Chapter 11 ®
Prediction Theory for Stationary Qs
Random Signals

Abstract Prediction (or forecasting) of future values of the stationary random
signals based on the known past depends on the functional analytic tools from
Hilbert spaces. Essentially, the optimal predictor is an orthogonal projection of
the future values of the signal onto the space spanned by the past values. The
chapter presents the relevant Wold decomposition theorem, and an application of
the Spectral Representation to the solution of the optimal prediction problem.

11.1 The Wold Decomposition Theorem and Optimal
Predictors

In this chapter we will consider prediction problems for discrete time weakly
stationary random signals (X,),n = ..., —2,—1,0,1,2,.... The assumption is
that the second moments are finite, the mean value EX,, = 0, and the span of the
“past” of the process in the Hilbert space L, will be denoted

Mgy =span{X,,n < 0}

The optimal predictor X m of the values of the process at time m > 0 (in the future)
based on the knowledge of the past of the process is, obviously, the orthogonal
projection

)A(m := PredpX,, = ProjMOXm.

In what follows we shall also need the special notation for the following spaces:

My =5pan{Xp, k <n), Moo =[|My.
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We also need to distinguish between two important categories of time series (X,):
Definition 11.1.1
(a) The process (X,) is said to be deterministic (or, singular) if M_5 = Mo,
or, equivalently, in view of the stationarity assumption, if My = My for all
k. In this case the perfect linear prediction is possible because the error
& 2 _ 1% 2 _
E(Xpn — Xm)™ = 1 Xm — Xmll3 =0.
(b) The process (X,) is said to be regular if M_,, = {0}. In this case
& 2 _ ¥ 2
E(X — Xm)™ = 1 Xm — Xmll5 > 0.
In general,

{0} # M_oo # Moo,

so the process is neither deterministic nor regular. However, nondeterministic
processes can be decomposed into a regular and deterministic part:

Wold’s Decomposition Theorem If the process (X,,) is regular, then
Xn=2Zy+ Yy, n=...,-2,-1,0,1,2,...,

where (Z,) is regular, and (Yy,) is deterministic, and, moreover, the two components
are orthogonal to each other,

(Zn) L (Yn).

The regular process (Z,) can be expressed in the form
o
Zy = Z Vi Wn—t,
k=0

where both (Wy,) and (Y,) have zero mean, (W,)) form an uncorrelated sequence
with constant variance o2, yy = 0, and Yo )/k2 < o0. The decomposition is
unique.

Proof Let
szXk—)A(k, k=nn—-1,n-2,...

Since Wy L Mj_1, we see right away that the sequence (Wy) is uncorrelated, that
is EW,W; = 0, for [ < k. Define the coefficients y; as follows:
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_ EX, Wy—k

, k=1,2,....
o2

Yk

Now, we have the obvious inequality

m 2 m
0<E <X - Zykwn_k> =EX; —o?) ¥,

k=0 k=0

which implies that Y32, %7 < 0o, and that Y po ¥« Wy—k converges in L? to a
random quantity in the subspace spanned by the sequence W,,, W,,_1, W,,_», . ...
Now, the sequence (Y,) can be defined by the equality,

[e¢)
Yn = Xn - ZVkank,
k=0

so that
EY,W, =EX, W, — 02y, =0, for, [<n,

and EY, W, = 0, for /| > n, because W; orthogonal to the subspace M, > Y,.
Therefore W,, € M,,_1, and by induction, W,, € My, for all k < n, so that

9]
Mo = (| M.
k=0

To finish the proof of the theorem let us make two observations.

1 It Mﬁ, is the subspace orthogonal to My, the subspace spanned by (W),
then M_o = MJW Indeed, if XinM _, then X € M,,, and is orthogonal to
Wy41, for every n. Hence, X € M@ Conversely, if X € Mﬁ,, then X € M,,
for some n. Since X L W, we have X € M, _1, and, by induction, X € M,
for all k < n. Moreover, X € My, for k > n, because M,, C M. So the first
observation is verified.

(i) Since Z, = thio vk Wy —k, the subspace Mf spanned by Z,, Z,_1, ..., is
contained in the subspace MXV spanned by W,,, W,,_1, .... Conversely, if W, €
My =MZd MY and W, L M, then W, € MZ.So M)V = MZ.

n?

Now we are ready to complete the proof of the Decomposition Theorem. Since,
forevery n, Y, € M_» =2 ./\/l,}{, the condition X € M _o, implies that X € M,
because X L M = MZ. Thus X € M, Y. This proves that [cal M} = M_,
and the sequence (Y},) is deterministic.

