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Preface

This volume collects contributions from participants in the INJAM Workshop
“New trends in control theory and partial differential equations”, which was held in
Rome on July 3-7, 2017. The aim of the workshop was to present recent devel-
opments in the field of partial differential equations (PDEs) and control theory, and
to underline connections and interactions between the different areas of this vast
subject.

Control theory is a branch of mathematics which has been widely studied since
the second half of the past century, and finds application in many different fields,
such as mechanics, engineering, finance, medicine, and climatology. On the other
hand, it often poses challenging problems on the theoretical side, and has stimulated
the development of new theories which have become useful in other areas of
mathematics as well.

Control theory has greatly influenced the study of PDEs over the decades. As a
classical example, the approach of dynamic programming has established a con-
nection between optimization problems for finite- dimensional control systems and
the theory of first-order Hamilton—Jacobi equations, which typically do not have
smooth solutions. Similarly, the analysis of stochastic control problems has led to
the study of second-order, possibly degenerate, nonlinear PDEs. A rigorous treat-
ment of these equations has motivated the introduction of suitable kinds of gen-
eralized solutions, such as the class of viscosity solutions, which has found
applications in many other branches of the PDE theory. In this context, it is
important to study the regularity properties of the value function, such as Lipschitz
continuity or semi-concavity, in order to build feedback controls in terms of the
generalized gradients.

In a different direction, one can consider control systems in infinite dimension,
which are governed by PDEs. Common examples are evolutionary PDEs, where the
control either acts as a source term inside the domain or appears in the boundary
conditions. A typical interesting issue is the controllability of the system, i.e., the
ability to steer the system from one given state to another. Another related topic is
observability, where one wishes to analyze whether the solution is determined by its
values on a given subset. This kind of issue has been widely studied for the most
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common linear evolution equations, but there are many other interesting cases
where less is known, e.g., in the presence of degeneracy of the operators or sin-
gularities of the data.

The contributions in this volume treat different aspects of the topics mentioned
above and of related ones. Concerning the study of finite-dimensional systems,
P. Albano studies a first-order equation of eikonal type, whose solution is the value
function of a minimum time-optimal control problem, and gives sufficient condi-
tions for the Lipschitz continuity. V. Basco and H. Frankowska consider an optimal
control problem with infinite horizon and state constraints, and give sufficient
conditions for the Lipschitz continuity of the value function. P. Cannarsa, W.
Cheng, K. Wang, and J. Yan analyze the classical Herglotz’ variational principle in
the calculus of variations and give a Lipschitz estimate of the minimizers.
M. Mazzola and K. T. Nguyen give a new proof of Lyapunov’s theorem in convex
analysis based on a Baire category approach. Focusing on a PDE perspective, L.
Capuzzo Dolcetta gives an overview of results on the maximum principle for
weakly elliptic equations, a class which includes, in particular, the Bellman—Isaacs
equations associated to the optimal control of degenerate diffusion processes as well
as differential games.

Other contributions in this volume deal with the controllability of PDEs.
E. Fernandez-Cara and D. Souza study the null controllability of a family of
equations which include the Camassa—Holm and «-Burgers equations. In a more
applied direction, G. Leugering, T. Li, and Y. Wang consider a system modeling
the motion of nonlinear elastic strings and study the boundary controllability and
stabilizability. D. Pighin and E. Zuazua study various cases of controllability for
wave equations in general dimension, under non-negativity constraints on the
controls. J. Vancostenoble proves the approximate controllability for a class of
parabolic equations in the presence of a singular potential.

Further topics related to control of PDEs are treated in the volume. P. Cannarsa,
G. Floridia, and M. Yamamoto prove a Carleman estimate for a transport equation
and use it to deduce an observability inequality in terms of the boundary data.
P. Loreti and D. Sforza consider a semilinear wave equation with an integral
memory term, proving the existence of solutions and an estimate on the boundary
values called hidden regularity, a property which is of interest in the study of
controllability.

Finally, two contributions deal with differential systems which model the
behavior of multiagent phenomena, a topic which is strictly connected to control
theory and has attracted much attention in recent years. P. Cardaliaguet considers a
system of N weakly coupled Hamilton—Jacobi equations with increasingly singular
coupling and proves convergence as N — +00 to a mean field games system.
C. Pignotti and I. Reche Vallejo study the asymptotic behavior on a Cucker—Smale
system, proving convergence to consensus under suitable assumptions.

The workshop provided an occasion to celebrate the 60th birthday of Piermarco
Cannarsa, who has made fundamental contributions to these fields and has played
an important part in the mathematical life of the people involved in the workshop
and in this volume, as a teacher and/or as a collaborator and friend.
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Some Remarks on the Dirichlet Problem )
for the Degenerate Eikonal Equation L

Paolo Albano

Abstract In a bounded domain, we consider the viscosity solution of the homo-
geneous Dirichlet problem for the degenerate eikonal equation. We provide some
sufficient conditions for the (local) Lipschitz regularity of such a function.

Keywords FEikonal equation - Degenerate equations * Viscosity solutions -
Symplectic geometry

2010 Mathematics Subject Classification 35F30 - 35F21 - 35D40

1 Introduction and Statement of the Results

Let Q@ C R” be an open bounded set with boundary, I', and let T be the viscosity

solution of the Dirichlet problem

(A(x)DT (x), DT (x)) =1 in (D)
T=0 on T. ’

We recall that a continuous function T : Q@ — R is a viscosity solution of (1.1) if

(1) T is a viscosity subsolution, i.e. (A(x)Dp(x), Dp(x)) < 1, for every ¢ of class
C! such that T — ¢ has a local maximum at x;

(2) T is aviscosity supersolution, i.e. (A(x)Dp(x), Do(x)) > 1, for every ¢ of class
C! such that T —  has a local minimum at x;

(3) T(x) =0foreveryx e T.

We are interested in the Lipschitz regularity of 7 assuming that the map x — A(x)
takes values in the set of the n x n positive semidefinite symmetric matrices.
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2 P. Albano

We recall that, if the equation is non degenerate (i.e. if A(-) is positive definite),
then 7 is locally Lipschitz continuous on 2. In fact a subsolution of a non degenerate
eikonal equation is locally Lipschitz continuous.

We observe that, without more restrictive assumptions on the data, Eq. (1.1) may
have no solution. Indeed, it is well known that, for a continuous function, the set

{x e Q2 : T — ¢ has alocal minimum at x for a suitable ¢ € C'}

is dense in 2. Hence, if A(-) vanishes on an open subset of €2, then Eq. (1.1) admits
no viscosity supersolutions and, in particular, (1.1) has no viscosity solutions.

We point out that, in order to have the existence of a continuous solution of
(1.1), it is not enough to assume that A(-) is not totally degenerate on Q (i.e. that
rank A(x) > 1 for every x € Q). For instance, in the plane with coordinates (x, y),
the Dirichlet problem

O, T(x,y)?>=1 in Q=]0,1[x]0, 1],
T=0 on 02,

admits no continuous viscosity solutions.
We assume
(H1) € C R" is an open bounded set with boundary of class C', T.
(H2) Let k < n be a positive integer and let
Q>5x+ B()
be a Lipschitz continuous map on € taking values in the _set of the k x n
matrices. We denote by Lp the Lipschitz constant of B(-) in €2.
Set .
A(x) ='BB(x) (x€ Q).

(Here ‘B is the transpose of the matrix B.) For x € T, let v(x) be the outward unit
normal to I at x; we say that x € I" is a characteristic boundary point if

(AX)v(x), v(x)) = 0.
Then, the set of all the characteristic boundary points is defined as
E={xel : (Ar),vx)) = 0}.

We have the following global regularity result.

Theorem 1.1 Under assumptions (H1) and (H2), let T : @ — R be the continu-
ous viscosity solution of the homogeneous Dirichlet problem (1.1) and suppose that
E = (. Then, T is Lipschitz continuous on S2.
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Remark 1.1 We point out that, in the statement above, we are assuming that there
exists a continuous viscosity solution of Eq. (1.1): as already observed our assump-
tions are not strong enough to guarantee the existence of a viscosity solution of Eq.
(1.1). On the other hand, Theorem 1.1 is in essence a result on the propagation of
the regularity from I towards €2.

Proof of Theorem 1.1 We observe that
T>0 on K. (1.2)
Let us consider the Kruzkov transformation of u:
) =1—e MW (xeQ), (1.3)
with A = 1 4 L. By (1.2) and (1.3), we have
0<vix) <1l xeQ. (1.4)

Furthermore, because of T is a viscosity solution of (1.1), v is a viscosity solution
of the equation
v(x) + A'Bx)Dv(x)|=1 in €,
(1.5)
v=0 on T.

‘We remark that .
[vx) —v| < Llx—y| x,y€Q (1.6)

implies

L AT |00 a
ITx) — Ty =< 3¢ @y —y|  x,y€ Q.

Hence the proof reduces to show that Estimate (1.6) holds true.
Since T is of class C! there exists a positive number, p, such that, denoting by
d (x) the Euclidean distance function of x from I, we have that d is differentiable on
the set
Q,={xeQ|dx) < p}

Furthermore, because of I" is noncharacteristic, we have that there exists a positive
constant ¢ such that

d(x) + IN"'B(x)Dd (x)| > xeQ,

>0

We claim that Estimate (1.6) holds with

A
L="+4-.
c p
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For this purpose, we will use a standard method of the theory of viscosity solutions:
let us introduce the auxiliary function

d(x,y) =v(x) —v®) —Lx—y| x,yeQ.

Clearly, in order to verify (1.6), it suffices to show that for every x, y € Q we have
that ®(x, y) < 0. Let us define

M = max ®(x,y) = ¢, ) = ¢(x,%) =0, (1.7)
X, yeQ

for a suitable ¥, § € Q.

‘We want to show that M < 0.

If X € I and § € Q then, by the homogeneous Dirichlet condition and (1.4), we
deduce that M < 0.

Hence, let us suppose that ¥ € Q and § € Q. There are two cases either § € I or
v € Q. First, let us consider the case of y € I". Then v(y) = 0 and, by (1.4) and (1.7),
we deduce that L|x — §| < 1, i.e.

d(x) <x—=y <1/L<p.

By construction L > \/c, the function Ld(-) is a supersolution of (1.5) in €2, and
v < Ld on the boundary of 2,. Hence, by the comparison principle, we deduce that

vix) —Ld(x) <0 xeQ

P

and we find
M <vx) —Ldx) <0.

It remains to consider the last case: X,y € Q and X # J. Since v is a viscosity
solution of (1.5), we have

v +IATBALG - 9)/1E -l < 1,
v + IATTBOLGE — 3)/1k =3Il = 1.

Then, we find
v(®) = v(@) < IANTBOLG = $)/1E =3I = N BALG —$)/1E 1]
and, recalling that A = 1 + Lg, we deduce
v(E) —v(@) < AT'LpL|x — 3| < LIF - I,

hence M < 0. This completes our proof. O
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A particular class of degenerate eikonal equations in which the Dirichlet problem
(1.1) admits a continuous viscosity solution is the one associated with a system of
Hormander vector fields. Hereafter we assume

(H) (1) 2 is an open bounded set and I" is a smooth manifold (without boundary)
of dimension n — 1.

(i) {X, ..., Xy} is a system of smooth real vector fields on €', an open neigh-
borhood of 2.
(iii) The system {X|, ..., Xy} satisfies Hormander’s bracket generating condi-

tion on €/, i.e. the Lie algebra generated by the vector fields as well as by their
commutators has, in every point, dimension 7.

We consider the viscosity solution of the problem

{Zj.vzl(ij)Z(x) =1 in €, 08

T=0 on T,

and, once more, we are interested to the Lipschitz regularity of the solution of (1.8).
It is well-known that, for instance in the case of X1, . .., X linearly independent
vector fields, the solution of Eq. (1.8) has a geometrical interpretation: it is the sub-
Riemannian distance function from the boundary of the set 2.
A first Lipschitz regularity result for 7 was given in [1] for a very special class of
Dirichlet problems on an unbounded domain. More precisely, let M > 0, let k be a
positive integer define

Q={(x,y) eR" xR : y> M|x}}, (1.9)

and consider the homogeneous Dirichlet problem

{mm, WP+ F@Tx,y)* =1 inQ (1.10)

T =0, onI' = 0%.
In [1] it is proved the following

Theorem 1.2 The nonnegative viscosity solution of the Dirichlet problem (1.10) is
locally Lipschitz continuous in 2. Furthermore, T is Holder continuous of exponent

1/(k + 1) at (0, 0).
Remark 1.2 The exponent 1/(k + 1) in the above result is optimal.

The obstruction to the Lipschitz regularity of the solution of (1.8) is due to the
presence of characteristic boundary points, in the present case

x€FE <— X|(x),...,Xny(x) aretangentto I atx.
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Example 1 In the case of Eq. (1.10), we have 2n vector fields

0 0
= 5 Xn+l =X15 s X2n =Xn,o

Xi=—,..., X ) .
: Ox, " ox, Oy dy

and the origin (0, 0) is the only characteristic boundary point on the domain (1.9).

In general, near a noncharacteristic boundary point, 7" is Lipschitz continuous
whilst T fails to be Lipschitz continuous at a characteristic boundary point (see e.g.
[3, Theorem 4.2 (2)]). Due to the smoothness of the data a stronger regularity result
can be proved: T is smooth near a noncharacteristic boundary point (see e.g. [3,
Theorem 4.2 (1)]).

Furthermore, as a consequence of Theorem 1.1, if the whole boundary I" is non-
characteristic, then T is Lipschitz continuous on Q.

It is well known that 7" can be interpreted as the value function of a suitable time
optimal control problem; in particular certain time—optimal trajectories—the so called
singular time—optimal trajectories—play a key role in the study of the regularity of
T (see Definition 2.2 below). More precisely, in [3], it is shown that T is locally
Lipschitz continuous if and only if the minimum time problem admits no “singular”
time optimal trajectories. We recall that the singular trajectories can be characterized
as the time—optimal trajectories reaching a characteristic boundary point. One can
show that E is a closed subset of I" of (n — 1)-dimensional Hausdorff measure zero
(see e.g. [6]).

Hence, one should expect that the solution of (1.8) may fail to be Lipschitz con-
tinuous on a “small” set. A more precise result can be proved. Indeed, in [4], a partial
regularity result is given: T is of class C*° on the complement of a closed set of
measure zero. In other words, for the viscosity solution of (1.8)

e there can be a lack of regularity only on a set of measure zero;
e in some cases there is a sort of propagation of Lipschitz singularities, along the
singular time optimal trajectories, from E towards the interior of €2.

It is a difficult task to verify whether a time optimal trajectory is singular: the main
tool available being the Pontryagin Maximum Principle (a set of necessary optimality
conditions). We will provide a sufficient (geometrical) condition ensuring the absence
of singular time optimal trajectories. For this purpose, let us begin by recalling some
basic notions, see [7, Chap. XXI].

1.1 Basic Objects

We associate to a vector field X, j = 1, ..., N, its principal symbol, X;(x, £), which
is a function invariantly defined in the cotangent bundle, 7*Q2'. We recall that we
can identify T*Q’ with Q' x R” by means of the canonical coordinates induced by
the coordinates on . (Hereafter we will use such an identification.) More precisely,
given the vector field
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n
0
X =Y a0,
i=1 !

we have that

X(x, &) =Y a0 (1.11)
i=1

is the principal symbol1 of X;. Here aj € C*(Q),i=1,...,nandj=1,...,N.
Let us denote denote the Hamiltonian by

N
hx, &) = X;(x. % (x.6) e xR",
j=1

and we define the characteristic set as
T ={(x8 e Q x R"\{0) : hx,§ =0)}. (1.12)

We recall that in " x R” is naturally defined the symplectic form, i.e. a closed non—
degenerate smooth 2-form, which (in local canonical coordinates) can be written
as

o= Xn:dfj /\de.

J=1

Given a smooth submanifold V C €’ x R" and a point p € V, the symbol (T,V)?
stands for the orthogonal with respect to the symplectic form of the tangent space to
V at p. A submanifold V C Q' x R" is symplectic if

rank o|ly =dimV (1.13)

or equivalently 7,V N (T,V)? = {0}, for every p € V.

Remark 1.3 The cotangent bundle of a smooth manifold is naturally a symplectic
manifold. We recall that, by the Darboux Theorem, all the symplectic manifolds have
locally the same geometry (in contrast with the case of the Riemannian manifolds).

Example 2 Consider the system of vector fields given in Example 1. Then, we have
that
2={0,9,0,n) eR"xRxR"XR : yeR, n#0}

is a symplectic manifold of dimension 2.

The phenomenon observed in Theorem 1.2 is clarified by the following

IWe observe that our terminology slightly differs from the standard one used by people working
on pdes: usually (1.11) stands the principal symbol of the operator X; /i.
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Theorem 1.3 Assume (H) and let ¥ be a symplectic manifold. Then T is locally
Lipschitz continuous on 2.

(See [3, Theorem 4.4].) In other words, if ¥ is a symplectic manifold, no propa-
gation of Lipschitz singularities occur from E towards the interior of £2.

Remark 1.4 We observe that, for a large class of equations, the assumption “X is
a manifold” is automatically satisfied: if X;, ..., Xy are linearly independent on '
(i.e. we deal with a vectorial distribution), then X is a manifold of codimension N.
(Here we are implicitly assuming that N < n.) In such a class, the only assumption of
Theorem 1.3 is that 3 is symplectic. We recall that a distribution X on a manifold '
is called strongly bracket generating if for any nonzero section S of the distribution,
the tangent bundle to ', T<?', is generated by S and the commutators [S, X ] (see [10,
11], see also [5]). It is easy to see that, given a distribution, the following assertions
are equivalent

(1) the distribution is strongly bracket generating;
(2) X is a symplectic manifold.

(See e.g. [9, Sect. 5.6] see also [2, Theorem 3.2].)
Then we have the following scheme:

e if E = {3, then T is locally Lipschitz continuous on €;
e if £ # () and X is a symplectic manifold, then T is locally Lipschitz continuous
on 2 (and T is not Lipschitz continuous at any point of E).

A next natural question is to analyze the case of E # (J and X is a manifold which
is not symplectic.

For this purpose, we need one more geometrical notion: the conormal bundle to
I', in coordinates, can be written as

N'T ={(x,8) : xeT, £=Avk), A #0},
where v(x) is the outward inner normal to I at x. (We point out that the set above
should be understood as a subset of 7*Q'.) Clearly, the following characterization

holds
E#0 < N'IT'NZ #£40.

In order to state our “propagation” result we need the notion of Hamiltonian leaf.

Definition 1.1 Let V C T*Q' be a smooth submanifold and let py € V. Consider
the (vectorial) distribution

Vop—T,VN(T,V), (1.14)
and suppose that (1.14) has constant (positive) rank < dim V, i.e.

V 3 p> dim{T,V N (T,V)}
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is a constant function. The Hamiltonian leaf going through the point pg, F,, C V, is
the integral manifold of the distribution (1.14), with pg € F,.

We point out that the existence of an Hamiltonian leaf is granted by the Frobenius
Theorem (for the reader convenience we provide some more details in Appendix
2.2). In the sequel, we will apply Definition 1.1 mainly to the special case of ¥ is a
manifold (and we take V = X).

Remark 1.5 If, in Definition 1.1, we drop the assumption that the rank of o is less
than dim V, then V is a symplectic submanifold of 7*€/, T,V N(T,V)° = {0}, for
p near py and F, reduces to the singleton {pg}.

In order to clarify the notion of Hamiltonian leaf, let us discuss some examples.

Example 3 (Baouendi-Goulaouic). In R? consider the vector fields
Xi =0, Xo=0,, X;=x"0,.
(Here k is a positive integer.) Then, we have that
¥ ={0,y,£,0,0,7) : y,t e R, 7 #0}

is a manifold of dimension 3 and the rank of the restriction of the symplectic form
to X is 2. Let pg = (0, yo, 19, 0, 0, 79) € X, then

Fp =1{00,y,1%,0,0,79) : y e R},
i.e. F,, is a manifold of dimension 1.
Example 4 (Métivier). In R? we consider the vector fields
X =0, X» =xk8y, X; = ylay.
(Here k, £ are positive integers.) Then, we have
X ={(0,0,0,m) : n#0}

is a one dimensional manifold and the rank of the restriction of the symplectic form
to X is zero. If pg = (0, 0, 0, n9) € X, then we have

Fpo = {(07090777) : 77;&0}7
i.e. the F, is a one dimensional manifold along the fiber.

Example 5 (Liu—Sussmann). In R? consider the vector fields

X] = 6x, X2 = (1 —x)ﬁy +X26t,
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then the characteristic set is
Y ={(xy10,n7 :x,yteR (1-x)n+x*1=0, (1,7)#0}
Then, we have the decomposition
T=(Z\ (S US)US U,

with
¥ ={0,y,2,0,0,7) : y,teR, 7 #0}

and
¥ ={2,y,£,0,0,7) : y,teR, 7 #0}.

Then, rank o|s\(s,us,) =4 =dim(Z \ (X, U X)) (e. X\ (T U Xy) is a sym-
plectic manifold). Let pg = (0, yo, to, 0, 0, 79) € X1, then we have

Fp =1{00,y,1,0,0,79) : yeR}.
Example 6 In R3 consider the vector fields

X, =0, —y“0;, Xo =0, +x0,.
(Here k is an odd number.) Then

Y = {0,y 6,7, —x*r, 1) s x,y,teR, T #0)
is a manifold of dimension 4 and
Y=E\X)UX
with
S\ = {0,y 0,y =) reR, U4yl £0, 7 #£0)

and
¥ =1{0,0,¢0,0,7) : teR, T#O0}

Then, both X \ X; and X are symplectic manifolds and F, = {p}, for every p € Z.

For some model problems in [3], it was observed that the regularity of the solu-
tion of (1.8) is influenced by the interaction of the characteristic set X with the set
of the characteristic boundary points E. The main result of the present paper is a
geometrization (and a localization) of this fact.
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We denote by
T: QxR — Q, 7, & =x

the projection on the base. For § > 0, let Bs(xy) C R” be the (open) Euclidean ball
with center at x; and radius J.

Theorem 1.4 Assume (H) and let xy € T, § > 0 with Bs(xg) C Q. Suppose that
forevery p € N*I' N X, with w(p) € Bs(xo), there exists the Hamiltonian leaf going
through p, F,, and that

T(F,) NQ =0. (1.15)

Then, possibly reducing 6, the solution T of (1.8) is locally Lipschitz continuous on
QN Bs(xp).

In other words, if the projection of the Hamiltonian leaves through the character-
istic (conormal) points does not intersect €2, then 7T is locally Lipschitz continuous.

Remark 1.6 (i) The system of vector fields given in Example 4, for every smooth
domain €, trivially satisfies the assumptions of Theorem 1.4. Then, the solution of
(1.8) is locally Lipschitz continuous on £2.

(i) We recall that, once it is established that T is locally Lipschitz continuous,
automatically, we get a stronger regularity. Indeed, as shown in Theorem 4.1 of
[3], for a solution of (1.8) the local Lipschitz continuity is equivalent to the local
semiconcavity (i.e. T can be locally written as the sum of a smooth with a concave
function).

(iii) We observe that if X is a symplectic manifold or £ = ¢ or in the case of
Example 6 no propagation occur and, by [3, Theorem 4.4], T is locally Lipschitz
continuous on 2.

2 Proof of Theorem 1.4

2.1 Preliminaries

It is well known that (1.8) admits a unique continuous viscosity solution 7 : Q-
R. Indeed, taking I" as the target set, the minimum time function associated with
{X1, ..., Xy}isasolution of the above equation. Such a function is defined as follows.
Given x € © and a measurable control

u:(ul,...,uN):[O,~|—oo[—>RN,

taking values in the closed unit ball of R, B;(0), let us denote by y**(-) the unique
solution of the Cauchy problem
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YO =YL 50X ((0) (= 0)

2(0) = x (2.16)

Define the transfer time to I as
m,u)=inf {>=0 : y*“@) e} (€[0,+00)).

The Minimum Time Problem with target I is the following:
(MTP) minimize 1 (x, u) over all controls u : [0, +00[— B;(0).

Then, the minimum time function, defined as

T(x) = iI(lg T u) (xeQ),

turns out to be the unique viscosity solution of the Dirichlet problem (1.8). It is well-
known that Hormander’s bracket generating condition implies that (2.16) is small
time locally controllable. Hence, T is finite and continuous.

Remark 2.7 We recall that a u(-) is called an optimal control at a point x € Q if
T (x) = 11 (x, u). The corresponding solution of (2.16), y“*, is called the time-optimal
trajectory at x associated with u.

We denote by Hy, (x, £),j=1,...,N, the vector field on Q" x R" given by (in
local canonical coordinates)

n

(P 0 %0
Hy, (x,8) = Z <8€i (. &) ox;  Ox; &) 3&‘) '

i=1

Definition 2.2 Let x € Q2 and let y(-) = y“*(-) be a time-optimal trajectory, with
u: [0, T(x)] = Bi(0). We say that y(-) is singular if there exists an absolutely con-
tinuous arc ¢ : [0, T(x)] — R"\ {0} such that, setting p(t) = (y(¢), £(¢)), for a.e.
t € [0, T (x)] we have

N
P = Zuj(t)Hx,-(p(t)), p() € 2, (2.17)
j=1
and
E(T(x)) = \wv(y(T (x))), A>0. (2.18)

Remark 2.8 We recall that the adjective “singular’” in Definition 2.2 is motivated by
the fact that if xo € €2 and y** is a singular time-optimal trajectory then T fails to
be Lipschitz continuous at y*(¢). (This property is the content of Corollary 3.1 in
[31)
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The following characterization clarifies the nature of the singular time-optimal
trajectories (see Theorem 3.1 in [3]).

Theorem 2.5 Let x € Q and let y*" be a time-optimal trajectory. Then, y©" is sin-
gular if and only if y*"(T (x)) € E.

Finally, let recall the basic regularity result proved in [3].

Theorem 2.6 (Interior regularity) Under assumption (H), the following properties
are equivalent:

(1) (MTP) admits no singular time-optimal trajectory;
(2) T is locally semiconcave in Q;
(3) T islocally Lipschitz continuous in 2.

2.2 Proof of Theorem 1.4

Let us suppose, by contradiction, that T is not locally Lipschitz continuous near x.
Then, by Theorem 2.6, possibly reducing § there exist a point

peX with w(p) =x¢€ QN Bs(xp),

and a control function u : [0, T'(¥)] —> B;(0) such that, denoting by p(-) the solution
of (2.17) with p(0) = p, w(p(¢)) is a singular time—optimal trajectory and

0o := p(T(X)) e N*T N Z.
We observe that
Y ={X; ==Xy =0} = span{dX;(p),...,dXy(p)} C (T,2)*,

for every p € X near py. (Here L denotes the orthogonal with respect to the standard
Euclidean product in R?".) Hence, we find

span{Hy, (p), ..., Hx, (p)} C (T,X)", (2.19)

for every p € X (near po). Let F,, be the Hamiltonian leaf going through po. Then,
we have that
p(t) € Fy), for every ¢ near T (x)

(because of (2.19) and, by definition, p'(f) € T, X, for f near T (X)).

Then, we conclude that 7w(p(7)) N 2 = @ for ¢ near T (x), in contradiction with the
fact that w(p(+)) is a time—optimal trajectory. This completes our proof.

We observe that if the assumptions of Theorem 1.4 are not satisfied, then 7 may
be not locally Lipschitz continuous on €2. Indeed, we have the following
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Example 7 In R? consider the vector fields
Xy =0, Xp=(1-x0+x0,

(see [8] for a detailed study of this model). Let 2 be the open set with smooth
boundary defined as follows: let a €]0, 1[ and set

I,={xy,—-(y—a)? :xeR, y>0}.

Consider the Euclidean open ball with center at (0, @, 0) and radius a/2, B, and extend,
smoothly, I', outside such a ball. We observe that QN B = {(x,y,1) € B : t >
—(y— a)?}. In [3, Example 1], it is shown that the solution of (1.8) is not locally
Lipschitz continuous on €2 near the point (0, @, 0) € I". Let us show that near this
point the assumptions of Theorem 1.4 are not satisfied. Indeed,

Xl (O, a, O) = ax, Xz(o, a, O) = 8), e T(O,a,O)Fs
i.e. (0, a, 0) € E. Furthermore, we have that, for 7y # 0,
0,a,0,0,0,79) e N'T N X.

and
F0,4,00,07) =100,,0,0,0,79) : y e R}.

Then, we conclude that
T(F(0,4,0,0,0,7)) N2 # 0.

Acknowledgements The author was supported by the INJAM Project 2017 Regolarita delle
soluzioni viscose per equazioni a derivate parziali non lineari degeneri.

Appendix A

In this appendix we provide a couple of results on the existence of an Hamiltonian
leaf.

Theorem A.1 Let ¥ C T*Q' be a submanifold, let py € £ and let suppose that
rank oy is constant (< dim X) near po. Then, there exists the Hamiltonian leaf
going through the point py.

Remark A.9 Theorem A.l is a simple consequence of Theorem 21.2.4 of [7] (see
Theorem 21.2.7 of [7]). We recall that Theorem 21.2.4 is a (local) canonical form
for a submanifold of a symplectic manifold under a constant rank assumption on
the symplectic form. For the reader convenience we will provide a direct proof of
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Theorem A.1 based on the integrability Frobenius theorem (see e.g. Theorem C.1.1
in [7]).

Proof of Theorem A.1 We observe that, because of the rank of ¢ is constant on X,
then
Xop=T,X2N((T,%)° (A1)

defines a vectorial distribution on ¥ of constant rank. (Here we are also using the
assumption that X is a manifold.) In order to apply the Frobenius Theorem to (A.1),
we need to check that the commutator [X, Y] := XY — YX, of two arbitrary (local)
sections of (A.1), X and Y, is still a local section of (A.1).

For this purpose we use the following general result on the differential of a two
form (see Lemma 21.1.5 in [7]).

Lemma A.1 Lerw bea C! two form on a C? manifold M and let X, Y, Z be three
C! vector fields on M. Then

dwX,Y,Z2)=Xw(¥,Z2)+ YwZ,X)+Zw(X,Y) (A2)
—w(X,Y,2)—w(Y,Z],X) —w(Z,X],7Y).

In order to use the Frobenius Theorem, let us apply the lemma withw = o, M = X,
X and Y two local sections of the distribution (A.1). We need to verify that

[X.Y1(p) € T, N (T,2)", (A3)

for p € ¥. Then, let p € X and let Z be a vector field on X, we want to show that
o([X, Y1(p). Z(p)) = 0. (Ad)
(This means that [X, Y](p) € (T,X)°.) We observe that, since o is a closed form,
then the left hand side of (A.2) is zero. Furthermore, the assumptions X (p), Y (p) €
T,2N(T,X)? and Z(p) € T,X yield that
a(Y(p), Z(p)) = a(Z(p), X (p)) = o(X(p), Y (p)) = 0.
Finally, using the fact that [Y, Z](p), [Z, X](p) € T, X, we deduce that
o (1Y, Z1(p), X (p)) = o(IZ, X1(p), Y (p)) = O

(because of X (p), Y(p) € (T,X)?). Then, (A.2) implies (A.4), i.e. [X,Y](p) €
(T,%)?. The same argument, taking as Z a vector field on X with values in (7,%)

yields that
(X, Y](p) € T, %,
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and we deduce that (A.3) holds true. Then, we may apply the Frobenius integrabil-
ity Theorem and the existence of F, , with py € F,, follows. This completes our
proof. (]

Let us now consider a more interesting case: rank |y is not constant. The simpler
geometrical situation is that the rank of the symplectic form varies on a submanifold.
More precisely we have the following

Theorem A.2 Let py € X and let us suppose that ¥, near py, is a manifold and that
there exists a submanifold ¥, C X defined near po, with py € X1, such that

(1) T\ X is a symplectic manifold;
(2) rank oz, (< rank o|x\x,) is constant* < dim X;.

Then, there exists the Hamiltonian leaf going through the point py.

We omit the proof of Theorem A.2 since it is a repetition of the one of Theorem
A.l.
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Abstract This paper investigates sufficient conditions for Lipschitz regularity of
the value function for an infinite horizon optimal control problem subject to state
constraints. We focus on problems with a cost functional that includes a discount
rate factor and allow time dependent dynamics and Lagrangian. Furthermore, our
state constraints may be unbounded and with nonsmooth boundary. The key technical
result used in our proof is an estimate on the distance of a given trajectory from the set
of all its viable (feasible) trajectories (provided the discount rate is sufficiently large).
These distance estimates are derived under a uniform inward pointing condition on
the state constraint and imply, in particular, that feasible trajectories depend on initial
states in a Lipschitz way with an exponentially increasing in time Lipschitz constant.
As a corollary, we show that the value function of the original problem coincides
with the value function of the relaxed infinite horizon problem.
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be non-negative. While dealing with control constraints is rather well understood,
the major difficulties with state constraints arise whenever for small perturbations
of the initial state (or of a feasible control) the corresponding trajectory violates the
constraints at a later time. More generally, it may happen that the celebrated value
function associated to an infinite horizon optimal control problem takes infinite values
and is discontinuous. In particular, this prevents using such a classical tool of optimal
control theory as Hamilton-Jacobi-Bellman equation and its viscosity solution. In
the literature one finds some results concerning continuity of the value function
for state constrained infinite horizon problems, see for instance [13]. However in
this last reference the state constraints are given by a compact set with a smooth
boundary. This clearly does not fit the state constraint described by the cone of
positive vectors. In addition, results of [13] address only the autonomous case, which
is also a serious restriction, because, as it was shown later on, arguments of its proof
can not be extended to the non-autonomous case whenever the time dependence is
merely continuous.

Because of their presence in various applied models, addressing non-autonomous
control systems subject to unbounded and non smooth state constraints remains
crucial. Let us note that (the finite horizon) state-constrained Mayer’s and Bolza’s
problems have been successfully investigated by many authors, see for instance [6,
9, 14] and the references therein. However in the infinite horizon framework these
results can not be used, because restricting optimal trajectories of the infinite horizon
problem to a finite time interval, in general, does not lead to optimal trajectories of
the corresponding finite horizon problem. See [7] for a further discussion of this
issue.

Infinite horizon problems exhibit many phenomena not arising in the finite horizon
context and for this reason their study is still going on, even in the absence of state
constraints, cfr. [1, 2, 7, 8, 12].

This paper deals with the infinite horizon optimal control problem %,:

minimize f ” eI, x (1), u(t)) dt (1)

over all trajectory-control pairs (x(-), u(-)) of the state constrained control system

x'(@t) = f(t,x(t),u()) a.e. t € [ty, 00)

x(fp) = xo ?)
u(t) e U(@t) a.e. t € [ty, 00)
x(t)e A Yt e [ty, 00),

where L >0, f :[0,00) x R" x R" — R” and [/ : [0, 00) x R* x R" — R are
given functions, U : [0, o0) =% R"™ is a Lebesgue measurable set-valued map with
closed nonempty images, A is a closed subset of R”, and (7, xo) € [0, 00) X A is
the initial datum. Every trajectory-control pair (x (-), u#(-)) that satisfies the state con-
strained control system (2) is called feasible. The infimum of the cost functional in
(1) over all feasible trajectory-control pairs, with the initial datum (¢, x¢), is denoted
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by V(ty, xo) (if no feasible trajectory-control pair exists at (¢, xo) or if the integral
in (1) is not defined for every feasible pair, we set V (fy, x9) = +00). The function
V :[0,00) x A — R U {£o0} is called the value function of problem .

Lipschitz continuity of V for a compact set of constraints A was recently investi-
gated in [4] for autonomous control systems and lagrangian functions. It was used to
get a maximum principle under state constraints and also to obtain sensitivity rela-
tions. However, in [4] the maximum principle was proved for the non-autonomous
case and for possibly unbounded A under the assumption that V (¢, -) is locally Lip-
schitz on A for every r > 0. So the open question remained: how to guarantee the
Lipschitz continuity of V (¢, -) when the data are time dependent and without impos-
ing the compactness of A. Then recovering Lipschitz continuity of the value function
is not straightforward and calls for distinct arguments. Here we propose sufficient
conditions (cfr. Sect. 3) for it, allowing both f and [ to be time dependent and not
requiring boundedness of A and smoothness of d A. Our proof differs substantially
from the one in [4].

The outline of the paper is as follows. In Sect. 2, we provide basic definitions,
terminology, and facts from nonsmooth analysis. In Sect. 3, we state a new neighbor-
ing feasible trajectory theorem under a uniform inward pointing condition. In Sect.
4, we give an example when the uniform inward pointing condition is satisfied for
functional state constraints and in Sect. 5 we prove our main result on Lipschitz con-
tinuity of the value function. Section 6 is devoted to an application to the relaxation
of our control problem.

2 Preliminaries

Let B(x, §) stand for the closed ball in R” with radius § > 0 centered at x € R" and
setB = B(0, 1), S"~! = 9B. Denote by | - | and (-, -) the Euclidean norm and scalar
product, respectively. Let C C R" be a nonempty set. We denote the interior of C by
int C, the convex hull of C by co C, and the distance from x € R" to C by d¢(x) :=
inf{|lx —y| : y € C}. If C is closed, we let I1-(x) be the set of all projections of
x € R" onto C. For p € R U {o0} and a Lebesgue measurable set I C R we denote
by L?(I; R") the space of R"-valued Lebesgue measurable functions on I endowed
withthenorm || - ||, ;. We say that f € L{Z)C(I; R™")if f € L?(J; R") forany compact

subset J C 1. In what follows . stands for the Lebesgue measure on R.
Let / be an open interval in R. For f € Llloc(I; R") and all o € [0, (1)) define

Gf(a)=sup{/ | f(Dldt : J 1, n(J) ga}.
J

We denote by 4, the set of all f € L}OC([O, 00); RT) such that lim,_, 0r(0) =0.

Notice that L*( [0, 00); RT) C Lo and, for any f € Hqc, 67(0) < oo for every
o > 0.
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A set-valued map F : R" = R” taking nonempty images is said to be L-Lipschitz
continuous for some L > 0, if F(x) C F(x) + L|x — x|B for all x, x € R".

Let I C R be an open interval and G : I x R" = R” be a multifunction taking
nonempty values. We say that G has a sub-linear growth (in x) if, for some ¢ €
Lio (I3 RT), sup,cg . IVl < c(®)(1 + |x|) forae. € T and all x € R".

Let A C R". We say that G (-, x) is y-left absolutely continuous, uniformly for
x € A, where y € LL (I;R"), if

loc

t
G(s,x)CG(t,x)—i—/ y(t)dtB Vs,t el :s<t VxeA. 3)
s

If T =[S, T1, then we have the following characterization of uniform absolute con-
tinuity from the left: G (-, x) is left absolutely continuous uniformly for x € A, for
some y € Llloc (7; R*), if and only if for every & > 0 there exists § > 0 such that for
any finite partition S <) < 1y < h <1 < - <ty < Ty < T of [S, T,

m m
Ymi—t)<8 = Y dow.n(Gti.x) <e YxeA,

i=1 i=l1

where dg(E) :=inf{8 > 0 : E C E + B} forany E, E C R" with inf § = +o0.
Consider a closed set E C R” and x € E. The Clarke tangent cone TEC (x)to E
at x is defined by

TE(x) :={ € R" : Vx; » g x, Vt; L 0, Jv; — & suchthat x; +4,v; € E Vi },

where x; — ¢ x means x; € E forall i. We denote by Ng x) = (Tg (x))~ the Clarke
normal cone to E at x, where ““ ~ ” stands for the negative polar of a set.

3 Uniform Distance Estimates

We provide here sufficient conditions for uniform linear L™ estimates on intervals of
the form I = [1y, 1], with O < 1y < 1y, for the state constrained differential inclusion

x'(t) € F(t,x(t)) ae. t €l
x(t) € A Vtel,

where F : [0, 00) x R" =2 R" is a given set-valued map and A C R” is a closed set.

A function x : [fg, t;] — R” is said to be an F-trajectory if it is absolutely con-
tinuous and x'(¢) € F(t, x(¢)) for a.e. t € [ty, t1], and a feasible F-trajectory if x(-)
is an F-trajectory and x ([0, #;]) C A.
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We denote by (H) the following hypothesis on F(-, -):

(i) F has closed, nonempty values, a sub-linear growth, and F(-, x) is Lebesgue
measurable for all x € R”;
(i1) there exist M > 0 and « > 0 such that

sup{|v| : v € F(z,x), (1,x) € [0,00) x (A +aB)} < M; 4)
(iii) there exists ¢ € Zoc such that F(z,-) is ¢(¢)-Lipschitz continuous for a.e.
t € RT.
We shall also need the following two assumptions:

(AC) there exist 7 > 0 and y € 4, such that F(-, x) is y-left absolutely contin-
uous, uniformly for x € A + nB;

(IPC) for some ¢ > 0, n > 0 and every (¢, x) € [0, 00) x (dA + nB) N A there
exists v € co F (¢, x) satisfying

{y+10,e](v+¢eB) : ye (x+eB)NA}CA. 5)
We state next a uniform neighboring feasible trajectory theorem for left absolutely

continuous with respect to time set-valued maps.

Theorem 1 Assume (H), (AC), and (IPC). Then for every § > O there exists a con-
stant B > 0 such that for any [to, t;] C [0, 0o) with t; — ty = 8, any F-trajectory
X(+) defined on [ty, 1] with X(ty) € A, and any p > 0 satisfying

p = sup du(X(1)),

telto, ]
we can find an F-trajectory x(-) on [fy, t;] such that x (ty) = x(ty),
X = xllooton] < B & x() €int A Vi€ (ty, 1]

The following Proposition can be proved using the same arguments as in [5, pp.
1922-1923].

Proposition 1 Assume (H), (AC), (IPC), and that the assertion of Theorem 1 is valid
under the additional hypothesis: F (t, x) is convex forall (t, x) € [0, 00) x R". Then
the assertion of Theorem 1 is valid under (H), (AC), and (IPC) alone.

Proof (of Theorem 1) Fix § > 0 and let us relabel by n the constant given by
min{n, 7, «}. Let

k>0, A>0,p>0,and m e N" (6)
be such that k > 1/e,

(i) A<Leg (ii) p+MA<e, kp<eg, (iii) 4AM <n, @)
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(i) D8, (4)+6,(MM) <é;

(ii) 2e%D b, (A) +6,(AM)k < (ke — 1), ®)

and
< A. 9

S|o

We remark that all the constants appearing in (6) do not depend on the time interval
[f0, t1], the trajectory x(-), and p.

By Proposition 1, we may assume that F(-,-) = co F (-, -). We consider three
cases.

Casel: p < pand$§ < A.

By (7)-(iii), if X(to) € A\(DA + 3B), then x(-) = X(-) is as desired. Suppose
next that x(fy) € (0A + g]B%) NA. Let v € F(tg, X(tp)) be as in (IPC) and define
y : [to, ] — R" by y(to) = %(to) and

PN % t € [to, (fo + kp) A 11]
Yo = {ﬁ(r —kp)t e (ty+kp,u1NJ, (10)
where J = {s € (to + ko, 1] : (s — kp) exists}. Hence
£ = Ylloo,t10,01 < 2Mkp. an

By Filippov’s theorem (cfr. [3]) there exists an F-trajectory x(-) on [fy, #;] such that
x(to) = y() and

" t
ny—wmmq<JW®“/dmﬂm@h»w (12)

fo

for all t € [ty, t;]. Then, using (H)-(iii), (3), and (10), it follows that

0,(A) + @()M(s —1o)  ae. s € [to, (fo+ kp) A 11]

ey (V) < {(p(s)Mk,o + 1, v(@)dt ae.s € (o + ko, 1], (13)

Hence, we obtain for any ¢ € [ty, (fo + kp) A t;]

t
/ dr s,y (V' () ds < (0, (A) + 0,(A)M) (1 — 19),
o

and, using the Fubini theorem, for any 7 € (ty + kp, 1],

t
/ dris,ys) (V' ($)) ds < (0,(A)M + 6, (A)kp.
to+kp
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Thus, by (12), for all ¢ € [#y, (to + kp) A 1]
Iy = Xlloo.tio.1 < €6y (A) + 6, (D) M) (&t — 10) (14

and
Iy = Xlloo 0.1 < 2% (0, (A) + 0,(A)M)kp. (15)

Finally, taking note of (11), it follows that [|X — X|eo1.0,7 < B1p, Where B =
2(M + €% Y0, (A) + 0,(A)M))k.

We claim next that x(¢) € int A for all € (¢, t;]. Indeed, if ¢ € (ty, (to + kp) A
t1], then from (IPC), (7)-(i) and (10) it follows that

y(@) + (t —t0)eB = x(1) + (t —1o)(v + €B) C A,

and it is enough to use (14) and (8)-(i).
On the other hand, if r € (ty + kp, t1], then for 7 (¢) € IT4(x(t — kp)) we have
|X(t —kp) — ()| = ds(x(t — kp)) < p, and, from (10), it follows that

y(t) € m(t) + kpv + pB. (16)

Now, since |7 (#) — £(t0)| < [X(t —kp) — 7w (@)| + |X(t — kp) — X(t0)| < p + MA,
from (5) and (7)-(ii) we have

7 (t) + kov + kpeB = (t) + ko(v + eB) C A. 17

Finally, (16) and (17) imply that y(¢) + (ke — 1)pB C A. So, the claim follows from
(8)-(ii) and (15).

Case2: p > pand § < A.

By the viability theorem from [10], we know that there exists a feasible F-
trajectory X (+) on [#g, ;] starting from X (fp). Note that d4 (X (¢)) = Oforall ¢ € [ty, f,].
By the Case 1, replacing x(-) with x(-), it follows that there exists a feasible F'-
trajectory x(-) on [fg, t;] such that x () = x(#) and x((¢, #;]) C int A. Hence, by
(4), we have ||£ — X |loo.fr.n] < 2M A < Bop, with 8, = %.

Case 3: § > A.

The above proof implies that in Cases 1 and 2, 81, > can be taken the same if § is
replaced by any 0 < 8, < 8. Define 8 = B V B, and let {[t/ , 741} | be a partition
of [#, t;] by the intervals with the length at most §/m.

Put xo(-) := £(-). From Cases 1 and 2, replacing [fo, ;] by [t, 7} ] and setting

po =max{p, sup da(xo(1))}=p,

telto, ]

we conclude that there exists an F-trajectory x;(-) on [7!, T }r] = [to, r}r] such that

x1(t0) = X(t9), x1((10, T{]) C int A, and
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X1 = Xolloo, 2117 < Bpo-
+

Using Filippov’s theorem, we can extend the trajectory x; (-) on whole interval [#, ;]
so that

4 .
121 — X0 lloo, 10,11 < eho #© "Bo < K Bpo,

where K := ¢%®,

Repeating recursively the above argument on each time interval [t/ , ti], we
conclude that there exists a sequence of F-trajectories {x;(-)}/_, on [fo, t;], such that
xi (to) = X (to), x: (19, ‘L'i]) cintA foralli =1,...,m, xi('”[to,ri"] = x;_1(-) for
all j =2,...,m,and

Ixi = xi—1lloon) < KBpioi  Yi=1,...,m, (18)
where p;—1 = max{p, sup,(,, ,; da(xi—1(1))}. Notice that

Pi < i1+ Ixi = xicillooitenr Yi=1,...,m. (19)
Taking note of (18) and (19) we get foralli =1,...,m

K B(pi—a + 1xi—1 — Xi—2lloo.f0.)
KB+ KB)pia <+ < KB+ KB po.

lxi — xi—tlloo, 0,111

NN

Then, letting x(-) := x,,(-) and recalling that py = p, we obtain

11t = &lloo. 011 an, Xict oo < KﬁﬂoZ(l+Kﬁ)" Bsp.

where B3 = (1 + KB)" — 1. i
Then all conclusions of the theorem follow with 8§ = B Vv B3. Observe that 8
depends only on ¢, , M, 8, and on functions y (-) and ¢(-).

When F is merely measurable with respect to time, then a stronger inward pointing
condition has to be imposed:

(IPC)’ thereexistn > 0, r > 0, M > Osuchthatfora.e.t € [0, 00),anyy € dA +
nB,andanyv € F(t, y), withsup, .y1 (n,v) > 0, thereexistsw € F(t, y) N
B(v, M) such that N

Sup {(n,W), <f’l,W - V>} < -,
neN!,

where Nyl,’n ={neS"!':ne Nf(x), x € AN B(y,n)}.
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Let us denote by (H)' the assumption (H) with (H)-(ii) replaced by a weaker
requirement:

(H) (i1) 3g € Lo such that F(t,x) Cq(t)B, Yx € A, forae.t € [0, 00).

Remark 1 We notice that from (H)'-(ii) and (iii) it follows that for any o > 0 there
exists g4 € Hoc such that F(¢,x) C q,(t) B fora.e. t € [0,00) and all x € 9A +
oB.

Theorem 2 Let us assume (H) and (IPC)'. Then the assertion of Theorem 1 is valid.

Proof (IPC) corresponds to the conclusion of [9, Proposition 7] with r, n, and M
defined uniformly over A. Thanks to this observation and Remark 1 exactly the same
arguments as those in [9, proof of Theorem 5] can be used to prove the theorem.

We provide next a condition that simplifies (IPC)'.

Proposition 2 Assume that for some n>0,r >0, M >0, and I' C [0, 00),
with w(I") =0, and for any t € [0,00)\I", y € 0A + 1B, and v € F(t, y), with
SUP,en! (n,v) > —r, there exists we F(t,y) N B, M) satisfying SUP,en,
(n,w —v) < —r. Then, (IPC)Y holds true for all t € [0, co)\TI. -

Proof Indeed, otherwise there existt € [0,00)\I",y € 0A +nB,andv € F(t, y),
with SUP,ent (n,v) > —r, such that for any w € F(¢, y) N B(v, M) satisfying
SUP,ent (n,w —v) < —r we have SUP,ent (n,w) > —r. Now, by our assump-
tions, there exists wy € F(¢, y) N B(v, M) such that supneN;_n(n, wi —v) < —r.
Since ad absurdum we supposed that sup, . N, (n,w;) > —r, it follows that there
exists wy € F(t, y) N B(v, M) satisfying SUP,en (n, w, —w;) < —r. Then for any
neN!

y.n?
(n,wr —v) = (n,wp —wi) + (n,w; —v) < —2r.

Iterating the same argument, we conclude that there exists a sequence {w;};en+ in

F(t,y) N B(v, M) such that sup, .1 (n,w; —v) < —irforalli € N*. This contra-
y.n

dicts the boundedness of F (¢, y) N B(v, M) and ends the proof.

Now, consider the following state constrained differential inclusion

X'(t) € F(t, x(1)) ae. t € [to, 00)
x(t) e A Yt € [ty, 00),

where ty > 0. A function x : [#, 00) — R” is said to be an F-trajectory or a
feasible Fy-trajectory if x|y,.,1(-) is an F-trajectory or a feasible F-trajectory,
respectively, for all #; > ;.
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Theorem 3 Assume that either (H), (AC), and (IPC) or (H)' and (IPC)’ hold true.
Furthermore, suppose that

1 1
limsup;/ o(t)dt < 0.
0

=00

Then there exist C > 1, K > 0 such that for any ty > 0, any x°, x' € A, and any

feasible Fu-trajectory x : [ty, 00) — R", with x(ty) = x°, we can find a feasible
Foo-trajectory % : [ty, 00) — R”, with X(ty) = x', such that

IX() — x(0)] < CeXx! =X Vi >1.

Proof Let § =1 and g > 0 be as in Theorem 1 (or Theorem 2). Consider K >
0, K> > 0, k > 0 such that

t+1 5
26+1 <X and / o(s)ds < Kot +k  Yi>=0. (20)
0

Fix x°, x! € A, with x! # x% and a feasible Fy-trajectory x : [y, 00) — R” with
x(19) = x°. By Filippov’s theorem, there exists an F-trajectory yy : [fo, fo + 1] —
R” such that yo(f) = x! and
19+1
1¥0 = Xlloo o1y < €0 #O9xt — x0).
Denote by xg : [fo, fo + 1] — R” the feasible F-trajectory, with xo (%) = x!, satis-
fying the conclusions of Theorem 1 with X(-) = yy(-). Thus

B(max;cpy.n+17 da Yo(?)) + |x! — xO])
to+1 ds
Blyo — Xlloousn + X = x0]) < 2Be ¢4 1 _ 0

llxo — Yolloo,lr0.t0+11 <
<

and therefore

llxo — yo||oo,[z?,z0+1] + 1o — Xlloo, 0.0+ 11
10+ N
2B + Delo #©d5 1 _ 10|,

10 — X0, [r0,50+11

s 21
g @)

Now, applying again Filippov’s theorem on [fy + 1, fp + 2], there exists an F-
trajectory y; : [fo + 1, tp + 2] — R”*, with y; (o + 1) = xo(#p + 1), such that, thanks
to (21),

10+2 .
Iyt = xlloo,lt0+1.0+21 < (2B + Delo eEYds | 1 0, (22)

Denoting by x; : [fo + 1, tp + 2] — R” the feasible F-trajectory, with x;(fop + 1) =
xo(to + 1), satisfying the conclusions of Theorem 1, for x(-) = y;(-), we deduce
from (22), that
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02 ) ds
11 = Yilloon sz < BB + Delo #O4xl _x0). (23)

Hence, taking note of (22) and (23),

2 [0 o(s)ds, 1 0
11 = XMoot taos2) < 2B + DZelo #O9|x1 — 40|,

Continuing this construction, we obtain a sequence of feasible F'-trajectories
Xt [to+i,to+i+ 1] — R*suchthat x;(to + j) = xj_1(fo + j) forall j > 1, and

- S <2 )i+t /;g]ﬂH(ﬂ(S)dS 1_ 0 vieN 24
xi = Xlloo.ltgtisp+i+11 < 2B+ 1) e lx* —x7| VieN. (24)

Define the feasible Foo-trajectory x : [tp, 00) — R" by x(¢) := x;(t) if t € [tp +
i,to+ i + 1] and observe that X (#y) = x'.

Lett > ty. Then there exists i € Nsuchthatt € [tg + i, ) + i + 1]. So, from (24)
and (20), it follows that

. i+l o g
T(1) — x(0)] < 2B+ Ditlely  #OE 1 _30)
< eF@2B + DeKitE ot | 1 30 < CeKtx! — X0,

where K = K| + K, and C = £ (28 + 1).

4 Uniform IPC for Functional Set Constraints

Consider the state constraints of the form

A:ﬂA,-, Ai={xeR" : gx)<0} i=1,....m,

where g; : R” — Risa C"! function with bounded Vg;(-) foralli e I :={1, ...,
m}. Furthermore, we assume in this section that there exist M > 0 and ¢ > 0 such
that sup{|v| : ve F(t,x), (t,x) € [0,00) x dA} < M and F (¢, -) is ¢-Lipschitz
continuous for any ¢ > 0.

Proposition 3 Assume that for some § > 0, r > Oandforall (¢, x) € [0,00) x A
there exists v € co F(t, x) satisfying

Ve, <—r Vie |J 1),

z€B(x,8)

where [(z) = {i € I : z € 0A;}. Then (IPC) holds true.
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Proof Let us set J(x) := UzeB(x,B) I(z) forall x € 0A. Fix (t,x) € [0,00) x 0A
and v € co F (¢, x) satisfying (Vg;(x),v) < —r foralli € J(x). Pick

r IVgi(x) — Vgi(y)l
> max sup
iel X#y |~x - )’|

& L > malx sup [Vg;(x)].
1€

xeR”

We divide the proof into three steps.

Step 1: We claim that there exists ” > 0, not depending on (z, x), such that for
ally € B(x,n’) we can find w € co F(¢, y), with |w — v| < r/4L, satisfying for all
i €Jx),

(Vgi(y),w) < —r/2.
Indeed, foralli € J(x) and y € B(x,r/4kM) we have

3
(Vgi(y),v) = (Vi (y) — Vgi(x),v) + (Vi (x), v) <kM|y — x| — r < —Zr

and for all w € R” such that |w — v| < r/4L
;
(Vei(y),w) = (Vgi(y),w—v) +(Vgi(y),v) < Llw —v| = 3r/4 < —3

Since F(t, -) is ¢-Lipschitz continuous, there exists w € co F'(¢, y) such that [w —
v| < r/4L whenever |y — x| < r/4¢L. So the claim follows with " = min{r/4¢L,
r/4kM}.

Step 2: We claim that there exists ¢’ > 0, not depending on (¢, x), such that for
all y € B(x, n’) we can find w € co F(t, y) such that

(Vgi(z),w) < —r/4 YzeB(y,&), Ve Bw,é), Vielkx).

Indeed, let y € B(x,n’) and w € co F (¢, y) be as in Step 1. Then for any w € R”
such that |[w — w| < r/8L and forall i € J(x) and z € R",

(Vgi(@), w) = (Vgi(z) — Vgi(y), w) +(Vgi(y),w —w) + (Vgi(y), w)
< k(M +r/4L +r/8L)|z — y| +r/8 —r/2.

So the claim follows with &’ = min{k~'(M + r/2L)~'r/8, r/SL}.
Step 3: We prove that there exist n > 0, ¢ > 0, not depending on (¢, x), such that
forall y € B(x,n) N A we can find w € co F (¢, y) satisfying

z+tweA VzeB(y,e)NA, Vwe Bw,e), VOt <e. (25)
Lety € B(x,n) N A and w € co F(¢, y) be as in Step 2. Then, by the mean value

theorem, for any t > 0, any z € B(y, &) N A, any w € B(w, &’), and any i € J(x)
there exists o, € [0, 1] such that
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giz+tw) = gi(2) + t(Vgi(z + o, TWw), W)
< 1(Vgi(z), W) + k(M +r/4L + &')7?
<=L+ k(M +r/4L + &)’

Choosing 1 € (0,n'] and ¢ € (0, &'] such that n + (M +r/4L 4+ ¢) < § and & <
k='(M +r/4L + ¢')"%r/4,itfollows thatforallz € B(y, &) N A, w € B(w, €), and
al0 <t <¢

z+ 1™w € B(x, d) (26)

and
giz+tmw) <0 VielJkx). 27

Furthermore, by (26) and since B(x,§) C A; for all j € I\J(x), we have for all
7€ B(y,e)NA, we B(w,e),andall0 < 7 < ¢

g(z+TW) <0 Viel\J(x). (28)

The conclusion follows from (27) and (28).

5 Lipschitz Continuity for a Class of Value Functions

Now we give an application of the results of Sect. 3 to the Lipschitz regularity of
the value function for a class of infinite horizon optimal control problems subject to
state constraints.

Let us consider the problem A, stated in the Introduction. Recall that for a func-
tion ¢ € L} ([to, 00); R) the integral f;)’o qt)dt = limp_ szT q(t) dt, provided
this limit exists. We denote by (h) the following assumptions on f and /:

(i) there exists @ > 0 such that f and [ are bounded functions on
{(t,x,u) :t >0, xe€ (@A+aB), u e U()};
@i1) for all (¢, x) € [0, c0) x R”" the set
{(f@, x,u),l(t,x,u)) : uelU@)}

is closed;
(i) thereexistc € L1 ([0, c0); Rt) and k € %, such that for a.e. + € R* and for

loc

allx, ye R", u € U(¥),

Lf@ x,u) — f(&, y, )]+ 1@ x,u) =1, y, u)| < k@)]x —yl,
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Lf @, x, w)| + 10, x, u)| < c@)(1+ |x]);

(iv) limsup,_, o, %fot(c(s) + k(s)) ds < oc;
(v) forallx € R” themappings f (-, x, ), [(:, x, -) are Lebesgue-Borel measurable.

