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Preface

This book comprises a series of contributions based primarily on lectures given
during the Intensive Period “Contemporary Research in Elliptic PDEs and Related
Topics”, which was hosted by the Department of Mathematics of the University
of Bari during Spring 2017 and sponsored by the Istituto Nazionale di Alta
Matematica. It also includes a small number of contributions from a complementary
Specialized Conference at which research leaders and talented young researchers
introduced their work, providing deep insights into problems, results, and method-
ologies.

The topics covered in the book reflect the variety of themes considered during
the lectures. They include nonlocal equations, elliptic equations and systems, fully
nonlinear equations, nonlinear parabolic equations, overdetermined boundary value
problems, maximum principles, geometric analysis, control theory, mean field
games, and biomathematics. Given the very challenging and complex nature of
the problems addressed, many of them require a truly interdisciplinary approach
in order to produce major breakthroughs in terms of both theory and applications.

The authors include world-leading experts who have contributed substantially
to advances in contemporary research. All have made great efforts to present their
work in a way which is simultaneously exhaustive and clearly accessible to PhD
students, early career researchers and professional researchers. Accordingly, the
contributions collected in this volume will serve as an excellent introduction to a
variety of fundamental topics of contemporary investigation and trigger novel and
high-quality research.

The INdAM Intensive Period was exceptionally effective in promoting new
scientific interactions between leading experts and emerging scholars and in training
a new generation of extremely promising young mathematicians. Participants
displayed a thirst for knowledge and contagious enthusiasm, while the speakers
showed great professionalism and exceptional communication skills. The latter are
both very evident in the contributions contained in this book.

We once again thank INdAM for making all this possible.

Crawley, Perth, WA, Australia Serena Dipierro
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Getting Acquainted with the Fractional
Laplacian

Nicola Abatangelo and Enrico Valdinoci

Abstract These are the handouts of an undergraduate minicourse at the Università
di Bari (see Fig. 1), in the context of the 2017 INdAM Intensive Period “Contempo-
rary Research in elliptic PDEs and related topics”. Without any intention to serve as
a throughout epitome to the subject, we hope that these notes can be of some help
for a very initial introduction to a fascinating field of classical and modern research.

Keywords Fractional calculus · Functional Analysis · Applications

2010 Mathematics Subject Classification 35R11, 34A08, 60G22

1 The Laplace Operator

The operator mostly studied in partial differential equations is likely the so-called
Laplacian, given by

−�u(x) := −
n∑

j=1

∂2u

∂x2
j

(x) = lim
r↘0

const

rn+2

∫

Br (x)

(
u(x) − u(y)) dy= − const

∫

∂B1

D2u(x) θ · θ dθ

(1.1)
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2 N. Abatangelo and E. Valdinoci

Fig. 1 Working hard (and profitably) in Bari

Of course, one may wonder why mathematicians have a strong preference for such
kind of operators—say, why not studying

∂7u

∂x7
1

(x)− ∂
8u

∂x8
2

(x)+ ∂
9u

∂x9
3

(x)− ∂10u

∂x1∂x
4
2∂x

5
3

(x) ?

Since historical traditions, scientific legacies or impositions from above by edu-
cation systems would not be enough to justify such a strong interest in only
one operator (plus all its modifications), it may be worth to point out a simple
geometric property enjoyed by the Laplacian (and not by many other operators).
Namely, Eq. (1.1) somehow reveals that the fact that a function is harmonic (i.e.,
that its Laplace operator vanishes in some region) is deeply related to the action of
“comparing with the surrounding values and reverting to the averaged values in the
neighborhood”.

To wit, the idea behind the integral representation of the Laplacian in for-
mula (1.1) is that the Laplacian tries to model an “elastic” reaction: the vanishing
of such operator should try to “revert the value of a function at some point to the
values nearby”, or, in other words, from a “political” perspective, the Laplacian is a
very “democratic” operator, which aims at levelling out differences in order to make
things as uniform as possible. In mathematical terms, one looks at the difference
between the values of a given function u and its average in a small ball of radius r ,
namely

dr (x) := u(x) −
∫

Br(x)

u(y) dy =
∫

Br(x)

(
u(x)− u(y)) dy.
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In the smooth setting, a second order Taylor expansion of u and a cancellation in the
integral due to odd symmetry show that dr is quadratic in r , hence, in order to detect
the “elastic”, or “democratic”, effect of the model at small scale, one has to divide
by r2 and take the limit as r ↘ 0. This is exactly the procedure that we followed in
formula (1.1).

Other classical approaches to integral representations of elliptic operators come
in view of potential theory and inversion operators, see e.g. [96].

This tendency to revert to the surrounding mean suggests that harmonic equa-
tions, or in general equations driven by operators “similar to the Laplacian”, possess
some kind of rigidity or regularity properties that prevents the solutions to oscillate
too much (of course, detecting and establishing these properties is a marvelous, and
technically extremely demanding, success of modern mathematics, and we do not
indulge in this set of notes on this topic of great beauty and outmost importance,
and we refer, e.g. to the classical books [62, 71–73]).

Interestingly, the Laplacian operator, in the perspective of (1.1), is the infinites-
imal limit of integral operators. In the forthcoming sections, we will discuss some
other integral operators, which recover the Laplacian in an appropriate limit, and
which share the same property of averaging the values of the function. Differently
from what happens in (1.1), such averaging procedure will not be necessarily
confined to a small neighborhood of a given point, but will rather tend to comprise
all the possible values of a certain function, by possibly “weighting more” the close-
by points and “less” the contributions coming from far.

2 Some Fractional Operators

We describe here the basics of some different fractional1 operators. The fractional
exponent will be denoted by s ∈ (0, 1). For more exhaustive discussions and
comparisons see e.g. [24, 49, 81, 82, 84, 91, 104, 107, 108]. For simplicity, we do not
treat here the case of fractional operators of order higher than 1 (see e.g. [3–5, 50]).

2.1 The Fractional Laplacian

A very popular nonlocal operator is given by the fractional Laplacian

(−�)su(x) := P.V.
∫

Rn

u(x)− u(y)
|x − y|n+2s dy. (2.1)

1The notion (or, better to say, several possible notions) of fractional derivatives attracted the
attention of many distinguished mathematicians, such as Leibniz, Bernoulli, Euler, Fourier, Abel,
Liouville, Riemann, Hadamard and Riesz, among the others. A very interesting historical outline
is given in pages xxvii–xxxvi of [104].
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Here above, the notation “ P.V. ” stands for “in the Principal Value sense”, that is

(−�)su(x) := lim
ε↘0

∫

Rn\Bε(x)
u(x)− u(y)
|x − y|n+2s dy.

The definition in (2.1) differs from others available in the literature since a
normalizing factor has been omitted for the sake of simplicity: this multiplicative
constant is only important in the limits as s ↗ 1 and s ↘ 0, but plays no essential
role for a fixed fractional parameter s ∈ (0, 1).

The operator in (2.1) can be also conveniently written in the form

− (−�)su(x) = 1

2

∫

Rn

u(x + y)+ u(x − y)− 2u(x)

|y|n+2s dy. (2.2)

The expression in (2.2) reveals that the fractional Laplacian is a sort of second order
difference operator, weighted by a measure supported in the whole of Rn and with
a polynomial decay, namely

− (−�)su(x) = 1

2

∫

Rn

δu(x, y) dμ(y),

where δu(x, y) := u(x + y)+ u(x − y)− 2u(x) and dμ(y) := dy

|y|n+2s
.

(2.3)

Of course, one can give a pointwise meaning of (2.1) and (2.2) if u is sufficiently
smooth and with a controlled growth at infinity (and, in fact, it is possible to set up a
suitable notion of fractional Laplacian also for functions that grow polynomially at
infinity, see [59]). Besides, it is possible to provide a functional framework to define
such operator in the weak sense (see e.g. [106]) and a viscosity solution approach is
often extremely appropriate to construct general regularity theories (see e.g. [31]).

We refer to [49] for a gentle introduction to the fractional Laplacian.
From the point of view of the Fourier Transform, denoted, as usual, by ·̂ or by F

(depending on the typographical convenience), an instructive computation (see e.g.
Proposition 3.3 in [49]) shows that

̂(−�)su(ξ) = c |ξ |2s û(ξ),

for some c > 0. An appropriate choice of the normalization constant in (2.1) (also in
dependence of n and s) allows us to take c = 1, and we will take this normalization
for the sake of simplicity (and with the slight abuse of notation of dropping constants
here and there). With this choice, the fractional Laplacian in Fourier space is simply
the multiplication by the symbol |ξ |2s , consistently with the fact that the classical
Laplacian corresponds to the multiplication by |ξ |2. In particular, the fractional
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Laplacian recovers2 the classical Laplacian as s ↗ 1. In addition, it satisfies the
semigroup property, for any s, s′ ∈ (0, 1) with s + s′ � 1,

F(−�)s(−�)s′u = |ξ |2sF((−�)s′u) = |ξ |2s |ξ |2s′ û = |ξ |2(s+s′) û = F(−�)s+s′u,

that is

(−�)s(−�)s ′u = (−�)s ′(−�)su = (−�)s+s ′u. (2.4)

As a special case of (2.4), when s = s′ = 1/2, we have that the square root of the
Laplacian applied twice produces the classical Laplacian, namely

(
(−�)1/2

)2 = −�. (2.5)

This observation gives that if U : Rn × [0,+∞)→ R is the harmonic extension3

of u : Rn→ R, i.e. if

{
�U = 0 in R

n × [0,+∞),
U(x, 0) = u(x) for any x ∈ R

n,
(2.6)

then

− ∂yU(x, 0) = (−�)1/2u(x). (2.7)

See Appendix A for a confirmation of this. In a sense, formula (2.7) is a particular
case of a general approach which reduces the fractional Laplacian to a local operator
which is set in a halfspace with an additional dimension and may be of singular or
degenerate type, see [30].

As a rather approximative “general nonsense”, we may say that the fractional
Laplacian shares some common feature with the classical Laplacian. In particular,

2We think that it is quite remarkable that the operator obtained by the inverse Fourier Transform
of |ξ |2 û, the classical Laplacian, reduces to a local operator. This is not true for the inverse
Fourier Transform of |ξ |2s û. In this spirit, it is interesting to remark that the fact that the classical
Laplacian is a local operator is not immediate from its definition in Fourier space, since computing
Fourier Transforms is always a nonlocal operation.
3Some care has to be used with extension methods, since the solution of (2.6) is not unique (if U
solves (2.6), then so does U(x, y)+ cy for any c ∈ R). The “right” solution of (2.6) that one has to
take into account is the one with “decay at infinity”, or belonging to an “energy space”, or obtained
by convolution with a Poisson-type kernel. See e.g. [24] for details.

Also, the extension method in (2.6) and (2.7) can be related to an engineering application of the
fractional Laplacian motivated by the displacement of elastic membranes on thin (i.e. codimension
one) obstacles, see [28]. The intuition for such application can be grasped from Figs. 7, 10, and 12.
These pictures can be also useful to develop some intuition about extension methods for fractional
operators and boundary reaction-diffusion equations.
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both the classical and the fractional Laplacian are invariant under translations and
rotations. Moreover, a control on the size of the fractional Laplacian of a function
translates, in view of (2.3), into a control of the oscillation of the function (though in
a rather “global” fashion): this “democratic” tendency of the operator of “averaging
out” any unevenness in the values of a function is indeed typical of “elliptic”
operators—and the classical Laplacian is the prototype example in this class of
operators, while the fractional Laplacian is perhaps the most natural fractional
counterpart.

To make this counterpart more clear, we will say that a function u is s-harmonic
in a set � if (−�)su = 0 at any point of� (for simplicity, we take this notion in the
“strong” sense, but equivalently one could look at distributional definitions, see e.g.
Theorem 3.12 in [18]).

For example, constant functions in R
n are s-harmonic in the whole space for any

s ∈ (0, 1), as both (2.1) and (2.2) imply.
Another similarity between classical and fractional Laplace equations is given

by the fact that notions like those of fundamental solutions, Green functions and
Poisson kernels are also well-posed in the fractional case and somehow similar
formulas hold true, see e.g. Definitions 1.7 and 1.8, and Theorems 2.3, 2.10, 3.1
and 3.2 in [22] (and related formulas hold true also for higher-order fractional
operators, see [3–5, 50]).

In addition, space inversions such as the Kelvin Transform also possess invariant
properties in the fractional framework, see e.g. [19] (see also Lemma 2.2 and
Corollary 2.3 in [63], and in addition Proposition A.1 on page 300 in [97] for a short
proof). Moreover, fractional Liouville-type results hold under various assumptions,
see e.g. [64] and [59].

Another interesting link between classical and fractional operators is given by
subordination formulas which permit to reconstruct fractional operators from the
heat flow of classical operators, such as

(−�)su = − s

	(1− s)
∫ +∞

0
t−1−s(et� − 1

)
u dt,

see [11].
In spite of all these similarities, many important structural differences between

the classical and the fractional Laplacian arise. Let us list some of them.

Difference 2.1 (Locality Versus Nonlocality) The classical Laplacian of u at a
point x only depends on the values of u in Br(x), for any r > 0.

This is not true for the fractional Laplacian. For instance, if u ∈ C∞0 (B2, [0, 1])
with u = 1 in B1, we have that, for any x ∈ R

n \ B4,

−(−�)su(x) = P.V.
∫

Rn

u(y) − u(x)
|x − y|n+2s dy =

∫

B2

u(y)

|x − y|n+2s dy �
∫

B1

dy
(|x| + 1

)n+2s � const

|x|n+2s

(2.8)

while of course�u(x) = 0 in this setting.
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It is worth remarking that the estimate in (2.8) is somewhat optimal. Indeed, if u
belongs to the Schwartz space (or space of rapidly decreasing functions)

S :=
{
u ∈ C∞(Rn) s.t. sup

x∈Rn
|x|α ∣∣Dβu(x)∣∣ < +∞ for all α, β ∈ N

n

}
, (2.9)

we have that, for large |x|,
∣∣(−�)su(x)∣∣ � const

|x|n+2s . (2.10)

See Appendix B for the proof of this fact.

Difference 2.2 (Summability Assumptions) The pointwise computation of the
classical Laplacian on a function u does not require integrability properties on u.
Conversely, formula (2.1) for u can make sense only when

∫

Rn

|u(y)|
1+ |y|n+2s dy < +∞

which can be read as a local integrability complemented by a growth condition
at infinity. This feature, which could look harmless at a first glance, can result
problematic when looking for singular solutions to nonlinear problems (as, for
example, in [1, 66] where there is an unavoidable integrability obstruction on a
bounded domain) or in “blow-up” type arguments (as mentioned in [59], where
the authors propose a way to outflank this restriction).

Difference 2.3 (Computation Along Coordinate Directions) The classical Lapla-
cian of u at the origin only depends on the values that u attains along the coordinate
directions (or, up to a rotation, along a set of n orthogonal directions).

This is not true for the fractional Laplacian. As an example, let u ∈ C∞0 (B2(4e1+
4e2), [0, 1]), with u = 1 in B1(4e1 + 4e2). Let also Rj be the straight line in the
j th coordinate direction, that is

Rj := {tej , t ∈ R},
see Fig. 2. Then

Rj ∩ B2(4e1 + 4e2) = ∅

for each j ∈ {1, . . . , n}, and so u(tej ) = 0 for all t ∈ R and j ∈ {1, . . . , n}. This
gives that�u(0) = 0.

On the other hand,

∫

Rn

u(y)− u(0)
|0− y|n+2s

dy =
∫

Rn

u(y)

|y|n+2s
dy �

∫

B1(4e1+4e2)

dy

|y|n+2s
> 0,

which says that (−�)su(0) 	= 0.
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R1

R2

4

4

O

u

Fig. 2 Coordinate directions not meeting a bump function

v

u

Fig. 3 A function v which is “close to u”

Difference 2.4 (Harmonic Versus s-Harmonic Functions) If �u(0) = 1, ‖u −
v‖C2(B1)

� ε and ε > 0 is sufficiently small (see Fig. 3) then�v(0) � 1− const ε >
0, and in particular�v(0) 	= 0.

Quite surprisingly, this is not true for the fractional Laplacian. More generally,
in this case, as proved in [55], for any ε > 0 and any (bounded, smooth) function ū,
we can find vε such that

{ ‖ū− vε‖C2(B1)
� ε

and (−�)svε = 0 in B1.
(2.11)

A proof of this fact in dimension 1 for the sake of simplicity is given in [112] (the
original paper [55] presents a complete proof in any dimension). See also [70, 99,
100] for different approaches to approximation methods in fractional settings which
lead to new proofs, and very refined and quantitative statements.

We also mention that the phenomenon described in (2.11) (which can be
summarized in the evocative statement that all functions are locally s-harmonic
(up to a small error)) is very general, and it applies to other nonlocal operators, also
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independently from their possibly “elliptic” structure (for instance all functions are
locally s-caloric, or s-hyperbolic, etc.). In this spirit, for completeness, in Sect. 5
we will establish the density of fractional caloric functions in one space variable,
namely of the fact that for any ε > 0 and any (bounded, smooth) function ū =
ū(x, t), we can find vε = vε(x, t) such that

{ ‖ū− vε‖C2((−1,1)×(−1,1)) � ε
and ∂tvε + (−�)svε = 0 for any x ∈ (−1, 1) and any t ∈ (−1, 1).

(2.12)

We also refer to [58] for a general approach and a series of general results
on this type of approximation problems with solutions of operators which are
the superposition of classical differential operators with fractional Laplacians.
Furthermore, similar results hold true for other nonlocal operators with memory,
see [23]. See in addition [36, 37, 79] for related results on higher order fractional
operators.

Difference 2.5 (Harnack Inequality) The classical Harnack Inequality says that
if u is harmonic in B1 and u � 0 in B1 then

inf
B1/2

u � const sup
B1/2

u,

for a suitable universal constant, only depending on the dimension.
The same result is not true for s-harmonic functions. To construct an easy

counterexample, let ū(x) = |x|2 and, for a small ε > 0, let vε be as in (2.11).
Notice that, if x ∈ B1 \ B1/4

vε(x) � ū(x)− ‖ū− vε‖L∞(B1) �
1

16
− ε > 1

32
(2.13)

if ε is small enough, while

vε(0) � ū(0)+ ‖ū− vε‖L∞(B1) � 0+ ε < 1

32
.

These observations imply that vε(0) < vε(x) for all x ∈ B1 \B1/4 and therefore the
infimum of vε in B1 is taken at some point x̄ in the closure of B1/4. Then, we define

uε(x) := vε(x)− inf
B1
vε = vε(x)− vε(x̄).

Notice that uε is s-harmonic in B1, since so is vε , and uε � 0 in B1. Also, uε is
strictly positive in B1 \ B1/4. On the other hand, since x̄ ∈ B1/2

inf
B1/2

uε = uε(x̄) = 0,

which implies that uε cannot satisfy a Harnack Inequality as the one in (2.13).



10 N. Abatangelo and E. Valdinoci

In any case, it must be said that suitable Harnack Inequalities are valid also in the
fractional case, under suitable “global” assumptions on the solution: for instance,
the Harnack Inequality holds true for solutions that are positive in the whole of Rn

rather than in a given ball. We refer to [75, 76] for a comprehensive discussion on
this topic and for recent developments.

Difference 2.6 (Growth from the Boundary) Roughly speaking, solutions of
Laplace equations have “linear (i.e. Lipschitz) growth from the boundary”, while
solutions of fractional Laplace equations have only Hölder growth from the
boundary. To understand this phenomenon, we point out that if u is continuous in
the closure of B1, with �u = f in B1 and u = 0 on ∂B1, then

|u(x)| � const (1− |x|) sup
B1

|f |. (2.14)

Notice that the term (1− |x|) represents the distance of the point x ∈ B1 from ∂B1.
See e.g. Appendix C for a proof of (2.14).

The case of fractional equations is very different. A first example which may be
useful to keep in mind is that the function

R
n � x �→ (xn)

s+
is s-harmonic in the halfspace {xn > 0}. (2.15)

For an elementary proof of this fact, see e.g. Section 2.4 in [24]. Remarkably, the
function in (2.15) is only Hölder continuous with Hölder exponent s near the origin.

Another interesting example is given by the function

R � x �→ u1/2(x) := (1− |x|2)1/2+ , (2.16)

which satisfies

(−�)1/2 u1/2 = const in (−1, 1). (2.17)

A proof of (2.17) based on extension methods and complex analysis is given in
Appendix D.

The identity in (2.17) is in fact a special case of a more general formula,
according to which the function

R
n � x �→ us(x) := (1− |x|2)s+ (2.18)

satisfies

(−�)sus = const in B1. (2.19)
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For this formula, and in fact even more general ones, see [61]. See also [69] for a
probabilistic approach.

Interestingly, (2.15) can be obtained from (2.19) by a blow-up at a point on the
zero level set.

Notice also that

lim|x|↗1

|us(x)|
1− |x| = lim|x|↗1

(1− |x|2)s+
1− |x| = lim|x|↗1

1

(1− |x|)1−s = +∞,

therefore, differently from the classical case, us does not satisfy an estimate like that
in (2.14).

It is also interesting to observe that the function us is related to the function xs+
via space inversion (namely, a Kelvin transform) and integration, and indeed one
can also deduce (2.19) from (2.15): this fact was nicely remarked to us by Xavier
Ros-Oton and Joaquim Serra, and the simple but instructive proof is sketched in
Appendix E.

Difference 2.7 (Global (Up to the Boundary) Regularity) Roughly speaking,
solutions of Laplace equations are “smooth up to the boundary”, while solutions of
fractional Laplace equations are not better than Hölder continuous at the boundary.
To understand this phenomenon, we point out that if u is continuous in the closure
of B1,

{
�u = f in B1,

u = 0 on ∂B1,
(2.20)

then

sup
x∈B1

|∇u(x)| � const sup
B1

|f |. (2.21)

See e.g. Appendix F for a proof of this fact.
The case of fractional equations is very different since the function us in (2.18) is

only Hölder continuous (with Hölder exponent s) in B1, hence the global Lipschitz
estimate in (2.21) does not hold in this case. This phenomenon can be seen as a
counterpart of the one discussed in Difference 2.6. The boundary regularity for
fractional Laplace problems is discussed in details in [97].

Difference 2.8 (Explosive Solutions) Solutions of classical Laplace equations
cannot attain infinite values in the whole of the boundary. For instance, if u is
harmonic in B1, then

lim
ρ↗1

inf
∂Bρ
u � constu(0). (2.22)
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Indeed, by the Mean Value Property for harmonic functions, for any ρ ∈ (0, 1),

u(0) = const

ρn−1

∫

∂Bρ

u(x) dHn−1
x � inf

∂Bρ
u,

from which (2.22) plainly follows (another proof follows by using the Maximum
Principle instead of the Mean Value Property). On the contrary, and quite remark-
ably, solutions of fractional Laplace equations may “explode” at the boundary
and (2.22) can be violated by s-harmonic functions in B1 which vanish outside B1.

For example, for

R � x �→ u−1/2(x) :=
{
(1− |x|2)−1/2 if x ∈ (−1, 1),

0 otherwise,
(2.23)

one has

(−�)1/2 u−1/2 = 0 in (−1, 1), (2.24)

and, of course, (2.22) is violated by u−1/2. The claim in (2.24) can be proven starting
from (2.17) and by suitably differentiating both sides of the equation: the details
of this computation can be found in Appendix G. For completeness, we also give
in Appendix H another proof of (2.24) based on complex variable and extension
methods.

A geometric interpretation of (2.24) is depicted in Fig. 4 where a point x ∈
(−1, 1) is selected and the graph of u−1/2 above the value u−1/2(x) is drawn with
a “dashed curve” (while a “solid curve” represents the graph of u−1/2 below the

Fig. 4 The function u−1/2 and the cancellation occurring in (2.24)
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value u−1/2(x)): then, when computing the fractional Laplacian at x, the values
coming from the dashed curve, compared with u−1/2(x), provide an opposite sign
with respect to the values coming from the solid curve. The “miracle” occurring
in (2.24) is that these two contributions with opposite sign perfectly compensate
and cancel each other, for any x ∈ (−1, 1).

More generally, in every smooth bounded domain � ⊂ R
n it is possible to

build s-harmonic functions exploding at ∂� at the same rate as dist(·, ∂�)s−1. A
phenomenon of this sort was spotted in [66], and see [1] for the explicit explosion
rate. See [1] also for a justification of the boundary behavior, as well as the study of
Dirichlet problems prescribing a singular boundary trace.

Concerning this feature of explosive solutions at the boundary, it is interesting to
point out a simple analogy with the classical Laplacian. Indeed, in view of (2.15),
if s ∈ (0, 1) and we take the function R � x �→ xs+, we know that it is s-
harmonic in (0,+∞) and it vanishes on the boundary (namely, the origin), and these
features have a clear classical analogue for s = 1. Then, since for all s ∈ (0, 1] the
derivative of xs+ is xs−1+ , up to multiplicative constants, we have that the latter is
s-harmonic in (0,+∞) and it blows-up at the origin when s ∈ (0, 1) (conversely,
when s = 1 one can do the same computations but the resulting function is simply
the characteristic function of (0,+∞) so no explosive effect arises).

Similar computations can be done in the unit ball instead of (0,+∞), and one
simply gets functions that are bounded up to the boundary when s = 1, or explosive
when s ∈ (0, 1) (further details in Appendices G and H).

Difference 2.9 (Decay at Infinity) The Gaussian e−|x|2 reproduces the classical
heat kernel. That is, the solution of the heat equation with initial datum concentrated
at the origin, when considered at time t = 1/4, produces the Gaussian (of course,
the choice t = 1/4 is only for convenience, any time t can be reduced to unit time
by scaling the equation).

The fast decay prescribed by the Gaussian is special for the classical case and the
fractional case exhibits power law decays at infinity. More precisely, let us consider
the heat equation with initial datum concentrated at the origin, that is

{
∂tu(x, t) = −(−�)su(x, t) for (x, t) ∈ R

n × (0,+∞),
u(x, 0) = δ0,

(2.25)

and set

Gs (x) = u(x, 1). (2.26)

By taking the Fourier Transform of (2.25) in the x variable (and possibly neglecting
normalization constants) one finds that

{
∂t û = −|ξ |2s û in R

n × (0,+∞),
u(ξ, 0) = 1,
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hence

û = e−|ξ |2s t , (2.27)

and consequently

Gs(x) = F−1(e−|ξ |2s ), (2.28)

being F−1 the anti-Fourier Transform of the Fourier Transform F. When s = 1,
and neglecting the normalizing constants, the expression in (2.28) reduces to the
Gaussian (since the Gaussian is the Fourier Transform of itself). On the other hand,
as far as we know, there is no simple explicit representation of the fractional heat
kernel in (2.28), except in the “miraculous” case s = 1/2, in which (2.28) provides
the explicit representation

G1/2(x) = const
(
1+ |x|2) n+1

2

. (2.29)

See Appendix I for a proof of (2.29) using Fourier methods and Appendix J for a
proof based on extension methods.

We stress that, differently from the classical case, the heat kernel G1/2 decays
only with a power law. This is in fact a general feature of the fractional case, since,
for any s ∈ (0, 1), it holds that

lim|x|→+∞ |x|
n+2sGs(x) = const (2.30)

and, for |x| � 1 and s ∈ (0, 1), the heat kernel Gs(x) is bounded from below and
from above by const

|x|n+2s .
We refer to [78] for a detailed discussion on the fractional heat kernel. See

also [13] for more information on the fractional heat equation. For precise asymp-
totics on fractional heat kernels, see [15, 17, 47, 95].

The decay of the heat kernel is also related to the associated distribution in
probability theory: as we will see in Sect. 4.2, the heat kernel represents the
probability density of finding a particle at a given point after a unit of time; the
motion of such particle is driven by a random walk in the classical case and by a
random process with long jumps in the fractional case and, as a counterpart, the
fractional probability distribution exhibits a “long tail”, in contrast with the rapidly
decreasing classical one.

Another situation in which the classical case provides exponentially fast decaying
solutions while the fractional case exhibits polynomial tails is given by the Allen-
Cahn equation (see e.g. Section 1.1 in [65] for a simple description of this equation
also in view of phase coexistence models). For concreteness, one can consider the
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one-dimensional equation

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(−�)su = u− u3 in R,

u̇ > 0,
u(0) = 0,

lim
t→±∞u(t) = ±1.

(2.31)

For s = 1, the system in (2.31) reduces to the pendulum-like system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−ü = u− u3 in R,

u̇ > 0,
u(0) = 0,

lim
t→±∞u(t) = ±1.

(2.32)

The solution of (2.32) is explicit and it has the form

u(t) := tanh
t√
2
, (2.33)

as one can easily check. Also, by inspection, we see that such solution satisfies

|u(t)− 1| � const exp(− const t) for any t � 1

and |u(t)+ 1| � const exp(− const |t|) for any t � −1.
(2.34)

Conversely, to the best of our knowledge, the solution of (2.31) has no simple
explicit expression. Also, remarkably, the solution of (2.31) decays to the equilib-
ria ±1 only polynomially fast. Namely, as proved in Theorem 2 of [92], we have
that the solution of (2.31) satisfies

|u(t)− 1| � const

t2s
for any t � 1

and |u(t)+ 1| � const

|t|2s for any t � −1,
(2.35)

and the estimates in (2.35) are optimal, namely it also holds that

|u(t)− 1| � const

t2s
for any t � 1

and |u(t)+ 1| � const

|t|2s for any t � −1.
(2.36)
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See Appendix K for a proof of (2.36). In particular, (2.36) says that solutions
of fractional Allen-Cahn equations such as the one in (2.31) do not satisfy the
exponential decay in (2.34) which is fulfilled in the classical case.

The estimate in (2.36) can be confirmed by looking at the solution of the very
similar equation

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(−�)su = 1

π
sin(πu) in R,

u̇ > 0,
u(0) = 0,

lim
t→±∞u(t) = ±1.

(2.37)

Though a simple expression of the solution of (2.37) is not available in general, the
“miraculous” case s = 1/2 possesses an explicit solution, given by

u(t) := 2

π
arctan t . (2.38)

That (2.38) is a solution of (2.37) when s = 1/2 is proved in Appendix L. Another
proof of this fact using (2.29) is given in Appendix M.

The reader should not be misled by the similar typographic forms of (2.33)
and (2.38), which represent two very different behaviors at infinity: indeed

lim
t→+∞ t

(
1− 2

π
arctan t

)
= 2

π
,

and the function in (2.38) satisfies the slow decay in (2.36) (with s = 1/2) and not
the exponentially fast one in (2.34).

Equations like the one in (2.31) naturally arise, for instance, in long-range
phase coexistence models and in models arising in atom dislocation in crystals, see
e.g. [52, 110].

A similar slow decay also occurs in the study of fractional Schrödinger operators,
see e.g. [38] and Lemma C.1 in [68]. For instance, the solution of

(−�)s	 + 	 = δ0 in δ0 (2.39)

satisfies, for any |x| � 1,

	(x) � const

|x|n+2s .

A heuristic motivation for a bound of this type can be “guessed” from (2.39) by
thinking that, for large |x|, the function 	 should decay more or less like (−�)s	,
which has “typically” the power law decay described in (2.10).
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If one wishes to keep arguing in this heuristic way, also the decays in (2.30)
and (2.36) may be seen as coming from an interplay between the right and the left
side of the equation, in the light of the decay of the fractional Laplace operator
discussed in (2.10). For instance, to heuristically justify (2.30), one may think that
the solution of the fractional heat equation which starts from a Dirac’s Delta, after
a unit of time (or an “infinitesimal unit” of time, if one prefers) has produced
some bump, whose fractional Laplacian, in view of (2.10), may decay at infinity
like 1

|x|n+2s . Since the time derivative of the solution has to be equal to that, the

solution itself, in this unit of time, gets “pushed up” by an amount like 1
|x|n+2s with

respect to the initial datum, thus justifying (2.30).
A similar justification for (2.36) may seem more tricky, since the decay in (2.36)

is only of the type 1
|t |2s instead of 1

|t |1+2s , as the analysis in (2.10) would suggest. But
to understand the problem, it is useful to consider the derivative of the solution v :=
u̇ and deduce from (2.31) that

(−�)sv = (−�)su̇ = u̇− 3u2u̇ = (1− 3u2)v. (2.40)

That is, for large |t|, the term 1 − 3u2 gets close to 1 − 3 = −2 and so the profile
at infinity may locally resemble the one driven by the equation (−�)sv = −2v.
In this range, v has to balance its fractional Laplacian, which is expected to decay
like 1

|t |1+2s , in view of (2.10). Then, since u is the primitive of v, one may expect

that its behavior at infinity is related to the primitive of 1
|t |1+2s , and so to 1

|t |2s , which
is indeed the correct answer given by (2.36).

We are not attempting here to make these heuristic considerations rigorous, but
perhaps these kinds of comments may be useful in understanding why the behavior
of nonlocal equations is different from that of classical equations and to give at
least a partial justification of the delicate quantitative aspects involved in a rigorous
quantitative analysis (in any case, ideas like these are rigorously exploited for
instance in Appendix K).

See also [21] for decay estimates of ground states of a nonlinear nonlocal
problem.

We also mention that other very interesting differences in the decay of solutions
arise in the study of different models for fractional porous medium equations, see
e.g. [33, 34, 48].

Difference 2.10 (Finiteness Versus Infiniteness of the Mean Squared Displace-
ment) The mean squared displacement is a useful notion to measure the “speed of
a diffusion process”, or more precisely the portion of the space that gets “invaded”
at a given time by the spreading of the diffusive quantity which is concentrated at a
point source at the initial time. In a formula, if u(x, t) is the fundamental solution
of the diffusion equation related to the diffusion operator L, namely

{
∂tu = Lu for any x ∈ R

n and t > 0,
u(·, 0) = δ0(·), (2.41)
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being δ0 the Dirac’s Delta, one can define the mean squared displacement relative to
the diffusion process L as the “second moment” of u in the space variables, that is

MSDL(t) :=
∫

Rn

|x|2 u(x, t) dx. (2.42)

For the classical heat equation, by Fourier Transform one sees that, when L = �,
the fundamental solution of (2.41) is given by the classical heat kernel

u(x, t) = 1

(4πt)n/2
e−

|x|2
4t ,

and therefore4 in such case, the substitution y := x

2
√
t

gives that

MSD�(t) =
∫

Rn

|x|2
(4πt)n/2

e−
|x|2
4t dx =

∫

Rn

4t|y|2
πn/2

e−|y|2 dy = Ct, (2.43)

for some C > 0. This says that the mean squared displacement of the classical heat
equation is finite, and linear in the time variable.

On the other hand, in the fractional case in which L = −(−�)s , by (2.27) the
fractional heat kernel is endowed with the scaling property

u(x, t) = 1

t
n
2s
Gs

(
x

t
1
2s

)
,

with Gs being as in (2.25) and (2.26). Consequently, in this case, the substitu-
tion y := x

t
1
2s

gives that

MSD−(−�)s (t) =
∫

Rn

|x|2 1

t
n
2s
Gs

(
x

t
1
2s

)
dx = t 1

s

∫

Rn

|y|2 Gs (y) dy. (2.44)

Now, from (2.30), we know that

∫

Rn

|y|2Gs (y) dy = +∞

and therefore we infer from (2.44) that

MSD−(−�)s (t) = +∞. (2.45)

4See Appendix A in [103] for a very nice explanation of the dimensional analysis and for a
throughout discussion of its role in detecting fundamental solutions.
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This computation shows that, when s ∈ (0, 1), the diffusion process induced
by −(−�)s does not possess a finite mean squared displacement, in contrast with
the classical case in (2.43).

Other important differences between the classical and fractional cases arise in
the study of nonlocal minimal surfaces and in related fields: just to list a few
features, differently than in the classical case, nonlocal minimal surfaces typically
“stick” at the boundary, see [25, 53, 56], the gradient bounds of nonlocal minimal
graphs are different than in the classical case, see [26], nonlocal catenoids grow
linearly and nonlocal stable cones arise in lower dimension, see [45, 46], stable
surfaces of vanishing nonlocal mean curvature possess uniform perimeter bounds,
see Corollary 1.8 in [42], the nonlocal mean curvature flow develops singularity
also in the plane, see [41], its fattening phenomena are different, see [40], and
the self-shrinking solutions are also different, see [39], and genuinely nonlocal
phase transitions present stronger rigidity properties than in the classical case, see
e.g. Theorem 1.2 in [60] and [67]. Furthermore, from the probabilistic viewpoint,
recurrence and transiency in long-jump stochastic processes are different from the
case of classical random walks, see e.g. [6] and the references therein.

We would like to conclude this list of differences with one similarity, which
seems to be not very well-known. There is indeed a “nonlocal representation” for
the classical Laplacian in terms of a singular kernel. It reads as

−�u(x) = const
∫

Rn

u(x + 2y) + u(x − 2y)− 4u(x + y) − 4u(x − y)+ 6u(x)

|y|n+2
dy.

(2.46)

This one is somehow very close to (2.2) with one important modification: the
difference operator in the numerator of the integrand has been increased in order,
in such a way that it is able to compensate the singularity of the kernel in 0. We
include in Appendix N a computation proving (2.46) when u is C2,α around x. For
a complete proof, involving Fourier transform techniques and providing the explicit
value of the constant, we refer to [3].

2.2 The Regional (or Censored) Fractional Laplacian

A variant of the fractional Laplacian in (2.1) consists in restricting the domain of
integration to a subset of Rn. In this direction, an interesting operator is defined by
the following singular integral:

(−�)s�u(x) := P.V.
∫

�

u(x)− u(y)
|x − y|n+2s dy. (2.47)
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We remark that when � := R
n the regional fractional Laplacian in (2.47) boils

down to the standard fractional Laplacian in (2.1).
In spite of the apparent similarity, the regional fractional Laplacian and the frac-

tional Laplacian are structurally two different operators. For instance, concerning
Difference 2.4, we mention that solutions of regional fractional Laplace equations
do not possess the same rich structure of those of fractional Laplace equations, and
indeed

it is not true that for any ε > 0 and any (bounded, smooth) function ū,

we can find vε such that
{ ‖ū− vε‖C2(B1)

� ε
and (−�)s�vε = 0 in B1.

(2.48)

A proof of this observation will be given in Appendix O.
Interestingly, the regional fractional Laplacian turns out to be useful also in a

possible setting of Neumann-type conditions in the nonlocal case, as presented5

in [54]. Related to this, we mention that it is possible to obtain a regional-type
operator starting from the classical Laplacian coupled with Neumann boundary
conditions (details about it will be given in formula (2.52) below).

5Some colleagues pointed out to us that the use of R and r in some steps of formula (5.5) of [54]
are inadequate. We take this opportunity to amend such a flaw, presenting a short proof of (5.5)
of [54]. Given ε > 0, we notice that

I1 :=
∫∫

�×(Rn\�)
{|x−y|�ε}

|u(x) − u(y)|2
|x − y|n+2s

dx dy �
∫∫

�×(Rn\Bε)

4 ‖u‖2
L∞(Rn) dx dζ

|ζ |n+2s
� const

s ε2s
,

where the constants are also allowed to depend on � and u. Furthermore, if we define �ε to be the
set of all the points in � with distance less than ε from ∂�, the regularity of ∂� implies that the
measure of �ε is bounded by const ε, and therefore

I2 :=
∫∫

�×(Rn\�)
{|x−y|<ε}

|u(x) − u(y)|2
|x − y|n+2s

dx dy �
∫∫

�ε×Bε(x)

4 ‖u‖2
C1(Rn)

|x − y|2 dx dy
|x − y|n+2s

�
∫

Bε

const ε dζ

|ζ |n+2s−2
� const ε3−2s

1− s .

These observations imply that

lim
s↗1
(1− s)

∫∫

�×(Rn\�)
|u(x) − u(y)|2
|x − y|n+2s

dx dy � lim
s↗1
(1− s)

(
const

s ε2s
+ const ε3−2s

1− s
)
= const ε.

Taking ε as small as we wish, we obtain formula (5.5) in [54].
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2.3 The Spectral Fractional Laplacian

Another natural fractional operator arises in taking fractional powers of the eigen-
values. For this, we write

u(x, t) =
+∞∑

k=0

uk(t) φk(x), (2.49)

where φk is the eigenfunction corresponding to the kth eigenvalue of the Dirichlet
Laplacian, namely

{−�φk = λkφk in �
φk ∈ H 1

0 (�).

with 0 < λ0 < λ1 � λ2 � . . . . We normalize the sequence φk to make it an
orthonormal basis of L2(�) (see e.g. page 335 in [62]). In this setting, we define

(−�)sD,�u(x) :=
+∞∑

k=0

λsk uk(t) φk(x). (2.50)

We refer to [109] for extension methods for this type of operator. Furthermore, other
types of fractional operators can be defined in terms of different boundary con-
ditions: for instance, a spectral decomposition with respect to the eigenfunctions of
the Laplacians with Neumann boundary data naturally leads to an operator (−�)sN,�
(and such operator also have applications in biology, see e.g. [90] and [57]).

It is also interesting to observe that the spectral fractional Laplacian with
Neumann boundary conditions can also be written in terms of a regional operator
with a singular kernel. Namely, given an open and bounded set � ⊂ R

n, denoting
by �N,� the Laplacian operator coupled with Neumann boundary conditions on
∂�, we let {(μj , ψj )}j∈N the pairs made up of eigenvalues and eigenfunctions of
−�N,�, that is

⎧
⎨

⎩

−�ψj = μjψj in �
∂νψj = 0 on ∂�
ψj ∈ H 1(�).

with 0 = μ0 < μ1 � μ2 � μ3 � . . . .
We define the following operator by making use of a spectral decomposition

(−�)sN,� :=
+∞∑

j=0

μsj ûj ψj , ûj =
∫

�

uψj , u ∈ C∞0 (�). (2.51)
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Comparing with (2.50), we can consider (−�)sN,� a spectral fractional Laplacian
with respect to classical Neumann data. In this setting, the operator (−�)sN,� is also
an integrodifferential operator of regional type, in the sense that one can write

(−�)sN,�u(x) = P.V.
∫

�

(
u(x)− u(y))K(x, y) dy, (2.52)

for a kernelK(x, y) which is comparable to 1
|x−y|n+2s . We refer to Appendix P for a

proof of this.
Interestingly, the fractional Laplacian and the spectral fractional Laplacian

coincide, up to a constant, for periodic functions, or functions defined on the flat
torus, namely

if u(x + k) = u(x) for any x ∈ R
n and k ∈ Z

n, then (−�)sD,�u(x) = const (−�)su(x).
(2.53)

See e.g. Appendix Q for a proof of this fact.
On the other hand, striking differences between the fractional Laplacian and the

spectral fractional Laplacian hold true, see e.g. [91, 107].
Interestingly, it is not true that all functions are s-harmonic with respect to the

spectral fractional Laplacian, up to a small error, that is

it is not true that for any ε > 0 and any (bounded, smooth) function ū,

we can find vε such that
{

‖ū− vε‖C2(B1)
� ε

and (−�)sD,�vε = 0 in B1.

(2.54)

A proof of this will be given in Appendix R. The reader can easily compare (2.54)
with the setting for the fractional Laplacian discussed in Difference 2.4.

Remarkably, in spite of these differences, the spectral fractional Laplacian can
also be written as an integrodifferential operator of the form

P.V.
∫

�

(
u(x)− u(y))K(x, y) dy + β(x)u(x), (2.55)

for a suitable kernelK and potential β, see Lemma 38 in [2] or Lemma 10.1 in [20].
This can be proved with analogous computations to those performed in the case of
the regional fractional Laplacian in the previous paragraph.
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2.4 Fractional Time Derivatives

The operators described in Sections in 2.1, 2.2, and 2.3 are often used in the
mathematical description of anomalous types of diffusion (i.e. diffusive processes
which produce important differences with respect to the classical heat equation,
as we will discuss in Sect. 4): the main role of such nonlocal operators is usually
to produce a different behavior of the diffusion process with respect to the space
variables.

Other types of anomalous diffusions arise from non-standard behaviors with
respect to the time variable. These aspects are often the mathematical counterpart of
memory effects. As a prototype example, we recall the notion of Caputo fractional
derivative, which, for any t > 0 (and up to normalizing factors that we omit for
simplicity) is given by

∂sC,tu(t) :=
∫ t

0

u̇(τ )

(t − τ )s dτ. (2.56)

We point out that, for regular enough functions u,

∂sC,tu(t) =
∫ t

0

u̇(τ )

(t − τ )s dτ

=
∫ t

0

(
d

dτ

(
u(τ)− u(t))
(t − τ )s − s

(
u(τ)− u(t))
(t − τ )1+s

)
dτ

= u(t)− u(0)
ts

− lim
τ→t

u(t)− u(τ)
(t − τ )s − s

∫ t

0

(
u(τ)− u(t))
(t − τ )1+s dτ

= u(t)− u(0)
ts

− u̇(t) lim
τ→t(t − τ )

1−s − s
∫ t

0

u(τ)− u(t)
(t − τ )1+s dτ

= u(t)− u(0)
ts

+ s
∫ t

0

u(t)− u(τ)
(t − τ )1+s dτ.

(2.57)

Though in principle this expression takes into account only the values of u(t) for t �
0, hence u does not need to be defined for negative times, as pointed out e.g. in
Section 2 of [7], it may be also convenient to constantly extend u in (−∞, 0). Hence,
we take the convention for which u(t) = u(0) for any t � 0. With this extension,
one has that, for any t > 0,

s

∫ 0

−∞
u(t)− u(τ)
(t − τ )1+s dτ = s

∫ 0

−∞
u(t)− u(0)
(t − τ )1+s dτ =

u(t)− u(0)
ts

.
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Hence, one can write (2.57) as

∂sC,tu(t) = s
∫ t

−∞
u(t)− u(τ)
(t − τ )1+s dτ. (2.58)

This type of formulas also relates the Caputo derivative to the so-called Marchaud
derivative, see e.g. [104].

In the literature, one can also consider higher order Caputo derivatives, see
e.g. [85, 89] and the references therein.

Also, it is useful to consider the Caputo derivative in light of the (unilateral)
Laplace Transform (see e.g. Chapter 2.8 in [94], and [86])

Lu(ω) :=
∫ +∞

0
u(t) e−ωt dt. (2.59)

With this notation, up to dimensional constants, one can write (for a smooth function
with exponential control at infinity) that

L(∂sC,tu)(ω) = ωsLu(ω)− ωs−1u(0), (2.60)

see Appendix S for a proof.
In this way, one can also link equations driven by the Caputo derivative to the so-

called Volterra integral equations: namely one can invert the expression ∂sC,tu = f
by

u(t) = u(0)+ C
∫ t

0

f (τ)

(t − τ )1−s dτ, (2.61)

for some normalization constant C > 0, see Appendix S for a proof.
It is also worth mentioning that the Caputo derivative of order s of a power gives,

up to normalizing constants, the “power minus s”: more precisely, by (2.56) and
using the substitution ϑ := τ/t , we see that, for any r > 0,

∂sC,t (t
r ) = r

∫ t

0

τ r−1

(t − τ )s dτ = r t
r−s

∫ 1

0

ϑr−1

(1− ϑ)s dϑ = Ct
r−s ,

for some C > 0.
Moreover, in relation to the comments on page 17, we have that

the mean squared displacement related to the diffusion operator
{
∂sC,tu = �u for any x ∈ R

n and t > 0,
u(·, 0) = δ0(·),

is finite and proportional to ts .

(2.62)

See Appendix U for a proof of this.
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The Caputo derivatives describes a process “with memory”, in the sense that it
“remembers the past”, though “old events count less than recent ones”. We sketch a
memory effect of Caputo type in Appendix V.

Due to its memory effect, operators related to Caputo derivatives have found
several applications in which the basic parameters of a physical system change in
time, in view of the evolution of the system itself: for instance, in studying flows
in porous media, when time goes, the fluid may either “obstruct” the holes of the
medium, thus slowing down the diffusion, or “clean” the holes, thus making the
diffusion faster, and the Caputo derivative may be a convenient approach to describe
such modification in time of the diffusion coefficient, see [35].

Other applications of Caputo derivatives occur in biology and neurosciences,
since the network of neurons exhibit time-fractional diffusion, also in view of their
highly ramified structure, see e.g. [51] and the references therein.

We also refer to [24, 113, 115] and to the references therein for further
discussions on different types of anomalous diffusions.

3 A More General Point of View: The “Master Equation”

The operators discussed in Sects. 2.1, 2.2, 2.3, and 2.4 can be framed into a more
general setting, that is that of the “master equation”, see e.g. [32].

Master equations describe the evolution of a quantity in terms of averages
in space and time of the quantity itself. For concreteness one can consider a
quantity u = u(x, t) and describe its evolution by an equation of the kind

c∂tu(x, t) = Lu(x, t)+ f
(
x, t, u(x, t)

)

for some c ∈ R and a forcing term f , and the operator L has the integral form

Lu(x, t) :=
∫∫

Rn×(0,+∞)
(
u(x, t)− u(x − y, t − τ ))K(x, t, y, τ ) dμ(x, τ ),

(3.1)

for a suitable measure μ (with the integral possibly taken in the principal value
sense, which is omitted here for simplicity; also one can consider even more general
operators by taking actions different than translations and more general ambient
spaces).

Though the form of such operator is very general, one can also consider
simplifying structural assumptions. For instance, one can take μ to be the space-
time Lebesgue measure over Rn × (0,+∞), namely

dμ(x, τ ) = dx dτ.
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Another common simplifying assumption is to assume that the kernel is induced by
an uncorrelated effect of the space and time variables, with the product structure

K(x, t, y, τ ) =Kspace(x, y)Ktime(t, τ ).

The fractional Laplacian of Sect. 2.1 is a particular case of this setting (for functions
depending on the space variable), with the choice, up to normalizing constants,

Kspace(x, y) := 1

|y|n+2s
.

More generally, for � ⊆ R
n, the regional fractional Laplacian in Sect. 2.2 comes

from the choice

Kspace(x, y) := χ�(x − y)
|y|n+2s .

Finally, in view of (2.58), for time-dependent functions, the choice

Ktime(t, τ ) := χ(−∞,t )(τ )
|τ |1+s .

produces the Caputo derivative discussed in Sect. 2.4.
We recall that one of the fundamental structural differences in partial differential

equations consists in the distinction between operators “in divergence form”, such
as

−
n∑

i,j=1

∂

∂xi

(
aij (x)

∂u

∂xj
(x)

)
(3.2)

and those “in non-divergence form”, such as

−
n∑

i,j=1

aij (x)
∂2u

∂xi∂xj
(x). (3.3)

This structural difference can also be recovered from the master equation. Indeed,
if we consider a (say, for the sake of concreteness, strictly positive, bounded and
smooth) matrix function M : Rn → Mat (n × n), we can take into account the
master spatial operator induced by the kernel

Kspace(x, y) := 1− s
|M(x − y, y) y|n+2s , (3.4)
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that is, in the notation of (3.1),

(1− s)
∫

Rn

u(x)− u(x − y)
|M(x − y, y) y|n+2s dy. (3.5)

Then, up to a normalizing constant, if

M(x − y, y) = M(x,−y), (3.6)

then

the limit as s ↗ 1 of the operator in (3.5)

recovers the classical divergence form operator in (3.2),

with aij (x) := const
∫

Sn−1

ωi ωj

|M(x, 0) ω|n+2 dH
n−1
ω .

(3.7)

A proof of this will be given in Appendix W.
It is interesting to observe that condition (3.6) says that, if we set z := x − y,

then

M(z, x − z) = M(x, z− x) (3.8)

and so the kernel in (3.4) is invariant by exchanging x and z. This invariance
naturally leads to a (possibly formal) energy functional of the form

1− s
2

∫∫

Rn×Rn

(
u(x)− u(z))2

|M(z, x − z) (x − z)|n+2s dx dz. (3.9)

We point out that condition (3.8) translates, roughly speaking, into the fact that the
energy density in (3.9) “charges the variable x as much as the variable z”.

The study of the energy functional in (3.9) also drives to a natural quasilinear
generalization, in which the fractional energy takes the form

∫

Rn

�
(
u(x)− u(z))

|M(z, x − z) (x − z)|n+2s dx dz,

for a suitable �, see e.g. [80, 114] and the references therein for further details on
quasilinear nonlocal operators. See also [113] and the references therein for other
type of nonlinear fractional equations.

Another case of interest (see e.g. [14]) is the one in which one considers the
master equation driven by the spatial kernel

Kspace(x, y) := 1− s
|M(x, y) y|n+2s dy,
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that is, in the notation of (3.1),

(1− s)
∫

Rn

u(x)− u(x − y)
|M(x, y) y|n+2s dy. (3.10)

Then, up to a normalizing constant, if

M(x, y) = M(x,−y), (3.11)

then

the limit as s ↗ 1 of the operator in (3.10)

recovers the classical non-divergence form operator in (3.3),

with aij (x) := const
∫

Sn−1

ωiωj

|M(x, 0) ω|n+2 dH
n−1
ω

(3.12)

A proof of this will be given in Appendix X.
We recall that nonlocal linear operators in non-divergence form can also be useful

in the definition of fully nonlinear nonlocal operators, by taking appropriate infima
and suprema of combinations of linear operators, see e.g. [83] and the references
therein for further discussions about this topic (which is also related to stochastic
games).

We also remark that understanding the role of the affine transformations of the
spaces on suitable nonlocal operators (as done for instance in (3.10) and (3.10))
often permits a deeper analysis of the problem in nonlinear settings too, see e.g.
the very elegant way in which a fractional Monge-Ampère equation is introduced
in [29] by considering the infimum of fractional linear operators corresponding to
all affine transformations of determinant one of a given multiple of the fractional
Laplacian.

As a general comment, we also think that an interesting consequence of the
considerations given in this section is that classical, local equations can also be seen
as a limit approximation of more general master equations.

We mention that there are also many other interesting kernels, both in space and
time, which can be taken into account in integral equations. Though we focused
here mostly on the case of singular kernels, there are several important problems
that focus on “nice” (e.g. integrable) kernels, see e.g. [8, 43, 88] and the references
therein.

As a technical comment let us point out that, in a sense, the nice kernels
may have computational advantages, but may provide loss of compactness and
loss of regularity issues: roughly speaking, convolutions with smooth kernel are
always smooth, thus any smoothness information on a convolved function gives
little information on the smoothness of the original function—viceversa, if the
convolution of an “object” with a singular kernel is smooth, then it means that the
original object has a “good order of vanishing at the origin”. When the original
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object is built by the difference of a function and its translation, such vanishing
implies some control of the oscillation of the function, hence opening a door towards
a regularity result.

4 Probabilistic Motivations

We provide here some elementary, and somewhat heuristic, motivations for the
operators described in Sect. 2 in view of probability and statistics applications. The
treatment of this section is mostly colloquial and not to be taken at a strictly rigorous
level (in particular, all functions are taken to be smooth, some uniformity problems
are neglected, convergence is taken for granted, etc.). See e.g. [74] for rigorous
explanations linking pseudo-differential operators and Markov/Lévy processes. See
also [9, 12, 16, 101, 111] for other perspectives and links between probability and
fractional calculus and [77] for a complete survey on jump processes and their
connection to nonlocal operators.

The probabilistic approach to study nonlocal effects and the analysis of distribu-
tions with polynomial tails are also some of the cornerstones of the application of
mathematical theories to finance, see e.g. [87, 93], and models with jump process
for prices have been proposed in [44].

4.1 The Heat Equation and the Classical Laplacian

The prototype of parabolic equations is the heat equation

∂tu(x, t) = c �u(x, t) (4.1)

for some c > 0. The solution u may represent, for instance, a temperature, and the
foundation of (4.1) lies on two basic assumptions:

• the variation of u in a given regionU ⊂ R
n is due to the flow of some quantity v :

R
n → R

n through U ,
• v is produced by the local variation of u.

The first ansatz can be written as

∂t

∫

U

u(y, t) dy =
∫

∂U

v(y, t) · ν(y) dHn−1
y , (4.2)

where ν denotes the exterior normal vector of U and Hn−1 is the standard (n− 1)-
dimensional surface Hausdorff measure.
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The second ansatz can be written as v = c∇u, which combined with (4.2) and
the Divergence Theorem gives that

∂t

∫

U

u(y, t) dy = c
∫

∂U

∇u(y, t) · ν(y) dHn−1
y = c

∫

U

div (∇u(y, t)) dy = c
∫

U

�u(y, t) dy.

Since U is arbitrary, this gives (4.1).
Let us recall a probabilistic interpretation of (4.1). The idea is that (4.1) follows

by taking suitable limits of a discrete “random walk”. For this, we take a small space
scale h > 0 and a time step

τ = h2. (4.3)

We consider the random motion of a particle in the lattice hZn, as follows. At each
time step, the particle can move in any coordinate direction with equal probability.
That is, a particle located at hk̄ ∈ hZn at time t is moved to one of the 2n points hk̄±
he1, . . . , hk̄±hen with equal probability (here, as usual, ej denotes the j th element
of the standard Euclidean basis of Rn).

We now look at the expectation to find the particle at a point x ∈ hZn at time t ∈
τN. For this, we denote by u(x, t) the probability density of such expectation. That
is, the probability for the particle of lying in the spatial region Br(x) at time t is, for
small r , comparable with

∫

Br (x)

u(y, t) dy.

Then, the probability of finding a particle at the point x ∈ hZn at time t + τ is
the sum of the probabilities of finding the particle at a closest neighborhood of x at
time t , times the probability of jumping from this site to x. That is,

u(x, t + τ ) = 1

2n

n∑

j=1

(
u(x + hej )+ u(x − hej )

)
. (4.4)

Also,

u(x + hej )+ u(x − hej )− 2u(x, t)

=
(
u(x, t)+ h∇u(x, t) · ej + h

2D2u(x, t) ej · ej
2

)

+
(
u(x, t)− h∇u(x, t) · ej + h

2D2u(x, t) ej · ej
2

)
− 2u(x, t)+O(h3)

= h2 ∂2
xj
u(x, t)+O(h3).
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Thus, subtracting u(x, t) to both sides in (4.4), dividing by τ , recalling (4.3), and
taking the limit (and neglecting any possible regularity issue), we formally find that

∂tu(x, t) = lim
τ↘0

u(x, t + τ )− u(x, t)
τ

= lim
h↘0

1

2n

n∑

j=1

u(x + hej )+ u(x − hej )− 2u(x, t)

h2

= lim
h↘0

1

2n

n∑

j=1

∂2
xj
u(x, t)+O(h)

= 1

2n
�u(x, t),

which is (4.1).

4.2 The Fractional Laplacian and the Regional Fractional
Laplacian

Now we consider an open set � ⊆ R
n and a discrete random process in hZn which

can be roughly speaking described in this way. The space parameter h > 0 is linked
to the time step

τ := h2s . (4.5)

A particle starts its journey from a given point hk̄ ∈ � of the lattice hZn and, at
each time step τ , it can reach any other point of the lattice hk, with k 	= k̄, with
probability

Ph(k̄, k) := χ�(hk̄) χ�(hk)

C |k − k̄|n+2s
, (4.6)

then the process continues following the same law. Notice that the above probability
density does not allow the process to leave the domain �, since Ph vanishes in the
complement of � (in jargon, this process is called “censored”).

In (4.6), the constant C > 0 is needed to normalize to total probability and is
defined by

C :=
∑

k∈Zn\{0}

1

|k|n+2s
.
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We let

ch(k̄) :=
∑

k∈Zn\{0}
Ph(k̄, k) =

∑

k∈Zn\{0}
Ph(k, k̄) (4.7)

and

pk(k̄) := 1− ch(k̄).

Notice that, for any k̄ ∈ Z
n, it holds that

ch(k̄) �
∑

k∈Zn\{k̄}

1

C |k − k̄|n+2s
= 1, (4.8)

hence, for a fixed h > 0 and k̄ ∈ Z
n, this aggregate probability does not equal

to 1: this means that there is a remaining probability ph(k̄) � 0 for which the
particle does not move (in principle, such probability is small when so is h, but, for
a bounded domain�, it is not negligible with respect to the time step, hence it must
be taken into account in the analysis of the process in the general setting that we
present here).

We define u(x, t) to be the probability density for the particle to lie at the
point x ∈ � ∩ (hZn) at time t ∈ τN. We show that, for small space and time
scale, the function u is well described by the evolution of the nonlocal heat equation

∂tu(x, t) = −c (−�)s�u(x, t) in �, (4.9)

for some normalization constant c > 0. To check this, up to a translation, we
suppose that x = 0 ∈ � and we set ch := ch(0) and ph := ph(0). We observe
that the probability of being at 0 at time t + τ is the sum of the probabilities of
being somewhere else, say at hk ∈ hZn, at time t , times the probability of jumping
from hk to the origin, plus the probability of staying put: that is

u(0, t + τ ) =
∑

k∈Zn\{0}
u(hk, t) Ph(k, 0)+ u(0, t) ph

=
∑

k∈Zn\{0}
u(hk, t) Ph(k, 0)+ (1− ch) u(0, t).
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Thus, recalling (4.7),

u(0, t + τ )− u(0, t) =
∑

k∈Zn\{0}
u(hk, t) Ph(k, 0)− ch u(0, t)

=
∑

k∈Zn\{0}

(
u(hk, t)− u(0, t)

)
Ph(k, 0)

=
∑

k∈Zn\{0}

(
u(hk, t)− u(0, t)

) χ�(hk)

C |k|n+2s

= hn+2s

C

∑

k∈Zn\{0}

(
u(hk, t)− u(0, t)

) χ�(hk)
|hk|n+2s .

So, we divide by τ and, in view of (4.5), we find that

C
u(0, t + τ )− u(0, t)

τ
= hn

∑

k∈Zn\{0}

(
u(hk, t)− u(0, t)

) χ�(hk)
|hk|n+2s .

We write this identity changing k to −k and we sum up: in this way, we obtain that

2C
u(0, t + τ )− u(0, t)

τ

= hn
∑

k∈Zn\{0}

(
u(hk, t)− u(0, t))χ�(hk)+

(
u(−hk, t)− u(0, t))χ�(−hk)

|hk|n+2s .

(4.10)

Now, for small y, if u is smooth enough,

∣∣∣
(
u(y, t)− u(0, t))χ�(y)+

(
u(−y, t)− u(0, t))χ�(−y)

∣∣∣

=
∣∣∣
(
u(y, t)− u(0, t)) + (

u(−y, t)− u(0, t))
∣∣∣

=
∣∣∣
(∇u(0, t)y +O(|y|2))+ (−∇u(0, t)y +O(|y|2))

∣∣∣

= O(|y|2)

and therefore, if we write

ϕ(y) :=
(
u(y, t)− u(0, t))χ�(y)+

(
u(−y, t)− u(0, t))χ�(−y)

|y|n+2s
,
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we (formally) have that

ϕ(y) = O(|y|2−n−2s) (4.11)

for small |y|.
Now, we fix δ > 0 and use the Riemann sum representation of an integral to

write (for a bounded Riemann integrable function ϕ : Rn \ Bδ → R),

∫

Rn\Bδ
ϕ(y) dy = lim

h↘0
hn

∑

k∈Zn
ϕ(hk) χRn\Bδ (hk) = lim

h↘0
hn

∑

k∈Zn
k 	=0

ϕ(hk) χRn\Bδ (hk).

(4.12)

If, in addition, (4.11) is satisfied, one has that, for small δ,

∫

Bδ

ϕ(y) dy = O(δ2−2s).

From this and (4.12) we have that

∫

Rn

ϕ(y) dy = O(δ2−2s)+ lim
h↘0

hn
∑

k∈Zn
k 	=0

ϕ(hk) χRn\Bδ (hk)

= O(δ2−2s)+ lim
h↘0

hn
∑

k∈Zn
k 	=0

ϕ(hk)+ hn
∑

k∈Zn
k 	=0

ϕ(hk)
(
χRn\Bδ (hk)− 1

)
.

(4.13)

Also, in view of (4.11),

∣∣∣∣∣∣∣
hn

∑

k∈Zn
k 	=0

ϕ(hk)
(
χRn\Bδ (hk)− 1

)
∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
hn

∑

k∈Zn
0<h|k|<δ

ϕ(hk)

∣∣∣∣∣∣∣

� consthn
∑

k∈Zn
0<|k|<δ/h

|hk|2−n−2s = consth2−2s
∑

k∈Zn
0<|k|<δ/h

|k|1−s
|k|n+s−1

� consth2−2s
(
δ

h

)1−s ∑

k∈Zn
1�|k|<δ/h

1

|k|n+s−1

� consth2−2s
(
δ

h

)1−s (
δ

h

)1−s
= const δ2−2s .
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Hence, (4.13) boils down to

∫

Rn

ϕ(y) dy = O(δ2−2s)+ lim
h↘0

hn
∑

k∈Zn
k 	=0

ϕ(hk)

and so, taking δ arbitrarily small,

∫

Rn

ϕ(y) dy = lim
h↘0

hn
∑

k∈Zn
k 	=0

ϕ(hk).

Therefore, recalling (4.10),

2C∂tu(0, t) = lim
h↘0

2C
u(0, t + τ)− u(0, t)

τ

= lim
h↘0

hn
∑

k∈Zn\{0}

(
u(hk, t)− u(0, t)) χ�(hk)+

(
u(−hk, t)− u(0, t)) χ�(−hk)

|hk|n+2s

= lim
h↘0

hn
∑

k∈Zn
k 	=0

ϕ(hk)

=
∫

Rn

ϕ(y) dy

=
∫

Rn

(
u(y, t) − u(0, t)) χ�(y) +

(
u(−y, t) − u(0, t)) χ�(−y)

|y|n+2s

= −2(−�)s�u(x, 0).

This confirms (4.9).
As a final comment, in view of these calculations and those of Sect. 4.1, we may

compare the classical random walk, which leads to the classical heat equation, and
the long-jump random walk which leads to the nonlocal heat equation and relate
such jumps to an “infinitely fast” diffusion, in the light of the computations of the
associated mean squared displacements (recall (2.43) and (2.45)).

4.3 The Spectral Fractional Laplacian

Now, we briefly discuss a heuristic motivation for the fractional heat equation run
by the spectral fractional Laplacian, that is

∂tu(x, t) = −c (−�)sD,�u(x, t) in �, (4.14)
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for some normalization constant c > 0. To this end, we consider a bounded and
smooth set � ⊂ R

n and we define a random motion of a “distribution of particles”
in �. For any x ∈ � and t � 0, the function u(x, t) denotes the “number of
particles” present at the point x at the time t . No particles lie outside � and we
write u as a suitable superposition of eigenfunctions {φk}k�1 of the Laplacian
with Dirichlet boundary data (this is a reasonable assumption, given that such
eigenfunctions provide a basis of L2(�), see e.g. page 335 in [62]). In this way,
we write

u(x, t) =
+∞∑

k=1

uk(t) φk(x).

Namely, in the notation in (2.49), the evolution of the particle distribution u is
defined on each spectral component uk and it is taken to follow a “classical” random
walk, but the space/time scale is supposed to depend on k as well: namely, spectral
components relative to high frequencies will move slower than the ones relative
to low frequencies (namely, the time step is taken to be longer if the frequency is
higher).

More precisely, for any k ∈ N, we suppose that each of the uk particles of the kth
spectral component undergo a classical random walk in a lattice hkZd , as described
in Sect. 4.1, but with time step

τk := λ1−s
k h2

k. (4.15)

We suppose that hk and τk are “small space and time increments”. Namely, after a
time step τk , each of these uk(t) φk(x) particles will move, with equal probability 1

2n ,
to one of the points x ± hke1, . . . , x ± hken (for simplicity, we are imaging here uk
to be positive; the case of negative uk represents a “lack of particles”, which is
supposed to diffuse with the same law). Hence, the number of particles at time t+τk
which correspond to the kth frequency of the spectrum and which lie at the point x ∈
� is equal to the sum of the number of the particles at time t which lie somewhere
else times the probability of jumping to x in this time step, that is, in formula,

uk(t + τk) φk(x) = 1

2n

n∑

j=1

uk(t)
(
φk(x + hkej )+ φk(x − hkej )

)
. (4.16)
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Moreover,

φk(x + hkej )+ φk(x − hkej )− 2φk(x)

=
(
φk(x)+ hk∇φk(x) · ej + h

2
k D

2φk(x)ej · ej
2

)

+
(
φk(x)− hk∇φk(x) · ej + h

2
k D

2φk(x)ej · ej
2

)
− 2φk(x)+O(h3

k)

= h2
k ∂

2
xj
φk(x)+O(h3

k).

Consequently, from this and (4.16),

(
uk(t + τk)− uk(t)

)
φk(x) = 1

2n

n∑

j=1

uk(t)
(
φk(x + hkej )+ φk(x − hkej )− 2φk(x)

)

= h2
k

2n
uk(t)�φk(x) +O(h3

k)

= −λk h
2
k

2n
uk(t) φk(x)+O(h3

k).

Hence, with a formal computation, dividing by τk , using (4.15) and sending hk ,
τk ↘ 0 (for a fixed k), we obtain

∂tuk(t) = lim
τk↘0

(
uk(t + τk)− uk(t)

)
φk(x)

τk

= lim
hk↘0

−λ
s
k

2n
uk(t) φk(x)+O(hk) = −λ

s
k

2n
uk(t) φk(x).

Hence, from (2.49) (and neglecting converge issues in k), we have

∂tu(x, t) =
+∞∑

k=0

∂tuk(t) φk(x) = −
+∞∑

k=0

λsk

2n
uk(t) φk(x),

that is (4.14).

4.4 Fractional Time Derivatives

We consider a model in which a bunch of people is supposed to move along the
real line (say, starting at the origin) with some given velocity f , which depends
on time. We consider the case in which the environment surrounding the moving
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people is “tricky”, and some of them risk to get stuck for some time, and they are
able to “exit the trap” only by overcoming their past velocity. Concretely, we fix a
function ϕ : [0,+∞)→ [0,+∞) with

Cϕ :=
+∞∑

k=1

ϕ(k) < +∞. (4.17)

Then we define

pk := ϕ(k)

Cϕ

and we notice that

+∞∑

k=1

pk = 1

Cϕ

+∞∑

k=1

ϕ(k) = 1.

Then, we denote by u(t) the position of the “generic person” at time t , with u(0)=0.
We suppose that some people, say a proportionp1 of the total population, move with
the prescribed velocity for a unit of time, after which their velocity is the difference
between the prescribed velocity at that time and the one at the preceding time with
respect to the time unit. In formulas, this says that there is a proportion p1 of the
total people who travels with velocity

u̇1(t) :=
{

f (t) if t ∈ [0, 1],
f (t)− f (t − 1) if t > 1.

After integrating, we thus obtain that there is a proportion p1 of the total people
whose position is described by the function

u1(t) =

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 1],

∫ 1

0
f (ϑ) dϑ +

∫ t

1

(
f (ϑ)− f (ϑ − 1)

)
dϑ if t > 1,

=

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 1],

∫ t

0
f (ϑ) dϑ −

∫ t

1
f (ϑ − 1) dϑ if t > 1,

=

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 1],

∫ t

0
f (ϑ) dϑ −

∫ t−1

0
f (ϑ) dϑ if t > 1,

=
∫ t

(t−1)+
f (ϑ) dϑ.
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Fig. 5 The motions uk described in Sect. 4.4 when the velocity field f is constant

For instance, if f is constant, then the position u1 grows linearly for a unit of time
and then remains put (this would correspond to consider “stopping times” in the
motion, see Fig. 5).

Similarly, a proportion p2 of the total population evolves with prescribed
velocity f for two units of time, after which its velocity becomes the difference
between the prescribed velocity at that time and the one at the preceding time with
respect to two time units, namely

u̇2(t) :=
{

f (t) if t ∈ [0, 2],
f (t)− f (t − 2) if t > 2.

In this case, an integration gives that there is a proportion p2 of the total people
whose position is described by the function

u2(t) =

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 2],

∫ 2

0
f (ϑ) dϑ +

∫ t

2

(
f (ϑ)− f (ϑ − 2)

)
dϑ if t > 2,

=

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 2],

∫ t

0
f (ϑ) dϑ −

∫ t

2
f (ϑ − 2) dϑ if t > 2.
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=

⎧
⎪⎪⎨

⎪⎪⎩

∫ t

0
f (ϑ) dϑ if t ∈ [0, 2],

∫ t

0
f (ϑ) dϑ −

∫ t−2

0
f (ϑ) dϑ if t > 2.

=
∫ t

(t−2)+
f (ϑ) dϑ.

Repeating this argument, we suppose that for each k ∈ N we have a proportion pk
of the people that move initially with the prescribed velocity f , but, after k units of
time, get their velocity changed into the difference of the actual velocity field and
that of k units of time before (which is indeed a “memory effect”). In this way, we
have that a proportion pk of the total population moves with law of motion given by

uk(t) =
∫ t

(t−k)+
f (ϑ) dϑ.

The average position of the moving population is then given by

u(t) :=
+∞∑

k=1

pk uk(t) = 1

Cϕ

+∞∑

k=1

ϕ(k)

∫ t

(t−k)+
f (ϑ) dϑ. (4.18)

We now specialize the computation above for the case

ϕ(x) := xs−2,

with s ∈ (0, 1). Notice that the quantity in (4.17) is finite in this case, and we can
denote it simply by Cs . In addition, we will consider long time asymptotics in t and
introduce a small time increment h which is inversely proportional to t , namely

h := 1

t
.

In this way, recalling that the motion was supposed to start at the origin (i.e., u(0) =
0) and using the substitution η := ϑ/t , we can write (4.18) as

u(t)− u(0) = 1

Cs

+∞∑

k=1

ks−2
∫ t

(t−k)+
f (ϑ) dϑ

= ts h

Cs

+∞∑

k=1

(hk)s−2
∫ 1

(1−kh)+
f (tη) dη

� ts

Cs

∫ +∞

0

[
λs−2

∫ 1

(1−λ)+
f (tη) dη

]
dλ,

(4.19)

where we have recognized a Riemann sum in the last line.
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We also point out that the conditions

λ ∈ (0,+∞) and 0 < ξ < min{1, λ}

are equivalent to

0 < ξ < 1 and λ ∈ (ξ,+∞),

and, furthermore,

1− (1− λ)+ = 1−max{0, 1− λ} = min{1− 0, 1− (1− λ)} = min{1, λ}.

Therefore we use the substitution ξ := 1 − η and we exchange the order of
integrations, to deduce from (4.19) that

u(t)− u(0) = ts

Cs

∫ +∞

0

[∫ min{1,λ}

0
λs−2 f (t − tξ) dξ

]
dλ

= ts

Cs

∫ 1

0

[∫ +∞

ξ

λs−2 f (t − tξ) dλ
]
dξ

= ts

Cs (1− s)
∫ 1

0
ξs−1 f (t − tξ) dξ.

The substitution τ := tξ then gives

u(t)− u(0) = 1

Cs (1− s)
∫ t

0
τ s−1 f (t − τ ) dτ,

which, comparing with (2.61) and possibly redefining constants, gives that
∂sC,tu = f .

Of course, one can also take into account the case in which the velocity field f is
induced by a classical diffusion in space, i.e. f = �u, and in this case one obtains
the time fractional diffusive equation ∂sC,tu = �u.

4.5 Fractional Time Diffusion Arising from Heterogeneous
Media

A very interesting phenomenon to observe is that the geometry of the diffusion
medium can naturally transform classical diffusion into an anomalous one. This
feature can be very well understood by an elegant model, introduced in [10] (see
also [105] and the references therein for an exhaustive account of the research in
this direction) consisting in random walks on a “comb”, that we briefly reproduce
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ε

Fig. 6 The comb Cε

here for the facility of the reader. Given ε > 0, the comb may be considered as
a transmission medium that is the union of a “backbone” B := R × {0} with the
“fingers” Pk := {εk} ×R, namely

Cε :=B ∪
(
⋃

k∈Z
Pk

)
,

see Fig. 6.
We suppose that a particle experiences a random walk on the comb, starting at

the origin, with some given horizontal and vertical speeds. In the limit, this random
walk can be modeled by the diffusive equation along the comb Cε

⎧
⎨

⎩
ut = d1δ0(y) uxx + d2 ε

∑

k∈Z
δ0(εk)uyy,

u(x, y, 0) = δ0(x) δ0(y),

(4.20)

with d1, d2 > 0. The case d1 = d2 corresponds to equal horizontal and vertical
speeds of the random walk (and this case is already quite interesting). Also, in the
limit as ε ↘ 0, we can consider the Riemann sum approximation

∫

R

f (y) dy � ε
∑

k∈Z
f (εk),

and Cε tends to cover the whole of R2 when ε gets small. Accordingly, at least at a
formal level, as the fingers of the comb become thicker and thicker, we can think that

1 =
∫

R

δ0(y) dy � ε
∑

k∈Z
δ0(εk),
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and reduce (4.20) to the diffusive equation in R
2 given by

{
ut = d1δ0(y) uxx + d2uyy,

u(x, y, 0) = δ0(x) δ0(y).
(4.21)

The very interesting feature of (4.21) is that it naturally induces a fractional time
diffusion along the backbone. The quantity that experiences this fractional diffusion
is the total diffusive mass at a point of the backbone. Namely, one sets

U(x, t) :=
∫

R

u(x, y, t) dy, (4.22)

and we claim that

∂
1/2
C,t U(x, t) =

d1

2
√
d2
�U(x, t) for all (x, t) ∈ R× (0,+∞). (4.23)

Equation (4.23) reveals the very relevant phenomenon that a diffusion governed by
the Caputo derivative may naturally arise from classical diffusion, only in view of
the particular geometry of the domain.

To check (4.23), we first point out that

Û(ξ, 0) :=
∫

R

û(ξ, y, 0) dy =
∫

R

δ0(y) dy = 1. (4.24)

Then, we observe that, if a, b ∈ C, and

g(y) := b e−a|y| for any y ∈ R,

then we have that g′′(y) = a2g(y)− 2ab δ0(y).
(4.25)

To check this let ϕ ∈ C∞0 (R). Then, integrating twice by parts,

1

b

∫

R

(
g(y)ϕ′′(y)− a2g(y)ϕ(y)

)
dy

=
∫ +∞

0
e−ayϕ′′(y) dy +

∫ 0

−∞
eayϕ′′(y) dy − a2

∫

R

e−a|y|ϕ(y) dy

= a
∫ +∞

0
e−ayϕ′(y) dy − a

∫ 0

−∞
eayϕ′(y) dy − a2

∫

R

e−a|y|ϕ(y) dy

= −2aϕ(0) + a2
∫ +∞

0
e−ayϕ(y) dy + a2

∫ 0

−∞
eayϕ′(y) dy − a2

∫

R

e−a|y|ϕ(y) dy

= −2aϕ(0),

thus proving (4.25).
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We also remark that, in the notation of (4.25), we have that δ0(y)g(y) =
δ0(y)g(0) = bδ0(y), and so, for every c ∈ R,

g′′(y) = a2g(y)− b(2a + c)δ0(y)+ cδ0(y)g(y). (4.26)

Now, taking the Fourier Transform of (4.21) in the variable x, using the nota-
tion û(ξ, y, t) for the Fourier Transform of u(x, y, t), and possibly neglecting
normalization constants, we get

{
ût = −d1|ξ |2δ0(y) û+ d2ûyy,

û(ξ, y, 0) = δ0(y).
(4.27)

Now, we take the Laplace Transform of (4.27) in the variable t , using the
notation w(ξ, y, ω) for the Laplace Transform of û(ξ, y, t), namely w(ξ, y, ω) :=
Lû(ξ, y, ω). In this way, recalling that

L(ḟ ) = ωLf (ω)− f (0),

and therefore

L(ût )(ξ, y, ω) = ωLû(ξ, y, ω)− û(ξ, y, 0) = ωw(ξ, y, ω) − δ0(y),

we deduce from (4.27) that

ωw − δ0(y) = −d1|ξ |2δ0(y)w + d2wyy. (4.28)

That is, setting

a(ω) :=
(
ω

d2

)1/2
, b(ξ, ω) := 1

(4d2ω)
1/2 + d1 |ξ |2

and c(ξ) := d1 |ξ |2
d2

,

we see that

b(2a + c) =
2

(
ω

d2

)1/2

+ d1 |ξ |2
d2

(4d2ω)
1/2 + d1 |ξ |2

= 1

d2
,

and hence we can write (4.28) as

wyy = ω

d2
w − 1

d2
δ0(y)+ d1|ξ |2

d2
δ0(y)w = a2w − b(2a + c)δ0(y)+ cδ0(y)w.

In light of (4.26), we know that this equation is solved by taking w = g, that is

Lû(ξ, y, ω) = w(ξ, y, ω) = b(ξ, ω)e−a(ω)|y|.
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As a consequence, by (4.22),

LÛ(ξ, t) =
∫

R

Lû(ξ, y, τ ) dy =
∫

R

b(ξ, ω)e−a(ω)|y| dy = 2b(ξ, ω)

a
.

This and (4.24) give that

(
(4d2ω)

1/2 + d1 |ξ |2
)
LÛ(ξ, t) = LÛ(ξ, t)

b(ξ, ω)
= 2

a
=

(
4d2

ω

)1/2
= 2

√
d2 ω

−1/2Û (ξ, 0),

that is

ω1/2LÛ(ξ, t) − ω−1/2Û(ξ, 0) = − d1

2
√
d2
|ξ |2 LÛ(ξ, t).

Transforming back and recalling (2.60), we obtain (4.23), as desired.

5 All Functions Are Locally s-Caloric (Up to a Small Error):
Proof of (2.12)

We let (x, t) ∈ R× R and consider the operator L := ∂t + (−�)sx . One defines

V := {
h : R×R→ R s.t. Lh = 0 in some neighborhood of the origin in R

2},

and for any J ∈ N, we define

VJ :=
{(
∂αh(0, 0)

)
α=(αx ,αt )∈N×N
αx+αt∈[0,J ]

with h ∈V
}
.

Notice that VJ is a linear subspace of RN+1, for someN ∈ N. The core of the proof
is to establish the maximal span condition

VJ = R
N+1. (5.1)

To this end, we argue for a contradiction and we suppose that VJ is a linear subspace
strictly smaller than R

N+1: hence, there exists

ν = (ν0, . . . , νN ) ∈ SN (5.2)
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such that

VJ ⊆
{
X = (X0, . . . , XN) ∈ R

J+1 s.t. ν ·X = 0
}
. (5.3)

One considers φ to be the first eigenfunctions of (−�)s in (−1, 1) with Dirichlet
data, normalized to have unit norm in L2(R). Accordingly,

{
(−�)sφ(x) = λφ(x) for any x ∈ (−1, 1),

φ(x) = 0 for any x outside (−1, 1),

for some λ > 0.
In view of the boundary properties discussed in Difference 2.6, one can prove

that

∂�φ(−1+ δ) = const δs−�(1+ o(1)), (5.4)

with o(1) infinitesimal as δ ↘ 0. So, fixed ε, τ > 0, we define

hε,τ (x, t) := e−τ t φ
(
−1+ ε + τ

1
2s x

λ
1
2s

)
.

This function is smooth for any x in a small neighborhood of the origin and any t ∈
R, and, in this domain,

Lhε,τ (x, t) = ∂t
(
e−τ t φ

(
−1+ ε + τ

1
2s x

λ
1
2s

))
+ (−�)sx

(
e−τ t φ

(
−1+ τ

1
2s x

λ
1
2s

))

= −τ e−τ t φ
(
−1+ ε + τ

1
2s x

λ
1
2s

)
+ τ e

−τ t

λ
(−�)sφ

(
−1+ ε + τ

1
2s x

λ
1
2s

)

= −τ e−τ t φ
(
−1+ ε + τ

1
2s x

λ
1
2s

)
+ τ e−τ t φ

(
−1+ ε + τ

1
2s x

λ
1
2s

)

= 0.

This says that hε,τ ∈V and therefore

(
∂αhε,τ0, 0)

)
α=(αx ,αt )∈N×N
αx+αt∈[0,J ]

∈VJ .
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This, together with (5.3), implies that, for any fixed and positive τ and y,

0 =
∑

α=(αx ,αt )∈N×N
αx+αt∈[0,J ]

να ∂
αhε,τ (0, 0) =

∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]

ν(αx ,αt ) ∂
αt
t ∂

αx
x hε,τ (0, 0)

=
∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]

ν(αx ,αt )(−τ)αt
(
τ

1
2s

λ
1
2s

)αx
e−τ t ∂αx φ

(
−1+ ε + τ

1
2s x

λ
1
2s

)∣∣∣∣∣∣∣
(x,t)=(0,0)

=
∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]

ν(αx ,αt )
(−1)αt

λ
αx
2s

ταt+
αx
2s ∂αx φ (−1+ ε) .

Hence, fixed τ > 0, this identity and (5.4) yield that

0 =
∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]

ν(αx,αt )
(−1)αt

λ
αx
2s

τ αt+
αx
2s εs−αx (1+ o(1)), (5.5)

with o(1) infinitesimal as ε ↘ 0.
We now take ᾱx be the largest integer αx for which there exists an integer αt such

that ᾱx+αt ∈ [0, J ] and ν(ᾱx ,αt ) 	= 0. Notice that this definition is well-posed, since
not all the ν(αx,αt ) can vanish, due to (5.2). Then, (5.5) becomes

0 =
∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]
αx�ᾱx

ν(αx,αt )
(−1)αt

λ
αx
2s

τ αt+
αx
2s εs−αx (1+ o(1)), (5.6)

since the other coefficients vanish by definition of ᾱx .

Thus, we multiply (5.6) by εᾱx−sτ−
ᾱx
2s and we take the limit as ε ↘ 0: in this

way, we obtain that

0 = lim
ε↘0

∑

(αx ,αt )∈N×N
αx+αt∈[0,J ]
αx�ᾱx

ν(αx,αt )
(−1)αt

λ
αx
2s

τ αt+
αx
2s − ᾱx2s εᾱx−αx (1+ o(1))

=
∑

αt∈N
ᾱx+αt∈[0,J ]

ν(ᾱx ,αt )
(−1)αt

λ
ᾱx
2s

τ αt .

Since this is valid for any τ > 0, by the Identity Principle for Polynomials we obtain
that

ν(ᾱx ,αt )
(−1)αt

λ
ᾱx
2s

= 0,
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and thus ν(ᾱx ,αt ) = 0, for any integer αt for which ᾱx + αt ∈ [0, J ]. But this is in
contradiction with the definition of ᾱx and so we have completed the proof of (5.1).

From this maximal span property, the proof of (2.12) follows by scaling (arguing
as done, for instance, in [112]).
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〈〈The longest appendix measured 26cm (10.24in) when it was
removed from 72-year-old Safranco August (Croatia) during
an autopsy at the Ljudevit Jurak University Department of
Pathology, Zagreb, Croatia, on 26 August 2006.〉〉

(Source: http://www.guinnessworldrecords.com/world-records/largest-appendix-
removed)

Appendix A: Confirmation of (2.7)

We write �x to denote the Laplacian in the coordinates x ∈ R
n. In this way, the

total Laplacian in the variables (x, y) ∈ R
n × (0,+∞) can be written as

� = �x + ∂2
y . (A.1)

Given a (smooth and bounded, in the light of footnote 3 on page 5) u : Rn → R, we
take U := Eu be (smooth and bounded) as in (2.6).

We also consider the operator

Lu(x) := −∂yEu(x, 0) (A.2)

and we take V (x, y) := −∂yU(x, y). Notice that �V = −∂y�U = 0 in R
n ×

(0,+∞) and V (x, 0) = Lu(x) for any x ∈ R
n. In this sense, V is the harmonic

extension of Lu and so we can write V = ELu and so, in the notation of (A.2), and

http://www.guinnessworldrecords.com/world-records/largest-appendix-removed
http://www.guinnessworldrecords.com/world-records/largest-appendix-removed
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recalling (2.6) and (A.1), we have

L(Lu)(x) = −∂yELu(x, 0) = −∂yV (x, 0) = ∂2
yU(x, 0)

= �U(x, 0)−�xU(x, 0) = −�xU(x, 0) = −�u(x).

This gives that L2 = −�, which is consistent with L = (−�)1/2, thanks to (2.5).

Appendix B: Proof of (2.10)

Let u ∈ S. By (2.9), we can write

sup
x∈Rn

(1+ |x|n) |u(x)| + sup
x∈Rn

(1+ |x|n+2)

∣∣∣D2u(x)

∣∣∣ � const . (B.1)

Fixed x ∈ R
n (with |x| to be taken large), recalling the notation in (2.3), we consider

the map y �→ δu(x, y) and we observe that

δu(x, 0) = 0,

∇yδu(x, y) = ∇u(x + y)− ∇u(x − y),
and D2

yδu(x, y) = D2u(x + y)+D2u(x − y).

Hence, if |Y | � |x|/2 we have that |x ± Y | � |x| − |Y | � |x|/2, and thus

∣∣D2
yδu(x, Y )

∣∣ � 2 sup
|ζ |�|x|/2

∣∣D2u(ζ )
∣∣ � 2 sup

|ζ |�|x|/2
(2|ζ |)n+2

∣∣D2u(ζ )
∣∣

|x|n+2
� const

|x|n+2
,

thanks to (B.1).
Therefore, a second order Taylor expansion of δu in the variable y gives that,

if |y| � |x|/2,

∣∣δu(x, y)
∣∣ � sup

|Y |�|x|/2

∣∣∣∣δu(x, 0)+∇δu(x, 0) · y +
D2δu(x, Y ) y · y

2

∣∣∣∣

= sup
|Y |�|x|/2

∣∣∣∣
D2δu(x, Y ) y · y

2

∣∣∣∣ �
const |y|2
|x|n+2

.

Consequently,

∣∣∣∣∣

∫

B|x|/2

δu(x, y)

|y|n+2s dy

∣∣∣∣∣ �
const

|x|n+2

∫

B|x|/2

|y|2
|y|n+2s dy � const |x|2−2s

|x|n+2 = const

|x|n+2s .

(B.2)
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Moreover, by (B.1),

∣∣∣∣∣

∫

Rn\B|x|/2
δu(x, y)

|y|n+2s dy

∣∣∣∣∣

�
∫

Rn\B|x|/2
|u(x + y)|
|y|n+2s

dy +
∫

Rn\B|x|/2
|u(x − y)|
|y|n+2s

dy + 2
∫

Rn\B|x|/2
|u(x)|
|y|n+2s

dy

�
∫

Rn\B|x|/2
|u(x + y)|
(|x|/2)n+2s dy +

∫

Rn\B|x|/2
|u(x − y)|
(|x|/2)n+2s dy +

const |u(x)|
|x|2s

� const

|x|n+2s

∫

Rn

|u(ζ )| dζ + const |u(x)|
|x|2s

� const

|x|n+2s
.

This and (B.2), recalling (2.3), establish (2.10).

Appendix C: Proof of (2.14)

Let M := 1
2n

(
1+ supB1

|f |) and v(x) := M(1 − |x|2)− u(x). Notice that v = 0
along ∂B1 and

�v = −2nM −�u � −M − f � −M + sup
B1

|f | � 0

in B1. Consequently, v � 0 in B1, which gives that u(x) � M(1− |x|2).
Arguing similarly, by looking at ṽ(x) := M(1 − |x|2) + u(x), one sees

that −u(x) � M(1− |x|2). Accordingly, we have that

|u(x)| �M(1− |x|2) � M(1+ |x|)(1− |x|) � 2M(1− |x|).

This proves (2.14).

Appendix D: Proof of (2.17)

The idea of the proof is described in Fig. 7. The trace of the function in Fig. 7 is
exactly the function u1/2 in (2.16). The function plotted in Fig. 7 is the harmonic
extension of u1/2 in the halfplane (like an elastic membrane pinned at the halfcir-
cumference along the trace). Our objective is to show that the normal derivative of
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Fig. 7 Harmonic extension in the halfplane of the function R � x �→ (1− x2)
1/2
+

such extended function along the trace is constant, and so we can make use of the
extension method in (2.6) and (2.7) to obtain (2.17).

In further detail, we use complex coordinates, identifying (x, y) ∈ R× (0,+∞)
with z := x + iy ∈ C with �(z) > 0. Also, as customary, we define the principal
square root in the cut complex plane

C� := {z = reiϕ with r > 0 and − π < ϕ < π}

by defining, for any z = reiϕ ∈ C�,

√
(z) := √r eiϕ/2, (D.1)

see Fig. 8 (for typographical convenience, we distinguish between the complex and
the real square root, by using the symbols

√
(·) and

√· respectively).
The principal square root function is defined using the nonpositive real axis as a

“branch cut” and

(√
(z)

)2 = r eiϕ = z. (D.2)

Moreover,

the function
√

is holomorphic in C� (D.3)

and ∂z
√
(z) = 1

2
√
(z)
. (D.4)
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Fig. 8 Real and imaginary part of the complex principal square root

To check these facts, we take z ∈ C�: since C� is open, we have that z+w ∈ C� for
any w ∈ C \ {0} with small module. Consequently, by (D.2), we obtain that

w = (z +w)− z = (√
(z +w))2 − (√

(z)
)2

=
(√
(z +w)+√(z)

)(√
(z+w)−√(z)

)
.

Dividing by w and taking the limit, we thus find that

1 = lim
w→0

(√
(z +w)+√(z)

) √(z+ w)−√(z)
w

= 2
√
(z) lim

w→0

√
(z+w)−√(z)

w

(D.5)

Since C� ⊆ C \ {0}, we have that z 	= 0, and thus
√
(z) 	= 0. As a result, we can

divide (D.5) by 2
√
(z) and conclude that

lim
w→0

√
(z+ w)−√(z)

w
= 1

2
√
(z)
,

which establishes, at the same time, both (D.3) and (D.4), as desired.
We also remark that

if z ∈ C with �(z) > 0, then 1− z2 ∈ C�. (D.6)

To check this, if z = x + iy with y > 0, we observe that

1− z2 = 1− (x + iy)2 = 1− x2 + y2 − 2ixy. (D.7)
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Hence, if 1 − z2 lies on the real axis, we have that xy = 0, and so x = 0. Then,
the real part of 1− z2 in this case is equal to 1 + y2 which is strictly positive. This
proves (D.6).

Thanks to (D.6), for any z ∈ C with �(z) > 0 we can define the function
√
(1−

z2). From (D.7), we can write

1− z2 = r(x, y) eiϕ(x,y),
where r(x, y) = (

(1− x2 + y2)2 + 4x2y2)1/2
,

r(x, y) cosϕ(x, y) = 1− x2 + y2

and r(x, y) sin ϕ(x, y) = 2xy.

Notice that

lim
y↘0

r(x, y) = (
(1− x2)2

)1/2 = |1− x2|.

As a consequence,

|1− x2| lim
y↘0

cos ϕ(x, y) = lim
y↘0

r(x, y) cos ϕ(x, y) = lim
y↘0

(1− x2 + y2) = 1− x2

and |1− x2| lim
y↘0

sin ϕ(x, y) = lim
y↘0

r(x, y) sin ϕ(x, y) = lim
y↘0

2xy = 0.

This says that, if x2 > 1 then

lim
y↘0

cosϕ(x, y) = −1

and lim
y↘0

sin ϕ(x, y) = 0,

while if x2 < 1 then

lim
y↘0

cosϕ(x, y) = 1

and lim
y↘0

sin ϕ(x, y) = 0.

On this account, we deduce that

lim
y↘0

ϕ(x, y) =
{
π if x2 > 1,
0 if x2 < 1

(D.8)
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and therefore, recalling (D.1),

lim
y↘0

√
(1− z2) = lim

y↘0

√
r(x, y) eiϕ(x,y)/2 =

⎧
⎪⎨

⎪⎩

√|1− x2| eiπ/2 if x2 > 1,√|1− x2| ei0 if x2 < 1,
0 if x2 = 1

=

⎧
⎪⎨

⎪⎩

i
√|1− x2| if x2 > 1,√|1− x2| if x2 < 1,

0 if x2 = 1.

(D.9)

This implies that

lim
y↘0

�
(√
(1− z2)

)
=

{
0 if x2 � 1,√|1− x2| if x2 < 1

= (1− x2)
1/2
+ .

(D.10)

Now we define

z = x + iy �→ �
(√
(1− z2)+ iz

)
=: U1/2(x, y).

The function U1/2 is the harmonic extension of u1/2 in the halfplane, as plotted in
Fig. 7. Indeed, from (D.10),

lim
y↘0

U1/2(x, y) = lim
y↘0

�
(√
(1− z2)+ ix − y

)
= (1− x2)

1/2
+ = u1/2(x).

Furthermore, from (D.3), we have that U1/2 is the real part of a holomorphic
function in the halfplane and so it is harmonic.

These considerations give that U1/2 solves the harmonic extension problem
in (2.6), hence, in the light of (2.7),

(−�)1/2u1/2(x) = lim
y↘0

−∂yU1/2(x, y) = lim
y↘0

−�
(
∂y
√
(1− z2)+ i∂yz

)

= lim
y↘0

−�
(
∂y
√
(1− z2)− 1

)
= 1− lim

y↘0
�
(
∂y
√
(1− z2)

)
.

(D.11)

Now, recalling (D.4), we see that, for any x ∈ (−1, 1) and small y > 0,

∂y
√
(1− z2) = ∂z√(1− z2) ∂yz = 1

2
√
(1− z2)

∂z(1− z2) ∂y(x + iy) = − iz√
(1− z2)

.

(D.12)
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We stress that the latter denominator does not vanish when x ∈ (−1, 1) and y > 0
is small. So, using that �(ZW) = �Z�W − �Z�W for any Z, W ∈ C, we obtain
that

y = �(− i(x + iy)) = �(−iz) = �
(√
(1− z2) ∂y

√
(1− z2)

)

= �
(√
(1− z2)

)
�
(
∂y
√
(1− z2)

)
− �

(√
(1− z2)

)
�
(
∂y
√
(1− z2)

)
.

(D.13)

From (D.9), for any x ∈ (−1, 1) we have that

lim
y↘0

�
(√
(1− z2)

)
= �

(√
|1− x2|

)
= 0.

This and the fact that ∂y
√
(1 − z2) is bounded (in view of (D.12)) give that, for

any x ∈ (−1, 1),

lim
y↘0

�
(√
(1− z2)

)
�
(
∂y
√
(1− z2)

)
= 0.

This, (D.9) and (D.13) imply that, for any x ∈ (−1, 1),

0 = lim
y↘0

y = lim
y↘0

�
(√
(1− z2)

)
�
(
∂y
√
(1− z2)

)
− �

(√
(1− z2)

)
�
(
∂y
√
(1− z2)

)

= �
(√
|1− x2|

)
lim
y↘0

�
(
∂y
√
(1− z2)

)
+ 0

=
√
|1 − x2| lim

y↘0
�
(
∂y
√
(1− z2)

)

and therefore

lim
y↘0

�
(
∂y
√
(1− z2)

)
= 0. (D.14)

Plugging this information into (D.11), we conclude the proof of (2.17), as desired.

Appendix E: Deducing (2.19) from (2.15) Using a Space
Inversion

From (2.15), up to a translation, we know that

the function R � x �→ vs(x) := (x − 1)s+ is s-harmonic in (1,+∞). (E.1)
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We let ws be the space inversion of vs induced by the Kelvin transform in the
fractional setting, namely

ws(x) := |x|2s−1 vs

(
x

|x|2
)
= |x|2s−1

(
x

|x|2 − 1

)s

+
=

{
xs−1(1− x)s if x ∈ (0,1),

0 otherwise.
.

By (E.1), see Corollary 2.3 in [63], it follows that ws(x) is s-harmonic in (0, 1).
Consequently, the function

w�s (x) := ws(1− x) =
{
xs(1− x)s−1 if x ∈ (0, 1),

0 otherwise.

is also s-harmonic in (0, 1). We thereby conclude that the function

W�
s (x) := ws(x)−w�s (x) =

{
xs−1(1− x)s − xs(1− x)s−1 if x ∈ (0, 1),

0 otherwise.

is also s-harmonic in (0, 1). See Fig. 9 for a picture of ws and W�
s when s = 1/2.

Let now

Us(x) := xs+(1− x)s+ =
{
xs(1− x)s if x ∈ (0, 1),

0 otherwise.

and notice that Us is the primitive of sW�
s . Since the latter function is s-harmonic

in (0, 1), after an integration we thereby deduce that (−�)sUs = const in (0, 1).
This and the fact that

Us

(
x + 1

2

)
= 2−s us(x)

imply (2.19).

Fig. 9 The functions w1/2 andW�
1/2
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Appendix F: Proof of (2.21)

Fixed y ∈ R
n \ {0} we let Ry be a rotation which sends y

|y| into the vector e1 =
(1, 0, . . . , 0), that is

n∑

k=1

R
y

ik yk = |y|δi1, (F.1)

for any i ∈ {1, . . . , n}. We also denote by

K(y) := y

|y|2

the so-called Kelvin Transform. We recall that for any i, j ∈ {1, . . . , n},

∂yiKj (y) =
δij

|y|2 −
2yiyj
|y|4

and so, by (F.1),

(
Ry (DK(y)) (Ry)−1

)

ij
=

n∑

k,h=1

R
y
ik ∂ykKh(y)R

y
jh =

δij

|y|2 −
2δi1δj1

|y|2 .

This says that Ry (DK(y)) (Ry)−1 is a diagonal6 matrix, with first entry equal
to − 1

|y|2 and the others equal to 1
|y|2 .

As a result,

∣∣ det(DK(y))
∣∣ =

∣∣∣ det
(
Ry (DK(y)) (Ry)−1)

∣∣∣ = 1

|y|2n . (F.2)

The Kelvin Transform is also useful to write the Green function of the ball B1, see
e.g. formula (41) on p. 40 and Theorem 13 on p. 35 of [62]. Namely, we take n � 3
for simplicity, and we write

G(x, y) := const

(
1

|y − x|n−2
− 1

∣∣ |x|(y −K(x))∣∣n−2

)

= const

(
1

|x − y|n−2 −
1

∣∣ |y|(x −K(y))∣∣n−2

)
= G(y, x)

6From the geometric point of view, one can also take radial coordinates, compute the derivatives
of K along the unit sphere and use scaling.
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and, for a suitable choice of the constant, for any x ∈ B1 we can write the solution
of (2.20) in the form

u(x) =
∫

B1

f (y)G(x, y) dy.

see e.g. page 35 in [62].
On this account, we have that, for any x ∈ B1,

|∇u(x)| �
∫

B1

|f (y)| |∂xG(x, y)| dy

� const sup
B1

|f |
∫

B1

(
1

|x − y|n−1 +
1

|y|n−2
∣∣x −K(y)∣∣n−1

)
dy

� const sup
B1

|f |
(∫

B2

dζ

|ζ |n−1 +
∫

Rn\B1

dη

|η|n+2
∣∣x − η∣∣n−1

)

� const sup
B1

|f |
(

1+
∫

B2\B1

dη

|x − η|n−1 +
∫

Rn\B2

dη

|η|n+2

)

� const sup
B1

|f |.

Notice that here we have used the transformations ζ := x − y and η := K(y),
exploiting also (F.2). The claim in (2.21) is thus established.

Appendix G: Proof of (2.24) and Probabilistic Insights

We give a proof of (2.24) by taking a derivative of (2.17). To this aim, we claim7

that

d

dx

∫

R

u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

|y|2 dy

= −
∫

R

(x + y)u−1/2(x + y)+ (x − y)u−1/2(x − y)− 2xu−1/2(x)

|y|2 dy.

(G.1)

7The difficulty in proving (G.1) is that the function u1/2 is not differentiable at ±1 and the
derivative taken inside the integral might produce a singularity (in fact, formula (G.1) exactly says
that such derivative can be performed with no harm inside the integral). The reader who is already
familiar with the basics of functional analysis can prove (G.1) by using the theory of absolutely
continuous functions, see e.g. Theorem 8.21 in [98]. We provide here a direct proof, available to
everybody.
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To this end, we fix x ∈ (−1, 1) and h ∈ R. We define

�x := min{|x − 1|, |x + 1|} > 0.

In the sequel, we will take |h| as small as we wish in order to compute incremental
quotients, hence we can assume that

|h| < �x

4
. (G.2)

We also define

Ix(h) :=
{
y ∈ R s.t. min{|(x + y)− 1|, |(x − y)− 1|, |(x + y)+ 1|, |(x − y)+ 1|} � 2|h|

}
.

(G.3)

Since Ix(h) ⊆ (x − 1− 2|h|, x − 1+ 2|h|) ∪ (x + 1 − 2|h|, x + 1+ 2|h|) ∪ (1 −
x − 2|h|, 1− x + 2|h|) ∪ (−1− x − 2|h|,−1− x + 2|h|), we have that

the measure of Ix is less than const |h|. (G.4)

Furthermore,

Ix(h) ⊆
{
y ∈ R s.t. |y| � �x

2

}
. (G.5)

To check this, let y ∈ Ix(h). Then, by (G.3), there exist σ1,x,y , σ2,x,y ∈ {−1, 1}
such that

|x + σ1,x,yy + σ2,x,y| � 2|h|

and therefore

|y| = |σ1,x,yy| � |x + σ2,x,y | − |x + σ1,x,yy + σ2,x,y| � �x − 2|h| � �x

2
,

where the last inequality is a consequence of (G.2), and this establishes (G.5).
Now, we introduce the following notation for the incremental quotient

Qh(x, y) :=

((
u1/2(x + y + h)+ u1/2(x − y + h)− 2u1/2(x + h)

)

−(
u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

))

h
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and we observe that, since u1/2 is globally Hölder continuous with exponent 1/2, it
holds that

|Qh(x, y)| �

(∣∣u1/2(x + y + h)− u1/2(x + y)
∣∣+ ∣∣u1/2(x − y + h)− u1/2(x − y)

∣∣

+2
∣∣u1/2(x + h)− u1/2(x)

∣∣
)

|h|

� const |h|1/2
|h|

= const

|h|1/2 ,

for any x, y ∈ R. Consequently, recalling (G.4) and (G.5), we conclude that

lim
h→0

∣∣∣∣
∫

Ix(h)

Qh(x, y)

|y|2 dy

∣∣∣∣ � lim
h→0

∫

Ix(h)

const

|h|1/2 �2
x

dy � lim
h→0

const |h|
|h|1/2 �2

x

= 0.

(G.6)

Now we take derivatives of u1/2. For this, we observe that, for any ξ ∈ (−1, 1),

u′1/2(ξ) = −ξ(1− ξ2)−1/2 = −ξu−1/2(ξ).

Since the values outside (−1, 1) are trivial, this implies that

u′1/2(ξ) = −ξu−1/2(ξ) for any ξ ∈ R \ {−1, 1}. (G.7)

Now, by (G.3), we know that if y ∈ R \ Ix(h) we have that x + y + t ∈ R \ {−1, 1}
for all t ∈ R with |t| < |h| and therefore we can exploit (G.7) and find that

lim
h→0

u1/2(x + y + h)− u1/2(x + y)
h

= −(x + y)u−1/2(x + y).

Similar arguments show that, for any y ∈ R \ Ix(h),

lim
h→0

u1/2(x − y + h)− u1/2(x − y)
h

= −(x − y)u−1/2(x − y)

and lim
h→0

u1/2(x + h)− u1/2(x)

h
= −xu−1/2(x).

Consequently, for any y ∈ R \ Ix(h),

lim
h→0

Qh(x, y)

|y|2 = − (x + y)u−1/2(x + y)+ (x − y)u−1/2(x − y)− 2xu−1/2(x)

|y|2 .

(G.8)
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Now we set

�h(x, y) := Qh(x, y) χR\Ix(h)(y)
|y|2

= 1

h |y|2
((
u1/2(x + y + h)+ u1/2(x − y + h)− 2u1/2(x + h)

)

−(
u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

))
χR\Ix(h)(y)

and we claim that

|�h(x, y)| � Cx
[
χ(−3,3)(y)

(
1

|1− (x + y)2|1/2 +
1

|1− (x − y)2|1/2
)
+ χR\(−3,3)(y)

|y|2
]
,

(G.9)

for a suitable Cx > 0, possibly depending on x. For this, we first observe that
if |y| � 3 then |x ± y| � 1 and also |x ± y + h| � 1. This implies that if |y| � 3,
then u1/2(x ± y) = u1/2(x ± y + h) = 0 and therefore

�h(x, y) = 1

h |y|2
(
2u1/2(x)− 2u1/2(x + h)

)
.

This and the fact that u1/2 is smooth in the vicinity of the fixed x ∈ (−1, 1) imply
that (G.9) holds true when |y| � 3. Therefore, from now on, to prove (G.9) we can
suppose that

|y| < 3. (G.10)

We will also distinguish two regimes, the one in which |y| � �x
4 and the one in

which |y| > �x
4 .

If |y| � �x
4 and |t| � h, we have that

|(x + y + t)+ 1| � |x + 1| − |y| − |t| � �x − |y| − |h| � �x

2
,

due to (G.2), and similarly |(x − y + t)− 1| � �x
2 . This implies that

|u1/2(x + y + t)+ u1/2(x − y + t)− 2u1/2(x + t)| � Cx |y|2,

for some Cx > 0 that depends on �x . Consequently, we find that if |y| � �x
4 then

|�h(x, y)| � const Cx |y|2
|y|2 = constCx. (G.11)
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Conversely, if y ∈ R \ Ix(h), with |y| > �x
4 , then we make use of (G.7) and (G.10)

to see that

|u1/2(x + y + h)− u1/2(x + y)| �
∫ |h|

0
|u′1/2(x + y + τ )| dτ

=
∫ |h|

0
|x + y + τ | |u−1/2(x + y + τ )| dτ � 5

∫ |h|

0
|u−1/2(x + y + τ )| dτ

� 5
∫ |h|

0

dτ

|1− (x + y + τ )2|1/2 .
(G.12)

Also, if y ∈ R\ Ix(h) we deduce from (G.3) that |1± (x+y)| � 2|h| and therefore,
if |τ | � |h|, then

|1± (x + y + τ )| � |1± (x + y)| − |τ | � |1± (x + y)| − |h| � |1± (x + y)|
2

.

Therefore

|1− (x + y + τ )2| = |1+ (x + y + τ )| |1− (x + y + τ )|
� 1

4
|1+ (x + y)| |1− (x + y)| = 1

4
|1− (x + y)2|.

Hence, we insert this information into (G.12) and we conclude that

|u1/2(x + y + h)− u1/2(x + y)| � const
∫ |h|

0

dτ

|1− (x + y)2|1/2 =
const |h|

|1− (x + y)2|1/2 .
(G.13)

Similarly, one sees that

|u1/2(x − y + h)− u1/2(x − y)| � const |h|
|1− (x − y)2|1/2 . (G.14)

In view of (G.13) and (G.14), we get that, for any y ∈ R \ Ix(h) with |y| > �x
4 ,

|�h(x, y)| � 1

h |y|2
(

const |h| + const |h|
|1− (x + y)2|1/2 +

const |h|
|1− (x − y)2|1/2

)

� const

�2
x

(
1+ 1

|1− (x + y)2|1/2 +
1

|1− (x − y)2|1/2
)
.

Combining this with (G.11), we obtain (G.9), up to renaming constants.
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Now, we point out that the right hand side of (G.9) belongs to L1(R).
Accordingly, using (G.9) and the Dominated Convergence Theorem, and recalling
also (G.7), it follows that

lim
h→0

∫

R\Ix (h)
1

h|y|2
((
u1/2(x + y + h)+ u1/2(x − y + h)− 2u1/2(x + h)

)

−(
u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

))
dy

= lim
h→0

∫

R

�h(x, y) dy

=
∫

R

lim
h→0

�h(x, y) dy =
∫

R

u′1/2(x + y)+ u′1/2(x − y)− 2u′1/2(x)
|y|2 dy

= −
∫

R

(x + y)u−1/2(x + y)+ (x − y)u−1/2(x − y)− 2xu−1/2(x)

|y|2 dy,

where the last identity is a consequence of (G.8).
From this and (G.6), the claim in (G.1) follows, as desired.
Now, we rewrite (G.1) as

d

dx

∫

R

u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

|y|2 dy

= − J(x)− x
∫

R

u−1/2(x + y)+ u−1/2(x − y)− 2u−1/2(x)

|y|2 dy

where J(x) :=
∫

R

y
(
u−1/2(x + y)− u−1/2(x − y)

)

|y|2 dy

=
∫

R

u−1/2(x + y)− u−1/2(x − y)
y

dy.

(G.15)

We claim that

J(x) = 0. (G.16)

This follows plainly for x = 0, since u−1/2 is even. Hence, from here on, to
prove (G.16) we assume without loss of generality that x ∈ (0, 1). Moreover, by
changing variable y �→ −y, we see that

− P.V.
∫

R

u−1/2(x − y)
y

dy = P.V.
∫

R

u−1/2(x + y)
y

dy
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and therefore

J(x) = 2 P.V.
∫

R

u−1/2(x + y)
y

dy = 2 P.V.
∫ 1−x

−1−x
dy

y
√

1− (x + y)2

= 2 P.V.
∫ 1

−1

dz

(z− x)√1− z2
.

(G.17)

Now, we apply the change of variable

ξ := 1−√1− z2

z
, hence z = 2ξ

1+ ξ2 .

We observe that when z ranges in (−1, 1), then ξ ranges therein as well. Moreover,

√
1− z2 = 1− ξz = 1− ξ2

1+ ξ2 ,

thus, by (G.17),

J(x) = 2 P.V.
∫ 1

−1

1

(
2ξ

1+ξ2 − x) 1−ξ2

1+ξ2

· 2− 2ξ2

(1+ ξ2)2
dξ

= 4 P.V.
∫ 1

−1

dξ

2ξ − x(1+ ξ2)
= 4x P.V.

∫ 1

−1

dξ

1− x2 − (1− xξ)2 .

We now apply another change of variable

η := 1− xξ√
1− x2

which gives

J(x) = 4√
1− x2

P.V.
∫ a+

a−

dη

1− η2 , (G.18)

where

a+ :=
√

1+ x
1− x and a− :=

√
1− x
1+ x =

1

a+
.
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Now we notice that

P.V.
∫ a+

a−

dη

1− η2 =
1

2
ln

∣∣∣∣
(1+ a+)(1− a−)
(1− a+)(1+ a−)

∣∣∣∣ = 0.

Inserting this identity into (G.18), we obtain (G.16), as desired.
Then, from (G.15) and (G.16) we get that

d

dx

∫

R

u1/2(x + y)+ u1/2(x − y)− 2u1/2(x)

|y|2 dy

= −x
∫

R

u−1/2(x + y)+ u−1/2(x − y)− 2u−1/2(x)

|y|2 dy

that is

d

dx
(−�)1/2u1/2 = −x (−�)1/2u−1/2 in (−1, 1).

From this and (2.17) we infer that x (−�)1/2u−1/2 = 0 and so (−�)1/2u−1/2 = 0
in (−1, 1).

These consideration establish (2.24), as desired. Now, we give a brief probabilis-
tic insight on it. In probability—and in stochastic calculus—a measurable function
f : Rn → R is said to be harmonic in an open set D ⊂ R

n if, for any D1 ⊂ D and
any x ∈ D1,

f (x) = Ex

[
f (WτD1

)
]
,

whereWt is a Brownian motion and τD1 is the first exit time fromD1, namely

τ = inf{t > 0 : Wt 	∈ D1}.
(G.19)

Notice that, sinceWt has (a.s.) continuous trajectories, then (a.s.)WτD1
∈ ∂D1. This

notion of harmonicity coincides with the analytic one.
If one considers a Lévy-type process Xt in place of the Brownian motion, the

definition of harmonicity (with respect to this other process) can be given in the
very same way. When Xt is an isotropic (2s)-stable process, the definition amounts
to having zero fractional Laplacian (−�)s at every point of D and replace (G.19)
by

f (x) = Ex [f (XτD1
)], for anyD1 ⊆ D.

In this identity, we can consider a sequence {Dj : Dj ⊂ D, j ∈ N}, with Dj ↗ D,
and equality

f (x) = Ex [f (XτDj )], for any j ∈ N. (G.20)
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When f = 0 in R
n \ D, the right-hand side of (G.20) can be not 0 (since XτDj

may also end up in D \ Dj ), and this leaves the possibility of finding f which
satisfies (G.20) without vanish identically (an example of this phenomenon is
exactly given by the function u−1/2 in (2.24)).

It is interesting to observe that if f vanishes outside D and does not vanish
identically, then, the only possibility to satisfy (G.20) is that f diverges along ∂D.
Indeed, if |f | � κ , since f (XτDj ) 	= 0 only when x ∈ D \Dj and |D \Dj | ↘ 0 as
j →∞, we would have that

lim
j→+∞Ex[f (XτDj )] � lim

j→+∞ const κ |D \Dj | = 0,

and (G.20) would imply that f must vanish identically.
Of course, the function u−1/2 in (2.23) embodies exactly this singular boundary

behavior.

Appendix H: Another Proof of (2.24)

Here we give a different proof of (2.24) by using complex analysis and extension
methods. We use the principal complex square root introduced in (D.2) and, for
any x ∈ R and y > 0 we define

U−1/2(x, y) := �
(

1√
1− z2

)
,

where z := x + iy.
The function U−1/2 is plotted in Fig. 10. We recall that the function U−1/2 is

well-defined, thanks to (D.6). Also, the denominator never vanishes when y > 0
and so U−1/2 is harmonic in the halfplane, being the real part of a holomorphic
function in such domain.

Furthermore, in light of (D.9), we have that

lim
y↘0

1√
1− z2 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

− i√|1− x2| if x2 > 1,

1√|1− x2| if x2 < 1,

+∞ if x2 = 1,
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Fig. 10 Harmonic extension in the halfplane of the function R � x �→ (1− x2)
−1/2
+

and therefore

lim
y↘0

U−1/2(x, y) = �
(

lim
y↘0

1√
1− z2

)
=

⎧
⎪⎪⎨

⎪⎪⎩

0 if x2 > 1,
1√|1− x2| if x2 < 1,

+∞ if x2 = 1,

= (1− x2)
−1/2
+ = u−1/2(x).

This gives thatU−1/2 is the harmonic extension of u−1/2 to the halfplane. Therefore,
by (2.6), (2.7), and (D.14), for any x ∈ (−1, 1) we have that

−(−�)−1/2u1/2(x) = lim
y↘0

∂yU−1/2(x, y)

= lim
y↘0

∂y

(
�
(

1√
1− z2

))

= lim
y↘0

�
(
∂y

(
1√

1− z2

))
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= − lim
y↘0

�
⎛

⎝
(

1√
1− z2

)2

∂y

(√
1− z2

)
⎞

⎠

= − 1

1− x2 lim
y↘0

�
(
∂y

(√
1− z2

))

= 0,

that is (2.24).

Appendix I: Proof of (2.29) (Based on Fourier Methods)

When n = 1, we use (2.28) to find that8

G1/2(x) =
∫

R

e−|ξ | eixξ dξ = lim
R→+∞

∫ R

0
e−ξ eixξ dξ +

∫ 0

−R
eξ eixξ dξ

= lim
R→+∞

eR(ix−1) − 1

ix − 1
+ 1− e−R(ix+1)

ix + 1
= − 1

ix − 1
+ 1

ix + 1
= 2

x2 + 1
.

(I.1)

This proves (2.28) when n = 1.
Let us now deal with the case n � 2. By changing variable Y := 1/y, we see

that

∫ +∞

0
e−

|ξ |
(
y− 1

y

)2

2 dy =
∫ +∞

0
e−

|ξ |
(
Y− 1

Y

)2

2
dY

Y 2 .

Therefore, summing up the left hand side to both sides of this identity and using the
transformation η := y − 1

y
,

2
∫ +∞

0
e−

|ξ |
(
y− 1

y

)2

2 dy =
∫ +∞

0

(
1+ 1

y2

)
e−

|ξ |
(
y− 1

y

)2

2 dy

= const
∫ +∞

0
e−

|ξ |η2

2 dη

= const√|ξ | .

8As a historical remark, we recall that e−|ξ | is sometimes called the “Abel Kernel” and its Fourier
Transform the “Poisson Kernel”, which in dimension 1 reduces to the “Cauchy-Lorentz, or Breit-
Wigner, Distribution” (that has also classical geometric interpretations as the “Witch of Agnesi”,
and so many names attached to a single function clearly demonstrate its importance in numerous
applications).
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As a result,

e−|ξ | = const e−|ξ |
√|ξ |√|ξ | = const e−|ξ |

√|ξ |
∫ +∞

0
e−

|ξ |
(
y− 1
y

)2

2 dy

= const e−|ξ |
√|ξ |

∫ +∞

0
e−

|ξ |
(
y2+ 1

y2 −2

)

2 dy

= const
√|ξ |

∫ +∞

0
e−

|ξ |
(
y2+ 1

y2

)

2 dy

= const
∫ +∞

0

1√
t
e−

t
2 e−

|ξ |2
2t dt,

where the substitution t := |ξ | y2 has been used.
Accordingly, by (2.28), the Gaussian Fourier transform and the change of

variable τ := t (1+ |x|2),

G1/2(x) =
∫

Rn

e−|ξ | eix·ξ dξ

= const
∫∫

Rn×(0,+∞)
1√
t
e−

t
2 e−

|ξ |2
2t eix·ξ dξ dt

= const
∫

(0,+∞)
t
n−1

2 e−
t
2 e−

t|x|2
2 dt

= const
∫

(0,+∞)

(
τ

1+ |x|2
) n−1

2

e−
τ
2

dτ

1+ |x|2

= const
(
1+ |x|2) n+1

2

.

This establishes (2.29).

Appendix J: Another Proof of (2.29) (Based on Extension
Methods)

The idea is to consider the fundamental solution in the extended space and take a
derivative (the time variable acting as a translation and, to favor the intuition, one
may keep in mind that the Poisson kernel is the normal derivative of the Green
function). Interestingly, this proof is, in a sense, “conceptually simpler”, and “less
technical” than that in Appendix I, thus demonstrating that, at least in some cases,
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when appropriately used, fractional methods may lead to cultural advantages9 with
respect to more classical approaches.

