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1 Introduction

This paper is devoted to the study of the controllability properties of the wave equa-
tion, under positivity (or nonnegativity) constraints on the control.

We address both the case where the control acts in the interior of the domain
where waves evolve or on its boundary.

This problem has been exhaustively considered in the unconstrained case but
very little is known in the presence of constraints on the control, an issue of primary
importance in applications, since whatever the applied context under consideration
is, the available controls are always limited. For some of the basic literature on the
unconstrained controllability of wave-like equations the reader is referred to: [1, 3-5,
8,9, 15, 21, 22, 24, 26].

The developments in this paper are motivated by our earlier works on the con-
strained controllability of heat-like equations ([16, 19]). In that context, due to the
well-known comparison principle for parabolic equations, control and state con-
straints are interlinked. In particular, for the heat equation, nonnegative controls
imply that the solution is nonnegative too, when the initial configuration is nonneg-
ative. Therefore, imposing non-negativity constraints on the control ensures that the
state satisfies the non-negativity constraint too.

This is no longer true for wave-like equations in which the sign of the control
does not determine that of solutions. However, as mentioned above, from a practical
viewpoint, it is very natural to consider the problem of imposing control constraints.
In this work, to fix ideas, we focus in the particular case of nonnegative controls.

First we address the problem of steady state controllability in which one aims at
controlling the solution from a steady configuration to another one. This problem
was addressed in [7], in the absence of constraints on the controls for semilinear
wave equations. Our main contribution here is to control the system by preserving
some constraints on the controls given a priori. And, as we shall see, when the initial
and final steady states are associated to positive time-independent control functions,
the constrained controllability can be guaranteed to hold if the time-horizon is long
enough.

The proof is developed by a step-wise procedure presented in [19] (which differs
from the one in [7, 16]), the so-called “stair-case argument”, along an arc of steady-
states linking the starting and final one. The proof consists on moving recursively
from one steady state to the other by means of successive small amplitude controlled
trajectories linking successive steady-states. This method and result are presented in
a general semigroup setting and it can be successfully implemented for any control
system for which controllability holds by means of Loo controls.

The same recursive approach enables us to prove a state constrained result, under
additional dissipativity assumptions. But the time needed for this to hold is even
larger than before.

The problem of steady-state controllability is a particular instance of the more
general trajectory control problem, in which, given two controlled trajectories of
the system, both obtained from nonnegative controls, and one state in each of them
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(possibly corresponding to two different time-instances) one aims at driving one state
into the other one by means of nonnegative constrained controls. This result can also
be proved by a similar iterative procedure, but under the added assumption that the
system is conservative and its energy coercive so that uncontrolled trajectories are
globally bounded.

These results hold for long enough control time horizons. The stepwise procedure
we implement needs of a very large control time, much beyond the minimal control
time for the control of the wave equation, that is determined by the finite velocity of
propagation and the so-called Geometric Control Condition (GCC). It is then natural
to introduce the minimal time of control under non-negativity constraints, in both
situations above.

There is plenty to be done to understand how these constrained minimal times
depends on the data to be controlled. Employing d’ Alembert’s formula for the one
dimensional wave equation, we compute both of them for constant steady states,
showing that they coincide with the unconstrained one. In that case we also show
that the property of constrained controllability holds in the minimal time too.

Controllability under constraints has already been studied for finite-dimensional
models and heat-like equations (see [16, 19]). In both cases it was also proved that
controllability by nonnegative controls fails if time is too short, when the initial
datum differs from the final target. This fact exhibits a big difference with respect to
the unconstrained control problem for these systems, where controllability holds in
arbitrary small time in both cases. In the wave-like context addressed in this paper
the waiting phenomenon, according to which there is a minimal control time for the
constrained problem, is less surprising. But, simultaneously, on the other hand, in
some sense, the fact that constraints can be imposed on controls and state seems
more striking too.

In [12], authors analysed controllability of the one dimensional wave equation,
under the more classical bilateral constraints on the control. Our work is, as far as
we know, the first one considering unilateral constraints for wave-like equations.

1.1 Internal Control

Let £2 be a connected bounded open set of R”, n > 1, with C* boundary, and let w
and wy be subdomains of §2 such that Wy C w.

Let x € C*°(R") be a smooth function supported in w such that Range(y) €
[0, 11, X[u,= 1.

We assume further that all derivatives of x vanish on the boundary of £2. We will
discuss this assumption in Sect. 3.3.
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We consider the wave equation controlled from the interior

Vi — Ay +cy =ux in (0,7T) x £2
y=0 on (0,T) x 082 (D
y(0,x) = yJ(x), »(0,x) = yj(x) in £

where y = y(¢, x) is the state, while u = u(z, x) is the control whose action is local-
ized on w by means of multiplication with the smooth cut-off function . The coef-
ficient ¢ = ¢(x) is C* smooth in £2.

It is well known in the literature (e.g. [10, Sect.7.2]) that, for any initial datum
(0, yd) € HL(£2) x L*(£2) and for any control u € L?((0, T) x w), the above
problem admits an unique solution (y, y;) € co(o, T1; HO1 (£2) x L?*(£2)), with
yu € L*(0,T; H-1(2)).

We assume the Geometric Control Condition on (§2, wy, T*), which basically
asserts that all bicharacteristic rays enter in the subdomain wy in time smaller than
T*. This geometric condition is actually equivalent to the property of (unconstrained)
controllability of the system (see [1, 3]).

1.1.1 Steady State Controllability

The purpose of our first result is to show that, in time large, we can drive (1) from
one steady state to another by a nonnegative control, assuming the uniform positivity
of the control defining the steady states.

More precisely, a steady state is a solution to

—Ay+cy=uyx in £ @)
y=0 on 052,
where u € L*(w) and y € H*(£2) N Hy (£2). Note that, as a consequence of Fred-
holm Alternative (see [11, Theorem 5.11 page 84]), the existence and uniqueness
of the solution of this elliptic problem can be guaranteed whenever zero is not an
eigenvalue of —A + ¢l : H} () — H™'(£2).
The following result holds:

Theorem 1 (Controllability between steady states) Take y, and y, in H*(£2) N
HOl (£2) steady states associated to L*-controls @' and u*, respectively. Assume fur-
ther that there exists o > 0 such that

u' >0, ae inuw. 3)

Then, if T is large enough, there exists u € L%((0, T) x w), a control such that
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e the unique solution (y, y,) to the problem (1) with initial datum (y, 0) and control

u veri}?es (y(Tv ')’ yl(Ta )) = (yla 0)’
o u>0aeon(0,T)xw.

Theorem 1 is proved in Sect. 3.1. Inspired by [7], we implement a recursive “stair-
case” argument to keep the control in a narrow tubular neighborhood of the segment
connecting the controls defining the initial and final data. This will guarantee the
actual positivity of the control obtained.

1.1.2 Controllability Between Trajectories

The purpose of this section is to extend the above result, under the additional assump-
tion c(x) > —A\, where )\ is the first eigenvalue of the Dirichlet Laplacian in £2.
This guarantees that the energy of the system defines a norm

mﬁ»N@=/ﬁwﬁW+¢wﬂw+/oth
2 2

on HO1 (£2) x L?(£2). Thus, by conservation of the energy, uncontrolled solutions are
uniformly bounded for all ¢.

‘We assume that both, the initial datum ( yg , yé) and the final target ( y?, y 11), belong
to controlled trajectories (see Fig. 1)

O yh e G, ), G, ) | T e R}, 4)

=]

U \/ \b//T

Fig. 1 Controllability between data lying on trajectories
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where (3;, (3;);) solve (1) with nonnegative controls. We suppose that these trajec-
tories are smooth enough, namely

3;, 3;)0) € C*M(R; Hy (2) x L*(£2)),

with s(n) = |n/2] + 1. Hereafter, we denote by (3, (3y);) the initial trajectory,
while (¥, (;)) stands for the target one.