Furthermore, we denote by (h)’ the assumptions (h) with (h)-(i) replaced by:

(h)" (i) 3g € Ao such that for a.e. t € [0, c0)
sup,cy o (L (&, x, w)| + 11z, x, u)]) < q), Vxe€IA.

In what follows G : [0, 00) x R* — R"t! is the measurable with respect to t set-
valued map defined by

G, x)={(f@t,x,u),l(t,x,u)) : uecU@)}.

For control systems, the conditions (IPC), (AC), and (IPC)’ take the following form:

(ipc) for some ¢ > 0, n > 0 and every (¢, x) € [0, 00) x (dA + nB) N A there
exist {o; }1_, C [0, 11, with Y7 jo; = 1, and {u;}?_, C U(¢) satisfying

{y—l—[O,s] (Zaif(t,x,ui)—l—a]l%) tyE (x—i-gIBS)mA} C A;

i=0

(ac) there exist 77 > 0 and y € L, such that G (-, x) is y-left absolutely continu-
ous, uniformly for x € dA + nB;
(ipc)’ there exist n > 0, r > 0, M > 0 such that for a.e. t € [0,00), any y €
dA + nB, and any u € U (¢), with supneN;n(n, f(t, y,u)) > 0, there exists
wew eU®) : |ft, y,w) — f(t, y,u)| < M} such that

sup (l’l, f(t9y’w))’ <n7 f(t’va)_f(t’y’u)” g —r.

1
”EN,\',U

Remark 2 If there exist 7 >0, y, ¥ € Lo, and k > 0 such that (f(-, x, u),
1(-, x, u)) is y-left absolutely continuous, uniformly for (x, u) € (A + 7B) x R™,
U (+) is y-left absolutely continuous, and f (¢, x, -) is k-Lipschitz continuous for all
(t,x) € [0,00) x (1A 4+ nB), then (ac) holds true.

Theorem 4 Assume that either (h), (ac), and (ipc) or (h) and (ipc)’ hold true.
Then there exist b > 1, K > 0 such that for all . > K and every t > 0 the function
V(t,-) is L(t)-Lipschitz continuous on A with L(t) = be~ %% Fyrthermore, for
all A > K and for every feasible trajectory x(-), we have lim;_,, V (¢, x(¢)) = 0.

Proof We notice that, by the inward pointing conditions (ipc) or (ipc)’ and the
viability theorem from [10], the problem %, admits feasible trajectory-control pairs
for any initial condition. Pick (79, x9) € [0, 0c0) x A. Using the sub-linear growth
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of f, 1, and the Gronwall lemma, we have 1 + |x(¢)| < (1 + |xo)|ef'; €945 for all
t > 1y and for any trajectory-control pair (x(-), u(-)) at (fy, xo).
Leta; > 0, a, > 0 be such that
t
/ c(s)ds <ait +a, VvVt =0. 29)
0

For all T > ty, we have

0 30
(1 + |xo)e® [T e=@=aie(r) dt. 50)

fo

S e 1, x (@), u@) dt < [ e M e)(1 + Ixohelo " ar
<

1

Then, by (29) and denoting v (¢) = ff] c(s)ds, forany A > a;

Sl e, x (@), u(@))| di
<+ oble ([e@ry @] + h—an [ e y@dr) @31
< (14 boDe® (e 0T @ T +a) + (it + 72 + ) e0e0n)

ap

Passing to the limit when T — oo, we deduce that for every feasible trajectory-
control pair (x(-), u(-)) at (ty, xo)

o0
/ e M1t x(t), u(®))|dt <400 VA > aqy.

fo

From now on, assume that A > a;. Fixr > 0and x!, x* € A with x! =+ x°. Then,
for any 8 > O there exists a feasible trajectory-control pair (xs(-), us(-)) at (¢, x°)
such that

o0
V(t,x%) + e xt =0 > / e M1(s, x5(s), us(s)) ds.
t

Hence

Ve, x") =V, x% < e ¥ |x! —x0+ 32)
lime oo | [ €105, x(s), u(s)) ds — [T e 15, x5(5), us () ds|
for any feasible trajectory-control pair (x(-), u(-)) satisfying x(¢) = xh.

Define G(¢t, x, z) = G (¢, x) forall (¢, x, z) € [0, 00) x R" x R and consider the
following state constrained differential inclusion in R"+!

(x,2)(s) € G(s, x(s5), z(s)) a.e.s € [z, 00)
x(s) e A Vs e [t, 00).
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Putting z5(s) = fl‘y 1(§, xs5(&), us(&)) d&, by Theorem 3 applied on A x R and the
measurable selection theorem, there exist C > 1, K > 0 such that for all § > 0
we can find a éoo-trajectory (Xs5(), zs(-)) on [t, 00), and a measurable selection
us(s) € U(s) a.e. s > t, satisfying

(%5, 28)' () = (f (s, X5(5), s(5)), L(s, X5(5), s(s))) ae.s>1,
(Xs5(1), Z5(1)) = (x1,0), %5([t, 00)) C A, and for any s > ¢
|%5(s) — xs5(5)] + 1Z5(s) — zs(s)| < CeX¥x! — xO). (33)

Now, relabelling by K the constant K V ay, by (33) and integrating by parts, for all
A>K,allt >t,andall§ > 0

|[Te™51(s, %5(s), dis(s)) ds — [ e™1(s, x5(s), us(s)) ds|

<le™ () 1. %), 15 (8)) dE — [ 1(E. x5(E), us(§)) dE)]|
A [T e ([ 1, %5(§), iis(§)) dE — [ 1(E, x5(8), us(§)) dE) ds|
e MZ5(1) — 25 (D) + A [T e |Z5(s) — z5(s)|ds (34)
Ce K7 |x! — X0 + AC fI —0=K)s x 1 — x0 ds

(A—K)s
(Ce - K)r+)\c|: exl(])“‘ x|
- A - AC —(h—
( (- K)r_l_A_Ke G=K0n [x1 — 0] < 2C = (=Kol _ 40|,

NN

Taking note of (32), (34), and putting 6 = A — K, we get

AC
Vi, xH) =V, x% < <n + 1) P P

By the symmetry of the previous inequality with respect to x! and x°, and since A,
C, and K do not depend on ¢, x1, and x9, the first conclusion follows.

Now, let (fy, xo) € [0, 00) x A and consider a feasible trajectory X (-) at (¢, xo).
Lett > g and (x(-), u(-)) be a feasible trajectory-control pair at (¢, X (¢)) such that
V(E, X)) > [ e (s, x(s), u(s)) ds — % Then

o0
1
[V, X (@) <f e I(s, x(s), u(s))| ds + T
1
From (29) and (30), we have forall T > ¢

STe i, x(s), us)lds < [ e (1 + X (@©)Del <4 ¢(s) ds.
< A+ Ixol) [ e8eho I ol e as' o (5) g
< (1 + |xo]) frT e el 6N o () ds < (1 + |xo))e® flT e~ *=ase(5) ds.
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Then, arguing as in (31) with ¢y replaced by ¢ and taking the limit when 7" — oo, we
deduce that

aj

1
V(e X)) < (1 + [xoDe® (alt + +a2> e et -

A—ay t

Since K > ay, the last conclusion follows passing to the limit when ¢ — oo.

Corollary 1 Assume that either (h), (ac), and (ipc) or (h)" and (ipc)’ hold true and
that f, | are bounded. Consider any N > 0 with

N = sup{|f(t,x,u)|+ |I(t, x,u)] : t 20, x e R", u e U(t)}.

Then, for any A > 0 sufficiently large, for any x € A, and any t > 0 the function
V (-, x) is Lipschitz continuous on [t, 00) with constant (L(t) + 26‘“) N.

Proof By Theorem 4, when A > 0 is large enough, V (¢, -) is L(¢)-Lipschitz contin-
uouson A. Fixx € Aandr > 0. Let s, § € ¢, 00).

Suppose that s > §. Then, by the dynamic programming principle, there exists a
feasible trajectory-control pair (x(-), u(-)) at (5, x) such that

Vis,x) = VS, x) < |V(s,x) = V(s, X)) + [; e |1, X&), u(§))| d&
+N|s —§le ™
< L(s)N|s —§| + N|s —5|e ™ + N|s — §le™™
< (L) +2e7) N|s = 5|.

(35)

Arguing in a similar way, we get (35) when s < 5. Hence, by the symmetry with
respect to s and § in (35), the conclusion follows.

6 Applications to the Relaxation Problem

Let f(-), I(-), and U(-) be as in H,. Consider the relaxed infinite horizon state
constrained problem %%

V (ty, xo) = inf /OO e M, x(t), w(t)) dt,

where the infimum is taken over all trajectory-control pairs (x(-), w(-)) subject to
the state constrained control system
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x'(1) = f(t, x(t), w()) a.e. t € [ty, 00)

x(fo) = xo
w(t) € W(t) a.e. t € [ty, 00)
x(t) e A YVt € [ty, 00),

where A > 0, W : [0, co) =2 R®+Dm » R+ g the measurable set-valued map
defined by

W(t) == (X{_oU ") x {(@0.....e) eR"™ : Y oy =1, 0 >0 Vi},
i=0

and the functions £ : [0, c0) x R" x RO+Dm » R+l 5 R and] : [0, 00) x R" x
RO+Dm 5 R+ 5 R are defined by: for all > 0, x € R”, and w = (ug, . . ., y,
Q, ..., 0) € RuFTDm o Rt

ft,x,w)= Zaif(t, x,u;) & i(t,x, w) = Zail(t, X, u;).
i=0

i=0

Theorem S Assume that either (h), (ac), and (ipc) or (h)" and (ipc)’ hold true. Then,
foralllarge A > 0, V(-,-) = V(-,-) on [0, 0c0) x A.

Proof Notice that V(t, x) < V(t,x) for any (¢,x) e [0,00) x A, and that
Theorem 4 implies that \7(1‘, -) and V (¢, -) are Lipschitz continuous on A for all
t > 0 whenever A > 0 is sufficiently large. That is, in particular, they are continuous
and finite.

Fix (tg, x9) € [0, 00) x Aande > 0. We claim that: forevery j € N there exists
a finite set of trajectory-control pairs {(xx(-), ux(-))}x=1,...,; satisfying the following:
x(8) = f(s, xk (), ur(s)) ae. s € [to, to + k] and xx([to, to + k]) C A for all k =
... jsif j 22, xklug.s0+k—11() = x¢—1(-) for all k =2, ..., j; and for any k =
,...,Jj

5 B to+k k 1
Vo, x0) = V (to + k, xy(to + k)) + / eIt xi (1), up () dt — &) 5
i=1

1o
(36)
We prove the claim by the induction argument with respect to j € N*. By the dynamic
programming principle, there exists a trajectory-control pair (xX(-), w(-)) on [fy, tp +
1], feasible for the problem %;gl at (o, xo), such that

to+1 "
‘7([0,)50)4‘2 > Vit + l,)?(t0+1))+/ e MI(t, X(t), w(t)) dt. 37

to

By the relaxation theorem for finite horizon problems (cfr. [14]), for any & > O there
exists a measurable control #(¢) € U(t) a.e. t € [to, o + 1] such that the solution
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of the equation (£")'(t) = f(t, X" (¢), 4" (1)) ae. t € [to, to + 1], with " (tp) = xo,
satisfies
12" = Elloo,to.ior1) < h

and

to+1 - to+1
/ e*“l(z,;z(t),wa))dt—/ e M@, ), a" (1)) dt| < h.

fo fo

Now, consider the following state constrained differential inclusion in Rl

(x,2)(s) € G(s, x(s), z(s)) a.e. s € [ty, tg + 1]
x(s)e A Vs €[t tog+ 1],

where y
G(t,x,2) ={(f(t,x,u), e ™I(t,x,u)) : ueU®)).

Letting X" (-) = (#"(-), 2"()), with 2" (1) = [,/ e™I(s, £"(s), &"(5)) ds, by Theo-
rem 1, or Theorem 2, and the measurable selection theorem, there exists 8 > 0 (not
depending on (79, xo)) such that for any & > 0 we can find a feasible G-trajectory
X"() = (x"(), 2" () on [to, o + 11, with X" (ty) = (x¢, 0), and a measurable con-
trol u” (s) € U(s) a.e. s € [to, o + 1], such that

(" 2" (5) = (f 5. 2" 9). u" (), €715, x"(5), 1" (5))) ace. s € [10, g + 1]
and R A
1X" = X"l g1 < BC sup dasw(X" () + ).

s€lto,t0+1]

Since sup, ¢y, 417 daxr(X" () < IX = £"[|oo,19.10+11, We have

S e 0 xh (), ut () di — [ e M, 2 (), (1)) dt)

torl  _ap7. ~ - fo+1 ) ~h nh
< ftoo e ’l(t,x(l),W(t))dt_ftoo e M@, X" (1), 0 (t))dt‘
0+l s h h foFl =i h(@), ah
e, 5w, @) dr = [ e, 2, i ) dif
<h2B+1)

and

h o= - h h o ah
12" = Xlloo,tro.004+11 < IX = X" oo, 1r0,t04+11 F 127 — X" oo, 1t0,00+11 < B(2B + 1).

Hence, choosing 0 < i < ¢/4(28 + 1) sufficiently small, we can find a trajectory-
control pair (x” (-), u” (-)) on [to, to + 1] with x([to, to + 1]) C A, u"(s) € U(s) and
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(x") () = f (s, x"(s), u"(s)) a.e. s € [19, 1o + 1], x" (o) = xo such that, by (37) and
continuity of V(ty + 1, -)

. . fo+1
V(ty, x0) > V(to+ 1,x"(to + 1))+/ e M, x" (1), u" (1)) dt — %

fo

Letting (x;(-), u1()) := (x"(-), u"(-)), the conclusion follows for j = 1.

Now, suppose we have shown that for some j > 1 there exist {(xx (-), ux (-)) }i=1,....;j
satisfying the claim. Let us to prove it for j 4+ 1. By the dynamic programming
principle there exists a trajectory-control pair (x(-), w(-)) on [fo + j, to + j + 1],
feasible for the problem %’ggl at (o + j, x;(to + j)), such that

Vito+ j.xj(to+ j) + 55 > V(to+ j + 1, X(to + j + 1))

+ [ e M, 5 (1), () dt.

(38)

As before, for every i > 0 there exists a feasible G-trajectory X" = @&"0), 2" ()
on [ty + j, to + j + 11, with X" (1p) = (xj(to + j),0), and a measurable control
u(s) e U(s) ae. s € [ty + j, to + j + 1], such that

@ 2 (5) = (F (5. 2" (), (), e TH 15, 2 (s), u (9))) ae. s € [ig + 1o + j + 11,

satisfying

fo+j+1 to+j+1 ~
/ e MU, x" (), uh (1)) dt —f e M, X(t), w(t))dt| < h2B + 1)

+Jj fo+j

and
Ix" = oo,y j.r0j+1) < H(2B + 1).

Putting

ey ey G () on [h, to + ]
(x1+l( )1 u]+1( )) = { ()Ch('), uh()) on [tO + j, to + ] + 1]’ (39)
and choosing 0 < i < &/2/72(28 + 1) sufficiently small, it follows from (38) that

Vito+ j,xj(to+ ) = Vto+j+ 1, x;01(t0 + j + 1))

to+j+1 _ 2
+ft00+j e MUt xj1 (1), ujp1 (1) dt — 575

(40)

So, taking note of (39) and (40), we obtain
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V(to. x0) > Vto+ j.x;(to + )+ [ et x;(0), uj())dt —e Y1, &
>Vto+j+ 1L xjmto+j+1) —82,_1 7 — 5hT

[ e M, g (0, upa 0) dt + [0 e xj(0), u (1)) dt

= Vo +j+ Lxjei(to+ j+ D)+ [ e 1, 2100 (0), i1 (0) dt
1
—e Y/t L -

Hence {(xx(-), ux(-)) }k=1,..., j+1 alsosatisfy our claim. Now, let us define the trajectory-
control pair (x(-), u(-)) by (x(¢), u(t)) := (e (), up(t)) if t € [to + k — 1, 19 + k].
Then (x(-), u(-)) is a feasible trajectory-control pair for the problem %, at (¢, xo).
Since \7(t, x(t)) = 0 when t — +o00, by (36), we have

Vo, x0) = [, e™M1(t, x(0), u(t)) di —&.

Hence, we deduce that V(tg, x0) = V(t, xo) — €. Since ¢ is arbitrary, the conclusion
follows.

Remark 3 The authors thank the referee for attracting their attention to [11], where
relaxation of differential inclusions over infinite horizon was investigated. The frame-
work there is substantially different from ours, because in the relaxation result of [11]
on one hand small variations of the initial state are permitted, on the other hand no
state constraints are involved in the setting of [11].
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Research under award number FA9550-18-1-0254.
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Herglotz’ Generalized Variational )
Principle and Contact Type L
Hamilton-Jacobi Equations

Piermarco Cannarsa, Wei Cheng, Kaizhi Wang and Jun Yan

Abstract We develop an approach for the analysis of fundamental solutions to
Hamilton-Jacobi equations of contact type based on a generalized variational prin-
ciple proposed by Gustav Herglotz. We also give a quantitative Lipschitz estimate
on the associated minimizers.

Keywords Hamilton-Jacobi equations - Contact transformations + Herglotz
variational principle

1 Introduction

The so called generalized variational principle was proposed by Gustav Herglotz
in 1930 (see [31, 32]). It generalizes classical variational principle by defining the
functional, whose extrema are sought, by a differential equation. More precisely, the
functional u is defined in an implicit way by an ordinary differential equation

i(s) = F(s,&(s), £(s), u(s)), s €[0,1], (D
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with u(t) = up € R, for t > 0, a function F € C2(RxR" x R* x R,R) and a
piecewise C! curve £ : [0, t] — R". Here, u = u[£, s] can be regarded as a func-
tional, on a space of paths £(-). The generalized variational principle of Herglotz is
as follows:

Let the functional u = ul&, t] be defined by (1) with & in the space of piecewise C!
functions on [0, t]. Then the value of the functional ul&, t]is an extremal for the func-
tion & such that the variation ‘%u[g + e, t] = Oforarbitrary piecewise C' functionn
such that n(0) = n(t) = 0.

Herglotz reached the idea of the generalized variational principle through his
work on contact transformations and their connections with Hamiltonian systems and
Poisson brackets. His work was motivated by ideas from S. Lie, C. Carathéodory and
other researchers. An important reference on the generalized variational principle is
the monograph [30]. The variational principle of Herglotz is important for many
reasons:

— The solutions of the Eq. (1) determine a family of contact transformations, see
[11, 21, 28, 30];

— The generalized variational principle gives a variational description of energy-
nonconservative processes even when F in (1) is independent of ¢.

— If F has the form F = —Au + L(x, v), then the relevant problems are closely con-
nected to the Hamilton-Jacobi equations with discount factors (see, for instance,
[9, 18, 19, 29, 34-37]). As an extension to nonlinear discounted problems, various
examples are discussed in [14, 43].

— Even for a energy-nonconservative process which can be described with the gen-
eralized variational principle, one can systematically derive conserved quantities
as Noether’s theorems such as [26, 27];

— The generalized variational principle provides a link between the mathematical
structure of control and optimal control theories and contact transformation (see
[25]);

— There are some interesting connections between contact transformations and equi-
librium thermodynamics (see, for instance, [39]).

In this note, we will clarify more connections between the generalized variational
principle of Herglotz and Hamilton-Jacobi theory motivated by recent works in [41,
42] under a set of Tonelli-like conditions. We will begin with generalized variational
principle of Herglotz in the frame of Lagrangian formalism different from the meth-
ods used in [41, 42]. Throughout this paper, let L : R” x R x R” be a function of
class C? such that the following standing assumptions are satisfied:

(L1) L(x,r,-) > Ois strictly convex for all (x,r) € R" x R. _
(L2) There exist two superlinear nondecreasing function 6y, 6y : [0, 400) —
[0, 4+00), 683(0) = 0 and ¢y > 0, such that

Bo(Iv]) = L(x,0,v) = 6(]v]) —co, (x,v) € R* x R".
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(L3) There exists K > 0 such that
|L(x,r,v)| <K, (x,r,v) e R" xR x R".
Remark 1 For each r € R, from the conditions (L.2) and (L3) we could take
0,: =00+ K|r|, 6,:=6y, ¢ =co+K]rl,

such that B
0,.(vl) = L(x,r,v) 2 6. (v])) —¢,, (x,v) e R" x R". (2)

Obviously, 8, and 6, are both nonnegative, superlinear and nondecreasing functions,
c, > 0.

It is natural to introduce the associated Hamiltonian

H(x,r, p) = sup{{p,v) — L(x,r,v)}, (x,r,p) e R" xR x (R")*.

veR?

Letx,y e R", ¢t > 0and ug € R. Set

rl,=1{&ewh(0,11, R") : £(0) = x, £(1) = y}.

We consider a variational problem

t
Minimize wuo + inf/ L(&(s), ug(s), é(s)) ds, 3)
0
where the infimum is taken over all § € I} , such that the Carathéodory equation

ug (s) = L(&(s), ug(s), é(s)), a.e.s €[0,1], 4)

admits an absolutely continuous solution ug with initial condition ug (0) = uo. It
is already known that the variational problem (3) with subsidiary conditions (4) is
closely connected to the Hamilton-Jacobi equations in the form

H(x,u(x), Du(x)) = c. (®)]

The readers can refer to [28] for a systematic approach of Hamilton-Jacobi equations
in the form (5) especially in the context of contact geometry.

In [41, 42], a weak KAM type theory on Eq. (5) was developed on compact man-
ifolds under the aforementioned Tonelli-like conditions. Problem (3) is understood
as an implicit variational principle [41] and, by introducing the positive and negative
Lax-Oleinik semi-groups, an existence result for weak KAM type solutions of (5)
was obtained provided c in the right side of Eq. (5) belongs to the set of critical values
[42]. The same approach adapts to the evolutionary equations in the form
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Du+ H(x,u, D,u) =0. (6)

Unlike the methods used in [41, 42], in this note, our approach of the Egs. (5)
and (6) is based on the the variational problem (3) under subsidiary conditions (4).
We give all the details of such a Tonelli-like theory and its connection to viscosity
solutions of (5) and (6).

In view of Proposition 1 below, the infimum in (3) can be achieved. Suppose that
Eerl X’,v is a minimizer for (3) where u¢ is uniquely determined by (4) with initial
condition u¢ (0) = ug. Then we call such & an extremal. Due to Proposition 1 below,
each extremal & and associated u; are of class C? and satisfy the Herglotz equation
(Generalized Euler-Lagrange equation by Herglotz)

d .
aLv(é(S), ug(s), £(s))
=L (£(s), ug(s), £(s)) + Ly (E(s), us(s), () Ly (E(5), ug (5), £(5)).

(7

Moreover, let p(s) = L, (&(s), uz(s), é(s)) be the so called dual arc. Then p is also
of class C? and we conclude that (&, p, ug) satisfies the following Lie equation

E(s) = Hy(E(s), ug (s), p(s));
p(s) = —Hy(§(5), s (5), p(s)) — Hu(E(s), ug(s), p(s)p(s); (8)
g (s) = p(s) - £(s) — H(E(s), ug (s), p(s)),

where the reader will recognize the classical system of characteristics for (5).

The paper is organized as follows: In Sect. 2, we afford a detailed and rigorous
treatment of (3) under subsidiary conditions (4). In Sect. 3, we study the regularity of
the minimizers and deduce the Herglotz equation (7) and Lie equation (8) as well. In
Sect. 4, we show that the two approaches between [41, 42] and ours are equivalent.
We also sketch the way to move Herglotz’ variational principle to manifolds.

2 Existence of Minimizers in Herglotz’ Variational
Principle

Fixxp,x e R",t > 0anduy € R.Leté € I'’ X’U’x, we consider the Carathéodory equa-
tion

{ag(s) = L), us(s). £(5)), a.e.s €[0,1], ©

Ug (0) = Uyp.

We define the action functional

JE) = /O L(E(s), s (s), £(5)) ds. (10)
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where & € FX’M and u; is defined in (9) by Proposition 8 in Appendix. Notice that
Carathéodory’s theorem (Proposition 8) is just a local result, but the existence and
uniqueness of the solution of (9) holds on [0, 7] since condition (L3) and that & € ..
Our purpose is to minimize J (&) over

o ={Eel!

. - (9) admits an absolutely continuous solution ug}.

Notice that &/ # @ because it contains all piecewise C! curves connecting xg to x.
It is not hard to check that, for each a € R,

o = = el!

X0,X

: the function s — L(£(s), a, é(s))belongs to L' ([0, 1])}.

Indeed, If £ € o7, then L(&(s), uz(s), é(s)) is integrable on [0, 7] and u; is bounded.
Thus & € & since

IL(£,0,8)| <L, ue, &) + Kugl.
On the other hand, if & € &/’, then
g < L(E,0,€) + K |ug|.

Therefore, & € 7.
For the following estimate, we define Ly(x, v) := L(x, 0, v).

Lemmal Let xo,x e R, t >0, ug € R. Given & € F;O'X such that (9) admits an
absolutely continuous solution, then we have that

lug (5)] < exp(Ks)(luo| + cos) (11D
ifug(s) < 0. In particular, we have
ug(s) = —exp(Ks)(Jugl + cos), s €[0,1]. (12)

Proof Let xo,x € R", t > 0, up € R and & € &/. Suppose that ug(sp) < 0, s €
(0, 7]. We define E = {s € [0, s0) : ug(s) = 0} and

0 E=0,
supE E # Q.

Then, we have that ug(s) < O for all s € [a, so] and ug (a) = 0 if E # &. Now, we
are assuming that E # &. For any s € [a, so] we have that
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—lug ()| = ug(s) = ug(a) + / L(E(r), ug (), £(v)) dt

a

z — |ug(a)l +/ Lo(§(v), §(v)) dt — K/ lug(v)| dt dt

a

z — |ug(a)l +f 60(1(T)]) dt — co(s —a) — K/ lug(v)] dt

a

> — lug(@)] — cos — K/ lug (v)] d.

a

Then, we have that
lug ()| < (luol| + cos) + K/ lug ()| dz, s € [a, sol.

Then Gronwall inequality implies
lug (s)| < exp(K (s — a))(luo| + cos) < exp(Ks)(luol +cos), s € [a, sol.

If E = &, then a = 0 and the proof is the same. This leads to (11) and (12). U

In view to Lemma 1, we conclude that infgcs J(§) is bounded below. Now, for
any ¢ > 0, set
Ay =1 e ingff J() + & = ug () — up}.
nes

Lemma 2 Suppose xo € R", t, R > 0, up € R and |x — xo| < R. Let ¢ > 0 and
& € o,. Then we have that

ug(t) —uo < 1k (R/t) + Kluol) exp(K1) + &,

with k(r) = 0o(r) + 2¢o. Moreover, there exist two nondecreasing and superlinear
functions F, G : [0, +00) — [0, +00) such that

lug (] < tF(R/t) + G(O)]uo| + ¢, 13)

where  F(r) = max{k(r), coexp(Kr)} and G(r) =max{rK exp(Kr)+1,
exp(Kr)}.

Proof Suppose xg € R", ¢, R > 0,ug € Rand [x — xo] < R.Lete > OQand & € «7,.
First, notice that

|Lo(x, v)| < Lo(x, v) + 2¢co < Oo(Iv]) + 2¢o, (x,v) € R* x R". (14)

Set k (r) = 0y(r) + 2cp.
Define &(s) = xo + s(x — x)/t for any s € [0, t], then & € 7. Then, for any
s € [0, t], we have that
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|ugo<s>—uo|</ |Lo<so,éo>|dr+K/ g, | d
0 0
<t/c(R/t)+K/ lug, — uol dv + t K |uo|.
0

Due to Gronwall inequality, we obtain
lug,(s) — uol < 1(k(R/1) + Klug|) exp(Kz), s €[0,1]. 5)

Together with Lemma 1, this completes the proof. (I

Lemma 3 Suppose xo e R", t, R >0, ugp € R and |x — xo| < R. Let ¢ > 0 and
& € ;. Then there exist two continuous functions Fy, F, : [0, 400) x [0, +00) —
[0, +00) depending on R, with F;(r, -) being nondecreasing and superlinear and
F;(-, ry) being nondecreasing for any ri,r, 2 0,1 = 1, 2, such that

lug ()| < tFi(t, R/1) 4+ Ci(t)(e + [uol), s €10, 7] (16)

and ,
/0 IL(&,ug, &) dv < tFy(t, R/t) + Ca(t) (e + |uo)), (17)

where Ci(t) > 0 fori =1, 2.

Proof Suppose xo € R",f, R > 0,up € Rand |[x — x9| < R.Lete > 0and & € <.

If ug () > 0, we define E, = {s € [0, 7] : ug(s) > ug(t)}. If Ef = &, then we
have that ug (s) < ug () foralls € [0, 7]. Now, we suppose that £, # @. Itis known
that £, is the union of a countable family of open intervals {(a;, b;)} which are
mutually disjoint (It is possible that ¢; = 0 and this case can be dealt with separately
but similarly). For any t € E, there exists an open interval (a, b), a component of
E . containing s, such that ug (1) > uz () > O forall T € (a, b) and ug (b) = us ().
Therefore, for almost all s € [a, b], we have that

tig (s) = L(E(s), ug(5), £(5)) = Lo(§(5), £(s)) — Kue(s).

Invoking condition (L2), it follows that, for all s € [a, b],

b
XPug(b) — eFug(s) > / KT Lo(E(), E(2)) dr > —colb — 5)ek?

Thus we obtain that

ug (s) <co(b — $)eX™) 4 KOy, (1)
<coteX" + X[tk (R/1) + KlugDe® + & + ugl] s €10,1], (18)
=tFi(t, R/1) + G1(D)|uo| + ¢,
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where Fi(r1, r2) := eX"(co + k(r2)) and G (r) = X" (KX + 1).
If ug () < 0, define ve (s) = ug (s) — ug(t), then ve (s) satisfies the Carathéodory
equation

be(s) = LES) ve(s) +ue (). E(s), s € [0,1]
with initial condition ve (0) = ug — ug(¢). Similarly, We define F = {s € [0, 1] :
ve(s) > ve(1)}. If Fi. = @, then we have that ve(s) < ve(t) =0 for all s € [0, f].
Now, we suppose that F; # @& and F is the union of a countable family of open
intervals {(c;, d;)} which are mutually disjoint. For any s € F, there exists an open
interval, say (c, d), such that ve(s) > ve(t) = Oforall s € (¢, d) and ve(d) = ve (2).
Therefore, for almost all s € [c, d], we have that

Ve(s) = Lo(E(s), £(s)) — Kve(s) — Kug ()]

It follows that, for all s € [c, d],

M hve(d) — eXve(s) = / " K Loe(s), () d - Ktlug(r)]e"!
> —Scotekd — Ktlug (r)]eX",
and this gives rise to
Ve(s) < cote® T 4 Klug (1) [teX ) 4 XUy (d) < coteX! + Kitug ()|,
since ve (d) = 0. It follows that, for all s € [0, 1],

ug (s) <cote® + KteX |ug (t)| + ug (1) < cote® + (KteX" + 1) us(1)|

K K (19)
<cote™ + (Kte™' + D)t F2(R/1) + Ga(t)|uo| + &)
with F, and G, determined by Lemma 2. By combining (27) and (29) and setting

F3(r1, r2) = max{F(r1, r2), coe®" + Fy(r2) (KrieX™ + 1)},
Ci(r) = max{G(r), Go(t)(KrieX" + 1)}, Ca(r) = max{C(r), eX"co},

we conclude that

ug(s) StF3(t, R/1) + Ci()(Juol + ), (20)
lug ()| <tF3(t, R/1) + Co(r)(luol +€). 1)

This leads to the proof of (16) together with Lemma 1.
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Now, by (14), Lemma 2 and (21), we have that

/ |Lo(s,é>|dr</(Lo<s,é)+2co>dr<2cos+ug(s)—uo+1</ lug| dt
0 0 0

<2cot +tFa(t, R/t) + Ca(t)(Juo| + &) + |uol
+ 12K Fy(t, R/t) + tK Co(t)(Juo| + €)
StFy(t, R/t) + C3(t) (Jugl + €).

Therefore, (17) follows from the estimate below

fO|L(s,ug,é)|dr</0 |Lo<s,é)|dr+Kf0 lug| dt

StFy(t, R/1) + C3(0)(luol + &) + 1K (1 F5(1, R/t) + Co(t)(Juol + €))
=1F5(t, R/t) + Ca(t)(luol + €).

We relabel the function F; and this completes our proof. ]

Lemma 4 Supposexo € R", t, R > 0,up € Rand |x — xo| < R. Lete € (0, 1) and
& € ;. Then there exist a continuous function F = F, g : [0, +00) x [0, +00) —
[0, +00), F(ry, -) is nondecreasing and superlinear and F (-, ry) is nondecreasing
forany ri, ry > 0, such that

/ |E(s)| ds < tF(t, R/t) + .
0

Moreover; the family {£ Yeew. is equi-integrable.
Proof Lete > 0 and & € 7. Then, by (L2) we obtain
ug (1) — ug

=[ L), us(s), E(s)) dS?/{L(E(S),O,é(s))—K|Ms(s)|}ds
0 0

t . (22)
> /0 (600 ($)]) — co — Klus(s)]) ds
> /0 E)] = Klue ()] — (o + 63 (1))} ds.

In view of Lemma 2, Lemma 3 and (22), we obtain that

/Ié(S)IdSS/ Klug(s)| ds 4+ t(co + 05 (1)) + ug (t) — ug
0 0

StK(tFi(t, R/t) + Ci(t)(e + luol)) + t(co + 65 (1))
+tF)(t, R/t) + ¢ :=tFs(t, R/t) + ¢.
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Now we turn to proof of the equi-integrability of the family {& Jeew,. Since Oy is a
superlinear function, then for any o > 0 there exists C, > 0 such that r < 6y(r)/«

for r > C,. Thus, for any measurable subset £ C [0, ], invoking (L2), (L3) and
Lemma 3, we have that

. 1 . 1 .
/ s <—/  G(lEDds < —/ (Lo E) + co)ds
EN{|§]>Cq} @ JEN{|E|>Cq) @ JEN{|E|>Cy)

1 .
< —f  (LGue B) + Klugl + colds
EN{&]>Cy}

o

1
< &(us(t) —ug+ K@F(t,R/t) + Ci(t)(e + |uol)) + tco)
< é(th(t, R/t)y + 1+ K(@F(t,R/t) + Ci1(t)(1 + |uol)) + tco)
:=1F4(t, R/t).

o

Therefore, we conclude that

. . . 1
/ |&|ds </ ) |&|ds +/ ) |Elds < —Fyu(t, R/t) + |E|Cy.
E EN{l§|>Cq} EN{I£]<Ca} a

Then, the equi-integrability of the family {é}geﬂg follows since the right-hand side
can be made arbitrarily small by choosing « large and | E| small, and this proves our
claim.

Proposition 1 The functional

It sEe J@) =/0 L), ue(s), £(s)) ds,

where ug is determined by (9) with initial condition ug (0) = uo, admits a minimizer
inl!

X0,Xx*

Remark 2 Notice that we can rewrite the functional J as
—_ t —_
J() = (b Lidr _ Duo +/ el t TLE(T),0,8(T)) dT (23)
0
since J(§) = ug () — u, where

— 1
Li(s) = /0 Lu(6(s). hug(s), E(s)) di.

We set g (s) := el L dr Therefore J(&) = Ji1(§) + J2(§) where
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Ji(§) = (ue(@) — Duo,  1(§) = /(; pe(T)L(E(D), 0, (7)) dr.

Proof Fix xo,x € R", t > 0 and uy € R. Consider any minimizing sequence {&}
for J, that is, a sequence such that J (&) — inf{J(§) : § € &/} ask — co. We want
to show that this sequence admits a cluster point which is the required minimizer.
Notice there exists an associated sequence {ug } given by (9) in the definition of
J (&). The idea of the proof is standard but a little bit different.

First, notice that Lemma 4 implies that the sequence of derivatives {&} is
equi-integrable. Since the sequence {£} is equi-integrable, by the Dunford-Pettis
Theorem there exists a subsequence, which we still denote by {&), and a func-
tion n* € L'([0, 1], R") such that & — n* in the weak-L' topology. The equi-
integrability of {£} implies that the sequence {£} is equi-continuous and uniformly
bounded. Invoking Ascoli-Arzela theorem, we can also assume that the sequence
{€x} converges uniformly to some absolutely continuous function é € I’} . For
any test function ¢ € Cé([O, t], R"),

t t t t
/ on*ds = lim/ péeds = — lim/ ¢Eds = —f PEnods.
0 k—o00 0 k—o00 0 0

By du Bois-Reymond lemma (see, for instance, [10, Lemma 6.1.1]), we can con-
clude that 5 = n* almost everywhere. In View of Remark 2 and condition (L3),
we also have that the sequence {ji¢, } is bounded and equi-continuous. Therefore rig,
converges uniformly to pg as k — oo by taking a subsequence if necessary.

‘We recall a classical result (see, for instance, [3, Theorem 3.6] or [2, Section 3.4])
on the sequentially lower semicontinuous property on the functional

L'([0, ], R™) x L'([0, ], R") 3 (a, B) — F(a, B) := /o L(a(s), B(s)) ds.

One has that if (i) L is lower semicontinuous; (ii) L(c, -) is convex on R”, then
the functional F is sequentially lower semicontinuous on the space L' ([0, t], R™) x
L'([0, t], R") endowed with the strong topology on L'([0, t], R™) and the weak
topology on L' ([0, ¢], R").

Now, let

L(1e, (5), £(5), £k (5)) := e, ($)L(Ee(s5), 0, £ (s))

with o, (s) = (ug (), & (s)) and Bg (s) = ?jk (s), then J; is lower semi-continuous
in the topology mentioned above. The lower semi-continuos of J; is obvious (In fact,
Ji is continuous). Therefore, &, € <7 is a minimizer of J and this completes the
proof of the existence result.

Corollary 1 Letup € Rand R > 0 be fixed. Then there exists a continuous function
F = Fy g : [0, 400) x [0, +00) — [0, +00), with F(t, r) nondecreasing in both
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variables and superlinear with respect to r, such that for any givent > 0 and x, xy €
R”, with |x — xo| < R, every minimizer & € FX’M for (10) satisfies

f E(s)| ds < tF(t, R/1)
0
and

esesloigllﬂé(sn < F(t, R/t), sup |&(s) —xol < tF(t, R/1).

5s€[0,¢]

Proof The first assertion is direct from Lemma 4. The last two inequality follows
from the relations

. 1 o o,
ess inf|s(s)|<—/ E(s)|ds, and |s<s>—xo|</ E(s)] ds.
sel0.1] tJo o

together with the first assertion.

3 Necessary Conditions and Regularity of Minimizers

3.1 Lipschitz Estimate of Minimizers

In order to study the regularity of a minimizer £ of (10), we need an a priori Lipschitz
estimate for &€. A key point of the proof of such an estimate is the following Erdmann
condition, which is standard for classical autonomous Tonelli Lagrangians. For the
results in and after this section, we suppose the following technical condition

(L2’) L satisfies condition (L2). Moreover, for some R > 1 and every compact set
A C R” there exists a constant C4 > 0 such that

L(x,0,rv) < C4(1 4+ L(x,0v)), Vrel[l,R], (x,v) e AxR".

We begin with some fundamental results from convex analysis.
Lemma S Let L satisfy conditions (L1)—(L3). We conclude that
(a) The function

fe)=L,(x,r,v/(1+¢€) -v/(0l+e&)—Lx,r,v/(1+¢)) (24)

is decreasing for ¢ > —1. In particular, f(¢) > f(+00) = —L(x,r,0) > —0,
0) — K|r|.
(b) Ifey, ey > —1 and g1 < &, then we have
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Lx,r,v/(14+¢€)) < (k+ 1)_1L(x, r,v/(14+¢€1))+«-(k+ 1)_1(50(0) + K|rl)
and
fle2) <k 'Lix,r,v/(A4+€)) — (k' + DLx,r,v/(1 + &)

where k = (¢, —e1)/(1 +¢€1) > 0.

Proof Let g1, 6, € (—1,400) and €1 < &. We set L(v) = L(x,r,v). By (L1) we
have that

Lv/(A+&)) = LOv/(1+e)+ L,(v/(1+e1) - {v/(1 + &) —v/(1+ &)}

It follows that

flen) — fe2) ZL,(v/(A+e) - (v/(A+e1) — L, (v/(1+ &) (v/(1+¢&2))
+L,(v/(I+e) - {v/(1 +e2) —v/(1+ &)}
=L,(v/(1 +¢1)  (v/(1 +&)) = L,v/(1+e)) - (v/(1+e2))
={L,(v/(A+e1) — L,(v/(A+e))}-{v/(1 +&1) —v/(1 + &)}
(/A 4e) —1/(T+e)™" - 1/ + &)
> 0.

The last statement is a direct consequence of (L2) and (L3).
Now we turn to the proof of (b). Observe that by convexity

Lov/(A+e) Z2L0/A+e)+ L,/ (A+e)) - {v/A+e)—v/(1+e)}
=L(v/(A+e&))+«k-L,/(1+e)) - (v/(1+e2)).

In view of (a) we obtain that

Lv/(1+¢1)) =+ DLE/(1+ &)
zk-{=L(v/(1+&)) + L,(v/(1+€2))- (v/(1+ €2))}
> — - (0o(0) + K|r|)

Then the first assertion follows. Moreover, we have that
Lyv/(1+&)) /(1 +6) <k "L/ +e))— L/ +e))

which leads to the second assertion.

Lemma 6 (Erdmann condition) Suppose (L1), (L2) and (L3) are satisfied. Let & €
FXIM be aminimizer of (10) with ug determined by (9) and ug (0) = uy. Set f(f L,dr =
fos L&), ug(r), é(r))dr and define
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E(s) = e Joludr {1 (6(s), ug(5), £(s)) - £(s) — L(E(s), ug (5), £(s)))

Jor almost all s € [0, t]. Then E has a continuous representation E such that E is
absolutely continuous on [0, t] and E' = 0 for almost all s € [0, t].

Remark 3 Condition (L2’) is satisfied when L has polynomial growth with respect
to v. It is a key point to ensure the finiteness of the action after reparametrization.

Proof We divide the proof into several steps.

Step I: Reparametrization. For any measurable function « : [0, t] — [1/2, 3/2]
satisfying fol a(s) ds = t (the set of all such functions « is denoted by £2), we define

T(s) = / a(rydr, s €]0,1].
0
Note that 7 : [0, ] — [0, t] is a bi-Lipschitz map and its inverse s(t) satisfies

s'(7)

a.e. 7 €|0,t].

_ 1
—as(n)

Now, given & € I/  as above and « € £2, define the reparameterization 1 of &
by n(tr) = &£(s()). It follows that 5(r) = é(s(r))/oz(s(r)). Let u, be the unique
solution of (9) with initial condition u,(0) = uo. Then we have that

JE) < I =/0 LO1@), uy (), 7(0)) d
_ /0 L), z.a(s), £(s) a(s)als) ds

where u; o solves

lig o (5) = L(E(5), e o (), E(s) /a(s))a(s), g a(0) = up.

By a direct calculation, for all ¢ € £2 and almost all s € [0, ¢], we obtain

o — tig = L(E, Ug o, & /o) — L(E, ug, &)
=L(&, ug o, E/0)a — L(E, ug, € /) + L(E, ug, & Ja)a — L(&, ug, £)
= L% (g g —ug) + L, ug, & Ja)a — L(E, ug, &),

and ug o (0) — ug (0) = 0, where

1
Li(s) = /O Ly (§(s), ue(s) + Mug o(s) — ue(s)), &(s)/a(s))a(s) di.
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By solving the Carathéodory equation above, we conclude that
Uga(8) — ug(s) = / B (L(E, ug, Efo)a — LG ug. §)) dT,  (25)
0

and ug o (1) — ug (t) > 0 for all o € 2. We claim that
L(&,us, &/a) € L'([0,1]) forall o« € £2. (26)
To show (26), by Lemma 3 we first observe that
L(§, ug, é/a) > L(£,0,&/a) — Klug| = 60(0) — co — K Fy (¢, |xo — x|/1)

which gives the lower bound of L (&, ug, £ /o). For the upper bound we will treat two
cases:

1. Suppose « € [1,3/2]. Then Lemma 5 (b) shows that L(¢, u;,é/a) < (kv +
D7'L(E ug, &) + k- (kK + D7 (B0(0) + Kuz); _

2. For the case @ € [1/2, 1], we need condition (L2’). Let A = B(0, t F>(¢, |xo —
x|/t)) where F, is determined by Corollary 1 such that |£(s)| < tF2(z, |xo —
x|/t). Invoking condition (L2’) we conclude that

L(& ug, &/a) <L(,0,&/a) + KF(t, |xo — x| /1)
<Ca(l+ L(£,0,€)) + KFi (¢, |xo — x|/1)
SCa(l + L, ug, &)+ KF\(t, |xg — x|/1) + KF| (¢, |xg — x|/1).

Step I1: A necessary condition. Next, we introduce the family
t
20 =1{B:[0,1] > R: B € L*>([0, ¢]) with / B(s)ds = 0}
0

andlet0 # B € £2. Forany ¢ € Rsuchthat |¢] < gy = W < 2HﬁH we have that
1+eB e Q. ‘
Define the functional A : £2 —> R by A(a) = ug o(t). Since A(1 +¢8) = A(1)

for |e| < STV ﬂH >——, then we have that 7 A1 + eB)|e=0 = Oif the derivative exists. Thus,
by (25), )
Al — Al ‘v
(1+¢eh) @) =/ ek Ludryg (s) ds, 27
€ 0

where ZE = LI and
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L&, ug, £/(1 +¢B)(1 +eB) — L(£, ug, £)

&

. 1 . .
=LE ue, §/(A+ep)) -+ ~(L(E, ug, §/(1 +6p)) — L(E, ug. £)).

Ae(s) =

‘We claim that

O—iA<1+sﬂ)| Iy (L&, ug, &) — Ly(5, ug, ) - £} pds. (28)
_dS e=0 = 0 y UE, viS, Ug, .

Step III: Summability. Set

le(s) == Ly(§, ug, §/(1 +B)) - §/(1 + ) — L(§, ug, §/(1 + £B)).
Notice that we take out the variable s on right side of the inequalities above. In view

of Lemma 5 (a) and Lemma 3 we have that /,(s) is bounded below by —(6(0) +
K Fi(t, |xo — x|/t)). By convexity we have that

L, ug, /(1 +eB) — L(5, ug, &) < Ly(5,ug, /(1 + eB)) - {E — &/(1 +&B)}
= —ef - Ly ug. £/(1 +¢P)) - £/(1 + €p).

It follows that

Ae(s) < — BOUL,(E, ue, E/(1 +eB)) - £/(1 + &) — L(E, ug, /(1 + p))}
= —B(s) - L:(s), (29)

Let B € £29 and 0 < & < gp. We rewrite A (s), [:(s) as A2 (s), I# (s) respectively.
Sett =8- Lig>0y and B~ = —B - L g0}, then

B=p"—p", and BE>0.
By (29) we have that
0 < A2(s) + BHI()E(s) < B~ ()P (s).

Now observe that B+ (s)If(s) = B+ (s)IF" (s) and B~ (s)IF (s) = B~ (s)I”, (5). Then
the inequalities above can recast as follows

0 <A () + BT (5) < B~ 9IE, (9. (30)
Lemma 5 (a) ensures that & — lff is decreasing on [—¢, 9] and we conclude that

BIf, < pIP,, Vee(0,¢). 31)

—&0
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By Lemma 5 (b), we obtain that

B1P =B (L5 ug, £/ —ep7)) - E/(1 — ef7) — L&, ug, /(1 — ef7)))
<B™ WP )T L g £/ —e0BT)) — B (E )TN DL ug, E/(1 —87))

where (/7)1 = =98 . (7)1 In view of (26), (30) and the fact that B~ (x/ )~

Ep—¢€

is bounded, we conclude that ﬂ‘lf; e LI([0, ¢]) for all £ € (0, &].

Step I'V: Erdmann condition. Thus integrating (30) and by Lebesgue’s theorem we
obtain that

! ot ! 1
0< / el Lulr ()8 (s)ds < f el Ll 1 (5) B (s)ds.
0 0

Therefore, f; e/ Le¥ly(s)B(s)ds < 0 and (28) follows since B € £2y is arbitrary.
Now, observe that the primitive p(s) := fos B(r)dr gives a one-to-one correspon-
dence between §2¢ and the set

21 ={u:10,7] - R : uis Lipschitz continuous with ©(0) = u(z) = 0}.

Thus, (28) can recast as follows
. t
0 = —eloLudr / E)u/'(s)ds Yu € £2y.
0

Recalling E(s) = —e™ fo Ludry(s) € L1([0, t]) by Step III, then a basic lemma in the
calculus of variations ensures that E(s) is constant on [0, 7].

Proposition 2 Suppose (L1), (L2’) and (L3) are satisfied. Let uy € Rand R > 0 be
fixed. Then there exists a continuous function F = F,, g : [0, +00) x [0, 400) —
[0, +00), with F (¢, r) nondecreasing in both variables and superlinear with respect
tor, suchthat for any givent > Qand x, xo € R", with |x — xo| < R, every minimizer
& eI . for(10) satisfies

ess sup |E(s)| < F(t, R/1).
s€[0,¢]

Proof Let & € I . be as above. Invoking Lemma 6, E is constant on a subset of
[0, ¢] of full measure. Let

Ei(s) = Ly(E(s), ug(s), £(s)) - £(s) — L(E(s), ug(s), £(5)).

Set I (s, o) = L(&(s), ug(s), é(s)/oz)oz for all s € [0, t] and o > 0. A simple com-
putation shows that /¢ (s, o) is convex in « and
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d
%ls(& a)|e=1 = —E(s).

Taking sg € [0, 7] such that |§(s0)| = ess infseo,1 |é(s)|, by convexity we have that

I , —1 o1
_Ey(s0) > sup £ (50, @) — le(s0, 1)
a<l a—1

Let us now take, in the above inequality, « = 3/4. Then, by (L2), (L3), Lemma 3
and Corollary 1 we conclude that

—E(s0) =4(e(s0, 1) — g (s0, 3/4)) = 4(L(&(s0), ug (50), £(50)) — le (0, 3/4))

4.
> —4co — 4K Fi(1, R/1) — 3L(E(s0), uz (s0), gS(So))

WV

—4co — 4K Fi(t, R/t) — 3K Fi(t, R/t) — 3L(£(s0), 0, gé(so))

WV

_ 4 .
— 4co = TKFi(t, R/1) = 00(3 1€ (s0)))
> —dcy — TKFi(t, R/t) — 8o(Fa(t, R/1)) := —F3(t, R/1).
It follows that, for almost all s € [0, ¢],
E(s) = E(so) = e 0" "™ E\ (s9) < €X' F3(t, R/ 1),

and
E\(s) = el 4 E(s5) < KT Fy(t, R/1) := Fa(t, R/1). (32)

Now, let s be such that E (s) exists and (32) holds. By convexity, we have that

L(E(s), ug(s), £(s)/(1 + |E()]) — LE(s), ug (s), £(5))
> (L4 EGD™ = 1) - (Lo(E(s), ug (5), £(5)), £(s))
> (14 EGD™ = 1) - (LE), ug(5), £(s)) + Falt, R/1)).

It follows that

L(E(s), ug(s), £(5))
SLES), ug(s), E() /(1 + 1EG D)L+ E()]) + Falt, R/DIES)I.

Let C = SUP; (0,11, v/<1 L(&(s), ug(s), v) and by (L2). By Lemma 3 we have that

C<  sup {L(&(s),0,v) + Klug(s)|} < 0o(1) + KFy(t, R/t) := F5(t, R/1).

se[0,11,vI<1

It follows that
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L(E(s), ug(5), £(s)) < Fs(t, R/t) + (Fs(t, R/t) + Fa(t, R/1)E(5)].
Therefore, invoking Lemma 3, we obtain

(Fs(t, R/1) + Fa(t, R/t) + DIE(s)| — (65 (Fs(1, R/1) + Fa(t, R/1) + 1) + o)
<O(IE()]) — co < L(E(s),0,E(5)) < L(E(s), ue(s), E(5)) + K |ug (5)]
< F5(t, R/t) + (Fs(t, R/t) + Fa(t, R/D)IE(s)| + K Fi(t, R/1).

This leads to

()| < (O3 (Fs(t, R/1) + Fa(t, R/1) + 1) + o) + Fs(t, R/1) + K Fy (1, R/1)
= Fs(t, R/1),

which completes the proof.

Proposition 3 Suppose L; (x,r,v) = Lo(x,v) — Ar, r € R, where L is a Tonelli
Lagrangian. Then L) satisfies condition (L1), (L2) and (L3). Moreover, the Lipschitz
estimate in Proposition 2 holds.

Proof By solving the Carathéodory equation (4), we have that

t
ue () = e Mg + e / ¢ Lo(, &) ds.
0

Therefore problem (3) is essentially a basic problem in the calculus of variations
with a time-dependent Lagrangian G (¢, x, v) = e* Lo(x, v). Moreover, G satisfies a
restricted growth condition

G,(t,x,v) = AG(t, x,Vv).

Then any minimizer £ of (3) is Lipschitz continuous (see, for instance, [3, Theorem
4.9]). Therefore, Erdmann condition in Lemma 6 holds with a slight modification
of the proof and the expected Lipschitz estimate can obtained as in the proof of
Proposition 2 similarly.

3.2 Regularity of Minimizers-Herglotz Equations—Lie
Equations

Leté el xto,x be a minimizer of (10) where u¢ is uniquely determined by (9). For
any A € R and any Lipschitz function 1 € Fot,o’ we denote &, (s) = £(s) + An(s). It
is clear that &, € FX’M and J(§) < J(&). Let ug, be the associated unique solution
of (9) with respect to &, and the initial condition (. Notice that
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0 d
—J —0 = —Uug ()]0 = 0.
i &) =0 ax”éﬁ( )5=0

Now for any s € [0, t] we set

ug, (5) — ug(s) _ l

Ax(s) = . X

/0 L&, ug,, &) — L&, ug, ) dr,
and
1 s . .
f(s) =X/0 L&, ug,, £.(s)) — L(&, ug,, £) d,

1[5 . .
13 (s) =X/0 L&, ug,,8) — L(§, ug,,§) dt.
Then fl)\ and fz)\ are all absolutely continuous functions on [0, ¢], and it follows

Ay (s) = flk(s) + le(s) + %/ ZZ (ug, —ug)dr, sel0,1],
0

where

—_— 1 .
Lj(t) :fo Ly (5(7), ug(t) + 6 (ug, (v) — ue (1)), £(7)) d0, 7 €[0,1].

Thus, we conclude that for almostall s € [0, ¢], the following Carathéodory equation
holds: ) ) ) e
As(s) = f1(5) + f3(s) + Li(s) - Ax(s) (33)

with initial condition A, (t) = a,. Notice that lim;_, ¢ A, (¢) exists and lim,_, g Ay (¢)
=1lim; ,9a, = %u& (t)|n=0 = O since & is a minimizer of J. It is not difficult to
solve (33), we obtain that

As) = a)‘efxy Li(r) dr + eff“‘ Li(r) dr / e_ft" Li(r) dt | (fl}\(r) + fz)h(r)) dr.

t

Since (&,(s), E'A(s), ug (s)) tends (§(s), é(s), ug(s)) as A — 0 for almost all s €
[0, 7], together with Proposition 2, it follows that, for all s € [0, ¢], we have

fls) = %”g(s)h:o:eﬁh(”dr' f e HOAT ey dr, F() =0, (34)
t

where g = L, -n+ L, -n and h = L, which are both measurable and bounded.
Notice that (33) implies that
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£s) =/0‘ e(r) +h(r) f(rydr, s €l0,1].

Then, invoking (34), we conclude that

0= [ 50 +his) el v { [ e g dr} ds
0

t

t ¢ s "
= / g(s) ds + el h dr. {f e~ @ dr o dr}
0

t

t

0

t .
_/ ef’ h(r)dr.e—ft h(r)dr.g(s) ds
0

1 :
— e nrdr {/ e Ji hr) dr -g(s) ds} .

0

It follows that
t S t S
0=/ e TR Ar o5y ds =/ e SO dr (L n+ L, -9)(s) ds.
0 0

Invoking the fundamental lemma in calculus of variation (see, for instance, Lemma
6.1.1 in [10]), we obtain that, for almost all s € [0, ¢],

d — [*h(r) dr . — [ h(r) dr :
T IOV LE), up (), E() = e h IO TLE), ug(5), E(5)).
This leads to the so called Herglotz equation (for almost all s € [0, t])

d .
aLV(E(S), ug(s), £(s))
=L (£(s), ug(s), £(s)) + Ly (E(s), ug(s), E()) L, (E(s), ug (s), £(s)).

(35)

Since L is of class C? and L(x, u, ') is strictly convex, then by the standard
argument as in [10, Sect. 6.2], we conclude that:

Theorem 1 Under our standing assumptions, we have the following regularity prop-
erties for any minimizer & for (10):

(1) Both & and ug are of class C* and & satisfies Herglotz equation (35) for all
s € [0, t] where ug is the unique solution of (9);

(2) Let p(s) = L,(&(s), ug(s), é(s)) be the dual arc. Then p is also of class C* and
we conclude that (&, p, ug) satisfies Lie equation (8).

Proof We first need to show that & is of class C I Let N be the set of zero Lebesgue
measure where & does not exist. For ¢ € [0, ], choose a sequence {;} € [0, T]\ N
such that #; — 7. Then & (#;) — v for some ¥ € R" (up to subsequences) and
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Ly(E(@0), ue (), £(@) = lim Ly (E ), ue (t), & (1)
= /O Ly (E(5), ug(s), £(5)) + Ly (E(s), ug(s), () Ly (E(s), ue(s), £(s))}ds

by (35). From the strict convexity of L it follows that the map v +— L, (§(s), ug(s), v)
is a diffeomorphism. This implies that v is uniquely determined, i.e.,

lim  &(s) = .
[0,/1\N3s—1

Now, by Lemma 6.2.6 in [10], £ (7) exists and lim[o,,]\Ngs_,;é(s) = £(7). It follows
& is of class C'. In view of (9), ug is also of class c.
In view of (7), by setting

Fs) = /0 (Lo (&g, £) + Lu(Ey e, )Ly (€, ug, £)) dr,
we have that
(Ly(E ). us(5).v) — F$) gy = Lo(E(0), ug (0. £(0)).

Then, the implicit function theorem implies £ is of class C' since both F and L, are
of class C'. Therefore we conclude that & is of class C? and ug is of class C 2 by (9).
The rest part of the proof is standard and we omit it.

4 Concluding Remarks

4.1 Egquivalence of Herglotz’ Variational Principle and the
Implicit Variational Principle

In the recent work [41, 42], the authors introduce an implicit variational principle
on closed manifolds which is essentially equivalent to Herglotz’ principle.