For this proof, we consider variables X := (x, y) ∈ R
n × (0,+∞) ⊂ R

n+1 and
fix t > 0. We let 	 be the fundamental solution in R

n+1, namely

	(X) :=
⎧
⎨

⎩
− const log |X| if n = 1,

const

|X|n−1 if n � 2.

By construction�	 is the Delta Function at the origin and so, for any t > 0, we have
that 	̃(X; t) = 	̃(x, y; t) := 	(x, y + t) is harmonic for (x, y) ∈ R

n × (0,+∞).
Accordingly, the function U(x, y; t) := ∂y	̃(x, y; t) is also harmonic for (x, y) ∈
R
n × (0,+∞). We remark that

U(x, y; t) = ∂y	(x, y + t) = const

|(x, y + t)|n ∂y
√
|x|2 + (y + t)2 = const (y + t)

|(x, y + t)|n+1

= const (y + t)
(|x|2 + (y + t)2) n+1

2

.

This function is plotted in Fig. 11 (for the model case in the plane). We observe that

lim
y↘0

U(x, 0; t) = const t
(|x|2 + t2) n+1

2

= const

tn
(
1+ (|x|/t)2) n+1

2

=: u(x, t).

As a consequence, by (2.6) and (2.7) (and noticing that the role played by the
variables y and t in the function U is the same),

−(−�)1/2u(x, t) = lim
y↘0

∂yU(x, y; t) = lim
y↘0

∂y
const (y + t)

(|x|2 + (y + t)2) n+1
2

= lim
y↘0

∂t
const (y + t)

(|x|2 + (y + t)2) n+1
2

= ∂t const t
(|x|2 + t2) n+1

2

= ∂tu(x, t).

9Let us mention another conceptual simplification of nonlocal problems: in this setting, the
integral representation often allows the formulation of problems with minimal requirements on
the functions involved (such as measurability and possibly minor pointwise or integral bounds).
Conversely, in the classical setting, even to just formulate a problem, one often needs assumptions
and tools from functional analysis, comprising e.g. Sobolev differentiability, distributions or
functions of bounded variations.
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Fig. 11 Harmonic extension in the halfplane of the function R � x �→ 1
1+|x|2

This shows that u solves the fractional heat equation, with u approaching a Delta
function when t ↘ 0. Hence

G1/2(x) = u(x, 1) = const
(
1+ |x|2) n+1

2

,

that is (2.29).

Appendix K: Proof of (2.36)

First, we construct a useful barrier. Given A > 1, we define

w(t) :=
{

A if |t| � 1,
t−1−2s if |t| > 1.

We claim that if A is sufficiently large, then

(−�)sw(t) < −3w(t) for all t ∈ R \ (−3, 3). (K.1)
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To prove this, fix t � 3 (the case t � −3 being similar). Then, if |ξ − t| < 1, we
have that

ξ � t − 1 = 2t

3
+ t

3
− 1 � 2t

3
.

As a consequence, if |τ − t| < 1,

∣∣w(t) −w(τ)+ ẇ(t)(τ − t)∣∣ � sup
|ξ−t |<1

|ẅ(ξ)| |t − τ |2

� const sup
ξ�2t/3

ξ−3−2s |t − τ |2 � const t−3−2s |t − τ |2.

This implies that

∫

{|τ−t |<1}
w(t)−w(τ)
|t − τ |1+2s dτ =

∫

{|τ−t |<1}
w(t)−w(τ)+ ẇ(t)(τ − t)

|t − τ |1+2s dτ

� const t−3−2s
∫

{|τ−t |<1}
|t − τ |2
|t − τ |1+2s dτ = const t−3−2s

� const t−1−2s = constw(t).

(K.2)

On the other hand,

∫

{|τ−t |�1}∩{|τ |>1}
w(t) −w(τ)
|t − τ |1+2s dτ �

∫

{|τ−t |�1}
w(t)

|t − τ |1+2s dτ � constw(t).

(K.3)

In addition, if |τ | � 1 then |τ − t| � t − τ � 3− 1 > 1, hence

{|τ − t| � 1} ∩ {|τ | � 1} = {|τ | � 1}.

Accordingly,

∫

{|τ−t|�1}∩{|τ |�1}
w(t)− w(τ)
|t − τ |1+2s

dτ =
∫

{|τ |�1}
t−1−2s − A
|t − τ |1+2s

dτ �
∫

{|τ |�1}
1− A

|t − τ |1+2s
dτ.

(K.4)

We also observe that if |τ | � 1 then |t − τ | � t + 1 � 2t and therefore

∫

{|τ |�1}
dτ

|t − τ |1+2s � const

t1+2s = constw(t).
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So, we plug this information into (K.4), assuming A > 1 and we obtain that

∫

{|τ−t |�1}∩{|τ |�1}
w(t)−w(τ)
|t − τ |1+2s dτ � −(A− 1) constw(t). (K.5)

Thus, gathering together the estimates in (K.2), (K.3) and (K.5), we conclude that

∫

R

w(t) −w(τ)
|t − τ |1+2s dτ � constw(t)− (A− 1) constw(t) � −4w(t) < −3w(t),

as long as A is sufficiently large. This proves (K.1).
Now, to prove (2.36), we define v := u̇ > 0. From (2.40), we know that

(−�)sv = (1− 3u2)v � −3u2v � −3v. (K.6)

Given ε > 0, we define

wε(t) := ι

A
w(t) − ε, where ι := min

t∈[−3,3]v(t).

We claim that

wε � v. (K.7)

Indeed, for large ε, it holds that wε < 0 < v and so (K.7) is satisfied. In addition,
for any ε > 0,

lim
t→+∞wε(t) = −ε < 0 � inf

t∈R v(t). (K.8)

Suppose now that ε� > 0 produces a touching point between wε� and v,
namely wε� � v and wε�(t�) = v(t�) for some t� ∈ R. Notice that, if |τ | � 3,

wε�(τ ) �
ι

A
sup
t∈R
w(t)− ε � ι− ε = min

t∈[−3,3]v(t) − ε � v(τ )− ε < v(τ),

and therefore |t�| > 3. Accordingly, if we set v� := v −wε� , using (K.1) and (K.6),
we see that

0 = −3v�(t�) = −3v(t�)+ 3wε�(t�) � (−�)sv(t�)− (−�)swε�(t�)

= (−�)sv�(t�) =
∫

R

v�(t�)− v�(τ )
|t� − τ |1+2s dτ = −

∫

R

v�(τ )

|t� − τ |1+2s dτ.

Since the latter integrand is nonnegative, we conclude that v� must vanish identi-
cally, and thus wε� must coincide with v. But this is in contradiction with (K.8) and
so the proof of (K.7) is complete.
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Then, by sending ε ↘ 0 in (K.7) we find that v � ι
A
w, and therefore, for t � 1

we have that u̇(t) = v(t) � κt−1−2s , for all t > 1, for some κ > 0.
Consequently, for any t > 1,

1− u(t) = lim
T→+∞ u(T )− u(t) = lim

T→+∞

∫ T

t

u̇(τ ) dτ

=
∫ +∞

t

u̇(τ ) dτ � κ
∫ +∞

t

τ−1−2s dτ = κ

2s
t−2s ,

and a similar estimates holds for 1+ u(t) when t < −1.
These considerations establish (2.36), as desired.

Appendix L: Proof of (2.38)

Here we prove that (2.38) is a solution of (2.37). The idea of the proof, as showed in
Fig. 12, is to consider the harmonic extension of the function R � x �→ 2

π
arctan x

in the halfplane R× (0,+∞) and use the method described in (2.6) and (2.7).
We let

U(x, y) := 2

π
arctan

x

y + 1
.

Fig. 12 Harmonic extension in the halfplane of the function R � x �→ 2
π

arctan x
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The function U is depicted10 in Fig. 12. Of course, it coincides with u when y = 0
and, for any x ∈ R and y > 0,

π

2
�U(x, y) = − 2x(1+ y)

(x2 + (1+ y)2)2 +
2x(1+ y)

(x2 + (1+ y)2)2 = 0. (L.1)

Hence, the setting in (2.6) is satisfied and so, in light of (2.7). we have

(−�)1/2u(x) = − lim
y↘0

∂yU(x, y) = 2

π
lim
y↘0

x

x2 + (1+ y)2 =
2x

π (x2 + 1)
(L.2)

Also, by the trigonometric Double-angle Formula, for any θ ∈ (−π2 , π2
)
,

sin(2θ) = 2 sin θ cos θ = 2 tan θ

tan2 θ + 1
.

Hence, taking θ := arctan x,

sin(πu(x)) = sin(2 arctanx) = 2x

x2 + 1
.

This and (L.2) show that (2.38) is a solution of (2.37).

Appendix M: Another Proof of (2.38) (Based on (2.29))

This proof of (2.38) is based on the fractional heat kernel in (2.29). This approach
has the advantage of being quite general (see e.g. Theorem 3.1 in [27]) and also to
relate the two “miraculous” explicit formulas (2.29) and (2.38), which are available
only in the special case s = 1/2.

10In complex variables, one can also interpret the function U in terms of the principal argument
function

Arg(reiϕ) = ϕ ∈ (−π, π],
with branch cut along the nonpositive real axis. Notice indeed that, if z = x + iy and y > 0,

Arg(z+ i) = π

2
− arctan

x

y + 1
= π

2
(1− U(x, y)) .

This observation would also lead to (L.1).
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For this, we let P = P(x, t) the fundamental solution of the heat flow in (2.25)
with n = 1 and s = 1/2. Notice that, by (2.29), we know that

P(x, 1) = G1/2(x) = c

1+ x2 , (M.1)

with

c :=
(∫

R

dx

1+ x2

)−1

= 1

π
.

Also, by scaling,

P(x, t) = t−1P(t−1x, 1) = t−1G1/2(t
−1x). (M.2)

For any x ∈ R and any t > 0, we define

U(x, t) := 2
∫ x

0
P(η, t + 1) dη. (M.3)

In light of (M.2), we see that

|U(x, t)| � 2(t + 1)−1
∫ x

0
G1/2

(
(t + 1)−1η

)
dη = 2

∫ (t+1)−1x

0
G1/2(ζ ) dζ,

which is bounded inR×[0,+∞), and infinitesimal as t →+∞ for any fixed x ∈ R.
Notice also that

∂2
t P = ∂t (∂tP ) = ∂t (−�)1/2P = (−�)1/2∂tP = (−�)1/2(−�)1/2P = −∂2

xP,

by (2.5). As a consequence,

1

2
(∂2
x + ∂2

t )U(x, t) = ∂xP (x, t + 1)+
∫ x

0
∂2
t P (η, t + 1) dη

= ∂xP (x, t + 1)−
∫ x

0
∂2
xP (η, t + 1) dη

= ∂xP (0, t + 1)

= 0,

(M.4)

where the last identity follows from (M.2).
Besides, from (M.2) we have that

∂tP (x, t) = ∂t
(
t−1G1/2(t

−1x)
)
= −t−2G1/2(t

−1x)− t−3xG′1/2(t−1x)
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and so

−∂tP (x, 1) = G1/2(x)+ xG′1/2(x) = ∂x
(
xG1/2(x)

)
.

In view of this, we have that

∂tU(x, 0) = 2
∫ x

0
∂tP (η, 1) dη = 2

∫ x

0
∂η
(
ηG1/2(η)

)
dη = 2xG1/2(x).

(M.5)

Accordingly, from (M.4) and (M.5), using the extension method in (2.6) and (2.7)
(with the variable y called t here), we conclude that, if

u(x) := U(x, 0),

then

(−�)1/2u(x) = 2xG1/2(x). (M.6)

We remark that, by (M.1) and (M.3),

u(x) = 2c
∫ x

0

dη

1+ x2 =
2

π
arctan x. (M.7)

This, (M.1) and (M.6) give that

(−�)1/2u(x) = 1

π

2x

1+ x2 =
1

π
sin(2 arctanx) = 1

π
sin

(
πu(x)

)
,

that is (2.38), as desired.

Appendix N: Proof of (2.46)

Due to translation invariance, we can reduce ourselves to proving (2.46) at the
origin. We consider a measurable u : Rn → R such that

∫

Rn

|u(y)|
1+ |y|n+2 < +∞.

Assume first that

u(x) = 0 for any x ∈ Br, (N.1)
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for some r > 0. As a matter of fact, under these assumptions on u, the right-hand
side of (2.46) vanishes at 0 regardless the size of r . Indeed,

∫

Rn

u(x + 2y)+ u(x − 2y)− 4u(x + y)− 4u(x − y)+ 6u(x)

|y|n+2 dy

∣∣∣∣
x=0

=
∫

Rn

u(2y)+ u(−2y)− 4u(y)− 4u(−y)
|y|n+2 dy

= 2
∫

Rn\Br/2
u(2y)

|y|n+2 dy − 8
∫

Rn\Br
u(y)

|y|n+2 dy

= 2
∫

Rn\Br
2n+2 u(Y )

2n |Y |n+2 dY − 8
∫

Rn\Br
u(y)

|y|n+2 dy = 0.

This proves (2.46) under the additional assumption in (N.1), that we are now going
to remove. To this end, for r ∈ (0, 1), denote by χr the characteristic function of
Br , i.e. χr(x) = 1 if x ∈ Br and χr(x) = 0 otherwise. Consider now u ∈ C2,α(Br),
for some α ∈ (0, 1), with

u(0) = |∇u(0)| = 0 (N.2)

for simplicity (note that one can always modify u by considering ũ(x) = u(x) −
u(0)−∇u(0) · x and without affecting the operators in (2.46)). Then, the right hand
side of (2.46) becomes in this case

∫

Rn

u(2y)+ u(−2y)− 4u(y)− 4u(−y)
|y|n+2 dy = 2

∫

Rn

u(2y)− 4u(y)

|y|n+2 dy =

= 2
∫

Rn

u(2y)χr(2y)− 4u(y)χr(y)

|y|n+2 dy

+ 2
∫

Rn

u(2y)(1− χr(2y))− 4u(y)(1− χr(y))
|y|n+2 dy.

The second addend is trivial for any r ∈ (0, 1), in view of the above remark, since
u(1− χr) is constantly equal to 0 in Br . For the first one, we have

∫

Rn

u(2y)χr (2y)− 4u(y)χr (y)

|y|n+2
dy =

∫

Br/2

u(2y)− 4u(y)

|y|n+2
dy − 4

∫

Br\Br/2
u(y)

|y|n+2
dy.

(N.3)

Now, we recall (N.2) and we notice that

|u(2y)− 4u(y)| � ‖u‖C2,α(B)|y|2+α,
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which in turn implies that

∣∣∣∣∣

∫

Br/2

u(2y)− 4u(y)

|y|n+2 dy

∣∣∣∣∣ � const ‖u‖C2,α(B)r
α. (N.4)

On the other hand, a Taylor expansion and (N.2) yield

∫

Br\Br/2
u(y)

|y|n+2 dy =
∫ r

r/2

1

ρn+2

∫

∂Bρ

u(y) dy dρ

=
∫ r

r/2

1

ρ3

∫

∂B1

u(ρθ) dθ dρ =
∫ r

r/2

1

2ρ

∫

∂B1

(
D2u(0)θ · θ + η(ρθ)

)
dθ dρ

= const�u(0)+
∫ r

r/2

1

2ρ

∫

∂B1

η(ρθ) dθ dρ

(N.5)

in view of (1.1), for some η : Br → R such that |η(x)| � c|x|α. From this, (N.3)
and (N.4) we deduce that

∫

Rn

u(2y)+ u(−2y)− 4u(y)− 4u(−y)
|y|n+2 dy

= − const lim
r↘0

∫

Br\Br/2
u(y)

|y|n+2
dy = − const�u(0)

which finally justifies (2.46).
It is interesting to remark that the main contribution to prove (2.46) comes in this

case from the “intermediate ring” in (N.5).

Appendix O: Proof of (2.48)

Take for instance � to be the unit ball and ū = 1 − |x|2. Suppose that ‖ū −
vε‖C2(�) � ε. Then, for small ε, if x ∈ R

n \ B1/2 it holds that

vε(x) � ū(x)+ ε = 1− |x|2 + ε � 3

4
+ ε � 4

5
,

while

vε(0) � ū(0)− ε = 1− ε � 5

6
.
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This implies that there exists xε ∈ B1/2 such that

vε(xε) = sup
B1

vε �
5

6
>

4

5
� sup
B1\B1/2

vε.

As a result,

P.V.
∫

�

vε(xε)− vε(y)
|xε − y|n+2s dy �

∫

B1\B3/4

vε(xε)− vε(y)
|xε − y|n+2s dy

�
∫

B1\B3/4

(
5

6
− 4

5

)
dy � const .

This says that (−�)svε cannot vanish at xε and so (2.48) is proved.

Appendix P: Proof of (2.52)

Let us first notice that the identity

λs = s

	(1 − s)
∫ ∞

0

1− e−tλ
t1+s

dt (P.1)

holds for any λ > 0 and s ∈ (0, 1), because

∫ ∞

0

1− e−t
t1+s

dt = 1− e−t
−s ts

∣∣∣∣
∞

0
+ 1

s

∫ ∞

0

e−t

t s
dt = 	(1 − s)

s
.

We also observe that when u ∈ C∞0 (�), the coefficients ûj decay fast as j → ∞:
indeed

ûj = − 1

μj

∫

�

u�ψj = − 1

μj

∫

�

ψj �u = . . . = (−1)k
1

μkj

∫

�

ψj �
ku.

Therefore, applying equality (P.1) to the μj ’s in (2.51) we obtain11

(−�)sN,�u =
s

	(1 − s)
+∞∑

j=0

∫ ∞

0

ûjψj − e−tμj ûjψj
t1+s

dt

= s

	(1 − s)
∫ ∞

0

u− et�N,�u
t1+s

dt, u ∈ C∞0 (�) (P.2)

11The representation in (P.2) makes sense for a larger class of functions with respect to (2.51), so
in a sense (P.2) can be interpreted as an extension of definition (2.51).
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where {et�N,�}t>0 stands for the heat semigroup associated to �N,�. i.e. et�N,�u
solves

⎧
⎨

⎩

∂tv(x, t) = �v(x, t) in �× (0,∞)
∂νv(x, t) = 0 on ∂�× (0,∞)
v(x, 0) = u(x) on �× {0}.

To check (P.2), it is sufficient to notice that

∂t

⎛

⎝
+∞∑

j=0

e−tμj ûj ψj

⎞

⎠ = −
+∞∑

j=0

μj e
−tμj ûjψj =

+∞∑

j=0

e−tμj ûj�ψj = �
⎛

⎝
+∞∑

j=0

e−tμj ûjψj

⎞

⎠

and that
⎛

⎝
+∞∑

j=0

e−tμj ûjψj

⎞

⎠

∣∣∣∣∣∣
t=0

=
+∞∑

j=0

ûjψj = u.

Under suitable regularity assumptions on�, write now the heat semigroup in terms
of the heat kernel p�N as

et�N,�u(x) =
∫

�

p�N(t, x, y) u(y) dy, x ∈ �, t > 0 (P.3)

where the following two-sided estimate on p�N holds (see, for example, [102,
Theorem 3.1])

c1 e
−c2|x−y|2/t

tn/2
� p�N(t, x, y) � c3 e

−c4|x−y|2/t

tn/2
, x, y ∈ �, t, c1, c2, c3, c4 > 0.

(P.4)

Recall also that p�N(t, x, y) = p�N(t, y, x) for any t > 0 and x, y ∈ �, and that

∫

�

p�N(t, x, y) dy = 1, x ∈ �, t > 0, (P.5)

which follows from noticing that, for any u ∈ C∞0 (�),

∂t

∫

�

et�N,�u =
∫

�

∂te
t�N,�u =

∫

�

�et�N,�u = −
∫

∂�

∂νe
t�N,�u = 0
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and therefore
∫

�

u(x) dx =
∫

�

et�N,�u(x) dx =
∫

�

∫

�

p�N(t, x, y) u(y) dy dx

=
∫

�

u(y)

∫

�

p�N(t, x, y) dx dy.

By (P.5), for any x ∈ � and t > 0,

u(x)− et�N,�u(x) =
∫

�

p�N(t, x, y) (u(x)− u(y)) dy

and, exchanging the order of integration in (P.2) (see below for a justification of this
passage), one gets

(−�)sN,�u(x) =
s

	(1 − s)
∫ ∞

0

u(x)− et�N,�u(x)
t1+s

dy

= s

	(1 − s)
∫ ∞

0

∫
�
p�N(t, x, y) (u(x)− u(y)) dy

t1+s
dt

= s

	(1 − s) P.V.
∫

�

(u(x)− u(y))
∫ ∞

0

p�N(t, x, y)

t1+s
dt dy

= P.V.
∫

�

(u(x)− u(y)) k(x, y)
|x − y|n+2s dy,

where, in view of (P.4), we have

k(x, y) := s

	(1− s) |x − y|
n+2s

∫ ∞

0

p�N(t, x, y)

t1+s
dt

� |x − y|n+2s
∫ ∞

0

e−|x−y|2/t

tn/2+1+s dt �
∫ ∞

0

e−1/t

tn/2+1+s dt � 1.

These considerations establish (2.52). Note however that in the above computations
there is a limit exiting the integral in the t variable, namely:

∫ ∞

0

∫
�
p�N (t, x, y) (u(x) − u(y)) dy

t1+s
dt = lim

ε↘0

∫ ∞

0

∫
�\Bε(x) p

�
N(t, x, y) (u(x) − u(y)) dy

t1+s
dt.

(P.6)
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To properly justify this we are going to build an integrable majorant in t and
independent of ε of the integrand

∫
�\Bε(x) p

�
N(t, x, y) (u(x)− u(y)) dy

t1+s
. (P.7)

To this end, first of all we observe that, by the boundedness of u and (P.5),

∣∣∣∣∣

∫
�\Bε(x) p

�
N (t, x, y) (u(x) − u(y)) dy

t1+s

∣∣∣∣∣ �
2‖u‖L∞(�)
t1+s

∫

�\Bε(x)
p�N(t, x, y) dy � 2‖u‖L∞(�)

t1+s

which is integrable at infinity. So, to obtain an integrable bound for (P.7), we can
now focus on small values of t , say t ∈ (0, 1). For this, we denote by p the heat
kernel in R

N and we write
∫

�\Bε(x)
p�N(t, x, y) (u(x)− u(y)) dy =

=
∫

�\Bε(x)
p(t, x, y) (u(x)− u(y)) dy

−
∫

�\Bε(x)
(p�N(t, x, y)− p(t, x, y))(u(x)− u(y)) dy =: A+ B.

We first manipulate A. We reformulate u as

u(y) = u(x)+∇u(x)·(y−x)+η(y)|x−y|2, y ∈ R
n, ‖η‖L∞(Rn) � ‖u‖C2(�),

so that
∫

�\Bε(x)
p(t, x, y) (u(x)− u(y)) dy =

∫

Rn\Bε(x)
p(t, x, y) (u(x)− u(y)) dy

− u(x)
∫

Rn\�
p(t, x, y) dy

=
∫

Rn\Bε(x)
p(t, x, y)∇u(x) · (x − y) dy

−
∫

Rn\Bε(x)
p(t, x, y) η(y)|x − y|2 dy − u(x)

∫

Rn\�
p(t, x, y) dy.

(P.8)
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In the last expression, the first integral on the right-hand side is 0 by odd symmetry,
while for the second one
∣∣∣∣
∫

Rn\Bε(x)
p(t, x, y) η(y)|x − y|2 dy

∣∣∣∣ � ‖u‖C2(�)

∫

Rn\Bε(x)
p(t, x, y)|x − y|2 dy

� const ‖u‖C2(�)t
−/2

∫

Rn\Bε(x)
e−|x−y|2/(4t )|x − y|2 dy

� const ‖u‖C2(�)t

∫

Rn\B
ε/
√

4t

e−|z|2|z|2 dz

� const ‖u‖C2(�)t.

(P.9)

As for the last integral in (P.8), we have that

|u(x)|
∫

Rn\�
p(t, x, y) dy � const |u(x)|t−n/2

∫

Rn\�
e−|x−y|2/(4t) dy �

� const |u(x)|t−n/2
∫

Rn\Bdist(x,∂�)

e−|y|2/(4t) dy � const |u(x)|
∫

Rn\Bdist(x,∂�)/
√

4t

e−|z|2 dz

� const |u(x)|e−dist(x,∂�)/
√

4t .

(P.10)

Equations (P.9) and (P.10) imply that

|A|
t1+s

� const t−s , t ∈ (0, 1),

which is integrable for t ∈ (0, 1).
We turn now to the estimation of B which we rewrite as

B =
∫

�

(
p�N(t, x, y)− p(t, x, y)

)(
u(x)− u(y))χ�\Bε(x)(y) dy

where χU stands for the characteristic function of a set U ⊂ R
n. By definition,

B solves the heat equation in � with zero initial condition. Moreover, since u
is supported in a compact subset K of �, B is satisfying the (lateral) boundary
condition

∣∣∣B
∣∣
∂B

∣∣∣ �
∫

�

∣∣p�N(t, x, y)− p(t, x, y)
∣∣|u(y)|χ�\Bε(x)(y) dy

� const t−n/2
∫

K

e−c1|x−y|2/t |u(y)| dy

� const ‖u‖L1(�)t
−n/2e−c2/t
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for some c1, c2 > 0, in view of (P.4) and that, for x ∈ ∂� and y ∈ K , |x − y| �
dist(K, ∂�) > 0. Then, by the parabolic maximum principle (see, for example,
Section 7.1.4 in [62]),

|B|
t1+s

� const t−n/2−1−se−c2/t ,

which again is integrable for t ∈ (0, 1). These observations provide an integrable
bound for the integrand in (P.8), thus completing the justification of the claim
in (P.6), as desired.

Appendix Q: Proof of (2.53)

If u is periodic, we can write it in Fourier series as

u(x) =
∑

k∈Zn
uk e

2πik·x,

and the Fourier basis is also a basis of eigenfunctions. We have that

∫

Rn

u(x + y)+ u(x − y)− 2u(x)

|y|n+2s dy

=
∑

k∈Zn

∫

Rn

uke
2πik·(x+y) + uke2πik·(x−y) − 2uke2πik·x

|y|n+2s dy

=
∑

k∈Zn
uke

2πik·x
∫

Rn

e2πik·y + e−2πik·y − 2

|y|n+2s dy

=
∑

k∈Zn
uke

2πik·x |k|2s
∫

Rn

e
2πi k|k| ·Y + e−2πi k|k| ·Y − 2

|Y |n+2s dY

=
∑

k∈Zn
uke

2πik·x |k|2s
∫

Rn

e2πiY1 + e−2πiY1 − 2

|Y |n+2s
dY

= const
∑

k∈Zn
uke

2πik·x |k|2s

and this shows (2.53).
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Appendix R: Proof of (2.54)

We fix k̄ ∈ N. We consider the k̄th eigenvalue λk̄ > 0 and the corresponding
normalized eigenfunction φk̄ =: ū. We argue by contradiction and suppose that
for any ε > 0 we can find vε such that ‖ū − vε‖C2(B1)

� ε, with (−�)sD,�vε = 0
in B1.

Using the notation in (2.49), we have that ūk = δkk̄ and therefore

∥∥(−�)sD,�ū− (−�)sD,�vε
∥∥2
L2(�)

= ∥∥(−�)sD,�ū
∥∥2
L2(�)

= ∥∥(−�)sD,�φk̄
∥∥2
L2(�)

=
∥∥∥λs
k̄
φk̄

∥∥∥
2

L2(�)
= λ2s

k̄
.

(R.1)

Furthermore

∥∥(−�)sD,�ū− (−�)sD,�vε
∥∥2
L2(�)

= ∥∥(−�)sD,�(ū− vε)
∥∥2
L2(�)

=
∥∥∥∥∥

+∞∑

k=0

λsk(ū− vε)k φk
∥∥∥∥∥

2

L2(�)

=
+∞∑

k=0

λ2s
k (ū− vε)2k � const

+∞∑

k=0

λ2
k(ū− vε)2k

= const ‖�(ū− vε)‖2
L2(�)

� const ‖ū− vε‖2
C2(�)

� const ε.

Comparing this with (R.1), we obtain that λ2s
k̄

� const ε, which is a contradiction
for small ε. Hence, the proof of (2.54) is complete.

Appendix S: Proof of (2.60)

Let

v(t) :=
∫ t

0

u̇(τ )

(t − τ )s dτ.
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Then, by (2.59) and writing ϑ := ω (t − τ), we see that

Lv(ω) =
∫ +∞

0

[∫ t

0

u̇(τ )

(t − τ )s dτ
]
e−ωt dt =

∫ +∞

0

[∫ +∞

τ

u̇(τ )e−ωt

(t − τ )s dt
]
dτ

= ωs−1
∫ +∞

0

[∫ +∞

0

u̇(τ )e−ωτ e−ϑ

ϑs
dϑ

]
dτ

= 	(1− s) ωs−1
∫ +∞

0
u̇(τ )e−ωτ dτ

= 	(1− s) ωs−1
∫ +∞

0

(
d

dτ

(
u(τ)e−ωτ

)+ ωu(τ)e−ωτ
)
dτ

= 	(1− s) ωs−1
(
−u(0)+ ω

∫ +∞

0
u(τ)e−ωτ dτ

)

= 	(1− s) ωs−1 (−u(0)+ ωLu(ω)) ,

where 	 denotes here the Euler’s Gamma Function. This and (2.56) give (2.60), up
to neglecting normalizing constants, as desired.

It is also worth pointing out that, as s ↗ 1, formula (2.60) recovers the classical
derivative, since, by (2.59),

Lu̇(ω) =
∫ +∞

0
u̇(t)e−ωt dt

=
∫ +∞

0

(
d

dt

(
u(t)e−ωt

)+ ωu(t)e−ωt
)
dt

= −u(0)+ ω
∫ +∞

0
u(t)e−ωt dt

= −u(0)+ ωLu(ω),

which is (2.60) when s = 1.

Appendix T: Proof of (2.61)

First, we compute the Laplace Transform of the constant function. Namely,
by (2.59), for any b ∈ R,

Lb(ω) = b
∫ +∞

0
e−ωt dt = b

ω
. (T.1)
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We also set

 (t) :=
∫ t

0

f (τ)

(t − τ )1−s dτ

and we use (2.59) and the substitution ϑ := ω (t − τ ) to calculate that

L (ω) =
∫ +∞

0

[∫ t

0

f (τ)

(t − τ )1−s dτ
]
e−ωt dt

=
∫ +∞

0

[∫ +∞

τ

f (τ ) e−ωt

(t − τ )1−s dt
]
dτ

= ω−s
∫ +∞

0

[∫ +∞

0

f (τ) e−ωτ e−ϑ

ϑ1−s dϑ

]
dτ

= 	(s) ω−s
∫ +∞

0
f (τ) e−ωτ dτ = 	(s) ω−s Lf (ω),

where 	 denotes here the Euler’s Gamma Function.
Exploiting this and (T.1), and making use also of (2.60), we can write the

expression ∂sC,tu = f in terms of the Laplace Transform as

ωs
(
Lu(ω)−Lb(ω)

)
= ωsLu(ω)− ωs−1u(0) =L(∂sC,tu)(ω)

=Lf (ω) = ωs

	(s)
L (ω),

with b := u(0). Hence, dividing by ωs and inverting the Laplace Transform, we
obtain that

u(t)− b = 1

	(s)
 (t),

which is (2.61).

Appendix U: Proof of (2.62)

We take G to be the fundamental solution of the operator “identity minus Lapla-
cian”, namely

G−�G = δ0 in R
n, (U.1)



Getting Acquainted with the Fractional Laplacian 89

being δ0 the Dirac’s Delta. The study of this fundamental solution can be done
by Fourier Transform in the sense of distributions, and this leads to an explicit
representation in dimension 1 recalling (I.1); we give here a general argument, valid
in any dimension, based on the heat kernel

g(x, t) := 1

(4πt)n/2
e−

|x|2
4t .

Notice that ∂tg = �g and g(·, 0) = δ0(·). Let also

G(x) :=
∫ +∞

0
e−t g(x, t) dt. (U.2)

Notice that

�G(x) =
∫ +∞

0
e−t�g(x, t) dt =

∫ +∞

0
e−t ∂tg(x, t) dt

=
∫ +∞

0

(
∂t (e

−t g(x, t))+ e−t g(x, t)
)
dt

= −δ0(x)+
∫ +∞

0
e−t g(x, t) dt = −δ0(x)+G(x),

henceG, as defined in (U.2) solves (U.1).
Notice also thatG is positive and bounded, due to (U.2). We also claim that

for any x ∈ R
n \ B1, it holds thatG(x) � Ce−c|x|, (U.3)

for some c, C > 0. To this end, let us fix x ∈ R
n \ B1 and distinguish two regimes.

If t ∈ [0, |x|], we have that |x|
2

t
� |x| and thus

g(x, t) � 1

(4πt)n/2
e−

|x|2
8t e−

|x|
8 .

Consequently, using the substitution ρ := |x|2
8t ,

∫ |x|

0
e−t g(x, t) dt �

∫ |x|

0

1

(4πt)n/2
e−

|x|2
8t e−

|x|
8 dt

=
∫ +∞

|x|/8
Cρn/2

|x|n e−ρ e−
|x|
8
|x|2 dρ
ρ2 � C|x| e− |x|8 , (U.4)
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for some C > 0 possibly varying from line to line. Furthermore

∫ +∞
|x|

e−t g(x, t) dt �
∫ +∞
|x|

e−
|x|
2 e− t

2 g(x, t) dt � e−
|x|
2

∫ +∞
1

e− t
2

(4πt)n/2
dt � C e−

|x|
2 ,

for some C > 0. This and (U.4) give that

∫ +∞

0
e−t g(x, t) dt � C|x| e− |x|8 ,

up to renaming C, which implies (U.3) in view of (U.2).
Now we compute the Laplace Transform of ts : namely, by (2.59),

L(ts)(ω) =
∫ +∞

0
tse−ωt dt = ω−1−s

∫ +∞

0
τ se−τ dτ = Cω−1−s . (U.5)

We compare this result with the Laplace Transform of the mean squared displace-
ment related to the diffusion operator in (2.62). For this, we take u to be as in (2.62)
and, in the light of (2.42), we consider the function

v(ω) :=L

(∫

Rn

|x|2 u(x, t) dx
)
(ω) =

∫

Rn

|x|2 Lu(x, ω) dx. (U.6)

In addition, by taking the Laplace Transform (in the variable t , for a fixed x ∈ R
n)

of the equation in (2.62), making use of (2.60) we find that

ωsLu(x, ω)− ωs−1δ0(x) = �Lu(x, ω). (U.7)

Now, we let

W(x,ω) := ω1− sn2 Lu(ω−s/2x, ω). (U.8)

From (U.7), we have that

�W(x,ω) = ω1− sn2 ω−s �Lu(ω−s/2x, ω)

= ω1− sn2 ω−s
(
ωsLu(ω−s/2x, ω)− ωs−1δ0(ω

−s/2x)
)

= W(x,ω)− ω− sn2 δ0(ω
−s/2x)

= W(x,ω)− δ0(x),

and so, comparing with (U.1), we have thatW(x,ω) = G(x).
Accordingly, by (U.8),

Lu(x, ω) = ω sn
2 −1W(ωs/2x, ω) = ω sn

2 −1G(ωs/2x).
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We insert this information into (U.6) and we conclude that

v(ω) = ω sn
2 −1

∫

Rn

|x|2G(ωs/2x) dx = ω−1−s
∫

Rn

|y|2G(y) dy.

We remark that the latter integral is finite, thanks to (U.3), hence we can write that

v(ω) = Cω−1−s ,

for some C > 0.
Therefore, we can compare this result with (U.5) and use the inverse Laplace

Transform to obtain that the mean squared displacement in this case is proportional
to ts , as desired.

Appendix V: Memory Effects of Caputo Type

It is interesting to observe that the Caputo derivative models a simple memory
effect that the classical derivative cannot comprise. For instance, integrating a
classical derivative of a function u with u(0) = 0, one obtains the original function
“independently on the past”, namely if we set

Mu(t) :=
∫ t

0
u̇(ϑ) dϑ, (V.1)

we just obtain in this case that Mu(t) = u(t) − u(0) = u(t). On the other hand,
an expression as in (V.1) which takes into account the Caputo derivative does
“remember the past” and takes into account the preceding events in such a way
that recent events “weight” more than far away ones. To see this phenomenon, we
can modify (V.1) by defining, for every s ∈ (0, 1),

Ms
u(t) :=

∫ t

0
∂sC,tu(ϑ) dϑ. (V.2)

To detect the memory effect, for the sake of concreteness, we take a large time t :=
N ∈ N and we suppose that the function u is constant on unit intervals, that is u =
uk in [k − 1, k), for each k ∈ {1, . . . , N}, with uk ∈ R, and u(0) = u1 = 0. We
see thatMs

u in this case does not produce just the final outcome uN , but a weighted
average of the form

Ms
u(N) =

N−1∑

k=0

ck uN−k, with cj > 0 decreasing and cj � 1

j s
for large j.

(V.3)
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To check this, we notice that, for all τ ∈ (0, N),

u̇(τ ) =
N∑

k=2

(uk − uk−1)δk−1(τ ),

and hence we exploit (2.56) and (V.2) to see that

Ms
u(N) =

∫ N

0

[∫ ϑ

0

u̇(τ )

(ϑ − τ )s dτ
]
dϑ

=
N∑

k=2

∫ N

0

[∫ ϑ

0
(uk − uk−1)δk−1(τ )

dτ

(ϑ − τ )s
]
dϑ

=
N∑

k=2

∫ N

k−1

(uk − uk−1)

(ϑ − k + 1)s
dϑ

=
N∑

k=2

uk

∫ N

k−1

dϑ

(ϑ − k + 1)s
−

N∑

k=2

uk−1

∫ N

k−1

dϑ

(ϑ − k + 1)s

=
N∑

k=2

uk

∫ N

k−1

dϑ

(ϑ − k + 1)s
−
N−1∑

k=1

uk

∫ N

k

dϑ

(ϑ − k)s

=
N∑

k=1

uk

[∫ N

k−1

dϑ

(ϑ − k + 1)s
−

∫ N

k

dϑ

(ϑ − k)s
]

=
N∑

k=1

uk
(N − k + 1)1−s − (N − k)1−s

1− s

=
N∑

k=2

cN−k uk

=
N−2∑

k=0

ck uN−k,

with

cj := (j + 1)1−s − j1−s

1− s .

This completes the proof of the memory effect claimed in (V.3).



Getting Acquainted with the Fractional Laplacian 93

Appendix W: Proof of (3.7)

SinceM is bounded and positive and u is bounded, it holds that

∫

Rn\B1

|u(x)− u(x − y)|
|M(x − y, y) y|n+2s dy � const

∫

Rn\B1

dy

|y|n+2s dy � const

s
. (W.1)

Moreover, for y ∈ B1,

u(x − y) = u(x)− ∇u(x) · y + 1

2
D2u(x) y · y +O(|y|3). (W.2)

To simplify the notation, we now fix x ∈ R
n and we define M(y) := M(x − y, y).

Then, for y ∈ B1, we have that

M(x − y, y) y =M(y) y =M(0) y +
n∑

i=1

∂iM(0) y yi +O(|y|3)

and so

|M(x − y, y) y|2 = |M(0) y|2 + 2
n∑

i=1

(M(0) y) · (∂iM(0) y) yi +O(|y|4).

Consequently, since M(0) = M(x, 0) is non-degenerate, we can write

E(y) := 2
n∑

i=1

(M(0) y) · (∂iM(0) y) yi = O(|y|3)

and

|M(x − y, y) y|−n−2s

=
(
|M(0) y|2 +E(y)+O(|y|4)

)− n+2s
2

= |M(0) y|−n−2s
(

1+ |M(0) y|−2E(y)+O(|y|2)
)− n+2s

2

= |M(0) y|−n−2s
(

1− n+ 2s

2
|M(0) y|−2E(y)+O(|y|2)

)

= |M(0) y|−n−2s − n+ 2s

2
|M(0) y|−n−2s−2E(y)+O(|y|2−n−2s).

(W.3)
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Hence (for smooth and bounded functions u, and y ∈ B1) we obtain that

u(x)− u(x − y)
|M(x − y, y) y|n+2s

= u(x)− u(x − y)
|M(0) y|n+2s − n+ 2s

2

(
u(x)− u(x − y))E(y)
|M(0) y|n+2s+2 +O(|y|3−n−2s).

Thus, since the map y �→ ∇u(x)·y
|M(0) y|n+2s is odd, recalling (W.2) we conclude that

∫

B1

u(x)− u(x − y)
|M(x − y, y) y|n+2s

dy

=
∫

B1

(
u(x)− u(x − y)
|M(0) y|n+2s

− n+ 2s

2

(
u(x)− u(x − y))E(y)
|M(0) y|n+2s+2

+O(|y|3−n−2s)

)
dy

=
∫

B1

(
u(x)− u(x − y)−∇u(x) · y

|M(0) y|n+2s − n+ 2s

2

(
u(x)− u(x − y))E(y)
|M(0) y|n+2s+2

+O(|y|3−n−2s)

)
dy

=
∫

B1

(
− D2u(x) y · y

2 |M(0) y|n+2s
− (n+ 2s)

n∑

i=1

(∇u(x) · y) ((M(0) y) · (∂iM(0) y)
)
yi

|M(0) y|n+2s+2

+O(|y|3−n−2s)

)
dy (W.4)

Now we observe that, for any α � 0,

if ϕ is positively homogeneous of degree 2+ α and T ∈ Mat(n× n), then

(1− s)
∫

B1

ϕ(y)

|Ty|n+2s+α dy =
1

2

∫

Sn−1

ϕ(ω)

|T ω|n+2s+α dH
n−1
ω . (W.5)

Indeed, using polar coordinates and the fact that ϕ(ρω) = ρ2+αϕ(ω), for any ρ � 0
and ω ∈ Sn−1, thanks to the homogeneity, we see that

∫

B1

ϕ(y)

|T y|n+2s+α dy =
∫∫

(0,1)×Sn−1

ρn−1 ϕ(ρω)

ρn+2s+α |T ω|n+2s+α dρ dH
n−1
ω

=
∫∫

(0,1)×Sn−1

ρ1−2sϕ(ω)

|T ω|n+2s+α dρ dH
n−1
ω = 1

2(1 − s)
∫

Sn−1

ϕ(ω)

|T ω|n+2s+α dH
n−1
ω ,

which implies (W.5).
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Using (W.5) (with α := 0 and α := 2), we obtain that

lim
s↗1

(1− s)
∫

B1

D2u(x) y · y
|M(0) y|n+2s dy =

1

2

∫

Sn−1

D2u(x) ω · ω
|M(0) ω|n+2 dH

n−1
ω

and

lim
s↗1

(1− s)
∫

B1

(∇u(x) · y) ((M(0) y) · (∂iM(0) y)
)
yi

|M(0) y|n+2s+2
dy

= 1

2

∫

Sn−1

(∇u(x) · ω) ((M(0) ω) · (∂iM(0) ω)
)
ωi

|M(0) ω|n+4 dHn−1
ω

Thanks to this, (W.1) and (W.4), we find that

lim
s↗1

∫

Rn

u(x)− u(x − y)
|M(x − y, y) y|n+2s dy

= lim
s↗1

∫

B1

u(x)− u(x − y)
|M(x − y, y) y|n+2s dy

= − 1

4

∫

Sn−1

D2u(x) ω · ω
|M(0) ω|n+2 dH

n−1
ω

− n+ 2

2

n∑

i=1

∫

Sn−1

(∇u(x) · ω) ((M(0) ω) · (∂iM(0) ω)
)
ωi

|M(0) ω|n+4 dHn−1
ω

= −
n∑

i,j=1

aij (x)∂
2
ij u(x)−

n∑

j=1

bj ∂ju(x),

(W.6)

with

aij (x) := 1

4

∫

Sn−1

ωi ωj

|M(0) ω|n+2 dH
n−1
ω = 1

4

∫

Sn−1

ωi ωj

|M(x, 0) ω|n+2 dH
n−1
ω

and bj (x) := n+ 2

2

n∑

i=1

∫

Sn−1

ωi ωj
(
(M(0) ω) · (∂iM(0) ω)

)

|M(0) ω|n+4
dHn−1

ω .

We observe that

bj =
n∑

i=1

∂iaij (x). (W.7)
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To check this, we first compute that

n∑

i=1

∂iaij (x) = 1

4

n∑

i=1

∂xi

(∫

Sn−1

ωi ωj

|M(x, 0) ω|n+2 dH
n−1
ω

)

= −n+ 2

4

n∑

i=1

∫

Sn−1

ωi ωj
(
(M(x, 0) ω) · (∂xiM(x, 0) ω)

)

|M(x, 0) ω|n+4
dHn−1

ω .

(W.8)

Now, we write a Taylor expansion ofM(x, y) in the variable y of the form

M�m(x, y) = A�m(x)+ B�m(x) · y +O(y2),

for some A�m : Rn→ R and B�m : Rn → R
n. We notice that

∂xiM�m(x, 0) = ∂xiA�m(x). (W.9)

Also,

∂iM�m(0) = lim
y→0

∂yi
(
M�m(x − y, y)

)

= lim
y→0

∂yi
(
A�m(x − y)+ B�m(x − y) · y +O(y2)

)

= −∂xiA�m(x)+ B�m(x) · ei.

(W.10)

Furthermore, we use the structural assumption (3.6), and we see that

A�m(x)− B�m(x) · y +O(y2) = M(x,−y)
= M(x − y, y) = A�m(x − y)+ B�m(x − y) · y +O(y2)

= A�m(x)−∇A�m(x) · y + B�m(x) · y +O(y2).

Comparing the linear terms, this gives that

2B�m(x) = ∇A�m(x).

This and (W.10) imply that

∂iM�m(0) = −∂xiA�m(x)+
1

2
∇A�m(x) · ei = −1

2
∂xiA�m(x).

Comparing this with (W.9), we see that

∂xiM�m(x, 0) = −2∂iM�m(0).
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Fig. 13 A nice representation of nonlocal effects

So, we insert this information into (W.8) and we conclude that

n∑

i=1

∂iaij (x) = n+ 2

2

n∑

i=1

∫

Sn−1

ωi ωj
(
(M(x, 0) ω) · (∂iM(0) ω)

)

|M(x, 0) ω|n+4 dHn−1
ω .

This establishes (W.7), as desired.
Then, plugging (W.7) into (W.6), we obtain the equation in divergence form12

which was claimed in (3.7).

12A slightly different approach as that in (3.7) is to consider the energy functional in (3.9) and
prove, e.g. by Taylor expansion, that it converges to the energy functional

const
∫

Rn

aij (x) ∂iu(x) ∂j u(x) dx.

On the other hand, a different proof of (3.7), that was nicely pointed out to us by Jonas Hirsch
(who has also acted as a skilled cartoonist for Fig. 13) after a lecture, can be performed by taking
into account the weak form of the operator in (3.5), i.e. integrating such expression against a test
function ϕ ∈ C∞0 (Rn), thus finding

(1 − s)
∫∫

Rn×Rn

(
u(x) − u(x − y)) ϕ(x)
|M(x − y, y) y|n+2s

dx dy

= (1 − s)
∫∫

Rn×Rn

(
u(x) − u(z))ϕ(x)

|M(z, x − z) (x − z)|n+2s
dx dz
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Appendix X: Proof of (3.12)

First we observe that
∫

Rn\B1

|u(x)− u(x − y)|
|M(x, y) y|n+2s dy � const

∫

Rn\B1

dy

|y|n+2s � const

s
. (X.1)

Furthermore, for y ∈ B1,

M(x, y) y = M(x, 0) y +O(|y|2).
Consequently,

|M(x, y) y|2 = |M(x, 0) y|2 +O(|y|3)
and so, from the non-degeneracy ofM(·, ·),

|M(x, y) y|−n−2s = (|M(x, 0) y|2 +O(|y|3))− n+2s
2

= |M(x, 0) y|−n−2s(1+O(|y|))− n+2s
2 = |M(x, 0) y|−n−2s(1−O(|y|)).

Using this and the expansion in (W.2), we see that, for y ∈ B1,

u(x)− u(x − y)−∇u(x) · y
|M(x, y) y|n+2s

= |M(x, 0) y|−n−2s(1−O(|y|))
(
−1

2
D2u(x) y · y +O(|y|3)

)

= |M(x, 0) y|−n−2s
(
−1

2
D2u(x) y · y +O(|y|3)

)
.

= (1 − s)
∫∫

Rn×Rn

(
u(z)− u(x)) ϕ(z)

|M(x, z− x) (x − z)|n+2s
dx dz

= −(1 − s)
∫∫

Rn×Rn

(
u(x) − u(z))ϕ(z)

|M(z, x − z) (x − z)|n+2s
dx dz,

where the structural condition (3.6) has been used in the last line. This means that the weak
formulation of the operator in (3.5) can be written as

1− s
2

∫∫

Rn×Rn

(
u(x) − u(z)) (ϕ(x)− ϕ(z))
|M(z, x − z) (x − z)|n+2s

dx dz.

So one can expand this expression and take the limit as s ↗ 1, to obtain

const
∫

Rn

aij (x) ∂iu(x) ∂j ϕ(x) dx,

which is indeed the weak formulation of the classical divergence form operator.
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Thus, since, in the light of (3.11), we know that the map y �→ ∇u(x)·y
|M(x,y) y|n+2s is odd,

we can write that
∫

B1

u(x)− u(x − y)
|M(x, y) y|n+2s

dy =
∫

B1

u(x)− u(x − y)−∇u(x) · y
|M(x, y) y|n+2s

dy

= −1

2

∫

B1

D2u(x) y · y
|M(x, 0) y|n+2s

dy + O(1)

3− 2s

= − const

1− s
∫

Sn−1

D2u(x) ω · ω
|M(x, 0) ω|n+2s dH

n−1
ω + O(1)

3− 2s
,

where the last identity follows by using (W.5) (with α := 0). From this and (X.1)
we obtain that

lim
s↗1
(1− s)

∫

Rn

u(x)− u(x − y)
|M(x, y) y|n+2s

dy = lim
s↗1
(1− s)

∫

B1

u(x)− u(x − y)
|M(x, y) y|n+2s

dy

= − const
∫

Sn−1

D2u(x)ω · ω
|M(x, 0) ω|n+2

dHn−1
ω

= − const
n∑

i,j=1

∫

Sn−1

ωiωj

|M(x, 0) ω|n+2
dHn−1

ω ∂2
ij u(x),

which gives (3.12).
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Abstract For a class of fully nonlinear equations having second order operators
which may be singular or degenerate when the gradient of the solutions vanishes,
and having first order terms with power growth, we prove the existence and
uniqueness of suitably defined viscosity solutions of Dirichlet problems and we
further show that it is a Lipschitz continuous function.
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1 Content of the Paper

In this paper we prove some existence, uniqueness and Lipschitz regularity results
for solutions of the following class of Dirichlet problems

{−F(∇u,D2u)+ b(x)|∇u|β + λ|u|αu = f in �
u = ϕ on ∂�

(1.1)
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N is a bounded, C2 open set and the operator F satisfies the structural
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(H1) F : RN \{0}×SN → R is a continuous function, SN being the set ofN×N
symmetric matrices;

(H2) F(p,M) is homogeneous of degree α > −1 with respect to p, positively
homogeneous of degree 1 with respect to M , and it satisfies, for some constants
A ≥ a > 0,

a|p|αtr(N) ≤ F(p,M + N)− F(p,M) ≤ A|p|α tr(N) (1.2)

for anyM,N ∈ SN , with N ≥ 0, and, for some c > 0,

|F(p,M)− F(q,M)| ≤ c|M| ||p|α − |q|α| (1.3)

for any p, q ∈ R
N \ {0}, andM ∈ SN .

We further assume that λ > 0, the first order coefficient b is Lipschitz continuous,
the forcing term f is bounded and continuous, and the boundary datum ϕ is
Lipschitz continuous.

The novelty lies in the choice of β ∈ (0, α + 2]. In the case α = 0, the condition
on β reduces to 0 < β ≤ 2, hence the terminology “subquadratic”.

The definition of viscosity solution we adopt must be clarified, at least in the
case α < 0, since the usual one given in [8] cannot be applied in the singular case.
We use the definition firstly introduced in [4], which is equivalent to the usual one
in the case α ≥ 0, and which allows not to test points where the gradient of the test
function is zero, except in the locally constant case, when α < 0.

Definition 1.1 Let � be an open set in R
N , let f : � × R → R be a

continuous function. An upper (lower) semicontinuous function u a is a subsolution
(supersolution) of

−F(∇u,D2u)+ b(x)|∇u|β = f (x, u) in �

if for any x0 ∈ �, either u is locally constant around x0 and f (xo, u(x0)) ≥ 0(≤),
or for any test function φ of class C2 around x0 such that u−φ has a local maximum
(minimum) point in x0 and ∇φ(x0) 	= 0, then

−F(∇φ(x0),D
2φ(x0))+ b(x0)|∇φ(x0)|β ≤ (≥)f (x0, u(xo)) .

A solution is a continuous function which is both a supersolution and a subsolution.

For a nice discussion on the different kind of definition of viscosity solutions for
singular operators see the work of Attouchi and Ruosteenoja [1].

The results of the present paper have been announced in [6], where we consider
solutions u = uλ of problem (1.1) with either ϕ = 0 or ϕ = +∞ and the behaviour
of uλ as λ→ 0 is studied. Clearly, the first step to perform this analysis is a detailed
description of the existence, uniqueness and regularity properties of the solutions of
problems (1.1) in the case λ > 0, which is precisely the object of this paper. Our
results can be summarized in the following main theorem.
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Theorem 1.2 Under the above assumptions, problem (1.1) has a unique viscosity
solution, which is Lipschitz continuous up to the boundary.

We recall that the restrictions on the exponent β in order to have existence of
solutions already appear in the non singular nor degenerate case α = 0, when
generalized solutions satisfying the boundary conditions in the viscosity sense can
be constructed, but loss of boundary conditions may occur, see [2, 7].

Theorem 1.2 is obtained as a consequence of the classical Perron’s method,
which in turn relies on the comparison principle given by Theorem 3.3. Observe that
when α < 0 and the gradient of the involved test functions is 0, the information on
the solution is recovered through the result in Lemma 3.2, which is analogous to one
used in [4] in the “sublinear” case i.e. β ≤ α + 1. Moreover when b is not constant
it is necessary to check that the gradient of the test functions be uniformly bounded.
This comes from a priori interior Lipschitz estimates, proved in Theorem 2.1, which
are of independent interest.

We prove Lipschitz estimates up to the boundary for solutions of the Dirichlet
problem (1.1). Our proof follows the Ishii-Lions technique, see [11], which has to
be adapted to the present singular/degenerate case. We borrow ideas from [3, 5],
and we first prove Hölder estimates and then push the argument up to the Lipschitz
result.

Regularity results for degenerate elliptic equations have also been obtained in
[9], where equations having only a principal term of the form F(∇u,D2u) have
been considered. However, we observe that any scaling argument relying on the
homogeneity of the operator is not applicable in our case when β 	= α + 1, due to
the different homogeneities of the terms in the equation.

We also emphasize that we make no assumptions on the sign of the first order
coefficient b, meaning that the estimates we obtain rely only on the ellipticity
properties of the second order term, despite its singularity or degeneracy. These
estimates are radically different from the local Lipschitz regularity result proved in
[6], where only positive hamiltonians with “superlinear” exponent β > α + 1 are
considered. In that case, the obtained Lipschitz estimates, which do not depend on
the L∞ norm of the solution, are consequence of the coercivity of the first order
term and require that the forcing term f be Lipschitz continuous.

The Lipschitz estimates are proved in Sect. 2. In Sect. 3, after the construction
of sub and supersolutions vanishing on the boundary, we prove the comparison
principle and obtain the proof of Theorem 1.2 in the case ϕ = 0. A Strong Maximum
Principle and Hopf Principle are also included. Finally, the changes to be done in
order to prove Theorem 1.2 for any boundary datum ϕ are detailed in Sect. 4.

2 Lipschitz Estimates

The main result in this section is the following Lipschitz type estimate, where we
denote by B1 the unit ball in R

N .
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Theorem 2.1 Suppose that F satisfies (H1) and (H2) with α > −1 and suppose
that β ∈ (0, α + 2]. Let u be a bounded viscosity subsolution of

−F(∇u,D2u)+ b(x)|∇u|β ≤ g(x) in B1

and v be a bounded viscosity supersolution of

−F(∇v,D2v)+ b(x)|∇v|β ≥ f (x) in B1 ,

with f and g bounded and b Lipschitz continuous. Then, for all r < 1, there exists
cr such that for all (x, y) ∈ B2

r

u(x)− v(y) ≤ sup
B1

(u− v)+ cr |x − y|.

In order to prove Theorem 2.1 we first obtain the following Hölder estimate:

Lemma 2.2 Under the hypothesis of Theorem 2.1, for any γ ∈ (0, 1), there exists
cr,γ > 0 such that for all (x, y) ∈ B2

r

u(x)− v(y) ≤ sup
B1

(u− v)+ cr,γ |x − y|γ . (2.1)

Proof of Lemma 2.2 We borrow ideas from [3, 5, 11]. Fix xo ∈ Br , and define

φ(x, y) = u(x)− v(y)− sup
B1

(u− v)−M|x − y|γ − L(|x − xo|2 + |y − xo|2)

with L = 4(|u|∞+|v|∞)
(1−r)2 and M = (|u|∞+|v|∞)+1

δγ
, δ will be chosen later small enough

depending only on the data and on universal constants. We want to prove that
φ(x, y) ≤ 0 in B1 which will imply the result, taking first x = xo and making
xo vary.

We argue by contradiction and suppose that supB1
φ(x, y) > 0. By the previous

assumptions onM andL the supremum is achieved on (x̄, ȳ)which belongs to B2
1+r

2
and it is such that 0 < |x̄ − ȳ| ≤ δ.

By Ishii’s Lemma [10], for all ε > 0 there exist Xε and Yε in S such that
(qx,Xε) ∈ J 2,+u(x̄), (qy,−Yε) ∈ J 2,−v(ȳ) with

qx = γM|x̄ − ȳ|γ−2(x̄ − ȳ)+ 2L(x̄ − xo)

qy = γM|x̄ − ȳ|γ−2(x̄ − ȳ)− 2L(ȳ − xo).

Hence

− F(qx,Xε)+ b(x̄)|qx|β ≤ g(x̄), −F(qy,−Yε)+ b(ȳ)|qy|β ≥ f (ȳ) (2.2)
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Furthermore,

− (1
ε
+ |B|)

(
I 0
0 I

)
≤

(
Xε 0
0 Yε

)
− 2L

(
I 0
0 I

)
(2.3)

≤
(
B + 2εB2 −B − 2εB2

−B − 2εB2 B + 2εB2

)

with B = Mγ |x̄ − ȳ|γ−2
(
I − (2− γ ) (x̄−ȳ)⊗(x̄−ȳ)|x̄−ȳ|2

)
. It is immediate to see that, as

soon as δ is small enough, with our choice ofM and L, there exists c1 and c2, such
that

c1δ
−γ |x̄ − ȳ|γ−1 ≤ |qx |, |qy | ≤ c2δ

−γ |x̄ − ȳ|γ−1.

We take ε = 1
8|B|+1 = 1

8Mγ |x̄−ȳ|γ−2(N−γ )+1
and drop the index ε for Xε and Yε .

By standard considerations on the eigenvalues of B, in particular note that B + εB2

has a negative eigenvalue less than − 3γ (1−γ )
4 M|x̄ − ȳ|γ−2, and, using (2.3), the

following holds

X+Y ≤ (2L+ε)I and inf λi(X+Y ) ≤ 4 inf λi(B+εB2) ≤ −3γ (1−γ )M|x̄−ȳ|γ−2.

Hence, as soon as δ is small enough, for some constant c depending only on a, A, γ
and N ,

F(qx,X)− F(qx,−Y ) ≤ |qx |α
(
A
∑
λi>0 λi(X + Y )+ a

∑
λi<0 λi(X + Y )

)

≤ |qx |α (2AN(2L+ 1)− 3aMγ (1− γ )) |x̄ − ȳ|γ−2

≤ −cδ−γ (α+1)|x̄ − ȳ|γ (α+1)−(α+2).

(2.4)

And the following standard inequalities hold:

If 0 ≤ α < 1, ||qy|α − |qx|α| ≤ |qx − qy|α ≤ cLα

If α ≥ 1, ||qy|α−|qx|α| ≤ |α||qx−qy |(|qx|+|qy|)α−1 ≤ c(δ−γ |x̄− ȳ|(γ−1))(α−1)

If − 1 < α < 0, ||qy |α − |qx|α| ≤ |α||qx − qy | inf(|qx|, |qy |)α−1

≤ c(δ−γ |x̄ − ȳ|(γ−1))(α−1)

This implies that, for any α > −1,

|F(qx,X) − F(qy,X)| ≤ cmax(δ−γ |x̄ − ȳ|γ−2, δ−αγ |x̄ − ȳ|αγ−α−1). (2.5)
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Next, we need to evaluate |b(x̄)|qx |β−b(ȳ)|qy |β |. One easily has, for some constant
which depends only on β and universal constants,

|b(x̄)|qx |β − b(ȳ)|qy |β | ≤ Lip b cδ−γβ |x̄ − ȳ|γβ−β+1 (2.6)

+ c|b|∞max(1, δ−γ (β−1)|x̄ − ȳ|γ (β−1)−β+1).

Observe that choosing δ small, the terms in (2.5) and in (2.6) are of lower order with
respect to (2.4) i.e.

max(δ−γ |x̄ − ȳ|γ−2, δ−αγ |x̄ − ȳ|αγ−α−1) + Lip b δ−γβ |x̄ − ȳ|γβ−β+1

+|b|∞max(1, δ−γ (β−1)|x̄ − ȳ|γ (β−1)−β+1) << δ−γ (α+1)|x̄ − ȳ|γ (α+1)−(α+2)

We then have, for some constant c,

−g(x̄) ≤ F(qx,X)− b(x̄)|qx |β
≤ F(qy,−Y )− b(ȳ)|qy |β − cδ−γ (1+α)|x̄ − ȳ|γ (α+1)−(2+α)

≤ −f (ȳ)− cδ−γ (1+α)|x̄ − ȳ|γ (α+1)−(2+α)

This is a contradiction with the fact that f and g are bounded, as soon as δ is small
enough. ��

We are now in a position to prove the Lipschitz estimate. The proof proceeds
analogously to the Hölder estimate above, but with a modification in the term
depending on |x − y| in the function φ(x, y).

Proof of Theorem 2.1 For α ≤ 0 we choose τ ∈ (0, 1
2 ) while for α > 0 we fixe

τ ∈ (0, inf(1,α)
2 )). For so = (1+ τ ) 1

τ , we define

ω(s) = s − s1+τ

2(1+ τ ) for s ∈ (0, so), ω(s) = ω(so)for s ≥ so. (2.7)

Note that ω(s) is C2 on s > 0, s < so and satisfies ω′ > 0, ω′′ < 0 on ]0, 1[, and
s > ω(s) ≥ s

2 .

As before in the Hölder case, with L = 4(|u|∞+|v|∞)+1
(1−r)2 and M = (|u|∞+|v|∞)+1

δ

we define

φ(x, y) = u(x)− v(y)− sup
B1

(u− v) −Mω(|x − y|)− L(|x − xo|2 + |y − xo|2).

Classically, as before, we suppose that there exists a maximum point (x̄, ȳ) such
that φ(x̄, ȳ) > 0, then by the assumptions onM , and L, x̄, ȳ belong to B(xo, 1−r

2 ),
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hence they are interior points. This implies, using (2.1) in Lemma 2.2 with γ < 1
such that γ2 >

τ
inf(1,α) for α > 0 and γ

2 > τ when α ≤ 0 that, for some constant cr ,

L|x̄ − xo|2 ≤ cr |x̄ − ȳ|γ . (2.8)

and then one has |x̄ − xo| ≤
(
cr
L

) 1
2 |x̄ − ȳ| γ2 .

Furthermore, for all ε > 0, there exist Xε and Yε in S such that (qx,Xε) ∈
J 2,+u(x̄), (qy,−Yε) ∈ J 2,−v(ȳ) with

qx = Mω′(|x̄− ȳ|) x̄ − ȳ|x̄ − ȳ| +L(x̄− xo), q
y =Mω′(|x̄− ȳ|) x̄ − ȳ|x̄ − ȳ| −L(ȳ− xo).

While Xε and Yε satisfy (2.3) with

B = M
(
ω′(|x̄ − ȳ|)
|x̄ − ȳ| (I − x̄ − ȳ ⊗ x̄ − ȳ|x̄ − ȳ|2 )+ ω′′(|x̄ − ȳ|) x̄ − ȳ ⊗ x̄ − ȳ|x̄ − ȳ|2

)
.

Note that as soon as δ is small enough M
2 ≤ |qx |, |qy| ≤ 3M

2 . Also,Mω′′(|x̄− ȳ|) =
−M τ

2 |x̄ − ȳ|τ−1 is an eigenvalue of B which is large negative as soon as δ is small
enough.

Taking ε = 1
8|B|+1 and dropping the ε in the notations arguing as in the above

proof, we get that there exists some constant c such that

F(qx,X)− F(qx,−Y ) ≤ −cδ−(1+α)|x̄ − ȳ|τ−1. (2.9)

Note that by (2.3) using the explicit value of B one has

|X| + |Y | ≤ c(M|x̄ − ȳ|−1 + 4(L+ 1)N) ≤ cδ−1|x̄ − ȳ|−1 (2.10)

as soon δ is small enough.
On the other hand, using the mean value theorem, that for some universal

constant

if α ≥ 1, or α < 0, ||qx|α − |qy |α| ≤ cδ−α+1|x̄ − ȳ| γ2 ,

while

if 0 < α ≤ 1, ||qx |α − |qy|α| ≤ c|x̄ − ȳ| γα2 .

In each of these cases one easily obtains, using (2.10)

||qx|α − |qy |α| |X| ≤ cδ−1−α|x̄ − ȳ|−1+ γ2 if α ≤ 0, or α > 1,

||qx|α − |qy |α| |X| ≤ cδ−1|x̄ − ȳ|−1+ γα2 if α ∈]0, 1[
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We have obtained, with the above choice of γ that, as soon as δ is small enough,
|F(qx,X)−F(qy,X)| is small with respect to cδ−1−α|x̄− ȳ|τ−1.We now treat the
terms involving b with similar considerations. If β ≥ 1,

|b(x̄)|||qx|β − |qy|β | ≤ |b|∞|qx − qy |Mβ−1 ≤ cδ−β+1|x̄ − ȳ| γ2 ,
while if β ≤ 1,

|b(x̄)|||qx|β − |qy|β | ≤ |b|∞c|x̄ − ȳ| γβ2 .
Observe also that

|b(x̄)− b(ȳ)||qx|β ≤ c lip b|x̄ − ȳ|δ−β.
Finally,

|b(x̄)− b(ȳ)||qx|β ≤ c|x̄ − ȳ|τ−1δ−β+2−τ

= c|x̄ − ȳ|τ−1δ−1−αδ−β+3−τ+α

Since 3+ α − β − τ > 0, this term is also small with respect to δ−1−α|x̄ − ȳ|τ−1.
Putting all the estimates together we get

−g(x̄) ≤ F(qx,X)− b(x̄)|qx |β
≤ F(qy,−Y )− b(ȳ)|qy |β − cδ−1−α|x̄ − ȳ|−1+τ

≤ −f (ȳ)− cδ−1−α|x̄ − ȳ|−1+τ .

This is clearly a contradiction as soon as δ is small enough since f and g are
bounded. ��

3 Existence and Uniqueness Results for Homogenous
Dirichlet Conditions

The existence of solutions for (1.1) with the boundary condition ϕ = 0 will be
classically obtained as a consequence of the existence of sub- and supersolutions, of
some comparison result, and the Perron’s method.

We start with a result on the existence of sub and supersolutions of equations
involving the Pucci’s operators

M+(M) = A∑
λi>0 λi + a

∑
λi<0 λi

M−(M) = a∑λi>0 λi + A
∑
λi<0 λi

defined for anyM ∈ SN , M ∼ diag(λ1, . . . , λN).
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Proposition 3.1 Let λ > 0 and b > 0 be given and β ∈ (0, α + 2]. For allM > 0,
there exists a continuous function ϕ ≥ 0 supersolution of

{−|∇ϕ|αM+(D2ϕ)− b|∇ϕ|β + λϕ1+α ≥M in �
ϕ = 0 on ∂�

(3.1)

and symmetrically, for all M > 0, there exists a continuous function ϕ ≤ 0
subsolution

{−|∇ϕ|αM−(D2ϕ)+ b|∇ϕ|β + λ|ϕ|αϕ ≤ −M in �
ϕ = 0 on ∂�.

Proof of Proposition 3.1 We shall construct explicitly a positive supersolution, the
subsolution is just the negative of it.

Since� is a smooth domain, d(x), the function distance from the boundary, is C2

in the neighbourhood {d(x) < δ0} for some δ0 > 0, hence we will suppose to extend
it to a C2 function in �, which is greater than δ0 outside of a δo neighbourhood of
the boundary.

Let us fix a positive constant κ satisfying λ log(1+κ)1+α > M and, for C > 2κ
δ0

,
consider the function ϕ(x) = log(1 + Cd(x)). Observe that |∇d| = 1 in {d(x) <
δ0}.

Suppose that ϕ is showed to be a supersolution in the set {Cd(x) < 2κ}. Then,
the function

φ(x) :=
{

log(1+ Cd(x)) in {Cd(x) < κ}
log(1+ κ) in {Cd(x) ≥ κ}

is the required supersolution, being the minimum of two supersolutions.
We now prove that in {Cd(x) < 2κ}, ϕ is a supersolution. Easily, one gets

∇ϕ = C∇d
(1+ Cd), D

2ϕ = CD2d

1+ Cd −
C2∇d ⊗∇d
(1+ Cd)2 .

We suppose first that β < α+ 2. Let C1 be such thatD2d ≤ C1Id. For C satisfying
furthermore

aC

2(1+ 2κ)
≥ ANC1,

a

2

(
C

1+ 2κ

)2+α−β
> 2b,

aC2+α

4(1+ 2κ)2+α
> M ,

one gets that

|∇ϕ|αM+(D2ϕ)+ b|∇ϕ|β ≤ −M ,
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from which the conclusion follows.
We now suppose that β = α+2. We begin to observe that the calculations above

can be extended to β = α + 2 as soon as b < a
4 . So suppose that ε = a

4b , that ϕ is
some barrier for the equation

−|∇ϕ|αM+(D2ϕ)+ a
4
|∇ϕ|β ≥Mε1+α

Then ψ = ϕ
ε

satisfies

−|∇ψ|αM+(D2ψ)+ b|∇ψ|β ≥ M.

��
Recall that, for α < 0, the equation we are considering are singular. Hence, we

need to treat differently the solutions when the test function has a vanishing gradient.
That is the object of the following lemma, which is proved on the model of [4] where
we treat the case β = α + 1. We give the detail of the proof for the convenience of
the reader.

Lemma 3.2 Let γ and b be continuous functions. Assume that v is a supersolution
of

−|∇v|αM−(D2v)+ b(x)|∇v|β + γ (v) ≥ f in �

such that, for some C > 0 and q ≥ α+2
α+1 , x̄ ∈ � is a strict local minimum of

v(x)+ C|x − x̄|q . Then

f (x̄) ≤ γ (v(x̄)).

Proof Without loss of generality we can suppose that x̄ = 0.
If v is locally constant around 0 the conclusion is the definition of viscosity

supersolutions. If v is not locally constant, since q > 1, for any δ > 0 sufficiently
small, there exist (zδ, tδ) ∈ B2

δ such that

v(tδ) > v(zδ)+ C|zδ − tδ|q . (3.2)

The idea of the proof is to construct a test function near 0 whose gradient is not zero.
Since 0 is a strict minimum point of v(x)+C|x|q , there exist R > 0 and, for any

0 < η < R, ε(η) > 0 satisfying

min
η≤|x|≤R(v(x)+ C|x|

q) ≥ v(0)+ ε(η).
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Let η > 0 be fixed. We choose δ = δ(η) > 0 such that Cδq ≤ ε(η)
4 . Note that δ→ 0

as η→ 0. With this choice of δ, we have

min|x|≤R(v(x)+ C|x − tδ|
q) ≤ v(0)+ C|tδ|q ≤ v(0)+ ε(η)

4
.

On the other hand, restricting further δ such that qδC(R + 1)q−1 <
ε(η)

4 , we get

min
η≤|x|≤R(v(x)+C|x−tδ|

q) ≥ min
η≤|x|≤R(v(x)+C|x|

q)−qC|tδ|(R+|tδ |)q−1 ≥ v(0)+ 3ε(η)

4
.

This implies that min|x|≤R(v(x) + C|x − tδ|q) is achieved in Bη. Furthermore, it
cannot be achieved in tδ by (3.2). Hence, there exists yδ ∈ Bη, yδ 	= tδ , such that

v(yδ)+ C|yδ − tδ|q = min|x|≤R(v(x)+ C|x − tδ|
q).

Let us now consider the test function

ϕ(z) = v(yδ)+ C|yδ − tδ|q − C|z− tδ|q ,

that touches v from below at yδ . Since v is a supersolution, we obtain

NA(q−1)qα+2Cα+1|yδ−tδ |q(α+1)−(α+2)+Cβ |b(yδ)||yδ−tδ |(q−1)β+γ (v(yδ)) ≥ f (yδ).
(3.3)

On the other hand, we observe that

v(yδ) ≤ v(yδ)+ C|yδ − tδ|q ≤ v(0)+ C|tδ|q ≤ v(0)+ Cδq.

By the lower semicontinuity of v, this implies that

v(yδ)→ v(0) as η→ 0 .

Thus, letting η→ 0 in (3.3), by the continuity of γ and f it follows that

γ (v(0)) ≥ f (0) .

��
We are now in a position to prove the following comparison principle that will be
essential to the proof of the existence of the solution.
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Theorem 3.3 Suppose that F and β are as in Theorem 2.1, that � is a bounded
domain and that γ is a non decreasing function. Assume that, in �, u is an upper
semicontinuous bounded from above viscosity subsolution of

−F(∇u,D2u)+ b(x)|∇u|β + γ (u) ≤ g

and that v is a lower semicontinuous bounded from below viscosity supersolution of

−F(∇v,D2v)+ b(x)|∇v|β + γ (v) ≥ f ,

with f and g bounded and b Lipschitz continuous.
Suppose furthermore that

• either g ≤ f and γ is increasing,
• or g < f .

Then

u ≤ v on ∂�  ⇒ u ≤ v in �.

Proof The case α ≥ 0. We use classically the doubling of variables. So we define
for all j ∈ N , ψj (x, y) = u(x)− v(y)− j

2 |x − y|2. Suppose by contradiction that
u > v somewhere, then the supremum of u − v is strictly positive and achieved
inside �.

Then one also has supψj > 0 for j large enough and it is achieved on
(xj , yj ) ∈ �2. Using Ishii’s lemma, [10], there exist Xj and Yj in S such that

(j (xj − yj ),Xj ) ∈ J 2,+
u(xj ), (j (xj − yj ),−Yj ) ∈ J 2,−

v(yj ). It is clear that
Theorem 2.1 in section 2 can be extended to the case where� replaces B(0, 1) and
�′ ⊂⊂ � replaces B(0, r). Since (xj , yj ) converges to (x̄, x̄), both of them belong,
for j large enough, to some �′. We use Theorem 2.1 to obtain that j |xj − yj | is
bounded.

Indeed u(xj )− v(yj )− j
2 |xj − yj |2 ≥ sup(u− v), hence

j

2
|xj −yj |2 ≤ u(xj )− v(yj )− sup(u− v) ≤ sup(u− v)+ c|xj −yj |− sup(u− v).

We obtain

g(xj )− γ (u(xj )) ≥ −F(j (xj − yj ),Xj )+ b(xj )|j (xj − yj )|β

≥ −F(j (xj − yj ),−Yj )+ b(yj )|j (xj − yj )|β − o(xj − yj )(j |xj − yj |)β

≥ f (yj )+ o(j |xj − yj |2)|(j |xj − yj |)α − γ (v(yj )). (3.4)
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By passing to the limit on j one gets that up to a subsequence (xj , yj ) → (x̄, x̄)

and (3.4) becomes

g(x̄)− γ (u(x̄)) ≥ f (x̄)− γ (v(x̄))

and we have obtained a contradiction in each of the cases “f > g and γ is non
decreasing”, or “f ≥ g and γ is increasing”.

The case α < 0. We recall that in this case one must use a convenient definition
of viscosity solutions, see [4].

We suppose by contradiction that sup(u − v) > 0 then it is achieved inside �,
and taking q > α+2

α+1 ≥ 2 the function

ψj (x, y) = u(x)− v(y)− j
q
|x − y|q

has also a local maximum on (xj , yj ). Then, there are Xj , Yj ∈ SN such that

(j |xj − yj |q−2(xj − yj ),Xj ) ∈ J 2,+u(xj )

(j |xj − yj |q−2(xj − yj ),−Yj ) ∈ J 2,−v(yj )

and

−4jkj

(
I 0
0 I

)
≤

(
Xj 0
0 Yj

)
≤ 3jkj

(
I −I
−I I

)

where

kj = 2q−3q(q − 1)|xj − yj |q−2.

In order to use the fact that u and v are respectively sub and super solutions we need
to prove the following

Claim For j large enough, we can choose xj 	= yj . Note that :

(i) from the boundedness of u and v one deduces that |xj − yj | → 0 as j →∞.
Thus up to subsequence (xj , yj )→ (x̄, x̄).

(ii) One has lim infψj (xj , yj ) ≥ sup(u− v);
(iii) lim supψj(xj , yj ) ≤ lim sup u(xj )− v(yj ) = u(x̄)− v(x̄)
(iv) Thus j |xj − yj |q → 0 as j →+∞ and x̄ is a maximum point for u− v.

Furthermore by the Lipschitz estimates in Theorem 2.1 j |xj − yj |q ≤ u(xj ) −
v(yj ) − sup(u − v) ≤ c|xj − yj | since (xj , yj ) belong to a compact set inside �.
This implies that j |xj − yj |q−1 is bounded.
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Suppose by contradiction that xj = yj . Then one would have

ψj (xj , xj ) = u(xj )− v(xj ) ≥ u(xj )− v(y)− j
q
|xj − y|q;

ψj (xj , xj ) = u(xj )− v(xj ) ≥ u(x)− v(xj )− j
q
|x − xj |q;

and then xj would be a local minimum for � := v(y)+ j
q
|xj − y|q, and similarly

a local maximum for  := u(x)− j
q
|xj − x|q.

We first exclude that these extrema are both strict. Indeed in that case, by
Lemma 3.2

γ (v(xj )) ≥ f (xj ), and γ (u(xj )) ≤ g(xj ).

This is a contradiction with the assumptions on γ and f and g, once we pass to
the limit when j goes to∞ since we get

γ (v(x̄)) ≥ f (x̄) ≥ g(x̄) ≥ γ (u(x̄)).

Hence xj cannot be both a strict minimum for � and a strict maximum for  .
Suppose without loss of generality that xj is not a strict minimum for �, then there
exist δ > 0 and R > δ such that B(xj , R) ⊂ � and

v(xj ) = min
δ≤|x−xj |≤R

{v(x)+ j
q
|x − xj |q}.

Then if yj such that δ ≤ |y − xj | ≤ R, is a point on which the minimum above
is achieved, one has

v(xj ) = v(yj )+ j
q
|xj − yj |q,

and (xj , yj ) is still a maximum point for ψj .
Recalling that j |xj − yj |q−1 is bounded, we can now conclude, using the fact

that u and v are respectively sub and super solution to obtain:

g(xj ) ≥ F(j |xj − yj |q−2(xj − yj ),Xj )+ b(xj )|j (xj − yj |q−1|β + γ (u(xj ))
≥ F(j |xj − yj |q−2(xj − yj ),−Yj )+ b(yj )|j (xj − yj |q−1|β

− lipb|xj − yj ||j |xj − yj |q−1|β + γ (v(yj ))+
(−γ (v(yj ))+ γ (u(xj ))

)

≥ f (yj )− γ (v(yj ))+ γ (u(xj ))+O(xj − yj )



Dirichlet Problems for Fully Nonlinear Equations with “Subquadratic” Hamiltonians 121

Passing to the limit the following inequality holds

g(x̄) ≥ f (x̄)− γ (v(x̄))+ γ (u(x̄)).

This is a contradiction in each of the cases “f > g and γ is non decreasing” or
“f ≥ g and γ is increasing”. ��
We derive from the construction of barriers and the comparison theorem the
following existence result for Dirichlet homogeneous boundary conditions

Theorem 3.4 Let� be a bounded C2 domain, λ > 0, f ∈ C(�) and b ∈ W 1,∞(�).
Under the assumptions (H1) and (H2), there exists a unique u which satisfies

{−F(∇u,D2u)+ b(x)|∇u|β + λ|u|αu = f in �
u = 0 on ∂�.

(3.5)

Furthermore, u is Lipschitz continuous up to the boundary.

Proof The existence result is an easy consequence of the comparison principle and
Perron’s method adapted to our framework, as it is done in [4]. In order to prove
that u is Lipschitz continuous up to the boundary, observe that, by construction,
there exist C > c > 0 such that cd ≤ u ≤ Cd , where d is the distance function
from ∂�.

Then, consider the function

φ(x, y) = u(x)− u(y)−Mω(|x − y|) ,

where ω has been defined in (2.7), and suppose that M > 2C. Arguing as in the
proof of Lemma 2.2 and Theorem 2.1, we assume by contradiction that φ is positive
somewhere, say on (x̄, ȳ). Then, neither x̄ nor ȳ belong to the boundary, due to the
inequality, for y ∈ ∂�,

u(x) ≤ Cd(x) ≤ M

2
d(x) ≤Mω(|x − y|).

A similar reasoning proves that x̄ cannot belong to the boundary. The rest of the
proof runs as in Theorem (2.1), with even simpler computations, since we do not
need the additional term |x − xo|2 + |y − yo|2 in the auxiliary function φ. ��

We end this section with some Strong maximum principle and Hopf principle.

Theorem 3.5 Suppose that u is a non negative solution in � of

−|∇u|αM−(D2u)+ b(x)|∇u|β ≥ 0.

Then either u > 0 inside �, or u ≡ 0. Moreover if x̄ is in ∂� so that an interior
sphere condition holds and u(x̄) = 0, then “∂nu(x̄)” < 0.
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Proof Suppose that there exists an interior point x1 such that u(x1) = 0. We
can choose x1 such that there exists xo satisfying |xo − x1| = R, the ball
B(xo, 2R) ⊂ � and u > 0 in B(xo,R). Since u is lower semi-continuous, let
δ < inf(1, infB(xo, R2 )

u), and define in the crown B(xo, 2R) \ B(xo, R2 ).
v(r) = δ(e−cr − e−cR) where c > 2(N−1)A

Ra
, and a

2 c
2+α−β > |b|∞, if β < α+2,

(which implies that δ1+α a
2 c

2+α−β > δβ |b|∞), if β = α+ 2, note that we can take δ
so that δ1+α−β a

2 > |b|∞. Then one has v ≤ u on the boundary of the crown, and

−|v′|α(av′′ + AN − 1

r
v′)+ |b|∞|v′|β < 0.

Using the comparison principle one gets that u ≥ v. Then v is a C2 function
which achieves u on below on x1 and this is a contradiction with the fact that u is a
super-solution. The last statement is proved. Suppose that x̄ is on the boundary and
consider an interior sphere B(xo,R) ⊂ � with |xo − x1| = R, and the function v
as above. We still have by construction that v ≥ u. Then taking for h > 0 small,
xh = hxo + (1− h)x1 one has |xh − xo| = (1− h)R and

u(xh)− u(x1)

xh − x1
≥ v(xh)− v(x1)

xh − x1
≥ cRe−cR > 0

which implies the desired Hopf’s principle. ��

4 Non Homogeneous Boundary Conditions

In order to obtain solutions for the non homogeneous boundary condition, we need
the construction of barriers, and a Lipschitz estimate near the boundary, as follows

Lemma 4.1 LetB ′ be the unit ball in R
N−1, and let ϕ ∈ W 1,∞(B ′). Let η ∈ C2(B ′)

such that η(0) = 0 and ∇η(0) = 0. Let d be the distance to the hypersurface
{xN = η(x ′)}.

Then, for all r < 1 and for all γ < 1, there exists δo depending on ‖f ‖∞, a, A,
‖b‖∞,�, r and Lipϕ, such that for all δ < δo, if u be a USC bounded by above sub-
solution of

{−F(∇u,D2u)+ b|∇u|β ≤ f in B ∩ {xN > η(x ′)}
u ≤ ϕ on B ∩ {xN = η(x ′)} (4.1)

then it satisfies

u(x ′, xN) ≤ ϕ(x ′)+ (supu) log(1+ 2

δ
d) in Br(0) ∩ {xN = η(x ′)}.
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We have a symmetric result for supersolutions bounded by below.

Proof First case. Without loss of generality we will suppose that u ≤ 1. We
suppose that β < α + 2. We also write the details of the proof for ϕ = 0. The
changes to bring in the case ϕ 	= 0 will be given at the end of the proof, the detailed
calculation being left to the reader.

It is sufficient to consider the set where d(x) < δ since the assumption u ≤ 1
implies the result elsewhere.

We begin by choosing δ < δ1, such that on d(x) < δ1 the distance is C2

and satisfies |D2d| ≤ C1. We shall also later choose δ smaller depending of
(a,A, ‖f ‖∞, ‖b‖∞, N).

In order to use the comparison principle we want to construct w a super
solution of

−|∇w|αM+(D2w)−b|∇w|β ≥ ‖f ‖∞, in B∩{xN > η(x ′), d(x) < δ} (4.2)

such that w ≥ u on ∂(B ∩ {xN > η(x ′), d(x) < δ}).
We then suppose that δ < 1−r

9 , define C = 2
δ

and

w(x) =
{

log(1+ Cd) for |y| < r
log(1+ Cd)+ 1

(1−r)3 (|x| − r)3 for 1 ≥ |x| ≥ r.

In order to prove the boundary condition, let us observe that,
on {d(x) = δ}, w ≥ log 3 ≥ 1 ≥ u,
on {|x| = 1} ∩ {d(x) < δ}, w ≥ 1

(1−r)3 (1− r)3 ≥ u and finally

on B ∩ {xN = η(x ′)}, w ≥ 0 = u.
We need to check that w is a super solution. For that aim, we compute

∇w =
{

C
1+Cd∇d when |x| < r
C

1+Cd∇d + x
|x|

3
(1−r)3 (|x| − r)2 if |x| > r.

Note that |∇w| ≥ C
2(1+Cd) ≥ 1

3δ since δ ≤ 1−r
9 and that |∇w| ≤ 3C

2(1+Cd) . By

construction w is C2 and

D2w = CD2d

1+ Cd −
C2∇d ⊗∇d
(1+ Cd)2 +H(x)
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where |H(x)| ≤ 6
(1−r)2 + 3N

r(1−r) . In particular

−M+(D2w) ≥ a C2

(1+ Cd)2 − A
C|D2d|∞
1+ Cd − A

(
6

(1− r)2 +
3N

r(1− r)
)

≥ a C2

(1+ Cd)2 − AC|D
2d|∞ − A

(
6

(1− r)2 +
3N

r(1− r)
)

≥ a C2

4(1+ Cd)2

as soon as δ is small enough, depending only on r , A, a.
Hence (we do the computations for α > 0 and leave to the reader the case α < 0,

which can easily be deduced since C
2(1+Cd) ≤ |∇w| ≤ 3C

2(1+Cd)).

−|∇w|αM+(D2w)− b|∇w|β ≥ a C2+α

22α+2(1+ Cd)2+α − b
(

C

2(1+ Cd)
)β

≥ a C2+α

24+α(1+ Cd)2+α ≥ |f |∞

as soon as δ is small enough in order that

b < a2β−2α−4
(
C

3

)α+2−β
(4.3)

and so that a C2+α
24+α(1+Cd)2+α > |f |∞.

By the comparison principle, Theorem 3.3, u ≤ w in B ∩ {xN > η(x ′)} ∩
{d(x) < δ}.

Furthermore the desired lower bound on u is easily deduced by considering −w
in place of w in the previous computations and restricting to Br ∩ {xN > η(x ′)}.
This ends the case ϕ ≡ 0.

To treat the case where ϕ is non zero, let ψ be a solution of

M+(ψ) = 0, ψ = ϕ on ∂�.

It is known that ψ ∈ C2(�), ψ is Lipschitz, |∇ψ| ≤ K|∇ϕ|∞. Then in the previous
calculation it is sufficient to define as soon as δ is small enough in order that 1

3δ >

2K|∇ϕ|∞,

w(y) =
{

log(1+ Cd)+ ψ(x) for |x| < r
log(1+ Cd)+ 1

(1−r)3 (|x| − r)3 + ψ(x) for |x| ≥ r.
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And we choose C = 2
δ

large enough in order that C2 > 2(|∇ψ|∞ + 1
1−r ) and also

large enough in order that −|∇w|αM+(D2w) − b|∇w|β > |f |∞ which can be
easily done by the same argument as before, using

−|∇w|αM+(D2w)− b|∇w|β ≥ −2−|α||∇(log(1+ Cd)|αM+(log(1+ Cd))
− b2−β |∇(log(1+ Cd)|β.

Second case Suppose now that β = α + 2. It is sufficient to construct a convenient
super-solution w.

Recall that the previous proof used (4.3), which reduces when α + 2 = β, to the

condition b < a2β−2α−4. Let then ε = a2β−2α−4

b
, and let w which equals ϕ

ε
on the

boundary, and satisfies

−|∇w|αM+(D2w)− εb|∇w|β ≥ ε1+α|f |∞
Then we obtain by the comparison principle that u

ε
≤ w and then u ≤ εw. ��

This enables us to prove the following Lipschitz estimate up to the boundary.

Proposition 4.2 Let ϕ be a Lipschitz continuous function on the part T = B(0, 1)∩
{xN = η(x ′)}, that f ∈ C(�) and b is Lipschitz continuous. Suppose that u and v
are respectively sub and supersolution which satisfy (4.1) in B(0, 1)∩{xN > η(x ′)},
with u = ψ = v on T .

Then, for all r < 1, there exists cr > 0 depending on r, a,A,Lip(b) and N such
that, for all x and y in Br ∩ {xN ≥ η(x ′)}),

u(x)− v(y) ≤ sup
B1∩{yN≥η(y ′)})

(u− v)+ cr
(
|f |

1
1+α∞ + |u|∞ + |ψ|W 1,∞(T )

)
|x − y|

In particular, when u is a solution we have a Lipschitz local estimate up to the
boundary.

Proof The proof is similar to the proof of Theorem 2.1. Hence we must first prove
that, for γ < 1,

u(x)− v(y) ≤ sup
B1∩{yN≥η(y ′)})

(u− v)+ cr
(
|f |

1
1+α∞ + |u|∞ + |ψ|W 1,∞(T )

)
|x − y|γ .

We do not give the details, but this is done introducing the function

φ(x, y) = u(x)−v(y)− sup
B1∩{xN>η(x ′)}

(u−v)−Mω(|x−y|)−L|x−xo|2−L|y−xo|2,

where ω is as in the proof of Lemma 2.2 and x and y are in B(0, 1)∩ {xN > η(x ′)}.



126 I. Birindelli et al.

We want to prove that φ ≤ 0, which will classically imply the result. We argue
by contradiction and need to prove first that if (x̄, ȳ) is a maximum point for φ, then
neither x̄ nor ȳ belongs to xN = η(x ′). We notice that, if ȳ ∈ {xN = η(x ′)}, then

u(x̄)− ψ(ȳ) ≥ sup
B1∩{xN>η(x ′)}

(u− v) +Mω(|x − y|)

≥ u(ȳ)− v(ȳ)+Mω(|x̄ − ȳ|)

which contradicts Lemma 4.1 for M large enough. The case when x̄ ∈ {xN =
η(x ′)} is excluded in the same manner. The rest of the proof follows the lines of
Lemma 2.2 and Theorem 2.1. ��
Remark 4.3 When the boundary condition is prescribed on the whole boundary, we
have a simpler proof, as we noticed in the homogeneous case, taking

φ(x, y) = u(x)− v(y)− sup
B1∩{xN>η(x ′)}

(u− v)−Mω(|x − y|) .

In this case the localizing terms are not needed, since it is immediate to exclude that
the maximum point (x̄, ȳ) is on the boundary.
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Monotonicity Formulas for Static Metrics
with Non-zero Cosmological Constant

Stefano Borghini and Lorenzo Mazzieri

Abstract In this paper we adopt the approach presented in Agostiniani and Mazz-
ieri (J Math Pures Appl 104:561–586, 2015; Commun Math Phys 355:261–301,
2017) to study non-singular vacuum static space-times with non-zero cosmological
constant. We introduce new integral quantities, and under suitable assumptions
we prove their monotonicity along the level set flow of the static potential. We
then show how to use these properties to derive a number of sharp geometric and
analytic inequalities, whose equality case can be used to characterize the rotational
symmetry of the underlying static solutions. As a consequence, we are able to
prove some new uniqueness statements for the de Sitter and the anti-de Sitter
metrics. In particular, we show that the de Sitter solution has the least possible
surface gravity among three-dimensional static metrics with connected boundary
and positive cosmological constant.

Keywords Static metrics · Splitting theorem · (Anti)-de Sitter solution ·
Overdetermined boundary value problems
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1 Introduction

Throughout this paper we let (M, g0) be an n-dimensional Riemannian manifold,
n ≥ 3, with (possibly empty) smooth compact boundary ∂M .
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1.1 Static Einstein System

Consider positive functions u ∈ C∞(M) such that the triple (M, g0, u) satisfies the
static Einstein system

⎧
⎪⎪⎨

⎪⎪⎩

uRic = D2u+ 2#

n− 1
u g0, in M

�u = − 2#

n− 1
u, in M

(1.1)

where Ric, D, and� represent the Ricci tensor, the Levi-Civita connection, and the
Laplace–Beltrami operator of the metric g0, respectively, and # ∈ R is a constant
called cosmological constant. Note that a consequence of the above equations is that
the scalar curvature is

R = 2# .

We notice that the equations in (1.1) are assumed to be satisfied in the wholeM
in the sense that they hold inM \ ∂M in the classical sense and if we take the limits
of both the left hand side and the right hand side, they coincide at the boundary. In
the rest of the paper the metric g0 and the function u will be referred to as static
metric and static potential, respectively, whereas the triple (M, g0, u) will be called
a static solution. A classical computation shows that if (M, g0, u) satisfies (1.1),
then the Lorentzian metric γ = −u2 dt ⊗ dt + g0 satisfies the vacuum Einstein
equations

Ricγ = 2#

n− 1
γ in R× (M \ ∂M) .

Throughout this work we will be interested to the case # 	= 0 (see [4] for the
case # = 0). If # > 0 (respectively # < 0) we can rescale the metric to obtain
# = 1

2n(n−1) (respectively# = − 1
2n(n−1)). We recall that the simplest solutions

of the rescaled problem (1.1) are given by the de Sitter solution [18]

(M, g0, u) =
(
D
n , gD = d|x| ⊗ d|x|

1− |x|2 + |x|2gSn−1 , uD =
√

1− |x|2
)
,

(1.2)

where D
n := {x ∈ R

n : |x| < 1} is the n-disc, when the cosmological constant is
positive, and by the anti-de Sitter solution

(M, g0, u) =
(
R
n , gA = d|x| ⊗ d|x|

1+ |x|2 + |x|2gSn−1 , uA =
√

1+ |x|2
)
,

(1.3)

when the cosmological constant is negative.
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1.2 Setting of the Problem and Statement of the Main Results
(Case � > 0)

In the case# > 0 it seems physically reasonable (see for instance [8, 25]) to suppose
thatM is compact with non-empty boundary, and that u ∈ C∞(M) is a nonnegative
function (strictly positive in int(M)) which solves the problem

⎧
⎪⎪⎨

⎪⎪⎩

uRic = D2u+ n u g0, inM

�u = −n u, inM

u = 0, on ∂M

(1.4)

We notice that the first two equations coincide with the equations of the rescaled
problem (1.1) in the case of a positive cosmological constant.

Normalization 1 Since the problem is invariant under a multiplication of u by
a positive constant, without loss of generality we will suppose from now on
maxM(u) = 1. We also let

MAX(u) = {p ∈ M : u(p) = 1}

be the set of the points that realize the maximum.

Recall that, since u = 0 on ∂M , the first equation of problem (1.4) implies
that D2u = 0 on ∂M . Therefore, |Du| is constant (and different from zero, see [8,
Lemma 3]) on each connected component of ∂M . The positive constant value of
|Du| on a connected component of ∂M is known in the literature as the surface
gravity of the connected component. It is easily seen that the surface gravity of the
boundary of the de Sitter solution (1.2) is equal to 1. Thus, it makes sense to consider
the following hypothesis, that will play a fundamental role in what follows.

Assumption 1 The surface gravity on each connected component of the boundary
is less than or equal to 1, namely, |Du| ≤ 1 on ∂M .

We notice that the de Sitter triple (Dn, gD, uD) defined by (1.2) is still a
static solution of the rescaled problem (1.4) and satisfies Normalization 1 and
Assumption 1. On the other hand, Assumption 1 rules out other known solutions
of (1.4), such as the de Sitter–Schwarzschild triple [26]

(
M = [r1(m), r2(m)] × S

n−1 , g0 = dr ⊗ dr
1− r2 − 2mr2−n + r2gSn−1 , u =

√
1− r2 − 2mr2−n

)
,

(1.5)

where m ∈
(

0,
√
(n−2)n−2

nn

)
and r1(m), r2(m) are the two positive solutions of 1−

r2 − 2mr2−n = 0 (once u is rescaled according to Normalization 1, it can be seen



132 S. Borghini and L. Mazzieri

that the surface gravity of the event horizon r = r1(m) is greater than 1 for all m),
and the Nariai solution [31]

(
M = [0, π] × S

n−1 , g0 = 1

n

[
dr ⊗ dr + (n− 2) g

Sn−1

]
, u = sin(r)

)
(1.6)

which has |Du| = √n at both its boundaries.
Proceeding in analogy with [4], we are now ready to introduce, for all p ≥ 0, the

functions Up : [0, 1)→ R given by

t �−→ Up(t) =
( 1

1− t2
)n+p−1

2
∫

{u=t}
|Du|p dσ. (1.7)

It is worth noticing that the functions t �→ Up(t) are well defined, since the
integrands are globally bounded and the level sets of u have finite hypersurface
area. In fact, since u is analytic (see [13, 41]), the level sets of u have locally finite
H n−1-measure by the results in [21, 30] (see also [27, Theorem 6.3.3]). Moreover,
they are compact and thus their hypersurface area is finite. To give further insights
about the definition of the functions t �→ Up(t), we note that, using the explicit
formulæ (1.2), one easily realizes that the quantities

M � x �−→ |Du|√
1− u2

(x) and [0, 1) � t �−→ U0(t) =
∫

{u=t}

( 1

1− u2

)n−1
2

dσ

(1.8)

are constant on the de Sitter solution. In the following, via a conformal reformulation
of problem (1.4), we will be able to give a more geometric interpretation of this fact.
On the other hand, we notice that the function t �→ Up(t) can be rewritten in terms
of the above quantities as

Up(t) =
∫

{u=t}

( |Du|√
1− u2

)p ( 1

1− u2

)n−1
2

dσ. (1.9)

Hence, thanks to (1.8), we have that for every p ≥ 0 the function t �→ Up(t)

is constant on the de Sitter solution. Our main result illustrates how the functions
t �→ Up(t) can be also used to detect the rotational symmetry of the static solution
(M, g0, u). In fact, for p ≥ 3, they are nonincreasing and the monotonicity is strict
unless (M, g0, u) is isometric to the de Sitter solution.

Theorem 1.1 (Monotonicity-Rigidity Theorem, Case � > 0) Let (M, g0, u) be
a static solution to problem (1.4) satisfying Normalization 1 and Assumption 1. Then

|Du|2 ≤ 1− u2 , in M. (1.10)
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Moreover, the functions Up : [0, 1) → R defined in (1.7) satisfy the following
properties.

(i) For every p ≥ 1, the function Up is continuous.
(ii) The function U1 is monotonically nonincreasing. Moreover, if U1(t1) = U1(t2)

for some t1 	= t2, then (M, g0, u) is isometric to the de Sitter solution.
(iii) For every p ≥ 3, the function Up is differentiable and the derivative satisfies,

for every t ∈ [0, 1),

U ′p(t) = −(p − 1)t
( 1

1− t2
) n+p−1

2

×
∫

{u=t}
|Du|p−2

[∣∣∣∣
Du

u

∣∣∣∣H+
(
np

p − 1

)
−

(
n+ p − 1

p − 1

)( |Du|2
1− u2

)]
dσ

= −(p − 1)t
( 1

1− t2
) n+p−1

2

×
∫

{u=t}
|Du|p−2

[
(n− 1)− Ric(ν, ν)+

(
n+ p − 1

p − 1

)(
1− |Du|2

1− u2

)]
dσ

≤ −(p − 1)t
( 1

1− t2
) n+p−1

2
∫

{u=t}
|Du|p−2

(
n

p − 1

)(
1− |Du|2

1− u2

)
dσ ≤ 0,

(1.11)

where H is the mean curvature of the level set {u = t} and ν = Du/|Du| is
the unit normal to the set {u = t}. Moreover, if there exists t ∈ (0, 1) such that
U ′p(t) = 0 for some p ≥ 3, then the static solution (M, g0, u) is isometric to
the de Sitter solution.

(iv) For every p ≥ 3, we have U ′p(0) := limt→0+ U
′
p(t) = 0 and, setting U ′′p(0) :=

limt→0+ U
′
p(t)/t , it holds

U ′′p(0) = −(p − 1)

×
∫

∂M

|Du|p−2

[
R∂M − (n− 1)(n− 2)

2
+

(
n+ p − 1

p − 1

)(
1− |Du|2

)]
dσ

≤ −(p − 1)
∫

∂M

|Du|p−2
(

n

p − 1

)(
1− |Du|2

)
dσ ≤ 0, (1.12)

where R∂M is the scalar curvature of the metric g∂M induced by g0 on ∂M .
Moreover, if U ′′p(0) = 0 for some p ≥ 3, then the static solution (M, g0, u) is
isometric to the de Sitter solution.
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Remark 1 Notice that formula (1.11) is well-posed also in the case where {u = t} is
not a regular level set of u. In fact, one has from [13, 41] that u is analytic, hence we
can use the results from [21, 30] to conclude that the (n−1)-dimensional Hausdorff
measure of the level sets of u is finite. More than that, it follows from [30] (see
also [27, Theorem 6.3.3]) that the set Crit(ϕ) = {x ∈ M : ∇ϕ(x) = 0} contains an
open (n − 1)-submanifold N such that H n−1(Crit(ϕ) \ N) = 0. In particular, the
unit normal vector field to the level set is well defined H n−1-almost everywhere
and so does the mean curvature H. In turn, the integrand in (1.11) is well defined
H n−1-almost everywhere. Finally, we observe that where |Du| 	= 0 it holds

|Du|p−1H = |Du|p−2�u− |Du|p−4 D2u(Du,Du) = − u |Du|p−2 Ric(ν, ν) ,

where ν = Du/|Du| as usual. It is also clear that |Du|p−1H = − u |Du|p−2

Ric(ν, ν) = 0 on the wholeN for every p > 2. Since |Ric| is uniformly bounded on
M , this shows that the integrand in (1.11) is essentially bounded and thus summable
on every level set of u, provided p > 2.

The analytic and geometric implications of Theorem 1.1 will be discussed in full
details in Sect. 2. However, we have decided to collect the more significant among
them in Theorem 1.3 below. Before giving the statement, it is worth noticing that,
combining Theorem 1.1 with some approximations near the extremal points of u, we
are able to characterize the set MAX(u) and to estimate the behavior of the Up(t)’s
as t approaches 1.

Theorem 1.2 Let (M, g0, u) be a solution of (1.4) satisfying Assumption 1. The set
MAX(u) is discrete (and finite) and, for every p ≤ n− 1, it holds

lim inf
t→1−

Up(t) ≥ |MAX(u)| |Sn−1| , (1.13)

where |MAX(u)| is the cardinality of the set MAX(u).

For the detailed proof of this result, we refer the reader to Theorem A.1 in the
Appendix A.

Remark 2 The above result is false without Assumption 1. In fact, we can easily find
solutions (that does not satisfy our assumption) such that the set MAX(u) is very
large. For instance, the set of the maximum points of the de Sitter–Schwarzschild
solution (1.5) has non-zero H n−1-measure, and the same holds for the maximum
points of the Nariai solution (1.6).

Now we are ready to state the main consequences of Theorem 1.1 on the
geometry of the boundary ofM .

Theorem 1.3 (Geometric Inequalities, Case � > 0) Let (M, g0, u) be a static
solution to problem (1.4) satisfying Normalization 1 and Assumption 1. Then the
following properties are satisfied.
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(i) (Area bound) The inequality

|MAX(u)| |Sn−1| ≤ |∂M| , (1.14)

holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the de Sitter solution.

(ii) (Willmore-type inequality) The inequality

|MAX(u)| |Sn−1| ≤
∫

∂M

∣∣∣∣
R∂M − n (n− 3)

2

∣∣∣∣
n−1

dσ (1.15)

holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the de Sitter solution.

(iii) The inequality

|MAX(u)| |Sn−1| ≤
∫

∂M

R∂M

(n− 1)(n− 2)
dσ (1.16)

holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the de Sitter solution.

(iv) (Uniqueness Theorem) Let n = 3. If ∂M is connected, then (M, g0, u) is
isometric to the de Sitter solution. If ∂M is not connected, then 3 |MAX(u)| <
π0(∂M), in particular, ∂M must have at least four connected components.

We conclude this subsection observing that point (iv) in the above statement can
be rephrased by saying that (after normalization) the de Sitter solution has the least
possible surface gravity among three-dimensional solutions to problem (1.4) with
connected boundary.

1.3 Setting of the Problem and Statement of the Main Results
(Case � < 0)

Suppose that M has empty boundary and at least one end, and consider positive
functions u ∈ C∞(M) such that the triple (M, g0, u) satisfies the system

⎧
⎪⎪⎨

⎪⎪⎩

uRic = D2u− n u g0, inM

�u = n u, inM

u(x)→+∞ as x →∞
(1.17)

We notice that the first two equations coincide with the equations of the rescaled
problem (1.1) in the case of a negative cosmological constant.



136 S. Borghini and L. Mazzieri

Normalization 2 Since the problem is invariant under a multiplication of u by
a positive constant, without loss of generality we will suppose from now on
minM(u) = 1. We also let

MIN(u) = {p ∈ M : u(p) = 1}
be the set of the points that realize the minimum.

For future convenience, we introduce the following classical definition, originally
introduced by Penrose in [33] (see also [24] and the references therein).

Definition 1 (Conformally Compact Static Solution) A static solution (M, g0, u)

of problem (1.17) is said to be conformally compact if the following conditions are
satisfied:

(i) The manifold M is diffeomorphic to the interior of a compact manifold with
boundaryM .

(ii) There exists a compactK ⊂M and a function r ∈ C∞(M \K) such that r 	= 0
onM , r = 0 on ∂M , dr 	= 0 on ∂M and the metric ḡ = r2g0 extends smoothly
to a metric onM \K .

In the following, we will call ∂M the conformal boundary of M and, in order to
simplify the notation, we will set

∂M := ∂M .

We will refer to a function with the same properties of r in (ii) as to a defining
function for ∂M .

We are now ready to introduce the analogous of Assumption 1 in the case of a
negative cosmological constant.

Assumption 2 The triple (M, g0, u) is conformally compact, the function
1/
√
u2 − 1 is a defining function for ∂M and limx→x̄

(
u2 − 1− |Du|2) ≥ 0

for every x̄ ∈ ∂M .

Some comments are in order to justify these requirements. First we notice that
the requirement of 1/

√
u2 − 1 being a defining function is not unusual, in the sense

that it has already appeared in various articles like [34, 38, 39]. Moreover, we notice
that, if 1/

√
u2 − 1 is a defining function, then the limit in Assumption 2 exists and

is finite (see Lemma A.8-(i) in the Appendix A).
Finally, we observe that the anti-de Sitter triple (Rn, gA, uA) defined by (1.3)

indeed verifies all our hypothesis, namely it is a conformally compact static solution
of problem (1.17) satisfying Normalization 2 and Assumption 2.

Proceeding in analogy with [4], for all p ≥ 0 we introduce the functions Up :
(1,+∞)→ R defined as

t �−→ Up(t) =
( 1

t2 − 1

)n+p−1
2
∫

{u=t}
|Du|p dσ. (1.18)
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It is worth noticing that the functions t �→ Up(t) are well defined, since the
integrands are globally bounded and the level sets of u have finite hypersurface area.
In fact, since u is analytic (see [13, 41]), the level sets of u have locally finite H n−1-
measure by the results in[21, 30] (see also [27, Theorem 6.3.3]). Moreover, they are
compact and thus their hypersurface area is finite. Another important observation
comes from the fact that, using the explicit formulæ (1.3), one easily realizes that
the quantities

M � x �−→ |Du|√
u2 − 1

(x) and [0, 1) � t �−→ U0(t) =
∫

{u=t}

( 1

u2 − 1

)n−1
2

dσ

(1.19)

are constant on the anti-de Sitter solution. In the following, via a conformal reformu-
lation of problem (1.17), we will be able to give a more geometric interpretation of
this fact. On the other hand, we notice that the function t �→ Up(t) can be rewritten
in terms of the above quantities as

Up(t) =
∫

{u=t}

( |Du|√
u2 − 1

)p ( 1

u2 − 1

)n−1
2

dσ. (1.20)

Hence, thanks to (1.19), we have that for every p ≥ 0 the function t �→ Up(t) is
constant on the anti-de Sitter solution. Our main result illustrates how the functions
t �→ Up(t) can be used to detect the rotational symmetry of the static solution
(M, g0, u). In fact, for p ≥ 3, they are nondecreasing and the monotonicity is strict
unless (M, g0, u) is isometric to the anti-de Sitter solution.

Theorem 1.4 (Monotonicity-Rigidity Theorem, Case � < 0)
Let (M, g0, u) be a conformally compact static solution to problem (1.17) in the

sense of Definition 1. Suppose moreover that (M, g0, u) satisfies Normalization 2
and Assumption 2. Then

|Du|2 ≤ u2 − 1 , (1.21)

on the whole manifoldM . Moreover, for every p ≥ 1 let Up : (1,+∞)→ R be the
function defined in (1.18). Then, the following properties hold true.

(i) For every p ≥ 1, the function Up is continuous.
(ii) The functionU1 is monotonically nondecreasing. Moreover, if U1(t1) = U1(t2)

for some t1 	= t2, then (M, g0, u) is isometric to the anti-de Sitter solution.
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(iii) For every p ≥ 3, the function Up is differentiable and the derivative satisfies,
for every t ∈ (1,+∞),

U ′p(t) = (p − 1)t
( 1

t2 − 1

) n+p−1
2

×
∫

{u=t}
|Du|p−2

[
−
∣∣∣∣
Du

u

∣∣∣∣H+
(
np

p − 1

)
−

(
n+ p − 1

p − 1

)( |Du|2
u2 − 1

)]
dσ

= (p − 1)t
( 1

t2 − 1

) n+p−1
2

×
∫

{u=t}
|Du|p−2

[
(n− 1)+ Ric(ν, ν)+

(
n+ p − 1

p − 1

)(
1− |Du|2

u2 − 1

)]
dσ

≥ (p − 1)t
( 1

t2 − 1

) n+p−1
2

∫

{u=t}
|Du|p−2

(
n

p − 1

)(
1− |Du|2

u2 − 1

)
dσ ≥ 0,

(1.22)

where H is the mean curvature of the level set {u = t} and ν = Du/|Du| is the
unit normal to the level set {u = t}. Moreover, if there exists t ∈ (1,+∞) such
that U ′p(t) = 0 for some p ≥ 3, then the static solution (M, g0, u) is isometric
to the anti-de Sitter solution.

(iv) For our next result it is convenient to see Up(t) as a function of the
defining function r = 1/

√
u2 − 1, that is, we consider the function Vp(r) =

Up(
√

1+ 1/r2). We have that, for every p ≥ 3, it holds

lim
r→0+

V ′′p (r) = − (p − 1)

×
∫

∂M

[
(n− 1)(n− 2)− R∂Mg

2(n− 1)
+ n(p + 1)

2(p − 1)

(
u2 − 1− |Du|2

)]
dσg

≤ −(p − 1)
∫

∂M

(
n

p − 1

)(
u2 − 1− |Du|2

)
dσg ≤ 0, (1.23)

where g = g0/(u
2 − 1) and R∂Mg is the scalar curvature of the metric g∂M

induced by g on ∂M . The integrands in (1.23) have to be thought as the limits
of the corresponding functions as x → x̄, with x̄ ∈ ∂M .

Remark 3 Using the same arguments of Remark 1, one observes that formula (1.22)
is well posed even when the set {u = t} is not a regular level set of u. Notice that
the integrands in (1.23) are finite functions, as it has been stated in the discussion
below Assumption 2 (see also Lemma A.8-(i)).
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Remark 4 Note that, unlike the case# > 0, the rigidity statement does not hold for
point (iii) of Theorem 1.4. The reason for this will be clear later (see the discussion
at the end of Sect. 6.4).

In general, as it will become apparent in Sect. 2, the analysis of the static solutions
is more delicate in the case# < 0. In particular, we will see that, in the case# < 0,
in order to obtain results that are comparable with the ones for # > 0, it will
be useful to require some extra hypotheses on the behavior of the static solution
near the conformal boundary (namely Assumption 2-bis in Sect. 2.4). Still, some of
the consequences for # > 0 will have no analogue in the case # < 0 (compare
Theorem 1.3 with Theorem 1.6 below).

The analytic and geometric implications of Theorem 1.4 will be discussed in full
details in Sect. 2. However, we have decided to collect the more significant among
them in Theorem 1.6 below. Before giving the statement, it is worth noticing that,
combining Theorem 1.4 with some approximations near the extremal points of the
static potential u, we are able to characterize the set MIN(u) and to estimate the
behavior of the Up(t)’s as t approaches 1.

Theorem 1.5 Let (M, g0, u) be a conformally compact solution of (1.17) satisfying
Normalization 2 and Assumption 2. Then the set MIN(u) is discrete (and finite) and,
for every p ≤ n− 1, it holds

lim inf
t→1+

Up(t) ≥ |MIN(u)| |Sn−1| , (1.24)

where |MIN(u)| is the cardinality of the set MIN(u).

For the detailed proof of this result, we refer the reader to Theorem A.7 in the
Appendix A.

Theorem 1.6 (Geometric Inequalities, Case � < 0) Let (M, g0, u) be a confor-
mally compact static solution to problem (1.17) in the sense of Definition 1. Suppose
moreover that (M, g0, u) satisfies Normalization 2 and Assumption 2. Then the
metric g = g0/(u

2 − 1) extends to the conformal boundary and the following
properties are satisfied.

(i) (Area bound) The inequality

|MIN(u)| |Sn−1| ≤ |∂M|g , (1.25)

holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the anti-de Sitter solution.

(ii) (Willmore-type inequality) Suppose that limt→+∞(u2− 1−|Du|2) = 0. Then
the inequality

|MIN(u)| |Sn−1| ≤
∫

∂M

∣∣∣∣
R∂Mg − (n+ 1) (n− 2)

2(n− 2)

∣∣∣∣
n−1

dσg (1.26)
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holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the anti-de Sitter solution.

We underline the similarity between this result and statements (i), (ii) of
Theorem 1.3. Unfortunately, we are not able to provide analogues of points (iii), (iv).

1.4 Strategy of the Proof

To describe the strategy of the proof, we focus our attention on the rigidity
statements in Theorems 1.1-(iii), 1.4-(iii) and for simplicity, we let p = 3. At
the same time, we provide an heuristic for the monotonicity statement. In this
introductory section, we treat the two cases # > 0 and # < 0 at the same time, in
order to emphasize the similarities between them. For a more specific and precise
analysis we address the reader to Sect. 3 and following.

The method employed is based on the conformal splitting technique introduced
in [1], which consists of two main steps. The first step is the construction of the so
called cylindrical ansatz and amounts to find an appropriate conformal deformation
g of the static metric g0 in terms of the static potential u. In the case under
consideration, the natural deformation is given by

g = g0

1− u2 (case # > 0) ,

g = g0

u2 − 1
(case # < 0) ,

defined on M∗ := M \ MAX(u) (respectively M∗ := M \ MIN(u)) if # > 0
(respectively# < 0). The manifoldM∗ has the same boundary asM and each point
of MAX(u) (respectively MIN(u)) corresponds to an end ofM∗. When (M, g0, u) is
the de Sitter solution (respectively the anti-de Sitter solution), the metric g obtained
through the above formula is immediately seen to be the cylindrical one. In general,
the cylindrical ansatz leads to a conformal reformulation of problems (1.4), (1.17)
in which the conformally related metric g obeys the quasi-Einstein type equation

Ricg −
[

1− (n− 1) tanh2(ϕ)

tanh(ϕ)

]
∇2ϕ + (n− 2)dϕ ⊗ dϕ

=
(
n− 2+ 2(1− |∇ϕ|2g)

)
g , (case # > 0)

Ricg −
[

1− (n− 1) coth2(ϕ)

coth(ϕ)

]
∇2ϕ + (n− 2)dϕ ⊗ dϕ

=
(
n− 2+ 2(1− |∇ϕ|2g)

)
g , (case # < 0)
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where ∇ is the Levi-Civita connection of g and the function ϕ is defined by

ϕ = 1

2
log

(
1+ u
1− u

)
, (case # > 0)

ϕ = 1

2
log

(
u+ 1

u− 1

)
, (case # < 0)

and satisfies

�g ϕ = −n tanh(ϕ)
(

1− |∇ϕ|2g
)
, (case # > 0)

�g ϕ = −n coth(ϕ)
(

1− |∇ϕ|2g
)
, (case # > 0)

where�g is the Laplace–Beltrami operator of the metric g. Before proceeding, it is
worth pointing out that taking the trace of the quasi-Einstein type equation gives

Rg
n− 1

= (n− 2)+
(
n tanh2(ϕ)+ 2

)(
1− |∇ϕ|2g

)
, (case # > 0)

Rg
n− 1

= (n− 2)+
(
n coth2(ϕ)+ 2

)(
1− |∇ϕ|2g

)
, (case # < 0)

where Rg is the scalar curvature of the conformal metric g. On the other hand, it is
easy to see that |∇ϕ|2g is proportional to the first term in (1.8) (respectively (1.19)).
In fact, if (M, g0) is the de Sitter solution (respectively anti-de Sitter solution), then
(M∗, g) is a round cylinder with constant scalar curvature. Furthermore, the second
term appearing in (1.8) (respectively (1.19)) is (proportional to) the hypersurface
area of the level sets of ϕ computed with respect to the metric induced on them by
g. Again, in the cylindrical situation such a function is expected to be constant.

The second step of our strategy consists in proving via a splitting principle that
the metric g has indeed a product structure, provided the hypotheses of the Rigidity
statement are satisfied. More precisely, we use the above conformal reformulation
of the original system combined with the Bochner identity to deduce the equation

�g|∇ϕ|2g −
(

1+ (n+ 1) tanh2(ϕ)

tanh(ϕ)

)
〈∇|∇ϕ|2g | ∇ϕ〉g =

= 2 |∇2ϕ|2g + 2 n tanh2(ϕ) |∇ϕ|2g
(

1− |∇ϕ|2g
)
, (case # > 0)

�g|∇ϕ|2g −
(

1+ (n+ 1) coth2(ϕ)

coth(ϕ)

)
〈∇|∇ϕ|2g | ∇ϕ〉g =

= 2 |∇2ϕ|2g + 2 n coth2(ϕ) |∇ϕ|2g
(

1− |∇ϕ|2g
)
. (case # < 0)
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Observing that the drifted Laplacian appearing on the left hand side is formally
self-adjoint with respect to the weighted measure

dμg
sinh(ϕ) coshn+1(ϕ)

, (case # > 0)

dμg
sinhn+1(ϕ) cosh(ϕ)

, (case # < 0)

we integrate by parts and we obtain, for every s ≥ 0, the integral identity

∫

{ϕ=s}

[ |∇ϕ|2gHg − |∇ϕ|g�gϕ
sinh(ϕ) coshn+1(ϕ)

]
dσg

=
∫

{ϕ>s}

⎡

⎣
|∇2ϕ|2g + n tanh2(ϕ)|∇ϕ|2g

(
1− |∇ϕ|2g

)

sinh(ϕ) coshn+1(ϕ)

⎤

⎦ dμg, (# > 0)

∫

{ϕ=s}

[ |∇ϕ|2gHg − |∇ϕ|g�gϕ
sinhn+1(ϕ) cosh(ϕ)

]
dσg

=
∫

{ϕ>s}

⎡

⎣
|∇2ϕ|2g + n coth2(ϕ)|∇ϕ|2g

(
1− |∇ϕ|2g

)

sinhn+1(ϕ) cosh(ϕ)

⎤

⎦ dμg, (# > 0)

where Hg is the mean curvature of the level set {ϕ = s} inside the ambient (M∗, g)
(notice that the same considerations as in Remark 1 apply here). We then observe
that, up to a negative function of s, the left hand side is closely related to U ′3 (see
formulæ (3.32) and (3.34)). On the other hand, we will prove that, under suitable
assumptions, the right hand side is always nonnegative. This will easily imply the
Monotonicity statement. Also, under the hypotheses of the Rigidity statement, the
left hand side of the above identity vanishes and thus the Hessian of ϕ must be zero
in an open region of M . In turn, by analyticity, it vanishes everywhere. Translating
this information back in terms of the hessian of u, we are able to conclude using
Obata’s theorem.

