Chapter 2 )
Finite Element Method on Polytopal Shethie
Meshes

The finite element method (FEM) is a powerful tool for the approximation of
boundary value problems, which is widely applied and accepted in science and
engineering. The approach relies on the decomposition of the underlying domain
into elements and the construction of a discrete approximation space over the given
discretization. The BEM-based finite element method can be seen as a generaliza-
tion in order to handle more general elements in the mesh. This chapter contains a
discussion of polygonal as well as polyhedral meshes and the construction of basis
functions for the approximation space over these general meshes. The formulation
of the BEM-based FEM is obtained by means of a Galerkin formulation and its
convergence and approximation properties are analysed with the help of introduced
interpolation operators. Numerical experiments confirm the theoretical findings.

2.1 Preliminaries

The approximation space in the BEM-based finite element method is defined in
accordance with the underlying differential equation of the considered boundary
value problem. For this presentation, we choose the diffusion problem with mixed
boundary conditions on a bounded polygonal/polyhedral domain 2 ¢ R?,d = 2, 3.
Its boundary I = I'p U 'y is split into a Dirichlet and a Neumann part, where
we assume |I'p| > 0. Given a source term f € L»(82), a Dirichlet datum
gp € HI/Z(FD) as well as a Neumann datum gy € Ly(Iy), the problem reads

—div@Vu) = f in$2,
u=¢gp OHFD, (2.1)

aVu-n=gy only,
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where a € Loo(82) with 0 < apin < a < amax almost everywhere in £2 and n is
the outward unit normal vector on I". This boundary value problem is considered
in the week sense with the help of a Galerkin formulation. Thus, we seek a solution
ue H 1(.Q), where we denote, as usual, the Sobolev spaces of order s € R with
H?® (D) for some domain D C §2, cf. Sect. 1.3. Furthermore, we utilize the space
of polynomials 27%(D) with degree smaller or equal k € Ny with the convention
that 2~ 1(D) = {0}. Here, D might also be a one- or two-dimensional submanifold
of £2. For simplicity, we assume in the first part that the diffusion coefficient a is
piecewise constant and its jumps are resolved by the meshes later on. Nevertheless,
we will also give a strategy for the more general situation of continuously varying
diffusion coefficients. Our goal is to introduce a H'-conforming approximation
space of arbitrary order k € N which yields optimal rates of convergence in the finite
element framework. In all estimates, ¢ denotes a generic constant that depends on the
mesh regularity and stability, the space dimension d and the approximation order k.
The following discrete approximation of H'(§2) is constructed but not limited to the
diffusion equation. It can also be applied to other boundary value problems where
H'-conforming approximations are desirable.

2.2 Polygonal and Polyhedral Meshes

For the finite element method, we have to introduce a discretization %, of £2. In
this section, we distinguish the two- and three-dimensional case 2 C R? ,d=2,3.
In contrast to classical conforming finite element methods, we allow meshes
with general polygonal and polyhedral elements which are bounded. Examples
of such meshes are given in Fig.2.1. If we do not distinguish between the space
dimension d, we call the meshes and the elements polytopal. The elements K € %},

Fig. 2.1 Two examples for meshes with polygonal and polyhedral elements



2.2 Polygonal and Polyhedral Meshes 19

Zp

N

[ ] 4 :PK \ E =17z,

z
d o

Fig. 2.2 Two examples of neighbouring elements with additional nodes on the straight boundary

are non-overlapping open sets such that

2=|J k.

Keo,

The boundaries of the elements consist of nodes and edges in 2D as well as of
faces in 3D. An edge E = z,z, is always located between two nodes, the one at the
beginning z;, and the one at the end z.. These points are fixed once per edge and they
are the only nodes on E. In each corner of an element K, a node is located, but in
2D there could also be some nodes on straight lines of the polygonal boundary 9 K,
cf. Fig. 2.2. We stress this fact more carefully. If we have a triangle with three nodes
and we add some nodes on the boundary, this triangle turns formally into a polygon.
These additional nodes enrich the approximation space in the finite element method.
In this context, nodes on straight lines are natural since they are just ordinary nodes
for polygons. In triangular or quadrilateral meshes these nodes appear as hanging
nodes which are undesirable and do not influence the accuracy of the approximation.
In classical finite element implementations, such hanging nodes have to be treated
in a special way as conditional nodes or by removing them. Methods working
on polygonal meshes include such nodes naturally. In 3D, hanging nodes appear
naturally on edges of the polyhedral elements and one may have hanging edges
on the polygonal faces. The polygonal faces are assumed to be flat and they are
surrounded by edges which are coplanar.

For the later analysis, we need some notation. .4} denotes the set of all nodes in
the mesh 7. Itis A, = .0 U A4, p U Ny N, Where S @, A4, D, Nk N contain
the nodes in the interior of £2, on the Dirichlet boundary I'p and on the interior of
the Neumann boundary I'y, respectively. The transition points between I'p and I'y
belong to .4}, p. We denote the set of all edges of the mesh with &j,. In analogy to
the set of nodes, we decompose &, = &, U . p U N, Where &), o, &, p and
&y, N contain all edges in the interior of §2, on the Dirichlet boundary I'p and on
the Neumann boundary Iy, respectively. In 3D, we additionally have the set of all
faces ), = Fp.o U Fp p U .Zp, y with subsets analogous as before. Moreover,
the sets A4 (K), A4 (E) and 4 (F) contain all nodes which belong to the element
K € 4, the edge E € & and the face F € %), respectively. We denote the set of
edges which belong to the element K by &(K) and those which belong to a face F
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by &(F). The set .% (K) contains finally the faces of an element K. The union of
the boundaries of all elements

s = U K

Keoy

is said to be the skeleton of the discretization.

2.2.1 Mesh Regularity and Properties in 2D

The length of an edge E and the diameter of an element K are denoted by A g and
hx = sup{|x — y| : x, y € 0K}, respectively.

Definition 2.1 (Regular Mesh in 2D) The family of meshes ./, is called regular
if it satisfies:

1. Each element K € J#, is a star-shaped polygon with respect to a circle of
radius px and midpoint zg .

2. The aspect ratio is uniformly bounded from above by o, i.e.
hx/pk < oy forall K € J%,.

The circle in the definition is chosen in such a way that its radius is maximal, cf.
Fig.2.2. If the position of the circle is not unique, its midpoint zx is fixed once
per element. Additionally, we assume that hg < 1 for all elements K € 7.
This condition is no grievous restriction on the mesh since hx < 1 can always
be satisfied by scaling §2. Nevertheless, it is necessary in the forthcoming local
boundary integral formulations in 2D.

For the analysis of local boundary element methods used in the BEM-based
FEM and some proofs in Chap. 5, the regularity of a mesh is not enough. Another
important property is that the diameter of an element is comparable to the length of
its shortest edge. This is ensured by the following definition.

Definition 2.2 (Stable Mesh in 2D) The family of meshes .7}, is called stable if
there is a constant ¢z > 0 such that for all elements K € %, and all its edges
E € &£(K) it holds

hg <cyhg.

When we consider convergence or error estimates with respect to the mesh size
h = max{hg : K € J,}, it is important that the constants in the definitions above
hold uniformly for the whole family of meshes. For convenience we only write mesh
and mean a whole family for 7 — 0.

In the following, we give some useful properties of regular meshes. An important
analytical tool is an auxiliary triangulation .7, (K) of the elements K € #;,. This
triangulation is constructed by connecting the nodes on the boundary of K with
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Fig. 2.3 Auxiliary
triangulation 7, (K) of
star-shaped element K,
altitude 1, = alt(Tg, E) of
triangle Tg € 95, (K)
perpendicular to £ and angle
B = /zxzpz, as well as
triangle T € J5,(K) with
isosceles triangle Tf;,"
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the point zx of Definition 2.1, see Fig.2.3. Consequently, .7}, (K) consists of the
triangles Tg for E = zpz, € &(K), which are defined by the points z;, z, and zg .

Lemma 2.3 Let K be a polygonal element of a regular and stable mesh J¢),. The
auxiliary triangulation 95,(K) is shape-regular in the sense of Ciarlet [58], i.e.,
neighbouring triangles share either a common node or edge and the aspect ratio of
each triangle is uniformly bounded by some constant o 7, which only depends on
oy and cy .

Proof Let Tg € 95, (K) be a triangle with diameter A7, and let pr, be the radius of
the incircle. It is known that the area of T is given by |Tg| = £|3TE|,OTE, where
|0TE| is the perimeter of Tg. Obviously, it is [0Tg| < 3h7,. On the other hand,
we have the formula |Tg| = ;hEha, where h, = alt(Tg, E) is the altitude of the
triangle perpendicular to E, see Fig.2.3. Since the element K is star-shaped with
respect to a circle of radius pg, the line through the side E € & of the triangle does
not intersect this circle. Thus, 7, > pg and we have the estimate |Tg| > ;h EPK-
Together with Definition 2.1, we obtain

h AT 3h7 hi
Te _ 10Te|hT, < T <3chop ZE <3cyoy =07.
P 2|T| hepk h%
O
In the previous proof, we discovered and applied the estimate
|Tg| > JhEpk (2.2)

for the area of the auxiliary triangle. This inequality will be of importance once
more. We may also consider the auxiliary triangulation 7,(.#},) of the whole
domain §2 which is constructed by gluing the local triangulations .7, (K). Obvi-
ously, .75, () is also shape-regular in the sense of Ciarlet. Furthermore, the angles
in the auxiliary triangulation .7, (K) next to K can be bounded from below. This
gives rise to the following result.
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Lemma 2.4 Let ¢, be a regular polygonal mesh. There is an angle oy with
0 < ayy < m/3 such that for all elements K € %, and all its edges E € &(K)
the isosceles triangle Téso with longest side E and two interior angles oy lies
inside Tg € J5,(K) and thus inside the element K, see Fig.2.3. The angle oy only
depends on oy .

Proof Let Tg € J,(K). We bound the angle 8 = /zxzpz, in Tg nextto E = zpz,
from below, see Fig. 2.3. Without loss of generality, we assume that 8 < /2. Using
the projection y of zx onto the straight line through the edge E, we recognize

_ 1
snp= VT Sk Loy 2.3)

|zp —zx| — hx ~— ox

Consequently, it is § > arcsin oj_g,l. Since this estimate is valid for all angles next
to 0K of the auxiliary triangulation, the isosceles triangles T;°, E € &(K) with
common angle «.» = min{r/3, arcsin oj}l} lie inside the auxiliary triangles Tg
and therefore inside K. O

Remark 2.5 The upper bound of . is chosen in such a way that the longest side
of the isosceles triangle T is always the edge E. This fact is not important in the
previous lemma, but it simplifies forthcoming proofs.

