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This book is dedicated to a truly outstanding
scientist and person, our dear friend and
teacher Prof. Wojciech Pietraszkiewicz
on the occasion of his 80th birthday.



Preface

Professor Wojciech Pietraszkiewicz is one of the leading Polish scientists in the
theory of shells (thin-walled structures) and in continuum mechanics. His scientific
contribution covers several areas, such as:

• Statics and dynamics of classical and non-classical theory of shells, including
six-parameter theory of shells;

• Mechanics of classical and Cosserat continua;
• Finite rotations in mechanics of solids and structures;
• Non-linear mechanics and FE analysis of multi-fold shell structures;
• Intrinsic non-linear theory of thin shells;
• Non-linear phase transitions in shells;
• Refined thermomechanics of shells;
• Differential geometry of surface in 3D space.

This volume of the Advanced Structured Materials Series is dedicated to Prof.
W. Pietraszkiewicz on the occasion of his 80th birthday, and it contains papers on
beams, plates and shells prepared by his friends and colleagues from Austria,
Belarus, France, Germany, India, Italy, Mexico, Poland, Russia, Slovenia, UK,
Ukraine and USA.

Prof. W. Pietraszkiewicz was born on January 23rd 1939 in Wilno (then in
Poland; currently Vilnius, the capital of Lithuania). He received a MSc degree in
1961 and a PhD degree in 1966 from the Department of Civil Engineering of the
Gdańsk University of Technology. The same department honored him with a DSc
degree (habilitation) in 1977. He became the Extraordinary Professor in 1983 and
received the title of Full Professor from the President of Poland in 1990.

In the period 1961–1966 he worked in the Gdańsk University of Technology.
Next he moved to the Institute of Fluid-Flow Machinery of the Polish Academy of
Sciences in Gdańsk, where in the years 1966–2009 he held the positions of a Head
of Division, a Deputy Director, a Director, and a Head of the Department of
Mechanics of Structures and Materials. He retired in 2010, and, since 2016, he is a
Full Professor at the Gdańsk University of Technology.
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From the beginning of his scientific carrier Prof. W. Pietraszkiewicz was
internationally active. He was a visiting professor in 1971–1972 at the University of
Illinois Urbana-Champaign (USA) on the Fulbright Scholarship. In the years 1976–

Wojciech Pietraszkiewicz
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1997, he had several appointments as a visiting professor at the Ruhr-Universität
Bochum (Germany), where he spent in total over 5 years. In 2001 he was a visiting
professor at RWTH Aachen (Germany). In 2000–2007, he visited several times the
Université de Poitiers (France). During his carrier, he lectured in over 30 scientific
institutions in Germany, USA, Netherlands, Switzerland, Italy, Belgium, France,
UK, Hungary, Czech Republic, Brazil, China, Russia and Ukraine.

Prof. W. Pietraszkiewicz organized several international conferences: Shell
Structures: Theory and Applications (SSTA) (many times since 1986), Euromech
Colloquium 197 Finite Rotations in Structural Mechanics (Jabłonna, 1985), and
3rd Meeting Scientific Foundations of Mechanics of Materials, Machinery,
Structures and Technological Processes (Gdańsk, 1984). Especially famous is the
large international SSTA conference; Prof. Pietraszkiewicz chaired the International

Wojciech Pietraszkiewicz with Leonid Zubov and Victor Berdichevski, 
during IUTAM symposium, Tbilisi, (1978)
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Advisory Board of its seven editions: Szklarska Porȩba (1986), Jurata (1998, 2002,
2005, 2009) and Gdańsk (2013, 2017). Four volumes of post-conference papers
were published by Balkema as a follow-up of the last four editions of the SSTA
conference. In the years 2006–2016, he co-chaired the session on shells and plates
within the Solid Mechanics (SOLMECH) conference, which is organized biennially
by the Institute of Fundamental Technological Research of the Polish Academy of
Sciences (IPPT PAN).

With Philippe Ciarlet (on the left) and Satya Atluri (on the right), 
ICCES’11, Nanjing (2011)

Ireneusz Kreja, Jacek  Chróścielewski, J.N. Reddy, Wojciech Pietraszkiewicz, 
and Victor Eremeyev, at the SSTA conference, Jurata, (2009)
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He co-edited special issues of several international journals, such as: Archives of
Civil Engineering (1999, 2003), Journal of Theoretical and Applied Mechanics
(2003), ZAMM (2014) and Mathematics and Mechanics of Solids (2015).

Prof. Pietraszkiewicz received several awards for outstanding research
achievements from the Polish Academy of Sciences (1975, 1979, 1982) and an
award of the Polish Ministry of National Education (2002). Since 2005 he is the
Honorary Member of the Polish Society of Theoretical and Applied Mechanics. In
2011 he obtained The Wei-Zhang Chien Award at the ICCES’11 in Nanjing, China,
for his “fundamental contributions in the intrinsic theory of shells”.

Prof. W. Pietraszkiewicz published 5 monographs, 4 textbooks and lecture notes,
178 original refereed papers in journals and books, presented 174 lectures at sci-
entific meetings (most published in Proceedings), edited 17 volumes of collected
papers, and supervised 11 PhD dissertations. It is also worth to mention, that he
served as a section editor and wrote several entries for the section Shells in
Encyclopedia of Continuum Mechanics (Springer, Berlin, Heidelberg, 2019).

The 80th birthday of Prof. W. Pietraszkiewicz is a good occasion to thank Him
not only for his excellent and well known papers on shells but also for his friendly
and supportive attitude, which helped many of us to stay in science and work on
shells. On behalf of ourselves and all the contributors to this volume,

Best wishes Prof. Pietraszkiewicz on the occasion of your 80th birthday !

Selected publications of Prof. Wojciech Pietraszkiewicz

(A list of publications with full texts are available at http://www.imp.gda.
pl/en/wpietraszkiewicz/.)
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Tribute to Professor Wojciech
Pietraszkiewicz

Igor V. Andrianov

Abstract This short paper is devoted to analysis of contribution by Professor
Pietraszkiewicz to the Theory of Shells.

Imet Professor Pietraszkiewicz in 1992 at SSTA92 in Janovice. Iwas familiarwith
his work before, but I consider personal acquaintance with this remarkable scientist
andman as a great success. I was impressed by the erudition of Prof. Pietraszkiewicz,
and not only in the Theory of Shells.

It must be said that at that time Polish scientists were in a very favorable position—
fluent in both English and Russian, they could use the achievements of both Western
and Soviet science. Although some scientific journals of the USSR were translated
into English, the quality of these translations was usually very low. In addition, the
style of writing papers in the USSR did not help spread the achievements of Soviet
scientists in the West.

The Soviet Theory of Shells was strong WRT theoretical achievements, in the
West, more attention was paid to applications, and the exchange of ideas at that time
was limited. In recent years, I regretted that the achievements of the Soviet Theory
of Shells are little known and often “the wheel reinvented” occurs in the West, and
in a significantly weakened form.

On many key issues my opinion coincided with Prof. Pietraszkiewicz’ ones. In
1992, FEM codes were just beginning their winning march. The enthusiasm was
incredible, it seemed that all problems could be solved. The analytical methods were
recalled with a smile. Paying tribute to FEM codes, Prof. Pietraszkiewicz called
for a harmonious combination of numerical and analytical (especially asymptotic)
methods.

I. V. Andrianov (B)
Institute of General Mechanics, RWTH Aachen University, Templergraben 64, 52056 Aachen,
Germany
e-mail: igor.andrianov@gmail.com
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At the suggestion of Prof. Pietraszkiewicz at SSTA–2005 I made a review
report on the application of asymptotic methods in the Theory of Shells (see [1]). I
insisted that asymptotic, numerical, and rigorousmathematical methods are not com-
peting, but mutually complementary approaches. This report was met with under-
standing by the computer community, which is not surprizing—by this time, both the
strengths and weaknesses of FEM codes were well-understood [4]. Not all experts
of the mathematical Theory of Shells agreed with my opinion, but it was strongly
supported by Prof. Pietraszkiewicz. It makes sense to dwell on this point.

In a some sense, Theory of Shells can be separated into Physical, Computational,
Asymptotical and Mathematical subtheories. Representatives of the Mathematical
subtheory made a significant contribution to Theory of Shells, justifying and some-
times corrected the results initially obtained at a low level of mathematical rigor,
see, e.g., [5]. However, on this way it is difficult not to be carried away with purely
mathematical generalizations that go far beyond real physical problems.

As John von Neumann mentioned: “At a great distance from its empirical source,
or after much “abstract” inbreeding, a mathematical subject is in danger of degenera-
tion. At the inception, the style is usually classical; when it shows signs of becoming
baroque, then the danger signal is up. ... In any event, whenever this stage is reached,
the only remedy seems to me to be the rejuvenating return to the source: the reinjec-
tion of more or less directly empirical ideas” [3].

Of course, the separation of Theory of Shells into several subtheories should
not be taken too literally. SSTA conferences (initiated by Prof. Pietraszkiewich)
greatly contributed to the fruitful exchange of ideas from representatives of different
communities.

Modern Civil and Industrial Engineering widely used composite and other arti-
ficially created materials with complicated properties. The shape and structure of
thin-walled structures are also becoming more complex. This means that unemploy-
ment is not threat the Theory of Shells experts. Just look at the terms in the head-
lines of leading scientific journals: architected, functionally graded, active, dynamic,
smart, phononic materials; meta-, nano-, graphene materials, etc. Shell systems are
also becoming more complex: morphing shell structures, multifunctional material
systems, etc. Some authors even see this as the renaissance of continuummechanics,
see [2]. “Probably, this is not a renaissance of the old continual mechanics, based
on its classical models, but the birth of new areas. On the one hand, models of new
materials were needed, and on the other hand, it made sense to construct them, thanks
to new possibilities of numerical analysis and modern computers” (V.N. Pilipchuk,
private message).

Analysis of the existing literature allows us to conclude: many authors try to use
automatically the existing classical theories to describe new objects. “But new wine
must be put into new bottles” (Luke 5: 36–39, KJV). For example, to develop a
theory of nanotubes, it is necessary to take into account a number of specific effects
(discreteness, surface tension) and to work in close cooperation with experimenters.
Unfortunately, one can observe the disunity of the communities of physicists and
mechanicians. For example, in some physical papers, devoted to the nanotubes, the
results of the Theory of Shells, well known to mechanicians, are being rediscovered.
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A detailed overview of the books and papers written by Prof. Pietraszkiewicz is
not my task. I note only an interesting aspect of the current state of the art. The
main results obtained by Prof. Pietraszkiewicz constitute the derivation of refined
nonlinear equations Theory of Shells and their analysis. Now that the solution of
complex nonlinear problems does not present unsolvable difficulties, the value of
such theoretical studies increases.

Last but not least. The number of bad papers is multiplying. Probably the tendency
is winning, but a new, dramatic problem arises: how to select in the mud the papers
conveying innovative ideas? [6]. Of course, this is a serious problem, especially for
beginners. I offer a simple and natural solution: read books and articles that have
stood the test of time. Books and papers by Prof. Pietraszkiewicz belong to this
category.
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Computer Modeling of Nonlinear
Deformation and Loss of Stability
of Composite Shell Structures Under
a Combined Effect of Quasi-static
and Pulsed Loads

N. A. Abrosimov, L. A. Igumnov, S. M. Aizikovich and A. V. Elesin

Abstract The formulation and solution method of problems of nonlinear dynamic
deformation, loss of stability and supercritical behavior of composite spatial shell
structures under combined loading by quasistatic and pulsed effects is considered.
The structure is assumed to be made up by rigidly joining plates and shells of revolu-
tion along the lines coinciding with the coordinate directions of the joined elements.
Separate elements of the structure can be made of both composite and conventional
isotropic materials. A kinematic model of deformation of the structural elements is
based on the hypothesis of the applied theory of shells. This approach is aimed at
analyzing nonstationary deformation processes in composite structures with small
deformations but with large displacements and rotation angles and is implemented
in the framework of a simplified version of the geometrically nonlinear shell theory.
Physical relations in composite structural elements are established based on the the-
ory of effective moduli for the entire package as a whole, and in metallic ones in
the framework of the plastic flow theory. Equations of motion of a composite shell
structure are derived using the virtual displacement principle with additional provi-
sions providing joint operation of the structural elements. To solve the formulated
initial boundary-value problems, an effective numerical approach has been devel-
oped, which is based on the finite-difference discretization of variational equations
of motion for spatial variables and an explicit second-order accuracy time integration
scheme. The admissible time integration step is determined using Neumann’s spec-
tral criterion. In doing so, the quasistatic loading regime is modeled by assigning an
external factor in the form of a linearly increasing time function attaining a stationary
value during three periods of the lowest-form vibrations of the composite structure.
This method is especially resultative in analyzing thin-walled shells, as well as the
structural element is affected by local loads, which necessitates condensation of the
grid in the zones of quickly changing solutions for spatial variables. The reliability
of the developed approach is corroborated by comparing the computational results
with experimental data. The characteristic forms of dynamic loss of strength and crit-
ical loads of smooth composite and isotropic cylindrical shells as well as of shells
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stiffened by a system of discrete ribs under combined loading by axial compression
and external pressure have been analyzed.

Keywords Composite and isotropic materials · Plates · Shells of revolution ·
Nonlinear deformation · Stability · Numerical methods · Quasistatic and dynamic
loading

1 Introduction

Due to high strength and stiffness characteristics, composite materials open new
possibilities in constructing rational structures in variousfields ofmodern technology.
In a number of cases, structural elements of composite materials can be subjected to
combined effects of pulsed and static loading, leading to significant changes of form
and loss of stability of these structural elements. To use the potential of composite
materials more effectively, comprehensive study of dynamic deformation and loss of
stability of composite shell structures under hybrid quasistatic and dynamic effects
is required.

The analysis of publications on nonlinear nonstationary deformation and loss of
stability of shell structures shows that the overwhelmingmajority of the papers tackle
axisymmetric problems for smooth structural elements, such as cylindrical, conical
and spherical shells, made, as a rule, of conventional materials [1–5]. Only a small
range of nonlinear problems of dynamics and stability for composite shells of rev-
olution under non-axisymmetric pulsed effects has been analyzed [6–15]. Thus, in
[10], the results of experimental-numerical investigation of the instability region of
a steel cylindrical shell under pulsed loading by external pressure in combination
with external (or internal) static pressure are presented. In [11], the results of exper-
imentally studying the effect of internal static pressure and rate of loading on the
stability of aluminum cylindrical shells of under pulsed loading by external pressure
are given. In [15], a methodology of numerically analyzing nonlinear nonstationary
deformation and loss of stability of cylindrical shells made of composite materials
under combined quasistatic and pulsed effects is presented. There are significantly
fewer works on analyzing nonstationary dynamic problems of shell structures. Prob-
lems of dynamic deformation and stability of stiffened cylindrical shells have mostly
been analyzed. In [16], the linear problems of dynamic deformation and strength of
orthotropic cylindrical shells stiffened by circular ribs, loaded by axial compression
and external pressure were analyzed. To describe the deformation of the skin, the
Kirchhoff-Love hypothesis was used, whereas the deformation of ribs was described
based on the Kirchhoff-Klebsh technical theory. The solution is constructed with
Bubnov-Galerkin’s method, using polynomial approximation of displacements. In
[17], a similar formulation is used for analyzing a nonlinear problem of dynamic
buckling of layered cylindrical shells stiffened with frames and loaded by uniform
external pressure (with amonomial approximation of deflection). Dynamic problems
of stiffened shells with various approximations were also studied in [18–21].
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In [12], experimental analysis of buckling of thin-walled cylindrical shells under
local pulsed loading by external pressure and different values of axial static compres-
sion is presented. Dynamic stability of stiffened cylindrical shells is experimentally
studied in [20]. In [21, 22], the results of investigating the stability of cylindrical
shells under the effect of axial static loading and a pressure wave incident in the
direction of the longitudinal axis are given. It was found in the experiments that,
depending on the rigidity of stiffening ribs and their location, local (‘arch’) or gen-
eral form of loss of stability takes place. This fact necessitates taking into account
the discrete character of stiffening elements.

A concise analysis of the above works testifies to the fact that the issues of theo-
retically analyzing nonlinear problems of dynamic behavior and loss of stability of
composite shell structures, accounting for discrete location of stiffening elements and
effects of interconnection of buckling forms under a combined effect of quasistatic
and pulsed loading, have not been studied well enough.

The present paper is aimed at numerically modeling nonlinear nonstationary
deformation and loss of stability of shell structures under combined quasistatic and
pulsed effects.

2 Constructing the Resolving Equation Set

It is assumed that the shell structure is formedby rigidly joining plates and shellsmade
of composite and (or) conventional isotropicmaterials along the lines coincidingwith
the coordinate directions of the joined elements. Elements of structures (substructures
or their parts) are joined along the lines of intersection of their internal surfaces. Thus,
a composite part of the structure is formed by stacking adjacent symmetrical layers
with reinforcement angles ±φk

(
k = 1, K

)
. Structural elements can have variable

thickness.
Each substructure is analyzed in an orthogonal curvilinear coordinate system

αi (i = 1, 3) coinciding with the main curvature lines and the outer normal to the
internal surface of the shell.

Lame coefficients defining the metric properties of the shell element are:

H1 = A1Z1, H2 = A2Z2, H3 = 1, (1)

where Z1 = (1 + k1α3); Z2 = (1 + k2α3); A1, A2, k1, k2 are coefficients of the
first quadratic form and main curvatures of internal surface S.

In what follows, it is assumed that geometric and mechanical characteristics of
the shell structure and the loading effects acting on it are such that linear distribution
of tangential components of the displacement vector through the thickness of the
package holds, and normal displacement is constant through the thickness [23]

Uj (α1, α2, α3, t) = u j (α1, α2, t) + α3φ j (α1, α2, t), ( j = 1, 2),
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U3(α1, α2, α3, t) = u3(α1, α2, t). (2)

In the above expression, ui (α1, α2, t) are displacements of the coordinate surface
in directions αi (i = 1, 3), respectively; φ j (α1, α2, t) ( j = 1, 2) are angles of
rotation of the normal to the internal surface.

In constructing geometrical relations, expressions of the quadratic version of
the nonlinear elasticity theory will be used [24], which, taking into account non-
deformability of the material of the shell in the direction of coordinate α3 and the
averaging of the shear deformation through the shell thickness, can be written as [23]

e11 = 1

Z1

(
ε11 + ε213/2 + α3χ11

)
, (1 → 2),

e12 = 1

Z1
(ε12 + ε13ε23/2 + α3χ12) + 1

Z2
(ε21 + ε13ε23/2 + α3χ21), (1 → 2),

e13 = 1

Z1
(φ1 + ε13), (1 → 2), (3)

where

ε11 = 1

A1

∂u1
∂α1

+ u2
A1A2

∂A1

∂α2
+ k1u3, (1 → 2),

χ11 = 1

A1

∂φ1

∂α1
+ φ2

A1A2

∂A1

∂α2
, (1 → 2),

ε12 = 1

A1

∂u2
∂α1

− u1
A1A2

∂A1

∂α2
, (1 → 2),

χ12 = 1

A1

∂φ2

∂α1
+ φ1

A1A2

∂A1

∂α2
, (1 → 2),

ε13 = 1

A1

∂u3
∂α1

− k1u1, (1 → 2).

It is assumed that the composite element of the structure is formed by cross-
stacking ±φk

(
k = 1, K

)
a large enough number of composite layers. Keeping in

mind the assumed hypotheses, physical relations for the cross-reinforced composite
material of the shell can be written as

σ11 = A11e11 + A12e22, σ22 = A21e11 + A22e22,

σ12 = A33e12, σ13 = A44e13, σ23 = A55e23. (4)

It is assumed here that coefficients Amn are certain smooth or stepped (for a
layered material) functions of variable α3. After substituting strains (3) into relations
(4), stresses σ11, σ22, σ12, σ13, σ23 can be expressed through certain generalized
deformational characteristics ε11, ε22, ε12, ε21, ε13, ε23, χ11, χ22, χ12, χ21. However,
it is more natural to describe the stressed state of composite shells of revolution by
formulating defining relations, using generalized force factors—forces andmoments.
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(N11, N12, M11, M12, Q13) =
h∫

0

(σ11, σ12, α3σ11, α3σ12, σ13)Z2dα3, (1 → 2).

(5)

After integrating relation (5) through the thickness of the shell, keeping in mind
(3), (4), H1 ≈ A1, H2 ≈ A2 be expressed as [23]

N11 = B11ε11 + B12ε22 + C11χ11 + C12χ22, (1 → 2),

N12 = B11
33ε12 + B12

33ε21 + C11
33χ12 + C12

33χ21, (1 → 2),

M11 = C11ε11 + C12ε22 + D11χ11 + D12χ22, (1 → 2),

M12 = C11
33ε12 + C12

33ε21 + D11
33χ12 + D12

33χ21, (1 → 2),

Q13 = K1(ε13 + φ1), (1 → 2), (6)

where

ε̄11 = ε11 + ε213/2, (1 → 2),

ε̄12 = ε12 + ε13ε23/2,

Bj j = I (0)
j j , B12 = B21 = J (0)

12 , C j j = I (1)
j j , C12 = C21 = J (1)

12 ,

B j j
33 = I (0)

33, j j , B12
33 = B21

33 = J (0)
33 , C j j

33 = I (1)
33, j j , C12

33 = C21
33 = J (1)

33 ,

Dj j = I (2)
j j , D12 = D21 = J (2)

12 , D j j
33 = I (2)

33, j j , D12
33 = D21

33 = J (2)
33 ,

K j = h2
[

K∑

k=1

H (k)
j hk

A(k)
j+3 j+3

]−1

, H (k)
1 =

(
1 + hkk1

)

(
1 + hkk2

) , (1 → 2) ( j = 1, 2),

hk = zk − zk−1, hk = (zk + zk−1)
/
2,

I (i)
11 = 1

i + 1

K∑

κ=1

A(κ)
11 H

(κ)
2 (zi+1

κ − zi+1
κ−1), (i = 0, 1, 2) (1 → 2),

I (i)
33,11 = 1

i + 1

K∑

κ=1

A(κ)
33 H

(κ)
2 (zi+1

κ − zi+1
κ−1),

J (i)
12 = 1

i + 1

K∑

κ=1

A(κ)
12 (zi+1

κ − zi+1
κ−1),

J (i)
33 = 1

i + 1

K∑

κ=1

A(κ)
33 (zi+1

κ − zi+1
κ−1), (i = 0, 1, 2).

A(κ)
i j are effective stiffness characteristics of the layer, which are expressed through

elasticity moduli E (κ)
j j , G(κ)

12 , G(κ)
j3 and Poisson’s ratios ν

(k)
12 in the axes of orthotropy
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of the layer, using known relations [23]; zκ are coordinates of the layers counted from
the internal surface of the shell.

Total strains eij of the isotropic parts of the structure will be represented as a
sum of elastic e′

i j and plastic e
′′
i j components. Elastic strains are related with stresses

through Hook’s law

σi j = λeδi j + 2μ e′
i j , (7)

where e =
3∑

i=1
eii ; λ, μ are Lame parameters; δi j is Kronecker delta. Plastic com-

ponents of the strain are defined by relations of the flow theory with linear kinematic
hardening [25]

e′′
i j =

t∫

0

ė′′
i j dt;

3∑

i=1

e′′
i i = 0; ė′′

i j = γ̇ Si j ;
3∑

i, j=1

Si j Si j − 2

3
σ 2

∗ = 0;

Si j = σi j − σδi j − ρi j ; σ = (σ11 + σ22)/3; ρi j = 2ge′′
i j ; (8)

ρi j is tensor of residual micro-strains; g is modulus of linear hardening of the mate-
rial; γ̇ is scalar parameter; σ∗ is yield strength; Si j is deviator of effective stresses;
the upper dot indicates time derivative.

One of the important properties of the applied theory is its being energy-consistent,
that is, the ability to obtain initial equations as conditions of a steady state of a
certain energy functional. Thus, to derive equations of motion of a shell structure of
revolution, the virtual displacement principle [24] will be used, which, taking into
account (1)–(8), will be written for each element of the structure as [26]

¨

S

[
N11

A1

∂(δu1)

∂α1
+ N21

A2

∂(δu1)

∂α2
+ N22

A1A 2

∂A2
∂α1

δu1 − N12

A1A 2

∂A1
∂α2

δu1

− (Q13 + N11ε13 + N12ε23)k1δu1 + N22

A2

∂(δu2)

∂α2
+ N12

A1

∂(δu2)

∂α1
+ N11

A1A 2

∂A1
∂α2

δu2

− N21

A1A 2

∂A2
∂α1

δu2 − (Q23 + N22ε23 + N21ε13)k2δu2

+ (Q13 + N11ε13 + N12ε23)

A1

∂(δu3)

∂α1
+ (Q23 + N22ε23 + N21ε13)

A2

∂(δu3)

∂α2

+ N11k1δu3 + N22k2δu3 + M11

A1

∂(δφ1)

∂α1
+ M21

A2

∂(δφ1)

∂α2

+
(

M22

A1A2

∂A2
∂α1

− M12

A1A2

∂A1
∂α2

)
δφ1 + Q13δφ1 + M22

A2

∂(δφ2)

∂α2
+ M12

A1

∂(δφ2)

∂α1

+
(

M11

A1A2

∂A1
∂α2

− M21

A1A2

∂A2
∂α1

)
δφ2 + Q23δφ2] A1A2dα1dα2

+
¨

S

[(
B11ü1 + B12φ̈1

)
δu1 + (

B11ü2 + B12φ̈2
)
δu2 + B11ü3δu3

+ (
B22φ̈1 + B21ü1

)
δφ1 + (

B22φ̈2 + B21ü2
)
δφ2

]
A1A2dα1dα2
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−
¨

S

⎛

⎝
3∑

i=1

Fi δui +
2∑

j=1

Mj δφ j

⎞

⎠ dα1dα2 −
2∑

i=1

∫

Γ 0
i

(
N0
11δu

0
1 + N0

12δu
0
2 + Q0

1δu
0
3

+ M0
11δφ

0
1 + M0

12δφ
0
2

)
A2dα2 −

4∑

i=3

∫

Γ 0
i

(
N0
22δu

0
2 + N0

21δu
0
1 + Q0

2δu
0
3

+ M0
21δφ

0
1 + M0

22δφ
0
2

)
A1dα1 −

2∑

i=1

∫

Γ ∗
i

(
N∗
11δu

∗
1 + N∗

12δu
∗
2 + Q∗

1δu
∗
3

+ M∗
11δφ

∗
1 + M∗

12δφ
∗
2
)
A2dα2 −

4∑

i=3

∫

Γ ∗
i

(
N∗
21δu

∗
1 + N∗

22δu
∗
2 + Q∗

2δu
∗
3

+ M∗
21δφ

∗
1 + M∗

22δφ
∗
2
)
A1dα1 = 0, (9)

where

(B11, B12 = B21, B22) =
h∫

0

(
ρ, α3ρ, α2

3ρ
)
Z1Z2 dα3,

F1 = A2 p1 + B1B2

(
q1 + q

1

B1

∂h

∂α1

)
, (1 → 2),

F3 = A1A2 p − B1B2

(
q − q1

1

B1

∂h

∂α1
− q2

1

B2

∂h

∂α2

)
,

M1 = hB1B2

(
q1 + q

1

B1

∂h

∂α1

)
, (1 → 2).

ρ is density; q, p are external and internal pressures; q j , p j ( j = 1, 2) are tan-
gential loads in the directions of coordinate axes αi; S is integration region on
the internal surface; Bj ( j = 1, 2) are coefficients of the first quadratic form of
external surface; �0

i , �∗
i

(
i = 1, 4

)
are boundary and joining lines of region S,

N 0
i j , Q0

j , M0
i j ; N ∗

i j , Q∗
j , M∗

i j are forces andmoments applied to the corresponding
boundary and joining lines.

After applying to (9) a well-known integral transform procedure, the system of
equations of motion of a part of a composite shell will have the following form:

L1(N ) + Q11A1A2k1 + F1 = A1A2
(
B11ü1 + B12φ̈1

)
,

L2(N ) + Q22A1A2k2 + F2 = A1A2
(
B11ü2 + B12φ̈2

)
,

[
∂(A2Q11)

∂α1
+ ∂(A1Q22)

∂α2

]
− A1A2(k1N11 + k2N22) + F3 = A1A2B11ü3 (10)

L1(M) − Q13A1A2 + M1 = A1A2
(
B22φ̈1 + B21ü1

)
,
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L2(M) − Q23A1A2 + M2 = A1A2
(
B22φ̈2 + B21ü2

)
,

L1(T ) = ∂(A2T11)

∂α1
− T22

∂A2

∂α1
+ ∂(A1T21)

∂α2
+ T12

∂A1

∂α2
, (1 → 2),

Q11 = Q13 + N11ε13 + N12ε23, (1 → 2),

and the natural boundary conditions on contour �0
i

(
i = 1, 4

)
and (or) joining

�∗
i

(
i = 1, 4

)
lines will be

N11 = N 0
11; N12 = N 0

12; Q11 = Q0
1; M11 = M0

11; M12 = M0
12, (1 → 2),

N11 = N ∗
11; N12 = N ∗

12; Q11 = Q∗
1; M11 = M∗

11; M12 = M∗
12, (1 → 2).

(11)

Equipping relations (1)–(11) with a required number of initial conditions

ui (α1, α2, 0) = U 0
i (α1, α2), φ j (α1, α2, 0) = φ0

j (α1, α2),

u̇i (α1, α2, 0) = U̇ 0
i (α1, α2), φ̇ j (α1, α2, 0) = φ̇0

j (α1, α2)
(
i = 1, 3, j = 1, 2

)
,

(12)

and assigning initial camber, one obtains a complete equation system for analyzing
nonlinear processes of deformation and loss of stability of composite plate-shell
structures under combined quasistatic and pulsed loading. In doing so, the quasistatic
loading mode is modeled by assigning an external effect in the form of a linearly
increasing function in time, which attains a stationary value during three lowest-form
oscillation periods of the composite structure.

It noteworthy that in basis α∗
i (i = 1, 3), which is assumed to be common for all

the structural elements along joining lines �∗
i

(
i = 1, 4

)
, conditions of rigid gluing

must be fulfilled.
A critical load of loss of stability is identified by a characteristic kink on the curve

of maximal loading amplitude—maximal deflection.

3 The Numerical Method of Analyzing the Initial
Boundary-Value Problem

The numerical method of analyzing the formulated problem us based on an explicit
variational-difference scheme [26]. The internal surface of each of the plate-shell
elements of the structure is covered by a grid of triangular and (or) quadrangular
meshes. The discretization is done in such a way that the nodes of the grid coincide
along the joining lines.

Approximating with operators
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f ≈ d0 f =
n∑

k=1

βk fk,
n∑

k=1

βk = 1, βk = 1

n
(k = 1, n),

∂ f

∂α j
≈ d j f =

n∑

k=1

β
j
k fk = (−1) j

n∑

k=1

(
αk+1
3− j − αk−1

3− j

)
fk

n∑

k=1

(
αk+1
1 − αk−1

1

)
αk
2

( j = 1, 2) (13)

functions and derivatives contained in variational Eq. (9), and using summation of
virtual works over the elementary areas and sides of the grid meshes instead of
integrating over the internal surfaces and contours, yields a system of grid equations
of the second order in time, defining the motion of internal, boundary and joining
nods:

Ld1(N ) + d0(Q11k1) + F1

〈A1〉〈A2〉 = B11ü1 + B12φ̈1,

Ld2(N ) + d0(Q22k2) + F2

〈A1〉〈A2〉 = B11ü2 + B12φ̈2,

d1

(
Q11

〈A1〉
)

+ d2

(
Q22

〈A2〉
)

− d0(N11k1 + N22k2) + F3

〈A1〉〈A2〉+

+
(
Q0

1��α0
2
+ Q0

2��α0
1
+ Q∗

1��α∗
2
+ Q∗

2��α∗
1

)
/�S∗ = B22ü3, (14)

Ld1(M) + d0(Q13) + M1

〈A1〉〈A2〉 = B22φ̈1 + B21ü1,

Ld2(M) + d0(Q23) + M2

〈A1〉〈A2〉 = B22φ̈2 + B21ü2,

Ld1(T ) = d1

(
T11
〈A1〉

)
− d0

(
T22d1A2

〈A1〉〈A2〉
)

+ d2

(
T21
〈A2〉

)
+ d0

(
T12d2A1

〈A1〉〈A2〉
)

+

+
(
T 0
21��α0

1
+ T 0

11��α0
2
+ T ∗

21��α∗
1
+ T ∗

11��α∗
2

)
/�S∗, (1 → 2),

�S∗,��α0
j
,��α∗

j
are areas and side lengths of all themeshes adjacent to the analyzed

nod; the angle brackets designate an average value.
The obtained semi-discrete system has the same structure as initial system of

equations of motion (10), and is solved using an explicit scheme of the second-order
accuracy relative to time step:

u̇ j
(
t k+1/2) = u̇ j

(
t k−1/2) + �t

B11B22 − B12B21

(
Fu j B22 − Fφ j B‘12

)
,

u̇3
(
t k+1/2

) = u̇3
(
t k−1/2

) + �t

B11

(
Fu3

)
,

φ̇i
(
t k+1/2

) = φ̇i
(
t k−1/2

) + �t

B11B22 − B12B21

(
Fφi B11 − Fui B21

)
,
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ui
(
t k+1

) = ui
(
t k

) + �t u̇i
(
t k+1/2

)
,

(
i = 1, 3; j − 1, 2

)
,

(
k = 0,∞)

,

φ j
(
t k+1

) = φ j
(
t k

) + �t φ̇ j
(
t k+1/2

)
,

where generalized forces and moments Fui , Fφ j are defined by the left-hand sides of
system (14). Time integration step �t is defined using Neumann’s spectral feature
[27], which yields condition:

�t ≤ 2/ωmax , (15)

where ωmax is maximal eigenfrequency of semi-discrete system (14).
The concretization of evaluation (15) for linear bending equations of motion of

composite bars, which follow from (10) for u2 = φ2 = 0 and from the dependence
of the rest of the grid functions on the single coordinate α1, will be written in the
following form:

�t =

⎧
⎪⎪⎨

⎪⎪⎩

�α1,
�α1
η

≤ (
α−1
3

)1/2

η
√

α√
3

, �α1
η

≥ (
α+1
3

)1/2

2/ω(β0),
(

α+1
3

)1/2
< �α1

η
<

(
α−1
3

)1/2
(16)

ω(β) =
{

6

αη2
(1 − β) + 2(α + 1)

α

β

�α2
1

+
[(

6

αη2
(1 − β) + 2(α + 1)

α

β

�α2
1

)2

− 16β2

α�α4
1

]1/2
⎫
⎬

⎭

1/2

,

β0 =
12
α

(
�α1
η

)2
[

3
α

(
�α1
η

)2 − 1
α

− 1

]

[
3
α

(
�α1
η

)2 − 1
α

− 1

]2

− 4
α

, α = E11

G13
,

where �α1 is dimensionless step of the grid; η is dimensionless thickness of the bar;
E11, G13 are longitudinal and shear moduli.

Evaluation (16) is also applicable to the integration of system (14). In doing so, it
is assumed that �α1 means minimal linear dimension of a two-dimensional mesh.

The above methodology of numerically integrating equations of motion of shell
structures can lead on quadrangular meshes to ‘sand-glass’ instability [28], which,
although not accompanied by exponentially increasing computational inaccuracy,
can contribute to the accumulation of inaccuracies in computations, resulting in the
distortion of displacement fields. This phenomenon is caused by incompleteness
of difference operators (13), defined on quadrangular meshes. To overcome this
undesirable effect, it is suggested to define generalized forces and moments Fui ,
Fφ j in (14) as a sum of respective generalized forces obtained for difference grids on
quadrangular and triangularmeshes. The approximation on triangularmeshes is done
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with a small coefficient. Modernized in this way, the difference scheme becomes free
from the “sand-glass’ instability.

4 Investigation Results

4.1 Numerical Analysis of Loss of Stability of Cylindrical
Shells, Accounting for Quasistatic Preloading

To corroborate the reliability and accuracy of the suggested approach, the numerical
results were compared with experimental data [11] on dynamic stability of isotropic
cylindrical shells preloaded by internal pressure followed by a pulse of external
pressure of various rates.

The geometric and physical-mechanical parameters of the material of the shell
were as follows: R/h = 104; h = 0.0005m; L/R = 1.9; E = 73 GPa; ν = 0.3,
ρ = 2700 kg/m3, σ∗ = 0.37 GPa; g = 0.6 GPa, L is length of the generatrix of the
shell.

Static internal pressure was applied by compressed air, whereas pulsed pressure
resulted from an electro-hydraulic discharge resulting from the explosion of cali-
brated copper wires [11]. The edges of the shell were secured in the way close to
rigid clamping.

Figure 1 compares experimental and numerical results for dynamic amplification
factor K = F∗

3 /F0
3 as a function of the rate loading by a pulse of external pressure

Ḟ+
3 (F∗

3 , F
0
3—are critical loss of stability loads under dynamic and static external

pressure, respectively). The given results were obtained for static internal pressure

F−
3 , which in a dimensionless is defined by expression Ḟ−

3 = F−
3
E

(
R
h

)2
and, in this

particular case, is equal to Ḟ−
3 = 0.07.

The obtained results testify to good agreement between the numerical and exper-
imental data.

Figure 2 presents characteristic forms of loss of stability under static and dynamic
loading with various rates of the external pressure, accounting for the preloading by
internal pressure Ḟ−

3 = 0.42.
It follows from the present results that increasing the rate of external pressure leads

to substantially increasing the dynamic overload factor, and that there is a trend of

Fig. 1 Dynamic overload
factor as a function of
loading rate (the dots
correspond to the
experimental data [2], the
curve shows numerical
results using the present
methodology)
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Fig. 2 Characteristic forms of waveformation in isotropic cylindrical shells under various rates
of the pressure pulse: a static loading by external pressure; b, c, d dynamic loading by external
pressure with the rates of 10, 30, 50 GPa/s

the increase of the number of waves along both the circumference and length of the
shell with the increasing loading rate, which was noted in [11].

Further on, a cylindrical shell was considered, which was made of a composite
material with the following geometric and physical mechanical parameters: R =
0.072 m; R/h = 112, L/R = 2.22; E1 = 200 GPa; E2 = E1/30; G12 = G13 =
G23 = E2/2; ν12 = 0.25, ρ = 1800 kg/m3.

The results of analyzing the effect of the reinforcement angle and static preloading
by internal pressure on the loss of stability process of the shell during subsequent
loading by a pulse of external pressure with various rates are presented in Figs. 3, 4,
5 and 6.

Figure 3 shows a time history of absolute values of maximal deflections U ∗
3 of

the shell for various reinforcement angles and rates of the external pressure pulse,

preloaded by internal static pressure Ḟ−
3 = F−

3
E11

(
R
h

)2
.

The deformed configurations of the shells observed at the moment of loss of
stability and computed for different reinforcement patterns in awide range of external
pressure rates, accounting for static internal pressure Ḟ−

3 = 0.1, are presented in
Fig. 4.
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Fig. 3 Absolute values of the maximum deflection of the shell as a function of time, accounting for
the preloading by internal static pressure Ḟ−

3 = 0.1 for the external pressure pulse rates of: 5 GPa/s
(1); 10 GPa/S (2); 20 GPa/s (3); 30 GPa/s (4); 50 GPa/s (5) and reinforcement angles of: 90°(a);
60°(b); 45°(c); 30°(d) relative to the generatrix of the shell, respectively
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Fig. 3 (continued)

It is evident from Figs. 3, and 4 that the reinforcement angle and the external
pressure pulse rate significantly affect both the critical value of the loss of stability
load and the characteristic forms of waveformation of the composite cylindrical
shells.

In the process of loss of stability, the shells with the reinforcement angle close to
90°, exhibit localization of the bulges along the generatrix, their number increasing
with the loading rate, and the axisymmetric buckling forms tending to transform into
non-axisymmetric ones. The process for the shells with the reinforcement angle of
60° is characterized by changing the deformation configuration with the increasing
pressure pulse rate from the bulges along the generatrix to a corrugated form of loss
of stability. The shells with the reinforcement angle of 45° lose their stability with a
clearly pronounced corrugated configuration, the number of corrugations increasing
with the pressure pulse rate. For the shells with the 30°-reinforcement angle, the
form of loss of stability is characterized by practically retaining the initial cylindrical
geometry except for the zone of boundary effects.

Figure 5 depicts the results of analyzing the effect of loading rates on the dynamic
overload factor for different reinforcement patterns.

It is evident that the dynamic factor growswith the pressure pulse rate, this relation
being more pronounced in the shells with higher anisotropy.

The deformed geometries of the shells illustrating the effect of reinforcement
angle on the character of loss of stability under quasistatic and dynamic loading with
the pulse rate of 5 GPa/s, both with and without preloading, are shown in Fig. 6.

Shells with strongly pronounced anisotropy lose their stability in the process of
quasistatic deformation with forming dimples along the generatrix, whereas loss of
stability of shells with the reinforcement angle of 45° is in the form of corrugation,
the corrugating level being higher along the clamped edges.
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Fig. 4 Characteristic forms of loss of stability of composite cylindrical shells loaded by an external
pressure pulse with the rates of: 10 (a); 30 (b); 50 (c) GPa/s
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Fig. 5 Dynamic overload factor as a function of pressure pulse rate for different reinforcement
angles: 90°(1); 60°(2); 45°(3); 30°(4) relative to the generatrix of the shell

Loss of stability of a dynamically loaded shell with the reinforcement angle of
90° is characterized by the formation of two rows of dimples along the generatrix
and the stiffening rib in the middle part of the shell.

Loss of stability of the shells with 60°- and 45°-reinforcement angles is caused by
dimples along the entire generatrix of the shell and by increasing their number along
the circumference of the shell with the 45°-reinforcement angle. The shell with the
30°-reinforcement angle loses its stability by corrugating.

The shells with the 90° reinforcement angle lose their stability under a combined
effect of quasistatic and dynamic loading by forming two or three rows of dimples
for the internal pressures of Ḟ−

3 = 0.1 and Ḟ−
3 = 0.35, respectively. The shells

with the reinforcement angle of 60° lose their stability by forming dimples along the
generatrix of the shell. The characteristic form of loss of stability of the shells with
the 45°-reinforcement angle is by corrugating, the number of corrugations increasing
with the internal static pressure. The shells with the 30°-reinforcement angle lose
their stability by forming ring-shaped wrinkles near the clamped edges of the shell.

A comparative analysis if the deformed geometries of the shells in the process of
loss of stability revealed their qualitative differences under static and dynamic load-
ing. Varying the reinforcement angle results in the transformation of characteristic
forms of loss of stability of the shell, from the configurations with elongated dimples
along the generatrix of the shell to corrugated forms.

The increase in the rate of growth of the external pressure pulse in dynamically
loaded composite cylindrical shells results in the increase of the number of waves
both in the circumferential and longitudinal directions.

It follows from the obtained results that the loading rate, the level of static preload-
ing and the reinforcement level significantly affect both the value of the dynamic
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Fig. 6 Characteristic forms of loss of stability of composite cylindrical shells for different rein-
forcement angles (90°(a); 60°(b); 45°(c); 30°(d)) relative to the generatrix of the shell
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overload factor and the characteristic forms of waveformation in the process of loss
of stability of composite cylindrical shells.

4.2 Numerical Analysis of Loss of Stability of Isotropic
and Composite Cylindrical Shells Under Dynamic
External Pressure and (or) Axial Compression

The reliability of the introduced methodology was corroborated by comparing the
theoretical results with the experimental data on dynamic stability of cylindrical
shells loaded by an internal pressure pulse [13]. The shells lost stability by forming
six bulges in the circumferential direction.The critical pulse valuewas computed tobe
IT∗ = 1.4×103 Pa·s, while the corresponding experimental valuewas I∗ = 1.72×103

Pa·s, which testifies to satisfactory agreement between the numerical results and the
experimental data. The quantitative difference is evidently due to the imperfections
in the measuring scheme (as it is noted in [13]) incomplete adequacy between the
numerical scheme and the experimental conditions.

Then, dynamic behavior and loss of stability of a cylindrical shell (R =
0.072m, R/h = 100, L/R = 2) under uniform compression was considered.
The shell was made of aluminum: E = 77.5 GPa, ρ = 2700 kg/m3, v = 0.3, σ * =
0.16 GPa, g = 1 GPa.

The results of the analysis of elastic and elastoplastic loss of stability of a shell
with free ends, loaded by a combination of external pressure and axial compression
pulses are given in Figs. 7, and 8.

The curves with odd numbers correspond to the elastoplastic behavior of the shell
material and the even ones to the ideally elastic behavior. Curves 1, 2 were computed
for purely axial loading with the rate of growth of pressure V1 = 1.1 × 103 GPa/s,
curves 3, 4 for loading by external pressurewith the rate of V3 = 10GPa/s, and curves
5, 6 for loading by a combination of pulses of axial compression and external pressure
of a triangular form, with the rates of growth of the pressure on the ‘ascending’ parts
being the same as in the case of pure axial compression and external pressure, and
the rates on the ‘descending’ ones being 36 times bigger, and the loading attained its
maximum value in t∗ = 3.6 × 10−4 s.

It follows from the above results that under combined loading, in the case of
elastic deformation, the process of loss of stability starts from the edges of the shell
by forming twelve dimples facing the center of the curvature, and then, as the process
develops, a belt of twelve dimples is formed in the middle part of the shell, which
are shifted a quarter of a wave relative to the edge ones.

In the case of elastoplastic behavior, the process beginswith forming ringwrinkles
at the edges of the shell; then the number of wrinkles grows, and they shift to the
central cross-section of the shell. Later, a belt in the form of a dodecahedral prism is
formed in the region of the central cross-section.
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Fig. 7 Time history of the
absolute values of maximal
deflection of a shell for
elastic and elastoplastic
behavior of the shell material

From the analysis of the curves depicted in Fig. 7 it follows that accounting for
physical nonlinearity results in substantially lower critical values of loading, this
effect being more pronounced in the case of combined loading.

Further on, composite cylindrical shells secured on the ends by rigid discs, loaded
by linearly increasing radial pressure or axial compression, were considered. The
effect of the reinforcement pattern and the shell thickness on the critical value of
the load and the character of initial supercritical behavior. The shell had the follow-
ing geometrical parameters: R = 0.072 m; R/h = 112; L/R = 2.2. The physical-
mechanical properties of the shell varied in the following limits: E1 = 200 GPa; E2

= E1/2 ÷ E1/30; G12 = G13 = G23 = E2/2; ν12 = 0.25; ρ = 1800 kg/m3 (Figs. 9
and 10).

In the case of circumferential reinforcement, a large number of rhomb-shaped
dimples are clearly observed, as compared with the longitudinal reinforcement. An
analogous effect is observed for the shells with strongly pronounced anisotropy,
reinforced along the generatrix (Fig. 11).

The analysis of the waveformation showed that in this case loss of stability takes
place by forming eight elongated dimples along the generatrix for the both reinforce-
ment patterns and is practically independent of the degree of anisotropy of the shell
material (Fig. 12).

It is seen that the decrease in the circumferential modulus results in the substan-
tial drop of the critical loads of axial compression and external pressure. With the
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Fig. 8 Characteristic forms of loss of stability under combined loading: for elastic (a) and elasto-
plastic (b) behavior of the shell material

Fig. 9 Time history of
maximal deflections for the
case of axial loading at a rate
of V1 = 8 GPa/s. Curves 1, 2
correspond to longitudinal
reinforcement, and curves 3,
4 to the circumferential one;
curves 2, 4 were computed
for E1/E2 = 2, and curves 1,
3 for E1/E2 = 30
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Fig. 10 Characteristic forms of waveformation as a result of loss of stability under axial loading
(the numbering of the pictures in the same as that of the curves in Fig. 9)

Fig. 11 Time histories of
maximal deflections for the
case of loading by external
pressure at a rate of V3 =
2 GPa/s (the numbering of
the curves is the same as in
Fig. 9)
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Fig. 12 Critical loads of axial compression (a) and external pressure (b) as a function of the
thickness of the shell reinforced along the generatrix. Curves 1 correspond to E1/E2 = 2, and curves
2 to E1/E2 = 30

increasing shell thickness, the effect of the degree of anisotropy of the shell material
on the value of the critical load becomes less pronounced.

4.3 Numerical Analysis of Dynamic Buckling of Discretely
Stiffened Cylindrical Shells Loaded by Axial
Compression and External Pressure

The reliability of the introduced methodology was corroborated by comparing the
theoretical resultswith experimental data on dynamic stability of stiffened cylindrical
shells loaded by an external pressure pulse [13]. A comparative analysis was done for
elastoplastic shells stiffened by circumferential ribs. The process of loss of stability
of the stiffened shells consisted of two stages. First, local loss of stability between the
stiffening ribs was observed, then total loss of stability took place, with the formation
of waves covering the circumferential ribs. The computed value of the critical pulse
for the stiffened shells was equal to IT∗ = 2.2 × 103 Pa·s, with the corresponding
experimental value being I∗ = 2.52 × 103 Pa·s. The computational results and the
experimental data show satisfactory agreement. The quantitative difference between
the numerical and experimental results may be due to inaccuracies in the measuring
scheme (as it was noted in [13]) and not complete correspondence between the
numerical scheme and the experimental conditions.

The dynamic behavior and loss of stability of a stringer cylindrical section
(R = 0.072 m, L/R = 2, stringers with the cross-section dimensions of 1.6 · 10−3

m × 3 · 10−3 m) with free ends, loaded by linearly increasing external pressure. The
structure was made of aluminum: E = 77.5 GPa; ρ = 2700 kg/m3; v = 0.3; σ* =
0.16 GPa; g = 1 GPa.

The results of analyzing the elastic and elastoplastic deformation of a cylindrical
shell stiffened by twenty-four stringers, loaded by external pressure at a rate of
V3 = 10 GPa/s, are presented in Figs. 13, 14 and 15.
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Fig. 13 Time histories of maximal deflections for different thicknesses of the shell of the stringer
section. The curves with odd numbers 1, 3, 5, 7, 9 correspond to elastoplastic behavior of the shell
and the stiffening elements, calculated for R/h = 50, 75, 100, 125, 250, respectively; the analogous
curves with even numbers 2, 4, 6, 8, 10 correspond to elastic deformation of the structure

Fig. 14 Values of critical pressure for elastic (curve 1) and elastoplastic (curve 2) behavior of the
material of the structure as a function of the shell thickness

Fig. 15 Characteristic forms of loss of stability for elastic (a) and elastoplastic (b) deformation of
the structures with the shell thickness of R/h = 100
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Fig. 16 Characteristic forms of loss of stability of a shell stiffened with six stringers: a, b after
loading by external pressure at a rate of V3 = 2 GPa/s, c, d after loading by axial compression at a
rate of V1 = 36 GPa/s; a, c computed using the model with discrete spacing of stringers, b, d using
the structurally orthotropic theory

The analysis of loss of stability shows that, in the case of elastic deformation of the
material of the structure, loss of stability results in the formation of elongated bulges
along the generatrix of the cylinder. For R/h = 50, the stringer section transforms
into a regular hexagonal prism, while with the decreasing shell thickness the number
of the form of loss of stability increases and, beginning with R/h≥ 150, the structure
loses its stability by arching, the stiffening stringers acting as intermediate supports.

In the case of elastoplastic behavior of the structural material, loss of stability by
arching is characteristic both for the shells of medium thickness R/h ≤ 75, and for
the thin enough ones, R/h ≥ 125. In the intermediate range of shell thicknesses, 125
≤ R/h ≤ 75, loss of stability takes place in the form of the ‘Chinese lantern’ (see
Fig. 15 b). In the case of loading with high rates of growth of external pressure, the
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Fig. 17 Characteristic forms of loss of stability of a shell stiffened with twenty-four stringers: a,
b after loading by external pressure at a rate of V3 = 2GPa/s, c, d after loading by axial compression
at a rate of V1 = 36 GPa/s; a, c computed using the model with discrete spacing of stringers, b,
d using the structurally orthotropic theory

Fig. 18 Critical values of external pressure (a) and axial compression (b) as a function of stiffening
stringers (curve 1 corresponds to the discrete model, curve 2—to the structurally orthotropic theory)
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length of the bulges in the middle part of the ‘Chinese lantern’ decreases, and three
rows of dimples are formed. It follows from the obtained results that, in computing
critical values of external pressure on a stringer-stiffened cylindrical shell, taking
account of the physical nonlinearity becomes necessary beginning with R/h ≤ 200.

The conducted investigations and the experimental results [13, 20] on dynamic
stability of rib-stiffened cylindrical shells under nonstationary external pressure tes-
tify to the fact that spacing between the stiffening elements, as well as their stiffness,
affect the process of dynamic buckling and, in particular, the dominating form of loss
of stability (general or local), in a rather complex way. However, by now, the over-
whelming majority of theoretical results have been obtained when analyzing ribbed
shells according to a structurally orthotropic model. The scope of such approach, as
a rule, remains unidentified.

In what follows, a comparative analysis of the loss of stability forms and critical
values of axial compression and external pressure is given for a stringer cylindrical
shell, computed in the framework of the structurally orthotropic theory and a model
with discrete spacingof stringers. Thegeometrical parameters of a stringer cylindrical
section were as follows: R = 0.072m; R/h = 100; L/R = 2; the cross-sectional
dimensions of the stringers were 1.6 · 10−3 × 3 · 10−3 m. The structure was made
of aluminum: E = 77.5GPa; ρ = 2700 kg/m3; ν = 0.3; σ∗ = 0.16GPa;.
g = 1GPa. On its ends, the structure was secured with rigid discs (Figs. 16, 17 and
18).

It follows from the results obtained that, when the number of stringers is less that
twenty four, the structurally orthotropic scheme not only yields qualitatively different
forms of loss of stability as compared with the discrete model, but also substantially
underestimates critical loading values.

5 Conclusion

Based on the results of the conducted studies, the following can be concluded. Internal
static pressure results in substantially increasing the critical load of loss of stability of
cylindrical shells. The number of waves both in the circumferential and longitudinal
directions of the shell tends to increase with the loading rate. The characteristic form
of the deformed configuration in the process of loss of stability strongly depends on
the reinforcement angle.

The analysis of stability of isotropic shells has shown that taking into account
physical nonlinearities leads to substantially decreasing critical loads, this effect
being more pronounced in the case of combined loading.

It was concluded from the analysis of stability of composite shells that decreasing
the circumferential modulus leads to a considerable drop of critical values of axial
compression and external pressure. The effect of the degree of anisotropy of the shell
material on the critical loading value increases with the shell thickness.

In analyzing critical values of external pressure for stringer-stiffened cylindrical
shells, accounting for physical nonlinearities becomes necessary beginning with R/h
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≤ 200. The structurally orthotropic scheme not only yields qualitatively different
forms of loss of stability, as compared with the discrete model, but also substantially
underestimates critical loading values.
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Analytical Buckling Analysis
of Cylindrical Shells with Elliptic Cross
Section Subjected to External Pressure

Igor I. Andrianov and Alexander A. Diskovsky

Abstract An analytical algorithm for studying the stability of a cylindrical shells
with elliptic cross section subjected to external pressure is proposed. It is based
on perturbation procedure. The mentioned buckling problem can be solved using
FEM. However, FEM solutions may be less manageable, for instance, in terms of
optimal design, than the associated approximate analytical models. The approximate
formulas obtained are sufficiently accurate and can be used in engineering practice.

1 Introduction

Cylindrical shells with elliptic cross section (ECSh) are frequently used in the manu-
facturing of aircrafts, missiles, boilers, pipelines, automobiles, and some submarine
structures [1]. We can mention fuselage or tank of hypersonic aircraft [2]. Elliptic
steel hollow sections are used as element of modern building façade [3]. In recent
years, hot-rolled elliptical hollow sections have attracted significant attention from
engineers and architects owing to their complementary qualities of aesthetic appear-
ance and structural efficiency. Hot-rolled and cold-formed structural steel tubular
members of elliptical cross-section are widely used in the civil engineering [4, 5]. In
addition, it often occurs that shells designed to be circular cylindrical deviate mea-
surably from perfect circularity once they are fabricated. Laterally loaded cylindrical
clusters have been effectively employed as energy dissipators in impact attenuation
devices [6]. ECSh can be made from composite, sandwich or functionally graded
materials and reinforced by ribs [1, 7–10].

Numerical studies of ECSh use variational methods: Bubnov-Galerkin [8, 11],
Kantorovich with trigonometrical basis functions in axial [12–14] or circumferential
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direction [2, 9, 15], FEM [3]. The finite-difference method is also used [16–18], in
[17] it is used in conjunction with energy minimization.

The mentioned buckling problem can be solved using FEM. However, FEM solu-
tions may be less manageable, for instance, in terms of optimal design, than the
associated approximate analytical models. An analytical study of the stability of
ECSh was carried out by Babenko on the basis of Pogorelov’s geometric method
[19–21]. In these papers it is shown how a regular classical buckling mode becomes
local in the circumferential direction for the load less than the classical buckling
load. It leads to the localization of the postbuckling behavior in the vicinity of the
weak generatrix of the middle surface. On the basis of this result it is proposed to
calculate the stability of ECSh replacing it with a circular cylindrical shell of the
maximum radius of curvature. Numerically and experimentally, this approach has
been confirmed in [12–14] and [14, 22] respectively.

Theoretical and experimental research showed two mechanisms of buckling:
bifurcation and collapse. It can be concluded that nonlinear effects are important
for this type of shell and that a linear bifurcation type of analysis should be used with
caution for shells with a radius of curvature to thickness ratio R0/h less than 270
[18]. It would appear that for R0/h < 270, a bifurcation buckling should give good
results and for R0/h > 270 a nonlinear analysis should be used. With the use of
bifurcation buckling analysis, the assumption of membrane prebuckling state gives
good results [11, 14, 18].

Many studies [23, 24] showed, that ECSh aremuch less sensitive to imperfections,
a sentence that was in sharp contrast to the significant imperfection sensitivity of
circular cylindrical shells.

Experimental results are described in [9, 11, 14, 15, 22]. As a rule, the experi-
mental values of buckling pressure are lower than theoretical ones. It is noted that
the elliptical cross section tends under the action of the pressure to the circular one,
and the critical load for ECSh is higher than for the circle cylindrical shell with the
same cross section perimeter.

In this paper perturbation procedure is used for construction of simple expressions,
described a linear bifurcation type of buckling of cylindrical shells with elliptic cross
section. The remainder of the paper is organized as follows. InSect. 2we analyse char-
acteristics of the elliptic cross section. Semimembrane theory is applied in Sect. 3.
In Sect. 4 we use perturbation procedure. Comparison with known numerical and
experimental results is given in Sect. 5. Finally, concluding remarks are presented in
Sect. 6.

2 Characteristics of the Elliptic Cross Section

It is well known that the ellipse radius R(α) and curvature κ(α) are given by [3]

R(α) = A

b
(sin2 α + b2 cos2 α)3/2; κ(α) = 1/R(α),
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where b = B/A;A and B are the major and minor axis width values, respectively,
and α is the angle from the ellipse centre.

Instead of considering the ellipse centre angle α, one may use the tangential
angle θ between the normal at any given point, for instance P and the major axis
θ = arctan(b tan α). One can easily express the exact radius R(θ) and curvature
κ(θ) by means of the following Fourier cosine series

R(θ) = R0[1 +
∑

1

r2k cos(2kθ)];κ(θ) = κ0[1 +
∑

1

λ2k cos(2kθ)];

R0 = 1

2π

2π∫

0

R(θ)dθ; r2k = 1

2πR0

2π∫

0

R(θ) cos(2kθ)dθ;

κ0 = 1

2π

2π∫

0

κ(θ)dθ; λ2k = 1

2πκ0

2π∫

0

κ(θ) cos(2kθ)dθ, k = 1, 2, . . . (1)

It can be mentioned fast decrease of the coefficients in the Fourier series. E.g., for
A/B = 1.5 one obtains [3]

R(θ) = R0[1 − 0.59 cos(2θ) + 0.15 cos(4θ) − 0.034 cos(6θ) + 0.0077 cos(8θ) − . . .]. (2)

It is obvious that (2) are alternating series with rapidly decreasing terms.

3 Semimembrane Theory

The prebuckling state is assumed to be momentless, which is completely justified
for a sufficiently long shell [25], viz.

L � √
hR0, (3)

where h, L are the shell thickness and length.
The circumferential stress is [25].

σθ = QR(θ)

h
. (4)

For simplification of stability equation semimembrane theory is used. It can be
obtained using Vlasov assumptions [26] and justified due asymptotic procedure [27].
Semimomentous stability equation can be written as follows [26]:
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Eh2

12(1 − ν2)

∂8W

∂s8
+ QR(θ)

h

∂6W

∂s6
+ Eκ2(θ)

∂4W

∂x4
= 0,

s =
θ∫

0

R(θ)dθ, (5)

where W is the normal displacement, E, v are the Young modulus and the Poisson
coefficient of the shell material,Q is the lateral external pressure, x is the longitudinal
coordinate.

In addition to simplifying the original shell equation, it is necessary to simplify the
boundary conditions. The splitting of the boundary conditions, given in [27], leads
to an important conclusion: in the first approximation, the edge effect for sufficiently
long shell does not affect the magnitude of the buckling load. For simply supported
shell

at x = 0, L T1 = 0, V (T12) = 0,W = 0,
∂2W

∂x2
= 0 (6)

boundary conditions for Eq. (5) take the form [27]:

at x = 0, L W = 0,
∂2W

∂x2
= 0. (7)

In (6) T1, T12 are the membrane forces, V is the circumferential displacement.

4 Perturbation Solution of Eigenvalue Problem

Eigenvalue problem (5), (7) allows separation of variables

W = w(s) sin(
πx

L
). (8)

Then one obtains

Eh2

12(1 − ν2)

d8w

ds8
+

QR0[1 + ∑
1
r2k cos(2kθ)]
h

d6w

ds6
+ Eπ4

L4R2
0

[1 + 2
∑

1

λ2k cos(2kθ)]w = 0,

w(s) = w(s + 2πR0). (9)

Let us introduce homotopy small parameter ε and represent the eigenfunction w

and eigenvalue Q in the following form
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w = w0 + εw1 + ε2w2 + . . . ; Q = Q0 + εQ1 + ε2Q2 + . . . (10)

In recent years the so-called homotopy perturbation method has received large
attention (the term “method of artificial small parameters” is also used). Its essence
is as follows. In the boundary value problem (BVP) the parameter is introduced so
that for ε = 0 one obtains a BVP which admits a simple solution, and for ε = 1 one
obtains the governing BVP. Then the perturbation method regarding ε is apllied and
we put ε = 1 in the final formula [28].

Now regular perturbation procedure for eigenvalue problems [29, 31] is used.
After substitution Ansatz (10) in eigenvalue problem (9) and splitting with respect
to powers of ε one obtains:

Eh2

12(1 − ν2)

d8w0

ds8
+ Q0R0

h

d6w0

ds6
+ Eπ4

L4R2
0

w0 = 0, (11)

Eh2

12(1 − ν2)

d8w1

ds8
+ Q0R0

h

d6w1

ds6
+ Q1R0

h

d6w0

ds6
+ Eπ4

L4R2
0

w1

= −[Q0R0

h

d6w0

ds6
∑

1

r2k cos(2kθ) + 2Eπ4

L4R2
0

w0

∑

1

λ2k cos(2kθ)],

. . . (12)

wi (s) = wi (s + 2πR0), i = 0, 1, 2, . . . (13)

The eigenvalue problem (11), (13) is self-adjoint, which solution can be found in
the following form:

w0(s) = C sin(
ns

R0
), (14)

Q(n)
0

Eδ
= δ2n2

12(1 − ν2)
+ π4

n6l4
, (15)

where δ = h/R0, l = L/R0.
The minimal eigenvalue is determined by the expression

Q0min = Q(n∗)
0 = min

n⊂N

Q(n)
0 . (16)

For practically important cases n∗ >> 1, this allows for a minimization analyti-
cally and the familie Southwell-Papkovich formula [31] is obtained

Q0

Eδ
=

√
6πδ1.5

9l(1 − ν2)3/4
, n =

[
4

√
6π2

√
1 − ν2l−2δ−1

]
. (17)

Here […] denotes integer part of (…).
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In accordance with the regular perturbation procedure for eigenvalue problems
[29, 30], the equation of the first approximation (12) is multiplied by w0(s) and
is integrated in respect to s from 0 to 2πR0. Taking into account that eigenvalue
problem (12), (13) is self-adjoint, one obtains

Q(n)
1

Eδ
= Q(n)

0 r2n
4Eδ

− π4λ2n

2l4n6
. (18)

We note an important circumstance. In the first approximation, the correction to
the eigenvalue is determined by the resonant harmonic of the Fourier series with the
number 2n. Using the expressions of the zero (15) and first (18) approximations and
suppose ε = 1, we obtain a simple approximate formula for calculating the buckling
load of a cylindrical shell with the elliptic cross section subjected to external pressure.

Q ≈ min
n⊂N

(Q(n)
0 + Q(n)

1 ). (19)

As is known, semimembrane equations are not very accurate for very long shells,
when shell can be treated as ring [31]. Stability equation for ring can be written in
the following form

Eh2

12(1 − ν2)

(
d2

ds2
+ 1

R2

)2
d4W

ds4
+ QR

h

(
d2

ds2
+ 1

R2

)2
d2W

ds2
= 0. (20)

Using above explained perturbation procedure one obtains buckling load for ellip-
tic ring

Q

Eδ
= (1 + r4

4
)

δ2

3(1 − ν2)
, n = 2. (21)

5 Proof of Accuracy

To verify the obtained formulas, let us compare our calculations with experimental
results (ER) [11], the Bubnov-Galerkin approach (BGA) [11], and finite-difference
method (FD) [17].

Yao and Jenkins obtained buckling pressures from tests on simply supported
polyvinyl chloride shells [11]. They compared the test results with a theory in which
the prebuckled state is calculated from linear membrane theory. Buckling pressures
are obtained from an eigenvalue problem based on the Bubnov-Galerkin method.
By virtue of known theorems of the calculus of variations, this method gives upper
bounds for the first eigenvalue.
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Table 1 A/B = 1.5

δ l q ER [11] q BGA [11] q FD [17] (18)

0.00282 1.485 1.28 1.21 1.46 1.30

0.00728 0.00728 1.188 5.29 5.67 5.65

0.0134 1.485 11.83 14.30 13.86 14.40

Bushnell used BOSOR3 code based on FD approximation [17]. It was shown that
the prebuckling stress distributions are very similar to those predicted by membrane
theory. Cross section shape changing also does not play any significant role.

We calculate nondimensional quantity q = 104(1−ν2)lQ and suppose, in accor-
dance with experiment [11], ν = 0.37. Numerical results are presented in Table 1
(for A/B = 1.5).

One can see sufficient accuracy of obtained approximate solution.

6 Concluding Remarks

Modern codes using FEM make it possible to easily obtain numerical solutions to
problems of buckling of a cylindrical shell with elliptic cross section subjected to
external pressure. However, FEM solutions may be less manageable, for instance, in
terms of optimal design, than the associated approximate analytical models. These
analytical models must be simple, informative and accurate. Formula (19) satisfies
these requirements. Of course, one must remember the limitations imposed by the
approximate model used:L >>

√
hR0, 1 >> h/R0.
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Subclasses of Mechanical Problems
Arising from the Direct Approach
for Homogeneous Plates

Marcus Aßmus, Konstantin Naumenko and Holm Altenbach

Abstract Pavel Andreevich Zhilin proposed a theory for deformable directed sur-
faces which builds a generalized framework in context of linear engineering theories
of plates. We introduce this theory axiomatically, delineate the basic ideas and for-
malize the governing equations. In doing so we present a self-contained set of equa-
tions for time-invariant problems. Thereof, subclasses ofmechanical problems can be
deduced, whereby in present context themain existing theories are derived. These are
in-plane and out-of-plane loaded plate problems. Next to the in-plane loaded plate
problem, we also distinguish between transverse shear-deformable and transverse
shear-rigid out-of-plane loaded plates. Typical representatives are the plate theories
by Kirchhoff, Reissner, and Mindlin.

Keywords Generalized plate theory · In-plane · Out-of-plane · Transverse shear

1 Introduction

1.1 Motivation

Our intention is to present a framework to treat mechanical problems on slender
structures with uniform thickness. Hereby we reduce our concern to initially flat
structures, i.e. uncurved in the reference placement. The treatment of such theories
has a long tradition, since their original beginnings date back more than 150 years.
All attempts associated can be considered as theories for dimensionally-reduced
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continua. However, engineers usually have a pragmatic perception, so that we have
to divide our introduction.

Let us start with more abstract considerations in context of generalized continua.
A modern notion to the direct approach for plates is based on the treatise of Erick-
sen and Truesdell [11] which was revitalizing a topic associated with continua which
exhibit independent rotational degrees of freedom.Hereby, theCosserat brothers [10]
were the godfathers since their ideas were used as parent model. For further attempts,
Green [15] introduced the so called Cosserat surface. Such surface is kinematically
equivalent to the 6-parameter plate theory. Zhilin [44] proposed a physically moti-
vated theory with only five parameters as sufficient. Therein, drilling rotations are
neglected. This rotation about the normal to the surface is not considered as inde-
pendent variable since the structural rigidity is much higher than resistance against
the out-of-plane rotations.

Turning to the historical developments of engineering applications, we have to
leave the pathway of such non-classical approaches connected with Cosserat-type
theories of plates, or more general, Cosserat-type shells, cf. [4]. First efforts to pre-
dict the structural mechanics of plates were done by Germain [14]. Lagrange [21]
delivered corrections to this attempts. Also Navier [30] and Poisson [34] participated
in this early endeavors. A completed plate theory was delivered by Kirchhoff [19] for
the first time, who also revealed flaws of the latter ones. This theory retains valid for
shear rigid plates. It is also known asKirchhoff-Love plate theory (or Kirchhoff-Love
shell theory) in english-speaking regions, while the achievement of Love [23] was
an extension to initially curved surfaces what was already shown by Aron [5], what
however, was unnoticed during that time. Improvements to Kirchhoff’s theory were
proposed only about 100 years later. Reissner [36, 37] andMindlin [24] contemplated
extensions to shear-deformable plates which was broaden the scope of application
of plate theories drastically. However, these improvements were originally ignited
approximately 30 years earlier by Timoshenko [39, 40], who incorporated first-order
transverse shear effects at beams. It is worth to mention that Mindlin [24] and Reiss-
ner [37] used different approaches to derive a plate theory incorporating transverse
shear effects.

The research area of plate theories has gained an overwhelming variety of
approaches and directions, so that it is almost impossible to get an overview of
all branches. This includes developments with six- or seven-parameter theories to
incorporate thickness distortion (extensible director) [8], approaches to consider
moderate deflections [12, 17], higher order approaches to transverse shear defor-
mations [35], whereby all developments are derived mathematically consistent or
not [3]. Nowadays, these theoretical advances are often correlated to developments of
finite elements since numerical solutions gained therewith are liberated from severely
restricted boundary conditions of closed-form solutions.

However, since a dimensional reduction cannot be fully reconciled with classical
3D Cauchy continuum theory [20], we take the quest by introducing a planar elas-
tic surface ab initio. This is called direct approach. A deformable plane surface is
introduced, and two-dimensional field equations are formulated in analogy to three-
dimensional continuum theory. Thereby, it is our intention to represent the governing
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equations in a modern spirit where we adopt tensor notation for a rational represen-
tation. In the sequel we will operate on the two-dimensional body mid surface while
restrictions are made for the thin-walled spatial systems considered. To be exact,
these are as follows:

• the mid surface, that is the surface which halves the thickness of the plate at each
point, is a plane

• the plate thickness is small compared to the dimensions of the mid surface
• the outer surfaces surfaces of the plate enclose a homogeneous and continuous,
i.e. continuously connected, material

Naturally the direct approach claims for a delicate interplay between physics and
mathematics. Based on this concept, engineering theories for plates can be introduced
in a natural way, as we will present here. Our journey will thus take us from a five-
parameter theory to a two-parameter, a three-parameter and a one-parameter theory.

1.2 Frame of Reference

We reduce ourselves to the mid surface of slender bodies with uniform thickness
h(Xα) = h ∀α ∈ {1, 2}. For what follows, we refer to this two-dimensional body
manifold S, which is henceforth introduced as primitive concept. In context of the
original volume V of the three-dimensional body manifold B, following relation
hold.

V = {
(X1, X2, X3) ∈ B ⊂ E3 : (X1, X2) ∈ S ⊂ E2, X3 ∈ [−h/2,+h/2]

}
(1)

Herein, En is the n-dimensional Euclidean space. A visualization of the choice ofS
is given in Fig. 1. For the sake of clarity we designate the outer surface of the three-
dimensional body B with S±. To be exact, these are defined as follows.

S+ : −h

2

∣∣∣∣

Xα=Lα

Xα=0

S− : +h

2

∣∣∣∣

Xα=Lα

Xα=0

(2)

We introduce an orthonormal basis {eα, n} ∀α ∈ {1, 2} of a right-handed coordinate
system with the Euclidean norm |eα| = |n| = 1, while following relation holds.

n = e1 × e2
|e1 × e2| = e1 × e2 (3)

Forwhat follows, it is also beneficial to introduce the firstmetric tensor P = eα ⊗ eα .
The surface considered features a boundary ∂S. At this boundary we introduce
outward normals ν, whereby we do not distinguish between different directions. The
normals introduced are related as follows.
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Fig. 1 Reference surface in context of a slender body and the degrees of freedom endowed

ν· n = 0 (4)

The position vector r of a material point on S can be written as follows.

r = r0 + v + wn (5)

Herein, r0 = Xαeα is the position in the reference placement, v = vαeα is the in-plane
displacement vector and w is the deflection. Furthermore, we introduce rotations of
a material point, characterized by the vector ψ = −ϕ2e1 + ϕ1e2. To sum up, the
degrees of freedom possessed by the surface continuum can be written in a rational
spirit.

a = v1e1 + v2e2 + wn (6)

ϕ = ϕ1e1 + ϕ2e2 (7)

Herein, a is the vector of translational degrees of freedom and ϕ = ϕαeα is the
vector of rotational degrees of freedom. Furthermore, the relations ϕ = ψ × n and
ψ = −ϕ × n hold.

We limit ourselves to the static case and restrict our concern to the derivation of
classical engineering theories in this field. This is highlighted by Eqs. (6) and (7),
resulting in a so called five-parameter theory. Such a theory is a special case of the
Cosserat surface, cf. [31]. However, following restrictions are introduced.
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• kinematics

– displacements, deflections, and rotations remain small
– strains (in-plane and transverse shear strains) and curvature changes are small
– i.e. a linear differential correlation of displacements/deflections/rotations and
strains/curvature changes can be assumed

• material properties

– homogeneous and isotropic
– purely elastic and scleronomous

Preceding restrictions result in geometrical and physical linear theories, i.e. so called
1st order structural theories.

1.3 Preliminaries

In this paper we apply a direct notation for tensors, whenever possible. Tensors
of zeroth order (or scalars) are symbolised by italic letters (e.g. a), italic lower-
case bold letters denote first-order tensors (or monads) (e.g. a=ai ei or b=b j e j ),
second-order tensors (or dyads) are designated by italic uppercase bold letters (e.g.
A= Alm el ⊗ em or B= Bno en ⊗ eo), third-order tensors (or triads) by italic low-
ercase bold calligraphic letters (e.g. a=apqr ep ⊗ eq ⊗ er ), and fourth-order ten-
sors (or tetrads) are symbolised by italic uppercase bold calligraphic letters (e.g.
AAA= Astuv es ⊗ et ⊗ eu ⊗ ev), whereas Einstein sum convention is applied. Latin
indices run through the values 1, 2, and 3, while Greek indices run through the
values 1 and 2.

In the following, essential operations for tensors used in this paper are introduced
based on a Cartesian coordinate system and orthonormal bases, e.g. {ei }:
• the scalar product

a· b=ai b j ei · e j =ai bi =α α ∈ R , (8)

• the cross product

a × b=ai b j ei × e j =ai b j εi jk ek = c , (9)

• the dyadic product

a ⊗ b=ai b j ei ⊗ e j =C , (10)

• the composition of a second and a first-order tensor

A· a= Alm ai el ⊗ em· ei = Ali ai el =d , (11)
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• the composition of two second-order tensors

A· B= Alm Bno el ⊗ em· en ⊗ eo= Alm Bmo el ⊗ eo= D , (12)

• the cross product between a second and a first-order tensor

A × b= Alm b j el ⊗ em × e j = Alm b j εmjk el ⊗ ek =G , (13)

• the double scalar product between two second-order tensors

A : B= Alm Bno el ⊗ em: en ⊗ eo
= Alm Bmo (14)

• the double scalar product between a fourth and a second-order tensor

AAA : B= Apqrs Bno ep ⊗ eq ⊗ er ⊗ es: en ⊗ eo
= Apqrs Bsr ep ⊗ eq = F . (15)

As previously applied, εi jk is the permutation symbol

εi jk =

⎧
⎪⎨

⎪⎩

+1 if (i, j, k) is an even permutation of (1, 2, 3)

−1 if (i, j, k) is an odd permutation of (1, 2, 3)

0 if (i, j, k) is not a permutation of (1, 2, 3)

. (16)

Each tensor A canbedecomposed in its symmetric Asym (A = AT or b· A = A· b)
and antimetric part Askw (A = −A� or b· A = −A· b).

A = Asym + Askw
Asym = 1

2

[
A + A�]

Askw = 1
2

[
A − A�] (17)

The norm of a vector a is defined as |a| = [a· a]1/2. The Nabla operator ∇ is
defined as ∇2= eα

∂/∂Xα for two-dimensional considerations and ∇3= ei ∂/∂Xi in three
dimensions. ∇·� is the divergence, and ∇� is the gradient of a tensor. ∇sym�=
1/2[∇� + ∇��] is the symmetric part of the associated gradient, where� holds true
for every differentiable tensor field. The transposed gradient is defined as ∇�� =
[∇�]� where � holds for all first-order tensors.

2 The Original Problem

In the present treatise we follow the perspective of Zhilin [44]. As alreadymentioned,
this is driven by a more pragmatic viewpoint since we neglect drilling rotations at
deformable directed surfaces. In context of engineering applications this is justifiable
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since the rigidity against wrinkling is considerably bigger than against bending and
torsion of the surface. In the sequel we delineate the tenets of this theory. Thereby
we use a more appropriate notation for representation. The theory is expected to find
applications in the treatment of mechanics of thin walled structural elements with
arbitrary loadings and stiffnesses.

2.1 Kinematics

We introduce deformations measures associated with three distinct deformation
states. Thereby we neglect terms of higher order for the in-plane displacement gra-
dient and the rotational gradient.

G = ∇sym
2 v (18)

K = ∇sym
2 ϕ (19)

g = ∇2w + ϕ (20)

Herein, G = Gαβeα ⊗ eβ is the second-order in-plane strain tensor, K = Kαβeα ⊗
eβ is the second-order curvature change tensor, and g = gαeα is the first-order trans-
verse shear strain tensor. The tensors G and K are symmetric. In the sequel we will
introduce dual measures to these deformation tensors.

2.2 Kinetics

Analogous to Cauchys theorem, boundary quantities are defined by forces and
moments acting at the surface which is the starting point of Zhilin’s approach.
Thereby we make use of tangential forces sS, orthogonal forces pS, and out-of-
plane moments mS acting at the surface.

nν = lim
�L→0

�sS
�L

mν = lim
�L→0

�(mS × n)

�L
qν = lim

�L→0

�pS
�L

(21)

Herein L is a lengthmeasure. The vectors and the scalar of the left hand sides indicate
the boundary resultants of the in-plane state nν , the out-of-plane state mν and the
transverse shear state qν . The orientation of the cut is defined by the corresponding
normal. Thereby we make use of the boundary normals n and ν, introduced in
Sect. 1.2. Following Cauchy [9], a tensor field exists to the boundary resultants
introduced in Eq. (21). The following applies to boundaries with normals n.

n· N = o n· L = o n· q = 0 (22)
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Fig. 2 Forces and moments at the surface as well as exemplary loading at the outer faces

However, with the boundary normal ν, which points along the plane directions, the
following boundary loads result.

ν· N = nν ν· L = mν ν· q = qν (23)

As with Cauchy’s Lemma, the resultants at opposite edges are equal in magnitude,
but opposite.

nν(−ν) = −nν(ν) mν(−ν) = −mν(ν) qν(−ν) = −qν(ν) (24)

Tensors for the stress resultants arise fromEqs. (22) and (23). Here N = Nαβeα ⊗ eβ

is the in-plane force tensor, L = Mαβeα ⊗ eβ is the polar tensor of moments, and
q = Qαeα [32] is the transverse shear force vector. Components of these measures
are visualized in Fig. 2. It is worth tomention that the tensors N and L are symmetric.

2.3 Equilibria

In present context we here built the local forms of the equilibrium of forces and the
equilibrium of moments. This results in the so called Euler’s laws of motion whereby
we neglect acceleration terms for the sake of brevity. Thereby forces acting at the
outer faces S± are summarized by means of the overall surface force vector f .

f = G(s, p) f = s + pn (25)

Herein s = sαeα is tangential and pn the orthogonal portion. We furthermore intro-
duce moments m = −m2e1 + m1e2. The local forms of force and moment equilib-
rium are given as follows.

∇3· (N + q ⊗ n) + f = o (26)

∇2· (−L × n) + q × n + m = o (27)

Obviously the overall force tensor F = Fαi eα ⊗ ei = N + q ⊗ n = Nαβ eα ⊗ eβ +
Qαeα ⊗ n and the axial tensor of moments M = −L × n = Mαβeα ⊗ n × eβ are
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both not symmetric. Alternatively one can introduce a representationwhere all shares
are clearly distinguished.

∇2· N + s = o (28)

∇2· q + p = 0 (29)

∇2· L − q + m × n = o (30)

Therein we have splitted the force equilibrium into an in-plane [Eq. (26)· P] and
an out-of-plane part [Eq. (26)· n]. We have furthermore rewritten the moment equi-
librium for the sake of clarity. Apparently this presentation offers the advantage to
operate with the symmetric measures N and L, while the transverse shear measure
q ⊗ n is reduced to the tensor of first order q.

In context of engineering applications we assume that moments are resulting
from forces acting at the outer faces solely, i.e. independent moments do not exist.
Therefore, we can write the moments as functions of the tangential forces.

m = K(s) m × n = h

2
s (31)

However, by no means our theoretical framework is restricted to the constrain intro-
duced in Eq. (31).

2.4 Boundary Conditions

The following boundary conditions are required to solve the field equations intro-
duced above. Thereby we distinguish between so called Dirichlet ∂SD and Neu-
mann boundaries ∂SN, which are defined as follows at the boundary ∂S of the
two-dimensional body manifold.

∂S = ∂SD ∪ ∂SN ∂SD ∩ ∂SN = ∅ (32)

In the sequel, prescribed quantities are designated with a superscript star.

2.4.1 Dirichlet Boundary Conditions

The Dirichlet boundary conditions are constraints in the form of given translations
and rotations.

v(r0) = v�(r0)

ϕ(r0) = ϕ�(r0) ∀ r0 ∈ ∂SD (33)

w(r0) = w�(r0)

Homogeneous Dirichlet boundary conditions can also be specified.
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2.4.2 Neumann Boundary Conditions

The Neumann boundary conditions link forces and moments that can act as loads on
the boundary of the surface continuum with the stress resultants.

ν· N = n�
ν ν· L = m�

ν ν· q = q�
ν ∀ r0 ∈ ∂SN (34)

2.4.3 Initial Conditions

On the other hand it is possible to introduce translations and rotations and veloc-
ity fields thereof at time t = t0, representing the initial state. Since we restrict
our concern to the scleronomous case, we drop the description of �(r0, t0) ∀� ∈
{v, v̇,ϕ, ϕ̇,w, ẇ}.

2.5 Constitutive Relations

In present treatise we assume linear elastic material behavior. In context of engineer-
ing applications we can presuppose this. In this case, the kinetic measures depend on
the first gradient of the degrees of freedom inmaximum. So, the measures introduced
in Eqs. (22) and (23) depend on themeasures given in Eqs. (18), (19), and (20) solely.
In generalized form, the constitutive equations can be given as follows.

N = AAA : G +BBB: K +c· g (35)

L = BBB: G +DDD: K +d· g (36)

q = c: G +d: g + Z· g (37)

Herein AAA and DDD are fourth-order stiffness tensors, BBB is a fourth-order coupling
stiffness tensor,c andd are third-order coupling stiffness tensors, and Z is a second-
order stiffness tensor.When reducing to themid surface of a homogeneous plate with
isotropic material behavior, the coupling stiffness tensors vanish.

in-plane–out-of-plane coupling:BBB = OOO (38)

in-plane–transverse shear coupling:c = o (39)

out-of-plane–transverse shear coupling:d = o (40)

For completely decoupled deformation states the constitutive equations can be con-
siderably simplified.
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N = AAA : G (41)

L = DDD: K (42)

q = Z· g (43)

To be exact,AAA is the in-plane stiffness,DDD is the out-of-plane stiffness, and Z is the
transverse shear stiffness. These linear mappings are in accordance with Hooke’s law
in linear elasticity of three-dimensional Cauchy continua [9]. In the case of isotropy,
these constitutive tensors read as follows.

AAA = Dip νP ⊗ P + 0.5Dip (1−ν) (P � P + P � P) (44)

DDD = Dop νP ⊗ P + 0.5Dop (1−ν) (P � P + P � P) (45)

Z = DtsP (46)

Herein we have introduced three engineering interpretations. These are the in-plane
stiffness Dip, the out-of-plane stiffness Dop, and the transverse shear stiffness Dts.

Dip = Y h

1 − ν2
Dop = Y h3

12
(
1 − ν2

) Dts = κ
Y h

2 (1 + ν)
(47)

Herein, Y is Young’s modulus and ν is Poisson’s ratio. The parameter κ is a tuning
parameter to account for the shear energy contribution. Furthermore we make use of
the following metric tensors where � and � are conjugation products [33].

P ⊗ P = eα ⊗ eα ⊗ eβ ⊗ eβ

P � P = eα ⊗ eβ ⊗ eβ ⊗ eα P � P = eα ⊗ eβ ⊗ eα ⊗ eβ

Wecan identify the following relations of the constitutivemeasures introduced above.

Dop = h2

12
Dip ∧ DDD = h2

12
AAA (48)

However, in context of isotropy, the stiffness tensors possess twomaterial parameters,
one geometry parameter and one tuning parameter. Restrictions on these coefficients
are as follows which result for reasons of stability (Y , h), physical interpretation (h),
and consistency (κ).

Y > 0 − 1 < ν <
1

2
h > 0 0 < κ ≤ 1 (49)

Alternative representation forms of Eqs. (44)–(46)were given by, e.g. Naumenko and
Eremeyev [29], Aßmus et al. [7], or Altenbach [2]. However, following properties
apply to the constitutive tensorsHHH ∈ {AAA,DDD}.
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B:HHH: A = A:HHH: B (50)

A:HHH = A�:HHH (51)

HHH: A = HHH: A� (52)

A:HHH: A ≥ 0 (53)

HHH: Askw = 0 (54)

Herein A and B are chosen arbitrary. For the second-order constitutive tensor Z, the
following applies.

Z· a = a· Z (55)

a· Z· a ≥ 0 (56)

Herein a is chosen arbitrary.

2.6 Variational Principle

Exact solutions in closed-form are only available for a small family of problems.
For the formulation of approximation methods it is helpful to use equivalent vari-
ational statements instead of equilibrium conditions. Variational principles provide
information on the extremal properties of functionals. A typical representative is
the principle of virtual work. The principle of virtual work for present generalized
problem can be formulated as follows.

δWint = δWext (57)

with

δWint =
∫

S

(N: δG + L: δK + q· δg) dS (58)

δWext =
∫

δS

(nν· δv + mν· δϕ + qνδw) d(∂S) +
∫

S

(pδw + s· δv) dS (59)

The equilibrium equations introduced in preceding sections are fulfilled for the
deformable plane surface if and only if Eq. (57) holds for all virtual fields δv, δϕ,
and δw.
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2.7 Classification and Formalization

As apparent in the splitted representation of the equlibrium equations, we can iden-
tify three different states. The first one is the in-plane state [Eq. (28)], the second
is the transverse shear state [Eq. (29)], and the third one is the out-of-plane state
[Eq. (30)]. In progress, this also becomes apparent in the constitutive equations (41),
(42), and (43)whereby reasons for simplification due to decoupling are clearly stated.
However, we herein use the designation ‘superposed’ in the sense that all three states
are uncoupled but heterodyne. This is reasonable in context of linearity, as pre-
supposed in present treatise. For coupled deformation states, it is not possible to
decompose the original problem into various subproblems. However, it turns out that
the direct approach results in a generalized framework for the treatment of slender
structures like thin plates.

Based on the boundary value problem presented in the previous sections, a struc-
tured overview is developed, which is graphically presented in form of a Tonti dia-
gram [41]. The left column records the equilibria as a function of the field variables,
their flux and their production terms. The right column contains the field variables
including their temporal and spatial derivatives. These measures result in the driving
forces which are connected to the field variables via constitutive laws (Fig. 3).

Fig. 3 Tonti diagram for the five parameter deformable plane surface problem, adapted from [6]
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3 Subclasses

3.1 In-Plane Loaded Plate Problem

Present problem is concerned with the subproblem where all forces and deforma-
tions acting in-plane. This case is often referred to as membrane state, causing some
confusion since we will also consider compression, what is not the case for mem-
branes. Of course, the treatment of membranes is a separate problem. Therefore,
others coined the state considered as ‘disc’ state or ‘disc’ problem [18]. Obviously
this choice has also shortcomings. That is the reason why we call it in-plane loaded
plate problem. Following restrictions are introduced in the context of the theory
introduced in Sect. 2:

• The surface is only loaded in-plane.
• The surface is stretched and sheared, but not bent.
• All normals to the surface shift parallel.

These restrictions induce various consequences. The kinematics are reduced to the
translational degrees of freedom

v = v1e1 + v2e2 (60)

Therefore, the in-plane strain tensor is sufficient to describe deformation measures.

G = ∇sym
2 v = Gαβ eα ⊗ eβ (61)

Since only tangential loads are acting, kinetics are defined through forces nν .

nν = lim
�L→0

�sS
�L

(62)

So, the in-plane force tensor results.

n· N = o ν· N = nν (63)

The analogy of Cauchy’s lemma remains with the following part.

nν(−ν) = −nν(ν) (64)

For boundary conditions, only in-plane portions remain.

v(r0) = v�(r0) ∀ r0 ∈ ∂SD (65)

ν· N = n�
ν ∀ r0 ∈ ∂SN (66)

The equilibrium equations reduces to the following in-plane portion.
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∇2· N + s = o (67)

The material behavior is solely determined by the in-plane relations

N = AAA: G (68)

with the in-plane stiffness tensor.

AAA = Dip νP ⊗ P + 0.5Dip (1−ν) (P � P + P � P) (69)

In context of Eq. (57) we can reduce the terms of internal and external work for the
in-plane loaded problem to the following expressions.

δWint =
∫

S

(N: δG) dS (70)

δWext =
∫

δS

(nν· δv) d(∂S) +
∫

S

(s· δv) dS (71)

3.2 Out-of-Plane Loaded Plate Problems

Present problem is concerned with the subproblems where all forces and deforma-
tions acting out-of-plane. In present treatise we assume that moments acting at the
surface arise from tangential loads at the surface solely. Since tangential loads are
unconsidered in the out-of-plane loaded case, these moments remain zero (m = o,
m × n = o). This is also in the sense of Mindlin [24] and Kirchhoff [19].

3.2.1 Shear-Deformable Plate

First we want to treat the problem of shear-flexible (also shear-deformable or shear-
soft) plate problem. This problem is associated with the names Reissner [36, 37] and
Mindlin [24]. We introduce following restrictions in context of the overall problem:

• The surface is loaded out-of-plane only, i.e. only orthogonal portions of the load
vector.

• The surface is bent, bot not stretched and strained.
• The deflection is unequal zero.

Thus, the degrees of freedom are reduced to deflections wn and rotations ϕ. There-
fore, deformation measures considered are the curvature change tensor and the trans-
verse shear strain vector.
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K = ∇sym
2 ϕ (72)

g = ∇2w + ϕ (73)

Since only orthogonal loads are acting, kinetics are defined through forces qν .

mν = lim
�L→0

�(mS × n)

�L
qν = lim

�L→0

�pS
�L

(74)

For boundary conditions, only moment and transverse shear portions remain.

n· L = o ν· L = mν (75)

n· q = 0 ν· q = qν (76)

Cauchy’s Lemma for residually moments and forces remain.

mν(−ν) = −mν(ν) qν(−ν) = −qν(ν) (77)

In terms of boundary conditions, we can now define out-of-plane rotations and out-
of-plane forces.

ϕ(r0) = ϕ�(r0) ∀ r0 ∈ ∂SD (78)

w(r0) = w�(r0) ∀ r0 ∈ ∂SD (79)

ν· L = m�
ν ∀ r0 ∈ ∂SN (80)

ν· q = q�
ν ∀ r0 ∈ ∂SN (81)

The equilibria are reduced to terms for the out-of-plane deformation.

∇2·L − q = o (82)

∇2· q + p = 0 (83)

The material behaviour is described by the constitutive tensors for the out-of-plane
state while considering transverse shear deformations separately.

L = DDD: K (84)

q = Z· g (85)

Herein, the out-of-plane and transverse shear relations for the stiffness tensors

DDD = Dop νP ⊗ P + 0.5Dop (1−ν) (P � P + P � P) (86)

Z = DtsP (87)

are used. Considering the principle of virtual work, we can reduce the required terms
to the following.
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δWint =
∫

S

(L: δK + q· δg) dS (88)

δWext =
∫

δS

(mν· δϕ + qνδw) d(∂S) +
∫

S

(pδw) dS (89)

3.2.2 Shear-Rigid Plate

As a last point we want to derive the shear rigid problem which is widely used in
engineering sciences as it is probably the simplest approach to treat mechanical prob-
lems at slender structures. This problem is associated with the name Kirchhoff [19].
Assumptions:

• The surface is loaded out-of-plane only, i.e. only orthogonal portions of the load
vector.

• The surface is bent, bot not stretched and strained.
• All normals to the surface remain orthogonal for arbitrary deformations, i.e. rota-
tions of material points are no longer independent.

This last key point is related to the transverse shear stiffness. In the shear-rigid case,
the shear stiffness tends to infinity (Dts → ∞). While considering this case, we can
substitute the rotation-curvature-change relation (19) since

ϕ = −∇2w (90)

holds true now. This induces, that only one degree of freedom remains. so that
K = −∇sym

2

[∇2w
]
results. Furthermore, g = ∇2w − ∇2w = o holds true. Due to

this relation, the system is adequately described by a unknown function for the
deflectionw, the only remaining independent degree of freedom.Within this context,
we can reformulate Eq. (30) to ∇· L = q and insert this expression in Eq. (29). As
becomes apparent, the set of governing equations depends on the moments and their
dual measures solely.

∇2·[∇2·L] + p = 0 (91)

L = DDD : K (92)

K = −∇sym
2

[∇2w
]

(93)

The transverse shear stresses q are unequal zero and can be determined through
equilibrium equations since there is no separate constitutive relation. The only con-
stitutive measure remaining is the out-of-plane stiffness tensor.

DDD = Dop νP ⊗ P + 0.5Dop (1−ν) (P � P + P � P) (94)
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However, concerning the boundary conditions kinetic measures and boundary con-
ditions, Eqs. (74)–(81) hold true. The terms of virtual work are reduced as follows.

δWint =
∫

S

(L: δK ) dS (95)

δWext =
∫

δS

(mν· δ [−∇2w] + qνδw) d(∂S) +
∫

S

(pδw) dS (96)

4 Conclusion

We have introduced a plane surface with its kinematic degrees of freedom, the geom-
etry of deformation, strain and curvature change measures, compatibility conditions,
external and internal loads and equlibria. The constitutive equations are streamlined
by the smart choice of the position of S in B. Boundary conditions are introduced
which are important for the practical implementation of the local forms of the equi-
libria introduced. Finally, a variational principle is exploited to generate a solution
approach for displacement, deflection, and rotation fields of lesser smoothness. In
this sense we may conclude that the direct approach results in a geometrically exact,
elegant, and concise description of the governing equations. However, since our
starting point was reduced to a fully linear framework it is unfeasible to derive the
membrane problem thereof.

Based on the representation introduced we distinguish three basic subproblems. A
visualization of these sets is given in Fig. 4. Through typical engineering assumptions
that are clearly formulated we have derived classical theories for plates. Hereby we
have shown, that the direct approach for plates is in fact applicable for a wide class
of problems - all subproblems fit into this framework without conceptual problems.
Thereby this gives it conceptual and methodological clearness. The considerations
presented can be enlarged when terms of inertia are taken into account. We have
furthermore omitted to decay in special cases of the these subclasses. Such depictions
in scalar representationwill occasionally be associatedwith special loading scenarios
or boundary conditions, respectively.

Fig. 4 Euler diagram with subclass problems designating special cases of the superposed problem
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Popular computation approaches for closed-form solutions of the problems pre-
sented are delivered by, e.g. Navier [30], Nádai [25], and Levy [22]. Approximation
methods are given by Ritz [38], Galerkin [13], Wlassow [42, 43], and Kantoro-
witsch [16]. Hereby, the use of Airys stress function [1] is advantageous. Practical
implementations are presented in, e.g. [26–28].
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Large Oscillations Around Curled
Equilibrium Configurations of Uniformly
Loaded Euler–Bernoulli Beams:
Numerical and Experimental Evidences

D. Baroudi, I. Giorgio and E. Turco

Abstract In this paper, we show that equilibrium configurations of a clamped beam
under distributed load, resembling a curled pending wire—whose existence has been
mathematically established—can be obtained experimentally using ‘soft’ beams, i.e.
beams for which the ratio between amplitude of the load and bending stiffness is
large enough. Moreover, we introduce a Hencky-type discrete model, i.e. a finite
dimensional Lagrangian model, for the ‘soft’ Elastica and build a numerical code
for determining its motion, in the most general nonlinear regime. This code is able
to qualitatively describe observed nonlinear dynamical behavior.

Keywords Nonlinear beam · Hencky bar-chain · Discrete modelling

1 Introduction

Since the introduction of the Elastica by Bernoulli and Euler [15, 27], beam theory
has attracted the attention of various scientists due to its importance both from the
mathematical point of view [17] and in its applications to structural mechanics. The
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literature on the subject is huge and many relevant problems have been studied with
sufficient completeness [7, 9, 26, 29, 37, 43, 45]. However, the richness of themodel
is such that there are still interesting and practically significant problems, that lack a
complete study, especially in case of a beam in large deformation under distributed
load—which leads to non-autonomous variational problems/Euler-Lagrange equa-
tions. In the paper [19] the existence of non-trivial (curled) equilibrium shapes of a
clamped Euler beam under uniformly distributed dead load orthogonal to the straight
reference configuration has been shown and a study of the properties of the global
and local minimizers of the total energy has been performed. The last years have been
characterized by a rediscovery of old models conjectured to study, with very simple
tools, classical mechanical problems such as, one example for all, the computation
of the buckling load of a beam. Hencky, in his work [30] which dates back to 1920,
proposed a very simple, but extremely sharp, road to compute the buckling load of a
rectilinear planar beam.1 The keynote was to consider the beam as an assemblage of
rigid links and elastic joints. In this way the equilibrium equations, or the stationarity
condition of the potential energy, allow to estimate the buckling load quickly. The
accuracy of such an estimate improves by increasing the number of elastic joints and
rigid links. One of the more attractive point of Hencky’s concept is that of avoiding
the necessity of a continuum model since the problem naturally arises in a discrete
environment. Moreover, recent Γ -convergence results have shown that Hencky’s
model is a fully reliable approximation of continuous inextensible [4] and extensi-
ble [3] Euler beams. Of note, this discrete model is intrinsically nonlinear and for
this reason naturally avoids issues related to the objectivity of the energy when a
linearization (around a given deformed configuration) is performed.

Limiting us to mechanical problems, the application of Hencky’s idea can be seen
in a series of recent works which treat beams, see [24, 31, 40, 41, 46], assemblage
of beams, see [25, 47, 52], and specifically designed materials, see [5, 14, 16, 50].
This last research line, fairly trend in last decades, is the additional reason which
suggests to take into consideration Hencky’s models. Indeed, this kind of problems
are characterized by a very large number of structural elements, therefore, the use of
models as simple as possible is a forced road to follow. On the other hand, the study of
complex metamaterials [8, 12, 28, 33, 44], such as pantographic structures, based on
models which can be seen as generalization of that proposed by Hencky have proven
to be fairly effective for predicting the mechanical behavior in static problems in
large displacements, see [47, 49], and also the onset of failure phenomena [48]. The
importance of studying nonlinear beamunder distributed load has become clear in the
recent past. Let us cite for instance the very active field of microstructured continua
and in particular its significant branch in which the fundamental element constituting
the microstructure is represented by a beam. In particular, in pantographic continua
[2, 10, 21, 22] the single fiber, in a first approximation, can be modeled as a beam
interacting with the other fibers, in the homogenized limit, a distributed load.

1It has to be remarked that an outline of Hencky’s idea can also be found in the work of Gabrio
Piola almost one century before, see [20, 23].
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Some examples of studies which consider the nonlinear dynamics of beams
described by simple discrete models are [25, 31, 52]. The present work aims at
contributing in this direction. Indeed, we consider some very simple physical experi-
ments reproducible without expensive tools concerning the curled equilibrium shape
of a highly flexible beamunder a gravity load.We also investigate the planar nonlinear
motion in the neighborhood of this configuration.

We assume the same hypotheses characterizing the continuous beam model: (i)
the elastic stored energy depends quadratically (a more general dependence could
easily be considered) upon the curvature; (ii) the axis of the beam is inextensible;
(iii) the shear deformation of the cross-section with respect to the axis is negligible;
(iv) the cross-section is assumed undeformable. As we will see Hencky’s model is
consistent with these usual assumptions.

The paper, after this brief introduction, describes the main ingredients necessary
to build the discrete model in Sect. 2. Successively, in Sect. 3, are reported firstly
a complete description of two physical experiments along with the estimated data
and successively the comparison between physical and numerical experiments both
for static and dynamic cases. Section4 closes the paper discussing the main results
along with possible extensions of this work.

2 Naturally Discrete Model of Elastica

In order to describe the behavior of a ‘soft’ cantilever beam under gravity load, we
follow the Hencky technique of discretization [39, 51, 53] and consider a discrete
system which consists of an articulated chain of Ne rigid rods of length η connected
each other by means of zero-torque hinges. Each joint is equipped by a rotational
spring in order to model the resistance to be bent of the system (see Fig. 1). The
configurations of the introduced system are completely defined by specifying the
evolution of Ne Lagrangian coordinates, Φi (t), which represent the orientation of
the rigid rods with respect to the x-axis pointing along the horizontal direction while
the y-axis is directed vertically upwards. The system prior to deformation is straight
and disposed along the x-axis. Each rigid segment is characterized by amass,mi , and
a moment of inertia, Ji with respect to an axis orthogonal to the plane of the motion
and passing through the mass center. Therefore, the position of the mass center for
each segment can be easily written as

{
xi (t) = ∑i

k=1 η
(
1 − δik

2

)
cos(Φk(t))

yi (t) = ∑i
k=1 η

(
1 − δik

2

)
sin(Φk(t))

(1)

where δik is the Kronecker delta and, by a differentiation with respect to time, the
velocities of the mass centers are evaluated as follows
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{
ẋi (t) = −∑i

k=1 η
(
1 − δik

2

)
Φ̇k(t) sin(Φk(t))

ẏi (t) = ∑i
k=1 η

(
1 − δik

2

)
Φ̇k(t) cos(Φk(t))

(2)

The adopted kinematic description of the discrete beam leads to a convenient for-
mulation of the motion equations derived from the following Lagrangian

L = K − Ψ (3)

where K and Ψ are the kinetic and potential energies of the system, respectively.
Specifically, the kinetic energy, using König’s theorem and after some algebraic
manipulations, assumes the form

K =
Ne∑
i=1

1

2
mi

⎧⎨
⎩

[
i∑

k=1

η

(
1 − δik

2

)
Φ̇k sin(Φk)

]2

+
[

i∑
k=1

η

(
1 − δik

2

)
Φ̇k cos(Φk)

]2
⎫⎬
⎭ + 1

2
Ji Φ̇

2
i (4)

The potential energy Ψ consists of two contributions, namely an elastic term Ψel

which is assumed to be

Ψel =
Ne∑
i=1

κb i [cosh(φi ) − 1] (5)

where we introduce the relative angles between rods, i.e. φ1 = Φ1 (due to the clamp-
ing constraint) andφi = Φi − Φi−1 for i ≥ 2 and a uniform lumped bending stiffness
κb i related to the rotational springs [22, 47], and a gravitational term Ψwg which is

Ψwg =
Ne∑
i=1

gmi

[
i∑

k=1

η

(
1 − δik

2

)
sin(Φk)

]
(6)

being g the magnitude of the gravity acceleration. We remark that the potential
energy in Eq. (5) should be only positive definite, hence, any convex function can
be employed for this purpose, not necessarily a simple quadratic function. It is also
worth noting that the first relevant term in a Taylor expansion of each addend of the
assumed potential Eq. (5) is the classical quadratic form expressed in terms of the
relative angle.

In order to take into account also a possible viscous dissipation (for amore general
framework, see e.g. [6, 18]) occurring during the motion due to the interaction of
the ‘soft’ beam with the air, we introduce, as a first approximation, the Rayleigh
dissipation function as follows
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Fig. 1 Hencky-type discrete
model for a highly flexible
cantilever beam
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Ne∑
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2
cb i φ̇
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The Euler-Lagrange equations of motion, thus, can be deduced as

∂

∂t

(
∂K

∂Φ̇i

)
− ∂K

∂Φi
+ ∂Ψel

∂Φi
+ ∂Ψwg

∂Φi
+ ∂R

∂Φ̇i
= 0 for i = 1 . . . Ne (8)

Equation (8) is solved numerically by means of the computing system Wolfram
Mathematica with a differential-algebraic system of equations (DAEs) solver after a
proper transformation to a standard form.

3 Physical Experiments and Numerical Simulations

The previously introduced Lagrangian model is tested in this section with two rel-
evant experimental cases. Specifically, we consider two samples made up of two
different materials and sizes to reproduce the equilibrium configurations related to
a local minimum for the energy, and we investigate also the dynamic behavior of
such specimens in a regime of large oscillation around the curled stable equilibrium
configurations found out. In the first case, we examine a paper strip of size 329 × 20
mm, whose thickness is about 0.17mm and its mass is 0.62 ± 0.02 g. The second
case involves a similar strip of a thin isotropic sheet of polyethylene terephthalate,
namely PET, of size 220 × 20 mm and thickness about 0.15mm. The mass of the
strip is 0.91 ± 0.02 g; moreover, we add at the free end of the specimen a further
mass, i.e. a ‘paper clip’ of 0.41 ± 0.02 g (see Fig. 2).
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Fig. 2 Curled stable equilibrium configurations: paper beam a; PET beam with a tip mass b

3.1 Using the Curled Static Configuration to Estimate
Mechanical Parameters

First of all, let us consider the local-minimum energy configurations for the two
specimens under test (see Fig. 2). Figure3 shows the pictures of the equilibrium
shapes for the beams and also the equilibrium configurations obtained by finding the

Fig. 3 Comparison between measured and simulated equilibrium configurations: paper beam a;
PET beam with a mass on the tip b
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corresponding local minimum of the potential energy Ψ in the examined cases for
Ne = 30.

In order to obtain the agreement exhibit in Fig. 3, we use for the lumped bending
stiffness the following expression

κb i = Yb jb/η (9)

where jb is the second moment of area of the beam cross section and Yb, i.e. the
Young modulus of the material, is used as a material parameter which we identify to
fit the ‘measured’ shape. Particularly, we found for the paper beam that Yb = 1.25
GPa and for the PET beam that Yb = 2.5 GPa, starting from an initial guess near to
the known values of the elastic moduli of the considered materials.

3.2 Large Oscillations Around Curled Stable Equilibrium
Configurations

As illustrative examples of the foregoing, we consider some in-plane oscillating
motions around the curled equilibrium configurations which are presented before.
From the experiments, we evaluate the Lagrangian coordinates of the effective initial
configurations (see Fig. 4 with the overlap between the computed piecewise linear
curve and the picture of the beam for both the specimens treated) and then, specifying
these values and zero angular velocities as initial conditions, we solve the Eqs. (8) to
obtain the motions that originate from those. The evolutions in terms of orientations
Φi (t) and angular velocities Φ̇i (t) are shown in Fig. 5 and Fig. 6, respectively, for
the two cases examined of the paper and the PET beam. Figure6 also displays a
zoom of the initial part of the motion. Since the initial shapes and the equilibrium

Fig. 4 Initial configurations: paper beam a; PET beam with a mass on the tip b
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Fig. 5 Large oscillations, Φi (t), around the equilibrium configurations: paper beam a; PET beam
with a mass on the tip b. The plots of Lagrangian coordinates result in an increasing order from the
Φ1(t) to ΦNe(t)

configurations, towards which the evolutions approach, are both curves where the
curvature never changes its sign (i.e. the curve never crosses its tangent, and therefore
the coordinates Φi (t) for a given instant do not decrease with the index i), we note
that the plots of Lagrangian coordinates, in Fig. 5, result in an almost increasing order
from Φ1(t) to ΦNe(t) and tend to compact each other for the last part of the beam.
Indeed, this terminal part remains almost undeformed. As shown in Fig. 6, the same
sequence in the disposition of the plots disappears for the angular velocities. These
last exhibit a maximum value around less than a quarter of the beam length at the very
beginning of the motion and subsequently the trend of all the histories is governed by
the dissipation (the curves are neatly superimposed on top of each other by the lowest
index, and hence it is possible to see which segment presents the velocity peak). In
the performed simulations, the viscous coefficients are roughly estimated to fit the
dissipative behavior of the real ‘soft’ beams. Specifically, we found cn = 10−5 Nms
for the beam made up of paper and cn = 5 × 10−5 Nms in the case of the PET.
In Fig. 7 are plotted the evolution, along the motion, of the kinetic and potential
energy for the paper and for the PET beam. Their trends are almost counter-phase
and consistent with what we expected; indeed, the kinetic energy tends to vanish
because of the dissipation while the potential energy approaches the value related to
the local minimum around which the beams oscillate. For the sake of brevity, Fig. 8
shows the trajectory in phase space of the Lagrangian coordinateΦNe(t) for both the
cases investigated, since the qualitative behavior of the trajectories related to the other
coordinates is very similar. In the initial part of the motion the nonlinear behavior is
remarkable while towards the end, for the effect of viscous dissipation, the system
becomes almost linear and a point of stable equilibrium is easily detectable.
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(a) (b)

Fig. 6 Histories of the angular velocities, Φ̇i (t) with a zoomed initial part: paper beam a; PET
beam with a mass on the tip b
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Fig. 7 Histories of the kinetic energyK (blue solid line) and potential energyΨ (purple solid line):
paper beam a; PET beam with a mass on the tip b
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Fig. 8 Phase path of the Lagrangian coordinate related to the last rigid segment: paper beam a;
PET beam with a mass on the tip b

4 Concluding Remarks and Future Challenges

Herein, the local minimum configurations for highly flexible beams predicted
in [19] and characterized by curled shapes are shown experimentally and pre-
dicted numerically. Besides, using a Hencky-type discrete model for describing
such mechanical systems, we adopt a Lagrangian formulation, which is compu-
tationally efficient for determining the motion in the most general nonlinear regime,
and compare the solutions of the obtained differential equations with experimen-
tal tests with a good qualitative agreement. We expect, therefore, that when a
more accurate measurement campaign will be performed and when the lumped
parameters in the considered Lagrangian functions will be suitably fitted a per-
fect quantitative agreement will become possible (see e.g. [1, 34, 36, 38]). Con-
sidered their great efficiency, we also expect that similar codes will be useful in
the study of the nonlinear dynamics of Timoshenko beams [13] and lattice systems
including many beams in large deformations as pantographic metamaterials [11, 32,
35, 42, 49].

It is worth noting that, in case of PET beam, the presence of the point mass, i.e. the
paper clip, at the end of the beam makes stable the ‘curled equilibrium’. Of course,
we can add length to the strip to achieve the stable configuration under the distributed
own weight but, on the other hand, removing the tip mass and hence, reducing the
gravity load, we can show that the only minimum is, in this circumstance, the global
one. Indeed, it can be proven that below a critical value of the external load the
only minimum for the energy is related to the classical equilibrium configuration
which resembles the pending wire shape of a cantilever beam. Specifically, Fig. 9
exhibits, for the PET beam without tip mass, a stroboscopic motion sampled at the
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Fig. 9 Stroboscopicmotionof thePETbeamwithoutmass on the tip. The initial shape is highlighted
in green, while the final configuration is red. Near each configuration is specified the corresponding
time

rate of 10 images per second from the initial configuration (green solid line), the
same displayed also in Fig. 4b, to the image of the current configuration captured at
1.4 s (red solid line).
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Unsymmetrical Wrinkling
of Nonuniform Annular Plates
and Spherical Caps Under Internal
Pressure

Svetlana M. Bauer and Eva B. Voronkova

Abstract Unsymmetrical buckling of inhomogeneous annular plates and spheri-
cal shallow shells subjected to internal pressure is studied. The effect of material
heterogeneity, shallowness and ratio of inner to outer radii on the buckling load is
examined. The unsymmetric part of the solution is sought in terms of multiples of
the harmonics of the angular coordinate. A numerical method is employed to obtain
the lowest load value, which leads to the appearance of waves in the circumferential
direction. It is shown that if the elasticity modulus decreases away from the center
of a plate, the critical pressure for unsymmetric buckling is sufficiently lower than
for a plate with constant mechanical properties.

1 Introduction

The possibility of unsymmetrical buckling of internally pressurised spherical, tori-
spherical, ellipsoidal shells has been discussed by many authors (e.g., [1, 2, 5, 13,
15]). Bushnell emphasized that nonlinearity of the prebuckling state is significant in
such problems. Sufficiently precise approximation of the prebuckling state is crucial
in predicting of buckling load and mode shape [5, 11].

Panov and Feodos’ev were the first who analyzed unsymmetrical buckling of
the thin circular isotropic plates under normal pressure [15]. They suggested that
under sufficiently large load an unsymmetric state branched from the axisymmetric
one and waves developed near the edge of the plates. Panov and Feodos’ev repre-
sented nonaxisymmetric displacement in the form w = (1 − r2)2(A + Br4 cos nθ)

and examined the bending problem by Galerkin procedure.
In this approach the prebuckling axisymmetric statewas approximated by function

with only one unknown parameter. Later, Feodos’ev showed that the elastic surface
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of plates or shells under large deformations could not be described by one or two
unknown parameters in approximating functions [11]. Existence of unsymmetric
equilibrium states for a simply supported circular platewas showed byMorozov [14],
and Piechocki proved the uniqueness theorem [16].

Cheo and Reiss studied axially unsymmetric equilibrium states of a clamped
circular plate subjected to a surface load [6]. They confirmed that a ring of large
circumferential compressive stress develops near the edge of the plate and indicates
possibility of wrinkling near the edge. Cheo and Reiss suspected that Panov and
Feodos’ev had found unstable unsymmetric state in [15], and underlined the approx-
imation function with two unknown parameters was “too inaccurate to adequately
describe the wrinkling of the plate”.

The postbuckling asymmetrical behaviour of annular plates was considered
in [17]. The critical load and number of waves depended on the boundary condi-
tions, the ratio between the inner and outer radii and the loads applied. Experiments
on uniform heating of thin circular plates with fixed edges and formation of waves
near plate’s edge are discussed in [12].

Coman investigated the wrinkling of a uniformly stretched circular plate under
transverse pressure [7].He showed that the critical load increaseswith the background
tension. Comparisons of the asymptotic approximations with numerical calculations
was reported in [9, 10].

The asymmetric bifurcation for a shallow spherical cap subjected to either external
or internal pressure was treated in [8]. Two-term asymptotic predictions for the
buckling pressure and one-term approximations of the corresponding wave number
were derived.

This paper dealswith buckling of an annular plates and spherical capswith nonuni-
form mechanical characteristics. Such a plate or a cap can be used as the simplest
model of Lamina Cribrosa (LC) in the human eye [3]. Buckling of the LC in a non-
axisymmetric state in the neighborhood of the edge could cause edamas and folds at
the periphery of the LC and loss of sight.

2 Problem Formulation

Consider a shallow spherical elastic shell of uniform thickness h > 0, subjected to
uniformly distributed inner pressure p, as shown in Fig. 1. The equation of the shell
middle surface is given by z = H

(
1 − r2/a2

)
, where a is the base radius, H is the

rise of themid-surface at the center. The cap is thin and shallow, whichmeans that the
ratio of its thickness to the radius of curvature R = a2/(2H) is much less than unity
(h/R � 1), and that the apex rise is much less that the curvature radius (H � R).
A spherical shell may also be named as shallow if H/a < 1/8.

We assumemeridional material inhomogeneity for the shell, i.e. Young’s modulus
E is spatially dependent. For a shallow spherical shell we may set the modulus of
elasticity E = E(r).
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p

Fig. 1 Geometry of the spherical cap

For a spherical cap with meridional inhomogeneity under inner pressure the well-
known Donnell-Mushtari-Vlasov equations can be written in the form

D��w + ∂D

∂r
L+
1 (w) + ∂2D

∂r2
L+
2 (w) = P + L(w, F) − 1

R
�F,

(1)

��F

E
+ ∂

∂r

(
1

E

)
L−
1 (F) + ∂2

∂r2

(
1

E

)
L−
2 (F) = −h

2
L(w,w) + 1

R
�w,

where r and θ are polar coordinates in the base plane, w(r, θ) is the displacement in
the direction of z, F(r, θ) is the Airy stress function, D(r) = E(r)h3/12(1 − ν2) is
the bending stiffness, and ν is Poisson’s coefficient. The Laplacian is defined as

� = ∂2

∂r2
+ 1

r

∂

∂r
+ 1

r2
∂2

∂θ2
.

We shall further use the notations ( )′ = ∂( )/∂r, ˙( ) = ∂( )/∂θ. The differential
operators that appear in (1) are listed in Appendix.

Let us introduce the following dimensionless quantities

r∗ = r

a
, w∗ = β

w

h
, P∗ = β3 Pa4

Eavh4
, F∗ = β2 F

Eavh3
, (2)

A = β
a2

Rh
, β2 = 12(1 − ν2).

Here Eav is an average value of Young’s modulus in the radial direction

Eav = 1

S

∫∫

S

E(r)r drdθ, E(r) = E0 f (r), (3)

where f (r) is a smooth position function, S denotes the area of the shell mid-surface.
The dimensionless forms of Eqs. (1) are (with the asterisks being omitted)
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g1(r)��w + g′
1(r)L

+
1 (w) + g′′

1 (r)L
+
2 (w) = P + L(w, F) − A�F,

g2(r)��F + g′
2(r)L

−
1 (F) + g′′

2 (r)L
−
2 (F) = −L(w,w)/2 + A�w, (4)

g1(r) = E0 f (r)/Eav, g2(r) = 1/g1(r).

We remark here that the deformation of the externally pressurised spherical shell
can be described by the same system of Eqs. (4) after reversing signs before the last
terms on the right-hand site. By taking A = 0 in Eqs. (4) one can obtain the governing
equations for the inhomogeneous circular plate subjected to normal pressure.

The boundary conditions for the problem are the following. The outer edge of
the shell is clamped but can move freely in the radial direction without rotation. In
addition, all sought-for functions must fulfil the boundedness condition at the apex
of the shell. In this case the system (4) are completed by the set of conditions

w = w′ = F ′

r
+ F̈

r2
= −

(
Ḟ

r

)′
= 0 at r = 1, (5)

w′ = ẇ = F ′ = Ḟ = 0 at r = 0. (6)

We also consider a truncated spherical shell—a shell with a circular opening at
the top. For this situation the inner edge of the shell can be assumed to be supported
by roller which can slide along a vertical wall. This constrain can be written as

w′ = 0, Nrθ = 0, (rMr )
′ − Mθ + 2Ṁrθ = 0, u = 0 at r = δ. (7)

Here r = δ = ain/a is a dimensionless radial coordinate of the inner edge, u
denotes the horizontal radial components of displacement, Mr , Mθ , Mrθ are merid-
ional, circumferential and twistingmoments, respectively, and Nrθ is tangential stress
resultant.

In the terms of the displacement componentw and stress function F , the boundary
conditions (7) are equivalent to

w′ = 0,
Ḟ

r2
− Ḟ ′

r
= 0,

g1(r)

(
(�w)′ + 1 − ν

r

(
ẅ

r

)′)
+ g′

1(r)L
+
2 (w) = 0, (8)

g2(r)

(
(�F)′ + �F

r
− 1 + ν

r2
(
F̈ + F

)′
)

+ g′
2(r)L

−
2 (F) = −A

w

r
.

Setting A = 0 in (8) we arrive at set of boundary conditions for an annular plate.
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2.1 Axisymmetric Behavior

The governing equations of the symmetrical problem can be obtain from Eqs. (4).
For the shell closed at the top we have

g1

(
�′′

0 + �′
0

r
− �0

r2

)
+ g′

1

(
�′

0 + ν
�0

r

)
= Pr

2
+ �0	0

r
− A	0,

(9)
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2

(
	′

0 − ν
	0

r

)
= −�2

0
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where �0 = w′
s and 	0 = F ′

0 and boundary conditions

�0 = 	0 = 0 at r = 0, 1. (10)

2.1.1 Equations for Truncated Shell

For the the truncated spherical shell Eqs. (4) become

g1

(
w′′′ + w′′

r
− w′

r2

)
+ g′

1

(
w′′ + ν
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r

)
= Pr

2
+ w′	0
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(11)

g2

(
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− 	0

r2

)
+ g′

2

(
	′

0 − ν
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r

)
= −�2

0
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+ A�0,

and the boundary conditions are

w = w′ = 	0 = 0 at r = 1, (12)

w′ = 0, 	′
0 − ν

r
	0 + Aw = 0 at r = δ,

and
C = −pδ2/2 − w′(δ)	0(δ) + Aδ	0(δ).

3 Equations for Buckling

Asymmetrical solutions of problem (4) with appropriate boundary conditions branch
from a solution of axisymmetric states. To detect the occurrence of wrinklingwe seek
for a solution of Eqs. (4) in the form

w(r, θ) = ws(r) + εwns cos(nθ), F(r, θ) = Fs(r) + εFns cos(nθ), (13)
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where ws(r), Fs(r) describe prebuckling axisymmetric state, ε is infinitesimal
parameter, n is a mode number and wn(r), Fn(r) are the non-symmetrical com-
ponents.

After substitution of (13) in (4), using Eqs. (9) (or (11)), and linearization with
respect to ε we obtain

g1�n�nwn + L1(g1,wn) = −A�n Fn + w′′
n

r
	0 + F ′′

n

r
�0 +

+ �′
0

(
F ′
n

r
− n2

r2
Fn

)
− 	′

0

(
w′
n

r
− n2

r2
wn

)
, (14)

g2�n�n Fn + L2(g2, Fn) = A�nwn − w′′
n

r
�0 − �′

0

(
w′
n

r
− n2

r2
wn

)
.

The definitions of the operators L1, L2 are listed in Appendix.
Boundary conditions (5) and (6) are reduced to

wn = w′
n = Fn = F ′

n = 0 at r = 0, 1. (15)

For the truncated shell we replace the constrain at the shell apex by

w′
n = 0, F ′

n − r Fn = 0,

g1

(
(�nwn)

′ − n2

r
(1 − ν)

(wn

r

)′) + g′
1L

+
2n(wn) = 0, (16)

g2

(
(�n Fn)

′ + �n Fn

r
+ 1 + ν

r2
(n2 − 1)F ′

)
+ g′

2L
−
2n(Fn) = −A

wn

r

for r = δ.

4 Numerical Results and Discussion

Buckling equation (14) with boundary conditions (15) or (16) constitute an eigen-
value problem, in which the parameter p is implicit and appears in the equations
through the functions �0 and 	0.

We use standardMATLAB functions to solve nonlinear axisymmetric problem (9)
together with (10) or (12). The value of P , for which (14) with (15) or (16), have
nontrivial solution, was found by using the finite difference method [6, 13]. We
regard the smallest of these eigenvalues as the buckling load.

Figure2 illustrates behaviour of the normalized critical load Pcr and the critical
mode number m for a homogeneous shallow spherical shell. Pcr

pl corresponds to the
buckling loadof axisymmetric equilibriumstate of an isotropic homogeneous circular
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Fig. 2 Dependence of the
normalized critical load Pcr

on the mode number m for a
uniform shallow spherical
shell. Solid line corresponds
to a circular plate (A = 0),
dashed and dash-dotted
lines—to a shell with A = 3
and A = 5, respectively. Pcr

pl
denotes the buckling
pressure for a uniform
circular plate
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Table 1 Normalized buckling load (Pcr/Pcr
pl ) and corresponding wave numbers for the heteroge-

nous plate and shallow shells

q = 0 q = 1 q = 3

A = 0

Pcr/Pcr
pl 1 0.76 0.41

Mode number, m 14 14 15

A = 5

Pcr/Pcr
pl 1.25 0.96 0.5

Mode number, m 17 17 18

A = 10

Pcr/Pcr
pl 1.51 1.16 0.59

Mode number, m 20 20 21

plate (Pcr
pl = 64453). The critical load Pcr increases as the shallowness parameter

A increases.
To study the effect of the varying rate of inhomogeneity on the critical load

and buckling mode, we assume exponential law for material inhomogeneity: E =
E0e−qr . The buckling load for unsymmetrical buckling was calculated numerically
over a large range of parameters E0, q, but for constant average value of the elastic
modulus (3). The results are summarized in Table1 and Fig. 3. The parameter value
q = 0 corresponds to uniform plate with constant Young’s modulus.

The normalized buckling pressure Pcr/Pcr
pl decreases as the rate of inhomogeneity

|q| increases, whereas the buckling mode m increases with |q| (see Table1). Similar
results we reported in [4].
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Fig. 3 Change of the
normalized buckling
pressure Pcr when the
degree of heterogeneity of
the shell q changes for
different values of the
curvature parameter A. Pcr

pl
denotes the buckling
pressure for a uniform
circular plate
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Table 2 Normalized buckling load (Pcr/Pcr
pl ) for the homogenous annular plate and truncated

shells

δ = 0 δ = 0.1 δ = 0.15 δ = 0.2 δ = 0.25

A = 0

Pcr/Pcr
pl 1 1.08 1.14 1.25 1.37

Mode number, m 14 13 12 11 11

A = 5

Pcr/Pcr
pl 1.25 1.35 1.43 1.55 1.7

Mode number, m 17 16 15 14 14

A = 10

Pcr/Pcr
pl 1.51 1.64 1.74 1.88 1.6

Mode number, m 20 18 18 17 16

The results for an annular plate and truncated shell are presented in Table2,
Figs. 4 and 5. The normalized buckling pressure Pcr/Pcr

pl increases as the radius
of the opening δ increases, while the buckling mode m has opposite behavior: it
decreases when δ increases.

We note closely adjacent values of the critical load for the consecutive wave
number, e.g. for the uniform spherical shell with A = 7 the critical loads differ
between each other by less than 1% (Pcr = 87044 for m = 18 and Pcr = 87415
for m = 19). The truncated shell (with A = 7 and radius of the opening δ = 0.1)
wrinkles at Pcr = 94296, and the buckling mode has 17 waves, while for 16 waves
the critical load is 95316. Thus, the considered plates and shells are sensitive to initial
imperfections of form or to initial stresses.
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Fig. 4 Dependence of the
normalized buckling
pressure Pcr on the radius of
the opening δ for different
values of the curvature
parameter A. Pcr

pl denotes
the buckling pressure for a
uniform circular plate
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Fig. 5 Dependence of the
normalized critical load Pcr

of an annular plate (δ = 0.1)
on the mode number m for
different values of the
inhomogeneity rate q . Pcr

pl
denotes the buckling
pressure for a uniform
circular plate
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The axisymmetrical stability for the internally pressurized shell was studied in [8].
Authors came to conclusion that the dimensionless critical load λ → 0 as shallow-
ness parameter μ = 2(3(1 − ν2))1/4(H/h)1/2 grows. We report here the opposite
behavior: the non-dimensionless pressure P∗ grows as parameter A increases. After
matching dimensionless variables employed in [8] and in the current paper (2)

μ = A1/2, λ = P∗/(4μ4) = P∗/(4A2)

we can conclude that the results of the both studies are in good agreement.



88 S. M. Bauer and E. B. Voronkova

5 Conclusion

The wrinkling of the annular plates and shallow spherical shells under subjected to
internal pressure has been studied in this work. Prebuckling stress-state in a narrow
zone near the shells edge makes a major contribution to the unsymmetrical buck-
ling mode and the value of the critical load. It is shown that if the elasticity modulus
decreases away from the center of a plate, the critical pressure for unsymmetric buck-
ling is sufficiently lower than for a platewith constantmechanical properties. Number
of waves in the circumferential direction increases with the degree of nonuniformity.
The buckling load and corresponding mode number increase as the shallowness
parameter grows. For a truncated shallow shell the wrinkling pressure increases as
the radius of the opening increases, while the buckling mode decreases.

Acknowledgements This research was supported by the Russian Foundation for Basic Research
(project no. 18-01-00832).

Appendix

The differential operators that appear in (1) are defined by

L(x, y) = x ′′
(
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r

)′
,

L±
1 (y) = 2y′′′ + (2 ± ν)

y′′

r
+ 2

(ÿ)′
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.

The differential operators introduced in (13) are given by
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Abstract A new two-dimensional linear model of the second order accuracy
describing deformations of an anisotropic heterogeneous in the thickness direction
plate is proposed. The case of the general anisotropy with 21 elastic modules is stud-
ied. The asymptotic expansions of solutions of 3D equations of the theory of elasticity
in power series with small thickness parameter are used. The zero asymptotic approx-
imation was constructed earlier and it is similar to the Kirchhoff–Love model. Also
earlier the models of the second order accuracy were built for an isotropic material
and for partial cases of anisotropy (for transversely isotropic and for monoclinic
materials). In this work the general case is studied. A peculiarity of the proposed
model is that the model includes the zero, the first, and the second approximations
in contrary to the more simple models where summands of the first asymptotic order
are absent. The proposed model may be applied to multi-layered and to functionally
graded plates. The model may be used to solve various static and vibration problems.
A 2D system of three PDE with the constant coefficients is obtained. The harmonic
solution is investigated more detailed, and in this case the problem is reduced to a
linear algebraic system.
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1 Introduction

Derivation of two-dimensional approximate models of thin plates and shells is one
of the classic problems of mechanics [1–6]. The equation of bending and vibrations
of a plate can be obtained from three-dimensional equations of the elasticity theory
by applying the Kirchhoff–Love (KL) hypotheses [1, 2]. The more complex and
more accurate equations accounting for transversal shear are derived by means of
the Timoshenko–Reissner (TR) hypotheses [3, 7]. The two-dimensional equations
can also be obtained by expansions of the plate quantities in series of Legendre
polynomials in the thickness direction [8, 9]. Similarly, the two-dimensional shell
equations can be written directly as an equilibrium equation for a two-dimensional
elastic media [10].

The numerous investigations are devoted to delivering of 2D approximate models
of thin plates and shells made of anisotropic materials (we mention the books [9,
11–13], containing an extensive bibliography).

For a transversely isotropicmaterial the 2D equations of the second order accuracy
(SOA) are delivered and investigated in [14–19]. The SOA of 2Dmodels is important
for the multi-layered plates with the alternating hard and soft layers because the
models based on the classic KL and TR models lead to the large errors.

An analysis of multi-layered orthotropic plates with the arbitrary orientation of
the main directions of orthotropy is reduced to investigation of heterogeneous in the
thickness direction monoclinic plates. Asymptotic analysis of monoclinic plates is
performed in [20], and in [21] 2D equations of SOA are delivered.

In the case of the general anisotropy (with 21 elastic modules) the classic KL and
TR models also are unacceptable. In [22] for anisotropic plates and in [23] for shells
the generalized TRmodel is proposed. Thesemodels are obtained by using kinematic
hypotheses and lead to equations of 10th differential order. Among the solutions,
following from these models, there are the boundary layers. It is desirable to exclude
the boundary layers from solutions (see [23]) because they describe stress states with
the very large variability that are not typical for shell theories. The shell theory is
based on the assumption that the typical length of picture of deformations is larger
than the shell thickness, and the boundary layer does not satisfy this assumption.

In [24] based on the asymptotic expansions, elaborated in [15–17], the 2D model
of a multi-layered plate with the general anisotropy is delivered. This model leads to
equations of 8th differential order and it is similar to theKLmodelwith the equivalent
elastic modules. This model is of the zero order of accuracy and it is not acceptable
for a multi-layered plate with the alternating hard and soft layers.

In this work we consider an anisotropic heterogeneous plate of the general
anisotropy (with 21 elastic modules) and construct the higher asymptotic approx-
imations. For the general anisotropy the asymptotic solution is essentially more
difficult and bulky compared with the monoclinic material. To construct a model of
the SOA for a material with the general anisotropy it is necessary to built asymptotic
solutions of the zero, the first, and the second approximations, and for a monoclinic
material the first approximation is absent.
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As a result a PDE system with constant coefficients is obtained. The differential
order of this system is the same as the order of the TR model, but this system
essentially more complex. For a heterogeneous in the thickness direction plate to find
coefficients it is necessary to calculate repeated integrals of elastic modules. Closed
solutions of the boundary value problems for a finite plate do not exist because a
separation of variables is impossible. A harmonic solution for an infinite plate is
considered for that the problem is reduced to a system of linear algebraic equations.
The harmonic bending and vibration problems are considered.

2 The Main Equations and Assumptions

Consider a thin elastic plate of the constant thickness h. In the main Cartesian
co-ordinate system x1, x2, x3 the equilibrium equations read as:

3∑

j=1

∂σi j

∂x j
+ fi = 0, i = 1, 2, 3, −h

2
≤ x3 = z ≤ h

2
, (2.1)

where σi j are the stresses, and fi are the intensities of the external forces.
In the case of the general anisotropy of material the stresses σi j are expressed

through the strains γkl as follows

σi j = Ci jklγkl, γkl = 1

2

(
∂uk
∂xl

+ ∂ul
∂xk

)
, (2.2)

where C = {Ci jkl} is the elastic tensor of the 4th rank with 21 independent compo-
nents, and uk(x1, x2, z) are the deflections.

Here the tensor designations are not used, and strains εi j are as follows:

εi i = γi i = ∂ui
∂xi

, εi j = 2γi j = ∂ui
∂x j

+ ∂u j

∂xi
, i �= j, i, j = 1, 2, 3. (2.3)

We write strains and stresses as 6D vectors. Then the elasticity relation (2.2) read
as [13]:

σ = E·ε, E = (
Ei j

)
i, j=1,...,6 ,

σ = (σ11, σ22, σ33, σ23, σ13, σ12)
T , ε = (ε11, ε22, ε33, ε23, ε13, ε12)

T .
(2.4)

Here and later T denotes transposition, the bold letters are used for vectors, for
matrices and for operators, the product of vectors and matrices is denoted by dot(·).
The matrix E is symmetric and positively definite. It is assumed that elastic modules
Ei j do not depend on tangential co-ordinates x1, x2, and they may depend on x3 = z.
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A dependence on z has place for functionally graded plates, and for multilayered
plates modules Ei, j are piece-wise functions of z.

As in [17] for an asymptotic analysis we divide stresses σi j and strains εi j in the
groups of tangential σt , εt and transversal σn, εn stresses and strains and put

σt = (σ11, σ22, σ12)
T , σn = (σ13, σ23, σ33)

T ,

εt = (ε11, ε22, ε12)
T , εn = (ε13, ε23, ε33)

T ,
(2.5)

where

A = {Ai j } =
⎛

⎝
E11 E12 E16

E12 E22 E26

E16 E26 E66

⎞

⎠ , B = {Bi j } =
⎛

⎝
E15 E25 E56

E14 E24 E46

E13 E23 E36

⎞

⎠ ,

C = {Ci j } =
⎛

⎝
E55 E45 E35

E45 E44 E34

E35 E34 E33

⎞

⎠ .

(2.6)

Then elasticity relations (2.4) accept the form:

σt = A · εt + B · εn, σn = BT · εt + C · εn, (2.7)

Excluding small transversal strains εn we obtain

σt = A∗ ·εt + B·C−1 ·σn, εn = C−1 ·σn − C−1 ·BT · εt (2.8)

where

A∗ = A − B·C−1 ·BT . (2.9)

We suppose that the planes z = −h/2 and z = h/2 are free that yields the bound-
ary conditions

σ13 = σ23 = σ33 = 0, z = ±h/2, z = h. (2.10)

The external surface forces may be included in the body forces by using the Dirac
delta-function.

Introduce dimensionless variables (with the signˆ) by relations
{x1, x2, u1, u2, u3} = l{x̂1, x̂2, û1, û2, w}, z = l ẑ, μ = h/ l,
{Ai j , Bi j ,Ci j , σi j } = E{ Âi j , B̂i j , Ĉi j , σ̂i j }, { fi } = (E/ l){ f̂i }, i, j = 1, 2, 3,

(2.11)

where l is the typical length of waves in tangential directions, E is the typical value
of elastic modules, μ is the small parameter. Further the signˆ is omitted. As a result
we get a system of 6th order with the small parameter μ
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∂w

∂z
= με33,

∂ui
∂z

= −μ(piw − εi3), i = 1, 2,

∂σi3

∂z
= −μ(p1σ1i + p2σ2i + fi ) ≡ gi , i = 1, 2,

∂σ33

∂z
= −μ(p1σ13 + p2σ23 + f3) ≡ g3,

(2.12)

where p1 = ∂( )/∂x1, p2 = ∂( )/∂x2.

3 Transformation of System (2.12)

We introduce the 2D vectors

u = (u1, u2)
T , σs = (σ13, σ23)

T , εs = (ε13, ε23)
T , ft = ( f1, f2)

T , (3.1)

the differential operators

p = (p1, p2)
T , P =

(
p1 0 p2
0 p2 p1

)T

, (3.2)

and the integral operators

Ia(Z) ≡
∫ 1/2

−1/2
Zdz, I(Z) ≡

∫ z

−1/2
Z(z) dz, I0(Z) ≡

∫ z

0
Z(z) dz. (3.3)

In these designations Eqs. (2.12) may be written as a system of integral equations

w = w0 + μI0(ε33),
u = μu0 − μ I0(pw − εs),

σs = −μ I(PT ·σt + μft ),
σ33 = −μ I(pT ·σs + μ2 f3),

(3.4)

where

εn = (εTs , ε33)
T = C−1 ·(σn − BT εt ), εt = P·u,

σt = A∗ ·P·u + B·C−1 ·σn, σn = (σ T
s , σ33)

T .
(3.5)

InEqs. (3.4)w0(x1, x2), u0(x, 1, x2) are the arbitrary functions that are to be found
from boundary conditions σn(1/2) = 0. The boundary conditions σn(−1/2) = 0 are
satisfied due to designation of operator I (see Eq. (3.3)).
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Equations (3.4) are the main system for the following analysis. The values u1, u2,
w, σ13, σ23, σ33 are themain unknowns of Eqs. (3.4). The rest unknowns containing in
the right sides of Eqs. (3.4) are expressed through the main unknowns by Eqs. (3.5).

We assume that all elastic modules have the identical orders, and the variability
of unknowns is moderate, p1, p2 ∼ 1. Let σt , σs, σn be the typical values of the
tangential stresses σ11, σ12, σ22, of the transversal shear stresses σ13, σ23, and of
the normal stresses σ33, respectively. From Eqs. (2.1) in the dimensionless variables
(2.11) the following asymptotic estimates

σs ∼ μσt , σn ∼ μσs ∼ μ2σt . (3.6)

are valid.
Accepting that the transversal stresses are neglected (σs = σn = 0), we get the

classic KL model based on the elasticity relations

σt = A∗ ·εt (3.7)

with the equivalent elastic modules A∗. The equations of this model coincide with
the zero approximation of the asymptotic solution of Eqs. (3.4), constructed in [24]
(see the next Sect. 4).

The orders of functions σs and σ33 are different, and we re-write Eqs. (3.5) intro-
ducing the block-structure of matricesC−1 = {Gi j } andC−1 ·BT = {Si j } as follows:

C−1 =
(
G g
gT c3

)
, G =

(
G11 G12

G12 G22

)
, g = (G13,G23)

T , c3 = G33,

C−1 ·BT =
(
S
s

)
, S =

(
S11 S12 S13
S21 S22 S23

)
, s = (S31, S32, S33).

(3.8)

Then Eqs. (3.5) read as:

σt = A∗ ·P·u + ST ·σs + sTσ33,

εs = G·σs + g σ33 − S·P·u,

ε33 = gT ·σs + c3 σ33 − s·P·u.

(3.9)

As a result the right sides of Eqs. (3.4) are expressed through the main unknowns.

4 Asymptotic Solution of Eqs. (3.4). The Zero
Approximation

We change a scale of unknown functions according with their orders and put:

u = μû, σs = μ2σ̂s, σ33 = μ3σ̂33, ft = μf̂t , f3 = μ2 f̂3. (4.1)
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Omitting the signˆ we re-write Eqs. (3.4) as follows:

w = w0 − μ2I0(sP ·u)) + μ3I0(gT ·σs) + μ4I0(c3 σ33),

u = u0 − I0(pw) − μI0(SP ·u) + μ2I0(G·σs) + μ3I0(g σ33),

σs = −I(L·u) − μI(ST
P ·σs) − μ2I(sTPσ33) − I(ft ),

σ33 = −I(pT ·σs) − I( f3),

(4.2)

where we use the following designations

L(z) = PT ·A∗(z)·P, SP(z) = S(z)·P, sP(z) = s(z)·P. (4.3)

All unknowns in Eqs. (4.2) are of the order of the unit. System (4.2) is exact and
it is convenient to construct a solution by using the method of iterations. In the next
sections the solution of the SOAwith respect to the small thickness parameterμwill
be constructed. Therefore for a simplicity the small summands of the orders of μ3

and of μ4 may be omitted in the first two Eqs. (4.2).
In the zero approximation we put μ = 0 in Eqs. (4.2) and sequently obtain [24]

w(0)(x1, x2, z) = w0(x1, x2),
u(0)(x1, x2, z) = u0(x1, x2) − z pw0(x1, x2)),
σ (0)
s (x1, x2, z) = −I(L(z)·u(0)) − I(ft ),

σ
(0)
33 (x1, x2, z) = II(pT ·L(z)·u(0)) + I(pT ·ft ) − I( f3).

(4.4)

The boundary conditions σ (0)
s (1/2) = σ

(0)
33 (1/2) = 0 give equations

σ (0)
s (x1, x2, 1/2) = −Ia(L(z)·u(0)) − Ia(ft ) = 0,

σ 0
33(x1, x2, 1/2) = IaI(pT ·L(z)·u(0)) + Ia(pT ·ft ) − Ia( f3) = 0.

(4.5)

By using equality

IaI(Z(z)) = (1/2)Ia(Z(z)) − Ia(z Z(z)) (4.6)

and taking into account that u(0) = u0 − z pw0, we write equations of the zero
approximation as follows [24]:

L0 ·u0 − N1w0 + Ft = 0,
NT

1 ·u0 − Q2w0 + m + F3 = 0,
(4.7)

where

L0 = PT ·Ia(A∗(z))·P, N1 = PT ·Ia(zA∗(z))·P·p, Ft = Ia(ft ),
Q = pT ·PT ·Ia(z2 A∗(z))·P·p, F3 = Ia( f3), m = Ia(pT ·ft ). (4.8)
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The detailed expressions of operators in Eqs. (4.7) read as [24]:

L0 =
(
L11 L12

L12 L22

)
,

L11 = a(0)
11 p21 + 2a(0)

13 p1 p2 + a(0)
33 p22,

L12 = a(0)
13 p21 + (a(0)

12 + a(0)
33 )p1 p2 + a(0)

23 p22,

L22 = a(0)
33 p21 + 2a(0)

23 p1 p2 + a(0)
22 p22,

N1 =
(
N1

N2

)
, N1 = a(1)

11 p31 + 3a(1)
13 p21 p2 + (a(1)

12 + 2a(1)
33 )p1 p22 + a(1)

23 p32,

N2 = a(1)
13 p31 + (a(1)

12 + 2a(1)
33 )p21 p2 + 3a(1)

23 p1 p22 + a(1)
22 p32,

Q = a(2)
11 p41 + a(2)

13 p31 p2 + 2(a(2)
12 + 2a(2)

33 )p21 p
2
2 + 4a(2)

23 p1 p32 + a(2)
22 p42,

(4.9)

where the coefficients a(k)
i j depend at the moments of the zero, of the first, and of

the second orders of elements of matrix A∗(z):

a(k)
i j = I(zk A∗

i j (z)) =
∫ 1/2

−1/2
zk A∗

i j (z) dz, i, j = 1, 2, 3, k = 0, 1, 2. (4.10)

Equations (4.7) describe approximately bending deformations of an anisotropic
plate in frames of the KL hypotheses.

We call a plate with symmetric in z elastic modules (Ei j (−z) = Ei j (z)) as a
symmetric (in the thickness direction) plate. For a symmetric plate N1 = 0, and the
bending and the tangential deformations may be investigated separately. In the zero
approximation for a symmetric plate all unknown functions are symmetric or anti-
symmetric functions in z. We mark that in the higher approximation the last state is
correct not in all cases (see Sect. 5).

It is shown [17] that in the case if all elasticmodules are of the identical orders then
the zero approximation gives an acceptable exactness for approximate calculations. If
some elements of matrixC in the denominator of Eqs. (3.7) are small, then exactness
of the zero approximation is not enough, and it is necessary to construct the higher
approximations. Some important effects of the second order are not described by
Eq. (4.7). The main of these effects is a transversal shear that may be essential for
multi-layered plates with hard and soft alternating layers.

5 The Higher Approximations

The first approximation takes into account the summands of the order of μ in
Eqs. (4.2). IF S = 0 the summands of the order of μ in Eqs. (4.2) are absent. We
construct here the first approximation for an anisotropic material with S �= 0. Such
anisotropy we name as an inclined anisotropy, because it may be obtained at a com-
posite plate, consisting of an orthotropic matrix reinforced by a system of fibres,
inclined to a plane of plate [25] (see also Sect. 6).

For an inclined anisotropy the first approximation read as:
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w(1) = w0,

u(1) = u0 − I0(pw(1)) − μI0(SP ·u(0)) = u(0) − μI0(SP ·u(0)),

σ
(1)
s = −I(L·u(1)) − μI(STP ·σ (0)

s ) − I(ft ) =
= −I(L·u(0)) + μI(L·I0(SP ·u(0))) + μI(STP ·I(L·u(0) + ft )) − I(ft ),

σ
(1)
33 = −I(pT ·σ (1)

s ) − I( f3) =
= II(pT ·L·u(0)) − μII

(
p·L·I0(SP ·u(0)) + p·STP ·I(L·u(0))

)
+

+ II(pT ·ft ) − I( f3).

(5.1)

Here the normal deflection w(1) is the same, as in the zero approximation, and the
tangential deflections u(1) and stresses σ (1)

s , σ
(1)
33 are changed.

The second approximation is very bulky:

w(2) = w0 + μ2I0(σ
(0)
33 ) = w0 − μ2I0(sP ·u(0))),

u(2) = u0 − I0(pw(2)) − μI0(SP ·u(1)) + μ2I0(G·σ (0)
s ) =

= u(0) − μI0(SP ·u(0)) + μ2I0I0(p·sP ·u(0))+
+ μ2I0(SP ·I0(SP ·u(0))) − μ2I0(G·I(L·u(0))) − μ2I0(G·I(ft )),

σ (2)
s = −I(L·u(2)) − μI(ST

P ·σ (1)
s ) − μ2I(sTPσ

(0)
33 ) − I(ft ),

σ
(2)
33 = −I(pT ·σ (2)

s ) − I( f3).

(5.2)

To obtain the final expressions, it is necessary to substitute the values u(1) and
σ (1)
s from Eq. (5.1) and the values u(2) and σ (2)

s from Eqs. (5.2).
We write the value σ (2)

s as follows:

σ (2)
s = −I(L∗ ·u(0) + f∗), L∗ = L∗

0 + μL∗
1 + μ2L∗

2, (5.3)

with

L∗
0 = L = PT ·A∗(z)·P, L∗

1 = −L·I0(SP) − ST
P ·I(L),

L∗
2 = L·I0I0(p·sP) + L·I0(SP ·I0(SP)) − L·I0(G·I(L))+
+ ST

P ·I(L·I0(SP)) + ST
P ·I(ST

P ·I(L)) + sTP ·II(pT ·L)],
f∗ = ft − μST

P ·I(ft ) − μ2[L·I0(G·I(ft )) + sTP ·pT ·I(ft ) − sTP I( f3)].
(5.4)

Then the forth Eq. (5.2) yields

σ
(2)
33 = II(L∗ ·u(0) + f∗) − I( f3). (5.5)

The boundary conditions σ (2)
s = σ

(2)
33 = 0 at z = 1/2 lead to equations for u0 w0:

Ia(L∗ ·u(0) + f∗) = 0, u(0) = u0 − p z w0

IaI(pT ·(L∗ ·u(0) + f∗)) − Ia( f3) = 0.
(5.6)

By using equality (4.6) at Z = σ ∗ ·u(0) + f∗ with Ia(Z) = 0, we present Eqs. (5.6)
in the form:



100 A. K. Belyaev et al.

Ia(L∗)·u0 − Ia(L∗ ·p z) w0 + Ia(f∗) = 0,
Ia(z pT ·L∗)·u0 − Ia(z pT ·L∗ ·p z) w0 + Ia(z pT ·f∗) + F3 = 0.

(5.7)

Therefore, the model of the SOA is built. Equation (5.7) are a PDE system with
constant coefficients with respect to unknown functions u0 = (u10, u20), w0. The
differential orders of the operators p, P, SP , sP are equal to the unit, the operator
L is of the second order, and the differential orders of operators L∗

k are equal to 2+k.
The presence of p or pT in Eqs. (5.7) lead to a growth of the differential orders of
corresponding summands by the unit. The differential order of system (5.7) is the
same as the order of the TR model, but the system (5.7) is essentially more complex.

If the elastic modules depend on z then to find coefficients in Eqs. (5.7) it is
necessary to calculate repeated integrals. If the elastic modules are constant then the
numerical coefficients appear instead of integral operators Ia, I, I0 and multipliers
z according the following relations:

Ia → 1, Ia(z) → 0, Ia(z2) → 1/12,
IaI0 → 0, IaI0(z) → 1/12, Ia(zI0) → 1/12, Ia(zI0(z)) → 0,
IaI → 1/2, IaI(z) → −1/2, Ia(zI) → 1/12, Ia(zI(z)) → 0,
IaI0I0 → 1/24, IaI0I0(z) → 0, Ia(zI0I0) → 0, Ia(zI0I0(z)) → 1/480,
IaI0I → 1/24, IaI0I(z) → 0, Ia(zI0I) → 1/24, Ia(zI0I(z)) → −1/120,
IaII0 → −1/12, IaII0(z) → 1/48, Ia(zII0) → 0, Ia(zII0(z)) → 1/480,
IaII → 1/6, IaII(z) → −1/24, Ia(zII) → 1/24, Ia(zII(z)) → −1/120.

(5.8)

For a symmetric in the thickness direction plate the tangential and the transversal
deflections my be investigated separately only in the zero approximations. In the
higher approximations these deflections may be tied by small terms. For an inclined
anisotropy this connection is of the order of μ and for a monoclinic material it is of
the order of μ2 (see examples in Sect. 7).

6 Two Examples of Elasticity Relations

We consider a plate, consisting of a homogeneous orthotropic matrix, reinforced by
a system of hard fibers, inclined to axes Ox and Oz by angles α and β (see Fig. 1).

We present elastic modules (2.4) as a sum of modules of a matrix Em
i j and an

additional modules of fibers E f
i j :

Ei j = Em
i j + E f

i j , i, j = 1, . . . , 6, (6.1)

where the modules E f
i j are obtained in [25] an assumption, that there is a full contact

between a matrix and fibers, and only an extension of fibers is taken into account.
The potential energy density of fibers is equal
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Fig. 1 A direction of fibers

Π f = 1

2
E f ε

2
f , ε f = a21ε11 + a22ε22 + a23ε33 + a1a2ε12 + a1a3ε13 + a2a3ε23,

E f = E0δ f , a1 = cosα sin β, a2 = sin α sin β, a3 = cosβ,
(6.2)

where ε f is the deformation of fiber extension, E0 is the Young modulus of fibers,
and δ is the part of volume, occupied by fibers.

Then elastic modules E f
i j may be found from the equality σi j = ∂Π f /∂εi j :

E f
11 = E f a41, E f

12 = E f a21a
2
2, E f

13 = E f a21a
2
3,

E f
16 = E f a31a2, E f

14 = E f a21a2a3, E
f
15 = E f a31a3,

E f
22 = E f a42, E f

23 = E f a22a
2
3, E f

26 = E f a1a32,

E f
24 = E f a32a3, E f

25 = E f a1a22a3, E
f
33 = E f a43,

E f
36 = E f a1a2a23, E

f
34 = E f a2a33, E f

35 = E f a1a33,

E f
66 = E f a21a

2
2, E f

46 = E f a1a22a3, E
f
56 = E f a21a2a3,

E f
44 = E f a22a

2
3, E f

45 = E f a1a2a23, E
f
55 = E f a21a

2
3 .

(6.3)

By the same way several systems of fibers may be considered.
We consider a multi-layered plate with n orthotropic layers of the constant thick-

ness hk, k = 1, . . . , n,
∑

hk = 1. Let the k-th layer lies in zk−1 ≤ z ≤ zk with
z0 = −1/2, zk = zk−1 + hk . For the k-th layer the elasticity relations, connected
with the orthotropic directions, in the matrix form (instead of Eqs. (2.4)) read as
[13]:

σ̂ (k) = Ê(k) ·ε̂(k), zk−1 ≤ z ≤ zk, (6.4)

with
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σ̂ (k) = (σ̂
(k)
11 , σ̂

(k)
22 , σ̂

(k)
33 , σ̂

(k)
23 , σ̂

(k)
13 , σ̂

(k)
12 )T , ε̂(k) = (ε̂

(k)
11 , ε̂

(k)
22 , ε̂

(k)
33 , ε̂

(k)
23 , ε̂

(k)
13 , ε̂

(k)
12 )T ,

Ê(k) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

Ê (k)
11 Ê (k)

12 Ê (k)
13 0 0 0

Ê (k)
12 Ê (k)

22 Ê (k)
23 0 0 0

Ê (k)
13 Ê (k)

23 Ê (k)
33 0 0 0

0 0 0 Ê (k)
44 0 0

0 0 0 0 Ê (k)
55 0

0 0 0 0 0 Ê (k)
66

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (6.5)

Here the sign ˆmarks that the relations (6.4) are written in the auxiliary co-ordinate
system connected with the orthotropic directions of the layer.

Let the angle between axes X of the main and the auxiliary systems be αk . Then
the elasticity relations (2.4) in the main co-ordinate system read as

σ (k) = E(k) ·ε(k), zk−1 ≤ x3 ≤ zk (6.6)

where the matrix E(k) corresponds to a monoclinic material

E(k) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

E (k)
11 E (k)

12 E (k)
13 0 0 E (k)

16

E (k)
12 E (k)

22 E (k)
23 0 0 E (k)

26

E (k)
13 E (k)

23 E (k)
33 0 0 E (k)

36

0 0 0 E (k)
44 E (k)

45 0

0 0 0 E (k)
45 E (k)

55 0
E (k)
16 E (k)

26 E (k)
36 0 0 E (k)

66 ,

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.7)

and the modules E (k)
i j are expressed by Ê (k)

i j as follows [13]:

E (k)
11 = Ê (k)

11 c
4
k + 2

(
Ê (k)
12 + 2Ê (k)

66

)
c2k s

2
k + Ê (k)

22 s
4
k ,

E (k)
12 = Ê (k)

12 c
4
k +

(
Ê (k)
11 + Ê (k)

22 − 4Ê (k)
66

)
c2k s

2
k + Ê (k)

12 s
4
k , E (k)

13 = Ê (k)
13 c

2
k + Ê (k)

23 s
2
k ,

E (k)
16 =

(
Ê (k)
11 − Ê (k)

12 − 2Ê (k)
66

)
c3k sk +

(
2Ê (k)

66 + Ê (k)
12 − Ê (k)

22

)
cks3k ,

E (k)
22 = Ê (k)

22 c
4
k + 2

(
Ê (k)
12 + 2Ê (k)

66

)
c2k s

2
k + Ê (k)

11 s
4
k , E (k)

23 = Ê (k)
23 c

2
k + Ê (k)

13 s
2
k ,

E (k)
26 =

(
Ê (k)
12 − Ê (k)

22 + 2Ê (k)
66

)
c3k sk +

(
Ê (k)
11 − Ê (k)

12 − 2Ê (k)
66

)
cks3k , E (k)

33 = Ê (k)
33 ,

E (k)
36 =

(
Ê (k)
13 − Ê (k)

23

)
cksk , E (k)

44 = Ê (k)
44 c

2
k + Ê (k)

55 s
2
k , E (k)

45 =
(
Ê (k)
55 − Ê (k)

44

)
cksk ,

E (k)
55 = Ê (k)

55 c
2
k + Ê (k)

44 s
2
k , E (k)

66 =
(
Ê (k)
11 + Ê (k)

22 − 2Ê (k)
12 − 2Ê (k)

66

)
c2k s

2
k + Ê (k)

66 (c4k + s4k ),

(6.8)

with ck = cosαk, sk = sin αk .
Therefore, we get a monoclinic material with piece-vice constant elastic modules

Ei j .
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7 Harmonic Solution

The main difficulty in obtaining a closed-form solution of Eq. (5.7) for a finite plate
(for example, for a rectangular plate) consists in satisfying boundary conditions. The
same difficulty arises for the rectangular KL plate with clamped edges. However for
a rectangular plate with two opposite simply supported edges (the Navier conditions)
the separation of variables (w(x1, x2) = w(x1) sin αx2) is possible and the problem
is reduced to the one-dimensional one. A peculiarity of a plate made of the material
with the general anisotropy (with 21 elastic modules) or of a monoclinic plate (with
13 elastic modules) is that there do not exist boundary conditions that admit the
separation of variables. Therefore, only approximate variation methods may be used.
A lot of boundary value problems for laminated plates are solved in book [13]. In [26]
vibrations of a multi-layered rectangular plate with free edges are investigated by the
variationmethod, and deflection is expanded into a product of Legendre polynomials.

Further, we consider an infinite plate and investigate the harmonic solutions admit-
ting closed-form solutions.

Firstly, we consider a static harmonic problem. Let the external forces be

ft (x1, x2, z) = ft (z)ei(x1q1+x2q2), f3(x1, x2, z) = f3(z)e
i(x1q1+x2q2), i = √−1, (7.1)

where q1, q2 are the real-valued wave numbers. We seek the solution of three-
dimensional Eqs. (2.12) in the same harmonic form

{w,u, σt , σ33}(x1, x2, z) = {w,u, σt , σ33}(z)ei(x1q1+x2q2) (7.2)

and the solution of two-dimensional Eqs. (5.7)

w(x1, x2) = Wei(x1q1+x2q2), u(x1, x2) = Uei(x1q1+x2q2), U = (U1,U2)
T , (7.3)

where U, W are the unknown amplitudes of deflection.
Inserting Eqs. (7.1) and (7.3) into Eqs. (5.7) yields to the linear algebraic system

the for unknown variables U, W :

Ia(L∗)·U − Ia(L∗ ·p z)W + Ia(f∗) = 0,
Ia(z pT ·L∗)·U − Ia(z pT ·L∗ ·p z)W + Ia(z pT ·f∗) + F3 = 0.

(7.4)

Here the differential operators p and P in Eqs. (7.4) and (5.8) are to be formally
replaced by

p = iq = i (q1, q2)
T , P = iQ = i

(
q1 0 q2
0 q2 q1

)T

. (7.5)

We consider a bending of a plate with constant elastic modules under action of a
periodic compression applied to a lower plane:
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ft = 0, f3(x1, x2, z) = F3δ(z + 1/2)ei(x1q1+x2q2). (7.6)

At these assumptions Eqs. (7.4) read as:

(l(0)11 + μ l(1)11 + μ2l(2)11 )U + (l(0)12 + μ l(1)12 + μ2l(2)12 )W + i μ2sQ F3 = 0,
(l(0)21 + μ l(1)21 + μ2l(2)21 )U + (l(0)22 + μ l(1)22 + μ2l(2)22 )W + F3 = 0

(7.7)

with the coefficients that are calculated by using Eqs. (5.3), (5.4), and (5.8):

l(0)11 = −l, l(1)11 = (i/2)SQ ·l,
l(2)11 = −(1/24) l·G·l − (1/24) l·q·sQ + (1/6) sTQ ·qT ·l+

(1/24) l·SQ ·SQ − (1/12)SQ ·l·SQ + (1/6)ST
Q ·ST

Q ·l,
l(0)12 = 0, l(1)12 = (1/12) l·SQ ·q − (1/2)SQ ·l·q,

l(2)12 = −(i/24) sTQ ·qT ·l·q + (i/48)SQ ·l·SQ − (i/24)ST
Q ·ST

Q ·l·q,

l(0)21 = 0, l(1)21 = −(1/12)qT ·l·SQ − (1/12)qT ·SQ ·l,
l(2)21 = −(i/24)qT ·l·G·l + (i/24)qT ·sTQ ·qT ·l + (i/24)qT ·ST

Q ·ST
Q ·l,

l(0)22 = −(1/12)qT ·l·q, l(1)22 = 0,
l(2)22 = (1/120)qT ·l·G·l·q + (1/480)qT ·l·q·sQ ·q − (1/120)qT ·sTQ ·qT ·l·q+

(1/480)qT ·l·SQ ·SQ ·q + (1/480)qT ·SQ ·l·SQ ·q − (1/120)qT ·ST
Q ·ST

Q ·l·q,

(7.8)

where l = QT ·A∗ ·Q, SQ = S·Q, sQ = s·Q.
We present the solutions Eqs. (7.7) as expansions in power series in μ:

W = W0 + μW1 + μ2W2, U = U0 + μU1 + μ2U2. (7.9)

In the zero approximation independently of the kind of elastic modules we obtain

W0 = − F3

l(0)22

= 12 F3

Q
, U0 = 0, (7.10)

where Q is given in Eqs. (4.9). In the first approximation

W1 = 0, U1 = −
(
l(0)11

)−1 ·l(1)12 W0. (7.11)

The second approximation is bulky:

W2 = − l(1)21 ·U1 + l(2)22 W0

l(0)22

, U2 = −(l(0)11 )−1 ·
((

l(0)11

)−1 ·l(1)11 ·U1 + l(2)12 W0 + i sQ F3

)
. (7.12)

If we want to find only a normal deflection W with the SOA then instead of
Eqs. (7.7) we may use the more simple system
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l(0)11 U + l(0)12 W = 0, μ l(1)21 U + (l(0)22 + μ2l(2)22 )W + F3 = 0 (7.13)

and some coefficients (7.8) are not included in Eqs. (7.12) and (7.13).The value W2

includes three effects of the second order:

(i) the effect of a transversal shear that is described by a summand with G in l(2)22 ,
(ii) the effect of an inclined anisotropy that disappear for a monoclinic material

with S = 0, and
(iii) the effect of normal fibers extension that is described by a summands with sQ

in l(2)22 .

The effect of normal fibers extension is always small compared with the zero
approximation W0, and two corresponding summands in l(2)22 may be omitted.

For a monoclinic material S = 0 the effect of transversal shear may be essential
for a plate with a small transversal shear stiffness. Really, Eqs. (3.8) and (3.9) yield
εs = G·σs where

G = Ĝ−1, Ĝ =
(
E44 E45

E45 E55

)
(7.14)

is the inverse matrix of a transversal shear stiffness, and elements of G are large.
For a transversely isotropic material the generalized TR model taking into account
a transversal shear is built [16].

Calculations show that for a plate made of a material with the inclined anisotropy
(S �= 0) the small transversal compliance Ĝ does not lead to a growth of deflections.

8 Harmonic Vibrations

We consider free vibrations of an infinite anisotropic plate and seek solutions of the
3D and of the 2D equations in the same forms (7.2) and (7.3), respectively, after
changing the factor ei(x1q1+x2q2) by ei(x1q1+x2q2+ωt) where ω is the natural frequency.
According to Eqs. (2.4) and (4.1) the external (inertia) forces in the dimensionless
form read as:

ft (x1, x2, z) = λ ρ̂(z)u(z) ei(x1q1+x2q2), f3(x1, x2, z) = λ

μ2 ρ̂(z)w(z) ei(x1q1+x2q2) (8.1)

with

λ = ρ0 l2ω2

E
, ρ̂(z) = ρ(z)

ρ0
, ρ0 = Ia(ρ(z)), (8.2)

whereλ is the unknown frequency parameter, andρ(z) is the density,ρ0 is the average
density. The signˆ again is omitted.

For a homogeneous in the thickness direction plate the elasticmodules are constant
and ρ = 1, and the dynamic equations instead of Eqs. (7.7) are as follows:
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(l(0)11 + μ l(1)11 + μ2l(2)11 )U + (μ l(1)12 + μ2l(2)12 )W + λ (U + μa1W ) = 0,

(μ l(1)21 + μ2l(2)21 )U + (l(0)22 + μ2l(2)22 )W + λ

(
μa2U +

(
1

μ2 + qT ·q
12

)
W

)
= 0,

(8.3)

where the coefficients l(k)i j are given in Eqs. (7.8). In Eqs. (8.3) only the main inertia
summands are hold.

The determinant of Eqs. (8.3) give an equation:

Δ(λ, q1, q2, μ) = 0. (8.4)

This equation is cubic in λwith complex coefficients. It is easy to prove that the roots
of Eq. (8.4) are the real positive numbers, λ j > 0. For this aim we write Eqs. (4.2) in
the differential form:

dw

dz
= H1 = −μ2sP ·u + μ3gT ·σs + μ4c3 σ33,

du
dz

= H2 = pw − μSP ·u + μ2G·σs + μ3g σ33,

dσs

dz
= H3 − λ ρ u, H3 = −L·u − μST

P ·σs − μ2sTP , σ33

dσ33

dz
= H4 − λ

μ2
ρ w, H4 = −pT ·σs,

(8.5)

From the two last Eqs. (8.5) it follows:

λ Ia(ρuT ·u + μ−2ρw w) = Ia

(
uT ·

(
H3 − dσs

dz

)
+ w

(
H4 − dσ33

dz

))
= r. (8.6)

After integrating by part and using two first Eqs. (8.5) we get

r = Ia
(
uT ·QT ·A∗ ·Q·u + μ2 σ T

s ·G·σs + +2μ3 Re(σ33 g
T ·σ s ) + μ4c3|σ33|2

)
> 0. (8.7)

Therefore, inequality λ j > 0 is proved.
The small root of Eq. (8.4), λ1 = μ2Q/12 + O(μ4), corresponds to the bending

vibrations, and two rest roots, λ2,3 = O(1), correspond to the tangential vibrations.
Equation (8.4) is a dispersion equation because it describes a harmonic wave

propagation according to the factor ei(x1q1+x2q2+ωt). If we take q2
1 + q2

2 = 1 then the
velocity of wave is v = −ω and the direction of wave propagation is described by
the vector q.