Proposition 4 ([41]) Let M be a C? closed manifold and let L : TM — R be of
class C? and satisfy conditions (L1)—(L3) for M instead of R" here. Given any
X0 € M and uy € R, there exists a (unique) continuous function hy, ,,(t, x) defined
on (0, +00) x M satisfying

a0 ) = o + inf / L), g (5. (). £(5)) dis,
0
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where & is taken over all the Lipschitz continuous curves on M connecting £(0) = x¢
and £(t) = x.

Moreover, let & be any curve achieving the infimum together with the curves p
and u defined by

U(S) = hyguo (5, €(5)),  p(s) = L,(E(s), u(s), &(s)).

Then (&, p, ug) is a solution of (8) with conditions £ (0) = x¢, £(t) = x and lim,_, o+
u(s) = uy.

Proposition 5 Let xyp, x € R", t > 0 and uy € R. For any & € F;O’x being a mini-
mizer of (10), we denote by ug (s, uo) the unique solution of (9) with ug (0, ug) = uo.
Then, for any 0 < t' < t, the restriction of & on [0, t'] is a minimizer for

A(t, xo, X, ug) :=ug + inff L(&(s), ug(s), é‘(s)) ds
0

with ug the unigue solution of (9) restricted on [0, t']. Moreover,
A(s, x0, E(s), uo) = ug (s, up), Vs €[0,1], (36)

and A(sy + s2, X0, E(s1 + 52), ug) = A(s2,£(s1), (51 + 52), ug(s1)) forany sy, s, >
Oands; + sy < t.
In particular; if hy, ,, is from Proposition 4, then

Uug(s) = hyyuo(s,5(s)), s €[0,1]. (37)
Remark 4 The relation (37) holds only when & is a minimizer of (10).

Proof Suppose xg, x € R",t > 0and uy € R. Let& € FX’O,X be a minimizer of (10)
and ug (s) = uz (s, up) be the unique solution of (9) with ug (0) = uo.
Now, let 0 < ¢/ < t. Let & € Fxl,,é‘(l/) and & € FEZZ)» be the restriction of & on

[0, #'] and [¢’, t] respectively. Then, we have that

e (1, ) = o + /0 L), s, (5). £1(5)) ds.

ug (t, ug) — ug(t', ug) = / L(&2(5), ug, (5), &(5)) ds.

t

Then both &; and &, are minimal curve for (10) restricted on [0, ¢'] and [#, 7] respec-
tively by summing up the equalities above and the assumption that & is a minimizer
of (10). In particular, (36) follows. The next assertion is direct from the relation

ug (51 + 82, ug) = ug (52, ug(s1)), Vsy, 80 >0, 514+ < 1
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since ug solves (9). The last assertion is a direct application of Gronwall’s inequality.
Indeed, we know that for all s € [0, ¢],

ug(s) =uo + fo L(E(r), ug(r), £(r)) dr,
Py g (5, E(5)) =g + / L), g E(r)). () dr

0

By condition (L3), it follows that

(5, £(5)) — s ()] < K / Vg (s £(7)) — g ()] di.
0

Our conclusion is a consequence of Gronwall’s inequality.

4.2 Herglotz’ Generalized Variational Principle on Manifolds

Now, we try to explain how to move the Herglotz’ generalized variational principle
to any closed manifold M.

Fixx,ye M,t >0andu e R. Let& € FX”V(M), we consider the Carathéodory
equation

{ug(s) = L((s), ug(s), é(s)), a.e.s €[0,1], (38)
ug(0) = u.
‘We define the action functional

J(§) = /0 L(&(s), us(s), £(s)) ds, (39)

where £ € Fxl, y(M ) and u; is defined in (9). Our purpose is to minimize J(§) over
d(M)=1{ e Fx” y(M ) : (9) admits an absolutely continuous solution ug}.

Notice that &7 (M) # @ because it contains all piecewise C' curves connecting x to
y. In view of the remark before Lemma 1, for each a € R,

o/ (M) = {& € I'l ,(M) : the function s — L(£(s). a, &(s)) belongs to L' ([0, £])}.

We begin with the case when M = R". Fix k > 0. Suppose 0 <t < 1,x,y e R”
such that |x — y| < «t. Suppose n € &7 (R") is a minimizer of the action functional
n — J(n). Invoking the aforementioned a priori estimates, n is as smooth as L.
Moreover, there exist constants C; (k) > 0, Co(u, t, k) > 0 such that
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sup [17(s)] < Ci(k), sup [n(s) —x| < Ci(k)t, sup |uy(s)| < Ca(u,t,«).
s€[0,¢] s€[0,¢] s€[0,¢]

Let D; = Bge(x, «t) and D, = Bra(x, (Ci(k) + 1)t), where the subscript is used
for the ball in R”. Then, D; C D, since k < C;(x). By denoting

BR") ={ne A R"):n(s) € D, forall s € [0, t]}.

Therefore we can claim that for any x € R" and y € D; the following problems are
equivalent:

o — inf
! ;?Rn)J@) %}?RH)J(E)

They admit the same minimizers.

Now we move to the manifold case. Let {(B;, ®;)} be a local chart for the C?
closed manifold M. We can suppose that {B;}", is a finite open cover of M and
®; : B - D, C R" is a C?-diffeomorphism foreachi = 1,..., N and (bj’l o®;:
BiNB; — BiNBjisa Cz-diffeomorphism foreachi #j=1,...,N.

Fix i, let B= B; and ® = &; : B — D, be a local coordinate. Let L : TM x
R — R be a Lagrangian satisfying (L1)-(L3). Then

(®,d®): TB — D, x R"
defines a local trivialization of T B. Let Ly : D, x R* x R — R be defined by
Lo(X,u,v) = L(® ' &), u,dd” (%)), (X,7)e D) xR" ueck.

Therefore, Herglotz’ generalized variational principle for L restricted to TB x R
is equivalent to the one for Ly on D, x R” x R — R since @ is a bi-Lipschitz
homeomorphism and a C2-diffeomorphism.

Proposition 6 Fixx > 0,0 < t < 1. Then there exist alocal chart {(B;, CD,-)}IIAV:1 and
a constant C,(k) > O suchthat each B; C By (x, C(x)t), andforanyx,y € B; and
u € R, the following points on the Herglotz’s generalized variational principle hold:

(a) The functional

o/ (Bj) 3§ — J(§) :/0 L(E(s), ug(s), £(5)) ds,

where ug is determined by (9) with initial condition ug (0) = u, admits a mini-
mizerin </ (M).

(b) Suppose x,y € B;. Let & € &/ (B;) be a minimizer of J. Then there exists a
Sunction F = Fg, : [0, 400) x [0, +00) — [0, 4-00), with F(-,r) being non-
decreasing for any r > 0, such that
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lug(s)| < tF(t, k) + C@)[ul, s €l0,1]

where C(t) > 0 is also nondecreasing in t.

(c) Suppose x,y € B;. Let & € o/ (B;) be a minimizer of J. Then, there exists a
Sunction F = F, g, : [0, 400) X [0, 4+00) — [0, +-00), with F(-,r) is nonde-
creasing for any r > 0, such that

ess sup [ (s)| < F(t, ).
s€[0,¢]

(d) We have the following regularity properties for any minimizer & for (39):

(1) Both& and ug are of class C* and § satisfies Herglotz equation (35) in local
charts for all s € [0, t] where ug is the unique solution of (9);

(2) Let p(s) = L,(§(s), uz(s), £(s)) be the dual arc. Then p is also of class C?
and we conclude that (§, p, uz) satisfies Lie equation (8) in local charts for
all s € [0,1].

Thus, by using L, it is not difficult to see that there exists a finer open cover,
which we also denote by {(B;, @;)} ,N: 1» such that the Herglotz’ generalized variational
principle can be applied in the case when x,y € Biand0 <t <1 (i =1,...,N)
since {®;}, is equi-bi-Lipschitz.

Now, let us recall the standard “broken geodesic” argument. Pick any x, y € M,
t >0and u € R. Let {(B;, cp,.)}l?": | be the local chart in the proposition above. We
suppose without loss of generality that x € By and y € By. Let § € o/ (M). Then
there exists a partition 0 =fy <t <t <--- < fr_| <t =t such that z; = &(¢;)
and z;41 = &(tj41) are contained in the same B;. For each j, we define

R tit1 .
Mg =ty ) =inf [ LG50 00, €500 d,
J t

J

where £; is an absolutely continuous curve constrained in B; connecting z; t0 z4|
and ug, is uniquely determined by (9) with initial condition u ;. Now we consider the

problem
k

gt,x,y,u) = infzhi(tj-H — 1, Zj, 241, Uj), (40)
j=1

where the infimum is taken over any partition0 =y < ] <th < -+- < f_] <l =
t,2j,2j4+1 € M contained in the same B; and u; € R. Due to Proposition 6 (b), {u}
can be constrained in a compact subset of R depending on u, x, y and ¢. Therefore the
infimum in (40) can be attained. Thanks to the local semiconcavity of the fundamental
solution hju h’L is differentiable at each minimizer which leads to the fact

hp(t,x,y,u) =g, x,y,u).

Proposition 7 Proposition 6 holds for any connected and closed C* manifold M.
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4.3 Further Remarks

Comparing to the method used in [41, 42], one can see more from our approach as
follows:

— We can derive the generalized Euler-Lagrange equations in a modern and rigorous
way which does not appear in both [41, 42];

— There should be an extension of the main results of this paper under much more
general conditions (like Osgood type conditions) to guarantee the existence and
uniqueness of the solutions of the associated Carathéodory equation (9).

— Along this line, the quantitative semiconcavity and convexity estimate of the asso-
ciated fundamental solutions have been obtained in [7] recently, which is useful
for the intrinsic study of the global propagation of singularities of the viscosity
solutions of (5) and (6) [4-6, 8];

— When the Lagrangian has the form L(x,v) — Au, by solving the associated
Carathéodory equation (9) directly, one gets the representation formula for the
associated viscosity solutions immediately [13, 19, 40, 43]. The representation
formula bridges the PDE aspects of the problem with the dynamical ones;

— Consider a family of Lagrangians in the form {L(x, v) + ZL, a;ju;}, a problem
of Herglotz’ variational principle in the vector form is closely connected to certain
stochastic model of weakly coupled Hamilton-Jacobi equations (see, for instance,
[20, 23, 38]).
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Appendix

Let £2 C R"*! be an open set. A function f : 2 C R x R" — R" is said to satisfy
Carathéodory condition if

— for any x € R", f(-, x) is measurable;
— forany t € R, f(¢, -) is continuous;
— for each compact set U of §2, there is an integrable function m (¢) such that

lf@ 0l <my@), (1,x)€U.
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A classical problem is to find an absolutely continuous function x defined on a real
interval I such that (¢, x(¢)) € §2 for t € I and satisfies the following Carathéodory
equation

x() = f@t,x@), ae.,tel. 41)

Proposition 8 (Carathéodory) If 2 is an open set in R"*! and f satisfies the
Carathéodory conditions on 2, then, for any (ty, xo) in §2, there is a solution of
(41) through (ty, xo). Moreover, if the function f(t, x) is also locally Lipschitzian in
x with a measurable Lipschitz function, then the uniqueness property of the solution
remains valid.

For the proof of Proposition 8 and more results related to Carathéodory equation
(41), the readers can refer to [17, 24].
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Piermarco Cannarsa, Giuseppe Floridia and Masahiro Yamamoto

Abstract We consider the transport equation d;u(x,t) + H(t) - Vu(x,t) =0 in
2 x(0,T), where T > 0and £2 C R? is a bounded domain with smooth boundary
a£2. First, we prove a Carleman estimate for solutions of finite energy with piecewise
continuous weight functions. Then, under a further condition which guarantees that
the orbits of H intersect 952, we prove an energy estimate which in turn yields an
observability inequality. Our results are motivated by applications to inverse prob-
lems.

Keywords Carleman estimates - Transport equation + Observability inequality

1 Introduction

Letd € Nand £2 C R? be a bounded domain with smooth boundary 32, v = v(x)
be the unit outward normal vector at x to 952, and let x - y and |x| denote the scalar
productof x, y € R? and the norm of x € R?, respectively. Weset Q := 2 x (0, T),
and we consider

Pu(x,t):=0u+H@)-Vu=0 inQ, (D
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where H(t) := (H (1), ..., Hy(1)) : [0, T] - RY, H € C'([0, T]; RY).
Equation (1) is called a transport equation and H (¢) describes the velocity of the
flow, which is here assumed to be independent of the spatial variable x.
Problem Formulation
We assume

Hy := min |H(z)| > 0, 2
1€[0,T]

and, without loss of generality, we suppose that 0 = (0, ..., 0) € £2.

Let us recall the following definition.

Definition 1.1 A partition {¢#;}; of [0, T] is a strictly increasing finite sequence
to, t1, ..., t,; (for some m € N) of real numbers starting from the initial point #p = 0
and arriving at the final pointz,, = T.

Hereafter, we will call {¢;}{ a uniform partition of [0, T'| when the length of the
intervals [z, ¢;1]isconstantfor j =0, ..., m — 1, thatis,; = %j, j=0,...,m.

Lemma 1.2 below ensures that any vector-valued function H (¢), satisfying (2), admits
a partition {¢;}7 of [0, T'] such that the angles of oscillations of the vector H () are
less than 7 in any time interval [z;, ¢;11], j =0,...,m — 1 (see Fig. 1).

Given a partition {z;}7' of [0, T'], let us set

H(t;) .
= , =0,....m—1. 3
nj |H(t])| J m 3

Lemma 1.2 Ler S, € (1/+/2,1). For any given H € Lip([0, T1; RY), satisfying
condition (2), there exist m € N and a partition {t;}i of [0, T] such that
H(1)

mwsz*, VZ‘E[Z‘j,l‘j_»,_l], ijO,...,m—l, (4)

where n; are defined in (3).

Fig. 1 In this picture
S*=cos%, m = 6 and N
Hj = H(l‘j), j=0,...,5. , e “.‘ I'u
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Lemma 1.2 is proved in the Appendix.

Remark 1.3 Condition (4) means that there exist m cones in R? such that the axis
of every cone, that is, the straight line passing through the apex about which the
whole cone has a circular symmetry, is the line between 0 = (0, ...,0)and n;, j =
0,...,m — 1. Moreover, a straight line passing through the apex is contained in
the cone if the angle between this line and the axis of the cone is less than w /4.
Indeed, the inequality (4), that is H(¢) - n; > cos 0*|H (¢)| for some v* € (0, §),
is equivalent to the fact that the angle between H (f) and 7; is less than /4. Thus,
H (t) is contained in the same cone V¢ € [¢;, #;41]. Let us note that it can occur that

ni =nj, for i # ]
Letd, = diam(§2) = sup |x — y|.Letusfix S, € (1/\/5, 1), r > 0 and define

x,ye?
Xj IZ—RjT)j, j=0,...,m—1, (5)
where 7; is defined in (3) and

{R,» =2/Ry+ 2/ — 1) +71),

6
Ry = {55:80. ©

We note that from (6) it follows that
xj ¢8R, j=0,....,m—1.
Forevery j =0,...,m — 1, let us define

Mg (x;) ;= max |x — x| and do(x;) = min |x — x;|. 7
xesf2 xesf2

Remark 1.4 The choice of the R;’s in (6) (see Lemma 2.2 below and Fig.2) guar-
antees that the points x;’s are located sufficiently far away from £2 and at increasing
distances from the origin.

By the choice of the finite sequence R; = |x;| in (6) (R; sufficiently large com-
pared with §¢) we deduce in Lemma 2.1 below that

(x4 Rjnj) - nj = Sulx + Rjnjl, Vx € 2.
In other words, the apex angle of the minimum cone with the apex x; which includes
£2 is less than 2 arccos S, (< /2) (see Fig. 3).

We now introduce the weight function ¢ (x, ¢) to be used in our Carleman estimate,
as follows. First, we define ¢ on 2 x [0, T) setting, for every x € §2,

ex, 1) = @j(x, 1) = =B — 1))+ |x —x;*, teltjtj), j=0,....m—1,
®)
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Fig. 3 In this picture: 2 :={(x,y) € R%:|(x,y)— (1,0)] <3}, C=(1,0), Sy=cosaxe
(JLE’ ),m=1, Hi:=H(j), j=0,1,and B,y > a, ap = @, § < a. We note that dg (x¢) =
dist (xg, G) and Mg (x9) = dgo (x9) + 6.
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where
B := (282 — 1)Hodg (xo), 9)

with Hy and dg, (xo) defined by (2) and (7), respectively. Then we extend ¢ to £ x
[0, T'] by continuity. Observe that ¢ is piecewise smooth in ¢ and smooth in x.
Main Results

In this article, under condition (2), we establish an observability inequality for (1)
which estimates the L?-norm of u(x, 0) by lateral boundary data u|jg o,y under
some conditions on H (¢) (see Theorem 1.6). This observability inequality is a con-
sequence of the following Carleman estimate.

Theorem 1.5 Let u € H'(Q) be a solution of Eq.(1), where H € C'([0, T]; RY)
satisfies (2). Let {t;}i be apartition of [0, T | satisfying (4). Then, there exist constants
50, Co, C > 0 such that for all s > sy we have

m—1
52 /|u|2e2‘v‘/’dxdt+se_cox2/ lu(x, 1))1*dx
Q j=0"%
< C/ |Pu|2e2wdxdt+CseC°'/ |u|2dydt+CseC5/ lu(x, T)|* dx,
0 z e

where ¢(x,t) : Q —> R is the weight function defined in (8), and
Y ={(x,1) €02 x(0,T): H(t) -v(x) >0} (10)

is the subboundary of all exit points for H.
We now give the observability inequality for Eq. (1).

Theorem 1.6 Let g € L2(352 x (0, T)) and let us consider the following problem

{ qu+H@)-Vu=0 inQ:=2 x(0,7), (11

ulyexo,1) = &-

Let us suppose that there exists a partition {t; }i of [0, T | associated to H (t) satisfying
(4) such that the following condition holds

(i1 —t)da(x)) - 1

, 12
osjzm—1 M3 (x)) Ho(252 — 1) (12)

where Mg (x;), do(x;) and Hy are defined in (7) and (2), respectively. Then, there
exists a constant C > 0 such that the following inequality holds

luC, Oz < Cliglzpexory, 0=<t=T,

for any u € H'(Q) satisfying (11).
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Assumption (12) is meant to guarantee that the orbit {H (¢) € RY : tef0, T]
intersects d£2. In the following example, we show that this or a similar condition is
indeed necessary: observability fails without some extra assumption.

In the following, for n > 0 we consider £2,, := {z € R?: |z| < n}.

Example I Let o >0 and p € (0,20/3). Let 2 := 2, and let f € C'(2,;R)
satisfy supp(f) C £2,» € §2, and let « (1) = (pcost, psint), t € [0, 27]. We set

v(x,y,t) = f(x — pcost,y — psint).

Thus, v satisfies (1), where H(¢t) = «/(t),0 < ¢ < T, and v vanishes at the boundary
of £2,. So,
{8,v+o/(t)~Vv=0 in 2, x (0,7), (13)

Vlag, x0,7) = &

with ¢ = 0. We note that |&/(t)| = p > 0 and, for ¢t € [0, T], the support of v(, -, t)
is
supp(r(-,-.1) = {(x.3) € B2 : |(x —peost.y —psinn)l < ). (14)

Then, from (13) and (14) it follows that observability fails. [l

‘We conclude this introduction with some comments on our main results.

1. One could establish an estimate similar to the one in Theorem 1.6 with the max-
imum norm by the method of characteristics. Our proof is based on Carleman
estimates, which naturally provide L?-estimates for solutions over £2 x {t}. The
method of characteristics does not yield such global L2-estimates directly. L>-
estimates, not estimates in the maximum norm, are related to exact controllability
and are more flexibly applied to other problems such as inverse problems, although
we discuss no such aspects in this paper.

2. Although, due to the simplicity of Eq. (1), the method of characteristics can be
easily applied to explain the validity of observability results, the one point we
would like to stress is the fact that, in this paper, we intend to derive a Carleman
estimate under minimal assumptions. Essentially, we want to give an explicit
construction of the weight function that only depends on the lower bound (2) and
the modulus of continuity of H.

3. It is worth noting that Theorem 1.6 aims at the determination of the solution u
on the whole cylinder 2 x [0, T], not only of u(-, 0) in £2. For this reason, in
Theorem 1.6, we have to measure data on the whole lateral boundary 052 x (0, T),
not just on a subboundary as we did for the Carleman estimate in Theorem 1.5—
where, however, the norm of u (-, T) in §2 is included. The fact that measurements
on the whole boundary are necessary to majorize u on §2 x [0, T'] can be easily
understood by looking at the representation solutions given by characteristics.

4. Another purpose of this paper is to single out an assumption which suffices to
derive observability from a Carleman estimate. We do so with condition (12),
which has a clear geometric meaning: one requires H (f) not to oscillate too much
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for enough time, giving an explicit evaluation of such a time. We do not pretend
our method to provide the optimal evaluation of the observability time. On the
other hand, Example 1 shows that some assumption is needed for observability:
(12) is an example of a sufficient quantitative condition for the observability of
solutions on £2 x [0, T].

Main References and Outline of the Paper

Carleman estimates for transport equations are proved in Gaitan and Ouzzane [5],
Golgeleyen and Yamamoto [6], Cannarsa et al. [4], Klibanov and Pamyatnykh [7],
Machida and Yamamoto [8] to be applied to inverse problems of determining spatially
varying coefficients, where coefficients of the first-order terms in x are assumed not
to depend on 7. In order to improve results for inverse problems by the application of
Carleman estimates, we need a better choice of the weight function in the Carleman
estimate. The works [5] and [7] use one weight function which is very conventional
for a second-order hyperbolic equation but seems less useful to derive analogous
results for a time-dependent function H (¢). Our choice is more similar to the one in
[8] and [6], but even these papers allow no time dependence for H. Although it is
very difficult to choose the best possible weight function for the partial differential
equation under consideration, our choice (8) of the weight function seems more
adapted for the nature of the transport Eq. (1).

In [4] we consider the transport equation d,u(x, t) + (H(x) - Vu(x, 1)) + p(x)
u(x,t) =0in 2 x (0, T) (£2 C R" bounded domain), and discuss two inverse prob-
lems which consist of determining a vector-valued function H (x) or a real-valued
function p(x) by initial values and data on a subboundary of 2. In particular in [4]
we obtain conditional stability of Holder type in a subdomain D provided that the
outward normal component of H (x) is positive on d D N d£2. The proofs are based
also on a Carleman estimate where the weight function depends on H.

As it is commented above, the method of characteristics is applicable to inverse
problems for first-order hyperbolic systems as well as transport equations and we
refer for example to Belinskij [2] and Chap.5 in Romanov [9], which discuss an
inverse problem of determining an N x N-matrix C(x) in

U, t)+ A U(x, 1)+ Cx)U(x,t) = F(x,t), O0<x<t€,t>0

with a suitably given matrix A and vector-valued function F. The works [2] and
[9] apply the method of characteristics to prove the uniqueness and the existence of
C(x) realizing extra data of U provided that £ > 0 is sufficiently small.

The method by Carleman estimates for establishing both energy estimates like
Theorem 1.6 and inverse problems of determining spatial varying functions is well-
known for hyperbolic and parabolic equations and we refer to Beilina and Klibanov
[1], Bellassoued and Yamamoto [3], Yamamoto [10].

The plan of the paper is the following. In Sect. 2, we prove the Carleman estimate
(Theorem 1.5). In Sect.3, we obtain the observability inequality (Theorem 1.6).
Finally, in Appendix we put the proof of Lemma 1.2.
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2 Proof of the Carleman Estimate

Let S, € (%, 1) and {¢;}¢ a partition of [0, T'] associated to H (¢) such that (4) is
satisfied.

2.1 Some Preliminary Lemmas

Lemma 2.1 Given R;, j =0,...,m —1, asin (6), then
(x4 Rjnj) -nj = Silx + Rjn;l, Vx € 2, (15)

where n; are defined in (3).

Proof Forevery x € §2, we have |x| = |x — 0] < 8¢ since 0 € £2, and
Selx + Rjnjl < Su (Ix] + Rjlnjl) = Su (Ix| + Rj) < S« (32 + R;),  (16)
and, since —x - n; < |x - n;| < |x|In;| = |x| < dg,
(x+Rjn;) - mj=x-n;+Rjnj-nj=x-n+R; = R; —|x| = R; — 3. (17)
From (16) and (17) it follows that a sufficient condition for the inequality (15) is the

following
Rj =680 = S:(6 + R)),

thatis, R; > }fg* 8p. Forevery j =1,...,m — 1, the last condition is verified by
R; defined as in (6). ([l

By the definition (6) of the sequence {R;} the following Lemma 2.2 follows.
Lemma 2.2 Let x; =—R;n;, j=0,...,m—1,with R; defined as in (6). Then

Mg(x;) = mz%( Ix — x| < m%l lx —xjp1l =do(xj31), j=0,...,m—2.
xXe X
(18)
By Lemma 2.2 (see also Fig.2) we deduce

. 6nax IMQ(Xj)IMQ()Cm_l) and 'Omin ld_Q()Cj)IdQ()C()). (19)
Jj=0,..., m— Jj=0,..., m—

Lemma 23 Let x; = —R;n;, j=0,...,m— 1, with R; defined asin (6). Then,

H(t) - (x —x;) > Cy Hydg(xg), tj<t=tjy1, j=0,....m—1, x € £,

where Cy, = ZS,% —1>0and Hy= min |H(t)| > 0.
1€[0,T]
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Proof Let 9% € (0,7 /4) satisfy cosd* =S,. For teltj,tj1], j=0,...,
m — 1, from (15) and Remark 1.3 we deduce that

H(t) - (x —x;) > cos 209* Hodg(x;) > (2Sﬂ2= — 1) Hydg (x0), x € 2

which is our conclusion. O

2.2 Derivation of the Carleman Estimate

After introducing the previous lemmas in Sect.2.1, we are able to prove Theorem
1.5. In this section, for simplicity of notations, for j =0, ..., m — 1 let us set

Mj = M_Q(.Xj) and [Lj = d_Q()Cj), (20)

see (7) for the definitions of Mg (x;) and dg (x;).

Proof (of Theorem 1.5). We derive a Carleman estimate on
Q=02 x(tj,tjy1), 0<j<m-—1.
Let w; := e*%/u, where ¢; is defined in (8), and
Lijw; = e P(e*%w;). (21)
By direct calculations, we obtain
Liw; =0ow;j+H()-Vw; —s(Ppj)w; in Qj, (22)
where, keeping in mind (8) and the definition of the operator P contained in (1),
Poi(x,t) =0¢; +H@) -Vo; =—B+2H(#) - (x —x;), 0<j<m-—1.
By Lemma 2.3 and (9), since 8 = (ZSf — D Hyuo € (O, 2(253 — 1)H0,u0) we have
Py =—B+2H(1) - (x —x;) > C:Hopo, (23)

where C, = ZSf — 1. Therefore, by (23) we obtain
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f |L;jw;|?dxdt > —zs/ (Poj)w;(@w; + H(t) - Vw,)dxdt
. Q/.

J

+ 52/ 2H () - (x — x;) — BI*|w;|*dxdt
Q

J

>L+5L+ Cngugszf lw;|*dxdt, (24)
Q;

where

I .= —2s (Poj)w;dw;dxdt and I :=—2s (Poj)H(t) - (w;jVw;)dxdt.
0, Qj

We have

I] = —2S/
0
t=t;

:sf [Po;x, Dlw;(x, D] dx+s/ 3 (Po;(x,0)|w;[*dxdt. (25)
o j+1 )

Q;

iyl
(Po,)w;dw;dxdt = —s / / (Pg;)d (wh)dxdt
t Q

J

Recalling (20), we obtain

O (Poj(x, 1) =2(x —x;) - H'(t) = —2M,,—, max |H' (1) =: —H.
tel0,

Consequently, from (25) we deduce

t=t;
I=tj1

Ilzs/ [Po;(x, )w;(x, 1)]?] dx—sH(;/ lw;|*dxdt. (26)
Q .

Qj

Then, for I, we deduce
iy d
L = —2s[ (Ppj)H () - W;jVw;)dxdt = —s/ / Po; ZHk(t)ak(wf)dxdt
Q; 1j Q k=1

b d Lj+1
= s/ / Z(ak(P<ﬂj))Hk(t)|wj|2dxdz - s/ / Po;(H (1) - v(x))|w; *dydt.
o Jeis S

‘We note that
H(t) - (x —x;) < [H@®)|lx — x;| < H M, 27)

where we set (see (19))

M, =M, and H, :=max |[H(t)| > 0.
1€[0,T]
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Therefore, since Pg; > 0 by (23) and 0 (P¢;) = 2H(t), we estimate I, in the
following way:

Ij+1 d Ij+1
L =2s/ / ZHf(z)|wj|2dxdt—s/ / Pp;(H(t) - v(x)|w;[*dydt
1 255 1 a2

i+l
> 2sf / |H (t)|*|w;|*dxdt
t 2

y L (=B +2H(1) - (x = x))(H () - v() w, Py

> 2H02s/j+1/ |wj|2dxdt—2s/ (H(t) - (x — x))(H(t) - v(x))|w;|*dydt
1 2 Z;j

22H02s/
0
> 2H02s/

Q

where

|wj|2dxdt—2H*M*s/ |H (1)[|v(x)||w;|*dydt

j P

|w,-|2dxdt—2HjM*s/ lw;|*dydt, (28)

J P

Xi={(x,1) €082 x (tj,tjr1) : H(t)-v(x) =0}

Hence, by (24), (26) and (28), we obtain

/ |ijj|2dxdtzs/ [Po;(x, D)lw;x, P27 dx
; 2

I=tj1
— Hés/ |wj|2dxdt+C1s2/ lw;|[*dxdt

— 2H>M,s / lw;|*dydt,
X

for some positive constant C;. Since w; := e*¥/u, from the previous inequality, for
j=0,...,m—1, by (21) we deduce that there exists also a positive constant C,
such that

iyl
/ / |Pul>e®% dxdt > sf Vi(x)dx + (Cys* — H(s) > u|*dxdt
tj 2 2 Qj

— Cp5e“* / lu|*dydt, (29)
X

where C;, C, are positive constants and

1=t;

¥ (x) i= [P, (x, e Ju(x, )]

t=tjs1
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By (8) and (23) we obtain

t=t;

Vi@ = [2H®) - (r = x)) = B) XD e, ]

= QH(t)) - (x — x;) = PP ux, 1))
— QH(tj41) - (x — x;) = PP TPUn=F =5 1y (x 1 P (30)

1=ljt1

Therefore, summing in j fromOtom — 1 and keeping in mind thatty = Oand?, =T
by (9) and (27) we have

m—1 m—1

D Y@ = QHO) - (x — x0) — AP PP ux, )7 + Y g; (0)lulx, 1))

j=0 j=1
— QH(T) - (x = xpy_1) — )X AT —tm-0ti=tnt Py (i T2

m—1
> toHoe™ u(x, 0)° — 2M, Ho ™ u(x, TP + 3 gy (1) ux. 1)1,
j=1

where, for j = 1,...,m — 1, we set
2
q;(0) == QH{}) - (x — xj) — BB — (2H(1)) - (x — xj_1) — p) X l—xim].

Thus, by (7), (20), (23) and (27), we obtain the following estimate

q;(x) = CoHoe™") — H,M,e*Mi- = C g Hoe™" <1 - eh(M?M%])) '
CoHo

Thanks to (18) (see Lemma 2.2), the choice of the points x; permits to have
wj—M;_; >0, and we deduce that there exist s; > 0 enough large, that is s; >

1 2H M, - — =
iy oe (Be) = 1 suhhat foreverys > sy = x|
H H
we have q;(x) > %ezsuﬁ > %ezsuﬁ > CoeCv, (3D

for some positive constant Cy = Cy(s). Thus, by (29), (30), and (31) we have that

mol ey
/ |Pul?e*dxdt = Z/ / |Pu|?e® % dxdt
0 = 2

m—1 m—1
SZ/ij(x)dx +(Cis? - Hés)Z/ X% |u2dxdt
=0 =0’

v
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m—1
— czseCZSZ / lu|>dydt
j=0"%i

m—1
> Cys? f ¥ uPdxdt — Cy5¢©** Z / lul>dydt
0 s
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m—1
+ coseCOSZ/ lu(x, t))*dx —CzseCZSf lu(x, T)|>dx
072 Q

for any 0 < C3 < C; and all s sufficiently large. The last estimate completes the

proof of Theorem 1.5.

3 Proof of the Observability Inequality

Let us give in Sect. 3.1 two lemmas and in Sect. 3.2 the proof of Theorem 1.6.

3.1 Energy Estimates

Let us give the following energy estimates.

Lemma 3.1 Let g € L>(382 x (0, T)) and let us consider the problem

{8,u+H(t)-Vu=O in Q=2 x(0,7), an

ulpex0.1) = §-
Then, for every t € [0, T], the following energy estimates hold
G O320) < UG, 0320, + Hellgll7
s 2y = ’ L2(2) #1822 x0.1))
i, 01720, < NG, 320, + Hellgll?
’ L2(2) = ’ L2(2) x118 L2(02x(0,T))’

for any u € H'(Q) satisfying (11), where H, :ZEH%(E)D;] |H(&)].
€lo,

O

(32)

(33)

Proof Let H(t) = (H\(t), ..., H;y(t)), t € [0, T]. Multiplying the equation in (11)

by 2u and integrating over £2, we have

d
/ 2ud,udx +/ ZHk(t)Zuakudx =0,
2 2 k=1

then,
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d
d ( / Jux, z)|2dx) +) f H (03 (|u(x, 1)[*)dx = 0.
Q =179

So, integrating by parts, for every ¢ € [0, T'], we obtain

d
o ([ |u<x,t)|2dx)=—2f Hk|u|2vkdy=—f (H-vlgldy, (34
Q k=1 Y92 082

wherev = (vy, ..., vy) is the unit normal vector outward to the boundary 9 2. Setting
E(t) := / lu(x,0)’dx, 1€[0,T],
I?)

by (34), integrating on [0, 7] we deduce

E() — E©0)] = ‘— /0 /9 HE) @) gx, O Pdyde| < Holg om0,

where H, :sn%g);] |H (&)|. Thus, for all ¢ € [0, T'], we have
€lo,

E() < EQO) + H*||g||iZ(agx(o,T))9

and
E©) < E() + H.llgl7200x0.19)- =

Lemma3.2 Let0<s <5, <T, g€ L2882 x (0, T)). Let us assume that there
exists a positive constant C = C(sy, sp) such that for everyt € [s1, s3] the following
observability inequality holds

luC, Oz < Clighizeexory, forallu € H'(Q) solution to (11). (35)

Then, there exists a positive constant C = C(sy, sz, T) such that the inequality (35)
holds for every t € [0, T].

Proof Let E(t) = |lu(-, t)||iz( p 1 E [0, T]. For every ¢t € [0, s1], keeping in mind

Lemma 3.1, by (32), (33) and (35) we obtain

e [)“iz(_@) — E@1t) < EQ0) + H*”g”iZ(a.Qx(O,T)) < E(s)) + ZH*”g”%Z(B.Qx(O,T))
< (C*+2H)lIgl 20 2x0.1) - (30)

For every t € [s2, T1, using again Lemma 3.1, by (32) and (35) we deduce
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luC, DIl = E@) < E(s2) + Hellgl 200w 0= (€ + HIEN 202 x0.1) -
(37

From (36) and (37) the conclusion follows. O

3.2 The Proof

Proof (of Theorem 1.6).
Let ¢ be the weight function given in (8). By the assumption (12) it follows that there
exists j* € {0, ...m — 1} such that

(l‘j*_ﬁ_] — l‘j*)dg(x]'*) 1
> .
M2 (x;j+) Hy(252 —1)

(38)

By tIE definition of the weight function ¢(x, 1) (see (8)), it follows that, for every
x € £2, we have
Qx, 1) = @je(x, 1j2) = |x — x> > 0

and, since (38) holds, keeping in mind that 8 = (2Sf — 1) Hydg (xp),

: 2
lim  @p(x, 1) =[x —xj|" = B(tjrqp1 — tjx) <O,
t—>(tjxq1)

fiopy — e
Therefore, there exist & € <O, ’HTJ> and § > 0 such that

{(p(x, 1) =@p(x,t) >4, tetp, s +e¢], x € 82, (39)

px, 1) =@j(x,1) < =94, t € [tjq1 — 26, tjs41), X € Q.

Let u € H'(Q) satisfy (11) on Q = £2 x (0, T). Let us consider Q* := £ x
(tj+, tj=41) € Q. Now we define a cut-off function x € C*°([¢j«, tj=1(]) such that
0<yx <1land
1,1t e [t/'*,l‘/'*_;,_l —2¢],
= j* L

X {O,te[lj*+|—8,tj*+1].
We set

vix,t) = xOulx,t), (x,t) e Q" (40)

and, keeping in mind (11) and (40), we deduce
ov+H()-Vv=u(dx) in Q%

Vlﬂﬂx(tj*,tj*H) = X8 (41)
v(x,tjpq1) =0, x € £2.
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Applying Theorem 1.5 to the problem (41), since |v(x,?)| < |u(x,t)| for every
(x,1) € Q* (see (40)), we obtain

szf |v|2e2dedz§c/ |u|2|8,)(|262wdxdt+CeC5[ lul*dydt,  (42)

for all large s > 0 and for some positive constant C.
Therefore, by (40) and (39) we have

tjx+e tjx+e
s2/ v2e*¢dxdt > s2/ f lul>e®%dxdt > Szem/ / lul>dxdt
% 1jx 2 1% 2

(43)
and, since x € C*([t}, tj=41]), we also deduce

tpxgp1—€
/ [u|?19, x |*e*dxdt = f / lu|?19, x|* > dxdt
o* t 2

1 —2€

S Klefzsﬁ/‘
t:

tixg|—€
j*

/ ulPdxdt < Ky lJul|7>goye 50 (44)
2

+1—2¢
for all large s > 0 and for some positive constant K.
From (42), by (43) and (44) we obtain

t,*—H:‘

2 2s8 2 2 —258 K 2

e [T [ widxdr = Gl goe ™ + Celglgmaory: G9)
t,-* 2

for all large s > 0 and for some positive constant Cj.
Setting

E(1) :=f uCe, OPdx, 1€ [t tp01],
2

by the energy estimate (33) of Lemma 3.1 we deduce

tixt+e tjxte tjx+e
/ / uldxdt = / E(t)dt > / (E(tj) = Hallg N2 00,17
tjx 2

tjx tjx

—c (E(tj*) — H*||g||iz(agx(0j))) (46)

and, by the energy estimate (32) of Lemma 3.1 we obtain

Lj*+1 Lj*41
Nl e, :/ E(t)dt:/ (E(tj*)+H*||g||iz(agx(oj))) dr

tjx tj

< E@)T 4+ Ho T8l 2 00x 0.1 - @D

Substituting (46) and (47) into (45), we have



Observability Inequalities for Transport Equations through Carleman Estimates 85

tjx+e
Szezsaf / lul>dxdt
1% 2

2 —2s8 Cis 2

< Cillullzzgne™™" + Cre gl 22 x0.1)
—2s8 2

<Cie™ <E(tj*)T + H*T”g”LZ(a.Qx((),T)))

Cis 2
+ Cie gl 2% 0.7y

IA

2 2s6 2
2?0 (E(;j*) - H*||g||Lz(aQX(O,T))>

A

for all large s > 0. Hence, for all s large enough,

(s2e¥%e — C\Te ) E(1j+) < (cleclf + 5220, + cle—mH*T) ||g||§2(mx(oj))

AY

But, for s > 0 enough large, §2e2%g — C Te %% > 0. Thus, using again (32), for

every t € [tj«, tj=4(], we obtain

2
lul, Ollze) = E@) < E@tj) + Hellgll 1200 x0.1y) = C2ligllzeexo.m)

for some positive constant C,. The conclusion of the proof of Theorem 1.6 fol-
lows from the above inequality, using Lemma 3.2 to extend the above observability
inequality from [z}, tj«41] to [0, T]. ([l

Remark 3.3 By adapting the above proof, one could easily obtain an observability
inequality for u(-,0) on 2, requiring measurements just on the subboundary ¥
defined in (10).
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Appendix

In this appendix we prove Lemma 1.2.

Proof (of Lemma 1.2). Since H € Lip([0, T]; R?) there exists L > 0 such that

|H(t) — H(s)| < L|t —s|, Vt,5s €[0,T].
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Let us consider, for simplicity, a uniform partition {¢;}7 of [0, T]. Let us set

_ H@) .
n; = , j=0...,m—1.
|H ;)|

Fort € [tj,tj41], j =0, ...,m — 1, we deduce

H(r)-nj = (H@) — H())) -nj + H(ty) -nj = —|H@) — H())| + |H(1))l

v

T
=Lt —t;| + |H(#)| > —LZ+|H(IJ-)|, (48)
and, since |H (1)| < |H(t) — H(t))| + |[H(t))|,
T
|H(t)| = |1H®)| — |H(@) — H(@t)| = |H@®)| — LIt —t;] > |[H(@)| — Ln—1- (49)

From (48) and (49), if we choose the uniform partition with m > where we

recall that Hy = 11[1011} ] | H ()|, we obtain the conclusion, that is,
tell,

2LT
Ho(1-5.)°

H(j) T ;
H(r)- > |H(D)| —2L— > S| H@)|, Vreltjtjpql, Yj=0,...m—1.
|H(t))] m
O
References

1. Beilina, L., Klibanov, M.V.: Approximate Global Convergence and Adaptivity for Coefficient
Inverse Problems. Springer, Berlin (2012)

2. Belinskij, S.P.: On one of the inverse problems for linear symmetrical t-hyperbolic systems
with n 4 1 independent variables. Differ. Equ. 12, 15-23 (1976)

3. Bellassoued, M., Yamamoto, M.: Carleman Estimates and Applications to Inverse Problems
for Hyperbolic Systems. Springer, Japan, Tokyo (2017)

4. Cannarsa, P., Floridia, G., Golgeleyen, F., Yamamoto, M.: Inverse coefficient problems for a
transport equation by local Carleman estimate, Inverse Problems (IOS Science), https://doi.
org/10.1088/1361-6420/ab1c69. arxiv.org/abs/1902.06355 (2019)

5. Gaitan, P.,, Ouzzane, H.: Inverse problem for a free transport equation using Carleman estimates.
Appl. Anal. 93, 1073-1086 (2014)

6. Golgeleyen, F., Yamamoto, M.: Stability for some inverse problems for transport equations.
SIAM J. Math. Anal. 48, 2319-2344 (2016)

7. Klibanov, M. V., Pamyatnykh, S.E.: Global uniqueness for a coefficient inverse problem for the
non-stationary transport equation via Carleman estimate. J. Math. Anal. Appl. 343, 352-365
(2008)


https://doi.org/10.1088/1361-6420/ab1c69
https://doi.org/10.1088/1361-6420/ab1c69
http://arxiv.org/abs/org/abs/1902.06355

Observability Inequalities for Transport Equations through Carleman Estimates 87

8. Machida, M., Yamamoto, M.: Global Lipschitz stability in determining coefficients of the
radiative transport equation. Inverse Probl. 30, 035010 (2014)
9. Romanov, V.G.: Inverse Problems of Mathematical Physics. VNU Science Press, Utrecht, the
Netherlands (1987)
10. Yamamoto, M.: Carleman estimates for parabolic equations and applications. Inverse Probl.
25, 123013 (2009)



On the Weak Maximum Principle )
for Degenerate Elliptic Operators i

Italo Capuzzo Dolcetta

Abstract This paper provides an overview of some more or less recent results con-
cerning the validity of the weak Maximum Principle for fully nonlinear degener-
ate elliptic equations. Special attention is devoted to the presentation of sufficient
conditions relating the directions of degeneracy and the geometry of the possibly
unbounded domain.

Keywords Fully nonlinear - Degenerate elliptic « Cylindrical domains * Principal
eigenvalue + Min-max formula - Finite difference approximations

1 Introduction

I will give an overview of some more or less recent results concerning the validity
of the weak Maximum Principle, that is of the following sign propagation property:

wMPif u satisfies F(x,u, Du, D>u) >0 in €, then u <0 on 9Q implies
u <0in Q

Hereu € USC (5), the set of real-valued upper semicontinuous functions on Q,
F is a degenerate elliptic fully nonlinear mapping from € x R x R” x §" into R
and S" is the space of n x n symmetric matrices.

In what follows 2 C IR” will be a general domain with possibly irregular bound-
ary satisfying either measure-type conditions or geometric conditions related to the
directions of ellipticity of F.

The results presented below apply to upper semicontinuous functions u satisfying
the partial differential inequality F (x, u, Du, D*u) > 0 in viscosity sense [1] and,
a fortiori, in the classical sense. The motivation for considering non-smooth func-
tions is of course a strong one when dealing with fully nonlinear partial differential
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inequalities but is also a relevant one in the linear case, as pointed out by Calabi
[2]. In that paper, brought to the attention of the present author by Garofalo [3],
some version of the Hopf Maximum Principle is indeed proved to hold for upper
semicontinuous functions u satisfying the linear partial differential inequality

Tr(A(x)Dzu) +b(x)-Du+c(x)u >0

in an appropriately defined weak sense. It is worth to note that the weak notion
considered in [2] is in fact similar although a bit stronger than the viscosity notion,
see Mantegazza et al. [4] for comments in this respect.

My presentation here is based in particular on the papers [5-9]. I refer to these
papers for more informations and proofs.

2 The Weak Maximum Principle in Bounded Domains:
A Numerical Criterion

We consider first the case of a bounded domain 2 € IR” and report on a charac-
terization result in [5]. Let us start by recalling some well-known facts [10] in the
framework of linear uniformly elliptic operators

Llu] = Tr(A(x)D*u) + b(x) - Du+ c(x)u, al < A(x) <31

with, say, continuous and bounded coefficients A, b, ¢, a > 0.
Several sufficient conditions of different nature known to imply the validity of
wMP in a bounded domain €2, e.g.

e (i)c(x) <0 .
e (ii) exists ¢ > 0 in 2 such that L[¢] < 0
e (ii) 2 is narrow (i.e. contained in a suitably small strip)

Simple examples show however that none of these conditions is however necessary
for the validity of the weak Maximum Principle. What about sufficient and also
necessary conditions for the validity of the Maximum Principle?

An important characterization result is due to Berestycki, Nirenberg and Varadhan
[11]:

wMP holds for uniformly elliptic operators

Llu] = Tr(A(x)Dzu) + b(x) - Du + c(x)u
in a bounded domain €2 if and only if the number A, defined by

Ar:=sup{A €eR: 3¢ > 0in Q suchthat L[¢] + ¢ <0 inQ}
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is strictly positive. In the definition of Aj, ¢ € W,%;C” ().

Notably, this very nice numerical criterion was proved to hold under mild condi-
tions on the coefficients and applies to a large class of domains with rough boundary
9.

In the above result the matrix A(x) is required to be uniformly positive definite
but not necessarily symmetric. Note that even for symmetric A the operator L is not
in general self-adjoint due to the presence of the drift term b.

Nonetheless, in [11] it is proved that the number A; shares some of the properties
of the classical principal eigenvalue for the Dirichlet problem, namely:

e there exists a principal eigenfunction w; > 0in €2 such that
Llwi]+ A\w; =0in , w; =00noQ

e w; is simple

e Re)\ > )\, for any other eigenvalue A of L

The existence of an associated positive and simple eigenfunction follows from the
Krein-Rutman theorem thanks to compactness estimates guaranteed by the uniform
ellipticity of L and the boundedness of 2.

The Berestycki-Nirenberg-Varadhan definition above can be expressed by the
equivalent pointwise min-max formula

Lo(x)

inf sup
¢0)>0 req @(x)

A= —

where ¢ € leo’cp (€2). The same formula, under more restrictive conditions (smooth
boundary, continuous coefficients), was considered before in [12].

In that same paper different equivalent representation formulas for A; were also
proposed in terms of the average long-run behaviour of the positive semigroup gen-
erated by L. More precisely,

1
Al = — lim —logsup/ pt, x, y)dy
Q

t—>+o0 xeQ

where p(t, x, y)dy is the positive density defining the semigroup generated by —L.

A much older reference is [13] where the same min-max formula is proposed for
the principal Dirichlet eigenvalue for the Laplace operator, see also [14].

One motivation for considering similar formulas in the nonlinear case comes
from ergodic optimal control. Consider for example the viscous Hamilton—Jacobi
equation, that is the Bellman equation satisfied by the value function u,, of an infinite
horizon stochastic discounted optimal control problem with running cost V:

1 1
—EAua + E'V”“|2 — V@) 4+au,=0 ,x e R"

where o > 0 is the discount parameter and the eigenvalue problem for the linear
Schrodinger type equation
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1
_EACD + V)P =)0

If (A1, @ > 0) is a principal eigenvalue-eigenfunction pair, it is easy to check that
the function w = —log ® + f]R,l P2 log ® dx satisfies

1 1
—EAw+§|VwI2—V(x)+>\1=0, /wq>2=0

n

which is the Bellman equation of ergodic optimal control.
It can be proved, under some conditions on V, that as « — 0

Qug —> A, u(,—/ u, ®2dx - w
"

This PDE approach to ergodic optimal control has been introduced by Lasry [15],
developed later by P.L. Lions [16], Bensoussan-Nagai [17] and many other authors in
more general settings including the case of controlled degenerate diffusions and more
general Hamiltonians modelled by operators of the type F (D*(w)) + H(x, Dw)
with F convex, see [18].

According to this kind of motivations a quite natural question arises: does the
Berestycki-Nirenberg-Varadhan characterization holds true as it is, or may be with
suitable modifications, in the case of degenerate elliptic operators

Tr(A(x)D*u) + b(x) - Du + c(x)u

with A(x) non-negative definite and, more generally, for fully nonlinear degenerate
elliptic operators ?

That is, is there a number associated to F' and €2 whose positivity enforces the
validity of wMP and conversely?

Recall that the mapping F : © x R x R" x §" — IR is degenerate elliptic if the
weak monotonicity condition

Fx,r,p,X+Y)>F(x,r,p,X)

holds true for any non-negative definite matrix ¥ € S”. The starting point of our
research in [5] was the observation that the definition of A\; in [11] does not work at
this purpose in the case of degenerate ellipticity as shown by very simple examples
whose analysis lead us to the following definition of the number

pi(F, Q) :=supiA e R:3Q' D Q, 3p € C(Q), ¢ > 0, F[¢p] + \¢p™ < 0in Q'}

associated to a degenerate elliptic mapping F' which is assumed to be homogeneous
of degree o > 0 with respect to the matrix slot. Given a domain € in R" and an
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open set O such that @ C O and an operator F positively homogeneous of degree
a>0

One cannot expect, in the general case, u;(F, £2) to be a genuine principal eigen-
value. However, under uniform ellipticity for F, this is in fact the case as can be
proved following ideas in [19].

The definition seems to depend on the choice of the set O but in fact this is not the
case as confirmed by the Theorem below, proved in [5] for a general F' depending on
all variables. For the sake of simplicity we confine ourselves here to the simplified
model F(x, u, Du, D*u) = F(D>u) — f(x).

Theorem 2.1 Let 2 be a bounded domainin R” and O an open set such thatQ C O.
Assume that F is continuous, degenerate elliptic, positively homogeneous of degree
a > 0. Assume also that f € C (Q).Then

F satisfies wMPin Q if and only if p(F, ) > 0

For general F extra assumptions are needed, including the Crandall-Ishii-Lions
structural condition to guarantee the comparison property between viscosity sub and
supersolutions.

As far as we know the above result is new even for smooth subsolutions of degen-
erate elliptic linear operators.

Here below a few examples to illustrate the result above:

e Zero order inequalities: F(u(x)) = c(x)u(x) > 0. If c¢(x) < O then, trivially,
u(x) < 0 and, as easy to check p;(F, ) > 0.
More generally, if F(x, u, Du, D*u) = F(u(x)) >0 and F is decreasing with
F(0) = 0 then, trivially, 41 > Oand u < F~10)=0.

e Transport operators: b(x) - Vu >0, x € 2, u <0, x € 9Q
It is not difficult to check that if b vanishes somewhere in €2 then p; = 0.
On the other hand, if there exists a Lyapunov function L such that VL # 0 and
b-VL > 0then y; > 0.

e Subelliptic operators: if the ellipticity of F is not degenerate in some direction v,
that is

Fx,r,p,X+vQv)—Fx,r,p,X)>06>0

and if the positive constants C satisfy F(x, C, 0, 0) > 0in &/, then u (F, ) > 0.
This is seen by taking ¢(x) = 1 — €e?”*, with ¢ large and ¢ small.
Above conditions satisfied for instance by the 2-dimensional Grushin operator:
Oxx + |x|¥8,, with k an even positive integer.

e Harvey-Lawson Hessian operators, see [20]:

Hi(D*u) := i1 (D) + ... + 1, (D?u),
k an integer between 1 and n, m; (D) < 772(D2u) <...< nN(Dzu) the ordered

eigenvalues of the matrix D?u. A test with quadratic polynomials shows that
p1(H) > 0.
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3 Unbounded Domains and Uniform Ellipticity

Itis well-known that wMP may not hold in general unbounded domains: just observe

that
1

ux)=1 2
with n > 3 satifies Au = 0 in the exterior domain Q = R" \EI(O), u=0on o
butu > 0in €.

Some remarkable results concerning the validity of wMP for linear uniformly
elliptic operators in unbounded domains are due to [21]. He considered domains
satisfying the following measure-geometric condition:

(G) for fixed numbers o, 7 € (0, 1), there exists a positive real number R(£2)
such that for any y € Q there exists an n-dimensional ball Bg of radius R, < R(£2)
satisfying

y € BR), s |BR>‘V \ Qy,Tl = U|BR}.|

where €2y ; is the connected component of 2 N Bg,, containing y.

The above condition, first introduced in [11] requires, roughly speaking, that there
is enough boundary near every point in 2 allowing so to carry the information on
the sign of u from the boundary to the interior of the domain.

Condition (G) is satisfied for example by unbounded domains with finite mea-
sure with R(Q2) = C(n)|52|nl and also for a large class of unbounded domains with
possibly infinite Lebesgue measure such as infinite cylinders.

On the other hand (G) does not hold on cones: this can be seen as a consequence
of the fact that (G) implies sup.q dist(y, 9€2) < +o00.

Another quite simple example of an unbounded domain with infinite Lebesgue
measure satisfying (G) is provided by the perforated plane

R, =R*\ | J B.G )
(i,))ez?

where B, (i, j)isthedisc of radiusr < 1 centered at (i, j). Observe that SUP,cRr2 dist
per

(y,@R,z,er) < +o00 which is definitely not the case for the exterior domain

R™\ B, (0) considered before.

For domains satisfying (G) Cabré [21] proved an Alexandrov-Bakelman-Pucci
(ABP) type estimate:

If u is a W7 strong solution of the uniformly elliptic partial differential inequality

Tr (A(x) D*u) + b(x) - Du+c(x)u > f(x) inQ
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with
AXE-E>aléf, a>0

then

supu < suput + C R(Q) | flln
Q 09

As a consequence of the (ABP) estimate above, if f = 0 and u < 0 on 052, the
validity of wMP follows in the case of linear uniformly elliptic operators.

Some of the results in [21] have been later generalized to viscosity solutions of
fully nonlinear uniformly elliptic inequalities in [6] under a weaker form of (G),
namely

(WG) thereexist constants o, T € (0, 1) suchthat forally € Qthereisa
ball Bg, of radius R, containing y such that

|Br, \ 2y.7| = o|Bg,|

where Qy - is the connected component of QN B - containing y .

If sup,cq Ry < +00 in the above definition, then €2 satisfies condition (G). Typ-
ical examples of unbounded domains satisfying condition (wG) but not (G) are
nondegenerate cones of IR” (and all their unbounded subsets). Indeed, condition
(wG) is satisfied in this case with Ry, = O(]y]) as |y| — oo.

A less standard example is the plane domain described in polar cohordinates as
Q=R*\{o=¢", § > 0}. Here (WG) holds with R, = O (eP) as |y| — oo.

The main result in [6] is the following version of the (ABP) estimate and as a
by-product in the case f~ = 0 in €2, the validity of wMP':

Theorem 3.1 Assume that F satisfies

e aTr(Y) < F(x,t,p,X+Y)—F(x,t,p,X) < BTr(Y) forsome0 < a <[
e t — F(x,t, p, X) is nonincreasing
e F(x,0, p, 0) <b(x)|pl

forall (x,t, p, X) and for all Y > O. Assume also that Q2 satisfies (WG) and

(C)  sup Ry [IbllLxq,,) <00
yeQ

Ifu € USC(Q) with supg u < +00 is a solution of F (x,u, Du, D*u) > f(x) in Q
where f € C(2) N L°°(Q), then

(ABP) supu <supu® + C sup Ry || f llzvea,
Q o yeQ i

for some positive constant C depending on N, «, 3, o, T and sug Ry 1D L(g,.,) -
ye
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To obtain the ABPestimate in this more general case we will assume, besides
condition (wG) on the domain, the following coupled requirement on the geometry
of the domain and on the growth of the first order coefficients:

(C)  supRy [Ibll~q,,) <00
yeQ

This condition is trivially satisfied if SUpP,cq R, < Ry < +0o0in (wG), i.e. if  satis-
fies (G), or when b = 0, namely when F does not depend on first-order derivatives.
For a complete operator, condition (wG) alone is not enough to guarantee the validity
of the Maximum Principle. Indeed, the function

u(x) =u(x,x) = (1—e") (1-e'"),
with 0 < € < 1, is bounded and strictly positive in the cone

Q:{x:()cl,xz)e]R2 x> 1, x2>l}

and satisfies
u=0 ond, Au+Bx)-Du=0 inQ

where the vectorfield B is given by

€ 1—¢ € 1—¢
B(x) = B(x1,x2) = | /= + e
X4 X1 X, X2

As observed above, Q satisfies (WG) with R, = O(|y]) as |y| — oo.

Since |B|r~(q,.) =1 for every y € Q, the interplay condition (C) fails in this
example. '

Here are some non trivial cases in which the interplay condition (C) is fulfilled:

e @={(,xy) e RV xR : |x/| <1, xy > 0}. Since Q satisfies condition
(G), then (C) is satisfied if b is any nonnegative bounded and continuous function.

e @={(,xy) e R""'xR : xy > [x'|7} with g > 1. Satisfies assumption
(wG) with radii Ry = O (|y|1/‘1) as |y| = oo. In this case, (C) imposes to the
function b a rate of decay b(y) = O (1/|y|1/q) as |y| - oo.

e Qisthestrictly convex cone {x € RY \ {0} : x/|x| € I'} whereI"isaproper sub-

setof the unit half-sphere s =1 = [x =@, xy) eRV"IxR : x| =1, xy > 0}.
In this case, condition (WG) is satisfied with R, = O(|y|) for |y| — oo and con-

dition (C) requires on the coefficient b the rate of decay b(y) = O (1/]y]) as
|y| = oo.

It is not hard to check that the values o = % and 7 < 1 are feasible for the validity
of the measure-geometric conditions in all the above examples.
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4 One-Directional Elliptic Operators on Special
Unbounded Domains

This section is a brief overview of some recent results in collaboration with Vitolo, [7,
8] about the validity of various versions of the wMP for degenerate elliptic operators
F which are strictly elliptic on unbounded domains 2 of R” whose geometry is
related to the direction of ellipticity.