Note that the regularity is assumed only in time and not in space. This allows to
consider weak steady-state solutions.

We can in particular choose as final target the null state (y?, yll) =(0,0). It is
important to highlight that this is something specific to the wave equation. In the
parabolic case (see [16, 19]), this was prevented by the comparison principle, since
the zero target cannot be reached in finite time with non-negative controls. But, for
the wave equation, the maximum principle does not hold and this obstruction does

not apply.
The following result holds

Theorem 2 (Controllability between trajectories) Suppose c(x) > — Ay, forany x €
2. Let O, O) € C'™M(R; HO1 (2) x L*(£2)) be solutions to (1) associated to
controls @' > 0 a.e.in (0, T) x w, i =0, 1. Take (yg, yé) = (Yo(70, ), Og): (0, )
and (y?, yll) = (y,(11, ), O1)i (11, -)) for arbitrary values of 7o and T\. Then, in time
T > 0 large enough, there exists a control u € L?((0, T) x w) such that

e the unique solution (y, y;) to (1) with initial datum (y8 , yé) verifies the end con-

e u>0aein(0,T)xw.

Remark 1 This result is more general than Theorem 1 for two reasons

1. itenables us to link more general data, with nonzero velocity, and not only steady
states;

2. the control defining the initial and target trajectories is assumed to be only non-
negative. This assumption is weaker than the uniform positivity one required in
Theorem 1.

On the other hand, the present result requires the condition c¢(x) > —A\; on the
potential ¢ = c(x).

We give the proof of Theorem 2 in Sect.3.2.

1.2  Boundary Control

Let £2 be a connected bounded open set of R”, n > 1, with C* boundary, and let I
and I" be open subsets of 0£2 such that I, C I

Let x € C*(0£2) be a smooth function such that Range(x) < [0, 1], supp(x) C
I'and x[p=1.
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We now consider the wave equation controlled on the boundary

Yie — Ay +cy=0 in (0,7T) x £
y=Xxu on (0,T) x 082 (5)
y(0,x) = yJ(x), »(0,x) =yj(x) in £

where y = y(¢, x) is the state, while u = u(¢, x) is the boundary control localized on
I” by the cut-off function y. As before, the space-dependent coefficient ¢ is supposed
to be C* regular in £2.

By transposition (see [15]), one can realize that for any initial datum (yg V) €
L%(22) x H™'(£2) and control u € L*>((0, T) x I'), the above problem admits an
unique solution (y, y;) € Co([0, T1; L*(2) x H'(£2)).

We assume the Geometric Control Condition on (§2, Iy, T*) which asserts that
all generalized bicharacteristics touch the sub-boundary I at a non diffractive point
in time smaller than 7*. By now, it is well known in the literature that this geometric
condition is equivalent to (unconstrained) controllability (see [1, 3]).

1.2.1 Steady State Controllability

As in the context of internal control, our first goal is to show that, in time large, we
can drive (5) from one steady state to another, assuming the uniform positivity of the
controls defining these steady states.

In the present setting a steady state is a time independent solution to (5), namely
a solution to

_Ay~|_—cy_0 in 2 ©)
Y = XU on 0f2.
In the present setting, # € L?(052) and y € L?(2) solves the above problem in the
sense of transposition (see [14, Chap.II, Sect.4.2] and [13]).

As in the context of internal control, if O is not an eigenvalue of —A + ¢/ :
HO1 (2) — H (), for any boundary control u € L?(0$2), there exists a unique
y € L?(£2) solution to (6) with boundary control %. This can be proved combining
Fredholm Alternative (see [11, Theorem 5.11 page 84]) and transposition techniques
[14, Theorem 4.1 page 73].

We prove the following result

Theorem 3 (Steady state controllability). Let y; be steady states defined by controls

ui= 0, 1, so that '
u>c0, onl, @)

with o > 0.
Then, if T is large enough, there exists u € L%([0, T] x I'), a control such that
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e the unique solution (y, y;) to (5) with initial datum (y,, 0) and control u verifies

(T, ), y(T, ") = (,,0);
e u>00n0,T)xTI.

The proof of the above result can be found in Sect. 4.1. The structure of the proof
resembles the one of Theorem 1, with some technical differences due to the different
nature of the control.

1.2.2 Controllability Between Trajectories

As in the internal control case, we suppose c(x) > — A, where )\, is the first eigen-
value of the Dirichlet Laplacian in §2. Then, the generator of the free dynamics
is skew-adjoint (see [23, Proposition 3.7.6]), thus generating an unitary group of
operators {T;},cg on L2(£2) x H™'(R2).

Both the initial datum and final target (yio, yl.l) belong to a smooth trajectory,
namely

0Ly e (@i, ), G, ) | T e R} ®)

We assume the nonnegativity of the controls #' defining (¥,, (¥,),),fori = 0, 1. Here-
after, in the context of boundary control, we take trajectories of class C*™ (R; L?(£2) x
H~'(£2)), with s(n) = |n/2] + 1. We set (3, (7)) to be the initial trajectory and
(31, (1)) be the target one.

Note that, with respect to Theorem 3, we have relaxed the assumptions on the sign
of the controls %' . Now, they are required to be only nonnegative and not uniformly
strictly positive.

Theorem 4 (Controllability between trajectories) Assume c(x) > —A;, for any
x € 2. Let ;s ;):1) be solutions to (5) with non-negative controls u respec-
tively. Suppose the trajectories (y;, (¥;);) € C*™ ([0, T1; L>(£2) x H~'(R2)). Pick
9. 38) = Go(10. ). om0, ) and (. y}) = Fy(r1. ). G (1. ). Then, in
time large, we can find a control u € L>((0, T) x I') such that

e the solution (y, y,) to (5) with initial datum (yg, ytl)) Sulfills the final condition

(T, ), (T, ) = Y, yD);
o u>0aein(0,T)xTI.

The above Theorem is proved in Sect.4.2. Furthermore, in Sect. 5, we show how
Theorem 4 applies in the one dimensional case, providing further information about
the minimal time to control and the possibility of controlling the system in the
minimal time.

1.2.3 State Constraints

We impose now constraints both on the control and on the state, namely both the
control and the state are required to be nonnegative.
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In the parabolic case (see [16, 19]) one can employ the comparison principle
to get a state constrained result from a control constrained one. But, now, as we
have explained before, the comparison principle is not valid in general for the wave
equation. And we cannot rely on comparison to deduce our state constrained result
from the control constrained one.

We shall rather apply the “stair-case argument” developed to prove steady state
controllability, paying attention to the added need of preserving state constraints as
well.

Let \; be the first eigenvalue of the Dirichlet Laplacian. We assume ¢ > —A\; in
£2. We also suppose that y = 1, meaning that the control acts on the whole boundary.
We take as initial and final data two steady states y8 and y? associated to controls
#' > o > 0. Our proof relies on the application of the maximum principle to (6).
This ensures that the states y; > o once we know ' > o. For this reason, we need
c>—-Aand y = 1.

Our strategy is the following

e employ the “stair-case argument” used to prove steady state controllability, to keep
the control in a narrow tubular neighborhood of the segment connecting #° and .
This can be done by taking the time of control large enough. Since #' > o > 0,
this guarantees the positivity of the control;

e by the continuous dependence of the solution on the data, the controlled trajectory
remains also in a narrow neighborhood of the convex combination joining initial
and final data. On the other hand, by the maximum principle for the steady problem
(6), we have that y? > o in §2, fori = 0, 1. In this way the state y can be assured
to remain nonnegative.