To obtain a stationary bending vibration mode w(x1, x2, t) = W sin q1x1 sin q2x2
sinωt we ought to consider a sum Wei(q1x1−q2x2) sinωt − Wei(q1x1+q2x2) sinωt .



Two-Dimensional Model of a Plate, Made of Material … 107

9 Conclusions

The 2D linear model (7.5) of the SOA describing deformations of a heterogeneous
plate in the case of the general anisotropy (with 21 elastic modules) is constructed.
It is necessary to continue investigations of the studied problem. It is desirable to
investigate the peculiarities that appears in the case of plates with inclined anisotropy.
It is interesting to estimate errors for test examples of the 2D models compared with
the exact solutions of 3D equations of the theory of elasticity. The obtained model
is bulky, and it is desirable to propose in the partial cases of plates parameters the
more simple but the exact enough models.

The next step is to solve some static, vibration, and buckling problems for partial
kinds of anisotropy and heterogeneity.

The used algorithm is based on theCartesian co-ordinate system. It is interesting to
apply the obtained results for heterogeneous anisotropic shells, in partial, for shallow
shells for that the metric is close to the Cartesian metric.
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An Alternative Approach to the Buckling
Resistance Assessment of Steel,
Pressurised Spherical Shells

Paweł Błażejewski and Jakub Marcinowski

Abstract Provisions leading to the assessment of the buckling resistance of pres-
surised spherical shells are available since 2008when theywere publishedfirst time as
the European Design Recommendations (EDR) (cf. Rotter and Schmidt in Buckling
of Steel Shells: European Design Recommendations. ECCS, 2008 [13], Rotter and
Schmidt in Buckling of Steel Shells: European Design Recommendations. ECCS,
2013 [14]). This collection of recommendations comprises rules which refer to the
buckling resistance of steel shells of different shapes. In the first step of the general
procedure, the calculation of two reference quantities: the elastic critical buckling
reference pRcr and the plastic reference resistance pRpl is required. These quantities
should be determined in the linear buckling analysis (LBA) and in the materially
nonlinear analysis (MNA) respectively. Only in the case of spherical shells the exist-
ing procedure has exceptional character. It is based on the geometrically nonlinear
analysis (GNA) and on the geometrically andmaterially nonlinear analysis (GMNA),
respectively. From this reason, in this particular case there was a need to change the
existing provisions. The first version of a new procedure was presented in the work
of Błażejewski and Marcinowski (Buckling capacity curves for pressurized spher-
ical shells. Taylor & Francis Group, London, pp. 401–406, 2016 [4]). All steps of
the procedure leading to the assessment of buckling resistance of pressurized steel,
spherical shells were presented in that work. The elaborated procedure is consistent
with provisions of Eurocode EN1993-1-6 (cf. Błażejewski and Marcinowski in The
worst geometrical imperfections of steel spherical shells, pp. 219–226, 2014 [3]) and
with general recommendations inserted in Europeans Design Recommendations. In
the present work the proposed capacity curves were compared with the existing
provisions of ECCS for three different fabrication quality classes predicted. Com-
parisons of the author’s proposal with some experimental results obtained by other
authors are presented as well. They have confirmed that the proposed procedure is
less conservative than the existing one but it is still safe.
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pressure · Clamped edge · Numerical simulations · Design recommendations

1 Introduction

Steel, spherical shells subjected to the action of external pressure p are usually very
slender and internal forces which are generated within their domain are compres-
sive. For this reason they are exposed to local or global buckling, probably the most
important reasons for failures of such shells. An accurate assessment of the buckling
resistance, as the maximum pressure p which can be safely sustained, is very impor-
tant from the engineering point of view. The buckling limit state (LS3 according to
EN 1993-1-6) is usually the decisive criterion among all design criteria.

Existing designing provisions define precisely procedures leading to the buckling
resistance assessment of steel shells (cf. EN 1993-1-6). The approach based on the
MNAanalysis andLBAanalysis is a commonly accepted approach as far as the plastic
reference resistance pRpl and elastic critical buckling reference pRcr are concerned.
These are two reference quantities on the basis of which buckling capacity curves
for particular cases of shells are created. EDR 5th includes provisions which refer
to several cases of shells exposed to buckling. In the existing chapter dedicated
to spherical shells the different approach was adopted. Reference quantities of the
whole procedure pRcr and pRpl are determined on the basis of the GNA (geometrically
nonlinear analysis) and the GMNA (geometrically andmaterially nonlinear analysis)
respectively and it is a single exception in these recommendations.

In this paper an alternative approach was presented, the approach consistent with
the general approach recommended inEN1993-1-6 (cf. [9]) and inEDR5th.All steps
of the proposed approach were presented by Błażejewski and Marcinowski [2, 4].
All parameters defining capacity curves were obtained as a result of many numerical
analyses carried out for spherical shells of different geometry and different material
parameters. Spherical caps of semi-angles ϕ = 10°, 20°, 30°, 45°, 60°, 90° and of
following R/t ratios: R/t = 300, 400, 500, 600, 750, 1000 were considered. Seven
different imperfection modes were taken into account and three fabrication quality
classeswere considered.Only one case of boundary conditionwas taken into account:
the fully clamped basic circle of considered caps (see Fig. 1). All calculations were
performed by means of COSMOS/M system (cf. [6]) based on FEM.

In this work also comparison of the proposed approach with experimental results
of other authors was presented and this comparison is a valuable verification test for
buckling capacity curves elaborated by authors.
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Fig. 1 Pressurised, spherical shell

2 Elastic Critical Buckling Resistance and Plastic
Reference Resistance

The elastic critical buckling resistance pRcr and the plastic reference resistance pRpl
are principal quantities required in the buckling resistance assessment procedure.
An attempt of derivation of the simple formulae on pRcr and pRpl was undertaken by
Authors earlier (cf. [3]).

To find this formulae many numerical analyses (LBA—the linear buckling analy-
sis in reference to pRcr andMNA—the materially nonlinear analysis in a case of pRpl)
were carried out for a huge range of R/t ratios and for a great diversity of semiangles
ϕ defining the rise of spherical shells. Details of this stage of the research were pre-
sented in [3]. After some supplementary numerical simulations carried out on very
dense mesh the following formulae defining two reference quantities were obtained:

pRcr(LBA) = 1.21E

(
t

R

)2

(1)

pRpl(MNA) = 2.0 fyk
t

R
(2)

in which E—Young’s modulus, f yk—characteristic value of the yield stress, both
expressed in [MPa].

The formula (1) is identical as critical buckling pressure for the pressurised, full
sphere and is called Zoelly-Leibenson formula (cf. [11, 18]). The formula (2) is the
same as the membrane pressure causing plastification of the whole section of the
pressurised, full sphere.
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The determination of the critical pressure pRcr and the plastic reference pressure
pRpl according to EDR 5th (cf. [13, 14]) are done in a very similar way. These
quantities are determined from the following formulae:

pRcr(GNA) = 0.97E

(
t

R

)2

(3)

pRpl(GMNA) = 1.80 fyk
t

R
(4)

Coefficients used in these formulae are different than their counterparts in formu-
lae (1) and (2) and it follows from different approaches used in both cases.

The summary of curves presenting the critical pressure due to formulae (1) and
(3) and (2) and (4) respectively are shown in Figs. 2 and 3 as a function of R/t ratio.
Differences between both proposals are easily visible.

Having both reference quantities defined above, and namely pRcr and pRpl, one
can calculate the dimensionless relative slenderness defined in the standard way

λ = √
pRpl(MNA)/pRcr(LBA) (5)

and respectively:

λ = √
pRpl(GMNA)/pRcr(GNA) (6)

The calculation of relative slenderness is a very easy task due to the fact that all
quantities appearing under the square root symbols are described by formulae.

Fig. 2 Critical pressure pRcr according to the proposed procedure and due to EDR 5th provisions
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Fig. 3 Plastic resistance pRpl according to the proposed procedure and due to EDR 5th provisions

3 Modified Capacity Curves—Buckling Parameters

To assess the buckling resistance of a pressurised spherical shell one should know
all the buckling parameters λ0, α, β and η describing the standard capacity curve
(cf. EDR 5th and EN 1993-1-6). The dimensionless relative slenderness λ is defined
according to Eq. (5) and the buckling strength reduction factor χ is equal to the
pRk/pRpl ratio, where pRk is the characteristic value of the buckling resistance.

Values of buckling parameters can be effectively determined by means of the
approach proposed by Doerich and Rotter [7]. According to this approach a modified
capacity curve should be calculated. This curve is determined for an assumed mode
of imperfection and for the adopted amplitude of this imperfection mode. Particular
points on this curve are obtained for different values of relative slenderness. This
can be achieved by means of artificially changed yield stress and this approach was
adopted in this work.

Seven different modes of imperfections were considered. Detailed considerations
relating to the selection and generation of these imperfection modes were presented
by Błażejewski and Marcinowski [3].

Similarly as in EDR 5th the amplitudes of imperfections were defined as follows

�wk = 1

Q

√
Rt (7)

where Q—is the fabrication quality parameter corresponding to the specified fab-
rication tolerance quality. For three different fabrication quality classes A, B and C
(excellent, high and normal) the quality parameter Q adopts values 40, 25 and 16
respectively.
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Figure 4 presents the example of modified capacity curve obtained as a results
of many numerical analyses carried out for a particular geometry (cf. [3]), for a
specific imperfection mode and adopted quality class. On the abscissa of this plot the
ratio pR(GMNIA)/pRcr(LBA) are depicted while the ordinates of this plot present the ratio
pR(GMNIA)/pRpl(MNA). The squash limit relative slenderness is defined by the last point
on the horizontal segment of the plot. At this point pR(GMNIA) is equal to pRpl(MNA)

(the ordinate equal to 1.0) and at the same time the ratio pRpl(MNA)/pRcr(LBA)/is equal
to λ2

0.
Precise determination of the elastic imperfection reduction factor α is very easy

if the modified capacity curve is plotted. For very slender shells pR(GMNIA) can be
identified as a product of α and pRcr. This means that the value of α is determined
by the final vertical segment of the plot (see Fig. 4).

Transition from the elastic-plastic range into purely elastic range is accomplished
at the point at which the vertical segment starts. At this point λ = λp and χ = 1 − β.

Analysing all obtained results and comparing them with existing proposal for
cylindrical, and spherical shells (comp. [13]) it was assumed that the λ0 value is con-
stant and equal 0.2. Parameters α and β were determined from all modified capacity
curves quite accurately due to the fact that they can be detected very distinctly.
Figure 5 presents the “cloud” of calculated alfas for different values of the Δwk/t
ratio. Calculation points depicted in Fig. 5 were obtained from modified capacity
curves determined for spherical shells of different R/t ratios, different semi-angles
ϕ and for different imperfection modes (seven imperfection modes were consid-
ered). Amplitudes of imperfections were dependent on Q parameter according to
relationship (7).

Fig. 4 The modified capacity curve



An Alternative Approach to the Buckling Resistance Assessment … 115

Fig. 5 Calculations points defining α as a function of the Δwk/t ratio

To guarantee the safety in all possible circumstances α was approximated as a
lower bound of all points depicted in Fig. 5. As a result the following function was
obtained:

α(�wk/t) = 0.65

1 + 1.8(�wk/t)0.8
(8)

The other parameter describing the final shape of the capacity curve, theβ parame-
ter, was determined on the basis of all registered results as a weighted curve approx-
imating points shown in Fig. 6. Also in this case particular points were obtained
for spherical shells of different R/t ratios, different semi-angles ϕ and for different
imperfection modes (seven imperfection modes were considered). Amplitudes of
imperfections were dependent on Q parameter according to relationship (7).

The proposed formula expressing the dependence of the β parameter as a function
of the Δwk/t ratio has the following form:

β(�wk/t) = 0.87

(
�wk

t

)0.026

(9)

It is worth noting that both determined parameters depend not only on geometrical
characteristics R, t, and ϕ but also on fabrication quality class due to the fact that the
Δwk/t ratio is expressed by Q. Figures 7 and 8 show plots of α and β parameters
as functions of R/t ratios for different values of the Q parameter. In the same figure
proposals of EDR 5th were presented as well.
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Fig. 6 Calculations points defining β as a function of the Δwk/t ratio

Fig. 7 Function α(R/t) for different values of the Q parameter
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Fig. 8 Function β(R/t) for different values of the Q parameter

The comparison of presented proposals with those proposed in EDR 5th shows
that elastic buckling reduction factor α is smaller than its counterpart from EDR
5th. It means that the buckling strength reduction factor χ will be smaller within
the elastic interval. On the other hand the greater values of the plastic range factor
β mean that the elastic-plastic range will be enlarged in comparison to the previous
proposal of EDR 5th in which β does not depend on R/t ratio.

The knowledge ofα and β parameters allows to determine the plastic limit relative
slenderness λp from the formula

λp =
√

α

1 − β
(10)

4 Buckling Capacity Curves

The standard form of the buckling capacity curve consistent with proposals of
Schmidt [15, 16] and Rotter [12] was presented in Fig. 9a.

Due to some significant difficulties arising in the reference to the exact evaluation
of the interaction exponent η defining the capacity curve within the elastic-plastic
range, Authors have proposed a modification of this standard capacity curve within
this range. In place of the function shown in Fig. 9a the polynomial of the second
order was proposed, and namely
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Fig. 9 a The standard buckling capacity curve. b The modified buckling capacity curve

χ(λ) = aλ2 + bλ + c, for λ0 ≤ λ ≤ λp (11)

This function was shown in Fig. 9b and its coefficients were determined from
continuity conditions at λ0 and λp points. They adopt the following form:

a = α
(
0.4 − 3λp

) + λ3
p

λ3
p

(
0.04 − 0.4λp + λ2

p

) , (12a)
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b = −2λ4
p + α

(
4λ2

p − 0.08
)

λ3
p

(
0.04 − 0.4λp + λ2

p

) , (12b)

c = α
(
0.12 − 0.8λp

) + λ4
p

λ2
p

(
0.04 − 0.4λp + λ2

p

) . (12c)

It is worth mentioning that in the existing EDR5th provisions the η parameter
defining χ (λ) in elastic-plastic range (comp. Fig. 8) is constant and equals 1. It means
that within elastic-plastic rangeχ (λ) characteristics is linear and do not fulfils smooth
continuity conditions at point of transition to the elastic range. Author’s proposal is
free from this drawback.

Using the approach presented above the capacity curves can be generated for
the spherical shell of specific geometrical and material characteristics and for three
fabrication quality classes. The example of such capacity curves were presented in
Fig. 10. In this figure the transition from the purely elastic range to the elastic-plastic
range was clearly marked.

In the proposed procedure the buckling parameter β is variable and defined by
the Formula (9). In the existing provisions of EDR5th the buckling parameter β is
constant and equals 0.7 (comp. [13]). It means that at the point λ = λ0 the buckling
resistance parameter χ is equal 0.3 for all three fabrication quality parameters Q
(comp. Fig. 11).

Figure 12 shows the comparison of the present proposalwith existing provisions of
EDR 5th. In this case capacity curves are plotted as the function of the characteristic
value of the buckling resistance pRk(R/t). It is visible that existing provisions provide
slightly lower assessment of the buckling resistance, it means that they are more
conservative.

Fig. 10 Buckling capacity curves for different values of the Q parameter
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Fig. 11 Dimensionless buckling capacity χ for different parameters Q according to author’s pro-
posal and due to EDR 5th

Fig. 12 The comparison with existing provisions of EDR 5th
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Analysing results presented in Fig. 12 one can distinguish two intervals. Within
the first interval defined byR/t for <80÷420>, differences are smaller than 19%, 35%
and 43% forQ parameters 16, 25 and 40 respectively. These differences decrease for
smaller R/t ratios and it is due to the fact that in both approaches all capacity curves
tend to the same point χ = 1.0 and λ = λ0 = 0.2. This fact is well visible in Fig. 12.

Within the other interval defined by R/t for <420÷560>, differences between both
approaches are greater and oscillates between 35% ÷ 44%. Discrepancies decrease
for higher R/t ratios and for R/t = 2400 reach the values 20÷28% for different values
of Q parameter, 16, 25 and 40 respectively.

The complete flow chart of the buckling resistance assessment of pressurised
spherical shells is presented below. This flow chart can be helpful for designers of
tanks, silos and pressure vessel in which spherical shells loaded by external pressure
occur.

5 Determination of the Buckling Resistance—The Flow
Chart

Step 1. Adoption of principal design data: E, f yk, R, t
Step 2. Calculation of reference quantities and determination of the dimensionless,
relative slenderness λ

pRcr(LBA) = 1.21E
(
t
R

)2
pRpl(MNA) = 2.0 fyk

t
R

}
⇒ λ = √

pRpl(MNA)/pRcr(LBA)

Step 3. Specification of the fabrication quality class and calculation of the character-
istic value of imperfection amplitude.

Class A → Q = 40
Class B → Q = 25
ClassC → Q = 16

⇒ �wk = 1

Q

√
Rt

Step 4. Determination of buckling parameters α and β. Calculation of the plastic
limit relative slenderness λp

α(�wk/t) = 0.65
1+1.8(�wk/t)

0.8

β(�wk/t) = 0.87
(

�wk
t

)0.026
}

⇒ λp =
√

α

1 − β

Step 5. The buckling strength reduction factor χ for different intervals of λ (cf.
Fig. 7).
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χ(λ) = 1, for λ < λ0

χ(λ) = aλ2 + bλ + c, for λ0 < λ < λp, where λ0 = 0.2
χ(λ) = α/λ2, for λ > λp

Step 6. Determination of the polynomial coefficients in the case of elastic-plastic
range.

a = α
(
0.4 − 3λp

) + λ3
p

λ3
p

(
0.04 − 0.4λp + λ2

p

)

b = −2λ4
p + α

(
4λ2

p − 0.08
)

λ3
p

(
0.04 − 0.4λp + λ2

p

)

c = α
(
0.12 − 0.8λp

) + λ4
p

λ2
p

(
0.04 − 0.4λp + λ2

p

)

Step 7. Characteristic value of the buckling resistance of the considered spherical
shell

pRk = χ · pRpl

6 Illustrative Examples

To show differences between both considered approaches two calculation examples
were presented in which buckling resistances for particular spherical shells were
determined. It is worth noting that presented provisions refer to spherical caps of
semiangles ϕ in the range 10–90 degrees.

6.1 Calculation Example No. 1

Determine the buckling resistance of pressurised spherical shell of given geometrical
parameters and material properties:

– Radius: R = 8000 mm
– Shell thickness: t = 16 mm
– Ratio R/t = 500
– Steel grade S235–fyk = 235 MPa, E = 205 GPa, v = 0.3
– Fabrication quality class: C (normal), hence Q = 16
– Shell clamped along its supporting edge, case BC2, hence Cc = 0.8, Cpl = 0.9
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6.1.1 Buckling Resistance Assessment Procedure According to EDR5th

1. Elastic, critical buckling pressure

pRcr = 2√
3(1 − v2)

CcE

(
t

R

)2

= 2√
3
(
1 − 0.32

) · 0.8 · 205000 ·
(
0.016

8.0

)2

= 0.794MPa

2. Plastic reference resistance

pRpl = fy,k · Cpl · 2 · t
R

= 235 · 0.9 · 2 · 0.016
8.0

= 0.846MPa

3. Dimensionless relative slenderness

λ = √
pRpl/pRcr = √

0.846/0.794 = 1.032

4. Characteristic imperfection amplitude and elastic imperfection factor α

�wk = 1

Q

√
Rt = 1

16

√
8.0 · 0.016 = 0.022m

α = 0.7

1 + 1.9 · (�wk/t)
0.75 = 0.7

1 + 1.9 · (0.022/0.016)0.75
= 0.205

5. Buckling parameters and the plastic limit relative slenderness λp

β = 0.70;η = 1.0;λ0 = 0.20

λp =
√

α

1 − β
=

√
0.205

1 − 0.7
= 0.827

6. Determination of the interval on the buckling curve

λ ≥ λp → λ = 1.032 > λp = 0.827

Because it is the case of purely elastic buckling the buckling reduction factor χ

should be determined from the formula:

χ = α

λ2
= 0.205

1.0322
= 0.192

7. The characteristic value of the buckling resistance

pRk = χ · pRpl = 0.192 · 0.846 = 0.162MPa
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8. The design value of the buckling resistance

pRd = pRk/γM1 = 0.162/1.1 = 0.147MPa

where the safety factor γM1 is taken from EN 1993-1-1 and is equal 1.1 (cf. [8]).

6.1.2 The Proposed Procedure Based on Assumptions of EN 1993-1-6

1. Elastic, critical buckling pressure

pRcr(LBA) = 1.21E

(
t

R

)2

= 1.21 · 205000 ·
(
0.016

8.0

)2

= 0.992MPa

2. Plastic reference resistance

pRpl(MNA) = 2.0 fyk
t

R
= 2.0 · 235 · 0.016

8.0
= 0.940MPa

3. Dimensionless relative slenderness

λ = √
pRpl(MNA)/pRcr(LBA) = √

0.940/0.992 = 0.973

4. Characteristic imperfection amplitude and elastic imperfection factor α and the
plastic range factor β

�wk = 1

Q

√
Rt = 1

16

√
8.0 · 0.016 = 0.022m

α(�wk/t) = 0.65

1 + 1.8(�wk/t)0.8
= 0.65

1 + 1.8(0.022/0.016)0.8
= 0.196

β(�wk/t) = 0.87

(
�wk

t

)0.026

= 0.87

(
0.022

0.016

)0.026

= 0.877

5. The plastic limit relative slenderness λp

λp =
√

α

1 − β
=

√
0.196

1 − 0.877
= 1.262

6. Determination of the interval on the buckling curve

λ0 = 0.2 < λ = 0.940 < λp = 1.262
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Because it is the case of elastic-plastic buckling the buckling reduction factor χ

should be determined from the formula:

χ(λ) = aλ2 + bλ + c,

where:

a = α
(
0.4 − 3λp

) + λ3p

λ3p

(
0.04 − 0.4λp + λ2p

) = 0.196(0.4 − 3 · 1.262) + 1.2623

1.2623
(
0.04 − 0.4 · 1.262 + 1.2622

) = 0.594

b =
−2λ4p + α

(
4λ2p − 0.08

)

λ3p

(
0.04 − 0.4λp + λ2p

) =
−2 · 1.2624 + 0.196

(
4 · 1.2622 − 0.08

)
1.2623

(
0.04 − 0.4 · 1.262 + 1.2622

) = −1.694

c = α
(
0.12 − 0.8λp

) + λ4p

λ2p

(
0.04 − 0.4λp + λ2p

) = 0.196(0.12 − 0.8 · 1.262) + 1.2624

1.2622
(
0.04 − 0.4 · 1.262 + 1.2622

) = 1.315

χ(λ) = 0.594 · 0.9342 − 1.694 · 0.934 + 1.315 = 0.251

7. The characteristic value of the buckling resistance

pRk = χ · pRpl = 0.251 · 0.940 = 0.236MPa

8. The design value of the buckling resistance

pRd = pRk/γM1 = 0.236/1.1 = 0.214MPa

It is the value higher by 45% than their counterparts obtained according to EDR5th
provisions.

6.2 Calculation Example No. 2

Determine the buckling resistance of pressurised spherical shell of given geometrical
parameters and material properties:

– Radius: R = 8000 mm
– Shell thickness: t = 4 mm
– Ratio R/t = 2000
– Steel grade S235–f yk = 235 MPa, E = 205 GPa, v = 0.3
– Fabrication quality class: A (excellent), hence Q = 40
– Shell clamped along its supporting edge, case BC2, hence Cc = 0.8, Cpl = 0.9
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6.2.1 Buckling Resistance Assessment Procedure According to EDR5th

1. Elastic, critical buckling pressure

pRcr = 2√
3(1 − v2)

CcE

(
t

R

)2

= 2√
3(1 − 0.32)

· 0.8 · 205000 ·
(
0.004

8.0

)2

= 0.049MPa

2. Plastic reference resistance

pRpl = fy,k · Cpl · 2 · t
R

= 235 · 0.9 · 2 · 0.004
8.0

= 0.211MPa

3. Dimensionless relative slenderness

λ = √
pRpl/pRcr = √

0.211/0.049 = 2.075

4. Characteristic imperfection amplitude and elastic imperfection factor α

�wk = 1

Q

√
Rt = 1

40

√
8.0 · 0.004 = 0.0045m

α = 0.7

1 + 1.9 · (�wk/t)0.75
= 0.7

1 + 1.9 · (0.0045/0.004)0.75
= 0.2276

5. Buckling parameters and the plastic limit relative slenderness λp

β = 0.70;η = 1.0;λ0 = 0.20

λp =
√

α

1 − β
=

√
0.2276

1 − 0.7
= 0.871

6. Determination of the interval on the buckling curve

λ ≥ λp → λ = 2.075 > λp = 0.871

Because it is the case of purely elastic buckling the buckling reduction factor χ

should be determined from the formula:

χ = α

λ2
= 0.2276

2.0752
= 0.053

7. The characteristic value of the buckling resistance

pRk = χ · pRpl = 0.053 · 0.211 = 0.0112MPa
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8. The design value of the buckling resistance

pRd = pRk/χM1 = 0.0112/1.1 = 0.0102MPa

where the safety factor γM1 is taken from EN 1993-1-1 and is equal 1.1.

6.2.2 The Proposed Procedure Based on Assumptions of EN 1993-1-6

1. Elastic, critical buckling pressure

pRcr(LBA) = 1.21E

(
t

R

)2

= 1.21 · 205000 ·
(
0.004

8.0

)2

= 0.062MPa

2. Plastic reference resistance

pRpl(MNA) = 2.0 fyk
t

R
= 2.0 · 235 · 0.004

8.0
= 0.235MPa

3. Dimensionless relative slenderness

λ = √
pRpl(MNA)/pRcr(LBA) = √

0.235/0.062 = 1.947

4. Characteristic imperfection amplitude and elastic imperfection factor α and the
plastic range factor β

�wk = 1

Q

√
Rt = 1

40

√
8.0 · 0.004 = 0.0045m

α(�wk/t) = 0.65

1 + 1.8(�wk/t)0.8
= 0.65

1 + 1.8(0.0045/0.004)0.8
= 0.2183

β(�wk/t) = 0.87

(
�wk

t

)0.026

= 0.87

(
0.0045

0.004

)0.026

= 0.8727

5. The plastic limit relative slenderness λp

λp =
√

α

1 − β
=

√
0.2183

1 − 0.8727
= 1.3095

6. Determination of the interval on the buckling curve

λ ≥ λp → λ = 1.947 > λp = 1.3095
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Because it is the case of purely elastic buckling the buckling reduction factor χ

should be determined from the formula:

χ = α

λ2
= 0.2183

1.9472
= 0.057

7. The characteristic value of the buckling resistance

pRk = χ · pRpl = 0.057 · 0.235 = 0.0134MPa

8. The design value of the buckling resistance

pRd = pRk/γM1 = 0.0134/1.1 = 0.0122MPa

It is the value higher by 31% than their counterparts obtained according to EDR5th
provisions.

Results obtained in presented above computational examples make it possible to
draw the following conclusions. In both approaches the course of procedures is com-
paratively easy and very similar. The similarities between both proposals are only
apparent. The main difference refers to the kind of analyses used to determine two
reference quantities and namely pRcr and pRpl. In existing provisions they were deter-
mined as results of GNA and GMNA analyses respectively. In presented alternative
approach these quantities were determined as results of LBA and MNA analyses
respectively and such approach is consistent with general recommendations of EN
1993-1-6.

The remaining steps of both approaches are analogous. Knowing both reference
quantities pRcr and pRpl then the dimensionless slenderness λ is determined. After
that the amplitude of geometric imperfections is established and required buckling
parameters are determined from appropriate formulae, different for both approaches.
Parameters λ0 and λP define three parts of the buckling curve. Knowing the part
in which the calculated slenderness λ occurs, the buckling reduction factor χ is
determined from the appropriate formula. The characteristic value of the buckling
resistance is calculated from the formula

pRk = χ · pRpl (13)

and finally, the design value of the buckling resistance is obtained from the formula

pRd = pRk/γM1 (14)

where the partial safety factor γM1 is taken from EN 1993-1-1 and is equal 1.1.
Despite apparently large similarity between both proposals final differences in

results are significant. Two examples presented above show that in some cases buck-
ling resistances determined according to the new proposal is nearly 50% higher than
their counterparts calculated according to the existing procedure.
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7 Comparison with Experimental Results

The procedure inserted in EDR5th and the procedure proposed by authors were
compared with three series of experimental results. As a source of comparative anal-
ysis were chosen experiments which had comprised comparatively large number of
examined specimens. The other criterion of the selection was the R/t ratio of the
examined shells. Experiments in which examined caps had R/t ratio correspond-
ing to R/t ratio of domes encountered in engineering practice were selected to the
comparative procedure.

7.1 Experimental Research by Kaplan and Fung [10]

Results of the first comparative series were presented in the paper entitled: “A non-
linear theory of bending and buckling of thin elastic shallow spherical shells” by
Abner Kaplan and Yuan-Cheng Fung in August 1954 as the Technical Note 3212 of
NACA (comp. [10]). In this work not only theoretical considerations but also results
of experimental results were presented.

An experimental program was carried out on a series of shallow spherical caps
having a base diameter of 8 inches, nominal radii of curvature of 20 and 30 inches, and
nominal thicknesses varying from 0.032 to 0.102 inch. The edges of the specimens
were held between two rings which were bolted to a circular plate thus providing a
clamped edge support.

The specimens were made by spinning from flat sheet. The magnesium alloy QQ-
M-44was selected because of its favorable ratio of yield stress toYoung’smodulus us
compared with other non-heat treated metals. Material parameters were as follows:
Young’s modulus: E = 6.5 106 psi = 44815.92 MPa, the yield stress: f yk = 29900
psi = 206.15 MPa; Poisson’s ratio ν = 0.32.

Pressure measurements were made using a Bourdon tube for pressure over 20
psi and a mercury manometer for pressures under 20 psi. More details referring to
experimental procedures can be found in [10].

Capacity curves generated for geometrical and material parameters the same as
those from experiments were presented in Fig. 13. Three different fabrication quality
classes defined by parameters Q (comp. EN 1993-1-6, [13, 15]) were taken into
account. Markers in a form of circles shown in Fig. 13 refers to results obtained by
Kaplan and Fung and presented in [10]. Characteristic values of the critical pressure
pRk were expressed in MPa.

Looking at Fig. 13 one can observe that critical pressures obtained in experiments
of Kaplan and Fung are always above all three capacity curves proposed in EN 1993-
1-6 and [13]. It means that limits defined by capacity curves obtained by means of
the new procedure are generally conservative as it should be. Only in two cases
experimental results are little bit lower than the capacity curve for the Q = 40
corresponding to the best fabrication quality class. This comparison indicates that
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Fig. 13 The test results of Kaplan and Fung compared with new predictions

the new proposals are conservative relative to these tests. No information is available
on the actual imperfections in these tests, so no judgement can be made concerning
the appropriate fabrication quality class. Probably in these two cases geometrical
imperfections were higher than those predicted for the best admissible class defined
by Q = 40.

7.2 Experimental Research by Seaman [17]

The second series of experimental resultswhichwas the basis of comparative analysis
was published in the paper entitled: “The nature of buckling in thin spherical shells”
(cf. [17]). This work was the part of PhD thesis of Lynn Seaman. The paper included
not only theoretical considerations related to buckling resistance of spherical shells
but also the wide part in which results of experimental investigations were presented.
Experiments were conducted on a big series of specimens counting 40 pieces.

A plastic was chosen as the shell material rather than aluminum or other light
metals which have usually been used by other authors in experimental investiga-
tions. The particular plastic chosen was a polyvinyl chloride which was available in
thicknesses from 0.010 to 0.080 inch.

The shell segments were formed from polyvinyl chloride (P.V.C.) sheets by a
process known as vacuum drawing. In this method a single mold, the female, was
required. The plastic sheet was heated, drawn into the mold, and allowed to cool in
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the new shape. Since the shells were to have five different radii—15, 25, 35, 45 and
80 inches, five molds were manufactured from aluminium.

After forming the shells it was necessary to find the thickness and radius to which
the shell actually conformed. Thicknesses were read to the nearest ten thousandth of
an inch with an dial gage at five positions in the shell—one at the apex of the shell,
and the other four at points halfway between the apex and the edge. An average of
the five readings was taken as the shell thickness. The thickness variation was about
1% except for the very thin shells where variations were 10–12%.

The radius of the spherical shell can be found if the rise in the center is known.
The rise was measured to the nearest thousandth of an inch. The radius was then
computed from the easy derived formula

R = H 2 + r2

2H
(15)

where H is the rise in the center, r is the radius of the supported circular edge used
in this measurement and r = 5.25 inch.

All other details of the adoptedmeasurement procedures used in conducted exper-
iments were described in [17].

There were two basically different types of tests used. The constant volume test
was the most important and it was of the controlled displacement type. A certain
strain or displacement was applied to the shell and the pressure which was required
to make the shell stay in that position was read. The other type, the constant pressure
test, was carried out by increasing the load until buckling occurred and hence the
control was on the load, not on the displacement.

Capacity curves generated for geometrical and material parameters the same as
those from experiments were presented in Fig. 14. The followingmaterial parameters
specified in [17] were used: E = 498·103 psi = 3433.6 MPa; f yk = 4500 psi =
33.0MPa; ν = 0.41. Three different fabrication quality classes defined by parameters
Q (comp. EN 1993-1-6, [4, 13]) were taken into account. Markers in a form of
circles shown in Fig. 14 refer to results obtained by Seaman and presented in [17].
Characteristic values of the critical pressure pRk were expressed in MPa.

Looking at Fig. 14 one can observe that critical pressures obtained in experiments
of Seaman are generally above all three capacity curves proposed in [3, 4]. It means
that limits defined by proposed capacity curves are generally conservative as it should
be. Only in two cases experimental results are little bit lower than the capacity curve
for theQ= 16 corresponding to the worst fabrication quality class. It can be assumed
that in these two cases geometrical imperfections were higher than those predicted
for the worst admissible class defined by Q = 16.
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Fig. 14 The test results of Seaman compared with new predictions

7.3 Experimental Research by Błachut [1]

The third series of experimental results was a series of sixmetal dome testswhichwas
reported by Błachut [1]. These domes were CNC-machined from 245 mm diameter
mild steel billet. The shells had a heavy edge ring, integral with the wall, used
to model a fully clamped boundary condition. The shallowness parameter, λ, was
chosen to be between 3.5 and 5.5. After final machining, these domes were stress-
relieved in a vacuum furnace, followed by shape and wall thickness measurements
using an (XYZ) coordinatemeasuring table (cf. [1]).Measurements weremade along
14 equally spaced meridians and at 10 mm arc-length intervals. The height-to-wall
thickness ratio varied approximately from 2.5 to 4.0 and the radius-to-thickness ratio
from 300 to 1800. Examining the scatter of wall thickness, and radial deviations from
perfect geometry it was concluded that they all were, geometrically, nearly-perfect.
The average mechanical properties of the mild steel were measured as: Young’s
modulus E = 207.0 GPa, yield stress f yk = 303.5 MPa and Poisson’s ratio ν = 0.28.
Other details of this experimental work can be found in [1].

The test results of Błachut [1] are compared with the new proposals in Fig. 15. All
have buckling resistances far above the predictions of Błażejewski and Marcinowski
[3, 4], which is not surprising because they were very precisely manufactured.
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Fig. 15 The test results of Błachut compared with new predictions

8 Conclusions

The buckling resistance of steel, spherical, pressurised shells can be assessed accord-
ing to the existing since 2008 EDR5th provisions (cf. [13, 14]). Authors of the present
paper have elaborated the alternative approach (cf. [3, 4]) which is consistent with
general provisions of EN1993-1-6. These two approaches were compared in this
work. They are relatively simple, clear and does not require an engineer to have spe-
cial skills. Presented calculation examples have shown details of both procedures.
They revealed the general tendency: EDR5th provisions give too conservative assess-
ments of buckling resistances. In some domains of R/t ratio differences in buckling
resistances have exceeded value of 40%.

The comparison of the new procedure with chosen experimental results published
by other authors was presented in this work as well. Buckling resistance predictions
are generally lower than their counterparts obtained experimentally. In single cases
one or two test results fell into the lower fabrication quality classes but none lay below
the lowest class prediction. These comparative analyses and those presented in [5] do
confirm that the current new proposal is well supported by experiments conducted in
the past. Hence it follows that the proposed procedure deserves a recommendation.
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Asymptotically-Accurate Nonlinear
Hyperelastic Shell Constitutive Model
Using Variational Asymptotic Method

Ramesh Gupta Burela and Dineshkumar Harursampath

Abstract The focus of this work is on the development of asymptotically-accurate
nonlinear hyperelastic constitutive model for thin shell structures using Variational
Asymptotic Method (VAM). In this work, these structures are analyzed for both geo-
metric andmaterial nonlinearities. The geometric nonlinearity is handled by allowing
finite deformations and generalized warping functions through Green strain, while
the material nonlinearity is incorporated through strain energy density function of
hyperelastic material model. Using the inherent small parameters (moderate strains,
very small thickness-to-wavelength ratio and very small thickness-to-initial radius
of curvature) for the application of VAM, the process begins with three-dimensional
nonlinear hyperelasticity and it weakly decouples the analysis into a one-dimensional
through-the-thickness nonlinear analysis and a two-dimensional nonlinear shell anal-
ysis. Through-the-thickness analysis is analytical work, providing 3-Dwarping func-
tions and two-dimensional nonlinear constitutive relation for Nonlinear Finite Ele-
ment Analysis of shells. Current theory and code are demonstrated through standard
test cases and validated with literature.

1 Introduction

Current work focuses on development of asymptotically-accurate nonlinear hyper-
elastic constitutive model for thin shell structures using Variational Asymptotic
Method (VAM). In general shell structures are three-dimensional (3-D) in nature.
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Their relative geometric dimensions between thickness (h) to planner dimensions
and/or initial radius of curvature enable them to be reduced to two-dimensional (2-
D) smooth reference surfaces. Analysis of 2-D structures is computationally efficient
as compared to 3-D finite element analysis especially in case of combined nonlinear
analysis. In the current work, systematic dimensional reduction is carried out using
Variational Asymptotic Method (VAM) [1] with moderate strains, very small thick-
ness to shortest wavelength of the deformation along the shell reference surface, and
thickness to initial radius of curvatures as small parameterswithoutmaking use of any
ad hoc kinematic assumptions. The development starts with 3-D nonlinear shell prob-
lem and mathematically splits the analysis into a nonlinear one-dimensional (1-D)
through-the-thickness analysis, and a nonlinear (2-D) shell analysis. Through-the-
thickness analysis provides a 2-D nonlinear constitutive law for the shell analysis.
These structures are analyzed for both geometric and material nonlinearities. The
geometric nonlinearity is handled by allowing finite deformations and generalized
warping functions [2, 3] through the Green strain while the material nonlinearity
is incorporated through hyperelastic material model [4]. Analytical development of
shell modeling (consist of 2-D nonlinear constitutive law and warping functions) is
an extension of plate model [5]. Current work is the first to provide analysis of shell
reference surface with asymptotically-accurate shell nonlinear constitutive law using
VAM. Integration of nonlinear FEA and asymptotically accurate nonlinear constitu-
tive model has led to reliable analysis of shell structures and finds its application in
the design and manufacturing of shell surfaces of aircrafts, cars, ships, deployable
structures, etc. Validation of present theory is carried out with two standard test cases.
Current analysis results match well with the literature.

2 Analysis

3-D combined nonlinear hyperelastic problem can be weakly decoupled into one-
dimensional (1-D) through-the-thickness (along the normal of shell) nonlinear anal-
ysis, and a 2-D nonlinear analysis of reference surface of shell. This dimensional
reduction process is carried out using the mathematical methodology, VAM. The
starting point of the application of the VAM is 3-D potential energy function. In the
current work compressible neo-Hookean model [4] is chosen (because of its appli-
cability of material model for moderate strains) with the following expression for
the 3-D strain energy density, ψ :

• Compressible neo-Hookean model (NH model)

ψ = λ

2
(lnJ )2 + μ

2
(trC − 3) − μ lnJ (1)
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Fig. 1 Shell deformation

where λ and μ are isotropic hyperelastic material parameters (Lamé constants),
are related to Young’s modulus and Poisson’s ratio, λ = Eν

(1+ν)(1−2ν)
, μ = E

2(1+ν)
), J

= det(F) and C = FT F.

2.1 Kinematics

Figure1 represents schematic representation of shell deformation. Shell reference
surface usually chosen to be the mid-surface, in its undeformed state, is mathemat-
ically represented by a set of arbitrary but independent curvilinear coordinates, xα

while x3 is the shell normal coordinate (Here and throughout the formulation, Greek
indices assume values 1 and 2while Latin indices assume 1, 2, and 3. Dummy indices
are summed over their range except where explicitly indicated.) In order to simplify
the formulation, lines of curvatures are assumed to be the curvilinear coordinate
curves. Unit vectors along xi in the undeformed and deformed configurations are
denoted by bi and Bi , respectively. Any material point Q(x1, x2, x3) in the unde-
formed and deformed configurations are described by the position vectors, r̂ and R̂,
respectively, from any point O, which is fixed in a reference frame whose motion
itself is inertial and/or known, such that
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r̂(x1, x2, x3) = r(x1, x2) + x3b3(x1, x2) (2)

R̂(x1, x2, x3) = R(x1, x2) + x3B3(x1, x2) + wi (x1, x2, x3)Bi (x1, x2). (3)

where r and R are position vectors of any material point on the reference surface
of undeformed and deformed configurations respectively and wi (x1, x2, x3) are 3-
D warping field components. Here, w1 and w2 are in-plane warpings (due to local
rotations of line elements normal to the reference surface) and w3 is out-of-plane
warping (stretching or contraction of the normal line elements). Thus the formulation
accounts for the contraction or extension of the normal through-the-thickness. The
covariant and contravariant base vectors in the undeformed state are, gi = ∂ r̂

∂xi
and

gi = 1
2
√
g εi jkg j × gk , respectively,where g = det

(
gi .g j

)
is determinant of themetric

tensor for the undeformed configuration and εi jk aremeasure numbers of permutation
tensor. In the same way, the covariant base vectors for the deformed configuration

are given by Gi = ∂R̂
∂xi

. The relation between the two set of unit vectors, bi and Bi

can be prescribed by an arbitrarily large rotation specified in terms of the matrix
of direction cosines Θ(x1, x2) so that Bi = Θi jb j and Θi j = Bi .b j . In the present
scheme, all possible deformations (large displacements and rotations) are allowedand
the corresponding 3-D strains are Green strain (Γ ) whose Lagrangian components
are

Γi j = 1

2
(Fik

T Fkj − Ii j ) (4)

where Fi j are mixed bases components of the deformation gradient tensor, given by
Fi j = Bi .Gkgk .b j and Ii j are elements of the 3 × 3 identity matrix.

2.2 Potential Due to Load

Specific work done by the loads acting on the top and bottom surfaces of the shell
and by the body force distribution on the normal are

PL = τ Tw+ + βTw− + 〈φTw〉 (5)

where, through-out the text, 〈 〉 symbolizes definite integral (of the enclosures within
the angular brackets) through-the-thickness of the shell. τ and β are 3 × 1 column
matrices representing the traction forces acting on the top and bottom surfaces respec-
tively of the shell; w+ and w− are 3 × 1 column matrices containing the warping
functions corresponding to top and bottom surfaces of the shell; and φ is a 3 × 1
column matrix of body forces.
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2.3 Total Potential Energy

The total potential energy per unit mid-surface area of the shell is given by Π =
〈ψ〉 − PL . The stationary point of the functional,Π , with respect to the 3-D warping
components, wi , subjected to constraints (〈wi (x1, x2, x3)〉 = 0 and 〈x3wα(x1, x2, x3)〉
= 0 because, Eq. (3) is 6 times redundant and thus requires 6 equations; 5 constraints
with respect to warping functions and another one to specify the deformed surface
as provided by [3]) is obtained by setting the first variation equal to zero.

2.4 Zeroth-Order Approximation

Application of usual calculus of variation in order to find unknown 3-Dwarping func-
tions is not feasible becauseof the resulting set of differential equations and associated
boundary conditions. VAM can be applied as an alternative to find unknown func-
tions in an asymptotic form. Application of VAM requires inherent small parameters;
these identifiable small parameters are of two kinds. The first are geometric small
parameters, where thickness is much smaller than planner dimensions or radius of
curvatures. Thus, we can represent the geometric small parameters as h/ l � 1 and/or
h/r � 1 [6], where h, l, r are the thickness, characteristic length and characteristic
radius of curvatures. Second, we can identify the strains ε < 1 as moderately small
parameters. By taking advantage of these small parameters, 3-D potential energy
can be classified into different orders of energies such that major contribution of
energy is referred as the zeroth order energy and subsequent energy contributions
are termed as the first order and higher order energies. Solution of zeroth order energy
results in unknown warping functions that are substituted back into the strain energy
expression followed by integration along the shell normal (through the thickness)
to result in 2-D energy (zeroth order energy), followed by first and higher order
energy contributions. Thus, 3-D energy is represented as a series of 2-D energies.
Hence, dimensional reduction leads to a computational efficiency that is achieved as
a byproduct while targeting asymptotic accuracy.

In order to proceed with dimensional reduction process of shells, one has to assess
andkeep trackof theorders [5, 7] of all the quantities affecting the formulation. ε is the
order of themaximum strain (moderate) anywhere and at any time in the shell andμ is
the order of the 3-Dmaterial stiffness (all ofwhich are assumed to be of the sameorder
i.e., isotropic). Orders of magnitude of the 2-D generalized strain components can be
estimated based on their contribution to the moderate 3-D strains. Thus εαβ ∼ O(ε),
x3καβ ∼ O(ε) and x3kαβ ∼ O(ε) where ε11 and ε22 are the 2-D in-plane strains
along x1 and x2 respectively, γ12 is the in-plane shear strain, κ11 and κ22 are the
deformed reference surface bending curvatures about coordinate curves x1 and x2
respectively, ω is the deformed reference surface twisting curvature, ω = κ12+κ21

2 and
γ13 and γ23 are the transverse shear strains, k11 and k22 are the undeformed reference
surface curvatures about coordinate curves x1 and x2 respectively, and k12 and k21
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are the undeformed reference surface twisting curvatures. And, the relative order of
magnitude of the small parameters are taken as εαβ ∼ O(ε), h/ l and h/r ∼ O(ε2),
VAMrequires one to find the leading terms of the functional to beminimized based on
the estimated orders. For the first approximation, these leading terms are denoted by
Π0 which corresponds to energy of order με2. The leading asymptotically accurate
solutions, for the unknown 3-D warping functions are found by minimizing the
functional subject to constraints: 〈wi (x1, x2, x3)〉 = 0 and x3wα(x1, x2, x3)〉 = 0.

• Warping Functions: Zeroth-Order Approximation

wα = γα3

(
x3
4

− 5x33
3h2

)
(6)

w3 = λ

λ + 2μ

[
h2

24
(κ11 + κ22) − x3 (ε11 + ε22) − x23

2
(κ11 + κ22)

]
(7)

Zeroth-order warping functions doesn’t have any contribution from initial curvatures
of shell which are same as plate [5]. These warping functions are substituted back
into the zeroth-order energy expression Π0, and integrated over the thickness to get
the 2-D energy. The first approximation to the energy functional coincides with that
of classical plate theory. However, we do not use ad hoc kinematic assumptions
such as the Kirchhoff assumption to obtain this result. Zeroth-order 2-D stiffness
matrix is derived as double derivative of 2-D energy with respect to strain vector,
e = {ε11 ε22 γ12 κ11 κ22 ω γ13 γ23}T , and is given below (non-zero stiffness ele-
ments).

C11 = C22 = 4hμ(λ + μ)

λ + 2μ
,C33 = hμ,C44 = C55 = h3μ(λ + μ)

3(λ + 2μ)
,C66 = h3μ

12
,C77 = C88 = 5hμ

6
,

C12 = 2hλμ

λ + 2μ
,C45 = h3λμ

6(λ + 2μ)
(8)

The elements of zeroth-order stiffness matrix C are a constant part of first-order
stiffness matrix to be introduced later in this section.

2.5 First-Order Approximation

Perturbedwarping functions canbe foundbyminimizing the energyΠ1 of orderμε2 h
l

with perturbed warping functions, such that vi (x1, x2, x3, t) < wi (x1, x2, x3, t)
where Π1 is subjected to corresponding constraints

〈vi (x1, x2, x3)〉 = 0 and 〈x3vα(x1, x2, x3)〉 = 0 (9)
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v1 = − h2

24

[
11λ + 10μ

6(λ + 2μ)
γ13κ11 + λ

λ + 2μ
γ13κ22 + 5

12
γ23ω + 5

6
γ13k11 + 9

8
γ23k12 − 7

24
γ23k21

]

− x3

[
λ + μ

2(λ + 2μ)
γ13ε11 + λ
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(10)

v2 = − h2
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λ
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γ23k22 − 7

24
γ13k12 + 9

8
γ13k21

]

− x3

[
λ

4(λ + 2μ)
γ23ε11 + λ + μ

2(λ + 2μ)
γ23ε22 + 1

8
γ13γ12

]

+ x23

[
λ

2(λ + 2μ)
γ23κ11 + 11λ + 10μ

12(λ + 2μ)
γ23κ22 + 5

24
γ13ω + 5

12
γ23k22 − 5

24
γ13k12 + 5

8
γ13k21

]

+ x33

[
5λ

3h2(λ + 2μ)
γ23ε11 + 10(λ + μ)

3h2(λ + 2μ)
γ23ε22 + 5

6h2
γ13γ12

]

+ x43

[
5 (k12 − k21)

12h2
γ13

]
(11)
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+ x33

⎡

⎣ ω2
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Thus, perturbedwarping functions are derived in terms of 2-D generalized strains and
initial/undeformed curvatures. These are substituted back into the original energy
density function and integrated through the thickness to derive the 2-D nonlinear
constitutive law, which is input to the 2-D nonlinear shell analysis. Present theory is
implemented using a symbolic manipulator, Mathematica.®

2.6 Shell Stiffness Matrix

Dimensionally reduced form of shell stiffness matrix is derived from the double
derivative of ψ2D (2-D strain energy) with respect to a 2-D generalized strain vector,
e. This constitutive law will be given as an input to the 2-D nonlinear finite element
analysis of the shell’s reference surface. Derived constitutive law is represented as a
summation of constant, linear and quadratic parts of generalized strain vector.

Si j = Ci j + L k
i j ek + Qkl

i j ekel (i, j, k, l = 1, 2, ..., 8) (13)

where e = 8 × 1 columnmatrix of 2-D strains;C is the 8×8 constant part of stiffness
matrix due to initial curvature (excluding the constant part corresponding to zeroth
order energy); L represents the linear part and is a 8×8×8 3-D matrix; and Q
represents the quadratic part and is a 8×8×8×8 4-D matrix symmetric about its
superscripted 3rd and 4th indices. Note thatS ,C ,L andQ are all symmetric about
their subscripted 1st and 2nd indices. Initial curvature contribution is appended to
plate stiffness elements [5] accordingly. For completeness all the nonzero stiffness
coefficients of matrices C , L and Q are presented in Appendix.

3 Nonlinear Shell Theory

Consistent with 2-D nonlinear constitutive law, a set of equations (compatibility
equations, kinematics and equilibrium equations) are developed (similar to those in
[5, 8] such that they form the governing equations for 2-D nonlinear shell theory.
Compact form of 2-D strain-displacement relations provided by [8] are

δα + γα = Θr,α + u,α + k̃α(r + u) (14)
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where γ1 = [
ε11, ε12, 2γ13

]T
, γ2 = [

ε21, ε22, 2γ23
]T
, δ1 = [1, 0, 0]T and δ2 = [0,

1, 0]T and Θ is the matrix of direction cosines. Expressions for components of the
total curvature in the deformed configuration can be found in terms of the direction
cosine matrix Θ [9] as

K̃α = −Θ,αΘT

Aα

+ Θ k̃αΘT (15)

where Kα = [−kα2 kα1 kα3]T + [−κα2 κα1 κα3]T with the first term on the right hand
side being initial curvature of the shell reference surface and the second term being
load-induced additional elastic curvature.

3.1 Nonlinear Finite Element Analysis

Finite Element Analysis (FEA) is a versatile numerical technique that can be used for
reference surface (2-D) analysis. Thus, 2-D nonlinear FEA is more reliable analysis
for complex geometric, boundary and loading conditions with the combination of
asymptotically accurate nonlinear constitutive law (derived in the previous section)
for the combined nonlinear analysis of shell structures. This is the first attempt to
integrate NFEA and asymptotically accurate nonlinear shell constitutive law using
VAM.

4 Numerical Results

An in-house unified module has been developed in Mathematica for the analysis of
thin hyperelastic shells, which is to be part of VAMNLM (Variational Asymptotic
Method for Non-Linear Material models) software utilizing the nonlinear constitu-
tive law developed in Sect. 2.6, and nonlinear shell theory described in the Sect. 3.
This program incorporates the Newton-Raphson iteration procedure [10] to solve all
nonlinear equations. Loads are applied gradually in an incremental form. For each
load step, iterations are carried out to obtain a converged equilibrium position of the
shell reference surface in the form of 2-D displacements. Overall procedure of the
combined geometrically and materially nonlinear analysis of shells is given in Fig. 2.
Validation of current development and code is demonstrated through two standard
test cases that are available in literature [11, 12]. Both these test cases are modeled
using dimensionally reduced form of neo-Hookean hyperelastic constitutive law.

First test case is thin cylinder having open ends on both sides as shown in Fig. 3,
is subjected to uniform line load, 34 (total line load) and rests on a rigid line support.
Because of the symmetry of load and structure only one quarter of the model is
analyzed and modeled by a uniform 8×4 mesh. Geometric and material properties
used are: Length, l = 30, arc radius, r = 9, thickness, h = 0.2, Lamé constants,
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Fig. 2 Overview of non-linear hyperelastic shell analysis

Table 1 Thin cylinder subjected to line load

Details Literature [12] Current

Deflection at A 15.5 15.6

λ = 24000 and μ = 6000. Four-noded isoparametric elements, with reduced Gauss
quadrature (1 × 1), are used for the analysis. Comparison of displacement at point
A is carried out with literature [12] as observed in Table1, results matches well.

Pinched hemispherical shell subjected to two alternating radial point loads is used
as a second test case. Geometric and material properties are: Radius, r = 10, thick-
ness, h = 0.04, Lamé constants, λ = 3.9375 × 107 and μ = 2.625 × 107. Here
also due to symmetry of the load and structures only one-eight of the model is ana-
lyzed and modeled by 6 × 8 mesh as shown in Fig. 4. Four-noded isoparametric
elements, with reduced Gauss quadrature (1 × 1), are used for the analysis. Deflec-
tion due to load of 100 (consistent units) from the current analysis and code matches
well with literature [11] and shown in Table2.
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Fig. 3 Thin cylinder subjected to lined load and support

Fig. 4 A quarter of pinched
hemispherical shell mesh
with alternative radial loads

Table 2 Pinched hemispherical shell with a 18◦ hole subjected to radially alternating point forces
Details Literature [11] Current

Displacement, Ux 3.2 3.21

Displacement, Uy 5.8 5.78
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5 Conclusions

An asymptotically-accurate 2-D nonlinear hyperelastic constitutive model and 3-D
warping functions for shell structures using Variational Asymptotic Method (VAM)
based on moderate strains, very small thickness-to-wavelength ratio and thickness-
to-radius of curvatures as small parameters were derived. An intrinsic formulation
of 2-D nonlinear shell theory consistent with the 2-D nonlinear constitutive law was
developed and corresponding numerical tool nonlinear finite element analysis was
developed. Current development is demonstrated with standard test cases made of
hyperelastic material model and present results show good agreement with litera-
ture. Derivation of recovery relations (by product of 1-D analysis) to represent 3-D
displacements, strains and stresses along the shell normal are at the final stage for
near future publication.

Acknowledgements The authors are grateful to Jagath Kamineni for his support to simulate the
test cases.
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C14 = −k11
h3μ

(
3λ2 + 7λμ + 4μ2
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3(λ + 2μ)2
− k22

h3λ2μ

6(λ + 2μ)2

C15 = −k11
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C24 = −k11
h3λμ(3λ + 4μ)

6(λ + 2μ)2
− k22

h3λμ(λ + μ)

3(λ + 2μ)2

C25 = −k11
h3λ2μ

6(λ + 2μ)2
− k22

h3μ
(
3λ2 + 7λμ + 4μ2

)

3(λ + 2μ)2

C34 = C35 = −(k12 + k21)
h3μ(λ + μ)

6(λ + 2μ)

C36 = −(k11 + k22)
h3μ

12
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h5λμ

(
21λ2 + 46λμ + 28μ2

)

360(λ + 2μ)3
+ (k212 + k221)

h5λμ(3λ + 4μ)

720(λ + 2μ)2

+ k12k21
h5μ

(
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240(λ + 2μ)2
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(
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C46 = k11k12
h5μ

(
51λ2 + 106λμ + 48μ2
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+ k11k21

h5μ
(
89λ2 + 168λμ + 60μ2

)
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84
+ (k11k21 + k22k12)

85h3μ

1512
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L 1
11 =

12hμ
(
4μ3 + 4μ2λ − 3μλ2 − λ3

)

(λ + 2μ)3

L 4
11 = k11

h3μ
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23λ4 + 93λ3μ − 12λ2μ2 − 192λμ3 − 104μ4

)

3(λ + 2μ)4

+ k22
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L 5
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3(λ + 2μ)4

+ k22
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6(λ + 2μ)4

L 6
11 = L 6

22 = (k12 + k21)
h3μ

(
17λ3 + 44λ2μ − 56λμ2 − 56μ3
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L 4
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24 = k11
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L 6
33 = L 3

36 = (k12 + k21)
h3μ(11λ + 6μ)

48(λ + 2μ)
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44 = k11

h5μ
(
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)
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)
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)
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)
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L 6
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L 4
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L 5
12 = −k11
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L 2
26 = (k12 + k21)

h3μ
(
17λ3 + 44μλ2 − 56μ2λ − 56μ3

)

12(λ + 2μ)3

L 3
26 = k11

h3μ
(
4λ2 + 7μλ + 2μ2

)

12(λ + 2μ)2
+ k22

h3μ
(
11λ2 + 22μλ + 8μ2

)

24(λ + 2μ)2

L 2
34 = (k12 + k21)

h3μ
(
8λ3 + 21μλ2 − 28μ2λ − 28μ3

)

12(λ + 2μ)3

L 3
34 = k11

h3μ
(
5λ2 + 10μλ + 4μ2

)

12(λ + 2μ)2
+ k22

h3μ
(
5λ2 + 8μλ + 4μ2

)

24(λ + 2μ)2

L 1
35 = (k12 + k21)

h3μ
(
8λ3 + 21μλ2 − 28μ2λ − 28μ3

)

12(λ + 2μ)3

L 3
35 = k11

h3μ
(
5λ2 + 8μλ + 4μ2

)

24(λ + 2μ)2
+ k22

h3μ
(
5λ2 + 10μλ + 4μ2

)
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L 2
36 = k11
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12(λ + 2μ)2
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24(λ + 2μ)2

L 4
45 = k11

h5μ
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)

180(λ + 2μ)4

+ k22
h5μ
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25λ4 + 18μλ3 − 496μ2λ2 − 784μ3λ − 320μ4
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120(λ + 2μ)4

L 5
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L 4
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L 8
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L 6
56 = k11

h5μ
(
43λ2 + 44μλ + 36μ2

)

1440(λ + 2μ)2
k22

h5μ
(
11λ2 + 13μλ − 3μ2

)

180(λ + 2μ)2

L 7
57 = −k11
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Three-Dimensional Finite Element
Modelling of Free Vibrations of
Functionally Graded Sandwich Panels

Vyacheslav N. Burlayenko, Tomasz Sadowski, Holm Altenbach
and Svetlana Dimitrova

Abstract A three-dimensional modelling of free vibrations of functionally graded
material (FGM) sandwich plates is presented. Natural frequencies and mode shapes
are determined by using the finite element method within the ABAQUS code. The
three-dimensional (3-D) brick graded finite element is programmed and incorporated
into the code via the user-defined material subroutine UMAT. The results of modal
analysis are demonstrated for square metal–ceramic functionally graded simply sup-
ported plates with a power-law through-the-thickness variation of the volume frac-
tions of thematerial constituents. The through-the-thickness distributions of effective
material properties at a point are defined based on the Mori–Tanaka scheme. First,
exact values of natural frequencies, displacements and stresses available in the liter-
ature are used to estimate the accuracy of the developed 3-D graded finite element
for FGM sandwich plates. Then, parametric studies are carried out for the frequency
analysis by varying the volume fraction profile and the length-to-thickness ratio.

Keywords Functionally graded material · Sandwich panels · 3-D brick graded
element · Modal analysis
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1 Introduction

Composite materials such as the sandwich panels have found a widespread use in
many modern engineering applications due to their excellent strength-to-weight and
stiffness-to-weight ratios, acoustic and thermal insulation, corrosion and wear resis-
tance, and the possibility of tailoring their properties for optimizing their structural
responses. A conventional sandwich composite looks like as a tri-layer material con-
sisting of two thin, stiff and strength face sheets (skins) and a thick, lightweight and
soft core [1]. Such layered structure with high mismatch in material and geometrical
properties between the constitutive layers leads to an inter-laminar stress concentra-
tion at the face sheet-to-core interface and, as a result, sandwich composites often
suffer from premature failure caused by debonding the face sheet from the core. This
issue has become one of major topics being extensively studied in sandwich con-
structions involving static, dynamic and fracture problems over the past two decades,
e.g. in some recent papers [2–13].

FGMs combine two or more material phases with a desired grading in elastic and
thermal properties achieved by changing in a controlled manner the volume fraction
of the constituents. This new type of composites was originally developed as thermal
barrier coatings for minimizing thermal and residual stresses and to prevent large
deflections under high temperature in aerospace structures and fusion reactors [14].
In this respect, many studies have been performed to analyse the thermal mechanical
behaviour of FGMs, e.g. [15–25] among of the latest. Themodelling techniques used
in the thermal analysis of FGMs have recently been reviewed in [26, 27]. However,
since the use of FGMs is increasingly spreading on new engineering applications
such as sandwich composites, which are often subjected to dynamic loads in-service
time, the dynamic analysis of FGM sandwich panels is to be developed to provide
their reliable exploitation. Approaches, existing in the literature for studying plates
and shells made up of FGMs, use techniques and methodologies incorporated into
already known methods with minimal modifications, if needed.

The problem of free vibrations of FGM sandwich panels have been solved by
analytical (or semi-analytical) and numerical methods. The former ones are used the
through-the-thickness assumptions of well-known plate/shell theories with a defined
variation of elastic modulus along the thickness direction to obtain the solutions.
As concluded in [28], a material gradient along the thickness direction leads to
more complex deformations of the core as a result the use of higher order shear
deformation plate/shell theories is required for accurate predictions. So-called quasi-
3-D theories, accounting for the effect of both shear and normal deformations in the
thickness direction, have been developed as an improvement of the 2-D theories of
FGM panels, [29]. Various higher-order shear and normal deformable theories have
been proposed by many researchers to analyse FG sandwich plates, e.g. [30] among
the latest ones. An alternative six-field linear plate/shell model, based on a modified
polar decomposition of shell deformation gradient and a vector of deviation from
the linear displacement distribution, has been developed in [31, 32]. This model
seems to be very useful for developing new 2-D theories accounting for stretch and
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bending measures. Also, in addition to known mathematical approaches like power
series expansions or asymptotic integration techniques applied for formulation of 2-
D theories, a conceptually new consideration is connected with the direct approach in
the theory of FGM plates and shells, as demonstrated in the series of papers [33–35].
Analytical 3-D solutions for FGM sandwich plates have also been developed, e.g. in
[36, 37]. Although such approaches are associated with the complexity and require
much efforts, they accurately describe complicating effects and are usually used as
a benchmarks for 2-D solutions and numerical results. Besides, the complexity of
analytic solutions for FGM plates which is associated with their geometry different
from rectangular, can be successfully overcome by using semi-analytic approaches.
For instance, a numerical-analytical approach based on R-functions theory and the
Ritz method has been worked out for studying geometrically nonlinear vibrations
of functionally graded shallow shells of complex planform in [38]. An approach
implementing the differential transform method for free vibration analysis of non-
uniform cross-section and axially functionally graded Euler-Bernoulli beams has
been presented in [39].

Nevertheless, the analysis of more general FGM panel shapes and loading and
boundary conditions requires the use of numerical tools such as the finite element
method (FEM). Conventional finite elements are typically formulated assuming con-
stant elastic properties over the whole element.Modelling a FGM structure with such
elements, requires a fine enough mesh discretization to accurately capture the gra-
dients in materials properties as well as the gradients in calculated strain and stress
fields. As a result, such models are quite cumbersome in preparation of the input data
and lead to excessive computational costs, especially in the case of 3-D modelling.
To improve the efficiency of FEM, new finite elements that include the gradient in
material properties at the element level have been proposed. In some of them, the
element material properties have been approximated by using interpolation functions
identical to those used for the displacement field as done in [40], whereas in the oth-
ers the material parameters have been sampled at the Gauss points of the element,
e.g. in [41].

In recent years, commercially available finite element codes such as ABAQUS,
ANSYS,MSCMarc, andothers havebecomepopular amongengineers and researchers
due to their versatility, sufficient accuracy and their ease in use. However, all those
packages present a difficulty in implementation of a spatial variation ofmaterial prop-
erties into FE models. In the present work, a 3-D brick finite element available in
ABAQUS [42] is coded to carry out the 3-D analysis tomodel free vibrations of FGM
sandwich plates. To assign a material gradient within the element, a user-defined
material subroutine UMAT is exploited. A similar approach for implementation of
varying material properties has been reported for 2-D plane strain elements available
in ABAQUS in [43, 44], where the strain-stress state of FGM pavement and the ther-
momechanical behaviour of FGM plate have been analysed, respectively. Here, this
idea is extended on the case of 3-Dmodels to determine natural frequencies andmode
shapes of metal–ceramic FGM sandwich plates. Simply supported rectangular FGM
plates with a power-law through-the-thickness variation of the volume fractions of
the material constituents are considered. The effective material properties at a point
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across the thickness direction are defined based on theMori–Tanaka approach. Exact
values of natural frequencies, displacements and stresses, available in the literature
for the FGM sandwich plates, are used to validate the developed 3-D graded finite
element and to estimate its accuracy in the finite element predictions. Then, paramet-
ric studies are carried out to find out the effect of varying volume fraction profiles
and the length-to-thickness ratio on natural frequencies and associated mode shapes.

2 Problem Statement

For the sake of completeness, the standardmechanical initial boundary value problem
is briefly summarized in this section. Throughout the section we adopt the notations
usual in most of the books on ContinuumMechanics, to which we address the reader
for more details.

2.1 Equations of Motion

Let us consider a flat FGM sandwich panel as a 3-D deformable medium occupy-
ing the domain Ω ∈ [0, a] × [0, b] × [− h

2 ,+ h
2 ] bonded by the surface ∂Ω ⊂ Ω at

an instant of time t ∈ [0, T ]. The panel is defined in an unstressed reference con-
figuration with respect to a rectangular Cartesian co-ordinate system xi = (x, y, z)
with the z-axis aligned along the panel thickness and with the plane z = 0 coin-
ciding with the mid-plane of the sandwich panel. Also, the planes z = ±h/2
refer to the bottom ∂Ω− and the top ∂Ω+ panel surfaces, respectively, where
∂Ω\(∂Ω− ∪ ∂Ω+) = [− h

2 ,+ h
2 ], as shown in Fig. 1a.

(b)

(a)

(c)

Fig. 1 Sketches of: a geometry of a FGM sandwich panel; b gradation profile across the plate
thickness; and c variation of volume fraction function across the thickness for various values of the
power-law index p
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The motion of the panel is described by a displacement field u at time t ∈ [0, T ].
Assume that during the motion the panel experiences only infinitesimal deforma-
tions with a strain measure defined by a tensor εεε = 1

2

(∇u + (∇u)T
)
, and the stress

state associated with the deformations is described by the Cauchy stress tensor σσσ .
Also, the panel is subjected to prescribed displacements ū on the boundary ∂Ωu

and prescribed surface traction t̄ on the boundary ∂Ωt , the boundaries are such that
∂Ωt ∪ ∂Ωu = ∂Ω and ∂Ωt ∩ ∂Ωu = �. Neglecting the body forces, the deforma-
tions of the sandwich panel during its motion have to obey the following system of
equations [45]:

∇ · σσσ = ρü, in Ω × [0, T ]
σσσ · n = t̄, on ∂Ωt × [0, T ]
u = ū, on ∂Ωu × [0, T ]
u(x, 0) = u0(x), in Ω

u̇(x, 0) = u̇0(x), in Ω

(1)

where ρ is the density of material, and the superscript dot means a time derivative,
i.e. u̇ and ü stand for a velocity and an acceleration, respectively, n is an outward
unit normal to the surface ∂Ω .

Using the dynamic principle of virtualwork, the systemofEqs. (1) can be rewritten
in weak form as follows:

∫

Ω

(σσσ : ∇δu + ρü · δu) dV −
∫

∂Ωt

t̄ · δud A = 0 (2)

for all virtual (kinematically admissible) displacement fields δu.

2.2 Constitutive Equations and FGM

Let the panel be made of a functionally graded material, which, without loss of gen-
erality, is a mixture of twomaterial phases such as metal and ceramic. The composite
material is assumed to be linearly isotropic with smoothly varying mechanical prop-
erties in the z-direction only, Fig. 1b. The constitutive equation of the linear isotropic
FGM material is defined by the generalized Hooke’s law:

σσσ = λ(z)tr(εεε)I + 2μ(z)εεε = C : εεε, (3)

where the Lamé constants λ(z) andμ(z) composing the elasticity tensorC are point-
wise functions of location along the panel thickness direction. In the Voigt notation
the material tensor reads as [45]:
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C(z) =

⎡

⎢⎢⎢⎢⎢
⎢
⎣

2μ(z) + λ(z) λ(z) λ(z)
λ(z) 2μ(z) + λ(z) λ(z) 0
λ(z) λ(z) 2μ(z) + λ(z)

μ(z)
0 μ(z)

μ(z)

⎤

⎥⎥⎥⎥⎥
⎥
⎦

(4)

Further, we replace the two-constituent microscopically inhomogeneous com-
posite material by an equivalent macroscopically homogeneous FGM with effective
material properties. The effective mechanical parameters of the FGM are usually
evaluated based on the volume fraction distribution and the approximate shape of
the dispersed phase [36]. It is assumed that the gradation of the volume fraction of
ceramic phase from the bottom to top panel surfaces is determined by a power-law
function as follows:

Vc = V−
c + (V+

c − V−
c )

(
1

2
+ z

h

)p

, (5)

where V−
c and V+

c are the volume fraction of ceramic on the panel bottom and top
surfaces, respectively. The case of V−

c = 0 and V+
c = 1 refers to the gradation profile

from puremetal on the bottom surface (z = −h/2) to pure ceramic on the top surface
(z = +h/2).

There exist different approaches to estimate the effective properties of such equiv-
alent FGM. The Mori–Tanaka homogenization method is the most popular among
others in literature. In this scheme, the effective Lamé constants are computed from
corresponding effective bulk modulus K and shear modulus μ as follows:

K−Km
Kc−Km

= Vc/
(
1 + (1 − Vc)

Kc−Km
Km+(4/3)μm

)

μ−μm

μc−μm
= Vc/

(
1 + (1 − Vc)

μc−μm

μm+ fm

)
,

(6)

where fm = μm(9Km + 8μm)/6(Km + 2μm); the subscripts ‘m’ and ‘c’ stand for
the metallic and ceramic phases, respectively, and Vm + Vc = 1. From (5) it follows
that the FGM is ceramic rich when the parameter p < 1 and metal rich when the
parameter p > 1. Figure1c shows the volume fraction variation of the ceramic phase
along the panel thickness for various values of the power-law index p.

Finally, the effective mass density at a point of the FGM is calculated using the
‘rule of mixture’ in the form:

ρ(z) = ρm + (ρc − ρm)Vc (7)
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2.3 Finite Element Solution Procedure

A displacement-based FEM framework is used for solving the problem formulated
above. Then, the actual continuous model of the sandwich panel is idealized as an
assemblage of arbitrary non-overlapping finite elements Ω = ⋃N

e=1 Ω(e) intercon-
nected at nodal points. In each a base element the components of the displacement
field are approximated by suitable interpolation functions, thus, a vector of the dis-
placement field u at an arbitrary point of the element can be written in the matrix
form as follows:

u(x, t) = N(x)U(e)(t), (8)

Here, the summation over all nodal points of the base element is intended. Also,
N = [NI (x)] is a matrix of the shape functions NI for the displacements associated
with a certain node I and U(e) is a vector of the nodal unknowns.

With the adopted displacement approximation (8), the strain-displacement rela-
tions can be rewritten through the nodal unknowns in the matrix notation as the
following: εεε = BU, where B = [BI ] is the matrix of gradients of the shape func-
tions, i.e. BI = NI ,x. Inserting all these matrix relations into the variational equality
(2) and taking into account a linear elastic material definition (4), we arrive at the
system of semi-discrete equations of motion at the element level as:

M(e)Ü
(e) + K(e)U(e) = F(e), (9)

where M(e), K(e) and F(e) are the mass matrix, the stiffness matrix and the force
vector, defined by the expressions:

M(e) =
∫

Ω(e)

ρ(x)NTNdV (e),K(e) =
∫

Ω(e)

BTC(x)BdV (e),

F(e) =
∫

∂Ω(e)

NT t̄d A(e)
(10)

Thereafter, an assembly operation (•) = A
N
e=1(◦)(e) over all finite elements leads

us to the global system of finite element semi-discrete equations of motion:

MÜ + KU = F, (11)

It should be noted that damping is not included in the dynamic system of Eq. (11).
Moreover, this system still needs to be discretized in time, i.e. [0, T ] = ⋃

n[tn, tn+1],
where 	t = tn+1 − tn is a time increment. The governing system of Eq. (11) can be
employed to study the static and free vibrations by excluding the appropriate terms.
For the static (or quasi-static) analysis, the problem reduces to the system of algebraic
equations:

KU = F, (12)
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where the time t is a formal monotonically increasing parameter. In the case of free
vibration analysis, the solution of the eigenvalue problem is required as follows:

(
K − ω2M

)
φφφ = 0, (13)

whereω is an undamped circular frequency andφφφ is a vector ofmode shape associated
with found ω. The n unknown uncoupled solutions of (13) can be rearranged into
the form convenient for the frequency extraction as [46]:

KΦΦΦ = ΩΩΩ2MΦΦΦ, (14)

wherein the columns of the matrix ΦΦΦ are orthogonal mass-normalized eigenvec-
tors (φφφ1 . . .φφφn) and ΩΩΩ2 = diag(ω2

1 . . . ω2
n) is a diagonal matrix containing squared

eigenfrequencies.

3 Three-Dimensional Graded Finite Element

The modal analysis for extraction of natural frequencies and associated mode shapes
of FGM sandwich flat panels is carried out with the ABAQUS/Standard code
using three-dimensional models. Conventional 3-D finite elements available in the
ABAQUS finite element library do not enable to model variation of mechanical
properties within the element volume. To eliminate this inconvenience, we have
developed within the package environment a graded 3-D finite element incorporat-
ing gradients of material properties. For this purpose, we used as a base element
either eight-node linear C3D8 or twenty-node quadratic C3D20 brick isoparametric
finite elements, Fig. 2. Isoparametric interpolation is defined in terms of the natural
coordinates (ξ, η, ζ ) each spanning the range from −1 to +1, as shown in Fig. 2a.
The node numbering convention used for these elements with either full or reduced
integration is also demonstrated in Fig. 2b and c. The shape functions of both the
8-node and 20-node brick elements can be presented as follows:

N (8)
i = 1

8 (1 − ξi )(1 − ηi )(1 − ζi ), for i = 1 . . . 8
and
N (20)
i = −(2 + ξi + ηi + ζi )N

(8)
i , for i = 1 . . . 8,

N (20)
i = 2(1 + ξi )N

(8)
i , for i = 9, 11, 13, 15,

N (20)
i = 2(1 + ηi )N

(8)
i , for i = 10, 12, 14, 16,

N (20)
i = 2(1 + ζi )N

(8)
i , for i = 17 . . . 20

(15)

The spatial variation of the material parameters have been achieved by coding
the user-defined material subroutine UMAT. The routine evaluates the increments of
strain and stress vectors and thematerial Jacobian to provide an implementation of the
incremental form of a definedmechanical constitutive law into the code solver. At the
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(a)

(b) (c)

Fig. 2 Isoparametric 3-Dbrickfinite elements after [42]:amaster elements;b8-node linear element
with reduced and full integration schemes1; and c 20-node quadratic element with reduced and full
integration schemes1. 1Numbering of integration points for output is shown in the element layer
closest to the face 1, and the integration points in the second (and third for the quadratic element)
layers are numbered consecutively

end, it updates the stress and strain vectors, and other solution dependent variables
over the element volume at the Gauss points, [42]. Since the material constants
depend on the positionwithin the element, the calculations of the constitutivematerial
relation will assign the material parameters directly at different integration points of
the element. Finally, by means of numerical integration of the tangential stiffness
matrix of the finite element,

K(e) =
N∑

i=1

N∑

j=1

N∑

k=1

BTCB|Ji jk |wiw jwk (16)

the actual gradient of material properties is specified within the element. In this
expression, i , j and k are the Gauss points, |Ji jk | is the determinant of the Jacobian
matrix andwi are the Gaussian weights. ThematrixC contains the material constants
λ and μ depending on the position as given in (7).

To complete the development of the graded finite element, the mass density,
which is also a function of position for the FGM plate, should be incorporated into
the element formulation. However, there is a complication in terms of formulating
the element mass matrix with sampling the density values at the Gauss points sim-
ilar to (15). The frequency extraction procedure is a linear perturbation analysis in
ABAQUS. The perturbations are assumed to be about the base state of a model and
they ignore any inelastic effects and any parametric dependencies of the model on
temperature or other field variables [42]. The code does not also provide a direct
access to the elements of the mass matrix. If the latter is formed by conventional
elements, the element volume is simply multiplied by a given constant mass density.
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In the case of graded finite element, a constant value of the mass density is assumed
to be obtained by averaging an actual density distribution over the whole volume of
the FGM plate, V as follows:

ρavg = 1

V

∫

V
ρ(x)dV (17)

Thus, an effective density averaged over the plate volume is used in the free vibration
analysis.

4 Numerical Results

In this section numerical results for studying the free vibration behaviour of two-
constituent metallic-ceramic functionally graded sandwich plates are presented.
The computer simulations have been performed on an Intel�Core™ i7-7700
CUP@3.60 GHz desktop PC with 16 GB memory and 64 bit Windows 10 operating
system. In each the analysis presented below, first, convergence studies with mesh
refinement have been conducted. An optimal mesh was selected from the conditions
that difference between fundamental frequencies of the current and finer meshes is
small enough, but from the other hand, the result should be the best compromise
between computational cost and solution accuracy.

4.1 Static Analysis

The accuracy of the 3-D graded finite element programmed via UMAT in the
ABAQUS environment is verified, first, performing the static analysis of a FGM
sandwich plate. A simply supported Al/SiC square sandwich plate subjected to a nor-
mal pressure given by q0sin πx

a sin πy
b on the top surface was considered. We accepted

the parameters of (5) as V−
c = 0, V+

c = 1 and p = 2, the plane dimensions and the
thickness-to-length ratio as a = b = 100 and h

a = 0.2, respectively, and q0 = 1MPa.
The material constants used in the calculations are listed in Table1. The numerically
calculated results are compared with those obtained analytically as reported in [36].

Table 1 Material properties of the FGM sandwich plates

FG material Material constants

Al/SiC Em = 70 GPa; Ec = 427 GPa; νm = 0.3; νc = 0.17; ρm = 2702 kgm−3;
ρc = 3100 kgm−3

Al/ZrO2 Em = 70 GPa; Ec = 200 GPa; νm = νc = 0.3; ρm = 2702 kgm−3;
ρc = 5700 kgm−3
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(a)

(c)

(b)

Fig. 3 Finite elementmodel of the FGMsandwich plate: a generalmesh;b half ofmodel discretized
with FGM elements; and c half of model discretized with homogeneous elements

A 3-D finite element model of the FGM sandwich plates, which is used in the
present work, is illustrated in Fig. 3. For the sake of comparison, the mesh generated
by both the developed 3-D FGM elements and the conventional homogeneous 3-D
elements available in ABAQUS are also shown in Fig. 3b and c, respectively. The
latter model explicitly exhibits a layered structure.

The physical quantities compared with the solutions of [36] are presented in a
dimensionless form as follows:

ū = 100Emh2

q0a3
u, w̄ = 100Emh3

q0a4
w

(σ̄xx , σ̄xy) = 10h2

q0a2
(σxx , σxy), σ̄xz = 10h

q0a
σxz, σ̄zz = σzz

q0

The results of the static analysis are summarized in Table2. A good agreement with
the analytic solutions in [36] can be seen. The minor discrepancies (a relative error,
Δ, %) between the results of the model with FGM elements and the reference values
may relate to the problemof non-equivalency between theways of applying boundary
conditions to the plate edges in 3-D analytic and FEMmodels, as discussed elsewhere
in literature, e.g. in [47].

The distributions of the dimensionless deflection, and longitudinal σxx and trans-
verse normal σzz stresses through-the-thickness of the FGM sandwich plate, com-
puted at a point ( a2 ,

b
2 , z) using both the FGM elements in the continuous model

and the homogeneous elements in the layered model, in comparison with the known
analytic values given in [36] are shown in Fig. 4. One can see that the numerical
models have very close results. While, the layered model is a bit stiffer and leads
to the stepwise change of the longitudinal stress, but the transverse normal stress in
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Table 2 The comparison of the results of static analysis between the present calculations and the
analytic solution in [36]

ū w̄ σ̄xx σ̄xy σ̄xz σ̄zz

(0, b
2 ,+ h

2 ) ( a2 , b
2 , 0) ( a2 , b

2 ,+ h
2 ) ( a2 , b

2 ,+ h
2 ) (0, 0,+ h

2 ) (0, b
2 , 0) ( a2 , b

2 ,+ h
4 )

[36] −1.7421 1.8699 1.8767 4.1042 −2.8534 2.1805 0.7623

Present

– Graded model −1.7051 1.8299 1.8338 3.8989 −2.6378 2.2541 0.7645

– Layered model −1.6624 1.8198 1.7292 3.8449 −2.6142 2.2514 0.8327

Δ,% 2.13 2.14 2.29 5.0 7.56 3.38 0.29

(a) (b)

(c) (d)

Fig. 4 The distributions of the dimensionless quantities through-the-thickness of the FGM sand-
wich plate at a point ( a2 , b

2 , z): a deflection; b transverse normal stress σzz ; c longitudinal stress
σxx ; and d zoom of the longitudinal stress σxx

the two models is indistinguishable and coincides with the analytic result. From the
illustrations it is clearly seen that the deflections of the FGM sandwich plates are
not symmetrical with respect to the plate midplane and the stresses have nonlinear
patterns across the thickness. These conclusions are in a compliance with the results
presented in [29, 37].

4.2 Free Vibration Analysis

The correctness of the developed 3-D graded finite element in conjunction with the
proposed procedure of themass density averaging for finite elementmodelling of free
vibrations has been verified by comparing the fundamental frequency, displacements
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Table 3 The comparison of the results of free vibration analysis between the present calculations
and the analytic solution in [37]

ω̄ ū(0, b
2 ,+ h

2 ) σxx (
a
2 , b

2 ,+ h
2 ) σxz(0, b

2 , 0) σzz(
a
2 , b

2 , 0)

[37] 5.1915 −1.0099 1.2950 0.8235 1.3597

Present

– Graded model 5.6547 −1.0788 1.3679 0.9572 1.5920

– Layered model 5.6558 −1.0637 1.3645 0.8683 1.5703

Δ,% 8.92 6.82 5.63 16.2 15.7

and stresses of a simply supported square Al/ZrO2 sandwich plate with the results
of the paper [37]. The material properties of the FGM plate are listed in Table1. The
dimensions and the parameters of the power-law material distribution given by (5)
for the FGM sandwich plate are taken identical to the previous static analysis. Table3
shows the comparisons between the reference values and the results obtainedwith the
3-D FGM elements and the layered model with the conventional homogeneous 3-D
elements. All the represent quantities have been nondimensionalized by the formulae
as [37]:

ω̄ = ω a2

h

√
ρm

Em
, ū(z) = a

w( a
2 , b2 ,0)h

u, σ̄xx = a2

10Emw( a
2 , b2 ,0)h

σxx ,

σ̄xz = a3

10Emw( a
2 , b2 ,0)h2

σxz, σ̄zz = a4

10Emw( a
2 , b2 ,0)h3

σzz

A glance at the values in Table3 reveals that the computed results are in satisfactory
agreement with those presented in [37]. The finite element solutions of the both
models with FGM and homogeneous elements are almost the same, and they a
bit overestimate the analytical reference values. The sources of these discrepancies
could be, first, the normalization formulae involve a deflection which is not exact
value itself, but being calculated. Second, not actual distribution of the mass density
is implemented into the model. Finally, because of an incompatibility between the
ways of applying boundary conditions in the FEM and analytical techniques. In the
latter case, by assigning the boundary constraints not over the whole face of the
plate edges, but using MPC constraints with node by node settings, the values of
the frequency and stresses fall into a better agreement with the analytic data. Such
calculations are not presented here, however, it confirms the sensitivity of the 3-D
numerical results to the realization of the boundary conditions. Nevertheless, for the
sake of simplicity, the calculations carried out in the present research used constraints
of the nodal displacements over the whole face of each plate edge.

Also, the finite element frequency analysis revealed the existence of peculiarmode
shapes associated with the natural frequencies of the thick sandwich plate. Besides
usual bending or flexural shapes, the pumping or thickness-stretching modes, where
the deflections are predominant and symmetric with respect to the mid-plane, in-
plane or extensional modes, where one of longitudinal displacements prevails and
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(a) (d) (g)

(b) (e) (h)

(c) (f) (i)

Fig. 5 In-plane, pumping and bi-inplane mode shapes of square thick: a–c metallic plate; d–f
Al/ZrO2 sandwich plate; and g–i ceramic plate

so-called bi-inplane modes or extensional modes, where two longitudinal displace-
ments act simultaneously, either symmetrically or anti-symmetrically, have been
observed. These types of the mode shapes and the differences between them for pure
metallic, Al/ZrO2 sandwich and pure ceramic plates are illustrated in Fig. 5.

The ability of the developed 3-D graded element to properly capture the gradation
profile across the plate thickness for the frequency analysis has also been examined.
The fundamental frequency of the simply supported Al/ZrO2 square thick sandwich
plate considered above is calculated for different values of the power index p. The
results of calculations are compared with those known in literature, e.g. [29]. The
values of the frequencies normalized by ω̄ = ωh

√
ρm/Em are exhibited in Table4,

where the numerical results obtained by using both the FGM elements and the homo-
geneous elements in the layered model are compared with the analytic solutions.

The numerical results are in a very good agreement with the analytic solutions
that may confirm the accurate performance of the developed 3-D graded finite ele-
ment. Moreover, it should be mentioned that due to the convergence requirement, the
element size of the layered model was smaller than the graded elements as 1mm and
2.5 mm, respectively. As a result, the total CPU time of calculations with homoge-
neous elements was about 3 times longer than the computationswith graded elements
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Table 4 The comparison of the dimensionless fundamental frequencies of the Al/ZrO2 simply
supported thick square sandwich plate for different p between the present calculations and the
solutions in [29]

Power Index, p [29] Layered Graded Δ,%

0.5 0.2293 0.2341

1.0 0.2192 0.2268 0.2282 3.46 4.11

2.0 0.2197 0.2262 0.2262 2.97 2.95

3.0 0.2211 0.2273 0.2269 2.81 2.63

5.0 0.2225 0.2291 0.2281 2.98 2.52

10.0 0.2304 0.2273

Table 5 The dimensionless natural frequencies of the Al/ZrO2 simply supported thick square
sandwich plate (h/a = 0.2) depending on the power index p

Mode Ceramic FGM Metallic

p = 0.5 p = 1.0 p = 2.0 p = 3.0 p = 5.0 p = 10.0

(1,1) 0.2469 0.2339 0.2282 0.2262 0.2269 0.2281 0.2283 0.2121

2×In-plane 0.4535 0.4417 0.4333 0.4227 0.4162 0.4089 0.4011 0.3897

(1,2)/(2,1) 0.5421 0.5165 0.5038 0.4961 0.4947 0.4940 0.4951 0.4658

Bi-inplane 0.6413 0.6242 0.6118 0.5963 0.5873 0.5772 0.5697 0.5511

(2,2) 0.7859 0.7516 0.7331 0.7192 0.7144 0.7105 0.7097 0.6753

2×In-plane 0.9070 0.8815 0.8624 0.8394 0.8267 0.8134 0.8050 0.7793

(3,1)/(1,3) 0.9297 0.8908 0.8690 0.8510 0.8437 0.8374 0.8311 0.7989

2×Bi-inplane 1.0140 0.9848 0.9627 0.9364 0.9222 0.9078 0.8937 0.8713

Pumping 1.0770 1.0473 1.0241 0.9954 0.9795 0.9631 0.9546 0.9255

(3,2)/(2,3) 1.1251 1.0806 1.0543 1.0303 1.0193 1.0091 1.0047 0.9668

model. This demonstrates the efficiency of the 3-D graded element in the finite ele-
ment predictions. The first sixteen dimensionless natural frequencies of this FGM
sandwich plate depending on the power index p are computed and summarized in
Table5.

For the sake of better illustration of the power-index dependence of the natural
frequencies of the Al/ZrO2 sandwich plate, the evolutions of four frequencies with
increasing themetal phase are depicted in Fig. 6. One can see that, first, quantitatively
the natural frequencies of the FGM sandwich plate are between those of the same
metallic and ceramic plates. Second, the power-index or an assumption about the
material phase distribution through-the-thickness of the FGM sandwich plate affects
its natural frequencies such that with increasing p the frequencies tend to the values
close to those of the metallic plate. However, the rate of this trend is different for the
lower frequencies, as illustrated in Fig. 6a and b and for the higher ones, as shown
in Fig. 6c and d. The former are slightly changed at the small p and, then, slowly
reduce to the frequencies of the metallic plate with growing the exponent to infinity.
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(a) (b)

(c) (d)

Fig. 6 Thevariations of the dimensionless natural frequencies of theAl/ZrO2 square thick sandwich
plate with increasing the power-index p: a mode (1,1); b mode (1, 2); c in-plane mode no. 9; and
d symmetric (pumping) mode no. 14

Table 6 The comparison of the first nine dimensionless natural frequencies of the Al/ZrO2 simply
supported thin square sandwich plate (h/a = 0.05) between the present calculations and the analytic
solution in [37]

Mode
no.

1 2 3 4 5 6 7 8 9

[37] 0.0149 0.0377 0.0377 0.0593 0.0747 0.0747 0.0912 0.0913 0.1029

Present 0.0154 0.0381 0.0381 0.0603 0.0748 0.0748 0.0961 0.0961 0.1056

Δ,% 3.52 1.07 1.07 1.62 0.08 0.08 5.40 5.40 2.63

In contrast to this, the latter decrease quickly enough with increasing the metal phase
and tend to the frequencies of the metal plate.

Finally, to demonstrate the influence of the side-to-thickness ratio on the free
vibrations of FGM sandwich plates, we have examined a relatively thin FGM sand-
wich plate. A simply supported Al/ZrO2 square sandwich plate with the ratio of
h/a = 0.05 and with material constants identical to the thick FGM plate from the
previous analysis was considered. The accuracy of the developed 3-D graded element
to properly model such thin plate was verified by comparing the present results with
those available in [37]. The comparisons of the first nine nondimensional natural fre-
quencies for the exponent p = 1 are shown in Table6. A good compliance between
the both solutions can be seen.

It should also be noted that unlike the thick sandwich plate, the thin plate does
not exhibit symmetric (pumping) modes, only flexural and extensional (in-plane and
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Fig. 7 In-plane and bi-inplane mode shapes of square thin: a–b metallic plate; c–d Al/ZrO2 sand-
wich plate; and e–f ceramic plate

Table 7 The dimensionless natural frequencies of the Al/ZrO2 simply supported thin square sand-
wich plate h/a = 0.05 depending on the power index p

Mode Ceramic FGM Metallic

p = 0.5 p = 1.0 p = 2.0 p = 3.0 p = 5.0 p = 10

(1,1) 0.0173 0.0159 0.0154 0.0158 0.0163 0.0170 0.0169 0.0148

(1,2)/(2,1) 0.0426 0.0392 0.0381 0.0391 0.0401 0.0419 0.0417 0.0366

(2,2) 0.0673 0.0619 0.0603 0.0618 0.0634 0.0660 0.0657 0.0578

(3,1)/(1,3) 0.0835 0.07684 0.0748 0.0766 0.0785 0.0818 0.0814 0.0717

(3,2)/(2,3) 0.1073 0.0988 0.0961 0.0984 0.1008 0.1049 0.1044 0.0922

2×In-plane 0.1135 0.1079 0.1056 0.1060 0.1062 0.1076 0.1052 0.0975

(1,4)/(4,1) 0.1382 0.1274 0.1239 0.1267 0.1297 0.1349 0.1342 0.1187

(3,3) 0.1458 0.1345 0.1308 0.1337 0.1368 0.1423 0.1415 0.1253

Bi-inplane 0.1605 0.1484 0.1443 0.1474 0.1502 0.1521 0.1488 0.1379

(2,4)/(4,2) 0.1608 0.1527 0.1493 0.1499 0.1508 0.1568 0.1560 0.1382

bi-inplane) modes exist. The mode shapes corresponding to the in-plane and bi-
inplane modes of the simply supported metallic, ceramic and Al/ZrO2 thin square
plates are shown in Fig. 7.

In Table7 the first sixteen normalized natural frequencies of the Al/ZrO2 square
thin sandwich plate for different values of the exponent p are summarized. A graph-
ical representation of the effect of the gradation profile on the four selected natural
frequencies of the thin FGM sandwich plate is illustrated in Fig. 8. It is seen that the
two lower frequencies are more sensitive to the gradation profile than the two higher
ones. However, for the values of p > 5 the index-dependence is not much different
for them. Moreover, comparing the changes of the frequencies with increasing p
between the thick (Fig. 6) and thin (Fig. 8) simply supported Al/ZrO2 square sand-
wich plates, one can conclude that the sandwich plates exhibit different dependencies
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(a) (b)

(c) (d)

Fig. 8 The variations of the dimensionless natural frequencies of the Al/ZrO2 square thin sandwich
plate with increasing the power-index p: a mode (1, 1); b mode (1, 2); c in-plane mode no. 9; and
d bi-inplane mode no. 16

on the gradation profile. Thus, the side-to-thickness ratio is an important factor for
the dynamic design of FGM sandwich plates. More detailed studies of this problem
are still needed, but they are out of the scope of this work.

5 Conclusions

The static response and free vibrations of simply supported thick square FGMmetal–
ceramic sandwich plates have been analyzed by using the three-dimensional finite
element modelling with the ABAQUS code. The effective material properties at a
plate point were defined based on the Mori–Tanaka scheme. A power-law variation
of the volume fraction of the ceramic phase through-the-thickness of the sandwich
plate was assumed. The 3-D brick graded finite element incorporating the variation
of material properties in direction of the plate thickness was programmed and, then,
was implemented into ABAQUS via the user-defined material subroutine UMAT. A
simple procedure was proposed to estimate an average constant value of the mass
density within the graded element. The use of this element in finite element pre-
dictions turned out to be very efficient since the graded element unlike the layered
model with conventional homogeneous elements neither requires extensive proce-
dure of input data preparation nor fine enough mesh, but it allowed one using the
whole power of the ABAQUS code.
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With the 3-D graded finite element developed and implemented into theABAQUS
code, the calculated displacements and stresses in the static analysis and the computed
natural frequencies in the free vibration analysis of the FGM sandwich plates have
been found to match well the analytic solutions reported in literature. The minor
discrepancies between the results of the finite element models and the reference
values could be addressed to the problem of non-equivalency of boundary conditions
applied to the plate edges between analytic and numerical 3-Dmodelling procedures.
Also, the predictions showed that the deflections and the values of natural frequencies
of the FGM sandwich plates are between those for pure ceramic and pure metallic
plates. The gradients in the material properties affect the natural frequencies of a
simply supported square FGM sandwich plate. The values of the natural frequencies
tend to be closer to those of a pure metallic plate. However, the lower frequencies
are less sensitive to the power-law index than the higher ones. It was also found
that the mode shapes associated with the frequencies of the thick sandwich plates
exhibit not only flexural dominant deformations, but thickness-stretching dominant
and extensional dominant deformations as well. Yet, it was found out that the side-
to-thickness ratio is an important factor for the dynamic design of FGM sandwich
plates. The thin FGM sandwich plate examined in the present work demonstrated
the gradation profile dependency different from that of the same FGM thick plate.
Finally, it needs to mention that although the present results are demonstrated only
for the simply supported square metallic-ceramic FGM sandwich plate, the graded
3-D element developed here can be used for 3-D modelling sandwich plates with
any other geometry, gradation profile and boundary conditions. Thus, the results
presented in the paper may provide a benchmark for studying static deformation and
modal dynamics of the FGM sandwich plate by other methods and models.
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Recent Achievements in Constitutive
Equations of Laminates and Functionally
Graded Structures Formulated
in the Resultant Nonlinear Shell Theory

Stanisław Burzyński, Jacek Chróścielewski, Karol Daszkiewicz,
Agnieszka Sabik, Bartosz Sobczyk and Wojciech Witkowski

Abstract The development of constitutive equations formulated in the resultant
nonlinear shell theory is presented. The specific features of the present shell theory
are drilling rotation naturally included in the formulation and asymmetric measures
of strains and stress resultants. The special attention in the chapter is given to recent
achievements: progressive failure analysis of laminated shells and elastoplastic con-
stitutive relation for shells made of functionally graded material (FGM). The mod-
ified Hashin criterion is used to estimate failure initiation in laminates and stiffness
degradation approach in the last ply failure computations. The numerical results
obtained for axially compressed C-shaped column are compared with experimental
load-deflection curve. TheCosserat plane stress assumption, Tamura-Tomota-Ozawa
(TTO)model and improved method of shear correction factor calculation are applied
in the elastoplastic constitutive relation for FGM shell. The proposed formulation
is tested in numerical examples: rectangular compressed plate and channel section
clamped beam. The influence of TTO model parameters and Cosserat characteristic
length is investigated.

1 Introduction

The resultant nonlinear shell theory was proposed in [1] and described in detail in
monographs [2, 3]. In contradiction to the direct approach and the derived approach,
a mixed approach was used to formulate the present shell theory. In this approach, the
two dimensional (2D) equations of the shell-like body are obtained as a result of the
exact through-the-thickness integration of generic equations of the three dimensional
(3D) continuum mechanics. Only the constitutive relations and the Conservation of
Energy, that are not exact in three dimensions, are postulated in two dimensions.
In this way, all approximations in the present theory of elastic shells are thrown
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into the constitutive equations that are approximate by nature, because they must be
determined in experiments.

The 2D shell kinematics is uniquely defined on the shell reference surface M by
translation vector u and rotation tensor Q. Consequently, the present shell theory is
also called the 6-parameter (6p) or six-field shell theory, because the deformation of
any material particle is described by six independent scalar variables. The character-
istic features of 6p shell model are: independent drilling rotation (about normal to
the reference surface) and two work-conjugate drilling components of 2D stress and
strain vectors. Hence, the drilling rotation is naturally included in the formulation
and the kinematic model of the shell base surface is equivalent to the Cosserat surface
[4, 5]. The measures of strains are defined on M as work-conjugate fields to the 2D
stress resultants and couples obtained in through-the-thickness integration.

Brief review of what has been done in the field of constitutive relations in frame-
work of the resultant shell theory is presented below. The linear elastic constitutive
equations for thin shells were proposed in [6] and then applied in the majority of
numerical studies. These equations result from the first approximation to the strain
energy density [3]. The constitutive equations for the isotropic elastic shells under-
going small strains were described in [7, 8]. They were obtained from the consistent
second approximation to the 2D complementary energy density. Especially, the con-
stitutive relation expressed in orthogonal lines of principal curvatures of M and
formula for the drilling bendings were derived in [7]. The constitutive model for
rubber-like shells made of incompressible hyperelastic material was described in [6,
9]. The invariant properties of the strain energy density of orthotropic, hemitropic
and isotropic shells were introduced in [10] based on the local symmetry group of
the 6p shell theory.

The comparison of constitutive relations for the linear elastic micropolar plates
proposed by Altenbach and Eremeyev [11] with the constitutive equations [6] for the
resultant shell theory was presented in [12, 13]. The bounds for values of micropolar
material parameters for the Cosserat plates were determined in [13]. The new elastic
constitutive law for 6p shell theorywas derived in the course of through-the-thickness
integration of the Cosserat plane stress in [14, 15] using the Reissner-Mindlin kine-
matics. Two additional parameters: micropolar modulus and micropolar characteris-
tic length were introduced into the constitutive relation. Their influence on the results
was evaluated in the nonlinear numerical examples. The same approach was used
in [15, 16] to obtain J2-type elastoplastic constitutive equations. The implementa-
tion of chosen plasticity algorithm within the nonlinear resultant shell theory was
described in [16]. The elastic constitutive relation for functionally graded shells was
formulated with respect to the middle [17] and neutral [18] reference surface based
on the assumption of 2D Cosserat plane stress in each shell lamina. The influence
of the micropolar parameters and choice of the reference surface on the equilibrium
paths was studied also in papers [17, 18]. Then, the material law for the functionally
graded shells was extended into the elastoplastic range using Tamura-Tomota-Ozawa
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(TTO) [19] mixture model. The initial results were shown in [8], while the complete
description of the formulation and its verification in demanding numerical tests were
presented in [20]. Recently, the 2D Cosserat type orthotropic constitutive relation
for laminated shells was formulated in the 6p shell theory in [21] using the equiv-
alent single layer (ESL) approach. The generalized orthotropic plane stress state of
Cosserat type with additional transverse shear components was assumed in each
layer. The effect of Cosserat parameters on First Ply Failure (FPF) onset was shown
in numerical examples employing the Hashin criterion.

Another method of modeling of thin elastic composite shells in the 6p shell theory
was proposed earlier in paper [22]. The orthotropic plane stress constitutive relation
was generalized for strain measures of Cosserat type using only five engineering
constants of classical anisotropic material. Then Tsai-Wu and Hashin failure initi-
ation criteria were modified in [23, 24] to enable estimation of FPF load capacity
of composite laminates in the nonlinear resultant shell theory. In further study [25]
modified Hashin hypothesis was used in the model of progressive failure of com-
posite shells. The elastic-brittle material behaviour with specific degradation scheme
was assumed within the 6p shell theory.

In this chapter elastoplastic analysis of FGMshells andprogressive failure analysis
of laminated shells are presented as recent achievements in formulationof constitutive
equations in the nonlinear resultant shell theory.

2 Failure Analysis of Multilayered Shells

2.1 Introduction

All engineers face a problem,whichmaterial should be chosen for the efficient design
of a structure under the given design circumstances. One can select from conventional
materials like steel or concrete. On the other hand,manymodern and hi-tech solutions
are available, as for instance: textiles, foams, functionally graded materials, fibre
metal laminates, fibre reinforced plastics (FRP), etc. The new materials have a lot
of benefits, they are light, robust, durable, environmental friendly, etc., if compared
with the traditional ones. Although still a big number of structures to be seen in the
real-life are the conventional ones, the application of the modern approaches in civil
engineering has remarkably increased in the recent years. For instance in the case
of laminated composites, one can find a lot of papers that confirm this trend, see
[26–35].

The analysis of multi-layered shells behaviour requires selection of a method of
the laminate layer stiffness description. According to [36], it is possible to use equiv-
alent single layer 2D theories, 3D continuum approaches, or a combination of them.
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We use the first one, as thin shells are considered. The stiffness of the whole laminate
is described by statically equivalent single-layer shell, whichmacromechanical prop-
erties are calculated as aweighted average of the homogenizedmechanical properties
of each lamina [36].

The main aspect that we focus on is the failure of laminated shells. One can
distinguish two methods of laminates damage description: the FPF and the Last Ply
Failure (LPF) [37]. The moment of failure onset in the whole structure is described
as FPF. The LPF occurs after FPF, when the structure is not able to sustain more
loads. In order to estimate the beginning of failure appropriate criteria are used. A lot
of them were formulated, for example: maximum stress/strain, Tsai-Hill, Tsai-Wu,
Hashin, Puck, Cuntze, LaRC. Their validity and applicability was discussed in many
papers [38–42]. For the purpose of further progressive damage calculations, that end
when LPF is observed, some damage evolution descriptions need to be incorporated,
as for example in [43–49].

An important thing to notice is that in most of cases the failure initiation criteria
and damage evolution approaches are considered for the continuum with symmetric
strain and stress measures. However, here we use the nonlinear 6p shell theory.
The material law for this type of theory is specific, as asymmetric strain and stress
measures appear. Therefore, the criteria and damage descriptions need to bemodified
to enable application of the 6p theory, see for instance [23, 25]. In the next paragraph
the aspects of FPF andLPF in the 6p theory are described inmore details. A numerical
example to show the validity of the approach is presented as well, where we use the
Hashin criterion to estimate failure initiation and stiffness degradation approach for
further LPF calculations.

2.2 Progressive Failure Analysis

It is assumed that each single layer k of the laminate is a transversely isotropic
medium. In the progressive failure analysis it is presumed that the failure of the layer
is a brittle mechanism and that up to the failure the material response is linear elastic.
Thus, following constitutive law in the material axes a-b is valid [22]:
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or in general form:
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(2)

In (1) σaa , σbb, σab, σba and εaa , εbb, εab, εba are, correspondingly, in-plane stress
and strain components, while σa , σb and εa , εb are the transverse shear stresses and
strains. Ea and Eb stand for the longitudinal and transverse Young’s moduli, νab and
νba indicate the Poisson ratios andGab,Gac,Gbc are the shear moduli of the material,
αs denotes the shear correction factor. In the present study αs is equal to 5/6. As
stated previously in the 6p theory σab, σba and εab, εba are in general asymmetric
due to the presence of the drilling couples, which are not included in Eq. (1). In the
present approach they are taken into account only in 2D balance equation [6, 7]. At
the layer level only force-stresses arise, thus the constitutive law can be expressed in
terms of well-known engineering constants, as proposed in [22]. This is in opposite
to the approach published recently in [21], where the drilling couples together with
the additional Cosserat constants are introduced into the layer constitutive equation.

The failure mechanisms, namely fiber breakage and matrix cracking, are detected
with the use of the modified Hashin criterion [23, 25], which takes into account the
asymmetry of stresses. The failure arises, if appropriate failure variables: Ff (fiber
failure), Fm (matrix failure) approach the value 1.0. Accordingly, the fiber damage
is recognized if following conditions are satisfied:

Ft
f =

(
σaa

Xt

)2

= 1.0 i f σaa ≥ 0, (3)

Fc
f =

(
σaa

Xc

)2

= 1.0 i f σaa < 0. (4)

On the other hand the crack in the matrix direction is identified, if:

Ft
m =

(
σbb

Yt

)2

+
(

σba

Sl

)2

= 1.0 i f σbb ≥ 0. (5)

Fc
m =

(
σbb

2St

)2

+
[(

Yc
2St

)2

−1

]
σbb

Yc
+

(
σba

Sl

)2

= 1.0 i f σbb < 0. (6)

In conditions (3)–(6) Xt and Xc indicate the tensile and compressive strengths in the
fiber direction,Yt andYc are the tensile and compressive strengths in thematrix direc-
tion, Sl and St denote, respectively, the in-plane and the transverse shear strength of
the layer. According to the recognized failure mechanisms the resultant components
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Table 1 Stiffness degradation scheme

Failure mechanism C11 C22 C12 C21 C33 C44 C55 C66

Fiber 0 1 0 0 1 1 0 0

Matrix 1 0 0 0 1 1 1 1

Fiber and Matrix 0 0 0 0 0 0 0 0

Ci j of the elasticity matrix (2) are rapidly reduced by making use of the following
general formula

Ci j = SRC · C0,i j , (7)

where C0,i j are the initial values and SRC is a Stiffness Reduction Coefficient, tak-
ing small values, i.e. 0.01 or less. The reduction is performed according to the type
of the arising failure mode. The adopted scheme of the degradation is included in
Table 1, whereas 0 and 1 demonstrate, respectively, reduced and unchanged compo-
nent. If both failure mechanisms occur, all in-plane as well as the transverse shear
components are decreased [25]. The details of the adopted numerical algorithm are
described in [25].

2.3 Numerical Example

As a representative example the analysis of axially compressed C-shaped column
is presented. The problem was investigated experimentally and numerically in [50].
Figure 1 depicts the geometrical data and boundary conditions of the shell. All nodes
along the top edge are kinematically coupledwith respect to thedisplacement v,which

Fig. 1 C-shaped column—geometry and boundary conditions
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Fig. 2 C-shaped
column—results

is chosen as the control parameter during the computations. The structure is made
of multilayered GFRP composite with lamination scheme: [45°/−45°/+45°/−45°]s,
whereas the fibers orientation is measured with reference to the y–axis (Fig. 1). The
layers are 0.26 mm thick and are characterized by following stiffness and strength
properties: Ea = 38.5 GPa, Eb = 8.1 GPa, Gab = 2 GPa, vab = 0.27, Xt = 792 MPa,
Xc = 679 MPa, Yt = 39 MPa, Yc = 71 MPa, SL = 108 MPa. In the computations
it is assumed that St = 0.5 Yc [25]. The value of the stiffness reduction parameter
is equal to 0.01. Regular mesh of 16 FI (fully integrated) shell elements is adopted:
30 elements in the column’s height direction, 6 elements along the width of the
flanges and 12 elements along the web’s width. In the FEM model additional small
perturbation forces (Pi = 0.002 P) are employed (Fig. 1), with the purpose to impose
the experimentally obtained buckling mode [50].

Figure 2 illustrates the equilibrium path of the axial displacement obtained in the
present analysis compared with the experimental and numerical solutions reported
in [50].

Additionally in Figs. 3, and 4 the qualitative distribution of the displacements and
failure variables NLF1 and NLFT are shown. The displayed contours correspond,
respectively, to point A and B, see Fig. 2. NLF1 indicates the number of layers
in which at least one failure mechanism is detected, whereas NLFT stands for the
number of totally damaged layers. On the basis of appropriate numerical results
corresponding to the presented NLFT variable distribution it can be stated, that
before the collapse the maximum number of totally failed layers reaches 4, whereas
after the collapse this value increases rapidly to 7–8, indicating, that in some points
open cracks occur.

2.4 Conclusions

The obtained failure mode is in good agreement with the experimental one reported
in [50]. It is observed, that the numerically estimated limit load of the shell agrees
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Fig. 3 Displacements,
NLF1 and NLFT variable
distribution before the
collapse (point A)

Fig. 4 Displacements,
NLF1 and NLFT variable
distribution after the collapse
(point B)

with the experimental results, see Fig. 2. However, the collapse in the FEM model
arises at slightly lower shortening of the column. It can be supposed, that it is due
to the neglect of the in-plane shear nonlinearity effect [51] in the numerical model.
This phenomenon can be pronounced in the case of the analyzed angle-ply lamination
arrangement. Unfortunately, owing to the lack of the data concerning the nonlinear
in-plane shear behavior of the considered material, there is no possibility to take it
into account in the numerical model.



Recent Achievements in Constitutive Equations of Laminates … 187

3 Elastoplastic Analysis of FGM Shells

3.1 Introduction

The idea of functionally graded materials (FGMs) characterized by continuous
change in composition of constituents materials in the given direction was intro-
duced in [52]. Here the gradient of material properties is assumed along the shell
thickness. The national projects performed by Japanese scientists in the 80s and 90s
started intensive development of FGMs. The characteristic for composite laminates
problems of delamination and stress concentration on the material interfaces almost
disappear in the case of FGMs. The advantage of the most popular ceramic-metal
combination is connection of high mechanical strength, toughness with high resis-
tance to heat, oxidation and corrosion. The functionally graded materials are used
in different sectors of industry, e.g. aerospace, manufacturing, energy and defense.
The review of what has been done in stress, vibration and stability analyses of FGM
plates is presented in [53, 54].

The elastoplastic analysis is necessary to determine approximate load capacity of
FGM structures. The first analyses of functionally graded ceramic-metal interlayer in
the elastoplastic range were performed in [55, 56]. The FGM constitutive parameters
were computed using modified rule of mixtures—TTOmodel [19] in papers [55, 56]
and the majority of further studies. The extension of TTO model taking into account
exponential hardening of metal constituent was proposed and tested in [57]. The
further studies concentrated on elastoplastic behavior of functionally graded: circular
plates [58, 59], rectangular plates [60, 61], cylindrical shells [62, 63], spherical
vessels [64, 65], hemispherical and hyperboloidal shells [66]. Recently the size effect
for FGMs in the elastoplastic range was evaluated in [67]. In our previous work [20]
new results for example of irregular shell—box section were shown.

3.2 Elastoplastic Constitutive Relation

The formulation of elastoplastic constitutive equations of functionally graded shells
of Cosserat type was described in detail in [20]. Here, a brief description of the
constitutive relation and necessary aspects to present numerical results are presented
below.

Cosserat plane stress

The Cosserat plane stress is assumed in each lamina of the shell section during for-
mulation of the constitutive equations. The plane stress relation between the vectors
of the generalized strains e and stresses σ takes the following form in the present
shell theory, see e.g. [14, 18]
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(8)

where a1 = 1
1− ν2 , a2 = νa1, μ1 = 1

1− N 2 , μ2 = 1− 2N 2

1− N 2 . Two Cosserat parameters
are introduced in (8): the micropolar characteristic length l and the Cosserat coupling
number N, see e.g. [68].

TTO formulation

In the paper the variation of the material through the shell thickness is described by
the power law

Vc = (z/h0 + 0.5)n, Vm = 1 − Vc, n ≥ 0, (9)

whereVc andVm denote the volume fractionof ceramic (c) andmetal (m) constituents,
respectively. Here the shell reference surface is assumed on the middle surface, thus
thickness coordinate z ∈ 〈−h−, h+〉

, where h− = h+ = 0.5h0.
The Tamura-Tomota-Ozawa model (see e.g. [19, 62, 63]) is used to compute the

material properties distribution through the shell thickness. The elastic properties are
given by the equations

E(z) =
(
q + Ec

q + Em
EmVm + EcVc

)

/

(
q + Ec

q + Em
Vm + Vc

)

, (10)

ν(z) = νcVc + νmVm, G(z) = E(z)

2(1 + ν(z))
, (11)

where q denotes the so-called [62, 69] ratio of stress to strain transfer. Themicropolar
characteristic length is determined in the same way as the Poisson’s ratio

l(z) = lcVc + lmVm . (12)

The constant value of the Cosserat parameter N is assumed along the thickness.
The effective yield stress σ0

Y and the multilinear hardening modulusH are calculated
as follows

σ0
Y (z) = σ0

Ym

(
q + Em

q + Ec

Ec

Em
Vc + Vm

)

, (13)

H(z) =
(
q + Ec

q + Hm
HmVm + EcVc

)

/

(
q + Ec

q + Hm
Vm + Vc

)

. (14)
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Elastic constitutive relation of FGM shell

The relation between the strain vector ε = {εm | εs || εb| εd}T at the shell reference
surface and the membrane components of strains em at the shell lamina is assumed
in the following form

em = εm + zεb. (15)

based on the First Order Shear Deformation Theory (FOSDT). The constant value
of the drilling components of strains ed is presumed in the shell section ed = εd .

The stress and couple resultants s are derived by numerical integration of stresses
through the shell thickness. The Gauss-Legendre quadrature rule was used in the
computations. The following form of elastic constitutive matrix Ce was obtained in
[20]
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where the matrices Amm , Bmb, Bbm , Ebb, Hdd are defined as

Amm =
∫ +h+

−h−
Cmm dz, Bmb = BT

bm =
∫ +h+

−h−
Cmm z dz, (17)

Ebb =
∫ +h+

−h−
Cmmz

2 dz, Hdd =
∫ +h+

−h−
Cdddz. (18)

The shear components are treated as purely elastic in the present shell theory and
the constitutive matrix for these components is computed as

Dss = αs

∫ +h+

−h−
Css dz , Css =

[
G(z) 0
0 G(z)

]

, (19)

where αs is the shear correction factor. In our previous papers [8, 18, 20] the value
5/6 or 1 was assumed for αs . Here improved approach (see e.g. [70, 71]) that takes
into account asymmetric distribution of the transverse shear strains γα3 (α = 1, 2) is
employed. The state of cylindrical bending of the FGM shell is assumed in the fol-
lowing derivations. The transverse strain energy due to the non-uniform distribution
of shear stress τα3 is given by formula

Uα = 1

2

∫ +h+

−h−
τα3(z)γα3(z)dz = 1

2

∫ +h+

−h−

τ 2
α3(z)

G(z)
dz. (20)

The transverse shear stress may be computed as follows
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τα3(z) = Qα

Dn
FGM

f (z), f (z) =
∫ z

−h−

E(ζ )

1 − ν(ζ )2
(ζ − ζ0)dζ , (21)

where Qα is shear force, ζ0 the distance between the middle and neutral surface [18,
72] and Dn

FGM bending stiffness computed with respect to the neutral surface

Dn
FGM =

∫ +h+
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(z − ζ0)

2dz. (22)

The substitution of (21) into (20) gives
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2
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The transverse strain energy may be also expressed by average shear strain γ̄α3

Ūα = 1

2
Qαγ̄α3 = (Qα)2

2αs Ḡ
, Ḡ =

∫ +h+

−h−
G(z)dz. (24)

Equality Uα = Ūα yields the following formula for the shear correction factor

αs =
(
Dn

FGM

)2

Ḡ
∫ +h+
−h−

[ f (z)]2

G(z) dz
. (25)

The integrals in (25) were computed numerically using the Gauss-Legendre
quadrature. The integrals Dn

FGM , f (z), Ḡ for FGM section with properties com-
puted based on rule of mixture (q = ∞) may be calculated analytically, see [72].

Plasticity with linear isotropic hardening for FGM shell of Cosserat type

The yield function based on J2 flow theory is assumed in the form

f = √
3J2 − σY (˙̄εp), (26)

where J2 is the second invariant of deviatoric stress tensor. The generalized form of
J2 for the Cosserat plane stress may be written as (see e.g. [16, 20, 73])
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The effective plastic strain is defined as
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(ė p12)

2 + 2

3
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where the dot denotes the time derivative and ėi j = ε̇i j − 1
3δi j ε̇kk is the deviatoric

strain.
Associated plastic flow rule and isotropic linear hardening are employed in the

current formulation

ε̇p = γ̇
∂ f

∂σ
, σY (ε̄p) = σ0

Y + H ε̄p, H = ∂ f

∂�γ̇
. (29)

In the computations the consistent elastoplastic modulus Cep is used in the form
proposed by De Borst [73]

σ̇ =
[

H − NTHHN
NTHN − H

]

ε̇ = Cep ε̇, a = ∂ f

∂σ
, (30)

where

N = ∂ f

∂σ
, H =

[

1 + �γ Ce ∂N
∂σ

]−1

Ce,�γ = ε̄p. (31)

The closest point projection (CPP) algorithm (see, e.g. [74, 75]) is used in numeri-
cal integration of the elastoplastic constitutive relations. The system of incremental
equations is solved using the Newton method. The application of CPP procedure in
the framework of the present shell theory is described in detail in [16].

3.3 Numerical Examples

The computations for nonlinear benchmark problems were performed with the own
FEM code CGM, written in Fortran. The 16-node shell elements (CAMe16) [6] with
full 4 × 4 Gauss-Legendre integration scheme were used in the numerical analyses.

Rectangular plate under in-plane compression

The first test is an example of rectangular plate subjected to a uniform axial compres-
sion, supported on the whole edge. This test for FGM plate was analyzed in papers
[20, 61] for six variants which differ in assumed ratios of plate dimensions and thick-
ness. In the present paper, the variant F (b/h0 = 80, a/b = 2.625) with complex
nonlinear behavior is analyzed. In comparison to paper [20], where the present shell
theory and numerical code were used, following changes are introduced: factor αs

is calculated for each n individually and initial imperfection is calculated as

w0 = wmax
0 sin

πx

a
sin

πy

b
, wmax

0 = 0.001b, (32)
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not as static solution obtained for imperfection imposed at middle point of the plate
[20]. Main goal of current study is to give insight into plate’s limit force and post-
buckling deformation for different values of imperfection amplitude.

The boundary conditions, uniform load, geometry and mesh 24 × 8 of CAMe16
elements are presented in Fig. 5. Only the quarter of the plate is analyzed, due to
assumed double symmetry of the task. The material parameters are set as follows:
Ec = 340GPa, Em = 206.2GPa, vc = 0.35, vm = 0.3, lc = lm = 0.0001mm,
N = √

2/2, Hm = 0, σ 0
Ym = 250MPa, q = 4.5GPa. Load is defined as p = λ · pre f ,

where pre f = σ 0
Ym · h0. Here 7-point Gauss-Legendre quadrature was used in the

through-the-thickness integration.
The comparison of current and reference solutions is presented in Fig. 6. The

limit load of FGM plate becomes lower with the increase of parameter n, because
of greater volume fraction of the weaker metal constituent. Very good agreement
for most curves is observed. For three cases (n = 5.0, purely ceramic and metallic
plates) agreement is not perfect, what can be explained by path drawn with respect
to wB displacement (Fig. 6, right graph). In those cases, initial imperfection deepens
while loading proceeds in the reference solution, while in current solution middle
point deflection tends to revers it’s direction.

In further study, cases n = 0.5 and n = inf. (metallic plate) are investigated. Their
behavior change with respect to initial deformation amplitude value is analyzed,
namely initial value of wmax

0 is varied in range from 0.001b to 0.02b. Figure 7
presents equilibrium curves with respect to the deflection at point B in series of
analysis. In both series, in case wmax

0 = 0.01b the highest limit load is achieved.
For n = inf. limit load is 14% higher than for wmax

0 = 0.001b case and for n = 0.5
this increase equals 11%. Figure 8 shows final achieved configurations for different

Fig. 5 Rectangular compressed plate: geometry, mesh, boundary conditions and load
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Fig. 6 Rectangular compressed plate: influence of power law exponent n on equilibrium paths,
comparison of reference solution [20] with present results

Fig. 7 Rectangular compressed plate: influence of initial deformation amplitude value on load-
deflection curves

Fig. 8 Rectangular compressed plate: deformation and contour plot of ˙̄εp at the end of analysis
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analysis, with contour plots of ˙̄εp (through-the-thickness envelopes). Plastic zones
in every case cover almost whole plates, but some narrow zones of the highest
values of effective plastic strain could be recognized. Symmetry line deformation,
distinguished with grey color, reveals different mid-point (B) deflection in showed
cases.

Channel section clamped beam

Thenonlinear resultant shell theory is especially dedicated to the analysis ofmultifold
shell structures containing branches and orthogonal intersections due to the problem
of the drilling degree of freedom. The example of such structure is fully clamped
short channel section beam loaded by concentrated force P at point A, see Fig. 9.
This benchmarkwas originally proposed in paper [6] for homogenous isotropic shell.
Then it was analyzed in the elastoplastic range in [16, 76, 77]. The nonlinear elastic
analysis of FGM channel section clamped beam was performed in [17]. Here for the
first time this example is investigated in the elastoplastic range for FGM section.

The material properties for ceramic and metal constituents Ec = 3.75 × 105,
Em = 1.07 × 105, νc = 0.14, vm = 0.34, Hm = 4600, σYm = 450, q = 4500
are assumed taking into consideration data from paper [57]. The computations are

performed for the following default values of Cosserat parameters N = √
2
/
2,

lm = lc = 1.5 · 10−4. Ten times greater in-plane dimensions (Fig. 9) and thirty times
greater shell thickness h0 = 1.5 than in the original version of test are assumed to
obtain coupling of local and global loss of stability with the plastic deformation. The
regular (4 + 8 + 4) × 36 mesh of CAMe16 elements, shown in Fig. 9, was used
in the Author’s code CGM. The corresponding discretization (6 + 12 + 6) × 54 of
eight-node shell elements S8R with reduced integration of matrices was generated
in the commercial code Abaqus [78]. The FGM section was modelled in Abaqus
by laminate section consisting of 30 layers of equal thickness with 3 integration
points per layer. The material properties were computed in the centre of each layer

Fig. 9 Channel section beam: geometry, mesh (4 + 8 + 4) × 36, boundary conditions and load
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according to formulas (10)–(14). Integration of constitutive equations in Author’s
FEM code was performed using 9-point Gauss-Legendre quadrature. The relatively
big number of integration points was used to obtain converged solution.

The equilibrium paths were obtained using displacement control method with the
control deflection uA of point A (Fig. 9). The influence of the power-law exponent n
on the load-deflection curves was investigated in the Author’s and Abaqus code. The
very good agreement between our equilibrium paths and reference curves is observed
in Fig. 10. In the case of FGM sections the loss of stability occurs for greater value
of uA than for metallic section.

Further computations were performed for n = 2.0. The influence of ratio of stress
to strain transfer q on the equilibrium paths is shown in Fig. 11. It is visible that with
increase of the parameter q the shell section becomes stiffer and has larger load
capacity. Similar as in previous papers [16–18] the influence of characteristic length
on the results is observed for values greater than shell thickness, see Fig. 12. For
lm = lc = 10h0 more than two times bigger limit load was obtained than for default
value of l. Moreover, increase of the parameter l changes shape of the equilibrium
path, because limit load point is observed for significantly lower value of deflection
uA. Change of characteristic length for only one constituent material shows that the
parameter lm affects the shape of the load-deflection curve. The parameter N has
very limited influence on the results, thus it is not presented here.

Fig. 10 Channel section beam: influence of the power law exponent n on load-deflection curves
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Fig. 11 Channel section beam: influence of parameter q on load-deflection curves

Fig. 12 Channel section beam: comparison of load-deflection curves for different values of char-
acteristic length lc, lm of ceramic and metal constituents, respectively
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4 Conclusions

The main features of elastoplastic constitutive relation for FGM shell are presented
within the nonlinear resultant shell theory. In comparison to the previous paper [20],
where αs = 5/6 was assumed, here shear correction factor was computed using
formula (25). Moreover, the response of clamped FGM channel section beam is for
the first time analyzed in the elastoplastic range. The very good agreement between
our results and reference solutions (own Abaqus computations) confirms correctness
of the proposed constitutive equations. Our results show that the stiffness of the
FGM structures decreases with the growth of the power law exponent also in the
elastoplastic range. The effect of increased load capacity for l > h0 may be helpful
in modelling of complex materials with microstructure such as e.g. foams, beam
lattices. The significant influence of the parameter q on the load-deflection curves
is observed. Taking into consideration that the value of q was assumed based on the
value proposed for mixture of metals in paper [69] accurate determination of this
parameter should be area of further experimental and numerical studies.
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17. Daszkiewicz, K., Chróścielewski, J., Witkowski,W.: Geometrically nonlinear analysis of func-
tionally graded shells based on 2-D Cosserat constitutive model. Eng. Trans. 62, 109–130
(2014)
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On Optimal Archgrids

R. Czubacki and T. Lewiński

Abstract The aim of the paper is twofold. The first part deals with the optimum
design of fully stressed planar funiculars of least volume. The problem turns out
to be reducible either to a transverse shear force based minimization problem or
to a displacement based maximization problem. In the second part of the paper
a proof is given that the similar optimum design problem of archgrids proposed by
W.Prager andG.I.N.Rozvany in 1970s can be reduced to twomutually dual problems
expressed in terms of a vector stress field or in terms of scalar displacements. The both
formulations are new and deliver the tools for the setting and solving the problem of
optimal archgrids effectively. The method is illustrated by the example concerning
the optimal roof over a square domain.

1 Introduction

Planar pin-supported arches subject to vertical transmissible loads can be formed
in a manner which assures vanishing of the bending moments. Such arches, called
funiculars, are not subject to shear and the only non zero stresses act along the arch
axis. By appropriate choice of the cross section areas the axial stress can be made
uniform in the whole arch body. Let this stress reach the limit value −σC . Among
such uniformly stressed arches one can find the arch of the least volume. This arch
cannot be too shallow and cannot be too high. It turns out that the least volume
arch satisfies the mean square slope condition, cf. [18, 20]. In particular, the least
volume arch under a uniform load assumes the shape of a parabola inscribed into an
equilateral triangle; its rise is equal the half of the height of the triangle.
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The theory of optimal funiculars is outlined in the two first sections of the present
paper. The optimization problem is expressed by two mutually dual problems, both
in two variants. The first problem is a minimization of the L2 norm (or its square - in
the second variant) of the transverse shear force over the set of statically admissible
shear forces.

The second problem reduces to maximization of the virtual work over the set of
vertical displacements v such that L2 norm of slope dv/dx is bounded from the upper
side (or—reduces to maximization of an elastic potential—in the second variant).

This variational setting of the problem of optimum design of funiculars paves
the way towards a correct setting of optimum design of archgrids. The fundamental
paper on the archgrids has been written by Rozvany and Prager [20]. In papers by
Rozvany et al. [21], Rozvany and Wang [22], Wang and Rozvany [23], Darwich
et al. [10] the funiculars and archgrids are treated as Michell structures and are
discussed within the approach called now the theory of optimal layout, cf. Jiang et
al. [15]. In the present paper the methods of the general theory of optimal layout will
not be invoked. The theory of archgrids will be constructed with using the tools of
the paper by Rozvany and Prager [20]—the unknown fields will be defined on the
structure and not on the design domain in which the structure is embedded.

We consider the problem in which a given vertical load of intensity q(x, y) is
transmitted to the contour Γ of a convex domain Ω along the planar arches in the
planes: y = const and x = const; x , y are Cartesian coordinates parametrizing Ω

lying on the z = 0 plane. If q represents a distributed load the arches will be infinitely
thin; they form two surfaces: zx (x, y), zy(x, y). Their shapes are chosen such that the
arches are not subject to bending and transverse shearing. The arches are uniformly
stressed up to σ = −σC , σ being the axial stress.

Rozvany and Prager [20] proved that the condition of minimum volume implies
zx (x, y) = zy(x, y) = z(x, y), hence the optimal archgrid becomes a gridwork on a
single shell. The present paper confirms this result. The optimum design problem is
reduced to an auxiliary problem ofminimization of a functional℘(T ), T = (Tx , Ty),
whose argument is subject to the condition: divT + q = 0. The functional ℘(·) has
the properties of a norm, hence is convex and of linear growth. This auxiliary problem
determines possible numerical approaches to solve the initial problem. The fields Tx ,
Ty represent transverse shear forces in the simply supported effective beams along x
and y directions. Upon computing Tx , Ty one can recover the loads qx = −∂Tx/∂x ,
qy = −∂Ty/∂y acting on the arches in the planes: y = const, x = const, as well as
- find the optimal areas of cross sections. The minimizer (Tx ,Ty) can vanish on a
certain subdomain of Ω and there the roof will not be designed, being unnecessary.

The problem of minimization of the functional ℘(T ) is then reformulated to the
dual form. In this new problem the virtual work of the load q is maximized over
the vertical displacements which along each sections: y = const, x = const satisfy
the mean square slope conditions. The solution z(x, y) of this problem
represents the elevation function of the archgrid. One can prove that ∇z is deter-
mined by T but the relation cannot be inverted.

The optimal archgrids are not shells, they are only formed on a single surface.
From the dense family of arches of an optimal archgrid one can select the main
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arches and replace the grid structure between them by a shell. The structural shell
thus constructed is rationally designed such that the bending is minimized. By using
the theory of structural shells developed in Sects. 3.6 and 3.7 of Chróścielewski
et al. [1] the final statical analysis can be performed leading to the final process of
dimensioning.

2 Optimal Pin-Supported Planar Arches—The Direct
Construction

We consider the problem of optimum design of a three hinges planar arch subject to
a vertical load of intensity q(x̄) referred to the horizontal line linking the supports.
The pin supports are at points A and B; the ordinate x̄ runs along the x axis, cf. Fig. 1.

We assume that the load follows the arch if it is redesigned and does not change its
intensity q(x̄); such loads are called transmissible, see Fuchs and Moses [13] where
this term has been introduced for the first time.

For any load distribution q(x̄) one can choose the shape of the arch: z = z(x),
0 ≤ x ≤ l, for which the bending is absent. The construction of such a shape is well-
known; we follow the paper by Hetmański and Lewiński [14], Lewiński and Sokół
[16]. In the first step we consider a simply supported beam subject to the same load
q(x̄), see Fig. 2.

The load q causes the bending moment in the effective beam:

M̂(x) = V̂A x −
∫ x

0
(x − x̄) q(x̄) dx̄ , (1)

where

V̂A = 1

l

∫ l

0
(l − x̄) q(x̄) dx̄ . (2)

Fig. 1 The funicular problem
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Fig. 2 The effective simply supported beam

Let us come back now to the problem of the arch, Fig. 1. The bending moment in the
section over the ordinate x is expressed by

M(x) = VA x − Hz(x) −
∫ x

0
(x − x̄) q(x̄) dx̄ . (3)

We note that VA = V̂A and

M(x) = M̂(x) − Hz(x) . (4)

Now we require: M(x) = 0 for each 0 ≤ x ≤ l, which leads to the formula for the
optimal shape of the arch

z(x) = 1

H
M̂(x) . (5)

By differentiating we get
dz

dx
= 1

H
T̂ (x) , (6)

where

T̂ (x) = V̂A −
∫ x

0
q(x̄) dx̄ (7)

represents the transverse shear force in the effective beam. We differentiate (6) and
come across

H
d2z

dx2
+ q(x) = 0 , (8)

which is the funicular equation, see Rozvany [18].
The arch thus constructed is also free of transverse shear; for the proof the reader

is referred to Hetmański and Lewiński [14].
Let us assume the areas A(x) of the cross sections such that the axial stress in the

arch is made uniform. This condition is achieved by taking
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A(x) = H

σC cosϕ(x)
, (9)

where ϕ(x) = arctan
(
dz
dx

)
. The volume of such an arch is expressed by

V = H

σC

∫ l

0

[
1 +

(
dz

dx

)2
]
dx , (10)

and substitution of (6) gives

V = 1

σC

[
H l + 1

H
‖T̂ ‖2

]
, (11)

with

‖T̂ ‖ =
(∫ l

0
(T̂ (x))2 dx

)1/2

(12)

being the L2(0, l) norm of T̂ .
Minimization of V over H leads to the optimum value of the horizontal force

Ȟ = 1√
l
‖T̂ ‖ , (13)

and to the formula for the volume of the optimal arch

V̌ = 2
√
l

σC
‖T̂ ‖ . (14)

The optimal shape of the arch is given by

ž(x) =
√
l

‖T̂ ‖ M̂(x) ,
dž

dx
= √

l
T̂ (x)

‖T̂ ‖ . (15)

We note that the function dž
dx satisfies the condition ‖ dž

dx ‖ = √
l or

1

l

∫ l

0

(
dž

dx

)2

dx = 1 . (16)

This is just themean square slope condition discovered by Rozvany and Prager [20].
Summing up, the direct construction of the optimal arch is as follows. We solve

the problem of the effective simply supported beam under the load q(x). We find the
diagrams of M̂(x) and T̂ (x). The optimal arch is a three-hinge structure, the hinge
can be placed anywhere. Its shape is given by ž(x) which is proportional to M̂(x),
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see (15). The level function ž(x) satisfies the mean square slope condition (16). The
optimal area of the cross section is determined by (9) or

Ǎ(x) = 1

σC

√
l

[
‖T̂ ‖2 + l (T̂ (x))2

]1/2
. (17)

It is seen that Ǎ ≥ 1
σC

√
l
‖T̂ ‖. The cross section area cannot degenerate to zero.

3 The Variational Construction of the Optimal Arch

Let us note that the volume V̌ of the optimal arch can be directly expressed by the
level function ž(x):

V̌ = 2

σC

∫ l

0
q(x̄)ž(x̄) dx̄ . (18)

The proof of this formula is as follows. We start from recalling that the field T̂ (x)
given by (7) satisfies the variational equation

∫ l

0
T̂
dṽ

dx
dx =

∫ l

0
qṽ dx ∀ ṽ such that ṽ(0) = ṽ(l) = 0 . (19)

The function ž satisfies, ž(0) = ž(l) = 0, hence one can choose ṽ = ž and, by using
the second equation of (15) we arrive at

∫ l

0
q ž dx =

∫ l

0
T̂

d ž

dx
dx = √

l ‖T̂ ‖ , (20)

and, due to (14), we confirm (18).
Thus, we have derived two alternative formulae for V̌ : (14) and (18). We shall

see below that this fact has deeper theoretical reasons. Consider two problems of
variational calculus

Z1 = max

{∫ l

0
qvdx | v such that :

∫ l

0

(
dv

dx

)2

dx ≤ 1 and v(0) = v(l) = 0

}
,

(21)

Z2 = min

{(∫ l

0
Q2(x) dx

)1/2

| Q such that : dQ

dx
+ q = 0

}
. (22)

We show below that the above problems are mutually dual and their solutions are:
v = 1√

l
ž and Q = T̂ . Moreover, the duality gap is zero, or Z1 = Z2 = Z .

Let us introduce the notation
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< u, v >=
∫ l

0
u v dx . (23)

The differential condition nested in (22) can be written in the form (19) or

< Q,
dv

dx
>=< q, v > (24)

for each v vanishing for x = 0 and x = l.
We write (22) with using the Lagrangian multipliers:

Z2 = min
Q

max
v

v(0)=v(l)=0

{
‖Q‖+ < q, v > − < Q,

dv

dx
>

}
, (25)

where now Q does not obey the differential constraints nested in (22), Q is arbitrary,
except for regularity conditions omitted here. We interchange the “min” and “max”
operations to get

Z2 = max
v

v(0)=v(l)=0

{
< q, v > −F(

dv

dx
)

}
, (26)

with
F(p) = max

Q
{< Q, p > −‖Q‖} (27)

being the Fenchel transform of: Q → ‖Q‖. The result of “max” operation in (27) is
known, see Duvaut and Lions [11]

F(p) =
{
0 if ‖p‖ ≤ 1

+∞ otherwise
. (28)

Let us outline the proof of (28). Let Q(x) = ‖Q‖η(x), ‖η‖ = 1. We compute

< Q, p > −‖Q‖ = ‖Q‖(< η, p > −1) . (29)

To maximize the r.h.s. of (29) over η one should take η = p/‖p‖, which gives

< Q, p > −‖Q‖ = ‖Q‖(‖p‖ − 1) . (30)

We proceed now to maximizing the r.h.s. of (29) over ‖Q‖. If the underlined factor
in (30) is equal or smaller than 0, then the operation “max” over ‖Q‖ gives the 0
value. Otherwise the expression at the r.h.s. of (30) may be arbitrarily big, which
proves (28).

Substitution of (28) into (26) gives (21). Hence Z1 = Z2. Moreover, the substitu-
tion of v = 1√

l
ž into (21), with taking into account (20), leads to the equality
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Z1 = 1√
l

∫ l

0
q(x) ž(x) dx = ‖T̂ ‖. (31)

We shall show now that Q = T̂ is the minimizer of (22). The field Q must satisfy
the equilibrium equation nested in (22), hence Q may be represented by

Q(x) = T̂ (x) + c , (32)

where c is an arbitrary constant. Moreover,

∫ l

0
T̂ (x) dx =

∫ l

0

d M̂

dx
dx = 0 , (33)

since M̂(0) = M̂(l) = 0. Therefore

∫ l

0
(Q(x))2 dx = ‖T̂ ‖2 + l c2 , (34)

or

Z2 = min
c∈R

[
‖T̂ ‖2 + l c2

]1/2 = ‖T̂ ‖ , (35)

which confirms the equality Z1 = Z2, see (31) and determines the minimizer of (22)
and the maximizer of (21). In the discussion above we have found the solution to
the problem (22), but we have not shown the construction of the problem (21). This
construction can be done by noting that the solution v of the problem (21) is also the
stationary point of the functional

J2(u) =
∫ l

0
q u dx + λ

∫ l

0

(
du

dx

)2

dx . (36)

The condtion δ J2 = 0 leads to

− 2λ
d2u

dx2
+ q = 0 , (37)

see (8), and since u(0) = u(l) = 0, we find u = − 1
2λ M̂ . Thus, the maximizer of

problem (21) has the form: v = αM̂ and the constant α is determined by (16), or

α2
∫ l

0

(
d M̂

dx

)2

dx = 1 , (38)
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hence α = 1
‖T̂ ‖ . Thus, v = M̂(x)

‖T̂ ‖ while by the equation: ž(x) = √
l v(x) we find the

level function ž given previously by (15).
We see that the maximizer ž of problem (21) and the minimizer T̂ of problem (22)

are linked by (15). This formula cannot be inverted. Having T̂ one can find dž/dx ,
but not vice versa.

The problem (22) is equivalent to the problem

Z̃2 = min

{∫ l

0
(Q(x))2 dx | Q such that : dQ

dx
+ q = 0

}
, (39)

since the function x → √
x is increasing. We shall show that the problem dual to

(39) reads

Z̃1 = max

{∫ l

0
q v dx − 1

4

∫ l

0

(
dv

dx

)2

dx | v(0) = v(l) = 0

}
, (40)

and Z̃1 = Z̃2.Moreover, if v = v̂ is themaximizer of (40) andQ = T̂ is theminimizer
of (39) then

v̂ = 2M̂,
d M̂

dx
= T̂ , M̂(0) = M̂(l) = 0, Z̃1 = Z̃2 = ‖T̂ ‖2 . (41)

Let us re-write (39) as follows

Z̃2 = min
Q

max
v

v(0)=v(l)=0

{∫ l

0
Q2 dx +

∫ l

0
q v dx −

∫ l

0
Q
dv

dx
dx

}
, (42)

hence

Z̃2 = max
v

v(0)=v(l)=0

{∫ l

0
q v dx − F1(

dv

dx
)

}
, (43)

where

F1(p) = max
Q

∫ l

0

(
Qp − Q2

)
dx . (44)

We compute

F1(p) = 1

4

∫ l

0
p2 dx . (45)

Substitution of this result into (43) gives (40). Now we proceed to derive (41). We
know that the minimizer of (39) is Q = T̂ , where T̂ is the shear force in the effective
beam. The maximizer v = v̂ of (40) satisfies the Euler-Lagrange equation for the
functional (40) or
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d2v̂

dx2
+ 2q = 0 , (46)

with v̂(0) = v̂(l) = 0.Hence v̂ = 2M̂ where M̂ is the bendingmoment in the effective
beam. Let us note that

∫ l

0
q M̂ dx = −

∫ l

0

dT̂

dx
M̂ dx = −

∫ l

0

[
d

dx
(T̂ M̂) − T̂

d M̂

dx

]
dx =

∫ l

0
(T̂ )2 dx = ‖T̂ ‖2 .

(47)
We compute

Z̃1 =
∫ l

0
q (2M̂) dx − 1

4

∫ l

0

(
2
d M̂

dx

)2

dx = 2‖T̂ ‖2 − ‖T̂ ‖2 = ‖T̂ ‖2 , (48)

which confirms: Z̃1 = Z̃2.
In the simplest case of q = const the level function of the optimal arch is given

by

ž(x) = √
3 l

( x
l

) (
1 − x

l

)
. (49)

The parabola is inscribed into an equilateral triangle. The volume of the optimal arch
equals

V̂ =
√
3

3

ql2

σC
. (50)

4 Optimal Archgrids

4.1 Setting of the Optimization Problem

The subject of the discussion is a rational design of canopies (or roofs) over plane
domains. The roofs are to be formed of two families of planar arches with the planes
being mutually orthogonal. The arches are packed densely, they are infinitely thin
thus forming two roofs of level functions zx (x, y), zy(x, y), where the net (x, y) is
Cartesian. The roof is supported on the level z = 0, z being orthogonal to the (x, y)
plane.

We confine our attention to the case of the roof being designed over a convex
plane domain Ω . Thus, the lines x = const cut the contour Γ of Ω at least at two
points: (x, y1(x)), (x, y2(x)), y1(x) ≤ y2(x), where a ≤ x ≤ b. Similarly, the lines
y = const cut the contour Γ at least at two points: (x1(y), y), (x2(y), y), x1(y) ≤
x2(y); c ≤ y ≤ d, see Fig. 3.

The roof is subject to the vertical transmissible load of intensity q(x, y)measured
per a unit area of the (x, y) plane. The load of density qx (x, y) is carried by the
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Fig. 3 Description of the archgrid problem

arches lying in the planes y = const and the arches lying in the planes x = const are
subject to the load qy(x, y). Thus, q(x, y) = qx (x, y) + qy(x, y).

Thus, the arches supported at points (x1(y), y), (x2(y), y) are subject to the load
qx (x, y). The arches supported at points (x, y1(x)), (x, y2(x)) are subject to the load
qy(x, y). The horizontal reactions are denoted by Hx (y), Hy(x), respectively. The
shapes of the arches are chosen such that the bending does not occur, see Sect. 2.
The areas of the cross-sections Ax (x, y), Ay(x, y) are designed in a way to make
the stress distribution uniform. The axial stress σ = −σC , σC being the permissible
stress in compression. This assumption determines the volume of the roof. The aim
of the optimum design is to choose the elevation functions zx , zy corresponding to
the least volume design.

The problem stated is a natural extension of the problem posed in Sects. 2, 3
concerning the optimum design of a single arch. Like in Sect. 2 we introduce the
effective beams simply supported at the ends: (x1(y), y), (x2(y), y) and of length
lx (y) = x2(y) − x1(y) and the effective beams supported at the ends: (x, y1(x)),
(x, y2(x)) and of length ly(x) = y2(x) − y1(x).

The beams are subject to the loads of intensities qx (x, y), qy(x, y), respectively.
There appear the transverse shear forces T̂x (x, y), T̂y(x, y) and bending moments
M̂x (x, y), M̂y(x, y) linked with the load by the equilibrium equations

∂ T̂x
∂x

+ qx = 0, T̂x = ∂ M̂x

∂x
, (51)
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∂ T̂y

∂y
+ qy = 0, T̂y = ∂ M̂y

∂y
. (52)

In order to eliminate bending we assume

zx = 1

Hx (y)
M̂x (x, y), zy = 1

Hy(x)
M̂y(x, y) . (53)

The angles of slopes ϕx , ϕy of the level functions are determined by

tan ϕx = ∂zx
∂x

, tan ϕy = ∂zy
∂y

. (54)

In order to make the axial stress uniform we assume the areas of the cross sections
according to (9) or

Ax = Hx

σC cosϕx
, Ay = Hy

σC cosϕy
. (55)

The elementary lengths of the neutral axes of the arches are

dsx = dx

cosϕx
, dsy = dy

cosϕy
. (56)

The volume of all the arches in the planes y = const is given by

Vx =
∫ d

c

∫ x2(y)

x1(y)
Ax dsxdy , (57)

hence

σC Vx =
∫ d

c

∫ x2(y)

x1(y)

Hx (x)

cos2 ϕx (x, y)
dxdy . (58)

By using the formulae (51)–(56) we rearrange this formula as below

σC Vx =
∫ d

c
lx (y) Hx (y) dy +

∫ d

c

1

Hx (y)

∫ x2(y)

x1(y)

(
T̂x

)2
dxdy . (59)

By analogy, the volume of all the arches in the x = const planes is given by

σC Vy =
∫ b

a
ly(x) Hy(x) dx +

∫ b

a

1

Hy(x)

∫ y2(x)

y1(x)

(
T̂y

)2
dydx . (60)

The total volume of the archgrid is V = Vx + Vy . The transverse forces are linked
by
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∂ T̂x
∂x

+ ∂ T̂y

∂y
+ q = 0 , (61)

since qx + qy = q. Thus, the transverse forces satisfy the variational equation

G(ṽ) = 0 for each ṽ = 0 on Γ , (62)

where

G(v) =
∫

Ω

q v dxdy −
∫

Ω

(
T̂x

∂v

∂x
+ T̂y

∂v

∂y

)
dxdy . (63)

The aim is to find the least volume archgrid, hence V = Vx + Vy is to be minimized
over admissible T̂x (x, y), T̂y(x, y), Hx (y), Hy(x). The transverse forces are subject
to (62), (63) and Hx , Hy are non-negative.

4.2 Analysis of the Optimization Problem

Before proceeding further we define the operations

ρx ( f ; a(x), b(x)) =
(∫ b(x)

a(x)
( f (x, y))2 dy

)1/2

,

ρy( f ; a(y), b(y)) =
(∫ b(y)

a(y)
( f (x, y))2 dx

)1/2

, (64)

where a(x) < b(x) are given functions.
Note that for given x the functional ρx (·; a(x), b(x)) is a norm and, similarly, for

given y the functional ρy(·; a(y), b(y)) is a norm.
Let us introduce the Lagrangian

L = σC
[
Vx + Vy + 2G(v)

]
. (65)

We require δL = 0 for arbitrary δT̂x , δT̂y , δHx , δHy , δv, which results in

Hx (y) = 1√
lx (y)

ρy(T̂x ; x1(y), x2(y)),

Hy(x) = 1√
ly(x)

ρx (T̂y; y1(x), y2(x)), (66)

and
∂v

∂x
= 1

Hx (y)
T̂x ,

∂v

∂y
= 1

Hy(x)
T̂y . (67)
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Similar equations have been found in Sect. 2 concerning planar funiculars: compare
(13) with (66) and (6) with (67).

Assume now that Hx (y) > 0 and Hy(x) > 0. On combining (63) and (67) one
arrives at the variational problem: find v vanishing on Γ such that

aH (v, ṽ) =
∫

Ω

q ṽ dxdy (68)

for each ṽ vanishing on Γ , the bilinear form at the l.h.s. of (68) being

aH (v, ṽ) =
∫

Ω

[
Hx (y)

∂v

∂x

∂ ṽ

∂x
+ Hy(x)

∂v

∂y

∂ ṽ

∂y

]
dxdy . (69)

This bilinear form is elliptic, since Hx (y) > 0 and Hy(x) > 0. The problem (68) is
uniquely solvable.

The Eqs. (51), (52), (53), (67) imply

Hx (y)
∂

∂x
(zx − v) = 0, Hy(x)

∂

∂y
(zy − v) = 0 . (70)

Let A = {y | Hx (y) > 0}. Then for y ∈ A the first equation of (70) implies

zx (x, y) − v(x, y) = f1(y) .

Let us note that for each y ∈ A there exists x such that (x, y) ∈ Γ and then

f1(y) = 0 ,

since zx and v vanish on Γ . Thus

zx (x, y) − v(x, y) = 0 for y ∈ A .

If Hx (y) = 0 then from (55) we get Ax = 0, which indicates that the arch for y =
const. does not exist and the functions zx and v are not linked. Similarly,

zy(x, y) − v(x, y) = 0

for those x for which Hy(x) > 0. Hence

zx (x, y) = v(x, y), zy(x, y) = v(x, y) (71)

for x such that Hy(x) > 0 and for y such that Hx (y) > 0.
We see that z = v is the solution to (68). Its local form reads
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Hx (y)
∂2z

∂x2
+ Hy(x)

∂2z

∂y2
+ q(x, y) = 0 . (72)

This is the archgrid equation, a counterpart of the funicular equation (8). The identities
(71) link the level functions of optimal arches in the x and y directions, thus forming
a grid shell over the given domain Ω . Thus, from now onward the division of q into
qx and qy becomes irrelevant, since the final equations involve the initial load only.
The identities (71) have been first noted by Rozvany and Prager [20], Rozvany et al.
[19, 21].

Let w = (u(x, y), v(x, y)) and

℘(w) =
∫ b

a

√
ly(x) ρx (v; y1(x), y2(x)) dx +

∫ d

c

√
lx (y)ρy(u; x1(y), x2(y)) dy .

(73)
This functional satisfies: ℘(λw) = |λ|℘(w), λ ∈ R, ℘(w1 + w2) ≤ ℘(w1) +
℘(w2), ℘ (w) ≥ 0 and ℘(w) = 0 =⇒ w = 0. Note that ℘(·) is convex and of
linear growth.

The above functional is helpful in expressing the total volume V = Vx + Vy of the
archgrid in terms of the transverse force vector T̂ = (T̂x , T̂y). Indeed, by substituting
the results (66) into (59) and (60) one obtains

V = 2

σC
℘(T̂ ) . (74)

According to (61) the vector T̂ satisfies divT̂ + q = 0. The set of such vectors is
rich, in contrast to the case of planar funiculars. The problem of minimal volume of
the archgrid reduces to solving

Z2 = min {℘(Q) | Q such that : divQ + q = 0} , (75)

where Q = (Qx , Qy) is a trial vector of transverse shear forces in the effective
beams. The problem (75) is solvable. The minimizer Q̌ may vanish in a subdomain
of Ω . The effective domain of Q̌ is denoted by Ωm .

Assume that Q̌ is the minimizer of (75). Then we can compute the horizontal
forces by (66) and then solve the problem (68) to find the elevation function v =
z(x, y).

By substituting

Q̌x = Hx (y)
∂z

∂x
, Q̌y = Hy(x)

∂z

∂y
, (76)

into (66) one finds the equations
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ρy(
∂z

∂x
; x1(y), x2(y)) = √

lx (y),

ρx (
∂z

∂y
; y1(x), y2(x)) = √

ly(x), (77)

to hold there, where Q̂x �= 0 and Q̂y �= 0, respectively. The Eq. (77) express themean
square slope conditions for the arches in x and y directions, cf. (16).

The problem dual to (75) reads

Z1 = max

{ ∫
Ω

q v dxdy | ρy

(
∂v

∂x
; x1(y), x2(y)

)
≤ √

lx (y) for c ≤ y ≤ d;

ρx

(
∂v

∂y
; y1(x), y2(x)

)
≤ √

ly(x) for a ≤ x ≤ b,

v = 0 on Γ

}
.

(78)
Let us outline the proof of the equality Z1 = Z2. We re-write problem (75) as

Z2 = min
T

max
v

v=0 on Γ

{℘(T )+ < q, v > − < T ,∇v >} , (79)

where

< u, v >=
∫

Ω

u · v dxdy, < q, v >=
∫

Ω

q v dxdy , (80)

and interchange the order of the operations: min and max to find

Z2 = max
v

v=0 on Γ

{< q, v > −F(∇v)} , (81)

where
F( p) = max

T
{< T , p > −℘(T )} , (82)

is the Fenchel transform of ℘(T ).
We compute F for p = (px , py)

F( p) =max
Ty

{∫ b

a

∫ y2(x)

y1(x)
Ty py dydx −

∫ b

a

√
ly(x)ρx (Ty; y1(x), y2(x)) dx

}
+

max
Tx

{∫ d

c

∫ x2(y)

x1(y)
Tx px dxdy −

∫ d

c

√
lx (y)ρy(Tx ; x1(y), x2(y)) dy

}
.

(83)
The first term can be expressed as below
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F1 = max
Ty

∫ b

a

[∫ y2(x)

y1(x)
Ty py dy − √

ly(x)ρx (Ty; y1(x), y2(x))
]
dx . (84)

We represent Ty(x, y) as follows

Ty(x, y) = ρx (Ty; y1(x), y2(x))φ(x, y) , (85)

where
ρx (φ; y1(x), y2(x)) = 1 , (86)

and substitute into (84) to get

F1 = max
Ty

∫ b

a

[
ρx (Ty; y1(x), y2(x))

[∫ y2(x)

y1(x)
φ py dy − √

ly(x)

]]
dx . (87)

By using Schwarz inequality and (86) one can estimate

∫ y2(x)

y1(x)
φ py dy ≤ ρx (φ; y1(x), y2(x))ρx (py; y1(x), y2(x)) = ρx (py; y1(x), y2(x)).

(88)
Thus,

F1 = max
Ty

∫ b

a
ρx (Ty; y1(x), y2(x))

[
ρx (py; y1(x), y2(x)) − √

ly(x)
]
dx , (89)

or

F1 =
{
0 if ρx (py; y1(x), y2(x)) ≤ √

ly(x)

+∞ otherwise
. (90)

Similar arguments can be applied to the second term of (83).
We eventually find

F( p) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if ρx (py; y1(x), y2(x)) ≤ √
ly(x)

and

ρy(px ; x1(y), x2(y)) ≤ √
lx (y)

+∞ otherwise

. (91)

Substitution of this result into (81) confirms (78) and the equality Z1 = Z2. The
maximizer v = ž(x, y) satisfies the first condition of (77) there, where Q̌x �= 0 and
it satisfies the second condition of (77) there, where Q̌y �= 0. On the other hand the
conditions nested in (78) are satisfied everywhere in Ω , even there, where Q̌ = 0.
Thus, the function v = ž which solves (78) must be constructed in Ω and not only
in Ωm being the effective domain of Q̌.
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The maximizer v = ž of problem (78) and the minimizer Q = Q̌ of problem (75)
are linked by (66), (67) or

∂ ž

∂x
= √

lx (y)
Q̌x

ρy(Q̌x ; x1(y), x2(y))
,

∂ ž

∂y
= √

ly(x)
Q̌y

ρx (Q̌y; y1(x), y2(x))
. (92)

These equations are non-invertible. Having Q̌ one can compute ∇ž, but not vice
versa. Moreover, by putting Ť = Q̌ in (66) we can compute the optimal values of
the horizontal forces Ȟx (y), Ȟy(x), which determine the bilinear form aȞ (·, ·) , see
(69). The maximizer ž of problem (78) is the solution to the elliptic problem (68)
and satisfies the local Eq. (72) for Hx = Ȟx , Hy = Ȟy .

The areas of the cross-sections of the arches in the planes y = const, x = const
forming the optimal archgrid are given by (55), or

Ǎx = 1

σC
√
lx (y)

[(
ρy(Q̌x ; x1(y), x2(y))

)2 + lx (y)
(
Q̌x

)2
]1/2

,

Ǎy = 1

σC
√
ly(x)

[(
ρx (Q̌y; y1(x), y2(x))

)2 + ly(x)
(
Q̌y

)2
]1/2

. (93)

Remark 4.1 The results (93) refer to the case of Q̌x �= 0, Q̌y �= 0 and then Ȟx > 0,
Ȟy > 0. However, for some loads q there could be Q̌x = 0 and Q̌y �= 0 and vice
versa. Then over this subdomain Ȟx = 0 and the problem reduces to that of Sect. 2.
If both Q̌x , Q̌y vanish then the roof is not necessary. The roof is constructed only in
the effective domain of (Qx )

2 + (Qy)
2.

5 Optimal Roof for a Uniform Vertical Load over a Square
Domain

Consider the problem of optimum design of an archgrid over a square domain Ω

of sides 2L × 2L , cf. Fig. 4. The load is assumed as transmissible and uniformly
distributed of an intensity q = const, acting along the z axes orthogonal to Ω . Here
lx (y) = 2L , ly(x) = 2L .

Both the problems (75), (78) will be solved by using the Fourier series expansions.
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Fig. 4 Problem formulation

5.1 Solution to the Problem (78)

The trial function v in (78) is expressed by the double cosine series truncated as
below:

v(x, y) =
M∑

m=1,3,5,...

M∑
n=1,3,5,...

vmn cos(αmx) cos(αn y) , (94)

where αm = (mπ)/(2L), the kinematic boundary conditions being satisfied iden-
tically. The computations have been performed for M = 99. The inequality condi-
tions involved in (78) are satisfied for the selected sections: y = i

200 L , i = 0, ..., 199;
x = j

200 L , j = 0, ..., 199. Thus, the problem (78) reduces to the maximization prob-
lem with a linear objective function and 400 non-linear inequality constraints. This
problem has been solved with the help of the available optimization tools in Math-
ematica software. We note that the optimal roof forms the non-convex surface, see
Fig. 5. This property of non-convexity is well seen while analysing the shape of the
cross sections x = const, see Fig. 6. These results show that the arches close to the
edges are partly loaded upward, while the arches within the central part of the roof
are subject to the load directed downward. Yet, let us stress that all the arches are in
compression.

The method discussed delivers the volume V(78) = 3.681V0, V0 = qL3/σC . The
maximal elevation (at the center) of Ω turns out to be: 0.8275L .
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Fig. 5 The shape of the optimal archgrid found by solving the problem (78)

Fig. 6 The cross sections of the level function z for x = 0 + i
20 L , i = 0, ..., 19. The solid lines

represent the solutions to the problem (78), the results of the problem (75) are denoted by the dashed
lines

5.2 Solution to the Problem (75)

The components of the test vector Q are expanded as below:



On Optimal Archgrids 223

Qx (x, y) =
N∑

m=1

N∑
n=1

Qx
mn cos(αm x̃) sin(αn ỹ) ,

Qy(x, y) =
N∑

m=1

N∑
n=1

Qy
mn sin(αm x̃) cos(αn ỹ) , (95)

where x̃ = x + L and ỹ = y + L , while the load will be expressed by the double
sine series:

q(x, y) =
N∑

m=1

N∑
n=1

qmn sin(αm x̃) sin(αn ỹ) . (96)

The equilibrium constraint nested in (75) implies

Qy
mn = −αmQx

mn + qmn

αn
. (97)

Theminimization operation in (75) is replaced byminimization over the unknown
independent coefficients Qx

mn . This operation is performed with the help of the built
in optimization tool in Mathematica software. The results presented correspond to
N = 29. Having the distribution of the transverse shear forces we can reconstruct
the shapes of the arches by numerical integration of the Eq. (92). The shapes thus
constructed compare favourably with the shapes obtained previously by performing
maximization in problem (78). The method used here delivers the optimal volume:
V(75) = 3.681V0. The maximal elevation turns out to be: 0.8275L

The same optimization problem has been the subject of the paper by Rozvany
and Prager [20], where theory of the optimal archgrids has been put forward yet not
reduced to the problems (75), (78). An updating scheme has been there constructed
to arrive at the optimal solution. By this method similar results have been found, in
particular the optimal volume has been assessed to be V = 3.665V0 and the maximal
elevation has been predicted as equal 0.8281L .

6 Final Remarks

Theproblemsof optimal funiculars andoptimal archgrids reduce to twomutually dual
auxiliary problems.Theminimization problemdetermines the transverse forces in the
effective beams, while the maximization problem determines the elevation function
of the roof. These solutions are linked by relations which express the gradient of the
elevation function by the transverse forces of the effective beams. These equations
cannot be inverted.

The paper shows that the problems of optimal funicular and optimal archgrids
fall within the known mathematical framework encompassing: the theory of Michell
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structures, theory of Prager-Rozvany grillages and the free material design in its
extended version, as elaborated in Czarnecki and Lewiński [3–7], Czarnecki [2],
Czubacki andLewiński [9],Czarnecki andWawruch [8],Dzierżanowski andLewiński
[12], cf. Lewiński et al. [17], Chap. 6.

Thus, the solutions to the auxiliary problems (78), (75) determine the subdomain
Ωm over which the roof should be constructed. Therefore, not only the elevation
function is constructed, but also a subdomain of the planar domain Ω is indicated
over which the roof should be built. This feature links this theory with the methods
of optimization of structural topology.

On the other hand, the method imposes that the arches are directed along the x
and y axes. It seems that this limitation of the method cannot be removed by new
theoretical approaches. Instead, a direct numerical approach based on the ground
structure concept should be applied.

To extend the approach used in the present paper towards archgrids composed
of arches within arbitrary planes orthogonal to the domain Ω , i.e. not necessarily
designed in the x = const and y = const planes, one should treat the archgrids as
Michell structures under transmissible loads. This approach will be the subject of
the forthcoming papers.
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12. Dzierżanowski, G., Lewiński, T.: Young’s modulus control in material and topology optimiza-
tion. In: Schumacher, A., Vietor, Th., Fiebig, S., Bletzinger, K.-U., Maute, K. (eds.) Advances
in Structural and Multidisciplinary Optimization. Proceedings of the 12th World Congress of
Structural and Multidisciplinary Optimization (WCSMO12), pp 1374–1385. Springer Interna-
tional Publishing AG, Cham (2018)

13. Fuchs, M.B., Moses, E.: Optimal structural topologies with transmissible loads. Struct. Multi-
discip. Optim. 19, 263–273 (2000)
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Cylindrical Shell Model of Helical Type
Wire Structures Accounting for Layers’
Interaction

Alexander N. Danilin and Sergey I. Zhavoronok

Abstract Analysis of overhead power transmission lines (OPL) involves the simula-
tion of statics and dynamics of conductors and cables togetherwith spiral accessories,
vibration dampers, and other devices accounting for internal conductors’ structures.
As a typical conductor is formed by wire layers wound on each other at different
angles, known issues arise in the estimates of stiffness, bearing capacity, and other
properties of such structure. Indeed, the bending stiffness of the conductor depends
considerably on its deformation and vary along the conductor axis as well as in time
since the wire layers may slip relative to each other, and a separate wire is movable
within the wire layer. On the other hand, each wire layer could be considered as
an equivalent elastic anisotropic cylindrical shell on the basis of energy averaging,
therefore a conductor or a spiral clamp could be modeled as a system of shells nested
into each other and interacting bymeans of pressure and friction. This method allows
one to obtain the formulae for the flexibility and stiffness of spiral structures. Some
simulation results for two-layer connecting clamps with conductors including the
estimates for the bearing clamp capacity limits are shown below.

1 Introduction

The wire structures such as overhead power line conductors are usually modeled by
cables or uniform flexible roads by averaging mechanical properties. This engineer-
ing approach was widely used in dynamics to simulate oscillations of conductors
loaded by wind flows [2, 4, 5, 12, 14, 20]. At the same time neglecting of internal
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structures of conductors does not allow one to account properly various effects of
their deformation [3, 5, 8, 12, 13, 15, 16, 19, 20], results in uncertainties in estimates
of properties of wired structures and leads to severe errors as it was shown by Papail-
iou [19]. Use of detailed finite element modeling of typical wire structures [11, 18]
remains extremely resource consuming, therefore it seems to be almost unacceptable
in problems of wired conductors’ dynamics. On the other hand the determination of
multiple contact interfaces between wires and wire layers depending on computing
algorithms effects significantly on simulation results, thus, the use of the direct finite
element simulation in 3D for structural optimization ofwiresmay become inefficient,
and the appropriate simplified modeling is required.

Two different assumptions about the deforming of wired structures that could be
interpreted as “opposite” in meaning result in lower and upper analytical estimates
for bending and torsional stiffness of conductors. These approaches assume ide-
ally independent behavior of wires or, vice versa, their ideal coupling, i.e. the rigid
connection of wires. Both approaches lead to simple models, however, Vinogradov
[28] has shown that such estimates obtained for one cable can differ by more than
70 times. The inaccuracy of such models and the inefficiency of detailed finite ele-
ment simulations lead to the development of various “intermediate” approaches, e.g.
based on the energy averaging of the properties of wire spirals in each wire layer of
a conductor’s structure. For instance, [3, 5, 12, 13, 15, 16, 22–24] considered the
deformation of an arbitrary spiral wire, and then the coupling of all wires in the layer
of in the whole conductor was assumed. At the same time the adequate modeling
of the adjacent layers’ interaction by the pressure and the friction forces may be
too difficult, and wrong hypotheses could demolish entirely the integrity of the wire
model and result in unacceptable errors.

