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Abstract. We consider a language together with the subword relation,
the cover relation, and regular predicates. For such structures, we con-
sider the extension of first-order logic by threshold- and modulo-counting
quantifiers. Depending on the language, the used predicates, and the
fragment of the logic, we determine four new combinations that yield
decidable theories. These results extend earlier ones where only the lan-
guage of all words without the cover relation and fragments of first-order
logic were considered.
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1 Introduction

The subword relation (sometimes called scattered subword relation) is a simple
example of a well-quasi ordering [7]. This property allows its prominent use in the
verification of infinite-state systems [4]. The subword relation can be understood
as embeddability of one word into another. This embeddability relation has been
considered for other classes of structures like trees, posets, semilattices, lattices,
graphs etc. [8-11,14-16,22,23].

We are interested in logics over the subword order. Prior work on this has
concentrated on first-order logic where the universe consists of all words over
some alphabet. In this setting, we already have a rather precise picture about the
border between decidability and undecidability: For the subword order alone, the
I*-theory is decidable [17] and the 3*V*-theory is undecidable [6,12]. If we add
constants to the signature, already the 3*-theory becomes undecidable [6]. With
regular predicates, the two-variable theory is decidable, but the three-variable
theory is undecidable [12].

Thus, the decidable theories identified so far leave little room to express
natural properties. First, the universe is confined to the set of all words and
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predicates for subsets quickly incur undecidability. Moreover, neither in the 3*-,
nor in the two-variable fragment of first-order logic, one can express the cover
relation = (i.e., “u is a proper subword of v and there is no word properly between
these two”). As another example, one cannot express threshold properties like
“there are at most k subwords with a given property” in any of these two logics.

In this paper, we aim to identify decidable logics that are more expressive.
To that end, we consider four additions to the expressivity of the logic:

— Instead of all words over some alphabet, the universe is a language L.
— We add regular predicates or constants to the structure.

Besides the subword order, we also consider the cover relation L.

— We add threshold and modulo counting quantifiers to the logic.

Formally, this means we consider structures of the form

(L, Ea E7 (K N L)K regular, (w)wEL)a

where the universe is a language L C X*, C is the subword ordering, = is the
cover relation, there is a predicate KNL for each regular K C Y* and a constant
symbol for each w € L. Moreover, we consider fragments of the logic C+MOD,
which extends first-order logic by threshold- and modulo-counting quantifiers.

The key idea of this paper is to find decidable theories by varying the uni-
verse L and thereby either (i) simplify the structure (L,C) enough to obtain
decidability even with the extensions above or (ii) generalize existing results
that currently only apply to L = X*. This leads to the following results.

1. First, we require L to be bounded. This means, we have L C wj---w},

for some words wy,...,w,, € X*. Then, as soon as L is context-free, the
C+MOD-theory of the whole structure is decidable (Theorem 3.4).

2. To lift the boundedness restriction, we show that if L is regular, we still
obtain decidability for the whole structure if we stay within the two-variable
fragment C4+MOD? (Corollary 4.8). This generalizes the decidability of the
FO?-theory without the cover relation as shown in [12, Theorem 5.5].

3. Moreover, we consider a regular universe, but lift the two-variable
requirement. To get decidability, we restrict quantifiers and available pred-
icates: We show that for regular L, the Xj-theory of the structure (L,C)
is decidable (Theoremb5.1). In the case L = X*, this had been shown in
[17, Prop. 2.2].

4. Finally, we place a further restriction on L, but in return obtain decidability
with constants. We show that if L is regular and every letter is “frequent” in L
(see Sect. 6), then the Xj-theory of the structure (L, C, (w)yer) is decidable
(Theorem 6.2). Note that, by [6, Theorem 3.3], this theory is undecidable if
L=X*

Our first result is shown by a first-order interpretation of the structure in
(N,+). Since L C wj---w}, instead of words, one can argue about vectors

(x1,...,2y) € N for which wi*---w¥" € L. For the interpretation, we use
the fact that semilinearity of context-free languages yields a Presburger formula
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expressing wi ---wir € L for (x1,...,2,) € N™. Moreover, Presburger defin-
ability of wi* - - - w¥r C wy' - w¥» for (x1,...,2,) € N"and (y1,...,yn) € N"is
a simple consequence of the subword relation being rational, which was observed
n [12]. The first-order interpretation of our structure in (N, +) then enables us
to employ decidability of the C+MOD-theory of the latter structure [1,5,21].
(Note that this decidability does not follow directly from Presburger’s result
since in first-order logic, one cannot make statements like “the number of wit-
nesses € N satisfying ... is even”). A similar interpretation in (N, +) was used
in [6] for various algorithms concerning (X*,C, (w)yex+) for fragments of FO
related to bounded languages.