Corollary 2.6 Let %, be a regular mesh. Every node belongs to a uniformly
bounded number of elements, i.e. |{K € &, 1z € N (K)}| < ¢, Vz € N} The
constant ¢ > 0 only depends on o .

Proof Due to the regularity of %}, every interior angle of an element is bounded
from below by & as we have seen in Lemma 2.4. This angle only depends on o_ .
Therefore, we have

|Me%%za/@M§{hJ,
%

where the term on the right hand side denotes the biggest integer smaller than or
equal to 2 /oy . O

Conversely, we have a more restrictive result, which additionally assumes the
stability of the mesh. Without the stability, the lengths of the edges might degenerate
and thus a regular polygonal element can have arbitrary many nodes on its boundary.

Lemma 2.7 Let %), be regular and stable. Every element contains a uniformly
bounded number of nodes and edges, i.e. |4 (K)| = |&(K)| < ¢, VK € .
The constant ¢ > 0 only depends on o and c .
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Proof We exploit the regularity of the mesh. Let K € %#,. In 2D it is obviously
| A (K)| = |&(K)|. With the help of (2.2), we obtain

Wy | N (K)| < o px hi|E(K)

IA

OX PKH Z cxhg
Eec&(K)

oxex Y, 2Tkl
Ec&(K)

IA

=20 cx |K]|

< 20;5/0;5//1%(.

Consequently, we have | A4 (K)| < 207 ¢ . O

The isosceles triangles and the auxiliary triangulation play an important role
in the analysis of error estimates later on. They are used in order to handle
polygonal elements and, in particular, to apply some results on interpolation of
functions over triangulations. Such results are applicable, if the polygonal mesh
is regular and stable, since then, the auxiliary triangulation is regular in the sense of
Ciarlet according to Lemma 2.3. However, in certain situations, we can weaken the
assumptions on the polygonal mesh and remove the stability. In [84], the following
result is proven with similar considerations as in the proof of Lemma 2.4 for convex
elements. However, the result is also valid in our more general case.

Lemma 2.8 For a regular mesh ¢y, all angles of all triangles in the auxiliary
triangulation J5,(%},) are less than m — arcsino_};,1 and, in particular, they are
strictly less than 7.

Proof We proceed similar as in the proof of Lemma 2.4. Therefore, let K €
be an element with edge E = 2,2z, and we consider the triangle Tz € 5, (K). It
is sufficient to bound the angle /z,zgz, and the larger angle of the others adjacent
to E, lets say /zpz.zk . It is easily seen form (2.3) that

/IpIg T < T — 2arcsina;£/1 .

In order to bound /z,z.zx we employ the point y once more which is the projection
of zx onto the line through E, see Fig.2.3. Without loss of generality we assume
/2p2o2g > /2 and thus 'y ¢ zpz.. It is

ly —zk| o PK 1

sin(w — /2pz.2x) = sin(/zgz.y) = > > .
|ze —2zx| — hx ~ ox

Applying arcsin yields /zpz,2g < 7 — arcsin oj_i,l and the result follows because of
arcsin a__%,l > 0Oduetooy > 0. |

An important consequence of this proposition is the following corollary.
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Corollary 2.9 Let K € %), be an element of a regular polygonal mesh . The
auxiliary triangulations 95, (K) and 95, (%) satisfy a maximum angle condition,
i.e., every angle in the triangles of the mesh is uniformly bounded from above by a
constant which is strictly less than . The maximum angle only depends on o .

Therefore, several approximation properties of finite element interpolation for linear
as well as for higher order basis functions are valid on this auxiliary discretization,
see [14, 114]. The constants appearing in those estimates depend on the maximum
angle and thus, on the aspect ratio o of the mesh %, but not on the stability
parameter ¢ .

2.2.2 Mesh Regularity and Properties in 3D

In addition to the diameter hg of an element K € %} and the edge length g of
E € &), we use the diameter & r of polygonal faces F € %, in the following.

Definition 2.10 (Regular Faces) A set of faces .7 is called regular if all faces
are flat polygons which are regular in the sense of Definition 2.1 with regularity
parameter o.#. The radius of the inscribed circle of F € %), is denoted by pr and
its center by zZf.

Definition 2.11 (Regular Mesh in 3D) The family of meshes %, is called regular
if it satisfies:

1. The associated set of faces .%), is regular.

2. Each element K € %, is a star-shaped polyhedron with respect to a ball of
radius px and midpoint zg .

3. The aspect ratio is uniformly bounded from above by o, i.e.
hx/pk < oy forall K € J%,.

The ball in the definition is chosen in such a way that its radius is maximal and, if
its position is not unique, the midpoint zx is fixed once per element. In contrast to
the two-dimensional case, we do not impose the restriction on the diameter of the
elements.

Definition 2.12 (Stable Mesh in 3D) The family of meshes .7}, is called stable if
there is a constant ¢z > 0 such that for all elements K € . and all its edges
E € &£(K) it holds

hg <cxyhg.

When we consider convergence or error estimates with respect to the mesh size
h = max{hg : K € J,}, it is important that the constants in the definitions above
hold uniformly for the whole family of meshes. As in the two-dimensional case, we
only write mesh in the following and mean a whole family for # — 0. The stability
ensures that for an element the lengths of its edges, the diameters of its faces and
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the diameter of itself are comparable. It yields
he <hp <hg <cxhe <cxhr

for K € #jandall F € #(K)and E € &(F).
Remark 2.13 For a regular and stable mesh .7}, it holds
he < c|F|, (2.4)

for K € 4, with F € .Z(K). This is a direct generalization of the stability
condition in two-dimensions, cf. Definition 2.2. Thus, (2.4) is valid for d = 2,3
if F is interpreted as edge and face, respectively. This inequality follows by

h2 h2
|Flzmppz=n § =m , %, .
Oz A

In the derivation of interpolation and error estimates, an auxiliary discretization
into tetrahedra will be the counterpart to the constructed triangulation in 2D. We
employ the introduced auxiliary triangulation from Sect. 2.2.1 in order to discretize
the polygonal faces and denote it by J(F) for F € %,. Note, that we have
chosen an index O instead of A. We introduce a family 7 (F) of triangulations,
where the meshes of level [ > 1 are defined recursively by splitting each triangle
of the previous level into four similar triangles, see Fig. 2.4. The set of nodes in the
triangular mesh is denoted by .#;(F). Obviously, the discretizations of the faces
can be combined to a whole conforming surface mesh of an element K € %, by
setting

0K = |J g ad 40K)= ) #4F).
FeZ(K) FeZ (K)

Finally, the auxiliary tetrahedral mesh .7 (K) of the polyhedral element K € %,
is constructed by connecting the nodes of the triangular surface mesh 77(d K') with

Fig. 2.4 Polyhedral element with surface triangulations of level / = 0, 1, 2
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the point zx. The tetrahedra constructed this way are denoted by T Although,
this auxiliary discretization may contain needle-like tetrahedra, their regularity
can be controlled by the mesh regularity and stability of the polyhedral mesh.
Combining the tetrahedral discretizations of the polyhedral elements forms an
auxiliary discretization .7; (%) for the whole domain 2. If the mesh level [ is not
important in later proofs and / = 0 is sufficient, we also write .7 (-) for Z(-) in
order to treat the two- and three-dimensional cases simultaneously.

Lemma 2.14 Let K be a polyhedral element of a regular and stable mesh J¢y,. The
auxiliary discretizations J;(K) and J;(), | > 0 are shape-regular in the sense
of Ciarlet [58], i.e., neighbouring tetrahedra share either a common node, edge or
triangular face and the aspect ratio of each tetrahedra is uniformly bounded by
some constant o, which only depends on o, 6.7, ¢y and the mesh level | in the
face discretization.

Proof The conformity of the auxiliary mesh is rather obvious. Thus, we only have
to bound the aspect ratio of the tetrahedra Ty € Z7(K), i.e., the ratio of the
diameter i1, and the radius pr,, of their insphere. For an arbitrary tetrahedron,
we have the relation

PTiee =

where Vr,, is the volume and Ar, is the surface area of the tetrahedron.
This relation is seen as follows. Vr, is equal to the sum of the volumes
Vit =1,..., 4, of the four tetrahedra Tier,; obtained by connecting the vertexes
with the center of the insphere. Each volume is computed as Vr,,, = é Ol T 1,
where 7; is the triangle on the surface of the initial tetrahedron T and pr,,
corresponds to the hight of Tie; over 7;. Consequently, it holds

4 4
1 1
VTlel = Z VTtet.i = Z 3pTlel|Tl| = 3pTlelATtet N
i=1 i=1

First, we study the case [ = 0, where only one node per face is added for the
triangulation of the element surface. We consider the auxiliary discretization and
choose an arbitrary tetrahedron Tie with corresponding triangle T € ;1 (F) in some
face F € %#(K) and with an edge E € &(F) such that E C T N dF. A rough
estimate for the surface area of this tetrahedron is

4 4 h2
Arg =) I <) X =2y .

i=1 i=1
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Let alt(Tiet, T) be the altitude of the tetrahedron Tie; over the side T and let alt(T, E)
be the altitude of the triangle T over the edge E. For the volume of T, we have

1 1
Vi = 3 alt(Teer, T)|T| = 6 alt(Tyer, T) alt(T, E) hg .

Since the faces of the element K and the element itself are star-shaped with respect
to circles and a ball according to Definitions 2.10 and 2.11, it holds pr < alt(T, E)
as well as pg < alt(Tiet, T') due to the construction of Ti; and 7. Consequently, we
obtain

1 1 1
V5. > hg > hxhphg > h3. .
Tt = 6,0K,0F E = 60407 KNFhE = 60405 E

This yields together with the stability, see Definition 2.12,

h hr, A 4o yozhl
Tiet _ Tt A Tret < HOF Nk 54035/016}6'5;/.

IO Ttet 3 VTlel B h?l)?

In the case [ > 1, the volume V7, gets smaller. The triangle T C F € F#(K) is
obtained by successive splitting of an initial triangle Ty of the mesh with level zero.
Due to the construction, these triangles are similar and the relation |7T'| = |T0|/4l
holds. Taking into account this relation in the considerations above gives the general
estimate

R,
IO Ttet

— 4l+l

< Otet WIith Oiet o ;g/aycgi, .

O

Similar to the two-dimensional case we obtain the following two results on the
object counts. In the corollary for three space dimensions, however, we additionally
assume the stability of the mesh in contrast to the lower dimensional setting.

Corollary 2.15 Let %), be a regular and stable mesh. Every node belongs to a
uniformly bounded number of elements, i.e. {K € &, 1z € N (K)}| < ¢
Vz € N},. The constant ¢ > 0 only depends on 0., 0.2 and ¢y .