An improved approach of Shalashilin et al. [27],Danilin [7],Danilin et al. [6] treats
each wire layer as an equivalent anisotropic cylindrical shell using energy averaging.
Conductors are interpreted hence as systems of cylindrical shells embedded into each
other and interacting through the pressure and friction. The further development
of this method is presented below. Indeed, one of the features of the shell-based
approach consists in the possibility of modeling of such complex systems as spiral
type clamps that are used for conductors suspending, tension, connecting, protecting
and repairing in the modern engineering practice (e.g. see [1, 6, 9, 10, 17, 25, 26,
29, 30]). The high flexibility of typical spiral clamps consisting in one or several
wired layers of limited length allows one to combine themwith different conductors,
moreover a spiral clamp integratedwith a conductor after installation forms an almost
monolithic structure. Thus, the layers of such a clamp mounted on a conductor could
be considered within the presented modeling strategy as additional limited-length
layers os wire structures. As the optimal design of clamps requires its geometry
parameters, i.e. the clamping length, direction, and angle of rise of spirals as well
as the load capacity to be estimated accurately, the appropriate models accounting
properly the pressure and friction must be constructed. Some estimates based on
the equivalent laminate shell models of wire structures of OPL’s conductors with
integrated spiral clamps are shown below.
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2 Reduction of a Helix Layer to An Equivalent Cylindrical
Shell

Let us consider the cross-section of a helical rod by an osculating plane (Fig. 1). Let
ρ = r/ cos2 α be the curvature radius, where α is the ascent angle, dΘ = ds/ρ:

The equilibrium of the forces in the rod can be formulated hence as follows:

dN

ds
− Q

ρ
+ t = 0; dQ

ds
+ N

ρ
− q = 0 (1)

while the equilibrium of couples results in the well known equation

dM/ds = Q

Let L be the turn pitch length measured along the conductor axis, and let S denote
the helix length along its own longitudinal axis:

S = 2πr

cosα
; L = S| sinα| = 2πr

| sinα|
cosα

(2)

Let us consider the equilibrium of the helix rod assuming the internal forces be
constant along the rod length. First, let us neglect the effect of the shear force Q.
Second, let us introduce the longitudinal force P (Fig. 2a); the resultant reaction
couple arising in the cross-section could be decomposed in the sum of the bending
couple Mb(P) and torque Mt (P):

Mb(P) = Pr sinα, Mt (P) = Pr cosα (3)

whereas the longitudinal force in the wire cross-section is defined as

Fig. 1 The equilibrium of the differential element of the helical rod in the osculating plane
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(a) (b)

Fig. 2 Couples in the cross section of the helical rod from the action of external force factors

N (P) = P sinα (4)

Let the transverse load q act along the curvature radius ρ = r/ cos2 α in the oscu-
lating plane. Assuming that only the translation w along the curvature radius appears
as a result of loading by q, moreover it remains constant along the rod, we obtain
the longitudinal force N (q) accordingly to the Eq. (1):

N (q) = qρ = qr

cos2 α
(5)

Finally, let us consider the external torque M acting along the rod longitudinal
axis as it is shown on the Fig. 2b and equilibrated by the internal torque Mt (M) and
the corresponding bending couple Mb(M):

Mb(M) = −M cosα, Mt (M) = M sinα (6)

As a result, we could define the summary bending, torsional, and longitudinal
internal reactions in the cross-section of the rod as functions of the external force P ,
the torque M , and the transverse load q:

Mb = Mb(P) + Mb(M) = Pr sinα − M cosα

Mt = Mt (P) + Mt (M) = Pr cosα + M sinα (7)

N = N (P) + N (q) = P sinα + qr/ cos2 α

Taking into account (7), we can represent the strain energy of the helix as follows:

U = 1

2

S∫

0

(
M2
b

E Jz
+ M2

t
G Jt

+ N2

EF

)
ds (8)

= S

2

⎡
⎢⎣ (Pr sinα−M cosα)2

E Jz
+ (Pr cosα+M sinα)2

GJt
+

(
P sinα+qr sec2 α

)2
EF

⎤
⎥⎦ (9)
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E Jz , GJt , and EF are bending, torsional, and longitudinal stiffness of the helical
rod.

Let us introduce the following conjugated generalized forces:

P∗ = P + N (q) sinα = P + qr sinα = P + qr
sinα

cos2 α
,

M∗ = M + N (q)r cosα = M + qr2
1

cos2 α
(10)

The work of the external force q on the displacement w can be defined as follows:

Aq =
S∫

0

qw ds

As w = Const within a coil of length S, we obtain Aq = qSw, therefore the
quantity Sw defines the generalized displacement being work-conjugated to the
force q.

Expressing the force P and torqueM through the conjugated ones P∗,M∗, and the
load q, and substituting them into (9) accordingly to (10) gives the final formulation
for the strain energy U :

U = S

2

{
1

E Jz

[
P∗r sinα − M∗ cosα − qr2

(
tan2 α − 1

)]2

+ 1

GJt

(
P∗r cosα + M∗ sinα − 2qr2 tanα

)2 + 1

EF

(
P∗ sinα + qr

)}
(11)

Thus, we can define the generalized displacements introduced by the differen-
tiation of the strain energy (11) with respect to P∗, M∗, and q as provided by the
Castigliano theorem:

Δ = ∂U

∂P∗ ; ϕ = ∂U

∂M∗ ; Sw = ∂U

∂q

here Δ denotes the elongation of the helical rod along the axis x , and ϕ is the angle
twisting of the rod around the longitudinal axis. The obtained constitutive equations
have the following matrix formulation:

[Δ ϕ Sw]T = A
[
P∗ M∗ q

]T
, A = (

ai j
) = (

a ji
)
, i, j = 1, 2, 3

where the elements of the matrix A are introduced below:
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Fig. 3 The reduction of the conductor layer to an equivalent shell

a11 = Sr2
(
1 + ψ

E Jz
sin2 α + cos2 α

GJt

)
; a12 = Sr

(
1

GJt
− 1

E Jz

)
sinα cosα

a22 = S

(
sin2 α

GJt
+ cos2 α

E Jz

)
; a33 = Sr4

[
(1 − tg2α)2 + ψ

E Jz
+ 4tg2α

GJt

]
(12)

a13 = −Sr3
(
tan2 α − (1 + ψ)

E Jz
+ 2

GJt

)
sinα

a23 = −Sr2
(
2 tan2 α

GJt
+ 1 − tan2 α

E Jz

)
cosα

here ψ = Jz/Fr2 is the dimensionless factor.
Let us consider the cylindrical shell of radius r and length L , loaded at its ends

by the longitudinal force T , the torque H , and the internal pressure p (see Fig. 3):
As provided by the proposed modeling concept, the shell should be elastically

equivalent to the conductor layer. First, the loads p1, M1, q1 acting on the separate
rod of the system should be related with the loads T , H , and q acting on the shell:

P1 = T
2πr

n
; M1 = H

n
; q1 = p

2πr L

nS
(13)

where n denotes the rods number. Thus, the constitutive equations for the relative
elongation ε, the relative twist angle θ, and the deflection w for the equivalent cylin-
drical shell could be introduced accounting for (13) in the matrix representation:

[ε θ w]T = B [T H p]T B = (
bi j

)
, i, j = 1, 2, 3 (14)

The elements of the matrix B are defined as follows:
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b11 = 2πr3

n| sinα|
(
1 + ψ

E Jz
sin2 α + cos2 α

GJt

)

b12 = r

n

(
1

GJt
− 1

E Jz

)
sgnα cosα, b21 = 2πrb12

b13 = −2πr4

n

[
tan2 α − (1 + ψ)

E Jz
+ 2

GJt

]
sinα, b31 = b13

b22 = 1

n| sinα|
(
sin2 α

GJt
+ cos2 α

E Jz

)

b23 = −2πr3

n

(
2 tan2 α

GJt
+ 1 − tan2 α

E Jz

)
cosα, b32 = b23

2πr

b33 = 2πr5

n
| sinα|

[
(1 − tan2 α)2 + ψ

E Jz
+ 4 tan2 α

GJt

]
(15)

3 Stiffness of a Conductor

As a conductor is modeled by an elastic rod with corresponding mechanical proper-
ties, the constitutive equations can be introduced accordingly to the Hookean law:

(ε θ κ)T = B (N H M)T or (N H M)T = R (ε θ κ)T (16)

here ε, θ, and κ are the longitudinal strain, the relative twisting angle, and the curva-
ture change of the rod axis, respectively; N , H , M denote the longitudinal force, the
torque, and the bending couple in the rod; finally, B and R are the compliance and
stiffness matrices, i.e. R = B−1. The definition of the tensile, torsional, and bending
stiffness for an usual isotropic beam referred to the principal central axes follows
from (16) by considering the diagonal stiffness and compliance matrices R and B.

As the considered conductor consists of a central wire (so-called core) and sev-
eral wire layers interpreted here as anisotropic cylindrical shells defined within the
constitutive equations (14), (15). Let the conductor layers be numbered from 1 to n,
while the core is indexed by 0. Thus, the constitutive equation (14) formulated for
the i-th layer the takes the following form:

(
ε(i) θ(i) 0

)T = B(i)
(
T (i) H (i) p(i)

)T
(17)

Here the tangent force in the midsurface of the i-th shell referred hereinafter as
T (i) is related to the longitudinal force N (i) acting on the shell by the equation (18):

N (i) = 2πr (i)T (i) (18)

where r (i) denotes the radius of the i-th layer midsurface.
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Let us express p(i) through T (i) and H (i), therefore the constitutive equations (17)
can be reduced to the following form:

(
ε(i) θ(i)

)T = B̄(i)
(
T (i) H (i)

)T
(19)

B̄(i) = (
b̄kl

) =

⎛
⎜⎜⎜⎝
b(i)
11 − b(i)

13 b
(i)
31

b(i)
33

b(i)
12 − b(i)

13 b
(i)
32

b(i)
33

b(i)
21 − b(i)

23 b
(i)
31

b(i)
33

b(i)
22 − b(i)

23 b
(i)
32

b(i)
33

⎞
⎟⎟⎟⎠ , k, l = 1, 2 (20)

Inversion of the matrix B(i) allows one to express the forces T (i), H (i):

(
T (i) H (i)

)T = C (i)
(
ε(i) θ(i)

)T ; C (i) = (
cpq

) = (
B̄(i)

)−1 ; p, q = 1, 2 (21)

The longitudinal force N and the torque H for the whole conductor can be intro-
duced by the summation of the forces and torques acting on the core and layers:

N = N (0) +
n∑

i=1

N (i) = N (0) + 2π
n∑

i=1

r (i)T (i); H = H (0) +
n∑

i=1

H (i) (22)

Let us assume the conductor layers lie without gaps, interference fits, and let their
contacts be ideal with no relative sliding. As a result, we can assume equality of the
deformations of all the layers of the conductor:

ε(i) = ε; θ(i) = θ, i = 0, 1 . . . n (23)

and, accounting for (22), we can obtain the following internal forces:

(
N
H

)
=

(
N (0)

H (0)

)
+

n∑
i=1

(
2πr (i) 0
0 1

) (
T (i)

H (i)

)
(24)

Let us introduce hence the area F (0) and the polar moment of inertia J (0)
t for the

core:

F (0) = π

(
d(0)

)2
4

, J (0)
t = π

(
d(0)

)4
32

here d(0) is the core wire diameter while its tension and shear moduli are denoted as
E (0) and G(0). Thus, the substitution of (21) into (24) and accounting for (23) give

(
N
H

)T

= R

(
ε
θ

)T

; R =
(
E (0)F (0) 0

0 G(0) J (0)
t

)
+

n∑
i=1

(
2πr (i) 0
0 1

)
C (i)
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The obtained stiffnessmatrix R corresponds to the coupled stretching and twisting
of the conductor. It could be expected that the elements R12 = R21 are in any case
relatively small as compared to the diagonal ones, R11 and R22, as a result of the
counter winding of conductor layers. Thus, as the angles of winding layers can be
selected to secure vanishing out-of-diagonal elements of the stiffness matrix, R11

and R22 can be interpreted as traditional longitudinal and torsional stiffness of the
conductor, therefore the constitutive equations (19), (20) allow one to determine both
bending and torsional stiffness of the wire structure.

Indeed, let us consider the pure torsion. At T = 0 it follows from (19) that

θ(i) = b̄(i)
22 H

(i) (25)

Let the wire be twisted by the angle θ, thus, accounting for (22) and (23), we
define the torque H as follows:

H =
n∑

i=0

θ(i)c(i)
22 = θ

n∑
i=0

c(i)
22 (26)

As the torsional stiffness of the conductor is denoted as GJt , where G is some
shear modulus, we have

θ = H

GJt

As a result, we obtain the summary torsion stiffness on the background of (26):

GJt =
n∑

i=0

c(i)
22 (27)

Let us define the compliance for the core

b(0)
22 = 1

G(0) J (0)
t

≈ 10

G(0)
(
d(0)

)4

as well as for the i-th layer:

J (i)
t ≈ 0.1

(
d(i)

)4
J (i)
b ≈ 0.05

(
d(i)

)4 ; G(i) = E (i)

2(1 + ν(i))

where E (i), ν(i) are Young moduli and Poisson ratios of layers’ materials. Thus, we
obtain the final expression for the torsion siffness of the conductor:

GJt = 0.1G(0) J (0)
t +

n∑
i=1

c(i)
22 (28)
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Let us consider hence the conductor bending stiffness. Let the bending couple be
expressed through the longitudinal stress as follows:

Mb =
∫

F

yσdF (29)

The curvature change of the rod axis κ is related with the current curvature radius
ρ and with the bending couple Mb by the following known formula:

κ = 1

ρ
= Mb

E Jb
(30)

As we assume the flat cross-sections condition be fulfilled, the elementary fiber
elongation corresponding to the curvature radius ρ can be defined by (31):

ε = y

ρ
(31)

On the other hand the i-th layer is interpreted as a shell consisting of longitudi-
nal fibers with the stresses σ(i) = T (i)/d(i), therefore the constitutive equation for
longitudinal fibers follows from (19), (20):

ε(i) = b̄(i)
11 T

(i) = b̄(i)
11 d

(i)σ(i)

Accounting for (30) as well as for (31), we obtain

E (i) J (i)
b = M (i)

b ρ(i) = ρ

∫

F

y
ε(i)

b̄(i)
11 d

(i)
dF = 1

b̄(i)
11 d

(i)

∫

F (i)

y2dF (i)

Typical wire has circular cross-sections. Thus, assuming the radius r (i) and thick-
ness d(i) be known, we have

∫

F (i)

y2dF (i) = π
(
r (i)

)3
d(i)

and the bending stiffness of the i-th layer can be defined as follows:

E (i) J (i)
b = π

(
r (i)

)3
b̄(i)
11

(32)

Assuming hence the axes curvature of all the layers as well as the one of the
conductor be equal, we determine the bending couple by summation:
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Mb =
n∑

i=0

M (i)
b

Finally, accounting for (32), the bending stiffness of a whole conductor can be
computed:

E Jb = Mbρ = ρ

n∑
i=0

M (i)
b = ρ

n∑
i=0

E (i) J (i)
b

ρ

≈ 0.05
(
d(0)

)4
E (0) + π

n∑
i=1

(
r (i)

)3
c(i)
11 (33)

4 Modeling of Aluminum-Steel Conductors

The typical cross-section of an Aluminum-Steel conductor (AS) is shown on Fig.4.
The aluminum conductive layers are referred hereinafter as 1 and 2 while the steel
core is formed by the layer 3 and the central wire 4.

The torsional and bending stiffness for such conductors (AS series, Russia) were
computed earlier by Boshnyakovich [2], Glazunov [14]. The data used for our further
modeling are shown below in the Table 1. The first column contains the conductors
marks given by the ratio of nominal cross-section areas of aluminum and steel parts
(mm2) while in the second column the outer conductor diameter (mm) is presented.
The third column gives the sums of the wires numbers in layers; the value of each
term of the sum represents the number of wires in the layer whereas the number of
terms corresponds to the layers number. The nominalwire diameters and the lay ratios
defined by the formulam = L/(2r + d) are presented in the fourth column.Here L is
the twist step, r is the radius of the layer (i.e. radius of the circle on which the centers
of wires’ cross sections lie), and d is the wire diameter. Thus, L = m(2r + d), and
finallyα = arctan[L/(2πr)] accordingly to the second formula (2). The fifth column
shows the lay ratios for aluminum and steel parts.

Fig. 4 Structure of an AC
conductor
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Table 1 Parameters of aluminum and steel parts of the conductor cross-sections
AS
conductor

Outer
diameter,
mm

Number of wires in the layers Wire diameter, mm Lay ratio

1 2 3 4 5

Alum/Steel Alum+Steel Alum Steel Alum Steel Alum Steel

120/19 15,15 10+16 1+6 2,40 1,85 15, 12 20

120/27 15,40 12+18 1+6 2,20 2,20 15, 12 20

150/19 16,75 9+15 1+6 2,80 1,85 15, 12 20

150/34 17,50 12+18 1+6 2,50 2,50 15, 12 20

185/24 18,90 9+15 1+6 3,15 2,10 15, 12 20

240/39 21,55 10+16 1+6 3,40 2,65 15, 12 20

185/128 23,10 24+30 1+6+12+18 2,10 2,10 15, 12 25, 20, 15

300/39 23,95 9+15 1+6 4,00 2,65 15, 12 20

300/66 24,50 12+18 1+6+12 3,50 2,10 15, 12 25, 20

330/30 24,78 10+16+22 1+6 2,98 2,30 15, 12, 10 20

330/43 25,20 12+18+24 1+6 2,80 2,80 15, 12, 10 20

400/22 26,56 10+16+22+28 1+6 2,57 2,00 18, 15, 13,
11

20

400/64 27,68 10+16 1+6 4,37 3,40 15, 12 20

400/93 29,10 12+18 1+6+12 4,15 2,50 15, 12 25, 20

300/204 29,15 24+30 1+6+12+18 2,65 2,65 15, 12 25, 20, 18

500/26 30,00 8+14+20 1+6 3,90 2,20 15, 12, 10 20

500/64 30,60 12+18+24 1+6 3,40 3,40 15, 12, 10 20

550/71 32,40 12+18+24 1+6 3,60 3,60 15, 12, 10 20

600/72 33,20 12+18+24 1+6+12 3,70 2,20 15, 12, 10 25, 20

650/79 34,70 15+21+27+33 1+6+12 2,90 2,30 18, 15, 12,
10

25, 20

The results of the computing are presented on the Fig. 5where themarkers indicate
the values of torsional (left) and flexural (right) conductor stiffness obtained on
the background of the formulae (28) and (33) and depending on the external wire
diameter d (see the second column of the Table 1). For comparison, the left figure
shows the dependence curve

GJt = 0.00027d4 (34)

where the outer diameter of the wire is given in millimeters and the numerical coef-
ficient dimension is N × m2/mm4. The formula (34) was obtained at the Montefiore
Institute (Belgium, University of Liège) [8] after the extensive analysis of the results
of the experimental measurements. The comparison of the values given by (28) and
(34) shows the good correlation of the torsional stiffness predicted by the proposed
shell model of a wire and the known experimental data.
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Fig. 5 Torsional (left) and bending (right) stiffness depending on external conductor diameters:
shell model (squares) and experimental results’ interpolation of [8] (solid line)

5 Modeling of Spiral Reinforcements

Spiral reinforcement used in OPL systems is a relatively new and very promising
type of devices which can also be referred to as spiral clamps, fittings or spiral-type
clamps; more strictly, there are products from factory formed helices (FFH). Their
design is formed of wire spirals that come into contact directly with the conductor
(ground wire, cable, etc.), covering it. A variety of applications forms various types
of spiral reinforcement. Works related to the creation, production and use of spiral-
type fittings for OPL, self-supporting optical communication cables, and lightning
protection cables with an integrated optical cable have been carried out in a number
of countries for quite a long time [1, 9, 10, 17, 21]. To date, quite a lot of spiral-
type designs (spiral clamps) have been developed, which used for a wide variety of
purposes and working conditions.

The purpose of spiral reinforcement is suspension, tension, connection, protection,
repair and restoration of OPL conductors and cables. The simple manufacturing
technology allows producing piece products for individual applications. Figure 6
shows three spiral clamp variants, which are widely used on OPL.

Next, we consider a particular problem of computing the parameters and the
bearing capacity of a two-layer connecting tension clamp. Example demonstrates
the capabilities of the mathematical model based on an equivalent shell method. Let
us note that calculations of more complex spiral type structures will only require
complication of algorithms without changing the general approach.
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Fig. 6 Spiral clamps: 1—conductor; 2—protector; 3—power strand of spirals; 4—thimble; 5—
conductor; 6—protector-retainer; 7—conductive layer; 8—connector; 9—conductor; 10—load-
bearing spiral strands; 11—supporting boat; 12—protector

6 Extension of the Connecting Clamp

The connecting clamp and its model are shown on Fig. 7. The clamp consists of an
external steel wire layer (i.e. a protector) and an aluminum conductive one.

Let us consider the particular case of the external and conductive clamp layers of
equal lengths. We neglect the difference between the average radii of the layers, i.e.

Fig. 7 The connecting spiral
clamp: 1 external steel layer;
2 conductive layer; 3, 3 parts
of the conductor
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Fig. 8 The distribution of
forces between the clamp
layers when system
extension

r1 = r2 = r = 0.5(r1 + r2) is assumed below. It is clear that the extending force N
is resisted by the forces in the external layer T1 and the conductive layer T2 (Fig. 8).

Placing the origin of the longitudinal coordinate axis in the break section (see
Fig. 8), from the equilibrium condition we get

N = 2πr [T1(0) + T2(0)] = 2πrT (0), T = T1 + T2

Let us consider hence two possible variants of reaching the bearing capacity of
the connecting clamp:

• The sliding (pulling) of the clamp occurs along the contact surface between the
conductive layer and the conductor itself, and the upper and conductive layers of
the clamp are deformed as a whole.

• Sliding occurs first along the surface between the external and conductive layers,
and further, as the load increases, the clamp slips along the contact surface between
the conductive layers and the conductor.

6.1 The External and Conductive Layers are Deformed as a
Whole

This case occurs when the magnitude of the friction factor k(1) at the interface of
the upper and conductive surfaces is large enough to ensure their joint deformation
without slipping relative to each other. At the same time, it is believed that slipping
occurs on the interface between the conductive sheet and the wire. The constitutive
relation for external (i = 1) and conductive layers (i = 2) follows from (14):

[
ε(i) θ(i) w(i)

]T = B(i)
[
T (i) H (i) p(i)

]T
, (35)

where the elements of the matrix B(i) are given by the formulae (15). Here the
following notation is used for an arbitrary wire of the i-th clamp layer: E (i), G(i) are
elastic tension and shearmoduli; J (i)

z , J (i)
t are the bending and torsion inertiamoments

of the cross-section; n(i) is the number of wires in the i-th layer; ψ(i) = J (i)
z /(F (i)r2)

is the dimensionless factor, F (i) denotes the cross-sectional area, and finallyα(i) is the
angle of inclination of the tangent line to the wire axis measured counterclockwise
from the vertical.
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The relations (35) could be hence inverted and presented as follows:

⎛
⎝ T (i)

H (i)

p(i)

⎞
⎠ = D(i)

⎛
⎝ ε(i)

θ(i)

w(i)

⎞
⎠ =

(
D(i)

1 D(i)
3

D(i)
2 d(i)

33

) ⎛
⎝ ε(i)

θ(i)

w(i)

⎞
⎠ ; i = 1, 2. (36)

D(i) = (
d(i)
mn

) = (
B(i)

)−1 ; m, n = 1, 2, 3

D(i)
1 =

(
d(i)
11 d(i)

12

d(i)
21 d(i)

22

)
, D(i)

2 = (
d(i)
31 d(i)

32

)
, D(i)

3 =
(
d(i)
13

d(i)
23

)
(37)

It is considered that the external and conductive layers have the preloads w(1)
0 and

w(2)
0 which are selected at installation. Together clamp layers deformwhen extension,

so that

(
ε(1) θ(1))T = (

ε(2) θ(2))T = (ε θ)T ; w(1) = w(1)
0 , w(2) = w(2)

0 (38)

Taking into account (37), (38) we obtain on the background of the relation (36)

(
T (1)

H (1)

)
= D(1)

1

(
ε
θ

)
+ w(1)

0 D(1)
3 ,

(
T (2)

H (2)

)
= D(2)

1

(
ε
θ

)
+ w(2)

0 D(2)
3

p(1) = D(1)
2

(
ε
θ

)
+ d(1)

33 w
(1)
0 , p(2) = D(2)

2

(
ε
θ

)
+ d(2)

33 w
(2)
0

Adding these equations in pairs, we have finally

(
T
H

)
=

(
T (1) + T (2)

H (1) + H (2)

)
=

(
D(1)

1 + D(2)
1

) (
ε
θ

)
+ w(1)

0 D(1)
3 + w(2)

0 D(2)
3 (39)

p = p(1) + p(2) =
(
D(1)

2 + D(2)
2

)(
ε
θ

)
+ d(1)

33 w
(1)
0 + d(2)

33 w
(2)
0 (40)

Let us exclude hence (εθ)T from (40) by means of (39). As a result, we obtain

p =
(
D(1)

2 + D(2)
2

) (
D(1)

1 + D(2)
1

)−1
[(

T
H

)
− w(1)

0 D(1)
3 − w(2)

0 D(2)
3

]

+d(1)
33 w

(1)
0 + d(2)

33 w
(2)
0 = a0 + a1T + a2H
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Fig. 9 The equilibrium of a
clamp element

a0 = d(1)
33 w

(1)
0 + d(2)

33 w
(2)
0 −

(
D(1)

2 + D(2)
2

) (
D(1)

1 + D(2)
1

)−1 (
w(1)
0 D(1)

3 + w(2)
0 D(2)

3

)

a1 =
(
D(1)

2 + D(2)
2

) (
D(1)

1 + D(2)
1

)−1
(
1
0

)

a2 =
(
D(1)

2 + D(2)
2

) (
D(1)

1 + D(2)
1

)−1
(
0
1

)

We assume that circumferential friction forces do not arise when slipping in the
limit state, then it follows from the equilibrium of the ring element of length dx
which unites the clamp layers (Fig. 9) that H = 0. As a result, we could obtain the
following Cauchy problem:

dT

dx
= −k(2) p = −k(2) (a0 + a1T ) , T (0) = T0 (41)

The solution of the problem given by (41) could be represented in the form

T (x) = T∞ + (T0 − T∞) e−k(2)a1x , T∞ = −a0/a1

The limit value of the force T0 = T (0) is reached at T (l) = 0:

Tlim = T∞
(
1 − ek

(2)a1l
)

= a0
a1

(
ek

(2)a1l − 1
)

(42)

The obtained value of the limiting extension force Tlim and a half-length l of a
clamp allows one to estimate the friction coefficient k(2) on the interface between the
conductive surface layer and the wire itself on the basis of experimental measure-
ments of the pulling forces of the clamp from the conductor. Indeed, it follows from
(42) that

ek
(2)a1l = 1 − Tlim

T∞

therefore we obtain the friction coefficient:

k(2) = 1

a1l
ln

(
1 − Tlim

T∞

)
(43)
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6.2 The External Layer Slides on the Conductive Layer

If the value of the friction coefficient k(1) on the interface between the external and
conductive layers is not large enough, then the limit value of the force in the external
layer T (1)

lim is first reached. It is defined as after solving the following Cauchy problem:

dT (1)

dx
= −k(1) p(1), T (1)(0) = T (1)

0 (44)

Here p(1) is the pressure between the external and conductive layers, which, as
follows from (35), is introduced as

p(1) = w(1)
0 − b(1)

31 T
(1)

b(1)
33

= a(1)
0 + a(1)

1 T (1), a(1)
0 = w(1)

0

b(1)
33

, a(1)
1 = −b(1)

31

b(1)
33

(45)

The problem given by (44), (45), up to notation, coincides with problem (41).
Therefore, in the limiting case, by analogy with (42), we obtain

T (1)
lim = T (1)

∞
(
1 − ek

(1)a(1)
1 l

)
; T (1)

∞ = −a(1)
0

a(1)
1

(46)

For this particular case, the pressure distribution p(1)(x) along the clamp length
on the conductive layer is determined by the formula (47) accordingly to (45), (46):

p(1)(x) = a(1)
0 ek

(1)a(1)
1 (l−x) (47)

Let us consider a conductive layer under the action of longitudinal forces, pressure,
and friction forces from the external layer and the actual conductor (Fig. 10). Then
for the conductive layer we get the following Cauchy problem:

dT (2)

dx
= f (1) − f (2) = k(1) p(1) − k(2) p, T (2)(0) = T (2)

0 (48)

here p = p(1) + p(2), where p(2) is the pressure that causes the conductive layer
deflection that equals to its pre-load w(2)

0 .
In accordance with (35), we could obtain the contact pressure p(2):

Fig. 10 The conductive
layer and the forces acting on
it
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p(2) = w(2)
0 − b(2)

31 T
(2)

b(2)
33

= a(2)
0 + a(2)

1 T (2), a(2)
0 = w(2)

0

b(2)
33

, a(2)
1 = −b(2)

31

b(2)
33

Thus, the problem (48) can be reduced to the following formulation:

dT (2)

dx
= (

k(1) − k(2)
)
p(1) − k(2)

(
a(2)
0 + a(2)

1 T (2)
)

, T (2)(0) = T (2)
0

or, taking into account the expression (47) for p(1), to (49):

dT (2)

dx
= (

k(1) − k(2)
)
a(1)
0 ek

(1)a(1)
1 (l−x) − k(2)

(
a(2)
0 + a(2)

1 T (2)
)

, (49)

T (2)(0) = T (2)
0

The general solution for the equation (49) can be represented as

T (2)(x) = Ce−k(2)a(2)
1 x + T (2)

∞ − k(1) − k(2)

k(1)a(1)
1 − k(2)a(2)

1

a(1)
0 ek

(1)a(1)
1 (l−x), (50)

T (2)
∞ = −a(2)

0

a(2)
1

The integration constant C could be found from the condition T (2)(0) = T (2)
0 .

From (50) we get

C = T (2)
0 − T (2)

∞ + k(1) − k(2)

k(1)a(1)
1 − k(2)a(2)

1

a(1)
0 ek

(1)a(1)
1 l (51)

The force T (2)
0 will take the limit value at T (2)(l) = 0:

Cek
(2)a(2)

1 l + T (2)
∞ − k(1) − k(2)

k(1)a(1)
1 − k(2)a(2)

1

a(1)
0 = 0

Taking into account the expression (51), we obtain hence

T (2)
lim = T (2)

∞
(
1 − ek

(2)a(2)
1 l

)
+ k(1) − k(2)

k(1)a(1)
1 − k(2)a(2)

1

a(1)
0

(
ek

(2)a(2)
1 l − ek

(1)a(1)
1 l

)
(52)

The expressions for the limit values of the forces for the external and current-
conducting layers make it possible to calculate the total limiting force

Nlim = 2πr
(
T (1)
lim + T (2)

lim

)
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that the clamp withstands. As a result, accounting for (46) and (52), we get

Nlim = 2πr
[
T (1)

∞
(
1 − ek

(1)a(1)
1 l

)
+ T (2)

∞
(
1 − ek

(2)a(2)
1 l

)]

+ k(1) − k(2)

k(1)a(1)
1 − k(2)a(2)

1

a(1)
0

(
ek

(2)a(2)
1 l − ek

(1)a(1)
1 l

)

7 Example of a Connecting Clamp

Let us consider a connecting clamp ShS-15,2-01 (Russia) with an outer diameter
of 15.2 mm [9] used for connecting conductors AS 120/19. Clamp half-length is
assumed to be 350 mm. The main parameters of clamping patterns are given in
Table 2. The pre-load coefficient, i.e. the ratio of the initial helix diameter to the
diameter of the core (conductor) on which the layer is mounted, is equal to 0.91 for
the protector and 0.9 for the conductive layer.

Mode 1. In this case the sliding (pulling) of the clamp occurs on the contact inter-
face between the conductive layer and the conductor itself. For this clamp type the
value of the sliding force acting on the clamp from the given conductor is experimen-
tally established as Nlim = 23 kN. This value allows one to estimate the coefficient
of friction on the interface between the shells modeling the conductive layer and the
external layer of the conductor itself. According to (43) we find k(2) = 0.13.

Using the pre-load factors we compute the pre-load of the protector-retainer when
it is mounted on the conductive layer of the conductor:w(1)

0 = 0.954mm, and the pre-
load of the conductive layer when it is mounted on the conductor w(2)

0 = 0.76mm.
Using the clamp parameters, we obtain the limit value of the extension force that the
clamp can withstand, Nlim = 23 kN, that is consistent with the friction coefficient
value as provided by the formula (43). The Fig. 11 shows the distribution of the
total extension force along the clamp length as well as the pressure of the conductive
layer on the conductor corresponding to the first mode of the clamp carrying capacity
exhaustion.

Mode 2. In this case, the sliding occurs first on the interface between the upper and
conductive layers, and then,when the load increases, on the contact interface between

Table 2 Connecting clamp ShS-15,2-01

Parameters of clamp layers Protector Conductive layer

Wire diameter, mm 3.8 3.0

Outer diameter of the spiral, mm 27.1 19.9

Winding direction Right Left

Winding angle, measured from the axis
of the wire, deg.

35.5 34.4

Number of spirals 4 15
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(a) (b)

Fig. 11 The distribution of the total extension force in the clamp (a) and the clamping pressure on
the conductor (b) along its length for the first mode of exhaustion of the clamp carrying capacity

(a) (b)

Fig. 12 Distribution of extension forces in the layers (a) and pressure between the layers (b) along
the clamp length for the second mode of exhaustion of its bearing capacity

the conductive layer and the conductor. The friction factor on the contact interface
between the protector-retainer and the conductive layer is assumed to be 0.12, and the
friction coefficient on the interface between the conductive layer and the conductor
is equal to 0.13. The pre-load is assumed to be the same as for the Mode 1. The
limiting values of extension forces that can withstand the protector and conductive
layer are calculated on the background of the formula N (i)

lim = 2πrT (i)
lim i = 1, 2 taking

into account (46), (52). The obtained force values are equal to N (1)
lim ≈ 5.55 kN,

N (2)
lim ≈ 3.22 kN. Finally, the total value of the limiting extension force is then equal

Nlim = N (1)
lim + N (2)

lim ≈ 8.77 kN.
The Fig. 12a shows the distributions of the longitudinal forces and the total exten-

sion force along the clamp layers. The Fig. 12b shows the pressure distribution
between the protector and the conductive layer, as well as between the conductive
layer and the conductor itself. For comparison, the distribution of longitudinal forces
N1 and pressure p1 along the clamp axis, consisting of only one aluminum layer, is
also shown in Fig. 12 by dashed lines.
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Thus, the limit load for the second mode of exhaustion of the bearing capacity
of the connecting clamp is significantly lower as compared with the limit load for
the first mode. Therefore, it is necessary to ensure contact between the layers of
the clamp without slippage to increase the load-bearing clamp capacity. It can be
achieved by increasing the pre-load of the external layer on the conductive layer put
on the wire, as well as the friction coefficient on the interface between the external
and conductive layers of the connecting clamp.

8 Conclusion

Modeling of multilayer wire structures of regular structure is considered on the basis
of a new continuum model. The proposed improved approach that offers the possi-
bility to take into account the interaction of wire layers by the pressure and friction
forces consists in interpreting each layer as an equivalent anisotropic cylindrical shell
on the background of energy averaging, and the whole wire structure is represented
as a system of cylindrical shells enclosed into each other and interacting with possi-
ble relative sliding. The formulae for the stiffness and compliance matrices allowing
one to evaluate the torsion and bending stiffness of conductors accounting their
internal structures are obtained on the basis of the developed approach. Such a con-
tinuummodel is significantly simpler and less consuming than the three-dimensional
finite element one, nevertheless it is sufficiently accurate for the engineering prac-
tice, moreover it could result in several analytical estimates not provided by more
detailed approaches. The efficiency of the equivalent shell model of a wired structure
is shown on the example of the Overhead Power transmission Line conductor with
the tension spiral clamp. The computation of the bearing capacity and the structural
efficiency of the considered spiral clamps is presented.
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Buckling of Cylindrical Shell Stiffened by
Annular Plate Under External Pressure

S. B. Filippov and V. S. Sabaneev

Abstract The critical external pressure and buckling modes of a closed circular
cylindrical shell joined at an edge with an annular plate are obtained by means of
asymptotic methods. Two tipe of buckling, corresponding to narrow and wide rings,
are analyzed. In both cases approximate solution of shell equations is represented as
a sum of slowly varying functions and edge effect integrals. It is shown that a narrow
ring can be considered as circular beam. For awide ring joinedwith a cylindrical shell
the couple buckling problem in the first approximation is reduced to the eigenvalue
problem describing the plate buckling. An approximate solution of the last problem
is obtained with the help of the perturbation approach. The asymptotic results are in
good agreement with the numerical ones obtained by finite element analysis.

1 Introduction

Ring-stiffened shells are applied in engineering such as pressure vessel, aircraft
fuselages and submarine hulls. Almost in all numerous studies of ring-stiffened
shells, including [2, 3, 5, 12, 15, 16], the rings have been considered as circular
beams.

In [3, 5] an algorithm for the evaluation of the optimal parameters corresponding
to the maximum critical external pressure of the ring-stiffened shell with a given
mass was developed. If the ring cross-section is a rectangle, then the critical pressure
increases monotonically with the increase in the ratio k = b/a, where b and a are
the non-dimensional width and the thickness of the ring. However, for large values
of k, the ring must be considered as a annular plate (plate model).
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There are, at least, two reasons to use plate model for the wide ring. First, the
flexural stiffness of the beam in its plane cb increases rapidly with ring width b.
However, for the wide ring its stress-strain state localizes near the inner boundary of
the ring, which is attached to cylindrical shell [6]. Therefore, in reality, change in b
almost have no influence upon the stiffness c of thewide ring in its plane. To catch this
effect one should consider the wide ring as an annular plate. It is especially important
because in the buckling problem the stiffness c has an determinative influence on the
critical external pressure.

In the work [6] for b � 1 the approximate formula c � cp was obtained, where cp
do not depends on b. In the first part of this paper the continuity condition for the shell
joined at an edge with an annular plate are developed and by means of asymptotic
methods the dependence of c on b is analyzed. In the case b � h1/2, where h is
dimensionless shell thickness, the stiffness of the ring c � cb. If b � h−1/4 then the
formula c � cp takes place.

Secondly, the buckling of the shell stiffened at an edge by an narrow ring differs
very much from the buckling of the shell stiffened at an edge by a wide ring. If
the width of the ring is sufficiently small, then the buckling mode is similar to the
buckling mode of the shell without rings, and the shell surface is covered by a series
of pits stretched along the generatrix of a cylinder. In this case it is possible consider
the ring as a circular beam. Such buckling we call the buckling of the first type.

At increase in width of a ring the critical pressure grows until the buckling of
the first type replaces with the buckling of the second type. The buckling mode of
the second type consists of many small pits formed on the surface of the ring. The
cylindrical shell itself does not actually deform. After the buckling changed, the
further increase in width of a ring leads to reduction of critical pressure. For studying
the buckling of the second type the beam model can not be used, and one must
consider the ring as an annular plate [7].

In the case of the second type buckling the eigenvalue problem for a cylindrical
shell joined at an edge with an annular plate in the first asymptotic approximation
can be split into the four separated problems. The main of them is the eigenvalue
problem, describing the buckling of the annular plate. In [7] this problem was solved
with the help of asymptotic method. In assumption that the ratio of the plate width to
the radius of its inner edge is small, an approximate formula for the critical pressure
was obtained. In the second part of this paper the formulation of other three problem
are presented.

The equations describing the thin shells buckling contain the dimensionless shell
thickness h as a small parameter. To get the approximate solutions the Vishik-
Lyusternik algorithm [1, 18] is applied. We seek solutions of shell equations as
a sum of slowly varying functions and edge effect integrals. Thus the initial singu-
larly perturbed system of differential equations is reduced to an approximate system
of the smaller order [17].

The major problem in the asymptotic analyses of the ring-stiffened shell buckling
is a separation of the continuity conditions on main and additional conditions. The
main conditions we use as boundary conditions for the approximate system. From
additional conditions one can find arbitrary constants in the edge effect functions.
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Fig. 1 Shell and ring

To get the main and additional conditions, as a rule, it is necessary to make linear
combinations of the continuity conditions. The general continuity conditions are
presented in [10, 13, 14].

The Vishik-Lyusternik algorithmwas used in [4, 9] for the asymptotic analyses of
low-frequency vibrations of the cylindrical shell stiffened at an edge by the annular
plate.

2 Basic Equations

We consider buckling under uniform external pressure p of a thin cylindrical shell
stiffened at one edge by a ring of rectangular cross-section (see Fig. 1).

We assume that the ring and the shell are made from the same material and take
the radius of the cylindrical shell as the characteristic size. The non-dimensional
equations describing the buckling of the cylindrical shell can be written as [17]

T ′
1 + mS = 0, S′ − mT2 + Q2 + 2H ′ = 0, Q′

1 + mQ2 − T2 + λmϑ2 = 0,

Q1 = M ′
1 + 2mH, Q2 = −mM2, M1 = μ4(ϑ ′

1 + νmϑ2),

M2 = μ4(mϑ2 + νϑ ′
1), H = μ4(1 − ν)ϑ ′

2, 2S = (1 − ν)(v′ − mu),

T1 = u′ + ν(w + mv), T2 = w + mv + νu′, ϑ1 = −w′, ϑ2 = mw + v,

(1)

where (′) denotes the derivative with respect to the axial coordinate, s ∈ [0, l], l is
the dimensionless shell length,m is the circumferential wave number, λ = σ p/(Eh)

is the loading parameter, σ = 1 − ν2, ν is Poisson’s ratio, E is Young’s modulus,
u, v and w are the components of the displacement, T1, T2, S, Q1, Q2, M1, M2, H
are the dimensionless stress-resultants and stress-couples, ϑ1 and ϑ2 are the angles
of rotation of the normal, μ4 = h2/12 is a small parameter, h is the dimensionless
shell thickness.

The ring is considered as the annular plate. The equations describing the transverse
flexural deformation of the plate have the form [6]
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(xQ1p)
′ + mQ2p = xT1pw

′′
p + T2p(w

′
p − x−1m2wp),

xQ1p = (xM1p)
′ − M2p, xQ2p = −mM2p + 2Hp,

xM1p = μ4
p[xϑ ′

1p + ν(mϑ2p + ϑ1p)], xM2p = μ4
p(mϑ2p + ϑ1p + νxϑ ′

1p),

Hp = μ4
px(1 − ν)ϑ ′

2p, ϑ1p = −w′
p, xϑ2p = mwp.

(2)

Here (′) denotes the derivative with respect to the radial coordinate, x ∈ [1, 1 + b],
b is the dimensionless plate width, wp is the transverse deflection, Q1p, Q2p, M1p,
M2p, Hp are the dimensionless stress-resultants and stress-couples, T1p and T2p are
pre-buckling stress-resultants, ϑ1p and ϑ2p are the angles of rotation of the normal,
μ4

p = a2/12 is a small parameter, a is the dimensionless plate thickness.
The tangential (in plane) deformation of the plate is described by the following

equations [6]:

(xT1p)
′ − T2p + Spx = 0, xS′

p + 2Sp − mT2p = 0,

xT1p = xu′
p + ν(mvp + u p), xT2p = u p + mvp + νxu′

p,

2xSp = (1 − ν)(xv′
p − mup − vp),

(3)

where u p and vp are the tangential components of the displacement, T1p, T2p, Sp are
the dimensionless stress-resultants.

At the circumference s = l, x = 1, the continuity conditions

u = −wp, ϑ1 = ϑ1p, hT1 = −aQ1p, hM1 = aM1p,

w = u p, v = vp, hQ1 = aT1p, hS = aSp
(4)

have to be satisfied. We assume the left shell edge is clamped, i.e.

u = v = w = ϑ1 = 0 for s = 0 (5)

and that the outer plate edge is free, i.e.

T1p = Sp = M1p = Q1p − T1pwp = 0 for x = 1 + b. (6)

3 Buckling of the First Type

3.1 Analysis of Boundary Conditions

Let us seek the buckling mode of the first type which is similar to the buckling mode
of the shell without a ring.

The transverse flexural stiffness of the plate ismore less than its tangential stiffness
in plane.Neglecting theflexural stiffness of the plateweobtain from (4) two following
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boundary conditions at the shell edge s = l:

T1 = 0, M1 = 0 for s = l. (7)

Sometimes there is a reason to believe that the tangential stiffness of the plate in
plane is infinitely large. Then vp = u p = 0 and it follows from (4) that

v = 0, w = 0 for s = l. (8)

Conditions (7) and (8) corresponding to the freely supported shell edge, are the most
simple approximate connection conditions between shell and plate.

If the ratio a/h is large then one should not to ignore the flexural stiffness of the
plate and conditions (7) need an revision. On the contrary, for the small ratio a/h it
is unjustified to suppose that the tangential stiffness is very large and use conditions
(8). Since the ratio a/h is usually not too large for ring-stiffened shells, we assume
that conditions (7) are valid. To correct conditions (8) we have to solve Eq. (3).

The change of variable x = et reduces Eq. (3) to equations with constant coeffi-
cients:

d2u p

dt2
− u p − γm2u p + δm

dvp
dt

− (1 + γ )mvp = 0,

γ
d2vp
dt2

− γ vp − m2vp + δm
du

dt
− (1 + γ )mup = 0, (9)

where γ = (1 − ν)/2, δ = (1 + ν)/2. The general solution of Eq. (9) have the form

u p = C1x
m−1 + a1C2x

m+1 + C3x
−m−1 + a2C4x

−m+1,

vp = −C1x
m−1 + b1C2x

m+1 + C3x
−m−1 + b2C4x

−m+1.
(10)

Here Ck , k = 1, 2, 3, 4 are arbitrate constants,

a1 = 2γ /(δm) − 1, a2 = 2γ /(δm) + 1, b1 = 2/(δm) + 1, b2 = 1 − 2/(δm).

From Eq. (3) we obtain the following formulas

T1p = 2C1γ (m − 1)xm−2 − 2C2γ (m + 1)(m − 2)m−1xm−
−2γ (m + 1)C3x

−m−2 − 2C4γ (m − 1)(m + 2)m−1x−m,

Sp = −2C1γ (m − 1)xm−2 + 2C2γ (m + 1)xm−
− 2γ (m + 1)C3x

−m−2 − 2C4γ (m − 1)x−m .

(11)

On the free edge of the plate x = 1 + b

T1p = Sp = 0. (12)
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The substitution solutions (10) and (11) into conditions w(l) = u p(1), v(l) =
vp(1) and (12) get the equations

C1 + a1C2 + C3 + a2C4 = w(l), −C1 + b1C2 + C3 + b2C4 = v(l),

(m − 1)[mβmC1 − (m + 2)βC4] − (m + 1)[(m − 2)βm+1C2 + mC3] = 0,

(m − 1)(βmC1 + βC4) − (m + 1)(βm+1C2 − C3) = 0,

(13)

where β = (1 + b)2.
Determine the expressions for the arbitrary constants Ck from Eq. (13) and sub-

stitute them into formulas (11). Then we obtain

Sp = −2γ δ[(B1 + mB2)w + (D1 + mD2)v]/D,

T1p = −2γ δ[(mB1 + B2)w + (mD1 + D2)v]/D.
(14)

Here

B1 = β(β2m − 1) − 2mb(b + 2)βm,

B2 = β(βm + 1)2 − 4βm − δβ(βm − 1)2 + δm2b2(b + 2)2βm,

D1 = γβ(βm − 1)2 + δm2b2(b + 2)2βm,

D2 = β(β2m − 1) + 2mb(b + 2)βm,

D = γ [4βm + δβ(βm − 1)2] + δ[β(βm + 1)2 + δm2b2(b + 2)2βm].

(15)

From the last two formulas (4) we get the two boundary conditions at the shell
edge s = l:

S = −2aγ δ[(B1 + mB2)w + (D1 + mD2)v]/(hD),

Q1 = −2aγ δ[(mB1 + B2)w + (mD1 + D2)v]/(hD).
(16)

In boundary conditions (16) the tangential stiffness of the plate is taken into
account therefore conditions (7) and (16) generalize conditions (7) and (8) corre-
sponding to the freely supported shell edge.

3.2 The Asymptotic Approach for a Shell with Freely
Supported Edge

Consider the buckling under uniform external pressure of a thin cylindrical shell with
the boundary conditions (5), (7) and (8). In the problem under consideration

λ = m−6λ0, λ0 ∼ 1, m ∼ μ−1/2 � 1.
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Table 1 Intensity indices for the buckling mode of the first type

Functions

Indices u v w ϑ T1 S M1 Q1

I −2 −1 0 0 −2 −3 −6 −6

I1 = I2 −4 −5 −2 0 −4 −3 −6 −4

We seek the approximate asymptotic solution of system (1) as a sum of the semi-
membrane solution and the edge effect functions [17]:

y = mI (y)y0 + mI1(y)y1 + mI2(y)y2.

Here y denotes any unknown function, I (y), I1(y) and I2(y) are the intensity indices.
Table 1 lists values of the intensity indices for the problem under consideration

The function v0 satisfy the semi-membrane equation

d4v0
ds4

− α4v0 = 0, α4 = λm6 − μ4m8

σ
, (17)

and

w0 = −v0, u0 = dv0
ds

, T10 = d2v0
ds2

, S0 = −σ
d3v0
ds3

. (18)

The edge effect functions have the form

y1 =
2∑

j=1

D̂ j ŷ j exp(r j s/μ), y2 =
4∑

j=3

D̂ j ŷ j exp[r j (s − l)/μ]. (19)

Here D̂ j ∼ 1 are arbitrary constants,

r1,2 = g(−1 ± i), r3,4 = g(1 ± i), g = σ 1/4/
√
2, i2 = −1.

In particular ŵ j = 1, j = 1, 2, 3, 4. The functions y1 decrease rapidly away from the
shell edge s = 0 and the functions y2 are very small in the entire domain except the
neighborhood of the edge s = l. Assume that l ∼ 1. Then the following approximate
equalities are valid

y(0) � y0(0) + y1(0), y(l) � y0(l) + y2(l).

Boundary conditions for the Eq. (17) can be determine after a separation of the
boundary conditions on main and additional conditions. From the two main condi-
tions by neglecting of small terms we obtain boundary conditions for the Eq. (17).
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Let Δ be the difference between maximal values intensity indices of semi-
membrane solutions and the edge effect functions. Then

(1) For the main boundary conditions the value Δ must be strict more, than for
the additional boundary conditions.

(2) The both semi-membrane solutions included in the main boundary conditions
and the edge effect solutions included in the additional boundary conditions must be
independent.

In order to satisfy this condition, as a rule, it is necessary to use linear combinations
of boundary conditions.

Taking into account that at the edge s = 0

u = m−2u0 + m−4u1, v = m−1v0 + m−5v1, w = w0 + m−2w1, ϑ1 = ϑ10 + ϑ11,

for boundary conditions (5) we obtain

Δ1 = 2, Δ2 = 4, Δ3 = 2, Δ4 = 0,

whereΔk corresponds to k-th Eq. (5). It is impossible to separate boundary conditions
(5) on main and additional conditions so that the condition 1 has been fulfilled.
However, for linear combinations of second and third conditions w + mv = 0 we
haveΔ = 0. Therefore main and additional conditions are u = v = 0 andw + mv =
ϑ1 = 0. The boundary conditions for the equation (17) at the edge s = 0 have the
form u0 = v0 = 0 or

v0 = dv0
ds

= 0, s = 0. (20)

Substituting the relations

T1 = m−2T10 + m−4T12, M1 = m−6(M10 + M12),

v = m−1v0 + m−5v2, w = w0 + m−2w2,

into boundary conditions (7) and (8) we can see, that the main and additional condi-
tions at the edge s = l are T1 = v = 0 and w + mv = M1 = 0. Hence, the solution
of Eq. (17) satisfy boundary conditions

v0 = d2v0
ds2

= 0, s = l. (21)

A nontrivial solution of eigenvalue problem (17), (20) and (21) exists on the
assumption that

λ = σ z4

l4m6
+ μ4m2,

where z = αl is the root of the equation
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tan z = tanh z. (22)

The minimal value λc of the loading parameter λ corresponds to the critical pres-
sure pc. Hence

λc = min
m

(
σ z41
l4m6

+ μ4m2

)
� 4σ 1/4z1μ3

33/4l
, (23)

where z1 � 3.927 is the minimal positive root of Eq. (22). For the critical pressure
pc we get the following approximate formula

pc = Eh

σ
λc = 4Ez1h5/2

σ 3/463/2l
. (24)

For the shell with the free supported edges instead Eq. (22) we have the equation
sin z = 0, z1 = π and relation (24) is transformed into the Southwell-Papkovich
formula [17].

3.3 Approximate Solutions in the Case of Generalized
Boundary Conditions

Let us separate the generalized boundary conditions (7) and (16) on main and addi-
tional conditions. One of the two main boundary conditions is T1(l) = 0. To obtain
the second one we substitute the relations

S = m−3(S0 + S2), Q1 = m−6Q10 + m−4Q12,

w = w0 + m−2w2, v = m−1v0 + m−5v2, M1 = m−6(M10 + M12).

into conditions (16) and M1 = 0. Taking the formulas

w2(l) = Ĉ3, M12(l) = −2g2K 2Ĉ4,

M10(l) = −νK 4w0, S2(l) = Q12(l) = 2g3K (Ĉ3 − Ĉ4),

where
Ĉ3 = D̂3 + D̂4, Ĉ4 = i(D̂3 − D̂4), K = μm2,

into account and neglecting of small terms, we obtain

2Ag3K (Ĉ3 − Ĉ4) + AS0 = mD2w0 − B2(Ĉ3 + m2w0),

AS0 = mB1Ĉ3 + m3B1w0 − m2D1w0, 2g2K 2Ĉ4 = νK 4w0.
(25)

Here
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A = hD

2aγ δm2
.

The linear combination of boundary conditions (25), which do not contains the
arbitrary constants Ĉ3 and Ĉ4 can be written as

S0 + cv0 = 0, s = l, (26)

where

c = 2m2g3K A(mB1 − D1) + m2(B1D2 − D1B2) + νmgK 3AB1

A(2g3K A + mB1 + B2)
. (27)

Boundary condition (26) is the second main condition.
Assume that

a = a0m
−ξ , b = b0m

−η, a0 ∼ b0 ∼ 1.

where a and b are the non-dimensional thickness and the width of the plate. Consider
the case η > 2, i. e. bm2 � 1 (the narrow ring). Substituting the approximate relation

βm � 1 + 2mb + 2m(2m − 1)b2

2
+ 2m(2m − 1)(2m − 2)b3

6

into formulas (15) and neglecting of small terms, we obtain

B1 � 4mb2 + 8m3b3/3, D1 � 4m2b2,

B2 � 8b + 4m2b2, D2 � 8mb, D � 4.
(28)

If we substitute formulas (28) into relation (27) then we obtain

c � cb = m8

(
Jx + e2Fc

1 + d

)
, (29)

where

d = m2Fc

2g3K
, e = b

2
, Fc = σab

h
, Jx = σab3

12h
.

The condition
S0 + cbv0 = 0, s = l

is the main continuity conditions of a cylindrical shell and a beam of the rectangular
cross-section [3].

In the case η < 1, i. e. bm � 1 (the wide ring), when βm � 1, using the approx-
imate relations
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A � A0β
2m+1, A0 = h(1 + γ )

2am2γ
, B1 � D2 � β2m+1, B2 � D1 � γβ2m+1,

we obtain

c � cp = m2(2g3mK A0 + 1 − γ 2)

A0(2g3K A0 + m)
.

The value cp do not depends on the width of the ring b, but depends on its thickness
a ∼ m−ξ . If ξ = 9 then cp ∼ 1 and neglecting of small terms, we obtain

cp � 2am5γ

h(1 + γ )
, (30)

Formula (30) was derived in [6] by means of an another approach.
For the thin ring ξ > 9, cp � 1, and condition (26) can be replaced by the approx-

imate relation S0(l) = 0. The boundary conditions T10(l) = S0(l) = 0 correspond to
free shell edge s = l. The shell “does not notice” the thin ring.

For the thick ring ξ > 9, cp � 1, and condition (27) can be transformed into the
approximate relation v0(l) = 0. The boundary conditions T10(l) = v0(l) = 0 corre-
spond to conditions (7) and (8) on the free supported shell edge s = l.

Equation (17) has nontrivial solution satisfying boundary conditions (20) and the
conditions

d2v0
ds2

= 0, σ
d3v0
ds3

= cv0

if λ = σ z4/ l4m6 + μ4m2, where z is the root of the equation

cl3(tanh z cos z − sin z) = σ z3(cos z + cosh−1 z). (31)

Hence the minimal value λc of the loading parameter λ is

λc = min
m

(
σ z41
l4m6

+ μ4m2

)
. (32)

Here z1 is the minimal positive root of Eq. (31).

3.4 Example

Consider the cylindrical shell of the length l = 3 and the thickness h = 0.01 joint
with the ring of thickness a = 0.001. Assume that the Poisson’s ratio of the materials
is ν = 0.3. The dependence ofΛ = 104λc on the ringwidth b for this case is shown in
Fig. 2. Curve 1was obtained bymeans of formulas (32) and (27) (platemodel). Curve
2 plots the results which are found using formula (29) (beam model). Straight line 3
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Fig. 2 Loading parameter Λ

versus the ring width b
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corresponds to the value of c calculated by formulas c � cp and (30) (wide ring).
The points of inflection appear on curves 1 and 2 at the changing of circumferential
wave number m corresponding to λc.

While the ring is sufficiently narrow, the using of the beam model gives good
results, which differ a little from the results obtained on the basis of plate model.
However, for sufficiently large b (in the current example for b > 0.06) the buckling
mode changed, and the asymptotic approach developed in this section do not allow
to find critical pressure.

4 Buckling of the Second Type

4.1 Asymptotic Analysis of Boundary Conditions

To the buckling mode of the second type corresponds the dimensionless critical
pressure λp ∼ μ4

p. Asssume that μp ∼ μ, i.e. the thickness of the plate a and the
thickness of the shell h have the same orders. In this case λp � λc, where λc ∼ μ3

corresponds to the buckling mode of the first type.
Let us seek the approximate solution of system (1) as a sum of the membrane

solutions and the edge effect functions:

y = μI (y)y0 + μI1(y)y1 + μI2(y)y2. (33)

The intensity indices are given in Table 2. The functions u0, v0, T10 and S0 satisfy
the membrane equations:

T ′
10 + mS0 = 0, S′

0 = 0, 2S0 = (1 − ν)(v′
0 − mu0), T10 = σu′

0. (34)
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Table 2 Intensity indices for the buckling mode of the second type

Functions

Indices u v w ϑ T1 S M1 Q1

I 4 4 4 4 4 4 8 8

I1 5 6 4 3 6 5 6 5

I2 3 4 2 1 4 3 4 3

Membrane equations (34) are derived from Eq. (1) assuming μ = 0 and neglecting
the small term λmϑ2. The edge effect functions y1 and y2 have the form (19).

We suppose that

wp ∼ ϑ1p ∼ 1, M1p ∼ Q1p ∼ μ4, u p ∼ vp ∼ T1p ∼ Sp ∼ μ3. (35)

After the substitution the solutions (33) and (35) into Eqs. (1–3), continuity con-
ditions (4) and boundary conditions (5–6) the eigenvalue problem (1–6) in the first
approximation can be split into the following four separated problems:

(1) The eigenvalue problem for Eq. (2), describing the transverse flexural defor-
mation of the plate with the boundary conditions

wp = ϑ1p = 0, x = 1, M1p = Q1p − T1pwp = 0, x = 1 + b. (36)

(2) Non-homogeneous boundary value problem for membrane shell equations
(34) with the boundary conditions

u0 = v0 = 0, s = 0, hT10(l) = aQ1p(1), hS0(l) = aSp(1). (37)

(3) The linear algebraic equations

w1 = w0, ϑ11 = 0, x = 0 (38)

for the unknown constants D̂1 and D̂2 and

w2(l) = 0, hM12(l) = aM1p(1) (39)

for the unknown constants D̂3 and D̂4.
(4) Non-homogeneous boundary value problem for plate equations (3) with the

boundary conditions

vp(1) = 0, aT1p(1) = hQ12(l), T1p = Sp = 0, x = 1 + b.

Thus, the approximate solution of the the eigenvalue problem (1–6) is reduced to
the step-by-step solution of the four more simple problems. First we have to solve the
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buckling problem 1 for the plate. Then one can obtain the solution of the membrane
problem 2, using boundary conditions (37) and find from (38) and (39) the boundary
effect functions near the parallel s = 0 and s = l. Finally it is possible to solve the
boundary value problem 4, describing tangential deformation of the plate.

We consider only the problem 1, since the displacements of the cylindrical shell
and the tangential displacement of the plate are very small in comparison with the
transverse plate deflection (see Table 2 and relations (35)).

4.2 Pre-buckling Stress-Resultants

Let us analyzed the buckling of the annular plate, attached to an edge of a cylindrical
shell, under the radial and hoop stress-resultants T1p and T2p, caused by the external
uniform pressure p applied on the shell (see Fig. 2). To find T1p and T2p determine
the axisymmetric deformation of the annular plate joined with the cylindrical shell.

The non-dimensional equations

T ′
1 = 0, Q′

1 − T2 = λ, Q1 = M ′
1,

T1 = u′ + νw, T2 = νu′ + w, M1 = −μ4w′′,
(40)

describing the axisymmetric deformation of the cylindrical shell, can be obtain from
Eq. (1) assuming m = 0, v = 0 and replacing the term λmϑ2 with λ = σ p/(Eh).

The equations

(xT1p)
′ − T2p = 0, xT1p = xu′

p + νu p, xT2p = u p + νxu′
p, (41)

following from Eq. (3), describe tangential axisymmetric deformation of the plate.
We do not take into account the transverse bending stiffness of the plate since it

is much less than its tangential stiffness. In this case continuity conditions (4) at the
circle s = l, x = 1 take the form

w(l) = u p(1), M1(l) = 0, hQ1(l) = aT1p(1), T1(l) = 0. (42)

We assume that the shell edge s = 0 is clamped and the plate edge x = 1 + b is
free, i.e.

u(0) = w(0) = w′(0) = 0, T1p(r) = 0, (43)

where r = 1 + b is the dimensionless outer radius of the plate.
Let us seek the approximate solution of Eq. (40) as a sum of the membrane

solutions and the edge effect functions [1]:

y = μI (y)y0 + μI1(y)y1 + μI2(y)y2. (44)

Table 3 lists values of the intensity indices for the axisymmetric deformation.
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Table 3 Intensity indices for the axisymmetric deformation

Functions

Indices u w ϑ T1 M1 Q1

I 0 0 0 0 4 4

I1 = I2 1 0 -1 2 2 1

The solution of the membrane system

T ′
1 = 0, T2 + λ = 0, T1 = u′ + νw, T2 = νu′ + w,

satisfying boundary conditions u(0) = 0 and T1(l) = 0, is

w0 = − λ

σ
, u0 = νλs

σ
, T10 = 0.

The edge effect functions y1, y2 may be determined from formulas (19).
The general solution of system (41)

u = C1x + C2/x, T1p,2p = (1 + ν)C1 ∓ (1 − ν)C2/x
2 (45)

contains the two arbitrary constants C1 and C2.
To find C1 and C2 we substitute solution (45) and approximate relations

w(l) = w0(l) + w2(l) = − λ

σ
+ D̂3 + D̂4,

M1(l) = μ2M12(l) = −μ2(r23 D̂3 + r24 D̂4), Q1(l) = μQ12(l) = −μ(r33 D̂3 + r34 D̂4)

into the last condition (43) and the three first conditions (42) and get the following
system of equations

r2(1 + ν)C1 = (1 − ν)C2, r23 D̂3 + r24 D̂4 = 0,

σ (C1 + C2 − D̂3 − D̂4) + λ = 0,

hμ4(r33 D̂3 + r34 D̂4) + a[(1 + ν)C1 − (1 − ν)C2] = 0.

(46)

It follows from the first two Eq. (46) that

C2 = r2(1 + ν)

(1 − ν)
C1, D̂3 = D̂4.

From the last two Eq. (46) we obtain
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C1 = − λ

A
, A = (1 − ν)[1 − ν + (1 + ν)r2] + 2ga(1 + ν)(r2 − 1)

μh
. (47)

Substituting the expressions for C1 and C2 into last formulas (45), we find the
pre-buckling stress-resultants in the annular plate:

T1p = r2 − x2

x2
A(1 + ν)λ, T2p = −r2 + x2

x2
A(1 + ν)λ. (48)

4.3 Buckling of the Plate

Buckling plate Eq. (2) can be reduced to the following equation

d4wp

dx4
+ 2

x

d3wp

dx3
− m2 + βt1

x2
d2wp

dx2
+ m2 − βt2

x3
dwp

dx
+ m2(m2 − 4 + βt2)

x4
wp = 0, (49)

where m2 = 2m2 + 1,

β = 12T1p(1)

a2
, tk = x2Tkp(x)

T1p(1)
, k = 1, 2. (50)

If we find the least positive eigenvalue βp for eigenvalue problem (49), (36) then,
using the first formula (48), we obtain the dimensionless critical pressure

λp = μ4
pβp

(1 + ν)(b2 + 2b)
, (51)

corresponding to the buckling of the second type.
Equation (49) does not have an analytical solution. The analytical solution of this

equation was obtained by Mansfild [11] for specific pre-buckling stress-resultants
t1 = 1 and t2 = −1. However one can get an approximate analytical solution assum-
ing that the plate is narrow, i.e. b � 1 [7]. Usually this assumption is valid for
ring-stiffened shells.

Let us suppose that the circumferential wave number m ∼ 1. In this case replac-
ing variable x = 1 + bξ in Eqs. (49), (36) and neglecting small terms leads to the
boundary-value problem

d4w/dξ 4 − βb2[(1 − ξ)w′′ + w′] = 0, w(0) = w′(0) = w′′(1) = w′′′(1) = 0,

which does not have positive eigenvalues since
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βb2 = −
∫ 1
0 (w′′)2dξ

∫ 1
0 (1 − ξ)(w′)2dξ

< 0.

Here w′ = dw/dξ .
Replace variable x = 1 + bξ in (49) and (36) assuming m ∼ 1/b. Keeping only

main terms, we get the approximate equation

d4w/dξ 4 − 2m2
0w

′′ + m4
0(1 − β2

0 )w = 0 (52)

and the boundary conditions

w(0) = w′(0) = 0, w′′(1) − νm2
0w(1) = 0, w′′′(1) − m2

0(2 − ν)w′(1) = 0,
(53)

where β0 = √
β/(m

√
b), m0 = bm.

If β0 ≤ 1 then eigenvalue problem (52), (53) does not have nontrivial solutions.
In the case β0 > 1 the solution of Eq. (52) has the form

w = C1 sin α0x + C2 cosα0x + C3 sinh γ0x + C4 cosh γ0x, (54)

where Ck are arbitrary constants and

α0 = m0

√
β0 − 1, γ0 = m0

√
β0 + 1.

Substituting (54) into conditions (53) we obtain four linear homogeneous alge-
braic equations for unknowns C1, C2, C3, and C4. These equations have nontrivial
solutions if the characteristic determinant is equal to zero:

F sinh γ0 sin α0 + G cosh γ0 cosα0 + H = 0, (55)

where

F = β2
0 (1 − 2ν) − (1 − ν)2, G = [β2

0 + (1 − ν)2]
√

β2
0 − 1,

H = [β2
0 − (1 − ν)2]

√
β2
0 − 1.

The approximate value of least positive eigenvalue βp may be found as

βp = ηp

b
, ηp = min

m0

[m2
0β

2
0 (m0)], (56)

where β0 is the least positive root of Eq. (55). The error of formula (56) appears
whereas m = m0/b is not integer. This error is small for b � 1 since then m � 1.
The function ηp depends only on Poisson’s ratio ν. Figure 3 shows graphs of this
function
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Fig. 3 Plot of the function
ηp(ν)
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In particular, for ν = 0.3 from the numerical solution of Eq. (55) it follows that
ηc = 12.6 correspondsm0 = 1.92. Hence, in this case βc � 12.6/b andm � 1.92/b.

Substituting (56) into (51) we obtain the following approximate formula for the
dimensionless critical pressure

λp = ηpa2

12b

(
2(1 + b)

b(2 + b)
+ 2ag

μh
+ ν

)
. (57)

Formula (57) show that the critical pressure goes up as the width of ring b
increases.

As an example consider the buckling of the cylindrical shell stiffened by an edge
with the annular plate, assuming that parameter of this structure are the same as in
Sect. 3.4. The dependence of Λ = 104λp on the ring width b, is shown in Fig. 4.

Curve 1 has been obtained by FEA. Curve 2 plots the asymptotic results which
are found in 3.4 by using the beam model of the ring. Curve 3 corresponds to the
value of Λ calculated by formula (57).

For small b the beam model gives the values of Λ that are slightly different from
the FEA results. For sufficiently large b the numerical results and the asymptotic
results obtained by (57) practically coincide. The error of the asymptotic methods
attains its maximum at the point b = b∗ = 0.07 where the type of the buckling mode
changes.
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The non-dimensional critical pressure Λ attains the maximum value for b = b∗.
To maximize the critical pressure, we take b∗ as the optimal value for b. This optimal
value does not differ significantly from the value corresponding to the intersection
point of curves 2 and 3 Therefore, the asymptotic methods can be used for the
evaluation of the approximate optimal plate width.

5 Conclusions

The application of asymptotic method to the buckling problem of cylindrical shell
joined with an annular plate permits to obtain simple approximate formulas for
evaluation of the critical external pressure. The different approaches were used for
narrow and wide plates. In the both cases the solutions of shell equations were
represented as a sums of slowly varying functions and edge effect integrals. To get
the first approximation of the solutions of eigenvalue problems the separation of the
boundary conditions on main and additional conditions was fulfilled.

The same asymptotic approaches can be used for a shell stiffened by plates located
on internal parallels. The some results in this direction are presented in [8]. It is
also possible with the help of approximate formulas evaluate optimal parameters,
corresponding to the maximum critical pressure for the stiffened shell with given
mass.
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acknowledged.
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2D Theory of Shell-like Tensegrity
Structures

Wojciech Gilewski, Paulina Obara and Anna Al Sabouni-Zawadzka

Abstract Six-parameter shell theory is proposed for tensegrity-like structures. Con-
tinuum model to describe mechanical properties of tensegrity lattices is based on the
equivalence of the strain energywith discretemodel. Parametric analysis is presented
to describe the influence of geometrical properties and the level of self-equilibrated
normal forces to the static response of the structure.

Keywords Six-parameter shell theory · Tensegrity

1 Introduction

The works of Professor Wojciech Pietraszkawicz regarding the six-parameter the-
ory of shells, initiated in the second half of the 1970s [1, 2], resulted in numerous
publications and were an inspiration for scientific research. Research and papers
mainly concern non-linear theory in terms of statics and dynamics (e.g. [3–7]) with
applications of the finite element method (e.g. [5, 8, 9]). Linearized equations were
also used for the construction of finite elements with the so-called physical shape
functions [10, 11] and the theory of shells built of tensegrity lattices [12, 13]. The
aim of this paper is to present the general theory of tensegrity-like shells, taking
into account self-equilibrated states of normal forces in struts and cables. Parametric
study is presented for two closed-form boundary value solutions.
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2 The Concept of Tensegrity

An interesting type of structures are tensegrities. The term “tensegrity”was first intro-
duced in the third decade of the XXth century. Several definitions of this concept can
be found in the literature [14–16]. For the purpose of this paper, a tensegrity structure
is defined as a pin-jointed system with a particular configuration of cables and struts
that form a statically indeterminate structure in a stable equilibrium. Tensegrities
consist of a discontinuous set of compressed elements inside a continuous net of ten-
sioned members, which have no compressive stiffness. Selected typical tensegrity
modules are presented in Fig. 1. Infinitesimal mechanisms, that occur in tensegrity
structures, are balanced with self-stress states [15]. Occurrence of a self-stress state
in a structure indicates that there is a certain set of internal forces in structural mem-
bers, which are independent from external loading and boundary conditions because
they are in self-equilibrium.

To major advantages of tensegrity systems belong: large stiffness-to-mass ratio,
deployability, reliability and controllability.Moreover, tensegrities have some unique
features that result from the infinitesimal mechanisms, which are stabilized by self-
stress forces. It is possible to control their static and dynamic properties by adjusting
the pre-stressing forces [17].

There are: self-control, self-diagnosis, self-repair and self-adjustment (active con-
trol). Self-control of tensegrity systems consists in self-stiffening of the structures
under the applied load that causes displacements consistent with the infinitesimal
mechanism mode. External loading acts similarly to the self-stress—it eliminates
singularity of the problem, additionally pre-stresses the structure and stiffens it.
Self-diagnosis relates to the possibility of damage detection and identification by
measuring internal forces in active members. Damage of one structural element
affects the distribution and level of self-stress in the whole structure. Self-repair of
tensegrity structures is realized by adjusting self-stress forces. A proper change of
pre-stressing level can compensate the damaged element and restore the values of
structural displacements from before damage. Self-adjustment (active control) in
regard to tensegrity systems is related with the ability of self-adjustment through
self-stress forces. Both the pre-stressing of the whole structure and its part causes
stiffening of the system and reduction of its displacements. Therefore, active control

Fig. 1 Typical tensegrity modules
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of tensegrities can be realized by adjusting the level of self-stress in only one selected
part of the structure.

An interesting area of the applications of tensegrities are plate and shell lattices
composed as a combination of the basic modules (Figs. 2 and 3).

Tensegrity lattices are complicated regarding both their geometry and mechanical
properties. In order to describe their actual properties and identify features of the
structure as a whole, a shell continuummodel is considered within the six-parameter
theory. The shell parameters are calibrated with the use of discrete model based on
algebraic equations of the problem.

Fig. 2 Tensegrity-like plate

Fig. 3 Tensegrity-like shell
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3 Mechanical Properties of Tensegrity Shell-like Structures

Discrete model of the tensegrity pin-joined truss structure is composed of e straight
and prismatic bars of the lengths lk , cross sections Ak and Young’s modulus Ek . The
bars are connected in nodes in which the number of s nodal displacements q j and
nodal forces Qi are defined (see [19, 20] for details). Axial forces Nk can be expressed
by the extensions of bars �k in the form Nk = Ek Ak�k/ lk . The extensions �k are a

combination of nodal displacements �k =
s∑

j=1
Bkjq j , j = 1, 2, . . . , s. Additionally

the self-equilibrated system of axial forces Sk which satisfy the homogeneous set

of equilibrium equations
e∑

k=1
Bjk Sk = 0 is considered. If one consider equations

of equilibrium in the actual configuration then moment Mk = Sklkψk is acting on
each bar. Angles of bar rotations ψk can be expressed as a combination of nodal

displacements ψk = 1
lk

s∑

j=1
Ckjq j . The above formalism leads to the linear system

of algebraic equations
s∑

j=1
(ki j + kGi j )q j = Qi , in which the linear stiffness matrix

ki j and geometric stiffness matrix kGi j can be expressed in algebraic form ki j =
e∑

k=1
Bki

Ek Ak
lk

Bk j , kGi j =
e∑

k=1
Cki

Sk
lk
Ck j (see [20, 21] for further details). The approach

is not dependent on any approximation typical for the finite element method.
The continuum model proposed by [18] is based on the comparison of the strain

energy of a tensegrity structure defined using a discrete model and the strain energy
of a solid determined according to the symmetric 3D elasticity theory.

In a discrete model (DM), the strain energy of a tensegrity truss can be expressed
as a quadratic form of nodal displacements q:

EDM
s = 1

2
qTKq, (1)

where:
K = KL+KG,KL—global linear stiffnessmatrix,KG—global geometric stiffness

matrix.
The self-stress of the structure is represented by the geometric stiffness matrix.

The strain energy of a solid according to the symmetric linear 3D elasticity theory
(ET) can be expressed as:

EET
s = 1

2

∫

V

εTE ε dV, (2)

where: ε—vector of strain components, E—elasticity matrix.
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Fig. 4 Tensegrity module and continuum

In order to analysemechanical properties of thematerial, it is proposed to compare
the strain energy of an unsupported tensegrity to the strain energy of a cube, with an
assumption that the strain energy of the cube is constant in its whole volume. In a
general case both the analysed structure and the solid can have arbitrary dimensions.
However, in order to showhow the continuummodel is constructed, a simple example
of a typical tensegrity module inscribed into a cube of edge length a is presented
(Fig. 4).

With the above assumptions, the strain energy of the cube of edge length a,
according to the symmetric 3D elasticity theory (ET) [22]:

EET
s = 1

2

∫

V

εTE ε dV = 1

2
εTE ε a3. (3)

To compare the energies and build the equivalent elasticity matrix, the nodal
displacements of the structure are expressed by the average mid-values of displace-
ments and their derivatives in the centre of the cube of edge length a, with the use
of Taylor series expansion. Nodal coordinates of the analysed tensegrity structure
can be expressed using the parameter a, which corresponds to the edge length of
the cube:

{
αxi a, αyi a, αzi a

}
. Then, the parameters of the node i (for example nodal

displacements) can be described as:�xi = αxi a, �yi = αyi a, �zi = αzi a.
The next step of the analysis is a substitution of the determined nodal displace-

ments in the formula (1). As a result, an expression containing a constant part (inde-
pendent of a) and terms with a factor an, n∈{1,2,…} is obtained. However, in the
case of small values of a, terms with the factor an can be regarded as higher order
terms and should be omitted. Moreover, the mentioned terms contain displacement
derivatives greater than the first one, which is beyond the scope of the symmetric
theory of elasticity.

Comparison of strain energies (1) and (3) leads to the determination of coefficients
of the matrix E. In a general case of an anisotropic structure, the obtained elasticity
matrix in Voight’s notation has the following form:
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E =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

e11 e12 e13 e14 e15 e16
e22 e23 e24 e25 e26

e33 e34 e35 e36
e44 e45 e46

e55 e56
sym. e66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (4)

It contains 36 coefficients, including 21 independent ones. The above matrix can
take different, particular forms, depending on the type of symmetry within eight
possible modes [23].

After integration over the thickness of the shell, the equivalent constitutive coef-
ficients of the 2D shell theory are obtained. The details are presented in the next
chapters.

4 Six-Parameter Shell Theory

Continuum model of the tensegrity shell-like structure is based on the linearized
6-parameter shell theory [5]. The subject under consideration is a shell of thickness
h. Displacement field is described by three linear displacements uα, w of middle
surface and three rotations φα,ψ .

Geometric relations, with the use of coordinate system ϑ1, ϑ2 are the following:

γαβ = uα,β − bαβw− ∈αβ ψ,

καβ = ϕα,β− ∈βλ bλαψ,

γα3 = ϕα + w,α + bαλuλ,

κα3 = ψ,α− ∈λβ bλαϕβ,

γ33 = ψ, (5)

where: γαβ, καβ, γα3, κα3, γ33—strain components.
Linear constitutive relations are crucial from the point of view of the continuum

model equivalent to the discrete model:

Nαβ = B0
αβλμγλμ + B1

αβλμκλμ,

Mαβ = h2

12
B0

αβλμκλμ + B1
αβλμγλμ,

Nα3 = k2B0
α3β3γβ3 + m2B1

α3β3κβ3,

Mα3 = h2

12
l2B0

α3β3κβ3 + m2B1
α3β3γβ3, (6)
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where: Nαβ, Mαβ, Nα3, Mα3—internal forces, k2, l2, m2—correction factors.
The constitutive coefficients B0

αβλμ, B1
αβλμ, B0

α3β3, B
1
α3β3κβ3 for tensegrity-like

anisotropic shells depends on elasticity matrix E of the continuum model. An exam-
ple of orthotropic cylindrical shell is introduced in the next chapter.

Equations of equilibrium can be expressed in the form:

Nαβ,α − bαβNα3 + fβ = 0,

Nα3,α + bαβNαβ + f3 = 0,

Mαβ,α − Nβ3− ∈λβ bλαMα3 + mβ = 0,

Mα3,α + ∈αβ

(
Nαβ − bαλMλβ

) + m3 = 0. (7)

The above equations can be used for the analysis of a tensegrity-like shells of any
shape. An example of cylindrical shell is presented below.

5 Parametric Study of Cylindrical Tensegrity-like Shell

Let us consider a cylindrical shell of the constant thickness h and radius of curvature
R (Fig. 5).

The shell is built of the simplex tensegritymodules (Fig. 6a) adapted to the opening
angle of π/48, with self-equilibrated normal forces presented in Fig. 6b. Module
height is equal to the thickness of the shell a = h, and its dimensions in the lower
surface are a × a.

The shell is composed as a set of four modules oriented to the orthotropic sub-
structure (Fig. 7).

Continuum model applied to the cylindrical substructure provides the following
coefficients of the elasticity matrix.

h R

Fig. 5 Cylindrical shell
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Fig. 6 Simplex module: geometry (a), self-equilibrated forces (b)

Fig. 7 Orthotropic cylindrical substructure: general view (a), side view (b)
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E =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

e11 e12 e13 0 0 0
e22 e23 0 0 0

e33 0 0 0
e44 0 0

e55 0
sym. e66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (8)

e11 = 2E A

a2
(0, 326052 + 1, 05578 · k − 0, 0740002 · σ),

e12 = E A

a2
(0, 290535 + 0, 750993 · k − 0, 0181182 · σ),

e13 = E A

a2
(0, 736617 + 0, 26907 · k + 0, 166119 · σ),

e22 = 2E A

a2
(0, 374404 + 1, 19171 · k − 0, 0692667 · σ),

e23 = E A

a2
(0, 689166 + 0, 283706 · k + 0, 156652 · σ),

e33 = 2E A

a2
(0, 587732 + 1, 08399 · k − 0, 161385 · σ),

e44 = 2E A

a2
(0, 145268 + 0, 375496 · k + 0, 00264259 · σ),

e55 = 2E A

a2
(0, 368309 + 0, 134535 · k + 0, 0833235 · σ),

e66 = 2E A

a2
(0, 344583 + 0, 141853 · k + 0, 0785901 · σ), (9)

where:
k = (E A)cable

(E A)strut
, (E A)strut = E A, σ = S

E A , E—Young’s modulus of the struts,
A—cross-section of the struts.

The above coefficients depends on two important parameters: the cable to strut
stiffness relation k and self-equilibrated forces parameter σ. The parameters can be
used for the parametric analysis of the shell, for example to study the influence of self-
equilibrated forces for the response under static loads. In the theory of tensegrities it
is used for active control or diagnosis of the structure.

The components of shell elasticity tensors are the following:

B0
1111 = e11, B

0
1122 = e12,

B0
2222 = e22, B

0
2211 = e12,

2B0
1212 = e44,

2B0
1313 = e55, 2B

0
2323 = e66,

B1
αβλμ = h2

12
B0

αβλμ, B1
α3β3 = h2

12
B0

α3β3. (10)
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2a

P

aa
P

P

2ξ

Fig. 8 Cylindrical ring

The numerical example is cylindrical ring of the length L = 4a in coordinate
system ϑ1 = ϕ, ϑ2 = x , presented in Fig. 8. Symmetry of the cylinder is to be
introduced in the analytical solution o differential equations. Only edge load is then
applied.

The set of ordinary homogeneous differential equations (with the simplification
thatm2 = 0 and non-dimensional coordinate ξ2 = x/a ∈ 〈−1, 1〉) for the cylindrical
ring is the following:

Ku2,22 − ˆ̂γ0aK 2w,2 + c2ϕ2,22 = 0,

− Ka ˆ̂γ0 ˆ̂γ1u2,2 +w,22 +K 2a2 ˆ̂γ1w − aφ2,2 = 0,

K ˆ̂γ2u2,22 −aK 2w,2 − ˆ̂γ2φ2,22 + a2K 2φ2 = 0,

l2ψ,22 −a2K 2ψ = 0, (11)

where:

ˆ̂γ0 = B0
2211

B0
2222

, ˆ̂γ1 = B0
2222

k2B0
2323

, ˆ̂γ2 = h2

12R2
ˆ̂γ1.

The displacement fields can be expresses in the closed form:

u2(ξ2) = D5 + D6 · ξ2, (12)

w(ξ2) =
ˆ̂γ0
aK

D6

+
ˆ̂γ2

ˆ̂γ1aK 2

⎧
⎪⎪⎨

⎪⎪⎩

D1 · [d1 · g3(ξ2) − d2 · g2(ξ2)]
+D2 · [d1 · g4(ξ2) + d2 · g1(ξ2)]
+D3 · [d1 · g1(ξ2) − d2 · g4(ξ2)]
+D4 · [d1 · g2(ξ2) + d2 · g3(ξ2)]

⎫
⎪⎪⎬

⎪⎪⎭
, (13)
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φ2(ξ2) = D1 · g1(ξ2) + D2 · g2(ξ2)
+ D3 · g3(ξ2) + D4 · g4(ξ2), (14)

ψ(ξ2) = Sinh

(
aK

l
ξ2

)

D7 + Cosh

(
aK

l
ξ2

)

D8, (15)

where:
c2 = h2K 2

12 ,

g1(ξ2) = Sinh(m · ξ2) · Sin(n · ξ2),

g2(ξ2) = Sinh(m · ξ2) · Cos(n · ξ2),

g3(ξ2) = Cosh(m · ξ2) · Sin(n · ξ2),

g4(ξ2) = Cosh(m · ξ2) · Cos(n · ξ2),

m = aK

2

√
√
√
√γ1

(

1 + 2

aK

√
1

ˆ̂γ 1
ˆ̂γ 2

)

,

n =
ˆ̂γ 1aK

2

√
4

ˆ̂γ 1
ˆ̂γ 2a2K 2

− 1
√

ˆ̂γ 1

(

1 + 2
aK

√
1

ˆ̂γ 1
ˆ̂γ 2

) ,

d1 = m
(
m2 − 3n2

)
,

d2 = n
(
n2 − 3m2

)
.

The set of eight constants can be defined with the use of boundary conditions
according to the Fig. 8:

u2(−1) = 0, w(−1) = 0, φ2(−1) = 0, ψ(−1) = 0,

u2(1) = 0, N23(1) = P, φ2(1) = 0, M23(1) = 0. (16)

The solution is obtained with the use of symbolic programming within theMath-
ematica environment. The expressions are too big to present them in the paper in
analytical form but it is possible to show them graphically. Two important parameters
are important for the analysis the results: cable to strut stiffness ratio

k = (E A)cable

(E A)strut
(17)

and the self-equilibrated normal forces ratio in the tensegrity lattice:

σ = S

E A
. (18)
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Fig. 9 Parametric study of normalized maximum displacement in the cylindrical ring

The scaled maximum radial displacement δ = wmax
E Astrut h3

PL3a2 is presented in
Fig. 9. The influence of both parameters are on the level of 30% what can be an
effective value for active control of the tensegrity-like shell.

6 Conclusion

The six-parameter shell theory, introduced and widely explored by Professor Woj-
ciech Pietraszkiewicz, is applied for tensegrity-like curved structures. Tensegrities
are cable-strut lattices of complicated form. The shell model can help to understand
their mechanical properties. The preliminary results are promising. Displacements
and internal forces of tensegrity-like shells depends on the geometrical properties of
the lattice as well as on the self-equilibrated normal forces ratio. The parameters are
important for the applications the tensegrity lattices in smart constructions in which
active control and self-diagnosis can be applied.
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On Some Recent Discrete-Continuum
Approaches to the Solution of Shell
Problems

Ya. M. Grigorenko, A. Ya. Grigorenko and E. Bespalova

Abstract The fundamentals of three newdiscrete-continuumapproaches to the solu-
tion of the stationary problemsof shell theory are discussed: the discrete Fourier series
approach, the spline-collocationmethod, and the complete systemsmethod. The gen-
eral idea of the discussed approaches consists in using some sort of transformation
to convert the original two-dimensional (or three-dimensional) problems to the cor-
responding linear one-dimensional boundary-value problems, which are then solved
numerically using themethodof discrete orthogonalization.The consideredproblems
of elastic deformations of shells employ models of various degree of accuracy: the
model of Mushtari-Donnel-Vlasov, the first-order model of Timoshenko-Mindlin,
and the model based on three-dimensional theory of elasticity. Combining those
models with the proposed solution methods for multi-dimesional problems inves-
tigations of the deformation and stress fields in a number of shells, as well as of
their free vibration properties, are conducted. The considered shells are described by
surface-varying geometrical and physical parameters and it is shown that variation
of those parameters on the distribution of their displacement fields, stress fields, and
on their dynamic characteristics is significant. Special attention is dedicated to the
issue of the accuracy of the obtained numerical solutions.

Keywords Discrete-continuum approaches · Different mechanical models ·
Anisotropic · Inhomogeneous · Shell structures

1 Introduction

Many constructive elements of modern engineering and building structures have
the form of shells of various shapes with a complex inhomogeneous architecture
made of modern materials (composite, functionally-gradient, nanomaterials) which
reveal anisotropy of physical-mechanical properties. The wide application of the
shell systems is attributed to the tendency to satisfy the requirements caused by
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severe operation conditions of various constructive elements of modern engineering
as well as to the probability of choice of rational parameters of strength and service
reliability under the above conditions. Investigation of the stress-strain state and free
vibrations of anisotropic inhomogeneous shells comes up against great difficulties
contributed to solving boundary-value problems for partial differential equations
with variable coefficients.

In view of wide application of modern computational facilities presented by com-
puters with large memory and high operation speed, the approaches to design various
aspects of mechanical performance of shell structures at present are based in main on
numerical methods of problem solving. The universal up-to-date numerical methods
making it possible to solve various classes of boundary-value problems of the shell
theory are developed. These so-called discrete methods are based on the reduction of
initial partial differential equations to the systems of high-order algebraic equations.
They include such methods as finite-difference, variational-difference, and finite-
element ones. The finite-element method, due to its universality and algorhytmicity,
today is the first one by use. Based on variousmodifications of thismethod, the LIRA,
NX NASTRAN, ANSYS, SIMULA Abaqus, PLAXIS, a.o. software packages have
been developed which are widely used in solving static and dynamic problems of
the shell theory and elasticity.

However, along with the universal discrete approaches to solving problems of
the shell theory, the so-called discrete-continual methods are widely applied. The
general idea of these methods consists in reduction of original two-dimensional
(three-dimensional) problems by making use one or other transformations to linear
one-dimensional boundary-value problems, which are solved numerically with the
discrete-orthogonalization method, particularly. The discrete-continual approaches
can be considered as alternative to the universal numerical methods since they are
applied as a rule to analysis of shell objects of a certain class. The solutions obtained
with them can occur to be more effective and accurate that makes it possible for
these methods to be employed in testing various discrete approaches being modified.
The present report proposes three new discrete-continual methods that include the
discrete Fourier series, spline-collocation, and complete system ones which can be
used in solving stationary problems of the shell theory.

2 Discrete Fourier Series Method in Static Problems
for Thick-Walled Shells

The results are presented below, which were obtained in solving the boundary-value
stress problems in spatial formulation, using an untraditional approach, for noncir-
cular hollow cylinders with certain boundary conditions on ends. This approach is
based on the reduction of a three-dimensional problem to two-dimensional one by
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separation of variables along the cylinder length through the use of the Fourier series.
The two-dimensional boundary-value problem, by introducing subsidiary functions
and separating variables along the directrix, is reduced with the help of the discrete
Fourier series to one-dimensional one, which is solved by the numerical discrete-
orthogonalization method.

The above approach has been applied to solving the wide class of problems for
thick-walled cylindrical shells with different cross-section [10, 11]. Here, to illustrate
the discrete Fourier series method, a hollow cylinder with convex corrugated cross-
section is considered as an example.

2.1 Problem Statement

Consider elastic hollow cylinders of constant thickness under an external surface load
q = q0 sin(πs/ l) (q0 = const).The cylinders are described in curvilinear orthogonal
coordinates s, ψ, γ , where s is the longitudinal coordinate, ψ (0 ≤ ψ ≤ 2π) is the
azimuth angle, and γ (γ1 ≤ γ ≤ γ2) is the normal (thickness) coordinate.

The cross-section of the reference surface (Fig. 1) is described by epicycloidal
arcs [15] and specified parametrically as

x = (A + a) cosψ − λa cos

(
A + a

a
ψ

)
; y = (A + a) sinψ − λa sin

(
A + a

a
ψ

)
,

where A is the radius of the fixed circle; a (a > 0) is the radius of the epicycle;
λa (λ < 1) is the distance to the center of the epicycle.

Fig. 1 Cross-section of the
reference surface by
epicycloidal arcs
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The first quadratic form is given by

dS2 = ds2 + B2
2 (ψ, γ )dψ2 + dγ 2

B2 = B2(ψ, γ ) = H2(ψ, γ ) ω (ψ); H2 = H2(ψ, γ ) = 1 + γ

R(ψ)
;

ω = ω (ψ) =
√(

d x

dψ

)2

+
(
d y

dψ

)2

; Rψ = R (ψ) =

((
d x
dψ

)2 +
(
d y
dψ

)2)3/2

d x
dψ

d2 y
dψ2 − d y

dψ
d2x
dψ2

;

where H2 is the Lame parameter; Rψ is the radius of curvature of the cross-section;
ω is the transformation coefficient between the longitudinal coordinate and ψ.

Wewill start with the equations of three-dimensional isotropic elasticity [21]. The
boundary conditions at the cylinder ends are as follows:

σs = 0; uψ = 0; uγ = 0 at s = 0, s = l. (1)

The boundary conditions on the lateral surfaces are

σγ = 0; τsγ = 0; τψγ = 0 at γ = γ1; (2)

σγ = qγ ; τsγ = 0; τψγ = 0 at γ = γ2. (3)

Choosing the stressesσγ , τsγ , τψγ and the displacements uγ , us, uψ , as unknown
functions and performing some transformations, we arrive at a governing system of
partial differential equations of the sixth order with variable coefficients:

∂σγ

∂γ
= − 1

H2Rψ
σγ − ∂τsγ

∂s
− 1

B2

∂τψγ

∂ψ
+

+ 1

H2Rψ

[
Eν

1 − ν2
∂ us
∂s

+ ν

1 − ν
σγ + E

1 − ν2

(
1

B2

∂ uψ

∂ψ
+ 1

H2Rψ
uγ

)]
;

∂τsγ

∂γ
= − 1

H2

1

Rψ
τsγ − ∂

∂s

[
E(

1 − ν2
) ∂ us

∂s
+ Eν(

1 − ν2
) 1

H2
×

×
(
1

ω

∂ uψ

∂ψ
+ 1

Rψ
uγ

)
+ ν

(1 − ν)
σγ

]
− 1

B2

∂

∂ψ

[
E

2(1 + ν)

(
1

B2

∂ us
∂ψ

+ ∂ uψ

∂s

)]
;

∂τψγ

∂γ
= − 2

H2Rψ
τψγ − 1

B2

∂

∂ψ

[
E

1 − ν2

(
ν

∂ us
∂s

+ 1

B2

∂ uψ

∂ψ
+ 1

H2Rψ
uγ

)
+

+ ν

(1 − ν)
σγ

]
− ∂

∂s

[
E

2(1 + ν)

(
1

B2

∂ us
∂ψ

+ ∂ uψ

∂s

)]
;

∂ uγ

∂γ
= − ν

1 − ν

(
∂ us
∂s

+ 1

B2

∂ uψ

∂ψ
− 1

H2Rψ
uγ

)
+ 1 − ν − 2ν2

E(1 − ν)
σγ ;
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∂ us
∂γ

= 2(1 + ν)

E
τsγ − ∂ uγ

∂s
; ∂ uψ

∂γ
= 2(1 + ν)

E
τψγ − 1

B2

∂ uγ

∂ψ
+ 1

H2Rψ
uψ

(0 ≤ s ≤ l; 0 ≤ ψ ≤ 2π; γ1 ≤ γ ≤ γ2) (4)

subject to the boundary conditions (1–3).

2.2 Problem-Solving Method

The boundary conditions (1) make it possible to separate the variables with respect to
the longitudinal coordinate. To this end, the load components and unknown functions
are expanded into Fourier series in s:

X (s, ψ, γ ) =
N∑

n=1

Xn(ψ, γ ) sin λns, Y (s, ψ, γ ) =
N∑

n=1

Yn(ψ, γ ) cos λns,

(
X = {σγ , τψγ , uγ , uψ, qγ

} ; Y = {τsγ , us
}; λn = πn

l
(0 ≤ s ≤ l)). (5)

Substituting series (5) into the governing system (4) and the boundary conditions
(2), (3) and separating variables,we derive, for each term in (5), a governing systemof
partial differential equations with variable coefficients describing a two-dimensional
boundary-value problem [12].

The expressions appearing in the governing system of equations and hindering the
separation of variables with respect to ψ can be considered as additional functions:

ϕ
j
1 = 1

H2Rψ

{
σγ ; τsγ ; uγ ; us

}(
j = 1, 4

); ϕ5
1 =

(
1

H2Rψ

)2

uγ ;

ϕ
j
2 = 1

H2Rψ

{
τψγ ; uψ

} (
j = 1, 2

); ϕ
j
3 = 1

B2

{
∂σγ

∂ψ
; ∂ uγ

∂ψ
; ∂ us

∂ψ

} (
j = 1, 3

);
ϕ

j
4 = 1

B2

{
∂τψγ

∂ψ
; ∂ uψ

∂ψ
; 1

Rψ

∂ uψ

∂ψ

} (
j = 1, 3

); ϕ5 = 1

B2

∂

∂ψ
ϕ3
1;

ϕ6 = 1

B2

∂

∂ψ
ϕ3
3; ϕ7 = 1

B2

∂

∂ψ
ϕ2
4 . (6)

These functions allow the governing system of differential equations to be for-
mally represented in such a form that the separation of variables with respect to ψ

becomes possible. Expanding the load components and the unknown and additional
functions into Fourier series in ψ
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X̃(ψ, γ ) =
K∑

k=0

X̃k(γ ) cos kψ; Ỹ (ψ, γ ) =
K∑

k=1

Ỹk(γ ) sin kψ;

X̃ =
{
σγ , τsγ , uγ , us, ϕ

j
1 , ϕ

j
4 , ϕ6, qγ

}
; Ỹ =

{
τψγ , uψ, ϕ

j
2 , ϕ

j
3 , ϕ5, ϕ7

}
(7)

substituting them into the governing system of equations, and separating variables,
we obtain a system of ordinary differential equations for the amplitudes of the Fourier
series (7) (the index n being omitted):

dσγ,k

dγ
=λnτsγ,k +

(
ν

1 − ν
− 1

)
ϕ 1
1,k − ϕ 1

4,k − E

1 − ν2

(
λnϕ 4

1,k + ϕ 3
4,k + ϕ 5

1,k

)
;

dτsγ,k

dγ
= − ν

1 − ν
λn σγ,k + E

1 − ν2
λ 2
n us,k−

− ϕ 2
1,k −

(
Eν

1 − ν2
+ E

2(1 + ν)

)
λn ϕ 2

4,k − Eν

1 − ν2
λn ϕ 3

1,k − E

2(1 + ν)
ϕ6,k ;

dτψγ,k

dγ
= E

2(1 + ν)
λ 2
n uψ,k − 2ϕ 1

2,k +
(

Eν

1 − ν2
+ E

2(1 + ν)

)
λn ϕ 3

3,k−

− E

1 − ν2

(
ϕ7,k + ϕ5,k

)− ν

1 − ν
ϕ 1
3,k ;

duγ,k

dγ
=
(
1 − ν − 2ν2

)
(1 − ν)E

σγ,k + ν

1 − ν

(
λn us,k − ϕ 2

4,k − ϕ 3
1,k

)

dus,k
dγ

= 2(1 + ν)

E
τsγ,k − λn uγ,k ;

duψ,k

dγ
= 2(1 + ν)

E
τψγ,k − ϕ 2

3,k + ϕ 2
2,k
(
k = 0, K

)
, (8)

subject to the boundary conditions

σγ,k = 0; τsγ,k = 0; τψγ,k = 0 at γ = γ1; (9)

σγ,k = qγ,k; τsγ,k = 0; τψγ,k = 0 at γ = γ2. (10)

The boundary-value problem (8)–(10) can be solved with the stable numerical
discrete-orthogonalization method for all the k harmonics of the Fourier series (7)
simultaneously. At each step of integration, the amplitudes of the additional functions
are calculated from the current amplitudes of the unknown functions by approximat-
ing thembydiscrete Fourier series [13].At the beginning of integration, the additional
functions are determined from the boundary conditions and the initial values of the
unknown functions.
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2.3 Analysis of the Numerical Results

Let us analyze the dependence of the stress state of hollow cylinders of the class
being considered on their cross-sectional curvature. The input data: the radius of the
fixed circle A= 21; the radius of the epicycle a= 3; 7; the parameter λ = 0.4; 0.5; the
thickness of the cylinder h = 2; the length of the cylinder l = 60; Young’s modulus
E = E0; Poisson’s ratio ν = 0.3.

The radius of curvature of the reference surface is minimum at the points (ψ = 0)
where epicycloidal arcs are joined. Table 1 summarizes the values of the radius of
curvature and the ratio of the thickness to the radius of curvature for four different
cylinders.

It can be seen that the ratio h
/∣∣Rψ

∣∣ falls between the allowable limits for thick-
and medium-walled shells, which justifies the choice of the three-dimensional model
for solving problems of this class.

The solution is presented in Figs. 2, 3, and 4 for the mid-length cross-section of
the cylinder.

Table 1 The values of the radius of curvature
∣∣Rψ

∣∣ and the ratio of the thickness to the radius of
curvature h/

∣∣Rψ

∣∣ of reference surface for four different cylinders (a = 7, a = 3 and λ = 0.4,
λ = 0.5)

A = 21; h = 2

a 7 3

The number of epicycloidal arcs 3 7

λ 0.4 0.5 0.4 0.5∣∣Rψ

∣∣ 3.9 2.0 16.8 7.0

h/
∣∣Rψ

∣∣ 0.5 1 0.12 0.29

Fig. 2 The circumferential distribution of the displacement uγ of the mid-surface by a = 3 (a) and
a = 7 (b)
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Fig. 3 The circumferential distribution of the stress σ−
ψ on the inside surface of the cylinder by

a = 7 (a) and a = 3 (b)

Fig. 4 The circumferential distribution of the stress σ+
ψ on the outside surface of the cylinder by

a = 7 (a) and a = 3 (b)

Figure 2 show the circumferential distribution of the displacement uγ of the mid-
surface. It can be seen from Fig. 2a that as the parameter λ increases, the displace-
ments in the cylinderswith three corrugations increase slightly in both sectionsψ = 0
and ψ = π/3 The displacements at the junction point are four times larger than and
are opposite in sign to the displacements at the corrugation apex.

Figure 2b demonstrates a different pattern for the cylinders with seven corruga-
tions. As the distance to the epicycle center increases, the displacements decrease
by a factor of 2.7 for ψ = 0 and by factor 1.6 for ψ = π/7. The more there are
corrugations, the higher the stiffness and the smaller the displacements.

The circumferential distribution of the stress σ−
ψ on the inside surface of the

cylinder is shown in Fig. 3, and the circumferential distribution of the stress σ+
ψ on

the outside surface in Fig. 4.
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It follows from Fig. 3a, b that the stress σ−
ψ peaks at the junction point when

a = 7 and ψ = 0 and at the corrugation apex when a = 3 and ψ = π/7. The stresses
at ψ = 0 in the cylinders with seven corrugations are much lower because of higher
stiffness.

It can be seen from Fig. 4a that when a = 7 the stress σ+
ψ peaks at some distance

from the section ψ = 0 and increases by a factor of 1.2 with increase in λ.
When a =3 (Fig. 4b), the stresses peak at some distance from the junction point

if λ = 0.4 and in the section ψ = 0 if λ = 0.5. The stresses at the apex ψ = π/7 are
nearly zero.

In conclusion, we note the following.
We have solved a three-dimensional problem to find the stress state of corrugated

hollow cylinders with cross-section described by epicycloidal arcs. The dependence
of the stress state on changes in the curvature caused by variations in the radius of the
epicycle and the distance to its center has been analyzed. It has been established that
the stiffness of the cylinder increases with variation in the radius of the epicycle and
the distance to its center, which strongly affects the displacement and stress fields.

3 Spline-Collocation Method

Noncircular shells with various cross-sections are employed in many areas of mod-
ern engineering. Of practical importance is to determine resonance frequencies that
depend on the natural frequencies. The scientific literature covers a great many
works on the free vibrations of circular cylindrical shells with variable thickness
[18]. Because of the complexity of the problem, few studies address the vibrations of
noncircular cylindrical shells which are mainly considered to be isotropic and have
constant thickness. This problem is considered in Soldatos [18], Suzuki and Leissa
[19], Suzuki et al. [20].

Here we will analyze the free vibrations of noncircular cylindrical orthotropic
shells of variable thickness using the Timoshenko-Mindlin shell theory [9]. Recently,
computational mathematics, mathematical physics, and mechanics have widely
employed spline functions to solve such problems. This is due to the following
advantages of the spline-approximation method over the other ones: stability of
splines against local perturbations, i.e., the behavior of a spline in the neighborhood
of a point does not affect the overall behavior of the spline (as polynomial approxi-
mation does, for example); better convergence of spline-interpolation compared with
polynomial interpolation; and simple and convenient computer implementation of
spline algorithms. The use of spline functions in variational, projective, and other
discrete–continuous methods allows us to obtain appreciable results as contrasted to
the use of classical polynomials, to simplify substantially their numerical implemen-
tation, and to obtain a highly accurate solutio The present part analyzes the natural
vibrations of noncircular cylindrical shells with elliptical cross-section of variable
thickness with different boundary conditions. Since the separation of variables is
impossible for this class of shells, it is necessary to employ numerical methods. This
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paper proposes an efficient numerical method for studying the natural frequencies of
noncircular cylindrical shells of variable thickness thickness. The method involves
spline-approximation in one coordinate direction and solution of a boundary-value
eigenvalue problem for systems of ordinary differential equations of high order with
variable coefficients by stable numerical discrete orthogonalization in combination
with step-by-step search [7–9].

3.1 Problem Statement. Basic Equations

We will analyze the free vibrations of noncircular cylindrical shells of arbitrary
cross-section and variable thickness (Fig. 5) using the refined Timoshenko shell
model based on the straight-normal hypothesis (after small deformation, a straight
normal to the initial coordinate surface remains straight and unstretched but does not
remain normal). In the coordinate system s, t, fixed to the shell mid-surface (is the
normal (to the mid-surface) coordinate h/2; s is the circumferential coordinate, 0 s L;
t is the longitudinal coordinate, t1 ≤ t ≤ t2), small displacements can be expressed
as

uγ (s, t, γ, τ ) = w(s, t, τ ); uθ (s, t, γ, τ ) = v(s, t, τ ) + γψθ(s, t, τ );
uz(s, t, γ, τ ) = u(s, t, τ ) + γψz(s, t, τ ),

(11)

where τ is time, u (s, t, τ ), v (s, t, τ ), and w (s, t, τ ) are the displacements of the
coordinate surface;ψ s (s, t, τ ) andψ t (s, t, τ ) are functions defining the total rotation
of the normal.

With (1), the expressions for the strains become

es(s, t, γ, τ ) = εs(s, t, τ ) + γ κs(s, t, τ ); et (s, t, γ, τ ) = εt (s, t, τ ) + γ κt (s, t, τ );
est (s, t, γ, τ ) = εst (s, t, τ ) + 2γ κst (s, t, τ ); eγ s(s, t, γ, τ ) = γs(s, t, τ );
eγ t (s, t, γ, τ ) = γt (s, t, τ ); eγ t (s, t, γ, τ ) = γt (s, t, τ ) . (12)

Fig. 5 Noncircular
cylindrical shell with
elliptical cross-section
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where εs, εt , εst are the tangential strains of the coordinate surface; κs, κt , κst are
flexural strains; γs, γt are the rotation angles of the normal caused by transversal
shears.

The strains and displacements of the shell mid-surface are related by

εs = ∂u

∂s
; εt = ∂v

∂t
+ k(t)w; εst = ∂u

∂t
+ ∂v

∂s
; κs = ∂ψs

∂s
;

κt = ∂ψt

∂t
− k(t)

(
∂v

∂t
+ k(t)w

)
; 2κst = ∂ψs

∂t
+ ∂ψt

∂s
− k(t)

∂u

∂t
;

γs = ψs + ∂w

∂s
; γt = ψt + ∂w

∂t
− k(t) v . (13)

The equations of motion for an element of the coordinate surface are

∂Ns

∂s
+ ∂Nst

∂t
= I0

∂2u

∂τ 2
+ I1

∂ψs

∂τ 2
; ∂Nt

∂t
+ ∂Nst

∂s
+ k(t)Qt = I0

∂v

∂τ 2
+ I1

∂2ψs

∂τ 2
;

∂Qs

∂s
+ ∂Qt

∂t
− k(t)Nt = I0

∂2w

∂τ 2
; ∂Ms

∂s
+ ∂Mst

∂t
− Qs = I1

∂2u

∂τ 2
+ I2

∂ψs

∂τ 2
;

∂Mt

∂t
+ ∂Mst

∂s
− Qt = I1

∂v

∂τ 2
+ I2

∂2ψs

∂τ 2
, (14)

where Nst − k(t)Mts − Nts = 0, Ns, Nt , Nst , Nts are tangential forces; Qt , Qs

are shearing forces; Mt , Ms, Mts, Mst are bending ρ(s, t, γ ) is the density of the
shell material. The inertial terms I0, I1, I2 in (4) are given by

I0 =
h/2∫

−h/2

ρ(s, t, γ ) dγ ; I1 =
h/2∫

−h/2

ρ(s, t, γ ) γ dγ ; I2 =
h/2∫

−h/2

ρ(s, t, γ ) γ 2dγ .

(15)

If the mechanical properties of the material across the thickness remain constant,
then I0, I1, I2 are defined by:

I0 = ρ h; I1 = 0; I2 = ρh3/12 .

Since themechanical properties of thematerial are symmetric about the shell mid-
surface, the elasticity relations for orthotropic noncircular cylindrical shells take the
form

Ns = C11εs + C12εt ; Nt = C12εs + C22εt ; Nst = C66εst + 2k(t)D66κst ;
Nts = C66εts; Ms = K11κs + K12κt ; Mt = K12κs + K12κt ;
Mts = Mst = 2D66κts; Qt = K2γt ; Qs = K1γs , (16)
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where the stiffness characteristics of the shell reduced to the coordinate surface are

Ci j = B11h; Di j = Bi j h
3/12; K1 = 5

6
hG13;

K2 = 5

6
hG23; B11 = E1/(1 − ν1ν2);

B22 = E2/(1 − ν1v2); B12 = ν2E1/(1 − ν1ν2) = ν1E21/(1 − ν1ν2); B66 = G12.

(17)

we have: E1 = E2 = E;G12 = G23 = G13 = G; ν1 = ν2 = ν.
Assume that all points of the shell undergo harmonic oscillations with circular

frequency, i.e., the displacements and total rotation angles can be represtnted as
follows (the sign “~” is omitted):

{u(s, t, τ ), v(s, t, τ ), w(s, t, τ ), ψs(s, t, τ ), ψt (s, t, τ )} =
= {u(s, t), v(s, t), w(s, t), ψs(s, t), ψt (s, t)} eiωt (18)

Selecting the components of the displacement vector and total rotation angles as
unknown functions, we can write the governing system of equations as

∂2u

∂t2
=a11

∂2u

∂s2
+ a12

∂2v

∂s∂t
+ a13

∂u

∂s
+ a14

∂v

∂s
+ a15

∂w

∂s
+ a16

∂w

∂t
+ a17

∂v

∂t
+ a18w + a19ω

2u;
∂2v

∂t2
=a21

∂2u

∂s∂t
+ a22v + a23

∂2v

∂s2
+ a24w + a25

∂w

∂t
+ a26

∂2ψs

∂s∂t
+ a27ψt + a28

∂2ψt

∂s2
+

+ a29
∂ψt

∂s
+ a2,10

∂u

∂s
+ a2,11

∂v

∂t
+ a2,12

∂u

∂t
+ a2,13

∂v

∂s
+ a2,14

∂ψs

∂t
+ a2,15ω

2v

∂2w

∂t2
=a31

∂u

∂s
+ a32v + a33

∂v

∂t
+ a34w + a35

∂2w

∂s2
+ a36

∂ψs

∂s
+ a37

∂ψt

∂t
+

+ a38ψt + a39ψs + a3,10
∂w

∂s
+ a3,11

∂w

∂t
+ a3,12ω

2w;
∂2ψs

∂t2
=a41

∂u

∂t
+ a42

∂2u

∂s2
+ a43

∂2v

∂s∂t
+ a44

∂w

∂s
+ a45Ψs+

+ a46
∂2ψs

∂s2
+ a47

∂2ψt

∂s∂t
+ a48

∂ψt

∂s
+ a49

∂u

∂s
+ a4,10

∂v

∂t
+ a4,11w + a4,12

∂v

∂s
+ a4,13

∂ψs

∂s
+ a4,14

∂ψt

∂t
+

+ b4,15
∂ψs

∂t
+ a4,16ω

2u + a4,17ω
2ψs ;

∂2ψt

∂t2
=a51

∂2u

∂s∂t
+ a52v + a53

∂v

∂t
+ a54

∂2v

∂s2
+ a55w + a56

∂w

∂t
+ a57

∂2ψs

∂s∂t
+

+ a58ψt + a59
∂2ψt

∂s2
+ a5,10

∂ψt

∂t
+ a5,11

∂u

∂s
+ a5,12

∂u

∂t
+ a5,13

∂v

∂s
+ a5,14

∂ψs

∂t
+

+ a5,15
∂ψt

∂s
+ +a5,16

∂ψs

∂s
+ a5,17v + a5,18ψt , (19)

where
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a11 = −C11
C66

; a12 = −C12+C66
C66

; a13 = −k(t)C12
C66

; a14 = − 1
C66

∂C66
∂t ;

a15 = − 1
C66

∂C11
∂s ; a16 = − 1

C66

∂C12
∂s ; a17 = − k(t)

C66

∂C12
∂s ; a18 = a14;

a19 = − 1
C66

; a22 = k2(t)K2
C22

; a23 = −C66
C22

; a21 = −C12+C66−k2(t)D66
C22

;
a24 = −k ′(t) − k(t)

C22

∂C22
∂t ; a25 = −k(t)C22+K2

C22
; a26 = − k(t)D66

C22
;

a27 = − k(t)K2
C22

; a28 = a26; a29 = − k(t)
C22

∂D66
∂s ; a2,10 = − 1

C22

∂C12
∂t ;

a2,11 = − 1
C22

∂C22
∂t ; a2,12 = − 1

C22

(
∂C66
∂s − k2(t) ∂D66

∂s

); a2,13 = − 1
C22

∂C66
∂s ;

a2,14 = a29; a2,15 = − hρ
C22

; a31 = k(t)C12
K2

; a32 = k ′(t) + k(t)
K2

∂K2
∂t ;

a33 = k(t) K2+C22
K2

; a34 = k2(t)C22
K2

; a35 = − K1
K2

; a36 = a35; a37 = −1

a38 = − 1
K2

∂K2
∂t ; a39 = − 1

K2

∂K1
∂s ; a3,10 = a39; a3,11 = a38; a3,12 = − hρ

K2
;

a41 = k ′(t) − k(t)
C66

∂C66
∂t + k(t)

D66

∂D66
∂t ; a42 = −k(t)C11

C66
; a45 = K1

D66
; a46 = − D11

D66
;

a43 = k(t) D12C66−C12D66−C66D66
C66D66

; a44 = k2(t)(D12C66−C12D66)+K1C66
C66D66

;
a47 = − D12+D66

D66
; a48 = − 1

D66

∂D66
∂t ; a49 = − k(t)

C66

∂C11
∂s ; a4,12 = − k(t)

C66

∂C66
∂t ;

a4,10 = k(t)
D66

∂D12
∂s − k(t)

C66

∂C12
∂s ; a4,11 = k2(t)

D66

∂D12
∂s − k2(t)

C66

∂C12
∂s ; a4,13 = − 1

D66

∂D11
∂s ;

a4,14 = − 1
D66

∂D12
∂s ; a4,15 = a48; a4,16 = − k(t)hρ

C66
; a4,17 = − k2(t)h3ρ

12D66
;

a58 = a56; a51 = k(t) D66C22−C12D22−C66D22+k2(t)D66D22
C22D22

;
a52 = k(t)K2

k2(t)D22−C22
C22D22

; a55 = k(t)k ′(t) − k2(t)
C22

∂C22
∂t + k2(t)

D22

∂D22
∂t ;

a56 = K2
C22−k2(t)D22

C22D22
; a57 = − k2(t)D22D66+C22D12+C22D66

C22D22

a59 = − D66(k2(t)D22+C22)

C22D22
; a5,10 = − 1

D22

∂D22
∂t ;

a5,11 = − k(t)
C22

∂C12
∂t ; a5,12 = k3(t)

C22

∂D66
∂s − k(t)

C22

∂C66
∂s + k(t)

D22

∂D66
∂s ;

a5,13 = − k(t)
C22

∂C66
∂s ; a5,15 = a5,14; a5,14 = − k2(t)

C22

∂D66
∂s − 1

D22

∂D66
∂s ;

a5,16 = − 1
D22

∂D12
∂t ; a5,17 = − k(t)hρ

C22
; a5,18 = − k2(t)h3ρ

12D22
.

Let us consider the following boundary conditions on the curvilinear boundaries
s = 0 and s L:

(i) the boundary is clamped: u = v = w = 0; ψi = ψe = 0
(ii) the boundary is hinged and free along the generatrix: ∂u

/
∂s = 0 ; v = w = 0 ;

∂ψs/∂s = 0 ; ψt = 0 .

If the shell is open, then the boundaries t1, t2 are either clamped (u = v = w = 0;
ψs = ψt = 0 ) or hinged (∂u/∂t = 0 ; v = 0 ; ∂w/∂t = 0 ; ∂ψs/∂t = 0 ; ψt = 0 ).

If the shell is closed, then the following symmetry conditions on the straight
boundaries t1 = 0 and t2 = T/2 (T is the shell length) are ∂u/∂t = 0 ; v = 0 ;
∂w/∂t = 0 ; ∂ψs/∂t = 0 ; ψt = 0 .

Thus,Eqs. (9)with appropriate boundary conditions on theboundaries z=0, z=L,
and t1, t 2 constitute a two-dimensional boundary-value eigenvalue problem.
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3.2 Problem-Solving Technique

If themid-surface of a shell is cylindrical, then it is convenient towrite the equation of
the cylinder directrix parametrically: x = f1(θ) , y = f2(θ) or in a polar coordinates:
r = r(θ), where θ is a parameter. Then, the arc element of the directrix is dt =
n(θ) dt , where n(θ) =

√
(x ′(θ))2 + (y′(θ))2 in the case of the rectangular coordinate

system and n(θ) = √
r2 + r ′2 in the case of the polar coordinate system. Derivatives

along directrix arc are defined in terms of derivatives with respect to θ

∂

∂t
= 1

n

∂

∂θ
; ∂2

∂t2
= 1

n2
∂2

∂θ2
− n′

n3
∂

∂θ
. (20)

With (10), Eqs. (9) become:

∂2u
∂θ2

= b11
∂2u
∂s2

+ b12
∂2v
∂s∂θ

+ b13
∂u
∂s + b14

∂v
∂s + b15

∂w
∂s + b16

∂w
∂θ

+ b17
∂v
∂θ

+ b18w + b19ω
2u;

∂2v
∂θ2

= b21
∂2u
∂s∂θ

+ b22v + b23
∂2v
∂s2

+ b24w + b25
∂w
∂θ

+ b26
∂2ψs
∂s∂θ

+ b27ψθ + b28
∂2ψt
∂s2

+
+ b29

∂ψt
∂s + b2,10

∂u
∂s + b2,11

∂v
∂θ

+ b2,12
∂u
∂θ

+ b2,13
∂v
∂s + b2,14

∂ψs
∂θ

+ b2,15ω
2v;

∂2w
∂θ2

= b31
∂u
∂s + b32v + b33

∂v
∂θ

+ b34w + b35
∂2w
∂s2

+ b36
∂ψs
∂s + b37

ψt
∂θ

+ b38ψt+
+ b39ψs + b3,10

∂w
∂s + b3,11

∂w
∂θ

+ b3,12ω
2w;

∂2ψs
∂θ2

= b41
∂u
∂θ

+ b42
∂2u
∂s2

+ b43
∂2v
∂s∂θ

+ b44
∂w
∂s + b45Ψs + b46

∂2ψs
∂s2

+
+ b47

∂2ψt
∂s∂θ

+ b48
∂ψt
∂s + b49

∂u
∂s + b4,10

∂v
∂θ

+ b4,11w + b4,12
∂v
∂s +

+ b4,13
∂ψs
∂s + b4,14

∂ψtθ
∂θ

+ b4,15
∂ψs
∂θ

+ b4,16ω
2u + b4,17ω

2;
∂2ψt
∂θ2

= b51
∂2u
∂s∂θ

+ b52v + b53
∂v
∂θ

+ b54
∂2v
∂s2

+ b55w + b56
∂w
∂θ

+ b57
∂2ψs
∂s∂θ

+
+ b58ψt + a59

∂2ψt
∂s2

+ b5,10
∂ψt
∂θ

+ b5,11
∂u
∂s + b5,12

∂u
∂θ

+ b5,13
∂v
∂s + b5,14

∂ψs
∂θ

+
+ b5,14

∂ψs
∂θ

+ b5,15
∂ψt
∂s + b5,16

∂ψs
∂s + b5,17v + b5,18ψt ,

(21)

where

b11 = n2(θ)a11; b12 = n(θ)a12; b13 = −n2(θ)k(θ)C12
C66

; b14 = − n(θ)

C66

∂C66
∂θ

;
b16 = n(θ)a16; b17 = − n2(θ)k(θ)

C66

∂C12
∂s ; b18 = − n′(θ)

n(θ)
− 1

C66

∂C66
∂θ

;
b19 = n2(θ)a19; b21 = −n(θ)

C12+C66−k2(θ)D66
C22

; b22 = n2(θ)k2(θ)K2
C22

;
b23 = n2(θ)a23; b24 = −n(θ)k ′(θ) − n(θ)k(θ)

C22

∂C22
∂θ

; b25 = −n(θ)k(θ)C22+K2
C22

;
b26 = − n(θ)k(θ)D66

C22
; b27 = − n2(θ)k(θ)K2

C22
; b28 = n2(θ)a28;

b29 = − n2(θ)k(θ)

C22

∂D66
∂s ; b2,10 = − n(θ)

C22

∂C12
∂θ

; b2,11 = n′(θ)

n(θ)
− 1

C22

∂C22
∂θ

;
b2,12 = − n(θ)

C22

(
∂C66
∂s − k2(θ) ∂D66

∂s

); b2,13 = n2(θ)a2,13;
b2,14 = n2(θ)a2,14; b2,15 = n2(θ)a2,15; b31 = n2(θ)k(θ)C12

K2
;

b32 = n(θ)k ′(θ) + n(θ)
k(θ)

K2

∂K2
∂θ

; b33 = n(θ)k(θ) K2+C22
K2

;
b34 = n2(θ)k2(θ)C22

K2
; b35 = n2a35; b36 = b35; b37 = −n(θ);

b38 = −n(θ) 1
K2

∂K2
∂θ

; b39 = n2(θ)a39; b3,10 = b39;
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b3,11 = n′(θ)

n(θ)
− 1

K2

∂K2
∂θ

; b3,12 = n2(θ)a3,12;
b42 = −n2(θ)k(θ)C11

C66
; b41 = k ′(θ) − k(θ)

C66

∂C66
∂θ

+ k(θ)

D66

∂D66
∂θ

;
b43 = n(θ)k(θ) D12C66−C12D66−C66D66

C66D66
;

b44 = n2(θ)
k2(θ)(D12C66−C12D66)+K1C66

C66D66
; b45 = n2(θ)a45;

b46 = n2(θ)a46; b47 = n(θ)a47; b48 = − n(θ)

D66

∂D66
∂θ

;
b49 = − n2(θ)k(θ)

C66

∂C11
∂s ; b4,10 = n(θ)k(θ)

D66

∂D12
∂s − n(θ)k(θ)

C66

∂C12
∂s ;

b4,11 = n2(θ)k2(θ)

D66

∂D12
∂s − n2(θ)k2(θ)

C66

∂C12
∂s ; b4,12 = − n(θ)k(θ)

C66

∂C66
∂θ

;
b4,13 = n2(θ)a4,13; b4,14 = n(θ)a4,14; b4,15 = − n(θ)

D66

∂D66
∂θ

;
b4,16 = n2(θ)a4,16; a4,17 = − n2(θ)k2(θ)h3ρ

12D66
;

b51 = n(θ)k(θ) D66C22−C12D22−C66D22+k2(θ)D66D22
C22D22

;
b52 = n2(θ)k(θ)K2

k2(θ)D22−C22
C22D22

; b53 = k ′(θ) − k(θ)

C22

∂C22
∂θ

+ k(θ)

D22

∂D22
∂θ

;
b54 = −n2(θ)k(θ) C66

γ22C22
; b55 = n(θ)

(
k(θ)k ′(θ) − k2(θ)

C22

∂C22
∂θ

+ k2(θ)

D22

∂D22
∂θ

)
;

b56 = n(θ)K2
C22−k2(θ)D22

C22D22
; b57 = −n(θ) k

2(θ)D22D66+C22D12+C22D66
C22D22

;
b58 = n2(θ)K2

C22−k2(θ)D22
C22D22

; b59 = −n2(θ)
D66(k2(θ)D22+C22)

C22D22
;

b5,10 = n′(θ)

n(θ)
− 1

D22

∂D22
∂θ

; a5,11 = −n2(θ)
k(θ)

C22

∂C12
∂θ

;
b5,12 = n(θ)

(
k3(θ)

C22

∂D66
∂s − k(θ)

C22

∂C66
∂s + k(θ)

D22

∂D66
∂s

)
; b5,13 = −n2(θ)

k(θ)

C22

∂C66
∂s ;

b5,14 = −n(θ)
(
k2(θ)

C22

∂D66
∂s + 1

D22

∂D66
∂s

)
; b5,15 = −n(θ)

(
k2(θ)

C22

∂D66
∂s + 1

D22

∂D66
∂s

)
;

b5,16 = − n(θ)

D22

∂D12
∂θ

; a5,17 = − n2(θ)k(t)hρ
C22

; a5,18 = − n2(θ)k2(t)h3ρ
12D22

.

Problem (21) with appropriate boundary conditions is solved with the spline-
collocationmethod [7]. The unknown functions u(s, θ) ,v(s, θ) ,w(s, θ) ,ψs(s, θ) ,
ψt (s, θ) are expressed as

u(s, θ) =
N∑
i=0

ui (θ)ϕ1i (s) , v(s, θ) =
N∑
i=0

vi (θ)ϕ2i (s) , w(s, θ) =
N∑
i=0

wi (θ)ϕ3i (s) ,

ψs(s, θ) =
N∑
i=0

ψsi (θ)ϕ5i (s) , ψt (s, θ) =
N∑
i=0

ψti (θ)ϕ4i (s) ,

(22)

where ui (θ), vi (θ), wi (θ), ψsi (θ), ψti (θ) are the required functions of the variable
θ , ϕ j i (s) ( j = 1, 5; i = 0, N ) are linear combinations of B-splines over a uniform
mesh �: 0 = s0 < s1 < · · · < sN = L for the boundary conditions at s = 0 and
s = L . Since the governing system includes no higher than second-order derivatives
of u(s, θ), v(s, θ), w(s, θ), ψs(s, θ), ψt (s, θ) with respect to the coordinate s, we
can restrict the approximation to cubic splines. Substituting (22) into (21), we require
them to be satisfied at the collocation points ξk ∈ [0, L] , k ∈ 0, N .

Let us introduce the following operation of multiplication of a matrix and a vector
and of two vectors. Let P = [pi j ] (i, j = 0, N ) and c̄ = [c0, c1, . . . , cN ]T . If
c̄ ∗ P = [ci pi j ]. If d̄ = [d0, d1, . . . , dN ] T then c̄ ∗ d̄ = [c0d0, c1d1, . . . , cNdN ]T .
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Denoting Φ jα =
[
ϕ

(α)
j i (ξk)

]
(i, k = 0, N ) , j = 1, 5 , α = 0, 1, 2 ,

ū = [u0, . . . , uN ]T , v̄ = [v0, . . . , vN ]T , w̄ = [w0, . . . , wN ]T , ψ̄s =
[ψs0, . . . , ψsN ]T , ψ̄t = [ψt0, . . . , ψt N ]T , b̄Tkl = {bkl(θ, ξ0), . . . , bkl(θ, ξN )}, k =
1, 5; l = 0, N (the collocation points are selected so that the matrices Φ j0 are non-
degenerated) and constructing the inverse matrices Φ−1

j0 ), we arrive at the following
system of differential equations of the second order that describes the free vibrations
of a noncircular homogeneous cylindrical shell:

ū′′ = Φ−1
10 (b̄11 ∗ Φ12 + b̄15 ∗ Φ11 + ρω2b̄19 ∗ Φ10)ū + Φ−1

10 (b̄18 ∗ Φ10)ū
′+

+Φ−1
10 (b̄14 ∗ Φ21)v̄ + Φ−1

10 (b̄12 ∗ Φ21 + b̄16 ∗ Φ20)v̄
′ + Φ−1

10 (b̄13 ∗ Φ31 + b̄17 ∗ Φ30)w̄ ,

v̄′′ = Φ−1
20 (b̄2,10 ∗ Φ11)ū + Φ−1

20 (b̄21 ∗ Φ11 + b̄2,12 ∗ Φ10)ū
′+

+Φ−1
20 (b̄22 ∗ Φ20 + b̄23 ∗ Φ22 + b̄2,13 ∗ Φ21 + ρω2b̄2,15 ∗ Φ20)v̄+

+Φ−1
20 (b̄2,11 ∗ Φ20)v̄

′ + Φ−1
20 (b̄24 ∗ Φ30)w̄ + Φ−1

20 (b̄25 ∗ Φ30)w̄
′+

+Φ−1
20 (b̄25 ∗ Φ41 + b̄2,14 ∗ Φ40)ψ̄

′
s + Φ−1

20 (b̄27 ∗ Φ50 + b̄28 ∗ Φ52 + b̄29 ∗ Φ51)ψ̄t ;
w̄′′ = Φ−1

30 (b̄31 ∗ Φ11)ū + Φ−1
30 (b̄32 ∗ Φ20)v̄ + Φ−1

30 (b̄33 ∗ Φ20)v̄
′+

+Φ−1
30 (b̄34 ∗ Φ30 + b̄35 ∗ Φ32 + b̄3,10 ∗ Φ31 + ρω2b̄3,12 ∗ Φ30)w̄ + Φ−1

30 (b̄3,11 ∗ Φ30)w̄
′+

+Φ−1
30
(
b̄36 ∗ Φ41 + b̄39 ∗ Φ40

)
ψ̄x + Φ−1

30
(
b̄38 ∗ Φ50

)
ψ̄t + Φ−1

30
(
b̄37 ∗ Φ50

)
ψ̄ ′
t ;

ψ̄ ′′
s = Φ−1

40 (b̄42 ∗ Φ12 + b̄49 ∗ Φ11 + ρω2b̄4,16 ∗ Φ10)ū + Φ−1
40 (b̄41 ∗ Φ10)ū

′+
+Φ−1

40 (b̄4,12 ∗ Φ21)v̄ + Φ−1
40 (b̄43 ∗ Φ21 + b̄4,10 ∗ Φ20)v̄

′+
+Φ−1

40 (b̄44 ∗ Φ31 + b̄4,11 ∗ Φ30)w̄ + Φ−1
40 (b̄45 ∗ Φ40 + b̄46 ∗ Φ42 + b̄4,13 ∗ Φ41+

+ ρω2b̄4,17 ∗ Φ40)ψ̄s + Φ−1
40 (b̄4,15 ∗ Φ40)ψ̄

′
s+

+Φ−1
40 (b̄48 ∗ Φ51)ψ̄t + Φ−1

40 (b̄47 ∗ Φ51 + b̄4,14 ∗ Φ50)ψ̄
′
t ;

ψ̄ ′′
t = Φ−1

50 (b̄5,11 ∗ Φ11)ū + Φ−1
50 (b̄51 ∗ Φ11 + b̄5,12 ∗ Φ10) ū

′ + Φ−1
50 (b̄52 ∗ Φ20+

+ b̄5,13 ∗ Φ21 + b̄54 ∗ Φ22 + ρω2b̄5,17 ∗ Φ20)v̄ +
+Φ−1

50 (b̄53 ∗ Φ20)v̄
′ + Φ−1

50 (b̄55 ∗ Φ30)w + Φ−1
50 (b̄56 ∗ Φ30)w̄

′+
+Φ−1

50 (b̄5,16 ∗ Φ41)ψ̄s + Φ−1
50 (b̄57 ∗ Φ41 + b̄5,14 ∗ Φ40)ψ̄

′
s+

+Φ−1
50 (b̄58 ∗ Φ50 + b̄59 ∗ Φ52 + b̄5,15 ∗ Φ51 + ρω2b̄5,18 ∗ Φ50)ψ̄t + Φ−1

50 (b̄5,10 ∗ Φ50)ψ̄
′
t .

(23)

Let us represent system (13) as

dȲ

ds
= A(s, ω) Ȳ (0 ≤ s ≤ L) , (24)

where A(s, ω) is a square 10(N + 1)× 10(N + 1) matrix. The boundary conditions
at s = 0 and s = L for this system are

B1Ȳ (θ1) = 0̄; B2Ȳ (θ2) = 0̄ , (25)

where B1 and B2 are rectangular 5(N + 1) × 10(N + 1) matrices.
Here u′ = ∂u/∂s ; v′ = ∂v/∂s ; w′ = ∂w/∂s ; ψ ′

s = ∂ψs/∂s ; ψ ′
t = ∂ψt/∂s ;

Ȳ = {ū, ū′, v̄, v̄′, w̄, w̄′, ψ̄s , ψ̄ ′
s , ψ̄t , ψ̄ ′

t }T ; ū = {u0, u1, . . . , uN }
ū′ = {u′

0, u
′
1, . . . , u

′
N

}; v̄ = {v0, v1, . . . , vN }; v̄′ = {v′
0, v′

1, . . . , v′
N

};
w̄ = {w0, w1, . . . , wN }; w̄′ = {w′

0, w′
1, . . . , w

′
N

}; ψ̄s = {ψs0, ψs1, . . . , ψsN };
ψ̄ ′
s = {ψ ′

s0, ψ ′
s1, . . . , ψsN

}; ψ̄t = {ψt0, ψt1, . . . , , ψt N
}; ψ̄ ′

t = {ψ ′
t0, ψ ′

t1, . . . , ψ
′
t N

}
.
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To solve the boundary eigenvalue problem (24), (25), we used the discrete-
orthogonalization and incremental search methods [9].

3.3 Analysis of the Numerical Results

Let us study howvariations in elliptic cross-section of a closed noncircular cylindrical
shell affect its natural frequencies in the case where its weight remains constant.
Let the shell of length L = 20l0 be made of an isotropic material with Poisson’s
ratio ν = 0, 3 . The radius of the corresponding circular cylindrical shell whose
weight is equal to that of the noncircular cylindrical shell is R = 10 l0 . The ellipse
eccentricity Δ is chosen to be 0, 0.1, 0.2, 0.3, 0.4. The ellipse semi-axes are defined
by a = R(1 − Δ)/ f , b = R(1 + Δ)/ f , where f = 1 + Δ2

4 + Δ4

64 + Δ6

256 .

Let us consider hinged (S–S) and clamped (C–C) boundary conditions. The shell
is circumferentially symmetric. The first three natural frequenciesΩi = 2ωi l0

√
ρ/G

versus the ellipse eccentricity for different boundary conditions are shown in Fig. 6
(hinged ends) and Fig. 7 (clamped ends).

It can be seen that the frequencies of elliptical cylindrical shells with different
cross-sectional aspect ratios differ insignificantly. Moreover, the first and second
frequencies decrease with increasing eccentricity for all boundary conditions, while

Fig. 6 First three natural
frequencies (hinged ends)

Fig. 7 First three natural
frequencies (clamped ends)
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the behavior of the third frequency depends on the boundary conditions: it increases
if the ends are clamped and decreases if the ends are hinged.

We studied the spectrum of natural frequencies of a closed noncircular cylindrical
isotropic shell of variable thickness with length L = 20l0 and Poisson’s ratio ν =
0, 3 . The radius of the corresponding circular cylindrical shell with weight equal to
that of the noncircular cylindrical shell is R = 10 l0 . The ellipse eccentricityΔ= 0.1.
The thickness of the noncircular cylindrical shell varies as H = H0(1 + α cos pθ)

while its weight remains unchanged, for p = 2k, k ∈ N , α = 0; 0.1; 0.2; 0.3
Figure 8a, b, c.

Show the variation in the thickness of the circular shell (� = 0) in the circum-
ferential direction at α = 0.3 with the parameter p (p =2; 4; 6; 8, respectively) (see
Fig. 4).

We also studied the influence of the parameter for p = 2, 4, 6 on the natural
frequencies of a closed noncircular cylindrical shell symmetric in the circumferential
direction and clamped in the longitudinal direction.

Table 2 summarizes the results calculated for the first three values of
�i = 2ωi l0

√
ρ/G (i is the frequency number) for a closed noncircular cylindri-

cal isotropic shell of variable thickness depending on the parameters p and α.
With increase in for p = 2, 4, the first frequency increases by 0.6% and 1.2%,

respectively, the second frequency decreases by 3.2 and 6.4%, and the third frequency

Fig. 8 Cross-section of ellipticall cylinders with different thickness

Table 2 First three natural frequencies closed noncircular isotropic cylindrical shell of variable
thickness

p � α = 0 α = 0.1 α = 0.2 α = 0.3

p = 2 �1 0.0874 0.0875 0.0877 0.0882

�2 0.1068 0.1056 0.1044 0.1033

�3 0.1074 0.1058 0.1051 0.1044

p = 4 �1 0.0874 0.0881 0.0885 0.0986

�2 0.1068 0.1050 0.1026 0.1002

�3 0.1074 0.1089 0.1089 0.1089

p = 6 �1 0.0874 0.0873 0.0872 0.0871

�2 0.1068 0.1070 0.1071 0.1068

�3 0.1074 0.1084 0.1080 0.1076
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decreases slightly (by up to 1%). At p = 6, all the three frequencies decrease with
increase in compared with the respective frequencies of constant-thickness shells.
The second frequencies undergo maximum changes (up to 7.5%). The parameter p
also affects the natural frequency spectrum variable-thickness shells.

The technique proposed makes it possible to determine the natural frequencies of
open orthotropic cylindrical shells of circumferentially variable thickness.

We analyzed the behavior of the first frequencies of open orthotropic shells with
elliptic cross-section (� = 0.1) made of composites. The composite is BM-1 fiber-
glass plastics with different volume fractions (5:1, 2:1, 1:1) of orthogonally laid
up unidirectional layers whose elastic characteristics are presented in Table 3. The
boundaries s= 0 and s = L of the shell are clamped, and u = v =w= 0;Ψ s= Ψ t = 0.
for θ = 0 and θ = π .

The shell thickness varies as

H(θ) = H0

(
1 + α

(
6

θ2

π2
− 6

θ

π
+ 1

))
; H0 = 2l0.

Note that the weight of the shell does not change with variation in the parameter.
The first values of Ωi = 2ωi l0

√
ρ/G0 (G0 = 1MPa) for different values of are

summarized in Table 3 for different orthotropic materials (C1–C3).
Figure 9 shows the values of the first natural frequencies of an open variable-

thickness orthotropic cylindrical shells with elliptic cross-section (� = 0.1) as func-
tions of the parameter α. The shell thickness varies quadratically.

As follows from Fig. 9, the first three natural frequencies of the shell made of C1
material are the most strongly dependent on the variable thickness. The effect of the
α for shells made of this material is 1% (this effect is hardly noticeable for the C2
material and is less than 1% for the C3 material) compared with constant-thickness
shells made of the same materials. Therefore, shells made of C1 material should be
studied in future.

Table 3 Elastic
characteristics of composite
materials

Elastic parameters Fiber fraction

C1 C2 C3

5:1 2:1 1:1

νts 0.149 0.105 0.123

νst 0.0648 0.077 0.110

Es (104 MPa) 4.76 3.68 3.09

Et (104 MPa) 2.07 2.68 2.74

Gst (104 MPa) 0.531 0.505 0.396

Gsγ (104 MPa) 0.501 0.447 0.366

Gγ s (104 MPa) 0.434 0.414 0.369
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Fig. 9 First three natural
frequencies open noncircular
orthotropic cylindrical shell
of variable thickness

4 Complete Systems Method in Static Problems
for Thin-Walled Shells

The ideological fundamentals of the complete systems method (CSM) for solving
linear N-dimensional (N ≥ 2) boundary-value problems of a general form have
been outlined in the works [2, 17]. This method has been applied and developed
in scalar problems of the heat-mass transfer theory [17], biharmonic problems of
the plate theory [3], vector problems of the elasticity theory [5, 6], in problems on
free vibrations of anisotropic prismatic bodies, and in nonlinear problems of the
shell theory [1, 4]. This method is known as the generalized Kantorovich [3] or
Kantorovich-Vlasov method [1, 6] or as complete systems method (CSM) [2, 4, 5].
The present work considers principal ideas of the CSM using, as an example, static
problems of shallow shells in variational formulation.

4.1 Problem Statement

Let us consider a shallow shell of the constant thickness h, whose mid-surface occu-
pies the domain S ∪ ∂S = {x, y : |x | ≤ a, |y| ≤ b} in projections on the Cartesian
coordinate system x, y and has curvatures kx and ky aligned with coordinate axes.
Inside the domain S, the shell is subject to action of the vector of distributed loads
q̄ = {qx , qy, qn}, where the index n indicates the direction perpendicular to the mid-
surface. Forces-moments, displacements or their combinations may be given at each
point of the boundary ∂S. With this fact, any restrictions, except of their consistency,
are not imposed upon conditions of the contour attachment. It is assumed that the
shell is made of isotropic linearly elastic material.

The stress-strain state of the shell under the action of distributed loads and contour
forces-moments is defined by stationary points of the total deformation

G
(
Ū
) = Π

(
Ū
)+ V

(
Ū
)

(26)
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for the given kinematic restrictions on the separate parts of the domain boundaries.
Here Π

(
Ū
) = 1

2

∫
S

(
DŪ

)T
E0CDŪds and V (Ū ) = −W = − 1

2

∫
S
Ū T q̄ds−

−

⎧⎪⎨
⎪⎩

b∫
−b

(
T̃±
1 u + S̃±

1 v + M̃±
1 w,x +Q̃±

1 w
)
dy

⎫⎪⎬
⎪⎭
a

−a

−
⎧⎨
⎩

a∫
−a

(
T̃±
2 v + S̃±

2 u + M̃±
2 w,y +Q̃±

2 w
)
dx

⎫⎬
⎭
b

−b

are the internal deformation energy and potential of the external forces; DT =⎛
⎝ (),x 0 (),y 0 0 0

0 (),y (),x 0 0 0
−kx −ky 0 −(),xx −(),yy −(),xy

⎞
⎠—is the matrix differential operator, which

relates components of the deformation vector ε̄ = {ε1, ε2 , ω, κ1, κ2, τ } with com-
ponents of the displacement vector Ū = {u(x, y), v(x, y), w(x, y)}, C = {

ci j
}
,(

i, j = 1, 6
)
is the symmetric matrix of elastic constants of generalized Hooke’s law

N̄ = C ε̄, whose nonzero elements in the isotropic case are: c11 = c22 = DN = Eh
1−μ2 ,

c12 = μDN ; c33 = 1−μ

2 DN ; c44 = c55 = DM = h2

12DN ; c45 = μDM ; c66 = 1−μ

2 DM

(E andμ are the Youngmodulus and Poisson ratio); N̄ = {T1, T2, S, M1, M2, H} is
the vector of forces and moments; E0 = {eii }

(
i = 1, 6

)
is the diagonal matrix with

elements eii = 1
(
i = 1, 5

)
, e66 = 2; T̃±

1 , S̃±
1 , M̃±

1 , Q̃±
1 and T̃±

2 , S̃±
2 , M̃±

2 , Q̃±
2 are

the contour forces-moments given on the sides x = ±a and y = ±b, respectively;
comma in the lower index denotes differentiation with respect to the above variable;
indexes 1, 2, 3 correspond to the coordinate directions x, y, n; all the vectors are
considered as vector-columns.

4.2 Solving Method

Principles of construction of the CSM for solving N -dimensional (N ≥ 2) problems
in differential and variational formulations are outlined, as it was noted above, in
Bespalova [1, 2], Bespalova and Kitaygorodskiy [3, 4], Bespalova and Urusova [5,
6], Prokopov et al. [17]. Their main point consists in the following moments:

approximating the desired solution in superposition of the functions with separated
variables, where all the introduced functions are unknowns (stage 1);
constructing the governing system with respect to the introduced functions of differ-
ent variables (stage 2);
solving the constructed system and problem (stage 3).

Stage 1. Approximation of the desired stationary points of the given functional.
According to the principal ideas of the CSM, each component of the searched

displacement vector 	U = {u(x, y), v(x, y), w(x, y)} is accepted as follows:
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u(x, y) ∼= FuM(x, y) =
M∑
i=1

Xui (x)Yui (y),

v(x, y) ∼= FvM(x, y) =
M∑
i=1

Xvi (x)Yvi (y),

w(x, y) ∼= FwM(x, y) =
M∑
i=1

Xwi (x)Ywi (y), (27)

where M is the number of the series terms retained in approximation, while all the
functions Xui (x),Yui (y), Xvi (x),Yvi (y), Xwi (x),Ywi (y)

(
i = 1, M

)
are unknown.

For the sake of convenience, let us present these functions as components of the
following two vectors (further they will be called argument vector-functions of the
associated argument):

X̄ = {Xqi (x)
}
q=u,v,w;
i=1,M

= {Xu1, Xu2, . . . , XuM , Xv1, Xv2, . . . , XvM , Xw1, Xw2, . . . , XwM }

Ȳ = {Yqi (y)}q=u,v,w;
i=1,M

= {Yu1, Yu2, . . . , YuM , Yv1, Yv2, . . . , YvM , Yw1, Yw2, . . . , YwM }. (28)

According to the accepted approximation (27), the desired vector Ū is replaced
approximately by the two argument vector-functions X̄ , Ȳ , functional (26) is replaced
approximately by the functional GM

(
X̄ , Ȳ

)
, while the stationary condition δG = 0

by the condition

δGM = δX̄ GMδ X̄ + δȲ GMδȲ , (29)

where δX̄ GM , δȲ GM are the partial variations of the functional GM with respect to
the components of the vectors X̄ and Ȳ , respectively.

Stage 2. Constructing the resolving system with respect to the unknown argument
vector-functions X̄ and Ȳ .

Implementation of this stage is based on the known procedure of variational cal-
culus. So, due to independency of the components of the vectors X̄ and Ȳ , condition
(29) becomes equivalent to the following system of conditions:

δX̄ GM =
M∑
k=1

(δXukGMδXuk + δXvk GMδXvk + δXwk GMδXwk) = 0; (30)

δȲ GM =
M∑
k=1

(δYuk GMδYuk + δYvk GMδYvk + δYwk GMδYwk) = 0. (31)

In transitions to the Euler-Lagrange equations, each condition from (30), (31) gen-
erates one-dimensional problemwith respect to the varied argument vector-function.
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Herewith, the argument-functions of another variable, which are unvaried under this
condition, appear in the one-dimensional problem as parameters-functionals. So, the
one-dimensional problem with respect to the variable x with regard to the functions
X̄ is equivalent to condition (30), while the functions Ȳ enter in it as definite integrals.
In contrast, condition (31), gives rise to one-dimensional problem with respect to the
variable y with regard to the functions Ȳ , while the functions X enter in it as definite
integrals. Thus, system (30), (31) is reduced to the system of two one-dimensional
boundary-value problems with respect to the two argument vector-functions of dif-
ferent variables. This new structure can be written down as follows:

Lx X̄ + Q̄x = 0, x ∈ (−a, a)

R∓
x X̄ + ḡ∓

x = 0, x = ∓a; (32)

LyȲ + Q̄y = 0, y ∈ (−b, b)

R∓
y Ȳ + ḡ∓

y = 0, y = ∓b. (33)

where Lx = {lsp}s,p=1,2,3 is the block matrix, whose each block lsp = {lspik }i,k=1,M is
the matrix differential operator with respect to the variable x of the second (s, p �= 3)
or fourth (s, p = 3) order of the following general form:

lspik = Asp
2ik

d2

dx2 + Asp
1ik

d
dx + Asp

0ik; (s, p �= 3)
l33ik = Asp

4ik
d4

dx4 + Asp
3ik

d3

dx3 + Asp
2ik

d2

dx2 + Asp
1ik

d
dx + Asp

0ik (s = p = 3); (34)

The matrix operator of boundary conditions R∓
x has the corresponding form;

Q̄x = {qpk} and ḡ∓
x = {g∓

pk} are the vectors of free terms in the system of differential
equations and boundary conditions.

The coefficients in operators (34) and components of the vectors Q̄x and ḡ∓
x

depend on components of the vector-function Ȳ . For the sake of clearness, we present
expressions for some nonzero coefficients of operators (34):

A11
2ik = −DN

b∫
−b

YuiYukdy, A11
0ik = 1 − ν

2
DN

b∫
−b

Y
′
uiY

′
ukdy,

A33
0ik = DN

(
k2x + 2νkxky + k2y

) b∫
−b

Ywi Ywkdy + DM

b∫
−b

Y
′′
wi Y

′′
wkdy;

q3k = −
b∫

−b

qn(x, y)Ywkdy − Q̃±
2 (x)Ywk

∣∣∣±b − M̃±
2 (x)Y

′
wk |±b . (35)

The operators with indexes y in system (2.7) have the same structure differing in
that differentiation is conducted only with respect to the variable y in Ly , R∓

y , while
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the coefficients in the differential operators depend on components of the vector X̄
as follows:

A11
2ik = −1 − v

2
DN

a∫
−a

Xui Xukdx, A11
0ik = DN

a∫
−a

X
′
ui X

′
ukdx,

A33
0ik = DN

(
k2x + 2νkxky + k2y

) a∫
−a

Xwi Xwkdx + DM

a∫
−a

X
′′
wi X

′′
wkdx;

q3k = −
a∫

−a

qn(x, y)Xwkdx − Q̃±
1 (y)Xwk

∣∣∣±a − M̃±
1 (y)X

′
wk |±a . (36)

Thus, the interconnection between the one-dimensional problems (32) and (33),
which are formulated with respect to the different variables of the domain, is imple-
mented using coefficients in the form (35), (36).

Stage 3. Determining argument functions and problem solving.
To solve the system of two-dimensional problems (32), (33), we will use analog

of the sequence substitution method of the linear algebra (Liebmann-Gauss-Seidel’s
process), whose general scheme is expressed by

L ( j−1)
x X̄ ( j) + Q̄( j−1)

x = 0, x ∈ (−a, a),

R∓( j−1)
x X̄ ( j) + ḡ∓( j−1)

x = 0, x = ∓a; (37)

L( j)
y Ȳ ( j) + Q̄( j)

y = 0, y ∈ (−b, b),

R∓
y Ȳ

( j) + ḡ∓( j)
y = 0, y = ∓b (38)

where j = 1, 2, … is the iteration parameter.
The intermediate j-th step of the process is realized at the fixed number of the

terms M of the approximating relation (27) in the following sequence:

calculating coefficients in the form (35) by using components of the vector-function
Ȳ ( j−1), which are known from the previous ( j − 1)-th step;
determining the vector-function X̄ ( j) by using solution of the one-dimensional linear
boundary-value problem (2.6);
calculating coefficients in the form (2.10) by using components of the defined vector-
function X̄ ( j);
determining the vector-function Ȳ ( j) by using solution of the one-dimensional linear
boundary-value problem (2.7);
checking the calculation accuracy of the argument vector-function X̄ ( j) and Ȳ ( j) by
the chosen criterion and, if the given accuracy is reached, constructing the desired
displacement vector Ū by the accepted approximation (2.1) or transition to the ( j+1)-
th iteration step with repetition of all calculating stages, otherwise.
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As the first approximation Ȳ 0 = {Y (0)
pi }p=u,v,w

i=1,M
, any functions linearly independent

of i can be used. The one-dimensional boundary-value problem is solved numerically
by the orthogonal sweep method (discrete-orthogonalization method). The required
accuracy is provided by increasing the number of the terms M in expression (2.1).

4.3 Calculation Characteristics of the Method

The method developed is substantiated inductively by comparing with solutions
obtained either analytically or experimentally or by other methods. The examples
of testing the CSM in solving 2D and 3D problems of mechanics of deformable
body (linear, nonlinear, eigenvalue) are outlined in Bespalova [1, 2], Bespalova and
Kitaygorodskiy [3, 4], Bespalova and Urusova [5, 6], Prokopov et al. [17]. Here
the basic calculating characteristics of the method, which define convergence of
Liebmann-Gauss-Seidel’s process and stabilization of solving with increasing the
number of approximation terms M , is demonstrated by the example of a plate (2a ×
2a × h) with two adjacent sides being clamped and other two being free [16]. The
results obtained in the case of uniformly distributed load of intensity q are presented
in Table 4.

As is seen, the iterative process of determining the argument-functions (37), (38)
converges with sufficient rapidity (3–4 iterations), while the desired solving is stabi-
lized at 4 signs for 4–5 terms of approximating expression. The dissimilarities from
the data in Leissa and Niedenfuhr [16] do not exceed 3.5% and are absent practically
in the case presented in Huang and Conway [14].

Stable values of the bending moments at two points of the clamped sides M1 =
−Mx (0, a)/P = −My(a, 0)/P and M2 = −Mx (0, 2a)/P = −My(2a, 0)/P with
the force P concentrated at the free angle are summarized in Table 5.

Table 4 Maximum values of the deflection depending on the parameter j of the iterative process
of Liebmann-Gauss-Seidel’s type and the number of the approximating terms M

wmaxDM/qa4

M j = 1 j = 2 j = 3 j = 4

1 0.45683 0.57760 0.57767 0.57768

2 0.51703 0.57840 0.57849 0.57848

3 0.54465 0.57883 0.57887 0.57887

4 0.55656 0.57902 0.57902 0.57902

5 0.55651 0.57904 0.57904 0.57903

6 0.56935 0.57905 0.57905

Huang 0.57904

Leissa 0.55915
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Table 5 Values of the
bending moments M1 and M2
under action of the
concentrated force P at the
free angle of the plate

OKM (Leissa) ε,%

M1 2.4732:10 2.5198:10 1.85

M2 1.0968 1.0897 0.65

Distinctions between maximum values of the bending moments. which held at
angular points at the interfaces of free and fixed sides (M2) obtained with different
methods do not exceed 1%. Such distinctions for the moments at the center of the
fixed side (M1) do not exceed 2%.

In conclusion, we note the following.
The complete systems method (generalized Kantorovich method) differs from

the traditional projective Bubnov-Galerkin-Ritz method and Kantorovich-Vlasov
method of reduction to ordinary differential equations by the following two principal
features:

presentation of the desired solution in the form of combination of the functions
with separated variables. where all the components of the approximating expression
are considered to be unknowns (it should be noted that as such ones the numerical
coefficients in the Bubnov-Galerkin-Ritz method and functions of one variable in
the Kantorovich-Vlasov method are accepted);
reduction of the original two-dimensional problem to the new structure in the form of
systemof two interconnected problems (note that the problemof arbitrary dimension-
ality in the Bubnov-Galerkin-Ritz method is reduced to the system of algebraic equa-
tions. while in the Kantorovich-Vlasov method is reduced to one one-dimensional
problem).

The iterative process of solving the system of one-dimensional problems is con-
vergedwith sufficient rapidity (3–5 iterations). while the desired solution is stabilized
at a few number of terms in the approximating expression (for 4–5 terms).

4.4 Employment of the CSM in a Problem on Shell Vibrations

Using rational combination of theCSMand themethod of successive approximations
in the reverse iteration variant (Rayleigh method). we have developed the technique
for determining frequencies andmodes of free vibrations of shallow panels with rect-
angular planform. As an example of application of the technique. we have calculated
the minimum natural frequency of the panel depending on the curvature values kx
and ky in the case of two adjacent sides being clamped and other two being free. The
calculated results are shown in Fig. 10a in the formof the plotλ = λ(k∗

y) = ω(k∗
y)/ω0

for fixed curvature values k∗
x = 0; 20; 50 and in Fig. 10b as nodal lines of associ-

ated vibration modes (k∗
y ∈ [−k∗, k∗], ω0—is the frequency of the plate vibrations,

k∗ = 50 is the maximum value of the curvature). Points of inflexion on the curves
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Fig. 10 Dependencies λ = λ(k∗
y) for curvature values k

∗
x = 0; 20; 50 (a); nodal lines of vibration

modes (b)

correspond to the change in the vibration modes of the panel on the minimum fre-
quency (Fig. 1b; dashed lines refer to free parts of the contour, solid lines refer to the
nodal lines of the vibration mode w(x, y) = 0 and clamped parts of the boundary)
(Fig. 10).

The curvature sign k∗
y(convexity either upward or downward) for cylindrical pan-

els (k∗
y ∈ (−50; 50)) is of no significance and the dependence λ = λ(k∗

y) is the
symmetric function with respect to k∗

y = 0, increasing with the panel curvature
(curve k∗

x = 0). The curves λ = λ(k∗
y) for shells with positive Gaussian curvature

(k∗
y ∈ (0; 50)) are monotonically increasing functions for all values of k∗

x as well.
For shells with negative Gaussian curvature (convexo-concave, k∗

y ∈ (−50; 0)), the
dependencies λ = λ(k∗

y) are presented by nomonotone curves, whose minimum is
reached at k∗

x = −k∗
y . In this case, the panel mid-surface has diagonal antisymmetry

with zero raise at the center. The inflections on the curves correspond to change in
the vibration modes of the panel on the minimum frequency (Fig. 1b; the dashed
lines refer to the free segments of the contour, the solid lines present the nodal lines
of the vibration mode w(x, y) = 0 and clamped segments of the boundary).

Thus, change in the frequency properties of the shallow panel may be of qualita-
tively different nature depending on how its Gaussian curve varies.

5 Conclusions

In the given report we have studied mechanical performance of anisotropic inhomo-
geneous shells within the framework of models of various severity level such ones
as the Mushtari-Donnel-Vlasov and shear first-order Timoshenko-Mindlin ones as
well as those in the three-dimensional elasticity theory. To solve stationary prob-
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lems of the shell theory, three new discrete-continual methods are proposed. They
include the discrete Fourier series, spline-collocation, and complete system ones.
The general idea of these methods consists in reducing an original two-dimensional
(three-dimensional) problem by use one or other analytical transformations to lin-
ear one-dimensional boundary-value problems which are solved numerically by the
discrete-orthogonalization method. The mechanical performance of inhomogeneous
orthotropic cylindrical shells with arbitrary cross-section both thick- and mid-walled
ones and of shallow panels of rectangular plan-form under arbitrary attachment con-
ditions of a boundary contour is analyzed. The stress-strain problem for hollow cylin-
ders with cross-section in the form of convex semi-corrugations that are described by
a shortened epicycloid is solved; natural frequencies of non-thin orthotropic cylin-
drical shells of elliptical cross-section of variable thickness and of shallow shells
with various Gaussian curvatures are analyzed depending on the type of boundary
conditions. It is noted that variations in the geometrical and physical-mechanical
characteristics as well as the attachment conditions of the boundary contour essen-
tially influence the stress-strain state and natural frequencies of the shells. Emphasis
is placed on the accuracy of the results of numerical calculations.
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A Composite Wave Model
for a Cylindrical Shell

J. Kaplunov, B. Erbaş and M. Palsü

Abstract A 2D composite wave model is established for a thin elastic cylindrical
shell subject to a transverse surface load. It generalises recent authors developments
for plate bending, also taking into consideration transverse compression. The long–
wave, low–frequency and short–wave, high–frequency limiting behaviours of the
composite model correspond to an asymptotic refinement of Kirchhoff Love theory
and hyperbolic equations governing Rayleigh wave propagation along shell faces,
respectively. In addition, the derived equations of motion enable smoothing a dis-
continuity at the extension wave front arising in traditional plate and shell theories.
At the same time, the proposed approach is not uniformly valid, since it can not be
asymptotically justified over the intermediate range, where a typical wavelength is
of order shell thickness.

Keywords Elastic · Shell · Plate · Composite model · Asymptotic · Hyperbolic ·
Transverse compression · Rayleigh wave

1 Introduction

An insightful account of the state of art in mechanics of plates and shells at the end
of the 20th century was given in [1], reflecting on the basics of existing models,
including most important non-linear considerations, e.g. see [2, 3]. New technolog-
ical developments, first of all in the area of nanotechnology, resulted in a sort of
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B. Erbaş · M. Palsü
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renaissance of the theory of thin elastic structures during last two decades. Among
recent publications on the subject, we mention [4–13] related to various modern
trends.

At the same time, a long–term challenge of deriving consistent 2D wave equa-
tions has been addressed only last year for plate bending in [14] also presenting the
history of numerous ad hoc wave formulation, e.g. see [15–18] for greater detail.
The long–wave, low–frequency limit of the composite wave models in [14] corre-
sponds at leading order to the classical Kirchhoff theory, whereas the short–wave
high–frequency limit coincides with the 2D hyperbolic equation for Rayleigh waves
propagating along plate faces. This equation arises from an asymptotic hyperbolic–
elliptic model for surface waves, see [19, 20] and references therein. We remark,
however, that the approximations in [14] are not uniformly valid and cannot be
asymptotically justified over the intermediate range, where a typical wavelength is
of order plate thickness. To this end, we refer to the models proposed in [14] as
composite, but not as asymptotic ones, see also [21].

The aim of the consideration below is to extend the framework of [14] to a thin
cylindrical shell subject to a surface transverse load. Analysis of the original problem
emerges from the preliminary results for plate bending and transverse compression,
since the effect of shell curvature is less essential at wavelengths much shorter than
midsurface radius [22]. The substantial focus is on the compression problem, which
has not been tackled earlier, and is of interest on its own as well. In this case, we
establish a composite wave equation predicting both the Rayleigh wave front and
quasi–front, i.e. the extension wave front in the theory for plane stress, e.g. see
[22] and references therein. The accuracy of this equation is tested in the paper by
comparison with the associated exact time-harmonic solution. Obviously, both the
Rayleigh wave front and quasi-front are also a feature of the derived shell model
involving, in addition, one more composite hyperbolic equation, generalizing that
for plate bending.

2 Statement of the Problem

Consider an elastic cylindrical shell of half-thickness h andmidsurface radius R (h �
R) composed of a material with Young’s modulus E , Poisson’s ratio ν, and density
ρ. Specify three–orthogonal coordinates αn , n = 1, 2, 3, where α3 is the distance
from the midsurface, and α1 and α2 are expressed through cylindrical coordinates
as α1 = z and α2 = Rφ where z is the distance along the longitudinal axis of the
cylinder and φ is the polar angle.

Let the shell be subject to transverse load P applied to upper surface α3 = h;
in doing so, lower surface α3 = −h is assumed to be traction free; see Fig. 1 also
demonstrating splitting of the load into two parts. The first term in the symbolic
sum in this figure corresponds to bending deformation, while the second one is less
common in shell theories and is associated with transverse compression. Originally,
it was introduced in [23] within the static context. However, the role of transverse
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Fig. 1 Decomposition of transverse load

compression appears to be more crucial in dynamics, e.g. see [22, 24]. In particular,
at a certain frequency, referred to as the Poisson one in [25], midsurface extension
due to transverse compression compensates its membrane deformation.

It is well known that traditional thin shell theory governs only long–wave, low–
frequency motions, for which L � h and T � h/c, where L , T and c are typical
wavelength, timescale and wave speed, respectively, see [22]. As a result, this the-
ory cannot properly tackle short–wave, high–frequency dynamic phenomena, when
L � h and T � h/c. Below we attempt to complement shell theory with an asymp-
totic formulation involving their 2D hyperbolic equation along shell faces related
to Rayleigh waves, see [20] and references therein. These equations are valid at
T � h/c and L � h. From the very beginning we do not expect the proposed
approach to be asymptotically justified over the intermediate range, for which L ∼ h
and T ∼ h/c.

The equations of motion in thin shell theory can be written as, see [22–24].

Li (u1, u2,w) − 2ρh
∂2

∂t2

(
ui − ν2h2

3(1 − ν)2c23

∂2ui
∂t2

)
= − νh

2(1 − ν)

∂P

∂αi
, i = 1, 2

(1)
and

L3(u1, u2,w) + 2ρh
∂2w

∂t2
= P (2)

where u1, u2 andw are tangential and transverse displacements of upper face α3 = h

of the shell, t is time, c3 =
√

E

(1 − ν2)ρ
is the speed of the quasi–front (or the

extension wave speed in plane stress theory), and Li and L3 are differential operators
specified in Appendix 1.

This formulation is an asymptotic refinement of the classical Kirchhoff–Love the-
ory incorporating a forcing term in Eq. (1) associated with transverse compression.
Also, the termwith the fourth order derivative in time in this equation enables smooth-
ing a discontinuity at the quasi–front, see [22] and references therein. Finally, the
equations above are written in terms of the upper face displacements, but not midsur-
face ones as usual. Violation of the long–term tradition is motivated by forthcoming
matching with the 2D hyperbollic equation for Rayleigh waves and resulting only in
a higher–order asymptotic error. For shorter wave lengths, when 1 � L/h � η−1/2,
but still in the framework of thin shell theory, the equations above coincide at leading
order with the equations of plate bending and transverse compression [22], taking
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the form

D�2w + 2ρ
∂2w

∂t2
= P (3)

with D = 2Eh3

3(1 − ν2)
and

E

(
1

1 + ν
�ui + 1

1 − ν

∂

∂αi

(
∂u1
∂α1

+ ∂u2
∂α2

))
− 2ρ

∂2

∂t2

(
ui − ν2h2

3(1 − ν)2c23

∂2ui
∂t2

)
= − ν

1 − ν

∂Pi
∂αi

(4)

where, to within asymptotically small terms, � = ∂2

∂α2
1

+ ∂2

∂α2
2

= ∂2

∂z2
+ 1

R2

∂2

∂θ2
.

It is obvious that transverse compression does not cause shear deformation. Thus,
∂u1
∂α2

= ∂u2
∂α1

, and (4) can be rewritten as

2E

1 − ν2
�ui − 2ρ

∂2

∂t2

(
ui − ν2h2

3(1 − ν)2c23

∂2ui
∂t2

)
= − ν

1 − ν

∂Pi
∂αi

(5)

or

�ui − 1

c23

∂2

∂t2

(
ui − ν2h2

3(1 − ν)2c23

∂2ui
∂t2

)
= −ν(1 + ν)

2E

∂Pi
∂αi

. (6)

The hyperbolic equation along shell faces for Rayleigh waves expressed through w
and ui , i = 1, 2, can be written as, see [20],

�w − 1

c2R

∂2w

∂t2
= −k1(1 − k22)(1 + ν)

2EB

√−�P (7)

or

�ui − 1

c2R

∂2ui
∂t2

= (1 − k42)(1 + ν)

4EB

∂Pi
∂αi

(8)

where cR is the Rayleigh wave speed,

k j =
√
1 − c2

R

c2i
, j = 1, 2, (9)

and

B = k1
k2

(
1 − k21

) + k2
k1

(
1 − k22

) − (
1 − k42

)
. (10)
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3 Flat Plate

First, address the composite wave theories for a thin elastic plate. For plate bending
they were derived in [14]. At leading order, we have from this paper

D

(
�2u3 − 1

c2R

∂2�u3
∂t2

)
+ 2ρh

∂2u3
∂t2

=
(
1 − h3

k1
(
1 − k22

)
3B(1 − ν)

√−� �

)
P. (11)

For plate transverse compression we start from (6) and

∂2�ui
∂t2

− 1

c2R

∂4ui
∂t4

= (1 − k42)(1 + ν)

4EB

∂3P

∂αi∂t2
(12)

obtained from (8) by taking a second order derivative in time. Let us find, then, the
sum of (6) and (12) multiplied by γh2, where γ is so far unknown. The result is

�ui − 1

c23

∂2ui
∂t2

+ γh2
∂2

∂t2

(
�ui − 1

c2R

∂2ui
∂t2

)
= 1 + ν

4E

(
−2ν + γh2

1 − k42
B

∂2

∂t2

)
∂P

∂αi
.

