Chapter 8 )
Completely-Randomized Designs Shethie

Abstract This chapter introduces permutation methods for multiple independent
variables; that is, completely-randomized designs. Included in this chapter are six
example analyses illustrating computation of exact permutation probability values
for multi-sample tests, calculation of measures of effect size for multi-sample tests,
the effect of extreme values on conventional and permutation multi-sample tests,
exact and Monte Carlo permutation procedures for multi-sample tests, application of
permutation methods to multi-sample rank-score data, and analysis of multi-sample
multivariate data. Included in this chapter are permutation versions of Fisher’s F
test for one-way, completely-randomized analysis of variance, the Kruskal-Wallis
one-way analysis of variance for ranks, the Bartlett—-Nanda—Pillai trace test for
multivariate analysis of variance, and a permutation-based alternative for the four
conventional measures of effect size for multi-sample tests: Cohen’s d, Pearson’s
n?, Kelley’s 777, and Hays’ &.

This chapter presents exact and Monte Carlo permutation statistical methods for
multi-sample tests. Multi-sample tests are of two types: tests for experimental
differences among three or more independent samples (completely-randomized
designs) and tests for experimental differences among three or more dependent
samples (randomized-blocks designs).! Permutation statistical methods for multiple
dependent samples are presented in Chap.9. Permutation statistical methods for
multiple independent samples are presented in this chapter. In addition there are
mixed models with one or more independent samples and one or more dependent
samples, but these models are beyond the scope of this introductory book on
permutation statistical methods. Interested readers can consult a 2016 book on
Permutation Statistical Methods: An Integrated Approach by the authors [2].
Multi-sample tests for independent samples constitute a large family of tests in
conventional statistical methods. Included in this family are one-way analysis of
variance with univariate responses (ANOVA), one-way analysis of variance with

In some disciplines tests on multiple independent samples are known as between-subjects tests
and tests for multiple dependent or related samples are known as within-subjects tests.
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multivariate responses (MANOVA), one-way analysis of variance with one or more
covariates and univariate responses (ANCOVA), one-way analysis of variance with
one or more covariates and multivariate responses (MANCOVA), and a variety
of factorial designs that may be two-way, three-way, four-way, nested, balanced,
unbalanced, fixed, random, or mixed.

In this chapter, permutation statistical methods for multiple independent samples
are illustrated with six example analyses. The first example utilizes a small set
of data to illustrate the computation of exact permutation methods for multiple
independent samples, wherein the permutation test statistic, §, is developed and
compared with Fisher’s conventional F-ratio test statistic. The second example
develops a permutation-based measure of effect size as a chance-corrected alterna-
tive to the five conventional measures of effect size for multi-sample tests: Cohen’s
d, Pearson’s n?, Kelley’s 2, Hays’ c?)l% for fixed models, and Hays’ c?)% for random
models. The third example compares permutation statistical methods based on
ordinary and squared Euclidean scaling functions, with an emphasis on the analysis
of data sets containing extreme values. The fourth example utilizes a larger data set
to provide a comparison of exact permutation methods and Monte Carlo permutation
methods, demonstrating the efficiency and accuracy of Monte Carlo statistical
methods for multi-sample tests. The fifth example illustrates the application of per-
mutation statistical methods to univariate rank-score data, comparing permutation
statistical methods to the conventional Kruskal-Wallis one-way analysis of variance
for ranks test. The sixth example illustrates the application of permutation statistical
methods to multivariate data, comparing permutation statistical methods with the
conventional Bartlett—-Nanda—Pillai trace test for multivariate data.

8.1 Introduction

The most popular univariate test for g > 3 independent samples under the Neyman—
Pearson population model of statistical inference is Fisher’s one-way analysis of
variance wherein the null hypothesis (Hp) posits no mean differences among the g
populations from which the samples are presumed to have been randomly drawn;
that is, Ho: n1 = p2 = --- = ug. It should be noted that Fisher, writing in
the first edition of Statistical Methods for Research Workers in 1925, named the
aforementioned statistic the variance-ratio test, symbolized it as z, and defined it as

1 | V1
= 0g, ’
z 2 e Yo

where vi = MSBetween and vy = MSwithin in modern notation. In 1934, in an effort
to eliminate the calculation of the natural logarithm required for calculating Fisher’s
z test, George Snedecor at Iowa State University published tabled values in a small
monograph for Fisher’s variance-ratio z statistic and renamed the test statistic F,
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presumably in honor of Fisher [22]. It has often been reported that Fisher was
displeased when the variance-ratio z test statistic was renamed F by Snedecor [4, 8].

Fisher’s F-ratio test for a completely-randomized design does not determine
whether or not the null hypothesis is true, but only provides the probability that,
if the null hypothesis is true, the samples have been drawn from populations with
identical mean values, assuming normality and homogeneity of variance.

Consider a conventional multi-sample F test with samples of independent and
identically distributed univariate random variables of sizes ny, ..., ng, viz.,

{x11, ..., x}’l]l}s cees {xlgs cees xngg} s

drawn from g specified populations with cumulative distribution functions
Fi(x), ..., Fg(x), respectively. For simplicity, suppose that population i is normal
with mean w; and variance cZfori =1, ..., g. This is the standard one-
way classification model with g treatment groups. Under the Neyman—Pearson
population model of statistical inference, the null hypothesis of no differences
among the population means tests

Ho:py=po=---=pug versus Hi:u; #p; forsomei # j

for g treatment groups. The permissible probability of a type I error is denoted by
o and if the observed value of Fisher’s F-ratio test statistic is equal to or greater
than the critical value of F that defines «, the null hypothesis is rejected with a
probability of type I error equal to or less than o, under the assumptions of normality
and homogeneity.

For multi-sample tests with g treatment groups and N observations, Fisher’s F-
ratio test statistic is given by

F = MSBetween
MSwithin

where the mean-square between treatments is given by>

SS Between
MSBetween = s

g—1

the sum-of-squares between treatments is given by

8
- =\2
SSBetween = Zni (xi - x) >
i=1

2The terms MSgetween and MSwithin are only one set of descriptive labels for the numerator and
denominator of the F-ratio test statistic. MSBetween 1S Often replaced by either MStreatment OF
MSFactor and MSwinin 18 often replaced by MSgcror-
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the mean-square within treatments is given by

SSwithi
MSwithin = N _lt ; )

the sum-of-squares within treatments is given by

g n
SSWithin = Z Z (xij — Ifi)2 ,

i=1 j=1
the sum-of-squares total is given by

8§ i
=\2
SSTotal = SSBetween + SSWithin = E E (xij - x) >
i=1 j=1

the mean value for the ith of g treatment groups is given by
I IR
SR
j=1

the grand mean for all g treatment groups combined is given by

Under the Neyman—Pearson null hypothesis, Hy: 1 = 2 = -+ = g, test
statistic F is asymptotically distributed as Snedecor’s F' distribution with v = g —1
degrees of freedom in the numerator and v, = N — g degrees of freedom in the
denominator. However, if any of the g populations is not normally distributed, then
the distribution of test statistic ' no longer follows Snedecor’s F distribution with
v; = g — land v, = N — g degrees of freedom.

The assumptions underlying Fisher’s F-ratio test for multiple independent sam-
ples are (1) the observations are independent, (2) the data are random samples from
well-defined, normally-distributed populations, and (3) homogeneity of variance;

2 2 2

thatls,a1 =0y = =0,
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8.2 A Permutation Approach

Now consider a test for multiple independent samples under the Fisher—Pitman
permutation model of statistical inference. Under the Fisher—Pitman permutation
model there is no null hypothesis specifying population parameters. Instead the
null hypothesis simply states that all possible arrangements of the observations
occur with equal chance [10]. Also, there is no alternative hypothesis under the
permutation model and no specified « level. Moreover, there is no requirement
of random sampling, no degrees of freedom, no assumption of normality, and no
assumption of homogeneity of variance.

A permutation alternative to the conventional F' test for multiple independent
samples is easily defined. The permutation test statistic for g > 3 independent
samples is given by

g
5=) Cé&, @.1)
i=1
where C; > 0 is a positive treatment-group weight fori =1, ..., g,
0 —1N-1 N
& = ( 2’) o AG R ()W) (82)
j=1 k=j+1

is the average distance-function value for all distinct pairs of objects in sample S;
fori=1,..., g,

AGK) = |xj — x|

denotes a symmetric distance-function value for a single pair of objects,

g
V=Y
i=1
and W (-) is an indicator function given by

1 ifw;es;,
Y (wj) =
0 otherwise .

Under the Fisher—Pitman permutation model, the null hypothesis simply states
that equal probabilities are assigned to each of the

m= N (8.3)

8
[T
i=1



262 8 Completely-Randomized Designs

possible, equally-likely allocations of the N objects to the g samples [10]. The
probability value associated with an observed value of &, say d,, is the probability
under the null hypothesis of observing a value of § as extreme or more extreme than
8. Thus, an exact probability value for §, may be expressed as

ber of § val <34
P(8§50|H0)=num er o A/;/aues_ o 8.4)

When M is large, an approximate probability value for § may be obtained from
a Monte Carlo permutation procedure, where

number of § values < §,

P(8 < 80|Hp) = .

and L denotes the number of randomly-sampled test statistic values. Typically, L is
set to a large number to ensure accuracy; for example, L = 1,000,000 [11].

8.3 The Relationship Between Statistics ' and 8

When the null hypothesis under the Neyman—Pearson population model states

Hy: w1 = p2 = -+ = ug, v = 2, and the treatment-group weights are given
by
c="1"1 |
| — k) L= y ) g )
L N _ g

the functional relationships between test statistic § and Fisher’s F-ratio test statistic
are given by

288 otal F= 28STotal N-—g

T Nogt@-nF M T s T 1 8.5

where

N N 2
S = 342 (z) /n
i=1 i=1

and x; is a univariate measurement score for the ith of N objects. The permutation
analogue of the F test is generally known as the Fisher—Pitman permutation test [3].

Because of the relationship between test statistics § and F, the exact probability
values given by

number of § values < §,

P(8 < 8o|Ho) = ¥
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and

number of F values > F,

P(F > Fy|Ho) = y

are equivalent under the Fisher—Pitman null hypothesis, where §, and F,, denote the
observed values of 6 and F, respectively, and M is the number of possible, equally-
likely arrangements of the observed data.

A chance-corrected measure of agreement among the N measurement scores is
given by

8
N=1- , (8.6)
Hs

where p5 is the arithmetic average of the M § test statistic values calculated on all
possible arrangements of the observed measurements; that is,

1 M
o= > 8 (8.7)

i=1

Alternatively, in terms of a one-way analysis of variance model, the exact expected
value of test statistic § is a simple function of the total sum-of-squares; that is,

. 2SSTotal
M= N1

8.4 Example 1: Test Statistics ' and 8

A small example will serve to illustrate the relationship between test statistics F
and §. Consider the example data listed in Table 8.1 with g = 3 treatment groups,
sample sizes of ny = np =3, n3 =4, and N =ny+ny+n3 =3+3+4 =
10 total observations. Under the Neyman—Pearson population model with sample
sizes n1 = ny = 3, and n3 = 4, treatment-group means x; = 3, X = 4, and

x3 = 8, grand mean x = 5.30, estimated population variances s% = s% = 1.00 and

Table 8.1 Example data for

8 . Treatment group
a test of g = 3 independent

samples with N = 10 b2 3
observations 2 3 7
3 4 8
4 5 8

\=]
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s32 = 0.6667, the sum-of-squares between treatments is
£ =\2
SSBetween = Zni ()Ei - )E) =50.10,
i=1

the sum-of-squares within treatments is

8§
_\2
SSwitin = Y ¥ (xij — %)" =6.00 ,
i=1 j=1
the sum-of-squares total is

SSTotal = SSBetween + SSWithin = 50.10 + 6.00 = 56.10 ,

the mean-square between treatments is

SSBetween _ 50.10

MSBetween = g — 1 = 3_1 =25.05 s
the mean-square within treatments is
SSwithi 6.00
MSwithin = " = = 08571,

N—-—g 10-3
and the observed value of Fisher’s F'-ratio test statistic is

_ MSBetween _ 25.05

F = = =29.2250.
MSwithin 0.8571

The essential factors, sums of squares (SS), degrees of freedom (df), mean squares
(MS), and variance-ratio test statistic (F') are summarized in Table 8.2.