Proof According to the previous Lemma 2.14, the auxiliary discretization Z (%)
is shape-regular in the sense of Ciarlet. Therefore, each node in the mesh %
belongs to a uniformly bounded number of auxiliary tetrahedra, and consequently
to a probably smaller uniformly bounded number of polyhedral elements. O

Lemma 2.16 Let %), be a regular and stable mesh. Every element contains a
uniformly bounded number of nodes, edges and faces, i.e.

A (K)<c, |EK)|<c, |FEK)|I<c, VKe.

The constants ¢ > 0 only depend on ¢, 0.7 and c_y .
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Proof For the surface area of a polytopal element K € %}, we have due to the
regularity and stability of the mesh

h2
oK|= FIz1Z®)lw 5%,
FeZ(K) HEF

see Remark 2.13. Using the auxiliary discretization into tetrahedra T with
corresponding triangles T € Z(dK), for which |T| < 3Vi/pg since
Viet = % alt(Tiet, T)|T|, we obtain on the other hand

3V; 31K
oki= Y = Y e K e
Te(3K) rezok) PK PK

dueto |[K| < h;( and the regularity. Thus, the number of faces is uniformly bounded,
namely |.%(K)| < 30’_}{//C§£/O'3¢7~/7T. According to Lemma 2.7, each of these faces
has a uniformly bounded number of nodes and edges. Consequently, the number of
nodes and edges of the element K is also uniformly bounded. O

If only the regularity of a polyhedral mesh is assumed, the auxiliary discretization
of tetrahedra is not necessarily regular. The edges might degenerate without the
stability and thus, the condition on the aspect ratio for the tetrahedra does not hold
anymore. But, the stability can be weakend such that the tetrahedral mesh still
satisfies a maximum angle condition.

Definition 2.17 (Weakly Stable Mesh in 3D) The family of meshes .7}, is called
weakly stable if there is a constant c# > 0 such that for all polygonal faces F' € .%),
in the mesh and all its edges E € &(F) it holds

hr <cgzhg.

In contrast to stable meshes, the edges of elements in weakly stable meshes might
degenerate with respect to the element diameter. But, due to the weak stability,
small edges involve that adjacent faces are also small in their size. Thus, if an
edge degenerates to a point, the adjacent faces will degenerate to this point, too.
A consequence of this definition is, that the polygonal faces in a regular and weakly
stable mesh are regular and stable in the two-dimensional sense.

Lemma 2.18 Let K € %, be an element of a regular and weakly stable polyhedral
mesh . The auxiliary discretization of tetrahedra J;(K) and J;(¢},) satisfy a
maximum angle condition, i.e., all dihedral angles between faces and all angles
within a triangular face are uniformly bounded from above by a constant which is
strictly less than 7. The maximum angle only depends on oy, 0 7z, c.& and the mesh
level I in the face discretization.

Proof Similar as in the proof of Lemma 2.14, we only consider / = 0. The general
case | > 0 follows due to the fact that the triangles in the face triangulation .7 (F)
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are similar to those in Z)(F). Thus, the arguments turn over and the dependence
on / enters the constants. In order to prove the maximum angle condition for the
tetrahedral mesh, we distinguish several cases. First we show that the angles in the
surface triangles of the tetrahedra are bounded uniformly by a constant strictly less
than 7. Afterwards, we bound the dihedral angles.

Let Tiet € J0(K) be a tetrahedra and T one of its triangular faces. If T € Z5(F)
for a face F € .#(K), then all angles of T are bounded uniformly from above by a
constant strictly less than 7 depending only on o0& according to Lemma 2.8, since
F is a regular polygon. On the other hand, if T C K, we consider the intersection
of the polyhedral element K with the plane in which T lies. The intersection is
obviously a polygon and we denote it by P. Since K is star-shaped with respect to
a ball of radius px and center zg, we easily see that P is star-shaped with respect
to the enclosed circle of radius px and center zg. Thus, P is a regular polygon
because of

e

pp ~ PK
Consequently, T is part of an auxiliary triangulation of a regular polygonal element
and thus its angles are bounded from above according to Lemma 2.8 by a constant
depending only on o .

Next, we consider the dihedral angles of T Let 7;, i = 1,2,3,4 be the
triangular faces of Tyt and E;; = T; N T; be the edge shared by the triangles T;
and T for i # j. Furthermore, let the triangles be numbered such that T € J(F)
for some face F € % (K) and T; C K fori = 2,3, 4. We distinguish again two
cases. First, consider the dihedral angle between 77 C 0K and T; C K, i = 2, 3, 4.
We denote the dihedral angle by §. It is given in the plane orthogonal to Ey; as the
angle between the two planes spanned by 77 and 7;. Without loss of generality let
zk lie on the plane orthogonal to E1; and denote by y the intersection of all three
planes, see Fig.2.5. For § > m /2, it is

h
8=n+arccos< 4 ),
2 ly — zk |

Fig. 2.5 The altitude

ha = alt(Tteta 1),

intersection point y and 5
demonstration of dihedral

angle § in plane orthogonal to T >
the edge E;; through zg 7
between the triangles 77 and
T; as described in the proof of Ey; ~ ha

Lemma 2.18 g
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where h, = alt(Ti, T1) is the altitude of the tetrahedron Ti; with respect to
the side 77, which corresponds to the distance of zx to the plane through Tj.
Consequently, it is h; > pg due to the regularity of the polyhedral element K.
Furthermore, K is enclosed by a sphere of radius g and center zg. Since y is the
orthogonal projection of zg onto the line through Ey;, its distance to zg is smaller
than the distance of zx to the edge, thus |y — zx | < hg. This yields

ha 2,OKZ 1
ly—zxl ~ hx ~ ox

3

because of the regularity. Since arc cosine is monotonically decreasing, we obtain

; raeos )
§ < _ +arccos <.
2 oy

It remains to bound the dihedral angle between triangular faces of the tetrahedra
with T;, T; C K. We denote the angle again by §. According to Proposition 3.1
in [122], the volume V7, of Tie satisfy the relation

2 .
Vi = |T;||T;| siné .

3hE

t

On the other hand it is
1
Vi = 3 alt(Teer, T1) |71 .

If we assume /2 < § < m, this yields

hg,; alt(Ter, T1) |T1|>

(2.5)
21T 1T

s="+

= arccos
2

The areas of the triangles are given by

1
el = hey alt(Ty, Eij) fort=1.j.

Obviously, the altitude alt(7¢, E;;) is smaller than the edge shared by Ty and 77 and
thus smaller than the diameter of 7. This yields

1 1 .
ITe| < > he,; he, < ZhEi"' hr, forl=i,j.
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Furthermore, it is alt(Teet, 71) > pk and hg, i = hk . Consequently, we obtain for
the argument in the arc cosine in (2.5)

higy alt(Tien, T 1T 2 alt(Tiee, T [Til _ 2 Tl _ 2mp7,
A . — 2 — 2 — 2 7
2|Tl||T]| hEij ]’lT1 hK th UXth

where we used the regularity of the mesh and the incircle of 77 with radius o7y,
which gives |T1] > 71,0%1, in the last step. Finally, we employ the weak stability
of the mesh, which ensures that the polygonal faces are regular and stable in the
two-dimensional sense. Therefore, the auxiliary triangulation of the polygonal faces
is regular in the sense of Ciarlet and it is A1, /p1; < 07, where o only depends
on oz and c#, see Lemma 2.3. Since the arc cosine is monotonically decreasing,
Eq. (2.5) yields with the previous considerations

T 27p7, b4 27
8 < _ + arccos , | =, +arccos , | <m.
2 ox hi, 2 ox 0

In summary, all angles in the surface triangles of the tetrahedra and all dihedral
angles between faces are bounded by constants that are strictly less than 7.
Taking the maximum of them proves the maximal angle condition for the auxiliary
discretization of tetrahedra. O

2.2.3 Mesh Refinement

Although the use of polygonal and polyhedral meshes is quite interesting for
practical applications, only a few commercial mesh generators are able to create and
refine such general meshes. For the two-dimensional case there is the free MATLAB
tool PolyMesher available, see [167], and in three-dimensions one often exploits
either Voronoi meshes, see [70], or dual meshes to given tetrahedral discretizations.
In the following, we assume that a polygonal or polyhedral mesh is given and we
address the refinement of such meshes. We may perform uniform refinement, where
all elements of a mesh are refined, or adaptive refinement, where only a few elements
are refined according to some criterion. For polygonal and polyhedral meshes, there
is a great flexibility for the refinement process. We do not have to take care on
hanging nodes and edges, since they are naturally included in such meshes.

For the refinement process, we choose the bisection of elements. For the
description of the procedure, we focus on a single polygonal or polyhedral element
K c R4, d = 2, 3. Furthermore, we assume that K is convex. The method might
be adapted to non-convex, star-shaped elements, but this would yield several special
cases which shall be omitted here. In order to obtain some geometrical information
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Fig. 2.6 Refinement of an element: element with center Xgx (left), element with eigenvector
(middle), two new elements (right)

of the element shape, we first compute the covariance matrix

Meo(K) = / (x — &x)(x — &) Tdx
K1 Jx

where

1
Xg = / x dx
K| Jk

is the barycenter of the element. The matrix Mcov(K) € iS symmetric
and positive definite due to construction. We compute its eigenvalues and the
corresponding eigenvectors. This principle component analysis provides some
information on the dimensions of the element. The square root of the eigenvalues
give the standard deviation in the direction of the corresponding eigenvector. Thus,
the eigenvector which belongs to the biggest eigenvalue points into the direction of
the longest extend of the element K. Consequently, we split the element orthogonal
to this eigenvector through the barycenter xg of K, see Fig.2.6. Afterwards, two
new elements are obtained. This strategy actually works in any dimension d € N.
Similar ideas are used in [144] to cluster point clouds which are used for matrix
approximation in fast boundary element methods.

Figure 2.7 shows the uniform refinement starting from a triangle. The meshes are
obtained after one, three, five and seven refinement steps. We recognize that even
a refinement of a triangle results in an unstructured polygonal mesh. Nevertheless,
the resulting sequence of meshes has a uniform character. A big advantage of the
introduced strategy can be seen in an adaptive context. It is possible to perform
local refinements within a few elements. Classical mesh refinement techniques for
triangular meshes, for example, suffer from the fact that local refinement propagates
into neighbouring regions. This behaviour is necessary since the resulting meshes
have to be admissible and thus the use of hanging nodes is very restricted or even
avoided.