(13)

Next, scaling independent variables by

αi = Lξi , i = 1, 2, t = Lc−1
3 τ (14)

we have from homogenous equation (13)

�∗ui − ∂2ui
∂τ 2

+ γc23η
2 ∂2

∂τ 2

(
�∗ui − c23

c2R

∂2ui
∂τ 2

)
= 0 (15)

where η = h/L � 1 is a small geometric parameter, and also �∗ = ∂2/∂ξ21 +
∂2/∂ξ22 .

It is clear from (15) that at leading order, �ui = ∂2ui
∂t2

. Therefore, to within the

same truncation error, it can be reduced to

�∗ui − ∂2ui
∂τ 2

+ γc23η
2

(
1 − c23

c2R

)
∂4ui
∂τ 4

= 0. (16)

Then, we immediately deduce that (16) coincides with homogenous equation (6)
rewritten in scaled variables, provided that

γ = ν2c2R
3c23(1 − ν)2(c2R − c23)

. (17)
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Thus, the sought for composite equation for plate transverse compression is given
by (13) with γ defined by (17). This equation approximates both the quasi–front and
the Rayleigh wave front. In fact, as it may easily be verified, the limiting behaviours
of (13) are given by (6) and (8) at η � 1 and η � 1, respectively.

4 Numerical Results for Transverse Compression

Webeginwith testing the accuracy of the dispersion relation associatedwith homoge-
nous equation (13). For a plane harmonic wave in the form exp[i(kα1 − ωt)], where
k is wavenumber and ω is angular frequency, we have

K 2 − 1 − ν

2
�2 − ��2

(
K 2 − 1

v2R
�2

)
= 0 (18)

with � = γc22, vR = cR
c2

, � = ωh

c2
, and K = kh, where c2 is given by (A2.2).

Over the long–wave, low–frequency range (K ∼ � � 1) this dispersion relation
can be reduced to

K 2 − 1 − ν

2
�2 − ��4

(
1 − ν

2
− 1

v2R

)
= 0, (19)

corresponding to homogenous refined plate equation (6). On other hand, over the
short–wave, high–frequency range (K ∼ � � 1) we get from (19)

K 2 − 1

v2R
�2 = 0 (20)

associated with the Rayleigh wave.
Numerical data are demonstrated in Figs. 2 and 3, and also Table1 at ν = 0.25,

for which vR = 0.9194. Figure2 displays the solutions of limiting equations (19)
and (20) versus the solution of composite equation (18). The latter is compared with
the solution of Rayleigh-Lamb equation (A2.8), presented in Appendix 2, in Fig. 3.
Table1 illustrates the accuracy of the analysed approximations.

Next, consider a plate subject to distributed harmonic load P = P0 ei(kα1−ωt) along
its upper face α3 = h. Then, we have from (13) for the longitudinal displacement

u1 = 2i(1 + ν)AhPo
E

ei(kα1−ωt) (21)

with
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Fig. 2 The dispersion curves for limiting relations (19) (blue line) and (20) (green line) along with
composite relation (18) (red line)

Fig. 3 The dispersion curves for Rayleigh-Lamb relation (A2.8) (black line) and composite relation
(18) (red line)
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Table 1 Numerical solutions of Rayleigh-Lamb and approximate dispersion relations

� Plate dispersion
relation (19)

Rayleigh wave
relation (20)

Composite
dispersion
relation (18)

Rayleigh-Lamb
dispersion
relation (A2.8)

0.1 0.0612 0.0612 0.0612

0.2 0.1225 0.1225 0.1225

0.3 0.1837 0.1838 0.1838

0.4 0.2449 0.2452 0.2452

0.5 0.3061 0.3067 0.3067

1. 0.6124 0.6166 0.6174

1.5 0.9186 0.9326 0.9411

2. 1.225 1.257 1.321

2.5 2.719 1.594 2.064

3 3.263 1.943 2.902

4 4.351 2.685 4.210

5 5.438 3.490 5.376

6 6.526 4.357 6.496

7 7.614 5.280 7.60

8 8.701 6.253 8.691

9 9.789 7.268 9.787

10 10.88 8.317 10.88

20 21.75 19.57 21.75

30 32.63 30.95 32.63

40 43.51 42.17 43.51

A = 1

8

K
(
2ν + ��2B−1(1 − k42)

)
K 2 − 1 − ν

2
�2 − ��2

(
K 2 − 1

v2R
�2

) (22)

Numerical examples are presented in Figs. 4 and 5 at K = (1 + ε)�/vR with ε = 0.1.
As above, ν = 0.25 and vR = 0.9194 . The solution of plate and Rayleigh equations
(A2.9) and (A2.10) are compared with composite solution (22) in Fig. 4. Figure5
shows comparison of composite and Rayleigh-Lamb solutions given by (22) and
(A2.10), respectively.

5 Cylindrical Shell

The relation between 2D shell and plate equations highlighted in Sect. 2 enables
formulating a compositewave theory for a cylindrical shell using the results presented
in Sect. 3 for a plate. Indeed, we may derive from (1)–(3), (6), (11), and (13)
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Fig. 4 The displacement amplitudes for plate equation (A2.9) (blue line), Rayleigh equation
(A2.10) (green line), and composite equation (22) (red line)

Fig. 5 Comparison of displacement amplitude (22) (red line) with exact solution (A2.6) (black
line)
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Li (u1, u2,w) − 2ρh
∂2ui
∂t2

+ γh2
∂2

∂t2

(
�ui − 1

c2R

∂2ui
∂t2

)
=

(
−2ν + γh2

1 − k42
B

∂2

∂t2

)
∂P

∂αi
,

(23)
and

L3(u1, u2,w) + 2ρh
∂2w

∂t2
− D

c2R

∂2�w

∂t2
=

(
1 − h3

k1(1 − k22)

3B(1 − ν)

√−��

)
P. (24)

It is worth noting that the Rayleigh wave appears in both equations above. As
a result of such superposition, homogeneous boundary conditions are satisfied at
traction free lower face x3 = −h, see Fig. 1. We also remark that the contribution of
the Rayleigh wave itself could be readily deduced by adapting the formulation for
surface waves exploited throughout the paper, e.g. see [20], for the original problem
for a shell subject to a load applied to its upper face x3 = h.

Equations (23) and (24) are similar to those in the so–called “shell theories with
modified inertia” [22]. However, the latter are just higher–order, long–wave approxi-
mations, whereas the composite model above also governs the short–wave behaviour
corresponding to the Rayleigh wave, which appears in both Eqs. (18) and (19). At
the same time, the developed asymptotic approach is obviously not uniformly valid,
failing, in a sense, over the intermediate range, where a typical wavelength is of order
shell thickness.

6 Concluding Remarks

The established model is not uniformly asymptotically valid. Although composite
equations (23) and (24) are asymptotically consistent both at h � L , T � h/c and
h � L , T � h/c, their accuracy at h ∼ L , T ∼ h/c may only be analysed numeri-
cally. In this case, full comparison with the 3D exact solution for a hollow cylinder
might be the subject of a special consideration. Other limitations of composite for-
mulations are discussed in [14].

The approach proposed for a cylindrical shell makes use the composite equations
for plate bending and also for plate transverse compression obtained in Sect. 4. The
latter seem to be of an obvious interest themselves, governing both the Rayleighwave
front and quasi–front. They are tested in Sect. 4 by comparison with the solution of
a plane time–harmonic problem for a layer.

The developed methodology is not apparently restricted to a circular cylindrical
shell studied in the paper. However, further extensions to a shell of more general
shapemay require an extra insight, in particular, due to presence of pseudodifferential
operator

√−�.
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Appendix 1. Operators in Shell Theory

The differential operators for a cylindrical shell are given by, cf. [23],

L1 = ∂T1
∂α1

+ ∂S

∂α2
, L2 = ∂S

∂α1
+ ∂T2

∂α2
+ N2

R
, L3 = T2

R
− ∂N2

∂α1
− ∂N2

∂α2
(A1.1)

with

T1 = 2Eh

1 − ν2
(ε1 + νε2) , T2 = 2Eh

1 − ν2
(ε2 + νε1) , S = Eh

1 + ν
δ

and

N1 = ∂G1

∂α1
+ ∂H

∂α2
, N2 = ∂G2

∂α2
+ ∂H

∂α1
(A1.2)

where

G1 = 2Eh3

3(1 − ν2)
(κ1 + νκ2), G2 = 2Eh3

3(1 − ν2)
(κ2 + νκ1), H = 2Eh3

3(1 + ν)
θ.

(A1.3)
In the above

ε1 = ∂u1
∂α1

, ε2 = ∂u2
∂α2

+ w

R
, δ = ∂u1

∂α2
+ ∂u2

∂α1

and

κ1 = ∂2w

∂α2
1

, κ2 = −∂2w

∂α2
2

+ 1

R

∂u2
∂α2

, θ = − ∂2w

∂α1∂α2
+ 1

R

∂u2
∂α1

. (A1.4)

In this formulae α1 = z and α2 = Rφ, where z and φ are cylindrical polars.

Appendix 2. Exact Solution of Plane Time-Harmonic
Problem

The governing equations in plane elasticity are given by, e.g. see [26],
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�ϕ − 1

c21

∂2ϕ

∂t2
= 0, �ψ − 1

c22

∂2ψ

∂t2
= 0, (A2.1)

whereϕ(x1, x3, t) andψ(x1, x3, t) are wave potentials, and c1 and c2 are longitudinal
and transverse wave speeds given, respectively, by

c1 =
√

E(1 − ν)

(1 + ν)(1 − 2ν)ρ
and c2 =

√
E

2(1 + ν)ρ
. (A2.2)

Consider a layer (−∞ ≤ x1 ≤ ∞, −h ≤ x3 ≤ h) with boundary conditions on
its faces x3 = ±h written through wave potentials as

(
∂2ψ

∂x21
− ∂2�

∂x23
+ 2

∂2ϕ

∂x1∂x3

)∣∣∣∣
x3=±h

= 0, (A2.3)

(
ν

1 − ν

∂2ϕ

∂x21
+ ∂2ϕ

∂x23
+ 2χ2 ∂2ψ

∂x1∂x3

)∣∣∣∣
x3=±h

= (1 + ν)P0χ2

E
ei(kx1−ωt), (A2.4)

where χ = c2
c1

=
√

1 − 2ν

2(1 − ν)
.

The solution to the formulated problem for the horizontal displacement at the
faces

u1 =
(

∂ϕ

∂x1
− ∂ψ

∂x3

)∣∣∣∣
x3=±h

, (A2.5)

takes the form u1 = 2i(1 + ν)ρhAP0
E

ei(kx1−ωt) with

A = K

2DRL

((
K 2 + β2

)
cothα − 2αβ coth β

)
(A2.6)

where

α =
√
K 2 − χ2�2, β =

√
K 2 − �2, (A2.7)

and the Rayleigh–Lamb dispersion relation is written as

DRL(K ,�) = (K 2 + β2)2 cothα − 4K 2αβ coth β, (A2.8)

with � and K defined in Sect. 4.
The long–wave, low–frequency expansion of formula (A2.6) at � � 1 and K �

1 takes the form
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A = νK

2(1 − ν)

[
�2

(
1 + ν2

6(1 − ν)
�2

)
− 2

1 − ν
K 2

] (A2.9)

At leading order, we have for the Rayleigh wave contribution at K ∼ � � 1, and
|�/K − vR| � 1,

A = v3R(2 − v2R)

2K (c2 − v2R)R′(vR)
(A2.10)

where c = �/K , vR = cR/c2, and the Rayleigh denominator is given by

R(c) = (2 − c2)2 − 4
√
1 − χ2c2

√
1 − c2, (A2.11)

with prime denoting differentiation with respect to the argument of the Rayleigh
denominator.
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A Beam—Just a Beam in Linear Plane
Bending

Reinhold Kienzler and Patrick Schneider

Abstract Starting from the equations of the linear, three-dimensional theory of
elasticity, the displacements are expanded into power series in the width- and height-
coordinates. By invoking the uniform-approximation method in combination with
the pseudo-reduction technique, a hierarchy of beam theories of different orders of
approximation is established. The first-order approximation coincides with the clas-
sical Euler-Bernoulli beam theory, whereas the second-order approximation delivers
a Timoshenko-type of shear-deformable beam theory. Differences and implications
are discussed.

Keywords Taylor-series expansion · Consistent beam theories · Uniform
approximation · Pseudo reduction · Euler-Bernoulli beam · Timoshenko beam

1 Introduction

Although the title of this book is “Recent Developments in the Theory of Shells”,
we would like to contribute to it with a paper on beams, a quite classical problem
of structural engineering. The reason is threefold. First, beams are a rather special
subgroup of shells as they are one-dimensional shells with curvature zero. Second,
beam theory evolves from the three-dimensional theory of elasticity by a dimension-
reduction technique as shell and also plate do, too. The number of reduced dimen-
sions, however, is two in the former and one in the later case. Third, the honoree took
special interest in our work on plate theories over the years and supported us with
his eminent knowledge and valuable advice. Therefore, we would like to dedicate
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Fig. 1 Beam under distributed load q(x1), point force F and bendingmomentM0 (with rectangular
cross section b × h)

Beams are depicted in textbooks on Structural Mechanics as quasi-one-
dimensional, somehow supported structural elements loaded by distributed and/or
point forces in transversal directions and bending moments (cf. Fig. 1).

The cross sectional dimensions, e.g., height h and width b of rectangular cross-
sections, are assumed to bemuch smaller than the characteristic dimension � in length
direction, i.e., h, b � �.

The derivation of the classical, Euler-Bernoulli beam theory starts with the
celebrated kinematical hypotheses: (i) the beam height remains constant during the
deformation and the transversal displacement u3 does not depend on x3, (ii) plane
cross-sections remain plane, i.e., the displacement in length direction u1 is a lin-
ear function in x3 and constant in x2, and (iii) cross-cross sections normal to the
x1-axis remain, during bending, normal to the deformed beam axis, which implies no
transvers-shear deformations, i.e., shear rigidity is assumed. Further a-priori assump-
tions are invoked concerning the stress state.

The aim of this contribution is to derive a beam theory form the three-dimensional
theory of elasticity without employing any a-priory assumptions.

The first question to be answered is: Under which conditions can the equations
of the linear theory of elasticity be applied to describe a beam in plane bending with
the transverse displacement in x3-direction, i.e., bending with respect to the x2-axis.
It turns out that the answer imposes severe restriction on the loading condition, the
material law and the geometry of the cross-section.

Let us designate functions which are even (e) or odd (o) in x2- and in x3-direction
by double indices on the upper right-hand side of the generic symbol, where the first
and second index refers to the x2- and x3-axis, respectively. Thus f e,o(x1, x2, x3) is an
even function in x2-direction, i.e., f e,o(x1, x2, x3) = f e,o(x1,−x2, x3) and an odd
function in x3-direction, i.e., f e,o(x1, x2, x3) = − f e,o(x1, x2,−x3). Every f has
a uniquely determined additive decomposition into four parts as f (x1, x2, x3) =
f e,e(x1, x2, x3)+ f e,o(x1, x2, x3)+ f o,e(x1, x2, x3) + f o,o(x1, x2, x3). It has been
shown in [1] that loadings pi in all three coordinate directions may drive our plane-
bending beam problem, as long as the following symmetry/antisymmetry conditions
are satisfied
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p1 = pe,o1 , p2 = po,o2 , p3 = pe,e3 . (1)

One exemplary load distribution for each of the three types pe,o1 , po,o2 , pe,e3 is
depicted in Fig. 2 for the case of pure boundary tractions, i.e., in the absence of
volume forces, for which the same reasoning applies.

Loads in x3-direction p3[N
/
m2] are the most relevant loading case for engineer-

ing applications. In this contribution, we restrict ourselves to the case of tractions
that are constant in x2-direction, applied to the upper and lower beam faces.

Since loads in x3-direction have to be of type pe,e3 , the overall load resultant

q(x1) =
b
2∫

− b
2

σ ∗
33

(
x1, x2,+h

2

)
dx2

︸ ︷︷ ︸
q+(x1)

+
b
2∫

− b
2

σ ∗
33

(
x1, x2,−h

2

)
dx2

︸ ︷︷ ︸
q−(x1)

has to be splitted into a symmetric qS = qS+ + qS− and an anti-symmetric part
q A = q A+ + q A− (cf. Fig. 3), where

qS+ = qS− = 1

2

(
q+ + q−),

q A+ = q A− = 1

2

(
q+ − q−).

Fig. 2 Exemplary distributions of boundary tractions driving the plane-bending problem

Fig. 3 Splitting of the loads applied to the beam faces x3 = ±h
/
2 into symmetric and antisym-

metric parts
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We see that the classical text-book problem depicted in Fig. 1 is not a pure plane
bending problem. While qS drives the bending problem, q A which “squeezes” the
bar, drives a bar in tension/compression problem. The loading case q = qS will be
treated in the following.

It may be mentioned that loads of the type pe,o1 are represented by the classical
distributed bendingmomentsm(x1) (per unit-length in x1-direction). However, loads
of the type po,o2 have neither a resulting force nor a resulting moment. One can
easily imagine how loads of the type po,o2 cause “trapezoidal type” cross-section
deformations (cf. Fig. 2 right). Beams under bending show cross-section deformation
of this type (tension at x3 = +h

/
2 cause contraction in x2-direction, compression at

x3 = −h
/
2 cause extension in x2-direction due to Poisson’s ratio and vice versa).

Thus loads of the type po,o2 cause bending.
It has been shown further in [1] that the cross-sectional area has to be double

symmetric with respect to the x2- and x3-axes in order to arrive at a pure plane
bending problem. In addition, the material behavior has to be at least orthotropic
with the axes of orthotropy coinciding with the symmetry axes of the cross-section.
For simplicity matters, we restrict ourselves further in the following: we consider
only surface tractions of the type q = qS , a rectangular cross-section b × h and
isotropic material behavior.

The such defined problem may be studied by a variety of methods. One may
interpret it as a general Almansi-Michell problem [2, 3] and study it in the sense of
Saint-Venant solutions [4]. Alternatively, one may treat it by means of an asymptotic
analysis in the classical sense (as introduced by Ciarlet and Destuynder [5]), or by
the method of �-convergence (cf. Giorgi [6]), as recently done by Friesecke et al. for
plates [7], in order to derive the leading-order approximation.A further approach uses
series expansions of the displacements and studies problems arising from a truncation
approach, for example by starting with a truncated series expansion, which leads to a
Vekua-type hierarchy [8] of approximation theories. Alternatively, one may truncate
the elastic energy. An approach leading to a constrained theory was proposed by
Steigmann [9] and recently expanded towards refined theories by Pruchnicki [10].
For shell theories, the authors used the so-called consistent approximation, which
originates from treatises by Naghdi [11], Koiter [12], Krätzig [13] and Kienzler [14].
It was specialized to plate theories by Kienzler [15] and expanded towards refined
theories in [16] and [17]. The analysis in the sense of this approach is presented in
the following for beams.

In Sect. 2, we present the elements of the consistent approximation for a beam.
In Sects. 3 and 4, the resulting theories for the first- and second-order approximation
are discussed, respectively. Some concluding remarks are given in the final Sect. 5.
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2 Consistent Approximation

2.1 TAYLOR-Series Expansion

We introduce dimensionless coordinates ξi = xi
/

� (i = 1, 2, 3) and employ
Taylor-series expansions of the displacement field ui (ξ1)

ui = �

∞∑

m=0

∞∑

p=0

mpui (ξ1) ξm
2 ξ

p
3 . (1)

The dimensionless coefficients mpui (ξ1) are the unknowns of our problem. From
the linearized kinematical relations

εi j = 1

2
(ui, j + u j,i ), (2)

the respective strain coefficients

εi j =
∞∑

m=0

∞∑

p=0

mpεi j (ξ1) ξm
2 ξ

p
3 (3)

are obtained by comparing equal coefficients. We compile the strain-energy density
W

W = 1

2
Ei jk�εi jεk�

(fourth-order tensor of elasticity Ei jk�, summation over repeated indices) and inte-
grate over the cross-sectional area A to obtain the strain-energyW per unit of length

W = 1

2

∫

A

Ei jk�εi jεk�d A = W
(
mpui (ξ1),

mpui,1(ξ1)
)

(4)

as a function of the dimensionless unknown displacement coefficients mpui (ξ1) and
their gradients mpui,1 = mpu′

i (ξ1). Due to integration over the rectangular cross-
section b × h the “smallness” parameters

c2 = h2

12�2
, d2 = b2

12�2
, e2 = c2, d2 (5)

appear quite naturally and we have
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�2

+ h
2�∫

− h
2�

+ b
2�∫

− b
2�

f (ξ1)ξ
m
2 ξ

p
3 dξ3 = f (ξ1)A

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 for m or p odd
1 for m = 0, p = 0,
d2 for m = 2, p = 0,
c2 for m = 0, p = 2,
9
5d

4 for m = 4, p = 0,
c2d2 for m = 2, p = 2,
9
5c

4 for m = 0, p = 4,
... .

(6)

ThusW appears as power-series expansion in the squares of the beam parameters.
Adopting the shear modulus as characteristic parameter of our isotropic material, we
have

W = GA[(•)1 + (•)c2 + (•)d2 + (•)c4

+ (•)c2d2 + (•)d4 + O (e6)
]
. (7)

Similarly, we obtain for the potential of external forces V̄ per unit of length for
the special loading case q = qS− + qS+ considered here

V = −�

⎡

⎢
⎣

+ b
2�∫

− b
2�

σ ∗
33u3dξ2

⎤

⎥
⎦

∣
∣∣∣∣∣∣

ξ3=+ h
2�

ξ3=− h
2�

= q�
[
(•)1 + (•)c2 + (•)d2 + O(e4)

]
. (8)

The symbols (•) comprise terms of approximately equal order and are related to
the ansatz coefficients and their derivatives. The elastic potential �

� = �

1∫

0

W + Vdξ1 (9)

has thus the same appearance and the variational problem

δ � = 0 (10)

delivers the Euler-Lagrange equations and the stress-boundary conditions (BC).
The Euler-Lagrange equations, or Navier-Lamé equations obtained by varying
with respect to the Taylor-series coefficients of the virtual displacements δu are
given as second-order ordinary differential equations (ODE) system in the unknown
functions mpui (ξ1).It has been shown in [17] that the ODE system in combination
with the BC are completely equivalent to the three-dimensional problem, if infinitely
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many unknowns are considered. It has further been shown, that the ODE system
decouples (also in the boundary conditions) into a:

– rod problem (tension-compression),
– shaft problem (torsion),
– beam problem (bending w.r.t. the ξ3-axis),
– beam problem (bending w.r.t. the ξ2-axis).

The latter is the problem of our further considerations, as already sketched in the
introduction. The power-law expansion for our bending problem involves coefficients
of the following types

u1 = �(01u1ξ3 + 03u1ξ
3
3 + 21u1ξ

2
2 ξ3 + 05u1ξ

5
3

+ 23u1ξ
2
2 ξ 3

3 + 41u1ξ
4
2 ξ3 + . . .),

u2 = �(11u2ξ2ξ3 + 13u2ξ2ξ
3
3 + 31u2ξ

3
2 ξ3 + . . .),

u3 = �(00u3 + 20u3ξ
2
2 + 02u3ξ

2
3 + 40u3ξ

4
2

+ 22u3ξ
2
2 ξ 2

3 + 04u3ξ
4
3 + . . .), (11)

which have to be calculated from the ODE system. (All other coefficients belong to
other sub problems).

2.2 Uniform-Approximation Method

The resulting infinite system of equations, however, is intractable in praxis. The
question, therefore, arises where and how to truncate the series expansion. The con-
sistent uniform-approximation method, now, follows the concept that all governing
equations of the linear theory of elasticity are approximated to the same degree
(order N ). This is accomplished by retaining all terms containing factors d2mc2p

with 2(m + p) ≤ N and neglecting all terms with factors of higher order, which
we denote by the symbol O(e2(N+1)) in the elastic potential. The ODE system of
the Nth order approximation of our beam problem involves (N + 1)(3N + 4)/2
differential equations for the same number of unknowns. In this contribution, we
concentrate on the zeroth- and first-order approximation and communicate merely
results of the second-order approximation. Details of the second-order approxima-
tion may be found in the PhD-thesis of Schneider [18] and will be published in a
forth-coming paper.
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2.3 Pseudo-Reduction Technique

Since the ODE system arising from the uniform-approximation method is linear
in the derivatives of the Taylor coefficients of the displacements, cf. (19), one is
tempted to eliminate all but one, the so-called main variable, from the system by
successive insertion of the equations into each other, similar to the basic methods
of Linear Algebra. This results in a single higher-order main ODE (which is to be
solved) in only the main variable and a set of reduction equations (which express
all other displacement coefficients in terms of the main variable). However, special
considerations are required, since we are dealing with a truncated power series. All
equations are accurate but terms of order O(e2(N+1)) and this degree of accuracy
is to be preserved by the reduction procedure. Therefore, the factors c2 and d2, or,
in common, e2, cannot be treated like normal factors. E.g., division by the factor
e2 would require to calculate the terms with prefactor e2(N+1) in advance. It turns
out as most convenient to regard the same displacements multiplied by different
powers of e formally as independent variables, e.g., oou3 and e2oou3. This special
pseudo-reduction procedure was introduced and discussed in detail in [19] and has
been successfully applied to derive consistent plate theories, cf., e.g., [17, 20–22]. As
result, the reducedODE system (main differential equation and reduction differential
equations) and the original one are equivalent despite terms of the order O(e2(N+1)).

2.4 Stress and Load Resultants, Equilibrium Conditions

Stress resultants may be either introduced via constitutive relations

mpmi j (ξ1) = �m+p ∂W

∂ mpεi j
, (12)

or directly, via integration of moments of the stresses over the cross-sectional area

mpmi j (ξ1) = �m+p+2
∫

A

σi jξ
m
2 ξ

p
3 dξ2dξ3. (13)

Similarly, the load resultants follow from

mpqi = −�m+p−1 ∂V

∂mpui
, (14)

or by integration of the loading-force density over the cross-section under con-
sideration of the tractions along the beam faces ξ2 = ±b/(2�), ξ3 = ±h/(2�),
ξ3 = ±1

/
2h
/

�.
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For the here treated load, we simply obtain

00q3 = q(ξ1),

20q3 = �2d200q3 = �2d2q,

02q3 = �23c200q3 = �23c2q,

. . . (15)

The stress resultants of our plane beam-bending problem are [18]

me,o
11 : 01m11,

21m11,
03m11,

41m11,
23m11,

05m11, . . . ,

mo,o
12 : 11m12,

31m12,
13m12, . . . ,

me,e
13 : 00m13,

20m13,
02m13,

40m13,
22m13,

04m13, . . . ,

me,o
22 : 01m22,

21m22,
03m22, . . . ,

mo,e
23 : 10m23,

30m23,
12m23, . . . ,

me,o
33 : 01m33,

21m33,
03m33, . . .

(16)

The equilibrium equations written in stress resultants follow from the variational
principle or, directly, by multiplying the three-dimensional equilibrium equations by
ξm
2 ξ

p
3 and integration over the cross-section.

As an example, we write down the set of equilibrium equations involving stress
and load resultants of the first-order approximation

1

�

00m ′
13 = −q,

1

�

01m ′
11 − 00m13 = 0,

1

�

11m ′
12 − 01m22 − 10m23 = 0,

1

�

02m ′
13 − 201m33 = −�2d2q,

1

�

20m ′
13 − 210m23 = −3�2c2q,

1

�

03m ′
11 − 302m13 = 0,

1

�

21m ′
11 − 211m12 − 20m13 = 0. (17)

The complete, i.e., infinite equation system, the equations of a second-order
approximation, as well as the appropriate boundary conditions are given in [18].

The ODE system for the unknown functions mpui (ξ1) are the Euler-Lagrange
equations of our variational problem that coincide with the equilibrium Eq. (17) after
expression of the stresses via Hooke’s law by the strains (3) and replacing the strains
via the kinematic relations (2).
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3 First-Order Approximation

3.1 ODE System

The first-order approximation involves seven unknown displacement functions

00u3,
01u1,

11u2,
02u3,

20u3,
03u1,

21u1. (18)

The displacement quantities are illustrated in Fig. 4
These quantities have to fulfil the following ODE system. With Poisson’s ratio

v, the shear modulus G (Young’s modulus E with G = E/(2(1 + v))) and the
abbreviations

α = 2
1 − v

1 − 2v
, β = 2v

1 − 2v
(19)

we find

00u3 01u1 11u2 02u3 20u3 03u1 21u1 RHS

δ 00u3 : (·)// (·)/ 0 c2(·)// d2(·)// 3c2(·)/ d2(·)/ − q�
GA

δ 01u1 : (·)/ (·) − αc2(·)// −βc2(·)/ (1 − 2β)c2(·)/ d2(·)/ 3c2(·) d2(·) 0

δ 11u2 : 0 −βc2(·)/ −(
αc2 + d2

)
(·) −2βc2(·) −2d2(·) 0 0 0

δ 02u3 : c2(·)// (1 − 2β)c2(·)/ −2βc2(·) −4αc2(·) 0 0 0 − 3c2q�
GA

δ 20u3 : d2(·)// d2(·)/ −2d2(·) 0 −4d2(·) 0 0 − d2q�
GA

δ 03u1 : 3c2(·)/ 3c2(·) 0 0 0 0 0 0

δ 21u1 : d2(·)/ d2(·) 0 0 0 0 0 0

3.2 Zeroth-Order Approximation

Weobtain theODE-system of the zeroth-order approximation by neglecting all terms
in (19) which are multiplied by c2 or d2, i.e., e2. Thus

00u′′
3 + 01u′

1 + O(e2) = − q�

GA
,

00u′
3 + 01u1 + O(e2) = 0. (20)

This leads to the conclusion that

q�

GA
= O(e2). (21)
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Fig. 4 Displacement quantities involved in the first-order approximation of the plane-bending
problem

In turn it follows (19 d, e)

3c2q�

GA
,
d2q�

GA
= O(e4), (22)

i.e., the right-hand sides of (19 d and e) are to be neglected in the first-order approx-
imation in accordance to (15).

The solutions of (20) are rigid-body motions

01u1 = ψ0,

w0, ψ0 = const.,
00u3 = w0 − ψ0ξ1, (23)

and the stress resultants are of the order

mpmi j = O(e2) for all i, j,m, p (24)

as well.

3.3 Pseudo Reduction

For convenience we introduce the description

w := 00u3(ξ1),

ψ := 01u1(ξ1), (25)
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With w, the transverse displacement of the central axis of the beam is designated,
whereas the slope of the beam’s cross-section is ψ . Both are the classical variables
of beams in plane bending. The transverse load q is restricted by the symmetry
condition q = qS+ + qS−, cf. Fig. 3.

Pseudo reduction (cf. [19]) leads to the reduction ODEs

e2ψ = −e2w′ + O(e4),

e2 11u2 = ve2w′′ + O(e4),

e2 02u3 = v

2
e2w′′ + O(e4),

e2 20u3 = − v

2
e2w′′ + O(e4),

w′ + ψ + c2 02u′
3 + d2 20u′

3 + 3c2 03u1 + d2 21u1 = −2(1 + v)c2w′′′ + O(e4)
(26)

and to the main ODE

E I

�3
w/V = q + O(e4) (27)

with the bending stiffness

E I = Ebh3

12
. (28)

Equation (27) is the governing differential equation of the classical Euler-
Bernoulli-beam theory!

Insertion of the reduction equations into the displacement ansatz yields

u1 = �ξ3
(
ψ + 21u1ξ

2
2 + 03u1ξ

2
3 + O(e4)

)
,

u2 = �
[
vξ2ξ3w

′′ + O(e4)
]
,

u3 = �
[
w − v

2
ξ 2
2w

′′ + v

2
ξ 2
3w

′′ + O(e4)
]
, (29)

and the remaining reduction ODE (26.e)

w′ + ψ = −c2
(
4 + 5v

2
w′′′ + 303u1

)
+ d2

( v
2
w′′′ − 21u1

)
+ O(e4). (30)

The designation O(e4) is used also in (29) because −b
/

(2�) ≤ ξ2 ≤ +b
/

(2�)
and −h

/
(2�) < ξ3 < +h

/
(2�). Thus ξm

2 ξ
p
3 ∼ em+p.

The displacement coefficients 03u1 and 21u1 remain undetermined by the reduc-
tion ODEs. They may be chosen arbitrarily, e.g., set to zero, or may be determined
either by boundary conditions for the stress state or by equations of a higher-order
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(here: second-order) approximation. By using the freedom of choosing those coef-
ficients a posteriori, the governing differential equations are not changed. Anyway,
the celebrated normal hypothesis ψ = −w′ is not applicable since its deviation is

w′ + ψ = O(e2) (31)

and has to be considered within a first-order approximation, whereas

e2(w′ + ψ) = 0 + O(e4). (32)

For this reason ψ may not be replaced by −w′ in (29.a). From (29.c), it follows
that the transverse displacement u3 is not constant, neither in ξ2- nor in ξ3-direction,
i.e., the transverse strain ε33 is not zero, it rather is

ε33 = vw′′ξ3 + O(e4). (33)

Due to 03u1 and 21u1, cross-sections do not remain plane (cf. Fig. 4). If we set
03u1 = 21u1 = 0 for a moment, the extensional strain in length direction becomes

ε11 = ψ ′ξ3. (34)

With

ε22 = vw′′ξ3 (35)

we see that the out-of-bending-plane stress σ22 is

σ22 = E

(1 + v)(1 − 2v)
(vε11 + (1 − v)ε22 + vε33)

= Eξ3

(1 + v)(1 − 2v)

(
0 + O(e2)

)
, (36)

i.e., we have plane-stress conditions in the (x1, x3) bending plane but not a one-
dimensional stress state!

3.4 Stress Resultants and Boundary Conditions

Within the first-order theory only two stress resultants remain whereas all others are
of order O(e4). They are the classical bending moment M and the transverse shear
force Q
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M := 01m11 = − E I

�
w′′ + O(e4),

Q := 00m13 = − E I

�2
w′′′ + O(e4),

mpmi j = 0 + O(e4) else. (37)

The relevant boundary conditions follow to be

M = M∗ or w′ = w′∗,
Q = Q∗ or w = w∗, (38)

with stared quantities prescribed, i.e., given data at the boundaries

ξ1 = 0, 1.

In conclusion it may be mentioned that the classical Euler-Bernoulli beam
theory is a consistent first-order approximation of the three-dimensional equations
of linear elasticity. The usually introduced a-priori assumptions are not employed
but rather disproved.

3.5 Extended Deformation Ansatz

Expansion coefficients not fixed by the reduction equations can be used a posteriori to
fulfill boundary conditions along the beam faces ξ2 = ±b

/
(2�) and ξ3 = ±h

/
(2�),

and the local equilibrium conditions written in stresses

σi j,i = 0. (39)

The analysis is quite involved and will be dealt with in detail in a forthcoming
paper. Here we merely sketch some results. As it turns out, the first-order approx-
imation for a beam in plane bending is governed by the generalized plane-stress
state in the (x1, x3)-plane. Therefore, we have to introduce average quantities for the
displacements and stresses by integrating over the ξ2 coordinate

ũi (ξ1, ξ3) = �

b

+ b
2�∫

− b
2�

ui (ξ1, ξ2, ξ3)dξ2,

σ̃i j (ξ1, ξ3) = �

b

+ b
2�∫

− b
2�

σi j (ξ1, ξ2, ξ3)dξ2. (40)
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Finally we find for the displacements

ũ1 = �ξ3

{
−w′ +

[
−3(1 + v)c2 + 1

2
vd2 + 1

6
(2 + v)ξ 2

3

]
w′′′

}
+ �O(e5),

ũ2 = 0,

ũ3 = �

{
w + 1

2
v
[
ξ 2
3 − d2

]
w′′

+
[
− 1

24
(1 + v)ξ 4

3 +
(
3

4
(1 + v)2c2 − 1

4
v2d2

)
ξ 2
3 + c4A1

]
wIV + O(e6)

}

(41)

and for the stresses

σ̃11 = −E
[
w′′ξ3 + O(e3)

]
,

σ̃22 = E
[
0 + O(e5)

]
,

σ̃33 = 1

6
E
[
wIV ξ3(9c

2 − ξ 2
3 ) + O(e5)

]
,

σ̃23 = E
[
0 + O(e5)

]
,

σ̃31 = −1

2
E
[
w′′′(3c2 − ξ 2

3 ) + O(e4)
]
,

σ̃12 = E
[
0 + O(e5)

]
. (42)

The stress resultants (37) and the boundary conditions at ξ1 = 0, 1 (38) do not
change.

We see that the transverse displacements ũ3 are variable in ξ3 direction and the
strain ε̃33 is not zero. The constant A1 has no influence on the stress distributionwithin
the order ofmagnitude estimate indicated in (42). It can be chosen to coincide with an
analytical solution of a three-dimensional beam-like problem available eventually.
The longitudinal displacement ũ1 is not linear, i.e., plane cross-sections do not remain
plane during bending and, finally, the normal hypotheses ũ1 = ũ′

3 is not satisfied.
Thus shear strains and stresses occur. In summary, the celebrated kinematical a-priori
hypotheses are not satisfied. Instead, the boundary conditions along the beam faces,
cf. Fig. 5, are satisfied.

σ21|ξ2=± b
2�

= 0 + O(e4)

σ22|ξ2± b
2�

= 0 + O(e5)

σ23|ξ2± b
2�

= 0 + O(e5) (43)
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Fig. 5 Boundary conditions along the beam faces ξ2 = ± b
2� , ξ3 = ± h

2�

σ31|ξ3=± h
2�

= 0 + O(e4)

σ32|ξ3=± h
2�

= 0 + O(e5)

σ33|ξ3=± h
2�

= ± q

2b
+ O(e5)

It may be mentioned that the parabolic distribution of σ̃13 (42.c) is the celebrated
“Dübel” formula. The stresses σ̃11 resemble the classical linear stress distribution of
plane bending. With (41) the stress distribution can be consistently extended to

σ̃11 = −Eξ 3

[
w′′ + 1

6

(
9(2 + v)c2 + 2ξ 2

3

)
wIV

]
+ O(e5). (44)

The local equilibrium equations, however, only involve the term (42.a).With (42),
we see

σ̃11,1 + σ̃21,2 + σ̃31,3 = 0 + O(e3),

σ̃12,1 + σ̃22,2 + σ̃32,3 = 0 + O(e4),

σ̃13,1 + σ̃23,2 + σ̃33,3 = 0 + O(e4). (45)

The results confirm the consistent-approximation technique for the first-order
approximation.

4 Second-Order Approximation

The second order approximation involves 15 displacement coefficients. The displace-
ment ansatz is
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u1 = �
(
01u1ξ3 + 21u1ξ

2
2 ξ3 + 03u1ξ

3 + 41u1ξ
4
2 ξ3 + 23u1ξ

2
2 ξ 3

3 + 05u1ξ
5
3 + O(e7)

)

u2 = �
(11u2ξ2ξ3 + 31u1ξ

3
2 ξ2 + 13uξ2ξ

3
3 + O(e6)

)

u3 = �
(
00u3 + 20u3ξ

2
2 + 02u3ξ

2
3 + 40u3ξ

4
2 + 22u3ξ

2
2 ξ 2

3 + 04u3ξ
4
3 + O(e6)

)
. (46)

The ansatz coefficients are governedby15ODEs.Thepseudo-reduction technique
(details may be found in Schneider [18] and in a forth-coming paper) delivers a
Timoshenko-type beam differential equation in the form

E I

�3
wIV = q +

(
− 5

10
(8 + 5v)c2 − 1

2
vd2

+ 2v2

1 + v

d4

d25c2

)
q ′′ + O(c6). (47)

In addition to the classical stress resultants, bending moment M := 01m11 and
transverse shear force Q := 00m13, higher-order stress-resultants have to be consid-
ered. From pseudo reduction, however, it follows that they are expressible either by
M and Q, or by the given external load q. As can be found in [18], we have

03m11 = 9

5
c2�2M + O(e6),

21m11 = d2�2M + O(e6),
mpm11 = 0 + O(e6) for m + p > 3,

11m12 = − v

1 + v
d2�2

d2

5c2 + d2
Q + O(e6),

mpm12 = 0 + O(e6) for m + p > 2,

20m13 = d2�2
(
1 + 2v

1 + v

d2

5c2 + d2

)
Q + O(e6),

02m13 = 3

5
c2�2Q + O(e6),

mpm13 = 0 + O(e6) for m + p > 2,

01m22 = 2v

1 + v

d4�2q

5c2 + d2
+ O(e6),

mpm22 = 0 + O(e6) for m + p > 1,

10m23 = − v

1 + v

d4�2q

5c2 + d2
+ O(e6),

mpm23 = 0 + O(e6) for m + p > 1,

01m33 = 6

5
c2�2q + O(e6),

mpm33 = 0 + O(e6) for m + p > 1. (48)
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In extension to Reissner’s approach [23, 24] we introduce energetic averages of
the transverse displacement w and the slope ψ as w̃ and ψ̃ , respectively, as

1

2
�Qw̃ + 1

2
Mψ̃ = �2

2

+ b
2�∫

− b
21

+ h
2�∫

− h
21

σ11u1 + σ12u2 + σ13u3dξ2dξ3. (49)

With (13), (46), (48) and (26) we find

w̃ = w + vw′′
(

3

10
c2 − 1

2
d2 − 2

v

1 + v
d2 d2

5c2 + d2

)
+ O(e4),

ψ̃ = −w′ − w′′′
(

3

10
(8 + 9v)c2 − 1

2
vd2

)
+ O(e4). (50)

With it, the beam differential Eq. (47) transforms to

E I

�3
w̃I V = q − 6

5
c2(2 + v)q ′′ + O(e6), (51)

and the classical stress resultants read

M = − E I

�
w̃′′ − 6

5
(2 + v)c2�2q,

Q = − E I

�2
w̃′′′ − 6

5
(2 + v)c2�q ′. (52)

The boundary conditions follow to be

M = M∗ or ψ̃ = ψ∗,
Q = Q∗ or w̃ = w̃∗,

(53)

where, again stared quantities are prescribed data at the boundaries ξ1 = 0, 1.
The equilibrium conditions of the second-order approximationmay be taken, after

pseudo reduction, from (17) (cf. [18] for more details)

1
�
Q′ = −q,

1
�
M ′ − Q = 0,

1
�
11m ′

12 − 01m22 − 10m23 = 0,
1
�
02m ′

13 − 201m33 = −3c2�2q,
1
�
20m ′

13 − 210m23 = −d2�2q,
1
�
03m ′

11 − 302m13 = 0,
1
�
21m ′

11 − 211m12 − 20m13 = 0,
. . . O(e6).

(54)
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With (48) and (52), it can be seen that the Eqs. (54.b-g) are identically satisfied,
whereas (54.a) delivers (51).

So, we have established a consistent second-order approximation of the three-
dimensional equations of elasticity without invoking any a priori assumptions.

The factor 6
/
5 in (51) reminds us of Timoshenko’ shear-correction factor 1/κ .

It is interesting to note that

κ = 5

6
(55)

may not be found in Timoshenko’s original contributions [25, 26] (he used rather
κ = 2

/
3, a static average if the transverse displacementw) but in his textbooks, e.g.,

[27].
In order to compare our second-order beam equation with that of Timoshenko,

we slightly rearrange (51) as

E I

�3
w̃I V = q − 6

5
c2(2(1 + v) − v)q ′′ + O(e6). (56)

Timoshendko’s beam equation reads with (55) [27]

E I

�3
wT = q − 6

5
c22(1 + v)q ′′. (57)

It can be shown that the difference between both equations has its origin in the
neglection of the stressesσ33 in thickness direction. Therefore, it follows immediately
that a shear-correction factor not involving Poisson’s ratio cannot lead to a consistent
second-order beam theory.

If we further do not assume tacitly that Timoshenko’s displacement w is the
energetic mean w̃ but the original displacement w = 00u3, we should compare
Timoshenko’s beam equation

E IwT = �3
(
q − 2

κ
(1 + v)c2q ′′

)
(58)

with (47) leading to

1

κ
= 3

20

8 + 5v

1 + v
− β2 v

1 + v

[
1

4
+ v

1 + v

β2

5 + β2

]
, (59)

involving the width-to-hight ratio

β = b

h
= d

c
. (60)
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If β � 1, the remaining factor

3

20

8 + 5v

1 + v
(61)

was introduced first by Olson [28] in 1938. Nevertheless, a shear correction factor
which would lead to a consistent second-order theory has to involve the width-
to-hight ratio β. Therefore, Timoshenko’s theory is thus inconsistent within three
respects. First, it is only applicable for the special loading condition considered here,
second, normal stresses in the transverse direction are neglected, and third, trape-
zoidal displacement components (11u2) are not considered. The beauty of the con-
sistent second-order approximation is that neither a-priori assumption nor correction
factors are necessary.

5 Concluding Remarks

The uniform-approximation technique in combination with the pseudo-reduction
method is used to transform the three-dimensional equations of linear elasticity to a
hierarchy of beam theories. The equations of the first-order approximation are iden-
tical to the classical Euler-Bernoulli beam theory. A-priori assumptions are not
introduced. The method rather disproves the celebrated kinematic a-priori assump-
tions of the classical beam theory.

Expansion coefficients not fixed by the reduction equations can be used a pos-
teriori to fulfill boundary conditions along the beam faces at ξ2 = ±b

/
(2�) and

ξ3 = ±h
/

(2�), and the local equilibrium conditions written in stresses. By this
procedure, the governing ODE is not changed, which also applies for the involved
stress resultants.

The second-order approximation leads to a Timoshenko-like beam theory. It
turns out that a shear-correction factor introduced a posteriori would depend on
Poisson’s ratio and the width-to-height ratio β. By this additional terms, effects
arising from non-zero transverse normal stresses and a trapezoidal deflection of the
cross-section can be considered. Higher-order theories are accurate up to terms of
the order O(e2(N+1)).

In summary, it may be concluded that it is important to consider a series expansion
involving all terms of a desired approximation order. It is not possible to improve a
consistent theory by adding displacement terms or assuming stress distributions in
an unsystematic manner. If the goal is to improve a consistent second-order beam
theory, an ansatz involving 26 coefficients in the displacements would be necessary.
The gain of accuracy must be counterbalanced by the increase of complexity.
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Inflation of a Cylindrical Membrane
Partially Stretched over a Rigid Cylinder

A. M. Kolesnikov

Abstract We consider the problem of a contact between an initially cylindrical
hyperelastic membrane and a rigid rough cylinder. One end of the cylindrical mem-
brane is partially stretched over the rigid cylinder. A uniform internal pressure is
applied on that part of the membrane which is not in contact with the cylinder. The
membrane is in equilibrium and does not slide off the rigid cylinder due to a friction
in the contact area. Is assumed to hold on the contact surface Coulomb’s law of
friction is assumed to hold in the contact area. The membrane is composed of an
incompressible homogeneous, isotropic elastic material possessing a strain energy
function. The problem is formulated for arbitrary form of the strain energy function.
For the particular case of the Bartenev–Khazanovich (Varga) material, the exact
solution is obtained.

1 Introduction

Hyperelastic shells can be found in many nature and engineering structions. In many
cases they are subjected by finite strains in the tangential directions and their bending
stiffness is vanish. So to model such structures the theories of nonlinear elastic
membranes under finite strains are used. Often these thin-walled structures are in
contact with massive solid bodies.

Contact problems for elasticmembranes is fundamental importance inmany appli-
cations in the areas of inflatable structures, biological and artificial membranes,
design of sensors and actuators. Such models arise in the mathematical descriptions
of the thermoforming process used in industry to create polymeric container struc-
tures [1, 5, 6, 14, 15, 38]. The mechanical properties of cell and capsule membranes
are evaluated bymeans of a compression experiment between two parallel plates [13,
25, 37] or micropipette technique [39, 41]. The biological processes such as peri-
staltic propulsion of a solid pellet (bolus) in the gut [26, 27], interaction artery wall,
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atherosclerotic plaque and balloon angioplasty or stent [8, 43] can be modeled in
framework contact problems for nonlinear elasticmembranes. In the artificial devices
the important role plays contact interaction. As a example, in [43] the authors con-
sider mechanical devices of rotational symmetry that can be seen as segments of an
artificial worm.

At present somecontact problemsof elasticmembranes and solid bodies have been
studied. The works [1, 12, 14, 15, 33, 43] describe the inflation of an incompressible
isotropic hyperelasticmembrane into solid bodies of revolution. In [12] the rigid body
is a tube. In [1, 14, 15] the rigid bodies have complex shapes and contact between
the membrane and bodies is arised in several places. The contact between an elastic
membrane and an elastic bodies is considered in [33].

In [4, 16] hyperelastic tubes containing a compressible gas or an incompressible
liquid and compressed between two rigid surfaces are investigated. In [4] both sur-
faces are flat. In [16] one surface is a concave or convex circular cylindrical surface.

The paper [2] treats the equilibrium of a thin-walled non-linearly elastic tube that
contains a heavy liquid and a weightless compressible gas and that sits upon a rigid
horizontal plane.

In [10, 13, 21, 22, 25, 28, 37] the contact problem of an pressurized spherical
membrane between two rigid plates is analyzed. The paper [17] treats the equilibrium
of a thin-walled hyperelastic sphere that contains a heavy liquid and that sits upon a
rigid horizontal plane.

Several researchers have studied the process of the indentation and puncturing
of a flat membrane by rigid objects in [29, 30, 34, 40, 44]. In [34] an initially
curvedmembrane is studied too. In [7] the indentation and puncturing of an spherical
elastic membrane enclosing an incompressible fluid by a rigid cylindrical indenter
are investigated. In [30, 40] the experimental and numerical results are presented.

Theworks [5, 6, 9, 31, 32, 38, 42] dealswith the inflationof elastic flatmembranes
which are in contact with different solid bodies: horizontal plates, elliptic and circular
cylinders and cones. In [6, 9] the nonaxisymmetric contact problem between an
inflated membrane and a rigid bodies is considered. In [9] the initially square plane
membrane, which is constrained by an elliptic paraboloid indentor, is analyzed. In
[6] the inflation of flat elliptical membranes, which are constrained by cylindrical
and conical surfaces of elliptical cross-sections and plane horizontal surfaces, is
studied. In other papers a circular flat membrane is considered. In [31, 32] the solid
bodies which in contact with membrane are elastic. The works [6, 6] also present
experimental results. In [42] the plane-strain deformation of a pressurized infinitely
long elastic membrane which is in contact with flat surface is considered.

Also the several other contact problems for thin-walled structures have been con-
sidered. The paper [45] is devoted to the study of finite inflation of a hyperelastic
toroidal membrane on a cylindrical rim. The elastic and rigid rims are considered.
In [39, 41] the micropipette aspiration is modeled as a contact problem between
a rigid tube and the spherical elastic membrane contained incompressible fluid. A
balloon angioplasty model, consisting of the balloon, the atherosclerotic plaque and
the artery wall, is presented in [8].
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The papers [8, 18–20, 23, 46] treat the equilibrium of a thin-walled non-linearly
elastic tube that contains a rigid body. In most studies it assumes that the contact
is frictionless, including [23]. I.e. the interaction the solid bodies and the elastic
membrane can be describe by a normal surface load. In [4, 22, 31–33, 42] the no-
slip or adhesive contacts are considered. The friction contacts are investigated on
[18–21, 40, 46].

Usually hyperelastic materials have a high friction coefficient. So the friction can
have a significant effect on stresses and strains of thin-walled structures composed
of these materials. The steady motion of rigid spherical particles in a thin elastic tube
of smaller diameter is considered in [46]. In [18–20] the problems of the equilibrium
of the cylindrical the membrane partially stretched over a rigid cylinder or cone are
investigated. The friction plays a key role in these problems.

In this paper the contact problem between a hyperelastic cylindrical membrane
and a rigid rough cylinder is considered. One end of the membrane is partially
stretched over the rigid cylinder. Another part is inflated by an uniform pressure. The
membrane does not slide off the rigid cylinder due to a friction in the contact area.
The aim of research is to determine the dependence between the size of the contact
area, the internal pressure, the friction coefficient and the radii of the membrane and
the cylinder.

In Sect. 2 we present the mathematical model of the problem. In our analysis we
will use the nonlinear theory of elastic membranes [11, 24, 47]. We introduce two
parts of the membrane: in contact with the rigid cylinder and the pressurized part. We
derive the equilibrium equations for the both parts of the membrane and formulate
conjugation conditions of the solutions. We use the Coulomb law to describe a
friction in contact area. In Sect. 3 we present the analytical solution for themembrane
composedofBartenev–Khazanovich (Varga)material [3]. InSects. 4 and5wepresent
results and brief conclusions, respectively.

2 Equilibrium Equations

2.1 Basic Equations

Let us consider a thin-walled tube with a constant thickness h. In the cylindrical
coordinates {r, φ, z} we describe the undeformed tube as

R = R0, Φ ∈ [0, 2π ], Z ∈ [0,+∞).

Let one end of the tube be stretched over a immovable rough rigid cylinder with
the radius r0 > R0 and let tube be inflated by the pressure pi (Fig. 1).We describe the
deformed membrane in the cylindrical coordinates by the functions r(Z) and z(Z).
In contact area we have r(Z) ≡ r0, (Z ∈ [0, Zc]).

Using the Coulomb’s law of dry friction in the contact area we consider a limit
case of equilibrium. We assume that the tangential traction (due to friction) in whole
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(a)

(b)

(c) (d)

Fig. 1 a A cylindrical membrane, b a rigid cylinder, c the cylindrical membrane stretched over the
rigid cylinder, d an axial section of the deformed membrane

contact area reaches the limit simultaneously. Another part of membrane is loaded
by the uniform pressure pi . We give the surface loads in the form

qn =
{−pn(Z), 0 ≤ Z ≤ Zc,

−pi , Z > Zc,
qt =

{− f pn(Z), 0 ≤ Z ≤ Zc,

0, Z > Zc,

where pn(Z) is the normal surface load in the contact area, f is the friction coefficient.
For an axisymmetric deformation of cylindrical membranes the equilibrium equa-

tions can be written in the following form

dσ1

dZ
+ σ1 − σ2

r

dr

dZ
+ λ1qt = 0,

σ1κ1 + σ2κ2 + qn = 0.
(1)

Here, κ1, κ2 are the principal curvatures

κ1 =
{
0, 0 ≤ Z ≤ Zc,

λ−1
1 ψ ′, Z > Zc,

κ2 =
{
r−1
0 , 0 ≤ Z ≤ Zc,

r(Z)−1, Z > Zc,

and λ1, λ2 are the principal stretches

λ1(Z) =
{
z′(Z), 0 ≤ Z ≤ Zc,√
r ′(Z)2 + z′(Z)2, Z > Zc,

λ2(Z) =

⎧⎪⎨
⎪⎩

ρ0 = r0
R0

, 0 ≤ Z ≤ Zc,

ρ(Z) = r(Z)

R0
, Z > Zc,

where ψ(Z) is the slope angle and ()′ = d()

dZ .
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For elastic incompressible material using the strain energy density W (λ1, λ2) we
have

σ1 = h

λ2

∂W

∂λ1
, σ2 = h

λ1

∂W

∂λ2
. (2)

2.2 Contact Area

In the contact area the equilibrium equations (1) reduce to

dσ1

dZ
= λ1 f pn,

pn = σ2κ2.

We obtain

d

dZ

(
h

λ2

∂W

∂λ1

)
= λ1 f κ2

h

λ1

∂W

∂λ2
.

Using h = const and λ2 = ρ0 = const, we have

∂2W

∂λ2
1

dλ1

dZ
= f

R0

∂W

∂λ2
. (3)

We can integrate the Eq. (3)

Z(λ1) = R0

f

λ1∫
λ10

F(λ)dλ, F(λ1) = ∂2W (λ1, λ2)

∂λ2
1

(
∂W (λ1, λ2)

∂λ2

)−1

,

where λ10 = λ1(0). Also we can write the Eq. (3) as the second order differential
equation

F(z′)z′′ = f

R0
. (4)

Boundary conditions are

σ1

∣∣∣
Z=0

= 0, z(0) = 0. (5)

If we known λ1c− = λ1(Zc) then
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Zc = R0

f

λ1c−∫
λ10

F(λ)dλ.

After that we can calculate the contact length

l = z(Zc).

We note that the contact length l is minimum value, which is required to equilibrium
of the cylindrical membrane partially stretched over the rigid rough cylinder.

2.3 Inflation Area

At the infinity the cylindrical membrane tends to simple inflation. From the equilib-
rium equations we have

σ1 → 1

2
r∞ pi , σ2 → r∞ pi at Z → ∞. (6)

Here, r∞ is the radius of membrane at the infinity.
For membranes without tangential loads we can use the Pipkin’s integral [35]

(
W − λ1

∂W

∂λ1

) ∣∣∣
Z=Zc+

=
(
W − λ1

∂W

∂λ1

) ∣∣∣
Z→∞

. (7)

The equilibrium equation of inflation part of membrane (Fig. 2a) we can write as

2πr0σ1c+ sinψc+ = πr20 pi (8)

Using λ2c+ = ρ0 fromEqs. (6), (7) and (8) we can calculate λ1∞, λ2∞ = ρ∞, λ1c+
and ψc+.

2.4 Conjugation Conditions

To solve problem we heed the conjugation conditions. The condition to the functions
r : r(Zc) = r0. So we have

λ2c− = λ2c+ = λ2c = ρ0.

To solve problem we need determine λ1c− from λ1c+.
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(a)

(b)

Fig. 2 a The inflated part of the membrane, b forces applied at the point Z = Zc

At the point Zc there is the reaction force F (Fig. 2b). From one side we can
consider its normal and tangential components Fn and Ft . Using Coulomb’s law for
friction we have

σ1c+ − σ1c− = Ft , Ft = f Fn.

From another side we have the equilibrium equations in the longitudinal plane at
the point Zc

−σ1c− cosψc− + σ1c+ cosψc+ + F cos γ = 0,

−σ1c− sinψc− + σ1c+ sinψc+ + F sin γ = 0,

F = |F| = Fn

√
1 + f 2.

Here, γ is the angle between the force F and the axis r .
From the last equations we have

σ1c− = feσ1c+,

fe = 1 + C f 2 − f
√
2C + C2 f 2, C = 1 − cos (ψc+ − ψc−),

(9)

where ψc− = π
2 .
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In previously studies [18–20] the continuity of the strains has been used as the
conjugation conditions. In another words the edge friction has been neglected. As it
will be shown below the edge friction plays important role in the problem. The min-
imum contact length, required to equilibrium, increases significantly, if we neglect
by the edge friction.

3 Bartenev–Khazanovich (Varga) Material

Let us consider the Bartenev–Khazanovich (Varga) material [3]

W = 2μ

(
λ1 + λ2 + 1

λ1λ2
− 3

)
.

The stress resultants (2) are written as

σ1 = 2μh

λ2

(
1 − 1

λ2
1λ2

)
, σ2 = 2μh

λ1

(
1 − 1

λ1λ
2
2

)
. (10)

From the boundary condition (5) we obtain

λ1 = 1√
λ2

= 1√
ρ0

at s = 0.

From the conditions (6) we derive the pressure pi and the principal stretch λ1∞
as functions λ2∞ = ρ∞

λ1∞ = 1

4ρ∞

(
ρ2

∞ +
√

ρ4∞ + 8ρ∞
)

,

pi = 4μh

R0ρ∞

⎛
⎜⎝ 1

ρ∞
− 16(

ρ2∞ + √
ρ4∞ + 8ρ∞

)2

⎞
⎟⎠ . (11)

From the Pipkin integral (7) we obtain

λ1c+ =
2

(
ρ2∞ + √

ρ4∞ + 8ρ∞
)

λ2c

(
8 + ρ3∞ − ρ2∞λ2c − (λ2c − ρ∞)

√
ρ4∞ + 8ρ∞

) (12)

In the contact area the equilibrium equation (4) reduce to following form [19]

t ′ + fρ0

2R0
· 1
t

− 1

2R0ρ0
= 0, t = 1

z′(Z)
. (13)
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This differential equation is the second-kind Abel equation. The solution can be
written in the form [36]

Z(t) = 2R0ρ0

f

(
t + ρ2

0 ln |ρ2
0 − t | + c2

)
,

z(t) = 2R0ρ0

f

(
ln |ρ2

0 − t | + c3
)
.

(14)

Let denote t0 : Z(t0) = 0, so we have from (5)

t0 = √
ρ0, c3 = − ln |ρ2

0 − √
ρ0|,

c2 = −√
ρ0 − ρ2

0 ln |ρ2
0 − √

ρ0|.

From the conjugation condition (9), (10) and (12) we have

tc = 1

λ1c−
=

(
ρ0

(
1 − fe

(
1 − 1

λ2
1c+ρ0

))) 1
2

. (15)

Subsituding (15) into (14) and we can calculate the contact length

l = z(tc).

4 Results

Let us introduce the dimensionless parameters

l∗ = l

R0
, p∗ = R0 pi

μh
.

First, we present results for pi = 0 in Fig. 3. TheX-axis corresponds to the relative
radius ρ0. The Y-axis corresponds to the value f l∗. The black curves correspond
to the friction coefficients f = 0.1, 0.5, 1. If we neglect the edge friction then the
value f l∗ depends only ρ0 [19]. This result may be obtained from (14) and (15)
assuming fe = 1. This case is shown by the gray curve in Fig. 3. We can see that the
edge friction has significantly influence on the minimum contact length. The contact
length decreases greatly when taking into account the edge friction.

In Figs. 4, 5 and 6 the dependence between the internal pressure p∗ and the mini-
mum contact length l∗ for the different coefficient frictions f = 0.1, 0.5, 1, respec-
tively. The different curves correspond to the different relative radii ρ0 presented in
figures.

As we can see in Figs. 4, 5 and 6 the increasing of the friction coefficient leads
to decreasing the minimum contact length. For zero pressure the increasing the
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Fig. 3 The minimum contact length f l∗ versus the relative radius ρ0 for pi = 0

Fig. 4 The minimum contact length l∗ versus the internal pressure p∗ for the friction coefficient
f = 0.1 and the different relative radii ρ0

relative radius leads to increasing theminimum contact length. Theminimum contact
length increases with increasing the pressure faster for smaller relative radii. The
dependences 
l − p� are more nonlinear for higher friction coefficients.

The inflation of cylindrical membrane leads to growth of the radius of a cross–
section. There is the pressure pimax such that if the pressure is more than pimax then
the radius of the inflated cylindircal membrane will more than the radius of the rigid
cylinder. It means that membrane will slide off from the rigid cylinder. These cases
show by the black dots in Figs. 4, 5 and 6. The pressure pimax is determined by (11)
assuming ρ∞ = ρ0.
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Fig. 5 The minimum contact length l∗ versus the internal pressure p∗ for the friction coefficient
f = 0.5 and the different relative radii ρ0

Fig. 6 The minimum contact length l∗ versus the internal pressure p∗ for the friction coefficient
f = 1 and the different relative radii ρ0

In Figs. 4, 5 and 6 we show the results for ρ0 ≤ 1.5. The results for ρ0 ≥ 1.6 are
presented in Fig. 7. In Fig. 7 the curves are not monotonically, ambiguous and they
have kinks. This feature is associated with the behavior of this material model under
large strains.

Let us consider inflation of a cylindrical membrane. For the simple inflation (6)
the function p∗(ρ) has maximum (solid curve in Fig. 8). The maximum pressure is

p∗
max =

(
2
√
3 − 3

)
2

2
3 ≈ 0.7367 at ρ = 2

2
3 ≈ 1.5874.
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Fig. 7 The minimum contact length l∗ versus the internal pressure p∗ for the friction coefficient
f = 1 and the different relative radii ρ0

Fig. 8 “Simple” inflations

The dash line in Fig. 8 corresponds to the inflation of tube when σ1 = 0 and σ2 =
r∞ pi . In this case the maximum pressure is

p∗
max = 3 · 2− 5

3 ≈ 0.9449 at ρ = 2
4
3 ≈ 2.5198.

After maximum pressure the radius of the membrane will increase with decreasing
the pressure. Usually it means unstable of an elastic membrane.

In our contact problem for ρ0 > 2
2
3 and increasing pressure the membrane reachs

a state at the point Z = Zc, corresponded an unstable state under inflation of tube.
We suppose that the kink point is the limit case of equilibrium in our problem. But
further research is needed to study equilibrium of membrane after a loss of stability.



Inflation of a Cylindrical Membrane Partially … 363

We note that the Bartenev–Khazanovich model is valid for strains that are less
than 0.6 [3]. Thus, huge strains may do not have physical meaning.

5 Conclusion

In this paper the contact problem with a friction is studied for a hyperelastic thin-
walled tube and a rigid cylinder. One end of the tube is partially stretched over the
cylinder and another part of the tube is loaded by an internal uniform pressure. The
friction plays a key role in this problem. The tube does not slide off the cylinder due
to only the friction if the contact area is sufficient. If the friction will be absent then
the tube will slide off the cylinder even at zero pressure.

The mathematical model of the problem is formulated in the framework of the-
ory nonlinear elastic membrane for an arbitrary isotropic hyperelastic material. The
friction is modeled by Coulomb’s law. An an example, the problem is solved for
Bartenev–Khazanovich (Varga) model of material. The explicit solution is obtained.
The dependence between the minimum contract length, which is required to equilib-
rium, the internal pressure, the friction coefficient and the radii of the tube and the
rigid cylinder is derived. The results is illustrated by the plots “the minimum contact
length—the internal pressure” for the different parameters of the problem.

Acknowledgements This research was supported by the Government of Russian Federation grant
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Singular Surface Curves in the Resultant
Thermodynamics of Shells

Violetta Konopińska-Zmysłowska and Victor A. Eremeyev

Abstract Within six-parameter shells theory we discuss the governing equations of
shells with material or non-material singular curves. By singular curve we mean a
surface curve where are discontinuities in some surface fields. As an example we
consider shells with junctions and shells undergoing stress-induced phase transitions.

1 Introduction

Singular surfaces play an important role in many cases of three-dimensional (3D)
continuum thermodynamics. By singular surface wemean amaterial or non-material
surface across of which some considering fields undergo jumps. A singular surface
is a mathematical representation of such discontinuities as shock and acceleration
waves, vortex sheets, phase transition fronts, strain localizations, fracture, interfaces
between different materials, among other phenomena. The singular surfaces phe-
nomena in the 3D continuum have been described in many publications, see, e.g.,
[1, 6, 7, 43, 44, 49, 56–58, 74, 78, 80, 81].

However,many singular phenomena occur also in thin-walled structures described
within two-dimensional (2D)models such as thinfilms,membranes, plates and shells.
In such cases full analysis using 3D continuum model with singular surface is often
impracticable, most likely a 2D shell-like model consisting of a base surface with
an additional surface fields, is more convenient in applications. As a result of appli-
cation of 2D models one get a notion of singular curve as a counterpart of singular
surface. The description of a stationary and/or moving surface curve separating shell
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areas with different properties allows one to model various singular phenomena in
thin structures. Examples of such 1D phenomena in thin solid layers are similar
to 2D phenomena occurring in 3D continua: shock and acceleration waves, phase
transition fronts, interfaces of different materials, etc. Some singular phenomena in
thin solids seems to have no apparent counterparts in 3D thermodynamics and are
difficult to handle by 3D models. These are, for example, description of junctions
at shell branching and intersections, surface line defects in nanotubes, dislocations
in graphen sheets, phase transitions (PT) in some biological membranes, tents and
tunnels appearing in martensitic thin films, etc. In such cases jump conditions along
singular surface curves form the frameworkwithinwhich some 2D constitutive equa-
tions have to be worked out on 2D and 1D level, thus completing the boundary value
problem (BVP) of these singular surface phenomena. Additionally, along the singu-
lar surface curves there may be given additional 1D fields which can influence the
overall singular process.

In engineering applications, thin-walled shell structures often consist of regular
shell elements interconnected along curvilinear junctions, which are often briefly
called multi-shells or irregular shells. Pressure vessels, silos, liquid and gas storage
tanks, tubular towers, complex bridge decks, branching and intersecting pipelines,
cars unibody construction, ship hulls, fuselages of aircrafts or rockets are just a
few examples of such irregular thin-walled structures from the field of civil and
mechanical engineering. In some cases the shell junctions may have additional own
mechanical properties allowing the adjacent shell elements to deform (usually rotate)
onewith respect to another. The junction properties considerably influence behaviour
of the whole irregular shell structure. But while the regular shells are discussed in
many thousands of papers and are summarized in hundreds books and review papers,
description of shell junctions and their influence on the overall behaviour of multi-
shell structures are still not well developed and understood. This remark is in sharp
contrast to analysis of one-dimensional (1D) steel framed structures with various
semi-rigid connections, the design of which was summarized in several books. The
description of multifolded shells was presented in [15, 16, 18, 19, 46, 48, 54, 55,
65, 67, 75, 76], see also the review by Pietraszkiewicz and Konopińska [71].

Many singular phenomenamentioned above can be properlymodeled by the resul-
tant 2D shell thermodynamics, which provides appropriate jump conditions along the
singular surface curves. Within the resultant nonlinear shell theory singular curves
were discussed in [27, 29, 30, 53, 55, 68, 72]. In particular, Pietraszkiewicz [64]
developed complete resultant 2D thermodynamics of shells, which is an exact impli-
cation of 3D rational continuum thermodynamics and provides the most advanced
model of a regular shell available in the literature. Completion of this model by
appropriate jump conditions along stationary and movable singular curves allowed
to model more completely various singular phenomena in shells, like description of
various types of shell junctions (deformable, reinforced by beams, with energy and
entropy transfer, etc.). It also became possible to develop some advanced 2D thermo-
dynamic constitutive equations in the shell regular parts as well as 1D constitutive
equations along the singular curves.
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Singular surface curve in resultant 2D thermodynamics may model phase transi-
tion interface in shell structure. The stress- and temperature-induced PT are exper-
imentally observed in many thin-walled structural elements made of superelastic
shape memory alloys (SMA) and shape memory polymers such as NiTi, NiMnGa,
AgCd,AuCd, CuAlNi, polyurethane, etc., which are used in variousmicroelectrome-
chanical systems (MEMS). Thin plates, strips, and tubes made of SMA are used as
working elements of such MEMS as micropumps, sensors, actuators, microengines,
etc., see e.g. [7–9, 50, 73], or as catheters, superelastic needles, self-expanding stents
in medical industry, see [60, 83]. The results of some simple tests of phase transition
problems in thin-walled structures are available in the literature, see for example [23,
39, 45, 62]. The 2D model of the shells undergoing stress-induced phase transitions
were introduced in [27, 29, 30, 32, 72].

Here we discuss the shells thermomechanics with singular curves considering
shells with junctions and shells undergoing phase transitions. We consider the non-
linear resultant theory of shells called also six-parameter theory of shells as the
kinematics of the shells is based on six degrees of freedom, which are translation and
rotation fields. The foundation of the theory can be found in [16, 24, 34, 51, 52].
Shells with junctions and shells with phase interfaces can be considered as examples
of material and non-material singular curves, respectively.

2 Resultant Thermodynamics of Shells with Singular
Curves

Within the resultant thermodynamics of shells we assumed that the reference and
deformed placements of the shell base surface are regular geometric surfaces, that
is without kinks, branchings, self-intersections, etc. Also all surface fields were
assumed to be smooth, so the classical form of surface divergence theorem is appli-
cable. Assuming that mass is not created during the process, the resultant 2D balance
laws of linear and angular momentum, and energy conservation as well as the entropy
inequality were presented by Pietraszkiewicz [64] as exact resultant implications of
corresponding laws of 3D rational thermodynamics.

Within the Lagrangian description these local laws are satisfied on any regular
part of the shell base surface M and consist of:

Local resultant equilibrium equations

DivN + ρf = l̇, DivM + ax
(
NFT − FNT

) + ρc = k̇ + ẏ × l; (1)

local resultant balance of energy

ρε̇ − (N • E◦ + M • K◦ + Divw) − (ρr − Divq) = 0; (2)

and local resultant entropy inequality
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Fig. 1 The regular surface
M with moving singular
surface curve C(t)

− ρψ̇ − ρθ̇η + N • E◦ + M • K◦ + Divw − ρθs − 1

θ
q · g + θDivs � 0. (3)

In (1)–(3), N and M are the referential resultant 2D stress and couple-stress tensors
of Piola type, f and c are surface force and couple vectors per unit mass of M , l
and k are surface linear momentum and angular momentum vectors per unit area
of M , y is the position vector of the base surface M(t) in the current placement,
F = Grady is the surface deformation gradient, ε, η, ψ and q are the resultant 2D
internal energy, entropy, free energy and heat flux vector, E◦ and K◦ are the co-
rotational time derivatives of 2D strain E and bending K tensors, w, s and s are the
2D interstitial working vector, extra surface heat supply and extra surface entropy
supply vector, respectively, θ is the mean referential surface temperature, ρ is the
surface mass density, Div and Grad are surface divergence and gradient operators,
and other surface fields are described as in Pietraszkiewicz [64].

The kinematic structure of the resultant shell thermodynamics is identical with the
one of Cosserat surface, see [21, 51, 52], with the position vector y of the base surface
in current placement (or translation vector u) and rotation tensor Q fields given on
M and treated as independent kinematic variables of the shell motion. The structure
of resultant local laws (1)–(3), containing the extra surface field s and divergences
of the vector fields w, q , reminds somewhat the one of local laws of 3D extended
thermodynamics, see Müller and Ruggeri [61].

Basic local laws of the resultant shell thermodynamics (1)–(3) were comple-
mented with appropriate 1D jump conditions along stationary and moving singular
surface curves. For eachbalance equations and entropy inequality of (1)–(3) the corre-
sponding 1D jumpconditions for linear and angularmomentum, and energy aswell as



Singular Surface Curves in the Resultant Thermodynamics of Shells 371

for entropy inequality along the singular curves were formulated by Pietraszkiewicz
and Konopińska [47, 68]. In these works authors discussed some geometric and
kinematic relations associated with moving and stationary curve on shell base sur-
face, by applying the exact through-the-thickness integration of corresponding 3D
balance laws and entropy inequality of 3D rational thermodynamics presented by
Truesdell [77]. In order to discuss jumps across singular curves the extended surface
transport relation and the extended surface divergence theorems were proposed for
the piecewise smooth tensor fields acting on the regular and piecewise regular sur-
face, see Chróścielewski et al. [16] for more details. The so-called patchwork surface
divergence theorem has to be used, because in this case the shell base surface M is
a piecewise smooth surface being the union of finite number of regular, smooth and
connected surface elements Mk , k = 1, 2, ..., joined together along spatial curves
Γa , a = 1, 2, ..., forming the complex network of singular spatial curves Γ . This
theorem also has to be applied if 2D vector and tensor fields associated with the base
surface M are only piecewise smooth ones on some smooth parts of M separated by
themovable singular surface curveC(t), see Fig. 1. The resultant, two-dimensionally
exact, thermodynamic shell relation formulated by Pietraszkiewicz [64] were com-
plemented by the corresponding jump conditions at the moving (non-material) and
stationary (material) singular surface curve, see Pietraszkiewicz and Konopńnska
[68]. The referential jump conditions for non-material singular thermomechanical
processes in shells consist of: local referential dynamic jump conditions across sin-
gular curve C(t)

[N]νννC + V [l] = 0, [M]νννC + [
y × N

]
νννC + V

[
k + y × l

] = 0; (4)

local referential energetic jump condition across C(t)

V [ρε] + [
w − q

] · νννC = 0; (5)

and local referential entropic jump inequality across C(t)

V [ρη] −
[q
θ

+ s
]

· νννC � 0. (6)

In (4)–(6) square brackets denote jump ofΦΦΦ given by [ΦΦΦ] = ΦΦΦ+ − ΦΦΦ−, νννC = τττC ×
nC is the surface unit vector externally normal to the singular curve C(t) and V =
v · νννC is the surface velocity C(t) moving along M .

3 Continuity Conditions along Junctions

The important application of the new jump conditions in structural mechanics is
modelling of multi-shells, i.e. complex shell structures composed of regular shell
elements interconnected along parts of the boundaries. The problems of shells with
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Fig. 2 Junctions in shell structures

junctions were discussed in the literature mainly within the classical, linear, 3-field
Kirchhoff-Love thin shell model. Using the linear theory of thin isotropic elastic
shells, the axisymmetric junction of two shells of revolution was analyzed in some
early papers summarized by Chernykh [13] and Novozhilov et al. [63]. Teng [75, 76]
reviewed some recent papers on strength and stability of thin steel shells of revolution
composed of cylinders, cones, toroids and plates (Fig. 2).

Pietraszkiewicz and Konopińska [71] presented a review of different theoretical,
numerical experimental approaches to modelling, analysis and design of the com-
pound shell structures with junctions. Authors consider many forms of boundary,
continuity and/or jump conditions at the singular surface curve modelling junction
between regular shell elements. The review contains results for special shell struc-
tures like cylinder-cylinder intersections, cone-cylinder and sphere-cylinder junc-
tions, junctions of shells of revolution and tubular joints, as well as for other types
of shell junctions. Some books and review papers on junctions in shell structures are
also presented.

The non-linear theory of thin irregular shells of Kirchhoff–Love (K-L) type was
developed by Makowski et al. [54, 55], where also several forms of static and kine-
matic jump conditions at the junctions were formulated. Simple forms of non-linear
shell relations appropriate for some simplified non-linear models of thin elastic irreg-
ular shell structures with junctions were presented in [16]. Chróścielewski et al. [18,
19] developed appropriate two-dimensional (2D) constitutive equations for elasto-
plastic behaviour of shell material in order to apply them for numerical analysis of
axisymmetric deformations of thin shells of revolution with junctions. Here the com-
plex non-linear industrial examples of compound shell of revolution with account of
deformability of the junctions were analyzed.

Within the non-linear resultant six-field shell model, the mechanical theory and
numerical analysis by the finite element method (FEM) of multi-shells was devel-
oped by Chróścielewski et al. [16], where a number of complex numerical examples
of static, stability and dynamic behaviour of elastic multi-shells with rigid junctions
in the linear and geometrically non-linear range of deformation were presented.
Konopińska and Pietraszkiewicz [46] formulated the exact resultant 2D equilibrium
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Fig. 3 Junction of two regular shell elements

conditions for the branching and self-intersecting shells, which were later
supplemented by an appropriate unique 2D kinematics along the junction of the
branching shell by Pietraszkiewicz and Konopińska [67]. This kinematics is work-
conjugate to the exact, resultant local equilibrium conditions of the non-linear theory
of branching shells. In particular it was shown that the junction behaviour along the
stationary singular curve Γ depends on the following shell–junction interaction inte-
gral:

S–JI =
∫

Γ

([Nννν · δu] − [Nννν] · δuΓ + [Mννν · ωωω] − [Mννν] · ωωωΓ ) ds, (7)

where δu, δuΓ are virtual translationswhileωωω,ωωωΓ are virtual rotations near and along
Γ , respectively. Pietraszkiewicz and Konopińska [67] took into account different
types of junctions, among them are the stiff, entirely simply connected and partly
simply supported junctions as well as the elastic, non-local elastic and dissipative
junctions. For each type of junction authors proposed the principle of virtual work. It
has been shown that the S–JI integral vanishes for the stiff junctions, entirely simply
connected and partly simply supported junctions. The natural oscillations of shells
with different junctions were consider by Eremeyev et al. [35] using variational
approach.

The description of deformable junctionwithin the resultant non-linear shell theory
is presented by Pietraszkiewicz [65], where it was assumed that translations across
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the junction curve are smooth, so
[
y
] = 0 across Γ , but rotations Q are arbitrary. In

this paper two regular shell elements joined together along a common boundary are
considered, see Fig. 3. In the case of deformable junction 1D relation of constitutive
type has been proposed for the junction moments along the junction curve Γ

〈Mννν〉 = f (κκκΓ ) , (8)

where 〈Mννν〉 is the average value of Mννν at Γ , the vector κκκΓ describes the bending
resistance of the junction curve Γ during shell deformation and the constitutive
function f should be established from appropriate experiments for each particular
type of the junction.

From the theory of strength point of view, shell junctions are usually the weakest
places of the structure, where large concentrations of stress distributions may take
place. To assure their sufficient strength such junctions are usually reinforced by
beams. The axially symmetric deformations of a cylindrical shell connected to a cir-
cular plate is analyzed byKonopińska-Zmysłowska and Eremeyev [48]. The junction
between cylinder and circular plate is reinforced by a ring. The reinforcement along
junction is modelled by 1D Cosserat curve which is kinematically consistent with
the six-parameter shell theory. The compatibility conditions along the reinforced
junction and their influence on the deformations and stress state are analyzed.

As an example of Cosserat curve applications, it is worth to mention the current
paper by Miśkiewicz [59], where a refined non-linear six-field theory of beams was
developed together with the corresponding numerical algorithm and the computer
code, and applied to examples of engineering importance. The 1D beam model
developed by Miśkiewicz [59] is compatible with the resultant 1D model of the
shell junction discussed here. Presented FEM code was based on the analysis on the
non-linear configuration space comprising the rotation group SO(3), which again is
similar to the one which should be applied in the six-field shell model with junctions,
see Chróścielewski et al. [15, 16].

4 On Constitutive Equations in Six-Parameter Shell Theory

Let us note that the problem of derivation of 2D constitutive equations for refined
resultant thermomechanic shell model is quite important, especially for the consti-
tutive equations for the drilling couples. Since no kinematic constraints across the
thickness are applied in the resultant approach, see Pietraszkiewicz [64], the 2D con-
stitutive equations cannot be formulated by some degeneration from already known
3D ones. In the special, but important, case of the geometrically non-linear (small-
strain) isotropic elastic behaviour, for finding the constitutive equations we have to
apply the approach based on the consistent approximation to the 3D complementary
energy density of the shell.

The problem of drilling couples and refined constitutive equations in the resultant
geometrically non-linear theory of elastic shells was analyzed by Pietraszkiewicz and
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Konopińska [69, 70]. Presented approach has been based on the 3D complementary
energy density of geometrically non-linear elasticity. New results were obtained 1)
explicit definitions of the drilling couples, 2) the consistent 2nd approximation to the
2D complementary energy density of the geometrically non-linear isotropic, elastic
shells, 3) the refined constitutive equations for 2D strains and bending strains, 4) the
explicit constitutive equations for drilling couples. It has been shown that the drilling
couples are much smaller then the stress couples and their influence on the stress and
strain state can be omitted in numerical analyzes of regular shell structures.

Pietraszkiewicz [66] formulated the relations of the resultant linear six-field theory
of elastic shells by consistent linearization of corresponding relations of the resultant
non-linear theory of shells. Contrary to the classical linear three-fieldKirchhoff-Love
type and five-field Timoshenko-Reissner type shell models, the six-field linear shell
model contains the six independent components of the infinitesimal translation and
rotation vectors of the shell base surface. The drilling rotation is an independent
kinematic variable as well as two surface drilling couples with two work-conjugate
surface drilling bending measures. The presence of these additional degrees of free-
dom is important for analysis of irregular shell structures containing junctions, self-
intersections and shell-to-beam transitions.

Another technique to derivate the linear constitutive equations of the six-parameter
shells was applied by Altenbach and Eremeyev [3], where through-the-thickness
integration procedure was applied to linear plate-like micropolar solid. Further
this technique was applied to viscoelastic plates and shells by Altenbach and
Eremeyev [2].

Thematerial symmetry group and constitutive equations of anisotropic shellswere
discussed by Eremeyev and Pietraszkiewicz [28]. This material symmetry group
consist of ordered triples of tensors which make the strain energy density invari-
ant under change of the reference placement.The isotropic, hemitropic, orthotropic,
transversely isotropic and other types of anisotropy materials are discussed. The
group structure is similar to one in the case of micropolar 3D solids, micropolar
anisotropic elastic solids are presented by Eremeyev and Pietraszkiewicz [31, 33].

The non-linear BVP of the resultant thermodynamics of shells is non-classical
one, because the configuration space of solutions is here an infinite-dimensional Lie
group containing rotation group SO(3). Thismeans that in any incremental numerical
analysis one should take into account such non-trivial problems as local and global
parameterisation of rotations, accumulation of rotations and their increments at each
step,C0 interpolation onSO(3)within eachfinite element, andmany other.Within the
six-parameter approach it is possible to construct finite element with the translation
vector and rotation tensor at each node. These elements naturally contain the drilling
degree of freedom at each node, which is required in proper modelling of the shell
junctions and phase transition processes. The 4-node combined shell element with
semi-EAS-ANS strain interpolations in six-parameter shell theories with drilling
degrees of freedom is presented by Witkowski [82].

Basics on six-parameter shell theory with strain measure of the Cosserat type
and the small-strain J2-type elastoplastic constitutive relations are presented by
Burzyński et al. [10]. This formulation can be applied to arbitrary translations and
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rotations. In order to demonstrate the correctness of the model and its efficiency
to analyze regular and irregular shells, some numerical examples were presented.
Burzyński et al. [12] developed the elastic constitutive law for the resultant statically
and kinematically exact, non-linear, six-parameter shell theory. Here the Cosserat
plane stress equations are integrated through-the-thickness under Reissner-Mindlin
kinematics assumption. For constitutive relations within the six-parameter shell the-
ory we refer also to [11, 14, 17, 20].

5 On Phase Transitions in Shells

A phase transition is the transformation of a thermodynamic system from one state
of matter to another. In thin-walled shell structures it consists primarily of a diffu-
sionless displacive change of the internal material lattice. Such a process can usu-
ally be induced by changing the temperature or/and by applying an external stress.
In the resultant models of phase transition in shells proposed by Eremeyev and
Pietraszkiewicz [27, 29, 30, 72], some approximations were allowed in the resultant
energy balance and entropy inequality.

In the refined resultant shell thermodynamics only one mean referential tempera-
ture θ on M was used, because only one resultant energy balance was available, see
Pietraszkiewicz [64]. To assure exact correspondence between 2D and 3D 1st and
2nd laws of thermodynamics, three additional 2D fields w, s and s appeared in the
local laws (1)–(3). These additional fields had to be taken into account also in the
jump conditions (4)–(6), which are compatible with the refined resultant shell model,
see Pietraszkiewicz and Konopińska [68]. Another approach to two-phase thermo-
dynamics was proposed by Eremeyev and Pietraszkiewicz [30] where two surface
temperature-related fields and their surface entropy counterparts were introduced.

In phase transition problems, themovable phase interfaceC can be either coherent
or incoherent in rotations. For the coherent interface both kinematic fields y (or u)
and Q are supposed to be continuous at C and the kinematic compatibility along C
become

[[ v ]] + V [[ Fννν ]] = 0, [[ ωωω ]] + V [[ Kννν ]] = 0, (9)

where the expression [[...]] = (...)B − (...)A means the jump at C dividing two mate-
rial phases A and B, v = u̇ is the translational velocity and ωωω = ax

(
Q̇QT

)
the

angular velocity vectors, while V = ẋC · ννν is the tangent phase interface velocity
relative to M . For the interface incoherent in rotations Q may be discontinuous at
C , and the second relation (9) may be violated. In phase transition processes the
mean referential temperature θ is assumed to be continuous on the whole M , so
that [[ θ ]] = 0. The kinetic relations, which describe motion of the phase interface
C as a non-material singular curve moving on the shell base surface are presented
in [30, 68].
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Eremeyev andPietraszkiewicz [29, 32] considered the phase transitions in thermo-
viscoelastic shells. In the case of finite deformations the non-linear thermomechanic
boundary value problem for thermoelastic or thermoviscoelastic shells undergoing
phase transitions consists of the equilibrium equations with appropriate static and
kinematic boundary conditions, the thermoconductivity equations, the compatibility
conditions along the interface C and kinetic equations along C all supplemented by
proper constitutive equations. The presented in Eremeyev and Pietraszkiewicz [29,
30, 32] kinetic equation describes motion of the phase interfaceC for all quasi-static
processes and allows to find the position of the curvilinear phase interface.

The special case of phase transition problem in shell structure is considered by
Eremeyev and Konopińska-Zmysłowska [25], where the phase equilibrium of a two-
phase liquid membrane containing a wedge disclination were analyzed within six-
parameter shell theory. Themodel of liquid shell is treated as two-dimensional elastic
micropolar fluid which may resist to bending-torsion deformations. Based on vari-
ational approach authors formulate the equilibrium conditions at a phase interface.
As an example, axial two-phase deformations of an elastic liquid plate with a wedge
disclination is studied.

Eremeyev and Pietraszkiewicz [27, 30] introduced the 2D Eshelby tensor as a
driving force acting on a phase interface. Eremeyev and Konopińska-Zmysłowska
[26] discussed the correspondence between 2DEshelby tensor and its 3D counterpart
introduced by Eshelby [36–38].We showed that there is a straightforward correspon-
dence between these tensors as for stress resultant tensor and surface energy and their
3D counterparts.

Let us note that a phase interface is only one example of non-material singular
curve. For example, other phenomena such aswrinkling, sharp boundary layers found
recently in new class of thin structures called pantographic sheets can be modelled
through a singular curve motion, see e.g. [22, 40–42, 79].

6 Conclusions

Here we presented a review of recent results within six-parameter shell theory related
to the modelling of singular curves. We presented briefly the general compatibility
equations along singular curves and discussed two applications of the theory to
shells with junctions and shells undergoing stress-induced phase transitions. These
two applications are examples of material and non-material singular curves, respec-
tively. The special attention was also paid to 2D constitutive equations. For further
applications of the six-parameter shell theory which is one of the main fields of
interest of Prof. Wojciech Pietraszkiewicz, we refer to reviews in [4, 5, 24].
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26. Eremeyev, V.A., Konopińska-Zmysłowska, V.: On the correspondence between two- and three-
dimensional Eshelby tensors. Continuum Mechanics and Thermodynamics https://doi.org/10.
1007/s00161-019-00754-6 (2019)

27. Eremeyev, V.A., Pietraszkiewicz, W.: The non-linear theory of elastic shells with phase transi-
tions. J. Elast. 74(1), 67–86 (2004)

28. Eremeyev, V.A., Pietraszkiewicz, W.: Local symmetry group in the general theory of elastic
shells. J. Elast. 85(2), 125–152 (2006)

29. Eremeyev, V.A., Pietraszkiewicz,W.: Phase transitions in thermoelastic and thermoviscoelastic
shells. Arch. Mech. 61(1), 41–67 (2009)

30. Eremeyev, V.A., Pietraszkiewicz, W.: Thermomechanics of shells undergoing phase transition.
J. Mech. Phys. Solids 59(7), 1395–1412 (2011)

31. Eremeyev, V.A., Pietraszkiewicz, W.: Material symmetry group of the non-linear polar-elastic
continuum. Int. J. Solids Struct. 49(14), 1993–2005 (2012)

32. Eremeyev, V.A., Pietraszkiewicz, W.: Phase transitions in thermoviscoelastic shells. In: Het-
narski, R. (ed.) Encyclopedia of Thermal Stresses, pp. 3667–3673. Springer, Berlin (2015)

33. Eremeyev, V.A., Pietraszkiewicz, W.: Material symmetry group and constitutive equations of
micropolar anisotropic elastic solids. Math. Mech. Solids 21(2), 210–221 (2016)

34. Eremeyev,V.A., Lebedev, L.P., Altenbach,H.: Foundations ofMicropolarMechanics. Springer,
Heidelberg (2013)

35. Eremeyev, V.A., Lebedev, L.P., Cloud, M.J.: The Rayleigh and Courant variational principles
in the six-parameter shell theory. Math. Mech. Solids 20(7), 806–822 (2015)

36. Eshelby, J.D.: The force on an elastic singularity. Phil. Trans. R Soc. Lond A 244(877), 87–112
(1951)

37. Eshelby, J.D.: The determination of the elastic field of an ellipsoidal inclusion, and related
problems. Proc. Royal Soc. Lond. Ser. A Math. Phys. Sci. 241(1226), 376–396 (1957)

38. Eshelby, J.D.: The elastic energy-momentum tensor. J. Elast. 5(3–4), 321–335 (1975)
39. Feng, P., Sun,Q.P.: Experimental investigation onmacroscopic domain formation and evolution

in polycrystallineNiTimicrotubing undermechanical force. J.Mech. Phys. Solids 54(8), 1568–
1603 (2006)

40. Giorgio, I., Grygoruk, R., dellIsola F, Steigmann, D.J.: Pattern formation in the three-
dimensional deformations of fibered sheets. Mech. Res. Commun. 69, 164–171 (2015)

41. Giorgio, I., Harrison, P., dell’Isola, F., Alsayednoor, J., Turco, E.: Wrinkling in engineering
fabrics: a comparison between twodifferent comprehensivemodelling approaches. In: Proceed-
ings of the Royal Society A:Mathematical, Physical and Engineering Sciences vol. 474(2216),
20180,063 (2018)

42. Giorgio, I., dell’Isola, F., Steigmann, D.J.: Edge effects in hypar nets. Comptes Rendus
Mécanique (2019)

43. Gurtin,M.E.: Configurational Forces asBasicConcepts ofContinuumPhysics. Springer, Berlin
(2000)

44. Gurtin, M.E., Fried, E., Anand, L.: The Mechanics and Thermodynamics of Continua. Cam-
bridge University Press, Cambridge (2010)

45. He, Y.J., Sun, Q.P.: Macroscopic equilibrium domain structure and geometric compatibility in
elastic phase transition of thin plates. Int. J. Mech. Sci. 52, 198–211 (2010)
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70. Pietraszkiewicz, W., Konopińska, V.: On refined constitutive equations in the six-field the-
ory of elastic shells. In: Pietraszkiewicz, W., Górski, J. (Eds.) Shell Structures: Theory and
Applications, vol. 3, Taylor & Francis Group, London, pp. 137–140 (2014)
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Hybrid-Mixed Shell Finite Elements
and Implicit Dynamic Schemes for Shell
Post-buckling

Marko Lavrenčič and Boštjan Brank

Abstract Two topics are addressed: (i) hybrid-mixed formulations for geometrically
exact shell models, and (ii) post-buckling analysis of shells by implicit dynamics
schemes. As for the hybrid-mixed elements, seven formulations are compared. The
one with the assumed-natural-strain interpolation of membrane strains shows very
little sensitivity to mesh distortion for curved shells. Another one, which is based
on the Hu-Washizu three-field functional, allows for very large solution increments.
Hence, a new element is proposed that combines positive features of both mentioned
formulations. As for the post-buckling analysis of shells, we use implicit dynam-
ics. In particular, five time-stepping schemes are tested for shell stability problems
that include mode jumping. These are trapezoidal rule, schemes with numerical dis-
sipation in the high-frequency range, and energy-momentum conserving method.
Numerical examples show that the dissipative schemes are suitable for simulation of
complex phenomena that appear in shell stability.

Keywords Geometrically exact shell models · Hybrid-mixed shell elements ·
Implicit dynamics schemes · Numerical dissipation · Shell stability analysis

1 Introduction

Shell systems are frequent in nature, engineering and technology. The computational
methods for simulation, analysis, design and optimization of such systems rely on
various shell theoretical models and their finite element approximations. The shell
modelsmay be classified according to the adopted basic kinematic assumption. Let us
mention several important groups: geometrically exact shell models (without drilling
rotation), see e.g. [38, 10]; micropolar shell models (with drilling rotation), see e.g.

M. Lavrenčič (B) · B. Brank
Faculty of Civil and Geodetic Engineering, University of Ljubljana, Jamova c. 2, 1000 Ljubljana,
Slovenia
e-mail: mlavrenc@fgg.uni-lj.si

B. Brank
e-mail: bbrank@fgg.uni-lj.si

© Springer Nature Switzerland AG 2019
H. Altenbach et al. (eds.), Recent Developments in the Theory of Shells,
Advanced Structured Materials 110, https://doi.org/10.1007/978-3-030-17747-8_21

383

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-17747-8_21&domain=pdf
mailto:mlavrenc@fgg.uni-lj.si
mailto:bbrank@fgg.uni-lj.si
https://doi.org/10.1007/978-3-030-17747-8_21


384 M. Lavrenčič and B. Brank

[35–37, 47, 48]; rotation-less shell models, see e.g. [42, 30]; shell models that take
into account through-the-thickness stretching, see e.g. [9]; and shell models that
consider cross-section warping, see e.g. [7].

The finite element formulations for a particular shell model differ with respect to
the adopted background variational principle and interpolations. Mixed elements are
based on mixed variational principles. When a mixed element condenses the non-
displacement-like degrees-of-freedom at the element level, it is called hybrid-mixed
or mixed-hybrid, see e.g. [16] (though this terminology is not universally accepted).
As for the interpolationof initial anddeformedconfigurations, let usmention classical
isoparametric elements and isogeometric shell elements (e.g. [33]); the latter use
functions common in the Computer Aided Design.

In this work, we discuss two topics. (i) The first one addresses advanced hybrid-
mixed low-order finite elements for the geometrically exact shell models. We
consider seven formuations based on: Assumed Natural Strain (ANS) concept;
Enhanced Assumed Strain (EAS) concept; Hellinger-Reissner (HR) functional; and
Hu-Washizu (HW) functional. For many nonlinear shell problems these elements
provide very similar solutions. However, the results may differ considerably for dis-
torted meshes. Moreover, the computations may differ substantially with respect to
the allowed load-step length and required time. For some stability problems, the
elements may even provide different solutions. We will give a brief assessment of
seven hybrid-mixed elements by comparing results of several numerical examples.

(ii) The second topic is stability analysis of shells in the frameworks of implicit
structural dynamics and geometrically exact shell model. Inadequacy of path-
following static methods has been reported for shells with complex post-critical
equilibrium paths, see e.g. [44]. For this reason, the static stability analysis may be
replaced by a combined static-dynamic analysis or even by a pure dynamic anal-
ysis. In this work, we apply implicit dynamics. To this end, we adopt a family
of time-stepping schemes, which are classified as Generalized-energy-momentum
(GEM) method, see e.g. [14, 27, 28, 30]. Special cases of GEM are schemes that
numerically dissipate in the high-frequency range. An Energy-momentum conserv-
ing (EMC) scheme, which conserves energy, angular momentum and linear momen-
tum of an autonomous motion, is also a special case of GEM. Besides GEM, we use
Energy-decaying (ED) scheme (see e.g. [8, 2]), which is an extension of the EMC,
see e.g. [43, 10]. The ED scheme allows for a controllable numerical dissipation in
the high-frequency range. Numerical examples are presented in order to illustrate
ability of such an approach to simulate complex shell-buckling processes that include
mode jumping.
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2 Hybrid-Mixed Shell Finite Elements

2.1 Geometrically Exact Shell Model

We adopt the inextensible-director shell model with Reissner-Mindlin kinematics.
An overview of the model is provided below; for a more detailed description, we
refer to e.g. [12, 38] and references therein.

Position vectors in the initial and deformed configurations are given as functions
of curvilinear coordinates ξ 1, ξ 2, ξ 3

X
(
ξ 1, ξ 2, ξ 3

) = X0
(
ξ 1, ξ 2

)+ ξ 3D
(
ξ 1, ξ 2

)
, ξ 3 ∈ [−t/2, t/2], (1)

x
(
ξ 1, ξ 2, ξ 3

) = x0
(
ξ 1, ξ 2

)+ ξ 3d
(
ξ 1, ξ 2

)
, (2)

respectively. In what follows, we will omit writing the dependence of functions
on curvilinear coordinates. In (1) and (2), D is normal to initial mid-surface, d is
deformed (i.e. rotated) shell director described by 2 rotational parameters, ‖D‖ =
‖d‖ = 1, and t is initial shell thickness. The “in-plane” components of the Green-
Lagrange strain tensor are

Eαβ = 1
2

(
x,ξα · x,ξβ −X,ξα · X,ξβ

) = εαβ + ξ 3καβ + (ξ 3
)2

ραβ, α, β ∈ {1, 2}, (3)

where εαβ = Eαβ

∣∣
ξ 3=0 and καβ = ∂Eαβ/∂ξ 3

∣∣
ξ 3=0 aremembrane and bending strains.

The transverse shear strains are

Eα3 = E3α = 1
2

(
x,ξα · d − X,ξα · D) = εα3 + ξ 3κα3. (4)

It is reasonable to neglect ραβ in (3) and κα3 in (4) and collect other strains in
three vectors: ε = [ε11, ε22, 2ε12]T, κ = [κ11, κ22, 2κ12]T and γ = [2ε13, 2ε23]T.
Energy-conjugated second Piola-Kirchhoff shell stress resultants are also grouped
into vectors of membrane forces, bending moments, and transverse shear forces as
N = [N11, N22, N12]T, M = [M11, M22, M12]T and Q = [Q13, Q23]T, respec-
tively. We adopt the hyperelastic Saint Venant-Kirchhoff shell material model. The
following relations between the shell internal forces and the shell strains apply:
N = Cmε, M = Cbκ, Q = Csγ , where Cm , Cb and Cs have standard forms for
the inextensible-director shell model, see e.g. [38].

Let the shell be loaded by (mid-surface) surface pressure and body loads, which
are both included in b̄, boundary forces t̄ , and N point forces F. Hence, the potential
energy functional reads
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	(u, d) = 	int(u, d) − 	ext(u, d)

=
∫

A

1

2

(
εT Cmε + κT Cbκ + γ T Csγ

)
d A −

⎛

⎜
⎝
∫

A

uT b̄d A+
∫


 t̄

uT t̄ds +
N∑

i=1

uTi F

⎞

⎟
⎠ (5)

where u = x0 − X0, A is element’s area, and 
 t̄ is part of the boundary where loads
are prescribed. The weak form of the boundary value problem corresponds to the
minimum of 	

δ	(u, d; δu, δd) = ∫
A

(
δεT N + δκT M + δγ T Q

)
d A − δ	ext(δu, δd) = 0, (6)

where δu and δd are kinematically admissible variations, δ	ext is virtual work
of external loading, and δε, δκ and δγ are variations of membrane, bending and
transverse shear strains, respectively.

Either Eqs. (5) or (6) is the starting point for the finite element discretization,which
relies on interpolations of u and d and their variations. As a result, a displacement-
based finite element is obtained, which, however, suffers from locking. In Sect. 2.4,
we will discuss several discretizations based on mixed interpolations, which provide
hybrid-mixed finite elements that are locking-free. After discretization, the lineariza-
tion needs to be performed in order to apply Newton-Raphson solution method for
the resulting system of nonlinear equations. For more details on these topics, see e.g.
[12, 39] and references therein.

2.2 Shell Director Description

We adopt two approaches to describe shell director in the deformed configuration.
The first one uses large rotations and the second one is rotation-less. As for the former
one, either the total rotation vector or the incremental rotation vector is chosen to
describe rotation without a drill of the shell director, see e.g. [36, 37, 47]. As for the
latter one, presented in Sect. 2.3, we introduce the extensible director.

2.2.1 Total Rotation Vector

The inextensible shell director at deformed configuration can be described as d =
�0�(ϑG)e3, where e3 = [0, 0, 1]T , �0 is known rotation that maps e3 into D, and
�(ϑG) is rotation, which is defined in terms of the total rotation vector ϑG (having
only two nonzero components, since the drill is zero)

�(ϑG) = cosϑGI + sin ϑG
ϑG

ϑ̂G + 1−cosϑG

ϑ2
G

(ϑG ⊗ ϑG). (8)
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In (8), I is identity matrix, ϑ̂Gb = ϑG × b for any b, and ϑG = ‖ϑG‖. The
expression for the deformed shell director is thus

d = �0

[
cosϑGe3 + sin ϑG

ϑG
ϑG × e3

]
. (9)

The variation of (8) is δd = A(ϑG)δϑ̄G , where δϑ̄G is a two-component variation
of the total rotation vector. Matrix A(ϑG) has singularity for ϑG = kπ , k = 1, 2, · · · ,
see e.g. [5, 21].

2.2.2 Incremental Rotation Vector

In order to avoid singularity in computations, one can replace�0 in (9) with�n . The
latter is related to the last converged equilibrium configuration (i.e. to the solution
of the last (e.g. nth) increment) as dn = �ne3. The deformed shell director is then
described as d = �n�(ϑ I )e3, whereϑ I is incremental rotation vector. Its variation is
δd = A(ϑI )δϑ̄ I , where δϑ̄ I is a two-component incremental rotation vector. Matrix
A(ϑI ) has singularity at ϑI = ‖ϑ I‖ = kπ , k = 1, 2, . . . In practice, however, this
singularity does not present a problem, since the norm of the incremental rotation
vector is always much smaller than π .

2.3 Rotation-Less Shell Model

Let us briefly describe a 6-parameter geometrically exact shell model with only
displacement degrees of freedom, which are 3 displacements of shell mid-surface,
and 3 components of difference vector. Such model is obtained by a modification of
the model from Sect. 2.1.

The shell director is assumed as extensible and its deformed configuration is
described as

d = D + w, (10)

where w is the difference vector. Since d is no longer a unit vector, such formulation
includes additional (with respect to Sect. 2.1) transverse strain ε33 and energy conju-
gated stress resultant N33. In the same way as in Sect. 2.1, we truncate the strains Eαβ

after the linear term and strains Eα3 = E3α after the constant term. Thus, we apply
an assumption κα3 = 0, which has been confirmed numerically to have negligible
effect on results. The through-the-thickness normal strain is

ε33 = (x,ξ 3 ·x,ξ 3 −X,ξ 3 ·X,ξ 3

) = d · d − D · D︸ ︷︷ ︸
1

. (11)
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The strains and energy-conjugated second Piola-Kirchoff stress resultants are
grouped as ε = [ε11, ε22, ε33, 2ε12]T, κ = [κ11, κ22, 2κ12]T, γ = [2ε13, 2ε23]T and
N = [N11, N22, N33, N12]T, M = [M11, M22, M12]T, Q = [Q13, Q23]T, respec-
tively. We adopt the St.Venant-Kirchhoff material model, specialized for the exten-
sible director shell model. The forces N relate to the strains ε as N = Cmε, where
Cm = tC, and C is a part of the standard 3d constitutive matrix. For the moment
and transverse shear forces, the constitutive relations remain the same as for the
inextensible-director model from Sect. 2.1. The total energy functional depends on
u and w

	(u,w) = 	int(u,w) − 	ext(u,w). (12)

By introducing the kinematically admissible variations δu and δw, the virtual
work equation can be written as

δ	(u,w; δu, δw) = ∫
A

(
δεT N + δκT M + δγ T Q

)
d A − δ	ext(δu, δw) = 0 (13)

Either Eqs. (12) or (13) represent the starting point for the finite element discretiza-
tion, which relies on interpolations of u and w and their variations. As a result, a
displacement-based finite element is obtained, which, however, suffers from lock-
ing. In Sect. 2.4, we will describe ANS interpolations, suitable for this model, which
eliminate locking.

2.4 Hybrid-Mixed Quadrilateral Finite Elements

Table 1 summarizes seven 4-node quadrilateral finite element formulations. The first
six are based on the shell model from Sect. 2.1 and the seventh (i.e. D-ANS) is
based on the shell model from Sect. 2.3. These elements are applied for computing
numerical examples in Sect. 2.5.

Table 1 Shell hybrid-mixed quadrilaterals. The number of parameters are in parenthesis

FE Membrane Thickness
stretch

Bending Shear References

MITC4 Disp. / Disp. ANS [17]

MITC4+ ANS / Disp. ANS [23, 24]

EAS5 EAS (5) / Disp. ANS [6, 1, 4]

HR-M HR (5) / Disp. ANS [39, 34]

HW HW (5 + 5) / HW (5 + 5) ANS & HW (4 + 4) [20]

+HW ANS & HW (5 + 5) / HW (5 + 5) ANS & HW (4 + 4) /

D-ANS Disp. ANS Disp. ANS [3]
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Let us briefly describe the first six finite elements from Table 1. They all use the
ANS concept [17] for the transverse shear part of shell response. TheMITC4+ and+
HW elements from Table 1 also use the ANS concept for the membrane part of shell
response; for details on this approach see [23, 24, 13, 29]. The basic idea of the ANS
concept may be stated as: compute the strains by using (3) and (4) at points where the
accuracy is the highest; interpolate those strains over the element in order to obtain
the ANS-strains; and finally, replace the displacement-strains by the ANS-strains.
One can perceive the ANS concept as the B-bar method or as an interpolation based
on a modified Hu-Washizu (HW) principle, see e.g. [41]. The HW principle treats
displacements/rotations Φ = {u, d}, strains, and stress resultants as independent
fields.

The EAS5 element from Table 1 uses the EAS concept [40] for membrane part of
shell response; see e.g. [6, 4]. The EAS concept relies on yet another modification of
the Hu-Washizu functional. By decomposition of the strains into the displacement-
strains (which are computed by using (3) and (4)) and some assumed EAS-strains,
and by further applying an orthogonality condition between the EAS-strains and
stress resultants, a two-field functional is obtained. This functional depends only on
Φ and EAS-strains and provides an elegant theoretical background for an effective
enhancement of standard shell finite elements. The EAS-strains are chosen in such
way that they enhance or weaken the displacement-strains.

The HR-M element from Table 1 relies on the Hellinger-Reissner (HR) func-
tional for the membrane part of shell response. The HR functional treats displace-
ments/rotations Φ = {u, d} and stress resultants as independent fields. The HR-M
element uses 5-parameter Pian-Sumihara interpolation [34]

⎧
⎨

⎩

N11

N22

N12

⎫
⎬

⎭
=
⎧
⎨

⎩

β1 + (η − η̄)β4

β2 + (ξ − ξ̄
)
β5

β3

⎫
⎬

⎭
(14)

which seems to be the optimal interpolation for themembrane forces for shell quadri-
laterals. In (16), β-s are the parameters, ξ = ξ 1 and η = ξ 2 are element coordinates,
and ξ̄ and η̄ are the coordinates of the centre of gravity of the element. For further
details on HR shell finite elements see e.g. [39, 19, 46].

The HW element from Table 1 relies on Hu-Washizu functional. The element
interpolates the displacements, strains and stress resultants. The derivatives of the
interpolated displacements provide the displacement-strains (3) and (4), which also
take part in the functional. For the membrane part of shell action, the HW element
uses 5-parameter Pian-Sumihara interpolation (14) for membrane forces, and 5-
parameter interpolation for membrane strains. The same interpolation concept with
5 + 5 parameters is adopted for the interpolation of moments and bending strains.
As for the transverse shear part of the shell response, the following functional is the
starting point for the interpolation

	tr.sh.
HW

(
Φ, Q, γ HW

) = ∫
A

[
1
2γ

HW,TCsγ HW + Q
(
γ ANS(Φ) − γ HW,T

)]
d A (15)
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In (15), the displacement-strains γ are replaced by theANS-strains γ ANS(Φ). The
transverse shear strains γ HW are interpolated with 4 parameters, and the transverse
shear forces Q are interpolated with 4 parameters as well. For further details on
Hu-Washizu shell elements see [20, 22, 46, 48].

The +HW element from Table 1 combines MITC4+ interpolations with those of
HW element. We note that all the elements from Table 1, except HW and +HW,
use displacement interpolation for the bending part of shell response. The seventh
element from Table 1, D-ANS, uses displacement interpolation for the membrane
and bending parts of shell response and ANS interpolations for the transverse shear
and through-the-thickness parts of shell response. For the former ANS interpolation
we apply the proposal from [17] and for the latter the proposal from [3].

2.5 Numerical Examples

The elements from Table 1 were implemented into computer code AceFEM [26].
The numerical examples presented belowwere computed by an adaptive incremental
load factor procedure, which is based on the following function

�λmin ≤ �λ = B(In)�λn ≤ �λmax , B =
⎧
⎨

⎩

2 −
(

In−1
Io−1

)2
, In < Io

1 − 1
2

(
In−Io
N−Io

)2
, In ≥ Io

(16)

Here, �λ and �λn are current and last incremental load factors, respectively; In
is number of iterations from the last increment; I0 = 8 and N = 15 are numbers
of desired and maximal allowed incremental iterations, respectively. If convergence
is not reached in 15 iterations, the back-step is performed and the increment is
re-computed with �λ/2. The values of this parameters are presented in Table 2
for all the examples. The convergence tolerance was set to 10−8. Large rotation
formulation from Sect. 2.2.1 was used for all numerical examples with the exception
of example 2.5.4 where formulation from Sect. 2.2.2 was used.

Table 2 Data for adaptive
incremental load factor
procedure

Example �λmin �λmax �λini tial

2.5.1 10−8 2 · 10−1 5 · 10−2

2.5.2 10−8 2 · 10−1 5 · 10−2

2.5.3 10−12 10−4 10−4

2.5.4 10−8 2 · 10−1 5 · 10−2



Hybrid-Mixed Shell Finite Elements and Implicit Dynamic Schemes … 391

2.5.1 Bending of Cylindrical Panel

Cylindrical panel is clamped at one edge and subjected to distributed moment
M = λM0 along the opposite edge, see Fig. 1, where λ is load factor. Thus, a pure
bending problem is addressed. Regular and distorted meshes from Fig. 1 are used;
the ratio Lmin/Lmax = 1/12. Figure 2 shows the applied load versus displacements
uz and −ux of point A. Response of all the elements is practically the same for the
regular mesh, see Fig. 2a. For the distorted mesh, see Fig. 2b, MITC4 is affected the
most, whileMITC4+ and+HWgive very similar results as for the regular mesh. The
results indicate that the hybrid-mixed treatment of membrane part of shell response
is beneficial for the bending problems, at least for distorted meshes. Among differ-
ent possibilities, summarized in Sect. 2.4., the most effective is the ANS treatment,
which is applied in MITC4+ and +HW.We note that the superiority of MITC4+ and
+HW for distorted meshes is much more exposed in the next example.

Table 3 compares robustness and speed of first six finite elements (FE) from
Table 1.With respect to the central process unit (CPU) time, number of required load
increments and number of total iterations, HW is superior, and +HW is just behind.
Because of 49 back-steps, which reflected inCPU time and number of increments and
iterations, HR-M is by far the slowest. We note that the data for adaptive incremental
load factor procedure was the same for all elements; see Table 2. We also note that+
HW combines good properties of MITC4+ (little sensitivity to mesh distortion) and
HW (very large load increments and small number of total iterations).

(a)

(b)

Fig. 1 Cylindrical panel: a initial and final deformed configurations for regular mesh; b distorted
mesh
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Fig. 2 Cylindrical panel:
response for a regular mesh
and b distorted mesh

2.5.2 Twisted Beam

Twisted beam-like shell is clamped at one end and subjected to two end forces
P = λPy = λPz at the other end, see Fig. 3. The shell undergoes considerable
bending, which is followed by stretching, see Fig. 3b. Thus, this is a test for a
membrane-bending shell behavior. In Fig. 4, displacements uz and uy of nodal point
A are shown as functions of P . The reference results were computed by fine mesh
of 8× 24 HW elements. Regular and distorted mesh are used, with 6× 2 and 12× 4
elements respectively; the ratio Lmin/Lmax = 1/2. Despite a coarse regular mesh,
there is almost no difference in response between the used elements, see Fig. 4a.
For the distorted mesh, see Fig. 4b, MITC4 and D-ANS are affected the most, while
MITC4+ and +HW show almost no difference in the response. This demonstrates
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Table 3 Cylindrical panel: computational details for M = M0 for regular mesh (top) and distorted
mesh (bottom)

FE MITC4 MITC4+ EAS5 HR-M HW +HW

Displacement −ux 9.30 9.30 9.30 9.30 9.30 9.30

Normalized CPU time 1.00 0.89 0.82 8.07 0.23 0.23

Req. no. of load increments 22 22 22 145 7 7

Number of total iterations 205 205 205 1804 41 41

Number of back-steps 0 0 0 49 0 0

Displacement −ux 6.83 8.92 8.35 8.35 8.35 8.93

Normalized CPU time 1.00 0.95 0.62 4.57 0.19 0.33

Req. no. of load increments 22 35 23 105 7 7

Number of total iterations 220 370 232 1165 41 41

Number of back-steps 1 1 0 20 0 0

Fig. 3 Twisted beam: problem data; a initial configuration and distorted mesh case, b deformed
configurations for EAS5 and regular mesh

the superior convergence characteristics of membrane ANS for distorted meshes.
In Table 4, we compare the elements. The HW and +HW are again the fastest and
HR-M is the slowest, needing a number of back-steps.

2.5.3 Deployable Ring

The deployable ring example, see Fig. 4a, was studied in detail in [18]. The reference
results in Figs. 6 and 7 were computed by isogeometric Reissner-Mindlin (RM) and
Kirchhoff-Love (KL) shell formulations in [33]. The ring is clamped along the bottom
cross-section and subjected to imposed rotationΦ = λ4π along the top cross-section.
We used meshes of 80×1, 1200×1 and 1200×4 elements. Since our finite elements
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Fig. 4 Twisted beam:
force-displacement curves;
a regular mesh; b distorted
mesh; red dots mark
deformed configurations in
Fig. 3b

do not have drilling rotation, the meshes were in the ring’s plane. Thus, the elements
in the mesh have thickness three times larger than the edge; see Fig. 5a. At Φ = 2π,
the ring deploys into three circles with radius R/3, and its initial shape is regained at
Φ = 4π [18]. Thus, the example is a test for coupling of bending and twisting; the
latter involves large membrane forces. Moreover, it is also a test for large rotation
formulations.

The results are given in Figs. 6 and 7, where load displacement curves are shown;
M is the sum of reactions at nodes of imposed rotation. The MITC4 and MITC4+
exhibit severe membrane locking for the coarser mesh and predict completely erro-
neous solution. Furthermore, it seems that the solution is non-physical, because at
Φ ≈ 2π the elements move through each other, see Fig. 5b. We note in this respect
that the ANSmembrane treatment has no effect for flat elements; it seems that this is
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Table 4 Twisted beam: computational details for P = 0.06 for regular mesh (top) and distorted
mesh (bottom)

FE MITC4 MITC4+ EAS5 HR-M HW +HW D-ANS

Displacement −uy 2.01 2.03 2.01 2.02 2.02 2.05 2.17

Normalized CPU time 1.00 0.94 0.88 1.29 0.09 0.09 1.00

Req. no. of load increments 60 54 58 77 7 7 58

Number of total iterations 651 615 613 836 43 45 615

Number of back-steps 12 9 9 20 0 0 8

Displacement −uy 0.76 2.2 2.84 2.93 2.93 2.19 0.74

Normalized CPU time 1.00 4.50 3.04 6.88 0.39 0.50 0.83

Req. no. of load increments 15 61 40 96 7 7 12

Number of total iterations 145 657 404 1026 41 43 120

Number of back-steps 2 12 3 23 0 0 1

(a)
(b)

Fig. 5 Deployable ring: a problem data, b deformed configurations for 80 × 1 mesh for MITC4
(top) and +HW (bottom) at points marked on Fig. 6

the reason that MITC4 and MITC4+ behave the same. It is obvious from the results
from Fig. 6 that the elements should be free of membrane locking in order to be able
to compute this example.

The other elements predict solutions that are close to the one derived in [18].
An exception is HR-M, which fails to complete the cycle (it fails at Φ ≈ 1.3π
for coarser mesh and at Φ ≈ π for both finer meshes). We note that HW and +
HW results change only slightly with mesh refinement. For 1200 × 1 mesh, all
the elements provide expected response and the results almost coincide; however,
MITC4 and MITC4+ fail at Φ ≈ 2.6π , see Fig. 7a. For 1200 × 4 mesh, all the
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Fig. 6 Deployable ring:
load-displacement curve for
coarse mesh; red dots mark
deformed configurations in
Fig. 5b

Fig. 7 Deployable ring:
load-displacement curves for
a 1200 × 1 and b 1200 × 4
mesh
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elements (except HR-M) provide the same response up to the final rotation Φ = 4π ,
see Fig. 7b. We note that our results differ from those provided in [33], which is
because of usage of different shell models and adoption of different orientations of
meshes. In Fig. 7b, we show the number of negative pivots (NP) on the solution path;
a change on NP indicates occurrence of limit/bifurcation point. It is interesting to
note that the elements do not predict the critical points at the same configurations;
moreover, MITC4 and MITC4+ detect two more than others do.

2.5.4 Pinched Cylinder

Figure 8 shows cylinder with rigid diaphragms at both ends, which restrain the
in-plane displacements. The cylinder is pinched by two opposite vertical forces
P = λP0. Due to the symmetry, only one eight of the cylinder is modelled and sym-
metrical boundary conditions are taken into account. Regular and distorted meshes
of 48×48 elements are considered, the latter with the elements distorted in the same
way as shown in Fig. 1 for the cylindrical panel example; the ratio Lmin/Lmax = 1/4.

Figure 9 shows the force versus displacements −uz and ux at points B and A
respectively. Reference solution is taken from [45]. For the regular mesh, the HW, +
HW, andHR-M, produce results that differ from the reference solution. The HW fails
at P ≈ 10.5103, while for +HW and HR-M artificial local buckling occurs, which
makes the results deviating from the reference solution, obtained by a very finemesh.
For the distorted mesh, artificial localized buckling does not happen as the mesh is
refined around the region of buckling. All elements produce results that coincide

(a) (b) 

Fig. 8 Pinched cylinder: a initial and b +HW deformed configuration at point marked on Fig. 9
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Fig. 9 Pinched cylinder;
load-displacement diagram
for 48 × 48 mesh; a regular
mesh; b distorted mesh

with the reference solution. It seems from these results that HW and HR elements
are more prone to catch a mesh-biased artificial buckling than other elements.

The problem of artificial localized buckling was already reported in [15]. Let us
illustrate it clearly for this example by using a coarse mesh of 16× 16 elements, see
Fig. 10.Thepath-followingmethod [44]wasused to compute the complete responses.
The force-displacement curves on Fig. 10 indeed show considerable snap-throughs
and snap-backs because of artificial buckling; D-ANS curves are the wildest (note
that the legend for Fig. 10 is the same as for Fig. 9). Furthermore, the computed results
deviate considerable from reference solution. Twodeformed configurations for points
A and B are also shown on Fig. 10. This example demonstrates that hybrid-mixed
formulations do not help avoiding artificial buckling problem for coarse meshes.
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Fig. 10 Pinched cylinder: load-displacement curves for 16×16 mesh and deformed configurations
for +HW

Moreover, it seems that they are more prone to it than other formulations. This looks
like the only weak spot of +HW element.

3 Shell Stability Analysis with Implicit Dynamics

3.1 Shell Dynamic Formulation

Let us extend the shell model presented in Sect. 2.3 for dynamics. To that end, let

us partition the time interval of interest as [t0, T ] =
N⋃

n=0

[
tn, tn+1

]
. Hereinafter, (·)n

and (·)n+1 will denote the values of (·) at tn , and tn+1, respectively. Moreover, let
αm and α f be used to define two time points as tn+α f = α f tn+1 + (1 − α f

)
tn and

tn+αm = αmtn+1 + (1 − αm)tn . Equation (13) is replaced with

δ	int, n + α f + δ 	dyn, n + αm − δ	ext, n + α f (17)

Here,

δ	int,n+α f = ∫
A

(
δεT

n+α f
Nn+α f + δκT

n+α f
Mn+α f + δγ T

n+α f
Qn+α f

)
d A, (18)
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the contribution of inertial forces is

δ	dyn,n+αm = ∫
A

(
A0δuT ün+αm + I0δwT ẅn+αm

)
d A, (19)

where A0 and I0 are the mid-surface mass density and inertia of the shell director,
respectively, and the external forces part of the potential energy is equipped with
Winkler’s foundation with stiffness KS acting in normal direction to the deformed
mid-surface nde f

δ	ext,n+α f = ∫
A

(
δuT b̄n+α f + δuT nde f

n+α f

(
−KSuT

n+α f
nde f
n+α f

))
d A

+ ∫

 t̄

δuT t̄n+α f ds +
N∑

i=1

δuT
i Fi,n+α f . (20)

The mid-point values in (17)–(20) are expressed as linear combinations of known
values at tn and unknown values at tn+1

ün+αm = αm ün+1 + (1 − αm)ün, ẅn+αm = αmẅn+1 + (1 − αm)ẅn,

un+α f = α f un+1 + (1 − α f
)
un,wn+α f = α fwn+1 + (1 − α f

)
wn,

b̄n+α f = α f b̄n+1 + (1 − α f
)
b̄n, t̄n+α f = α f t̄n+1 + (1 − α f

)
t̄n, etc. (21)

Motivated by the research on algorithmic conservation of energy, e.g. [43, 10,
27], the same linear combination is used to approximate the internal forces at tn+α f

Nh
n+α f

= α f Nh
n+1 + (1 − α f

)
Nh

n = Cm
[
α f ε

h
n+1 + (1 − α f

)
εh
n

]
,

Mh
n+α f

= α f Mh
n+1 + (1 − α f

)
Mh

n = Cb
[
α f κ

h
n+1 + (1 − α f

)
κh
n

]
,

Qh
n+α f

= α f Qh
n+1 + (1 − α f

)
Qh

n = Cs
[
α f γ

h
n+1 + (1 − α f

)
γ h
n

]
. (22)

Finally, we choose the Newmark approximations [32, 11] to express velocities
and accelerations at tn+1 with displacements at tn+1

u̇n+1 = γ

β� t
(un+1 − un) − γ − β

β
u̇n − γ − 2β

2β
� t ün,

ẇn+1 = γ

β� t
(wn+1 − wn) − γ − β

β
ẇn − γ − 2β

2β
� tẅn,

ün+1 = 1

β� t2
(un+1 − un) − 1

β� t
u̇n − 1 − 2β

2β
ün,

ẅn+1 = 1

β� t2
(wn+1 − wn) − 1

β� t
ẇn − 1 − 2β

2β
ẅn, (23)
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where β and γ are Newmark’s constants. By using (21)–(23) in (20), the functional
unknowns become un+1 and wn+1.

3.2 Time-Stepping Schemes

The time-stepping scheme adopted in the previous section is called Generalized-
energy-momentum (GEM) method, see e.g. [27]. By prescribing αm and/or α f ,
several special cases of implicit time-stepping schemes are obtained; see Table 5.
Three schemes from Table 5 are numerically dissipative and two are not. In [14],
the remaining parameters of the dissipative schemes are expressed for linear elas-
todynamics in terms of dissipation parameter ρ∞ ∈ [0, 1] such that the dissipa-
tion is optimal; i.e. lowest in the low frequency range and highest in the high
frequency range. Note that ρ∞ is spectral radius of the amplification matrix and that
larger ρ∞ indicates smaller dissipation. Special cases in Table 5 are Bossak-Wood-
Zienkiewicz (BAM) scheme, modified Hilber-Huges-Taylor (HHT) scheme, modi-
fied Generalized-α (GAM) method, Energy-momentum conserving method (EMC),
and Newmark’s trapezoidal rule (NTR). The term modified indicates that the orig-
inal versions constructed internal forces in (18) with strains at tn+α f rather than as
adopted in (22).

Besides the schemes from Table 5, we will also use in numerical examples the
first-order accurate modification of EMCwith high frequency numerical dissipation,
called energy-decaying scheme (ED), see e.g. [8, 2]. We refrain from describing ED,
but we note that it uses αED ∈ [0, 1] and βED ∈ [0, 1] to control the dissipation
of potential and kinetic energy, respectively. Larger αED and βED indicate larger
dissipation.

Table 5 Considered time-stepping schemes

αm α f β γ ρ∞
NTR 1 1 1

(ρ∞+1)2
3−ρ∞
2ρ∞+2 ρ∞ = 1

BAM 2
ρ∞+1 1 1

4 (αm)2 αm − 1/2 ρ∞ < 1

HHT 1 2ρ∞
ρ∞+1

1
4

(
α f − 2

)2 3
2 − α f ρ∞ < 1

GAM 2−ρ∞
1+ρ∞

1
1+ρ∞

1
4

(
1 − α f + αm

)2 1
2 − α f + αm ρ∞ < 1

EMC 2−ρ∞
1+ρ∞

1
1+ρ∞

1
4

(
1 − α f + αm

)2 1
2 − α f + αm ρ∞ = 1
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Table 6 Minimal and
maximal allowed Δt for
dynamic examples

Example �tmin [s] �tmax [s] �tini tial [s]

3.3.1 10−6 10−2 2 · 10−3

3.3.2 10−8 2 · 10−3a 10−2

3.3.3 C1 10−8 2 · 10−2 10−2

3.3.3 C2 10−10 2 · 10−2 10−2

aUntil t = 0.28 s, �tmax = 5 · 10−2 s

3.3 Numerical Examples

The adaptive procedure (16) is also used for dynamics numerical examples, except
that �λ in (16) is replaced with the time-step �t . Table 6 presents data for adaptive
time-stepping procedure for all dynamics examples.

3.3.1 Snap-Through of Thin Cylindrical Panel

Dynamic behavior of very thin cylindrical panel (h/R = 1/4000), where h is shell
thickness, is considered. Figure 11 shows geometry, material and loading data. For
the dissipative schemes, the spectral radius was ρ∞ = 0.9. Static analysis with the
path-following method [44] was unable to compute the complete response, see [30].
Figure 12 shows that all schemes capture the beginning of buckling and predict
a considerable push-back before the snap-through is completed. The push-back is
more prominent for EMC (no-damping scheme) and GAM. NTR fails just after the
push-back. EMC, which conserves energy for an autonomous motion, does not damp
vibrations; thus it is not suitable for this problem. On the other hand, the dissipation

Fig. 11 Thin cylindrical panel: data
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in the rest of the schemes damps oscillations during the buckling and in the inverse
configuration.

For EMC, NTR, HHT and BAM, oscillations in the total energy are observed,
see Fig. 13. Theses oscillations are caused by oscillations of kinetic energy due to
insufficient damping. However, for HHT and BAM the oscillations gradually stop,
while NTR soon fails. GAM effectively dumps oscillations already from beginning
of the buckling. The fact, that EMC is energy conserving for autonomous motion is
evident from Fig. 13 where its high-frequency oscillations are visible.
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3.3.2 Buckling of Axially Compressed Cylinder

We consider elastic buckling of cylinder under axial compression, see Fig. 14. The
data is for the test specimen Z = 500 of Yamaki experiments [50], where displace-
ment was imposed on the upper edge. Different dissipation factors were considered.
Figure 15 shows that results are in good agreement with the experiment. The curves
labeled as “Asymmetric” were obtained experimentally by increasing and decreasing
the imposed axial displacement. The curves labeled as “Symmetric” were obtained
experimentally by applying small point-wise disturbance forces, which triggered
symmetric buckling mode. This asymmetry/symmetry relates to the shape of buck-
ling mode at the cross-section at the middle-height of the cylinder. The number of
axial half-waves is denoted by m and the number of circumferential full waves by n.

Figure 15 show response curves for perfect cylinder. We applied ρ∞ = 0.6 for
BAM and ρ∞ = 0.8 for GAM and HHT. For ED, the dissipation factors were αED =
βED = 0.02. BAM and HHT results are in very good agreement with the experiment
for the post-buckling regime. They predictmode jumping observed in the experiment.
Moreover, the wave numbers are exactly the same as experimentally observed. For
larger ρ∞, the HHT and BAM results become polluted by higher frequencies, as
seen in Fig. 16, where for larger ρ∞ energy oscillations are bigger. Consequently,
the schemes are not able to catch all the post-bucklingmodes for small dissipation, see
[30]. This kind of pollution ismuch smaller forGAM,which, however, alwaysmisses
out one post-bucklingmode. For animation of the complete buckling process see [31].
Theoretical critical stress for elastic axially compressed cylinder for axisymmetric

buckling mode is σcr = Eh/
(
R
√
3
(
1 − ν2

))
. For the considered cylinder σcr =

8.31MPa and the corresponding axial force is Pcr,t = 1290N. BAM, HHT and
GAM schemes predict the critical axial force Pcr = 1327N

(
103%Pcr,t

)
and the ED

scheme predicts Pcr = 1338N
(
104%Pcr,t

)
. Because of initial imperfections (not

Fig. 14 Axially compressed cylinder: data
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Fig. 15 Axially compressed cylinder with no imperfections: force-displacement curves and
deformed configurations for BAM

considered here) the experimental buckling load in Fig. 15 is significantly lower that
the computed ones and the theoretical one.

Another analysis was performed with assumed initial geometric imperfections.
As proposed in [25], first 18 initial eigenmodes were summed and the amplitude of
the sum was amplified by 1% of the thickness to obtain imperfection �R. Results
are given in Fig. 17. The computed buckling loads reduce significantly and become
comparable with the experimental one. The primary buckling pattern changes with
respect to the ideal cylinder; compare configuration A in Figs. 15 and 17. However,
the post-buckling transition of patterns remains the same as in the experiment. Fur-
thermore, GAM scheme does not miss the post-buckling mode with n = 12,m = 2.
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3.3.3 Wrinkling of Cylinder on Elastic Substrate

Buckling of axially compressed cylinders on substrate was studied numerically in
[51, 49], where small geometric imperfections and small perturbation force were
used, respectively, to trigger the buckling. In our analyses, geometry is perfect and
no perturbation force is applied. In [49] a coefficient CS = Es/E f

(
R/t f

)3/2
is

proposed, with the critical value CS,cri t ≈ 0.88. Here, subscripts f and s refer to
film (i.e. cylinder) and substrate, respectively. For systems with CS < CS,cri t , only
axisymmetric wrinkling mode occurs, whereas for CS > CS,cri t the transition from
axisymmetric to diamond-like mode is expected. Figure 18 shows two considered
data sets; C1 and C2. Compressive axial displacement uy is imposed at both ends
according to presented load function. BAM and GAM with ρ∞ = 0.9 and EMC are
used.

Figures 19 and 20 show reaction force at x = 0 with respect to axial and radial
displacements, together with GAMdeformed configurations. Both cylinders initially
produce axisymmetric pattern, for all time-stepping schemes. For C1, all schemes
capture the transition to the diamond-like pattern. For C2, the transition is captured
by GAM and EMC. We may conclude that dissipation has stronger influence on
results for cylinders with lower CS factors.

Theoretical axisymmetric buckling force can be computed as, see [49]

fcr,el = E f

[
1
p20

+ t2f p
2
0

4c2R2 + 3RĒs

2c2t f Ē f p0

]
t f
[

N
mm

]
, (24)

Fig. 18 Cylinder on elastic substrate data
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Table 7 Computed and
theoretical buckling load

Case C1 C2

fcr,el [N/mm] 0, 060 1, 27

fcr [N/mm]
(

fcr
fcr,el

[%]
)

0, 056(93%) 1, 23(97%)

where c =
√
3
(
1 − ν2

f

)
, Ēs = Es

1−ν2
s
, Ē f = E f

1−ν2
f
and p0 is a critical wave number

in the axial direction, obtained by solving

−2 + t2f
6(1−ν2)R2 p

4
0 − 3R

6(1−ν2)t f
Ēs

Ē f
p0 = 0. (25)

Numerical results match well with the theoretical critical force, see Table 7, where
fcr is computed force, which is the same for all schemes.

4 Conclusions

As for the hybrid-mixed formulations for geometrically exact shell models, the fol-
lowing can be concluded. Numerical examples in [24] and our extensive numerical
experiments show that MITC4+ shell element [24] is robust, converges fast, and
displays little sensitivity to mesh distortion. However, its weak spot are flat finite
element meshes, since the membrane ANS enhancement has no effect on flat ele-
ments. Thus, for flat meshes, MITC4+ behaves as MITC4. On the other hand, HW
shell element [20] is robust, converges fast, and can take very large solution steps,
thus allowing for very fast computations. This was shown in [20] and confirmed
by our extensive numerical experiments. However, HW shows sensitivity to mesh
distortion. We combined incredible features of MITC4+ and HW and obtained an
“optimal” hybrid-mixed finite element, which we call +HW element. The presented
numerical examples show that +HW is indeed superior hybrid-mixed element. Its
only weak spot might be that it is slightly more prone to predict artificial local buck-
ling for coarse meshes than other types of hybrid-mixed elements.

As for the post-buckling analysis of shells by implicit dynamics schemes, the fol-
lowing conclusions can be drawn. We have briefly discussed application of implicit
schemes, with and without numerical dissipation in the high-frequency range, for
stability analysis of shells with complex post-buckling equilibrium paths. We can
conclude from numerical experiments that this approach is very efficient for some
classical shell buckling problems, like post-buckling analysis of axially loaded
cylinders.
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Development of Invariant-Based
Triangular Element for Nonlinear
Thermoelastic Analysis of Laminated
Shells

Stanislav V. Levyakov

Abstract Afinite element formulation is proposed for geometrically nonlinear anal-
ysis of thermally loaded composite laminated shells taking into account temperature-
dependent properties of the material. The laminated shell is modeled by an equiva-
lent single layer under the assumptions of the first-order shear deformation theory. A
three-node triangular element is formulated using three natural coordinates directed
along the element sides. The study focuses on representationof the total potential ther-
moelastic energy of anisotropic shell in terms of combined invariants which depend
on the natural components of the strain tensor and those of the tensors describing
mechanical and physical properties of thematerial. Based on the resulting expression
for the energy, compact and algorithmic relations are derived for computing coef-
ficients of the first and second variations of the strain energy of the finite element
which are necessary to formulate the equations for finding equilibrium states and to
examine their stability. Some examples are presented to demonstrate the ability of
the finite element to deal with postbuckling behavior of thermally loaded laminated
shells.

Keywords Laminated shell · Thermal loading · Nonlinear deformation ·
Temperature dependent properties · Buckling · Stability · Triangular finite element

1 Introduction

In a variety of engineering applications such as oil, chemical, and aerospace indus-
tries, shell structures operate in elevated temperature environment. Stringent require-
ment of high stiffness-to-weight and strength-to-weight ratios calls for advanced
compositematerials andmethods of nonlinear analysiswhich can accurately describe
structural response of composite plates and shells for a wide range of loading con-
ditions.
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In the presence of support conditions that restrain thermal expansion of the mate-
rial, compressive stresses rapidly develop under increasing temperature, which may
result in buckling of thin-walled members. In the absence of mechanical loads, ther-
mal buckling may be not as catastrophic as is the case of combined thermal and
mechanical loadings. In most practical situations, plates and shells can withstand
postbuckling stresses and carry thermal load beyond the critical temperature. How-
ever, a natural question may arise as to how long the plate or shell can remain in a
stable state. Further increase in the temperature can lead to secondary buckling result-
ing in undesirable deflection patterns, high stresses, etc. It is therefore important not
only to accurately predict thermal buckling loads but also check stability of post-
buckling equilibrium configurations of thin-walled structures designed to operate in
severe thermal environment.

There are some points to be taken into consideration in the thermoelastic anal-
ysis of composite laminated shells. First, a significant change in the geometry can
occur due to heating prior to buckling. In this case, linear buckling analysis based
on the assumption of undeformed geometry may lead to overpredicted critical ther-
mal loads. Second, depending on the lamination scheme and boundary conditions,
prebuckling stress and strain distributions can be highly nonuniform even for simple
shell geometries. Another important point is that mechanical properties of the mate-
rial degrade with an increase in temperature, which results in reduced stiffness and
lower buckling resistance of the shell. In the analysis of structures operating under
elevated temperatures, the assumption of temperature-independent properties, which
has been commonly used in the literature, can significantly overestimate the thermal
buckling loads and strength characteristics.

Mathematical formulation of geometrically nonlinear problems of shells with
temperature-dependent properties leads to highly complicated nonlinear equations,
which can be solved only by numerical techniques. In the context of the present
study, which deals with the finite element modelling, we confine our review of the
literature to finite-element formulations proposed for analysis of laminated plates
and shells subjected to thermal loading.

Most of the studies on thermoelastic response of thin-walled structures have been
carried out under the assumption of temperature-independent material properties.
Chen and Chen [1], Thangaratnam et al. [2, 3], and Ounis et al. [4] developed
quadrilateral finite elements for solving linear buckling problems of thin rectangular
plates using the classical laminate plate theory. It is well known that incorporation
of transverse shear deformation is important for more accurate analysis of compos-
ite structures characterized by high ratio of in-plane elastic modulus to transverse
shearmodulus. In this connection, considerable amount of attention has been devoted
to shear flexible finite elements. Based on the first order shear deformation theory
(FSDT), Chandrashekhara [5] and Prabhu and Dhanaraj [6] presented formulations
of nine-node isoparametric elements with 45 degrees of freedom (DOF) for linear
buckling analysis of laminated plates subjected to uniform temperature rise. Dawe
and Ge [7] developed a spline finite strip method for predicting buckling temperature
of rectangular plates. Kabir et al. [8] and Shiau et al. [9] proposed triangular finite ele-
ments to solve thermal buckling problems of laminated plates. The above-mentioned



Development of Invariant-Based Triangular Element … 415

elements were used to evaluate the critical buckling temperature of symmetric and
asymmetric laminates where prebuckling bending was ignored. Using the natural-
mode approach, Argyris and Tenek [10] developed a three-node triangular element
with 18 DOFs for geometrically nonlinear analysis of heated multilayered plates.
Ganapathi and Touratier [11] formulated an eight-node isoparametric quadrilateral
finite element with 40 DOFs for analysis of postbuckling behavior of composite
plates. Finite deflections and failure of laminated shallow shells were studied by
Huang and Tauchert [12, 13] who used quadrilateral element with five DOFs per
node. Barut et al. [14] developed a triangular element with five DOFs per node
for investigating nonlinear structural response of flat and curved laminated panels
undergoing large displacements and rotations under nonuniform thermal loading.
Patel et al. [15] formulated an eight-node quadrilateral element for nonlinear analy-
sis of laminated cylindrical and conical shells. Based on the calculation results, they
showed that prebuckling deformation has a significant effect on the critical buck-
ling temperature. Alijani et al. [16] formulated a semi-analytical finite element of
cylindrical shell, where truncated Fourier series were used to approximate displace-
ment and rotation fields in the circumferential direction. Sabik and Kreja [17, 18]
performed geometrically nonlinear finite-element analysis of uniformly heated shal-
low laminated shells and found unsymmetric equilibrium states that refer to solution
branches emanating from the first bifurcation point.

Using the higher-order shear deformation theory, Kant and Babu [19], Patel et al.
[20] developed more accurate, but more complicated finite-element models for non-
linear analysis of laminated plates and shells subjected to thermal loads. Thermal
buckling and postbuckling behavior of plates based on the layerwise theory were
studied by Cetkovic [21] and Oh and Lee [22]. It should be noted that refinement
in the results that higher order theories provide in the analysis of moderately thick
plates and shells is noticeable only in local stress distribution. The global structural
response of shells can adequately be predicted by simpler formulations based on the
FSDT with considerable computation time savings.

Compared to papers on structures with temperature-independent material prop-
erties, there are fewer papers dealing with nonlinear analysis of thermally loaded
composite shells with temperature-dependent properties. One of the first studies in
this direction was carried out by Chen and Chen [23] who investigated buckling and
postbuckling behavior of rectangular plates using the classical laminate plate theory.
Thermal postbuckling response of moderately thick laminated plates based on the
FSDT was examined by Singha et al. [24] and Srikanth and Kumar [25]. Using the
small deflection theory, Chandrashekhara and Bhimaraddi [26] analyzed deforma-
tions of laminated doubly curved shallow shells subjected to nonuniform tempera-
ture fields. Patel et al. [27, 28] developed a semi-analytical finite element method for
thermoelastic analysis of laminated shells of revolution undergoing moderately large
rotations. Shariyat [29] proposed a four-node rectangular finite element based on the
layerwise theory and studied the effect of boundary conditions, stacking sequence,
and geometrical parameters on the buckling temperature of rectangular plates.

It is evident from the literature review that research effort has been focused on ther-
mal buckling and postbuckling of rectangular plates and shells of revolution. There



416 S. V. Levyakov

are few studies dealing with stability analysis of postbuckling states of thermally
loaded laminated shells.

The aim of the present study is to formulate a computationally effective triangular
finite element for nonlinear analysis of composite laminated shells with temperature
dependent material properties. A considerable contribution to the theory of triangular
shell finite elements is due to Argyris et al., see e.g. [30–32]. It was shown that, when
dealing with a triangular domain, it is advantageous to use three natural coordinate
directions along the triangle sides rather than conventional Cartesian coordinates.
According to this approach, the components of strains, stresses, stress resultants, etc.
related to the natural directions should be determined to evaluate stiffness properties
of the element. However, direct derivation of the finite element equations in terms of
the natural components involves lengthy manipulations and cumbersome equations
connected to coordinate transformations.

To obtain a relatively compact finite element formulation of a triangular shell
element, we employ the invariant-based approach. In [33–35], it was shown that
the strain energy of a shell composed of isotropic or functionally graded materials
can be written as a function of invariants of three normal strains determined in
three nonparallel directions on the middle surface of the shell. Based on this result,
compact and algorithmic relations were obtained for computing the stiffness matrix
of the triangular finite elements. An attempt to extend this approach to composite
laminated shells was undertaken in [36]. It was found that the strain energy of the
composite shell can be written as a function of so-called combined invariants which
depend on the natural components of the strain and stress tensors. As a result, in
the derivation of the element stiffness matrix, some computational effort was needed
to convert stresses to strains using the constitutive relations. In [37], a method was
proposed to express the strain energy density of a laminated shell based on the FSDT
in terms of combined invariants which depend on the natural components of the
strain tensor and those of the tensor of elastic constants. The expression for the
strain energy in terms of invariants leads to straightforward derivation of the element
stiffness matrix and thermal load vector. Below, we use the method proposed in
[37] to develop a triangular finite element for nonlinear thermoelastic analysis of
laminated shells with temperature-dependent material properties.

2 Coordinate Transformation of Tensor Components

We consider a symmetric second-order tensor umn (m,n = 1,2) and introduce the
vector composed of its three independent components in Cartesian coordinates ξ 1

and ξ 2:

u = {u11, u22, u12}T . (2.1)

Now we consider a triangle on the plane and define three coordinate lines
si (i = 1,2,3) parallel to the triangle edges (see Fig. 1). Using coordinate
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Fig. 1 Cartesian and natural
coordinates

transformation, one can determine three components ui (i = 1,2,3) referred to the
coordinates si. Following terminology of Argyris [30–32], when dealing with a tri-
angular element we call the quantities u1, u2, and u3 the natural components of the
tensor.

Thus, any symmetric two-dimensional tensor umn can alternatively be represented
by the vector comprising three natural components

u = {u1, u2, u3}T . (2.2)

Relation between Cartesian and natural components is given by (no summation
over i)

ui = αmniumn(i = 1, 2, 3;m, n = 1, 2), (2.3)

αmni = λmiλni , λ1i = ξ1k − ξ1 j

li
, λ2i = ξ2k − ξ2 j

li
, (2.4)

where λmi are the direction cosines of the edge opposite to the ith vertice of the
triangle, ξmk is the mth coordinate of the kth vertice, and li is the length of the ith
edge. In Eqs. (2.3), (2.4), and below, subscripts i, j, and k run from 1 to 3 and obey
the rule of cyclic permutation and summation is performed over repeated subscripts
unless otherwise specified.

Relations (2.3) can be inverted to give

umn = βmniui (i = 1, 2, 3), (2.5)

βmni = l1l2l3li
8A2

(λmkλnj + λnkλmj − 2λpjλpkδmn)(p = 1, 2), (2.6)

where A is the area of the triangle and δmn is Kronecker’s symbol.
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Given the lengths of the triangle edges, the area of the triangle can be calculated
by the formula

A = 1

4

√
�, � = (l pl p)

2 − 2l2pl
2
p(p = 1, 2, 3). (2.7)

Note that the coefficients of the coordinate transformations (2.4) and (2.6) satisfy
the condition αmniβmnj = δi j .

3 Template Formulas for Invariants

It is well known that the first and second invariants of a two-dimensional tensor umn

are written in terms of Cartesian components as

Iu = u11 + u22, Iuu = u11u22 − u212. (3.1)

Given two symmetric tensors umn and vmn , the combined invariant is defined as
[36]

Iuv = 1

2
(u11v22 + u22v11 − 2u12v12). (3.2)

In the particular case where umn = vmn , Eq. (3.2) yields the expression for the
second invariant (3.1)2. If vmn = 2δmn , from Eq. (3.2) one obtains the first invariant
(3.1)1.

The invariants mentioned above can be written in terms of three natural compo-
nents as

I u = 2(aapu p − 2a2pu p), Iuu = (apu p)
2 − 2a2pu

2
p,

Iuv = (apu p)(aqvq) − 2a2p(uv)p (p, q = 1, 2, 3), (3.3)

where ap and a are nondimensional parameters given by

ap = (l p)2√
�

(no summation over p), a = lqlq√
�

. (3.4)

In Eq. (3.3)3, we use the notation (uv)p = u pvp, in which no summation is carried
out over p.

Let us express the invariants in matrix form. To this end, we introduce the matrix
notation:

τ = 2
{
a1(a − 2a1), a2(a − 2a2), a3(a − 2a3)

}T
, a = {

a1, a2, a3
}T

,
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ρ =
⎛

⎝
2a21 0 0

2a22 0
sym 2a23

⎞

⎠. (3.5)

Using Eq. (3.5), we write Eq. (3.3) as

Iu = uTτ , Iuu = uT(aaT − ρ)u, Iuv = uT(aaT − ρ)v, (3.6)

where u and v are the 3 × 1 vectors composed of the natural components of the
corresponding tensors.

4 Invariant Representation of the Strain Energy Density
of Anisotropic Shell

We consider a shell composed of linear elastic anisotropic materials. Adopting the
assumptions of the first order shear deformation theory, we write the strain energy
density of the shell as

�V = �V 1 + �V 2, (4.1)

where �V 1 is the strain energy density due to plane stresses and �V 2 is that due to
transverse shear stresses. In what follows, we express �V 1 and �V 2 in terms of the
invariants discussed above.

4.1 Representation of ΠV1 in Terms of Combined Invariants

Under plane-stress conditions, the stress-strain relations can be written as

⎛

⎝
σ11

σ22

σ12

⎞

⎠ =
⎛

⎝
D11 D12 D13

D22 D23

sym. D33

⎞

⎠

⎛

⎝
S11
S22
2S12

⎞

⎠, (4.2)

where σmn and Smn are the Cartesian components of the stress and strain tensors,
respectively, and Di j are the elastic constants of the material.

Let us consider three symmetric two-dimensional tensors umn , vmn , and wmn

whose components are so far unknown. Bearing in mind that, for small strains the
strain energy density of the shell is a quadratic function of the strains, we assume
that

�V 1 = 1

2
(I 2uS + I 2vS + I 2wS), (4.3)
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where IuS , IvS , and IwS are the combined invariants determined in accordance with
the template formula (3.2).

If the strains are known, expression (4.3) contains nine unknown components of
the tensors umn , vmn , and wmn . To find these unknowns, we use the relations

σ11 = ∂�V 1

∂S11
, σ22 = ∂�V 1

∂S22
, σ12 = ∂�V 1

∂S12
. (4.4)

Equating the coefficients of Smn on the right sides of Eqs. (4.2) and (4.4), we
obtain the following nonlinear algebraic equations:

u222 + v2
22 + w2

22 = 4D11, u11u22 + v11v22 + w11w22 = 4D12,

u12u22 + v12v22 + w12w22 = −4D13, u
2
11 + v2

11 + w2
11 = 4D22,

u11u12 + v11v12 + w11w12 = −4D23, u
2
12 + v2

12 + w2
12 = 4D33. (4.5)

We have a system of six equations for nine unknowns. Hence, we need three
extra equations to remove the indeterminacy of the system. To this end, we employ
semi-inverse method. The idea is to prescribe certain values to three unknowns and
find the remaining six using Eqs. (4.5). In the process, various guess values of three
unknowns can be adopted.

A relatively simple solution of system (4.5) can be obtained by assuming that

u11 = u12 = v12 = 0. (4.6)

In this case, Eq. (4.5) become

u222 + v2
22 + w2

22 = 4D11, v11v22 + w11w22 = 4D12, w12w22 = −4D13,

v2
11 + w2

11 = 4D22, w11w12 = −4D23, w
2
12 = 4D33. (4.7)

Starting with the last equation, one can easily find the solution of system (4.7):

u22 = 2

√
det D

D22D33 − D2
23

, v11 = 2

√
D22D33 − D2

23

D33
,

v22 = 2
D12D33 − D13D23√
D33(D22D33 − D2

23)

, w11 = −2
D23√
D33

, w22 = −2
D13√
D33

,

w12 = 2
√
D33, (4.8)

where det D is the determinant of the matrix of elastic constants in Eq. (4.2).
As an example, we consider an orthotropic material with the elastic constants
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D11 = E11
1 − ν12ν21

, D12 = ν21E11
1 − ν12ν21

, D13 = D23 = 0, D22 = E22
1 − ν12ν21

, D33 = G12,

(4.9)

where E11 and E22 are Young’s moduli, ν12 and ν21 are Poisson’s ratios satisfying
the relation ν12E22 = ν21E11, and G12 is the shear modulus. Substituting Eq. (4.9)
into Eq. (4.8), we obtain

u22 = 2

√
E11(E22 − E11ν

2
21)

E22(1 − ν12ν21)
, v11 = 2

√
E22

1 − ν12ν21
, v22 = 2E11ν21√

E22(1 − ν12ν21)
,

w11 = w22 = 0, w12 = 2
√
G12. (4.10)

For isotropic materials, expressions (4.9) become

D11 = D22 = E

1 − ν2
, D12 = νE

1 − ν2
, D13 = D23 = 0, D33 = E

2(1 + ν)
, (4.11)

where E is Young’s modulus and ν is Poisson’s ratio. The components in Eq. (4.10)
become

u22 = 2
√
E, v11 = 2

√
E

1 − ν2
, v22 = 2ν

√
E

1 − ν2
, w11 = w22 = 0, w12 =

√
2E

1 + ν
.

(4.12)

One can easily show that substitution of (4.6) and (4.12) into (4.13) leads to the
familiar expression for the strain energy of isotropic material under plane stress.

4.2 Representation of ΠV2 in Terms of Combined Invariants

We introduce the symmetric tensor [34]

�mn = Sm3Sn3(m, n = 1, 2), (4.13)

where Sm3 are the transverse shear strains.
The strain energy density of the shell due to transverse shear forces can be written

as

�2V = 1

2
gmn�mn(m, n = 1, 2), (4.14)

where gmn are the transverse shear moduli.
The strain energy density (4.14) can also be written in terms of the combined

invariants as
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�2V = 1

2
(Ig I� − 2Ig�). (4.15)

Using template formulas (3.6), we write Eq. (4.15) in terms of the natural com-
ponents of the tensor �mn

�2V = 1

2
gT [ττ T − 2(aaT − ρ)]Γ . (4.16)

5 Potential Energy of the Shell as a Function of Natural
Strains

According to the first-order shear deformation theory, the strains of the shell are
given by

Smn = εmn + zκmn − αmn�T, (5.1)

where εmn and κmn are the components of the membrane and bending strains of
the shell middle surface, respectively, z is the coordinate measured from the shell
middle surface in the transverse direction, αmn are the coefficients of linear thermal
expansion, and �T is a change in temperature.

Bearing in mind Eq. (3.2) and substituting Eq. (5.1) into Eq. (4.3), we obtain

�1V = 1

2
{I 2uε + I 2vε + I 2wε + 2z(Iuε Iuκ + Ivε Ivκ + Iwε Iwκ) + z2(I 2uκ + I 2vκ + I 2wκ)}

− �T (Iuα Iuε + Ivα Ivε + Iwα Iwε) − z�T (Iuα Iuκ + Ivα Ivκ + Iwα Iwκ), (5.2)

where Iuε, Ivε, . . . , Iwκ are the combined invariants which can be determined in
terms of Cartesian components of the tensors using Eq. (3.2) or in terms of natural
components using Eq. (3.3).

Integrating the strain energy density given by Eq. (5.2) over the volume of the
shell and using Eq. (3.6)3, we write the result of integration in terms of the natural
components

�1 = 1

2

¨

A

{εT Z0ε + εT Z1κ + κT Z1ε + κT Z2κ − 2εT F0 − 2κT F1}d A,

(5.3)

ε = {ε1, ε2, ε3}T , κ = {κ1, κ2, κ3}T ,α = {α1, α2, α3}T , (5.4)
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Zn = (aaT − ρ)

h/2∫

−h/2

(uuT + vvT + wwT )zndz(aaT − ρ) (n = 0, 1, 2), (5.5)

Fm =
h/2∫

−h/2

�T zm(aaT − ρ)(uuT + vvT + wwT )(aaT − ρ)αdz (m = 0, 1).

(5.6)

Here A is the area of the shell middle surface, h is the shell thickness and εi and
κi are the natural components of the membrane-strain and bending-strain tensors,
respectively.

Fromnowon,we confine our attention to laminated composites.Assuming that the
temperature change �T does not vary in the thickness direction, we write Eqs. (5.5)
and (5.6) as

Zn = 1

n + 1
(aaT − ρ)

NL∑

k=1

(zn+1
k+1 − zn+1

k )(uuT + vvT + wwT )k(aaT − ρ) (n = 0, 1, 2),

(5.7)

Fm = �T

m + 1

NL∑

k=1

(zm+1
k+1 − zm+1

k )(aaT − ρ)(uuT + vvT + wwT )k(aaT − ρ)αk , (m = 0, 1),

(5.8)

where NL is the number of layers.
Now we consider the strain energy of the shell due to transverse shear forces.

Integrating (4.16), we obtain

�2 = 1

2

¨

A

CT
Γ Γ d A,C� = ks(ττ T − 2(aaT − ρ))

h/2∫

−h/2

gdz, (5.9)

where ks is the shear correction factor assumed to be equal to 5/6.

6 Potential Energy of the Shell Finite Element

We consider a three-node triangular shell element. The nodal position vectors are
denoted by rm (m = 1,2,3). At each node, we determine a unit director nm which
is initially normal to the shell middle surface (Fig. 2). According to the FSDT, the
unit directors in a deformed state are not necessarily normal to the deformed middle
surface of the shell.

We adopt the following expressions for the natural strains εi proposed in [33] (no
summation over i, j, and k):
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Fig. 2 Shell finite element
and nodal rotations

εi = e∗
i

li
· arcsin

(
�χ∗

i

)

�χ∗
i

− 1, (6.1)

where

�χ∗
i = χ∗

2k − χ∗
1 j

2
, χ∗

2k = ψ∗
2k

e∗
i

, χ∗
1 j = ψ∗

1 j

e∗
i

, (6.2)

�χi = χ2k − χ1 j

2
, χ2k = ψ2k

ei
, χ1 j = ψ1 j

ei
, li = ei

arcsin(�χi )

�χi
, (6.3)

ei =
√(

rk − r j
)2

, ψ1 j = n j
(
rk − r j

)
, ψ2k = nk

(
rk − r j

)
, (6.4)

e∗
i =

√(
r∗
k − r∗

j

)2
, ψ∗

1 j = n∗
j

(
r∗
k − r∗

j

)
, ψ∗

2k = n∗
k

(
r∗
k − r∗

j

)
. (6.5)

In Eqs. (6.1)–(6.5) and below, asterisk refers to a deformed state. It should be noted
that relations (6.1) and (6.3) lead to uncertainty of type 0/0 for flat and nearly flat
elements. In this case, Taylor series approximations are employed to avoid numerical
instability.

Approximate expressions for the natural bending and transverse shear strains κm
and γm are based on the following analytical solution of the bending problem of the
Timoshenko beam with prescribed end rotations ϑ1 j and ϑ2k (no summation over i,
j, and k):

κi = 1

li

(
ϑ2k − ϑ1 j

) + ηi1

li
(Lk − L j )

(
ϑ2k + ϑ1 j

)
, (6.6)

γi = ηi2
(
ϑ2k + ϑ1 j

)
, (6.7)

ϑmi = arcsin
(
χ∗
mi

) − arcsin(χmi ), (6.8)



Development of Invariant-Based Triangular Element … 425

ηi1 = 3

1 + ηi3
, ηi2 = 1

6
ηi1ηi3, ηi3 = 12

Di

Cil2i
. (6.9)

Di =
h/2∫

−h/2

Eidz,Ci = ks

h/2∫

−h/2

gidz, (6.10)

Ei = D11λ
4
1i + D22λ

4
2i + (2D12 + 4D33)λ

2
1iλ

2
2i + 4D13λ

3
1iλ2i + 4D23λ1iλ

3
2i , (6.11)

gi = g11λ
2
1i + g22λ

2
2i . (6.12)

where L1, L2, and L3 are the area coordinates for the triangular element and ks is the
shear correction factor.

Substituting Eqs. (6.6) and (6.7) into Eq. (5.3) and integrating over the element
area, we obtain

�1 = 1

2
(εT K εε + εT K εϑϑ + ϑT K T

εϑε + ϑT Kϑϑ) − εT NT − ϑT MT , (6.13)

K ε = AZ0, K εϑ = AZ1C A, Kϑ =
¨

A

CT Z2Cd A, (6.14)

NT = AF0, MT = CT
AF1, (6.15)

ϑT = {ϑ23, ϑ12, ϑ21, ϑ13, ϑ22, ϑ11}, (6.16)

C A =
⎡

⎣
l−1
1 −l−1

1 0 0 0 0
0 0 l−1

2 −l−1
2 0 0

0 0 0 0 l−1
3 −l−1

3

⎤

⎦, (6.17)

Here C is a 3 × 6 matrix whose nonzero coefficients are given by

C11 = [1 + η11(L3 − L2)]l
−1
1 ,C12 = −[1 + η11(L2 − L3)]l

−1
1 ,

C23 = [1 + η21(L1 − L3)]l
−1
2 ,C24 = −[1 + η21(L3 − L1)]l

−1
2 ,

C35 = [1 + η31(L2 − L1)]l
−1
3 ,C36 = −[1 + η31(L1 − L2)]l

−1
3 . (6.18)

The 6× 6 symmetric matrix Kϑ , not given here explicitly, can easily be evaluated
by exact integration using three Gaussian points (see, e.g. [38]).

The strain energy due to transverse shear forces (5.9) can be written as a quadratic
function of the deformation parameters (6.16)

�2 = 1

2
ϑT KΓ ϑ, K� = AW T MW , (6.19)
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M =
⎡

⎣
CΓ 1 0 0
0 CΓ 2 0
0 0 CΓ 3

⎤

⎦,W =
⎡

⎣
η12 η12 0 0 0 0
0 0 η22 η22 0 0
0 0 0 0 η32 η32

⎤

⎦. (6.20)

7 Solution Procedure

To find equilibrium states of the finite-element model of the shell using the Newton-
Raphson iterative technique, it is necessary to calculate the coefficients of the first
and second variations of the potential energy. Derivation of explicit expressions
for the variations is a formidable task because of highly involved expressions for
the strains. To avoid the difficulties, we propose a recurrent method for computing
the coefficients based on the introduction of three groups (or levels) of variables
represented by the vectors

u(1) = {
ε1, ε2, ε3, ϑ23, ϑ12, ϑ21, ϑ13, ϑ22, ϑ11

}T
, (7.1)

u(2) = {
e∗
1, e

∗
2, e

∗
3, ψ

∗
23, ψ

∗
12, ψ

∗
21, ψ

∗
13, ψ

∗
22, ψ

∗
11

}T
, (7.2)

u(3) = {
qT
1 , qT

2 , qT
3

}T
, q i = {

x∗
1i , x

∗
2i , x

∗
3i , ω1i , ω2i

}T
(i = 1, 2, 3). (7.3)

Here xmi is the mth coordinate of the ith node, ω1i and ω2i are the rotations of the
normal vector about orthogonal nodal vectors tangent to the shell middle surface (see
Fig. 2). Variations of the vector u(3) comprise the nodal translations and rotations of
the nodal unit vectors, a total of 15 independent variations regarded as degrees of
freedom of the shell element.

In the absence of external mechanical loads, the total thermoelastic potential
energy of the shell element is a sum of �1 and �2 given by Eqs. (6.13) and (6.19):

� = 1

2
uT

(1)Ku(1) − uT
(1)P, K =

(
K ε K εϑ

K T
εϑ Kϑ + KΓ

)
, P =

(
NT

MT

)
, (7.4)

where K is the 9 × 9 symmetric stiffness matrix and P is the 9 × 1 thermal loading
vector.

Using the principle of stationary total potential energy, we obtain a system of
nonlinear equations governing equilibrium of the finite element model of a shell
with N degrees of freedom

g(q, λ) = 0. (7.5)
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Here g is the gradient of the total potential energy of the finite-element assemblage,
q is the vector comprising the generalized coordinates, and λ = ΔT is the temperature
change.

To determine the deformation path which the structure follows under thermal
loading, we use the arc-length control method (see e.g. [39]), where the generalized
coordinates and the loading factor are unknown functions of a parameter that rep-
resents a finite arc length of the solution curve in the space of (N + 1) independent
variables. The solution curve is determined in a step-by-step manner starting from
the known stress-free configuration of the structure. In the process, Eq. (7.5) are lin-
earized and solved by the iterative Newton-Raphson method. At each solution step,
the iterations are performed according to the formula

H p−1δq p + g p−1 + δλpw p−1 = 0 (p = 1, 2 . . .), (7.6)

where H and g are the Hessian matrix and gradient of the potential energy of the
finite-element assemblage, respectively, δλ = δ(�T ) is the increment in the tem-
perature, w is the vector composed of derivatives of the form ∂ g/∂λ, δq is the N × l
vector composed of increments in the generalized coordinates (nodal translations and
rotations of the directors), and superscript p enumerates iterations. Each continuation
step starts with iteration number p = 1 after the equilibrium state at previous step
has been achieved.

The matrices in Eq. (7.6) are assembled using standard procedure of summation
over the finite elements

H =
∑

e

H (3), g =
∑

e

g(3),w =
∑

e

w(3), (7.7)

where contributions of each element are computed using the following recurrent
relations (no summation over m):

g(m+1) = u′
(m)g(m),w(m+1) = u′

(m)w(m),

H (m+1) = u′
(m)H (m)u′T

(m) + g(m)su′′
(m)s (m = 1, 2; s = 1, . . . , 9). (7.8)

Here u′
(m) is the matrix composed of partial derivatives of the components of

the vector u(m) with respect to the components of the vector u(m+1), u′′
(m)s is the

symmetric matrix containing second order partial derivatives of the sth component
of the vector u(m) with respect to the components of the vector u(m+1), and g(m)s is
the sth component of the vector g(m).

To start the recurrent process according to Eqs. (7.8), the following initial values
should be used:

H (1) = K , g(1) = Ku(1) − P,w(1) = ∂ P/∂λ. (7.9)
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As pointed out above, the element stiffnessmatrixK is computed by exact integra-
tion. Thematrices u′

(m) and u
′′
(m)s can be found in [33]. It should be noted that attempts

to obtain explicit expression for the vector w lead to extremely involved relations
because of the material properties dependent on temperature. For this reason, we
have to compute the vector using numerical differentiation

w = 1

2τ
( g|T+τ − g|T−τ ) + O(τ 2), (7.10)

where T is the current temperature and τ is a small positive increment in the tem-
perature. In the computations, we set τ = 10−6. Note that in the case where material
properties are independent of temperature, the strain-energy functional depends lin-
early on the temperature change and expression (7.10) gives an exact result.