Theorem 5 We assume c(x) > —\, for any x € 2 and x = 1. Let yg and y? be
solutions to the steady problem
—Ay+cy=0 in$2
— ©))
y=u', on 082

Khere > oae ondf2, withg > 0. We assume y? e H*™(§2). Then, there exists
T > 0 such that for any T > T there exists a control u € L*((0, T) x 082) such
that

e the unique solution (y, y;) to (5) with initial datum (y8 , 0) and control u is such
that (y(T, ), y,(T,-)) = (3}, 0);

e u>0aeon(0,T)x082;

e y>0aein(0,T) x £2.

The proof of the above Theorem can be found in Sect.4.3.

Note that the time needed to control the system keeping both the control and the
state nonnegative is greater (or equal) than the corresponding one with no constraints
on the state.
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1.3 Orientation

The rest of the paper is organized as follows:

Section 2: Abstract results;

Section 3: Internal Control: Proof of Theorems 1 and 2;
Section4: Boundary control: Proof of Theorems 3, 4 and 5;
Section 5: The one dimensional case;

Section 6: Conclusion and open problems;

Appendix.

2 Abstract Results

The goal of this section is to provide some results on constrained controllability
for some abstract control systems. We apply these results in the context of internal
control and boundary control of the wave equation (see Sect. 1).

We begin introducing the abstract control system. Let H and U be two Hilbert
spaces endowed with norms || - || and || - ||y respectively. H is called the state space
and U the control space.Let A : D(A) C H — H beagenerator of a Cy-semigroup
(T);er+, with RT = [0, +00). The domain of the generator D(A) is endowed with
the graph norm ||x||%,(A) = ||x||%1 + ||Ax||%1. We define H_; as the completion of H
withrespecttothenorm || - ||_; = [|[(8] — A)~'(:)|| g, withreal 3 such that (31 — A)
is invertible from H to H with continuous inverse. Adapting the techniques of [23,
Proposition 2.10.2], one can check that the definition of H_; is actually independent
of the choice of 3. By applying the techniques of [23, Proposition 2.10.3], we deduce
that A admits a unique bounded extension A from H to H_;. For simplicity, we still
denote by A the extension. Hereafter, we write £ (E, F) for the space of all bounded
linear operators from a Banach space E to another Banach space F.

Our control system is governed by:

Ly (1) = Ay(t) + Bu(t), t € (0, 00),

(10)
y(0) = yo,

where yo € H, u € leoc([O, +00), U) is a control function and the control operator

B € £ (U, H_) satisfies the admissibility condition in the following definition (see

[23, Definition 4.2.1]).

Definition 1 The control operator B € £ (U, H_,) is said to be admissible if for
all 7 > 0 we have Range(®,) C H, where @, : L*>((0, +00); U) — H_ is defined
by:

@Tuzf T,_, Bu(r)dr.
0
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From now on, we will always assume the control operator to be admissible. One

can check that for any yg € H and u € L?DC((O, +00); U) there exists a unique mild

solution y € C°([0, +00), H) to (10) (see, for instance, [23, Proposition 4.2.5]). We

denote by y(-; yo, 1) the unique solution to (10) with initial datum y, and control u.
Now, we introduce the following constrained controllability problem

Let %,y be a nonempty subset of U. Find a subset E of H so that for each
Y0, y1 € E, there exists T > 0 and a control u € L*(0, T; U) with u(t) € %, for a.e.
t € (0,T), sothat y(T'; yo, u) = yi.

We address this controllability problem in the next two subsections, under differ-
ent assumptions on %, and (A, B). In Sect.2.1, we study the above controllability
problem, where the initial and final data are steady states, i.e. solutions to the steady
equation:

Ay + Bu =0 forsome u € U. (1

In Sect.2.2, we take initial and final data on two different trajectories of (10).

To study the above problem, we need two ingredients, which play a key role in the
proofs of Sects.2.1 and 2.2. First, we introduce the notion of smooth controllability.
Before introducing this concept, we fix s € N and a Hilbert space V so that

Ve U, (12)

where < denotes the continuous embedding. Note that all throughout the remainder
of the section, s and V remain fixed.

The concept of smooth controllability is given in the following definition. The
notation y(-; yo, #) stands for the solution of the abstract controlled Eq.(10) with
control # and initial data y.

Definition 2 The control system (10) is said to be smoothly controllable in time
Tp > 0 if for any yg € D(A?), there exists a control function v € L*((0, Tp); V)
such that

y(To; y0,v) =0

and
VIl L (0,7); vy < Cliyollpeasy, (13)

the constant C being independent of yy.

Remark 2 (i) In other words, the system is smoothly controllable in time Ty if for
each (regular) initial datum yy € D(A?®), there exists a L*-control u with values in
the regular space V steering our control system to rest at time 7.

(ii) The smooth controllability in time T of system (10) is a consequence of the
following observability inequality: there exists a constant C > 0 such that for any
z € D(AY)

To
1T 2l < C / 1B TS, <lly-d,
0
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where D(A®)* is the dual of D(A*) andi : V < U is the inclusion. This inequality,
that can often be proved out of classical observability inequalities employing the reg-
ularizing properties of the system, provides a way to prove the smooth controllability
for system (10). This occurs for parabolic problem enjoying smoothing properties.

(iii) Besides, for some systems (A, B), even if they do not enjoy smoothing prop-
erties, there is an alternative way to prove the aforementioned smooth controllability
property exploiting the ellipticity properties of the control operator (see [9]).

Under suitable assumptions, the wave system is smoothly controllable (see
Lemmas 4 and 5).

The second ingredient is following lemma, which concerns the regularity of the
inhomogeneous problem.

Lemma 1 Fix k € Nand take f € H*((0, T); H) such that

A FO0)=0, Vjelo... k) ”
f)=0, aete(r,T),
withQ < 7 < T. Consider y solution to the problem
4y=A te(0,T
ay=Ay+f te€©07) as)
y(0) =0.

Then, y € ﬂ’;zOCj([T, T1; D(A*)) and

k

Z I¥llciqr,m1:pear-5y < Clfaro.1y: 1)
j=0

the constant C depending only on k.

Remark 3 Note that the maximal regularity of the solution is only assured for ¢ > 7,
after the right hand side term f vanishes.

The proof of this Lemma is given in an Appendix at the end of this paper.

2.1 Steady State Controllability

In this subsection, we study the constrained controllability for some steady states.
Recall s and V are given by (12). Before introducing our main result, we suppose:
(H;) the system (10) is smoothly controllable in time T for some Ty > 0.
(H») %, is a closed and convex cone with vertex at 0 and int" (%, N V) # @,
where int” denotes the interior set in the topology of V.
Furthermore, we define the following subset
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W =it (U O\ V) + Uy (16)

(Note that, since %, is a convex cone, then # C %,,.) The main result of this
subsection is the following. The solution to (10) with initial datum y, and control u
is denoted by y(-; yo, u).

Theorem 6 (Steady state controllability). Assume (H;) and (H;) hold. Let
{0, ﬁi)}::o C H x W satisfying

Ayi+Bu' =0, i=0,]1.

Then there exists T > Ty and u € L*(0, T; U) such that

o u(t) € Z,ae in(0,T);
o y(T; yo,u) = y1.

Remark 4 As we shall see, in the application to the wave equation with positivity
constraints:

e for internal control, U = L*(w) and V = H*™ (w), with s = s(n) = |n/2] + 1;
e for boundary control, U=L*(I") and V=H*"™~2(I"), where s(n) = |n/2]| + 1.