Rd xd
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Fig. 2.7 Uniform refinement of a triangle after one, three, five and seven refinement steps

Finally, the question arises whether the regularity and the stability of a mesh is
preserved during the refinement. In general this is not possible with the prescribed
procedure. During the bisection of elements, small edges and thin faces might occur.
However, the aspect ratios for convex elements stay bounded, since the algorithm
tries to equilibrate the extend of the element in its characteristic directions. Thus,
the regularity is preserved for convex elements in two-dimensions. The stability,
however, has to be enforced during the refinement process if it is needed. The
introduced bisection strategy for mesh refinement is applied in most of the numerical
experiments presented in this book.

2.3 Trefftz-Like Basis Functions

Our goal is to introduce finite dimensional spaces Vé‘ over polygonal and polyhedral
discretizations of the domain 2 C R?, d = 2, 3, which approximate the Sobolev
space H'(£2). The index k € N denotes the order of the approximation space. In
this section, a more general strategy is presented which extends the original idea
in [146] to arbitrary order. The approximation space VX = span llllf is constructed
as span of some basis lI/,f. For d = 2, this basis is specified in the following and
consists of nodal, edge and element basis functions. These functions are indicated
by ¥, ¥ and g, respectively. All of them have certain degrees and thus they
are marked and numbered by indices like g ; and ¥k ; ; for some i, j. However,
for shorter notation, we will skip sometimes parts of the indices if the meaning is
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clear from the context and we just write v/, v; and v; ;, for example. For the three-
dimensional case with d = 3, the ideas will be generalized and we have additional
face basis functions.

The basis functions are defined element-wise by local solutions of boundary
value problems in the spirit of Trefftz [168]. The diffusion equation in mind, we uti-
lize Laplace and Poisson equations over each element with Dirichlet boundary data
to construct the basis functions. Due to the local Dirichlet boundary conditions, the
traces of the basis functions will be continuous across element interfaces, i.e. they
are H'-conforming. In the following, we first introduce the two-dimensional case
in the Sects. 2.3.1-2.3.3. Afterwards, a simple generalization to three-dimensions is
given in Sect. 2.3.4, which builds on the previous considerations.

2.3.1 Node and Edge Basis Functions

Let %, be a polygonal mesh of a bounded domain £2 C RZ. The functions v,
and Y, which are assigned to nodes and edges, are defined to satisfy the Laplace
equation on each element. Their Dirichlet trace on the element boundaries is chosen
to be continuous and piecewise polynomial. Thus, we define for each node z € .4,
the basis function 1, as unique solution of

—AY, =0 inK foral K € %,

1 forx=1z,
,(X) = 2.6
Va0 !O forx € Ay \ {z}, (&6)

Y, is linear on each edge of the mesh .

So, the function v is locally defined as solution of a boundary value problem over
each element. If the element K € ., is convex, the boundary value problem can
be understood in the classical sense and it is ¥, € C%(K) N CY(K), see [82, 87].
However, we explicitly allow star-shaped elements within the discretization %j, of
the domain £2. In this case, the boundary value problem is understood in the weak
sense and we obtain ¥, € H'(K). Since the Dirichlet trace is continuous across
element interfaces, the local regularity of v, yields ¥, € H'(£2). This will also be
true for the edge and element basis functions. In the following, the local problems
for the definition of basis functions are always understood in the classical or weak
sense depending on the shape of the elements. In contrast to [146], we only make use
of the fact that the nodal, edge and element basis functions satisfy ¥ € H'(K) for
K € J, and we do not use a maximum principle [82, 140] for harmonic functions
which would require convex elements.
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In the case that 7}, is an admissible triangulation without hanging nodes, the
basis functions turn out to be the standard hat functions of classical finite element
methods. This relation is quite obvious since the lowest order linear basis functions
satisfy the data on the boundary of each element and they are harmonic because of
their linearity. According to the unique solvability of the Dirichlet problem for the
Laplace equation the hat functions coincide with the basis functions defined here.
In this sense, the BEM-based FEM can be seen as a generalization of standard finite
element methods.

If %7, is a polygonal mesh containing only convex elements, another connection
can be recognized. For the model problem, we rediscover the so called harmonic
coordinates mentioned in several articles like [77, 84, 112, 126]. These harmonic
coordinates restricted to one element K € %, are a special type of barycentric
coordinates, i.e., they satisfy

Yz(x) >0 onK 2.7
forz € A4 (K) and it is
v= Y @ 2.8)
ze NV (K)

for any linear function v on K according to [84]. Condition (2.7) follows directly
from the minimum-maximum principle [82, 140]. To verify (2.8), we observe that
both sides of the equation are harmonic and coincide on the boundary of K.
Therefore, the difference of both sides is harmonic and identical to zero on the
boundary. Using the minimum-maximal principle again shows that Eq. (2.8) is valid
in the whole element. In [76, 77], the authors have proven for any set of barycentric
coordinates and especially for the harmonic coordinates, which are considered in
this section, that they satisfy the estimate

0<L™<y,<Ly’<1 onk

for z € 4 (K). Here, leow and L:P are piecewise linear functions defined as
follows. Both functions are equal to one at the node z and they are equal to zero at
every other node on the boundary of K. Additionally, leOW is linear on the triangle
constructed by connecting the node before and after z on the boundary, and zero
else, see Fig.2.8. The function L,” is linear on each triangle that is obtained by
connecting z with all other nodes on the boundary of K.

To introduce the edge basis functions g, polynomial data is prescribed on the
element boundaries. Therefore, we first review a hierarchical polynomial basis over
the interval [0, 1]. We set

po)=t and p(t)=1-—t forte[0,1],
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Fig. 2.8 Triangles for construction of le"“’ (left) and Ly (right)
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Fig. 2.9 Visualization of p; fori =0,...,4

and assign these functions to the points ) = 0 and #; = 1, respectively. Afterwards,
we define p; € £'([0, 1]),i > 2 with exact degree i recursively as

i = Di
IO

where p; € 2°([0, 1]) \ {0} is a polynomial with p;(;) = 0 for j = 0,...,i — 1
and

t; = max{arg max |p; ()|} .
t€[0,1]

s

The polynomial p; is well defined since p; is unique up to a multiplicative constant
and we obviously have 1; # t; for j < i. In Fig.2.9, the first polynomials are
visualized. One easily sees that these polynomials are linearly independent and that
fork > 1

2*10,1]) =span{p; :i =0,...,k}.
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Fig. 2.10 Visualization of ¥, £ 3 and ¥k 1,0 over rectangular element with additional node on
straight line, nodes are marked with black dots

For the definition of edge basis functions ¥ g, we make use of a linear
parametrization of the corresponding edge. Let E € &}, with E = z,z, and

E:[0,1]3t—Fe@t)=2p +1(zc —2p) .

In contrast to nodal basis functions, we have more than one basis function per edge.
We define yg ; fori = 2, ..., k as unique solution of

—Ayp; =0 inK forall K € %,

-1
io% onE ,
yg; =P OVE
0 on &, \ {E},
and we assign these functions to the points zg; = Fe(4). In Fig.2.10, an

approximation of such a function is visualized over one rectangular element. As in
the case of nodal basis functions, we observe that the Dirichlet trace is continuous
along element boundaries. Thus, we have Y, € H 1 (K) for K € %}, which yields
Yei € H 1(£2). With the conventions

YEO = Vg, and YE1L =V, ,
we find that

PK(E) =span{yg,i|,:i=0,....k}
and

wE,i(ZE,j) = (Sij fOI‘j =0, ...,i ,

where §;; is the Kronecker symbol. According to the last property, the functions v,
and Y g ; are linearly independent. So, we collect them in the basis

WYy =V VEiz€ M EE&i=2. .k,
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and we have
V,f’H = span lI/,ﬁH C Hi(t%/h) cHY(2).

Here, for k = 1, only nodal basis functions are used in 11/}{" g andfork € N,

HK ) = {v e HY(2): (Vuv, Vw), k) =0 Yw € H}(K), VK € Ji/h}
(2.9)

is the space of piecewise weakly harmonic functions.

2.3.2 Element Basis Functions

Next, we address the definition of element basis functions over the polygonal
mesh %}, of a domain 2 C R2. To motivate the procedure, we remember that
the nodal and edge basis functions satisfy the Laplace equation inside the elements
and are polynomial on the edges. The nodal functions v, are linear on edges, and
thus they satisfy the one dimensional Laplace equation along edges: A1y, = 0 on
E € &,.If we compute the 1D-Laplacian of the edge functions £ along the edge E,
we observethat Ay g ; € 3”"’2(E ), i > 2, and thus the edge basis functions satisfy
the Poisson equation with polynomial right hand side on each edge. Additionally, it
is easy to check that

P2E) = span{Ayp; i =2,..., k)

for k > 2. From this point of view, we exchanged the Laplace equation for the
Poisson equation on the edges as we have made the step from nodal to edge basis
functions. The same is done for the element basis functions. Here, we exchange
the Laplace for the Poisson equation in the elements and we prescribe right
hand sides such that they form a basis of 9]‘_2(1(). Thus, we define ¥ ; ; for
Ke,i=0,....,k—2and j =0, ..., as unique solution of

—AvYk,j=pkij inkK,
Yk,ij=0 else ,

(2.10)

where
P*2(K) =span{pgij:i=0,....,k—2and j =0,...,i}. (2.11)

Consequently, we have %k(k — 1) element basis functions per element. The support
of such a function is limited to one element, i.e. supp ¥k ; j = K, and the function
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itself belongs to HO1 (K). Due to the local regularity, we obtain ¢g ; ; € H 1(£2).
See Fig. 2.10 for a visualization of such an element basis function.

Remark 2.19 In the numerical experiments we will choose the polynomial basis as
shifted monomials, namely as

i—j i T
P X = (x1 —zx1) (2 —zk2) . x=(x1, 1) €Kk,
where zg = (zK,l, zK,z) is given in Definition 2.1. For i, j = 0, the element

bubble function from [146] is recovered, since pg 0,0 = 1.

We define the set of functions
Wi g ={Ykij: Ke,i=0. . k—2adj=0,...,i)
and the space
V,f’stpan W}fB cHY(2),

which consists of element bubble functions that vanish on the skeleton of the mesh.
For k = 1, this means llfé‘ p = 9. Furthermore, we point out that the definition of

element basis functions ¥k ; ; € lI/,f p 18 equivalent to the variational formulation

Find Yk ; ; € H) (K) :

(2.12)
\v/ \v4 _ 1
( YK.i js w)Lz(K) - (pK,i,j, w)Lz(K) Yw € Hj (K).

Lemma 2.20 The functions in lI/,f’ g are linearly independent.