Equations (7.6) are supplemented by one of the following constraint equations:

(
δq1

)T
δq1 + (

δλ1
)2 = (δs)2for p = 1,

(
δq p

)T
δq1 + δλ1 · δλp = 0 for p > 1, (7.11)

in which δs is a specified arc length in the space of (N + 1) unknowns.
Solution of Eqs. (7.6) and (7.11) is given by

δq p = δλpup + v p, (7.12)

δλ1 = ±δs/
√
1 + (

u1
)T
u1 if p = 1, (7.13)

δλp = −(
v p

)T
u1/

√
1 + (up)T u1 if p > 1. (7.14)

The sign in Eq. (7.13) determines the tracing direction along the equilibrium path.
The vectors up and v p are found by solving the equations

H p−1up + w p−1 = 0, H p−1v p + g p−1 = 0. (7.15)

After the pth iteration is completed and solution of Eq. (7.6) is found, the nodal
vectors are updated using relations [33]

r∗(p+1)
s = r∗(p)

s + δr∗(p)
s ,

n∗(p+1)
s = a(p)

1 n∗(p)
s + a(p)

2

(
t∗(p)
1s δω

(p)
1s + t∗(p)

2s δω
(p)
2s

)
,

t∗(p+1)
ms = t∗(p)

ms − δω(p)
ms

[
a(p)
2 n∗(p)

s + a(p)
3

(
t∗(p)
1s δω

(p)
1s + t∗(p)

2s δω
(p)
2s

)]
,
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δω(p)
s =

(
δω

(p)2
1s + δω

(p)2
2s

)1/2
,

a(p)
1 = cos δω(p)

s , a(p)
2 = sin δω

(p)
s

δω
(p)
s

, a(p)
3 = 1 − cos δω

(p)
s

δω
(p)2
s

, (7.16)

where s enumerates the nodes.
Iterative computations are performed according to Eq. (7.6) until the solution

converges, which requires that the gradient g should vanish. Because of unavoidable
numerical errors, however, this condition can be satisfied only approximately. In
this work, we use the following convergence criterion: |δu|max/h ≤ 10−9 . . . 10−6,
where |δu|max is the maximum increment in the nodal translation and h is the shell
thickness.

Once convergence of the numerical solution is achieved, stability of the corre-
sponding equilibrium configuration of the shell is studied. To infer whether equi-
librium state is stable or not, the positive definiteness of the Hessian matrix H0

computed for p = 1 is investigated. According to Sylvester’s criterion, the equilib-
rium state is stable if determinants of all upper-left submatrices of H0 are positive
definite, otherwise the equilibrium state is unstable. This information can easily be
obtained by applying the forward process of the Gauss elimination method to the
matrix H0. The change of the sign of the determinants means that a singular point
is encountered on the deformation path.

The type of singular point is determined by investigating compatibility of system
(7.15)1 for the converged solution. If the system is incompatible, a limit point occurs.
In this case, the general solution for p = 1 has the form

δq1 = μ f , δλ1 = 0, (7.17)

where μ is an arbitrary nonzero factor and f is the nontrivial solution of the homo-
geneous system H0 f = 0.

If system (7.15)1 is compatible for the degenerate matrix H0, the singular point
is a bifurcation point. In this case, the general solution of the system is given by

δq1 = δλ1u1 + μ f . (7.18)

This vector describes the buckling mode and is used to drive the solution to new
branches that intersect the equilibrium path at the bifurcation point.

8 Numerical Results and Discussion

In this section we study nonlinear deformation and stability of laminated plates and
shells subjected to uniform temperature rise. We assume that the elastic constants
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and coefficients of linear thermal expansion of each ply are linear functions of tem-
perature:

E11(T ) = E0
11(1 + E1

11T ), E22(T ) = E0
22(1 + E1

22T ),G12(T ) = G0
12(1 + G1

12T ),

G13(T ) = G0
13(1 + G1

13T ),G23(T ) = G0
23(1 + G1

23T ), α11(T ) = α0
11(1 + α1

11T ),

α22(T ) = α0
22(1 + α1

22T ), (8.1)

where E0
11, . . . , α

1
11 are constants. Since Poisson’s ratio weakly depends on temper-

ature, it is assumed to be constant.
-NoValue-In all the sample problems considered below, simply supported bound-

ary conditions are imposed in such amanner that all nodal translations are constrained
to be equal to zero, but rotations are allowed. The reference temperature is assumed
to be zero.

8.1 Thermal Postbuckling Behavior of a Cross-Ply Plate

We consider a simply supported laminated square plate with stacking sequence
(45◦/ − 45◦/45◦/ − 45◦). The side length-to-thickness ratio is a/h = 30. The
plies are of equal thickness and the material properties are as follows [40]:
E0
11/E

0
22 = 40,G0

12/E
0
22 = G0

13/E
0
22 = 0.5, G0

23/E
0
22 = 0.2, α0

11 = 10−6 1/◦C ,
α0
22 = 10−5 1/◦C , ν12 = 0.25, E1

11 = −0.5 × 10−3, E1
22 = G1

12 = G1
13 = G1

23 =
−0.2 × 10−3, and α1

11 = α1
22 = 0.5 × 10−3. The full plate is modeled by a uniform

union-jack mesh.
In Fig. 3,we plot temperature versus central deflection of the plate for temperature-

independent (TI) and temperature-dependent (TD) material properties. The calcula-
tion results show that smooth transition from flat to curved configurations occurs as
the temperature increases. The postbuckling curves compare well with the solution
of [40] based on Reddy’s higher order shear deformation theory. In the temperature
range considered, the bent plate is in stable equilibrium.

8.2 Thermal Buckling and Postbuckling of Circular
Cylindrical Shells

A simply supported circular cylindrical shell of radius r, wall thickness h, and length
L is shown in Fig. 4. The length-to-radius ratio is L/r = 1. The shell is composed
of orthotropic layers of equal thickness. The material properties of the layers are as
follows: E0

11 = 40 × 1010 Pa, E0
22 = 1 × 1010 Pa, G0

12 = 0.6 × 1010 Pa, G0
13 =

G0
23 = 0.5 × 1010 Pa, α0

11 = 10−6 1/°C, α0
22 = 10−5 1/°C, E1

11 = E1
22 = G1

12 =
G1

13 = G1
23 = −0.5 × 10−3, α1

11 = α1
22 = 0.5 × 10−3, and ν12 = 0.25.
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Fig. 3 Temperature versus
central deflection of the
simply supported square
plate with (±45◦

2)T
lamination scheme

Fig. 4 Geometry of a
cylindrical shell

Full shell is discretized using a uniform union-jack mesh obtained by dividing
the shell into 160 elements in the circumferential direction and 16 elements in the
longitudinal direction.No symmetry conditions are imposedon the shell deformation.

The critical temperatures computed with allowance for nonlinear prebuckling
deformations are summarized in Table 1 for various stacking sequences. The ply
angle is measured from the longitudinal direction. The first layer is the innermost
layer of the shell. As can be seen from Table 1, variation of material properties has
a significant effect on the buckling temperature. The analysis based on the assump-
tion of temperature independent properties overestimates the critical temperature by
approximately 30%.

Now we study postbuckling response of the shells with r/h = 100 using an exam-
ple of [(0°/90°)2]s lamination scheme. In Fig. 5, we show temperature versus out-
ward deflection of point A defined by coordinates z = L/4 and ϕ = 0. The critical
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Table 1 Thermal buckling parameters for simply supported circular cylindrical shells

Stacking
sequence

r/h = 50 r/h = 100

�Tcrα0
11r/h Mode shape (n; m) �Tcrα0

11r/h Mode shape (n; m)

[0°/90°] TI 0.06551 (2; 12) 0.06822 (3; 16)

TD 0.04514 (2; 12) 0.05375 (3; 16)

[0°/90°]4 TI 0.1097 (1; 8) 0.10771 (2; 12)

TD 0.06604 (1; 8) 0.07760 (2; 12)

[(0°/90°)2]s TI 0.1095 (1; 8) 0.11275 (2; 14)

TD 0.06598 (1; 8) 0.08040 (2; 14)

[90°/0°] TI 0.09650 (2; 12) 0.08423 (2; 16)

TD 0.06022 (2; 12) 0.06385 (2; 16)

(n andm are numbers of half-waves in the longitudinal and circumferential directions, respectively)

Fig. 5 Temperature versus
deflection at point A (z =
L/4; ϕ = 0) of the simply
supported cylindrical shells
with [(0°/90°)2]s lamination
scheme: curve 1 refers to A1
= A2 = 0 (perfect shell),
curve 2 to A1/r = 10−6, m1
= 14, n1 = 2, and A2 = 0,
and curve 3 to A1/r = 10−6,
m1 = 14, n1 = 2, A2/r =
10−6, m2 = 10, and n2 = 1

temperatures are represented by bifurcation points B1 and B1’ which correspond
to temperature dependent and temperature independent material properties, respec-
tively. The bifurcation points are of multiplicity 2, that is, two distinct solution
branches intersect the fundamental deformation path at these points and describe
buckling modes of the form f (z)coskϕ and f (z)sinkϕ, where k is a wave number and
f (z) is a certain function satisfying the boundary conditions. Difficulties are encoun-
teredwhen attempts aremade to drive the solution to stable postbuckling path beyond
the critical temperature. Poor convergence of the solution is observed, which can be
attributed to the presence of the two similar solution branches emanating from the
same bifurcation point.
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To study postbuckling deformation of the shell, we introduce small geometric
imperfections using the following two-term approximation for the initial deflection:

w0 =
2∑

i=1

Ai cos(miϕ/2) sin(niπ z/L), (8.2)

where Ai are the amplitudes and mi and ni are the numbers of half-waves, which are
determined based on the computed buckling modes.

Owing to the first term in Eq. (8.2), smooth transition from prebuckling axisym-
metric state to asymmetric postbuckling configuration is observed. In the postbuck-
ling regime, the secondary bifurcation point B2 is detected. To study the solution
branch that describes stable equilibrium of the shell at higher temperature beyond
point B2, the second term in Eq. (8.2) is activated.

To estimate the global structural response of the heated shell, in Fig. 6 we plot the
axial reaction force Rz that develops at immovable edges. It is seen that the shell with
temperature dependent material properties exhibits pronounced nonlinear behavior
at the prebuckling stage and its buckling resistance is much lower compared to shell
with temperature independent properties.

Figure 7 shows contour plots of the normalized deflection field w(z, ϕ)/h for the
stable equilibrium states labeled B2 and S in Figs. 5 and 6.

Fig. 6 Temperature versus
reaction force Rz for the
simply supported cylindrical
shells with [(0°/90°)2]s
lamination scheme: curve 1
refers to A1 = A2 = 0
(perfect shell), curve 2 to
A1/r = 10−6, m1 = 14, n1 =
2, and A2 = 0, and curve 3 to
A1/r = 10−6, m1 = 14, n1 =
2, A2/r = 10−6, m2 = 10,
and n2 = 1



434 S. V. Levyakov

Fig. 7 Contour plots of normalized deflection w(z,ϕ)/h on the developed surface of the cylindrical
shell: a state B2 and b state S

8.3 Thermal Buckling and Postbuckling of Conical Shells

A truncated conical shell of circular cross section is shown in Fig. 8. The shell
is composed of identical orthotropic layers with the following properties: E0

11 =
208 × 109 Pa, E0

22 = 5.2 × 109 Pa, G0
12 = 2.6 × 109 Pa, G0

13 = G0
23 = 1.04 × 109

Pa, α0
11 = α0

22 = 10−6 1/°C, E1
11 = −0.5 × 10−3, E1

22 = G1
12 = G1

13 = G1
23 =

−0.2× 10−3, α1
11 = α1

22 = α0 = 0.5× 10−3, and ν12 = 0.25. The shell geometry is
characterized by the ratios a/r = 2 and r/h = 100, where a is the slant length of the
truncated cone. Full shell is discretized using a uniform union-jack mesh obtained by
dividing the shell into 160 elements in the circumferential direction and 16 elements
in the longitudinal direction.

The results of thermal buckling analysis of the truncated conical shells are listed
in Table 2 for two lamination schemes. The ply-angle is measured from the meridian.
The first layer is the innermost layer. The critical buckling temperature and the num-
ber of waves in the buckling modes decrease as the cone angle increases. The critical
temperature of the shells with temperature dependent properties is approximately
11–16% lower than that of the shells with the properties independent of temperature.
The buckling modes are insensitive to degradation of the material characteristics due
to temperature rise. Exception is the case where α = 30◦ and stacking sequence is
symmetric.
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Fig. 8 Geometry of a
truncated conical shell

Table 2 Thermal buckling parameters for simply supported truncated conical shells

α, deg Stacking sequence

[0°/90°]4 Mode shape (n; m) [(0°/90°)2]s Mode shape (n; m)

�Tcrα0
11r/h �Tcrα0

11r/h

15 TI 0.09417 (4; 14) 0.09453 (3; 14)

TD 0.07947 (4; 14) 0.08012 (3; 14)

30 TI 0.07420 (3; 14) 0.07558 (2; 12)

TD 0.06350 (3; 14) 0.06506 (3; 14)

45 TI 0.05585 (2; 12) 0.05663 (2; 12)

TD 0.04916 (2; 12) 0.05009 (2; 12)

(n andm are numbers of half-waves in the longitudinal and circumferential directions, respectively)

In Figs. 9 and 10, we show results of the nonlinear analysis of the conical shell
with the angle α = 30◦ and stacking sequence [(0°/90°)2]s. The bifurcation points B1
and B1′ represent thermal buckling of the shells with TD and TI material properties,
respectively. The critical temperature rise at B1 is 14% lower compared to that at B1′.
To study postbuckling deformation, we introduce the initial imperfection pattern

w0 = A cos(mϕ/2) sin(nπs/a), (8.3)

where A = r × 10−5, m = 12 and n = 2 for temperature-independent properties and
m = 14 and n = 3 for temperature dependent properties (see Table 2).

Figure 11 shows contour plots of nondimensional deflections computed at states
S1 and S2 labeled in Figs. 9 and 10.
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Fig. 9 Temperature rise
versus deflection at point A
(s = a/2 and ϕ = 0) for
simply supported conical
shell (r/h = 100, a/r = 2,
and α = 30°) with stacking
sequence [(0°/90°)2]s

Fig. 10 Temperature rise versus axial reaction force Rz for simply supported conical shell (r/h =
100, a/r = 2, and α = 30°) with stacking sequence [(0°/90°)2]s
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Fig. 11 Contour plot of normalized deflection w/h on the developed surface of the conical shell:
a state S1 and b state S2

8.4 Large Thermal Deflections of a Laminated Cylindrical
Panel

A simply supported cylindrical panel of rectangular plan form is shown in Fig. 12.
Dimensions of the panel are a = b = 1.6 m, thickness is h = 0.008 m, and radius
of curvature is R = 8 m. The panel is made of fibrous orthotropic material with the
following temperature-independent properties: E11 = 138× 109 Pa, E22 = 8.28×
109 Pa, G12 = G13 = G23 = 6.9 × 109 Pa, ν12 = 0.33, α11 = 0.18 × 10−6 1/◦C,
α22 = 27 × 10−6 1/◦C.

Large thermal deflections of thepanelwere examined in [12, 14] under the assump-
tion of double symmetry. Sabik and Kreja [17] considered the problem in a more
general statement and found solution branches that describe unsymmetric states of
equilibrium. In these studies, however, stability of the equilibrium states was not
discussed.

It is of interest to reconsider the problem and investigate stability of equilibrium
configurations of the heated panel. The full panel is modeled using 48 × 48 union-

Fig. 12 Geometry of a
cylindrical orthotropic panel
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jack mesh. The load-deflection curves are shown in Fig. 13 and briefly discussed
below.

At the initial stage of loading, the deformed configurations of the panel charac-
terized by double symmetry are stable. Thermal buckling occurs at 80.18 °C, which
agrees with the findings of [17]. The accuracy in determining the critical buckling
temperature is supported by the mesh convergence analysis (see Table 3). The insta-
bility is represented by bifurcation point B1 in Fig. 13. The critical state of the panel
and the buckling mode are shown in Figs. 14a and b, respectively, in terms of contour
plots. Beyond the point B1, closely spaced bifurcation and limit points are detected
on the fundamental deformation path. Symmetric configurations of the panel are
found to be unstable beyond the critical buckling temperature.

Investigation of the solution branch departing the bifurcation point B1 shows
that this branch refers to unstable states of equilibrium. Using larger perturbations
based on the first buckling mode, we find a new, non-adjacent solution branch of
unsymmetric equilibrium states containing bifurcation points B7, B8, and B9.

Fig. 13 Temperature rise
versus deflection at point
B(0; 3b/16) of the
orthotropic cylindrical panel

Table 3 Critical temperature
and central deflection for the
cylindrical panel

mesh Tcr , °C wC /h

6 × 6 35.77 0.0389

12 × 12 77.63 0.0841

24 × 24 79.52 0.0543

48 × 48 80.18 0.0490
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Fig. 14 Contour plots of the normalized deflection w/h of the orthotropic cylindrical panel: a state
B1, b buckling mode at B1, c state S1, d state S2, e state S3, and f state S4
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Contour plots of the normalized deflections that refer to stable states of equilib-
rium labeled in Fig. 13 are shown in Fig. 14c–f. It is seen that stable equilibrium
configurations found in the postbuckling range are unsymmetric.

It should be noted that the above-mentioned bifurcation points define new
branches of the nonlinear solution which, in turn, may contain new bifurcation points
and so on. It is likely that Fig. 13 represents only a small portion of a big picture of
the nonlinear response of the panel.

9 Conclusions

An invariant-based formulation of a triangular finite element has been proposed for
nonlinear analysis of laminated shells with temperature dependent properties sub-
jected to thermal loading. The transverse shear flexibility has been taken into account
using the first order shear deformation theory. It has been shown that thermoelastic
potential energy density of the shell can be written as a quadratic function of com-
bined invariants expressed in terms of the natural strains and components of tensors
which characterize mechanical and physical properties of the material. The expres-
sion for thermoelastic potential energy has been used as a starting point to formulate
the shell finite element. The finite-element relations have been implemented in the
author’s computer code which has been tested by comparing to results available in
the open literature.

A series of problems of thermally loaded laminated shells has been solved in a
geometrically nonlinear statement taking into account temperature dependent prop-
erties of the material. Stability of the computed equilibrium states beyond the critical
buckling temperature have been examined.

Based on the numerical results, the following remarks can be made:

(1) shells with temperature dependent material properties exhibit pronounced non-
linear behavior under heating even in the prebuckling regime;

(2) composite plates and shells with temperature dependent material properties
exhibit buckling at lower temperature rise compared to those with temperature
independent properties;

(3) care should be taken when using symmetry constraints even for symmetric
structures since, under these constraints, stable unsymmetric equilibrium states
can be missed in the postbuckling range.
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Interaction of a Spherical Wave
with a Rectangular Plate in a Ground

Natalya A. Lokteva and Dmitrii V. Tarlakovskii

Abstract The vibration-absorbing properties of the plate under the action of a
spherical harmonic wave propagating in the ground are studied. An elastic isotropic
medium is used as a groundmodel. Themain aimof this study is to determine the total
vector field of accelerations. The mathematical formulation of the problem includes
the assignment of the ingoing wave, the dynamic equations of the ground and the
plate, the boundary conditions for the obstacle and the medium, the conditions at
infinity for medium, and the conditions of contact of the medium with the obstacle,
where we neglect the connection of the plate to the ground. The dynamic equations
of the plate is described by the system of equations of V.N. Paimushin. The kine-
matic parameters of the plate and the parameters of the disturbed stress-strain state
of the medium are represented in the form of double trigonometric series satisfying
the boundary conditions. After that, the constants of integration, displacement, and
vibration acceleration are determined.

1 Introduction

Buildings are often exposed to huge dynamic loads arising from industrialmachinery,
or transport (such as shallow-depth railroad systems, heavy trucks, railway trains)
[10]. Vibration-absorbing barriers placed between the vibration source and the pro-
tected object offer an efficient way of foundation protection against ground vibrations
as it was shown by [4, 7].

Homogeneous one-layer sound absorption plates are well investigated nowadays.
At the same time the study of sandwich plate dynamics requires proper accounting
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for both transverse shear and transverse normal stress in the filling layer, otherwise
the dynamic stress state can be computed with severe errors. On the other hand, the
effect of the ingoingwave shape on the sound absorption properties of plane sandwich
barriers must be studied in details to be a basis of further engineering estimates. We
study sound absorbing properties of a plate exposed to subsurface spherical harmonic
waves on the background of the new improved model of a sandwich plate accounting
for all mentioned effects. In practice, such a situation may correspond to vibrations
caused by a point source situated nearby the barrier.

2 Problem Statement of Interaction of Harmonic Spherical
Wave Propagating in Continuum and a Three-Layered
Plate

Let us consider the rectangular plate that consists of three layers, two bearing ones
and a honeycomb filling. The origin of the coordinate system is placed in the upper
right-handed corner of the plate. Oz-axis is directed normally to the plate surface into
the medium “2”, Ox and Oy lie in plates plane. Let w be the displacement of points
of the medium “2” normal to the plate, and let u be the corresponding tangential
displacement. Superscript denotes the media number while the subscript denotes the
axis along which the displacement takes place, where 1 coresponds to the coordinate
x while 2 to y. The plate divides the medium into 2 parts: media “1” and “2” [11].
Spherical harmonic wave rides on the plate from the medium “1” Fig. 1.

To appreciate vibration absorbing properties of obstacle, term “vibration accel-
eration” is used. This acceleration is defined in the medium “2” for wave, which

Fig. 1 The interaction of a spherical harmonic wave with a three-layer plate
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overcame the obstacle, and it is calculated according to the formulae (1) per axis:

ax = −ω2u1
(2), ay = −ω2u2

(2), az = −ω2w(2). (1)

where u1(2), u2(2) are displacements of the medium “2” anlog the axes x , y; w(2) is
the displacement of the second medium normal to the plate surface. The acceleration
modulus is calculated using the formula (2).

a =
√
a2x + a2y + a2z (2)

When undisturbed, the ground is considered to be undeformed. The obstacle is
overrun by a harmonic tensile wave of an normal stress amplitude p∗ at the front
and frequency ω, coming from the negative Oz-axis. The normal vector towards the
front of the wave is in the plane Oxy. The main purpose of further study consists
in finding the resultant vector field of acceleration (vibration accelerations) in the
second half-space as a function of the frequency ω and spatial coordinates x , y, z
and depending on the parameters of the plate.

The statement of the problem includes setting the ingoing wave definition, equa-
tions of dynamics for the ground and plate, boundary conditions for the plate and
ground, condition at infinity, as well as a condition of the ground-to-obstacle contact
where the adhesion of the plate with the ground is neglected.

3 Dynamic Equations of Ground

The model of [6] for isotropic elastic medium is used below; the motion is described
by the dynamic equations of the elasticity theory (3) together with Cauchy’s relations
(4) and Hookean law (5) [1].

Dynamic equations:

ρü1 = ∂σ11

∂x
+ ∂σ12

∂y
+ ∂σ13

∂z
,

ρü2 = ∂σ21

∂x
+ ∂σ22

∂y
+ ∂σ23

∂z
, (3)

ρẅ = ∂σ31

∂x
+ ∂σ32

∂y
+ ∂σ33

∂z
.

Cauchy’s equations:
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ε11 = ∂u1
∂x

, ε13 = 1

2

(
∂u1
∂z

+ ∂w

∂x

)
, ε33 = ∂w

∂z
,

ε22 = ∂u2
∂y

, ε23 = 1

2

(
∂u2
∂y

+ ∂w

∂z

)
,

ε12 = 1

2

(
∂u2
∂x

+ ∂u1
∂y

)
, θ = ∂u1

∂x
+ ∂u2

∂y
+ ∂w

∂z
.

(4)

Constitutive relations:

σ11 = λθ + 2με11, σ13 = 2με13, σ33 = λθ + 2με33,

σ22 = λθ + 2με22, σ23 = 2με23
(5)

Here u1, u2 and w are displacements along the axes Ox , Oy and Oz; σi j and εi j
are components of stress and strain tensors; θ is volumetric strain; ρ and λ,μ are
mass density and Lame’s elastic constants for the ground; dots here and hereinafter
denote time derivatives.

The Eqs. (3) can be expressed through the displacements accounting for (4):

ρü1 = (λ + μ)
∂θ

∂x
+ μΔu1, ρü2 = (λ + μ)

∂θ

∂y
+ μΔu2

ρẅ = (λ + μ)
∂θ

∂z
+ μΔw, Δ = ∂2

∂x2
+ ∂2

∂ y2
+ ∂2

∂z2

(6)

Let us introduce scalar potential ϕ and vector one ψ , then the (6) can be reduced
to:

ϕ̈ = c21Δψ, ψ̈ = c22Δψ, c21 = λ + 2μ

ρ
, c22 = μ

ρ
(7)

where the displacments are expressed thru ϕ and ψ as follows:

u1 = ∂ϕ

∂x
+ ∂ψ3

∂y
− ∂ψ2

∂z
,

u2 = ∂ϕ

∂y
+ ∂ψ1

∂z
− ∂ψ3

∂x
, (8)

w = ∂ϕ

∂z
+ ∂ψ2

∂x
− ∂ψ1

∂y

Only harmonic waves with the frequency ω are considered below, i.e.

ϕ = ϕae
iωt , ψ = ψae

iωt ...

Here the letter “a” denotes the corresponding amplitude values. In the absence of
discrepancies, this index is omitted below.
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Assuming the propagating waves be harmonic only, we obtain the following rep-
resentation for the dynamic equations (4):

ρω2u1 + (λ + μ)
∂θ

∂x
+ μΔu1 = 0,

ρω2u2 + (λ + μ)
∂θ

∂y
+ μΔu2 = 0,

ρω2w (λ + μ)
∂θ

∂z
+ μΔw = 0

(9)

and finally for the scalar and vector potentials we obtain

Δϕ + k21ϕ = 0,Δψ + k22ψ = 0, k j = ω/c j (10)

Since the medium “2” is not bounded by the coordinate z, then the Somerfield
radiation condition acts as a boundary condition:

∂ϕ

∂r
+ ik1ϕ = o

(
1

r

)
,

∂ψ

∂r
+ ik2ψ = o

(
1

r

)
, r → ∞ (11)

4 Fourier Decomposition of Unknown Functions for both
Media

All unknown function for both media are decomposed into trigonometric series and
satisfy the simple boundary conditions as it was shown by [8].

[
σ33∗,w(1),w(2), σ

(1)
33 , σ

(2)
33 , ϕ(l), ε

(l)
11 , ε

(l)
22 , ε

(l)
33 , σ

(l)
11 , σ

(l)
13 , σ

(l)
33

]
=

=
∞∑
n=1

∞∑
m=1

[
σ33∗nm,w(1)

nm,w(2)
nm, σ

(1)
33nm, σ

(2)
33nm, ϕ(l)

nm, ε
(l)
11nm, ε

(l)
22nm,

ε
(l)
33nm, σ

(l)
11nm, σ

(l)
13nm, σ

(l)
33nm

]
sin(λ1nx) sin(λ2m y),[

u1, ψ2
(l), ε

(l)
13 , u

c
1, u

a
1, q

1
]

=
=

∞∑
n=1

∞∑
m=1

[
u1nm, ψ2

(l)
nm, ε

(l)
13nm, uc1nm, ua1nm, q1

nm

]
cos(λ1nx) sin(λ2m y),

[
u2, ψ1

(l), ε
(l)
23 , ε

(l)
21 , u

c
2, u

a
2, q

2
]

=
=

∞∑
n=1

∞∑
m=1

[
u2nm, ψ1

(l)
nm, ε

(l)
23nm, ε

(l)
21nm, uc2nm, ua2nm, q2

nm

]
sin(λ1nx) cos(λ2m y)

ψ3
(l) =

∞∑
n=1

∞∑
m=1

[
ψ3

(l)
nm

]
cos(λ1nx) cos(λ2m y).

(12)
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Accounting for (12), the Cauchy equations (4) and the constitutive equations (5) are
represented hence as (13), (14):

ε
(l)
11nm = −λ1nu

(l)
1nm, ε

(l)
22nm = −λ2mu

(l)
2nm, ε

(l)
33n = ∂w(l)

nm

∂z
, (n,m ≥ 1);

ε
(l)
13nm = 1

2

(
∂u(l)

1nm

∂z
+ λ1nw

(l)
nm

)
,

ε
(l)
23nm = 1

2

(
∂u(l)

2nm

∂z
+ λ2mw

(l)
nm

)
,

ε
(l)
21nm = 1

2

(
λ1nu

(l)
2nm + λ2mu

(l)
1nm

)
;

θ(l)
nm = −λ1nu

(l)
1nm − λ2mu

(l)
2nm + ∂w(l)

nm

∂z
(n,m ≥ 1).

(13)

σ
(l)
11nm = λθ(l)

nm + 2με
(l)
11nm, σ

(l)
22nm = λθ(l)

nm + 2με
(l)
22nm,

σ
(l)
33nm = λθ(l)

nm + 2με
(l)
33nm ,

σ
(l)
13nm = 2με

(l)
13nm, σ

(l)
21nm = 2με

(l)
21nm, σ

(l)
23nm = 2με

(l)
23n .

(14)

Also the equations of dynamics for scalar and vector potentials written as

−λ2
1nϕ

(l)
nm − λ2

2mϕ(l)
nm + ∂2ϕ(l)

nm

∂z2
+ k1

2ϕ(l)
nm = 0,

−λ2
1nψ

(l)
inm − λ2

2mψ(l)
inm + ∂2ψ(l)

inm

∂z2
+ k1

2ψ(l)
inm = 0.

(15)

here:

w(l)
nm = ∂ϕ(l)

nm

∂z
− λ1nψ2

(l)
nm + λ2mψ1

(l)
nm

u(l)
1nm = λ1nϕ

(l)
nm − λ2mψ3

(l)
nm − ∂ψ2

(l)
nm

∂z

u(l)
2nm = λ2mϕ(l)

nm + ∂ψ1
(l)
nm

∂z
+ λ1nψ3

(l)
nm .

5 Ingoing Harmonic Spherical Wave

To describe the ingoing wave, a spherical harmonic wave is considered [1]. The
medium motion is described by the Helmholtz equation:

Δϕa + k2ϕa = 0, k = ω/c1 (16)
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While the first boundary condition is the Sommerfeld one, the second corresponds
to the boundedness at the infinity:

∂ϕa

∂r
+ ikϕa = 0

(
1

r

)
, r → ∞ (17)

where r is the radius-vector length.
Let us set the position of the spherical wave source at the point O1(x∗, y∗,−d)

where x∗, y∗ are the coordinates of the source, and d is the distance from the source
to the obstacle. The radius-vector is defined as

r =
√

(x + x∗)2 + (y + y∗)2 + (z + d)2

The Helmholtz equation in the spherical coordinates has the following form:

1

r2
(r2ϕ′′

a + k2ϕa) = 0 (18)

Its general solution can be expressed as follows:

ϕa = 1

r
(AΦe

−ikr + BΦe
ikr ) (19)

Taking into account the boundary conditions, we obtain

ϕa = 1

r
AΦe

−ikr (20)

Let us determine the values of normal displacements and stresses in ingoing wave
from the relations (7), (3), and (4), where (21) is the pressure amplitude in the ingoing
spherical wave:

p∗ = −iωρc√
(x − x∗)2 + (y − y∗)2 + (z + d)2

(21)

Then, based on the value σ33|t=0, z=0 = p∗ the value AΦ is determined:

AΦ = p∗x2∗ + y2∗ + d2

N
,

N = 3λ

(
−ie−ik

√
x2∗+y2∗+d2 − e−ik

√
x2∗+y2∗+d2

√
x2∗ + y2∗ + d2

)
+

+2μ

(
−ie−ik

√
x2∗+y2∗+d2 − e−ik

√
x2∗+y2∗+d2

√
x2∗ + y2∗ + d2

)
.

(22)
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Accounting for the potentials definition (10), the dynamic equations (9), and the
constitutive relations (5), we can find both displacements and stresses as well in the
medium “1” as in the plate.

The displacements and stresses on the plate surface take the following form:

u1∗ = x∗ p∗
N

(
−ike−ikr∗ − ke−ikr∗

r∗

)
,

u2∗ = y∗ p∗
N

(
−ike−ikr∗ − ke−ikr∗

r∗
,

)

w∗ = d p∗
N

(
−ike−ikr∗ − ke−ikr∗

r∗

)
.

(23)

σ11∗ = −iωρc

r∗
, σ22∗ = −iωρc

r∗
, σ33∗ = −iωρc

r∗
.

Further, all values are also decomposed into trigonometric series. As a result, the
values of displacement and stresses at the surface of the plate interacting with the
medium “1” in ingoing wave are obtained as follows:

w∗nm = diωρc

Nr∗

(
−ike−ikr∗ − ke−ikr∗

r∗

)
l1l2

[
1 − (−1)n

] [
1 − (−1)m

]

π2nm
,

σ33∗nm = −iωρc

r∗
l1l2

[
1 − (−1)n

] [
1 − (−1)m

]

π2nm
.

(24)

6 The Plate Geometry

The plate consists of three layers, two bearing layers and the filling one (Fig. 2).
The plate motion is described by the equation system of [2, 3], which accounts for
structural features of the plate.

Bearing layers are isotropic and have thickness 2t , elasticity modulus E , and
Poissons ratio ν. The filling layer of thickness 2h is orthotropic and honeycomb
structure with the compression modules E3 and shear modulus G1, G2 in axial
directions Ox , Oy. The axis Oz is directed from the layer number “1” to the layer
number “2”. The plate is simply supported on the contour.

A special case of transversally soft filler layer is considered, whenG1 = G2 = G.
The normal pressures p1 and p2 act on bearing layers. Then the dynamic equations
of the plate take the form of [2, 3]:
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Fig. 2 The geometry of a three-layer plate with honeycomb filling layer. Where L1 is the plates’
lenght, L2 is the plates’ width, t is the thickness of bearing layers, d1 and d1 is the thickness of
honeycomd, h is the thickness of filling layer

ρcüc1 = L11
(
uc1

) + L12
(
uc2

)
,

ρcüc2 = L21
(
uc1

) + L22
(
uc2

)
,

ρaüa1 = L11
(
ua1

) + L12
(
ua2

) + 2q1,

ρaüa2 = L21
(
ua1

) + L22
(
ua2

) + 2q2,

ρcẅc − mcΔẅc + ρwq
(
q̈1

,x + q̈1
,y

) =
= −DΔ2wc + 2k1

(
q1

,x + q1
,y

) + p1 − p2,
ρawẅa − maΔẅa = −DΔ2wa − 2c3wa + p1 + p2,

ρq1q̈1 − ρwq1ẅc,x = ua1 − k1wc,x − k2
(
q1

,x + q2
,y

)
,x

+ k31q1,

ρq2q̈2 − ρwq2ẅc,y = ua2 − k1wc,y − k2
(
q1

,x + q2
,y

)
,y

+ k32q2,

(25)
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where

L11 = B

(
∂2

∂x2
+ 1 − ν

2

∂2

∂ y2

)
, L12 = L21 = B

1 + ν

2

∂2

∂x∂y
,

L22 = B

(
1 − ν

2

∂2

∂x2
+ ∂2

∂ y2

)
, Δ = ∂2

∂x2
+ ∂2

∂ y2
;

(26)

B = 2Et

1 − ν2
, D = Bt2

3
, c3 = E3

2h
, ρa = 2ρbt, ρc = ρa + ρh,

ρwqi = 2ρh3

3Gi
, ρqi = 2ρwqi

Gi
,

k3i = 2h

Gi
(i = 1, 2) , k1 = t + h, ρaw = ρa + ρh

3
,

k2 = h2

3c3
, mc = kbρb + ρh3

3
, ma = kbρb + ρ

(
2h3

15
+ ht2 + 2th2

3

)
, kb = 2t3

3
.

(27)

In the equation system (22) the further notation is used:wc,wa are deflections; q1,
q2 are transverse shear stresses in the filling along the x-axis and y-axis; ρ, ρ(k) =
ρb is the mass density of bearing layers and a filling, u(k)

1 and u(k)
2 are tangential

displacements along the x-axis and y-axis respectively in the kth bearing layer, B
and D tangent and bending stiffness of the tangent plate, and w(k) is the deflection
of k bearing layer, where

uci = u(1)
i + u(2)

i , uai = u(1)
i − u(2)

i (i = 1, 2) ;
wc = w0

(1) + w0
(2),wa = w0

(1) − w0
(2).

(28)

The Eqs. (27) for a transverse soft filler will take the following form:

ρwq1 = ρwq2 = ρwq = 2ρh3

3G
, ρq1 = ρq2 = ρq = 2ρwq

G
,

k31 = k32 = k3 = 2h

G
.

(29)

Following [2, 3], some terms in the system of Eqs. (25) can be neglected:

L11
(
uc1

) + L12
(
uc2

) = ρcüc1,
L21

(
uc1

) + L22
(
uc2

) = ρcüc2,
L11

(
ua1

) + L12
(
ua2

) + 2q1 = ρaüa1,
L21

(
ua1

) + L22
(
ua2

) + 2q2ρa = üa2,
−DΔ2wc + 2k1

(
q1

,x + q2
,y

) + p1 − p2 = ρcẅc,

−DΔ2wa − 2c3wa + p1 + p2 = ρawẅa,

ua1 − k1wc,x − k2
(
q1

,x + q2
,y

)
,x

+ k31q1 = 0,
ua2 − k1wc,y − k2

(
q1

,x + q2
,y

)
,y

+ k32q2 = 0.

(30)
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Finelly, the system of Eqs. (30) taking into account the formulas (26), (27), (28),
(29) for harmonic waves is written as follows:

B

(
∂2uc1
∂x2

+ 1 − ν

2

∂2uc1
∂ y2

+ 1 + ν

2

∂2uc2
∂x∂y

)
− ρcω

2uc1 = 0,

B

(
1 + ν

2

∂2uc1
∂x∂y

+ 1 − ν

2

∂2uc2
∂x2

+ ∂2uc2
∂ y2

)
− ρcω

2uc2 = 0,

B

(
∂2ua1
∂x2

+ 1 − ν

2

∂2ua1
∂ y2

+ 1 + ν

2

∂2ua2
∂x∂y

)
+ 2q1 − ρaω

2ua1 = 0,

B

(
1 + ν

2

∂2ua1
∂x∂y

+ B
1 − ν

2

∂2ua2
∂x2

+ B
∂2ua2
∂ y2

)
+ 2q2 − ρaω

2ua2 = 0,

−D

(
∂4wc

∂x4
+ 2

∂4wc

∂x2∂ y2
+ ∂4wc

∂ y4

)
+ 2k1

(
q1

,x + q2
,y

) + p1 − p2 − ρcω
2wc = 0,

−D

(
∂4wa

∂x4
+ 2

∂4wa

∂x2∂ y2
+ ∂4

∂ y2
wa

)
− 2c3wa + p1 + p2 − ρawω2wa = 0,

ua1 − k1wc,x − k2
(
q1

,x + q2
,y

)
,x

+ k3q
1 = 0,

ua2 − k1wc,y − k2
(
q1

,x + q2
,y

)
,y

+ k3q
2 = 0.

(31)

and we have the following boundary conditions on the simply supported contour of
the plate:

wc

∣∣
x=0,l1,y=0,l2 = wa|x=0,l1,y=0,l2 = ua1,x

∣∣
x=0,l1,y=0,l2 = q1

,x

∣∣
x=0,l1 ,y=0,l2

= 0
wc,xx

∣∣
x=0,l1

= wa,xx

∣∣
x=0,l1

= wc,yy

∣∣
y=0,l2

= wc,yy

∣∣
y=0,l2

= 0. (32)

7 Fourier Decomposition of Unknown Plates’ Functions

All unknown function for the plate are decomposed into trigonometric series and
satisfy the boundary conditions (32) of the simple support [8].

[w, p, p1, p2,w∗,wa,wc] =
=

∞∑
n=1

∞∑
m=1

[wnm, pnm, p1nm, p2nm,w∗nm,wanm,wcnm] sin(λ1nx) sin(λ2m y),

[
u1, uc1, u

a
1, q

1
] =

∞∑
n=1

∞∑
m=1

[
u1nm, uc1nm, ua1nm, q1

nm

]
cos(λ1nx) sin(λ2m y),

[
u2, uc2, u

a
2, q

2
] =

∞∑
n=1

∞∑
m=1

[
u2nm, uc2nm, ua2nm, q2

nm

]
sin(λ1nx) cos(λ2m y).

(33)

Dynamic equations for the plate are represented hence through the Fourier coef-
ficients. Then, taking into account (33), the equation system (31) for the plate can
be solved, and for the normal displacements on the surfaces we have the formulae
(34):
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(B(λ2
1 − 1 − ν

2
λ2
2) + ρcω

2))uc1nm − B
1 + ν

2
λ1λ2u

c
2nm = 0,

B
1 + ν

2
λ1λ2u

c
1nm − (B(

1 − ν

2
λ2
1 + λ2

2) − ρcω
2))uc2nm = 0,

(−B(λ2
1 + 1 − ν

2
λ2
2) + ρaω

2))ua1nm − B
1 + ν

2
λ1λ2u

a
2nm + 2qnm

1 = 0,

B
1 + ν

2
λ1λ2u

a
1nm − (B(

1 − ν

2
λ2
1 + λ2

2) − ρaω
2))ua2nm + 2qnm

2 = 0,

(−D(λ4
1 + λ4

2) + ρcω
2)(wnm

(1) + wnm
(2))−

−2k1(λ1qnm
1 + λ2qnm

2) + p1nm − p2nm = 0,
(−D(λ4

1 + λ4
2) + ρawω2 − 2c3)(wnm

(1) − wnm
(2)) + p1nm + p2nm = 0,

ua1nm − k1λ1(wnm
(1) + wnm

(2)) − k2(λ
2
1qnm

1 + λ2
2qnm

2) + k3qnm
1 = 0,

ua2nm − k1λ2(wnm
(1) + wnm

(2)) − k2(λ
2
1qnm

1 + λ2
2qnm

2) + k3qnm
2 = 0.

(34)

8 Conditions on the Contact Surface

The pressure amplitude of the wave coming from the medium “1” is equal to the sum
of the normal stress in the medium and stress arising as a result of the wave action:

p1 =
(
σ

(1)
33 + σ33∗

)∣∣∣
z=0

, p2 = −σ
(2)
33

∣∣∣
z=0

(35)

In the second medium, the pressure amplitude is the same as the normal stress.

(
w(1) + w∗

)∣∣
z=0 = w(1)

0 , w(2)
∣∣
z=0 = w(2)

0 ,

σ
(1)
13

∣∣∣
z=0

= σ
(2)
13

∣∣∣
z=0

= 0, σ
(1)
12

∣∣∣
z=0

= σ
(2)
12

∣∣∣
z=0

= 0, σ
(1)
23

∣∣∣
z=0

= σ
(2)
23

∣∣∣
z=0

= 0.
(36)

Medium displacements, summed up with ingoing wave displacements, are equal
to the displacement of the first plate bearing layer. The displacement of the second
medium is the same as the displacement of the second plate bearing layer. Shear
stresses are assumed to be vanishing.

9 Computing of the Fourier Coefficients for the Potentials
in Ambient Media

The wave equations in the potentials are also represented through the Fourier coef-
ficients (33):
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∂2ϕ(l)
nm

∂z2
+ ϕ(l)

nm

(
k1

2 − (
λ2
1n + λ2

2m

)) = 0,

∂2ψi
(l)

nm

∂z2
+ ψ(l)

inm

(
k1

2 − (
λ2
1n + λ2

2m

)) = 0, i = 1, 2, 3
(37)

Solution of these equations must satisfy the Somerfield condition written in the
Fourier coefficients as (33).

∂2ϕ(l)
nm

∂z2
+ sign

(
k1 − (

λ2
1n + λ2

2m

))
κ2
1nm

(
ω2

)
ϕ(l)
nm = 0 (n ≥ 1) ,

∂2ψi
(l)
nm

∂z2
+ sign

(
k2 − (

λ2
1n + λ2

2m

))
κ2
2nm

(
ω2

)
ψ

(l)
inm = 0 (n ≥ 0) ,

κ jnm
(
ω2

) = κ j
(
λ2
1n, λ

2
2m, ω2

) =
√∣∣∣k2j − (

λ2
1n + λ2

2m

)2∣∣∣.

(38)

General solution of the wave equations (38) is given by the following way

ϕ(1)
nm (z, ω) = C (1)

1nm (ω)
[
eiκ1nm(ω

2)z H (k1 − (λ1n + λ2m)) +
+eκ1nm(ω2)z H ((λ1n + λ2m) − k1)

]
,

ψ
(1)
inm (z, ω) = C (1)

2inm (ω)
[
eiκ2nm(ω

2)z H (k2 − (λ1n + λ2m)) +
+eκ2nm(ω2)z H ((λ1n + λ2m) − k2)

]
,

ϕ(2)
n (z, ω) = C (2)

1nm (ω)
[
e−iκ1nm(ω2)z H (k1 − (λ1n + λ2m)) +

+e−κ1nm(ω2)z H (λn − (λ1n + λ2m))
]
,

ψ
(2)
inm (z, ω) = C (2)

2inm (ω)
[
e−iκ2nm(ω2)z H (k2 − (λ1n + λ2m)) +

+e−κ2nm(ω2)z H ((λ1n + λ2m) − k2)
]
.

(39)

To determine the constants C (1)
1nm (ω), C (2)

1nm (ω), C (1)
21nm (ω), C (1)

22nm (ω),
C (1)

23nm (ω),C (2)
21nm (ω), C (2)

22nm (ω) we have to use the conditions of the contact
between the plate and the medium (24), (25). This requires that the stresses, strains,
and displacements will be expressed in terms of potentials so that allows one to deter-
mine the constants from the boundary conditions. Then the normal and tangential
displacements of the medium are found on the basis of the Eqs. (9). The integra-
tion constants are determined from the boundary conditions. Further, the vibration
acceleration and displacements are determined.

As an example, we considered a plate with the following dimensions, here the
plates’ parameters are L1 = 1m, L2 = 1m, h = 0.015m, t = 0.004m. The bearing
layers are made of DIN17100-type steel with density of ρ0 = 7859 kg/m3, Youngs
modulus E0 = 2 · 105 MPa, Poissons ratio of ν0 = 0.28. Filler material is aluminum
of Al-Mn type with density of ρ0 = 2730 kg/m3, Youngs modulus of E0 = 0.71 ·
10−5 MPa, and Poissons ratio of ν0 = 0.3. The media 1 and 2 are assumed to be



456 N. A. Lokteva and D. V. Tarlakovskii

Fig. 3 The figure shows the
vibration acceleration
module in the different
points of medium “2”: on the
edge of the plate and medium
“2” for z = 0m; on the
medium “2” for z = 10m

fill-up ground compacted under the humidity degree of 0.5, Youngs modulus of
E = 108 MPa, density of ρ = 1600 kg/m3 [9].

The results of calculations of the module of the acceleration field at various points
in the medium presented on Fig. 3. The figure shows that a significant decrease in
the vibration acceleration module occurs with distance from the plate boundary. It’s
well known that the low frequencies represent the greatest danger to the foundations
of buildings and structures. In accordance with [5, 9], the vibration assessment is
carried out in octave bands with geometric mean frequencies of 16, 31.5 and 63Hz.
By plugging the resultant constant values into expressions for displacements, we
obtain the expansion factors for the displacements series in the medium 2. Then it
became possible to find the vibration acceleration module and its components.
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Localized Parametric Vibrations
of Laminated Cylindrical Shell Under
Non-uniform Axial Load Periodically
Varying with Time

Gennadi Mikhasev and Rovshen Atayev

Abstract Based on the equivalent single layer model for laminated shells, paramet-
ric vibrations of thin laminated non-circular cylindrical shells under non-uniform
axial load periodically varying with time are studied. As the governing equations,
the non-linear coupled differential equations written in terms of the displacement
and stress functions accounting for transverse shears are used. It is assumed that the
effective (reduced) shear modulus for an entire laminated package is much less than
the reduced Young’s modulus. Using the asymptotic method of Tovstik in combina-
tion with the multiple scales method with respect to time, solutions of the governing
equations are constructed in the form of functions which are exponentially decay far
from some generatrix and growingwith time in the case of parametric resonance. The
system of two differential equations with periodic in time coefficients and accounting
for shears is derived to determine the amplitude of parametric vibrations. The main
regions of parametric instability taking into account transverse shears were found.
An example of parametric vibrations of a sandwich cylinder with the magnetorheo-
logical core affected by a magnetic field is considered.

1 Introduction

Parametric vibrations of amechanical system are vibrationswhich occur when one or
several parameters of a system change as a result of an external influence (boundary
conditions, forces, temperature,magnetic or electric field, etc.). The simplest example
of parametrically excited vibrations is the dynamic response of a single-degree-of-
freedom system—pendulum with an oscillating point of suspension [11, 17, 35].
Thin-walled constructions and their structural elements (beams, plates and shells)
are also very sensitive to periodically varying external excitations. Often, parametric
vibrations in such members occur when external forces lead to the appearance in a
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mechanical system of initial stresses having components periodically varying with
time [9].

Apparently, for the first time, the problem on parametric vibrations of shells
was considered by Chelomey [12]. He studied the dynamic instability of circular
cylindrical shells, compressed by the non-stationary forces applied at the shell ends.
Later, parametric vibrations of cylindrical shells under periodic axial and radial
forces were considered by Markov [22], Oniashvili [32], Wenzke [40], Yao [42,
43], Vijayaraghavan and Evan-Ivanowski [38], Baruch [2] and many others. The
general setting of problems on dynamic instability of thin single layer shells under
periodic external forces was given by Bolotin [9]. Using equations of membrane
and general theories of thin shells, he derived the coupled differential equations
in variations describing motion of a thin shell in the neighbourhood of a dynamic
membrane stress state. Subsequently, problems on parametric vibrations of thin shells
under different loading schemes and various complicating factors (in a nonlinear
setting, taking into account energy dissipation, anisotropy, reinforcement, transverse
shears, temperature field, initial imperfections etc.) was considered by many authors
(s., among many others, [3, 4, 6–8, 10, 18, 19, 31, 33, 39]).

Last decade, the wide use of new composite materials in designing of slender
engineering structures stimulated intensive investigations on dynamics of thin-walled
laminated and functionally graded elements. However, among an enormous amount
of papers on the dynamics of layered structures subjected to external periodic forces,
parametrically excited vibrations of layered shells and their dynamic instability are
not well understood. This is explained by the complexity of formulation of a non-
linear problem for multi-layered thin-walled structures. We shall refer to examples
of a very small number of studies on parametric vibrations of thin-walled sandwich
elements and multi-layered beams, plates and shells. So, the dynamic stability of
thin-walled composite beams, taking into account shear deformation and fiber ori-
entation angle, subjected to axial external force, was studied in Refs. [20, 21]. The
parametric vibrations and dynamic instability of laminated composite panels sub-
jected to non-uniform compressive in-plane harmonic edge loadingwere investigated
in [37]. Using the multiple scales method, the authors obtained analytical expres-
sions for the simple and combination resonance instability regions. It was revealed
that under localized edge loading, the combination of resonance instability zones
are as important as zones of a simple resonance instability. In paper [1], using the
variational Ritz method and the R-functions theory, dynamical instability and non-
linear parametric vibrations of symmetrically laminated plates of complex shapes
and having different cut-outs were considered. The non-linear parametric vibrations
of thin laminated composite cylindrical shells subjected to harmonic axial loading
were investigated in reference [14]. Considering different lamination schemes, the
authors of this paper give a detailed study of parametric resonance of axially stretched
and compressed cylinders. Using the Galerkin’s technique, in paper [36], parametric
vibrations of laminated inhomogeneous orthotropic conical shells under axial load
varying with time were investigated. The non-linear dynamic behaviour and para-
metric vibrations of cylindrical shells functionally graded in the thickness direction
under periodic axial loading were studied in Refs. [13, 34].
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As a rule, the main methods of studying parametric vibrations of shells are vari-
ational ones (e.g., Ritz, Galerkin procedures) which permit to reduce the original
equations to the well-known Mathieu-Hill differential equation. The advantage of
this approach is that it allows finding all regions of parametric instability. However,
it turns out to be computationally very expensive if the problem is two-dimensional
and the shell stress state is inhomogeneous. Similar problems arise if, for example,
a shell is non-circular and/or loading is inhomogeneous. In such cases, some modes
of natural vibrations of a thin shell (for instance eigenmodes of a medium-length
cylindrical shell corresponding to a low part of spectrum) can be localized in the
vicinity of some line(s), called the weakest one(s), that makes it necessary to account
for a large number of terms in the series when using the Ritz or Galerkin procedure
or some other technique.

In this paper, we propose the approach based on using the asymptotic method of
Tovstik [29] in combinationwith themultiple scalesmethodwith respect to time. This
approach allows finding the main regions of parametric instability for the case when
excited vibrations are localized in the vicinity of the weakest lines or points [23]. The
basic purpose of the paper is to study the influence of transverse shears in a laminated
shell with low effective shear modulus on the main region of parametric instability.
As an example, the localized parametric vibrations of a sandwich cylindrical shell
with magnetorheological core under inhomogeneous axial loading varying with time
are considered taking into account shears, with the energy dissipation being ignored.

2 Non-linear Equations

Weconsider a thin laminated cylindrical shell of length L consisting of N transversely
isotropic layers. Each layer is characterized by thickness h j , Young’s modulus E j ,
shear modulus G j , Poisson’s ratio ν j , and density ρ j , where j = 1, 2, . . . , N (the
numbering of layers begins with the innermost lamina). The middle surface of any
fixed layer is taken as the reference surface with the axial and circumferential coordi-
nates α1 and α2, respectively, as shown in Fig. 1. In the general case, the cylindrical
shell is non-circular with radius of the reference surface equal to R2(α2). The shell
is under the axial force

T ◦
11 = T ◦

10(α2) + T ◦
1c(α2) cosΩ∗t∗, (1)

which is non-uniformly distributed along the shell edge and the superposition of
static and dynamic components, the last one being the periodic function of time t∗
with the excitation frequency Ω∗. Here, T ◦

11 is the membrane hoop stress resultant
acting in the reference surface. Additional restrictions on this force will be made
below.

To predict parametric vibrations of the laminated shell, we shall apply to the
equivalent single layer (ESL) theory based on the generalized kinematic hypotheses
of Timoshenko [16] (these hypotheses are also listed in paper [25]). In the framework
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Fig. 1 Coordinate system
on the reference surface of
laminated non-circular
cylindrical shell.
Non-uniformly distributed
non-stationary axial force

of this theory, Grigoluk and Kulikov [16] have derived the system of five nonlinear
differential equations with respect to the five magnitudes, ui ,w,ψi , where u1, u2,w
are displacements of a point on the reference surface in the axial, circumferential and
normal directions, respectively, andψ1,ψ2 are shears in the axial and circumferential
directions. Because of awkwardness, these equations are not written down here.
However, if vibrations occur with formation of a large number of waves although in
one direction at the shell surface and ui � w, then these equationsmay be essentially
simplified.

Let a,φ be the shear functions, and χ is the displacement function such that [16]

ψ1 = ∂a

∂α1
+ ∂φ

∂α2
, ψ2 = ∂a

∂α2
− ∂φ

∂α1
, (2)

and

a = −η2

η1

h2

β
Δχ, w =

(
1 − h2

β
Δ

)
χ. (3)

Introduce also the stress function Φ which serves to define the membrane stress
resultants in the reference surface:

Ti j = δi jΔΦ − ∂2Φ

∂αi∂α j
, (4)
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where Δ = ∂2/∂α2
1 + ∂2/∂α2

2 is the Laplace operator in the curvilinear coordinates
α1,α2, and δi j is Kronecker’s symbol (δi i = 1; δi j = 0, i �= j). Then the five cou-
pled equations with respect to ui ,w,ψi are reduced to the following compact system
of nonlinear differential equations [16]:

D

(
1 − θh2

β
�
)

�2χ − ∂2Φ

∂α2
2

∂2w

∂α2
1

+ 2
∂2Φ

∂α1∂α2

∂2w

∂α1∂α2

+ ∂2Φ

∂α2
1

(
1

R2
− ∂2w

∂α2
2

)
+ ρ0h

∂2w

∂t2
= 0,

�2Φ − Eh

[
1

R2

∂2w

∂α2
1

+
(

∂2w

∂α1∂α2

)2

− ∂2w

∂α2
1

∂2w

∂α2
2

]
= 0,

(5)

1 − ν

2

h2

β
Δφ = φ, (6)

which has to be considered together with the last equation from (3). In the above
equations,

E = 1 − ν2

h

N∑
j=1

E jh j

1 − ν2
j

, ν =
N∑
j=1

E jh jν j

1 − ν2
j

⎛
⎝ N∑

j=1

E jh j

1 − ν2
j

⎞
⎠

−1

,

D = Eh3

12(1 − ν2)
η3, ρ0 =

N∑
k=1

ρkξk, h =
N∑
j=1

h j

(7)

are the reduced Young’s modulus, Poisson’s ratio, bending stiffness, density and
total thickness of the laminated shell, respectively. These equations contain also
parameters η1, η2, η3, θ and β introduced as follows:

β = 12(1 − ν2)

Ehη1
q44, q44 =

[
N∑
j=1

(
λ j − λ2

jo

λ j j

)]2

N∑
j=1

(
λ j − λ2

jo

λ j j

)
G−1

j

+
N∑
j=1

λ2
j0

λ j j
G j ,

λ j =
δ j∫

δ j−1

f 20 (z)dz, λ jn =
δ j∫

δ j−1

f j (z) fn(z)dz (n = 0, j), θ = 1 − η2
2/(η1η3),

η1 =
N∑
j=1

ξ−1
j π1 jγ j − 3c212, η2 =

N∑
j=1

ξ−1
j π2 jγ j − 3c12c13,
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η3 = 4
N∑
j=1

(ξ2j + 3ζ j−1ζ j )γ j − 3c213, hξ j = h j , hζn = δn (n = 0, j),

1

12
h3π1 j =

δ j∫
δ j−1

g2(z) dz,
1

12
h3π2 j =

δ j∫
δ j−1

z g(z) dz,

1

2
h2π3 j =

δ j∫
δ j−1

g(z) dz, c13 =
N∑
j=1

(ζ j−1 + ζ j )γ j , c12 =
N∑
j=1

ξ−1
j π3 jγ j ,

γ j = E jh j

1 − ν2
j

⎛
⎝ N∑

j=1

E jh j

1 − ν2
j

⎞
⎠

−1

,

(8)

where f0(z), f j (z), g(z) are continuous functions defined as

f0(z) = 1

h2
(z − δ0)(δN − z) z ∈ [δ0, δN ],

f j (z) = 1

h2j
(z − δ j−1)(δ j − z) z ∈ [δ j−1, δ j ],

f j (z) = 0 z /∈ [δ j−1, δ j ], g(z) =
z∫
0
f0(x)dx .

(9)

Here, z = δ j is the coordinate of the upper surface of the j th layer and z = δ0 is the
coordinate of the inner bound of the shell as shown in Fig. 2.

Nonlinear equations (5) are very complicated for the analysis of parametric vibra-
tions and instability. However, it may be simplified by means of linearization of
equations in the neighbourhood of the membrane stress state induced by acting axial
force (1).

Fig. 2 Cross-section of the
laminated shell

hN

δN

δ0δ1

δN-1

δk
δk-1

hN-1

hk

h2

h1
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3 Linearisation of Governing Equations and Additional
Assumptions

Let
T (m)
i j , Φ(m),χ(m),w(m),φ(m) (10)

be functions describing the dynamic membrane stress state S (m) generated by the
periodic axial force (1). The membrane stress resultants T (m)

11 , T (m)
12 , T (m)

22 are readily
found from the membrane stress-strain state equations. If the shell edges are free in
the circumferential direction, then T (m)

11 = T ◦
11(α2, t∗), T (m)

22 = T (m)
12 = 0 for anyα2

and t∗. The associated in-plane and normal displacements u(m)
i ,w(m) are easily found

from the constitutive equations and strain-displacements correlations [16] which are
not written down here.

The problem is to study the shell behaviour in the neighbourhood of themembrane
state S (m) and particularly, to determine the correlation of parameters resulting in
the dynamic instability of this state. For this purpose, we shall consider the adja-
cent stress-strain state S which is infinitesimally close to the dynamic membrane
state S (m) and characterized by functions Z (m) + Z , where Z (m) is any from func-
tions (10), and Z is any of the required associated functions χ, Φ. If Z turns out to
bounded for t∗ → ∞, then the shell vibrations are called the parametrically stable
ones. Otherwise, one says that the stateS (m) is parametrically unstable.

To perform the linearisation of Eq. (5) in the neighborhood of state S (m), we
assume that

∂T ◦
11

∂α2
∼ T ◦

11 as h∗ → 0, (11)

where h∗ = h/R, and R is the characteristic dimension which will be introduced
below.Condition (11)means that the variability of the axial load in the circumferential
direction is small. When taking into account correlations coupling w(m) and T ◦

11 [16],
one can reveal that

∂w(m)

∂α2
∼ w(m) as h∗ → 0. (12)

In what follows, we shall study vibrations which are characterized by a large number
of short waves in the axial direction. It is assumed that

∂Z

∂α1
∼ h−1/4

∗ Z as h∗ → 0. (13)

We note that conditions (12), (13) implies the strong inequality

∂2w(m)

∂α1α2
� ∂2Z

∂α1α2
as h∗ → 0. (14)

for any required function Z .
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Let us substitute functions Φ(m) + Φ, w(m) + w, χ(m) + χ into Eq. (5). Then,
taking into account inequality (14) and performing the linearizion, one arrives at the
following equations

Eh3η3
12
(
1 − ν2

)
(
1 − θh2

β
�
)

�2χ + 1

R2(α2)

∂2Φ

∂α2
1

+ T ◦
11(α2, t∗)

∂2

∂α2
1

(
1 − h2

β
�
)

χ

+ρ0h
∂2

∂t2∗

(
1 − h2

β
�
)

χ = 0, �2Φ − Eh

R2(α2)

∂2

∂α2
1

(
1 − h2

β
�
)

χ = 0.

(15)
Let both edges be simply supported and free of a diaphragm. Then, in terms of

the displacement and stress functions, the corresponding conditions read [16]:

χ = �χ = �2χ = Φ = �Φ = 0,
∂φ

∂α1
= 0 at α1 = 0, L . (16)

It is seen that Eq. (15) for χ and Φ are not coupled with Eq. (6) for φ, and the
boundary condition (16) for φ is independent of the residual conditions. Hence, one
may set φ = 0. We note that for other variants of boundary conditions (for instance,
for simply supported edges with a diaphragm), the function φ is not identically zero
and serves to take into account shears in a neighbourhood of the shell edges [25].

Equation (15) derived in the framework of ESL theory for laminated shells is the
generalization of classical and well-known Mushtari–Donnell–Vlasov type equa-
tions [15, 30, 41] for single layer isotropic shells. It is seen that Eq. (15) contain
the terms proportional to β−1 ∼ G−1, where G = q44/h is so-called the reduced or
effective shear modulus for the laminated shell. When G → ∞, Eq. (15) degenerate
into the classical equations not accounting for shear effects. We note that if G ∼ E
then Eq. (15) become asymptotically incorrect because they generate integrals (solu-
tions) with very high index of variation [25]. In what follows, we assume that the
laminated shell is shear deformable so thatG � E . The another essential assumption
is that the shell is sufficiently thin.

4 Reduction of Equations to Dimensionless Form

Let

μ4 = h2η3
12R2

(
1 − ν2

) (17)

be a small parameter characterizing the shell thickness, where R is the above men-
tioned characteristic size of the shell. We introduce the dimensionless coordinates,
time and counterparts of the required functions:
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s = α1

R
, ϕ = α2

R
, t = t∗/Tc, χ = Rχ̂(s,φ), Φ = μ2EhR2Φ̂(s,φ),

F (ϕ, t) = T ◦
11 (Rφ)

μ2Eh
= f0(ϕ) + μ f1(ϕ) cos(Ωt)

(18)

where Tc = R
√

ρ0
E is the characteristic time, and Ω = tcΩ∗ is the dimensionless

frequency of the periodic axial force. The last equation means that the non-stationary
component of the applied force is small when comparing with the static one.

We assume also the following asymptotic estimates:

h2

R2β
= μ2κ,

θh2

R2β
= μ3τ , κ, τ ∼ 1 as μ → 0, (19)

which are valid for sufficiently thin shell containing a “soft” core or several such
layers. The last estimation is introduced because of the smallness of a parameter
θ; for instance, for a single layer isotropic shell [16], θ = 1/85. Correlations (19)
imply that the reduced shear modulus G is small when comparing with the reduced
Young’s modulus E so that G ∼ h∗E as h∗ → 0.

The substitution of Eqs. (17)–(19) into Eq. (15) results in the differential equations

μ4
(
1 − μ3τ�)�2χ̂ + μ2k(ϕ)

∂2Φ̂

∂s2
+ μ2F (ϕ, t)

∂2

∂s2
(
1 − μ2κ�) χ̂

+ ∂2

∂t2
(
1 − μ2κ�) χ̂ = 0,

μ2�2Φ̂ − k(ϕ)
∂2

∂s2
(
1 − μ2κ�) χ̂ = 0,

(20)

written in the dimensionless form, where k(ϕ) = R/R2(Rϕ) is the dimensionless
curvature. The corresponding boundary conditions for the functions χ̂, Φ̂ at s =
0, l = L/R are not changed and expressed by relations (16), whereχ, Φ are replaced
by their dimensionless counterparts.

5 Asymptotic Approach

Let ϕ = ϕ0 be the “weakest generatrix” in the neighbourhood of which localized
parametric vibrations are excited. Following to the approach developed in [29], the
formal asymptotic solution of Eq. (20) is sought in the form of series

χ̂ (φ, t,μ) = sin
(
qns
μ

) ∞∑
j=0

μ j/2χ j (ξ, t0, t1, ...) exp
(
i
(
μ−1/2 pξ + 1

2bξ
2
))

,

qn = μπnl−1 ∼ 1, n = 1, 2, . . . , ξ = μ− 1
2 (ϕ − ϕ0) ,

i = √−1, tm = μmt, m = 0, 1, . . . ,

(21)
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where�b > 0,χ j are polynomials in ξ and tm is “slow time” form ≥ 1. The function
Φ̂ is constructed in the same form. It is also assumed that

p, qn, |b|, |y|,
∣∣∣∣∂y∂x

∣∣∣∣ ∼ 1 as μ → 0, (22)

where y is any of functions χ j , Φ j and x is any their argument. We fix n and omit
this subscript in what follows.

The substitution of Eq. (21) into Eq. (20) results in the sequence of equations

j∑
ς=0

Lςχ j−ς = 0, j = 0, 1, 2, . . . , (23)

where the operators Lς are introduced as follows

L0z = ∂2z
∂t20

+ H 2 (p, q,ϕ0) z,

H (p, q,φ0) =
√

(p2+q2)
2

1+κ(p2+q2)
+ k2(ϕ0)q4

(p2+q2)
2 − f0(ϕ0)q2,

L1z =
(
b ∂L0

∂ p + ∂L0
∂ϕ0

)
ξz − i ∂L0

∂ p
∂z
∂ξ

,

L2z = 1
2

(
b2 ∂2L0

∂ p2 + 2b ∂2L0
∂ p∂ϕ0

+ ∂2L0

∂ϕ2
0

)
ξ2z − 1

2
∂2L0

∂ p∂ϕ0
z

− 1
2

∂2L0
∂ p2

(
i z + ∂2z

∂ξ2

)
− i

(
b ∂2L0

∂ p2 + ∂2L0
∂ p∂ϕ0

)
ξ ∂z

∂ξ
+ Nz, . . .

Nz = 2 ∂2z
∂t0∂t1

− q2 f1(ϕ0) cos (Ωt0)z + q6τ z.

(24)

Consider Eq. (23) step by step.
In the zero-order approximation ( j = 0), one has the homogeneous equation

L0χ0 = 0. Its solution may be written in the form:

χ0 = P0,c (ξ, t1, t2, ...) cos (ω0t0) + P0,s (ξ, t1, t2, ...) sin (ω0t0) ,

ω0 = H (p, q,ϕ0) ,
(25)

where P0,c, P0,s are polynomials in ξ with coefficients depending on “slow time”.
In the first-order approximation ( j = 1), one obtains the non-homogeneous equa-

tion
∂2χ1

∂t20
+ H 2 (p, q,ϕ0) χ1 = ∂H 2

∂ p

(
i
∂χ0

∂ξ
− bξχ0

)
− ∂H 2

∂ϕ0
ξχ0. (26)

which has unbounded solutions (as t0 → ∞) called secular terms. To eliminate these
terms, one needs to assume
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∂H 2

∂ p
= 0,

∂H 2

∂ϕ0
= 0. (27)

The above equations serve to determine a wave parameter p = p◦ and the weakest
generatrix ϕ0 = ϕ◦

0. There are three different cases:

(case A) q > z0;
(case B) q < z0;
(case C) q = z0,

where z0 is a root of the equation

− 2k2(ϕ0) (1 + κqz)2 + z4 (2 + κqz) = 0. (28)

Equation (28) was derived earlier [24] under studying free localized vibrations of
an axially pre-stressed laminated non-circular cylindrical shell. It contains a param-
eter κ accounting for shear in the shell. When G → ∞, then κ → 0 (shear is disre-
garded) and this root z0 = 1 [29].

If q > z0 (case A), then

p = 0, ω0 =
√
k2(ϕ0) − f0(ϕ0)q2 + q4

1 + κq2
, (29)

and the weakest generatrix ϕ0 is found from the equation

2k(ϕ0)k
′(ϕ0) − f ′

0(ϕ0)q
2 = 0, (30)

and for q < z0 (case B), one obtains the correlations

p = √
q(z0 − q), ω0 =

√
k2(ϕ0)q2

z20
− f0(ϕ0)q2 + q2z20

1 + κqz0
, (31)

and the following equation

2k(ϕ0)k
′(ϕ0) − f ′

0(ϕ0)z
2
0 = 0 (32)

which serves to determine ϕ0. In what follows, we consider the magnitude R =
R2(ϕ0) as the characteristic dimension of the shell.

When q = z0 (case C), Eqs. (29), (30) coincide with Eqs. (31), (32), respectively.

Remark 1 Let

f (1)
cr = min

ϕ0

1

f0(ϕ0)

[
k2(ϕ0)

q2
+ q2

1 + κq2

]
(33)

for q > z0 and ϕ0 defined from Eq. (30), and
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f (2)
cr = min

ϕ0

1

f0(ϕ0)

[
k2(ϕ0)

z20
+ z20

1 + κz20

]
(34)

for q ≤ z0 and ϕ0 determined from Eq. (32). Then Fcr = μ2Ehmin
{
f (1)
cr , f (2)

cr

}
is

the critical buckling axial force for a thin laminated circular cylindrical shell [28].
We assume that f0(ϕ0) < min

{
f (1)
cr , f (2)

cr

}
for anyϕ0. In other words, the inhomoge-

neous axial force (1) does not reach the critical buckling value Fcr at any generatrix.
Then the magnitudes under radicals in Eqs. (29), (31) will be positive for any angle
ϕ0.

Remark 2 Theoretically, parametric instability is observed in the case when the ratio
of the frequency of an external force to the frequency of natural vibrations is equal
or close to one of the following values [43]

Ω

ω
= 2

1
,

2

2
,

2

3
, . . . (35)

However, there are usually only cases where this ratio is 2/1, 2/2, less often 2/3.
At that, the condition Ω/ω = 2/2 corresponds to usual resonance.

We will consider here the case that is of most interest, where Ω ≈ 2ω0. Let

Ω = 2ω0 + μσ, σ → 0 when μ → 0, (36)

where σ is the frequency detuning parameter.
In the second-order approximation ( j = 2), one arrives again at the non-

homogeneous equation

∂2χ2

∂t20
+ H 2(p, q,ϕ0)χ2 = −Nc cos (ω0t0) − Ns sin (ω0t0)+

+r
[
P0,c cos (3ω0t0 + σt1) + P0,s sin (3ω0t0 + σt1)

]
,

(37)

where

Nc = − 1
2

∂2H 2

∂ p2
∂2P0,c
∂ξ2

+ aξ ∂P0,c
∂ξ

+
[
cξ2 + 1

2a + τ (p2+q2)3

1+κ(p2+q2)

]
P0,c+

+2ω0
∂P0,s
∂t1

+ r
[
P0,s sin(σt1) − P0,c cos(σt1)

]

Ns = − 1
2

∂2H 2

∂ p2
∂2P0,s
∂ξ2

+ aξ ∂P0,s
∂ξ

+
[
cξ2 + 1

2a + τ (p2+q2)3

1+κ(p2+q2)

]
P0,s−

−2ω0
∂P0,c
∂t1

+ r
[
P0,s cos(σt1) − P0,c sin(σt1)

]
,

a = −i
(
b ∂2H 2

∂ p2 + ∂2H 2

∂ p∂ϕ0

)
, c = 1

2

(
b2 ∂2H 2

∂ p2 + 2b ∂2H 2

∂ p∂ϕ0
+ ∂2H 2

∂ϕ2
0

)
, r = 1

2q
2 f1(ϕ0).

(38)
The partial solution of Eq. (37) contains the secular terms generated by the first

two components at the right hand of the equation. The conditions for their absence
are equality
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Nc = 0, Ns = 0

which results in the differential equation

− 1
2

∂2H 2

∂ p2
∂2X
∂ξ2

+ aξ ∂X
∂ξ

+
[
cξ2 + 1

2a + τ(p2+q2)
3

1+κ(p2+q2)

]
X+

2ω0E−1
∂X
∂t1

+ r(ϕ0)SσX = O,

(39)

where X = (Po,s, P0,c)T, O = (0, 0)T are the two-dimensional vectors, and

E−1 =
(
0 −1
1 0

)
, Sσ =

(
cos(σt1) sin(σt1)
sin(σt1) − cos(σt1)

)
(40)

are the 2 × 2 matrices.
For the vector equation (39) to have a solution in the form of polynomials in ξ,

we have to assume c = 0. Hence (see Eq. (38) for c),

b =
{

∂2(H 2)

∂ p2

}−1
⎧⎨
⎩−∂2(H 2)

∂ p∂ϕ0
± i

√
∂2(H 2)

∂ p2
∂2(H 2)

∂ϕ2
0

−
[
∂2(H 2)

∂ p∂ϕ0

]2⎫⎬
⎭ . (41)

It is seen that �b > 0 if the inequalities

∂2(H 2)

∂ p2
> 0,

∂2(H 2)

∂ p2
∂2(H 2)

∂ϕ2
0

−
[
∂2(H 2)

∂ p∂ϕ0

]2
> 0 (42)

hold simultaneously.
If q > z0, then inequalities (42) imply

2[(k ′(ϕ0)]2 + 2k(ϕ0)k
′′(ϕ0) − f ′′

0 (ϕ0)q
2 > 0, (43)

and for q < z0, one has

{
2[k ′(ϕ0)]2 + 2k(ϕ0)k ′′(φ0) − f ′′

0 (ϕ0)z2
} [

8 + 9κqz + 3(κqz)2
]

>

4
[
f ′
0(ϕ0)

]2
(1 + κqz)3.

(44)

In what follows, we consider the special case when k ≡ 1 (a circular cylinder) and
f0(ϕ) is a function. Then Eq. (32) and inequalities (43), (44) result in the conditions

f ′
0(ϕ0) = 0, f ′′

0 (ϕ0) < 0, (45)

which mean that the weakest generatrix ϕ = ϕ0 is that which is more stressed by the
compressive force. The required parameter b becomes
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b = i

√
−q4(1 + κq2)2 f ′′

0 (ϕ0)

2q4(2 + κq2) − 4(1 + κq2)2
(46)

for q > z0 (case A), and

b = i

√
−q(1 + κq2)3 f ′′

0 (ϕ0)

4(z0 − q)[8 + 9κqz0 + 3(κqz0)2] (47)

if q < z0 (case B).

Remark 3 It may be seen that limq→z0 |b| = +∞ for both cases (A, B) and require-
ment (22) for b does not hold if a root q is close to z0. Thus, the case (C), where q
is close to z0, requires an additional consideration.

We will not consider higher approximations because Eq. (5) are not sufficiently
accurate. To construct higher approximations, one needs applying to the full system
of governing equations written in terms of displacements ui ,w,ψi .

Taking Eq. (41) into account, the vector equation (39) admits a solution in the
form

X = Hm(θξ)Ym, θ2 = a

(
∂2H 2

∂ p2

)−1

(48)

where Hm(x) is the Hermit polynomial of the mth degree, and
Ym = (Sm(t1),Cm(t1))

T is the two-dimensional vector with the components depend-
ing on “slow time”.

The substitution of (48) into Eq. (39) leads to the homogeneous vector differential
equation

·
Ym (t1) = Am(t1)Ym(t1) (49)

with the periodic matrix

Am(t1) =
( −a0 sin σt1 −a2,m − aτ + a0 cosσt1
a2,m + aτ + a0 cosσt1 a0 sin σt1

)
, (50)

where,

a0 = q2 f1(ϕ0)

4ω0
, a2,m = a

2m + 1

4ω0
, aτ = τ (p2 + q2)3

2ω0[1 + κ(p2 + q2)] . (51)

The parameters κ, τ appearing in the formula for aτ depend on the reduced shear
modulusG. WhenG → ∞, then κ, τ , aτ → 0 and the matrixAm(t1) coincides with
the appropriate matrix (see also Eqs. (24), (25), (38) for H,ω0 and a, respectively)
obtained in [23].
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Finally, the parametric response of the shell to applied periodic axial force (1) is
given by the formula:

χ = sin
(

πns
l

)
exp

{
iμ−1

[
p(ϕ − ϕ0) + 1

2b(ϕ − ϕ0)
2
]}

×
{
Hm

[
μ− 1

2 (ϕ − ϕ0)θ
]
[Sm(μt) sin(ω0t) + Cm(μt) cos(ω0t)] + O(μ

1
2 )
}

.
(52)

6 Parametric Instability Domains

Depending on the correlation betweenparametersa0, a2,m ,aτ ,σ, solutions ofEq. (49)
are bounded or not. Equation (49) have periodic solutions if and only if their multi-
pliers are equal to one. If the absolute value of all multipliers are more than one, then
their solutions growth indefinitely at t1 → ∞, if less than one, then they decrease [5].

The analysis of Eq. (49) has been performed numerically. We have composed the
monodromy matrix and found its eigenvalues, i.e. the required multipliers. It has
been revealed that the σa0—plane is divided by the lines (see Fig. 3)

a0 = ±
(
a2,m + aτ − σ

2

)
(53)

into the following two domains:

D− = {
(σ, a0) : ∣∣a2,m + aτ − σ

2

∣∣ < |a0|
}
,

D+ = {
(σ, a0) : ∣∣a2,m + aτ − σ

2

∣∣ > |a0|
}
.

(54)

In Fig. 3, each of these domains are shown as the unions of two sub-domains:
D± = D±

1 ∪ D±
2 . On lines (53), solutions of Eq. (49) are bounded and close to har-

monic functions, if a point M(σ, a0) ∈ D+, then solutions are decreasing functions,
and in the domain D− they grow indefinitely. Thus, the domain D− corresponds to
the parametrically unstable vibrations localized in the neighborhood of the weakest
generatrixϕ = ϕ0. The farther a pointM(σ, a0) ∈ D− from lines (53) is situated, the
faster the amplitude of the resonance parametric vibrations increases. We note that
D− is the main region of localized parametric resonance which occurs forΩ ≈ 2ω0.

Comparing the region D− of parametric instability with the analogous domain
for a single layer isotropic shell without taking shear into account [23], one can
conclude that the incorporation of shear effects into the shell model results in the
right shift of the parametric instability domain. If the shell is circular and load (1) is
uniformly distributed in the circumferential direction (k, f0, f1 are constants), then
b = a = a2,m = 0 and the domain D− corresponds to the parametric resonance of
the shear deformable laminated shell where vibrations cover all its surface. If at that
shears are ignored, then the region D− becomes symmetrical with respect to the
σ—and a0—axes.
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Fig. 3 Main regions of parametric instability

When the axial force (1) is stationary, then Eq. (49) admit the solution in explicit
form:

Sm(μt) = c1 sin(μa2,mt) + c2 cos(μa2,mt),
Cm(μt) = −c1 cos(μa2,mt) + c2 sin(μa2,mt),

(55)

where c1, c2 are constants. Then, for both cases, (A) and (B), Eq. (52) defines the
localized eigenmodes of free vibrations of the axially pre-stressed laminated cylin-
drical shell with the dimensionless natural frequencies [24]

ω = ω0 + μa2,m + O
(
μ2) . (56)

7 Examples

The aforementioned equations allow us to give the asymptotic estimate of boundaries
Ω− ≤ Ω ≤ Ω+ for the dimensionless excitation frequencyΩ = tcΩ∗ leading to the
parametrically unstable vibrations:

Ω± = 2ω0 + 4

√
h2

12R2(1 − ν2)
σ±, (57)

where σ± = 2
(
a2,m ± |α0|

)
.

Example 1 Not specifying a quantity of layers and a type of material for each layer,
as the first example, we shall consider a circular cylindrical shell under the action of
the nonuniform axial loading (1), (18), where f0 = 0.5(1 + cosϕ), f1 = 1. Here, the
weakest line is the generatrix ϕ = ϕ0 ≡ 0, where the not uniformly distributed axial
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Fig. 4 Main regions for parametric resonance versus the shear parameter κ form = 0 and different
number of semi-waves in the axial direction, n = 1, 2, 3

forces (1) reach the maximum value. Figure4 shows the boundaries of main regions
for parametric resonanceversus the shear parameterκ form = 0 anddifferent number
of semi-waves in the axial direction, n = 1, 2, 3. It is seen that in the κΩ—plane, the
main domains of parametric instability are narrow regions with the width increasing
together with the mode number n. The influence of shears on these regions depends
also on a number n: for the first mode (n = 1,m = 0) corresponding to the lowest
natural frequency, the effect of a shear parameter κ turns out to be weak, however it
becomes noticeable when a number n grows. It may be also seen that the increase of
a shear parameter κ results in the decrease of both the boundary values Ω± for the
parametric excitation frequency and the eigenfrequency ω0. Similar effect of shears
on natural frequencies of a thin medium-length laminated cylinder has been recently
detected in paper [27].

Example 2 Consider a sandwich circular cylindrical shell of radius R = 1m and
length L = 4mwith the core of thickness h2 made of amagnetorheological elastomer
(MRE). The face layers having the same thickness h1 = h3 are fabricated of theABS-
plastic SD-0170 with parameters E1 = E3 = 1.5 × 109 Pa, ν1 = ν3 = 0.4, ρ1 =
ρ3 = 1.4 × 103 kg/m3. Here, the MRE under consideration is treated as an isotropic
and elastic material with the Poisson’s ratio ν2 = 0.3, density ρ2 = 2.63g/sm3 and
the shear modulus G2 which depends on the magnetic field induction B [26]:

G2 = (4.500 + 14.978 B), kPa (58)

The shell is under the non-uniform axial force periodically varying with time and
specified in the previous example. In Fig. 5, the boundaries of the main regions of
parametric resonance versus the magnetic induction B are shown for different values
of the core thickness h2 = 6, 9, 12mm. It is seen that the effect of magnetic field
on the main regions of instability depends on the thickness of “soft” core made of
MRE: it is weak for small h2 and becomes noticeable for h2 ≥ 12mm at the interval
0 < B < 50mT.
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Fig. 5 Main regions of parametric resonance versus the magnetic field induction B for different
thickness h2 of the MRE core

8 Conclusions

Based on the equivalent single layer theory for thin laminated shells, parametric
vibrations of laminated non-circular cylindrical shell under non-uniform axial load
periodically varying in time were investigates. It was assumed that the reduced shear
modulus for a laminated shell is less than the reduced Young’s modulus. The non-
linear differential equations in terms of displacement and stress functions, taking
into account transverse shears, were considered as the governing ones. Using the
procedure of linearisation, the non-linear equations were reduced to those describing
vibrations of a shell in the neighbourhood of non-stationary membrane stress state.

To study unstable localised parametric vibrations related to the main region of
dynamic instability, it was assumed that the excitation frequency is close to one
of the natural frequencies corresponding to a localized eigenmode. The asymptotic
method of Tovstik in combination with the multiple scales technique was used to
predict the dynamic localized response of the shell in the neighbourhood of the
weakest generatrix. It was revealed that there exist three different localized modes
of parametric vibrations for a thin laminated cylindrical shell subjected to an axial
load varying with time. The first type of modes (case A) may be approximated by an
exponentially decaying function without any oscillations, the second type of modes
(case B) is given by a function which rapidly oscillates and exponentially decreases
far away from the weakest line, and the third one (case C) can not be represented by
an exponentially decaying function and requires an additional consideration. It was
observed that the implementation of one or another form of parametric vibrations of
a laminated shell with low reduced shear modulus depends on the ratio of dimension-
less shear parameter and wave parameter proportional to a number of waves in the
axial direction. Regardless of an expected form of localized parametric vibrations,
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we have derived the system of differential equations with periodic coefficients which
accounts for transverse shears and is invariant with respect to geometric dimensions,
physical parameters, a number of layers and the load distribution law along the shell
edge as well. The numerical analysis of this system allowed finding main regions
corresponding to both stable and unstable parametric vibrations.

The example considered showed that effect of shear on themain region of paramet-
ric resonance depends on both a number of waves on the shell surface and thickness
of “soft” layers or core.
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Numerical Analysis
of Free Vibration of Laminated
Thin-Walled Closed-Section Shell
Structures

Bartosz Miller, Barbara Markiewicz and Leonard Ziemiański

Abstract The paper presents dynamic analysis of thin-walled laminated elements
with two types of a closed-section: circular and rectangular. The studies are carriedout
using numerical tube and box shaped shell models with arbitrary laminate stacking
sequences. Numerical results in a form of natural frequencies and corresponding
mode shapes are obtained to investigate the effects of fiber angle change on the
vibration of the structure. Moreover, the influence of boundary conditions, internal
diaphragms and slenderness of a structure on natural frequencies and mode shapes
of selected cases are also analyzed.

1 Introduction

Civil engineering, likemany other engineering fields, e.g. aircraft engineering, is fac-
ing the necessity of permanent application of newmaterials: strong, light and durable.
New types of usual and well-known materials like steel or concrete are still being
introduced, but it is not enough for the modern engineering and the requirements
of engineering structures. On the other hand, composite materials, which exhibit
desired high ratio of strength to weight, high durability and the ease of forming
various shapes can be answer to those needs.

Although composites have been known and applied for many years in various
areas, including civil engineering structures, some of their properties have not been
widely investigated. Composite structures are slender and light in comparison to
both steel and concrete structures, their dynamic behaviour may be significantly
different, its understanding may be crucial in the application of composite materials
in structural engineering.

Many researchers studied dynamic behavior of thin-walled closed-section mul-
tilayered elements and the influence of various factors on their natural frequencies
and corresponding mode shapes [4–7]. Due to the material anisotropy, the composite
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elements exhibit axial, flexural and torsional vibrations fully coupled even for doubly
symmetric cross-sections [1, 3, 8, 9]. The chapter presents a numerical study of free
vibrations of a laminated tube and box shaped elements with different laminate fiber
angles and overall element length.

2 Numerical Analysis

2.1 Box Shaped Shell

First calculation case is a shell model of a thin-walled box beam with cross-sectional
dimensions 700× 1000mm.These dimensions are similar to the composite girders of
the existing bridge inBlazowa (Poland). The shell webs consist of four computational
4 mm-thick layers composed of several laminas of the same material characteristics
and the same fiber angles (Fig. 1). The material properties are based on [9]: E1 =
141.9 GPa, E2 = 9.78 GPa, ν12 = 0.42, G12 = 6.13 GPa and ρ = 1445 kg/m3.

Three variants of boundary conditions are considered: clamped (cc), pinned (pp)
and cantilevered (c) structure, for a span of 12 m and 24 m. The boundary conditions
are defined on the shell edges by fixing the translation in all xyz directions of bottom
edge while pinned and all the edges for clamped boundary.

The investigated cases of stacking sequences are:

• all the layers have the same fiber angle: 0, 15, 30,45, 60, 75, 90,
• stacking sequences consisted of two layers with 0 and two layers with 45 ply
orientation: [02/452], [452/02], [0/452/0], [45/02/45], [0/45/0/45] and [45/0/45/0],

• variants with 0 ply orientation of all the layers in webs and 45 in the flanges and
conversely.

Fig. 1 Box cross-section and shell model of the box with diaphragms
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Additional analysis is conducted for a box shell with 16 mm-thick internal
diaphragms of [04] ply orientation (Fig. 1), located every 2 m along the length of the
structure and at its edges. The calculations are also performed for different stiffness
of the diaphragm defined by the Young’s modulus, whereas their mass is omitted.
The influence of diaphragms on the natural frequency and corresponding forms is
studied.

2.1.1 Numerical Results

The modal parameters of all the shell models described in this paper were obtained
using commercial FE code ADINA [2]. The results are in form of natural frequencies
and types of their dominant corresponding mode shapes.

Effect of fiber angle
First, the effect of the fiber angle of all the layers on the natural frequencies of a box
shell is analyzed. The mode shapes are coded as follows: BH—horizontal bending,
BV—vertical bending andT—twisting. The boundary conditions coding is explained
above.

It is worth mentioning that the mode shapes types are determined by the dominant
component and each subsequent form of vibrations is more difficult to classify due
to appearance of coupling. This phenomenon is stronger in the case of a more stocky
beam (with a span of 12 m).

Figure 2 illustrates the result for a 24 m long structure with various boundary
conditions. In eachmode the natural frequency is normalizedwith respect to the value

Fig. 2 Variation of the normalized natural frequencies of a 24 m long cantilever (c), pinned (p),
clamped (cc), box shell with respect to fiber angle change
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for [0] angle for that mode. It can be clearly observed that vertical and horizontal
flexural frequencies decrease for a fiber angle from 0 (15 in case of clamped beam)
to 60 degrees to about 0.3–0.4 of their initial values. On the other hand, torsional
vibration frequencies are not changing monotonically, but at certain values of the
fiber angle they reach their extreme. In case of cantilever, the maximum value is
reached for 45–60 degrees and it is 1.4 of its initial value. For pinned and clamped
shells the value reaches 2.2 for 60 and 75 degrees respectively.

Figure 3 presents comparison of natural frequencies of two cantilever box shells of
different slenderness. All the vertical and horizontal flexural frequencies decrease for
angle from 0 to 60. In the range of 60–90 degrees no significant changes are visible.
Torsional vibration frequencies increase for an angle of 0 to about 60 degrees. In the
range of 60–90 degrees they decrease, but in a lower extent. In the case of a 12 m
long box shell the torsional vibration frequency is more than twice as big as its initial
value, for more slender box the upper value is much smaller.

Another stage of the analysis is the comparison of different stacking sequences
consisted of two layers of 0 degrees and two layers of 45 degrees and with so called
Circumferentially Uniform Stiffness (CUS).

Identical results are obtained for the fiber orientations [0/452/0] and [45/02/45]
(Tables 1 and 2).Minor differences (up to 0.5Hz) are noted for the lay-ups [0/45/0/45]
versus [45/0/45/0] and [02/452] versus [452/02].

In the case of a box shell with a span of 12 m, the first two frequencies do not
change significantly for all cases. Symmetrical stacking sequences of the webs and
flanges (cases [0/452/0] and [45/02/45]) cause their greater stiffness. The more the
layers are differentiated with respect to the webs and flanges local axes, the lower is
their stiffness.

Fig. 3 Variation of the natural frequencies of a 12m and 24m long cantilever box shell with respect
to fiber angle change
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Table 1 Natural frequencies of 12 m long cantilever box shell for different CUS lay-ups [Hz]

Length - 12 m [452/02] [02/452] [0/452/0]
[45/02/45]

[0/45/0/45] [45/0/45/0]

BH1 8.2 8.1 8.3 8.2 8.3

BV1 10.8 10.7 10.9 10.8 10.9

BH2 34.9 34.8 40.0 37 37.4

BV2 20.1 20.1 28.6 23.6 23.6

T1 51.9 52.7 56.1 54.7 54

Table 2 Natural frequencies of 24 m long cantilever box shell for different CUS lay-ups [Hz]

Length - 24 m [452/02] [02/452] [0/452/0]
[45/02/45]

[0/45/0/45] [45/0/45/0]

BH1 2.1 2.1 2.1 2.1 2.1

BV1 2.8 2.8 2.8 2.8 2.8

BH2 12.6 12.4 12.7 12.6 12.7

BV2 16.6 16.4 16.6 16.5 16.6

T1 18.7 18.7 23.0 21.2 21.2

In the case of a slender box shell (24 m) all the analyzed natural frequencies are
very similar. The shells with asymmetrical (unbalanced) webs and flanges present
lower torsional natural frequencies.

Next, natural frequencies for different fiber angles in the webs and flanges are
analyzed. Table 3 compares the results for two stacking sequences and two lengths.
Code fλ1-wλ2 meansλ1 ply orientation of all the layers in flanges andλ2 in the webs.
When the flanges are stiffer than the webs (f0-w45), horizontal and vertical flexural
natural frequencies diverge. When the webs are stiffer (f45-w0), the torsional natural
frequencies are lower.

Table 3 Natural frequencies of 12 m and 24 m long cantilever box shells for different stacking
sequences in webs and flanges [Hz]

12 m
f0-w45

12 m
f45-w0

24 m
f0-w45

24 m
f45-w0

BH1 5.9 9.8 1.5 2.6

BV1 12.1 9.0 3.1 2.3

BH2 29.5 34.1 9.0 14.5

BV2 55.1 45.1 18.2 13.7

T1 21.1 18.6 19.0 16.6
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Effect of diaphragms
The aim of this analysis is to assess the influence of the diaphragms on the natural
frequencies of a box shell of variable slenderness and boundary conditions. The (d)
columns refer to models stiffened with diaphragms.

The results presented inTables 4 and5 show that adding the diaphragmsnot always
causes the increase of natural frequencies. Therefore the analysis was extended to
weightless diaphragms of different stiffness defined by the Young’s modulus.

The graphs presented in Figs. 4 and 5 (logarithmic scale is used) show that the
impact of diaphragms on each next frequency is greater and is much more visible in
case of torsional vibration. Not only the boundary conditions and slenderness of the

Table 4 Natural frequencies of 12 m long box shell with [04] ply orientation [Hz]

Length - 12 m

Boundary conditions cc cc (d) pp pp (d) c c (d)

BH1 28.1 35.7 24.2 27.6 10.2 9.7

BV1 43.6 47.3 31.8 32.3 13.5 12.7

BH2 32.4 89.9 32.1 85.3 29.3 38.1

BV2 53.4 109.5 52.6 103.8 46.5 51.9

T1 40.3 68.4 24.8 66.8 16.6 34.8

Table 5 Natural frequencies of 24 m long box shell with [04] ply orientation [Hz]

Length - 24 m

Boundary conditions cc cc (d) pp pp (d) c c (d)

BH1 14.0 13.8 9.9 9.9 2.8 2.6

BV1 18.7 18.0 10.0 9.5 3.6 3.5

BH2 26 30.5 23.5 26.2 14.6 14.4

BV2 38.9 40.2 32.2 32.4 19.6 18.8

T1 18.6 35.0 15.9 34.5 14.3 17.5

Fig. 4 Variation of the normalized natural frequencies of a a 24 m and b 12 m long cantilever box
shell with [04] ply orientation with respect to the Young’s modulus of diaphragms material
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Fig. 5 Variation of the normalized natural frequencies of a 24 m long clamped box shell with [04]
ply orientation and cantilever with [454] ply orientation with respect to the Young’s modulus of
diaphragms material

element are important, but also the angle of the fibers in the laminate. In the case of 45
degrees ply orientation (Fig. 5b), the impact on the frequency of flexural vibrations
is much smaller than for a beam with the same assumptions and fiber positioning
along the element. All graphs show the same tendency of initial growth and then
independence from diaphragm stiffness.

2.2 Tube Shaped Shell

The second investigated structure is a cantilever tube. Its model is a thin-walled
cylindrical shell with a circular cross-section. The diameter of the middle-surface of
this circle is R = 0.6103 m. The shell web is 16 mm-thick as before and consists of
three or four computational layers of the same thickness (in Fig. 6 exemplary cross-
section with four layers is presented). The material properties are same as before.
Calculations are performed for three variants of the length of the cantilever: 6, 12
and 24 m.

Three different cases of fiber angles of laminate layers are considered:

• all the layers in all the cross-section quadrants (see red numbers in Fig. 6) are
laminated with the same fiber angle, i.e. [30/30/30/30] coded as 30,

• each layer is laminated with a specific fiber angle, the same around the cross-
section (CUM), i.e. [0/30/60/90] (starting with the inner layer fiber angle),

• all the layers in the same quadrant show the same lamination fiber angle, but differ-
ent in next quadrants (described in a quadrants sequence 1,2,3,4); the considered
angles are 30/60/-30/-60 (q-30-60), 30/60/-60/-30 (q-60-60) and 45/45/ -45/-45
(q-45-45)

The mode shapes are divided into axial (A), torsional (T), bending (Bm, m = 1,
2, 3,…) and circumferential ones (Cnm, n = 2, 3, 4,…, m = 1, 2, 3,…). Number m
means longitudinal mode and n is the number of circumferential wave, see Fig. 6.
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Fig. 6 Tube cross-section and circumferential (n) and longitudinal (m) modes

2.2.1 Numerical Results

Effect of fiber angle
Table 6 presents the changes of thefirst 11 natural frequencieswith respect to different
fiber angle of all the layers of 24 m long cantilever.

Figures 7, 8 and 9 present the normalized natural frequencies with respect to

Table 6 Natural frequencies of 24 m long cantilever tube shell for different fiber angles [Hz]

0 15 30 45 60 75 90

f1 4.01 2.68 1.74 1.35 1.18 1.11 1.09

f2 4.01 2.68 1.74 1.35 1.18 1.11 1.09

f3 14.08 14.93 10.71 8.34 7.27 6.81 6.68

f4 14.08 14.93 10.71 8.34 7.27 6.81 6.68

f5 16.13 15.97 19.05 22.79 19.88 18.58 18.21

f6 16.13 15.97 19.05 22.79 19.88 18.58 18.21

f7 21.29 16.22 20.90 22.82 22.86 22.08 21.46

f8 21.29 16.22 20.90 27.45 32.66 28.03 27.10

f9 21.46 21.60 22.30 27.45 37.73 35.15 34.39

f10 24.92 21.60 23.89 29.54 37.73 35.15 34.39

f11 24.92 21.71 23.89 29.54 38.19 48.11 53.25
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Fig. 7 Variation of the normalized natural frequencies of 6 m long tube with respect to fiber angle
change

Fig. 8 Variation of the normalized natural frequencies of 12 m long tube with respect to fiber angle
change
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Fig. 9 Variation of the normalized natural frequencies of 24 m long tube with respect to fiber angle
change

fiber angle values. The effect of the fiber angle change on the natural frequencies
is clearly visible. For the investigated fiber angles some of the natural frequencies
change dramatically, i.e. in Fig. 7 (l = 6 m) C31 increases more than three times,
even higher is for 12 m long element, see Fig. 8. On the other hand, for 24 m long
cantilever C33 increases the most (Fig. 9).

An additional element of the effect of the fiber angle studies is the analysis of
the simultaneous variation of fiber angle in two layers for a three-layered tube shell
(thickness is still 16 mm).

Figure 10 shows the natural frequencies change according to the fiber angle of
two outer layers when ply orientation of the middle one is constant and equals 0. The
torsional vibration frequency reaches its maximum for angle 45 and −45 degrees,
the difference between extreme values is almost 100 Hz. The natural frequency for
bending has its maximum for about 18 degrees fiber angle of outer layers. Shape
of the C22 graph looks quite similar to B1, but other three analyzed circumferential
vibrations frequencies increase both sides from the value of 0 degrees.

Figure 11 presents the surface graphs of the natural frequencies change of a three
layered tube with stacking sequence [λ1/λ2/λ3] with respect to the two different
variable fiber angles of two layers and one layer with constant fiber angle, defined
above each graph. In case of C21 mode shape (see Fig. 11f–h), the natural frequency
is the highest on the edges of the graph surface, what means that 90 degrees is
the best possible fiber angle to stiffen tube shell for this type of vibration. What
is more, ply orientation of the middle layer has no significant influence in this case
(Fig. 11g).Another interesting conclusion is that the surface graph of exemplary other
circumferential vibration frequency—C22 (Fig. 11e) looks completely different.
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Fig. 10 Variation of the natural frequencies of a three layered, 6m long tubewith stacking sequence
[λ1/0/λ1] with respect to changeable fiber angle of two outer layers

Next, the torsional vibration frequency (Fig. 11b, d) reaches itsmaximumvalue for
fiber angle of 45 degrees. For middle layer of 45 degrees ply orientation it is better
to have opposite oriented fibers in outer layers, what gives [-45/45/-45] stacking
sequence. And with λ2 = 0 the best combinations are [-45/0/45] and [45/0/-45]. And
the last discussed case, flexural vibration frequency is the highest for fiber angles near
0 of the opposite sign in Fig. 11a, but when the middle layer is 0 degrees oriented,
the maximum value is not reached at 0 degrees (Fig. 11c).

Multiple mode shapes and mode shapes coupling
The mode shapes of cantilever tube shell are multiplied (usually doubled), this phe-
nomenon is illustrated inTable 6 andpart of theTable 7withCUMlay-ups, comparing
the 1st and the 2nd natural frequencies, the 3rd with the 4th, and so forth. For quad-
rants laminations (q-30-60 and q-45-45) these frequencies split due to non-symmetry
of the cross-section.

Moreover, some of the free vibration mode shapes are coupled, an example is
shown in Fig. 12 presenting coupled circumferential mode with 4th circumferential
wave and 1st mode shape in tube axial direction (Fig. 12a) and coupled axial mode
shape and circumferential wave (Fig. 12b).

3 Conclusions

As shown in the chapter the lamination fiber angle significantly influences free vibra-
tions of a layered shell.
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Fig. 11 Variation of the natural frequencies of a three layered tube with stacking sequence
[λ1/λ2/λ3] with respect to changeable fiber angle of two layers
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Table 7 Natural frequencies splitting due to non-symmetrical lamination fiber angles, l = 12 m

0 45 90 [0/15/75/90] [0/30/60/90] [0/45/45/90] q-45–45 q-30–60

f1 14.62 5.35 4.30 10.61 9.72 9.28 5.37 5.20

f2 14.62 5.35 4.30 10.61 9.72 9.28 5.39 6.55

f3 14.95 28.00 25.22 25.01 24.19 25.79 29.50 25.27

f4 14.95 28.00 25.22 25.01 24.19 25.79 29.98 28.70

f5 30.73 31.71 42.91 31.71 29.69 30.65 31.46 30.36

f6 30.73 31.71 53.26 31.71 29.69 30.65 31.50 30.69

f7 40.34 33.93 53.26 49.24 53.80 52.53 32.39 33.14

f8 40.34 33.93 53.93 54.29 53.80 52.53 32.44 36.45

f9 42.91 45.64 53.93 54.29 54.56 53.98 43.57 43.81

f10 43.13 45.92 54.20 57.63 54.56 53.98 43.97 44.91

f11 43.13 45.92 58.18 57.63 59.44 63.62 61.35 59.15

f12 54.95 68.90 58.18 70.78 68.51 72.13 65.01 66.05

f13 54.95 68.90 64.66 70.78 68.51 72.13 65.45 67.63

Fig. 12 a C41-Circumferential mode with 4th circumferential wave and 1st mode shape in tube
axial direction, b A1-1rst axial mode with 2nd circumferential wave, l = 12 m

In both considered cases flexural vibration frequencies decrease in the entire range
0–90, regardless of shape, boundary conditions and length, same with axial vibration
frequencies for tube-shaped laminate.

On the other hand, torsional vibration frequencies depends on many factors. They
do not change in a monotonic manner, but at certain values of the fiber angle they are
extreme. They also depend on the lay-up of individual layers in the whole laminate.

Interesting results can be obtained by changing the fiber angle of two layers
simultaneously. It gives many possibilities in designing the dynamic response of the
element.

The oblique lamination in case of tube-shaped shell impliesmode shapes coupling
between planes of bending, between flexural and circumferential vibrations (n = 1
and n = 2, 3, 4) and between flexural and axial vibrations.

Circumferential vibration frequencies behave inconsistently, some of the circum-
ferential frequencies increase while the others decrease with the lamination fiber
angle increase. Finally, non-symmetrical lamination fiber angles (i.e. q-30-60) causes
natural frequencies splitting, see Table 7.
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The additional diaphragms in box-shaped laminated shell cause the relatively
small increment of flexural andmuch higher increment of torsional vibration frequen-
cies. The natural frequencies increase rapidly for small Young’s modulus and then
with further growth of E no significant changes are visible. The impact of diaphragms
grows for higher natural frequencies. In some cases the impact of diaphragm stiffe-
ness can be smaller than the impact of its weight (more probable for cantilever).
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Abnormal Buckling of Thin-Walled
Bodies with Shape Memory Effects
Under Thermally Induced Phase
Transitions

Dmitry V. Nushtaev and Sergey I. Zhavoronok

Abstract Buckling and postbuckling of thin-walled structures made from the
Nickel-Titanium shape memory alloy and undergoing non-isothermal direct marten-
site transitions under varying temperatures are simulated. The once coupled
Movchan’s model of thermo-elastic shape memory alloy behavior is represented
in the incremental formulation for the use within numerical algorithms of nonlinear
solid mechanics. The equilibrium state’s bifurcation is studied on the background
of Lyapunov’s stability concept. The physically and geometrically nonlinear solid
model allows one to study the martensite phase distribution over the cross-section
as well as along the structure during its’ buckling and postbuckling deforming. It
is shown that the direct martensite transition induced by temperature changes and
heterogeneous stress fields in compressed prismatic beams with initial imperfections
causes the buckling phenomenon. The obtained results are consistent with the analyt-
ical predictions of A.Movchan and L.Silchenko assuming the supplementary phase
transform occurring everywhere in accordance with the extended Shenley concept.
Thus, the fundamental assumption about decisive contribution of martensite phase
transitions in the buckling of thin-walled structures of shape memory alloys is vin-
dicated.

1 Introduction

Shape memory alloys (SMA) undergo phase transitions and structure transforms
under varying temperature and stress fields caused by combined mechanical, elec-
trical and thermal excitation [25, 41, 78, 107]. The thermo-elastic phase transitions
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[7, 38] of the high-modulus austenite into the low-modulus martensite (direct
martensite transform, hereinafter referred to as A → M) or vice versa (inverse
martensite transform, M → A) and structural transforms of the martensite crystals
result in very specific behavior of SMAsuch as high amplitude reversible strains, high
amplitude reaction stresses generated in constrained elements under heating, and the
“shape memory” phenomenon proper, i.e. form recovery after inelastic deforming
and further heating. One of the most widely used SMA so-called “Nitinol” is based
on the Titanium-Nickel system [6, 29]. The unique properties allow one to use NiTi
SMA in aeronautics [23, 25, 42], robotics [101], biomedicine [79, 100], etc. as var-
ious actuators, bearing elements, dampers, and many other devices (e.g. see [25,
42]). One of applications of SMA consists in the buckling protection of thin-walled
composite structures [105] by embedded NiTi fibers [4, 28, 39] or wires [8, 39, 77]
as well as in the postbuckling deflections reduction [104] in statics and dynamics
[37, 80, 103].

At the same time the buckling of thin-walled SMA elements in itself was almost
not studied even thoughmanySMAdevices are operating under compressive stresses.
Some results were obtained for compressed SMA columns [26, 27, 85–88, 106] in
the pseudoelasticity regime (i.e. stress-induced isothermal phase transition). Another
buckling regime is usually considered as effect of high-level compressive reaction
stresses generated in firstly pre-strained and secondly constrained SMA elements
under heating; this effect so-called “constrained shape memory” [44] was studied
for circular plates [30], for arched beams [31, 44] and for spherical shell segments
[32] to investigate their snap-through instability and to develop cutoff valves [33].
On the other hand, the buckling of SMA beams under the non-isothermal A → M
and compressive forces about 0.1…0.2 Eulerian critical forces corresponding to the
minimum (i.e. pure martensite) elasticity modulus was observed experimentally by
Movchan et al. [60, 72]. It was found that an axially compressed completely austen-
ite SMA beam being cooled through the temperature range of A → M buckles
before reaching the entirely martensite state. Moreover it was found that the analo-
gous buckling instability exists even for unconstrained completely martensite beams
being compressed and heated through the M → A temperature range, i.e. during the
phase transition resulting in significant raising of elastic moduli (up to pure austen-
ite modulus), nevertheless the critical force remains about 0.15…0.2 Eulerian one
corresponding to the martensite modulus (e.g. see [53, 60]).

It was supposed that the phase transition itself initiates the buckling, neither mod-
ulus change nor reaction stress. Movchan and Silchenko have proven that the buck-
ling of mechanical systems undergoing thermomechanical phase transitions can be
described only by coupled models [61]. Such a theory requires simplifying assump-
tions to be used together with the linearized bifurcation criteria. It was shown that
the known von Kármán and Shenley buckling concepts can be modified to be con-
sistent with shape memory systems undergoing direct transforms [62, 63, 91, 95],
inverse transforms [62, 65, 69, 92, 93] or structural transitions [54, 90, 97]. On the
one hand the extended von Kármán buckling concept assumes that the only a part
of the cross-section undergoes the supplementary phase transition induced by small
perturbations of the initial equilibrium form while the cross-section rest undergoes
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the elastic unloading [61, 62]. The boundary of the phase transition domain should
be found after the constant load condition. This concept so-called “constant load”
results in the higher critical stress estimate. On the other hand the extended Shenley
concept allowing small variations of the load synchronous with the equilibrium state
perturbation results in two extreme cases. The first one consists in the assumption of
the “supplementary phase transition occurring everywhere (in the cross-section)” and
leads to the lower critical stress estimate whereas the second one results in the triv-
ial situation, i.e. in the absence of the supplementary phase transition synchronous
with the equilibrium perturbation. It can be shown that the last concept so-called
“assumption of constant phase constitution” leads to the estimate for the critical
stress based on the minimum elastic modulus, i.e. it is inconsistent with the obtained
experimental results [60]. The mentioned buckling concepts are required to obtain
suitable bifurcation criteria based on the linearized SMA statics problem formulation
for SMA beams [62, 63, 65, 69, 91–93, 95], shafts [52], plates [64, 66–70, 73, 94,
96], and finally for shells [71, 98]; moreover, they allow one to take into account the
rheonomic SMA behavior [34] and to use twice coupled SMA models considering
the latent heat absorption (e.g. see [75]).

Strictly speaking, the buckling of thin-walled SMA systems undergoing phase
and structure transitions must be analyzed using the appropriate theory of stability
of deformation processes and not the static equilibrium criteria. Indeed, the phase
and structure transforms occurring in SMA beams, plates, or shells under constant
loads and homogeneous temperature fields result in the phase strain accumulation
process that can become instable with respect to small perturbations and, finally, in
the bifurcation of the equilibrium state. The stability of two-phase states of a solid
with respect to phase constitution perturbations was investigated in [18, 20, 89] on
the background of the movable sharp phase interface concept of Gibbs [21], the
non-uniqueness of solutions was proven and their stability was studied in details.
Nevertheless, the effect of phase transforms on the bifurcation of the equilibrium of
SMA systems still remains an open question, especially for non-isothermal transi-
tions. An analytical solution based on the Lyapunov theory remains almost impossi-
ble whereas the equivalence of static buckling criteria and strong stability theories of
deformation processes is not yet proven even for elastic-plastic media, moreover it is
not established for SMA. Thus, the numerical analysis of buckling and postbuckling
deforming of SMA systems without applying Shenley’s or von Kármán’s assump-
tions becomes a possible way of the vindication of analytical estimates using the
linearized bifurcation criteria. For instance, the non-linear three-dimensional finite
element modelling of axially compressed prismatic SMA beams with initial imper-
fections being cooled through the A → M temperature range [76] resulted in the
critical forces close to the predictions based on the extended Shenley concept.

Only a few number of appropriate models of thin-walled structures accounting
for diffusionless solid state phase transitions exist nowadays. The first models were
developed for thin films and correspond tomembranemodels with vanishing bending
stiffness [5, 24]. One of the first shell theories accounting for the phase transitions
based on the sharp phase interface concept [21, 22, 50] was proposed by Eremeyev
and Pietraszkiewicz [12] on the background of the statically exact (in terms of stress
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and couple resultants) shell model with energetically exact intrinsic kinematics as
provided by Simmonds [99], Libai and Simmonds [40], Altenbach and Zhilin [1],
Chróścielewski et al. [9]. Only elastic isothermal phase transitions were considered,
the dependency of the phase constitution on the temperature was neglected, therefore
the problem was formulated as a stationarity condition for the total energy. The
continuity conditions at the phase interface curve were obtained in [13, 19], and
the strain energy density of the phase interface as well as capillary phenomena at
the interface have been taken into account in [84]. The general jump conditions at
the interface in two-dimensional solid systems were later defined in [35, 36] on
the basis of the resultant shell thermomechanics of Pietraszkiewicz [81] being an
extension of Simmonds [99]. The analysis of superelastic behavior of cylindrical
shells was performed, and the existence of boundary layers near the interface curves
was shown [15]. The proposed approach was extended by considering inelastic thin-
walled bodies with propagating sharp phase interfaces [11] were the local balance
equations at the interface were deduced for stress-induced phase transforms. The
complete theory of viscoelastic two-phase shells was presented in [14, 17] where the
homogeneous extension of amaterial resulted by phase transformswas assumed. The
further development consisted in the accounting for the temperature effect in [16]
where the temperature field on the base surface was subdivided into the sum of the
reference field and its variation; the surface entropy inequality was constructed and
the thermodynamic continuity conditionswas proposed aswell as the kinetic equation
defining the quasi-static motion of the phase interface. Analogous approaches based
on the sharp interface concept were used earlier to model the buckling instability
of systems undergoing the phase transitions of the first kind [111], in particular, for
plates [109] and Cosserat’s elastic bodies [110].

Let us note nevertheless that the Gibbs concept used in the works cited above
assumes the existence of sharp phase interfaces. Strictly speaking, such a model
corresponds to single crystal alloys with a single phase interface. In general, two
different interfaces should be considered in SMA, the one of the beginning of the
phase transition and the other of its’ end with mixed phase constitution between
them [45, 51, 57, 58] as a result of the diffuse phase transform (so-called “smeared
phase transitions”, [43]). At the same time the models considering the phase volume
ratio q ∈ [0, 1] as a supplementary field variable (e.g. [56, 73] etc.) lead to the
results consistent with the test data, moreover they can be easier implemented in the
practice because “…these theories omit the stage in which the interface is explicitly
considered which…avoids the need to solve problems with unknown boundaries”
[18, p. 62]. Itmust be also noted that the detailed analysis of the phase transition effect
on the buckling of SMA systems requires three-dimensional distributions of stress,
strains, and phase concentration parameters at each time point in the environment
of the equilibrium bifurcation. Such a solution can be based on higher-order models
such as proposed by H. Matsunaga for problems of the buckling of functionally
graded plates [46, 49] and shells [47, 48]. Indeed, it was shown that the classical
models drastically overestimate the critical forces for thick elastic plates and shells
with mechanical properties smoothly varying over their thickness; at the same time
it is known that very short SMA beams buckle at compression forces significantly
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lower than the ones for many more slender elastic beams [53, 60, 62, 76]; thus,
the three-dimensional modelling remains topical. Other solution’s approaches may
consist in the dimensional reduction proposed by Amosov for beams [2, 3] and thick
shells [10, 112–115, 117] or in the use of solid finite elements [76]. It is evident
that the consistent finite element simulation of SMA systems is strictly required
by engineering applications; thus, we will amount below the solid finite element
modeling analogous to [76] to simulate the buckling of prismatic SMA beams and
to vindicate the analytical estimates proposed by A. Movchan and L. Silchenko.

2 Equilibrium Stability Problem’s Statement

First, let us define the stability concept that is based on the general Lyapunov’s
definition and could be used within the solid modeling of non-linear deforming of
SMA systems under the conditions of non-isothermal martensite phase transitions.

2.1 General Statement of the Problem

Let us consider a solid V ⊂ R
3, ∂V = Σσ ⊕ Σu . Its deforming can be determined

within the dynamics equations
ρü = ∇ · σ (1)

where σ is the Cauchy stress tensor, u = R − r is the displacement between the
reference state defined by the position vector r and the acting state Ṽ defined by R,
ρ is the mass density, ∇ denotes covariant differentiation referred to the acting state,
dots denote differentiation with respect to the time τ . In the quasi-statics we have

‖ρü‖ → 0 ∀τ ∈ (R+ ∪ {0}) \{τ ∗}, μ
(
τ ∗) = 0 (2)

The boundary conditions can be written as follows:

N · σ = P (3)

where N is the external normal unit in the acting configuration Ṽ .
The strain state is defined by the tensor ε

ε = 1
2

[
∇̂u + ∇̂uT + ∇̂u · ∇̂uT

]
(4)

∇̂ is the covariant derivative referred to the initial state V and the symbol “·” denotes
the appropriate scalar product.
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In general, the finite constitutive relations σ = σ (ε, T ) between stresses σ , strains
ε, and the temperature T do not exist, but their incremental form can be established
as follows:

dσ = C : (dε + AdT ) (5)

where C is the “tangent stiffness” tensor defined at the point of the deformation
pattern and A is the thermal dilatation tensor.

Let us consider the homogeneous initial configuration, r ≡ 0, and letR = R(τ, 0)
be the corresponding solution of the problem (1), (3)–(5). Applying the Lyapunov
concept, we can interpret it as a stable equilibrium if

∀ε ∈ R+ ∃δ(ε) ∈ R+ : ∀ ‖δr‖ < δ(ε)

∀τ ∈ R+ ‖u (τ, δr)‖ < ε; (6)

moreover the equilibrium is asymptotically stable if

lim ‖u(τ, δr)‖ = 0 (τ → ∞)

where ‖ • ‖ denotes an appropriate vector norm.
The further investigation is based on the following assumption. Accounting for

(6) we interpret the equilibrium as unstable with respect to the initial excitation δr
if the contiguous equilibrium form appears:

∃τ ∗ : ∀τ > τ ∗ ∃u∗(τ, δr),
∥
∥u∗∥∥ > ε∗ (7)

where ε∗ is some representative value and τ ∗ is the time corresponding to the equilib-
rium state bifurcation. It can be supposed that the transition from the initial equilib-
rium state u to the contiguous one u∗ is followed by the intensive transient process;
in other words, the nonzero accelerations ü exist only near the point τ ∗ (2):

τ ∗ : ∥∥ü(τ ∗)
∥∥ �= 0 (8)

The kinetic energy maximum can be also used as an bifurcation criterion:

τ ∗ : T(τ ∗) ≡ 1
2ρ u̇ · u̇|τ=τ ∗ = Tmax (9)

this criterion could be more stable than the acceleration-based due to smoothness of
the kinetic energy dependency on the time parameter as it is shown below.

Thus, if the contiguous equilibrium state (7) occurs, bifurcation load PCr and
temperature TCr can be found as follows:

PCr = P(τ ∗), TCr = T (τ ∗) (10)
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where the time value τ ∗ corresponding to the equilibrium bifurcation point is taken
from the condition (8) or (9).

3 Constitutive Equations for the Shape Memory Alloy
Undergoing Thermoelastic Phase Transitions

The further investigation is based on the once coupled model of thermo-mechanical
behavior of the binary Nickel-Titanium SMA [74]. This model describes the non-
isothermal diffusionless smeared phase transitions induced by the combined action of
stress and temperaturefields; it is basedon thephenomenological approachdeveloped
by Movchan from 1994 [56] till today [59] (for more details see [55]).

3.1 Basics of the Coupled Phenomonological Model
of Non-isothermal SMA Behavior

As usually [55, 56] the phase constitution of SMA is determined by the martensite
volume fraction q ∈ [0, 1] where q = 0 corresponds to the entirely austenite phase
constitution (A-state) and q = 1 to the entirely martensite one (M-state). Let us use
hence the smooth approximation proposed by [74] for the phase diagram q(T, σ ):

q = 1

2
[1 − cos(π t)] (0 � t � 1) (11)

q = 0 (t � 0)

q = 1 (t � 1)

The formula (11) is unified for both thermally and stress induced A → M and
M → A phase transitions by introducing the dimensionless temperature t as follows:

t = Ms − Tσ

Ms − M f
(A → M) (12)

t = 1 − As − Tσ

As − A f
(M → A) (13)

where Ms and M f are the temperatures of the A → M start and finish, and As , A f

are the temperatures of the start and finish of the M → A transition.
The reduced temperature Tσ accounts for the stress state of the SMA:

Tσ = T − ω±
i j s

i j + Z
(
σi , σ

k
k

) + σ k
k ε0

ΔS
(14)
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where T is the thermodynamic temperature, ε0 is the volumetric strain effect of the
A → M transition, and ΔS is the difference between the volumetric densities of the
entropy of the austenite and martensite phases at the reference temperature;

Z
(
σi , σ

k
k

) = (σ k
k )2

18

(
1

KM
− 1

KA

)
+ σ 2

i

6

(
1

GM
− 1

GA

)

si j = σ i j − 1

3
σ k
k g

i j ; σ 2
i = 2

3
si j si j ; ei j = εi j − 1

3
εkk gi j

ω+
i j = 3si j

2σi
ρD

[
1 − q f +(q)

]
ϕ1 (σi ) + f +(q)ePi j (A → M)

ω−
i j = f −(q)

ePi j
q

(M → A)

Here f ±(q) ∈ [0, q−1] is the material function that determines the relationship
between the processes of the nucleation and the growing of martensite grains:

f +(q) = 1

2 + q
(dq > 0)

f −(q) = 1

q
(dq < 0)

As a result, we can represent the covariant tensor components ω±
i j as follows:

ω+
i j = 1

2 + q

(
e±
i j + 3

si j
σi

ρDϕ1 (σi )

)
(A → M)

ω−
i j = e±

i j

q
(M → A)

The material function F1(σi ) is the microstress distribution in a representative
volume of the pure austenite,

F1(σ ) =
√

2

π

σ∫

0

exp

(
−ξ 2

2

)
dξ

and ϕ1 (σi ) = F1 (σi − σ1) + F1 (σi + σ1) − 1 where σ1 denotes the threshold stress
of the initiation of the nucleation of oriented martensite grains.

The elastic-temperature strain εE
i j , the phase strain ε±

i j , and the structure strain εSi j
corresponding to the transformation of the chaotic martensite into oriented one and
vice versa are assumed to be additive parts of the summary strain tensor εi j :
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εi j = εE
i j + εSi j + ε±

i j (15)

εE
i j = 1

2G(q)

[
σi j − 3K (q) − 2G(q)

9K (q)
σ k
k gi j

]
+ α(q)Tgi j (16)

the bulk modulus K (q) and the shear modulus G(q) as well as thermal expansion
ratio α(q) obey the mixture rule:

1

G(q)
= q

GM
+ 1 − q

GA
; 1

K (q)
= q

KM
+ 1 − q

KA
(17)

α(q) = qαM + (1 − q)αA

hereGM ,GA, KM , KA,αM ,αA are shearmoduli, bulkmoduli, and thermal expansion
factors corresponding to the entirely martensite or austenite phase constitution. The
increments of the phase and structure strain deviators can be written as follows:

de±
i j = ω±

i j dq (18)

deSi j = ρD
3si j
2σi

qψ2 (σi ) dσi (dσi > 0)

deSi j = 0 (dσi � 0) (19)

ρD is the maximum strain intensity of A → M transition, p2(σi ) is the density of
the microstress distribution F1(σi ), ψ2(σi ) = p2(σi − σ2) + p2(σi + σ2), and σ2 is
the threshold stress value corresponding to the structure transition in the martensite
inelasticity regime.

3.2 Incremental Representation of the Constitutive Equations

Let us represent all relationships of the used model in the incremental form as it
was briefly shown by Nushtaev and Zhavoronok [76]. First, accounting for the phase
diagram approximation (11), we obtain the following increments dq+, dq− of the
martensite volume ratio q for both direct phase transform, A → M and for inverse
one, M → A, respectively:

dq+ = π
√
q(1 − q)

Ms − M f

[
ω̄+
kl + 6ρDϕ′

1 (σi ) gkl
ΔS

dσ kl − dT

]
(20)

dq− = π
√
q(1 − q)

As − A f

[
dT − ω−

kl

ΔS
dσ kl

]
(21)

ω̄±
kl = ω±

kl +
[
ε0 +

(
1

KM
− 1

KA

)
σ k
k

9

]
gkl +

(
1

GM
− 1

GA

)
skl
2
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while for the strain tensor we can write the Eq. (22):

dε±
i j =

{
1

2

(
gikg jl − 1

3
gi j gkl

) (
q

GM
+ 1 − q

GA

)
+ 1

9
gi j gkl

(
q

KM
+ 1 − q

KA

)

+ 9ρD

8
qψ2 (σi )

si j skl
σ 2
i

[
1 + sgn

(
skldσ kl

)]}
dσ kl

+gi j [qαM + (1 − q)αA] dT +
[
ω̄±
i j + (αM − αA) Tgi j

]
dq± (22)

To obtain the formulation useful for further numerical implementation we have
to construct the tangent compliance matrix following from the 4D arrays Ri jkl and
the thermal expansion matrix Ai j on the background of (15)–(22) (see also [76]):

dε±
i j = Ri jkldσ kl + A±

i j dT, Ri jkl = RE
i jkl + RS

i jkl + R±
i jkl . (23)

The term RE
i jkl in (23) corresponds to the elastic strain εE

i j :

RE
i jkl = 1

2

(
gikg jl − 1

3
gi j gkl

)(
q

GM
− 1 − q

GA

)
+ 1

9
g ji gkl

(
q

KM
− 1 − q

KA

)
(24)

the term RS
i jkl corresponds to the strain εSi j generated by the structure transform:

RS
i jkl = 9

4
ρD

si j skl
σ 2
i

qψ2 (σi ) (dσi > 0) (25)

RS
i jkl = 0 (dσi � 0) (26)

and the third one corresponds to the phase strain for the A → M transition (27)

R+
i jkl = π

ΔS

√
q(1 − q)

Ms − M f

[
ω̄+
i j + (αM − αA) Tgi j

] [
ω̄+
kl + 3ρDψ2(q)skl

]
(27)

as for the inverse transition M → A (28)

R−
i jkl = − π

ΔS

√
q(1 − q)

As − A f

[
ω̄−
i j + (αM−αA) Tgi j

]
ω̄−
kl (28)

Finally, we have the following matrices of thermal expansion:

A+
i j = −π

√
q(1 − q)

Ms − M f

[
(αM − αA) Tgi j + ω̄+

i j

]
+ [qαM + (1 − q)αA] gi j (29)

A−
i j = π

√
q(1 − q)

As − A f

[
(αM − αA) Tgi j + ω̄−

i j

]
+ [qαM + (1 − q)αA] gi j (30)
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The tangent compliances Ri jkl defined by (24)–(28) must be inverted to compute
the corresponding tangent stiffness:

dσ j ikl = Ci jkl (dεkl − AkldT ) . (31)

The stiffness matrices corresponding to the stress-strain relations (31) can be
implemented hence into finite element software as bump packs. For instance, for the
UMAT program block for the SIMULIA Abaqus� complex the input data contain
the stresse σi j , the summary strain εi j , the phase strain ε±

i j , the structure strain εSi j ,
the temperature T , and finally the martensite volume ratio q.

After computing the dimensionless temperature t (12), (13) the phase transition
criterion t ∈ [0, 1] is considered:
1. If the dimensionless temperature t ∈ [0, 1] then the increments for the martensite

volumetric fraction q, phase strain ε±
i j and stress σi j are computed, and hence the

corresponding iteration for the stiffness matrix (31) and the thermal expansion
matrix (29), (30) are calculated.

2. If t /∈ [0, 1] then the shape memory alloy is considered as elastic material.

Thus, the program block computes only the stiffness matricesCi jkl (31) following
from (24)–(30) at a step of the numerical integration algorithm.

This programstructure allows one to performanother computations in the standard
numerical algorithms of some finite element simulation software including different
standard finite element complex.

4 Stability Concepts in the Linearized Buckling Theory
for thin-walled SMA structures

The use of the linearized buckling criterium for two-dimensional models of thin-
walled SMA systems requires the appropriate system of supplementary assumptions
so-called “buckling concepts” as it was shown in [61, 62]. A 2D system such a
shell, plate, or a prismatic beam could be defined within its coordinate surface S0,
i.e. ∀M ∈ S0 R = r0. The trivial equilibrium configuration R and the equilibrium
perturbation δr leading to the bend state could be hence determined as follows:

R = r0 + ζn, δr = wn + ζχαrα, α = 1, 2 (32)

where rα are base in the tangent fibration of S0 at the point M , n is the normal unit
vector, ζ ∈ [h−, h+] ⊂ R is the normal coordinate,w is the deflection of S0 while χα

denote components of the rotation vector at M ∈ S0 (see [82, 83, 113, 116]). Here
the deformations corresponding to the pre-buckling equilibrium state are as usually
assumed to be infinitely small. Let us also define the setH = {M : ζ ∈ [h−, h+]}.
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Let q0(T 0, σ 0
i ) be the martensite volume ratio corresponding to the trivial equi-

librium R at the temperature T0 and stress intensity σ 0
i , and let

δqΣ = δq0
(
δσ 0

i

) + δq∗ (
δσ ∗

i

)

be its variation defined by (20), (21); here δq0 is resulted by the small variations of
the pre-buckling stress intensity δσ 0

i whereas δq∗ appears as a result of the kinematic
perturbation (32), i.e. δσ ∗

i is defined by the equilibrium (1) of the contagious state.
Here and below δσ 0

i �= δσ 0
i (ζ ). Following [62, 63], two buckling concepts could be

introduced hence: the von Kármán one and the Shenley one.

4.1 Extended von Kármán’s Buckling Concept for SMA
Structures

Let us assume δT 0 = 0 and let the external load be constant, i.e. δσ 0
i = 0. The

extended von Kármán concept is based on the following hypothesis:

∃H 0 �= ∅, H ∗ �= ∅ : H = H 0 ⊕ H ∗

∀M ′ ∈ H 0 δσ ∗
i (χα,w) � 0 ⇒ δq∗(M ′) = 0

∀M ′′ ∈ H ∗ δσ ∗
i (χα,w) > 0 ⇒ δq∗(M ′′) �= 0 (33)

i.e. the subdomains H ∗ of the supplementary phase transition δq∗ resulted by the
perturbation δr and H 0 of the elastic unloading exist simultaneously. The inter-
face S∗ = H ∗ ∩ H 0 being the front of the beginning of the supplementary phase
transition is defined by the constant load condition. This concept is also known as
“constant load assumption” [62]. It was shown [55] that the extended von Kármán
concept leads to the upper critical stress estimate consistent with the test data.

4.2 Extended Shenley’s Concept for SMA Structures

Let the small variations of the external load leading to δσ 0
i �= 0 or of the extended

temperature field δT 0 �= 0 exist simultaneously with the kinematic perturbation δr.
As a result, we could consider two limit cases.

∃δσ 0
i �= 0 : ∀M ∈ H δσi = δσ 0

i + δσ ∗
i > 0 ⇒ δq(M) �= 0 (34)

The limit case defined by (34) (as it is proposed in [62]) leads to H = H ∗,
H 0 = ∅, i.e. the supplementary phase transition occurs everywhere. It was shown
that this assumption results in the lower critical stress estimate (e.g. see [62, 63]).
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∃δσ 0
i �= 0 : ∀M ∈ H δσi = δσ 0

i + δσ ∗
i < 0 ⇒ δq(M) = 0 (35)

The limit case defined by (35) leads toH = H 0,H ∗ = ∅, i.e. the supplementary
phase transition induced by the kinematic perturbation of the equilibrium state does
not occur. This hypothesis so-called “constant phase constitution assumption” [62]
leads to the critical stress estimate based on the minimum modulus EM of the pure
martensite; it is inconsistent with the known experimental results [53, 54, 60, 72].

5 Numerical Simulation of the Buckling and Postbuckling
for Thin-Walled SMA Systems

The analytical estimates of Movchan and Silchenko [62], Silchenko [91] for beams
as well as the analogous solutions for plates or shells were based on the linearized
problem statement for the two-dimensional Kirchhoff-Love’s shell theory, therefore
the specific assumptions about the coupling effects in SMA, i.e. different concepts
of SMA elements buckling [61] were required. As a result, it was supposed that
the variation of the phase constitution is the main cause of the bifurcation. Thus, the
three-dimensional problemstatement that allowsone to analyze the phase distribution
across the thickness of the shell as well as along the shell axis and in the circumfer-
ential direction is required to prove this fundamental assumption. The higher-order
shell models such as these of Tarlakovskii and Zhavoronok [102], Zhavoronok [112,
113, 115, 117] etc. can be used for the analysis while the three-dimensional finite
element model provides efficient non-linear simulation that can be interpreted as a
“numerical experiment” as it was shown byNushtaev and Zhavoronok [76]where the
buckling behavior of the clamped-clamped prismatic SMA beam was investigated.

5.1 Buckling Problem’s Statement for a Prismatic SMA Beam

Let us consider a SMA prismatic beam referred to the Cartesian frame Oxyz and
bounded by the lateral surface ΣB and the end faces Σ0,l (Fig. 1):

{
V : x ∈

[
−a

2
,
a

2

]
, y ∈

[
−h

2
,
h

2

]
, z ∈ [0, l]

}

{
ΣB :

(
x ∈

[
−a

2
,
a

2

]
, y = ±h

2
, z ∈ [0, l]

)
⊕

(
x = ±a

2
, y ∈

[
−h

2
,
h

2

]
, z ∈ [0, l]

)}

{
S0,l : x ∈

[
−a

2
,
a

2

]
, y ∈

[
−h

2
,
h

2

]
, z = 0, l

}

The beam lateral surface ΣB is load free:

σi j N
j
∣∣
ΣB

= 0 (36)
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Fig. 1 Loading, trivial
equilibrium configuration,
and contagious equilibrium
configuration of a beam

whereas the boundary conditions on the beam end faces correspond to the simply
support conditions applied to the one-dimensional beam model (Fig. 1):

uz

∣∣∣
z=0

x=y=0
= 0, ux,y

∣∣∣
z=0,l

x=y=0
= 0

Mx ≡
∫

S0,l

σzz

∣∣∣
z=0,l

ydF = 0

My ≡
∫

S0,l

σzz

∣∣∣
z=0,l

xdF = 0

∫

S0,l

σzz

∣∣
∣
z=0.l

d F = −Pk (37)

Thus, the beam is compressed by the axial force Pk at the initial temperature T0.
The temperature field is assumed to be homogeneous, i.e. T �= T (x, y, z). The phase
constitution of the reference configuration is entirely austenite. As provided by the
problem statement (1)–(10), the loading process consists in the monotonic cooling
of the compressed beam: T = T0 − τΔT where the cooling rate ΔT is sufficiently
small to uncouple thermal conduction and thermoelasticity problems and to secure
the homogeneity of the temperature field over all the volume of the beam.

Let us introduce the perturbation δr corresponding to the beam camber w0:

δr = w0(z)i2 − x
d

dz
w0(z)i3 (38)

ii are Cartesian unit base vectors. The beam cooling leads to the A → M phase tran-
sition that can result in the instability of the initial equilibrium state with respect to
the perturbation (38) and consequently to the beam buckling at extremely low com-
pression forces as it was found experimentally by Movchan et al. [72] and described
theoretically by Movchan and Silchenko [62, 63], Silchenko [91]. The buckling
condition (7) will be interpreted using the uniform norm:
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‖u‖ = max |u2 (0, 0, z, τ )| (z ∈ [0, l]) . (39)

The bifurcation point τ ∗ can be found accounting for (8) or (9) as follows:

τ ∗ :
{
ü∗
2 = max |ü2 (0, 0, z, τ )|

T ∗ = max [T (τ )]
(40)

τ ∈ [0, τF ] , z ∈ [0, l] .

To close the problem statement the constitutive equations (5) must be formulated.

5.2 Solid Finite Element Model and Initial Camber
Calibration

The analytical one-dimensional linearized model of beam buckling [62, 63, 91] and
the nonlinear three-dimensional finite element model of the nonlinear deformation of
the compressed prismatic beambased on the unconditionally stableNewton-Raphson
method [108] qualitatively differ. Thus, the last one must be tested to secure the
equivalence of three-dimensional boundary conditions and one-dimensional simply
support conditions, the consistency of the buckling criterion (39), (40), etc.Moreover
the initial camber amplitude effect on the compression force given by (39), (40) and
interpreted as buckling one must be studied in details.

Let us consider the prismatic SMA beam of length l = 0.040m and with the
cross-section dimensions a = 0.002m, h = 0.001m. The main thermomechanical
properties of the Nickel-Titanium alloy of TN-1 type are given in the Table1.

Let us use the constant phase constitution concept [62], i.e. the beam is ideally
one-phase martensite solid. Thus, the classical Euler formula (41) can be used:

PEu
Cr = π2 E Jmin

l2
(41)

First, the one-dimensional model of the simply supported beam consisting in 50
finite elements of beam type was constructed. The beam was loaded by the axial
compression force raising up to 100N. The first eigenvector φ(z) corresponding to
this beam model and obtained from the eigenfrequency problem is used to construct

Table 1 Thermomechanical properties of the NiTi alloy TN-1

Young modulus of the entirely martensite alloy EM, MPa 30000

Young modulus of the entirely austenite alloy EA, MPa 70000

Poisson ratio ν 0.3

Temperature of the A → M transition start at σi ≡ 0: Ms , K 316.15

Temperature of the A → M transition finish at σi ≡ 0: M f , K 295.15
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Fig. 2 Lateral acceleration of the central node, m/s2, and beam total energy, J; pre-buckling state
and buckling regime

Table 2 Comparison of the buckling forces obtained numerically and analytically

Camber amplitude∣
∣wmax

0

∣
∣ /h, %

Buckling force (10), N Eulerian force (41) PCr, N

Austenite Martensite Austenite Martensite

1.00 71.13 30.34 71.97 30.84

0.50 71.88 30.82

0.25 71.72 31.01

0.10 72.02 31.50

the initial camber w0(z) (38); here and below the camber amplitude is referred to
the cross-section dimension and given by the appropriate dimensionless factor κ .
The finite element analogs of the dynamic equations (1) are solved by the Newton-
Raphson algorithm [108] for the perturbed system.The obtained inertial forces vanish
almost everywhere except the small environment of the bifurcation point (Fig. 2), so
that the beam deformation process remains quasi-static.

It can be seen that the maximum kinetic energy and the maximum lateral accel-
eration of the beam central node are very close (Fig. 3); thus, they are interpreted as
lower and upper estimates of the bifurcation point. The buckling force corresponding
to (10), (40) and obtained by numerical simulation with various cambers is compared
with the critical force (41) (see Table2).

For the camber amplitude |wmax
0 |/h < 0.05 . . . 0.10% the contagious equilibrium

state does not appears due to the artificial viscosity of the numerical algorithm. The
error of the numerical solution does not exceed 1.6% of the exact solution.
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Fig. 3 Lateral acceleration of the central node, m/s2, and beam total energy, J; bifurcation point
environment

The solid finite element model is based on eight-node prismatic finite elements
with three degrees of freedom per node. The boundary conditions on the end faces
S0,l are formulated to construct the three-dimensional model equivalent to the one-
dimensional simply supported beam.

Two rigid planes are normally attached to the beam end faces without friction
using the appropriate contact conditions formalism. The planes kinematics obeys
the rigid body motion law:

U0,l = U 0,l
z − rT × θ0,l , (42)

rT = xe1 + ye2, θ0,l = θ0,l
x e1 + θ0,l

y e2,

where U0,l
z is the vertical translation of the rigid plane center and θ0,l is the rota-

tion of the rigid planes around their centers. Accordingly to (37) U0
z = 0, and the

vertical force Pk is applied to the upper plane central point. The numerical solu-
tion obtained for the unperturbed beam compression (i.e. without camber) with the
boundary conditions (42) results in the completely homogeneous stress state.

Applying to the three-dimensional finite element model the initial perturbation
(38) with the maximum amplitude |wmax

0 |/h = 1% or |wmax
0 |/ l = 0.025% and con-

sidering the bifurcation as a transient process (8) or (9), we obtain the numerical
estimation of the buckling force. It is compared with the critical force (41) and the
one-dimensional finite element model of the simply supported beam in the Table3.

Thus, the solid finite element model of the SMA beam can be interpreted as
completely equivalent to the beam model of Movchan [62, 63], therefore it can be
used to validate the analytical results based on the linearized problem statement.
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Table 3 Comparison of the buckling forces obtained from beam and solid models

Buckling forces, N Austenite Martensite

Analytical solution (41) 71.97 30.84

Beam finite element model 71.13 30.34

Solid finite element model 71.25 30.95

5.3 Simulation of the Buckling and Postbuckling of SMA
Beams Under Direct Martensite Transitions

Let us consider the SMA beam with the initial camber |wmax
0 |/ l = 0.025% com-

pressed by the axial force Pk . The beam undergoes the A → M transition described
by the constitutive equations (20)–(31) under homogeneous cooling from the ini-
tial temperature T 0

σ > Ms , T0 = 323.15K. The structure transforms are neglected.
The initial force value P1 < PE

Cr(E = EM) prevents the beam from the pseudoelastic
buckling regime, and the length varies from 0.040 to 0.005m. The numerical solution
based on the three-dimensional finite element model is obtained for the fixed force
Pk ; if the intensive grooving of the kinetic energy is not obtained before A → M
finish, then the simulation is repeated for the increased load value Pk+1 > Pk , etc.

Long beam: l = 0.040m. Let the beam be loaded by the force Pk = k N, k =
1 . . . 4. The initial camber results in the longitudinal bending and in the stress field
heterogeneity. The highest stress. i.e. the minimum reduced temperature Tσ (14) is
observed in the central cross-section at the concave beam fiber (Fig. 4).

Thus, the A → M transition begins at T = 315.8K in near the maximum stress
point, and the phase parameter q is distributed over the beam heterogeneously. As a
result, the elasticity moduli (17) vary over beam’s cross-sections, and their central
axes move from the geometric center to the convex fibers; therefore the initially
central compression load becomes eccentric (43), and the bending moment appears:

y0(T, P) = −

∫ h/2

−h/2

[
q

EM
+ 1 − q

EA

]−1

ydy

∫ h/2

−h/2

[
q

EM
+ 1 − q

EA

]−1

dy

(43)

Moreover the phase strain ε+
z is approximately proportional to the martensite

volume fraction q (27, 28) (Fig. 5), so that results in the raising beam deflection.
Let us consider hence the central node translation wC (Fig. 6). It can be seen that

for Pk = 1 . . . 3N the contagious equilibrium state appears only for a short time,
therefore the initial equilibrium is stable accordingly to the buckling concept (7),
moreover it is asymptotically stable. At the same time the load P4 = 4N results in
raisingwC ; the stable contagious equilibrium state appears, thus, the beam buckles at
P ∈ [3, 4]N. The corresponding acceleration dependency ẅC(τ ) it shown on Fig. 7.
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Fig. 4 Equivalent stresses in
the austenite beam with the
initial camber
|wmax

0 |/ l = 0.025%:
P0 = 1N, PCr = 4N,
T = 323.5K, l = 0.040m
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Fig. 5 Phase and structure
strains in the beam: P = 2N,
T = 305K
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Fig. 6 Lateral translation of the central beam node wC (τ ), m during the equilibrium bifurcation
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Fig. 7 Lateral acceleration of the central node ẅC (τ ), m/s2 during the equilibrium bifurcation

Finally, the dependency of the kinetic energy on the time parameter τ allows one to
find the buckling temperature T∗ = T0 − τ ∗ ΔT = 309.86K.

Middle beam: l = 0.015m. The statement of the problem is the same that for
the long beam except the compression force range: Pk = 22; 25; 26N whereas the
critical force (41) of the entirely martensite beam is estimated as PE

Cr = 219.3N.
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Fig. 8 Kinetic energy near the bifurcation point τ ∗ ≈ 1.1678, compression load P = 26N

Fig. 9 Dimensionless stress
difference Δσ
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The intensive kinetic energy growing, i.e. the beam buckling is observed for
P ∈ [25, 26]N (Fig. 8). The critical temperature is estimated as T (τ ∗) = 316.5K.

Let us introduce the dimensionless stress difference referred to the compression
force (Fig. 9) and the difference of the martensite volume ratio (Fig. 10):

Δσ = σmax
z − σmin

z

Pk
F; Δq = qmax − qmin. (44)

The linear stress distribution over the cross-section leads to the martensite vol-
ume ratio distribution q(x) that is very close to the linear one (Fig. 10) except small
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Fig. 11 Martensite volume ratio distribution over cross-section, T (τ ∗) = 316.5K

boundary layers due to the error of the finite element simulation whereas its distri-
bution q(z) along the beam longitudinal axis is shown on the Fig. 11.

Thus, the bifurcation occurs after A → M beginning under conditions of the
martensite transition occurring everywhere: dq > 0 ∀x ∈ [−a/2, a/2] (Figs. 11 and
12) accordingly to the extended Shenley concept (34) (see also [61–63]).

Short beams: The same problem statement is used to study the stability of the
SMA beams of length l = 0.010m, l = 0.007m, and l = 0.005m with the initial
load increased up to Pk = 333.15N; this value does not result in the pseudoelastic
direct martensite transform initiated before the bifurcation of the equilibrium state.

The eccentricities (43) resulted by the changes of the elastic modulus due to
the phase transition are presented in the Table4. The computed buckling forces are
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Fig. 12 Martensite volume ratio distribution along the beam, T (τ∗) = 316.5K

Fig. 13 Distribution of the martensite phase q in beams of various lengths at the bifurcation point

presented in the Table5 while the typical distributions of the martensite phase over
the thickness of the beams at the bifurcation point are shown on the Fig. 13.
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Table 4 Compression force eccentricity at the bifurcation point

Beam’s length l, m Relative eccentricity 2y0/h, %

0.040 0.36

0.015 2.31

0.010 4.69

0.007 5.40

0.005 4.97

Table 5 Eulerian critical force (41) and the numerically obtained force of beam’s buckling under
the conditions of the thermally induced A → M phase transition

Length l, m PE
Cr (EM), N P (τ ∗), N P (τ ∗) /PE

Cr (EM), %

0.005 1974.00 265…270 14

0.007 1007.00 120…125 12

0.010 493.48 58…59 12

0.015 219.33 25…26 12

0.040 30.84 3…4 11

The computed buckling forces are about 11…14% of the Eulerian force corre-
sponding to the minimum elasticity modulus of entirely martensite SMA. Let us
note that the buckling force values correspond to the analytical estimations based
on the assumption of the “phase transition occurring everywhere” (34) [62]. The
obtained results show that even very short beams could buckle under relatively small
compression loads; thus, the danger of buckling of thick-walled SMA systems under
the conditions of martensite transitions seems to be drastically underestimated. The
analogous results for the axially compressed clamped-clamped prismatic SMA beam
[76] show that the critical forces of the buckling under the conditions of the supere-
lastic transform are about 1.5 times higher than the ones of the thermally induced
martensite transition, nevertheless they are significantly lower than the analytical
estimates based on the minimum modulus concept (35).

6 Conclusions

The nonlinear deforming of the shape memory alloy beam compressed by the axial
force and then cooled through the temperature range of the direct martensite transi-
tion was simulated numerically on the basis of the once coupledMovchan’s theory of
thermoelastic phase transforms and three-dimensional finite element modeling. The
initial equilibrium state was perturbed by applying small initial cambers to study the
beam buckling instability in terms of Lyapunov’s concept. The three-dimensional
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problem statement allowed to investigate the phase transition during the beam buck-
ling and the phase constitution effect on the equilibrium stability.

The performed numerical simulations have shown that:

1. The bifurcation of the beam equilibrium state appears after beginning of the direct
martensite transform.

2. Beams are stable with respect to the same initial perturbations in the absence of
the martensite transitions.

3. The computed buckling forces are about 11–14% of the Eulerian critical forces
corresponding to the minimum elastic modulus, i.e. to the entirely martensite
state (q = 1) whereas the phase constitution is very close to the pure austenite.

4. The obtained buckling forces are consistent with the test data and close to the
analytical estimation based on the Shenley concept assuming the phase transition
occurring everywhere.

5. The distribution of the martensite volume ratio over the beam cross-section is
antisymmetric and almost linear.

These results lead to the following conclusions:

1. The induced by initial perturbations supplementary phase transition in itself
causes the buckling of compressed beams.

2. The supplementary phase transition occurs everywhere in the beam, the elastic
unloading domains do not appear.

Thus, the fundamental assumption about the decisive phase transition contribution
in the buckling instability of thin-walled SMA systems advanced by A. A. Movchan
and L. G. Silchenko is vindicated by the numerical simulation on the basis of the
exact nonlinear problem statement. Moreover the Shenley concept assuming the
supplementary phase transform occurring everywhere gives the lowest critical force
estimation that is the closest to the numerical results presented above.
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On the Homogenization of Nonlinear
Shell

Erick Pruchnicki

Abstract In this paper we propose a multiscale finite-strain shell theory for simu-
lating the mechanical response of highly heterogeneous shell with varying thickness.
To resolve this issue a higher-order stress-resultant shell formulation based on multi-
scale homogenization is considered. At the macroscopic scale level, we approximate
the displacement field by a fifth-order Taylor-Young expansion in thickness. We take
account of the microscale fluctuations by introducing a boundary value problem
over the domain of a three-dimensional representative volume element (RVE). The
geometrical form and the dimensions of the RVE are determined by the represen-
tative microstructure of the heterogeneity. In this way, an in-plane homogenization
is directly combined with a through thickness stress integration. As a result the
macroscopic stress resultants are the volume averages through RVE of microscopic
stress. All microstructural constituents are modeled as first-order continua and three-
dimensional continuum, described by the standard equilibrium and the constitutive
equations. This type of theory is anxiously awaited.

Keywords Nonlinear elasticity · High-order shell theory · Homogenization ·
Macro micro Hill-Mandel condition · Thin structure with varying thickness

1 Introduction

Shells are very common structures in engineering, which have inspired extensive
research interests on shell theory and its application [1, 2]. Shell theories with small
strains can be dated back at least 120 years ago. A recent review of direct theories has
been made by Altenbach et al. [3]. Early attempts on shell theories are motivated by
engineering intuitionwhich rely on apriori hypotheses of a geometrical ormechanical
nature. The classical shell theory, developed by Love [4] is based on Kirchhoff’s
assumptions [5] and thin shell approximation. Sanders [6] gives the “best” variants
of first approximation theory. Further works relaxed some assumptions, these furnish
some well-known shell theories [7]. An alternative mathematical approach using
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asymptotic expansion method to the three dimensional differential formulation to
derive shell theory has been proposed by Gol’denveizer [8]. Ciarlet and Destuynder
[9, 10] for plates and Destuynder [11] for shells apply asymptotic method to the three
dimensional weak formulation. Convergence results can be obtained for some linear
shell theories. For some nonlinear theory, the limiting two-dimensional variational
problem of vanishing thickness can also be achieved byGamma convergencemethod
[12, 13].

Nevertheless these approaches do rely on a priori scalings, assuming applied loads
(or deformation) be of certain orders of shell thickness. In reality applied loads are
external, which should not be directly related to the thickness in various situations.
We obviously meet the same drawback for heterogeneous shells Pruchnicki [14].

Based on more general expansions of displacements, some higher-order refined
shell theories have also been derived by three dimensional variational principle
method for linear case [15, 16] and for nonlinear caseMeroueh [17].Recently, starting
from three dimensional elasticity, Steigmann [18, 19] derives from three-dimensional
elasticity a notable shell theory which extends Koiter’s shell theory and dictates an
optimal third-order approximation for the three-dimensional potential energy. To
include the effect of transverse normal stress and transverse shearing, Pruchnicki
[20, 21] proposes an optimal fifth-order approximation for the three-dimensional
potential energy. We can note that is model satisfy the Legendre–Hadamard condi-
tion.

However, theses derivations are restricted to the nearly traction-free case. Thus
recently, Song and Dai [22] propose a finite-strain shell theory, which is consis-
tent with the three-dimensional energy principle and with no special restrictions on
applied loads.

A new type of general, theoretical framework for the development of compre-
hensive, nonlinear, multiscale plate theories for laminated structures is presented by
Williams [23]. The theoretical framework utilizes a generalized two scale descrip-
tion of the displacement field based on a superposition of global and local effects.
The extension to nonlinear shell is only a single scale theory [24]. The zig-zag the-
ories can equally be used to model the behaviour of laminates but they are limited
to linear material behaviour [25]. Nevertheless it is not a homogenization method
since the computation on the two scales are simultaneously processed. The size
of fine scale details in these heterogeneous shells is typically much smaller com-
pared to the dimensions of the structure, thus making direct numerical analyses is
prohibitively expensive. To avoid these large-scale computations, it is preferable to
model these shells at the macroscale as a homogeneous continuum with effective
properties obtained through a homogenization procedure. This method results from
solution of two coupled boundary value problems, one at a local scale and other
at a global scale. The field of the homogenization of layered composite plates and
shells is by now well established for linear material behavior [26]. Sandwich panels
consist of a heterogeneous core bonded to two face sheets, the face sheets carry the
in-plane loads and the bending moments, whereas the core keeps the face sheets at
the desired distance from each other and carries transverse shear loads. The effective
properties of the core can be determined bymeans of classical analytical or numerical
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homogenization methods Lewinski and Telega [27]. Next, the whole sandwich struc-
ture can be analyzed by application of appropriate laminate composite theory [28].
More recently a coupled two-scale model for layered shell is presented [29, 30, 31].

In the last few years, the masonry community obtained the homogenized flexural
characteristics of masonry [32, 33, 34, 35]. These works (except for Mistler et al.
[34]) rely on the specific characteristics ofmasonry (particular geometry andmaterial
behavior of constituents), and thus cannot be directly applied to other structural
heterogeneous thin structure. In the study of Petracca et al. [36], focused on periodic
brick-masonry walls, the macro-scale behavior obeys a Reissner–Mindlin and the
local heterogeneous structures is assumed to be transverse isotropic. In many cases,
however, the microstructure of heterogeneous shell has a truly three-dimensional
character.

Based on asymptotic homogenization concepts, Caillerie [37] and Kohn and
Vogelius [38] discussed the homogenization of heterogeneous periodic linear elastic
plates. These models are mathematically elegant and rigorous but only related to a
simple engineering model (the Kirchhoff plate model). Unfortunately, it is not easy
to extend this approach to yield a refined theory (the Reissner-Mindlin model or
higher order model) that is capable of capturing transverse shear deformation. The
development of this idea are recently proposed by Pruchnicki [39], this issue seems
to be restricted to linear elasticity, despite it appears to be a very complicated process
even with the transverse isotropy assumption of the local heterogeneous structure.

Geers et al. [40] propose computational homogenization of structured thin sheets
and more recently Coenen et al. [41] propose a framework with the samemain objec-
tives as in this paper. In these contributions, an inextensible director Kirchhoff–Love
shell model for the macroscale is assumed along with a homogenization scheme
for the involved stress resultants. The derivation of the homogenization scheme
is inspired by multiscale modeling in higher-order continua like second gradient
Kouznetsova et al. [42] andLarsson andDiebels [43],where second-order expansions
are used to introduce the effect of the macroscopic second-gradient within the RVE.
The homogenization procedure is based on the virtual work equivalence between
macro and micro fields within a (RVE), Suquet [44] and Miehe et al. [45]. This con-
dition is equivalent to the classical Hill-Mandel condition for macro-homogeneity
within the RVE for both first-order and second order homogenization scheme. In
the present context of a shell model, the adopted micro–macro transition yields the
homogenized stress resultants of the shell in terms of convected coordinates, see also
the developments in Grytz and Meschke [46]. In this vein, Larsson and Landervik
[47] propose a new model for homogenization of heterogeneous shell based on a
second order expansion in thickness of the current position of the shell and finally
a simplified asumption on the initial geometry of the shell. The method of homoge-
nization valid for periodic heterogeneous plates and proposed by Lee et al. [48], gives
interesting result but it seems to be restricted to small deformations and large rota-
tions and displacements. As a consequence, this approach seems to be intractable
in the fully nonlinear setting. This is due to fact that the simplification linked to
the application of variational-asymptotic method [49, 50] runs only under the small
deformation assumption.
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This paper concerns modeling of the mechanical response of heterogeneous shell
structures. In order to solve this problem at a microscopic local level we take account
of the scale separation in the tangentmid-surface plane of the heterogeneity. This two-
scale procedure alleviates computational burden of the truly tridimensional problem.
From solving the RVE boundary value problem, the microscopic fluctuations of the
deformation field are obtained thenwe can compute themacro deformation field over
the entire shell. This approachdonot require any explicit assumptions on the format of
the microscopic local constitutive equations. It also enable the incorporation of large
deformations and the possibility to introduce the physical and geometrical evolution
of the microstructure into the macroscopic analysis and finally allow the use of any
modeling technique on the microlevel, the finite element method [51, 52, 53], the
boundary element method [54], the Voronoi cell method [55, 56], a crystal plasticity
framework [57, 58] or numerical methods based on Fast Fourier Transforms [59, 60,
61] and Transformation Field Analysis [62].

With regard to the processing of macroscopic scale, we note that the topic of
bidimensional modelisation of shell has been extensively investigated, in particular,
with respect to the capabilities of the shell model to properly describe tridimensional
phenomena such as thickness strains.

In the present paper, we employ a fourth-order expansion in the normal direction
of the mid-plane leading to an extension for heterogeneous shell of the recent model
proposed by Dai and Song [63] for homogeneous plate and for Song and Dai [22] for
homogeneous shell. This type of model circumvents the so-called “Poisson locking
effect” due to incompatible representation of thickness strains as compared to strains
generated by bending action. Thus in this work we remove Love-Kirchoff assump-
tion [41, 64], then we consider a completely general through thickness expansion
(up to fourth-order in thickness) of the displacement field. In addition, for Mindlin or
Kirchoff models, the constitutive law is two-dimensional, and the thickness change
of the plate is not taken into account, and then the finite element formulations suffer
many locking problems [65]. In literature, two concepts has been proposed for plate
theory with thickness change, for the first one, two extra degrees of freedom are
added to the transverse displacements to obtain a quadratic displacement in thick-
ness direction [66], the second one is the enhanced assumed strain concept method
proposed by Buechter et al. [67] (an extra degree of freedom is introduced locally).
However, these solutions have drawbacks, as for instance if considering an elasto-
plastic material law [68]. Because of these drawbacks, a numerical homogenization
methodwith extra degree of freedom,which accounts for the thickness change, either
at global [69] or local [70] scales are developed. Also, Fillep et al. [71, 72] modelize
technical textile as a Mindlin shell with thickness change.

We obtain the macroscopic bidimensional homogeneous shell from the analy-
sis of a microstructural representative volume element (RVE), representing the full
thickness of the shell and an in-plane representative cell of the macroscopic struc-
ture. The relevant volume associated with the macroscopic point is represented by
a microstructural through thickness RVE (which can be varied over le mid-surface
due to the curvature variation). At each macroscopic material point of the shell con-
tinuum (for numerical implementation it may be integration point in a finite element
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setting) a constitutive relation between the generalized strains (i.e. the directors of
expansion displacement field) and the generalized stresses is needed.

Then it is necessary to define the relation between the definitions of the macro-
scopic generalized strains and stresses for a shell continuum in terms of the micro-
scopic ones. This macro-to-micro scale transition is performed by imposing the
macroscopic generalized deformation gradient on the RVE through the essen-
tial boundary conditions that may be periodic conditions. At the RVE scale, all
microstructural constituents are treated as an ordinary three-dimensional continuum,
described by the standard first-order equilibrium and the governing local constitu-
tive equations. Upon solution of the microstructural boundary value problem, the
macroscopic generalized stress resultants are expressed by averaging the computed
RVE stress field through the use of a generalised Hill-Mandel condition for shell (i.e.
an energy condition where the energy in the macroscale is equal to the one in the
microscale). In our work, the through thickness dimension is directly combined with
the in-plane homogenization. We consider non-zero external forces acting on the top
and bottom shell face and body forces. The effect of non-zero external forces acting
on the top and bottom shell face is considered in the work of Larsson and Landervik
[47] but it is not clear since this load act on simultaneously (twice) on both the local
and global scales. This type of procedure is computationally demanding and suit-
able for parallel processing, Feyel and Chaboche [52]. The paper ends with some
concluding remarks.

1.1 Notation

In this section, we provide the main notation and describe in detail the problem we
will consider.

Throughout this paper, the summation convention is adopted. The Latin indices
take the values 1, 2, 3. The Greek indices run over 1, 2. Boldface letters represent
vector-valued functions, tensors or spaces.� is an open subset of the Euclidean space
R

n (n ∈ N). The closure and the boundary of � are respectively denoted by � and
∂�. A domain � in R

n is a bounded, open, connected subset of Rn . Let (e1, e2, e3)
denotes an orthonormal basis of the space R

3. The Euclidean scalar product, the
exterior product and the tensor product of vectors a, b, R3 are denoted by a.b, a ∧ b
and a ⊗ b, and the Euclidean norm of the vector a is denoted by |a|. A double dot
between two second-order tensors A, B is used to denote the standard inner product
of their associated matrices: then A: B = tr(AT B), where tr( ) is the trace and the
superscript T is used to denote the transpose. Subscripts preceded by a comma are
used to denote partial derivatives with respect to curvilinear coordinates.
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1.2 Description of the Shell Geometry

In the plane (O, e1, e2), we consider a domain ω. Let θ: ω → R3 be an injective
mapping belonging to C∞(

ω̄,R3
)
and such that the two vectors aα

(
x′) = θ,α

(
x′) are

linearly independent at each x′ = (x1, x2) ∈ ω̄. In other words, x′ is the curvilinear
coordinates which parametrizes the base surface ω of the shell in the reference
configuration, therefore x̂ ′ := θ

(
x′) is a generic point of the base surface. We see

that (a1
(
x′), a2

(
x′)) forms the covariant basis of the tangent plane to the mid-surface

S = θ(ω̄) at the point x̂′; the twovectors aα
(
x′)definedby the relation aα

(
x′).aβ

(
x′) =

δβ
α constitute the contravariant basis of the tangent plane. For each x′ ∈ ω̄, the unit
vector
is defined by:

a3(x
′) = a3(x′) := a1(x′) ∧ a2(x′)

|a1(x′) ∧ a2(x′)|
is normal to the mid-surface S at the point x′.

Further, κ = κβ
α aα ⊗ aβ = κα βa

α ⊗ aβ is the second-order curvature tensor of
the mid-surface. Then by the Weingarten equations, the variation of a3 is described
by the curvature tensor κ

a3, α = −κ.aα. (1)

Then, the mean and Gaussian curvature tensor are defined by

H = 1

2
tr(κ) = 1

2
κα

α , K = det(κ) = 1

2

[
(2H)2 − κβ

α κα
β

] = κ1
1κ

2
2 − κ2

1κ
1
2 .

By choosing orthogonal principal directions of the curvature tensor as the base
vectors, the non zero components κ1

1 := κ1 and κ2
2 := κ2 are called the two principal

curvatures, and consequently H = (κ1 + κ2)/2 and K = κ1 κ2.
Now we define the reference or undeformed position of the shell �, which is

defined through the relation:

x̂ = 
(x) := θ
(
x′) + x3a3(x

′) for x ∈ �, (2)

with x = (x1, x2, x3) and x̂ = (x̂1, x̂2, x̂3); x are called the curvilinear coordinates
of x̂ .

Accordingly from formulae (1) and (2), the differential of the reference position
is given by:

dx̂ = dθ + a3dx3 + x3da3 = μ.dθ + a3dx3,

in which μ = 1 − x3κ and 1 = I − a3 ⊗ a3 = aα ⊗ aα is the second order tensor
within the tangent plane to the curved mid-surface S.
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Now we define the covariant base vectors at an arbitrary point inside the shell:

gα(x) := 
,α(x) and g3
(
x′) := 
,3(x) = a3

(
x′), (3)

By considering Eqs. (1), (2) and (3), we get the following expressions for both
the covariant and contravariant basis inside the shell:

gα = μ.aα, gα = aα.μ−1, g3 = g3 = a3,

We can note that gα and gα are orthogonal to a3.
The volume element d v̂ at the point x̂ = 
(x) in the set �

∧

= 
(�) is calculated
in terms of the volume element dv = dadx3 at the point x in the set �:

d v̂ = μdadx3

in which μ is the two-dimensional determinant of μ, μ = 1 − 2Hx3 + Kx23 =
(1 − x3κ1)(1 − x3κ2) and da = |a1 ∧ a2|dx1dx2 is the differential area element of
the base surface S. Therefore 
 is one to one and orientation preserving if and only
if μ > 0 which is obtained in the region of the space in which

|x3| < Min(r1, r2)

where rα = |κα|−1 are the principal radii of curvature [73, 74].
The current position is written as x̃(x), then deformation gradient is given by:

F = x̃,i ⊗ gi = ∇ x̃ .μ−1 + x̃,3 ⊗ a3 (4)

in which ∇ x̃ = x̃,α ⊗ aα .
This shell is heterogeneous and the size of the heterogeneities, which is assumed to

be of the same order of magnitude of the average thickness (not necessary constant),
is very small with regard to the global length-scale x′. For the sake of simplicity,
we assume that the heterogeneous microstructure (which is usually made of two
materials) of the shell is periodic with respect to the curvilinear coordinate x′ and
the thickness and the microstructure variations are of the same order of magnitude.
Then the microstructure can be defined by a VER.

1.3 The Bidimensional Macroscopic Nonlinear Shell Model

For a hyperelastic material with strain energy functionW (F), the first Piola-Kirchoff
strain tensor is defined by:

π = ∂W

∂F
.
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For the case of dead loading the potential energy is given by:

E = � + V

� = ∫ h
2

− h
2

∫

S
W (F)μdadx3 is the internal energy

V = ∫ h
2

− h
2

∫

∂St

t̄(s, x3).x̃(s, x3)ψdsdx3 is the work of exterior forces,

in which h is the constant thickness of a fictive homogenized shell which is assumed
to be the mean thickness of the shell defined by (the implicit equation with respect
to h)

∫

S

∫ h
2

− h
2

μdx3da =
∫

S

∫ x+
3 (x′)

x−
3 (x′)

μdx3da,

the lower (respectively the upper) boundary of the shell are defined by x3 = x−
3

(
x ′)

(respectively x3 = x+
3

(
x ′)), ∂ St is the part of the boundary of the mid-surface S

submitted to a prescribed stress tensor t̄ . t− (respectively t+) denotes the prescribed
stress vector on the lower (respectively upper) boundary of the shell. Finally we
define ψ , s measures the arc length on the curve ∂ St with unit tangent τ and unit

normal ν = τ ∧ a3 then ψ =
√

(1 − x3 κτ )
2 + x23 χ2 in which κτ and χ are the

normal curvature on the (τ, a3)-plane and twist of ∂S on the (ν, τ )-axes (defined
by the representation κ = κνν ⊗ ν + κτ τ ⊗ τ + χ(ν ⊗ τ + τ ⊗ ν)) (for details see
Steigmann [18], Pruchnicki [21], Song and Dai [22]).

Remark On the global macroscale, we do not consider the effect of the load on both
upper and lower faces of the shell and the body forces since they act on the basic
cell linked to local microscopic scale. Nevertheless, this load act obviously on the
macroscopic through the local scale.

The principle of stationary potential energy requires that the variation of the
potential energy vanishes:

δE =
∫ h

2

− h
2

∫

S

π : δFμdadx3 +
∫ h

2

− h
2

∫

∂St

t̄(s, x3).δ x̃(s, x3)ψdsdx3 = 0. (5)

Now we suppose that the current position x̃(x) is C 4 in their arguments. Then,
the current position is expanded about the base surface in the form:

x̃(x) = x̃ (0)
(
x′) + x3 x̃

(1)
(
x′) + x23

2
x̃ (2)

(
x′) + x33

6
x̃ (3)

(
x′) + x43

24
x̃ (4)

(
x′) + O

(
x53

)
,

(6)

where (.)(n) = ∂n(.)/∂x3
∣∣
x3=0 (n = 1, . . . , 4).
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Accordingly, the deformation gradient has a similar expansion

F(x) = F(0)
(
x′) + x3F

(1)
(
x′) + x23

2
F(2)

(
x′) + x33

6
F(3)

(
x′) + x43

24
F(4)

(
x′) + O

(
x53

)
.