Our second result extends an approach from [12] for decidability of the FO*-
theory of the structure (X*,C, (L), regular). The authors of [12] provide a quan-
tifier elimination procedure showing that every unary relation FO?-definable in
this structure is regular. Our extended quantifier-elimination procedure uses the
same invariant, now relying on the following two properties:

— The class of regular languages is closed under counting images under unam-
biguous rational relations.
This can be shown either directly or (as we do here) using weighted
automata [20].

— The proper subword, the cover, and the incomparability relation are unam-
biguous rational.

Our third result extends the decidability of the Xj-theory of (X*,C)
from [17]. In [17], decidability is a consequence of the fact that every finite
partial order can be embedded into (X*,C) if |X| > 2. This certainly fails for
general regular languages: (a*,C) can only accomodate linear orders. However,
we can distinguish two cases: If L is a bounded language, then decidability of
the X-theory of (L,C) follows from our first result. If L is not bounded, then
we show that again every finite partial order embeds into (L,C). To this end,
we first extend a well-known property of unbounded regular languages, namely
that there are z,u,v,y € X* with x{u,v}*y C L such that |u| = |v| and u # v.
We show that here, u,v can be chosen so that wv is a primitive word. We then
observe that for large enough n, any embedding of the word (uv)"~! into (uv)™
must hit either the left-most position or the right-most position in (uv)™. This
enables us to argue that for large enough n, sending a tuple (¢1,...,t,) € {0,1}™
to zv't (uv)™ - - - v (uv)™y is in fact an embedding of ({0,1}™, <) into (L,C),
where < denotes coordinate-wise comparison. Since any partial order with < m
elements embeds into ({0,1}™, <), this completes the proof.

Regarding our fourth result, we know from [6] that decidability of the
X1-theory of (L,C, (w)yer) does not hold for every regular L: Undecidability
holds already for L = {a,b}*. Therefore, we require that every letter is frequent
in L, meaning that in some automaton for L, every letter occurs in every cycle.
In case L is bounded, we can again invoke our first result. If L is not bounded,
we deduce from the frequency condition that for every w € X*, there are only
finitely many words in L that do not have w as a subword. Removing those
finitely many words preserves unboundedness, so that every finite partial order
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embeds in L above w. We then proceed to show that for such languages, any
J)1-sentence is effectively equivalent to a sentence where constants are only used
to express that all variables take values above a certain word w. Since every
finite partial order embeds above w, this implies decidability.

The full version of this work is available as [18].

2 Preliminaries

Throughout this paper, let 3 be some finite alphabet. A word u = ajas ... an
with ai,as,...,a, € X is a subword of a word v € X* if there are words
Vo, V1« - -, Um € X* with v = vgai1v1a2Vs - - - Ay Uyy,. In that case, we write u C v;
if, in addition, u # v, then we write v C v and call v a proper subword of v. If
u,w € X* such that v C w and there is no word v with u C v C w, then we say
that w is a cover of u and write v = w. This is equivalent to saying © C w and
|u] + 1 = |w| where |u] is the length of the word w. If neither u is a subword of
v nor vice versa, then the words u and v are incomparable and we write u || v.
For instance, aa T babbba, aa = aba, and aba || aabb.

Let S = (L, (Ri)ier, (wj)jes) be a structure, i.e., L is a set, R; C L™ is a
relation of arity n; (for all ¢ € I), and w; € L for all j € J. Then, formulas ¢ of
the logic C+MOD are defined by the following grammar:

pu=(s=1t)| Ri(s1,....80,) | "¢ | @V |Twp|FFrap|Fmdigy

where s,%,51,...,5,, are variables or constants w; with j € J, 7€ I, k € N, and
p,q € N with p < ¢. We call 32F a threshold counting quantifier and 3 ™°dq
a modulo counting quantifier. The semantics of these quantifiers is defined as
follows:

- SEFrraif {we L |SEa(w)}] >k
~SEPrdipaiff {we L|S E a(w)}| €p+gN

For instance, 3° ™9 2z o expresses that the number of elements of the structure
satisfying « is even. Then (30 mod 25, a) Vv (31 mod 2. a) holds iff only finitely many
elements of the structure satisfy «. The fragment FO+MOD of C+MOD com-
prises all formulas not containing any threshold counting quantifier. First-order
logic FO is the set of formulas from C+MOD not mentioning any counting quan-
tifier. Let X1 denote the set of first-order formulas of the form 3z 3z ... dx,: Y
where v is quantifier-free; these formulas are also called existential.

The threshold quantifier 32% can be expressed using the existential quantifier,
only. Consequently, the logics FO+MOD and C+MOD are equally expressive.
The situation changes when we restrict the number of variables that can be
used in a formula: Let FO+MOD? and C+MOD? denote the set of formulas
from FO+MOD and C+MOD, respectively, that use the variables z and y, only.
Then, the existence of >3 elements in the structure is expressible in C+MOD?,
but not in FO+MOD?.
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In this paper, we will consider the following structures:

— The largest one is (L,C, &, (K N L)k regular; (W)wer) for some L C X*. The
universe of this structure is the language L, we have two binary predicates
(C and =), a unary predicate K N L for every regular language K, and we
can use every word from L as a constant.