1.5 Summary

The paper is organized as follows. In Sect. 2 we describe the geometric conse-
quences of Theorems 1.1, 1.4, obtaining several sharp inequalities for which the
equality is satisfied if and only if the solution to system (1.4) or (1.17) is rotationally
symmetric. We distinguish the consequences of Theorems 1.1-(iii), 1.4-(iii) on the
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geometry of a generic level set of u (see Sects. 2.1 and 2.3), from the consequences
of Theorems 1.1-(iv), 1.4-(iv) on the geometry of the boundary ofM (see Sects. 2.2
and 2.4).

In Sect. 2.2, we deduce some sharp inequalities for static solutions of prob-
lem (1.4) and we use them to obtain some corollaries on the uniqueness of the
de Sitter metric (see Theorem 2.9 and the discussion below). In particular, we
show that, if Assumption 1 holds, then the only 3-dimensional static solution of
problem (1.4) with a connected boundary is the de Sitter solution. For n ≥ 4, we
are not able to prove such a general result. Nevertheless, we discuss some geometric
conditions under which the uniqueness statement holds in every dimension. The
analogous consequences in Sect. 2.4 are less strong. In any case, we are still able to
state a result (Theorem 2.19) that extends the classical Uniqueness Theorems of the
anti-de Sitter metric proved in [12, 34, 39].

In Sect. 3, we reformulate problem (1.4) and (1.17) in terms of a quasi-Einstein
type metric g and a function ϕ satisfying system (3.23) (cylindrical ansatz),
according to the strategy described in Sect. 1.4. In this new framework, both
Theorem 1.1 and Theorem 1.4 results to be equivalent to Theorem 3.2 in Sect. 3.5
below, as we will prove in detail in Sect. 4. Theorem 3.2 will be proven in Sect. 6
with the help of the integral identities proved in Sect. 5.

Finally, in Appendix B we discuss a different approach to the study of prob-
lems (1.4) and (1.17), that does not rely on the machinery of Sects. 3, 4, 5, 6 and
provides some consequences that are comparable with the ones discussed in Sect. 2.
In the case # > 0, the results that we show in this section are known (see [12, 14]),
but in the case # < 0 they appear to be new.

1.6 Added Note

The results presented in this paper have been improved by the authors in the
works [9, 10]. In light of these new results, the present work may be interpreted
as a preliminary study of problem (1.1), which have had the relevance of providing
the basic framework where to build our analysis. In fact, this work provides the
heuristic behind the definition of the monotonic function U used in [10] as one of
the key tools of the proofs.

For these reasons, we stress that the main focus of the present paper is on the
method employed in the proofs, which is based, as already explained in Sect. 1.4,
on the application of an appropriate cylindrical ansatz. As already mentioned, this
technique has been already used in [4] in order to study static solutions with zero
cosmological constant. The reader may notice that the results shown in Sect. 2 share
some analogies with the ones presented in [4]. It is also worth mentioning that a
similar analysis has been employed in [1, 2] in order to study the geometric aspects
of potential theory in the Euclidean space (see also [22] and [6] for the natural
extensions to the non linear and non flat setting, respectively). Although this may
appear to be a completely different problem, it actually shares some strong analogies
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with the study of static spacetimes with zero cosmological constant, as discussed
in [3]. A different but related approach to the study of the electrostatic potential,
based on a spherical ansatz, has been developed in [11]. Finally, we mention that
static metrics with nonzero cosmological constant also admit a Euclidean analogue,
that is the well known torsion problem (for some standard references, see [36, 40]).
In [5] we will study this Euclidean problem, and in particular we will discuss some
overdetermining conditions that force the rotational symmetry of the solution.

2 Consequences

In this section we discuss some consequences of Theorems 1.1 and 1.4, distinguish-
ing the two cases # > 0 and# < 0.

2.1 Consequences on a Generic Level Set of u (Case � > 0)

Since, as already observed, the functions t �→ Up(t) defined in (1.7) are constant
on the de Sitter solution, we obtain, as an immediate consequence of Theorem 1.1
and formula (1.11), the following characterizations of the rotationally symmetric
solutions to system (1.4).

Theorem 2.1 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, for every p ≥ 3 and every t ∈ [0, 1), it holds

∫

{u=t}
|Du|p−2

[
(n− 1) − Ric(ν, ν) +

(
1− |Du|2

1− u2

)]
dσ ≥ 0 .

Moreover, the equality is fulfilled for some p ≥ 3 and some t ∈ [0, 1) if and only if
the static solution (M, g0, u) is isometric to the de Sitter solution.

Setting t = 0 in the above formula, and using the Gauss–Codazzi equation, one
gets

∫

∂M

|Du|p−2
[

R∂M− (n− 1)(n− 2)

2
+

(
1− |Du|2

1− u2

)]
dσ ≥ 0 ,

This inequality is just a rewriting of formula (1.23), whose consequences will
be discussed in Sect. 2.2 (see Theorem 2.6 and below). Another way to rewrite
formula (1.11) is the following.
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Theorem 2.2 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, for every p ≥ 3 and every t ∈ [0, 1), the inequality

∫

{u=t}

( |Du|√
1− u2

)p
dσ ≤

∫

{u=t}

( |Du|√
1− u2

)p−2[
H |D logu| + n

]
dσ (2.1)

holds true, where H is the mean curvature of the level set {u = t}. Moreover, the
equality is fulfilled for some p ≥ 3 and some t ∈ (0, 1) if and only if the static
solution (M, g0, u) is isometric to the de Sitter solution.

To illustrate other implications of Theorem 2.2, let us observe that, applying
Hölder inequality to the right hand side of (2.1) with conjugate exponents p/(p−2)
and p/2, one gets

∫

{u=t}

( |Du|√
1− u2

)p−2[
H|D logu| + n

]
dσ

≤
( ∫

{u=t}

( |Du|√
1− u2

)p
dσ

) p−2
p

( ∫

{u=t}

∣∣∣H|D logu| + n
∣∣∣
p
2

dσ

) 2
p

.

This implies on every level set of u the following sharp Lp-bound for the gradient
of the static potential.

Corollary 2.3 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, for every p ≥ 3 and every t ∈ [0, 1) the inequality

∥∥∥∥
Du√

1− u2

∥∥∥∥
Lp({u=t})

≤
√ ∥∥∥∥H |D logu| + n

∥∥∥∥
Lp/2({u=t})

, (2.2)

holds true, where H is the mean curvature of the level set {u = t}. Moreover, the
equality is fulfilled for some p ≥ 3 and some t ∈ (0, 1) if and only if the static
solution (M, g0, u) is isometric to the de Sitter solution.

It is worth pointing out that the right hand side in (2.2) may possibly be
unbounded. However, for regular level sets of the static potential the Lp-norm of
the mean curvature is well defined and finite (see Remark 1). We also observe that
letting p → +∞, we deduce, under the same hypothesis of Corollary 2.3, the
following L∞-bound

∥∥∥∥
Du√

1− u2

∥∥∥∥
L∞({u=t})

≤
√ ∥∥∥H |D logu| + n

∥∥∥
L∞({u=t}), (2.3)
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for every t ∈ [0, 1). Unfortunately, in this case we do not know whether the
rigidity statement holds true or not. However, the equality is satisfied on the de
Sitter solution and this makes the inequality sharp.

Now we will combine inequality (2.2) in Corollary 2.3 with the observation that
for every t ∈ [0, 1) and every 3 ≤ p ≤ n− 1 (we need to take n ≥ 4) it holds

Up(t) ≥ |MAX(u)| |Sn−1| , (2.4)

where the latter estimate follows from estimate (1.13) in Theorem 1.2 and from
the monotonicity of the Up’s stated in Theorem 1.1-(iii). Recalling the explicit
expression (1.7) of the Up’s, we obtain the following.

Theorem 2.4 Let n ≥ 4. Let (M, g0, u) be a solution to problem (1.4) satisfying
Normalization 1 and Assumption 1. Then, for every 3 ≤ p ≤ n − 1 and every
t ∈ [0, 1), the inequalities

(1− t2) n−1
2 |MAX(u)| |Sn−1| ≤

∥∥∥H |D logu| + n

∥∥∥
p
2

Lp/2({u=t}) (2.5)

hold true. Moreover, the equality is fulfilled for some t ∈ (0, 1) and some 3 ≤ p ≤
n−1, if and only if the static solution (M, g0, u) is isometric to the de Sitter solution.

To give a geometric interpretation of the above theorem, we recall the identity

H |D logu| + n = n− Ric(ν, ν) ,

and we observe that the quantity (1− t2)n−1
2 |Sn−1| corresponds to the hypersurface

area of the level set {uD = t} in the de Sitter solution (1.2). Combining together
these two facts, we arrive at the following corollary.

Corollary 2.5 Let n ≥ 4. Let (M, g0, u) be a solution to problem (1.4) satisfying
Normalization 1 and Assumption 1. Then, for every 3 ≤ p ≤ n − 1 and every
t ∈ [0, 1), the inequality

|MAX(u)| |{uD = t}|
|{u = t}| ≤

 

{u=t}

∣∣ n− Ric(ν, ν)
∣∣ p2 dσ (2.6)

holds true. Moreover, the equality is fulfilled for some t ∈ (0, 1) and some 3 ≤
p ≤ n − 1, if and only if the static solution (M, g0, u) is isometric to the de Sitter
solution. In particular, for every t ∈ (0, 1), it holds

1 ≤ ∥∥ n− Ric(ν, ν)
∥∥
L∞({u=t}) . (2.7)
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2.2 The Geometry of ∂M (Case � > 0)

We pass now to describe some consequences of the behaviour of the static solution
(M, g0, u) at the boundary ∂M , as prescribed by Theorem 1.1-(iv). We remark that
|Du| is constant on every connected component of ∂M , and that ∂M is a totally
geodesic hypersurface inside (M, g0). In particular, also the mean curvature H
vanishes at ∂M . Hence, formula (1.11) implies that U ′p(0) = 0.

The following theorem is a rephrasing of formula (1.12) and is the analog of
Theorem 2.2.

Theorem 2.6 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, for every p ≥ 3, it holds

∫

∂M

|Du|p−2
[
(n− 1)(n− 2)− R∂M − 2

(
1− |Du|2)

]
dσ ≤ 0 , (2.8)

where R∂M denotes the scalar curvature of the metric induced by g0 on ∂M .
Moreover, the equality holds for some p ≥ 3 if and only if (M, g0, u) is isometric
to the de Sitter solution. In particular, the boundary of M has only one connected
component and it is isometric to a (n− 1)-dimensional sphere.

Since the quantity |Du| is constant on each connected component of ∂M (because
D2u = 0 on ∂M , as it follows from the first equation in problem (1.4)), if we assume
that the boundary is connected, formula (2.8) can be replaced by

∫

∂M

[
(n− 1)(n− 2) − R∂M − 2

(
1− |Du|2)

]
dσ ≤ 0 . (2.9)

Remark 5 In the case p = 3, Theorem 2.6 is a weaker version of Corollary B.2 in
the Appendix B. This corollary is not new, but it has been proved in [14] generalizing
some early computations in [12] and [29]. In particular, in the case of a connected
boundary, from Corollary B.2 it follows the inequality

∫

∂M

[
(n− 1)(n− 2) − R∂M

]
dσ ≤ 0 , (2.10)

that is strictly better than our formula (2.9), and is proved without the need of
Assumption 1. Note that from inequality (2.10) it follows the remarkable result that
the only static solution of (1.4) whose boundary is isometric to a sphere with its
standard metric, is the de Sitter solution. This is not a direct consequence of our
Theorem 2.6.
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To illustrate some other consequences of Theorem 2.6, we rewrite for-
mula (2.8) as

∫

∂M

|Du|p dσ ≤
∫

∂M

|Du|p−2
[

R∂M − n (n− 3)

2

]
dσ . (2.11)

Then we apply Hölder inequality to the right hand side with conjugate exponents
p/(p − 2) and p/2, obtaining

∫

∂M

|Du|p−2
[

R∂M − n(n − 3)

2

]
dσ ≤

( ∫

∂M

|Du|pdσ

)(p−2)/p( ∫

∂M

∣∣∣∣
R∂M − n (n − 3)

2

∣∣∣∣
p/2

dσ

)2/p

.

This immediately implies the following corollary, that should be compared with
Corollary 2.3.

Corollary 2.7 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, for every p ≥ 3, the inequality

||Du ||Lp(∂M) ≤
√√√√

∣∣∣∣

∣∣∣∣
R∂M − n (n− 3)

2

∣∣∣∣

∣∣∣∣
Lp/2(∂M)

(2.12)

holds true, where R∂M denotes the scalar curvature of the metric induced by g0
on ∂M . Moreover, the equality holds for some p ≥ 3 if and only if (M, g0, u) is
isometric to the de Sitter solution. In particular, the boundary of M has only one
connected component and it is isometric to a (n− 1)-dimensional sphere.

Letting p → +∞ in formula (2.12), we obtain, under the hypotheses of the
above corollary, the L∞-bound

||Du ||L∞(∂M)≤
√√√√

∣∣∣∣

∣∣∣∣
R∂M − n (n− 3)

2

∣∣∣∣

∣∣∣∣
L∞(∂M)

. (2.13)

For our next result, we are going to combine the monotonicity of the Up’s, as
stated by Theorem 1.1, together with the estimate (1.13) given in Theorem 1.2.

Theorem 2.8 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, it holds

|MAX(u)| |Sn−1| ≤
∫

∂M

|Du|pdσ ≤ |∂M| . (2.14)
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for 0 ≤ p ≤ 1 if n = 3 and for 0 ≤ p ≤ n − 1 if n ≥ 4. Moreover, the equality
|MAX(u)| |Sn−1| = |∂M| holds if and only if (M, g0, u) is isometric to the de
Sitter solution.

Proof First, recalling Assumption 1, it is clear that

Up(0) =
∫

∂M

|Du|p dσ ≤ |∂M| ,

for every p ≥ 0.
Now consider the case n ≥ 4 and let 3 ≤ p ≤ n − 1. From formula (1.13) and

Theorem 1.1-(iii), we obtain

|MAX(u)| |Sn−1| ≤ Up(0) ,

and the equality holds if and only if Up(t) is constant, that is, if and only if
(M, g0, u) is isometric to the de Sitter solution. Combining this with the inequality
above, we obtain the thesis for 3 ≤ p ≤ n− 1. If 0 ≤ p ≤ 3 instead, to conclude it
is enough to observe that

∫
∂M
|Du|pdσ ≥ ∫

∂M
|Du|3dσ , thanks to Assumption 1.

In the case n = 3, we can repeat the argument above using U1(t), that we know
to be monotonic thanks to Theorem 1.1-(ii). ��
Remark 6 The result above is particularly effective in dimension n = 3. In that
case, it is known from [12] that any solution (M, g0, u) of problem (1.4) with a
connected boundary satisfies |∂M| ≤ 4π . Since formula (2.14) gives the opposite
inequality, we conclude that the only 3-dimensional static solution to problem (1.4)
with ∂M connected and satisfying Normalization 1 and Assumption 1 is the de Sitter
solution. A direct proof of this fact will be given later (see Theorem 2.11). Note that
the same thesis does not hold without Assumption 1. An explicit example of a non-
trivial 3-dimensional static solution with a connected boundary diffeomorphic to
S

2 (which does not satisfy Assumption 1) can be constructed via a quotient of the
Nariai solution (1.6) (see [8, Section 7]).

In the case n ≥ 4 we are not able to provide such a general result, and the
situation seems much wilder. For instance, for any 4 ≤ n ≤ 8, one can prove
the existence of a countable family of non-trivial static solutions of (1.4) with ∂M
connected and diffeomorphic to a sphere or to a product of spheres (see [23]).
However, looking at the numerical approximations of some of these solutions, it
appears that they do not satisfy our hypotheses, thus the question of the uniqueness
of the de Sitter solution under our assumptions seems still open.

Using Corollary 2.7 in place of Corollary 2.3 we obtain the following analog of
Corollary 2.5.

Theorem 2.9 Let (M, g0, u) be a solution to problem (1.4) satisfying Normaliza-
tion 1 and Assumption 1. Then, the following statements hold true.
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(i) For every p ≥ 2, the inequality

|MAX(u)| |Sn−1|
|∂M| ≤

 

∂M

∣∣∣∣
R∂M − n (n− 3)

2

∣∣∣∣

p
2

dσ (2.15)

holds true. Moreover, the equality is fulfilled for some p ≥ 2, if and only if the
static solution (M, g0, u) is isometric to the de Sitter solution. In particular, it
holds

2 ≤ ∥∥R∂M − n (n− 3)
∥∥
L∞({u=t}) . (2.16)

(ii) The inequality

|MAX(u)| |Sn−1|
|∂M| ≤

 

∂M

R∂M

(n− 1)(n− 2)
dσ (2.17)

holds true. Moreover, the equality is fulfilled if and only if the static solution
(M, g0, u) is isometric to the de Sitter solution.

Proof For n ≥ 4 and 3 ≤ p ≤ n − 1, statements (i) and (ii) can be derived from
inequality (2.12) in Corollary 2.7 and formula (2.14) in Theorem 2.8. In general, we
need to use inequality (B.6) in Corollary B.2, proved in the Appendix B.

To prove statement (i), we rewrite formula (B.6) as

∫

∂M

|Du| dσ ≤
∫

∂M

|Du|
[

R∂M − n(n− 3)

2

]
dσ . (2.18)

Compare this inequality with (2.11), which holds for every p ≥ 3 but is weaker
than (2.18) in the case p = 3.

Using Hölder inequality, we have

∫

∂M

|Du|
[

R∂M − n(n− 3)

2

]
dσ ≤

[ ∫

∂M

∣∣∣∣
R∂M − n(n− 3)

2

∣∣∣∣

p
2

dσ

] 2
p
( ∫

∂M

|Du| p
p−2 dσ

) p−2
p

.

Moreover, since |Du| ≤ 1 on ∂M thanks to Assumption 1, we have |Du| p
p−2 ≤ |Du|

for every p ≥ 2. Substituting in (2.18), with some easy computations we find

‖Du‖L1(∂M)

|∂M| ≤
 

∂M

∣∣∣∣
R∂M − n (n− 3)

2

∣∣∣∣

p
2

dσ
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Now using inequality (2.14) we obtain (2.15). Moreover, if the equality holds
in (2.15), then also (2.18) is an equality, thus by Corollary B.2 we have that
(M, g0, u) is the de Sitter solution.

Statement (ii), is an immediate consequence of formula (2.18) and inequal-
ity (2.14) in Theorem 2.8. ��

If we set p = 2(n − 1) in Theorem 2.9-(i), we obtain the following nicer
statement.

Corollary 2.10 (Willmore-Type Inequality) Let (M, g0, u) be a static solution to
problem (1.4), satisfying Normalization 1 and Assumption 1. Then, it holds

(
|MAX(u)| |Sn−1|

) 1
n−1 ≤

∥∥∥∥
R∂M − n (n− 3)

2

∥∥∥∥
Ln−1(∂M)

,

where R∂M denotes the scalar curvature of the metric induced by g0 on ∂M .
Moreover, the equality holds if and only if (M, g0, u) is isometric to the de Sitter
solution. In particular, the boundary of M has only one connected component and
it is isometric to a (n− 1)-dimensional sphere.

The result above should be compared with [4, Theorem 2.11-(ii)] where a similar
inequality is provided for the Schwarzschild metric [35].

For our next result we restrict to dimension n = 3, and we use the Gauss-Bonnet
Formula to prove that, in the hypothesis of a connected boundary, the equality is
achieved in formula (2.17).

Theorem 2.11 (Uniqueness Theorem) Let (M, g0, u) be a 3-dimensional static
solution to problem (1.4), satisfying Normalization 1 and Assumption 1. If ∂M is
connected, then (M, g0, u) is isometric to the de Sitter solution. More generally, let
∂M = �ri=1$i , where $1, . . . , $r are connected surfaces. Then

2 |MAX(u)| ≤
r∑

i=1

ki χ($i) , (2.19)

where ki is the surface gravity of $i , that is, the constant value of |Du| on $i .
Moreover, the equality holds if and only if ∂M is connected and (M, g0, u) is
isometric to the de Sitter solution.

Proof Again, it is useful to use Corollary B.2, proved in the Appendix B. Setting
n = 3 in formula (B.6), we obtain

2 ‖Du‖L1(∂M) ≤
∫

∂M

|Du|R∂M dσ ,
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where the equality holds if and only if (M, g0, u) is isometric to the de Sitter
solution. Recalling formula (2.14), we obtain

8π |MAX(u)| ≤
r∑

i=1

ki

∫

$i

R$i dσ .

The thesis is now a consequence of the equalities

∫

$i

R$i dσ = 4π χ($i) , for all i = 1, . . . , r ,

which follow from the Gauss-Bonnet theorem. ��
Combining the theorem above with the results in [8], we obtain the following

strengthening of formula (2.19).

Corollary 2.12 Let (M, g0, u) be a 3-dimensional static solution to problem (1.4),
satisfying Normalization 1 and Assumption 1. If (M, g0, u) is not isometric to the
de Sitter solution, then

3 |MAX(u)| <
r∑

i=1

ki ≤ π0(∂M) ,

where k1, . . . , kr are the surface gravities of the connected components$1, . . . , $r
of ∂M . In particular, a non-trivial 3-dimensional static solution satisfying Normal-
ization 1 and Assumption 1, must have a boundary with at least four connected
components.

Proof Let (M̃, g̃0)
π−→ (M, g0) be the universal covering. Clearly the triple

(M̃, g̃0, ũ = u ◦ π) is still a solution of problem (1.4) and satisfies Assumption 1
and Normalization 1. From [8, Theorem B], we know that (M̃, g̃0) is compact. In
particular, the degree d of the covering π is a finite number and |MAX(ũ)| =
d |MAX(u)|.

Let ∂M̃ = �si=1$̃i , where $̃1, . . . , $̃s are connected. From [8, Theorem C], we
have that (M̃, g̃0, ũ) is isometric to the de Sitter triple or

s∑

i=1

k̃i |$̃i | < 4π

3

s∑

i=1

k̃i , (2.20)

where k̃i is the surface gravity of $̃i for all i = 1, . . . , s.
If (M̃, g̃0, ũ) is isometric to the de Sitter triple, then ∂M̃ is connected, hence also

∂M is connected. Recalling Theorem 2.11, we deduce that (M, g0, u) is isometric
to the de Sitter solution, against our hypotheses.
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Therefore, formula (2.20) must hold. Recalling Theorem 2.14, we obtain the
following chain of inequalities

4π d |MAX(u)| = 4π |MAX(ũ)| ≤
∫

∂M̃

|D̃ũ| dσ̃ =
s∑

i=1

k̃i |$̃i | < 4π

3

s∑

i=1

k̃i .

Since each connected component of ∂M lifts to at most d connected components of
∂M̃, we have

s∑

i=1

k̃i ≤ d

r∑

i=1

ki .

This proves the first part of the statement. The inequality
∑r
i=1 ki ≤ π0(∂M) is a

consequence of Assumption 1. ��

2.3 Consequences on a Generic Level Set of u (Case � < 0)

Now we start to discuss the consequences in the case of a negative cosmological
constant. Since, as already observed, the functions t �→ Up(t) defined in (1.18)
are constant on the anti-de Sitter solution, we obtain from Theorem 1.4 and for-
mula (1.22), the following characterizations of the rotationally symmetric solutions
to system (1.17).

Theorem 2.13 Let (M, g0, u) be a solution to problem (1.17) satisfying Normal-
ization 2 and Assumption 2. Then, for every p ≥ 3 and every t ∈ (1,+∞), it holds

∫

{u=t}
|Du|p−2

[
(n− 1) + Ric(ν, ν) +

(
1− |Du|2

1− u2

)]
dσ ≥ 0 ,

where ν = Du/|Du|. Moreover, the equality is fulfilled for some p ≥ 3 and some
t ∈ (1,+∞) if and only if the static solution (M, g0, u) is isometric to the anti-de
Sitter solution.

Theorem 2.14 Let (M, g0, u) be a solution to problem (1.17) satisfying Normal-
ization 2 and Assumption 2. Then, for every p ≥ 3 and every t ∈ (1,+∞), the
inequality

∫

{u=t}

( |Du|√
u2 − 1

)p
dσ ≤

∫

{u=t}

( |Du|√
u2 − 1

)p−2[
− H |D logu| + n

]
dσ (2.21)
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holds true, where H is the mean curvature of the level set {u = t}. Moreover, the
equality is fulfilled for some p ≥ 3 and some t ∈ (1,+∞) if and only if the static
solution (M, g0, u) is isometric to the anti-de Sitter solution.

To illustrate other implications of Theorem 2.14, let us observe that, applying
Hölder inequality to the right hand side of (2.21) with conjugate exponentsp/(p−2)
and p/2, one gets

∫

{u=t}

( |Du|√
u2 − 1

)p−2[
− H|D logu| + n

]
dσ

≤
( ∫

{u=t}

( |Du|√
u2 − 1

)p
dσ

) p−2
p

( ∫

{u=t}

∣∣∣− H|D logu| + n
∣∣∣
p
2

dσ

) 2
p

.

This implies on every level set of u the following sharp Lp-bound for the gradient
of the static potential in terms of the Lp-norm of the mean curvature of the level
set.

Corollary 2.15 Let (M, g0, u) be a solution to problem (1.17) satisfying Normal-
ization 2 and Assumption 2. Then, for every p ≥ 3 and every t ∈ (1,+∞) the
inequality

∥∥∥∥
Du√
u2 − 1

∥∥∥∥
Lp({u=t})

≤
√ ∥∥∥ − H |D logu| + n

∥∥∥
Lp/2({u=t}), (2.22)

holds true, where H is the mean curvature of the level set {u = t}. Moreover, the
equality is fulfilled for some p ≥ 3 and some t ∈ (1,+∞) if and only if the static
solution (M, g0, u) is isometric to the anti-de Sitter solution.

It is worth pointing out that the right hand side in (2.22) may possibly be unbounded.
However, for regular level sets of the static potential the Lp-norm of the mean
curvature is well defined and finite (see Remark 3). We also observe that letting
p → +∞, we deduce, under the same hypothesis of Corollary 2.15, the following
L∞-bound

∥∥∥∥
Du√
u2 − 1

∥∥∥∥
L∞({u=t})

≤
√ ∥∥∥ − H |D logu| + n

∥∥∥
L∞({u=t}), (2.23)

for every t ∈ (1,+∞). Unfortunately, in this case we do not know whether the
rigidity statement holds true or not. However, the equality is satisfied on the anti-de
Sitter solution and this makes the inequality sharp.
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Now we will combine inequality (2.22) in Corollary 2.15 with the observation
that for every t ∈ (1,+∞) and every 3 ≤ p ≤ n − 1 (we need to take n ≥ 4) it
holds

Up(t) ≥ |MIN(u)| |Sn−1| , (2.24)

where the latter estimate follows from estimate (1.24) in Theorem 1.5 and the
monotonicity of the Up’s stated in Theorem 1.4-(iii). Recalling the explicit expres-
sion (1.18) of the Up’s, we obtain the following analogue of Theorem 2.4.

Theorem 2.16 Let n ≥ 4. Let (M, g0, u) be a solution to problem (1.17) satisfying
Normalization 2 and Assumption 2. Then, for every 3 ≤ p ≤ n − 1 and every
t ∈ (1,+∞), the inequalities

(t2 − 1)
n−1

2 |MIN(u)| |Sn−1| ≤
∥∥∥ − H |D logu| + n

∥∥∥
p
2

Lp/2({u=t}) (2.25)

hold true. Moreover, the equality is fulfilled for some t ∈ (1,+∞) and some 3 ≤
p ≤ n − 1, if and only if the static solution (M, g0, u) is isometric to the anti-de
Sitter solution.

To give a geometric interpretation of the above theorem, we recall the identity

−H |D logu| + n = n+ Ric(ν, ν) ,

and we observe that the quantity (t2 − 1)
n−1

2 |Sn−1| corresponds to the hypersurface
area of the level set {uA = t} in the anti-de Sitter solution (1.3). Combining together
these two facts, we arrive at the following corollary, that should be compared with
Corollary 2.5.

Corollary 2.17 Let n ≥ 4. Let (M, g0, u) be a solution to problem (1.17) satisfying
Normalization 2 and Assumption 2. Then, for every p ≥ 3 and every t ∈ (1,+∞),
the inequality

|MIN(u)| |{uA = t}|
|{u = t}| ≤

 

{u=t}

∣∣ n+ Ric(ν, ν)
∣∣ p2 dσ (2.26)

holds true. Moreover, the equality is fulfilled for some t ∈ (1,+∞) and some p ≥ 3,
if and only if the static solution (M, g0, u) is isometric to the anti-de Sitter solution.
In particular, for every t ∈ (1,+∞), it holds

1 ≤ ∥∥ n+ Ric(ν, ν)
∥∥
L∞({u=t}) . (2.27)
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2.4 The Geometry of ∂M (Case � < 0)

We pass now to describe some consequences of the behaviour of the static solution
(M, g0, u) at the conformal boundary ∂M , as prescribed by Theorem 1.4-(iv). We
remark that the conformal boundary of M is a totally geodesic hypersurface inside
(M, g) (see Lemma A.8-(ii) in the Appendix A).

The following theorem is a rephrasing of formula (1.23) and is the analogue of
Theorem 2.6.

Theorem 2.18 Let (M, g0, u) be a solution to problem (1.17) satisfying Normal-
ization 2 and Assumption 2, and let g = g0/(u

2 − 1). Then it holds

∫

∂M

[
(n− 1)(n− 2)− R∂Mg + n(n− 1)

(
u2 − 1− |Du|2

)]
dσg ≥ 0 , (2.28)

where R∂Mg denotes the scalar curvature of the metric induced by g on ∂M .

Note that inequality (2.28) is sharp, but the rigidity statement does not hold for
Theorem 2.18. Moreover, unlike Theorem 2.6, formula (2.28) does not depend on p
and we are not able to find an analogue of Corollary 2.7 for the case # < 0.

We can still provide the following result, that should be compared with Theo-
rem 2.8.

Theorem 2.19 Let (M, g0, u) be a static solution to problem (1.17), satisfying
Normalization 2 and Assumption 2. Let |MIN(u)| be the cardinality of the set
MIN(u) of the points where u attains its minimum and let g = g0/(u

2 − 1). Then

|MIN(u)| |Sn−1| ≤ |∂M|g , (2.29)

and the equality holds if and only if (M, g0, u) is isometric to the anti-de Sitter
solution.

Proof From formula (1.24) and Theorem 1.4-(ii) we obtain

|MIN(u)| |Sn−1| ≤ lim
t→+∞U1(t) ,

and the equality holds if and only if U1(t) is constant, that is, if and only if
(M, g0, u) is isometric to the anti-de Sitter solution. On the other hand

lim
t→+∞Up(t) = lim

t→+∞

∫

{u=t}

|Du|
(u2 − 1)

n
2

dσ = lim
t→+∞

∫

{u=t}

√
|Du|2
u2 − 1

dσg ≤ |∂M|g ,

where the last inequality follows from Assumption 2. ��
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An immediate corollary of Theorem 2.19 above is the following uniqueness
result.

Corollary 2.20 Let (M, g0, u) be a conformally compact static solution to prob-
lem (1.17) satisfying Normalization 2 and Assumption 2. If the conformal boundary
is isometric to the sphere (Sn−1, gSn−1), then (M, g0, u) is isometric to the anti-de
Sitter solution.

The result above should be compared with the uniqueness theorems in [15, 34,
39], where the same thesis is obtained for n ≤ 7 or M spin, without the need of
Assumption 2.

In order to have a clearer exposition, and to highlight the analogies between the
results in this section and the ones in Sect. 2.2, for the rest of this section we will
assume the following stronger version of Assumption 2.

Assumption 2-bis The triple (M, g0, u) is conformally compact, the function
1/
√
u2 − 1 is a defining function for ∂M and limx→x̄

(
u2 − 1− |Du|2) = 0 for

every x̄ ∈ ∂M .

First, we observe that with this additional hypothesis, formula (2.29) in Theo-
rem 2.18 becomes

∫

∂M

[
(n− 1)(n− 2)− R∂Mg

]
dσg ≥ 0 , (2.30)

Now we use formula (2.30) to prove the analogue of Theorem 2.9-(i).

Theorem 2.21 Let (M, g0, u) be a solution to problem (1.17) satisfying Normal-
ization 2 and Assumption 2-bis, and let g = g0/(u

2 − 1). Then for every p ≥ 2 it
holds

|MIN(u)| |Sn−1|
|∂M|g ≤

 

∂M

∣∣∣∣
R∂Mg − (n+ 1)(n− 2)

2 (n− 2)

∣∣∣∣

p
2

dσg , (2.31)

where R∂Mg denotes the scalar curvature of the metric induced by g on ∂M .

Proof First, we rearrange formula (2.30) in the following way

|∂M|g ≤
∫

∂M

[ −R∂Mg + (n+ 1)(n− 2)

2(n− 2)

]
dσg .

Now we rewrite the right hand side of the above formula, using Jensen Inequality.
We obtain

|∂M|g ≤ |∂M|
p−2
p
g

[ ∫

∂M

∣∣∣∣
R∂Mg − (n+ 1)(n− 2)

2(n− 2)

∣∣∣∣

p
2

dσg

] 2
p

,
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that may be rewritten as

|∂M|g ≤
∫

∂M

∣∣∣∣
R∂Mg − (n+ 1)(n− 2)

2(n− 2)

∣∣∣∣

p
2

dσg .

Now the thesis is an immediate consequence of Theorem 2.19. ��
Finally, setting p = 2(n− 1) in Theorem 2.21 above, we obtain the analogue of

Corollary 2.10.

Corollary 2.22 (Willmore-Type Inequality) Let (M, g0, u) be a solution to prob-
lem (1.17) satisfying Normalization 2 and Assumption 2-bis, and let g = g0/(u

2 −
1). Then it holds

(
|MIN(u)| |Sn−1|

) 1
n−1 ≤

∥∥∥∥
R∂Mg − (n+ 1)(n− 2)

2 (n− 2)

∥∥∥∥
Ln−1(∂M)

, (2.32)

where R∂Mg denotes the scalar curvature of the metric induced by g on ∂M .

3 A Conformally Equivalent Formulation of the Problem

The aim of this section is to reformulate system (1.4) and system (1.17) in a
conformally equivalent setting.

3.1 A Conformal Change of Metric (Case � > 0)

First of all, we notice that if (M, g0, u) is a solution of problem (1.4) and satisfies
Normalization 1, then one has that 1− u2 > 0 everywhere inM∗ = M \MAX(u).

Motivated by the explicit formulæ (1.2) of the de Sitter solution, we are led to
consider the following conformal change of metric

g = g0

1− u2 . (3.1)

on the manifoldM∗. It is immediately seen that when u and g0 are as in (1.2) then
g is a cylindrical metric. Hence, we will refer to the conformal change (3.1) as to a
cylindrical ansatz.

Our next task is to reformulate problem (1.4) in terms of g. To this aim we fix
local coordinates {yα}nα=1 inM∗ and using standard formulæ for conformal changes
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of metrics, we deduce that the Christoffel symbols 	γαβ and Gγαβ , of the metric g and
g0 respectively, are related to each other via the identity

	
γ
αβ = Gγαβ +

u

1− u2

(
δγα ∂βu+ δγβ ∂αu− (g0)αβ(g0)

γ η∂ηu
)

(3.2)

Comparing the local expressions for the Hessians of a given function w ∈ C 2(M∗)
with respect to the metrics g and g0, namely∇2

αβw = ∂ 2
αβw−	γαβ∂γw and D2

αβw =
∂ 2
αβw − Gγαβ∂γw, one gets

∇2
αβw = D2

αβw −
u

1− u2

(
∂αu ∂βw + ∂αw ∂βu− 〈Du |Dw〉 g(0)αβ

)

�gw = (1− u2)�w + (n− 2)u 〈Du |Dw〉g0

We note that in the above expressions as well as in the following ones, the notations
∇ and �g represent the Levi-Cita connection and the Laplace–Beltrami operator of
the metric g. In particular, letting w = u and using�u = −n u, one has

∇2
αβu = D2

αβu −
u

1− u2

(
2 ∂αu ∂βu − |Du|2 g(0)αβ

)
, (3.3)

�gu = −n u (1− u2)+ (n− 2) |Du|2 . (3.4)

To continue, we observe that the Ricci tensor Ricg = R(g)αβ dy
α⊗ dyβ of the metric

g can be expressedin terms of the Ricci tensor Ric = R(0)αβ dy
α⊗ dyβ of the metric

g0 as

R(g)αβ = R(0)αβ −
(n − 2)u

1− u2
D2
αβu−

n− 2

(1− u2)2
∂αu ∂βu−

(
u�u

1− u2
+ (n − 1)u2 + 1

(1− u2)2
|Du|2

)
g
(0)
αβ .

(3.5)

If we plug equations�u = −n u and uRic = D2u+ nug0 in the above formula
we obtain:

R(g)αβ =
1− (n − 1)u2

u(1 − u2)
D2
αβu−

n− 2

(1− u2)2
∂αu ∂βu+

(
n

1− u2
− (n − 1)u2 + 1

(1− u2)2
|Du|2

)
g
(0)
αβ

(3.6)

In order to obtain nicer formulæ, it is convenient to introduce the new variable

ϕ = 1

2
log

(
1+ u
1− u

)
⇐⇒ u = tanh(ϕ). (3.7)
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As a consequence, we have that

∂αϕ = 1

1− u2 ∂αu (3.8)

∇2
αβϕ =

1

1− u2 D2
αβu+

u

(1− u2)2
|Du|2 g(0)αβ (3.9)

For future convenience, we report the relation between |∇ϕ|2g and |Du|2 as well

as the one between |∇2ϕ|2g and |D2u|2, namely

|∇ϕ|2g =
|Du|2
1− u2 ,

|∇2ϕ|2g = |D2u|2 + n u2 |Du|2
1− u2

( |Du|2
1− u2 − 2

)
. (3.10)

Combining expressions (3.3), (3.4), (3.6) together with (3.8), (3.9), we are now
in the position to reformulate problem (1.4) as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ricg = (coth(ϕ)− (n − 1) tanh(ϕ))∇2ϕ − (n − 2)dϕ ⊗ dϕ +
(
n− 2|∇ϕ|2g

)
g, in M∗

�gϕ = −n tanh(ϕ)
(

1− |∇ϕ|2g
)
, in M∗

ϕ = 0, on ∂M∗

ϕ →+∞ as x → ∗
(3.11)

Here we recall that M∗ is the manifold M \MAX(u). The notation x → ∗ means
that x → p, where p is a point of MAX(u), with respect to the topology induced
byM onM∗.

3.2 A Conformal Change of Metric (Case � < 0)

First of all, we notice that if (M, g0, u) is a solution of problem (1.17) and satisfies
Normalization 2, then one has that u2 − 1 > 0 everywhere in M∗ = M \MIN(u).
Motivated by the explicit formulæ (1.3) of the anti-de Sitter solution, we are led to
consider the following conformal change of metric

g = g0

u2 − 1
. (3.12)



Monotonicity Formulas for Static Metrics with Non-zero Cosmological Constant 161

on the manifold M∗. Notice that, if Assumption 2 holds, the function 1/
√
u2 − 1

is a defining function, hence the metric g extends to the conformal boundary. In
particular the volume of ∂M with respect to g is finite, that is

|∂M|g = lim
t→+∞

∫

{u=t}
dσg < +∞ .

It is immediately seen that when u and g0 are as in (1.3) then g is a cylindrical
metric. Hence, we will refer to the conformal change (3.12) as to a cylindrical
ansatz.

Our next task is to reformulate problem (1.17) in terms of g. To this aim we fix
local coordinates {yα}nα=1 inM∗ and using standard formulæ for conformal changes
of metrics, we deduce that the Christoffel symbols 	γαβ and Gγαβ , of the metric g and
g0 respectively, are related to each other via the identity

	
γ
αβ = Gγαβ −

u

u2 − 1

(
δγα ∂βu+ δγβ ∂αu− (g0)αβ(g0)

γ η∂ηu
)

(3.13)

Comparing the local expressions for the Hessians of a given function w ∈ C 2(M∗)
with respect to the metrics g and g0, namely∇2

αβw = ∂ 2
αβw−	γαβ∂γw and D2

αβw =
∂ 2
αβw − Gγαβ∂γw, one gets

∇2
αβw = D2

αβw +
u

u2 − 1

(
∂αu ∂βw + ∂αw ∂βu− 〈Du |Dw〉 g(0)αβ

)

�gw = (u2 − 1)�w − (n− 2)u 〈Du |Dw〉g0

We note that in the above expressions as well as in the following ones, the
notations ∇ and �g represent the Levi-Cita connection and the Laplace–Beltrami
operator of the metric g. In particular, letting w = u and using �u = n u, one has

∇2
αβu = D2

αβu +
u

u2 − 1

(
2 ∂αu ∂βu − |Du|2 g(0)αβ

)
, (3.14)

�gu = n u (u2 − 1)− (n− 2) |Du|2 . (3.15)

To continue, we observe that the Ricci tensor Ricg = R(g)αβ dy
α⊗ dyβ of the metric

g can be expressedin terms of the Ricci tensor Ric = R
(0)
αβ dy

α⊗ dyβ of the metric
g0 as

R(g)αβ = R(0)αβ +
(n − 2)u

u2 − 1
D2
αβu−

n− 2

(u2 − 1)2
∂αu ∂βu+

(
u�u

u2 − 1
− (n − 1)u2 + 1

(u2 − 1)2
|Du|2

)
g
(0)
αβ .

(3.16)
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If we plug equations �u = n u and uRic = D2u − nug0 in the above formula
we obtain

R(g)αβ =
(n− 1)u2 − 1

u(u2 − 1)
D2
αβu−

n− 2

(u2 − 1)2
∂αu ∂βu+

(
n

u2 − 1
− (n − 1)u2 + 1

(u2 − 1)2
|Du|2

)
g
(0)
αβ

(3.17)

In order to obtain nicer formulæ, it is convenient to introduce the new variable

ϕ = 1

2
log

(
u+ 1

u− 1

)
⇐⇒ u = coth(ϕ). (3.18)

As a consequence, we have that

∂αϕ = − 1

u2 − 1
∂αu (3.19)

∇2
αβϕ = −

1

u2 − 1
D2
αβu+

u

(u2 − 1)2
|Du|2 g(0)αβ (3.20)

For future convenience, we report the relation between |∇ϕ|2g and |Du|2 as well as

the one between |∇2ϕ|2g and |D2u|2, namely

|∇ϕ|2g =
|Du|2
u2 − 1

,

|∇2ϕ|2g = |D2u|2 + n u2 |Du|2
u2 − 1

( |Du|2
u2 − 1

− 2

)
. (3.21)

Combining expressions (3.14), (3.15), (3.17) together with (3.19), (3.20), we are
now in the position to reformulate problem (1.17) as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ricg = (tanh(ϕ)− (n − 1) coth(ϕ))∇2ϕ − (n − 2)dϕ ⊗ dϕ +
(
n− 2|∇ϕ|2g

)
g , in M∗

�gϕ = −n coth(ϕ)
(

1− |∇ϕ|2g
)
, in M∗

ϕ = 0 , on ∂M∗

ϕ →+∞ as x → ∗ .
(3.22)

Here we recall thatM∗ is the manifoldM \MIN(u) and that ∂M∗ is the conformal
boundary of M∗. The notation x → ∗, means that x → p, where p is a point of
MIN(u), with respect to the topology induced byM onM∗.
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3.3 A Unifying Formalism

We recall that the relation between u and ϕ is given by (3.7) if # > 0 and by (3.18)
if # < 0. In both cases, u = u(ϕ) obeys the equation

du

dϕ
= 1− u2 .

Since this is the only formal property of u that will be needed in the following, we
proceed by noticing that both systems (3.11) and (3.22) can be rewritten in the form

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ricg =
( 1

u
− (n− 1)u

)
∇2ϕ − (n− 2)dϕ ⊗ dϕ +

(
n− 2+ 2(1 − |∇ϕ|2g)

)
g , in M∗

�gϕ = −nu
(

1− |∇ϕ|2g
)
, in M∗

ϕ = 0 , on ∂M∗

ϕ →+∞ , as x → ∗ ,
(3.23)

where eventually u = tanh(ϕ) or coth(ϕ).
To describe the idea that will lead us throughout the analysis of system (3.23),

we note that taking the trace of the first equation one gets

Rg
n− 1

= (n− 2)+ (nu2 + 2)
(

1− |∇ϕ|2g
)
, (3.24)

where Rg is the scalar curvature of the metric g. It is important to observe that in
the cylindrical situation, which is the conformal counterpart of the (anti-)de Sitter
solution, Rg has to be constant. In this case, the above formula implies that also
|∇ϕ|g has to be constant and equal to 1. For these reasons, also in the situation,
where we do not know a priori if g is cylindrical, it is natural to think of ∇ϕ as
to a candidate splitting direction and to investigate under which conditions this is
actually the case.

Now we rephrase Assumptions 1 and Assumption 2 in terms of ϕ.

Assumption 3 We require the following

(i) In the case # > 0, we assume 1− |∇ϕ|2g ≥ 0 on ∂M .

(ii) In the case # < 0, we suppose that limx→x̄ u2(1− |∇ϕ|2g) ≥ 0 for every point
x̄ ∈ ∂M .

This assumption allows to estimate the behavior of |∇ϕ|g on the whole mani-
foldM∗.
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Lemma 3.1 Let (M∗, g, ϕ) be a solution of problem (3.23) satisfying Assump-
tion 3. Then the following condition holds on the whole manifoldM∗

1− |∇ϕ|2g ≥ 0 .

Proof From the Bochner formula and the equations in (3.23), we get

�g|∇ϕ|2g = 2
∣∣∇2ϕ

∣∣2
g
+ 2 Ricg(∇ϕ,∇ϕ)+ 2

〈∇�gϕ
∣∣∇ϕ〉

g

= 2
∣∣∇2ϕ

∣∣2
g
+

(
1

u
+ (n+ 1)u

)
〈∇|∇ϕ|2g | ∇ϕ〉g + 2 nu2 |∇ϕ|2g

(
1− |∇ϕ|2g

)
.

(3.25)

Now we turn to the computation of the gradient and Laplacian of the function

w = β
(

1− |∇ϕ|2g
)
,

where β = β(ϕ) is an arbitrary C 1 function. Using (3.25) and (3.23) again, we get

∇w = β̇

β
w∇ϕ − β ∇|∇ϕ|2g .

�gw = −β�g|∇ϕ|2g −
β̇

β
〈β∇|∇ϕ|2g|∇ϕ〉g +

β̇

β
〈∇w|∇ϕ〉g

+
(
β̈

β
−

(
β̇

β

)2
)
w|∇ϕ|2g +

β̇

β
w�gϕ

= −2β|∇2ϕ|2g +
(

2
β̇

β
+ 1

u
+ (n+ 1)u

)
〈∇w|∇ϕ〉g

+
(
β̈

β
− 2

(
β̇

β

)2

− β̇
β

(
1

u
+ (n+ 1)u

)
− 2nu2

)
w|∇ϕ|2g − β̇

(�gϕ)
2

nu
.

We find that the right choice in order to simplify the expression above is to define
the function β as the solution of the differential equation

β̇

β
+ 2u = 0 .

More explicitly:

β(ϕ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

cosh2(ϕ)
(case # > 0) ,

1

sinh2(ϕ)
(case # < 0) .
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With this choice of β, the equation above may be rewritten in the simplified form:

�g w −
(

1

u
+ (n− 3)u

)
〈∇w | ∇ϕ〉g = −2 β

(
∣∣∇2ϕ

∣∣2
g
− (�g ϕ)

2

n

)
. (3.26)

We notice that the term on the right of Eq. (3.26) is always nonpositive, thus the
elliptic operator

L( · ) = �g · −
(

1

u
+ (n− 3)u

)
〈∇ · | ∇ϕ〉.

satisfies

L(w) ≤ 0 onM∗.

Thanks to Assumption 3, it holdsw ≥ 0 on ∂M . Let us suppose for the moment that
w → 0 as ϕ → +∞. Then, recalling that, since ϕ is analytic, its singular values
are discrete (see [37]), we can choose s > 0 small enough and S > 0 big enough
in such a way that the level sets {ϕ = s} and {ϕ = S} are regular. Thus the set
{s ≤ ϕ ≤ S} is a (compact) manifold and we can use the weak maximum principle
to obtain

inf{s≤ϕ≤S} w = inf
∂{s≤ϕ≤S} w = min{ϕ=s}∪{ϕ=S} w .

Hence, since min{ϕ=S} w → 0 as S → +∞, and min{ϕ=s} w → min∂M w ≥ 0 as
s → 0+, we easily find that w ≥ 0 on {0 ≤ ϕ < +∞} = M∗. This immediately
gives the thesis.

It remains to prove that limϕ→+∞ w = 0. It is convenient to rewrite the limit in
terms of u, g0. In the case# > 0, the limit above is equivalent to limu→1−(1−u2−
|Du|2) = 0, while in the case# < 0 it is equivalent to limu→1+(u

2−1−|Du|2) = 0.
In both cases, since the points at which u = 1 are extremals, we have |Du| → 0 as
u→ 1 and so the limits above are verified. ��

3.4 The Geometry of the Level Sets of ϕ

In the forthcoming analysis a crucial role is played by the study of the geometry of
the level sets of ϕ, which coincide with the level sets of u, by definition. Hence, we
pass now to describe the second fundamental form and the mean curvature of the
regular level sets of ϕ (or equivalently of u) in both the original Riemannian context
(M, g0) and the conformally related one (M∗, g). To this aim, we fix a regular level
set {ϕ = s0} and we construct a suitable set of coordinates in a neighborhood of
it. Note that {ϕ = s0} must be compact, by the properness of ϕ. In particular, there
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exists a real number δ > 0 such that in the tubular neighborhood Uδ = {s0 − δ <
ϕ < s0 + δ} we have |∇ϕ|g > 0 so that Uδ is foliated by regular level sets of ϕ. As
a consequence, Uδ is diffeomorphic to (s0 − δ, s0 + δ)× {ϕ = s0} and the function
ϕ can be regarded as a coordinate in Uδ . Thus, one can choose a local system of
coordinates {ϕ, ϑ1,. . . ., ϑn−1}, where {ϑ1,. . . ., ϑn−1} are local coordinates on {ϕ =
s0}. In such a system, the metric g can be written as

g = dϕ ⊗ dϕ
|∇ϕ|2g

+ gij (ϕ, ϑ1,. . . ., ϑn−1) dϑi⊗ dϑj ,

where the Latin indices vary between 1 and n − 1. We now fix in Uδ the g0-unit
vector field ν = Du/|Du| = Dϕ/|Dϕ| and the g-unit vector field νg = ∇u/|∇u|g =
∇ϕ/|∇ϕ|g. Accordingly, the second fundamental forms of the regular level sets of
u or ϕ with respect to ambient metric g0 and the conformally-related ambient metric
g are respectively given by

h(0)ij =
D2
ij u

|Du| =
D2
ij ϕ

|Dϕ| and h(g)ij =
∇2
ij u

|∇u|g =
∇2
ij ϕ

|∇ϕ|g , for i, j = 1,. . . ., n− 1.

Taking the traces of the above expressions with respect to the induced metrics we
obtain the following expressions for the mean curvatures in the two ambients

H = �u

|Du| −
D2u(Du,Du)

|Du|3 , Hg = �gϕ

|∇ϕ|g −
∇2ϕ(∇ϕ,∇ϕ)

|∇ϕ|3g
. (3.27)

Taking into account expressions (3.8), (3.19) and (3.9), (3.20), one can show that
the second fundamental forms are related by

h(g)ij =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1√
1− u2

[
h(0)ij + u |Du|

1− u2
g
(0)
ij

]
(case # > 0),

1√
u2 − 1

[
−h(0)ij + u |Du|

u2 − 1
g
(0)
ij

]
(case # < 0).

(3.28)

The analogous formula for the mean curvatures reads

Hg =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
1− u2

[
H + (n− 1)

u |Du|
1− u2

]
(case # > 0),

√
u2 − 1

[
−H + (n− 1)

u |Du|
u2 − 1

]
(case # < 0).

(3.29)

Concerning the nonregular level sets of ϕ, we first observe that ϕ is analytic
(see [13, 41]), thus by the results in [21, 30] (see also [27, Theorem 6.3.3]), one has
that the (n−1)-dimensional Hausdorff measure of the level sets of ϕ is locally finite.
Hence, the properness of ϕ forces the level sets to have finite (n − 1)-dimensional
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Hausdorff measure. Using the results in [30] (see also [27, Theorem 6.3.3]), we
know that there exists a submanifoldN ⊆ Crit(ϕ) such that H n−1(Crit(ϕ)\N)= 0.
In particular, the unit normal to a level set is well-definedH n−1-almost everywhere,
and so are the second fundamental form hg and the mean curvature Hg . We will
prove now that formulæ (3.28) and (3.29) hold also at any point y0 ∈ N , and
therefore they hold H n−1-almost everywhere on any level set. We do it in the case
# > 0 (the case# < 0 is analogous). Let ν, νg be the unit normal vector fields toN
at y0 with respect to g0, g respectively. Since |νg|2g = 1 = |ν|2 = (1 − u2) |ν|2g,

we deduce that νg =
√

1− u2 ν. Let (∂/∂x1, . . . , ∂/∂xn−1) be a basis of Ty0N , so
that in particular (∂/∂x1, . . . , ∂/∂xn−1, νg) is a basis of Ty0M . Recalling (3.2) and
observing that the derivatives of u in y0 are all zero since y0 ∈ Crit(ϕ), we have

h(g)ij =
〈
∇i ∂
∂xj

∣∣∣ νg
〉

g
= 	nij = Gnij =

〈
Di

∂

∂xj

∣∣∣ νg
〉

g
= 1√

1− u2

〈
Di

∂

∂xj

∣∣∣ ν
〉
= 1√

1 − u2
h(0)ij .

This proves that formula (3.28) holds also on N , and taking its trace we deduce that
also (3.29) is verified.

3.5 A Conformal Version of the Monotonicity-Rigidity
Theorem

We conclude this section by introducing the conformal analog of the functions
Up(t) introduced in (1.7) (# > 0) and (1.18) (# < 0). To this aim, we let
(M∗, g, ϕ) be a solution to problem (3.23) and we define, for p ≥ 0, the functions
�p : [0,+∞) −→ R as

s �−→ �p(s) =
∫

{ϕ=s}
|∇ϕ|pg dσg . (3.30)

As for the Up’s, we observe that the �p’s are well defined. This is because the
hypersurface area of the level sets is finite, due to the analyticity and properness of
ϕ. Before proceeding, it is worth noticing that, when p = 0, the function

�0(s) =
∫

{ϕ=s}
dσg = |{ϕ = s}|g,

coincides with the hypersurface area functional |{ϕ = s}|g for the level sets of ϕ
inside the ambient manifold (M∗, g). For future convenience, we observe that the
functions Up and �p and their derivatives (when defined) are related as follows

Up(t) = �p

( 1

2
log

∣∣∣
1+ t
1− t

∣∣∣
)
, (3.31)
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U ′p(t) =
1

1− t2 �
′
p

( 1

2
log

∣∣∣
1+ t
1− t

∣∣∣
)
, (3.32)

U ′′p(t) =
1

(1− t2)2
[

2 t �′p
( 1

2
log

∣∣∣
1+ t
1− t

∣∣∣
)
+�′′p

( 1

2
log

∣∣∣
1+ t
1− t

∣∣∣
) ]

, (3.33)

Using the above relationships, both the Monotonicity-Rigidity Theorems 1.1
and 1.4 can be rephrased in terms of the functions s �→ �p(s) as follows.

Theorem 3.2 (Monotonicity-Rigidity Theorem—Conformal Version) Let
(M∗, g, ϕ) be a solution to problem (3.23), satisfying Assumption 3. For every
p ≥ 0 we let �p : [0,+∞) −→ R be the function defined in (3.30). Then, the
following properties hold true.

(i) For every p ≥ 1, the function�p is continuous.
(ii) The function �1(s) is monotonically nonincreasing. Moreover, if �1(s1) =

�1(s2) for some s1 	= s2, then (M∗, g, ϕ) is isometric to one half round
cylinder with totally geodesic boundary.

(iii) For every p ≥ 3, the function �p is differentiable and the derivative satisfies,
for every s ∈ (0,+∞),

�′p(s) =
∫

{ϕ=s}

[
−(p − 1)|∇ϕ|p−1

g Hg + p|∇ϕ|p−2
g �gϕ

]
dσg ≤

∫

{ϕ=s}
|∇ϕ|p−2

g �gϕdσg ≤ 0.

(3.34)

where Hg is the mean curvature of the level set {ϕ = s}. Moreover, if the
first equality in (3.34) holds, for some s ∈ (0,+∞) and some p ≥ 3,
then (M∗, g, ϕ) is isometric to an half round cylinder with totally geodesic
boundary.

(iv) It holds �′p(0) = lims→0�
′
p(s) = 0, for every p ≥ 3. In particular, setting

�′′p(0) = lims→0+ �
′
p(s)/s, we have that for every p ≥ 3, the following

formulæ hold

− n
∫

∂M

|∇ϕ|p−2
g

(
1− |∇ϕ|2g

)
dσg ≥ �′′p(0)

=
∫

∂M

|∇ϕ|p−2
g

[
(p − 1)Ricg(νg, νg)− np

(
1− |∇ϕ|2g

)]
dσg, (# > 0)

− n
∫

∂M

u2
(

1− |∇ϕ|2g
)

dσg ≥ �′′p(0)

=
∫

∂M

−
[(
p − 1

n− 1

)
Ricg(νg, νg)+ nu2(1− |∇ϕ|2g)

]
dσg , (# < 0)

(3.35)
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where νg = ∇ϕ/|∇ϕ|g is the inward pointing unit normal of the boundary
∂M . Moreover, in the case # > 0, if the equality is fulfilled for some p ≥ 3,
then (M∗, g, ϕ) is isometric to an half round cylinder with totally geodesic
boundary.

4 Proof of Theorems 1.1 and 1.4 After Theorem 3.2

In this section we show how to recover Theorems 1.1, 1.4 from Theorem 3.2. The
proof of Theorem 3.2 will be the argument of Sect. 6.

4.1 Case � > 0: Theorem 3.2 Implies Theorem 1.1

In the hypotheses of Theorem 1.1, Lemma 3.1 is in charge, hence |∇ϕ|2g ≤ 1 on
the whole manifold M . Thus, formula (1.10) is an immediate consequence of the
identity

|∇ϕ|2g =
|Du|2
1− u2 .

The equivalence between Theorem 1.1-(i),(ii) and Theorem 3.2-(i),(ii) is also
straightforward.

We pass now to prove the equivalence between (1.11) and (3.34). To do this, it
is enough to translate (3.34) in terms of the conformally related quantities u, g0.
Recalling the second equation in (3.23) and formulæ (3.29), (3.32), we have the
following chain of equalities.

U ′p(t) =
1

1− t2 �
′
p

(
1

2
log

(1+ t
1− t

))

= 1

1− t2
∫

{u=t}
|∇ϕ|p−2

g

[
− (p − 1)|∇ϕ|g Hg + p�gϕ

]
dσg

=
∫

{u=t}

|Du|p−2

(1− u2)p/2

[
− (p − 1)|Du|

(
H + (n − 1)

u |Du|
1− u2

)
− np u

(
1− |Du|2

1− u2

)]
dσg

=
( 1

1− t2
) p

2
∫

{u=t}
|Du|p−2

[
− (p − 1)|Du|H + (n + p − 1)

u |Du|2
1− u2 − np u

]
dσg .

(4.1)
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Now we use formula (3.1) to deduce that the volume elements dσ , dσg are related by

dσg =
( 1

1− u2

) n−1
2

dσ .

Hence equality (4.1) can be rewritten as

U ′p(t) = −(p − 1)t
( 1

1− t2
) n+p−1

2

×
∫

{u=t}
|Du|p−2

[∣∣∣∣
Du

u

∣∣∣∣H+
(
np

p − 1

)
−

(
n+ p − 1

p − 1

)( |Du|2
1− u2

)]
dσ

= −(p − 1)t
( 1

1− t2
) n+p−1

2

×
∫

{u=t}
|Du|p−2

[
(n− 1)− Ric(ν, ν)+

(
n+ p − 1

p − 1

)(
1− |Du|2

1− u2

)]
dσ,

where in the second equality ν = Du/|Du| is the unit normal to {u = t} and we
have used the identity

Ric(ν, ν) = −
∣∣∣∣
Du

u

∣∣∣∣H ,

which is a consequence of the first equation in problem (1.4). On the other hand,
since from (3.34) it holds

�′p(s) ≤
∫

{ϕ=s}
|∇ϕ|p−2

g �gϕ dσg ,

we have

U ′p(t) ≤ − n t

1− t2
∫

{u=t}

( |Du|√
1− u2

)p−2(
1− |Du|2

1− u2

)
dσg

= − n t
( 1

1− t2
) n+p−1

2
∫

{u=t}
|Du|p−2

(
1− |Du|2

1− u2

)
dσ . (4.2)

This proves formula (1.11). Moreover, we recall from Theorem 3.2 that the equality
holds in (4.2) if and only if (M∗, g, ϕ) is isometric to one half round cylinder,
that is, if and only if (M, g0, u) is isometric to the de Sitter solution. This proves
Theorem 1.1-(iii).
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It remains to prove the equivalence of Theorem 1.1-(iv) and Theorem 3.2-(iv).
We first observe, from formula (3.5), that the identity

Ricg(νg, νg) = Ric(ν, ν) − (n− 1) |Du|2 ,

holds on ∂M . Then we apply the Gauss–Codazzi equation to obtain

Ricg(νg, νg) = R− R∂M

2
− (n−1)|Du|2 = (n− 1)(n− 2)− R∂M

2
+ (n−1) (1−|Du|2) .

Now, we recall formulæ (3.33) and (3.35) and we compute

U ′′p(0) = �′′p(0) =
∫

∂M

|∇ϕ|p−2
g

[
(p − 1)Ricg(νg, νg)− np

(
1− |∇ϕ|2g

)]
dσg

=
∫

∂M

|Du|p−2

[
(p − 1)

( (n− 1)(n− 2)− R∂M

2

)
− (n+ p − 1)

(
1− |Du|2

)]
dσ

= −(p − 1)
∫

∂M

|Du|p−2

[
R∂M − (n− 1)(n− 2)

2
+

(n+ p − 1

p − 1

)(
1− |Du|2

)]
dσ.

Moreover, again from formula (3.35), we have

U ′′p(0) = �′′p(0) ≤ −n
∫

∂M

|∇ϕ|p−2
g

(
1− |∇ϕ|2g

)
dσg = −n

∫

∂M

|Du|p−2
(

1− |Du|2
)

dσ ,

and the equality holds if and only if (M, g0, u) is isometric to the de Sitter solution.
This concludes the proof of Theorem 1.1-(iv).

4.2 Case � < 0: Theorem 3.2 Implies Theorem 1.4

In the hypotheses of Theorem 1.4, Lemma 3.1 is in charge, hence |∇ϕ|2g ≤ 1 on
the whole manifold M . Thus, formula (1.21) is an immediate consequence of the
identity

|∇ϕ|2g =
|Du|2
u2 − 1

.

The equivalence between Theorem 1.4-(i),(ii) and Theorem 3.2-(i),(ii) is also
straightforward.

We pass now to prove the equivalence between (1.22) and (3.34). To do this, it
is enough to translate (3.34) in terms of the conformally related quantities u, g0.
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Recalling the second equation in (3.23) and formulæ (3.29), (3.32), we have the
following chain of equalities.

U ′p(t) = − 1

t2 − 1
�′p

(
1

2
log

(1+ t
t − 1

))

= − 1

t2 − 1

∫

{u=t}
|∇ϕ|p−2

g

[
− (p − 1)|∇ϕ|g Hg + p�gϕ

]
dσg

= −
∫

{u=t}

|Du|p−2

(u2 − 1)p/2

[
− (p − 1)|Du|

(
− H + (n− 1)

u |Du|
u2 − 1

)
− n p u

(
1− |Du|2

u2 − 1

)]
dσg

=
( 1

t2 − 1

) p
2
∫

{u=t}
|Du|p−2

[
− (p − 1)|Du|H − (n+ p − 1)

u |Du|2
u2 − 1

+ np u

]
dσg .

(4.3)

Now we use formula (3.12) to deduce that the volume elements dσ , dσg are
related by

dσg =
( 1

u2 − 1

) n−1
2

dσ .

Hence equality (4.3) can be rewritten as

U ′p(t) = (p − 1)t
( 1

t2 − 1

) n+p−1
2

×
∫

{u=t}
|Du|p−2

[
−
∣∣∣∣
Du

u

∣∣∣∣H+
(
np

p − 1

)
−

(
n+ p − 1

p − 1

)( |Du|2
1− u2

)]
dσ

= (p − 1)t
( 1

t2 − 1

) n+p−1
2

×
∫

{u=t}
|Du|p−2

[
(n− 1)+ Ric(ν, ν)+

(
n+ p − 1

p − 1

)(
1− |Du|2

1− u2

)]
dσ,

where in the second equality ν = Du/|Du| is the unit normal to {u = t} and we
have used the identity

Ric(ν, ν) = −
∣∣∣∣
Du

u

∣∣∣∣H ,
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which is a consequence of the first equation in problem (1.17). On the other hand,
since from (3.34) it holds

�′p(s) ≤
∫

{ϕ=s}
|∇ϕ|p−2

g �gϕ dσg ,

we have

U ′p(t) ≥
n t

t2 − 1

∫

{u=t}

( |Du|√
u2 − 1

)p−2(
1− |Du|2

u2 − 1

)
dσg

= n t
( 1

t2 − 1

) n+p−1
2

∫

{u=t}
|Du|p−2

(
1− |Du|2

u2 − 1

)
dσ . (4.4)

This proves formula (1.22). Moreover, we recall from Theorem 3.2 that the equality
holds in (4.4) if and only if (M∗, g, ϕ) is isometric to one half round cylinder, that
is, if and only if (M, g0, u) is isometric to the anti-de Sitter solution. This proves
Theorem 1.4-(iii).

It remains to prove the equivalence of Theorem 1.4-(iv) and Theorem 3.2-(iv).
Let r = √u2 − 1 and Vp(r) = Up(

√
1+ 1/r2). An easy computation shows that

V ′p(r) = − 1

r2
√

1+ r2
U ′p(

√
1+ 1/r2) .

Since lims→0+ �′p(s) = 0, we deduce from (3.32) that limt→+∞U ′p(t) = 0, which
implies limr→0+ V ′p(r) = 0. Hence we set V ′′p (0) = limr→0+ V ′p(r)/r and we
compute

V ′′p (0) = lim
r→0+

− 1

r3 U
′
p(

√
1+ 1/r2)

= lim
t→+∞− t

3U ′p(t)

= lim
t→+∞ t �

′
p

(
1

2
log

( t + 1

t − 1

))
,

where in the last equality we have used formula (3.32). Recalling that �′′p(0) =
lims→0+ �′p(s)/s, we conclude that V ′′p (0) = �′′p(0). Hence, from formula (3.35)
we obtain

V ′′p (0) = −
∫

∂M

[(p − 1

n− 1

)
Ricg(νg, νg) + n u2

(
1− |∇ϕ|2g

)]
dσg . (4.5)
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Recalling that |∇ϕ|2g = |Du|2/(u2 − 1), it is easily seen that

lim
s→0+

u2(1− |∇ϕ|2g) = lim
t→+∞

(
u2 − 1− |Du|2

)
.

Moreover, from the Gauss–Codazzi equation on ∂M and formula (3.24) we find that
the identity

Ricg(νg, νg) =
Rg − R∂Mg

2
= (n− 1)(n− 2)− R∂Mg

2
+ (n− 1) n u2(1− |∇ϕ|2g)

2

holds on the conformal boundary ∂M . Therefore, formula (4.5) rewrites as

V ′′p (0) = − (p − 1)
∫

∂M

[
(n− 1)(n − 2)− R∂Mg

2(n− 1)
+ n(p + 1)

2(p − 1)

(
u2 − 1− |Du|2

)]
dσg .

Finally, again from formula (3.35), we have

V ′′p (0) = �′′p(0) ≤ n

∫

∂M

u2
(

1− |∇ϕ|2g
)

dσg = n

∫

∂M

(
u2 − 1− |Du|2

)
dσg .

This concludes the proof of Theorem 1.4-(iv).

5 Integral Identities

In this section, we derive some integral identities that will be used to analyze the
properties of the functions s �→ �p(s) introduced in (3.30).

5.1 First Integral Identity

To obtain our first identity, we are going to exploit the equation �gϕ = −nu(1 −
|∇ϕ|2g) in problem (3.23).

Proposition 5.1 Let (M∗, g, ϕ) be a solution to problem (3.23). Then, for every
p ≥ 1 and for every s ∈ (0,+∞), we have

∫

{ϕ=s}

|∇ϕ|pg
sinhn(s)

dσg =
∫

{ϕ>s}

|∇ϕ|p−3
g

(
n coth(ϕ)|∇ϕ|4g − |∇ϕ|2g�gϕ − (p − 1)∇2ϕ(∇ϕ,∇ϕ)

)

sinhn(ϕ)
dμg.

(5.1)
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Remark 7 Arguing as in Remark 1, it is easy to realize that the integral on the left
hand side of (5.1) is well defined also when s is a singular value of ϕ.

Proof To prove identity (5.1) when s > 0 is a regular value of ϕ, we start from the
formula

divg

( |∇ϕ|p−1
g ∇ϕ

sinhn(ϕ)

)
=
|∇ϕ|p−3

g

(
(p − 1)∇2ϕ(∇ϕ,∇ϕ)+ |∇ϕ|2g�gϕ − n coth(ϕ)|∇ϕ|4g

)

sinhn(ϕ)
,

(5.2)

which follows from a direct computation. Since ϕ is analytic, its singular values are
discrete (see [37]). In particular all the big enough values are regular. Hence, we
integrate the above formula by parts using the Divergence Theorem in {s < ϕ < S},
where S is large enough so that we are sure that the level set {ϕ = S} is regular. This
gives

∫

{s<ϕ<S}

|∇ϕ|p−3
g

(
(p − 1)∇2ϕ(∇ϕ,∇ϕ) + |∇ϕ|2g �gϕ − n coth(ϕ) |∇ϕ|4g

)

sinhn(ϕ)
dμg =

=
∫

{ϕ=S}

|∇ϕ|p−1
g

〈∇ϕ ∣∣ ng
〉
g

sinhn(ϕ)
dσg +

∫

{ϕ=s}

|∇ϕ|p−1
〈∇ϕ ∣∣ ng

〉
g

sinhn(ϕ)
dσg , (5.3)

where ng is the outer unit normal. In particular, one has that ng = −∇ϕ/|∇ϕ|g on
{ϕ = s} and ng = ∇ϕ/|∇ϕ|g on {ϕ = S}. Therefore, if we prove that

lim
S→+∞

∫

{ϕ=S}

|∇ϕ|pg
sinhn(ϕ)

dσg = 0 , (5.4)

then the statement of the proposition will follow at once. Form Lemma 3.1, we know
that |∇ϕ|g ≤ 1, hence it is enough to prove that

lim
S→+∞

∫

{ϕ=S}

dσg
sinhn(ϕ)

= 0 ,

Rewriting this last limit in terms of u, g0, we find the equalities

lim
t→1

∫

{u=t}

√
1− u2

un
dσ = 0 (case # > 0) , lim

t→1

∫

{u=t}

√
u2 − 1 dσ = 0 (case # < 0)
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which are easily verified, since the level sets {u = t} have finite H n−1-measure
(because u is analytic). This proves the limit (5.4) and the thesis in the case in
which s is a regular value.

In the case where s > 0 is a singular value of ϕ, we need to apply a refined
version of the Divergence Theorem in order to perform the integration by parts
which leads to identity (5.3), namely Theorem A.9 in the Appendix A. The rest of
the proof is then identical to what we have done for the regular case.

According to the notations of Theorem A.9, we set

X = |∇ϕ|p−1
g ∇ϕ

sinhn(ϕ)
and E = {s < ϕ < S} .

so that ∂E = {ϕ = s} � {ϕ = S}. It is clear that the vector field X is Lipschitz for
p ≥ 1 and, by the results of [21, 30] (see also [27, Theorem 6.3.3]), we know that
H n−1(∂E) is finite. Moreover, from [30] (see also [27, Theorem 6.3.3]), we know
that there exists an open (n − 1)-submanifold N ⊆ Crit(ϕ) such that H n−1(∂E \
N) = 0. Set $ = ∂E ∩ (Crit(ϕ) \ N) and 	 = ∂E \ $. We have H n−1($) = 0
by definition, while 	 is the union of the regular part of ∂E and of N , which are
open (n−1)-submanifolds. Therefore, the hypotheses of Theorem A.9 are satisfied,
hence we can apply it to conclude that (5.3) holds also on the non regular level sets.

��

5.2 Second Integral Identity

Now we want to exploit Lemma 3.1 in order to obtain an integral inequality
analogous to [4, Prop. 4.2]. We rewrite Eq. (3.25) as

�g |∇ϕ|2g −
(

1

u
+ (n+ 1)u

)
〈∇|∇ϕ|2g | ∇ϕ〉g = 2 |∇2ϕ|2g + 2 nu2 |∇ϕ|2g

(
1− |∇ϕ|2g

)
.

(5.5)

For every p ≥ 3, we compute

∇|∇ϕ|p−1
g =

(p − 1

2

)
|∇ϕ|p−3

g ∇|∇ϕ|2g ,

�g|∇ϕ|p−1
g =

(p − 1

2

)
|∇ϕ|p−3

g �g |∇ϕ|2 + (p − 1)(p − 3) |∇ϕ|p−3
g

∣∣∇|∇ϕ|g
∣∣2
g
.
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We notice en passant that whenever |∇ϕ|g > 0 the above formulæ make sense for
every p ≥ 0. These identities, combined with (5.5), lead to

�g|∇ϕ|p−1
g −

(
1

u
+ (n+ 1)u

)
〈∇|∇ϕ|p−1

g | ∇ϕ〉g =

= (p−1)|∇ϕ|p−3
g

(
|∇2ϕ|2g + (p−3)

∣∣∇|∇ϕ|g
∣∣2
g
+ n u2 |∇ϕ|2g

(
1− |∇ϕ|2g

) )
.

(5.6)

Obviously, for p = 3, the above formula coincides with (5.5). If we define the
function

γ = γ (ϕ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

sinh(ϕ) coshn+1(ϕ)
(case # > 0) ,

1

cosh(ϕ) sinhn+1(ϕ)
(case # < 0) ,

then the equation above can be written as

divg
(
γ (ϕ)∇|∇ϕ|p−1

g

)
=

= (p−1)|∇ϕ|p−3
g γ (ϕ)

(
|∇2ϕ|2g + (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
+ n u2 |∇ϕ|2g

(
1− |∇ϕ|2g

))
.

(5.7)

Note that the term on the right is always positive, thanks to Lemma 3.1.
Integrating by parts identity (5.7), we obtain the following proposition, which is

the main result of this section.

Proposition 5.2 Let (M∗, g, ϕ) be a solution to problem (3.23) satisfying Assump-
tion 3. Then, for every s ∈ [0,+∞) and p ≥ 3

γ (s)

∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg =

=
∫

{ϕ>s}
γ (ϕ) |∇ϕ|p−3

g

(
|∇2ϕ|2g + (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
+ nu2 |∇ϕ|2g

(
1− |∇ϕ|2g

))
dμg .

(5.8)

Moreover, if there exists s0 ∈ (0,+∞) such that

∫

{ϕ=s0}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg ≤ 0 , (5.9)
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then the manifold (M∗, g) is isometric to one half round cylinder with totally
geodesic boundary.

Remark 8 Translating Remark 1 in terms of the conformally related quantities, it
is easy to realize that the integral on the left hand side of (5.8) is well defined also
when s is a singular value of ϕ.

For the seek of clearness, we rewrite more explicitly Proposition 5.2, distinguishing
the two cases # > 0, # < 0.

Corollary 5.3 (Case � > 0) Let (M, g0, u) be a static solution to problem (1.4)
satisfying Normalization 1 and Assumption 1. Let g be the metric defined in (3.1)
and ϕ be the smooth function defined in (3.7). Then, for every s ∈ [0,+∞)

∫

{ϕ=s}

|∇ϕ|p−1
g Hg − |∇ϕ|p−2

g �gϕ

sinh(s) coshn+1(s)
dσg =

=
∫

{ϕ>s}
|∇ϕ|p−3

g

|∇2ϕ|2g + (p − 3)
∣∣∇|∇ϕ|g

∣∣2
g
+ n tanh2(ϕ) |∇ϕ|2g

(
1− |∇ϕ|2g

)

sinh(ϕ) coshn+1(ϕ)
dμg .

Moreover, if there exists s0 ∈ (0,+∞) such that

∫

{ϕ=s0}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg ≤ 0 ,

then (M, g0, u) is isometric to the de Sitter solution.

Corollary 5.4 (Case � < 0) Let (M, g0, u) be a conformally compact static
solution to problem (1.17) satisfying Normalization 2 and Assumption 2. Let g be
the metric defined in (3.12), and ϕ be the smooth function defined in (3.18). Then,
for every s ∈ [0,+∞)

∫

{ϕ=s}

|∇ϕ|p−1
g Hg − |∇ϕ|p−2

g �gϕ

sinhn+1(s) cosh(s)
dσg =

=
∫

{ϕ>s}
|∇ϕ|p−3

g

|∇2ϕ|2g + (p − 3)
∣∣∇|∇ϕ|g

∣∣2
g
+ n coth2(ϕ) |∇ϕ|2g

(
1− |∇ϕ|2g

)

sinhn+1(ϕ) cosh(ϕ)
dμg .

Moreover, if there exists s0 ∈ (0,+∞) such that

∫

{ϕ=s0}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg ≤ 0 ,

then (M, g0, u) is isometric to the anti-de Sitter solution.
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Proof of Proposition 5.2 We start by considering the case where the level set {ϕ =
s} is regular. Arguing as in the proof of Proposition 5.1, we find that we can choose
S large enough to be sure that {ϕ = S} is regular. Integrating by parts identity (5.7)
in {s < ϕ < S}, we obtain

(p − 1)
∫

{s<ϕ<S}
γ (ϕ) |∇ϕ|p−3

g

(
|∇2ϕ|2g + (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
+ nu2 |∇ϕ|2g

(
1− |∇ϕ|2g

))
dμg =

=
∫

{ϕ=S}
γ (ϕ) 〈∇|∇ϕ|p−1

g | ng〉g dσg +
∫

{ϕ=s}
γ (ϕ) 〈∇|∇ϕ|p−1

g | ng〉g dσg .

where n is the outer g-unit normal of the set {s ≤ ϕ ≤ S} at its boundary. In
particular, one has that ng = −∇ϕ/|∇ϕ|g on {ϕ = s} and ng = ∇ϕ/|∇ϕ|g on
{ϕ = S}. On the other hand, from the second formula in (3.27) it is easy to deduce
that

〈∇|∇ϕ|p−1
g |∇ϕ〉g = p − 1

2
|∇ϕ|p−3

g 〈∇|∇ϕ|2g |∇ϕ〉g =

= (p−1) |∇ϕ|p−3
g ∇2ϕ(∇ϕ,∇ϕ) = (p−1) |∇ϕ|p−3

g

(
− |∇ϕ|3g Hg + |∇ϕ|2g �gϕ

)
.

Therefore, we have obtained

∫

{s<ϕ<S}
γ (ϕ) |∇ϕ|p−3

g

(
|∇2ϕ|2g + (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
+ nu2 |∇ϕ|2g

(
1− |∇ϕ|2g

) )
dμg =

= γ (s)

∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg − γ (S)

∫

{ϕ=S}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg .

(5.10)

In order to obtain identity (5.8) it is sufficient to show that the last term on the
right hand side tends to zero as S →+∞. To this end, we first compute

lim
S→+∞ γ (S)

∫

{ϕ=S}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg = lim

S→+∞−γ (S)
∫

{ϕ=S}
|∇ϕ|p−2

g ∇2ϕ(ng, ng) dσg .

Now we recall that |∇ϕ|g ≤ 1 thanks to Lemma 3.1, and we use for-
mulæ (3.9), (3.20) to rewrite the limit above in terms of u, g0. In both the cases
# > 0 and # < 0, we find that it is enough to prove

lim
t→1

∫

{u=t}

√
|1− u2|

[(1− u2

u

)
D2u(n, n)+ |Du|2

]
dσ = 0 , (5.11)
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where n = Du/|Du|. Note that, for t near enough to 1, the vector n is well defined.
In fact, since the singular values of an analytic function are discrete (see [37]), it is
clear that the values near enough to 1 are regular.

Since u is analytic, the level set {u = t} has finite H n−1-measure (see [21, 27,
30])), thus the equality (5.11) is straightforward. This completes the proof of the
first part of the statement in the case where {ϕ = s} is regular.

In the case where s > 0 is a singular value of ϕ, we need to apply a slightly
refined version of the Divergence Theorem, namely Theorem A.9 in the Appendix
A, in order to perform the integration by parts which leads to identity (5.10). The
rest of the proof is identical to what we have done for the regular case. We set

X = γ (ϕ)∇|∇ϕ|p−1
g =

(p − 1

2

)
γ (ϕ) |∇ϕ|p−3

g ∇|∇ϕ|2g and E = {s < ϕ < S} .

so that ∂E = {ϕ = s} � {ϕ = S}. As we have already observed, ϕ is proper
and analytic, hence the (n − 1)-dimensional Hausdorff measure of ∂E is finite.
Moreover, it is clear that X is Lipschitz for p ≥ 3. From the results in [30] (see
also [27, Theorem 6.3.3]), we know that there exists an open (n − 1)-submanifold
N ⊆ Crit(ϕ) such that H n−1(∂E \ N) = 0. Set $ = ∂E ∩ (Crit(ϕ) \ N) and
	 = ∂E \ $. We have H n−1($) = 0 by definition, while 	 is the union of the
regular part of ∂E and of N , which are open (n − 1)-submanifolds. Therefore the
hypotheses of Theorem A.9 are satisfied, hence, taking into account Remark 8 and
expression (5.7), we have that identity (5.10) holds true also in the case where s is a
singular value of ϕ.

To prove the second part of the statement, we observe that from (5.8) and (5.9)
one immediately gets ∇2ϕ ≡ 0 in {ϕ ≥ s0}. Since ϕ is analytic, then ∇2ϕ ≡ 0 on
the whole M∗. In particular, �gϕ = 0 and, from the second equation in (3.23), we
find |∇ϕ|2g ≡ 1 onM∗.

Consider now the case # > 0. Substituting ∇2ϕ = 0 and |∇ϕ|g = 1
in equality (3.9), we find D2u = −u g0 on M∗. Since u is analytic, the set
MAX(u) is negligible, hence the equality D2u = −u g0 holds on the whole
M = M∗ ∪MAX(u). Therefore, using the same arguments as in [32], we deduce
that (M, g0) is an half-sphere, and translating this back in terms of the conformally
related quantities, we easily find that (M∗, g) is isometric to an half round cylinder.

In the case # < 0 we proceed in a similar way. Substituting in equality (3.20),
we find D2u = ug0 on M∗ and, with the same argument as above, we deduce that
the same equation holds on the whole M = M∗ ∪ MIN(u). Then we can use [34,
Lemma 3.3] to conclude that (M, g0) is isometric to the hyperbolic space, from
which we deduce that (M∗, g) is an half round cylinder. ��
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6 Proof of Theorem 3.2

Building on the analysis of the previous section, we are now in the position to prove
Theorem 3.2, which in turn implies Theorems 1.1 and 1.4.

6.1 Continuity

We claim that under the hypotheses of Theorem 3.2 the function�p is continuous,
for p ≥ 1.

We first observe that since we are assuming that the boundary ∂M is a regular
level set of ϕ, the function s �→ �p(s) can be described in term of an integral
depending on the parameter s, provided s ∈ [0, 2ε) with ε > 0 sufficiently small. In
this case, the continuous dependence on the parameter s can be easily checked using
standard results from classical differential calculus. Thus, we leave the details to the
interested reader and we pass to consider the case where s ∈ (ε,+∞). Thanks to
Proposition 5.1 one can rewrite expression (3.30) as

�p(s) = − sinhn(s)
∫

{ϕ>s}

|∇ϕ|p−3
g

(
(p − 1)∇2ϕ(∇ϕ,∇ϕ) + |∇ϕ|2g �gϕ − n coth(ϕ) |∇ϕ|4g

)

sinhn(ϕ)
dμg.

(6.1)

It is now convenient to set

μ
(p)
g (E) =

∫

E

|∇ϕ|p−3
g

(
(p − 1)∇2ϕ(∇ϕ,∇ϕ) + |∇ϕ|2g �gϕ − n coth(ϕ) |∇ϕ|4g

)

sinhn(ϕ)
dμg ,

(6.2)

for everyμg-measurable set E ⊆ {ϕ > ε}. It is then clear that for p ≥ 1 the measure

μ
(p)
g is absolutely continuous with respect to μg, since |∇ϕ|p−3

g ∇2ϕ(∇ϕ,∇ϕ) ≤
|∇ϕ|p−1

g |∇2ϕ|g and |∇2ϕ|g is bounded (this is an easy consequence of equali-
ties (3.10), (3.21)).

In view of (6.1), the function s �→ �p(s) can be interpreted as the repartition
function of the measure defined in (6.2), up to the smooth factor − sinhn(s). Thus,
s �→ �p(s) is continuous if and only if the assignment

s �−→ μ
(p)
g ({ϕ > s})

is continuous. Thanks to [7, Proposition 2.6] and thanks to the fact that μ(p)g is
absolutely continuous with respect to μg , proving the continuity of the above
assignment is equivalent to checking that μg({ϕ = s}) = 0 for every s > ε. On
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the other hand, the Hausdorff dimension of the level sets of ϕ is at most n− 1, as it
follows from the results in [21, 27, 30]). Hence, they are negligible with respect to
the full n-dimensional measure. This proves the continuity of �p for p ≥ 1 under
the hypotheses of Theorem 3.2.

6.2 Monotonicity of �1(s)

From the second equation in problem (3.23) and from Lemma 3.1, we get

�gϕ = −nu (1− |∇ϕ|2g) ≤ 0 .

Integrating this inequality in {s ≤ ϕ ≤ S}, we get

∫

{s≤ϕ≤S}
�gϕ dσg ≤ 0 . (6.3)

Suppose that {ϕ = s} and {ϕ = S} are regular levels (the case in which they are
singular can be handled in the same way as in the proofs of Propositions 5.1 and 5.2).
Then, applying the divergence theorem to inequality (6.3), we easily obtain�1(S) ≤
�1(s), for every s < S.

Moreover, if the equality holds for some values of s, S, then |∇ϕ|g ≡ 1 on
{s ≤ ϕ ≤ S} and, since ϕ is analytic, we have |∇ϕ|g ≡ 1 on the whole M∗.
Plugging this information inside formula (3.25), we find that ∇2ϕ ≡ 0 onM∗. With
the same argument used in the proof of the rigidity statement in Proposition 5.2, we
deduce that (M∗, g, ϕ) is an half round cylinder. This proves Theorem 3.2-(ii).

6.3 Differentiability

We now turn our attention to the issue of the differentiability of the functions
s �→ �p(s). As already observed in the previous subsection, we are assuming that
the boundary ∂M is a regular level set of ϕ so that the function s �→ �p(s) can be
described in term of an integral depending on the parameter s, provided s ∈ [0, 2ε)
with ε > 0 sufficiently small. Again, the differentiability in the parameter s can
be easily checked in this case, using standard results from classical differential
calculus. Leaving the details to the interested reader, we pass to consider the case
where s ∈ (ε,+∞). We start by noticing that for every p ≥ 2 the function

|∇ϕ|p−4
g

(
(p − 1)∇2ϕ(∇ϕ,∇ϕ) + |∇ϕ|2g �gϕ − n coth(ϕ) |∇ϕ|4g

)

sinhn(ϕ)
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has finite integral in {ϕ > s}, for every s > ε. Hence, we can apply the coarea
formula to expression (6.1), obtaining

�p(s) = − sinhn(s)

×
∫

{τ>s}

∫

{ϕ=τ}

(p − 1)|∇ϕ|p−4
g ∇2ϕ(∇ϕ,∇ϕ)+ |∇ϕ|p−2

g �gϕ − n coth(ϕ)|∇ϕ|pg
sinhn(ϕ)

dσgdτ

= sinhn(s)
∫

{τ>s}

∫

{ϕ=τ}

(p − 1)|∇ϕ|p−1
g Hg − p|∇ϕ|p−2

g �gϕ + n coth(ϕ)|∇ϕ|pg
sinhn(ϕ)

dσgdτ

= sinhn(s)
∫

{τ>s}

( ∫

{ϕ=τ}

(p − 1)|∇ϕ|p−1
g Hg − p|∇ϕ|p−2

g �gϕ

sinhn(τ )
dσg + n coth(τ )

sinhn(τ )
�p(τ)

)
dτ,

(6.4)

where in the second equality we have used (3.27) and in the third equality we have
used the definition of �p given by formula (3.30). By the Fundamental Theorem of
Calculus, we have that if the function

τ �−→
∫

{ϕ=τ }

(p − 1)|∇ϕ|p−1
g Hg − p |∇ϕ|p−2

g �gϕ

sinhn(τ )
dσg + n

coth(τ )

sinhn(τ )
�p(τ)

is continuous, then�p is differentiable. Since we have already discussed in Sect. 6.1
the continuity of s �→ �p(s), we only need to discuss the continuity of the
assignment

τ �−→
∫

{ϕ=τ }

(p − 1)|∇ϕ|p−1
g Hg − p |∇ϕ|p−2

g �gϕ

sinhn(τ)
dσg

= (p − 1)
1

γ (τ) sinhn(τ)

×
∫

{ϕ>τ }
γ (ϕ) |∇ϕ|p−3

g

( ∣∣∇2ϕ
∣∣2
g
+ (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
− u |∇ϕ|2g �gϕ

)
dμg +

+ n
u(τ)

sinhn(τ)

(
�p−2(τ) −�p(τ)

)
. (6.5)

We note that the above equality follows from formula �gϕ = −nu(1 − |∇ϕ|2g) in
problem (3.23) and from the integral identity (5.8) in Proposition 5.2, which is in
force under the hypotheses of Theorem 3.2-(iii). In analogy with (6.2) it is natural
to set

μ̄
(p)
g (E) =

∫

E

γ (ϕ) |∇ϕ|p−3
g

( ∣∣∇2ϕ
∣∣2
g
+ (p−3)

∣∣∇|∇ϕ|g
∣∣2
g
− u |∇ϕ|2g �gϕ

)
dμg ,
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for everyμg-measurable setE ⊆ {ϕ > ε}. It is now clear that for p ≥ 3 the measure

μ
(p)
g is absolutely continuous with respect to μg . Hence, using the same reasoning

as in Sect. 6.1, we deduce that the assignment (6.5) is continuous. In turn, we obtain
the differentiability of�p for p ≥ 3, under the hypotheses of Theorem 3.2. Finally,
using (6.4) and (5.8), a direct computation shows that

�′p(s) =
∫

{ϕ=s}

(
−(p − 1)|∇ϕ|p−1

g Hg + p|∇ϕ|p−2
g �gϕ

)
dσg

= −(p − 1)
∫

{ϕ>s}

γ (ϕ)

γ (s)
|∇ϕ|p−3

g

×
(∣∣∇2ϕ

∣∣2
g
+ (p − 3)

∣∣∇|∇ϕ|g
∣∣2
g
− u|∇ϕ|2g �gϕ

)
dμg+

+
∫

{ϕ=s}
|∇ϕ|p−2

g �gϕdσg. (6.6)

The monotonicity and the rigidity statements in Theorem 3.2-(iii) are now conse-
quences of Proposition 5.2.

6.4 The Second Derivative

To complete our analysis, we need to prove statement (iii) in Theorem 3.2. To this
aim, we observe from (3.27) and the first equation of problem (3.23) that

�′p(s)
s

= 1

s

∫

{ϕ=s}

(
−(p − 1)|∇ϕ|p−1

g Hg + p |∇ϕ|p−2
g �gϕ

)
dσg

= u(s)

s
[
1− (n− 1) u(s)2

]

×
∫

{ϕ=s}
|∇ϕ|p−2

g

[
(p − 1)Ricg(νg, νg)− n

(
p − (n− 1)u2) (1− |∇ϕ|2g

) ]
dσg .

Taking the limit as s → 0+ and using Assumption 3, we obtain (3.35). In the
case # < 0, one also needs to recall that lims→0+ |∇ϕ|g = 1. This is an easy
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consequence of formula (3.24) (see also the proof of Lemma A.8-(i)). To prove the
rigidity statement in the case # > 0, we observe that

�′′p(0) = lim
s→0+

1

s

∫

{ϕ=s}

(
−(p − 1)|∇ϕ|p−1

g Hg + p |∇ϕ|p−2
g �gϕ

)
dσg

= lim
s→0+

⎡
⎢⎣−

(
p − 1

s

) ∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

)
dσg

+1

s

∫

{ϕ=s}
|∇ϕ|p−2

g �gϕ dσg

⎤

⎥⎦

= lim
s→0+

⎡

⎢⎣− (p − 1)
∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

sinh(s) coshn+1(s)

)
dσg

−n u(s)
s

∫

{ϕ=s}
|∇ϕ|p−2

g

(
1− |∇ϕ|2g

)
dσg

⎤

⎥⎦ ,

and we conclude using Proposition 5.2.
To understand why a similar rigidity statement does not hold in the case of a

negative cosmological constant, we observe that a computation analogous to the
one above gives

�′′p(0) = lim
s→0+

⎡
⎢⎣− (p − 1) sn

∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

sinh(s)n+1 cosh(s)

)
dσg

−nu(s)
s

∫

{ϕ=s}
|∇ϕ|p−2

g

(
1− |∇ϕ|2g

)
dσg

⎤

⎥⎦ .

Therefore, if the equality holds in (3.35), one inferes

lim
s→0+

sn
∫

{ϕ=s}

(
|∇ϕ|p−1

g Hg − |∇ϕ|p−2
g �gϕ

sinh(s)n+1 cosh(s)

)
dσg = 0 ,

and this is not sufficient to use Proposition 5.2 to deduce the rotational symmetry of
the solution.
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Appendix A: Technical Results

This appendix will be dedicated to the proof of the technical results that we have
used in our work. Specifically, we will give a complete proof of Theorems 1.2, 1.5
(for the ease of reference, we have restated them here as Theorem A.1 and
Theorem A.7), we will prove an estimate on the static solution near the conformal
boundary in the case# < 0, and we will state the version of the divergence theorem
that we have used in the proofs of Propositions 5.1, 5.2.

Theorem A.1 Let (M, g0, u) be a solution of (1.4) satisfying Assumption 1. The
set MAX(u) is discrete (and finite) and

lim inf
t→1−

Up(t) ≥ |MAX(u)| |Sn−1| , (A.1)

for every 0 ≤ p ≤ n− 1.

In the proof of this theorem, we will need the following result, that will be proven
later.

Proposition A.2 Let (M, g0, u) be a solution of (1.4) and let y0 ∈ MAX(u). Then
for every d > 0 it holds

lim inf
t→1−

(
1

1− t2
)n−1 ∫

{u=t}∩Bd(y0)

|Du|n−1 dσ ≥ |Sn−1| (A.2)

We first show how to use this result to prove Theorem A.1.

Proof of Theorem A.1 First we notice that the functions Up(t) can be written as
follows

Up(t) =
(

1

1− t2
) n−1

2
∫

{u=t}

[ |Du|2
1− u2

] p
2

dσ .

From formula (1.10) in Theorem 1.1, we have that the term in square bracket is less
or equal to 1. Thus, for every p ≤ n− 1, we have

[ |Du|2
1− u2

] p
2 ≥

[ |Du|2
1− u2

] n−1
2

,

hence Up(t) ≥ Un−1(t) and, in particular

lim inf
t→1−

Up(t) ≥ lim inf
t→1−

Un−1(t) , (A.3)
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so it is enough to prove the inequality (A.1) for p = n− 1.
Now we pass to analyze the set MAX(u). Suppose that it contains an infinite

number of points. Then for each k ∈ N we can consider k points in MAX(u). Let
2d be the minimum of the distances between our points. Applying Proposition A.2
in a neighborhood of radius d of each of these points, we obtain

lim inf
t→1−

Un−1(t) ≥ k |Sn−1| .

Since this is true for every k ∈ N, we conclude that limt→1− Un−1(t) = +∞ and,
using (A.3), we find that limt→1− U1(t) = +∞. But this is impossible, since from
the monotonicity of U1(t) (stated in Theorem 1.1-(ii)) we know that

lim
t→1−

U1(t) ≤ U1(0) = |∂M| .

Therefore MAX(u) contains only a finite number of points. Repeating the
argument above with k = |MAX(u)| we obtain the inequality in the thesis. ��

Now we turn to the proof of Proposition A.2, that will be done in various steps.
Our strategy consists in choosing a suitable neighborhood of the point y0 where
we are able to control the quantities in our limit, and then proceed to estimate
them.

Notation 1 Here and throughout the paper, we agree that for f ∈ C∞(M), τ ∈ R

and k ∈ N it holds

f = ok(|x|−τ ) ⇐⇒
∑

|J |≤k
|x|τ+|J | ∣∣∂Jf ∣∣ = o(1) , as |x| → +∞ ,

where the J ’s are multi-indexes.

Consider a normal set of coordinates (x1, . . . , xn) in Bd(y0), that diagonal-
ize the hessian in y0. Note that, since y0 is a maximum of u, the derivatives
∂2
αu|y0 are non positive numbers for all α = 1, . . . , n, hence it makes sense to

introduce the quantities λ2
α = −∂2

αu|y0 for α = 1, . . . , n. Since �u = −nu,

we have
∑n
α=1 λ

2
α = n. In particular, at least one of the λα’s is different

from zero. We have the following Taylor expansion of u in a neighborhood of
y0

u = 1 − 1

2

n∑

α=1

[
λ2
α · |xα|2

] + o2

(
|x|2

)
, (A.4)
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From (A.4) we easily compute

|Du|2 =
n∑

i=1

[
λ4
α · |xα|2

]+ o1

(
|x|2

)
. (A.5)

Now we consider polar coordinates (r, θ1, . . . , θn−1), where θ = (θ1, . . . , θn−1) ∈
R
n−1 are stereographic coordinates on S

n−1 \ {north pole}.
Lemma A.3 With respect to the coordinates (r, θ) = (r, θ1, . . . , θn−1), the metric
g0 writes as

g0 = dr ⊗ dr + r2gSn−1 + σ dr ⊗ dr + σi
(
dr ⊗ dθi + dθi ⊗ dr

)
+ σij dθ i ⊗ dθj

(A.6)

where σ = o2(r), σi = o2(r
2), σij = o2(r

3), as r → 0+.

Proof To ease the notation, in this proof we use the Einstein summation convention.
It is known that, with respect to the normal coordinates (x1, . . . , xn) the metric g0
writes as

g0 = (δαβ + ηαβ)dxα ⊗ dxβ

where δαβ is the Kronecker delta and ηαβ = o2(r) (actually, the term ηαβ can be
estimated better, but this is enough for our purposes).

Moreover, it is easy to check that the quantities φα = xα/r are smooth functions
of the coordinates (θ1, . . . , θn−1) only, and that

δαβ
∂φα

∂θi

∂φβ

∂θj
dθ i ⊗ dθj = g

Sn−1 .

From r2 = δαβ x
αxβ one also finds the equality δαβ φαφβ = 1. Deriving it with

respect to θ i we get

δαβ
∂φα

∂θi
φβ = 0 , for all i = 1, . . . , n− 1

We are now ready to compute

g0 = (δαβ + ηαβ) dxα ⊗ dxβ

= (1+ ηαβφαφβ)dr ⊗ dr + (δαβ + ηαβ)r2 ∂φ
α

∂θ i

∂φβ

∂θj
dθ i ⊗ dθj

+ ηαβφα ∂φ
β

∂θ i
r
(
dr ⊗ dθi + dθi ⊗ dr

)

= dr ⊗ dr + r2gSn−1 + σ dr ⊗ dr + σi
(
dr ⊗ dθi + dθi ⊗ dr

)
+ σij dθ i ⊗ dθj ,

where σ, σi, σij are infinitesimals of the wished order. ��
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We can rewrite formulæ (A.4), (A.5) in terms of (r, θ) as

u(r, θ) = 1 − r2

2

n∑

α=1

[
λ2
α |φα|2(θ)

] + w(r, θ) , (A.7)

|Du|2(r, θ) = r2
n∑

α=1

[
λ4
α |φα|2(θ)

]+ h(r, θ) . (A.8)

where w(r, θ) = o(r2
)
, h(r, θ) = o(r2

)
. Moreover, since we know from (A.4) that

∂w/∂xα = o(r) for any α, we have the following estimates on the order of the
derivatives of w with respect to (r, θ)

∂w

∂r
(r, θ) =

n∑

α=1

[ ∂w
∂xα

(r, θ)
∂xα

∂r
(r, θ)

]

=
n∑

α=1

[ ∂w
∂xα

(r, θ) φα(θ)
]
= o(r) , as r → 0+ (A.9)

∂w

∂θj
(r, θ) =

n∑

α=1

[ ∂w
∂xα

(r, θ)
∂xα

∂θj
(r, θ)

]

=
n∑

α=1

[ ∂w
∂xα

(r, θ) r
∂φα

∂θj
(θ)

]
= o(r2) , as r → 0+ (A.10)

To estimate the limit in (A.2), we need to rewrite the set {u = t} ∩ Bd(y0) and
the density

√
det(g0|{u=t}∩Bd (y0) )

as functions of our coordinates. In order to do so, it will prove useful to restrict our
neighborhood Bd(y0) to a smaller domain where we have a better characterization
of the level set {u = t}. In this regard, it is convenient, for any ε > 0, to define the
set

Cε =
{
θ = (θ1, . . . , θn−1) ∈ R

n−1 :
n∑

α=1

[
λ2
α |φα|2(θ)

]
> ε

}
.

The following result shows that, for t small enough, the level set {u = t}, is a graph
over Cε.
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Lemma A.4 For any 0 < ε < 1, there exists η = η(ε) > 0 such that

(i) the estimates |w|(r, θ) < ε2

4 r
2, |∂w/∂r|(r, θ) < ε

2 r , |h|(r, θ) < ε2 r2 holds
on the whole Bη(y0).

(ii) it holds ∂u
∂r
(r, θ) < 0 in (0, η)× Cε .

(iii) for every 0 < δ < η, there exists τ = τ (δ, ε) such that for any τ < t < 1,
there exists a smooth function rt : Cε → (0, δ) such that

{u = t} ∩ Bδ(y0) ∩ Cε = {(rt (θ), θ) : θ ∈ Cε} .

Proof Since the functionsw,h in (A.7), (A.8) are o(r2), while ∂w/∂r is o(r) thanks
to (A.9), it is clear that statement (i) is true for some η small enough. Moreover, from
expansion (A.7) we compute

∂u

∂r
(r, θ) = − r

n∑

α=1

[
λ2
α |φα|2(θ)

] + ∂w

∂r
(r, θ) < −ε r + ε

2
r = −ε

2
r .

This proves point (ii). To prove (iii), fix t ∈ (0, 1) and consider the function u(r, θ)−
t . Since u(r, θ)→ 1− as r → 0+, we have u(r, θ)− t > 0 for small values of r .

On the other hand, from expansion (A.7) we find

u(δ, θ)− t = (1− t)− δ
2

2

n∑

α=1

[
λ2
α |φα|2(θ)

] + w(δ, θ) < (1− t) − ε

2
δ2

+ w(δ, θ) < (1− t)− ε
4
δ2 ,

and the quantity on the right is negative for any t > τ = 1− ε
4δ

2.
Therefore, fixed a θ ∈ Cε the function r �→ u(r, θ)−t is positive for small values

of r and negative for r = δ. Moreover from point (ii) we have that ∂u
∂r
(r, θ) < 0 for

any (r, θ) ∈ (0, δ)× Cε , hence for any θ ∈ Cε , there exists one and only one value
0 < rt (θ) < δ such that (rt (θ), θ) ∈ {u = t}. The smoothness of the function rt (θ)
is a consequence of the Implicit Function Theorem applied to the function u(r, θ).

��
As anticipated, Lemma A.4 will now be used to estimate the density of the

restriction of the metric g0 on {u = t} ∩ ((0, δ)× Cε).
Lemma A.5 There exists 0 < δ < η(ε) such that it holds

√
det(g0|{u=t}) (rt (θ), θ) > (1− ε) rn−1

t (θ)
√

det(g
Sn−1) ,

for every θ ∈ Cε , τ (δ, ε) < t < 1.
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Proof Let rt be the function introduced in Lemma A.4. Taking the total derivative
of u(rt (θ), θ) = t , we find, for any θ ∈ Cε

drt = −
[∂u
∂r
(rt (θ), θ)

]−1 n−1∑

j=1

∂u

∂θj
(rt (θ), θ) dθ

j = − rt (θ)
n−1∑

j=1

ξj (θ)dθ
j ,

where

ξj (rt (θ), θ) = 1

rt (θ)

∂u

∂θj

∂u
∂r

(rt (θ), θ) .

To ease the notation, in the rest of the proof we avoid to explicitate the
dependence of the functions on the variables rt (θ), θ . In order to compute the
restriction of the metric on {u = t} ∩ ((0, δ) × Cε), we substitute the term dr in
formula (A.6) with the formula for drt computed above. We obtain

g0|{u=t} = r2
t

[
ξi ξj (1+ σ)+ gSn−1

ij − σi
rt
ξj − σj

rt
ξi + σij

]
dθi ⊗ dθj .

Set ξ =∑n−1
j=1 ξjdθ

j . We have the following

√
det

[(
ξi ξj + gSn−1

ij

)
dθi ⊗ dθj

]
=

√
det

(
ξ ⊗ ξ + gSn−1

)

=
√
(1+ |ξ |2g

Sn−1
) det(g

Sn−1)

≥ √
det(gSn−1) , (A.11)

where in the second equality we have used the Matrix Determinant Lemma.
On the other hand, since σi = o(r2) and σij = o(r3), we deduce that

σ ξi ξj − σi
rt
ξj − σj

rt
ξi + σij = o(rt) ,

hence

√
det(g0|{u=t}) = (1+ ω) rn−1

t

√
det

[(
ξi ξj + gSn−1

ij

)
dθi ⊗ dθj

]
, (A.12)

with ω = o(1) as r → 0+. In particular, we can choose δ small enough so that
|ω| < ε on (0, δ)× Cε. Combining Eqs. (A.11) and (A.12) we have the thesis. ��

We also need an estimate of the integrand in (A.2), which is provided by the
following lemma.
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Lemma A.6 We can choose 0 < δ < η(ε) such that

|Du|2
1− u2 (r, θ) > (1− ε)

n∑

α=1

[
λ2
α |φα|2(θ)

]

for every (r, θ) ∈ (0, δ)× Cε .
Proof To ease the notation, in this proof we avoid to explicitate the dependence of
the functions on the coordinates r, θ . From expansions (A.7) and (A.8) we deduce

|Du|2
2(1 − u) =

∑n
α=1

(
λ4
α |φα |2

)+ h
∑n
α=1

(
λ2
α |φα |2

)− 2w

=
∑n
α=1

(
λ4
α |φα |2

)
∑n
α=1

(
λ2
α |φα |2

)
[

1+ h
∑n
α=1( λ

4
α |φα |2 )

][
1− 2w

∑n
α=1( λ

2
α |φα |2 )

]−1

.

Using the Cauchy-Schwarz Inequality we have

n∑

α=1

(
λ2
α |φα|2

) ≤
[ n∑

α=1

(
λ4
α |φα|2

)] 1
2 ·

[ n∑

α=1

|φα|2
] 1

2 =
[ n∑

α=1

(
λ4
α |φα|2

)] 1
2

,

(A.13)

hence, recalling that
∑n
α=1(λ

2
α|φα|2) > ε on Cε , we have also

∑n
α=1(λ

4
α|φα|2) >

ε2. Therefore, from Lemma A.4-(i) we easily compute

∣∣∣∣

(
1+ h∑n

α=1( λ
4
α |φα|2 )

)(
1− 2w∑n

α=1( λ
2
α |φα|2 )

)−1 ∣∣∣∣ >
1− δ2

1+ εδ2

2

.

In particular, we can choose δ small enough so that the right hand side of the
inequality above is greater than 1− ε. Hence, we get

|Du|2
1− u2 ≥

|Du|2
2(1− u) ≥ (1− ε)

∑n
α=1

(
λ4
α |φα|2

)
∑n
α=1

(
λ2
α |φα|2

) ≥ (1− ε)
n∑

α=1

[
λ2
α |φα|2

]
,

where in the first inequality we have used that u ≤ 1 onM and in the latter inequality
we have used (A.13). ��

Now we are finally able to prove our proposition.
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Proof of Proposition A.2 For every ε > 0 and 0 < δ ≤ d , we have the following
estimate of the left hand side of condition (A.2)

(
1

1− t2
)n−1 ∫

{u=t}∩Bd(y0)

|Du|n−1 dσ ≥
(

1

1− t2
)n−1 ∫

{u=t}∩Bδ(y0)

|Du|n−1 dσ

=
∫

{u=t}∩Bδ(y0)

( |Du|2
1− u2

) n−1
2

(
2

1+ u
) n−1

2
[

1

2(1− u)
] n−1

2

dσ

(A.14)

Since u ≤ 1, we have 2/(1+ u) ≥ 1. Moreover, from (A.7) and Lemma A.4-(i), we
obtain

[2(1− u)](r, θ) = r2
n∑

α=1

[
λ2
α|φα|2(θ)

] (
1− w(r, θ)

r2
∑n
α=1 λα|φα|2(θ)

)

< (1+ ε) r2
n∑

α=1

[
λ2
α|φα|2(θ)

]
.

Now fix a δ small enough so that Lemmas A.5, A.6 are in charge. Taking the limit
of integrand (A.14) as t → 1− we obtain the estimate

lim inf
t→1−

(
1

1− t2
)n−1 ∫

{u=t}∩Bd(y0)

|Du|n−1 dσ >

∫

Cε

(1 − ε)
(1− ε

1+ ε
) n−1

2 √
det(gSn−1) dθ

1 · · ·dθn−1

=
∫

Rn−1

χCε (θ)
(1− ε) n+1

2

(1+ ε) n−1
2

√
det(gSn−1) dθ

1 · · ·dθn−1 .

(A.15)

It is clear that the functions χCε converge to χC0
as ε→ 0+, where

C0 =
{
θ = (θ1, . . . , θn−1) ∈ R

n−1 :
n∑

α=1

[
λ2
α |φα|2(θ)

] 	= 0
}
⊆ S

n−1 .

Therefore, taking the limit of (A.15) as ε → 0+ and using the Monotone
Convergence Theorem, we find

lim inf
t→1−

(
1

1− t2
)n−1 ∫

{u=t}∩Bd(y0)

|Du|n−1 dσ ≥
∫

Sn−1

χC0
dσSn−1 .
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To end the proof, it is enough to show that the set Sn−1 \ C0 is negligible. But this
is clear. In fact, since

∑n
α=1 λ

2
α = n, there exists at least one integer β such that

λβ 	= 0. Thus S
n−1 \ C0 is contained in the hypersurface {φβ = 0}, hence its n-

measure is zero. This proves inequality (A.2) and the thesis. ��
This concludes the proof for the de Sitter case. In the anti-de Sitter case we can

prove the following analogue of Theorem A.1.

Theorem A.7 Let (M, g0, u) be a conformally compact static solution of prob-
lem 1.17 satisfying Assumption 2. Then the set MIN(u) is discrete (and finite) and

lim inf
t→1+

Up(t) ≥ |MIN(u)| |Sn−1| ,

for every p ≤ n− 1.

The proof follows the exact same scheme as the de Sitter case, the only small
modifications being in the proof of Lemma A.5 and in the computation (A.15),
where we have used the fact that u ≤ 1. This is not true anymore, however, since
we are working around a minimum point, we can suppose u < 1+ κ , where κ is an
infinitesimal quantity that can be chosen to be as small as necessary. Aside from this
little expedient, the proof is virtually the same as the de Sitter case, thus we omit it.

We pass now to the proof of some other results that we have used in our work.
The next lemma is useful in order to study the behavior of the static solutions of
problem (1.17) near the conformal boundary.

Lemma A.8 Let (M, g0, u) be a conformally compact static solution to prob-
lem (1.17). Suppose that 1/

√
u2 − 1 is a defining function, so that the metric

g = g0/(u
2 − 1) extends to the conformal boundary ∂M . Then

(i) limx→x̄ (u2 − 1− |Du|2) is well-definite and finite for every x̄ ∈ ∂M ,
(ii) ∂M is a totally geodesic hypersurface in (M, g).

Proof For the proof of this result, it is convenient to use the notations introduced in
Sect. 3. Let ϕ be the function defined by (3.18). By hypothesis,M is the interior of a
compact manifoldM and the metric g is well defined on the wholeM. In particular,
the scalar curvature Rg is a smooth finite function at ∂M . Therefore, from Eq. (3.24)
we easily deduce that limx→x̄ u2(1 − |∇ϕ|2g) is well-definite and finite for every
x̄ ∈ ∂M . Since

|∇ϕ|2g =
|Du|2
u2 − 1

,

this proves point (i).
To prove statement (ii), we first observe that, since |∇ϕ|g = 1 at ∂M (as it

follows immediately from point (i)), there exists δ > 0 such that |∇ϕ|g 	= 0 on the
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whole collar Uδ = {ϕ < δ}. Therefore, proceeding as in Sect. 3.4, we find a set of
coordinates {ϕ, ϑ1, . . . , ϑn−1} on Uδ , such that the metric g writes as

g = dϕ ⊗ dϕ
|∇ϕ|2g

+ gij (ϕ, θ i, . . . , θn−1)dθ i ⊗ dθj .

With respect to these coordinates, the second fundamental form of the boundary
∂M = {ϕ = 0} is

h(g)ij = ∇2
ij ϕ

|∇ϕ|g = ∇
2
ij ϕ , for i, j = 1, . . . , n − 1 .

On the other hand, from the first equation of problem (3.23), we easily deduce that
∇2ϕ = 0 on ∂M . This concludes the proof of point (ii). ��

Finally, in order to prove the integral identities in Sect. 5, we need an extension
of the classical Divergence Theorem to the case of open domains whose boundary
has a (not too big) nonsmooth portion. Note that [4, Theorem A.1] is not enough for
our purposes, because hypothesis (ii) is not necessarily fulfilled. To avoid problems,
we state the following generalization, due to De Giorgi and Federer.

Theorem A.9 ([16, 17, 19, 20]) Let (M, g) be a n-dimensional Riemannian mani-
fold, with n ≥ 2, letE ⊂ M be a bounded open subset ofM with compact boundary
∂E of finite (n−1)-dimensional Hausdorff measure, and suppose that ∂E = 	�$,
where the subsets 	 and $ have the following properties:

(i) For every x ∈ 	, there exists an open neighborhood Ux of x in M such that
	 ∩ Ux is a smooth regular hypersurface.

(ii) The subset $ is compact and H n−1($) = 0.

If X is a Lipschitz vector field defined in a neighborhood of E then the following
identity holds true

∫

E

divX dμ =
∫

	

〈X | n〉 dσ, (A.16)

where n denotes the exterior unit normal vector field.

Appendix B: Boucher-Gibbons-Horowitz Method

In this section we discuss an alternative approach to the study of the rigidity of
the de Sitter and anti-de Sitter spacetime, which does not require the machinery of
Sect. 3. Without the need of any assumptions, this method will allow to derive results
that are comparable to Theorems 2.2, 2.6 (case # > 0) and Theorems 2.14, 2.18
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(case # < 0). In the case # > 0, the computations that we are going to show are
quite classical (see [12, 14]). However, to the author’s knowledge, the analogous
calculations in the case # < 0 are new.

As usual, we start with the case # > 0. Recalling the Bochner formula and the
equations in (1.4) we compute

�|Du|2 = 2 |D2u|2 + 2 Ric(Du,Du) + 2〈D�u |Du〉

= 2 |D2u|2 + 2
[ 1

u
D2u(Du,Du) + n |Du|2

]
− 2n |Du|2

= 2 |D2u|2 + 1

u
〈D|Du|2 |Du〉 . (B.1)

Now, if we consider the field

Y = D|Du|2 − 2

n
�uDu

we can compute its divergence using (B.1).

div(Y ) = �|Du|2 − 2

n
〈D�u |Du〉 − 2

n
(�u)2

= 2
[
|D2u|2 − (�u)

2

n

]
+ 1

u
〈D|Du|2 |Du〉 + 2 |Du|2 .

More generally, for every nonzero C 1 function α = α(u):
div(α Y )

α
= div(Y ) + α̇

α
〈Y |Du〉

= 2
[
|D2u|2 − (�u)

2

n

]
+

( α̇
α
+ 1

u

)(
〈D|Du|2 |Du〉 + 2 u |Du|2

)
.

where α̇ is the derivative of α with respect to u. The computation above suggests us
to choose

α(u) = 1

u
.

With this choice of α, we have

div
( 1

u
Y
)
= 2

u

[
|D2u|2 − (�u)

2

n

]
. (B.2)
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Proposition B.1 Let (M, g0, u) be a static solution to problem (1.4). Then, for
every t ∈ [0, 1) it holds

∫

{u=t}

1

u

(
|Du|2 H− n− 1

n
|Du|�u

)
dσ =

∫

{u>t}

1

u

[
|D2u|2 − (�u)

2

n

]
dμ ≥ 0 .

(B.3)

Moreover, if there exists t0 ∈ (0, 1) such that

∫

{u=t0}

(
|Du|2 H − n− 1

n
|Du|�u

)
dσ ≤ 0 , (B.4)

then the triple (M, g0, u) is isometric to the de Sitter solution.

Remark B.1 Recalling Remark 1, it is easy to realize that the integral on the left
hand side of (B.3) is well defined also when t is a singular value of u.

Remark B.2 Note that the right hand side of inequality (B.3) is always nonnegative,
as opposed to formula (5.8), where we needed to suppose Assumption 3 to achieve
the same result. This is one of the reasons why this approach works without the need
to suppose any assumption.

Proof of Proposition B.1 Suppose for the moment that {u = t} is a regular level set.
Integrating by parts identity (B.2), we obtain

∫

{u>t}

2

u

[
|D2u|2 − (�u)

2

n

]
dμ =

∫

{u=t}

1

u
〈Y | n〉 dσ , (B.5)

where n = −Du/|Du| is the outer g-unit normal of the set {u ≥ t} at its boundary.
On the other hand, from the first formula in (3.27) it is easy to deduce that

〈Y |Du〉 = 2
(

D2u(Du,Du) − |Du|2�u
n

)
= −2

(
|Du|3 H− n− 1

n
|Du|2�u

)
.

Substituting in (B.5) proves formula (B.3) in the case where {u = t} is a regular
level set.

In the case where t > 0 is a singular value of u, we need to apply a slightly
refined version of the Divergence Theorem, namely Theorem A.9 in the Appendix
A, in order to perform the integration by parts which leads to identity (B.5). The rest
of the proof is identical to what we have done for the regular case. We set

X = 1

u
Y and E = {u > t} .

so that ∂E = {u = t}.



198 S. Borghini and L. Mazzieri

As usual, we denote by Crit(u) = {x ∈ M |Du(x) = 0} the set of the critical
points of u, From [30] (see also [27, Theorem 6.3.3]), we know that there exists an
open (n−1)-dimensional submanifoldN ⊆ Crit(u) such that H n−1(Crit(u)\N) =
0. Set $ = ∂E ∩ (Crit(u) \ N) and 	 = ∂E \ $, so that ∂E can be written as the
disjoint union of $ and 	. We have H n−1($) = 0 by definition, while 	 is the
union of the regular part of ∂E and of N , which are open (n − 1)-submanifolds.
Therefore the hypotheses of Theorem A.9 are met, and we can apply it to conclude
that Eq. (B.5) holds true also when t is a singular value of u.

To prove the second part, we observe that from (B.3) and (B.4) one immediately
gets D2u = (�u/n) g0 in {u ≥ t0}. Since u is analytic, the same equality holds
on the whole manifold M . Now we can use the results in [28] to conclude that
(M, g0, u) is the de Sitter solution. ��

The proposition above is particularly interesting when applied at the boundary
∂M = {u = 0}.
Corollary B.2 Let (M, g0, u) be a static solution to problem (1.4). Then it holds

∫

∂M

|Du|[R∂M − (n− 1)(n− 2)
]

dσ ≥ 0 . (B.6)

Moreover, if the equality holds then the triple (M, g0, u) is isometric to the de Sitter
solution.