(7)

From the definition (4), we see that:

F = ∇ x̃ .μ−1 + x̃,3 ⊗ a3 = ∇ x̃ .
(
1 + x3κ + x23κ

2 + x33κ
3 + . . . . . .

) + x̃,3 ⊗ a3.
(8)

Combining Eqs. (6)–(8), we obtain the relations:

F(0) = ∇ x̃ (0) + x̃ (1) ⊗ a3, (9)

F(1) = ∇ x̃ (0).κ + ∇ x̃ (1) + x̃ (2) ⊗ a3, (10)

F(2) = 2

(
∇ x̃ (0).κ2 + ∇ x̃ (1).κ + ∇ x̃ (2)

2

)
+ x̃ (3) ⊗ a3, (11)

F(3) = 6

(
∇ x̃ (0).κ3 + ∇ x̃ (1).κ2 + ∇ x̃ (2).κ

2
+ ∇ x̃ (3)

6

)
+ x̃ (4) ⊗ a3, (12)

F(4) = 24

(
∇ x̃ (0).κ4 + ∇ x̃ (1).κ3 + ∇ x̃ (2).κ2

2
+ ∇ x̃ (3).κ

6
+ ∇ x̃ (4)

24

)
+ x̃ (5) ⊗ a3.

(13)

By inserting (6) and (9)–(13) into (5), we get:

δE =
∫

S

(

N : ∇δx̃ (0)T +
4∑

i= 1

Mi : ∇δx̃ (i)T +
4∑

i= 1

Ti .δx̃
(i)

)

da +
∫

∂St

n.δx̃ (0)(s)ds+
4∑

i=1

∫

∂St

mi .δx̃
(i)(s)ds,

in which

N =
∫ h

2

− h
2

πT .

(
4∑

i= 0

xi3κ
i

)T

μdx3, (14)

Mi = 1

i !
∫ h

2

− h
2

πT .

⎛

⎝
4∑

j= i

x j
3κ

j

⎞

⎠

T

μdx3 for i = 1, . . . ., 4 (15)

Ti =
∫ h

2

− h
2

π.a3μdx3, (16)
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n =
∫ h

2

− h
2

t̄(s, x3)ψdx3,

mi = 1

i !
∫ h

2

− h
2

t̄(s, x3)x3ψ dx3 for i = 1, . . . ., 4

1.4 The Transition Law Between Macroscopic
and Microscopic Scales and the Microscopic Problem

We assume that the microscopic deformation gradient can be expressed in terms of
the macroscopic displacement gradient F and themicroscopic displacement field um :

Fm = F + um,i ⊗ gi . (17)

Thus the microscopic first Piola-Kirchoff tensor is given by:

πm = ∂W (Fm)

∂Fm
. (18)

The equilibrium equation in the VER is:

Div
(
πm

) + f = 0. (19)

in curvilinear coordinates Div(π m) = πm
, α.gα + πm (1).a3 with gα = aα + κ.aαx3 +

κ2.aαx3 + . . . . . .. [21, 22] and f is the body force.
The Neumann boundary conditions on both the upper and lower boundaries of

the VER are:

πm .a3
∣∣
x3=x+

3 (x′) = t+, in ωm (20)

πm .a3
∣∣
x3=x−

3 (x′) = −t−, in ωm (21)

where ωm is such that Sm = θ(ω̄m), Sm is the mid-surface of the VER.
Now we consider a specific Hill-Mandel condition which expresses the equiva-

lence between both the internal macroscopic (left handside of the following equality)
and microscopic energies (right handside of the following equality):

δEM = 1

Am
[
∫

Sm

∫ x+3
(
x′)

x−3
(
x′)

πm : δFμdx3da +
∫

Sm

∫ x+3
(
x′)

x−3
(
x′)

πm :
(
δum,i ⊗ gi

)
μdx3da −

∫

Sm

∫ x+3
(
x′)

x−3
(
x′)

f.δumμdx3da

−
∫

Sm

(
t+.δum

(
x′, x+

3
(
x′))μ

(
x+
3

(
x′)) + t−.δum

(
x′, x−

3
(
x′))μ

(
x−
3

(
x′)))

da], (22)



On the Homogenization of Nonlinear Shell 535

where Am is the area of the mid-surface Sm and δ EM is the internal macroscopic
energy defined by:

δEM = N : ∇δ x̃ (0)T +
4∑

i= 1

Mi : ∇δ x̃ (i)T +
4∑

i= 0

Ti .δ x̃
(i),

and Sm denotes the mid-surface of the VER.
By considering standard argument (divergence theorem and integration by part)

and conditions (19)–(21), we see that Hill-Mandel condition (22) is satisfied if and
only if:

∫

∂Sm

∫ x−
3 (x′)

x−
3 (x′)

t.δum(s, x3)ψdsdx3 = 0. (23)

Condition (23) is satisfied if the condition (C): t.um(s, x3)ψ is periodic along
∂�L = ∂Sm × [

x−
3

(
x′), x+

3

(
x′)] (lateral boundary of the VER). When the curvature

of the shell is constant along the mid-surface (cylindrical or spherical shells) or when
the shell is slightly curved (the shell is almost a plate), the condition C reduces to
impose the classical periodicity condition of t and um on ∂�L .

Nevertheless in the general case condition (C) can be enforced by using Lagrange
multiplier. Therefore the Hill-Mandel condition (22) implies:

N = 1

Am

∫

Sm

∫ x+
3 (x′)

x−
3 (x′)

πmT .

(
4∑

i= 0

xi3κ
i

)T

dadx3, (24)

Mi = 1

i !Am

∫

Sm

∫ x+
3 (x′)

x−
3 (x′)

πmT .

⎛

⎝
4∑

j= i

x j
3 κ j

⎞

⎠

T

μdadx3, for i = 1, . . . ., 4, (25)

Ti = 1

Am

∫

Sm

∫ x+
3 (x′)

x−
3 (x′)

πm .a3μdadx3, for i = 1, . . . ., 4, (26)

As the macro-micro transition relations (24)–(26) replace the formulae (14)–(16).
Therefore the microscopic problem is obtained by considering together formulae

(18)–(21) and periodicity condition (C). We can observe that this modelization is in
accordance with the model presented by Song and Dai [22] for homogeneous shell
(um vanishes and the model degenerates to a one scale model).
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2 Conclusion

We have presented in this paper a multiscale theory for simulating the mechani-
cal response of highly heterogeneous shell based on the concepts of computational
homogenization. The concept has been described in terms of the structural descrip-
tion of both themicroscopic andmacroscopic scales and the resulting boundary value
problems.
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A Non-linear Theory of Thin-Walled
Rods of Open Profile Deduced with
Incremental Shell Equations

Jakob Scheidl and Yury Vetyukov

Abstract We study the structural behaviour of rods with thin-walled open cross-
sections. Such members are best known for their low torsional rigidity and extensive
warping deformation when subjected to twisting. Proceeding to large deformations
one needs to account for the geometrically non-linear effects in the cross-section,
that affect the structural response and prevent a simple generalisation of the linear
theory. We here further elaborate a novel approach that utilizes the equations of
incremental shell theory to quantify these non-linear effects and incorporate them
into an augmented beam theory, which is then put to test on an example of a cir-
cularly curved rod. The linear deformation analysis reveals, that arbitrarily curved
and straight rods do not share the same asymptotic behaviour. The torsional-flexural
buckling loads obtained with the incremental beam theory correspond well to refer-
ence computations with shell finite elements, given that subcritical pre-deformations
are negligible. The narration concludes with the post-buckling analysis using shell
finite elements.

1 Introduction

It is well known, that beams with open, thin-walled cross-sections are particularly
vulnerable to twisting and warp significantly. Consequently, potential warping con-
straints have a major influence on the structural response and complying beam
theories need to account for the warping deformations. While many authors have
addressed geometrically linear theories in the past, see for example [7, 13, 21], pro-
ceeding to arbitrary large deformations is not trivial, as strictly non-linear effects,
sometimes referred to as Wagner effects [22], do not allow for a simple generalisa-
tion of the theory. More recent studies, like [8], make use of the so calledMethod of
Hypothesis to incorporate these effects into the beam theory. This approach involves
insertion of a kinematic hypothesis and some further assumptions into the governing
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equations of continuum theory. Here, we propose a different strategy, that is free
of assumptions and utilizes structural shell theory to deduce a corresponding beam
theory. We refer to [17, 19] for the linear asymptotic study, that leads to previously
reported linear beam theories, and focus on the analysis of the above mentioned
non-linear effects in the framework of the Direct Approach, also covered in [16, 19,
20]. Altogether these derivations yield a geometrically non-linear beam theory, that
is justified for reasonably large deformations. That is to say, although the equations
retain consistency for arbitrarily large deformations, the proof remains valid only for
sufficiently small ones.

After having elaborated on the beam theory’s derivation and justification in the
first sections, we will put it to actual use in Sect. 5, where both the linear deformation
behaviour as well as the torsional-flexural-buckling of a circularly curved beam
with a semi-circular cross-section are studied. However, in order to demonstrate
the importance of the mentioned non-linear effects, we present the results of an
even simpler analysis in Fig. 1. It shows different solutions for the evolution of the
torsion angle θt at the free end of a clamped, straight half-cylinder twisted by a
small torque T and pre-stressed by a finite transverse force F. The solid blue line
corresponds to calculationswith the here proposed incremental beam theory, wherein
pre-deformations due to the transverse force are neglected, i.e. the beam is assumed
to be undeformed but pre-stressed before application of the torque T (second order
theory). Obviously, this neglect becomes less practical at higher force values, which
leads to increasing discrepancies between the beam and the non-linear shell solution
obtained with Abaqus (hollow dots). Nonetheless, for small force magnitudes shell
and beam solution coincide, which is not true for the corresponding beam finite
element solution, thatwas computed using open-section beamelements of theAbaqus
standard element library. As pointed out by other researchers [8], these elements do
not account for the impact of the bending stresses on the effective torsional stiffness
and thus only predict the pure constrained torsion case (F = 0) correctly. In viewing
Fig. 1 as a deformation path of the imperfect system with large imperfection T ,
one recognizes the correspondence to the torsional-flexural buckling problem of the
straight beam under a transverse loading F. Hence, the above example emphasizes
the particular importance of the coupling effects for structural stability problems.

2 Incremental Theory of Rods of Open Profile

As structural stability is an inherently non-linear phenomenon, its investigation
requires geometrically non-linear theories to begin with. Here, incremental theo-
ries, deduced by linearisation of the full equations in the neighbourhood of a given
equilibrium state, provide a convenient way to determine critical points of stabil-
ity loss [3, 24]. This applies especially to one-dimensional beam theories, where
consistent linearisation leads to linear ordinary differential equations. The simplest
incremental theory is the so called theory of second order, which is, for example,
traditionally used to calculate critical forces for the Euler rod-buckling problems.
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Fig. 1 Constrained torsion of a pre-stressed rod with semi-circular cross-section; comparison of
different solutions for the twisting angle θt

In contrast to general incremental theories, the theory of second order views the pre-
buckling state to be stressed but approximately undeformed. This approach has the
main advantage, that the pre-stressed state is much easier to acquire than solutions to
the geometrically non-linear deformation problem. Things become even simpler for
statically determined systems, where the equilibrium equations suffice to obtain the
pre-stresses and solving the linear deformation problem becomes superfluous. Evi-
dently, the reliability of the second order theory diminishes, if large pre-deformations
occur before stability loss, compare Fig. 1. Although many structures sustain only
little deformations before buckling, this is a major drawback, because the importance
of the pre-deformations can only be judged through application of higher order theo-
ries. The here derived general incremental theory of curved beams with a thin-walled
open cross-section is easily transformed to the second order one as discussed below in
Sect. 5 in application to an example problem. Refer to [19] for a more comprehensive
review of the chosen theory.

2.1 Beam Kinematic Description

We understand the beam as a one-dimensional material line in space, i.e. successive
material points with a certain number of degrees of freedom constituting a solid line.
Classically, these material degrees of freedom correspond to the rigid body motion
of a designated cross-section. This holds true in the present case, but is not sufficient
when attempting to model the kinematics of a beam, whose cross-section is a thin-
walled open strip. Such structures require to further account for warping by means of
an additional degree of freedom, the warping amplitude ψ . Therefore, every single
material particle owns a total of seven degrees of freedom, namely: three translations,
three rotations and the scalar quantity ψ . In this context, it is important to note, that
the particular choice of material degrees of freedom does not fully specify the theory
yet, because we may later impose kinematic restrictions concerning, for example,
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Fig. 2 Beam kinematic description featuring material basis vectors ek as well as beam axis and
cross-section arc coordinates s and ξ respectively

transverse shear or extensibility. Such conditions limit the freedom of movement in
the continuum and effectively decide in favour of a specific theory, be it a Bernoulli-,
Timoshenko- or other type.

The beam axis r with tangential direction t is a continuous line through the sec-
tions’ geometric centroids and parametrized with the material arc coordinate s, see
Fig. 2. We draw a symmetric cross-section just for convenience, it need not be sym-
metric in general. The three cross-section rotations are described by the orientation
of an orthogonal basis ek (s), where e3 points in the cross-section normal direction
and the other two coincide with the section’s principal axes. All three meet in the
centroid and move together with their designated material point. Usually, vectors or
tensors are most conveniently described in this basis. For this reason indexed quan-
tities denote components in ek exclusively. Lastly, we account for warping by means
of the warping amplitude ψ in conjunction with the warping function w (ξ). The
latter may in case of a thin-walled open section be approximated by

w = −
∫

x · n dξ with
∫ H

0
w dξ = 0 , (1)

where the arc coordinate ξ ∈ [0, H ], the position vector x and the corresponding
unit vectors ξ = ∂ξ x, n = ξ × e3 are cross-section properties with

h
∫ H

0
x dξ = 0 . (2)
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Therefore, ψ is merely a scaling factor for the warping deformation, which gets
distributed over the cross-section according to w (ξ). The condition on the right of
(1) determines the integration constant. It ensures that w has no mean value, which
would anyway result in just a rigid body deflection of the cross-section.

One can now combine the beam’s kinematic abilities to reconstruct the motion of
the corresponding shell (summation over repeated indices)

rshell (s, ξ) = r (s) + xα (ξ) eα (s) + w (ξ) ψ (s) e3 (s) . (3)

Splitting up the cross-section position vector x into its material components (α =
1, 2) illustrates, that the material basis describes the section rotations, while a point’s
position in the section, determined by xα , remains unchanged.

2.2 Governing Equations of the Incremental Beam Theory

As pointed out previously, an incremental theory relies on small perturbations of
quantities, that belong to a previously computed equilibrium state. While the second
order incremental theory assumes this state to be pre-stressed but undeformed, here
we focus on a general formulation and need to differentiate between the actual con-
figuration of the beam r and the reference one ◦r; a small circle will in the following
denote quantities of this undeformed and unstrained reference state. Furthermore, we
identify quantities of the slightly perturbed, potentially buckled state with an incre-
mental dot (. . .)·, but assign unique names to some kinematic variables, that describe
the incremental deformation. For example, the actual configuration position vector
is r and its increment is the infinitesimal displacement r· ≡ u. The same applies to
the small rotation vector θ , which accounts for small rotations of the material basis
according to e·k = θ × ek .

Having elaborated on the kinematic mobility of the material particles, i.e. degrees
of freedom and their formal representation by {r, ek, ψ} for the actual state and{
u, θ, ψ·} for the incremental one, we now aim at the governing equations of both
the non-linear theory for finding the actual state and of the linearised incremental one.
To do so, we will develop the non-linear theory starting with the principle of virtual
work and present the corresponding incremental equations alongside. The latter ones
follow from the general formulas by simple linearisation utilizing the incremental
dot as a differential operator much like the variational δ, see [1]. Consequently, many
variational formulas of the non-linear beam theory reappear in the framework of the
incremental theory. However, in contrast to variational properties of a virtual state,
incremental values correspond to actual small deformations of the beam. Now, in
order to set up the principle of virtual work, we imagine an arbitrary beam segment
s ∈ [s1, s2], that has been freed from all kinematic boundaries. Then, as pointed
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out in [19], the number of distinct work conjugates in the principle of virtual work
corresponds to the choice of degrees of freedom, which leads to

∫ s2

s1

(q · δr + m · δθ + b δψ − δU ) ds + (Q · δr + M · δθ + B δψ)

∣∣∣∣
s2

s1

= 0 . (4)

Here, δr , δθ and δψ denote small virtual displacements, rotations andwarping ampli-
tudes, which force the beam into a virtual, kinematically admissible configuration
immediately adjacent to the actual one. The quantity δθ is a stand-alone vector and
must not be misconceived as a variation of the small rotation increment vector θ . We
further identify externally applied distributed forces q, moments m and bimoments
b as well as their concentrated counterparts Q, M and B at the free edges. The
bimoments are self equilibrating, generalised forces, sometimes interpreted as two
counteracting bending moments in the cross-section, that yield a torsional moment
when differentiated with respect to s. In the framework of the here applied Direct
Approach they appear naturally as work conjugates for the warping degree of free-
dom. Lastly, we have accounted for the virtual work of internal forces by means of
the negative variation of the elastic strain energy density δU , whose general formwe
are trying to deduce in the following. Uniting all terms under one common integral
with partial integration, one may as well omit the integration symbol entirely as the
length of the beam segment is arbitrary. Hence, the local form of the principle of
virtual work reads

δU = (
q + Q′) · δr + (

m + M ′) · δθ + Q · δr ′ + M · δθ ′ + (
b + B′) δψ + B δψ ′ , (5)

where a prime denotes differentiation with respect to s.
Aiming for the static equilibrium conditions, we state that neither the elastic

internal forces produce work (δU = 0) nor does the cross-section warp (δψ = 0) in
the case of rigid body motion

δr = δ r̄ + δθ̄ × r with δ r̄ , δθ̄ = const. . (6)

Evaluating the above principle under these particular circumstances and collecting
the coefficients for δ r̄ and δθ̄ , we obtain the traditional form of equilibrium equations

Q′ + q = 0 , M ′ + r ′ × Q + m = 0 , (7)

Further application of the incremental dot as a differential operator, leads to the
corresponding incremental formulas

Q·′ + q· = 0 , M·′ + u′ × Q + r ′ × Q· + m· = 0 , (8)

using the switchability of incrementation and differentiation in
(
r·)′ = (

r ′)· = u′.
Both sets of Eqs. (7) and (8) must hold independently in order to satisfy the
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mechanical equilibrium. Backward substitution in (5) returns a first variational form
of the constitutive law

δU = M · δθ ′ + Q · (δu′ − δθ × r ′) + (
b + B ′) δψ + B δψ ′ . (9)

This formulation still lacks the definition of independent variations of strain mea-
sures, which may be introduced with the two kinematic formulas of Clebsch [3]

δΓk = (
δr ′ − δθ × r ′) · ek , δκk = δθ ′ · ek (10)

Γ ·
k = (

u′ − θ × r ′) · ek , κ·k = θ ′ · ek . (11)

Once again we have appended the incremental form below. The aforementioned
close relationship between variational and incremental formulas is evident. We refer
to [19] for an in depth discussion on the strain measures and just define

Γ = r ′ − P · ◦r ′
, P′ = κ × P with P = ek

◦ek . (12)

The vector Γ corresponds to axial strains and cross-section shear angles, whereas κ

accounts for twist and material curvature strains. Both formulas feature the rotation
tensor P that transforms the material basis vectors between the reference and the
actual state.

Aiming for a Bernoulli-type of theory we constrain the in-plane part Γ ⊥ ≡ Γ −
Γ3 e3 to zero (no transverse shear). This enforces the condition t = e3, meaning
that the cross-section remains perpendicular to the deformed beam axis. Hence, the
work conjugate of the transverse forces vanishes and we denote the remaining axial
strain by ε ≡ Γ · t . We further introduce the index t for a more obvious reference to
tangential components, e.g. κt ≡ κ3 is the twisting component. As a consequence of
the above neglect, the first incremental formula in (11) transforms to

ε· t = u′ − θ × r ′ . (13)

Moreover, in analogy to the theory of pure torsion [7, 19], we set the warping ampli-
tude ψ equal to the torsion κt , implying

δψ = δκt , ψ· = θ ′ · t , (14)

where we have used (11) to substitute κ·t in the incremental formula on the right.
Imposition of these kinematic constraints effectively defines the strain energy density
as a function U = U

(
κk, ε, κ ′

t

)
with the variation

δU = ∂U

∂κk
δκk + ∂U

∂ε
δε + ∂U

∂κ ′
t
δκ ′

t

= (
M + (

B ′ + b
)
t
) · ek δκk + Qt δε + B δκ ′

t . (15)
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The specific form of the quadratic terms of the strain energy in the non-linear
theory is chosen such, that it conforms to the asymptotically justified linear theory.
Additional cubic terms account for the non-linear effects:

U = U
(
κk, ε, κ ′

t

) = U (2) +U (3)

U (2) = 1

2
κ · a · κ + 1

2
E A ε2 + 1

2
E J0 κ ′

t
2 − E t × β · κ κ ′

t

U (3) = 1

2
ãt κ

2
t = 1

2
(ε tr a⊥ + ζ · κ) κ2

t . (16)

We will elaborate on the origin of the torsional stiffness correction ãt in Sect. 4,
which constitutes the cubic part of the strain energy density U (3) together with the
square of the twist rate κ2

t . The constant coefficients in the above law denote in
order of appearance: The classic beam stiffness tensor a, the elastic modulus E , the
cross-section area A, the warping constant J0, the planar vector β, closely related to
the position of the shear center in the cross-section, as well as the third order elastic
coefficient ζ . The geometric moments appearing in the stiffness coefficients are area
integrals over the cross-section, which reduce to line integrals owing to the smallness
of the wall-thickness h

A = h H , J = h
∫ H

0
xx dξ , C = H h3

3
, γ = h

∫ H

0
xx · x dξ

J0 = h
∫ H

0
w2 dξ , β = h

∫ H

0
x w dξ , (17)

with the area moment of inertia tensor J, the classic torsion constant of the thin-
walled open profile C as well as a cubic area moment γ . Introducing the elastic
shear modulus as μ, the stiffness coefficients read

a = −E t × J × t + μC t t , ζ = E γ × t . (18)

The stiffness tensor a consists of the classic torsional stiffness at = μC and the
planar bending stiffness tensor a⊥ = a − at t t . Now, applying partial differentiation
with respect to each strain measure to the strain energy density (16), one obtains the
constitutive relations for the generalised forces

M + (
B ′ + b

)
t = a · κ − E t × β κ ′

t + (ε tr a⊥ + ζ · κ) t κt + 1

2
κ2
t ζ

Qt = E A ε + 1

2
κ2
t tr a⊥ , B = E J0 κ ′

t − E t × β · κ . (19)

Proceeding to the incremental form requires a little more effort this time. With (11)
we find
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M· + (
B·′ + b·) t = θ × M + a · θ ′ − E t × β κ·′t +

(ε tr a⊥ + ζ · κ) t κ·t + (
ε· tr a⊥ + ζα κ·α)

t κt + κt κ
·
t ζ

Q·
t = E A ε· + κt κ

·
t tr a⊥ , B· = E J0 κ·′t − E t × β · θ ′ , (20)

where κ·α are bending strain increments with summation over α = 1, 2. The above
constitutive relations conclude the derivation of the governing equations for the
incremental theory. The essential relations needed for the upcoming computations are
the equilibrium conditions (7) and (8), the kinematic relation (13) and the constitutive
formulas (20), accompanied by the section constants (17) and (18). The transition
from the incremental theory to the simple linear one is achieved by sheer neglect of
all pre-stresses and pre-strains.

3 Shell as a Material Surface

Both thefinite element simulations, used for comparison below, aswell as the analysis
of the varying torsional stiffness of thin-walled rods rest upon the classical Kirchhoff-
Love shell theory in the form suggested by Eliseev [3–5], Vetyukov [19]. In the
present section we outline the key points of the theory, which are required for the
subsequent analytical study.

3.1 Differential Geometry of a Surface

We begin with the necessary notions of differential geometry of a surface in space
[2]. The position vector r(qα) of a particle of a shell is parametrized by two material
coordinates qα , Greek indices run from 1 to 2. Each point on the surface lies on
the intersection of two coordinate lines q1 = const and q2 = const. The vectors of
derivatives rα = ∂ r/∂qα ≡ ∂α r constitute the natural basis in the tangent plane. The
unit normal vector follows as n = r1 × r2/|r1 × r2|. Introducing the cobasis rα

according to rα · rβ = δα
β , we obtain the representation of an arbitraty vector v and

of Hamilton’s differential operator

v = vα rα + vnn, vα = v · rα, ∇ = rα∂α; (21)

summation over repeated indices is implied.
The first metric tensor

a = ∇r = rα rα = I − nn (22)
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is a projection of the identity tensor I on the tangent plane. Both covariant and
contravariant components

aαβ = rα · rβ, aαβ = rα · rβ, a = aαβ rα rβ = aαβ rα rβ (23)

define lengths and angles on the surface, whose elementary area is

dΩ = √
a dq1 dq2, a = |r1 × r2|2 = det(aαβ). (24)

The second metric tensor

b = −∇n = −rα∂αn = bαβ rα rβ (25)

determines the material curvature of the surface. Its symmetry follows from the
identity ∂α(rβ · n) = 0, and the components result into

bαβ = −rα · ∂βn = ∂α∂β r · n. (26)

The components of a and b cannot be arbitrary functions of qα , since they must
satisfy the compatibility conditions following from the symmetry of ∂α∂β∂γ r with
respect to each pair of indices.

3.2 Kinematics of Deformation

Analysis of finite deformations requires discrimination of two configurations—the
reference one (initial) and the deformed one (actual). In the reference state, we
accordingly have ◦r , ◦rα ,

◦n,
◦∇, ◦a,

◦
b and d

◦
Ω instead of r , rα , n, ∇, a, b and dΩ .

A material particle with coordinates qα moved from the position ◦r(qα) to r(qα),
and the configuration of the particles in the immediate vicinity of the chosen one is
determined by the deformation gradient

F = ◦∇rT = rα
◦rα

. (27)

Indeed, it defines the transformation of a material directed line element between the
configurations:

F · d◦r = F · ◦rαq
α = rαq

α = dr. (28)

The determinant of the tensor F vanishes, but we introduce a “pseudo-inverse”

G = ∇ ◦rT = ◦rα rα, F ·G = a, G · F = ◦a,
∇ = GT · ◦∇,

◦∇ = FT · ∇.
(29)
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Strains are related to the change of the components of the metric tensors:

E = 1

2
(FT ·F − ◦a) = Eαβ

◦rα ◦rβ
, Eαβ = 1

2
(aαβ − ◦aαβ);

K = FT · b ·F − ◦
b = Kαβ

◦rα ◦rβ
, Kαβ = bαβ − ◦

bαβ.
(30)

Both the membrane strain measure E and the bending measure K vanish in the
absence of deformation. Moreover, according to the laws of differential geometry
[2] they remain constantwhen and onlywhen the shell undergoes a rigid bodymotion.

3.3 Equations

The complete system of equations follows from a variational principle. We consider
a continuum of material normal vectors with five degrees of freedom, namely three
translations and two rotations: no work is done on “drilling” rotations about the
normal vector. For a two-dimensional domain Ω the principle of virtual work reads
as follows:

∫
Ω

(
q · δr + m × n · δn − J−1δU

)
dΩ +

∮
∂Ω

(P · δr + M × n · δn) dl = 0.

(31)
The area transformation factor appears as J = √

a/
◦a; dΩ = J d

◦
Ω . The force q and

the moment m act per unit area in the actual configuration, and P and M are as well
referred to the deformed boundary contour ∂Ω . The shell is elastic, and the virtual
work of internal forces equals to the variation of the function of the strain energyU ,
which is counted per unit reference area as it corresponds to a fixed set of material
particles.

An additional constraint is introduced in the classical theory of shells. The
deformed normal vector remains orthogonal to the deformed surface, and the varia-
tion δn in the variational equation (31) is not independent:

rα · n = 0 ⇒ δrα · n + rα · δn = 0 ⇒ δn + ∇δr · n = 0. (32)

This constraint for themotion of neighbouring particles does not influence the degrees
of freedom of each of them in the sense of Lagrangian mechanics: internal and
external forces produce virtual work on three translations and two rotations.

The stored strain energy remains constant, when the shell undergoes a rigid body
motion, that is to say: δU = 0 if and only if δE = 0 and δK = 0. Together with
(31) and (32), this leads to the common balance equations for the internal force
factors: the in-plane tensors of force resultants τ = ταβ rα rβ and moment resultants
μ = μαβ rα rβ as well as the in-plane vector of transverse forces Q, which appears
in the variational principle as a Lagrange multiplier for the constraint (32) [3, 4]:
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∇ ·T + J−1q = 0, T = τ + μ · b + Qn;
(∇ · μ) · a + Q − J−1m × n = 0.

(33)

The linear form of virtual work of internal forces per unit actual area takes the form

J−1δU = ταβδEαβ + μαβδKαβ, (34)

which proves that U is actually a function of the selected strain measures. The
invariant form of the constitutive relations follows from (34):

τ = J−1F · ∂U

∂E
· FT , μ = J−1F · ∂U

∂K
· FT ; (35)

no constitutive relation exists for the transverse force Q in a classical shell. At small
local strains yet potentially large overall deformations, the strain energy functionmay
be approximated by a quadratic form, which in the isotropic case with no coupling
reads

U = 1

2

(
A1(trE)2 + A2E· ·E + D1(trK)2 + D2K · ·K)

. (36)

The coefficients follow from the linear plate theory:

A1 = Ehν

1 − ν2
, A2 = Eh

1 + ν
D1,2 = A1,2h2

12
; (37)

here E , ν and h are the Young modulus, Poisson ratio and thickness.

3.4 Boundary Conditions

The boundary conditions as well follow from the variational equation (31) and the
constraint (32), see [3, 4, 19] for the derivation. The conditions feature the natural
basis on the boundary contour ∂Ω , namely the unit normal to the shell surface n,
the unit tangent vector l ≡ ∂l r (directional derivative along the contour) and the unit
in-plane normal vector to the contour ν ≡ l × n, see Fig. 3. The direction of the
coordinate l is chosen such that ν points outwards.

On a clamped edge both the position vector and the vector of unit normal are fixed.
The dynamic boundary conditions at a part of the boundary free from kinematic
constraints, which have been a matter of scientific discussions for decades, follow
after formal mathematical transformations to

ν ·T − ∂l((ν · μ · l − ν · M)n) = P,

ν · μ · ν = −l · M.
(38)
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Fig. 3 Local basis at the
boundary of the shell.
Reprinted from [19] with
permission

The fact that the “twisting” component of the external moment ν · M contributes to
the “force” boundary condition is long known from the theory of plates. Jumps in
the corners because of discontinuous l , ν result into δ-functions in P , which shall be
interpreted as concentrated forces [6, 10, 15].

3.5 Transformation to the Reference Configuration
with Piola Tensors

Equations of the non-linear three-dimensional theory of elasticity may advanta-
geously be formulated with the differential operator of the reference state and
with the Piola tensors. For non-linear shells, a similar procedure was presented by
Pietraszkiewicz [10], who applied the index notation and used the expression of
the virtual work of internal forces as a starting point. V. Eliseev suggested a novel
approach to transforming the equations using the integral form of the equations of
balance [3–5, 19].

In elasticity theory, Piola tensors appear with Nanson’s formula, which relates
directed surface elements of the reference and the actual configuration. Likewise, we
consider two differentials on the surface dr , d′r and their pre-images d◦r , d′ ◦r . We
relate surface elements in two configurations:

dr × d′r · n = J d◦r × d′ ◦r · ◦n. (39)

Integrating along a contour on the surface, we deal with a directed line element
ν dl = dr × n. Now, d′ ◦r = G · d′r , see (28) and (29), and a cyclic permutation in
(39) yields

ν dl = J (ν dl)◦ ·G. (40)

The Piola tensor of in-plane stress resultants appears now as follows:

ν dl · τ = (ν dl)◦ · ◦
τ ⇒ ◦

τ = JG · τ = ∂U

∂E
· FT . (41)
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Likewise, we introduce

◦
μ = JG · μ,

◦
Q = JG · Q,

◦
T = JG ·T = ◦

τ + ◦
μ · b + ◦

Qn. (42)

The equation of balance of forces in (33) can be rewritten in an integral form:

∮
ν ·T dl +

∫
J−1q dΩ = 0; (43)

the integration is performed over an arbitrary contour and the part of the surface
bounded by it. We transform the integrals to the reference configuration with (ν dl)◦
and d

◦
Ω , which further results in

◦∇ · ◦
T + ◦q = 0; (44)

now it is convenient to consider external force factors per unit area in the reference
state:

◦q ≡ Jq,
◦m ≡ Jm. (45)

The equation of equilibrium of moments in (33), transformed to the reference con-
figuration, reads ( ◦∇ · ◦

μ
) · a + F · ◦

Q − ◦m × n = 0 (46)

and results from an equivalent integral equilibrium condition

∮
ν · (μ × n − T × r) dl +

∫
(m + r × q) dΩ = 0. (47)

3.6 Linearised Equations of a Pre-stressed Shell

An incremental formulation is useful in problems concerning bifurcation of equilib-
ria, small vibrations of loaded structures, etc., see [9, 10]. Denoting small increments
of structural entities as (· · · )·, we seek linear equations for the displacement u ≡ r·
as a response to the variation of the external force ◦q·, see also Sect. 2.2 for a discussion
of the incremental theory of rods.

The operations (· · · )· and∇ do not commute: (∇ · r)· = (tr a)· = 0 
= ∇ · u, but( ◦∇ϕ
)· = ◦∇ϕ· for any field ϕ, and the superposition of an infinitesimal deformation

onto a finite one is convenient to study using the above equations for the Piola tensors
with

◦∇. Linearising the equations of equilibrium (44), (46) and assuming ◦m = 0 for
simplicity, we obtain
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◦∇ · ◦
T· + ◦q· = 0,

G· · ( ◦∇ · ◦
μ

) + G ·
( ◦∇ · ◦

μ·) + ◦
Q· = 0,

◦
T· = ◦

τ· + ◦
μ· · b + ◦

μ · b· + ◦
Q·n + ◦

Qn·.
(48)

Variations of the deformation gradient and of the unit normal vector:

r·α = ∂αu ⇒ F· = ◦∇uT ; n· = −∇u · n. (49)

The increment of the curvature tensor reads (after some mathematics, see [4, 19])

b· = −2 (∇u · b)S + nn · ∇uT · b + ∇∇u · n. (50)

Elastic relations for the variations of the Piola tensors:

◦
τ· =

(
∂U

∂E

)·
· FT + ∂U

∂E
· F·T ,

◦
μ· =

(
∂U

∂K

)·
· FT + ∂U

∂K
· F·T ; (51)

both first terms require variations of the derivatives of the strain energy (36):

(
∂U

∂E

)·
= (

A1
◦a trE + A2E

)· = A1
◦a trE· + A2E·, (52)

and
E· = FT · ∇uS ·F,

K· = 2
( ◦∇u · b ·F)S + FT · b· · F.

(53)

A single vector equation for u follows from (48)–(53). The boundary conditions
are simple only when the displacement and the rotation are prescribed or in some
special cases, see also discussion by Pietraszkiewicz [10]; for the application to the
actual problem of the present contribution see Sect. 4.

A prominent and at the same time simple case is the stability of plates. The in-
plane stiffness of the plate A1,2 is high, and before variation we presume a plane
stress state with negligibly small deformation. The pre-stress τ = ∂U/∂E enters
(51), and assuming that the displacement has only the lateral deflection component
w, we come up with the known equation

∇ · (τ · ∇w) − (D1 + D2)��w + q·n = 0; (54)

see Reismann [11]; Timoshenko and Gere [14] discussed the case τ = const.
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4 Torsion of a Pre-stressed Cylindrical Panel

The torsional stiffness at of a thin-walled open cross-section is much smaller than the
stiffness for bending. The local geometrically non-linear effects in the cross-section
lead to essential variations of the torsional stiffness depending on the axial force
and the bending moment, which is determined by the cubic terms U (3) in the strain
energy of the rod model (16). We conclude on these variations solving a problem of
torsion of a pre-stressed cylindrical panel using the above incremental formulation
of the theory of shells.

4.1 Pre-stressed State

Seeking to find U (3), we consider a straight cylindrical shell with the cross-section
as in Fig. 2, the geometry specified as follows:

r(ξ, z) = zk + x(ξ), x′ ≡ ∂ξ x = ξ ,

ξ ′ = −αn, n′ = αξ , ξ × k = n; (55)

z is the axial coordinate and k = e3 is the direction, ξ is the unit tangent vector in
the cross-section and α(ξ) is its curvature. Furthermore, we write

∇ = ξ∂ξ + k∂z, a = ∇r = ξξ + kk, b = −∇n = −αξξ . (56)

The actual state is assigned to coincide with the reference one (r = ◦r) and is pre-
stressed:

◦
τ = σ(ξ)kk, ◦

μ = 0, σ (ξ) = a · x(ξ) + b. (57)

The linear distribution of the axial stresses resembles a general bending type of
loading and is determined by the vector a and the constant term b (which is to be
distinguished from the externally applied bi-moments, considered above). With the
geometry (56), we easily check the equilibrium conditions (33):

∇ · ◦
T = (ξ∂ξ + k∂z) · σ(ξ)kk = ∂ξσ ξ · kk + ∂zσ k = 0. (58)

The boundary conditions (38) are also fulfilled at the side edges ξ = 0 and ξ = H ,
as here ν = ∓ξ , and ν · ◦

T = 0.
Let us now compute the force and the moment, which are produced by these

pre-stresses in a cross-section z = const, by mentally separating one part of the shell
from another. The contour of integration F consists of the cut 0 < ξ < H and of
the immediately adjacent points “+” and “–” at the free side edges, which is shown
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Fig. 4 Separated part of the
shell model of a thin-walled
rod and the local basis
vectors in the cross-section
of the cut. Reprinted from
[19] with permission

by a thick line in Fig. 4. The directions of the contour coordinate in the shell model
l and of the outer normal to the contour ν are determined by the choice of the unit
normal to the shell surface n = ν × l , see Fig. 3. The coordinate in the cross-section
ξ according to the above definition is shown in Fig. 2; n = ξ × k, and on the cut we
have

ν = k, l = −ξ , ∂l = −∂ξ . (59)

At the free side edges ξ = 0, H we have ν = ∓ξ , l = ∓k, ∂l = ∓∂z . For the given
distribution of the stress resultants of the shell model (57) we intend to determine
the force P and the moment M, which act at the separated part of the shell from its
counterpart and shall be later interpreted in terms of the rod model. It is important,
that the contour of integration F spans from one side edge to the other one: the end
points of the cut may have concentrated contributions to the integrals because of the
jumps of the local basis l and ν and the derivative with respect to l in the first equality
of (38).

As it is often noted in the literature concerning the classical model of Kirchhoff
plates [11, 15], the twisting component of the externally appliedmomentMν = ν · M
is related to the force P through the first of the boundary conditions (38), and the
problem of finding the external force factors for a given stressed state in the shell does
not possess a unique solution. We will show that indeed arbitrarily chosen Mν(ξ)

results in different P(ξ), but has no effect on the total force and the total moment in
the cross-section.

Proceeding with the actual computation, we first consider Mν = 0. Now, with
(38) we find

P = k · σ(ξ)kk (60)
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as ◦
μ = 0, and there will be no concentrated forces at the end points. For the total

force in the cross-section we write

Qrod =
∫
F
P dl =

∫ H

0
P dξ = bHk; (61)

the term with a vanishes because of (2).
Seeking the total moment, we find from the second boundary condition in (38)

that M = 0, and

M rod =
∫
F
x × P dl = a ·

∫ H

0
xx × k dξ = h−1a · J × k. (62)

Returning back to the discussion of the effect of Mν , we compute its contribution
to the total force. The additional term in P equals ∂l(Mνn). At the free side edges
we have no external actions onto the separated part of the shell, and there Mν = 0.
Integrating the force from one free edge to another one, we find

∫
F

∂l(Mνn) dl = Mνn
∣∣−+ = 0 (63)

as the external moment Mν vanishes in the points “+” and “–” of the free side edges.
Using integration by parts, it is also easy to ascertain that the twisting moment does
not contribute to the total moment in the cross-section:

∫
F

(Mνν + x × ∂l(Mνn)) dl =
∫
F
Mνν dl + x × Mνn

∣∣−+ −
∫
F
Mν l × n dl = 0.

(64)
Now we relate the coefficients a and b in the distribution of the pre-stress σ to

the equivalent axial extension ε and bending κ⊥ ≡ κ − κt t . In doing so, we presume
the deformation to be small, such that the above consideration of a straight rod
remains valid. Indeed, numerical experiments demonstrate that essential changes in
the torsional stiffness happen at very small strains. Comparing the axial force Qt

and the bending moment M in (19) at κt = 0 with the values, integrated over the
cross-section in (61) and (62), we find

bH = EHhε ⇒ b = Ehε,

h−1a · J × k = −Ek × J × k · κ ⇒ a = Ehk × κ; (65)

we have used the relation of the bending stiffness a⊥ to the tensor of moments of
inertia J from (18) as well as the identity a · J = k × a · k × J.
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4.2 Approximate Variational Approach

Now, let us approximate twisting of the shell with the rate κt similar to the kinematics
of a rod (3). We write the position vector in the deformed configuration as

r = ◦r + κt zk × x + κtw(ξ)k. (66)

It is questionable whether this state is indeed a solution of the equations of the theory
of shells. But we aim at computing the total strain energy of the shell model in the
cross-section:

U rod =
∫ H

0
U shell dξ = 1

2
atκ

2
t + 1

2
ãtκ

2
t . (67)

The strain energy of the shellU shell includes the conventional quadratic part accord-
ing to (36), which after integration results in the first term with the known torsional
stiffness at = μC , see (18). But the shell is pre-stressed, and its strain energy addi-
tionally contains the contraction of the pre-stresses (57) with the corresponding strain
measures. This results in an additional quadratic termwith respect to κt , and the coef-
ficient ãt plays the role of a correction of the torsional stiffness due to bending and
axial tension:

1

2
ãtκ

2
t =

∫ H

0

◦
τ· ·E dξ =

∫ H

0
σ(ξ)k ·E · k dξ. (68)

We compute the deformation gradient and the strain

F = ◦∇rT = ◦a + κt k × xk + κt znξ + κtw
′(ξ)kξ ,

k ·E · k = 1

2
((F · k) · (F · k) − 1) = 1

2
κ2
t x · x.

(69)

The kinematic relation between the strain measure of the shell and κt is quadratic,
which is a geometrically non-linear effect.

Thus, the correction of the torsional stiffness is expressed via the second and the
third order geometric moments of the cross-section:

ãt =
∫ H

0
σ(ξ)x · x dξ = h−1(a · γ + b tr J), γ = h

∫ H

0
xx · x dξ. (70)

Now, tr J = E−1 tr a⊥, we use (65) and arrive at ãt as in (16):

ãt = ζ · κ + ε tr a⊥, ζ = Eγ × k = Eh
∫ H

0
xx · x dξ × k. (71)

The argumentation in the literature [12, 14, 21] is based on similar geometric consid-
erations. Although the developed model corresponds well to the results of numerical
analysis of non-reduced problems, a more accurate solution appears to be necessary.
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4.3 Exact Solution of the Shell Problem of Torsion

Aiming at the solution of the problemwith pre-stresses, let us focus on a simple linear
case of torsion of the shell model of a thin-walled rod of open profile. We apply the
incremental shell equations fromSect. 3.6 to the undeformed configuration, described
by (55), (56). The small strain is sought in the form

E· = 0, K· = κξ z(ξk + kξ), κξ z = const. (72)

Instead of checking the conditions of compatibility [3],we simply state that the strains
are kinematically admissible [19] and the correspondingfieldof displacements fulfills

∂zu = −κξ zk × x. (73)

We compare to r − ◦r from (66) and identify the rate of twist: κt = −κξ z . With the
constitutive relations (52) the stresses are

◦
τ· = 0, ◦

μ· = D2κξ z(ξk + kξ). (74)

Now we address the equations of equilibrium (48):

◦
μ = 0, ∇ · ◦

μ· = 0 ⇒ ◦
Q· = 0◦

T· = −αD2κξ zkξ ⇒ ∇ · ◦
T· = 0.

(75)

Finally, we apply the boundary conditions (38) (updated to the present notation for
increments from the undeformed state with dots and circles) and ensure that the side
edges are also free from external loading:

ν = ∓ξ , l = ∓k, ν · ◦
T· = 0, ν · ◦

μ· · ln = const, ν · ◦
μ· · ν = 0. (76)

It proves, that the state (72), (74) is indeed a solution of a problem of statics. It
remains yet to find the relation of the rate of twist κt to the total twisting moment
in the cross-section M rod

z . Moreover, we shall check that both the total force and the
total bending moment in the cross-section vanish. The integration is to be performed
from one free side edge to another, and concentrated forces need to be considered,
as at the free edges we have ν · ◦

μ· · l = D2κξ z , while inside the domain 0 < ξ < H
it will be ν · ◦

μ· · l = −D2κξ z (see (59) and below). As shown above in Sect. 4.1, an
arbitrary distribution of the twisting moment along the cut shall not have an effect
on the total force and the total moment. The choice

M·
ν = −2D2κξ z (77)
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allows avoiding jumps of the expression under the derivative ∂l in the first of the
conditions (38) in the end points ξ = 0 and ξ = H . Now we use the expression from
(75) for

◦
T· and find

P· = k · D2κξ z(ξk + kξ) · (−αξξ) + ∂ξ (D2κξ zn) = 0; (78)

we have used αξ = n′. This guarantees the absence of the total force in the cross-
section. From the second boundary condition in (38) we find Ml = 0, and the total
moment has just the twisting component:

M rod =
∫ H

0
M·

ν ν dl = −2D2Hκξ zk. (79)

It remains to add that a computationwithM·
ν = 0 requiresmore effort as concentrated

forces in P· have to be processed in the end points of the cut, but leads to the
same conclusions. The classical theory of Kirchhoff-Love shells does not allow to
determine, whether the two parts of the shell actually interact by twisting moments
or by forces or by a combination of them. This has long been known for plates,
see, e.g., the remarks by Timoshenko and Woinowsky-Krieger [15]. Arriving at the
same conclusion concerning the equivalence of the distributed twisting moment to
a couple of concentrated forces in the corners of a classical plate, Reismann [11]
studies the problem further with the Reissner-Mindlin model of a shear deformable
plate. This allows to uniquely determine the distributions of the force factors in a
cross-section. While the twisting moment is almost constant inside the contour and
vanishes near the end points, the transverse force is mainly concentrated near the
ends of the domain. This conforms to solution of the Saint-Venant problem of twist
of a plate as a three-dimensional body; the importance of the contribution of the
transverse shear stresses near the end points of the cross-section of such a plate has
been emphasized by Ziegler [23].

Recalling the kinematic formula (73), we relate the rate of twist to the twisting
moment and find the classical expression for the torsional rigidity:

M rod
z = 2D2Hκt ⇒ at = μC = 2D2H = EHh3

6(1 + ν)
. (80)

4.4 Torsion of a Pre-stressed Shell

Now everything is prepared for a novel and mathematically consistent proof of the
expression for the additional torsional rigidity (71). We consider the incremental
formulation of the problem of torsion with the account for pre-stresses (57) owing
to bending and tension.
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The constitutive relations (51) shall now be considered with

∂U

∂E
= ◦

τ,
∂U

∂K
= 0. (81)

The configuration prior to the linearisation coincides with the reference state; see the
discussion before (65). We again seek the strains in the form (72). Then with (51) it
follows

◦
τ· = ◦

τ · F· T = σ(ξ)k∂zu,
◦
μ· = D2κξ z(ξk + kξ). (82)

The purely kinematical relation of the field of displacements u with the fields of
strains does not change in the presence of pre-stresses, and from (73) we find

◦
τ· = −κξ zσ(ξ)kk × x. (83)

We again consider the equilibrium conditions. Additionally to (75), we verify that
the new increment of the in-plane stresses is also self-equilibrated:

∇ · ◦
τ· = ξ · ∂ξ

◦
τ· = 0. (84)

Let us now address the static boundary conditions, which were not treated in
the general incremental formulation in Sect. 3.6; the inherent difficulties have been
pointed out by Pietraszkiewicz [10]. In the following we demonstrate that the bound-
ary conditions of the linear formulation shall be augmented by simple correction
terms, if the pre-stressed state is a momentless one. Moreover, even these correction
terms vanish in the present case.

Consider the first one of the boundary conditions (38) in the general non-linear
case. Applying the transformations (41), (42), we rewrite it with the Piola tensors:

◦
ν · ◦

T − ∂

∂
◦
l

(◦
ν · ◦

μ · ◦
l ◦n

) = P
(

∂l

∂
◦
l

)
; (85)

the torsional moment Mν is ignored owing to the reasons stated above. Here
◦
l is the

arc coordinate along the boundary in the reference configuration and l is the actual
one. Varying this equality from the state

◦
μ = 0, l = ◦

l, l = ◦
l, n = ◦n, ν = ◦

ν, (86)

we arrive at a linearised boundary condition, which has just one additional term in
comparison to the fully linear case:

ν · ◦
T· − ∂l

(
ν · ◦

μ· · ln
)

= P· + P
(

∂l

∂
◦
l

)·
. (87)
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Now we turn the attention to the moment boundary condition, i.e., to the second
equality in (38). We apply the transformation rule (42) twice and find

◦
ν · ∂U

∂K
· ◦
ν = −J−1Ml

(
∂l

∂
◦
l

)2

. (88)

Linearising from the state

K = 0, J = 1, l = ◦
l, ν = ◦

ν, (89)

we find

ν · (D1a trK· + D2K·) · ν = −M·
l − Ml

(
J−1

(
∂l

∂
◦
l

)2
)·

. (90)

The derived boundary conditions are particularly simple owing to the “pure bending”
type of deformation (72), which in the context of shell theory is characterized by
E· = 0, i.e. the preservation of the firstmetric of the surface. Accordingly, the lengths
and areas on the surface do not change, and the additional terms in the right-hand
sides of (87), (90), which are related to the increments of the geometric elements,
vanish.

From (83) we see that the boundary conditions at the free edges ξ = 0, H hold
as ν · ◦

τ· = 0. Along with the fulfilled equilibrium and the compatibility conditions
inside the domain this means that (72) is an exact solution of the shell problem,
linearised in the vicinity of a pre-stressed state.

Computing the twisting moment, we find that the correction term M̃
rod

in com-
parison to the linear case will appear only due to the non-vanishing P· because of
the new term ◦

τ·. Hence, we use (83) and compute

P· = ν · ◦
τ· = −κξ zσ(ξ)k × x (91)

and

M̃
rod =

∫ H

0
x × P· dξ = −

∫ H

0
σ(ξ)x × (κξ zk × x) dξ. (92)

Transforming the double cross product and recalling the relation to the rate of twist
of the shell κξ z = −κt , we find

M̃
rod = κt k

∫ H

0
σ(ξ)x · x dξ. (93)
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Comparing with (70), we ensure that the additional torsional stiffness ãt is indeed
determined by the expression (71). Continuing the analysis, we compute the incre-
ment of the total force in the cross-section:

Q̃
rod =

∫ H

0
P· dξ = −

∫ H

0
σ(ξ)κξ zk × x dξ = −κtM rod. (94)

Torsion induces a transverse force in a rod, loaded by a bending moment. This
seeming contradiction is easy to explain. From the linearised constitutive equations
of the rod theory (20) we see that themoment before the linearisation enters the right-
hand side as θ × M rod. The vector of small rotation is θ = κt zk, and this term cancels
the computed additional force in the cross-section in the equilibrium equations (8):

(
θ × M rod

)′ = κt k × M rod,

r ′ × Q̃
rod = −κt k × M rod.

(95)

Two important factors contributed to the simplicity and compactness of the pre-
sented analysis. Firstly, the shell is assumed undeformed and being in a membrane
stressed state prior to the linearisation. And secondly, the small deformation of the
considered form does not change the metric of the surface.

5 Numerical Experiments and Validation

This section focuses on the application of the incremental beam theory to the exam-
ple problem depicted in Fig. 5. The spatial Cartesian coordinate system with basis[
i, j , k

]
has its origin in the centroid of a quadrant, that constitutes the beam axis

with material arc coordinate s and radius ρ1. The statically determined system is
clamped at s = 0 and loaded by a dead force F at the free end s = L . The axis
connects the geometric centroids of the cross-sections, that consist of semi-circles
with arc coordinate ξ ∈ [0, H ], radius ρ2 and thickness h. The first material basis
vector e1 points in out-of-plane and the second e2 in radial direction, whereas e3
coincides with the beam axis tangent vector t . The specific geometric and material
SI-parameters used in the upcoming computations are presented in Table1.

We will first investigate the linear deformation behaviour of the clamped, curved
beamwhen bent by F both in- and out-of-plane. In comparing the results to reference
computations with shell finite elements, one may study the convergence behaviour of
the beam theory when proceeding to parameter sets of even slenderer structures. As
proved in [19], the applied beam theory is asymptotically correct for straight beams
in the geometrically linear setting, as long as the thickness of the open profile remains
one order smaller than its length, which itself is presumed to be one order smaller
than the size of the beam axis. Using ρ1, ρ2 and h as characteristic parameters for
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z, k
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x,
i

ρ
1

s

F

ρ2

e1

e2

e3
e2

e1

e3 = t
x

ξ

h

ρ2

Fig. 5 Circularly curved beam in space with semi-circular cross-section; geometry, spatial system,
material basis and parametrisation

Table 1 SI geometric and material parameters of the example problem

ρ1 ρ2 L H h E ν

2
π

0.02 1 0.02π 0.001 2.1 · 1011 0.3

the circular rod, this relation can be expressed with a formal, asymptotically small
parameter λ

h = λ ρ2 = λ2 ρ1 . (96)

One may alternatively use L or H instead of ρ1 or ρ2 respectively, but the differences
vanish when λ tends to zero. Variation of the geometric parameters according to
the above rule allows for an empirical check, whether the curved beam conforms
to the expected asymptotic behaviour for λ → 0. Another interesting aspect is the
possible distortion of the shell cross-section in different load cases, which may not
be describable by the beam’s limited kinematic resources.

Advancing to the incremental theory of second order by simplification of the
general incremental equations presented in Sect. 2.2, we aim to calculate the critical
forces for torsional-flexural buckling of the beam when loaded by an in-plane either
compressive or transverse force F. The solutions are again compared to shell finite
element computations performedwith the in-house software shellFE [18, 19] as well
as the commercial programAbaqus.We conclude the numerical experiments with the
post-buckling analysis in the framework of the shell theory, utilizing a geometrically
imperfect structure and the finite element code shellFE.
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For all calculations ahead, we need to provide the section properties according to
(17) and (18), startingwith the geometric properties of the semi-circular cross-section

A = h H , J =
(π

2
h ρ3

2

)
e1e1 +

(
π2 − 8

2π
h ρ3

2

)
e2e2 , C = H h3

3

γ =
(
2

(
π2 − 8

)
π2

h ρ4
2

)
e2 , J0 = π4 − 72

12π
h ρ5

2 , β = − (
h ρ4

2

)
e1 , (97)

and the stiffness coefficients read

a = (E J22) e1e1 + (E J11) e2e2 + μC t t , ζ = (E γ ) e1 . (98)

5.1 Linear Deformation Analysis

The governing equations needed to form the system of differential equations for the
linear bending or torsional-bending problem are: the equations of equilibrium (8), the
kinematic relation (13) and the constitutive formulas (20). Proceeding to the classic
linear formulas we merely neglect all contributions from the pre-stressed state. In
contrast to the more general formulation discussed before, we further assume the
beam to be inextensible. As a consequence r ′ = t and the constitutive law for Qt

is replaced by the kinematic condition (13) for ε = 0, which leads to the following
system

Q′ + q = 0 , M ′ + t × Q + m = 0 , (99a)

M + (
B ′ + b

)
t = a · θ ′ − E t × β

(
θ ′ · t)′

,

B = E J0
(
θ ′ · t)′ − E (t × β) · θ ′ , (99b)

u′ − θ × t = 0 , (99c)

wherein the incremental dot has been dropped, as there is no more distinction of
states necessary. The modified kinematic relation (99c) now includes the condition
of no transverse shear as well as the inextensibility constraint. It enables direct
integration for thefield of displacementsu once the solution for the small rotations θ is
available. The remainder of the constitutive law simplifies greatly due to cancellation
of all non-linear terms. The effective torsional stiffness stays the traditional one as a
consequence.

In the present case there are no distributed forces q, m or b, which makes solving
the equilibrium equations a trivial task

Q = F M = − (r − ρ1 k) × F , (100)
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owing to the boundary conditions at the free end Q (s = L) = F and M (s = L) =
0. Now, the construction of ODEs in θi limits itself to substitution of Q, M and B ′,
readily available from (99b), in the first constitutive relation, followed by projection
onto each of the three basis vectors ek . For the sake of brevity, we will not cover this
process in anymore detail, and rather just present the system of differential equations

e1 : a11θ
′
1 = M1 , (101a)

e2 : e2 · a · θ ′ − E β
(
θ ′ · t)′ = M2 , (101b)

t : − E J0
(
θ ′ · t)′′ + E

(
t × β · θ ′)′ + t · a · θ ′ = M3 , (101c)

accompanied by the boundary conditions

θ (s = 0) = 0 , θ ′
t (s = 0) = 0 , B (s = L) = 0 . (102)

One might recognize, that the system (101) has each one instance of first, second
and third order, but (102) provides only five conditions. This issue can be resolved
by transforming (101c) to second order via substitution of

(
θ ′ · t)′

with (101b). It
is worth noting, that the first equation decouples from the others and resembles the
classic Bernoulli plane bending differential equation.

We consider two load cases: in-plane bending with a radial transverse force
F = F k and out-of-plane bending with F = F i . While the first is free of any out-
of-plane deformations θ2 = θt = 0, the latter induces a combined torsional-bending
deformation without in-plane rotations θ1 = 0. Though (101a) can be easily inte-
grated in closed form, the two coupled equations are more conveniently solved by
numerical integration. Turning to the results, we first take a brief look at the solutions
for u (s) and θ (s) in Fig. 6 for both load cases. We applied a unit force F = 1 and
plotted non-trivial components only. As the ordinate scale factors indicate, the beam
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Fig. 6 Linear deformation analysis; distribution of non-trivial components of θ and u for out-of-
plane bending (left), in-plane bending (right)
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shows a much softer behaviour when bent out-of-plane than in-plane owing to the
low torsional stiffness, which is proportional to h3 according to (97). Evidently, the
considered example is well suited for a buckling analysis, as one can expect pure
in-plane deformation paths to become unstable at some critical point. The reason
why the displacement vector u has to start with a zero tangent at s = 0 is a direct
consequence of the clamping boundary conditions (102) in conjunction with the
kinematic relation (99c).

In order to compare the results to shell finite element calculationswith the program
shellFE, we first study the cross-section distortion at s = L/2 for both load cases in
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Fig. 7 Comparison of cross-section deformation in beam and shell model for out-of-plane (left)
and in-plane bending (right)
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Fig. 7. Evaluation at the midpoint of the beam axis helps avoiding possible boundary
distractions.We plot the out-of-plane, radial, and circumferential displacements from
top to bottom over the arc coordinate in the cross-section ξ , i.e. their distribution in
the section as predicted by beam theory and shell finite elements. The shell nodal
displacements are marked with thick black dots, whereas the dashed line depicts a
regression of these nodal values by means of beam kinematics. That is to say, the
regression function used is (3), which has the same seven degrees of freedom to
display the cross-section deformation as a single material point of the beam. Lastly,
the shell displacements corresponding to the integration of the beam boundary value
problem are also reconstructed using (3) and drawn with a blue line. The ordinates
of each plot are related to the maximal nodal displacement component occurring for
the considered load case according to

ūshelli = ushelli

max
{
ushell1 , ushell2 , ushellt

} , (103)

which allows to distinguish between dominant and less significant components of
the shell displacement field ushell.

Analysing the plots, one immediately recognizes that the overall agreement for
out-of-plane bending is far better, i.e. the solutions of beam and shell theory are
practically congruent. Together radial and normal displacement shift and rotate the
cross-section as a rigid body and the axial component accounts for the warping
deformation due to torsion. In contrast, the beam in-plane bending solution still
delivers only unsatisfactory accuracy. The radial displacements are underestimated in
the beammodel, although they are reasonablywell approximated by the regression of
the shell’s nodal values.Moreover, the out-of-plane displacements, which correspond
to a distortion of the cross-section, cannot be accounted for in the framework of beam
theory. This effect, which can be interpreted as the shell struggling to preserve its
in-plane metric to avoid membrane strains—see [19] or the paragraph below (90)
for a brief discussion on the concept of “pure bending” in shell theory—still has a
major influence on the overall deformation and thus limits the reachable accuracy of
the beam model.

For the upcoming discussion on the asymptotic behaviour it is however note-
worthy, that the effect of cross-sectional contraction or expansion becomes less
pronounced for only slightly curved beams and practically irrelevant for straight
ones. Therefore, we accompany the following numerical asymptotic analysis with a
parameter study, where the standard parameters of Table1 are preserved, except for
ρ1, which is increased to gradually straighten up the beam and decrease its curvature.
In order to preserve the pure in-plane transverse force loading, the direction of F
needs to be altered simultaneously. For the asymptotic study we consider an out-of-
plane transverse loading F = F i and vary the geometric parameters according to
(96). The reached accuracy is judged with the relative rotation angle differences εk
defined as
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Fig. 8 Numerical asymptotic analysis according to (96) for out-of-plane bending (left) and param-
eter study for in-plane bending while gradually straightening the beam (right)

εk =
∣∣∣∣∣
θ shell
k

θk

∣∣∣∣
s=L/2

− 1

∣∣∣∣∣ , (104)

where θ shell
k denotes the effective rotation angle of the shell finite element results due

to the nodal value regression fit. The results of both studies are presented in Fig. 8. As
there is no monotonous convergence for λ → 0 in the first picture, we immediately
conclude, that the applied theory is not asymptotically correct for curved beams.
Therefore, in order to develop a consistent asymptotic theory one would have to
include the curvature radius into the set of characteristic parameters. The parameter
study in the second picture justifies the statement, that the effect of cross-section
distortion diminishes when decreasing the beam’s curvature. The graph is however
not monotonous and reaches a minimum at a low curvature. From there on the error
increases slightly and reaches a distinct value for the straight beam with 1/ρ1 → 0,
indicated by a horizontal line in the picture.

5.2 Stability Analysis: Critical Forces and Post-buckling
Behaviour

In the previous section the beam solution to the in-plane bending problem turned out
to be not quite accurate in comparison to reference computations with shell finite ele-
ments. At a first glance, this finding does not sound very promising when proceeding
to the buckling analysis. Nevertheless, buckling might happen at very small defor-
mations and possible inconsistencies in the approximation of deformations do not
necessarily affect the accuracy of the pre-stresses. The latter, namely the moment M
and force Q, can be taken directly from (100) and are sufficient to describe the influ-
ence of the pre-stressed state in the governing equations of the incremental theory
of second order. Seeking stability loss for torsional-flexural buckling, we consider a
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subcritical state, that is loaded by an in-plane force F. The corresponding field of
pre-strains is twist free and its out-of-plane components vanish. Hence, κ2 = κt = 0
and the constitutive relations for the pre-stressed state reduce to

M = a · κ Qt = E A ε B = 0 . (105)

Inversion of the above formulas enables an alternative formulation of the torsional
stiffness correction term ãt in (16)

ãt = (
J−1 · (t × M)

) · γ + Qt

A
tr J , (106)

which is closely related to (70) and effectively replaces the pre-strains by the pre-
stresses in the incremental equations. This allows us to ignore all remaining pre-
deformations (both displacements and strains) when proceeding to the incremental
equations of second order theory. While this neglect neither changes the equilibrium
equations (8) nor the kinematic formula (13) at all, the incremental constitutive
relations (20) simplify significantly. We further assume inextensibility ε = ε· = 0
which implies r ′ = t and repeat the whole system of equations for convenience

Q·′ + q· = 0 , M·′ + u′ × Q + t × Q· + m· = 0 (107a)

M· + (
B·′ + b·) t = θ × M + a · θ ′ − E t × β κ·′t + ãt t κ·t

B· = E J0 κ·′t − E t × β · θ ′ (107b)

u′ − θ × t = 0 . (107c)

Having related strains to force resultants in (105) in order to construct the strain-
free formulation of ãt (106) and now assuming all strain contributions in the above
incremental system to be negligible might seem implausible. However, in the course
of derivation of ãt in Sect. 4.2 the formulation (106) based on force resultants (actually
its equivalent (70)) precedes the strain-related formulation, which itself relies on
the assumption of small strains as a result of force resultants of a pre-stressed, yet
undeformed state. The necessity to formulate ãt as a function of strains originates
from the need to write the strain energy density (16) as a function of independent
strain measures.

The stepwise derivation of the system of ODEs follows a slightly different path
this time, starting again with the first equation of equilibrium: There were no dis-
tributed forces applied before nor are there any increments in these quantities now,
thus q· = 0, m· = 0 and b· = 0. Hence, the increment Q· once more is constant,
but as the external concentrated force F is considered a dead force, it follows that
Q· = F· = 0. Again seeking for a system in θk we further substitute the kinematic
relation (107c) and the constitutive relations (107b) in the second equilibrium equa-
tion, each in its proper form, i.e. the required order of derivative in s. Insertion of
M and Q from (100) followed by projection onto the material basis vectors ek con-
cludes the derivation. The differential equation for the in-plane increment θ1 once
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again decouples and has only the trivial solution. As the remaining two equations
are rather complicated, they need to be integrated numerically and we forgo writing
them down. The boundary conditions for the incremental state read

θ (s = 0) = 0 , θt (s = 0) = 0 , B· (s = L) = 0 , M· (s = L) = 0 , (108)

where the last one needs to be included, as we could not solve for the moment M·
independently of the incremental deformations in contrast to the linear analysis. Con-
sequently, the differential equations receive a higher order than before. In conjunction
with the above boundary conditions the two remaining homogeneous ODEs for the
out-of-plane deformations θ2 and θt represent a linear eigenvalue problem with vari-
able coefficients for the critical force value F . As the problem can hardly be solved in
a closed form, a suitable numerical method has to be applied; in particular a shooting
method for linear systems was used.

We performed the stability analysis for two load cases: loading with a pure trans-
verse force in outward pointing radial direction F = F k as well as application of a
compressive force F = F j . The critical values derived with incremental beam the-
ory are compared to shell finite element calculations within the incremental (Abaqus)
as well as the non-linear shell theory (shellFE and Abaqus). As illustrated in Fig. 1
the open section beam elements in Abaqus do not incorporate the torsional stiffness
correction ãt to full extent, which renders them unusable for the present buckling
analysis. The results are collected in Table2 in conjunction with two error mea-
sures that quantify both the error between the different structural theories as well
as the importance of pre-deformations in the considered load case. Both FBeam and
F incr
Abqs correspond to computations in the framework of the second order beam and

shell theory respectively. Consequently, all subcritical pre-deformations are excluded
from these analyses, whereas FshellFE and Fnl

Abqs are obtained using geometrically
non-linear shell finite elements. Therefore, comparison of the two distinct buckling
forces obtained with Abaqus indicates the importance of pre-deformations for the
load case at hand. Evidently, it is negligible for a compressive force loading and
has a minor impact on the buckling load when a transverse force is applied. The
incremental beam theory yields accurate predictions for the critical forces and the
slightly larger discrepancy for the second load case is clearly related to the neglect
of pre-deformations.

It remains to study the post-buckling behaviour of the imperfect member, whose
undeformed reference configuration is bent out-of-plane just slightly. We plot the
out-of-plane deformation paths of the free endpoint computed with shellFE in Fig. 9
for compressive force loading and in Fig. 10 for transverse force loading. Each curve
corresponds to a different imperfection amplitude and the previously obtained critical
force values are marked with vertical grid-lines. The plots are accompanied with 3D-
scenes of themember in different stages of the analysis. A stable pitchfork bifurcation
can be observed for both load cases, the out-of-plane deformations grow rapidly in
the immediate neighbourhood of the bifurcation point. For force values far above
the critical point the member gets further twisted and straightened, which may even
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Fig. 9 Out-of-plane deformation paths of the circular rod with different imperfection amplitudes
for post-buckling under a compressive force loading and illustration of the buckling progress

0 20 40

0

−0.1

−0.2

−0.3

P

u3

Fig. 10 Out-of-plane deformation paths of the circular rod with different imperfection amplitudes
for post-buckling under a transverse force loading and illustration of the buckling progress

Table 2 Comparing torsional-flexural buckling loads computed with incremental beam theory to
reference computations with shell finite elements performed with shellFE and Abaqus

Buckling loads Error measures

Load case FBeam F incr
Abqs FshellFE Fnl

Abqs
FBeam
Fnl
Abqs

− 1
F incr
Abqs

Fnl
Abqs

− 1

Compressive 13.58 13.46 13.59 13.46 0.009 0.000

Transverse 27.10 26.88 27.93 27.72 −0.022 −0.030

result in a decrease of the presented out-of-plane displacements, whereas the vertical
component keeps growing.

6 Conclusions

We successfully applied the incremental shell theory to identify specific geometric
non-linearities in the theory of curved rods with thin-walled open cross-sections. It
turns out, that the effective torsional stiffness in a cross-section depends on its axial
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stresses, determined by the normal force Qt and the bending moments M⊥. Conse-
quently, one has to introduce cubic terms in the strain energy function of beam theory
to account for this effect properly. In contrast to alternative strategies that emanate
from three-dimensional elasticity theory, the derivation based on incremental shell
equations is compact owing to the simplifications already incorporated in the shell
theory and, more importantly, free of any further assumptions. This substantiates
the developed non-linear, augmented beam theory, that rests upon an asymptotically
justified, geometrically linear theory for straight rods of open profile. However, sim-
ple numerical experiments show, that curved rods do not share the same asymptotic
behaviour, which leaves the development of an asymptotically justified theory for
arbitrarily curved rods of open profile for future research.

We further studied the torsional-flexural buckling and the post-buckling behaviour
of a circularly curved rod with semi-circular cross-sections. The critical loads
obtained with incremental beam theory of second order correspond well to reference
computations with different shell finite element methods. This verifies the ability of
the beam theory to accurately predict the non-linear structural response of the mem-
ber. It further demonstrates the appropriate use of the simple second order theory
for structural stability analyses, which is limited to cases with negligible subcritical
pre-deformations.
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Buckling of Elastic Circular Plate
with Surface Stresses

Denis N. Sheydakov

Abstract In the framework of general stability theory for three-dimensional bodies,
the buckling analysis has been carried out for a circular plate subjected to the radial
compression. It was assumed that the surface stresses are acting on its faces and the
behavior of the plate is described by the Gurtin–Murdoch model. For an arbitrary
isotropic material, the system of linearized equilibrium equations is derived, which
describes the behavior of a plate in a perturbed state. In the case of axisymmet-
ric perturbations, the stability analysis is reduced to solving a linear homogeneous
boundary-value problem for a system of three ordinary differential equations. It is
shown that for a plate with identical faces, it is sufficient to consider only half of
the plate to study its stability. For two specific models of bulk material (Harmonic
model and Blatz–Ko model), the buckling analysis has been carried out for a circular
plate made of aluminum. It was found, in particular, that the stability of the plate
increases with a decrease in its overall size. This effect is due to the influence of
surface stresses and is quite significant at the micro- and nanoscale.

1 Introduction

The problem of equilibrium stability for deformable bodies is of major importance
because the exhaustion of bearing capacity and the collapse of engineering structures
quite often occurs due to the buckling under external loads. Due to the development
of modern technologies and the appearance of newmaterials, the problem of stability
analysis while taking into account the various surface phenomena becomes relevant
[11]. For example, the deformation pattern of bodies at micro- and nanoscale is
often significantly different from the behavior of macro-sized bodies, which can
be explained by surface effects [1]. To model surface phenomena, especially in
nanomechanics [4, 17], the theory of elasticity with surface stresses has received
development. In this theory, in addition to the ordinary stresses distributed in the
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volume, the independent surface stresses are also taken into account at the boundary
of the body or its part. These stresses generalize the well-known in hydromechanics
scalar surface tension to the case of solids. The introduction of surface stresses allows,
in particular, describing the size effect typical for nanomaterials [3, 9, 16].

The present research is dedicated to the buckling analysis of nonlinearly elastic
plateswith surface stresses. To take into account the influence of the latter, theGurtin–
Murdoch model [6] is used, which from the mechanical point of view is equivalent to
a deformable body with a glued elastic membrane. Accounting for surface stresses
allows studying the buckling features of micro- and nanosized plates.

2 Governing Equations

In the framework of Gurtin–Murdoch model, the set of static equations for a non-
linearly elastic body with surface stresses in the absence of body forces consists of
[14] the equilibrium equations

◦∇ ·D = 0 (1)

the equilibrium conditions on the part of the body surface �s , where the surface
stresses are acting (

n · D − ◦∇s · Ds

)∣∣∣
�s

= t (2)

the constitutive equations

D = P · C, P = 2
∂W (G)

∂G
, Ds = Ps · Cs, Ps = 2

∂Ws(Gs)

∂Gs
(3)

and the geometric relations

G = C · CT, C = ◦∇ R, Gs = Cs · CT
s , Cs = ◦∇sR

∣∣∣
�s

(4)

Here D and P are the Piola and Kirchhoff stress tensors, respectively;
◦∇ is the

three-dimensional nabla-operator in Lagrangian coordinates;
◦∇s is the surface nabla-

operator; Ds and Ps are the surface stress tensors of the Piola and Kirchhoff type; n
is the unit vector normal to the surface of the undeformed body; t is the surface loads
vector; W and Ws are the bulk and surface strain energy densities, respectively; G
and Gs are the Cauchy–Green strain tensors in the volume and on the surface of the
body; C and Cs are the deformation gradients; and R is the position vector in the
actual configuration.

Taking (3) into account, the following relations are valid for the Kirchhoff stress
tensor P in the case of an isotropic body [8, 10]:
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P =
3∑

k=1

χkdk ⊗ dk, χk = 2
∂W (G1,G2,G3)

∂Gk
, G =

3∑
k=1

Gkdk ⊗ dk (5)

whereGk,dk(k = 1, 2, 3) are the eigenvalues and eigenvectors of the Cauchy–Green
strain tensor G. At the same time, the expression for the surface stress tensor of
Kirchhoff type Ps takes the form [1]:

Ps = κ1Is + 2κ2Gs, κθ = 2
∂Ws( j1, j2)

∂ jθ
, jθ = trGθ

s , θ = 1, 2 (6)

Here j1, j2 are the invariants of the surface Cauchy–Green strain tensor Gs ; I and
Is = I − n ⊗ n are the three-dimensional and surface unit tensors, respectively.

3 Circular Plate with Surface Stresses

Consider a homogeneous circular plate of radius r0 and thickness 2h. We assume
that the surface stresses are acting on its top �+ (z = h) and bottom �− (z = −h)

faces, i.e.�s = �+ ∪ �−. In the case of radial compression of the plate, the position
vector R is given by the following relations [13, 18]:

R = αreR + γ zeZ
R = αr, Φ = ϕ, Z = γ z
0 ≤ r ≤ r0, 0 ≤ ϕ ≤ 2π, |z| ≤ h

(7)

where r, ϕ, z are the cylindrical coordinates in the reference state (Lagrangian
coordinates); R, Φ, Z are the Eulerian cylindrical coordinates;

{
er , eϕ, ez

}
and

{eR, eΦ, eZ } are the orthonormal vector bases of Lagrangian and Eulerian coordi-
nates, respectively; α is the given ratio of radial compression; and γ is the unknown
constant that characterizes the deformation in the thickness direction of the plate.

According to the expressions (4), (7), the deformation gradients in the volume
and on the surface are:

C = α(er ⊗ eR + eϕ ⊗ eΦ) + γ ez ⊗ eZ , C± = α(er ⊗ eR + eϕ ⊗ eΦ) (8)

Hereinafter indexes “+” and “–” denote surface quantities related to the top and
bottom faces of the circular plate, respectively.

From the relations (4), (8) we obtain the expressions for the corresponding
Cauchy–Green strain tensors

G = α2(er ⊗ er + eϕ ⊗ eϕ) + γ 2ez ⊗ ez, G± = α2(er ⊗ er + eϕ ⊗ eϕ) (9)
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It is obvious that for the considered initial strain state the eigenvectorsdk (k = 1, 2, 3)
of the Cauchy–Green strain tensor coincide with the vector basis of Lagrangian
cylindrical coordinates, i.e. d1 = er , d2 = eϕ , d3 = ez , and the eigenvalues Gk are:
G1 = G2 = α2, G3 = γ 2. Thus, taking (5), (6) into account, the following relations
are valid for the Kirchhoff stress tensors:

P = χ1er ⊗ er + χ2eϕ ⊗ eϕ + χ3ez ⊗ ez
P± = (

κ±
1 + 2α2κ±

2

)
(er ⊗ er + eϕ ⊗ eϕ)

(10)

Substituting the above expressions in (3), we find a representation of the Piola stress
tensor D and the surface stress tensors of the Piola type D+ and D− in the case of
radial compression of the circular plate

D = αχ1er ⊗ eR + αχ2eϕ ⊗ eΦ + γχ3ez ⊗ eZ
D± = α

(
κ±
1 + 2α2κ±

2

)
(er ⊗ eR + eϕ ⊗ eΦ)

(11)

It follows from (11) that the equilibrium equations (1) are automatically satisfied if
χ1 = χ2. The equilibrium conditions (2) on the plate faces �+ and �− in the absence
of surface loads are written as follows:

χ3|z=±h = 0 (12)

By solving the equation (12) at given densityW of the bulk strain energy, we find
the unknown constant γ .

4 Equations of Neutral Equilibrium

Suppose that in addition to the discussed initial strain state of the circular plate with
surface stresses, there is an infinitely close equilibrium state under the same external
loads, which is determined by the position vector R̃ = R + ηv. Here η is the small
parameter and v is the vector of additional displacements.

The linearized equilibrium equations for a nonlinearly elastic medium have the
form [5, 10]:

◦∇ ·D• = 0, D• =
[
d

dη
D (R + ηv)

]

η=0

(13)

D• = P• · C + P · ◦∇ v (14)

Here D• and P• are the linearized Piola and Kirchhoff stress tensors, respectively. In
order to find the expression for the latter, a linearization of the constitutive relations
(5) is carried out [12, 14]
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P• =
3∑

k=1

(
χ•
k dk ⊗ dk + χkd•

k ⊗ dk + χkdk ⊗ d•
k

)

G• =
3∑

k=1

(
G•

kdk ⊗ dk + Gkd•
k ⊗ dk + Gkdk ⊗ d•

k

) (15)

By taking into account the fact that vectors dk and d•
k (k = 1, 2, 3) are mutually

orthogonal, i.e. dk · d•
k = 0, following (15) we obtain (m, n = 1, 2, 3; k �= m �= n)

dk · P• · dk = χ•
k , dk · P• · dm = Bndk · G• · dm, Bn = χk − χm

Gk − Gm
(16)

where the relations for χ•
k have the form:

χ•
k =

3∑
n=1

χknG
•
n, χkn = ∂χk(G1,G2,G3)

∂Gn
, G•

n = dn · G• · dn

Equations (16) represent all components of the linearized Kirchhoff stress tensor P•
in the basis {d1,d2,d3} through the components of the linearized Cauchy–Green
strain tensor G•, while the tensor G• itself is

G• = ◦∇ v · CT + C · ◦∇ vT (17)

According to (2), the linearized equilibrium conditions on the top (z = h) and
bottom (z = −h) faces of the plate take the form [1]:

(
ez · D• ∓ ◦∇± · D•

±

)∣∣∣
z=±h

= 0 (18)

Here D•
+ and D

•
− are the linearized surface stress tensors of the Piola type, for which,

taking into account the expressions (3), (6), the following relations are valid [15]

D•
± = P•

± · C± + P± · ◦∇±v±, P•
± = κ±

1
•I± + 2κ±

2
•G± + 2κ±

2G
•
± (19)

where (θ = 1, 2)

κ±
θ

• =
2∑

τ=1

κ±
θτ j

±
τ

•, κ±
θτ = ∂κ±

θ ( j±
1 , j±

2 )

∂ j±
τ

j±
1

• = trG•
±, j±

2
• = 2tr

(
G± · G•

±
)

G•
± = ◦∇±v± · CT

± + C± · ◦∇±vT± , v± = v|z=±h

(20)
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Here P•
+ and P•

− are the linearized surface stress tensors of the Kirchhoff type; G•
+

andG•
− are the linearized surface strain tensors of the Cauchy-Green type; v+ and v−

are the vectors of additional displacements of the plate faces.
We assume that the constant radial displacement is given at the edge of the circular

plate (r = r0), the azimuthal displacement is absent, and there is no friction during
vertical displacement. This leads to the following linearized edge conditions [13]:

er · D• · eZ |r=r0 = v · eR|r=r0 = v · eΦ |r=r0 = 0 (21)

The vector of additional displacements v in the basis of Eulerian cylindrical coor-
dinates is written as:

v = vReR + vΦeΦ + vZeZ (22)

Taking into account the expressions (8), (10), (14), (16), (17), (22) and the fact
that in the considered unperturbed state d1 = er , d2 = eϕ , d3 = ez , the components
of the linearized Piola stress tensor D• in the basis of cylindrical coordinates take
the form:

er · D• · eR = (
χ1 + 2α2χ11

) ∂vR
∂r

+ 2α2χ12

r

(
∂vΦ

∂ϕ
+ vR

)
+ 2αγχ13

∂vZ
∂z

er · D• · eΦ = (
χ1 + α2B3

) ∂vΦ

∂r
+ α2B3

r

(
∂vR
∂ϕ

− vΦ

)

er · D• · eZ = (
χ1 + γ 2B2

) ∂vZ
∂r

+ αγ B2
∂vR
∂z

eϕ · D• · eR = α2B3
∂vΦ

∂r
+ χ2 + α2B3

r

(
∂vR
∂ϕ

− vΦ

)

eϕ · D• · eΦ = 2α2χ12
∂vR
∂r

+ χ2 + 2α2χ22

r

(
∂vΦ

∂ϕ
+ vR

)
+ 2αγχ23

∂vZ
∂z

(23)

eϕ · D• · eZ = χ2 + γ 2B1

r

∂vZ
∂ϕ

+ αγ B1
∂vΦ

∂z

ez · D• · eR = (
χ3 + α2B2

) ∂vR
∂z

+ αγ B2
∂vZ
∂r

ez · D• · eΦ = (
χ3 + α2B1

) ∂vΦ

∂z
+ αγ B1

r

∂vZ
∂ϕ

ez · D• · eZ = 2αγχ13
∂vR
∂r

+ 2αγχ23

r

(
∂vΦ

∂ϕ
+ vR

)
+ (

χ3 + 2γ 2χ33
) ∂vZ

∂z

Similarly, according to the relations (8)–(10), (19), (20), (22), the components
of the linearized surface stress tensors of the Piola type D•

+ and D•
− are written as

follows:
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er · D•
± · eR = (

κ±
1 + 6α2κ±

2 + ξ±) ∂v±
R

∂r
+ ξ±

r

(
∂v±

Φ

∂ϕ
+ v±

R

)

er · D•
± · eΦ = (

κ±
1 + 4α2κ±

2

) ∂v±
Φ

∂r
+ 2α2κ±

2

r

(
∂v±

R

∂ϕ
− v±

Φ

)

er · D•
± · eZ = (

κ±
1 + 2α2κ±

2

) ∂v±
Z

∂r
(24)

eϕ · D•
± · eR = 2α2κ±

2

∂v±
Φ

∂r
+ κ±

1 + 4α2κ±
2

r

(
∂v±

R

∂ϕ
− v±

Φ

)

eϕ · D•
± · eΦ = ξ± ∂v±

R

∂r
+ κ±

1 + 6α2κ±
2 + ξ±

r

(
∂v±

Φ

∂ϕ
+ v±

R

)

eϕ · D•
± · eZ = κ±

1 + 2α2κ±
2

r

∂v±
Z

∂ϕ
ez · D•

± = 0

ξ± = 2α2(κ±
11 + 4α2κ±

12 + 4α4κ±
22)

v±
R = vR

∣∣
z=±h , v±

Φ = vΦ

∣∣
z=±h , v±

Z = vZ
∣∣
z=±h

Taking into account the expressions (23), we write the equations of neutral equi-
librium (13), describing the perturbed state of the circular plate, in the scalar form:

(
χ1 + 2α2χ11

) ∂2vR
∂r2

+ α2(B3 + 2χ12)

r

∂2vΦ

∂r∂ϕ
+ αγ (B2 + 2χ13)

∂2vZ
∂r∂z

+χ2 + α2B3

r2
∂2vR
∂ϕ2

+ (χ3 + α2B2)
∂2vR
∂z2

+ χ1 + 2α2χ11

r

∂vR
∂r

−2χ2 + α2(B3 + 2χ22)

r2
∂vΦ

∂ϕ
− χ2 + 2α2χ22

r2
vR = 0

(
χ1 + α2B3

) ∂2vΦ

∂r2
+ α2(B3 + 2χ12)

r

∂2vR
∂r∂ϕ

+ χ2 + 2α2χ22

r2
∂2vΦ

∂ϕ2

+αγ (B1 + 2χ23)

r

∂2vZ
∂ϕ∂z

+ (χ3 + α2B1)
∂2vΦ

∂z2
+ χ1 + α2B3

r

∂vΦ

∂r
(25)

+2χ2 + α2(B3 + 2χ22)

r2
∂vR
∂ϕ

− χ2 + α2B3

r2
vΦ = 0

(
χ1 + γ 2B2

) ∂2vZ
∂r2

+ αγ (B2 + 2χ13)
∂2vR
∂r∂z

+ χ2 + γ 2B1

r2
∂2vZ
∂ϕ2

+αγ (B1 + 2χ23)

r

∂2vΦ

∂ϕ∂z
+ (χ3 + 2γ 2χ33)

∂2vZ
∂z2

+χ1 + γ 2B2

r

∂vZ
∂r

+ αγ (B2 + 2χ23)

r

∂vR
∂z

= 0



584 D. N. Sheydakov

According to the relations (22)–(24), the linearized equilibrium conditions (18)
on the plate faces are written as follows (z = ±h):

(
χ3 + α2B2

) ∂vR
∂z

+ αγ B2
∂vZ
∂r

∓ (κ±
1 + 6α2κ±

2 + ξ±)

(
∂2vR
∂r2

+ 1

r

∂vR
∂r

− vR
r2

)

∓2α2κ±
2 + ξ±
r

(
∂2vΦ
∂r∂ϕ

− 1

r

∂vΦ
∂ϕ

)
∓ κ±

1 + 4α2κ±
2

r2

(
∂2vR
∂ϕ2 − 2

∂vΦ
∂ϕ

)
= 0

(
χ3 + α2B1

) ∂vΦ
∂z

+ αγ B1
r

∂vZ
∂ϕ

∓ 2α2κ±
2 + ξ±
r

(
∂2vR
∂r∂ϕ

+ 1

r

∂2vΦ
∂ϕ2 + 1

r

∂vR
∂ϕ

)
(26)

∓(κ±
1 + 4α2κ±

2 )

(
∂2vΦ
∂r2

+ 1

r

∂vΦ
∂r

− vΦ
r2

+ 1

r2
∂2vΦ
∂ϕ2 + 2

r2
∂vR
∂ϕ

)
= 0

(
χ3 + 2γ 2χ33

) ∂vZ
∂z

+ 2αγχ13
∂vR
∂r

+ 2αγχ23

r

(
∂vΦ
∂ϕ

+ vR

)

∓(κ±
1 + 2α2κ±

2 )

(
∂2vZ
∂r2

+ 1

r

∂vZ
∂r

+ 1

r2
∂2vZ
∂ϕ2

)
= 0

while the linearized edge conditions (21) take the form (r = r0):

(
χ1 + γ 2B2

) ∂vZ
∂r

+ αγ B2
∂vR
∂z

= 0, vR = 0, vΦ = 0 (27)

Thus, the stability analysis of a circular plate with surface stresses in the general
case is reduced to solving a linear homogeneous boundary-value problem (25)–(27)
for the system of three partial differential equations.

5 Axisymmetric Buckling

In the special case of axisymmetric perturbations (∂vR/∂ϕ = 0, ∂vΦ/∂ϕ = 0,
∂vZ/∂ϕ = 0), the boundary-value problem (25)–(27) becomes much simpler. The
use of substitution [13]

vR = VR (z) J1 (βr) , vΦ = VΦ (z) J1 (βr) vZ = VZ (z) J0 (βr) (28)

β = ζm/r0, J1 (ζm) = 0, m = 1, 2, ...

leads to the separation of the variable r in the problem and allows to satisfy the
linearized boundary conditions (27) at the edge of the plate. Here J0 and J1 are the
Bessel functions of the first kind.
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Given the representation (28), the linearized equilibriumequations (25) arewritten
as follows (hereinafter ′ denotes the derivative with respect to z):

(χ3 + α2B2)V
′′
R − β2

(
χ1 + 2α2χ11

)
VR − αβγ (B2 + 2χ13)V

′
Z = 0

(χ3 + α2B1)V
′′
Φ − β2 (

χ1 + α2B3
)
VΦ = 0 (29)

(χ3 + 2γ 2χ33)V
′′
Z − β2

(
χ1 + γ 2B2

)
VZ + αβγ (B2 + 2χ13)V

′
R = 0

Similarly, the linearized equilibrium conditions (26) take the form (z = ±h):

(
χ3 + α2B2

)
V ′
R ± β2(κ±

1 + 6α2κ±
2 + ξ±)VR − αβγ B2VZ = 0(

χ3 + α2B1
)
V ′

Φ ± β2(κ±
1 + 4α2κ±

2 )VΦ = 0 (30)(
χ3 + 2γ 2χ33

)
V ′
Z + 2αβγχ13VR ± β2(κ±

1 + 2α2κ±
2 )VZ = 0

As a result, the axisymmetric buckling analysis for the circular plate with surface
stresses is reduced to solving a linear homogeneous boundary-value problem (29),
(30) for the system of three ordinary differential equations.

If the elastic properties of the top and bottom faces of the plate are the same, i.e.
κ+

θ = κ−
θ and κ+

θτ = κ−
θτ (θ, τ = 1, 2), then the boundary-value problem (29), (30)

has two independent sets of solutions [13, 15]. The First set is formed by solutions
for which the deflection of a plate is an odd function of z (symmetric buckling):

VR(z) = VR(−z), VΦ(z) = VΦ(−z), VZ (z) = −VZ (−z)

For the Second set of solutions, the deflection is an even function of z (flexural
buckling):

VR(z) = −VR(−z), VΦ(z) = −VΦ(−z), VZ (z) = VZ (−z)

Due to this, it is sufficient to consider only half of the plate (0 ≤ z ≤ h) to study
its stability. The boundary conditions at the middle surface (z = 0) follow from the
evenness and oddness of the unknown functions VR, VΦ, VZ :

a) for the First set of solutions:

V ′
R(0) = V ′

Φ(0) = VZ (0) = 0 (31)

b) for the Second set of solutions:

VR(0) = VΦ(0) = V ′
Z (0) = 0 (32)

Thus, the stability analysis of a plate with identical faces can be reduced to solving
two linear homogeneous boundary-value problems for the half-plate: (29)–(31) and
(29), (30), (32).
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6 Numerical Results

As an example, we have studied the stability of a circular plate made of aluminum in
the case of axisymmetric perturbations. Two different models of bulk material were
considered:

1) Harmonic model [7] (λ1, λ2, λ3 are the principal stretches)

W = 1

2
λ (λ1 + λ2 + λ3 − 3)2 + 2μ

[
(λ1 − 1)2 + (λ2 − 1)2 + (λ3 − 1)2

]

λk = √
Gk, k = 1, 2, 3

2) Blatz–Komodel [2] (I1, I2, I3 are the principal invariants of the Cauchy–Green
strain tensor)

W = 1

2
μb

(
I1 + I−a

3 − 1

a
− 3

)
+ 1

2
μ (1 − b)

(
I2
I3

+ I a3 − 1

a
− 3

)
, a = λ

2μ

I1 = G1 + G2 + G3, I2 = G1G2 + G1G3 + G2G3, I3 = G1G2G3

The surface strain energy densities were assumed to be quadratic functions of the
invariants j±

1 , j±
2 [1]:

W± = 1

8
λ±

(
j±
1 − 2

)2 + 1

4
μ±

(
j±
2 − 2 j±

1 + 2
)

The following values of bulk λ,μ and surface λ±, μ± elastic moduli were used for
the aluminum [4]:

λ = 52.05 GPa, μ = 34.7 GPa, λ± = −3.49 Pa · m, μ± = 6.22 Pa · m

For convenience, the following dimensionless parameters were introduced:

• relative radial compression δ = 1 − α,
• radius-to-thickness ratio r∗

0 = r0/2h,
• relative thickness H∗ = 2hμ/μ+.

By numerical solution of the linearized boundary-value problems (29)–(31) and
(29), (30), (32) we found the spectra of critical values of the relative radial com-
pression δ, corresponding to the different buckling modes of the circular plate with
surface stresses. By analyzing these spectra, the critical radial compression δc was
obtained for plates of various sizes. It should be noted that we did not study the sta-
bility of very thick plates

(
r∗
0 < 5

)
in this paper. As a result, it was determined that

the flexural buckling occurs at the lowest loads, and the critical radial compression
δc corresponds to the first flexural mode (m = 1).
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Fig. 1 Size effect on the
stability of circular plate
with surface stresses.
Harmonic model

Fig. 2 Size effect on the
stability of circular plate
with surface stresses.
Blatz–Ko model (b = 0)

Figures 1 and 2 illustrate the influence of the overall size (scale) of the plate on
its stability. The graphs show the dependencies (solid lines) of the critical radial
compression δc on the relative thickness H∗ (size parameter) for plates with the
different radius-to-thickness ratio r∗

0 . According to the results obtained for both
models of bulk material, the stability of the plate increases with a decrease in size.
This effect is due to the influence of surface stresses. It is negligible at the macroscale
but becomes quite significant at micro- and nanoscale (H∗ ≤ 50). For reference, the
graphs also show the results of the stability analysis for plateswithout surface stresses
(dashed lines). As expected, these results do not depend on the overall size of the
plate.

Additionally, we have analyzed how the geometric proportions (ratios of linear
dimensions) of the circular plate affect its stability. The results are reflected in Figs. 3
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Fig. 3 Effect of plate
proportions on its stability.
Harmonic model

Fig. 4 Effect of plate
proportions on its stability.
Blatz–Ko model (b = 0)

and 4which show the dependencies of the critical radial compression δc on the radius-
to-thickness ratio r∗

0 for plates of different scale H∗. According to them, the thicker
plates are generally more stable, and this fact is more pronounced for smaller plates
due to the influence of surface stresses.

7 Conclusion

In the framework of the bifurcation approach, we studied the stability of a nonlinearly
elastic circular plate with surface stresses. For an arbitrary isotropic material, the sys-
tem of linearized equilibrium equations was derived, which describes the behavior
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of a plate in a perturbed state. In the case of axisymmetric perturbations, the stabil-
ity analysis was reduced to solving a linear homogeneous boundary-value problem
(29), (30) for a system of three ordinary differential equations. Additionally, it was
established that if the elastic properties of the top and bottom faces of the plate are
the same, then it is sufficient to consider only half of the plate to study its stability.
For two specific models of bulk material (Harmonic model and Blatz–Komodel), the
buckling analysis has been carried out for a circular plate made of aluminum in the
case of axisymmetric perturbations. As a result, it was found that the stability of the
plate increases with a decrease in its overall size. This effect is due to the influence
of surface stresses. It is negligible at the macroscale but becomes quite significant at
micro- and nanoscale (H∗ ≤ 50).
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Asymptotic Derivation of Nonlinear Plate
Models from Three-Dimensional
Elasticity Theory

Milad Shirani and David J. Steigmann

Abstract A framework for the asymptotic derivation of plate models from three-
dimensional elasticity theory is reviewed and extended. This is shown to subsume the
pure membrane and bending limits that have been derived via gamma convergence
or alternative asymptotic methods, and to incorporate Koiter’s model for finite defor-
mations with small midsurface strains. Amodel that accommodates largemidsurface
strains and which satisfies the relevant Legendre-Hadamard necessary condition for
energy minimizers is also proposed.

1 Introduction

Contemporary research on the theoretical foundation of theories of thin plates and
shells emphasizes their relationship to three-dimensional finite elasticity theory.
These efforts are typically based on the method of gamma convergence [1], con-
cerned with the limiting variational problem for small thickness, or on asymptotic
analysis of the weak forms of the equilibrium equations [2, 3]. However, neither
method has generated a model that accommodates bending and stretching in a single
framework. The current state of the art in the rigorous derivation of plate theory
by gamma convergence is illustrated by [1], which concludes with the observation:
“A wide open problem is the question of whether we can rigorously justify theories
which are two-dimensional but still involve the small thickness parameter ... A typical
case involves boundary conditions that cause part of the shell to stretch, but another
part to bend with no stretching.” Indeed, such problems are of primary interest in
applications. Evidently, then, at present there exists no rigorously derived model for
combined bending and stretching. The situation brings to mind Koiter’s famous pun
[4]: “Extreme rigour in the analysis of physical problems, we are inclined to believe,
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may easily lead to rigor mortis. ...Flexible bodies like thin shells require a flexible
approach. ...”.

In contrast, thework ofHilgers andPipkin [5–7], inspired by the need for a regular-
ization of membrane theory for problems in which membrane theory has no solution,
furnishes the first careful consideration of the relationship between plate theory and
modern three-dimensional nonlinear elasticity in the presence of combined bending
and stretching. This work subsumes the models obtained by asymptotic analysis and
gamma convergence, and furnishes an extension of Koiter’s small-strain model [8,
9] to large midsurface strains. In view of these facts the failure of the community to
acknowledge this body of work is discouraging. Perhaps this state of affairs may be
attributed to the syndrome to which Koiter alluded.

A parallel approach based on asymptotic expansion of the local differential equa-
tions has recently been pursued by Dai and co-workers [10]. An interesting open
question, originally posed by Koiter [4], concerns the relationship between the equa-
tions generated by this procedure and the Euler-Lagrange equations associated with
the energies generated by the present approach.

In the present work we review the Hilgers-Pipkin model from the point of view
developed in [11, 12] for thin elastic bodies. In particular, we relax some of the
restrictive assumptions imposed in their treatment. Attention is confined to plates.
This allows us to illustrate the main ideas as simply as possible while avoiding the
less important details associated with the differential geometry of shells. Extensions
of these ideas to shells are discussed in [13], and tomaterially-uniform bodies in [14,
15]. The latter framework accommodates a variety of inelastic phenomena.

Standard notation is adopted. Thus, we use bold face for vectors and tensors and
indices to denote their Cartesian components. Latin indices take values in {1, 2, 3};
Greek in {1, 2}. The latter are associated with surface coordinates and associated vec-
tor and tensor components. A dot between bold symbols is used to denote the standard
inner product. Thus, ifA1 andA2 are second-order tensors, thenA1 ·A2 = tr(A1At

2),

where tr(·) is the trace and the superscript t is used to denote the transpose. The norm
of a tensor A is |A| = √

A · A. The notation ⊗ identifies the standard tensor product
of vectors. IfM is a fourth-order tensor, thenM [A] is the second-order tensor with
components Mi A j B A j B . We use Div to denote the three-dimensional divergence
operator, and div its two-dimensional counterpart. For example, DivA = Ai A,Aei
and divA = Aiα,αei , where {ei } is an orthonormal basis and subscripts preceded
by commas are used to denote partial derivatives with respect to Cartesian coordi-
nates. We also use∇ to denote the two-dimensional gradient. The unit vector k = e3
identifies the orientation of the plate midplane prior to deformation.

In the purely mechanical setting of nonlinear elasticity discussed here, the Piola
stress P̃ of the three-dimensional theory is given by the values of the function

P̃(F̃) =WF̃, (1)

the derivative with respect to the deformation gradient F̃ of the strain energy W (F̃)

per unit reference volume. The material is assumed to be uniform for the sake of
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simplicity, so that the strain-energy function does not depend explicitly on position x
in a reference configuration κ . Superposed tildes are used to denote three-dimensional
quantities. The same symbols, without tildes, are used to denote their midplane
values.

The force per unit area transmitted across a surface with unit normal N in κ is

p̃ = P̃(F̃)N. (2)

It is well known that this, together with the equilibrium equation

DivP̃ = 0, (3)

are the natural boundary condition and Euler equation for energy-minimizing defor-
mations under conditions of conservative loading without body force, holding on a
subset of ∂κ and in κ respectively.

A plate is a material body identified with κ, which is generated by the parallel
translation of a plane region Ω, with piecewise smooth boundary curve ∂Ω, in the
direction orthogonal to Ω. The body itself occupies the volume Ω̄ × [−h/2, h/2],
where Ω̄ = Ω ∪ ∂Ω and h is the (uniform) thickness. Let l be another length scale
such as the diameter of Ω or an interior hole. We assume that h/ l � 1. Further, we
regard l as a fixed scale and adopt it as the measure of length. This allows us to put
l = 1 and thus to simplify the notation.

Our goal is an optimal expression for the term E in the expansion

E = E + o(h3) (4)

of the potential energy E of the thin three-dimensional body, in which h � 1. This
is shown below to have the form

E = hE1 + h3E3, (5)

in which E1 and E3 are not explicitly dependent on h. We will show that E1 is the
conventional membrane energy, whereas E3 is associated with bending and strain-
gradient effects.

If a particular deformation minimizes the three-dimensional energy; i.e., if it is
stable, then the perturbationΔE relative to that deformation satisfiesΔE ≥ 0 for any
kinematically possible alternative. This in turn yieldsΔE1 + o(h)/h ≥ 0. Passing to
the limit, we obtain ΔE1 ≥ 0, and conclude that at leading order in thickness, stable
deformations minimize the membrane energy. If attention is restricted to deforma-
tions that are strain-free at the midsurface, and if the boundary data are compatible
with such deformations, thenΔE1 vanishes identically and the same argument yields
ΔE3 ≥ 0. In this case admissible deformations of the plate correspond to pure bend-
ing, and three-dimensional energy minimizers minimize E3, again at leading order
in thickness. These observations underlie the approach to membrane and inexten-
sional bending theory via gamma convergence. However, in the case of combined
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bending and stretching of a finite-thickness plate in which terms of order h and h3 are
retained simultaneously, the inequality ΔE ≥ 0 satisfied by equilibria in the three-
dimensional theory does not imply that ΔE ≥ 0. This is the reason why the method
of gamma convergence, which is concerned exclusively with the derivation of the
limiting minimization problem, has not succeeded in generating a single model for
combined bending and stretching, except in the fortuitous circumstance - exempli-
fied by special cases of the linear theory—when the two effects decouple at leading
order [16]. Accordingly, we do not expect E to be minimized at a stable equilibrium
state. One may seek to rectify this situation by expanding the energy to higher orders
in h. However, in the nonlinear theory it is impractical to do so, as this requires
higher-order three-dimensional elastic moduli [3], which are excessively unwieldy
for strain-energy functions commonly used in nonlinear elasticity theory.

An interesting exception to the foregoing observation occurs when E1 = O(h2).
In this caseE /h3 = Ē + o(h3)/h3,where Ē does not depend explicitly on h.Passing
to the limit, we conclude that minimizers in the exact theory correspond to minimiz-
ers in the approximate theory; that is, if a deformation minimizes E , than it also
minimizes Ē at leading order, and vice versa. This situation obtains in the case of
wrinkling, in which the energies of stretching and bending are of comparable order
[17–19]. We will show that in such circumstances Ē may be identified with Koiter’s
expression for the energy. This fact lends further support to the widespread view [20]
that Koiter’s model provides the best ’all-around’ theory of plates and shells, despite
the fact that it does not emerge as a gamma limit or a formal asymptotic limit.

Of course, there is also a need for a single model of combined stretching and
bending when the two contributions to the energy are not comparable in magnitude.
This case calls for careful consideration, detailed in Sect. 8.

We assume throughout that equilibrium deformations satisfy the strong-ellipticity
condition

a ⊗ b · M (F̃)[a ⊗ b] > 0 for all a ⊗ b �= 0, (6)

where
M (F̃) =WF̃F̃ (7)

is the tensor of elasticmoduli. It is well known that this conditionmust hold pointwise
in the body if F̃(x) is the gradient of an energy-minimizing deformation.

We shall also make use of the strain-dependent elastic moduli C (Ẽ), where

Ẽ = 1
2 (F̃

t F̃ − I ) (8)

is the strain in which I is the identity for 3-space, and

C (Ẽ) = UẼẼ (9)

in which
U (Ẽ) = W (F̃) (10)
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is the associated strain-energy function. An application of the chain rule, combined
with the minor symmetries of C , furnishes

M (F̃)[A] = AS̃ + F̃C (Ẽ)[F̃t
A] (11)

for any tensor A, where
S̃ = UẼ (12)

is the symmetric second Piola-Kirchhoff stress, given in terms of the Piola stress by

P̃ = F̃S̃. (13)

We assumeU (·) to be convex in a neighborhood of the origin in strain space, with
the origin furnishing an isolated local minimum. Thus S̃ vanishes at zero strain, and
C (0) is positive definite in the sense thatA · C (0)[A] > 0 for all non-zero symmetric
A. Then,

S̃ = C (0)[Ẽ] + o(
∣
∣
∣Ẽ

∣
∣
∣ ). (14)

It follows from (11), (14) that

M (I)[A] = C (0)[A] (15)

and hence that our hypotheses yields strong ellipticity at zero strain, as in classical
linear elasticity theory.

2 Small-Thickness Estimate of the Energy

Position in the reference placement of the plate may be written

x = u + ςk, (16)

where u ∈ Ω and ς ∈ [−h/2, h/2]. We assume the origin to lie onΩ . The projection

1 = I − k ⊗ k, (17)

is the identity on the translation space Ω ′ of Ω . The three-dimensional deformation
gradient satisfies dỹ = F̃dx, where ỹ = χ̃ (x) is the position after deformation of the
material point x and χ̃ is the deformation function. Using this with ỹ = ŷ(u,ς) =
χ̃(u+ςk) and du ∈ Ω ′ yields the alternative representations

(F̃1)du+F̃kdς = dŷ = (∇ŷ)du + (ŷ)′dς, (18)
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where ∇() is the (two-dimensional) gradient with respect to u at fixed ς and the
notation ()′ is used to denote ∂()/∂ς at fixed u. It follows from F̃ = F̃1 + F̃k ⊗ k
that

F̂ = ∇ŷ + ŷ′ ⊗ k, (19)

where F̂(u, ς) = F̃(u+ ςk).

The total strain energy in a given deformation is

S =
∫

κ

W (F̃(x))dv =
∫

Ω

∫ h/2

−h/2
W (F̂(u, ς))dςda. (20)

If χ̃(x) is sufficiently smooth, then by Leibniz’ Rule and Taylor’s Theorem, applied
to the small parameter h,

∫ h/2

−h/2
W (F̂(u, ς))dς = hW (F) + 1

24h
3W ′′ + ..., (21)

where, by the chain rule,

W ′ = P · F′ and W ′′ = P′ · F′ + P · F′′ (22)

in which
F(n) = F̂(n)

|ς=0 (23)

and
P = P̃(F), P′ = M (F)[F′]. (24)

From (19) we have

F̂′ = ∇ŷ′ + ŷ′′ ⊗ k and F̂′′ = ∇ŷ′′ + ŷ′′′ ⊗ k. (25)

It follows that

F = ∇r + d ⊗ k, F′ = ∇d + g ⊗ k, and F′′ = ∇g + h ⊗ k, (26)

where
r = y, d = y′, g = y′′ and h = y′′′, (27)

in which
y(n) = ŷ(n)

|ς=0 (28)

are independent functions of u ∈ Ω. These are the coefficient vectors in the order—
ς3 expansion
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ŷ(u, ς) = r(u) + ςd(u) + 1
2ς

2g(u) + 1
6ς

3h(u) + ... . (29)

Here r(u) is the position of a material point on the deformed image ω of the midsur-
face Ω; its gradient ∇r maps Ω ′ to the tangent plane Tω to ω at the material point u.

The functions d(u), g(u) and h(u) provide information about the three-dimensional
deformation in the vicinity of the midplane.

The regularity of the three-dimensional deformation required by the expansion
(29) is not implied by Ball’s existence theory for equilibria [21]. Nevertheless, any
piecewise C2 equilibrium deformation, possessing a potential jump in its normal
derivative across a smooth surface in κ , is in fact C2 in the presence of strong ellip-
ticity. It is straightforward to show that it is actuallyCn for arbitrary n. Further, in [22]
strong ellipticity is used with degree-theoretic arguments to obtain partial existence
results for classically smooth (i.e., C2) equilibria, albeit under pure displacement
boundary data. Given our adoption of strong ellipticity, it is thus natural to describe
equilibria in terms of Euler equations for a suitable energy functional evaluated on
the class of deformations represented by (29).

We write the strain energy as

S =
∫

κ

W (F̃(x))dv = S + o(h3), (30)

where

S =
∫

Ω

W (d, g,h,∇r,∇d,∇g)da (31)

in which

W = hW (∇r + d ⊗ k)+ 1
24h

3{P · (∇g + h ⊗ k) + P′ · (∇d + g ⊗ k)} (32)

is the order—h3 strain energy per unit area of Ω . We show below that this formula
subsumes the strain energies associated with conventional membrane theory and
inextensional bending theory.

We remark that this expression does not furnish the complete strain energy for the
order—ς3 truncation of the three-dimensional deformation. The latter contributes
additional terms at higher order in h. However, rather than model a given truncation,
our objective here is an accurate order—h3 expression for the potential energy that
is as accurate as possible by the standard of the three-dimensional theory and which
yields a meaningful minimization problem in its own right.

In [7] a through-thickness expansion scheme for the three-dimensional deforma-
tion is adopted which has the effect of suppressing the term involving ∇g in the
order—h3 potential energy. However, the leading-order term in that scheme is not
the deformation of the midplane. Instead, it is the average of the deformation through
the thickness. In general, the value of ς at which this average is attained depends
on the deformation and is not known in advance. Thus, the formulation given in [7]
has the inconvenient feature that the surface whose deformation is described by the
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theory cannot be identified beforehand. We show here that the present expansion
scheme ultimately yields an expression for the energy equivalent to that given in [7],
but with the leading-order term given by the deformation r(u) of the midplane.

To obtain an order—h3 expansion of the potential energy of the loads, we first
consider the simplest case in which ∂Ω consists of the union of disjoint arcs ∂Ωe and
∂Ωn,where essential and natural boundary conditions, respectively, are specified. For
example, suppose three-dimensional position is assigned on ∂κCe = ∂Ωe × C,where
C = [−h/2, h/2]. We refer to this as a clamped edge. If dead loads are assigned
on ∂κCn = ∂Ωn × C, then the potential energy of the three-dimensional body is
E = S − L , where S is the total strain energy defined by (20), and

L =
∫

∂Ωn

(

∫ h/2

−h/2
p̃ · χ̃dς)da (33)

is the load potential, in which p̃(x) = p̂(u, ς) is the assigned (three-dimensional)
Piola traction. Using a formula like (21), it is straightforward to show that

L = L + o(h3), (34)

where

L =
∫

∂Ωn

χ(r,d, g)da (35)

with
χ(r,d, g) =pr · r + pd · d + pg · g, (36)

and with
pr = hp + 1

24h
3p′′, pd = 1

12h
3p′ and pg = 1

24h
3p, (37)

in which pr , pd and pg are assigned and the primes identify derivatives of the three-
dimensional traction with respect to ς, evaluated at ς = 0. The order—h3 estimate
of the potential energy is thus given by

E =
∫

Ω

Wda − L , (38)

with

L =
∫

∂Ωn

(pr · r + pd · d + pg · g)ds, (39)

Comparison with (5) furnishes

E1 =
∫

Ω

W (∇r + d ⊗ k)da −
∫

∂Ωn

p · rds (40)
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and

24E3 =
∫

Ω

{M (F)[∇d + g ⊗ k] · (∇d + g ⊗ k) + P · (∇g + h ⊗ k)}da

−
∫

∂Ωn

(p′′ · r + 2p′ · d + p · g)ds. (41)

We also consider conservative pressure loads. In this case the plate is fixed along
the entire edge ∂Ω, and ∂Ωn is empty. We suppose a volume of compressible gas
to be bounded by the lower lateral surface ∂κ− of the plate together with the walls
of a rigid container; the plate is, in effect, a deformable lid. Let V − be the enclosed
volume; i.e., the volume of the compressible gas. The pressure-volume relation of
the gas is given by the function p−(V −).We further assume the upper lateral surface
of the plate, ∂κ+, to be acted upon by a uniform pressure p+ of fixed intensity. It is
shown in [12] that

V − = 1
3

∫

∂κ−
χ̃ · F̃∗

kda, (42)

apart from an unimportant constant, where the superscript ∗ refers to the cofactor.
The tractions on the upper and lower lateral surfaces are

p̃± = ∓p±(F̃±)∗k, (43)

where F± = F̂(u,±h/2). Further, the load potential is [12]

L =
∫ V −

V −
0

p−(x)dx − p+(V + V −), (44)

where V −
0 is an arbitrary constant and

V =
∫

κ

det F̃dv (45)

is the volume of the deformed plate.
We suppose that

p± = hn P± + o(hn), (46)

with P± = O(1) and n = 1 or n = 3. It is then easy to show that

L = L + o(hn), (47)

where

L = hn[
∫ V

V−
0

P−(x)dx − P+V ] (48)
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and

V = 1
3

∫

Ω

αr · nda, (49)

where n is the unit normal to the deformed midsurface ω, α is the areal stretch of
the midsurface, and Nanson’s formula has been used in the form

αn = F∗k (50)

with α = |F∗k| . Using (26)1 with F∗k = Fe1 × Fe2, we obtain αn = (∇r)e1 ×
(∇r)e2 and thus reduce (48) to a functional of the midsurface position field. We
note in passing that the determinant of the deformation gradient, evaluated at the
midplane, is J = Fe1 × Fe2 · Fk. Thus,

J = αn · d. (51)

Accordingly, the requirement J > 0 is equivalent to the requirement d ∈ S+, where
S+ is the half-space

S+ = {v : v · n > 0}. (52)

We do not impose bulk incompressibility in the present work, although doing so
presents no difficulty.

3 Membrane Limit

Membrane theory is associated with the leading order energy in (5). Thus,

E /h = Em + o(h)/h, (53)

where

Em =
∫

Ω

W (∇r + d ⊗ k)da −
∫

∂Ωn

p · rds (54)

is the membrane energy in the dead-load boundary-value problem. In the case of
pressure loading with n = 1 in (48), the relevant energy is

Em =
∫

Ω

W (∇r + d ⊗ k)da − [
∫ V

V−
0

P−(x)dx − P+V ], (55)

where V is defined in (49). In either case the energy is a functional of the midplane
deformation field r and the director field d.

The energy is stationary with respect to d if and only if the membrane is in a state
of plane stress; i.e.,
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{WF(∇r + d ⊗ k)}k = 0. (56)

From (1) and (13) we then have that Sk = 0, which combines with the symmetry of
S to yield

S = Sαβeα ⊗ eβ. (57)

To prove that (56) may be solved uniquely for d, we first show that any solu-
tion, d̄ say, minimizes W pointwise. To this end we fix ∇r and define M(d) =
W (∇r + d ⊗ k). Let d(u) be a twice-differentiable function. The derivatives of
σ(u) = M(d(u)) are

σ̇ = ḋ · P(∇r + d ⊗ k)k = ḋ · Md (58)

and

σ̈ = d̈ · P(∇r + d ⊗ k)k + ḋ ⊗ k ·M (∇r + d ⊗ k)[ḋ ⊗ k]
= d̈ · Md + ḋ · (Mdd)ḋ. (59)

Thus,
Md(d̄) = P(∇r + d̄ ⊗ k)k (60)

vanishes by (56), whereas

Mdd(d̄) = A (∇r + d̄ ⊗ k), (61)

where A (F) is the acoustic tensor defined, for any vector v, by

A (F)v = {M (F)[v ⊗ k]}k. (62)

This is positive definite by virtue of the strong ellipticity condition (6).
We conclude that σ̈ > 0 on straight-line paths defined by d(u) = ud2 + (1 −

u)d1 with d1,d2 ∈ S+ fixed and 0 ≤ u ≤ 1. These paths are admissible because the
domain S+ of M(·) is convex. Integrating with respect to u yields σ̇ (u) > σ̇ (0) for
u ∈ (0, 1] and σ(1) − σ(0) > σ̇ (0), proving that M(d) is a strictly convex function;
i.e.,

M(d2) − M(d1) > Md(d1) · (d2 − d1) (63)

for all unequal pairs d1,d2. It follows that M is minimized absolutely at a stationary
point and hence that (56) has a unique solution d̄(∇r).

An interesting and heretofore unknown corollary is that for a given midplane
deformation, the strain energy is minimized absolutely when the midplane is in a
state of plane stress.

With this solution incorporated, the membrane energy reduces to the functional
of r defined by (54) or (55) with their integrands replaced byW (∇r + d̄(∇r) ⊗ k).
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However, it transpires that this function fails to satisfy the relevant (two-dimensional)
Legendre-Hadamard condition, even ifW is strongly elliptic in the three-dimensional
sense. This is due to the presence of compressive stresses in the plane stress-
deformation relation,whereas such stresses are precludedby theLegendre-Hadamard
condition [23].

To elaborate, we define the membrane strain-energy function

W (∇r) =W (∇r + d̄(∇r) ⊗ k). (64)

Its derivatives are

∂W/∂ri,α = ∂W /∂Fiα + (∂W /∂d j )K jiα, (65)

where K jiα = ∂ d̄ j/Fiα and Fi A are the components of (26)1 with Fiα = ri,α and
Fi3 = di . The derivatives ∂W /∂d j vanish identically by (56), yielding

∂W/∂ri,α = Piα. (66)

The associated moduli are

Eiα jβ = ∂2W/∂ri,α∂r j,β . (67)

The operative Legendre-Hadamard necessary condition for energy minimizers is
[24]

Eiα jβxi x j yα yβ ≥ 0 for all xi , yα. (68)

For frame-invariant strain energies, this has the interesting consequence that the sym-
metric (plane) second Piola-Kirchhoff stress Sαβ, defined by Piα = Fiγ Sγβ, satisfies

Sαβ yα yβ ≥ 0, (69)

and is thus positive semi-definite [23].
To see this we observe that by virtue of frame invariance, W is a function, U

say, of the surface metric aαβ = FiαFiβ, or, equivalently, of the surface strain εαβ =
1
2 (FiαFiβ − δαβ), where δαβ is the Kronecker delta. The chain rule then yields

Sαβ = ∂U/∂εαβ, (70)

in which we understand εαβ to be replaced by 1
2 (εαβ + εβα) in the function U, with

εαβ and εβα being regarded as independent when computing the partial derivative.
With this it follows by straightforward application of the chain rule that

Eiα jβ = δi j Sαβ + FiμFjλDαμβλ, (71)

where
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Dαμβλ = ∂2U/∂εαμ∂εβλ (72)

are the plane-stress elastic moduli. These possess the usual major and minor sym-
metries.

The Legendre-Hadamard condition (68) may thus be reduced to

xi xi Sαβ yα yβ + Dαμβλyαzμyβ zλ ≥ 0, (73)

where zμ = xi Fiμ is a two-vector on the undeformed midplane. For the choice xi =
ni—the unit normal to the deformed midsurface—zμ vanishes. We then obtain (69)
and the conclusion that energy minimizers necessarily yield a stress field that is
pointwise positive semi-definite. This severe restriction means that boundary-value
problems based on W will generally fail to have energy minimizing solutions. In
such circumstances well-posedness may be restored via relaxation, in which the
function W is replaced by its quasiconvexification [25]; i.e., the largest quasiconvex
function not exceedingW anywhere on its domain. The latter automatically satisfies
the Legendre-Hadamard inequality at all deformations and provides the foundation
for the tension-field theory of elastic membranes [26]. Precisely the same model
emerges directly by the method of gamma convergence [27].

4 Pure Bending

For deformations that generate zero strain at the midplane, our constitutive hypothe-
ses imply that the midplane stressP and edge traction p vanish identically, and hence
that

E /h3 = Eb + o(h3)/h3, (74)

where

24Eb =
∫

Ω

M (F)[∇d + g ⊗ k] · (∇d + g ⊗ k)da

−
∫

∂Ωn

(p′′ · r + 2p′ · d)ds (75)

in the case of dead loading.Moreover, themidplane value of the deformation gradient
is then a rotation, R say, implying that ∇r = R1 and d = Rk = n, the unit normal
to the deformed midsurface. Thus d is determined by ∇r; we write d = d̄(∇r) as
before. It follows that Eb is a functional of the midplane deformation and the vector
field g.

This energy is stationary with respect to g if and only if

{M (F)[∇d̄ + g ⊗ k]}k = 0, (76)
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or
A (F)g = −{M (F)[∇d̄]}k, (77)

whereA (F) is the acoustic tensor defined by (62). Thus (76) has the unique solution
g = ḡ(∇r,∇∇r), say.

The solution ḡ also minimizes the strain energy. To see this we fix ∇r and define

B(g) = 1
2M (∇r + d̄ ⊗ k)[∇d̄ + g ⊗ k] · (∇d̄ + g ⊗ k). (78)

Consider a parametrized path g(u). The derivatives of σ(u) = B(g(u)) with respect
to u are

σ̇ = ġ · {M (∇r + d̄ ⊗ k)[∇d̄ + g ⊗ k]}k = ġ · Bg (79)

and

σ̈ = g̈ · {M (∇r + d̄ ⊗ k)[∇d̄ + g ⊗ k]}k + ġ ⊗ k · M (∇r + d̄ ⊗ k)[ġ ⊗ k]
= g̈ · Bg + ġ· (Bgg)ġ, (80)

where we have used the major symmetry of M . Thus,

Bg(ḡ) = {M (∇r + d̄ ⊗ k)[∇d̄ + ḡ ⊗ k]}k (81)

vanishes by (76), and
Bgg = A (∇r + d̄ ⊗ k). (82)

Then, σ̈ > 0 on straight-line paths defined by g(u) = ug2 + (1 − u)g1 with g1, g2
fixed and 0 ≤ u ≤ 1. These paths belong to the convex set E3, the domain of B(·).
Integrating with respect to u yields σ̇ (u) > σ̇ (0) for u ∈ (0, 1] and σ(1) − σ(0) >

σ̇ (0), proving that the function B(g) is strictly convex; i.e.,

B(g2) − B(g1) > Bg(g1) · (g2 − g1) (83)

for all unequal pairs g1, g2. It follows that B is minimized absolutely at a stationary
point and thus that the solution ḡ to (77) furnishes the optimal order - h3 energy.

The explicit energy is obtained from (75) on noting, from (11) with F = R, that

M (R)[∇n + ḡ ⊗ k] · (∇n + ḡ ⊗ k) = B · C (0)[B], (84)

where

B = Rt [∇n+ḡ ⊗ k] (85)

is the bending strain [1, 11].
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Further, (74) implies that Eb furnishes the rigorous leading-order energy for iso-
metric deformations of the midplane in the limit as thickness tends to zero. This
result is in precise agreement with that obtained by formal asymptotic expansions
[3] and the method of gamma convergence [1]. Nevertheless the result is not entirely
satisfactory. For, Gauss’ Theorema Egregium implies that the deformed midsurface
is necessarily developable; i.e, that it is a cylinder or a cone. Accordingly Eb does
not furnish a model of plates that can be used in general applications. In view of
this fact one is forced to conclude, in keeping with Koiter’s remark, that its rigorous
derivation via gamma convergence is a somewhat overstated achievement as far as
applications are concerned.

5 Asymptotic Model for Combined Bending and Stretching

Having derived the order—h3 expansion of the potential energy for a three-
dimensional deformation (cf. (5), (40), (41)), we use it to derive energetically opti-
mal director fields d and g for a given midplane deformation r. That is, we minimize
the energy with respect to these director fields at a fixed midplane deformation.
Accordingly, we impose the stationarity condition

hĖ1 + h3 Ė3 + o(h3) = 0, (86)

in which the superposed dot refers to the variational (or Gateaux) derivative. We re-
gard this as an asymptotic expansion of the three-dimensional equilibrium statement
E · = 0. Accordingly, we require

Ė1 = 0 and Ė3 = 0. (87)

The first of these follows simply on dividing (86) by h and evaluating the resulting
equation in the limit h → 0; the second result then follows on division by h3 and
passage to the same limit.

For a fixed midplane deformation (ṙ = 0), Eq. (87)1 reduces to

∫

Ω

WF · ḋ ⊗ kda = 0 (88)

in which the variation ḋ is arbitrary in Ω. This is valid under both dead-load and
pressure loading conditions, with n = 3 in the latter case (cf. (48)). Accordingly, by
the Fundamental Lemma,

Pk = 0 in Ω, (89)

whereP = P̃(∇r + d ⊗ k).This is precisely the plane-stress condition (56), yielding
d =d̄(∇r) and thus determining d in terms of the midplane deformation field r.
Because we are considering the latter to be fixed, Eq. (87)2 reduces to
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∫

Ω

{2M (F)[∇d̄ + g ⊗ k] · ġ ⊗ k + P · (∇ġ + ḣ ⊗ k)}da −
∫

∂Ωn

p · ġds = 0,

(90)
where the major symmetry of M has been invoked. This also applies in the case of
conservative pressure loading with n = 3 in (48) and with ∂Ωn = ∅. Invoking (89)
and integrating the term involving ∇ġ by parts, using ġ|∂Ωe= 0, we reduce this to

∫

Ω

[2P′k − div(P1)] · ġda +
∫

∂Ωn

(P1ν − p) · ġds = 0 (91)

which implies that

2P′k = div(P1) in Ω and p = P1ν on ∂Ωn. (92)

The second of these results is of course in precise agreement with the three-
dimensional theory. However, the first is not. To see this we note that in the three-
dimensional theory (3) holds at all points of the plate and hence on the midplane in
particular, where it reduces to

div(P1) + P′k = 0. (93)

We attempt to reconcile this with (92)1 by using the three-dimensional theory to
relate P′k to the tractions p̃± at the upper and lower lateral surfaces of the plate. With
N = ± k as appropriate, a Taylor expansion of (2) furnishes

p̃± = p̂(u, ± h/2) = ±Pk + (h/2)P′k ± (h2/8)P′′k + O(h3). (94)

Equivalently,

p̃+ + p̃− = hP′k + O(h3) and p̃+ − p̃− = 2Pk + O(h2). (95)

Then, if p̃± = O(h3), as in the case of pressure loading with n = 3 (cf. (43)), we
conclude that

Pk = O(h2) and P′k = O(h2). (96)

The first of these is consistent with the prediction (89), whereas the second implies
that (92)1 and (93) are consistent with each other in the sense that both yield the
estimate div(P1) = O(h2). With this information we may re-write (41) as

24E3 =
∫

Ω

{M (F)[∇d + g ⊗ k] · (∇d + g ⊗ k)}da +
∫

∂Ωe

P1ν · gds

−
∫

∂Ωn

(p′′ · r + 2p′ · d)ds + O(h2). (97)
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where we have made use (92)2 and (89), the latter implying that d =d̄(∇r), which
we assume to hold on the closure of Ω. Recalling that E3 is multiplied by h3 in the
expansion (5), we are justified in suppressing terms of order O(h2) in E3 as this does
not affect the accuracy of the expansion. For consistency we must then suppress P′k;
i.e., we must impose

{M (F)[∇d̄ + g ⊗ k]}k = 0, (98)

which, as we have seen in the case of pure bending, uniquely determines
g = ḡ(∇r,∇∇r) in Ω. With g|∂Ωe fixed by the data for the three-dimensional parent
model, and with P now determined by ∇r, we conclude that if the part ∂Ωe of the
boundary is clamped; i.e., if r and the normal derivative r,ν are assigned thereon,
then the full gradient ∇r, consisting of the normal and tangential derivatives of r, is
likewise fixed on ∂Ωe and hence that the integral

∫

∂Ωe
P1ν · gds is fixed by the data.

Accordingly its variational derivative vanishes and the energy may be effectively
reduced to

24E3 =
∫

Ω

M (F)[∇d̄ + ḡ ⊗ k] · (∇d̄ + ḡ ⊗ k)da −
∫

∂Ωn

(p′′ · r + 2p′ · d̄)ds,

(99)
which is a functional of r alone. Because of (98) we may simplify the first integrand
to

M (F)[∇d̄ + ḡ ⊗ k] · (∇d̄ + ḡ ⊗ k) = P′1 · ∇d̄, (100)

but we refrain from doing this so as to preserve the symmetry of the original expres-
sion.

With the foregoing results in effect the approximate energy becomes

E = h

{∫

Ω

W (∇r + d̄ ⊗ k)da −
∫

∂Ωn

p · r ds
}

+ 1
24h

3

{∫

Ω

M (F)[∇d̄ + ḡ ⊗ k] · (∇d̄ + ḡ ⊗ k)da

−
∫

∂Ωn

(p′′ · r + 2p′ · d̄)ds

}

, (101)

in the case of dead loading, in which p, p′ and p′′ are assigned on ∂Ωn. In the case
of pressure loading with n = 3 in (48), the relevant energy is

E = h
∫

Ω

W (∇r + d̄ ⊗ k)da + 1
24h

3
∫

Ω

M (F)[∇d̄ + ḡ ⊗ k] · (∇d̄ + ḡ ⊗ k)da

− h3
[
∫ V

V−
0

P−(x)dx − P+V

]

. (102)

In both cases this energy is a functional of the midplane deformation alone.
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The solution ḡ to (98) involves the gradient ∇d̄ and may thus be expressed in
terms of the first and second gradients, ∇r and ∇∇r respectively, of the midsurface
deformation function r(u). To derive the explicit form of this function we observe
that the function d̄(∇r) satisfies (56) identically in ∇r. We write the latter in the
form

∂W /∂Fi3 ≡ 0, (103)

where Fi3 = di , and differentiate with respect to ∇r = ri,αei ⊗ eα (with e3 = k),
obtaining

Mi3 jβ + Aik Kk jβ = 0, (104)

where Aik are the components of the acoustic tensor defined in (62) and

Kkjβ = ∂ d̄k/∂r j,β . (105)

Accordingly,
Kkjβ = −A −1

ki Mi3 jβ, (106)

and the chain rule yields
d̄i,α = Ki jβr j,βα. (107)

Then, combining (77) in the form

Aik gk = −Mi3 jα d̄ j,α (108)

with (106), we conclude that

ḡi (∇r,∇∇r) = Ki jα d̄ j,α = Ki jαK jkβrk,αβ (109)

and hence that the second integrand in (101) (or (102)) is a homogeneous quadratic
function of the 2nd derivatives rk,αβ . Moreover, as noted in the discussion of pure-
bending theory, ḡ minimizes the energy E with respect to g.

The patient reader may well wonder why the midplane deformation r was held
fixed (ṙ = 0) in (87)1,2. The reason is that (87)1 would otherwise yield the mem-
brane problem which, as we have seen, fails to possess a solution unless the energy
is replaced by its relaxation, whereas the purpose of the order—h3 expansion is to
regularize the membrane problem. In this case it is logical to regard E as the oper-
ative approximate energy and to render it stationary with respect to r to derive the
relevant equilibrium problem. However, it transpires, rather unexpectedly, that the
minimization problem for E is also typically ill-posed.
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6 Reflection Symmetry and Ill-Posedness

As we have noted, there is no reason to suppose that minimizers of E , if any, are
related to those of the three-dimensional energy E . Nevertheless, it is of interest
to determine whether or not E admits minimizers. If a deformation r minimizes
E , then it satisfies the operative Legendre-Hadamard condition pointwise in Ω . In
the present context this is the requirement that the part of the energy density that is
homogeneous quadratic in the 2nd derivatives ri,αβ be non-negative definite when the
ri,αβ are replaced by vi bαbβ,with vi an arbitrary 3-vector and bα an arbitrary 2-vector
[24]. This restriction affects only the 2nd integrand in (101) (or (102)), which has
the component form

I = Miα jβ d̄i,α d̄ j,β + 2Miα j3d̄i,α ḡ j + Mi3 j3ḡi ḡ j . (110)

Substituting (107) and (106), after some algebra we obtain

I = Giα jβKikλK jlμrk,λαrl,βμ, (111)

where
Giα jβ = Miα jβ − Akl KkiαKljβ. (112)

The relevant Legendre-Hadamard condition is thus given by

Giα jβaia jbαbβ ≥ 0, where ai = Ki jβv j bβ, (113)

and this must hold for every vi and bα.

It transpires that Giα jβ = Eiα jβ , the moduli for pure membrane theory (cf. (67)).
To see this we compute a further derivative of (65), obtaining

Eiα jβ = ∂2W /∂Fiα∂Fjβ + (∂2W /∂Fiα∂dk)Kkjβ

= Miα jβ + Miαk3Kkjβ

= Miα jβ − Akl KliαKkjβ, (114)

and the claim follows on comparison with (112).
In view of the discussion leading to (73) and (69), we conclude that if ai can be

chosen to be aligned with the normal to the deformed midsurface, then minimizers
of E must again deliver a plane 2nd Piola-Kirchhoff stress field that is pointwise
positive semi-definite. Hilgers and Pipkin [7] have shown that this situation obtains
in the practically important case in which the three-dimensional material possesses
reflection symmetry with respect to the midplane Ω; i.e.,U (E) = U (QEQt ), with
Q = I − 2k ⊗ k.This severe restriction on the state of stress implies that minimizers
of E generally fail to exist and therefore that solution procedures relying on the
construction of energy-minimizing sequences of deformations cannot be applied.
This is a serious drawback for the practical implementation of the theory.
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We conclude that the minimization problem for E is generally ill-posed, despite
the fact that the fields d̄ and ḡminimize the energy for any given midsurface position
field. In [7] this is addressed by introducing ad hoc strain-gradient termswhich ensure
that the Legendre-Hadamard condition is automatically satisfied without qualifica-
tion. However, these regularizing terms are unrelated to the three-dimensional parent
theory. Accordingly, in [7] the existence issue is addressed at the expense of accuracy.

7 Koiter’s Model

Another way to cure the problematic ill-posedness of E is simply to suppress the
contribution of the stress to the order—h3 term in the energy. To justify this simpli-
fication we may suppose that Sαβ = O(h) at the outset. The constitutive hypotheses
discussed in Sect. 1 then imply that the strain εαβ = O(h), so that

Sαμ = Dαμβλ(0)εβλ + o(h), (115)

where Dαμβλ(0) are the classical plane-stress elastic moduli evaluated at zero strain.
In view of (11) the stress S may then be suppressed in the second integral in (101)
(or (102)) without affecting the order—h3 accuracy of E . The operative Legendre-
Hadamard condition (113) is then reduced, with the aid of (71), to the inequality

Dαμβλ(0)yαwμyβwλ ≥ 0, (116)

where wμ = ai Fiμ and ai is given by (113)2. That this inequality is automatically
satisfied may be seen on observing that, for any A,

0 ≤ A · C (0)[A] = Dαμβλ(0)AαμAβλ (117)

in the present circumstances, and choosing Aαμ = yαwμ.

In the present circumstances the midplane strain energy is approximated by
1
2Dαμβλ(0)εαμεβλ + o(h2). Because this is multiplied by h in (101) (or (102)), we
then have that E /h3 = Ē + o(h3)/h3 where Ē involves the sum of the integrals of a
homogeneous quadratic function of the surface strain and a homogeneous quadratic
function of the bending strain. Thus energyminimizers in the parent theoryminimize
Ē at leading order in h. Further, the minimization problem for Ē is well posed [20].
Remarkably, Ē is precisely Koiter’s energy for combined bending and stretching [9,
13].

The difficulty, of course, is that the magnitude of the stress Sαβ is not known a
priori and thus that the assumptions underpinning Koiter’s model, if true, can only
be justified a posteriori. Fortunately, the feasibility of such a procedure is assured by
the existence of minimizers of Koiter’s energy.
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8 Proposed Model

It is important for the sake of practical analysis to have awell-posed order—h3 model
for combined stretching and bending for use in general applications. This need stems
from the availability and utility of robust numerical methods for computing energy
minimizers directly and from the fact that it is not possible to exert control over
the stress field a priori, as required in the establishment of Koiter’s energy on the
basis of the three-dimensional theory. Further, it is unlikely that the community will
accept a much more complex model based on higher-order expansion of the energy,
its potential well-posedness notwithstanding.

To secure the desired model we note, with reference to (110) and (113), that the
source of ill-posedness stems from the role played by the membrane moduli in the
order—h3 term in the energy functional E . This in turn arises due to the use of the
solution ḡ to (98) in the same term. To avoid this, we replace (101) (or (102)) by

E ′[r, g] =
∫

Ω

W ′(∇r,∇∇r, g)da − L , (118)

where

W ′ = hW (∇r + d̄ ⊗ k) + 1
24h

3M (∇r + d̄ ⊗ k)[∇d̄ + g ⊗ k] · (∇d̄ + g ⊗ k),

(119)
in which d =d̄(∇r) is imposed but the fields r(u) and g(u) are independent; i.e., we
do not impose g =ḡ. The Euler equation for g, namelyW ′

g = 0, is equivalent to (98),
which furnishes g =ḡ. It follows that, in equilibrium, E ′[r, g] and the order—h3 plate
energy are equivalent insofar as the Euler equations and natural boundary conditions
are concerned (see [12] for a derivation). Thus the equilibria of the order—h3 energy
are precisely the equilibria of E ′[r, g]. Moreover, these equilibria render the two
functionals equal.

To elaborate, consider the first variation

Ė ′ =
∫

Ω

[(∂W ′/∂ri,α)ṙi,α + (∂W ′/∂ri,αβ)ṙi,αβ + (∂W ′/∂gi )ġi ]da, (120)

in which we have suppressed the load potential, which is not relevant to the present
discussion. Equilibria in the approximate theory are, by definition, those states for
which Ė ′ vanishes for all kinematically admissible variations ṙi and ġi . This yields
∂W ′/∂gi = 0 in particular, which of course has the unique solution g =ḡ(∇r,∇∇r).
Accordingly,

∂W ′
∂gi

(∇r,∇∇r, ḡ(∇r,∇∇r)) ≡ 0 (121)

for all ∇r and ∇∇r. Differentiation of this identity yields

∂2W ′/∂gi∂r j,α = 0 and ∂2W ′/∂gi∂r j,αβ = 0, (122)



612 M. Shirani and D. J. Steigmann

which may be used to simplify the equilibrium expression for the second variation
Ë ′ accordingly. Thus,

Ë ′ =
∫

Ω

[(∂W ′/∂ri,α)r̈i,α + (∂W ′/∂ri,αβ)r̈i,αβ + (∂W ′/∂gi )g̈i ]da

+
∫

Ω

[(∂2W ′/∂ri,α∂r j,β)ṙi,αṙ j,β + (∂2W ′/∂ri,α∂r j,βμ)ṙi,αṙ j,βμ

+(∂2W ′/∂ri,αμ∂r j,β)ṙi,αμṙ j,β
+(∂2W ′/∂ri,αμ∂r j,βλ)ṙi,αμṙ j,βλ]da
+

∫

Ω

(∂2W ′/∂gi∂g j )ġi ġ j da, (123)

in which the first line vanishes due to the stationarity condition Ė ′ = 0 (cf. (120))
and all parenthetical terms are evaluated at the equilibrium state. Thus in equilibrium
the second variation is a quadratic functional of ṙ and ġ.

We now fix ṙ and minimize the second variation with respect to ġ. This yields the
stationarity condition

∫

Ω

(∂2W ′/∂gi∂g j )ġ j g̈i da = 0, (124)

which in turn implies that
(∂2W ′/∂gi∂g j )ġ j = 0 (125)

pointwise in Ω. The coefficient matrix is seen, with reference to (82), to be
∂2W ′/∂gi∂g j = 1

12Ai j , where A is the positive definite acoustic tensor defined in
(62). Thus the minimizing value is ġ = 0 and the second variation reduces to

Ë ′ =
∫

Ω

[(∂2W ′/∂ri,α∂r j,β)ṙi,αṙ j,β + (∂2W ′/∂ri,α∂r j,βμ)ṙi,αṙ j,βμ

+(∂2W ′/∂ri,αμ∂r j,β)ṙi,αμṙ j,β
+(∂2W ′/∂ri,αμ∂r j,βλ)ṙi,αμṙ j,βλ]da (126)

at equilibrium. This is non-negative for all kinematically admissible ṙ if the defor-
mation r is a minimizer of E ′.

The operative Legendre-Hadamard necessary condition for minimizers in this
case is the requirement that

(∂2W ′/∂ri,αμ∂r j,βλ)viv j bαbβbμbλ ≥ 0 (127)

pointwise inΩ, for all vi and ba [24].With reference to (107) and (119), this is found
to be equivalent to

Miα jβaia jbαbβ ≥ 0, (128)
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where the ai are given by (113)2 andM is evaluated at an equilibrium deformation.
That this is so is an immediate consequence of three-dimensional strong ellipticity.
Accordingly, the Legendre-Hadamard condition for (118) is automatically satisfied
and imposes no a priori restrictions on the stress. This means that E ′[r, g] meets
a fundamental necessary condition for the existence of minimizers without qual-
ification, whereas the order—h3 energy does so only under restrictive conditions
which cannot be verified a priori. It is therefore appropriate to regard equilibria in
the order—h3 model as minimizers of E ′[r, g], although it remains to be proved that
this functional actually possesses a minimizer. This question, which remains open,
is addressed to the mathematically inclined reader.
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Selected Stability Problems of
Thin-Walled Columns and Beams

Czesław Szymczak and Marcin Kujawa

Abstract The article reviews a number of papers in the light of buckling analy-
sis of thin-walled columns and beams. Stability of thin-walled columns and beams
are considered a vital engineering science issue in both historical and present-day
approaches. The paper refers to the recent authors’ works of the 2012–2019 period,
published in leading journals. Similar review of stability problems of thin-walled
structures developed at Gdansk University of Technology is published in Szymczak
(A review of stability problems of thin-walled structures developed at Gdansk Uni-
versity of Technology, 69–78, 2003, [58]), Szymczak (Selected problems of stability
of thin-walled columns with bisymmetric cross-section, 111–128, 2012, [59]). This
paper is a continuation of the earlier reviews. Only selected references are given.

1 Introduction

Scientists and engineers have studied structural stability since the turn of the 18th
and 19th centuries. The classical stability solution of a column under compression
was worked by Euler [12] (the solution of critical loads of columns with various end
conditions), Lagrange [33] (post-buckling path analysis), Young [75] (the impact of
initial curvature imperfections, bending moments and load eccentricity), Kirchhoff
[24] (the theory of large deflections) and Engesser [11] (the shear effect in columns
of low effective shear stiffness).

In the next step the flexibility method was developed due to frame stability prob-
lems by Mises [41], Mises and Ratzersdorfer [42, 43], Chwalla [10] (the flexibility
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matrix) the matrix stiffness method was implemented by James [22] (the stiffness
matrix), Livesley and Chandler [36]. The historical context of stability methods
is included in Timoshenko [67], Kurrer [32], Bažant and Cedolin [3], Todhunter
[69]. Since the 1950s up till now the structural stability issue has been regarded in
Pflüger [46], Bleich [5], Kollbrunner et al. [25], Gerard [15], Timoshenko and Gere
[68], Horne and Merchant [20], Leipholz [34], Chajes [8], Brush [6], Iyengar [21],
Waszczyszyn et al. [73], Kowal-Michalska and Mania [26], the review papers [17,
18] and more [47–50]. The increasing column compressive load obviously leads
to stability loss whose failure modes may be classified global (flexural, torsional
or flexural-torsional), local or distortional with regard to the cross-section, column
length andmaterial parameters. Stability loss is naturally a non-linear and quasi-static
phenomenon, thus its study brought about a high effort due to its mathematical form,
including the classification of post-buckling behaviour (supercritical/post-critical).
Further development in thefield is bound to caver analytical, experimental andnumer-
ical research, in order to expand both theoretical description and phenomenological
inquiry on structural stability loss. The body equilibrium stability problem is regarded
in a collection of works by Lyapunov [37] as specific case of motion stability of a
body, the so-called kinematic stability criterion. If a general criterion for stability
loss takes a purely static form without any dynamic elements, it renames to the static
stability criterion. Regardless of the criterion, the stability limit is usually achieved
within the elastic material performance. Thus the stability problem reduces to the
investigation of linear or possibly non-linear, elastic scenarios. The general stability
criterion form results from the principle of energy conservation or, more strictly, the
principle of relative minimum potential energy. The condition of minimum energy
is necessary and sufficient in stability analysis. The total potential energy of a given
system, U may be expressed as the sum of the potential energy of elastic deforma-
tion and the potential energy linked with external forces (with an opposite sign). The
potential energy function is usually expanded in Taylor series with regard to the first
nonzero term, decisive for equilibrium stability of the system (the quadratic term is
generally the case). The necessary critical state condition (the neutral equilibrium
criterion) is usually translated into a zero value of the first variation of U . The state
of the system is stable if δU > 0, critical if δU = 0 and unstable if δU < 0 (the
cases based on the so-called principle of stationary potential energy). While the n-th
variation of the potential energy is zero (δU = δ2U = δnU = 0), the state of the
system is determined by the sign of δn+1U .

Various approximate methods are incorporated in the analysis of stability. The
classical methods are:

• analytical methods: energy (variational) methods [25, 40, 52, 72], orthogonaliza-
tion methods [72] (overestimating the critical loads), the kernel trace method for
integral equations [72] (underestimating the critical loads), the method of assumed
exact solutions [72] (the case of elastic-plastic stability analysis), the collocation
method [4, 72] and the iterative method [25, 72],

• numerical methods: the finite differencemethod (FDM) [56], the generalised beam
theory (GBT) [1, 7, 16, 54, 55], the finite strip method (FSM) [9, 19, 35, 53] and
the finite element method (FEM) [51, 77].
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The development in mathematical stability formulation coincides with the exper-
imental research. The research results show that the theoretical prediction may drop
beyond the real structural behaviour. Discrepancies typically occur in imperfect.
Geometrical and material flaws make the structure to reach the critical state (or limit
state) much earlier (in certain specific cases, however, it can be reached much later)
than the theory predicts. In engineering practice the influence of initial imperfec-
tions structural stability loss cannot be overlooked [14, 23]. A possible engineer-
ing solution employs the so-called safety multipliers, said to act as “coefficients of
ignorance”.

The buckling oriented design is inherent due to thin-walled structural elements,
intender to minimize structural dead load for economic reasons. The thin-walled
elements are widely applied in various branches of engineering. They are widespread
in civil engineering and other fields e.g. aviation and shipbuilding. The controlling
means to adjust limit structural dimensions are parameters of structural stability loss
in a greater extent than its strength. The stability interest in building industry has
recently increased due to permanently growing demands of engineering. In global
engineering practice twomethods are currently employed in the design of thin-walled
structures: the traditional effective width method and the direct strength method
(DSM) [31, 45, 76], the latter denoted a constant development up till now.

Advances in computational power and numerical methods (e.g. the finite differ-
ence method, finite strip method and finite element method) strongly support the
theoretical research in structural stability. Numerical methods, e.g. finite element
method, cover non-linear problems, of a high geometric and material complexity.
The methods based on incremental formulation and iterative algorithms are com-
monly employed in stability analysis. However, in order to achieve an acceptable
numerical accuracy, a large number of degrees of freedom is required in the prob-
lem definition. Thus the numerical analysis cost rises up with regard to computing
time, memory and disk space, featuring non-linear, quasi-static problems and no
supercomputer power at hand. Thus it is essential to permanently develop numer-
ical methods and pursue new analytical solutions of complex problems, in order
to minimize the computational effort. Such a direction fits the stability domain of
thin-walled structures in both academic and engineering design fields.

Stability loss of compressed or flexural thin-walled elements in its theoretical
background is backed up sufficiently well only in the domain of thin-walled bar
structures (showing open or closed cross-sections) fulfilling the classical assump-
tions of Euler [12] (principal of planar cross-sections) and Vlasov [71] (constrained
torsion with possible transverse cross-sectional warping), assuming non-deformable
cross-sections (without distortions). The torsion issue deserves a dedicated theoret-
ical background, extending the basic classical matrix theory of beams of Euler and
Bernoulli according to the Vlasov proposal.

The recent period has shown a substantial research increase in buckling analy-
sis methodology of thin-walled members (GBT, FSM and DSM). Numerical results
complement the experimental studies, however, some papers are purely experimen-
tal. These studies are intended to develop and improve numerical bucklingmodelling,
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the attempts based on classical analytical methods are rarely found. Thus the authors’
intention is to direct the inquiries on the non-dominant field now, the classical, ana-
lytical attempt to stability.

2 Global Buckling of Columns Geometrically Perfect
and Imperfect

The paper [27] derives basic stiffness matrices (linearly elastic stiffness matrix and
geometric stiffness matrix) dedicated to torsional stability analysis of constrained
thin-walled bar structures of open bisymmetric cross-sections. The explicit (close-
form) torsional angle functions are solutions of the constrained torsion differential
equation of constrained torsion. The matrices are derived by the first Castigliano’s
theorem [67]. The paper presents the explicit (close-form) solution, i.e. matrices
of hyperbolic function components, affected by the FEM mesh density, thus the
approach proves unsuitable for a general FEM application, especially in high FE
density cases. Hence two variants are proposed to expand the derived functions in
power series, paying attention to the mesh density. The first variant is the classical
literature “expansion with a deficit”, the second one “with an excess” affected by
beam discretization density. The latter variant was applied by the author to trigger
faster convergence in the coarse grid cases, compared to the former, literature variant.

The progress in computer methods has been accompanied by significant theoreti-
cal methodology development of in the field of structural stability. It results from the
increasing demands of engineering practice leading to a more rigorous modelling
interpretation of the phenomena associated with structural stability loss. The clas-
sical problem of initial stability, illustrated by column buckling, is usually analysed
by conventional means. The elastic and geometric stiffness matrices are split (see
paper [27]) in order to compute their eigenvalues. The development of numerical
methods accompanies the ongoing interest in the foundations of non-linear stabil-
ity theory of elastic structures subjected to conservative loads. The theory regards
boundary conditions of the problem and applies the limit state criterion due to a
singular tangent stiffness matrix. This approach is straightforward due to a simple
determinant computing procedure and incremental limit value procedure. The paper
[28] regards torsional mode of stability loss in the case of constrained torsion along
with the tangential stiffness matrix derivation by means of the limit state criterion
the paper [28] applies the Newton-Raphson iterative algorithm to solve the problem.
The analysis was performed by computing packages Mathematica [2, 39, 74].

The paper [61] addresses the impact of global geometrical imperfections on stabil-
ity loss of bisymmetric I-columns of a constant cross-section (lips possible) subjected
to axial compression (conservative loading). The relations are analytically derived
of the critical load with respect to initial flexural and torsional imperfections. The
impact of initial axis curvature on torsional buckling and the impact of initial column
cross-section twist on flexural buckling are addressed here. The classical assumption
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of non-deformable cross-section is applied here. Non-linear differential equations of
the problem are formulated and solved. The critical load approximation is conducted
by Galerkin’s method [13, 38, 44, 57]. The proposed analytic solution is confirmed
numerically by means of ABAQUS software. The initial equilibrium path and its
associated bifurcation points are determined, while subjected to torsional buckling
with initial flexural imperfections and flexural buckling with initial torsional imper-
fections.

The column of a bisymmetric cross-section shows its flexural buckling indepen-
dent of torsional buckling, due to both bifurcation points the equilibrium paths are
symmetric and stable. While flexural imperfections occur critical torsional buckling
load is reduced due to given cross-sectional column dimensions, a higher critical
load reduction yields from the reduced flange width. On the other hand, initial twist
of the column cross-section leads to the flexural buckling load increase. The results
and conclusions are significant due to scientific and engineering viewpoints.

3 Local Buckling of Columns and Beams Made of Linearly
and Non-linearly Elastic Materials

Both buckling load and mode are fundamentally affected by structural supporting
conditions. In real engineering applications the support is elastic of a given stiffness
affected by the load. The paper [30] considers the problem of support stiffness in thin-
walled purlins of Z-shaped cross-section, screw-fastened to sandwich panels. Joint
experimental and numerical research is provided, a simple FEM model based on the
experimental results is intended to specify the rotational stiffness of the purlin sup-
port without expensive experimental research. Based on numerical and experimental
research a number of final conclusions is drawn. First of all, the number and location
of fasteners (screws or bolts) are decisive due to rotational stiffness of the purlins.
The decisive parameters here are the number of fasteners, their arrangement along
the purlin axis and their layout in the flange area in terms of distance from the purlin
web. In the considered case the support stiffness rises up with an increasing load. A
simplified model of fasteners and an entire system, applied in Kujawa and Szymczak
[30], significantly reduce the computational time, while it stays accurate enough to
specify the stiffness of purlin supports. The experimental research of Kujawa and
Szymczak [30] and the overall, real scale investigation of the purlin constitute the
research project aimed at restraining of cold-formed Z-purlins with sandwich panels
[70]. An experimental test of roof overload and destruction is provided here. The
experiment results in purlin local stability loss leading to distortion of the purlin
cross-sections. Thus in real events it is necessary to abort the classical assumptions
of Euler and Vlasov of cross-sectional non-deformability.

In real engineering applications the assumptions of Euler and Vlasov are repre-
sented by diaphragms arranged at specified intervals along the bar. In the case of
diaphragms spaces sparsely or excluded at all the classical assumptions cannot be
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made. Such cases point out local or shear buckling loads, with regard character to
the element slenderness and the cross-sectional wall thickness.

The paper [62] focuses on distortional stability loss of thin-walled bars of a
square cross-section, with or without internal walls. The investigated case states
both global and local buckling modes independent. The problem is modelled one-
dimensionally, its differential equation is stated and solved bymeans of the stationary
potential energy principle. Analytical model is worked due to critical loads and crit-
ical stresses, regarding elastic isotropic simply supported columns. The procedure
is shown to determine the half-wave number of the buckling mode incorporating
the characteristic column buckling length. The analytical results are compared to
the FEM ABAQUS output. The analytical approach leads to critical loads, critical
stresses and the related number of half-waves corresponding to minimum critical
stresses, accurate enough while compared to the FEM-based results. The proposed
analytical solutions determine the optimal shape of thin-walled columns of square
cross-section, pointing out the materials of low elasticity and high elastic limit e.g.
aluminium alloys or composites.

The paper [60] discusses of thin-walled channel members subjected to compres-
sion or bending, regarding the flange-web interaction. The flange deformation is
related to angle of twist around the flange-web connection line. Classical differential
equation of the problem is taken, similarly to Szymczak andKujawa [62], incorporat-
ing the stationary potential energy principle. Various flange profiles are considered:
single, double-bent, single-bent with lips and double-bent with reinforcement. Ana-
lytical buckling problem solution is investigated, considering the flange-web interac-
tion, usually neglected in the studies. It is common, however impractical, to assume
flange buckling posterior to material yield at the flange-web connecting-edge.

Furthermore, the impact is studied of interaction between flange sheets on critical
stress and buckling mode. Both simplified numerical model and FEM procedure are
employed introduced. The analytical results are comparedwith the FSMoutput, wide
in buckling analysis of thin-walled open cross-sections (the CUFSM software [35]),
the limitations of both numerical procedures (FEM and FSM) are highlighted.

The paper [29] suggests a complex, entirely non-linear numerical approach, con-
sisting an analytical procedure and a FEM model. This approach is bound to cover
the flange-web interaction, the impact of friction between the cross-sectional parts
and the impact of material nonlinearity on local stability. Two aluminium alloys
were considered here: the heat-treated and the non-heat-treated, both assumed the
Ramberg-Osgood material law. The proposed solution may be successfully applied
to alloys of stainless and carbon steel as well. The paper is motivated by the growing
interest in nonstandard structural solutions for shaping cold-formed members in the
context of local buckling analysis. It investigates how material parameters act upon
buckling stresses while the problem is nonlinear. Energy method in its quasi-static
approach is proposed here, making it possible to specify the critical buckling stresses
and structural behaviour due to variable loading in linearly elastic, non-linearly elas-
tic and non-elastic ranges. An attempt is made to relevantly model the interaction
of cross-sectional components, to be either in contact initially or to come into con-
tact at buckling. The FEM results are compared to the proposed analytical solution.
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Numerical examples confirm correctness of the suggested FEM and the closed-form
analytical solutions. Furthermore, numerical research yields a conclusion that ini-
tial geometrical imperfections act upon the nature of stability loss and the values
of critical stresses, thus stability analysis of cold-formed thin-walled structures is
intended to regard initial geometrical imperfections in a general scale. The slightest
initial geometrical flaws may trigger large solution variations here, even resembling
the chaotic system features.

Local stability is a necessary analytical issue of composite members, pointing out
the unidirectional fibre-reinforced laminates. This topic is addressed inSzymczak and
Kujawa [63]. The research here concerns local buckling of axially compressed chan-
nel columns and the corresponding flange-web interaction. Two parameter homog-
enization approaches are employed to reflect material orthotropy. The problem dif-
ferential equation is derived and solved, it analytical results compared to the FEM
solution (ABAQUS). The paper shows that the type of material homogenization type
acts upon the critical stress. The critical stress increase with the composite reinforce-
ment degree is addressed too. The impact of material homogenization method on
characteristic length and the buckling mode is also pointed out.

4 Global and Local Post-buckling of Columns and Beams
Made of Linear and Non-linear Elastic Materials

The next article [66] discusses flexural buckling in the pre- and post-buckling ranges
of axially compressed aluminium columns. The material is intended to follow the
Ramberg-Osgood equation again. A non-linear differential equation of the problem
is based on the principle of stationary total potential energy and the assumptions of
classical beam theory. An approximate analytical solution of the equation is con-
ducted by means of perturbation approach, it results in buckling loads and the initial
post-buckling equilibrium path. Analytical/numerical solutions are achieved in the
case of compressed I-columns, either simply supported or both-side clamped sides.
The work also regards the impact of material nonlinearity on the critical load and the
initial post-buckling behaviour, comparing the results to the linearly elastic material
case.

The paper [64] investigates torsional buckling of axially compressed bisymmetric
cross-section thin-walled column made of aluminium alloy. The work addresses
the loss of torsional stability in initial pre and post-critical ranges. The Ramberg-
Osgood nonlinearly elastic law is assumed to model the column material behaviour
was applied. The non-linear differential equation of the problem is linked with the
principle of stationary total potential energy again. An approximate equation solution
of the equation is found by means of the perturbation approach, here the obtained
buckling load by the initial post-buckling behaviour pattern (mode). In order to
verify the suggested analytical solutions the FEM numerical procedures were run in
the ABAQUS environment, proving the solution correctness.
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The paper [65] takes continues the topic of two previous articles [64, 66] to investi-
gate the initial post-buckling behaviour of a cold-formed channel member flange due
to its local buckling. The member material is assumed to follow a linear stress-strain
relationship. The governing non-linear differential equation of the problem is derived
upon the minimum total potential energy principle. The perturbation approach leads
to an approximate equation solution, to find the critical buckling stress and the initial
post-buckling equilibrium path. The bifurcation point is detected symmetric and sta-
ble. The proposed analytical solution is compared with the numerical finite element
and finite strip method results in order to evaluate the solution validity and assess its
applicability range.

5 Conclusions

The article provides a bibliographical review of papers published recently in Gdansk
University of Technology in the field of thin-walled structure stability. While a vast
research entirety has been focused on stability problems of thin-walled structures up
till now, many problems are still open, e.g. complex global-local or global-global
buckling modes including multiple bifurcation points, stability of structures made
of thin-walled members, e.g. space frames or grids. Moreover, new research issues
concern sensitivity analysis of critical loads and bucklingmodes, they are challenging
problems in the case of multiple bifurcation points. Both theoretical and practical
viewpoints lead to a challenging field of optimal design of thin-walled columns,
beams more complex space frames, including stability constraints of various kinds.

References

1. Abambres, M., Camotim, D., Silvestre, N., Rasmussen, K.: GBT-based structural analysis of
elastic-plastic thin-walled members. Comput. Struct. 136, 1–23 (2014)

2. ABAQUS (2002–2018). http://www.abaqus.com
3. Bažant, Z., Cedolin, L.: Stability of structures: elastic, inelastic, fracture and damage theories.

World Scientific Publishing Co. Pte. Ltd (2010)
4. Bellomo, N., Lods, B., Revelli, R., Ridolfi, L.: Generalized Collocation Methods: Solutions

to Nonlinear Problems. Modeling and Simulation in Science. Engineering and Technology,
Birkhäuser (2007)

5. Bleich, F.: Buckling Strength of Metal Structures. McGraw-Hill (1952)
6. Brush, D., Almroth, B.: Buckling of Bars, Plates and Shells. McGraw-Hill (1975)
7. Camotim, D., Basaglia, C., Silvestre, N.: GBT buckling analysis of thin-walled steel frames: a

state-of-the-art report. Thin-Walled Struct. 48(10), 726–743 (2010)
8. Chajes, A.: Principles of Structural Stability. Prentice-Hall (1974)
9. Cheung, Y., Tham, L.: Finite Strip Method. CRC Press (1998)
10. Chwalla, E.: Die stabilität zentrisch und exzentrisch gedrückter stäbe aus baustahl. Interna-

tionale Tagung für Brückenbau und Hochbau, pp. 608–614 (1928)

http://www.abaqus.com


Selected Stability Problems of Thin-Walled Columns and Beams 623

11. Engesser, F.: Über die knickfestigkeit grader stäbe. Zeitschrift für Architektur und Ingenieur-
wesen 35(4), 455–462 (1889)

12. Euler, L.: Sur la force des colonnes.Memoires de l’academie des sciences deBerlin 13, 252–282
(1759)

13. Fletcher, C.: Computational Galerkin Methods. Springer, Berlin (1984)
14. Gambhir, M.: Stability Analysis and Design of Structures. Springer, Berlin (2004)
15. Gerard, G.: Introduction to Structural Stability Theory. McGraw-Hill (1962)
16. Gonçalves, R., Camotim, D.: GBT deformation modes for curved thin-walled cross-sections

based on a mid-line polygonal approximation. Thin-Walled Struct. 103, 231–243 (2016)
17. Hancock, G.: Cold-formed steel structures. J. Constr. Steel Res. 59, 473–487 (2003)
18. Hancock, G.: Cold-formed steel structures: research review 2013–2014. Adv. Struct. Eng.

19(3), 393–408 (2016)
19. Hancock, G., Pham, C.: Buckling analysis of thin-walled sections under localized loading using

the semi-analytical finite strip method. Thin-Walled Struct. 86, 35–46 (2015)
20. Horne, M., Merchant, W.: The Stability of Frames. Pergamon (1965)
21. Iyengar, N.: Structural stability of columns and plates. East-West Press Pvt Ltd (1986)
22. James, B.: Principal effects of axial load on moment-distribution analysis of rigid structures.

Technical report 534. National Advisory Committee for Aeronautics (1935)
23. Kirby, P., Nethercot, D.: Design for Structural Stability. Wiley (1979)
24. Kirchhoff, G.: Über das gleichgewicht und die bewegung eines unendkich dünnen elastischen

stäbes. Journal für Mathematik 56, 285–313 (1859)
25. Kollbrunner, C., Meister, M.: Knicken, biegedrillknicken, kippen: theorie und berechnung von

knickstäben knickvorschrifte. Springer (1961)
26. Kowal-Michalska, K., Mania, R. (eds.): Review and Current Trends in Stability of Structures.

A Series of Monographs. Lodz University of Technology (2013)
27. Kujawa,M.: Torsion of restrained thin-walled bars of open constant bisymmetric cross-section.

TASK Q. 16(1), 5–15 (2012a)
28. Kujawa, M.: Torsional buckling of restrained thin-walled bars of open bisymmetric cross-

section. TASK Q. 16(3–4), 301–306 (2012b)
29. Kujawa, M.: Selected local stability problems of channel section flanges made of aluminium

alloys. Contin. Mech. Thermodyn. (2018). https://doi.org//10.1007/s00161-018-0705-z
30. Kujawa, M., Szymczak, C.: Numerical and experimental investigation of rotational stiffness of

zed-purlins connection with sandwich panels. Thin-Walled Struct. 75, 43–52 (2014)
31. Kumar, J., Jayachandran, S.: Experimental investigation and evaluation of direct strength

method on beam-column behavior of uprights. Thin-Walled Struct. 102, 165–179 (2016)
32. Kurrer, K.: The history of the theory of structures: from arch analysis to computational mechan-

ics. Ernst and Sohn a Wiley Company (2008)
33. Lagrange, J.: Sur la figure des colonnes. Oeuvres de Lagrange 2, 125–170 (1770–73)
34. Leipholz, H.: Stability Theory. Academic Press (1970)
35. Li, Z., Schafer, B.: CUFSM elastic buckling analysis of thin-walled members with general end

boundary conditions (2018). http://www.ce.jhu.edu/bschafer/cufsm
36. Livesley, R., Chandler, D.: Stability Functions for Structural Frameworks. Manchester Univer-

sity Press (1956)
37. Lyapunov, A.: The General Problem of the Stability of Motion. Taylor & Francis (1992)
38. Marchuk, G.: Methods of Numerical Mathematics. Springer, New York (1982)
39. MATLAB (1994–2019). http://www.matlab.com
40. Mikhlin, S.: Variational Methods in Mathematical Physics. Pergamon Press (1964)
41. Mises, R.: Über die stabilitätsprobleme der elastizitätstheorie. Zeitschrift für angewandteMath-

ematik und Mechanik 3(6), 406–422 (1923)
42. Mises, R., Ratzersdorfer, J.: Die knicksicherheit von fachwerken. Zeitschrift für angewandte

Mathematik und Mechanik 5(3), 218–235 (1925)
43. Mises, R., Ratzersdorfer, J.: Die knicksicherheit von rahmentragwerken. Zeitschrift für ange-

wandte Mathematik und Mechanik 6(3), 181–199 (1926)
44. Mitchel, A.: The Finite Element Method in Partial Differential Equations. Wiley (1977)

https://doi.org//10.1007/s00161-018-0705-z
http://www.ce.jhu.edu/bschafer/cufsm
http://www.matlab.com


624 C. Szymczak and M. Kujawa

45. Nguyen, V., Pham, C., Cartwright, B., English, M.: Design of new cold rolled purlins by
experimental testing and direct strength method. Thin-Walled Struct. 118, 105–112 (2017)

46. Pflüger, A.: Stabilitatsprobleme der elastostatik. Springer (1950)
47. Pietraszkiewicz, W., Górski, J. (eds.): Shell Structures: Theory and Applications, vol 3. CRC

Press (2014)
48. Pietraszkiewicz, W., Kreja, I. (eds.) Shell Structures: Theory and Applications, vol 2. CRC

Press (2010)
49. Pietraszkiewicz, W., Szymczak, C. (eds.): Shell Structures: Theory and Applications, vol 1.

Taylor & Francis (2006)
50. Pietraszkiewicz, W., Witkowski, W. (eds.): Shell Structures: Theory and Applications, vol 4.