— The other extreme is the structure (L, C) for some L C X* where we consider
only the binary predicate C.

— Finally, we will also prove results on the intermediate structure (L, =, (w)wer)
that has a binary relation and any word from the language as a constant.

For any structure S and any of the logics £, the L-theory of S is the set of
sentences from £ that hold in S.

A non-deterministic finite automaton is called non-degenerate if every state
lies on a path from an initial to a final state. A language L C X* is bounded
if there are a number n € N and words wy,ws,...,w, € X* such that L C
wi wi - --w. Otherwise, it is unbounded.

For a monoid M, a subset S C M is called rational if it is a homomorphic
image of a regular language. In other words, there exists an alphabet A, a regular
R C A*, and a homomorphism h: A* — M with S = h(R). In particular, if
XYy, X5 are alphabets and M = X} x X3, then a subset S C X x X3 is rational
iff there is an alphabet A, a regular R C A*, and homomorphisms h;: A* — X7
with S = {(h1(w), ha(w)) | w € R}. This fact is known as Nivat’s theorem [2].

For an alphabet I', a word w € I'*, and a letter a € I', let |w|, denote the
number of occurrences of the letter a in the word w. The Parikh vector of w is
the tuple ¥r(w) = (|w|s)aer € NI'. Note that ¥ is a homomorphism from the
free monoid I'* onto the additive monoid (N, +).

3 The FO+MOD-Theory with Regular Predicates
The aim of this section is to prove that the full FO4+MOD-theory of the structure

(La Ea Ea (K N L)K regular, (w)weL)

is decidable for L bounded and context-free. This is achieved by interpreting
this structure in (N, +), i.e., in Presburger arithmetic whose FO+MOD-theory
is known to be decidable [1,5,21]. We start with three preparatory lemmas.

Lemma 3.1. Let K C X* be context-free, wy,...,w, € X*, and g: N* — X*
be defined by g() = wi™ wy™? -+ -wi™ for allm = (my,ma,...,my,) € N*. The

set g7 (K) ={m e N" | g(m) € K} is effectively semilinear.

Proof. Let I' = {ay,a3,...,a,} be an alphabet and define the monoid homo-
morphism f: I'* — X* by f(a;) = w; for all i € [1,n].

Since the class of context-free languages is effectively closed under inverse
homomorphisms and under intersections with regular languages, the language

L=~ (K)Najas---a) = {u € aja} - a} | flu) € K}
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is effectively context-free. Its Parikh image ¥ (L) C N™ is effectively semilin-
ear [19]. Moreover, ¥ (L) equals the set g~ !(K) from the lemma. O

Lemma 3.2. Let wy,...,w, € X* and g: N* — X* be defined by g(m) =
wit wy? - cwl for all m = (my, ma,...,my) € N*. The set {(m,n) € N* x
N™ | g(m) C g(m)} is semilinear.

Proof. Let I' = {aj,as,...,a,} be an alphabet and define the monoid homo-
morphism f: '™ — X* by f(a;) = w; for all ¢ € [1,n]. One first shows that

So = {(u,v) | u,v € aja;...a;, f(v)C f(v)}

is rational. We now employ Nivat’s theorem. It tells us that there are a regular
language R over some alphabet A and two homomorphisms hy, hy: A* — I'*
so that we can write Sz = {(h1(w), h2(w)) | w € R}. Since R is regular, its
Parikh-image YA (R) = {¥a(w) | w € R} is semilinear [19]. There are monoid
homomorphisms py,pa: N4 — N" with ¥ (hi(w)) = pi(¥a(w)) for all i € {1,2}
and w € A*. With these, the image H = {(p1(¥a(w)),p2(¥a(w))) | w € R}
of the set ¥4 (R) under the monoid homomorphism (p;,p2): N4 — N" x N” is
semilinear. It turns out that this set equals the set from the lemma. O

Lemma 3.3. Let wi,ws,...,w, € X*, L C wjw; ---w; be context-free, and
g: N — X* be defined by g(m) = wiwy?---wl for every tuple m =
(my1, ma,...,my) € N*. Then there exists a semilinear set U C N"™ such that g
maps U bijectively onto L.

Proof. The set U contains, for each u € L, the lexicographically minimal tuple
m € N™ with g(7n) = u. Then, Lemmas 3.1 and 3.2 and the closure of the class
of semilinear sets under first-order definitions imply the required properties. O

Now we can prove the main result of this section.

Theorem 3.4. Let L C X* be context-free and bounded. Then the FO+MOD-
theory of (L,C,, (K N L)k regular, (W)wer) s decidable.

Proof. Tt suffices to prove the decidability for the structure S = (L,C, (K N
L)k regular) since the theory of the structure from the theorem can be reduced
to that of S (x =y gets replaced by its definition and z0w by Jy: y € {w} Axby
where 6 is any binary relation symbol).