Under the Neyman—Pearson null hypothesis, Hy: @1 = p2 = w3, Fisher’s F-
ratio test statistic is asymptotically distributed as Snedecor’s F with vj = g — 1 and
vy = N — g degrees of freedom. Withv)i =g —1=3—-1=2andv, =N —g =
10 — 3 = 7 degrees of freedom, the asymptotic probability value of F' = 29.2250 is
P = 0.4001x1073, under the assumptions of normality and homogeneity.

Table 8.2 Source table for Factor SS df MS F

the example data listed in
Table 8.1 Between 50.10 2 25.0500 29.2250

Within 6.00 7 0.8571
Total 56.10
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8.4.1 An Exact Analysis with v = 2

For the first permutation analysis of the example data listed in Table 8.1 let v = 2,
employing squared Euclidean scaling, and let the treatment-group weights be given
by

n; — 1
Ci= ,
N-g
for correspondence with Fisher’s F-ratio test statistic.
Because there are only

N! 10!

M = =
31314

8
[]n
i=1

possible, equally-likely arrangements in the reference set of all permutations of
the N = 10 observations listed in Table 8.1, an exact permutation analysis is
feasible. While M = 4200 arrangements are too many to list, Table 8.3 illustrates
the calculation of the &, §, and F values for a small sample of the M possible
arrangements of the N = 10 observations listed in Table 8.1.

Following Eq. (8.1) on p. 261, the N = 10 observations yield g = 3 average
distance-function values of

= 4200

& =% =200 and & =1.3333.

Alternatively, in terms of a one-way analysis of variance model the average distance-
function values are & = 2s7 = 2(1.00) = 2.00, & = 255 = 2(1.00) = 2.00, and
£3 = 257 = 2(0.6667) = 1.3333.

Following Eq. (8.1) on p. 260, the observed value of the permutation test statistic
based on v = 2 and treatment-group weights

I’l,’—l

C; =
N-—g

9 i:172137

8
1
§= Zc,-g,» = 10— 3)[(3 — 1)(2.00) + (3 — 1)(2.00)

i=1

+ (4 —1)(1.3333)] = 1.7143
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Table 8.3 Sample arrangements of the example data listed in Table 8.1 with associated &1, &, 8,
and F values

Number Arrangement & & & 8 F

1 234 345 7889 2.0000 2.0000 1.3333 1.7143 29.2250
2 234 347 5889 2.0000 8.6667 6.0000 5.6190 6.4839
3 234 347 4889 2.0000 8.6667 9.8333 7.2619 4.4318
4 234 457 3889 2.0000 4.6667 14.6667 8.1905 3.3494
5 234 348 5789 2.0000 14.0000 5.8333 7.0714 4.4333
6 234 358 4789 2.0000 12.6667 9.3333 8.1905 3.3494
7 234 458 3789 2.0000 8.6667 13.8333 8.9762 2.7499
8 234 378 4589 2.0000 14.0000 11.3333 9.4286 2.4500
9 234 478 3589 2.0000 8.6667 15.1667 9.5476 2.3758
10 234 578 3489 2.0000 4.6667 17.3333 9.3333 2.5107
11 234 348 5789 2.0000 14.0000 5.8333 7.0714 4.4333
12 234 358 4789 2.0000 12.6667 9.3333 8.1905 3.3494
13 234 458 3789 2.0000 8.6667 13.8333 8.9762 2.7499
14 234 378 4589 2.0000 14.0000 11.3333 9.4286 2.4500
15 234 478 3589 2.0000 8.6667 15.1667 9.5476 2.3758
16 234 578 3489 2.0000 4.6667 17.3333 9.3333 2.5107
17 234 488 4579 2.0000 10.6667 9.8333 7.8333 3.1894
18 234 488 3579 2.0000 10.6667 13.3333 9.3333 2.5107
19 234 588 3479 2.0000 6.0000 15.1667 8.7857 2.8854
20 234 788 3459 2.0000 0.6667 13.8333 6.6905 4.8851
4199 889 357 2344 0.6667 8.0000 1.8333 3.2619 13.6985
4200 889 457 2343 0.6667 4.6667 1.3333 2.0952 23.2750

Alternatively, in terms of a one-way analysis of variance model the permutation test
statistic is

8 = 2MSwithin = 2(0.8571) = 1.7143 .

For the example data listed in Table 8.1, the sum of the N = 10 observations is

N
le-=2+3+4+3+4+5—|—7+8~|—8+9=53,
i=1

the sum of the N = 10 squared observations is

N
Y oxi =243 44432+ 4 457+ + 8+ 8+ 92 =337,
i=1
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and the total sum-of-squares is

N L, & N 2
SStowr = ) (xi =%)" =D ¥} — (Zx,) /N
i=1 i=1

i=1

=337 — (53)2/10 = 56.10 ,

where x denotes the grand mean of all N = 10 observations. Then following the
expressions given in Eq. (8.5) on p. 262 for test statistics § and F, the observed
value of test statistic § with respect to test statistic F is

25STotal 2(56.10)

= = =1.7143
N—-g+(@g—-—DF 10-34 (3 —1)(29.2250)

and the observed value of test statistic F with respect to test statistic § is

_ 28Stota N — ¢ _ 2(56.10) 103 992250 .
g—-1D§ g-—1 B3-1(1.7143) 3-1
Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 10 observations listed in Table 8.1 that
are equal to or less than the observed value of § = 1.7143. There are exactly 10 §
test statistic values that are equal to or less than the observed value of 6 = 1.7143.
If all M arrangements of the N = 10 observations listed in Table 8.1 occur with
equal chance under the Fisher—Pitman null hypothesis, the exact probability value
of § = 1.7143 computed on all M = 4200 arrangements of the observed data with
n1 = ny = 3 and n3 = 4 preserved for each arrangement is

number of § values < §, _ 10

= =0.2381x1072
M 400 ~ 0-238IX1077,

P(8 < 8o|Hp) =
where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 10 observations listed in Table 8.1.

Alternatively, there are only 10 F values that are larger than the observed value
of F = 29.2250. Thus, if all arrangements of the observed data occur with equal
chance, the exact probability value of F' = 29.2250 under the Fisher—Pitman null
hypothesis is

number of F values > F, 10

= =0.2381x1072
M 400 ~ 0-238IX1077,

P(F > Fy|Ho) =

where F, denotes the observed value of test statistic F.
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Following Eq. (8.7) on p. 263, the exact expected value of the M = 4200 § test
statistic values under the Fisher—Pitman null hypothesis is

M
1 52.360
- 5 = = 12.4667 .
o=y ; 17 4200

Alternatively, in terms of a one-way analysis of variance model the exact expected
value of test statistic § is

_ 25Stow _ 2(56.10)

= = 12.4667 .
N -1 10—-1

s

Following Eq. (8.6) on p. 263, the observed chance-corrected measure of effect size
is

8 1.7143
R=1-— " =1- = 40.8625 ,
1L 12.4667

indicating approximately 86% within-group agreement above what is expected by
chance. Alternatively, in terms of a one-way analysis of variance model the chance-
corrected measure of effect size is

) 2MSwithin (N — 1) (MSwithin)
N=1-— =1- =1-
s 288 Total SSTotal
N —1
(10 — 1)(0.8571)
=1- = +0.8625 .
56.10 +

8.5 Example 2: Measures of Effect Size

Measures of effect size express the practical or clinical significance of differences
among multiple independent sample means, as contrasted with the statistical
significance of differences. Five measures of effect size are commonly used for
determining the magnitude of treatment effects for multiple independent samples:
Cohen’s d, Pearson’s n?, Kelley’s 2, Hays’ 6)12; for fixed models, and Hays’ ‘?’%e’ for
random models. Cohen’s d measure of effect size is given by

L? _ [ 1 (SSBetween )i|l/2 _ |:F :|1/2
g — 1 \nMSwithin n ’



8.5 Example 2: Measures of Effect Size 269

where 1 denotes the common size of each treatment group. Pearson’s 1> measure of
effect size is given by

2 SSBetween _ N-—g

7T SStow | F(g—D+N-g’

which is equivalent to Pearson’s r2 for a one-way analysis of variance design.
Kelley’s “unbiased” correlation ratio is given by>

2= SStotal = (N — DMSwithin _ N -1
SSTotal Fg—1)+N-—g ’

which is equivalent to an adjusted or “shrunken” squared multiple correlation
coefficient reported by most computer statistical packages and given by

. (1—R>)(N —1)
772:R§d_]:1_ N S
—p—1

where R? is the squared product-moment multiple correlation coefficient and p is
the number of predictors. Hays’ 5)12: measure of effect size for a fixed-effects analysis
of variance model is given by

o2 = SSBetween — (8§ — 1)MSwithin - N
F SSTotal + MSwithin (F-1)(@E—-D+N"

Hays’ 5)12{ measure of effect size for a random-effects analysis of variance model is
given by

6?)2 _ MSBetween - MSWithin 1 n
K MSBetween + (1 — 1)MSwithin F+n—1"

where n denotes the common size of each treatment group. Mielke and Berry’s )i
chance-corrected measure of effect size is given by

N=1-— ",
148

where § is defined in Eq. (8.1) on p. 261 and pus is the exact expected value of §
under the Fisher—Pitman null hypothesis given by

31t is well known that Kelley’s correlation ratio is not unbiased, but since the title of Truman
Kelley’s 1935 article was “An unbiased correlation ratio measure,” the label has persisted.
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where, for a test of g > 3 independent samples, the number of possible, equally-
likely arrangements of the observed data is given by

N!
M =

g .
[T
i=1

For the example data listed in Table 8.1 on p. 263 for N = 10 observations,
Cohen’s d measure of effect size is*

) L /ss V2 rFY2 1292250712
P |: < Between >i| _ [ i| — [ i| = 42.9610.

g — 1 \ nMSwithin n 3.3333

Pearson’s r> measure of effect size is usually labeled as 7> when reported with an

analysis of variance. For the example data listed in Table 8.1, n? is

2 SSBetween -1 N-—g
SSTotal F(g—1)+N-—g
10—3

=1- =0.8930,
(29.2250)3—-1)+10-3

Kelley’s > measure of effect size is

ﬁz _ SSTotal — (N — 1)MSwithin —1— N -1
SSTotal Fg—1+N-—g
10—-1

—1— = 0.8625,
(29.2250)3 — 1) + 10— 3

Hays’ &)I% measure of effect size for a fixed-effects analysis of variance model is

ok — SSBetween — (8§ — 1)MSwithin —1_ N
F SSTotal + MSwithin (F-DE—-D+N
10
=1 = 0.8495,

B (29.2250 - 1)3—-1)+ 10

4Since the sizes of the treatment groups are not equal, the average value of 71 = 3.3333 is used for
both Cohen’s d measure of effect size and Hays’ é)ZR measure of effect size for a random-effects
model. In cases where the treatment-group sizes differ greatly, a weighted average recommended
by Haggard is often adopted [6].
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Hays’ 5)12{ measure of effect size for a random-effects analysis of variance model is’

6)2 _ MSBetween - MSWithin — 11— n
a MSBetween + (1 — 1)MSwithin F+n—1

=1- 3:3333 =0.8944 ,
29.2250+3.3333 — 1

and Mielke and Berry’s )i chance-corrected measure of effect size is

N=1 ) =1 1'7143——1—08625
o us 12.4667 ’

where the exact expected value of test statistic § under the Fisher—Pitman null
hypothesis is

M
1 52.360
- 5 = = 12.4667 .
o=y ; 17 4200

It can easily be shown that Mielke and Berry’s )it chance-corrected measure of effect
size is identical to Kelley’s 7> measure of effect size for a one-way, completely-
randomized analysis of variance design, under the Neyman—Pearson population
model.