Proof Since the support of an element basis function is restricted to one element,
the functions belonging to different elements are independent. Therefore, it is
sufficient to consider just functions over one element in this proof. Let o;; ; € R
fori =0,...,k—2and j = 0,...,i and let Zi’j a; j¥i;j = 0. Consequently,
we have ) j@i.jV¥ij = 0. Due to this and since the element basis functions
Vi, j = Vk.i,j satisfy (2.12), we obtain

1
(Za,”jpi’j, w)Lz(K) = (Zai,jvw,-,j, Vw)Lz(K) =0 forw e HO (K) .
LJ LJ

The function space C{°(K) is dense in HOI(K ) and thus the fundamental lemma
of the calculus of variations yields }; ; o jpi,j = 0. Because of the choice of
pi,j as basis of ﬁk_z(K), it follows that o; ; = O fori = 0,...,k — 2 and
j=0,...,i. 0
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2.3.3 Final Approximation Space

The final basis for the approximation space of H!(£2) is now defined as
k k k
U =YY

and combines the nodal, edge and element basis functions. All functions in lII}{‘ H
locally satisfy the Laplace equation on each element and so, they are piecewise
harmonic in a weak sense. Different from the functions in lII}{‘ > the functions

in lI/,f g are exactly those which are not locally harmonic. They obviously serve
the approximation of non-harmonic functions. Furthermore, we observe that

(VY. V) ,k) =0 fory e Uf . o e ¥, (2.13)

since ¢ € Hi () and ¢ € H(} (K), cf.(2.9). Sometimes, we will consider the
basis functions restricted to a single element. For this reason, we define for K € 7,

W}{C|K={‘/f|1<:‘/f€lpﬂ

and llffi" mlg as well as !I/,f’ B| ¢ accordingly. The final approximation space is
conforming, i.e.

V= span ¥} c H'(2) ,

and can be written as a direct sum of piecewise weakly harmonic functions and
element bubble functions. The space of element bubble functions can be further
decomposed into its contributions from the single elements, because of the zero
traces on the element boundaries. Thus, it is

k_ vk k : ko k
Vi=Vin®Vip with Vig= D Viglg.
Keoy,

where the same notation holds for the restriction to a single element as above.
A simple counting argument shows that

vk

dim V,

|« = k1A (K| + Skt — 1),

since

d+k—2

dim V;{ ;| o = k|4 (K)| and dimv,ﬁB|K=( J

>= Ykk—1).
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Due to the construction of the basis, it is easily seen that the approximation space
can be written in the following form

vi={ve H'(@): Ave PFK) and sk € P, (0K) VK € A

with the convention 22~ (K) = {0}. Thus, the functions in Vé‘ are polynomials of
degree k over each edge and their Laplacian over each element is a polynomial of
degree k — 2.

The virtual element method (VEM) in [25] also uses this approximation space.
Therefore, the BEM-based FEM and the VEM seek the approximation of the
solution of the boundary-value problem for the diffusion Eq.(2.1) in the same
discrete space. The VEM reduces all computations to carefully chosen degrees of
freedom and to local projections into polynomial spaces. The BEM-based FEM
in contrary makes use of the explicit knowledge of the basis functions and thus
enables the evaluation of the approximation inside the elements. Both methods rely
on clever reformulations to avoid volume integration. Since the BEM-based FEM
applies Trefftz-like basis functions, which are related to the differential equation of
the global problem, the discrete space for the BEM-based FEM and the VEM differ
as soon as more general boundary-value problems are considered.

2.3.4 Simple Generalization to 3D

This section gives a straight forward generalization to the three-dimensional case.
A more involved one is postponed to a later chapter. Let %, be a polyhedral mesh of
a bounded domain £2 C R3. We restrict ourselves here to polyhedral elements that
have triangular faces. This can be always achieved by triangulating the polygonal
faces of general polyhedra. For this purpose we may use the auxiliary triangulation
Jo(0K) introduced in Sect. 2.2.2 and reinterpret K as element with triangular faces.
Consequently, one additional node per face is introduced on the surface of the
polyhedral element K. Several constructed triangular faces meet in this node and
lie on a flat part of d K. However, the notion of polyhedral elements allows for such
degenerations. A more direct approach for the treatment of polygonal faces will be
discussed in Sect. 6.2.

Turning to the construction of the approximation space V,f in three-dimensions,
we may recognize that it can be written down immediately as

vk = {v € H'(2): Ave ZF2(K) and vlyx € P25, (0K) VK € Jifh} .

Thus, the only difference to the two-dimensional case is that the functions in V,f are
now piecewise polynomial of degree k over the triangular faces of polyhedra instead
of piecewise polynomials over the edges of polygonal elements. Consequently, the
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considerations from the previous sections can be directly generalized to polyhedral
meshes %, for which the set of faces .%), consists of triangles only.

The space V}f is again constructed as a direct sum of piecewise weakly harmonic
functions with polynomial traces on the faces of the mesh and element bubble
functions that vanish on the skeleton but have a polynomial Laplacian inside the
elements, i.e.

k _ vk k ko k
Vi=Vyiy®Vyp and mB_egnﬁu.
Keoy,

Letvy = vp,m +vpB € V}f‘ with vy, g € V}fH and vy, g € V,fB. For each element
K € J;,, it holds

—Avpp=0 inK and v,y =psxk onoik, (2.14)
as well as
—Avyy,p=pk iImK and v,p=0 ondkK, (2.15)

for some pyx € f@l’)‘W(BK) and pg € Qk’z(K). Thus, vy, g and vy, p are uniquely
defined by the polynomial data pyx and pg, respectively. Consequently, the basis
lI/,f of V,f‘ is constructed in an element-wise fashion respecting the direct sum, such
that

Wk =y Ul for VE[ = Vi@ Vg,

We choose a basis for ng(aK ) and 27¥—2(K). For each function in these sets
a harmonic basis function and an element basis function are obtained by (2.14)
and (2.15), respectively. Due to this construction, a simple counting argument shows
that

dim V§

¢ = 1A E)+k=DIEE) |+ (k=1 (k=2)|F (K)|+ gk(k—1)(k+1) ,

since
dim Vf |, = |4 (K| + (k = DIEE)] + 3k = Dk — 2)|.F7 (K)|

and

, d+k—2
mm%$u=< p ):3@—n@+n.

In the previous sections on the two-dimensional case, this construction has been
carried out in more detail and we have given a precise choice of basis functions.
For the three-dimensional case we are content with the abstract setting and pass a
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detailed presentation. We point out, however, the important orthogonality property
given in (2.13), which still holds on K € %}, namely

k k
(Vun,H, Vup,B)L,k)y =0 foruv, g € Vh,H’ Up,B € Vh,B .

This is a consequence of the weakly harmonic functions, cf. (2.9), and the element
bubble functions that satisfy

Vig CHA() and Vigc @D Hy(K).
Key,

Remark 2.21 For the implementation and the numerical experiments it is important
to specify the choice of basis functions. As discussed above, the sets llllf g and lI/,f B

are constructed by choosing a basis for gzgw(a K) and 27%¥72(K), respectively. It is
convenient to choose the classic Lagrange elements over triangles, cf. [40, 151], for
the basis of f@]fw(a K), whereas the basis of 22¥—2(K) might be chosen according
to the two-dimensional case as shifted monomials, for instance.

2.4 Interpolation Operators

In this section, we are concerned with the interpolation of function in H?(£2) by
functions in V,f = V,f, u® V,f’ - Due to the Sobolev embedding theorem it holds that

H 2(.Q) cC O(.Q), see [1], and the pointwise evaluation of such functions is well
defined. Thus, we may exploit nodal interpolation to some extend. The interpolation
of non-smooth functions in H'(£2) is postponed to later considerations, see Chap. 3.

Since V,f is given as a direct sum of weakly harmonic and element bubble
functions, it is natural to decompose the interpolation into two corresponding
operators. Therefore, we study

=0 g+ g HH(2) = Vi Cc H(R)
with

W HAQ) > Vi CHAC) and 3f g HAQ) > Vg @ Hy(K) .
Keo

The interpolation operators jh, g and j’;h p are discussed in the following. Further-
more, it is sufficient to introduce them over a single element, since the local nature
of the operators directly extend to their global definition. Thus, we restrict ourselves
to a single element of a regular polytopal mesh and denote the restrictions of the
operators with the same symbols.
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Fig. 2.11 Points for Lagrange interpolation into £2* (3K ) on triangles for k = 1,2, 3

We start by the interpolation into the space of weakly harmonic functions. For
vp € Vi > itis Avy = 0in K and v|gx € 25, (3K). Thus, for the definition of

Wy HAK) = Vi |, C HA(K)

we prescribe J n.m VoK to be equal to a standard nodal interpolation operator into

the space f@]fw(a K) on the boundary of the polytopal element K. Afterwards, we
extend this boundary data harmonically into K. By fixing a standard interpolation
operator on 9K, the operator 3’,‘1’ g is uniquely defined. For this purpose, we
exploit the classical Lagrange interpolation on equidistant points along the edges
in the boundary of polygonal elements (d = 2) and on equidistributed points, see
Fig.2.11, in the triangular faces in the boundary of polyhedral elements (d = 3).
Consequently, 32 gV is constructed in such a way that it coincides in k + 1 points

on each edge and in %(k + 1) (k + 2) points on each triangular face of the elements.

Remark 2.22 In 2D, we can alternatively follow the idea from [175] and choose
a different interpolation operator for k > 2 on the boundary of the polygonal
elements. The introduced points zg ; from Sect. 2.3.1 can be used for the pointwise
interpolation. For v € H?(2), this yields

k
k
Thwv= 2 vavat D ) veibei.
zeNM, Eeéy i=2
where the coefficients are given as
v, =v(z) forze 4

and

i—1
VE; = V(ZE ;) — ZUE,jile,j(ZE,j) forEeéy, i=2,...,k.
=0

Next, we consider the definition of the interpolation operator into the space of
element bubble functions, namely

Ihpt HY(K) = Vig|, C Hy(K) .
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Therefore, let

Wil =Wkizi=1....nk) and {pki=—Ayki:i=1... nk)
(2.16)
be the basis of Vé‘ B| ¢ and the corresponding basis of P*k2(K), respectively,

where n(k) = dim fo‘ B | % is the number of basis functions. Compare the former

definition (2.10)—(2.11) in 2D and the construction (2.15) in 3D. For v € H?(K),
we have

n(k)
gk v = vE.iW e vk |
h,BY — K,iVK,i hBIK »
i=1

where the coefficients vk ; are defined such that 3’,‘1 gV is the orthogonal projection
of v — 3’,‘1’ gV into V}ﬁ B | x With respect to the weighted inner product

U, V1 ) = W, V) Ly + hg (Y, Vo) Ly - (2.17)

Thus, Jj pv is uniquely defined by

k _ k k
(jh,va w)hHl(K) = (v — jh,va w)hHl(K) Yw € Vh,B K- (2.18)

The properties of the orthogonal projection yield
135 gollnm ky < v =35 gvllam i) - (2.19)

where the weighted norm is given as | - ||/21H1(K) = G nmixy I he =1
the weighted inner product and the weighted norm coincide with the usual ones
in H'(K), which are denoted by (-, ) g1k and || - | g1k, respectively.