Since L is bounded, there are words wy,ws,...,w, € X* such that L is
included in wj w3 - - - w}. For an n-tuple m = (mqy,mg,...,m,) € N” we define
g(m) = wi"wy™ - - -wi'™ € X*.

1. By Lemma 3.3, there is a semilinear set U C N" that is mapped by g bijec-
tively onto L.

2. The set {(m,n) | g(m) C g(n)} is semilinear by Lemma 3.2.

3. For any regular language K C X* the set {m € N" | g(m) € K} C N" is
effectively semilinear by Lemma 3.1.
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From these semilinear sets, we obtain first-order formulas A\(Z), o(Z,7), and
ki (Z) in the language of (N, +) such that, for any m,7 € N”, we have

1. (N,4) EA(m) < meU,

2. (N,+) Fo(m,n) <= g(m) C g(n), and

3. (N +) E kx(Mm) < g(m) € K.

One then defines, from an FO+MOD-formula ¢(z1,...,z)) in the language of
S, an FO+MOD-formula ¢/ (7, ..., Tx) in the language of (N, +) such that

(N, +) E ¢/ (mr,...,mg) <= S E elg(r),. .., g(Mx)).

(This construction can be found in the full version [18] and increases the formula
size at least exponentially.)

Consequently, any sentence ¢ from FO+MOD in the language of S is trans-
lated into an equivalent sentence ¢’ in the language of (N, +). By [1,5,21], valid-
ity of the sentence ¢’ in (N, +) is decidable. O

4 The C+MOD2-Theory with Regular Predicates

It is the aim of this section to show that the C+MOD?-theory of the structure
(L,C,G, (K N L)K regular, (W)wer) is decidable for any regular language L. To
this aim, we first show that the C+MOD?-theory of

§= (2*7 E7 L, (L)L regular)

is decidable. This decidability proof extends the proof from [12] for the decidabil-
ity of the FO%-theory of (X2*,C, (L)L regular)- It provides a quantifier-elimination
procedure (see Sect.4.3) that relies on the following two properties:

1. The class of regular languages is closed under counting images under unam-
biguous rational relations (Sect.4.2) and

2. the proper subword, the cover, and the incomparability relation are unam-
biguous rational (Sect.4.1).

4.1 Unambiguous Rational Relations

Recall that, by Nivat’s theorem, a relation R C X* x X* is rational if there exist
an alphabet I', a homomorphism h: I'* — X* x X* and a regular language
S C I'* such that h maps S surjectively onto R. We call R an unambiguous
rational relation if, in addition, h maps S injectively (and therefore bijectively)
onto R. Note that these are precisely the relations accepted by unambiguous
2-tape-automata.

While the class of rational relations is closed under unions, this is not the
case for unambiguous rational relations (e.g., R = {(a™ba™,a™) | m,n € N} U
{(a™ba™, a™) | m,n € N} is the union of unambiguous rational relations but not
unambiguous). But it is closed under disjoint unions.
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Lemma 4.1. For any alphabet X, the cover relation = and the relation T \C
are unambiguous rational.

Proof. For i € {1,2}, let X; = ¥ x {i} and I' = X7 U Xy. Furthermore, let the
homomorphism proj,;: I'* — X* be defined by proj,(a, i) = a and proj,;(a, 3—i) =
¢ for all a € X. Finally, let the homomorphism proj: I'* — X* x X* be defined
by proj(w) = (proj; (w), proj,(w)).

— The regular language

Sub = ( U ((22 \ {(a72)})* (a,’ 2) (a, 1))) 22*.

acX

is mapped bijectively onto the subword relation.

— Let S be the regular language of words from Sub with precisely one more
occurrence of letters from Y5 than from ;. Then S is mapped bijectively
onto the relation [, hence this relation is unambiguous rational.

— Similarly, let S’ denote the regular language of all words from Sub with at
least two more occurrences of letters from X5 than from X;. It is mapped
bijectively onto the relation C \C, i.e., C \ is unambiguous rational. a

Lemma 4.2. For any alphabet X, the incomparability relation
| = {(u,v) € Z* x Z* | neither u C v nor v C u}
s unambiguous rational.

Proof. We will show that the following three relations are unambiguous rational:

1. Ry = {(u,v) | Ju| < |v|] and not u C v},
2. Ry = {(u,v) | [u|] = |[v| and u # v}, and
3. Rs = {(u,v) | |u| > |v|] and not v C u}.

The result follows since || is the disjoint union of these relations. Let X;, I, proj,,
and proj be defined as in the previous proof. First, the regular language

Incs = (22 51)* - {(a,2)(b,1) | a,b € 5,a # b} - (ZX1)*.

is mapped by proj bijectively onto Rs.
From [12, Lemma 5.2], we learn that (u,v) € Ry U Ry if, and only if,

— u=ajay...apu for some £ >1, ay,...,ap € X, u' € X*, and
—ve X\ {a}D)*ar (X \ {ax})*az- - (X \{ar—1})*ar—1 (X \ {ar}) T for some
word v € X* with |u/| = |v/].