8.5.1 Comparisons of Effect Size Measures

In this section the various measures of effect size are compared and contrasted.
Because Pearson’s 72 and 52 are equivalent and Kelley’s /> and Mielke and Berry’s
% are equivalent for multi-sample designs, only 1> and 9 are utilized for the
comparisons. The functional relationships between Cohen’s d measure of effect
size and Pearson’s % (r?) measure of effect size for g > 3 independent samples
are given by

. 2(N — V2 -
z[ (N —g) } and p=1— N-g . (88)

n(g — 1)(1 —n?) nd*(g—1)+N—g

where n denotes the common treatment-group size. The relationships between
Cohen’s d measure of effect size and Mielke and Berry’s )i (7?) chance-corrected

5For a one-way completely-randomized analysis of variance, a fixed-effects model and a random-
effects model yield the same F'-ratio, but measures of effect size can differ under the two models.
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measure of effect size are given by

RN —g) +g—17"7 N -1
[n(g—l)(l—%)} MM e nan—g
: g—1D+N-—g

The relationships between Cohen’s d measure of effect size and Hays’ c?)% measure
of effect size for a fixed-effects model are given by

(N—g+Ddi+g—1 12
d= & RTS8 (8.10)
n(g — (1 —&p)
and
N
=1 (8.11)

@ -D(g—1D 4N’

The relationships between Cohen’s d measure of effect size and Hays’ ‘7)122 measure
of effect size for a random-effects model are given by

Emn—1+1 12
d=|"R"T and &3=1- . . (8.12)
n(l — wg) nd?>+1)—1

The relationships between Pearson’s 172 (r%) measure of effect size and Mielke and
Berry’s 9t (77%) measure of effect size are given by

o C1 — 2
W= (V=D =) (8.13)

2
=1
7 N-1 N-—g

The relationships between Pearson’s 5> (r?) measure of effect size and Hays’ 5)12:
measure of effect size for a fixed-effects model are given by

, (N—g+Dag+g—1

8.14
N+af—1 ®19

and

"(N—-1)—g+1

8.15
N-—n*—g+1 ®1

~D
U)F—
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The relationships between Pearson’s 12 (%) measure of effect size and Hays’ c?)f{
measure of effect size for a random-effects model are given by

_ 2
2 =1— -’ (V=) = ap) A (8.16)
(g — Dlog(n — D) + 1]+ (N — 9)(1 — ag)

and

"(N—-1)—g+1

. 8.17
(N =gm*+ (g — DL —nH(n —1) ®1D

oy =
The relationships between Mielke and Berry’s % (77%) measure of effect size and
Hays’ c?)% measure of effect size for a fixed-effects model are given by

~2
Nog

_ o RN-1)
N+ —1

R and af="" (8.18)

The relationships between Mielke and Berry’s % (%) measure of effect size and
Hays’ 6)12{ measure of effect size for a random-effects model are given by

(N = 1)1 —&2)

RN=1- .
nog(g — D+ (N —D)A —ag)

(8.19)

and

A2(N — 1)

. (8.20)
NR —1+(1—-Mng—1+1]

2

C()R =
And the relationships between Hays’ c?)l% measure of effect size for a fixed-effects
model and Hays’ 6)12{ measure of effect size for a random-effects model are given by

~2
Na)F

o ndg(g—1) 3
N&E —n(g — D1 —ad)

wn = 8.21
T nad 4+ N1 — @) @821

8.5.2 Example Comparisons of Effect Size Measures

In this section comparisons of Cohen’s d, Pearson’s n?, Mielke and Berry’s 9t, Hays’
d)l%, and Hays’ c?)f{ measures of effect size are illustrated with the example data listed
in Table 8.1 on p. 263 withny = np =3, n3 = 4,and N = ny +ny +n3 =
3 + 3 4+ 4 = 10 observations. Because the treatment-group sizes are unequal, the
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ns in the equations for Cohen’s d and Hays’ 6)122 are replaced with a simple average;
thatis,n = (3 + 3 +4)/3 = 3.3333.

Given the example data listed in Table 8.1 and following the expressions given
in Eq. (8.8) for Cohen’s d measure of effect size and Pearson’s n?* (r?) measure of
effect size, the observed value for Cohen’s d measure of effect size with respect to
the observed value of Pearson’s n? (%) measure of effect size is

A_[ n*(N — g) }”2_[ (0.8930)(10 — 3)
“lag-Da -] T|33333)G- 1) - 0.8930)

1/2
i| = 1£2.9610

and the observed value for Pearson’s 52 (r2) measure of effect size with respect to
the observed value of Cohen’s d measure of effect size is

2 N —g
n=1-_.
nd%2(g—1)+ N —g
10— 3

—1— = 0.8930 .
(3.3333)(2.9610)2(3 — 1) + 10 — 3

Following the expressions given in Eq. (8.9) for Cohen’s d measure of effect
size and Mielke and Berry’s 0 (7%) measure of effect size, the observed value for
Cohen’s d measure of effect size with respect to the observed value of Mielke and
Berry’s 9t (77%) measure of effect size is

GV -9 +g-1 172
_[mg—l)(l—m}

B [ 0.8625(10 —3) +3 — 1
~ 1 (3.3333)(3— 1)(1 — 0.8625)

1/2
:| = +2.9610

and the observed value for Mielke and Berry’s i (ﬁz) measure of effect size with
respect to the observed value of Cohen’s d measure of effect size is

N -1

N=1-
nd?(g—1)+N—g

=1 101 = +0.8625

o (3.3333)(2.9610)23 — 1)+ 10—-3 ‘

Following the expressions given in Eqgs. (8.10) and (8.11) for Cohen’s d measure

of effect size and Hays’ &)I% measure of effect size for a fixed-effects model, the

observed value for Cohen’s d measure of effect size with respect to the observed



8.5 Example 2: Measures of Effect Size 275

value of Hays’ c?)% measure of effect size is

2 1/2

G (N—g+Daog+g-—1
(g — (1 — @)

[(10 — 34 1)(0.8495) +3 — 1

1/2
= +2.9610
(3.3333)(3— 1)(1 — 0.8495) i|

and the observed value for Hays’ cf)% measure of effect size with respect to the
observed value of Cohen’s d measure of effect size is

N

A2
s =1— R
; @d2—1)(g—-1D+N

=1- 10 =0.8495 .
[(3.3333)(2.9610)2 — 1](3 — 1) + 10

Following the expressions given in Eq. (8.12) for Cohen’s d measure of effect

size and Hays’ @12{ measure of effect size for a random-effects model, the observed

value for Cohen’s d measure of effect size with respect to the observed value of
Hays’ 6)12{ measure of effect size is

P |:®1%(ﬁ -+ 1}1/2 - [(0.8944)(3.3333 ~D+1

12
= 429610
(3.3333)(1 — 0.8944) }

il —a3)

and the observed value of Hays’ 6)122 measure of effect size with respect to the
observed value of Cohen’s d measure of effect size is

" i 3.3333
Pr=1— —1- , = 0.8944 .
Ad24+1)— 1 (3.3333)[(2.9610)2 + 1] — 1

Following the expressions given in Eq. (8.13) for Pearson’s 52 (%) measure of
effect size and Mielke and Berry’s i (ﬁz) measure of effect size, the observed value
for Pearson’s n? (r?) measure of effect size with respect to the observed value of
Mielke and Berry’s i (7%) measure of effect size is

~N=gd =) - (10 —3)(1 — 0.8625)

2
=1
g N—1 10-1

=0.8930

and the observed value for Mielke and Berry’s i (ﬁz) measure of effect size with
respect to the observed value of Pearson’s 172 (r%) measure of effect size is

(N-DA—=n» | (10=1D(1-038930)
N-—g N 10 -3

N=1- = +0.8625 .
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Following the expressions given in Egs. (8.14) and (8.15) for Pearson’s n2 (r2)
measure of effect size and Hays’ c?)% measure of effect size for a fixed-effects model,
the observed value for Pearson’s 172 (r%) measure of effect size with respect to the
observed value of Hays’ c?)l% measure of effect size is

» (N—g+Ddf+g—1  (10-3+1)(0.8495)+3 — 1

= 0.8930
N+ —1 10 +0.8495 — 1

and the observed value for Hays’ c?)% measure of effect size with respect to the

observed value of Pearson’s 172 (%) measure of effect size is

o NPIN-1)—g+1 (0.8930)(10—1)—3+1
o2 = _

2 = - — 0.8495 .
N-—np2—g+1 10 — 0.8930 — 3 + 1

Following the expressions given in Egs. (8.16) and (8.17) for Pearson’s n2 )

measure of effect size and Hays’ c?)f{ measure of effect size for a random-effects

model, the observed value for Pearson’s 172 (%) measure of effect size with respect
to the observed value of Hays’ c?)lz2 measure of effect size is

E (N =) (1 = ép)
(g — DI@j@ — D + 1]+ (N — g)(1 — &3)
(10 — 3)(1 — 0.8944)
(3 — 1)[(0.8944)(3.3333 — 1) + 1] + (10 — 3)(1 — 0.8944)
= 0.8930

and the observed value for Hays’ ‘?’122 measure of effect size with respect to the
observed value of Pearson’s n? (%) measure of effect size is

7(N—-1)—g+1
(N—=gn?>+ (- =n)@E -1
0.8930(10— 1) =3+ 1
= (10 — 3)(0.8930) + (3 — 1)(1 — 0.8930)(3.3333 — 1)

o3 =
= 0.8944 .

Following the expressions given in Eq. (8.18) for Mielke and Berry’s %t (%)
measure of effect size and Hays’ c?)% measure of effect size for a fixed-effects model,
the observed value for Mielke and Berry’s 9t (/%) measure of effect size with respect

to the observed value of Hays’ 5)12: measure of effect size is

N&? (10)(0.8495)
R = P = +0.8625
N+&E—1  10+0.8495—1 *



8.5 Example 2: Measures of Effect Size 277

and the observed value for Hays’ c?)% measure of effect size with respect to the

observed value of Mielke and Berry’s R (ﬁz) measure of effect size is

RN —1) _ (0.8625)(10 — 1)

= =0.8495 .
N-—-R 10 — 0.8625

~D
C()F—

Following the expressions given in Eqgs. (8.19) and (8.20) for Mielke and Berry’s
N (7%) measure of effect size and Hays’ 6)12{ measure of effect size for a random-
effects model, the observed value for Mielke and Berry’s R (ﬁz) measure of effect

size with respect to the observed value of Hays’ d)ﬁ measure of effect size is

B (N — D1 —a3)
adR (g — 1)+ (N — D1 — &)
(10 — 1)(1 — 0.8944)

=17 (33333)(0.8944)3 = 1) + (10 = 1)(1 — 0.8044) — 10862

RN=1

and the observed value for Hays’ c?)lz2 measure of effect size with respect to the

observed value for Mielke and Berry’s i (7%) measure of effect size is

A*(N — 1)
NR—-14+0-N[n(g—-1)+1]
_ (0.8625)(10—1)
o (10)(0.8625) — 1 + (1 — 0.8625)[(3.3333)(3—1) + 1]

O =
=0.8944 .