In the following, we investigate the properties of the interpolation operators in
more details. For this purpose, let J#;, be a regular polytopal mesh.

Lemma 2.23 The restrictions of the interpolation operators j’;l g and j’;l onto an
element K € ¢y satisfy

Sup=p forpe PXEK)withAp=0inkK,
and

ﬁlflpzp forpegzk(K).
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Proof Let p € 2X(K) with Ap = 0. According to the definition, 3’,‘1’ g P s given
as a classical, nodal interpolation into the space gzgw(a K) on the boundary of the
element K. Since p € Wgw(al( ) and polynomials are preserved by the classical

interpolation operators, p and J ».n P areidentical on the boundary of the element K'.
Furthermore, both functions satisfy the Laplace equation inside K. Thus, the unique
solvability of the Dirichlet problem for the Laplace equation yields Jﬁ’ g P = p,the
first statement of the lemma.

Next, let p € 27%(K) and therefore —Ap € FP*~2(K). Since the polynomials
pk.; form a basis of 9]‘_2(1(), see (2.16), there are unique coefficients g ; € R
such that

n(k)
—Ap= Zﬁk,ipk,i .
i=1
Furthermore, we define
n(k)
P=Tpr+Y Brivki- (2.20)

i=1
We observe that p as well as p satisfy the boundary value problem

n(k)
—Au = Z'BKJPKJ in K,

i=1
u=p ondik,

at least in the weak sense, due to construction. Because of the unique solvability of
this problem, we conclude that p = p. By (2.20), we obtain

n(k)
k k
pP—TyypP= Z,BK,M”KJ € Viglg -
i=1
Since jh,B p is defined as orthogonal projection of p — jl;l,H p into V,f’B ko 1tis
Jﬁ’ gP=DP— Jﬁ’ g P and the second statement of the lemma follows. O

A consequence of this lemma is that

PHE) CVE,

i.e., the space of polynomials of degree k is locally embedded in the approximation
space over each element. Obviously, the element basis functions are essential to
capture the non-harmonic polynomials.
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Lemma 2.24 The restrictions of the interpolation operators 3’}‘1’ g and 3’}‘1 onto an
element K € Jy, of a regular and stable polytopal mesh %, with hx = 1 are linear
and continuous. Furthermore, there are constants c1 and ca, which only depend on
the regularity and stability parameters of the mesh, on k and on the dimension d,
such that

150, mvlla k) < ctlvllgegy and  NTpvligi gy < c2 vllg2k)

forallv e H*(K).

Proof The linearity of the operators is obvious, so we only have to prove the given
estimates which also ensure the continuity. Therefore, we make use of an auxiliary
discretization .7, (K) of K into simplicial elements, i.e., into triangles (d = 2) and
tetrahedra (d = 3). In two-dimensions, we connect the nodes on the boundary of K
with the point zx and in three-dimensions we exploit 7 (K) from Sect. 2.2.2. Since
¢y is regular and stable, these auxiliary meshes are shape-regular in the sense of
Ciarlet [58] according to Lemmata 2.3 and 2.14, respectively. Thus, neighbouring
simplices share either a common node, edge or face and the aspect ratio of each
simplex is uniformly bounded by some constant o . Because the auxiliary mesh is
regular, we can use classical interpolation operators, see e.g. [58]. Let

J7: HX(K) > P4 (Ti(K))
be such a classical operator with

lv—=T7vllgi k) < Caahglvlgek) and [T7vligi k) = Cr2 lvilg2 k)
2.21)

forv € H*(K), where h 7 = max{hy : T € Z,(K)} and

PETEK) = {p e COK): pl e PXT) VT e Zi(K)] .
The constants C # 1 and C 7 2 only depend on the approximation order k, the space
dimension d as well as on 07 and thus on the regularity and stability parameters of

the polytopal mesh 7},
Next, we prove the continuity of jﬁ > 1.€. the estimate

195 vl k) < c vl g2y forve HX(K) .

Let v € H*(K) be fixed. The interpolation 32 gV satisfies the boundary value
problem

—Au=0 inK,
u=g, onodk,



48 2 Finite Element Method on Polytopal Meshes

where g, = 32 Hv| 9k 18 @ piecewise polynomial of degree k on the boundary 9 K.
We write u = uo + ug with ug = J 7 v and obtain the Galerkin formulation

Find ug € Hy(K) :  (Vuo, Vw)r,x) = —(Vitg, Vw) k) Yw € H)(K) ,

which has a unique solution. Testing with w = wuo and applying the Cauchy—
Schwarz inequality yield

2
luol g1 gy = (Vg Vo) Lyl < luglp oy 1ol iy »
and consequently
luolm (k) < lugllyrxy = 1970l a1 k) -

Because of the piecewise smoothness of the boundary of K and since it can be
embedded into a square of side length % g, the Poincaré—Friedrichs inequality reads

lwllLo) < bk (W) forw e Hy(K)
see e.g. [38]. By the use of the given estimates and hxg = 1, we obtain
135 vy < Nuoll ey + gl x
) ) 1/2
= (N0l ) + 0B )+ 1370015
< V21uol ey + 13700k,

(«/2 + 1) 1Tz vl g (k)

IA

IA

cllvllg2ky -

Finally, we apply the continuity of J; ,; as well as the property (2.19) of Jlfl B
with g = 1 and we get

135l ey < 135 vl ey + 135 50l k)
< 1% avllgi gy + v = T golla k)
< vl gy + 2035 gl k)
= cvllg2(k)
that concludes the proof. O

Remark 2.25 The stability of the mesh .#;, was only needed to ensure the shape-
regularity of the auxiliary mesh, such that classical interpolation results on triangular
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and tetrahedral meshes can be exploited. Thus, the stability of % can be relaxed as
long as the interpolation estimates (2.21) on the auxiliary mesh are guaranteed. This
yields the following variants:

1. In 2D, it is sufficient to assume the regularity of .%j,. According to Corollary 2.9,
the auxiliary mesh .7, (K) thus satisfy a maximum angle condition. Under these
assumptions the classical Lagrange interpolation operator fulfils the desired
estimates (2.21), see [110, 114].

2. In 3D, we may assume the regularity and weak stability of %}, which ensures
a maximum angle condition for the tetrahedral auxiliary mesh Z(K), see
Lemma 2.18. For k = 1, this is sufficient to prove the interpolation esti-
mates (2.21) on % (K), but it is still an open question whether these estimates
hold for k > 1, see [115].

According to the previous remark, the lemma stays valid even if the edges (d = 2)
and faces (d = 3) of the polytopal mesh degenerate in their size. Thus, the edge
length h g may decreases faster than the element diameter 4 x such that the uniform
estimate hg < c_hg is violated in two- and three-dimensions.

The condition zg = 1 in Lemma 2.24 is not satisfied in general. Thus, we
introduce a scaling for the elements K € ., such that

K>3X>x=Fxk® =hgxeK. (2.22)

Consequently, 1z = 1 and we set U = v o Fg. Simple calculations show that for
ve HYK), L e Nyitisv e HYK) and

~ t—d)2
Blyei = hg " 1olue) - (2.23)
Additionally, it holds
(, V)1, k) = h% @, V), and (Vu, Vu)r, (k) = h?(_zﬁﬁ, 6@“(1?)

foru,v € H'(K), where V denotes the gradient with respect to X. According to the
definition of the weighted inner product, see (2.17), we obtain

(l/l, v)hHl(K) = h‘ll((il\, ﬁ)hl‘ll(k\) . (224)

Lemma 2.26 The restrictions of the interpolation operators J), , and j’; onto an
element K € J, satisfy forv e H*(K)

K Ak ko _ Ak
jh,HU:jh,HU and =T,
where 3, =T p + T}, y and Ty, o as well as J;, g are the interpolation operators

with respect to the scaled element K.
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Proof Due to the construction of jﬁ g by pointwise evaluations on the boundary

—

0K and the harmonic extension, it is obvious that 3’,‘1 gl = jﬁ H v. Therefore, we
only.h.ave to show JI;I’BU = JI;Z’B.T)‘ with .JI;I’B : Hz(f) — span{wg’i}: Here, we
explicitly refer to the element basis functions ¥k ; and ¥ ;, cf.(2.16), in order to

emphasize the dependence on K and K, respectively. Furthermore, it is sufficient to
prove

jﬁ’Bv € span {y¢ ;}
and
(Jh BV (p)Hl(K) (Jh Bv (p)Hl(K) for ¢ € span{l/fg’i} ,
since for ¢ = "ﬁ gl — J’;l 3'17, we obtain
A . & Ak~
||Jh gV — J, gVl gy =0 andthus T pv=7) pv.
Here, we have skipped the range i = 1,...,n(k) for shorter notation. In the

definition of the element basis functions ¥k ;, see (2.10), we have made no specific
choice of the polynomials pg,;. In the following, let the polynomials for the
functions ¥ ¢ ; over K be chosen in dependence of ¥ ; as

o — B2
PR =lgDPk.i -

In consequence, we obtain for the scaled element function 1?;1(,,- = Yk, o 5k that
~— 9y ~ L~
—AYk,i =hgpki=pg;=—AYg,; InkK
and ;ZI\K, i =Yg ,; ondK, where A denotes the Laplace operator with respect to x.

Due to the unique solvability of the Dirichlet problem for the Laplace equation, we
get Y, = Yk,i and thus

()

32,3” = ka,iak,i € span{yg;} .

i=1

Next, let g € span{yg ;} and set px = ¢g o 3}1 € span{yk ;}. By the
definition of j’;l p» We have

gk v, ) =<v—3k v, ) .
( w8V PK ) k) nHYPK)
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Applying (2.24) to both sides of the equation yields
(323”1 PRI m® = (v — 32}1”1 PRI (R
=0 =% 40 90 &)
= (32357 (/)I’(\)Hl(l?) s
where the last equality comes from the definition of 3’,‘1 g and the fact that the inner

products (-, ), g1 gy and (-, ) g1 (g, coincide on the scaled element. Since @ is
chosen arbitrarily, this equality concludes the proof. O

Theorem 2.27 Let %), be a regular and stable polytopal mesh of the bounded
polytopal domain 2 C R?, d = 2,3. The interpolation operators 3];,’ gy and 3];,
satisfy

— k+1
lv =35 gollgeey < B olgrn @) forve HYM ()
and
v = 3pvll ey < K ol iy forv e HTH(R),

respectively, where h = max{hx : K € J,), £ = 0, 1 and the constant ¢ only
depends on the mesh parameters, the dimension d and on k.