Some results of that kind for one-directional elliptic operators in bounded domains
have been previously established by Caffarelli-Li-Nirenberg [22] , see also [23].

Assume that IR” is decomposed as the direct sum U @ U+ where U is a k-
dimensional subspace of IR” and U is its orthogonal complement and denote by P
and Q the projection matrices on U and U, respectively.

We will consider special open domains €2 satisfying the following condition

(2°) Qg{xeR”:a§x~uh§a+d, h=1,...,k} forsomeacR,d>0,

where {v/!, ..., ¥} is an orthonormal basis for the subspace U.

Domains as 2 are contained in infinite parallelepipeds whose k-dimensional
orthogonal section is a cube of edge d.

They may be unbounded and of infinite Lebesgue measure but they do indeed
satisfy the measure-geometric (wG) condition discussed in the previous section. No
regularity assumption is made on the boundary 0S2.

We assume the following monotonicity conditions on the mapping F :

e F is degenerate elliptic: F(x,s,p,Y) > F(x,s,p,X) if Y > X,

e Fis one-directional elliptic: F(x,0, p, X +tv ® v) — F(x,0, p, X) > a(x)t
for some v € U and forall t > 0

e F(x,s,p,X) < F(x,r,p,X) ifs>r and F(x,0,0,0) =0 forallx € 2,

Here O is the zero-matrix and «/(x) is a continuous, strictly positive function such
that lim inf,_, o, a(x) > 0.

The strict one-directional ellipticity condition (£2-) on F play a crucial role in our
results.

We will assume moreover that:

e there exists # > O such that F(x,0,0, X +1Q) — F(x,0,0, X) <t |x| forall
t>0,as|x| > o0
¢ |[F(x,0,p, X) — F(x,0,0, X)| <~v(x)|p| forall peR"

Here Q is the orthogonal projection matrix over U and +y is a continuous function
such that 38 is bounded above in 2 by some constant I' > 0. Observe that both the
matrices ¥ ® v and Q belong to §" and are positive semidefinite.

We will refer collectively to conditions above as the structure condition on F,
labelled (SC)y. It is worth noting that (SC)y requires a control from below only
with respect to a single direction v € U and a control from above in the orthogonal

directions, a much weaker condition on F than uniform ellipticity.
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The latter one would indeed require a uniform control of the difference quotients
both from below and from above with respect to all possible increments with positive
semidefinite matrices.

A very basic example of an F satisfying (SC)y is given by the linear operator

0*u
2.\ —
F(x,u, Du, D*u) _)\l(x)a—x]z +)\k(x) +Zb (x) +c(x)u
which satisfies conditions above with U = {x441 = - - - = x,, = 0}, provided ); (x) >
a,i=1,...,k i(x)|1/2§'yandc(x)§0.

Further examples are provided by fully nonlinear operators of Bellman-Isaacs
type arising in the optimal control of degenerate diffusion processes:

F(x,u, Du, D*u) = supinf L"u,
w v

where
k

&u
Ly — } : l;ju +§ : ;w —‘,—CW
Oxix; el

ij=1

with constant coefficients depending 1 and v running in some sets of indexes M, N.
If the matrices (alf}j[ 3) are positive semidefinite for all «, 3 and

Z alfvivi = A, B <y, <0, h=1,... .k
i,j=1

for an orthonormal basis {v'!, . .., ¥} of some k-dimensional subspace U.

Our results in [7] concerning the validity of (wMP) for one-directional elliptic
operators in the special class of unbounded described above are stated in the following
theorems:

Theorem 4.1 Let Q be a domain of R" satisfying condition
) QC{xeR” ca<x-V<a+d, h= 1,...,k} forsomeaeR,d >0,

and assume that F satisfies the structure iondition SO)y.
Then (WMP) holds for any u € USC(2) such that u™(x) = o(|x|) as |x| — oo.

Note that some restriction on the behaviour of u at infinity is unavoidable. Observe
indeed that u (x|, x5, x3) = e sin x, sin x3 solves the degenerate Dirichlet problem

Pu  O%u
e _— = 0 i Q, 5 s == 0 89
8x12 + 8x§ in u(xy, x2, x3) on
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in the 1-infinite cylinder 2 = R x (0, m?% c R¥andu(xy, x2, x3) > 0in 2, implying
the failure of (WMP).
The next is a quantitative form of the above result:

Theorem 4.2 Let Q2 be a domain of R" satisfying condition
) QC{xeR” ca<x-Vv<a+d, h= 1,...,k} forsomeaeR,d >0,
and assume that F satisfies the structure condition (SC)y. If

F(x,u, Du, Dzu) > f(x) inQ

where f is continuous and bounded from below and u™ (x) = o(|x|) as |x| — oo.

Then
el+d r f7

2
=l d
«

supu < supu’
P = T rar

where f~(x) = —min(f(x), 0).

The next result allows a weaker monotonicity requirement forr — F(x,r, p, M)
which must be compensated by some narrowness condition on the domain:

Theorem 4.3 Let Q satisfy condition (2-) and assume that F satisfies (SC)y with
the weaker condition

F(x,s,p,X)— F(x,r,p,Xt) <c(x)(s—r) ifs>r

for some continuous function c¢(x) > 0. Assume also that ;();)) <K < +o0in Q.

Then (WMP) holds for u € USC(Q), u bounded above, provided d* K is small
enough.

For fixed ¢ > 0 this results applies to narrow domains, that is when the thick-
ness parameter d in condition (£2-) is sufficiently small. Conversely, for fixed d > 0
(wMP) holds provided c is a sufficiently small positive number.

The above result can be used as an intermediate step in the proof of the Theorem
below concerning the validity of (wWMP) for unbounded solutions with exponential
growth at infinity, a qualitative Phragmen-Lindelof type result:

Theorem 4.4 Let Q2 satisfy condition (2°) and assume that F satisfies (SC)y.
Then, for any fixed By > 0 there exists a positive constantd = d(n, «, 3, v, Bo) such
that if Q has thickness d, then (WMP) holds for functions u € USC (Q) such that
ut(x) = 0™y as |x| - oo.

Conversely, for any fixed dy > O there exists a positive constant 3 = B(n, «, (3, 7,
dy) such that (WMP) holds for functions u € USC () such that u*(x) = O (e’")
as |x| - oo.
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Note that the assumption
F(x,0,0,X+1tQ)— F(x,0,0,X) <prt|x| forallt > 0,as|x|] > o0

in the directions belonging to U+ is essential in order to go beyond a polynomial
growth. Indeed, the function u(xy, x;) = x% sin x is a solution of

Pu 1,0
2

277 0x3

=0
ox?

in the cylinder Q = (0, 7) x R C R?, u = 0 on OS2 but u is strictly positive in Q.

5 An Approximation of the Principal Eigenvalue

In this final section we present a recent approximation result and a finite difference
scheme for the computation of the principal Dirichlet eigenvalue for fully nonlinear
operators F in the uniformly elliptic case based on the pointwise min-max formula
for the principal eigenvalue presented in the first section. Consider first the self-
adjoint operator Lu(x) = div(A(x)Vu) where A(x) is a symmetric positive definite
matrix with continuous entries, €2 a bounded open subset of IR”.

The minimum value ); in the Rayleigh-Ritz variational formula

A\ = — min f A(x)D¢ - D¢ dx
(QEHOI(Q)JWHLZ(Q):I Q

is attained at a function wy such that

Lwi(x) + X \wi(x) =0x € Q,
wi(x) =0 x € 0Q

It is also well-known that \; is the principal eigenvalue of L in € and w; is the
corresponding principal eigenfunction of the Dirichlet problem for L.

For linear operators in divergence form there is a vast literature on computational
methods for the principal eigenvalue. On the other hand, general non-divergence type
elliptic operators such as

Tr(A(x)D*u) + b(x) - Du + c(x)u

are not self-adjoint in general and the spectral theory is then much more involved:
in particular, the Rayleigh-Ritz variational formula is not available anymore.

In [9] we developed a finite difference scheme for the computation of the princi-
pal eigenvalue and the principal eigenfunction of fully nonlinear uniformly elliptic
operators based on the min-max formula discussed above:
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o FLo(0)]
A= nf S

where we used the notation F[¢(x)] = F(x, ¢(x), Dp(x), D*¢(x)). That formula
can be seen as a pointwise alternative to the Rayleigh-Ritz L? formula.

Our approach applies in particular to linear operators in non-divergence form, see
[24, 25]. The literature in this case is not abundant, see for example [26] and our
approximation results seem to be new even in the linear case.

Let hZ" be the orthogonal lattice in IR” where & > 0 is a discretization parameter
and C;, the space of the mesh functions defined on 2, = © C Zj. Consider a discrete
operator Fj, defined by

Fylu)(x) := Fy(x, u(x), [uls)

where

h > 0 is the discretization parameter (4 is meant to tend to 0),

x € 2 is a grid point

u e Ch

[-]1: represents the stencil of the scheme, i.e. the points in €2\ {x} where the value
of u are computed for writing the scheme at the point x (we assume that [w], is
independent of w(y) for |x — y| > Mh for some fixed M € N).

Following [27] we introduce some basic structure assumptions which are to be
satisfied by the finite difference operator Fj,:

(i) Fy is of positive type, i.e. for all x € ;, z, 7 € R, u,n € C;, satisfying 0 <
n(y) < 7 foreach y € Q,, then
Frp(x,z, [u+nl) = Fu(x, z, [uly) = Fr(x,z + 7, [u+nl)

(i) F}, is 1-positively homogeneous, i.e. forall x € ),z € R, u € C; and ¢ > 0,
then
Fp(x, 1z, [tuly) = tFp(x, z, [uly)

(iii)) The family {F};,, 0 < h < hgo}, where h is a positive constant, is consistent with
F on the domain  C R”, i.e. for each u € C*(Q)

sup }F(x, u(x), Du(x), D*u(x)) — Fy(x, u(x), [u]x)| — 0 ash — 0,
Qp

uniformly on compact subsets of 2.

The discretized equations for this kind of approximate operators satisfy some
crucial pointwise estimates which are the discrete analogues of those valid for fully
nonlinear, uniformly elliptic equations.
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If F is uniformly elliptic, it is always possible, see [27], to find a scheme of the
previous type which is of positive type and consistent with F.We don’t know how
to deal with this important issue in the case of degenerate ellipticity.

Mimicking the continuous case we define a discrete principal eigenvalue for Fj,
by means of the formula

Mi=supAeR: 3¢ >0 inQy,, Filol+M\p <0}

The number A’ defined in this way has the following properties:

e there is a positive solution ¢/ of

F[¢]+/\’1‘¢=Oin Q,
¢=0 on 0,

e orany A < \; the weak Maximum Principle holds for F;, + J, i.e.
if u is such that Fj[u] + Au > 0in Q;, and u < 0on 9, thenu < 0in
) )\}1‘ is given by the finite dimensional optimization problem

F
)Jf:— inf supM
¢€Cr, 6>0 ceq,  O(X)

Theorem 5.1 Let (\!, qﬁ’f) be the sequence of the discrete eigenvalues and of the
corresponding eigenfunctions associated to F,.
Then,

M= A, ¢ — b

uniformly in Q as h — 0, where \| and ¢, are respectively the principal eigenvalue
and the corresponding eigenfunction associated to F.

The proof of the convergence result cannot rely on standard stability results in
viscosity solution theory such as the so-called Barles-Souganidis’ method based on
on the validity of a Comparison Principle since the limit problem

Fl¢] + Ai¢ =0in Q,
¢=0 on 02

does not have such a property which would imply uniqueness which is not the case
since the principal eigenfunction ¢; > 0 and ¢ = 0 are two distinct solutions of the
problem under our assumption F[0] = 0.

Different techniques are therefore needed for the proof whose, main ingredients
are:

e the semi-relaxed limits in viscosity solution sense,
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e a weak Maximum Principle for the limit problem (rather than the Comparison

Principle),

e the local Holder estimate in [27]: if u, is a solution of F,[u] = f, then

=

) — w1 < E T e, 4 B DIRANAO
h h = R ) L

XGQ/I

forany x, y € ,where R = min dist(x, 92,), B%: = B(0, R) Ny, 6, ap and C
are positive constants independent of 4.

In the case of convex operators F' such as those arising in the optimal control theory
of degenerate diffusion processes, that is F is the supremum of a family of linear
operators:

F(x,u, Du, Dzu) = sup Tr(Ai(x)Dzu) + b (x) - Du+ ' (x)u

iel

our numerical approach leads to a finite dimensional convex optimization problem.
Further informations and examples of simulation performed with the Optimization
Toolbox of MATLAB can be found in [9].
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On the Convergence of Open Loop Nash m
Equilibria in Mean Field Games L
with a Local Coupling

Pierre Cardaliaguet

Abstract The paper studies the convergence, as N tends to infinity, of a system of
N weakly coupled Hamilton—Jacobi equations (the open loop Nash system) when
the coupling between the players becomes increasingly singular. The limit equation
is a mean field game system with local coupling.

Keywords Mean field games + Mean field limit - Convergence rate

In this paper we continue the investigation of the mean field limit in differential
games, i.e., the limit of the Nash equilibria in N-players differential games as N
tends to infinity. We focus on equilibria in “open loop control”, where players observe
only their own position, but not the position of the other players. This question has
been first discussed by Lasry and Lions in [10, 12] for the stationary problem in a
Markovian setting. In the non Markovian setting (for finite horizon problems), Fischer
[6] proved the convergence under suitable independence conditions and Lacker [9]
identified all possible limits of the system. The key assumption in all these papers
is that the coupling between the player is nonlocal and regularizing. Here we study
the time dependent problem, with a coupling which becomes increasingly singular
as the number of players tends to infinity. A similar question was addressed in [2] in
the more complex framework of Nash equilibria in “closed loop controls”, in which
the players observe each other completely. This later paper strongly relied on [3]
(see also [4]), where the convergence problem for closed loop Nash equilibria with
regularizing coupling functions was established and several key techniques of proof
introduced.

There are two reasons to study the “open loop” case: the first one is that in
term of modeling, it is as natural to assume that players do not observe each other
as to assume that they observe each other completely: the reality is probably in
between. Second, the question of convergence is mathematically intriguing because
the previous works concerned with open-loop problems were using compactness
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techniques, which seems to be ill-suited with the fact that the coupling becomes
more and more singular.

To be more specific, let us write the open-loop Nash equilibrium system (in
Markovian form). It reads, for any i € {1, ..., N}:

FN (g omd ) [T m/ @, x)dx;j in 0, T) x T¢,
. A A A J#

om' — Am' —divim! D, H(x;, Dv¥1)) =0 in (0, T) x T¢,

m'0,)=£zh, oNI(Tx)=Gu) T,

—opuNi — AN 4 H(x;, DNy = [
(Td)N—I

6]
1

where we set, for x = (xy,...,xy) € (T9)Y, miv’i =~v_1 dy;. In the above
J#

system, the data are the horizon T > 0, the Hamiltonian H : T¢ x RY — R, the ter-
minal condition G : T¢ — R, the initial distribution of players mo € P(T¢) (P(T%)
being the set of probability measures on T¢) and the maps FV : T¢ x P(T%) — R.
The maps FV are called the coupling because they are responsible of all the interac-
tions between the equations. To avoid issues related to the boundary conditions, we
work with periodic (in space) boundary data: T¢ = R?/Z.

We are also interested in the associated system of N coupled stochastic differential
equations (SDE), which corresponds to the optimal trajectories of the players:

dYi, = —D,H(Y;,, DV™'(t,Y;))dt + V2dB!, te€[0,T], ie{l,...,N},
2
where the ((B,i )te(0,71)i=1,...n are d-dimensional independent Brownian motions.
Our main assumption is that the maps F" become increasingly singular, in the
sense that there exists a smooth (local) map F : R? x [0, +00) — R such that

im FN(xi, mdx) = F(x;, m(x;)), 3)
— 400

for any sufficiently smooth probability density mdx = m(x)dx. Our aim is to show
that, under suitable assumption on the rate of convergence in (3), the limit of the N
is given by the MFG system with a local coupling, given as the forward-backward
system of PDEs:

—8u — Au+ H(x, Du) = F(x,m(t,x)) in (0,T) x T¢,
om — Am — div(mD,H(x, Du)) =0 in (0, T) x T¢, 4)
u(T,x) =G(x), m©O,)=my inT?¢

This system has been thoroughly studied in the literature (cf. [7, 8, 12—14] and the
references therein). The typical assumptions ensuring the above MFG system to be
well-posed are that F' is monotone with respect to its second variable while H is
convex in its second variable (plus growth conditions on F and H).
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Our main result (Theorem 3.4) states that the solution of (1) converges to the
solution of (4) as N tends to infinity. Moreover, we describe in Theorem 3.5 the
limit of the solution to (2) in terms of the optimal solution associated to (4). The
technique of proof differs in a substantial way from the ones in [2, 3] (as the Nash
system is open-loop, there is no need to use the so-called master equation) and [6, 9,
10, 12] (because compactness techniques do not seem relevant). The idea consists in
using a well-known monotonicity technique—first developed in [10-12] to show the
uniqueness of the solution of the MFG systems—combined with the development of
the map v along the optimal trajectories, as explained in [3].

The paper is organized in the following way: we first state our main notation and
assumptions and recall how to approximate the solution to the MFG system with
the local coupling F by the solution of the MFG system with the nonlocal coupling
FV. In Sect.2 we explain how to interpret system (1) in terms of open-loop Nash
equilibria. The main results are given in Sect. 3, where we prove the convergence of
System (1) to System (4) and describe the propagation of chaos for (2).

1 Preliminaries

1.1 Notation

For the sake of simplicity, the paper is written under the assumption that all maps
are periodic in space. So the underlying state space is the torus T¢ = R¢/Z<. This
simplifying assumption allows to discard possible problems at infinity (or at the
boundary of a domain). We denote by | - | the euclidean norm in R? and—by abuse
of notation—the corresponding distance in T¢. The ball centered at x € T¢ and of
radius R is denoted by Bg(x).

Fork € Nand « € (0, 1), we denote by C**+ the set of maps u = u(x) which are
of class C¥ and D*u is a-Holder continuous. When u = u(t, x) is time dependent
and « € (0, 1), we say that u is in C%? if

lu(t, x) —ut', x")
llullcoe := |lullo + sup < 400.
.y X = X0 [t —=1]e?

We say that « is in C"® if u and Du belong to C%“. Finally C* consists in the
maps u such that D?u and O,u belong to C%“. It is known that, if u is in C>, then
u is also in C1-?.

We denote by P(T?) the set of Borel probability measures on the torus T¢ :=
R?/7Z4. 1t is endowed with the Monge—Kantorovitch distance:

d;(m, m') = sup /Td ¢(y) d(m —m')(y),

where the supremum is taken over all 1-Lipschitz continuous maps ¢ : T¢ — R.
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1.2 Assumption

Throughout the paper, we suppose that the following conditions are in force.

(H1) The Hamiltonian H : T? x RY — R is smooth, H and D,H are globally
Lipschitz continuous in both variables and H is locally uniformly convex
with respect to the second variable:

D) H(x,p)>0 V(x,p) €T xR% (5)

(H2) F :T9 x [0, +00) — Rissmooth, globally Lipschitz continuous in both vari-
ables and increasing with respect to the second variable with 9,, F > 6§ > 0
for some § > 0.

(H3) The terminal cost G : T¢ — R is a smooth map.

(H4) Forany N € N, FV : T? x P(T¢) — R is monotone:

/ (FN(x,m) — FN(x,md(m —m')(x) >0  Vm,m' € P(T).
Td

(H5) (difference between FV and F) For any R > 0 and a € (0, 1), there exists
kn® — 0as N — oo such that

IFY (o mdx) — F(,m())|loo < kR ©

for any density m such that ||m|c« < R.
(H6) (uniform regularity of FV for regular densities) Forany R > Oand o € (0, 1),
there exists K%°® > 0 such that, for any N € N,

|FN(x,mdx) — FN(y,m'dx)| < kga (Ix —y1* + Im —m'llc) (7

for any density m, m’ with ||m||ca, ||m'||ce < R.
(H7) (regularity assumptions on F'V for general probability measures) For any N €
N, there exists a constant K > 1 such that

|FN(x,m) — F¥(x,m")| < Kydi(m,m’) ~ ¥x € T, Vm,m’ € P(T%).
®)

Let us briefly comment upon the assumptions. First we note that, by (HS),
F" (x, m) becomes closer and closer to F(x,m) for any smooth density m while
its regularity at general probability measures deteriorates (i.e., Ky — +00 as
N — +400). The monotonicity assumptions (H2) and (H4) on F and F" and the con-
vexity of H are known to ensure the uniqueness of the solution in the MFG systems:
they are therefore natural in our study. The global Lipschitz regularity assumption
on H in (H1) is not natural in the context of MFG, but it simplifies a lot the well-
posedness of the MFG system (4) and is used in every key step of the paper. In the
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same way, the map G is assumed to be independent the measure in order to simplify
the analysis of Sect. 1.3: indeed we do not know how to extend the estimates of this
subsection when G depends on m in a local way. Note however that we could allow G
to depend on m in a smooth, nonlocal and monotone way, as in [3]; however since we
concentrate here on local couplings, we do not present this easy generalization. We
explain in Remark 3.2 that the strong monotonicity condition on F can be avoided
(F non decreasing suffices), but the convergence rates in Theorems 3.1 and 3.4 then
deteriorates a little.

As explained in [2], given a map F' satisfying the above conditions, a typical
example for the regularization F" is the following:

Proposition 1.1 Assume that FN = F with
F(x,m) = F(-,& *m(-)) x£(x) )

where ey — 0 as N — +00 and £°(x) = e 4€£(x/e€), € being a symmetric smooth
nonnegative kernel with compact support. Then, for any N, FV is monotone and
satisfies (7).
Moreover the constants kﬁ’” and Ky in (HS) and (H7) respectively can be
estimated by
kv < C(1L+R)ey, Ky < Ce 1273 (10)

where C depends on the regularity of F and of €.

1.3 Regularity Estimates

Let mo € P(T?) and let (u”, m") and (u, m) be respectively the unique solution to
the MFG systems

—0u™ — AuM + H(x, Du™) = F¥N(x,m(@t)) in (0, T) x T¢,
om" — Am" — divem™D,H(x, Du™)) =0 in (0, T) x T¢, (11)
u(T,x) = G(x), m"(©0,)=mg inT?,

and
—Ou — Au+ H(x, Du) = F(x,m(t,x)) in (0, T) x T¢,
Om — Am —divimD,H (x, Du)) =0 in (0, T) x T, (12)
u(T,x)=Gx), m@0,)=mg in .

Following [12, 13], these systems are known to be well-posed. We recall the following
estimates on the regularity of (u", m") and on the difference between (1", m") and
(u, m).
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Proposition 1.2 ([2]) Assume that mq has a positive density of class C 2. Then the
", m"y are bounded in C>* x C*“ independently of N. Moreover,

N R,a
sup [lu®(t, ) —u(t, Y merey + lm™ —m|l 2 < Chy®,
te[0,T]

2
Supyc0.71 1 Du™ (1. ) — Du(t, s < C (kff,’“) "

where o, R and C depend on on the data and m, but not on N.

A straightforward consequence of Proposition 1.2 is the following estimate on
optimal trajectories related with the MFG systems (11) and (12).

Corollary 1.3 Let mg € P(TY, ™, m") and (u, m) be the solution to the MFG
system (11) and (12) respectively. Let Z be a~rand0m variable with law my which is
independent of a Brownian motion (B;). If (X;) and (X,) are the solution to

{df(, = —D,H(X,, Du(t, X,))dt + /2dB,, t €0, T],
Xo =72,

and
{dx, = —D,H(X,, Du™(t, X,))dt + ~/2dB,, t€[0,T],
Xo=2,

respectively, then

E| sup })ﬂ(,—X,
1€[0,T]

] <c (kﬁ*“)d%,

where C, R and o are as in Proposition 1.2.

2 Open Loop Nash Equilibria

Fix Z = (Z,, ..., Zy) a family of i.i.d. random variables on T¢ with law mg €
P(TY).

Let A be the set of maps « : [0, T] X T — R4 which are Borel measurable and
bounded. We look at A as the set of strategies of the players. We call—improperly—a
strategy o € A an open loop strategy because it will depend only on player i, and
not of the other players, through the state equation of player i:

dxNi = a(t, XNNdt + V24BN, Xy = Z;. (13)
In the above equation the (B"*') are independent Brownian motions, independent

of the (Z;) and the equation is understood in a weak sense. Given an N-tuple
a=(',...,a") e AV, the cost of player i, fori € {1, ..., N}, is given by
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T A . . . .
TN mo, i, (7)) = E U /d LMot X)) + FN G mhde + G(X%}
0 T 4

where, (XtN ’i) is the solution to (13) with initial condition Z; and mg,v' = ﬁ

t

> i d,;- Note for later use that, if we set
Y2, 333 mo, o, (@) 5) o= B[ Fximiy)). (14)

then, as the (X"+/);_, .y are independent, we have

.....

FN(t, x5 mo, i, (@) i) = /

(THN

N N A
| F™ (x;, my ’)I;Im-’(t,xj)dxj,
J#i

where, for any j € {1,..., N}, ml(¢) is the law of X,N’j, i.e., the solution of the
Kolmogorov equation

{ om’ — Am’ +divim’a’/) =0  in (0, T) x T9, (15)

m'(0, ) = L£(Z;) =mg in T¢.

T
IV mo, ai, (@) jzi) =E [/ /{ LN ol 1, X))
o Jr

+FN @, XN mo, ay, () ji)dt + G(X;V*")] :

Definition 2.1 Fix N € Nwith N > 1. Wesay thatan N-tuplea = (&', ...,a") e
A" is an open loop Nash equilibrium if

IV (mo, G, (@) ) < IV (mo, o, (@) j2i)
for any of € A.

The following Proposition shows that our definition corresponds to the construc-
tion of Nash equilibria in [10, 12] in our time dependent setting.

Proposition 2.2 There exists at least one open-loop Nash equilibrium. Moreover, for

any open-loop equilibrium & = (&', ..., &"), there exists a solution (v, m');_
of (1) such that

&'(t,x):=—D,H(x,Dv'(t,x)) VY(t,x)el[0,T1xT¢ Viell,...,N}.
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Finally there exists &y € A such that & := (&, . . ., ag) € AV is an open-loop Nash
equilibrium with associated maps (T of (1) independent of i. We call
this later equilibrium a symmetric open-loop Nash equilibrium.

Proof We consider A, the subset of o € A such that |||l < [|D,H . We endow
Ay, with the L* norm. On the closed convex set (A)", we consider the map &
defined as follows. For o = (a!, ..., ") € (4p)Y andi € {1, ..., N}, let XV be
the weak solution to (13), FV/ be defined by (14). We consider the solution v’ to

—0vt — Avt + H(x, Dv) = FNi(t, x; mo, oy, (o)) i) in (0, T) x T¢
{ vi(T,x) =G(x) inTY,

(16)
where the map FV* is defined in (14). Note that, by our standing assumptions on
FN the map (1, x) — FN'(t, x; mg, @) := FN'(¢, x; mo, oy, (j) j2i) is Lipschitz
continuous in space (uniformly with respect to o) and satisfies in time the inequality

. . . . C . .

N, . Nicy - N N N.j N.j
FY4(@, x5 mo, @) = FYO (', x; mo, )| sCE[dl(mXZN,mXIN/)]sNE E[1x" - x|
J#i

< C(1+suplla[lo)|t — /|2 < C(1+ Dy Hloo)t — 1|12,
J

(Here the constant C depends on N, which is not an issue sinceN is fixed in this
part). Recall also that, by assumption (H3), the map G is in C>*“. Therefore v’
belongs to C*“ with a norm depending only on the data and on N. Let us set
&' = —D,H(-, DV'(-,-)) and ®(av) = (&', ..., &"). By our estimates, the map ®
is compact and continuous on (A4;)" and hence has a fixed point &. Note that, by the
classical verification Theorem, this fixed point is an open loop Nash equilibrium in
the sense of Definition 2.1.

Let us check that any open loop feedback Nash equilibrium has the claimed form.
Leta = (a', ..., &") be such an open loop Nash equilibrium. We denote by (X'
the solution to (13) with & instead of o For any j, the law m/ (¢) of X'/ satisfies
the Kolmogorov equation (15). Let v’ be the solution to (16). By the optimality of
&', we have

E[v' (0, Z))] =E [/ /d LxV e x ) + FN @ XN mg, ayde + GXE
0 JT

(17)
On the other hand, by It6’s formula, we have

T
E[v'(0, Z)] = E [_/ O + AV 4+ @& - DV, XNydr + G(XQ“)] :
0

Using the equation of v, we obtain
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T
E[v'(0,Z)] =E U (—HXN, Dv (e, XN — &', XN - Dv' (¢, XN
0

FFN(, XN g, &)) dt + G(XQ“)] .

As H is locally strictly convex in the second variable (assumption (H1)) and &' is
bounded, we have therefore

E[v'(0. Z)] > E [/ L6 X)) + T @ X = Dy H DY XD P
0
N X o, @) di 4+ G|

T . . X .
> E[v (0, Z)]1+ C'E U 6t X)) + DpH (X, Dvi(r, X,N”)P] :
0

where we used equality (17) in the last line. Thus & (7, X*') = —DpH(X,IV’[, Dv!
(t, X,Iv’i)) a.e. Since the law of X,N’i has a positive density, we conclude that
a'(t,x) = —D,H(x, Dv'(t, x)) for a.e. (¢, x). This shows that the (u’, m') satisfy
(1.

The existence of a symmetric Nash equilibrium is obtained by a very similar
argument, defining the map & : A, — A, by requiring that the strategies of the
players are the same.

3 Convergence

Let us fix mg € P(T¢) with a C? density. For an integer N > 2, we consider a
symmetric equilibrium in open-loop form (v™+/, m""),c(;. ny of (1). Note that, by
symmetry, there exists actually a single unknown vy = v+ foranyi € {1, ..., N}.

Our aim is to prove that v" is close to u, where (u, m) is the solution of the MFG
system (12). For this we first compare v" and u", where (1", m") is the solution
of the perturbed MFG system (11).

N,i

3.1 Estimates Between v™V>' and u™

Let (Zi)ieq1,...n) be an ii.d family of N random variables of law m,. We set

Z = (Z)ieq,..,ny- Let also ((B,i)te[O,T])ie{l ,,,,, ~y be a family of N independent d-

dimensional Brownian Motions which is also independent of (Z;);e1.....n;. We con-

sider the systems of SDEs with variables (X; = (X;)ie(1,...n})ie0,71 and (Y, =

(Yiiet,...NDie0,T]:

{dx,,, = —D,H(X;,, Du"(t, X;,))dt +/2dB! t €0, T], (18)
Xio=Zi,
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and

{dy,,, = —D,H(Y:,, DvV(t,Y;,))dt + ~2dB!  t €0, T], (19)

Yio= 2.

Note that the (X;,) are i.i.d. with law m" (¢). The X; and the Y; depend on N, but
we do not write this dependence explicitly for the sake of simplicity.

Theorem 3.1 Assume that Ky is such that

KyN-i < C~! ifd>3 20)
KyN-:1log(N) <C7lifd =2
for some constant C. Then, foranyi €{l,..., N},
1 1
2 — 57 3 >
E| sup [Xi; —Yisl| < CK[YN Td | ifd>3
1€[0,T] CKyN~alog2(N)ifd =2
and
31 _1 .
C|KyN 2 +KyN d) ifd>3

E[1 0.2 - vV 0,2)]] = v 1
C|KyN %log2(N)+ KyN™2 log(N)) ifd=2

where the constant C depends on mg but not on N.

Proof Following Proposition 1.2, we know that " is bounded in C>® (for some

a € (0, 1)): we will use this uniform regularity all along the section.
By It6’s formula, we have

T
EZi [uN(T, X,»,T)] —EZ [u"’(o, Z) +/O o + AuN — DuN Dy H (X, DN (2, X)) dt},

where u" and its derivatives are evaluated at (r, X ;1) and where EZ -] denotes the
conditional expectation with respect to Z;. As u” solves (11), we get therefore

uM(0,7) =E% [/ (—H(X;,, Du™)
+D,H(X;, Du™) - Du" + FN(X;,, m" (1)) dt + G(X; 1)].

We now compute the variation of v¥ (¢, X; ;). We have, using the equation satisfied
by vV,
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do" (s, Xi) = @GN + AV
—DvN - D,H(X,,, Du™ (1, X;,))dt +~/2Dv" - dB!
= (H(X;,, Dv™) — DvV - D, H(X;,, Du™(t, X;,)))dt
—FNit, X, 43 Z, @)dt +~2Dv" - dB!

where vV and its derivatives are evaluated at (¢, X;,) and F"" is defined by
FYi(t, xi; Z, &) =/ FN g md [T m? (¢, xj)dx;
(']I‘d)N—l ]7’:1
—F [FN(x,-, mQ’;")]

Note that, since X;, and (Y} ,) j+; are independent, we have
E[FY(t X 2, &) =E[FY (i i ]
Hence

T
w0, Z;) =E% [ (—=H(Xi;, Dv™) + Dv" - D,H(X;,, Du™(t, X;,))
0

+FY (X my ) di+ G |

So
ul (0, z;) — N0, Z;)
T
= E% U [H(X;;, DvN) — H(X;,, Du™) — DpH(X;,, Du) - (DvY — DulV)
0

+FN X omN @) = FN (X omyf D )ar ]

ey

Recall that Du" is bounded by some constant R independently of N. Let us set, for
z 20,

22 if z € [0, 1]

‘I'(Z)z{zz—lifz>1 @2)

From Lemma 3.3 below, there exists Cy > 0 (which depends on R) such that

H(x,q) = H(x, p) = DpH(x,p)-(q = p) > C;' (g —p)  Vp,q with |p| < R.
Therefore
u™(0, Z)) — oM (0, Z;)
> E% [/OT Co ' W (IDVY (1, X1, Y)) = D (1. Xi)) 23)

HCEN Xy m™ (0) = FY (X miy D]t ]
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Computing in the same way the variation of the terms —u™ (¢, ¥; ;) + vV (¢, Yo,
we find

—u™ (0, Z;) + vV (0, Z;)
T
=E% [/ [H(Y;,, Du") — H(Y;,;, Dv") -~ Dy H(Y; ;, DVV) - (Du" — DuV)
0

N Y pomy ) = FN (¥, mN(z))]dz} ,

where Du® and Dv" are computed at (¢, Y; ;).

In order to estimate the first term in the right-hand side, we use Lemma 3.3 below
to infer the existence of a constant ¢y > 0 (which depends on the uniform bound R
on || Du" || such that

H(x,q) = H(x, p) = DpH(x, p) - (q — p) > comin{|p — q|*. co}  Vp.q with |g| < R.
Therefore
E[—u" (0, Z;) +v" (0, Z)]
>E [/OT comin{|Du™ (¢, Y; ;) — Dv™ (¢, Yi,)|*, co}

HEY (Yigomyy = FY (o m® @)]de].

Combining this inequality with (23), we obtain

T
0> IEU Cy'w (|Dv”(z, Xis) — Du”(r,x,-,,n)]
0
T
+E [ / comin{| Du (¢, Y1) — DV (1, Yi )P, Co}]
0
T . .
+E [ / FNXi0om™ (@0) = F¥(XiomyD) = FN (¥ m™ @) + FN (¥ my") dr] :
0
1 1 N,i
Let us set my, = 5 >_; 0x,, and my, = 5 > dy,,. We note that d (my ', my ) <

CN~!. Moreover, as the (X; ;) are i.i.d. with law m”" (¢), a result by Dereich, Scheut-
zow and Schottstedt [5] implies that, for d > 3,

E[d; (m} ,m"@)] < CN"i.
For d = 2, the estimate becomes (see Ajtai, Komlos and Tusnédy [1]),

E[d; (mY ,m"(®)] < CN "7 log(N).

As FV is K y-Lipschitz continuous (recall (8)) we obtain (for d > 3)
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1 T
CKyN™d >E [/O cylw (\DvN(t. X;) — DuM(, X,‘,,))}
T
E / comin{|Du (1, ¥i.0) — DV (1, ¥;.0) 2. co)
0

T
+E fo FN(Xjm¥) = FNXiomy)) = FN (Y m¥ )+ FN (v, mﬁ))d:} :

We now sum these expressions over i. Since

Y FNXiomy) = FN(Xieomy) = FN (Vi mX,) + FN(¥i, my)

1

- / (FYGeom ) — FY e m nd(m, — mY)(x) > 0,
Td

we obtain:

1

T
CKyN'"7 > ZE U Cy'w (IDvV (@, Xi) — DuM(, X,-,,)|)}
. 0

! T
+) E U comin{|Du (1, Yi,.) — Do (1, Y; )2, cO}} .
i 0

The random variables
DN (t, X; ) — Du™(t, X;,)

have the same law for any i. In the same way, the random variables
Du (1, Y;) — Dv (1, Yir)

have the same law for any i. We have therefore, forany i € {1,..., N}andd > 3,

T
CKyN™7 >E U Cy'W (IDVV(t, X;) — Du™ (2, X,»,,)|)}
O 7 (24)
+E [/ Co min{lDuN(t, Yi) — DvN(t, Y[,,)lz, co}] .
0

In view of the SDE:s satisfied by the (X; ;) and by the (Y;,), we have

t
|Xiy — Yiil < f | = DpH(Xi 5, Du™ (s, X)) + DpH(Y: 5, DvN (s, Yi )| ds
0
t
< / | — DpH(Xis, Du™ (s, Xi ) + DpyH(Y; 5, Du™ (s, ;)| ds
0
t
+ f | — DpH(Y; 5, Du™ (s, Yi ) + DpH(Y; 5, DUV (s, Y; )| ds
0

t T
< Cfo |Xis — Yislds + C/o min{|Du” (s, Yi ;) — Dv¥ (s, Yi.)l, |DpHlloo} ds
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where we have used the bound and Lipschitz regularity of D,H as well as the
uniform Lipschitz bound of Du” in the space variable x given in Proposition 1.2.
So, by Gronwall’s inequality and (24), we obtain, forany i € {1,..., N}andd > 3,

1
E| sup |X;, —Yi,|| <CKZN 2. (25)
te[0,T]

1 1
When d = 2, the right-hand side has to be replaced by CK,f,N‘ﬁ log2 (N).
In order to estimate u™ (0, Z;) — vV (0, Z;), we come back to (21). By the Lips-
chitz continuity of H and F" we have:

E [1u" (0, Z;) —v™(0, Z)|]

T
4 2
<E [ / CIDVN (1, X;,) — Du (2, X, )| + Kndy (™ 1), m’};’)dr} @O
0

Let us first estimate the first term in the right-hand side of (26) (for d > 3): we use
inequality (24) and Jensen’s inequality (since W is convex and increasing):

T
T7'E U |DvN (1, X; ;) — Du™(t, X,»,,)|dti|
0

T
< w! <T_1E |:/ v (IDvN(t, Xi1) — DuN(t, Xi”)|) dt:|)
0
<! (CKNN—i)

So, if we suppose as in assumption (20) that KyN~7 < C~!, we obtain

T 1
E U |DvN(t, X; ;) — Du™(t, X,,t)|dt] < CK;,N*%.
0

To estimate the second term in the right-hand side of (26), we note that
E[dion" 0, my"))] = E[dion" @), my") +diomy m)h |

4 1
<E | dion" @), my) + > 1Xj0 =Yl
J#

So, using, on the one hand, the fact that the (X; ) are i.i.d. with law m" () and the
result by Dereich, Scheutzow and Schottstedt [5] and, on the other hand, inequality
(25), we have

; 1
E [dl(m’v(t),m;v;’)] <c (N—ﬁ n K;]N—ﬁ).
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This proves that, if d > 3,
3 1 1
E[1u" 0, Z) — v 0, )] < € (K;,N‘ﬁ + KNN‘H) .

3 | 1 1
Whend = 2, theright-hand side becomes C (Klf,N‘Z log2(N) + KyN~2 log(N)).
[l

Remark 3.2 A variant of Theorem 3.1 can be obtained by replacing u" by u in
the definition of the X; and in the whole proof, thus avoiding the approximation
argument of Proposition 1.2. As the assumption 9,, F' > 0 is only used in Proposition
1.2, this condition can then be removed. The price to pay is a deterioration of the
convergence rate because the left-hand side of (24) has to involve a term of the form
sup, [|[F (-, m(t,-)) = FN (., m(0)lloo-

In the proof we used the

Lemma 3.3 Assume that DIZJPH > 0 and let V be defined by (22). Then, for any
R > 0, there exists Cy, co > 0 such that

H(x,q)— H(x,p) = DpH(x,p)-(q — p) = Cy ' W(lg — p)  Vp,q with [p| < R
and
H(x,q) — H(x, p) — DpH(x, p) - (q — p) > comin{|p — q|*,co}  ¥p.,q with |g| < R.

Proof As Dlz,pH > 0, there exists § > 0, depending on R, such that DIZ,I,H >0 in

T? x By(0).Letx € T?, p, q € R? with|p| < R.If|g — p| < R, thenby the lower
bound Df,pH > 6 we have

0
H(x,q) — H(x,p) — D,H(x, p)-(q — p) > Elp—qlz.

Now assume that |¢ — p| > R. Let ¢ be the projection of ¢ onto the ball Bg(p).
Then (omitting the x dependence which plays no role)

H(q)— H(p)—D,H(p) (g — p)
=H(q)—H@) —D,H(G) - (q—q)+H(G) —H(p)—D,H(p)-(q — p)
+(DpH(C}) - DpH(P)) -(q _‘?)

>3lp - 41>+ R7'(lg — pl = R)(D,H(q) — D,H(p)) - (§ — p)

>

since ¢ — g and ¢ — p are collinear and |§ — p| = R. Using once more the lower
bound on Df,pH in Br(p), we get

0
H(q)—H(p)—D,H(p)- (g —p) > §R2+ (Ig — pl — R)RO.
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This gives the first result. The second one is obtained in the same way: the inequality
holds if |¢ — p| < R. Otherwise, let p be the projection of p onto Bg(g). Then

H(q) — H(p) — D,H(p) - (g — p)
=H(q)—H(p)—D,H(p)-(q—p)+H((p)—H(p)—D,H(p)-(p— p)
+(D,H(p)— D,H(p)) - (g — p)

lp—pP* =R

>
2

N

3.2 Putting the Estimates Together

Here we fix an initial condition mq € P(T¢), where mg has a positive density of class
C?. Let (vV'') be a symmetric solution of the open-loop Nash system (1) and « be
the solution to the MFG system (12). Recall that the vV are equal and we call vV
this map. Combining, Proposition 1.2 and Theorem 3.1 we have:

Theorem 3.4 If condition (20) holds, then

C (KN + KN4 kRO i
2 7 NNTT +ky ifd>3
HvN(O, ) —u(,)

= 3 s
L™ | ¢ (KAZIN*% log? (N) + KyN~2 log(N) + k,’f,"“) itd=2

(27)
where R and o do not depend on N (but depend on mg ){ In particular, v™ (0, -)
converges to u(0, ) in L,lno(']I‘d) as soon as Ky =o(N3) ifd >3 and Ky =
o(Ns/logs(N)) ifd = 2.

Next we discuss the convergence of the optimal solutions. Let (Z;) be an i.i.d
family of N random variables of law mg. We set Z = (Z,..., Zy). Let also
((Bf)te[o,T])ig{l _____ ~y be a family of N independent Brownian motions which is
also independent of (Z;). We consider the optimal trajectories (Y, = (Y., ..
Yn.t))tero, ) for the N-player game:

L]

{dn,, = —D,H(;,, DvN(t,Y;)dt +~2dB!, tel[0,T]
Yio=12

and the optimal solution (5(, = ()?1,,, el XN,,)),E[(),T] to the limit MFG system:

{ d%is = =DyH (Ris, Du(t, i) ) di +v2dB), 1 €[0,T]
Xio=Zi.
The next result provides an estimate of the distance between the solutions:

Theorem 3.5 Under the assumption of Theorem 3.4, we have
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Yip — Xis (28)

| 2
} C [K;Vzv—zb + (kf,’“) d”] ifd >3
<

< X ,
c [KK;N‘i log? (N) + (kﬁ’“)z} ifd=2

E[ sup
t€[0,T]

where the constant C>0is independelnt of N. In particular, Y; converges to X; if
Ky =0o(Ni)ifd >3 and Ky = o(N2/log(N)) ifd = 2.

The proof is an immediate application of Corollary 1.3 and Theorem 3.1. We
finally apply the above estimates to our main example:

Corollary 3.6 Assume that FN = F¥ where
Ff(x,m) =F(, & *m() » £ (x)

and where &€ is as in the example in Proposition 1.1. If one chooses ey = N7, with
B € (0,(3dQ2d + 12+ 3a))™Y), then there exists ~v € (0, 1) such that

|w™1(0, -, mo) — u(0, -)||L,W) <CN7

and
Yii— Xis

]E|: sup
1€[0,T]

]§CN‘7.

Proof From Proposition 1.1, we can choose
k]l\?],a <CU+ Ry = CN—F, Ky < Cel—vzd—lz—a(y — CNPQd+12+30)
Inserting these inequality into (27) gives (for d > 3),

1

szv.i(o, - mo) — u0, .)HLI( ) <cC (1\,3‘,‘3(2&12+3a)/27w 4+ NPQd+I2430)—§ _’_Nf(y[ﬁ)’
mo

where the right-hand side is of order N7 for some vy € (0, 1) thanks to our choice
of 3. In the same way, by (28),

Y, — Xi;

]E|: sup ] <C I:Nﬂ(2d+12+3a)/27§ i Nfaﬁd%rz]’

1€[0,T]

which also yield to an algebraic rate of convergence. Computation for the case d = 2
is similar.
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Remarks on the Control of Family )
of b—Equations oo

Enrique Fernandez-Cara and Diego A. Souza

Abstract In this paper, we deal with the control of the viscous b—equation in a
one-dimensional bounded domain. For b =2 and b = 0, we get in particular the
Camassa—Holm and the Burgers-o equations, respectively. We prove that, for any
real number b, we can steer the solution to the equation to zero at any given time, using
a distributed control, locally supported in space, when the initial data are sufficiently
small. Also, for b = 0, we prove the global null controllability for large time.

Keywords Null controllability - Carleman inequalities -+ Camassa—Holm model -
Burgers-a equation + b—equations

Mathematics Subject Classification 93B05 - 35Q35 - 35G25 - 93B07

1 Introduction

Let L > Oand 7 > O be given. Let w C (0, L) be a (small) nonempty open interval
which will be referred to as the control domain. Let us present the notations used
along this work. The symbols C, C and C;,i =0,1,...stand for positive constants
(usually depending on w, L and T'). For any r € [1, +00] and any given Banach space
X, || - llz-(x) will denote the usual norm in Lebesgue-Bochner space L" (0, T'; X). In
particular, the norm in L"(0, L) will be denoted by || - ||,. We will also need the
Hilbert spaces K°(0, L) := H*(0, L) N HO1 0, L), with s € (1, 3].
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In this paper, we are concerned with the null controllability of the b—equations,
which are described in [10, 23]:

it — azzxxt —Vixx + V‘Yzzxxxx + b+ Dzzx — aZZZxxx - bazzxzxx =v in (0,L) x (0, T),
2(0,+) = zxx (0, ) = z(L, ") = zxx(L,-) =0 in (0,7),
z(-,0) =z in (0, L).

(1.1)

The physical motivation of this family is explained in [12, 13], where it is shown that
(1.1) can be viewed as an asymptotically equivalent approximation of the shallow
water equations. Thus, z can be viewed as the fluid velocity in the x direction (or
equivalently the height of the free surface of the fluid above a flat bottom), y > 0
is the fluid viscosity, « > 0 and b € R. When b = 2, this equation is the so-called
one-dimensional viscous Camassa—Holm equation; it describes the unidirectional
surface waves at a free surface of shallow water under the influence of gravity, see
[5]). When b = 3, we are dealing with the viscous Degasperis—Procesi equation (it
plays a similar role in water wave theory, see [9]). Finally, when b = 0, this equation
is the so called Burgers—a equation (that can be regarded as a nonlinear smoothing
regularization of the viscous Burgers equation, see [3]).
Here, we rewrite (1.1) as a controlled parabolic-elliptic system:

Ve — ¥ Vex +2Vx + b2y =v1, in (0,L) x(0,T),

2=’y =Yy in (0, L) x (0, T), (12)
y(0,)=2(0,)=y(L,)=2z(L,)=01in (0, T), '
y(,0) = yo in (0, L).

The function v = v(x, t) (usually in L?>(w x (0, T))) is the control acting on the
system and 1, denotes the characteristic function of w. This way, we see that the role
of « is to regularize the velocity and it is natural to try to deduce control properties
and/or estimates independent of . For simplicity, throughout this paper we will take
y = 1 (all the results can be extended without difficulty to the case where y is an
arbitrary positive number).

The null controllability problem for (1.2) at time 7 > O is the following:

For any yg € H& (0, L), find v € L?>(w x (0, T)) such that the associated solution to (1.2)
satisfies

¥, T)=0 in (0,L). (1.3)

Our first main result deals with the local uniform (with respect to «) null con-
trollability for all b € R (a generalization of [1, Theorem 1] for b # 0). It is the
following:

Theorem 1.1 Let b € R be fixed. Then, for each T > 0, the system (1.2) is locally
uniformly null-controllable at time T . More precisely, there exists § > 0 (independent
of &) such that, for any yo € Hy (0, L) with lyoll mg <6, there exist controls
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vy € L®(0, T; L*(w)) and associated states (Vas 2o) satisfying (1.3). Moreover, one
can find the v, uniformly bounded:

VallLe@2y < C Ya > 0. (1.4)

In our second main result, we stablish the controllability in the limit, as o — 0.
More precisely, one has:

Theorem 1.2 Let b € R be fixed, let T > 0 be given and let 5 > 0 be the constant
furnished by Theorem 1.1. Assume that y, € HO1 0, L) and ||y0||H01 <34, let vy be a
null control for (1.2) satisfying (1.4) and let (yy, o) be an associated state satisfying
(1.3). Then, at least for a subsequence, one has

Vo = v weakly-*in L*®(0, T; L*(w)), (1.5)
Zq — Yy and y, — y weakly-*in L*°(0, T, HO1 0, L)) ’

as o — OF, where (v, y) is a control-state pair for the viscous Burgers equation

Vi =¥ Yox + (1 +D)yy. =vl, in (0, L) x (0,7),
y(0,)=y(L,)=0 in 0, T), (1.6)
y(-,0) = yo in (0, L)

and y satisfies (1.3).

These theorems generalize other previous results on the control of nonlocal non-
linear parabolic equations, see [1]. In particular, we are able here to handle the case
b # 0, where a “new” nonlinear term appears. This makes the difference with respect
to many other previous works, such as [11, 14, 16, 18, 33].

For completeness, let us mention some previous works on the control of (1.1) and
other similar systems. The controllability properties of the inviscid Camassa—Holm
and the inviscid Burgers equations were widely studied in [21, 28] and [6, 24], respec-
tively. The optimal control of the viscous Camassa—Holm equation with homoge-
neous Dirichlet boundary conditions is studied in [29, 32]. On the other hand, the
results on the controllability of the Camassa—Holm equation previous to this paper
have been established on the one-dimensional torus: see [19, 27]. On the other hand,
the controllability of the viscous Burgers equation has been analyzed in [6, 15, 18,
22, 25, 26].

The rest of this paper is organized as follows. In Sect.2, we recall some results
concerning the controllability of parabolic equations. Sections 3 and 4 deal with the
proofs of Theorems 1.1 and 1.2, respectively. Finally, in Sect.5, we present some
additional results and comments.
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2 Carleman Inequalities and Null Controllability

In this section, we will recall a null controllability result for a general parabolic linear
system of the form

Yi = Yax + (Ay)y + By =vl,, in (0, L) x (0, T),
y(0,)=y(L,)=0 on (0, T), 2.1
y(,0) = o in (0, L).

where yo € L*(0, L), A € L®((0, L) x (0,T)) and B € L>(0, T: L*(0, L)) and
the control v is searched in L*(w x (0, T)).
It is well known that, for each v and yy, there exists exactly one solution y to (2.1),
with
y € C°([0, T1; L*(0, L)) N L*(0, T; Hy (0, L)).

The null controllability problem for (2.1) at time T > 0 is the following:

For any yg € L2(0, L), find v € L?(w x (0, T)) such that the associated solution to (2.1)
satisfies (1.3).

Let us present the main steps to construct a control for (2.1). This will be later
useful to control the Camassa—Holm equation. Thus, let us present an appropriate
Carleman inequality for the adjoint system of (2.1), which is the following:

—¢@r — @xx — A@y + Bp = fin (0, L) x (0, T7),
¢0,)=¢(L,)=0 on (0,7), 2.2)
(p('v T) = QDT in (Oa L)

Proposition 2.1 There exist constants Ao > 0, s > 0 and Cy > 0 (depending on L
and w) such that, for any A > rg, any s > so(T + ), any Yr € L%(0, L) and any
g€ L2((0, L) x (0, T)), the unique weak solution to

Vi =V =g in (0,L) x(0,7),
v(0,)=v(L,)=00n(0,T),
v T)=19Yr in (0, L)

satisfies

T pL
fofo [GE T (Vx> + 19D + GEX Y )* + (sE)°AH Y] e > dx dt

T pL T
<G <f/ lg|?e™ > dxdrt + / /(sg)3x4|1p|2e*m dx dt),
0 J0 0Jw

(2.3)

where
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e2Mmplloo _ phno(x) Mo x)

a(x, 1) = S g ) = S V(1) € (0.L) x (0.7)  (24)

and ny € C*([0, L) is such that ng > 0 in (0,L), 10(0) = no(L) = 0 and [Mo.x| >0
in [0, L]\w.

This result was established in [18, Lemma1.1].
Now, let us introduce g := f + Ag, — Bo, ¥y := ¢r and let us apply (2.3) to
(2.2). We see that

T pL
[ T8 Gl + o) + 6002200 4+ 680207 > e

T pL T
< ¢ (/ / (F12 + 1Ags P + [BolPe ™ dxdr + / / (ss>3x4|¢|2e*2>‘“dxdt).
0Jo 0 Jow

Using the assumptions on A and B, we get

T pL
[ T8 el + 160 + 602200 + 682 o] >

T pL T .
<Co (/ / |f|2e72m dxdt +/ /(SE)3A4|(p|2e*2‘Y°‘ dx dt +/ / |¢X|2€—2so( dxdt
0Jo 0 Jo b Jo

T L
+ (HAH%OC(LOO) + ||B||i”(L2))[) /(; w)x‘ze—Zsa dx dt

T L
B s, [ [ (SE)zkz\wlze_zmdxdt).

But these last three terms in the right hand side can be absorbed by the left-hand
side if we take s large enough. Indeed, it suffices to take

51 = max(so, C(L, 0) ([ All7~(1~) + | Bl 2)

to have

T pL
/ / [ U@l + 10) + A% 9. + (58’1 g* ] e dx dr
0J0

T pL T
< Cy (// |f|2e*2dedt+//(s§)3,\4|<p|2e*2W dxdt),
0J0 0 Jo

for any A > Ap and any s > s;(T + T?).
Now, we are going to construct a null-control for (2.1), like in [18]. First, let us
introduce the auxiliary extremal problem

1 T pL T
Minimize 5{]0[0 e25“|y|2dxdt+/0/w(s$)3k4eZS“IVI2dxdf} 2.6)
Subject to (y, v) € H(yo, T),

2.5)
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where the linear manifold H(yy, T') is given by
Hyo, T)={(y,v):v e Lz(a) x (0, T)), ysolves (2.7) }.
It can be proved that (2.6) possesses exactly one solution (y, v) satisfying
16872072Vl 122y < Cillyollz,

where
2 2
C, = L (HUTHAED (14T e +1B 1 )

and C, > 0 only depends on L and w.
Moreover, thanks to the classical Euler-Lagrange characterization, the solution
to the extremal problem (2.6) is given by

Y=g — g — Aps + Bp), vi= —(5§)° 1 e g lox.n)-
From the Carleman inequality (2.5), we can conclude that
(s&)"2e™p € H'(0, T; L*(0, L)) N L*(0, T; K*(0, L))
and, in particular,
1587 2™ @llmy < CllsE) 229l 22,
Hence, we actually have that v € L*°(0, T L?(0, L)) and
IVliLezy < Csllyoll2s (2.7)

where again Cj takes the form

€y = (T HOD (1A e BT )|

for some C4 only depending on L and w.
This way, we get the following result:

Theorem 2.1 Assume that A € L*((0, L) x (0, T)) and B € L*°(0, T; L*(0, L)).
Then, the linear parabolic equation(2.1) is null-controllable at any time T > 0.
Specifacally, for each y, € L%(0, L) there exists v € L°°(0, T; L*(w)) such that the
corresponding solution to (2.1) satisfies (1.3). Furthermore, the control v can be
chosen satisfying the estimate (2.7).
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3 Local Null Controllability of the b-Equations

In this section, we present the proof of Theorem 1.1.
For the moment, let us assume that yy € K2(0, L). Let us set Z := L>(0, T;
HO1 (0, L)). The argument is as follows: first, we fix ¥ in Z and we solve the family
of elliptic problems:
{z —alz =y, in(0.L)x (0.7), G
2(0,) =z(L,-)=01in (0, T); )

then, we control exactly to zero the linear system (2.1) with A = z, B = (b — 1)z, (by
solving the corresponding extremal problem (2.6)); at this point, we set A, (y) =y
and we consider the mapping A, : Z — Z; then the task is to solve the fixed-point
equation y = Ay (y).

Several fixed-point theorems can be applied here. In this paper, we have preferred
to use Schauder’s Theorem, although other results also lead to the good conclusion;
for instance, an argument relying on Kakutani’s Theorem, like in [11], is possible.

In order to get good properties of A,, it is very appropriate to choose controls
belonging to the space L*°(0, T'; L?(0, L)), as we have done in Sect.2 (see Theo-
rem2.1).

Observe that, if y € Z, it is clear that z € L*°(0, T K3(0, L)). Then, thanks to
Sobolev embedding, we have z, z,, zxx € L>((0, L) x (0, T)) and the following
is satisfied:

2 2 2 -2
2 2 4 2 - 12 :
2a ”Zxx”Loc(LZ) + ”Zxxx”Loo(LZ) =< ”yx”Loc(LZ)s

Let us consider the system (2.1) with A = z, B = (b — 1)z,. As already said, we
can associate to z the null control v € L (0, T; L?(0, L)) furnished by Theorem 2.1
and, then, the corresponding state y.

Since yp € K2(0, L) and z € Z, it is clear that

y € L*(0,T; K*0, L)) N C°([0, T]; Hy (0, L)),
y, € L*(0, T; L*(0, L))

and, from standard energy estimates and (2.7), we deduce that

Cs (4112112 00 00y Iz 12 )
lyellz2z2y + Iylz2cazy + ||Y\|Loc(y(}) = (||}’0||1-10I +vliz2zye Leee T o a?)y

<112
= (lyoll g + 1Vl 22 eCo0H I

Cr (141712
S”yOHHOle 7( +Hy|\z)’

(3.3)
where Cs, C¢ and C7 depend on L, @ and 7 but are independent of «.
We will use the following result, whose proof is given at the end of this section:
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Lemma 3.1 One hasy € L*(0, T; K20, L)), forall e € (0, 1), with

Ce+131P o, 1)
Iy N2y < (yollxe + [Vll=2)e ) (3.4)

Now, let us fix € € (0, 1), let us introduce the Banach space

W ={weL>®0,T; K*@O,L)):w e L*0,T; L*(0, L))} (3.5)
and the closed ball
M ={we L>0,T; Hj 0, L)) : Wl ooy < 1} (3.6)

and let us observe that A, maps the whole space Z into W.