Following the expressions given in Eq. (8.21) for Hays’ c?)% measure of effect size
for a fixed-effects model and Hays’ 5)12{ measure of effect size for a random-effects
model, the observed value for Hays’ c?)l% measure of effect size with respect to the
observed value of Hays’ cbl% measure of effect size is

nog(g — 1)
nda(g — 1D+ N1 —ag)
(3.3333)(0.8944)(3 — 1)
= (3.3333)(0.8944)(3 — 1) + (10)(1 — 0.8944)

OF =
= 0.8495

and the observed value for Hays’ 5)12{ measure of effect size with respect to the

observed value of Hays’ c?)% measure of effect size is

> N&Z
“RT o2 on A2
op +n(g — D — wp)
(10)(0.8495)

= =0.8944 .
(10)(0.8495) + (3.3333)(3 — 1)(1 — 0.8495)
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8.6 Example 3: Analyses withv =2andv =1

For a third example of tests of differences among g > 3 independent samples,
consider the example data set given in Table 8.4 with g = 4 treatment groups,
sample sizes of n1 = np = n3 = ng = 7, and N = 28 total observations. Under
the Neyman—Pearson population model with sample sizes n1 = ny =n3 =ng =7,
treatment-group means x; = 20.4286, xo = 20.8571, x3 = 9.1429, and x4 =
14.1429, grand mean X = 16.1429, estimated population variances 312 = 27.9524,
s% = 35.4762, and s32 = sf = 8.8095, the sum-of-squares between treatments is

8
SSBetween = Zni ()Ei - ;)2 = 655.1429 ,
i=1

the sum-of-squares within treatments is

8§ N
SSwithin = Z Z (xij — )E,-)2 = 486.2857 ,
i=1 j=1

the sum-of-squares total is
SSTotal = SSBetween + SSWithin = 655.1429 4 486.2857 = 1141.4286 ,

the mean-square between treatments is

SS 655.1429
MSBetween = Between = = 218.3810 s
g—1 4—1

the mean-square within treatments is

SSWithin _ 486.28571

= =20.2619,
N-—g 28 — 4

MSwithin =

Table 8.4 Example data for Treatment group

a test of g = 4 independent I 2 3 4

samples with N = 28

observations 15 24 10 15
23 14 5 13

18 15 8 10
16 19 13 17
25 30 6 18
29 26 10 11
17 18 12 15
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Table 8.5 Source table for

” - Factor SS df MS F
the data listed in Table 8.4

Between  655.1429 3 218.3810 10.7779
Within 486.1429 24 20.2619
Total 1141.4286

and the observed value of Fisher’s F'-ratio test statistic is

F= MSBetween — 218.3810 =10.7779 .
MSwithin 20.2619

The essential factors, sums of squares (SS), degrees of freedom (df), mean squares
(MS), and variance-ratio test statistic (F') are summarized in Table 8.5.

Under the Neyman—Pearson null hypothesis, Hy: 11 = w2 = 3 = u4, Fisher’s
F-ratio test statistic is asymptotically distributed as Snedecor’s F withvi = g — 1
and vy = N — g degrees of freedom. Withv) = g—1=4—1=3andvu, =N—g =
28 — 4 = 24 degrees of freedom, the asymptotic probability value of F' = 10.7778
is P = 0.1122x1073, under the assumptions of normality and homogeneity.

8.6.1 A Monte Carlo Analysis with v = 2

For the first analysis of the example data listed in Table 8.4 on p. 278 under the
Fisher—Pitman permutation model let v = 2, employing squared Euclidean scaling,
and let the treatment-group weights be given by

ni —1
Ci = ,
N-—g
for correspondence with Fisher’s F-ratio test statistic.
Because there are

N! 28!

M = =
ANl

8
[T
i=1

= 472,518,347,558,400

possible, equally-likely arrangements in the reference set of all permutations of
the N = 28 observations listed in Table 8.4, an exact permutation analysis is not
possible and a Monte Carlo analysis is required.

Following Eq. (8.2) on p. 261, the N = 28 observations yield g = 4 average
distance-function values of

& =559048, & =709524, and & =£&4=17.6190.
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Alternatively, in terms of a one-way analysis of variance model the average distance-
function values are & = 2s7 = 2(27.9524) = 55.9048, & = 255 = 2(34.4762) =
70.9524, & = 2s§ = 2(8.8095) = 2(8.8095) = 17.6190, and & = 2s§ =
2(8.8095) = 17.6190.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 2 and treatment-group weights

ni—1
Ci = ,
N-—g
is

8

7-1

§= Z Cifi = )0 4(55.9048 +70.9524
i=1

+ 17.6190 + 17.6190) =40.5238 .

Alternatively, in terms of a one-way analysis of variance model the permutation test
statistic is

8 = 2MSwithin = 2(20.2619) = 40.5238 .
For the example data listed in Table 8.4, the sum of the N = 28 observations is
N
D oxi=154+234+18+4 -+ 11+15=452,
i=1

the sum of the N = 28 squared observations is
N
D oxl =157 42374187+ 4 117+ 157 = 8438,
i=1

and the total sum-of-squares is

N

i N No\?
SStow = Y (xi — %)’ =7 - (Z x,»> /N
i=1 i=1

i=1

= 8438 — (452)2/28 = 1141.4286,

where X denotes the grand mean of all N = 28 observations.
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Then following the expressions given in Eq. (8.5) on p. 262 for test statistics §
and F, the observed value for test statistic § with respect to the observed value of
test statistic F is

28STotal 2(1141.4286)

5= =
N—g+(@g—DF  28—4+ &~ 1)(10.7779)

= 40.5238

and the observed value of test statistic ' with respect to the observed value of test
statistic § is

_ 28Stota N —¢ _ 2(1141.4286) 28 —4 — 107779 .
g—Ds g—-1 (4—-1)(40.5238) 4-1
Under the Fisher—Pitman permutation model, the Monte Carlo probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 28 observations listed in Table 8.4
that are equal to or less than the observed value of § = 40.5238. There are
exactly 138 § test statistic values that are equal to or less than the observed value
of § = 40.5238. If all M arrangements of the N = 28 observations listed in
Table 8.4 occur with equal chance under the Fisher—Pitman null hypothesis, the
Monte Carlo probability value of § = 40.5238 computed on L = 1,000,000 random
arrangements of the observed data with n; = ny = n3 = ng = 7 preserved for each
arrangement is

P(8 <3 ) number of § values < §, 138 0.1380%10-3
= = = L. X B
- L 1,000,000

where §, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 28 observations listed
in Table 8.4.

In terms of a one-way analysis of variance model, there are only 138 F' values that
are larger than the observed value of F = 10.7779. Thus, if all arrangements of the
observed data occur with equal chance, the exact probability value of F = 10.7779
under the Fisher—Pitman null hypothesis is

P(F . Fo) _ number of F values > F, _ 138 — 0.1380x103 ,
L 1,000,000

where F, denotes the observed value of test statistic /' and L is the number of
random, equally-likely arrangements of the example data listed in Table 8.4.

Following Eq. (8.7) on p. 263, the exact expected value of the M = 4200 § test
statistic values under the Fisher—Pitman null hypothesis is

1 i 39,951,568,041,566,987
l' =

= 84. .
472,518,347,558,400 84.5303
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Alternatively, in terms of a one-way analysis of variance model the exact expected
value of test statistic 6 under the Fisher—Pitman null hypothesis is

_ 28Stotal _ 2(1141.4286)

= = 84. .
N—1 28 — 1 84.5503

148

Following Eq. (8.6) on p. 263, the observed chance-corrected measure of effect size
is

8 40.5238
R=1- " =1- = +0.5207,
s 84.5503

indicating approximately 52% within-group agreement above what is expected
by chance. Alternatively, in terms of a one-way analysis of variance model, the
observed chance-corrected measure of effect size is

(N — 1) (MSwithin) 1 (28 — 1)(20.2619)

N=1-—
SSTotal 1141.4286

= +40.5207 .

Alternatively, in terms of Fisher’s F-ratio test statistic the chance-corrected measure
of effect size is

=1 o =1 -1 — 10.5207
ST T FG@-D+N—g 1077794 —1)+28—4 7

8.6.2 Measures of Effect Size

For the example data listed in Table 8.4, Cohen’s d measure of effect size is

. 1 172 1 142 1/2
d = SSBetween _ 655 9 — 12408 ’
g — 1 \nMSwithin 4 —1\(7)(20.2619)

Pearson’s n2 (r2) measure of effect size is

p? = SSBetween _ 055.1429 5 o\
SStorl | 1141.4286

Kelley’s > measure of effect size is

2= SSTotal — (N — 1)MSwithin
SSTotal
11414286 — (28 — 1)(20.2619)

= 0.5207,
1141.4286



8.6 Example 3: Analyses withv =2and v = 1 283

Hays’ c?)% measure of effect size for a fixed-effects model is

SSBetween — (g — D)MSwithin

A2
U)F _—
SSTotal + MSwithin

_655.1429 — (4 — 1)(20.2619)

=0.5116,
1141.4286 + 20.2619
Hays’ c?)% measure of effect size for a random-effects model is
6)2 . MSBetween — MSwithin
7 MSgeween + (n — DMSwithin
655.1429 — 20.2619
=0.8174,

T 655.1429 + (7 — 1)(20.2619)

and the observed chance-corrected measure of effect size is

N=1 ) =1 40‘5238—+05207
o ws 84.5503 ’

indicating approximately 52% within-group agreement above what is expected by
chance.

8.6.3 A Monte Carlo Analysis with v =1

Consider a second analysis of the example data listed in Table 8.4 on p. 278 under
the Fisher—Pitman permutation model with v = 1 and treatment-group weights

I’l,’—l

C = ,
N-—g

For v = 1, the average distance-function values for the g = 4 treatment groups are
£ =6.2857, & =7.2381, and & =& =3.6190,

respectively, and the observed permutation test statistic is

g
d= Z Ci&;
i=1

7—-1
= (28 4) (6.2857 4+ 7.2381 + 3.6190 4 3.6190) = 5.1905 .
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Because there are

N! 28!
M = = = 472,518,347,558,400

8 AN
nn;!
i=1

possible, equally-likely arrangements in the reference set of all permutations of
the N = 28 observations listed in Table 8.4, an exact permutation analysis is
impossible and a Monte Carlo permutation analysis is required. Under the Fisher—
Pitman permutation model, the Monte Carlo probability of an observed § is the
proportion of § test statistic values computed on the randomly-selected, equally-
likely arrangements of the N = 28 observations listed in Table 8.4 that are equal
to or less than the observed value of 6 = 5.1905. There are exactly 204 § test
statistic values that are equal to or less than the observed value of § = 5.1905. If
all M arrangements of the N = 28 observations listed in Table 8.4 occur with equal
chance under the Fisher—Pitman null hypothesis, the Monte Carlo probability value
of § = 5.1905 computed on L = 1,000,000 random arrangements of the observed
data with n; = np = n3 = n4 = 7 preserved for each arrangement is

number of § values < §, _ 204

= =0.2040x1073 |
L 1,000,000

P(8 < 8o|Ho) =

where &, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 28 observations listed
in Table 8.4. No comparison is made with Fisher’s F-ratio test statistic as F is
undefined for ordinary Euclidean scaling.