Proof First, we consider the second estimate and the case £ = 1. Let us start to
examine the error over one element K € .#;,. We scale this element in such a way
that its diameter becomes one, see (2.22). With the help of (2.23) and Lemma 2.26,
we obtain

v = 50l gy = 10 = TullT, 0 + 10 = Tioli g

IA

d =5 _ Akey2 d=2 |~ _ Ak~2
chK||v—3hv||L2(1?)+chK |v—3hv|H1(E)

IA

d=2 =~~~k 2
ch ||v—3hv||H1(I?)

since hg < 1. Let p € oK (I? ) be the polynomial of the Bramble—Hilbert Lemma
for star-shaped domains, which closely approximates v, see [40]. It satisfies

0= Plyer) < Ch’gl—Z Dl gy for€=0.1,... . k+1 (2.25)
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with a constant C that only depends on 0., d and k. Due to the scaling hg = 1 and
by the application of Lemmata 2.23 and 2.24, we obtain

1D =350l 2y < 110 = Pl + 15,0 = Pl &)
<A+ 10— Py (2.26)
< (A +0C Pl ez »

where we have used (2.25) in the last step. Comparing the previous estimates and
transforming back to the element K yields

~k 12 2k 2
||U - th”Hl(K) S ChK |v|Hk+l(K) .

Finally, we have to sum up this inequality over all elements of the mesh and apply
the square root to it. This gives

1/2

k 2k 2 k
v =Tl <c | D0 hg vl | <l lge,
Keoy

and finishes the proof for £ = 1. The case £ = 0 follows by
~k A2~ S A2~ S
v — vl Loy = K10 — 3501, 2y < W10 — Tl ) -
and the same arguments as above.
The error estimate for Jﬁ g follows in the same way. The case k = 1 is already

proven since 3}1’ g = 3},, thus let £k > 2. The main difference is in (2.25), where
we have to ensure that p is harmonic. In the formulation of the Bramble—Hilbert
Lemma in [40], p is chosen as Taylor polynomial of 0 averaged over the inscribed
circle or ball of K given by the regularity of the mesh, cf. Definitions 2.1 and 2.11.
Furthermore, the commutativity is proven for the operator of the weak derivative and
the operator for the averaged Taylor polynomial for k > 2. Thus, since v € H 2(?5 )
and A7 = 0 in the weak sense, we obtain that the averaged Taylor polynomial D is
harmonic. |

Remark 2.28 The stability of the mesh %, in the previous theorem is used only
in order to apply Lemma 2.24. This assumption can be weakened in certain cases,
see Remark 2.25. The statement of Theorem 2.27 still holds for d = 2 if solely the
regularity of the mesh is assumed, and for d = 3 with k = 1 if the mesh is regular
and weakly stable.
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2.5 Galerkin Formulation and Convergence Estimates

In the previous sections we have discussed the discretization of the Sobolev space
H'(£2) and investigated approximation properties. Thus, we come back to the
model problem (2.1) and formulate the finite element method with the use of the
introduced arbitrary order basis functions. Therefore, we consider in the following
a bounded polygonal or polyhedral domain £2 c R?, d = 2,3 which is meshed
by a regular polytopal mesh .%;. In the three-dimensional case d = 3, we restrict
ourselves to polyhedral elements with triangular faces as discussed in Sect.2.3.4
and postpone the general case for later considerations.

In the case of inhomogeneous Dirichlet data gp, we extend this boundary data
into the interior of the domain. The extension is denoted by gp again, and we assume
that it can be chosen such that gp € V}f‘. Let

Vip=ViNHL) with H}(2)={veH (2):v|r,=0}.
The Galerkin formulation for the model problem (2.1) reads:

Findu € gp + H)(82) :

| (2.27)
b(u,v) = (f, V)L @2) + 8N, VL) YV € Hp(£2)
and the corresponding discrete Galerkin formulation:
Finduy € gp+ Vi p :
’ (2.28)

b(un.v) = (f. v)Ly@) + QN VW Lary)  Yon € Vip

where

b(up, vp) = (@Vup, Vop)L,2)

is the well known bilinear form for the diffusion problem. Due to the boundedness of
the diffusion coefficient, the bilinear form b(, -) is bounded and elliptic on H ll)(.Q).
Because of the conforming approximation space Vlk) C H 11)(52), the Galerkin as
well as the discrete Galerkin formulation above admit a unique solution according
to the Lax—Milgram Lemma. Céa’s Lemma yields

”I/l — uh”I-Il(Q) 5 C min ||M — vh”[-]l(ﬂ) .
vhegp+Vy p

This quasi-best approximation gives rise to error estimates for the finite element
formulation. The minimum on the right hand side can be estimated from above by
setting v, = j’;lu. Thus, the interpolation estimates derived in Sect. 2.4 turn over to
the finite element approximation. By the use of the interpolation properties given
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in Theorem 2.27, we obtain the next result. Since the mesh assumptions are mainly
needed in order to apply the interpolation error estimates, these assumptions can be
relaxed in the following theorems in certain situations, see Remark 2.28.

Theorem 2.29 Let %), be a regular and stable polytopal mesh of the bounded
domain 2 C RZ. The solution uj, € V}{‘ of the Galerkin formulation from above
satisfies

lu = unllgi(gy < chflulgen g, forue H*M (),

where h = max{hg : K € J,} and the constant ¢ only depends on the mesh
parameters, the dimension d and on k.

If we assume more regularity for the model problem, the Aubin—Nitsche trick
together with Theorem 2.29 can be used to prove an error estimate in the Ly-norm,
see, e.g., [40].

Theorem 2.30 Let %, be a regular and stable polytopal mesh of the bounded
domain 2 C RY and let there be, for any g € Ly(82), a unique solution of

Findw € H)(2):  b(v,w) = (g, v)1,2) Yv € HL(2),
with w € H*(82) such that
|w|H2(_Q) <Cleglrye) -
The solution uy, € V}f‘ of the Galerkin formulation from above satisfies
lu = unllLy2) < e ulgun gy foru e HTH(R)

where the constant ¢ only depends on the mesh parameters, the dimension d and
onk.

Proof Sinceu — uy € H})(Q) C L»(£2), there is a unique w € H?(£2) such that
b(v,w) = (u —up, V)1, forve H)()
with
lwlg22) = Cllu — unlly2) - (2.29)
The Galerkin orthogonality

b(u —up,vp) =0 forv, € V§,, C HH($2)



2.5 Galerkin Formulation and Convergence Estimates 55
and the continuity of the bilinear form yield for 3,11 w e V,f D

e = unl} ) = 0 — un.tt — un)Ly2) = b — up, w)

= b(l/l —Uup, w — JhU)) f C ||M — Mh”Hl(Q)”w — Jhwqu(Q) .

The first term on the right hand side is estimated using Theorem 2.29 and the second
by the use of Theorem 2.27. This yields

2 k+1
lu — uh”LZ(Q) <ch + |M|Hk+l(g)|w|H2(Q) .

Applying (2.29) and dividing by [lu — u || 1,(s2) gives the desired estimate. O

If the boundary value problem (2.1) has vanishing right hand side, i.e. f = 0,
and thus the solution satisfies u € H i (), we can seek the approximation u,
directly in the subspace V,f’ g = span lI/,f’ g C V}f‘ . Consequently, we obtain a
reduced Galerkin formulation. The same arguments as above yield optimal rates
of convergence, when the interpolation operator 32 g 1 used instead of 3’,‘1.

Theorem 2.31 Under the same assumptions as in Theorems 2.29 and 2.30, the
solution uy, € V,f’ y of the reduced Galerkin formulation with f = 0 satisfies

lu — unll ey < K ulgrsi gy foru e HYT ()

where £ = 0,1 and the constant ¢ only depends on the mesh parameters, the
dimension d and on k as well as on {.

Remark 2.32 The stability of the mesh %}, in the previous theorems can be
weakened, cf. Remark 2.25. The statements still hold for d = 2 if solely the
regularity of the mesh is assumed, and for d = 3 with k = 1 if the mesh is regular
and weakly stable.

In the realization of the discrete Galerkin formulation (2.28), we have to address
the evaluation of the bilinear form applied to ansatz functions. Since the diffusion
coefficient is assumed to be constant on each element such that a(-) = ax € R on
K, for K € %}, we have

b(.¢) = @V¥. Vo)) = . ax(V¥. V)ryk) for . ¢ € wf .
Keoy,

We remember that the basis llf}{‘ = lII,f g U lI/}{‘ g consists of piecewise harmonic
functions and element basis functions which vanish on the element boundaries.

According to (2.13), it holds

b, 9) =0 fory e W, pe¥,, (2.30)
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and thus the discrete Galerkin formulation (2.28) decouples. If we split the unknown
function into

up =up,g+upp with uppge V,;"’H and upp € V,f’B ,
and take gp € V}f‘H, we obtain with V}fH p= V}{‘H N Hé(!?)

Findup ;€ gp + V}f,H,D :
k 2.31)
b(un,H,vn) = (fivi)Ly2) + (N, V) Lyry)  YVh € Vi pp s

and

Findup g € Vi g blunp, vw) = (f. )Ly Yo €Vig. (2.32)
The problem (2.31) turns into a global system of linear equations with a symmetric
and positive definite matrix. Since the support of each element basis function lies
inside a single element, a closer look at (2.32) shows that the equation further

decouples. The element contributions uy, B| x € HOl (K), K € ), are given as
solution of

(Vung| - Vo) Lyk) = (flak. vn)iyk)  Yon € Vi glg

for each element K € .%#j. Thus, uy, B| x 1s locally the orthogonal projection of

f/ak into Vfﬁ B| x = span !I/,f’ plg the space of element bubble functions with
respect to the scaler product (V-, V-);, k). Furthermore, uj p is separated from
the global problem and can be computed via these local projections.

In Theorem 2.31, we already observed that in the case of a vanishing source
term, i.e. f = 0, it is sufficient to seek the approximation u, € Vf in the
subspace Vfﬁ ;- This observation is confirmed by the decoupling of the Galerkin
formulation. Because of u, = up g + up p with uy, g € Vé"H, and since the part
Up B € VP{C,B is uniquely defined by (2.32), we get u, g = 0 for f = 0 and thus
Up = UpH-

Furthermore, the property (2.30) and, consequently, the decoupling of the system
is very practical from the computational point of view. The global system of linear
equations reduces to a system which only involves the degrees of freedom corre-
sponding to nodal and edge basis functions. The unknowns for the element basis
functions can be computed independently element-by-element in a preprocessing
step. Thus, there is no need for static condensation that is often used in high-order
methods to eliminate the element-local degrees of freedom.