Y, is the set of nonnegative controls in U. In both cases, # is nonempty and
contains controls u in L?(w) (resp. L>(I")) such that u > o, for some ¢ > 0. For
this to happen, it is essential that H*® (w) <> C%(@) (resp. H*™~2(I") < C°(T")).
This is guaranteed by our special choice of s = s(n). Furthermore, in these special
cases:

WU = %ud’

where 7" is the closure of # in the space U.

In the remainder of the present subsection we prove Theorem 6. The following
Lemma is essential for the proof of Theorem 6. Fix p € C*°(R) such that

Range(p) € [0,1], p=1 over (—o0,0] and supp(p) CC (—o0, 1/2). (17)
Lemma 2 Assume that the system (10) is smoothly controllable in time Ty, for some

Ty > 0. Let (1o, VO) € H x U be a steady state, i.e. solution to (11) with control W,
Then, there exists w € L*°((1, Ty + 1); V') such that the control

@ in(0,1)
Ve = w in(1,Ty+ 1) (18)

drives (10) from ng to O in time Ty + 1. Furthermore,

Wl m+1;vy < Cllnolla- (19)
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_____ given path of controls

control determined

neighborhood of the path of
controls of width 20

Fig. 2 Stepwise procedure

The proof of the above Lemma can be found in the Appendix.
We prove now Theorem 6, by developing a “stair-case argument” (see Fig.2).

Proof (Proof of Theorem 6)
Let {(y;, ') }1.1:0 satisfy

Ayi+Bu' =0 Vie{0,1}. (20)
By the definition of #/, there exists {(¢’, z’ )}l.l=0 C int¥ (%, N'V) x %, such that
uw=q+7 i=01. (2D
Define the segment joining yo and y;
Y) =1 —=s5)yo+sy1 Vsel0,1].
For each s € [0, 1], y(s) solves
Ay(s) + B(g(s) +z(s)) =0 Vi€ {0, 1}.
where (¢(s), z(s)) € int” (%, N V) x %, are defined by:
gs) =1 —5¢"+sq" and z(s) = (1 — )" +sz' Vs el0,1].
The rest of the proof is divided into two steps.
Step 1 Show that there exists § > 0, such that for each s € [0, 1], g(s) +

BY(0,6) c int¥ (%, N V), where BY (0, §) denotes the closed ballin V, centered
at 0 and of radius §.
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Define
fls) = inf lg(s) —yllv, sel[0,1]. (22)

yew\int' z.nv)

One can check that f is Lipschitz continuous over the compact interval [0, 1]. Then,
by Weierstrass’ Theorem, we have that

min f(s) > 0.
se[O,]]f( )

Choose 0 < § < mingepo, 17 f(s). Hence, by (22), it follows that, for each s € [0, 1],
q(s) + BY(0,6) c int” (%, NV),

as required.

Step 2 Conclusion.

Let C > 0be given by Lemma 2. Let § > 0 be given by Step 1. Choose Ny € N \ {0}
such that

2Cllyo = yilla

N()> 5

(23)

Foreach k € {0, ..., Ny}, define:

T + X d T P (24)
= - — — and uy = ——|u —u .

Yk No Yo Noyl k N

It is clear that, by (21), for each k € {0, ..., No — 1},

1 k
lyk = yesillg = mllyo —yill# and ux —gq (Vo) € Uy. (25)

Arbitrarily fixk € {0, ..., No — 1}. Take no = vk — Yr+1 and V0 = uy — Ur+1- Then,
we apply Lemma 2, getting a control wy € L*(1, Ty + 1; V) such that

y(To + 15 Yk — Y1, V) =0 (26)
and

IWillLoa,r+1:vy < Cllyk — Yes1llas 27

where

R . p()(uy —ury1) t € (0,1]
O =0 te(,To+1). (28)
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Define

POy — upy1) +ur t € (0,1]
wi () + g1 re(,Ty+1).

ve(t) =
At the same time, by (20) and (24), we have
AV 4 Bugy =0 and  y(To + 15 Vg1, k1) = Vet
The above, together with (26), (28) and (29), yields

Y(To + 15y, vi) = y(To + L; yk — Y1, %) + y(To + 15 Yagr, Urg1)

= Yk+1-
Next, we claim that
w(t) € %, forae.t € (0, Ty+1).
To this end, by (16) and since %,, is a convex cone, we have

W isconvex and W C U,.

(29)

(30)

€1V

(32)

By (17), 0 < p(t) < 1 for all ¢+ € R. Then, by (29) an (32), it follows that, for a.e

te (0,1,
V() = pOug + (1 = p(O)tgsr € pOW + (L= pONVW C W C U,
At this stage, to show (31), it remains to prove that
(@) € %, forae.te(1,Ty+1).
Take r € (1, Tp + 1). By (27), (25) and (23), we have
C
lwe@1lv < ﬁllyo —yillg <6/2.
0

From this and Step 1, it follows

k+1
wi(t) +¢q <%0> IS intv(%ﬂd nv).

By this, (25), (29) and (16), we get, for a.e. ¢ in (1, Ty + 1),

(33)
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V(1) = wi (1) + g4

= (5) (= (557)

e int (%,NV)+ %,
=Y.

From this and (32), we are led to (33). Therefore, the claim (31) is true.
Finally, define

u(t) = vt —k(To+ 1), Yt € [k(To+ 1), (k+ D (To + 1)), k € {0, ..., Ng — 1}.
Then, from (30) and (31), the conclusion of this theorem follows. O

In Sects.3.1 and 4.1, we apply the above Theorem to prove Theorems 1 and 3
respectively. In particular,

e for internal control,

Uy={ueL?w) |u=0, ae w};
e for boundary control,

Uy={ueL*I')|u>0,ae. I'}.

Then, in both cases, %, is closed convex cone with vertex at 0.
Nevertheless, the above techniques can be adapted in a wide variety of contexts.

2.2 Controllability Between Trajectories

In this subsection, we study the constrained controllability for some general states
lying on trajectories of the system with possibly nonzero time derivative. Recall s
and V are given by (12). Before introducing our main result, we assume:

(H)) the system (10) is smoothly controllable in time T; for some Ty > 0.

(H,) the set %,, is aclosed and convex and int” (%, N V) # @, whereint" denotes

the interior set in the topology of V;

(Hj) the operator A generates a Co-group {T;};cg over H and | T,|| @u.u) = 1
for all € R. Furthermore, A is invertible from D(A) to H, with continuous inverse.

The main result of this subsection is the following. The notation y(-; yo, #) stands
for the solution of the abstract controlled Eq. (10) with control u and initial data yy.

Theorem 7 Assume (H)), (H}) and (Hj) hold. Let y; € C*(R; H) be solutions to
(10) with controls u' € LZZOC(R; U) fori =0, 1. Assume u' (t) € %, for a.e. t € R.
Let 79, 71 € R. Then, there exists T > 0 and u € L*(0, T; U) such that
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o y(T;yo(10), u) =y (T1);
o u(t) € %, forae t e 0,T).

Remark 5 (i) Roughly, Theorem 7 addresses the constrained controllability for all
initial data yo and final target y,, with yy, y; € E, where

(R; U),

loc

{y(T)‘TE]R yeC' (R H) and Jue L2

d
with u(t) € %, ae.teR st Ey(t) = Ay(t) + Bu(t), te€ R}.
By Lemma 1, one can check that
{y(TOM))TeRuecs(R%) u(O)_O i=0,. }CE.

Furthermore, we observe that such set E includes some non-steady states.