Now, since Z, = Wy, + > 32| Y Wn—i, and W, L Y 22, Wik € M};V_I, the
error E(Z,, — 2,1)2 =02 > 0, so that the sequence (Z,) is regular. il
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Since

00 00
Xn:Zn+Y11=ZVkWn—k+Y :WI’Z+ZV’(W}’!—]€+YH1
k=0 k=1

and

00
W, L Z Vkank + Yy,
k=1

the best predictor for X, is the orthogonal projection of X,, onto M,,_1, which is
o
X, = Z VkWn—k + Y.
k=1

The square of its error
1Xn = Xull7, = E(X, — X,)* =EW,;] =07,

because yy = 1.
11.2 Application of the Spectral Representation to the
Solution of the Prediction Problem

In this section we will consider the case of discrete time stationary signal X (n), and
assume that EX (n) = 0. The spectral representation theorem of Sect. 10.4 gives rise
to a linear isometry

1
L2([0, 11, dCw) 3 § —> / g(NAW(f) € LXQ. F, P),
0
which simply extends the representation,
1 .
X(n) = / eI AW (),
0

where the cumulative control function

Cw(f) = EV(H)1* = Sx(f),
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where Sx (f) is the cumulative spectral function of the process X (). Obviously, in
the particular case g(f) = ¢/>™* the isometry is the mapping,

eI s X ().

So, the optimal prediction of the value of the signal at the future time m > 0,
based on the past values X (n), n < 0, is reduced to finding the function,

g(f) € span 25 (/™ n < 0),

such that the error of the prediction is minimal, that is

le/ZTmf _ gHll2ws) = mhin ||e/>Tmf — h(H I L2@as)

where h € span 12(dS) (ef mnf < 0). Or, equivalently, the optimal choice of g has
to be an orthogonal projection in L?, that is

e — g(f) Lspan g (¢’ n < 0),

that is

1
/ [e/7m) — g(f)]e /7 dS(f) =0, for n=0,-1,-2,....
0

Remark 11.2.1 Observe that if the cumulative spectral function Sx(f) does not
increase (or, its spectral density Sy (f) = 0) over the interval [a, b] C [0, 1] of
length greater than 1/2, then the signal X (n) is singular.

Indeed, let ¢=/2"/ be in the arc of the unit circle in the complex plane
corresponding to f > [a, b], and let e/27fo be the midpoint of the arc. Then, for
large enough N,

—j2nf
e2nfo _ €

<1,

because of the above length assumption, so, also,

1
< -
|e]277f0 |

‘ e—i2nf

N Nei2mfo

Hence, we get the following uniformly convergent expansion on the complement of
the interval [a, b]:
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1 1 1

ej27Tf = = .
e—J2nf Ne(,)'an e=Ji2nf |(Nelmfo)

1 1
T NeiZih 1 — (1 — e J27f J(Nei2why)

1

oo

Neiih Z(l — e I [(Nel o)) € Spaan(dSX)(ejZan, n <0) = My,
e

n=0

which completes the justification of the above statement. On the other hand, on the
set [a, b], where the spectral density is 0, the approximation is trivial.

Remark 11.2.2 Tt turns out that the Wold decomposition is equivalent to decom-
position of the spectral measure into the absolutely continuous (with density) and
singular components!

In the reminder of this section we will just consider the absolutely continuous
case when

S(f) = S(NHdf
with the spectral density S( f) satisfying the condition,
0<C =8(f) =Cr <00, (11.2.1)
in which case L?>(dS) = L*(df) and the convergences in those two spaces are

equivalent.
In this case the best predictor g( f) satisfies the following two conditions:

1
/ e/ — g(HIS(fle™#™ df =0, for n <0, (11.2.2)
0

and
[/ — g(NIS(f) €SP La(s(prapy (™ n = 0) = Moo, (1123)
Now, assume that we can factor the spectral density,

S(f) = Si(f) - ST,

For more details see, U. Grenander and M. Rosenblatt, Statistical Analysis of Stationary Time
Series, Almqvist and Wiksell, Stockholm 1956, and P. Bremaud, Fourier Analysis and Stochastic
Processes, Springer 2014.
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with both
S1(f). Sy (f) € spang (e . n < 0) =: C<g

where C denotes the space of continuous functions. Then the condition (11.2.3) can
be rewritten in the form

[ — g (NSIIST(S) € Spanz(s pyap (7 n 2 0) = Mg
(11.2.4)

with
(S7H)* € spang (/™ n > 0).
Hence,
h(f) = [/ — g(ISI(f) € Span s fyap) (€™ . n > 0),
and the condition for the best linear prediction can be reformulated as follows:
STSI(f) = g(NSIN R, g€ Mzo, he Msp. (1125
Since Sy, Sl_1 € C<o,
g§ €M<y < g8 € Mxo,

s0, what needs to be done at this point is to split the Fourier series of e/2*"f §(f)
into the M <q, and M parts.
Given the expansion

S] (f) =co+ C,1€_j27[f + sze_ﬂ’ﬂf +...

we can write (11.2.5) with
h(f) = coe!™ 4 c_1F27M=DF 41677
and
SHSIf) = com+comore 7 ey g2 4
Hence,
g(f) =[com+comre™ 7ty e 4 ] ST,
which expands as follows:

g(f)=bo+b_1e /¥ 4 b_re 2 4|
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with the predictor
)A(m =boXo+b_1X_1+b o2 X o+...