Proof First we compute from the equations in (1.4) and formula (3.27), that

H |Du|
u

= −Ric(ν, ν) ,

where ν = Du/|Du| as usual. In particular, we have H = 0 on ∂M . Hence we can
use the Gauss–Codazzi identity to find

H |Du|
u

= R∂M − R

2
= 1

2

[
R∂M − n(n− 1)

]
.

Substituting t = 0 in formula (B.3) and applying Proposition B.1, we have the
thesis. ��

Now we turn our attention to the case # < 0. Mimicking the computations done
in the case # > 0, but using the equations in (1.17) instead of the ones in (1.4) we
obtain

div
( 1

u
Y
)
= 2

u

[
|D2u|2 − (�u)

2

n

]
. (B.7)

Incidentally, we notice that this equation coincides with the analogous formula (B.2)
in the case # > 0. We are now ready to state the analogous of Proposition B.1.
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Proposition B.3 Let (M, g0, u) be a static solution to problem (1.17). Then, for
every t ∈ (1,+∞) it holds

∫

{u=t}

1

u

(
|Du|2 H− n− 1

n
|Du|�u

)
dσ = −

∫

{u<t}

1

u

[
|D2u|2 − (�u)

2

n

]
dμ ≤ 0 .

(B.8)

Moreover, if there exists t0 ∈ (1,+∞) such that

∫

{u=t0}

(
|Du|2 H − n− 1

n
|Du|�u

)
dσ ≥ 0 , (B.9)

then the triple (M, g0, u) is isometric to the anti-de Sitter solution.

Remark B.3 Recalling Remark 1, it is easy to realize that the integral on the left
hand side of (B.8) is well defined also when t is a singular value of u.

Proof of Proposition B.3 The proof is almost identical to the proof of Proposi-
tion B.3. The only change is that, when we apply the divergence theorem, we
need the outer g-unit normal of the set {u ≤ t}, that is n = Du/|Du| instead of
−Du/|Du|. This is the reason of the different signs in formulæ (B.3), (B.8). ��

Now suppose that the manifold M is conformally compact. We would like to
use Proposition B.3 to study the behavior of a static solution at the conformal
boundary ∂M . In order to simplify the computations and to emphasize the analogy
with the case # > 0, it will prove useful to suppose that Assumption 2-bis holds.
Therefore, from now on we suppose that 1/

√
u2 − 1 is a defining function, and that

limx→x̄ (u2 − 1 − |Du|2) = 0 for every x̄ ∈ ∂M . We are now ready to prove the
analogous of Corollary B.2 in the case of a negative cosmological constant.

Corollary B.4 Let (M, g0, u) be a conformally compact static solution to prob-
lem (1.17) satisfying assumption 2-bis, and let g = g0/(u

2 − 1). Then it holds

∫

∂M

[
(n− 1)(n− 2)− R∂Mg

]
dσg ≥ 0 . (B.10)

Moreover, if

lim
t→+∞ tn−1

∫

{u=t}
Ricg(νg, νg) dσg = 0 , (B.11)

where νg = Du/|Du|g, then the triple (M, g0, u) is isometric to the anti-de Sitter
solution.



200 S. Borghini and L. Mazzieri

Proof First we compute from the equations in (1.17) and formula (3.27), that

H |Du|
u

= −Ric(ν, ν) ,

where ν = Du/|Du| as usual. Therefore, we can rewrite formula (B.8) as
∫

{u=t}
|Du| [Ric(ν, ν) + (n− 1)

]
dσ ≥ 0 . (B.12)

Now we use Eq. (3.16) in order to rewrite the term in the square brackets in the
following way

[
(n− 1)u2 − 1

] [
Ric(ν, ν) + (n− 1)

] = Ricg(νg, νg)−
(
(n− 1)u2 + 1

u2 − 1

)(
u2 − 1− |Du|2

)
.

Now it is easy to obtain from inequality (B.12) the following formula

∫

{u=t}

( |Du|√
u2 − 1

)[
Ricg(νg, νg)−

(
(n− 1)u2 + 1

u2 − 1

)(
u2 − 1− |Du|2

) ]
dσg ≥ 0 .

Since limx→x̄ (u2 − 1 − |Du|2) = 0, in particular |Du|/√u2 − 1 goes to zero as
t → +∞. Therefore, taking the limit as t → +∞ of the formula above, we obtain

∫

∂M

Ricg(νg, νg) dσg ≥ 0 , (B.13)

where νg = Du/|Du|g. Since ∂M is a totally geodesic hypersurface by Lemma A.8-
(ii), from the Gauss–Codazzi equation and formula (3.24) we obtain

2 Ricg(νg, νg) = Rg − R∂Mg = (n− 1)(n− 2)− R∂Mg .

Substituting in Eq. (B.13) we obtain formula (B.10).
To prove the rigidity statement, we observe that we can rewrite formula (B.11) as

0 = lim
t→+∞

∫

{u=t}
un−1Ricg(νg, νg) dσg

= lim
t→+∞

∫

{u=t}
un−1

( |Du|√
u2 − 1

)

× [
(n− 1)u2 + 1

][
Ric(ν, ν)+ (n− 1)+ 1− |Du|2

u2 − 1

][
dσ

(u2 − 1)
n−1

2

]
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= lim
t→+∞

∫

{u=t}
(n− 1)

[
u |Du|(Ric(ν, ν)+ (n− 1)

)+ (u2 − 1− |Du|2)
]

dσ

= lim
t→+∞

∫

{u=t}
(n− 1) u |Du|

[
Ric(ν, ν)+ (n− 1)

]
dσ .

Now we recall that u [Ric(ν, ν) + (n − 1)] = −H|Du| − (n − 1)�u/n and we
conclude using Proposition B.3. ��
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work and for stimulating discussions during the preparation of the manuscript. The authors are
members of the Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and are partially founded
by the GNAMPA Project “Principi di fattorizzazione, formule di monotonia e disuguaglianze
geometriche”.

References

1. V. Agostiniani, L. Mazzieri, Riemannian aspects of potential theory. J. Math. Pures Appl.
104(3), 561–586 (2015)

2. V. Agostiniani, L. Mazzieri, Monotonicity formulas in potential theory (2016). https://arxiv.
org/abs/1606.02489.

3. V. Agostiniani, L. Mazzieri, Comparing monotonicity formulas for electrostatic potentials and
static metrics. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 28(1), 7–20 (2017)

4. V. Agostiniani, L. Mazzieri, On the geometry of the level sets of bounded static potentials.
Commun. Math. Phys. 355(1), 261–301 (2017)

5. V. Agostiniani, S. Borghini, L. Mazzieri, On the torsion problem for domains with multiple
boundary components (in preparation)

6. V. Agostiniani, M. Fogagnolo, L. Mazzieri, Sharp geometric inequalities for closed hypersur-
faces in manifolds with nonnegative Ricci curvature. arXiv preprint arXiv:1812.05022 (2018)

7. L. Ambrosio, G. Da Prato, A. Mennucci, Introduction to measure theory and integration, in
Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes. Scuola Normale
Superiore di Pisa (New Series)], vol. 10 (Edizioni della Normale, Pisa 2011)

8. L. Ambrozio, On static three-manifolds with positive scalar curvature. J. Differ. Geom. 107(1),
1–45 (2017)

9. S. Borghini, L. Mazzieri, On the mass of static metrics with positive cosmological constant-II.
2017. ArXiv Preprint Server https://arxiv.org/abs/1711.07024

10. S. Borghini, L. Mazzieri, On the mass of static metrics with positive cosmological constant: I.
Classical and Quantum Gravity 35(12), 125001 (2018)

11. S. Borghini, G. Mascellani, L. Mazzieri, Some sphere theorems in linear potential theory.
Trans. Am. Math. Soc. (2019). https://doi.org/10.1030/tran/7637

12. W. Boucher, G.W. Gibbons, G.T. Horowitz, Uniqueness theorem for anti-de Sitter spacetime.
Phys. Rev. D (3) 30(12), 2447–2451 (1984)
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Introduction to Controllability
of Nonlinear Systems

Ugo Boscain and Mario Sigalotti

Abstract We present some basic facts about the controllability of nonlinear finite
dimensional systems. We introduce the concepts of Lie bracket and of Lie algebra
generated by a family of vector fields. We then prove the Krener theorem on local
accessibility and the Chow-Rashevskii theorem on controllability of symmetric
systems. We then introduce the theory of compatible vector fields and we apply
it to study control-affine systems with a recurrent drift or satisfying the strong Lie
bracket generating assumption. We conclude with a general discussion about the
orbit theorem by Sussmann and Nagano.

Keywords Controllability · Chow theorem · Compatible vector fields ·
Orbit theorem

In this note we present some classical techniques to study the controllability of
nonlinear systems. The discussion is kept as elementary as possible. Classical
textbooks are [1–3].

Consider the nonlinear control system

ẋ = F(x, u(t)). (1)

Here x ∈ R
n is the state of the system,U ⊂ R

m is the set of control values and u(·) :
[0,∞[→ U is the control. For the development of the theory it is not necessary to
assume any structure on U . For exampleU could be a finite set of points, a polytope
or the full Rm.
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We assume that F is a smooth1 function of its arguments and that u(·) is regular
enough in such a way that Eq. (1) with the initial condition x(0) = x0 ∈ R

n has
local existence and uniqueness of solutions. For instance we can assume that u(·) is
a L1

loc or a L∞loc function of the time. However, as it will be clear later, all conditions
for controllability that we will get are actually sufficient conditions that are valid in
the smaller class of piecewise constant controls.

Remark 1 For simplicity of notation in the following we also assume that for every
u(·) a solution of (1) exists in [0,∞[. However this hypothesis is not necessary for
the validity of the theorems that we are going to prove.

Remark 2 In the discussion presented here we assume x ∈ R
n. However almost

nothing changes if we assume that x belongs to a smooth connected manifold M
and that solutions of (1) exists in [0,∞[. To extend the theory to smooth connected
manifolds, if some non-trivial modification is necessary, we explicitly state it in the
text.

Denote by x(t; x0, u(·)) the solution at time t of (1) starting from x0 at t = 0 and
corresponding to a control function u(·). We recall the definitions of the reachable
(or attainable) sets starting from x0:

• the reachable set from x0 at time τ ≥ 0 is

A(τ, x0) = {x1 ∈ R
n | ∃ u(·) : [0, τ ] → U, x(τ ; x0, u(·)) = x1};

• the reachable set from x0 within time τ ≥ 0 is

A(≤ τ, x0) = ∪t∈[0,τ ]A(t, x0);

• the reachable set from x0 is

A(x0) = ∪t∈[0,+∞[A(t, x0).

Given the control system (1), the purpose of the controllability theory is to
characterize when these sets coincide with the entire state space.

Definition 3 The system (1) is said to be

• controllable if for every x0 ∈ R
n, A(x0) = R

n;
• small-time controllable if for every x0 ∈ R

n and τ > 0, we have A(≤ τ, x0) =
R
n;

• small-time locally controllable at x0 if x0 belongs to the interior of A(≤ τ, x0)

for every τ > 0.

1In this note by smooth we mean C∞.
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1 Control Systems as Families of Vector Fields

In the following it will be useful to think to the system (1) as a family of vector
fields2 parameterized by u ∈ U (i.e., by constant controls). In other words we will
often consider instead of the control system (1), the family of vector fields

F = {F(·, v) | v ∈ U}.

All vector fields of the family F are considered smooth and complete, i.e., for every
F ∈ F , x0 ∈ R

n, the equation ẋ = F(x) with initial condition x(0) = x0 admits a
solution in ] −∞,∞[.

1.1 Vec(Rn) and Its Lie Algebra

Let Vec(Rn) be the vector space of all smooth vector fields in R
n. Given a compete

vector field f ∈Vec(Rn), let us indicate by etf its flow, i.e., the map that with x0
associates the solution at time t to the Cauchy problem

{
ẋ = f (x)
x(0) = x0.

(2)

Although etf is not an exponential in the usual sense, this notation is useful thanks
to the following properties that are a direct consequence of existence and uniqueness
of solutions of (2) and of their differentiability w.r.t. x0:

• for every t, s ∈ R, e(t+s)f = etf ◦ esf ;
• for every t ∈ R, etf is a diffeomorphism. In particular, it is invertible and we

have (etf )−1 = e−tf ;
• for every t ∈ R,

(
d
dt
etf

)
(x) = f (etf x). In particular,

(
d
dt

∣∣
t=0 e

tf
)
(x) = f (x).

A crucial object in studying the controllability of (1) is the Lie algebra generated by
the vector fields of the corresponding family F . Let us first define the Lie bracket
between two vector fields f and g, as the vector field defined by

[f, g](x) = Dg(x)f (x)−Df (x)g(x). (3)

2In an autonomous differential equation ẋ = f (x), usually f it is called a vector field, since it is a
map that with every position x associates a velocity vector f (x).
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Here, given a vector field f = (f1, . . . , fn)
T ,Df is the matrix of partial derivatives

of the components of f , i.e.,

Df =
⎛
⎜⎝
∂1f1 . . . ∂nf1
... . . .

...

∂1fn . . . ∂nfn

⎞
⎟⎠ .

One immediately verifies the following properties of the Lie bracket:

• bilinearity: for every λ1, λ2 ∈ R,

[f, λ1g1 + λ2g2] = λ1[f, g1] + λ2[f, g2],
[λ1f1 + λ2f2, g] = λ1[f1, g] + λ2[f2, g];

• antisymmetry: [g, f ] = −[f, g];
• Jacobi identity: [f, [g, h]] + [h, [f, g]] + [g, [h, f ]] = 0.

A vector space V endowed with an operation V × V → V that is bilinear,
antisymmetric and satisfying the Jacobi identity is said to be a Lie algebra. It follows
that (Vec(Rn), [·, ·]) is a Lie algebra.

Remark 4 As a consequence of the antisymmetry of the Lie bracket, we have
[f, f ] = 0. Notice moreover that the value of [f, g] at a point x does not depend
only on the values of f and g at x, but also on their first order expansion at x.
However, if at x0 we have f (x0) = g(x0) = 0, it follows from the definition that
[f, g](x0) = 0.

Example 5 Given two linear vector fields Ax and Bx, where A,B ∈ R
n×n, we

have that [Ax,Bx] = BAx − ABx = −[A,B]x.

The following lemma clarifies the geometric meaning of the Lie bracket: [f, g]
is a measure of the lack of commutation of the flows associated with f and g. We
refer to Fig. 1.

Fig. 1 Geometric meaning
of the Lie bracket

etf

x
x + t2[f, g](x) + o(t2)

etg

e−tf

e−tg
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Lemma 6 For every x ∈ R
n,

e−tg ◦ e−tf ◦ etg ◦ etf (x) = x + t2[f, g](x)+O(t3), (4)

for t that tends to zero.

Proof It is enough to compute for each flow the Taylor expansion at order 3. We
have

etf (x) = x + tf (x)+ t
2

2
Df (x)f (x)+O(t3),

and

etg ◦ etf (x) = x+ t(f (x)+ g(x))+ t
2

2
Df (x)f (x)+ t2Dg(x)f (x)+ t

2

2
Dg(x)g(x)+O(t3).

Then

e−tf ◦ etg ◦ etf (x) = x + tg(x)+ t2[f, g](x)+ t
2

2
Dg(x)g(x)+O(t3).

At the next step the result follows. ��
Remark 7 The previous lemma says in particular that if [f, g](x) 	∈ Vect(f (x),
g(x)), then it is possible, by alternating between the dynamics of f and g, to attain
points that cannot be reached with the flow of linear combinations of f and g. This
is the starting idea behind the conditions for controllability that we are going to
study in this note. Notice however that in order to generate the Lie bracket [f, g],
one needs to be able to use, beside f and g, also−f and−g, otherwise one is much
more constrained in the possible movements. As a consequence, it will be easier to
prove controllability results for symmetric systems (i.e., systems for which if f ∈ F
then −f ∈ F ). See Sect. 3.

An important corollary of the previous lemma is the following.

Corollary 8 The flows etf and etg (corresponding to the vector fields f and g)
commute for every t ∈ R if and only if their Lie bracket [f, g](x) = 0 for every
x ∈ R

n.

Proof The fact that commutation of the flows implies that the Lie bracket vanishes
follows immediately from (4). Concerning the converse implication, let us consider
the curve

γ (s) = e−
√
sg ◦ e−

√
sf ◦ e

√
sg ◦ e

√
sf (x).
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By Lemma 6, we have that γ is differentiable at each time s and

dγ

ds

∣∣∣∣
s=0

= [f, g](γ (0)).

If [f, g] is identically equal to zero, γ turns out to be solution of

dγ

ds
= 0, γ (0) = 0.

It follows γ (s) = 0 for every s and e
√
sg ◦ e√sf = e√sg ◦ e√sf . Setting t = √s the

result follows. ��
Remark 9 In a differentiable manifold, Definition 3 and formula (4) make sense
only in coordinates. An intrinsic definition of Lie bracket is

[f, g](x) = d

ds

∣∣∣∣
s=0
e−
√
sg ◦ e−

√
sf ◦ e

√
sg ◦ e

√
sf (x).

Definition 10 Let F be a family of vector fields. We call Lie(F) the smallest sub-
algebra of Vec(Rn) containing F . Namely, Lie(F) is the span of all vector fields of
F and of their iterated Lie brackets of any order:

Lie(F) = span{f1, [f1, f2], [f1, [f2, f3]], [f1, [f2, [f3, f4]]], . . . | f1, f2, . . . ∈ F}.

Definition 11 We say that the family F is Lie bracket generating at a point x if the
dimension of Liex(F) := {f (x) | f ∈ Lie(F)} is equal to n. We say that the family
F is Lie bracket generating if this condition is verified for every x ∈ R

n.

Remark 12 Notice that in general Lie(F) is an infinite-dimensional space, while
Liex(F) is a subspace of Rn.

Exercise 1 Let F = {f1, . . . , fm} and let A be an invertiblem×m matrix. Define
f ′i =

∑
j Aij fj and F ′ = {f ′1, . . . , f ′m}. Prove that F is Lie bracket generating if

and only if F ′ is.

1.2 Affine Control Systems

An affine control system is a system of the form

ẋ = f0(x)+
m∑

i=1

ui(t)fi(x), (5)
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where f0, f1, . . . , fm belong to Vec(Rn) and u(·) = (u1(·), . . . , um(·)) : [0,∞[→
U ⊂ R

m is the control. In an affine control system it is also assumed thatU contains
a neighborhood of the origin in R

m. The vector fields f0 is called drift.

Exercise Let F be the family of vector fields associated with (5).

• Prove that if {f0, f1, . . . , fm} is Lie bracket generating then also F is.
• Prove that if {f1, . . . , fm} is Lie bracket generating then also F is.

2 The Krener Theorem: Local Accessibility

The fact that a control system is Lie bracket generating does not permit in general
to conclude that it is controllable. Consider for instance the control system on the
plane

(
ẋ1

ẋ2

)
=

(
1
0

)
+ u(t)

(
0
1

)
,

where u(·) : [0,∞[→ [−1, 1]. It is Lie bracket generating (since the corresponding
family F contains the vector fields {(1, 1), (1,−1)}, however starting from the
origin one cannot reach any point whose first coordinate is negative. This is
essentially due to the fact that the family F contains two vector fields but not their
opposite (cf. Remark 7). The Lie bracket generating condition permits to say that a
system is locally accessible in the following sense.

Theorem 13 (Krener) If F is Lie bracket generating at x0, then for every τ > 0,
x0 belongs to the closure of the interior of A(≤ τ, x0).

The conclusion of the Krener Theorem can be equivalently reformulated in the
following way:

• for every τ > 0, the set A(≤ τ, x0) has nonempty interior,
• x0 is a density point of such an interior.

Krener’s theorem says in particular that the trajectories starting from a point at
which the system is Lie bracket generating can reach (in an arbitrarily small time) a
set having nonempty interior. Figure 2 shows what one can expect/non-expect from
A(≤ τ, x0), τ > 0.

Proof of Theorem 13 First notice that if F is Lie bracket generating at a point, then
the same property holds true in a neighborhood of that point. (If n vector fields are
linearly independent at a point, then they are linearly independent in a neighborhood
of that point.)

There exists f ∈ F such that f (x0) 	= 0, otherwise Liex0(F) = {0}. If n = 1 the
conclusion follows.
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admissible

x0 x0
x0 x0

non-admissible

Fig. 2 Admissible and non-admissible reachable sets when the system is Lie bracket generating
at x0

x0

x1

etfx0

esgx1

Fig. 3 Proof of Krener theorem

If n > 1 and all vector fields of F are tangent to the curve t �→ etf (x0), 0 <
t < ε, then from Lemma 6 it follows that Lieetf (x0)

(F) is also tangent to that curve
and hence its dimension is less than 2. This contradicts the Lie bracket generating
assumption. As a consequence, there exist g ∈ F and 0 < t̄ < ε such that f and
g are linearly independent in a neighborhood of x1 = et̄f (x0) (see Fig. 3). Hence
(t, s) �→ esg ◦ etf (x0), 0 < s < ε′, t̄ − ε′ < t < t̄ + ε′ has as image a surface of
dimension 2. If n = 2 the conlcusion follows.

Otherwise we iterate the same argument and we conclude by recurrence
on n. ��
Remark 14 Notice that for this proof we have only used piecewise constant
controls.

Remark 15 From the proof of the Krener theorem it follows that A(≤ τ, x0),
τ > 0, contains an open set � having x0 in its closure whose points can be
reached by trajectories of the type etnfin ◦ . . . ◦ et1fi1 x0 where t1, . . . , tn > 0 and
fi1 , . . . , fin ∈ F , i.e., by trajectories corresponding to piecewise constant controls
made by n pieces. Notice that the vector fields fi1 , . . . , fin could be repeated. For
instance if F = {f1, f2} is a Lie bracket generating family and we are in dimension
3, we could have for instance fi1 = f1, fi2 = f2, fi3 = f1.
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3 Symmetric Systems

Definition 16 A family of vector fields F is said to be symmetric if f ∈ F implies
−f ∈ F .

When the family F is Lie bracket generating and symmetric one obtain that the
system is controllable. This is the conclusion of the celebrated Chow–Rashevskii
theorem.

Theorem 17 (Chow–Rashevskii) If F is Lie bracket generating and symmetric,
then for every x0 ∈ R

n we have A(x0) = R
n.

Proof Step 1 Fix x0 ∈ R
n and let us show that A(x0) contains a neighborhood of

x0. Since F is Lie bracket generating, A(x0) contains a nonempty open set�whose
points can be reached by trajectories corresponding to piecewise controls made by n
pieces. Fix t1, . . . , tn > 0 and fi1 , . . . , fin ∈ F such that x̄0 := etnfin ◦. . .◦et1fi1x0 ∈
�. Since F is symmetric,−fi1 , . . . ,−fin ∈ F and we have that

e−t1fi1 ◦ . . . ◦ e−tnfin (A(x0)) ⊂ A(x0).

In particular A(x0) contains the set

V = e−t1fi1 ◦ . . . ◦ e−tnfin (�).

Now, since� is open and e−t1fi1 ◦ . . .◦ e−tnfin is a diffeomorphism, we have that V
is open. Moreover V contains x0 since x̄0 ∈ � and e−t1fi1 ◦ . . . ◦ e−tnfin x̄0 = x0. It
follows that, for every x0, A(x0) contains a neighborhood of x0.

Step 2 Let us show that A(x0) is open. If x1 ∈ A(x0), then A(x1) ⊂ A(x0). It
follows that int(A(x1)) ⊂ int(A(x0)). But from Step 1 we have that x1 ∈ int(A(x1)).
Hence x1 ∈ int(A(x0)).

Step 3 From the fact that F is symmetric, it follows that x1 ∈ A(x0) if and only
if x0 ∈ A(x1). Let us consider the equivalence classes R

n/ ∼ where ∼ is the
equivalence relation

x1 ∼ x0 if and only if x1 ∈ A(x0).

Such equivalence classes are open and disjoint. Since R
n is connected, it follows

that there is only one class. Hence, for every x0 we have A(x0) = R
n. ��

Remark 18 Notice that in Step 1 of the proof of Chow–Rashevskii theorem, since
the times can be rendered arbitrarily small, we have proved that the system is small-
time locally controllable in a neighborhood of every point x0. Also, we have proved
that every point of a neighborhood of x0 can be reached with trajectories made by
2n pieces.
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Remark 19 Notice that the Chow–Rashevskii theorem can be used in more general
situations than those fixed by the hypotheses stated here. For instance

• to get controllability it is sufficient that the family F contains a symmetric family
of Lie bracket generating vector fields;

• if one can prove that F is symmetric and Lie bracket generating in a connected
open set Ω of Rn then one get the system is controllable in Ω .

4 Compatible Vector Fields

When a family of vector fields is Lie bracket generating but is not symmetric, in
general it is not easy to understand if the system is controllable or not. A technique
to study the controllability is the one of compatible vector fields.

Definition 20 A vector field g is said to be compatible with the family F if defining
F̂ = F ∪ {g} we have the following: For every x0 ∈ R

n, the reachable set Â(x0) of
F̂ is contained in the closure of A(x0).

The main result of the theory of compatible vector fields is the following.

Theorem 21 If F is a Lie bracket generating family of vector fields, g is compatible
with F and F ∪ {g} is controllable, then F is controllable as well.

This theorem should be used in the following way: one looks for a vector field g
that added to the family F do not change the closure of the reachable set and such
that it is easy to prove the controllability of the family F ∪ {g}.

The main ingredient to prove Theorem 21 is the following corollary of the Krener
theorem.

Corollary 22 If F is Lie bracket generating and A(x0) is dense in R
n for some x0,

then A(x0) = R
n.

Proof Let x1 ∈ R
n and consider the system

ẋ = −F(x, u(t)), x ∈ R
n, u(·) : [0,∞[→ U ⊂ R

m, (6)

which is obtained from (1) by reversing the time. Let F− be the family of vector
fields associated with (6). Since F is Lie bracket generating, then F− is Lie bracket
generating as well.

Let A−(x1) be the reachable set for (6) starting from x1. Thanks to Krener’s
theorem, A−(x1) contains a nonempty open set. In particular it has nonempty
intersection with A(x0) (being A(x0) dense). See Fig. 4.

This means that x1 ∈ A(x0). Indeed from x0 one can reach a point x̄ ∈ A(x0) ∩
A−(x1) (since x̄ ∈ A(x0)) and from x̄ one can reach x1 (since x̄ is reachable from
x1 for the system with reverted time).

Being x1 arbitrary we have that A(x0) = R
n. ��
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x0

A−(x1)

x1

x̄

A(x0)

Fig. 4 Proof of Corollary 22

Proof of Theorem 21 Let A(x0) be the reachable set from x0 associated with F and
Â(x0) be the reachable set from x0 associated with F ∪ {g}. For every x0 ∈ R

n we
have R

n = Â(x0) ⊂ Ā(x0). Hence A(x0) is dense. Since the system is Lie bracket
generating, from Corollary 22 the conclusion follows. ��

Next we present some important applications of the technique based on compat-
ible vector fields.

4.1 Affine Systems with Recurrent Drift

In this section we apply the theory of compatible vector fields to affine control
systems (cf. Sect. 1.2) that are Lie bracket generating and having a drift f0 which is
recurrent.

We refer to Fig. 5.

Definition 23 (Recurrent Vector Field) A vector field f is said to be recurrent if
for every point x0 ∈ R

n, every neighborhood V of x0 and every time t > 0, there
exist x̄0 ∈ V and t∗ > t such that et

∗f (x̄0) ∈ V .
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V

x0
x̄0

et
∗f x̄0

Fig. 5 Definition of recurrent vector field

integral curve of f

W

e−tfWe−tfx0

et∗fe−tfW ⊂ A(x0)

x0

Fig. 6 Proof of Lemma 24

Notice that if the trajectories of f are periodic (possibly with period depending
on the trajectory), then f is recurrent.

Lemma 24 Let F be a Lie bracket generating family of vector fields and f ∈ F . If
f is recurrent then −f is compatible with F .

Proof We have to prove that for every x0 and for every t > 0, e−tf x0 can be
obtained as limit of points belonging to the reachable set A(x0).

We refer to Fig. 6. By Krener theorem (thanks to the fact that F is Lie-bracket
generating), there exists an arbitrarily small open setW ⊂ A(x0) such that x0 ∈ W .

Now since e−tf is a diffeomorphism this implies that e−tf x0 ∈ e−tfW .
Since f is recurrent, there exists t∗ > t such that

et
∗f e−tfW ∩ e−tfW 	= ∅,

or equivalently

e(t
∗−t )fW ∩ e−tfW 	= ∅.
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But since t∗ − t > 0 and W ⊂ A(x0) we have that e(t
∗−t )fW ⊂ A(x0). It follows

that

A(x0) ∩ e−tfW 	= ∅.

Hence in any neighborhood of e−tf x0 there are points of A(x0). In other words
e−tf x0 ∈ A(x0). ��

As a consequence of the previous lemma we have the following.

Corollary 25 Consider the control system

ẋ = f0(x)+
m∑

i=1

ui(t)fi(x), (u1(·), . . . , um(·)) : [0,∞[→ U ⊂ Rm. (7)

Assume that (i) 0 belongs to the interior of U , (ii) the control system (7) is Lie
bracket generating, (iii) f0 is recurrent. Then the system is controllable.

Proof Notice that f0 ∈ F since 0 belongs to U . Lemma 24 states the equivalence
between the controllability of (7) and that of

ẋ =
m∑

i=0

ui(t)fi(x), (u0(·), . . . , um(·)) : [0,∞[→ ({−1} × {0}) ∪ ({1} × U).

The controllability of this system follows from the Chow–Rashevskii theorem after
using Lemma 28 since {−1, 1} × U contains a symmetric set (Remark 19). ��
Example (On a Manifold) Consider the control system on the sphere S2 = {x ∈
R

3 | x2
1 + x2

2 + x2
3 = 1} given by

ẋ = f0(x)+ uf1(x), u(·) : [0,∞[→ (−1, 1), x ∈ S2,

where

f0(x) =
⎛

⎝
−x2

x1

0

⎞

⎠ , f1(x) =
⎛

⎝
0
−x3

x2

⎞

⎠ .

The flows of f0 and f1 are rotations around the axes (0, 0, 1)T and (1, 0, 0)T ,
respectively.
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This system is controllable since

• the Lie bracket between f0 and f1 is given by

[f0, f1](x) =
⎛

⎝
−x3

0
x1

⎞

⎠ ,

and hence the system is Lie bracket generating (for every x ∈ S2,
dim(span{f0, f1, f2}(x) = 2);

• the trajectories of f0 are periodic and hence f0 is recurrent.

4.2 Affine Systems with Non-recurrent Drift

When the drift is not recurrent one can still obtain that the system is controllable
if the controls are unbounded and if it is not necessary to use the drift to get a Lie
algebra of full dimension at every point. More precisely we have the following.

Proposition 26 (Strong Bracket Generating) Consider the control system

ẋ = f0(x)+
m∑

i=1

uifi(x), (u1(·), . . . , um(·)) : [0,∞[→ R
m. (8)

If {f1, . . . , fm} is Lie bracket generating then (8) is controllable.

Remark 27 For an affine control system as (8), the condition that {f1, . . . , fm} is
Lie bracket generating is called the strong bracket generating condition.

Proof First notice that as a consequence of Exercise 1.2, being {f1, . . . , fm} Lie
bracket generating, then (8) is Lie bracket generating as well. Let F be the family
of vector fields associated with (8). In the following we are going to prove that for
every (v1, . . . , vm) ∈ R

m the vector field
∑m
i=1 vifi is compatible with F . Once this

is done, the controllability of (8) follows, since the family F ∪ {∑m
i=1 vifi , vi ∈

R, i = 1, . . . ,m} contains a symmetric and Lie bracket generating sub-family
(Remark 19).

To show that
∑m
i=1 vifi is compatible with F for every v1, . . . , vm ∈ R, remark

that

m∑

i=1

vifi = lim
n→∞

1

n

(
f0 +

m∑

i=1

(nvi)fi

)
(9)

and that 1
n
(f0 + ∑m

i=1(nvi)fi) is compatible with F since a trajectory of (8)
corresponding to controls ũi(·), i = 1, . . . ,m, is a time-reparameterisation of a
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trajectory of

ẋ = 1

n

(
f0(x)+

m∑

i=1

uifi(x)

)

corresponding to controls nũi(·), i = 1, . . . ,m.
The conclusion follows from the fact that if a vector field is the uniform limit on

all compacts of a sequence of compatible vector fields, then it is compatible as well
(from the continuity of solutions of ODEs with respect to the vector field). ��

4.3 Convexification

A very useful criterium is the one that states that a convex combination of vector
fields of F is compatible with F . It formalize the intuition that if one commutes
quickly between the dynamics of two vector fields, and one stays the same time
on each dynamics, then the corresponding trajectory is close the trajectory of f+g2
starting from the same point.

Lemma 28 For every λ1, . . . , λk ≥ 0 and f1, . . . , fk ∈ F , the vector field λ1f1 +
· · · + λkfk is compatible with F .

The proof of this Lemma is quite technical and it is based on the Gronwall
inequality. See [1] for details.

From this lemma one can gets some useful corollaries of Theorem 17, Corol-
lary 25, and Proposition 26.

Corollary 29 If F is Lie bracket generating and its convex hull in the space
Vec(Rn) is symmetric, then for every x0 ∈ R

n we have A(x0) = R
n.

Corollary 30 Consider the control system

ẋ = f0(x)+
m∑

i=1

uifi(x), (u1(·), . . . , um(·)) : [0,∞[→ U ⊂ Rm. (10)

Assume that (i) 0 belongs to the interior of the convex hull of U , (ii) the control
system (10) is Lie bracket generating, (iii) f0 is recurrent. Then the system is
controllable.

Corollary 31 Consider the control system

ẋ = f0(x)+
m∑

i=1

uifi(x), (u1(·), . . . , um(·)) : [0,∞[→ U ⊂ R
m. (11)
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If the convex hull ofU is Rm and if {f1, . . . , fm} is Lie bracket generating then (11)
is controllable.

5 Orbits and Necessary Conditions for Controllability

We have seen in the previous sections several sufficient conditions for the control-
lability of a nonlinear system. In this section we discuss some necessary conditions
that are consequence of a very deep theorem of geometric nature, the so-called orbit
theorem. This theorem permits to conclude that, beside pathological cases, Liex(F)
measures precisely the dimension of the set of directions that can be used starting
from a point.

We define the orbit of the family F starting from a point x0 ∈ R
n as the set

O(x0) = {etkfk ◦ · · · ◦ et1f1(x0) | k ∈ N, t1, . . . , tk ∈ R, f1, . . . , fk ∈ F}.

Remark 32 O(x0) can be interpreted as the reachable set, starting from x0, of the
family −F ∪ F , using only piecewise constant controls.

We have the following result

Theorem 33 (Orbit Theorem) For every x0 ∈ R
n, the set O(x0) has the structure

of an immersed sub-manifold of Rn. In particular it has the same dimension at every
point. Moreover if x ∈ O(x0) then Liex(F) ⊆ TxO(x0). The two spaces Liex(F)
and TxO(x0) coincide if one of the following two conditions is verified:

• every element of F is an analytic vector field;
• the dimension of Liex(F) is constant with respect to x ∈ O(x0).

From the fact that Liex(F) ⊆ TxO(x0) it follows that every element of F is
tangent to O(x0). As a consequence we have the following.

Lemma 34 For every x0 ∈ R we have that A(x0) ⊆ O(x0).

This result wouldn’t be so obvious without the orbit theorem since A(x0) is the set
of points that one can reach using L∞ controls (and not only piecewise constant
ones).

The following corollary gives some consequence of the Orbit theorem on the
controllability of nonlinear systems.

Corollary 35 If F is not Lie bracket generating and either every vector field of F
is analytic or the dimension of Liex(F) is constant with respect to x ∈ O(x0), then
F is not controllable.
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Introduction to Variational Methods
for Viscous Ergodic Mean-Field Games
with Local Coupling

Annalisa Cesaroni and Marco Cirant

Abstract We collect in these notes some results on the existence and uniqueness
of classical solutions to viscous ergodic Mean-Field Game systems with local
coupling. We present in particular some methods and ideas based on convex
optimization techniques and elliptic regularity.

Keywords Ergodic Mean-Field Games · Elliptic systems · Variational methods

1 Introduction

In these notes we collect some basic results on second order stationary Mean-Field
Games systems with local coupling with power growth. This material has been
taught in a 5 h course by the first author at the IndAM Intensive Period Contem-
porary Research in elliptic PDEs and related topics held at the University of
Bari from April to June 2017. We would like to thank the scientific organizer of the
period, Serena Dipierro, for her kind invitation to give this course.

Mean-Field Games (MFG) is a recent theory that models the behaviour of a very
large number of indistinguishable rational agents aiming at minimizing a common
cost: each agent has to choose a strategy, in the form of a trajectory in a state space,
which best fits his preferences, but is affected by the other agents through a global
mean field effect. The theory was introduced in the seminal papers by Lasry, Lions
[34–36] and by Huang, Caines, Malhamé [31]. For an introduction to the theory, we
refer to the recent monographs [7, 30], to [37] and to the notes [5, 10, 27].

In the ergodic framework, the idea of mean-field Nash equilibrium, and its
characterization in terms of a system of PDEs can be derived as follows. For
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simplicity, we will consider a periodic setting: suppose that the population of players
has densitym ∈ C(Q), whereQ is theN-dimensional torus RN/ZN . The dynamics
of a typical agent is given by the controlled stochastic differential equation

dXs = −vsds +
√

2 dBs, (1)

where vs is the control and Bs is a Brownian motion, and the cost, of long-time
average form, is given by

lim
T→∞

1

T
E

∫ T

0
[L(vs)+ f (Xs,m(Xs))]ds.

The (convex) Lagrangian function L is associated to the cost of moving with
velocity vs , while the term f (Xs,m(Xs)) is the cost of being at position Xs ; the
dependance of f with respect to the densitym describes the interaction between the
individual and the overall population.

Every agent seeks to optimize this cost. A classical result in control theory states
that the optimal control for this problem is given in feedback form by

vs = −∇H(∇u(Xs)),

where the Hamiltonian H is the Legendre transform of L, i.e. H(p) = L∗(p) =
supv∈RN [p · v − L(v)], and u is the solution of the stationary Hamilton-Jacobi-
Bellman (HJB) equation

−Δu(x)+H(∇u(x))+ λ = f (x,m(x)) onQ.

This fact can be obtained by means of the Ito formula and the definition of H (see,
e.g. [6]). Note that in the HJB equation the constant λ ∈ R is itself an unknown.

A crucial feature of the stochastic differential equation (1) is that, when the
velocity vs is given in feedback form. i.e. vs = b(Xs), where b is some autonomous
drift, then the law of Xs becomes stable in the long time regime. In other words,

L (Xs)→ m̄, as s →∞,

where m̄ is the so-called invariant measure. It can be proven that (see [6, 32] for
further details) m̄ is the unique solution of

−Δm̄+ div(m̄b) = 0 onQ,
∫

Q

m̄ = 1. (2)

Hence, if all the agents play optimally, all their invariant measures m̄ will
coincide, and solve the Kolmogorov (Fokker-Planck) Eq. (2) with drift b(x) =
−∇H(∇u(x)). Therefore, the overall population will be distributed (as s → ∞)
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with density m̄. In an equilibrium situation,

m̄ = m,

independently on the initial state X0. This heuristically leads to the stationary MFG
system

⎧
⎪⎪⎨

⎪⎪⎩

−Δu+H(∇u)+ λ = f (x,m(x))
−Δm− div(m∇H(∇u)) = 0 onQ,
∫
Q m = 1,

(3)

that is associated to equilibria of the game (see also [2]). These notes will be focused
on the existence of solutions to this system of PDEs; we will discuss in particular
some methods based on convex optimization and elliptic regularity (for further
details and results see [5, 11, 13, 16, 19, 28, 29, 38]).

We stress that we are assuming the coupling f to be a local function of m(x). In
other words, each player is affected at time s just by the value ofm(Xs). This setting
is opposed to the “non-local” case, where f can be a functional defined on the space
of probability measures. For this reason, it is important in the local case to obtain
solutions of (3) such thatm is at least continuous onQ, for the optimization problem
to be meaningful. This requires assumptions on the data f,H . Classical regularity
of solutions to (3) has been considered in several works (see, e.g., [21, 30, 39], and
reference therein), but it is in some cases still an open problem.

We mention that (3) has also a deep derivation from Nash equilibria of games
with N-players, in the limit N → ∞. This striking result has been obtained in the
seminal works [34–36], and recently in [15] for some time-dependent problems. We
also refer to [25] for additional details.

Finally, ideas presented here can be adapted to time-dependent problems, i.e.
finite horizon MFG systems, which consists of a backward HJB equation coupled
with a forward Fokker-Planck equation (see, e.g, [12, 22, 30] and references therein)
and also to fractional MFG, that is MFG systems driven by fractional laplacian (see
[17]). The treatment of MFG with more than one population is more delicate, and a
variational formulation is available only in certain situations, see [14, 19, 23].

These notes are organized as follows. In Sect. 2 we provide our standing
assumptions and notations throughout the paper. In Sects. 3 and 4 we discuss some
existence and regularity results for the stationary Fokker-Planck and Hamilton-
Jacobi-Bellman equations respectively. In Sect. 5 we derive the main result on
existence of solutions to (3), while in Sect. 6 we prove that solutions are unique
under the additional assumption that f is monotone increasing in the m variable.
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2 Standing Assumptions

As explained in the introduction, the problem we aim to solve is finding a
constant λ ∈ R for which (3) has a solution (u,m). A (classical) solution to the
system (3) is a triple (u, λ,m) ∈ C2,θ (Q) × R × W 1,p(Q), for all θ ∈ (0, 1) and
for all p > 1.

We assume thatH : RN → R is strictly convex, thatH ∈ C2(RN \ {0}) and that
there exist some CH > 0, K > 0 and γ > 1 such that, for all p ∈ R

N ,

CH |p|γ − C−1
H ≤ H(p) ≤ CH(|p|γ + 1),

∇H(p) · p −H(p) ≥ CH |p|γ −K and |∇H(p)| ≤ CH |p|γ−1.
(4)

The coupling term f is local, that is f : RN ×[0,+∞)→ R is locally Lipschitz
continuous in both variables, and Z

N -periodic in x, that is f (x + z,m) = f (x,m)
for all z ∈ Z

N , all x ∈ R
N and all m ∈ [0,+∞). We assume that there exist C > 0

andK > 0 such that

−Cmq−1 −K ≤ f (x,m) ≤ Cmq−1+K, with 1 < q < 1+ 1

N

γ

γ − 1
. (5)

Notations For every p ≥ 1, p′ = p
p−1 will be the usual conjugate exponent of p.

Q is the N-dimensional torus Q := R
N/ZN and we identify functions on Q with

their periodic extension to R
N . Finally, C, C1, C2,K . . . denote (positive) constants

we need not to specify.

3 Steady States of the Fokker-Planck Equation

We provide here some results on existence, uniqueness and regularity of steady state
solutions to the Fokker-Planck equations in the periodic setting. These results are
classical and well known, we refer to [6], nevertheless in some cases we add also
some sketch of proof for readers’ convenience.

From classical elliptic regularity, we recall the following result.

Proposition 1 Let p > 1, Ω ⊂ R
N be a bounded open set, and m ∈ Lp(Ω) be

such that
∣∣∣∣
∫

Ω

mΔϕ dx

∣∣∣∣ ≤ K‖∇ϕ‖Lp′ (Ω) for all ϕ ∈ C∞0 (Ω) (6)
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for some K > 0. Then, m ∈ W 1,p(Ω ′) for every Ω ′ ⊂⊂ Ω and there exists C > 0
depending only on p, andΩ ′ such that

‖∇m‖Lp(Ω ′) ≤ C(K + ‖m‖Lp(Ω)).

Proof For the proof we refer to [1, Theorem 6.1].

Note that in the periodic setting, namely if m ∈ Lp(Q) and (6) holds with Ω =
Q, then the conclusion of Proposition 1 holds withΩ ′ = Ω = Q.

Using this result we prove the following a priori estimate.

Lemma 1 Let w ∈ Lp(Q;RN). Then there exists a unique solutionm ∈ W 1,p(Q)

to the problem

−Δm = divw, with
∫

Q

mdx = 1. (7)

Moreover there exists C > 0, depending on p, such that

‖m‖W 1,p (Q) ≤ C(‖w‖Lp(Q) + ‖m‖Lp(Q)). (8)

Proof Assume first that w is smooth, let m be the unique smooth solution1 to (7),
and let v ∈ C∞(Q) be a test function. Multiplying (7) by v and integrating by parts,
we get

∫

Q

m(−Δv) dx =
∫

Q

w · ∇v dx ≤ ‖w‖Lp(Q) ‖∇v‖Lp′ (Q).

We conclude by Proposition 1 that ‖m‖W 1,p(Q) ≤ C(‖w‖Lp(Q) + ‖m‖Lp(Q)).
The result in the general case then follows by approximating w with smooth

vector fields.

Finally we consider steady state solutions to the periodic Fokker-Planck equa-
tion.

Proposition 2 Let b ∈ L∞(Q;RN). Then, there exists a unique solution m ∈
W 1,p(Q), for all p > 1, to the problem

−Δm+ div(bm) = 0, (9)

1This solution m can be found for example by standard methods in calculus of variations, i.e. by
minimizing the convex functionalm �→ 1

2

∫
Q
|∇m|2−(divw)m subject to the constraint

∫
Q
m = 1;

regularity of the minimizing weak solution is classical by uniform ellipticity.
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with
∫
Qmdx = 1, and

‖m‖W 1,p (Q) ≤ C,

where C > 0 depends only on N , p and ‖b‖L∞(Q;RN). In particular, we have
that m ∈ Cθ(Q), for every θ ∈ (0, 1).

Furthermore, we get that there exists a constant C = C(N, b) > 0 such that

0 < C ≤ m(x) ≤ C−1, for any x ∈ Q.

Proof Assume b to be smooth, the general case will follow by an approximation
argument.

Step 1: Existence and Uniqueness of a Solution The existence result follows by
the Fredholm alternative.

More precisely, forK large enough, by Lax-Milgram Theorem, the equation

−Δv − b · ∇v +Kv = ψ

has a unique solution u ∈ W 2,2Q), for any fixed ψ ∈ L2(Q). Therefore, the
mapping GK , defined by v = GKψ , is a compact mapping of L2(Q) into itself.

Now, Eq. (9) may be rewritten as

(I −KG ∗K)m = 0. (10)

By the Fredholm alternative, the number of linearly independent solutions of (10) is
the same as that of the adjoint problem, that is

(I −KGK)v = 0,

that corresponds to

−Δv − b · ∇v = 0. (11)

Any v ∈ W 2,2(Q) solving (11) is in C2(Q) (due to classical elliptic regularity
theory, see [26]), and then it must be constant by the Strong Maximum Principle (see
[26]). We conclude that there exists m solving (9) (in the distributional sense), and
such m ∈ L2(Q) is unique up to a multiplicative constant. Moreoverm ∈ W 1,2(Q)

and ‖m‖W 1,2(Q) ≤ C‖b‖L∞ , see [6, Thm II.4.3]).

Step 2: Positivity Fix a nonnegative periodic continuous initial datum z0, and
consider the following Cauchy problem,

{
∂tz −Δz− b · ∇z = 0 in R

N × (0,∞),
z(·, 0) = z0(·).

(12)
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So, by Comparison Principle, the solution z of (12) satisfies 0 ≤ min z0 ≤
z(x, t) ≤ max z0 for all t . By [4, Theorem 4.1], z(·, t) − Λt − z̄(·) converges
uniformly to zero as t → +∞, where the couple (λ̄, z̄) solves the stationary problem

−Δz̄− b · ∇ z̄ = λ̄ inQ. (13)

Note that (λ̄, z̄) solving (13) must satisfy λ̄ = 0, so that z̄ is identically constant
on Q; hence z(·, t) → z̄ uniformly on Q as t → +∞. Moreover min z0 ≤ z̄ ≤
max z0.

By multiplying the equation in (12) bym, the equation in (9) by z, and integrating
by parts onQ, we obtain that, for all t > 1,

∫

Q

∂tz(x, t)m(x)dx = 0,

so, since
∫
Qmdx = 1, as t → +∞, we get

∫

Q

z0(x)m(x)dx =
∫

Q

z(x, t)m(x)dx→
∫

Q

z̄m(x)dx = z̄. (14)

Therefore we conclude that for every periodic continuous function z0,

0 ≤ min z0 ≤
∫

Q

z0(x)m(x)dx = z̄ ≤ max z0.

In particular this implies that m ≥ 0. So, by Harnack inequality (see [26]), we get
that m > 0.

Step 3: Boundedness and Regularity The regularity and boundedness follow
by an iterative argument, starting from the initial regularity estimate in W 1,2 and
applying Lemma 1 and Sobolev embeddings. We refer for more details for example
to [3, Lemma 2.3].

4 Hamilton Jacobi Equations with Coercive Hamiltonian

We collect some well known results on the Lipschitz continuity of viscosity
solutions to Hamilton-Jacobi equations and on the solution to the ergodic problem.

We consider the following Hamilton-Jacobi equation

−Δu+H(∇u)+ λ = f (x), x ∈ R
N . (15)

We assume that f ∈ C(RN), and that f is ZN -periodic, so we look for periodic
solutions to (15).
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Theorem 1 There exists a unique constant λ ∈ R such that (15) has a periodic
solution u ∈ C2(RN) and

λ = sup{c ∈ R s.t. ∃u ∈ C2(RN) s.t. −Δu+H(∇u)+ c ≤ f (x)}. (16)

Moreover, there exists a constant K > 0, depending on ‖f ‖L∞(RN) and |λ| such
that

‖∇u‖L∞ ≤ K.

Finally, u is the unique Lipschitz viscosity solution to (15) up to addition of
constants.

Proof This result is very well known, see e.g. [4]. For completeness we provide
a brief sketch of the proof. We will assume f to be smooth, the general case will
follow by an approximation argument, once we show that the estimates are only
depending on ‖f ‖L∞ .

Step 1: Ergodic Approximation Let δ > 0 and uδ be the continuous periodic
solution to

δuδ −Δuδ +H(∇uδ) = f (x), x ∈ R
N. (17)

Note that (17) admits a unique periodic viscosity solution, and that by comparison
‖δuδ‖L∞(RN) ≤ ‖f ‖L∞(RN)+|H(0)|. Moreover, recalling that we assumed f to be
smooth, we can apply classical Bernstein method, see [4], to get that ‖∇uδ‖L∞ ≤ C,
for some C > 0 depending on the C1 norm of f . Therefore, by classical elliptic
regularity theory, since Δuδ ∈ L∞, we have that uδ ∈ C1,α for every α ∈ (0, 1).
Then by bootstrap, we conclude that uδ ∈ C2.

Step 2: A Priori Gradient Bounds By assumption (4), we get that

| −Δuδ + CH |∇uδ|γ | ≤ K. (18)

Therefore, by [33, Thm A.1], we get that for every r ∈ (1,+∞), there exists C
depending on CH , r,N, γ,K such that ‖∇uδ‖Lr(Q) ≤ C. So, this implies also
that ‖∇uδ‖L∞ ≤ C by a constant depending on K, γ,CH ,N . Indeed if r is large
enough, then −Δuδ is bounded in Lq(Q) for some q > N , and the statement
follows by elliptic regularity theory and Sobolev embeddings.

So, there exists a constant K > 0, depending on ‖f ‖L∞(RN) (and in principle
by ‖δuδ‖L∞(RN) also, that is itself controlled by ‖f ‖L∞(RN) + |H(0)|, see Step 1),
such that

‖∇uδ‖L∞ ≤ K. (19)
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Step 3: Solution of the Ergodic Problem We define vδ = uδ − uδ(0). Then
‖∇vδ‖L∞ ≤ K and moreover ‖vδ‖L∞ ≤ K . Therefore by Ascoli-Arzelá theorem,
we can extract a subsequence converging uniformly to v. Moreover δvδ → λ, where
λ is a constant. Note that vδ is a solution to

δvδ −Δvδ +H(∇vδ) = f (x)− δvδ(0), x ∈ R
N.

Therefore v, by stability of viscosity solution with respect to uniform convergence
is a solution to (15).

Step 4: Uniqueness Assume there exist two solutions to (15), (v1, λ1), (v2, λ2).
Assume that λ1 > λ2. Up to addition of constants we can assume that v1 ≤ v2.
Then λ1t + v1 is a solution to

{
vt −Δv +H(∇v) = f (x) x ∈ R

N, t > 0

v(0, x) = v1(x).

On the other hand v2 + λ2t is a subsolution to the same problem, since v1 ≤ v2.

Therefore by comparison principle v1(x) + λ1t ≤ v2(x) + λ2t , for every t ≥ 0.
Recalling that v1, v2 are bounded, this is in contradiction with λ1 > λ2, for t
sufficiently large.

So, λ in (15) is unique. Moreover, a classical argument based on the strong
maximum principle, shows that v is unique up to addition of constants (see [4]).

Remark 1 We can make the gradient bound in Step 2 of the previous proof more
precise by a suitable rescaling argument: we show that there exists a constant C
depending only on γ,N,CH such that if (18) holds, then

‖∇uδ‖L∞ ≤ C(1+K)1/γ .

Indeed, arguing as in Step 2 of the proof, if (18) holds withK = 1, then ‖∇uδ‖L∞ ≤
C1 for some positive C1 depending only on γ,N,CH . For general K > 0, let
κ := (1+K)−1/γ ′ , and

v(y) := κ 2−γ
γ−1 uδ(κy) on R

N .

Then, v satisfies on R
N

| −Δv + CH |∇v|γ | ≤ κγ ′K = K

1+K ≤ 1.

Therefore, ‖∇v‖L∞ ≤ C1, that implies ‖∇uδ‖L∞ = κ
− 1
γ−1 ‖∇v‖L∞ ≤ C1(1 +

K)1/γ .
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5 Existence of Solutions to the MFG System

In this section we prove existence of classical solutions to (3). This result has
been proved with a somehow different method in [21], and also in [39] under the
additional assumption that f is bounded from below.

Theorem 2 Under the assumptions (4) and (5) there exists a classical solution
(u, λ,m) to the MFG system (3). Moreover, m > 0.

The proof is obtained using variational techniques and a regularization procedure.

Remark 2 It is often useful to consider (3) in the quadratic case, namely when
H(p) = |p|2/2. Then, the so-called Hopf-Cole transformation reduces the number

of unknowns, namely setting v2 := m = e−u/2∫
Q e

−u/2 , then v solves

−Δv + f (x, v2)v = λv in Q,
∫

Q

v2 = 1. (20)

Information on this equation can be used to deduce some features of (3) in general.
For example, (20) has a variational structure (with L2-constraint); this is true, as we
will see in the sequel, also for (3). On the other hand, if H(p) 	= |p|2/2 a similar
transformation is available only in particular cases (see [20]).

The Energy Associated to the System We denote by L̃ the Legendre transform of
H , i.e.

L̃(v) := sup
p∈RN

[p · v −H(p)], for any v ∈ R
N .

The assumptions on H guarantee the following (see [18, Proposition 2.1], and also
[8, 24]).

Proposition 3 There exist CH,CL > 0 such that for all p, b ∈ R
N ,

i) L̃ ∈ C2(RN \ {0}) and it is strictly convex,
ii) 0 ≤ CL|q|γ ′ ≤ L̃(q) ≤ C−1

L (|q|γ
′ + 1), where γ ′ = γ

γ−1 is the conjugate
exponent of γ ,

iii) ∇L̃(q) · q − L̃(q) ≥ CL|q|γ ′ − C−1
L ,

iv) CL|q|γ ′−1 − C−1
L ≤ |∇L̃(q)| ≤ C−1

L (|q|γ
′−1 + 1).

v) CH |p|γ−1 − C−1
H ≤ |∇H(p)| ≤ C−1

H (|p|γ−1 + 1).
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We let

K :=
{
(m,w) ∈ L1(Q) ∩ Lq(Q)× L1(Q) s.t.
∫

Q

m(−Δϕ) dx =
∫

Q

w · ∇ϕ dx ∀ϕ ∈ C∞0 (Q),
∫

Q

mdx = 1, m ≥ 0 a.e.

}
.

(21)

We associate to the mean field game (3) the following energy

E (m,w) :=
⎧
⎨

⎩

∫

Q

mL
(
−w
m

)
+ F(x,m) dx if (m,w) ∈ K ,

+∞ otherwise,
(22)

where2

L
(
−w
m

)
:=

⎧
⎪⎪⎨

⎪⎪⎩

L̃
(−w

m

)
if m > 0,

0 if m = 0, w = 0,

+∞ otherwise

and F(x,m) :=
⎧
⎨

⎩

∫ m

0
f (x, n) dn if m ≥ 0,

+∞ if m < 0.

(23)

Proposition 4 The map

(m,w)→ mL
(
−w
m

)

is convex, and is strictly convex if restricted to m > 0. Moreover,

mH(p) = sup
w

[
−p · w −mL

(
−w
m

)]
. (24)

Finally

CL
|w|γ ′
mγ

′−1
− C−1

L m ≤ mL
(
−w
m

)
≤ C−1

L

|w|γ ′
mγ

′−1
+ C−1

L m. (25)

2Note that L(·) here coincides with L as in the introduction. Indeed, L̃ = H ∗ = (L∗)∗ = L.



232 A. Cesaroni and M. Cirant

Proof Note that, since L̃ is the Legendre transform of H , for every m ≥ 0 we have

mL
(
−w
m

)
= m sup

p

(
p · −w

m
−H(p)

)
= sup

p
(−p · w −mH(p)) .

So mL
(−w

m

)
is the supremum of a family of linear functions in (m,w), therefore

is convex. A similar argument gives (24). As for the strict convexity, observe that
since H is strictly convex, also L̃ is strictly convex. Then it is easy to check the
strict convexity of mL(−w/m) where m > 0. The estimate (25) comes from
Proposition 3.

Now, we provide a priori estimates for couples (m,w) ∈ K with finite energy.

Proposition 5 Let

1

r
= 1

γ ′
+ 1

γ q
.

Assume that (m,w) ∈ K is such that there exists K > 0 with

E :=
∫

Q

|w|γ ′
mγ

′−1
dx ≤ K.

Then, there exist δ > 0 and C > 0 such that

‖m‖W 1,r (Q) ≤ C
[∫

Q

|w|γ ′
mγ

′−1
dx + 1

]
≤ C(K + 1) (26)

‖m‖q(1+δ)Lq (Q) ≤ C
[∫

Q

|w|γ ′
mγ

′−1
dx + 1

]
≤ C (K + 1) . (27)

Proof By (21), we see that

∫

Q

m(−Δφ) dx =
∫

Q

w · ∇φ dx ≤
∫

Q

(
|w|γ ′
mγ

′−1

) 1
γ ′
m

1
γ |∇φ| dx

≤
(∫

Q

|w|γ ′
mγ

′−1
dx

) 1
γ

‖m‖
1
γ

Lq(Q)‖∇φ‖Lr′ (Q) ≤ E
1
γ ′ ‖m‖

1
γ

Lq(Q)‖∇φ‖Lr′ (Q),

for any φ ∈ C∞0 (Q). Here above we used the notation r ′ = r
r−1 .

Therefore, by Proposition 1 we get that

‖∇m‖Lr (Q) ≤ C
(
E

1
γ ′ ‖m‖

1
γ

Lq (Q) + ‖m‖Lr (Q)
)
.
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Moreover, by interpolation, we get that ‖m‖Lr (Q) ≤ ‖m‖
1
γ

Lq(Q)‖m‖
1
γ ′
L1(Q)

=
‖m‖

1
γ

Lq(Q). So, we conclude that

‖m‖W 1,r (Q) ≤ C(E
1
γ ′ + 1)‖m‖

1
γ

Lq(Q). (28)

Let r� be such that 1
r�
= 1

r
− 1

N
if r < N , and r� = +∞ if r ≥ N . Notice

that by (5), q < r�. Therefore by Sobolev embedding, there exists C such that
‖m‖W 1,r (Q) ≥ C‖m‖Lq(Q), and so, substituting in (28) we get that

‖m‖Lq(Q) ≤ C(E + 1)

which in turns gives (26), again substituting in (28).
To obtain (27), we need to use also interpolation. Note that since q < r�, by

interpolation we get

‖m‖Lq(Q) ≤ ‖m‖1−θ
L1(Q)

‖m‖θ
Lr
�
(Q)
≤ C(1+ E θ

γ ′ )‖m‖
θ
γ

Lq(Q),

where θ is such that

1

q
= 1− θ + θ

r�
.

We then obtain that

‖m‖q(1+δ)Lq (Q) ≤ C(1+ E),

where

δ = 1

q − 1

(
γ ′ + N
N

− q
)
> 0

by (5).

Using the previous estimates, we deduce the existence of a minimizer of the
energy in the class K .

Theorem 3 There exists (m,w) ∈ K such that

E (m,w) = min
(m,w)∈K

E .
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Proof First of all observe that, by Proposition 5 and (25), there exists C > 0 such
that, for every (m,w) ∈ K ,

E (m,w) ≥ C‖m‖(1+δ)qLq(Q) − C +
∫

Q

F(x,m)dx .

From this, recalling assumption (5) and the definition of F in (23), we conclude that
there exists a constantK , depending on q , such that

E (m,w) ≥ C‖m‖(1+δ)qLq(Q) − C′‖m‖qLq(Q) − C′ ≥ K.

Let e := inf(m,w)∈K E (m,w). We fix a minimizing sequence (mn,wn).
Therefore E (mn,wn) ≤ e + 1, for every n sufficiently large. Therefore, again by
assumption (5), (25) and Proposition 5, we get

∫

Q

|wn|γ ′
m
γ ′−1
n

dx ≤ C−1
L (e + 1−

∫
F(x,mn)dx)) ≤ C−1

L (e + 1− C + C‖mn‖qLq (Q))

≤ C−1
L

⎛

⎝e + 1+ C′ +K
(∫

Q

|wn|γ ′
m
γ ′−1
n

dx + 1

) 1
1+δ

⎞

⎠ .

This implies in particular that

(∫
Q
|wn|γ ′
m
γ ′−1
n

dx

)
is equibounded in n.

By Proposition 5 this implies that ‖mn‖W 1,r (Q) ≤ C, which in turn implies,
recalling that q < r� and using Sobolev embeddings, that up to a subsequence

mn→ m strongly in Lq(Q), mn ⇀ m weakly inW 1,r (Q).

This implies in particular that mn→ m in L1 and
∫
Q
mdx = 1.

Note that by Hölder inequality

∫

Q

|wn|
γ ′q

γ ′+q−1 dx ≤
(∫

Q

|wn|γ ′
m
γ ′−1
n

dx

) q

γ ′+q−1

‖mn‖
γ ′−1

q(γ ′+q−1)
Lq (Q) . (29)

This gives that wn is equibounded in L
γ ′q

γ ′+q−1 (Q) and so, up to subsequences,

wn → w weakly in L
γ ′q

γ ′+q−1 (Q).

Note that the convergences are strong enough to assure that (m,w) ∈ K . We
conclude by the lower semicontinuity of the kinetic part of the functional (i.e.∫
mL(−w/m)) and by the strong convergence in Lq(Q) of mn.
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Regularization Procedure In order to pass from minimizers to classical solutions
to (3), we need first to regularize the problem and then pass to the limit in the
approximation. We consider the following approximation of the system (3).

⎧
⎪⎪⎨

⎪⎪⎩

−Δu+H(∇u)+ λ = fε[m](x),
−Δm− div(m∇H(∇u)) = 0,
∫
Q
mdx = 1,

(30)

where

fε[m](x) = f (·,m � χε) � χε(x) =
∫

Q

χε(x − y)f
(
y,

∫

Q

m(z)χε(y − z)dz
)
dy

and χε, for ε > 0, is a sequence of standard symmetric mollifiers approximating the
unit.

We observe that fε[m](x) is the L2-gradient of a C1 potential Fε : P(Q)→ R,
where P(Q) is the set of probability measures onQ (see [9]), defined as follows

Fε[m] :=
∫

Q

F(x,m � χε(x))dx, (31)

where F is given in (23). In particular there holds

Fε[m′] − Fε[m] =
∫ 1

0

∫

Q

fε[(1− t)m+ tm′](x)(m′ −m)(x)dx (32)

for all m,m′ ∈ L1(Q) with
∫
Q
m = ∫

Q
m′ = 1.

Note that by the properties of mollifiers and Jensen inequality, (5) still holds with
constants independent of ε: there exists C > 0 such that

− C
∫

Q

mqdx −K ≤ Fε[m] ≤ C
∫

Q

mqdx +K (33)

for all functionsm ∈ L1(Q), m ≥ 0,
∫
Q
m = 1.

We associate to this approximate system (30) the energy

Eε(m,w) :=
⎧
⎨

⎩

∫

Q

mL
(
−w
m

)
dx + Fε[m] if (m,w) ∈ K ,

+∞ otherwise.
(34)

Proposition 6 For every ε > 0 there exists (mε,wε) ∈ K such that

Eε(mε,wε) = inf
(m,w)∈K

Eε(m,w).
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Moreover, there exists C > 0 independent of ε such that

‖mε‖Lq(Q) ≤ C and ‖mε‖W 1,r (Q) ≤ C (35)

where r is as in Proposition 5.

Proof The proof follows exactly the same argument of Theorem 3, due to the fact
that Fε satisfies (33) and so we can use the estimates in Proposition 5. So, we get
for every ε > 0 a minimizer.

Observe moreover that inf(m,w)∈K Eε(m,w) ≤ E (1, 0) = Fε[1] ≤ C, by (33).
Therefore, following the same argument as in the proof of Theorem 3, we get

that
∫
Q mεL

(
−wε
mε

)
dx ≤ C, for some C independent of ε. So, applying again

Proposition 5, we conclude.

In order to construct a solution to the Mean Field Game system (30), we associate
to the energy in (34) a dual problem, using standard arguments in convex analysis.
First of all, following [9], we pass to a convex problem.

Given a minimizer (mε,wε) as obtained in Proposition 6 we introduce the
following functional

Jε(m,w) :=
∫

Q

mL
(
−w
m

)
+ fε[mε](x)m dx. (36)

We claim that for (m,w) ∈ K we have that

∫

Q

mL
(
−w
m

)
dx −

∫

Q

mεL

(
−wε
mε

)
≥ −

∫

Q

fε[mε](x)(m−mε)dx.

This can be proved as in [9, Proposition 3.1], using the convexity of L and the
regularity of F . The idea is to consider, for every λ ∈ (0, 1),mλ := λm+ (1−λ)mε
and the same definition for wλ, and to observe that by minimality

∫

Q

mλL

(
−wλ
mλ

)
dx −

∫

Q

mεL

(
−wε
mε

)
≥ −F [mλ] + F [mε] .

Then, using the convexity to estimate the left hand side and (32) on the right hand
side, and finally sending λ→ 0, we get that

min
(m,w)∈K

Jε(m,w) = Jε(mε,wε).

We now construct a solution to (30).

Theorem 4 Let (mε,wε) be a minimizer of Jε as given by Proposition 6.
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Thenmε ∈ W 1,p(Q) for all p > 1, and there exist λε ∈ R and uε ∈ C2,θ (Q), for
all θ ∈ (0, 1) such that (uε, λ,ε ,mε) is a classical solution to the MFG system (30).
Moreover wε = −mε∇H(∇uε).

Finally there exists C independent of ε such that

|λε| ≤ C. (37)

Proof The functional (36) is convex, so we can write the dual problem as follows, by
standard arguments in convex analysis. First of all we write the following functional

A (m,w, u, c) :=
∫

Q

[
mL

(
−w
m

)
+ fε[mε](x)m+mΔu+ ∇u ·w − cm

]
dx+c.

We recall Proposition 6, in particular thatmε ∈ W 1,r (Q). From this, using the same

argument as in (29) in the proof of Theorem 3, we have thatwε ∈ L
γ ′q

γ ′+q−1 . It is easy
to observe that

Jε(mε,wε) = inf

{(m,w)∈(W 1,r (Q))×L
γ ′q

γ ′+q−1 (Q),
∫
Q m=1,m≥0}

sup
(u,c)∈C2(Q)×R

A (m,w, u, c),

(38)

where r is as in Proposition 5. So the infimum is actually a minimum.
Note that A (·, ·, u, c) is convex and weakly lower semicontinuous, and

A (m,w, ·, ·) is linear (so in particular concave). Hence we can use the min-max
Theorem, see in particular [8, Thm 2.3.7], to interchange minimum and supremum,
that is

min

{(m,w)∈W 1,r×L
γ ′q

γ ′+q−1 ,
∫
m=1, m≥0}

sup
(u,c)∈C2×R

A (m,w, u, c)

= sup
(u,c)∈C2×R

min

{(m,w)∈W 1,r×L
γ ′q

γ ′+q−1 ,
∫
m=1, m≥0}

A (m,w, u, c).
(39)

Finally, thanks to the Rockafellar’s Interchange Theorem [40] between infimum
and integral (based on measurable selection arguments, and lower semicontinuity of
the functional) we get, using the fact that H is the Legendre transform of L, that

min

{(m,w)∈W 1,r×L
γ ′q

γ ′+q−1 ,
∫
m=1,m≥0}

A (m,w, u, c)

=
∫

Q

min
m≥0,w

[
mL

(
−w
m

)
+ fε[mε](x)m+mΔu+∇u ·w − cm

]
dx + c

=
∫

Q

min
m≥0

m [−H(∇u)+Δu+ fε[mε](x)− c] dx + c.
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Note that

min
m≥0

m [Δu−H(∇u)+ fε[mε](x)− c] =
⎧
⎨

⎩
0, if Δu −H(∇u)+ fε[mε](x)− c ≥ 0,

−∞, if Δu −H(∇u)+ fε[mε](x)− c < 0.

Therefore, from (38), (39) and (40) we get that

Jε(mε,wε) = sup
(u,c)∈C2×R

∫

Q

min
m≥0

m [−H(∇u)+Δu+ fε[mε](x)− c] dx + c

= sup
{
c ∈ R |∃u ∈ C2, s.t. −Δu+H(∇u)+ c ≤ fε[mε](x)

}
.

(40)

Since fε[mε](x) is a smooth function, due to Theorem 1, such supremum is actually
a maximum: there exist λε ∈ R and a periodic function uε ∈ C2,θ (Q), for every
θ ∈ (0, 1) which is unique up to additive constants and solves

−Δuε +H(∇uε)+ λε = fε[mε](x). (41)

So, equality (38) reads

λε = Jε(mε,wε) =
∫

Q

mε

[
L

(
−wε
mε

)
+ fε[mε](x)

]
dx. (42)

Therefore, recalling that
∫
Q
mε = 1 and using both (41) and (21) with test

function uε , we obtain that

0 =
∫

Q

mε

[
L

(
−wε
mε

)
+ fε[mε](x)− λε

]
dx

=
∫

Q

mε

[
L

(
−wε
mε

)
−Δuε +H(∇uε)

]
dx

=
∫

Q

mε

[
L

(
−wε
mε

)
+∇uε · wε

mε
+H(∇uε)

]
dx.

Using the fact that H is the Legendre transform of L and (24), we thus conclude
that

wε

mε
= −∇H(∇uε),

wheremε 	= 0. Moreover, by the definition of L, we get that wε = 0 wheremε = 0.
In particular, recalling (21), we find that mε is a solution of

−Δmε − div(mε∇H(∇uε)) = 0, with
∫

Q

mε = 1.



Ergodic Mean-Field Games with Local Coupling 239

Since ∇H(∇uε) ∈ L∞(Q), by Theorem 1, we get by Proposition 2 that mε ∈
W 1,p(Q) for every p > 1 and mε > 0. This implies that (uε, λε,mε) is a classical
solution to (30).

Finally to prove the uniform bound on λε , we use (42). Using (25) and (5) we get
that there exists C,K independent of ε such that

λε = Jε(mε,wε) ≥ −C‖mε‖qLq(Q) −K,

from which we conclude recalling (35) that λε ≥ −C for some constant independent
of ε. Moreover by minimality and recalling (5) and the definition of fε , we get

λε = Jε(mε,wε) ≤ Jε(1, 0) =
∫

Q

fε[mε](x)dx ≤ C
∫

Q

mq−1
ε dx − C,

from which we conclude by recalling (35) and the fact that
∫
Q
mεdx = 1, that

λε ≤ C, for some C independent of ε.

Passage to the Limit Now we can to pass to the limit as ε→ 0 in the system (30)
in order to get a solution to (3). To do so, we need an a-priori estimate in L∞ for the
functionmε; we provide here two slightly different proofs of such an estimate, both
based on rescalings and elliptic regularity.

Proposition 7 Let (uε, λε,mε) be a classical solution to the mean field game (30),
as constructed in Theorem 4.

Then there exists a constant C independent of ε such that

‖mε‖L∞(Q) ≤ C.

Proof We argue by contradiction, so we assume that

max
Q
mε = mε(xε) := Mε →+∞.

Let

με := M−β
ε β = (q − 1)

γ − 1

γ
> 0.

So, observe that με → 0 as ε→ 0.
We define the following rescaling

⎧
⎨

⎩
vε(x) = μ

2−γ
γ−1
ε uε(μεx + xε)

nε(x) =M−1
ε mε(μεx + xε).
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Note that nε(0) = 1 and 0 ≤ nε(x) ≤ 1. We define

Hε(q) = μ
γ
γ−1
ε H(μ

1
1−γ
ε q) ∇Hε(q) = με∇H(μ

1
1−γ
ε q).

Recalling (4) we get that

CH |q|γ − C−1
H ≤ Hε(q) ≤ C−1

H (|q|γ + 1) |∇Hε(q))| ≤ CH |q|γ−1. (43)

Moreover, we define

f̃ε(x) = μ
γ
γ−1
ε f [mε](xε + μεx).

Recalling that 0 ≤ mε ≤Mε , (5) and the definition of fε we get that for all x

|f̃ε(x)| ≤ μ
γ
γ−1
ε (C + CMq−1

ε ) ≤ C + CMq−1−β γ
γ−1

ε ≤ 2C (44)

where we used the fact that με = M−β
ε with β = (q − 1) γ−1

γ
. Finally, we let

λ̃ε = μ
γ
γ−1
ε λε

and we observe that, by (37),

|λ̃ε| ≤ C. (45)

An easy computation shows that by rescaling, recalling that με = M−β
ε ,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δvε(x) = μ
γ
γ−1
ε Δuε(xμε + xε)

Hε(∇vε(x)) = μ
γ
γ−1
ε H(∇uε(xμε + xε))

Δnε(x) = μ
1
β+2
ε Δmε(xμε + xε)

∇Hε(∇vε(x)) = με∇H(∇uε(xμε + xε))
div(nε∇Hε(∇vε(x))) = μ2+ 1

β
ε div(mε(xμε + xε)∇H(∇uε(xμε + xε))).

Therefore, recalling that (uε, λε,mε) solves (30), we get that (vε, nε) is a solution
to

{
−Δvε +Hε(∇vε)+ λ̃ε = f̃ε(x),
−Δnε − div(nε∇Hε(∇vε)) = 0.

Since by (37) and (44) both λ̃ε and f̃ε(x) are uniformly bounded in ε, by Theorem 1
we get that there exists a constant C independent of ε such that ‖∇vε‖∞ ≤
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C. So, using (43), have the existence of another C independent of ε such that
‖∇Hε(∇vε)‖∞ ≤ C. This implies by Proposition 2 that nε is equibounded in every
space W 1,p(Q), which by Sobolev embedding, implies that nε is equibounded in ε
in Cθ for every θ ∈ (0, 1). Recall that nε(0) = 1. So, using equiboundness in Cθ

for some θ , we obtain that there exist δ > 0, 0 < R < 1 independent of ε such that∫
B(0,R) n

q
ε (x)dx ≥ δ > 0. Therefore we get, recalling the rescaling,

0 < δ ≤
∫

B(0,R)
n
q
ε (x)dx ≤ ‖nε‖qLq(Q) = M

−q
ε μ−Nε ‖mε‖qLq(Q) = M

−q+βN
ε ‖mε‖qLq(Q).

Recalling the definition of β we get that, using assumption (5)

−q + βN = q
[
N(γ − 1)

γ
− 1

]
− N(γ − 1)

γ
< − γ

N(γ − 1)
< 0.

We recall that by (35) there exists a constant C such that ‖mε‖Lq(Q) ≤ C, so

0 < δ ≤ M− γ
N(γ−1)

ε ‖mε‖qLq(Q) ≤ M
− γ
N(γ−1)

ε C → 0

which gives a contradiction.

Alternative Proof of Proposition 7 We first choose p > N such that

q − 1 <
1

p

γ

γ − 1
<

1

N

γ

γ − 1
.

This can be done because (5) is in force. By the same hypothesis and properties of
the convolution,

‖fε[m]‖L∞(Q) ≤ ‖f (·,m�χε)‖L∞(Q) ≤ C‖m�χε‖q−1
L∞(Q)+K ≤ C1(‖m‖q−1

L∞(Q)+1).

By (37) and (4) we then infer that onQ

| −Δuε + CH |∇uε|γ | ≤ C2(‖m‖q−1
L∞(Q) + 1).

This gives the existence of C3 such that ‖∇uε‖L∞(Q) ≤ C3(‖mε‖(q−1)/γ
L∞(Q) + 1) by

Remark 1.
We now turn to the Kolmogorov equation in (30). By (4) and Lemma 1,

‖mε‖W 1,p(Q) ≤ C4(‖∇H(∇uε)mε‖Lp(Q) + ‖mε‖Lp(Q)) ≤ C5(‖∇uε‖γ−1
L∞(Q) + 1)‖mε‖Lp(Q).

By the previousL∞ estimate on∇uε and interpolation of theLp norm ofm between
L1 and L∞ we get

‖mε‖W 1,p (Q) ≤ C6(‖mε‖(q−1)(γ−1)/γ
L∞(Q) + 1)‖mε‖1/p

L1(Q)
‖mε‖1−1/p

L∞(Q).
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Recall that ‖mε‖L1 = 1; then, since p > N , by Sobolev embeddings (see, e.g.,
[26]) we obtain that

‖mε‖L∞(Q) ≤ C7(‖mε‖(q−1)(γ−1)/γ
L∞(Q) + 1)‖mε‖1−1/p

L∞(Q),

and get the desired conclusion because (q − 1)(γ − 1)/γ + 1 − 1/p < 1 by the
initial choice of p.

Note that the previous proof of Proposition 7 is based on a rescaling in the x
variable; though such a rescaling is not appearing here, it is implicitly used also in
this version of the proof, as it is involved in the gradient estimate in Remark 1.

We are now ready to prove the final result on existence of solutions to the MFG
system (3).

Proof of Theorem 2 Let (uε, λε,mε) be a classical solution to (30) as in Theorem 4.
We claim that, up to subsequences, λε → λ, uε → u uniformly in C2, andmε → m

inW 1,p for every p and (u, λ,m) is a classical solution to (3).
By (37), up to subsequences we get that λε → λ. Now, using the L∞ estimates

onmε obtained in Proposition 7, and recalling the definition of fε and condition (5),
we conclude that ‖fε[mε]‖∞ ≤ C for some C independent of ε. So, by Theorem 1,
we get that ‖∇uε‖∞ ≤ K for some K uniform in ε. This implies, using elliptic
regularity in the HJB equation, that for every p > 1, there exists a constant (just
depending on p) such that ‖u‖W 2,p (Q) ≤ C. So, by Sobolev embedding this gives
also that uε are equibounded in C1,α(Q) for every α ∈ (0, 1).

Using the equation for mε, and recalling that ‖∇H(∇uε)‖∞ ≤ C for some C
independent of ε, we get by Proposition 2 ‖m‖W 1,p(Q) ≤ C uniformly, for every
p > 1, which gives also uniform bounds of mε in Cθ(Q) for every θ ∈ (0, 1).
Moreover, up to subsequences, we get that mε → m in W 1,p(Q) for every p (and
also uniformly).

Therefore fε[mε](x) is equibounded in Cθ for every θ , and this in turn gives, by
using the equation for uε again, that uε are equibounded in C2,θ . By Ascoli-Arzelá,
we can extract a converging subsequence uε → u in C2.

Note that the convergences are sufficiently strong to pass to the limit in the
equations, so, we conclude that (u, λ,m) is a classical solution to (3). Finally, the
fact that m > 0 comes for Proposition 2.

6 Uniqueness of Solutions to the MFG System

In this section we consider the case in which the potential term f (x,m) is
nondecreasing with respect to m. We start by showing that in this case solutions
to (3) are actually minimizers of the energy in (22).

Proposition 8 Assume that f (x, ·) is nondecreasing. Then if (u, λ,m) is a solution
to (3), (m,−m∇H(∇u)) is a minimizer of (22).
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Proof Let (u, λ,m) be a solution to (3). Then by Proposition 2,m > 0. Definew :=
−m∇H(∇u). Then, recalling the regularity of solutions to (3), we have that w ∈
L∞(Q). In particular, we obtain that (m,w) ∈ K .

Moreover, if we multiply the first equation in (3) bym, the second by u, integrate
inQ and subtract one from the other, we get

0 = λ+
∫

Q

[−mL(∇H(∇u))−mf (x,m)] dx. (46)

Observe that if f (x, ·) is nondecreasing, then F(x, ·) is a convex function. Let
(m′, w′) ∈ K , and we aim to prove that

E (m,−m∇H(∇u)) ≤ E (m′, w′). (47)

For this, first of all observe that, by the convexity of F , we get

E (m′, w′) =
∫

Q

m′L
(
−w

′

m′

)
+ F(x,m′) dx

≥
∫

Q

m′L
(
−w

′

m′

)
+ F(x,m)+ f (x,m)(m′ −m) dx.

(48)

Using the fact that u is a solution to the first equation in (3), the duality between H
and L, in particular by (24), and the fact that (m′, w′) satisfies (7), we obtain

∫

Q

m′L
(
−w

′

m′

)
+ f (x,m)m′ dx =

∫

Q

m′
[
L

(
−w

′

m′

)
−Δu+H(∇u)+ λ

]
dx

≥
∫

Q

[−m′Δu−∇u ·w′ + λm′] dx

=λ.
(49)

By putting together (48) and (49), and recalling (46), we obtain

E (m′, w′) ≥ λ+
∫

Q

[F(x,m)− f (x,m)m] dx

=
∫

Q

mL (∇H(∇u)))+ F(x,m) dx

= E (m,−m∇H(∇u)),

which gives (47), and completes the proof of Proposition 8.

Under the same assumptions, we have uniqueness of solutions to MFG systems.
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Theorem 5 Assume that the map m �→ f (x,m) is nondecreasing for all x ∈ Q.
Then the system in (3) admits a unique solution (u, λ,m), where u is defined up to
addition of constants.

Proof Note that under the assumptions of Theorem 5, the energy (22) is convex.
Moreover, since mL(−w/m) is strictly convex on the set where m > 0 (see
Proposition 4), we have that if (m,w) and (m′, w′) are two minimizers with
m > 0,m′ > 0, then w = w′.

Suppose by contradiction that there exist two different solutions (u1, λ1,m1)

and (u2, λ2,m2). Recall that by Proposition 2, m1,m2 > 0. By Proposition 8,
we get that (m1,−m1∇H(∇u1)) and (m2,−m2∇H(∇u2)) are both minimizers.
Thenm1∇H(∇u1) = m2∇H(∇u2). Using the second equation in (3) and recalling
Lemma 1, we get that m1 = m2. This implies, by Theorem 1, that λ1 = λ2 and that
u1 = u2 + C for some constant C. The proof of Theorem 5 is thus complete.
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Flatness Results for Nonlocal Phase
Transitions

Eleonora Cinti

Abstract We consider a nonlocal version of the Allen-Cahn equation, which mod-
els phase transitions problems. In the classical setting, the connection between the
Allen-Cahn equation and the classification of entire minimal surfaces is well known
and motivates a celebrated conjecture by E. De Giorgi on the one-dimensional
symmetry of bounded monotone solutions to the (classical) Allen-Cahn equation
up to dimension 8. In this work, we present some recent results in the study of
the nonlocal analogue of this phase transition problem. In particular we describe
the results obtained in several contributions where the classification of certain
entire bounded solutions to the fractional Allen-Cahn equation has been obtained.
Moreover we describe the connection between the fractional Allen-Cahn equation
and the fractional perimeter functional, and we present also some results in the
classifications of nonlocal minimal surfaces.

Keywords Fractional Laplacian · Symmetry properties · Nonlocal minimal
surfaces

1 Introduction

In this paper we present some recent results concerning the classification of certain
solutions to the fractional Allen-Cahn equation

(−�)su = u− u3 in R
n, (1.1)

where s is a real parameter in (0, 1). More precisely, we are interested in the
analogue, for problem (1.1), of a well known conjecture by E. De Giorgi for
solutions of the classical Allen-Cahn equation.
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In 1978, De Giorgi conjectured that the level sets of every bounded solution of

−�u = u− u3 in R
n, (1.2)

which is monotone in one direction, must be hyperplanes at least if n � 8. That is,
such solutions depend only on one Euclidean variable.

The original motivation for this conjecture was given by a classical result in
the Calculus of Variations due to Modica and Mortola [35], who proved that, after
a suitable rescaling, the energy functional associated to (1.2), 	-converges to the
perimeter functional (see Sect. 2 for more details). Moreover, the classification of
area-minimizing surfaces was known: any area-minimizing set in the whole R

n is
necessarily flat if n � 7. The dimension 7 is optimal, indeed in R

8 there exists an
area-minimizing singular cone, the Simons cone, defined in the following way:

C := {(x1, . . . , x8) ∈ R
8 | x2

1 + · · · + x2
4 = x2

5 + · · · + x2
8 }.

A related result concerns the classification of minimal graphs (the so-called
Bernstein problem): any area-minimizing graph in R

n is necessarily a hyperplane if
n � 8.

Coming back to the Allen-Cahn equation, by the Modica-Mortola result, one
knows that the level sets of certain solutions to −�u = u − u3 are asymptotically
area-minimizing surfaces. Moreover, if we assume the solution to be monotone
in some direction, we have that the level sets are graphs. Hence, by the previous
result on the classification of entire minimal graph, we know that the level sets of
bounded monotone solutions to the Allen-Cahn equation are asymptotically flat.
The De Giorgi conjecture asserts that they are indeed flat, not only asymptotically.
The fact that a function u has level sets which are parallel hyperplanes, means that
u depends only on one Euclidean direction (the direction perpendicular to all these
hyperplanes). When this happens, we say that u has one-dimensional symmetry, or
is 1-D, for short.

We consider now the fractional version of the Allen-Cahn equation (1.1) and
we are interested in the validity of the analogue of the De Giorgi conjecture. First
of all, a natural question is whether a Modica-Mortola type result is valid for the
energy functional associated to (1.1) and whether there is a natural connection with
an area-minimizing problem. The answer to this question was given by Savin and
Valdinoci in [42]: they proved that, after a suitable rescaling the energy associated
to (1.1) 	-converges to the classical perimeter functional if 1/2 � s < 1 and to
the so-called nonlocal perimeter if 0 < s < 1/2. Hence, when 1/2 � s < 1, one
expects the analogue of the De Giorgi conjecture to be true up to dimension n = 8
as in the classical setting. While, when 0 < s < 1/2, the level sets of solutions
to (1.1) looks, at large scales, like nonlocal minimal surfaces.

The nonlocal (or fractional) s-perimeter functional was introduced by Caffarelli
et al. in [18] (see formula (4.1) in Sect. 4) and the classification of minimizers
for this functional is still widely open. In [43], Savin and Valdinoci proved that
any s-minimal set in R

2 is necessarily an half-plane. Moreover in [30], Figalli



Flatness Results for Nonlocal Phase Transitions 249

and Valdinoci addressed the nonlocal analogue of the Bernstein problem and they
obtained flatness of s-minimal graphs in R

3. These are the only known results about
the classification for s-minimal surfaces, except for some asymptotic results that are
valid only for s sufficiently close to 1/2 (see Sect. 4 for all the precise results).

This lack of information in large dimensions for the geometric problem, is
reflected on the PDE side, where the De Giorgi conjecture for s below 1/2 is still
open in dimensions n > 3. We recall here the main references for the fractional De
Giorgi conjecture: it has been proven in dimension n = 2 and for any s ∈ (0, 1)
in [10, 43], in dimension n = 3 for s ∈ [1/2, 1) in [7, 8], in dimension n = 3 for
s ∈ (0, 1/2) in [25] and in the forthcoming paper [13], in dimensions 4 � n � 8
for 1/2 � s < 1 (under an additional assumption on the limits at infinity of the
solution) in [40, 41].

We comment now on the proof of the De Giorgi conjecture for the fractional
problem (1.1). As in the classical setting, two different approaches have been used
to deal with the low or high dimensional case. Indeed, for the classical Allen-Cahn
equation, the proof of the conjecture in dimensions n = 2, 3 is a purely PDE proof,
which relies on some energy estimates and a Liouville-type argument, but never uses
the classification for area-minimizing surfaces (see [2, 3, 33]). Instead, for 4 � n �
8, the fact that the only area-minimizing surfaces in the whole R

n are hyperplanes
if n � 7 plays a crucial role. The proof of the conjecture in dimensions larger than
3 was given by Savin in [39] who, using the so-called improvement of flatness,
proved that if the level sets of certain solutions are asymptotically flat, then the
solution needs to be one-dimensional. In [39] all the ingredients needed in the proofs
(energy estimates, density estimates, improvement of flatness) require the solution
to be a minimizer for the associated energy functional. A first result in Savin’s paper
is, in fact, the validity of the De Giorgi conjecture for minimizers in dimensions
n � 7. On the geometric side, this statement corresponds to the fact that any area-
minimizing surface in the whole Rn is flat if n � 7. The original conjecture by E. De
Giorgi was for bounded monotone solutions (which in general are not minimizers
without further assumption). A second result in [39] asserts that if u is a bounded
monotone solution for the classical Allen-Cahn equation in R

n (e.g. uxn > 0), such
that limxn→±∞ u(x) = ±1, then u is 1-D for n � 8. This statement corresponds, on
the geometric side, to the fact that any area-minimizing graph is flat up to dimension
n = 8. We stress that the additional assumption on the limits at infinity are needed
to ensure that the solution is a minimizer. The conjecture in dimension 4 � n � 8
for monotone solutions without the limits assumption is still open.

Concerning the fractional case, when n = 2 for any 0 < s < 1, and when n = 3
for 1/2 � s < 1 the pure PDE proof, which uses the ideas developed in [3] for
the classical conjecture in the low-dimensional case, still works (see [7, 8, 10, 43]).
While for treating the case n = 3 and 0 < s < 1/2 (see [25, 26]), and the case 4 �
n � 8 with 1/2 < s < 1 (see [40, 41]) one needs to use the idea of Savin based on
an improvement of flatness result. As said above, in this approach, the classification
for nonlocal minimal surfaces is crucial, that is why when 0 < s < 1/2 and n > 3
the conjecture is still open.
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We conclude this section, commenting on the class of solutions for which one
expects 1-D symmetry to hold true. As already mentioned, the original conjecture
was for monotone solutions, which corresponds to having area-minimizing graphs
on the geometric side. For these solutions the conjecture is true up to dimension
8 for s ∈ [1/2, 1] with the additional assumptions on the limits at infinity (as we
will see in Sect. 3, when n = 3 this additional assumption is not needed). On the
other hand the problem has a variational structure and it is natural to ask the same
question for minimizers of the energy: in this version the conjecture is true up to
dimension 7 for s ∈ [1/2, 1]. Another class of solutions for which one expects
the conjecture to hold true is the one of stable solutions (here stability is in the
variational sense, that is one requires the second variation of the energy functional
to be nonnegative). For stable solutions, even the conjecture for the classical Allen-
Cahn equation is still open in all dimensions n > 2. This lack of information for
the PDE is reflected at the geometric level: it is still an open question whether
stable minimal surfaces are necessarily hyperplanes in dimension 3 < n � 7 (see
Sect. 4 for the precise references). We stress that, instead, stable minimal cones are
completely classified: they are hyperplanes in dimensions n � 7. In R

8 the Simons
cone is an example of stable singular cone. One would expect that this classification
of stable cones would imply an analogue classification for any stable surfaces and,
on the PDE side, the 1-D symmetry of stable solutions. One of the main obstruction
in classifying stable objects is given by the lack of energy estimates. Surprisingly,
in the nonlocal setting, some techniques have been recently developed to attack the
study of stable objects and some results (such as energy and BV estimates) have
been obtained. The analogue results in the local setting are still unknown and the
study of stable solutions to the Allen-Cahn equation (and of stable classical minimal
surfaces) is still widely open. We will address the classification of stable objects
for both the Allen-Cahn equation and the theory of minimal surfaces, in the last
section.

The paper is organized as follows:

• In Sect. 2, we describe the connections between the fractional Allen-Cahn
equation and the theory of local/nonlocal minimal surfaces. The main results
of this section have been obtained in [42, 45];

• Section 3 deals with the De Giorgi conjecture for the fractional Allen-Cahn
equation. In particular we address the low dimensional case, giving a sketch of
the proofs of the results contained in [7, 8].

• In Sect. 4, we describe some recent results concerning the classification of
nonlocal minimal surfaces contained in [12, 20, 43];

• In Sect. 5 we present some very recent results on the classification of stable
objects, both for the fractional Allen-Cahn equation and for the fractional
perimeter and we conclude with some related open questions.
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2 �-Convergence Results for Nonlocal Phase Transitions

The Classical Setting We start by describing a classical model for phase transitions
and the rigorous mathematical results which explains the connection between the
Allen-Cahn equation and the theory of minimal surfaces. For this part, we refer to
[1] and references therein.

Let us consider a container, represented by a bounded and regular subset � of
R

3, which is filled with two phases of the same fluid. The configuration of the
system is described by a function u. There are two different models for the phase
transition phenomenon, depending whether the transition between the two phases is
given by a separating interface or is a continuous transition which occurs in a thin
layer.

In the first model, usually called sharp-interface model, the configuration
function u only takes two values, e.g. +1 and −1, which correspond to the two
pure phases. The classical theory of phase transitions, assume that at equilibrium
the two fluids arrange themselves in order to minimize the area of the separating
interface, that is the measure of the jump set of u. Hence, in this model, the energy
of the system is a pure interface energy given by

F(u) = σH2(Su), (2.1)

where Su denotes the jump set of u, H2 the two-dimensional Hausdorff measure,
and σ is a parameter representing the surface tension between the two phases.

Imposing a volume constraint, the space of all admissible configurations is
given by A = {u : � → {−1, 1} : ∫

� u = V }, where −|�| < V < |�|
and the configuration of the system at equilibrium is obtained by minimizing F
over A.

The second model, often called the diffusive model, was proposed by J.W. Cahn
and J.E. Hilliard and allows a fine mixture of the two phases, which corresponds
to the fact that the configuration function u can take values in the whole interval
[−1, 1]. Now, the space of all admissible configurations is given by A = {u : �→
[−1, 1] : ∫� u = V } and the energy has the following form:

Eε(u,�) =
∫

�

(
ε2

2
|∇u|2 +W(u)

)
dx, (2.2)

where ε > 0 is a small parameter and W is a continuous function which vanishes
only at −1 and 1 and is positive elsewhere (usually called a double-well potential).
We observe that the Dirichlet term and the potential one are in competition,
indeed W(u) forces the configurations to take values close to −1 and 1 and hence
favourites the separation of the two phases, while the first term in the energy
penalizes the spatial inhomogeneity of u. For small ε the potential term prevails,
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and the minimum of Eε is attained by a function uε which takes values close to
−1 and 1 and the transition between these two phases happens in a thin layer of
thickness ε.

The Euler-Lagrange equation for the energy (2.2) is given by the (rescaled)
Allen-Cahn equation

ε2�u = W ′(u).

A rigorous mathematical justification of the connection between the sharp-
interface and the diffuse models was given by Modica and Mortola in [35]. They
proved that, when ε → 0, the rescaled functional ε−1Eε 	-converges to F defined
by (2.1), and hence minimizers of Eε converges to minimizers of F (this 	-
convergence result holds in any dimension n). The right setting for functions u0
obtained as limits of minimizers uε of Eε is the one of BV functions and the limit
functional is the perimeter in the sense of De Giorgi of the sublevelsets of u0 (which
agrees with the (n − 1)-dimensional Hausdorff measure for smooth objects). The
Modica-Mortola theorem establishes convergence, in the L1-sense, for sequences
of minimizers uε to a BV function taking values in {−1, 1}, whose jump set is an
area-minimizing surface. Later, in [14] Caffarelli and Cordoba proved that actually
the convergence of minimizers is not only in L1 but in the Hausdorff distance
sense.

The Nonlocal Setting We pass now to describe what happens when one replaces
the standard Dirichlet energy with a nonlocal term which takes into account long
range interactions. For a bounded subset� of Rn, we consider an energy functional
of the form

Es (u,�) = 1

4

∫∫

(Rn×Rn)\(�c×�c)
|u(x)− u(x̄)|2
|x − x̄|n+2s dx dx̄ +

∫

�

W(u) dx, (2.3)

where�c denotes the complement of �.

Observe that the set of integration in the Dirichlet term is given by (Rn × R
n) \

(�c × �c). This term represents to contribution of the Hs-seminorm of u in �
and takes into account the interactions between all possible couple of points x, x̄
except the ones for which both x and x̄ do not belong to �. The reason for this
choice is that the energy in the whole space R

n × R
n could not be finite, and the

notion of minimality that we consider is the one with fixed “boundary” data, that is
competitors must agree with the minimizer u in the complement of �, according to
the following definition.

Definition 2.1 We say that a function u is a minimizer for the energy Es if

Es (u,�) � Es (w,�), for any w such that u ≡ w in �c.
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In [42], Savin and Valdinoci proved a 	-convergence result for the (suitably
rescaled) functional Es , that is the analogue of the Modica-Mortola theorem in the
nonlocal setting. Interestingly, the 	-limit of Es is different depending whether s
is below or above 1/2. Before stating the main result in [42], we introduce all the
necessary ingredients.

In the sequel, W will denote a potential with a double-well structure, i.e. we
assume that

W : [−1, 1] → [0,+∞), W ∈ C2([−1, 1]), W > W(±1) = 0 in (−1, 1)

W ′(±1) = 0 and W ′′(±1) > 0.

The class of admissible functions is given by

X = {u ∈ L∞(Rn) | ||u||∞ � 1}.

We set

Esε (u,�) =
1

4
ε2s

∫∫

Rn×Rn\(�c×�c)
|u(x)− u(x̄)|2
|x − x̄|n+2s dx dx̄ +

∫

�

W(u) dx,

and we consider the functional

F sε (u,�) =

⎧
⎪⎪⎨

⎪⎪⎩

ε−2sEsε (u,�) if 0 < s < 1/2

|ε log ε|−1Esε (u,�) if s = 1/2

ε−1Esε (u,�) if 1/2 < s < 1.

We can now state the main result in [42].

Theorem 2.2 (Theorem 1.4 in [42]) Let s ∈ (0, 1) and � be a bounded Lipschitz
domain of Rn.

Then,

F sε (u,�)
	−→ F(u,�) as ε→ 0,

where F(u,�) is defined as follows:

if 0 < s < 1/2 F(u,�) =
{

Pers (E) if u|� = χE − χEc for some E ⊂ �
+∞ otherwise,

if 1/2 � s < 1 F(u,�) =
{
c∗Per(E) if u|� = χE − χEc for some E ⊂ �
+∞ otherwise,

and c∗ is a constant depending on n, s andW .
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The s-perimeter Pers will be precisely defined in Sect. 4 below. This 	-convergence
theorem, together with a compactness result (see Theorem 1.5 in [42]), implies that
if uε is a sequence of minimizers for F sε such that F sε are uniformly bounded as
ε→ 0, then there exists a subsequence, that we still call uε, which converges in L1

to a function u0 = χE − χEc where E is a minimizer for the fractional perimeter
Pers in � if 0 < s < 1/2 and a minimizer for the classical perimeter Per in � if
1/2 � s < 1.

As for the case of the classical phase transition model, one can prove that the
convergence is not just in L1 but in a stronger sense. In [45], Savin and Valdinoci
proved some density estimates for minimizers of Es which gives a bound on the
measure of the volume occupied by the level sets of a minimizer in a ball. As a
consequence of the density estimates, we have that level sets of minimizers of Esε
converge locally uniformly as ε → to a nonlocal s-minimal surface when 0 < s <
1/2, and to a classical minimal surface when 1/2 � s < 1.

As already explained in Sect. 1, this convergence results motivate the analogue of
the De Giorgi conjecture for certain solutions (monotone solutions and minimizers)
to the fractional Allen-Cahn equation, which is the Euler-Lagrange equation of the
energy functional Esε . More precisely, since the 	-limit of Esε when 1/2 � s < 1 is
exactly the same as in the local case, one expects to have one-dimensional symmetry
of bounded monotone solutions up to dimension n = 8. This has been proven in
[7, 8, 10, 43] in the low-dimensional case n = 2, 3, and in [40, 41], under the
additional assumption on the limits at infinity, for 4 � n � 8. Instead, when 0 <
s < 1/2, the level sets of minimizers for Es are asymptotically nonlocal minimal
surfaces, and not much is known yet on their classification. For this range of s, the
conjecture is known to be true only in dimensions n = 2, 3 (see [10, 25, 43]), while
it is still open in dimensions n > 3.

3 The De Giorgi Conjecture for the Fractional Laplacian

In this section we describe the main ideas in the proof of the one-dimensional
symmetry for minimizers and bounded monotone solutions to

(−�)su = f (u) in R
n, (3.1)

in the low-dimensional case, that is for n = 2 with 0 < s < 1, and for n = 3 with
1/2 � s < 1. These results are contained in [7–9, 11, 46]. In all these works, in
order to prove the De Giorgi conjecture for solutions to the nonlocal equation (3.1),
the authors considered the, so-called, Caffarelli-Silvestre extension (that we recall
in the next subsection) and work with solutions to a local problem in the half-space
R
n+1+ . We emphasize that a new proof of the conjecture in dimension n = 2 and for

any 0 < s < 1 has been found by Bucur and Valdinoci in [6], without making use
of the extension and working “downstairs”. This proof is based on some techniques
introduced in [20] and it works only in dimension n = 2.
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Here, we present the proofs in [7, 8] that cover both cases n = 2 with 0 < s < 1
and n = 3 with 1/2 � s < 1. As already explained in Sect. 1, in this setting
the same approach used to prove the original De Giorgi conjecture in dimension
n = 3 in [2, 3] based on some sharp energy estimates and a Liouville-type argument,
works. We stress that this approach allows to consider a general nonlinearity f , not
necessarily associated to a double well potential.

We give now the precise statement of this result.

Theorem 3.1 (See [7, 8, 10, 43]) Let f be any C1,γ nonlinearity with γ >

max{0, 1 − 2s} and u be either a bounded minimizer or a bounded solution which
is monotone in some direction, of

(−�)su = f (u) in R
n.

Then, if n = 2 and 0 < s < 1 or n = 3 and 1/2 � s < 1, u depends only on one
variable, or equivalently, the level sets of u are flat.

Here below, we describe the main steps of the proof of Theorem 3.1, emphasizing
which are the main difficulties in the nonlocal setting. The notion of minimizer that
we use is given precisely in Definition 3.2 below.

The proof uses the Caffarelli-Silvestre extension and is based on the three
following main ingredients:

• stability of solutions;
• a Liouville-type result;
• energy estimates.

In the following subsections we recall briefly all these ingredients.

3.1 The Caffarelli-Silvestre Extension and the Notion
of Minimality

In [15], Caffarelli and Silvestre gave an equivalent formulation for nonlocal
problems involving the fractional Laplacian in R

n, introducing a new local problem
in the positive half-space R

n+1+ . More precisely, they established that a bounded
function u is a solution of (3.1) if and only if v is a solution of

{
div(y1−2s∇v) = 0 in R

n+1+
−ds limy→0 y

1−2s∂yv = f (v(x, 0)) in R
n,

(3.2)

where v is the bounded extension in the positive half-space of u, that is v(x, 0) =
0 in R

n, and ds is a positive constant depending only on s. Here, we denote by
(x, y) = (x1, . . . , xn, y) a point in R

n+1+ = R
n ×R

+.
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In the sequel we will call the extension v satisfying the first equation in (3.2), the
s-extension of u.

We set a := 1 − 2s, so that −1 < a < 1 for any 0 < s < 1. We recall that the
first equation in (3.2) is an equation in divergence form with a weight that belongs to
the Muckenhoupt class A2 and hence is a “good” weight, in the sense that we have
a Poincaré inequality, Harnack inequality and Hölder regularity of weak solutions
for this kind of equations by the theory of Fabes, Kenig and Serapioni, developed
in [28]. We observe moreover that, depending whether s is above or below 1/2, the
equation becomes degenerate or singular.

Problem (3.2) has a variational structure and therefore it is natural to consider
the associated energy functional and the related notion of minimizer. Let BR denote
the ball in R

n centered at 0 and of radius R and let CR = BR × (0, R) denote
the cylinder of radius R and height R in the positive half-space Rn+1+ . We consider
a localized energy functional (since the energy in the whole space is not finite in
general) in cylinders, which has the following form:

Es(v,CR) = 1

2

∫

CR

ya|∇v|2 dx dy +
∫

BR

W(v(x, 0)) dx,

where the potentialW is such thatW ′ = −f .
We can now give the notion of minimizer for problem (3.2).

Definition 3.2 We say that a bounded C1(Rn+1+ ) function v is a minimizer
for (3.2) if

Es(v,CR) � Es(w,CR)

for every R > 0 and for every bounded competitor w such that v ≡ w on ∂CR ∩
{y > 0}.

We say that a bounded C1(Rn) function u is a minimizer for (3.1) if its s-
extension v is a minimizer for (3.2).

3.2 Stability of Solutions

We recall the definition of stable solution for (3.1).

Definition 3.3 We say that a bounded solution v of (3.2) is stable if

∫

R
n+1+
ya|∇ξ |2 dx dy −

∫

Rn×{y=0}
f ′(u)ξ2 dx � 0

for every function ξ ∈ C1
0(R

n+1+ ).



Flatness Results for Nonlocal Phase Transitions 257

We say that a bounded function u is a stable solution for (3.1) if its s-extension
v is a stable solution for (3.2).

We observe that if u is a minimizer for (3.1) then, in particular, it is a stable
solution. Moreover, as established in Lemma 6.1 in [10], we have a characterization
of stability in terms of existence of a positive solution for the linearized problem.

Let H 1
loc(R

n+1+ , ya) denote the following weighted Sobolev space:

H 1
loc(R

n+1+ , ya) = {σ : Rn+1+ → R | ya(σ 2 + |∇σ |2) ∈ L1
loc(R

n+1+ )}.

One can prove that a solution u to (3.1) is stable if and only if there exists a

positive Hölder continuous function ϕ ∈ H 1
loc(R

n+1+ , ya) with ϕ > 0 in R
n+1+ ,

satisfying

{
div(ya∇ϕ) = 0 in R

n+1+
−ya∂yϕ = f ′(u)ϕ on {y = 0}. (3.3)

Suppose that u is monotone in some direction, e.g. ∂xnu > 0 then,
as an application of the maximum principle, one can easily see that its s-
extension v satisfies ∂xnv > 0 in the whole R

n+1+ . By using the previous
characterization of stability, we deduce that v is a stable solution to (3.2)
since its derivative in the xn direction is a positive solution to the linearized
problem (3.3).

3.3 A Liouville-Type Result

A second ingredient in the proof of the De Giorgi conjecture is the following
Liouville-type lemma.

Lemma 3.4 (Theorem 6.1 in [8] and Theorem 4.10 in [10]) Let ϕ be a positive
function in L∞loc(R

n+1+ ), σ ∈ H 1
loc(R

n+1+, ya) such that:

{
−σdiv(yaϕ2∇σ) � 0 in R

n+1+
−yaσ∂yσ � 0 on R

n × {y = 0}

in the weak sense. If in addition:

∫

CR

ya
(
ϕσ

)2 � CR2 logR (3.4)

holds for every R > 1, then σ is constant.



258 E. Cinti

For the proof of this lemma under the stronger assumption that the quantity in (3.4)
grows at most like R2 (instead of R2 logR) it is enough to multiply the equation by
a cutoff function and integrate by parts. For allowing the logarithmic term one needs
a refinement of this argument found in [36].

3.4 Sketch of the Proof of the De Giorgi Conjecture
in Low Dimensions

We can now describe the main ideas in the proof of the one-dimensional symmetry
of minimizers and monotone solutions for n = 2 with 0 < s < 1 and n = 3 with
1/2 � s < 1.

In order to prove that the solution u to (3.1) is one-dimensional, we will show
that its s-extension v depends only on y and on one direction in R

n.
Suppose that u is a stable solution to (3.1) and v is its s-extension, that is a stable

solution for problem (3.2). By the characterization of stability, we know that there
exists some positive function ϕ satisfying (3.3) (if in particular v is monotone in the
xn direction, one can take ϕ = vxn).

For any i = 1, . . . , n, we define the functions

σi := vxi

ϕ
.

An easy computation shows that ϕ2∇σi = ϕ∇vxi − vxi∇ϕ and using that both
vxi and ϕ satisfy the linearized problem (3.3), we deduce

div(yaϕ2∇σi) = 0 in R
n+1+ . (3.5)

Moreover, using again that vxi and ϕ satisfy the same linearized problem (in
particular they have the same Neumann condition on {y = 0}), we have

yaσi∂yσi = ya vxi
ϕ2
vxiy − ya

v2
xi

ϕ2

ϕy

ϕ
= 0 on R

n × {y = 0}. (3.6)

Suppose now that the following estimate for the Dirichlet energy of v holds:

∫

CR

ya|∇v|2 dx dy � CR2 logR.

Then, we can apply Lemma 3.4 with σ = σi . Indeed (3.3) is satisfied by (3.5)
and (3.6), moreover,

∫

CR

ya(ϕσi)
2 dx dy =

∫

CR

ya|vxi |2 dx dy �
∫

CR

ya|∇v|2 dx dy � CR2 logR.
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Hence we deduce that σi is constant for any i = 1, . . . , n. This concludes the proof
observing that if c1 = · · · = cn = 0 then v is constant. Otherwise we have civxj =
cj vxi = 0 for every i 	= j and we deduce that v depends only on y and on the
variable parallel to the vector (c1, . . . , cn).

Hence, the crucial missing ingredient to conclude the proof is the following
estimate for the Dirichlet energy

∫

CR

ya|∇v|2 dx dy � CR2 logR. (3.7)

3.5 Energy Estimates

By the previous discussion, in order to conclude the proof of Theorem 3.1, it
remains to prove that both minimizers and bounded monotone solutions (which are
in particular stable solutions) satisfy estimate (3.7), in R

2 with 0 < s < 1 and in R
3

with 1/2 � s < 1. This is the aim of this subsection.
We start by stating the energy estimate for minimizers contained in [7, 8], which

holds in any dimension n.

Theorem 3.5 (Theorem 1.2 in [7]) Let f ∈ C1,γ (R), with γ > max{0,−a}, and
let v be a bounded minimizer for problem (3.2).

Then, the following estimates hold

Es(v,CR) �

⎧
⎪⎪⎨

⎪⎪⎩

CRn−2s if 0 < s < 1/2

CRn−1 logR if s = 1/2

CRn−1 if 1/2 < s < 1,

(3.8)

for any R � 2.

In dimension n = 3, the same energy estimate holds also for bounded monotone
solutions, according to the following result

Theorem 3.6 (Theorem 1.4 in [7]) Let f ∈ C1,γ (R), with γ > max{0,−a}, and
let v be a bounded solution of (3.2) with n = 3 such that its trace u(x) = v(x, 0) is
monotone in some direction.

Then, the following estimates hold

Es(v,CR) �

⎧
⎪⎪⎨

⎪⎪⎩

CR3−2s if 0 < s < 1/2

CR2 logR if s = 1/2

CR2 if 1/2 < s < 1,

(3.9)

for any R � 2.
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As a consequence of Theorems 3.5 and 3.6, we have that the required esti-
mate (3.7) is satisfied by minimizers and bounded monotone solutions in dimension
n = 2 for any s ∈ (0, 1) and in dimension n = 3 for s ∈ [1/2, 1).

We stress that the main difficulty in the proof of the fractional De Giorgi
conjecture in low dimensions, relies precisely in establishing the sharp energy
estimates for minimizers, since all the other ingredients (the characterization of
stability and the Liouville-type result described above are not difficult adaptations
of the analogous local results to the nonlocal setting). The energy estimates for
minimizers have also been proven by Savin and Valdinoci in [42], without making
use of the extension and working with the nonlocal energy functional associated
to (3.1). Here, we present the approach via extension of [7], since, as already
explained at the beginning of this section, the extension is needed in order to prove
the De Giorgi conjecture for the fractional Laplacian in dimension n = 3 and for
1/2 � s < 1.

Before giving an idea of the proof of Theorem 3.5, we recall how one can get the
sharp energy estimate for minimizers of the classical Allen-Cahn equation −�u =
u− u3, whose associated energy functional is given by

E(u, BR) =
∫

BR

(
1

2
|∇u|2 +W(u)

)
dx.

To give a bound for the energy of a minimizer u, we argue using a comparison
argument, that is we construct a suitable competitorw, which agrees with u on ∂BR
and whose energy is bounded above byCRn−1 (we recall that in the classical setting
the energy of minimizers grows like Rn−1, that is exactly the same growth as the
case 1/2 < s < 1 in Theorem 3.5).

Given a cut-off function η(x) = η(|x|) compactly supported in BR and
identically equal to 1 in BR−1, we define the competitor w = η + (1 − η)u in
the whole Rn, so that

w =
{

1 in BR−1

u on ∂BR.

With this choice of w, it is easy to verify that

E(u, BR) � E(w,BR) =
∫

BR

(
1

2
|∇w|2 +W(w)

)
dx

=
∫

BR\BR−1

(
1

2
|∇w|2 +W(w)

)
dx � CRn−1,

(3.10)

where in the first inequality we have used the minimality of u and in the last
inequality we have used that |∇u| ∈ L∞(Rn) by standard elliptic estimates, and
that the measure of the annulus BR \ BR−1 in R

n is estimated by CRn−1.
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We consider now the case of the fractional Laplacian. In this case, we need to
construct a suitable competitor w for the minimizers v of Es in CR , which fulfills
the energy estimates of Theorem 3.5. We recall that, due to the Neumann condition
in problem (3.2), now the competitorw has to agree with v on ∂CR ∩ {y > 0} but it
is free on the bottom of the cylinder ∂CR×{y = 0}. This fact will play a crucial role
in the construction of w. On the other hand, let us emphasize that now the cylinder
CR is an (n+1)-dimensional object, and we hope for an estimate for the energy that
grows at most like Rn−1 logR.

Let us describe now how we build the competitor w. We start by defining a
function w̄ on ∂CR . Then, we will define w as a suitable extension of w̄ inside
CR . First of all, in order to use a comparison argument, w̄ needs to agree with v on
∂CR ∩ {y > 0}. Secondly, since the potential energy appears only as a boundary
term on the bottom of the cylinder CR , and in this part of the boundaryw is free, we
define w̄ as done for the local case, that is in such a way that it agrees with v(x, 0)
on BR × {y = 0} and is identically 1 in BR−1 × {y = 0}. Resuming, w̄ is defined
on the whole ∂CR and satisfies

w̄ =
{

1 in BR−1 × {y = 0}
v on ∂CR ∩ {y > 0}.

It remains now to extend w̄ to a function w defined on the whole cylinder CR .
Since we want w to have the least possible Dirichlet energy, we choose w to be the
solution of the Dirichlet problem

{
div(ya∇w) = 0 in CR

w = w̄ on ∂CR.
(3.11)

With this choice of w, we have

Es(v,CR) � Es(w,CR) =
∫

CR

ya|∇w|2 dx dy +
∫

BR

W(w) dx

�
∫

CR

ya|∇w|2 dx dy + CRn−1.

The final step of the proof of the energy estimate for minimizers consists in giving
an estimate for the Dirichlet energy of w. This is achieved in [7, 8] using some
suitable trace inequalities and optimal gradient bounds for the solutions of (3.2) (for
details see Theorems 1.7 and 1.9 in [7]).

To conclude, we comment on the proof of the energy estimate for monotone
solutions. In [7, 8], the authors follow the idea of [2] which is based on the
following result: bounded monotone solutions are minimizers in the restricted class
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of functions

Av := { lim
xn→−∞

v � w � lim
xn→+∞

v}.

This result can be proven by a sliding argument and the use of the maximum
principle (see proof of Proposition 6.1 in [7]). Once one has this minimality property
of monotone solutions, it is enough to show that the competitor w constructed in
the proof of Theorem 3.5 belongs to the class Av . For this last step we refer to
Lemma 6.1 and the proof of Theorem 1.4 in [7].

4 Classification for Nonlocal Minimal Surfaces

We start by recalling the notion of fractional perimeter, which was introduced in
[18].

Let s ∈ (0, 1/2) and let � be a bounded domain in R
n. We define the fractional

s-perimeter of a measurable set E ⊂ R
n relative to � as

Pers(E,�) :=
∫

E∩�

∫

Ec

1

|x − x̄|n+2s dx dx̄ +
∫

E\�

∫

�\E
1

|x − x̄|n+2s dx dx̄,

(4.1)

where Ec denotes the complement of E in R
n.

Observe that here we use the notation Pers for the perimeter associated with the
kernel |z|−n−2s , with 0 < s < 1/2. In many references the order 2s is replaced by s,
that is one writes Pers for the perimeter associated to the power |z|−n−s and in this
notation s belongs to (0, 1). Here, we use the first notations for consistency with the
notations used for the fractional Laplacian (−�)s .

The choice of the set of integration in the definition of the fractional perimeter is
the natural one, similarly as for the Dirichlet term in the energy Es defined in (2.3),
in order to avoid infinite contributions coming from the complement of � and it
does not change the variational structure of the functional once we have fixed the
setE outside of�. More precisely, similarly to Definition 2.1, we give the following
definition.

Definition 4.1 We say that a set E is a minimizer for the s-perimeter in � if

Pers(E,�) � Pers (F,�), for all F such that E \� = F \�.

Moreover, we say that E is a minimizer for the s-perimeter in R
n, if E is a

minimizer in BR for all R > 0.
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The (boundaries of) minimizers of the s-perimeter are usually called nonlocal
minimal (or s-minimal) surfaces.

While the classical perimeter (in the De Giorgi sense) of a set E relative to
� is the BV -seminorm of the characteristic function χE in �, the s-perimeter is
the Hs (or W 2s,1) seminorm of the characteristic function χE in � (we remind
that the characteristic function of a set belongs to Hs only if 0 < s < 1/2).
Hence, a nonlocal minimal surface is the boundary of a set E, whose characteristic
function minimizes the Hs seminorm, among all sets which coincide with E in the
complement of �.

Another motivation for referring to Pers as a fractional perimeter comes from
the asymptotics of this nonlocal functional as s → 1/2. Indeed it is known that the
s-perimeter (multiplied by the factor 1/2 − s) tends to the classical perimeter as
s → 1/2, up to a dimensional constant. This fact has been established in several
contributions where different notions of convergence are considered (see [22] for
the precise limit in the class of BV functions, [16, 17] for a geometric approach to
prove regularity and [4] for a 	-convergence result). The limit as s → 0 was studied
in [24], where the authors proved that it is related to the Lebesgue measure of the
sets E ∩� and � \ E.

Making the first variation of the nonlocal perimeter functional, one can introduce
the notion of nonlocal mean curvature. The nonlocal mean curvature of a set E at a
point x ∈ ∂E is defined as follows

HsE(x) :=
∫

Rn

χEc(y)− χE(y)
|x − y|n+2s dy.

Hence, a necessary condition for a set E to be an s-minimal surface is that HsE = 0
(see Theorem 5.1 in [18]). The first example of a surface with zero nonlocal mean
curvature is a half-space. Other examples of sets with vanishing nonlocal mean
curvature have been studied in the recent contributions [19, 23]. In [23], the nonlocal
analogue of catenoids are constructed, but they differ from the standard catenoids
since they approach a singular cone at infinity instead of having a logarithmic
growth. These surfaces are constructed using perturbative methods, by performing
small perturbation along the normal vector to ∂E. Instead in [19] it is proven that
the standard helicoids are surfaces with zero nonlocal mean curvature.

We pass now to describe the main results in the study of regularity of nonlocal
minimal surfaces. In [18], Caffarelli, Roquejoffre, and Savin established some
results that are fundamental tools in the study of regularity, such as density
estimates, the improvement of flatness for minimizers, a monotonicity formula, a
blow up and a dimension reduction argument. Nevertheless, the study of regularity
for minimizers of the fractional perimeter is still widely open. In this section we
recall the main results related to the classification of entire s-minimal surfaces and
to the study of regularity, and we describe the main open questions in the field.
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4.1 The Classical Setting

We start by recalling the main results in the theory of classical area minimizing
surfaces:

(a) Every minimal cone in R
n is a hyperplane, whenever n < 8;

(b) In R
8 the Simons cone defined as

C := {x ∈ R
8 | x2

1 + · · · + x2
4 = x2

5 + · · · + x2
8}

is a minimizer for the perimeter functional;
(c) If E is a minimizer of the perimeter functional in the whole R

n, then E is a
half-space, whenever n < 8;

(d) If E is a minimizer of the perimeter functional and ∂E is a graph, then E is a
half-space, whenever n < 9;

(e) Any area-minimizing surface is smooth outside of a singular set$ of Hausdorff
dimension n− 8.