(ii) There are at least two differences between Theorems 6 and 7. First of all, Theorem
6 studies constrained controllability for some steady states, whereas Theorem 7
can deal with constrained controllability for some non-steady states (see (i) of this
remark). Secondly, in Theorem 7 the controls w(i=0,1 defining the initial datum
io(ro) and final target ?1 (1) are required to fulfill the constraint

() € Uy aeteR,i=0,1,

while ' in Theorem 6 is required to be in # C %,,. (Then, in Theorem 7 we have
weakened the constraints on u'. In particular, we are able to apply Theorem 7 to the
wave system with nonnegative controls with final target ' = 0.)

Before proving Theorem 7, we show a preliminary lemma. Note that such Lemma
works with any contractive semigroup. In particular, it holds both for wave-like
and heat-like systems. A similar result was proved in [17, 20]. For the sake of
completeness, we provide the proof of the aforementioned lemma in the Appendix.

Lemma 3 (Null Controllability by small controls) Assume that A generates a con-
tractive Cy-semigroup (T,),€R+ over H. Suppose that (H|) holds. Let € > 0 and
1o € D(A®). Then, there exists T =T, Im0llpcasy) >0 such that, for any T > T,
there exists a control v € L*°((0, T); V) such that

e y(T;no,v)=0;
o [[V[rem+v) <&

The proof of the Lemma above is given in the Appendix.

We are now ready to prove Theorem 7.

With respect to Theorem 5 we have weakened the constraints on the controls
defining the initial and final trajectories. Then, a priori, we have lost the room for
oscillations needed in the proof of that Theorem. We shall see how to recover this by
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y

o

V% \/ \// t

Fig. 3 The two original trajectories. The time 7 parameterizing the trajectories is just a parameter
independent of the control time ¢

modifying the initial and final trajectories away from the initial and final data (see
Figs.3, 4 and 5).

Proof (Proof of Theorem 7) The main strategy of proof is the following:

(i) we reduce the constrained controllability problem (with initial data y(7y) and
final target y, (71)) to another controllability problem (with initial datum y, and
final target 0);

(i) we solve the latter controllability problem by constructing two controls. The first
control is used to improve the regularity of the solution. The second control is
small in a regular space and steers the system to rest.

Step 1 The part (i) of the above strategy.
Foreach T > 0, we aim to define a new trajectory with the final state y, (7;) as value
attime t = T. Choose a smooth function ( € C*(R) such that

¢ =1over (—% %) and supp(¢) CC (-1, 1). (34)

Take o € int" (%, N V). Arbitrarily fix 7 > 1. Define a control
ap(t)y=Ct —T)a'(t =T +7)+ (1 = (- T))o. (35)

We denote by @7 the unique solution to the problem

{%w(t) — Ap(t) + Bil(H) teR -

o(T) =y,(m).
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Fig. 4 The new trajectories to be linked, now synchronized with the control time . Note that (1)
we have translated the time parameter defining the trajectories and (2) we have modified them away
from the initial and the final data, to apply Lemma 3. The new initial trajectory is represented in
blue, while the new final trajectory is drawn in green. The modified part is dashed. Following the
notation of the proof of Theorem 7, the new initial trajectory is y(-; 20, Y0(70)), while the new final
trajectory is @1

In what follows, we will construct two controls which send y,(79) — ¢7(0) to 0 in
time 7', which is part (ii) of our strategy. Recall that p is given by (17). We define

() = p()u’(t + 1) + (1 — p(t))o t € R.
Step 2 Estimate of | y(1; yo(70) — ¢7(0), &° — it3) | pcas)
We take the control (1° — ﬁlT) [(0,1) to be the first control mentioned in part (ii) of our

strategy. In this step, we aim to prove the following regularity estimate associated
with this control: there exists a constant C > 0 independent of 7 and o such that

1y (L Fo(70) = 7 (0), @” = ip) [l pear (37)
< C[IFollc:qromos 110 + ¥ s qr—tomp:m + lollv] -
To begin, we introduce 1) the solution to
A+ Bo = 0. (38)

First, we have that
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Fig. 5 The new trajectories linked by the controlled trajectory y, pictured in red. As in Fig. 4, the
new initial trajectory is drawn in blue, while the new final trajectory is represented in green

y(1; ¥(10) — 7 (0, 2° — i}
= y(1; ¥(10), 1°) — y(1; o7 (0), ")
= [y(L; ¥(70), %) — ¥1 — [y(1; o7 (0), diy) — Y]
= y(1: ¥(r0) — ¥, i° — ) — y(1: 7 (0) — 2, li — o). (39)

To estimate (37), we need to compute the norms of the last two terms in (39), in the
space D(A*). We claim that there exists C; > 0 (independent of T and o) such that

ly(1; ¥(10) — ¥, 4° — D)llpasy < C1 (IFollcsqry s + lollv) - (40)
To this end, we show that
y(t; (1) — P, 1" — o) = p() Ot + 10) — ) + (1), teR,  (41)

where 1, solves

Lin(t) = Am(t) — POt +10) =) teR

42

Indeed,

d
- [Pt + 10) — ¥) + ()]

= p()(AY(t + 70) + Bu’(t +10)) + o' ()"t + 7o) — V)
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+ A (1) = p (Ot + 10) — )
= A(p()Y"(t +70) +m2(1)) + B (p()u’ (1 + 70))
= A(p()°(t +70) — 1) + M (1)) + p(t) A + B (p()u’(t + 70))
= A(p()(3°(t + 70) — ) + (1)) + B (p(t)@°(t + 70) — 0))
= A(p() (1 +70) — ) + m(1)) + B@°(t) — o). (43)

At the same time, since p(0) = 1, from (42), it follows that
PO Tt +70) = ) + 1p.(0) i=0= 7" (70) — .
From this and (43), we are led to (41).
Next, we will use (41) and (42) to prove (40). To this end, since we assumed
70 € C*(R; H) and ¥ is independent of ¢, we get that

(- + 1) — ¥ € C*(R; H).

By this, we apply Lemma 1 obtaining the existence of C, >0 (independent of T and
o) such that

Il < Cr (17 lestmomstimn + 11la) - (44)
At the same time, since p(1) = 0 (see (17)), by (41), we have that
Y3 (To) = 9, i = o) = (D).
This, together with (44) and (38), yields (40).

At this point, we estimate the norm of the second term in (39) in the space D(A?),
namely we prove the existence of C, > 0 (independent of 7" and o) such that

Ily(1; o7 (0) — ¥, iiy — ) lpasy < C2[IV lesqr-tmpm + lloll]. @5)

To this end, as in the proof of (37), we get that

y(t; 070 =Y, iy —0) =t —T)G' ¢ =T +1) — ) +i(t), teR,
(46)
where 7}, solves

Lin(t) = Aip() =t —T)G'¢—T+m)—v¢) teR
n(T) = 0.

47)
We will use (46) and (47) to prove (45). Indeed, set
0(t) = (T —1).

By definition of 1), we have
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Li) = —ARW) + (DG (T —1) —¢) 1€R s
7(0) = 0.

Since we have assumed y' € C*(R, H) and ¢} is independent of 7 (see (38)), we have
V' -9 eC R H).

Recall that (1) = 1 in (-3, 3) (see (34)). Then, {'(r) =0, for each ¢ € (—3, 3).
Now, by hypothesis (H;), A generates a group of operators. Hence, we can apply

Lemma 1 to (48) getting the existence of C; > 0 (independent of T and &) such that

IA(DIpeasy < Co (I3 lesqr—t.m1m + 1¥11H)

whence 5
I72(T = Dlpasy < Co (I3 lesqr—t.npm + 101l#) - (49)

At the same time, by (H3) and some computations, we have that
T |l pcasy.pasy = 1, foreachr € R.