CRC Press (2017)
51. Przemieniecki, J.: Theory of Matrix Structural Analysis. McGraw-Hill (1968)
52. Reedy, J.: Energy and Variational Methods in Applied Mechanics. Willey (1984)
53. Schafer, B.,Àdàny, S.: Buckling analysis of cold-formed steelmembers usingCUFSM: conven-

tional and constrained finite strip methods. In: Eighteenth International Specialty Conference
on Cold-Formed Steel Structures, Orlando, FL (2006)

54. Schardt, R.: Generalised beam theory-an adequate method for coupled stability problems.
Thin-Walled Strct. 19(2–4), 161–180 (1994)

55. Silvestre, N., Camotim, D.: Second-order generalised beam theory for arbitrary orthotropic
materials. Thin-Walled Strct. 40(9), 791–820 (2002)

56. Smith, G.: Numerical Solution of Partial Differential Equations: Finite Difference Methods.
Oxford Applied Mathematics and Computing Science Series (1986)

57. Stoer, J., Bulirsch, R.: Einführung in die numerische mathematik. Springer (1973)
58. Szymczak, C.: A review of stability problems of thin-walled structures developed at Gdansk

University of Technology. In: X-th Symposium Stability of Structures, pp. 69–78 (2003)
59. Szymczak, C.: Selected problems of stability of thin-walled columns with bisymmetric cross-

section. In: XIII-rd Symposium Stability of Structures, pp. 111–128 (2012)
60. Szymczak, C., Kujawa, M.: On local buckling od cold-formed channel members. Thin-Walled

Struct. 106, 93–101 (2016)
61. Szymczak, C., Kujawa,M.: Buckling of thin-walled columns accounting for initial geometrical

imperfections. Int. J. Non-linear Mech. 95, 1–9 (2017a)
62. Szymczak, C., Kujawa, M.: Distortional buckling of thin-walled columns of closed quadratic

cross-section. Thin-walled Struct. 113, 111–121 (2017b)
63. Szymczak, C., Kujawa, M.: Local buckling of composite channel columns. Contin. Mech.

Thermodyn. (2018). https://doi.org/10.1007/s00161-018-0674-2
64. Szymczak, C., Kujawa, M.: Torsional buckling and post-buckling of columns made of alu-

minium alloy. Appl. Math. Model. 60, 711–720 (2018b)
65. Szymczak, C., Kujawa, M.: Buckling and initial post-local buckling behaviour of cold-formed

channel member flange. Thin-Walled Struct. 137, 177–184 (2019a)
66. Szymczak,C.,Kujawa,M.: Flexural buckling and post-buckling of columnsmade of aluminium

alloy. Eur. J. Mech. A Solids 73, 420–429 (2019b)
67. Timoshenko, S.: History of Strength of Materials. McGraw-Hill (1953)
68. Timoshenko, S., Gere, J.: Theory of Elastic Stability. McGraw-Hill (1964)
69. Todhunter, I.: A History of the Theory of Elasticity and of the Strength of Materials: Galilei to

Saint-Venant, 1639-1850. Franklin Classics (2018)
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Higher-Order Weak Formulation
for Arbitrarily Shaped Doubly-Curved
Shells

Francesco Tornabene and Michele Bacciocchi

Abstract The aim of this chapter is the development of an efficient and accurate
higher-order formulation to solve the weak form of the governing equations that
rule the mechanical behavior of doubly-curved shell structures made of compos-
ite materials, whose reference domain can be defined by arbitrary shapes. To this
aim, a mapping procedure based on Non-Uniform Rational Basis Spline (NURBS)
is introduced. It should be specified that the theoretical shell model is based on
the Equivalent Single Layer (ESL) approach. In addition, the Generalized Integral
Quadrature technique, that is a numerical tool which can guarantee high levels of
accuracy with a low computational effort in the structural analysis of the considered
shell elements, is introduced. The proposed technique is able to solve numerically the
integrals by means of weighted sums of the values that a smooth function assumes
in some discrete points placed within the reference domain.

1 Introduction

Thepeculiar shape of doubly-curved shells allows to identify immediately this kind of
structure in everyday life. Cooling towers, long-span roofs, vaults, fluids containers,
tanks, nuclear systems, ships, missiles, airplanes, boats are all examples of shell
structures that can be easily observed, as specified in the book by Tornabene and
Bacciocchi [1]. Thus, it is clear that the study of shell structures could involve various
engineering fields and their multidisciplinary feature is easily highlighted.

Their curved shapes define several structural advantages, such as a noticeably
efficiency in holding external forces, extraordinary stiffness and resistance, as well
as higher values of strength-to-weight ratio. Nevertheless, such positive features are
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always combined with great difficulties in the analytical description of their curved
surfaces. To the best of the author’ knowledge, the differential geometry represents
one of the most efficient mathematical tools to deal with completely doubly-curved
shells, characterized by two different radii of curvature. The book by Kraus [2] and
the book by Tornabene and Bacciocchi [1] should be taken as reference to this aim.

The growth of composite materials and their consequent application to shell struc-
tures has allowed to further enhance their mechanical features, due to a reduction of
the structural weight and an increase of their stiffness and resistance, if compared
to classical or isotropic constituents [3–7]. Many papers and researches, in fact, are
focused on the study of the structural behavior of shells made of composite materi-
als. Among them, the class of laminated composites should be mentioned. For the
sake of completeness, it should be recalled that these structures are defined by an
overlapping of many layers characterized by various mechanical properties. These
peculiar configurations can affect the mechanical behavior of shell structures and
several studies are consequently presented to investigate the effect of the mechanical
parameters on their static and dynamic behavior [8–31].

It is well-known that laminates could be affected by some issues, such as delam-
ination, residual stresses and defects at the inter-laminar interfaces. These problems
are generally caused by the heterogeneity of the mechanical properties along the
thickness of the structures [32–34]. These problems have been solved by defining a
continuous gradual variation of the mechanical properties in the thickness direction
and the consequent removal of the layer interfaces. Composite materials character-
ized by this feature are named as Functionally Graded Materials (FGMs) and their
application in shells has allowed to obtain even more efficient structures [35–45].
In general, FGMs are obtained by mixing together two phases, such as ceramic and
metal. The recent advancements in the nanotechnologies has defined the growth
of the so-called nanocomposites in which the reinforcing phase can be made by
nanoparticles such as Carbon Nanotubes (CNTs). If these particles are characterized
by a through-the-thickness variation of their volume fraction, the class of Func-
tionally Graded Carbon Nanotube-Reinforced Composites is obtained. This topic is
extremely investigated in many recently published papers [46–53].

Nevertheless, classical or first-order theories could not be able to model anymore
the mechanical behavior of structures made of innovative constituents. Higher-order
Shear Deformation Theories (HSDTs) have arisen to this aim in the last decades
[54–64]. To the best of the authors’ knowledge, the Unified Formulation (UF) rep-
resented the turning point in the development of refined structural models, due to
its efficiency, compactness and easy computer implementation [1, 65–69]. More
general approaches based on this formulation have been also developed during the
years, as it can be noted in the following papers [70–75]. It should be mentioned
that in general HSDTs are classified as Equivalent Single Layer (ESL) theories if
the governing equations are defined in the middle surface of the structure [76–80],
but a kinematic expansion along the thickness can be also developed according to
the so-called Layer-Wise (LW) approaches [81–85]. Hybrid formulations are also
possible, such as an Equivalent Layer-Wise (ELW) model [86].
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Once the governing equations are obtained, two formulations can be solved,which
are respectively the strong and weak forms. The first approach provides a system
of partial differential equations, whereas an integral formulation is given by the
second one [87]. In general, the fundamental system of equations cannot be solved
analytically and a numerical solution has to be pursued. If the strong formulation is
chosen, a numerical tool able to approximate the derivatives should be used. On the
other hand, the integrals have to be solved numerically if the weak formulation is
developed. TheGeneralizedDifferentialQuadrature (GDQ) andGeneralized Integral
Quadrature (GIQ) methods could be efficiently employed to this aim, as specified in
the review paper by Tornabene et al. [88]. For the sake of completeness, it should be
mentioned that the fundamental aspects of these techniques have been presented by
Shu [89].

2 Definition of the Geometry

The current section is focusedon the analytical descriptionof doubly-curved surfaces,
which are taken as the middle surfaces of the shell structures under consideration. A
brief illustration of the main principles of differential geometry is presented to this
aim, since an accurate and precise definition of these surfaces is required [1, 2].

In general, each shell can be considered as an elastic body defined by two curved
surfaces. The distance between the two surfaces, which denotes the thickness of
the structure, is small if compared to the other sizes. An orthogonal and principal
coordinate system is definedwithin the shellmiddle surface. Ifα1 andα2 represent the
curvilinear coordinates at issue, the local reference system is denoted by O ′α1α2ζ ,
in which ζ ≡ α3 is the normal direction. For the sake of clarity, a generic shell
element of thickness h is depicted in Fig. 1. In the same figure, it can be easily noted
also the global reference system Ox1x2x3. Each global direction is identified by the
corresponding unit vector denoted by ei , for i = 1, 2, 3.

A closed domain should be identified, therefore the following limitations are
required

α1 ∈ [
α0
1, α

1
1

]
, α2 ∈ [

α0
2, α

1
2

]
, ζ ∈ [−h/2, h/2] (1)

in which α0
1, α

0
2 and α1

1, α
1
2 stand for the minimum and maximum values of the

curvilinear coordinates, respectively.
A generic point P of the three-dimensional solid is specified by the position vector

R (α1, α2, ζ ), which assumes the aspect shown below

R (α1, α2, ζ ) = r (α1, α2) + ζ n (α1, α2) (2)

where r (α1, α2) denotes the position vector of each point P ′ laying on the shell
middle surface. On the other hand, n (α1, α2) represents the outward unit normal
vector, which can be computed by means of the following vector product
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Fig. 1 Doubly-curved shell element. Representation of the local and global reference systems

n (α1, α2) = r,1 × r,2∣∣r,1 × r,2

∣∣ (3)

where r,i = ∂r/∂αi , for i = 1, 2. It is important to specify that the shape of the
structure is well-defined once the position vector r (α1, α2) is introduced. At this
point, the Lamè parameters of the curved surface can be specified. The following dot
products are needed to this aim

A1 (α1, α2) = √
r,1 · r,1, A2 (α1, α2) = √

r,2 · r,2 (4)

By using the second-order derivatives of the position vector r, which are denoted
by r,i i = ∂2r/∂α2

i for i = 1, 2, it is possible to evaluate the main radii of curvature
of the structure R 1 (α1, α2), R 2 (α1, α2) having in mind the definitions shown below

R 1 (α1, α2) = − A2
1

r,11 · n , R 2 (α1, α2) = − A2
2

r,22 · n (5)

It is important to specify that these quantities assume different values in each
point of the middle surface, if a completely doubly-curved surface is analyzed. The
effect of curvature is included also in the following geometric parameters

H1 (α1, α2) = 1 + ζ

R1
, H2 (α1, α2) = 1 + ζ

R2
(6)
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Fig. 2 Schematic representation of a laminated composite shell. Identification of the thickness
coordinate of the various layers that compose the structure

Finally, if the structure is made of several layers (or plies), it should be recalled
that the overall thickness h is given by

h =
l∑

k=1

hk (7)

where hk represents the thickness of the k-th layer, whose definition is written below

hk = ζk+1 − ζk (8)

The meaning of ζk+1 and ζk can be easily deducted in Fig. 2. In particular, the
coordinates ζk+1, ζk are required to identify the lower and upper boundaries of the
k-th ply.

2.1 Numerical Remarks

A numerical solution of the corresponding governing equations will be carried out
in the following sections. To this aim, the middle surface of the structure must be
discretized by defining the position of IN , IM gridpoints along the principal directions
α1, α2, respectively. From the mathematical point of view, the following notations
are used to identify the discrete points in hand

α0
1 = α11, α12, . . . , α1 f , . . . , . . . , α1IN = α1

1

α0
2 = α21, α22, . . . , α2g, . . . , . . . , α2IM = α1

2

(9)

where α1 f and α2g stand for the coordinates of a generic node on the middle surface,
which can be defined as follows
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Fig. 3 Location of a generic discrete point of coordinates α1 f and α2g on the shell middle surface

α1 f = α1
1 − α0

1

rIN − r1

(
r f − r1

) + α0
1

α2g = α1
2 − α0

2

rIM − r1

(
rg − r1

) + α0
2

(10)

for f = 1, 2, . . . , IN and g = 1, 2, . . . , IM . For the sake of completeness, a generic
two-dimensional discrete surface is depicted in Fig. 3. Themeaning of r f , rg depends
on the kind of distribution used to define the positions of the gridpoints. Several grid
point distributions that can be used to this aim are defined and illustrated in depth in
the review paper by Tornabene et al. [88]. It is important to specify that the discrete
domain just defined denotes a rectangular domain from the computational point of
view.

At this point, a coordinate transformation, named mapping, can be introduced
to define arbitrarily shaped curved surfaces, as the one depicted in Fig. 4 [90–95].
Analytically speaking, the mapping procedure in hand is given by the following
expressions

α1 = α1 (ξ1, ξ2) , α2 = α2 (ξ1, ξ2) (11)

where ξ1 ∈ [−1,+1] and ξ2 ∈ [−1,+1] are the natural coordinates of the computa-
tional domain.

The coordinate transformation can be obtained by using the so-called blending
functions, due to the versatility of Computer-Aided Design (CAD) software. The
mapping transformation assumes the following aspect
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Fig. 4 Example of an arbitrarily shaped doubly-curved surface

α1 (ξ1, ξ2) = 1

2

(
(1 − ξ2) ᾱ1(1) (ξ1) + (1 + ξ1) ᾱ1(2) (ξ2)+

+ (1 + ξ2) ᾱ1(3) (ξ1) + (1 − ξ1) ᾱ1(4) (ξ2)
)+

− 1

4

(
(1 − ξ1) (1 − ξ2) α1(1) + (1 + ξ1) (1 − ξ2) α1(2)+

+ (1 + ξ1) (1 + ξ2) α1(3) + (1 − ξ1) (1 + ξ2) α1(4)
)

(12)

α2 (ξ1, ξ2) = 1

2

(
(1 − ξ2) ᾱ2(1) (ξ1) + (1 + ξ1) ᾱ2(2) (ξ2) +

+ (1 + ξ2) ᾱ2(3) (ξ1) + (1 − ξ1) ᾱ2(4) (ξ2)
)+

− 1

4

(
(1 − ξ1) (1 − ξ2) α2(1) + (1 + ξ1) (1 − ξ2) α2(2)+

+ (1 + ξ1) (1 + ξ2) α2(3) + (1 − ξ1) (1 + ξ2) α2(4)
)

(13)

where ᾱ1(1), ᾱ1(2), ᾱ1(3), ᾱ1(4) and ᾱ2(1), ᾱ2(2), ᾱ2(3), ᾱ2(4) are the parametric curves
that describe the shape of every edge of the arbitrarily shaped domain, whereas
α1(1), α2(1), α1(2), α2(2), α1(3), α2(3), α1(4), α2(4) stand for the coordinates of the four
corners of the domain in hand. It should be recalled that the curvilinear edges are
obtained by means of the so-called Non-Uniform Rational Basis Splines (NURBS).

The spatial derivatives must be written in the coordinate system ξ1, ξ2. As far as
the first-order derivatives are concerned, the following result is obtained by means
of the chain rule of differentiation

[
∂

∂ξ1
∂

∂ξ2

]

=
[

∂α1
∂ξ1

∂α2
∂ξ1

∂α1
∂ξ2

∂α2
∂ξ2

] [
∂

∂α1
∂

∂α2

]

= J

[
∂

∂α1
∂

∂α2

]

(14)

in which the Jacobian matrix J has been introduced. For the sake of completeness,
the mapping procedure based on NURBS is presented graphically in Fig. 5. This
procedure is known also as Isogeometric mapping [96–99].
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Fig. 5 Graphical illustration of the isogeometric mapping

3 Shell Structural Model

The structural model is based on an Equivalent Single Layer (ESL) approach. There-
fore, the shell middle surface, described analytically in the previous section, repre-
sents the reference domain of the problem in hand. As a consequence, all the geo-
metric and mechanical quantities involved in the governing equations are evaluated
on this surface.

The displacement field is described in terms of three-dimensional displacement
components U1,U2,U3 by means of the following expressions

U1 =
N+1∑

τ=0

Fα1
τ u(τ )

1 , U2 =
N+1∑

τ=0

Fα2
τ u(τ )

2 , U3 =
N+1∑

τ=0

Fα3
τ u(τ )

3 (15)

in which Fα1
τ = Fα1

τ (ζ ), Fα2
τ = Fα2

τ (ζ ), Fα3
τ = Fα3

τ (ζ ) are the so called thickness
functions. On the other hand, u(τ )

1 = u(τ )
1 (α1, α2, t), u

(τ )
2 = u(τ )

2 (α1, α2, t), u
(τ )
3 =

u(τ )
3 (α1, α2, t) represent the generalized displacements of the model, which can be

collected conveniently in the corresponding vector u(τ ) = u(τ ) (α1, α2, t)
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u(τ ) = [
u(τ )
1 (α1, α2, t) u(τ )

2 (α1, α2, t) u(τ )
3 (α1, α2, t)

]T
(16)

The kinematic model just introduced can be used to define several Higher-order
Shear Deformation Theories (HSDTs) by defining the maximum order of expansion
N and the thickness functions. It is important to specify that several functions can be
used as thickness functions. Nevertheless, the easiest choice consists in the following
one

Fαi
τ = ζ τ , for τ = 0, 1, 2, ..., N

Fαi
N+1 = (−1)k

(
2

ζk+1 − ζk
ζ − ζk+1 + ζk

ζk+1 − ζk

)
(17)

for i = 1, 2, 3. It can be easily deducted that the (N + 1)-th order of kinematic
expansion is always linked to the Murakami’s function, which is required to capture
the so-called zig-zag effect [30]. Each theory can be defined in a compact manner
by using the acronyms EDN and EDZN , neglecting or including the Murakami’s
function [87]. Some examples are listed below for the kinematic expansion up to the
fourth-order

N = 1 →
{
ED1
EDZ1

N = 2 →
{
ED2
EDZ2

N = 3 →
{
ED3
EDZ3

N = 4 →
{
ED4
EDZ4

(18)

3.1 Displacement Interpolation Using Lagrange Polynomials

The generalized displacements included in the corresponding vector u(τ ) must be
written as a function of the nodal displacements in order to develop the weak formu-
lation of the governing equations. A higher-order polynomial interpolation obtained
through the use of the Lagrange polynomials is employed to this aim. The generalized
displacements assume the following aspect

⎡

⎣
u(τ )
1

u(τ )
2

u(τ )
3

⎤

⎦ =
IN∑

f =1

IM∑

g=1

⎡

⎣
l f (α1) lg (α2) 0 0

0 l f (α1) lg (α2) 0
0 0 l f (α1) lg (α2)

⎤

⎦

⎡

⎢
⎣
u(τ )

1( f g)

u(τ )

2( f g)

u(τ )

3( f g)

⎤

⎥
⎦

(19)

in which l f (α1) , lg (α2) represent the f -th and g-th Lagrange polynomials of degree
IN − 1 and IM − 1 defined below
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l f (α1) =

IN∏

i=1

(
α1 − α1 f

)

(
α1 − α1 f

) IN∏

i=1, i �= f

(
α1 f − α1i

)

lg (α2) =

IM∏

j=1

(
α2 − α2 j

)

(
α2 − α2g

) IM∏

j=1, j �=g

(
α2g − α2 j

)

(20)

They can be conveniently collected in the corresponding vector as follows

lα1 = [
l1 (α1) · · · l f (α1) · · · lIN (α1)

]

lα2 = [
l1 (α2) · · · lg (α2) · · · lIM (α2)

] (21)

It is important to specify that the coordinates α1 f and α2g can be defined by
using Eq. (10). The vector ū(τ ) = ū(τ )

(
α1 f , α2g, t

)
can be conveniently introduced

to collect the nodal displacements just presented. It assumes the following form

ū(τ ) = [
ū(τ )
1 ū(τ )

2 ū(τ )
3

]T
(22)

where

ū(τ )
1 =

[
u(τ )

1(11) · · · u(τ )

1(IN 1)
u(τ )

1(12) · · · u(τ )

1(IN 2)
· · · u(τ )

1(1IM ) · · · u(τ )

1(IN IM )

]T

ū(τ )
2 =

[
u(τ )

2(11) · · · u(τ )

2(IN 1)
u(τ )

2(12) · · · u(τ )

2(IN 2)
· · · u(τ )

2(1IM ) · · · u(τ )

2(IN IM )

]T

ū(τ )
3 =

[
u(τ )

3(11) · · · u(τ )

3(IN 1)
u(τ )

3(12) · · · u(τ )

3(IN 2)
· · · u(τ )

3(1IM ) · · · u(τ )

3(IN IM )

]T

(23)

It can be observed that these nodal quantities are collected following the order
denoted by the arrow in Fig. 6. Equation (19) can be conveniently written in compact
matrix form as follows

u(τ ) = NT ū(τ ) (24)

for τ = 0, 1, 2, ..., N , N + 1, where

NT =
⎡

⎣
N̄T 0 0
0 N̄T 0
0 0 N̄T

⎤

⎦ (25)

If the symbol ⊗k denotes the so-called Kronecker product, the quantities N̄T can
be defined as shown below

N̄T = lα2⊗k lα1 (26)
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Fig. 6 Organization of the nodal displacements in the corresponding vectors

3.2 Kinematic Equations

Once the displacement field and the interpolation of the generalized displacements
are defined, it is possible to introduce the generalized strains ε(τ )αi = ε(τ )αi (α1, α2, t)
defined below

ε(τ )αi = [
ε

(τ)αi
1 ε

(τ)αi
2 γ

(τ)αi
1 γ

(τ)αi
2 γ

(τ)αi
13 γ

(τ)αi
23 ω

(τ)αi
13 ω

(τ)αi
23 ε

(τ)αi
3

]T
(27)

for τ = 0, 1, 2, ..., N , N + 1 and i = 1, 2, 3. The definition of the generalized strains
can be given as a function of the nodal displacements as follows

ε(τ )αi = Bαi ū(τ ) (28)

for i = 1, 2, 3, in which the operators Bαi are defined below

Bα1 =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

1
A 1
lα2

⊗k l
(1)
α1

1
A 1A 2

∂A 2
∂α1

lα2
⊗k lα1

− 1
A 1A 2

∂A 1
∂α2

lα2
⊗k lα1

1
A 2
l (1)α2

⊗k lα1

− 1
R 1
lα2

⊗k lα1

0
lα2

⊗k lα1

0
0

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

(29)
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Bα2 =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢
⎣

1
A 1A 2

∂A 1
∂α2

lα2
⊗k lα1

1
A 2
l (1)α2

⊗k lα1

1
A 1
lα2

⊗k l
(1)
α1

− 1
A 1A 2

∂A 2
∂α1

lα2
⊗k lα1

0

− 1
R 2
lα2

⊗k lα1

0

lα2
⊗k lα1

0

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

(30)

Bα3 =

⎡

⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

1
R 1
lα2

⊗k lα1

1
R 2
lα2

⊗k lα1

0

0
1
A 1
lα2

⊗k l
(1)
α1

1
A 2
l (1)α2

⊗k lα1

0

0

lα2
⊗k lα1

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

(31)

It can be easily noted that the following quantities are required in the definitions
of the operators Bαi

l (1)α1
=

[
∂l1(α1)

∂α1
· · · ∂l f (α1)

∂α1
· · · ∂lIN (α1)

∂α1

]

l (1)α2
=

[
∂l1(α2)

∂α2
· · · ∂lg(α2)

∂α2
· · · ∂lIM (α2)

∂α2

] (32)

In other words, the vectors l (1)α1
and l (1)α2

collects the first-order derivatives with
respect to the principal coordinates of the Lagrange interpolation polynomials.

3.3 Constitutive Equations

The resultants of the internal forces or stresses can be collected in the vector S(τ )αi =
S(τ )αi (α1, α2, t), which represents the τ -th order generalized stress resultant vector.
Its components are given below
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S(τ )αi = [
N (τ )αi
1 N (τ )αi

2 N (τ )αi
12 N (τ )αi

21 T (τ )αi
1 T (τ )αi

2 P (τ )αi
1 P (τ )αi

2 S(τ )αi
3

]T
(33)

for τ = 0, 1, 2, ..., N , N + 1 and i = 1, 2, 3. By definition, the stress resultants at
issue can be evaluated as a function of the nodal displacements introduced in the
previous paragraphs as follows

S(τ )αi =
N+1∑

η=0

3∑

j=1

A(τη)αiα jBα j ū(η) (34)

where A(τη)αiα j stands for the constitutive operator of the model. If the structure is
made of orthotropic layers it assumes the following matrix form

A(τη)αi α j =

⎡

⎢
⎢⎢
⎢
⎢⎢
⎢⎢
⎢
⎢⎢
⎢
⎢⎢
⎢
⎢⎢
⎢
⎢⎢
⎢⎢
⎢
⎢⎢
⎢
⎣

A
(τη)αi α j
11(20) A

(τη)αi α j
12(11) A

(τη)αi α j
16(20) A

(τη)αi α j
16(11) 0 0 0 0 A

(τ η̃)αi α j
13(10)

A
(τη)αi α j
12(11) A

(τη)αi α j
22(02) A

(τη)αi α j
26(11) A

(τη)αi α j
26(02) 0 0 0 0 A

(τ η̃)αi α j
23(01)

A
(τη)αi α j
16(20) A

(τη)αi α j
26(11) A

(τη)αi α j
66(20) A

(τη)αi α j
66(11) 0 0 0 0 A

(τ η̃)αi α j
36(10)

A
(τη)αi α j
16(11) A

(τη)αi α j
26(02) A

(τη)αi α j
66(11) A

(τη)αi α j
66(02) 0 0 0 0 A

(τ η̃)αi α j
36(01)

0 0 0 0 A
(τη)αi α j
44(20) A

(τη)αi α j
45(11) A

(τ η̃)αi α j
44(10) A

(τ η̃)αi α j
45(10) 0

0 0 0 0 A
(τη)αi α j
45(11) A

(τη)αi α j
55(02) A

(τ η̃)αi α j
45(01) A

(τ η̃)αi α j
55(01) 0

0 0 0 0 A
(τ̃η)αi α j
44(10) A

(τ̃η)αi α j
45(01) A

(τ̃ η̃)αi α j
44(00) A

(τ̃ η̃)αi α j
45(00) 0

0 0 0 0 A
(τ̃η)αi α j
45(10) A

(τ̃η)αi α j
55(01) A

(τ̃ η̃)αi α j
45(00) A

(τ̃ η̃)αi α j
55(00) 0

A
(τ̃η)αi α j
13(10) A

(τ̃η)αi α j
23(01) A

(τ̃η)αi α j
36(10) A

(τ̃η)αi α j
36(01) 0 0 0 0 A

(τ̃ η̃)αi α j
33(00)

⎤

⎥
⎥⎥
⎥
⎥⎥
⎥⎥
⎥
⎥⎥
⎥
⎥⎥
⎥
⎥⎥
⎥
⎥⎥
⎥⎥
⎥
⎥⎥
⎥
⎦

(35)

where the definitions below are required

A
(τη)αiα j

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm F

α j
η Fαi

τ

H1H2

H p
1 H

q
2

dζ

A
(τ̃η)αiα j

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm F

α j
η

∂Fαi
τ

∂ζ

H1H2

H p
1 H

q
2

dζ

A
(τ η̃)αiα j

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm

∂F
α j
η

∂ζ
Fαi

τ

H1H2

H p
1 H

q
2

dζ

A
(τ̃ η̃)αiα j

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm

∂F
α j
η

∂ζ

∂Fαi
τ

∂ζ

H1H2

H p
1 H

q
2

dζ

(36)

for τ, η = 0, 1, 2, ..., N , N + 1, n,m = 1, 2, ..., 6, p, q = 0, 1, 2 and i, j = 1, 2, 3.
The mechanical properties of the constituents are all included in the coefficients B̄(k)

nm
for the k-th layer, which are defined below to give the possibility to include the shear
correction factor κ if required by the structural model
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B̄(k)
nm = Ē (k)

nm for n,m = 1, 2, 3, 6

B̄(k)
nm = κ Ē (k)

nm for n,m = 4, 5
(37)

The symbol Ē (k)
nm is introduced to denote the elastic coefficients of the materials.

This notation is used to specify if the structural model at issue needs the plane stress
hypothesis. In this circumstance, one gets

Ē (k)
nm = Q̄(k)

nm (38)

where Q̄(k)
nm represents the plane stress reduced elastic coefficients. Otherwise, the

following relation is assumed
Ē (k)
nm = C̄ (k)

nm (39)

in which C̄ (k)
nm stands for the non-reduced elastic coefficients. It is well-known that

these quantities can be evaluated as a function of the engineering constants of the
various constituents, which are the Young’s moduli, Poisson’s ratios and shear mod-
uli. Finally, it is important to specify that this constitutive model is able to deal with
different kinds of laminated composites, in which the orientation of each layer is
completely arbitrary. In particular, for a laminated made of l plies, the following
notation is employed to denote univocally the stacking sequence

(
θ(1)/θ (2)/ . . . /θ(k)/ . . . /θ(l)

)
(40)

where θ(k) stands for the orientation of the k-th layer.

3.4 Equations of Motion

The weak formulation of the equations of motion for a laminated composite doubly-
curved shell can be carried out by means of the Hamilton’s variational principle.
For the sake of conciseness, only the final system of equation is presented here. In
particular, the fundamental equations are given below in terms of nodal displacements

N+1∑

η=0

K(τη)ū(η) +
N+1∑

η=0

M̄(τη) ¨̄u(η) = Q(τ ) (41)

for τ = 0, 1, 2, ..., N , N + 1. It can be noted that the system in Eq. (41) provides
three equations for each order of kinematic expansion. The various terms in Eq. (41)
are now illustrated in compact form for an arbitrarily shaped domain. It should be
recalled that the determinant of the Jacobian matrix defined in Eq. (14) is needed to
this aim. The operator K(τη) is the stiffness matrix of the structure, whose definition
is shown below
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K(τη) =
∫ 1

−1

∫ 1

−1

⎡

⎣
K11 K12 K13

K21 K22 K23

K31 K32 K33

⎤

⎦ A1A2 det (J) dξ1dξ2 (42)

withKi j = (Bαi )TA(τη)αiα jBα j , for i, j = 1, 2, 3.Themassmatrix, instead, is denoted
by M̄(τη) and its definition is shown below

M̄(τη) =
∫ 1

−1

∫ 1

−1

⎡

⎣
M11 0 0
0 M22 0
0 0 M33

⎤

⎦ A1A2 det (J) dξ1dξ2 (43)

withMi j = N̄ I
(τη)αiα j

0 N̄T , in which I (τη)αiαi , for i, j = 1, 2, 3, are the inertia masses
of the laminate that depend on the mass density ρ(k) of each layer defined below

I (τη)αiαi
0 =

l∑

k=1

∫ ζk+1

ζk

ρ(k)Fαi
τ Fαi

η H1H2dζ (44)

On the other hand, ¨̄u(η)
includes the second-order time derivatives of the nodal

displacements defined in Eq. (22). Finally, Q(τ ) represents the external load vector
and it can take into account the effect of both surfaceQ(τ )

sa and volumeQ(τ )
va loads, as

Q(τ ) = Q(τ )
sa + Q(τ )

va . As far as the surface forces are concerned, one gets

Q(τ )
sa =

∫ 1

−1

∫ 1

−1

⎡

⎣
N̄q(τ )

1sa

N̄q(τ )
2sa

N̄q(τ )
3sa

⎤

⎦ A1A2 det (J) dξ1dξ2 (45)

where the values of the generalized load components q(τ )
1sa, q(τ )

2sa, q(τ )
3sa applied on

the shell middle surface can be obtained by means of the principle of static equiv-
alence shown below, starting from the pressures applied on the lower surface
q(−)
1a , q(−)

2a , q(−)
3a and on the upper surface q(+)

1a , q(+)
2a , q(+)

3a of the shell

q(τ )
1sa = q(−)

1a Fα1(−)
τ H (−)

1 H (−)
2 + q(+)

1a Fα1(+)
τ H (+)

1 H (+)
2

q(τ )
2sa = q(−)

2a Fα2(−)
τ H (−)

1 H (−)
2 + q(+)

2a Fα2(+)
τ H (+)

1 H (+)
2

q(τ )
3sa = q(−)

3a Fα3(−)
τ H (−)

1 H (−)
2 + q(+)

3a Fα3(+)
τ H (+)

1 H (+)
2

(46)

where Fαi (−)
τ , Fαi (+)

τ , for i = 1, 2, 3, represent the values of the thickness functions
evaluated at the external surfaces of the shell, whereas the geometric parameters
H (±)

1 , H (±)
2 are given below

H (±)
1 = 1 ± h

2R 1
, H (±)

2 = 1 ± h

2R 2
(47)
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On the other hand, the volume load vector can be defined as follows

Q(τ )
va =

∫ 1

−1

∫ 1

−1

⎡

⎣
N̄q(τ )

1va

N̄q(τ )
2va

N̄q(τ )
3va

⎤

⎦ A1A2 det (J) dξ1dξ2 (48)

with q(τ )
iva = I (τ )αi

0 gi , for i = 1, 2, 3, and

I (τ )αi
0 =

l∑

k=1

∫ ζk+1

ζk

ρ(k)Fαi
τ H1H2dζ (49)

assuming that gi is the gravitational acceleration in the local reference system.

3.4.1 Boundary Conditions

In general, these kinds of structural problems can be solved once a set of boundary
conditions (natural or essential) are applied. In particular, an external edge can be
fully clamped (C), free (F), or simply-supported (S). In the following, the corre-
sponding conditions are illustrated for the various types of restraints. To this aim,
since distorted domains are considered, it is convenient to introduce the outward unit
vectors nn,ns,nζ depicted in Fig. 7. The components of each vector are given by the
direction cosines of the three corresponding directions, as specified below

nn = [
nn1 nn2 nn3

]T

ns = [
ns1 ns2 ns3

]T

nζ = [
nζ1 nζ2 nζ3

]T
(50)

These quantities are needed to computed the generalized displacements and the
stress resultants involved in the boundary conditions along a generic edge of the
structure. As far as the generalized displacements are concerned, one gets

Fig. 7 Definition of the
outward unit normal vectors
along an arbitrarily shaped
external edge
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u(τ )
n = nn1u

(τ )
1 + nn2u

(τ )
2

u(τ )
s = ns1u

(τ )
1 + ns2u

(τ )
2

u(τ )
ζ = u(τ )

3

(51)

whereas the corresponding stress resultant components are given by

N (τ )α1
n = N (τ )α1

1 n2n1 + N (τ )α1
2 n2n2 + N (τ )α1

12 nn1nn2 + N (τ )α1
21 nn1nn2

N (τ )α2
ns = N (τ )α2

1 nn1ns1 + N (τ )α2
2 nn2ns2 + N (τ )α2

12 nn1ns2 + N (τ )α2
21 nn2ns1

T (τ )α3
ζ = T (τ )α3

1 nn1 + T (τ )α3
2 nn2

(52)

At this point, the boundary conditions for each external edge can be written
analytically

(C) → u(τ )
n = u(τ )

s = u(τ )
ζ = 0

(S) → N (τ )α1
n = 0, u(τ )

s = u(τ )
ζ = 0

(F) → N (τ )α1
n = N (τ )α2

ns = T (τ )α3
ζ = 0

(53)

It should be recalled that the boundary conditions should be enforced only in terms
of generalized displacements of the weak formulation of the governing equations
is solved, since a C0 approach is developed. Nevertheless, it is possible also to
apply the boundary conditions in terms of stress resultants in order to obtain the
corresponding weak formulation with C1 continuity requirements, as typically done
by those methodologies based on the strong form of the governing equations. In the
current research, both the C1 and C0 approaches are considered.

4 Numerical Technique

In general, a closed-form solution is not available for the structural models just pre-
sented. Therefore, a numerical technique must be used to achieve an approximate
solution of the governing equations. In particular, it is easy to note that a numer-
ical approach able to approximate integrals is required. The Generalized Integral
Quadrature (GIQ) method can be employed to this aim. In the following, only the
basis aspects of this technique are presented.

Let us consider a two-dimensional smooth function f (x, y), with x ∈ [a, b] and
y ∈ [c, d]. As specified in the previous sections, the domain under considerationmust
be discretized by defining respectively IN , IM discrete points along each principal
direction, so that xk, yl define the coordinates of a generic node. By definition, the
GIQ provides the following result
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I =
∫ d

c

∫ b

a
f (x, y) dxdy ∼=

IN∑

k=1

IM∑

l=1

w1IN
k w1IM

l f (xk, yl) (54)

where w1IN
i , w1IM

j represent the weighting coefficients for the summation in hand.
As specified in the paper [88] and in the book by Tornabene and Bacciocchi [1],
these coefficients can be evaluated starting from the definitions of the corresponding
weighting coefficients used for the approximation of first-order derivatives.

The definitions presented in the previous section must be written in discrete form
and evaluated in each point of the reference domain by means of the GIQ technique.
Both the mechanical and geometric properties of the structures must be computed in
each discrete point of the reference domain, as well.

4.1 Discrete Form of the Governing Equations

By means of the GIQ method, the two-dimensional integral that defines the stiffness
matrix K(τη) can be written in the corresponding discrete form as shown below

K(τη) =
IN∑

f =1

IM∑

g=1

w1IN
f w1IM

g A1( f g)A2( f g)

⎡

⎣
K11 K12 K13

K21 K22 K23

K31 K32 K33

⎤

⎦

( f g)

(55)

for τ, η = 0, 1, 2, ..., N , N + 1, in which A1( f g), A2( f g) represent the Lamè parame-
ters evaluated in each point of the domain. In the samemanner, themassmatrix M̄(τη)

can be evaluated numerically by means of the same approach. In this circumstance,
one gets

M̄(τη) =
IN∑

f =1

IM∑

g=1

w1IN
f w1IM

g A1( f g)A2( f g)

⎡

⎣
M11 0 0
0 M22 0
0 0 M33

⎤

⎦

( f g)

(56)

for τ, η = 0, 1, 2, ..., N , N + 1. Analogously, the discrete vectors of the surface
loads and the volume forces can be accomplished following the same approach.
As far as the surface forces, one gets

Q(τ )
sa =

IN∑

f =1

IM∑

g=1

w1IN
f w1IM

g A1( f g)A2( f g)

⎡

⎣
N̄q(τ )

1sa

N̄q(τ )
2sa

N̄q(τ )
3sa

⎤

⎦

( f g)

(57)

for τ = 0, 1, 2, ..., N , N + 1. On the other hand, the discrete vector of the volume
forces is given below
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Q(τ )
va =

IN∑

f =1

IM∑

g=1

w1IN
f w1IM

g A1( f g)A2( f g)

⎡

⎣
N̄q(τ )

1va

N̄q(τ )
2va

N̄q(τ )
3va

⎤

⎦

( f g)

(58)

for τ = 0, 1, 2, ..., N , N + 1. It should be recalled that these quantities must be
computed in each grid point of the domain, characterized by the coordinatesα1 f , α2g .

5 Free Vibration Analysis

In this section, the procedure needed to investigate the natural frequencies, as well
as the corresponding mode shapes, of arbitrarily shaped structures is presented. The
weak form of the governing equations for the problem at issue can be obtained by
Eq. (41), by setting the external load vector equal to zero. In other words, the vibra-
tional behavior is ruled by the following system of equations

N+1∑

η=0

K(τη)ū(η) +
N+1∑

η=0

M̄(τη) ¨̄u(η) = 0 (59)

The solution of the dynamic problem considered in hand can be achieved by using
the separation of variables as shown below

ū(τ )
(
α1 f , α2g, t

) = Ū(τ )
(
α1 f , α2g

)
eiωt (60)

for each order of kinematic expansion τ . The vector Ū(τ ) collects the modal dis-
placements for each circular frequency ω of the structure. The modal amplitudes are
included in the corresponding vector following the same scheme used in the previous
paragraphs to collect the generalized displacements.

The second-order derivatives with respect to the time variable t provide the fol-
lowing result

N+1∑

η=0

K(τη)Ū(η) = ω2
N+1∑

η=0

M̄(τη)Ū(η) (61)

The discrete global system of governing equations can be obtained at this point
by evaluating the stiffness matrix and the mass matrix by means of the GIQ method.
As a result, one gets

Kδ = ω2Mδ (62)

in which K,M denote respectively the discrete global stiffness and mass matrices,
whereas δ represents the discrete vector of mode shapes.

The dynamic problem at issue can be solved more efficiently by means of the so-
called kinematic condensation principle. In other words, it is convenient to separate
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the modal displacements related to the internal points of the domain from the ones
placed along the external edges. Mathematically speaking, one gets

δ = [
δb δd

]T
(63)

where the subscript b and d are used to specify the quantities related to the boundary
and domain points, respectively. The stiffness and mass matrices are consequently
partitioned as shown below

[
Kbb Kbd

Kdb Kdd

] [
δb
δd

]
= ω2

[
0 0
0 Mdd

] [
δb
δd

]
(64)

It is clear that the operatorsKbb,Kbd ,Kdb are related to the application of bound-
ary conditions along the boundary points, whereasKdd ,Mdd denote the stiffness and
inertia matrices linked to the internal points of the domain.

After some easy manipulations, a generalized eigenvalue problem is obtained as
results (

M−1
dd

(
Kdd − KdbK−1

bb Kbd
) − ω2I

)
δd = 0 (65)

in which I stands for the identity matrix. The solution of the motion equations in
Eq. (65) provides the values of the circular frequencies ωk , which are related to the
corresponding natural frequencies as fk = ωk/2π .

6 Applications

The numerical solutions of some numerical tests and applications are presented at
this point. The aim of this section is to prove that the theoretical framework based on
the weak formulation and the numerical approach based on the GIQ method can be
efficiently and accurately used to deal with these kinds of structural problems [100].

6.1 Convergence Features

The accuracy of the proposed approach is proven firstly by considering a simply-
supported square plate. The length of the edges is Lx = Ly = 1m and the thickness
is given by h = 0.1m. The accuracy is investigated in terms of the relative error for
the first natural frequency ε1, which is defined as follows

ε1 = f1
f1, exact

− 1 (66)
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Fig. 8 Convergence behavior of the first natural frequency for a SSSS isotropic square plate in the
framework of the Reissner-Mindlin theory (FSDT): weak formulation withC1 boundary conditions

where f1 is the numerical value of the first frequency, whereas the corresponding
exact value is given by f1, exact and can be computed as shown in the book by Reddy
[6]. Both the solutions are computed in the theoretical framework provided by the
FSDT.

Two different mechanical configurations are considered. Firstly, the plate is
made of one single isotropic layer (E = 70GPa, ν = 0.3, ρ = 2707 kg/m3). Then,
a laminated plate is taken into account with (0/90/90/0) as stacking sequence
(E1 = 137.9 GPa, E2 = E3 = 8.96 GPa, G12 = G13 = 7.1 GPa, G23 = 6.21 GPa,
ν12 = ν13 = 0.3, ν23 = 0.49, ρ = 1450 kg/m3).

The solutions are obtained by means of the weak formulation with C1 and C0

boundary conditions, for several grid point distributions and increasing number of
discrete points IN = IM . The corresponding convergence graphs in logarithmic scale
are depicted respectively in Figs. 8 and 9.

In general, it can be observed that better results can be obtained by setting prop-
erly the discrete grid distribution. For instance, only few distributions, including the
Legendre-Gauss-Lobatto distribution, are accurate. In particular, a noticeably level
of accuracy (≈ 10−13 ÷ 10−14 in logarithmic scale) can be reached quickly for a
reduced number of grid points (IN = IM = 15), if the weak formulation is solved
together withC1 boundary conditions (Fig. 8). In this circumstance, the curves oscil-
late randomly about the most accurate value of the solution once the machine epsilon
is reached and the so-called “Roundoff Plateau” can be easily identified.
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Fig. 9 Convergence behavior of the first natural frequency for a SSSS isotropic square plate in the
framework of the Reissner-Mindlin theory (FSDT): weak formulation withC0 boundary conditions

On the other hand, if the boundary conditions are characterized by a C0 require-
ment, the solution is characterized by a linear convergence and the accuracy that
can be achieved is extremely lower than the other approach, independently from the
choice of the grid distributions. Due to the linear convergence behavior, the same
accuracy of the previous approach could be obtained by increasing excessively the
number of discrete points (Fig. 9). The same behavior can be observed for both the
isotropic and laminated plates.

6.2 Arbitrarily Shaped Domains

In this section, the natural frequencies of some structures characterized by distorted
domains are obtained by solving the weak formulation of the corresponding govern-
ing equations.

Firstly, a fully clamped isotropic circular plate (radius R and thickness h) is
analyzed (Fig. 10). Its geometry can be applied from the one that characterize a
square plate, whose middle surface is described by the following position vector

r (x, y) = x e 1 + y e 2 (67)
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Fig. 10 Circular plate: definition of the distorted domain starting from a rectangular plate

Fig. 11 Arbitrarily shaped shell structure: definition of the distorted domain starting from a doubly-
curved shell of translation

The mapping procedure presented in the previous sections is used to define the
circular shape depicted in Fig. 10. It is important to specify that four circular arches
are used to this aim, since the determinant of the Jacobian matrix must be different
from zero. The natural frequencies are presented in dimensionless form as follows

λ = 2π f R2
√

ρh/D (68)

in which D is the flexural stiffness given by D = Eh3/12
(
1 − ν2

)
.

This test aims to validate the theoretical and numerical frameworks presented
in the previous sections. In particular, the solutions given by the GIQ method are
compared with the semi-analytical ones proposed by Liew et al. [101]. The natural
frequencies for the considered structure are presented in Table1, for several HSDTs
and different ratios h/R. It can be easily observed that the HSDTs provide results that
tend to detach from the reference ones for higher value of thickness, as predictable,
since the reference solution is based on a first-order shear deformation theory. In
addition, the two weak formulations (C0 and C1) provide the same solutions, since
only the displacements are involved in the fully clamped boundary conditions.

An arbitrary shaped doubly-curved shell is considered now. The reference domain
(both regular and mapped) is shown in Fig. 11. In particular, a laminated composite
doubly-curved panel of translation characterized by the following position vector is
considered

r (α1, α2) = (
2 tan (α1) − sin (α2) tan

2 (α2)
)
e1 − 2 tan (α2) e2+

+ (
tan2 (α1) cos (α1) tan

2 (α2)
)
e3

(69)
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Table 1 Comparison of the frequency parameter λ of a fully clamped isotropic circular plate of
radius R, for different HSDTs. The discrete solution is obtained by setting IN = IM = 25 as total
number of points

Mode FSDT ED2 ED3 ED4 Ref. [101]

h/R = 0.05

1 10.270 10.282 10.285 10.284 10.145

2 21.227 21.252 21.265 21.263 21.002

3 34.408 34.449 34.484 34.479 34.258

4 39.322 39.368 39.411 39.406 38.885

5 50.107 50.164 50.235 50.228 49.782

6 59.502 59.570 59.664 59.656 58.827

7 67.707 67.783 67.909 67.898 67.420

8 81.440 81.534 81.709 81.694 80.933

9 86.001 86.098 86.288 86.275 84.995

10 87.350 87.446 87.649 87.635 87.022

h/R = 0.10

1 10.061 10.085 10.099 10.095 9.941

2 20.413 20.460 20.512 20.504 20.232

3 32.448 32.518 32.643 32.628 32.406

4 36.892 36.971 37.125 37.107 36.479

5 46.280 46.371 46.612 46.588 46.178

6 54.442 54.550 54.865 54.835 53.890

7 61.254 61.365 61.765 61.731 61.272

8 72.725 72.859 73.394 73.348 72.368

9 76.473 76.613 77.197 77.148 75.664

10 77.399 77.528 78.137 78.088 77.454

h/R = 0.20

1 9.344 9.384 9.430 9.422 9.240

2 17.944 18.007 18.163 18.143 17.834

3 27.175 27.251 27.576 27.541 27.214

4 30.505 30.591 30.982 30.939 30.211

5 37.104 37.186 37.739 37.684 37.109

6 42.767 42.860 43.559 43.488 42.409

7 47.309 47.391 48.218 48.137 47.340

8 54.785 54.877 55.389 55.389 54.557

9 57.183 57.278 58.416 58.297 56.682

10 57.830 57.911 59.057 58.944 57.793

h/R = 0.25

1 8.902 8.945 9.010 8.999 8.807

2 16.61 16.671 16.873 16.849 16.521

3 24.634 24.701 25.099 25.056 24.670

4 27.501 27.576 28.050 27.997 27.253

(continued)
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Table 1 (continued)

Mode FSDT ED2 ED3 ED4 Ref. [101]

5 33.102 33.167 33.814 33.746 33.083

6 37.848 37.920 38.728 38.639 37.550

7 41.694 41.754 42.574 42.565 41.657

8 47.853 47.917 49.095 48.962 47.650

9 49.829 49.895 51.155 51.008 49.420

Table 2 First ten natural frequencies of an arbitrarily shaped laminated doubly-curved panel of
translation. The discrete solution is obtained by setting IN = IM = 25 as total number of points

f [Hz] FSDT FSDTZ ED2 EDZ2 ED3 EDZ3 ED4 EDZ4

Weak formulation C1 3D-FEM

1 115.916 115.899 115.302 115.237 115.213 115.173 116.115 116.212 113.816

2 122.155 122.140 121.684 121.616 121.744 121.747 122.184 122.225 120.808

3 194.165 194.136 193.449 193.364 193.425 193.373 193.516 193.448 193.623

4 196.277 196.235 195.415 195.406 195.854 195.395 195.864 195.684 194.692

5 353.920 353.857 352.402 352.277 353.407 353.282 353.648 353.575 350.881

6 355.113 355.074 353.751 353.590 354.083 353.937 354.695 354.763 352.397

7 507.457 507.382 505.614 505.426 506.269 505.939 505.544 505.498 505.891

8 509.924 509.852 508.126 508.008 509.064 508.433 507.802 507.583 508.220

9 536.163 536.133 534.208 533.960 534.567 534.140 533.520 533.532 534.428

10 542.467 542.430 540.408 540.172 540.811 540.707 541.451 541.512 540.991

Weak formulation C0 3D-FEM

1 115.806 115.795 115.583 115.522 115.553 115.493 115.389 115.379 113.816

2 122.809 122.803 122.652 122.593 122.628 122.570 122.466 122.455 120.808

3 195.416 195.395 194.966 194.886 195.092 195.010 194.857 194.845 193.623

4 196.492 196.470 196.036 195.953 196.168 196.085 195.926 195.916 194.692

5 355.348 355.317 354.196 354.036 354.400 354.246 353.931 353.905 350.881

6 356.718 356.688 355.605 355.451 355.806 355.657 355.350 355.325 352.397

7 509.441 509.389 507.816 507.636 508.175 507.987 507.620 507.600 505.891

8 512.044 511.993 510.459 510.266 510.881 510.685 510.300 510.280 508.220

9 537.872 537.850 536.189 535.915 536.715 536.466 535.914 535.875 534.428

10 545.104 545.083 543.281 543.021 543.617 543.377 542.831 542.788 540.991

with α1 ∈ [−π/4, π/4], α2 ∈ [−π/4, π/4], and h = 0.05m. As it can be easily
noted from Fig. 11, a completely curvilinear transformation is taken into account
as far as the nonlinear mapping is concerned. The lamination scheme is given by
(0/30/60/90), and all the layers have the same thickness (h1 = h2 = h3 = h4 =
0.0125m) and mechanical properties (E1 = 137.9 GPa, E2 = E3 = 8.96 GPa,
G12 = G13 = 7.1 GPa, G23 = 6.21 GPa, ν12 = ν13 = 0.3, ν23 = 0.49, ρ = 1450
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Fig. 12 First three mode shapes of the laminated composite shell structure characterized by an
arbitrarily shaped domain

kg/m3). The discrete solution is obtained by setting IN = IM = 25 as total num-
ber of points. With reference to Fig. 11, it should be specified that the edges denoted
by W and E are clamped, whereas the other two are set as free. Thus, the two dif-
ferent formulations are both considered in this circumstance, as it can be noted from
Table2. Here, the natural frequencies are shown for various HSDTs, including also
the Murakami’s function to capture the zig-zag effect.

A three-dimensionalmodel solvedby thewell-knownFiniteElementMethod (3D-
FEM) is also considered and defined in the commercial software Strand7 (9248 brick
elements with 20 nodes). From the results shown in Table2, the solutions obtained
by means of higher-order models are closer to the 3D-FEM results. If compared to
the three-dimensional models, the present two-dimensional approaches are able to
get the same results with an extremely lower number of degrees of freedom. A 20-
node element model is introduced, in fact, for the 3D-FEM solutions. Thus, there is a
huge advantage in terms of computational time. In fact, it should be recalled that the
considered structures can be modeled by using one sole element, even if the domain
is highly distorted. For the sake of completeness, the first three mode shapes of the
laminated composite shell structure are depicted in Fig. 12, fromwich it can be easily
noted that also the boundary conditions are well-enforced for distorted domains.

These applications prove that the mapping procedure shown in the previous sec-
tions represents an efficient tool to deal with arbitrarily shaped geometries, when the
weak formulation of the governing equation is solved.

7 Final Remarks

A weak formulation has been developed for the mechanical analysis of doubly-
curved shell structures made of composite materials. For this purpose, the Lagrange
polynomials of high degree have been used for the interpolation of the nodal displace-
ments. The governing equations have been obtained in the framework ofHigher-order
Shear Deformation Theories (HSDTs). In general, an outstanding degree of accuracy
is reached for a small number of discrete grid points.



Higher-Order Weak Formulation for Arbitrarily Shaped Doubly-Curved Shells 653

References

1. Tornabene, F., Bacciocchi, M.: Anisotropic doubly-curved shells. Higher-Order Strong and
Weak Formulations for Arbitrarily Shaped Shell Structures. Esculapio, Bologna (2018)

2. Kraus, H.: Thin Elastic Shells. Wiley, New York (1967)
3. Vinson, J.R.: The Behavior of Shells Composed of Isotropic and Composite Materials.

Springer, Berlin (1993)
4. Jones, R.M.: Mechanics of Composite Materials, 2nd edn. Taylor & Francis, London (1999)
5. Vasiliev, V.V., Morozov, E.V.: Mechanics and Analysis of Composite Materials. Elsevier,

Oxford (2001)
6. Reddy, J.N.: Mechanics of Laminated Composite Plates and Shells, 2nd edn. CRC Press,

Boca Raton (2004)
7. Barbero, E.J.: Introduction to Composite Materials Design. CRC Press, Boca Raton (2011)
8. Tornabene, F.: Free vibrations of anisotropic doubly-curved shells and panels of revolution

with a free-form meridian resting on Winkler-Pasternak elastic foundations. Compos. Struct.
94, 186–206 (2011)

9. Tornabene, F.: Free vibrations of laminated composite doubly-curved shells and panels of
revolution via the GDQ method. Comput. Method. Appl. M 200, 931–952 (2011)

10. Tornabene, F., Fantuzzi, N., Viola, E., Reddy, J.N.: Winkler-Pasternak foundation effect on
the static and dynamic analyses of laminated doubly-curved and degenerate shells and panels.
Compos. Part B Eng. 57, 269–296 (2014)

11. Tornabene, F., Fantuzzi, N., Bacciocchi,M.: The local GDQmethod applied to general higher-
order theories of doubly-curved laminated composite shells and panels: the free vibration
analysis. Compos. Struct. 116, 637–660 (2014)

12. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Viola, E.: A new approach for treating concen-
trated loads in doubly-curved composite deep shells with variable radii of curvature. Compos.
Struct. 131, 433–452 (2015)

13. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Viola, E.: Higher-order theories for the free
vibration of doubly-curved laminated panels with curvilinear reinforcing fibers by means of
a local version of the GDQ method. Compos. Part B Eng. 81, 196–230 (2015)

14. Tornabene, F., Fantuzzi, N., Bacciocchi, M.: Higher-order structural theories for the static
analysis of doubly-curved laminated composite panels reinforced by curvilinear fibers. Thin
Wall. Struct. 102, 222–245 (2016)

15. Tornabene, F., Fantuzzi,N., Bacciocchi,M.: The localGDQmethod for the natural frequencies
of doubly-curved shells with variable thickness: a general formulation. Compos. Part B Eng.
92, 265–289 (2016)

16. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Neves, A.M.A., Ferreira, A.J.M.: MLSDQ based
on RBFs for the free vibrations of laminated composite doubly-curved shells. Compos. Part
B Eng. 99, 30–47 (2016)

17. Tornabene, F., Fantuzzi, N., Bacciocchi, M.: On the mechanics of laminated doubly-curved
shells subjected to point and line loads. Int. J. Eng. Sci. 109, 115–164 (2016)

18. Bacciocchi, M., Eisenberger, M., Fantuzzi, N., Tornabene, F., Viola, E.: Vibration analysis
of variable thickness plates and shells by the generalized differential quadrature method.
Compos. Struct. 156, 218–237 (2016)

19. Brischetto, S., Tornabene, F., Fantuzzi, N., Bacciocchi, M.: Interpretation of boundary con-
ditions in the analytical and numerical shell solutions for mode analysis of multilayered
structures. Int. J. Mech. Sci. 122, 18–28 (2017)

20. Tornabene, F., Fantuzzi,N.,Bacciocchi,M.,Reddy, J.N.:Aposteriori stress and strain recovery
procedure for the static analysis of laminated shells resting on nonlinear elastic foundation.
Compos. Part B Eng. 126, 162–191 (2017)

21. Fantuzzi, N., Tornabene, F., Bacciocchi, M., Neves, A.M.A., Ferreira, A.J.M.: Stability and
accuracy of three fourier expansion-based strong form finite elements for the free vibration
analysis of laminated composite plates. Int. J. Numer. Meth. Eng. 111, 354–382 (2017)



654 F. Tornabene and M. Bacciocchi

22. Tornabene, F., Fantuzzi, N., Bacciocchi, M.: Linear static behavior of damaged laminated
composite plates and shells. Materials 10(811), 1–52 (2017)

23. Jouneghani, F.Z., Mohammadi Dashtaki, P., Dimitri, R., Bacciocchi, M., Tornabene, F.: First-
order shear deformation theory for orthotropic doubly-curved shells based on a modified
couple stress elasticity. Aerosp. Sci. Technol. 73, 129–147 (2018)

24. Tornabene, F., Dimitri, R.: A numerical study of the seismic response of arched and vaulted
structures made of isotropic or composite materials. Eng. Struct. 159, 332–366 (2018)

25. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Viola, E.: Mechanical behavior of damaged
laminated composites plates and shells: higher-order shear deformation theories. Compos.
Struct. 189, 304–329 (2018)

26. Tornabene, F., Bacciocchi, M.: Effect of curvilinear reinforcing fibers on the linear static
behavior of soft-core sandwich structures. J. Compos. Sci. 2(14), 1–43 (2018)

27. Brischetto, S., Tornabene, F.: Advanced GDQmodels and 3D stress recovery in multi-layered
plates, spherical and double-curved panels subjected to transverse shear loads. Compos. Part
B Eng. 146, 244–269 (2018)

28. Tornabene, F., Brischetto, S.: 3D capability of refined GDQ models for the bending analysis
of composite and sandwich plates, spherical and doubly-curved shells. ThinWall. Struct. 129,
94–124 (2018)

29. Tornabene, F., Bacciocchi, M.: Dynamic stability of doubly-curved multilayered shells sub-
jected to arbitrarily oriented angular velocities: numerical evaluation of the critical speed.
Compos. Struct. 201, 1031–1055 (2018)

30. Tornabene, F., Fantuzzi, F., Bacciocchi, M.: Foam core composite sandwich plates and shells
with variable stiffness: effect of curvilinear fiber path on the modal response. J. Sandw. Struct.
Mater. 21, 320–365 (2019)

31. Tornabene, F., Fantuzzi, N., Bacciocchi, M.: Refined shear deformation theories for laminated
composite arches and beams with variable thickness: natural frequency analysis. Eng. Anal
Bound Elem.100, 24–47 (2019)

32. Tornabene, F., Viola, E.: Free vibration analysis of functionally graded panels and shells of
revolution. Meccanica 44, 255–281 (2009)

33. Tornabene, F.,Viola, E., Inman,D.J.: 2-Ddifferential quadrature solution for vibration analysis
of functionally graded conical, cylindrical shell and annular plate structures. J. Sound Vib.
328, 259–290 (2009)

34. Tornabene, F.: Free vibration analysis of functionally graded conical, cylindrical shell and
annular plate structures with a four-parameter power-law distribution. Comput. Method Appl.
M 198, 2911–2935 (2009)

35. Tornabene, F., Viola, E.: Free vibrations of four-parameter functionally graded parabolic
panels and shells of revolution. Eur. J. Mech. A Solid 28, 991–1013 (2009)

36. Viola, E., Tornabene, F.: Free vibrations of three parameter functionally graded parabolic
panels of revolution. Mech. Res. Commun. 36, 587–594 (2009)

37. Tornabene, F., Viola, E.: Static analysis of functionally graded doubly-curved shells and panels
of revolution. Meccanica 48, 901–930 (2013)

38. Tornabene, F., Fantuzzi, N., Bacciocchi,M.: Free vibrations of free-form doubly-curved shells
made of functionally graded materials using higher-order equivalent single layer theories.
Compos. Part B Eng. 67, 490–509 (2014)

39. Tornabene, F., Fantuzzi, N., Viola, E., Batra, R.C.: Stress and strain recovery for functionally
graded free-form and doubly-curved sandwich shells using higher-order equivalent single
layer theory. Compos. Struct. 119, 67–89 (2015)

40. Fantuzzi, N., Tornabene, F., Viola, E.: Four-parameter functionally graded cracked plates
of arbitrary shape: a GDQFEM solution for free vibrations. Mech. Adv. Mater. Struct. 23,
89–107 (2016)

41. Brischetto, S., Tornabene, F., Fantuzzi, N., Viola, E.: 3D exact and 2D generalized differential
quadrature models for free vibration analysis of functionally graded plates and cylinders.
Meccanica 51, 2059–2098 (2016)



Higher-Order Weak Formulation for Arbitrarily Shaped Doubly-Curved Shells 655

42. Fantuzzi, N., Brischetto, S., Tornabene, F., Viola, E.: 2D and 3D shellmodels for the free vibra-
tion investigation of functionally graded cylindrical and spherical panels. Compos. Struct. 154,
573–590 (2016)

43. Tornabene, F., Brischetto, S., Fantuzzi, N., Bacciocchi,M.: Boundary conditions in 2D numer-
ical and 3D exact models for cylindrical bending analysis of functionally graded structures.
Shock Vib. 2373862, 1–17 (2016)

44. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Viola, E., Reddy, J.N.: A numerical investigation
on the natural frequencies of FGM sandwich shells with variable thickness by the local
generalized differential quadrature method. Appl. Sci. 7(131), 1–39 (2017)

45. Jouneghani, F.Z., Dimitri, R., Bacciocchi, M., Tornabene, F.: Free vibration analysis of func-
tionally graded porous doubly-curved shells based on the first-order shear deformation theory.
Appl. Sci. 7(1252), 1–20 (2017)

46. Tornabene, F., Fantuzzi, N., Bacciocchi, M., Viola, E.: Effect of agglomeration on the natural
frequencies of functionally graded carbon nanotube-reinforced laminated composite doubly-
curved shells. Compos. Part B Eng. 89, 187–218 (2016)

47. Kamarian, S., Salim, M., Dimitri, R., Tornabene, F.: Free vibration analysis of conical shells
reinforced with agglomerated carbon nanotubes. Int. J. Mech. Sci. 108–109, 157–165 (2016)

48. Fantuzzi, N., Tornabene, F., Bacciocchi, M., Dimitri, R.: Free vibration analysis of arbitrarily
shaped functionally graded carbon nanotube-reinforced plates. Compos. Part B Eng. 115,
384–408 (2017)

49. Tornabene, F., Fantuzzi, N., Bacciocchi, M.: Linear static response of nanocomposite plates
and shells reinforced by agglomerated carbon nanotubes. Compos. Part B Eng. 115, 449–476
(2017)

50. Nejati, M., Asanjarani, A., Dimitri, R., Tornabene, F.: Static and free vibration analysis of
functionally graded conical shells reinforced by carbon nanotubes. Int. J. Mech. Sci. 130,
383–398 (2017)

51. Nejati, M., Dimitri, R., Tornabene, F., Yas, M.H.: Thermal buckling of nanocomposite
stiffened cylindrical shells reinforced by functionally graded wavy carbon nano-tubes with
temperature-dependent properties. Appl. Sci. 7(1223), 1–24 (2017)
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Strong Formulation: A Powerful
Way for Solving Doubly Curved Shell
Structures

Francesco Tornabene and Nicholas Fantuzzi

Abstract A theoretical framework based on an Equivalent Single Layer (ESL)
approach is proposed in this chapter to develop several Higher-order Shear Deforma-
tion Theories (HSDTs) in a unified and compact manner. In particular, the maximum
order of kinematic expansion can be arbitrarily chosen in order to definemore refined
displacement fields. The Murakami’s function can be also included in the model to
take into account the so-called zig-zag effect. The proposed theory is employed to
describe the mechanical behavior of doubly-curved shell structures made of compos-
ite materials. In particular, the differential geometry is used to define accurately the
curved surfaces at issue. The strong formulation of the governing equation is solved
by means of a numerical approach based on the Generalized Differential Quadra-
ture (GDQ) method. The accuracy of both the theoretical model and the numerical
method is shown through some applications, in which the solutions are compared
with the results obtained by means of a three-dimensional finite element model.

1 Introduction

It is well-known that a system of differential equations can be introduced to model
a physical phenomenon from the mathematical point of view. In general, various
parameters are involved in these systems, according to the kind of phenomenon
that has to be investigated [1–4]. The displacement field, the static and dynamic
responses, the internal stresses and the natural frequencies are some mechanical
parameters that have to be considered and evaluated for instance, when the structural
analysis of doubly-curved shells is performed. Such quantities can be accomplished
once the corresponding differential governing equations are solved, by enforcing
also the proper boundary conditions [5].
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In general, the system of governing equations cannot be solved from the analytical
point of view. Therefore, a numerical solution, which approximates the effective
one, is often pursued. Several numerical techniques have been proposed in the last
decades to this aim, as illustrated in the review paper by Tornabene et al. [6]. Two
different approaches can be used for this purpose, which are respectively based on the
strong and weak formulations of the same equations. When the strong formulation
is considered, the differential system is directly written in its discrete form. On the
other hand, an integral form is developed if the corresponding weak formulation is
taken into account. It is clear that these two approaches require a different numerical
tool to be solved. In particular, the first one need a methodology able to approximate
the derivatives, whereas the second one requires a technique able to solve integrals.
For examples, the Generalized Differential Quadrature (GDQ) and the Generalized
Integral Quadrature (GIQ) methods could be employed to this aim [6]. The basis
of these techniques can be found also in the book by Shu [7] and in the book by
Tornabene and Bacciocchi [1]. In this chapter, a numerical approach based on the
GDQ method is presented to deal with the mechanical analysis of doubly-curved
laminated composite shells [8, 9].

It should be recalled that the use of composite materials in shell structures is
becoming more and more popular due to the great advantages in terms of structural
efficiency that can be achieved, as illustrated in [10–16]. This topic is investigated in
many papers available in literature, especially as far as laminated composites [17–36]
and functionally graded materials [37–56] are concerned.

This peculiar mechanical configurations could not be investigated accurately
if first-order theories, such as the well-known Reissner-Mindlin approach, are
employed. To this aim,many authors proposedmore refined approaches able tomodel
the structural response so that it becomes closer to the effective one. This is one of the
main reasons that has led to the growth of the so-called Higher-Order Shear Defor-
mation Theories (HSDTs), as specified in the papers [57–67]. This topic has been
studied and developed in depth in the last decades and several efficient approaches
have been proposed. Among them, the unified formulation, known asUnified Formu-
lation (UF), should be mentioned [1, 68–72]. To the best of the authors’ knowledge,
the UF represents an efficient methodology to study the mechanical behavior of
beams, plates and shells made of composite materials, as proven in the papers [73–
88]. In particular, the researches just mentioned are based on an Equivalent Single
Layer (ESL) approach, since the kinematic expansion of the displacement field is
developed within the shell middle surface, which represents the reference domain
of the structural problem at issue. Nevertheless, a different methodology which per-
forms the kinematic expansion along the shell thickness could be used. This method,
which is particularly efficient when laminated composites are investigated, is known
as Layer-Wise (LW) approach [89–93]. Finally, it should be mentioned that some
authors proposed also more general formulations based on the UF [94–99].
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2 Principles of Differential Geometry

The differential geometry is an extremely efficient tool to describe in an accurate
manner the geometry of a doubly-curved shell [1, 8]. In particular, it provides the
analytical description of those curved surfaces which can be taken as the middle
surface of the structures at issue. The present formulation, in fact, is developedwithin
the shell middle surface, which represents the reference domain of the governing
equations, since an Equivalent Single Layer (ESL) approach is pursued.

A generic doubly-curved surface can be identified in a Cartesian coordinate refer-
ence systemOx1x2x3 by the correspondingposition vector r (α1, α2). The parameters
α1, α2 denote the orthogonal and principal coordinates of the shell middle surface,
which have to follow the limitations values shown below

α1 ∈ [
α0
1, α

1
1

]
, α2 ∈ [

α0
2, α

1
2

]
(1)

where α0
1, α

0
2 and α1

1, α
1
2 are the boundary values of the curvilinear coordinates. In

general, each point within the three-dimensional shell can be identified by the vector
R (α1, α2, ζ ) defined below

R (α1, α2, ζ ) = r (α1, α2) + ζn (α1, α2) (2)

in which n (α1, α2) stands for the outward unit normal vector. On the other hand, ζ
represents the thickness coordinate. At this point, the local reference system O ′α1α2ζ

can be defined on the shell middle surface, as shown in Fig. 1.
It is important to specify that the overall thickness of the shell h takes into account

the size of each layer, if a laminated composite structuremade of l plies is considered.
The following relation is required to this aim

h =
l∑

k=1

hk (3)

in which hk denotes the thickness of the k-th layer. For the sake of clarity, it should be
specified that the index k is introduced to specify all the geometric and mechanical
properties of the corresponding layer. At this point, it is clear also that the thickness
coordinate ζ is defined within the following interval

ζ ∈ [−h/2, h/2] (4)

A complete characterization of a doubly-curved surface can be performed by
introducing the fundamental forms provided by the differential geometry, once the
position vector of the shell middle surface is introduced. The first fundamental coef-
ficients E (α1, α2) ,F (α1, α2) ,G (α1, α2) can be conveniently collected in thematrix
IP defined below
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Fig. 1 Definition of a generic shell element and local and global reference systems representation

IP =
[
E F
F G

]
=

[
r,1 · r,1 r,1 · r,2

r,1 · r,2 r,2 · r,2

]
(5)

in which r,i = ∂r/∂αi , for i = 1, 2, whereas the symbol “·” is used to denote the dot
product. The outward unit normal vector n (α1, α2), instead, assume the following
form

n = r,1 × r,2∣∣r,1 × r,2

∣∣ (6)

in which the symbol “×” is used to denote the vector product. Once the outward
unit normal vector is defined, it is possible to evaluate the so-called second funda-
mental coefficients L (α1, α2) ,M (α1, α2) ,N (α1, α2), which can be collected in the
corresponding matrix IIP defined below

IIP =
[
L M
M N

]
=

[−r,11 · n −r,12 · n
−r,12 · n −r,22 · n

]
(7)

where r,i j = ∂2r/ ∂αi∂α j , for i, j = 1, 2. A new matrix denoted by SP can be con-
veniently introduced as shown below

SP = I−1
P IIP = 1

EG − F2

[
LG − FM GM − FN
EM − FL EN − FM

]
(8)
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This operator allows to compute theGaussian curvatureΓG and themean curvature
ΓM of a doubly-curved surface. In particular, one gets

ΓG = det(SP) = LN − M2

EG − F2
= 1

R 1R 2
(9)

ΓM = 1

2
tr (SP) = 1

2

LG − 2FM + EN

EG − F2
= 1

2

(
1

R 1
+ 1

R 2

)
(10)

where R 1 = R 1 (α1, α2) and R 2 = R 2 (α1, α2) are the main radii of curvature
defined below

R 1 = 1

ΓM −
√

Γ 2
M − ΓG

, R 2 = 1

ΓM +
√

Γ 2
M − ΓG

(11)

Since α1, α2 are principal and orthogonal by hypothesis (F = M = 0), the fol-
lowing simplified definitions can be used to define the radii of curvature

R 1 = E

L
, R 2 = G

N
(12)

The curvature effect is taken into account also in the following geometric parameters

H1 (α1, α2) = 1 + ζ

R1
, H2 (α1, α2) = 1 + ζ

R2
(13)

Finally, the well-known Lamé parameters A 1 = A 1 (α1, α2), A 2 = A 2 (α1, α2)

can be easily evaluated as shown below

A 1 = √
E, A 2 = √

G (14)

where the meaning of E,G can be deducted in the previous relations.

3 Shell Fundamental Equations

A two-dimensional model is introduced in this section to analyze the mechanical
behavior of laminated composite doubly-curved shell structures, in the framework
provided by a unified formulation based on the ESL approach. Various Higher-order
Shear Deformation Theories (HSDTs) can be developed to this aim. Each theory
can be characterized by a different maximum order of kinematic expansion N . The
three-dimensional displacement field assumes the following form



664 F. Tornabene and N. Fantuzzi

U1 = F0u
(0)
1 + F1u

(1)
1 + F2u

(2)
1 + F3u

(3)
1 + ... + FNu

(N )
1 + FN+1u

(N+1)
1

U2 = F0u
(0)
2 + F1u

(1)
2 + F2u

(2)
2 + F3u

(3)
2 + ... + FNu

(N )
2 + FN+1u

(N+1)
2

U3 = F0u
(0)
3 + F1u

(1)
3 + F2u

(2)
3 + F3u

(3)
3 + ... + FNu

(N )
3 + FN+1u

(N+1)
3

(15)

where Ui (α1, α2, ζ, t) is the i-th displacement component, whereas u(τ )
i (α1, α2, t)

is the i-th generalized displacement defined on the shell middle surface for each
order of kinematic expansion τ = 0, 1, 2, ..., N , N + 1. On the other hand, Fτ =
Fτ (ζ ) represents the so-called thickness functions that allow to characterize the
displacement field in hand. A possible choice consists in the following one

Fτ = ζ τ , for τ = 0, 1, 2, ..., N

FN+1 = (−1)k
(

2

ζk+1 − ζk
ζ − ζk+1 + ζk

ζk+1 − ζk

)
(16)

where the parameters ζk+1, ζk are needed to identify the lower and upper boundaries
of the k-th layer along the thickness direction. In particular, the expression of FN+1

stands for the so-called Murakami’s function, which can be efficiently included in
the model to capture the zig-zag effect, when laminated and sandwich structures are
analyzed.

For the sake of conciseness, a compact nomenclature can be introduced to denote
univocally a higher-order structural model. The following theories can be defined,
by neglecting or including the zig-zag effect [1, 71, 72]

N = 1 → ED1
N = 2 → ED2
N = 3 → ED3
N = 4 → ED4

N = 1 → EDZ1
N = 2 → EDZ2
N = 3 → EDZ3
N = 4 → EDZ4

(17)

It should be specified that the Reissner-Mindlin model or First-order Shear Defor-
mation Theory (FSDT) can be also developed in the framework of the proposed
unified formulation.

The generalized displacements u(τ )
i (α1, α2, t) represent the degrees of freedom

of the model and can be conveniently collected in the corresponding vector u(τ ) =
u(τ ) (α1, α2, t) defined below

u(τ ) = [
u(τ )
1 u(τ )

2 u(τ )
3

]T
(18)

At this point, the generalized strain components definedon the shellmiddle surface
could be defined and written for each order τ of kinematic expansion. For the sake of
conciseness, the vector ε(τ ) = ε(τ ) (α1, α2, t) is introduced for this reason. It assumes
the following form

ε(τ ) = [
ε

(τ)
1 ε

(τ)
2 γ

(τ)
1 γ

(τ)
2 γ

(τ)
13 γ

(τ)
23 ω

(τ)
13 ω

(τ)
23 ε

(τ)
3

]T
(19)
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for τ = 0, 1, 2, ..., N , N + 1. If the differential operator DΩ is defined as follows

DΩ =

⎡

⎢⎢
⎣

1
A 1

∂
∂α1

1
A 1A 2

∂A 2
∂α1

− 1
A 1A2

∂A1
∂α2

1
A 2

∂
∂α2

− 1
R 1

0 1 0 0
1

A 1A 2

∂A 1
∂α2

1
A 2

∂
∂α2

1
A 1

∂
∂α1

− 1
A 1A2

∂A2
∂α1

0 − 1
R 2

0 1 0
1
R 1

1
R 2

0 0 1
A 1

∂
∂α1

1
A 2

∂
∂α2

0 0 1

⎤

⎥⎥
⎦

T

(20)

the kinematic equations shown below in compact matrix form can be used to define
the generalized strain component vector

ε(τ ) = DΩu(τ ) (21)

for each order of kinematic expansion τ .
The constitutive relations are needed at this point to relate the strains and the

corresponding stress components, by introducing also the mechanical features of the
materials of the various layers [1, 13]. The following assumptions are valid for a
laminated composite structure made of l orthotropic plies

1. Each lamina is defined by neglecting discontinuities and voids, since it ismodeled
as a continuous medium.

2. Each layer is made of a linear-elastic constituent.
3. From themacroscopic point of view, the layer is an homogeneousmedium. In par-

ticular, the following properties should be taken into account for a fiber-reinforced
layer:

a. The matrix and the fibers, which make up the layer, are perfectly bonded.
b. The fibers are continuous and parallel and their placement is defined by a

constant orientation angle θ (k). For a laminated composite structure made
of l plies, the notation

(
θ(1)/θ (2)/ . . . /θ(k)/ . . . /θ(l)

)
is used to specify uni-

vocally the stacking sequence.
c. The fibers and the matrix can be modeled as isotropic constituents.
d. The presence of voids, micro cracks, and residual stresses in the matrix is

not allowed.

The current hypotheses allow to introduce the following three-dimensional con-
stitutive equations

σ (k) = C̄(k)ε(k) (22)

where σ (k) = σ (k) (α1, α2, ζ, t) stands for the stress component vector, whereas
ε(k) = ε(k) (α1, α2, ζ, t) collects the three dimensional strain components. They
assume the aspect shown below for the k-th layer

σ (k) = [
σ

(k)
1 σ

(k)
2 τ

(k)
12 τ

(k)
13 τ

(k)
23 σ

(k)
3

]T
(23)

ε(k) = [
ε

(k)
1 ε

(k)
2 γ

(k)
12 γ

(k)
13 γ

(k)
23 ε

(k)
3

]T
(24)
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On the other hand, the constitutive operator C̄(k) for the k-th orthotropic layer can
be defined as follows

C̄(k) =

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

Ē (k)
11 Ē (k)

12 Ē (k)
16 0 0 Ē (k)

13

Ē (k)
12 Ē (k)

22 Ē (k)
26 0 0 Ē (k)

23

Ē (k)
16 Ē (k)

26 Ē (k)
66 0 0 Ē (k)

36

0 0 0 Ē (k)
44 Ē (k)

45 0

0 0 0 Ē (k)
45 Ē (k)

55 0

Ē (k)
13 Ē (k)

23 Ē (k)
36 0 0 Ē (k)

33

⎤

⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

(25)

in which Ē (k)
nm stands for the elastic constants of the material, which can be computed

through the engineering constants of the medium (Young’s moduli, shear moduli,
Poisson’s ratios). This nomencalture is used to introduce the plane stress-reduced
elastic coefficients Ē (k)

nm = Q̄(k)
nm or the non-reduced ones Ē (k)

nm = C̄ (k)
nm , according to

requirements of the structural theory under consideration.
For the sake of completeness, it should be remarked that the three-dimensional

strains defined in Eq. (24) can be related to the generalized displacement components
as shown below

ε(k) =
N+1∑

τ=0

Z(τ )DΩu(τ ) (26)

where the matrix Z(τ ) assumes the following aspect

Z(τ ) =

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢
⎣

Fτ

H1
0 0 0 0 0 0 0 0

0 Fτ

H2
0 0 0 0 0 0 0

0 0 Fτ

H1

Fτ

H2
0 0 0 0 0

0 0 0 0 Fτ

H1
0 ∂Fτ

∂ζ
0 0

0 0 0 0 0 Fτ

H2
0 ∂Fτ

∂ζ
0

0 0 0 0 0 0 0 0 ∂Fτ

∂ζ

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

(27)

The internal stresses can be conveniently expressed in terms of stress resultants,
which can be included in the corresponding vector S(τ ) = S(τ ) (α1, α2, t) defined
below

S(τ ) = [
N (τ )
1 N (τ )

2 N (τ )
12 N (τ )

21 T (τ )
1 T (τ )

2 P (τ )
1 P (τ )

2 S(τ )
3

]T
(28)

for each order of kinematic expansion τ . The τ -th order generalized stress resultant
vector assumes the following definition

S(τ ) =
l∑

k=1

ζk+1∫

ζk

(
Z(τ )

)T
σ (k)H1H2dζ =

N+1∑

η=0

A(τη)DΩu(η) (29)
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in which A(τη) is the constitutive operator given by

A(τη) =

⎡

⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢
⎣

A(τη)

11(20) A(τη)

12(11) A(τη)

16(20) A(τη)

16(11) 0 0 0 0 A(τ η̃)

13(10)

A(τη)

12(11) A(τη)

22(02) A(τη)

26(11) A(τη)

26(02) 0 0 0 0 A(τ η̃)

23(01)

A(τη)

16(20) A(τη)

26(11) A(τη)

66(20) A(τη)

66(11) 0 0 0 0 A(τ η̃)

36(10)

A(τη)

16(11) A(τη)

26(02) A(τη)

66(11) A(τη)

66(02) 0 0 0 0 A(τ η̃)

36(01)

0 0 0 0 A(τη)

44(20) A(τη)

45(11) A(τ η̃)

44(10) A(τ η̃)

45(10) 0

0 0 0 0 A(τη)

45(11) A(τη)

55(02) A(τ η̃)

45(01) A(τ η̃)

55(01) 0

0 0 0 0 A(τ̃η)

44(10) A(τ̃η)

45(01) A(τ̃ η̃)

44(00) A(τ̃ η̃)

45(00) 0

0 0 0 0 A(τ̃η)

45(10) A(τ̃η)

55(01) A(τ̃ η̃)

45(00) A(τ̃ η̃)

55(00) 0

A(τ̃η)

13(10) A(τ̃η)

23(01) A(τ̃η)

36(10) A(τ̃η)

36(01) 0 0 0 0 A(τ̃ η̃)

33(00)

⎤

⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

(30)
The following definitions are required to evaluate the elastic coefficients included

in the constitutive operator

A(τη)

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm FηFτ

H1H2

H p
1 H

q
2

dζ

A(τ̃η)

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm Fη

∂Fτ

∂ζ

H1H2

H p
1 H

q
2

dζ

A(τ η̃)

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm

∂Fη

∂ζ
Fτ

H1H2

H p
1 H

q
2

dζ

A(τ̃ η̃)

nm (pq) =
l∑

k=1

∫ ζk+1

ζk

B̄(k)
nm

∂Fη

∂ζ

∂Fτ

∂ζ

H1H2

H p
1 H

q
2

dζ

(31)

for τ, η = 0, 1, 2, ..., N , N + 1, n,m = 1, 2, 3, 4, 5, 6 and p, q = 0, 1, 2. The sym-
bol B̄(k)

nm is used to introduce the shear correction factor κ = 1/ χ , if needed, as it can
be noted by its definition

B̄(k)
nm = Ē (k)

nm for n,m = 1, 2, 3, 6

B̄(k)
nm = κ Ē (k)

nm for n,m = 4, 5
(32)

In general, if required, the shear correction factor is assumed equal to the constant
value of 5/ 6 (or χ = 1.2). It should be specified that this coefficient is commonly
used in the structural theories up to the second order of kinematic expansion.

On the other hand, the equations of motion and the corresponding boundary
conditions can be deducted by applying the well-known Hamilton’s principle [1].
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In particular, three partial differential equations are carried out for each order of
kinematic expansion τ and can be included in the following system in compact
matrix form

D∗
ΩS(τ ) + q(τ ) =

N+1∑

η=0

M(τη)ü(η) (33)

in which the equilibrium differential operator D∗
Ω assumes the following aspect

D∗
Ω =

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢
⎣

1
A1

∂
∂α1

+ 1
A1A2

∂A2
∂α1

− 1
A1A2

∂A 1
∂α2

− 1
R 1

− 1
A1A2

∂A 2
∂α1

1
A2

∂
∂α2

+ 1
A1A2

∂A1
∂α2

− 1
R 2

1
A1A2

∂A1
∂α2

1
A1

∂
∂α1

+ 1
A1A2

∂A2
∂α1

0
1
A2

∂
∂α2

+ 1
A1A2

∂A1
∂α2

1
A1A2

∂A2
∂α1

0
1
R 1

0 1
A1

∂
∂α1

+ 1
A1A2

∂A2
∂α1

0 1
R 2

1
A2

∂
∂α2

+ 1
A1A2

∂A1
∂α2−1 0 0

0 −1 0

0 0 −1

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

T

(34)

On the other hand, the mass matrix M(τη) is given by

M(τη) =
⎡

⎣
I (τη) 0 0
0 I (τη) 0
0 0 I (τη)

⎤

⎦ (35)

in which I (τη) stands for the inertia terms, which depend on the mass density of the
k-th layer ρ(k) as shown below

I (τη) =
l∑

k=1

∫ ζk+1

ζk

ρ(k)Fτ FηH1H2 dζ (36)

The generalized acceleration components, instead, are included in the correspond-
ing vector ü(η) = ü(η) (α1, α2, t) given by

ü(τ ) = [
ü(τ )
1 ü(τ )

2 ü(τ )
3

]T
(37)

Finally, the static load vector q(τ ) collects three load components for each order
of kinematic expansion τ . It assumes the aspect shown below

q(τ ) = [
q(τ )
1 q(τ )

2 q(τ )
n

]T
(38)
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in which the various load components applied on the shell middle surface can be
evaluated as a function of the load applied on the top surface q(+)

1 , q(+)
2 , q(+)

n and
on the bottom surface q(−)

1 , q(−)
2 , q(−)

n , according to the definitions shown below

q(τ )
1 = q(−)

1 F (−)
τ H (−)

1 H (−)
2 + q(+)

1 F (+)
τ H (+)

1 H (+)
2

q(τ )
2 = q(−)

2 F (−)
τ H (−)

1 H (−)
2 + q(+)

2 F (+)
τ H (+)

1 H (+)
2

q(τ )
n = q(−)

n F (−)
τ H (−)

1 H (−)
2 + q(+)

n F (+)
τ H (+)

1 H (+)
2

(39)

for τ = 0, 1, 2, ..., N , N + 1. It should be noted that H (±)
1 , H (±)

2 and F (±)
τ are respec-

tively the values of the curvature parameters and of the thickness functions evaluated
on the external surfaces of the shell (ζ = ±h/ 2).

The various aspects of the structural problem just presented, which are the kine-
matic, the constitutive laws, and the equilibrium, can be included in a sole system
known as fundamental system of equations. In particular, for each order of kinematic
expansion τ , the following system is accomplished

N+1∑

η=0

L(τη)u(η) + q(τ ) =
N+1∑

η=0

M(τη)ü(η) (40)

where L(τη) = D∗
ΩA(τη)DΩ denotes the fundamental operator. It should be noted

that Eq. (40) describes both the static and dynamic problem of laminated doubly-
curved shells. In particular, the inertia terms must be neglected to investigate their
static behavior, whereas the load vector must be set equal to zero to analyze the free
vibrations.

Nevertheless, these problems cannot be solved without the proper boundary con-
ditions, which are also obtained by means of the Hamilton’s principle. In particular,
it should be recalled that a generic edge can be completely clamped (C), simply-
supported (S) or free (F). The following conditions are required for the external
edges characterized by α1 = α0

1 or α1 = α1
1 , and α0

2 ≤ α2 ≤ α1
2

C → u(τ )
1 = u(τ )

2 = u(τ )
3 = 0

S → N (τ )
1 = 0, u(τ )

2 = u(τ )
3 = 0

F → N (τ )
1 = N (τ )

12 = T (τ )
1 = 0

(41)

for τ = 0, 1, 2, ..., N , N + 1. On the other hand, the following relations are needed
for α2 = α0

2 or α2 = α1
2, and α0

1 ≤ α1 ≤ α1
1

C → u(τ )
1 = u(τ )

2 = u(τ )
3 = 0

S → N (τ )
2 = 0, u(τ )

1 = u(τ )
3 = 0

F → N (τ )
21 = N (τ )

2 = T (τ )
2 = 0

(42)
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In addition, when complete shells of revolution or toroids are analyzed, which
denote structures with a closing meridian or parallel, the two coincident sides are
affected by the conditions required to enforce the structural compatibility. If the
common edge is denoted by α1 = α0

1 and α1 = α1
1, the equations in hand assume the

following aspect

N (τ )
1

(
α0
1, α2, t

) = N (τ )
1

(
α1
1, α2, t

)
, u(τ )

1

(
α0
1, α2, t

) = u(τ )
1

(
α1
1, α2, t

)

N (τ )
12

(
α0
1, α2, t

) = N (τ )
12

(
α1
1, α2, t

)
, u(τ )

2

(
α0
1, α2, t

) = u(τ )
2

(
α1
1, α2, t

)

T (τ )
1

(
α0
1, α2, t

) = T (τ )
1

(
α1
1, α2, t

)
, u(τ )

3

(
α0
1, α2, t

) = u(τ )
3

(
α1
1, α2, t

)
(43)

for α0
2 ≤ α2 ≤ α1

2 and τ = 0, 1, 2, ..., N , N + 1. On the other hand, one gets the
following relations along α2 = α0

2 and α2 = α1
2

N (τ )
21

(
α1, α

0
2, t

) = N (τ )
21

(
α1, α

1
2, t

)
, u(τ )

1

(
α1, α

0
2, t

) = u(τ )
1

(
α1, α

1
2, t

)

N (τ )
2

(
α1, α

0
2, t

) = N (τ )
2

(
α1, α

1
2, t

)
, u(τ )

2

(
α1, α

0
2, t

) = u(τ )
2

(
α1, α

1
2, t

)

T (τ )
2

(
α1, α

0
2, t

) = T (τ )
2

(
α1, α

1
2, t

)
, u(τ )

3

(
α1, α

0
2, t

) = u(τ )
3

(
α1, α

1
2, t

)
(44)

for α0
1 ≤ α1 ≤ α1

1 and τ = 0, 1, 2, ..., N , N + 1. Finally, it should be specified that
the sequence WSEN is employed to facilitate the identification of each edge. In
particular, one gets the following coordinates

West edge (W) → α0
1 ≤ α1 ≤ α1

1, α2 = α0
2

South edge (S) → α1 = α1
1, α0

2 ≤ α2 ≤ α1
2

East edge (E) → α0
1 ≤ α1 ≤ α1

1, α2 = α1
2

North edge (N) → α1 = α0
1, α0

2 ≤ α2 ≤ α1
2

(45)

4 Numerical Procedure

It is well-known that a closed-form solution cannot be obtained for the mathemat-
ical model presented in the previous section. Therefore, the systems of differential
equations at issue cannot be solved analytically and a numerical method should be
employed to get an approximate solution. In general, two formulations of the same
fundamental system can be carried out, which are respectively the strong and weak
formulations. If the strong formulation is considered, a numerical tool able to approx-
imate derivatives is required, in order to transform directly these equations into the
corresponding discrete system. On the other hand, the governing system of differ-
ential equations is replaced by a set of integral equations if the weak formulation is
taken into account. The main aim of this section is the illustration of a numerical
methodology able to evaluate numerically the derivatives of a generic function, since
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the strong formulation has to be developed. The differential quadrature method is
discussed for this purpose [1, 6].

Let us consider a smooth function f (x) defined in a one-dimensional closed
domain, for x ∈ [a, b]. By definition, the derivatives of the considered function are
evaluated in specific discrete points defined in the reference domain. If IN denotes the
number of discrete nodes, the following points are introduced within the reference
interval

a = x1, x2, ..., xk, ..., xIN−1, xIN = b (46)

in which the position of a generic point xk is given by

xk = b − a

d − c

(
rk − r1
rIN − r1

− c

)
+ a (47)

where rk , for k = 1, 2, ..., IN , stands for the position of the k-th node according to
the discrete distributions defined in the interval [c, d], which can be used to this
aim. It should be recalled that various discrete distributions can be employed for this
purpose. One of the most common choice is given by the Chebyshev–Gauss–Lobatto
distribution, which provides the following definitions

rk = cos

(
IN − k

IN − 1
π

)
(48)

for k = 1, 2, ..., IN and rk ∈ [−1, 1].
A set of basis functionsψ j (x), for j = 1, 2, ..., IN , is required for the polynomial

approximation f (x) within the reference domain, as shown below

f (x) ≈
IN∑

j=1

λ jψ j (x) (49)

in which λ j stands for some unknown coefficients that have to be computed. At this
point, it is convenient to include the values that the function assumes in each discrete
point f (xk) in the corresponding vector f , which is given by

f = [
f (x1) · · · f (xk) · · · f (xIN )

]T
(50)

For the sake of clarity, the definition of the discrete grid points within the reference
domain and the representation of the functional values are graphically depicted in
Fig. 2.

The approximation introduced in Eq. (49) can be written also in compact matrix
form as follows

f ≈ Aλ (51)
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Fig. 2 Discrete point
distribution for a
one-dimensional scheme

where
λ = [

λ1 · · · λk · · · λIN

]T
(52)

On the other hand, A is known as the coefficient matrix of size IN × IN , whose
elements are given by Ai j . In other words, Ai j represents the value that the j-th basis
function assumes in the i-th point of the reference domain.

Ai j = ψ j (xi ) (53)

At this point, Eq. (51) provides the definition of the coefficient vector λ, by simply
inverting the operator A

λ = A−1f (54)

By definition, the n-th order derivative of the function f (x) assumes the following
aspect

dn f (x)

dxn
=

IN∑

j=1

λ j
dnψ j (x)

dxn
(55)

for n = 1, 2, ..., IN − 1. It should be noted that the coefficients λ j do not depend
on x and the derivative procedure affects only the basis functions. If the values of
the n-th derivative are evaluated in each discrete point, the following vector can be
conveniently introduced

f (n) =
[

dn f (x)
dxn

∣∣∣
x1

· · · dn f (x)
dxn

∣∣∣
xk

· · · dn f (x)
dxn

∣∣∣
xIN

]T

(56)

so that one gets
f (n) = A(n)λ (57)
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in which the generic element A(n)
i j of the matrix A(n) is defined as follows

A(n)
i j = dnψ j (x)

dxn

∣∣
∣∣
xi

(58)

Recalling the definition shown in Eq. (54), the vector f (n) shown in Eq. (57)
becomes

f (n) = A(n)A−1f (59)

If the differential operatorD(n) = A(n)A−1 of size IN × IN is introduced, one gets
the following definition

f (n) = D(n)f (60)

in which the generic element D(n)
i j of the corresponding matrix denotes the weighting

coefficients for the n-th order derivative.
It is quite evident that this procedure could be inaccurate if the matrix A turns

out to be ill-conditioned, since its inverse is required. This issue could be avoided if
the Lagrange polynomials are used as basis functions, since this choice provides the
following result

A = I (61)

in which I stands for the identity matrix. As a consequence, one gets

D(n)
i j = (

A(n)A−1
)
i j = (

A(n)I
)
i j = A(n)

i j = l(n)
j (xi ) (62)

where l(n)
j (xi ) stands for the n-th order derivative of the polynomial l j (x) defined

below, evaluated in the point xi

l j (xi ) =

IN∏

k=1
(xi − xk)

(
xi − x j

) IN∏

k=1,i 	=k
(xi − xk)

(63)

The recursive procedure proposed by Shu [7] can be conveniently followed to
define the weighting coefficients for the n-th order derivatives, starting from the
weighting coefficients for the first-order derivatives D(1)

i j given by

D(1)
i j =

IN∏

k=1,i 	=k
(xi − xk)

(
xi − x j

) IN∏

k=1, j 	=k

(
x j − xk

)
(64)
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The methodology in hand is shown below. Thus, the weighting coefficients D(n)
i j

can be computed as follows

D(n)
i j = n

(

D(1)
i j D(n−1)

i i − D(n−1)
i j

xi − x j

)

(65)

for i 	= j and

D(n)
i j = −

IN∑

j=1, j 	=i

D(n)
i j (66)

This numerical recursive approach based on the use of Lagrange polynomials
as basis functions is known in the literature as Generalized Differential Quadrature
(GDQ) method. Further details concerning this methodology can be found in the
review paper by Tornabene et al. [6], in the book by Tornabene and Bacciocchi [1]
and in the book by Shu [7].

It should be noted that this numerical method is illustrated here only for one-
dimensional domains, but it can be easily extended also tomulti-dimensional domain
by defining the discrete grid distribution along each principal direction. In the case
under consideration, the number of points alongα1, α2 are denoted by IN , IM , respec-
tively.

Once the GDQ method is applied, the governing system of equations defined in
Eq. (40) can be written in its discrete form. If a static problem is solved, the following
discrete sistem is carried out

KδS = F (67)

where K denotes the stiffness matrix, δS the displacement vector, and F the load
vector. On the other hand, if the free vibration problem is solved, the following
discrete system is obtained

KδD = ω2MδD (68)

where M represents the mass matrix, δD the mode shape vector, and ω the circular
frequency, which easily provides the value of the corresponding natural frequency
as f = ω/ 2π . A proper condensation procedure could be developed to reduce the
size of the problems under consideration.

5 Applications and Results

In this section, the natural frequencies of some laminated shell structures are com-
puted numerically by means of the GDQ method [100]. The results are evaluated
by varying the maximum order of kinematic expansion. Therefore, the analyses are
carried out for several HSDTs. In addition, the natural frequencies related to the
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Fig. 3 Laminated composite shells structures: discrete representation and edge identification

FSDT (or FSDTZ including the Murakami’s function) are presented for the sake of
completeness. Finally, the procedure is validated by means of the comparison with
the frequencies obtained by the commercial code Abaqus. A three-dimensional finite
element (3D-FEM) model is built to this aim by using the “C3D20” brick elements
embedded in Abaqus.

The shell structures under consideration are depicted in Fig. 3. In particular, an
elliptic cone, a spherical shell, a doubly-curved shell of translation obtained by sliding
an ellipse over another ellipse, and an ellipsoid are investigated. Their position vectors
and geometric features are listed in Table1, in which ei , for i = 1, 2, 3 denotes the
unit vectors of the corresponding directions of the global reference system Ox1x2x3,
as depicted in Fig. 1. The number of discrete points (IN , IM ) is also specified in the
same table.

The elliptic cone is made of one single layer of orthotropic material with (30)
as lamination scheme. The mechanical properties of the layer are given by E1 =
137.9 GPa, E2 = E3 = 8.96 GPa, G12 = G13 = 7.1 GPa, G23 = 6.21 GPa, ν12 =
ν13 = 0.3, ν23 = 0.49, ρ = 1450 kg/ m3. Since only one layer is considered, the
various theories do not include the Murakami’s function. In fact, the Murakami’s
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Table 1 Position vectors and geometric features of the shell structures depicted in Fig. 3

Elliptic cone (IN = 41, IM = 21)

r (α1, y) = (a cosα1 + y sin α sin ϕ) e1 − y cosα e2 + (b sin α1 − y sin α cosϕ) e3

ϕ (α1) = arctan

(
− b cosα1

a
√
1−cos2α1

)
, a = 3m, b = 2m, α1 ∈ [0, 2π ] ,

y ∈ [0, 10m] , α = π / 9, h = 1m

Spherical shell (IN = 31, IM = 31)

r(α1, α2) = R sin α1 cosα2e1 − R sin α1 sin α2e2 + R cosα1e3

R = 2m, α1 ∈ [π / 6, π / 2] , α2 ∈ [0, 2π ] , h = 0.1m, h1 = h2 = 0.05m

Doubly-curved shell of translation (IN = 51, IM = 21)

r (α1, α2) =
(

a2 tan α1√
b2+a2tan2α1

− d

(
1 −

√
1 − c2tan2α2

d2+c2tan2α2

)
sin α1

)
e1 − c2 tan α2√

d2+c2tan2α2
e2+

+
(
b

(
1 −

√
1 − a2tan2α1

b2+a2tan2α1

)
+ d

(
1 −

√
1 − c2tan2α2

d2+c2tan2α2

)
cosα1

)
e3

a = d = 10m, b = c = 7m, α1 ∈ [0, 2π ] , α2 ∈ [−5π / 18, 5π / 18] , h = 1m, h1 = h2 = 0.5m

Ellipsoid (IN = 31, IM = 31)

r (α1, α2) =
(
a
√
a2−b2sin2α1−c2cos2α1√

a2−c2
cosα2

)

e1 + (b cosα1 sin α2) e2+

+
(

− c
√
a2sin2α2+b2cos2α2−c2√

a2−c2
sin α1

)

e3

α1 ∈ [0, π ] , α2 ∈ [π / 6, 5π / 6] , a = 2m, b = 1.5m,

c = 1m,a ≥ b ≥ c, h1 = h3 = 0.025m, h2 = 0.05m

function should be embedded only for laminated composites, when there is an inter-
laminar interface to be analyzed.Thefirst ten natural frequencies are shown inTable2,
considering FC as boundary conditions.

The next structure is a FC spherical shell made of two layers with (30/45) as
stacking sequence. The mechanical features of the two plies are the same of the
previous application. Since the structure is made of two layers, in this circumstance
the results are provided also for the corresponding zig-zag models. Table3 shows the
first ten natural frequencies for the considered geometry.

Then, a doubly-curved shell of translation is analyzed. This peculiar geometry is
obtained by sliding an elliptic arch over another ellipse, by using the corresponding
geometric parameters listed in Table1. The lamination scheme and the mechanical
features are the same employed in the previous application. Even in this circumstance,
the HSDTs are developed by neglecting and considering the zig-zag effect. As far
as the boundary conditions are concerned, the sequence FC is required. The first ten
natural frequencies are shown in Table4.
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Fig. 4 First three mode shapes of the laminated composite shell structures

Finally, a FCFC sandwich ellipsoid with an inner soft-core is considered. The
structure is made of three layers and the stacking sequence is given by (0/core/90).
The two external skins are made of the same orthotropic medium (E1 = 53.78 GPa,
E2 = E3 = 17.93 GPa, G12 = G13 = 8.96 GPa, G23 = 3.45 GPa, ν12 = ν13 =
0.25, ν23 = 0.34, ρ = 1900kg/m3), whereas the core is isotropic (E = 0.232GPa,
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Table 2 First ten natural frequencies [Hz] for a FC orthotropic elliptic cone for various higher-order
shear deformation theories
f [Hz] FSDT ED2 ED3 ED4 3D-FEM

1 45.529 45.374 45.391 45.376 45.345

2 49.715 49.483 49.502 49.491 49.493

3 66.081 66.954 66.970 66.939 66.917

4 72.474 72.404 72.459 72.400 72.330

5 74.483 74.732 74.802 74.756 74.721

6 98.668 98.006 98.115 98.089 98.080

7 104.622 104.034 104.169 104.135 104.140

8 104.823 104.683 104.814 104.791 104.780

9 110.597 110.278 110.545 110.505 110.460

10 112.681 112.447 112.676 112.630 112.580

Table 3 First ten natural frequencies [Hz] for a FC laminated composite spherical shell for various
higher-order shear deformation theories

f [Hz] FSDT ED2 ED3 ED4 3D-FEM

1 43.020 42.870 42.979 42.860 42.922

2 43.020 42.870 42.979 42.860 42.922

3 60.477 60.568 60.610 60.542 60.564

4 60.477 60.568 60.610 60.542 60.564

5 82.542 82.527 82.633 82.551 82.584

6 82.542 82.527 82.633 82.551 82.584

7 98.939 99.185 99.213 99.159 99.168

8 98.939 99.185 99.213 99.159 99.168

9 143.964 144.283 144.321 144.266 144.280

10 143.964 144.283 144.321 144.266 144.280

f [Hz] FSDTZ EDZ2 EDZ3 EDZ4 3D-FEM

1 43.011 42.854 42.929 42.852 42.922

2 43.011 42.854 42.929 42.852 42.922

3 60.455 60.558 60.580 60.539 60.564

4 60.455 60.558 60.580 60.539 60.564

5 82.533 82.515 82.598 82.544 82.584

6 82.533 82.515 82.598 82.544 82.584

7 98.892 99.173 99.187 99.158 99.168

8 98.892 99.173 99.187 99.158 99.168

9 143.884 144.266 144.294 144.265 144.280

10 143.884 144.266 144.294 144.265 144.280
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Table 4 First ten natural frequencies [Hz] for a FC laminated composite doubly-curved shell of
translation for various higher-order shear deformation theories

f [Hz] FSDTZ EDZ2 EDZ3 EDZ4 3D-FEM

1 21.843 21.828 21.872 21.839 21.833

2 22.317 22.179 22.213 22.197 22.214

3 22.598 22.575 22.613 22.579 22.590

4 33.061 32.833 32.875 32.860 32.852

5 43.253 43.070 43.105 43.109 43.065

6 44.719 44.811 44.828 44.801 45.006

7 45.647 45.757 45.830 45.795 45.817

8 52.433 52.233 52.269 52.267 52.272

9 54.176 54.570 54.574 54.562 54.561

10 64.237 64.009 64.038 64.035 64.012

f [Hz] FSDTZ EDZ2 EDZ3 EDZ4 3D-FEM

1 21.829 21.824 21.856 21.841 21.833

2 22.315 22.175 22.207 22.195 22.214

3 22.584 22.571 22.597 22.581 22.590

4 33.057 32.828 32.869 32.859 32.852

5 43.246 43.066 43.107 43.108 43.065

6 44.680 44.806 44.814 44.803 45.006

7 45.601 45.751 45.812 45.798 45.817

8 52.418 52.230 52.267 52.267 52.272

9 54.173 54.567 54.569 54.561 54.561

10 64.232 64.005 64.036 64.034 64.012

Table 5 First ten natural frequencies [Hz] for a FCFC sandwich ellipsoid with an inner soft-core
for various higher-order shear deformation theories

f [Hz] FSDTZ EDZ2 EDZ3 EDZ4 3D-FEM

1 118.538 117.785 117.774 117.414 117.388

2 143.203 141.791 141.780 141.317 141.253

3 146.529 145.210 145.187 144.678 144.464

4 190.667 189.652 189.629 189.019 188.798

5 218.887 217.144 217.125 216.441 216.305

6 246.935 246.318 246.297 245.946 245.851

7 250.336 250.109 250.099 249.938 249.844

8 256.984 256.281 256.252 255.566 255.512

9 263.792 262.386 262.364 261.534 261.393

10 285.299 284.256 284.224 283.158 282.904
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ν = 0.2, ρ = 320kg/m3). It should be noted that the mechanical properties of the
soft-core are extremely lower than the ones of the external sheets. Therefore, a sand-
wich structure is considered and its mechanical behavior can be accurately described
only by the zig-zag theories. The natural frequencies are shown in Table5.

Finally, the first three mode shapes for the laminated composite shells considered
in this section are depicted in Fig. 4 for the sake of completeness.

6 Final Remarks

The results presented in the previous section prove that an excellent agreement can
obtained between the proposed solutions and the reference ones carried out through a
three-dimensional FEMmodel (3D-FEM), independently from the structural model.
Nevertheless, it can be observed that higher-order theories provide closer results to
the reference ones for thicker structures. In particular, higher-order theories, as the
ED3, ED4, and their corresponding zig-zag approaches, should be used since they
can provide closer results the three-dimensional FEM solution. Finally, it should be
recalled that the three-dimensional FEMmodels require a greater number of degrees
of freedom to obtain the solutions, whereas the GDQ is able to reach the same level of
accuracy with a reduced number of degrees of freedom. It should be specified, in fact,
that the considered doubly-curved shells have been modeled and analyzed by using
a sole element. Thus, the proposed approach represents a powerful, accurate and
efficient way for investigating the mechanical behavior of doubly-curved laminated
composites shell structures.
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On a Simple Shell Model for Thin
Structures with Functionally Graded
Materials

Werner Wagner and Friedrich Gruttmann

1 Introduction

Traditional composites consisting of different materials have been widely used to
design structures with high performance demands. However, due to the mismatch of
material parameters such composites tend to stress singularities, which may occur at
the interface between differentmaterials. This holds especiallywhen the composite is
exposed to high temperature gradients. Amismatch of thermal expansion coefficients
will induce considerable residual stresses and may lead to cracking and debonding.
Therefore, the concept of functionally graded material (FGM) was introduced to
avoid stress singularities alongwith an ultra-high temperature environment, e.g. [19].
Multi-phase materials are prepared by continuously changing the volume fraction
of the constituents [16, 20]. The FGM is suitable for various applications, such as
thermal coatings of barrier for ceramic engines, gas turbines, nuclear fusions, optical
thin layers, and other engineering applications. To describe the variation of material
properties often power-law functions, exponential functions or sigmoid functions are
used, e.g. [6, 13, 26].

A review on theories for the modeling and analysis of functionally graded plates
and shells is given in [23]. Due to the extensive growth of literature on approximation
techniques for FGM structures only a limited selection can be given. The papers
[1, 4, 7, 8, 15, 17, 18, 21] among many others deal with plate models.
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In our previous paper [12] a shell model for layered structures with N physical
layers is presented. The parameters for orthotropic material behaviour along with
zero normal stress condition in thickness direction are different for each individual
layer due to variable fiber angles in laminates. The displacements of the Reissner-
Mindlin kinematics are enriched by so–calledwarping displacementswhich are inter-
polated with layer-wise cubic functions through the thickness. Based on a multi-field
functional the interpolation of the independent quantities is performed in represen-
tative volume elements (RVEs) in a proper way. For layer-wise constant material
parameters—as is the case for linear elasticity—the transverse shear stresses are
quadratic functions of the thickness coordinate. These stresses are described contin-
uously at the boundaries of the physical layers and the zero stress boundary conditions
at the outer surfaces are automatically fulfilled without further constraints.

Present formulation is characterized by the following features.

• The theory and finite element formulation [12] is adapted to FGM shells. A power
law for the shape of the elastic constants in thickness direction is implemented. The
shell is subdivided in N numerical layers. Hence the layer-wise cubic interpolation
for the warping displacements and the quadratic shape of transverse shear stresses
provides an approximation. As consequence one obtains jumps for the transverse
shear stresses at the boundaries of the numerical layers and the stress boundary
conditions are only approximately fulfilled. Warping parameters and Lagrange
parameters are eliminated by static condensation. In this context shear correction
factors are obtained.

• The jumps at the layer boundaries vanish and the zero stress boundary conditions
at the outer surfaces are progressively better fulfilled with an increase of numerical
layers. Furthermore the integral of the transverse shear stresses converges against
the shear force obtained from the material law for the stress resultants. The investi-
gations show, that only a small number of numerical layers are necessary to obtain
converged results.

• For linear elasticity the computation of the condensed material matrix can be done
once as a pre–processing, which reduces the computing time significantly. Ref-
erence solutions are computed using solid shell element [14] with implemented
power law for the material constants. As standard nodal degrees are used, the ele-
ments can be applied to shell intersection problems. The extension of the theory to
geometrical nonlinear problems is straight forward. The essential advantage of the
formulation is its inherent simplicity in theory and finite element implementation.

Thepaper is organized as follows. InSect. 2 a brief summaryof the essential equations
according toRef. [12]with necessarymodifications for FGMshells are given. Several
examples are presented in Sect. 3. The evaluated displacements and stresses are
comparedwith 3D reference solutions,which are computedwith solid shell elements.
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2 Variational Formulation

2.1 Kinematics

Let B0 be the three–dimensional Euclidean space occupied by the shell in the
undeformed configuration with boundary ∂B0. The position vector Φ of any point
P ∈ B0 reads

Φ(ξ 1, ξ 2, ξ 3) = X(ξ 1, ξ 2) + ξ 3 N(ξ 1, ξ 2) |N(ξ 1, ξ 2)| = 1 , (1)

where the position vector X and the normal vector N of the shell mid–surface Ω

are parametrized with convected coordinates ξα . Furthermore, ξ 3 and h denote the
thickness coordinate defined in the range − h

2 ≤ ξ 3 ≤ h
2 and the shell thickness,

respectively. The coordinate on the boundary Γ = Γu ∪ Γσ is denoted by s. The
usual summation convention is used, where Latin indices range from 1 to 3 and
Greek indices range from 1 to 2. Commas denote partial differentiation with respect
to the coordinates ξ i .

Hence, the geometry of the deformed shell spaceB is described by

φ(ξ 1, ξ 2, ξ 3) = x(ξ 1, ξ 2) + ξ 3 d(ξ 1, ξ 2) d = N + �d . (2)

The vector d(ϕ) is not directed perpendicular to the deformed shell mid–surface, thus
shear deformations are accounted for. Hence, the vector field v(ξ 1, ξ 2) = [u,ϕ]T is
introduced, where u = x − X and ϕ denote the displacements and rotations of the
mid-surface, respectively.

Inserting the position vector (1) and kinematic assumption (2) into the linear strain
tensor ε̄ leads to

ε̄ = ε̄i j Gi ⊗ G j ε̄αβ = εαβ + ξ 3 καβ 2 ε̄α3 = γα ε̄33 = 0 , (3)

where Gi denote contravariant base vectors.
The membrane strains εαβ , curvatures καβ and shear strains γα read

εαβ = 1

2
(u,α ·X,β +u,β ·X,α )

καβ = 1

2
(u,α ·N,β +u,β ·N,α +�d,α ·X,β +�d,β ·X,α )

γα = u,α ·N + �d · X,α

(4)

and are arranged in the vector

ε(v) = [ε11, ε22, 2ε12, κ11, κ22, 2κ12, γ1, γ2]T . (5)
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So-called warping displacements ũ are superposed on the displacement field fol-
lowing fromEqs. (1) and (2). The shape for ũ = [ũ1, ũ2]T with components referring
to a local Cartesian coordinate system is chosen as in Ref. [11]

ũ(ξ 3) = Φ(ξ 3)α . (6)

The vector α is constant throughout RVEs introduced below, and contains alternating
values in 1– and 2–direction at nodes in thickness direction. For this purpose the
shell is subdivided in thickness direction into N numerical layers. The matrix Φ is
formulated with layer-wise cubic hierarchic functions

Φ(ξ 3) = [
φ1 12 φ2 12 φ3 12 φ4 12

]
ai

φ1 = 1

2
(1 − ζ ) φ2 = 1 − ζ 2 φ3 = 8

3
ζ (1 − ζ 2) φ4 = 1

2
(1 + ζ ) ,

(7)

and ai is an assembly matrix, which relates the 8 degrees of freedom of layer i to
the M components of α. For N layers this leads to M = 6 · N + 2 components in α.
Furthermore, ζ is a normalized coordinate of layer i defined in the range−1 ≤ ζ ≤ 1
and 1n denotes a unit matrix of order n.

The strainsE = [E11, E22, 2E12, 2E13, 2E23]T of a point in shell space with coor-
dinate ξ 3 are obtained with

E = A1 ε + A2 α

A1 =
[
13 ξ 3 13 0
0 0 12

]
A2 =

[
03×8

A2s

]
ai

A2s = [
φ′
1 12 φ′

2 12 φ′
3 12 φ′

4 12
]

φ′
j = dφ j

dζ

2

hi
.

(8)

Here, hi denotes the thickness of layer i . The in-plane strains {E11, E22, 2E12} are
linear functions of ξ 3.As long as the shell is not too thick this is a good approximation.
The shell strains ε are transformed to the local Cartesian coordinate system of below
introduced RVE before adding the two parts in Eq. (8). The transformations are
standard and therefore are not displayed here. All stress and strain components of
the following subsections refer to the local orthonormal coordinate system.

2.2 Constitutive Equations for the Stress Resultants

Assuming linear elastic isotropic material behaviour the constitutive equations are
introduced with S33 = 0 in the following standard manner
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⎡

⎢⎢⎢⎢
⎣

S11

S22

S12

S13

S23

⎤

⎥⎥⎥⎥
⎦

=

⎡

⎢⎢⎢⎢
⎣

C11 C12 0 0 0
C21 C22 0 0 0
0 0 C33 0 0
0 0 0 C44 0
0 0 0 0 C55

⎤

⎥⎥⎥⎥
⎦

⎡

⎢⎢⎢⎢
⎣

E11

E22

2E12

2E13

2E23

⎤

⎥⎥⎥⎥
⎦

S = C E .

(9)

The material constants Ci j are functions of Young’s modulus E(ξ 3) and Poisson’s
ratio ν(ξ 3).

C11 = C22 = E

1 − ν2

C12 = C21 = E ν

1 − ν2

C33 = C44 = C55 = E

2 (1 + ν)

(10)

Different types of FGM-models were introduced. These are power-law functions
(P-FGM), exponential functions (E-FGM), or sigmoid functions (S-FGM), see e.g.
[7], for the definition of the volume fractions. Here we use the indices 1 and 2 for
the constituents. The formulae for the P-FGM model [3] are

V1 =
(
1

2
+ ξ 3

h

)p

, V2 = 1 − V1 (11)

E(ξ 3) = E1 V1(ξ
3) + E2 V2(ξ

3), ν(ξ 3) = ν1 V1(ξ
3) + ν2 V2(ξ

3) , (12)

the E-FGM model [9] is defined by

E(ξ 3) = E1 eBE (ξ 3+h/2) BE = 1

h
ln(

E1

E2
)

ν(ξ 3) = ν1 eBν (ξ
3+h/2) Bν = 1

h
ln(

ν1

ν2
) ,

(13)

and the S-FGM [5] model

V1 = 1

2

(
1 + 2 ξ 3

h

)p

V2 = 1 − V1 for [−h

2
≤ ξ 3 ≤ 0]

V1 = 1 − 1

2

(
1 − 2 ξ 3

h

)p

V2 = 1 − V1 for [0 ≤ ξ 3 ≤ h

2
]

(14)

E(ξ 3) = E1 V1(ξ
3) + E2 V2(ξ

3), ν(ξ 3) = ν1 V1(ξ
3) + ν2 V2(ξ

3) . (15)

The relation of the stress resultants to S is defined by thickness integration of the
specific internal virtual work and δE = A1 δε + A2 δα. This yields
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+h/2∫

−h/2

δET S μ̄ dξ3 = δεT σ 1 + δαT σ 2 σ 1 :=
+h/2∫

−h/2

AT
1 S μ̄ dξ3 σ 2 :=

+h/2∫

−h/2

AT
2 S μ̄ dξ3 ,

(16)

where μ̄ denotes the determinant of the shifter tensor. The components of

σ 1 = [n11, n22, n12,m11,m22,m12, q1, q2]T (17)

are membrane forces nαβ = nβα , bending momentsmαβ = mβα and shear forces qα .
The components of σ 2 are higher order stress resultants. They are work conjugate to
the components of α.

Now, inserting (9) with (8) into (16)2 and (16)3 yields the constitutive equations
for the stress resultants

[
σ 1

σ 2

]
=

[
D11 D12

D21 D22

] [
ε

α

]
Dαβ =

+h/2∫

−h/2

AT
α CAβ μ̄ dξ 3 = DT

βα . (18)

The integration forDαβ is approximately performed by summation over N numer-
ical layers and three point Gauss integration for each layer. With consideration of
dξ 3 = hi

2 dζ it holds

Dαβ ≈
N∑

i=1

3∑

j=1

AT
α (ζ j )C(ζ j )Aβ(ζ j ) μ̄

hi

2
Wj . (19)

Here, ζ j andWj denote the normalized thickness coordinate and weighting factor of
the particular Gauss point, respectively. The integrals are computed in a RVE with
rectangular shape, thus μ̄ = 1 holds.

At first, D11 yields

D11 =
+h/2∫

−h/2

AT
1CA1 μ̄ dξ 3 =

⎡

⎣
Dm Dmb 0
DT

mb Db 0
0 0 Ds

⎤

⎦

(8×8)

(20)

with submatrices for membrane, bending and shear. The submatrix Dmb refers to
coupling of membrane and bending behaviour. Due to the assumed isotropy for the
constitutive behaviour Ds = Ds 12 is a diagonal matrix.

In an analogousway thematricesD22 andD21 are assembledwith the contributions
of the layers using (8) and (9) in (19). Due to the interpolation functions with local
layer-wise support it follows that D22 is banded and thus is sparse. In D21 only the
last two columns are populated.
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2.3 Equilibrium Equations and a Constraint

Neglecting body forces the equilibrium equations for the in–plane directions read

[
S11,1 +S12,2 +S13,3
S12,1 +S22,2 +S23,3

]
:= f = 0 . (21)

In Eq. (21) the in-plane stresses Sαβ as well as transverse shear stresses Sα3 enter.
As the stress components refer to below introduced constant orthonormal coordi-
nate system partial derivatives instead of covariant derivatives can be used. For the
in-plane stresses holds with (8) and (9)

⎡

⎣
S11

S22

S12

⎤

⎦ =
⎡

⎣
C11 C12 0
C21 C22 0
0 0 C33

⎤

⎦

⎡

⎣
ε11 + ξ 3 κ11
ε22 + ξ 3 κ22

2ε12 + ξ 3 2κ12

⎤

⎦

.

(22)

Introducing

C̄23 =
[
C11 C12 0 0 0 C33

0 0 C33 C21 C22 0

]
λε =

⎡

⎢⎢⎢⎢
⎢⎢
⎣

ε11,1
ε22,1

2ε12,1
ε11,2
ε22,2

2ε12,2

⎤

⎥⎥⎥⎥
⎥⎥
⎦

λκ =

⎡

⎢⎢⎢⎢
⎢⎢
⎣

κ11,1
κ22,1

2κ12,1
κ11,2
κ22,2

2κ12,2

⎤

⎥⎥⎥⎥
⎥⎥
⎦

(23)
the derivatives of the in-plane stresses yield

[
S11,1 +S12,2
S12,1 +S22,2

]
= [

C̄23 ξ 3 C̄23
] [

λε

λκ

]

f1 = C23 λ .

(24)

Furthermore we introduce

σ 2 = −
+h/2∫

−h/2

ΦT

[
S13,3
S23,3

]
μ̄ dξ 3 D23 := −

+h/2∫

−h/2

ΦTC23 μ̄ dξ 3 ,

(25)

where the reformulation of (16)3 to (25)1 is obtained with μ̄ = 1 and integra-
tion by parts as well as consideration of stress boundary conditions Sα3(−h/2) =
Sα3(+h/2) = 0.The integration forD23 is performed in an analogousway toEq. (19).

Now the integral form of f = 0 according to Eq. (21) is formulated with δũ =
Φ δα. Considering (24) and (25) it follows
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+h/2∫

−h/2

δũT f μ̄ dξ 3 = −δαT (σ 2 + D23 λ) = 0 (26)

and one obtains with δα �= 0
σ 2 + D23 λ = 0 . (27)

This equation describes equilibrium of higher order stress resultants.
The warping displacements have to fulfill an orthogonality condition. To specify

this constraint we introduce the equilibrium of virtual in-plane stresses considering
(24) [

δS11,1 +δS12,2
δS12,1 +δS22,2

]
= C23 δλ = δf1 = 0 . (28)

The integral form of δf1 = 0 yields with ũ = Φ α

+h/2∫

−h/2

δfT1 ũ μ̄ dξ 3 = δλT

+h/2∫

−h/2

CT
23Φ μ̄ dξ 3 α = 0 . (29)

Introducing D32 = − ∫ +h/2
−h/2 CT

23 Φ μ̄ dξ 3 = DT
23 Eq. (29) reads −δλTD32 α = 0,

where δλ �= 0. Thus, the orthogonality condition reads

g(α) = D32 α = 0 . (30)

The constraint (30) enforces the correct shape of the warping displacements through
the thickness andno additionalmembrane forces andbendingmoments are associated
with ũ.

2.4 Constrained Optimization Problem

We introduce the constrained optimization problem

Π(θ) =
∫

Ω

[W (ε,α) + λT g(α)] dA + Πext (u) → stat. (31)

with independent quantities θ := [v,α,λ]T . The strain energy density W (ε,α) per
area element dA is obtained with thickness integration of W (E) = 1

2

∫ +h/2
−h/2 ET CE

μ̄ dξ 3 and leads with E = A1 ε + A2 α and (18)2 to the quadratic form

W (ε,α) = 1

2

[
ε

α

]T [
D11 D12

D21 D22

] [
ε

α

]

.

(32)
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In order to account for the constraint (30) the Lagrange term λT g(α) is incorporated
in Eq. (31) with the vector of Lagrange multipliers λ.

The shell is loaded statically by surface loads p̄ in Ω and by boundary forces t̄
on boundary Γσ . Hence, the potential of the external forces is expressed as

Πext (u) = −
∫

Ω

uT p̄ dA −
∫

Γσ

uT t̄ ds . (33)

Furthermore, the area element of the reference surface is given with
dA = |X,1 ×X,2 | dξ 1 dξ 2.

With admissible variations δθ = [δv, δα, δλ]T and δv = [δu, δϕ]T the stationary
condition associated with functional (31) reads

δΠ(θ, δθ) =
∫

Ω

⎡

⎣
δε

δα

δλ

⎤

⎦

T ⎡

⎣
D11 D12 0
D21 D22 D23

0 D32 0

⎤

⎦

⎡

⎣
ε

α

λ

⎤

⎦ dA + δΠext = 0

δΠext = −
∫

Ω

δuT p̄ dA −
∫

Γσ

δuT t̄ ds .

(34)

The virtual shell strains δε = [δε11, δε22, 2δε12, δκ11, δκ22, 2δκ12, δγ1, δγ2]T yield

δεαβ = 1

2
(δu,α ·X,β +δu,β ·X,α )

δκαβ = 1

2
(δu,α ·N,β +δu,β ·N,α +δd,α ·X,β +δd,β ·X,α )

δγα = δu,α ·N + δd · X,α .

(35)

Concerning the associated Euler-Lagrange equations we refer to Ref. [12]. One
obtains the equilibrium of stress resultants and stress couple resultants, the constraint
(30) and the equilibrium of higher order stress resultants (27) in Ω as well as static
boundary conditions on Γσ .

2.5 Representative Volume Element

The evaluation of above defined matrices is carried out in RVEs which are located
at the integration points of the mid-surface Ω , see Fig. 1. For linear elasticity the
computation can be done in advance for one RVE only. An orthonormal coordinate
system is introduced in the center of the square reference surfaceΩi with edge length
�. Investigations in [12] prove that in a wide range around � = 100 h the results are
independent of �.
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Fig. 1 RVE at an integration point of a shell and reference surface of the RVE

Normalized coordinates −1 ≤ ξ ≤ 1 and −1 ≤ η ≤ 1 are defined with ξ = 2
�
ξ 1

and η = 2
�
ξ 2, which yields a constant Jacobian matrix

J =
[

∂ξ 1

∂ξ

∂ξ 2

∂ξ
∂ξ 1

∂η

∂ξ 2

∂η

]

=
[

�
2 0
0 �

2

]

.

(36)

The approximation for θh := [εh,αh,λh]T in Ωi is chosen as

⎡

⎣
εh

αh

λh

⎤

⎦ =
⎡

⎣
N1

ε N2
ε 0 0 N3

ε

0 0 0 Nα 0
0 N1

λ N2
λ 0 N3

λ

⎤

⎦

⎡

⎢⎢⎢⎢
⎣

ε̂

λ̂1

λ̂2

α̂

λ̂3

⎤

⎥⎥⎥⎥
⎦

θh = Nθ θ̂ ,

(37)

where ε̂ ∈ R
8, λ̂1 ∈ R

6, λ̂2 ∈ R
4, λ̂3 ∈ R

8 and α̂ ∈ R
M . The interpolation matrices

N1
ε = 18, N2

ε and N3
ε are adapted from Ref. [10]

N2
ε =

⎡

⎣
Nm2

ε 0 0
0 Nb2

ε 0
0 0 Ns2

ε

⎤

⎦

8×6

Nm2
ε = Nb2

ε =
⎡

⎣
η 0
0 ξ

0 0

⎤

⎦ Ns2
ε =

[
η 0
0 ξ

]

N3
ε =

⎡

⎣
Nm3

ε 0
0 Nb3

ε

0 0

⎤

⎦

8×8

Nm3
ε = Nb3

ε =
⎡

⎣
ξ 0 0 0
0 η 0 0
0 0 ξ η

⎤

⎦

.

(38)
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Due to the rectangular shape of Ωi the coefficient matrices T0
ε, (T

0
σ )−1 and the quan-

tities ξ̄ , η̄, j0/j , as are used in Ref. [10], can be discarded.
With Nα = 1M the warping displacements αh are constant in Ωi . This also holds

for the derivatives of membrane strains and curvatures λh = [λh
ε ,λ

h
κ ]T with

N1
λ =

[
N11

λ 0 0
0 N11

λ 0

]
N11

λ = 2

�

⎡

⎢⎢⎢⎢⎢
⎢
⎣

0 0
0 1
0 0
1 0
0 0
0 0

⎤

⎥⎥⎥⎥⎥
⎥
⎦

N2
λ =

[
N21

λ 0
0 N21

λ

]
N21

λ =

⎡

⎢⎢⎢⎢⎢⎢
⎣

1 0
1 0
0 1
0 1
0 1
1 0

⎤

⎥⎥⎥⎥⎥⎥
⎦

N3
λ =

[
N31

λ 0
0 N31

λ

]
N31

λ = 2

�

⎡

⎢
⎢⎢⎢⎢⎢
⎣

1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 1 0 0
0 0 0 1

⎤

⎥
⎥⎥⎥⎥⎥
⎦

.

(39)

The components of N1
λ and N3

λ are obtained computing the derivatives of the mem-
brane strains and curvatures in (37) with respect to ξα considering (36). When mul-
tiplying C̄23 from (23) withN21

λ , one obtains a reduced form of C̄23 as is used in [11]
as approximation to avoid singular matrices. Here, N2

λ λ̂2 describes an independent
part of the interpolation.

We insert θh = Nθ θ̂ according to Eq. (37) and the corresponding equation for the
virtual quantities δθh = Nθ δθ̂ in stationary condition (34), which now reads

δΠ(θh, δθh)=
∫

Ω

1

�2

∫

Ωi

δθhTD θh dAi dA + δΠext =0 D=
⎡

⎣
D11 D12 0
D21 D22 D23

0 D32 0

⎤

⎦

(40)
or

δΠ(θh, δθh) =
∫

Ω

δθ̂
T
H θ̂ dA + δΠext = 0 H = 1

�2

∫

Ωi

NT
θ DNθ dAi .

(41)
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The constant and symmetric Matrix D is of order J = 20 + M . The integration for
HK×K , where K = 26 + M , can be carried out analytically. A 2 × 2 Gauss integra-
tion also leads to exact results. It is important to note, that although D is singular, H
is regular.

The parameters β̂ := [λ̂1, λ̂2, α̂, λ̂3]T in θ̂ = [ε̂, β̂]T are independent quantities
in the RVEs, and thus are not continuous in Ω . Furthermore δΠext does not depend
on β̂. For this reason elimination of β̂ from the set of equations

[
H11 H12

H21 H22

] [
ε̂

β̂

]
=

[
σ 1

0

]
(42)

is possible. Here,Hαβ are submatrices ofH, whereH11 = D11. The right hand side of
Eq. (42) contains the vector of stress resultants, since the lateral surfaces of the RVEs
are not stress free. Static condensation yields β̂ = −H−1

22 H21 ε̂ and the material law
for the stress resultants

σ 1 = D̃ ε̂ D̃ = H11 − H12 H−1
22 H21 . (43)

Due to the interpolation with layer-wise shape functionsH22 is sparse, which means
a comparatively limited effort for the static condensation.

The condensed matrix D̃8×8 possesses the same structure as D11, see Eq. (20).

D̃ =
⎡

⎣
D̃m D̃mb 0
D̃T

mb D̃b 0
0 0 D̃s

⎤

⎦
D̃m = Dm

D̃b = Db

D̃mb = Dmb

D̃s = D̃s 12 (44)

Only the submatrixDs = Ds 12 is affected by the static condensation. In this context
a shear correction factor is defined as normalized shear stiffness

k = D̃s

Ds
. (45)

The notion of a shear correction factor was first introduced by Timoshenko [25].
For a homogeneous shell one obtains the well-known value k = 5/6, as is given in
[2, 22]. The computations show, that k is independent of the total thickness h. This
means that D̃ can be computed only fromD11 and k for shells with variable thickness.

Identifying the parameters ε̂ in the RVEs with the shell strains ε according to (5),
variational equation (41) yields with static condensation (43)

δΠ(ε, δε) =
∫

Ω

δεT D̃ ε dA + δΠext = 0 . (46)
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Fig. 2 Simply supported
square plate under uniform
load

Equation (46) represents the principle of virtual work as variational basis for geo-
metrical linear shell elements based on the displacement method. The displacement
boundary conditions u = ū on Γu have to be fulfilled as constraints.

Concerning a finite element formulation for quadrilaterals we refer to Ref. [10].
The elements possess 5 or 6 degrees of freedom (dofs) at the nodes. At nodes on inter-
sections 6 dofs (3 global displacements and 3 global rotations) and at the remaining
nodes 5 dofs (3 global displacements and 2 local rotations) are present. The evalua-
tion of the stresses at any point of the shell is performed via material law (9) along
with the layer strains (8). This requires knowledge of the vector α and thus a back
substitution of the parameters β̂. For this purpose the necessary submatrices of H
have to be stored.

3 Examples

The derived shell model together with the FGM materials are implemented in an
extended version of the general finite element program FEAP [24]. Two plate exam-
ples and one shell example are presented to show the efficiency and quality of the
derived theory.

3.1 Simply Supported Square Plate Under Uniform Load

The behavior of a simply supported square plate with uniform load, see Fig. 2, is
studied as first example.

The geometrical data are the length Lx = Ly = L = 1000 mm and different
thicknesses h = 10/20/40/100 mm. Thus plates with aspect ratios of L/h =
100/50/25/10 are analyzed along with an uniform load p̄ = 1 N/mm2. The material
parameters for SiC-AL FGM material are chosen as follows

E1 = Ec = 380000 N/mm2 ν1 = νc = 0.3
E2 = Em = 70000 N/mm2 ν2 = νm = 0.3 .

(47)



700 W. Wagner and F. Gruttmann

Table 1 Center displacement

FE-Mesh wc(3D) (mm) wc(2D) (mm)

4×4 45.49 45.56

8×8 45.78 45.78

16×16 46.04 46.04

32×32 46.24 46.25

64×64 46.34 46.34

128×128 46.37 46.37

Table 2 Shear correction
factors k for different values
of p

p k

0 0.833333

1 0.830398

2 0.769281

4 0.690095

6 0.674322

8 0.679216

10 0.689889

20 0.741394

The p-volume fraction model, see Eq. (11), is used with p=1,2,6,10. An application
of other fraction models does not change the results significantly. The boundary
conditions are set as follows: uz(±L/2, y) = uz(x,±L/2) = 0. Furthermore stati-
cally determined in-plane boundary conditions are chosen via ux (−L/2,−L/2) =
uy(−L/2,−L/2) = uy(L/2,−L/2) = 0. This is substituted in case of symmetry
by ux (0, y) = ϕy(0, y) = 0 and uy(x, 0) = ϕx (x, 0) = 0. Results of the present for-
mulation are compared to 3D-results obtained with the solid shell element [14].

3.1.1 Center Displacement, Shear Correction Factors and Bending
Stresses

The center displacement is evaluated for h = 20 mm (L/h=50) and p = 6. Different
FE-meshes are chosen for one quarter of the plate, taken symmetry into account. 16
elements are used in thickness direction for the 3D-case, whereas 8 layers are used in
the 2D-case. The results in Table 1 show excellent agreement for all discretizations.

Next we compute shear correction factors. They are not used in the present for-
mulation, but are available as a by-product, see Eq. (45). The FE-mesh has 32 × 32
elements in-plane and 8 layers for one quarter of the plate, taken symmetry into
account. Results for different values of p are presented in Table 2.

The results for bending stresses of the present formulation are compared to
3D-results. Again h = 20 mm (L/h = 50), p = 6 and 8 layers are chosen. In the
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Fig. 3 Bending stresses Sxx
at (0, 0)

2D-case a center of a shell element and in the 3D-case a node of a solid shell element
is used for the examination. Thus, a 65 × 65 2D-mesh and a 64 × 64 3D-mesh for
the full system are used. The results in Fig. 3 for the normalized bending stresses

Sxx = S11

p̄
(
h

Lx
)2100 show excellent agreement.

3.1.2 Shear Stresses

Here, the results for shear stresses of the present formulation are compared to 3D-
results. In detail shear stresses are calculated at position xp = 9/21L , yp = 0. Thus,
the finite element discretization is chosen to a 35 × 35 2D-mesh and a 42 × 42 3D-
mesh for the full system; symmetry is not taken into account. These discretizations

are used in the following. Normalized shear stresses Sxz = |S13|
p̄

(
h

Lx
)21000 are pre-

sented through the plate thickness with respect to normalized thickness values z/h.
Before going into details we discuss three additional aspects. At first a conver-

gence study on the necessary number of numerical layers N in thickness direction is
presented. Again h = 20 mm (L/h = 50), p = 6 are chosen. Figure 4 shows results
for N=2,4,6,8. It can be seen clearly that for N = 2 no stress continuity is found at
the layer border at z/h = 0 and the top of the plate. Results for N=4 leads only to
small differences at borders, whereas the discontinuities are neglectable for N>4. In
the following all calculations were done with N=8.

Secondly we investigate the influence of the warping displacements on the results
for shear stresses Sxz . Again h = 20 mm (L/h = 50), p = 6 are chosen. Figure 5
demonstrate the large errors neglecting this in case of a pure Reissner-Mindlin (RM)
formulation.
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Fig. 4 Shear stresses Sxz at
(9/21L , 0) for different
number of layers N

Fig. 5 Shear stresses Sxz at
(9/21L , 0) for different
theories

Finally, the influence of boundary conditions on the results for shear stresses Sxz
is demonstrated. Compared are results based on the boundary conditions described
above with more restrictive conditions. In addition boundary conditions are set
(in the sense of a hard support) as follows: uy(±L/2, y) = ux (x,±L/2) = 0 and
ϕx (±L/2, y) = ϕy(x,±L/2) = 0. h = 100 mm (L/h = 10), p = 6 are chosen.
Figure 6 depicts the differences with respect to the boundary conditions in case of
moderately thick plates. Similar differences occur for other values like displacements
and bending stresses.
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Fig. 6 Shear stresses Sxz at (9/21L , 0) for different boundary conditions

Fig. 7 Shear stresses Sxz at (9/21L , 0) for h = 10 mm and p = 1, 2

3.1.3 Shear Stresses for Different L/h and p-Values

In this section we compare results of the present formulation with a 3D solution as
described above. We choose thicknesses h = 10/20/40/100 mm with aspect ratios
L/h = 100/50/25/10 and as example power-law functions p = 1, 2, 4, 6, 10. As
a result it can be noticed that for all thickness values and for all values of p an
excellent agreement between the 2D and 3D solution can be observed. Thus, only
selected results for shear stresses are presented. Figures 7, 8 and 9, 10 depict solutions
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Fig. 8 Shear stresses Sxz at (9/21L , 0) for h = 10 mm and p = 6, 10

Fig. 9 Shear stresses Sxz at (9/21L , 0) for h = 20 mm and p = 1, 2

for a thin plate, whereas Figs. 11 and 12 show stress curves for a moderately thick
plate.

Finally, we present shear stresses for thickness h = 10 mm and power-law
parameters p = 1, 2, 4, 6, 10 in Fig. 13. The influence of p on the distribution of Sxz
can be seen clearly.
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Fig. 10 Shear stresses Sxz at (9/21L , 0) for h = 20 mm and p = 6, 10

Fig. 11 Shear stresses Sxz at (9/21L , 0) for h = 100 mm and p = 1, 2

3.2 Simply Supported Square Sandwich Plate Under
Uniform Load

Consider a sandwich plate composed of three layers as shown in Fig. 14. Geometry,
loading, boundary conditions and FE-discretizations are chosen according to the first
example. In detail a thickness of h = 100 mm and a value p = 6 are chosen. Two
FGM face sheets (h f = h/3) are made from a mixture of a metal and a ceramic,
while a core (hc = h/3) is made of an isotropic homogeneous material. We apply
N = 4 numerical layers(2D) and 6 elements(3D) within the FE-discretization for
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Fig. 12 Shear stresses Sxz at (9/21L , 0) for h = 100 mm and p = 6, 10

Fig. 13 Shear stresses Sxz at
(9/21L , 0) for h = 10 mm
and p = 1, 2, 4, 6, 10

face sheet and core. Material data for metal and ceramic are according to the first
example. We investigate the cases CMMC with a metallic core and MCCM with a
ceramic core. The material properties are assumed to vary continuously through the
plate thickness by a power-law distribution as E(z) = Em + (Ec − Em)V (z), where
V is the volume fraction of the ceramic part, see Table 3. A graphical interpretation is
presented in Fig. 15. Figure 16 depicts solutions for normalized shear stresses in the
cases CMMC with a metallic core and MCCM with a ceramic core. Again excellent
agreement with the 3D-solution can be observed.
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Fig. 14 Sandwich plate

Fig. 15 Thickness
distribution of elastic
modulus in GPa for
sandwich plate

Fig. 16 Shear stresses Sxz at
(9/21L , 0) for 2
configurations
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Fig. 17 Bending of a clamped circular shell

Fig. 18 Stresses σϕϕ and σϕr in a circular shell at ϕ = π/4

Table 3 Chosen volume fraction of the ceramic part for CMMC and MCCM cases

V (z) CMMC MCCM Domain

Vb(z) (−0.5 − 3
z

h
)p (1.5 + 3

z

h
)p z ∈ [−h/2,−h/6 ]

Vm(z) 0 1 z ∈ [−h/6, h/6 ]
Vt (z) (−0.5 + 3

z

h
)p (1.5 − 3

z

h
)p z ∈ [ h/6, h/2 ]
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3.3 Clamped Circular Shell

In Fig. 17 a clamped circular shell is depicted. The curved boundaries at x2 = 0 and
x2 = L are free of stresses. At the boundary x1 = R a constant load t̄ = 100 N/mm
is applied. The geometrical data are defined by R = 1000 mm , h = 40 mm , L =
1000 mm . The material parameters for SiC-AL FGMmaterial are chosen according
to the first example. The problem is computed using the developed element formula-
tions and a mesh of 41 elements in circumferential direction. In thickness direction
again 8 layers are used. The p-volume fraction model, see Eq. (11) is used with

p = 1, 2, 6. The solutions for the normalized bending stresses Sϕϕ = S11

t̄
(
h

R
)21000

and the normalized shear stresses Sϕr = S13

t̄
(
h

R
)2105 at an angle ϕ = π/4 are plot-

ted as function of the coordinate z = r − R. The results of the present formulation
in Fig. 18 are again compared to a 3D-solution (40 × 16) [14] and show very good
agreement.

4 Conclusions

The kinematics of shells is extended as warping displacements are superposed on
the displacement field of the Reissner–Mindlin theory. Power-law functions describe
the elastic constants as function of the thickness coordinate. The investigations show
that only a small number of numerical layers (N ≈ 5 − 8) have to be used to obtain
converged results for the shape of the displacements and transverse shear stresses
in thickness direction. In all computed examples the parameters associated with Ns2

ε

are zero, such that this matrix and the associated parameters could be taken out.
Furthermore, matrix N1

λ has negligible influence on the results, see Eqs. (37) and
(39). Present formulation can easily be implemented in a shell element based on the
Reissner-Mindlin theory.
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On Performance of Nine-Node
Quadrilateral Shell Elements 9-EAS11
and MITC9i

K. Wiśniewski and E. Turska

Abstract The chapter concerns nine-node quadrilateral shell elements derived for
the Reissner-Mindlin kinematics and Green strain. They are based on the potential
energy functional extended to include drilling rotations. A standard element of this
class suffers from locking and over-stiffening; several special techniques are needed
to improve its performance. We developed three nine-node shell elements with the
membrane strains enhanced by the EAS11 representation of Bischoff andRamm (Int.
J. Num.Meth. Eng. 40:4427–4449, 1997 [2]). The transverse shear strains are treated
either by theANSmethod of Jang andPinsky (Int. J.Num.Meth. Eng. 24:2389–2411,
1987 [6]), or are enhanced by the EAS6 representation of Sansour and Kollmann
(Comput. Mech. 24:435–447, 2000 [17]), or remain unmodified. We also modify the
EAS transformation rule, extending the idea put forward in Park and Lee (Comput.
Mech. 15:473–484, 1995 [15]) for curved shells. Several numerical examples provide
comparison of three 9-EAS11 elements to our MITC9i shell element of Wisniewski
and Turska (Comput. Mech. 62, 499–523, 2018 [20]).

1 Introduction

The chapter concerns nine-node quadrilateral shell elements derived for theReissner-
Mindlin kinematics and Green strain. They are based on the potential energy func-
tional extended to include the drilling rotation. The standard element of this class
suffers from locking and over-stiffening, and several special techniques are needed to
improve its performance. Our best MITC9i shell element described in [20] is based
on the method of improved two-level approximations of covariant strains (MITCi),
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and was gradually developed in [13, 14, 21]. The other important features of this
element are as follows:

1. To reduce shape distortion effects, the so-calledCorrected Shape Functions (CSF)
of [3] are extended to shells and used instead of the standard ones. In effect, all
patch tests are also passed for shifts of the midside nodes along straight element
sides and for arbitrary shifts of the central node.

2. Several extensions of the CSF are proposed to enable computations of non-flat
shells. In particular, a criterion is put forward to determine the shift parameters
associated with the central node for non-flat elements. Additionally, a method is
presented to construct a parabolic side for a shiftedmidside node, which improves
accuracy for symmetric curved edges.

3. Drilling rotations are included by using the drilling Rotation Constraint equation,
in a way consistent with the additive/multiplicative rotation update scheme for
large rotations. It is shown that the CSF reduce the sensitivity of a solution to the
regularization parameter γ of the penalty method for this constraint.

In the current chapter, we compare the MITC9i shell element to the nine-node shell
elements with the membrane strains enhanced by the EAS11 representation of [2].
The transverse shear strains are treated either by the ANS method of [6], or are
enhanced by the EAS6 representation of [17], or remain unmodified. We also mod-
ify the EAS transformation rule extending the idea put forward in [15]. Several
numerical examples provide comparison of three 9-EAS11 elements to our MITC9i
shell element.

2 Basic Shell Equations with Drilling Rotation

Two-field functional In the present work, we use a two-field extended shell func-
tional depending on displacements and three-parameter rotations,

F2(χ , Q0)
.=
∫
B
W (C) dV + Fext + Fdrill(χ ,Q0), (1)

whereχ is the deformation function andQ0 ∈ SO(3) is the rotation tensor. The strain
energy densityW depends on the right Cauchy-Green deformation tensor C .= FT F,
where F .= ∇χ is the deformation gradient. Fext is the potential of external loads.
The last component in Eq. (1) is added to incorporate the drilling rotation using the
penalty method,

Fdrill
.= 1

2

∫
M

γ c2 dA, c
.= 1

2

[
(F0t2) · (Q0t1) − (F0t1) · (Q0t2)

]
, (2)
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Fig. 1 The reference surface
(ζ = 0) of nine-node shell
element

X

0 Y

Z

t3

surface

0
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where c is the l.h.s. of the (1, 2) component of the Rotation Constraint (RC) equation,
skew(QT

0 F0) = 0, and γ ∈ (0,∞) is the regularization parameter; the importance of
this constraint was already noticed in [1] though it was used for a different purpose.
Note that F0 and Q0 are associated with the reference (middle) shell surface for the
initial configuration, and t1 and t2 are the tangent vectors of the local Cartesian basis
on this surface.

Reissner-Mindlin kinematics The initial configuration of the shell is parameterized
by the natural coordinates ξ, η ∈ [−1,+1] on the reference (middle) surface, and
the normal coordinate ζ ∈ [−h/2,+h/2], where h is the initial shell thickness, see
Fig. 1. For the deformed configuration, we use the Reissner-Mindlin kinematical
assumptions,

x(ξ, η, ζ ) = x0(ξ, η) + ζ Q0(ξ, η) t3(ξ, η), (3)

where x is a position vector at an arbitrary ζ and x0 at ζ = 0. Besides, t3 is the unit
normal vector in the initial configuration. The rotation tensor Q0 is parameterized
by the canonical rotation vector ψ ,

Q0(ψ)
.= I + sinω

ω
ψ̃ + 1 − cosω

ω2
ψ̃2, (4)

where ω = ‖ψ‖ = √
ψ · ψ ≥ 0 and ψ̃

.= ψ × I. This parametrization is used within
the load step, and is a part of the rotation update scheme based on quaternions, to
handle unrestricted rotations.

The deformation function χ : x = χ(X) maps the initial (non-deformed) con-
figuration of a shell onto the current (deformed) one. Let us write the deformation
gradient as follows:

F .= ∂x
∂X

= ∂x
∂ξ

J−1, (5)
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where ξ
.= {ξ, η, ζ } and the Jacobian matrix J .= ∂X/∂ξ . The right Cauchy-Green

deformation tensor is C .= FT F and the Green strain is defined as E .= 1

2
(C − C0),

where C0
.= C|x=X = I. The Green strain can be linearized in ζ ,

E(ζ ) ≈ E0 + ζE1, (6)

where the 0th order strainE0 includes themembrane components ε and the transverse
shear components γ /2 while the 1st order strain E1 includes the bending/twisting
components κ . The transverse shear part of E1 is typically neglected, i.e. κα3 ≈ 0
(α = 1, 2). By Eq. (3), the normal strains ε33 and κ33 are equal to zero and must be
either recovered from an auxiliary condition, such as the plane stress condition used
in the current chapter, or be introduced by the EAS method.

3 Corrected Shape Functions for Nine-Node Shell Element

The standard isoparametric shape functions for a nine-node element are derived
assuming that the midside nodes (5, 6, 7, 8) are located at the middle positions
between the corner nodes, and that the central node 9 is located at the element center,
see Fig. 2a. When these nodes are shifted from the middle positions then the physical
space parameterized by the standard shape functions is distorted, see e.g. Figs. 13a
and 20 in [14].

To alleviate this problem, in [3] the Corrected Shape Functions (CSF) were pro-
posed with six additional parameters α, β, γ, ε, θ, κ ∈ [−1,+1], see Fig. 2b, which
define shifts of the midside nodes and the central node from the middle positions in
the local coordinates space. The CSF for the nine-node element are defined in two
steps. First, the CSF of the eight-node (serendipity) element are defined,

1 2

6

7

8 9

5

34

1,2,3,4 - corner nodes
5,6,7,8 - midside nodes
9 - central node

1 2

6

7

8 9

5

34
(a) (b)

Fig. 2 Nine-node element: a Numbering and naming of nodes, b Shift parameters
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N̄1
.= 1

4
(1 − ξ)(1 − η)

(1 + α)(1 + ε) − (1 + α)(1 + η) − (1 + ε)(1 + ξ)

(1 + α)(1 + ε)
,

N̄2
.= 1

4
(1 + ξ)(1 − η)

(1 − α)(1 + β) − (1 − α)(1 + η) − (1 + β)(1 − ξ)

(1 − α)(1 + β)
,

N̄3
.= 1

4
(1 + ξ)(1 + η)

(1 − γ )(1 − β) − (1 − γ )(1 − η) − (1 − β)(1 − ξ)

(1 − γ )(1 − β)
,

N̄4
.= 1

4
(1 − ξ)(1 + η)

(1 + γ )(1 − ε) − (1 + γ )(1 − η) − (1 − ε)(1 + ξ)

(1 + γ )(1 − ε)
,

N̄5
.= (ξ 2 − 1)(1 − η)

2(α2 − 1)
, N̄6

.= (1 + ξ)(η2 − 1)

2(β2 − 1)
,

N̄7
.= (ξ 2 − 1)(1 + η)

2(γ 2 − 1)
, N̄8

.= (1 − ξ)(η2 − 1)

2(ε2 − 1)
,

(7)

which account for shifts of the midside nodes from the middle positions. Next, the
basis function for the central node 9 is added hierarchically to them. The obtained
CSF for the nine-node element are as follows:

Ni (ξ, η) = N̄i (ξ, η) − N̄i (θ, κ) N9(ξ, η), i = 1, . . . , 8,

N9
.= (ξ 2 − 1)(η2 − 1)

(θ2 − 1)(κ2 − 1)
,

(8)

where N̄i (θ, κ)
.= N̄i (ξ = θ, η = κ), see [3], Eq. (20). When the shift parameters are

equal to zero, then the CSF of Eq. (8) reduce to the standard shape functions.
These six parameters are computed as proportional to the distance in the physical

space, and to determine them, several nonlinear equationsmust be solved: 4 equations
with 1 unknown for themidside nodes and2 equationswith 2 unknowns for the central
node. This is done only once, so the time overhead is insignificant.

In [20], several extensions of the method of calculating the shift parameters are
presented, which enable the use of theCSF for nine-node shell elements located in 3D
space. They provide an improved accuracy of a solution for non-flat shell elements.
Besides a method of constructing symmetric side curves for shifted midside nodes is
described; we refer a reader interested in details to this paper. The so-extended CSF
can also be applied to the 9-EAS11 shell elements, and, as our tests prove, they can
be very beneficial, e.g. they are needed to pass the bending patch test for some types
of nodal shifts.

4 Characteristics of 9-EAS11 Shell Elements

In the current chapter, we consider the class of nine-node shell elements with the
Enhanced Assumed Strain (EAS) method applied to membrane strains. The EAS
methodwas introduced in [18] for four-node elements; in thismethod, the compatible
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strains Ec are enhanced additively, i.e. E = Ec + Eenh, where Eenh is obtained from
covariant components in a basis at the element center (“c”).

Enhancement of membrane strainsTheEASenhancement of themembrane strains
ε is constructed at a Gauss Point “g” as follows:

Eenh
g = J−T

c Eξg J−1
c

(
jc
jg

)
, Eξ

.=
⎡
⎣ E11 E12 0
E12 E22 0
0 0 0

⎤
⎦ , (9)

where the Jacobian is Jc
.= [ gc1 | gc2 | h

2
tc3 ] and gc

1, gc
2 are natural vectors at the

element center. Note that a general rule to transform the covariant components Eξ to
the Cartesian ones is ECART = J−T Eξ J−1, see [19] Eq. (2.24) or [22] Eq. (7).

In the 9-EAS11 shell elements, the membrane strains ε are enhanced by the
representation with 11 multipliers qi , as in [2] Eq. (30),

E11 = Pξ (q1 + ηq2 + η2q3),

E22 = Pη (q9 + ξq10 + ξ 2q11), (10)

E12 = Pξ (q4 + ηq5) + Pη(q6 + ξq7) + Pξ Pηq8,

where Pξ
.= 1 − 3ξ 2 and Pη

.= 1 − 3η2. This representation uses the following poly-
nomial bases:

E11 : {Pξ , Pξ η, Pξ η
2},

E22 : {Pη, Pηξ, Pηξ
2}, (11)

E12 : {Pξ , Pη, Pξ η, Pηξ, Pξ Pη}.

We applied to each of these bases, the Gram-Schmidt orthogonalization with respect
to the inner product function

∫ +1
−1

∫ +1
−1 fi fk dξdη, where fi , fk are terms of the basis

considered, and obtained

E11 : {A Pξ , B Pξ η, −C Pξ η
2},

E22 : {A Pη, B Pηξ, −C Pηξ
2}, (12)

E12 : {A Pξ , A Pη, B Pξ η, B Pηξ, C Pξ Pη},

where A
.= √

5/4, B
.= √

15/4 and C
.= 5/8. Hence, the bases of Eq. (11) are orthog-

onal and this procedure only renormalized them.When the bases of Eq. (12) are used
in Eq. (10), then A, B and C only affect values of multipliers qi . We have checked on
the example of Sect. 5.3 that the use of Eq. (12) does not change the solution indeed.

The EAS transformation rule for curved shells A Jacobian at the element center
is used in Eq. (9), hence, this transformation can be inadequate for curved shells. To
account for a shell curvature but to retain the original form of Eq. (9) for flat shells,
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we modified the idea of [15], which uses at Gauss points, the Cartesian basis for the
element center properly rotated forward; it is designated Local coordinate system 2,

see p. 478 therein. Because we need to determine the Jacobian J .=[ g1 | g2 | h
2

t3 ] at
a Gauss point, we apply this idea to the vectors g1 and g2 as follows:

1. The normal vectors, tc3 at the element center and tg3 at a Gauss point, are computed
in a standard manner.

2. tc3 is rotated into tg3 by the canonical rotation vector v .= θn, where

n = tc3 × tg3/‖tc3 × tg3‖, θ
.= arccos(tc3 · tg3). (13)

Here the vector n defines an axis of rotation and θ is the rotation angle. A cor-
responding rotation tensor R(v) is defined by Eq. (4), where ψ is replaced by v.
Note that tg3 = R(v) tc3 by definition.

3. The natural basis vectors at the element center are forward-rotated to the Gauss
point as follows:

g∗
1 = R(v) gc

1, g∗
2 = R(v) gc2. (14)

Alternatively, we can re-write Eq. (14) using Eq. (8.6) of [19] as follows:

g∗
1 = gc1 + s (n × gc

1) + (1 − c)[n × (n × gc
1)],

g∗
2 = gc2 + s (n × gc

2) + (1 − c)[n × (n × gc2)], (15)

where c
.= cos θ = tc3 · tg3 and s

.= sin θ = sin(arccos(c)). Note that these formulas
are different than those of [15] Eq. (31).

4. Using Eq. (14) or (15), we can define the modified Jacobian J∗ .=[ g∗
1 | g∗

2 | h
2

tg3 ].
Note that J∗ = R(v) Jc, and we can use its inverse (J∗)−1 = J−1

c RT (v) instead
of Jc−1 in Eq. (9). For flat shells, v = 0, hence, R(v) = I and (J∗)−1 = J−1

c , as
required.

Remark. The forward-rotated Cartesian basis of [15] was proposed to obtain invariant
Assumed Strain elements, which can pass both the patch and locking tests. (The
Assumed Strain method in this paper does not use the two-level interpolations of
strains; hence, it is different than amethod of the same name of [4]). The independent
strain fields are assumed with respect to a local coordinate system defined at the
element centroid, e.g. for the shell with six degrees of freedom per node, 52 terms
are assumed. The numerical results of [15] indicate that their elements perform well,
but effects of the new Local coordinate system 2 on accuracy for curved shells and
distorted meshes are mixed; e.g. in the “Pinched ring” example accuracy worsens.

The modified EAS transformation rule for curved shells of Eq. (14) was imple-
mented in our 9-EAS11 shell elements and tested in Sect. 5.2; no improved accuracy
was obtained in this test, but, undoubtedly, more tests are necessary to draw a final
conclusion.
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Fig. 3 Sampling points used in [6] for: a γ31 and b γ32. a = √
1/3

Treatment of transverse shear strains The transverse shear strains γ are treated in
the 9-EAS11 shell elements in three ways:

1. By using the ANS of [6], where the two-level approximations are applied to the
covariant (COV) components, which involves the 2 × 3 and 3 × 2 tying point
schemes of Fig. 3 and the following interpolation functions:

γ31 : N̄1 = η(η − 1)

2
, N̄2 = 1 − η2, N̄3 = η(η + 1)

2
, (16)

γ32 : S̄1 = ξ(ξ − 1)

2
, S̄2 = 1 − ξ 2, S̄3 = ξ(ξ + 1)

2
. (17)

The same locations of the tying points were used earlier in [5].
2. By using the EAS method, with the transformation rule of Eq. (9) and the matrix

Eξ
.=
⎡
⎢⎣

0 0 E13

0 0 E23

E13 E23 0

⎤
⎥⎦ . (18)

The covariant transverse shear components of the enhancement are assumed as
in [17], Eqs. (127) and (128),

E13 = Pξ (q1 + ηq2 + η2q3), E23 = Pη (q4 + ξq5 + ξ 2q6), (19)

where 6 parameters are used—this variant is designated EAS6.
3. By using unmodified transverse shear strains.

Finally, the bending/twisting strain κ is unmodified in the tested 9-EAS11 elements.
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Table 1 Tested 9-EAS11 shell elements with drilling rotation

Element CSF Strains

Membrane ε Bending κ Transverse shear γ

Tested elements

9-EAS11/DISP/ANS [2] No EAS11 DISP ANS of [6]

9-EAS11/DISP/EAS6 [17] No EAS11 DISP EAS6 of [17],
Eqs. (127) and (128)

9-EAS11/DISP/DISP [own] No EAS11 DISP DISP

Reference element

MITC9i [20] Yes MITCi MITCi MITCi

16-DISP, 4 × 4 GP [own] No DISP DISP DISP

5 Numerical Examples

In this section, we present numerical tests of three nine-node 9-EAS11 shell elements
described in Sect. 4 and listed in Table1, where “DISP” means that the strain is not
modified.

All the tested and reference shell elements are of the Reissner-Mindlin type and
have 6 dofs/node; the drilling rotation is incorporated as specified in Eqs. (1) and
(2), for more details see Sects. 2 and 5 of [20]. Note that in all these elements:

1. the CSF are implemented in the version extended for shells of [20], Sect. 4, which
enables calculation of shift parameters for non-flat elements.

2. the 3 × 3 Gauss integration is used in all nine-node elements, and they all have
a correct rank.

All these FEs were derived by ourselves using the automatic differentiation program
AceGen described in [8], and were tested within the finite element program FEAP
developed by Taylor [23]. The use of these programs is gratefully acknowledged.
Our parallel multithreaded (OMP) version of FEAP is described in [7].

5.1 Patch Tests

The standard five-element patch of elements was proposed in [16] and we run this
test also for the mesh distorted by shifts of nodes shown in Fig. 4. The membrane and
bending patch tests are performed as described in [12]; the transverse shear test is
performed for the load case defined for a nine-node plate in [5], see “Shearing case”
in Fig. 2b therein.

Four cases of nodal shifts are considered, see Fig. 4: (A) zero shifts (regular
mesh), (B) arbitrary shifts of node 25, (C) parallel shifts of nodes 21–24, and (D)
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Fig. 4 Five-element patch test for the mesh distorted by shifts of some nodes (circles not to scale)

perpendicular shifts nodes 21–24, for which edges of the central element are curved.
For more details on these tests see [20]. The conclusions are as follows:

1. For the 9-EAS11 elements, the membrane patch test is passed for all cases of
nodal shifts for the standard shape functions. As the CSF are not needed, we can
say that 9-EAS11 performs better than MITC9i, which needs the CSF to pass
Case B and C, and, even with the CSF, fails for Case D.

2. For the method 1 and 2 of treating the transverse shear described in Sect. 4, and
for the standard shape functions (no CSF), the bending patch test is passed for
Case A but is failed for Cases B, C and D.

Therefore, we implemented the CSF also in the 9-EAS11 elements sand found
that then they pass Case B and C but fail for Case D. The level of errors is similar
to that for MITC9i. We see that the CSF are indispensable though they also do
not solve the problem of curved edges (Case D).

3. The transverse shear patch test is passed for the standard shape functions (no
CSF) for all cases of shifts.

5.2 Curved Cantilever

The curved cantilever is fixed at one end and loaded by a moment Mz at the other,
see Fig. 5. The data is as follows: E = 2 × 105, ν = 0, width b = 0.025 and radius
of curvature R = 0.1. The FE mesh consists of 6 nine-node elements, which have
either regular (Fig. 5a) or distorted shape (Fig. 5b); a definition of distortions is given
in [9] p. 245. For the distorted mesh, this test is very demanding.

The shell thickness h is varied in the range [10−2, 10−6], and the moment is
assumed as Mz = (R/h)−3, so the solution of a linear problem should remain con-
stant. The analytical solution for the curved beam subjected to uniform bending is
uy = MzR2/(E I ) = 0.024, where I is the moment of inertia.
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Fig. 5 Curved cantilever and two meshes: a regular and b distorted
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Fig. 6 Curved cantilever. Displacement uy at point A for the distorted mesh and diminishing
thickness. γ = G. a log-standard scale, b log-log scale to enable comparisons with Fig. 6 of [9]

The displacement uy at point A obtained by a linear analysis are shown in Fig. 6,
where, for the vertical axis, we use either (a) the standard scale or (b) the logscale,
to enable comparisons with Fig. 6 of [9]. We conclude this test as follows:
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1. For the regular mesh, the solutions for all tested elements are represented by the
horizontal line, which is close to the analytical value. Neither one of the tested
elements locks for this mesh despite its curvature. The basic element ‘9-DISP’
severely locks for this mesh; this solution is not shown in these figures.

2. For the distorted mesh, all the tested elements lock for the R/h > 100. The
most accurate is 9-EAS11/DISP/ANS, then MITC9i, 9-EAS11/DISP/EAS6 and
9-EAS11/DISP/DISP. The CSF are not important for this test.

We performed several additional tests to shed some light on the locking for the
distorted mesh, and we found that:

1. The 9-URI2×2 element does not lock for the distorted mesh; this curve is not
shown in Fig. 6. (It is the nine-node Uniformly Reduced Integration (2 × 2 Gauss
points) element, which has 7 spurious zero eigenvalues).

2. The Residual Bending Flexibility (RBF) correction, which is a means to handle
the sinusoidal bending and an extreme slenderness, significantly improves the
results of this test; compare curves for MITC9i and MITC9i+RBF in Fig. 6.

For the nine-node elements, the implementation of the RBF correction must be
slightly different than for the four-node elements of [10]. Assuming an isotropic
elastic material, the transverse shear strain energy for a single element is defined
as follows:

Wγ = 2h
∫ +1

−1

∫ +1

−1

(
G∗

1 ε213 + G∗
2 ε223

)
J dξdη, (20)

where the corrected shear moduli are defined separately for each direction, i.e.

G∗
1 =

(
1

G
+ l21

h2E

)−1

, G∗
2 =

(
1

G
+ l22

h2E

)−1

. (21)

Here l1 and l2 are the lengths of vectors connecting opposite mid-side points.
To avoid an excessive twist, the full RBF correction is applied to the value at
center and only a fraction of it to the remaining part. An integrand of Eq. (20) is
modified as follows:

G∗
1 ε213 ≈ G∗

1 (ε̄c13)
2 + G∗

1c

[
ε213 − (ε̄c13)

2
]
, (22)

where

G∗
1c

.=
(
1

G
+ a

l21
h2E

)−1

, a
.= c

c + (1 − c) (l1/l2)
2 , (23)

and c = 0.04, as suggested in [11]. Similar formulas are used for G∗
2 ε223. For

more details on our implementation of the RBF method, see [19] Sect. 13.2.3.
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3. Comparing the displacements uy of our Fig. 6b and Fig. 6 of [9] (in both figures
the log-log scale is used, but actually for this scale, the differences are not clearly
visible), we conclude that the elements 9-EAS11/DISP/ANS and MITC9i per-
form in this test slightly better than Q2-ANS/EAS. If we use the RBF correction
then MITC9i performs similarly to the Q2-DSG/DSG element of [9].

5.3 Pinched Hemispherical Shell with Hole

A hemispherical shell with an 18◦ hole is loaded by two pairs of equal but opposite
external forces P applied along the 0X and 0Y axes, see Fig. 7. Because of a double
symmetry, a quarter of the hemisphere is modeled. In this test, the shell undergoes an

x y
z

18

R=10

free
w=0P

P

Fig. 7 Pinched hemispherical shell with hole. Geometry and load

0

1

2

3

4

5

0 1 2 3 4 5 6 7 8 9

Lo
ad

Inward displacement at force P

9−EAS11/DISP/ANS
9−EAS11/DISP/EAS6
9−EAS11/DISP/DISP
MITC9i
16−DISP, 16x16

Fig. 8 Pinched hemispherical shell with hole. Nonlinear solutions. 8 × 8 mesh, μ =G/1000
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almost inextensional deformation and, because it is very thin (thickness h = 0.01),
the membrane locking can manifest itself strongly.