Consequently, proj maps the following language bijectively onto R; U Ra:

Inci 2 = (U ((22\ {(@.2)})"(@,2)a, 1))) . U((Z\ {@2) @) - (222"

acy acX

and since Incy C Incy 2, proj maps Inc; = Incy o \ Incy bijectively onto R;. The
claim regarding Rj3 follows analogously. O
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4.2 Closure Properties of the Class of Regular Languages

Let R C X* x X* be an unambiguous rational relation and L C X* a regular
language. We want to show that the languages of all words u € X*

with [{v € L | (u,v) € R} >k (1)
(with [{v € L | (u,v) € R}| € p+ gN, respectively) (2)

are effectively regular for all k£ € N and all 0 < p < ¢, respectively (this does
not hold for arbitrary rational relations). It is straightforward to work out direct
automata constructions for this. However, the full details of this are somewhat
cumbersome. Instead, we provide a proof via weighted automata, which enables
us to split the two constructions into several simple steps.

Let S be a semiring. A function r: X* — S is realizable over S if there
are n € N, A\ € ' a homomorphism p: X* — S™"*" and v € S"*! with
r(w) = A - p(w) - v for all w € X*. The triple (A, u,v) is a presentation of
dimension n or a weighted automaton for r.

In the following, we consider the semiring N°°, i.e., the set NU {co} together
with the commutative operations + and - (with 2+ 0o = oo for all z € NU {co},
x-00 = oo for all z € (NU{oo}) \ {0}, and 0- co = 0). Sometimes, we will argue
about sums of infinitely many elements from N°°, which are defined as expected.

Proposition 4.3. Let I' and X be alphabets, f: I'* — X* a homomorphism,
and x: I'* — N q realizable function over N°°. Then the following function r
is effectively realizable over N°°:

r=yxof i X" 5 N®:y— Z x(w)

wel™

fw)=u
Proof. The homomorphism f can be written as f = fs o f; where f1: I'* — I'*
is non-expanding (i.e., fi(a) € I'U {e} for all @ € I') and fo: ['* — X* is
non-erasing (i.e., fo(a) € X+ for all @ € I'). Then r = (x o f;') o f'. Then
X' = xo fi ! is effectively realizable by [3, Lemma 2.2(b)].

Let (A, p,v) be a presentation of dimension n for x’. For o € X' U {e}, set

I, ={be ]| f2(b) = o}. Furthermore, define the matrix M € (N°°)"*" by

M {oo if there is w € I'} with n < |w| < 2n and p(w);; >0
ij =

Ewerg" pu(w);; otherwise.

Then M;; =3, cr« p(w)i; for all 4,5 € [1,n]. Setting X = X- M and

W (a) = Z (u(b) - M) for all a € X
bel,

defines the presentation (X, i/, v) for the function r = x’ o f;*. O
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Lemma 4.4. Let R C X* x X* be an unambiguous rational relation and L C X*
be regular. Then the following function r is effectively realizable over N> :

r: X" >N uw— |{vel](uv)€R}

Proof. Since R is unambiguous rational, so is R N (X* x L), i.e., there are an
alphabet I', homomorphisms f,g: I'* — X*, and a regular language S; C I'*
such that

(f,9): I = X" x 2" w e (f(w), g(w))

maps Sp, bijectively onto RN (X* x L). Since Sy, is regular, its characteristic
function x is effectively realizable by [20, Prop. 3.12]. One then shows that r is
the function x o f~! as in Proposition 4.3. O

‘We now come to the main result of this section.

Proposition 4.5. Let R C X* x X* be an unambiguous rational relation and
L C X* be regular. Then, for k € N and for p,q € N with p < q, the set H of
words w satisfying (1) and (2), respectively, is effectively regular.

Let R denote the rational relation mentioned before Lemma4.1. Then a word
a™ba™ has >2 “R-partners” iff it has an even number of “R-partners” iff m # n.
Hence, the above proposition does not hold for arbitrary rational relations.

Proof. Let r be the function from Lemmad4.4. Setting z = y iff x = y or k <
x,y < oo defines a congruence = on N*°. Then Sp° = N*°/= is a finite semiring
and the function s: 2* — Sp°: u +— [r(u)] is effectively realizable. Since the
semiring Sp° is finite, the “level sets” s™!([i]) = {u € X* | s(u) = i} are
effectively regular by [20, Prop. 4.5]. Since s~!([k])Us™!([o0]) is the language of
words u satisfying (1), the first result follows.

For the second language, we consider the congruence = C N*° x N*° with
r=yiffe=yorqg<z,y<ooandz—y € gN. O

4.3 Quantifier Elimination for C+MOD?

Our decision algorithm employs a quantifier alternation procedure, i.e., we will
transform an arbitrary formula into an equivalent one that is quantifier-free.
As usual, the heart of this procedure handles formulas ¢ = Qy ¢ where Q is
a quantifier and ¢ is quantifier-free. Since the logic C+MOD? has only two
variables, any such formula ) has at most one free variable. In other words, it
defines a language K. The following lemma shows that this language is effectively
regular, such that 1 is equivalent to the quantifier-free formula x € K.