The classification of minimal cones (point a) is one of the basic tools in both
the classification of entire minimal surfaces (that is surfaces that are minimizer
of the perimeter functional in the whole R

n) and in the study of regularity for
minimizers of the perimeter in a bounded set�. Indeed, the classification of minimal
cones leads, on one side, to the classification of any entire area minimizing surfaces
(point c) via a blow-down argument. On the other hand the nonexistence of singular
minimal cones in space dimension n � 7 implies, via a blow up and a dimension
reduction argument, that any minimal surface is C1,α outside of a singular set of
Hausdorff dimension n− 8 (point e). Moreover, again the classification of minimal
cones leads to the classification of entire minimal graphs (the so called Bernstein
problem). Note that the critical dimension for a graph to be flat is one more than
the one for a general set (point d). The main ingredients in the proof of these results
are given by density estimates, perimeter estimates, improvement of flatness for
minimizers and a monotonicity formula.

4.2 The Nonlocal Setting

We describe now, more in details, what is known in the nonlocal framework and
which are the main open questions in the field.

The study of regularity for nonlocal minimal surfaces was started in [18], where
density and perimeter estimates, the improvement of flatness and a monotonicity
formula were established. With these tools, the authors could reduce the study of
regularity for nonlocal minimal surfaces to the classification of nonlocal minimal
cones. More precisely they proved that, if the blow up, around the origin, of an
s-minimal set E is flat, then ∂E is C1,α in a neighborhood of the origin (see
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Theorem 9.4 in [18]). As a consequence of a dimension reduction argument they
proved C1,α regularity outside of a singular set of Hausdorff dimension at most
n− 2 (see Theorem 10.4 in [18]). The bound n− 2 on the dimension of the singular
set was not optimal due to the fact that in [18] the classification of nonlocal minimal
cones was not known, not even in R

2. Basically, they had all the needed ingredients
to pass from (a) to (e) in the above scheme, but the starting point (a) was missing.

Later, in [43] Savin and Valdinoci proved that in R
2 an s-minimal cone is

necessarily a half-plane. As a consequence they could improve the bound on the
Hausdorff dimension of the singular set from n − 2 to n − 3 and via a blow-
down argument they obtained the classification of any s-minimal surface in R

2.
Moreover, in [5] Barrios, Figalli, and Valdinoci shows that if E is an s-minimal
set such that ∂E ∈ C1,α, then ∂E is in fact C∞. This is a consequence of a
more general regularity result for solutions to integro-differential equations via a
bootstrap argument. In [30], Figalli and Valdinoci address the fractional version
of the Bernstein problems and they prove that, if there are not s-minimal singular
cones in R

n, then the only entire s-minimal graphs in R
n+1 are the hyperplanes

(they show how to pass from point (a) to point (d) in the nonlocal analogue of the
previous scheme).

Resuming all these results, we have the following statement:

Theorem 4.2

(1) Every s-minimal cone in R
2 is a hyperplane [43];

(2) If E is a minimizer of the s-perimeter in the whole R
2, then E is a half-plane

[43];
(3) If E is a minimizer of the s-perimeter in R

n and ∂E is a graph, then E is a
half-space, whenever n � 3 [30];

(4) If E is a minimizer of the s-perimeter, then ∂E is C∞ outside of a singular set
$ of Hausdorff dimension n− 3 [5, 18, 43].

In addition, when s is close to 1/2 Caffarelli and Valdinoci proved that all the
regularity results that hold in the classical setting are inherited, by a compactness
argument, by s-nonlocal minimal surfaces (see [16, 17]).

Theorem 4.3 ([17]) There exists ε0 ∈ (0, 1/2) such that if s � 1/2− ε0, then any
s-minimal surfaces is C∞ outside of a singular set $ of Hausdorff dimension n−8.

Finally, in the very recent contribution [12], Cabré, Serra and the author proved
flatness for nonlocal s-minimal cones in R

3 for s close to 1/2 (see Theorem 5.3
of the next section). We emphasize that in this last result, the proof is not by
compactness perturbing from s = 1/2 and it gives a quantifiable value for the
required closeness of s to 1/2. This last result holds not only for cones that are
minimizers for the s-perimeter, but for the more general class of stable cones. We
will describe this result more in details in the next section, were we address the
classification for stable objects.

We focus now on the classification of s-minimal cones in R
2 proven in [43] (i.e.

point (1) in Theorem 4.2). The idea of the proof of this result relies in considering
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perturbations of the minimizer E, that are translations of E inside a ball BR/2 and
that coincide withE outside the double ball BR . The authors work with the extended
problem (the Caffarelli-Silvestre extension but, in this setting, for functions that
take only values ±1 on the boundary of the positive half-space) and compare the
energy of (the extension of) these competitors with the energy of (the extension
of) E itself. A computation shows that this difference in energy is controlled from
above with Rn−2s−2. Hence, when n = 2, the difference in energy between E and
the competitors can be made arbitrarily small as R → ∞. On the other hand, if E
was not a half-plane, they showed that it could be modified in order to decrease its
energy by a small but fixed amount and this leads to a contradiction. We emphasize
here that this argument works only in dimension n = 2 since a crucial fact that is
needed is that the estimate Rn−2s−2 goes to 0 as R → ∞, and this holds true only
when n = 2. We emphasize that the factor Rn−2s comes from an optimal bound for
the perimeter of minimizers. Indeed, by a comparison argument one can show that
if E is a minimizers for the s-perimeter in BR , then

Pers(E,BR) � CRn−2s ,

and this bound is optimal.
These ideas were recently used in [20] to prove a quantitative version of this

two-dimensional flatness result. By point (1) in Theorem 4.2, we know that if E is
a minimizer for the nonlocal perimeter in the whole R

2 (that is, it is a minimizer in
balls BR of radius R for any R > 1), then E is a half-plane.

Suppose now thatE is a minimizer for Pers in a ball BR for someR large enough.
Can we deduce that E is “close” to be a half-plane in B1? Moreover, can we give an
estimate on this closeness depending on R? The following result, contained in [20],
gives an answer to these questions.

Theorem 4.4 (Theorem 1.3 in [20]) Let n = 2. Let R � 2 and E be a minimizer
for the s-perimeter in the ball BR ⊂ R

2.
Then, there exists a half-plane h such that

|(E)h) ∩ B1| � CR−s . (4.2)

Moreover, after a rotation, we have that E ∩B1 is the subgraph of a measurable
function g : (−1, 1) → (−1, 1) with osc g � CR−s outside a “bad” set B ⊂
(−1, 1) with measure CR−s .

The above result can be seen as a quantitative version of the flatness result of
Savin and Valdinoci. It says that if E is a minimizer for Pers in BR , with R large
but fixed, then E is close, in the L1-sense, to be a half-plane in B1. The second part
of the statement gives an even more precise information: outside of a bad set B of
small measure, E ∩B1 coincides with the subgraph of a function g which has small
oscillation. Again, the smallness of both the bad set and the oscillation of g is given
explicitly in terms of R.
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The proof of Theorem 4.4 follows the main ideas contained in the proof of
flatness of s-minimal cones in R

2 in [43]. We consider again perturbations of the
minimizer E obtained by small translations in some fixed direction and we try to
refine the arguments in [43] in order to get some quantitative estimates. Differently
from [43], we do not use the Caffarelli-Silvestre extension. This will allow us to
obtain a statement analogous to the one of Theorem 4.4 for more general notions
of nonlocal perimeter (such as the anisotropic fractional perimeter). Here below, we
explain the main steps in the proof of Theorem 4.4.

Sketch of the Proof of Theorem 4.4 We start by defining two (small) perturbations
of the minimizer E. Let ϕR be a smooth function such that

ϕR(x) =
{

1 for |x| < R/2
0 for |x| > R.

For v ∈ Sn−1 := {x ∈ R
n : |x| = 1} and t ∈ [0, 1] we define

 R,+(x) := x + tϕR(x)v and  R,−(x) := x − tϕR(x)v. (4.3)

We set u = χE and define the new functions

u±R(x) := u
(
 −1
R,±(x)

)
. (4.4)

In set notations, we are considering the sets E+R and E−R defined as

E±R = {x : u±R(x) = 1}. (4.5)

We recall the following crucial energy estimate for minimizers, obtained via a
comparison argument: if E is a minimizer for the s-perimeter in BR , then

Pers (E,BR) � CRn−2s . (4.6)

We divide the proof in three steps:

• Step 1: Estimating the difference Pers(E
±
R ,BR)− Pers (E,BR) (see Lemma 2.1

in [20]): using the change of variable formula and after some computations one
can prove that

Pers(E
+
R ,BR)+ Pers (E

−
R ,BR)− 2Pers,BR (E) � Ct2

Pers (E,BR)

R2 . (4.7)

Using the estimate (4.6) and the fact that we are in dimension n = 2, we get

Pers (E
+
R ,BR)+ Pers (E

−
R ,BR)− 2Pers (E,BR) � Ct2R−2s .
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Observe that here the fact that the we are working in dimension 2 is crucial
in order to get a bound that goes to 0 as R → ∞. As described above, in
[43] this fact leads to a contradiction if E was not flat. Here we refine this
argument, by keeping the above estimate R−2s in order to get a quantitative
estimate (depending on R) on how E differs from being a half-plane.

• Step 2: a purely nonlocal Lemma:

Lemma 4.5 (Lemma 2.2 in [20]) LetE, F ⊂ R
2. Assume thatE is a minimizer

for Pers in BR and that F coincides with E outside BR , that is, E \BR = F \BR .
Assume moreover that

Pers(F,BR) � Pers(E,BR)+ δ. (4.8)

Then,

2
∫

F\E

∫

E\F
1

|x − x̄|2+2s dxdx̄ � δ.

Applying this Lemma to F = E+R (and similarly to E−R ), we deduce that

∫

E+R \E

∫

E\E+R

1

|x − x̄|2+2s
dxdx̄ � Ct2R−2s .

Therefore, in B1 we have that for any v ∈ S1 and any t ∈ (0, 1):
∣∣{(E + tv) \ E} ∩ B1

∣∣ · ∣∣{E \ (E + tv)} ∩ B1
∣∣ � Ct2R−2s

and thus

min

{∣∣{(E + tv) \ E} ∩ B1
∣∣ ,

∣∣{E \ (E + tv)} ∩ B1
∣∣
}
� CtR−s . (4.9)

In this step, the nonlocal character of the s-perimeter is crucial and allows to
pass from an estimate in the difference of the s-perimeter between the minimizer
E and the competitors E±R to an estimate on the volume of their symmetric
difference.

Setting u := χE , estimate (4.9) can be written as

min

{∫

B1

(
u(x + tv)− u(x))+ dx ,

∫

B1

(
u(x + tv)− u(x))− dx

}
� CtR−s .

(4.10)

• Step 3: Some geometric lemmas and conclusion. Dividing (4.10) by t and taking
the limit as t → 0, we deduce that for any v ∈ S1, the following holds:

min {(∇u · v)+(B1), (∇u · v)−(B1)} � CR−s , (4.11)



Flatness Results for Nonlocal Phase Transitions 269

where ∇u ·v denotes the distributional derivative in the direction v of u. This last
part of the proof is more technical and needs several geometric lemmas (for the
details, we refer to Lemma 2.5 and to all lemmas and propositions of Section 4
in [20]). The main underlying idea is the following: If we set �±(v) := (∇u ·
v)±(B1), by (4.11) we have that

min {�+(v),�−(v)} � CR−s , for any v ∈ S1.

Moreover, since

�+(v) = �−(−v),

by a continuity argument we have that there exists v∗ ∈ S1 such that

max
{
(∇u · v∗)+(B1), (∇u · v∗)−(B1)

}
� CR−s .

Hence, except for a bad set B of measure less than CR−s the function u =
χE restricted to all lines parallel to v∗ will be at the same time monotone
nondecreasing and non-increasing; i.e., constant. Since we also have that u is also
monotone along most (for large R) lines perpendicular to v∗, the only possibility
is that the set E = {u = 1} is equal to a half plane up to the bad set B with
|B| � CR−s . The rigorous proof for this fact is contained in Section 4 of [20].

We emphasize that in [43], the authors first prove a flatness result for minimizing
cones, and then they deduce, by a blow-down argument, flatness for any s-minimal
set in R

2. In this blow-down procedure the monotonicity formula is needed and
unfortunately such a formula is available only for the energy functional of the
extended problem (see [18]). Instead, in the proof of Theorem 4.4, we consider
E to be any set which minimizes the s-perimeter, not necessarily a cone and, as
a consequence of the quantitative estimate (4.2) after letting R → ∞, we deduce
that if E is a minimizer in the whole R

2, then E is an half-plane. Hence, we give
an alternative proof of the classification result in [43], without using the Caffarelli-
Silvestre extension and without needing a monotonicity formula. For this reason,
we can generalize our Theorem 4.4 and hence the classification of nonlocal minimal
surfaces in R

2 to more general notions of nonlocal perimeter, such as the anisotropic
fractional perimeter (see [20]).

The techniques developed in [20] and, more precisely, the estimate (4.11) implies
also some estimates for the s-perimeter and the classical perimeter of an s-minimal
set E. More interestingly, these estimates holds true in the more general class of
stable sets. We are going to state and comment on these results on stable sets in the
next section.
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5 What About Stable Objects?

In this section we present some very recent results in the study of stable solutions
to the fractional Allen-Cahn equation and of stable nonlocal minimal surfaces.
In both cases the notion of stability that we use is the variational one, that is
the nonnegativity of the second variation of the associated energy functional.
Surprisingly, some results recently established for stable objects in the nonlocal
setting, are still unknown in the local setting. The nonlocality of the energy
functional (for the Allen-Cahn equation or for the nonlocal perimeter) helps in
giving sharp estimates that are crucial for classifying stable solutions. In order to
explain which are the main difficulties in this setting and to compare the local and
nonlocal framework, we start by recalling what is known for classical stable minimal
surfaces.

5.1 The Classical Setting

Stable minimal cones (for the classical perimeter) are completely classified: they
are hyperplanes in space dimensions n � 7. In R

8, the Simons cone is an example
of stable cone which is singular. The classification that we have presented in the
previous section for classical minimal surfaces holds true for stable cones. In
order to pass from the classification of stable cones to the classification of any
stable surface in the whole R

n, one would like to perform a blow-down procedure
using the monotonicity formula. A crucial tool needed for using a blow-down
argument would be an optimal estimate for the perimeter of stable sets. It is well
known that any minimizer of the classical perimeter in a ball BR satisfies the
estimate

Per(E,BR) � CRn−1. (5.1)

Unfortunately, an estimate like (5.1) is not known to hold for stable sets, unless
we are in dimension n = 3 and we require some topological assumption on the set
E (see Theorem 5.1 below). While for proving an energy estimate for minimizers
it is enough to construct a suitable competitor, which has to agree with E outside
BR but can be modified arbitrarily in BR , and that satisfies the needed estimate, for
proving such an estimate for stable sets we are allowed to consider only competitors
which are small perturbations of the given set E.

We recall here below the perimeter estimate for classical stable sets, which was
proven by Pogorelov [38], and Colding and Minicozzi [21]—see also [27, 32] [34,
Theorem 2] and [47, Lemma 34].
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Theorem 5.1 ([21, 38]) Let D be a simply connected, immersed, stable minimal
disk of geodesic radius r0 on a minimal (two-dimensional) surface $ ⊂ R

3, then

πr2
0 � Area (D) � 4

3
πr2

0 .

In dimension n > 3 the perimeter estimate for stable sets is still completely
open. As explained above, having a universal bound for the classical perimeter of
embedded minimal surfaces in every dimension n > 3 would be a decisive step
towards proving the following well-known and long standing conjecture: The only
stable embedded minimal (hyper)surfaces in R

n are hyperplanes as long as the
dimension of the ambient space is less than or equal to 7. On the other hand, without
a universal perimeter bound, the sequence of blow-downs could have perimeters
converging to∞.

In a similar way, one can ask whether the De Giorgi conjecture on one-
dimensional symmetry for solutions to the Allen-Cahn equation, holds in the more
general class of stable solutions. This is known only in dimension n = 2 and it is
still open in higher dimensions. We have already seen in Sect. 3 that stability plays a
crucial role in the proof of the conjecture, but again another fundamental ingredient
was given by the energy estimate (3.10). Also in this case the optimal estimate
is known to hold only for minimizers (and for monotone solutions in dimension
3) and it is completely open for stable sets. Nevertheless, when n = 2 one can
prove the conjecture for stable solutions because, in order to apply the Liouville-
type argument described in Sect. 3, an estimate of the form

E(u, BR) � CR2,

is enough. In R
2 this (not sharp) estimate holds true since the measure of BR is of

order R2 (and |∇u| is bounded by standard elliptic estimates).
One important open question in the classification of solutions to the classical

Allen-Cahn equation is, then, the following:

Open Question Is it true that any bounded stable solution of−�u = u− u2 in R
n

is one-dimensional for 3 � n � 7?

One would expect a positive answer to this question for all dimensions 3 � n �
7, in the same way one expects a positive answer to the conjecture for stable minimal
surfaces stated above. Starting from dimension n = 8, instead there are examples of
stable solutions to the Allen-Cahn equations which are not one-dimensional. This
was established by Pacard and Wei in [37].
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5.2 The Nonlocal Setting

Surprisingly, when dealing with stable sets for the nonlocal perimeter (or the
nonlocal Allen-Cahn equation) some of the above open problems received a positive
answer, at least in some particular cases.

In this section we describe some recent results for stable objects obtained in
[12, 20] (see also [44]). Since the notion of stability that we consider is the one of
nonnegativity for the second variation of the s-perimeter functional, we recall here
the expression for ∂2Pers , given in [23, 31].

Let E ⊂ R
n be such that ∂E is C2 away from 0. We denote byHn−1 the (n−1)-

dimensional Hasudorff measure. E is a stationary set for Pers (i.e HSE ≡ 0), then,
the second variation of the s-perimeter is given by

∫

∂E

c2
s,∂E(x)|ζ(x)|2 dHn−1(x)−

∫∫

∂E×∂E

∣∣ζ(x)− ζ(x̄)∣∣2
|x − x̄|n+2s

dHn−1(x) dHn−1(x̄),

where

c2
s,∂E(x) :=

∫

∂E

∣∣νE(x)− νE(x̄)
∣∣2

|x − x̄|n+2s dHn−1(x̄),

νE(x) denotes the outward normal vector to ∂E at x ∈ ∂E and ζ ∈ C2
0 (R

n \ {0}).
In Section 3 of [12], we deal with different possible notions of stability, that, in

the case of smooth sets E, are equivalent to require that the expression above is
nonnegative for any ζ ∈ C2

c (R
n \ {0}).

As anticipated in the previous section, the techniques developed in [20] allow to
prove some perimeter and energy estimates for nonlocal stable sets.

Theorem 5.2 (Theorem 1.1 in [20]) Let s ∈ (0, 1/2),R > 0 and E be a stable set
in the ball B2R for the nonlocal s-perimeter functional. Then,

Per(E,BR) � CRn−1,

and

Per2s(E,BR) � CRn−2s .

As a consequence of Theorem 5.2, in [20] we obtained that any nonlocal stable
set in the whole R

2 is a half-plane (by using the same argument that we sketch in
the proof of Theorem 4.4 in the previous section).

Analogue estimates for classical stable surfaces are not known when n > 2,
and even comparing our result with the two-dimensional result of Theorem 5.1
above, we stress that here we do not need ∂E to be simply connected. In fact, an
estimate exactly like ours can not hold for classical stable minimal surfaces since
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a large number of parallel planes is always a classical stable minimal surface with
arbitrarily large perimeter in B1.

Moreover, we believe that our result in Theorem 5.2 can be used to reduce the
classification of stable s-minimal surfaces in the whole R

n to the classification of
stable cones, by means of a blow-down argument and using a monotonicity formula.
Somehow the difficulties in the local/nonlocal setting are interchanged: in the local
setting we have the complete classifications of stable cones but it is not known
yet how to pass from the classification of cones to the classification of any stable
surfaces (due to the lack of perimeter estimates). On the other hand, in the nonlocal
setting, we have the energy estimates for stable sets, but the classification of stable
s-minimal cones is still widely open.

Concerning the classification of stable s-minimal cones, in [12], Cabré, Serra
and the author, proved the following Theorem, which is the first result in the three-
dimensional case.

Theorem 5.3 (Theorem 1.2 in [12]) There exists s∗ ∈ (0, 1/2) such that for every
s ∈ (s∗, 1/2) the following statement holds.

Let$ ⊂ R
3 be a cone with nonempty boundary of class C2 away from 0. Assume

that $ is a stable set for the s-perimeter. Then, $ is a half-space.

In the proof of Theorem 5.3, the estimate of Theorem 5.2 plays a crucial role,
together with several other ingredients, such as the fractional Hardy inequality
and some geometric lemmas. We stress that our result is not a perturbative result
from s = 1/2 which can be obtained by some sort of compactness argument. In
fact, a careful inspection of our proof gives an explicit (computable) value for s∗,
something impossible when using compactness arguments.

We conclude with some considerations and open problems on the classification
of stable solutions for the fractional Allen-Cahn equation. As in the classical setting,
when the dimension n = 2, one can prove that any bounded stable solution to (3.1)
is one-dimensional for any 0 < s < 1, using the same approach described in Sect. 3.
Indeed, in this case a not optimal energy estimate is enough to apply the Liouville-
type argument. What about n > 3? In the very recent contribution [29], Figalli and
Serra proved that when n = 3 and s = 1/2, any stable bounded solutions to (3.1) is
one-dimensional. Again, surprisingly, in the nonlocal case (even if only for the half-
Laplacian) something that is not known for the local case, has been established. To
conclude, we announce that the forthcoming paper [13] will contain a careful study
of stable solutions to the fractional Allen-Cahn equation in the case 0 < s < 1/2,
including energy estimates, density estimates, convergence of blow-down and some
new classification results.

Acknowledgements The author is supported by MINECO grants MTM2014-52402-C3-1-P and
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Fractional De Giorgi Classes
and Applications to Nonlocal Regularity
Theory

Matteo Cozzi

Abstract We present some recent results obtained by the author on the regularity
of solutions to nonlocal variational problems. In particular, we review the notion of
fractional De Giorgi class, explain its role in nonlocal regularity theory, and propose
some open questions in the subject.
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1 Introduction

De Giorgi classes are a powerful tool in the regularity theory of Partial Differential
Equations and Calculus of Variations. By definition, their elements are functions that
belong to a Sobolev space and satisfy Caccioppoli inequalities at all of their levels.
Their introduction can be dated back to the fundamental work of De Giorgi [10],
where he devised them to prove the Hölder continuity of solutions to second
order equations in divergence form with bounded measurable coefficients. Later on,
Giaquinta and Giusti [15] discovered that De Giorgi classes could also be utilized to
prove Hölder estimates for minimizers of non-differentiable functionals, one of the
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first general regularity results that did not make use of the Euler-Lagrange equation.
A couple of years later, DiBenedetto and Trudinger [14] showed that De Giorgi
classes are not only responsible for continuity properties, but also lead to Harnack
inequalities. See the classical books [17, 21], and the more recent [16] for additional
information.

The aim of this work is to review and further enrich the theory developed by the
author in [8], about fractional notions of De Giorgi classes and their applications to
the regularity properties of solutions to nonlocal variational problems.

We consider the class D̃Gs,p and its subclass DGs,p, both made up by func-
tions that are contained in a Sobolev space of fractional order and satisfy a
family of nonlocal Caccioppoli-type estimates. The inequality defining D̃Gs,p

has a somewhat similar structure to that of standard De Giorgi classes and it is
by now fairly understood, thanks to a number of contributions available in the
literature, such as [1, 12, 20]. On the other hand, the inequality that corresponds
to the class DGs,p is stronger and incorporates a purely nonlocal term that has
no classical counterpart. To the best of our knowledge, this last inequality has
been previously considered only by Caffarelli et al. [7] in a nonlocal parabolic
context.

Throughout Sect. 2 we state several results pertaining to these classes. In
particular, we establish that:

(a) the elements of the class D̃Gs,p (and, therefore, of its smaller subset DGs,p) are
locally bounded functions—see Theorem 2.2;

(b) the functions of DGs,p are locally uniformly Hölder continuous—see Theo-
rem 2.5;

(c) Harnack-type inequalities are true for functions that belong to DGs,p and that
are non-negative—see Theorems 2.9 and 2.10.

Furthermore, in Appendix A we show by means of an explicit example that, for
some choices of the parameters s and p, the results of points (b) and (c) cannot be
extended to the larger class D̃Gs,p.

Sections 3 and 4 are devoted to applications in the regularity theory for nonlocal
variational problems. In Sect. 3 we deal with minimizers of energy functionals
obtained as the sum of a possibly non-differentiable potential and of an interaction
term comparable to the Gagliardo seminorm of a fractional Sobolev space. By
showing that these extrema are contained in the fractional De Giorgi class DGs,p,
we deduce their Hölder continuity and the validity of Harnack inequalities, thanks
to the statements of Sect. 2. In Sect. 4 we approach in a similar way the regularity
of solutions to equations driven by singular integral operators, such as fractional
Laplacians and other nonlinear variations. These results complement and extend
several available contributions, as for instance [11, 12, 18, 25].
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2 Fractional De Giorgi Classes

We begin by introducing the larger set D̃Gs,p, which we will sometimes call weak
fractional De Giorgi class. To do this, we first need to fix some terminology.

Unless otherwise stated, throughout the whole paper n � 1 is an integer
indicating the dimension of the Euclidean space under consideration, s ∈ (0, 1)
is a parameter representing a fractional order of differentiability, and p > 1 is
an integrability exponent. Also, � always denotes a bounded open subset of the
space Rn.

With the symbolWs,p(�) we denote the fractional Sobolev space composed by
those functions u that lie in the Lebesgue space Lp(�) and have finite Gagliardo
seminorm

[u]Ws,p(�) :=
(∫

�

∫

�

|u(x)− u(y)|p
|x − y|n+sp dxdy

) 1
p

.

As it is customary, we endow Ws,p(�) with the norm ‖ · ‖Ws,p(�) defined by the
identity ‖u‖pWs,p(�) := ‖u‖pLp(�) + [u]pWs,p(�) and we simply write Hs(�) :=
Ws,2(�) when p = 2.

Another functional space that we will often use is the weighted Lebesgue
space Lp−1

s (Rn) made up by all measurable functions u : Rn → R for which

∫

Rn

|u(x)|p−1

(1+ |x|)n+sp dx < +∞.

For u ∈ Lp−1
s (Rn), the quantities

Tails,p(u; x0, R) :=
(
Rsp

∫

Rn\BR(x0)

|u(x)|p−1

|x − x0|n+sp dx
) 1
p−1

(2.1)

and Tails,p(u; x0, R) := R−
sp
p−1 Tails,p(u; x0, R) are finite for every point x0 ∈ R

n

and every radiusR > 0. The tail term (2.1)—introduced in [11, 12]—is conveniently
used to describe the behavior of u far away from x0. When x0 is the origin of Rn,
we just write BR := BR(0), Tails,p(u;R) := Tails,p(u; 0, R), and Tails,p(u;R) :=
Tails,p(u; 0, R).

For k ∈ R, we indicate the super- and sublevel sets of a function u : Rn → R

respectively with A+(k) and A−(k). In symbols,

A+(k) := {u > k} and A−(k) := {u < k}.

We also write A±(k, x0, R) := A±(k) ∩ BR(x0) for their intersections with the
ball BR(x0) and, as before, A±(k, R) := A±(k, 0, R).



280 M. Cozzi

Finally, v+ := max{v, 0} and v− := (−v)+ = max{−v, 0} indicate respectively
the positive and negative parts of a function v.

With this in hand, we can now state the definition of weak fractional De Giorgi
class.

Definition 2.1 (Weak Fractional De Giorgi Class D̃Gs,p) Let d, λ � 0 and H �
1. A function u ∈ Lp−1

s (Rn) with u|� ∈ Ws,p(�) belongs to D̃Gs,p± (�; d,H, λ) if

[(u− k)±]pWs,p(Br (x0))

� H
{
Rλdp|A±(k, x0, R)| + R(1−s)p

(R − r)p ‖(u− k)±‖
p

Lp(BR(x0))

+ Rn+sp

(R − r)n+sp ‖(u− k)±‖L1(BR(x0))
Tails,p((u− k)±; x0, r)

p−1
}

(2.2)

holds for every point x0 ∈ �, radii 0 < r < R < dist(x0, ∂�), and level k ∈
R. In addition, u ∈ D̃Gs,p(�; d,H, λ) if and only if u ∈ D̃Gs,p+ (�; d,H, λ) ∩
D̃Gs,p− (�; d,H, λ).

According to (2.2), functions in D̃Gs,p satisfy a fractional and nonlocal version
of the usual Caccioppoli inequality at all levels k. Broader definitions can be
considered, along the lines of those of [8, Section 6]. Here, we preferred to keep
things as simple as possible, in order to favor readability over generality. Of
course, we could take into account an even simpler definition, by removing the
last line of (2.2) and thus neglecting the presence of tail terms. This choice would
certainly be more elegant, as then the class D̃Gs,p(�; d,H, λ) would be a subset
of the Sobolev space Ws,p(�). However, this definition would be too restrictive in
light of our applications in Sects. 3 and 4, which ultimately motivate the structure
of (2.2).

As for their classical counterparts, prototypical examples of functions belonging
to weak fractional De Giorgi classes are the solutions of elliptic equations. While
for standard De Giorgi classes, these equations are second order PDEs, the ones that
are naturally associated to D̃Gs,p are fractional order equations driven by singular
integral operators, such as the fractional Laplacian and nonlinear variations. This
connection has been already observed by many authors—see, e.g., [1, 12, 20].

As it has been partially anticipated in the introduction, classical De Giorgi
classes were introduced for their importance in the regularity theory for second
order equations, as they encode virtually all the information concerning the basic
regularity properties enjoyed by the solutions of such equations—namely, local
boundedness, Hölder continuity, and the validity of Harnack inequalities. The first
goal of this section is to discuss whether these properties continue to hold for the
fractional class D̃Gs,p.
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As a first observation, we show that the elements of D̃Gs,p are locally bounded
functions. Of course, when n < sp their boundedness (and Hölder continuity)
is guaranteed by the Morrey-type embedding Ws,p ↪→ Cs−n/p (see, e.g., [13,
Theorem 8.2]). Hence, at least for what concerns regularity, we can restrict
ourselves to dealing with the case of n � sp. For the sake of a simpler
exposition, we will in fact suppose throughout the whole section that n > sp.
We stress that the critical case n = sp—which is excluded here—only poses
few additional technical difficulties and can be treated similarly—see [8, Sec-
tion 6].

Theorem 2.2 (Local Boundedness of Functions in D̃Gs,p) Let u ∈ D̃Gs,p(�; d,
H, λ) for some d, λ � 0 and H � 1. Then, u ∈ L∞loc(�) and there exists a
constant C � 1, depending only on n, s, p, and H , such that

‖u‖L∞(BR(x0)) � C
{(
−
∫

B2R(x0)

|u(x)|p dx
) 1
p + Tails,p(u; x0, R) + R

λ+sp
p d

}

for every x0 ∈ � and 0 < R < dist (x0, ∂�) /2.

We observe that a different version of Theorem 2.2, valid for variants of weak
fractional De Giorgi classes that do not include the presence of a tail term on the
right-hand side of (2.2) and for p = 1, is contained in [22].

The estimate of Theorem 2.2 follows from analogous one-sided bounds for the
elements of D̃Gs,p+ and D̃Gs,p− . By symmetry, it suffices to prove the following result.

Proposition 2.3 Let u ∈ D̃Gs,p+ (�; d,H, λ) for some d, λ � 0 and H � 1. Then,
there exists a constant C � 1, depending only on n, s, p, and H , such that

sup
BR(x0)

u � C
{(
−
∫

B2R(x0)

u+(x)p dx
) 1
p + Tails,p(u+; x0, R) + R

λ+sp
p d

}
(2.3)

for every x0 ∈ � and 0 < R < dist (x0, ∂�) /2.

Proof Our argument is a simple variation of the one that leads to, say, [17,
Theorem 7.2].

Up to a translation, we may assume that x0 is the origin. Let two radii R � ρ <

τ � 2R be fixed, take k � 0, and set wk := (u− k)+. Using Hölder and fractional
Sobolev inequalities, it is not hard to infer that

‖wk‖pLp(Bρ) � C|A+(k, ρ)|sp/n
(
[wk]pWs,p(B(τ+ρ)/2) +

τ (1−s)p

(τ − ρ)p ‖wk‖
p

Lp(Bτ )

)
,
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for some constant C � 1 depending only on n, s, and p. This and (2.2) give

‖wk‖pLp(Bρ) � C|A+(k, ρ)|sp/n
{
τλdp|A+(k, τ )| + τ (1−s)p

(τ − ρ)p ‖wk‖
p

Lp(Bτ )

+ τn+sp

(τ − ρ)n+sp ‖wk‖L1(Bτ )
Tails,p(wk;R)p−1

}
,

(2.4)

where C may now depend on H as well.
Letting 0 � h < k, it is easy to see that

|A+(k, r)| �
‖wh‖pLp(Br)
(k − h)p , ‖wk‖pLp(Br) � ‖wh‖

p
Lp(Br)

, ‖wk‖L1(Br )
�
‖wh‖pLp(Br)
(k − h)p−1

,

and

Tails,p(wk; r)p−1 � Tails,p(w0; r)p−1 = r−sp Tails,p(u+; r)p−1

for every r > 0. Accordingly, (2.4) yields the estimate

ϕ(k, ρ) � Cτ−sp

(k − h) sp
2
n

{
τλ+spdp
(k − h)p +

τp

(τ − ρ)p +
τn+sp Tails,p(u+;R)p−1

(τ − ρ)n+sp(k − h)p−1

}
ϕ(h, τ)1+

sp
n

for the quantities ϕ(�, r) := ‖w�‖pLp(Br).
Consider now the sequences {ki} and {ρi}, respectively defined by ki := M(1 −

2−i ) and ρi := (1 + 2−i )R for all integers i � 0 and for some M > 0 to be
chosen later. Set ϕi := ϕ(ki, ρi). By evaluating the last inequality along these two
sequences, we obtain

ϕi+1 � C 2(n+3p)i

Msp2/nRsp

{
Rλ+spdp

Mp
+ 1+ Tails,p(u+;R)p−1

Mp−1

}
ϕ

1+ sp
n

i .

By choosing M � M1 := Tails,p(u+;R) + R(λ+sp)/pd , we are finally led to the
estimate

ϕi+1 � C 2(n+3p)i

Msp2/nRsp
ϕ

1+ spn
i .

Thanks to a standard numerical lemma (e.g., [17, Lemma 7.1]), we conclude
that ϕi converges to 0, provided M is greater than the constant M2 :=
C′R−n/p‖u+‖Lp(B2R) with C′ � 1 large enough, in dependence of n, s, p, and H
only. This gives (2.3). ��
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Following the theory of classical De Giorgi classes, the natural next step would
be to understand whether the functions of D̃Gs,p are Hölder continuous. It turns out
that this is not the case, at least when sp < 1. This is a consequence of an explicit
one-dimensional example that we will present in Appendix A.

Question 1 Is it true that functions in D̃Gs,p are Hölder continuous, when sp � 1?

In order to extend the Hölder regularity estimates that are true for classi-
cal De Giorgi classes, we are thus forced in general to consider a strict subset
of D̃Gs,p. To this aim, we propose the following definition.

Definition 2.4 (Fractional De Giorgi Class DGs,p) Let d, λ � 0 and H � 1. A
function u ∈ Lp−1

s (Rn) with u|� ∈ Ws,p(�) belongs to u ∈ DGs,p± (�; d,H, λ) if

[(u− k)±]pWs,p(Br (x0))
+

∫

Br(x0)

(u(x)− k)±
{∫

Rn

(u(y)− k)p−1
∓

|x − y|n+sp dy

}
dx

� H
{
Rλdp|A±(k, x0, R)| + R(1−s)p

(R − r)p ‖(u− k)±‖
p

Lp(BR(x0))

+ Rn+sp

(R − r)n+sp ‖(u− k)±‖L1(BR(x0))
Tails,p((u− k)±; x0, r)

p−1
}

(2.5)

holds for every point x0 ∈ �, radii 0 < r < R < dist(x0, ∂�), and level k ∈ R. We
then set DGs,p(�; d,H, λ) := DGs,p+ (�; d,H, λ) ∩ DGs,p− (�; d,H, λ).

We will call DGs,p a strong fractional De Giorgi class or, simply, a frac-
tional De Giorgi class. It is clear that DGs,p is a subset of D̃Gs,p. The difference
between the two classes lies in the fact that the elements of DGs,p satisfy the
stronger Caccioppoli-type inequality (2.5), which improves (2.2) via the presence of
an additional summand on its left-hand side. We remark that the specific structure of
this term can be partially altered without totally spoiling the results that will follow
in the remainder of the section. For instance, if one replaces it with the smaller (and,
perhaps, more natural) quantity

∫

Br (x0)

∫

Br(x0)

(u(x)− k)±(u(y)− k)p−1
∓

|x − y|n+sp dxdy,

all future statements will still hold, apart from the Harnack inequality of Theo-
rem 2.9.

Though more artificial than (2.2), inequality (2.5) is still satisfied by solutions
of problems involving energies and operators of fractional order, as we will see
in Sects. 3 and 4. In addition, it turns out that definition (2.5) is strong enough to
guarantee the Hölder continuity of the functions that satisfy it. This has been first
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realized by Caffarelli et al. [7] for a similar inequality in the context of nonlocal
parabolic equations.

Here is our Hölder regularity result for functions in DGs,p.

Theorem 2.5 (Hölder Continuity of Functions in DGs,p) Let u ∈ DGs,p(�; d,
H, λ) for some d, λ � 0 and H � 1. Then, u ∈ Cαloc(�) for some α ∈ (0, 1) and
there exists a constant C � 1 such that

[u]Cα(BR(x0)) �
C

Rα

(
‖u‖L∞(B2R(x0)) + Tails,p(u; x0, 2R)+ R

λ+sp
p d

)

for every x0 ∈ � and 0 < R < dist (x0, ∂�) /2. The constants α and C depend only
on n, s, p, H , and λ.

Theorem 2.5 can be proved via an inductive argument based on subsequent
applications of a suitable growth lemma at smaller and smaller scales. This method
goes back to De Giorgi [10] and our implementation of it in this framework follows
rather closely the approaches of Silvestre [25], Kassmann [18, 19], and Caffarelli
and Vasseur [4]. We omit further details, that can be found in the proof of [8,
Theorem 6.4].

The statement of the growth lemma is as follows.

Lemma 2.6 Let u ∈ DGs,p− (B4R; d,H, λ) for some d, λ � 0, H � 1, and R > 0.
Assume that

u � 0 in B4R

and

|B2R ∩ {u � 1}| � 1

2
|B2R| .

There exists a constant δ ∈ (0, 1/8], depending only on n, s, p, H , and λ, such
that, if

R
λ+sp
p d + Tails,p(u−; 4R) � δ,

then

u � δ in BR.

We split the proof of Lemma 2.6 into two sublemmata. Interestingly, the first one
only relies on the weaker Caccioppoli inequality (2.2) and is therefore valid for all
functions in D̃Gs,p− .

Lemma 2.7 Let u ∈ D̃Gs,p− (B4; d,H, λ) for some d, λ � 0 and H � 1. There
exists a constant τ ∈ (0, 2−n−1], depending only on n, s, p, H , and λ, such that
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if u � 0 in B2,

|B2 ∩ {u < 2δ}| � τ |B2| , (2.6)

and

d + Tails,p(u−; 2) � δ, (2.7)

for some δ ∈ (0, 1/2], then

u � δ in B1. (2.8)

Proof Let δ � h < k � 2δ and 1 � ρ < r � 2 be fixed, and τ ∈ (0, 2−n−1] to be
later taken small. Setting zk := (u− k)−, we first observe that, by (2.6) and the fact
that τ � 2−n−1, it holds

∣∣Bρ ∩ {zk = 0}∣∣ = ∣∣Bρ \ {u < k}
∣∣ � |Bρ | −

∣∣Bρ ∩ {u < 2δ}∣∣ � |Bρ | − τ |B2| � |Bρ |/2.

By this, we may apply the fractional Sobolev inequality for functions that vanish
over a set with positive density (see, e.g., [8, Corollary 4.9]) and get that

(k − h)|A−(h, ρ)| 2n−s
2n �

(∫

Bρ

zk(x)
2n

2n−s dx

) 2n−s
2n

� C
∫

A−(k,ρ)

∫

Bρ

|zk(x)− zk(y)|
|x − y|n+ s

2
dxdy

� C|A−(k, ρ)| p−1
p [zk]Ws,p(Bρ),

for some constant C � 1 depending only on n, s, and p. Note that the last
estimate follows by Hölder’s inequality—see, e.g., [8, Lemma 4.6] for the detailed
computation. Taking advantage of (2.2), we further obtain that

(k − h)p|A−(h, ρ)| (2n−s)p2n

� C|A−(k, ρ)|p−1

{
dp|A−(k, r)| + ‖zk‖

p

Lp(Br )

(r − ρ)p + ‖zk‖L1(Br )
Tails,p(zk;ρ)p−1

(r − ρ)n+sp
}
,

where C may now also depend on H and λ. Now, thanks to assumption (2.7), the
non-negativity of u in B2, and the fact that δ � k, from the previous inequality we
easily deduce that

|A−(h, ρ)| 2n−s
2n � C k

(r − ρ) n+pp (k − h)
|A−(k, r)|.

By evaluating this inequality along two sequences of radii {ρi} and of levels
{ki}—exponentially decreasing from 2 to 1 and from 2δ to δ, respectively—and
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arguing as in the last part of the proof of Proposition 2.3, we are led to the
conclusion (2.8), provided τ is chosen sufficiently small. ��

The second step in the proof of Lemma 2.6 is represented by the next result.
Unlike Lemma 2.7, it heavily relies on the presence of the second term on the left-
hand side of (2.5) and, therefore, it only holds true for functions in the smaller
class DGs,p− .

Lemma 2.8 Let u ∈ DGs,p− (B4; d,H, λ) for some d, λ � 0, H � 1. For every τ ∈
(0, 1), there exists δ ∈ (0, 1/8], depending only on n, s, p, H , λ, and τ , such that
if u � 0 in B4,

|B2 ∩ {u � 1}| � 1

2
|B2| , (2.9)

and

d + Tails,p(u−; 4) � δ,

then

|B2 ∩ {u < 2δ}| � τ |B2| . (2.10)

The lemma tells that if u is a non-negative function belonging to DGs,p− (with,
say, d = 0) and for which {u � 1} has positive measure in B2, then the measure of
the sublevel set B2 ∩ {u < 2δ} goes to zero as δ ↘ 0.

For classical De Giorgi classes, this result is usually proved by estimating the
mass that is lost by passing from the level {u < δ2} to {u < δ1}, with 0 < δ1 < δ2
small. A crucial role in this argument is played by an isoperimetric-type inequality
valid for level sets of functions in W 1,p and established by De Giorgi in [10]. This
inequality gives a quantification of the fact that classical Sobolev functions cannot
have jump discontinuities.

As will be discussed more extensively at the end of this section, inequalities like
De Giorgi’s may not hold true in fractional Sobolev spaces—indeed, step functions
may belong to Ws,p when sp � 1. Estimate (2.5), when used to bound the second
term on its left-hand side, provides an alternative inequality to De Giorgi’s, no longer
holding for all functions ofWs,p but only for those that lie in DGs,p. Proposition A.1
in Appendix A shows that, instead, estimate (2.2) alone does not lead in general to
a similar conclusion.

Here below we make this argument rigorous and establish Lemma 2.8 through it.

Proof of Lemma 2.8 We apply (2.5) with x0 = 0, r = 2, R = 3, and k = 4δ, for
some δ ∈ (0, 1/8] to be determined. By arguing as in the last part of the proof of
Lemma 2.7, it is easy to see that the right-hand side of (2.5) can be controlled from
above by Cδp, for some constant C � 1 depending only on n, s, p, H , and λ.
On the other hand, its left-hand side—and, in particular, its second summand—is
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larger than

∫

B2

(4δ − u(x))+
{∫

B2

(u(y) − 4δ)p−1
+

|x − y|n+sp dy

}
dx � c δ |B2 ∩ {u < 2δ}| |B2 ∩ {u � 1}| ,

for some constant c ∈ (0, 1) depending only on n, s, and p. See the end of the proof
of [8, Lemma 6.3] for more details. By combining these two facts and recalling
hypothesis (2.9), we deduce that |B2 ∩ {u < 2δ}| � Cδp−1, from which (2.10)
readily follows, provided δ is small enough. ��

Since, by scaling, we may reduce ourselves to the case of R = 1, it is clear that
the joint application of Lemmata 2.7 and 2.8 leads to Lemma 2.6.

The growth lemma is the key ingredient of another important result valid for the
elements of the class DGs,p: the Harnack inequality.

Theorem 2.9 (Harnack Inequality for DGs,p) Let u ∈ DGs,p(�; d,H, λ) for
some constants d, λ � 0 and H � 1. There exists a constant C � 1, depending
on n, s, p, λ, and H , such that, if u � 0 in �, then

sup
BR(x0)

u+ Tails,p(u+; x0, R) � C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R) + R
λ+sp
p d

)

(2.11)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2.

Notice the presence of tail terms on both sides of the inequality. The one on the
right accounts for the possible negativity of u outside of � and cannot be removed,
as it was noticed by Kassmann [19] for s-harmonic functions. Conversely, the one on
the left makes the inequality stronger. To the best of our knowledge, the possibility
of including such a term was first realized by Ros-Oton and Serra [23] in the case of
the weak Harnack inequality (see the forthcoming Theorem 2.10) for supersolutions
of fully nonlinear nonlocal equations. We also mention the recent [3], by Cabré and
the author of this note, where the presence of this extra term is crucially exploited
to obtain a gradient bound for nonlocal minimal graphs.

As for the Hölder continuity result, Theorem 2.9 does not hold for the elements
of the larger class D̃Gs,p when sp < 1, in view of Proposition A.1.

To obtain Theorem 2.9, we first establish the aforementioned weak Harnack
inequality for the class DGs,p− .

Theorem 2.10 (Weak Harnack Inequality for DGs,p− ) Let u ∈ DGs,p− (�; d,H, λ)
for some d, λ � 0 andH � 1. There exist an exponent ε > 0 and a constantC � 1,
both depending only on n, s, p, λ, and H , such that, if u � 0 in �, then

(
−
∫

BR(x0)

u(x)ε dx

) 1
ε

� C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R)+ R
λ+sp
p d

)
(2.12)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2.
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For the sake of conciseness, we do not include here the proof of Theorem 2.10,
which essentially relies on a scaled version of Lemma 2.6 along with a Krylov-
Safonov-type covering lemma. This argument is similar to the one developed in [14,
Section 3] for classical De Giorgi classes and can be found in [8, Subsection 6.4].

Question 2 Is it possible to establish a weak Harnack inequality for functions
in DGs,p− identical in structure to those of [23, Theorem 2.2] and [3, Theorem 1.6]?
That is, does (2.12) hold with ε = 1 and with the additional term Tails,p(u+; x0, R)

added on the left-hand side, such as in (2.11)?

Next is the following result, that reduces (2.11) to the verification of the
corresponding inequality for the essential supremum of u in BR(x0) only.

Lemma 2.11 Let u ∈ DGs,p− (BR; d,H, λ) for some d, λ � 0, H � 1, and R > 0.
There is a constant C � 1, depending only on n, s, p, and H , such that, if u � 0
in BR , then

Tails,p(u+;R) � C
(

sup
BR

u+ Tails,p(u−;R)+ R
λ+sp
p d

)
.

Proof It suffices to apply inequality (2.5) with x0 = 0, r = R/2, and k = 2M ,
where we set M := supBR u + R(λ+sp)/pd . On the one hand, it is not hard to see
that

∫

BR/2

(u(x)− 2M)−

{∫

Rn

(u(y)− 2M)p−1
+

|x − y|n+sp dy

}
dx

� MRn

C

∫

Rn\BR
(u(y)− 2M)p−1

+
|y|n+sp dy � Rn−sp

{
M

C
Tails,p(u+;R)p−1 − CMp

}
,

for some constantC � 1 depending only on n, s, and p. Note that the last inequality
in the above formula is immediate for p = 2. For a general p > 1, one may deduce
it using a numerical inequality such as the one provided by [8, Lemma 4.4]—see
the beginning of the proof of [8, Theorem 6.9] for more details. On the other hand,
the right-hand side of (2.5) is controlled by CRn−sp

{
Mp +M Tails,p(u−;R)p−1

}
,

with C now depending onH as well. The lemma then plainly follows by comparing
these two expressions. ��

The full Harnack inequality of Theorem 2.9 follows by putting together Theo-
rem 2.10, (a slightly improved version of) Proposition 2.3, and Lemma 2.11. Indeed,
arguing as in [8, Subsection 6.4] and, in particular, the proof of Theorem 6.9 there,
one gets that supBR(x0)

u can be controlled by the right-hand side of (2.11). As
anticipated before, the analogous bound for the tail term on its left-hand side can
be deduced using Lemma 2.11.

We conclude the section with a comment on the stability of the results that we
just presented in the limit as s ↗ 1.



Fractional De Giorgi Classes and Applications to Regularity 289

Essentially all the estimates that we obtained can be made uniform with respect
to this limit—that is, the constants that govern them can be chosen to be independent
of s, for s bounded away from zero—, provided a couple of changes in the
definitions of fractional De Giorgi classes are carried out: one needs to replace H
withH/(1−s) in both (2.2) and (2.5), and to correct the definition of the tail term by
adding the factor (1− s) in front of the integral that appears, within round brackets,
on the right-hand side of (2.1). After these modifications, all results are uniform
as s ↗ 1 and coherent with those that are known for classical De Giorgi classes.
See [8] for the precise statements.

Such uniformity can be achieved mostly by keeping track of the dependence in s
of all the constants involved in the various results. Everything goes through with
little effort besides one point: the behavior of the constant δ in Lemma 2.8. As can
be easily checked, the proof of Lemma 2.8 is based exclusively on the estimate for
the second term on the left-hand side of (2.5), a purely nonlocal quantity that, when
multiplied by (1 − s), vanishes in the limit as s ↗ 1. As a result, the proof of
Lemma 2.8 is not uniform in s as it is. To make it uniform, one can interpolate such
proof with an argument closer in spirit to one that leads to the growth lemma for
classical De Giorgi classes, such as [17, Lemma 7.5].

A key element of the proof of this classical result is an isoperimetric-type
inequality for the level sets of functions inW 1,p due to De Giorgi [10]—see, e.g., [5]
for its statement when p = 2 and [8, Lemma 5.2] for the general case. Next is a
partial extension of this inequality to the fractional Sobolev space Ws,p, when s is
close to 1.

Proposition 2.12 Let n � 2,M > 0, and γ ∈ (0, 1). There exist two constants s̄ ∈
(0, 1) and C > 0 such that the inequality

{
|B1 ∩ {u� 0}||B1 ∩ {u� 1}|

} n−1
n �C(1− s)1/p[u]Ws,p(B1)|B1 ∩ {0 < u < 1}| p−1

p

holds true for every s ∈ [s̄, 1) and every function u ∈ Ws,p(B1) satisfying

‖u‖pLp(B1)
+ (1− s)[u]pWs,p(B1)

�M,

|B1 ∩ {u � 0}| � γ |B1| and |B1 ∩ {u � 1}| � γ |B1|.
(2.13)

The constant C depends only on n and p, while s̄ also depends onM and γ .

The proof of Proposition 2.12 presented in [8, Section 5] is by contradiction and
based on a compactness argument that relies on the aforementioned De Giorgi’s
isoperimetric inequality in the Sobolev space W 1,p . As a result, the optimal value
of s̄ is unknown, as well as its possible independence from M and γ . However, it
necessarily holds that s̄ � 1/p, due to the fact that χE ∈ Ws,p(B1) for every s ∈
(0, 1/p) and every smooth set E ⊂ B1.
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Question 3 Is it possible to obtain an inequality similar to the one of Proposi-
tion 2.12 for every function of the spaceWs,p(B1), every s ∈ [1/p, 1), and without
assuming (2.13)?

3 Applications to Minimizers of Nonlocal Functionals

In this section we present the main application of fractional De Giorgi classes,
which ultimately motivates their introduction: the Hölder regularity of minimizers
of possibly non-differentiable nonlocal functionals.

Let K : Rn ×R
n → R be a non-negative measurable function satisfying

K(x, y) = K(y, x) for a.e. x, y ∈ R
n (3.1)

and

1

#|x − y|n+sp � K(x, y) � #

|x − y|n+sp for a.e. x, y ∈ R
n, (3.2)

for some constants s ∈ (0, 1), p > 1, and # � 1. Let F : � × R → R be a
Carathéodory function and assume that

|F(x, u)| � F0 for a.e. x ∈ � and every u ∈ R, (3.3)

for some constantF0 � 0. Associated to these two functions, we consider the energy
functional E , defined on every measurable function u : Rn→ R by

E(u;�) := 1

2p

∫∫

C�

|u(x)− u(y)|p K(x, y) dxdy +
∫

�

F(x, u(x)) dx,

where C� := R
2n \ (Rn \�)2. More general kernelsK and unbounded potentials F

(with subcritical growth in u) can also be considered. For simplicity of exposition,
here we restrict ourselves to those that are allowed by hypotheses (3.1)–(3.3). We
refer the interested reader to [8] for a broader setting.

The functional E has been recently considered by several authors, since it allows
to model nonlinear phenomena that occur in the presence of long-range interactions.
Here, we are particularly interested in the case when F is not differentiable (and,
perhaps, not even continuous) in the variable u. Examples of such potentials have
been considered for instance in [6], with F(u) = χ(0,+∞)(u), and in [9], with F(u)
comparable to |1− u2|d for some d > 0.

Notice that, under the sole assumption (3.3), the functional E is not differentiable
and therefore the regularity properties of its minimizers cannot be inferred from a
Euler-Lagrange equation. Instead, we will deduce such properties directly from the
minimizing inequality, as done in [15] in the case of a local functional.
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We now specify the notion of minimizers that we take into account. To this aim,
we will say that a function u : Rn → R belongs to W

s,p(�) if u|� ∈ Lp(�) and

∫∫

C�

|u(x)− u(y)|p
|x − y|n+sp dxdy < +∞.

By (3.2) and (3.3), this is equivalent to ask that u|� ∈ Lp(�) and E(u;�) < +∞.

Definition 3.1 A function u ∈W
s,p(�) is a superminimizer of E in � if

E(u;�) � E(u+ ϕ;�) (3.4)

for every non-negative measurable function ϕ : R
n → R supported inside �.

Similarly, u is a subminimizer of E in � if (3.4) holds true for every non-positive
such ϕ. Finally, u is a minimizer of E in � if (3.4) holds for every measurable ϕ :
R
n→ R supported inside �.

It is not hard to check that u is a minimizer if and only if it is at the same time a
sub- and a superminimizer.

In the following result, we establish that minimizers of the energy functional E
belong to a fractional De Giorgi class.

Theorem 3.2 Let u ∈ L
p−1
s (Rn) ∩ W

s,p(�). There exists a constant H � 1,
depending only on n, s, p, and#, such that:

(a) if u is a superminimizer of E in �, then u ∈ DGs,p− (�;F 1/p
0 ,H, 0);

(b) if u is a subminimizer of E in �, then u ∈ DGs,p+ (�;F 1/p
0 ,H, 0);

(c) if u is a minimizer of E in �, then u ∈ DGs,p(�;F 1/p
0 ,H, 0).

For the sake of simplicity, we present the proof of Theorem 3.2 only for p = 2.
With little additional technical effort, the argument can be easily extended to the
case of a general p > 1, as shown in the proof of [8, Proposition 7.5].

Proof of Theorem 3.2 for p = 2 We only deal with point (a), since (b) is com-
pletely analogous. Clearly, (c) immediately follows from (a) and (b).

Let x0 ∈ � and 0 < r � ρ < τ � R < dist(x0, ∂�). Up to a translation, we may
suppose that x0 = 0. Let η ∈ C∞(Rn) be a cutoff function satisfying 0 � η � 1
in R

n, supp(η) ⊆ B(τ+ρ)/2, η = 1 in Bρ , and |∇η| � 4/(τ − ρ) in R
n.

For any fixed k ∈ R, let w± := (u− k)±, ϕ := ηw−, and choose v := u+ ϕ as
a competitor for u in (3.4). It holds

∫∫

CBτ

�(x, y) dμ(x, y) � 4
∫

Bτ

{
F(x, v(x))− F(x, u(x))

}
dx, (3.5)

where�(x, y) := |u(x)− u(y)|2−|v(x)− v(y)|2 and dμ(x, y) := K(x, y) dxdy.
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Now, on the one hand, by (3.3) we have that

F(x, v(x)) − F(x, u(x)) = F(x, u(x) + η(x)w−(x)) − F(x, u(x)) � 2F0 χA−(k,ρ)(x)

for every x ∈ Bρ . By this, we easily obtain an upper bound for the right-hand side
of (3.5):

∫

Bτ

{
F(x, v(x))− F(x, u(x))

}
dx � 2F0

∣∣A−(k, τ )
∣∣ . (3.6)

On the other hand, we estimate the left-hand side of (3.5) as follows. Using the
definition of w− along with Young’s inequality, we get that, for every (x, y) ∈
A−(k)× A−(k),

�(x, y) = |w−(x)−w−(y)|2 − |(1− η(x)) (w−(x)− w−(y)) − (η(x)− η(y))w−(y)|2

�
(

1− 2(1− η(x))2
)
|w−(x)− w−(y)|2 − 2 |η(x)− η(y)|2 w−(y)2.

In particular, when x ∈ A−(k) \ Bτ and y ∈ A−(k), it also holds

�(x, y) = |w−(x)−w−(y)|2 − |(w−(x)−w−(y))+ η(y)w−(y)|2
� −2η(y)w−(x)w−(y).

For (x, y) ∈ A−(k)× (
R
n \ A−(k)) we have

�(x, y) = η(x)w−(x)
(
w−(x)+ 2w+(y)+ (1− η(x))w−(x)

)

� η(x)
(
|w−(x)− w−(y)|2 + 2w−(x)w+(y)

)
.

By these inequalities, the fact that �(x, y) = 0 for x, y ∈ R
n \ A−(k),

hypotheses (3.1)–(3.2) on the kernel K , and the properties of the cutoff η, it is not
hard to conclude that

∫∫

CBτ

�(x, y) dμ(x, y) � 1

C

{
[w−]2Hs (Bρ) +

∫

Bρ

w−(x)
{∫

Rn

w+(y)
|x − y|n+2s

dy

}
dx

}

− C
{∫∫

B2
τ \B2

ρ

|w−(x) − w−(y)|2
|x − y|n+2s dxdy

+ R2−2s

(τ − ρ)2 ‖w−‖
2
L2(BR)

+ Rn+2s

(τ − ρ)n+2s
‖w−‖L1(BR)

Tails,2(w−; r)
}

for some constant C � 1 depending only on n, s, p, and#.
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By putting together the last estimate, (3.6), and (3.5), and applying Widman’s
hole-filling technique (with respect to the term [w−]2Hs(Bρ)), we obtain

[w−]2Hs(Bρ ) +
∫

Bρ

w−(x)
{∫

Rn

w+(y)
|x − y|n+2s dy

}
dx � γ

{
[w−]2Hs(Bτ )

+ F0
∣∣A−(k,R)

∣∣+ R2−2s

(τ − ρ)2 ‖w−‖
2
L2(BR)

+ Rn+2s

(τ − ρ)n+2s ‖w−‖L1(BR)
Tails,2(w−; r)

}

for some constant γ ∈ (0, 1) depending only on n, s, p, and #. From this
and a simple iteration lemma (see, e.g., [8, Lemma 4.11]) it follows that u ∈
DGs,p− (�;F 1/p

0 ,H, 0) for some H � 1 depending only on n, s, p, and#. ��
Notice that an important role in the above proof is played by the so-called hole-

filling technique of Widman [26], that we applied to the Gagliardo seminorm of the
space Hs . The same trick was used in [15] to deduce Caccioppoli inequalities for
minimizers of energies with gradient structure. For integro-differential equations, it
has been recently employed in [24].

By combining Theorem 3.2 with Theorems 2.2 and 2.5 of Sect. 2, we deduce the
Hölder continuity of minimizers of E .

Corollary 3.3 (Hölder Continuity of Minimizers) Let u ∈ Lp−1
s (Rn)∩W

s,p(�)

be a minimizer of E in�. Then, u ∈ Cαloc(�) for some exponent α ∈ (0, 1) and there
exists a constant C � 1 such that

‖u‖L∞(BR(x0)) + Rα[u]Cα(BR(x0)) � C
(‖u‖Lp(B2R(x0))

Rn/p
+ Tails,p(u; x0, R)+ RsF 1/p

0

)

for every point x0 ∈ � and radius 0 < R < dist(x0, ∂�)/2. The constants α and C
depend only on n, s, p, and#.

Similarly, by Theorems 2.9, 2.10, and 3.2, non-negative minimizers of E satisfies
the following Harnack-type inequalities.

Corollary 3.4 (Harnack Inequalities for Minimizers) Let u ∈ L
p−1
s (Rn) ∩

W
s,p(�) with u � 0 in �. The following statements hold true:

(a) if u is a superminimizer of E in �, then there exist an exponent ε > 0 and a
constant C � 1, both depending only on n, s, p, and#, such that

(
−
∫

BR(x0)

u(x)ε dx

) 1
ε

� C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R)+ RsF 1/p
0

)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2;
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(b) if u is a minimizer of E in�, then there exists a constantC � 1, only depending
on n, s, p, and#, such that

sup
BR(x0)

u+ Tails,p(u+; x0, R) � C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R) + RsF 1/p
0

)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2.

4 Applications to Solutions of Nonlocal Equations

Another application of fractional De Giorgi classes is represented by the regularity
results that will be discussed in this section, concerning weak solutions of equations
driven by nonlocal operators.

LetK be a kernel satisfying (3.1) and (3.2), for some s ∈ (0, 1), p > 1, and# �
1. We introduce the nonlinear and nonlocal operator L = LK,p as formally defined
on a measurable function u : Rn → R and at a point x ∈ R

n by

Lu(x) := P.V.
∫

Rn

|u(x)− u(y)|p−2(u(x)− u(y))K(x, y) dy

= lim
δ↘0

∫

Rn\Bδ(x)
|u(x)− u(y)|p−2(u(x)− u(y))K(x, y) dy.

Also, let f ∈ L∞(�) and f0 � ‖f ‖L∞(�) be given.
Throughout the section, we will consider (sub-/super-)solutions of the equation

Lu = f in �, (4.1)

defined in the following weak sense.

Definition 4.1 A function u ∈W
s,p(�) is a weak supersolution of (4.1) if

1

2

∫

Rn

∫

Rn
|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x)− ϕ(y))K(x, y) dxdy �

∫

Rn
f (x)ϕ(x) dx

for every non-negative function ϕ ∈ Ws,p(Rn) supported inside�. Conversely, u is
a weak subsolution of (4.1) if the reverse inequality holds for every such ϕ. Finally, u
is a weak solution of (4.1) if

1

2

∫

Rn

∫

Rn
|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x)− ϕ(y))K(x, y) dxdy =

∫

Rn
f (x)ϕ(x) dx
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for every ϕ ∈ Ws,p(Rn) supported inside �.

Note that, if F = F(x, u) is a differentiable function in the variable u, the
minimizers of the energy E considered in Sect. 3 are weak solutions of (4.1),
with f = −Fu(·, u). As for those minimizers, solutions of equations driven by
the operator L are contained in a fractional De Giorgi class. This is the content of
the next result.

Theorem 4.2 Let u ∈ L
p−1
s (Rn) ∩ W

s,p(�). There exists a constant H � 1,
depending only on n, s, p, and#, such that:

(a) if u is a weak supersolution of (4.1), then u ∈ DGs,p− (�; f 1/(p−1)
0 ,H, sp/(p −

1));
(b) if u is a weak subsolution of (4.1), then u ∈ DGs,p+ (�; f 1/(p−1)

0 ,H, sp/(p −
1));

(c) if u is a weak solution of (4.1), then u ∈ DGs,p(�; f 1/(p−1)
0 ,H, sp/(p − 1));

Theorem 4.2 can be proved through a strategy analogous to Theorem 3.2. We
omit the details for brevity and refer the interested reader to [8, Section 8].

By putting together this result with Theorems 2.2 and 2.5, we are able to deduce
the Hölder regularity of weak solutions to (4.1).

Corollary 4.3 (Hölder Continuity of Solutions) Let u ∈ Lp−1
s (Rn)∩Ws,p(�) be

a weak solution of (4.1). Then, u ∈ Cαloc(�) for some exponent α ∈ (0, 1) and there
exists a constant C � 1 such that

‖u‖L∞(BR(x0)) + Rα[u]Cα (BR(x0)) � C
(‖u‖Lp(B2R(x0))

Rn/p
+ Tails,p(u; x0, R)+ R

sp
p−1 f

1/(p−1)
0

)

for every x0 ∈ � and every 0 < R < dist(x0, ∂�)/2. The constants α and C only
depend on n, s, p, and#.

When p = 2, the Cα character of solutions to (4.1) is well-known—see, e.g.,
Silvestre [25] and Kassmann [18]. For a general p > 1, such regularity has been
obtained by Di Castro et al. [12] in the case of L-harmonic functions, i.e., when f ≡
0. To the best of our knowledge, Corollary 4.3—appeared in [8] as Theorem 2.4—is
the first result establishing Hölder estimates for solutions of (4.1) when p 	= 2 and
in the presence of a non-vanishing right-hand side f . See also the very recent [2]
for almost sharp results when p � 2 and s < (p − 1)/p.

Taking advantage of Theorems 2.9 and 2.10, we also have the following Harnack
inequalities.

Corollary 4.4 (Harnack Inequalities for Solutions) Let u ∈ L
p−1
s (Rn) ∩

W
s,p(�) with u � 0 in �. The following statements hold true:
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(a) if u is a weak supersolution of (4.1), then there exist an exponent ε > 0 and a
constant C � 1, both depending only on n, s, p, and#, such that

(
−
∫

BR(x0)

u(x)ε dx

) 1
ε

� C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R)+ R
sp
p−1 f

1/(p−1)
0

)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2;
(b) if u is a weak solution of (4.1), then there exists a constant C � 1, only

depending on n, s, p, and #, such that

sup
BR(x0)

u+ Tails,p(u+; x0, R) � C
(

inf
BR(x0)

u+ Tails,p(u−; x0, R)+ R
sp
p−1 f

1/(p−1)
0

)

for every x0 ∈ � and 0 < R < dist(x0, ∂�)/2.

Similar Harnack inequalities appeared in [19], for p = 2, and in [11], with a
general p > 1 but with f = 0.

Appendix A: An Explicit Example

It is easy to see that the characteristic function of a sufficiently smooth subset E
of Rn is contained in the fractional Sobolev space Ws,p, provided sp < 1. In this
appendix we show that, in dimension n = 1 and under this assumption on s and p,
a step function may also belong to a weak fractional De Giorgi class D̃Gs,p—
but never to a strong class DGs,p. From this, it follows that the Cα estimates
of Theorem 2.5 and the Harnack inequality of Theorem 2.9—both valid for the
elements of the smaller class DGs,p—cannot be extended to D̃Gs,p.

Proposition A.1 Let n = 1 and sp < 1. Then,

χ(0,+∞) ∈ D̃Gs,p((−1, 1); 0,H, 0) (A.1)

for some constantH � 1. Furthermore,

χ(0,+∞) /∈ DGs,p− ((−1, 1); d,H, λ) (A.2)

for every d, λ � 0 and H � 1.

Proof We begin by showing that (A.1) holds true. We only check that u :=
χ(0,+∞) belongs to the class D̃Gs,p− , as the verification of its inclusion in D̃Gs,p+
is analogous.

Fix any x0 ∈ (−1, 1), 0 < r < R < 1 − |x0|, and k ∈ R. In order to check
the validity of the inequality defining D̃Gs,p− , we clearly can restrict ourselves to
considering the case of k > 0, since otherwise (u−k)− ≡ 0. For shortness, we only
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deal with k ∈ (0, 1], the case k > 1 being similar. We first estimate from above the
left-hand side of (2.2):

[(u− k)−]pWs,p((x0−r,x0+r)) =
∫ x0+r

x0−r

∫ x0+r

x0−r
|(u(x)− k)− − (u(y)− k)−|p

|x − y|1+sp dxdy

= 2kpχ(|x0|,+∞)(r)
∫ 0

x0−r

∫ x0+r

0

dxdy

|x − y|1+sp

� 2(r − |x0|)1−sp+ kp

sp(1− sp) .

(A.3)

In view of this, it suffices to estimate from below the right-hand side of (2.2)
when r > |x0|. In this case, also R > |x0| and therefore such right-hand side is
larger than

H
R(1−s)p
(R − r)p ‖(u− k)−‖

p
Lp(x0−R,x0+R) = H

R(1−s)p
(R − r)p k

p

∫ 0

x0−R
dx�H(R − |x0|)1−spkp.

As R > r , the latter quantity controls the one appearing on the last line of (A.3),
provided H is sufficiently large (in dependence of s and p only). Consequently, u
belongs to the class D̃Gs,p− ((−1, 1); 0,H, 0).

We now turn our attention to (A.2). We point out that, arguing by contradiction,
its validity could be inferred from Theorem 2.10. Nevertheless, we present here a
proof of it based on a direct computation, for we show that inequality (2.5) does not
hold when x0 = 0 and R = 2r , with k, r > 0 suitably small. Indeed, under these
assumptions the left-hand side of (2.5) is larger than

∫ r

−r
(u(x)− k)−

{∫

R

(u(y)− k)p−1
+

|x − y|1+sp dy

}
dx �

∫ 0

−r
k

{∫ x+r

0

(1− k)p−1

(y − x)1+sp dy
}
dx

= r1−spk(1− k)p−1

1− sp .

On the other hand, it is easy to check that the right-hand side of (2.5) is bounded
above by CH(r1+λdp + r1−spkp), for some constant C � 1 depending only on s
and p. By taking r and k smaller and smaller (but positive), it follows that the
latter quantity cannot control the one displayed above, no matter how large H is.
Hence, (A.2) holds true. ��
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Harnack and Pointwise Estimates
for Degenerate or Singular Parabolic
Equations

Fatma Gamze Düzgün, Sunra Mosconi, and Vincenzo Vespri

Abstract In this paper we give both a historical and technical overview of the
theory of Harnack inequalities for nonlinear parabolic equations in divergence form.
We start reviewing the elliptic case with some of its variants and geometrical
consequences. The linear parabolic Harnack inequality of Moser is discussed
extensively, together with its link to two-sided kernel estimates and to the Li-Yau
differential Harnack inequality. Then we overview the more recent developments of
the theory for nonlinear degenerate/singular equations, highlighting the differences
with the quadratic case and introducing the so-called intrinsic Harnack inequalities.
Finally, we provide complete proofs of the Harnack inequalities in some paramount
case to introduce the reader to the expansion of positivity method.
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1 Introduction

Generally speaking, given a class C of nonnegative functions defined on a set �, a
Harnack inequality is a pointwise control of the form u(x) ≤ C u(y) for all u ∈ C
(with a constant independent of u) where the inequality holds for x ∈ X ⊆ � and
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y ∈ Y ⊆ �, (X, Y ) belonging to a certain family F determined by C. Thus it takes
the form

∃ C = C(C,F) such that sup
X

u ≤ C inf
Y
u ∀ (X, Y ) ∈ F , u ∈ C. (1.1)

Given C, one is ideally interested in maximal families F . In this respect, certain
properties of maximal families are immediate, e.g., ifX′ ⊆ X and (X, Y ) ∈ F , then
(X′, Y ) ∈ F . The so-called Harnack chain argument consists in the elementary
observation that if both (X, Y ) and (Y ′, Z) belong to F and y0 ∈ Y ∩ Y ′ 	= ∅, then

sup
X

u ≤ C inf
Y
u ≤ C u(y0) ≤ C sup

Y ′
u ≤ C2 inf

Z
u,

hence we can add all such couples (X,Z) to F by considering the constant
C2. Other properties of F follow from the structure of C: if, for instance, C is
invariant by a suitable semi-group {�λ}λ>0 of domain transformations (meaning
that u ∈ C ⇒ u ◦ �λ ∈ C for all λ > 0), then F should also exhibits this
invariance.

Formally, to a larger class C corresponds a smaller family F and the more
powerful Harnack inequalities aim at “maximize” the two sets at once. Typically,
C is the set of nonnegative solutions to certain classes of PDE in an ambient
metric space � and F should at least cluster near each point of � (i.e. ∀P ∈
�, r > 0 there exists (X, Y ) ∈ F such that both X and Y lie in the ball of
center P and radius r). Another example is the class of ratios of nonnegative
harmonic functions vanishing on the same set, giving rise to the so-called boundary
Harnack inequalities. Given C, searching for a suitable maximal family F such
that (1.1) holds, informally takes the name of finding the right form of the Harnack
inequality in C. Rich examples of such instance arise in the theory of hypoelliptic
PDE’s.

Historically, the first of such pointwise control was proved by Harnack in
1887 for the class C of nonnegative harmonic functions in a domain � ⊆
R

2, with F being made of couples of identical balls well contained in �.
Since then, extensions and variants of the Harnack inequality grew steadily in
the mathematical literature, with plentiful applications in PDE and differential
geometry. Correspondingly, its proof in the various settings has been obtained
through many different points of view. To mention a few: the original potential
theoretic approach, the measure-theoretical approach of Moser [70], the proba-
bilistic one of Krylov-Safonov [58] and the differential approach of Li and Yau
[65].

Many very good books and surveys on the Harnack inequality already exist
(see e.g. [54]) and we are thus forced to justify the novelty of this one. Our
main focus will be the quest for the right form F of various Harnack inequalities
and, to this end, we will mainly deal with parabolic ones, which naturally exhibit
a richer structure. Even restricting the theme to the parabolic setting requires a
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further choice, as the theory naturally splits into two large branches: one can
either consider divergence form (or variational) equations, whose basic linear
example is ut = div(A(x)Du), or equations in non-divergence form (or non-
variational), such as ut = A(x) · D2u. While some attempts to build a unified
approach to the Harnack inequality has been made (see [36]), structural differences
seem unavoidable. Moreover, both examples have nonlinear counterparts and the
corresponding theories rapidly diverge. We will deal with parabolic nonlinear
equations in divergence form, referring to the surveys [49, 57] for the non-
divergence theory.

Rather than simply collecting known result to describe the state of the art, we
aim at giving both a historical and technical overview on the subject, with emphasis
on the different proofs and approaches to the subject.

The first part, consisting in Sects. 2–4, will focus on the various form of (1.1),
mentioning some applications and giving from time to time proofs of well-known
facts which we found somehow hard to track in the literature. In particular,
we will deal with the elliptic case in Sect. 2, with the linear parabolic Harnack
inequality in Sect. 3 and with the singular and degenerate parabolic setting in Sect. 4.
Here we will describe the so-called intrinsic Harnack inequalities, by which we
mean a generalization of (1.1) where the sets X and Y also depend on u (or,
equivalently, (1.1) holds in a restricted class C determined by non-homogeneous
scalings).

The second part consists of the final and longest section, which is devoted to
detailed proofs of the most relevant Harnack inequalities for equations in divergence
form. Our aim is to obtain the elliptic and parabolic Harnack inequalities in a unified
way, following the measure-theoretical approach of De Giorgi to regularity and
departing from Moser’s one. This roadmap has been explored before (see [67] for an
axiomatic treatment), but we push it further to gather what we believe are the most
simple proofs of the Harnack inequalities up to date. Credits to the main ideas and
techniques should be given to the original De Giorgi paper [18], the book of Landis
[63] and the work of Di Benedetto and collaborators gathered in the monograph
[31]. We will focus on model problems rather than on generality in the hope to
make the proofs more transparent and attract non-experts to this fascinating research
field.

2 Elliptic Harnack Inequality

2.1 Original Harnack

In 1887, the german mathematician C.G. Axel von Harnack proved the following
result in [47].
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Theorem 2.1 Let u be a nonnegative harmonic function in BR(x0) ⊆ R
2. Then for

all x ∈ Br(x0) ⊂ BR(x0) it holds

R − r
R + r u(x0) ≤ u(x) ≤ R + r

R − r u(x0).

The estimate can be generalized to any dimension N ≥ 1 through the Poisson
representation formula, resulting in

(
R

R + r
)N−2

R − r
R + r u(x0) ≤ u(x) ≤

(
R

R − r
)N−2

R + r
R − r u(x0), (2.1)

and the constants can be seen to be optimal by looking at the solutions un of
the Dirichlet problem on the ball BR with boundary data ϕn → δx0 , |x0| = R.
However, the modern version of the Harnack inequality for harmonic functions is
the following special case of the previous one.

Theorem 2.2 Let N ≥ 1. Then there exists a constant C = C(N) > 1, such that if
u is a nonnegative, harmonic function in B2r (x0), then

sup
Br(x0)

u ≤ C inf
Br(x0)

u. (2.2)

The proof of this latter form of the Harnack inequality is an easy consequence
of the mean value theorem. For the early historical developments related to the first
Harnack inequality we refer to the survey [54].

The Harnack inequality has several deep and powerful consequences. On the
local side, Harnack himself in [47] derived from it a precisely quantified oscillation
estimate. Due to the ubiquity of this argument we recall its elementary proof. Let
x0 = 0 and

Mr(u) = sup
Br

u, mr(u) = inf
Br
u, osc(u, Br) = Mr(u)−mr(u).

Both M2r (u) − u and u − m2r (u) are nonnegative and harmonic in B2r , so (2.2)
holds for them, resulting in

M2r (u)−mr(u) ≤ C(M2r (u)−Mr(u)), Mr(u)−m2r(u) ≤ C(mr(u)−m2r(u)),

which added together give

M2r (u)−m2r (u)+Mr(u)−mr(u) ≤ C
(
M2r (u)−m2r (u)− (Mr(u)−mr(u))

)
.
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Rearranging, we obtain

osc(u, Br) ≤ C − 1

C + 1
osc(u, B2r ),

which is the claimed quantitive estimate of decrease in oscillation.
Removable singularity results can also be obtained through the Harnack inequal-

ity, as well as two classical convergence criterions for sequences of harmonic
functions. At the global level, it implies Liouville and Picard type theorems. For
example, Liouville’s theorem asserts that any globally defined harmonic function
bounded from below must be constant, as can be clearly seen by applying (2.2) to
u− infRN u and letting r →+∞.

2.2 Modern Developments

In his celebrated paper [18], De Giorgi introduced the measure theoretical approach
to regularity, proving the local Hölder continuity of weak solutions of linear elliptic
equations in divergence form

L(u) :=
N∑

i,j=1

Di(aij (x)Dju) = 0 (2.3)

with merely measurable, symmetric coefficients satisfying the ellipticity condition

λ|ξ |2 ≤
N∑

i,j=1

aij (x)ξiξj ≤ #|ξ |2, 0 < λ ≤ # < +∞. (2.4)

The modern regularity theory descending from his ideas is a vast field and the
relevant literature is huge. We refer to [69] for a general overview and bibliographic
references; the monograph [43] contains the regularity theory of quasi-minima,
while for systems one should see [61] and the literature therein.

Regarding the Harnack inequality, Moser extended in his fundamental work [70]
its validity to solutions of (2.3).

Theorem 2.3 Suppose u ≥ 0 solves (2.3) in a ball B2r (x0) where (2.4) holds. Then
there exists a constant C > 1 depending only on N and the ellipticity ratio #/λ
such that

sup
Br(x0)

u ≤ C inf
Br(x0)

u.
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Moser’s proof is also measure-theoretical, stemming from the De Giorgi
approach but introducing pioneering new ideas. It relied on the John-Nirenberg
Lemma [51] and certainly contributed to its diffusion in the mathematical
community. Such a level of generality allowed to apply essentially the same
technique for the general quasilinear equation

divA(x, u,Du) = 0. (2.5)

Indeed, in [81, 86], the same statement of the Harnack inequality has been proved
for (2.5) instead of the linear equation (2.3), provided A satisfies for some p > 1
and# ≥ λ > 0 the ellipticity condition

{
A(x, s, z) · z ≥ λ|z|p
|A(x, s, z)| ≤ #|z|p−1

x ∈ B2r (x0), s ∈ R, z ∈ R
N. (2.6)

The power of the measure-theoretical approach was then fully exploited in [25],
where the Harnack inequality has been deduced without any reference to an elliptic
equation, proving that it is a consequence of very general energy estimates of
Caccioppoli type, encoded in what are the nowadays called De Giorgi classes. For
a comprehensive treatment of the latters see [23].

2.3 Moser’s Proof and Weak Harnack Inequalities

Moser’s proof of the Harnack inequality is splitted in two steps:

(I) Lp − L∞ bound:
Let u be a nonnegative subsolution of (2.3) in B2r , i.e., u obeys −L(u) ≤ 0
weakly (supersolutions being defined through the opposite inequality). For any
p > 0 it holds

sup
Br

u ≤ C
(
−
∫

B2r

|u|p dx
) 1
p

(2.7)

for some constant C = C(N,#/λ, p). If on the other hand u is a positive
supersolution, then u−1 is a positive subsolution, and (2.7) can be rewritten
as

inf
Br
u ≥ C−1

(
−
∫

B2r

u−p dx
)− 1

p

.



Harnack Estimates 307

(II) Crossover Lemma. The Harnack inequality then follows if one has

−
∫

Br

up̄ dx−
∫

Br

u−p̄ dx ≤ C(N) (2.8)

for some (small) p̄ = p̄(N,#, λ) > 0. This is the most delicate part
of Moser’s approach, and is dealt with the so-called logarithmic estimate.
The idea is to prove a universal bound on logu, as suggested by the Har-
nack inequality itself. To this end, consider a ball B2ρ(x0) ⊆ B2r and test
the equation with u−1η2, η being a cutoff function in C∞c (B2ρ(x0)). This
yields

λ

∫

B2ρ(x0)

|Du|2u−2η2 dx ≤ 2#
∫

B2ρ(x0)

|Du| u−1 |η| |Dη| dx

with λ,# given in (2.4). Apply Young inequality on the right and note that we
can assume |Dη| ≤ c ρ−1 to get

−
∫

Bρ(x0)

|D logu|2 dx ≤ C(#/λ) ρ−2 (2.9)

as long as η ≡ 1 in Bρ(x0). The Poincaré inequality then implies

−
∫

Bρ(x0)

(
logu−−

∫

Bρ(x0)

logu dx
)2
dx ≤ C(N,#/λ), for all B2ρ(x0) ⊆ B2r ,

which means that logu ∈ BMO(B2r ). Then John-Nirenberg’s Lemma
ensures

−
∫

Br

ep̄ |w| dx ≤ c, w = logu−m, m = −
∫

Br

logu dx

for some small p̄ = p̄(N,#) > 0 and c = c(N), and inequality (2.8) follows by
multiplying

−
∫

Br

up̄ dx = ep̄ m−
∫

Br

ep̄ w dx ≤ c ep̄ m and −
∫

Br

u−p̄ dx = e−p̄ m−
∫

Br

e−p̄ w dx ≤ c e−p̄ m.

In particular, Moser’s proof shows that a weaker form of Harnack inequality
holds for the larger class of non-negative supersolutions to (2.3) in B2r . Namely, the
following weak Harnack inequality holds

(
−
∫

B2r

up dx

) 1
p ≤ C inf

Br
u, for any p ∈ ]

0,
N

N − 2

[
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for some constantC = C(N,#/λ, p). The range of exponents in the weak Harnack
inequality is optimal, as the fundamental solution for the Laplacian shows. Notice
that the L∞ − Lp bound also implies an Lp-Liouville theorem, as letting r →
+∞ in (2.7) shows that 0 is the only nonnegative solution globally in Lp(RN).
On the other hand, the previous weak Harnack inequality gives a lower asymptotic
estimate for positive Lploc(R

N) supersolutions of the form infBr u � r−N/p for r →
+∞. From the local point of view, the weak form of the Harnack inequality is also
sufficient for the Hölder regularity and for strong comparison principles.

A different and detailed proof of the elliptic Harnack inequality via the expansion
of positivity technique will be given in Sect. 5.1.

2.4 Harnack Inequality on Minimal Surfaces

After considering the Harnack inequality for nonlinear operator, a very fruitful
framework was to consider its validity for linear elliptic operators defined on
nonlinear ambient spaces, such as Riemannian manifolds. One of the first examples
of this approach was the Bombieri–De Giorgi–Miranda gradient bound [10] for
solutions of the minimal surface equation

div

(
Du√

1+ |Du|2

)
= 0. (2.10)

The approach of [10], later simplified in [88], consisted in showing that w =
log

√
1+ |Du|2 is a subsolution of the Laplace-Beltrami operator naturally defined

on the graph of u considered as a Riemannian manifold. Since a Sobolev-Poincaré
inequality can be proved for minimal graphs (see [68] for a refinement to smooth
minimal submanifolds), the Moser iteration yields an L∞ − L1 bound on w which
is the core of the proof.

Another realm of application of the Harnack inequality are Bernstein theorem,
i.e. Liouville type theorem for the minimal surface equation (2.10). More precisely
Bernstein’s theorem asserts that any entire solution to (2.10) in R

2 is affine. This
statement is known to be true in all dimension N ≤ 7 and false from N = 8
onwards. One of the first applications in [70] of Moser’s (Euclidean) Harnack
inequality was to show that if in addition u has bounded gradient, the Bernstein
statement holds true in any dimension. Indeed, one can differentiate (2.10) with
respect to xi , giving a nonlinear equation which however can be seen as linear in uxi
with freezed coefficients. It turns out that if |Du| is bounded then the coefficients
are elliptic and the Liouville property gives the conclusion.

The approach of [10] was pushed forward in [9], where a pure Harnack inequality
was shown for general linear operators on minimal graphs. Taking advantage of
their Harnack inequality, Bombieri and Giusti proved that if N − 1 derivatives of a
solution to (2.10) are bounded, then also the N-th one is bounded, thus ensuring the
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Bernstein statement in any dimension thanks to the Moser result. See also [35] for
a direct proof of this fact using the Harnack inequality on minimal graph alone.

For other applications of the Harnack inequality on minimal graphs, see [16].

2.5 Differential Harnack Inequality

A natural way to look at the Harnack estimate u(x) ≤ C u(y) is to rewrite it as

logu(x)− logu(y) ≤ logC = C′, for all x, y ∈ Br
as long as u > 0 in B2r . If one considers smooth functions (such as solutions
to smooth elliptic equations), a way to prove the latter would be to look at it as
a gradient bound on logu. More concretely, it is a classical fact that harmonic
functions in B2r (x0) satisfy the gradient estimate

|Du(x0)| ≤ C(N)
supBr(x0)

|u|
r

,

therefore Harnack’s inequality implies that

u ≥ 0 in Br(x0) ⇒ |Du(x0)| ≤ C(N)u(x0)

r
.

This can be rewritten in the following form:

Theorem 2.4 (Differential Harnack Inequality) Let u > 0 be harmonic in
Br(x0) ⊆ R

N . Then

|D logu(x0)| ≤ C(N)
r
. (2.11)

Inequality (2.11) can be seen as the pointwise version of the integral esti-
mate (2.9) and as such it can be integrated back along segments, to give the original
Harnack inequality. The differential form (2.11) of the Harnack inequality clearly
requires much more regularity than the Moser’s one, however, it was proved to
hold in the Riemannian setting for the Laplace-Beltrami equation in the ground-
breaking works [16, 94], under the assumption of non-negative Ricci curvature
for the manifold. To appreciate the result, notice that all proofs of the Harnack
inequality known at the time required a global Sobolev inequality, which is known
to be false in general under the Ric ≥ 0 assumption alone.

The elliptic Harnack inequality in the Riemannian setting proved in [94] (and,
even more importantly, its parabolic version proved soon after in [65]) again implies
the Liouville property for semi-bounded harmonic functions and it was one of the
pillars on which modern geometric analysis grew. See for example the survey article
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[64] for recent results on the relationship between Liouville-type theorems and
geometric aspects of the underlying manifold. The book [73] gives an in-depth
exposition of the technique of differential Harnack inequalities in the framework
of Ricci flow, culminating in Perelman differential Harnack inequality.

2.6 Beyond Smooth Manifolds

Clearly, the differential approach to the Harnack inequality is restricted to the
Laplace-Beltrami operator, due to its smoothness and its close relationship with
Ricci curvature given by the Bochner identity

�u = 0 ⇒ �
|Du|2

2
= |D2u|2 + Ric(Du,Du).

It was only after the works [44, 78] that a different approach to Moser’s Harnack
inequality on manifolds was found.1 Essentially, it was realized that in order to
obtain the Harnack inequality on a Riemannian manifold (M, g)with corresponding
volume formm and geodesic distance, two ingredients suffice:

– Doubling condition: m
(
B2r (x0)

) ≤ Cm(
Br(x0)

)

– Poincaré inequality:
∫

Br (x0)

∣∣∣u−−
∫

Br (x0)

u dm

∣∣∣
2
dm ≤ C

∫

Br (x0)

|Du|2 dm
(2.12)

for any x0 ∈ M and r > 0. These two properties hold in any Riemannian
manifold with nonnegative Ricci curvature, thus giving a Moser-theoretic approach
to the Harnack inequality in this framework. What’s more relevant here is that
Doubling and Poincaré are stable with respect to quasi-isometries (i.e. bilipschitz
homeomorphisms) and thus can hold in non-smooth manifolds, manifolds where
Ric ≥ 0 does not hold (since curvature is not preserved through quasi-isometries),
and/or for merely measurable coefficients elliptic operators. It is worth mentioning
that Doubling and Poincaré were also shown in [17] to be sufficient conditions
for the solution of Yau’s conjecture on the finite-dimensionality of the space of
harmonic functions of polynomial growth.

It was a long standing problem to give geometric conditions which are actually
equivalent to the validity of the elliptic Harnack inequality, and thus to establish
the stability of the latter with respect to quasi (or even rough) isometries. This

1Actually, to a parabolic version of the Harnack inequality, which readily implies the elliptic one.
For further details see the discussion on the parabolic Harnack inequality below and for a nice
historical overview on the subject see [80, Section 5.5].



Harnack Estimates 311

problem has recently been settled in [6], to which we refer the interested reader
for bibliographic reference and discussion.

3 Parabolic Harnack Inequality

3.1 Original Parabolic Harnack

Looking at the fundamental solution for the heat equation

ut −�u = 0,

one finds out that there is no hope to prove a straightforward generalization of the
Harnack inequality (2.2). In the stationary case, ellipticity is preserved by spatial
homotheties and translations, thus the corresponding Harnack inequality turns out to
be scale and translation invariant. For the heat equation, the natural scaling (x, t) �→
(λx, λ2t) preserves the equation and one expects a parabolic Harnack inequality to
obey this invariance. In order to guess its form it is useful to look at the special
caloric function w(x, t) = t−1/2e−x2/t defined on R× ]0,+∞[. Given two times
t1, t2 > 0 and ξ ≥ 0, one easily computes

sup
x∈Br(ξ)

w(x, t1) = t−
1
2

1 e
− (ξ−r)

2+
t1 , inf

x∈Br(ξ)
w(x, t2) = t−

1
2

2 e
− (ξ+r)2t2 .

In order for the latters to be comparable for all large r and ξ = 0, it must hold
t1 � t2 � r2. Moreover, t1 = t2 = r2 won’t do when we choose ξ = k r with
k → +∞, so that the control must happen at different times. Even if t �→ t−1/2 is
decreasing while t �→ e−x2/t is increasing, a growth rate argument suggests that, in
order for a Harnack inequality to hold, one must require t1 < t2. Indeed, setting

w̃(x, t) =
{
w(x, t) if x > 0, t > 0

0 if x > 0, t ≤ 0

also gives a solution on the half-space ]0,+∞[×R, vanishing for t ≤ 0. Thus we
see that the supremum at a certain time can only be controlled by the infimum at
later times.

The explicit parabolic form of the Harnack inequality was found and proved
independently by Pini and Hadamard in [45, 75] and reads as follows.

Theorem 3.1 Let u ≥ 0 be a solution of the heat equation in B2ρ(x0) × [t0 −
4ρ2, t0+4ρ2]. Then there exists a constantC(N), N being the dimension, such that

sup
Bρ(x0)

u(·, t0 − ρ2) ≤ C(N) inf
Bρ(x0)

u(·, t0 + ρ2). (3.1)
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As expected, this form of the Harnack’s inequality complies with the scaling
of the equation and introduces the notion of waiting time for a pointwise control
to hold. It represents a quantitative bound from below on how much the positivity
of u(x0, t0) (physically, the temperature of a body at a certain point) propagates
forward in time: in order to have such a bound in a whole ball of radius r we have
to wait a time proportional to r2.

Another way of expressing this propagation for a nonnegative solution on
B2
√
T (x0) × [0, 4T ] is the following, which, up to numerical factors is equivalent

to (3.1),

C inf
P+T (x0)

u ≥ u(x0, 2T ) ≥ C−1 sup
P−T (x0)

u, (3.2)

where P±T (x0) are the part of the forward (resp. backward) space-time paraboloid
with vertex (x0, 2T ) in B√

T
(x0)× [T , 3T ] (see Fig. 1):

P+T (x0) = {(x, t) : T−t0 ≥ t−t0 ≥ |x−x0|2}, P−T (x0) = {(x, t) : t0−T ≥ t0−t ≥ |x−x0|2}.

t

x

P+
T

P−
T

2T

x0

4T

2
√

T

u > 0

Fig. 1 Representation of (3.2): assuming u > 0 in the boxed region, the dark grey area is P+T
where u is bounded below by u(x0, 2T ), while the light grey one is P T+ where u is bounded above
by u(x0, 2T )
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A consequence of the parabolic Harnack inequality is the following form of the
strong maximum principle. We sketch a proof here since this argument will play a
rôle in the discussion of the Harnack inequality for nonlinear equations.

Corollary 3.2 (Parabolic Strong Minimum Principle) Let u ≥ 0 be a solution of
the heat equation in � × [0, T ], where � is connected, and suppose u(x0, t0) = 0
for some x0 ∈ � and t0 ∈ ]0, T [. Then u ≡ 0 in �× [0, t0].
Proof (Sketch) Pick (x1, t1) ∈ �× ]0, t0[ and join it to (x0, t0) with a smooth
curve γ : [0, 1] → �× ]0, t0] such that γ ′ always has positive t-component. By
compactness there is δ > 0 and a small forward parabolic sector P+ε = {ε ≥ t ≥
|x|2} such that: 1) γ (σ) ∈ γ (τ) + P+ε for all σ ∈ [τ, τ + δ] and 2) the Harnack
inequality holds in the form (3.2) for all s ∈ [0, 1], i.e.

u(γ (s)) ≤ inf
γ (s)+P+ε

u.

These two properties and u(γ (1)) = 0 readily imply u ◦ γ ≡ 0. ��

3.2 The Linear Case with Coefficients

In the seminal paper [74] on the Hölder regularity of solutions to parabolic equations
with measurable coefficients, Nash already mentioned the possibility to obtain a
parabolic Harnack inequality through his techniques. However, the first one to
actually prove it was again Moser, who in [71] extended the Harnack inequality
to linear parabolic equations of the form

ut =
N∑

j,i=1

Di(aij (x, t)Dju). (3.3)

Theorem 3.3 (Moser) Let u be a positive weak solution of (3.3) in B2r × [0, T ],
where aij are measurable and satisfy the ellipticity condition (2.4) for all t ∈ [0, T ].
For any 0 < t−1 < t−2 < t+1 < t+2 < T define (see Fig. 2)

C− := Br × [t−1 , t−2 ], C+ := Br × [t+1 , t+2 ].

Then it holds

sup
C−
u ≤ C(N,#, λ, t±1,2) inf

C+
u, (3.4)

with a constant which is bounded as long as t+1 − t−2 is bounded away from 0.
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Fig. 2 The cylinders C+ and
C− where the Harnack
inequality is stated

t

x

C−

C+

u ≥ 0

Using the natural scaling of the equation, the previous form the parabolic
Harnack inequality can be reduced to (3.1).

As in the elliptic case, the first step of Moser’s proof consisted in the Lp − L∞
estimates for subsolutions, obtained by testing the equation with recursively higher
powers of the solution. This leads to

sup
Q(ρ)

up ≤ C(N,p,#, λ)

(r − ρ)N+2

∫∫

Q(r)

up dx dt, r > ρ, p > 0 (3.5)

where Q(r) are parabolic cylinders having top boundary at the same fixed time t0,
say Q(r) = Br × [t0 − r2, t0]. Since if u is a positive solution, u−1 is a positive
subsolution, (3.5) holds true also for negative powers p, yielding a bound from
below for u in terms of integrals of up. Similarly to the elliptic case, in order
to obtain the parabolic Harnack inequality, Moser proceeded to prove a crossover
lemma which reads as

∫ 0

−1

∫

B1

up0 dx

∫ 2

1

∫

B1

u−p0 dx ≤ C, (3.6)

for some C and a small p0 > 0 depending on N and the ellipticity constants. This
proved to be much harder than in the elliptic case, mainly because the integrals
are taken on the two different and distant sets and no appropriate John-Nirenberg
inequality dealing with this situation was known at the time. Moser himself proved
such a parabolic version of the John-Nirenberg lemma yielding (3.6), but the proof
was so involved that he was forced to an erratum 3 years later. In [72] he gave a
different proof avoiding it, following an approach of Bombieri and Giusti [9]. For
this to work, he refined his Lp − L∞ estimates (3.5), showing that they hold with
constants independent from p, at least for sufficiently small values of |p|. As we



Harnack Estimates 315

will see, this was necessary for the Bombieri-Giusti argument to carry over. Despite
the parabolic John-Nirenberg Lemma has later been given a simpler proof in [33],
the abstract John-Nirenberg Lemma technique of [9] is nowadays the standard tool
to prove parabolic Harnack inequalities, see e.g. [56, 80]. On the other hand, Nash’s
program was later established in [34].

We next sketch the proof in [72]. The starting point is a logarithmic estimate,
obtained by multiplying the equation by u−1η2, with η ∈ C∞c (B3), η ≥ 0 and
η ≡ 1 on B2 and integrate in space only. Proceeding as in the elliptic case we obtain
the differential inequality

d

dt
−
∫

B3

η2(x) logu(x, t) dx + c−
∫

B3

|D logu(x, t)|2 η2(x) dx ≤ C.

Under mild concavity assumptions on η, a weighted Poincaré inequality holds true
with respect to the measure dμ = η2(x) dx, so that we infer

d

dt
−
∫

B3

logu(x, t) dμ+ c−
∫

B3

(
logu(x, t)−−

∫

B3

logu(x, t) dμ
)2
dμ ≤ C.

By letting

v(x, t) = logu(x, t)− C t, M(t) = −
∫

B3

v(x, t) dμ

the previous inequality can be rewritten as

d

dt
M(t)+ c−

∫

B3

(
v(x, t) −M(t))2

dμ ≤ 0,

so that M(t) is decreasing. Next, for λ > 0 and t ∈ [0, 4], restrict the integral
over {x ∈ B2 : v(x, t) ≥ M(0) + λ} where, by monotonicity, v(x, t) − M(t) ≥
M(0)−M(t)+ λ ≥ λ, to get

d

dt
M(t)+ c (M(0)−M(t)+ λ)2 |B2 ∩ {v(x, t) ≥M(0)+ λ}| ≤ 0,

(notice that dμ = dx on B2). Dividing by (M(0) − M(t) + λ)2, integrating in
t ∈ [0, 4] and recalling thatM(t) ≤M(0) we deduce

|Q+(2) ∩ {v ≥ M(0)+ λ}| ≤ C/λ, Q+(2) := B2 × [0, 4].

Similarly, for any t ∈ [−4, 0], on {x ∈ B2 : v(x, t) ≤ M(0)−λ} it holdsM(t)−v ≥
M(t)−M(0)+ λ ≥ λ beingM decreasing and proceeding as before we get

|Q−(2) ∩ {v ≤ M(0)− λ}| ≤ C/λ, Q−(2) := B2 × [−4, 0].
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Recalling the definition of v, the last two displays imply the weak-L1 estimate

|Q+(2) ∩ {logu ≥ M(0)+ λ}| ≤ C/λ, |Q−(2) ∩ {logu ≤ M(0)− λ}| ≤ C/λ,
(3.7)

whereM(0) is a weighted mean of logu. To proceed, we let

w = u e−M(0), Q+(r) = Br × [4− r2, 4], ϕ(r) = sup
Q+(r)

logw

for r ∈ [1, 2]. SinceQ+(r) ⊆ Q+(2), for all λ > 0,

|Q+(r) ∩ {logw ≥ λ}| ≤ C/λ.

We will prove a universal bound on ϕ(r) so we may suppose that ϕ(r) is large.
Estimate the integral of wp on Q+(r) splitting it according to logw ≤ ϕ(r)/2 or
logw > ϕ(r)/2, to get

∫∫

Q+(r)
wp dx dt =

∫∫

Q+(r)
ep logw dx dt

≤ epϕ(r)|Q+(r) ∩ {logw ≥ ϕ(r)/2}| + |Q+(r)| e
p
2 ϕ(r)

≤ 2C

ϕ(r)
epϕ(r) + cN e p2 ϕ(r).

Choose now p = p(r) such that

2C

ϕ(r)
epϕ(r) = cN e

p
2 ϕ(r) ⇔ p = 2

ϕ(r)
log(c ϕ(r)), c := cN/(2C)

(where ϕ(r) is so large that p is positive and sufficiently small), so that
∫∫

Q+(r)
wp dx dt ≤ 2cN e

p
2 ϕ(r).

We use (3.5) (with constant independent of p for small p), obtaining for a larger C,

ϕ(ρ) ≤ 1

p
log

(
C e

p
2 ϕ(r)

(r − ρ)N+2

)
= ϕ(r)

2
+ 1

p
log

(
C

(r − ρ)N+2

)

= ϕ(r)

2

(
1+ log(C/(r − ρ)N+2)

log(c ϕ(r))

)

Therefore, either the second term in the parenthesis is greater than 1/2, which is
equivalent to

ϕ(r) ≤ C2

c (r − ρ)2(N+2)



Harnack Estimates 317

or the opposite is true, giving ϕ(ρ) ≤ 3
4ϕ(r). All in all we obtained

ϕ(ρ) ≤ 3

4
ϕ(r)+ C

(r − ρ)2N+4 .

The latter can be iterated on an infinite sequence of radii 1 = r0 ≤ rn ≤ rn+1 ≤
· · · ≤ 2 with, say, rn+1 − rn � (n+ 1)−2, to get

ϕ(1) ≤ C
∞∑

n=0

(3/4)n n4(N+2),

which implies supQ+(1) u e
−M(0) ≤ C for someC depending onN ,# and λ. Thanks

to the second estimate in (3.7), a completely similar argument holds true for w =
u−1 eM(0) on the cylindersQ−(r) = Br × [−r2, 0], yielding supQ−(1) u

−1 eM(0) ≤
C, i.e. infQ−(1) u e

M(0) ≥ C−1. Therefore we obtained

supQ+(1) u

infQ−(1) u
= supQ+(1) u e

M(0)

infQ−(1) u eM(0)
≤ C2.

3.3 First Consequences

As in the elliptic case, the parabolic Harnack inequality provides an oscillation
estimate giving the Hölder continuity of solutions to (3.3) subjected to (2.4). More-
over, (3.4) readily yields a strong minimum principle like the one in Corollary 3.2
for nonnegative solutions of (3.3).

On the other hand, Liouville theorems in the parabolic setting are more subtle
and don’t immediately follow from the parabolic version of the Harnack inequality.
In fact, the Liouville property is false in general since, for example, the function
u(x, t) = ex+t is clearly a nontrivial positive eternal (i.e., defined on R

N × R)
solution of the heat equation. A two sided bound is needed, and a fruitful setting
where to state Liouville properties in the one of ancient solutions, i.e. those defined
on an unbounded interval ] −∞, T0[. An example is the following.

Theorem 3.4 (Widder) Let u > 0 solve the heat equation in R
N× ] − ∞, T0[.

Suppose for some t0 < T0 it holds

u(x, t0) ≤ Ceo(|x|), for |x| → +∞.

Then, u is constant.

The latter has been proved for N = 1 in [93], and we sketch the proof in the
general case.
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Proof By the Widder representation for ancient solutions (see [66]) it holds

u(x, t) =
∫

RN

ex·ξ+t |ξ |2 dμ(ξ) (3.8)

for some nonnegative Borel measure μ. Let ν := et0|ξ |2μ and observe that Hölder’s
inequality with respect to the measure ν implies that for all s ∈]0, 1[

u(sx + (1− s)y, t0) =
∫

RN

e(sx+(1−s)y)·ξ dν(ξ)

≤
(∫

ex·ξ dν(ξ)
)s(∫

ey·ξ dν(ξ)
)1−s

= us(x, t0) u1−s(y, t0)

i.e., x �→ logu(x, t0) is convex. As logu(x, t0) = o(|x|) by assumption, it follows
that x �→ u(x, t0) is constant. Differentiating under the integral sign the Widder
representation, we obtain

0 = P(Dx)u(x, t0)|x=0 =
∫

RN

P (ξ) dν(ξ)

for any polynomial P such that P(0) = 0. By a classical Fourier transform argu-
ment, this implies that ν = c δ0 and thus u(x, t) ≡ c due to the representation (3.8).

��
Compare with [83] where it is proved that under the growth condition 0 ≤ u ≤

Ceo(|x|+
√|t |) for t ≤ T0, there are no ancient non-constant solutions to the heat

equation on a complete Riemannian manifold with Ric ≥ 0.
Using Moser’s Harnack inequality, Aronsson proved in [1] a two sided bound on

the fundamental solution of (3.3) with symmetric coefficients, which reads

1

C(t − s)N/2 e
−C |x−y|2t−s ≤ 	(x, t; y, s) ≤ C

(t − s)N/2 e
− 1
C
|x−y|2
t−s (3.9)

for some C = C(N,#, λ) and t > s > 0, where the fundamental solution (or heat
kernel) solves, for any fixed (y, s) ∈ R

N ×R+
{
∂t	 =∑N

j,i=1Dxi (aij (x, t)Dxj 	) in R
N× ]s,+∞[,

	(·, t; y, s) ⇀∗ δy, as t ↓ s, in the measure sense.

In [34], the previous kernel estimate was proved through Nash’s approach, and was
shown to be equivalent to the parabolic Harnack inequality.
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A global Harnack inequality also follows from (3.9), whose proof we will now
sketch. If u ≥ 0 is a solution to (3.3) on R

N × R+ and t > s > τ ≥ 0, then using
the representation

u(x, t) =
∫

RN

	(x, t; ξ, τ )u(ξ, τ ) dξ, t > τ,

and the analogous one for (y, s), we get

u(x, t) =
∫

RN

	(x, t; ξ, τ ) 	−1(y, s; ξ, τ ) 	(y, s; ξ, τ ) u(ξ, τ ) dξ

≥ u(y, s)

C2

(
s − τ
t − τ

)N
2

inf
ξ
e

1
C
|y−ξ |2
s−τ −C |x−ξ |

2

t−τ ,

where τ ≥ 0 is a free parameter. Recalling that

inf
ξ
a |y − ξ |2 − b |x − ξ |2 = a b

b − a |x − y|
2, a > b ≥ 0,

we consider two cases. If s/t ≤ 1/(2C2) we choose τ = 0 and compute

inf
ξ

|y − ξ |2
C s

− C |x − ξ |
2

t
≥ −2C

|x − y|2
t − s .

If instead s/t ∈ ]1/(2C2), 1], we set τ = s − (t − s)/(2C2) > 0 obtaining

inf
ξ

1

C

|y − ξ |2
s − τ − C |x − ξ |

2

t − τ ≥ −2C
|x − y|2
t − s .

while (s − τ )/(t − τ ) = 1/(1 + 2C2). Therefore the kernel bounds (3.9) imply
the following Harnack inequality at large, often called sub-potential lower bound,
for positive solutions u of (3.3) on R

N×]0, T [ : there exists a constant C =
C(N,#, λ) > 1 such that

u(x, t) ≥ 1

C
u(y, s)

( s
t

)N
2
e−C

|x−y|2
t−s for all T > t > s > 0. (3.10)

A similar global estimate, with a non-optimal exponent α = α(N,#, λ) > N/2
for the ratio s/t , has already been derived through the so-called Harnack chain
technique by Moser in [71].
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3.4 Riemannian Manifolds and Beyond

Following the differential approach of [94], Li and Yau proved in [65] their
celebrated parabolic differential Harnack inequality.

Theorem 3.5 Let M be a complete Riemannian manifold of dimension N ≥ 2 and
Ric ≥ 0, and let u > 0 solve the heat equation onM ×R+. Then it holds

|D logu|2 − ∂t logu ≤ N

2t
. (3.11)

In the same paper, many variants of the previous inequality are considered, including
one for local solutions in BR(x0)× ]t0 − T , t0[ much in the spirit of [16], and
several consequences are also derived. Integrating inequality (3.11) along geodesics
provides, for any positive solution of the heat equation ofM ×R+

u(x, t) ≥ u(y, s)
( s
t

)N
2
e
− d2(x,y)

4(t−s) , t > s > 0, (3.12)

where d(x, y) is the geodesic distance between two points x, y ∈ M . This, in turn,
gives the heat kernel estimate (see [80, Ch. 5])

1

CV (x,
√
t − s) e

−C d2(x,y)
t−s ≤ 	(x, t; y, s) ≤ C

V (x,
√
t − s) e

− 1
C
d2(x,y)
t−s , (3.13)

where V (x, r) is the Riemannian volume of a geodesic ball B(x, r). Notice that, in
a general Riemannian manifold of dimension N ≥ 2,

V (x, r) � rN for small r > 0,

but, under the sôle assumption Ric ≥ 0, the best one can say is

r

C
≤ V (x, r) ≤ CrN, for large r > 0.

Therefore, while the Li-Yau estimate on the heat kernel coincides with Aronsson’s
one locally, it is genuinely different at the global level.

Other parabolic differential Harnack inequalities were then found by Hamil-
ton in [46] for compact Riemannian manifolds with Ric ≥ 0, and were later
extended in [59, 83] to complete, non-compact manifolds. Actually, far more general
differential Harnack inequalities are available under suitable conditions on the
Riemannian manifold, see the book [73] for the history and applications of the
latters.
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Again, the differential Harnack inequality (3.11) requires a good deal of smooth-
ness both on the operator and on the ambient manifold. Yet, the corresponding
pointwise inequality (3.12) doesn’t depend on the smoothness of the metric gij
but only on its induced distance and the dimension, hence one is lead to believe
that a smoothness-free proof exists. Indeed, the papers [44, 78] showed that the
parabolic Harnack inequality (and the corresponding heat kernel estimates) can
still be obtained through a Moser-type approach based solely on the Doubling and
Poincaré condition (2.12). Indeed, [44, 78] independently showed the following
equivalence.

Theorem 3.6 (Parabolic Harnack Principle) For any Riemannian manifold the
following are equivalent:

(1) The parabolic Harnack inequality (3.1).
(2) The heat kernel estimate (3.13).
(3) The Doubling and Poincaré condition (2.12).

Since Doubling and Poincaré are stable with respect to quasi-isometries, the
previous theorem ensures the stability of the parabolic Harnack inequality with
respect to the latters, and thus its validity in a much wider class of Riemannian
manifolds than those with Ric ≥ 0. Condition (3) also ensures that the parabolic
Harnack inequality holds for general parabolic equations with elliptic and merely
measurable coefficients, see [79]. Actually, under local regularity conditions, it can
be proved for metric spaces which are roughly isometric to a Riemannian manifold
with Ric ≥ 0, such as suitable graphs or singular limits of Riemannian manifolds.

3.5 The Nonlinear Setting

An analysis of Moser’s proofs reveals that the linearity of the second order operator
is immaterial, and that essentially the same arguments can be applied as well to
nonnegative weak solutions of a wide family of quasilinear equations. In [2, 87], the
Harnack inequality in the form (3.4) was proved to hold for nonnegative solutions
of the quasilinear equation

ut = divA(x, u,Du) (3.14)

where the function A : �× R× R
N → R

N is only assumed to be measurable and
satisfying

{
A(x, s, z) · z ≥ C0|z|2,
|A(x, s, z)| ≤ C1|z|,

(3.15)

for some given positive constants 0 < C0 ≤ C1. These structural conditions are
very weak, as, for example, the validity of the comparison principle holds in general
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under the so-called monotonicity condition

(
A(x, s, z)− A(x, s,w)) · (z −w) ≥ 0 (3.16)

which does not follow from (3.15). To appreciate the generality of (3.15), consider
the toy model case N = 1, A(x, s, z) = ϕ(z), so that a smooth solution of (3.14)
fulfills ut = ϕ′(ux)uxx . Assuming (3.15) alone gives no information on the sign
of ϕ′ except at 0 (where ϕ′(0) ≥ C0 > 0), so that (3.15) is actually a backward
parabolic equation in the region {ux ∈ {ϕ′ < 0}}.

Trudinger noted in [87] that the Harnack inequality for the case of general p-
growth conditions (2.6) with p 	= 2 seemed instead a difficult task. He stated the
validity of the Harnack inequality (3.4) for positive solutions of the doubly nonlinear
equation

(up−1)t = divA(x, t, u,Du)

where A obeys (2.6) with the same p as the one appearing on the left hand
side, thus recovering a form of homogeneity in the equation which is lacking
in (3.14). The (homogeneous) doubly nonlinear result has later been proved in
[40, 41, 56], (see also the survey [55]), but it took around 40 years to obtain the
right form of the Harnack inequality for solutions of (3.14) under the general p-
growth condition (2.6) on the principal part. The next chapter will be dedicated to
this development.

It is worth noting that another widely studied parabolic equation which presented
the same kind of difficulties is the porous medium equation, namely

ut = �um, m > 0.

In fact, most of the results in the following sections have analogue statements and
proofs for positive solutions of the porous medium equation. The interested reader
may consult the monographs [31, 91, 92] for the corresponding results for porous
media and related literature. More generally, the doubly nonlinear inhomogeneous
equation

ut = div(um−1|Du|p−2Du)

has found applications in describing polytropic flows of a non-newtonian fluid in
porous media [5] and soil science [4, 60, 82], see also the survey article [52].
Regularity results can be found in [50, 76] and Harnack inequalities in [37] for the
degenerate and in [39] in the singular case, respectively. To keep things as simple as
possible, we chose not to treat these equations, limiting our exposition to (3.14).
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4 Singular and Degenerate Parabolic Equations

4.1 The Prototype Equation

Let us consider the parabolic p-Laplace equation

ut = div(|Du|p−2Du), p > 1, (4.1)

which can be seen as a parabolic elliptic equation with |Du|p−2 as (intrinsic)
isotropic coefficient. The coefficient vanishes near a point where Du = 0 when
p > 2, while it blows up near such a point when p < 2. For this reasons we
call (4.1) degenerate when p > 2 and singular if p < 2.

In the fifties, the seminal paper [3] by Barenblatt was the starting point of the
study of the p-Laplacian equation (4.1). The following family of explicit solutions
to (4.1) where found, and are since then called Barenblatt solution to (4.1).

Theorem 4.1 For any p > 2N
N+1 and M > 0, there exist constants a, b > 0

depending only on N and p such that the function

Bp,M(x, t) :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

t−Nλ
[
aM

p
λ
p−2
p−1 − b(|x| t− 1

λ

) p
p−1

] p−1
p−2

+
, if p > 2,

t−Nλ
[
aM

p
λ
p−2
p−1 + b(|x| t− 1

λ

) p
p−1

] p−1
p−2

if 2 > p,

(4.2)

where λ = N(p − 2)+ p > 0, solves the problem

{
ut = div(|Du|p−2Du) in R

N× ]0,+∞[,
u(·, t) ⇀∗ Mδ0 as t ↓ 0.

The functions Bp,M are also called fundamental solutions of mass M , or simply
fundamental solutions when M = 1, in which case one briefly writes Bp,1 = Bp.
Uniqueness of the fundamental solution for the prototype equation was proved by
Kamin and Vázquez in [53] (the uniqueness for general monotone operators is still
not known).

The Barenblatt solutions show that, when (4.1) is degenerate, the diffusion is very
slow and the speed of the propagation of the support is finite, while in the singular
case the diffusion is very fast and the solution may become extinct in finite time.
These two phenomena are incompatible with a parabolic Harnack inequality of the
form (3.1) or (3.4), (suitably modified taking account of the natural scaling) such as

C−1 sup
Bρ(x0)

u(·, t0 − ρp) ≤ u(x0, t0) ≤ C inf
Bρ(x0)

u(·, t0 + ρp) (4.3)
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with a constant C depending only on N . Indeed, in the degenerate case the
Barenblatt solution has compact support for any positive time, violating the strong
minimum principle dictated by (4.3) (the proof of Corollary 3.2 still works).
Regarding the singular case, this incompatibility is not immediately apparent from
the Barenblatt profile itself and in fact the strong minimum principle still holds for
solutions defined in R

N×]0, T [ when p > 2N
N+1 . However, consider the solution

of the Cauchy problem associated to (4.1) in a cylindrical domain � × R+ with
u(x, 0) = u0(x) ∈ C∞c (�) and Dirichlet boundary condition on ∂� × R+, with
� bounded. An elementary energetic argument (see [21, Ch VII]) gives a suitable
extinction time T ∗(�, u0) such that u(·, t) ≡ 0 for t > T ∗, again violating the
strong minimum principle which would follow from (4.3).

Let us remark here that for 1 < p ≤ 2N
N+1 =: p∗ the Barenblatt profiles cease

to exists. The exponent p∗ is called the critical exponent for singular parabolic
equations and, as it will be widely discussed in the following, the theory is mostly
complete in the supercritical case p > p∗. Solutions of critical and subcritical
equations (i.e. with p ∈ ]1, p∗]) on the other hand, even in the model case (4.1),
exhibit odd and, in some aspects, still unclear (i.e., move the comma at the
beginning) features.

4.2 Regularity

Let us consider equations of the type

ut = divA(x, u,Du) (4.4)

with general measurable coefficients obeying

{
A(x, s, z) · z ≥ C0|z|p,
|A(x, s, z)| ≤ C1|z|p−1.

(4.5)

We are concerned with weak solutions in �× [0, T ], namely those satisfying

∫
uϕ dx

∣∣∣∣
t2

t1

+
∫ t2

t1

∫

�

[−uϕt + A(x, u,Du) · ϕ] dx dt = 0

where ϕ is an arbitrary function such that ϕ ∈ W
1,2
loc (0, T ;L2(�)) ∩ Lp(0, T ;

W
1,p
0 (�). This readily implies that

u ∈ Cloc(0, T ;L2
loc(�)) ∩ Lploc(0, T ;W 1,p

loc (�)).

In the case p = 2, the local Hölder continuity of solutions to (4.4) has been
proved in [62] through a parabolic De Giorgi approach. The case p 	= 2 was
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considered a major open problem in the theory of quasilinear parabolic equations
for over two decades. The main obstacle to its solution was that the energy and
logarithmic estimates for (4.4) are non-homogeneous when p 	= 2. It was solved
by DiBenedetto [19] in the degenerate case and Chen and DiBenedetto in [15] in
the singular case through an approach nowadays called method of intrinsic scaling
(see the monograph [90] for a detailed description). Roughly speaking, in order
to recover from the lack of homogeneity in the integral estimates, one works in
cylinders whose natural scaling is modified by the oscillation of the solution itself.
In the original proof, these rescaled cylinders are then sectioned in smaller sub-
cylinders and the so-called alternative occurs: either there exists a sub-cylinder
where u is sizeably (in a measure-theoretic sense) away from its infimum or in
each sub-cylinder it is sizeably away from its supremum. In both cases a reduction
in oscillation can be proved, giving the claimed Hölder continuity.

Stemming from recent techniques built to deal with the Harnack inequality
for (4.4), simpler proofs are nowadays available, avoiding the analysis of said
alternative. In the last section we will provide such a simplified proof, chiefly based
on [29] and [42].

As it turned out, Hölder continuity of bounded solutions to (4.5) (in fact, to
much more general equations) always holds. In the degenerate case p ≥ 2, a-priori
boundedness follows from the natural notion of weak solution given above, but in
the singular case there is a precise threshold: local boundedness is guaranteed only
for p > p∗∗ := 2N

N+2 , which is therefore another critical exponent for the singular
equation, smaller than p∗. However, when 1 < p < p∗∗, weak solutions may be
unbounded: for example, a suitable multiple of

v(x, t) = (T − t)
1

2−p
+ |x| p

p−2

solves the model equation (4.1) in the whole RN × R.
The critical exponents p∗ > p∗∗ arise from the so-called Lr − L∞-estimates

for sub-solutions, which are parabolic analogues of (2.7). Namely, when p > p∗,
a L1 − L∞ estimate holds true, eventually giving the intrinsic parabolic Harnack
inequality. If only p > p∗∗ is assumed, one can still obtain a weaker Lr − L∞
estimate with r > 1 being the optimal exponent in the parabolic embedding

L∞(0, T ;L2(BR))∩Lp(0, T ;W 1,p(BR)) ↪→ Lr(0, T ;Lr(BR)), r = pN + 2

N

which is ensured by the notion of weak solution.
Finally, we briefly comment on the regularity theory for parabolic systems. The

general measurable coefficient condition dictated by (4.5) is not enough to ensure
continuity, and either some additional structure is required (the so-called Uhlenbeck
structure, due to the seminal paper [89] in the elliptic setting) or regularity holds
everywhere except in a small singular set. The parabolic counterpart of [89] has
first been proved in [22] and systematized in the monograph [21] for a large



326 F. G. Düzgün et al.

class of nonlinear parabolic system with Uhlenbeck structure. For the more recent
developments on the partial regularity theory for parabolic system with general
structure we refer to the memoirs [7, 32].