Since {(t — T) = 0, foreacht € [0, T — 1] (see (34)), the above, together with (46)
and (47), yields

Iy(1; o7(0) = 9, iy — Dllpasy = I llpasy = 17T = Dl peas).-

This, together with (49) and (38), leads to (45).
Step 3 Conclusion.
In this step, we will first construct the second control mentioned in part (ii) of our
strategy. Then we put together the first and second controls (mentioned in part (ii))
to get the conclusion.

By (49),

ly(1; @7 (0) — ¥, liy — )lIpasy < Co [IIF s -t + lollu] -

The above estimate is independent of 7. Then for each T > 0, by Lemma 3, there
exists

=T =0 —1
T =T, 1Y lcsqromt1:m)s 1Y lesqr—1,m3:1)) > 0

and wr € L®(R™; V) such that

L2(1) = Az(t) + Bwr (1) te(1,T)

_ o _ (50)
z(1) =y(1;5(r0) — r(0), " —uy), z(T)=0
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and

inf llo = yllv. 61y

||WT||Loo(1,T;V) = .
yeV\INt (Z.aNV)

| =

Note that the last constant is positive, because o is taken from int¥ (%,,). Choose
T = T + 1. Define a control:

70(1) te (0,1)
v=_3wr(t)+ar@) te (1,T) (52)
k() te (T, T +1).
We aim to show that
y(T 4+ 1; (1), v) =¥°(n) and v(t) € % ae.t € (1,T +1). (53)

To this end, by (52), (50) and (36), we get that

YT 4+ 1:3°(70).v) = y(T + 1;3°(70) — 07(0), v — i) + y(T + 1; o7 (0), ii})
=Ti(zr(T) +r(T + 1)
=5' ().

This leads to the first conclusion of (53). It remains to show the second condition in
(53). Arbitrarily fix r € (0, 1). By (52) and (45), we have

v(t) = p()u’(t + 10) + (1 — p(t))o
€ pO)Ua+ (1 — p(0)) Ui C Uas.
Choose also an arbitrary s € (1, T). By (52), (51) and (35), we obtain
V() =wE) + (1= =T —1D))o+C(s—T —Da'(s =T —14+17)
=w(s) +oeint’ (%, NV) C %,.
Take any t € (T, T + 1). We find from (52) and (35) that
vi)=Ct—T—-Da'¢—-T—-14+m1)+A -t —T — 1)o
€Ct—T = DU+ (01— —T — D),
C Uy

Therefore, we are led to the second conclusion of (53). This ends the proof. |
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3 Internal Control: Proof of Theorems 1 and 2

The present section is organized as follows:

e Section3.1: proof of Lemma 4 and Theorem 1;

e Section3.2: proof of Theorem 2;

e Section3.3: discussion of the issues related to the internal control touching the
boundary.

3.1 Proof of Theorem 1

We now prove Theorem 1 by employing Theorem 6.
Firstly, we place our control system in the abstract framework introduced in Sect. 2
and we prove that our control system is smoothly controllable (see Definition 2).
The free dynamics is generated by A : D(A) C H — H, where

— 1 2
A:( 0 1)7 {H_HO(.Q)XL(.Q) 1)

—Ap 0 D(A) = (HX(2) N H} (2)) x H} ().

where Ag=—A+cl: H*(2)N HO1 (2) C L*(2) —> L*(£2). The control
operator
wo-(2)
XV-

defined from U = L*(w) to H = HO1 (2) x L?(£2) is bounded, then admissible.

Lemma 4 In the above framework take V = H*™ (w) and s = s(n) = |n/2]| +
1. Assume further (82, wo, T*) fulfills the Geometric Control Condition. Then, the
control system (1) is smoothly controllable in any time Ty > T*.

The proof of this Lemma can be found in the reference [9, Theorem 5.1].
We are now ready to prove Theorem 1.

Proof (of Theorem 1) We choose as set of admissible controls:
Uy={ueL?w)|u=0, ae w}.

Then,
Ufuel’wluzo. aew}cw. (55)

o>0

We highlight that, to prove (55), we need H*™ (w) < C°(@). For this reason,
we have chosen s(n) = [n/2] + 1.
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Fig. 6 Controlling from the
interior touching the
boundary

By Lemma (4), we have that the system is Smoothly Controllable with s = s(n) =
[n/2]+land V = H s (). Then, by Theorem 6 we conclude. O

3.2 Proof of Theorem 2

We prove now Theorem 2

Proof (Proof of Theorem 2). As we have seen, our system fits the abstract frame-
work. Moreover, we have checked in Lemma 4 that the system is Smoothly Control-
lable with s(n) = [n/2] + 1 and V = H*" (w). Furthermore, int" (%, N V) # @.
Indeed, any constant ¢ > 0 belongs to int" (%, N V), since H*™ (w) — C°@).
This is guaranteed by our choice of s(n) = |n/2] + 1.

Therefore, we are in position to apply Theorem 7 and finish the proof. O

3.3 Internal Controllability From a Neighborhood of the
Boundary

So far, we have assumed that the control is localized by means of a smooth cut-off
function x so that all its derivatives vanish on the boundary of £2. This implies that x
must be constant on any connected component of the boundary. This prevents us to
localize the internal control in a region touching the boundary only on a subregion,
as in Fig. 6.

In this case, as already pointed out in [8], some difficulties in finding regular
controls may arise. Indeed, as indicated both in [8] and in [9] a crucial property
needs to be verified in order to have controls in C°([0, T]; H*(w)), namely

BB*(D(A"*) c DA (56)
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fork =0, ...,s, where we have used the notation of the proof of Theorem 1.
Right now, for any k € N we have

D(Ak)z{(m) Vi€ HU@), Ay =002, 0 < Lk/2) }

V) | 2 € HY(S2), Alpp=00n02,0=<j<[(k+1D/2] -1
while
D((A")) = U1\ | 1€ HY2), Al =00n082, 0<j < |(k—1)/2]
T\ [ e HN(R2), Al =00n082, 0<j <k/2]—1 "
(57)
Furthermore,
«_ (00
b= (X2 0)
Then, (56) is verified if and only if for any ¥ € H*(§2) such that
(A (@) =0, 0<j<l[(s—1)/2], ae ondf
the following hold
(A PY) =0, 0<j<[(s—1)/2], ae ondf. (58)

Choosing  so that all its normal derivatives vanish on 92

e incase s < 5, we are able to prove (56). Then, by adapting the techniques of [9,
Theorem 5.1], we have that our system is Smoothly Controllable (Definition 2),
with s(n) = [n/2] + 1. This enables us to prove Theorem 1 in space dimension
n < 8.

e incases > 5,in (58) the biharmonic operator (A)? enters into play. By computing it
in normal coordinates on the boundary, some terms appear involving the curvature
and %X%d), where (&1, ..., & —1) are tangent coordinates, while v is the normal
coordinate. In general, these terms do not vanish, unless 02 is flat. Then, for
n > 8, we are unable to deduce a constrained controllability result in case the
internal control is localized along a subregion of 042.

4 Boundary Control: Proof of Theorems 3, 4 and 5

This section is devoted to boundary control and is organized as follows:

e Section4.1: proof of Lemma 5 and Theorem 3;
e Section4.2: proof of Theorem 4;
e Section4.3: proof of Theorem 5.
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4.1 Proof of Theorem 3

We prove Theorem 3.
First of all, we explain how our boundary control system fits the abstract semigroup
setting described in Sect.2. The generator of the free dynamics is:

—A0 0 D(A) = H(2) x L*(£2), )

A_( 0 1) {H=L2(9)xH—'(Q)
where Ag = —A+cl : HO1 (2) c H'(2) — H7'(£2). The definition of the
control operator is subtler than in the internal control case. Let A, be the Dirichlet
Laplacian. Then, the control operator

B() = ( 0 ~> ,  Where N_AZ =0 in £2
—Apz Z=xv(-,t) on0S2.

defined from L?(I") to H -3 (£2). In this case, B is unbounded but admissible (see
[15] or [23, proposition 10.9.1 page 349]).