Lemma 4.6. Let p(z,y) be a quantifier-free formula from C+MOD? in, the lan-
guage of the structure S = (X*,C, G, (L)L reguiar). Then the sets

{reX* |SEFryp} and {z € X* | S| FPmed iy o}

are effectively regular for all k € N and all p,q € N with p < q.
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Proof. Since ¢ is quantifier-free, we can rewrite it into a Boolean combination
of formulas of the form x € K and y € L for some regular languages K and L,
zCyand yCz,and z Cy and y Cx.

There are six possible relations between the two variables x and y in the
partial order: we can have x =y, x =y or vice versa, x C y A—x [Zy or vice versa,
or z || y. Let 6;(z,y) for 1 <14 < 6 be formulas describing these relations.

Hence ¢ is equivalent to \/, ;-4 (i A ¢). In this formula, any occurrence of
( appears in conjunction with precisely one of the formulas 6;. Depending on
this formula 6; (i.e., the relation between x and y), we can simplify ¢ to ¢; by
replacing the atomic subformulas that compare z and y by true or false. As a
result, the formula ¢ is equivalent to \/; -, 4 (9 A ;) where the formulas ¢; are
Boolean combinations of formulas of the form x € K and y € L for some regular
languages K and L.

Now let k& € N. Since the formulas 6; are mutually exclusive, we get

HZkyngEIZky \/ (Gi/\ﬁoz \/ /\ E|>k 9 /\4,01)

1<i<6 ) 1<i<6

where the disjunction (x) extends over all (ki,. .., k¢) € N® with >, _, ¢ ki = k.
Hence it suffices to show that o

{w e X" | Iy (6: nop)} (3)

is effectively regular for all 1 < ¢ < 6, all £ € N, and all Boolean combinations
o of formulas of the form x € K and y € L where K and L are regular lan-
guages. We can find regular languages Kj; and Lj; and a finite set I such that
@ is equivalent to \/,,.; (x € Ky Ay € Ly) and such that this disjunction is
exclusive. Hence the set from (3) equals the union of the sets

{reX | Fry@ince Ky AyeLy)y=Kyn{zeX |32y cLy: 6}

Hyy

for M € I. The set H); is effectively regular by Proposition 4.5 and Lemmas 4.1
and 4.2. Since the language in the claim of the lemma is a Boolean combination
of such sets, the first claim is demonstrated; the second follows similarly. a

The only atomic formulas with a single variable x are x € L with L regular,
x =z, x C x (which are equivalent to € X*), and « =« (which is equivalent
to x € (). Hence, any quantifier-free formula with a single free variable z is a
Boolean combination of statements of the form x € L. Lemma4.6 thus implies:

Theorem 4.7. Let S = (2*,C, 5, (L)L regular). Let o(x) be a formula from
C+MOD?. Then the set {x € X* | S |= @} is effectively regular.

Corollary 4.8. Let L C X* be a regular language. Then the C+MOD?-theory
of the structure Sp = (L, T, G, (K N L)k reguiar, (W)wer) s decidable.
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Proof. Let ¢ € C+MOD? be a sentence. We build ¢ by (1) restricting all
quantifications to L, (2) replace x6w by Jy: y € {w} A 20y, and dually for ydw
for all w € L and all binary relations 6.

With S the structure from Theorem 4.7, we obtain S = ¢, < SL E ¢.
By Theorem 4.7, the language {z | S |E ¢} is regular (since ¢y, is a sentence,
it is @ or X*). Hence oy, holds iff this set is nonempty, which is decidable. a

5 The ¥;-Theory

In this section, we study for which regular languages L the Xi-theory of the
structure (L,C) is decidable. If L is bounded, then decidability follows from
Theorem 3.4. In the case of (X*,C), decidability is known as well [17]. Here, we
prove decidability for every regular language L. Note that in terms of quantifier
block alternation, this is optimal: The X5-theory is undecidable already in the
simple case of ({a,b}*,C) [6].

Theorem 5.1. For every regular L C X*, the X -theory of (L,C) is decidable.

Observe that very generally, the X';-theory of a partially ordered set (P, <) is
decidable if every finite partial order embeds into (P, <): In that case, a formula
with n variables is satisfied in (P, <) if and only if it is satisfied for some finite
partial order with at most n elements. This is used to obtain decidability for the
case L = X* with |X| > 2 in [17].