Notice that the embedding W < Z is compact, in view of classical results of the
Aubin-Lions kind, see [30].

On the other hand, thanks to (3.3), if yollmy =6 (with § > 0, small enough,
independent of «), A, maps M into itself. Consequently, Schauder’s Fixed-Point
Theorem can be applied in this context and A, possesses at least one fixed point in
M.

This ends the proof of Theorem 1.1 when yy € K2(0, L).

In the general case, when yy € HOl (0, L), we can use a standard approximation
argument. Indeed, is {y¢ ,} is a sequence in K?(0, L) with || g, ||H01 <éandyy, —
Yo in HOl (0, L) and the controls v, and states y, and z, are constructed as above, it
is clear that the v, are uniformly bounded in L>(0, T; L*>(0, L)) and the y, and z,
are uniformly bounded in good spaces, with respect to « and n, in such a way that
we can pass to the limit in # in the equations. Thus, we get again a control such that
(1.3) holds in this case.

Let us now return to Lemma3.1 and let us establish its proof.

Proof of Lemma3.1. In view of (2.1), y solves the following abstract initial value
problem in L2(0, L):

V= ngy — 2y — bz y +vl, in [0, T],
y(0) = yo.

This equation can be rewritten as a nonlinear integral equation:

t
¥() = ey + f I (Zzye — bzey + 1) (s) ds.
0

Consequently, applying the operator (32,)¢ to both sides, we have

2

t
(02)y(1) = (07) €™ yo + / (02)¢e" ™% (—zy, — bzyy +v1,)(s)ds. (3.7)
0
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Recall that, for any r > 0, there exists C(r) > 0 such that
2 a2 - .
105 € % [l 20,y 20,y < C(r) ™" Vi > 0;

for the proof, see for instance [4].
Taking L?-norms in both sides of (3.7), we see that

t
II(‘%%X)Gy(I)HLz < lyoll g2¢ + C/o (t—9"¢ |:(HZ(S>IIL0<> + llzx IILz)Hy(S)IIHd + IIV(S)lwIILz] ds

t
<lyollg2 +€ (q\zum(m) Hlzxl 221 oo gy + nvlwnLoo(Lz))/o (t—s)"¢ds

Finally, using (3.2) and (3.3) and taking into account that € € (0, 1), we easily obtain
that

=112
120y l2 < (Ilyollxz + V1l per2)) eI

and the proof. (]

4 Controllability in the Limit

In this section, we prove Theorem 1.2.

For the null controls v, furnished by Theorem 1.1 and the associated solutions
(Vas Za) to (1.2), we have the uniform estimates (3.2), (3.3) and (3.4). Recall that
y € M and M is given by (3.6). Consequently, there exist y € L*(0, T; K*(0, L))
with y, € L*(0, T; L*(0, L)) and v € L>(0, T; L*>(w)) such that, at least for a sub-
sequence, one has:

Yo — y weakly in L*(0,T; K?(0, L)),
(Ya): = y; weakly in L*(0, T; L*(0, L)) 4.1
Ve — v weakly — xin L*°(0, T; L*(w)).

As before, we can apply a compactness argument of the Aubin-Lions kind and deduce
that

Yo — y strongly in L2(0, T; Hy (0, L)). 4.2)
Using the second equation in (1.2), we see that

(Za — Y) - az(za - y)xx = (ya - )’) +a2yxx~

Multiplying this equation by —(z, — ¥).x and integrating in (0, L) x (0, T), we
deduce
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/1/|@a—y»|dxdn+avfjnua Dl du di
/ / (Vo — V)2 (ze — ¥)x dx dt

—QZ// yxx(zut_y)xxd-ths
0 Jo
whence

T pL T pL
//|w—wmmms/f|m—wmmm+#wm@
0J0 0JO

This shows that
Zq — ¥ strongly in L*(0,T; HO1 0, L)) 4.3)

and the transport and reaction terms in (1.2) satisfy

Za(Ya)x — Yyy strongly in L' ((0, L) x (0, T))

4.4
(Za)xYa — Yx strongly in L'((0, L) x (0, T)). @9

In this way, for each ¥ € L*°(0, T; HOI (0, L)), we obtain

T pL T pL
/0/0 (Gt + Gadx s + 2aOa)x ¥ + bGa)syath) dxdt=/0/0 VoL dx dt.

4.5)
Using (4.1) and (4.4), we can pass to the limit as « — 0% in all the terms of (4.5) to
find

T pL T pL
//‘mw+hm+a+mewum=//mmmwMM- 4.6)
0J0 0J0

That is, y is the unique solution to (1.6) and y satisfies (1.3).

5 Some Additional Results and Comments

5.1 Exponential Decay and Large Time Null Controllability
Jor the Burgers-a Equation

Let us see that, when b = 0, the large time null controllability of (1.2) holds. This
result provides a positive answer to an open questionin [ 1, Remark 2]. More precisely,
we have the following:
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Theorem 5.1 Assume that b = 0. For each yy € HO1 (0, L), there exists ag > 0 such
that (1.2) is null-controllable at large time for any a € (0, ). In other words, there
exist T > 0 (independent of a), controls v, € L (w x (0, T)) and associated states
(Ya» Za) satisfying

Vellpeor=y < C 5.1

and
vo(,T)=0 in (0,L). 5.2)

Proof The task is to replace the assumption “yy is small” by an assumption imposing
that T is large enough (and independent of ).

Thus, let us assume thatb = 0. If y € HO1 (0, L), then the associated uncontrolled
solution to (1.2) satisfies

Yo € L*(0, T; H*(0, L)) N C°([0, T1; Hy(0, L)),
2o € L*(0, T; H*(0, L)) N L™(0, T; Hy (0, L) N H(0, L)),
(Va)r € L*((0, L) x (0, T)), (z); € L*(0, T; H*(0, L)).

This is a straightforward consequence of elliptic and parabolic regularity theory.
Furthermore, the following estimates hold:

oLy < ,
| el ooy <l yolloo (53)

1za llLozey < 1yolloo-

These regularity properties allow to rewrite (1.2) with » =0 and v = 0 in the
form

it — azzxxt — Zux t azzxxxx +22x — azzzxxx =0in (0,L) x (0,7),
2(0,) = z(L, ") = 25x(0, ) = z5x (L, ) =0 on (0, T), (5.4
2(,0) = (I —a?0e) " 'yo in (0, L),

where, by simplicity, we have omitted the index «.

Let us multiply (5.4) by z and let us integrate in (0, L). Then, introducing the
instantaneous energy E, (t) := [|z(-, 1)|13 + &?||zc (-, 1) ||3, we see that

li 2 2 2 _ A2 t
E, () + ”Zx("t)”2+a ”Zxx(‘,t)”z = 2« TZxZxx dx
2dt 0

for all ¢+ > O and, therefore,

d
—Ea(®) +2 (1 =262 y0ll%) llzx (-, O3 + @ lzex (-, I3 < O

and

%Eam + (t/LYC (v, @) Ea(t) < 0,



134 E. Fernandez-Cara and D. A. Souza
where C (yp, @) = min{l, 2(1 — 2(x2||y0||go)}.Takingoz0 = 1/Q2llyollo0), we find that
E,(t) <e @DME () V> 0.

and, consequently,
_ 2
lz¢.0l5 < e yoll; - Ve >0 (5.5)

whenever « € (0, «g).
Let us multiply (1.2) by y and let us integrate in (0, L). Then

d
- lye, O3+ 1y G013 < Iyl X llzG, O3 (5.6)

and, using Poincaré’s inequality and (5.5), we get

d _ 2
S IVC DI+ G/LIYC 0l < e yollS ol
Hence, the L>—norm of y decays exponentially:

IyC, 012 < e @Dyl + IIyoll) Ve > 0. (5.7)

Let us see that the same is true for the L>—norm of y,.
Let us introduce r = %(n /L)?. 1t follows that

Iy G, OI5 < lyoll3(1 + llyollZ)e . (5.8)

Hence, combining (5.5), (5.6) and (5.8), it is easy to see that

d r r —-r
- (€ IyC.Ol3) + ey (L O3 < (L + lIyollZ) + llyoll2) yvoll3 e

Integrating from O to ¢ yields

t 2
ro ”yO”
/ ¢ llys (. o)} do < (2 + lyollze + === ) Iyoll. (5.9)
0

Now, we take the L2-inner product of (1.2) and —(yy).» and get

d 2 2 2

E”)’X(HI)HQ < yollsllyx G DI
Multiplying this inequality by e"*, we deduce that

d
- (" llyc (-, OIB) < (r + lyolZ) e lye (-, D13
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and, consequently, we see from (5.9) that

2
lIyoll5

1+ (D13 < [(r + ||yo||§o)(2 + I1yoll3e + )uyon% + ||)’0||§101}€_”-

This ends the proof. (|

5.2 A Boundary Controllability Result

Thanks to an extension argument, it can be proved that boundary uniform null con-
trollability results similar to Theorem 1.1 hold for the b—family.

For instance, let us see that the analog of Theorem 1.1 remains true. Thus, let us
introduce the controlled system

Yo — Yxx t2yx + b2,y =0 in (0, L) x (0, 7),

71—’z =y in (0,L) x (0, T), (5.10)
z(0,)=y(0,)=0, y(L,)=z(L,-)=uon (0,7T), ’
y(-,0) = yo in (0, L),

where u = u(t) stands for the control function and Yo € H (0, L) is given.

Let w and L be given, with L > Land o C (L, L) Let Yo be the extension-by-
zero of yo; note that 3y € H; (0, L). Arguing as in Theorem 1.1, it can be proved that
there exists (¥, ¥), with ¥ € L>®(0, T; L2(0, L)),

5 = Sor 2lo o+ b2clond =l in (0,L) x 0, 7),
Z_Ol Zxx—y in O, L) x (0, T),
y(O, )_y(Ls )203 Z(Ov )20’ Z(L’):y(Lv) on (Os Z)v
y('s 0) = yo in (Os L)’

and y(x, T) = 0. Then, if we take y := ¥|0.1), z and u(t) := y(L, t), we see that
uelL>®0,T),y,zand u satisfy (5.10) and y(x, T) = 0.

5.3 The Situation in Higher Spatial Dimensions

Let @ C RY be a bounded connected and regular open set (N = 2 or N = 3) and let
o C 2 be a (small) open set. We will use the notation Q := Q2 x (0, T) and ¥ :=
a2 x (0, T) and we will use bold symbols for vector-valued functions and spaces
of vector-valued functions.

For any v and any yj in appropriate spaces, let us consider the following controlled
Navier—Stokes system
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Y —Ay+(y-V)y+Vp=vl,in Q,
V.y=0 in Q,
y=0 on X,
y(0) = ¥o in Q.

.11

For an explanation of the meaning of the equations and unknowns, see for instance
[31]. Here, v = v(x, t) stands for the control function.

Introducing a smoothing kernel and a related modification of (5.11), we obtain
the so called Navier—Stokes-o model or N—dimensional viscous Camassa—Holm
equations:

Y —Ay+ (z-V)y+bVz -y+Vp =vl,in Q,

z—a’Az+Vr =y in O,
V.y=V.z=0 in 0, (5.12)
y=z=0 on X,
y(0) =yo in Q,

for more informations about this equation, see [7, 8, 17, 20].
Let us recall the definitions of some function spaces that are frequently used in
the analysis of the systems (5.11) and (5.12):

H={peLl*(Q):V-¢=0inQ, ¢-n=00n3Q},
V={peH)(Q:V-9=0inQ}.

With arguments similar to those in [2] and Theorem 1.1, it can be proved that,
for any T > 0, there exists € > 0 such that, if ||y|lv < € we can find controls v, €
L?(w x (0, T)) (bounded independently of o) and associate states (Yo, Pa» Zos To)
satisfying

Yo(x,T) =0 in Q.

Furthermore, it can also be seen that, at least for a subsequence, the v,, converge,
in an appropriate sense, to a null control of (5.11).
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Abstract We consider the out-of-the-plane displacements of nonlinear elastic strings
which are coupled through point masses attached to the ends and viscoelastic springs.
We provide the modeling, the well-posedness in the sense of classical semi-global
C2-solutions together with some extra regularity at the masses and then prove exact
boundary controllability and velocity-feedback stabilizability, where controls act on
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1 Introduction

Controllability properties for elastic strings with attached tip-masses have been un-
der consideration for quite some time. In [8] an in-span mass has been considered
and controllability results in asymmetric spaces have been estbalished that reflect a
smoothing property according the presence of the point-mass. See also [9]. In [2] the
authors consider inverse problems for networks of strings, where the transmission
conditions at multiple joints involve point-masses. The combination of elastic strings
coupled via elastic springs and tip-masses has been considered by the authors of this
article in [18], where exact boundary controllability was shown. In this article we
extend the results of [18] to a coupling via viscoelastic springs. The method is based
on the fundamental concept described in [12—14]. See also the recent work [11].

For a single 1-D quasilinear wave equation, based on a result concerning semi-
global C? solutions, Li and Yu [15] used a direct constructive method with modular
structure [13, 14] to establish local exact boundary controllability with Dirichlet,
Neumann, Robin and dissipative boundary controls, respectively. For elastic strings,
where a tip mass is attached to one of the ends, dynamical boundary condition
appear according to Newton’s law, see [3]. Exact boundary controllability for 1-
D quasilinear single wave equations with dynamical boundary conditions has been
obtained in [18]. We begin with two nonlinear elastic strings of common length L
coupled at x = 0 via an elastic linear spring with stiffness . If we restrict ourselves
to out-of-the-plane displacements the equations governing the motion of the strings
become scalar. At the end points, i.e. at x = 0, x = L, we attach masses, which for
the sake of simplicity we take as being equal to 1. At the free ends, i.e. atx = L, we
apply boundary controls acting as forces. See Fig. 1.

x=0 x=L
string_1

spring controls

/

string_2

Fig. 1 Two strings coupled via an elastic spring and masses
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We introduce the stiffness of the strings as K; (u;), i = 1, 2 and, correspondingly,
Vi(r) .= for K;(s)ds. We introduce the Lagrange function

L

(2 2
L) = [ [Z {[ %(ui)z(x, 1 - V,-(ui)(x,t)dx:| + % > W), 1) - %K (' 0, 1) — u?(0,0)’ { dr.
i=l1

0 i=1 0

Then, upon standard variational calculations, we obtain the following coupled system
of two linear wave equations:

w, — K@), =0, xe (L), teT),i=1,2,
x=0:ul0,) = Ky (u)(0, 1) — k"0, ) — u%(0, 1)),

120, 1) = K2 u?)(0, 1) + k(' 0, 1) — u*(0, 1)),
x=L:u, =-Ki)(L,0)+h),

uy, = —Kowi)(L,t) +h*@), t € (0, T)
t=0:u'(x,0) = ¢ (x), ul(x,0) =i (x), x €[0,L],i =12,

(1.1)

where ~ stands for the stiffness (Hooke’s constant) of the spring. We are to find
two boundary controls (h'(t), h2(t)) on x = L in order to achieve exact boundary
controllability for the coupled system (1.1). We assume that zero is at equilibrium
such that

K;(0) =0, K;(0) > 0.

For non-constant equilibria, we need to work around such equilibria. We refer to a
forthcoming publication for more complicated networks and non-constant equilibria.
We now extend the model problem in that we introduce a linear viscoelastic behavior
of Kelvin—Voigt type to the coupling spring. To this end we note that a Maxwell ele-
ment, as shown in Fig. 2, satisfies the constitutive equation in continuum mechanics

o= Ee+ 7¢€,

where o, € signify the stress and the strain, respectively. See e.g. [17]. In this context
the strain in the spring is given by the difference between the mass points. We,
therefore, introduce besides x = E the parameter 7, representing the dash-pot. See

Fig.2 for a cartoon of this situation.
The corresponding system of quasilinear wave equations with this coupling is
given by.



142 G. Leugering et al.

x=0 string_1 x=L

E‘J spring

controls

dash-pot string_2

Fig. 2 Two strings coupled via a viscoelastic element and masses

W, — Kiwl)y =0, xe(0.L),1e©7T), i=12
x=0:ul(0.0) = Kj@h(©0. 1) = (' (0.1) = u?(0. 1) — 7(u} 0. 1) — u}©0. 1)),
u?, (0, 1) = Ko )0, 1) + k(' (0, 1) — u*(0, 1)) + 7(u} (0, 1) — u? (0, 1)),
x=L:ul, =K@ n+n@,
uy = —Ko)(L,0) +h2(t). 1 € 0, 7),
t=0:u' (x,0) = ¢f(x), ub(x,0) = ¢} (x), x € [0, L], i = 1,2.

(1.2)

Kelvin-type visocelasticity as seen above is described by an ordinary differential
equation between the stress and the strains. The corresponding boundary condition
is still local, but second order in time. General viscoelastic springs would involve a
convolution with a relaxation kernel a(-). The corresponding model then takes the
following format.

”;.t - Ki(”i)x =0, x€(©,L), te(0,7T), i=1,2,

x=0:u,0,0=K w0 1) - rw@© 1 —-u?00n) - %fa(t — )@ (0, s) — u?(0, 5)ds,

0
a t

uZ(0,1) = Ko 2)(0, 1) + k(' (0, 1) — u?(0, 1)) + P /a(t — ) (0, 5) — u2(0, 5))ds,
0

x=L:iul=—Kiuh)(L.1)+h'@),
u, = —Kyu2)(L, 1)+ h>@t), t € (0, T),
t=0:u'(x,0) = ¢ (x), ul (x,0) = ¥ (x), u' (x,5) = 0,5 <0, x € [0, L],i =1,2.

(1.3)
In the case of (1.3), we need to add a zero displacement history. The alternative is
to assume that a(s) = 0, ¢ < 0. In this case the boundary condition is non-local in
time already. The classical boundary controllability problem then consists in finding
suitably smooth controls hi(-),i =1,2suchthatina given time 7' > O the controls
drive the system (1.1), (1.2) or (1.3) to a given displacement and velocity profile at
the final time T':
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32 (h', h?) such that u' satisfy (1.1), (1.2) or (1.3) and
t=0: @'(x,0),ux N’ =(@x),yx)", i=1,2,0<x<L (14
t=T: W&T),uxT) =@, ¥nx)", i=1,20<x<L.

While the question of exact controllability is natural for (1.1) and (1.2), it is more
complicated in the case (1.3), as the final targets ®, W need to be holdable states.
This means that after hitting the targets, the solution should stay there, possibly under
applying constant controls. This is true for (1.1) and (1.2), but may fail to hold in the
case (1.3), as the convolution dives the system beyond the final time T if the controls
are switched off.

We integrate the second-order in time boundary conditions appearing in (1.1),
(1.2) or (1.3) with respect to time. We obtain at x = 0

t

ul0,1) =ul(0,0) +/(K1(u;)(o, s) — k@' (0, 5) —u*(0,5))ds (1.5)

0
t

ul 0, 1) = ul(0,0) +/ (K1(u)(0,5) — k(' (0, 5) — u*(0, 5))) ds
0
—7 (0, 1) — u*0, 1)) + 7' (0,0) — u?(0,0)) (1.6)
ul(0,1) = u(0,0) +/ (K1 (ul)(0, ) — k@' (0,s) —u?(0,5))) ds

0
t

~|—/a(t — )@ (0, s) — u?(0, 5))ds. (1.7)

0

In case of (1.5), (1.6), the boundary conditions can be put into the format

t
u; (0,1) = G11 (%' (0), ¢ (0), $*(0)) + Ga1 (' (0, 1), u* (0, r>)+fcsl(s,u‘(0, 5), u?(0, ), u} (0, 5))ds,
0

(1.8)

whereas in case (1.7), the corresponding boundary condition is given by:

t

ul (0,1) = G (' (0), ¢'(0), $*(0)) +/G31(r,s,u‘(o,s>,u2<o, 5), ul(0, $))ds,
0
(1.9)

where now the kernel G3; explicitly depends on the actual time ¢. The situation for

u? is analogous. We may summarize as follows.
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w, — K@), =0, xe©,L), te(T) i=1,2,
x=0:u/0,1) = G (1" (0), ' (0), $*(0)) + Ga21 (u' (0, 1), u*(0, 1))

+/G31(t,s,u1(o, 5), u*(0, 5), ul (0, 5))ds,

0
uf (0, 1) = G (¥*(0), ¢'(0), $*(0)) + Gao(u' (0, 1), u*(0, 1))
—i—/ng(t,s,ul((), 5), u*(0, 5), u*(0, 5))ds,

0
t

x=1L: u}(L,t)=¢1(L)+/GZI(M;)(L,s)ds+/h1(s)ds,
0 0

u?(L, 1) =¢2(L)+fézz(u§)(L,s)ds+/h2(s)ds, t€(0,7),
0 0
t=0: u'(x,0) = ¢h(x), ul(x,0) =¥i(x), x €[0,L],i =1,2.

(1.10)
Thus, the basic model to be discussed consists of coupled quasilinear wave equations,
where the coupling is given by a non-local in time boundary condition of first order.
In the case of general viscoelasticity, the kernels depend on the actual time, whereas
in the elastic case and the Maxwell-type viscoelastic case the kernel does not depend
on the actual time.

2  Well-Posedness and Dissipativity of the Viscoeleastic
Model

2.1 Well-Posedness

In order to prove existence and uniqueness of semi-global classical solutions, we
introduce the new variables

We have

v =w, =u',, w =K;(v), =K )W =K/ @), i=12.
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We further introduce k; (z) := f v/ K| (s)ds and define the following Riemann invari-
0

ants
rL ) = wl G )+ b (0 (), () = wl () — b0V (e, 0), rh ) = uf (). (2.1)

We deduce the following equations for these Riemann invariants

Ot (x, 1) — /K[ (vi (x, )0, (x,1) =0 (2.2)
Ori(x, 1) + K[V (x, )0yl (x, 1) = 0

rb(x, 1) = w'(x,1). (2.3)
We have the relations
A R
w' = E(r’_ +ry), (') = E(rl‘ —rl), i=12. 2.4)

As we assume K/ (s) > 0, we have D,ih;(v') = \/K!(v') > 0and, thus, &; is strictly
monotone. Therefore, there is an inverse mapping such that v = p’(r’. —r’). The
Riemann invariants obviously diagonalize our system of equations transformed into
a first order system. We are going to write the coupling and boundary conditions in
terms of the Riemann invariants. To this end, we insert the definitions (2.1) and the re-
lations (2.2), (2.4) and the expression for v’ into (1.2). We assume ¢ = (¢, ..., ¢,)T
is C? a vector-valued function of x with small C*[0, L] norm, ¢ = (¢1, ..., ¥,)T is
C' a vector-valued function of x with small C' norm, such that the conditions of C2
compatibility at the points (¢, x) = (0, 0) and (0, L) are satisfied, respectively.

1
E(ri +rD)0,1) = Ki(p'(r! —7)(0,1)) — K (r5(0, 1) — 5 (0, 1))
1 1
-7 <§(r1 +71):(0, 1) — E(ri +r2)(0, t))) (2.5)
1
E(ri +72)(0,1) = K2(p*(r2 — r2)(0, 1)) + £ (g (0, 1) — 5 (0, 1))

1 1
+7 <§(r1 +rhH0, 1) — E(ri +7r2)(0, t))) . (6)

We integrate (2.5) with respect to time and leave the Riemann variable ri (0, 1) on
the left-hand side, as this is the variable that determines the outgoing waves at x = 0.
We obtain
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r1 0.0 = 10,0 +r1©0,0) - L0, (2.7)
t
+2/{K](pl(rl,7r71L)(O,s))fT(rl,(O,s)frE(O,s)qu}r(O, s)frJZr(O,s))}ds

0
t

— 2/1/ (ré ©,s) — rg(O, S)) ds
0
r300.1) = (r2(0,0) +r3.(0,0)) — r2(0,1) (2.8)
12
+ 2/ [K2(p! 02 = 2)0.5) + 7 (rL0. ) = 120.5) + 1L 0, 9) =12 0.9)) } as
0

t
+ 25[ (730, = 130, ) ds
0

Similarly, we obtain the boundary conditions at x = L as follows

rLn =l o+l 0y -rlw,n
t t
—2/ [k el =D, - (r‘_<L,s>+r1+(L,s>)}ds+th1<s)ds
0 0
r2(L,1) = (r2(L,0) +r3(L,0)) — r3(L, 1) (2.9)
t t
—2/ [K2202 =)L) - (rE(L,s)+ri<L,s))}ds+2/h1(s)ds.
0 0

We may now introduce the kernels

e, ri i =1,2) = K (p L = r1)0,9)) — 7 (r‘_ 0. 5) = r2(0,5) + 110, 5) — r2.(0, s))
26 (r0.5) = 13 (0,))

ea(s,ri i =1,2) = Ka(p2rl — 1), 9)) + 7 <r1_(0, )= 12(0,5) +r10, 5) = r2 (0, s))
+ 2% (rg 0, 5) = 120, s)) (2.10)

GG, bl i=1,2 = K (p el =)L, 5) - (rl(L,s) +ri(L,s))

B0, r i =1,2) = Ky(p202 = rA)(L, ) — (rE(L, $) +r}r(L,s)).

We also introduce the initial value functions:

FL@(0), ¢:(0)) == (r1(0,0) + r1(0,0)) — r(0, 7). (2.11)

With this notation we are in the position to rewrite the system (1.2) as follows.
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A (0o : B (et
O lr— |+ |0 —VK;i(pt(r—,ry) 0 o lr— | = 0
r+ 0 0 VEKi(pi(r—,ry) 4 0

t
ri0,1) = F1(6(0), 6x(0)) + Of gi(s,r—, ro, r4)ds 2.12)

t t
(L, 1) = f'i(qsi(L),(px(L))+/g(s,r,,ro,r+)ds+/h,-(s)ds
0 0

ro(x, 0) = 91 (x), r—(x,0) = ¢’ (x) + h;i (¢ (x, 0)), ry(x,0) = (x) — ki (@ (x, 0)).

This is precisely the format requested in [18] in order to show well-posedness of
(2.12) and, hence, of (1.2). In order to apply the results of [18], we need to assume
C?-compatibility of the initial data. That is

K[ (610091, (0) = K1(¢(0)) — k(9" (0) — $*(0)) — (0" (0) — 1*(0))
K5 (61(0)¢7%,(0) = K2(¢1(0)) + k(9" (0) + ¢*(0)) — (10" (0) — 1*(0))
K (dH(L)¢! (L) = Ki(dL(L)) — kyyp' (L)

K (#*(L))¢? (L) = Kx(¢*(L)) — kyp' (L).
(2.13)

Theorem 2.1 For any given T >0, suppose that ||($, V)ll(c210,L12x(C'[0.L])%
2]l oo, 72 and 4]0, T1ll(copo, 772 are small enough (depending on T ), and the
conditions of C? compatibility (2.13) are satisfied at the points (t, x) = (0, 0) and
(0, L), respectively. Then, the forward mixed initial-boundary value problems (1.2)
admit a unique semi-global C? solution w = u(t, x) with small C* norm on the
domain R(T) ={(t,x)[0 <t <T,0<x <L}

We also obtain an additional regularity with respect to the time at x = 0, due to
the masses there.

Remark 2.1 For the semi-global C? solution u = u(z, x) given in Theorem 2.1, if
hi(t) = 0(i = 1, 2), or more generally, h’(¢) € C'[0, T] with small C'[0, T'] norm,
there is a hidden regularity on x = 0 that u' (¢, 0) € C*[0, T](i = 1, 2) with small
C? norm.

2.2 Dissipativity of the Nonlinear Model

‘We now consider the following total energy related with the original system: (1.2).

L
. L . . 2
E=Y [ G(u;)z + v'(u’x)) dx + % (0.0 + (L, n?) + % («' 0.0 - u?@.0)"

=12}
(2.14)
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where the potential V' (r) satisfies V' (r) = [ K;(s)ds. However, for h; (1), h(t) in
0

(1.2), we choose velocity feedack controls

ul (L,t) = =K () (L, 1) — kju! (L, 1),
ul(L,t) = —Ky(u*)(L,t) — kyu?(L, 1), t € (0, T) (2.15)

Assuming second order regularity, we obtain.

L
d . L . )
EE([) = Z {/ (u;u;, +K,-(u;)u;t)dx+u;(0, Hul, (0, 1) (2.16)

i=1,2 0
+ 5 (!0, 1) — 4?0, 1) (u} (0, 1) — u?(0, 1))
L
= /u;' (ui, - (Kiui.)x) dx + Z Ki(ul )yl (e, 0)[E + ul (L, Dl (L, 0) + u2(L, Du? (L, 1)
i=127 i=1,2
+ul 0,0 (u), + K@ (0, 1) — u®)0, 1)) +u} 0, 0) (uZ, — k@' 0, 1) — u*(0,1)))
=ul (L, )l (L, 1)+ K1 u)(L, 1) +u? (L, 1)@ (L, 1) + K2 (u2)(L, 1))
+ul 0,0 (u)y — K@), 1) + 5" 0, 1) — u?(0,1)))
+ul (0,0) (u — K2u)0, 1) — 5" 0, 1) — u?(0, 1))
= —ki(u (L, 1))? = ka (L, )% +u} 0, ) (=7 (u} (0, 1) — u?(0, 1)) + u?(0, ) (7 (u} (0, 1) — u>(0, 1))

=~y ] (L, 1)* = ko G2(L, D)2 — 7 () 0, 1) — u2(0, ) < 0.

This shows dissipativity. It is clear from (2.16) that the uncontrolled and purely
elastic case leads to energy conservation. This suggests that boundary exponential
stabilizability should hold. In the case of the linear model, we provide a proof of
this fact. The investigation of the nonlinear case will be the subject of a forthcoming
publication.

3 Exact Boundary Controllability for the Kelvin-Type
Viscoelastic Coupling

In this section, we examine the problem of exact boundary controllability for a
coupled system of two 1-D quasilinear wave equations, where the coupling is given
by a Maxwell-type visocelastic spring-dash-pot system.

To this end, we provide final data &, ¥, where & = (P, D))" is a C?
vector-valued function of x with small C2[0, L] norm, ¥ = (¥, ¥,)Tisa C'[0, L]
vector-valued function of x with small C'[0, L] norm, such that the conditions of
C? compatibility (2.13) at the points (¢, x) = (T, 0) and (T, L) are satisfied, respec-
tively. Obviously, u = 0 is an equilibrium state of (1.2), and we will establish local
one-sided exact boundary controllability around u = 0. By the results in [18], we
obtain:
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Theorem 3.1 Let
T > 2L max

1
i=1.2 (\/W) ’

For any given initial data (¢,) and final data (®, V) with small norms
(@, V) llcc2po.Ly2xcro.Lpyz and |[(P, W) ll(c210.L12x (0,012 and boundary controls
h' = 0( = 1,2), such that the conditions of C? compatibility are satisfied at the
points (t, x) = (0,0) and (T, 0), respectively. Then, there exist boundary controls
H = (h', h®) with small norm ||ﬁ||(co[0’ﬂ)z on x = L, such that the mixed initial-
boundary value problem for (1.2) admits a unique C?* solutionu = u(t, x) with small
C? norm on the domain R(T) = {(t,x)|0 <t < T,0 < x < L}, which exactly sat-
isfies (1.4).

Remark 3.1 More generally, if ' (t) € C'[0, T]1(i = 1, 2) with small C' norm, The-
orem 3.1 still holds.

(3.1)

4 Exponential Boundary Stabilization of a Linear
Kelvin—Voigt-Model

To fix ideas, let us consider the following linear model of two strings coupled via
a Kelvin—Voigt-type viscoelastic spring without tip-masses and velocity boundary
feedbacks at x = L:

w,—u' =0, xe(,L), 1€(0T),i=12
x=0:ul(0,1) = k"0, 1) — 1?0, 1)) + 7(u} (0, 1) — u*(0, 1)),
u?(0,1) = —k(u' (0, 1) — u*(0, 1)) — 7(u) (0, 1) — u*(0, 1)),
x=L:u (L, t)=—ku!(L,1),
ul(L,t) = —ku?(L, 1), t € (0, T),

t=0:u"(x,0) = ¢'(x), ul(x,0) =" (x),x € [0, L],i =1,2.

“.1)

Here, the feedback parameters ki, k, are positive numbers. As for existence and
uniqueness of solutions, in case that q[)i (x),i = 1,2 are not constant, we refer to
the previous section, where the result trivially follows from the nonlinear case. It is,
however, also possible to achieve the wellposedness results via semi-group theory.
We wish to prove exponential decay via an appropriate Liapunov function. As we
ultimately intend to prove such property for the nonlinear model (1.2), we do not
rely on results about linear equations, where uniform exponential stabilizability can
be determined form exact boundary controllability. According to Theorem 3.1, exact
controllability can be inferred in principle also for the linear problem considered here.
However, for nonlinear equations no such implication is known. For that matter it is
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important to retrieve exponential stabilizability by Liapunov-techniques. Moreover,
such techniques are much more precise about the decay rates. We refer to [4, 5, 7]
for the techniques and their applications. We introduce the new variables

vii=ul, wii=uli=1,2
and the Riemann invariants
o=+, ri =0 —w,i=1,2.
With this, we obtain
orl — 0t =0, 3,rj_ + axri— =0.
We consider a candidate Liapunov function:

E(t) := Z/ A’ exp(— ux)(r+)2+A’ exp(ux)(r’) }

112

+ 5ml(o, 1 —u*0,0)* = Eo(t) + E (1), 4.2)

where p, A’, A" > 0 are still to be determined. We obtain

%Eo 121:2/ A’ exp(— ux)r+5tr++A’ exp(ux)ri o,r. } 4.3)
Z [ {A’ exp(—pux) <——5‘ (r+) )+A’ exp(ux) (——3 rh) )}
i=127

-y EA; exp(—x) () + > EAi_eXp(uX)(ri)zlé — Eo(1).
i=1,2 i=1,2
Moreover
%El —x (a0, 1) — u2(0, z)) (u}(o, 1) — u?(0, z)) (4.4)

(
:H(u‘( 1 — u?(0, z))( (u ©, t)) g(ul(O,t)—uz(O,t)>>

% (ul(O, 0 —u?(0, z)) + f (ul(O, 1 —u (0, z)) !0, 1)
K2
== (!

2 Ko 2 2 k1o 1 2
1l (0, 1) — u?(0, z)) +;p(u 0.0 - 12©,1) +;%(r,(0,1)+r+(0,t))
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K 1 ) 2 61 (14 2 1 2
==Zw=p (' 0.0 =2 0.1) L <5r,(o,t) +5r+(0,z>>

k1

L L RPN S e ARl
=% (6r_(0,t) +0r.(0,1) 2= E1()
We are now concerned with the boundary values. We have

ul(0,0) = k@ 0, 1) — 1?0, 1)) + 7} ©, 1) —u?0,1)) <
L, 0+ rL©,0) = k@' ©,0) —u?©0,0) + 7 (ri(o, 1) —ri, 0 =120, 1)+ 2, z)) &

A+nrl©,0 =720, =@ = Drl©, 0 — 7720, 1) + k@' 0, 1) — u?(0, 1).

The analogous boundary representation holds for the second string. Together we
have

A+ 71rk©,0 =720, = (- = Drl, 1) — 7720, 1) + s 0, 1) — 1?0, 1))
—rL 0,0 + (1 + 7Pk 0,0 = (7 = Dr2©0,0) — 7710, 1) — k(! (0, 1) — u?(0, 1)),

which reads as follows:
1+7 -7\ (rlo.n\ (7—1 =7\ /rL,n @, 1) — u%(0, 1)
< -7 1+ T) (é(o, r>> N ( 7 T 1) (r% o, r)) i <—<u1<0, 1) —u*(0, r)>> (43
solving for the Riemann invariants with sign ‘4’ we obtain
rp,0) _ 1 127\ (rL©,1) L _"f @'(0,1) — u*(0,1)) _
30, 1) 1427 \27 1 )\r200,0)) " 1427 \—@'(0,1) —u*(0, 1))
(4.6)

or

(ri_(o,t))_ 1 (r‘_(o,t)JrzrrE(o,t))+ K ((ul(o,z)—u2<o,z>))_ @7

r20.0) 7 1+2r \orrl 0.0y +20.0))  1+27 \ =@ (0.1) — u?(0. 1))

We take the 2—norm of both sides and obtain after some calculus.

3K2 2(1 —27)2
10,07 +r2(0,1)% < m(u‘(o, 1) —u?0, 1)) + (1 + m) (rL . 0% +r20,?%).
(4.8)
At x = L we have
u (L,t) = —ku!(L,1), i =1,2 & 4.9

ri(Lo) +ri (L) = —k(L(L,n) —ri(L,D), i=12 &

. i 1 .
rl_(L,t) = mr:_(L,t), l = 1’2
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Notice that for k; = 1 (4.9) provides transparent boundary feedback conditions such
that no energy enters the strings at x = L, i.e. waves approaching x = L from inside
the strings leave without any reflection. We now go back to (4.2).

1 1 . .
= 2 AL exp(—p) GG + D S AL exp(ua) (L (4.10)
i=1,2 i=1,2
1 o o
= 3 { D (ALGL(0, ) = AL (0, 1))
i=1,2

+ Z (AL exp(uL)(rl(0,1))* — Aﬂr exp(—/,LL)(Vi(L, l))z)} .

i=1,2
With this, we can now estimate

d 1 i i
S E0 =3 [—21:2 (A+(r+(0, 02 — AL ¢ (o, z))2) 4.11)

+ ) (Ai_ exp(uL)(rL (0, )% — AL exp(—pL) (i (L, z))z) l
i=1,2

+ ZT;r_(O t) + Zpr+(0 t) — pEo(t) —27E1(t)

[ 20 2 22 2 1 1 L) 2
=§<A++n?)r+(0,z) +§A+r+(0,t) —E(A_—K,Tpa)r_(o,t) - 542200
1 1
+ EA‘_ exp(uL)rl (L, 1) + 5A2_ exp(uL)rZ (L, 1)2

1 1 -
— sAL exp(uLyrl (L. 1) = S A% exp(=pLyrd (L. = uEo(r) - 2¥E1(z).

We now use (4.8), (4.9) in (4.11) and obtain

d —
SE@ = —pEo) = 2L Ei() (4.12)

Y 357 2 L ,a 1-27)%\ 2,2 2
+max(A++/<m,A+) m(u (0, t)fu ©0,1)" + + (l+27’)2 r 0,0 +r=0,1)°)

,l |, 2,2 k;l : 11 2 2.2 2
2(A Hz 6)r,(0 n* - A 20,12 +2 <k+1> exp(uL) (ALri(L,1)* + AZri (L, 1))

1
= 5 exp(—pL) (ALri(L, 0+ ALri(L,?)

5 1 1=27)?2 k1 1
= Al SA (12— )+ 2= — = r1,1)?
{max( +tRy +)2( * (1+27’)2)+25p 24 =00

) 1 (1—=27)2 1
1 0 42,1 _ 1 2
+{max(A++/€p,A+)2(1+2(1+2T)2 2A7 re (0 1)

R 2A‘ (uL) — AL exp(—pL) } rl (L, 1)?
= —_— ex - exp(— r s
1) Aol exp(—pL) pry
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1 k-1 ? 2 2 2 2
+ 3 {(m) AZ exp(ul) — A7 exp(—pL) ri(L, t)

K—p 32 1 0,

— nEo(r) — (2T TR max(Al + w A+)> Ei(1).

Recall that k, 7 > 0 are fixed physical parameters, while A4, 4, 7 > 0 can be chosen
under given constraints in order to achieve the desired energy estimate. Itis clear from
(4.12) that if we choose the feedback-gains k; = k = 1,i = 1, 2, the third and the
fourth term are automatically negative, regardless how small Aﬂr, i =1,2are,and the
first and the second term become negative for large A’ ,i = 1,2 and small A!,,i =
1,2, small §, p with § ~ p. In this case also the factor of E|(t) becomes negative,
say —u for suitably small ;¢ > 0. One can also choose the viscosity parameter 7 to
improve the estimates. Thus, for the case of optimal feedback gains,i.e. k; = 1,i =
1, 2, we obtain the estimate

d
EE(t) < —pE(),vt >0, 4.13)

which provides us with exponential decay, for suitable choices of the parameters
above. In the general case, we have to fulfil the following inequalities, where for the
sake of simplicity, we choose A~ = A_, A}, = A, ,i=1,2.

. 6.1 (1 =27)2 k1 1
1 (k=1)\?
(ii) 3 <m) A_exp(ul) — Apexp(—upLl) <0 4.14)

Giiy (252=° e w)) a0
iii = 2d 1202 A Hp >pu > 0.

Under the conditions (4.14), we obtain again (4.13). Clearly, small spring stiffness x
and small viscosity 7 will improve the exponential decay rate px which also depends
on the relation between A, and A_:

Ay

. k=1Y° (2uL)
127 exp(2ul).

k+1
We assume the following compatibility conditions.

$1(0) = k(0" (0) — ¢7(0) + 71" (0) — ¥*(0))
¢1(0) = —rk(¢' (0) — ¢*(0)) — T((¥' (0) — ¥*(0))
Py (L) = —ki¥' (L)

Pr(L) = —katp*(L).

(4.15)
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Theorem 4.1 Let ¢ € C'(0, L), 1) € C°(0, L) satisfy the compatibility conditions
(4.15) and let the assumptions (4.14) be fulfilled. Then the unique solution of (4.1)
decays exponentially.

Remark 4.1 The result concerns an L>-type Liapunov function for the linear system
(4.1). We conjecture that a similar result, also for H?-type Liapunov functions hold
true. This will be the subject of a forthcoming publication.

5 Conclusion and Outlook

We have analyzed linear and quasilinear strings coupled via visco-elastic springs
of standard type. We have provided a framework that allows for generalizations
in various directions. First of all, general visco-elastic spring coupling of fading
memory type can be considered in the quasilinear context. See [19] for general non-
local boundary conditions in the context of exact controllability from both sides of
the spring coupling. The situation is more complex for controls appearing only at
the end of one string. If the spring stiffness is infinite, in other words, if the strings
are directly coupled via a mass, we have to consider asymmetric spaces, due to
the smoothing effect of the coupling mass. See e.g. [8]. Such phenomena have not
been discussed for the quasilinear wave equation so far. Therefore, this contribution
gives a first result concerning controllability of nonlinear strings with point-mass
and visco-elastic spring couplings.

We also embarked on stability and stabilization properties of such systems. How-
ever, due to space limitations, we just looked at linear strings, no masses and low
regularity of solutions. The full system with masses and quasilinear strings is cur-
rently open, but subject to a forthcoming publication. Moreover, all that has been
said in this contribution concerns out-of-plane-displacement models. There is cur-
rently no corresponding result for planar of spatial quasilinear strings and springs.
Again, this is subject to current research of the authors. For a general model and
corresponding controllability results for 3-d quasilinear string networks see [10]. In
[6] quasilinear networks of Timoshenko beams have been considered. Again, these
models may be extended to spring-couplings as in this article.

We end with the proposition of a damage model, where we assume that the cou-
pling spring undergoes a damage process which, in turn, is driven by excessive strains
at the coupling point. To this end, we consider a time dependent stiffness x(¢) of the
coupling spring and propose an evolution of damage in due course as follows
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u, —Ki(u'), =0, xe,,T)L), re©, i=1,2,
x=0:ul00,1) = K@), 1) — x®)@(0,1) —u>, 1)),

u? 0, 1) = Ka?)(0, 1) + k(1) (' 0, 1) — u*(0, 1)),

K = —{%(u‘(o, 1) = u*(0,1)> =l k1), K(0) = Ko, 5.1
x=L:uy=—K@)(L,0)+h@,

uy = —Kau)(L, 1) +h*(1),
r=0:u'(x,0) = ¢ (x),ul(x,0) =¥ (x), u’ (x,5) =0,5 < 0,x €[0,L],i =1,2.

Here {a}, = max(a, 0). The nonlinear ordinary differential equation for the evolu-
tion of the damage describes an exponential decay of x(¢) for time periods, where
the displacement of the spring is excessively large (larger than 1 >> 0). Problems
of this type are open. They are connected to the general problem of degeneration in
the coefficients of wave equations in the sense of [1]. Clearly, if only one control is
considered, the problem looses the property of controllability as the spring damage
finally leads to break of the spring. The controllability or observability time will tend
to infinity as x(#) tends to zero.

References

10.

11.

. Alabau-Boussouira, F., Cannarsa, P., Leugering, G.: Control and stabilization of degenerate

wave equations. SIAM J. Control Optim. 55(3), 2052-2087 (2017)

Avdonin, S., Avdonina, N., Edward, J.: Boundary inverse problems for networks of vibrating
strings with attached masses, IMA Preprint #2457 November 2015, Institute for Mathematics
and its Applications, University of Minnesota

Cindea, N., Micu, S., Pazoto, A.: Periodic solutions for a weakly dissipated hybrid system. J.
Math. Anal. Appl. 385, 399-413 (2012)

Dick, M., Gugat, M., Herty, M., Leugering, G., Steffensen, S., Wang, K.: Stabilization of net-
worked hyperbolic systems with boundary feedback. Trends in PDE Constrained Optimization.
International Series of Numerical Mathematics, vol. 165, pp. 487-504. Birkhduser/Springer,
Cham (2014)

. Gugat, M., Leugering, G., Wang, K.: Neumann boundary feedback stabilization for a nonlinear

wave equation: a strict H2-Lyapunov function. Math. Control Relat. Fields 7(3), 419—448
(2017)

Gu, Q., Leugering, G., Li, T.: Exact boundary controllability on a tree-like network of nonlinear
planar Timoshenko beams. Chin. Ann. Math. Ser. B 38(3), 711-740 (2017)

Gugat, M., Leugering, G., Tamasoiu, S., Wang, K.: H 2_gtabilization of the isothermal Euler
equations: a Lyapunov function approach. Chin. Ann. Math. Ser. B 33(4), 479-500 (2012)
Hansen, S., Zuazua, E.: Exact controllability and stabilization of a vibrating string with an
interior point mass. STAM J Control Optim. 33(5), 1357-1391 (1995)

Leugering, G.: On dynamic domain decomposition of controlled networks of elastic strings
and joint masses. In: Kappel, F. (ed.) Control of Distributed Parameter Systems. ISNM, vol.
126, pp. 199-205. Birkhéuser, Basel (1998)

Leugering, G., Schmidt, E.J.P.G.: On exact controllability of networks of nonlinear elastic
strings in 3-dimensional space. Chin. Ann. Math. Ser. B 33(1), 33-60 (2012)

Long, H., Ji, F,, Wang, K.: Exact boundary controllability and exact boundary observability for
a coupled system of quasilinear wave equations. Chin. Ann. Math. 34B(4), 479-490 (2013)



156

12.

13.

14.

15.

16.

17.

18.

G. Leugering et al.

Li, T.: Controllability and Observability for Quasilinear Hyperbolic Systems. AIMS Series on
Applied Mathematics, vol. 3. AIMS & Higher Education Press, Beijing (2010)

Li, T., Rao, B.: Local exact boundary controllability for a class of quasilinear hyperbolic
systems. Chin. Ann. Math. 23B, 209-218 (2002)

Li, T., Rao, B.: Exact boundary controllability for quasilinear hyperbolic systems. SIAM J.
Control Optim. 41, 1748-1755 (2003)

Li, T., Yu, L.: Exact boundary controllability for 1-D quasilinear wave equations. SIAM J.
Control Optim. 45, 10741083 (2006)

Li, T., Yu, W.: Boundary Value Problems for Quasilinear Hyperbolic systems. Duke University
Mathematics Series V (1985)

Renardy, M., Hrusa, W.J., Nohel, J.A.: Mathematical problems in viscoelasticity. In: Pitman
Monographs and Surveys in Pure and Applied Mathematics, vol. 35, x+273 pp. Longman
Scientific & Technical, Harlow; Wiley, New York (1987). ISBN 0-582-00320-2

Wang, Y., Leugering, G., Li, T.: Exact boundary controllability for 1-D quasilinear wave
equations with dynamical boundary conditions. Math. Methods Appl. Sci. 40(10), 3808-3820
(2017)

. Wang, Y., Leugering, G., Li, T.: Exact boundary controllability for a coupled system of quasi-

linear wave equations with dynamical boundary conditions (2017, to appear)



A Semilinear Integro-Differential )
Equation: Global Existence and Hidden oo
Regularity

Paola Loreti and Daniela Sforza

Abstract Here we show a hidden regularity result for nonlinear wave equations
with an integral term of convolution type and Dirichlet boundary conditions. Under
general assumptions on the nonlinear term and on the integral kernel we are able to
state results about global existence of strong and mild solutions without any further
smallness on the initial data. Then we define the trace of the normal derivative of the
solution showing a regularity result. In such a way we extend to integrodifferential
equations with nonlinear term well-known results available in the literature for linear
wave equations with memory.

Keywords Hidden regularity - Positive definite kernels - Partial differential
equations

1 Introduction

Let @ C RY (N > 1) be a bounded open domain of class C2. Let us denote by v
the outward unit normal vector to the boundary T". In this paper we will consider
the Cauchy problem for nonlinear wave equations with a general integral term and
Dirichlet boundary conditions:

t

uy(t,x) = Au(t, x) +/ a(t —s)Au(s,x)ds + g(u(t,x)), t>0, x € Q,
0

u(t,x) =0 >0, xeTl,

u(0, x) =uo(x), wu,0,x)=u(x), x € Q.
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According to the physical model as proposed in [23], we will assume that the integral
kernel satisfies

a : (0,00) = R is a positive definite function with a(0) < 1, )
a,ae L0, +0),

and the nonlinear term fulfils the following conditions:

e g € C(R) such that there exist o > 0, with a(N — 2) < 2, and C > 0 so that

9(0) =0, 3)
lg(x) =g <= CA + [x]" + |y[)x —y]  Vx,yeR,
t
e setG(t) = / g(s) ds, there exists Cyp > 0 such that
0
G(t) < Colt|* VteR. 4)

We will establish the following global existence result without any smallness assump-
tion on initial data.

Theorem 1.1 Under the assumptions (2)—(4), for any (ug, u;) € HO1 (Q) x L*(Q)
problem (1) admits a unique mild solution u on [0, 00).

In our previous work [17] we study the linear case of (1) where the integral
kernel a : [0, 00) — (—o00, 0] is a locally absolutely continuous function, a(0) < 0,
a(t) >0forae. t > 0anda(0) < 1.

In this paper the existence result may be stated for more general kernels, as

o a(t) =ap [ < ds,witha > 0,0 < < land0 < gy < “4=2

o0 —o —
e a(t) = [T(aos +a))e™™ ds = (L1 + D)0,
with a > 0, ag, a; 20,“02# < 1,aa; —ag >0,

oea(t)=k [~ mds, with k > 0 such that a(0) < 1, a > 2.

>

Examples of fading memory kernels can be found in [8, 10].
Some examples of g satisfying assumptions (3)—(4) are

g(x) =clx|Px, ¢<0, p(N—-2)<2, g(x) =csinx, ceR.

In addition, for more regular kernels we will prove a so-called hidden regularity
result.

Theorem 1.2 Assume (3)—(4),
Co <A1 —a(0)/2, X:= inf{||Vv||i2, v e Hy (), vl =1},

and
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a € C'([0,00)), a(0) <0, a(t) =0, a(t) <0V >0,
a(t) € L}, (0, +00),d(t) > 0, a.e.t >0, )
a,ae L'(0,+00), a(0) < 1.

Let T > 0, there exists a constant ¢ = c(T) > 0 such that for any ugy € HO1 () and
u, € LA(Q) if u is the mild solution of (1), then, denoting by 0,u the normal deriva-
tive, we have

T
f / 10,u dT di < c(|VuolPa + ur]125).
0 T

Moreover, if the energy E(t) of the solution u satisfies
t
/ E(s)ds <coE0) V>0 (co > 0 independent of t),
0

then we have
d,u € L*(0, oo; L*(I)).

The proof of the existence of the solution u relies on energy estimates. Although
we use some results obtained in [1, 5, 6], here we are interested to treat initial data
without any smallness, so the previous results have to be adapted to consider our
setting. We also mention the papers [3, 11].

To understand how to frame our paper in the literature, we recall briefly some
known results. Lasiecka and Triggiani [14] established the hidden regularity property
for the weak solution u of the wave equation with Dirichlet boundary conditions that
is

du € L}, (R; L*(I)).
The term hidden was proposed by J.L. Lions [15] for the wave equation in the context
of the exact controllability problems. Later in [16] J.L. Lions proved that the weak
solution of the nonlinear wave equation

un(t, x) = Au(t,x) — [ul’u, t>0, x € Q,

satisfies a trace regularity result. Milla Miranda and Medeiros [19] enlarged the class
of nonlinear terms by means of approximation arguments. However they do not
consider memory terms in the equation, thatis ¢ = 0. To our knowledge it seems that
there are not previous papers studying the hidden regularity for solutions of nonlinear
integro-differential problems when the integral kernels satisfy the assumptions (5).

The plan of our paper is the following. In Sect. 2 we list some notations and pre-
liminary results. In Sect. 3 we establish existence and uniqueness results of mild and
strong solutions. Finally, in Sect.4 we give hidden regularity results for a nonlinear
equation with memory.
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2 Preliminaries

Let L2(2) be endowed with the usual inner product and norm

1/2
lull: = (/ lu(x)|? dx) ueLl*(Q).
Q

Throughout the paper we will use a standard notation for the integral convolution
between two functions, that is

h*u(t) :=/ h(t —s)u(s)ds. (6)
0

A well-known result concerning integral equations (see e.g. [9, Theorem2.3.5]), that
we will use later is the following.

Lemma 2.1 Let h € L'(0,T), T > 0. If the function ¢(t) + h * ©(t) belongs to
L%(0, T; L*()) then ¢ € L*(0, T; L*>(2)) and there exist a positive constant ¢| =
ci(lllro.1)), depending on the norm ||| 1,1y, Such that

T T
/0 le@Il7> dt < e fo le@) + hx )3, dt. (7)

Recall that £ is a positive definite kernel if for any y € L? (0, co; L*(2)) we have

loc

//y(r,x)/ h(t —s)y(s,x)ds dx dr >0, t>0. (8)
0 Ja 0

Also, h is said to be a strongly positive definite kernel if there exists a constant
0 > 0 such that h(r) — de™" is positive definite. This stronger notion for the integral
kernel allows to obtain uniform estimates for solutions of integral equations, see [0,
Corollary 2.12]. For completeness we recall here that result, because we will use it
later.

Lemma 2.2 Let a € L'(0, 00) be a strongly positive definite kernel such that a €
L'(0, 00) and a(0) < 1. If the function o(t) + @ * @(t) belongs to L*>(0, oo; L?(R2))
then ¢ € L*(0, 00; L*(2)) and there exist a positive constant cy, such that

f) @22 dr < ¢ /0 lo@) +a* o3, dr. ©)
(

Regarding the nonlinear term, we will follow the approach pursued in [7] for the
nonintegral case when a = 0. Precisely, we will consider a function g € C(R) such
that there exist a > 0, with (N — 2)a < 2, and C > 0 so that
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g(0) =0,

N (10)
lg(x) =g < CA+ x|+ [y[)x —y]  Vx,y eR.

In [7, Proposition 6.1.5] the following result has been proved.

Proposition 2.3 [f g satisfies the hypotheses (10), then g is Lipschitz continuous from
bounded subsets of HOI(Q) to L*(2). In particular, there exists a positive constant
C such that

/ lg(u(x)|* dx < c/ |Vu(x)[*dx  Yu e Hy(Q). (11)
Q Q

We will assume that the integral kernel satisfies the following conditions:

a :(0,00) = R is a positive definite function,
a,ae LY(0, +00), (12)
a(0) < 1.

For reader’s convenience we begin with recalling some known notions and results.
First, we write the Laplacian as an abstract operator. Indeed, we define the operator
A:D(A) C L*(Q) — L*(Q) as

D(A) = H*(Q) N H} ()

Au(x) = —Au(x) wueD(A), x e Qae.

We recall, see e.g. [5, Definition 3.1], that there exists a unique family {R(¢)},>¢ of
bounded linear operators in L?(£2) the so-called resolvent for the linear equation

u’(t) + Au(t) —I—/ a(t —s)Au(s)ds =0, (13)
0

that satisfy the following conditions:

(i) R(0) is the identity operator and R(¢) is strongly continuous on [0, c0), that
is, for all u € L*(2), R(-)u is continuous;
(i) R(r) commutes with A, which means that R(1)D(A) C D(A) and

AR(t)u = R(t)Au, ueDA),t>0;
(iii) for any u € D(A), R(-)u is twice continuously differentiable in L?(£2) on

[0, o0) and R/ (0)u = 0;
(iv) forany u € D(A) and any ¢ > 0,

R'(Ou + AR(Hu + / a(t — )AR(Mudt =0.
0
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In the sequel we will use the following uniform estimates for the resolvent, see e.g.
[5, Proposition 3.4-(i)], taking into account that D(AY?) = HO1 (2).

Proposition 2.4 For any u € L*>(2) and any t > 0, we have 1 + R(t)u € HO1 (2)
and

IR@®ull7. + (1 —a@) VA *RYOull7> < llull. . (14)

In particular, V(1 x R)(-) is strongly continuous in L*().

Let 0 < T < oo be given. We recall some notions of solution for the semilinear
equation

t
uy(t,x) = Au(t, x) +/ a(t —s)Au(s,x)ds + g(u(t,x)), tel0,T], x € Q.
0
(15)
Definition 2.5 We say that u is a strong solution of (15) on [0, 7] if

u € C*([0, T]; L*(R)) N C([0, T]; H*() N H} ()

and u satisfies (15) for every ¢ € [0, T'].
Let ug, u; € L*(). A function u € C'([0, T1; L*(2)) N C([0, T]; HO1 (Q))isa
mild solution of (15) on [0, 7] with initial conditions

u0) =uo, u;(0) =uy, (16)

u(t) = R(t)uo +/ R(T)udt + / 1Rt —71)g(u(r)dr, a7
0 0

where {R(¢)} is the resolvent for the linear equation (13).

Notice that the convolution term in (17) is well defined, thanks to Proposition 2.3. A
strong solution is also a mild one.

Another useful notion of generalized solution of (15) is the so-called weak solu-
tion, that is a function u € C'([0, T]; L%(Q)) N C([0, TT; HO1 (£2)) such that for any
veH(Q),t— [quvdx e C'([0,T]) and

i/ v dx = 7/ Vu-Vvdx 7/ /td(t —8)Vu(s)ds - Vv dx +/ gu()vdx, vt €[0,T].
dt Jo Q aJo Q
(18)

Adapting a classical argument due to Ball [2], one can show that any mild solution
of (15) is also a weak solution, and the two notions of solution are equivalent in the
linear case when g = 0 (see also [22]).