4.3 Intrinsic Harnack Inequalities

DiBenedetto and DiBenedetto and Kwong in [20] and [24] found and proved a
suitable form of the parabolic Harnack inequality for the prototype equation (4.1),
respectively in the degenerate and singular case. The critical valuep∗ = 2N/(N+1)
was shown to be the threshold below which no Harnack inequality, even in intrinsic
form, may hold. However, comparison theorems where essential tools for the
proof. A similar statement was later found to hold for general parabolic quasilinear
equations of p-growth in [26] (degenerate case) and in [27] (singular supercritical
case), with no monotonicty assumption. We will now describe these results, starting
from the degenerate case.

Theorem 4.2 (Intrinsic Harnack Inequality, Degenerate Case) Let p ≥ 2 and
u be a non negative weak solution in B2r × [−T , T ] of (4.4) under the growth
conditions (4.5). There exists C > 0 and θ > 0, depending only on N,p,C0, C1
such that if 0 < θ u(0, 0)2−p rp ≤ T , then

C−1 sup
Br

u(·,−θ u(0, 0)2−p rp) ≤ u(0, 0) ≤ C inf
Br
u(·, θ u(0, 0)2−p rp). (4.6)

Clearly, for p = 2 we recover (3.1). For p > 2, the waiting time is larger the
smaller u(0, 0) is; in other terms u(0, 0) bounds from below u on p-paraboloids of
opening proportional to u(0, 0)p−2. It is worth noting here two additional difficulties
in the Harnack inequality theory with respect to the linear (or more generally,
homogeneous) setting. While it is still true that the forward form in the quasilinear
setting implies the backward one, this is no more trivial due to the intrinsic waiting
time depending on u0.

The Harnack inequality in the singular setting turns out to be much more rich and
subtle than in the degenerate case. A natural guess would be that (4.6) holds also in
the singular case. However, consider the function

u(x, t) = (T − t)
N+2

2+
(
a + b|x| 2N

N−2

)−N2
, (4.7)

which is a bounded solution in R
N × R of the prototype equation (4.1) for any

p ∈ ]1, p∗[, N > 2 and suitably chosen a, b > 0. The latter violates both the
forward and backward Harnack inequality in (4.6), as the right hand side vanishes
for sufficiently large r , while the left hand side goes to +∞ for r → +∞.
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A similar phenomenon persists at the critical value p = p∗, as is shown by the
entire solution

u(x, t) =
(
ect + |x| 2N

N−1

)−N−1
2

(4.8)

for suitable c > 0: the left hand side of (4.6) goes to +∞ while the right hand
one vanishes as r → +∞. It turns out that for p ∈ ]p∗, 2[, Theorem 4.2 has a
corresponding statement.

Theorem 4.3 (Intrinsic Harnack Inequality, Singular Supercritical Case) Let
2 > p > 2N

N+1 and u be a non negative weak solution in B4r × [−T , T ] of (4.4)
under the growth conditions (4.5). There exists C > 0 and θ > 0, depending only
on N,p,C0, C1 such that if u(0, 0) > 0 and

rp sup
B2r

u(·, 0)2−p ≤ T , (4.9)

then

C−1 sup
Br

u(·,−θ u(0, 0)2−p rp) ≤ u0 ≤ C inf
Br
u(·, θ u(0, 0)2−p rp). (4.10)

Assumption (4.9) seems technical, however no proof is known at the moment
without it. Following the procedure in [24], it can be removed for solutions
of monotone equations fullfilling (3.16) (and thus obeying the comparison prin-
ciple). The proof of the intrinsic Harnack inequality for supercritical singular
equations is considerably more difficult than in the degenerate case and crucially
relies on the following L1-form of the Harnack inequality, first observed in
[48] for the porous medium equation, which actually holds in the full singular
range.

Theorem 4.4 (L1-Harnack Inequality for Singular Equations) Let p ∈ ]1, 2[
and u be a non negative weak solution in B4r × [0, T ] of (4.4) under the growth
conditions (4.5). There exists C > 0 depending only on N,p,C0, C1 such that

sup
t∈[0,T ]

∫

Br

u(x, t) dx ≤ C inf
t∈[0,T ]

∫

B2r

u(x, t) dx + C
(
T/rp+N(p−2)

) 1
2−p
.

Notice that p +N(p − 2) > 0 if and only if p > p∗. Thanks to this deep result,
an elliptic form of the intrinsic Harnack inequality can be proved.

Theorem 4.5 (Elliptic Harnack Inequality for Singular Supercritical Equa-
tions) Let p ∈ ] 2N

N+1 , 2[ and u be a non negative weak solution in B4r × [−T , T ]
of (4.4)–(4.5). There exists C > 0 and θ > 0, depending on N,p,C0, C1 such that
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if u(0, 0) > 0 and (4.9) holds, then

C−1 sup
Qr

u ≤ u(0, 0) ≤ C inf
Qr
u,

Qr = Br × [−θ u(0, 0)2−p rp, θ u(0, 0)2−p rp]. (4.11)

Recall that an elliptic form of the Harnack inequality such as (4.11) cannot hold
for the classical heat equation. This forces the constants appearing in the previous
theorem to blow-up as p ↑ 2, hence, while this last form of the intrinsic Harnack
inequality clearly implies (4.10), the constants in (4.10) are instead stable as p ↑ 2.
The previous examples also show that both constants must blow-up for p ↓ p∗. The
same comments following Theorem 4.3 on the rôle of hypothesis (4.9) can be made.

In the subcritical case, different forms of the Harnack inequality have been
considered. Here we mention the one obtained in [38] generalizing to monotone
operators a result of Bonforte and Vázquez [11, 12] on the porous medium equation.

Theorem 4.6 (Subcritical Case) Let p ∈ ]1, 2[, u be a positive, locally bounded
weak solution in B2r × [−T , T ] of (4.4) under the growth conditions (4.5) and the
monotonicty assumption (3.16). For any s ≥ 1 such that λs := N (p− 2)+p s > 0
there exists C, δ, θ > 0, depending on N,p, s, C0, C1 such that letting

Q̃r (u) = Br ×
[
θ
(−
∫

Br

u(x, 0) dx
)2−p

rp, θ
(−
∫

Br

u(x, 0) dx
)2−p

(2r)p
]
,

if u(0, 0) > 0 and Q̃2r (u) ⊆ B2r × [0, T ], then

sup
Q̃r (u)

u ≤ C Aδu inf
Q̃r (u)

u, Au =

⎡

⎢⎢⎣
−
∫
Br
u(x, 0) dx

(
−
∫
Br
us(x, 0) dx

) 1
s

⎤

⎥⎥⎦

p s
λs

(4.12)

Notice that (4.12) is an elliptic Harnack inequality for later times, intrinsic in
terms of the size of u at the initial time t = 0. In the singular supercritical case
one can take r = 1 and thus Au ≡ 1 in the previous statement to recover partially
Theorem 4.5. The main weakness of (4.12) lies in the dependence of the Harnack
constant from the solution itself. In general, a constant depending on u won’t allow
to deduce Hölder continuity but, as noted in [38], the peculiar structure of Au
permits such a deduction.

Other weaker forms not requiring the monotonicity assumption (3.16) are
available (see [28]), however the complete picture in the subcritical case is not
completely clear up to now.
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4.4 Liouville Theorems

As for the classical heat equation, a one sided bound is not sufficient to ensure
triviality of the solutions of the prototype equation (4.1). Indeed, a suitable positive
multiple of the function

u(x, t) = (1− x + ct)
p−1
p−2
+ (4.13)

solves (4.1) on R × R whenever c > 0 and p > 2. As is natural with parabolic
Liouville theorems, a convenient setting is the one of ancient solutions and it turns
out that a two-sided bound at a fixed time is sufficient to conclude triviality. The
basic tools to prove the following results are the previously discussed Harnack
inequalities and the following results are contained in [30].

Theorem 4.7 Let p > 2 and u be a non-negative solution of

ut = divA(x, u,Du) on R
N× ] −∞, T [ (4.14)

under the growth condition (4.5). If for some t0 < T , u(·, t0) is bounded above, then
u is constant.

Notice that no monotonicity assumption on the principal part of the operator is
needed. An optimal Liouville condition such as the one of Theorem 3.4 is unknown
and clearly the example in (4.13) shows that it must involve a polynomial growth
condition instead of a sub-exponential one. For the prototype parabolic p-Laplacian
equation, a polynomial growth condition on both x and t more in the spirit of [83]
is considered in [85].

On the complementary side, boundedness for fixed x0 can also be considered,
yielding:

Theorem 4.8 Let p> 2 and u be a nonnegative solution in R
N ×R of (4.14),

(4.5). If

lim sup
t→+∞

u(x0, t) < +∞ for some x0 ∈ R
N,

u is constant.

In the singular, supercritical case, the elliptic form (4.11) of the Harnack
inequality directly ensures that, contrary to what happens for classical heat equation,
a one-sided bound suffices to obtain a Liouville theorem. This is no longer true in
the critical and subcritical case, as the functions in (4.8) and (4.7) show. However,
again a two sided bound suffices.

Theorem 4.9 Let 1 < p < 2 and u be a weak solution on R
N× ]−∞, T [ of (4.14)

under condition (4.5). If u is bounded, it is constant.
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4.5 Harnack Estimates at Large

By Harnack estimates at large, we mean global results such as the sub-potential
lower bound (3.10) or the two-sided Kernel estimate (3.9). For the quasilinear
equation

ut = divA(x, u,Du) (4.15)

with p-growth assumptions (4.5), the natural candidates to state analogous inequal-
ities are the Barenblatt profiles Bp,M given in (4.2). When A satisfies smoothness
and monotonicity assumptions such as

{
(A(x, s, z)− A(x, s,w)) · (z−w) ≥ 0 ∀s ∈ R, x, z,w ∈ R

N,

|A(x, s, z)− A(x, r, z)| ≤ #(1+ |z|)p−1|s − r| ∀s, r ∈ R, x, z ∈ R
N .

(4.16)

a comparison principle for weak solutions is available, as well as existence of
solutions of the Cauchy problem with L1 initial datum.

We start by considering the singular supercritical case, since the diffusion is fast
and positivity spreads instantly on the whole R

N , giving a behaviour similar to the
one of the heat equation. The next result is contained in [13].

Theorem 4.10 (Sub-potential Lower Bound, Singular Case) Let 2N
N+1 < p <

2 and u be a nonnegative solution of (4.15) in R
N× ]0,+∞[ under assump-

tions (4.5), (4.16). There are constants C, δ > 0, depending on the data, such that
if u(x0, t0) > 0, then

u(x, t) ≥ γ u(x0, t0)Bp
(
u(x0, t0)

p−2
p
x − x0

t
1/p
0

,
t

t0

)
, (4.17)

for all (x, t) ∈ R
N × [t0(1− δ),+∞[.

As an example, assume x0 = 0, t0 = 1 and u(0, 1) = 1. Then, the previous
sub-potential lower bound becomes

u(x, t) ≥ γBp(x, t)

for any (x, t) ∈ R
N × [1− δ,+∞[. As a corollary, for any fundamental solution

of (4.15), one obtains the two-sided kernel bounds (proved in [77] for the first time)

C−1Bp,M1(x, t) ≤ 	(x, t) ≤ CBp,M2(x, t)

for some C,M1,M2 > 0 depending on the data. Notice how the elliptic nature
of (4.15) for p ∈ ]p∗, 2[, as expressed by the forward-backward Harnack inequal-
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ity (4.11), allows to obtain the bound (4.17) also for some t < t0. Previously known
sub-potential lower bounds correspond to the case δ = 0 above. As shown in [14],
the phenomenon of propagation of positivity for t < t0 not only happens in the near
past but, as long as the spatial diffusion has had enough room to happen, it also
hold for arbitrarily remote past times. More precisely, in [14] it is proved that (4.17)
holds for all

(x, t) ∈ Pc :=
{
t > 0, |x − x0|pu(x0, t0)

2−p > 1− t

t0

}
,

while a weaker, but still optimal, lower bound holds in P .
In the degenerate case p > 2, the finite speed of propagation implies that if

the initial datum u0 has compact support, then any solution of (4.15) keeps having
compact support for any time t > 0. The finite speed of propagation has been
quantified in [8], under the sôle p-growth assumption (4.5).

Theorem 4.11 (Speed of Propagation of the Support) Let p > 2 and u be a weak
solution of the Cauchy problem

{
ut = divA(x, u,Du) in R

N× ]0,+∞[,
u(x, 0) = u0

under assumption (4.5). If R0 = diam(suppu0) < +∞, then

diam(suppu(·, t)) ≤ 2R0 + Ct1/λ‖u0‖
p−2
λ

L1(RN)
,

where λ = N(p − 2)+ p and C depend only on N,p,C0 and C1.

Such an estimate actually holds for a suitable class of degenerate systems, see
[84]. Sub-potential lower bounds are obtained in [8] as well.

Theorem 4.12 (Sub-potential Lower Bound, Degenerate Case) Let p > 2
and u be a nonnegative solution of (4.15) in R

N× ]0,+∞[ under assump-
tions (4.5), (4.16). Then there are constants C, ε > 0 such that if u(x0, t0) > 0,
then (4.17) holds in the region

t > t0, |x − x0|p ≤ ε u(x0, t0)
p−2t0 min

{
t − t0
t0

,

(
t − t0
t0

)p/λ}
,

with λ = N(p − 2)+ p.

The last condition on the region of validity of (4.17) is sharp, especially when
t � t0 and the minimum is the first one (see [8, Remark 1.3] for details).
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Under the additional assumptions (4.5) and (4.16) fundamental solutions exist
and, as in the singular case, the sub-potential lower bound implies a two-sided
estimate on the kernel in terms of the Barenblatt solution.

5 The Expansion of Positivity Approach

In this section we provide detailed proofs of some of the Harnack inequalities stated
until now. Historically, Hölder regularity and Harnack inequalities have always been
intertwined, with the former usually proved before the latter. The reason behind this
is that Hölder regularity is a statement about a reduction in oscillation of u in Br as
r ↓ 0, i.e. on the difference supBr u − infBr u. Thus it reduces to prove that either
supBr u decreases or infBr u increases in a quantitative way. On the other hand, a
Harnack inequality implies the stronger statement that both supBr u decreases and
infBr u increases at a certain rate (see the nice discussion in [63, Ch. 1, §10]).

The modern approach thus often shifted the statements, first proving a Harnack
inequality and then deducing from it the Hölder continuity of solutions. We
instead revert to the historical roadmap, for two main reasons. The first one is
pedagogical, as it feels satisfactory to reach an important stepping-stone result such
as Hölder regularity, which would anyway follow from the techniques needed to
prove the Harnack inequality. The second one is practical, since without continuity
assumptions some of the arguments to reach, or even state, the Harnack inequality
would be technically involved: for example, one would need to give a precise
meaning to u(0, 0) in (4.6).

We start in Sect. 5.1 by considering the elliptic setting. The proof of the Hölder
continuity follows closely the original De Giorgi approach, then we introduce
the notion of expansion of positivity. A technique due to Landis allows us to
construct a largeness point from which to spread the positivity, thus giving the
Harnack inequality. These are the common ingredients to all subsequent sections.
In Sect. 5.2 we apply this technique to homogeneous parabolic equations with only
minor modifications. Then we start discussing degenerate and singular parabolic
equation. Section 5.3 is devoted to the proof of common tools to both, Sect. 5.4 to
the degenerate case and the last one to singular supercritical equations.

While we won’t prove basic propositions such as Energy estimates or Sobolev
inequalities, the presentation will be mostly self contained. The only exception will
be Theorem 5.32, which is the core tool to treat the singular supercritical Harnack
inequality. Its proof is rather technical and since we could not find any simplification
we would simply rewrite [31, Appendix A] word-by-word. Incidentally, this will
also be the only sup estimate we will use. In striking contrast with the Moser
method, in all the other subsections we will only assume qualitative boundedness
of the solution (which certainly holds, as discussed in the previous section) without
ever proving or using a quantitative integral sup-bound.

Since some arguments will be ubiquitous, a detailed discussion will be given
at their first appearance, but we will only sketch the relevant modifications on
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subsequent occurrences. For this reason, the non-expert is advised to follow the path
presented here from its very beginning, rather than skipping directly to the desired
result.

5.1 Elliptic Equations

We now describe the De Giorgi technique to prove Cα-regularity and Harnack
inequality for solutions of elliptic equations of the form

divA(x, u,Du) = 0 with

{
A(x, s, z) · z ≥ C0|z|p
|A(x, s, z)| ≤ C1|z|p−1

p ∈ ]1, N[. (5.1)

We will not treat boundedness statements (which actually hold true in this setting)
and always assume that solutions are locally bounded.

Roughly speaking, the approach of De Giorgi consisted in deriving pointwise
estimates on a solution u by analizing the behaviour of |{u ≤ k} ∩ Br | with
respect to the level k > 0. First, he proved that the relative size of the sublevel
set shrinks as k decreases, at a certain (logarithmic) rate. Then he showed that,
when a suitable smallness threshold is reached, it starts decaying exponentially fast,
so that it vanishes at a strictly positive level. This procedure produces a pointwise
bound from below for u in terms of the size of its sublevel set in a larger ball and
is thus called a measure-to-point estimate in the literature. This estimate, moreover,
expands in space, since the relative size of a sublevel set in a larger ball BR can
also be bounded from below (polynomially in r/R) by its size in Br ⊆ BR . The
quantitative statement arising from this simple observation is called expansion of
positivity and is the basis for our proof of the Harnack inequality.

With a certain abuse of notation, we will say that u is a (sub-) super-solution
of (5.1) if there exists and A obeying the prescribed growth condition for which
−divA(x, u,Du)(≤) ≥ 0. Observe that, being (5.1) homogeneous, the class of
(sub-/super-) solutions of (5.1) is invariant by scaling, translation and (positive)
scalar multiplication. More precisely, performing such transformations to a subso-
lution of (5.1) for some A results in a subsolution of (5.1) for a possibly different
Ã, which nevertheless obeys the same bounds. We will use the following notations:
Kr(x0) will denote a cube of side r and center x0, Kr = Kr(0) and, respectively,

P(K; u � k) = |K ∩ {u � k}|
|K| ,

thus, for example, P(K; u ≥ 1) is the percentage of the cube K where u ≥ 1. In
the following, the dependence from p in the constants will always be omitted, and
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any constant only depending on N , p, C0 and C1 (the “data”) will be denoted with
a bar over it. Often we will also consider functions f : R+ → R+ which will also
depend on the data, and we will omit such a dependence. We first recall some basic
facts.

Proposition 5.1

1) [31, Lemma II.5.1] Let Xn ≥ 0 obey for some α > 0, b,C > 0, the iterative
inequality

Xn+1 ≤ C bn X1+α
n .

Then

X0 ≤ C−1/αb−1/α2 ⇒ lim
n
Xn = 0. (5.2)

2) De Giorgi-Poincaré inequality: [31, Lemma II.2.2] For any u ∈ W 1,1(Kr) and
k ≤ h

(h− k)|{u ≤ k}| ≤ C(N) r
N+1

|{u ≥ k}|
∫

{k<u≤h}
|Du| dx.

3) Energy inequality: Let u be a supersolution to (5.1) in K . Then there exists C̄
such that for any k ∈ R and η ∈ C∞c (K)

∫

K

|D(η(u− k)−))|p ≤ C̄
∫

K

(u− k)p−|Dη|p dx. (5.3)

Lemma 5.2 (Shrinking Lemma) Let u ≥ 0 be a supersolution in KR . For any
μ > 0 there exists β(μ) > 0 such that

P(KR/2; u ≥ 1) ≥ μ ⇒ P(KR/2; u ≤ 1/2n) ≤ β(μ)/n1− 1
p .

Proof Rescale to R = 2 and let kj = 2−j . By the De Giorgi-Poincaré inequality

(kj − kj+1)|K1 ∩ {u ≤ kj+1}| ≤ C̄

|K1 ∩ {u ≥ kj }|
∫

K1∩{kj+1<u}
|D(u− kj )−|dx

≤ C̄
μ

∫

K1∩{kj+1<u}
|D(u− kj )−| dx. (5.4)
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If η ∈ C∞c (K2) is such that 0 ≤ η ≤ 1, η ≡ 1 on K1/2 and |∇η| ≤ C(N), (5.3)
gives

∫

K1/2

|D(u− kj )−|p dx ≤ C̄
∫

K2

(u− kj )p− dx,

so that the last integral in (5.4) can be bounded through Hölder’s inequality as

∫

K1/2∩{kj+1<u}
|D(u− kj )−| dx

≤
(∫

K1/2∩{kj+1<u}
|D(u− kj )−|p dx

) 1
p

|K1/2 ∩ {kj+1 < u ≤ kj }|1−
1
p

≤ C̄
(∫

K2

(u− kj )p− dx
) 1
p (|K1/2 ∩ {u ≤ kj }| − |K1/2 ∩ {u ≤ kj+1}|

)1− 1
p

Insert the latter into (5.4), use (u− kj )− ≤ kj and kj − kj+1 = kj /2 to get

kj

2
|K1/2 ∩ {u ≤ kj+1}| ≤ C̄

μ
kj

(|K1/2 ∩ {u ≤ kj }| − |K1/2 ∩ {u ≤ kj+1}|
)1− 1

p .

Simplify the kj ’s, raise both sides to the power p/(p − 1) and sum over j =
0, . . . , n − 1. Since |K1/2 ∩ {u ≤ kj }| is decreasing and |K1/2 ∩ {u ≤ kj }| −
|K1/2 ∩ {u ≤ kj+1}| telescopic, we obtain

n |K1/2 ∩ {u ≤ kn}|
p
p−1 ≤

n−1∑

j=0

|K1/2 ∩ {u ≤ kj+1}|
p
p−1

≤ C̄

μ
p
p−1

(|K1/2 ∩ {u ≤ k0}| − |K1/2 ∩ {u ≤ kn}|
) ≤ C̄ 1− μ

μ
p
p−1

.

��
Lemma 5.3 (Critical Mass) Let u ≥ 0 be a supersolution in KR . There exists ν̄
such that

P(KR; u ≤ 1) ≤ ν̄ ⇒ u ≥ 1/2 in KR/2. (5.5)

Proof Scale back to R = 1 and define for n ≥ 1 kn = rn = 1/2+ 1/2n,Kn = Krn .
Let moreover

ηn ∈ C∞c (Kn), 0 ≤ ηn ≤ 1, ηn|Kn+1
≡ 1, |Dηn| ≤ C̄ 2n
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and chain the Sobolev inequality with (5.3) with k = kn, η = ηn, to obtain

∫
|(u− kn)−ηn|p∗ dx ≤ C̄

(∫
|D(u− kn)−ηn|p dx

)p∗
p

≤ C̄
(∫

Kn

2np(u− kn)p− dx
)p∗

p

. (5.6)

On the right we use (u− kn)− ≤ kn and |Kn| ≤ 1 to bound
∫

Kn

(u− kn)p− dx ≤ kpn |Kn ∩ {u ≤ kn}| ≤ 2−np P (Kn; u ≤ kn)

while by ηn ≡ 1 onKn+1 and Tchebicev’s inequality,
∫
|(u− kn)−ηn|p∗ dx ≥

∫

Kn+1

(u− kn)p
∗
− dx ≥

∫

Kn+1∩{u≤kn+1}
(u− kn)p

∗
− dx

≥ (kn − kn+1)
p∗ |Kn+1 ∩ {u ≤ kn+1}| ≥ 2−(n+1)p∗2−NP(Kn+1; u ≤ kn+1).

Use the previous two inequalities into (5.6) to get

P(Kn+1; u ≤ kn+1) ≤ C̄ 2np
∗
P(Kn; u ≤ kn)

p∗
p .

The claim now follows from (5.2) applied to the sequence Xn = P(Kn; u ≤ kn).
��

Lemma 5.4 (Measure-to-Point Estimate) Let u ≥ 0 be a supersolution in KR .
For any μ > 0 there exists m(μ) > 0 such that

P(KR/2; u ≥ k) ≥ μ ⇒ inf
KR/4

u ≥ m(μ) k. (5.7)

Proof Given μ > 0, choose nμ ≥ 1 in Lemma 5.2 such that β(μ)/n1−1/p
μ ≤ ν̄,

so that P(KR/2; u ≥ k/2nμ) ≤ ν̄. Then apply (5.5) to u/k, obtaining (5.7) with
m(μ) = 2−nμ−1. ��
Theorem 5.5 (Hölder Regularity) Let u solve (5.1) inK2R. There exists C̄, ᾱ > 0
such that

osc(u;Kρ) ≤ C̄ osc(u;KR) (ρ/R)ᾱ for 0 ≤ ρ ≤ R/2. (5.8)

Proof Rescaling to R = 1 and considering u/osc(u;K1) we can suppose
osc(u,K1) = 1. Both u+ = u − infK1 u and u− = supK1

u − u are non-negative
solutions with osc(u±;K1) = 1. Since

P(K1; u+ ≥ 1/2) = P(K1; u− ≤ 1/2) = 1− P(K1; u− > 1/2),
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at least one of P(K1; u± ≥ 1/2) is at least 1/2 and we can suppose without loss of
generality that it is u+. Then (5.7) with R = 2, k = 1/2 provides

inf
K1/2

u+ ≥ m(1/2)/2 =: m̄ ⇒ inf
K1/2

u ≥ inf
K1
u+m̄ ⇒ osc(u;K1/2) ≤ 1−m̄.

Scaling back we obtained osc(u;KR/2) ≤ osc(u;KR)(1 − m̄) which, iterated for
Rn = R/2n gives

osc(u;KRn) ≤ osc(u;KR)(1− m̄)n.

For ρ ≤ R/2, let n ≥ 1 obey Rn+1 ≤ ρ ≤ Rn and ᾱ := − log2(1 − m̄). Then, by
monotonicity,

osc(u;Kρ) ≤ osc(u;KRn) ≤ osc(u;KR)(1− m̄)n = osc(u;KR)2−n ᾱ

= 2ᾱ osc(u;KR)(2−(n+1))ᾱ

giving the claim due to 2−(n+1) ≤ ρ/R. ��

Theorem 5.6 (Expansion of Positivity, See Fig. 3) Let u ≥ 0 be a supersolution
in KR . There exists λ̄ > 1 and, for any μ > 0, c(μ) > 0 such that

P(Kr ; u ≥ 1) ≥ μ ⇒ inf
Kρ
u ≥ c(μ) (r/ρ)λ̄ if r ≤ ρ ≤ R/2. (5.9)

Proof Using the notations of Lemma 5.4, we let c = c(μ) := m(μ/2N) and
iterate (5.7) as follows. From P(Kr ; u ≥ 1) ≥ μ we infer P(K2r ; u ≥ 1) ≥ μ/2N
thus (5.7) gives infKr u ≥ c. If δ̄ := m(4−N) and ρn = 2nr , we thus have
P(Kρ0 ; u ≥ c δ̄0) = 1. Moreover

P(Kρn ;u ≥ cδ̄n) = 1 ⇒ P(Kρn+2 ;u ≥ cδ̄n) ≥ 4−N ⇒
(5.7)

P(Kρn+1 ;u ≥ cδ̄n+1) = 1.

Fig. 3 The expansion of
positivity. If u ≥ 1 on the
dashed part of the cube, it is
bounded below by a negative
power of the distance from
the cube

x

u

1
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Thus, by induction, u ≥ c δ̄n in Kρn for all n ≥ 0 such that ρn+2 = 2n+2r ≤ R.
Given ρ ∈ [r, R/2] let n be such that 2n−1 ≤ ρ/r ≤ 2n. Then we obtained the claim
with λ̄ = − log2 δ̄, since

inf
Kρ
u ≥ inf

Kρn

u ≥ c δ̄n ≥ c δ̄ (ρ/r)log2 δ̄ .

��
We call the exponent λ̄ the expansion of positivity rate.

Theorem 5.7 (Harnack Inequality) There exists C̄ > 0 such that for any locally
bounded solution u ≥ 0 to (5.1) in K8R it holds

sup
KR

u ≤ C̄ inf
KR
u.

Proof Rescaling to R = 1 and considering u/ supK1
u we are reduced to prove that

sup
K1

u = 1 ⇒ inf
K1
u ≥ m̄ > 0 (5.10)

for any solution u ≥ 0 in K8. We will find m̄ > 0, x0 ∈ K1 and r > 0 such that

u(x0) r
λ̄ ≥ m̄, P (Kr (x0); u ≥ u(x0)/2) ≥ ν̄ (5.11)

for λ̄ given (5.9) and some universal ν̄. Theorem 5.6 applied to u/u(x0) will then
prove (5.10) for such r , with the choices R = 8, k = u(x0)/2, μ = ν̄ and ρ = 2, as
K1 ⊆ K2(x0) ⊆ K4.

To choose x0 and r , observe that Theorem 5.5 implies that the function

[0, 1] � ρ �→ ψ(ρ) = (1− ρ)λ̄ sup
Kρ

u

is continuous and vanishes at ρ = 1, thus it attains its maximum at some ρ0 < 1
and we set

max[0,1] ψ = (1− ρ0)
λ sup
Kρ0

u = (1− ρ0)
λ u(x0)

for some x0 ∈ Kρ0 . Let ξ ∈ ]0, 1[ to be chosen and define r = ξ (1− ρ0). Then

u(x0) r
λ̄ = ξ λ̄ u(x0) (1− ρ0)

λ̄ = ξ λ̄ ψ(ρ0) ≥ ξ λ̄ ψ(0) = ξ λ̄. (5.12)
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Since Kr(x0) ⊆ Kρ0+r , we infer from ψ(ρ0 + r) ≤ ψ(ρ0) that

sup
Kr(x0)

u ≤ sup
Kρ0+r

u = ψ(ρ0 + r)
(1− ρ0 − r)λ̄

≤ ψ(ρ0)

(1− ρ0 − r)λ̄
= (1− ρ0)

λ̄

(1− ρ0 − r)λ̄
sup
Kρ0

u = u(x0)

(1− ξ)λ̄ .

Choose ξ̄ as per (1 − ξ̄ )−λ̄ = 2, so that u ≤ 2 u(x0) in Kr(x0), while (5.12) gives
the first condition in (5.11) with m̄ = ξ̄ λ̄. Apply (5.8) for R = r , ρ = η̄r with η̄ s. t.
4C̄η̄ᾱ ≤ 1, so that

osc(u;Kη̄r(x0)) ≤ C̄ osc(u;Kr(x0)) η̄
ᾱ ≤ 2 C̄ u(x0) η̄

ᾱ ≤ u(x0)/2,

implying u ≥ u(x0)/2 in Kη̄r(x0). Thus, the second condition in (5.11) holds for
ν̄ = η̄N . ��

5.2 Homogeneous Parabolic Equations

In the forthcoming subsections we will provide the extension of the previous
techniques to the parabolic setting. In order to highlight the similarities with
the elliptic case, we will proceed step-by-step in increasing generality, gradually
introducing the modifications needed to cater with the evolutionary framework.

First we will deal with homogeneous equations, i.e. those for which scalar
multiplication still gives a solution of the same (from the structural point of view)
type of equation. We chose for simplicity to deal with the quadratic case, i.e., with
equations of the form

ut = divA(x, u,Du),

{
A(x, s, z) · z ≥ C0|z|2
|A(x, s, z)| ≤ C1|z|.

(5.13)

As in the previous subsection, we say that u is a (sub-) super-solution if there is
some A obeying the growth conditions and such that ut (≤) ≥ divA(x, u,Du). An
important feature of (5.13) is that the class of its solutions is invariant by space/time
translations, by the scaling uλ(x, t) = u(λx, λ2t), λ > 0 and, more substantially,
by scalar multiplication. More generally, homogeneous problems of the form

|ut |p−2ut = divA(x, u,Du),

{
A(x, s, z) · z ≥ C0|z|p
|A(x, s, z)| ≤ C1|z|p−1

can be dealt in the same way. In fact, as will be apparent from the proofs, in
this homogeneous setting the Harnack inequality follows solely from the energy
inequality. Indeed, in [40], it has been proved for non-negative functions belonging
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to the so-called parabolic De Giorgi classes i.e., roughly speaking, functions
obeying the energy inequality for truncations.

In the following, we set QR,T = KR × [0, T ]. Given a rectangle Q = K ×
[a, b] ⊆ R

N × R, u : Q→ R and k ∈ R we define, respectively

P
(
Q; u � k

) =
∣∣Q ∩ {

u � k
}∣∣

|Q| , Pt
(
K; u � k

) =
∣∣K ∩ {

u(·, t) � k}∣∣
|K| .

The dependence on N , C0 and C1 will always be omitted, and a constant c
depending only on the latters will be denoted by c̄. We also recall the relevant
functional analytic tools.

Proposition 5.8

1) Parabolic Sobolev Embedding: [31, Lemma II.4.1] If u ∈ L2(0, T ;W 1,2
0 (�)),

then

∫ T

0

∫

�

|u|2N+2
N dx dt ≤ CN

(
sup
t∈[0,T ]

∫

�

u2(x, t) dx

) 2
N ∫ T

0

∫

�

|Du|2 dx dt.

2) Energy inequality: [31, Prop. III.2.1] Let u be a supersolution to (5.13) inQ =
K × [0, T ]. There exists C̄ > 0 s. t. for any k ≥ 0 and η ∈ C∞(a, b;C∞c (K)),
0 ≤ η ≤ 1 it holds

sup
t∈[0,T ]

∫

K

(u(x, t)− k)2−η2 dx + 1

C̄

∫∫

Q

|D(η(u− k)−)|2 dx dt

≤
∫

K

(u(x, 0)− k)2−η2 dx + C̄
∫∫

Q

(u− k)2−|∇η|2 dx dt (5.14)

+ C̄
∫∫

Q

(u− k)2−|ηt | dx dt.

The first lemma shows how initial measure-theoretic positivity propagates at
future times.

Lemma 5.9 Let u ≥ 0 be a supersolution in QR,R2 . For any μ > 0 there are
k, θ ∈ ]0, 1[ such that

P0(KR; u ≥ 1) ≥ μ ⇒ Pt (KR; u ≥ k(μ)) > μ/2 ∀t ∈ [0, θ(μ)R2]. (5.15)

Proof Rescale to R = 1 and, for any δ, θ ∈ ]0, 1[, employ the energy inequal-
ity (5.14) onK1 × [0, θ ] with η ∈ C∞c (K1) independent of t and such that

0 ≤ η ≤ 1, η|Kδ ≡ 1, |Dη| ≤ CN/(1− δ). (5.16)
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obtaining for any t ∈ [0, θ ]
∫

Kδ

(u(x, t)− 1)2− dx ≤
∫

K1

(u(x, 0)− 1)2− dx +
C̄

(1− δ)2
∫ t

0

∫

K1

(u− 1)2− dx dt

≤ 1− μ+ C̄ θ

(1− δ)2 ,

where we used the assumption in (5.15) in the last inequality. For k ∈ ]0, 1[ we have

∫

Kδ

(u(x, t)− 1)2− dx ≥
∫

Kδ∩{u(·,t )<k}
(1− k)2 dx ≥ (1− k)2|Kδ ∩ {u(·, t) < k}|.

Insert the latter into the previous one to obtain, for all t ∈ [0, θ ]

1− Pt (K1; u ≥ k) ≤ 1− |Kδ ∩ {u(·, t) ≥ k}| = 1− δN + |Kδ ∩ {u(·, t) < k}|

≤ 1− δN + 1

(1− k)2
(

1− μ+ C̄ θ

(1− δ)2
)
. (5.17)

Successively choose δ, k ∈ ]0, 1[ and, consequently, θ ∈ ]0, 1[ so that:

1− δN = μ

8
,

1− μ
(1− k)2 = 1− 3

4
μ,

1

(1− k)2
C̄ θ

(1− δ)2 ≤
μ

8

to obtain that the right hand side in (5.17) is less than 1− μ/2, proving the claim.
��

The next two steps are fully in the spirit of the De Giorgi approach.

Lemma 5.10 (Shrinking Lemma) Suppose u ≥ 0 is a supersolution in Q2R,T
obeying

Pt (KR; u ≥ k) ≥ μ, ∀t ∈ [0, T ] (5.18)

for some μ ∈ ]0, 1[, k > 0. There exists β = β(μ) > 0 such that

P
(
QR,T ; u ≤ k/2n

) ≤ β(μ)
(

1+ R
2

T

)1/2 1

n1/2 ,

Proof Let kj = k/2j , j ≥ 0. The inequality (5.14) with η ∈ C∞c (K2R) such that

0 ≤ η ≤ 1, η|KR ≡ 1, |Dη| ≤ CN/R (5.19)
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gives

∫∫

QR,T

|D(u− kj )−|2dxdt ≤ C̄
∫

K2R

(u(x, 0)− kj )2−dx +
C̄

R2

∫∫

Q2R,T

(u− kj )2−dxdt

≤ C̄ k2
j R

N (1+ T/R2). (5.20)

For any t ∈ [0, T ], apply the De Giorgi-Poincaré inequality and (5.18) to obtain

(kj − kj+1)|KR ∩ {u(·, t) ≤ kj+1}|

≤ CN R
N+1

|KR ∩ {u(·, t) < kj }|
∫

KR∩{kj+1≤u(·,t )}
|D(u(x, t) − kj )−| dx

≤
(5.18)

CN R

μ

∫

KR∩{kj+1≤u(·,t )}
|D(u(x, t)− kj )−| dx

Integrate over [0, T ], divide by |QR,T | and use Hölder’s inequality to get

kj

2
P(QR,T ; u ≤ kj+1) ≤ CN R

μ |QR,T |
∫∫

QR,T ∩{kj+1≤u}
|D(u− kj )−| dx dt

≤ R
μ

(
C2
N

|QR,T |
∫∫

QR,T ∩{kj+1≤u}
|D(u− kj )−|2dxdt

)1
2 |QR,T ∩ {kj+1≤u≤ kj }| 1

2

|QR,T | 1
2

≤
(5.20)

C̄ R

μ
kj

1

T
1
2

(
1+ T

R2

) 1
2 (
P(QR,T ; u ≤ kj )− P(QR,T ; u ≤ kj+1)

) 1
2 ,

The latter reads

P 2(QR,T ; u ≤ kj+1) ≤ C(μ)
(
1+R

2

T

) (
P(QR,T ; u ≤ kj )− P(QR,T ; u ≤ kj+1)

)
,

which, being the right hand side telescopic, can be summed over j ≤ n − 1 to get
the claim:

n
(
P(QR,T ; u ≤ kn)

)2 ≤
n−1∑

j=0

(
P(QR,T ; u ≤ kn)

)2 ≤ C(μ) (1+ R2/T ).

��
Lemma 5.11 (Critical Mass) For any θ > 0 there exists ν(θ) > 0 such that any
supersolution u ≥ 0 onQR,θR2 fulfills

P
(
QR,θR2 ; u ≤ k) ≤ ν(θ) ⇒ u ≥ k/2 onKR/2 × [θ R2/8, θ R2].

(5.21)
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Proof Use homogeneity and scaling to reduce to R = 1, k = 1. Define for n ≥ 1

rn = 1

2
+ 1

2n
, kn = 1

2
+ 1

2n
, θn = θ

8
− θ

2n+3 ,

let Kn = Krn , Qn = Kn × [θn, θ ] and choose ηn ∈ C∞([θn, θ ];C∞c (Kn)) s. t.

ηn(·, θn) ≡ 0, 0 ≤ ηn ≤ 1, ηn|Qn+1
≡ 1, |Dηn| ≤ CN2n, |(ηn)t | ≤ CN 2n

θ
.

(5.22)

Inserting into the energy inequality (5.31) and noting that kn ≤ k, we get

sup
t∈[θn+1,θ]

∫

Kn+1

(u(x, t)− kn)2− dx +
∫∫

Qn

|D(ηn(u− kn)−)|2 dx dt

≤ C̄ 22n(1+ θ−2)

∫∫

Qn

(u− kn)2− dx dt ≤ C̄ 22n(1+ θ−2)k2
n|Qn ∩ {u ≤ kn}|.

By the parabolic Sobolev embedding

∫∫

Qn+2

(u− kn+1)
2N+2
N− dx dt ≤

∫∫

Qn+1

((u− kn+1)−ηn+1)
2N+2
N dx dt

≤ C
∫∫

Qn+1

|D ηn+1(u− kn+1)
2−|2dxdt

[
sup

t∈[θn+1,θ ]

∫

Kn+1

η2
n+1(x, t)(u(x, t)− kn+1)

2−dx
] 2
N

≤ C̄ 22nN+2
N (1+ θ−2)

N+2
N h

2N+2
N

n |Qn ∩ {u ≤ kn}|N+2
N ,

while, being (u− kn+1)− ≥ kn+1 − kn+2 = kn/4 when u ≤ kn+2,

∫∫

Qn+1

(u− kn+1)
2N+2
N− dx dt ≥ (kn/4)2N+2

N |Qn+2 ∩ {u ≤ kn+2}|.

Chaining these latter two estimates and simplifying kn gives the iterative inequality

|Qn+2 ∩ {u ≤ kn+2}| ≤ C̄ bnN(1+ θ−2)1+
2
N |Qn ∩ {u ≤ kn}|1+ 2

N

and (5.2) for Xn := |Q2n ∩ {u ≤ k2n}| gives the claim. ��
Lemma 5.12 (Measure-to-Point Estimate) Let u ≥ 0 be a supersolution in
QR,R2 . For all μ ∈ ]0, 1[ there are c(μ) > 0 and θ(μ) ∈ ]0, 1[ such that

P0(Kρ; u ≥ h) ≥ μ ⇒ u ≥ c(μ) h in Kρ/2 × [θ(μ)ρ2/8, θ(μ)ρ2]. (5.23)
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Proof By homogeneity we can let h = 1. Let θ(·), k(·) be given in Lemma 5.9,
so that Pt (Kρ; u ≥ k) ≥ μ/2 for t ∈ [0, θ ρ2], θ = θ(μ) and k = k(μ). Apply
Lemma 5.10, choosing n = n(μ) such that

β(μ/2) (1+ θ(μ)−1)1/2 n−1/2 ≤ ν(θ),

(ν(·) given in (5.21)), to get P(Qρ,θρ2 ; u ≤ k 2−n) ≤ ν(θ). Then (5.21)
proves (5.23). ��
Theorem 5.13 (Hölder Regularity) Any locally bounded solution of (5.13) is
locally Hölder continuous, with Hölder exponent depending only on N , C0, C1.

Proof By translation and scaling it suffices to prove an oscillation decay on the
cubes Qn = K2−n × [−θ̄ 2−2n, 0] with θ̄ = θ(1/2) given in (5.23). Suppose
osc(u,Q0) = 1. Then, one of

P−θ̄
(
K1; sup

Q0

u− u ≥ 1/2
) ≥ 1/2, or P−θ̄

(
K1; u− inf

Q0
u ≥ 1/2

) ≥ 1/2

holds. If it is the first one, apply (5.23) to supQ0
u− u ≥ 0 translated in time to get

supQ0
u− u ≥ m(1/2)/2 =: m̄ inQ1, i.e. supQ1

u ≤ supQ0
u− m̄. Therefore

osc(u,Q1) ≤ sup
Q1

u− inf
Q0
u ≤ sup

Q0

u− inf
Q0
u = 1− m̄.

The same holds in the other case and by homogeneity we have osc(u;Q1) ≤ (1 −
m̄)osc(u,Q0). By scaling and induction, osc(u,Qn) ≤ osc(u,Q0)(1−m̄)n. Finally,
for (x, t) ∈ Q1 let n ≥ 1 such that

2−n−1 ≤ max{|x|, (|t|/θ̄)1/2} ≤ 2n,

so that we have (x, t) ∈ Qn and, for ᾱ = − log2(1− m̄),

|u(x, t)− u(0, 0)| ≤ osc(u,Qn) ≤ osc(u,Q0)

1− m̄ (1− m̄)n+1

≤ osc(u,Q0)

1− m̄ max
{
|x|, (|t|/θ̄)1/2

}ᾱ
.

��

Lemma 5.14 (Expansion of Positivity, See Fig. 4) Let u ≥ 0 be a supersolution
inQR,R2 . There exists λ̄ > 1, γ̄ ∈ ]0, 1/4[ and, for any μ > 0 a constant c(μ) > 0,
such that

P0(Kr ; u ≥ 1) ≥ μ ⇒ inf
Kρ
u(·, γ̄ ρ2) ≥ c(μ) (r/ρ)λ̄ ∀ρ ∈ [r, R/8].
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Fig. 4 The parabolic
expansion of positivity. If at
time t = 0 u ≥ 1 on the
dotted part of given measure,
after a waiting time γ̄ , u is
pointwise bounded from
below in the paraboloid by a
large negative power of t

t

x

γ̄

Proof First expand (5.23) in space observing that P0(Kρ; u ≥ h) ≥ μ implies
P0(K4ρ; u ≥ h) ≥ μ 4−N , so that by changing the constants θ(μ) and c(μ), we get

P0(Kρ; u ≥ h) ≥ μ ⇒ u ≥ c(μ) h in K2ρ × [θ(μ)ρ2/8, θ(μ)ρ2]. (5.24)

Let c̄ = c(1), θ̄ = θ(1), ρn = 2n r and define recursively the sequences

t0 = θ(μ)r2/8, tn+1 = tn + θ̄ρ2
n+1/8, s0 = θ(μ)r2, sn = tn−1 + θ̄ρ2

n, n ≥ 1.

Letting furthermoreQn = Kρn+1 × [tn, sn], apply recursively (5.24) as

P0(Kr ; u ≥ 1) ≥ μ ⇒ P(Q0; u ≥ c(μ)) = 1 ⇒ P(Q1; u ≥ c(μ)c̄) = 1 . . .

to get by induction P(Qn; u ≥ c(μ) c̄n) = 1 for all n ≥ 1. It is easily checked that
sn > tn+1 for n ≥ 1, hence

inf
Kρn+1

u(·, t) ≥ c(μ) c̄n tn ≤ t ≤ tn+1, n ≥ 1.

Notice that we can suppose that θ(μ) ≤ θ̄ ≤ 1/16, so that it holds θ̄ ρ2
n−1 ≤ tn ≤

θ̄ ρ2
n for n ≥ 1 and a monotonicity argument gives

inf
Kρn

u(·, t) ≥ c(μ) c̄n+2 θ̄ ρ2
n ≤ t ≤ θ̄ ρ2

n+1, n ≥ 0.
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For ρ ≥ r , let n be such that ρn ≤ ρ ≤ ρn+1, hence θ̄ ρ2
n+1 ≤ 4 θ̄ ρ2 ≤ θ̄ ρ2

n+2.
Then the lemma is proved for λ̄ = − log2 c̄, and γ̄ = 4 θ̄ , since

inf
Kρ
u(·, 4 θ̄ ρ2) ≥ inf

Kρn+1

u(·, 4 θ̄ ρ2) ≥ c(μ) c̄n+3≥c(μ) c̄3 (r/ρn)
λ̄≥c(μ) c̄3 (r/ρ)λ̄.

��
Theorem 5.15 (Harnack Inequality) Let u ≥ 0 be a locally bounded solu-
tion of (5.13) in K2R × [−(2R)2, (2R)2]. There exists C̄ such that u(0, 0) ≤
C̄ infKR u(·, R2).

Proof By homogeneity, scaling and a Harnack chain argument it suffices to prove

u(0, 0) = 1 ⇒ inf
K1
u(·, 1) ≥ c̄ > 0 (5.25)

for any solution u of (5.13), nonnegative inKL̄×[−L̄2, L̄2] for L̄ to be chosen. Let

ψ(ρ) = (1− ρ)λ̄ sup
Q−ρ
u, Q−ρ := Kρ × [−ρ2, 0], ρ ∈ [0, 1]

where λ̄ is given in Lemma 5.14. By continuity, we can choose ρ0 ∈ [0, 1], (x0, t0) ∈
Q−ρ0

such that

max[0,1] ψ(ρ) = (1− ρ0)
λ̄u0 u0 := u(x0, t0).

For ξ ∈ ]0, 1[ to be determined let r = ξ (1−ρ0), so that, beingψ(0) = u(0, 0) = 1,

u0 r
λ̄ = ξ λ̄ u0(1− ρ0)

λ̄ = ξ λ̄ ψ(ρ0) ≥ ξ λ̄ ψ(0) = ξ λ̄. (5.26)

If Q̃r = Kr(x0)× [t0− r2, t0], it holds Q̃r ⊆ Q−ρ0+r and being ρ0 maximum for ψ ,

sup
Q̃r

u ≤ sup
Q−ρ0+r

u = ψ(ρ0 + r)
(1− ρ0 − r)λ̄

≤ (1− ρ0)
λ̄

(1− ρ0 − r)λ̄
u0 = (1− ξ)−λ̄ u0. (5.27)

Choose ξ̄ as per (1− ξ̄ )−λ̄ ≤ 2, so that u ≤ 2 u0 in Q̃r , and let θ̄ = θ(1/2) ∈ ]0, 1[
be given in (5.23). Since Kr(x0) × [t0 − θ̄ r2, t0] ⊆ Q̃r , the previous proof shows
that for all ρ ≤ r/2

osc(u(·, t0),Kρ(x0)) ≤ C̄ sup
Q̃r

u (r/ρ)ᾱ ≤ 2 C̄ u0 (r/ρ)
ᾱ,
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and choosing ρ = η̄ r with C̄ η̄ᾱ ≤ 1/4 gives osc(u(·, t0),Kη̄r(x0)) ≤ u0/2.
The latter ensures Pt0(Kr(x0); u ≥ u0/2) ≥ η̄N and the expansion of positivity
Lemma 5.14 for 2 u/u0 implies

inf
Kρ(x0)

u(·, t0 + γ̄ ρ2) ≥ c(η̄N)u0

2

rλ̄

ρλ̄
≥

(5.26)

c(η̄N)ξ̄ λ̄

2ρλ̄
, r ≤ ρ ≤ L̄/8. (5.28)

Solve t0 + γ̄ ρ = 1 in ρ: from γ̄ ≤ 1/4 and t0 ∈ [−1, 0] we infer 2 ≤ ρ ≤ 2/γ̄ .
Therefore Kρ(x0) ⊇ K1 and we can let L̄/8 := 2/γ̄ in (5.28), giving (5.25) and
completing the proof. ��

5.3 Inhomogeneous Parabolic Equations

In the last subsection, we heavily took advantage of the homogeneous structure of
the equation. The situation is quite different for inhomogeneous equations whose
model is

ut = divA(x, u,Du),

{
A(x, s, z) · z ≥ C0|z|p
|A(x, s, z)| ≤ C1|z|p−1

(5.29)

for p 	= 2, as it is no longer true that λu is a solution of a similar equation for
λ 	= 1. The translation invariance still holds, and the scale invariance says that if
u solves (5.29) then uλ(x, t) = u(λx, λpt) is a solution (in the usual sense that
there exists an A obeying the growth condition such that u solves the corresponding
equation). More generally, given R, T > 0 and a (sub-) super-solution of (5.29),

uR,T (x, t) = R
p

2−p T
1
p−2 u(R x, T t) (5.30)

is still a (sub-) super-solution (in the structural sense) an equation of the kind (5.29).
This shows that statements for λu can be derived from those for u by scaling the
space-time variables conveniently (actually, with one degree of freedom).

It is worth noting that, in the inhomogeneous setting, it is not known wether
the energy inequality alone suffices to prove the Harnack inequality. In our proof,
we will indeed use a clever change of variable introduced in [29], which crucially
relies on the equation. Moreover, as extensively discussed in the previous chapter,
the degenerate (p > 2) and singular (p < 2) cases require different treatments.
We thus first derive some common tools in this subsection, and discuss in details
the two families of equations in the following ones. The notation will be the
same as in the previous one, with the additional dependence on p omitted in
constants.
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Proposition 5.16

1) Parabolic Sobolev Embedding: If u ∈ Lp(0, T ;W 1,p
0 (�)), and p∗ = p(1 +

2/N), then

∫ T

0

∫

�

|u|p∗ dx dt ≤ C(N)
(

sup
t∈[0,T ]

∫

�

u2(x, t) dx

) p
N ∫ T

0

∫

�

|Du|p dx dt.

2) Energy inequality: [31, Prop. III.2.1] Let v be a supersolution to (5.29) in QT
under condition (4.5). There exists C = C(C0, C1) > 0 s. t. for any k ≥ 0 and
η ∈ C∞(0, T ;C∞c (K)), 0 ≤ η ≤ 1 it holds

sup
t∈[0,T ]

∫

K

(v(x, t)− k)2−ηp dx +
1

C

∫∫

QT

|D(η(v − k)−)|p dx dt

≤
∫

K

(v(x, 0)− k)2−ηp dx + C
∫∫

QT

(v − k)p−|Dη|p dx dt

+ C
∫∫

QT

(v − k)2−|ηt | dx dt.

(5.31)

We start by sketching the proof of the relevant critical mass lemma.

Lemma 5.17 (Critical Mass) Let v ≥ 0 be a supersolution of (5.29) on QR,T for
p 	= 2 and let h ≥ 0. There exists ν > 0 s.t.

P
(
QR,T ; v ≤ h

) ≤ ν(hR p
2−p T

1
p−2 ) ⇒ v ≥ h

2
on KR

2
× [T

2
, T

]
. (5.32)

Proof Consider the supersolution vR,T (x, t) = R
p

2−p T
1
p−2 v(R x, T t): as (5.32) is

invariant by this transformation, it suffices to prove it for R = T = 1. Define

rn = 1

2
+ 1

2n
, hn = h

2
+ h

2n
, tn = 1

2
− 1

2n+1

Kn = Krn, Qn = Kn × [tn, 1], An = Qn ∩ {v ≤ hn}.

Fix ηn as per (5.22) with θ = 4. Inserting into (5.31) and noting that hn ≤ h, we get

sup
t∈[tn+1,1]

∫

Kn+1

(v(x, t)− hn)2− dx +
∫∫

Qn

|D(ηn(v − hn)−)|p dx dt

≤ C̄ 2np
∫∫

Qn

(v − hn)p− dx dt + C̄ 2n
∫∫

Qn

(v − hn)2− dx dt

≤ C̄(hp + h2) 2np |An|.
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Use hn+1−hn+2 = h/2n+3, Tchebicev and the parabolic Sobolev embedding to get

hp
∗ |An+2|

2p∗(n+3)
≤

∫∫

An+2

(v − hn+1)
p∗
− dxdt ≤

∫∫

Qn+1

((v − hn+1)−ηn+1)
p∗ dxdt

≤ C̄
∫∫

Qn+1

|D(ηn+1(v − hn+1)
2−)|pdxdt

[
sup

t∈[tn+1,1]

∫

Kn+1

(v(x, t) − hn+1)
2−dx

] p
N

≤ C̄ b̄n (hp + h2)1+
p
N |An+1||An| pN ≤ C̄ b̄n (hp + h2)1+

p
N |An|1+ p

N .

This amounts to |An+2| ≤ b̄n C̄(h)|An|1+ p
N and (5.2) for Xn = |A2n| gives the

conclusion. ��
Lemma 5.18 Let v ≥ 0 be a supersolution inQR,T of (5.29). There exists σ̄ s. t.

inf
KR
v(x, 0) ≥ h ⇒ v ≥ h/2 onKR/2 ×

[
0,min{σ̄ Rp h2−p, T }].

Proof Consider the supersolution ṽ(x, t) = R
p

2−p v(Rx, t) to reduce to the case

R = 1, ṽ(·, 0) ≥ h̃ = hR p
2−p on K1. Proceed as in the previous proof with tn ≡ 0,

ηn independent of t and Qn = Krn × [0, T ]. Since ṽ(·, 0) ≥ h̃n and (ηn)t ≡ 0, the
first and third term on the right of (5.31) vanish, giving

sup
t∈[0,T ]

∫

Kn+1

(ṽ(x, t)− h̃n)2− dx +
∫∫

Qn

|D(ηn(ṽ − h̃n)−)|p dx dt ≤ C̄ 2nphp |An|.

where An = Qn ∩ {ṽ ≤ h̃n}. As before, we get the iterative inequality

h̃p
∗
/2p

∗(n+3)|An+2| ≤ C̄ b̄n hp
N+p
N |An|1+

p
N

which, recalling that p∗ = p(N + 2)/N and enlarging b̄, reads

|An+2| ≤ C̄ b̄n h̃
p
N
(p−2)|An|1+

p
N .

Since |A0| ≤ T , (5.2) ensures the existence of σ̄ such that

T ≤ σ̄ h̃2−p ⇒ lim
n
|A2n| = 0 ⇒ inf

Q1/2,T
ṽ ≥ h̃/2 ⇔ inf

QR/2,T
v ≥ h/2.

��
We conclude this section with a useful tool to prove Hölder continuity of

solutions.
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Lemma 5.19 Suppose there exist T̄ > 0 and m̄, θ̄ ∈ ]0, 1[, depending only on the
data, such that any solution u of (5.29) with p 	= 2 inQ2,T̄ fulfills

P0(K1; u ≥ 1/2) ≥ 1/2 ⇒ u ≥ m̄ on K1/4 × [(1− θ̄ )T̄ , T̄ ]. (5.33)

There exists C̄, ᾱ depending on m̄ and θ̄ such that any solution with ‖u‖L∞(Q2,T̄ )
≤

1 obeys

osc(u,Kr × [T̄ (1− rp), T̄ ]) ≤ C̄ rᾱ, 0 ≤ r ≤ 1. (5.34)

Proof Fix δ ∈ ]0, 1/4], θ ∈ ]0, θ̄] so that θ
1

2−p δ
p
p−2 = γ := (1 + m̄)−1 < 1. We

claim by induction

osc(u,Qn) ≤ (1+ m̄)γ n, ∀n ≥ 0, where Qn := Kδn × [T̄ (1− θn), T̄ ].
(5.35)

Since ‖u‖L∞(Q2,T̄ )
≤ 1, (5.35) holds true for n = 0, so suppose by contradiction

that

osc(u,Qn) ≤ (1+ m̄) γ n & osc(u,Qn+1) > (1+ m̄) γ n+1 (5.36)

for some n ≥ 1. Being osc(u,Qn) ≥ osc(u,Qn+1) we infer

osc(u,Qn) > (1+ m̄) γ n+1. (5.37)

By scaling and translation invariance, the function v(x, t) = γ−nu(δnx, (t−T̄ )θn+
T̄
)

solves in Q0 an equation of the type (5.29) and, recalling that γ = 1/(m̄ + 1),
we have

osc(v,Q0) = γ−nosc(u,Qn) >
(5.37)

(1+ m̄) γ = 1.

We infer from the latter that the assumption in (5.33) holds for at least one of the
nonnegative supersolutions v+ := v − infQ0 v or v− = supQ0

v − v: indeed, for
example, P0(K1; v+ ≥ 1/2) < 1/2 is equivalent to P0(K1; v+ < 1/2) ≥ 1/2 and
then osc(v,Q0) ≥ 1 ensures

P0(K1; v− ≥ 1/2) ≥ P0(K1; v− > osc(v,Q0)− 1/2)=P0(K1; v+ < 1/2)≥1/2.

Suppose, without loss of generality, that P0(K1; v+ ≥ 1/2) ≥ 1/2: then, since
θ ≤ θ̄ and δ ≤ 1/4, (5.33) implies infQ1 v+ ≥ m̄ and thus

osc(v,Q1) = osc(v+,Q1) ≤ osc(v+,Q0)− m̄ = osc(v,Q0)− m̄.
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Scaling back to u and using the relations in (5.36), we obtained the contradiction

(1+ m̄) γ < γ−nosc(u,Qn+1) = osc(v,Q1) ≤ osc(v,Q0)− m̄
= γ−nosc(u,Qn)− m̄ ≤ 1+ m̄− m̄.

To prove (5.34) let η = δ min{1, γ p−2
p } and suppose ηn+1 ≤ r ≤ ηn for some n.

Then, using θ
1

2−p δ
p
p−2 = γ , we infer Kr × [T̄ (1− rp)] ⊆ Qn. Letting ᾱ = logη γ

and using (5.35) we have

osc(u,Kr × [T̄ (1− rp), T̄ ]) ≤ γ n = γ−1 (ηn+1)ᾱ ≤ γ−1 rᾱ.

��

5.4 Degenerate Parabolic Equations

This subsection is devoted to the case p > 2 of (5.29). Compared to the
homogeneous case p = 2, the most delicate part is the proof of the measure-to-
point estimate, Lemma 5.22 below.

Lemma 5.20 Assume that u ≥ 0 is a supersolution in Q1,T of (5.29) with p > 2.
For any μ > 0 there exists k(μ) ∈ ]0, 1[ such that

P0(K1; u ≥ 1) ≥ μ ⇒ Pt

(
K1; u ≥ k(μ)

(t + 1)
1
p−2

)
>
μ

2
∀t ∈ [0, T ] (5.38)

Proof For any k, δ ∈ ]0, 1[, we employ (5.31) with η as in (5.16), obtaining for
t ∈ [0, T ]
∫

Kδ

(u(x, t)− k)2− dx ≤
∫

K1

(u(x, 0)− k)2− dx +
C̄

(1− δ)p
∫∫

Q1,t

(u− k)p− dx dt

≤ k2(1− μ)+ C̄ kp t

(1− δ)p .

For ε ∈ ]0, 1[ we have

∫

Kδ

(u(x, t)−k)2− dx ≥
∫

Kδ∩{u(·,t )<εk}
(k−εk)2 dx ≥ k2(1−ε)2|Kδ∩{u(·, t) < εk}|
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which, inserted into the previous estimate and dividing by k2(1− ε)2 gives

|Kδ ∩ {u(·, t) < εk}| ≤ 1

(1− ε)2
(

1− μ+ C̄ k
p−2 t

(1− δ)p
)
. (5.39)

Therefore

1− Pt(K1; u ≥ εk) ≤ 1− |Kδ ∩ {u(·, t) ≥ εk}| = 1− δN + |Kδ ∩ {u(·, t) < εk}|

≤ 1− δN + 1

(1− ε)2
(

1− μ+ C̄ k
p−2 (t + 1)

(1− δ)p
)
.

Choose δ, ε ∈ ]0, 1[ and, for each t ∈ [0, T ], kt ∈ ]0, 1[ such that

1− δN = μ

8
,

1− μ
(1− ε)2 = 1− 3

4
μ,

C̄ k
p−2
t (t + 1)

(1− ε)2(1− δ)p =
μ

8
.

Clearly it holds δ = δ(μ), ε = ε(μ) and therefore kt = k(μ)/(t+1)
1
p−2 . With these

choices we have 1− Pt (K1; u ≥ εkt ) ≤ 1− μ/2, proving the claim. ��
The previous Lemma suggests to consider the function (t + 1)

1
p−2 u(x, t), which

is a supersolution to an equation similar to (5.29), but with structural constants
depending on t (and degenerating for large times). In order to keep the structural
conditions independent of t , it turns out that the change of time variable t + 1 = eτ
suffices, so that we consider instead

v(x, eτ ) = e τ
p−2 u(x, eτ − 1). (5.40)

A straightforward calculation shows that v is a solution onQ1,log(T+1) of

vt = divÃ(x, v,Dv) + v/(p − 2)

with Ã(x, s, z) := e
τ
p−2A

(
x, se

−τ
p−2 , ze

−τ
p−2

)
obeying the structural conditions

in (5.29). In particular, if u ≥ 0, v belongs to the class of nonnegative supersolution
of (5.29).

Lemma 5.21 (Shrinking Lemma) Suppose v ≥ 0 is a supersolution in Q2,S
of (5.29) for p ≥ 2 such that

Pt (K1; v ≥ k) ≥ μ ∀t ∈ [0, S] (5.41)
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for some μ > 0, k ≥ 0. There exists β = β(μ) such that

P

(
K1 × [0,

(
2n

k

)p−2

]; v ≤ k

2n

)
≤ β(μ)

n
1− 1

p

, if

(
2n

k

)p−2

≤ S (5.42)

Proof The proof is very similar to the one of Lemma 5.10 and we only sketch it.
Suppose n ≥ 1 satisfies 2n(p−2) ≤ S kp−2 and let kj = k/2j for j = 0, . . . , n. Let
Q := Q1,S and use (5.31) with η as in (5.19) with R = 1, to get

∫∫

Q

|D(v − kj )−|p dx dt ≤ C̄
∫

K2

(v(x, 0)−kj )2− dx+C̄
∫∫

Q2,S

(v − kj )p− dx dt

≤ C̄(k2
j + Skpj ).

For any t ∈ [0, S] apply the De Giorgi-Poincaré inequality and (5.41) to obtain

(kj − kj+1)Pt (K1; v(·, t) ≤ kj+1) ≤ C̄

μ

∫

K1∩{kj+1≤v(·,t )}
|D(v(x, t) − kj )−| dx.

Integrate over [0, S], use Hölder’s inequality and the energy estimate to get for j =
0, . . . , n− 1

kj

2
P(Q; v ≤ kj+1) ≤ C̄

μ

(
k2
j

S
+ kpj

) 1
p (
P(Q; v ≤ kj )− P(Q; v ≤ kj+1)

)1− 1
p .

(5.43)

As j ≤ n, it holds 2j (p−2) ≤ S kp−2 as well, implying k2
j /S ≤ kpj . Thus we can

simplify all the factors involving kj above, giving for all j ≤ n− 1

(
P(Q; v ≤ kj+1

) p
p−1 ≤ C̄ μ p

1−p
(
P(Q; v ≤ kj )− P(Q; v ≤ kj+1)

)
.

which, summed over j ≤ n− 1 gives (5.42) by the usual telescopic argument. ��
Lemma 5.22 (Measure-to-Point Estimate) For any μ ∈ ]0, 1[ there exists
m(μ) ∈ ]0, 1[, T (μ) > 1 such that any supersolution u ≥ 0 inQ2,T (μ) fulfills

P0(K1; u ≥ 1) ≥ μ ⇒ u ≥ m(μ) in K1/2 × [T (μ)/2, T (μ)]. (5.44)

Proof Let T to be determined and suppose u ≥ 0 is a supersolution in Q1,T . By
Lemma 5.20,

Pt (K1; (t + 1)
1
p−2 u ≥ k(μ)) ≥ μ/2, ∀t ∈ [0, T ].
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If v is defined as per (5.40), the previous condition reads

Pτ (K1; v ≥ k(μ)) ≥ μ/2, ∀τ ∈ [0, S], S = log(T + 1) > 0

so that, being v ≥ 0 a supersolution, Lemma 5.21 implies

P(Q1,Sn; v ≤ S
1

2−p
n ) ≤ β(μ/2)/n1− 1

p , for Sn := (2n/k(μ))p−2.

Next choose n = n(μ), (and thus S = S(μ) := Sn and T = T (μ) := eS−1) so that

β(μ/2)/n1− 1
p ≤ ν(1), with ν given in (5.32). Lemma 5.17 applied on Q1,S with

h = S 1
2−p thus gives

v ≥ S 1
2−p /2 on K1/2 × [S/2, S].

Recalling the definition (5.40) of v, in terms of u the latter implies

u ≥ e− T
p−2 log

1
2−p (T + 1)/2 onK1/2 ×

[√
T + 1− 1, T

]
⊇ K1/2 × [T/2, T ].

��
Theorem 5.23 (Hölder Regularity) Any L∞loc(�T ) solution u of (5.29) in �T for
p > 2 belongs to Cᾱloc(�T ), with ᾱ depending only on N , p, C0 and C1. Moreover,
there exist T̄ ≥ 1 and C̄ > 0 such that if Q−R(T̄ ) := K2R × [−T̄ Rp, 0] ⊆ �T , for
any r ∈ [0, R] it holds

osc(u(·, 0),Kr) ≤ C̄ max
{

1, ‖u‖L∞(Q−R(T̄ ))
} ( r
R

)ᾱ
. (5.45)

Proof Let T̄ = T (1/2) be given in the previous Lemma. By space/time translation,
it suffices to prove an oscillation decay near (0, 0), with Q−r0(T̄ ) ⊆ �T for some
r0 > 0. By (5.30), u(x r0, t r

p

0 ) (still denoted by u) solves (5.29) on Q−1 (T̄ ). Let
M = ‖u‖L∞(Q−1 (T̄ )): ifM > 1 consider v(x, t) = M−1 u(x,M2−p t), which, being

p > 2, solves (5.29) on Q−1 (T̄ ) and ‖v‖L∞(Q−1 (T̄ )) ≤ 1. Applying Lemma 5.19 to

v(·, T̄ + t) (notice that Q−1 (T̄ ) translates to Q2,T̄ ) proves the Hölder continuity of
u, while (5.45) is obtained from (5.34) for v, scaling back to u. ��

The next lemma shows that the geometry of the expansion of positivity in the
degenerate setting is very similar to the nondegenerate case. Compared to Fig. 4, the
only difference is in the shape of the paraboloid which is thinner for larger p.
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Lemma 5.24 (Expansion of Positivity) There exists λ̄ > 0 and, for any μ > 0,
c(μ) ∈ ]0, 1[, γ (μ) ≥ 1, such that if u ≥ 0 is a supersolution to (5.29) inQ4R,T ,

P0(Kr; u ≥ k) ≥ μ ⇒ inf
Kρ
u
(·, γ (μ)(k r

λ̄

ρλ̄

)2−p
ρp

) ≥ c(μ) k r
λ̄

ρλ̄

whenever r ≤ ρ ≤ R and γ (μ)
(
k rλ̄/ρλ̄

)2−p
ρp ≤ T/c(μ).

Proof We first generalize (5.44) as follows: there exists θ(μ) > 0 such that for any
η ≥ 1, h > 0

P0(Kρ; u ≥ h) ≥ μ ⇒ u ≥ c(μ) h

η
1
p−2

in K2ρ ×
[
θ(μ)

2

ρp

hp−2 , ηθ(μ)
ρp

hp−2

]
.

(5.46)

By considering v(x, t) = h−1u(ρ x, h2−p ρp t) and recalling (5.30), it suffices to
prove the claim for ρ = h = 1. By Lemma 5.20, (5.38) holds true, implying

Ps(K4; u ≥ k(μ)/(s + 1)
1
p−2 ) ≥ μ 4−N−1 where s is a parameter in [0, η − 1].

Rescale (5.44) considering

v(x, t) = ks(μ)−1 u(4 x, ks(μ)
2−p 4p t), ks(μ) := k(μ)/(s + 1)

1
p−2

which fulfills Ps(K1; v ≥ 1) ≥ μ 4−N−1, to obtain, with the notations of (5.44)

v ≥ m(μ 4−N−1) in K1/2 ×
[
s + T (μ 4−N−1)/2, s + T (μ 4−N−1)

]
,

If c(μ) := k(μ)m(μ 4−N−1), using s ∈ [0, η − 1], the latter reads in terms of u

inf
K2
u(·, t) ≥ ks(μ)m(μ 4−N−1) ≥ c(μ) η 1

2−p if t ∈ Is for some s ∈ [0, η− 1]

Is :=
[
4p ks(μ)2−p (s + T (μ 4−N−1)/2), 4p ks(μ)2−p (s + T (μ 4−N−1))

]
.

Finally, let θ(μ) = 4p k(μ)2−pT (μ 4−N−1) and observe that ∪s∈[0,η−1]Is ⊇
[θ(μ)/2, η θ(μ)],2 proving (5.46). Notice that all the argument goes through as long
as it holds sups∈[0,η−1] Is = 4pk(μ)2−pη(η−1+T (μ 4−N−1)) ≤ T which, scaling
back, is ensured e.g. by η2 θ(μ) ρp h2−p ≤ T .

2Both a(s) = inf Is and b(s) = sup Is are continuous, hence ∪s∈[0,η−1]Is =
[

infs ∈ [0,η−1] a(s),
sups∈[0,η−1] b(s)

]
. Then observe that a(0) = θ(μ)/2 while b(η − 1) ≥ η θ(μ).
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To prove the lemma, again we can suppose k = 1, (otherwise consider v(x, t) =
k−1u(x, k2−p t)). Let, as per (5.46), θ̄ = θ(1) and c̄ = c(1), ρn = 2n r and define
recursively

t0 = θ(μ)

2
rp, tn+1 = tn + θ̄

2
(c(μ) c̄n)2−p ρpn . (5.47)

Applying (5.46) with η = 1, we get

P0(Kr ; u ≥ 1) ≥ μ ⇒ Pt0(Kρ1 ; u ≥ c(μ)) = 1 ⇒ Pt1(Kρ2 ; u ≥ c(μ)c̄) = 1

and, proceeding by induction, we infer Ptn(Kρn+1; u ≥ c(μ) c̄n) = 1, for all n ≥
0. In particular Ptn(Kρn; u ≥ c(μ) c̄n) = 1, so we again use (5.46) for η to be
determined to obtain

u ≥ c(μ) c̄n+1 η
1

2−p in Kρn+1 × [tn+1, tn + η θ̄ (c(μ) c̄n)2−pρpn ]. (5.48)

Choose η so that

tn + η θ̄ (c(μ) c̄n)2−pρpn+1 = tn+2 ⇔ η = η̄ := (1+ c̄2−p 2p)/2.

For this choice (5.48) holds in the time interval [tn+1, tn+2] giving, by monotonicity,

inf
Kρn

u(·, t) ≥ c(μ) c̄n+m for all tn ≤ t ≤ tn+m, n,m ≥ 0

for a smaller c(μ). Let sn := c̄n(2−p)ρpn ; computing tn we find tn �μ sn with
constants depending on μ, therefore, for sufficiently large m = m(μ) ∈ N, tn ≤
γ (μ) sn ≤ γ (μ) sn+1 ≤ tn+m and

inf
Kρn

u(·, t) ≥ c(μ) c̄n for all γ (μ) sn ≤ t ≤ γ (μ) sn+1, n ≥ 0.

The same argument as in the end of the proof of Lemma 5.14 gives the thesis. ��
Theorem 5.25 (Forward Harnack Inequality) Let u be a nonnegative solution
of (5.29) in K16R × [−T , T ]. Then there exists C̄ > θ̄ > 0 such that if
C̄ u(0, 0)2−p Rp ≤ T , then

u(0, 0) ≤ C̄ inf
KR
u(·, θ̄ u(0, 0)2−p Rp). (5.49)

Proof Thanks to (5.30), the function v(x, t) = u(0, 0)−1u(Rp x, u(0, 0)2−p Rp t)
solves (5.29) in K16 × [−T u(0, 0)p−2R−p, T u(0, 0)p−2R−p] and v(0, 0) = 1. It
then suffices to prove the existence of θ̄ ≥ 1, c̄ ∈ ]0, 1[ such that any solution u ≥ 0
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of (5.29) in K16 × [−2, θ̄/c̄] obeys

u(0, 0) = 1 ⇒ inf
K1
u(·, θ̄ ) ≥ c̄. (5.50)

As in Theorem 5.15, let Q−ρ := Kρ × [−ρp, 0] and consider ψ(ρ) := (1 −
ρ)λ̄ supQ−ρ u for ρ ∈ [0, 1], where λ̄ is given in Lemma 5.24. Let by continuity

ρ0 ∈ [0, 1], (x0, t0) ∈ Q−ρ0
such that

max[0,1] ψ(ρ) = (1− ρ0)
λ̄u0 u0 := u(x0, t0),

choose ξ̄ ∈ ]0, 1[ such that (1 − ξ̄ )−λ̄ = 2 and let r = ξ̄ (1 − ρ0). As in (5.26), it
holds u0 r

λ̄ ≥ ξ λ̄. Let T̄ be given in Theorem 5.23 and let Q̃r := KT̄ −1/p r (x0) ×
[t0− rp, t0]. Since T̄ ≥ 1, it holds Q̃r ⊆ Q−ρ0+r and we can deduce as in (5.27) that

supQ̃r u ≤ (1− ξ̄ )−λ̄ u0. Then (5.45) ensures

osc(u(·, t0),Kρ(x0)) ≤ 2 C̄ u0 (ρ/r)
ᾱ for ρ ≤ T̄ −1/pr.

Since u(x0, t0) = u0, we infer u(·, t0) ≥ u0/2 in Kη̄r(x0) for some η̄ > 0.

Therefore Pt0(Kr(x0); u ≥ u0/2) ≥ η̄N and being u0 r
λ̄ ≥ ξ̄ λ̄, a fortiori it

holds Pt0(Kr(x0); u ≥ ξ̄ λ̄ r−λ̄/2) ≥ η̄N . Since K12(x0) ⊆ K16, Lemma 5.24

with k = ξ̄ λ̄ r−λ̄/2 gives for suitable γ̄ ≥ 1 > c̄ > 0

inf
Kρ(x0)

u
(·, t0 + γ̄ ξ̄ λ̄(2−p)ρp+λ̄(p−2))≥ c̄ ξ

λ̄

ρλ̄
, r ≤ ρ≤ 3, γ̄ ξ λ̄(2−p)ρp+λ̄(p−2)≤ T

c̄
.

In (5.50) we let θ̄ := γ̄ 2p+λ̄(p−2) and choose ρ such that t0+γ̄ ξ λ̄(2−p)ρp+λ̄(p−2) =
θ̄ . From t0 ≤ 0 we get ρ ≥ 2 (and thus Kρ(x0) ⊇ K1) and from t0 ≥ −1 we infer

γ̄ ξ λ̄ρp+λ̄(p−2) ≤ 1+ γ̄ ξ λ̄(2−p)2p+λ̄(p−2) ≤ γ̄ ξ λ̄(2−p)(1+ 2p+λ̄(p−2)) ⇒ ρ ≤ 3.

Hence (by eventually lowering c̄), such ρ is admissible and its upper bound
proves (5.50). ��
Theorem 5.26 (Backward Harnack Inequality) Let u be a nonnegative solution
of (5.29) in K16R × [−T , T ]. Then there exists C̄′ > θ̄ ′ > 0 such that if
C̄′ u(0, 0)2−p Rp ≤ T , then

sup
KR

u(·,−θ̄ ′ u(0, 0)2−p Rp) ≤ C̄′ u(0, 0). (5.51)

Proof By the same scaling argument as before, we can reduce to the case R = 1,
u(0, 0) = 1. Let, for t ≥ 0, w(t) := u(0,−t) and apply (5.49) to u with (0,−t)
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instead of (0, 0) to get

u(0,−t + θ̄ w2−p(t) ρp) ≥ w(t)/C̄, 0 < ρ ≤ 1.

If w(t) ≤ 2 C̄ for some t ≤ θ̄/(2 C̄)p−2, we can choose ρ(t) > 0 such that ρ(t)p =
t wp−2(t)/θ̄ ≤ 1, obtaining u(0, 0) = u(0,−t + θ̄ w2−p(t) ρp(t)). Therefore we
proved

0 ≤ t ≤ θ̄/(̄2C)p−2 & w(t) ≤ 2 C̄ ⇒ w(t) ≤ C̄

which implies w(t) ≤ 2 C̄ for all 0 ≤ t ≤ θ̄/(̄2 C̄)p−2 by a continuity argument.
Letting θ̄ ′ = θ̄/(̄2 C̄)p−2, C̄′ = 2 C̄ we prove (5.51) by contradiction: from
u(0,−θ̄ ′) ≤ C̄ and supK1

u(·,−θ̄ ′) > 2 C̄, by continuity there exists x̄ ∈ K1

such that u(x̄,−θ̄ ′) = 2 C̄. Since 0 ∈ K1(x̄) and θ̄ (2 C̄)2−p = θ̄ ′, the Harnack
inequality (5.49) for u at the point (x̄,−θ ′) implies

1 = u(0, 0) ≥ inf
K1(x̄)

u(·,−θ̄ ′ + θ̄ (2 C̄)2−p) ≥ u(x̄,−θ̄ ′)/C̄ = 2.

��

5.5 Singular Parabolic Equations

We conclude with the Harnack inequality for solutions of parabolic singular
supercritical equations. The measure-to-point estimate will be treated through a
change of variable analogous to the degenerate case, but requires a little bit more
care. From this we’ll derive a Hölder continuity result for all bounded solutions
in the full range p ∈ ]1, 2[. As mentioned in the introduction of the section, the
proof of the Harnack inequality will rely on Theorem 5.32, which we state without
proof.

Lemma 5.27 Let u ≥ 0 be a supersolution in Q1,T of (5.29) with p ≤ 2. For any
μ > 0 there exists k(μ) ∈ ]0, 1[, T (μ) ∈ ]0,min{1, T }] such that

P0(K1; u ≥ 1) ≥ μ ⇒ Pt (K1; u ≥ k(μ)) > μ/2 ∀t ∈ [0, T (μ)].

Proof Proceed as in Lemma 5.20 to get (5.39) for k = 1, δ, ε,∈ ]0, 1[ and t ∈
[0, T ]. Thus

1− Pt (K1; u ≥ ε) ≤ 1− δN + 1

(1− ε)2
(

1− μ+ C̄ t

(1− δ)p
)
.
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Choose δ = δ(μ) and ε = ε(μ) as per 1 − δN = μ/8 and (1 − μ)/(1 − ε)2 =
1− 3μ/4, so that

Pt(K1; u ≥ ε(μ)) ≥ 5

8
μ− C(μ) t, for any t ∈ [0, T ].

Choosing T (μ) ≤ T such that C(μ) T (μ) ≤ μ/8 gives the claim. ��
Lemma 5.28 (Shrinking Lemma) Let v ≥ 0 be a supersolution in Q2,S of (5.29)
with p ∈ ]1, 2[ such that for some μ, k ∈ ]0, 1[

Pt (K1; v ≥ k) > μ ∀t ∈ [0, S].

Then there exists β = β(μ) > 0 such that for any n ≥ 1

P
(
Q1,S; v ≤ k/2n

) ≤ β(μ)
(

1+ k2−p/S
) 1
p−1
/n

1− 1
p .

Proof Proceed as in the proof of Lemma 5.21 up to (5.43) withQ = Q1,S . As j ≥ 1
and p < 2, it holds kpj + k2

j /S ≤ kpj (1+ k2−p/S), so that

P(Q; v≤ kj+1)
p
p−1 ≤ C̄μ p

p−1

(
1+ k

2−p

S

) 1
p−1 (

P(Q; v≤ kj )− P(Q; v≤ kj+1)
)
,

which yields the conclusion summing over j ≤ n− 1. ��
Lemma 5.29 (Measure-to-Point Estimate) Let u ≥ 0 be a supersolution of (5.29)
for p ∈ ]1, 2]. For any μ ∈ ]0, 1] there exists m(μ), T (μ) ∈ ]0, 1[ such that

P0(K1; u ≥ 1) ≥ μ ⇒ u ≥ m(μ) in K1/4 × [T (μ)/2, T (μ)]. (5.52)

Moreover, T (μ) can be chosen arbitrarily small by decreasingm(μ).

Proof Let T (μ), k(μ) be given in Lemma 5.27: clearly T (μ) can be chosen
arbitrarily small. Since p < 2, an explicit computation shows that for any fixed
T ∈ [T (μ)/2, T (μ)], the function

v(x, τ ) = e τ
2−p u(x, T − e−τ ), x ∈ K1, τ ≥ − log T

is a supersolution to (5.29). The conclusion for u of Lemma 5.27 becomes for v

Pτ (K1; v ≥ e
τ

2−p k(μ)) ≥ μ/2, ∀τ ≥ − logT ,

and for s ≥ − log T to be chosen, the latter implies (thanks to p < 2)

Pτ (K1; v ≥ e
s

2−p k(μ)) ≥ μ/2, ∀τ ≥ s ≥ − log T . (5.53)
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For ν(μ) and β(μ) given in Lemmata 5.17 and 5.28, let n = n(μ) ≥ 1 be such that

β(μ) n
1
p
−1

(
k(μ)2−p + 1

) 1
p ≤ ν(k(μ)),

and for s ≥ − log T let Is = [es, 2es]. Due to (5.53), Lemma 5.28 applies to v on

K1 × Is for k = k(μ) e s
2−p , giving, by the choice of n = n(μ),

P(K1 × Is; v ≤ k(μ) e
s

2−p /2n) ≤ ν(k(μ)). (5.54)

Subdivide Is in [2n(2−p)] + 1 disjoint intervals, each of length λ ∈ [es (2−n(2−p) −
1), es 2−n(2−p)]. On at least one of them, say J = [a, a + λ] ⊆ Is , (5.54) holds for
J instead of Is , thus a fortiori

P(K1 × J ; v ≤ k(μ) λ
1

2−p ) ≤ P(K1 × J ; v ≤ k(μ) e
s

2−p /2n) ≤ ν(k(μ)).

Apply (5.32) to v on K1 × J to obtain

v(x, τ ) ≥ k(μ)λ 1
2−p /2 ∀ τ ∈ [a + λ/2, a + λ] ⊆ Is, x ∈ K1/2.

Since λ ≥ es (2−n(2−p) − 1), in terms of u and s, the latter implies that for some
τs ∈ J ⊆ [es, 2es]

inf
K1/2

u(·, T − e−τs ) = e− τs
2−p inf

K1/2
v(·, τs ) ≥ k(μ) e

s−τs
2−p

22n =: c(μ) e s−τs2−p .

Apply Lemma 5.18 to u in K1/2 × [T − e−τs , T ] with h = c(μ) e s−τs2−p to get

inf
K1/4

u(·, t) ≥ c(μ)e
s−τs
2−p

2
∀t ∈ [T − e−τs , T − e−τs +min{e−τs , σ̄

2p
c(μ)es−τs }].

(5.55)

Finally, let s̃ = s(μ) = max{− log(T (μ)/2),− log(σ̄ 2−p c(μ)}, so that it holds

s̃ ≥ − logT and σ̄ 2−p c(μ) es̃−τs̃ ≥ e−τs̃ .

Therefore (5.55) holds for t = T and from τs̃ ≤ 2es̃ we deduce a lower bound
on es̃−τs̃ depending only on μ, which proves (5.52) by the arbitrariness of T ∈
[T (μ)/2, T (μ)]. ��
Theorem 5.30 (Hölder Regularity) Any L∞loc(�T ) solution u of (5.29) in �T for
p ∈ ]1, 2[ belongs to Cᾱloc(�T ), with ᾱ depending only on the data. Moreover there
exists S̄, also depending on the data, with the following property: if S ≥ S̄ there
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exist C̄(S) > 0 such that

sup
K2R×[−k2−pRp,0]

u ≤ Sk ⇒ osc(u,Kr × [−k2−prp, 0]) ≤ C̄(S)k( r
R

)ᾱ
, r ≤ R,

(5.56)

for any k,R > 0 for whichK2R × [−k2−p Rp, 0] ⊆ �T .

Proof Let T̄ = T (1/2) ∈ ]0, 1] given in the previous Lemma. By space-time
translations and rescaling we are reduced to prove Hölder continuity near (0, 0)with
Q̄ := K2 × [−T̄ , 0] ⊆ �T . IfM := ‖u‖L∞(Q̄) > 1 considerM−1 u(M(p−2)/px, t)

which, being p ∈ ]1, 2[, solves (5.29) in Q̄ and fulfills ‖v‖L∞(Q̄) ≤ 1. Applying

Lemma 5.19 gives the first statement. To prove (5.56), suppose that S ≥ T̄ 1
p−2 =: S̄,

rescale to R = 1, then let γ̄ (S) := Sp−2 T̄ −1 and consider

v(x, t) = (S k)−1u(ρ x, τ t) ρ = γ̄ (S)1/p, τ = k2−p T̄ −1.

Thanks to (5.30), it is readily verified that v solves (5.29) in Q̄ and by the assumption
in (5.56) it is bounded by 1. Applying (5.34) (notice that T̄ is the same) and rescaling
back gives (5.56) for all r ≤ γ̄ (S)1/pR and hence for all r ≤ R with eventually a
bigger constant. ��
Lemma 5.31 (Expansion of Positivity, See Fig. 5) There exists λ̄ > p/(2 − p)
and, for any μ > 0, c(μ), γ1(μ), γ2(μ) ∈ ]0, 1[ s. t. if u ≥ 0 is a supersolution in
Q8R,T

P0(Kr ; u ≥ k) ≥ μ ⇒

inf
Kρ
u
(·, k2−prp

(
γ1(μ)+ γ2(μ)

(
1−

(
r

ρ

)λ̄(2−p)−p ))) ≥ c(μ)k r
λ̄

ρλ̄
(5.57)

whenever r ≤ ρ ≤ R and k2−p rp (γ1(μ) + γ2(μ)(1 − (r/ρ)λ̄(2−p)−p)) ≤ T .
Moreover, the γi(μ) can be chosen arbitrarily small by lowering c(μ).

Proof The proof is very similar (and in fact simpler) to the one of Lemma 5.24 and
we only sketch it. First expand in space (5.52) through

P0(K1; u ≥ 1) ≥ μ ⇒ P0(K8; u ≥ 1) ≥ μ

8N
⇒ u ≥ c(μ) in K2×[θ(μ)

2
, θ(μ)],
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t

x

γ1

γ1 + γ2

Fig. 5 The expansion of positivity in the singular case. If at time t = 0, u ≥ 1 on the dotted part
of given measure, after a waiting time γ1, u is pointwise bounded from below in the shaded region
by a large power of (γ1 + γ2 − t)

where we have set, with the notations in (5.52), θ(μ) := T (μ/8N), c(μ) :=
m(μ/8N). Notice that, since p < 2, we can suppose that 2p c(1)2−p ≤ 1.
Through a scaling argument, we infer that for any supersolution u ≥ 0 in
K8ρ × [0, θ(μ) h2−p ρp] it holds

P0(Kρ; u ≥ h) ≥ μ ⇒ u ≥ c(μ)h in K2ρ ×
[θ(μ)

2
h2−pρp, θ(μ)h2−pρp

]
,

(5.58)

To prove (5.57), we can suppose that k = 1 by scaling and define

c(μ) := c(μ, 1/2), θ̄ := θ(1), c̄ := c(1) ≤ 2
p
p−2 , ρn = 2n r

and tn as per (5.47). Since by assumption P0(Kr ; u ≥ 1) ≥ μ, a first application
of (5.58) implies Pt0(Kr ; u ≥ c(μ)) = 1. Iterating (5.58) with μ = 1 we thus obtain

u ≥ c(μ) c̄n in Kρn ×
[
tn, tn + θ̄

2
(c(μ) c̄n−1)2−p ρpn−1

]

for all n ≥ 1. From 2p c̄2−p ≤ 1 we infer tn + 2−1 θ̄ (c(μ) c̄n−1)2−p ρpn−1 ≥ tn+1,
so that

u ≥ c(μ) c̄n in Kρn × [tn, tn+1], n ≥ 1.

Finally, an explicit calculation shows that for suitable γ1(μ), γ2(μ) > 0 it holds

tn = γ1(μ) r
p+γ2(μ)

(
1−(2p c̄2−p)n

) = rp (γ1(μ)+γ2(μ)
(
1−(r/ρn)λ̄(2−p)−p

))
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where λ̄ = − log2 c̄ > p/(2 − p). A monotonicity argument then gives the claim
for any ρ ≥ r . ��
Theorem 5.32 (Appendix A of [31]) Let u ≥ 0 solve (5.29) in K2R × [t − 2h, t]
for some p ∈ ]p∗, 2[. Then

sup
KR×[t−h,t ]

u ≤ c̄

h
N

N(p−2)+p

(
inf

s∈[t−2h,t ]

∫

K2R

u(x, s) dx

) p
N(p−2)+p + c̄( h

Rp

) 1
2−p .

(5.59)

Theorem 5.33 (Harnack Inequality) Let p ∈ ]p∗, 2[. There exists constants C̄ ≥
1, θ̄ > 0 such that any solution u ≥ 0 of (5.29) inK8R×[−T , T ] obeying u(0, 0) >
0 and

4Rp sup
K2R

u(·, 0)2−p ≤ T (5.60)

satisfies the following Harnack inequality

C̄−1 sup
KR

u(·, s)≤ u(0, 0)≤ C̄ inf
KR
u(·, t), −θ̄u(0, 0)2−pRp ≤ s, t ≤ θ̄u(0, 0)2−pRp.

(5.61)

Proof Consider the solution u(0, 0)−1 u(R x,Rp u(0, 0)2−p t) in K8 × [−T ′, T ′]
(still denoted by u) with T ′ = T R−p u(0, 0)p−2. This reduces us to u(0, 0) = 1,
R = 1, T ′ ≥ 4 and (5.60) implies

1 ≤ M2−p := sup
K1

u(·, 0)2−p ≤ T ′/4. (5.62)

We first prove the inf bound in (5.61). Let λ̄ ≥ p/(2 − p) be the expansion of
positivity exponent, defineψ(ρ) = (1−ρ)λ̄ supKρ u(·, 0) for ρ ∈ [0, 1] and choose
ρ0, x0 ∈ Kρ0 such that

max[0,1] ψ = ψ(ρ0) = (1− ρ0)
λ̄ u0, u0 := u(x0, 0) ≥ 1.

As in the proof of Theorem 5.7, we can let ξ̄ ∈ [0, 1] obey (1 − ξ̄ )−λ̄ = 2 to find
for r = ξ̄ (1− ρ0)

u0 r
λ̄ ≥ ξ̄ λ̄, sup

Kr(x0)

u(·, 0) ≤ (1− ξ̄ )−λ̄ u0 = 2 u0. (5.63)
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Let a := u
2−p
0 rp. By construction u0 ≤ M and by (5.62), u solves (5.29) in

Kr(x0) × [−4 a, 4 a]. Apply (5.59) for R = r/2, t = a, s = 0 and h = 2 a to
get

sup
K r

2
(x0)×[−a,a]

u ≤ c̄

a
N

N(p−2)+p

(∫

Kr(x0)

u(x, 0) dx

) p
N(p−2)+p + c̄ a 1

2−p r
p
p−2

≤ c̄ (2 u0 r
N)

p
N(p−2)+p

(u
2−p
0 rp)

N
N(p−2)+p

+ c̄ u0 ≤ c̄ u0, (5.64)

where we used the second inequality in (5.63) to bound the integral. Since a =
u

2−p
0 rp, we can apply (5.56) with k = u0 in bothKr/2(x0)×[−a, 0] andKr/2(x0)×
[0, a] to get

osc(u,Kρ(x0)× [−a, a]) ≤ c̄ u0 (ρ/r)
ᾱ, ρ ≤ r/2.

As u(x0, 0) = u0 we infer that u ≥ u0/2 in Kη̄r(x0) × [−η̄p a, η̄p a] for suitable

η̄ ∈ ]0, 1/2[, so that Pt (Kr(x0); u ≥ u0/2) ≥ η̄N for all |t| ≤ η̄ u2−p
0 rp. Apply the

expansion of positivity Lemma 5.31 at an arbitrary time t such that |t| ≤ η̄ u2−p
0 rp,

choosing the γi(η̄N ) so small that γ1(η̄
N )+ γ2(η̄

N ) < η̄/2. Its conclusion for k =
u0/2, ρ = 2 implies, thanks to K2(x0) ⊇ K1,

inf
K1
u(·, t + γru2−p

0 rp) ≥ c̄u0r
λ̄, γr := γ1(η̄

N)+ γ2(η̄
N)

(
1−

( r
2

)λ̄(2−p)−p )
<
η̄

2

for all |t| ≤ η̄ u
2−p
0 rp. The latter readily gives u(x, t) ≥ c̄ u0 r

λ̄ for x ∈ K1 and

|t| ≤ η̄ u2−p
0 rp/2. Finally, observe that since r ≤ 1 and λ̄ ≥ p/(2 − p), it holds

u
2−p
0 rp ≥ (u0 r

λ̄)2−p, so that the first inequality in (5.63) yields u(x, t) ≥ c̄ ξ̄ λ̄ =:
1/C̄ for x ∈ K1 and |t| ≤ η̄ ξ̄ λ̄(2−p)/2 =: θ̄ .

To prove the sup bound we proceed similarly. Indeed, let x∗ ∈ KR be such that
u(x∗, 0) = supKR u. Notice thatKR(x∗) ⊆ K2R , hence (5.60) still implies (5.62) for
the rescaled (and translated) function. Hence, the same proof as before carries over,
giving, after rescaling back, infKR u(·, 0) ≥ c u(x∗, 0). This implies supK1

u(·, 0) ≤
C u(0, 0) and we can proceed as in (5.64) for r = 2R, x0 = 0 and a = Rp supK2R

u

to get the final sup estimate. ��
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Lectures on Curvature Flow of Networks

Carlo Mantegazza, Matteo Novaga, and Alessandra Pluda

Abstract We present a collection of results on the evolution by curvature of
networks of planar curves. We discuss in particular the existence of a solution and
the analysis of singularities.

Keywords Curvature flow · Networks · Singularity formation

1 Introduction

These notes have been prepared for a course given by the second author within
the INdAM Intensive Period Contemporary Research in elliptic PDEs and related
topics, organized by Serena Dipierro at the University of Bari from April to June
2017. We warmly thank the organizer for the invitation, the INdAM for the support,
and the Department of Mathematics of the University of Bari for the kind hospitality.

The aim of this work is to provide an overview on the motion by curvature of
a network of curves in the plane. This evolution problem attracted the attention of
several researchers in recent years, see for instance [9–12, 20, 23, 24, 29, 31, 33, 35,
37, 43]. We refer to the extended survey [32] for a motivation and a detailed analysis
of this problem.

This geometric flow can be regarded as the L2-gradient flow of the length
functional, which is the sum of the lengths of all the curves of the network (see [10]).
From the energetic point of view it is then natural to expect that configurations
with multi-points of order greater than three or 3-points with angles different from

C. Mantegazza
Dipartimento di Matematica e Applicazioni, Università di Napoli Federico II, Napoli, Italy

M. Novaga (�) · A. Pluda
Dipartimento di Matematica, Università di Pisa, Pisa, Italy
e-mail: matteo.novaga@unipi.it

© Springer Nature Switzerland AG 2019
S. Dipierro (ed.), Contemporary Research in Elliptic PDEs and Related Topics,
Springer INdAM Series 33, https://doi.org/10.1007/978-3-030-18921-1_9

369

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-18921-1_9&domain=pdf
mailto:matteo.novaga@unipi.it
https://doi.org/10.1007/978-3-030-18921-1_9


370 C. Mantegazza et al.

120◦, being unstable for the length functional, should be present only at a discrete
set of times, during the flow. Therefore, we shall restrict our analysis to networks
whose junctions are composed by exactly three curves, meeting at 120◦. This is
the so-called Herring condition, and we call regular the networks satisfying this
condition at each junction.

The existence problem for the curvature flow of a regular network with only one
triple junctions was first considered by L. Bronsard and F. Reitich in [11], where
they proved the local existence of the flow, and by D. Kinderlehrer and C. Liu
in [24], who showed the global existence and convergence of a smooth solution
if the initial network is sufficiently close to a minimal configuration (Steiner tree).

We point out that the class of regular networks is not preserved by the flow, since
two (or more) triple junctions might collide during the evolution, creating a multiple
junction composed by more than three curves. It is then natural to ask what is the
subsequent evolution of the network. A possibility is restarting the evolution at the
collision time with a different set of curves, describing a non-regular network, with
multi-points of order higher than three. A suitable short time existence result has
been worked out by T. Ilmanen, A. Neves and F. Schulze in [23], where it is shown
that there exists a flow of networks which becomes immediately regular for positive
times.

These notes are organizes as follows: In Sect. 2 we introduce the notion of
regular network and the geometric evolution problem we are interested in. In Sect. 3
we recall the short time existence and uniqueness result by Bronsard and Reitich,
and we sketch its proof. We also show that the embeddedness of the network is
preserved by the evolution (till the maximal time of smooth existence). In Sect. 4
we describe some special solution which evolve self-similarly. More precisely, we
discuss translating, rotating and homothetically shrinking solutions. The latter ones
are particularly important for our analysis since they describe the blow-up limit of
the flow near a singularity point. In Sect. 5 we derive the evolution equation for
the L2-norm of the curvature and of its derivatives. As a consequence, we show
that, at a singular point, either the curvature blows-up or there is a collision of triple
junctions. Finally, in Sect. 6 we recall Huisken’s Monotonicity Formula for mean
curvature flow, which holds also for the evolution of a network, and we introduce
the rescaling procedures used to get blow-up limits at the maximal time of smooth
existence, in order to describe the singularities of the flow. In particular, we show
that the limits of the rescaled networks are self-similar shrinking solutions of the
flow, possibly with multiplicity greater than one, and we identify all the possible
limits under the assumption that the length of each curve of the network is uniformly
bounded from below.
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2 Notation and Setting of the Problem

2.1 Curves and Networks

Given an interval I ⊂ R, we consider planar curves γ : I → R
2.

The interval I can be both bounded and unbounded depending whether one wants
to parametrize a bounded or an unbounded curve. In the first case we restrict to
consider I = [0, 1].

By curve we mean both image of the curve in R
2 and parametrization of the

curve, we will be more specific only when the meaning cannot be got by the
context.

• A curve is of class Ck if it admits a parametrization γ : I → R
2 of class Ck .

• A C1 curve, is regular if it admits a regular parametrization, namely γx(x) =
dγ
dx
(x) 	= 0 for every x ∈ I .

• It is then well defined its unit tangent vector τ = γx/|γx |.
• We define its unit normal vector as ν = Rτ = Rγx/|γx |, where R : R2 → R

2

is the anticlockwise rotation centred in the origin of R2 of angle π/2.
• The arclength parameter of a curve γ is given by

s := s(x) =
∫ x

0
|γx(ξ)| dξ .

We use the letter s to indicate the arclength parameter and the letter x for any
other parameter. Notice that ∂s = |γx |−1∂x .

• If the curve γ is C2 and regular, we define the curvature k := |τs | = |γss | and
the curvature vector k := τs = γss . We get:

k = 1

|γx |
(
γx

|γx |
)

x

= γxx|γx |2 − γx〈γxx, γx〉
|γx|4 .

As we are in R
2 we remind that k = τs = kν.

• The length L of a curve γ is given by

L(γ ) :=
∫

I

|γx(x)| dx =
∫

γ

1 ds .

A curve is injective if for every x 	= y ∈ I we have γ (x) 	= γ (y).
A curve γ : [0, 1] → R

2 of class Ck is closed if γ (0) = γ (1) and if γ has a
1-periodic Ck extension to R (Fig. 1).

In what follows we will consider time-dependent families of curves
(γ (t, x))t∈[0,T ]. We let τ = τ (t, x) be the unit tangent vector to the curve,
ν = ν (t, x) the unit normal vector and k = k (t, x) its curvature vector as
previously defined.



372 C. Mantegazza et al.

Fig. 1 A simple closed curve

γ

We denote with ∂xf , ∂sf and ∂tf the derivatives of a function f along a curve
γ with respect to the x variable, the arclength parameter s on such curve and the
time, respectively. Moreover ∂nx f , ∂ns f , ∂nt f are the higher order partial derivatives,
possibly denoted also by fx, fxx . . . , fs, fss , . . . and ft , ftt , . . . .

We adopt the following convention for integrals:

∫

γt

f (t, γ , τ, ν, k, ks, . . . , λ, λs . . . ) ds =
∫ 1

0
f (t, γ i , τ i , νi , ki , kis , . . . , λ

i , λis . . . ) |γ ix | dx

as the arclength measure is given by ds = |γ ix | dx on every curve γ .
Let now � be a smooth, convex, open set in R

2.

Definition 2.1 A network N in � is a connected set described by a finite family
of regular C1 curves contained in � such that

1. the interior of every curve is injective, a curve can self-intersect only at its end-
points;

2. two different curves can intersect each other only at their end-points;
3. a curve is allowed to meet ∂� only at its end-points;
4. if an end-point of a curve coincide with P ∈ ∂�, then no other end-point of any

curve can coincide with P .

The curves of a network can meet at multi-points in�, labeled byO1,O2, . . . ,Om.
We call end-points of the network, the vertices (of order one) P 1, P 2, . . . , P l ∈
∂�.

Condition 4 keeps things simpler implying that multi-points can be only inside
�, not on the boundary.

We say that a network is of class Ck with k ∈ {1, 2, . . .} if all its curves are of
class Ck .

Remark 2.2 With a slightly modification of Definition 2.1 we could also consider
networks in the whole R2 with unbounded curves. In this case we require that every
non compact branch of N is asymptotic to an half line and its curvature is uniformly
bounded. We call these unbounded networks open networks.

Definition 2.3 We call a network regular if all its multi-points are triple and the
sum of unit tangent vectors of the concurring curves at each of them is zero.
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P 1
γ1

γ3

γ2

O

P 3

P 2

P
γ2

γ1

O

Fig. 2 A triod and a spoon

Example 2.4

• A network could consists of a single closed embedded curve.
• A network could be composed of a single embedded curve with fixed end-points

on ∂�.
• There are two possible (topological) structures of networks with only one triple

junction: the triod T or the spoon S. A triod is a tree composed of three curves
that intersects each other at a 3-point and have their other end-points on the
boundary of �. A spoon is the union of two curves: a closed one attached to
the other at a triple junction. The “open” curve of the spoon has an end-point on
∂� (Fig. 2).

2.2 The Evolution Problem

Given a network composed of n curves we define its global length as

L = L1 + · · · + Ln .

The evolution we have in mind is the L2-gradient flow of the global length L.
Therefore, geometrically speaking, this means that the normal velocity of the curves
is the curvature. In the case of the curves (curve shortening flow) this condition
fully defines the evolution, at least geometrically. In the case of networks another
condition at the junctions comes from the variational formulation of the evolution
as we will see below.

2.2.1 Formal Derivation of the Gradient Flow

We begin by considering one closed embedded C2 curve, parametrized by γ :
[0, 1] → R

2. Then γ (0) = γ (1), τ (0) = τ (1) and k(0) = k(1). We want to
compute the directional derivative of the length. Given ε ∈ R and ψ : [0, 1] → R

2

a smooth function satisfying ψ(0) = ψ(1), we take γ̃ = γ + εψ a variation of γ .



374 C. Mantegazza et al.

From now on we neglect the dependence on the variable x to maintain the notation
simpler. We have

∂

∂ε
L(γ̃ )|ε=0 =

∂

∂ε

∫ 1

0
|γx + εψx | dx =

∫ 1

0

〈ψx, γx〉
|γx | dx =

∫

γ

〈ψs, τ 〉 ds

=−
∫

γ

〈ψ, τs 〉 ds + 〈ψ(1), τ (1)〉 − 〈ψ(0), τ (0)〉 .

As γ is a simple closed embedded curve, then the boundary terms are equal zero.
We get

∂

∂ε
L(γ̃ )|t=0 =

∫

γ

〈ψ,−k〉 ds .

Since we have written the directional derivative of L in the direction ψ as the
scalar product of ψ and −k, we conclude (at least formally) that −k is the gradient
of the length. Hence we can understand the curve shortening flow as the gradient
flow of the length.

We considering now a triod T in a convex, open and regular set � ⊂ R
2, whose

curves are parametrized by γ i : [0, 1] → R
2 of class C2 with i ∈ {1, 2, 3}.

Without loss of generality we can suppose that γ 1(0) = γ 2(0) = γ 3(0) and
γ i(1) = P i ∈ ∂� with i ∈ {1, 2, 3}. We consider again a variation γ̃ i = γ i + εψi
of each curve with ψi : [0, 1] → R

2 three smooth functions. We require that
ψ1(0) = ψ2(0) = ψ3(0) and ψi(1) = 0 because we want that the set T̃

parametrized by γ̃ = (γ̃ 1, γ̃ 2, γ̃ 3) is a triod with end point on ∂� fixed at P i .
In such a way we are asking two (Dirichlet) boundary conditions. By definition of
total length L of a network, we have

L(T̃) =
3∑

i=1

L(γ i) =
3∑

i=1

∫ 1

0
|γ̃ ix | dx =

3∑

i=1

∫ 1

0
|γ ix + εψix | dx .

Repeating the previous computation and using the hypothesis on ψi we have

∂

∂ε
L(T̃)|ε=0 =

3∑

i=1

∫

γ

〈
ψi,−ki

〉
ds +

3∑

i=1

〈
ψi(1), τ i(1)

〉
−

3∑

i=1

〈
ψi(0), τ i(0)

〉

=
3∑

i=1

∫

γ

〈
ψi,−ki

〉
ds +

3∑

i=1

−
〈
ψ1(0), τ i(0)

〉
.
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Imposing that the boundary term equals zero we get

0 =
3∑

i=1

〈
ψ1(0), τ i(0)

〉
=

〈
ψ1(0),

3∑

i=1

τ i(0)

〉
 ⇒

3∑

i=1

τ i(0) = 0 .

Hence, we have derived a further boundary condition at the junctions.

2.2.2 Geometric Problem

We define the motion by curvature of regular networks.

Problem 2.5 Given a regular network we let it evolve by the L2-gradient flow of
the (total) length functional L in a maximal time interval [0, T ). That is:

• each curve of the network has a normal velocity equal to its curvature at every
point and for all times t ∈ [0, T )—motion by curvature;

• the curves that meet at junctions remains attached for all times t ∈ [0, T )—
concurrency;

• the sum of the unit tangent vectors of the three curves meeting at a junction is
zero for all times t ∈ [0, T )—angle condition.

Moreover we ask that the end-points P r ∈ ∂� stay fixed during the evolution—
Dirichlet boundary condition.

As a possible variant one lets the end-points free to move on the boundary
of � but asking that the curves intersect orthogonally ∂�—Neumann boundary
condition.

Although our problem is geometric (as we want to describe the flow of a set
moving in R

2), to solve we will turn to a parametric approach. As a consequence
we will work often at the level of parametrization.

Definition 2.6 (Geometric Admissible Initial Data) A network N0 is a geomet-
rically admissible initial data for the motion by curvature if it is regular, at each
junction the sum of the curvature is zero, the curvature at each end-point on ∂� is
zero and each of its curve can be parametrized by a regular curve γ i0 : [0, 1] → R

2

of class C2+α with α ∈ (0, 1).
We introduce a way to label the curves: given a network composed by n

curves with l end-points P 1, P 2, . . . , P l ∈ ∂� (if present) and m triple points
O1,O2, . . .Om ∈ �, we denote with γ pi the curves of this network concurring
at the multi-pointOp with p ∈ {1, 2, . . . ,m} and i ∈ {1, 2, 3}.
Definition 2.7 (Solution of the Motion by Curvature of Networks) Consider a
geometrically admissible initial network N0 composed of n curves parametrized by
γ i0 : [0, 1] → �, with m triple points O1,O2, . . .Om ∈ � and (if present) l end-
points P 1, P 2, . . . , P l ∈ ∂�. A time dependent family of networks (Nt )t∈[0,T ) is a
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solution of the motion by curvature in the maximal time interval [0, T ) with initial
data N0 if it admits a time dependent family of parametrization γ = (γ 1, . . . , γ n)

such that each curve γ i ∈ C 2+α
2 ,2+α([0, T ) × [0, 1]) is regular and the following

system of conditions is satisfied for every x ∈ [0, 1], t ∈ [0, T ), i, j ∈ {1, 2, . . . , n}
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(γ i)⊥t (t, x) = ki (t, x) motion by curvature,

γ pi = γ pj at every 3-pointOp concurrency,
∑3
i=1 τ

pi = 0 at every 3-pointOp angle condition,

γ r(t, 1) = P r with 0 ≤ r ≤ l Dirichlet boundary condition,
(2.1)

where we assumed conventionally that the end-point P r of the network is given by
γ r(t, 1).

Remark 2.8 The boundary conditions in system (2.1) are consistent with a second
order flow of three curves. Indeed we expect three vectorial conditions at the
junctions and one for each curve at the other end points.

Remark 2.9 We have defined solutions in C
2+α

2 ,2+α but the natural class seems to
be C1,2. It is indeed possible to define a solution to the motion by curvature of
networks asking less regularity on the parametrization. Our choice simplify the
proof of the short time existence result. We will see in the sequel that it is based
on linearization and on a fixed point argument. The classical theory for system
of linear parabolic equations developed by Solonnikov [39] is a Hölder functions
setting (see [39, Theorem 4.9]).

Remark 2.10 Suppose that (N (t))t∈[0,T ] is a solution to the motion by curvature as
defined in Definition 2.7. We will see later that at t > 0 the curvature at the end-
points and the sum of the three curvatures at every 3-point are automatically zero.
Then a necessary condition for (N (t))t∈[0,T ] to be C2 in space till t = 0 is that
these properties are satisfied also by the initial regular network. These conditions on
the curvatures are geometric, independent of the parametrizations of the curves, but
intrinsic to the set and they are not satisfied by a generic regular, C2 network.

Remark 2.11 Notice that in the geometric problem we specify only the the normal
component of the velocity of the curves (their curvature). This does not mean that
there is not a tangential component of the velocity, rather a tangential motion is
needed to allow the junctions move in any direction.

Example 2.12

• The motion by curvature of a single closed embedded curve was widely studied
by many authors [3–5, 16–19, 28]. In particular the curve evolves smoothly,
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P σ1
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σ2
Q

P 2

P 1

Ω

σ

Fig. 3 Two special cases: two curves forming an angle at their junction and a single curve with
two end-points on the boundary of �

becoming convex and getting rounder and rounder. In finite time it shrinks to
a point.

• The case of a curve with either an angle or a cusp can be dealt by the works of
Angenent [3–5]. Actually the curve becomes immediately smooth and then for all
positive time we come back to the evolution described in the previous example.

• The evolution of a single embedded curve with fixed end-points (Fig. 3) is
discussed in [22, 40, 41]. The curve converges to the straight segment connecting
the two fixed end-points as the time goes to infinity.

• Two curves that concur at a 2-point forming an angle (or a cusp, if they have the
same tangent) can be regarded as a single curve with a singular point, which will
vanish immediately under the flow (Fig. 3).

2.2.3 The System of Quasilinear PDEs

In this section we actually work by defining the evolution in terms of differential
equations for the parametrization of the curves. For sake of presentation we restrict
to the case of the triod. This allows us maintaining the notation simpler.

Let us start focusing on the geometric evolution equation γ⊥t = k, that can be
equivalently written as

〈γt (t, x) , ν(t, x)〉 ν(t, x) =
〈
γxx(t, x)

|γx(t, x)|2
, ν(t, x)

〉
ν(t, x) .

This equation specify the velocity of each curve only in direction of the normal ν.
Curve shortening flow for closed curve is not affected by tangential velocity.

In the evolution by curvature of a smooth closed curve it is well known that any
tangential contribution to the velocity actually affects only the “inner motion” of
the “single points” (Lagrangian point of view), but it does not affect the motion of
the whole curve as a subset of R2 (Eulerian point of view). Indeed the classical mean
curvature flow for hypersurfaces is invariant under tangential perturbations (see for
instance [30, Proposition 1.3.4]). In particular in the case of curves it can be shown
that a solution of the curve shortening flow satisfying the equation γt = kν+λτ for
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some continuous function λ can be globally reparametrized (dynamically in time)
in order to satisfy γt = kν and vice versa.

As already anticipated, in the case of networks it is instead necessary to consider
an extra tangential term (as for the case of the single curve that is not closed). It
allows the motion of the 3-points. At the junctions the sum of the unit normal vectors
is zero. If the velocity would be in normal direction to the three curves concurring
at a 3-point, this latter should move in a direction which is normal to all of them,
then the only possibility would be that the junction does not move at all.

Saying that a junction cannot move is equivalent to fix it, hence to add a
condition in the system (2.1). Thus, from the PDE point of view, the system becomes
overdetermined as at the junctions we have already required the concurrency and the
angle conditions.

Therefore solving the problem of the motion by curvature of regular networks
means that we require the concurrency and the angle condition (regular networks
remain regular networks for all the times) and that the main equation for each curve
is

γ it (t, x) = ki(t, x)νi(t, x)+ λi(t, x)τ i(t, x)

for some λ continuous function not specified. To the aim of writing a non-degenerate
PDE for each curve we consider the tangential velocity

λi =
〈
γ ixx |τ i

〉

|γ ix |2
.

Then the velocity of the curves is

γ it (t, x) =
〈
γ ixx(t, x)

|γ ix(t, x)|2
∣∣∣ νi(t, x)

〉
νi(t, x)+

〈
γ ixx(t, x)

|γ ix(t, x)|2
∣∣∣ τ i(t, x)

〉
τ i(t, x)

= γ ixx(t, x)

|γ ix(t, x|2
. (2.2)

A family of networks evolving according to (2.2) will be called a special flow.
We are finally able to write explicitly the system of PDE we consider.
Without loss of generality any triod T can be parametrized by γ = (γ 1, γ 2, γ 3)

in such a way that the triple junction is γ 1(0) = γ 2(0) = γ 3(0) and that the other
end-points P i on ∂� are given by γ i(1) = P i with i ∈ {1, 2, 3}.
Definition 2.13 Given an admissible initial parametrization ϕ = (ϕ1, ϕ2, ϕ2) of a
geometrically admissible initial triod T0 the family of time-dependent parametriza-
tions γ = (γ 1, γ 2, γ 3) is a solution of the special flow in the time interval [0, T ]
if the functions γ i are of class C

2+α
2 ,2+α([0, T ] × [0, 1]) and the following system



Lectures on Curvature Flow of Networks 379

is satisfied for every t ∈ [0, T ], x ∈ [0, 1], i ∈ {1, 2, 3}
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

γ it (t, x) = γ ixx(t,x)

|γ ix(t,x)|2 motion by curvature,

γ 1(t, 0) = γ 2(t, 0) = γ 3(t, 0) concurrency,
∑3
i=1 τ

i(t, 0) = 0 angle condition,

γ i(t, 1) = P i Dirichlet boundary condition

γ i(0, x) = ϕi(x) initial data

(2.3)

Definition 2.14 (Admissible Initial Parametrization of a Triod) We say that a
parametrization ϕ = (ϕ1, ϕ2, ϕ3) is admissible for the system (2.3) if:

1. ∪3
i=1ϕ

i([0, 1]) is a triod;
2. each curve ϕi is regular and of class C2+α([0, 1]);
3. ϕi(0) = ϕj (0) for every i, j ∈ {1, 2, 3};
4. ϕ1

x (0)
|ϕ1
x (0)| +

ϕ2
x (0)

|ϕ2
x (0)| +

ϕ3
x (0)

|ϕ3
x (0)| = 0;

5. ϕixx(0)
|ϕix (0)|2 =

ϕ
j
xx (0)

|ϕjx (0)|2
for every i, j ∈ {1, 2, 3};

6. ϕi(1) = P i for every i ∈ {1, 2, 3};
7. ϕixx(1) = 0 for every i ∈ {1, 2, 3}.
Remark 2.15 Notice that in the literature one refers to conditions 3. to 7. in Defini-
tion 2.14 as compatibility conditions for system (2.3). In particular conditions 5.
and 7. are called compatibility conditions of order 2.

We want to stress the fact that choosing the tangential velocity and so passing
to consider the special flow allows us to turn the geometric problem into a non
degenerate PDE’s system. The goodness of our choice will be revealed when one
verifies the well posedness of the system (2.3).

Once proved existence and uniqueness of solution for the PDE’s system, it is
then crucial to come back to the geometric problem and show that we have solved
it in a “geometrically” unique way. This can be done in two step: first one shows
that for any geometrically admissible initial data there exists an admissible initial
parametrization for system (2.3) (and consequently a unique solution related to
that parametrization). In the second step one supposes that there exist two different
solutions of the geometric problem and then proves that it is possible to pass from
one to another by time-dependent reparametrization.

However from the previous discussion we have understood that in our situation
of motion of networks the invariance under tangential terms of the curve shortening
flow is not trivially true. To prove existence and uniqueness of the motion by
curvature of networks starting from existence and uniqueness of the PDE’s system
solution a key role will be played again by our good choice of the tangential velocity.



380 C. Mantegazza et al.

3 Short Time Existence and Uniqueness

We now deal with the problem of short time existence and uniqueness of the flow.

3.1 Existence and Uniqueness for the Special Flow

We restrict again to a triod in � ⊂ R
2. We consider first system (2.3). The short

time existence result is due to Bronsard and Reitich [11].
We look for classical solutions in the space C

2+α
2 ,2+α ([0, T ]× [0, 1]) with α ∈

(0, 1). We recall the definition of this function space and of the norm it is endowed
with (see also [39, §11, §13]).

For a function u : [0, T ] × [0, 1] → R we define the semi-norms

[u]α,0 := sup
(t,x),(τ,x)

|u(t, x)− u(τ, x)|
|t − τ |α ,

and

[u]0,α := sup
(t,x),(t,y)

|u(t, x)− u(t, y)|
|x − y|α .

The classical parabolic Hölder space C
2+α

2 ,2+α([0, T ] × [0, 1]) is the space of all
functions u : [0, T ] × [0, 1] → R that have continuous derivatives ∂it ∂

j
x u (where

i, j ∈ N are such that 2i + j ≤ 2) for which the norm

‖u‖
C

2+α
2 ,2+α :=

2∑

2i+j=0

∥∥∥∂it ∂
j
x u

∥∥∥∞+
∑

2i+j=2

[
∂it ∂

j
x u

]

0,α
+

∑

0<2+α−2i−j<2

[
∂it ∂

j
x u

]
2+α−2i−j

2 ,0

is finite.
The boundary terms are in spaces of the form C

k+α
2 ,k+α([0, T ] × {0, 1},Rm)

with k ∈ {1, 2} which we identify with C
k+α

2 ([0, T ],R2m) via the isomorphism
f �→ (f (t, 0), f (t, 1))t .

Calling Br the ball of radius r centred at the origin the short time existence result
reads as follows:

Theorem 3.1 (Bronsard and Reitich) For any admissible initial parametrization
there exists a positive radiusM and a positive time T such that the system (2.3) has

a unique solution in C
2+α

2 ,2+α ([0, T )× [0, 1]) ∩ BM .