For the example data listed in Table 8.4, the exact expected value of test statistic
8 under the Fisher—Pitman null hypothesis is

1 i 3,497,628,060,462,033
l' =

= 7.4021 22
472,518,347,558,400 0 (8:22)

i=1
and the observed chance-corrected measure of effect size is

P 5.1905
R=1-— " =1-— = +0.2988 ,
s 74021~ T

indicating approximately 30% within-group agreement above What is expected by
chance. N0 compansons are made with Cohen’s d, Pearson’s n (r2) Kelley s 7%,
Hays’ a)F, or Hays’ a)R conventional measures of effect size as d, n?, 72, a)F, and

“’12{ are undefined for ordinary Euclidean scaling.
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8.6.4 The Effects of Extreme Values

To illustrate the robustness to the inclusion of extreme values of ordinary Euclidean
scaling with v = 1, consider the example data listed in Table 8.4 on p. 278 with one
alteration. The seventh (last) observation in Group 4 in Table 8.4 has been increased
from x74 = 15 to x74 = 75, as shown in Table 8.6. Under the Neyman—Pearson
population model with sample sizes n1 = ny = n3 = ngq = 7, treatment-group
means x; = 20.4286, xo = 20.8571, x3 = 9.1429, and x4 = 22.7143, grand
mean X = 18.2857, estimated population variances slz = 27.9524, s% = 35.4762,
s§ = 8.8095, and sf = 540.2381, the sum-of-squares between treatments is

g
SSBetween = Zni ()Ei - ;)2 = 800.8571 ,
i=1
the sum-of-squares within treatments is
8 n;
-\2
SSwithin = »_ ¥ _ (xij — Xi)” = 3674.8571,
i=1 j=1
the sum-of-squares total is

SSTotal = SSBetween + SSwithin = 800.8571 4 3674.8571 = 4475.7142 ,

the mean-square between treatments is

SS 655.1429
MSBetween = Between = = 266.9524 y
g—1 4-1

the mean-square within treatments is

SSWithin _ 486.28571

MSwithin = =
Within N—g 28 _ 4

= 153.1190,

Table 8.6 Example data for

8 . Treatment group
a test of g = 4 independent

samples with N = 28 ! 2 34

observations and one extreme 15 24 10 15

value, x7.4 =75 23 14 5 13
18 15 8 10
16 19 13 17
25 30 6 18

29 26 10 11
17 18 12 75
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Table 8.7 Source table for

' - Factor SS df MS F
the data listed in Table 8.6

Between  800.8571 3 266.9524 1.7434
Within 3674.8571 24 153.1190
Total 4475.7142

and the observed value of Fisher’s F'-ratio test statistic is

_ MSbetween _ 266.9524

F = = = 1.7434 .
MSwWithin 153.1190

The essential factors, sums of squares (SS), degrees of freedom (df), mean squares
(MS), and variance-ratio test statistic (F') are summarized in Table 8.7.

Under the Neyman—Pearson null hypothesis, Hy: ;11 = w2 = 3 = u4, Fisher’s
F-ratio test statistic is asymptotically distributed as Snedecor’s F withvi = g — 1
and vy = N — g degrees of freedom. Withv) = g—1=4—1=3andvu, =N—g =
28 — 4 = 24 degrees of freedom, the asymptotic probability value of F = 1.7434
is P = 0.1849, under the assumptions of normality and homogeneity. The original
F-ratio test statistic value with observation x7 4 = 15 was F = 10.7779 with an
asymptotic probability value of P = 0.1122x1073, yielding a difference between
the two probability values of

Ap =0.1849 —0.1122x1073 = 0.1848 .

8.6.5 A Monte Carlo Analysis with v = 2

For the first analysis of the example data listed in Table 8.6 on p. 285 under the
Fisher—Pitman permutation model let v = 2, employing squared Euclidean scaling,
and let the treatment-group weights be given by

ni —1
Ci = ,
N-—¢g

for correspondence with Fisher’s F-ratio test statistic.
Because there are

Nt 28!
i iR il
n;!

i=1

M = =472,518,347,558,400

possible, equally-likely arrangements in the reference set of all permutations of
the N = 28 observations listed in Table 8.6, an exact permutation analysis is not
possible and a Monte Carlo analysis is required.
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Following Eq. (8.2) on p. 261, the N = 28 observations yield g = 4 average
distance-function values of

£ =55.9048, & =70.9524, & =17.6190, and & = 1080.4762.

Alternatively, under an analysis of variance model, & = 2s12 = 2(27.9524) =
55.9048, & = 2s§ = 2(35.4762) = 70.9524, & = 2s32 = 2(8.8095) = 17.6190,
and &4 = 2s§ = 2(540.2381) = 1080.4762.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 2 and treatment-group weights

ni—1

C = ,
N-—g

8

7-1

5= Ci& = »g 4(55.9048 +70.9524
i=1

+17.6190 + 1080.4762) = 306.2381 .

Under the Fisher—Pitman permutation model, the Monte Carlo probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 28 observations listed in Table 8.6
that are equal to or less than the observed value of § = 306.2381. There are exactly
128,239 § test statistic values that are equal to or less than the observed value
of § = 306.2381. If all M arrangements of the N = 28 observations listed in
Table 8.6 occur with equal chance under the Fisher—Pitman null hypothesis, the
Monte Carlo probability value of § = 306.2381 computed on L = 1,000,000
random arrangements of the observed data with ny = ny = n3 = nq = 7 preserved
for each arrangement is

number of § values < §, 128,239
P((S < 80|H0) = 3 = 1.000.000 = 0.1282

where §, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 28 observations listed
in Table 8.6. For comparison, the original value of test statistic § based on v = 2
with observation x7 4 = 15 was § = 40.5238 with a Monte Carlo probability value
of P =0.1380x1073, yielding a difference between the two probability values of

Ap =0.1282 — 0.1380x 107> = 0.1281 .
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8.6.6 A Monte Carlo Analysis with v =1

For the second analysis of the example data listed in Table 8.6 on p. 285 under the
Fisher—Pitman permutation model let v = 1, employing ordinary Euclidean scaling,
and let the treatment-group weights be given by

n; — 1
Ci = ,
N-—g
Setting v = 1 can be expected to reduce the outsized effect of extreme value x7 4 =
75.
Because there are

N! 28!

M = =
ANl

8
[T
i=1

= 472,518,347,558,400

possible, equally-likely arrangements in the reference set of all permutations of
the N = 28 observations listed in Table 8.6, an exact permutation analysis is not
possible and a Monte Carlo analysis is required.

Following Eq. (8.2) on p. 261, the N = 28 observations yield g = 4 average
distance-function values of

& =6.2857, & =7.2381, & =3.6190, and &4 =20.2857.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 1 and treatment-group weights

I’l,’—l
Ci = ,
N-—g
is

8

7-1

6= Ci&i= o, (6.2857+7.2381 +3.6190 +20.2857) = 9.3571 .
i=1

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 28 observations listed in Table 8.6
that are equal to or less than the observed value of § = 9.3571. There are exactly
1960 § test statistic values that are equal to or less than the observed value of
8 = 9.3571. If all M arrangements of the N = 28 observations listed in Table 8.6
occur with equal chance, the Monte Carlo probability value of § = 9.3571
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computed on L = 1,000,000 random arrangements of the observed data with
n1 = ny = n3 = ng = 7 preserved for each arrangement is

number of § values < §, _ 1960

= =0.1960x1072 ,
L 1,000,000

P(8 < 8o|Ho) =

where §, denotes the observed value of § and L is the number of randomly-selected,
equally-likely arrangements of the N = 28 observations listed in Table 8.6.

The original value of test statistic § based on v = 1 with observation x7 4 =
15 was 8 = 5.1905 with a Monte Carlo probability value of P = 0.2040x1073,
yielding a difference between the two probability values of only

Ap = 0.1960x1072 — 0.2040x1073 = 0.1756 x1072 .

Multi-sample permutation tests based on ordinary Euclidean scaling with v = 1
tend to be relatively robust with respect to extreme values when compared with
permutation tests based on squared Euclidean scaling with v = 2.

8.7 Example 4: Exact and Monte Carlo Analyses

For a fourth, larger example of tests for differences among g > 3 independent
samples, consider the example data given in Table 8.8 with g = 4 treatment groups,
sample sizes of ny = ny =3, n3 =4, ny =5, and N = n| +ny +n3 +ng =
34+3+445 = 15 total observations. Under the Neyman—Pearson population
model with sample sizes n; = ny = 3, n3 = 4, and n4 = 5, treatment-group means
X1 = 11.00, X = 12.00, 3 = 13.50, and X4 = 19.00, grand mean x = 14.5333,
estimated population variances s12 = s% = 1.00, s% = 1.6667, and sf = 62.50, the
sum-of-squares between treatments is

8
SSBetween = Zni ()Ei - ;)2 = 160.7333 ,
i=1

Table 8.8 Example data for Treatment group

a test of g = 4 independent 1 2 3 4
samples with N = 15

observations 10 11 12 14

11 12 13 15

12 13 14 16

15 17

33
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Table 8.9 Source table for Factor Ss df MS F

the data listed in Table 8.8
Between 160.7333 3 53.5778 2.2755

Within 259.0000 11  23.5455
Total 419.7333

the sum-of-squares within treatments is

8§ n
SSwithin = Z Z (xij — ii)z =259.00,
i=1 j=1

the sum-of-squares total is
SSTotal = SSBetween + SSWithin = 160.7333 4+ 259.00 = 419.7333 ,

the mean-square between treatments is

SS 160.7333
MSBetween = Between = = 53.5778 ,
g—1 4-1

the mean-square within treatments is

SSwithin _ 259.00

= = 23.5455,
N—g 15—-4

MSwithin =

and the observed value of Fisher’s F'-ratio test statistic is

_ MSBewween _ 53.5778

F = = =2.2755.
MSwithin 23.5455

The essential factors, sums of squares (SS), degrees of freedom (df), mean squares
(MS), and variance-ratio test statistic (F') are summarized in Table 8.9.

Under the Neyman—Pearson null hypothesis, Hy: (11 = u2 = 3 = 4, Fisher’s
F-ratio test statistic is asymptotically distributed as Snedecor’s F with vy = g — 1
and v, = N — g degrees of freedom. Withv) = g—1=4—-1 =3 and v, =
N — g = 15 — 4 = 11 degrees of freedom, the asymptotic probability value of
F =2.2755is P = 0.1366, under the assumptions of normality and homogeneity.

8.7.1 A Permutation Analysis with v = 2

For the first analysis of the example data listed in Table 8.8 under the Fisher—Pitman
permutation model let v = 2, employing squared Euclidean scaling, and let the
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treatment-group weighting functions be given by

n,-—l

Ci = ,
N-—g

for correspondence with Fisher’s F-ratio test statistic.
Because there are

N! 15!

= = 12,612,600
8 31314!5!

possible, equally-likely arrangements in the reference set of all permutations of
the N = 15 observations listed in Table 8.8, an exact permutation analysis is not
practical and a Monte Carlo analysis is utilized.

Following Eq. (8.2) on p. 261, the N = 15 observations yield g = 4 average
distance-function values of

£ =& =200, £ =233333, and & = 125.00.

Alternatively, in terms of a one-way analysis of variance model the average distance-
function values are & = 2s? = 2(1.00) = 2.00, & = 253 = 2(1.00) = 2.00,
&3 = 257 = 2(1.667) = 3.3333, and & = 2s] = 2(62.50) = 125.00.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 2 and treatment-group weights

I’l,’—l

C = ,
N—g

8
1
8= ;Ci& = 15 ,[3= D@00 + 3 - D00

+ (4 — 1)(3.3333) + (5 — 1)(125.00)] = 47.0909 .

Alternatively, in terms of a one-way analysis of variance model the permutation test
statistic is

8 = 2MSwithin = 2(23.5455) = 47.0909 .