The non-linear analyses are performed using the Newton method and �P = 0.2.
The solution curves for the 8 × 8-elementmesh are shown in Fig. 8, where the inward
displacement under the force is presented.

We see that the solutions for 9-EAS11/DISP/ANS andMITC9i coincide, while for
9-EAS11/DISP/EAS6 and 9-EAS11/DISP/DISP are stiffer. For the 16 × 16-element
mesh, the solutions for 9-EAS11/DISP/ANS and MITC9i coincide with that for the
reference element 16-DISP.

6 Final Remarks

We have developed three nine-node quadrilateral shell elements with the membrane
part enhanced by the EAS method; they are designated 9-EAS11 because the strain
enhancement uses 11 parameters. The preliminary conclusions are as follows:

1. Using the EAS11 enhancement, the membrane patch test is passed for all types of
shifts of nodes, even these for which the element’s edges are curved. Themodified
EAS transformation rule was also implemented, but further tests are needed to
draw a conclusion on its usefulness.

2. For the transverse shear part of the 9-EAS11 element, the ANS method is more
accurate than the EAS6 enhancement and the unmodified strains. Accuracy of
the 9-EAS11/DISP/ANS element is similar or slightly higher than of theMITC9i
element, but MITC9i with the RBF correction is more accurate.

3. The Corrected Shape Functions (CSF) are not needed for the 9-EAS11 elements
to pass the membrane patch test, but are beneficial for the bending patch test, like
for the MITC9i element.

Generally, the preliminary results indicate that the 9-EAS11/DISP/ANS element
compares very well with our MITC9i element.
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Higher Order Theory
of Electro-Magneto-Elastic Plates
and Shells

V. V. Zozulya

Abstract New higher order models of the electro-magneto-elastic plates and shells
have been developed here. The 3-D equations of the linear electro-magneto-elasticity
have been presented in an orthogonal system of coordinates. For the creation of 2-D
models of plates and shells the curvilinear system of coordinates related to themiddle
surface of the shell has been used alongwith special hypothesis based on assumptions
that take into account the fact that the considered plates and shells are thin. Higher
order theory is based on the expansion of the 3-D equations of the linear theory of the
electro-magneto-elasticity into Fourier series in terms of Legendre polynomials. All
equations for higher order theory of the electro-magneto-elastic plates in Cartesian
and polar coordinates as well as for cylindrical and spherical shells in coordinates
related to the shells geometry have been developed and presented here in detail. The
obtained equations can be used for calculating the stress-strain and formodelling thin
walled structures in macro, micro and nano scale when taking into account coupled
electro-magneto-elastic effects.

Keywords Plates · Shell · Electro-magneto-elasticity · Legendre polynomial ·
Higher order theory

1 Introduction

In the era of nanotechnology and bioengineering, much of the attention of scientists
and engineers has been focused on study multiphysical phenomena in materials,
structures and devices, where mechanical deformation, polarization and magneti-
zation are simultaneously coupled. The materials with such properties have broad
applications in science and engineering, for example in the energy traducers that
convert electrical energy to mechanical energy or vice versa, the sensors technolo-
gies of actuators, micro-electro-mechanical (MEMS) and nano-electro-mechanical
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(NEMS) structures, imaging devices, smart and self-adaptive structures, artificial
muscles, etc. [6, 17, 18, 21, 28–30, 36, 46, 60, 61, 64, 69, 71].

The study of piezoelectricity was initiated by bothers J. Curie and P. Curie in 1880.
They found that certain crystalline materials generate an electric charge proportional
to a mechanical stress. Since that time many other coupled electro-magneto-elastic
phenomena have been discovered, investigated and applied in sciences and engineer-
ing.These achievements andother obtained theoretical andpractical results havebeen
reported in a numerous publications including journal papers (among others see [3,
4, 11, 12, 24, 33, 34, 45, 50–53, 58, 67]), books and monographs [14, 16, 26, 30, 32,
40, 43, 44, 47, 49, 54, 60, 61, 71].

Due to the application of the piezoelectric and piezomagnetic couplings effects in
civil, mechanical, aerospace, biomedical and engineering, electro-magneto-elastic
theories of solids become an important topic for researchers in the field of theoret-
ical and applied mechanics. Theoretical mechanics can provide effective tools for
electro-magneto-elastic material behavior modeling. For example, the one- and two-
dimensional theories of electro-magneto-elastic beams, plates, and shells are effec-
tive tools for the design and optimization of the materials, structures and devices
subjected to the electro-magneto-elastic impact.

Many different models of beams, plates, and shells that consider effects of electro-
magneto-elastic coupling have been developed so far. For further information and
references we mention here the following books [7–10, 15, 21, 30, 54, 60, 61, 63,
68]. Based on the information presented in those books and on the Refs. [1, 2, 5,
13, 19, 20, 25, 27, 31, 35, 37–39, 41, 42, 48, 55–57, 62, 65, 66, 70, 77, 80] most
known models of electro-magneto-elastic beams, plates, and shells can be classified
the following way:

• Models based on classical Euler–Bernoulli, Timoshenko,Mindlin and higher order
shear deformation theories.

• Models based on the so called direct approach, which consists of considering the
shell as a 2-D deformable continua enhanced by sets of deformable directors.

• Models based on 3-D equations of elasticity and exploration of the polynomial
series expansion in term of thickness.

Classical theories are very popular among the engineering community because of
their relative simplicity and physical clarity. Numerous books and monographs have
beenwritten on the subject, some of them are referred above. Unfortunately, classical
theories have some shortcomings and logical contradictions such as their proximity
and inaccuracy, for this reason in some cases there is no congruency with the results
obtained by using the 3-D approach and experiments. Thus, there is demand to
develop new more accurate theories.

As an alternative to classical methods, the direct approach can be used by con-
sidering a deformable surface endowed with a certain microstructure, as a model for
plates and shells. The direct approach, which is well-known since Euler, was sum-
marized for the first time in the monograph of the Cosserat brothers presenting the
kinematical model of a continuum with material points which behave like rigid bod-
ies (having 6 degrees of freedom, instead of 3 in the classical continuummechanics).
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The main difficulty in any direct approach is the determination of the effective stiff-
ness coefficients appearing in the two-dimensional constitutive equations in terms of
the three-dimensional elasticity constants. For further information one can see [6, 7,
59] and references there.

The third approach consists in the expansion of the stress-strain field components
into polynomials series in terms of thickness. It was proposed by Cauchy and Poisson
but was not popular than. Significant expansion and development of that method was
done by Kil’chevskii [39]. Vekua has used Legendre’s polynomials for the expansion
of the equations of elasticity and reduction of the 3-D problem to 2-D one [70]. An
approach based on the expansion of the equations of elasticity into Fourier series in
terms of Legendre’s polynomials has been widely used for the development of the
mathematically consistent high order theories of beams, rods, plates and shells Such
an approach has a significant advantage because Legendre’s polynomials are orthog-
onal and as result the obtained equations are simpler. This approach has been signif-
icantly extended in a large number of publications, among them we have to mention
the Carrera unified approach [19–23] and the following books [38, 55–57, 70].

In our previous publications [72–87] the approach based on the use of Legendre’s
polynomials series expansion has been applied to the development of the high order
models of rods, plates and shells. More specifically, the developed approach has
been applied to the plates and shells thermoelastic contact problems where mechan-
ical and thermal conditions are changed during deformation in [72–75, 79, 81, etc.].
The mathematical formulation, differential equations and mechanical and thermal
contact conditions for the cases of two parallel plates have been reported in [72].
Extension to nonstationary proses has been done in [73]. A more general approach
was introduced in [77], wheremethodology of all coefficients of the differential equa-
tions, contact and boundary conditions calculation are explained in detail and their
analytical expressions for the case of n-order approximation and shells of arbitrary
geometry is presented. Then, the approach was further developed and applied to the
problem of plates and shells thermos-mechanical contact with rigid bodies through
a heat conducting layer, thermoelasticity of the laminated composite materials with
the possibility of delamination and mechanical and thermal contact between laminas
in the temperature field [74], the pencil-thin nuclear fuel rods modeling in [75], func-
tionally graded shells in [76, 78, 82] and modeling of MEMS and NEMS in [79, 81].
Developments of the high order theories and their comparison with Euler-Bernoulli
and Timoshnko’s theories for micropolar, couple stress and nonlocal curved elastic
rods have been done in [83–85], respectively. In [86, 87]micropolar and couple stress
theories are extended for the cases of plates and shells. An analysis and comparison
with the classical theory of elastic and thermoelastic plates and shells has been done
in [77, 80].

In this paper 2-D higher order models of elastic plates and shells that are based on
3-D linear electro-magneto-elastic theories have been developed. All the equations of
the 3-D linear electro-magneto-elasticity have been presented in a special orthogonal
curvilinear system of coordinates related to the middle surface of the shell and a
special hypothesis based on assumptions that take into account the fact that the
plates and shells that have been considered are thin. The higher order models are
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based on the expansion of the equations of the 3-D linear electro-magneto-elasticity
into Fourier series in terms of Legendre polynomialswith respect to thickness. All the
equations of the 2-D higher order models of plates in Cartesian and polar coordinates
and of the cylindrical and spherical shells have been developed and presented here.
The obtained equations can be used to calculate stress-strain and tomodel thin walled
structures inmacro-, micro- and nano-scales by taking into account electro-magneto-
elastic coupling effects. The proposed models can be efficient in MEMS and NEMS
modeling as well as in computer simulation.

2 3-D Electro-Magneto-Elasticity in Orthogonal
Coordinates

In this study we are developing an approach based on the expansion of the 3-D equa-
tions of electro-magneto-elasticity into Fourier series in terms of Legendre polyno-
mials and are applying it to create higher order theories of plates and shells. Let us
consider a shell of arbitrary geometry in a 3-D Euclidian space, which occupies the
domain V = � × [−h, h] with a smooth boundary ∂V . Here 2h is thickness, � is
the middle surface of the shell. The boundary of the shell ∂V can be presented in the
form ∂V = S ∪ �+ ∪ �− , where �+ and �− are the upper and lower sides and S
denotes lateral sides.

In the linear theory of electro-magneto-elasticity in order to study the mechanical
state of the continuummedia we introduce the stress σ(x) and strain ε(x) tensors and
the displacement u(x), traction p(x) vectors. In order to study the electro-magnetic
state of the continuum media we introduce vectors of electric E(x) and magnetic
M(x) field and electric D(x) and magnetic B(x) displacements, respectively. They
can be presented in the form
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∣
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σ12 σ22 σ32

σ13 σ23 σ33

∣
∣
∣
∣
∣
∣

, ε =
∣
∣
∣
∣
∣
∣

ε11 ε21 ε31

ε12 ε22 ε32

ε13 ε23 ε33

∣
∣
∣
∣
∣
∣

,u =
∣
∣
∣
∣
∣
∣

u1
u2
u3

∣
∣
∣
∣
∣
∣

,p =
∣
∣
∣
∣
∣
∣

p1
p2
p3

∣
∣
∣
∣
∣
∣

,E =
∣
∣
∣
∣
∣
∣

E1

E2

E3

∣
∣
∣
∣
∣
∣

,

M =
∣
∣
∣
∣
∣
∣

M1

M2

M3

∣
∣
∣
∣
∣
∣

,D =
∣
∣
∣
∣
∣
∣

D1

D2

D3

∣
∣
∣
∣
∣
∣

,B =
∣
∣
∣
∣
∣
∣

B1

B2

B3

∣
∣
∣
∣
∣
∣

(2.1)

For the purpose of the theories developed here we introduce an orthogonal curvi-
linear system of coordinates x = (x1, x2, x3), such that position vector of an arbitrary
point is equal toR(x1, x2, x3) = ei xi . Unit orthogonal basic vectors and their deriva-
tives with respect to space coordinates are equal to

ei = 1

Hi

∂R
∂xi

,
∂ei
∂x j

= �k
i jek (2.2)
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where Hi are Lamé coefficients and�k
i j are Christophel symbols. They are calculated

by the equations
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From the last equation it follows that �k
i j = 0 for i �= j �= k and

�k
ii = − 1
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∂Hi

∂xk
, �k

ik = − 1

Hi

∂Hk

∂xi
for i �= k (2.5)

In the introduced system of coordinates the equations of equilibrium and the
Maxwell equations under the assumptions of static electro-magnetic fields are given
by

∇ jσ j i + bi = 0, ∇i Di = be, ∇i Bi = bm (2.6)

where bi (x) are the body forces, fe(x) is the electric charge density and fm(x) is the
heat source the electric current density, respectively.

Divergences of the stress tensor and the electric andmagnetic displacement vectors
in the curvilinear orthogonal system of coordinates have the form
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(2.7)

The infinitesimal strain tensor εi j , the electric field Ei and the magnetic field Hi

are defined as

εi j = 1

2

(∇ j ui + ∇i u j
)

, Ei = ∇iφ, Mi = ∇iϕ (2.8)

where φ(x) and ϕ(x) are the electric and magnetic potentials, respectively.
Gradients of the displacement vector and the electric and magnetic potentials in

the curvilinear orthogonal system of coordinates have the form
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∇iφ = 1

Hi

∂φ

∂xi
, ∇iϕ = 1

Hi

∂ϕ

∂xi
(2.9)

The mathematical model of the linear electro-magneto-elasticity is based on the
constitutive relation between components of an elastic field, such as σi j (x) and εi j (x)
stress and strain tensors, Ek(x) electric displacement and magnetic induction Bi (x)
vectors. Due to the coupling of elastic, electric and magnetic behaviors, the consti-
tutive equations for a homogeneous, linear anisotropic electro-magneto-elastic solid
are

σi j = ci jklεkl − eli j El − hli j Ml

Di = eiklεkl + εik Ek + βil Ml

Bi = hiklεkl + βil El + γil Ml (2.10)

where ci jkl , εik and γil denote the elastic stiffness tensor, dielectric permitivities
and magnetic permeabi-lities, respectively, eikl , hli j and βil are the piezoelectric,
piezomagnetic and electro-magnetic coupling coefficients, respectively.

The material constants in (2.10) satisfy the following symmetry conditions

ci jkl = c jikl = ci jlk = ckli j , eli j = el ji , hli j = hl ji
εik = εki , βik = βki , γik = γki (2.11)

Moreover, the elastic constant, dielectric permittivities and magnetic permeabili-
ties tensors are positive definite, i.e.

ci jklεi jεkl > 0, εi j Ei E j > 0, γi j Mi M j > 0, ∀εi j �= 0, ∀Ei �= 0, ∀Mi �= 0
(2.12)

By substituting the constitutive relations (2.10) in (2.8) and abtained result in
(2.6) one can find the coupled system of differential equations of the linear electro-
magneto-elasticity for the displacement vector, electric and magnetic potentials in
the form
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Luu =
∣
∣
∣
∣
∣
∣

L11 L12 L13

L21 L22 L23

L33 L32 L33

∣
∣
∣
∣
∣
∣

, Leu =
∣
∣
∣
∣
∣
∣

Le1

Le2

Le3

∣
∣
∣
∣
∣
∣

, Lmu =
∣
∣
∣
∣
∣
∣

Lm1

Lm2

Lm3

∣
∣
∣
∣
∣
∣

, b =
∣
∣
∣
∣
∣
∣

b1
b2
b3

∣
∣
∣
∣
∣
∣

,

Lue = ∣
∣ L1e L2e L3e

∣
∣, Lue = ∣

∣ L1m L2m L3m

∣
∣ (2.14)



Higher Order Theory of Electro-Magneto-Elastic Plates and Shells 733

The differential operators in (2.14) for the homogeneous generally anisotropic
medium have the form

Luu · u = ei
2H1H2H3

3
∑

k,l=1

⎛

⎝

3
∑

j=1

(

ci jkl

(
∂

∂xi

(
H1H2H3

Hi
(∇luk + ∇kul)

)

+H1H2H3

Hi Hj

∂Hj

∂xi
(∇luk + ∇kul)

)

− ciikl
H1H2H3

Hi Hj

∂Hi

∂x j
(∇luk + ∇kul)

))

,

Lueφ = ei
2H1H2H3

3
∑

l=1

⎛

⎝

3
∑

j=1

(

eli j

(
∂

∂xi

(
H1H2H3

Hi
∇lφ

)

+ H1H2H3

Hi Hj

∂Hj

∂xi
∇lφ

)

−elii

(
H1H2H3

Hi Hj

∂Hi

∂x j
∇lφ

)))

Lumϕ = ei
2H1H2H3

3
∑

l=1

⎛

⎝

3
∑

j=1

(

hli j

(
∂

∂xi

(
H1H2H3

Hi
∇lϕ

)

+ H1H2H3

Hi Hj

∂Hj

∂xi
∇lϕ

)

−hlii

(
H1H2H3

Hi Hj

∂Hi

∂x j
∇lϕ

)))

Leu · u = 1

2H1H2H3

3
∑

k,l=1

3
∑

i=1

eikl
∂

∂xi

(
H1H2H3

Hi
(∇luk + ∇kul)

)

,

Leeφ = 1

H1H2H3

3
∑

k,i=1

εik
∂

∂xi

(
H1H2H3

Hi
∇kφ

)

,

Lemϕ = 1

H1H2H3

3
∑

k,i=1

βik
∂

∂xi

(
H1H2H3

Hi
∇kϕ

)

Lmu · u = 1

2H1H2H3

3
∑

k,l=1

hikl

3
∑

i=1

∂

∂xi

(
H1H2H3

Hi
(∇luk + ∇kul)

)

,

Lmeφ = 1

H1H2H3

3
∑

k,i=1

βik
∂

∂xi

(
H1H2H3

Hi
∇kφ

)

,

Lmmϕ = 1

H1H2H3

3
∑

k,i=1

γik
∂

∂xi

(
H1H2H3

Hi
∇kφ

)

(2.15)

For a correct formulation of the linear electro-magneto-elasticity problems it is
necessary to assign boundary conditions. Here we consider the mixed boundary
conditions for the Eqs. (2.13) in the following form.

For prescribing mixed mechanical boundary condition, the boundary of the body
is presented as ∂V = ∂Vu ∪ ∂Vp, where vectors of displacement uu(x) and traction
pu(x) are given as
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u(x) = uu(x), ∀x ∈ ∂Vu, p(x) = σ(x) · n(x) = pu(x), ∀x ∈ ∂Vp, (2.16)

For prescribing a mixed electrical boundary condition, the boundary of the body
is presented as ∂V = ∂Vφ ∪∂Ve, where electrical potential φu(x) and surface charge
De(x) are defined as

φ(x) = φu(x), ∀x ∈ ∂Vφ, D(x) · n(x) = De(x), ∀x ∈ ∂Ve (2.17)

For prescribing a mixed magnetic boundary condition boundary of the body is
presented as ∂V = ∂Vϕ ∪ ∂Vh , where magnetic potential ϕu(x) and surface charge
Be(x) are defined as

ϕ(x) = ϕu(x), ∀x ∈ ∂Vϕ, B(x) · n(x) = Be(x), ∀x ∈ ∂Vh (2.18)

Thus, the linear electro-magneto-elasticity problem consists of a system of par-
tial differential equations (2.13) with differential operators of the form (2.15), and
boundary (2.16)–(2.18) conditions. They are formulated in an arbitrary orthogonal
coordinates form. In order to solve any specific problem we have to introduce any
specific system of coordinates and represent all parameters (2.1) as functions of those
coordinates and all operators in a corresponding coordinate form.

In solving specific problems it is convenient and customary to rewrite constitutive
relations (2.10) in matrix form. Since the stress and strain tensors are symmetric,
each component can be specified by one subscript rather than two. These are defined
according to the scheme

σ̃ = (σ11, σ22, σ33, σ23, σ13, σ12)

ε̃ = (ε11, ε22, ε33, ε23, ε13, ε12) (2.19)

The tensor of elastic modulus ci jkl is symmetrical by the first two (i and j) and
the last two (k and l) indexes so we can write it as

ci jkl = cI J , i, j, k, l = 1, 2, 3; I, J = 1, 2, . . . , 6 (2.20)

Consequently, the coefficients cI,J , I, J = 1, 2, . . . , 6 (a, ß = 1, 2,…, 6) form a
square matrix (6 × 6).

Taking into account the symmetry of the tensors eli j and hli j by the pair of the
last two indexes it possible to define two three-by-six matrices

eli j = el I , hli j = hl I , l = 1, 2, 3; I = 1, 2, . . . , 6 (2.21)

for electro- magnetic constants. In the new notation constitutive relations (2.10) may
be rewritten in the form
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σ̃ = C̃ · ε̃ − D̃ · E − Q̃ · M,

D = D̃ · ε̃ + � · E + B · M,

B = Q̃ · ε̃ + B · E + � · M. (2.22)

where matrix coefficients in the case of a homogeneous generally anisotropic body
have the form

C̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

c11 c12 c13 c14 c15 c16
c12 c22 c23 c24 c25 c26
c13 c23 c33 c34 c35 c36
c14 c24 c34 c44 c45 c46
c15 c25 c35 c45 c55 c56
c16 c26 c36 c46 c56 c66

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, D̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

d11 d12 d13
d21 d22 d23
d31 d32 d33
d41 d42 d43
d51 d52 d53
d61 d62 d63

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, Q̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

q11 q12 q13
q21 q22 q23
q31 q32 q33
q41 q42 q43
q51 q52 q53
q61 q62 q63

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

� =
∣
∣
∣
∣
∣
∣

ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

∣
∣
∣
∣
∣
∣

, B =
∣
∣
∣
∣
∣
∣

β11 β12 β13

β21 β22 β23

β31 β32 β33

∣
∣
∣
∣
∣
∣

, � =
∣
∣
∣
∣
∣
∣

γ11 γ12 γ13

γ21 γ22 γ23

γ31 γ32 γ33

∣
∣
∣
∣
∣
∣

, (2.23)

It should be noted that the number of independent coefficients in (2.23) (i.e., the
number of material constants) depends on the symmetry of the crystal. In the general
case of the triclinic system in (2.23) matrix C̃ contains 21 elastic constants, matri-
ces D̃ and 18 electric while Q̃ contains 18 magnetic constants and finally matrices
�, B and � each contain 6 electro-magnetic constants. The crystallographic sym-
metry (relating to chosen coordinate axes) in the deformed electro-magneto-elastic
body decreases substantially the number of independent constants in the equations
above. For further information see [17, 30, 40, 46, 47, 54].

Taking into account that 3-D equations of the electro-magneto-elasticity presented
here are the basis, for the development of the higher order theory of plates and shells
it is convenient to write them in the curvilinear orthogonal system of coordinates
related to the middle surface of the shell.

3 3-D Electro-Magneto-Elasticity in Coordinates Related
to the Middle Surface

For convenience and the simplification of the higher order theory of plates and shells
creation we are introducing here a new curvilinear system of coordinates related to
the middle surface of the shell. In this case coordinates xα(x1, x2) are associated with
the main curvatures k1 and k2 of the middle surface of the shell and coordinate x3 is
perpendicular to it. The position vector R(x) of any point in domain V, occupied by
material points of the shell may be presented as

R(x) = r(xα) + x3n(xα) (3.1)
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where r(xα) is the position vector of the points located in the middle line of the rod,
and n(xα) is a unit vector normal to the middle surface of the shell.

In this case the 3-D equations of the linear electro-magneto-elasticity presented
here can be simplified by taking into account that Lamé coefficients and their deriva-
tives have the form

Hα = Aα(1 + kαx3) for α = 1, 2 and H3 = 1

∂Hβ

∂xα

= ∂Aβ

∂xα

(1 + kαx3),
∂Hβ

∂x3
= kβ Aβ,

∂H3

∂xi
= 0 (3.2)

Here Aα(x1, x2) = √
r(x1, x2) · r(x1, x2) are coefficients of the first quadratic

form of a surface.
The equations of equilibrium and theMaxwell equations after simplification have

the same form as it is presented in (2.6), but divergence of the stress tensor σi j (x)
and the electric Di (x) and magnetic Bi (x) displacements take the form

∇ jσ jα = 1

A1A2

∂(A2σ1α)

∂x1
+ 1

A1A2

∂(A1σ2α)

∂x2
+ ∂σ3α

∂x3
+ σαβ

A1A2

∂Aα

∂xβ

− σββ

A1A2

∂Aβ

∂x1

+ (k1 + k2)σ3α + kασα3

∇ jσ j3 = 1

A1A2

∂(A2σ13)

∂x1
+ 1

A1A2

∂(A1σ23)

∂x2
+ ∂σ33

∂x3
+ (k1 + k2)σ33 − k1

A1
σ11 − k2

A2
σ22

∇i Di = 1

A1

∂D1

∂x1
+ D1

A1A2

∂A2

∂x1
+ 1

A2

∂D2

∂x2
+ D2

A1A2

∂A1

∂x2
+ (k1 + k2)D3 + ∂D3

∂x3

∇i Bi = 1

A1

∂B1

∂x1
+ B1

A1A2

∂A2

∂x1
+ 1

A2

∂B2

∂x2
+ B2

A1A2

∂A1

∂x2
+ (k1 + k2)B3 + ∂B3

∂x3
(3.3)

The infinitesimal strain tensor εi j , the electric field Ei and the magnetic field after
simplification have the same form as it is presented in (2.8), but gradients of the
displacement vector and the electric and magnetic potentials take the form

∇βuα = 1

Aα

∂uα

∂xβ

− uβ

AαAβ

∂Aβ

∂xα

+ δαβ

⎛

⎝

2
∑

γ=1

uγ

AαAγ

∂Aα

∂xγ

+ kαu3

⎞

⎠,

∇βu3 = 1

Hβ

∂u3
∂xβ

− kβuβ, ∇3ui = ∂ui
∂x3

, α, β = 1, 2, i = 1, 2, 3,

∇αφ = 1

Aα

∂φ

∂xα

, ∇αϕ = 1

Hα

∂ϕ

∂xα

, ∇3φ = ∂φ

∂x3
, ∇3ϕ = ∂ϕ

∂x3
(3.4)

After substituting (3.4) into relations (2.8) the infinitesimal strain tensor εi j , the
electric field Ei and the magnetic field Hi are defined as

ε11 = 1

A1

∂u1
∂x1

+ u2
A1A2

∂A1

∂x2
+ k1u3, ε12 = 1

2

(
1

A1

∂u2
∂x1

− u1
A1A2

∂A1

∂x2
+ 1

A2

∂u1
∂x2

− u2
A1A2

∂A2

∂x1

)

, ε33 = ∂u3
∂x3

,

ε13 = 1

2

(
1

A1

∂u3
∂x1

− k1u1 + ∂u1
∂x3

)

, ε22 = 1

A2

∂u2
∂x2

+ u1
A1A2

∂A2

∂x1
+ k2u3, ε23 = 1

2

(
1

A2

∂u3
∂x2

− k2u2 + ∂u2
∂x3

)

Eα = 1

Aα

∂φ

∂xα

, E3 = ∂φ

∂x3
, Mα = 1

Aα

∂ϕ

∂xα

, M3 = ∂ϕ

∂x3
, α = 1, 2 (3.5)
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The coupled system of differential equations of the linear electro-magneto-
elasticity for the displacement vector as well as the electric and magnetic poten-
tials has the form (2.13) and differential operators for a homogeneous generally
anisotropic medium have the form

Luu · u = eα
2A1A2

3
∑

k,l=1

⎛

⎝

3
∑

j=1

(

cα jkl

(

∂

∂xα

(
A1A2
Aα

(∇l uk + ∇kul
)
)

+ A1A2
Aα A j

∂A j

∂xα

(∇l uk + ∇kul
)

)

−cααkl
A1A2
Aα A j

∂Aα

∂x j

(∇l uk + ∇kul
)

))

,

Luu · u = e3
2A1A2

3
∑

k,l=1

⎛

⎝

2
∑

β=1

c3βkl

(

∂
(∇l uk + ∇kul

)

∂x3
+ (k1 + k2)

(∇l uk + ∇kul
) + A1A2kβ

Aβ

(∇l uk + ∇kul
)

)

+c33kl

(

∂
(∇l uk + ∇kul

)

∂x3
+ (k1 + k2)

(∇l uk + ∇kul
)

))

Lueφ = eα
2A1A2

3
∑

l=1

⎛

⎝

2
∑

β=1

(

elα j

(

∂

∂xα

(
A1A2
Aα

∇lφ

)

+ A1A2
Aα Aβ

∂Aβ

∂xα
∇lφ

)

− elαα

(

A1A2
Aα Aβ

∂Aα

∂xβ
∇lφ

))

+elα3
∂

∂xα

(
A1A2
Aα

∇lφ

)

− elαα
A1A2kα

Aα
∇lφ

)

Lueφ = e3
2A1A2

3
∑

l=1

⎛

⎝

2
∑

β=1

(

el3β

(

∂∇lφ

∂x3
+ (k1 + k2)∇lφ + A1A2kβ

Aβ
∇lφ

)

+ el33

(
∂∇lφ

∂x3
+ (k1 + k2)∇lφ

))

(3.6)

Lumϕ = eα

2A1A2

3
∑

l=1

⎛

⎝

2
∑

β=1

(

hlα j

(
∂

∂xα

(
A1A2

Aα

∇lϕ

)

+ A1A2

Aα Aβ

∂Aβ

∂xα

∇lϕ

)

− hlαα

(
A1A2

Aα Aβ

∂Aα

∂xβ

∇lϕ

))

+hlα3
∂

∂xα

(
A1A2

Aα

∇lϕ

)

− hlαα

A1A2kα

Aα

∇lϕ

)

Lumϕ = e3
2A1A2

3
∑

l=1

⎛

⎝

2
∑

β=1

(

hl3β

(
∂∇lϕ

∂x3
+ (k1 + k2)∇lϕ + A1A2kβ

Aβ

∇lϕ

)

+ hl33

(
∂∇lϕ

∂x3
+ (k1 + k2)∇lϕ

))

Leu · u = 1

2A1A2

3
∑

k,l=1

(
2

∑

α=1

eαkl
∂

∂xα

(
A1A2

Aα

(∇l uk + ∇kul )

)

+ e3kl

(

(k1 + k2)(∇l uk + ∇kul ) + ∂

∂x3
(∇l uk + ∇kul )

))

,

Leeφ = 1

A1A2

2
∑

β,α=1

εαβ

∂

∂xα

(
A1A2

Aα

∇βφ

)

+ 1

A1A2

2
∑

α=1

εα3
∂

∂xα

(
A1A2

Aα

∂φ

∂x3

)

+ 1

A1A2

2
∑

β=1

ε3β
∂

∂x3

(

A1A2∇βφ
)

Lemϕ = 1

A1A2

2
∑

β,α=1

βαβ

∂

∂xα

(
A1A2

Aα

∇βϕ

)

+ 1

A1A2

2
∑

α=1

βα3
∂

∂xα

(
A1A2

Aα

∂ϕ

∂x3

)

+ 1

A1A2

2
∑

β=1

β3β
∂

∂x3

(

A1A2∇βϕ
)

Lmu · u = 1

2A1A2

3
∑

k,l=1

(
2

∑

α=1

hαkl
∂

∂xα

(
H1H2

Hα

(∇l uk + ∇kul )

)

+ h3kl

(

(k1 + k2)(∇l uk + ∇kul ) + ∂

∂x3
(∇l uk + ∇kul )

))

,

Lmeφ = 1

A1A2

2
∑

β,α=1

βαβ

∂

∂xα

(
A1A2

Aα

∇βφ

)

+ 1

A1A2

2
∑

α=1

βα3
∂

∂xα

(
A1A2

Aα

∂φ

∂x3

)

+ 1

A1A2

2
∑

β=1

β3β
∂

∂x3

(

A1A2∇βφ
)

Lmmϕ = 1

A1A2

2
∑

β,α=1

γαβ

∂

∂xα

(
A1A2

Aα

∇βϕ

)

+ 1

A1A2

2
∑

α=1

γα3
∂

∂xα

(
A1A2

Aα

∂ϕ

∂x3

)

+ 1

A1A2

2
∑

β=1

γ3β
∂

∂x3

(

A1A2∇βϕ
)

In this section, the system of differential equations of the 3-D linear electro-
magneto-elasticity in a special system of coordinates related to the middle surface
of the shell is considered in detail. These equations will be used in the next sections
for the development of the approximate 2-D theories of plates and shells.
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4 2-D Formulation of the Problem

We expand the physical parameters, that describe the thermodynamic state of the
electro-magneto-elastic body into the Legendre polynomials series along the coor-
dinate x3. Such expansion can be done because of any function f (p), which is
defined in domain −1 ≤ p ≤ 1 and satisfies Dirichlet’s conditions (continuous,
monotonous, and having a finite set of discontinuity points), can be expanded into
Legendre’s series according to formulas

f (p) =
∞

∑

k=0

ak Pk(p) where an = 2k + 1

2

1∫

−1

f (p)Pk(p)dp (4.1)

Any function of more than one independent variable can also be expanded into
Legendre’s series with respect to for example, variable x3 ∈ [−1, 1], but first the
new normalized variable ω = x3/h ∈ [−1, 1] has to be introduced.

Taking into account (4.1) we transform the 3-D electro-magneto-elastic problem
into a 2-D one, by expanding all the parameters that describe stress-strain of the shell
in the Legendre polynomials series along the coordinate x3.

For electrical field parameters we have

φ(x) =
∞

∑

k=0

φk(xα)Pk(�), φk(xα) = 2k + 1

2h

h∫
−h

φ(xα, x3)Pk(�)dx3,

Ei (x) =
∞

∑

k=0

Ek
i (xα)Pk(�), Ek

i (xα) = 2k + 1

2h

h∫
−h

Ei (xα, x3)Pk(�)dx3,

Di (x) =
∞

∑

k=0

Dk
i (xα)Pk�), Dk

i (xα) = 2k + 1

2h

h∫
−h

Di (xα, x3)Pk(�)dx3, (4.2)

For magnetical field parameters we have

ϕ(x) =
∞

∑

k=0

ϕk(xα)Pk(�), ϕk(xα) = 2k + 1

2h

h∫
−h

ϕ(xα, x3)Pk(�)dx3,

Mi (x) =
∞

∑

k=0

Mk
i (xα)Pk(�), Mk

i (xα) = 2k + 1

2h

h∫
−h

Mi (xα, x3)Pk(�)dx3,

Bi (x) =
∞

∑

k=0

Bk
i (xα)Pk�), Bk

i (xα) = 2k + 1

2h

h∫
−h

Bi (xα, x3)Pk(�)dx3, (4.3)
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For stress-strain field we have

ui (x) =
∞

∑

k=0

uki (xα)Pk(�), uki (xα) = 2k + 1

2h

h∫
−h

ui (xα, x3)Pk(�)dx3,

σi j (x) =
∞

∑

k=0

σ k
i j (xα)Pk(�), σ k

i j (xα) = 2k + 1

2h

h∫
−h

σi j (xα, x3)Pk(�)dx33,

εi j (x) =
∞

∑

k=0

εki j (xα)Pk(�), εki j (xα) = 2k + 1

2h

h∫
−h

εi j (xα, x3)Pk(�)dx3, (4.4)

For derivatives with respect to coordinates xα , the following relations take place

2k + 1

2h

h∫

−h

∂ui (xα, x3, t)

∂xα
Pk (�)dx3 = ∂uki (xα, t)

∂xα
,

2k + 1

2h

h∫

−h

∂σi j (xα, x3, t)

∂xα
Pk (�)dx3 =

∂σ k
i j (xα, t)

∂xα
,

2k + 1

2h

h∫

−h

∂φ(xα, x3, t)

∂xα
Pk (�)dx2 = ∂φk (xα, t)

∂xα
,

2k + 1

2h

h∫

−h

∂ϕ(xα, x3, t)

∂xα
Pk (�)dx2 = ∂ϕk (xα, t)

∂xα
,

2k + 1

2h

h∫

−h

∂Ei (xα, x3, t)

∂xα
Pk (�)dx3 = ∂Ek

i (xα, t)

∂xα
,

2k + 1

2h

h∫

−h

∂Mi (xα, x3, t)

∂xα
Pk (�)dx3 = ∂Mk

i (xα, t)

∂xα
(4.5)

Derivatives of the displacements, electrical and magnetic potentials with respect
to x3 following [66, 84] can be represented in the form

2k + 1

2h

h∫

−h

∂ui (xα, x3)

∂x3
Pk(�)dx3 = uki (xα),

2k + 1

2h

h∫

−h

∂φ(xα, x3)

∂x3
Pk(�)dx3 = φk(xα),

2k + 1

2h

h∫

−h

∂ϕ(xα, x3)

∂x3
Pk(�)dx3 = ϕk(xα) (4.6)

where

uki (xα) = 2k + 1

h

(

uk+1
i (xα) + uk+3

i (xα) + . . .
)

,

φk(xα) = 2k + 1

h

(

φk+1(xα) + φk+3(xα) + . . .
)

,

ϕk(xα) = 2k + 1

h

(

ϕk+1(xα) + ϕk+3(xα) + . . .
)

, (4.7)
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In the Eqs. (4.6) for the derivative of functions ui (xα, x3), φ(xα, x3) and ϕ(xα, x3)
the following representations have been used

∂ui (xα, x3)

∂x3
= 1

h

∞
∑

k=0

uki (xα)
∂Pk(�)

∂x3
,

∂φ(xα, x3)

∂x3
= 1

h

∞
∑

k=0

φk
i (xα)

∂Pk(�)

∂x3
,

∂ϕ(xα, x3)

∂x3
= 1

h

∞
∑

k=0

ϕk
i (xα)

∂Pk(�)

∂x3
(4.8)

and the following relation between Legendre polynomials and their derivatives
[50, 73]

∂Pk(�)

∂�
= ((2k − 1)Pk−1(�) + (2k − 5)Pk−3(�) + . . . ) (4.9)

Derivatives of electric and magnetic displacement vectors and the stress tensor
with respect to x3 can be transformed using integration by parts and formulas (4.9).
Finally, they can be represented in the form

2k + 1

2h

h∫

−h

∂D3(xα, x3)

∂x3
Pk(�)dx3 = 2k + 1

h

[

D+
3 (xα) − (−1)k D−

3 (xα)
] − Dk

3(xα),

2k + 1

2h

h∫

−h

∂B3(xα, x3)

∂x3
Pk(�)dx3 = 2k + 1

h

[

B+
3 (xα) − (−1)k B−

3 (xα)
] − Bk

3 (xα),

2k + 1

2h

h∫

−h

∂σ3i (xα, x3)

∂x3
Pk(�)dx3 = 2k + 1

h

[

σ+
3i (xα) − (−1)kσ−

3i (xα)
] − σ k

3i (xα),

(4.10)

where

Dk
3 = 2k + 1

h

(

Dk−1
3 + Dk−3

3 + . . .
)

, Bk3 = 2k + 1

h

(

Bk−1
3 + Bk−3

3 + . . .
)

, σ k
3i = 2k + 1

h

(

σ k−1
3i + σ k−3

3i + . . .
)

(4.11)

Now, by substituting the Legendre’s polynomial coefficients of the stress tensor
(4.4), electric (4.2) and magnetic (4.3) displacements into the equations of equilib-
rium and the Maxwell equations (2.6), and taking into account (3.3) and (4.10) we
obtain 2-D equations of equilibrium and Maxwell equations in the form

∇̃ jσ
k
ji + b̃ki = 0, ∇̃i D

k
i = b̃ke , ∇̃i B

k
i = b̃km = 0 (4.12)
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where divergences of the corresponding tensor and vector components have the form

∇̃ jσ
k
jα = 1

A1A2

∂(A2σ
k
1α)

∂x1
+ 1

A1A2

∂(A1σ
k
2α)

∂x2
+

σ k
αβ

A1A2

∂Aα

∂xβ
−

σ k
ββ

A1A2

∂Aβ

∂x1

+ (k1 + k2)σ
k
3α + kασ k

α3 − σ k
3α

∇̃ jσ
k
j3 = 1

A1A2

∂(A2σ
k
13)

∂x1
+ 1

A1A2

∂(A1σ
k
23)

∂x2
+ (k1 + k2)σ

k
33 − k1

A1
σ k
11 − k2

A2
σ k
22 − σ k

33

∇̃i D
k
i = 1

A1

∂Dk
1

∂x1
+ Dk

1
A1A2

∂A2
∂x1

+ 1

A2

∂Dk
2

∂x2
+ Dk

2
A1A2

∂A1
∂x2

+ (k1 + k2)D
k
3 − Dk

3

∇̃i B
k
i = 1

A1

∂Bk1
∂x1

+ Bk1
A1A2

∂A2
∂x1

+ 1

A2

∂Bk2
∂x2

+ Bk2
A1A2

∂A1
∂x2

+ (k1 + k2)B
k
3 − Bk3 (4.13)

where

b̃ki = bki + 2k + 1

h

(

σ+
3i − (−1)kσ−

3i

)

, b̃ke = bke + 2k + 1

h

(

D+
3 − (−1)k D−

3

)

,

b̃km = bkm + 2k + 1

h

(

B+
3 − (−1)k B−

3

)

(4.14)

In the same way, by substituting the Legendre’s polynomial coefficients for dis-
placement vector (4.4), electric (4.2) and magnetic potentials in (3.5) and taking into
account (4.5) and (4.6) the 2-D expressions for the Cauchy strain tensor, electric field
and the magnetic field vectors can be found in the form

εk11 = 1

A1

∂uk1
∂x1

+ uk2
A1A2

∂A1
∂x2

+ k1u
k
3, εk12 = 1

2

(

1

A1

∂uk2
∂x1

− uk1
A1A2

∂A1
∂x2

+ 1

A2

∂uk1
∂x2

− uk2
A1A2

∂A2
∂x1

)

, ε33 = uk3,

εk13 = 1

2

(

1

A1

∂uk3
∂x1

− k1u
k
1 + uk1

)

, εk22 = 1

A2

∂uk2
∂x2

+ uk1
A1A2

∂A2
∂x1

+ k2u
k
3, εk23 = 1

2

(

1

A2

∂uk3
∂x2

− k2u
k
2 + uk2

)

,

Ek
α = 1

Aα

∂φk

∂xα
, Ek

3 = φk , Mk
α = 1

Aα

∂ϕk

∂xα
, Mk

3 = ϕk , α = 1, 2 (4.15)

The constitutive relations for electro-magneto-elasticity following customary
engineering applications notations (2.22) for the Legendre’s polynomial coefficients
(4.2)–(4.4) have the form

σ̃
k = C̃ · ε̃

k − D̃ · Ek − Q̃ · Mk,

Dk = D̃ · ε̃
k + � · Ek + B · Mk,

Bk = Q̃ · ε̃
k + B · Ek + � · Mk . (4.16)

In the sameway as in the 3-D case, by substituting relations (4.15) into constitutive
relations (4.16) and the obtained result into the equations of equilibrium andMaxwell
equations (4.12) the couples differential equations of the electro-magneto-elasticity
in form of the Legendre’s polynomial coefficients of displacement vector, electric
and magnetic potentials can be obtained.
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As result of the performed transformations instead of the 3-D system of the dif-
ferential equations in (2.13) with coefficients (3.6) we have an infinite system of 2-D
differential equations for coefficients of the Legendre’s polynomial series expansion.
In order to simplify the problem an approximate theory has to be developed where
only a finite number of members have to be taken into account in the (4.2)–(4.4) and
in all of the relations above. For example, if we consider the n-order approximate
shell theory, only n + 1 members in the expansion (4.2)–(4.4) are taken into account

φ(x) =
n

∑

k=0

φk (xα)Pk (�), Ei (x) =
n

∑

k=0

Ek
i (xα)Pk (�), Di (x) =

n
∑

k=0

Dk
i (xα)Pk�),

ϕ(x) =
n

∑

k=0

ϕk (xα)Pk (�), Mi (x) =
n

∑

k=0

Mk
i (xα)Pk (�), Bi (x) =

n
∑

k=0

Bki (xα)Pk�),

ui (x) =
n

∑

k=0

uki (xα)Pk (�), σi j (x) =
n

∑

k=0

σ k
i j (xα)Pk (�), εi j (x) =

n
∑

k=0

εki j (xα)Pk (�), (4.17)

In this case we consider that uki = 0, ωk
i = 0, σ k

i j = 0, μk
i = 0, εk = 0 and

κk
i = 0 for k < 0 and for k > n.
Then, the 2-D systemof differential equations of the electro-magneto-elasticity for

n-order theory of shells can be presented in the matrix form. It has the same form like
3-D system of differential equations (2.13), but differential operators Luu, . . . , Lmm

are block matrices of the form

Luu =

∣
∣
∣
∣
∣
∣
∣

L00
uu · · · L0n

uu
...

. . .
...

Ln0
uu · · · Lnn

uu

∣
∣
∣
∣
∣
∣
∣

, Lue =

∣
∣
∣
∣
∣
∣
∣

L00
ue · · · L0n

ue
...

. . .
...

Ln0
ue · · · Lnn

ue

∣
∣
∣
∣
∣
∣
∣

, Lum =

∣
∣
∣
∣
∣
∣
∣

L00
um · · · L0n

um
...

. . .
...

Ln0
um · · · Lnn

um

∣
∣
∣
∣
∣
∣
∣

,

Leu =

∣
∣
∣
∣
∣
∣
∣

L00
eu · · · L0n

eu
...

. . .
...

Ln0
eu · · · Lnn

eu

∣
∣
∣
∣
∣
∣
∣

, Lee =

∣
∣
∣
∣
∣
∣
∣

L00
ee · · · L0n

ee
...

. . .
...

Ln0
ee · · · Lnn

ee

∣
∣
∣
∣
∣
∣
∣

, Lem =

∣
∣
∣
∣
∣
∣
∣

L00
em · · · L0n

em
...

. . .
...

Ln0
em · · · Lnn

em

∣
∣
∣
∣
∣
∣
∣

Lmu =

∣
∣
∣
∣
∣
∣
∣

L00
mu · · · L0n

mu
...

. . .
...

Ln0
mu · · · Lnn

mu

∣
∣
∣
∣
∣
∣
∣

, Lme =

∣
∣
∣
∣
∣
∣
∣

L00
me · · · L0n

me
...

. . .
...

Ln0
me · · · Lnn

me

∣
∣
∣
∣
∣
∣
∣

, Lmm =

∣
∣
∣
∣
∣
∣
∣

L00
mm · · · L0n

mm
...

. . .
...

Ln0
mm · · · Lnn

mm

∣
∣
∣
∣
∣
∣
∣

(4.18)

and u, φ, ϕ, b, be and bm are block vectors of the form

u =

∣
∣
∣
∣
∣
∣
∣

u0

...

un

∣
∣
∣
∣
∣
∣
∣

, φ =

∣
∣
∣
∣
∣
∣
∣

φ0

...

φn

∣
∣
∣
∣
∣
∣
∣

, ϕ =

∣
∣
∣
∣
∣
∣
∣

ϕ0

...

ϕn

∣
∣
∣
∣
∣
∣
∣

,b =

∣
∣
∣
∣
∣
∣
∣

b0
...

bn

∣
∣
∣
∣
∣
∣
∣

, be =

∣
∣
∣
∣
∣
∣
∣

b0e
...

bne

∣
∣
∣
∣
∣
∣
∣

, bm =

∣
∣
∣
∣
∣
∣
∣

b0m
...

bnm

∣
∣
∣
∣
∣
∣
∣

(4.19)
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The block matrices Luu , Lue,Lum , Leu , Lmu in (4.18) can be represented in the
form of 3-D matrix differential operators

Lrk
uu =

∣
∣
∣
∣
∣
∣

Lrk
11 Lrk

12 Lrk
13

Lrk
21 Lrk

22 Lrk
23

Lrk
31 Lrk

32 Lrk
33

∣
∣
∣
∣
∣
∣

, Lrk
eu =

∣
∣
∣
∣
∣
∣

Lrk
e1

Lrk
e2

Lrk
e2

∣
∣
∣
∣
∣
∣

, Lrk
mu =

∣
∣
∣
∣
∣
∣

Lrk
m1

Lrk
m2

Lrk
m2

∣
∣
∣
∣
∣
∣

,

Lrk
ue = ∣

∣ Lrk
1e Lrk

2e Lrk
3e

∣
∣, Lrk

um = ∣
∣ Lrk

1m Lrk
2m Lrk

3m

∣
∣ (4.20)

and block vectors u and b in (4.19) as 3-D vectors

uk =
∣
∣
∣
∣
∣
∣

uk1
uk2
uk3

∣
∣
∣
∣
∣
∣

, bk =
∣
∣
∣
∣
∣
∣

bk1
bk2
bk3

∣
∣
∣
∣
∣
∣

(4.21)

The order of the system of differential equations depends on the assumption
regarding thickness distribution of the stress-strain and electro-magnetic parame-
ters of the shell. The higher the order of approximation, the better accuracy of the
result obtained using the proposed theory. The complete system of linear differential
equations of the electro-magneto-elasticity of any order can be obtained using the
equations presented here. For the first order approximation block matrices (4.18)
have the form

Luu =
∣
∣
∣
∣

L00
uu L01

uu

L10
uu L11

uu

∣
∣
∣
∣
, Lue =

∣
∣
∣
∣

L00
ue L

01
ue

L10
ue L

11
ue

∣
∣
∣
∣
, Lum =

∣
∣
∣
∣

L00
um L01

um

L10
um L11

um

∣
∣
∣
∣
,

Leu =
∣
∣
∣
∣

L00
eu L01

eu

L10
eu L11

eu

∣
∣
∣
∣
, Lee =

∣
∣
∣
∣

L00
ee L01

ee

L10
ee L11

ee

∣
∣
∣
∣
, Lem =

∣
∣
∣
∣

L00
em L01

em

L10
em L11

em

∣
∣
∣
∣
,

Lmu =
∣
∣
∣
∣

L00
mu L01

mu

L10
mu L11

mu

∣
∣
∣
∣
, Lme =

∣
∣
∣
∣

L00
me L01

me

L10
me L11

me

∣
∣
∣
∣
, Lmm =

∣
∣
∣
∣

L00
mm L01

mm

L10
mm L11

mm

∣
∣
∣
∣
, (4.22)

and block vectors

u =
∣
∣
∣
∣

u0

u1

∣
∣
∣
∣
, φ =

∣
∣
∣
∣

φ0

φ1

∣
∣
∣
∣
, ϕ =

∣
∣
∣
∣

ϕ0

ϕ1

∣
∣
∣
∣
, b =

∣
∣
∣
∣

b0

b1

∣
∣
∣
∣
, be ==

∣
∣
∣
∣

b0e
b1e

∣
∣
∣
∣
, bm =

∣
∣
∣
∣

b0m
b1m

∣
∣
∣
∣

(4.23)

In the next sections, we will consider the applications of the approach developed
here to the plates in Cartesian and polar coordinates as well as for cylindrical and
spherical shells. The first order approximation theory will be considered in more
detail.
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5 Higher Order Theory of Electro-Magneto-Elastic Plates
in Cartesian Coordinates

All of the above equations of the electro-magneto-elastic theory become much sim-
pler for the case plates. Let us first consider the plate in Cartesian coordinates. In
order to simplify and present the corresponding equations in the traditional form
we introduce the Cartesian coordinates x1 = x , x2 = y and x3 = z. In this case,
coefficients of the first quadratic form of a surface and main curvatures are equal to
A1 = 1, A2 = 1, k1 = k2 = 0. After the substitution of those parameters in all of the
above equations, the equations that correspond to the higher order theory of linear
electro-magneto-elasticity of the plates in Cartesian coordinates will be obtained.

The equations of equilibrium and the Maxwell equations for Legendre’s polyno-
mial coefficients in this case have the form (4.12) but the operator of divergence of
the stress tensor and the electric and magnetic displacement vectors in the Cartesian
system of coordinates have the form

∇̃ασ k
αx = ∂σ k

xx
∂x

+ ∂σ k
yx

∂y
− σ k

zx , ∇̃ασ k
αy = ∂σ k

xy

∂x
+ ∂σ k

yy

∂y
− σ k

zy , ∇̃ασ k
αz = ∂σ k

xz
∂x

+ ∂σ k
yz

∂y
− σ k

zz ,

∇̃αD
k
α = ∂Dk

x
∂x

+ ∂Dk
y

∂y
− Dk

z , ∇̃α B
k
α = ∂Bkx

∂x
+ ∂Bky

∂y
− Bkz , α = x, y. (5.1)

where

σ k
zi = 2k + 1

h

(

σ k−1
zi + σ k−3

zi + . . .
)

, i = x, y, z,

Dk
z = 2k + 1

h

(

Dk−1
z + Dk−3

z + . . .
)

, Bk
z = 2k + 1

h

(

Bk−1
z + Bk−3

z + . . .
)

(5.2)

Expressions for the Legendre’s polynomial coefficients of the Cauchy strain ten-
sor, electric field and the magnetic field vectors in this case have the form

εkxx = ∂ukx
∂x

, εkxy = 1

2

(

∂uky
∂x

+ ∂ukx
∂y

)

, εzz = ukz ,

εkxz = 1

2

(
∂ukz
∂x

+ ukx

)

, εkyy = ∂uky
∂y

, εkyz = 1

2

(
∂ukz
∂y

+ uky

)

Ek
x = ∂φk

∂x
, Ek

y = ∂φk

∂y
, Ek

z = φk, Mk
x = ∂ϕk

∂x
, Mk

y = ∂ϕk

∂y
, Mk

z = ϕk

(5.3)

where φk and ϕk are defined in (4.7) and uki is presented as

uki = 2k + 1

h

(

uk+1
i + uk+3

i + . . .
)

, i = x, y, z. (5.4)
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Presented above equations of the electro-magneto-elasticity for the general case
of homogeneous anisotropic material are very complicate. In order to simplify them
and present here important for applications examples following [17, 30, 46, 54] we
considermaterial with hexagonal crystal structure (class 6mm), which is polarized in
the direction of the axis z. In this case the electro-magneto-elastic constants become
significantly simplified and have the form

C̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 (c11 − c12)/2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, D̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 d13
0 0 d13
0 0 d33
0 d51 0
d51 0 0
0 0 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

,

Q̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 q13
0 0 q13
0 0 q33
0 q51 0
q51 0 0
0 0 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, �̃ =
∣
∣
∣
∣
∣
∣

ε11 0 0
0 ε11 0
0 0 ε33

∣
∣
∣
∣
∣
∣

,

B̃ =
∣
∣
∣
∣
∣
∣

β11 0 0
0 β11 0
0 0 β33

∣
∣
∣
∣
∣
∣

, �̃ =
∣
∣
∣
∣
∣
∣

γ11 0 0
0 γ11 0
0 0 γ33

∣
∣
∣
∣
∣
∣

(5.5)

The Legendre’s polynomial coefficients of the stress and strain tensor for material
polarized in the direction of axis z direction in matrix notations (2.19) are defined as
the following

σ̃
k = (σ k

xx , σ
k
yy, σ

k
zz, σ

k
yz, σ

k
xz, σ

k
xy)

ε̃
k = (εkxx , ε

k
yy, ε

k
zz, ε

k
yz, ε

k
xz, ε

k
xy) (5.6)

By substituting matric relations for electro-magneto-elastic constants (5.5) and
vectorial representations for stress and strain tensors (5.6) in the electro-magneto-
elastic constitutive relations for the Legendre’s polynomial coefficients (4.16) we
represent them in the form

σ k
xx = c11ε

k
xx + c12ε

k
yy + c13ε

k
zz − d13E

k
z − q13M

k
z ,

σ k
yy = c12ε

k
xx + c11ε

k
yy + c13ε

k
zz − d13E

k
z − q13M

k
z ,

σ k
zz = c13(ε

k
xx + εkyy) + c33ε

k
zz − d33E

k
z − q33M

k
z , σ k

xy = 1
2 (c11 − c12)ε

k
xy,

σ k
xz = c44ε

k
xz − d51E

k
x − q51M

k
x , σ k

yz = c44ε
k
yz − d51E

k
y − q51M

k
y ,

Dk
x = d51ε

k
xz + ε11E

k
x + β11M

k
x , Dk

y = d51ε
k
yz + ε11E

k
y + β11M

k
y ,
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Dk
z = d13(ε

k
xx + εkyy) + d33ε

k
zz + ε33E

k
z + β33M

k
z ,

Bk
x = q51ε

k
xz + β11E

k
x + γ11M

k
x , Bk

y = q51ε
k
yz + β11E

k
y + γ11M

k
y ,

Bk
z = q13(ε

k
xx + εkyy) + q33ε

k
zz + β33E

k
z + γ33M

k
z , (5.7)

By substituting equations for the Legendre’s polynomial coefficients of the strain
tensor, electric and magnetic field vectors (5.3) into the constitutive equations for
the Legendre’s polynomial coefficients (5.7) we obtain equations for the Legendre’s
polynomial coefficients, the stress tensor and the electric and magnetic displace-
ment vectors expressed in the form of the Legendre’s polynomial coefficients of the
displacement vector and electro and magnetic potentials components in the form

σ k
xx = c11

∂ukx
∂x

+ c12
∂uky
∂y

+ c13u
k
z − d13φ

k − q13ϕ
k , σ k

yy = c11
∂uky
∂y

+ c12
∂ukx
∂x

+ c13u
k
z − d13φ

k − q13ϕ
k ,

σ k
zz = c13

(

∂ukx
∂x

+ ∂uky
∂y

)

− d33φ
k − q33ϕ

k , σ k
yz = c44

2

(

∂ukz
∂y

+ uky

)

− d51
∂φk

∂y
− q51

∂ϕk

∂y
,

σ k
xz = c44

2

(

∂ukz
∂x

+ ukx

)

− d51
∂φk

∂x
− q51

∂ϕk

∂x
, σ k

xy = c11 − c12
4

(

∂ukx
∂y

+ ∂uky
∂x

)

Dx = d51
2

(

∂ukz
∂x

+ ukx

)

+ ε11
∂φk

∂x
+ β11

∂ϕk

∂x
, Dx = d51

2

(

∂ukz
∂x

+ ukx

)

+ ε11
∂φk

∂x
+ β11

∂ϕk

∂x
,

Dz = d13

(

∂ukx
∂x

+ ∂uky
∂y

)

, Bx = q51
2

(

∂ukz
∂x

+ ukx

)

+ β11
∂φk

∂x
+ γ11

∂ϕk

∂x
,

Bx = q51
2

(

∂ukz
∂x

+ ukx

)

+ β11
∂φk

∂x
+ γ11

∂ϕk

∂x
, Bz = q13

(

∂ukx
∂x

+ ∂uky
∂y

)

(5.8)

By substituting the Eqs. (5.8) into the equations of equilibrium (4.12) and taking
into account that the divergence operator for the Legendre’s polynomial coefficients
of the stress tensor and the electric andmagnetic displacement vectors has form (5.1),
we obtain the coupled system of differential equations of the linear electro-magneto-
elasticity for the displacement vector as well as electric and magnetic potentials in
the form (2.13) where elements of the block matrices and block vectors (4.20) have
the form

Lrk
uu =

∣
∣
∣
∣
∣
∣
∣

Lrk
xx Lrk

xy Lrk
xz

Lrk
yx Lrk

yy Lrk
yz

Lrk
zx Lrk

zy Lrk
zz

∣
∣
∣
∣
∣
∣
∣

, Lrk
eu =

∣
∣
∣
∣
∣
∣

Lrk
ex

Lrk
ey

Lrk
ez

∣
∣
∣
∣
∣
∣

, Lrk
mu =

∣
∣
∣
∣
∣
∣

Lrk
mx

Lrk
my

Lrk
mz

∣
∣
∣
∣
∣
∣

, uk =
∣
∣
∣
∣
∣
∣

ukx
uky
ukz

∣
∣
∣
∣
∣
∣

, bk =
∣
∣
∣
∣
∣
∣

bkx
bky
bkz

∣
∣
∣
∣
∣
∣

Lrk
ue =

∣
∣
∣ Lrk

xe Lrk
ye Lrk

ze

∣
∣
∣, Lrk

um =
∣
∣
∣ Lrk

xm Lrk
ym Lrk

zm

∣
∣
∣, (5.9)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero.

Below, all elements of the matrices (5.9) for the case of the first order theory of
the linear couple electro-magneto-elastic theory of plates in Cartesian coordinates
are presented in the form
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L00xx = c11
∂2

∂x2
+ c11 − c12

4

∂2

∂y2
, L00xy = c11 + 3c12

4

∂2

∂x∂y
, L00xz = 0, L01xx = 0,

L01xy = 0, L01xz = c13
h

∂

∂x
, L00xe = 0, L01xe = − d13

h

∂

∂x
, L00xm = 0, L01xm = −q13

h

∂

∂x
,

L00yx = c11 + 3c12
4

∂2

∂x∂y
, L00yy = c11

∂2

∂y2
+ c11 − c12

4

∂2

∂x2
, L00yz = 0, L01yx = 0,

L01yy = 0, L01yz = c13
h

∂

∂x
, L00ye = 0, L01ye = − d13

h

∂

∂y
, L00ym = 0, L01ym = −q13

h

∂

∂y
,

L00zx = 0, L00zy = 0, L00zz = c44
2

(

∂2

∂x2
+ ∂2

∂y2

)

, L01zx = c44
2h

∂

∂x
,

L01zy = c44
2h

∂

∂y
, L01zz = 0, L00ze = −d51

(

∂2

∂x2
+ ∂2

∂y2

)

,

L01ze = 0, L00zm = −q51

(

∂2

∂x2
+ ∂2

∂y2

)

, L01zm = 0, L10xx = 0,

L10xy = 0, L10xz = − 3c44
2h

∂

∂x
, L11xx = c11

∂2

∂x2
+ c11 − c12

4

∂2

∂y2
− 3c44

2h2
,

L11xy = c11 + 3c12
4

∂2

∂x∂y
, L11xz = 0, L10xe = 3d51

h

∂

∂x
, L11xe = 0,

L10xm = 3q51
h

∂

∂x
, L11xm = 0, L10yx = 0, L10yy = 0,

L10
yz = −3c44

2h

∂

∂y
, L11

yx = c11 + 3c12
4

∂2

∂x∂y
,

L11
yy = c11

∂2

∂x2
+ c11 − c12

4

∂2

∂y2
− 3c44

2h2
, L11

yz = 0, L10
ye = 3d51

h

∂

∂y
,

L11
ye = 0, L10

ym = 3q51
h

∂

∂y
, L11

ym = 0, L10
zx = 3c13

h

∂

∂x
,

L10
zy = 3c13

h

∂

∂y
, L10

zz = 0, L11
zx = 0, L11

zy = 0,

L11
zz = c44

2

(
∂2

∂x2
+ ∂2

∂y2

)

+ 3c33
h2

, L10
ze = 0,

L11
ze = −d51

(
∂2

∂x2
+ ∂2

∂y2

)

+ 3d33
h2

, L10
zm = 0,

L11
zm = −q51

(
∂2

∂x2
+ ∂2

∂y2

)

+ 3q33
h2

, L00
ex = 0, L00

ey = 0,

L00
ez = d51

2

(
∂2

∂x2
+ ∂2

∂y2

)

, L01
ex = d51

2h

∂

∂x
, L01

ey = d51
2h

∂

∂y
, L01

ez = 0,

L00
ee = ε11

(
∂2

∂x2
+ ∂2

∂y2

)

, L01
ee = 0, L10

em = β11

(
∂2

∂x2
+ ∂2

∂y2

)

, L11
em = 0,

(5.10)
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L00mx = 0, L00my = 0, L00mz = q51
2

(

∂2

∂x2
+ ∂2

∂y2

)

, L01mx = q51
2h

∂

∂x
,

L01my = q51
2h

∂

∂y
, L01mz = 0, L00me = β11

(

∂2

∂x2
+ ∂2

∂y2

)

, L01me = 0,

L10mm = γ11

(

∂2

∂x2
+ ∂2

∂y2

)

, L11mm = 0, L10ex = − 3d13
h

∂

∂x
,

L10ey = − 3d13
h

∂

∂y
, L10ez = 0, L11ex = 0, L11ey = 0,

L11ez = d51
2

(

∂2

∂x2
+ ∂2

∂y2

)

− 3d33
h2

, L10ee = 0, L11ee = ε11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3ε33
h2

,

L10em = 0, L11em = β11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3β33
h2

, L10mx = − 3q13
h

∂

∂x
,

L10my = − 3q13
h

∂

∂y
, L10mz = 0, L11mx = 0, L11my = 0,

L11mz = q51
2

(

∂2

∂x2
+ ∂2

∂y2

)

− 3q33
h2

, L10me = 0,

L11me = β11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3β33
h2

, L10mm = 0, L11mm = γ11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3γ33
h2

,

A complete 2-D system of the differential equations for the higher order theory of
the electro-magneto-elastic plates in the Cartesian system of coordinates is presented
in this section. Explicit expressions for divergences of the Legendre’s polynomial
coefficients of stress tensor and the electric and magnetic displacement vectors (5.1),
for the Legendre’s polynomial coefficients of strain tensor and electric field and
the magnetic field vectors (5.3) and for the Legendre’s polynomial coefficients of
stress tensor and the electric and magnetic displacement vectors (5.8) as functions of
the Legendre’s polynomial coefficients of displacements and electric and magnetic
potentials for higher order theory of plates are presented here. For the case of the first
order approximation theory, elements of matrix differential operators (5.9), that are
included in the equations of equilibrium (5.13) are also presented in the explicit form
(5.10). They can be used for theoretical analysis, as well as analytical and numerical
solutions of the problems arising in science and engineering.

6 Higher Order Theory of Electro-Magneto-Elastic Plates
in Polar Coordinates

Sometimes polar coordinates are preferred for theoretical analysis as well for analyti-
cal and numerical computations, especially in the case of radially polarizedmaterials.
Therefore, let us develop equations for the high theory of the linear electro-magneto-
elastic plates in polar coordinates. In this case we have notations x1 = ρ, x2 = ϕ

and x3 = z. Coefficients of the first quadratic form of a surface and main curvatures
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are equal to A1 = 1, A2 = ρ, and k1 = k2 = 0 respectively. After the substitution
of those parameters in all of the above equations, the equations that correspond to
the higher order theory of linear electro-magneto-elasticity of the plates in polar
coordinates will be obtained.

The equations of equilibrium and Maxwell equations for Legendre’s polynomial
coefficients in this case have the form (3.12) but the operator of divergence of the
stress tensor and the electric and magnetic displacement vectors in the polar system
of coordinates have the form

∇̃ασ k
αρ = ∂σ k

ρρ

∂ρ
+ 1

ρ

∂σ k
ϕρ

∂ϕ
+ σ k

ρρ − σ k
ϕϕ

ρ
− σ k

zρ,

∇̃ασ k
αϕ = ∂σ k

ρϕ

∂ρ
+ ∂σ k

ϕϕ

∂ϕ

1

ρ
+ σ k

ρϕ − σ k
ϕρ

ρ
− σ k

zϕ,

∇̃ασ k
αx = ∂σ k

ρz

∂ρ
+ 1

ρ

∂σ k
ϕz

∂ϕ
+ 1

ρ
σ k

ρz − σ k
zz

∇̃αD
k
α = ∂Dk

ρ

∂ρ
+ Dk

ρ

ρ
+ 1

ρ

∂Dk
ϕ

∂ϕ
− Dk

z ,

∇̃αB
k
i = ∂Bk

ρ

∂ρ
+ Bk

ρ

ρ
+ 1

ρ

∂Bk
ϕ

∂ϕ
− Bk

z , α = ρ, ϕ. (6.1)

where

σ k
zi = 2k + 1

h

(

σ k−1
zi + σ k−3

zi + . . .
)

, i = α = ρ, ϕ, z,

Dk
z = 2k + 1

h

(

Dk−1
z + Dk−3

z + . . .
)

, Bk
z = 2k + 1

h

(

Bk−1
z + Bk−3

z + . . .
)

(6.2)

Expressions for the Legendre’s polynomial coefficients of the Cauchy strain ten-
sor, electric field and the magnetic field vectors in this case have the form

εkρρ = ∂ukρ
∂ρ

, εkρϕ = 1

2

(

∂ukϕ
∂ρ

+ 1

ρ

∂ukρ
∂ϕ

− ukϕ
ρ

)

, εzz = ukz ,

εkρz = 1

2

(
∂ukz
∂ρ

+ ukρ

)

, εkϕϕ = 1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

, εkϕz = 1

2

(
1

ρ

∂ukz
∂ϕ

+ ukϕ

)

Ek
π = ∂φk

∂ρ
, Ek

ϕ = 1

ρ

∂φk

∂ϕ
, Ek

z = φk, Mk
ρ = ∂ϕk

∂ρ
, Mk

y = 1

ρ

∂ϕk

∂ϕ
, Mk

z = ϕk

(6.3)

where φk and ϕk are defined in (4.7) and uki is presented as

uki = 2k + 1

h

(

uk+1
i + uk+3

i + . . .
)

, i = ρ, ϕ, z. (6.4)
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For the same reason as in the previous section we consider a material with a
hexagonal crystal structure (class 6 mm), but polarized in the radial axis ρ . In
this case the constitutive relations have the same form (5.5), but the Legendre’s
polynomial coefficients of the stress and strain tensor in matrix notations (2.19) are
defined as the following

σ̃
k = (σ k

zz, σ
k
ϕϕ, σ k

ρρ, σ
k
ρϕ, σ k

ρz, σ
k
ϕz)

ε̃
k = (εkzz, ε

k
ϕϕ, εkρρ, ε

k
ρϕ, εkρz, ε

k
ϕz) (6.5)

By substituting matric relations for electro-magneto-elastic constants (5.5) and
vectorial representations for stress and strain tensors (6.5) in the electro-magneto-
elastic constitutive relations for the Legendre’s polynomial coefficients (4.16) we
represent them in the form

σ k
ρρ = c33ε

k
ρρ + c13(ε

k
ϕϕ + εkzz) − d33E

k
ρ − q33M

k
ρ,

σ k
ϕϕ = c13ε

k
ρρ + c11ε

k
ϕϕ + c12ε

k
zz − d13E

k
ρ − q13M

k
ρ,

σ k
zz = c13ε

k
ρρ + c12ε

k
ϕϕ + c11ε

k
zz − d13E

k
ρ − q13M

k
ρ,

σ k
ρϕ = c44ε

k
ρϕ − d51E

k
ϕ − q51M

k
ϕ,

σ k
ρz = c44ε

k
ρz − d51E

k
z − q51M

k
z ,

σ k
ϕz = 1

2 (c11 − c12)ε
k
ϕz,

Dk
ρ = d13(ε

k
ϕϕ + εkzz) + d33ε

k
ρρ + ε33E

k
ρ + β33M

k
ρ,

Dk
ϕ = d51ε

k
ρϕ + ε11E

k
ϕ + β11M

k
ϕ,

Dk
z = d51ε

k
ρz + ε11E

k
z + β11M

k
z ,

Bk
ρ = q13(ε

k
ϕϕ + εkzz) + q33ε

k
ρρ + β33E

k
ρ + γ33M

k
ρ,

Bk
ϕ = q51ε

k
ρϕ + β11E

k
ϕ + γ11M

k
ϕ,

Bk
z = q51ε

k
ρz + β11E

k
z + γ11M

k
z (6.6)

By substituting equations for the Legendre’s polynomial coefficients of the strain
tensor, electric and magnetic field vectors (6.3) into the constitutive equations for
the Legendre’s polynomial coefficients (6.6) we obtain equations for the Legendre’s
polynomial coefficients the stress tensor and the electric and magnetic displacement
vectors expressed in the form of the Legendre’s polynomial coefficients of the dis-
placement vector and electro and magnetic potentials components in the form

σ k
ρρ = c33

∂ukρ
∂ρ

+ c13

(

1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

+ 2ukz

)

− d33φ
k − q33ϕ

k,

σ k
ϕϕ = c11

(

1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

)

+ c13
∂ukρ
∂ρ

+ c12u
k
z − d13φ

k − q13ϕ
k,
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σ k
zz = c13

∂ukρ
∂ρ

+ c12

(

1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

)

+ c11u
k
z − d13φ

k − q13ϕ
k,

σ k
ρϕ = c44

2

(

∂ukϕ
∂ρ

+ 1

ρ

∂ukρ
∂ϕ

− ukϕ
ρ

)

− d51
1

ρ

∂φk

∂ϕ
− 1

ρ
q51

∂ϕk

∂ϕ
,

σ k
ρz = c44

2

(
∂ukz
∂ρ

+ ukρ

)

− d51
∂φk

∂ρ
− q51

∂ϕk

∂ρ
, σ k

ϕz = c11 − c12
4

(
1

ρ

∂ukz
∂ϕ

+ ukϕ

)

Dρ = d33
∂ukρ
∂ρ

+ d13

(

1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

+ ukz

)

+ ε33
∂φk

∂ρ
+ β33

∂ϕk

∂ρ
,

Dϕ = d51
2

(

∂ukϕ
∂ρ

+ 1

ρ

∂ukρ
∂ϕ

− ukϕ
ρ

)

+ ε11
1

ρ

∂φk

∂ϕ
+ β11

1

ρ

∂ϕk

∂ϕ
,

Dz = d52
2

(
∂ukz
∂ρ

+ ukρ

)

+ ε11φ
k + β11ϕ

k,

Bρ = q33
∂ukρ
∂ρ

+ d13

(

1

ρ

∂ukϕ
∂ϕ

+ ukρ
ρ

+ ukz

)

+ β33
∂φk

∂ρ
+ γ33

∂ϕk

∂ρ
,

Bϕ = q51
2

(

∂ukϕ
∂ρ

+ 1

ρ

∂ukρ
∂ϕ

− ukϕ
ρ

)

+ β11
1

ρ

∂φk

∂ϕ
+ γ11

1

ρ

∂ϕk

∂ϕ
,

Bz = q52
2

(
∂ukz
∂ρ

+ ukρ

)

+ β11φ
k + γ11ϕ

k, (6.7)

By substituting the Eqs. (5.8) into the equations of equilibrium (4.12) and taking
into account that the divergence operator for the Legendre’s polynomial coefficients
of the stress tensor and the electric andmagnetic displacement vectors has form (5.1),
we obtain the coupled system of differential equations of the linear electro-magneto-
elasticity for the displacement vector as well as electric and magnetic potentials in
the form (2.13) where elements of the block matrices and block vectors (4.20) have
the form

Lrkuu =

∣
∣
∣
∣
∣
∣
∣

Lrkρρ Lrkρϕ Lrkρz
Lrkϕρ Lrkϕϕ Lrkϕz
Lrkzρ Lrkzϕ Lrkzz

∣
∣
∣
∣
∣
∣
∣

, Lrkeu =

∣
∣
∣
∣
∣
∣
∣

Lrkeρ
Lrkeϕ
Lrkez

∣
∣
∣
∣
∣
∣
∣

, Lrkmu =

∣
∣
∣
∣
∣
∣
∣

Lrkmρ

Lrkmϕ

Lrkmz

∣
∣
∣
∣
∣
∣
∣

, uk =

∣
∣
∣
∣
∣
∣
∣

ukρ
ukϕ
ukz

∣
∣
∣
∣
∣
∣
∣

, bk =

∣
∣
∣
∣
∣
∣
∣

bkρ
bkϕ
bkz

∣
∣
∣
∣
∣
∣
∣

Lrkue =
∣
∣
∣ Lrkρe Lrkϕe Lrkze

∣
∣
∣, Lrkum =

∣
∣
∣ Lrkρm Lrkϕm Lrkzm

∣
∣
∣, (6.8)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero.

Below, all elements of the matrices (5.9) for the case of the first order theory of
the linear couple electro-magneto-elastic theory of plates in Cartesian coordinates
are presented in the form
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L00
ρρ = c33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ c44
2ρ2

∂2

∂ϕ2
− c11

ρ2
,

L00
ρϕ = c44 + 2c13

2ρ

∂2

∂ρ∂ϕ
− c44 + 2c11

2ρ

∂

∂ϕ
,

L00
xz = 0, L01

xx = 0, L01
xy = 0, L01

ρz = c13
h

∂

∂ρ
+ c13 − c12

ρh
,

L01
ρe = 0, L01

ρm = 0, L00
ρe = −d33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ d13
ρ

∂

∂ρ
− d51

ρ2

∂2

∂ϕ2
,

L00
ρm = −q33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ q13
ρ

∂

∂ρ
− q51

ρ2

∂2

∂ϕ2
,

L00
ϕρ = c44 + 2c13

2ρ

∂2

∂ρ∂ϕ
+ c44 + 2c11

2ρ

∂

∂ϕ
,

L00
ϕϕ = c44

2

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ
− 1

ρ2

)

+ c11
ρ2

∂2

∂ϕ2
, L00

ρz = 0,

L01
ϕρ = 0, L01

ϕϕ = 0, L01
ϕz = c12

ρh
ϕ,

L00
ϕe = −d13 + d51

ρ

∂2

∂ρ∂ϕ
− d51

ρ2

∂

∂ϕ
, L01

ϕe = 0,

L00
ϕm = −q13 + q51

ρ

∂2

∂ρ∂ϕ
− q51

ρ2

∂

∂ϕ
, L01

ϕm = 0,

L00
zρ = 0, L00

zϕ = 0, L00
zz = c44

2

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ c11 − c12
4ρ2

∂2

∂ϕ2
,

L01
zρ = c44

2h

(
∂

∂ρ
+ 1

ρ

)

, L01
zϕ = c11 − c12

4ρh

∂

∂ϕ
, L01

zz = 0,

L00
ze = 0, L01

ze = −d13
h

(
∂

∂ρ
+ 1

ρ

)

, L00
zm = 0, L01

zm = −q13
h

(
∂

∂ρ
+ 1

ρ

)

,

L10
ρρ = 0, L10

ρϕ = 0, L10
ρz = − 3c44

2h

∂

∂ρ
, L11

ρρ = c33

(
∂2

∂ρ2 + 1

ρ

∂

∂ρ

)

+ c44
2ρ2

∂2

∂ϕ2 − 3c44
2h2

− c11
ρ2 ,

L11
ρϕ

c44 + 2c13
2ρ

∂2

∂ρ∂ϕ
− c44 + 2c11

2ρ

∂

∂ϕ
, L11

xz = 0,

L11
ρe = −d33

(
∂2

∂ρ2 + 1

ρ

∂

∂ρ

)

− d51

(
1

ρ2

∂2

∂ϕ2 − 3

h2

)

+ d13
1

ρ

∂

∂ρ
, L10

ρe = 0,

L11
xm = −d33

(
∂2

∂ρ2 + 1

ρ

∂

∂ρ

)

− d51

(
1

ρ2

∂2

∂ϕ2 − 3

h2

)

+ d13
1

ρ

∂

∂ρ
, L10

xm = 0,

L10
ϕx = 0, L10

ϕϕ = 0, L10
ϕz = − 3(c11 − c12)

4ρh

∂

∂ϕ
, L11

ϕx = c44 + 2c13
4ρ

∂2

∂ρ∂ϕ
+ c44 + 2c11

2ρ2

∂

∂ϕ
,

L11
ϕϕ = c44

2

(
∂2

∂ρ2 + 1

ρ

∂

∂ρ
− 1

ρ

)

+ c11

(
1

ρ2

∂2

∂ϕ2 − 3

4h2

)

− 3c12
4h2

, L11
ϕz = 0,

L10
ϕe = 0, L11

ϕe = − d13 + d51
ρ

∂2

∂ρ∂ϕ
− d51

ρ2

∂

∂ϕ
, L10

ϕm = 0, L11
ϕm = −q13 + q51

ρ

∂2

∂ρ∂ϕ
− q51

ρ2

∂

∂ϕ
,
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L10
zρ = − 3c13

h

(
∂

∂ρ
+ 1

ρ

)

, L10
zy = − 3c12

ρh

∂

∂ϕ
, L10

zz = 0, L11
zx = 0, L11

zy = 0, L11
ze = 0, L11

zm = 0,

L11
zz = c44

2

(
∂2

∂ρ2 + 1

ρ

∂

∂ρ

)

+ c11 − c12
4ρ2

∂2

∂ϕ2 − 3c11
h2

, L10
ze = 3d13

h2
∂

∂ρ
, L10

zm = 3q13
h2

∂

∂ρ
,

L00
eρ = d33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ d13
ρ

∂

∂ρ
+ d51

2ρ2

∂2

∂ϕ2
,

L00
eϕ = d51 + 2d13

2ρ

∂2

∂ρ∂ϕ
− d51

2ρ2
ϕ,

L00
ez = d13

h

(
∂

∂ρ
+ 1

ρ

)

, L01
eρ = 0, L01

eϕ = 0, L01
ez = 0,

L00
ee = ε33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ ε11

ρ2

∂2

∂ϕ2
, L01

ee = 0,

L10
em = β33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ β11

ρ2

∂2

∂ϕ2
, L11

em = 0,

L00
mρ = q33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ q13
ρ

∂

∂ρ
+ q51

2ρ2

∂2

∂ϕ2
,

L00
mϕ = q51 + 2q13

2ρ

∂2

∂ρ∂ϕ
− d51

2ρ2
ϕ, L00

mz = q
d13
h

(
∂

∂ρ
+ 1

ρ

)

,

L01
mρ = 0, L01

mϕ = 0, L01
mz = 0,

L00
me = β33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ γ11

ρ2

∂2

∂ϕ2
, L01

me = 0,

L10
mm = γ33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ γ11

ρ2

∂2

∂ϕ2
, L11

mm = 0,

L10
eρ = 0, L10

eϕ = 0, L00
ez = −3d51

2h

∂

∂ρ
,

L11
eρ = d33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ d51
2ρ2

∂2

∂ϕ2
+ d13

ρ

∂

∂ρ
− 3d51

2h2
,

L11
eϕ = d51 + 2d13

2ρ

∂2

∂ρ∂ϕ
− d51

2ρ2

∂

∂ρ
ϕ, L11

ez = 0,

L10
ee = 0, L11

ee = ε33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ ε11

ρ2

∂2

∂ϕ2
− 3ε11

h2
,

L10
em = 0, L11

em = β33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ β11

ρ2

∂2

∂ϕ2
− 3β11

h2
,

L10
mρ = 0, L10

mϕ = 0, L10
mz = −3q51

2h

∂

∂ρ
,

L11
mρ = q33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ q51
2ρ2

∂2

∂ϕ2
+ q13

ρ

∂

∂ρ
− 3q51

2h2
,
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L11
mϕ = q51 + 2q13

2ρ

∂2

∂ρ∂ϕ
− d51

2ρ2

∂

∂ρ
ϕ, L11

mz = 0,

L10
me = 0, L11

me = β33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ β11

ρ2

∂2

∂ϕ2
− 3β11

h2
,

L10
mm = 0, L11

mm = γ33

(
∂2

∂ρ2
+ 1

ρ

∂

∂ρ

)

+ γ11

ρ2

∂2

∂ϕ2
− 3γ11

h2
. (6.9)

A complete 2-D system of the differential equations for the higher order theory
of the electro-magneto-elastic plates in the polar system of coordinates is presented
in this section. Explicit expressions for divergences of the Legendre’s polynomial
coefficients of stress tensor and the electric and magnetic displacement vectors (6.1),
for the Legendre’s polynomial coefficients of strain tensor and electric field and
the magnetic field vectors (6.3) and for the Legendre’s polynomial coefficients of
stress tensor and the electric and magnetic displacement vectors (6.7) as functions of
the Legendre’s polynomial coefficients of displacements and electric and magnetic
potentials for higher order theory of plates are presented here. For the case of the first
order approximation theory, elements of matrix differential operators (6.8), that are
included in the equations of equilibrium (2.13) are also presented in the explicit form
(6.9). They can be used for theoretical analysis, as well as analytical and numerical
solutions of the problems arising in science and engineering.

7 Higher Order Theory of Electro-Magneto-Elastic
Cylindrical Shell

Models of the electro-magneto-elastic shells of cylindrical geometry are very impor-
tant and often used in theoretical analysis as well as applied in sciences and engineer-
ing. Therefore, we will develop equations for the higher order theory of linear elastic
cylindrical shells here. Let us introduce cylindrical coordinates and such that x1 = x ,
x2 = ϕ and x3 = r , r ∈ [R − h, R + h]. Coefficients of the first quadratic form of
a surface and main curvatures are equal to A1 = 1, A2 = R, and k1 = 0, k2 = 1

R ,
respectively. After the substitution of those parameters in the Eqs. (4.12)–(4.16),
the equations that correspond to the higher order theory of linear electro-magneto-
elasticity of the of cylindrical shell will be obtained.

The equations of equilibrium and Maxwell equations for Legendre’s polynomial
coefficients in this case have the form (4.12) but the operator of divergence of the
stress tensor and the electric and magnetic displacement vectors in the cylindrical
system of coordinates have the form

∇̃ασ k
αx = ∂σ k

xx

∂x
+ 1

R

∂σ k
ϕx

∂ϕ
+ σ k

rx

R
− σ k

rx

R
, ∇̃ασ k

αϕ = ∂σ k
xϕ

∂x
+ 1

R

∂σ k
ϕϕ

∂ϕ
+ 2σ k

ϕr

R
−

σ k
rϕ

R
,

∇̃ασ k
αr = ∂σ k

xr

∂x
+ 1

R

∂σ k
ϕr

∂ϕ
+ σ k

ϕϕ + σ k
rr

R
− σ k

rr

R
,
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∇̃αD
k
α = ∂Dk

x

∂x
+ 1

R

∂Dk
ϕ

∂ϕ
+ Dk

r

2R
− Dk

r , ∇̃αB
k
α = ∂Bk

x

∂x
+ 1

R

∂Bk
ϕ

∂ϕ
+ Bk

r

2R
− Bk

r , α = x, ϕ. (7.1)

where

σ k
ri = 2k + 1

h

(

σ k−1
ri + σ k−3

ri + . . .
)

, i = x, ϕ, r, Dk
r = 2k + 1

h

(

Dk−1
r + Dk−3

r + . . .
)

, Bk
r = 2k + 1

h

(

Bk−1
r + Bk−3

r + . . .
)

(7.2)

Expressions for the Legendre’s polynomial coefficients of the Cauchy strain ten-
sor, electric field and the magnetic field vectors in this case have the form

εkxx = ∂ukx
∂x

, εkxϕ = 1

2

(

∂ukϕ
∂x

+ 1

R

∂ukx
∂ϕ

)

, εrr = ukr ,

εkxr = 1

2

(

∂ukr
∂x

+ ukx

)

, εkϕϕ = 1

R

∂ukϕ
∂ϕ

+ ukr
R

, εkϕr = 1

2

(

∂ukr
∂ϕ

− ukϕ
R

+ uky

)

Ek
x = ∂φk

∂x
, Ek

ϕ = 1

R

∂φk

∂ϕ
, Ek

r = φk , Mk
x = ∂ϕk

∂x
, Mk

ϕ = 1

R

∂ϕk

∂ϕ
, Mk

r = ϕk (7.3)

where φk and ϕk are defined in (4.7) and uki is presented as

uki = 2k + 1

h

(

uk+1
i + uk+3

i + . . .
)

, i = x, ϕ, r. (7.4)

For the same reason as in the previous section, in order to simplify future consid-
eration following [30, 54] we consider a material with a hexagonal crystal structure
(class 6 mm material). For a cylindrical shell we can consider axial, radial and cir-
cular polarization of the shell material. In all of these cases the constitutive relations
can be considered in the form (5.5), but the Legendre’s polynomial coefficients of
the stress and strain tensor in matrix notations (2.19) are defined in a different way
for each case of polarization.

For materials polarized in the axial direction, related to axis x they are defined as
the following

σ̃
k = (σ k

rr , σ
k
ϕϕ, σ k

xx , σ
k
xϕ, σ k

xr , σ
k
ϕr )

ε̃
k = (εkrr , ε

k
ϕϕ, εkxx , ε

k
xϕ, εkxr , ε

k
ϕr )

, (7.5)

and constitutive relations (4.16) have the form

σ k
xx = c33ε

k
xx + c13(ε

k
ϕϕ + εkrr ) − d33E

k
x − q33M

k
x ,

σ k
ϕϕ = c13ε

k
xx + c11ε

k
ϕϕ + c13ε

k
rr − d13E

k
x − q13M

k
x ,

σ k
rr = c13ε

k
xx + c12ε

k
ϕϕ + c11ε

k
rr − d13E

k
x − q13M

k
x ,

σ k
xϕ = c44ε

k
xϕ − d51E

k
ϕ − q51M

k
ϕ,

σ k
xr = c44ε

k
xr − d51E

k
r − q51M

k
r , σ k

ϕr = 1
2 (c11 − c12)ε

k
ϕr ,
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Dk
x = d13(ε

k
ϕϕ + εkrr ) + d33ε

k
xx + ε33E

k
x + β33M

k
x

Dk
ϕ = d51ε

k
xϕ + ε11E

k
ϕ + β11M

k
ϕ, Dk

r = d51ε
k
xr + ε11E

k
r + β11M

k
r ,

Bk
x = q13(ε

k
ϕϕ + εkrr ) + q33ε

k
xx + β33E

k
x + γ33M

k
x

Bk
ϕ = q51ε

k
xϕ + β11E

k
ϕ + γ11M

k
ϕ, Bk

r = q51ε
k
xr + β11E

k
r + γ11M

k
r , (7.6)

For materials polarized in the radial direction, related to axis r they are defined
as the following

σ̃
k = (σ k

xx , σ
k
ϕϕ, σ k

rr , σ
k
ϕr , σ

k
xr , σ

k
rϕ)

ε̃
k = (εkxx , ε

k
ϕϕ, εkrr , ε

k
ϕr , ε

k
xr , ε

k
rϕ)

, (7.7)

and constitutive relations (4.16) have the form

σ k
xx = c11ε

k
xx + c12ε

k
ϕϕ + c13ε

k
rr − d13E

k
r − q13M

k
r ,

σ k
ϕϕ = c12ε

k
xx + c11ε

k
ϕϕ + c13ε

k
rr − d13E

k
r − q13M

k
r ,

σ k
rr = c13(ε

k
xx + εkϕϕ) + c33ε

k
rr − d33E

k
r − q33M

k
r ,

σ k
xϕ = 1

2 (c11 − c12)ε
k
xϕ,

σ k
xr = c44ε

k
xr − d51E

k
x − q51M

k
x , σ k

ϕr = c44ε
k
ϕr − d51E

k
ϕ − q51M

k
ϕ,

Dk
x = d51ε

k
xr + ε11E

k
x + β11M

k
x , Dk

ϕ = d51ε
k
ϕr + ε11E

k
ϕ + β11M

k
ϕ,

Dk
r = d13(ε

k
xx + εkϕϕ) + d33ε

k
rr + ε33E

k
r + β33M

k
r ,

Bk
x = q51ε

k
xr + β11E

k
x + γ11M

k
x , Bk

ϕ = q51ε
k
ϕr + β11E

k
ϕ + γ11M

k
ϕ,

Bk
r = q13(ε

k
xx + εkϕϕ) + q33ε

k
rr + β33E

k
r + γ33M

k
r , (7.8)

For material polarized in the circular direction, related to axis ϕ they are defined
as the following

σ̃
k = (σ k

xx , σ
k
rr , σ

k
ϕϕ, σ k

rϕ, σ k
ϕr , σ

k
xr )

ε̃
k = (εkxx , ε

k
rr , ε

k
ϕϕ, εkrϕ, εkϕr , ε

k
xr )

, (7.9)

and constitutive relations (4.16) have the form

σ k
xx = c11ε

k
xx + c13ε

k
ϕϕ + c12ε

k
rr − d13E

k
ϕ − q13M

k
ϕ,

σ k
ϕϕ = c13ε

k
xx + c11ε

k
ϕϕ + c13ε

k
rr − d13E

k
ϕ − q13M

k
ϕ,

σ k
rr = c13(ε

k
xx + εkrr ) + c33ε

k
ϕϕ − d33E

k
ϕ − q33M

k
ϕ,

σ k
xϕ = c44ε

k
xϕ − d51E

k
x − q51M

k
x ,

σ k
xr = 1

2 (c11 − c12)ε
k
xr , σ k

ϕr = c44ε
k
ϕr − d51E

k
r − q51M

k
r ,

Dk
x = d51ε

k
xϕ + ε11E

k
x + β11M

k
x , Dk

r = d51ε
k
ϕr + ε11E

k
r + β11M

k
r ,
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Dk
ϕ = d13(ε

k
xx + εkrr ) + d33ε

k
ϕϕ + ε33E

k
ϕ + β33M

k
ϕ,

Bk
x = q51ε

k
xϕ + β11E

k
x + γ11M

k
x , Bk

r = q51ε
k
ϕr + β11E

k
r + γ11M

k
r ,

Bk
ϕ = q13(ε

k
xx + εkrr ) + q33ε

k
ϕϕ + β33E

k
ϕ + γ33M

k
ϕ. (7.10)

By substituting equations for the Legendre’s polynomial coefficients of the strain
tensor, electric and magnetic field vectors (7.3) into the constitutive equations for the
Legendre’s polynomial coefficients (7.6), (7.8) or (7.10) we obtain equations for the
Legendre’s polynomial coefficients the stress tensor and the electric and magnetic
displacement vectors expressed in the form of the Legendre’s polynomial coefficients
of the displacement vector and electro and magnetic potentials components.

Here, we consider inmore detail the case of axial polarization (7.5). In this case the
Legendre’s polynomial coefficients, the stress tensor and the electric and magnetic
displacement vectors expressed are presented in the form of the Legendre’s poly-
nomial coefficients of the displacement vector and electro and magnetic potentials
components as the following

σ k
xx = c33

∂ukx
∂x

+ c13

(

1

R

∂ukϕ
∂ϕ

+ ukr
R

+ ukr

)

− d33
∂φk

∂x
− q33

∂ϕk

∂x
,

σ k
ϕϕ = c13

∂ukx
∂x

+ c11

(

1

R

∂ukϕ
∂ϕ

+ ukr
R

)

+ c13u
k
r − d13

∂φk

∂x
− q13

∂ϕk

∂x
,

σ k
rr = c13

∂ukx
∂x

+ c12

(

1

R

∂ukϕ
∂ϕ

+ ukr
R

)

+ c11u
k
r − d13

∂φk

∂x
− q13

∂ϕk

∂x
,

σ k
xϕ = c44

2

(

∂ukϕ
∂x

+ 1

R

∂ukx
∂ϕ

)

− d51
R

∂φk

∂ϕ
− q51

R

∂ϕk

∂ϕ
,

σ k
xr = c44

2

(

∂ukr
∂x

+ ukx

)

− d51φ
k − q51ϕ

k σ k
ϕr = c11 − c12

4

(

∂ukr
∂ϕ

− ukϕ
R

+ uky

)

,

Dk
x = d13

(

1

R

∂ukϕ
∂ϕ

+ ukr
R

+ ukr

)

+ d33
∂ukx
∂x

+ ε33
∂φk

∂x
+ β33

∂ϕk

∂x

Dk
ϕ = d51

2

(

∂ukϕ
∂x

+ 1

R

∂ukx
∂ϕ

)

+ ε11
R

∂φk

∂ϕ
+ β11

R

∂ϕk

∂ϕ
, Dk

r = d51
2

(

∂ukr
∂x

+ ukx

)

+ ε11φ
k + β11ϕ

k ,

Bkx = q13

(

1

R

∂ukϕ
∂ϕ

+ ukr
R

+ ukr

)

+ q33
∂ukx
∂x

+ β33
∂φk

∂x
+ γ33

∂ϕk

∂x

Bkϕ = q51
2

(

∂ukϕ
∂x

+ 1

R

∂ukx
∂ϕ

)

+ β11
R

∂φk

∂ϕ
+ γ11

R

∂ϕk

∂ϕ
, Bkr = q51

2

(

∂ukr
∂x

+ ukx

)

+ β11φ
k + γ11ϕ

k , (7.11)

By substituting the Eqs. (7.11) into the equations of equilibrium (4.12) and taking
into account that the divergence operator for the Legendre’s polynomial coefficients
of the stress tensor and the electric and magnetic displacement vectors have form
(7.1), we obtain the coupled system of differential equations of the linear electro-
magneto-elasticity for the displacement vector as well as electric and magnetic
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potentials in the form (2.13) where elements of the block matrices and block vectors
(4.20) have the form

Lrk
uu =

∣
∣
∣
∣
∣
∣
∣

Lrk
xx Lrk

xϕ Lrk
xr

Lrk
ϕx Lrk

ϕϕ Lrk
ϕr

Lrk
rx Lrk

rϕ Lrk
rr

∣
∣
∣
∣
∣
∣
∣

, Lrk
eu =

∣
∣
∣
∣
∣
∣
∣

Lrk
ex

Lrk
eϕ

Lrk
er

∣
∣
∣
∣
∣
∣
∣

, Lrk
mu =

∣
∣
∣
∣
∣
∣
∣

Lrk
mx

Lrk
mϕ

Lrk
mr

∣
∣
∣
∣
∣
∣
∣

, uk =

∣
∣
∣
∣
∣
∣
∣

ukx
ukϕ
ukr

∣
∣
∣
∣
∣
∣
∣

, bk =

∣
∣
∣
∣
∣
∣
∣

bkx
bkϕ
bkr

∣
∣
∣
∣
∣
∣
∣

Lrk
ue =

∣
∣
∣ Lrk

xe Lrk
ϕe Lrk

re

∣
∣
∣, Lrk

um =
∣
∣
∣ Lrk

xm Lrk
ϕm Lrk

rm

∣
∣
∣, (7.12)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero.

Below, all elements of the matrices (5.9) for the case of the first order theory of
the linear couple electro-magneto-elastic theory of plates in Cartesian coordinates
are presented in the form

L00
xx = c11

∂2

∂x2
+ c11 − c12

4

∂2

∂y2
, L00

xy = c11 + 3c12
4

∂2

∂x∂y
,

L00
xz = 0, L01

xx = 0, L01
xy = 0, L01

xz = c13
h

∂

∂x
,

L00
xe = 0, L01

xe = −d13
h

∂

∂x
, L00

xm = 0, L01
xm = −q13

h

∂

∂x
,

L00
yx = c11 + 3c12

4

∂2

∂x∂y
, L00

yy = c11
∂2

∂y2
+ c11 − c12

4

∂2

∂x2
,

L00
yz = 0, L01

yx = 0, L01
yy = 0, L01

yz = c13
h

∂

∂x
,

L00
ye = 0, L01

ye = −d13
h

∂

∂y
, L00

ym = 0, L01
ym = −q13

h

∂

∂y
,

L00
zx = 0, L00

zy = 0, L00
zz = c44

2

(
∂2

∂x2
+ ∂2

∂y2

)

,

L01
zx = c44

2h

∂

∂x
, L01

zy = c44
2h

∂

∂y
, L01

zz = 0,

L00
ze = −d51

(
∂2

∂x2
+ ∂2

∂y2

)

, L01
ze = 0,

L00
zm = −q51

(
∂2

∂x2
+ ∂2

∂y2

)

, L01
zm = 0,

L10xx = 0, L10xy = 0, L10xz = − 3c44
2h

∂

∂x
, L11xx = c11

∂2

∂x2
+ c11 − c12

4

∂2

∂y2
− 3c44

2h2
,

L11xy = c11 + 3c12
4

∂2

∂x∂y
, L11xz = 0, L10xe = 3d51

h

∂

∂x
, L11xe = 0, L10xm = 3q51

h

∂

∂x
,

L11xm = 0, L10yx = 0, L10yy = 0, L10yz = − 3c44
2h

∂

∂y
, L11yx = c11 + 3c12

4

∂2

∂x∂y
,

L11yy = c11
∂2

∂x2
+ c11 − c12

4

∂2

∂y2
− 3c44

2h2
, L11yz = 0, L10ye = 3d51

h

∂

∂y
,
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L11ye = 0, L10ym = 3q51
h

∂

∂y
, L11ym = 0, L10zx = 3c13

h

∂

∂x
, L10zy = 3c13

h

∂

∂y
,

L10zz = 0, L11zx = 0, L11zy = 0, L11zz = c44
2

(

∂2

∂x2
+ ∂2

∂y2

)

+ 3c33
h2

,

L10ze = 0, L11ze = −d51

(

∂2

∂x2
+ ∂2

∂y2

)

+ 3d33
h2

, L10zm = 0,

L11zm = −q51

(

∂2

∂x2
+ ∂2

∂y2

)

+ 3q33
h2

,

L00ex = 0, L00ey = 0, L00ez = d51
2

(

∂2

∂x2
+ ∂2

∂y2

)

, L01ex = d51
2h

∂

∂x
, L01ey = d51

2h

∂

∂y
,

L01ez = 0, L00ee = ε11

(

∂2

∂x2
+ ∂2

∂y2

)

, L01ee = 0, L10em = β11

(

∂2

∂x2
+ ∂2

∂y2

)

,

L11em = 0, L00mx = 0, L00my = 0, L00mz = q51
2

(

∂2

∂x2
+ ∂2

∂y2

)

, L01mx = q51
2h

∂

∂x
,

L01my = q51
2h

∂

∂y
, L01mz = 0, L00me = β11

(

∂2

∂x2
+ ∂2

∂y2

)

, L01me = 0,

L10mm = γ11

(

∂2

∂x2
+ ∂2

∂y2

)

, L11mm = 0, L10ex = − 3d13
h

∂

∂x
, L10ey = − 3d13

h

∂

∂y
,

L10ez = 0, L11ex = 0, L11ey = 0, L11ez = d51
2

(

∂2

∂x2
+ ∂2

∂y2

)

− 3d33
h2

,

L10ee = 0, L11ee = ε11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3ε33
h2

, L10em = 0,

L11em = β11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3β33
h2

, L10mx = − 3q13
h

∂

∂x
, L10my = − 3q13

h

∂

∂y
,

L10mz = 0, L11mx = 0, L11my = 0, L11mz = q51
2

(

∂2

∂x2
+ ∂2

∂y2

)

− 3q33
h2

,

L10me = 0, L11me = β11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3β33
h2

, L10mm = 0,

L11mm = γ11

(

∂2

∂x2
+ ∂2

∂y2

)

− 3γ33
h2

, (7.13)

A complete 2-D system of the differential equations for the higher order theory of
the electro-magneto-elastic plates in the Cartesian system of coordinates is presented
in this section. Explicit expressions for divergences of the Legendre’s polynomial
coefficients of stress tensor and the electric and magnetic displacement vectors (7.1),
for the Legendre’s polynomial coefficients of strain tensor and electric field and the
magnetic field vectors (7.3) and for the Legendre’s polynomial coefficients of stress
tensor and the electric and magnetic displacement vectors (7.11) as functions of
the Legendre’s polynomial coefficients of displacements and electric and magnetic
potentials for higher order theory of plates are presented here. For the case of the first
order approximation theory, elements of matrix differential operators (5.9), that are
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included in the equations of equilibrium (2.13) are also presented in the explicit form
(7.13). They can be used for theoretical analysis, as well as analytical and numerical
solutions of the problems arising in science and engineering.

8 Higher Order Theory of Electro-Magneto-Elastic
Spherical Shell

Let us consider the higher order model of the electro-magneto-elastic elastic shells
of the spherical geometry, which is very important and often used in theoretical
analysis as well as applied in sciences and engineering. Let us introduce spherical
coordinates such that x1 = ϕ, x2 = ψ and x3 = r , r ∈ [R−h, R+h].Coefficients of
the first quadratic form of a surface and main curvatures are equal to A1 = R, A2 =
R sin(ψ), and k1 = 1

R , k2 = 1
R , respectively. By substituting these parameters in the

Eqs. (4.12)–(4.16), the equations that correspond to the higher order theory of linear
electro-magneto-elasticity of the of cylindrical shell will be obtained.

The equations of equilibrium and Maxwell equations for Legendre’s polynomial
coefficients in this case have the form (4.12) but the operator of divergence of the
stress tensor and the electric and magnetic displacement vectors in the system of
coordinates introduced here have the form

∇̃ασ k
αϕ = 1

R

∂σ k
ϕϕ

∂ϕ
+ 1

R

∂σ k
ψϕ

sin(ψ)∂ψ
+ 2σ k

rϕ

R
−

σ k
rϕ

R
,

∇̃ασ k
αψ = 1

R

∂σ k
ϕψ

∂ϕ
+ 1

R

∂σ k
ψψ

sin(ψ)∂ψ
+ σ k

ψr

R
+ 2σ k

rψ

R
−

σ k
rψ

R
,

∇̃ασ k
αr = 1

R

∂σ k
ϕr

∂ϕ
+ ∂σ k

ψr

sin(ψ)∂ψ
− σ k

ϕϕ + σ k
ψψ − 2σ k

rr

R
− σ k

rr

R

∇̃αD
k
α = 1

R

∂Dk
ϕ

∂ϕ
+ 1

R

∂Dk
ψ

sin(ψ)∂ψ
+ Dk

r

2R
− Dk

r ,

∇̃αB
k
α = 1

R

∂Bk
ϕ

∂ϕ
+ 1

R

∂Bk
ψ

sin(ψ)∂ψ
+ Bk

r

2R
− Bk

r , α = ϕ,ψ. (8.1)

where

σ k
ri = 2k + 1

h

(

σ k−1
ri + σ k−3

ri + . . .
)

, i = x, ϕ, r, Dk
r = 2k + 1

h

(

Dk−1
r + Dk−3

r + . . .
)

, Bk
r = 2k + 1

h

(

Bk−1
r + Bk−3

r + . . .
)

(8.2)

Expressions for the Legendre’s polynomial coefficients of the Cauchy strain ten-
sor, electric field and the magnetic field vectors in this case have the form
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εkϕϕ = 1

R

(

∂ukϕ
∂ϕ

+ ukr

)

, εkϕψ = 1

2R

(

∂ukϕ
sin(ψ)∂ψ

+ ∂ukψ
∂ϕ

)

, εrr = ukr ,

εkϕr = 1

2

(
1

R

(
∂ukr
∂ϕ

− ukϕ

)

+ ukϕ

)

, εkψψ = 1

R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

,

εkψr = 1

2

(
1

R

(
∂ukr

sin(ψ)∂ψ
− ukψ

)

+ ukψ

)

Ek
ϕ = 1

R

∂φk

∂ϕ
,

Ek
ψ = 1

R

∂φk

sin(ψ)∂ψ
, Ek

r = φk, Mk
ϕ = 1

R

∂ϕk

∂ϕ
,

Mk
ψ = 1

R

∂ϕk

sin(ψ)∂ψ
, Mk

r = ϕk (8.3)

where φk and ϕk are defined in (4.7) and uki is presented as

uki = 2k + 1

h

(

uk+1
i + uk+3

i + . . .
)

, i = x, ϕ, r. (8.4)

For the same reason as in the previous section, in order to simplify future consid-
eration following [30, 54] we consider a material with a hexagonal crystal structure
(class 6 mm). For a spherical shell we can consider axial, radial and circular polar-
ization of the shell material. In all of these cases the constitutive relations can be
considered in the form (5.5), but the Legendre’s polynomial coefficients of the stress
and strain tensor in matrix notations (2.19) are defined in a different way for each
case of polarization.

For materials polarized in the radial direction, related to axis r they are defined
as the following

σ̃
k = (σ k

ψψ, σ k
ϕϕ, σ k

rr , σ
k
ϕr , σ

k
ψr , σ

k
ϕψ)

ε̃
k = (εkψψ, εkϕϕ, εkrr , ε

k
ϕr , ε

k
ψr , ε

k
ϕψ)

, (8.5)

When substitutingmatrix relations for electro-magneto-elastic constants (5.5) and
vectorial representations for stress and strain tensors (8.5) in the electro-magneto-
elastic constitutive relations for the Legendre’s polynomial coefficients (4.16) we
represent them in the form

σ k
ϕϕ = c11ε

k
ϕϕ + c12ε

k
ψψ + c13ε

k
rr − d13E

k
r − q13M

k
r ,

σ k
ψψ = c12ε

k
ϕϕ + c11ε

k
ψψ + c13ε

k
rr − d13E

k
r − q13M

k
r ,

σ k
rr = c13(ε

k
ϕϕ + εkψψ) + c33ε

k
rr − d33E

k
r − q33M

k
r ,

σ k
ϕψ = 1

2 (c11 − c12)ε
k
ϕψ, σ k

ϕr = c44ε
k
ϕr − d51E

k
ϕ − q51M

k
ϕ,

σ k
ψr = c44ε

k
ψr − d51E

k
ψ − q51M

k
ψ,

Dk
ϕ = d51ε

k
ϕr + ε11E

k
ϕ + β11M

k
ϕ, Dk

ψ = d51ε
k
ψr + ε11E

k
ψ + β11M

k
ψ,
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Dk
r = d13(ε

k
ϕϕ + εkψψ) + d33ε

k
rr + ε33E

k
r + β33M

k
r ,

Bk
ϕ = q51ε

k
ϕr + β11E

k
ϕ + γ11M

k
ϕ, Bk

ψ = q51ε
k
ψr + β11E

k
ψ + γ11M

k
ψ,

Bk
r = q13(ε

k
ϕϕ + εkψψ) + q33ε

k
rr + β33E

k
r + γ33M

k
r , (8.6)

By substituting equations for the Legendre’s polynomial coefficients of the strain
tensor, electric and magnetic field vectors (8.3) into the constitutive equations for
the Legendre’s polynomial coefficients (8.6), we obtain equations for the Legendre’s
polynomial coefficients, the stress tensor and the electric and magnetic displace-
ment vectors expressed in the form of the Legendre’s polynomial coefficients of the
displacement vector as well aselectro and magnetic potentials components in the
form

σ k
ϕϕ = c11

R

(

∂ukϕ
∂ϕ

+ ukr

)

+ c12
R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

+ c13u
k
r − d13φ

k − q13ϕ
k,

σ k
ψψ = c12

R

(

∂ukϕ
∂ϕ

+ ukr

)

+ c11
1

R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

+ c13u
k
r − d13φ

k − q13ϕ
k,

σ k
rr = c13

R

(

∂ukϕ
∂ϕ

+ ∂ukψ
sin(ψ)∂ψ

+ 2ukr

)

+ c33u
k
r − d33φ

k − q33ϕ
k,

σ k
ϕψ = c11 − c12

4R

(

∂ukϕ
sin(ψ)∂ψ

+ ∂ukψ
∂ϕ

)

σ k
ϕr = c44

2

(
1

R

(
∂ukr
∂ϕ

− ukϕ

)

+ ukϕ

)

− d51
R

∂φk

∂ϕ
− q51

R

∂ϕk

∂ϕ
,

σ k
ψr = c44

R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

− d51
R

∂φk

sin(ψ)∂ψ
− q51

R

∂ϕk

sin(ψ)∂ψ
,

Dk
ϕ = d51

2

(
1

R

(
∂ukr
∂ϕ

− ukϕ

)

+ ukϕ

)

+ ε11

R

∂φk

∂ϕ
+ β11

R

∂ϕk

∂ϕ
,

Dk
ψ = d51

R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

+ ε11

R

∂φk

sin(ψ)∂ψ
+ β11

R

∂ϕk

sin(ψ)∂ψ
,

Dk
r = d13

1

R

(

∂ukϕ
∂ϕ

+ ∂ukψ
sin(ψ)∂ψ

+ 2ukr

)

+ d33u
k
r + ε33φ

k + β33ϕ
k,

Bk
ϕ = q51

2

(
1

R

(
∂ukr
∂ϕ

− ukϕ

)

+ ukϕ

)

+ β11

R

∂φk

∂ϕ
+ γ11

R

∂ϕk

∂ϕ
,

Bk
ψ = q51

R

(

∂ukψ
sin(ψ)∂ψ

+ ukr

)

+ β11

R

∂φk

sin(ψ)∂ψ
Ek

ψ + γ11

R

∂ϕk

sin(ψ)∂ψ
,

Bk
r = q13

1

R

(

∂ukϕ
∂ϕ

+ ∂ukψ
sin(ψ)∂ψ

+ 2ukr

)

+ q33u
k
r + β33φ

k + γ33ϕ
k, (8.7)
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By substituting the Eqs. (7.11) into the equations of equilibrium (4.12) and taking
into account that the divergence operator for the Legendre’s polynomial coefficients
of the stress tensor and the electric andmagnetic displacement vectors has form (7.1),
we obtain the coupled system of differential equations of the linear electro-magneto-
elasticity for the displacement vector, electric and magnetic potentials in the form
(2.13) where elements of the block matrices and block vectors (4.20) have the form

Lrkuu =

∣
∣
∣
∣
∣
∣
∣

Lrkϕϕ Lrkϕψ Lrkϕr
Lrkψϕ Lrkψψ Lrkψr

Lrkrϕ Lrkrψ Lrkrr

∣
∣
∣
∣
∣
∣
∣

, Lrkeu =

∣
∣
∣
∣
∣
∣
∣

Lrkeϕ
Lrkeψ
Lrker

∣
∣
∣
∣
∣
∣
∣

, Lrkmu =

∣
∣
∣
∣
∣
∣
∣

Lrkmϕ

Lrkmψ

Lrkmr

∣
∣
∣
∣
∣
∣
∣

, uk =

∣
∣
∣
∣
∣
∣
∣

ukϕ
ukψ
ukr

∣
∣
∣
∣
∣
∣
∣

, bk =

∣
∣
∣
∣
∣
∣
∣

bkϕ
bkψ
bkr

∣
∣
∣
∣
∣
∣
∣

Lrkue =
∣
∣
∣ Lrkϕe Lrkψe Lrkre

∣
∣
∣, Lrkum =

∣
∣
∣ Lrkϕm Lrkψm Lrkrm

∣
∣
∣, (8.8)

Some elements of these matrices are differential operators, some are constants
and some are equal to zero.

Below, all elements of the matrices (5.9) for the case of the first order theory of
the linear couple electro-magneto-elastic theory of plates in Cartesian coordinates
are presented in the form

L00ϕϕ = c11
R2

∂2

∂ϕ2
+ 3c44

R2 , L00ϕψ = (c11 + c12) csc(ψ)

2R2
∂2

∂ϕ∂ψ
, L00ϕr = c11 + c12 + 3c44

R2
∂

∂ϕ
,

L01ϕϕ = 0, L01ϕψ = 0, L01ϕr = c13
hR

∂

∂ϕ
, L00ϕe = − 3d51

R2
∂

∂ϕ
, L01ϕe = − d13

hR

∂

∂ϕ
,

L00ϕm = − 3q51
R2

∂

∂ϕ
, L01ϕm = −q13

hR

∂

∂ϕ
, L00ψϕ = c12 csc(ψ)

2R

∂2

∂ϕ∂ψ
,

L00ψψ = c11 − c12
2R2

∂2

∂ϕ2
+ c11 csc(ψ)2

R2
∂2

∂ψ2 − c11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
− 3c44

R2 ,

L00ψr = (c11 + c12 + 3c44) csc(ψ)

R2
∂

∂ψ
, L01ψϕ = 0, L01ψψ = c11 − c12

2Rh
,

L01ψr = c13 csc(ψ)

hR

∂

∂ψ
, L00ψe = − d51 csc(ψ)

R2
∂

∂ψ
, L01ψe = − d13 csc(ψ)

R2
∂

∂ψ
,

L00ψm = −q51 csc(ψ)

R2
∂

∂ψ
, L01ψm = −q51 csc(ψ)

R2
∂

∂ψ
,

L00rϕ = − c11 + c12 + c44 − 2c13
R2

∂

∂ϕ
, L00rψ = − (c11 + c12 + c44 − 2c13) csc(ψ)

R2
∂

∂ψ
,

L00rr = c44
R2

∂2

∂ϕ2
+ c44 csc(ψ)2

R2
∂2

∂ψ2 − c44 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
− 2c11 + 2c12 − 4c13

R2 ,

L01rϕ = 0, L01rψ = 0, L01rr = 2(c33 − c13)

hR
,

L00re = − d51
R2

∂2

∂ϕ2
− d51 csc(ψ)2

R2
∂2

∂ψ2 − d51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01re = − 2(d33 − d13)

hR
,

L00rm = −q51
R2

∂2

∂ϕ2
− q51 csc(ψ)2

R2
∂2

∂ψ2 − q51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01rm = − 2(q33 − q13)

hR
,

L10ϕϕ = 3c44
hR

, L10ϕψ = 0, L10ϕr = − 3c44
hR

∂

∂ϕ
, L11ϕϕ = c11

R2
∂2

∂ϕ2
− 3c44

R2 ,
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L11ϕψ = (c11 + c12) csc(ψ)

2R2
∂2

∂ϕ∂ψ
, L11ϕr = c11 + c12 + 3c44

R2
∂

∂ϕ
,

L10ϕe = 3d51
hR

∂

∂ϕ
, L11ϕe = − 3d51

R2
∂

∂ϕ
, L10ϕm = 3q51

hR

∂

∂ϕ
, L11ϕm = − 3q51

R2
∂

∂ϕ
,

L10ψϕ = 0, L10ψψ = 3c44
hR

, L10ψr = − 3c44 csc(ψ)

hR

∂

∂ψ
, L11ψϕ = c11 csc(ψ)

R2
∂2

∂ϕ∂ψ
,

L11ψψ = c11 − c12
2R2

∂2

∂ϕ2
+ c11 csc(ψ)2

R2
∂2

∂ψ2 − c11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
− 3c44

R2 ,

L11ψr = (c11 + c12 + 3c44) csc(ψ)

R2
∂

∂ψ
, L10ψe = 3d51 csc(ψ)

hR

∂

∂ψ
,

L11ψe = − 3d51 csc(ψ)

hR

∂

∂ψ
, L10ψm = 3q51 csc(ψ)

hR

∂

∂ψ
,

L11ψm = − 3q51 csc(ψ)

hR

∂

∂ψ
, L10rϕ = − 3c13

hR

∂

∂ϕ
,

L10rψ = − 3c13 csc(ψ)

hR

∂

∂ψ
, L10rr = − 6c13

hR
, L11rϕ = − c11 + c12 − 2c13 + c44

R2
∂

∂ϕ
,

L11rψ = − (c11 + c12 − 2c13 + c44) csc(ψ)

R2
∂

∂ϕ
,

L11rr = c44
R2

∂2

∂ϕ2
+ c44 csc(ψ)2

R2
∂2

∂ψ2 − c44 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
− 2c11 + 2c12 − 4c13 + 3c33

R2 ,

L10re = 0, L11re = − d51
R2

∂2

∂ϕ2
− d51 csc(ψ)2

R2
∂2

∂ψ2 − d51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
+ 3d33

h2
,

L10rm = 0, L11rm = −q51
R2

∂2

∂ϕ2
− q51 csc(ψ)2

R2
∂2

∂ψ2 − q51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
+ 3q33

h2
,

L00eϕ = − d51 − 2d13
R2

∂

∂ϕ
, L00eψ = − (d51 − 2d13) csc(ψ)

R2
∂

∂ψ
, L01eϕ = 0, L01eψ0,

L01er = 2d33
hR

, L00er = d51
R2

∂2

∂ϕ2
+ d51 csc(ψ)2

R2
∂2

∂ψ2 − d51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
+ 4d13

R2 ,

L00ee = ε11

R2
∂2

∂ϕ2
+ ε11 csc(ψ)2

R2
∂2

∂ψ2 − ε11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01ee = 2ε33

hR
,

L10em = β11

R2
∂2

∂ϕ2
+ β11 csc(ψ)2

R2
∂2

∂ψ2 − β11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01em = 2β33

hR
,

L00mϕ = −q51 − 2q13
R2

∂

∂ϕ
, L00mψ = − (q51 − 2q13) csc(ψ)

R2
∂

∂ψ
, L01mϕ = 0, L01mψ0,

L01mr = 2q33
hR

, L00mr = q51
R2

∂2

∂ϕ2
+ q51 csc(ψ)2

R2
∂2

∂ψ2 − q51 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
+ 4q13

R2 ,

L00me = β11

R2
∂2

∂ϕ2
+ β11 csc(ψ)2

R2
∂2

∂ψ2 − β11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01ee = 2β33

hR
,

L10mm = γ11

R2
∂2

∂ϕ2
+ γ11 csc(ψ)2

R2
∂2

∂ψ2 − γ11 csc(ψ)2 cot(ψ)

R2
∂

∂ψ
, L01mm = 2γ33

hR
, (8.9)

L10
eϕ = − 3d13

hR

∂

∂ϕ
, L10

eψ = − 3d13 csc(ψ)

hR

∂

∂ψ
, L10

er = − 6d13
hR

, L11
eϕ = − d51 − 2d13

R2

∂

∂ϕ
,

L11
eψ = − d51 − 2d13

R2

∂

∂ψ
, L11

er = d51
R2

∂2

∂ϕ2 + d51 csc(ψ)2

R2

∂2

∂ψ2 − d51 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
+ 4d13

R2 − 3d33
h2

,

L10
ee = 0, L11

ee = ε11

R2

∂2

∂ϕ2 + ε11 csc(ψ)2

R2

∂2

∂ψ2 − ε11 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
− 3ε33

h2
,
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L10
me = 0, L11

me = β11

R2

∂2

∂ϕ2 + β11 csc(ψ)2

R2

∂2

∂ψ2 − β11 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
− 3β33

h2
,

L10
mϕ = − 3q13

hR

∂

∂ϕ
, L10

mψ = − 3q13 csc(ψ)

hR

∂

∂ψ
, L10

mr = − 6q13
hR

, L11
mϕ = − q51 − 2q13

R2

∂

∂ϕ
,

L11
mψ = − q51 − 2q13

R2

∂

∂ψ
, L11

mr = q51
R2

∂2

∂ϕ2 + q51 csc(ψ)2

R2

∂2

∂ψ2 − q51 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
+ 4q13

R2 − 3q33
h2

,

L10
me = 0, L11

me = β11

R2

∂2

∂ϕ2 + β11 csc(ψ)2

R2

∂2

∂ψ2 − β11 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
− 3β33

h2
,

L10
mm = 0, L11

mm = γ11

R2

∂2

∂ϕ2 + γ11 csc(ψ)2

R2

∂2

∂ψ2 − γ11 csc(ψ)2 cot(ψ)

R2

∂

∂ψ
− 3γ33

h2
,

A complete 2-D system of the differential equations for the higher order theory of
the electro-magneto-elastic plates in the Cartesian system of coordinates is presented
in this section. Explicit expressions for divergences of the Legendre’s polynomial
coefficients of stress tensor and the electric and magnetic displacement vectors (8.1),
for the Legendre’s polynomial coefficients of strain tensor and electric field and
the magnetic field vectors (8.3) and for the Legendre’s polynomial coefficients of
stress tensor and the electric and magnetic displacement vectors (8.7) as functions of
the Legendre’s polynomial coefficients of displacements and electric and magnetic
potentials for higher order theory of plates are presented here. For the case of the first
order approximation theory, elements of matrix differential operators (5.9), that are
included in the equations of equilibrium (2.13) are also presented in the explicit form
(8.9). They can be used for theoretical analysis, as well as analytical and numerical
solutions of the problems arising in science and engineering.

9 Conclusions

In this paper new higher order theories for plates and shells, which are based on the
linear electro-magneto-elasticity, have been developed. The 2-D theory is developed
from general 3-D equations of the electro-magneto-elasticity in the special curvilin-
ear system of coordinates related to the middle surface of the shell and assuming that
the shell is thin. The higher order theory is based on the expansion of the equations
of electro-magneto-elasticity into Fourier series in terms of Legendre polynomials
with respect to a thickness coordinate. All the functions that define the physical state
of the shell including stress and strain tensors, vectors of mechanical, electrical and
magnetic displacements, electric and magnetic fields, body forces, electric and mag-
netic charge density have been expanded into Fourier series in terms of Legendre
polynomials with respect to a thickness coordinate. Thereby, all equations of the
electro-magneto-elasticity including generalized constitutive law have been trans-
formed to the corresponding equations for Fourier coefficients of the expansion.
Then, for Fourier coefficients, the system of differential equations of equilibrium
in terms of displacements and electro-magnetic potentials has been obtained in the
same way as in the classical theory of elasticity.
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A complete 2-D system of the differential equations for the higher order the-
ory of electro-magneto-elastic plates in Cartesian and polar coordinates and of the
electro-magneto-elastic cylindrical and spherical shells in cylindrical and spherical
system of coordinates related to the geometry of the shell are presented here. Explicit
expressions for divergences of the Legendre’s polynomial coefficients of the stress
tensor and electric and magnetic displacement vectors, for the Legendre’s polyno-
mial coefficients of strain tensor and electric field and for the Legendre’s polynomial
coefficients of the stress tensor and electric and magnetic displacement vectors as
functions of the Legendre’s polynomial coefficients of displacements vector and
electrical and magnetic potentials for higher order theory of plates and shells are
presented here. For the case of the first order approximation theory, elements of
matrix differential operators, which are included in the equations of equilibrium, are
also presented in explicit form.

The obtained equations can be used for physical strain calculation as well as
for modeling thin walled structures in macro, micro and nano scales by taking into
account coupled electro-magneto-elastic effects. Specially proposed models can be
efficient in MEMS and NEMS modeling as well as computer simulation.
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and Technology of Mexico (CONACYT) by the Research Grant, (Ciencia Basica, Reference No
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Exact Solutions of Nonlinear Micropolar
Elastic Theory for Compressible Solids

L. M. Zubov, A. M. Kolesnikov and O. V. Rudenko

Abstract In this article we obtain exact solutions of finite inhomogeneous defor-
mations of three-dimensional micropolar elastic bodies. We consider a model of the
physically linear isotropic compressible material with six material parameters. The
obtained solutions describe following types of finite deformations: cylindrical bend-
ing of a rectangular plate, straightening of a cylindrical sector, double cylindrical
bending, pure bending of a circular cylinder sector, inflation and reversing of a hol-
low sphere. The results can be used to verify two-dimensional models of micropolar
elastic shells.

1 Introduction

In this paper we derive exact solutions for problems of large inhomogeneous defor-
mations of compressible isotropic micropolar elastic bodies. By a micropolar body
we mean a continuous medium with couple stresses and rotational interactions of
material particles. This model is also called the Cosserat continuum. The basics of
the nonlinear theory of the Cosserat elastic continuum had been given in [5, 8–11, 14,
16]. The model of a micropolar medium is used to describe granular polycrystalline
bodies, polymers, composites, suspensions, liquid crystals, geophysical structures,
biological tissues, metamaterials, nanostructured materials, etc. The exact solutions
can be used to a experimental determination ofmaterial parameters in the constitutive
relations of themedium. Also they can be used to control the accuracy of calculations
in numerical solution of nonlinear equilibrium equations for micropolar bodies.

The derived solutions are special cases of one-dimensional deformations of
micropolar elastic bodies. Those are suchdeformations forwhich the systemof partial
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differential equations of equilibrium reduces to a system of ordinary differential
equations. A general method of constructing a class of one-dimensional deforma-
tions of a non-linear elastic Cosserat continuum is presented in [12]. In this paper the
exact solutions describe the following types of one-dimensional deformations of a
micropolar elastic medium: cylindrical bending of a rectangular plate, straightening
of a circular cylinder sector, inflation and reversing of a cylindrical tube, pure bend-
ing of a circular cylinder sector, double cylindrical bending, inflation and reversing
of a hollow sphere. These types of deformations correspond to universal solutions of
equilibrium equations for the incompressible isotropicmicropolar bodieswhichwere
obtained in the earlier paper [18]. In the case of compressed bodies, exact solutions
in explicit analytic form for large deformations can be obtain only for some specific
constitutive relations of an elastic material. In the present paper we use a model
of the physically linear isotropic compressible micropolar body with six material
parameters.

The micropolar shell model is two-dimensional analogue of the Cosserat contin-
uum [1, 3, 4, 6, 13]. It is also called the Cosserat surface. In this model, by a shell
we mean a material surface or a two-dimensional material continuum. Each point
(particle) of this continuum has six degrees of freedom of an absolutely rigid body.
The rotational degrees of freedom of a surface particle are kinetically independent
of its displacement field. Solutions of problems of stretching, bending, inflation and
reversing of cylindrical and spherical Cosserat surfaces, and bending of flat plates
were obtained in the paper [17] for finite deformations. The solutions [17] describe
nonlinear deformations of the shells, similar to the deformations corresponding to
represented here solutions of three-dimensionalmicropolar theory of elasticity. Com-
parison of solutions obtainedwithin the theory of shells and solutions obtainedwithin
the three-dimensional theory can be used to verify relations of the theory of microp-
olar shells.

2 Initial Relations of Nonlinear Micropolar Elasticity

The deformation of the elastic medium is described by a mapping of the reference
configuration to the current configuration. In the case of a micropolar continuum, it
is determined by two kinematically independent fields of displacement and rotation

R = R(r) = r + u(r), H = H(r),

where r = xs is , R = Xk ik , (s, k = 1, 2, 3), xs and Xk are Cartesian coordinates of
the reference and current configurations, respectively, ik are the unit vectors of the
Cartesian coordinates, u is a displacement vector field, H is a proper orthogonal
tensor, which describes the rotational degrees of freedom of the micropolar medium.
It is called the microrotation tensor (or turntensor).

Below we use the following gradient, divergence, and rotor operators in the ref-
erence configuration coordinates
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grad� = rn ⊗ ∂�

∂qn
, div� = rn · ∂�

∂qn
,

rot� = rn × ∂�

∂qn
, rn = ik

∂qn

∂xk
,

where � is an arbitrary differentiable tensor field of any order, qn = qn(x1, x2, x3)
are curvilinear coordinates (the Lagrangian coordinates).

The system of equations of a micropolar elastic medium in the absence of mass
forces and moments includes the following equations [5, 8–11, 14, 16]:

Equilibrium equations

divD = 0, divG + (
FT · D)

× = 0. (1)

Constitutive relations

D = P · H, G = K · H,

P = ∂W

∂E
, K = ∂W

∂L
, W = W (E,L).

(2)

Geometric relations

F = gradR, E = F · HT,

L = 1

2
rn ⊗

(
∂H
∂qn

· HT

)

×
= 1

2
Itr

[
H · (rotH)T

] − H · (rotH)T .
(3)

Here D, G are the stress and couple stress tensors of the first Piola-Kirchhoff type,
P, K are a stress and a couple stress tensors of the second Piola-Kirchhoff type, E,
L are deformations tensors of a nonlinear micropolar continuum called stretch and
wryness tensors, respectively [5, 8–11, 14], I is a unit tensor, W is a strain energy
density. Symbol �× means the vector invariant of a second-order tensor �:

�× = (Φmnrm ⊗ rn)× = Φmnrm × rn.

Below we will use the model of the compressible isotropic physically linear
micropolar continuum [10]. This model is determined by the quadratic function
of the strain energy density

2W = λtr2(E − I) + (μ + β) tr
[
(E − I) · (E − I)T

]

+ (μ − β) tr(E − I)2 + δtr2L + (γ + η) tr
(
L · LT

) + (γ − η) trL2.
(4)

where λ, μ, β, δ, γ, η are material constants. Also we will use the Poisson’s ratio,
which is expressed as

ν = λ

2 (λ + μ)
.
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For thismaterialmodel the stress tensorP is a linear function of the tensor (E − I),
and the couple stress tensor K is a linear function of the wryness tensor L:

P = λI (trE − 3) + (μ + β) (E − I) + (μ − β)
(
ET − I

)
,

K = δItrL + (γ + η)L + (γ − η)LT.
(5)

Let us consider a special case of deformation of the micropolar medium such that
H = A, where A a proper orthogonal macrorotation tensor. I.e. it is the orthogonal
multiplier in the polar expansion of the strain gradient [7]

F = U · A. (6)

Here U is a symmetric positive definite stretch tensor [7]. In this case, according to
(3) and (6), we have

E = ET = U.

Let us suppose that material constants δ, γ and η are zero. Then it follows from
(5) that the couple stresses are absence: K = 0, and the stress tensor P is symmetric
and is expressed by the formula

P = λItr(U − I) + 2μ (U − I) , (7)

and the strain energy density has the form

W = 1

2
λtr2(U − E) + μtrU2. (8)

The relations (7), (8) correspond to the model of the harmonic or the semi-linear
material which is well-known in the theory of elasticity of simple materials [7]. Thus
themodel of the physically linear micropolar body reduces to themodel of the simple
harmonic material when δ = γ = η = 0 and H = A. In other words, the physically
linear micropolar material (4) can be considered as a generalization of the harmonic
material model to the moment elastic medium.

In the nonlinear theory of elasticity of simple materials, a number of exact solu-
tions are known for finite deformations [7]. These solutions belong to the class of
isotropic incompressible bodies. The list of models of compressible nonlinear elastic
bodies, that allow explicit exact solutions, is quite small. Most of these exact solu-
tions was found for semi-linear material [7]. As it shows below, the model of the
physically linear micropolar body also allows to obtain several exact solutions about
inhomogeneous finite deformations.

When the equilibrium problems are solving by the semi-inverse method, we
give the finite deformations of a medium by the mapping QM = QM(qs), where
qs (s = 1, 2, 3) are curvilinear coordinates in the reference configuration (the
Lagrangian coordinates), and QM (M = 1, 2, 3) are curvilinear coordinates in the
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current configuration (the Eulerian coordinates). Further, we use the following coor-
dinate systems:

Cartesian:

q1 = x1, q2 = x2, q3 = x3,

Q1 = X1, Q2 = X2, Q3 = X3.

Cylindrical:

q1 = r, q2 = ϕ, q3 = z,

Q1 = R, Q2 = Φ, Q3 = Z ,

x1 = r cosϕ, x2 = r sinϕ, x3 = z,

X1 = R cosΦ, X2 = R sinΦ, X3 = Z .

Spherical:

q1 = r, q2 = ϕ, q3 = θ,

Q1 = R, Q2 = Φ, Q3 = Θ,

x1 = r cosϕ cos θ, x2 = r sinϕ cos θ, x3 = r sin θ,

X1 = R cosΦ cosΘ, X2 = R sinΦ cosΘ, X3 = R sinΘ.

Note, θ = ±π
2 at the sphere poles.

For these orthogonal coordinates we use the orthonormalized base vectors tangent
to curvilinear coordinate curves.As above, i1, i2, i3 are the unit vectors of theCartesian
coordinates. The basis vectors er , eϕ, ez and eR , eΦ , eZ associated with cylindrical
coordinates are expressed as

er = i1 cosφ + i2 sin φ, eφ = −i1 sin φ + i2 cosφ, ez = i3,

eR = i1 cosΦ + i2 sinΦ, eΦ = −i1 sinΦ + i2 cosΦ, eZ = i3.

The basis vectors associated with the spherical coordinates are presented as

er = (i1 cosϕ + i2 sinϕ) cos θ + i3 sin θ,

eϕ = −i1 sinϕ + i2 cosϕ,

eθ = − (i1 cosϕ + i2 sinϕ) sin θ + i3 cos θ,

eR = (i1 cosΦ + i2 sinΦ) cosΘ + i3 sinΘ,

eΦ = −i1 sinΦ + i2 cosΦ,

eΘ = − (i1 cosΦ + i2 sinΦ) sinΘ + i3 cosΘ.

In this paper we present the exact solution for six families of finite deformations of
the micropolar theory of elasticity. Each family is characterized by a mapping QM =
QM(qs). This mapping gives the field of displacement of the medium and contains
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one unknown function of one variable. Microrotation in a micropolar medium is
kinematically independent of displacements. Thus the mapping QM(qs) have to
supplemented by a set of orthogonal tensor fields H(qs) to complete the description
of the deformation. Each of the six families of the inhomogeneous deformations
contains several subfamilies that differ in microrotation fields. For each subfamily,
the expressions for the tensors E and L are obtained using the formula (3). The
expression for the deformation gradient F is identical for all solutions from one
family.

3 Cylindrical Bending of Rectangular Plate

A mapping QM = QM(qs) has the form

R = R(x1), Φ = kx2, Z = αx3. (9)

where k, α are constants. Considering thatR = ReR + ZeZ , we obtain the deforma-
tion gradient

F = R′i1 ⊗ eR + kRi2 ⊗ eΦ + αi3 ⊗ eZ , R′ = dR

dx1
.

The mapping (9) is supplemented by four subfamilies of microrotation.

3.1 Subfamily 1A

H = i1 ⊗ eR + i2 ⊗ eΦ + i3 ⊗ eZ ,

E = R′i1 ⊗ i1 + kRi2 ⊗ i2 + αi3 ⊗ i3,

L = ki2 ⊗ i3.

(10)

According to (2), (5), (10) the stress and couple stress Piola type tensors are
defined as

D = D1R i1 ⊗ eR + D2Φ i2 ⊗ eΦ + D3Z i3 ⊗ eZ ,

D1R = (λ + 2μ) R′ + λkR + λα − (2μ + 3λ) ,

D2Φ = λR′ + (λ + 2μ) kR + λα − (2μ + 3λ) ,

D3Z = λR′ + λkR + (λ + 2μ)α − (2μ + 3λ) .

(11)

G = G2Z i2 ⊗ eZ + G3Φ i3 ⊗ eΦ,

G2Z = k (γ + η) , G3Φ = k (γ − η) .
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The equilibrium equation (1)2 is satisfied identically for the considered deforma-
tion. The equilibrium equation (1)1 is reduced to a scalar equation

∂D1R

∂x1
− kD2Φ = 0. (12)

From (11) the Eq. (12) is reduced to a ordinary differential equation in the unknown
function R(x1):

R′′ − k2R = −k (1 − ν (α − 1))

1 − ν
. (13)

The solution of this differential equation is

R(x1) = c1e
−kx1 + c2e

kx1 + (1 − ν (α − 1))

k (1 − ν)
. (14)

In view of 0 ≤ x1 ≤ h, where h is a plate thickness, we can write the boundary
conditions of the absence of external loads on the faces of the plate

D1R

∣∣∣
x1=0,h

= 0. (15)

The constants of integration are determined from (11), (13), (14) and (15) as

c1 = − (1 − ν (α − 1)) ekh

k (1 − ν)
(
1 + ekh

) ,

c2 = (1 − ν (α − 1)) (1 − 2ν)

k (1 − ν)
(
1 + ekh

) .

3.2 Subfamily 1B

H = −i1 ⊗ eR + i2 ⊗ eΦ − i3 ⊗ eZ ,

E = −R′i1 ⊗ i1 + kRi2 ⊗ i2 − αi3 ⊗ i3,

L = −ki2 ⊗ i3.

So we have

D1R = (λ + 2μ) R′ − λkR + λα + (2μ + 3λ) ,

D2Φ = −λR′ + (λ + 2μ) kR − λα − (2μ + 3λ) ,

D3Z = λR′ − λkR + (λ + 2μ)α + (2μ + 3λ) ,

G2Z = k (γ + η) , G3Φ = −k (γ − η) .
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The equation for the unknown function R(x1) differs from the case of 1A:

R′′ − k2R = k (1 + ν (1 + α))

1 − ν
.

The solution of this differential equation is

R(x1) = c1e
−kx1 + c2e

kx1 + (1 + ν (α + 1))

k (1 − ν)
.

The integrations constants are determined from (15) as

c1 = (1 − 2ν) (1 + ν (α + 1)) ekh

k (1 − ν)
(
1 + ekh

) ,

c2 = − 1 + ν (α + 1)

k (1 − ν)
(
1 + ekh

) .

3.3 Subfamily 1C

H = i1 ⊗ eR − i2 ⊗ eΦ − i3 ⊗ eZ ,

E = R′i1 ⊗ i1 − kRi2 ⊗ i2 − αi3 ⊗ i3,

L = −ki2 ⊗ i3.

The stress and couple stress tensors have components

D1R = (λ + 2μ) R′ − λkR − λα − (2μ + 3λ) ,

D2Φ = −λR′ + (λ + 2μ) kR + λα + (2μ + 3λ) ,

D3Z = −λR′ + λkR + (λ + 2μ)α + (2μ + 3λ) ,

G2Z = k (γ + η) , G3Φ = k (γ − η) .

The equation for the unknown function R(x1) is written as

R′′ − k2R = k (1 + ν (α + 1))

1 − ν
.

The solution of this differential equation is

R(x1) = c1e
−kx1 + c2e

kx1 − 1 + ν (α + 1)

k (1 − ν)
.
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From (15) we obtain

c1 = − (1 − 2ν) (1 + ν (α + 1)) ekh

k (1 − ν)
(
1 + ekh

) ,

c2 = 1 + ν (α + 1)

k (1 − ν)
(
1 + ekh

) .

3.4 Subfamily 1D

H = −i1 ⊗ eR − i2 ⊗ eΦ + i3 ⊗ eZ ,

E = −R′i1 ⊗ i1 − kRi2 ⊗ i2 + αi3 ⊗ i3,

L = ki2 ⊗ i3.

We have

D1R = (λ + 2μ) R′ + λkR − λα + (2μ + 3λ) ,

D2Φ = λR′ + (λ + 2μ) kR − λα + (2μ + 3λ) ,

D3Z = −λR′ − λkR + (λ + 2μ) α − (2μ + 3λ) ,

G2Z = k (γ + η) , G3Φ = −k (γ − η) .

The equation for the unknown function R(x1) has the form

R′′ − k2R = k (1 − ν (α − 1))

1 − ν
.

The solution of this differential equation is

R(x1) = c1e
−kx1 + c2e

kx1 − (1 − ν (α − 1))

1 − ν
.

Using (15) we have

c1 = (1 − ν (α − 1)) ekh

k (1 − ν)
(
1 + ekh

) ,

c2 = − (1 − 2ν) (1 − ν (α − 1))

k (1 − ν)
(
1 + ekh

) .

It can be shown that resultant force vector acting in sections of a deformable body
Φ = const is equal to zero for all subfamilies 3A – 3D. The resultant moment has
direction of the vector eZ and value
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M = l

h∫

0

(
RDφΦ + GφZ

)
dr ,

where l is length of the sector of the cylinder along the coordinate z (0 ≤ z ≤ l).
The constant κ can be computed from given bending moment M . And constant

α can be calculated from given longitudinal force acting in sections Z = const

F = φ1

r1∫

r0

DzZrdr .

Here φ1 is a sector angle (0 ≤ φ ≤ φ1).

4 Straightening of a Circular Hollow–Cylinder Sector

A mapping QM = QM(qs) is described by

X1 = X1(r), X2 = ξφ, X3 = αz, (16)

where ξ, α are constants. In view of

R = X1i1 + X2i2 + X3i3,

we find the deformation gradient

F = X ′
1er ⊗ i1 + ξ

r
eφ ⊗ i2 + αez ⊗ i3, X ′

1 = dX1

dr
.

The mapping (16) is supplemented by four subfamilies of microrotations.

4.1 Subfamily 2A

H = er ⊗ i1 + eφ ⊗ i2 + ez ⊗ i3,

E = X ′
1er ⊗ er + ξ

r
eφ ⊗ eφ + αez ⊗ ez,

L = −1

r
eφ ⊗ ez .

(17)
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From (2), (5) and (17) the stress and couple stress tensors have the form

D = Dr1er ⊗ i1 + Dφ2eφ ⊗ i2 + Dz3ez ⊗ i3,

Dr1 = (λ + 2μ) X ′
1 + λ

ξ

r
+ λα − (2μ + 3λ) ,

Dφ2 = λX ′
1 + (λ + 2μ)

ξ

r
+ λα − (2μ + 3λ) ,

Dz3 = λX ′
1 + λ

ξ

r
+ (λ + 2μ)α − (2μ + 3λ) ,

(18)

G = Gφ3eφ ⊗ i3 + Gz2ez ⊗ i2,

Gφ3 = − (γ + η)
1

r
, Gz2 = − (γ − η)

1

r
.

The equilibrium equation (1)2 is satisfied identically for the considered defor-
mation. The equilibrium equation (1)1 is reduced to a scalar ordinary differential
equation

1

r

∂

∂r

(
r Dr1

)
= 0. (19)

In view of r0 ≤ r ≤ r1, where r0, r1 are inner and outer radii, respectively, the bound-
ary conditions for the absence of external loads on the lateral surfaces of the cylinder
sector are written as

Dr1

∣∣∣
r=r0,r1

= 0. (20)

In view of (19), (20), we obtain

Dr1 ≡ 0. (21)

The identity (21) is reduced to an ordinary differential equation in the unknown
function X1(r), namely

X ′
1 + ξν

(1 − ν) r
= 1 + (1 − α) ν

1 − ν
.

The solution of this differential equation has the form

X1(r) = 1 + (1 − α) ν

1 − ν
r − ξν

1 − ν
ln r + const.

The integration constant corresponds to a rigid displacement and could assume any
value, including zero.
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4.2 Subfamily 2B

H = −er ⊗ i1 + eφ ⊗ i2 − ez ⊗ i3,

E = k1X
′
1er ⊗ er + k2

ξ

r
eφ ⊗ eφ + k3αez ⊗ ez,

L = −1

r
eφ ⊗ ez .

We have

Dr1 = (λ + 2μ) X ′
1 − λ

ξ

r
+ λα + (2μ + 3λ) ,

Dφ2 = −λX ′
1 + (λ + 2μ)

ξ

r
− λα − (2μ + 3λ) ,

Dz3 = λX ′
1 − λ

ξ

r
+ (λ + 2μ)α + (2μ + 3λ) .

Gφ3 = (γ + η)
1

r
, Gz2 = − (γ − η)

1

r
.

The equation for the unknown function X1(r) differs from the case 2A:

X ′
1 − ξν

(1 − ν) r
= −1 + (1 + α) ν

1 − ν
.

The solution of this differential equation is

X1(r) = −1 + (1 + α) ν

1 − ν
r + ξν

1 − ν
ln r + const.

4.3 Subfamily 2C

H = er ⊗ i1 − eφ ⊗ i2 − ez ⊗ i3,

E = X ′
1er ⊗ er − ξ

r
eφ ⊗ eφ − αez ⊗ ez,

L = −1

r
eφ ⊗ ez .

The components of the stress and couple stress tensors are expressed as
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Dr1 = (λ + 2μ) X ′
1 − λ

ξ

r
− λα − (2μ + 3λ) ,

Dφ2 = −λX ′
1 + (λ + 2μ)

ξ

r
+ λα + (2μ + 3λ) ,

Dz3 = −λX ′
1 + λ

ξ

r
+ (λ + 2μ)α + (2μ + 3λ) ,

Gφ3 = (γ + η)
1

r
, Gz2 = (γ − η)

1

r
.

The equation in the unknown function X1(r) is

X ′
1 − ξν

(1 − ν) r
= 1 + (1 + α) ν

1 − ν
.

The solution of this differential equation is given by

X1(r) = 1 + (1 + α) ν

1 − ν
r + ξν

1 − ν
ln r + const.

4.4 Subfamily 2D

H = −er ⊗ i1 − eφ ⊗ i2 + ez ⊗ i3,

E = −X ′
1er ⊗ er − ξ

r
eφ ⊗ eφ + αez ⊗ ez,

L = −1

r
eφ ⊗ ez .

We have

Dr1 = (λ + 2μ) X ′
1 + λ

ξ

r
− λα + (2μ + 3λ) ,

Dφ2 = λX ′
1 + (λ + 2μ)

ξ

r
− λα + (2μ + 3λ) ,

Dz3 = −λX ′
1 − λ

ξ

r
+ (λ + 2μ)α − (2μ + 3λ) ,

Gφ3 = − (γ + η)
1

r
, Gz2 = (γ − η)

1

r
.

The equation for the unknown function X1(r) has the form

X ′
1 + ξν

(1 − ν) r
= −1 + (1 − α) ν

1 − ν
.
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The solution of this differential equation is

X1(r) = −1 + (1 − α) ν

1 − ν
r − ξν

1 − ν
ln r + const.

It can be shown that resultant force vector acting in sections of a deformable body
X2 = const has the direction of the vector i2 and value

F2 = l

r1∫

r0

Dφ2dr ,

where l is a cylinder sector length (0 ≤ z ≤ l).
The resultant force vector acting in sections of a deformable body X3 = const

has the direction of the vector i3 and value

F3 = φ1

r1∫

r0

Dz3rdr ,

where φ1 is a cylinder sector angle (0 ≤ φ ≤ φ1).
The constants ξ and α can be computed from given forces F2 and F3. And we

can compute the bending moment which is required for straightening a circular
hollow-cylinder sector. The resultant moment acts in sections of a deformable body
X2 = const, and has the direction of the vector i3 and value

M = l

r1∫

r0

(
X1Dφ2 + Gz3

)
dr .

5 Pure Bending and Reversing of a Circular
Hollow–Cylinder Sector

We set up a mapping QM = QM(qs) by defining

R = R(r), Φ = κφ, Z = αz. (22)

where κ and α are constants. In view of

r = rer + zez, R = ReR + ZeZ ,
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we find the deformation gradient

F = R′er ⊗ eR + κR

r
eφ ⊗ eΦ + αez ⊗ eZ , R′ = dR

dr
.

The mapping (22) is supplemented by four subfamilies of microrotations.

5.1 Subfamily 3A

H = er ⊗ eR + eφ ⊗ eΦ + ez ⊗ eZ ,

E = R′er ⊗ er + κR

r
eφ ⊗ eφ + αez ⊗ ez,

L = κ − 1

r
eφ ⊗ ez .

(23)

Using (2), (5), (23) stress and couple stress tensors are given by

D = DrRer ⊗ eR + DφΦeφ ⊗ eΦ + DzZez ⊗ eZ ,

DrR = (λ + 2μ) R′ + λ
κR

r
+ λα − (2μ + 3λ) ,

DφΦ = λR′ + (λ + 2μ)
κR

r
+ λα − (2μ + 3λ) ,

DzZ = λR′ + λ
κR

r
+ (λ + 2μ)α − (2μ + 3λ) ,

(24)

G = GφZeφ ⊗ eZ + GzΦez ⊗ eΦ,

GφZ = (γ + η)
κ − 1

r
, GzΦ = (γ − η)

κ − 1

r
.

The equilibrium equation (1)2 is satisfied identically for the considered deforma-
tion. The equilibrium equation (1)1 is reduced to a scalar equation

∂DrR

∂r
+ DrR − κDφΦ

r
= 0. (25)

Using (24), the Eq. (25) is reduced to an ordinary differential equation in the unknown
function R(r):

R′′ + R′

r
− κ2 R

r2
= (κ − 1) ((α − 1) ν − 1)

(1 − ν) r
.
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The solution for this differential equation is

R(r) = c1r
κ + c2r

−κ + (κ − 1) ((α − 1) ν − 1)
(
1 − κ2

)
(1 − ν)

r.

In view of r0 ≤ r ≤ r1, where r0, r1 are inner and outer radii, respectively, the
boundary conditions for the absence of external loads on the lateral surfaces of the
cylinder sector are written in the form

DrR

∣
∣∣
r=r0,r1

= 0. (26)

The constants of integration c1 and c2 can be obtained from the boundary condi-
tions (26). Their expressions are cumbersome enough to write them explicit here.

5.2 Subfamily 3B

H = −er ⊗ eR + eφ ⊗ eΦ − ez ⊗ eZ ,

E = k1R
′er ⊗ er + k2

κR

r
eφ ⊗ eφ + k3αez ⊗ ez,

L = −κ + 1

r
eφ ⊗ ez .

Now we have

DrR = (λ + 2μ) R′ − λ
κR

r
+ λα + (2μ + 3λ) ,

DφΦ = −λR′ + (λ + 2μ)
κR

r
− λα − (2μ + 3λ) ,

DzZ = λR′ − λ
κR

r
+ (λ + 2μ)α + (2μ + 3λ) .

GφZ = (γ + η)
κ + 1

r
, GzΦ = − (γ − η)

κ + 1

r
.

The equation in the unknown R(r) differs from the case 3 :

R′′ + R′

r
− κ2 R

r2
= − (κ + 1) ((α + 1) ν + 1)

(1 − ν) r
.

The solution of this differential equation is given by

R(r) = c1r
κ + c2r

−κ − (κ + 1) ((α + 1) ν + 1)
(
1 − κ2

)
(1 − ν)

r.
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5.3 Subfamily 3C

H = er ⊗ eR − eφ ⊗ eΦ − ez ⊗ eZ ,

E = R′er ⊗ er − κR

r
eφ ⊗ eφ − αez ⊗ ez,

L = −κ + 1

r
eφ ⊗ ez .

The components of the stress and couple stress tensors are expressed as

DrR = (λ + 2μ) R′ − λ
κR

r
− λα − (2μ + 3λ) ,

DφΦ = −λR′ + (λ + 2μ)
κR

r
+ λα + (2μ + 3λ) ,

DzZ = −λR′ + λ
κR

r
+ (λ + 2μ)α + (2μ + 3λ) ,

GφZ = (γ + η)
κ + 1

r
, GzΦ = (γ − η)

κ − 1

r
.

The equation in the unknown R(r) is written as

R′′ + R′

r
− κ2 R

r2
= (κ + 1) ((α + 1) ν + 1)

(1 − ν) r
.

The solution of this differential equation is given by

R(r) = c1r
κ + c2r

−κ + (κ + 1) ((α + 1) ν + 1)
(
1 − κ2

)
(1 − ν)

r.

5.4 Subfamily 3D

H = −er ⊗ eR − eφ ⊗ eΦ + ez ⊗ eZ ,

E = −R′er ⊗ er − κR

r
eφ ⊗ eφ + αez ⊗ ez,

L = κ − 1

r
eφ ⊗ ez .

Now we have

DrR = (λ + 2μ) R′ + λ
κR

r
− λα + (2μ + 3λ) ,
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DφΦ = λR′ + (λ + 2μ)
κR

r
− λα + (2μ + 3λ) ,

DzZ = −λR′ − λ
κR

r
+ (λ + 2μ) α − (2μ + 3λ) ,

GφZ = (γ + η)
κ − 1

r
, GzΦ = − (γ − η)

κ + 1

r
.

The equation in the unknown R(r) is written as

R′′ + R′

r
− κ2 R

r2
= − (κ − 1) ((α − 1) ν − 1)

(1 − ν) r
.

The solution of this differential equation is

R(r) = c1r
κ + c2r

−κ − (κ − 1) ((α − 1) ν − 1)
(
1 − κ2

)
(1 − ν)

r.

It can be shown that the resultant force vector acting in sections of a deformable
body Φ = const equals zero for all subfamilies 3A – 3D. And the resultant moment
has the direction of the vector eZ and value

M = l

h∫

0

(
RDφΦ + GφZ

)
dr ,

where l is a length of cylinder sector along the coordinate z (0 ≤ z ≤ l).
The constant κ can be computed from given bending moment M . The constant α

can be calculated from given longitudinal force acting in sections Z = const,

F = φ1

r1∫

r0

DzZrdr .

Here φ1 is sector angle (0 ≤ φ ≤ φ1).

6 Double Cylindrical Bending of a Circular
Hollow–Cylinder Sector

A mapping QM = QM(qs) is described by

R = R(r), Φ = sz, Z = tφ, (27)

where s, t are constants. Since
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r = Rer + zez, R = ReR + ZeZ ,

the deformation gradient is found

F = R′er ⊗ eR + t

r
eφ ⊗ eZ + sRez ⊗ eΦ, R′ = dR

dr
.

The mapping (27) is supplemented by four subfamilies of microrotations.

6.1 Subfamily 4A

H = er ⊗ eR + eφ ⊗ eZ − ez ⊗ eΦ,

E = R′er ⊗ er + t

r
eφ ⊗ eφ + sRez ⊗ ez,

L = −1

r
eφ ⊗ ez + sezeφ.

(28)

Using (2), (5), (28) the stress and couple stress tensors are determined as

D = DrRer ⊗ eR + DφZeφ ⊗ eZ + DzΦez ⊗ eΦ,

DrR = (λ + 2μ) R′ + λ
t

r
− λsR − (2μ + 3λ) ,

DφZ = λR′ + (λ + 2μ)
t

r
− λsR − (2μ + 3λ) ,

DzΦ = −λR′ − λ
t

r
+ (λ + 2μ) sR + (2μ + 3λ) ,

(29)

G = GφΦeφ ⊗ eΦ + GzZez ⊗ eZ ,

GφΦ = −s (γ − η) + 1

r
(γ + η) ,

GzZ = s (γ + η) − 1

r
(γ − η) .

The equilibrium equation (1)2 is satisfied identically for the considered deforma-
tion. The equilibrium equation (1)1 is reduced to a scalar equation

∂DrR

∂r
+ DrR

r
− sDzΦ = 0. (30)

From (29), theEq. (30) is reduced to an ordinary differential equations in the unknown
R(r):

R′′ + 1

r
R′ +

(
a1 + a2

r

)
R = a3 + a4

r
, (31)
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a1 = −s2, a2 = − sν

1 − ν
,

a3 = s (1 + ν)

1 − ν
, a4 = 1 + (1 − st) ν

1 − ν
.

The Eq. (31) is a particular case of the extended confluent hypergeometric equation
[2]. Its solution can be represented by Kummer’s functions.

We suppose r0 ≤ r ≤ r1, where r0, r1 are inner and outer radii, respectively. The
boundary conditions for the absence of external loads on the lateral surfaces of the
cylinder sector are written as

DrR

∣∣∣
r=r0,r1

= 0. (32)

6.2 Subfamily 4B

H = er ⊗ eR − eφ ⊗ eZ + ez ⊗ eΦ,

E = R′er ⊗ er − t

r
eφ ⊗ eφ + sRez ⊗ ez,

L = −1

r
eφ ⊗ ez − sezeφ.

Now we have

DrR = (λ + 2μ) R′ − λ
t

r
+ λsR − (2μ + 3λ) ,

DφZ = −λR′ + (λ + 2μ)
t

r
− λsR + (2μ + 3λ) ,

DzΦ = λR′ − λ
t

r
+ (λ + 2μ) sR − (2μ + 3λ) ,

GφΦ = −s (γ − η) − 1

r
(γ + η) ,

GzZ = s (γ + η) + 1

r
(γ − η) .

The equation in the unknown R(r) differs from the case 4:

R′′ + 1

r
R′ +

(
a1 + a2

r

)
R = a3 + a4

r
,

a1 = −s2, a2 = sν

1 − ν
,

a3 = − s (1 + ν)

1 − ν
, a4 = k1 (1 + (1 + st) ν)

1 − ν
.
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6.3 Subfamily 4C

H = −er ⊗ eR − eφ ⊗ eZ − ez ⊗ eΦ,

E = −R′er ⊗ er − t

r
eφ ⊗ eφ − sRez ⊗ ez,

L = −1

r
eφ ⊗ ez − sezeφ.

The components of the stress and couple stress tensors are expressed as

DrR = (λ + 2μ) R′ + λ
t

r
+ λsR + (2μ + 3λ) ,

DφZ = λR′ + (λ + 2μ)
t

r
+ λsR + (2μ + 3λ) ,

DzΦ = λR′ + λ
t

r
+ (λ + 2μ) sR + (2μ + 3λ) ,

GφΦ = s (γ − η) + 1

r
(γ + η) ,

GzZ = s (γ + η) + 1

r
(γ − η) .

The equation in the unknown R(r) has the form

R′′ + 1

r
R′ +

(
a1 + a2

r

)
R = a3 + a4

r
,

a1 = −s2, a2 = sν

1 − ν
,

a3 = s (1 + ν)

1 − ν
, a4 = − (1 + (1 − st) ν)

1 − ν
.

6.4 Subfamily 4D

H = −er ⊗ eR + eφ ⊗ eZ + ez ⊗ eΦ,

E = −R′er ⊗ er + t

r
eφ ⊗ eφ + sRez ⊗ ez,

L = −1

r
eφ ⊗ ez + sezeφ.

Now we obtain
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DrR = (λ + 2μ) R′ − λ
t

r
− λsR + (2μ + 3λ) ,

DφZ = −λR′ + (λ + 2μ)
t

r
+ λsR − (2μ + 3λ) ,

DzΦ = −λR′ + λ
t

r
+ (λ + 2μ) sR − (2μ + 3λ) ,

GφΦ = s (γ − η) − 1

r
(γ + η) ,

GzZ = s (γ + η) − 1

r
(γ − η) .

The equation in the unknown R(r) is written as

R′′ + 1

r
R′ +

(
a1 + a2

r

)
R = a3 + a4

r
, (33)

a1 = −s2, a2 = − sν

1 − ν
,

a3 = − s (1 + ν)

1 − ν
, a4 = − (1 + (1 − st) ν)

1 − ν
.

Let us consider the deformation (27) of the cylinder sector such that the ends
z = 0 and z = l are joined. Here l is a length of the cylinder sector. In this case the
deformed body is a circular hollow cylinder in the current configuration. Then we
have the conditions

Φ

∣∣∣
z=0

= 0, Φ

∣∣∣
z=l

= 2π.

And we find that s = 2π
l .

It can be shown that the resultant moment acting in sections of a deformable body
Z = const equal zero for all subfamilies 4A – 4D. And the resultant force vector has
the direction of the vector eZ and its value is

F = l

r1∫

r0

DφZdr .

The deformation parameter t can be computed from given force F .

7 Radially Symmetric Deformation of a Hollow Sphere

We give a mapping QM = QM(qs) in the form

R = R(r), Φ = φ, Θ = θ. (34)
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In view of

r = Rer , R = ReR, (35)

the deformation gradient has the form

F = R′er ⊗ eR + R

r
eφ ⊗ eΦ + R

r
eθ ⊗ eΘ, R′ = dR

dr
.

The mapping (34) is supplemented by four subfamilies of microrotation.

7.1 Subfamily 5A

H = er ⊗ eR + eφ ⊗ eΦ + eθ ⊗ eΘ,

E = R′er ⊗ er + R

r
eφ ⊗ eφ + R

r
eθ ⊗ eθ.

(36)

From (2), (5) and (36), the stress and couple stress tensors have the form

D = DrRer ⊗ eR + DφΦeφ ⊗ eΦ + DθΘeθ ⊗ eΘ,

DrR = (λ + 2μ) R′ + 2λ
κR

r
− (3λ + 2μ) ,

DφΦ = DθΘ = λR′ + 2 (λ + μ)
R

r
− (3λ + 2μ) .

(37)

The wryness tensor L and couple stress tensor G are zero tensors.
The equilibrium equation (1)2 is satisfied identically for the considered deforma-

tion. The equilibrium equation (1)1 is reduced to a scalar equation

∂DrR

∂r
+ 2

DrR − DφΦ

r
= 0. (38)

In consequence of (37), the Eq. (38) is reduced to an ordinary differential equation
in the unknown function R(r), namely

R′′ + 2
R′

r
− 2

R

r2
= 0. (39)

The solution for this differential equation is

R(r) = c1r + c2
r

. (40)
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We give the boundary conditions in the form

DrR

∣
∣∣
r=r0

= −p0, DrR

∣
∣∣
r=r1

= −p1. (41)

Here r0 and r1 are inner and outer radii, respectively, p0 and p1 are pressures per unit
area in the reference configuration in the inner and outer surfaces, respectively.

Using (37), (40) and (41) the integration constants are presented as

c1 = 1 − (1 − 2ν)
(
r31 p1 − r30 p0

)

2μ (1 + ν)
(
r31 − r30

) , c2 = − (p1 − p0) r31r
3
0

4μ
(
r31 − r30

) .

7.2 Subfamily 5B

H = er ⊗ eR − eφ ⊗ eΦ − eθ ⊗ eΘ,

E = R′er ⊗ er − R

r
eφ ⊗ eφ − R

r
eθ ⊗ eθ,

L = −2

r
eφ ⊗ eθ + 2

r
eθ ⊗ eφ.

Now we obtain

DrR = (λ + 2μ) R′ − 2λ
R

r
− (3λ + 2μ) ,

DφΦ = DθΘ = −λR′ + 2 (λ + μ)
R

r
+ (3λ + 2μ) ,

G = 4η

r
eφ ⊗ eΘ − 4η

r
eθ ⊗ eΦ.

The equation in the unknown function R(r) differs from the case 5A:

R′′ + 2R′

r
− 2aR

r2
= 4a

r
, a = 1 + ν

1 − ν
.

The solution of this equation is given by

R(r) = c1r
− 1−b

2 + c2r
− 1+b

2 − 1 + ν

ν
r, b =

√
9 + 7ν

1 − ν
.

The integration constants c1 and c2 are determined by the boundary conditions (41).
Their expressions are cumbersome enough to write them explicit here.
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8 Reversing of a Hollow Sphere

A mapping QM = QM(qs) has the form

R = R(r), Φ = φ, Θ = −θ. (42)

In view of (35), the deformation gradient is defined by

F = R′er ⊗ eR + R

r
eφ ⊗ eΦ − R

r
eθ ⊗ eΘ, R′ = dR

dr
.

The mapping (42) is supplemented by four subfamilies of microrotations.

8.1 Subfamily 6A

H = −er ⊗ eR + eφ ⊗ eΦ − eθ ⊗ eΘ, (43)

E = −R′er ⊗ er + R

r
eφ ⊗ eφ − R

r
eθ ⊗ eθ, (44)

L = −2

r
eφ ⊗ eθ + 2

r
eθ ⊗ eφ. (45)

In view of (2), (5) and (43), the stress and couple stress tensors are defined as

D = DrRer ⊗ eR + DφΦeφ ⊗ eΦ + DθΘeθ ⊗ eΘ,

DrR = (λ + 2μ) R′ − 2λ
R

r
+ (2μ + 3λ) ,

DφΦ = −λR′ + 2 (λ + μ)
R

r
− (2μ + 3λ) ,

DθΘ = λR′ − 2 (λ + μ)
R

r
+ (2μ + 3λ) ,

(46)

G = GφΘeφ ⊗ eΘ + GθΦeθ ⊗ eΦ,

GφΘ = 4η

r
, GθΦ = 4η

r
.

(47)

The equilibrium equation (1)2 is satisfied identically for the considered deforma-
tion. The equilibrium equation (1)1 is written in the form . Using (46) the equilibrium
equation is reduced to an ordinary differential equation in the unknown function R(r):

R′′ + 2R′

r
− 2aR

r2
= −4a

r
, a = 1 + ν

1 − ν
.
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The solution of this differential equation has the form

R(r) = c1r
− 1+b

2 + c2r
− 1−b

2 + 1 + ν

ν
r, b =

√
9 + 7ν

1 − ν
.

The integration constants c1 and c2 are determined by the boundary conditions (41).
Their expressions are cumbersome enough to write them explicit here.

8.2 Subfamily 6B

H = −er ⊗ eR − eφ ⊗ eΦ + eθ ⊗ eΘ,

E = −R′er ⊗ er − R

r
eφ ⊗ eφ − R

r
eθ ⊗ eθ.

Now we have

DrR = (λ + 2μ) R′ − (2μ + 3λ) ,

DφΦ = −λR′ + 2μ
R

r
+ (2μ + 3λ) ,

DθΘ = −λR′ − 2μ
R

r
+ (2μ + 3λ) .

The wryness tensor L and the couple stress tensor G are zero tensors.
The equation in the unknown function R(r) is same as Eq. (39). Its solution has

the form (40). From the boundary conditions (41) we determine the constants c1 and
c2 as

c1 = −1 − (1 − 2ν)
(
r31 p1 − r30 p0

)

μ (1 + ν)
(
r31 − r30

) , c2 = − (p1 − p0) r31r
3
0

4μ
(
r31 − r30

) .

9 Conclusion

In this paper, several families of finite deformations of a micropolar body had been
considered. Following the semi-inverse method, we reduced the original system
of differential equilibrium equations with three independent variables to a system
of ordinary differential equations. In the present paper we used the model of the
physically linear isotropic compressible micropolar body with six material param-
eters. Its strain energy density is quadratic form of stretch and wryness tensors.



Exact Solutions of Nonlinear Micropolar Elastic Theory for Compressible Solids 797

We consider arbitrary large strains and rotations in spite of this, the ordinary differ-
ential equations obtained in solving problems are linear. This allowed us to construct
the exact solutions for the problems of strong cylindrical bending of a rectangular
plate, straightening of a cylindrical layer, inflation and reversing of a cylindrical tube,
pure bending of a circular cylinder sector, double cylindrical bending, inflation and
reversing of a hollow sphere.

The solutions obtained in this paper within the three-dimensional non-linear
micropolar elasticity theory can be used to verify the two-dimensional theory of
micropolar shells. Also these solutions can be used for establishing the connection
of material constants in the constitutive relations of the two-dimensional shell model
with the material constants of the three-dimensional micropolar medium. To do this
we can use the formulae obtained in the paper [15]. These formulae express the
resultant stresses and the resultant couple stresses in a shell by the stresses and the
couple stresses of a three-dimensional medium averaging through a thickness.
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