Remark 3.2 Actually in [11] the authors do not consider exactly system (2.3), but
the analogous Neumann problem. They require that the end-points of the three
curves intersect the boundary of � with a prescribed angle (of 90◦).
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Bronsard and Reitich approach, based on linearising the problem around the
initial data, nowadays is considered classical. We explain here their strategy.

Step 1: Linearization
Fix an admissible initial datum σ = (σ 1, σ 2, σ 3). We linearise the system (2.3)
around σ getting

γ it −
1

|σ ix |2
γ ixx =

(
1

|γ ix |2
− 1

|σ ix |2
)
γ ixx =: f i(γ ixx, γ ix ) . (3.1)

The concurrency condition and the Dirichlet boundary condition are already
linear. The angle condition instead is not linear, so one has to take into account
the linear version of it:

−
3∑

i=1

γ ix

|σ ix |
− σ

i
x

〈
γ ix, σ

i
x

〉

|σ ix |3
=

3∑

i=1

(
1

|γ ix |
− 1

|σ ix |
)
γ ix +

σ ix
〈
γx, σ

i
x

〉

|σ ix |3
=: b(γx) .

The linearized system associated to (2.3) is the following: for i ∈ {1, 2, 3}, t ∈
[0, T ] and x ∈ [0, 1]

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ it (t, x)− γ ixx(t,x)

|σ ix |2 = f i(t, x) motion,

γ 1(t, 0)− γ 2(t, 0) = 0 concurrency

γ 1(t, 0)− γ 3(t, 0) = 0 concurrency

−∑3
i=1

γ ix(t,0)|σ ix| −
σ ix

〈
γ (t,x)ix,σ

i
x

〉

|σ ix |3 = b(t, 0) angles condition

γ i(t, 1) = P i Dirichlet boundary condition

γ i(0, x) = ϕi(x) initial data
(3.2)

We remind that the initial data for the system has to satisfy some linear
compatibility conditions.

Step 2: Existence and Uniqueness of Solution for the Linearized System
We have linearized system (2.3) to obtain system (3.2). We now want to show

that this latter admits a unique solution in C
2+α

2 ,2+α ([0, T ]× [0, 1]). This is due
to general results by Solonnikov [39], provided the so-called complementary
conditions hold (see [39, p. 11]). The theory of Solonnikov is a generalization to
parabolic systems of the elliptic theory by Agmon, Douglis and Nirenberg.

The complementary conditions are algebraic conditions that the matrices that
represent the boundary operator and the initial datum have to satisfy (see also [39,
p. 97]). Showing this conditions for a particular system can be heavy from the
computational point of view. For instance in [15, pp. 11–15] it is proved that the
complementary condition follows from the Lopatinskii–Shapiro condition. We



382 C. Mantegazza et al.

state here the definition of Lopatinskii–Shapiro condition at the triple junction, it
is similar at the end-points on ∂�.

Definition 3.3 Let λ ∈ C with �(λ) > 0 be arbitrary. The Lopatinskii–Shapiro
condition for system (3.2) is satisfied at the triple junction if every solution
(γ i)i=1,2,3 ∈ C2([0,∞), (C2)3) to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

λγ i(x)− 1
|σ ix (0)|2 γ

i
xx(x) = 0 x ∈ [0,∞), i ∈ {1, 2, 3} motion,

γ 1(0)− γ 2(0) = 0 concurrency,

γ 2(0)− γ 3(0) = 0 concurrency,
∑3
i=1

γ ix (x)|σ ix (0)| −
σ ix (0)

〈
γ ix (x),σ

i
x (0)

〉

|σ ix (0)|3 = 0 angle condition,

which satisfies limx→∞|γ i(x)| = 0 is the trivial solution.

The angle condition in the previous system can be equivalently written as

3∑

i=1

1

|σx(0)i|3
〈
γ ix (x), ν

i
0(0)

〉
νi0(0) = 0 .

It can be proved that Lopatinskii–Shapiro condition for system (3.2) is sat-
isfied testing the motion equation by |σ(0)ix |〈γ i(x), νi(0)〉νi(0) and then by

|σ(0)ix |〈γ i(x), τ i(0)〉τ i(0) and using the concurrency and the angle conditions.
Once it is shown that the complementary conditions are fulfilled, then [39,

Theorem 4.9] guarantees existence and uniqueness of a solution of system (3.2).
For T > 0 we define the map LT : XT → YT as

L(γ ) =

⎛

⎜⎜⎜⎜⎜⎝

(
γ it − 1

|σ ix |2 γ
i
xx

)

i∈{1,2,3}
−∑3

i=1
γ ix|σ ix| −

σ ix
〈
γ ix ,σ

i
x

〉

|σ ix |3
∣∣∣
x=0

γ i |x=1

γ|t=0

⎞

⎟⎟⎟⎟⎟⎠

where the linear spaces XT and YT are

XT := {γ ∈ C 2+α
2 ,2+α ([0, T ] × [0, 1]; (R2)3) such that for t ∈ [0, T ] , i ∈ {1, 2, 3}

it holdsγ 1(t, 1) = γ 2(t, 2) = γ 3(t, 3)} ,
YT := {(f, b,ψ) ∈ C α

4 ,
α

([0, T ] × [0, 1]; (R2)3)× C 1+α
2 ([0, T ];R4)

× C2+α
(
[0, 1];

(
R

2
)3

)

such that the linear compatibility conditions hold} ,



Lectures on Curvature Flow of Networks 383

endowed with the induced norms. Then as a consequence of the existence and
uniqueness of a solution of system (3.2) we get thatLT is a continuous isomorphism.

Remark 3.4 The linearized version of γxx
|γx |2 (linearising around σ ) is

1

|σx |2 γxx − 2
σxx 〈γx, σx〉
|σx |4 . (3.3)

As the well posedness of system (3.2) depends only on the highest order term we
can restrict to consider (3.1) instead of (3.3).

Step 3: Fixed Point Argument
In the last step of the proof we deduce existence of a solution for system (2.3) from
the linear problem by a contraction argument.

Let us define the operator N that “contains the information” about the non-
linearity of our problem. The two components of this map are the following:

N1 :
{
X
ϕ,P
T → C

α
2 ,
α
([0, T ] × [0, 1]; (R2)3),

γ �→ f (γ ),

N2 :
{
X
ϕ,P
T → C

1+α
2 ([0, T ];R4),

γ �→ b(γ )

where Xϕ,PT = {γ ∈ XT such that γ|t=0 = ϕ and γ i(t, 1) = P i for i ∈ {1, 2, 3}}.
Then γ is a solution for system (2.3) if and only if γ ∈ XϕT and

LT (γ ) = NT (γ ) ⇐⇒ γ = L−1
T NT (γ ) := KT (γ ) .

Hence there exists a unique solution to system (2.3) if and only if KT : Xϕ,PT →
X
ϕ,P
T has a unique fixed point. By the contraction mapping principle it is enough to

show that K is a contraction. This result conclude the proof of Theorem 3.1. ��
The method of Bronsard and Reitich extends to the case of a networks with

several 3-points and end-points. Indeed such method relies on the uniform parabol-
icity of the system (which is the same) and on the fact that the complementary and
compatibility conditions are satisfied.

We have only to define what is an admissible initial parametrization of a network.

Definition 3.5 (Admissible Initial Parametrization of a Network) We say that a
parametrization ϕ = (ϕ1, . . . , ϕn) of a geometric admissible network N0 composed
by n curves (hence such that ∪ni=1ϕ

i([0, 1]) = N0) is an admissible initial one if
each curve ϕi is regular and of class C2+α([0, 1]), at the end-points ϕi(1) = P i it
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holds ϕixx(1) = 0 and at any 3-pointOp we have

ϕp1(Op) = ϕp2(Op) = ϕp3(Op) ,

ϕ
p1
x (O

p)

|ϕp1
x (O

p)|
+ ϕ

p2
x (O

p)

|ϕp2
x (O

p)|
+ ϕ

p3
x (O

p)

|ϕp3
x (O

p)|
= 0 ,

ϕ
p1
xx (O

p)

|ϕp1
x (Op)|2

= ϕ
p2
xx (O

p)

|ϕp2
x (Op)|2

= ϕ
p3
xx (O

p)

|ϕp3
x (Op)|2

where we abused a little the notation as in Definition 2.13.

Theorem 3.6 Given an admissible initial parametrization ϕ = (ϕ1, . . . , ϕn) of a
geometric admissible network N0, there exists a unique solution γ = (γ 1, . . . , γ n)

in C
2+α

2 ,2+α ([0, T ]× [0, 1]) of the following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ it (t, x) = γ ixx (t,x)

|γ ix (t,x)|2 motion by curvature

γ pj (t,Op) = γ pk (t,Op) at every 3-pointOp concurrency
∑3
j=1

γ
pj
x (t,O

p)∣∣∣γ pjx (t,Op)
∣∣∣
= 0 at every 3-pointOp angles condition

γ r(t, 1) = P r with 0 ≤ r ≤ l Dirichlet boundary condition

γ i(x, 0) = ϕi(x) initial data

(3.4)

(where we used the notation of Definition 2.13) for every x ∈ [0, 1], t ∈ [0, T ] and
i ∈ {1, 2, . . . , n}, j 	= k ∈ {1, 2, 3} in a positive time interval [0, T ].

3.2 Existence and Uniqueness

In the previous section we have explained how to obtain a unique solution for short
time to system (2.3) and more in general to system (3.4), but till now we have
not solved our original problem yet. Indeed in Definition 2.7 of solution of the
motion by curvature appears a slightly different system. Moreover Theorem 3.1 (and
Theorem 3.6) provides a solution given an admissible initial parametrization but
in Definition 2.7 we speak of geometrically admissible initial network. It is then
clear that we have to establish a relation between this two notions.

To this aim the following lemma will be useful.

Lemma 3.7 Consider a triple junction O where the curves γ 1, γ 2 and γ 3 concur
forming angles of 120◦ (that is

∑3
i=1 τ

i =∑3
i=1 ν

i = 0). Then

k1ν1 + λ1τ 1 = k2ν2 + λ2τ 2 = k3ν3 + λ3τ 3 ,
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is satisfied if and only if

k1 + k2 + k3 = 0 and λ1 + λ2 + λ3 = 0 .

Proof Suppose that for i 	= j ∈ {1, 2, 3} we have

kiνi + λiτ i = kj νj + λj τ j .

Multiplying these vectorial equalities by τ l and νl and varying i, j, l, thanks to the
conditions

∑3
i=1 τ

pi =∑3
i=1 ν

pi = 0, we get the relations

λi = −λi+1/2−√3ki+1/2

λi = −λi−1/2+√3ki−1/2

ki = −ki+1/2+√3λi+1/2

ki = −ki−1/2−√3λi−1/2

with the convention that the second superscripts are to be considered “modulus 3”.
Solving this system we get

λi = ki−1 − ki+1

√
3

ki = λi+1 − λi−1

√
3

which implies

3∑

i=1

ki =
3∑

i=1

λi = 0 . (3.5)

��
It is also possible to prove that at each triple junction the following properties

hold

3∑

i=1

(ki)2 =
3∑

i=1

(λi)2 and
3∑

i=1

kiλpi = 0 ,

∂lt

3∑

i=1

kpi =
3∑

i=1

∂lt k
pi = ∂lt

3∑

i=1

λpi =
3∑

i=1

∂lt λ
pi = ∂t

3∑

i=1

kpiλpi = 0 , ,
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3∑

i=1

(∂lt k
pi)2 =

3∑

i=1

(∂lt λ
pi)2 for every l ∈ N,

∂mt (k
pi
s + λpikpi) = ∂mt (kpjs + λpjkpj ) for every pair i, j and m ∈ N.,

3∑

i=1

∂lt k
pi∂mt (k

pi
s + λpikpi) =

3∑

i=1

∂lt λ
pi ∂mt (k

pi
s + λpikpi)= 0 for every l,m ∈ N.

(3.6)

We are ready now to establish the relation between geometrically admissible
initial networks and admissible parametrizations.

Lemma 3.8 Suppose that T0 is a geometrically admissible initial triod
parametrized by γ = (γ 1, γ 2, γ 3). Then there exist three smooth functions θ i :
[0, 1] → [0, 1] such that the reparametrization ϕ := (

γ 1 ◦ θ1, γ 2 ◦ θ2, γ 3 ◦ θ3
)

is
an admissible initial parametrization.

Proof Consider γ = (γ 1, γ 2, γ 3) the parametrization of class C2+α of T0 (that
exists as T0 is a geometrically admissible initial triod). It is not restrictive to suppose
that γ 1(0) = γ 2(0) = γ 3(0) is the triple junction and that γ i(1) = P i ∈ ∂� with
i ∈ {1, 2, 3}.

We look for smooth maps θ i : [0, 1] → [0, 1] such that θ ix(x) 	= 0 for every x ∈
[0, 1], θ i(0) = 0 and θ i(1) = 1. Then conditions 1. 2. 3. and 6. of Definition 2.14
are satisfied.

Condition 4. at the triple junction is true for any choice of the θ i as it involves
the unit tangent vectors that are invariant under reparametrization.

We pass now to Condition 5. namely we want that

ϕ1
xx

|ϕ1
x |2

= ϕ2
xx

|ϕ2
x |2

= ϕ3
xx

|ϕ3
x |2
. (3.7)

We indicate with the subscript γ or ϕ the geometric quantities computed for the

parametrization γ or ϕ, respectively. We define λi := 〈ϕixx |ϕix 〉
|ϕix |3 . Then (3.7) can be

equivalently written as

k1
ϕν

1
ϕ + λ1τ 1

ϕ = k2
ϕν

2
ϕ + λ2τ 2

ϕ = k3
ϕν

3
ϕ + λ3τ 3

ϕ , (3.8)

and, as all the geometric quantities involved are invariant under reparametrization,
the equality (3.8) is nothing else than

k1
γ ν

1
γ + λ1τ 1

γ = k2
γ ν

2
γ + λ2τ 2

γ = k3
γ ν

3
γ + λ3τ 3

γ ,

that by Lemma 3.7 is satisfied if and only if

k1
γ + k2

γ + k3
γ = 0 and λ1 + λ2 + λ3 = 0 . (3.9)
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To satisfy Condition 7. we need a similar request. Indeed ϕixx = 0 at every end-
point of the network is equivalent to the condition kiγ ν

i
γ + λiτ iγ = 0, that is satisfied

if and only if

kiγ = 0 and λi = 0 (3.10)

at every end-point of the network.
Hence, we only need to find C∞ reparametrizations θ i such that at the borders

of [0, 1] the values of λi are given by the relations in (3.9) and (3.10). This can
be easily done since at the borders of the interval [0, 1] we have θ i(0) = 0 and
θ i(1) = 1, hence

λi = 〈ϕ
i
xx |ϕix〉
|ϕix |3

= −∂x 1

|ϕix|
= −∂x 1

|γ ix ◦ θ i |θ ix
= 〈γ

i
xx |γ ix〉
|γ ix |3

+ θ ixx

|σ ix ||θ ix|2

= λiγ +
θ ixx

|σ ix ||θ ix|2

where λiγ = 〈γ ixx |γ ix 〉
|γ ix |3 .

Choosing any C∞ functions θ i with θ ix(0) = θ ix(1) = 1, θ(1)ixx = −λiγ |γ ix ||θ ix|2
and

θ(0)ixx =
(
ki−1
γ − ki+1

γ√
3

− λiγ
)
|γ ix ||θ ix|2

(for instance, one can use a polynomial function) the reparametrization ϕ =
(ϕ1, ϕ2, ϕ3) satisfies Conditions 1. to 7. of Definition 2.14 and the proof is
completed. ��
Remark 3.9 Vice versa if ϕ is an admissible initial parametrization, then the triod
∪3
i=1ϕ

i([0, 1]) is clearly a geometrically admissible initial network. Indeed one uses
Lemma 3.7 to get that the sum of the curvature at the junction is zero. The other
properties are trivially verified.

We are ready now to discuss existence and uniqueness of solution of the
geometric problem. We need to introduce the notion of geometric uniqueness
because even if the solution γ of system (2.3) is unique, there are anyway several
solutions of Problem 2.5 obtained by reparametrizing γ .

Definition 3.10 We say that Problem 2.5 admits a geometrically unique solution if
there exists a unique family of time-dependent networks (sets) (Nt )t∈[0,T ] satisfying
the definition of solution 2.7.

In particular this means that all the solutions (functions) satisfying system (2.1) can
be obtained one from each other by means of time-depending reparametrization.
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Theorem 3.11 (Geometric Uniqueness) Let T0 be a geometrically admissible
initial triod. Then there exists a geometrically unique solution of Problem (2.3) in a
positive time interval [0, T ].
Proof Let T0 be a geometrically admissible initial triod parametrized by
γ0 = (γ 1

0 , γ
2
0 , γ

3
0 ) admissible initial parametrization (that always exists thanks to

Lemma 3.8). Then by Theorem 3.1 there exists a unique solution γ = (γ 1, γ 2, γ 3)

to system (2.3) with initial data γ0 = (γ 1
0 , γ

2
0 , γ

3
0 ) in a positive time interval [0, T ].

In particular (Tt )t∈[0,T ] = (∪3
i=1γ

i([0, 1])t )t∈[0,T ] is a solution of the motion by
curvature.

Suppose by contradiction that there exists another solution (T̃t )t∈[0,T ′] to Prob-
lem 2.5 with the same initial T0. Let this solution be parametrized by γ̃ =
(γ̃ 1, γ̃ 2, γ̃ 3) with

γ̃ i ∈ C 2+α
2 ,2+α([0, T ′] × [0, 1]) .

We want to show that the sets T and T̃ coincide, namely that γ̃ coincides to γ up
to a reparametrization of the curves γ̃ (·, t) for every t ∈ [0,min{T , T ′}].

Let ϕi : [0,min
{
T , T ′

}] × [0, 1] → [0, 1] be in C
2+α

2 ,2+α([0,min{T , T ′}] ×
[0, 1]) and consider the reparametrizations γ i(t, x) = γ̃ i(t, ϕi(t, x)). We have γ i ∈
C

2+α
2 ,2+α([0,min{T , T ′}] × [0, 1]) and

γ it (t, x) = ∂t [γ̃ i(t, ϕi(t, x))]
= γ̃ it (t, ϕi(t, x))+ γ̃ ix(t, ϕi(t, x))ϕit (t, x)
= k̃i (t, ϕi(t, x))̃νi(t, ϕi(t, x))+ λ̃i(t, ϕi(t, x))̃τ i(t, ϕi(t, x))
+ γ̃ ix(t, ϕi(t, x))ϕit (t, x)

=
〈
γ̃ ixx

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2
∣∣∣ ν̃i(t, ϕi(t, x))

〉
ν̃i(t, ϕi(t, x))

+ λ̃i (t, ϕi(t, x)) γ̃
i
x(t, ϕ

i(t, x))∣∣γ̃ ix
(
t, ϕi(t, x)

)∣∣ + γ̃ ix(t, ϕ
i(t, x))ϕit (t, x) .

We ask now the maps ϕi to be solutions for some positive interval of time [0, T ′′]
of the following quasilinear PDE’s

ϕit (t, x) =
1∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣

〈
γ̃ ixx

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2
∣∣∣
γ̃ ix(t, ϕ

i(t, x))∣∣γ̃ ix
(
t, ϕi(t, x)

)∣∣

〉

− λ̃i (t, ϕi(t, x))∣∣γ̃ ix
(
t, ϕi(t, x)

)∣∣ +
ϕixx(t, x)∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2 ∣∣ϕix(t, x)
∣∣2
,
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with ϕi(t, 0) = 0, ϕi(t, 1) = 1, ϕi(0, x) = x (hence, γ i(0, x) = γ i(0, x) = σ i(x))
and ϕx(t, x) 	= 0. The existence of such solutions follows by standard theory of
second order quasilinear parabolic equations (see [25, 27]). Then we have

γ it (t, x) =
〈
γ̃ ixx

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2
∣∣∣ ν̃i(t, ϕi(t, x))

〉
ν̃i(t, ϕi(t, x))

+
〈
γ̃ ixx

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2
∣∣∣
γ̃ ix(t, ϕ

i(t, x))∣∣γ̃ ix
(
t, ϕi(t, x)

)∣∣

〉
γ̃ ix

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣

+ ϕixx(t, x)γ̃
i
x

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2 ∣∣ϕix(t, x)
∣∣2

= γ̃ ixx
(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2
+ ϕixx(t, x)γ̃

i
x

(
t, ϕi(t, x)

)
∣∣γ̃ ix

(
t, ϕi(t, x)

)∣∣2 ∣∣ϕix(t, x)
∣∣2

= γ ixx(t, x)

|γ ix(t, x)|2
.

By the uniqueness result of Theorem 3.6 we can then conclude that γ i = γ i for
every i ∈ {1, 2, . . . , n}, hence γ i(t, x) = γ̃ i(t, ϕi(t, x)) in the time interval [0, T̃ ]
where T̃ = min{T , T ′, T ′′}. ��

3.3 Geometric Properties of the Flow

In Definition 2.1 of network we require that the curves are injective and regular.
The second assumption is needed to define the flow because |γx | appears at the
denominator. For the short time existence of the flow we did not require that the
curves are embedded. We now show that if the initial network is embedded then the
evolving networks stay embedded and intersect the boundary of � only at the fixed
end-points (transversally).

Proposition 3.12 Let Nt be the curvature flow of a regular network in a smooth,
convex, bounded, open set �, with fixed end-points on the boundary of �, for t ∈
[0, T ). Then, for every time t ∈ [0, T ), the network Nt intersects the boundary of�
only at the end-points and such intersections are transversal for every positive time.
Moreover, Nt remains embedded.

Proof By continuity, the 3-points cannot hit the boundary of � at least for some
time T ′ > 0. The convexity of � and the strong maximum principle (see [36])
imply that the network cannot intersect the boundary for the first time at an inner
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regular point. As a consequence, if t0 > 0 is the “first time” when the Nt intersects
the boundary at an inner point, this latter has to be a 3-point. The minimality of t0 is
then easily contradicted by the convexity of �, the 120◦ condition and the nonzero
length of the curves of Nt0 .

Even if some of the curves of the initial network are tangent to ∂� at the end-
points, by the strong maximum principle, as � is convex, the intersections become
immediately transversal and stay so for every subsequent time.

Finally, if the evolution Nt loses embeddedness for the first time, this cannot
happen neither at a boundary point, by the argument above, nor at a 3-point, by the
120◦ condition. Hence it must happen at interior regular points, but this contradicts
the strong maximum principle. ��
Proposition 3.13 In the same hypotheses of the previous proposition, if the smooth,
bounded, open set� is strictly convex, for every fixed end-point P r on the boundary
of �, for r ∈ {1, 2, . . . , l}, there is a time tr ∈ (0, T ) and an angle αr smaller than
π/2 such that the curve of the network arriving at P r form an angle less that αr
with the inner normal to the boundary of �, for every time t ∈ (tr , T ).
Proof We observe that the evolving network Nt is contained in the convex set�t ⊂
�, obtained by letting ∂� (which is a finite set of smooth curves with end-points
P r ) move by curvature keeping fixed the end-points P r (see [22, 40, 41]). By the
strict convexity of � and strong maximum principle, for every positive t > 0, the
two curves of the boundary of � concurring at P r form an angle smaller that π
which is not increasing in time. Hence, the statement of the proposition follows. ��

4 Self-similar Solutions

Once established the existence of solution for a short time, we want to analyse the
behavior of the flow in the long time. A good way to understand more about the flow
is looking for examples of solutions.

A straight line is perhaps the easiest example. It is also easy to see that an infinite
flat triod with the triple junction at the origin (called standard triod) is a solution
(Fig. 4).

In both these examples the existence is global in time and the set does not change
shape during the evolution. From this last observation one could guess that there is

Fig. 4 A straight line and a
standard triod are solutions of
the motion by curvature

O O
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e1

y = π/2

y = −π/2

�

Fig. 5 The grim reaper relative to e1

an entire class of solutions that preserve their shape in time. We try to classify now
self-similar solution in a systematic way.

Let us start looking for self-similar translating solutions.
Suppose that we have a translating curve γ solving the motion by curvature

with initial data σ . We can write γ (t, x) = η(x) + w(t). The motion by curvature
equation k(t, x) = 〈γt (t, x), ν(t, x)〉 in this case reads as k(x) = 〈

w′(t), ν(x)
〉
. As

a consequencew(t) is constant, hence we are allowed to write γ (t, x) = η(x)+ tv
with v ∈ R

2, and we obtain

k(x) = 〈v, ν(x)〉 .

The reverse is also true: if a curve γ satisfies k(x) = 〈v, ν(x)〉, then γ is a translating
solution of the curvature flow. By integrating this ODE (with v = e1) one can see
that the only translating curve is given by the graph of the function x = − log cos y
in the interval (−π2 , π2 ). Grayson in [19] named this curve the grim reaper (Fig. 5).

Passing from a single curve to a regular network, the situation becomes more
delicate. Every curve of the translating network has to satisfies ki(x) = 〈

v, νi(x)
〉
.

A result for translating triods can be found in [31, Lemma 5.8]: a closed, unbounded
and embedded regular triod R

2 self-translating with velocity v 	= 0 is composed by
halflines parallel to v or translated copies of pieces of the grim reaper relative to
v, meeting at the 3-point with angles of 120◦. Notice that at most one curve is a
halfline (Fig. 6).

Among curves there are also rotating solutions. Suppose indeed that γ is of the
form γ (t, x) = R(t)η(x) with R(t) a rotation. The motion equation becomes

k(x) = 〈
R′(t)η(x), R(t)ν(x)

〉 = 〈
Rt(t)R′(t)η(x), ν(x)

〉
.

We get that Rt (t)R′(t) is constant. By straightforward computations one also get
that R(t) is a anticlockwise rotation by ωt , where ω is a given constant. Then

k(x) = ω 〈η(x), τ (x)〉 .

A fascinating example can be found in [2]: the Yin–Yang curve.
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Fig. 6 Some examples of translating triods

We have left at last the more significant case: the self-similarly shrinking
networks.

Suppose that a solution of the motion by curvature evolves homothetically
shrinking in time with center of homothety the origin, namely γ (t, x) = α(t)η(x)
with α(t) > 0 and α′(t) < 0. Being a solution of the flow the curve γ satisfies
k(t, x) = 〈γt (t, x), ν(t, x)〉. Then

k(x) = α(t)α′(t) 〈η(x), ν(x)〉 .

We have that α(t)α′(t) is equal to some constant. Up to rescaling we can suppose
α(t)α′(t) = −1. Then for every t ∈ (−∞, 0] we have α(t) = 2

√
t − T and k(x) =

−〈η(x), ν(x)〉, or equivalently k(x)+ η⊥(x) = 0.

Definition 4.1 A regular C2 open network S union of n curves parametrized by ηi

is called a regular shrinker if for every curve there holds

ki + (ηi)⊥ = 0 .

Remark 4.2 Every curve of a regular shrinker satisfies the equation k + η⊥ = 0.
As a consequence it must be a piece of a line though the origin or of the so called
Abresch–Langer curves. Their classification results in [1] imply that any of these
non straight pieces is compact. Hence any unbounded curve of a shrinker must be
a line or an halfline pointing towards the origin. Moreover, it also follows that if a
curve contains the origin, then it is a straight line through the origin or a halfline
from the origin.

By the work of Abresch and Langer [1] it follows that the only regular shrinkers
without triple junctions (curves) are the lines for the origin and the unit circle. There
are two shrinkers with one triple junction [20]: the standard triod and the Brakke
spoon. The Brakke spoon is a regular shrinker composed by a halfline which
intersects a closed curve, forming angles of 120◦. It was first mentioned in [10]
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O O

Fig. 7 A circle and a Brakke spoon. Together with a straight line and a standard triod, they are all
possible regular shrinker with at most one triple junction

O O

Fig. 8 The standard lens is a shrinker with two triple junctions symmetric with respect to two
perpendicular axes, composed by two halflines pointing the origin, posed on a symmetry axis and
opposite with respect to the other. Each halfline intersects two equal curves forming an angle of
120◦. The fish is a shrinker with the same topology of the standard lens, but symmetric with respect
to only one axis. The two halflines, pointing the origin, intersect two different curves, forming
angles of 120◦

Fig. 9 The regular shrinkers with a single bounded region

as an example of evolving network with a loop shrinking down to a point, leaving
a halfline that then, in the framework of Brakke flows, vanishes instantaneously. Up
to rotation, this particular spoon-shaped network is unique [12] (Fig. 7).

Also the classification of shrinkers with two triple junctions is complete. It is
not difficult to show [7, 8] that there are only two possible topological shapes for
a complete embedded, regular shrinker: one is the “lens/fish” shape and the other
is the shape of the Greek “Theta” letter (or “double cell”). It is well known that
there exist unique (up to a rotation) lens-shaped or fish-shaped, embedded, regular
shrinkers which are symmetric with respect to a line through the origin of R2 [12,
37] (Fig. 8). Instead there are no regular--shaped shrinkers [6].

The classification of (embedded) regular shrinkers is completed for the shrinkers
with a single bounded region [6, 12, 13, 37], see Fig. 9.
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Several questions (also of independent interest) arise in trying to classify the
regular shrinkers. We just mention an open question: does there exist a regular
shrinker with more than five unbounded halflines?

Numerical computations, partial results and conjectures can be found in [20].

5 Integral Estimates

A good way to understand what happens during the evolution of a network by
curvature is to describe the changing in time of the geometric quantities related to
the network. For instance we can write the evolution law of the length of the curves
or of area enclosed by the curves. In several situations estimating the evolution of
the curvature has revealed a winning strategy to pass from short time to long time
existence results.

Differently from the case of the curve shortening flow (and of the mean curvature
flow) here to obtain our a priori estimates we cannot use the maximum principle and
a comparison principle is not valid because of the presence of junctions. Therefore
integral estimates are computed in [31, Section 3] in [32, Section 5] in the case of
a triod and a regular network, respectively. An outline for the estimates appeared
in [23, Section 7], where the authors consider directly the evolution γt = kν + λτ .
We summarise here these calculations focusing on the easier cases.

Form now on we suppose that all the derivatives of the functions that appear
exist.

We start showing that if a curve moves by curvature, then its time derivative ∂t
and the arclength derivative ∂s do not commute.

We have already mentioned that the motion by curvature γ⊥t = k can be written
as

γt = kν + λτ ,

for some continuous function λ.

Lemma 5.1 If γ is a curve moving by γt = kν + λτ , then we have the following
commutation rule:

∂t ∂s = ∂s∂t + (k2 − λs)∂s . (5.1)

Proof Let f : [0, 1] × [0, T )→ R be a smooth function, then

∂t ∂sf − ∂s∂tf = ftx

|γx | −
〈γx | γxt〉fx
|γx |3 − ftx

|γx | = −〈τ | ∂sγt 〉∂sf

= − 〈τ | ∂s(λτ + kν)〉∂sf = (k2 − λs)∂sf

and the formula is proved. ��
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In all this section we will consider a C∞ solution of the special flow. Hence each
curve is moving by

γ it (t, x) =
γ ixx (t, x)∣∣γ ix (t, x)

∣∣2
,

and λ = 〈γxx | γx〉
|γx |3 .

Using the rule in the previous lemma we can compute

∂t τ = ∂t ∂sγ = ∂s∂tγ + (k2 − λs)∂sγ = ∂s(λτ + kν)+ (k2 − λs)τ = (ks + kλ)ν ,
∂tν = ∂t (Rτ ) = R ∂tτ = −(ks + kλ)τ ,
∂t k = ∂t 〈∂sτ | ν〉 = 〈∂t ∂sτ | ν〉 = 〈∂s∂t τ | ν〉 + (k2 − λs)〈∂sτ | ν〉

= ∂s〈∂t τ | ν〉 + k3 − kλs = ∂s(ks + kλ)+ k3 − kλs
= kss + ksλ+ k3 ,

∂tλ = − ∂t∂x 1

|γx | = ∂x
〈γx | γtx〉
|γx|3 = ∂x 〈τ | ∂s(λτ + kν)〉|γx | = ∂x (λs − k

2)

|γx |
= ∂s(λs − k2)− λ(λs − k2) = λss − λλs − 2kks + λk2 .

5.1 Evolution of Length and Volume

We now compute the evolution in time of the total length.
By the commutation formula (5.1) the time derivative of the measure ds on any

curve γ i of the network is given by the measure (λis − (ki)2) ds. Then the evolution
law for the length of one curve is

dLi (t)

dt
= d

dt

∫

γ i(·,t )
1ds=

∫

γ i (·,t )
(λis−(ki)2)ds=λi(1, t)−λi(0, t)−

∫

γ i (·,t )
(ki)2ds.

We remind that by relation (3.5) the contributions of λpi at every 3-point Op

vanish. Suppose that the network has l end-points on the boundary of �. With a
little abuse of notation we call λ(t, P r ) the tangential velocity at the end-point P r

for any r ∈ {1, 2, . . . , l}. Since the total length is the sum of the lengths of all the
curves, we get

dL(t)

dt
=

l∑

r=1

λ(t, P r )−
∫

Nt

k2 ds ,
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In particular if the end-points P r of the network are fixed during the evolution all
the terms λ(t, P r ) are zero and we have

dL(t)

dt
= −

∫

Nt

k2 ds .

The total length L(t) is decreasing in time and uniformly bounded above by the
length of the initial network.

We now discuss the behavior of the area of the regions enclosed by some curves
of the evolving regular network. Let us suppose that a region A(t) is bounded
by m curves γ 1, γ 2, . . . , γ m and let A(t) be its area. We call loop � the union
of these m curves. The loop � can be regarded as a single piecewise C2 closed
curve parametrized anticlockwise (possibly after reparametrization of the curves
that composed it). Hence the curvature of � is positive at the convexity points of the
boundary of A(t). Then we have

A′(t) = −
m∑

i=1

∫

γ i
〈xt | ν〉 ds = −

m∑

i=1

∫

γ i
〈kν | ν〉 ds

= −
m∑

i=1

∫

γ i
k ds = −

m∑

i=1

�θi, (5.2)

where �θi is the difference in the angle between the unit tangent vector τ and the
unit coordinate vector e1 ∈ R

2 at the final and initial point of the curve γ i . Indeed
supposing the unit tangent vector of the curve γ i “lives” in the second quadrant of
R

2 (the other cases are analogous) there holds

∂sθi = ∂s arccos〈τ | e1〉 = − 〈τs | e1〉√
1− 〈τ | e1〉2

= k ,

so

A′(t) = −
m∑

i=1

∫

γ i
∂sθi ds = −

m∑

i=1

�θi.

Considering that the curves γ i form angles of 120◦, we have

mπ/3+
m∑

i=1

�θi = 2π .

We then obtain the equality (see [44])

A′(t) = −(2−m/3)π . (5.3)

An immediate consequence of (5.3) is that the area of every region bounded by
the curves of the network evolves linearly. More precisely it increases if the region
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has more than six edges, it is constant with six edges and it decreases if its edges are
less than six. This implies that if less than six curves of the initial network enclose
a region of area A0, then the maximal time T of existence of a smooth flow is finite
and

T ≤ A0

(2−m/3)π ≤
3A0

π
.

5.2 Evolution of the Curvature and Its Derivatives

We want to estimate the L2 norm of the curvature and its derivatives, that will result
crucial in the analysis of the motion. The main consequence of these computation
indeed is that the flow of a regular smooth network with “controlled” end-points
exists smooth as long as the curvature stays bounded and none of the lengths of the
curves goes to zero (Theorem 5.7).

We consider a regular C∞ network Nt in �, composed by n curves γ i with m
triple-pointsO1,O2, . . . ,Om and l end-points P 1, P 2, . . . , P l . We suppose that it
is a C∞ solution of the system (3.4). We assume that either the end-points are fixed
(the Dirichlet boundary condition in (3.4) is satisfied) or that there exist uniform (in
time) constants Cj , for every j ∈ N, such that

|∂js k(P r , t)| + |∂js λ(t, P r )| ≤ Cj , (5.4)

for every t ∈ [0, T ) and r ∈ 1, 2, . . . , l. This second possibility will allow us to
localise the estimates if needed.

We are now ready to compute d
dt

∫
Nt
|k|2 ds. We get

d

dt

∫

Nt

|k|2 ds = 2
∫

Nt

k ∂tk ds +
∫

Nt

|k|2(λs − k2) ds .

Using that ∂tk = kss + ksλ+ k3 we get

d

dt

∫

Nt

|k|2 ds =
∫

Nt

2k kss+2λk ks+k2λs+k4 ds =
∫

Nt

2k kss+∂s(λ k2)+k4 ds.

Integrating by parts and estimating the contributions given by the end-points P r

by means of assumption (5.4) we can write

d

dt

∫

Nt

|k|2 ds = − 2
∫

Nt

|ks|2 ds +
∫

Nt

∂s (λ k
2) ds +

∫

Nt

k4 ds

− 2
m∑

p=1

3∑

i=1

kpi k
pi
s

∣∣∣∣
at the 3-pointOp

+ 2
l∑

r=1

kr krs

∣∣∣∣
at the end-point P r
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≤ − 2
∫

Nt

|ks|2 ds +
∫

Nt

k4 ds + lC0C1

−
m∑

p=1

3∑

i=1

2kpi kpis + λpi |kpi |2
∣∣∣∣

at the 3-pointOp
.

Then recalling relation (3.6) at the 3-points we have

3∑

i=1

kikis + λi |ki |2 = 0 .

Substituting it above we lower the maximum order of the space derivatives of the
curvature in the 3-point terms

d

dt

∫

Nt

k2ds≤− 2
∫

Nt

|ks|2 ds +
∫

Nt

k4 ds +
m∑

p=1

3∑

i=1

λpi |kpi|2
∣∣∣∣
at the 3-point Op

+ lC0C1.

We notice that we can estimate the boundary terms at each 3-point of the form∑3
i=1 λ

i |ki |2 by
∑3
i=1 λ

i |ki |2 ≤ ‖k3‖L∞ (see [31, Remark 3.9]). Hence

d

dt

∫

Nt

k2 ds ≤ −2
∫

Nt

|ks|2 ds +
∫

Nt

k4 ds + ‖k‖3
L∞ + lC0C1 . (5.5)

From now on we do not use any geometric property of our problem. We suppose
that the lengths of curves of the networks are equibounded from below by some
positive value. We reduce to estimate the L4 and L∞ norm of the curvature of any
curve γ i , seen as a Sobolev function defined on the interval [0, L(γ i)].
Lemma 5.2 Let 0 < L < +∞ and u ∈ C∞([0,L],R). Then there exists a uniform
constant C, depending on L, such that

‖u‖4
L4 + ‖u‖3

L∞ − 2‖u′‖2
L2 ≤ C

(
‖u‖2

L2 + 1
)3
.

Proof The key estimates of the proof are Gagliardo–Nirenberg interpolation
inequalities [34, Section 3, pp. 257–263] written in the form (see also [31,
Proposition 3.11])

‖u‖Lp ≤ Cp‖u′‖
1
2− 1

p

L2 ‖u‖
1
2+ 1

p

L2 + Bp

L
1
2− 1

p

‖u‖L2 ,

‖u‖L∞ ≤ C‖u′‖
1
2
L2‖u‖

1
2
L2 +

B

L
1
2

‖u‖L2 .
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We first focus on the term ‖u‖4
L4 . We have

‖u‖L4 ≤ C
(
‖u′‖1/4

L2 ‖u‖3/4
L2 + ‖u‖L2

L
1
2

)
,

and so

‖u‖4
L4 ≤ C̃

(
‖u′‖L2‖u‖3

L2 + ‖u‖4
L2

)
.

Using Young inequality

‖u‖4
L4 ≤ C̃

(
ε‖u′‖2

L2 + cε‖u‖6
L2 + ‖u‖4

L2

)
. (5.6)

Similarly we estimate the term ‖u‖3
L∞ by

‖u‖3
L∞ ≤ C

(
‖u′‖

3
2
L2‖u‖

3
2
L2 + ‖u‖3

L2

)

≤ C
(
ε‖u′‖2

L2 + cε‖u‖6
L2 + ‖u‖3

L2

)
. (5.7)

Putting (5.6) and (5.7) together and choosing appropriately ε we obtain

‖u‖4
L4 + ‖u‖3

L∞ − 2‖u′‖2
L2 ≤ c̃ε‖u‖6

L2 + C̃‖u‖4
L2 + C‖u‖3

L2 ≤ C
(
‖u‖2

L2 + 1
)3
.

��
Applying Lemma 5.2 to the curvature ki of each curve γ i of the network the

estimate (5.5) becomes

∣∣∣∣
d

dt

∫

Nt

k2 ds

∣∣∣∣ ≤ C
(∫

Nt

k2 ds

)3

+ C + lC0C1 . (5.8)

The aim now is to repeat the previous computation for ∂js k with j ∈ N.
Although the calculations are much harder, it is possible to conclude that for

every even j ∈ N there holds

∫

Nt

|∂js k|2 ds ≤ C
∫ t

0

(∫

Nξ

k2 ds

)2j+3

dξ+C
(∫

Nt

k2 ds

)2j+1

+Ct+lCjCj+1t+C .

Passing from integral to L∞ estimates we have the following proposition.
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Proposition 5.3 If assumption (5.4) holds, the lengths of all the curves are
uniformly positively bounded from below and theL2 norm of k is uniformly bounded
on [0, T ), then the curvature of Nt and all its space derivatives are uniformly
bounded in the same time interval by some constants depending only on the L2

integrals of the space derivatives of k on the initial network N0.

We now derive a second set of estimates where everything is controlled—still
under the assumption (5.4)—only by the L2 norm of the curvature and the inverses
of the lengths of the curves at time zero.

As before we consider the C∞ special curvature flow Nt of a smooth network
N0 in the time interval [0, T ), composed by n curves γ i(·, t) : [0, 1] → � with
m triple junctions O1,O2, . . . ,Om and l end-points P 1, P 2, . . . , P l , satisfying
assumption (5.4).

As shown above, the evolution equations for the lengths of the n curves are given
by

dLi(t)

dt
= λi(1, t)− λi(0, t)−

∫

γ i(·,t )
k2 ds .

Then, proceeding as in the computations above, we get

d

dt

(∫

Nt

k2 ds +
n∑

i=1

1

Li

)

≤ −2
∫

Nt

k2
s ds +

∫

Nt

k4 ds + 6m‖k‖3
L∞ + lC0C1 −

n∑

i=1

1

(Li)2

dLi

dt

= −2
∫

Nt

k2
s ds +

∫

Nt

k4 ds + 6m‖k‖3
L∞ + lC0C1 −

n∑

i=1

λi(1, 0) − λi(0, t) + ∫
γ i(·,t) k

2 ds

(Li)2

≤ −2
∫

Nt

k2
s ds +

∫

Nt

k4 ds + 6m‖k‖3
L∞ + lC0C1 + 2

n∑

i=1

‖k‖L∞ + C0

(Li)2
+

n∑

i=1

∫
Nt
k2 ds

(Li)2

≤ −2
∫

Nt

k2
s ds +

∫

Nt

k4 ds + (6m+ 2n/3)‖k‖3
L∞ + lC0C1 + 2nC3

0/3

+ n
3

(∫

Nt

k2 ds

)3

+ 2

3

n∑

i=1

1

(Li)3
,

where we used Young inequality in the last passage. Proceeding as before, but
keeping track of the terms where the inverse of the length appear, it is possible
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to obtain

d

dt

(∫

Nt

k2 ds+
n∑

i=1

1

Li

)
≤ −

∫

Nt

k2
s ds+C

(∫

Nt

k2 ds

)3

+ C
n∑

i=1

(∫
Nt
k2 ds

)2

Li

+ C
n∑

i=1

(∫
Nt
k2 ds

)3/2

(Li)3/2
+ C

n∑

i=1

1

(Li)3
+ C

≤C
(∫

Nt

k2 ds

)3

+ C
n∑

i=1

1

(Li)3
+ C

≤C
(∫

Nt

k2 ds +
n∑

i=1

1

Li
+ 1

)3

, (5.9)

with a constant C depending only on the structure of the network and on the
constants C0 and C1 in assumption (5.4).

5.3 Consequences of the Estimates

Thanks to the just computed estimates on the curvature and on the inverse of the
length one can obtain the following result:

Proposition 5.4 For every M > 0 there exists a time TM ∈ (0, T ), depending only
on the structure of the network and on the constants C0 and C1 in assumption (5.4),
such that if the square of theL2 norm of the curvature and the inverses of the lengths
of the curves of N0 are bounded byM , then the square of the L2 norm of k and the
inverses of the lengths of the curves of Nt are smaller than 2(n+1)M+1, for every
time t ∈ [0, TM ].
Proof Consider the positive function f (t) = ∫

Nt
k2 ds +∑n

i=1
1

Li(t)
+ 1. Then by

inequality (5.9) f satisfies the differential inequality f ′ ≤ Cf 3. After integration it
reads as

f 2(t) ≤ f 2(0)

1− 2Ctf 2(0)
≤ f 2(0)

1− 2Ct[(n+ 1)M + 1] ,

then if t ≤ TM = 3
8C[(n+1)M+1] we get f (t) ≤ 2f (0). Hence

∫

Nt

k2 ds +
n∑

i=1

1

Li(t)
≤ 2

∫

N0

k2 ds + 2
n∑

i=1

1

Li(0)
+ 1 ≤ 2[(n+ 1)M] + 1 .

��
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The combination of these estimates implies estimates on all the derivatives of the
maps γ i , stated in the next proposition.

Proposition 5.5 If Nt is a C∞ special evolution of the initial network N0 =⋃n
i=1 σ

i , satisfying assumption (5.4), such that the lengths of the n curves are
uniformly bounded away from zero and the L2 norm of the curvature is uniformly
bounded by some constants in the time interval [0, T ), then

• all the derivatives in space and time of k and λ are uniformly bounded in [0, 1]×
[0, T ),

• all the derivatives in space and time of the curves γ i(t, x) are uniformly bounded
in [0, 1] × [0, T ),

• the quantities |γ ix(t, x)| are uniformly bounded from above and away from zero
in [0, 1] × [0, T ).

All the bounds depend only on the uniform controls on the L2 norm of k, on
the lengths of the curves of the network from below, on the constants Cj in
assumption (5.4), on the L∞ norms of the derivatives of the curves σ i and on
the bound from above and below on |σ ix(t, x)|, for the curves describing the initial
network N0.

By means of Proposition 5.4 we can strengthen the conclusion of Proposition 5.5.

Corollary 5.6 In the hypothesis of the previous proposition, in the time interval
[0, TM] all the bounds in Proposition 5.5 depend only on the L2 norm of k on N0,
on the constants Cj in assumption (5.4), on the L∞ norms of the derivatives of the
curves σ i , on the bound from above and below on |σ ix(t, x)| and on the lengths of
the curves of the initial network N0.

By means of the a priori estimates we can work out some results about the smooth
flow of an initial regular geometrically smooth network N0.

Theorem 5.7 If [0, T ), with T < +∞, is the maximal time interval of existence of
a C∞ curvature flow of an initial geometrically smooth network N0, then

1. either the inferior limit of the length of at least one curve of Nt is zero, as t → T ,
2. or limt→T

∫
Nt
k2 ds = +∞.

Proof We can C∞ reparametrize the flow Nt in order that it becomes a special
smooth flow Ñt in [0, T ). If the lengths of the curves of Nt are uniformly
bounded away from zero and the L2 norm of k is bounded, the same holds for the
networks Ñt . Then, by Proposition 5.5 and Ascoli–Arzelà Theorem, the network
Ñt converges in C∞ to a smooth network ÑT as t → T . We could hence
restart the flow obtaining a C∞ special curvature flow in a longer time interval.
Reparametrizing back this last flow, we get a C∞ “extension” in time of the flow
Nt , hence contradicting the maximality of the interval [0, T ). ��
Proposition 5.8 If [0, T ), with T < +∞, is the maximal time interval of existence
of a C∞ curvature flow of an initial geometrically smooth network N0. If the lengths
of the n curves are uniformly positively bounded from below, then this superior limit
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is actually a limit and there exists a positive constant C such that

∫

Nt

k2 ds ≥ C√
T − t ,

for every t ∈ [0, T ).
Proof Considering the flow Ñt introduced in the previous theorem. By means of
differential inequality (5.8), we have

d

dt

∫

Ñt

k̃2 ds ≤ C
(∫

Ñt

k̃2 ds

)3

+ C ≤ C
(

1+
∫

Ñt

k̃2 ds

)3

,

which, after integration between t, r ∈ [0, T ) with t < r , gives

1
(

1+ ∫
Ñt
k̃2 ds

)2 −
1

(
1+ ∫

Ñr
k̃2 ds

)2 ≤ C(r − t) .

Then, if case (1) does not hold, we can choose a sequence of times rj → T such
that

∫
Ñrj

k̃2 ds → +∞. Putting r = rj in the inequality above and passing to the

limit, as j →∞, we get

1
(

1+ ∫
Ñt
k̃2 ds

)2 ≤ C(T − t) ,

hence, for every t ∈ [0, T ),
∫

Ñt

k̃2 ds ≥ C√
T − t − 1 ≥ C√

T − t ,

for some positive constant C and limt→T
∫
Ñt
k2 ds = +∞.

By the invariance of the curvature by reparametrization, this last estimate implies
the same estimate for the flow Nt . ��

This theorem obviously implies the following corollary.

Corollary 5.9 If [0, T ), with T < +∞, is the maximal time interval of existence of
a C∞ curvature flow of an initial geometrically smooth network N0 and the lengths
of the curves are uniformly bounded away from zero, then

max
Nt

k2 ≥ C√
T − t →+∞ , (5.10)

as t → T .
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In the case of the evolution γt of a single closed curve in the plane there exists a
constant C > 0 such that if at time T > 0 a singularity develops, then

max
γt
k2 ≥ C

T − t
for every t ∈ [0, T ) (see [21]). It is unknown if this lower bound on the rate of
blow-up of the curvature holds also in the case of the evolution of a network.

Remark 5.10 Using more refine estimates it is possible to weaken the assumption of

Theorem 5.7: one can suppose to have a C
2+α

2 ,2+α curvature flow (see [32, p. 33]).

We conclude this section with the following estimate from below on the maximal
time of smooth existence.

Proposition 5.11 For every M > 0 there exists a positive time TM such that if the
L2 norm of the curvature and the inverses of the lengths of the geometrically smooth
network N0 are bounded byM , then the maximal time of existence T > 0 of a C∞
curvature flow of N0 is larger than TM .

Proof As before, considering again the reparametrized special curvature flow Ñt ,
by Proposition 5.4 in the interval [0,min{TM, T }) the L2 norm of k̃ and the inverses
of the lengths of the curves of Ñt are bounded by 2M2 + 6M .

Then, by Theorem 5.7, the value min{TM, T } cannot coincide with the maximal
time of existence of Ñt (hence of Nt ), so it must be T > TM . ��

6 Analysis of Singularities

6.1 Huisken’s Monotonicity Formula

We shall use the following notation for the evolution of a network in � ⊂ R
2: let

N ⊂ R
2 be a network homeomorphic to the all Nt , we consider a map

F : (0, T )×N → R
2

given by the union of the maps γ i : (0, T ) × Ii → � (with Ii the intervals
[0, 1], (0, 1], [1, 0) or (0, 1)) describing the curvature flow of the network in the
time interval (0, T ), that is Nt = F(t,N ).

Let us start from the easiest case in which the network is composed by a unique
closed simple smooth curve. Let t0 ∈ (0,+∞), x0 ∈ R

2 and ρt0,x0 : [0, t0)×R
2 be

the one-dimensional backward heat kernel in R
2 relative to (t0, x0), that is

ρt0,x0(t, x) =
e
− |x−x0|24(t0−t)√

4π(t0 − t) .
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Theorem 6.1 (Monotonicity Formula) Assume t0 > 0. For every t ∈
[0,min{t0, T }) and x0 ∈ R

2 we have

d

dt

∫

Nt

ρt0,x0(t, x) ds = −
∫

Nt

∣∣∣∣ k +
(x − x0)

⊥

2(t0 − t)
∣∣∣∣
2

ρt0,x0(t, x) ds

Proof See [21]. ��
Then one can wonder if a modified version of this formula holds for networks.

Clearly one needs a way to deal with the boundary points (the triple junctions).
In [31] the authors gave a positive answer to this question in the case of a triod.
With a slight modification of the computation in [31, Lemma 6.3] one can extend
the result to any regular network. As before, with a little abuse of notation, we will
write τ (t, P r) and λ(t, P r ) respectively for the unit tangent vector and the tangential
velocity at the end-point P r of the curve of the network getting at such point, for
any r ∈ {1, 2, . . . , l}.
Proposition 6.2 (Monotonicity Formula) Assume t0 > 0. For every t ∈
[0,min{t0, T }) and x0 ∈ R

2 the following identity holds

d

dt

∫

Nt

ρt0,x0(t, x) ds = −
∫

Nt

∣∣∣∣ k +
(x − x0)

⊥

2(t0 − t)
∣∣∣∣
2

ρt0,x0(t, x) ds

+
l∑

r=1

[〈
P r − x0

2(t0 − t)
∣∣∣∣ τ (t, P

r)

〉
− λ(t, P r )

]
ρt0,x0(t, P

r) .

Integrating between t1 and t2 with 0 ≤ t1 ≤ t2 < min{t0, T } we get

∫ t2

t1

∫

Nt

∣∣∣∣ k +
(x − x0)

⊥

2(t0 − t)
∣∣∣∣
2

ρt0,x0 (t, x) dsdt =
∫

Nt1

ρt0,x0 (x, t1)ds−
∫

Nt2

ρt0,x0 (x, t2) ds

+
l∑

r=1

∫ t2

t1

[〈
P r − x0

2(t0 − t)
∣∣∣∣τ(t, P

r)

〉
−λ(t, P r)

]
ρt0,x0 (t, P

r) dt .

We need the following lemma in order to estimate the end-points contribution
(see [31, Lemma 6.5]).

Lemma 6.3 For every r ∈ {1, 2, . . . , l} and x0 ∈ R
2, the following estimate holds

∣∣∣∣
∫ t0

t

[〈
P r − x0

2(t0 − ξ)
∣∣∣∣ τ (ξ, P

r )

〉
− λ(ξ, P r )

]
ρt0,x0(ξ, P

r ) dξ

∣∣∣∣ ≤ C ,

where C is a constant depending only on the constants Cl in assumption (5.4).
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Then for every point x0 ∈ R
2, we have

lim
t→t0

l∑

r=1

∫ t0

t

[〈
P r − x0

2(t0 − ξ)
∣∣∣∣ τ (ξ, P

r )

〉
− λ(ξ, P r )

]
ρt0,x0(ξ, P

r ) dξ = 0 .

As a consequence, the following definition is well posed.

Definition 6.4 (Gaussian Densities) For every t0 ∈ (0,+∞), x0 ∈ R
2 we define

the Gaussian density function-t0,x0 : [0,min{t0, T })→ R as

-t0,x0(t) =
∫

Nt

ρt0,x0(t, ·) ds

and provided t0 ≤ T the limit Gaussian density function -̂ : (0,+∞)× R
2 → R

as

-̂(t0, x0) = lim
t→t0

-t0,x0(t) .

For every (t0, x0) ∈ (0, T ] × R
2, the limit -̂(t0, x0) exists (by the monotonicity

of -t0,x0 ) it is finite and non negative. Moreover the map -̂ : R2 → R is upper
semicontinuous [29, Proposition 2.12].

6.2 Dynamical Rescaling

We introduce the rescaling procedure of Huisken in [21] at the maximal time T .
Fixed x0 ∈ R

2, let F̃x0 : [−1/2 logT ,+∞)×N → R
2 be the map

F̃x0(t, p) =
F(t, p) − x0√

2(T − t) t(t) = −1

2
log (T − t)

then, the rescaled networks are given by

Ñt,x0 =
Nt − x0√
2(T − t) (6.1)

and they evolve according to the equation

∂

∂t
F̃x0(t, p) = ṽ(t, p)+ F̃x0(t, p)

where

ṽ(t, p) = √
2(T − t (t)) · v(t (t), p) = k̃ν + λ̃τ and t (t) = T − e−2t .
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Notice that we did not put the sign “̃ ” over the unit tangent and normal, since they
remain the same after the rescaling.

When there is no ambiguity on the point x0, we will write P̃ r (t) = F̃x0(t, P
r )

for the end-points of the rescaled network Ñt,x0 .
The rescaled curvature evolves according to the following equation,

∂t̃k = k̃ss + k̃s̃λ+ k̃3 − k̃
which can be obtained by means of the commutation law

∂t∂s = ∂s∂t + (̃k2 − λ̃s − 1)∂s ,

where we denoted with s the arclength parameter for Ñt,x0 .
By straightforward computations (see [21]) we have the following rescaled

version of the Monotonicity Formula.

Proposition 6.5 (Rescaled Monotonicity Formula) Let x0 ∈ R
2 and set

ρ̃(x) = e− |x|
2

2

For every t ∈ [−1/2 logT ,+∞) the following identity holds

d

dt

∫

Ñt,x0

ρ̃(x) ds = −
∫

Ñt,x0

| k̃ + x⊥|2ρ̃(x) ds+
l∑

r=1

[〈
P̃ r (t)

∣∣∣ τ(t (t), P r)
〉

−̃λ(t, P r )
]
ρ̃(P̃ r (t))

where P̃ r (t) = P r−x0√
2(T−t (t)) .

Integrating between t1 and t2 with −1/2 logT ≤ t1 ≤ t2 < +∞ we get

∫ t2

t1

∫

Ñt,x0

| k̃ + x⊥|2ρ̃(x) ds dt =
∫

Ñt1,x0

ρ̃(x) ds−
∫

Ñt2,x0

ρ̃(x) ds (6.2)

+
l∑

r=1

∫ t2

t1

[〈
P̃ r (t)

∣∣∣ τ(t (t), P r)
〉
− λ̃(t, P r )

]
ρ̃(P̃ r (t)) dt .

We have also the analog of Lemma 6.3 (see [31, Lemma 6.7 ]).

Lemma 6.6 For every r ∈ {1, 2, . . . , l} and x0 ∈ R
2, the following estimate holds

for all t ∈ [− 1
2 logT ,+∞)

,

∣∣∣∣
∫ +∞

t

[〈
P̃ r (ξ)

∣∣∣ τ(t (ξ), P r )
〉
− λ̃(ξ, P r )

]
dξ

∣∣∣∣ ≤ C ,

where C is a constant depending only on the constants Cl in assumption (5.4).
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As a consequence, for every point x0 ∈ R
2, we have

lim
t→+∞

l∑

r=1

∫ +∞

t

[〈
P̃ r (ξ)

∣∣∣ τ(t (ξ), P r )
〉
− λ̃(ξ, P r )

]
dξ = 0 .

6.3 Blow-Up Limits

We now discuss the possible blow-up limits of an evolving network at the maximal
time of existence. This analysis can be seen as a tool to exclude the possible arising
of singularity in the evolution and to obtain (if possible) global existence of the flow.

Thanks to Theorem 5.7 we know what happens when the evolution approaches
the singular time T : either the length of at least one curve of the network goes
to zero, or the L2-norm of the curvature blows-up. When the curvature does not
remain bounded, we look at the possible limit networks after (Huisken’s dynamical)
rescaling procedure. The rescaled Monotonicity Formula 6.5 will play a crucial
role. We first suppose that the length of all the curves of the network remains
strictly positive during the evolution. In this case the classification of the limits
is complete (Proposition 6.8). Without a bound from below on the length of the
curves the situation is more involved, and we will see that in general the limit sets
are no longer regular networks. For this purpose, we shall introduce the notion of
degenerate regular network.

We now describe the blow-up limit of networks under the assumption that the
length of each curve is bounded from below by a positive constant independent of
time. We start with a lemma due to A. Stone [42].

Lemma 6.7 Let Ñt,x0 be the family of rescaled networks obtained via Huisken’s
dynamical procedure around some x0 ∈ R

2 as defined in formula (6.1).

1. There exists a constant C = C(N0) such that, for every x ∈ R
2, t ∈ [ −

1
2 log T ,+∞)

and R > 0 there holds

H1(Ñt,x0 ∩ BR(x)) ≤ CR .

2. For any ε > 0 there is a uniform radius R = R(ε) such that

∫

Ñt,x0\BR(x)
e−|x|2/2 ds ≤ ε ,

that is, the family of measures e−|x|2/2 H1 Ñt,x0 is tight (see [14]).

Proposition 6.8 Let Nt = ⋃n
i=1 γ

i(t, [0, 1]) be a C1,2 curvature flow of regular
networks with fixed end-points in a smooth, strictly convex, bounded open set
� ⊂ R

2 in the time interval [0, T ). Assume that the lengthsLi(t) of the curves of the
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networks are uniformly in time bounded away from zero for every i ∈ {1, 2, . . . , n}.
Then for every x0 ∈ R

2 and for every subset I of [−1/2 logT ,+∞) with infinite
Lebesgue measure, there exists a sequence of rescaled times tj → +∞, with
tj ∈ I, such that the sequence of rescaled networks Ñtj ,x0 (obtained via Huisken’s

dynamical procedure) converges in C1,α
loc ∩W 2,2

loc , for any α ∈ (0, 1/2), to a (possibly
empty) limit, which is (if non-empty)

• a straight line through the origin with multiplicity m ∈ N (in this case -̂(x0) =
m);

• a standard triod centered at the origin with multiplicity 1 (in this case -̂(x0) =
3/2).

• a halfline from the origin with multiplicity 1 (in this case -̂(x0) = 1/2).

Moreover the L2-norm of the curvature of Ñtj ,x0 goes to zero in every ball BR ⊂
R

2, as j →∞.

Proof We divide the proof into three steps. We take for simplicity x0 = 0.

Step 1: Convergence to Ñ∞
Consider the rescaled Monotonicity Formula (6.2) and let t1 = −1/2 logT and
t2 → +∞. Then thanks to Lemma 6.6 we get

+∞∫

−1/2 logT

∫

Ñt,x0

| k̃ + x⊥|2ρ̃ dσ dt < +∞ ,

which implies

∫

I

∫

Ñt,x0

| k̃ + x⊥|2ρ̃ dσ dt < +∞ .

Being the last integral finite and being the integrand a non negative function on
a set of infinite Lebesgue measure, we can extract within I a sequence of times
tj →+∞, such that

lim
j→+∞

∫

Ñtj ,x0

| k̃ + x⊥|2ρ̃ dσ = 0 . (6.3)

It follows that for every ballBR of radiusR inR2 the networks Ñtj ,x0 have curvature
uniformly bounded inL2(BR). Moreover, by Lemma 6.7, for every ballBR centered
at the origin of R2 we have the uniform bound H1(Ñtj ,x0 ∩ BR) ≤ CR, for some
constant C independent of j ∈ N. Then reparametrizing the rescaled networks
by arclength, we obtain curves with uniformly bounded first derivatives and with
second derivatives uniformly bounded in L2

loc.
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By a standard compactness argument (see [21, 26]), the sequence Ñtj ,x0 of
reparametrized networks admits a subsequence Ñtjl ,x0 which converges, weakly

in W 2,2
loc and strongly in C1,α

loc , to a (possibly empty) limit Ñ∞ (possibly with

multiplicity). The strong convergence in W 2,2
loc is implied by the weak convergence

inW 2,2
loc and Eq. (6.3).

Step 2: The Limit Ñ∞ is a Regular Shrinker
We first notice that the bound from below on the lengths prevents any “collapsing”
along the rescaled sequence. Since the integral functional

Ñ �→
∫

Ñ

| k̃ + x⊥|2ρ̃ dσ

is lower semicontinuous with respect to this convergence (see [38], for instance),
the limit Ñ∞ satisfies k̃∞ + x⊥ = 0 in the sense of distributions.

A priori, the limit network is composed by curves in W 2,2
loc , but from the relation

k̃∞ + x⊥ = 0, it follows that the curvature k̃∞ is continuous. By a bootstrap
argument, it is then easy to see that Ñ∞ is actually composed by C∞ curves.

Step 3: Classification of the Possible Limits
If the point x0 ∈ R

2 is distinct from all the end-points P r , then Ñ∞ has no end-
points, since they go to infinity along the rescaled sequence. If x0 = P r for some r ,
the set Ñ∞ has a single end-point at the origin of R2.

Moreover, from the lower bound on the length of the original curves it follows
that all the curves of Ñ∞ have infinite length, hence, by Remark 4.2, they must be
pieces of straight lines from the origin.

This implies that every connected component of the graph underlying Ñ∞
can contain at most one 3-point and in such case such component must be a
standard triod (the 120◦ condition must be satisfied) with multiplicity one since
the converging networks are all embedded (to get in the C1

loc-limit a triod with
multiplicity higher than one it is necessary that the approximating networks have
self-intersections). Moreover, since the converging networks are embedded, if
both a triod and a straight line or another triod are present, they would intersect
transversally. Hence if a standard toroid is present, a straight line cannot be present
and conversely if a straight line is present, a triod cannot be present.

If no end-point is present, that is, we are rescaling around a point in � (not on its
boundary), and no 3-point is present, the only possibility is a straight line (possibly
with multiplicity) through the origin.

If an end-point is present, we are rescaling around an end-point of the evolving
network, hence, by the convexity of � (which contains all the networks) the limit
Ñ∞ must be contained in a halfplane with boundary a straight lineH for the origin.
This exclude the presence of a standard triod since it cannot be contained in any
halfplane. Another halfline is obviously excluded, since they “come” only from end-
points and they are all distinct. In order to exclude the presence of a straight line,
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we observe that the argument of Proposition 3.13 implies that, if �t ⊂ � is the
evolution by curvature of ∂� keeping fixed the end-points P r , the blow-up of�t at
an end-point must be a cone spanning angle strictly less then π (here we use the fact
that three end-points are not aligned) and Ñ∞ is contained in such a cone. It follows
that Ñ∞ cannot contain a straight line.

In every case the curvature of Ñ∞ is zero everywhere and the last statement
follows by the W 2,2

loc -convergence.
��

Remark 6.9 In the previous proposition the hypothesis on the length of the curve
can be replace by the weaker assumption that the lengths Li(t) of the curves satisfy

lim
t→T

Li(t)√
T − t = +∞ ,

for every i ∈ {1, 2, . . . , n}.
Lemma 6.10 Under the assumptions of Proposition 6.8, there holds

lim
j→∞

1√
2π

∫

Ñtj ,x0

ρ̃ dσ = 1√
2π

∫

Ñ∞
ρ̃ dσ = -Ñ∞ = -̂(T , x0) , (6.4)

where dσ denotes the integration with respect to the canonical measure on Ñ∞,
counting multiplicities.

Proof By means of the second point of Lemma 6.7, we can pass to the limit in the
Gaussian integral and we get

lim
j→∞

1√
2π

∫

Ñtj ,x0

ρ̃ dσ = 1√
2π

∫

Ñ∞
ρ̃ dσ = -Ñ∞ .

Recalling that

1√
2π

∫

Ñtj ,x0

ρ̃ dσ =
∫

Nt (tj )

ρT ,x0(τ (tj ), ·) ds = -x0(t (tj ))→ -̂(T , x0)

as j →∞, equality (6.4) follows. ��
Remark 6.11 If the three end-points P r−1, P r , P r+1 are aligned the argument of
Proposition 3.13 does not work and we cannot conclude that the only blow-up at P r

is a halfline with multiplicity 1. It could also be possible that a straight line (possibly
with higher multiplicity) is present.
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We describe now how Proposition 6.8 allows us to obtain a (conditional) global
existence result when the lengths of all the curves of the networks are strictly
positive.

Suppose that T < +∞. Since we have assumed that the lengths of all the curves
of the network are uniformly positively bounded from below, the curvature blows-up
as t → T (Theorem 5.7 and Proposition 5.8). Performing a Huisken’s rescaling at an
interior point x0 of �, we obtain as blow-up limit (if not empty) a standard triod or
a straight line with multiplicity m ∈ N. One can argue as in [29] to show that when
such limit is a regular triod, the curvature is locally bounded around such point x0.
For the case of a straight line, if we suppose that the multiplicity m is equal to 1,
by White’s local regularity theorem [45] we conclude that the curvature is bounded
uniformly in time, in a neighborhood of the point x0. If we instead rescale at an
end-point P r we get a halfline. This case can be treated as above by means of a
reflection argument. Indeed, for the flow obtain by the union of the original network
and the reflection of this latter, the point P r is no more an end-point. A blow-up at
P r give a straight line, implying that the curvature is locally bounded also around
P r as before by White’s theorem.

Supposing that the lengths of the curves of the network are strictly positive
and supposing also that any blow-up limit has multiplicity one, it follows that the
original network Nt has bounded curvature as t → T . Hence T cannot be a singular
time, and we have therefore global existence of the flow.

In the previous reasoning a key point is the hypothesis that the blow-ups have
multiplicity one. Unfortunately, for a general regular network, this is still conjectural
and possibly the major open problem in the subject.

Multiplicity–One Conjecture (M1) Every possible C1
loc-limit of rescalings of net-

works of the flow is an embedded network with multiplicity one.

However, in some special situations one can actually prove M1.

Proposition 6.12 If � is strictly convex and the evolving network Nt has at
most two triple junctions, every C1

loc-limit of rescalings of networks of the flow is
embedded and has multiplicity one.

Proof See [33, Section 4,Corollary 4.7]. ��
Proposition 6.13 If during the curvature flow of a tree Nt the triple junctions stay
uniformly far from each other and from the end-points, then every C1

loc-limit of
rescalings of networks of the flow is embedded and has multiplicity one.

Proof See [32, Proposition 14.14]. ��
We now remove the hypothesis on the lengths of the curves of the network. In

this case, nothing prevents a length to go to zero in the limit.
In order to describe the possible limits, we introduce the notion of degenerate

regular networks. First of all we define the underlying graph, which is an oriented
graph G with n edges Ei , that can be bounded and unbounded. Every vertex of G
can either have order one (and in this case it is called end-points ofG) or order three.
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For every edge Ei we introduce an orientation preserving homeomorphisms ϕi :
Ei → I i where I i is the interval (0, 1), [0, 1), (0, 1] or [0, 1]. If Ei is a segment,
then I i = [0, 1]. If it is an halfline, we choose I i = [0, 1) or I i = (0, 1]. Notice
that the interval (0, 1) can only appear if it is associated to an unbounded edge Ei

without vertices, which is clearly a single connected component of G.
We then consider a family of C1 parametrizations σ i : I i → R

2. In the case
I i is (0, 1), [0, 1) or (0, 1], the map σ i is a regular C1 curve with unit tangent
vector τ i . If instead I i = [0, 1] the map σ i can be either a regular C1 curve with
unit tangent vector τ i , or a constant map (degenerate curves). In this last case we
assign a constant unit vector τ i : I i → R

2 to the curve σ i . At the points 0 and 1 of
I i the assigned exterior unit tangents are −τ i and τ i , respectively. The exterior
unit tangent vectors (real or assigned) at the relative borders of the intervals I i , I j ,
Ik of the concurring curves σ i , σj σ k have zero sum (degenerate 120◦ condition).
We require that the map 	 : G→ R

2 given by the union 	 =⋃n
i=1(σ

i ◦ϕi) is well
defined and continuous.

We define a degenerate regular network N as the union of the sets σ i(I i). If
one or several edges Ei of G are mapped under the map 	 : G → R

2 to a single
point p ∈ R

2, we call this sub-network given by the union G′ of such edges Ei the
core of N at p.

We call multi-points of the degenerate regular network N the images of the
vertices of multiplicity three of the graph G, by the map 	 and end-point of N
the images of the vertices of multiplicity one of the graphG by the map 	.

A degenerate regular network N with underlying graphG, seen as a subset in R
2,

is a C1 network, not necessarily regular, that can have end-points and/or unbounded
curves. Moreover, self-intersections and curves with integer multiplicities can be
present. Anyway, at every image of a multi-point of G the sum (possibly with
multiplicities) of the exterior unit tangents is zero.

Definition 6.14 We say that a sequence of regular networks Nk = ⋃n
i=1 σ

i
k (I

i
k)

converges in C1
loc to a degenerate regular network N = ⋃l

j=1 σ
j∞(I j∞) with

underlying graphG =⋃l
j=1 E

j if:

• letting O1,O2, . . . ,Om the multi-points of N , for every open set � ⊂ R
2

with compact closure in R
2 \ {O1,O2, . . . ,Om}, the networks Nk restricted to

�, for k large enough, are described by families of regular curves which, after
possibly reparametrizing them, converge to the family of regular curves given by
the restriction of N to �;

• for every multi-pointOp of N , image of one or more vertices of the graphG (if
a core is present), there is a sufficiently small R > 0 and a graph G̃ =⋃s

r=1 F
r ,

with edges Fr associated to intervals J r , such that:

– the restriction of N to BR(Op) is a regular degenerate network described by
a family of curves σ̃ r∞ : J r → R

2 with (possibly “assigned”, if the curve is
degenerate) unit tangent τ̃ r∞,



414 C. Mantegazza et al.

– for k sufficiently large, the restriction of Nk to BR(Op) is a regular network
with underlying graph G̃, described by the family of regular curves σ̃ rk : J r →
R

2,
– for every j , possibly after reparametrization of the curves, the sequence of

maps J r � x �→ (
σ̃ rk (x), τ̃

r
k (x)

)
converge in C0

loc to the maps J r � x �→(
σ̃ r∞(x), τ̃ r∞(x)

)
, for every r ∈ {1, 2, . . . , s}.

We will say that Nk converges to N in C1
loc ∩ E, where E is some function space,

if the above curves also converge in the topology of E.

Removing the hypothesis on the lengths of the curves, we get that the limit
networks are degenerate regular networks which are homothetically shrinking under
the flow.

Proposition 6.15 Let Nt = ⋃n
i=1 γ

i(t, [0, 1]) be a C1,2 curvature flow of regular
networks in the time interval [0, T ), then, for every x0 ∈ R

2 and for every subset
I of [−1/2 logT ,+∞) with infinite Lebesgue measure, there exists a sequence of
rescaled times tj →+∞, with tj ∈ I, such that the sequence of rescaled networks

Ñtj ,x0 (obtained via Huisken’s dynamical procedure) converges in C1,α
loc ∩W 2,2

loc , for
any α ∈ (0, 1/2), to a (possibly empty) limit network, which is a degenerate regular
shrinker Ñ∞ (possibly with multiplicity greater than one).

Moreover, we have

lim
j→∞

1√
2π

∫

Ñtj ,x0

ρ̃ dσ = 1√
2π

∫

Ñ∞
ρ̃ dσ = -Ñ∞ = -̂(T , x0) .

where dσ denotes the integration with respect to the canonical measure on Ñ∞,
counting multiplicities.

Remark 6.16 Notice that the blow-up limit degenerate shrinker obtained by this
proposition a priori depends on the chosen sequence of rescaled times tj →+∞.

Remark 6.17 Thanks to Proposition 6.12, if the network N has at most two triple
junctions, the degenerate regular shrinker Ñ∞ has multiplicity one.

Assuming that the length of at least one curve of Nt goes to zero, as t → T ,
there are two possible situations:

• the curvature stays bounded;
• the curvature is unbounded as t → T .

Suppose that the curvature remains bounded in the maximal time interval [0, T ).
As t → T the networks Nt converge in C1 (up to reparametrization) to a unique
limit degenerate regular network N̂T . This network can be non-regular seen as
a subset of R2: multi-points can appear, but anyway the sum of the exterior unit
tangent vectors of the concurring curves at every multi-point must be zero. Every
triple junction satisfies the angle condition. The non-degenerate curves of N̂T
belong to C1 ∩ W 2,∞ and they are smooth outside the multi-points (for the proof
see [32, Proposition 10.11]).
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We have seen in Sect. 5.1 that if a region is bounded by less than six curves then
its area decreases linearly in time going to zero at T . Not only the area goes to zero
in a finite time, but also the lengths of all the curves that bound the region. Moreover
when the lengths of all the curves of the loop go to zero, then the curvature blows
up. Let us call the loop �. Combing (5.2) with (5.3) there is a positive constant c
such that

∫
�
|k|ds ≥ c. By Hölder inequality

c =
∫

�

|k|ds ≤
(∫

�

k2 ds

)1/2

L(�)1/2 ,

where L(�) is the total length of the loop. Hence

‖k‖L2 ≥ c2

L(�)
→∞ as L(�)→ 0 .

Then at time T we have a singularity where both the length goes to zero and the
curvature explodes.

Developing careful a priori estimates of the curvature one can show that if two
triple junctions collapse into a 4-point, then the curvature remains bounded (see
[32]). The interest of this result relies on the fact that it describes the formation of
a “type zero” singularity: a singularity due to the change of topology, not to the
blow up of the curvature. This is a new phenomenon with respect to the classical
curve shortening flow and the mean curvature flow more in general. Thanks to this
result it is possible to show that given an initial network without loops (a tree), if
Multiplicity-One Conjecture M1 is valid, then the curvature is uniformly bounded
during the flow. The only possible “singularities” are given by the collapse of a
curve with two triple junctions going to collide. Moreover in the case of a tree we
are able to show the uniqueness of the blow up limit (see Remark 6.16).

Although one can find example of global existence of the flow (consider for
instance an initial triod contained in the triangle with vertices its three end-points
and with all angles less than 120◦) our analysis underlines the generic presence of
singularities. Then a natural question is if it is possible to go beyond the singularity.

There are results on the short time existence of the flow for non-regular networks,
that is, networks with multi-points (not only 3-points), or networks that do not
satisfy the 120◦ condition at the 3-points. Till now the most general result of this
kind is the one by Ilmanen, Neves and Schulze [23], which provides short time
existence of the flow starting from a non-regular network with bounded curvature.
Notice that the network arising after the collapse of (exactly) two triple junctions
has bounded curvature, and therefore fits with the hypotheses this result.
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An ambitious project should be constructing a bridge between the analysis of
the long time behavior of networks moving by curvature and short time existence
results for non-regular initial data: one can interpret the short time existence results
for non-regular data as a âĂIJrestartingâĂİ theorem for the flow after the onset of
the first singularity.
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Maximum Principles at Infinity
and the Ahlfors-Khas’minskii Duality:
An Overview

Luciano Mari and Leandro F. Pessoa

Abstract This note is meant to introduce the reader to a duality principle for non-
linear equations recently discovered in Valtorta (Reverse Khas’minskii condition.
Math Z 270(1):65–177,2011), Mari and Valtorta (Trans Am Math Soc 365(9):4699–
4727, 2013), and Mari and Pessoa (Commun Anal Geom, to appear). Motivations
come from the desire to give a unifying potential-theoretic framework for various
maximum principles at infinity appearing in the literature (Ekeland, Omori-Yau,
Pigola-Rigoli-Setti), as well as to describe their interplay with properties coming
from stochastic analysis on manifolds. The duality involves an appropriate ver-
sion of these principles formulated for viscosity subsolutions of fully nonlinear
inequalities, called the Ahlfors property, and the existence of suitable exhaustion
functions called Khas’minskii potentials. Applications, also involving the geometry
of submanifolds, will be discussed in the last sections. We conclude by investigating
the stability of these maximum principles when we remove polar sets.
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1 Prelude: Maximum Principles at Infinity

Maximum principles at infinity are a powerful tool to investigate problems in
Geometry. They arose from the desire to generalize the statement that, on a compact
Riemannian manifold (X, 〈 , 〉) of dimension m � 2, every function u ∈ C2(X)
attains a maximum point x0 and

(i) : u(x0) = sup
X

u, (ii) : |∇u(x0)| = 0, (iii) : ∇2u(x0) � 0, (1)

where ∇2u is the Riemannian Hessian and the last relation is meant in the sense of
quadratic forms. If M is noncompact and given u ∈ C2(X) bounded from above,
although one cannot ensure the existence of a maximum point, there could still exist
a sequence {xk} ⊂ X such that some of the relations in (1) hold in a limit sense as
k →∞. Informally speaking, when this happens we could think that X is “not too
far from being compact”. The first example of maximum principle at infinity is the
famous Ekeland’s principle, [23], that can be stated as follows:

Definition 1.1 A metric space (X, d) satisfies the Ekeland maximum principle if,
for each u upper semicontinuous (USC) on X and bounded from above, there exists
a sequence {xk} ⊂ X with the following properties:

u(xk) > sup
X

u− 1

k
, u(y) � u(xk)+ 1

k
d(xk, y) for each y ∈ X.

The full statement of Ekeland’s principle contains, indeed, a further property that
is crucial in applications, that is, the possibility to create one such {xk} suitably
close to a given maximizing sequence {x̄k}. We will briefly touch on it later. By
works of Ekeland, Weston and Sullivan, cf. [23, 67, 72], the validity of Ekeland’s
principle in the form given above is in fact equivalent to X being a complete metric
space. Therefore, in the smooth setting, the (geodesic) completeness of a manifold
X enables to find {xk} approximating both (i) and (ii) in (1.1). However, condition
(iii) requires further restrictions on the geometry of X, first investigated by Omori
[55] and Yau [14, 74] (the second with Cheng). They introduced the following two
principles, respectively, in the Hessian case [55] and in the Laplacian case [14, 74]:

Definition 1.2 Let (X, 〈 , 〉) be a Riemannian manifold. We say that X satisfies
the strong Hessian (respectively, Laplacian) maximum principle if, for each u ∈
C2(X) bounded from above, there exists a sequence {xk} ⊂ X with the following
properties:

(Hessian) u(xk) > supX u− k−1, |∇u(xk)| < k−1, ∇du(xk) � k−1〈 , 〉;
(Laplacian) u(xk) > supX u− k−1, |∇u(xk)| < k−1, �u(xk) � k−1.

(2)
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Here, the word “strong” refers to the presence of the condition on the gradient.
Historically, these principles are called the Omori-Yau maximum principles, and
proved to be remarkably effective in a wealth of different geometric problems.
Among them, we stress the striking proofs of the generalized Schwarz Lemma for
maps between Kahler manifolds in [75], and of the Bernstein theorem for maximal
hypersurfaces in Minkovski space in [15].

Geometric conditions to guarantee the Omori-Yau principles are often expressed
in terms of growths of the curvatures of X with respect to the distance 0(x) from
a fixed origin o ∈ X, but are not necessarily depending on them. The most general
known condition guaranteeing the Omori-Yau principles is given by Pigola et al.
[58] (cf. also improvements in [9, 11]): the principle holds whenever X supports a
function w with the following properties1:

0 < w ∈ C2(X\K) for some compact K, w → +∞ as x diverges,

|∇w| � G(w), and

{
∇2w � G(w)〈 , 〉 for Omori’s principle,

�w � G(w) for Yau’s principle,

(3)

for some G satisfying

0 < G ∈ C1(R+), G′ � 0,
∫ +∞ ds

G(s)
= +∞. (4)

For instance, G(t) = (1 + t) gives the sharp polynomial threshold. The criterion
is effective, since the function in (3) can be explicitly found in a number of
geometrically relevant applications: for instance, if the radial sectional curvature2

(respectively, Ricci curvature) is bounded from below as follows:

Sectrad � −G2(0) on X, for Omori’s principle,

Ric(∇0,∇0) � −G2(0) on X\{{o} ∪ cut(o)} for Yau’s principle,
(5)

then one can choose w(x) = log(1+0(x)) in (3) to deduce the validity of the strong
Hessian, respectively, strong Laplacian principle (technically, 0 is not C2, but one
can overcome the problem by using Calabi’s trick, see [58]). Note that (5) includes

1Here, as usual, if we write “w(x) → +∞ as x diverges” we mean that the sublevels of w have
compact closure in X, that is, that w is an exhaustion.
2The radial sectional curvature is the sectional curvature restricted to 2-planes containing ∇0.
Inequality Sectrad � −G2(0) means that Sect(πx) � −G2

(
0(x)

)
for each x 	∈ {o} ∪ cut(o) and

πx � TxX 2-plane containing ∇ρ.
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the case when G is constant, considered in [55, 74]. However, the existence of w
could be granted even without bounds like (5): for instance, in the strong Laplacian
case, this happens if X is properly immersed with bounded mean curvature in R

m

(or in a Cartan-Hadamard ambient space with bounded sectional curvature), or if X
is a Ricci soliton, see [4]. The function w in (3) is an example of what we will call
a Khas’minskii potential. The reason for the name will be apparent in a moment.

1.1 An Example: Immersions into Cones

There is, by now, a wealth of applications of the Omori-Yau principles in geometry,
see for instance [4]. Here, we illustrate how the principles can be effectively used in
geometry by means of the following example in [49], that is related to the pioneering
paper by Omori [55]. Hereafter, a non-degenerate cone Co,v,ε of center o ∈ R

n, axis
v ∈ S

n−1 and width ε ∈ (0,π/2) is the set of points x ∈ R
n such that

〈 x− o

|x− o| , v〉 � cos ε.

Theorem 1.3 ([49, Cor. 1.18]) Let ϕ : Xm → R
2m−1 be an isometric immersion.

Denoting with ρ the distance from a fixed origin o, assume that the sectional
curvature of X satisfies

− C(1 + ρ2) � Sect � 0, on M, (6)

for some constant C > 0. Then, ϕ(X) cannot be contained into any non-degenerate
cone of R2m−1.

Sketch of the Proof Suppose, by contradiction, that ϕ(X) ⊂ Co,v,ε for some o, v, ε.
Without loss of generality, we can assume that o is the origin of R2m−1. The first
step is to construct a function that encodes the geometry of the problem at hand:
following [55], we fix x0 ∈ X\{o} and a ∈ (0, cos ε), we set T = 〈ϕ(x0), v〉 and we
define

u(x) =
√

T2 + a2|ϕ(x)|2 − 〈ϕ(x), v〉.

By construction, it is easy to show that u < T on X and that the non-empty upper
level set {u > 0} (that contains x0) has bounded image ϕ

({u > 0}). In view of (6)
and the discussion above, the strong Hessian principle holds and can be applied to u.
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However, for x ∈ {u > 0} and unit vector W ∈ TxX, a computation shows that

∇2u(W,W) = a2(1+ 〈II(W,W),ϕ〉√
T2 + a2|ϕ|2 − 〈II(W,W), v〉 − a4〈W,ϕ〉2

(T2 + a2|ϕ|2)3/2

� a2(1− |II(W,W)||ϕ|)√
T2 + a2|ϕ|2 − |II(W,W)| − a4|ϕ|2

(T2 + a2|ϕ|2)3/2

� a2T2

(T2 + a2|ϕ|2)3/2 − |II(W,W)|g(x),

for some continuous function g on {u > 0}. Since the codimension of ϕ is strictly
less than m and the sectional curvature is non-positive, a useful algebraic lemma due
to Otsuki [20, 58] guarantees the existence of W ∈ TxX such that II(W,W) = 0.
Having fixed such W, and taking into account that ϕ({u > 0}) is bounded, there
exists a uniform constant c > 0 such that

sup
Z∈TxX, |Z|=1

∇2u(Z,Z) � ∇2u(W,W) � a2T2

(T2 + a2|ϕ|2)3/2 � c > 0 on {u > 0}.

However, evaluating the above inequality on a sequence {xk} realizing the strong
Hessian principle we obtain a contradiction. ��
Remark 1.4 In its full strength, Ekeland’s principle also guarantees that the
sequence {xk} satisfying (1.1) can be chosen to be close to a given maximizing
sequence {x̄k} with explicit bounds, a fact that is very useful in applications
to functional analysis and PDEs. On the other hand, to present no systematic
investigation of an analogous property was performed for the Omori-Yau principles.
A notable exception, motivated by a geometrical problem involving convex hulls
of isometric immersions, appeared in [25]: there, the authors proved that if X is
complete and Sect � −c for some c ∈ R

+ (resp. Ric � −c), any maximizing
sequence {x̄k} has a good shadow, that is, a sequence {xk} satisfying Omori (resp.
Yau) principle and also d(xk, x̄k)→ 0 as k →∞.

The properties in (2) can be rephrased as follows, say in the Hessian case:
denoting with λ1(A) � λ2(A) � . . . � λm(A) the eigenvalues of a symmetric
matrix A, X has the strong Hessian principle if either one of the following properties
holds:

(i) it is not possible to find a function u ∈ C2(X) bounded from above and such
that, on some non-empty upper level-set {u > γ},

max
{
|∇u| − 1,λm(∇2u)− 1

}
� 0. (7)
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(ii) for every open set U ⊂ M and every u ∈ C2(U) ∩ C(U) bounded from above
and solving the differential inequality

max
{
|∇u| − 1,λm(∇2u)− 1

}
� 0,

it holds supU u = sup∂U u.

By rescaling, the constant 1 can be replaced by any fixed positive number. It is
evident that the strong Hessian principle is equivalent to (i), while (i)⇔(2) can easily
be proved by contradiction: if we assume that (i) fails for some u, consider as U the
upper level set where (7) holds and contradict (ii), while if (ii) fails for some u, then
take any upper level set at height γ ∈ (sup∂U u, supU u) to contradict (i).

Conditions (i) and (ii) are invariant by translations u �→ u+ const. For future use
it is important to describe another characterization, not translation invariant, where
the constant 1 in (ii) is replaced by a pair of functions

{
f ∈ C(R), f(0) = 0, f > 0 on R

+, f is odd and strictly increasing;

ξ ∈ C(R), ξ(0) = 0, ξ < 0, on R
+, ξ is odd and strictly decreasing.

(fξ)

Namely, (i) and (ii) are also equivalent to

(A ) for some (equivalently, any) pair (f, ξ) satisfying (fξ), the following holds: for
every open set U ⊂ M and every u ∈ C2(U) ∩ C(U) bounded from above and
solving the differential inequality

max
{
|∇u| − ξ(−u), λm(∇2u)− f(u)

}
� 0 on

{
x : u(x) > 0

} 	= ∅,
(8)

it holds supU u = sup∂U u.

The choice of the upper level-set {u > 0} is related to the vanishing of f, ξ in (fξ) at
zero and is, of course, just a matter of convenience. The proof of (ii)⇔(A ) proceeds
by translation and rescaling arguments, and localizing on suitable upper level sets
of u, and is given in detail in [48, Prop. 5.1]. From the technical point of view, the
dependence of (A ) on f, ξ just in terms of the mild properties in (fξ), and especially
the possibility to check (A ) in terms of a single pair f, ξ satisfying (fξ), is useful in
applications.

Characterization (A ) is in the form of a maximum principle on sets with
boundary, for subsolutions of the fully nonlinear inequality

F (x, u(x),∇u(x),∇2u(x)
) .= max

{
|∇u| − ξ(−u), λm(∇2u)− f(u)

}
� 0.



Maximum Principles and AK-Duality 425

This point of view relates the principles to another property that can be seen as a
replacement of the compactness of X, the parabolicity of X. We recall that

Definition 1.5 A manifold X is said to be parabolic if each solution of �u � 0 on
X that is bounded from above is constant.

Indeed, Ahlfors (see [2, Thm. 6C]) observed that X is parabolic if and only
if property (A ) holds with (8) replaced by �u � 0. The problem of deciding
whether a manifold is parabolic or not is classical, and there is by now a well
established theory, see [28] for a thorough account. For surfaces, the theory arose
in connection to the type problem for Riemann surfaces, cf. [2], and arguments
involving parabolicity are still crucial in establishing a number of powerful, recent
results in modern minimal surface theory (see for instance [16, 51, 52] for beautiful
examples).

The tight relation between parabolicity and potential theory suggests that it might
be possible to treat both Ekeland and Omori-Yau principles as well in terms of a
fully nonlinear potential theory. In recent years, there has been an increasing interest
in the theory of fully-nonlinear PDEs on manifolds, and especially Harvey and
Lawson dedicated a series of papers [29–32, 34, 35] to develop a robust geometric
approach for fully nonlinear PDEs well suited to do potential theory for those
equations. Their work fits perfectly to the kind of problems considered in the present
paper, and will be introduced later. Our major concern in the recent [47, 48, 50] is
to put the above principles, as well as other properties to be discussed in a moment,
into a unified framework where new relations, in particular an underlying duality,
could emerge between them.

1.2 Parabolicity, Capacity and Evans Potentials

There are a number of equivalent conditions characterizing the parabolicity of X,
see [28, Thm. 5.1] and [56], and we now focus on two of them.

The first one describes parabolic manifolds as those for which the 2-capacity of
every compact K vanishes. We recall that, for fixed q ∈ (1,∞), the q-capacity of a
condenser (K,�) with K ⊂ � ⊂ X, K compact, � open, is the following quantity:

capq(K,�) = inf

{∫

�

|∇φ|q, : φ ∈ Lipc(�), φ � 1 on K

}
. (9)

If K and � have Lipschitz boundary, the infimum is realized by the unique solution
u of the q-Laplace equation

{
�qu

.= div
(|∇u|q−2∇u

) = 0 on �\K,
u = 1 on K, u = 0 on ∂�,

(10)
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called the q-capacitor of (K,�). A manifold is called q-parabolic if capq(K,X) = 0
for some (equivalently, every) compact set K, see [36, 69]. By extending Ahlfors
result for the Laplace-Beltrami operator [59, 62],

X is q-parabolic ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

∀U ⊂ X open, ∀u ∈ C2(U) ∩ C(U),

bounded above and solving �qu � 0,

it holds supU u = sup∂U u,

⎫
⎪⎪⎬

⎪⎪⎭

(11)

and both are equivalent to the constancy of solutions of �qu � 0 that are bounded
from above.

There is a further, quite useful characterization of parabolicity (in the linear
setting q = 2), expressed in terms of suitable exhaustion functions and studied
by Kuramochi and Nakai [44, 53, 54], with previous contribution by Khas’minskii
[42]. In [44, 53, 54], the authors proved that X is parabolic if and only if, for each
compact set K with smooth boundary, there exists a function w solving

w ∈ C∞(X\K), w > 0 on X\K, w = 0 on ∂K,

w(x)→+∞ as x diverges, �w = 0 on X\K.
(12)

Such a w is named an Evans potential on X\K. Evans potentials proved to be useful
in investigating the topology of X by means of the beautiful Li-Tam-Wang’s theory
of harmonic functions, cf. [46, 68] (cf. also [45, 61] for comprehensive accounts),
and it is therefore of interest to see whether other Liouville type properties could
be characterized in terms of Evans potentials. One quickly realizes that, for this to
hold, the function F replacing � in (12) must have a very specific form, and in
fact, to present, the Laplace-Beltrami is the only operator for which solutions w
in (12) with the equality sign have been constructed. The reason is that the proof in
[44, 53, 54], see also [70], strongly uses the characterization of parabolicity in terms
of the 2-capacity and the linearity of the Laplace-Beltrami operator. Even for q 	= 2,
the equivalence of q-parabolicity with the existence of q-harmonic Evans potentials
is still an open problem, although results for more general operators on rotationally
symmetric manifolds (cf. the last section in [50]) indicate that it is likely to hold.

Quite differently, if we just require that w be a supersolution, that is, �qw � 0,
things are much more flexible and are still worth interest, as we shall see later.
In [71] the author proved that the k-parabolicity is equivalent to the existence of
w satisfying (12) with the last condition weakened to �qw � 0. Although part
of the proof uses q-capacities and is therefore very specific to the q-Laplacian,
the underlying principle is general: the construction of w proceeds by “stacking”
solutions of suitable obstacle problems, an idea that will be described later in a
more general framework.
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It is natural to ask what is the picture for p = +∞, that is, setting,

cap∞(K,�) = inf
{
‖∇φ‖∞, : φ ∈ Lipc(�), φ � 1 on K

}
,

to study ∞-parabolic manifolds, defined as those for which cap∞(K,X) = 0 for
every compact K. The problem has recently been addressed in [56], where the
authors proved that

X is ∞-parabolic ⇐⇒ X is (geodesically) complete

and thus, a-posteriori, ∞-parabolicity is equivalent to Ekeland’s principle. Below,
we shall complement these characterizations as applications of our main duality
principle. To do so, we exploit the existence of ∞-capacitors for (K,�), that is,
suitable minimizers (absolutely minimizing Lipschitz extensions, cf. [17, 39]) for
cap∞(K,�). Their existence was first considered by Aronsson [6] and proved by
Jensen [38] when X = R

m: the∞-capacitor turns out to be the (unique) solution of

{
�∞u

.= ∇2u(∇u,∇u) = 0 on �\K,
u = 1 on K, u = 0 on ∂�,

(13)

where the equation is meant in the viscosity sense (see below). The operator �∞,
called the infinity Laplacian, has recently attracted a lot of attention because of its
appearance in Analysis, Game Theory and Physics, and its investigation turns out to
be challenging because of its high degeneracy (see [17, 19, 38]).

1.3 Link with Stochastic Processes

Before introducing the duality, we mention some other important function-theoretic
properties of X, coming from stochastic analysis, that fit well with our setting and
give further geometric motivation. We start recalling that parabolicity can be further
characterized in terms of the Brownian motion on X. Briefly, on each Riemannian
manifold X one can construct the heat kernel p(x, y, t) (cf. [21]), and consequently
a stochastic process Bt whose infinitesimal generator is �, called the Brownian
motion, characterized by the identity

P (Bt ∈ � : B0 = x) =
∫

�

p(x, y, t)dy, (14)

for every open subset � ⊂ X (see [7] for a beautiful, self-contained introduction).
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Definition 1.6 Let Bt be the Brownian motion on X.

• Bt on X is called recurrent if, almost surely, its trajectories visit every fixed
compact set K ⊂ X infinitely many times.

• Bt on X is called non-explosive if, almost surely, its trajectories do not escape
to infinity in finite time, that is, (14) with � = X is identically 1 for some
(equivalently, every) (x, t) ∈ X× R

+.

A manifold whose Brownian motion is non-explosive is called stochastically
complete. The recurrency of Bt is equivalent to the parabolicity of X, cf. [28], and
can therefore be characterized in terms of a property of type (A ) above. Similarly,
by [28, Thm. 6.2], X is stochastically complete if and only if there exists no open
subset U ⊂ X supporting a solution u of

{
�u � λu on U, for some λ ∈ R

+,

u > 0 on U, u = 0 on ∂U.
(15)

for some (equivalently, any) fixed λ ∈ R
+. The last property is (A ) provided that (7)

is replaced by �u − λu � 0, that is, choosing f(r) = λr and removing the gradient
condition. Again by translation, rescaling and localizing arguments, the function λr
can be replaced by any f satisfying (fξ).

Around 15 years ago, new interest arose around the notion of stochastic com-
pleteness, after the observation in [57, 58] that the property is equivalent to a relaxed
form of the strong Laplacian principle, called the weak (Laplacian) maximum
principle. Namely, X has the weak Laplacian principle if, for each u ∈ C2(X)
bounded above, there exists a sequence {xk} such that

u(xk) > sup
X

u− k−1, �u(xk) � k−1,

that is, (2) holds with no gradient condition. The weak Hessian principle can be
defined accordingly. It turns out that, in most geometric applications, the gradient
condition in (2) is unnecessary, making thus interesting to study both the possible
difference between weak and strong principles, and the geometric conditions
guaranteeing the weak principles.

Remark 1.7 (Strong Laplacian 	= Weak Laplacian) It is easy to construct incom-
plete manifolds satisfying the weak Laplacian principle but not the strong one, for
instance X = R

m\{0} (cf. [48, Ex. 1.21]). A nice example of a complete, radially
symmetric surface satisfying the weak Laplacian principle but not the strong one
has recently been found in [12]. Therefore, the two principles are really different.
Also, the weak Laplacian principle is unrelated to the (geodesic) completeness of
X, and in fact, if one removes a compact subset K that is polar for the Brownian
motion on X, X\K is still stochastically complete (see Theorem 6.3 below).
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Remark 1.8 (Geometric Conditions for Weak Laplacian Principle) Conditions
involving just the volume growth of balls in X (that, by Bishop-Gromov volume
comparison, are weaker than those in (5), cf. [61]) were first considered in [40, 45],
later improved in [28, Thm. 9.1]: X is stochastically complete provided that

∫ +∞ r

log volBr
dr = +∞. (16)

As a consequence of work of Khas’minskii [42, 58], X is stochastically complete
provided that it supports an exhaustion w outside a compact set K that satisfies

0 < w ∈ C2(X\K), w(x)→+∞ as x diverges, �w � λw on X\K,
(17)

for some λ > 0. The analogy with (3) and (12) is evident, and it is the reason why we
call w in (3) a Khas’minskii type potential. It was first observed in [50] that, in fact,
the existence of w satisfying (17) is equivalent to the stochastic completeness of X.
It is therefore natural to ask whether this is specific to the operators�u and�u−λu
or if it is a more general fact, and, in the latter case, how one can take advantage
from such an equivalence. This is the starting point of the papers [48, 50].

A further motivation to study Khas’minskii type potentials comes from the desire
to understand the link between the Hessian maximum principles and the theory of
stochastic processes. It has been suggested in [60, 62] that a good candidate to be
a probabilistic counterpart of a Hessian principle is the martingale completeness
of X. In fact, one can study the non-explosure property for a natural class of
stochastic processes that includes the Brownian motion: the class of martingales
(cf. [24, 66]).

• X is called martingale complete if and only if each martingale on X has infinite
lifetime almost surely.

Differently from the case of stochastic completeness, there is not much literature
on the interplay between martingale completeness and geometry, with the notable
exception of [24]. The picture is still fragmentary and seems to be quite different
from the Laplacian case: for instance, a martingale complete manifold must be
(geodesically) complete [24, Prop. 5.36]. In [24, Prop. 5.37], by using probabilistic
tools Emery proved that X is martingale complete provided that there exists w ∈
C2(X) satisfying

0 < w ∈ C2(X), w(x)→+∞ as x diverges,

|∇w| � C, ∇dw � C〈 , 〉 on X,
(18)

for some C > 0. Evidently, this is again a Khas’minskii type property. Although the
gradient condition in (18) might suggest that the martingale completeness of X be
related to the strong Hessian principle, in [60, 62] the authors give some results
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to support a tight link to the weak Hessian principle. Which Hessian principle
relates to martingale completeness, and why? Is (18) equivalent to the martingale
completeness of X?

The picture described above for Omori-Yau and Ekeland principles, and for
parabolicity, stochastic and martingale completeness, suggest that there might be
a general “duality principle” relating an appropriate maximum principle in the form
of (A ) on open sets, to the existence of suitable Khas’minskii type potentials. This is
in fact the case, and the rest of this note aims to settle the problem in the appropriate
framework, to explain our main result (the AK-duality) and describe its geometric
consequences. An important starting point is to reduce the regularity of solutions of
the relevant differential inequalities.

1.4 On Weak Formulations: The Case of Quasilinear
Operators

Formulations of maximum principles at infinity for functions with less than C2

regularity have already been studied in depth in recent years, see [4, 10, 58, 59, 62],
by using distributional solutions. Due to the appearance of quasilinear operators in
Geometric Analysis, a natural class of inequalities to investigate is the following
quasilinear one:

�au
.= div

(
a(|∇u|)∇u

)
� b(x)f(u)l(|∇u|), (19)

for a ∈ C(R+), 0 < b ∈ C(X), f ∈ C(R), l ∈ C(R+0 ), considered in [10] in full
generality. For instance, the study of graphs with prescribed mean curvature and of
mean curvature solitons in warped product ambient space leads to inequalities like

div

(
∇u√

1+ |∇u|2
)
� b(x)f(u)√

1+ |∇u|2 ,

see Section 1 in [10]. The weak and strong maximum principles are stated in terms
of functions solving (19) on some upper level set, much in the spirit of (i) at
page 423, and are summarized in the next

Definition 1.9 We say that

• (bl)−1�a satisfies the weak maximum principle at infinity if for each non-constant
u ∈ Liploc(X) bounded above, and for each η < supX u,

inf{u>η}

{(
b(x)l(|∇u|)

)−1
�au

}
� 0,
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and the inequality has to be intended in the following sense: if u solves

�au � Kb(x)l(|∇u|) weakly on {u > η}, (20)

for some K ∈ R, then necessarily K � 0.
• (bl)−1�a satisfies the strong maximum principle at infinity if for each non-

constant u ∈ C1(X) bounded above, and for each η < supX u, ε > 0,

�η,ε = {x ∈ X : u(x) > η, |∇u(x)| < ε} is non-empty, (21)

and

inf
�η,ε

{(
b(x)l(|∇u|)

)−1
�au

}
� 0,

where, again, the inequality has to be intended in the way explained above.

To present, there exist sharp sufficient conditions both to guarantee the weak and
the strong principles for (bl)−1�a. These are explicit, and expressed in terms of
the growth of the Ricci curvature (of the type in (5)) or of the volume of geodesic
balls in X (resembling (16)). The conditions enable to deduce, among others, sharp
Liouville theorems for entire graphs with controlled mean curvature. The interested
reader is referred to Theorems 1.2 and 1.7 in [10] for the most up-to-date results,
and to [4, 10, 58] for applications. While working with distributional solutions is
quite effective for the weak principle, it seems not an optimal choice in the presence
of a gradient condition because �η,ε in (21) needs to be open and thus forces to
restrict to C1 functions u. For our purposes, we found more advantageous to work
with upper semicontinuous (USC) viscosity solutions.

2 The General Framework

We summarize the picture both for the weak and the strong principles. By property
(A ) above, they can be rephrased in terms of solutions of a fully nonlinear PDE of
the type

F
(
x, u(x),∇u(x),∇2u(x)

)
� 0 (22)

on an open subset U ⊂ X, where F is continuous in its arguments, elliptic and
proper, in the following sense:

(degenerate ellipticity) F (x, r, p,A) � F (x, r, p,B) if A � B as a quadratic form,

(properness) F (x, r, p,A) � F (x, s, p,A) if r � s.
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For instance,

F = Tr(A)− f(r) for the weak Laplacian case, or

F = max
{
λm(A)− f(r), |p| − ξ(−r)

}
for the strong Hessian case,

for some (any) f, ξ satisfying (fξ). Note that the 4-ple (x, r, p,A) lies in the set

J2(X) =
{
(x, r, p,A) : x ∈ X, r ∈ R, p ∈ TxX, A ∈ Sym2(TxX)

}
,

called the 2-jet bundle of X, and in what follows, with J2
xu we denote the 2-jet of u

at x, i.e. the 4-ple (x, u(x),∇u(x),∇2u(x)).

Remark 2.1 (Regularity of Solutions) Although in the above discussion we dealt
with C2 solutions, it will be crucial for us to relax the regularity requirements and
consider viscosity solutions: an upper semicontinuous (USC) function u : X →
[−∞,+∞) solves (22) in the viscosity sense provided that, for every x and for
every test function φ of class C2 in a neighbourhood of x and touching u from above
at x, that is, satisfying

{
φ � u around x,
φ(x) = u(x),

it holds F
(
x,φ(x),∇φ(x),∇2φ(x)

)
� 0,

To state the property that encompasses the maximum principles discussed above,
it is more convenient for us to exploit the geometric approach to fully-nonlinear
PDEs pioneered by Krylov [43] and systematically developed by Harvey and
Lawson Jr. in recent years [29, 30, 32]. To the differential inequality (22), we
associate the closed subset

F =
{
(x, r, p,A) : F (x, r, p,A) � 0

}
⊂ J2(X). (23)

The ellipticity and properness of F imply a positivity and negativity property for
F (properties (P) and (N) in [30]). To avoid some pathological behaviour in the
existence-uniqueness theory for the Dirichlet problem for F = 0, one also needs a
mild topological requirement on F (assumption (T) in [30]). A subset F ⊂ J2(X)
satisfying (P), (N), (T) is called a subequation: it might be given in terms of a
function F : J2(X)→ R, as in (23), but not necessarily.

A function u ∈ C2(X) is said to be F-subharmonic if J2
xu ∈ F for each x ∈ X.

If u ∈ USC(X), as in Remark 2.1 we say that u is F-subharmonic if, for every test
function φ ∈ C2 at any point x, J2

xφ ∈ F. Given an open subset � ⊂ M, we define

F(�) =
{

u ∈ USC(�) : u is F-subharmonic on �
}
,

while, for closed K, we set F(K) to denote the functions u ∈ USC(K) that are F-
subharmonics on Int K.
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Examples that are relevant for us include the following subsets for f ∈ C(R)
non-decreasing and denoting with λ1(A) � . . . � λm(A) the eigenvalues of A.

(E 1) (Eikonal type). The eikonal E = {|p| � 1
}
, and its modified version Eξ ={|p| � ξ(r)

}
for ξ satisfying (fξ). In view of the properties of ξ, note that

Eξ-subharmonics must be non-positive.
(E 2) (k-subharmonics). F = {

λ1(A)+ . . .+ λk(A) � f(r)
}
, k � m. When f = 0,

F-subharmonic functions are called k-plurisubharmonic; these subequations,
which naturally appear in the theory of submanifolds, have been investigated
for instance in [31, 32, 65, 73]. The class includes the subequation {Tr(A) �
f(r)}, related both to the stochastic completeness of X (if f satisfies (fξ)) and
to the parabolicity of X (if f = 0).

(E 3) (Prescribing eigenvalues). F = {
λk(A) � f(r)

}
, for k ∈ {1, . . . , dim X}. For

k = m (and, as we shall see by duality, k = 1) this is related to the Hessian
principles. In particular, if f ≡ 0, the subequations

Fj =
{
λj(A) � 0

}

describe the m-branches associated to the Monge-Ampère equation
det(∇2u) = 0.

(E 4) (Branches of k-Hessian subequation). For λ
.= (λ1, . . . ,λm) ∈ R

m and
k ∈ {1, . . . ,m}, consider the elementary symmetric function

σk(λ) =
∑

1�i1<...<ik�m

λi1λi2 · · ·λik .

Since σk is invariant by permutation of coordinates of λ, we can define
σk(A) as σk being applied to the ordered eigenvalues {λj(A)}. According to
Gärding’s theory in [26], σk(λ) is a hyperbolic polynomial with respect to the
vector v = (1, . . . , 1) ∈ R

m. Denote with

μ
(k)
1 (λ) � . . . � μ

(k)
k (λ)

the ordered eigenvalues3 of σk. Clearly, μ(k)j is permutation invariant, thus the

expression μ
(k)
j (A) is meaningful. It is nontrivial to prove that

Fj =
{
μ
(k)
j (A) � f(r)

}
, 1 � j � k

is a subequation, see [33]. In particular, if f ≡ 0, F1, . . . ,Fk are called the
branches of the k-Hessian equation σk(∇2u) = 0. The smallest branch F1 can

3That is, the opposite of the roots of P(t)
.= σk(λ + tv) = 0.
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be equivalently described as

F1 =
{
σ1(A) � 0, . . . , σk(A) � 0

}
.

Many more examples of this kind arise from hyperbolic polynomials q(λ), cf.
[33].

(E 5) (Subequations on complex, quaternionic and Cayley manifolds). If X is
an almost complex, Hermitian manifold, the complexified Hessian matrix
A splits into pieces of type (2, 0), (1, 1) and (0, 2), and it makes sense to
consider the last three examples in terms of the eigenvalues of the Hermitian
symmetric matrix A(1,1). In particular this includes plurisubharmonic func-
tions, that is, solutions of

{
λ1(A(1,1)) � 0

}
.

Analogous examples can be given on quaternionic and octonionic manifolds.
(E 6) (Pucci operators). For 0 < λ � #, the Pucci operators (cf. [13]) are

classically defined as

P+λ,#(∇2u) = sup
{

Tr(X · ∇2u) : X ∈ Sym2(TX) with λI � X � #I
}
,

P−λ,#(∇2u) = inf
{

Tr(X · ∇2u) : X ∈ Sym2(TX) with λI � X � #I
}
.

The subequations describing solutions of P±λ,#(∇2u) � f(u) can be defined
as follows: denoting with A+ � 0 and A− � 0 the positive and negative part
of a symmetric matrix A = A+ + A−, we can set

F+λ,# =
{
λ Tr(A−)+#Tr(A+) � f(r)

}
,

F−λ,# =
{
#Tr(A−)+ λ Tr(A+) � f(r)

}
.

(E 7) (Quasilinear). We can also consider viscosity solutions of

�au
.= div

(
a(|∇u|)∇u

)
� f(u), (24)

for a ∈ C1(R+) satisfying

θ1(t)
.= a(t)+ ta′(t) � 0, θ2(t)

.= a(t) > 0. (25)

Examples include

– the mean curvature operator, describing the mean curvature of the graph
hypersurface {(x, v(x)) : x ∈ M} into the Riemannian product M × R. In
this case, a(t) = (1+ t2)−1/2;
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– the q-Laplacian�q, q > 1, where a(t) = tq−2;
– the operator of exponentially harmonic functions, where a(t) = exp

(
t2
)
,

considered for instance in [22];

Indeed, expanding the divergence we can set

F = {
p 	= 0, Tr

(
T(p)A

)
> f(r)

}
,

where

T(p)
.= a(|p|)〈 , 〉 + a′(|p|)

|p| p⊗ p = θ1(|p|)1p + θ2(|p|)1p⊥,

and 1p,1p⊥ are, respectively, the (2, 0)-versions of the orthogonal pro-
jections onto the spaces 〈p〉 and p⊥. Similarly, we can consider the non-
variational, normalized quasilinear operator given by

F =
{

p 	= 0,
Tr

(
T(p)A

)

max{θ1(|p|), θ2(|p|)} > f(r)

}
.

In the case of the mean curvature operator, the last subequation represents
viscosity solutions of

div

(
∇u√

1+ |∇u|2

)
� f(u)√

1+ |∇u|2 ,

that are related to prescribed mean curvature graphs and mean curvature
solitons in warped product spaces, see [10, Chapter 1].

(E 8) (∞-Laplacian). The normalized∞-Laplacian F={
p 	=0, |p|−2A(p, p)>f(r)

}
.

Remark 2.2 In (E 7) and (E 8), the necessity to take as F the closure of its interior is
made necessary to match property (T), due to the possible singularity of the operator
at p = 0. Indeed, (T) also appears, implicitly, in adjusting the classical definition of
subsolutions for operators F such that {F � 0} is not the closure of {F > 0}. A
typical example is the unnormalized∞-Laplacian, cf. [17].

The above examples can be defined on each Riemannian (complex, quaternionic,
octonionic) manifold, since there is no explicit dependence of F from the point
x, and are therefore called universal subequations. To include large classes of
subequations with coefficients depending on the point x, that can be seen as
“deformations” of universal ones, Harvey and Lawson in [30] introduced the
concept of local jet-equivalence between subequations. Without going into the
details here, we limit to say that, for instance, any semilinear inequality of the type

aij(x)uij + bi(x)ui � c(x)f(u)
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for smooth aij, bi, c with c > 0 on X and [aij] positive definite at every point, is
locally jet-equivalent to the universal example describing solutions of

�u � f(u).

The key fact is that local jet-equivalence allows to transfer properties holding for
the universal example to the subequations locally jet equivalent to it.

Supersolutions for F , that is, solutions of

F
(
x, u(x),∇u(x),∇2u(x)

)
� 0, (26)

are taken into account starting from the observation that w = −u solves

F̃
(
x,w(x),∇w(x),∇2w(x)

)
� 0, (27)

with

F̃ (x, r, p,A) = −F (x,−r,−p,−A).

This suggests to define the dual subequation

F̃ = − ∼ Int(F).

In particular, in (E 1), . . . (E 8),

if F = {
F (x, r, p,A) > 0

}
, then F̃ = {

F̃ (x, r, p,A) > 0
}
.

Therefore, u is F̃-subharmonic if −u is a supersolution in the standard, viscosity
sense, and u is F-harmonic on � if u ∈ F(�) and −u ∈ F̃(�). The above operator is
in fact a duality, in particular

F̃ ∩ G = F̃ ∪ G̃, ˜̃F = F (28)

for each subequations F,G, and F̃ is a subequation if F is so. Concerning examples
(E 1) to (E 8),

• In (E 1), the dual of the eikonal equation is
{|p| � 1

}
, that of Eξ is Ẽξ =

{|p| �
ξ(−r)

}
.

• In (E 2),

F̃ =
⎧
⎨

⎩

m∑

j=m−k+1

λj(A) � f(r)

⎫
⎬

⎭ ;
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in particular,
{

Tr(A) � f(r)
}

is self-dual: F̃ = F.
• In (E 3), F̃ = {

λm−k+1(A) � f(r)
}
.

• In (E 4), if F = {
μ
(k)
j (A) � f(r)

}
then F̃ = {

μ
(k)
k−j+1(A) � f(r)

}
.

• In (E 6), the dual of F±λ,# is F∓λ,#.

• Examples (E 7) and (E 8) are self-dual: F̃ = F.

Given a subequation F and for g ∈ C(X) we shall introduce the obstacle
subequation

Fg = F ∩ {
r � g(x)

}
,

that describes F-subharmonic functions lying below the obstacle g. Note that, since
the dual of

{
r � g(x)

}
is {r � −g(x)}, F̃g describes functions u that are F̃-

subharmonic on the upper set {u(x) > −g(x)}. As we shall see in a moment,
functions in F̃0 will be used to describe the property that unifies the maximum
principles at infinity described above, and it is therefore expectable, by duality, that
obstacles subequations play an important role in our main result.

Definition 2.3 Let F ⊂ J2(X) be a subequation. Given � � X open, g ∈ C(�) and
φ ∈ C(∂�) with φ � g on ∂�, a function u ∈ C(�) is said to solve the obstacle
problem with obstacle g and boundary value φ if

{
u is Fg-harmonic on �

u = φ on ∂�.

3 Ahlfors, Khas’minskii Properties and the AK-Duality

The definition of the next property is inspired by the original work of Ahlfors [2],
as well as by the recent improvements in [4, 5, 37].

Definition 3.1 A subequation H ⊂ J2(X) is said to satisfy the Ahlfors property if,
having set H0 = H ∪ {r � 0}, for each U ⊂ X open with non-empty boundary and
for each u ∈ H0(U) bounded from above and positive somewhere, it holds

sup
∂U

u+ ≡ sup
U

u.

Roughly speaking, when u is H-subharmonic on the set {u > 0}, the Ahlfors
property means that its supremum is attained on the boundary of U.

Example 3.2 We consider the following subequations:

1) If F = {Tr(A) � 0}, in view of Ahlfors’ characterization [2], the Ahlfors
property for F̃ (= F) is a version, for viscosity solutions, of the property
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characterizing the parabolicity of X in [2]. Similarly, if F = {Tr(A) � f(r)}
for f satisfying (fξ), the Ahlfors property for F̃ can be seen as a viscosity version
of the weak Laplacian principle, that is, of the stochastic completeness of X. As
a matter of fact (cf. [48]), in both of the cases the property still characterizes the
parabolicity, respectively the stochastic completeness, of X.

2) The Ahlfors property for the dual eikonal Ẽ = {|p| � 1
}

can be viewed as a
viscosity version of Ekeland’s principle. Its equivalence to the original Ekeland’s
principle, hence to geodesic completeness, is one of the applications of our main
result below.

3) Consider the subequations F = {
λ1(A) � f(r)

}
and Eξ =

{|p| � ξ(r)
}
, for (f, ξ)

satisfying (fξ). Then, the Ahlfors property for the dual

F̃ ∩ Eξ = F̃ ∪ Ẽξ = {
λm(A) � f(r)

} ∪ {|p| � ξ(−r)
}

=
{

max
{|p| − ξ(−r), λm(A)− f(r)

}
� 0

}

can be seen as a viscosity analogue of the strong Hessian principle. Analogously,
the Ahlfors property for F̃ ∪ Ẽξ with F = {

Tr(A) � f(r)} is a natural, viscosity
version of Yau’s strong Laplacian principle. Differently from the examples in 1),
it is not known whether these Ahlfors properties are, in fact, equivalent to the
classical strong Hessian and Laplacian principles for C2 solutions.

A comment is in order: although the above viscosity versions might be strictly
stronger than the corresponding classical ones, all of the known geometric con-
ditions that guarantee the weak and strong Hessian or Laplacian principles in the
C2 case also ensure their viscosity counterparts. Therefore, passing to the viscosity
realm does not prevent from geometric applications, and indeed is able to uncover
new relations. To see them, we shall introduce the Khas’minskii properties, that
generalize (3) and (17). Hereafter, a pair (K, h) consists of

– a smooth, relatively compact open set K ⊂ X;
– a function h ∈ C(X\K) satisfying h < 0 on X\K and h(x)→−∞ as x diverges.

Definition 3.3 A subequation F ⊂ J2(X) satisfies the Khas’minskii property if, for
each pair (K, h), there exists a function w satisfying:

w ∈ F(X\K), h � w � 0 on X\K, and w(x)→−∞ as x diverges.
(29)

Such a function w is called a Khas’minskii potential for (K, h).

Loosely speaking, F has the Khas’minskii property if it is possible to construct
F-subharmonic exhaustions that decay to −∞ as slow as we wish. In practice,
checking the Khas’minskii property might be a hard task, and often, from the
geometric problem under investigation, one is just able to extract some of the
Khas’minskii potentials. This motivates the following definition (cf. the recent [47]).
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Definition 3.4 A subequation F ⊂ J2(X) satisfies the weak Khas’minskii property
if there exist a relatively compact, smooth open set K and a constant C ∈ R∪{+∞}
such that, for each x0 	∈ K and each ε > 0, there exists w satisfying

w ∈ F(X\K), w � 0 on X\K, w(x0) � −ε, lim sup
x→∞

w(x) � −C.

(30)

We call such a w a weak Khas’minskii potential for the triple (ε,K, {x0}).
Remark 3.5 When C = +∞ and F is scale invariant (that is, it is fiber-wise a cone),
the condition over ε in (30) can be avoided by rescaling w.

Example 3.6 The existence of w in (3), for G satisfying (4), implies that a weak
Khas’minskii property holds for the subequation

{
Tr(A) � G(−r)

} ∩ {|p| � G(−r)
}
.