For the example data listed in Table 8.8, the sum of the N = 15 observations is

N
Zx,-=10~|—11~|—12+-~-~|—17~|—33=218,
i=1
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the sum of the N = 15 squared observations is

N
D oaf =10+ 112+ 122+ - + 177 + 337 = 3588,

i=1

and the total sum-of-squares is

SSTotal = Z (xi — ;)2 = Zd,z - (Z di) /N

i=1 i=1

= 3588 — (218)%/15 = 419.7333 ,

where x denotes the grand mean of all N = 15 observations. Then following the
expressions given in Eq. (8.5) on p. 262 for test statistics § and F, the observed
value for test statistic § with respect to the observed value of test statistic F' is

28S8Total 2(419.7333)

= = = 47.0909
N—g+(g—DF  15—4+ (4 —1)(2.2755)

and the observed value for test statistic ' with respect to the observed value of test
statistic § is

2SSt N-—g  2(419.7333) 15—-4 5 755
T (g-1D8 g—1  (4A—1)47.0909 4—-1 7 ’

Under the Fisher—Pitman permutation model, the Monte Carlo probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 15 observations listed in Table 8.8
that are equal to or less than the observed value of 6 = 47.0909. There are exactly
53,200 § test statistic values that are equal to or less than the observed value of
8 = 47.0909. If all M arrangements of the N = 15 observations listed in Table 8.8
occur with equal chance under the Fisher—Pitman null hypothesis, the Monte Carlo
probability value of § = 47.0909 computed on L = 1,000,000 randomly-selected
arrangements of the observed data with ny = np = 3 =n3 = 4,andng = 5
preserved for each arrangement is

number of § values < § 53,200
P(8 < 8o|Ho) = . = L 000.000 = 00532,

where §, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 15 observations listed
in Table 8.8.

Alternatively, in terms of a one-way analysis of variance model, there are 53,200
F values that are equal to or greater than the observed value of F' = 2.2755. Thus, if
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all arrangements of the observed data occur with equal chance, the exact probability
value of F' = 2.2755 under the Fisher—Pitman null hypothesis is

number of F values > F, _ 53,200

= =0.0532,
L 1,000,000

P(F = Fo|Hy) =

where F, denotes the observed value of test statistic F.
Following Eq. (8.7) on p. 263, the exact expected value of the M = 12,612,600
4 test statistic values under the Fisher—Pitman null hypothesis is

1 756,275,456
ps= LY a—

= =59.9619.
12,612,600 59-9619

=

In terms of a one-way analysis of variance model the exact expected value of test
statistic § is

_ 2SStow _ 2(419.7333)

= =59.9619.
N -1 15-1

s

Following Eq. (8.6) on p. 263, the observed chance-corrected measure of effect size
is

8 47.0909
R=1-—  =1- — 10.2147,
s 59.9619

indicating approximately 21% within-group agreement above what is expected
by chance. Alternatively, in terms of a one-way analysis of variance model, the
observed measure of effect size is

(N = D(MSwithin) _ !
SSTotal B 419.7333

(15 =1)(23.5455) _

N=1 =+40.2147 .

8.7.2 Measures of Effect Size

For the example data listed in Table 8.8 on p. 289, the average treatment-group size
is

=3.75,

1< 3434445
o Z”i=+++
8 = 4
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Cohen’s d measure of effect size is

[? _ [ 1 ( SSBetween ):|1/2
8 — 1 \nMSwithin

1 160.7333 172
— = 40.7336,
[4 1 ((3.75)(23.5455))}

Pearson’s 12 (r2) measure of effect size is

s 1607333
772 _ SSBetween _ =0.3829,
SSrow | 419.7333

Kelley’s 72 measure of effect size is

i = SS8Total — (N — DMSwithin

SSTotal
419.7333 — (15 — 1)(23.5455
= ( A ) =0.2147,
419.7333
Hays’ &)I% measure of effect size for a fixed-effects model is
ok — SSBetween — (8§ — 1)MSwithin
F SSTotal + MSwithin
160.7333 — (4 — 1)(23.5455
= ( ) ) =0.2033,
419.7333 + 23.5455
Hays’ c?)f{ measure of effect size for a random-effects model is
6)2 . MSBetween — MSwithin
R MSeween + (1 — DMSwithin
5777 —23.54
53.5 3.5455 — 02117,

T S3.5777+ (3.75)(23.5455)
and Mielke and Berry’s it chance-corrected measure of effect size is

N=1 ) =1 47‘0909—+0 2147
o ws 56.9619 ’

indicating approximately 21% within-group agreement above what is expected by
chance.
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8.7.3 An Exact Analysis with v = 2

While an exact permutation analysis with M = 12,612,600 possible arrangements
of the observed data may be impractical, it is not impossible. An exact analysis of
the N = 15 observations listed in Table 8.8 on p. 289 under the Fisher—Pitman
permutation model yields g = 4 average distance-function values of

£ =& =200, £ =233333, and & = 125.00.

The observed value of the permutation test statistic based on v = 2 and treatment-
group weights

ni—1
Ci = ,
N-—g
is

8
1
5= ;Ciéfi = 15 _,[6=1200 +3 - Do)

+ @ —-1)(3.3333) + (5 — 1)(125.00)] = 47.0909 .

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 15 observations listed in Table 8.8 that are
equal to or less than the observed value of § = 47.0909. There are exactly 673,490 §
test statistic values that are equal to or less than the observed value of § = 47.0909.
If all M arrangements of the N = 15 observations listed in Table 8.8 occur with
equal chance under the Fisher—Pitman null hypothesis, the exact probability value
of § = 47.0909 computed on the M = 12,612,600 possible arrangements of
the observed data with n; = ny = 3 =n3 = 4, and n4 = 5 preserved for each
arrangement is

number of § values < §, 673,490
P(8 < 8o|Ho) = Iy = 15612600 = 00334

where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 15 observations listed in Table 8.8.

Carrying the Monte Carlo probability value based on L = 1,000,000 random
arrangements and the exact probability value based on M = 12,612,600 possible
arrangements to a few extra decimal places allows for a more direct comparison of
the Monte Carlo and exact permutation approaches. The Monte Carlo approximate
probability value and the corresponding exact probability value to six decimal places
are

P =0.053242 and P = 0.053398,
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respectively. The difference between the two probability values is only
Ap = 0.053398 — 0.053242 = 0.000156,

demonstrating the efficiency and accuracy of a Monte Carlo approach for permu-
tation methods when L is large and the exact probability value is not too small. In
general, L = 1,000,000 random arrangements of the observed data is sufficient to
ensure three decimal places of accuracy [11].

8.7.4 A Monte Carlo Analysis with v =1

Consider a second analysis of the example data listed in Table 8.8 on p. 289 under
the Fisher—Pitman permutation model with v = 1 and treatment-group weights
n; — 1
Ci = ,
N-—g

For v = 1, employing ordinary Euclidean scaling between the observations, thereby
reducing the effects of any extreme values, the average distance-function values for
the g = 4 treatment groups are

£ =& =13333, &=1,6667, and & =8.00,

respectively, and the observed permutation test statistic is

3 1
5= ;Ci& = <15 3 4> (3 — 1)(1.3333) + (3 — 1)(1.3333)

+ (4 — 1)(1.6667) + (5 — 1)(8.00) = 3.8485 .

Because there are

N! 15!
M =

= = 12,612,600
8 31314!5!
[T

i=1

possible, equally-likely arrangements in the reference set of all permutations of the
N = 28 observations listed in Table 8.8, a Monte Carlo permutation analysis is
recommended.

Under the Fisher—Pitman permutation model, the Monte Carlo probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 15 observations listed in Table 8.8
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that are equal to or less than the observed value of § = 3.8485. There are exactly
18,000 § test statistic values that are equal to or less than the observed value of
§ = 3.8485. If all M arrangements of the N = 15 observations listed in Table 8.8
occur with equal chance under the Fisher—Pitman null hypothesis, the Monte Carlo
probability value of § = 3.8485 computed on L = 1,000,000 random arrangements
of the observed data with ny = ny = 3, n3 = 4, and ngy = 5 preserved for each
arrangement is

ber of § val <34 18,000
P(S < 80|H0) _ numbero Lva ues <38 _ Lo = 0.0180 .

where &, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 15 observations listed
in Table 8.8.

For comparison, the approximate Monte Carlo probability value based on v = 2,
L = 1,000,000, and

ni—1 .
Ci:N—g’ i=1,...,g,

is P = 0.0532. The difference between the two probability values, P = 0.0180 and
P = 0.0532, is due to the single extreme value of x5 4 = 33 in the fourth treatment
group. No comparison is made with Fisher’s F-ratio test statistic as F is undefined
for ordinary Euclidean scaling.

For the example data listed in Table 8.8 on p. 289, the exact expected value of
the M = 12,612,600 § test statistic values under the Fisher—Pitman null hypothesis
is

M
1 59,579,400
s = >

8 = T = 47238 (8.23)
M & 12,612,600

and the observed chance-corrected measure of effect size is

8 3.8485
R=1-— " =1-— = +0.1853 ,
1L 4.7238

indicating approximately 19% within-group agreement above what is expected by
chance. No comparlsons are made with Cohen’s d, Pearson’s n (r2) Kelley s 12,
Hays’ a)F, or Hays’ a)R conventional measures of effect size as d n n a)F, and

a)l% are undefined for ordinary Euclidean scaling.
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8.7.5 An Exact Analysis with v = 1

An exact permutation analysis of the observations listed in Table 8.8 with v = 1
yields g = 4 average distance-function values of

£ =& =13333, & =1,6667, and & =8.00.

The observed value of the permutation test statistic based on v = 1 and treatment-
group weights

I’l,’—l

C = ,
N-—g

8
1
5= ;Ci& = 5, [6-1D013333)+ 3 - 1(13333)

+ (4 — 1)(1.6667) + (5 — 1)(8.00)] = 3.8485 .

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of & test statistic values computed on all possible,
equally-likely arrangements of the N = 15 observations listed in Table 8.8 that are
equal to or less than the observed value of § = 3.8485. There are exactly 225,720 §
test statistic values that are equal to or less than the observed value of § = 3.8485.
If all M arrangements of the N = 15 observations listed in Table 8.8 occur with
equal chance under the Fisher—Pitman null hypothesis, the exact probability value
of § = 3.8485 computed on the M = 12,612,600 possible arrangements of the
observed data with ny = np = 3, n3 = 4, and ng = 5 preserved for each
arrangement is

number of § values < §, _ 225,720

P(5 = 8ol Ho) = M = 12.612.600

=0.0179,
where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 15 observations listed in Table 8.8.
The exact expected value of the M = 12,612,600 § test statistic values under the
Fisher—Pitman null hypothesis is
1 i 59,579,400
.=

= = 47238
M= 12,612,600

Hs =

and the observed chance-corrected measure of effect size is

8 .84
N=1- =1 3.8485

- = +0.1853,
s 47238 = "
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indicating approximately 19% within-group agreement above what is expected by
chance. No comparlsons are made with Cohen’s d, Pearson’s n (r2) Kelley s 72,
Hays’ a)F, or Hays’ a)R conventional measures of effect size as d n n a)F, and
a)l% are undefined for ordinary Euclidean scaling.

Finally, note the effect of a single extreme value (x4,5 = 33) in Treatment 4 in
the analysis based on ordinary Euclidean scaling with v = 1, compared with the
analysis based on squared Euclidean scaling with v = 2. In the analysis based on
v = 2, the value for the fourth average distance-function value was &4 = 125.00,
but in the analysis based on v = 1, & was reduced to only & = 8.00. Also, in
the analysis based on v = 2 the exact probability value was P = 0.0534, but in
the analysis based on v = 1 the exact probability value was only P = 0.0179, a
reduction of approximately 66%. For comparison, the asymptotic probability value
of F=22755withvi =g—1=4—-1=3andvn, =N-g=15-4=11
degrees of freedom was P = 0.1366.