Throughout the paper we denote with the symbol - the Euclidean scalar product
in RV,
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3 Existence and Uniqueness of Mild and Strong Solutions

The next proposition ensures the local existence and uniqueness of the mild solution
for the Cauchy problem

t
u,(t, x) = Au(t, x) +/ a(t —s)Au(s,x)ds +gu(,x)), t>0, x € Q,
0

u(t,x)=0 t>0, xeTl,
u(0,x) =uo(x), u;0,x) =u;(x), x € Q.
(19)
The proof relies on suitable regularity estimates for the resolvent {/R(¢)} such as (14)
(for more details see e.g. [5, Sect.3]) and a standard fixed point argument (see [4]
for an analogous proof).

Proposition 3.1 Ifuy € HOI(SZ) and u, € L>(Q), there exists a positive number T
such that the Cauchy problem (19) admits a unique mild solution on [0, T].

Assuming more regular data and using standard argumentations, one can show
that the mild solution is a strong one.

Proposition 3.2 Let ug € H*(Q) N Hy () and uy € Hy (). Then, the mild solu-
tion of the Cauchy problem (19) in [0, T] is a strong solution. In addition, u belongs
to C'([0, T1; Hy (R2)).

To investigate the existence for all + > 0 of the solutions, for g satisfying (10) we
introduce G € C(R) by means of

G() = / g(s)ds. (20)
0

We define the energy of a mild solution u# of (19) on a given interval [0, T], as
1 1—a(
E@t) = -/ |u,|2dx+$/ |Vu|? dx—/ G(u)dx. 1)
2 Ja 2 Q Q
In view of (10) we have
f |G (uo(x))| dx < C/ |Vup(x)|* dx  Vuy € Hj (), (22)
Q Q

and hence
E(0) < C(|Vuoll3> + lu1ll3.)  uo € Hy(RQ), uy € L*(Q). (23)

About the energy of the solutions, we recall some known results, see [6, Lemma 3.5].
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Lemma 3.3 (i) Ifup € H2(Q) N HO1 () andu, € HO1 (R2), then the strong solution
u of problem (19) on [0, T'] satisfies the identity

t
E(t)+/ / a * Vus(s) - Vus(s) dx ds
0 JQ

t
=EQ) + a(O)/ \Vuol2 dx — a(t)/ Vug - Vu(t) dx — / a'(s)/ Vug - Vu(s) dx ds,

foranyt € [0, T].

(ii) If ug € HO1 () and u; € L*(RQ), then the mild solution u of problem (19) on
[0, T'] verifies

t
E@) < E(O)+a(0)/ |Vu()|2 dxfa(t)/ Vug - Vu(t) dxf‘/ d(s)/ Vug - Vu(s) dx ds,
Q Q 0 Q
(25)
foranyt € [0, T].

Assuming an extra condition on G, global existence will follow for all data. For
further convenience we introduce the notation

A =inf{[|Vvl|2,, v e Hy(R), vl =1}. (26)
Theorem 3.4 Suppose that there exists Cy > 0 such that
G@t) < Colt|* Vit eR. 27)
Then for any (ug, u1) € HO1 () x L*() problem (19) admits a unique mild solution
u on [0, 00).
Moreover, if we suppose that the constant Cy > 0 in (27) satisfies

Co < M1 — a(0))/2, (28)

where \ is defined in (26), then E(t) is positive and we have for any t > 0

1 2 C 2
E@ 2 @l + S IVu@l (29)
E@t) < C(luill7: + I Vuol3,), (30)
lu, D12, + Va2, < C(lurll22 + I Vuoll22) 31)

where the symbol C denotes positive constants, that can be different.
Furthermore, if ug € H*(Q) N HOI(SZ) and u, € Hol(Q), then u is a strong solu-
tion of (19) on [0, 0), u € C'([0, 00); HO1 (R2)) and forany t > 0

t
E(t)+/ /a*Vu,(s)~Vu,(s) dx ds < C(luill7. + [ Vuoll7.) . (32)
0 JQ
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Proof Let [0, T') be the maximal domain of the mild solution u of (19). To prove
T = oo, we will argue by contradiction and assume that 7 is a positive real number.
We will show that there exists a constant C = C(T') > 0 such that

/ |Mz|2dx+/ [Vul?dx <C Vte[0,T). (33)
Q Q
First, thanks to (25) we have

/ luee | dx + (1- tl(O))/ |Vu|? dx

Q Q

< url22 + (1 = a(0) Vo2, — 2f9 G(uo) dx + 2a(0)[[Vuo |
t
— Za(t)/ Vug - Vu(t) dx — 2/ L'z(s)/ Vug - Vu(s) dx ds +2/ G(u(r)) dx
Q 0 Q Q

< Nurl32 + (14 a(0)[Vuol2, +2f |G (uo)] dx
Q

t
- 2a(t)/ Vug - Vu(t) dx — 2/ t'z(s)/ Vug - Vu(s) dx ds +2/ G(u(r)) dx .

‘We note that

—2a(t)/ Vug - Vu(t) dx
Q

1 - a(0) 2llal2
sznauoofﬂmm Vuldx < — fQ|vm2dx+ 1_a<°5) Vo2, .

Putting the above estimate into (34), we obtain

1—a(
/\u,\zdx-i- “()/ [Vul? dx
Q 2 Q

< lutll3, + (1 +a(0) +

2llall%,
1 —a(0)

)HVuoniz +2/Q G up)| dx

t
— 2/ z'z(s)f Vug - Vu(s) dx ds +2/ Gu(t))dx.
0 Q Q
(35)

Now, we have to estimate the last two terms on the right-hand side of the previous
inequality. As regards the first one, we note that

2llall
1—a(0)

1—a() (!
IVuoll? , + a()/o |a(s)\/Q|W(s)|2dxds.

t
— Zf d(s)/ Vug - Vu(s) dx ds <
0 Q 2
(36)

Concerning the other integral, assumption (27) yields for any ¢ € [0, T)

/G(u(t)) dx < CO/ lu())? dx . (37)
Q Q
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In addition, we observe that
IIu(l)Ile = |M0|| 2 +/ / IM(S)I2 dx ds = Iuolle +2/ / u(s)ue(s) dx ds.

Since, by the definition (26) of A we have

/ |Vul> dx > )\/ lul® dx (38)
Q Q
we deduce

! 1
lu@)l3. < ||uo||iz+/ (/ |Mz(S)|2dx+—/ |Vu(s)|2dx> ds
0 Q >\ Q

Therefore, by (37)

t
/ Gu(t)) dx < Colluol3» +CO/ (/ lut; (5) 2 dx+3/ [Vu(s)|? dx) ds
Q o \Ja AlJa
t —_
sCouuouiz+Mf (/ e I? dx + - “(0)/ IVu(s)\zdx) ds
0o \Ja 2 Q

(39)

where M = Cy max{l
we get

1—a(
/\u,\zdx+ a()f |Vul? dx
Q 2 Q

) 1 u(O)} Plugging (36) and (39) into (35), thanks also to (22)

2+
< 2o+ (1 +a(0) +2w + 04 c) IVaoli2,
t —
+/ (1a()| + M) (f lu; ()2 dx+1 a(o)/|W(s)|2dx> ds .
0 Q 2 Q

(40)
Applying Gronwall lemma, we obtain for any ¢ € [0, T)

1—a(
/\u,lzdx+ “()/ [Vul? dx
Q 2 Q

2 :
a + |la C (14
< <H 1”22 (1 ©0)+2 I ‘lloo llall 0 C) v 0”22> ejo (\a(s)HM) ds

a(0) A

2
als + lla ;
< (NerliZ + 1+a<0>+27” I\ e
a(0) A
and hence, set

i1 +MT
ellalli+ laliZ, + llall

CT)=——F+ 2 1 O)+2————+—+C| IV
M= l_g(o)}<||ul||Lz+< +a(0) + 272 +0y )n uolle>
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we have that (33) holds true.
To have a contradiction, we will prove that u € C([0, T]; HO1 Q) Nncipo, T1;
L*(Q)). First, set

v(t) = R(@)ug +/ R@uidr t=>0, 41
0

we note that, thanks to the properties of the resolvent we have
v(1) € C([0, +00); Hy () N C'([0, +00); L*()) . (42)

Since by (17) and (41) we can write

u(t) = v(t) +/ 1% Rt —71)g(u(r)dT, (43)
0

forh >0and0 <t <t+h < T we have

t

t+h
u(t+h)—u()=v(t+h)—v(@) +/ 1% R(T)gu(t +h —71))dr — / 1% R(T)g(u(t —71))dt
0 0
t
=v(t+h) — () +/ 1 R(M[gu(t + h — 1)) — gu(t — 7)) ]dT
0

t+h
+ / 1% R(T)g(u(t +h —T1))dT.

As a consequence, by (14) we have

I
1-a(0)

1 h
120 /0 lg@u(s)l2ds.

Thanks to Proposition 2.3 and (33) we deduce that

t
IVu(t +h) — Vu@)llp2 <[Vt +h) — Vo)l 2 + /0 lg(u(s + h)) — g(u(s))|lL2ds

IVu(t +h) = Vu@®li2 < IVot + 1) — V@l 2 + C/Ot Vu(s +h)) — Vu(s)ll2ds
+ C/Oh IVu(s)ll2ds
< IVv(t +h) = Vo)l ;2 + Ch + C/Ot Vuls + h)) — Vu(s)ll;2ds,
where C = C(T) > 0 is a positive constant. Applying Gronwall lemma, we get
IVu( +h) = Vu@) 2 < (IVo@ 4+ h) = Vo@)|| 2 + Ch)eT,

and hence the function Vu(¢) is uniformly continuous in [0, 7[ with values in L?(S).
Therefore u(¢) can be also defined in 7 in a way that u € C([0, T]; HO1 (2)). More-



168 P. Loreti and D. Sforza

over, again by (43) we have

u (1) = v (1) +/ Rt —1)g(u(r))dT,
0

and hence, thanks to the regularity of v(z), see (42), and u € C([0, T]; HO1 (Q)) we
get u € C'([0, T]; L*>(2)). Therefore, one can restart by the data (u(T), u,(T) €
HO1 () x L%() but this is in contrast with the fact that T is maximal. The contra-
diction follows by assuming that T is a positive real number and hence T = oo.

Now we suppose that the constant Cy in (27) satisfies the extra condition (28). By
(37) and (38) we get

/G(u) dx < 9/ |Vul|? dx . (44)
Q A Q

Therefore, putting the previous estimate into the expression (21) of the energy, we

obtain )
EG) > —/ |u,|2dx+( —a0® _ )/ \Vul? dx |
2 Jg

that is (29) where C = w > 0 thanks to the assumption Cy < A(1 —

a(0))/2. In particular E(0) > 0.
Again by (25), we get

1+ a(0)
2

1
E@) = Sl + |\Vuo||iz+/ |G (uo)] dx
Q

—a(t)/ Vug - Vu(t) dx —/ d(s)/ Vug - Vu(s) dx ds .
Q 0 Q
(45)

If C > 0 is the constant in (29), taking into account that
C 2 IIallgo 2
—a(t) | Vug-Vu()dx < |lalleo | Vuol [Vu(@®)|dx < — | |Vul”dx + —=[Vuoll;,,
Q Q 4 Jo C

t C t
—/ d(s)/ Vug - Vu(s) dx ds < —/ |L'1(s)|/ |Vu(s)|? dx ds—f—mnv O”L2’
0 Q 4 Jo Q

from (45) we get

1+a©) lal?, + Nl
2 C

1
E@ = Sl +( ) Vo2, +/ |G (uo)| dx
Q

c 2 c . 2
+— |Vul*dx + — | |a(s)| [Vu(s)|“ dx ds .
4 Ja 4 Jo Q

(40)

Putting together (29) and (46), we get
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1 , C I TR
E‘lut(t)HLZ + ZHVM(I)IILz = 5 llurlly. +

1+a©) lal?, + Nl
-2

2 C

>”V”0||2Lz +/ G (uo)| dx
Q
c (.
5 [ 1T ds.
Applying Gronwall lemma, we have for any ¢ > 0
1 C
5 IO + ZIVu@Iz

A L+a@©  fald + llal
llall 2 2
<l <§IIM1IIL2+( 5+ OOC Vuolly2 + QIG(Mo)Idx .

Moreover, putting the above estimate into (46) and taking into account (22) we obtain
that (30) holds true. Finally, (31) follows from (29) and (30), while (32) holds for
strong solutions in view of (24). O

Under more regular assumptions on the integral kernel, we can establish a different
result concerning the global existence of solutions and the dissipation of energy.
Indeed, we will assume that the integral kernel satisfies the following conditions

a € C'([0, 00)), a(0) <0, a(t) >0, a(t) <0Vt >0,
i) e L),.(0,400),id(t) >0, ae.t >0, (47)
a,ae L'(0,+00), a(0) < 1.

It is well known that these conditions imply that a is a strongly positive definite
kernel, see [21, Corollary 2.2], and hence (12) holds true. Then we can consider
a different expression for the energy of the solutions with respect to (21). More
precisely, we will define the energy as follows

E(t):%/gzmt(t,xnz dx—f—w/;wu(t,x)ﬁ dx

(48)

t

—l/ / d(t—s)IVu(s,x)—Vu(t,x)|2dsdx—/ Gw)dx t=>0.
2 JaJo Q

Thanks to the assumptions (47) E(t) is a decreasing function, see e.g. [1, 20]. In
particular, we have

t
E'(t) = %a(z)/Q IVu(t, x)12 dx — %/Q/O Gt — 5)|Vu(s, x) — Vu(t,x)|* ds dx  ae.t>0.
(49)

Theorem 3.5 Let us assume (47), (10), (27) and (28).
For any uy € Hol () and u; € L*(Q) there exists a unique mild solution u on
[0, 00) of the Cauchy problem
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t
uy(t,x) = Au(t, x) +/ a(t —s)Au(s,x)ds + g(u(t,x)), t>0, x € Q,
0

u(t,x) =0 >0, xeTl,
u0,x) =up(x), u0,x)=u;(x), x € Q.
(50)
In addition, if the initial data are more regular, that is ug € H2(Q) N HO1 () and
uy € HO1 (R2) the mild solution of (50) is a strong one.
Moreover, the energy of the mild solution u, defined by (48) is positive and we
have for anyt > 0

1—a(0
%nwmniz —/QG(”) dx > C|[Vu(®)]l3. (51)
1
E@t) > Enuz(r)niz + CIVu@|?, (52)
E@®) < C(luil?: + 1 Vuoll3.) (53)
lue N2, + IVu@ 13, < C (luill;2 + 1 Vuoll7.) (54)

where the symbol C denotes positive constants, maybe different.

4 Hidden Regularity Results

Throughout this section we will assume on the integral kernel and on the nonlinearity
the conditions (47), (10), (27) and (28).

We will follow the approach pursued in [12, 13] for linear wave equations without
memory and in [17] for the linear case with memory. First, we need to introduce a
technical lemma, that we will use later. For the sake of completeness we prefer to
give all details of the proof, nevertheless some steps are similar to those of the linear
case.

Lemmad4.1 Let u € Hﬁw
equation

((0, 00); H*(R)) be a function satisfying the following
1
uy(t,x) = Au(t, x) —i—/ a(t —s)Au(s,x)ds + g(u(t,x)), in (0,00) x Q.
0

(55)
Ifh : Q@ — RN is avector field of class C', then for any fixed S, T ¢ R,0< S < T,
the following identity holds true
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T
/ /[28,,(u+z'1*u)h~V(u+a'>ku)7h~1/|V(u+£1>ku)|2+h~1/(u,)2]dl‘dt
S r
T T N
:2|:/ uth-V(u+d*Lt)dxi| +[ / Zajhj (u,)zdxdl
Q S S Qi:l
T t T
—Zf / u,h~/ é(t—s)(Vu(s)—Vu(t))dxdx dt—Z/ d(t)/ ur h-Vu dx dt
N Q 0 N Q

T N T N
H/ Z/3ihj@i(”+d*”)5j(u+d*u)dxdt—/ /Zajhj IV (u + i xu)|? dx de
S =Y s Ja i
T
+2/ /gWUWrVW+a*@dxm.
S JQ
(56)

Proof To begin with, we multiply the Eq. (55) by

2h -V (u(t) + /t a(t — s)u(s) ds)
0

and integrate over [S, T'] x Q. For simplicity, here and in the following we often
drop the dependence on the variables.

First, we will handle the term with u,,. Indeed, integrating by parts in the variable
t gives

T t
2/ f Uy h-V (u(t) +/ a(t — s)u(s) ds) dx dt
S Q 0

t
=2[[;hh‘v(mn4:/ a(t — s)u(s) ds) dx1%
Q 0

T T t
—2/ / uy h - Vu, dx dt —2/ / uy h-V(/ a(t — s)u(s) ds+¢'1(0)u(t)) dx dt.
N Q N Q 0

(57)

Now, we note that, if we integrate by parts in the variable x then we obtain

N
2/uth-Vu,dx:/h.V(u,)zdxz/h.u(u,)zdl"—/Z(?jhj(u,)zdx.
Q Q r Q5

(53)
In addition, we can write

t

/ éi(t—s)u(s)ds:/ éi(t—s)(u(s)—u(t))ds—i—f a(s$u() ds
0 0 0

=/ Q(t — $)(u(s) — u@®) ds + a@Out) — a©)u(r).
0

(59)
Therefore, plugging (58) and (59) into (57) yields
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T '
Zf /u,th~V<u(t)+f a(t — s)u(s) ds) dx dt
s Jao 0
t T T
:2[/ u,h~V(u(t)+f d(t—s)u(s)ds) dx:| —/ /h~1/(u,)2 dr’ dt
Q 0 s s Jr

T N T '
+/ / Zajhj (u,)2 dx dt—Z/ / uy h-/ &(t—s)(Vu(s)—Vu(t)) ds dx dt
s JaiD s Ja 0

T
—2/ d(t)/u,h~Vudxdt.
N Q

(60)
Now, to manage the terms with Au, we set
t
w(t) = u(t) —l—/ a(t —s)u(s)ds, (61)
0
so, we have to evaluate the term
T
2/ /Awhodexdt.
s Ja
Integrating by parts in the variable x we get
T
2/ /Awh-dexdt
s Ja
(62)

T T
:2/ f@uwh-deth—Z/ wa-V(h-Vw)dxdt.
s Jr s Je

We observe that

N
2/ Vw - V(b Vw)dx =2 ) / d;w 8;(h;j0jw) dx
i,j=1

N N
=2 Z /;Zaihjaiwajwdx+2 Z /tha,-waj(a,-w)dx,

i,j=1 i,j=1
(63)
and

N N N
2 Z / hja,-w 8]'(8,'w) dx = Z/ hj 6/(Z(azw)2) dx
Q@ j=17% i=1

i,j=1
N
:/h~z/|Vw|2 dr—fZajhj IVw|? dx .
r i

(64)
Therefore, by putting (63) and (64) into (62) we obtain
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T
2/ /Awh-dexdl
S Q
T T
=2/ /aywh.wdrdz—/ /h~V|Vw|2dth 65)
S r S r
T N T N
—2/ Z/aihja,-wa,-wdxdwr/ /Zajhj |Vwl|? dx dt .
N Q S Q.
i,j=1 j=1

Finally, by (60) and (65), taking into account (61) we have the identity (56). O

Theorem 4.2 Let ug € H*(Q) N HO1 (), u; € HO1 (2) and u the strong solution of

t
u,(t, x) = Au(t, x) +/ a(t —s)Au(s,x)ds +gu(,x)), t>0, x € Q,
0

u(t,x) =0 >0, xerl,
u,x) =ug(x), u;0,x)=ui(x), xe€Q.

(66)
If T > 0, there is a constant ¢y > 0 independent of T such that u satisfies the inequal-
ity
T 2 T
/ / Oyu + a * O,u dth§CO/ E(t)dt +coE(0), 67)
0 Jr 0

where E (t) is the energy of the solution given by (48).
Moreover, for a positive constant ¢y = co(T) we have

[

Proof To begin with we consider a vector field 2 € C'(Q; RV) such that

2
Opu + @ Oyu| dTdt < co(|Vuoll72 + luill32) . (68)

h=v on I, (69)
see e.g. [12] for the construction of such vector field. From now on, we will denote
with ¢ positive constants, maybe different. In particular, we have

N
h(x)| <c and Y [dih;(x)|dx <c. VxeQ. (70)
i,j=1

We will apply the identity (56) with the vector field £ satisfying (69) and with S = 0.
First, we observe that

u; =0, Vu=O,u)r on (0,T)xT. (71)



174 P. Loreti and D. Sforza

For a detailed proof of the second identity see e.g. [19, Lemma 2.1]. Therefore,
thanks to (71) the left-hand side of (56) with S = 0 becomes

T
I
and hence (56) can be written as
T
I
T T N
:2|:/Qu,h-V(u+d*u)dx:|0+/0 /nglajhj(uz)zdxdt

T t T
—2/ / u[h~/ Zi(t—s)(Vu(s)—Vu(t))ds dx dt—Z/ a'(t)/ ur h-Vudx dt
0 Q 0 0 Q

T N T N
+2/ > f 0ihj0i(u+a'*u)8j(u+[1*u)dxdt—f /Zajhj IV (u +au)? dx dt
0 ;5oile 0 Je D

2
Oyu+ax*0,u| dldr,

2
Opu +a* Oyu| dldt

T
+2/ / gu()h - V(u+éaxu)dx dt .
0 Ja
(72)
To prove (67) we have to estimate every term on the right-hand side of (72). Indeed,

T
2[/ u;h‘V(u—l—éz*u)dx]
Q 0

:2/ u,(T)h~V(u—|—d*u)(T)dx—2/ ui h-Vug dx

Q Q

§c/ |u,(T)|2dx—|—c/ IV + a *u)(T)? dx+c/ |u1|2dx—|—c/ [Vuo|? dx .
Q Q Q Q (73)

We proceed to evaluate for all 7 € [0, T] the term [, |V (u + @ * u)(1)|* dx, because
that evaluation will be also useful later. Since for all € [0, T']

t
Vil +a Vu(@®) = (1= a© +a(0) V() +/ a(t — s)(Vu(s) — V() ds,
0

we have
t 2
IV (u +a % u) (0 < 2(1 = a(0) + a®)*|Vu(n)* +2 ([ la(t — 5)I|Vuls) — Vu()| ds) .
0
In view of a(¢) < 0,a(t) > 0 and a(0) < 1 we get

t 2 t t
(/ la(t — )| Vu(s) — Vu(@)| ds) < / la(s)l ds/ la(t — 5)I|Vaes) — Vu()|* ds
0 0 0

t
< —f a(t — 9)|Vuls) — Vu@)|* ds,
0
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and hence
t
IV (u+axu) ) < 2(1 —a©) +a@®)Vu@)|* - 2/ a(t — 5)|Vu(s) — Vu()|* ds.
0

Therefore, taking into account the formula (48) for the energy, by (52) and (51), we
get

2(1 - a<0))f IVu)? < cE().
Q

2/ (a(t)|Vu(l)|2 —/ a(t —s)|Vu(s) —Vu(t)|2ds> dx < 4E(t)
Q 0

and hence
/ V(1 + a*u)@®)* dx < cE(t). (74)
Q

By putting (74) with ¢ = T into (73) and using again (48), we obtain
T
2[/ ugh-V(u+axu) dx] < cE(T)+ cE(0),
Q 0
and hence, since the energy E(t) is decreasing, see (49), we have
T
2|:/ ulh-V(u+d*u)dxi| <cE().
Q

0

Now, we estimate the second term on the right-hand side of (72) by using (70), the
expression of energy (48) and (52), that is

T N T
/ [Z|8jhj||u,|2dxdt§c/ E(t)dt.
o Je'iD 0

In order to bound the term
T '
2/ / |ug b - f a(t — $)(Vu(s) — Vu(t)) ds|dx dt
0o Ja 0
we note that, thanks also to (70), we have

T
ZC/ /|u,|
0 Q

t
/ it —s) (Vu(s) — Vu(®))ds| dx dt
0

T T
gc/ /lu,|2dxdt+cf /
0 Q 0 Q

t 2
/ it —s5)(Vu(s) — Vu())ds| dx dt .
0

(75)
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To evaluate the second term on the right-hand side of the previous formula, we
observe

t 2 t 2
‘/ it — 5)(Vuls) — Vu@®))ds| < (/ IZi(t—s)Il/zléi(t—s)|1/2|Vu(s)—Vu(t)|ds>
0 0

t t
5/ ii(s)ds/ it — 9)|Vuls) — Vu()|*ds
0 0
t
= (a(®) —d(O))/ it — 9)|Vuls) — Vu()|*ds .
0

Therefore, in view of @ < 0 and formula (49), giving the derivative of the energy,
from the above inequality we obtain

T
I
T t 2 T
5—&(0)/ // at — 5)|Vu(s) — Vu(@)| dsdxdzgza(())/ E'(t)dt < —2a(0)E(0).
0 JQJo 0
(76)

2

t
/ it —s5)(Vu(s) — Vu())ds| dx dt
0

Plugging (76) into (75) and using (52) yield

T t
2/ / |, h/ a(t — $)(Vu(s) — Vu(r)) ds|dx dt
0 Q 0
T T
< c/ / lu,|*> dx dt + cE(0) 50/ E(t) dt + cE(0).
0 Q 0
Keeping in mind that a(¢) > a(0) and by using again (70) and (52), we get
T
—2/ d(t)/ lus h - Vu| dx dt
0 Q
T T T
572d(0)c/ / lus||Vu| dx dt < 751(0)6/ / lus |2 + |Vu|* dx dt gc/ E@t) dt .
0 Q 0 Q 0

To evaluate the next two terms on the right-hand side of (72) we will use the estimate
(74). Indeed, as regards the first one, by means of (70) we have that

T N
f Z / 10;j0; (u + % u)0j (u + a*u)| dx dt
0 . Q

i,j=1

2
T N T
Sc/ f Zlai(u—l—d*u)l dxdtSZN_lc/ / |V(u+d*u)|2dxdt,
0 Y i=1 0 Q

Since, from (74), we obtain

T T
/ /|V(u+c'z*u)|2dxdt§c/ E() dt, (77)
0 Q 0



A Semilinear Integro-Differential Equation: Global ... 177

thus it follows
T N T
/ Z/|3ihj8i(u+d*u)8j(u+d*u)|dxdtSc/ E@) dr.
[ Q 0
i,j=I

In a similar way, thanks again to (70) and (77) we have

T N T T
/ / D 105k 1V (u + @ #u)* dx drt < c/ f IV (u+a*u)l? dx dr < c/ E(t) dt.
0 Jaig 0 Ja 0
Finally, to estimate the last term on the right-hand side of (72) first we use (70)

T T T
2/ / g(u(t))h-V(u—i—d*u) dx dtfc/ / |g(u(t))|2 dx dt+c/ / \V(u+[1*u)|2 dx dt.
0 Q 0 Q 0 Q

Since by (11) and (52) we have

T T T
[ / lg(u(t)|*> dx dt < c/ / IVu()|* dx dt §c/ E@t)dt,
0 Q 0 Q 0

thanks also to (77), we obtain

T T
2f / g@)h - V(u+axu)dxdt < c/ E@) dt.
0o Ja 0
In conclusion, the previous argumentations show that the sum of all terms on the
right-hand side of (72) can be majorized by ¢y fOT E(t) dt + coE(0), with ¢g > 0
independent of 7', and hence (67) holds true. In addition, since E () is a decreasing
function and

1 1
E©0) = [[Vuoli7. + = lui —/ G (uo) dx
2 2 o
thanks also to (22), (68) follows from (67). (Il

Corollary 4.3 Forany T > 0 there exists a unique continuous linear map
L:Hy(Q) x L*(Q) — L*(0, T); L*(I))

such that foranyuy € H*(S2) N HO1 () andu, € HO1 (R2), called u the strong solution
of (66), we have
L(ug, u1) =0,u.

Proof For ug € H*(Q) N Hy () and u; € Hy (), if we denote by u the strong
solution of problem (66) and apply Lemma 2.1 with X = L*(T"), then forany 7' > 0,
thanks to (68) and (7) there exists a constant ¢y = co(7, ||a]|.1) > O such that
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T
/ / |0, ul*dTdt < co(|Vuollz2 + luill7z) -
0 T

By density our claim follows. (]
Remark 4.4 For the mild solution u of (66) we can introduce the notation 9, u instead
of L(ug, uy), thanks to Corollary 4.3. So, for any 7 > 0 we have the following trace
theorem:

(o, u1) € Hy (Q) x L*() = d,u € L*((0, T); L* (),
and there is a positive constant ¢y depending on 7 and ||a|| . such that

T
/ /|auu|2drdtSco<||wo||iz+||ul||iz) Y(uo, u1) € Hy () x L*(Q) .
0 r

(78)
This result does not follow from the usual trace theorems of the Sobolev spaces. For
this reason it is called a hidden regularity result. The corresponding inequality (78)
is often called a direct inequality.

Theorem 4.5 Assume there exists ¢y > 0 independent of t such that
t
/ E(s)ds <cyE(0) Vi =>0. (79)
0

Then, a constant C > 0 exists such that for any ugy € HOl (Q) and u; € L*(Q) the
mild solution u of (60) satisfies

o0
/ / |0, ul*dTdt < C(|Vuoll7: + lluill3.), (80)
0 T

that is
du € L*(0, 00; L*(I")) . (81)

Proof In view of (67) and (79) we have
T
/ / |Oyu + a * O,ul>dTdt < CE(0) VT >0,
0o Jr
where the constant C is independent of 7', and hence
/ / |0,u + a x dyu|*dldt < CE(0).
o Jr

Finally, thanks to (9) and (22) the estimate (80) follows. O
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Remark 4.6 For example, the assumption (79) holds if the energy decays exponen-
tially. Indeed, if there exists m > 0 such that

—d(t) <ma(t) foranyt >0,

that is the kernel —a decays exponentially, we can apply [1, Theorem 3.5] to have
that the energy of the mild solution also decays exponentially. Therefore, there exist
a > 0 such that

E@t)<e'™EW©) Vi>0.

Also in the case the integral kernel decays polynomially then (79) holds (see [1]).

Remark 4.7 If one assumes more regularity on the integral kernel k = —a, then it
is possible to approach the study of the equation

t
uy = Au — / k(t — s)Au(s, x)ds + g(u)
0

by using the so-called MacCamy’s trick, see [18]. Adapted to our case, the trick
consists in setting
v=u—kxu,

to obtain
U=70V+pr*0,

(where py is the resolvent kernel of k and has the same regularity of k), so v is the
solution of the equation

Vi + peO)v; + pr v+ pr(0)v = Av + g(v + pr * v) . (82)

However, in (82) the terms gy * v and p;(0)v have a meaning only if k, and hence
Pr, 1s more regular than in our case. For example, a class of kernels fitting our
assumptions (see [21, Corollary 2.2]), but not suitable for applying the MacCamy’s
trick is given by

k(t) = koe "

for a suitable ko > O.

Acknowledgements The authors would like to thank the anonymous referee for helpful comments
improving the presentation of the paper.
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Lyapunov’s Theorem via Baire Category m

Check for
updates

Marco Mazzola and Khai T. Nguyen

Abstract Lyapunov’s theorem is a classical result in convex analysis, concerning
the convexity of the range of nonatomic measures. Given a family of integrable vector
functions on a compact set, this theorem allows to prove the equivalence between the
range of integral values obtained considering all possible set decompositions and all
possible convex combinations of the elements of the family. Lyapunov type results
have several applications in optimal control theory: they are used to prove bang-
bang properties and existence results without convexity assumptions. Here, we use
the dual approach to the Baire category method in order to provide a “quantitative”
version of such kind of results applied to a countable family of integrable functions.

Keywords Lyapunov’s convexity theorem - Extremal solutions - Baire category *
Nonconvex optimal control problems

1 Introduction

The use of Baire categories in the analysis of nonconvex differential inclusions started
with the seminal paper by A. Cellina [4]. These methods were later developed and
adapted to various problems involving nonconvex ordinary and partial differential
inclusions, notably in a series of articles by F. S. De Blasi and G. Pianigiani (see e.g.
[6] and the bibliography therein). It is now known, for example, that the set S’ of
extremal solutions of a differential inclusion, associated to a Lipschitz continuous
multifunction with nonempty, compact and convex images, is residual in the set of
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all solutions S, i.e. it contains the intersection of countably many open dense subsets
of S.

The same problem has been more recently approached by A. Bressan [2] from a
“dual” point of view. The procedure is the following: introduce auxiliary functions
v belonging to some complete space V; associate to each v € V a nonempty subset
S¥ C §; finally, show that the set of functions v € V satisfying §¥ C S isresidual in
V. An advantage of this approach with respect to the “direct” one is that it could work
even in the case when S°' is not dense in S. For the differential inclusion problem
mentioned above, this situation can appear when no Lipschitzianity assumptions are
imposed on the multifunction.

The dual approach was employed in [3] in order to derive an extension of the
classical bang-bang theorem in linear control theory. In very broad terms, it was
proved that for almost every v in a space of auxiliary functionals, there is a unique
control minimizing v and steering the system between two given points; furthermore,
this control arc takes values almost everywhere within the extremal points of the set
of admissible controls. The classical proof of the bang-bang principle is actually
based on a Lyapunov type theorem (see [5]). This result can be stated as follows.
Consider a finite family of Lebesgue integrable functions f, ..., f, from a compact
subset K C IR? to IR" and the simplex of IR™

Amz {{:(;1,,4,”)6”3"1 {,ZOVl:l,,m,ZQ:l}
i=1

Denote by .Z (K, A,,) the set of Lebesgue measurable functions from K to A,,.
Then, for any 6 = (04, ...,6,) € 4 (K, A,,) there exists a measurable partition
{Eq, ..., E,}of K such that

E,

f1(X)dX+-~-+/ Sm(x)dx = Zf 0i (x) fi(x) dx .
E, i=1 K

An alternative “extremal” formulation of this theorem is the following. Given 6 =
©0:1,...,6,) € #(K, A,,), denote

o« = /él<x>f1(x>dx+---+/ Gu(x) fux)dx € R".
K K

Let AZY be the set of extreme points of A,,. According to Lyapunov’s theorem, the
set

A = {9 e (K, AL) ‘ Z/ 0 (x) fi(x) dx = a}
i=1 /K
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is nonempty. In the present paper, we aim to provide an alternative proof of this result
based on the Baire category method, implying besides that .7’ is actually residual
in the set

{9 e M (K, Ay ‘ Z/ 0,(x) f,(x) dx = a}
i=1 VK

in a “dual” sense.

The equivalence between the range of integral values obtained considering all
possible set decompositions and all possible convex combinations of given vector
functions plays an important role in optimal control theory, that goes beyond the
application to the bang-bang theorem. For instance, it can be used to derive exis-
tence theorems for optimal control problems without convexity assumptions (see e.g.

[1, 7]).

2 A Dual Approach to Lyapunov’s Theorem

For any continuous function v : K — IR™, consider the constrained optimization
problem

Minimizege., / 0(x) - v(x)dx (1)
K
over the set
oAy = {9 et ®.2,)| 3 [ 6w i dx = a} : @)
i=1 VK

where 6(x) - v(x) = >_/*, 6; (x)v; (x) denotes an inner product. Itis clear that (1)—(2)
admits at least a solution. Indeed, since 6,, = 1 — Zl'»";ll 6;, the problem (1)—(2) is

equivalent to
m—1

Minimize;_,, / Zéi () (vi(x) = v (x))dx 3)
Ki=i

over the set

m—1
f;(x)=0Vi=1,....m=1, > 6i(x) <1, ae.x €Kk,

i=1

B = {é e L®(K, R™" )

m—1
izZ] fK Oi (i) = fm(0) dx = o = /K fudx}. @)
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Thanks to Alaoglu’s theorem, for every sequence (5”);’,‘;1 C %A, there exists a

subsequence (6™ )i2, converging weakly* to some 6 € L®(K, R™") satisfying
16t~ (x.mn-1) < 1. Hence

ng——+00

m—1
lim fZ[éfk(x)—é,»(x)]w,-(x) dx =0 VYweL'(K,R"™"Y) (5
K i—

yields
m—1
Z/ 0: () (fi(x¥) = fn(x)) dx = a—/ fn(x) dx .
i=1 K K

Since 2?1:711 6“(x) < 1 for a.e. x € K and 6" (x) > 0 for a.e x € K and any i €
{1,2,...,m — 1}, by a contradiction argument one obtains from (5) that § satisfies
the same properties. Therefore, the set 4 is weakly*-compact in L>° (K, IR"~!) and
it yields the existence of solutions to (3)—(4).

Let’s define

Yy = {ve €K, R")| (1) — (2) has a unique solution} . (6)

Here, € (K, IR™) is the space of continuous function on K with values in IR". Our
main result is stated as follows.

Theorem 1 ¥, is a residual subset of € (K, IR™), i.e. it contains the intersection
of countably many open dense subsets of € (K, IR™). Moreover, for any v € ¥,
the unique optimal solution 0* takes values in Ext (A,,) almost everywhere in the
compact set K.

The main ingredient in the proof of the above theorem is the following lemma.

Lemma 1l Let g : K — IR" be a Lebesgue integrable function. Then the set W8 of
continuous functions w € € (K, IR) such that

meas({x € K |wkx)=XA-gx){) =0 foral e R" @)
( wol) =0 7

is residual in € (K, IR).

Proof For every positive integer N and every ¢ > 0, call 7/8{"1\, the set of all w €
% (K, IR) such that

meas({x €K |[wk) = x.g(x)}) <& (8)

whenever A € [—N, N]". The Lemma is proved once we show that, for every ¢ and
N, %gzv is open and dense in € (K; IR).

1. We begin by proving that #.%, is open. Fix w € #,%,. For any A € [-N, N]",
define
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£, = e—meas({xe K| wx) = k-g(x)}) >~ 0. 9)
Using Lusin’s theorem, there exists a continuous function g; : K +— [R" such that

meas({x aroy g(x)}) < & /4. (10)
Consider the compact set of IR"
E, = {xeK|w(x) = )wg)\(x)}.

By the regularity properties of Lebesgue measure, there exists a relatively open set
0, C K such that

E, € 0, and meas(O,\E;) < %‘ (11)

By the continuity of g, and w, one has

erIl(l\no)‘ wkx)—A-gx)| =6 > 0.

For any function w € € (K, IR) such that

. - N
W —wloee = sup [Wwx) —wkx)| < = —
T ek P 3max(1 (g}

=

it holds )
‘Vv(x) —)»-g;\(x)’ > 38 VreKk\O;.

In turn, if |5» — Al < ry, this implies
‘ﬂ/(x)—):~g;\(x)‘ > %‘ -~ 0 VxeK\O,
and it yields
meas({x eK|wx) = A- g)\(x)}> < meas (0,) . (12)
By (9), (10), (11) and (12), if

IW—wleo < 1 and A —A| < 1y, (13)

then it holds
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meas({x € K [0 = A-g()}) (14)

< meas({x eK|wkx) = i- gx(X)}> + %*

IA

3
meas (0;) + % < meas(E;) + Ze)\

1 3
< meas({x eK|wk) = )wg(x)}) +ZSA+ ZSA = ¢.

Repeating the above construction, for every A € [N, N]" there exists r, > 0 so
that the inequalities (13) imply (14). Since the set [-N, N]" is compact, we can
select a finite family (AL, ..., AM} c [N, NT" such that the corresponding open
balls B(A*, rx) satisfy

M
[-N.NI" c (B! ru).
k=1

Setting r = minj<y ru, forevery w € B(w,r) and A € [N, N]" we obtain
meas({x e K |wkx) = A~g(x)}) < g.

Therefore, B(w,r) € #,%,., proving that the set #,%, is open in ¢'(K, IR).

2. It remains to prove that each W;’N is dense in €’ (K; IR). Relying on Lusin’s
theorem, it is not restrictive to assume that g is continuous. Given any n > 0 and
w € € (K, IR), we will construct a function w € 7/;’1\,, satisfying

w—=wlo < 7. 15)

For simplicity, without loss of generality we will assume that K = [0, 1]. Let’s

choose an integer m sufficiently large so that m? > n+ land h = % satisfies
>
< — 16
< o0 (16)
and

(x) e K —x| = hWd = [p0)—w()| < 3. (D)

We adopt the following notation: a vector y € (IR")? will be indexed by
y = (¥;)jc(0....m—1y¢- Forevery & € [0, h]Y , A € [-N, N]" and y € (IR™)?, define

Xjg = &+hj, jefo,....m—1)

and
Joe(y) = {je{o,...,m—l}d y; = /\-g(xj,g)}. (18)
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We claim that the set

v© = {ye®) | #5:0) = n Viel-N NP

is dense in (IR™)?. Indeed, the complementary of Y (£) is contained in the union of
a finite family of proper hyperspaces: for every collection of indexes

J = Utveerjurt) € {0,....m—1)4,
let us define the projection
;- (R = R™ 500 = O Vi) »
and the linear operator
Ay R — R, A0 = (Mg ). h g ,) -
Then

(R™N\Y(€) C U {y e (R™ 1 M;(y) € Aj(RM}.
{J{0,...m—1} | #J=n+1}

For any § € [0, h1¢ and je{0,....m— 119, define
yi€) = wixje).
By the density of Y (§) in (IR™)?, we can find y(£) € Y (§) satisfying
@ =5© <3 VYielo...m-1. (19)

On the other hand, fixed any & € [0, h]? and A € [=N, N1", there exist r;, 8, > 0
such that

ot @) =2 g > 8 Vi (0 m = DN (0.

As in the previous step, let {A', ..., AM} C [N, N]" be a finite family such that
M
[-N.NT' C | B, ()\k, w) .
k=1

Seté = I’Ilinke{l.z
such that

my 0. Forany A € [N, NJ", there exists anindex k € {1, ..., M}

.....
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|yiE) —r-glxje)| =8 Vjef0,....m—1DN\Ju(yE)).

Thus, by the uniform continuity of g and the uniformly bound of A, there exists a
neighborhood .4 (&) of & (independent on 1) such that

) )
|yi(€) =1 g(xje)| > 3 Vi€ {0,....,m— N\ (v(€)), & € N ().
In particular, recalling (18), we obtain that

Jeo (V) C I (y(§)  VE €N (E),

and this yields
#Le(E) <n VrAe[-N,NI", V& e N(E). (20)

Cover the set [0, h[¢ with finitely many disjoint neighborhoods {4 (&) }x=1
define a piecewise constant function w : [0, 1[¢ — IR by setting

¢ and

.....

wx) = yi&) if xeNE)+hj, k=1,....¢, je{0,....m—17.
For any x € [0,1[%, letk e {1, ..., £} andje{O,...,m—l}d be such that x €
A (&) + h j. Then, x and x; ¢ belong to [0, h[?+h j. Recalling (17) and (19), we
have

wx) —w@)| < 1y;E) — i€l + wlxg, ;) —w)] < 71

and it yields (15).
Moreover, by (16), (18) and (20), we obtain

meas ({x eK |wx)=~xA- g(x)})

= meas U {xelonlf+njiwx) =r g}

¢
= meas U U{xE«/V(Ek)-I-hj | yi(&) = A g0}

IA
]
B
C

[ e V@& lyjE) =21 gke)}

IA

¢
n-meas (A (&)) = nh? < ¢
; ( ") 2

for every A € [-N, N]".
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Finally, by Lusin’s theorem, we then modify w on a set of measure < ¢/2 and make
it continuous on the entire set K and still satisfying (15). Then w € V/fN N B(w, n)
and the set %%, is dense in €' (K, IR). O

We are now going to prove our main theorem.

Proof of Theorem 1. It is divided into 2 steps:

1L.Fixv=(v,...,vs) € €(K, IR")and let 6* = (6], ..., ) be a solution of the
optimization problem (1)—(2). We claim that if 6* is not extremal, then it is not the
unique solution of (1)—(2) and there exist two indexes i} # i, € {l,...,m} and a
Lagrange multiplier A = (A1, ..., A,) € IR" satisfying

meas({x € K iy (x) —viy (x) = A+ (i () — fiz(x))}> > 0. (@)
Indeed, if 0* is non-extremal then the set
Ki = {xe€K|0<6/x)<1forsomei€{l,...,m}}

has a positive Lebesgue measure. Since ) ;" 6*(x) = 1 forall x € K, we can deduce
that there exist two different indexes iy, i; € {1, ..., m} such that

meas({x € K |0 <6/(x) <1, Vi € {i1,ix}}) > 0.
Observe that

meas({x €K [0<6f(x) <1, Vie {il,iz}})

+00 1 1
= meas (U {xeK ) —<0f(x)<1——, Vi E{il,iz}}> ,
n n

n=3

there exists ng > 3 such that the set
- 1, Lo
K = xeK‘—<9i(x)<1——,Vle{ll,lz}
no no

has a positive Lebesgue measure.
Consider the auxiliary optimization problem

Minimizege o, / E(x)(vi1 (x) — v, (x)) dx, (22)
K
where

oy = {56//1(13,[—1,1])‘ /ks(x)(fil(x)—ﬁz(x)) dx = 0}- (23)
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Observe that &* = Q is an optimal solution of (22)—(23). Indeed, for any & € <,
define the mapping 6 : K — IR™ by

* 1 L ) B
B(x) = :0 () + 50 (e, —ep,) %fx €k
9*(3() leEK\K’

where {ey, ..., e,} is the canonical basis of IR™. Clearly, ] belongs to .<7,. Thus,

/ 6(x) - v(x)dx > / 0" (x) - v(x)dx
K K

and it implies that

[ £ (v (¥) — v, (0) dx = 0. 24)
K

Now let’s consider the vector subspace Y of IR" generated by

{/ EO(fin () = fu) dx | § € AR, [-1, 1])}
K
and define two convex subsets of IR x Y

A = {(@.0) e RxY |ay <0},

and B the set of elements of the form
(bo.b) = (/K £ (vi,(x) = vi,(0)) dx , /K ) (fi, (0) — fi,(x)) dX) ,

with £ varying in MK, [-1,1]). Recalling (24), one has that A N B = @J. Thanks
to hyperplane separation theorem, there exists (Ag, X) € ([0, +00) X Y) \ {(0, 0)}
such that

roao < robo+A-b  Vay <0, (by,b) €B.

Observe that Ay 7~ 0, otherwise we have
A / EQ)(fi () = fu())dx = 0 V&e#(K, [-1,1]),
K

that is impossible, since 0 # A € Y. Setting A = —A /A0, we obtain

ap—0—

/I%E(x)(vil(x) —viz(x)) dx —A-/ké(x)(fi,(x) - fiz(x)) dx > lim gy = 0
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for every & € M (K, [—1,1]). This yields
Vi, (1) = v, (¥) = A (fi,(0) — f,(x))  ae.xeK

and consequently (21).
In order to see that 6* is not the unique solution of (1)—(2), consider a function
& € 4 such that

meas ({x ek‘é(x)#O}) > 0.

Therefore, the following mappings

éi(x) - 9*(X) + %5()6)(6,-1 — eiz) ifx € [E’
] erx) ifxek\ 7

belong to 7, satisfy 6+ = 6~ and

min {/ é—(x)-v(x)dx,/ 5+(x)~v(x)dx} < /0*(x)~v(x)dx.
K K K

2. Remark that if the problem (1)—(2) admits two distinct solutions 6* and 6**, then

their convex combination
- 9* + 0**
0 = —

2
is still a solution and it is not extremal. Therefore, by the previous step, 7, contains
the set of functions v = (v, ..., v,) € € (K, IR™) satisfying

meas<{x € K | vy (x) —vi,(x) =&+ (f;; () —fiz(x))}> =0 Vij#i, e R".

For any Lebesgue integrable function g : K — IR", define #'¢ as in the statement
of Lemma 1. We then have

A//o, D m [v:(vl,...,vm)e‘f(l(,ﬂ?”’)‘v,-l—v,-2e7/ﬁl_ﬁ2}.
il;ﬁize{l ..... m}

By Lemma 1, the set # /i /2 is residual in € (K, IR) foralli; # i € {1,2,...,m},
i.e., there exists a family of open and dense subsets {%ﬁ,—ﬁz of €(K, IR)
satisfying kel

N W oyttt

keIN

Hence we obtain
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%o () {rers® ®RY v —v,e (7]

i1 #ire{l,...,m} keIN
5 N {v e C(K, R™) ‘ Vi, — Vi, € "//,f"’f"Z} .

Moreover, it is not difficult to verify that the sets of the last intersection are open
and dense. Therefore we can conclude that ¥, contains the intersection of countably
many open dense subsets of (K, IR™), i.e. it is residual. O

With similar techniques we can deal with a countable family of integrable func-
tions. Let (f;)2, be a family of Lebesgue integrable functions from K C IR? to IR"
satisfying

/I(Sl'lp IfiG)lldx < oo, (25)

where || - || is the norm in IR". Let (éi)?i1 be a family of measurable functions from
K to [0, +00) such that

i_,-(x)zl Vxek.

We can consider § = (éi)?il as an element of the space L>*°(K, £°°), where £*° is
the space of bounded real sequences. Call

o = /Zé,-(x)ﬁ(x)dx.
L

Thanks to (25) and dominated convergence, « € IR". Givenv € ¢ (K, 2"y, consider
the problem

[o¢]
Minimizege., f > 6 ()i (x)dx (26)
K iz
over the set

o0
o, = {eeL"O(K,EOO) ‘9,-()()20 VieN.Y» 6i(x)=1, ae.x ek,

i=l1
/Zei(x)f,-(x) dx = a}. 27)
K =i

This problem admits at least a solution, since it is equivalent to

Minimize;, 5 / Zéi (x) (vi+1 (x) — vy (x))dx
K iz
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over the set

o0
B = {é eL°°(K,€°°)‘§i(x) >0 VielN, Zé,-(x) <1, aex€Kk,

i=l1

> [ G (fia) = i) dv
i=1

A

I
Q
|
S
=
~~
=
N
QU
=
=

and £ is weakly*-compact in L> (K, £°°).
Theorem 2 Assume (25). Then the set

Y, = {ve?(K, ") ] (26)—(27) has a unique solution} . (28)
is residual in € (K, £"). Moreover, for any v € ¥, the unique optimal solution 6*

verifies 6 (x) € {0, 1} for almost every x € K and every i.

Proof The proof is similar to the one of Theorem 1. Fix v € € (K, £') and let 6* €
L*°(K, £°°) be a solution of the optimization problem (26)—(27). If 0* does not verify
0(x) € {0, 1} foralmostevery x € K and every i, then it is possible to show as above
that 6 is not the unique solution of (26)—(27). We claim that there exist two indexes
iy #ipand A = (Aq, ..., A,) € IR" satisfying

meas ({x € K |v;,(x) —vi,(x) = A+ (fi, () — fu(®))}) > 0. (29
Indeed, if 6* is non-extremal, we have

0 < meas({x € K |0 < 6(x) < 1 for some i}

+00
1 1
= meas (U U{xeK’—<0i*(x)<1—f, Vi € (i1, iz}, someil;ei251}>.
n n

IeN n=3

Consequently, there exist i; # i> and ny > 3 such that the set
- 1 N 1 . .o
K = xeK‘—<9i(x)<1——, Vi e {iy, i}
no no

has a positive Lebesgue measure. As in the proof of Theorem 1, one can verify that
&* = 0 is an optimal solution of the auxiliary problem (22)—(23) and that it satisfies
the necessary condition (29) for some Lagrange multiplier A = (A1, ..., A,) € IR".
Therefore, if we denote by # /i ~/u is the set of functions w € € (K, IR) such that

meas ({x € K |w(x) =4 (f;,x) — f;,(x))}) = 0 forall 1€ R",
we obtain

Yo D m {v € C(K,tH ‘ Vi, — v, € y/ﬁl—fiz} )
i1 70
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By Lemma 1, for all i; # i, the set # /i ~/i2 is residual in €' (K, IR), i.e., there exists
a family of open and dense subsets [Wk‘f” ~fa }k w of € (K, IR) satisfying
(S

O\ 7" c whh.
kelN

Hence we obtain

Yoo N |rea® e |v —v, e N7}

i1#i kelN
> N {v e ¢ (K, b ‘ Vi, — Vi, € Wkﬁ"f@} .
i1 iy  kelN
Consequently, ¥, is residual in €' (K, £'). O

Acknowledgements This work was partially supported by a grant from the Simons Founda-
tion/SFARI (521811, NTK).

References

1. Angell, T.S.: Existence of optimal control without convexity and a bang-bang theorem for linear
Volterra equations. J. Optim. Theory Appl. 19(1), 63-79 (1976)

2. Bressan, A.: Extremal solutions to differential inclusions via Baire category: a dual approach.
J. Differ. Equ. 255, 2392-2399 (2013)

3. Bressan, A., Mazzola, M., Nguyen, Khai T.: The bang-bang theorem via Baire category. A dual
approach. NoDEA Nonlinear Differ. Equ. Appl. 23(4), 23-46 (2016)

4. Cellina, A.: On the differential inclusion x” € [—1, 1]. Atti Accad. Naz. Lincei Rend. Cl. Sci.
Fis. Mat. Natur. 69, 1-6 (1980)

5. Cesari, L.: Optimization - Theory and Applications. Problems with Ordinary Differential Equa-
tions. Springer, New York (1983)

6. De Blasi, E.S., Pianigiani, G.: Baire category and boundary value problems for ordinary and
partial differential inclusions under Carathéodory assumptions. J. Differ. Equ. 243, 558-577
(2007)

7. Suryanarayana, M.B.: Existence theorems for optimization problems concerning linear, hyper-
bolic partial differential equations without convexity conditions. J. Optim. Theory Appl. 19(1),
47-61 (1976)



Controllability Under Positivity m
Constraints of Multi-d Wave Equations L

Dario Pighin and Enrique Zuazua

Dedicated to Piermarco Cannarsa on the occasion of his 60th
birthday

Abstract We consider both the internal and boundary controllability problems for
wave equations under non-negativity constraints on the controls. First, we prove the
steady state controllability property with nonnegative controls for a general class
of wave equations with time-independent coefficients. According to it, the system
can be driven from a steady state generated by a strictly positive control to another,
by means of nonnegative controls, and provided the time of control is long enough.
Secondly, under the added assumption of conservation and coercivity of the energy,
controllability is proved between states lying on two distinct trajectories. Our meth-
ods are described and developed in an abstract setting, to be applicable to a wide
variety of control systems.
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1 Introduction

This paper is devoted to the study of the controllability properties of the wave equa-
tion, under positivity (or nonnegativity) constraints on the control.

We address both the case where the control acts in the interior of the domain
where waves evolve or on its boundary.

This problem has been exhaustively considered in the unconstrained case but
very little is known in the presence of constraints on the control, an issue of primary
importance in applications, since whatever the applied context under consideration
is, the available controls are always limited. For some of the basic literature on the
unconstrained controllability of wave-like equations the reader is referred to: [1, 3-5,
8,9, 15, 21, 22, 24, 26].

The developments in this paper are motivated by our earlier works on the con-
strained controllability of heat-like equations ([16, 19]). In that context, due to the
well-known comparison principle for parabolic equations, control and state con-
straints are interlinked. In particular, for the heat equation, nonnegative controls
imply that the solution is nonnegative too, when the initial configuration is nonneg-
ative. Therefore, imposing non-negativity constraints on the control ensures that the
state satisfies the non-negativity constraint too.

This is no longer true for wave-like equations in which the sign of the control
does not determine that of solutions. However, as mentioned above, from a practical
viewpoint, it is very natural to consider the problem of imposing control constraints.
In this work, to fix ideas, we focus in the particular case of nonnegative controls.

First we address the problem of steady state controllability in which one aims at
controlling the solution from a steady configuration to another one. This problem
was addressed in [7], in the absence of constraints on the controls for semilinear
wave equations. Our main contribution here is to control the system by preserving
some constraints on the controls given a priori. And, as we shall see, when the initial
and final steady states are associated to positive time-independent control functions,
the constrained controllability can be guaranteed to hold if the time-horizon is long
enough.

The proof is developed by a step-wise procedure presented in [19] (which differs
from the one in [7, 16]), the so-called “stair-case argument”, along an arc of steady-
states linking the starting and final one. The proof consists on moving recursively
from one steady state to the other by means of successive small amplitude controlled
trajectories linking successive steady-states. This method and result are presented in
a general semigroup setting and it can be successfully implemented for any control
system for which controllability holds by means of Loo controls.

The same recursive approach enables us to prove a state constrained result, under
additional dissipativity assumptions. But the time needed for this to hold is even
larger than before.

The problem of steady-state controllability is a particular instance of the more
general trajectory control problem, in which, given two controlled trajectories of
the system, both obtained from nonnegative controls, and one state in each of them
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(possibly corresponding to two different time-instances) one aims at driving one state
into the other one by means of nonnegative constrained controls. This result can also
be proved by a similar iterative procedure, but under the added assumption that the
system is conservative and its energy coercive so that uncontrolled trajectories are
globally bounded.

These results hold for long enough control time horizons. The stepwise procedure
we implement needs of a very large control time, much beyond the minimal control
time for the control of the wave equation, that is determined by the finite velocity of
propagation and the so-called Geometric Control Condition (GCC). It is then natural
to introduce the minimal time of control under non-negativity constraints, in both
situations above.

There is plenty to be done to understand how these constrained minimal times
depends on the data to be controlled. Employing d’ Alembert’s formula for the one
dimensional wave equation, we compute both of them for constant steady states,
showing that they coincide with the unconstrained one. In that case we also show
that the property of constrained controllability holds in the minimal time too.

Controllability under constraints has already been studied for finite-dimensional
models and heat-like equations (see [16, 19]). In both cases it was also proved that
controllability by nonnegative controls fails if time is too short, when the initial
datum differs from the final target. This fact exhibits a big difference with respect to
the unconstrained control problem for these systems, where controllability holds in
arbitrary small time in both cases. In the wave-like context addressed in this paper
the waiting phenomenon, according to which there is a minimal control time for the
constrained problem, is less surprising. But, simultaneously, on the other hand, in
some sense, the fact that constraints can be imposed on controls and state seems
more striking too.

In [12], authors analysed controllability of the one dimensional wave equation,
under the more classical bilateral constraints on the control. Our work is, as far as
we know, the first one considering unilateral constraints for wave-like equations.

1.1 Internal Control

Let £2 be a connected bounded open set of R”, n > 1, with C* boundary, and let w
and wy be subdomains of §2 such that Wy C w.

Let x € C*°(R") be a smooth function supported in w such that Range(y) €
[0, 11, X[u,= 1.

We assume further that all derivatives of x vanish on the boundary of £2. We will
discuss this assumption in Sect. 3.3.
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We consider the wave equation controlled from the interior

Vi — Ay +cy =ux in (0,7T) x £2
y=0 on (0,T) x 082 (D
y(0,x) = yJ(x), »(0,x) = yj(x) in £

where y = y(¢, x) is the state, while u = u(z, x) is the control whose action is local-
ized on w by means of multiplication with the smooth cut-off function . The coef-
ficient ¢ = ¢(x) is C* smooth in £2.

It is well known in the literature (e.g. [10, Sect.7.2]) that, for any initial datum
(0, yd) € HL(£2) x L*(£2) and for any control u € L?((0, T) x w), the above
problem admits an unique solution (y, y;) € co(o, T1; HO1 (£2) x L?*(£2)), with
yu € L*(0,T; H-1(2)).