Indeed, the weak Khas’minskii potentials can be constructed by suitably rescaling
and modifying the function−w. Up to playing with w and G, the above is equivalent
to the weak Khas’minskii property for

{
Tr(A) � f(r)

} ∩ {|p| � ξ(r)
}
,

for some (any) (f, ξ) satisfying (fξ). Similarly, the existence of w in (17) implies the
weak Khas’minskii property for F = {

Tr(A) � f(r)
}
.

We are ready to state our main result, the Ahlfors-Khas’minskii duality (shortly,
AK-duality), Theorems 4.3 and 4.10 in [48]. It applies to subequations F on X that
are locally jet-equivalent to a universal one and satisfy a few further assumptions.
Some of them are merely technical and will not be described here. Their validity
characterizes the set of admissible subequations, that is still quite general. For
instance, each of the examples in (E 2), . . . , (E 6), and the subequations locally jet-
equivalent to them, are admissible provided that f satisfies (fξ).

Theorem 3.7 Let F ⊂ J2(X) be an admissible subequation, locally jet-equivalent
to a universal one. Assume that

(H 1) negative constants are strictly F-subharmonic;
(H 2) F satisfies the comparison theorem: whenever � � X is open, u ∈ F(�),

v ∈ F̃(�),

u+ v � 0 on ∂�  ⇒ u+ v � 0 on �.

Then, AK-duality holds for F and for F ∩ Eξ for some (any) ξ satisfying (fξ), i.e.,

F satisfies (K)
(Khas’minskii prop.)

⇐⇒ F satisfies (Kw)

(weak Khas’minskii prop.)
⇐⇒ F̃ satisfies (A)

(Ahlfors prop.)
,
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and

F∩Eξ satisfies (K) ⇐⇒ F∩Eξ satisfies (Kw) ⇐⇒ F̃∪ Ẽξ satisfies (A).

Seeking to clarify the role of each assumption in the AK-duality, we briefly
examine the importance of each one.

Remark 3.8 (On Assumption (H 1)) This property holds for each of (E 2), . . . ,
(E 6) provided that f satisfies (fξ), and it is important to ensure the validity of
the finite maximum principle: functions u ∈ F̃0(Y) cannot achieve a local positive
maximum. The latter is crucial for our proof to work.

Remark 3.9 (On Assumption (H 2)) This is delicate to check, and curiously
enough it plays a role just in the proof of (Kw) ⇒ (A). Comparison holds for
uniformly continuous subequations which are strictly increasing in the r variable,
a case that covers examples (E 2), . . . , (E 5) as well as (E 6), see [48, Thm. 2.25]
for details.4 The uniform continuity resembles the classical condition 3.14 in [18].
Regarding examples (E 7) and (E 8), the worse dependence on the gradient term
makes comparison much subtler. One can check the comparison theorem for the
universal subequation in (E 8), even with f ≡ 0, by means of other interesting
methods, cf. [48, Thm. 2.27]. As for (E 7), on Euclidean space the validity of
comparison for strictly increasing f is a direct application of the classical theorem
on sums (i.e. Ishii’s Lemma, [18] and [30, Thm. C.1]). In a Riemannian setting,
Ishii’s Lemma uses the infimal convolutions with the squared distance function
r2(x, y) on X×X, and in neighbourhoods where the sectional curvature is negative
the Hessian of r2 is positive to second order on pairs of parallel vectors. The error
term produced by such positivity can be easily controlled for normalized quasilinear
operators, but in the unnormalized case one has to require the boundedness of the
eigenvalues θ1, θ2 in order to avoid further a-priori bounds on the subsolutions and
supersolutions (like Lipschitz continuity of either one of them). Nevertheless, we
note that the boundedness of θ1, θ2 notably includes the mean curvature operator.

Summarizing, we have

4In [48], the uniform continuity of the Pucci operators in (E 6) is not explicitly stated but can be
easily checked. For instance, in the case of P+λ,#, referring to Definition 2.23 in [48] and using the
min-max definition,

P+λ,#(B) � P+λ,#(A) − P+λ,#(A− B) � P+λ,#(A)−#Tr
(
(A− B)+

)
.

If ‖(A−B)+‖ < δ, then P+λ,#(B) � P+λ,#(A)−m#δ, that proves the uniform continuity of F+λ,#.

The case of F−λ,# is analogous.
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Corollary 3.10 The AK-duality holds both for F and for F ∩ Eξ, with ξ satisfy-
ing (fξ), in each of the following cases:

– F is locally jet-equivalent to any of (E 2), . . . , (E 6);
– F is the normalized quasilinear example in (E 7), or F is the unnormalized

example with θ1, θ2 ∈ L∞(R+);
– F is the universal example in (E 8),

and, in each case, f satisfies (fξ). Furthermore, the AK-duality holds for the eikonal
subequations in (E 1).

Sketch of the Proof of the AK-Duality Since (K) ⇒ (Kw) is obvious, we shall
prove (Kw) ⇒ (A) and (A) ⇒ (K). The proof of the first implication is inspired
by a classical approach that dates back to Phrágmen-Lindeloff type theorems in
classical complex analysis, and we therefore concentrate on (A)⇒ (K).

Fix a pair (K, h), and a smooth exhaustion {Dj} of X with K ⊂ D1. Our
desired Khas’minskii potential w will be constructed as a locally uniform limit of a
decreasing sequence of USC functions {wi}, such that w0 = 0 and for each i � 1
we have:

(a) wi ∈ F(X\K), wi = (wi)∗ = 0 on ∂K;
(b) wi � −i on X\K, wi = −i outside a compact set Ci containing Di;
(c)

(
1− 2−i−2

)
h < wi+1 � wi � 0 on X\K, ‖wi+1−wi‖L∞(Di\K) � ε

2i
.

(31)

With the above properties, the sequence {wi} is locally uniformly convergent on
X\K to some function w ∈ F(X\K) with h � w � 0 on X\K and satisfying
w(x)→ −∞ as x diverges, that is, to the desired Khas’minskii potential.

Fix w = wi. We build wi+1 inductively via a sequence of obstacle problems,
an idea inspired by [50, 70]: we fix obstacles gj = w + λj, for some sequence
{λj} ⊂ C(X\K) such that

{
0 � λj � −1, λj = 0 on K, λj = −1 on X\Dj−1,

{λj} is an increasing sequence, and λj ↑ 0 locally uniformly,
(32)

and search for solutions of the obstacle problem

{
uj is Fgj -harmonic on Dj\K,
uj = 0 on ∂K, uj = −i− 1 on ∂Dj.

(33)

However, in some relevant cases we cannot fully solve (33). The first problem we
shall consider is the absence of barriers, needed to prove the existence of uj via
Perron’s method. No problem arise on ∂Dj, since the constant function −i − 1
is Fgj -subharmonic by (H 1). However, since we are working in the complement
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of a compact set K (think of K being a small geodesic ball, for instance), ∂K
might be concave in the outward direction, that in general prevents from having
barriers there. To overcome this problem, we modify X inside of K by gluing a
compact manifold Y that is Euclidean in a sufficiently small ball B. The gluing
only involves small annuli inside of B and K, with the new metric coinciding with
those of X and Y outside of the gluing region. In particular, the new manifold is
Euclidean in a neighbourhood of ∂B. In this way, replacing K by K′ = Y\B, X\K
embeds isometrically into X\K′ and the latter has a convex boundary isometric to
∂B. Because of a technical assumption included in those defining the admissibility
of F, this is enough to produce barriers on ∂K′. Once we perform this change,
we suitably modify the subequation F preserving it outside the gluing region, and
making it, on K′, the universal Riemannian subequation to which F is locally jet
equivalent. Although these modifications change in several ways the manifold and
the subequation, they are stable to preserve the Ahlfors property for F̃ as well
as the assumption (H 1). The price to pay is that we may lose the comparison
property (H 2), since comparison is very sensitive to the geometry of X, at least
for some relevant operators like those in (E 2), (E 3), (E 4). This is the main reason
why, generally, we cannot fully solve (33). However, with barriers finally available,
Perron’s method yields an “almost solution” uj of the obstacle problem on X\K′
(see [30], [48, Thm. 3.3]), that is, uj solves

⎧
⎪⎨

⎪⎩

uj ∈ Fgj(Dj\K′), (−uj)
∗ ∈ F̃gj(Dj\K′),

uj = (uj)∗ = 0 on ∂K′,
uj = (uj)∗ = −i− 1 on ∂Dj.

(34)

We extend uj outside Dj by setting uj
.= −i− 1, and define vj

.= (−uj)
∗ − i. By

the definition of Perron’s solution, the sequence {vj} is decreasing on X\K′. Thus,
passing to the limit using that gj → w � −i as j → ∞, w = −i outside of Ci, we
get

vj ↓ v ∈ F̃0(X\K′), with

⎧
⎪⎨

⎪⎩

−i � v � 1 on X\K′,
v = −i < 0 on ∂K′,
v � 0 on X\Ci .

Here is the crucial point where the Ahlfors property enters: in fact, using Ahlfors on
X\K′ we infer that v ≡ 0 outside of Ci, and by the USC-version of Dini’s theorem,

vj ↓ 0 locally uniformly on X\Ci.

Then, the definition of vj yields

uj ↑ −i locally uniformly on X\Ci. (35)

It remains to investigate the convergence of uj on the bounded set Ci\K′. Although
comparison might fail on this set, what guarantees the convergence uj ↑ w is
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that each uj, being a Perron’s solution, is maximal in the set of Fgj -subharmonic
functions whose boundary values do not exceed 0 (on ∂K′) and −i − 1 (on ∂Dj).
Concluding, uj ↑ w locally uniformly on X\K′, hence on X\K. For j large enough,
if we set wi+1 = uj it is therefore possible to meet all of (a)–(c) in (31), as desired.

To treat the case when F is coupled to the eikonal equation Eξ, the issue is again
the absence of barriers on ∂K′ to solve the obstacle problem for Fgj ∩ Eξ. Indeed,
even if, after the gluing, ∂K′ is convex in the direction pointing towards X\K′,
barriers must be Eξ-subharmonic and the gradient control may prevent to build
barriers up to height −i at step i. To overcome this problem, the idea is to modify
the subequation Eξ in the gluing region in a different way at each step i, weakening
the bound ξ(r) by means of a cut-off function φi supported in a neighbourhood of
∂K′. The size of φi depends on the L∞ norm of the gradient of the barriers on ∂K′
joining zero to −i, and therefore it diverges as i →∞. In this way, we clearly lose
the gradient control in the limit in a neighbourhood of K′, but since K′ � K, for
suitable φi no property of wi on X\K get lost. ��

It is worth to remark that an important case was left uncover by Theorem 3.7.
For instance, when F is independent on r (examples (E 2), . . . , (E 6) with f ≡ 0),
assumption (H 1) does not hold. However (H 1) is just used to ensure the strong
maximum principle for functions in F̃0 on any manifold. Therefore, we can state the
following alternative version of our main theorem.

Theorem 3.11 Let F ⊂ J2(X) be a universal subequation satisfying (H 2) and

(H 1′) F̃ has the strong maximum principle on each manifold Y where it is defined:
F̃0-subharmonic functions on Y are constant if they attain a local maximum.

Then, AK-duality holds for F.5

The strong maximum principle for viscosity subsolutions is a classical subject
that has been investigated by many authors, in particular we quote [8, 35, 41] (cf.
also [10, 63, 64] for the quasilinear case). Particularizing Theorems 3.7 and 3.11
to the mean curvature operator and its normalized version, for which the strong
maximum principle is proved in [41], we have the following:

Theorem 3.12 The AK-duality holds for the subequation in (E 7) describing
solutions of

div

(
∇u√

1+ |∇u|2

)
� f(u) and div

(
∇u√

1+ |∇u|2

)
� f (u)√

1+ |∇u|2 ,
(36)

for every non-decreasing, odd function f ∈ C(R).

5Theorem 3.11 can be stated for F locally jet-equivalent to a universal example, provided that the
strong maximum principle in (H 1′) holds for each manifold Y and each F̃ ⊂ J2(Y ) constructed
by gluing as in the theorem.
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Other Quasilinear Operators
As said, the lack of a strong enough comparison theorem forces us to require, in the
unnormalized version of (E 7) of Corollary 3.10, the boundedness of the eigenvalues
θ1, θ2 on R

+
0 . We believe that the AK-duality holds for each subequation locally

jet-equivalent to (E 7), both normalized and unnormalized, independently of θ1, θ2.
More information can be found in Section 2.5 and Appendix A of [48], where the
authors investigate classes of quasilinear operators where comparison holds. For
inequalities of the type

divA (x,∇u) � B(x, u),

with A a Caratheódory map that locally behaves like a q-Laplacian, and B non-
decreasing in u with uB(x, u) � 0, the AK-duality in a slightly less general version
was first established in [50]. The use of weak instead of viscosity solutions allows to
work with very general A ,B, since a comparison theorem is easy to show and the
obstacle problem is solvable by classical results. Nevertheless, the method does not
allow to include a gradient dependence and thus investigate the “strong” versions of
the corresponding Ahlfors property.

Liouville Property
As the cases of parabolicity and stochastic completeness show, the Ahlfors property
is also related to the next Liouville one:

Definition 3.13 A subequation F ⊂ J2(X) has the Liouville property if any u ∈
F(X) bounded from above and non-negative is constant.

Indeed, in [50] the main result itself is expressed as a duality between
Khas’minskii and Liouville properties. It is not difficult to show that the Ahlfors
property implies the Liouville one, and that the two are equivalent provided that

u ≡ 0 is F-harmonic, (37)

cf. [48, Prop. 4.2] and previous work in [2, 4, 5, 28]. While (37) holds in many
instances, there are notable exceptions, for example the eikonal subequation. For
such subequations, it is the Ahlfors property the one that actually realizes duality.

4 Applications

4.1 Completeness, Viscosity Ekeland Principle and
∞-Parabolicity

Let u ∈ C1(X) be a function bounded from above and assume that there exists a
classical C1-Khas’minskii potential w, that is, satisfying only the exhaustion and
the gradient properties in (18). Up to a rescaling, w is a Khas’minskii potential for
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the eikonal subequation E = {|p| � 1}. Following the original argument that goes
back to Ahlfors [1], we consider a sequence of functions u + 1

k w each of which
attains a maximum at some point xk ∈ X. Up to choosing a subsequence, it is easy
to see that

u(xk) > sup
X

u− 1

k
, and u(y) � u(xk)+ 1

k
d(xk, y) for y nearby xk.

Thus, recalling the AK-duality, one can see the Ahlfors property for the dual eikonal
subequation Ẽ = {|p| � 1} as a sort of viscosity version of Ekeland principle.
Clearly, the above argument does not give a formal proof of the equivalence between
the Ahlfors property for Ẽ and the Ekeland principle stated in Definition 1.1. In fact,
it follows from the next application of Theorem 3.7:

Theorem 4.1 Let X be a Riemannian manifold. Then, the following statements are
equivalent:

(1) X is complete.
(2) the dual eikonal Ẽ = {|p| � 1} has the Ahlfors property (viscosity Ekeland

principle).
(3) the infinity Laplacian F∞

.= {A(p, p) > 0} has the Ahlfors property.
(4) F∞ has the next strengthened Liouville property:

Any F∞-subharmonic function u � 0 such that |u(x)| = o
(
0(x)

)
as x diverges (0(x)

the distance from a fixed origin) is constant.

Sketch of the Proof The key implications are (2) ⇒ (1) and (3) ⇒ (1). Both
proceed by contradiction, so assume the existence of a unit speed geodesic γ defined
on a maximal finite interval [0,T), and pick a small compact set K not intersecting
γ([0,T)) (this is possible since γ is diverging).
(2)⇒ (1): Apply the AK-duality to produce a Khas’minskii potential w ∈ E(X\K).
By restriction, the function u

.= w◦γ is E-subharmonic on [0,T), that is, any C2 test
φ touching u from above shall satisfy |φ′| � 1 at touching points. However, since
u � 0 and T < +∞, we can choose a line with derivative strictly less than−1 lying
above the graph of u: translating the line downwards up to the first touching point
we get a contradiction. Thus, T = +∞ and X is complete.
(3)⇒ (1): Pick an exhaustion of X by smooth, relatively compact domains�j with
K � �1. As we said before, we exploit the existence of a (unique)∞-capacitor uj
for (K,�j) (see [17, 39]), that satisfies

{
uj is F∞-harmonic on �j\K,
uj = 1 on ∂K, uj = 0 on ∂�j.

(38)

By comparison (Theorem 2.27 in [48]), and since {uj} is equi-Lipschitz because of
the minimization properties of uj, the sequence vj = 1 − uj subconverges locally
uniformly to a F∞-harmonic, Lipschitz function v∞ � 0. Applying the Ahlfors
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property on X\K we get that v∞ = 0 on X\K. Now, setting wj = vj ◦ γ, we have
wj(0) = 0, wj = 1 after some Tj < T, and by integration, 1/T � ‖w′j‖∞ � C on
[0,T), for each j. This is impossible, since wj → 0 locally uniformly. ��

4.2 The Hessian Principle and Martingale Completeness

According to 3) in Example 3.2, we formally define the viscosity, weak and strong
Hessian principles in terms of Ahlfors properties. Let us consider the subequations
F = {λ1(A) � −1} and E = {|p| � 1}, whose duals are F̃ = {λm(A) � 1} and
Ẽ = {|p| � 1}. Then, X satisfies:

– the viscosity, weak Hessian principle if the Ahlfors property holds for F̃;
– the viscosity, strong Hessian principle if the Ahlfors property holds for F̃ ∪ Ẽ.

The r independence on F and E in the above definition are just for convenience.
The properties could be stated as in Example 3.2 by making use of a pair of
functions (f, ξ) satisfying (fξ). As discussed in the introduction, there are evidences
that an Hessian principle, either weak or strong, be related with the martingale
completeness. Perhaps surprisingly, exploiting the low regularity and the AK-
duality, we found that the two Hessian principles are equivalent, and that the
martingale completeness is necessary for the validity of them. Apart from a
regularity issue, this answers a question (Question 70) raised in [60] (see also [62]).

Theorem 4.2 Let X be a Riemannian manifold. Then, the following properties are
equivalent:

(1) X satisfies the viscosity, weak Hessian principle;
(2) X satisfies the viscosity, strong Hessian principle;
(3) F ∩ E has the Khas’minskii property with C∞ potentials.

In particular, all the above assertions imply that X is martingale (and so, geodesi-
cally) complete.

Idea of the Proof The key implication is (1) ⇒ (3). As a consequence of AK-
duality and the flexibility in the choice of (f), (1) is equivalent to the Khas’minskii
property for F = {λ1(A) � f(r)}. The sought depends on the following facts very
specific to this F.

• By exploiting Greene-Wu’s techniques in [27], we can approximate a
Khas’minskii potential for F with a smooth Khas’miskii potential, call it w.
Up to playing with f and extending w on the entire X, we can assume that w
satisfies

w < 0 on X, w(x)→−∞ if x diverges, ∇2w � −w〈 , 〉 on X.
(39)
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• Integrating along the flow lines of ∇w and applying ODE comparison, it is
possible to prove that |∇w| � w on X. Starting from w, it is therefore easy
to construct a weak Khas’minskii potential for F ∩ E that is smooth. AK-duality
again and Greene-Wu approximation yield the full Khas’minskii property.

Concluding, by work of Emery [24] property (3) is known to imply the martingale
completeness of X. ��
Remark 4.3 In order to check the viscosity Hessian principle, we can only consider
semiconcave6 functions, which are locally Lipschitz and 2-times differentiable a.e.
Thus, regarding to regularity, the viscosity Hessian principle is very close to the
classical C2 Hessian principle.

4.3 Laplacian Principles

Differently from the Hessian principle, in view of elliptic estimates for semilinear
equations, the viscosity weak Laplacian principle is equivalent to its corresponding
classical C2 principle, that is, to the stochastic completeness of X. In this case,
the AK-duality improves on the original results in [42, 50]. Regarding the viscos-
ity, strong Laplacian principle, that is, the Ahlfors property for the subequation
{Tr(A) � 1} ∪ {|p| � 1} = F̃ ∪ Ẽ, its equivalence with the classical, C2 one
(that is, Yau’s principle) seems quite delicate and is currently unknown. However,
the AK-duality in Corollary 3.10 guarantees the following:

Theorem 4.4 Let X be a Riemannian manifold. Then, the following statements are
equivalent:

(1) X satisfies the viscosity, strong Laplacian principle;
(2) F ∩ E has the (weak) Khas’minskii property.

In particular, any manifold satisfying the viscosity, strong Laplacian principle must
be (geodesically) complete.

5 Partial Trace (Grassmannian) Operators

In the context of submanifolds it is interesting to consider extrinsic conditions
instead of constrain directly the geometry of the submanifold. For instance, many
applications of the Omori-Yau maximum principles (cf. [3, 4, 9]) have been
investigated in that spirit. Specifically, when σ : Xm → Yn is an isometric
immersion, and F ⊂ J2(Y) is a subequation, the pull-back σ∗F induces a subset

6By definition, a function u is semiconcave if and only if, locally, there exists v ∈ C2, such that
u+ v is concave when restricted to geodesics.



448 L. Mari and L. F. Pessoa

H
.= σ∗F, maybe only satisfying the conditions (P) and (N). In some relevant

examples, like those in (E 2), (E 3) and their complex analogues in (E 5), the induced
H is nontrivial and the following question is therefore natural:

can we transplant the Ahlfors property from F̃ on Y to H̃ on X?

Trying to address the problem by contradiction, that is, assuming that the Ahlfors
property does not hold for H̃, one would need to extend a nontrivial H̃-subharmonic
function on X to the entire Y. This seems a bit challenging to achieve, especially if
X is merely immersed. On the contrary, the use of AK-duality makes the problem
feasible. In particular, we can obtain the following result:

Theorem 5.1 Let σ : Xm → Yn be a proper isometric immersion. Assume that
either

i) Ff is the universal subequation in (E 2), (E 5) with k � m, and σ has bounded
second fundamental form II;

ii) Ff is the universal subequation in (E 3) with k � m, and

sup
{∣∣TrV II(x)

∣∣ : x ∈ X, V � TxX k-dimensional
}
< +∞.

Then,

F̃f ∪ Ẽξ has the Ahlfors property on Y  ⇒ F̃f ∪ Ẽξ has the Ahlfors property on X,

for some (any) pair (f, ξ) satisfying (fξ).

Idea of the Proof It is conceptually quite simple: in our assumptions, AK-duality
holds for each of (E 2), (E 3) and (E 5), and therefore, Ff ∩ Eξ has the Khas’minskii
property for some (any) such (f, ξ). Given an arbitrary potential w̄ for Ff ∩ Eξ on
Y, by the flexibility in the choice of (f, ξ) and the properness of σ, the composition
w
.= w̄ ◦ σ should correspond to a weak Khas’minskii potential for Fg ∩ Eξ on X,

where g just depends on (f, ξ). To check this claim, one uses the standard chain rule
formula

∇2w(X,Y) = ∇̄2w(σ∗X, σ∗Y)+ 〈∇̄w, II(X,Y)〉, (40)

where ∇, ∇̄ are the connections on X and Y, respectively. The adaptation to
viscosity solutions, however, makes the proof of the claim subtler from the technical
point of view. The arbitrariness of w̄ and of these choices guarantees the validity of
the weak Khas’minskii property on X. Then, AK-duality again implies the desired
conclusion. ��
Remark 5.2 The presence of ∇̄w in (40) forces to include the eikonal in the Ahlfors
properties, otherwise more restrictive assumptions have to be imposed on X. In fact,
without a gradient bound, it is possible to control the last term in (40) if and only if
the second fundamental form II is trace-free on suitable subspaces V. For instance,
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if σ : Xm → Yn is a proper minimal immersion and Ff is the subequation described
in (E 2) with k = m, that is, F̃f =

{
λn−m+1 + . . . + λn(A) � f(r)

}
, the validity of

the Ahlfors property for F̃f on Y implies that X is stochastically complete (i.e. X has
the viscosity, weak Laplacian principle).

Remark 5.3 A result similar to Theorem 5.1 can be stated for Riemannian submer-
sions, cf. [48, Thm. 7.8].

The class of partial trace operators, example (E 2), helps to understand the
geometry of submanifolds. Thus, having in mind Theorem 5.1, it is important to
investigate sufficient geometric conditions that imply the validity of the Ahlfors
property for this kind of operators. Inspired by the seminal papers of Omori [55]
and Yau [74] (that correspond to cases k = 1 and k = m in (E 2), respectively), we
will focus on conditions involving the k-th Ricci curvature

Definition 5.4 Let Yn be an n-dimensional manifold, and let k ∈ {1, . . . , n − 1}.
The k-th Ricci curvature is the function

Ric(k) : TY −→ R

v �−→ inf
Wk � v⊥

dimWk = k

⎛

⎝1

k

k∑

j=1

Sect(v ∧ ej)

⎞

⎠ ,

where {ej} is an orthonormal basis of Wk.

We recall that bounding from below the k-th Ricci curvature is an intermediate
condition between the corresponding bounding for the sectional and Ricci curvature.
In the next result,

Ff =
{
λ1(A)+ . . .+ λk+1(A) � f(r)

}

and the functions f and ξ satisfying (f, ξ). Having fixed an origin o, we denote with
ρ(x) the distance from o and with cut(o) the cut-locus of o, cf. [20].

Theorem 5.5 Let Yn be complete, and assume that

Ric(k)x (∇ρ) � −G2(ρ(x)
) ∀ x 	∈ cut(o), (41)

for some k ∈ {1, . . . , n − 1} and some G satisfying

0 < G ∈ C1(R+0 ), G′ � 0, G−1 	∈ L1(+∞).

Then, Y has the Ahlfors property for F̃f ∩ Ẽξ. Moreover, if σ : Xm → Yn is a proper
isometric immersion, k + 1 � m � n − 1 and the eigenvalues μ1 � . . . � μm of
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the second fundamental form II satisfy

max
{∣∣μ1 + . . .+ μk+1

∣∣,
∣∣μm−k + . . .+ μm

∣∣
}
� CG(ρ ◦ σ) on X, (42)

for some constant C > 0, then the Ahlfors property for F̃f ∩ Ẽξ holds on X. In
particular, if m = k+ 1 and the mean curvature satisfies

∣∣H
∣∣ � CG(ρ ◦ σ),

then X has the viscosity, strong Laplacian principle.

6 AK-Duality and Polar Sets

With the aid of AK-duality, we can characterize polar (hence, removable) sets
for subequations in terms of preservation of the Ahlfors property. The study of
removable sets for linear and nonlinear equations is a classical subject with a long
history, and the interested reader can consult the recent [34] and the references
therein for further insight. There, the problem is set in the language of subequations,
and to introduce our application we first need to recall some terminology. We say
that a subequation F ⊂ J2(X) is a

– truncated cone subequation if each fiber Fx over a point x ∈ X is a truncated
cone, that is, it satisfies the following property:

if J ∈ Fx, then tJ ∈ Fx ∀ t ∈ [0, 1].

– convex cone subequation if each fiber Fx over a point x ∈ X is a convex cone.

A subequation M is called a monotonicity cone for F if M is a convex cone
subequation and F +M ⊂ F, that is, J1 + J2 ∈ F whenever J1 ∈ F and J2 ∈ M. In
this case, we say that F is M-monotone. By duality, also F̃ is M-monotone, that is,

F+M ⊂ F  ⇒ F̃+M ⊂ F̃.

In particular, since M is a convex cone subequation, M + M ⊂ M and thus M̃
is M-monotone and M ⊂ M̃. In general, M̃ is a cone subequation much larger
than M and it is non-convex. Moreover, it is maximal among M-monotone cone
subequations: indeed, if F is a cone subequation that is M-monotone, then 0 ∈ F
and thus M = 0+M ⊂ F. Duality gives F̃ ⊂ M̃.
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Example 6.1

1) On an almost complex, Hermitian manifold X, consider the subequations

Fj =
{
λj(A(1,1)) � 0

}
, 1 � j � m,

that are the branches of the complex Monge-Ampère equation det(∇2u)(1,1) = 0.
Then, F1 (the only branch that is convex) is a monotonicity cone for each Fj.

2) Let F1, . . . ,Fk be the branches of the k-Hessian equation σk(∇2u) = 0. Then,
the smallest branch F1 is a monotonicity cone for Fj for each j.

3) Let F be a universal subequation that is pure second order (i.e. it just depends
on the Hessian of a function), and let Mk be the subequation in (E 2) describing
k-subharmonic functions:

Mk =
{
λ1(A)+ . . .+ λk(A) � 0

}
.

It is proved in [34] that Mk is a monotonicity cone for F if and only if the Riesz
characteristic of F, pF, satisfies pF � k. The Riesz characteristic of a universal
subequation F is an explicitably computable quantity defined as follows:

pF = sup
{

t > 0 : I− t1v ∈ F ∀ x ∈ X, v ∈ TxX with |v| = 1
}
,

where 1v is the orthogonal projection onto the span of v. The interested reader
can consult Section 11 of [34] for further information.

Definition 6.2 Let F be a subequation. We say that a function ψ ∈ USC(X) is polar
for a set $ if $ ≡ {x : ψ(x) = −∞}. A closed subset $ ⊂ X is called F-polar if
there exists an open neighbourhood� ⊃ K and ψ ∈ F(�) polar for$. The set $ is
called C2 F-polar if, moreover, ψ ∈ C2(�\$).

Sets that are C2 M-polar are removable for subequations having M as a
monotonicity cone, cf. [34, Thm. 6.1]. The result is particularly effective when
F = M̃. Concerning Example 2) above, Mk-polar sets are very well understood
in the Euclidean space (and, with some technical modifications, also on manifolds).
In particular, if$ has locally finite (p−2)-dimensional Hausdorff measure for some
p < pF, then $ is Mk-polar (cf. [34], Theorems 11.4, 11.5 and 11.13). Moreover, if
$ ⊂ R

m, having locally finite (pF − 2)-dimensional Hausdorff measure is enough
to guarantee the Mk-polarity, cf. [34, Thm. A].

In our setting, we consider subequations for which the AK-duality holds and thus
we restrict to assume at least (H 1). Consequently, since F is a closed subset, the
constant function 0 is F-subharmonic. Any monotonicity cone M for F satisfies

M = {0} +M ⊂ F,

thus any M-polar subset is automatically F-polar.
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Theorem 6.3 Let F be an admissible subequation that is locally jet-equivalent to
a universal subequation and satisfies (H 1), (H 2). Suppose that F̃ has the Ahlfors
property on X, and let $ ⊂ X be a compact subset. Then, the following holds:

(i) if F is a truncated cone subequation, then

F̃ has the Ahlfors

property on X\$
⇐⇒ $ is F-polar;

(ii) if M is a monotonicity cone for F and $ is M-polar, then F̃ has the Ahlfors
property on X\$.

Proof We first prove (i).
(⇒) By AK-duality, any fixed pair (K, h) with K � X\$ admits a Khas’minskii
potential ψ. Since ψ(x) → −∞ as x → $, extending ψ on X\K by setting ψ =
−∞ on $ gives a USC and F-subharmonic function on X\K. Hence, $ is F-polar.
(⇐) By F-polarity, fix � ⊃ $ open and ψ ∈ F(�) satisfying$ = {ψ = −∞}. The
upper semicontinuity of ψ implies that ψ(x)→−∞ as x → $. By AK-duality, we
can consider a Khas’minskii potential z for a pair (�′, h) with � � �′ � X. Then,
for δ ∈ (0, 1], the family of functions {δw} with

w(x) =
{

ψ(x) if x ∈ �,
z(x) if x ∈ X\�′,

(43)

realizes the weak Khas’minskii property on X\$. By AK-duality, F̃ has the Ahlfors
property on X\$, as claimed.
To show (ii), fix � ⊃ $ open and ψ ∈ M(�) that satisfies $ = {ψ = −∞}. By
(H 1) and since F is a closed subset, the constant 0 ∈ F(X). Therefore, being M a
monotonicity cone, δψ = 0+ δψ ∈ F(�) for each δ ∈ (0, 1]. Defining w as in (43),
the family {δw} give again the desired weak Khas’minskii potentials. ��
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Singularities in the Calculus of Variations

Connor Mooney

Abstract In these notes we discuss the regularity of minimizers of convex func-
tionals in the calculus of variations, with a focus on the vectorial case. We first treat
the theory of linear elliptic systems and give some consequences. Then we discuss
important singular solutions of De Giorgi, Giusti-Miranda, and Maz’ya to linear
elliptic systems, and of Sverak-Yan in the nonlinear case. At the end we discuss the
parabolic theory.

Keywords Elliptic and parabolic systems · Singular minimizers · Blowup

1 Introduction

In these notes we discuss regularity results for minimizers in the calculus of
variations, with a focus on the vectorial case. We then discuss some important
singular examples.
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2 Preliminaries

In this section we introduce the main question of the course.
Let F : Mm×n → R be a smooth, convex function satisfying

λI < D2F < λ−1I

for some positive constant λ ≤ 1. Let u = (u1, . . . , um) ∈ H 1 (B1 ⊂ R
n;Rm) be

the unique minimizer of the functional

E(u) =
∫

B1

F(Du) dx, (1)

subject to its own boundary data. A classical example is F(p) = |p|2 (the Dirichlet
energy), whose minimizers are harmonic maps.

Exercise Show the existence and uniqueness of minimizers in H 1(B1) of (1),
subject to the boundary condition u|∂B1 = ψ ∈ H 1(B1). Use the direct method
(take a minimizing sequence).

Hints: Use the bounds on D2F to find a subsequence that converges weakly in
H 1. Use the convexity of F to show that the limit is a minimizer, and the strict
convexity to show it is unique.

For classical examples like F(p) = |p|2, minimizers are smooth. The main
question of the course is:

Are Minimizers Always Smooth?

Our approach to the regularity problem is to study the PDE that minimizers and
their derivatives solve. By minimality we have

0 ≤
∫

B1

(F (Du+ εDϕ)− F(Du)) dx = ε
∫

B1

∇F(Du) ·Dϕ dx +O(ε2)

for all ε and all ϕ ∈ C∞0 (B1;Rm). In particular, u solves the Euler-Lagrange system

div(∇F(Du)) = ∂i(Fpαi (Du)) = 0 (2)

in the distributional sense.

Exercise Show that if u ∈ H 1(B1) solves the Euler-Lagrange system (2), then it is
the unique minimizer of (1).

Remark 1 An interesting question is the uniqueness for (2) in weaker Sobolev
spaces. Examples of Šverák-Yan [13] show non-uniqueness in W 1,p for p < 2.
We discuss these examples in Sect. 4.
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Equation (2) is invariant under translations, and under the Lipschitz rescalings

u → ur = 1

r
u(rx).

This scaling invariance plays an important role in regularity results. The classical
approach to regularity is to differentiate the Euler-Lagrange system. Formally, we
have

div(D2F(Du)D2u) = ∂i(Fpαi pβj (Du)uβkj ) = 0. (3)

We then treat the problem as a linear system forDu with coefficientsD2F(Du).

Remark 2 For justification that Du ∈ H 1
loc(B1) and solves (3), see the exercises in

the next section.

If Du is continuous, then the coefficients D2F(Du) are continuous. By pertur-
bation theory from the constant coefficient case (see e.g. [3]), we obtain that u is
smooth. However, we have no a priori regularity forDu, so we can only assume the
coefficients are bounded and measurable. As a result, below we will consider the
linear system

div(ADv) = ∂i(Aijαβ(x)vβj ) = 0 (4)

in B1, where Aijαβ |α, β=1,...,m
i, j=1,...,n are bounded measurable coefficients satisfying the

ellipticity condition

λ|p|2 ≤ A(x)(p, p) < λ−1|p|2

for all x ∈ B1 and p ∈ Mm×n, and v = (v1, . . . , vm) ∈ H 1(B1;Rm) solves the
system in the distribution sense.

Exercise Show that if v ∈ H 1(B1) solves (4), then v is a minimizer of the functional

J (v) =
∫

B1

A(x)(Dv, Dv) dx. (5)

If one can show that solutions to (4) are continuous, then minimizers of (1) are
smooth.

This course consists of two main parts. In the first part (Sect. 3) we discuss
estimates for the linear system (4), and consequences for minimizers of (1). In the
second part (Sect. 4) we discuss some examples that show the optimality of the
linear results, and also the optimality of their consequences for minimizers.

In Sect. 5 we discuss the parabolic case (which was not covered in the lectures).
We emphasize some striking differences with the elliptic case.
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3 Linear Estimates and Consequences

In this section we discuss the key estimates for solutions to the linear system (4),
and their consequences for minimizers of (1).

3.1 Energy Estimate

Recall that solutions to the linear system (4) minimize the energy (5). Thus, the
natural quantity controlled by the linear system (4) is the H 1 norm of v. By using
minimality or the equation, we can get more precise information.

Exercise Let ϕ be a cutoff function that is 1 in B1/2 and 0 outside B1. Use vϕ2 as a
test function in (4) to derive the Caccioppoli inequality

∫

B1/2

|Dv|2 dx < C(λ)
∫

B1

|v|2|∇ϕ|2. (6)

Exercise Derive the Caccioppoli inequality by using v(1−εϕ2) as a competitor for
v in the energy (5). This gives a perhaps more illuminating way to understand the
inequality: the energy density of v cannot concentrate near the center of B1, since
then the energy lost by dilating v by a factor less than 1 in B1/2 is more than the
energy paid to reconnect to the same boundary data.

One consequence of the Caccioppoli inequality is the following energy loss
estimate

∫

Br/2

|Dv|2 dx < γ (n, λ)
∫

Br

|Dv|2 dx, (7)

for some γ < 1 and all r < 1. This inequality says that the energy density must
“spread evenly at all scales.”

Exercise Prove Inequality (7).

Hints: Reduce to the case r = 1 by scaling. Since the system (4) is invariant under
adding constant vectors, we can replace v by v − avg.{B1\B1/2}v in Inequality (6).
(By avg.�v we mean the average of v in �). Finally, note that ∇ϕ is supported
in B1\B1/2. The result follows by applying the Poincarè inequality in the annulus
B1\B1/2.

As a consequence of the energy loss estimate, we have that the mass of the energy
in Br decays like a power of r:

∫

Br

|Dv|2 dx < C(n, λ)
(∫

B1

|v|2 dx
)
r2α, (8)
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for all r < 1/2 and some α > 0. Inequality (8) is our main result for the linear
system (4).

Exercise Prove Inequality (8) by iterating Inequality (7) on dyadic scales.

Remark 3 The energy decay estimate (8) says that Dv behaves as if it were in Lq

for q slightly larger than 2. It is in fact true that v ∈ W 1, 2+δ for some δ > 0. This
result is part of the “reverse-Hölder theory” (see e.g. [3]). This stronger result will
not be required for our purposes.

The energy decay estimate is particularly powerful in the case n = 2, due to the
invariance of the H 1 norm under the rescaling v → v(rx). More specifically, by
standard embeddings for Morrey-Campanato spaces, if

r2

|Br |
∫

Br(x)

|Dv|2 dx < Cr2α

for all r < 1/4 and all x ∈ B1/2, then v ∈ Cα(B1/2). In particular, in the case n = 2,
we conclude from the energy decay (8) that v ∈ Cα .

We conclude by noting that (8) also holds for inhomogeneous systems when the
right side is sufficiently integrable.

Exercise Consider the inhomogeneous system

div(A(x)Dv) = div(g),

and assume that
∫

Br

|g|2 dx < r2β

for some β > 0 and all r < 1. Repeat the above line of reasoning to show that

∫

Br

|Dv|2 dx < Cr2γ

for some γ (n, λ, β) > 0 and C
(∫
B1
|v|2 dx, n, λ

)
.

Hint: Note that the system solved by the rescaling v(rx) has right side
div(rg(rx)).

Remark 4 The required condition for g is satisfied e.g. when g ∈ Lq for some
q > 2. We will use this result when we discuss the parabolic case in Sect. 5.
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3.2 Consequences for Minimizers

Now we investigate the consequences (8) for minimizers of (1). Below we assume
that u is a minimizer of the regular functional (1).

Exercise Let u, w ∈ H 1(B1) solve the Euler-Lagrange equation (2). Show using
the fundamental theorem of calculus that

∂i

((∫ 1

0
F
pαi p

β
j

(Du+ s(Dw −Du)) dx
)
(w
β
j − uβj )

)
= 0,

i.e. that the difference w− u solves a linear system of the type (4).

Exercise Using the previous exercise for difference quotientsh−1(u(x+he)−u(x))
and the Caccioppoli inequality, justify that u ∈ W 2, 2

loc (B1) and that Du solves the
differentiated Euler-Lagrange equation (3).

As a consequence of the estimate (8) for linear systems, we have

∫

Br

|D2u|2 dx < Cr2α (9)

for some α > 0 and all r < 1/2.

Exercise Using embedding theorems from Sobolev and Campanato-Morrey
spaces, conclude from Inequality (9) the following results:

• In the case n = 2, Du ∈ Cα, hence u is smooth.
• In the cases n = 3 and n = 4, u ∈ Cβ for some β > 0.
• In the case n ≥ 5, unbounded minimizers are not ruled out.

Hint: In the case n = 4, W 2, 2 embeds into W 1, 4, which nearly embeds to
continuous. Using the decay estimate one can improve. Apply the Sobolev-Poincaré
inequality to obtain

∫
Br
|Du − (Du)Br |4 dx < Cr4α. (Here (Du)Br is the average

in Br ). Then use the Cauchy-Schwarz inequality to reduce to a Morrey-Campanato
embedding.

We will show in the next section that when m > 1, both the decay estimate (8)
and the above consequences for minimizers are optimal. We discuss examples of De
Giorgi [2], Giusti-Miranda [4], and Šverák-Yan [12, 13].

Remark 5 The energy estimate (8) and its consequences for minimizers are due to
Morrey, in the 1930s (see e.g. [7]).
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3.3 Scalar Case

The energy decay estimate (8) came from comparison with a simple competitor
obtained by slightly deforming v. It is natural to ask whether one can improve upon
this result.

As the examples in the next section show, the answer is in general no. However,
in the scalar case m = 1, one can improve to v ∈ Cα . The key property of
solutions to (4) in the scalar case is the maximum principle: v never goes beyond its
maximum or minimum values on the boundary. Indeed, we get competitors with
smaller energy by truncating v where it goes beyond its boundary data (e.g. if
v ≥ 0 on ∂B1, then consider max{v, 0}). In the vectorial case, making truncations of
certain components doesn’t send the full gradient to 0, so truncations are not always
energetically favorable.

Remark 6 It is instructive to consider a simple example. In dimensions n = m = 2
let F be the quadratic |p|2 − 2ε(p1

1p
2
2 + p1

2p
2
1). It is clear that F is uniformly

convex for ε small. Direct computation shows that v = (
x1x2,

ε
2 (|x|2 − 1)

)
is a

minimizer of
∫
B1
F(Du) dx. However, the second component of v vanishes on ∂B1;

in particular, the “truncation” (x1x2, 0) has larger energy. One also checks that |v|
has a local maximum at 0.

As a consequence of the maximum principle, solutions exhibit oscillation decay
in L∞ when we decrease scale. By quantifying the maximum principle, one can
obtain Cα regularity. This breakthrough result is due to De Giorgi [1], and at the
same time Nash [8], in the late 1950s.

To illustrate the role of the maximum principle, it is instructive to consider the
two dimensional case. Assume that v ∈ H 1(B1;R), with B1 ⊂ R

2 and

∫

B1

|∇v|2 dx ≤ 1.

Assume further that the maximum and minimum of v on Br occur on ∂Br , for all
r < 1. (For convenience, assume that v is continuous so that we can make sense
of these values, and derive a priori estimates). Such v share the key properties of
solutions to (4) in the scalar case. We indicate how to use the maximum principle to
find a modulus of continuity for v at 0. Let

oscBr v = max
Br
v −min

Br
v = max

∂Br
v −min

∂Br

v.

Exercise Show using the fundamental theorem of calculus that

1

2πr
(oscBr v)

2 ≤
∫

∂Br

|∇v|2 ds.
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(This is the only place where we use that n = 2). Using the maximum principle,
show that oscBr v is increasing with r . Combine with the above inequality to obtain

(oscBδv)
2 | log(δ)|

2π
≤

∫

B1\Bδ
|∇v|2 dx.

Conclude that

oscBδv <

(
2π

| log δ|
)1/2

,

for all δ < 1/2.

It is instructive to investigate why this argument doesn’t work in higher dimen-
sions. Scaling provides a useful explanation. Roughly, if a function v oscillates order
1 on Sn−1, then we expect that

∫
Sn−1 |∇v|2 ds is order 1 (see the remark below). If

v oscillates order 1 on ∂Br for all r > 0, then applying the unit-scale estimate to
vr = v(rx) we obtain that the Dirichlet energy on ∂Br is order rn−3. In the case
n ≥ 3 this is not enough to contradict H 1 boundedness. De Giorgi’s argument
overcomes this difficulty by using the Caccioppoli inequality for a sequence of
truncations of v.

Remark 7 Even the “expectation” that if v oscillates order 1 on Sn−1 then∫
Sn−1 |∇v|2 dx has order at least 1 is not quite true when n ≥ 3 (unlike the

case n = 2). Consider for example the functions on B1 ⊂ R
2 (rather than S2, for

simplicity) equal to − log r/ logR on B1\B1/R and equal to 1 in B1/R. These have
small Dirichlet energy going like (logR)−1.

To conclude the section, we remark that for systems with special structure, we
can sometimes find a quantity that solves a scalar equation or inequality. In these
cases we have stronger regularity results. Here is an important example due to
Uhlenbeck [14].

Assume (like above) that F is a smooth, uniformly convex function on Mm×n
with bounded second derivatives. Assume further that F has radial symmetry, i.e.
F(p) = f (|p|), with 0 < λ ≤ f ′′ ≤ λ−1. Let u be a minimizer to the corresponding
functional.

Exercise Show that ∇F(p) = f ′
|p|p. Conclude that the Euler-Lagrange equation is

∂i

(
f ′

|Du|u
α
i

)
= 0,

i.e. that the components of u solve elliptic equations. Give a variational explanation
that each component satisfies the maximum principle.

Hint: If we truncate a component, then |Du| (hence F ) decreases.
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As a consequence, minimizers of rotationally symmetric functionals are contin-
uous. We can in fact show that |Du|2 is a subsolution to a scalar equation (it takes
its maxima on the boundary):

Exercise Show that

D2F(p) = f ′

|p|I +
(
f ′′ − f ′

|p|
)
p ⊗ p
|p|2 .

Conclude that

∂i

(
f ′

|Du|u
α
ik +

(
f ′′ − f ′

|Du|
)
uαi u

β
j

|Du|2 u
β
jk

)
= 0.

Multiply this equation by uαk and sum over α and k to conclude that

div(A(x)∇|Du|2) ≥ λ|D2u|2, (10)

where A(x) are uniformly elliptic coefficients.

By using De Giorgi’s results for the inequality (10), one can show that u is
smooth (see e.g. [3, Chapter 7]). Radial symmetry for F is one of the few structure
conditions known to ensure full regularity of minimizers.

4 Singular Examples

We discuss some examples of singular minimizers. The examples show optimality
of the linear estimates, and of their consequences for minimizers of (1).

4.1 Linear Elliptic Examples

Here we describe examples of discontinuous homogeneous solutions to (4), that
show the optimality of the energy decay estimate (8) in the vectorial case. The
examples are due to De Giorgi [2] and Giusti-Miranda [4] in 1968, about 10 years
after the De Giorgi proved continuity of solutions in the scalar case.

We first establish some notation. For a ∈ R
m and b ∈ R

n we let a⊗ b ∈ Mm×n
act on R

n by (a ⊗ b)(x) = (b · x)a. In particular, (a ⊗ b)αi = aαbi . Likewise, if
A, B ∈ Mm×n we let A⊗B be the linear map onMm×n defined by (A⊗B)(p) =
(B ·p)A, where the dot product on matrices is defined by B ·p = tr(BT p) = Bαi pαi .

In particular, A⊗ B is a four-index tensor with components (A⊗ B)ijαβ = Aαi Bβj .
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It is natural to start the search for singular examples by considering 0-
homogeneous maps, which have a bounded discontinuity at the origin. Let |x| = r
and let v = ν := r−1x be the radial unit vector. The De Giorgi construction is based
on the observation that

Dν = r−1(I − ν ⊗ ν),

the matrix that projects tangent to the sphere, is non-vanishing and is perpendicular
to B := ν ⊗ ν in Mn×n. In particular, ν clearly minimizes the functional∫
B1
A(x)(Dv, Dv) dx for A = B ⊗ B. (Note that A is zero-homogeneous, with

a discontinuity at the origin). Since this functional is degenerate convex (indeed,
A
ij
αβ(x)p

α
i p

β
j = 0 when p is perpendicular to ν ⊗ ν), we need to make a small

perturbation.
We first do some simple calculations. We compute

�ν = ∇(�r) = −n− 1

r2 ν, div
(
ν ⊗ ν

r

)
= ν�(log(r)) = n− 2

r2 ν. (11)

Remark 8 Note that the last expression vanishes in the plane.

Now we take coefficients

A = δIn2 + (B + γ (In − B))⊗ (B + γ (In − B)).

It is useful to think that δ and γ are small, so that A is a perturbation of B ⊗ B. We
compute

ADν = δDν + γ (n− 1)(γDν + ν ⊗ ν/r).

Taking the divergence and using (11), we obtain

div(ADν) = [−δ(n− 1)+ γ (n− 1)(n− 2− γ (n− 1))]r−2ν.

The example follows provided

δ = (n− 2)γ − (n− 1)γ 2 > 0,

which is true when n ≥ 3 and γ < n−2
n−1 .

Thus, ν solves a system of the type (4) in R
n\{0}, for n ≥ 3 and zero-

homogeneous coefficients that are analytic away from the origin. It remains to verify
that ν solves the equation globally.
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Exercise Show that ν ∈ H 1
loc(R

n) when n ≥ 3, but not n = 2. Show that ν
solves (4) in B1 in the sense of distributions when n ≥ 3.

Hint: use that
∫

B1

A(Dv, Dϕ) dx = lim
r→0

∫

B1\Br
A(Dv, Dϕ) dx,

and integrate by parts in the expression on the right.

Remark 9 There are no discontinuous H 1
loc solutions to (4) in R

2, by the energy
decay estimate (8). It is interesting that the above approach doesn’t even give a
nontrivial zero-homogeneous solution to a uniformly elliptic system in R

2\{0}. It is
natural to ask whether such solutions exist. In the next section we prove a rigidity
result showing that zero-homogeneous solutions to (4) in R

2\{0} are constant. We
also prove a higher-dimensional analogue.

The above example shows that De Giorgi’s results for the scalar case don’t extend
to the vectorial case. However, observe that in the differentiated Euler-Lagrange
equation (3), the coefficients D2F(Du) depend smoothly on the solution Du. It is
natural to ask whether this structure improves regularity.

The above example answers this question in the negative. If we choose in
particular γ = n−2

n
and divide the coefficients by γ 2 we obtain

A = In2 +
(
In + 2

n− 2
B

)
⊗

(
In + 2

n− 2
B

)
= In2 + C(v)⊗ C(v),

where

C = In + 4

n− 2

v⊗ v
1+ |v|2

is bounded and depends analytically on v. This example shows that v = ν solves a
uniformly elliptic system of the form

div(A(v)Dv) = 0,

where A depend analytically on v ∈ R
n. The example is due to Giusti and Miranda

[4].
We now modify the construction to get unbounded examples. (De Giorgi’s

original example was actually of this type). Let

v = r−εν.
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Exercise Take A of the same form as above, and compute in a similar way that the
equation div(ADv) = 0 in R

n\{0} gives

− δ(n− 1− ε)(1+ ε)+ ((n− 1)γ − ε)(n− 2− (n− 1)γ − ε) = 0. (12)

Hint: For the first term note that �v = ∇(�(r1−ε))/(1 − ε) (at least when ε 	=
1). For the second term, divide r−ε−1 into the pieces r−ε and r−1, and use the
computation in the example above.

Exercise Using condition (12), show that r−εν solves a uniformly elliptic system
in R

n\{0} for any ε 	= n−2
2 , and any n ≥ 2.

Exercise Show that r−εν ∈ H 1 for ε < n−2
2 , and in this case v solves div(ADv) =

0 in B1 (in particular, across the origin). Finally, show by taking ε arbitrarily close to
n−2

2 that the decay estimate (8) is optimal in the vectorial case, in any dimension n.

Remark 10 Observe in particular that for n = 3, 4 the examples are the gradients
of bounded non-Lipschitz functions, and for n ≥ 5 the examples are the gradients
of unbounded functions.

Finally, to appreciate fully the vectorial nature of the above examples, it is
instructive to make similar constructions in the scalar case.

Exercise Let v(x) = r−εg(ν) : Rn→ R be a −ε-homogeneous function. Let

A = aν ⊗ ν + (I − ν ⊗ ν)

for some constant a > 0. Show that

A∇v = r−ε−1(−aεgν +∇Sn−1g),

div(A∇v) = r−ε−2(�Sn−1g − aε(n− 2− ε)g).

(Here ∇Sn−1 and �Sn−1 denote the gradient and Laplace-Beltrami operators on
Sn−1).

Thus, the equation div(A∇v) = 0 becomes the eigenvalue problem

�Sn−1g = aε(n− 2− ε) g

on the sphere. The maximum principle enters the picture when we consider the
solvability of this problem: we need aε(n− 2− ε) ≤ 0 to find nonzero solutions.

Provided that either ε < 0 or ε > n − 2, we can find many solutions g on the
sphere by choosing a > 0 appropriately. In the borderline cases ε = 0 or ε = n− 2
we see that v is radial, hence v is constant resp. the fundamental solution to �.
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Finally, observe that when ε < 0 we have v ∈ H 1(B1) and the equation
div(A∇u) = 0 holds across the origin. These examples show the optimality of
the De Giorgi result in the scalar case.

4.2 Rigidity Result for Homogeneity −n−2
2

Above we constructed solutions to (4) in B1 in the case n = m ≥ 2 that are
homogeneous of degree −ε, for any ε < n−2

2 . This showed the optimality of the
energy decay estimate (8). We also found −ε-homogeneous maps that solve the
system in R

n\{0} for all ε 	= n−2
2 . It is natural to ask whether there is some rigidity

result for this special homogeneity. In this section we verify that this is the case. The
main result is:

Theorem 1 Assume that v : Rn → R
m is −n−2

2 -homogeneous and that A are
bounded, uniformly elliptic coefficients. If

div(ADv) = 0

in B1\{0}, then v is constant. (In particular, v = 0 when n ≥ 3.)

Proof Take the dot product of the equation with v and integrate by parts in B1\Bε
to obtain

∫

B1\Bε
A(Dv, Dv) dx =

∫

∂(B1\Bε)
A(Dv, v⊗ ν) ds.

SinceDv ·v is homogeneous of degree−(n−1), the flux of the vector field ADv ·v
through ∂Br is bounded independently of r . Thus, the right side of the above identity
is bounded independently of ε. Using the ellipticity of the coefficients, we conclude
that

∫

B1\Bε
|Dv|2 dx ≤ C.

However, by the homogeneity of v we have

∫

B1\Bε
|Dv|2 dx ≥ | log ε|

∫

∂B1

|Dv|2 ds.

Taking ε → 0 we conclude from the previous inequalities that Dv ≡ 0. ��
Exercise Prove Theorem (1) assuming that A are zero-homogeneous, by working
only on the sphere, as follows. Write

G = ADv · v = r−(n−1)(f (ν)ν + τ (ν)),
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where f is a zero-homogeneous function and τ is tangential to Sn−1. Show that
the first term is divergence-free, and that the divergence of the second term is
r−ndivSn−1τ . Integrate the inequality λ|Dv|2 ≤ divSn−1τ on the sphere to complete
the proof.

Observe that in the case n = 2, if v is zero-homogeneous thenDv has rank one.

Exercise Show in the case n = 2 that Theorem (1) holds when we replace uniform
ellipticity with the condition that A(x)(p, p) > λ|p|2 for rank-one matrices p.

4.3 Null Lagrangian Approach of Šverák-Yan

In this section we discuss an approach to constructing singular minimizers due to
Šverák-Yan [12, 13]. This approach is based on the concept of null Lagrangian. We
will discuss the idea in a simple situation.

A null Lagrangian L is a function onMm×n such that

∫

�

L(Du) dx =
∫

�

L(Du +Dϕ) dx

for all domains � and smooth deformations ϕ supported in �. In particular, every
map solves the Euler-Lagrange system

div(∇L(Du)) = 0.

Any linear function is a null Lagrangian. The most important nontrivial example
is the determinant.

Exercise Let u = (u1, u2) be a map from R
2 to R

2 and let� be a smooth bounded
domain. Verify using integration by parts that

∫

�

detDu dx =
∫

∂�

u1∇T u2 ds,

where∇T denote derivative tangential to ∂�. Conclude that det is a null Lagrangian.
Then compute directly that

div((∇ det)(Du)) = ∂j (detDu (Du)−1
ji ) = 0.

More generally, sub-determinants are null Lagrangians. Some of the simplest
non-trivial null Lagrangians are the quadratic ones. There is a useful characteriza-
tion of quadratic null Lagrangians:
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Exercise Show that a quadratic form A on Mm×n is a null Lagrangian if and only
if A(p, p) = 0 for all rank-one matrices p. (Recall that p is rank-one if and only if
p = a⊗ b for some a ∈ R

m and b ∈ R
n.)

Hints: To show the “if” direction, use the Fourier transform, and use that A(b ⊗
a, c ⊗ a) = 0 for a ∈ R

n and b, c ∈ R
m. To show the “only if” direction, use

Lipschitz rescalings of a simple periodic test function whose gradients lie on a rank-
one convex line. More explicitly, take � = B1, take u = 0, and take ϕλ(x) =
(bf (λa · x)/λ)η(x), where a ∈ R

n, b ∈ R
m, f is periodic, and η is a compactly

supported function in B1 equal to 1 on B1−ε with |∇η| < 2/ε. In the definition
of null Lagrangian, take λ → ∞, then ε to 0. (The idea is to build a map whose
gradient has size of order 1 and lies on a rank-one convex line, such that the map
is very small in L∞. We accomplish this by making many oscillations.Then we can
cut off without changing the integral much.)

Remark 11 The quadratic forms A on Mm×n that are null Lagrangians are in fact
linear combinations of 2×2 sub-determinants. Indeed, by the previous exercise, they
vanish on rank-one matrices. In particular, they vanish on the subspacesRm⊗ei and
f α⊗R

n (where {ei} are the coordinate directions in R
n and {f α} are the coordinate

directions in R
m), givingAiiαβ = Aijαα = 0. They also vanish on (f α+f β)⊗(ei+ej ),

where α 	= β and i 	= j , giving Aijαβ + Ajiαβ = A
ij
αβ + Aijβα = 0. It follows that

A(p, p) is a sum of terms of the form c(pαi p
β
j − pβi pαj ).

The idea of Šverák-Yan is to find a homogeneous map u such that the imageK :=
Du(B1) lies on or close to a subspace of Mm×n on which a null Lagrangian L is
convex. Then one can hope to construct a smooth, convexF with the same first-order
Taylor expansion as L on Du(B1). The Euler-Lagrange equation div(∇F(Du)) =
div(∇L(Du)) = 0 is then automatically satisfied.

A trivial example illustrating the idea is u = r−1ν : R2 → R
2. ThenDu(B1) lies

in the space of traceless symmetric matrices, and the null Lagrangian L = − det is
uniformly convex when restricted to this subspace. An extension of L with the same
values and gradients on the symmetric traceless matrices is F(p) = |p|2. Thus, u
is harmonic away from the origin. (Of course, this was clear from the outset since
u = ∇ log). However, div(u) has a Dirac mass at the origin.

Motivated by this example, consider singular candidates of the De Giorgi type

u = r1−αν

from R
2 → R

2 with 1 < α < 2. We investigate the geometry of Du(B1) in matrix
space.

Exercise Show that the identification

(x, y, z) =
(
z+ x y

y z− x
)
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of the symmetric 2 × 2 matrices with R
3 is an isometry. Show that the surfaces of

constant trace are the horizontal planes, and the surfaces of constant determinant are
hyperboloid sheets asymptotic to the cone

z2 = x2 + y2.

Then show that Du(S1) is a circle of constant positive trace and constant negative
determinant matrices centered on the z-axis, and Du(B1) is the cone centered at
the origin going through this circle, minus the ball centered at the origin whose
boundary passes through the circle.

The above visualization of Du(B1) shows that for α > 1, the conical surface
Du(B1) lies “close to” the subspace of traceless symmetric matrices, where L =
− det is convex. We can in fact construct a uniformly convex, smooth function F on
Sym2×2 such that F = L and ∇F = ∇L onDu(B1).

By homogeneity, it suffices to construct a 2-homogeneous, uniformly convex F
such that F = L and ∇F = ∇L on the circleK := Du(S1). Thus, it suffices to find
a smooth, bounded, uniformly convex set $ ⊂ Sym2×2 containing the origin, such
that ∂$ contains K , and the outer normal to ∂$ is in the direction of ∇L on K .
Indeed, then we can let F = L = α − 1 on ∂$, and then take the 2-homogeneous
extension.

As a first step to constructing $, consider the surface 	 = {L = α − 1}. In the
coordinates introduced above, 	 is a hyperboloid of revolution around the z axis,
asymptotic to z2 = x2 + y2. Thus, there is a circular cone centered on the negative
z axis that is tangent to 	 on K . This cone divides Sym2×2 into two components;
let $0 be the component containing the origin. Then $0 is convex, and the outer
normal to ∂$0 onK is in the direction of ∇L. From here, it is easy to find a smooth,
uniformly convex surface of revolution ∂$ bounding a region $ ⊂ $0, such that
∂$ touches ∂$0 on K and 0 ∈ $. This completes the construction.

Remark 12 To make F smooth, we need to modify it near the origin. This doesn’t
affect the equation since Du(B1) stays outside a ball around the origin. To make a
uniformly convex extension G of F to all of M2×2, decompose p ∈ M2×2 into its
symmetric and anti-symmetric parts S and A and let G(p) = F(S)+ |A|2.

Exercise

• Show that for 1 < α < 2, the map u ∈ W 1, p for p < 2
α

. Show that u solves the
Euler-Lagrange equation div(∇F(Du)) = 0 in the distribution sense.

• Show that linear maps are minimizers of (1) subject to their own boundary data.
Conclude that w = x is the unique minimizer in H 1(B1) for the functional
corresponding to F .

• Conclude that there is non-uniqueness for the Euler-Lagrange equation (2) in the
spacesW 1, p for p < 2.
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Remark 13 The quadratic analogue of − det in higher dimensions is L = −σ2,
where σ2(M) = 1

2 (tr(M)
2−|M|2). Thus, L is a uniformly convex, radial quadratic

on the constant-trace symmetric matrices.
We can repeat the above procedure for u = r1−αν in higher dimensions provided

L > 0 on Du(B1). This gives the condition α > n
2 . Again, these maps provide

counterexamples to uniqueness for (2) inW 1, p when p < 2.

The above examples are due to Šverák-Yan [13]. To find examples of singular
minimizers to smooth, uniformly convex functionals, more complicated maps are
required. In [12], Šverák and Yan use the null Lagrangian technique to show that
the one-homogeneous map

u(x) = r
(
ν ⊗ ν − 1

3
I

)
,

viewed as a map from R
3 to the space of symmetric traceless matrices (isomorphic

to R
5), is a Lipschitz but not C1 singular minimizer in the case n = 3, m = 5. We

describe the construction here.
To understand the geometry of K := Du(B1), it is useful to use the symmetries

of u. Letting aijk = ∂kuij and R ∈ SO(3), we have

u(Rx) = Ru(x)RT ,

aijk(Rx) = RilRjmRknalmn(x).

It is not hard to check that two invariant subspaces of {aiik = 0, aijk = ajik} ∼=
M5×3 are the space of traceless tensors T 0 = {aikk = 0}, and its orthogonal
complement T3. Among the traceless matrices, two invariant subspaces are the
permutation-invariant subspace T7 = {aijk = ajki}, and its orthogonal complement
T5. (The subscripts represent the dimension of the subspace). The quadratic forms
invariant under the above action take the simple form α|X|2+β|Y |2+γ |Z|2, where
X, Y, Z are the projections to T3, T7 and T5 respectively.

Recall that the quadratic null Lagrangians correspond to quadratic forms that
vanish in the rank-one directions. By imposing the condition L(Cij ηk) = 0 for all
symmetric traceless Cij and η ∈ R

3 (and using explicit formulae for the projections
of aijk to T3, T7 and T5), Šverák-Yan compute

L = 3|X|2 − 2|Y |2 + |Z|2,

up to multiplication by constants.
Ideally, we would be able to say that the Y projection of Du vanishes, so that

K lies in a subspace where L is convex. This is not quite the case. However, a
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computation (see [12]) shows that

|DuT3 |2 =
64

15
, |DuT7 |2 =

2

5

and the remaining projection vanishes. Heuristically, the example works because
Du is closer to the T3 subspace where L is convex.

One can compute explicitly that L = 12 on K , and that L separates from its
tangent planes quadratically on K:

L(Y )− L(X)− ∇L(X) · (Y −X) = −L(X − Y ) > c|Y −X|2

for X, Y ∈ K and some c > 0. This is enough to construct a uniformly convex,
smooth function F onM5×3 with the same first-order expansion as L on K .

Remark 14 This beautiful example was the first singular minimizer to a smooth,
uniformly convex functional in dimension n = 3. The first singular minimizer,
constructed by Nečas in 1977 [9], was also one-homogeneous and worked in high
dimensions.

It is natural to ask whether the regularity results for minimizers obtained from
linear theory (Hölder continuity in dimensions 3 and 4, and possible unboundedness
in dimension 5) are optimal. Šverák-Yan accomplish this in [13] using modifications
of the above example. More precisely, they consider u = r1−α(ν ⊗ ν − (1/n)I) :
R
n→ Mn(n+1)/2−1. In higher dimensions one can perform the same decomposition

of M(n(n+1)/2−1)×n. An important observation is that the coefficient of L in the
higher-dimensional version of T3 (the trace part of aijk) is n, and the other
coefficients remain the same. As a result, the higher the dimension, the better the
convexity in the trace subspace. Furthermore, the component ofDu in the direction
of this subspace grows roughly linearly with n, while the other component remains
bounded.

This allows the construction of increasingly singular examples in higher dimen-
sions. They show quadratic separation ofL from its tangent planes onDu(B1)when
0 ≤ α < C(n), where C(n) > 0 for n ≥ 3 and increases with n. In the cases n = 3
and n = 4 this gives non-Lipschitz minimizers. Furthermore, a careful computation
shows that C(5) > 1, providing examples of unbounded singular minimizers in the
optimal dimension.

Remark 15 The most recent approach to constructing singular examples is based
on constructing a singular minimizer to a degenerate convex functional in the
scalar case, and coupling two such minimizers together in a way that removes
the degeneracy. Using this approach, Savin and the author constructed a one-
homogeneous singular minimizer in the minimal dimensions n = 3, m = 2 (see
[6]).
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5 Parabolic Case

In the final section we discuss the regularity problem for the parabolic case. To
emphasize ideas, we assume that solutions are smooth and obtain a priori estimates.

The gradient flow u : Q1 = B1 × [−1, 0) ⊂ R
n × R → R

m of the regular
functional (1) solves

∂tu− div(∇F(Du)) = 0. (13)

Differentiating (13), we see that the space and time derivatives of u solve a linear
uniformly parabolic system of the form

vt − div(A(x, t)Dv) = 0, (14)

where A(x, t) are bounded measurable, uniformly elliptic coefficients.

Remark 16 As in the elliptic case, the coefficients of the system obtained by
differentiating (13) depend smoothly on Du. By perturbation theory, a continuity
result for (14) implies smoothness for gradient flows. Around the same time that De
Giorgi proved continuity of solutions to the scalar elliptic problem, Nash showed
continuity of solutions to (14) in the scalar case. Again, the maximum principle
plays an important role. We will focus on the vectorial case.

We will discuss the key estimate for (14), its consequences for gradient flows,
and some singular examples. While much of the theory is motivated by the elliptic
case, some of the parabolic results required significant new ideas, and some have no
elliptic analogue. We emphasize these differences in the discussion.

5.1 Linear Estimates

The classical energy estimate for (14) says that the L2 norm of v is controlled
uniformly in time, and the H 1 norm is controlled on average in time:

sup
{t>−1/2}

∫

B1/2

|v|2 dx+
∫ ∫

Q1/2

|Dv|2 dx dt < C(n, λ)
∫ ∫

Q1

|v|2 dx dt. (15)

(HereQr is the parabolic cylinder Br × [−r2, 0).)
Recall that in the elliptic case, linear estimates give control on the H 2 norms

of minimizers, and in the case n = 2 the H 2 norm is invariant under the natural
rescalings that preserve the Euler-Lagrange equation. In the parabolic case, the
natural scaling is

u → ur = r−1u(rx, r2t).
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The quantities controlled in (15) obtained by taking v = Du are not scaling-
invariant in the case n = 2; under the above scaling, they increase by a factor of
r−2. However, for v = ∂tu, the quantities controlled are (15) are scaling-invariant in
the case n = 2. Roughly, one time derivative plays the role of two spatial derivatives.

This observation suggests the following approach: obtain a version of “energy
decay” for (14), and apply it to the “second-order” quantity v = ut . Nečas and
Šverák accomplished this in 1991 (see [10]). Precisely, they show for solutions v
to (14) that

sup
t>−1/2

∫

B1/2

|v|γ dx <∞, (16)

for some γ > 2. We can then treat the parabolic system (13) as an elliptic system
for each fixed time.

Remark 17 If we could apply (16) directly to D2u, we recover the elliptic result
uniformly in time. We cannot do this, since the second derivatives don’t solve (14).
The key observation is that (16) does apply to ut , and estimates for ut are as good
as estimates for D2u by elliptic theory.

We sketch the argument here.

Exercise

• Derive the energy estimate (15) by taking the time derivative of
∫
B1
|v|2ϕ2 dx,

where ϕ is a spacetime cutoff function that is 1 inQ1/2 and vanishes outsideQ1.
• Apply the Sobolev inequality to the second term in (15) and use the interpolation

∫

B1

w2+2/q dx <

(∫

B1

w2∗ dx

)2/2∗ (∫

B1

w2 dx

)1/q

to conclude that v ∈ Lγloc(Q1) for some γ > 2. (Here q is the Hölder conjugate
of 2∗/2).

• Apply the same procedure as in the first exercise to the integral of |v|γ to obtain

sup
t>−1/2

∫

B1/2

|v|γ dx +
∫ ∫

Q1/2

|v|γ−2
(
λ|Dv|2 − (γ − 2)γA

(
v⊗ v
|v|2 (Dv),Dv)

))
dx dt

< C

∫ ∫

Q3/4

|v|γ dx dt.

Conclude that if γ − 2 = δ > 0 is small, then v is bounded in L2+δ(B1/2)

uniformly in t > −1/4.

Remark 18 Observe that the improved parabolic energy estimate does not imply
continuity of solutions to (14) in the case n = 2, unlike in the elliptic case.
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As a consequence of the Nečas-Šverák result, the regularity results for gradient
flows coming from linear theory mirror those of the elliptic case. Let u solve (13).

Exercise

• Using (15) for v = Du, show that D2u ∈ L2
loc(Q1). Conclude from the Eq. (13)

that ut ∈ L2
loc(Q1).

• Using the previous exercise, show that ut ∈ Lγloc(Q1) for some γ > 2.
• Using the previous exercise, conclude that ut is bounded in L2+δ(B1/2), inde-

pendently of t > −1/4.
• Conclude that Du solves at each time an inhomogeneous linear elliptic system

with right side D(g), where g is bounded in L2+δ(B1/2) uniformly in t > −1/4.
(Here g = ut ). Conclude from the elliptic theory that

∫
Br
|D2u|2 dx < Cr2α for

some α > 0 and all r < 1/2, with C independent of t > −1/4.

As a consequence, Nečas-Šverák show that u is smooth in the case n = 2, and
continuous in the case n ≤ 4, as in the elliptic case.

5.2 Singularities from Smooth Data

The elliptic examples of De Giorgi, Giusti-Miranda, and Šverák-Yan are of course
parabolic examples, with singularities on the cylindrical set {x = 0}. It is natural
to ask for examples that develop a singularity from smooth data. In addition, a
difference between the elliptic and parabolic theory is that the energy estimate (15)
does not imply continuity of solutions to (14) in the case n = 2. (However, a version
of it implies that there are no examples of a singularity that persists in time in the
case n = 2, unlike in higher dimensions.)

In this last section we discuss examples of finite time singularity in the case
n = m ≥ 3 due to Stará-John-Malý [11]. We then describe a more recent example
in the case n = m = 2 [5].

To find examples of discontinuity from smooth data, it is natural to seek examples
that are invariant under parabolic rescalings that preserve zero-homogeneous maps:

v(x, t) = V
(
x√−t

)
, A(x, t) = A

(
x√−t

)
. (17)

Exercise Show that imposing the self-similarity (17) reduces (14) to the elliptic
system

div(ADV) = 1

2
DV · x. (18)

This approach reduces the problem to constructing a global, bounded solution to
the elliptic system (18). In [11] Stará-John-Malý use a perturbation of the De Giorgi
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example of the form ϕ(r)ν, with ϕ asymptotic to 1 near ∞. The resulting solution
v becomes the De Giorgi example at time t = 0.

To simplify computations they make the useful observation that

(
δIn2 + B − δDV

[(B − δDV) ·DV]1/2 ⊗
B − δDV

[(B − δDV) ·DV]1/2
)
·DV = B.

This reduces the problem further to constructing a matrix field B(x) whose
divergence is the right side of (18), such that B · DV ∼ |DV|2 and |B| ∼ |DV|.
(Here ∼ denotes equivalent up to multiplication by positive constants.)

Exercise

• Use the observation that B := r−1 ((n− 2)In×n + ν ⊗ ν) is divergence-free and
B ·Dν ∼ |Dν|2 when n ≥ 3, to re-derive the De Giorgi example.

• Now take V = ϕ(r)ν and take B = r−1f (r)ν⊗ ν + h(r)Dν. With the choice of
coefficients above, show that the system (18) becomes

f ′

r
+ (n− 2)

f

r2 − (n− 1)
h

r2 =
1

2
rϕ′.

(Hint: The left side is just the divergence of B.)
• If ϕ is asymptotically homogeneous of degree zero, then the left side of the

system (18) scales like r−2. It is thus natural to take rϕ′ ∼ r−2. Show that for
the the choice ϕ = r

(1+r2)1/2
and f = ϕ, we have in dimension n ≥ 3 that

B ·DV ∼ |DV|2.

• Show that f and h depend analytically on ϕ. Show similarly that the coefficients
depend analytically on V in a neighborhood of the image of V (= B1). Conclude
that v = V(x/

√−t) solves an equation of the form ∂tv−div(A(v)Dv) = 0, with
coefficients that depend smoothly on v.

• Taking V and B of the above form, show that there are smooth solutions to the
uniformly elliptic system div(ADV) = 0 that approximate r−εν for all ε < n−2

2 .
(Hint: Take ϕ linear near the origin, and smoothly connect to r−ε near r = 1.
Then rescale.)

This gives a parabolic analogue of the De Giorgi example in dimension
n = m ≥ 3.

It is natural to ask whether a map of the form ϕ(r)ν can work in two dimensions.
The following exercise reveals an important restriction on the “shape” of possible ϕ:

Exercise Observe that in the above example, |V| is radially increasing. For any such
map solving the system (18), show that

V · div(ADV) ≥ 0.
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Multiply by a cutoff ψ that agrees with 1 in B1 and integrate by parts to conclude
that if V is bounded, then

∫

B1

|DV|2 dx < C inf
ψ |∂B1=1, ψ |∂BR=0

∫
|∇ψ|2 dx,

for each R > 2. Show that the quantity on the right approaches 0 as R→∞ in the
case n = 2, by taking ψ to be the harmonic function with the given boundary data.

Thus, bounded solutions to (18) with radially increasing modulus are constant in
two dimensions.

In [5] we construct a solution to (18) in the case n = m = 2, using a different
perspective. The idea is to show that for the correct choice of ϕ(r), each component
of ϕν solves the scalar version of (18) away from an annulus where the error in each
equation is small. By introducing off-diagonal coefficients in this region, we cancel
the errors without breaking the uniform ellipticity of the coefficients.

In view of the previous exercise, the function ϕ(r) is not increasing. In fact, the
equations fail to hold exactly where ϕ has a local maximum. The philosophy of the
example is to capture in an explicit way how coupling can cancel the regularizing
effect of the maximum principle.

Remark 19 In this example, the coupling coefficients are changing near the max-
imum of ϕ. Thus, the coefficients can not be written as functions of the solution.
However, by considering a pair of similar maps (ϕν, ϕ̃ν) we obtain a solution
to (18) in the case n = 2, m = 4 that is injective into R

4 (see [5]). In this way
we get an example with coefficients that depend smoothly on the solution.

Remark 20 To obtain examples of L∞ blowup from smooth data, look for self-
similar solutions that are invariant under parabolic rescalings that preserve −ε-
homogeneous maps:

v(x, t) = 1

(−t)ε/2 V
(
x√−t

)
.

This reduces the problem to finding asymptotically−ε-homogeneous solutions to a
certain elliptic system. The methods described above adapt to this case.
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Comparison Among Several Planar
Fisher-KPP Road-Field Systems

Andrea Tellini

Abstract In this chapter we consider several reaction-diffusion systems—known
as road-field systems—which describe the effect that one (or two) line(s) with
heterogeneous diffusion has (have) on the speed of propagation in a planar domain,
where the classical Fisher-KPP equation is considered. We recall the results by
Berestycki et al. (J. Math. Biol. 66:743–766, 2013) for the case of a line in a half-
plane, and those obtained in collaboration with Rossi et al. (SIAM J. Math. Anal. 49,
4595–4624, 2017) for two lines bounding a strip. The main goal is to compare the
speed of propagation in the direction of the line(s) of these situations with the cases
of a plane with one and two lines on which the diffusion is different with respect to
the rest of the planar domain.

Keywords Reaction-diffusion systems · Asymptotic speed of propagation ·
Diffusion heterogeneities · KPP systems · Different spatial dimensions

1 Introduction

Road-field models are systems of reaction-diffusion equations posed in different
spatial dimensions that have been introduced in the context of mathematical biology
in [2] in order to take into account the effect that a line of fast diffusion has on the
propagation in a half-plane, where a logistic-type reaction takes place.

More precisely, in [2], the authors consider a density v(x, y, t) that diffuses in the
upper half-plane {(x, y) ∈ R

2 : y > 0}, called the field, with diffusion coefficient
d > 0, and reproduces according to a reaction term f (v), which is assumed to be
of Fisher-KPP type. On the so-called road, i.e. the boundary of the half-plane given
by {(x, y) ∈ R

2 : y = 0}, another density u(x, t) diffuses with a possibly different
coefficientD > 0. In addition, a symmetric exchange between the road and the field
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is considered, with a fraction νv that passes from the field to the road and a fraction
μu that, vice-versa, passes from the road to the field (μ, ν being positive constants).
The corresponding reaction-diffusion system thus reads

⎧
⎨

⎩

vt − d Δv = f (v) for (x, y, t) ∈ R×R
+ × R

+,
ut −Duxx = ν v(x, 0+, t)− μu for (x, t) ∈ R× R

+,
−d vy(x, 0+, t) = μu− ν v(x, 0+, t) for (x, t) ∈ R× R

+,
(1)

where R
+ denotes the set of positive numbers, f : [0,∞) → R is a Lipschitz

function which is differentiable in 0 and satisfies

f (0) = f (1) = 0, f > 0 in (0, 1), f < 0 in (1,∞), f (s) ≤ f ′(0)s for s ∈ [0,∞),
(KPP)

and v(x, 0+, t) := limy↓0 v(x, y, t), vy(x, 0+, t) := limy↓0 vy(x, y, t).
The study of such a system is motivated by many situations in nature in which

some species or diseases spread faster along transportation networks (roads, rivers,
railways) than in the surrounding environment. Some specific examples are the
spreading of Vespa velutina in France (see [18]) or the early spread of HIV in the
Democratic Republic of Congo (see [12]).

In [2], it has been proved that there exists a quantity, which will be denoted
by c∗hp, such that the solution of (1) starting from every continuous, compactly
supported, nonnegative pairs (u0, v0) 	= (0, 0) (throughout all this work we will
consider such a kind of initial data), converges to the unique positive steady-state

of the system,
(
ν
μ
, 1

)
, with an asymptotic speed of propagation in the direction of

the road equal to c∗hp (observe that the subindex refers to the domain, which is a
half-plane).

By asymptotic speed of propagation in the direction of the road, i.e. the x
direction, we mean that c∗hp satisfies the following two properties:

(i) for all c > c∗hp, limt→∞ sup|x|>ct
y≥0

(u, v) = (0, 0),
(ii) for all a > 0 and c < c∗hp, limt→∞ sup |x|<ct

0≤y<a

∣∣∣(u, v) −
(
ν
μ
, 1

)∣∣∣ = 0.

Such properties say that, asymptotically in time, the solution of the parabolic
problem is close to the positive steady-state inside bounded rectangles expanding
in the x direction at a speed smaller than c∗hp, while it is still close to (0, 0) outside
half-strips which are unbounded in y and expand in the in the x direction at a speed
larger than c∗hp.

The main result of [2] is a precise geometrical characterization of c∗hp that, in
particular, allows the authors to compare it with the speed of propagation of the
Fisher-KPP equation, i.e. the first equation in (1), which is given by cKPP :=
2
√
df ′(0) (see, e.g., [1, 13, 15]). The results of [2] are summarized in the following

theorem.
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Theorem 1 ([2]) Problem (1) admits an asymptotic speed of propagation in the x
direction which will be denoted by c∗hp and satisfies:

(i) c∗hp ≥ cKPP;
(ii) c∗hp > cKPP if and only if D > 2d;

(iii) limD→∞ c∗hp(D) = ∞.

In particular, these results establish that the speed of propagation can never be
smaller than the one of a homogeneous environment and that the road enhances
such a speed if and only if the diffusion D on it is larger than a certain threshold
given by 2d . Finally, this enhancement can be made arbitrarily large, by taking a
sufficiently largeD.

Several works on road-field systems in a half-plane have been carried out
afterwards, with the goal of ascertaining more features of these models: in [3]
additional reaction and transport terms have been considered on the road, in [6] the
asymptotic speed of propagation in every direction has been determined, in [7] the
existence of traveling fronts has been investigated, in [4, 5] a nonlocal diffusion is
taken into account on the road, in [16, 17] nonlocal exchange terms and the relation
between such a model and (1) are considered, in [14] μ and ν are allowed to depend
periodically on x. A work that treats more general fields, which nonetheless are
still unbounded in every direction, is [11], where the case of asymptotically conic
domains is studied.

Other works devoted to road-field systems are related to fields with bounded
section in the y direction: in [19] the analogue of system (1) is studied in the case of
a strip-shaped field bounded by two roads on which the diffusion is different with
respect to the one in the field. Such a situation reads

⎧
⎪⎨

⎪⎩

vt − d Δv = f (v) for (x, y, t) ∈ R× (−R,R) × R
+,

ut −Duxx = ν v(x,±R∓, t)− μu for (x, t) ∈ R× R
+,

±d vy(x,±R∓, t) = μu− ν v(x,±R∓, t) for (x, t) ∈ R× R
+.

(2)

In addition, in [19] the corresponding higher-dimensional case is considered, while
in [20] the model with a strip bounded by only one road and homogeneous Dirichlet
boundary conditions on the other line is handled; finally, [8–10] deal with (2) in the
case of ignition-type reactions f .

The main result of [19] is the existence of an asymptotic speed of propagation,
denoted by c∗st (in order to refer to the strip-shaped field), in the x direction, which
satisfies the properties summarized in the following theorem.

Theorem 2 ([19]) Problem (2) admits an asymptotic speed of propagation c∗st in
the x direction which, in addition, satisfies:

(i) limR↓0 c
∗
st(R) = 0;

(ii) limR→∞ c∗st(R) = c∗hp;
(iii) if D ≤ 2d , the function R �→ c∗st(R) is continuous and increasing;
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(iv) if D > 2d , the function R �→ c∗st(R) is continuous, and it is increasing for
R ∈ (0, RM) and decreasing for R ∈ (RM,∞), where RM := ν

μ
D

D−2d .
Moreover, in this case, there exist Rhp ∈ (0, RM) and RK ∈ (0, Rhp) such that
c∗st(R) > c

∗
hp if and only if R > Rhp, and c∗st(R) > cKPP if and only if R > RK .

Observe that property (i) in Theorem 2 is new with respect to problem (1), whose
speed of propagation is bounded away from 0, while (ii) can be seen as a continuous
dependence result of the speed of propagation with respect to the domain. Indeed,
one can think as one road in (2) to be fixed and, as R → ∞, the other one lying
further and further; thus the latter looses its effects on the propagation, and we
recover problem (1).

Another similarity with Theorem 1 is the appearance of the same threshold 2d for
the diffusion D, but now related to the monotonicity of c∗st with respect to the size
of the strip. As remarked in [19], the emergence of two types of monotonicity can
be explained by the lack of reaction on the road: ifD ≤ 2d it is more convenient for
the population to propagate in the interior of the strip, where both the reaction and
the diffusion are better than on the boundary; thus a larger strip makes the speed
of propagation larger. On the contrary, if D > 2d , on the one hand it is better to
have a larger field for the effect of the reaction to be greater, but, on the other hand,
the roads are now more convenient for the diffusion and, by increasing R, they
become further apart. The competition between these effects, entails the existence
of an optimal distance of the roads which maximizes the speed of propagation.

By comparing Theorems 1 and 2, it is apparent that road-field systems may
behave in an extremely different way according to whether the section of the field is
bounded or not. In this work we pursue this study by analyzing the combined effect
of a part of field with bounded width together with another one with unbounded
width, the two parts being separated by two roads where the diffusion is different
with respect to the one in the field.

With respect to (1) and (2), observe that we have to allow two-side exchanges;
for this reason, we first generalize the analysis of [2] to the system

⎧
⎪⎨

⎪⎩

vt − d Δv = f (v) for (x, y, t) ∈ R× R \ {0} × R
+,

ut −D uxx = ν
[
v(x, 0+, t)+ v(x, 0−, t)

]− 2μu for (x, t) ∈ R× R
+,

∓d vy(x, 0±, t) = μu− ν v(x, 0±, t) for (x, t) ∈ R× R
+,

(3)

which corresponds to the case of a plane with a road of different diffusion. The
factor 2 in the second equation of (3) takes into account the fact that the density u
can pass to both sides of the surrounding field and gets positive contribution by the
density v both from the upper and the lower part. These exchanges are compensated
by the flux equations, i.e. the last relations in (3).

The main result that we provide for (3) is the following proposition, which, as it
will be apparent in the proof of Proposition 7, will essentially be based on the study
of the dependence of c∗hp with respect to the exchange parameters μ and ν.
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Proposition 1 Problem (3) admits an asymptotic speed of propagation in the x
direction, denoted by c∗p1 (referring to the planar field with one road), which
satisfies:

(i) c∗p1 ≥ cKPP;
(ii) c∗p1 > cKPP if and only if D > 2d . In such a case, c∗p1 < c

∗
hp.

We observe that the section of the field in (3) is unbounded as in (1) and there
is a lower bound on the asymptotic speed of propagation in the direction of the
road, given again by the classical Fisher-KPP speed. Indeed, this is a general
result which always holds true when the field has at least one component which
is unbounded in every direction (see Lemma 1 below). Another point that (3) shares
with (1) is that, when the diffusion in the field dominates—i.e. when D ≤ 2d—the
speed of propagation coincides with the one of the homogeneous case, while, when
the diffusion on the road dominates, enhancement of the propagation speed takes
place. Nevertheless, such an enhancement is reduced when the density is allowed
to exchange on the two sides with respect to the case of one-side exchanges given
by (1). This phenomenon is not a priori evident, since, despite the fact that in (3)
the fraction of the density that leaves the line of fast diffusion is twice as much as
in (1), also the contribution from the field doubles.

Finally, the last problem that we consider is

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

vt − d Δv = f (v) for (x, y, t)∈R×R\{±R}×R
+,

ut−D uxx=ν
[
v(x,±R+, t)+v(x,±R−, t)]−2μu for (x, t) ∈ R× R

+,
∓d vy(x, R±, t) = μu− ν v(x, R±, t) for (x, t) ∈ R× R

+,
∓d vy(x,−R±, t) = μu− ν v(x,−R±, t) for (x, t) ∈ R× R

+,
(4)

which describes a plane with two roads where the diffusion is different with respect
to the one in the field, and for which the main result is the following.

Theorem 3 Problem (4) admits an asymptotic speed of propagation in the x
direction, denoted by c∗p2 (referring to the planar case with two roads), which
satisfies:

(i) c∗p2 ≥ cKPP;
(ii) c∗p2 > cKPP if and only if D > 2d . In such a case, R �→ c∗p2(R) is continuous,

decreasing and satisfies

lim
R↓0

c∗p2(R) = c∗hp, lim
R↑∞ c

∗
p2(R) = c∗p1. (5)

In particular, c∗p2(R) > c
∗
p1 for all R;
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(iii) if D > 2d , there exists R∗ ∈ (RK,Rhp), where RK and Rhp are the ones of
Theorem 2, such that c∗p2(R) > c

∗
st(R) if and only if R < R∗.

Once again, we see that an unbounded field in every direction makes the asymptotic
speed of propagation bounded from below by cKPP, with the usual threshold of
the diffusion on the road in order to have enhancement. The main novelty here
is the fact that, contrarily to the case of a strip bounded by two roads of fast
diffusion, when such enhancing roads are placed in the whole plane and the distance
between them increases, the speed of propagation always decreases. This means
that the densities take advantage of the reaction in the field, no matter how it
is distributed, and separating the roads of fast diffusion reduces their effect on
the enhancement. In addition, observe that, when the roads enhance the speed of
propagation, having two of them gives a better enhancement than in the case with
only one road, as it is natural to expect. Finally, relations (5) can be seen once more
as a continuous dependence of the speed of propagation with respect to the domain:
when the strip between the roads shrinks, the effect inside it becomes negligible,
as if the exchanges where one-sided; while, if the distance between the roads tends
to infinity, considering one of them to be fixed makes the effect of the other one
disappear.

The results of Theorems 1–3 and of Proposition 1 are summarized in Fig. 1.
This chapter is distributed as follows: in Sect. 2 we recall some preliminary

results, from basic features of road-field systems up to the general way to construct
the asymptotic speed of propagation; in Sect. 3 we consider the problems with one
road, i.e. (1) and (3), we recall the proof of Theorem 1 given in [2], and we prove
Proposition 1; finally, in Sect. 4, we consider the remaining problems, those with
two roads, recalling the proof of Theorem 2 given in [19] and providing the one of
Theorem 3, which is the main new result of this chapter.

Case D 2d Case D 2d
RKR* RMRhp

C*p2(R)

C*st(R)

RR

C*hp =C*p1 =C*p2 (R)

C*st (R)

cKPP cKPP

c*p1

c*hp

Fig. 1 Graphs of the asymptotic speed of propagation in the x direction for Problems (1), (2), (3)
and (4), considered as a function of R: (left) the case D ≤ 2d and (right) the case D > 2d
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2 Preliminary Results: Comparison Principles, Long-Time
Behavior and Existence of the Asymptotic Speed
of Propagation

In this section we recall some preliminary results that have been proved in [2] for
system (1) and in [19] for system (2), and that can be easily adapted to the cases of
systems (3) and (4). Without further mention, we stress that such results are valid for
all the aforementioned systems, with the natural modifications due to the different
domains in which they are posed. We begin with the following parabolic strong
comparison principle.

Proposition 2 ([2]) Let (u, v) and (u, v) be, respectively, a subsolution bounded
from above and a supersolution bounded from below of (1) such that (u, v) ≤ (u, v)
at t = 0, component-wise in their respective domains. Then, (u, v) < (u, v) for all
t > 0, or there exists T > 0 such that (u, v) = (u, v) for all t < T .

Then, we recall the well-posedness of the system, starting from nonnegative,
bounded, continuous initial data (uniqueness, in particular, follows from Proposi-
tion 2).

Proposition 3 ([2]) Let (u0, v0) be nonnegative, bounded and continuous. Then,
there is a unique solution (u, v) satisfying limt↓0(u, v) = (u0, v0).

The following is a comparison principle for a class of generalized subsolutions,
that will be repeatedly used for the characterization of the asymptotic speed of
propagation. Once again, we state it for system (1), although it is also valid, with
the obvious modifications, for all the other systems.

Proposition 4 ([2]) Let (u1, v1) be a subsolution of (1) bounded from above, and
such that u1 and v1 vanish, respectively, on the boundary of an open set E of
R× (0,+∞), and of an open set F of {y > 0}×(0,+∞) (in the relative topologies).
Assume in addition that

v1 ≤ 0 in E ∩ {u1 > 0} \ F,
u1 ≤ 0 in F ∩ {v1 > 0} \ E.

Then, setting

u :=
{

max{u1, 0} in E,

0 otherwise,
v :=

{
max{v1, 0} in F,

0 otherwise,

for any supersolution (u, v) of (1) bounded from below and such that (u, v) ≤ (u, v)
at t = 0, we have (u, v) ≤ (u, v) for all t > 0.

Next we present the result for the long-time behavior of the solutions. Although
it is valid for all the systems (see [2, Section 4] for systems (1) and (3), and [19,
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Section 3] for system (2)), we state it for system (4) and give a sketch of the proof,
which is slightly different from the other cases, since it requires the combination of
the pieces of field with bounded and unbounded section.

Theorem 4 Let (u, v) the solution of (4) with a nonnegative, continuous compactly
supported initial datum (u0, v0) 	= (0, 0). Then

lim
t→∞(u, v) =

(
ν

μ
, 1

)
. (6)

Proof We proceed in several steps.

Step 1. The pair
(
ν
μ
K,K

)
, whereK is a sufficiently large constant, is a stationary

supersolution of (4) which lies above (u0, v0). Thus, the solution of (4) with this
supersolution as an initial datum converges to a stationary solution of (4), denoted
by (U1, V1), which, thanks to Proposition 2, satisfies

lim sup
t→∞

(u, v) ≤ (U1, V1). (7)

In addition (U1, V1) is x independent and symmetric with respect to reflections
about the x axis {y = 0}. Indeed, the solution of the parabolic problem and its
limit as t →+∞ inherit the desired symmetries from the initial datum, from the
fact that the Cauchy problems associated to (4) have a unique solution (thanks
to Proposition 3), and that (4) is invariant by translations in x and by reflections
about {y = 0}.

Step 2. By taking, for α, β, ε positive and small,

v = ε cos(αx) cos

(
β

(
y − R − 1− π

2β

))

for x ∈ (− π
2α ,

π
2α

)
and y ∈

(
R + 1, R + 1+ π

β

)
, together with its reflection

about {y = 0} and extending to 0 elsewhere, we obtain a stationary generalized
subsolution of (4) which lies below (u, v), the latter considered at t = 1.
Proposition 4 thus gives the existence of a stationary solution (U2, V2) of (4)
which is symmetric about the x axis and such that

(U2, V2) ≤ lim inf
t→∞ (u, v). (8)

Finally, a sliding argument as the one of [3, Lemma 2.3] allows us to obtain the
independence on x of (U2, V2).

Step 3. We claim that the unique nonnegative, bounded stationary solution of (4)

which is x independent and symmetric about {y = 0} is
(
ν
μ
, 1

)
. Thus, (7) and (8)

allow us to obtain (6).
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To prove the claim, consider a stationary solution (U, V (y)) with the mentioned
symmetries. Thanks to the second equation in (4) for y = R, it satisfies

0 = ν (V (R+)+ V (R−))− 2μU (9)

and, thanks to the first one and the symmetry about {y = 0},
{−dV ′′(y) = f (V (y)), y ∈ (0, R),
V ′(0) = 0.

We prove that V (0) = 1, which, thanks to (KPP), will entail that V ≡ 1 and, as
a consequence from (9), U = ν

μ
. If, by contradiction, V (0) ∈ (0, 1), then (KPP)

implies that V is concave and decreasing in (0, R). By combining this with (9)
and with the third equations in (4), we obtain

0 > dV ′(R−) = μU − νV (R−) = νV (R+)− μU = dV ′(R+),

thus V would be decreasing and concave for all y > R, which is impossible,
since it is positive. Similarly, we can exclude that V (0) > 1, otherwise V would
be convex and increasing for all y 	= R, thus unbounded. ��
The following result, which relies on the comparison principles given in Propo-

sitions 2 and 4, will be used, together with the constructions performed in Sects. 3
and 4, to obtain the existence of the asymptotic speed of propagation. Once again,
we state it for system (4) even if it is valid, with the obvious due modifications, for
all the road-field systems considered in this work. Since it is one of the core results,
we also provide a sketch of the proof (for the details we refer to [3, 19]).

Proposition 5 Assume that there exists c∗ > 0 such that:

(i) for every c ≥ c∗ there exist supersolutions of the linearized system around
(0, 0)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

vt − d Δv = f ′(0)v for (x, y, t)∈R×R\{±R}×R
+,

ut−D uxx=ν
[
v(x,±R+, t)+v(x,±R−, t)]−2μu for (x, t) ∈ R× R

+,
∓d vy(x, R±, t) = μu− ν v(x, R±, t) for (x, t) ∈ R× R

+,
∓d vy(x,−R±, t) = μu− ν v(x,−R±, t) for (x, t) ∈ R× R

+,
(10)

of the form

(u, v) = e±α(x±ct)(1, φ(y)), (11)

where α is a positive constant, and φ(y) is positive in the field;
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(ii) for all c < c∗, c ∼ c∗ there exist arbitrarily small, nonnegative generalized
stationary subsolutions (u, v) of

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

vt − d Δv ± cvx = f (v) for (x, y, t)∈R×R\{±R}×R
+,

ut−Duxx±cux=ν
[
v(x,±R+, t)+v(x,±R−, t)]−2μu for (x, t) ∈ R× R

+,
∓d vy(x, R±, t) = μu− ν v(x, R±, t) for (x, t) ∈ R× R

+,
∓d vy(x,−R±, t) = μu− ν v(x,−R±, t) for (x, t) ∈ R× R

+,
(12)

with (u, v) having compact support and being symmetric about {y = 0}.1
Then c∗ is the asymptotic speed of propagation of problem (4).

Proof Take k > 0 sufficiently large so that k(u, v), where (u, v) is the supersolution
given by assumption (i) for c = c∗ with the “−” sign, lies above (u0, v0). Observe
that, since system (10) is linear, k(u, v) is still a supersolution of (10) and thus,
thanks to (KPP), it is a supersolution to (4).

Consider c > c∗ and x > ct; then, thanks to Proposition 2,

(u, v) < ke−α(x−c∗t )(1, φ(y)) < keα(c∗−c)t (1, φ(y))→ 0

as t →∞, proving the first part of the definition of asymptotic speed of propagation
for the propagation to the right. For the propagation to the left we reason similarly,
by taking the supersolution in (i) with the “+” sign.

On the other hand, using the subsolutions given by assumption (ii), one can
prove, following the same lines of Theorem 4, that, for c < c∗, with c arbitrarily
close to c∗,

lim
t→∞(u(x ± ct, t), v(x ± ct, y, t)) =

(
ν

μ
, 1

)
,

and then the second part of the definition of asymptotic speed of propagation follows
by applying [3, Lemma 4.1] (see also [19, Lemma 4.4] for a proof of it). ��

3 Characterization of the Asymptotic Speed of Propagation
for Problems with One Road

This section is devoted to the construction and a geometric characterization of
the asymptotic speed of propagation for the road-field systems considered in the
introduction having one road of different diffusion, i.e. Problems (1) and (3).

1This symmetry condition is not required—and even meaningless—when the domain is the upper
half-plane.
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The following lemma, whose proof is based on [2, Lemma 6.2], constructs
subsolutions with the characteristics of assumption (ii) of Proposition 5 (with (12)
adequately replaced in each case by the corresponding parabolic problem with
additional transport terms±cvx ,±cux), whenD ≤ 2d , 0 < c < cKPP, and the field
has at least one component whose section is unbounded in y, i.e. for systems (1), (3)
and (4). Proposition 5 will thus entail that the speed of propagation for these three
systems is larger than or equal to cKPP.

Lemma 1 Let D ≤ 2d and 0 < c < cKPP. Then, there exist arbitrarily
small, nonnegative generalized stationary subsolutions of (12) (and the analogous
versions corresponding to systems (1) and (3)) with compact support and symmetric
about {y = 0} (when the domain has this symmetry too).

Proof We look for subsolutions of the form

v = εψ(x) cos

(
β

(
y − R − 1− π

2β

))
(13)

for β, ε positive and small, y ∈
(
R + 1, R + 1+ π

β

)
, and ψ(x) nonnegative with

compact support to be determined. We also take the reflection of v about {y = 0}
and extend to 0 elsewhere in the field.

Observe that, if v is small enough (i.e., if ε is small enough), solves

− dΔv ± cvx = (f ′(0)− δ)v (14)

for δ ∈ (0, f ′(0)), δ ∼ 0, and its support is contained in the field, then, by taking
u = 0, we obtain a subsolution to (12). For (13) to solve (14), ψ(x) has to satisfy

dψ ′′ ∓ cψ ′ + (f ′(0)− δ − dβ2)ψ = 0,

thus, since 0 < c < cKPP, for δ, β ∼ 0 ψ(x) is given by eλx , where λ ∈ C \ R is
a root of the associated characteristic polynomial. In order to obtain a real solution,
we take the real part of ψ and, to have compact support in x, we take only one
oscillation and extend to 0 elsewhere. ��

The following proposition, which summarizes the content of [2, Sections 5–6],
gives a geometrical characterization of c∗hp and, combined with Proposition 5, allows
us to prove Theorem 1. We recall the elements of its proof, since they will be used
also in the rest of this chapter.

Proposition 6 ([2]) Problem (1) admits an asymptotic speed of propagation c∗hp in
the x direction which, for D ≤ 2d , satisfies c∗hp = cKPP, while, for D > 2d , it



492 A. Tellini

satisfies c∗hp > cKPP and is the smallest value of c for which the curves

α−d,hp(c, β) :=
c −

√
c2 − c2

KPP − 4d2β2

2d
, α+D,hp(c, β) :=

c +
√
c2 + 4·μ·Ddβ

ν+dβ
2D

(15)

have real intersections.

Proof Let us begin with the case D ≤ 2d . Thanks to Lemma 1, in order to apply
Proposition 5, it is sufficient to construct, for every c ≥ cKPP supersolutions of the
linearization of (1) around (0, 0) of the form (11). To this end, we take φ(y) =
γ e−βy , with β ≥ 0, γ > 0 and, by plugging into the linearized system, we obtain
that such a candidate is a solution (respectively, a supersolution) if and only if the
following algebraic system, involving the unknowns α, β, γ and the parameter c,

⎧
⎨

⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = νγ − μ
dβγ = μ− νγ

⇐⇒

⎧
⎪⎨

⎪⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = −μdβ

ν+dβ
γ = μ

ν+dβ
(16)

is satisfied (respectively, if and only if it is satisfied with the equality signs replaced
by “≥”).

The first equation in (16) describes, for c ≥ cKPP, a circle Σd(c) in the (β, α)

plane with center
(
0, c2d

)
and radius

√
c2−c2

KPP

2d . Observe that Σd(c) degenerates to
its center as c ↓ cKPP.

When D ≤ 2d and c ≥ cKPP, by taking (α, β, γ ) = (
c

2d , 0,
μ
ν

)
, which amounts

to consider the center of Σd in the (β, α) plane, the relations in (16) are satisfied
with “≥”, and we have constructed the desired supersolution.

To treat the case D > 2d , we explicitly write the curve given by the second
relation of (16) as a function of β and the parameter c, obtaining the curve
α+D,hp(c, β) defined in (15)—we only consider the branch with the “+” in front
of the square root, since this will be enough for the construction, as it will be
apparent from the following discussion. We observe that such a curve intersects the
α-axis in the point

(
0, c
D

)
; thus, since D > 2d , the circle Σd arises, for c = cKPP,

above α+D,hp. In addition, the lower part of the circle, which is parameterized by the

function α−d,hp(c, β), introduced in (15) as well, is decreasing with respect to c and

converges to 0 as c → ∞, while α+D,hp(c, β) is increasing in c and tends to ∞ as
c → ∞. Therefore, since these curves are regular, there exists a least value of c,
denoted by c∗hp, which is greater than cKPP and for which they intersect for the first
time, being tangent, and they intersect strictly for every greater c.

To conclude the proof, we show, thanks to Proposition 5, that c∗hp is the
asymptotic speed of propagation. By construction, there are solutions of (16) for
every c ≥ c∗hp, providing solutions of the linearized system.



Comparison Among Several Planar Fisher-KPP Road-Field Systems 493

To construct compactly supported subsolutions for c < c∗hp, c ∼ c∗hp, consider
the truncation of Problem (1) obtained by considering 0 < y < L and imposing
v(x,L, t) = 0. Reasoning as above, i.e. studying the corresponding system for
α, β, γ , it is possible to construct solutions of the linearized truncated system with
penalization, i.e. with f ′(0) replaced by f ′(0)−δ, of type e±α(x±ct)(1, γ sinh(β(L−
y))) for c greater than or equal to a certain value c∗(L, δ) < c∗hp. Moreover, for c
smaller than c∗(L, δ), arbitrarily close to it, it is possible to show by using Rouché’s
theorem (see [2, Lemma 6.1]) that the system for α, β, γ has complex solutions,
giving complex solutions of the linearized truncated system. Taking the real part
of such solutions, which oscillates in x, considering only one oscillation—as in the
proof of Lemma 1—extending to 0 and taking small multiples, gives a compactly
supported subsolution to the original problem. Since lim(L,δ)→(∞,0) c∗(L, δ) = c∗hp,
this procedure allows us to construct subsolutions satisfying assumption (ii) of
Proposition 5 for c < c∗hp, arbitrarily close to it, which concludes the proof. ��

This geometric characterization allows us to prove almost immediately Theo-
rem 1, for which we recall once more the elements of the proof given in [2].

Proof (of Theorem 1) The existence of c∗hp and parts (i) and (ii) are contained in
Proposition 6.

Passing to (iii), we observe that if, by contradiction, c∗hp(D) was bounded, the
second curve in (15) would converge locally uniformly to 0 as D → ∞, thus it
would not have any intersection with the first one, against the characterization of
c∗hp(D) given in Proposition 6. ��

This completes the review of the results for the half-plane with one road and
we pass now to construct the speed of propagation for the case of a plane with one
road (3), which is the content of the following proposition. Then, we give the proof
of Proposition 1.

Proposition 7 Problem (3) admits an asymptotic speed of propagation c∗p1 in the x
direction which, for D ≤ 2d , satisfies c∗p1 = cKPP, while, for D > 2d , it satisfies
c∗p1 > cKPP and is the smallest value of c for which the curves

α−d,p1(c, β) :=
c −

√
c2 − c2

KPP − 4d2β2

2d
, α+D,p1(c, β) :=

c +
√
c2 + 4·2μ·Ddβ

ν+dβ
2D

(17)

have real intersections.

Proof The construction follows the same lines of the one of Proposition 6 and
relies on Proposition 5. On the one hand, one looks for supersolutions of type
u = e±α(x±ct), v = γ e±α(x±ct)−βy for y > 0 and v = γ e±α(x±ct)+βy for y < 0,
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and obtains the algebraic system

⎧
⎨

⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = 2νγ − 2μ
dβγ = μ− νγ

⇐⇒

⎧
⎪⎨

⎪⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = −2μdβ

ν+dβ
γ = μ

ν+dβ ,
(18)

which leads, when D > 2d , to the search for real intersections between the
curves (17).

On the other hand, the construction of compactly supported subsolutions for
c < c∗p1, c ∼ c∗p1, follows, in the case D ≤ 2d , from Lemma 1 and, in the
case D > 2d , by truncating in y and using Rouché’s theorem to obtain complex
solutions, exactly as indicated in the proof of Proposition 6. ��
Proof (of Proposition 1) The existence of c∗p1, its lower bound and the threshold for
enhancement with respect to cKPP have already been proved in Proposition 7.

It only remains to show that c∗p1 < c∗hp when D > 2d , and, for this, it is

sufficient to observe that α−d,p1(c, β) in (17) coincides with α−d,hp(c, β) in (15),

while α+D,p1(c, β) is obtained from α+D,hp(c, β) by replacing μ with 2μ. As a
consequence, thanks to the geometric characterization given in Propositions 6 and 7,
if we explicitly point out the dependence of c∗hp and c∗p1 with respect to the parameter
μ, we have that, always for D > 2d , c∗p1(μ) = c∗hp(2μ), and, in order to get
the conclusion, it is sufficient to show that μ �→ c∗hp(μ) is decreasing. To this

end, observe that the function μ �→ α+D,hp(c, β, μ) is strictly increasing and, by

construction, the curves α+D,hp(c
∗
hp(μ), β,μ) and α−d,hp(c

∗
hp(μ), β) are tangent for

every μ. Thus, if μ1 < μ2, μ1 ∼ μ2, the curves α+D,hp(c, β, μ2) and α−d,hp(c, β) are
strictly secant for c = c∗hp(μ1) and, due to the monotonicities in c, this parameter
has to be decreased in order to obtain the value for which they intersect for the first
time, which, thanks again to Proposition 6, provides us with c∗hp(μ2). ��

4 Characterization of the Asymptotic Speed of Propagation
for Problems with Two Roads

In this section we construct the asymptotic speed of propagation for the two
remaining problems (2) and (4), those with two roads. We preliminarily observe
that such problems are symmetric with respect to reflections about {y = 0}. For this
reason, we will construct the super- and subsolutions needed to apply Proposition 5
with the same symmetry, i.e. we will look for functions defined only on {y > 0} and
satisfying vy(0+) = 0, and then will consider their even extension on {y < 0}.

We begin with problem (2) for a strip-shaped field {y ∈ (−R,R)}. In this case,
the construction of the speed of propagation is more complicated than in the cases
presented in Sect. 3, since the eigenvalue problem −φ′′(y) = λφ(y) has two types
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of positive eigenfunctions in (−R,R) which satisfy φ′(0)=0: cos(
√
λy) for λ ∈(

0, π2R
)
, and cosh(

√−λy) for λ < 0. This entails that we have to consider two types
of supersolutions of the form (11): the first type with v1 = γ e±α(x±ct) cos(βy),
0 < β < π

2R , and the second one v2 = γ e±α(x±ct) cosh(βy). The geometric
characterization of the asymptotic speed of propagation that we obtain in this case
is the following one, and the proof we provide summarizes the results of [19,
Section 4].

Proposition 8 ([19]) Problem (2) admits an asymptotic speed of propagation c∗st in
the x direction which is the smallest value of the parameter c for which either the
curves,

α±d,st,1 :=
c ±

√
c2 − c2

KPP + 4d2β2

2d
, α±D,st,1 :=

c ±
√
c2 − 4μD dβ sin(βR)

ν cos(βR)−dβ sin(βR)

2D
,

(19)

or

α−d,st,2 :=
c −

√
c2 − c2

KPP − 4d2β2

2d
, α+D,st,2 :=

c +
√
c2 + 4μD dβ sinh(βR)

ν cosh(βR)+dβ sinh(βR)

2D
(20)

have real intersections in the first quadrant of the (β, α) plane (in (19) we consider
0 < β < β < π

2R , where β is the first zero of the denominator inside the square
root of α±D,st,1).

If intersection first occurs between the curves (19), then c∗st is said to be of type
1, and will be denoted by c∗st,1, otherwise, if intersection first occurs between the
curves in (20), then we say that c∗st is of type 2 and we denote it by c∗st,2.

Proof The proof follows similar lines as the ones of Sect. 3: to construct the above-
mentioned supersolutions of type 1, one has to find solutions of the following system

⎧
⎨

⎩

cα − dα2 + dβ2 = f ′(0)
cα −Dα2 = νγ cos(βR)− μ
−dβγ sin(βR) = μ− νγ cos(βR)

⇐⇒

⎧
⎪⎨

⎪⎩

cα − dα2 + dβ2 = f ′(0)
cα −Dα2 = μdβ sin(βR)

ν cos(βR)−dβ sin(βR)

γ = μ
ν cos(βR)−dβ sin(βR)

(21)

(observe that, for 0 < β < β, γ > 0); while for supersolutions of type 2, one
reduces to system

⎧
⎨

⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = νγ cosh(βR)− μ
dβγ sinh(βR) = μ− νγ cosh(βR)

⇐⇒

⎧
⎪⎨

⎪⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = −μdβ sinh(βR)

ν cosh(βR)+dβ sinh(βR)

γ = μ
ν cosh(βR)+dβ sinh(βR) .

(22)
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System (21) leads to find intersections between the curves in (19), while (22)
between those in (20).

In order to conclude, assume that c∗st is of type 1. Then, by using a generalized
version of Rouché’s theorem, whose proof can be found in [19], it is possible to
reason as in the proof of Proposition 6 to show that for c < c∗st, c ∼ c∗st, system (21)
admits complex solutions which can be used to construct the desired compactly
supported subsolutions. The same can be done by using system (22) when c∗st is of
type 2. We remark that no truncation is needed here to obtain a compact support in
y, since y is already bounded. ��
Remark 1 By studying the dependence on c of the curves (19) and (20), one can
observe that in both cases they have real intersections for sufficiently large c, thus
both provide us with supersolutions of the problem. As a consequence, one might
think that two different values for c∗st can be obtained, one for each pair of curves.
Nonetheless, the analysis of [19] (see in particular Section 4 and Proposition 4.1)
guarantees that the construction of compactly supported subsolutions only works in
one of the two cases, entailing in particular that the definition of the type of c∗st given
in Proposition 8 is well posed.

Proof (of Theorem 2) The existence follows from Proposition 8. Moreover, it is
possible to show (see [19, Section 4]) that

if D ≤ 2d, c∗st = c∗st,1 for all R > 0, (23)

if D > 2d, c∗st =
{
c∗st,1 for R ∈ (0, RM),
c∗st,2 for R > RM,

(24)

where we use the notation introduced in Proposition 8. We are now ready to prove
the qualitative properties of c∗st.

(i) For R ∼ 0, (23) and (24) give that c∗st = c∗st,1. In addition, as R ↓ 0, the curve

α±D,st,1 converges to the horizontal lines α = 0 and α = c/D. Thus, for any

fixed c, there are always intersections between such a curve and α±d,st,1, which

connects, in the first quadrant of the (β, α) plane, the points

(√
f ′(0)
d
, 0

)
and

(∞,∞). Proposition 8 therefore gives that limR↓0 c
∗
st(R) = 0.

(ii) We distinguish the cases D ≤ 2d and D > 2d . In the former one, thanks
to (23), we only have to consider system (21), and we observe that, when
c = cKPP, if we take (α, β, γ ) = (

cKPP
2d , 0,

μ
ν

)
, the first and third relation of

such a system hold true, while the second one holds true with the “≥” sign.
Thus, c∗st(R) < cKPP for all R and lim supR→∞ c∗st(R) ≤ cKPP = c∗hp.
On the other hand, observe that the construction of compactly supported
subsolutions of Lemma 1 can be carried out for sufficiently large R, entailing
that lim infR→∞ c∗st(R) ≥ cKPP, which concludes the proof in this case.
When D > 2d , according to (24), c∗st is of type 2 for sufficiently large
R. Now, the convergence of c∗st(R) to c∗hp as R → ∞ follows from the
geometric characterizations given in Propositions 6 and 8, observing that
α+D,st,2 converges, as R→∞, to α+D,hp locally uniformly in β.
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(iii) Once again, if D ≤ 2d , (23) guarantees that c∗st = c∗st,1 for all R. One

then proves that the curves α±D,st,1 shrink continuously as R increases, while

the curves α±d,st,1 do not depend on R, entailing that c∗st,1 is continuous and
increasing.

(iv) To prove that, if D > 2d , c∗st(R) is increasing for R ∈ (0, RM), we use (24)
and reason as in the previous point. Similarly, we use (24) and the fact that
α+D,st,2 increases, with respect to R, to obtain that c∗st = c∗st,2 is decreasing for
R > RM .
The continuity of the function R �→ c∗st is obvious for R 	= RM , since the
curves in (19) and (20) depend continuously onR. ForR = RM , the conclusion
is not direct, since a transition of type occurs. Nevertheless, one proves that
α+d,st,1 and α−D,st,1 do not play a role for R = RM , and observes that, for β = 0,
the remaining curves in (19) and those in (20) match in a differentiable way,
which allows us to obtain the continuity of c∗st(R) also for R = RM .
The existence and properties of Rhp and RK now follow directly form the
continuity and monotonicity properties of c∗st, together with properties (i)
and (ii) of Theorem 2 and (ii) of Theorem 1. ��

Finally, we pass to the case of the plane with two roads (4), for which, as already
remarked, Lemma 1 entails that c∗p2 ≥ cKPP.

Differently from the case of the strip, here it is enough to consider only one
type of supersolution. Indeed, the unique positive eigenfunctions of −φ′′(y) =
λφ(y) for |y| > R are the ones of exponential type. The differential equation
in the field being the same for |y| < R, this forces to take v(x, y, t) =
γ1e

±α(x±ct) cosh(βy) in (−R,R) (recall that, by symmetry, we consider functions
satisfying vy(x, 0+, t) = 0), excluding in this way the cosine. Moreover, in analogy
with the constructions of Sect. 3, we take u(x, t) = e±α(x±ct) and v(x, y, t) =
γ2e

±α(x±ct)−β(y−R) for y > R. As usual, the constants α, β, γ1, γ2 will be sought
to be positive.

After these preliminaries, we show in the following proposition that these
supersolutions suffice for the construction and characterization of the speed of
propagation for this problem.

Proposition 9 Problem (4) admits an asymptotic speed of propagation in the x
direction c∗p2, which, for D ≤ 2d , satisfies c∗p2 = cKPP, while, for D > 2d , it
satisfies c∗p2 > cKPP and is the smallest value of c for which the curves

α−d,p2(c, β) :=
c −

√
c2 − c2

KPP − 4d2β2

2d
,

α+D,p2(c, β) :=
c +

√
c2 + 4μD

(
dβ
ν+dβ + dβ sinh(βR)

ν cosh(βR)+dβ sinh(βR)

)

2D

(25)

have real intersections.
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Proof By plugging the above described candidate to supersolution into the lin-
earization, the system that we obtain in this case reads

⎧
⎪⎪⎨

⎪⎪⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = ν(γ1 cosh(βR)+ γ2)− 2μ
dβγ1 sinh(βR) = μ− νγ1 cosh(βR)
dβγ2 = μ− νγ2

⇐⇒

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

cα − dα2 − dβ2 = f ′(0)
cα −Dα2 = − μdβ

ν+dβ − μdβ sinh(βR)
ν cosh(βR)+dβ sinh(βR)

γ1 = μ
ν cosh(βR)+dβ sinh(βR)

γ2 = μ
ν+dβ .

(26)

As in Sect. 3, if D ≤ 2d , (α, β, γ1, γ2) = (
c

2d , 0,
μ
ν
,
μ
ν

)
provides us with

supersolutions to (26) for c ≥ cKPP. Thus, Proposition 5 and Lemma 1 allow us
to conclude that c∗p2 = cKPP in this case. When D > 2d , instead, intersections
between the curves in (25) provide us with solutions to (26) and, as a consequence,
supersolutions to (4). Thanks to the monotonicity with respect to c, intersections
between such curves exist for c greater than or equal to a certain value (greater than
cKPP) for which, as usual, the curves are tangent, and which will turn out to be c∗p2.

Indeed, in order to apply Proposition 5, we only have to obtain compactly
supported subsolutions in the case D > 2d for c < c∗p2, c ∼ c∗p2. To do so, we
proceed as in the proof of Proposition 6: we consider the truncation at y = L, with
L 3 R, by imposing v(x,L, t) = 0, and, by using Rouché’s theorem, we prove
that, for c < c∗p2, c ∼ c∗p2, the associated linearized system with penalization admits
complex solutions which allow us to obtain subsolutions whose support is compact
also in the x variable. ��
Proof (of Theorem 3) The existence part, (i) and the first part of (ii) are contained
in Proposition 9. In (ii), it remains to prove the behavior with respect to R in the
case D > 2d: the continuity and monotonicity follow since the map R �→ α+D,p2

is continuous and increasing, while α−d,p2 does not depend on R. Thus, since the

curves in (25) are tangent for c = c∗p2(R), if R′ > R, R′ ∼ R, α−d,p2(c, β) and

α+D,p2(c, β,R
′) are strictly secant for c = c∗p2(R), and c has to be reduced in order

to obtain the tangency situation.
The curve α+D,p2 converges locally uniformly to α+D,hp as R ↓ 0, and to α+D,p1 as

R →∞. This proves the limits in (5). The fact that c∗p2(R) > c
∗
p1 follows from the

monotonicity of c∗p2(R) and the second limit in (5).
Passing to part (iii), by the continuity of c∗st(R) and the properties of Rhp, we

have c∗st(Rhp) = c∗hp > c∗p2(Rhp), where the last inequality follows from (ii) here.
On the other hand, the properties of RK , together with (ii) of Proposition 1 and (ii)
here, give c∗st(RK) = cKPP < c

∗
p1 < c

∗
p2(RK). The existence ofR∗ and its properties

now follow by the continuity and monotonicities of c∗st(R) and c∗p2(R). ��
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