The prediction error can then be calculated as follows:

1 .
X = Xl 35 yapy = fo e/ — g(HIPS(fHdf
1 1
= fo le/2mI — o(F)S1(f)Pdf = fo \h(f)Pdf (11.2.6)

1
- / lcoe? ™™ ey D 4 e e P = o)+ lemma]
0

When m — oo,
00 1 1
Sl = [1si0Par = [ schdr =EixR, vk,
n=0

so that the signal (X (k)) is regular.

Remark 11.2.3 Let us take a look at the one step predictor X1 in the case log S(f)
satisfies some smoothness conditions to permit the following expansion of its
logarithm, log S(f):

(. ot a_pe T gem T 4 %0) + (%0 +ajet T 4 apetIF 4 ) .

Substituting

Sif =exp (o +asse P e 2 4 D)

we see that both 7 and Sfl are functions from C<g. Using the standard expansion
e =14z +7%/2+ ..., one obtains the equality

4,40 (ap/2 _ ap/2
C0—1?+T .. =80 .

Hence, the one step error

1
1X1 = X112 (5 yap) = lol® = €™ = exp ( fo log S(f)df> :
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Notice that, in general, this error is nonzero if, and only if]

1
/ log S(f)df > —oo,
0

which is the general condition for the regularity of the random stationary signal X,,.>

11.3 Examples of Linear Prediction for Stationary Time
Series

In this section we will consider a simple example of stationary time series where the
calculation of the optimal predictor is not very difficult.

Let X () be a stationary time series, t = ..., —1,0, 1, ..., with the autocovari-
ance function

yX(t)zam, —1l<a<l.

The corresponding spectral density, assuming the representation yx () =

[ Sx(fre-itdf,is

1 —a?

) = T~ T —a)

which can be rewritten in the form
Sx(f) = Sx (e,
where

(1—a*z

Sx(@) = 27(z —a)(l —az)’

Finding the optimal predictor m steps ahead requires finding a function
O (f) =are + are 7 + aze™ 3,

satisfying the condition

f "M — 0, (FISx(NAf =0, k=1,23,...

2Again, see, Grenander and Rosenblatt, and Bremaud’s books cited on page 284, for more details.
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In other words, the Fourier expansion of the function
. oo . ~
W (f) = [/ = @p(HISx(f) =) cxe’™
k=0

contains only nonnegative powers of e// .
In the case of rational Sx (z), the function

o0
&p@ =) arz™
k=1

is an analytic function of z for |z| > 1, with o, (00) =0, and
W (2) = [2" = U (@18x 2),

is analytic for |z| < 1.

So, if in our case we are attempting to make a prediction one time step ahead,
that is, assuming m = 0, we need to find a function ﬁ)o(z) with no singularities for
|z| > 1, vanishing at infinity, and such that the function

(1 —a®)[1 — do(2)]lz
2rn(z —a)(1 —az)

Po(z) =

has no singularities for |z] < 1. Since |a| < 1 we must have &Do(a) = 1. The above
formula implies that ®g(z) has no singularities other that a simple pole at z = 0.
Thus,

do(2) = go(2)z ™,

where go(z) is analytic in the whole complex plane, and go(a) = a. So the only
function satisfying the above conditions is

&Do(a) = az_l, with O(f) = ae 7,
Therefore the optimal predictor for X (z) is aX (¢t — 1). So, in this case the best

predictor just depends on the value of the process one step back and does not depend
on the whole past of the process.’

3For more details and analysis of more complicated rational spectral densities see An Introduction
to the Theory of Random Stationary Functions, by A.M. Yaglom, Dover Publications. New York,
1973.
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11.4 Problems and Exercises

1 Verify that in the case considered in Remark 11.2.1 the best predictor one time-
step ahead X is expressed by the formula

o n
X1 = S Weiy S (M) @ oy 1y x
1= (Nelh) ZQ@) (=D X4
n=0 k=0
2 Prove that if the spectral density S(f) is satisfying the condition (11.2.1),

0<C=8(f) =Ca <00,

then L2(dS) = L*(df), and the convergences in those two spaces are equivalent.

3 Show that in the case analyzed in Sect. 11.3 the optimal prediction m time steps
ahead, that is at time ¢ 4+ m, also depends only on the single value of the process in
the past and is of the form

a™x@-1.
4 Show that in the case of the spectral density of the form

1

— — ail, laz] <1
e kel <1

Sx(f) =

the optimal prediction one time step ahead depends only on the two values of the
process in the past, and is of the form

(a1 +a) Xt — 1)+ aiax X (t — 2).
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