We assume the Geometric Control Condition on (§2, wy, T*), which basically
asserts that all bicharacteristic rays enter in the subdomain wy in time smaller than
T*. This geometric condition is actually equivalent to the property of (unconstrained)
controllability of the system (see [1, 3]).

1.1.1 Steady State Controllability

The purpose of our first result is to show that, in time large, we can drive (1) from
one steady state to another by a nonnegative control, assuming the uniform positivity
of the control defining the steady states.

More precisely, a steady state is a solution to

—Ay+cy=uyx in £ @)
y=0 on 052,
where u € L*(w) and y € H*(£2) N Hy (£2). Note that, as a consequence of Fred-
holm Alternative (see [11, Theorem 5.11 page 84]), the existence and uniqueness
of the solution of this elliptic problem can be guaranteed whenever zero is not an
eigenvalue of —A + ¢l : H} () — H™'(£2).
The following result holds:

Theorem 1 (Controllability between steady states) Take y, and y, in H*(£2) N
HOl (£2) steady states associated to L*-controls @' and u*, respectively. Assume fur-
ther that there exists o > 0 such that

u' >0, ae inuw. 3)

Then, if T is large enough, there exists u € L%((0, T) x w), a control such that
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e the unique solution (y, y,) to the problem (1) with initial datum (y, 0) and control

u veri}?es (y(Tv ')’ yl(Ta )) = (yla 0)’
o u>0aeon(0,T)xw.

Theorem 1 is proved in Sect. 3.1. Inspired by [7], we implement a recursive “stair-
case” argument to keep the control in a narrow tubular neighborhood of the segment
connecting the controls defining the initial and final data. This will guarantee the
actual positivity of the control obtained.

1.1.2 Controllability Between Trajectories

The purpose of this section is to extend the above result, under the additional assump-
tion c(x) > —A\, where )\ is the first eigenvalue of the Dirichlet Laplacian in £2.
This guarantees that the energy of the system defines a norm

mﬁ»N@=/ﬁwﬁW+¢wﬂw+/oth
2 2

on HO1 (£2) x L?(£2). Thus, by conservation of the energy, uncontrolled solutions are
uniformly bounded for all ¢.

‘We assume that both, the initial datum ( yg , yé) and the final target ( y?, y 11), belong
to controlled trajectories (see Fig. 1)

O yh e G, ), G, ) | T e R}, 4)

=]

U \/ \b//T

Fig. 1 Controllability between data lying on trajectories
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where (3;, (3;);) solve (1) with nonnegative controls. We suppose that these trajec-
tories are smooth enough, namely

3;, 3;)0) € C*M(R; Hy (2) x L*(£2)),

with s(n) = |n/2] + 1. Hereafter, we denote by (3, (3y);) the initial trajectory,
while (¥, (;)) stands for the target one.

Note that the regularity is assumed only in time and not in space. This allows to
consider weak steady-state solutions.

We can in particular choose as final target the null state (y?, yll) =(0,0). It is
important to highlight that this is something specific to the wave equation. In the
parabolic case (see [16, 19]), this was prevented by the comparison principle, since
the zero target cannot be reached in finite time with non-negative controls. But, for
the wave equation, the maximum principle does not hold and this obstruction does

not apply.
The following result holds

Theorem 2 (Controllability between trajectories) Suppose c(x) > — Ay, forany x €
2. Let O, O) € C'™M(R; HO1 (2) x L*(£2)) be solutions to (1) associated to
controls @' > 0 a.e.in (0, T) x w, i =0, 1. Take (yg, yé) = (Yo(70, ), Og): (0, )
and (y?, yll) = (y,(11, ), O1)i (11, -)) for arbitrary values of 7o and T\. Then, in time
T > 0 large enough, there exists a control u € L?((0, T) x w) such that

e the unique solution (y, y;) to (1) with initial datum (y8 , yé) verifies the end con-

e u>0aein(0,T)xw.

Remark 1 This result is more general than Theorem 1 for two reasons

1. itenables us to link more general data, with nonzero velocity, and not only steady
states;

2. the control defining the initial and target trajectories is assumed to be only non-
negative. This assumption is weaker than the uniform positivity one required in
Theorem 1.

On the other hand, the present result requires the condition c¢(x) > —A\; on the
potential ¢ = c(x).

We give the proof of Theorem 2 in Sect.3.2.

1.2  Boundary Control

Let £2 be a connected bounded open set of R”, n > 1, with C* boundary, and let I
and I" be open subsets of 0£2 such that I, C I

Let x € C*(0£2) be a smooth function such that Range(x) < [0, 1], supp(x) C
I'and x[p=1.
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We now consider the wave equation controlled on the boundary

Yie — Ay +cy=0 in (0,7T) x £
y=Xxu on (0,T) x 082 (5)
y(0,x) = yJ(x), »(0,x) =yj(x) in £

where y = y(¢, x) is the state, while u = u(¢, x) is the boundary control localized on
I” by the cut-off function y. As before, the space-dependent coefficient ¢ is supposed
to be C* regular in £2.

By transposition (see [15]), one can realize that for any initial datum (yg V) €
L%(22) x H™'(£2) and control u € L*>((0, T) x I'), the above problem admits an
unique solution (y, y;) € Co([0, T1; L*(2) x H'(£2)).

We assume the Geometric Control Condition on (§2, Iy, T*) which asserts that
all generalized bicharacteristics touch the sub-boundary I at a non diffractive point
in time smaller than 7*. By now, it is well known in the literature that this geometric
condition is equivalent to (unconstrained) controllability (see [1, 3]).

1.2.1 Steady State Controllability

As in the context of internal control, our first goal is to show that, in time large, we
can drive (5) from one steady state to another, assuming the uniform positivity of the
controls defining these steady states.

In the present setting a steady state is a time independent solution to (5), namely
a solution to

_Ay~|_—cy_0 in 2 ©)
Y = XU on 0f2.
In the present setting, # € L?(052) and y € L?(2) solves the above problem in the
sense of transposition (see [14, Chap.II, Sect.4.2] and [13]).

As in the context of internal control, if O is not an eigenvalue of —A + ¢/ :
HO1 (2) — H (), for any boundary control u € L?(0$2), there exists a unique
y € L?(£2) solution to (6) with boundary control %. This can be proved combining
Fredholm Alternative (see [11, Theorem 5.11 page 84]) and transposition techniques
[14, Theorem 4.1 page 73].

We prove the following result

Theorem 3 (Steady state controllability). Let y; be steady states defined by controls

ui= 0, 1, so that '
u>c0, onl, @)

with o > 0.
Then, if T is large enough, there exists u € L%([0, T] x I'), a control such that
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e the unique solution (y, y;) to (5) with initial datum (y,, 0) and control u verifies

(T, ), y(T, ") = (,,0);
e u>00n0,T)xTI.

The proof of the above result can be found in Sect. 4.1. The structure of the proof
resembles the one of Theorem 1, with some technical differences due to the different
nature of the control.

1.2.2 Controllability Between Trajectories

As in the internal control case, we suppose c(x) > — A, where )\, is the first eigen-
value of the Dirichlet Laplacian in §2. Then, the generator of the free dynamics
is skew-adjoint (see [23, Proposition 3.7.6]), thus generating an unitary group of
operators {T;},cg on L2(£2) x H™'(R2).

Both the initial datum and final target (yio, yl.l) belong to a smooth trajectory,
namely

0Ly e (@i, ), G, ) | T e R} ®)

We assume the nonnegativity of the controls #' defining (¥,, (¥,),),fori = 0, 1. Here-
after, in the context of boundary control, we take trajectories of class C*™ (R; L?(£2) x
H~'(£2)), with s(n) = |n/2] + 1. We set (3, (7)) to be the initial trajectory and
(31, (1)) be the target one.

Note that, with respect to Theorem 3, we have relaxed the assumptions on the sign
of the controls %' . Now, they are required to be only nonnegative and not uniformly
strictly positive.

Theorem 4 (Controllability between trajectories) Assume c(x) > —A;, for any
x € 2. Let ;s ;):1) be solutions to (5) with non-negative controls u respec-
tively. Suppose the trajectories (y;, (¥;);) € C*™ ([0, T1; L>(£2) x H~'(R2)). Pick
9. 38) = Go(10. ). om0, ) and (. y}) = Fy(r1. ). G (1. ). Then, in
time large, we can find a control u € L>((0, T) x I') such that

e the solution (y, y,) to (5) with initial datum (yg, ytl)) Sulfills the final condition

(T, ), (T, ) = Y, yD);
o u>0aein(0,T)xTI.

The above Theorem is proved in Sect.4.2. Furthermore, in Sect. 5, we show how
Theorem 4 applies in the one dimensional case, providing further information about
the minimal time to control and the possibility of controlling the system in the
minimal time.

1.2.3 State Constraints

We impose now constraints both on the control and on the state, namely both the
control and the state are required to be nonnegative.
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In the parabolic case (see [16, 19]) one can employ the comparison principle
to get a state constrained result from a control constrained one. But, now, as we
have explained before, the comparison principle is not valid in general for the wave
equation. And we cannot rely on comparison to deduce our state constrained result
from the control constrained one.

We shall rather apply the “stair-case argument” developed to prove steady state
controllability, paying attention to the added need of preserving state constraints as
well.

Let \; be the first eigenvalue of the Dirichlet Laplacian. We assume ¢ > —A\; in
£2. We also suppose that y = 1, meaning that the control acts on the whole boundary.
We take as initial and final data two steady states y8 and y? associated to controls
#' > o > 0. Our proof relies on the application of the maximum principle to (6).
This ensures that the states y; > o once we know ' > o. For this reason, we need
c>—-Aand y = 1.

Our strategy is the following

e employ the “stair-case argument” used to prove steady state controllability, to keep
the control in a narrow tubular neighborhood of the segment connecting #° and .
This can be done by taking the time of control large enough. Since #' > o > 0,
this guarantees the positivity of the control;

e by the continuous dependence of the solution on the data, the controlled trajectory
remains also in a narrow neighborhood of the convex combination joining initial
and final data. On the other hand, by the maximum principle for the steady problem
(6), we have that y? > o in §2, fori = 0, 1. In this way the state y can be assured
to remain nonnegative.

Theorem 5 We assume c(x) > —\, for any x € 2 and x = 1. Let yg and y? be
solutions to the steady problem
—Ay+cy=0 in$2
— ©))
y=u', on 082

Khere > oae ondf2, withg > 0. We assume y? e H*™(§2). Then, there exists
T > 0 such that for any T > T there exists a control u € L*((0, T) x 082) such
that

e the unique solution (y, y;) to (5) with initial datum (y8 , 0) and control u is such
that (y(T, ), y,(T,-)) = (3}, 0);

e u>0aeon(0,T)x082;

e y>0aein(0,T) x £2.

The proof of the above Theorem can be found in Sect.4.3.

Note that the time needed to control the system keeping both the control and the
state nonnegative is greater (or equal) than the corresponding one with no constraints
on the state.
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1.3 Orientation

The rest of the paper is organized as follows:

Section 2: Abstract results;

Section 3: Internal Control: Proof of Theorems 1 and 2;
Section4: Boundary control: Proof of Theorems 3, 4 and 5;
Section 5: The one dimensional case;

Section 6: Conclusion and open problems;

Appendix.

2 Abstract Results

The goal of this section is to provide some results on constrained controllability
for some abstract control systems. We apply these results in the context of internal
control and boundary control of the wave equation (see Sect. 1).

We begin introducing the abstract control system. Let H and U be two Hilbert
spaces endowed with norms || - || and || - ||y respectively. H is called the state space
and U the control space.Let A : D(A) C H — H beagenerator of a Cy-semigroup
(T);er+, with RT = [0, +00). The domain of the generator D(A) is endowed with
the graph norm ||x||%,(A) = ||x||%1 + ||Ax||%1. We define H_; as the completion of H
withrespecttothenorm || - ||_; = [|[(8] — A)~'(:)|| g, withreal 3 such that (31 — A)
is invertible from H to H with continuous inverse. Adapting the techniques of [23,
Proposition 2.10.2], one can check that the definition of H_; is actually independent
of the choice of 3. By applying the techniques of [23, Proposition 2.10.3], we deduce
that A admits a unique bounded extension A from H to H_;. For simplicity, we still
denote by A the extension. Hereafter, we write £ (E, F) for the space of all bounded
linear operators from a Banach space E to another Banach space F.

Our control system is governed by:

Ly (1) = Ay(t) + Bu(t), t € (0, 00),

(10)
y(0) = yo,

where yo € H, u € leoc([O, +00), U) is a control function and the control operator

B € £ (U, H_) satisfies the admissibility condition in the following definition (see

[23, Definition 4.2.1]).

Definition 1 The control operator B € £ (U, H_,) is said to be admissible if for
all 7 > 0 we have Range(®,) C H, where @, : L*>((0, +00); U) — H_ is defined
by:

@Tuzf T,_, Bu(r)dr.
0
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From now on, we will always assume the control operator to be admissible. One

can check that for any yg € H and u € L?DC((O, +00); U) there exists a unique mild

solution y € C°([0, +00), H) to (10) (see, for instance, [23, Proposition 4.2.5]). We

denote by y(-; yo, 1) the unique solution to (10) with initial datum y, and control u.
Now, we introduce the following constrained controllability problem

Let %,y be a nonempty subset of U. Find a subset E of H so that for each
Y0, y1 € E, there exists T > 0 and a control u € L*(0, T; U) with u(t) € %, for a.e.
t € (0,T), sothat y(T'; yo, u) = yi.

We address this controllability problem in the next two subsections, under differ-
ent assumptions on %, and (A, B). In Sect.2.1, we study the above controllability
problem, where the initial and final data are steady states, i.e. solutions to the steady
equation:

Ay + Bu =0 forsome u € U. (1

In Sect.2.2, we take initial and final data on two different trajectories of (10).

To study the above problem, we need two ingredients, which play a key role in the
proofs of Sects.2.1 and 2.2. First, we introduce the notion of smooth controllability.
Before introducing this concept, we fix s € N and a Hilbert space V so that

Ve U, (12)

where < denotes the continuous embedding. Note that all throughout the remainder
of the section, s and V remain fixed.

The concept of smooth controllability is given in the following definition. The
notation y(-; yo, #) stands for the solution of the abstract controlled Eq.(10) with
control # and initial data y.

Definition 2 The control system (10) is said to be smoothly controllable in time
Tp > 0 if for any yg € D(A?), there exists a control function v € L*((0, Tp); V)
such that

y(To; y0,v) =0

and
VIl L (0,7); vy < Cliyollpeasy, (13)

the constant C being independent of yy.

Remark 2 (i) In other words, the system is smoothly controllable in time Ty if for
each (regular) initial datum yy € D(A?®), there exists a L*-control u with values in
the regular space V steering our control system to rest at time 7.

(ii) The smooth controllability in time T of system (10) is a consequence of the
following observability inequality: there exists a constant C > 0 such that for any
z € D(AY)

To
1T 2l < C / 1B TS, <lly-d,
0
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where D(A®)* is the dual of D(A*) andi : V < U is the inclusion. This inequality,
that can often be proved out of classical observability inequalities employing the reg-
ularizing properties of the system, provides a way to prove the smooth controllability
for system (10). This occurs for parabolic problem enjoying smoothing properties.

(iii) Besides, for some systems (A, B), even if they do not enjoy smoothing prop-
erties, there is an alternative way to prove the aforementioned smooth controllability
property exploiting the ellipticity properties of the control operator (see [9]).

Under suitable assumptions, the wave system is smoothly controllable (see
Lemmas 4 and 5).

The second ingredient is following lemma, which concerns the regularity of the
inhomogeneous problem.

Lemma 1 Fix k € Nand take f € H*((0, T); H) such that

A FO0)=0, Vjelo... k) ”
f)=0, aete(r,T),
withQ < 7 < T. Consider y solution to the problem
4y=A te(0,T
ay=Ay+f te€©07) as)
y(0) =0.

Then, y € ﬂ’;zOCj([T, T1; D(A*)) and

k

Z I¥llciqr,m1:pear-5y < Clfaro.1y: 1)
j=0

the constant C depending only on k.

Remark 3 Note that the maximal regularity of the solution is only assured for ¢ > 7,
after the right hand side term f vanishes.

The proof of this Lemma is given in an Appendix at the end of this paper.

2.1 Steady State Controllability

In this subsection, we study the constrained controllability for some steady states.
Recall s and V are given by (12). Before introducing our main result, we suppose:
(H;) the system (10) is smoothly controllable in time T for some Ty > 0.
(H») %, is a closed and convex cone with vertex at 0 and int" (%, N V) # @,
where int” denotes the interior set in the topology of V.
Furthermore, we define the following subset
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W =it (U O\ V) + Uy (16)

(Note that, since %, is a convex cone, then # C %,,.) The main result of this
subsection is the following. The solution to (10) with initial datum y, and control u
is denoted by y(-; yo, u).

Theorem 6 (Steady state controllability). Assume (H;) and (H;) hold. Let
{0, ﬁi)}::o C H x W satisfying

Ayi+Bu' =0, i=0,]1.

Then there exists T > Ty and u € L*(0, T; U) such that

o u(t) € Z,ae in(0,T);
o y(T; yo,u) = y1.

Remark 4 As we shall see, in the application to the wave equation with positivity
constraints:

e for internal control, U = L*(w) and V = H*™ (w), with s = s(n) = |n/2] + 1;
e for boundary control, U=L*(I") and V=H*"™~2(I"), where s(n) = |n/2]| + 1.

Y, is the set of nonnegative controls in U. In both cases, # is nonempty and
contains controls u in L?(w) (resp. L>(I")) such that u > o, for some ¢ > 0. For
this to happen, it is essential that H*® (w) <> C%(@) (resp. H*™~2(I") < C°(T")).
This is guaranteed by our special choice of s = s(n). Furthermore, in these special
cases:

WU = %ud’

where 7" is the closure of # in the space U.

In the remainder of the present subsection we prove Theorem 6. The following
Lemma is essential for the proof of Theorem 6. Fix p € C*°(R) such that

Range(p) € [0,1], p=1 over (—o0,0] and supp(p) CC (—o0, 1/2). (17)
Lemma 2 Assume that the system (10) is smoothly controllable in time Ty, for some

Ty > 0. Let (1o, VO) € H x U be a steady state, i.e. solution to (11) with control W,
Then, there exists w € L*°((1, Ty + 1); V') such that the control

@ in(0,1)
Ve = w in(1,Ty+ 1) (18)

drives (10) from ng to O in time Ty + 1. Furthermore,

Wl m+1;vy < Cllnolla- (19)
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_____ given path of controls

control determined

neighborhood of the path of
controls of width 20

Fig. 2 Stepwise procedure

The proof of the above Lemma can be found in the Appendix.
We prove now Theorem 6, by developing a “stair-case argument” (see Fig.2).

Proof (Proof of Theorem 6)
Let {(y;, ') }1.1:0 satisfy

Ayi+Bu' =0 Vie{0,1}. (20)
By the definition of #/, there exists {(¢’, z’ )}l.l=0 C int¥ (%, N'V) x %, such that
uw=q+7 i=01. (2D
Define the segment joining yo and y;
Y) =1 —=s5)yo+sy1 Vsel0,1].
For each s € [0, 1], y(s) solves
Ay(s) + B(g(s) +z(s)) =0 Vi€ {0, 1}.
where (¢(s), z(s)) € int” (%, N V) x %, are defined by:
gs) =1 —5¢"+sq" and z(s) = (1 — )" +sz' Vs el0,1].
The rest of the proof is divided into two steps.
Step 1 Show that there exists § > 0, such that for each s € [0, 1], g(s) +

BY(0,6) c int¥ (%, N V), where BY (0, §) denotes the closed ballin V, centered
at 0 and of radius §.
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Define
fls) = inf lg(s) —yllv, sel[0,1]. (22)

yew\int' z.nv)

One can check that f is Lipschitz continuous over the compact interval [0, 1]. Then,
by Weierstrass’ Theorem, we have that

min f(s) > 0.
se[O,]]f( )

Choose 0 < § < mingepo, 17 f(s). Hence, by (22), it follows that, for each s € [0, 1],
q(s) + BY(0,6) c int” (%, NV),

as required.

Step 2 Conclusion.

Let C > 0be given by Lemma 2. Let § > 0 be given by Step 1. Choose Ny € N \ {0}
such that

2Cllyo = yilla

N()> 5

(23)

Foreach k € {0, ..., Ny}, define:

T + X d T P (24)
= - — — and uy = ——|u —u .

Yk No Yo Noyl k N

It is clear that, by (21), for each k € {0, ..., No — 1},

1 k
lyk = yesillg = mllyo —yill# and ux —gq (Vo) € Uy. (25)

Arbitrarily fixk € {0, ..., No — 1}. Take no = vk — Yr+1 and V0 = uy — Ur+1- Then,
we apply Lemma 2, getting a control wy € L*(1, Ty + 1; V) such that

y(To + 15 Yk — Y1, V) =0 (26)
and

IWillLoa,r+1:vy < Cllyk — Yes1llas 27

where

R . p()(uy —ury1) t € (0,1]
O =0 te(,To+1). (28)



210 D. Pighin and E. Zuazua

Define

POy — upy1) +ur t € (0,1]
wi () + g1 re(,Ty+1).

ve(t) =
At the same time, by (20) and (24), we have
AV 4 Bugy =0 and  y(To + 15 Vg1, k1) = Vet
The above, together with (26), (28) and (29), yields

Y(To + 15y, vi) = y(To + L; yk — Y1, %) + y(To + 15 Yagr, Urg1)

= Yk+1-
Next, we claim that
w(t) € %, forae.t € (0, Ty+1).
To this end, by (16) and since %,, is a convex cone, we have

W isconvex and W C U,.

(29)

(30)

€1V

(32)

By (17), 0 < p(t) < 1 for all ¢+ € R. Then, by (29) an (32), it follows that, for a.e

te (0,1,
V() = pOug + (1 = p(O)tgsr € pOW + (L= pONVW C W C U,
At this stage, to show (31), it remains to prove that
(@) € %, forae.te(1,Ty+1).
Take r € (1, Tp + 1). By (27), (25) and (23), we have
C
lwe@1lv < ﬁllyo —yillg <6/2.
0

From this and Step 1, it follows

k+1
wi(t) +¢q <%0> IS intv(%ﬂd nv).

By this, (25), (29) and (16), we get, for a.e. ¢ in (1, Ty + 1),

(33)
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V(1) = wi (1) + g4

= (5) (= (557)

e int (%,NV)+ %,
=Y.

From this and (32), we are led to (33). Therefore, the claim (31) is true.
Finally, define

u(t) = vt —k(To+ 1), Yt € [k(To+ 1), (k+ D (To + 1)), k € {0, ..., Ng — 1}.
Then, from (30) and (31), the conclusion of this theorem follows. O

In Sects.3.1 and 4.1, we apply the above Theorem to prove Theorems 1 and 3
respectively. In particular,

e for internal control,

Uy={ueL?w) |u=0, ae w};
e for boundary control,

Uy={ueL*I')|u>0,ae. I'}.

Then, in both cases, %, is closed convex cone with vertex at 0.
Nevertheless, the above techniques can be adapted in a wide variety of contexts.

2.2 Controllability Between Trajectories

In this subsection, we study the constrained controllability for some general states
lying on trajectories of the system with possibly nonzero time derivative. Recall s
and V are given by (12). Before introducing our main result, we assume:

(H)) the system (10) is smoothly controllable in time T; for some Ty > 0.

(H,) the set %,, is aclosed and convex and int” (%, N V) # @, whereint" denotes

the interior set in the topology of V;

(Hj) the operator A generates a Co-group {T;};cg over H and | T,|| @u.u) = 1
for all € R. Furthermore, A is invertible from D(A) to H, with continuous inverse.

The main result of this subsection is the following. The notation y(-; yo, #) stands
for the solution of the abstract controlled Eq. (10) with control u and initial data yy.

Theorem 7 Assume (H)), (H}) and (Hj) hold. Let y; € C*(R; H) be solutions to
(10) with controls u' € LZZOC(R; U) fori =0, 1. Assume u' (t) € %, for a.e. t € R.
Let 79, 71 € R. Then, there exists T > 0 and u € L*(0, T; U) such that



212 D. Pighin and E. Zuazua

o y(T;yo(10), u) =y (T1);
o u(t) € %, forae t e 0,T).

Remark 5 (i) Roughly, Theorem 7 addresses the constrained controllability for all
initial data yo and final target y,, with yy, y; € E, where

(R; U),

loc

{y(T)‘TE]R yeC' (R H) and Jue L2

d
with u(t) € %, ae.teR st Ey(t) = Ay(t) + Bu(t), te€ R}.
By Lemma 1, one can check that
{y(TOM))TeRuecs(R%) u(O)_O i=0,. }CE.

Furthermore, we observe that such set E includes some non-steady states.

(ii) There are at least two differences between Theorems 6 and 7. First of all, Theorem
6 studies constrained controllability for some steady states, whereas Theorem 7
can deal with constrained controllability for some non-steady states (see (i) of this
remark). Secondly, in Theorem 7 the controls w(i=0,1 defining the initial datum
io(ro) and final target ?1 (1) are required to fulfill the constraint

() € Uy aeteR,i=0,1,

while ' in Theorem 6 is required to be in # C %,,. (Then, in Theorem 7 we have
weakened the constraints on u'. In particular, we are able to apply Theorem 7 to the
wave system with nonnegative controls with final target ' = 0.)

Before proving Theorem 7, we show a preliminary lemma. Note that such Lemma
works with any contractive semigroup. In particular, it holds both for wave-like
and heat-like systems. A similar result was proved in [17, 20]. For the sake of
completeness, we provide the proof of the aforementioned lemma in the Appendix.

Lemma 3 (Null Controllability by small controls) Assume that A generates a con-
tractive Cy-semigroup (T,),€R+ over H. Suppose that (H|) holds. Let € > 0 and
1o € D(A®). Then, there exists T =T, Im0llpcasy) >0 such that, for any T > T,
there exists a control v € L*°((0, T); V) such that

e y(T;no,v)=0;
o [[V[rem+v) <&

The proof of the Lemma above is given in the Appendix.

We are now ready to prove Theorem 7.

With respect to Theorem 5 we have weakened the constraints on the controls
defining the initial and final trajectories. Then, a priori, we have lost the room for
oscillations needed in the proof of that Theorem. We shall see how to recover this by
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y

o

V% \/ \// t

Fig. 3 The two original trajectories. The time 7 parameterizing the trajectories is just a parameter
independent of the control time ¢

modifying the initial and final trajectories away from the initial and final data (see
Figs.3, 4 and 5).

Proof (Proof of Theorem 7) The main strategy of proof is the following:

(i) we reduce the constrained controllability problem (with initial data y(7y) and
final target y, (71)) to another controllability problem (with initial datum y, and
final target 0);

(i) we solve the latter controllability problem by constructing two controls. The first
control is used to improve the regularity of the solution. The second control is
small in a regular space and steers the system to rest.

Step 1 The part (i) of the above strategy.
Foreach T > 0, we aim to define a new trajectory with the final state y, (7;) as value
attime t = T. Choose a smooth function ( € C*(R) such that

¢ =1over (—% %) and supp(¢) CC (-1, 1). (34)

Take o € int" (%, N V). Arbitrarily fix 7 > 1. Define a control
ap(t)y=Ct —T)a'(t =T +7)+ (1 = (- T))o. (35)

We denote by @7 the unique solution to the problem

{%w(t) — Ap(t) + Bil(H) teR -

o(T) =y,(m).
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Fig. 4 The new trajectories to be linked, now synchronized with the control time . Note that (1)
we have translated the time parameter defining the trajectories and (2) we have modified them away
from the initial and the final data, to apply Lemma 3. The new initial trajectory is represented in
blue, while the new final trajectory is drawn in green. The modified part is dashed. Following the
notation of the proof of Theorem 7, the new initial trajectory is y(-; 20, Y0(70)), while the new final
trajectory is @1

In what follows, we will construct two controls which send y,(79) — ¢7(0) to 0 in
time 7', which is part (ii) of our strategy. Recall that p is given by (17). We define

() = p()u’(t + 1) + (1 — p(t))o t € R.
Step 2 Estimate of | y(1; yo(70) — ¢7(0), &° — it3) | pcas)
We take the control (1° — ﬁlT) [(0,1) to be the first control mentioned in part (ii) of our

strategy. In this step, we aim to prove the following regularity estimate associated
with this control: there exists a constant C > 0 independent of 7 and o such that

1y (L Fo(70) = 7 (0), @” = ip) [l pear (37)
< C[IFollc:qromos 110 + ¥ s qr—tomp:m + lollv] -
To begin, we introduce 1) the solution to
A+ Bo = 0. (38)

First, we have that
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Fig. 5 The new trajectories linked by the controlled trajectory y, pictured in red. As in Fig. 4, the
new initial trajectory is drawn in blue, while the new final trajectory is represented in green

y(1; ¥(10) — 7 (0, 2° — i}
= y(1; ¥(10), 1°) — y(1; o7 (0), ")
= [y(L; ¥(70), %) — ¥1 — [y(1; o7 (0), diy) — Y]
= y(1: ¥(r0) — ¥, i° — ) — y(1: 7 (0) — 2, li — o). (39)

To estimate (37), we need to compute the norms of the last two terms in (39), in the
space D(A*). We claim that there exists C; > 0 (independent of T and o) such that

ly(1; ¥(10) — ¥, 4° — D)llpasy < C1 (IFollcsqry s + lollv) - (40)
To this end, we show that
y(t; (1) — P, 1" — o) = p() Ot + 10) — ) + (1), teR,  (41)

where 1, solves

Lin(t) = Am(t) — POt +10) =) teR

42

Indeed,

d
- [Pt + 10) — ¥) + ()]

= p()(AY(t + 70) + Bu’(t +10)) + o' ()"t + 7o) — V)
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+ A (1) = p (Ot + 10) — )
= A(p()Y"(t +70) +m2(1)) + B (p()u’ (1 + 70))
= A(p()°(t +70) — 1) + M (1)) + p(t) A + B (p()u’(t + 70))
= A(p()(3°(t + 70) — ) + (1)) + B (p(t)@°(t + 70) — 0))
= A(p() (1 +70) — ) + m(1)) + B@°(t) — o). (43)

At the same time, since p(0) = 1, from (42), it follows that
PO Tt +70) = ) + 1p.(0) i=0= 7" (70) — .
From this and (43), we are led to (41).
Next, we will use (41) and (42) to prove (40). To this end, since we assumed
70 € C*(R; H) and ¥ is independent of ¢, we get that

(- + 1) — ¥ € C*(R; H).

By this, we apply Lemma 1 obtaining the existence of C, >0 (independent of T and
o) such that

Il < Cr (17 lestmomstimn + 11la) - (44)
At the same time, since p(1) = 0 (see (17)), by (41), we have that
Y3 (To) = 9, i = o) = (D).
This, together with (44) and (38), yields (40).

At this point, we estimate the norm of the second term in (39) in the space D(A?),
namely we prove the existence of C, > 0 (independent of 7" and o) such that

Ily(1; o7 (0) — ¥, iiy — ) lpasy < C2[IV lesqr-tmpm + lloll]. @5)

To this end, as in the proof of (37), we get that

y(t; 070 =Y, iy —0) =t —T)G' ¢ =T +1) — ) +i(t), teR,
(46)
where 7}, solves

Lin(t) = Aip() =t —T)G'¢—T+m)—v¢) teR
n(T) = 0.

47)
We will use (46) and (47) to prove (45). Indeed, set
0(t) = (T —1).

By definition of 1), we have
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Li) = —ARW) + (DG (T —1) —¢) 1€R s
7(0) = 0.

Since we have assumed y' € C*(R, H) and ¢} is independent of 7 (see (38)), we have
V' -9 eC R H).

Recall that (1) = 1 in (-3, 3) (see (34)). Then, {'(r) =0, for each ¢ € (—3, 3).
Now, by hypothesis (H;), A generates a group of operators. Hence, we can apply

Lemma 1 to (48) getting the existence of C; > 0 (independent of T and &) such that

IA(DIpeasy < Co (I3 lesqr—t.m1m + 1¥11H)

whence 5
I72(T = Dlpasy < Co (I3 lesqr—t.npm + 101l#) - (49)

At the same time, by (H3) and some computations, we have that
T |l pcasy.pasy = 1, foreachr € R.

Since {(t — T) = 0, foreacht € [0, T — 1] (see (34)), the above, together with (46)
and (47), yields

Iy(1; o7(0) = 9, iy — Dllpasy = I llpasy = 17T = Dl peas).-

This, together with (49) and (38), leads to (45).
Step 3 Conclusion.
In this step, we will first construct the second control mentioned in part (ii) of our
strategy. Then we put together the first and second controls (mentioned in part (ii))
to get the conclusion.

By (49),

ly(1; @7 (0) — ¥, liy — )lIpasy < Co [IIF s -t + lollu] -

The above estimate is independent of 7. Then for each T > 0, by Lemma 3, there
exists

=T =0 —1
T =T, 1Y lcsqromt1:m)s 1Y lesqr—1,m3:1)) > 0

and wr € L®(R™; V) such that

L2(1) = Az(t) + Bwr (1) te(1,T)

_ o _ (50)
z(1) =y(1;5(r0) — r(0), " —uy), z(T)=0
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and

inf llo = yllv. 61y

||WT||Loo(1,T;V) = .
yeV\INt (Z.aNV)

| =

Note that the last constant is positive, because o is taken from int¥ (%,,). Choose
T = T + 1. Define a control:

70(1) te (0,1)
v=_3wr(t)+ar@) te (1,T) (52)
k() te (T, T +1).
We aim to show that
y(T 4+ 1; (1), v) =¥°(n) and v(t) € % ae.t € (1,T +1). (53)

To this end, by (52), (50) and (36), we get that

YT 4+ 1:3°(70).v) = y(T + 1;3°(70) — 07(0), v — i) + y(T + 1; o7 (0), ii})
=Ti(zr(T) +r(T + 1)
=5' ().

This leads to the first conclusion of (53). It remains to show the second condition in
(53). Arbitrarily fix r € (0, 1). By (52) and (45), we have

v(t) = p()u’(t + 10) + (1 — p(t))o
€ pO)Ua+ (1 — p(0)) Ui C Uas.
Choose also an arbitrary s € (1, T). By (52), (51) and (35), we obtain
V() =wE) + (1= =T —1D))o+C(s—T —Da'(s =T —14+17)
=w(s) +oeint’ (%, NV) C %,.
Take any t € (T, T + 1). We find from (52) and (35) that
vi)=Ct—T—-Da'¢—-T—-14+m1)+A -t —T — 1)o
€Ct—T = DU+ (01— —T — D),
C Uy

Therefore, we are led to the second conclusion of (53). This ends the proof. |
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3 Internal Control: Proof of Theorems 1 and 2

The present section is organized as follows:

e Section3.1: proof of Lemma 4 and Theorem 1;

e Section3.2: proof of Theorem 2;

e Section3.3: discussion of the issues related to the internal control touching the
boundary.

3.1 Proof of Theorem 1

We now prove Theorem 1 by employing Theorem 6.
Firstly, we place our control system in the abstract framework introduced in Sect. 2
and we prove that our control system is smoothly controllable (see Definition 2).
The free dynamics is generated by A : D(A) C H — H, where

— 1 2
A:( 0 1)7 {H_HO(.Q)XL(.Q) 1)

—Ap 0 D(A) = (HX(2) N H} (2)) x H} ().

where Ag=—A+cl: H*(2)N HO1 (2) C L*(2) —> L*(£2). The control
operator
wo-(2)
XV-

defined from U = L*(w) to H = HO1 (2) x L?(£2) is bounded, then admissible.

Lemma 4 In the above framework take V = H*™ (w) and s = s(n) = |n/2]| +
1. Assume further (82, wo, T*) fulfills the Geometric Control Condition. Then, the
control system (1) is smoothly controllable in any time Ty > T*.

The proof of this Lemma can be found in the reference [9, Theorem 5.1].
We are now ready to prove Theorem 1.

Proof (of Theorem 1) We choose as set of admissible controls:
Uy={ueL?w)|u=0, ae w}.

Then,
Ufuel’wluzo. aew}cw. (55)

o>0

We highlight that, to prove (55), we need H*™ (w) < C°(@). For this reason,
we have chosen s(n) = [n/2] + 1.
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Fig. 6 Controlling from the
interior touching the
boundary

By Lemma (4), we have that the system is Smoothly Controllable with s = s(n) =
[n/2]+land V = H s (). Then, by Theorem 6 we conclude. O

3.2 Proof of Theorem 2

We prove now Theorem 2

Proof (Proof of Theorem 2). As we have seen, our system fits the abstract frame-
work. Moreover, we have checked in Lemma 4 that the system is Smoothly Control-
lable with s(n) = [n/2] + 1 and V = H*" (w). Furthermore, int" (%, N V) # @.
Indeed, any constant ¢ > 0 belongs to int" (%, N V), since H*™ (w) — C°@).
This is guaranteed by our choice of s(n) = |n/2] + 1.

Therefore, we are in position to apply Theorem 7 and finish the proof. O

3.3 Internal Controllability From a Neighborhood of the
Boundary

So far, we have assumed that the control is localized by means of a smooth cut-off
function x so that all its derivatives vanish on the boundary of £2. This implies that x
must be constant on any connected component of the boundary. This prevents us to
localize the internal control in a region touching the boundary only on a subregion,
as in Fig. 6.

In this case, as already pointed out in [8], some difficulties in finding regular
controls may arise. Indeed, as indicated both in [8] and in [9] a crucial property
needs to be verified in order to have controls in C°([0, T]; H*(w)), namely

BB*(D(A"*) c DA (56)
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fork =0, ...,s, where we have used the notation of the proof of Theorem 1.
Right now, for any k € N we have

D(Ak)z{(m) Vi€ HU@), Ay =002, 0 < Lk/2) }

V) | 2 € HY(S2), Alpp=00n02,0=<j<[(k+1D/2] -1
while
D((A")) = U1\ | 1€ HY2), Al =00n082, 0<j < |(k—1)/2]
T\ [ e HN(R2), Al =00n082, 0<j <k/2]—1 "
(57)
Furthermore,
«_ (00
b= (X2 0)
Then, (56) is verified if and only if for any ¥ € H*(§2) such that
(A (@) =0, 0<j<l[(s—1)/2], ae ondf
the following hold
(A PY) =0, 0<j<[(s—1)/2], ae ondf. (58)

Choosing  so that all its normal derivatives vanish on 92

e incase s < 5, we are able to prove (56). Then, by adapting the techniques of [9,
Theorem 5.1], we have that our system is Smoothly Controllable (Definition 2),
with s(n) = [n/2] + 1. This enables us to prove Theorem 1 in space dimension
n < 8.

e incases > 5,in (58) the biharmonic operator (A)? enters into play. By computing it
in normal coordinates on the boundary, some terms appear involving the curvature
and %X%d), where (&1, ..., & —1) are tangent coordinates, while v is the normal
coordinate. In general, these terms do not vanish, unless 02 is flat. Then, for
n > 8, we are unable to deduce a constrained controllability result in case the
internal control is localized along a subregion of 042.

4 Boundary Control: Proof of Theorems 3, 4 and 5

This section is devoted to boundary control and is organized as follows:

e Section4.1: proof of Lemma 5 and Theorem 3;
e Section4.2: proof of Theorem 4;
e Section4.3: proof of Theorem 5.
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4.1 Proof of Theorem 3

We prove Theorem 3.
First of all, we explain how our boundary control system fits the abstract semigroup
setting described in Sect.2. The generator of the free dynamics is:

—A0 0 D(A) = H(2) x L*(£2), )

A_( 0 1) {H=L2(9)xH—'(Q)
where Ag = —A+cl : HO1 (2) c H'(2) — H7'(£2). The definition of the
control operator is subtler than in the internal control case. Let A, be the Dirichlet
Laplacian. Then, the control operator

B() = ( 0 ~> ,  Where N_AZ =0 in £2
—Apz Z=xv(-,t) on0S2.

defined from L?(I") to H -3 (£2). In this case, B is unbounded but admissible (see
[15] or [23, proposition 10.9.1 page 349]).

Lemma 5 [n the above framework, set V = Hs =3 (') and s = s(n), withs(n) =
ln/2] 4+ 1. Suppose (GCC) holds for ($2, Iy, T*). Then, in any time Ty > T*, the
control system (5) is smoothly controllable in time Ty.

One can prove the above Lemma, by employing [9, Theorem 5.4].

Proof (Proof of Theorem 3) We prove our Theorem, by choosing the set of admissible
controls:
Uy={uel*T)|uz0, aeI'}.

Hence,

Uluel?uzo ae.rjcw. (60)

o>0

Note that, in order to show (60), it is essential that the embedding
HS(”)’%(F) < C%T) is continuous. This is guaranteed by the choice s(n) =
ln/2] + 1.

By Lemma 5, we conclude that smooth controllability holds. At this point, it
suffices to apply Theorem 6 to conclude. O
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4.2 Proof of Theorem 4

‘We prove now Theorem 4.

Proof (Proof of Theorem 4) We have explained above how our control system (5) fits
the abstract framework presented in Sect. 2. Furthermore, by Lemma 5, the system
is Smoothly Controllable with s(n) = |n/2] + 1 and V = HSM=3 (I"). Moreover,
the set int” (%, N V) is non empty, sincle all constants o > 0 belong to it. This is

consequence of the continuity of H*™~2(I") < C°(I"), valid for s(n) = |n/2] +
1. The result holds as a consequence of Theorem 7. O

4.3 State Constraints. Proof of Theorem 5

We conclude this section proving Theorem 5 about state constraints. The following
result is needed.

Lemma 6 Lets € N* and T > T*. Take a steady state solution ng associated to
the control v° € H*=3(I"). Then, there exists v € ﬂijCj([O, T1: HS=371(I")) such
that the unique solution (n, n,) to (5) with initial datum (g, 0) and control v is such
that (n(T, -), n,(T, -)) = (0, 0). Furthermore,

N
0
. <
> Il orp sty < COMPN iy o (61)
Jj=0

the constant C being independent of 1o and V0. Finally, if s = s(n) = |n/2] + 1,
then the control v € C°([0, T x T') and
IWlengo iy < CI -t - (62)
The above Lemma can be proved by using the techniques of Lemma 2. We now
prove our Theorem about state constraints.

Proof (of Theorem 5)
Step 1 Consequences of Lemma 6.
Let Ty > T*, T* being the critical time given by the Geometric Control Condition.
By Lemma 6, for any £ > 0, there exists §. > 0 such that for any pair of steady states

yo and y; defined by regular controls &' € H s(m=3 (I"), such that:
[

Hs(n)—% (1—-) < 66 (63)

we can find a control # driving (10) from y, to y; in time T and verifying
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s(n)

_ =1
DM =T gy g gy gro-d-sy < & (64)
ot

where ' is the control defining y;. Moreover, if (y, y;) is the unique solution to (5)
with initial datum (yp, 0) and control u, we have

Iy — ||C0([0,T0]><§) < Clly = y1llcoqo, 7o; 550 (2))

s(n)
—1
< — <
<€Dt =Bl oo dsry < €
—

where we have used the boundedness of the inclusion H*™ (§2) < C°(£2) and the
continuous dependence of the data

Step 2 Stepwise procedure and conclusion.
We consider the convex combination y(s) = (1 — s)yg + sy;. Then, let

k
Zkz’Y(:), k=0,...,n
n

be a finite sequence of steady states defined by the control i, = =£7° + %ﬁ'. Let
¢ > 0. By taking n sufficiently large,
J. (65)

otk = =1 ll -3y <

By the above reasonings, choosing § small enough, for any 1 < k < n, we can find
a control u* joining the steady states z;_; and z in time T, with

||yk = Zllcoqo.mxa) < 0
where (y*, (¥%),) is the solution to (5) with initial datum z;_; and control x*. Hence,
W=y —zi4+u>-04+0=0 on(0,T x £, (66)

where we have used the maximum principle for elliptic equations (see [2]) to assert
that z* > o because u; > o.

By taking the traces in (66), we have uk*>0forl <k <n.

In conclusion, the control u : (0, 7Ty) — H*™~3(I") defined as u(t) = uy(t —
(k — DTp) fort € ((k — 1)Ty, kTp) is the required one. This finishes the proof. O
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5 The One Dimensional Wave Equation

We consider the one dimensional wave equation, controlled from the boundary

Yir = Yux =0 (1, x) € (0,7) x (0, 1)
y(t,0) = up(t), yt, 1) =u;(t) e (0,T) (67)
(0, %) = y)(x), (0, x) = y5(x). x € (0,1)

As in the general case, by transposition (see [15]), for any initial datum ( yg , yé) €
L*(0,1) x H7'(0, 1) and controls u; € L*(0, T), the above problem admits an
unique solution (y, y;) € CO([0, T1; L*(0, 1) x H~(0, 1)).

We show how Theorem 4 reads in this one-dimensional setting, in the special case
where both the initial trajectory (y,, (o)) and the final one (y,, (¥,);) are constant
(independent of x) steady states.

We determine explicitly a pair of nonnegative controls steering (67) from one
positive constant to the other. The controlled solution remains nonnegative.

In this special case, we show further that

e the minimal controllability time is the same, regardless whether we impose the
positivity constraint on the control or not;
e constrained controllability holds in the minimal time.

The minimal controllability time for (67) is defined as follows.

Let (yg, y(l)) e L?*(0, 1) x H~'(0, 1) be aninitial datum and (y?, yll) e L*(0,1) x
H~'(0, 1) be a final target. Then the minimal controllability time without constraints
is defined as follows:

def

T =inf {7 > 0] 3u; € L2(0,T), (T, ), (T, ) = ), yD}.  (68)
Similarly, the minimal time under positivity constraints on the control is defined as:

Ty, =inf (T >0[3u; € L0, 1), (T, 3(T.) = 01, yD} . (69)
Finally, we introduce the minimal time with constraints on the state and and the
control:

Ty, Sinf {T > 0] 3u; € L20. T, (T, ), y(T. ) = (3, ). ¥ = 0}.
(70)
The problem of controllability of the one-dimensional wave equation under bilat-
eral constraints on the control has been studied in [12]. In the next Proposition, we
concentrate on unilateral constraints and we compute explicitly the minimal time for
the specific data considered.

Proposition 1 Let (y), 0) be the initial datum and (y), 0) be the final target, with
yg e R* and y? e RT. Then,
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1. for any time T > 1, there exists two nonnegative controls

0
3 te0,1)
t) = 71
ol {(y,—yo> L)) te (L] 7

(72)

y? te[T —-1,T]

driving (67) from (yg, 0) to (y?, 0) in time T. Moreover, the corresponding solu-
tion remains nonnegative, i.e.

y(t,x) >0, V(,x)el0,T]x][O0,1].

N

T8 =T¢ =1T,,=1;

3. the nonnegative controls iy = yg andii) = y? in L*(0, 1) steers (67) from (yg, 0)
to (y?, 0) in the minimal time. Furthermore, the corresponding solution y > 0
a.e. in (0, 1) x (0, 1),

4. lhe controls in the minimal time are not unique. In particular, for any \ € [0, 1],

u/\ =(1- /\)y0 + )\yl and u/\ =(1- )\)y? + /\yg drives (67) from (yg, 0) to

(y1 , 0) in the minimal time.

Proof We proceed in several steps.

Step 1. Proof of the constrained controllability in time 7 > 1.
By D’ Alembert’s formula, the solution (y, y;) to (67) with initial datum ( yg, 0) and
controls u; defined in (71) and (72), reads as

y,x) = fx+1), (x)el0,T]xI0,1],

where
Yo £el0, 1)
f = (yl _yO) +y() £ell,T)
)’1- EelT, T+1].

This finishes the proof of (1.).

Step 2 Computation of the minimal time.

In any time T > 1, controllability under state and control constraints holds. Then,
T <T: <T) <1.

It remains to prove that T,;, > 1. This can be obtained by adapting the techniques
of [18, Proposition 4.1].
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Fig. 7 Level sets of the t
solution to (67) with initial 1]
datum (yg, 0) and controls
i’ . In the darker region the
solution takes value yg s Yi
while in the complement it
coincides with y?

Step 3 Controllability in the minimal time.
One can check (see Fig.7) that the unique solution to (67) with initial datum ( yg, 0)
and controls &' is

0
Yo t+x <1
t,x) = 73
v, x) y? t+x>1 (73)
This concludes the argument. O

6 Conclusions and Open Problems

In this paper we have analyzed the controllability of the wave equation under positivity
constraints on the control and on the state.

1. In the general case (without assuming that the energy defines a norm), we have
shown how to steer the wave equation from one steady state to another in time
large, provided that both steady states are defined by positive controls, away from
Zero;

2. in case the energy defines a norm, we have generalized the above result to data
lying on trajectories. Furthermore, the controls defining the trajectory are sup-
posed to be only nonnegative, thus allowing us to take as target (y), y!) = (0, 0).

We present now some open problems, which as long as we know, have not been
treated in the literature so far.

e Further analysis of controllability of the wave under state constraints. As pointed
outin [16, 19], in the case of parabolic equations a state constrained result follows
from a control constrained one by means of the comparison principle. For the
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wave equation, such principle does not hold. We have proved Theorem 5, using a
“stair-case argument” but further analysis is required.

e On the minimal time for constrained controllability. Further analysis of the minimal
constrained controllability time is required. In particular, it would be interesting to
compare the minimal constrained controllability time and the unconstrained one
for any choice of initial and final data. As we have seen in Proposition 1, they
coincide for constant steady data in one space dimension.

e In the present paper, we have determined nonnegative controls by employing
results of controllability of smooth data by smooth controls. This imposes a
restriction to our analysis: the action of the control is localized by smooth cut-
off functions. In particular, when controlling (1) from an interior subset touching
the boundary, we encounter the issues discussed in Sect. 3.3 and already pointed
out in [8] and [9].

Then, it would be worth to be able to build nonnegative controls without using
smooth controllability.

e Derive the Optimality System (OS) for the controllability of the wave by nonneg-
ative controls.

e Extend our results to the semilinear setting, by employing the analysis carried out
in [4, Theorem 1.3], [5, 6, 25].

e Extend the results to more general classes of potentials c¢. For instance, one could
assume ¢ to be bounded, instead of C* smooth.
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Appendix

Regularity results

In what follows, H is a real Hilbert space and A : D(A) C H — H is a generator
of a C%-semigroup.

Lemma?7 Letk € N. Take y € C*([0, T1; H) N H*Y1((0, T); H_)) solution to the
homogeneous equation:

d

—y=Ay, te(0,7T). 74
=AY 0, 7) (74)
Then, y € M;_,C/(10, T1; D(A*~7)) and

k

Z Iyllcsqo,ri; pear-1y) = CENYIlcro,71: 1)
j=0
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the constant C (k) depending only on k.

The proof of the above Lemma can be done by using the Eq. (74) (see [2]).
We prove now Lemma 1.

Proof (Proof of Lemma 1) Step I Time regularity
By inductionon j =0, ..., k, we prove that y € C/([0,T]; H) and

Ivliciqo,r:my < CNflaio,1):H)-

For j = 0, the validity of the assertion is a consequence of classical semigroup
theory (e.g. [23, Proposition 4.2.5] with control space U = H and control operator
B = Idy). Assume now that the result hold up to j — 1. Then, let w solution to

Ly =Aw+ f' te(0,T)

w(0) = 0. (75)

By induction assumption, w € C/~([0, T]; H) and the corresponding estimate
holds. Then, §(1) = [; w(o)do € C/([0, T1; H) and

1Nciqo.r:my < CNfllmico.1):H)-

Then, it remains to show that y = y. Now, for any ¢ € [0, T']

() — 5(0) = /O [0(0) — w(O)]do = /0 /O [Aw(E) + f/(©)ldédo

- /0 [AF(0) + f(o)ldo.

By uniqueness of solution to (15), we have y = y. This finishes the first step.
Step 2 Conclusion
We start observing that y solves

v = Ay, te(r,T).

Then, by classical semigroup arguments (see [2, Chapter 7]), we conclude. O

Proof of Lemma 2
We give the proof of Lemma 2.

Proof (Proof of Lemma 2) Let v be given by (18). The proof is made of two steps.
Step 1 Show that y(1; ng, v) € D(A®), with s given by (12)
We apply Lemma 1 with y = y(-; no, pv°) — pno and f = p'np, getting

y(1; 10, pv°) — pipo € D(A®).
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Since prny = 0 over (9, 1), for some § € (0, 1), we have that
y(1; 10, pv°) € D(AY).

Step 2 Conclusion
Since y(1; 19, p°) € D(A®), we are in position to apply the smooth controllability
(see Definition 2) and determine w € L*°((1, Ty 4+ 1); V) steering the solution to
(10) from y(1;np,v) attime ¢t = 1 to O attime t = Tp + 1.
Hence, the desired control v reads as (18).

Finally, by similar reasonings the estimate (19) follows. This ends the proof of
this Lemma. |

Proof of Lemma 3
We prove now Lemma 3.

Proof (Proof of Lemma 3) We split the proof in two steps.
Step 1 Proof of the inequality | T; ||« pas).pasy < 1 with 1 € RT
Recall that

)
x5 = D 1A/XI}, ¥ x € D(AY).
j=0

Now, for any x € D(A®) and ¢ € R™, we have

NA T, x|y = T, A x|y < |A/x|lg Yj=0,...,s.
This ylelds ”Tt”,?f(D(AS),D(AS)) < 1 for any t € R*.
Step 2 Conclusion.

Let C > 0 be given by (2). Take

Cllnoll pcas)
> —,

N (76)
€
Arbitrarily fix k € {0, ..., N — 1}. Consider the following equation
Ly() = Ay(1) + BXan,arnny Oue(t) t € R 77

y(0) = %o,

where X, «+1)7y) 15 the characteristic function of the set (kTp, (k 4+ 1)Tp) and uy, €
L>(R*, V). From step 1 and (76), we have that

ly(kTo; (1/N)no, Ollpasy < /N lInollpas < €. (78)

Then, we apply smooth controllability (given by (H))) to find some control i; €
L% (R™; V) so that the solution to (77) with control u; = i satisfies
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y(k + DTo; (1/ To)no, X k1o, k+1)T0)ix) =0 and ||kl Loty k+1)70);v) < €-

(19
Now, we define:
N—1
v(t) = ) Xt ternm Dur(®) 1 € RY. (80)
k=0
Then, from (79) and (80), we know
Y(NTo;m0,v) =0 and |[v|lLeo,nTp):v) < E-
This leads to the conclusion where T = N Tj. O
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Asymptotic Analysis of a Cucker—-Smale m
System with Leadership and Distributed L
Delay

Cristina Pignotti and Irene Reche Vallejo

Abstract We extend the analysis developed in Pignotti and Reche Vallejo (J Math
Anal Appl 464:1313-1332, 2018) [34] in order to prove convergence to consensus
results for a Cucker—Smale type model with hierarchical leadership and distributed
delay. Flocking estimates are obtained for a general interaction potential with diver-
gent tail. We analyze also the model when the ultimate leader can change its velocity.
In this case we give a flocking result under suitable conditions on the leader’s accel-
eration.

Keywords Cucker—Smale model - Flocking - Time delay

1 Introduction

The celebrated Cucker—Smale model has been introduced in [14, 15] as a model
for flocking, namely for phenomena where autonomous agents reach a consensus
based on limited environmental information. Let us consider N € N agents and let
(x; (1), v;(1)) e R*,i =1,..., N, be their phase-space coordinates. As usual x; ()
denotes the position of the i™ agent and v; (¢) the velocity. The Cucker—Smale model
reads, fort > 0,

(1) = vi (),
. (1.1)
(1) =Y (i) —v(t), i=1,...,N, ‘
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where the communication rates v;; (¢) are of the form
i (1) = Y(|x;i (1) — x; @), (1.2)

being ¥ : [0, 4+00) — (0, +00) a suitable non-increasing potential functional.

Definition 1.1 We say that a solution of (1.1) converges to consensus (or flocking)
if

sup |x; (#) — x;(t)] < +oo  and 1“T i) —v;®| =0, Vi,j=1,..., N. (1.3)
—+00

t>0

The potential function considered by Cucker and Smale in [14, 15] is ¥(s) =
1

Trs7? with 3 > 0. They proved that there is unconditional convergence to flocking
whenever § < 1/2. In the case 3 > 1/2, they obtained a conditional flocking result,
namely convergence to flocking under appropriate assumptions on the initial data.
Actually, unconditional flocking can be obtained also for 5 = 1/2 [20].

The extension of the flocking result to cover the case of non-symmetric commu-
nication rates is due to Motsch and Tadmor [30]. Other variants and generalizations
have been proposed, e.g. more general interaction potentials, cone-vision constraints,
leadership [10, 12, 21, 29, 31, 36, 38, 40], stochastic terms [13, 18, 19], pedestrian
crowds [11, 23], infinite-dimensional kinetic models [1, 2, 4, 7, 17, 22, 37] and
control models [3, 5, 6, 33, 39].

Here, we consider the Cucker—Smale system with hierarchical leadership intro-
duced by Shen [36]. In this model the agents are ordered in a specific way, depending
on which other agents they are leaders of or led by. This reflects natural situations, e.g.
in animals groups, where some agents are more influential than the others. We also
add a distributed delay term (cf. [32]), namely we assume that the agent i adjusts its
velocity depending on the information received from other agents on a time interval
[t — 7, t]. Indeed, it is natural to assume that there is a time delay in the information’s
transmission from an agent to the others. The case of CS-model with hierarchical
leadership and a pointwise time delay has been recently studied by the authors [34].
Other models with (pointwise) time delay, without leadership, have been considered
in [8, 9, 28, 35], while for other extensions of Shen’s results, without delay, we refer
to [16, 24-27].

In order to present our model, we first recall some definitions from [36].

Definition 1.2 The leader set L£(i) of an agent i/ in a flock [1,2,..., N] is the
subgroup of agents that directly influence agent i.

The Cucker—Smale system considered by Shen is then, foralli € {1,..., N} and
t >0,
dx,-
— =,
dt
dv; (1.4)

= Z Yij () (v — ;).

di JeL(i)
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The interaction potential ¢);;, for j € £(i), was analogous to the one of Cucker and
Smale’s papers, namely

1

O = T o s 0p?

jeLa.

Note thatif j ¢ L(i) then the agent j does not influence the dynamics of the agent i;
we say ¢;; = 0if j ¢ L(i). For such a model Shen proved convergence to consensus
for g < 1/2.

Definition 1.3 A flock[1, ..., N]is an HL-flock, namely a flock under hierarchical
leadership, if the agents can be ordered in such a way that:

1. if j € L(i) then j < i, and
2. foralli > 1, L({) # 0.

Definition 1.4 For each agenti = 1, ..., N, we define the m-th level leaders of i
as
LO0) ={i}, L'G)=LG), L2G) =LKLAE), ... L" =LKL (),

for m € N, and denote the set of all leaders of the agent i, direct or indirect, as
[£1G) = £L2G) U L'G) U ...

