic elements, but there are mainly anisotropic polygons. The ratio of the most
anisotropic elements exceeds 10° in this example.
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Next we address the scaling parameter ax in these meshes. In the comparison of
the derived estimates with those of Formaggia and Perotto [79], it has been assumed
that o ~ 1. In Fig.3.11, we present a histogram for the distribution of ax in
the two selected meshes. As expected the values stay bounded for the ISOTROPIC
refined mesh. Furthermore, o stays in the same range for the ANISOTROPIC
refinement. In our example, all values lie in the interval (0.28, 0.32) although we
are dealing with elements of quite different aspect ratios, cf. Fig. 3.10.

Test 3: Interpolation Error

In the final test we apply the pointwise interpolation into the space V), to the
function (3.18) over the meshes generated in this section. The convergence of the
interpolation is studied numerically for the different sequences. We consider the
interpolation error in the Lp-norm. In Fig.3.12, we give |[v — Jpvliz,(2) with
respect to the number of degrees of freedom in a double logarithmic plot, where
Ty H2(§2) — Vj, is defined as in Sect.2.4. Since v € H?(£2) in this experiment,
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Fig. 3.11 Histogram for the 350 . . . . . .
distribution. of ag for the ISOTROPIC xxxt r~
13th mesh in the sequence 300 | ANISOTROPIC Rxxxxx :0‘4 E
with ISOTROPIC and %
ANISOTROPIC adaptive . 250 L K9 |
refinement = o2
E oy
S 200 X3
O] KJ
s %
g R
g 100 o
- ’:.:‘ -
% o
X o
50 | 5 3
s o
< PSS
0 & :’:: el R&] ”g
0.285 029 0295 03 0305 031
range of ok
Fig. 3.12 Convergence graph 100 : : _ :
of the L,-error of pointwise quadratic conv. ———
interpolation with respect to uniform —e
isotropic ----- v

the number of degrees of
freedom for the different
refinement strategies

anisotropic

Ly-error

102 103 10* 10°

degrees of freedom

we expect quadratic convergence with respect to the mesh size on the sequence of
uniformly refined meshes. This convergence rate corresponds to a slope of one in the
double logarithmic plot in two-dimensions. In Fig. 3.12, we observe that the uniform
refinement reaches indeed quadratic convergence after a pre-asymptotic regime.
The optimal rate of convergence is achieved as soon as the layers are resolved
in the mesh. On the adaptively generated meshes, however, the interpolation error
converges with optimal rates from the beginning. We can even recognize in Fig. 3.12
that the ANISOTROPIC refined meshes outperform the others. The layers are
captured within a few refinement steps. Therefore, the error reduces faster than for
the ISOTROPIC refined meshes before it reaches the optimal convergence rate.
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Let us compare the seventh meshes in the sequences which are obtained after six
refinements and which are visualized in Figs. 3.6, 3.7, and 3.8. For the uniformly
refined mesh we have 2709 nodes and it is [[v — Jpvllp,2) &~ 3.17 x 1072,
The adaptively refined mesh using ISOTROPIC bisection contains only 363 nodes
but yields a comparable error |[v — Jpvllr,(2) ~ 3.49 x 10~2. The most
accurate approximation is achieved on the ANISOTROPIC refined mesh with
lv — Jnvllr, ) =~ 2.04 x 1072 and only 189 nodes. A comparable interpolation
error to the other refinement strategies is obtained on the fifth mesh of the sequence
of ANISOTROPIC refined meshes. This mesh consists of 108 nodes only.
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