As mentioned above, if L is bounded, decidability follows from Theorem 3.4.
If L is unbounded, it is well-known that there is a subset z{p, ¢}*y C L such that
Ip| = |g| and p # ¢ (see Lemma5.2). Since in that case, the monoids ({a,b}*,")
and ({p,q}*,-) are isomorphic, it is tempting to assume that ({a, b}*, C) embeds
into ({p,q}*,C) and thus into (z{p, ¢}*y, C). However, that is not the case. If
L = {ab,ba}*, then the downward closure of any infinite subset of L includes
all of L. Since, on the other hand, ({a,b}*,C) has infinite downward closed
strict subsets such as a*, it cannot embed into (L,C). Nevertheless, the rest
of this section demonstrates that every finite partial order embeds into (L, C)
whenever L is an unbounded regular language. By the previous paragraph, this
implies Theorem 5.1.

We recall a well-known property of unbounded regular languages.

Lemma 5.2. If L C X* is not bounded, then there are x,y,p,q € X* such that
lpl = lal, p # ¢, and a{p,q}*y C L.

Proof. Let A be any non-degenerate deterministic finite automaton accepting
L. Then at least one strongly connected component of A is not a cycle since
otherwise, L would be bounded. Hence, there is a state s and prefix-incomparable
words u, v, each of which is read on a cycle starting in s. Since v and v are prefix-
incomparable, the words p = uv and ¢ = vu are distinct, but equally long. Since
A is non-degenerate, there are words x,y € X* with z{p, ¢}*y C L. O
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To have some control over how words can embed, we prove a stronger version
of Lemmab5.2. Two words p,q € X* are conjugate if there are z,y € X* with
p =xy and ¢ = yx. A word p € X* is primitive if there is no ¢ € X* with
peqqt.

Proposition 5.3. For every unbounded regular language L C X*, there are
x,u,v,y € X* such that |u| = |v|, the word uv is primitive, and z{u,v}*y C L.

Proof. Since L is unbounded and regular, Lemma 5.2 yields words z,y,p,q € X*
with [p| = |q|, p # ¢, and {p,q}*y C L. Then the words r = pg and s = pp
are not conjugate, because every conjugate of a square is a square. Moreover,
|r| = |s|, and x{r,s}*y C x{p,q}*y C L. Let n = |r|, u = rs""1, and v = s™.
Towards a contradiction, suppose uv = rs2"~! is not primitive. Then there is a
word w € X* with rs?"~1 € ww*. Depending on whether |w| > n or |w| < n,
we have n < |w!| < n? either for t = 1 or for t = n. It follows that 7 is a prefix
of wt and that w! is a suffix of s", implying that r is a factor of s”. Since r and
s are not conjugate, this is impossible. g

We are now ready to describe how to embed a finite partial order into (L, C).
Observe that every finite partial order with m elements embeds into ({0,1}"™, <)
where < is the componentwise order. Hence, it suffices to embed this partial order
into ({u,v}*,C). We do this as follows. Let n = |uv| +m + 3 and define, for a
tuple t = (t1,...,tm) € {0,1}™,

Om(ti, . tm) = 0" (u0)™ - - - v'm (uv)™.

Then, clearly, s < t implies @,,,(s) C @, (t). The converse requires a careful
analysis of how prefixes of ¢,,(s) can embed into prefixes of o, (t). For z,y € X*,
we write z — y if z, but no word za with a € X is a subword of y. In other
words, x — y if = is a prefiz-maximal subword of y. This gives us a criterion for
non-embeddability: If = has a strict prefix xg with 2y — y, then certainly = £ y.
In this case, the word x7 with © = zgz; is called residue. We show the following:

Lemma 5.4. Let u,v € X* be words such that |u| = |v| and wv is primitive.
Then, for all {,n € N with n > |uv| + € + 2, we have

(1) (wv)" — v(uv)",
(ii) (uv)’v(uv)* =1 — (uv)”, and
(iii) (uv)o(uv)" =2 — v(uv)™.

For this lemma, it is crucial to observe that for a primitive word w and n > |w|+1,
any embedding of w™~! into w™ must either hit the left-most or the right-most
position in w™. To conclude that s £ ¢ implies ¢,,(s) Z ., (t), we argue about
prefixes of the form p; = v (uw)™ - - - v% (uv)™ and ¢; = v (uw)™ - - - vt (uw)" for
i€ [l,m]. If s £ t, let i € [1,m] be the index with s; = 1, ¢;, =0 and s; < ¢;
for all j € [1,4 — 1]. Then clearly p;—1 C g;—1. In fact, Lemmab.4 (i) implies
that even p;—1 < ¢;_1, since x — y and =’ — y’ imply zy — z’y’. Then, by
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Lemmab.4 (i), p; = pi—1v(uv)" 1 (uv) has a residue of uv in ¢; = ¢;_1(uv)™.
To conclude ¢,,(s) Z @m(t), it remains to be shown that this can never be
rectified when considering prefixes p; and g; for j = i+ 1,..., m. To this end,
Lemma5.4 (i) and (iii) tell us that if p; has a residue of (uv)* in g;, then the
word pj+1 has a residue of (uv)? or even (uv)*! in gj41.