8.8 Example 5: Rank-Score Permutation Analyses

In many research applications it becomes necessary to analyze rank-score data,
typically because the required parametric assumptions of normality and homo-
geneity cannot be met. Consequently, the raw scores are often converted to rank
scores and analyzed under a less-restrictive model. While it is never necessary
to convert raw scores to rank scores under the Fisher—Pitman permutation model,
sometimes the observed data are simply collected as rank scores. Thus, this fifth
example serves merely to demonstrate the relationship between a g-sample test of
rank-score observations under the population model and the same test under the
permutation model. The conventional approach to univariate rank-score data for
multiple independent samples under the Neyman—Pearson population model is the
Kruskal-Wallis g-sample rank-sum test. As Kruskal and Wallis explained, the rank-
sum test stemmed from two statistical methods: rank transformations of the original
raw scores and permutations of the rank-order statistics [12].

8.8.1 The Kruskal-Wallis Rank-Sum Test

Consider g random samples of possibly different sizes and denote the size of the ith
sample by n; fori =1, ..., g.Let

8
~3on
i=1
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denote the total number of observations, assign rank 1 to the smallest of the N
observations, rank 2 to the next smallest observation, continuing to the largest
observation that is assigned rank N, and let R; denote the sum of the rank scores in
the ith sample, i = 1, ..., g. If there are no tied rank scores, the Kruskal-Wallis
g-sample rank-sum test statistic is given by

12 8 R
H= Z "_3(N+1). (8.24)
NN +1) & n

When ¢ = 2, H is equivalent to the Wilcoxon [25], Festinger [5], Mann—
Whitney [15], Haldane—Smith [7], and van der Reyden [24] two-sample rank-sum
tests.

For an example analysis of g-sample rank-score data, consider the rank scores
listed in Table 8.10 with g = 3 samples, n; = np = n3 = 6, N = 18, and no tied
rank scores.

The conventional Kruskal-Wallis g-sample rank-sum test on the N = 18 rank
scores listed in Table 8.10 yields an observed test statistic of

12 8 R

H= N(N~|—1)§m —W+D
2 2 2
12 [(63) GO, (78)

= —3(18 + 1) = 7.0526,
18184+ 1) | 6 6 6} 18+1)

where test statistic H is asymptotically distributed as Pearson’s chi-squared under
the Neyman—Pearson null hypothesis with g — 1 degrees of freedom as N — oc.
Under the Neyman—Pearson null hypothesis with g — 1 = 3 — 1 = 2 degrees of
freedom, the observed value of H = 7.0526 yields an asymptotic probability value
of P = 0.0294, under the assumption of normality.

Table 8.10 Ranking of

Treatment grou
g = 3 with group

n1:n2:n3:6and 1 2 3

N =18 4 2 17
7 3 14
10 11 12
15 1 13
9 8 16
18 5 6

R; 63 30 78
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8.8.2 A Monte Carlo Analysis with v = 2

For the first analysis of the rank-score data listed in Table 8.10 under the Fisher—
Pitman permutation model let v = 2, employing squared Euclidean scaling between
the pairs of rank scores, and let the treatment-groups weights be given by

n; — 1
Ci= ,
N-g
for correspondence with the Kruskal-Wallis g-sample rank-sum test. The average
distance-function values for the g = 3 samples are

& =5340, & =29.60, and &3 =3040,

and the observed value of the permutation test statistic based on v = 2 is
5= Zg:cg- _ o (53.40 4 29.60 + 30.40) = 37.80
_i:l i = g 5(53 . 40) =37.80.

Because there are

N! 18!

M = =
6! 6! 6!

8
[T
i=1

= 17,153,136

possible, equally-likely arrangements in the reference set of all permutations of
the N = 18 rank scores listed in Table 8.10, an exact permutation analysis is not
practical and a Monte Carlo permutation analysis is utilized.

Under the Fisher—Pitman permutation model, the Monte Carlo probability of an
observed § is the proportion of § test statistic values computed on the randomly-
selected, equally-likely arrangements of the N = 18 rank scores listed in Table 8.10
that are equal to or less than the observed value of § = 37.80. There are exactly
21,810 § test statistic values that are equal to or less than the observed value of
8 = 37.80. If all M arrangements of the N = 18 observations listed in Table 8.10
occur with equal chance under the Fisher—Pitman null hypothesis, the Monte Carlo
probability value of § = 37.80 computed on L = 1,000,000 random arrangements
of the observed data with n; = ny = n3 = 6 preserved for each arrangement is

number of § values < §, 21,810
P(8 < 8o|Ho) = . = 1 000.000 = 20218

where §, denotes the observed value of test statistic § and L is the number of
randomly-selected, equally-likely arrangements of the N = 18 rank scores listed in
Table 8.10. It should be noted that whereas the Kruskal-Wallis test statistic, H, as
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defined in Eq. (8.24) does not allow for tied rank scores, test statistic § automatically
accommodates tied rank scores.
The functional relationships between test statistics § and H are given by

8=2<T—{2[H+3(N+1)]}>

N—g (8.25)

and
6 8
H:S T—Z(N—g) -3(N+1), (8.26)
where, if no rank scores are tied, S and 7 may simply be expressed as

ad N(N—l— 1) ad _ NN+ DN+
S = i an
Note that in Egs. (8.25) and (8.26), S, T, N, and g are invariant under permutation,
along with the constants 2, 3, and 6.

The relationships between test statistics § and H can be confirmed with the rank-
score data listed in Table 8.10. For the rank scores listed in Table 8.10 with no tied
values, the observed value of S is

=171,

ZN: N(N +1) _ 1818+ 1)
2

and the observed value of T is

» NIN+DEN+1)  18(18+2)[(2)(18) + 1]
o 6 o 6

N
=2109.

1

i

Then following Eq. (8.25), the observed value of the permutation test statistic for
the N = 18 rank scores listed in Table 8.10 is

s
5 2<T_ {6[H+3(N+1)]}> NN A4 DN —1—H)
- N-g T 6N -
1818+ 1)(18 — 1 — 7.0526)

—37.80
6(18 — 3)



8.8 Example 5: Rank-Score Permutation Analyses 303

and, following Eq. (8.26), the observed value of the Kruskal-Wallis test statistic is

_ 65(N —g)
N(N +1)
6(37.80)(18 — 3)

=18—-1- = 7.0526 .
18(18 + 1)

6 s
H:S[T—Z(N—g)}—3(N+1)=N—1

Because of the relationship between test statistics § and H, the Monte Carlo
probability value of the realized value of H = 7.0526 is identical to the Monte Carlo
probability value of § = 37.80 under the Fisher—Pitman null hypothesis. Thus,

ber of H val > H, 21,810
P(H2H0|Ho)=num er o Lvaues_ °=1000000=0.0218,

where H, denotes the observed value of test statistic H.
The exact expected value of the M = 17,153,136 § test statistic values under the
Fisher—Pitman null hypothesis is

1 Z‘S 977,728,752
=

= = 57.
17,153,136 57.00

and the observed chance-corrected measure of effect size is

8 37.80
R=1-— " =1- = +0.3368,
s 5700 T

indicating approximately 34% within-group agreement above what is expected by
chance. No comparlsons are made with Cohen’s d Pearson sn (r2) Kelley’s 72,
Hays’ @2, or Hays’ a)R measures of effect size as d, n, 72, a)F, and & a)R are undefined
for rank-score data.

8.8.3 An Exact Analysis with v = 2

Although an exact permutation analysis with M = 17,153,136 possible arrange-
ments of the observed data may be impractical, it is not impossible. An exact
permutation analysis of the N = 18 observations listed in Table 8.10 yields g = 3
average distance-function values of

£ =53.40, & =29.60, and & =30.40,
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and the observed value of the permutation test statistic based on v = 2 and
treatment-group weights

N; —1

C; =
N-—g

) i:112731

is

8

61

5= Cit = 1g _ 3(53:40+29.60 +30.40) = 37.80.
i=1

There are

N! 18!

M = =
6! 6! 6!

8
[T
i=1

= 17,153,136

possible, equally-likely arrangements in the reference set of all permutations of the
N = 18 rank scores listed in Table 8.10, making an exact permutation analysis
feasible. Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 18 rank scores listed in Table 8.10 that
are equal to or less than the observed value of § = 37.80. There are exactly 376,704
d test statistic values that are equal to or less than the observed value of § = 37.80.
If all M arrangements of the N = 18 rank scores listed in Table 8.10 occur with
equal chance under the Fisher—Pitman null hypothesis, the exact probability value
of 6 = 37.80 computed on the M = 17,153,136 possible arrangements of the
observed data with n1 = np = n3 = 6 preserved for each arrangement is

number of § values < §, 376,704
P(8 < 8|Ho) = Iy = 17 153,136 = 0-0220.

where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 18 rank scores listed in Table 8.10.

For comparison, the Monte Carlo probability value based on v = 2, L = 1,000,000
random arrangements of the observed data, and treatment-group weights given by

I’l,’—l

Ci =
N—-g

9 i:172137

is P = 0.0218 for a difference between the two probability values of only

Ap =0.0220 — 0.0218 = 0.0002 .
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8.8.4 An Exact Analysis with v =1

For a second analysis of the rank-score data listed in Table 8.10, let the treatment-
group weights be given by

n; — 1
Ci= ,
N-g
as in the previous example but set v = 1, employing ordinary Euclidean scaling
between the pairs of rank scores. The N = 18 rank scores listed in Table 8.10 yield
g = 3 average distance-function values of

£ =6.3333, £ =4.6667, and £ =4.5333,

and the observed value of the permutation test statistic based on v = 1 is
8= Zg:C-é' _ o-1 (6 3333+46667+45333) =5.1778
_i:1 i5i= g 50 . . =5. .

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 18 rank scores listed in Table 8.10 that are
equal to or less than the observed value of § = 5.1778. There are exactly 547,662 §
test statistic values that are equal to or less than the observed value of 6 = 5.1778.
If all M arrangements of the N = 18 rank scores listed in Table 8.10 occur with
equal chance under the Fisher—Pitman null hypothesis, the exact probability value
of § = 5.1778 computed on the M = 17,153,136 possible arrangements of the
observed data with ny = np = n3 = 6 preserved for each arrangement is

number of § values < §, 547,662
P (8 < 80|Ho) = Iy = 17153136 = 0.0319,

where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 18 rank scores listed in Table 8.10.
For comparison, the exact probability value based on v =2, M = 17,153,136, and

n,-—l

Ci =
N-—g

9 i:172131

is P = 0.0220. No comparison is made with the conventional Kruskal-Wallis g-
sample rank-sum test as H is undefined for ordinary Euclidean scaling.
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The exact expected value of the M = 17,153,136 § test statistic values under the
Fisher—Pitman null hypothesis is

M
1 108, 636, 5232
=y Z =6.3333,

17,153,136

and the observed chance-corrected measure of effect size is

P 51778
R=1- = =1- +0.1825 ,
1L 6.3333

indicating approximately 18% within-group agreement above What is expected by
chance. N0 compansons are made with Cohen’s d Pearson sr (nz) Kelley’s 72,
Hays’ a)F, or Hays’ a)R measures of effect size as d ,r2, n R a)F, and & a)R are undefined
for rank-score data.

8.9 Example 6: Multivariate Permutation Analyses

It is sometimes desirable to test for differences among g > 3 independent treatment
groups where r > 2 measurement scores have been obtained from each object. The
conventional approach is a one-way multivariate analysis of variance (MANOVA)
for which a number of statistical tests have been proposed, including the Bartlett—
Nanda-Pillai (BNP) trace test [1, 16, 19], Wilks’ likelihood-ratio test [26], Roy’s
maximum-root test [20, 21], and the Lawley—Hotelling trace test [9, 13, 14]. The
Bartlett—Nanda—Pillai trace test is considered to be the most powerful and robust of
the four tests [17, 18, 23, p. 269].