The decoupling is also an advantage over the virtual element method in [25]. This
method has the same number of unknowns, but the system matrix does not decouple.
Thus, a larger system of linear equations has to be solved. Another advantage of the
presented strategy in this context is that the approximation u; can be evaluated,
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or at least be approximated, in every point inside the domain with the help of the
representation formula (4.3), see next section. The virtual element method, however,
needs some postprocessing for the evaluation in an arbitrary point.

Remark 2.33 Tn the construction of the approximation space VX, we have used
the same order k over all edges and elements. However, these Trefftz-like basis
functions can be used directly with variable order. There is no difficulty which has
to be addressed. This flexibility is advantageous in sp-adaptivity, see [63].

Remark 2.34 More details on the computational realization as well as on the local
treatment of the implicitly defined basis functions can be found in Chap.4 and in
particular in Sect. 4.5.

In the case of a continuously varying diffusion coefficient in the model prob-
lem (2.1), it is possible to approximate the coefficient a by a piecewise con-
stant function gj. To analyse the impact of this approximation, the first Strang
Lemma [162] is used. Replacing the exact material coefficient in the bilinear
form b(-, -) by an approximated one can be seen as an approximation by, (-, -) of the
bilinear form. Let the approximation a;, of a sufficiently regular diffusion coefficient
satisfy

0 < amin <ap(X) <amax forxe 2andh >0, (2.33)

and a;(x) = ag € Rforx € K and K € %),. Therefore, the bilinear form by, (-, -)
is uniformly elliptic as well as bounded on Vf for h > 0, and the variational
formulation has a unique solution. The Strang Lemma taken from [58] gives the
error estimate

_ b (v, wi) — bp(vp, wp)l
lu = tnllgrgy < ¢ inf gl =villie) + sup
UhEVh whEth ||Wh||H1(Q)

for the Galerkin approximation. Obviously, the error in the finite element method
is estimated by two terms. One which gives the quasi-best approximation error and
one which measures the error coming from the inexact bilinear form. The latter one
can be written and estimated in the form

|((@ — ap)Vup, Vwy)| [(Vup, Vwp) k|
< sup Z la — anllLe (k)

vk lwallg (@) wneVf Ke lwnll g1 )

If the constant values ag are chosen as averaged Tayler polynomials of order zero
over the inscribed circle and ball of Definitions 2.1 and 2.11, respectively, we have
la —anllLo k) < chk ||a||W010(K), see [40], and we obtain after some arguments

[b(vp, wp) — bp (v, wp)|

<chlallw @lvallgie) -
wyeVf ||wh||Hl(_Q) 0
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Choosing v, = Jll‘lu in the Strang estimate and applying Theorem 2.27 as well as
Lemma 2.24 for the interpolation operator yields

k k+1
”I/l — uh“Hl(_Q) < ch |M|Hk+l(_Q) +Ch ||a||WO10(Q)||M||H2(Q) foru e H + (.Q) .

For high-order methods with k& > 1, the convergence of the finite element error
is dominated by the second term, which comes from the piecewise constant
approximation of the diffusion coefficient.

In order to achieve the desired convergence rates, it is necessary to approximate
the diffusion coefficient more accurately. For a sufficient regular coefficient a, one
can use its interpolation j];l_la, for example. For a more detailed discussion and for
implementation details, see [146]. The ideas given there can be generalized to k > 2
directly.

2.6 Numerical Examples

Finally, the theoretical results are verified by some computational experiments.
Theorems 2.29 and 2.30 are illustrated on a model problem. The BEM-based FEM
is applied on a sequence of uniformly refined polygonal meshes. In each step of the
refinement the boundary-value problem

—Au=f inR2=0010%, wu=0 onl (2.34)

is solved, where f is chosen such that u(x) = sin(mwx;) sin(wxp) is the unique
solution. The initial mesh and some refinements are shown in Fig.2.12. The
successively refined meshes are obtained by dividing each polygonal element as
described in Sect.2.2.3. The Galerkin error |u — upl| ge(oy is computed for the
H'-norm (¢ = 1) and the Lr-norm (¢ = 0). In Fig.2.13, the relative errors are
plotted with respect to the mesh size h = max{hx : K € J#}} on a logarithmic
scale. The slopes of the curves reflect the theoretical rates of convergence for the
approximation orders k = 1, 2, 3.
Next, we consider the model problem

—Au=0 in2 =172, u=gp onl, (2.35)

where gp is chosen such that u(x) = exp(27(x1 — 0.3)) cos(2m(x2 — 0.3)) is the
unique solution. According to Theorem 2.31, it is sufficient to seek the approxima-
tion uy in the space Vfﬁ g containing only piecewise weakly harmonic functions.
Therefore, the number of degrees of freedom is reduced in the computations. We
solve the reduced Galerkin formulation on a sequence of meshes produced by
the Matlab tool PolyMesher, see [167], and compute the Galerkin errors as in the
previous experiment. Some of the meshes are visualized in Fig. 2.14 and the relative
errors are plotted with respect to the mesh size £ in Fig. 2.15. The theoretical orders
of convergence are achieved by the computations for k = 1, 2, 3.



2.6 Numerical Examples 59

Fig. 2.12 Initial mesh (left), refined mesh after two steps (middle), refined mesh after four steps
(right)
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Fig. 2.13 Relative error in H !_norm (left) and L,-norm (right) with respect to the mesh size h for
problem (2.34) with uj, € V,{‘ on meshes depicted in Fig. 2.12

Fig. 2.14 First (left), fourth (middle) and sixth mesh (right) in uniform sequence generated by
PolyMesher
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Fig. 2.15 Relative error in H !_norm (left) and L,-norm (right) with respect to the mesh size h for
problem (2.35) with uj, € V,ﬁH on meshes depicted in Fig. 2.14

] [ ] .

Fig. 2.16 Second (left), third (middle) and fourth mesh (right) in uniform sequence consisting of
L-shaped elements and rectangles only

To demonstrate the applicability of the BEM-based FEM on polygonal meshes
with non-convex elements, we consider the previous example for the Laplace prob-
lem once more. The approach is applied to a sequence of meshes with decreasing
mesh size h consisting of L-shaped elements and rectangles only, see Fig.2.16. On
each mesh, the relative error (err) measured in L;(£2) and the numerical order of
convergence (noc) are computed, i.e.

_ lu —upllL,(2) and noc — log(llu — uznllL,(2)) — log(llu — upliL,(2)) .
lullz,(s2) log2

In Table 2.1, the computed values are given together with the degrees of freedom
in the trial space Vfﬁ HD = Vé" g N Hp($2) for k = 1,2,3. The results clearly
demonstrate the optimal rates of convergence according to Theorem 2.31, where in
the finest example for k = 3 saturation of accuracy is reached.
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Fig. 2.17 Relative error in 10° ,
H!'-norm with respect to the k=1a,=ax —eo—
mesh size h for

problem (2.36) with uj, € V§
and different

approximations ay of the
diffusion coefficient a on
meshes depicted in Fig. 2.14
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[l — “hHHl(Q)/H“HHI(Q)

100

mesh size h

In order to study the effects of the approximation of the diffusion coefficient we
consider the boundary value problem

1
— div Vu)=0 in2=(0,1)2 u=gp onl, (2.36)
x — x*|

where x* = (—0.1,0.2)T. The Dirichlet boundary data gp is chosen in such a
way that u(x) = |x — x*| is the exact solution. We apply the approach with the
approximation space V[f on the uniform sequence generated by the PolyMesher,
cf. Fig.2.14. In the case of a piecewise constant approximation of the diffusion
coefficient a(x) = |x — x*|~!, the first order method for k = 1 converges with
optimal order in the H!-norm, whereas the second order method for k = 2 has
a suboptimal convergence rate, see Fig.2.17. This behaviour has been discussed
theoretically in Sect. 2.5, where we observed that the error in the piecewise constant
approximation of the diffusion coefficient dominates the convergence process for
k > 1. Approximating a by a;, = j’;fla, we recover the optimal rates, see Fig. 2.17.
For a discussion of the implementation we refer the interested reader to [146].
Finally, a three-dimensional boundary value problem is considered

—div(@aVu) = f in 2 = (0, 1)3, u=gp onl, 2.37)
where a(x) = ; — x1 —x2 — x3 and f as well as gp are chosen such that the

exact solution is u(x) = cos(mwxy) sin(2wx;) sin(3wx3). The diffusion coefficient
is approximated by a piecewise constant function. The boundary value problem is
solved on a uniform sequence of polyhedral meshes, the first one is depicted in
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Fig. 2.18 First mesh of unit
cube with tessellation of
hexahedral bricks and
triangular faces

Table 2.2 Degrees of freedom (DoF), relative error measured in the energy norm as well as in
the L, ($2)-norm with numerical order of convergence (noc) for problem (2.37) with u; € Vh1 on
meshes with triangulated faces, cf. Fig. 2.18

h DoF
423 x 107! 152
2.17 x 1071 1176
1.46 x 107! 3936
1.10 x 107! 9296
8.73 x 1072 19,026
7.31 x 1072 32,575
6.28 x 1072 51,388
5.51 x 1072 76,329
4.87 x 1072 111,188
Theory:

Energy err

1.43 x 109

7.86 x 107!
5.40 x 107!
4.10 x 107!
3.20 x 107!
2.69 x 107!
233 x 107!
2.04 x 107!
1.79 x 107!

noc

0.90
0.95
0.97
1.06
0.97
0.98
0.98
1.07

Ly-err

5.09 x 107!
1.95 x 107!
9.61 x 1072
5.67 x 1072
3.48 x 1072
2.49 x 1072
1.86 x 102
1.45 x 1072
1.12 x 102

noc

1.44
1.79
1.87
2.10
1.89
1.90
1.92
2.12

Fig.2.18. The meshes are constructed with the help of hexahedral bricks, where
the polygonal faces are triangulated in order to apply the simple generalization
for the three-dimensional approximation space in Sect.2.3.4. The relative errors
in the energy norm || - ||, = +/b(-, -) and the L,-norm are computed and given in
Table 2.2. Furthermore, we give the numerical orders of convergence (noc), cf. (1.7),
with respect to these norms. We observe linear convergence in the energy norm and
quadratic convergence in the L,-norm as predicted by the theory.
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