Lemma 5 [n the above framework, set V = Hs =3 (') and s = s(n), withs(n) =
ln/2] 4+ 1. Suppose (GCC) holds for ($2, Iy, T*). Then, in any time Ty > T*, the
control system (5) is smoothly controllable in time Ty.

One can prove the above Lemma, by employing [9, Theorem 5.4].

Proof (Proof of Theorem 3) We prove our Theorem, by choosing the set of admissible
controls:
Uy={uel*T)|uz0, aeI'}.

Hence,

Uluel?uzo ae.rjcw. (60)

o>0

Note that, in order to show (60), it is essential that the embedding
HS(”)’%(F) < C%T) is continuous. This is guaranteed by the choice s(n) =
ln/2] + 1.

By Lemma 5, we conclude that smooth controllability holds. At this point, it
suffices to apply Theorem 6 to conclude. O
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4.2 Proof of Theorem 4

‘We prove now Theorem 4.

Proof (Proof of Theorem 4) We have explained above how our control system (5) fits
the abstract framework presented in Sect. 2. Furthermore, by Lemma 5, the system
is Smoothly Controllable with s(n) = |n/2] + 1 and V = HSM=3 (I"). Moreover,
the set int” (%, N V) is non empty, sincle all constants o > 0 belong to it. This is

consequence of the continuity of H*™~2(I") < C°(I"), valid for s(n) = |n/2] +
1. The result holds as a consequence of Theorem 7. O

4.3 State Constraints. Proof of Theorem 5

We conclude this section proving Theorem 5 about state constraints. The following
result is needed.

Lemma 6 Lets € N* and T > T*. Take a steady state solution ng associated to
the control v° € H*=3(I"). Then, there exists v € ﬂijCj([O, T1: HS=371(I")) such
that the unique solution (n, n,) to (5) with initial datum (g, 0) and control v is such
that (n(T, -), n,(T, -)) = (0, 0). Furthermore,

N
0
. <
> Il orp sty < COMPN iy o (61)
Jj=0

the constant C being independent of 1o and V0. Finally, if s = s(n) = |n/2] + 1,
then the control v € C°([0, T x T') and
IWlengo iy < CI -t - (62)
The above Lemma can be proved by using the techniques of Lemma 2. We now
prove our Theorem about state constraints.

Proof (of Theorem 5)
Step 1 Consequences of Lemma 6.
Let Ty > T*, T* being the critical time given by the Geometric Control Condition.
By Lemma 6, for any £ > 0, there exists §. > 0 such that for any pair of steady states

yo and y; defined by regular controls &' € H s(m=3 (I"), such that:
[

Hs(n)—% (1—-) < 66 (63)

we can find a control # driving (10) from y, to y; in time T and verifying
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s(n)

_ =1
DM =T gy g gy gro-d-sy < & (64)
ot

where ' is the control defining y;. Moreover, if (y, y;) is the unique solution to (5)
with initial datum (yp, 0) and control u, we have

Iy — ||C0([0,T0]><§) < Clly = y1llcoqo, 7o; 550 (2))

s(n)
—1
< — <
<€Dt =Bl oo dsry < €
—

where we have used the boundedness of the inclusion H*™ (§2) < C°(£2) and the
continuous dependence of the data

Step 2 Stepwise procedure and conclusion.
We consider the convex combination y(s) = (1 — s)yg + sy;. Then, let

k
Zkz’Y(:), k=0,...,n
n

be a finite sequence of steady states defined by the control i, = =£7° + %ﬁ'. Let
¢ > 0. By taking n sufficiently large,
J. (65)

otk = =1 ll -3y <

By the above reasonings, choosing § small enough, for any 1 < k < n, we can find
a control u* joining the steady states z;_; and z in time T, with

||yk = Zllcoqo.mxa) < 0
where (y*, (¥%),) is the solution to (5) with initial datum z;_; and control x*. Hence,
W=y —zi4+u>-04+0=0 on(0,T x £, (66)

where we have used the maximum principle for elliptic equations (see [2]) to assert
that z* > o because u; > o.

By taking the traces in (66), we have uk*>0forl <k <n.

In conclusion, the control u : (0, 7Ty) — H*™~3(I") defined as u(t) = uy(t —
(k — DTp) fort € ((k — 1)Ty, kTp) is the required one. This finishes the proof. O
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5 The One Dimensional Wave Equation

We consider the one dimensional wave equation, controlled from the boundary

Yir = Yux =0 (1, x) € (0,7) x (0, 1)
y(t,0) = up(t), yt, 1) =u;(t) e (0,T) (67)
(0, %) = y)(x), (0, x) = y5(x). x € (0,1)

As in the general case, by transposition (see [15]), for any initial datum ( yg , yé) €
L*(0,1) x H7'(0, 1) and controls u; € L*(0, T), the above problem admits an
unique solution (y, y;) € CO([0, T1; L*(0, 1) x H~(0, 1)).

We show how Theorem 4 reads in this one-dimensional setting, in the special case
where both the initial trajectory (y,, (o)) and the final one (y,, (¥,);) are constant
(independent of x) steady states.

We determine explicitly a pair of nonnegative controls steering (67) from one
positive constant to the other. The controlled solution remains nonnegative.

In this special case, we show further that

e the minimal controllability time is the same, regardless whether we impose the
positivity constraint on the control or not;
e constrained controllability holds in the minimal time.

The minimal controllability time for (67) is defined as follows.

Let (yg, y(l)) e L?*(0, 1) x H~'(0, 1) be aninitial datum and (y?, yll) e L*(0,1) x
H~'(0, 1) be a final target. Then the minimal controllability time without constraints
is defined as follows:

def

T =inf {7 > 0] 3u; € L2(0,T), (T, ), (T, ) = ), yD}.  (68)
Similarly, the minimal time under positivity constraints on the control is defined as:

Ty, =inf (T >0[3u; € L0, 1), (T, 3(T.) = 01, yD} . (69)
Finally, we introduce the minimal time with constraints on the state and and the
control:

Ty, Sinf {T > 0] 3u; € L20. T, (T, ), y(T. ) = (3, ). ¥ = 0}.
(70)
The problem of controllability of the one-dimensional wave equation under bilat-
eral constraints on the control has been studied in [12]. In the next Proposition, we
concentrate on unilateral constraints and we compute explicitly the minimal time for
the specific data considered.

Proposition 1 Let (y), 0) be the initial datum and (y), 0) be the final target, with
yg e R* and y? e RT. Then,
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1. for any time T > 1, there exists two nonnegative controls

0
3 te0,1)
t) = 71
ol {(y,—yo> L)) te (L] 7

(72)

y? te[T —-1,T]

driving (67) from (yg, 0) to (y?, 0) in time T. Moreover, the corresponding solu-
tion remains nonnegative, i.e.

y(t,x) >0, V(,x)el0,T]x][O0,1].

N

T8 =T¢ =1T,,=1;

3. the nonnegative controls iy = yg andii) = y? in L*(0, 1) steers (67) from (yg, 0)
to (y?, 0) in the minimal time. Furthermore, the corresponding solution y > 0
a.e. in (0, 1) x (0, 1),

4. lhe controls in the minimal time are not unique. In particular, for any \ € [0, 1],

u/\ =(1- /\)y0 + )\yl and u/\ =(1- )\)y? + /\yg drives (67) from (yg, 0) to

(y1 , 0) in the minimal time.