8.9.1 The Bartlett—Nanda—Pillai Trace Test

To illustrate a conventional multivariate analysis of variance, consider the BNP trace
test given by

V) = trace [B(W + B) '],

where W denotes the Within matrix summarizing within-object variability, B
denotes the hypothesized Between matrix summarizing between-object variability,
and s = min(r, g — 1). For a conventional test of significance, the BNP trace
statistic, V), can be transformed into a conventional F test statistic by

2u+s+1 748
= dtst1 (s— V(S)) , (8.27)
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Table 8.11 Example

O Treatment group
multivariate response

measurement scores with ! 2 3
r = 2 measurement scores, (5.8, 6.0) (41,29 (42,78
g = 3 treatment groups, 6.2, 39) (3.9, 41) (5.1, 59)
ny =5,ny =4,n3 =3, and (3.9, 41) 4.9, 3.9) 4.8, 1.2)
N = 12 observations (5.1,52) (21, 5.1)

(3.0, 2.8)

where s = min(r, g — 1), u = 0.50(N —g —r — 1), ¢t = 0.50(]r — g| — 1), and
q = g — 1. Assuming independence, normality, and homogeneity of variance and
covariance, test statistic F' is asymptotically distributed as Snedecor’s F' under the
Neyman—Pearson null hypothesis with vi =52t +s + 1) and vo = sQu +s + 1)
degrees of freedom.

To illustrate the BNP trace test, consider the multivariate observations listed in
Table 8.11, where r = 2 measurements, g = 3 treatment groups, n| = 5, np = 4,
and n3 = 3 sample sizes, and N = 12 multivariate observations.

A conventional BNP analysis of the multivariate observations listed in Table 8.11
yields

3.19755 17.30242

11.71000 1.17000
1.17000 10.42667

[2.75250 3. 19755]

14.46250 4.36755
W+B= :
4.36755 27.72909
» 0.07260 —0.01143
(W+B)" = ;
~0.01143  0.03786

1 0.16328 0.08960
BW+B) = )
0.03476 0.61852

and
V@ = trace [B(W +B) '] = 0.16328 + 0.61852 = 0.7818 .
Then,g = g—1 =3—1=2 5 = min(r, g) = min2, 3 —1) = 2,

u=050N—-g—r—1)=05012-3-2—-1)=3,t=050(r —¢q|— 1) =
0.50(]2 — 2| — 1) = —0.50, and following Eq. (8.27) on p. 306, the observed value
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of Fisher’s F-ratio test statistic is

203 +2+1 (0.7818

9
- = 7 (0.6414) = 2.8879 .
2(—0.50) +2 + 1 2—0.7818) o )

Assuming independence, normality, homogeneity of variance, and homogeneity
of covariance, test statistic F is asymptotically distributed as Snedecor’s F' with
v =5Q2t+s5+1) =2[(2)(—0.50)+2+1]=4and vy = sQu+s+1) =2[(2)3)+
2 4 1] = 18 degrees of freedom. Under the Neyman—Pearson null hypothesis, the
observed value of F = 2.8879 with vi = 4 and v, = 18 degrees of freedom yields
an asymptotic probability value of P = 0.0521.

8.9.2 An Exact Analysis with v = 2

For the first analysis of the observed data listed in Table 8.11 under the Fisher—
Pitman permutation model let v = 2, employing squared Euclidean scaling between
the pairs of multivariate observations, and let the treatment-group weights be given
by

n; — 1
Ci = ,
N-—g
for correspondence with the BNP trace test. An exact permutation analysis is
feasible for the multivariate observations listed in Table 8.11 as there are only

N! 12!

M = =
51413!

8
[T
i=1

= 27,720

possible, equally-likely arrangements in the reference set of all permutations of the
N = 12 multivariate scores listed in Table 8.11.

Following Eq. (8.2) on p. 261, the multivariate observations listed in Table 8.11
yield g = 3 average distance-function values of

£ =03242, & =0.2994, and &3 =0.1207.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 2 and treatment-group weights

I’l,’—l

C; =
N-—g

, i=1,2,3,
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is

8
1
5= ; Citi = |, (5= D(0.3242) + (4~ 1)(0.2994)

+ (3 = 1)(0.1207)] = 0.2707 .

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 12 multivariate observations listed in
Table 8.11 that are equal to or less than the observed value of § = 0.2707. There are
exactly 967 § test statistic values that are equal to or less than the observed value
of § = 0.2702. If all M arrangements of the N = 12 multivariate scores listed
in Table 8.11 occur with equal chance under the Fisher—Pitman null hypothesis,
the exact probability value of § = 0.2707 computed on the M = 27,720 possible
arrangements of the observed data with n; = 5, np = 4, and n3 = 3 multivariate
observations preserved for each arrangement is

number of § values < §, _ 967

P(5 = 8ol Ho) = M = 27,720

=0.0349 ,

where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 12 multivariate observations listed
in Table 8.11.

Following Eq. (8.7) on p. 263, the exact expected value of the M = 27,720 § test
statistic values under the Fisher—Pitman null hypothesis is

M

1 10,080
= 8' = = .
Hs 2. 27720 = 0-363¢

1=
and, following Eq. (8.6) on p. 263, the observed chance-corrected measure of effect
size is

8 0.2707

R=1-— " =1-— = +0.2556,
s 03636

indicating approximately 26% within-group agreement above what is expected by
chance.

A convenient, although positively biased, measure of effect size for the BNP
trace test is given by

P V@ 0.7818
N

= 0.3909,
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which can be compared with the unbiased chance-corrected measure of effect size,
R = +0.2556. No comparisons are made with Cohen’s c?, Kelley’s ﬁ2, Hays’ c?)l%, or
Hays’ c?)lz2 measures of effect size as d, 2, c?)%, and ‘7)122 are undefined for multivariate
data.

The functional relationships between statistic § and the V? BNP trace statistic
are given by

2
2(r —v@) d vO —, SN2

S =
N —g 2

(8.28)

Following the expressions given in Eq. (8.28) for test statistics 8 and V2, the
observed value for test statistic § with respect to the observed value of test statistic
V2is

2(r=v®)  2(2-0.7818)

= =0.2707
N-g 12-3

d =

and the observed value for test statistic V2 with respect to the observed value of test
statistic § is

SN —g) _,_ (02707)(12-3)

v =
2 2

=0.7818.

8.9.3 An Exact Analysis with v = 1

For a second analysis of the multivariate measurement scores listed in Table 8.11 on
p- 307 under the Fisher—Pitman permutation model, let the treatment-group weights
again be given by

n,-—l

Ci = ,
N-—g

i=1,..., g,

but set v = 1 instead of v = 2, employing ordinary Euclidean scaling between the
N = 12 multivariate scores. Following Eq. (8.2) on p. 261, the multivariate scores
listed in Table 8.11 yield g = 3 average distance-function values of

£ =23933, £ =19326, and & = 1.4284.

Following Eq. (8.1) on p. 261, the observed value of the permutation test statistic
based on v = 1 and treatment-group weights

ni—1

Ci =
N—-g

9 i:172137
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is

8
1

8= Ci& = 5—1)(2.3933 4 —1)(1.9326

;_1 i&i 12_3[( )( )+ C )( )

+ (3 —1)(1.4284)] = 2.0253 .
There are only
! 12!
M = N = 27,720

= 51413

8
[T
i=1

possible, equally-likely arrangements in the reference set of all permutations of the
N = 12 multivariate observations listed in Table 8.11, making an exact permutation
analysis feasible.

Under the Fisher—Pitman permutation model, the exact probability of an
observed § is the proportion of § test statistic values computed on all possible,
equally-likely arrangements of the N = 12 multivariate observations listed in
Table 8.11 that are equal to or less than the observed value of § = 2.0253. There are
exactly 618 § test statistic values that are equal to or less than the observed value of
8 = 2.0253. If all M arrangements of the N = 12 multivariate observations listed
in Table 8.11 occur with equal chance under the Fisher—Pitman null hypothesis,
the exact probability value of § = 2.0253 computed on the M = 27,720 possible
arrangements of the observed data with n; = 5, np = 4, and n3 = 3 multivariate
observations preserved for each arrangement is

number of § values < §, 618
P(8 < 86|Ho) = Iy = 5 7o = 0:0223.

where 8, denotes the observed value of test statistic § and M is the number of
possible, equally-likely arrangements of the N = 12 multivariate observations listed
in Table 8.11. No comparison is made with the Bartlett—-Nanda—Pillai trace test as
the BNP test is undefined for ordinary Euclidean scaling.

Following Eq. (8.7) on p. 263, the exact expected value of the M = 27,720 § test
statistic values under the Fisher—Pitman null hypothesis is

M
1 69. 854
- 5 = — 2.5200
Hs 2 27.720

=

and, following Eq. (8.6) on p. 263, the observed chance-corrected measure of effect
size is
8 2.0253

R=1-  =1- = +0.1963 ,
s 2.5200
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indicating approximately 20% within-group agreement above that expected by
chance. No comparison is made with the conventional measure of effect size as
n? is undefined for ordinary Euclidean scaling.

8.10 Summary

This chapter examined statistical methods for multiple independent samples where
the null hypothesis posits no differences among the g > 3 populations that the g
random samples are presumed to represent. Under the Neyman—Pearson population
model of statistical inference, a conventional one-way analysis of variance and five
measures of effect size were described and illustrated: Fisher’s F'-ratio test statistic,
and Cohen’s d, Pearson’s n?, Kelley’s 7%, Hays’ c?)%, and Hays’ c?)f{ measures of
effect size, respectively.

Under the Fisher—Pitman permutation model of statistical inference, test statistic
S and associated measure of effect size, i, were described and illustrated for
multi-sample tests. For tests of g > 3 independent samples, test statistic § was
demonstrated to be flexible enough to incorporate both ordinary and squared
Euclidean scaling functions with v = 1 and v = 2, respectively. Effect size measure
N was shown to be applicable to either v = 1 or v = 2 without modification and to
have a clear and meaningful chance-corrected interpretation.

Six examples illustrated permutation-based statistics § and JR. In the first
example, a small sample of N = 10 observations in g = 3 treatment groups
was utilized to describe and illustrate the calculation of test statistics § and N for
multiple independent samples. The second example with N = 10 observations
in g = 3 treatment groups demonstrated the chance-corrected measure of effect
size, N, and related N to the five conventional measures of effect size for g > 3
independent samples: Cohen’s d, Pearson’s n?, Kelley’s /2, Hays’ c?)l%, and Hays’
cbl%. The third example with N = 28 observations in g = 4 treatment groups
illustrated the effects of extreme values on analyses using v = 1 for ordinary
Euclidean scaling and v = 2 for squared Euclidean scaling. The fourth example with
N = 15 observations in g = 4 treatment groups compared exact and Monte Carlo
permutation statistical methods, illustrating the accuracy and efficiency of Monte
Carlo analyses. The fifth example with N = 18 rank scores in g = 3 treatment
groups illustrated an application of permutation statistical methods to univariate
rank-score data, comparing a permutation analysis of the rank-score data with the
conventional Kruskal-Wallis g-sample one-way analysis of variance for ranks. In
the sixth example, both test statistic § and effect size measure i were extended to
multivariate data with N = 12 multivariate observations in g = 3 treatment groups
and compared the permutation analysis of the multivariate data to the conventional
Bartlett—Nanda—Pillai trace test for multivariate independent samples.

Chapter 9 continues the presentation of permutation statistical methods for g > 3
samples, but examines research designs in which the subjects in the g > 3 samples
are matched on specific characteristics; that is, not independent. Research designs
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that posit no differences among matched treatment groups have a long history and
are ubiquitous in the contemporary statistical literature and are generally known as
randomized-blocks designs, of which there exist a large variety.
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