For a fixed positive time 7 and for every ¢ > 0, our system is the following:

dx,- o
E(t) - vl(t)s

dv,- ! (15)
— =3 f p(t — )i ($)[v;(s) — vi (1) ds,
jeca VT
foralli € {1, ..., N}, with initial conditions, for s € [—T, 0],
xi(s) = xP(s), (1.6)
vi(s) = v (s), '
for some continuous functions xlf) and v?, i =1,..., N. The communication rates

are

Yij (1) = Y(xi (1) —x;OD, J € LO),

for some non-increasing, positive, continuous interaction potential ). For further
uses we define

Yi; =0, j¢L3G).
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The weight function 4 : [0, 7] — IR is assumed to be bounded and non—negative,
with

/ w(s)ds = po > 0. (1.7)
0

We will prove a flocking result under the assumption

+o0

U(s)ds = +00. (1.8)
0

Then, our result extends and generalizes the one of Shen. Note that in [34] we have
proved a flocking result in the case of a pointwise time delay. We can formally obtain
the model studied in [34] if the weight u(-) is a Dirac delta function centered at
t=r.

The paper is organized as follows. In Sect. 2 we give some preliminary properties
of system (1.5), in particular we prove the positivity and boundedness properties for
the velocities. In Sect. 3 we will prove the flocking result for the system (1.5). Finally,
in Sect.4 we will consider the model under hierarchical leadership and a free-will
leader and we will prove flocking estimates under suitable growth assumptions on
the acceleration of the free-will leader.

2 Preliminary Properties

Before proving our main result, namely the convergence to consensus theorem, we
need some general properties of the Cucker—Smale model (1.5), such as the positivity
property and the boundedness of the velocities. The following propositions extend
analogous results of [36].

Proposition 2.1 Let us consider the system of scalar equations

du,' ! .
W(t) = Z f w(t — )i ()uj(s) —u;@)lds, i=1,...,N, t>0,
jeLw T
ui(s) =ul(s), i=1,...,N, s e[-7,0],
2.1
where u?(~), i=1,...,N, are continuous functions. If u?(s) >0 for all i =

1,...,N,andall s € [—7,0], then u;(t) > O foralli andt > 0.

Proof Observe that if an agent j is in the leader set [£](i) of the agent i, then it is not
influenced by agents outside of [£](i). Thus, it is sufficient to prove the statement
for the system (2.1) restricted to the agents in [£](i), foreachi =1,..., N.

We then proceed by induction. Consider the first agent, i.e. agent 1. By definition
of an HL-flock, £(1) = ¥, which gives
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d
%=0andso () = uy (0) = u®0) >0, V130, 2.2)

Using (2.2), the equation for the agent 2 becomes

duy

20 = / u(t = )21 ()1 () — ua (s = (w1 (0) — ua (1)) / ju(t — $)ar (5)ds .
t—7 t—7

Arguing by contradiction, we assume that u,(f) < 0 for some 7 > 0. Then, let us
denote
t* =inf{t > 0 | us(s) < Ofors € (t,1) }.

Hence, by definition of t*, u,(r*) = 0 and us(s) < 0 for s € (¢*, 7). So, using again
(2.2),

d ! -
%(1) = (u1(0) — uz(l))/ pt — s)har(s)ds >0, t €[t 1),

which is in contradiction with u5(#) < O for ¢t € (¢*, ) and u»(t*) = 0. This ensures
that u,(¢t) > O for all t > 0.

Now, as the induction hypothesis, assume that u;(t) > O for all + > 0 and for all
ie{l,....k—1}L

The equation for agent k is

d t
=) / ult = )i ()l (5) — e (D)}ds . 1> 0.

JjeLk)

As in the first step, let us assume by contradiction that u; () < 0 for some 7 > 0
and let us denote

t* =inf{t > 0| ux(s) < Ofors € (¢,1) }.

Then, u;(t*) = 0 and u; (s) < 0 fors € (¢*, r). We can use the induction hypoth-

esis on the agents j € L(k) € {1,...,k—1},s0
duk ! x o
—to=3 / it — ) (i (s) — ue(Dlds >0, 1 €17,
jeLwy T

which gives a contradiction.
Therefore, we have proved that u; () > O foralli € {1,..., N}. |

As in the undelayed case (see Theorem 4.2 of [36]) we can now deduce from the
previous proposition the boundedness result for the velocities.
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Proposition 2.2 Let 2 be a convex and compact domain in R? and let (x;, v;) be
a solution of system (1.5). If vi(s) € Q foralli =1,...,N and s € [—T,0], then
vi(t)y e Qforalli =1,...,N andt > 0. In particular, if Q2 is the ball with center
0 and radius

Dy = max max |v,(s)| (2.3)
1<i<N s¢g[—T,0

then |v;(t)| < Do forallt > 0andi =1,...,N.

3 Convergence to Consensus

Here we will prove the announced flocking result for the CS-model under hierarchical
leadership with distributed delay (1.5). Our proof extends to the model at hand the
one in [34], with pointwise delay. We need a preliminary lemma.

Lemma 3.1 Let (x, v) be a trajectory in the phase-space, namely (1) = v(t) for
t > 0. Assume that

ﬂ(r)< (1) + M) + ce™ Vi =1, 3.1)

for some non-negative constants M, c,ty and b,dy > 0, where 1 : [0, +00) —
(0, 400) is a continuous function satisfying (1.8). Then, there exists a suitable pos-
itive constant C such that

x@®)|<C, t>0.

Proof Let us consider the functionals (cfr. [20, 34])
Fe(®) = v®] £dop(Ix (@) + M), (3.2)

where ¢ is a primitive of ¢, namely ¢'(s) = 1(s), s € (0, +00).
From (3.1) we deduce

dF. d
—i( 1) = ﬂ(t) £ dop(Jx ()| + M)%(t)
—dop(|x ()| + M) v ()| £ dop (|x(8)| + M)%(t) + ce
= do(|x()| + M) (iﬁ(t) — v (t)l) +ee <ee™, 121,
(3.3)
where we have used 4
‘ O . (3.4)

Now, integrating (3.3) on the time interval [#y, ], we obtain
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c

t
Falt) = Falty) <c / s = St — ety < &,

fo

which implies

()] = [v(o)] < £do (¢ (Ix ()| + M) — ¢ (Jx ()| + M)) + %

namely
WOl+M c
[v(@®)] — [v(to)| < —do / Y(s) ds| + . (3.5)
i)+ M b
In particular, from (3.5), we deduce
c [x()|+M
[v(to)| + — > do / P(s) ds|. (3.6)
b I (t0) 4+
Then, assumption (1.8) ensures the existence of a constant x,; > 0 such that
c m
()| + - = do/ YP(s) ds,
b (i) 4+M

which, together with (3.6), implies
X <C, V=0,
being % is a non-negative function. |

Theorem 3.2 Let (x;,v;),i = 1,..., N, be a solution of the Cucker—Smale system
under hierarchical leadership with distributed delay (1.5) with initial conditions
(1.6). Assume that the potential function 1) satisfies (1.8). Then,

(1) —v; ()] = O, Vi, j=1,...,N, (3.7)

for a suitable constant B > 0 depending only on the initial configuration and the
parameters of the system.

Proof We will use induction on the number of agents in the flock. Consider first
a flock of 2 agents [1, 2]. Recall that, by definition of an HL-flock, £(2) # @, i.e.
11 > 0. Moreover, 11, = 0. Then,

d
%:0 = u@) =v,0), V>0, (3.8)

and
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d 1
ﬂ(t) = / p(t = $)ha1 ($)[vi(s) — v2(2)1ds (3.9

= (v1(0) — v2(r)) /ttT pt — ) (s)ds, t=7.
We now denote
yo() = x2(t) —x1(t) and wy(t) = v2(t) — v (7). (3.10)
Then, from (3.9), we obtain
dw, dv,

o =70 - —(l) = / p(t = $)har()[vi(s) —v2(n))ds, t =,

(3.11)
and thus, using also (3.8),

1d|w,|?

3 s — () =~ |w2(t)|/ u(t — s)har(s)ds,

which implies

d|w,|

(1< —Iwz(t)I/ pt — )¢ (Ixa(s) —xi()Dds, t=7.  (3.12)

Therefore, from (3.12), we deduce that |w,(¢)| is decreasing in time for r > 7. Now,
observe that fort > 7and s € [t — 7, t], we have

x1(8) — x2(8) = x1(t) — x2(1) +/ (x1 — x2)(0) do
= x1(?) —xz(l)-i‘/ wy (o) do,

s

which gives, recalling Proposition 2.2,
[x1(s) = x2(9) < %1 (1) — x2(0)| + 2Do7 = |y2()| +2Do7, =7, (3.13)

with y,(t), w,(¢) defined in (3.10) and D, the bound on the initial velocities defined
in (2.3).

Using this inequality in (3.12) and recalling that the potential function v is not
increasing, we obtain

d|w,| < !
7 (1) < —|wa(1)] - p(t — $)Y(|y2(t)| + 27 Do)ds (3.14)

= —polw2 (D[ (Iy2()| +27Do), 1 =7,
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where 11 is the positive constant in (1.7). Then, the pair state-velocity (y», w;)
satisfies the inequality (3.1) withty = 7, d = o, M = 27Dy and ¢ = 0. Therefore,
we can apply Lemma 3.1 obtaining |y, (#)| < C, for some positive constant C5. So,
for a suitable constant y?,,

|ya(t)| +27Dg < y3y, t>T. (3.15)

Now, from (3.14) and (3.15) we deduce

d|w, (1)
POl < i)l 127,

and the Gronwall inequality implies

wa ()] < eOWED (7)), 1= 7 (3.16)
In order to complete our inductive step we will need also estimates on the distances
[vi(s) — v; ()] and |v;(s) —v;(s)|for j =1,2and s € [t — 7, ¢].

Now, since v (¢) is constant for ¢ > 7, we easily deduce

Vi (s) — v2(0)| = |v1 () — va(1)] = O(e V0, (3.17)

Observe also that, for s € [t — 7, 1],

t t [
[va(s) — v2(0)] = f v'(0) do| = / / (0 = a1 (N1 (r) — va(o)l dr do
N N o—T
<c | e PN do < ere PO = (relOIDT YOI = 0 (e~ YOIy,
’ (3.18)
Since
[v2(s) — vi ()] < v2(s) — v2()] + [v2(#) — V1 (D)], (3.19)
from previous estimates we thus obtain
la(s) — ()] = O VoW, t>7 selt—1.1]. (3.20)

Moreover, of course, |v; (s) — v1(£)] = O (e ¥©W)"), being v; (¢) constant fort > 7.

We assume now, by induction, that analogous exponential estimates are satisfied
for a flock of I — 1 agents [1,...,] — 1] with [ > 2, i.e. there exists some constant
b > Osuchthat,Vi,je{l,...,[ —1},

vi(1) = v; (1) = O(e™™), (3.21)
[vi(s) —v;()| = O™, t>1,s€elt—r,1] (3.22)
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Then, we want to prove that such estimates hold true also for a flock with [ > 2
agents [1,...,!]. This will complete the proof. For this aim, define the average
position and velocity of the leaders of agent /,

A 1 . 1
=7 'Z xi() and b = - ,Z vi(t), di =#L(0). (3.23)
iel(l) ieL(l)
Also, define
yi(t) = x(t) = % (t) and wy(t) = v (¢) — U (1). (3.24)
Then,
dwy dv; dv; ! dv;
F(I) = ZU) - W(I) = Z /I_T wu = )i (s)vj(s) —v(H)lds — Z(t) .
JjeL()
(3.25)

By adding and subtracting Zjec(,) ftt_T p(t — $)ty;(s)ds 0;(t) in (3.25) we get

dwy ! ! A dy
=m0 Y / L ne =) s+ / B = 9% @) ) = (Olds = -
jecwy T jecw T
(3.26)
Using the induction hypothesis (3.22), since £(i), L() € [1,...,] — 1],
dﬁ[ 1 d'Ui 1 ! —bt
—_—= = —_—= = u(t — )i ()[vj(s) —vi ()] ds = O(e™™).
dt 4 i) e di iegz(l)jezﬁgw =T
(3.27)

Using again the induction hypothesis (3.22),

t
> f it = 5)iyj () () — D1 ()] ds
t—7

JeLw) ,
1
== f e =10 Y ;) = wi0]) ds = 0™,
d t—7

jeLd) iel(l)
(3.28)
So, identity (3.26) can be rewritten as

%(t) = —w () ‘%) - e — )y (s) ds + O™, 1>7. (329
je

with
Pii(s) = Y(|xi(s) — x;(s)).

Observe that for every j € L£(1) it results
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31(5) = x;(5)] = [xi(5) = 28] + x;(5) = 1 (9)] (3.30)
< () + My, '
for some positive M;, due to the induction’s assumption. Then, (3.29) gives

d|w|
dt

(1) < —dilw (1)] / pt — ) (Ly($)| + My) ds +ce™™, 1 >7.

(3.31)
Now, note that from Proposition 2.2, |v;(¢)| < Dy for all i and for all # > 0, which
implies

1 1
Ol < 2 Z o) — w0l < 7 'Z 2Dy = 2D.
jeLl() JjeL)

Then,
[y < |yi@)|+21Dy, t>7,s€[t—T,1], (3.32)

which used in (3.31), recalling that ¢/ in not increasing, yields

d|w|
dt

(t) < —dipioh (|1yi1(t)| + 27 Do + My) |wy(t)| + ce™™. (3.33)

We can then apply Lemma 3.1 to the pair state-velocity (y;, w;) to conclude that
|y (t)] < C; for some positive constant C;. So, for a suitable constant yfu,

lyi()| +27Dg + M; < ¥, t>T.

Using the above estimate in (3.32) we then obtain

d|w|
dt

< —dipo Yy lwi (D] + ce™™,
and therefore, from the Gronwall’s inequality we deduce,
lwi(1)] < Ce™P", (3.34)

for suitable positive constants C, B..
Thus, from (4.5) and the induction hypothesis (3.21), for every j € L(I), we have

() = ;D] < o (0) = DO + [0(1) — v; ()] = Oe™). (3.35)
Now, to complete the induction argument, we only have to prove that, forall 7 > 0

andi, j €{l,...,1},
lvi(s) —v; ()] = 0(e™ "), (3.36)
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for a suitable positive constant B.
Ifi,jefl,...,] —1}, then (4.14) is true by (3.22). Let us consider the case
ief{l,...,l —1}and j =I. Then,
vi(s) — vi@)] < [vi(s) — vi (D] + [vi (1) — vi(@)| = O™,

by (3.22) and (4.13), for a suitable B.
Consider now i = j = [. Then, using previous estimates we see that

t t o
) = u = | [ (o @ do| = | [ 3 [ o= nwye) ) = uioy dr do
K K} keL(l) o—T
t
< E/ e 8% do < Gre ™ BUT) = GreBTem B = 0(e7BY).
' (3.37)
Also for the last case, where j € {1,...,] — 1} and i = [, using (4.15) we have

[vr(s) = v ()] < [vils) — v (O] + v (1) — v;(D)] = O™,

by the previous case and (4.13). Then, we have proved that (4.14) is satisfied for all
i,je{l,...,1} and this concludes the proof of the theorem. |

4 The Case of Free-Will Leader

It may happen that the leader of the flock, instead of moving at a constant velocity,
takes off or changes its rate in order to avoid a danger, for instance due to the presence
of predator species. Thus, it is important to consider this situation in the mathematical
model.

The Cucker—-Smale model with a free-will leader is, then,

dx1 _
70) = vy (?),

4.1)
dUl
—() = t),
7 (1) = f@)
where f : [0, +00) — IR? is a continuous integrable function, that is,
+00
Il = [ 1rO1dn < oo, 42)
0

for the motion of the free-will leader, and the Cucker—Smale model under hierarchical
leadership and distributed delay, as in the previous sections, for the other agents,
namely
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@(1)— i (1)
dt =vill),

dv; 1 4.3)
— =3 / p(t = $)ij ()[v;(s) — vi()]ds,
jecm T
for all i € {2,..., N}. The initial data are assigned, as usual, on the time interval
[—7,0], ie.
xi(s) = x(s),
vi (s) = v)(s), (4.4)
for some continuous functions x? and v? yfori=1,...,N.

The flocking result below extends the one proved by Shen [36] for the undelayed
case. The case with pointwise delay has been studied in [34]. Here, we consider a
more general acceleration function with respect to [34, 36], for the free-will leader.
Indeed we assume

1 F()] =01+ and V72| f(1)| € L' (0, +00) (4.5)

instead of
lfOl=0(1+)"), p>N-1. (4.6)

Then, for instance, f can be in the form

fo) = N1,

eI
as in [34, 36], but also

C
A+DN1102Q +1)

f@ =

Note that, from (4.5) it results
FlFO =0+, Vie=1,...,N—1. 4.7
In order to prove our flocking result, we will need the following lemma, which is a

generalization of Lemma 3.1 above.

Lemma 4.1 Let (x, v) be a trajectory in the phase-space, namely %(I) = v(t) for
t > 0. Assume that

d
%(1) < —doy(x ()] + M| + g(t) Y1 > 1o, (4.8)

for some non-negative constants M, ty, a constant dy > 0 and a continuous and
integrable function g : [ty, +00) — (0, +00), where 1 : [0, +00) — (0, +00) is a
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continuous function satisfying (1.8). Then, there exists a suitable positive constant
C such that
x() <C, t=0.

Proof Let us consider the functionals F.. introduced in (3.2) with dy, M, 9 as in the
statement. From (4.8) we deduce

dFy . dl d|x|
7(1‘)— W(I)idoi//(|x(l‘)|+M)7(l‘) i
< —dop(Jx (@) + M)|v(t)| £ dop (|x ()] + M)W(t) +g(0) 4.9)

d
— do (1 (1) + M) (i%(x) - |v<t>|) 49O <9, 121,

where we have used inequality (3.4).
Now, we integrate (4.9) on the time interval [7y, ¢], obtaining

Fi(t) — Fi(to) < Iglle g, +o00)»

which gives

lv(®)] < Fdo (@ (Ix(10)| + M) — @ (Ix ()] + M) + [v(t0)| + 119111 ¢, +00)»

namely
[x(2)|+M
()| < —do / P(s) ds| + (o) + 191l L1 1. +00) - (4.10)
[x (t0)|+M
Therefore, from (4.10), we have
lx@)+M
lv(o) | + 191l L1 ¢ty +00) = do / P(s) ds|. (4.11)
|x (o) |+M
The assumption (1.8) ensures then the existence of a constant x,; > 0 such that
W+ 19l o [ 0 ds,
[x(t0)|+M
which, together with (4.11), implies |x(#)| < C, Vit >0. |
Theorem 4.2 Let (x;,v;),i = 1,..., N, be a solution of the Cucker—Smale system

under hierarchical leadership with delay (4.1)—(4.3) with initial conditions (4.4).
Assume that (1.8) is satisfied and that the acceleration of the free-will leader satisfies
(4.5). Then, it results

lvi(t) — v;(t)] = 0, for t — 400, Vi,j=1,....N. 4.12)
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Proof As in the previous convergence to consensus result, we argue by induction.
First, we look at the first agent, i.e. the free-will leader. Equation (4.1) gives

vi (1) = v1(0)+/ f(s)ds,
0
and so, from (4.2),

@] < O]+ I flli=C1, Yt=>0. (4.13)
Now, let us consider the 2-flock. As before, let us denote

wy (1) = va(t) — v (1) and  y,(1) = x2(t) —x1(r), 1 =0.

From (4.1) and (4.3)

d d d !
e 2 o f pt — $)a1 ()1 (s) — va ()] ds — f(1)
t

7([): I(f)*gt(l)z B |

= (1) —v2(1) Pt — $)vai(s)ds — / p(t = )21 ()1 (1) — vi(s)lds — f(1)

=7 =7

= —w(t) /7 p = $)21(s) ds 7/7 p(t 75)1/)21(5)/ flo)ydods — f(t), t>7.
T T N (4.14)
Now, from (4.5), it results
t t
/ p(t — S)¢21(S)/ flo)dods | +1f@)l
=T s ; (4.15)
< Tpo max (s) / f)lds +1f@O1=O0f]).
s€[0,+00) —7
Then, from (4.14) and (4.15) we obtain
d|w;| ! -
I () < —lwa(®)| a p(t =)o (s)ds + f(1), t=7. (4.16)
where
t
f@) =rTpo max )wm / [f()lds +1f@=O0Uf]). 4.17)
se€lL, 400 f—1
Therefore, .
[wa ()] < Jwa(T)] +/ fydt <Dy, Yt>1, (4.18)

for some constant D, > 0. Since
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O p— +/‘ ws(0) do

from (4.18) we have
y2()| < [y2(O)| + 7Dy, Vs e[t —r,1]. (4.19)

From (4.16) and (4.19), we then deduce

d|wy|
dt

) < —po (32O + TD)wa (D + fF(1), t>7. (4.20)

Then, we can apply Lemma 4.1 to the pair (y2, wz) withd = o, M = 7D, and
g = f, obtaining that
20|+ 7Dy < yg, =0, (4.21)

for a suitable positive constant y,% . So, from (4.20) and (4.21) we have

d -
%(:) < OOl + FO), 127,

and thus, for every T > 7, applying Gronwall’s lemma we deduce

T
lwy(T)| < e YO0 |wy(T/2)] + / e VORI £ (1) di

r : 4.22)
< eI, 4 / Fydt < e DD, 4 fuT),
2

where, recalling (4.5), fz, is a suitable function satisfying

At =0@lf) =o(1+0*N). (4.23)
Thus,
lva(t) — vi(®)] = o((1 +1)> V). (4.24)
Note also that .
loi(t —7) — v (1)] s/ lf(Oldt = O(f]), (4.25)

and then

[v2(f = 7) =] < [v2(t = 7) — vt —7)]

Hoi(t = 7) — v (D] + |v1 (@) — v2(0)] = o((1 +1)*N). (4.26)

Therefore, (4.24)-(4.26) imply



Asymptotic Analysis of a Cucker—Smale System ... 249
vt —71)—v;(®)| = O(fz) =o((1+0)*"), for i, je{l,2}. 4.27)

Now, as induction hypothesis, assume that for aflockof/ — 1agents|[1, ..., — 1]
with 2 <[ < N, we have

lvi(t) —v; (O] = O 2| f]) = o((1 + )I7'7M), (4.28)
it —7) —v; (O] = O 2| f) = o((1 + 1)), (4.29)

foralli, j e {l,...,1 —1}.

Then, we want to prove the same kind of estimates for a flock with / agents. This
will complete our theorem.

As before, we will use the average position and velocity of the leaders of agent
[, introduced in (3.23) and let y;, w; be defined as in (3.24). Then, as before we can
write

dw; 4 ! R dv;
= Z /H pult — sy (s)ds + Z /H e = s 1w () = G (Olds — — =
jeLd) jeLW)
(4.30)

Using the induction hypothesis (4.29), since £(i), L() € [1,...,{ — 1],

dv; 1 dv; 1f(l)+
a4 ar  NeLDy,

> % =02 f) = o1 +0)/717N),
iel(l)

Liecanny

(4.31)
From the induction hypotheses (4.29) we deduce also

> ]

t

pt = $)hrj () (s) — ()] ds

jeLw T
=di > / ute =y (D i) = wi 1) ds = 0@ = o1 + 171 7).
L et ieL()
(4.32)
Then, identity (4.30) can be rewritten as
dw, ! -2
— O =—w@® Y | p—$)) ds+ OIS, =T (433
jecw T

As before one can now observe that for every j € L£(I) it results

[x1(s) — x; ()| < [xi(s) — K ()] + Ix;(s) — i ()] (4.34)

< i)+ R,

for some positive R;, due to the induction’s assumption. Thus, (4.33) implies
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d t
1) < il / u(t — ) (3n()] + R) ds + OG2IfD). 12 7.
o (4.35)

Note that (4.35) implies
dwil 5 12 436
7 S @D . (4.36)

So, recalling the assumptions (4.5) on the acceleration f of the free-will leader, we
deduce

+o00
lwi ()] < Jwi(7)] +/ o' ?|fhdt <. (4.37)
Then,

t
|x1(r—7)|<|x’(r)|+/ W)lds < X0+ Cr, t>7, (4.38)
-7

which, used in (4.35), gives

d|w|
dt

(1) < —=dipo (31D +27C1 + Ry) [wi ()] + O @2 f]). (4.39)

We can then apply Lemma 4.1 to the pair state-velocity (y;, w;) and conclude that
|y (t)] < C; for some positive constant C;. So, for a suitable constant y,lu,

i) +27Cr+ R < yh,, t>7.

Using the above estimate in (4.39) we then obtain

d|w|

PP —dipiop Yy lwi ()] + O 2| f1) .

Thus, we can apply the Gronwall’s lemma analogously to the 2—flock case obtaining
WOl = 0G""f) = o("™"). (4.40)
Then, from (4.40) and the induction hypothesis (4.28), for every j € L(I), we have

(1) — v (O] < o (6) = B+ 10,(0) — v ()] = O f) = 0" ™M),
4.41)
Now, it remains to prove that, for all i, j € {1, ...,1},

it — 1) —v; (O] = O f)) = o(LfI'™™). (4.42)

Ifi,je{l,...,l —1}, then (4.42) is true by (4.29). Consider the case i €
{l,...,1 — 1} and j = [. Then,
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it —7) — o] < |vi(t = 7) — v (O] + v (1) — @) = O ) = o1 fI7Y),

by (4.29) and (4.41).
For the case i = j = [, using the previous estimates, we obtain

/ v/ (o) do

t
< c/ 0@ " f@)do=0G""f), selt—r,1l

t

= Z/ 1o = P (r) (i (r) = vy (0)) dr do

S kec()

[vi(s) —u @) =

4.43)
Also for the last case, where j € {1,...,] — 1} and i =/, using (4.41) and (4.43)
we obtain

it —7) — v (O] < it —7) — v O]+ ) — v = 0 f) = o fI').

Therefore, (4.42) is satisfied for all i, j € {1,...,l} and so the theorem is
proved. ]

Remark 4.3 Note that our generalization concerning the acceleration function f of
the free-will leader is suitable also for the problem without delay considered by Shen
[36] and for the problem with pointwise delay studied by the authors [34]. Therefore,
our flocking estimates (4.13) could be obtained, under the same assumptions on f, for
the problem with free-will leader studied in [36] and the more general one considered
in [34].
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Global Non-negative Approximate )
Controllability of Parabolic Equations L
with Singular Potentials

Judith Vancostenoble

Abstract Inthis work, we consider the linear 1 — d heat equation with some singular
potential (typically the so-called inverse square potential). We investigate the global
approximate controllability via a multiplicative (or bilinear) control. Provided that the
singular potential is not super-critical, we prove that any non-zero and non-negative
initial state in L? can be steered into any neighborhood of any non-negative target
in L? using some static bilinear control in L. Besides the corresponding solution
remains non-negative at all times.

Keywords Bilinear control - Multiplicative control + Parabolic equation -
Singular potential

1 Introduction and Main Results

1.1 Introduction

In this paper, we analyze controllability properties for parabolic equations with sin-
gular potential. Typically, we consider the following linear 1 — D heat equation with
an inverse square potential (that arises for example in the context of combustion
theory or quantum mechanics):

W=ty —Su=0  xe©1), >0,

X
u(,1) =0=u(l,r) t>0, (1.1)
u(x, 0) = ug(x) xe (0,1,
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where uy € L?(0, 1) and p is a real parameter. We concentrate on the above typical
problem to simplify the presentation. However notice that this work covers more
general cases that are mentioned later in Sect. 1.4.

Since the pioneering works by Baras and Goldstein [2, 3], we know that inverse
square potentials generate interesting phenomena. In particular, existence/blow-up
of positive solutions is determined by the value of u with respect to the constant
u* = 1/4 appearing in the Hardy inequality [18, 25]:

1 IZZ 1
Yz € Hj (0, 1), Z/ Sdx < / 22 dx. (1.2)
0 0

When p < 1/4, the operator z —> —2z,, — x>z generates a coercive quadratic
form in Hg (0, 1). This allows showing the well-posedness in the classical vari-
ational setting of the linear heat equation with smooth coefficients, that is: for
any ug € L?(0, 1), there exists a unique solution u € C([0, +oo[; L>(0, 1)) N L?
(0, +00; Hy (0, 1)).

For the critical value u = 1/4, the space H(} (0, 1) has to be slightly enlarged as
shown in [30] but a similar result of well-posedness occurs. (See Sect. 2 for details).

Finally, when p > 1/4, the problem is ill-posed (due to possible instantaneous
blow-up) as proved in [2].

Recently, the null controllability properties of (1.1) began to be studied. For any
u < 1/4, it has been proved in [29] that such equations can be controlled (in any
time 7 > 0) by a locally distributed control: Vi < 1/4, Yug € L%*(0,1), VT > 0,
VYO <a < b < 1, there exists & € L2((0, 1) x (0, T)) such that the solution of

Uy =t — S = B0 Dxan @) x €O, 1), 1€, T),

X
u(©0,1) =0=u(l,r) te€(0,T), (1.3)
u(x,0) = up(x) x e 0,1,

satisfies u (-, T) = 0. On the contrary, when p > wu, = 1/4, the property fails as
shown in [12].

After these first results, several other works followed extending them in various
situations. See for instance [4, 10, 24, 27, 28]. In (1.3), A x[4.») represents a locally
distributed control that enters the model as an additive term describing the effect of
some external force or source on the process at hand. However this is not always
realistic to act on the system in such a way.

In the present work, we are interested in studying the effect of other kind of controls
on problem (1.1). In the spirit of the works by Khapalov [19-22], we aim to consider
a multiplicative (also called bilinear) control. This means that the control enters
now as a multiplicative coefficient in the equation (see Sect. 1.2). The advantages
of such controls mainly rely on the fact that, instead of being some external action
on the system, they may represent changes of parameters of the considered process.
We refer to [22, Chap. 1] for a list of situations for which additive controls do not
seem realistic whereas multiplicative ones provide a precious alternative. Moreover,
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multiplicative controls also allow to steer non-negative initial states to non-negative
targets preserving the non-negativity of the solutions during the process. Even though
this last property is naturally expected in many concrete situations, this was not
guaranteed when dealing with additive controls!

Let us finally mention several other contributions to multiplicative controls of
parabolic pde’s: we refer for instance the reader to [5-8, 14, 26] and the references
therein.

1.2 Description of the Multiplicative Control Problem
Let 7 > 0 and let us consider the following Dirichlet boundary problem:

U=ty — S =a,u (1) € Qr == (0,1) x (0, T),
X

w(©0,0) =0=u(l,1) te0,7), (1.4)
u(x,0) = ug(x) x € (0, 1).

Herea € L*°(Q7) is a control function of multiplicative/bilinear form. Our goal is to
study the global approximate controllability properties of system (1.4). So following
Khapalov (see [22, Chap. 2, Definition 2.1]), we use the following notion:

Definition 1.1 System (1.4) is non-negatively globally approximately controllable
in L2(0, 1) if, for any & > 0 and for every non-negative u, uy; € L*(0, 1) with ug %
0, there exist some T = T (¢, ug, uy) and some bilinear control a(x, 1) € L*(Q7)
such that the corresponding solution of (1.4) satisfies

lu(-, T) — ugllr20,1y < &.

Besides, we say that the bilinear control is static if « = a(x) € L*(0, 1).

1.3 Main Result

Now we are ready to state our main result concerning the case of the inverse square
potential (proved later in Sect. 3):

Theorem 1.1 Assume that u < 1/4. Then system (1.4) is non-negatively globally
approximately controllable in L?>(0, 1) by means of static controls o = a(x) in
L>(0, 1). Moreover, the corresponding solution to (1.4) remains non-negative at
all times.
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1.4 Other Results

1.4.1 Larger Class of Data

With no change in the proof of Theorem 1.1, one can actually state a result that
concerns a larger class of data (see the proof in Sect.4.1):

Theorem 1.2 For any ug, ug € L*(0, 1) such that
(1o, ug)r20.1) > 0and ug > 0,

for avery € > 0, there exist some T = T (e, ug, ug) and some static bilinear control
o = a(x) in L*°(0, 1) such that the corresponding solution of (1.4) satisfies

(-, T) — uqllz20,1) < &.

1.4.2 General Form of Singular Potential

We considered previously the typical case of the inverse square potential V (x) =
w/x? with u < u, = 1/4. Now we turn to more general singular potentials. Let V
be a locally integrable function defined on (0, 1) and assume that

1
0<V(x) < % with some p < u, = —. (1.5)
X 4
For T > 0, we now consider the following Dirichlet boundary problem:

Uy — Uy — V(X)u = a(x, t)u (x,t) € Qr :==(0,1) x (0, T),
u0,t) =0=u(l,1t) te (0, 7T), (1.6)

u(x,0) = ug(x) x € (0, 1).

And we prove (see Sect.4.1):

Theorem 1.3 Assume that V (x) satisfies (1.5). Then system (1.6) is non-negatively
globally approximately controllable in L*(0, 1) by means of static controls a = a(x)
in L*°(0, 1). Moreover, the corresponding solution to (1.6) remains non-negative at
all times.
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1.5 Perpectives

1.5.1 Degenerate/Singular Heat Equation

This present work complements [5, 6, 14] where the case of the heat equation with
some degenerate diffusion coefficient

u — (x%uy), =0, x € (0, 1), (1.7)

was investigated. Here o > O represents the order of degeneracy of the diffusion
coefficient that may vanish at x = 0. Associated to suitable boundary conditions,
this problem is well-posed. In the first studies of its controllability properties, it has
been proved that (1.7) is controllable via additive control if an only if @ < 2, see [9].
In [5, 6, 14], the authors prove that, still assuming @ < 2, it can also be controlled
via multiplicative controls.

Let us now consider the following degenerate/singular equation:

Eu=0, xe@. (1.8)
xB

up — (x%uy)x —
It has been proved in [27] that, provided that the parameters «, ., § satisfies some
precise (and optimal) conditions, problem (1.8) is controllable via additive controls.
(See also [16, 17] to various extensions). We expect that it should also be controllable
via multiplicative controls under the same conditions on the parameters.

1.5.2 Semilinear Heat Equation with Singular Potential

Another perspective is the study of the null controllability by multiplicative control
of semilinear perturbations of the present singular heat equation. In [20], Khapalov
studied the case of the classical heat equation with a semilinear term whereas the case
of some degenerate heat equation has been studied by Floridia in [14]. We expect
that it would be possible to get similar results as in [14, 20] in the case of the heat
equation with a singular potential.

1.5.3 Nonnegative Controllability in Small Time

In the present work, following the strategy introduced by Khapalov in [20], we got
a result of controllability in large time. In the case of the classical heat equation,
Khapalov also developed a second approach (“a qualitative approach” presented in
[21]) that allows him to get a result of controllability in small time. An open and
interesting question would be to obtain a similar result of controllability in small
time in the case of the heat equation with a singular potential. For now, the question
remains open. The proofs in [21] are strongly based on specific properties of the
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classical heat operator (regularity of the solutions) which are no more true when the
operator is perturbed by a singular potential. So some new argument has to be found
to treat the singular case.

2 Functional Setting and Preliminaries

2.1 Functional Framework

For any u < 1/4, we define

Hy"(0,1) :={z € L>0, ) N H} .((0,1]) | 2(0) =0 = z(1)
1
and /0 (Zi — )%22) dx < +o0}.

In the case of a sub-critical parameter (v < 1/4, thanks to Hardy inequality (1.2),
it is easy to see that HO1 0,1 = HOl (0, 1). On the contrary, for the critical value
uw = u, = 1/4,the space is enlarged (see [30] for a precise description of this space):

H} 0, 1) c Hy"*="*0, 1) =: H*(0, 1). 2.1)
#

Next we prove

Lemma 2.1 Let u < 1/4 be given. Then HOI’“(O, 1) = L*(0, 1) with compact
embedding.

Proof For any pu < 1/4, H()l’”(O, 1) = HO1 (0, 1) so the result is well-known. Con-
sider now p = 1/4. Deriving some improved Hardy-Poincaré inequalities (see [30,
Theorem 2.2]), Vazquez and Zuazua noticed that

H*(0,1) = Wy9(0,1)if 1 <q < 2.

Then, for 0 <s < 1, we use the fact that WO1 40, 1) is compactly embedded in
H; (0, 1) for suitable ¢ = g(s) close enough to 2. It follows that

H*(0, 1) — H; (0, 1) with compact embedding if 0 < s < 1. 2.2)

Finally, we conclude using the fact that Hj(0, 1) is compactly embedded in L%(0, %

Forany u < 1/4andz € HOI’“ (0, 1), we consider the positive and negative parts
of z respectively defined by
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z*(x) == max (z(x), 0), x € (0,1,
z7(x) == —min (0, z(x)), x€(O,1),
so that z = z7 — z~. We will need the following result of regularity for z* and z™:

Lemma 2.2 Let u < 1/4 and consider z € HOI’M(O, 1). Thenforanyl < g <2, z*
and 7~ belong to W'4(0, 1). Moreover

(), = Zy in{xe(0,1) | z(x) > 0}, (2.3)
“HTV0 e 1) | z(x) <0}, '
and
o infre© 1) | zx) >0},
@ = {—zx in{xe©1) | z(x) <0} 24

Proof Consider z € Hol’“ (0, 1) with u < 1/4. From (2.1) and (2.2), we deduce that,
for any 1 < g < 2, z belongs to Wh4(0, 1). Next, using Theorem 5.1 in appendix,
one deduce that z*, z~ € W4(0, 1) and (2.3) and (2.4) hold true. 0

2.2 The Unperturbed Operator

Let us describe here the unperturbed operator corresponding to the heat equation
with inverse square potential. We define it in the following way:
D(Ag) i={z € HL (O 1) N Hy™ (0. 1) | 2o+ 552 € L2O, D],

M
AOZ = Zxx + _2
X

(2.5)
Z.

In this context, A is a closed, self-adjoint, dissipative operator with dense domain
in L2(0, 1) (see [30]). Therefore A is the infinitesimal generator of a Cy-semigroup
of contractions in L2(0, 1).

Moreover, from the spectral theory for self-adjoint operators with compact inverse
(see [30]), we have:

Lemma 2.3 Assume p < 1/4. There exists an nondecreasing sequence ()_»_k)kzl,
A = 400 as k — 400, such that the eigenvalues of Ao are given by (—Ai)i>1
and have finite multiplicity. Besides the corresponding eigenfunctions {wy}x>1 form

a complete orthonormal system in L*(0, 1).

Concerning, the eigenfunction associated to the first eigenvalue, we have the
following result:
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Lemma 2.4 Assume p < 1/4. The first eigenvalue —\, is simple and the corre-
sponding eigenfunction @, satisfies

w1(x) > 0forallx € (0,1) or @(x) <O0forallx € (0, 1).

Proof The expression of the eigenfunctions of A( has been computed in [24] and we
recall it in Proposition 5.1 in appendix. So, using Proposition 5.1, the first normalized
eigenfunction is

@) =% |J,(Jv )|f1 y(uax),  x €(0,1),

and since j, ; is the first positive zero of J,, this function does not vanish in (0, 1).
O

2.3 Perturbed Operators

Next, for any « = a(x) € L*°(0, 1) given, we consider now the perturbed operator
A := Ay + al with domain D(A) := D(Ay).

Then one can prove

Proposition 2.1 Let u < 1/4 and o« € L*(0, 1) be given. Then the above operator
(A, D(A)) satisfies

e D(A) is compactly embedded and dense in L*(0, 1).
e A: D(A) — L*(0, 1) is the infinitesimal generator of a strongly continuous semi-
group e' of bounded linear operators on L*(0, 1).

Problem (1.4) can be rewritten in the Hilbert space L?(0, 1) in the following way

u'(t) = Au(t), t<(0,7), 2.6)
u(0) = uy.

In the following, we will simply denote by | - || the norm in L?(0, 1) and by (-, -)
the scalar product in L?(0, 1). We recall (see [1]) that a weak solution of (2.6)
is a function u € C°([0, T']; L?(0, 1)) such that, for every v € D(A*), the function
v = (u(t), v) is absolutely continuous on [0, 7] and

%(M(f), v) = (u@), A*), ae.te(T).
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Theorem 2.1 Let u < 1/4 be given. For every o € L*°(0, 1) and for every ug €
L?(0, 1), there exists a unique weak solution

u € B, T) :=C(0, T]; L*(0, 1)) N L*(0, T; Hy* (0, 1))

to (1.4), which coincides with e uy.

Besides, once again from the spectral theory for self-adjoint operators with com-
pact inverse, we have:

Lemma 2.5 Assume pu < 1/4 and o € L*™(0, 1). There exists an nondecreasing
sequence (Ai)i>1, Ak = 400 as k — 400, such that the eigenvalues of A are given
by (—\)k>1 and have finite multiplicity. Besides the corresponding eigenfunctions
{wi =1 form a complete orthonormal system in L*(0, 1). Moreover, the first eigen-
value of A is given by:

—(Az, z)

A= _
zepanoy  Nzl?

2.4 Maximum Principle

For perturbed operators of the form A = Ay 4 o/, we will also need the following
result:

Lemma 2.6 Letp > 1/4begiven.LetT > 0, € L=(0, 1) anduy € L*(0, 1) such
that ug > 0in (0, 1). Consider u € B(0, T') be the corresponding solution of (1.4).
Thenu > 0in Q7.

Proof Consider u € B(0, T') the solution of (1.4) and let us prove that u~ =0 in
Q7 (which suffices to show that u > 0 in Q7). Multiplying the equation by #~ and
integrating on (0, 1), we get

1
/ (u,u_ — Uy U~ — %uu‘ — auu‘)dx =0.
0 X

+

Using u = u™ — u~, we compute each term:

1 1 1 1d 1 5
/ u,u‘dx:/ Wt —u)u"dx= —/ (u )u dx = —=—— (u_) dx,
0 0 0 2dt J
1 1 1 1 2
/ Uy dx = —[ u,(u )ydx=— | W™ —u ) (u ), dx =/ ((uf)x> dx,
0 0 0 0

1 1 1 2
Fowde=1 2ot —wude=— | H(u
/0 xz”” dx—/o xz(u u )u"dx = /0 x2(u )dx,
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1 1 1
/ auu dx = / ot —u)u"dx = —/ a(u™)dx.
0 0 0

1

We deduce

1d 1 N2 /1 B 2 /
- dx — X d +
r ), (u ) x A ((u )) X ;

Hence

d ', B 1 . 1 IS
= ; (u)dx—Z/O a(u)dx—2/0 [((u )x) —;(u)]dx.

From Hardy inequality (1.2) and the fact that u© < 1/4, we have

/O | Bwdr s g /O | (ux_z)zdx < /0 | (@) dx.
—2/01 [((u*)x)2 . %(zf)z]dx <o0.

1
B wdx +/ a(u)2dx = 0.
x 0

SO

Then we deduce

d 1

1 1
— (u_)2 dx < 2/ ot(u_)zdx < 2”0[”Lo<;(0y])/ (u‘)zdx,
dt Jo 0 o

Using Gronwall’s inequality, it follows that
1 1
vVt € (0,T), / u(x,0)dx < / u”(x, 0)2dx Azt
0 0

But uy > 0 sou™(x,0) = 0. This implies that u~(x, ) = 0 for (x,¢) € Q7. 0

2.5 Specific Perturbed Operator

In this paragraph, we consider now some special perturbed operator that will be used
later in order to exhibit a suitable bilinear control. We prove:

Lemma 2.7 Let u € D(Ay) be given such that u > 0 on (0, 1) and such that

M.X)C

+ 2 cr=o, 1.
u X
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Next consider the operator
A = Ay + o, I with domain D(A) := D(Ay),

and where «, is defined by

u
a) = - L v e 0,1,
u X
Let (—A)i>1 and {wy }i>1 be the eigenvalues and eigenfunctions of A given in Lemma
2.5. Then the first eigenvalue —A, is simple and its value is .y = 0. Moreover, the
corresponding normalized eigenfunction w; satisfies

1] = —
wl| = ——.
]

Besides, w; is the only element of {wi}k>1 that does not change sign on (0, 1).
Proof Let us compute

u Uy wou u
A— = + —— 4 a,(x)— =0.
Nl Nl X2 flull [[ue]]

It follows that u /| u|| is an eigenfunction (with norm 1) of A associated to the eigen-
value A = 0. Hence there exists k, > 1 such that A, = 0 and

wp, = — > 0orwy, = ——

[Jue]l el

By orthogonality of the family {w;}¢>1, we have

1
vl # k,, [ Wi, (X))o (x)dx = 0.
0

Consequently, wy, is the only element of {wy }¢> that does not change sign in (0, 1).
Let us now prove that k, = 1, thatis A; = 0. Since —A = 0 is an eigenvalue and
since the sequence (—Ag)> is decreasing, we have —A; > O thatis A; < 0. So itis
sufficient to show that A; > 0.
We use the characterization of the first eigenvalue of A:

—(Az, 2)
M= inf ————
zeD(AN0}  ||zZ]|

For any z € D(A), we compute

1 1
u
(Az,7) = / (Zxx + %z + a*z)zdx = / (zxxz + %zz — =2 %zz)dx
0 X 0 X u X
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1 1 2 1 1 22
/ Zex2dX —/ Uy (—) dx = —/ zidx—}—/ Uy (—) dx
0 0 u 0 0 ujy
1 1 1 2
2 “x 2Z
| Zax+2 (— ) d —/ *a
/(;zxx~|— /0 uz Zxdx Ouxu2x

1 1 2 1 1 2

—/ Zidx—l—/ (hz) dx—i—/ Zidx —/ uiz—zdx =0.
0 0 u 0 0 u

It follows that (Az, z) < 0 for any z € D(A) which implies that A; > 0.
It remains to prove that A; is simple. Observe that

IA

—(Az,
vz e D(A). % —00)

where Q is the quadratic form defined by

1 1
vz e H()l’”(O, ), 0(@):= —2/ (Zfr - %12 - a*(x)zz) dx.
izl Jo x
Another characterization of the first eigenvalue — A is

A= 1 inf 0(2).
z€Hy" (0,1)\{0}

Any eigenfunction w of A associated to A; is a minimizer of Q. Reciprocally, by
standard arguments of the calculus of variations, any minimizer w of Q is an eigen-
function of A corresponding to A;.

We argue by contradiction assuming that A, = A; so that w, is another eigenfunc-
tion of A associated to A;. It follows that w, is a minimizer of Q. By Lemma 2.2, it
is easy to show that Q(Jw;|) = Q(wy) so |w;| is also a minimizer of Q. Therefore
|ws| is an eigenfunction associated to A;. So we get

Alw| = Ailaz| =0 in (0, 1),
loa|(x = 0) =0 = |wa|(x = 1),

i.e.
—(Jw2D)xx = fiplwn] + o (x)|w2| in (0, 1),
|a|(x =0) =0 = |w|(x = 1).

We deduce

—(JoaDxx el L=, nlw2| = #|w2| + (letell 0,1y + @ (x)|w2] =0 in (0, 1),
lw2](x = 0) =0 = |wa|(x = 1).
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Since |w| # 0, by strong maximum principle, we have |w;| > 01in (0, 1). It follows
that w, > 01in (0, 1) or w, < 01in (0, 1). This contradicts the fact that w; is the only
element of {wy}r>1 that does not change sign in (0, 1). 0

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. The proof is divided into the following 3
steps: first of all, we show that it is sufficient to consider some well-chosen subset of
targets; secondly, for any u, in the previous subset, one exhibit some «, = o, (x) such
that u, is simply co-linear the first positive eigenfunction of the perturbed operator
Ao + o, [; finally, one construct a small perturbation « = «, + & of «, that solves
the question at hand.

3.1 Step 1

In a first step, we show that it is sufficient to prove the result for the following set of
non-negative target states u,:

ug € D(Ap), ug > 01in (0, 1) such that Udxx

+ L cr>0n. @
Ug X

Indeed let us consider u, as in Theorem 1.1, that is u, satisfying uy € L*(0, 1)
and u; > 0 in (0, 1). Let us fix ¢ > 0. Using a regularization by convolution, one
can find a function uf such that

uy € C*([0, 1),  uy > 0in (0, 1) such that [lug — uf| <

&
<5 62

Let us denote @, the first positive eigenfunction (corresponding to the eigenvalue
—A1p) of Ap with norm 1 that we introduced in Lemma 2.4. Of course, @; belongs to
D(Ap) and is a solution of the following Sturm-Liouville problem

Dl + =y + @ =0, xe 0,1,
X
@1(0) = 0= @ (1).

(3.3)

Consider some cut-off function as follows: for o > 0 small, &, € C*°([0, 1]) is such
that
0<é&(x) <1, x € [0, 1],

E,(x) =1, x €[0,0/2], (3.4)
& (x) =0, x € [o, 1].
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And define
iy (x) ==& ()1 (x) + (1 — & (x)uf(x).

Since u); = @; on [0, /2], one can easily check that i, € D(Ap). Moreover

if > 0 using the fact that u}; > 0 and @; > 0.
Finally, still using the fact that i, = @; on [0, /2], we observe that

u » _
< d1x %) = < Ly %) = —1 € L®(0,0/2).
Ua X" /0,072 @1 X7/ 0,0/2]

And we can deduce that

ud,xx
it

d

+ 2 e~ 1.
X

So uf; belongs to the set described in (3.1).
Now let us show that it is sufficient to steer the solution near it instead of u,: we
first estimate

1 2 a 2
lug — iag1* = / £ (02 (@100 = u5() ) dx = / (@100 = ui0)) dx.
0 0

Therefore it is possible to choose o > 0 small enough so that

o

&
3 —g 12
U; —u < —.
g — g * <

Finally we obtain

N ™
I
®
O

_ _ e
lua — gl < llug — ugll + lug — ugll < 5T

3.2 Step 2

In this second step, for any u, such that (3.1) holds, we select some «, = «,(x) such
that u; becomes co-linear the first positive eigenfunction of the perturbed operator
Ayg+ o, d.

Indeed, let us now consider u( non-zero and non-negative in L*(0, 1) and uy as
in (3.1). And define

Ud xx

12
at('x) = R

x € (0, 1). (3.5)
Uq

Since «, € L*°(0, 1), we can define the perturbed operator A := Ag + o, [ with
domain D(A) := D(Ap). As in Lemma 2.5, we denote by (—Ax)i>1 and {wi}i>1
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the eigenvalues and the corresponding orthonormal eigenfunctions of A. Here, for
w1, we choose the positive eigenfunction associated to the first eigenvalue. Then,
applying Lemma 2.7, we have

ug(x)

)\.1 =0 and (1)1()(?) = ||I/ld||

> 0, x € (0, 1), (3.6)

so uy and w; are co-linear.

3.3 Step 3

In this last step, we are now ready to choose the (static) bilinear control that allows
us to achieve our goal. It is constructed in the following way as a small perturbation
of a,: we set

a(x) ;= o, (x)+ 38 (3.7)

where § € R will be chosen later.

Observe that, adding § to «, generates a shift on the eigenvalues corresponding to
a, (they change from (—Ag)i>1 to (—Ax + 8)r>1) whereas the eigenfunctions {wy }x>1
remain the same.

The solution of (1.4) corresponding to the choice of « given in (3.7) can be written
in Fourier series representation as

+00
u(x, 1) =Y e g, o (x) = € (g, 1)y (x) + 7 (x, 1)
k=1
where
+00
r(x, 1) =y e U, oy (x).
k=2
Since uy = ||luy||w;, we obtain

e, 1) = wall = ¥ o, @) (0) = uallon| + ez, 0]

= [ (o, 1) = lluall| + I x, D).

Next we recall that —A; < —A, forall k > 2. So

+00 too

2 2(— g +8)t 2 2(—Ap+8)t 2 2(—Aa+8)t 2

lrGe 0l =Y 2D (g, )2 < 2R (g, a2 < 2RO g2
k=2 k=2
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For ¢ > 0 fixed, let us choose 7, > 0 such that

) -1 ,
e T — 8—(140 ta) ie. T, =—1In (S—| (o, a) )

luollluall? A2 luolllluall*

which is possible since A; = 0 is simple so A, % 0. Since ug € L%(0,1), ug > 0,
ug # 0 and w; > 0 (see (3.6)), we get

1
(ug, wr) =/ up(x)w; (x)dx > 0. (3.8)
0
It is then possible to choose §, such that

5.7, lleqll lluall?
e " - = = ,
(uo, w1)  (uo, ua)

1 2
5, = —In ( lleeal >
T, (uo, ug)

We conclude that, for a(x) = o, (x) + &,

that is

lall®

(MO’ Md)

—Xo+8:)T; _ AT _
lu(, T.) — ugll < e ||y || = e lluoll = e.

So we proved that system (1.4) is non-negatively globally approximately controllable
in L%(0, 1) by means of static controls & = a(x) in L*°(0, 1). Moreover, by the
maximum principle stated in Lemma 2.6, the corresponding solution to (1.4) remains
non-negative at all times. O

4 Proof of Theorems 1.2 and 1.3

4.1 Proof of Theorem 1.2

The result directly follows from the proof of Theorem 1.1. It is sufficient to observe
that inequality (3.8) of step 3 still holds true under the assumptions of Theorem 1.2.
Indeed

Md(x)dx

= ——(ug, ug) > 0.
lluall llueall

1 1
(1o, wi) =/0 uo(x)wy (x)dx =/0 up(x)
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4.2 Proof of Theorem 1.3

The proof of Theorem 1.3 follows the lines of the proof of Theorem 1.1. So let us
first establish the corresponding preliminar results.
Consider V (x) satisfying (1.5). We introduce the associated functional space:

HyV(0,1) :={z € L*0, ) N HY (0, 1]) | z(0) =0 = z(1)

1
and / (Z)ZC — V(x)zz) dx < +oo}.
0

As for the inverse-square potential, thanks to Hardy inequality (1.2), it is easy to
see that HOI’V(O, 1) = HO1 (0, 1) when u < 1/4. HOI’V(O, 1) defines a new functional
space only in the critical case u = u, = 1/4.

As for Lemma 2.1, using the improved Hardy-Poincaré inequalities in [30, The-
orem 2.2], we can prove that

Lemma 4.1 Let V (x) be given such that (1.5) holds. Then HOI’V(O, 1) — L%, 1)
with compact embedding.

With the same argument of proof, one can also show that Lemma 2.2 is still true
for any z € Hol‘V(O, 1).
Next we define the unperturbed operator:

{D(Ao) ={z € H2.((0, 1) N Hy'" (0, 1) | zex + V(x)z € L*0, D)}, @1

Apz := 2, + V(X)z.

From [30], we know that Ay is a closed, self-adjoint, dissipative operator with dense
domain in L?(0, 1) and that Lemma 2.3 still holds true.
Concerning, the eigenfunction associated to the first eigenvalue, we prove:

Lemma 4.2 Consider V (x) satisfying (1.5). The eigenfunction @, corresponding to
the first eigenvalue —\| of the above operator A satisfies

w1(x) > 0forallx € (0,1) or @(x) <O0forallx € (0, 1).

Proof The proof of Lemma 2.4 was based on an explicit expression of the eigen-
functions of Ay in terms of Bessel functions obtained in [24]. Here we quote a result
from Davila-Dupaigne [11]:

Proposition 4.1 Let Q2 C R" be a bounded smooth domain and consider a €
L }OC(Q), a > 0. Assume that there exists r > 2 such that

Ja (199 = atg?)
y(@:= inf

. 4.2)
eccl@  (fylol)”



272 J. Vancostenoble

Define H as the completion of C2°(2) with respect to the norm

2 = \V4 2 _ 2 .
Ioly = [ (1VoP = aco?)

Then the operator L == —A — a(x) withdomain D(L) :={u € H | Au—a(x)u €
H} has a positive first eigenvalue

Jo (190 = a)e?)

geH\(0) Ja®?

which is simple. The above quotient is attained at a positive ¢, € H that satisfies

—A@ —a(x)gy =M@,  inQ,
o1 =0, on dQ.
We see that the result simply follows from Proposition 4.1 applied with n =
1, 2 =(0,1) and a(x) = V(x). So it suffices to prove that a(x) = V (x) satisfies
assumption (4.2).

We recall the following improved Hardy-Poincaré inequality from [30]: for all
1 < g < 2, there exists C, > 0 such that, for all ¢ € HO1 0, 1),

1
2 M« o 2
/0 (1907 = 556%) = Collg s 1a -

Since a = V satisfies assumption (1.5), we deduce that, forall 1 < g < 2 and for all
¢ € CL(RQ),

1
| (190P = atg?) = ol

Next we use classical Sobolev embeddings. For 2 bounded domain of R"” with
Lipschitz boundary, we have: for all g such thatn < g < oo,

whi(Q) — C%'1="/1(Q).

Let us now choose (for example) ¢ =3/2sothat ]l <g <2and1=n <g < o0
and apply this to = (0, 1). It follows in particular that

wha0, 1) — C%O0, 1).
So there exists ¢ > 0 such that

sup lp(x)| < C||(P||Wolv‘/(0,1)-
x€[0,1]
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Finally, fix r > 2. Then

2/r 1
c
le’) < swp [000] = clipllgron = <= [ (IV0F —atrg?)
(/s.z xe[0,1] Wo " @.1) VCq Jo

and (4.2) follows. [l

Next, for any o € L*°(Q7) given, we consider the perturbed operator
A := Ay + al with domain D(A) := D(Ay).

One can easily see that, under assumption (1.5), Proposition 2.1 together with the
well-posedness Theorem 2.1 (replacing the space HOI’“ 0, 1) by Hol’V(O, 1)) and the
spectral Lemma 2.5 are still true.

With similar proofs, one can see that the maximum principle for perturbed opera-
tors stated in Lemma 2.6 holds unchanged for the solutions of (1.6) whereas Lemma
2.7 is simply replaced by

Lemma 4.3 Assume V (x) is given such that (1.5) holds. Let u € D(Aq) be given
such that u > 0 on (0, 1) and such that

4y e L2, 1).
u
Next consider the operator
A := Ay + a, I with domain D(A) := D(Ay),

and where a, is defined by

uXX
o, (x) = —

—V(x) forx € (0,1).

Let (—Ay)r>1 and {wy }i>1 be the eigenvalues and eigenfunctions of A given in Lemma
2.5. Then Ay = 0 is simple and

u
Mm=0 and |w|=-—

flaell”

Moreover, u/||u|| and —u/||u|| are the only eigenfunctions of A with norm 1 that do
not change sign on (0, 1).

This concludes the generalization of all preliminaries results. Finally, it is easy to
see that the proof of Theorem 1.1 can now be rewritten replacing /x> by V (x) and
leads to Theorem 1.3. (]
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5 Appendix

This section is devoted to the statements of various technical results from literature
that we use throughout this paper.

Let us first of all recall the following result from [23, Appendix A] that concerns
the regularity of the negative and positive parts of a function:

Theorem 5.1 Let Q CR"” and 1 <s < o00. Consider v : Q2 — R such that v €
WS (Q). Then vt, v~ € W (Q) and, forall 1 <i <n,

Wh), = vy, inf{xeQ | v(x) >0}
o in{xeQ | vix) <0},

and
W), = 0 in{x e Q | vix) >0},
Y v infx e | v(x) <O}

Next we recall the following expression of the eigenfunctions of A( (defined in
(2.5)) that have been computed in [24]:

Proposition 5.1 Assume that w is given such that i < 1/4 and define

1
Vi=,/—-— W
4 H

We denote by J, the Bessel function of first kind of order v and we denote 0 < j, | <
Jva <0< Jun < - —> +00asn — 400 the sequence of positive zeros of J,.
Then the admissible eigenvalues (—A,),>1 of Ao are determined by

Vr>1, A= (on)?

and corresponding (normalized) eigenfunctions are given by

1
Vn=1, @,(x) = ———xL,(junx), x€(0,1).
15 Cv,n)l
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