Proof We proceed in several steps.

Step 1. Proof of the constrained controllability in time 7 > 1.
By D’ Alembert’s formula, the solution (y, y;) to (67) with initial datum ( yg, 0) and
controls u; defined in (71) and (72), reads as

y,x) = fx+1), (x)el0,T]xI0,1],

where
Yo £el0, 1)
f = (yl _yO) +y() £ell,T)
)’1- EelT, T+1].

This finishes the proof of (1.).

Step 2 Computation of the minimal time.

In any time T > 1, controllability under state and control constraints holds. Then,
T <T: <T) <1.

It remains to prove that T,;, > 1. This can be obtained by adapting the techniques
of [18, Proposition 4.1].
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Fig. 7 Level sets of the t
solution to (67) with initial 1]
datum (yg, 0) and controls
i’ . In the darker region the
solution takes value yg s Yi
while in the complement it
coincides with y?

Step 3 Controllability in the minimal time.
One can check (see Fig.7) that the unique solution to (67) with initial datum ( yg, 0)
and controls &' is

0
Yo t+x <1
t,x) = 73
v, x) y? t+x>1 (73)
This concludes the argument. O

6 Conclusions and Open Problems

In this paper we have analyzed the controllability of the wave equation under positivity
constraints on the control and on the state.

1. In the general case (without assuming that the energy defines a norm), we have
shown how to steer the wave equation from one steady state to another in time
large, provided that both steady states are defined by positive controls, away from
Zero;

2. in case the energy defines a norm, we have generalized the above result to data
lying on trajectories. Furthermore, the controls defining the trajectory are sup-
posed to be only nonnegative, thus allowing us to take as target (y), y!) = (0, 0).

We present now some open problems, which as long as we know, have not been
treated in the literature so far.

e Further analysis of controllability of the wave under state constraints. As pointed
outin [16, 19], in the case of parabolic equations a state constrained result follows
from a control constrained one by means of the comparison principle. For the
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wave equation, such principle does not hold. We have proved Theorem 5, using a
“stair-case argument” but further analysis is required.

e On the minimal time for constrained controllability. Further analysis of the minimal
constrained controllability time is required. In particular, it would be interesting to
compare the minimal constrained controllability time and the unconstrained one
for any choice of initial and final data. As we have seen in Proposition 1, they
coincide for constant steady data in one space dimension.

e In the present paper, we have determined nonnegative controls by employing
results of controllability of smooth data by smooth controls. This imposes a
restriction to our analysis: the action of the control is localized by smooth cut-
off functions. In particular, when controlling (1) from an interior subset touching
the boundary, we encounter the issues discussed in Sect. 3.3 and already pointed
out in [8] and [9].

Then, it would be worth to be able to build nonnegative controls without using
smooth controllability.

e Derive the Optimality System (OS) for the controllability of the wave by nonneg-
ative controls.

e Extend our results to the semilinear setting, by employing the analysis carried out
in [4, Theorem 1.3], [5, 6, 25].

e Extend the results to more general classes of potentials c¢. For instance, one could
assume ¢ to be bounded, instead of C* smooth.
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Appendix

Regularity results

In what follows, H is a real Hilbert space and A : D(A) C H — H is a generator
of a C%-semigroup.

Lemma?7 Letk € N. Take y € C*([0, T1; H) N H*Y1((0, T); H_)) solution to the
homogeneous equation:

d

—y=Ay, te(0,7T). 74
=AY 0, 7) (74)
Then, y € M;_,C/(10, T1; D(A*~7)) and

k

Z Iyllcsqo,ri; pear-1y) = CENYIlcro,71: 1)
j=0
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the constant C (k) depending only on k.

The proof of the above Lemma can be done by using the Eq. (74) (see [2]).
We prove now Lemma 1.

Proof (Proof of Lemma 1) Step I Time regularity
By inductionon j =0, ..., k, we prove that y € C/([0,T]; H) and

Ivliciqo,r:my < CNflaio,1):H)-

For j = 0, the validity of the assertion is a consequence of classical semigroup
theory (e.g. [23, Proposition 4.2.5] with control space U = H and control operator
B = Idy). Assume now that the result hold up to j — 1. Then, let w solution to

Ly =Aw+ f' te(0,T)

w(0) = 0. (75)

By induction assumption, w € C/~([0, T]; H) and the corresponding estimate
holds. Then, §(1) = [; w(o)do € C/([0, T1; H) and

1Nciqo.r:my < CNfllmico.1):H)-

Then, it remains to show that y = y. Now, for any ¢ € [0, T']

() — 5(0) = /O [0(0) — w(O)]do = /0 /O [Aw(E) + f/(©)ldédo

- /0 [AF(0) + f(o)ldo.

By uniqueness of solution to (15), we have y = y. This finishes the first step.
Step 2 Conclusion
We start observing that y solves

v = Ay, te(r,T).

Then, by classical semigroup arguments (see [2, Chapter 7]), we conclude. O

Proof of Lemma 2
We give the proof of Lemma 2.

Proof (Proof of Lemma 2) Let v be given by (18). The proof is made of two steps.
Step 1 Show that y(1; ng, v) € D(A®), with s given by (12)
We apply Lemma 1 with y = y(-; no, pv°) — pno and f = p'np, getting

y(1; 10, pv°) — pipo € D(A®).
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Since prny = 0 over (9, 1), for some § € (0, 1), we have that
y(1; 10, pv°) € D(AY).

Step 2 Conclusion
Since y(1; 19, p°) € D(A®), we are in position to apply the smooth controllability
(see Definition 2) and determine w € L*°((1, Ty 4+ 1); V) steering the solution to
(10) from y(1;np,v) attime ¢t = 1 to O attime t = Tp + 1.
Hence, the desired control v reads as (18).

Finally, by similar reasonings the estimate (19) follows. This ends the proof of
this Lemma. |

Proof of Lemma 3
We prove now Lemma 3.

Proof (Proof of Lemma 3) We split the proof in two steps.
Step 1 Proof of the inequality | T; ||« pas).pasy < 1 with 1 € RT
Recall that

)
x5 = D 1A/XI}, ¥ x € D(AY).
j=0

Now, for any x € D(A®) and ¢ € R™, we have

NA T, x|y = T, A x|y < |A/x|lg Yj=0,...,s.
This ylelds ”Tt”,?f(D(AS),D(AS)) < 1 for any t € R*.
Step 2 Conclusion.

Let C > 0 be given by (2). Take

Cllnoll pcas)
> —,

N (76)
€
Arbitrarily fix k € {0, ..., N — 1}. Consider the following equation
Ly() = Ay(1) + BXan,arnny Oue(t) t € R 77

y(0) = %o,

where X, «+1)7y) 15 the characteristic function of the set (kTp, (k 4+ 1)Tp) and uy, €
L>(R*, V). From step 1 and (76), we have that

ly(kTo; (1/N)no, Ollpasy < /N lInollpas < €. (78)

Then, we apply smooth controllability (given by (H))) to find some control i; €
L% (R™; V) so that the solution to (77) with control u; = i satisfies
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y(k + DTo; (1/ To)no, X k1o, k+1)T0)ix) =0 and ||kl Loty k+1)70);v) < €-

(19
Now, we define:
N—1
v(t) = ) Xt ternm Dur(®) 1 € RY. (80)
k=0
Then, from (79) and (80), we know
Y(NTo;m0,v) =0 and |[v|lLeo,nTp):v) < E-
This leads to the conclusion where T = N Tj. O
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