6 The ¥;-Theory with Constants

In this section, we study for which languages L the structure (L,C, (w)yer) has
a decidable X1 -theory. From Theorem 3.4, we know that this is the case whenever
L is bounded. However, there are very simple languages for which decidability
is lost: If |X| > 2, then the Xp-theory of (X*,C, (w)yex+) is undecidable [6].
Here, we present a sufficient condition for the X;-theory of (L,C, (w)yex+) to
be decidable.

Let L C X*. We say that a letter a € X is frequent in L if there is a real
constant § > 0 so that |w|, > ¢ - |w| for all but finitely many w € L. Our
sufficient condition requires that all letters be frequent in L. If L is regular, this
is equivalent to saying that in every non-degenerate automaton for L, every cycle
contains every letter. An example of such a language is {ab, ba}*.

We shall prove that this condition implies decidability of the X-theory of
(L,C, (w)ywex+). If L is bounded, decidability already follows from Theorem 3.4.
In case L is unbounded, we employ our results from Sect.5 to show another
embeddability result. For w € X* let wl = {u € X* | w C u} denote the
upward closure of {w} in (X*, C). We will show that if L is unbounded, then for
each w € X*, the decomposition of L = (L \ wl) U (L NwT) yields two simple
parts: The set L \ w7 is finite and the set L N w] embeds every finite partial
order. This simplifies the conditions under which a X';-sentence is satisfied.

Lemma 6.1. Let L C X* be an unbounded regular language where every letter
is frequent. For every w € X*, the set L\ w1 is finite and L N w1 is unbounded.

Proof. In a non-degenerate automaton A for L, every cycle must contain every
letter. Therefore, if A has n states and v € L has |v| > n-|w], then a computation
for v must contain some state more than |w| times, which implies w C v and
hence v ¢ L\w7. Therefore, L\w? is finite. This implies that LNw?7 is unbounded:
Otherwise L = (LNwT) U (L \ wT) would be bounded as well. O

Theorem 6.2. Let L C X* be an unbounded reqular language where every letter
is frequent. Then the X1-theory of (L,C, (w)wer,) is decidable.

Proof. For decidability, we may assume that we are given a formula ¢ that is a
disjunction of conjunctions of literals of the following forms (where z and y are
arbitrary variables and w an arbitrary word from L):

(i) zCw (iil) wC x (v) zCy

(ii) z Z w (iv) wZ x (vi) 2 Zy
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Step 1. We first show that literals of types (i) and (iv) can be eliminated. To
this end, we observe that for each w € L, both of the sets {u € L | u C w}, and
{v € L | w £ u} are finite (in the latter case, this follows from Lemma 6.1). Thus,
every conjunction that contains a literal x C w or w [£ z, constrains z to finitely
many values. Therefore, we can replace this conjunction with a disjunction of
conjunctions that result from replacing by one of these values. (Here, we might
obtain literals w C v or u IZ v, but those can be replaced by other equivalent
formulas). We repeat this until there are no more literals of the form (i) and (iv).
Step 2. We now eliminate literals of the form (ii). Note that the language {u €
L | u Z w} is upward closed in (L,C). Since L is regular, we can compute the
finite set of minimal elements of this set. Thus, z [Z w is equivalent to a finite
disjunction of literals of the form w’ E x. The resulting formula 1) is a disjunction
of conjunction of literals of the form (iii), (v), (vi).

Step 3. To check satisfiability, we may assume that v is a conjunction of literals
of the form (iii), (v), (vi). We can write 9 as y1 Ay, where 7, is a conjunction of
literals of the form (iii) and 72 is a conjunction of literals of the form (v) and (vi).
We claim that 1 is satisfiable if and only if 5 is satisfiable in some partial order.
The “only if” direction is trivial, so suppose 75 is satisfied by some finite partial
order (P, <) and let w € X* be a concatenation of all words occurring in 7. By
Lemma6.1, L N w7 is unbounded, which implies that (P, <) can be embedded
into (L NwT,E) (see Sect.5). This means, there exists a satisfying assignment
where even w C x for every variable x. In particular, it satisfies v =v1 Ay, O

Open Questions

We did not consider complexity issues. In particular, from [13], we know that
the FO?-theory of the structure (£*, C, (w)yex+) can be decided in elementary
time. We are currently working out the details for the extension of this result
to the C+MOD?-theory of the structure (L, C, (w)yer) for regular languages L.
We reduced the FO+MOD-theory of the full structure (for L context-free and
bounded) to the FO+MOD-theory of (N, +), which is known to be decidable in
elementary time [5]. Our reduction increases the formula exponentially due to
the need of handling statements of the form “there is an even number of pairs
(z,y) € N? such that ...” It should be checked whether the proof from [5] can be
extended to handle such statements in FO+MOD for (N, +) directly.

Finally, our results raise an interesting question: For which regular languages
L does the structure (L, C, (w)yer) have a decidable Yq-theory? If every letter
is frequent in L, we have decidability. For example, this applies to L = {ab, ba}*
or L = {ab,baa}* Ubb{abb}*. If L = X* for |X| > 2, we have undecidability [6].
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