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Foreword

The Summer School Wisla 18: Nonlinear PDEs, Their Geometry, and Applications
was organized by the Baltic Institute of Mathematics and took place in a beautiful
mountain region of Wista city in the south of Poland between 20 and 30 of August
2018. The city is located in the Beskid Mountains and is surrounded by mountains
that are covered by wild forest. The name of the city comes from the biggest river in
Poland which has its source near the town. In Poland, it is a well-known good place
for hiking, biking, and skiing and even ski-jumping in winter. Wista is also a spa.
The city is located near the border with the Czech Republic and a few kilometers
from the border with Slovakia, with the unique triple point where the borders of
Poland, The Czech Republic, and Slovakia meet.

The school was devoted to geometric theory of differential equations and
applications to physics. A special place is occupied by the theory of the Monge—
Ampére equations and their applications in meteorology. There was also a session
for learning how to use the Computer Algebra System Maple® in practical com-
putations. The second part of the school was devoted to participant’s contributions.
This splitting into lectures and contributions of participants is reflected in this book.
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viii Foreword

Fig. 1 Sunset over the mountains surrounding Wisla (photography by Eivind Schneider)

Brno, Krakow, Oslo, Tromse, Warszawa Maria Utan
2019 Eivind Schneider
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Preface

This book is a summary of The Summer School Wisla 18: Nonlinear PDEs, Their
Geometry, and Applications that took place on 20-30 August 2018 in Wista,
Poland. It is divided into two complementary parts: The first part the book presents
geometric methods in nonlinear differential equations and their application to
physics (including thermodynamics and meteorology) is presented. They are sorted
in the ascending order from introductory to more advanced. It is required that the
reader has basic knowledge of differential geometry (at the level of standard uni-
versity course of Global Analysis and/or Differential Geometry) and some
knowledge in physics for lectures touching upon this subject. The second part of the
book contains participant’s contributions. They are original research articles that
show how to apply the methods present in the first part. Some of the papers are
complementary to the lectures and present different viewpoints on the same subject.
This part is more advanced and concise, however a motivated reader should not
have big problems with following them after reading the lecture notes from the first
part of the book.

The first part of the book contains lectures given at the School and focuses on
various subjects from the geometric theory of differential equations.

The first lecture set in the book by Valentin V. Lychagin explains interesting
connections between the theory of measurements, contact geometry, and thermo-
dynamics. Its novel approach should be interesting to anyone who wants to
investigate the intriguing connection between probability and differential geometry.

The second set of lectures by Alexei Kushner, Valentin V. Lychagin, and Jan
Slovék contains an introduction to geometric theory of differential equations,
reformulation of the Monge—Ampeére equations in this language, and examples of
use of Maple CAS to computations. It should be interesting for anyone new to the
subject.

The following lectures by Volodya Rubtsov take the reader deeper into the
Monge—Ampére equations and related structures including complex, Kéhler and
hyperkéhler. The last chapter in this series can be treated as an introduction to the
equations used in meteorology.
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X Preface

The final set of lectures by Sergey N. Tychkov introduces, in the form of a
hands-on approach, symbolic computations in differential geometry using Maple®.

The second part of the book contains research papers by participants of the
school. They are more concise and the reader can treat them as an exercise in
understanding the material from the first part. They describe various subjects and
therefore they give reader a glimpse of current research in these areas.

We hope that the mix of lectures and original research articles will give you, dear
reader, a good starting point in your journey to the world of geometric theory of
differential equations and their applications, and that they will help you improve
your skills in this field.

Brno, Krakow, Oslo, Tromsg, Warszawa Maria Utan
January 2019 Eivind Schneider
Radostaw A. Kycia
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Part I
Lectures

This part presents the lectures on geometric theory of differential equations and its
applications.



Chapter 1 ®)
Contact Geometry, Measurement, Gk o
and Thermodynamics

Valentin V. Lychagin

1.1 Preface

This paper has a long story and goes back to the middle of 80s but its recent version
is based on the series of lectures I gave during the Summer school Wisla 18.

It is difficult now to say what kind of students and their backgrounds I had in
mind. Possibly, and it reflects my own background, I had in mind students working
in differential geometry, differential equations, and mathematical physics.

My friend, when I asked his opinion about thermodynamics, just said to me: con-
sider physics as a big family with brothers, sisters, cousins, etc. Then thermodynamics
shall be witch among them.

This is provocative and possibly too strong image, but something like this I feel
every time when I read books on thermodynamics, although nobody will deny that
this is the more important part of physics.

Thus, the idea underlying these lectures was to show, first of all, that some kind of
thermodynamics is presented in practically all acts of measurement and second, that
it is strongly related to splendid mathematics, especially to contact and symplectic
geometry and to the theory of singularities.

The paper is organized in the following way. In the first part, we give a short
exposition of topics from probability theory that will be important for us. All of
this more or less standard with, the exception of discussion on coherence conditions
for dependency, which is heavily dependent on the Mac Lane coherence condition

([18]).

V. V. Lychagin (<)

Department of Mathematics, UiT Norges Arktiske Universitet, Postboks 6050,
Langnes 9037, Tromsg, Norway

e-mail: valentin.lychagin @uit.no; lychagin @math.uit.no

V. A. Trapeznikov Institute of Control Sciences of Russian Academy
of Sciences, 65 Profsoyuznaya street, Moscow 117997, Russia
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4 V. V. Lychagin

The second part s central to the paper. Here we discuss the measurement procedure
for random vectors based on the principle of minimal information gain. We use this
principle instead of principle of maximum entropy because the notion of entropy is
not appropriate and not well defined in this situation.

The main result of this chapter and main geometrical image that stands behind
any measurement procedure might be formulated as a Legendrian or Lagrangian
manifold in contact or symplectic space equipped with an additional Riemannian
structure.

At the end of this chapter, we apply these results to measurement of velocities in
classical mechanics and more generally to measurement of physical fields. We show
that variational methods in mechanics and classical field theory are just a continuation
of the principle of minimal information gain and the functions of information gain
are just Lagrangians in the corresponding variational problems.

In the final chapter, we apply the previous results to classical thermodynamics
and illustrate them for the case of ideal and real gases in order to show how to get
the corresponding Lagrangian and Legendrian manifolds, and then describe phase
transitions and thermodynamical processes in the corresponding gases.

1.2 A Crash Course in Probability Theory

1.2.1 Measure Spaces and Measurable Maps

We begin with a motivation to consider o -algebras, given by Giuseppe Vitali.

Let’s consider subsets X C R and let’s try to measure their “size” u (X) , where
W is a positive function, u (X) € [0, oo].

Assume that we, for intervals, have the standard measure u ([a, b]) = b — a,
w () = 0, and let us also require that u (X) < u (Y),if X C Y.

Moreover, assume that u (U; X;) = ), u (X;), for disjoint countable unions:
XiNX;=o,fori #j,and u (X +1) = u(X), i.e., “size” does not change under
translations of subsets, ¢t € R. These are more or less natural expectations for the
“size-function”.

We will now show that such function does not exist. To this end, consider the factor
group R/Q consisting of classes x mod Q of real numbers x € R module rationals.

Due to the axiom of choice, it is possible to choose representative X € R for any
class x mod Q, and therefore, one gets a map ¢: R/Q — R, such that 7 o ¢ = id,
for the natural projection 7 : R — R/Q.

Taking fractional part of ¢, we’ll assume, that Z = Im ¢ C [0, 1] and therefore,
c=pn(Z) <L

On the other hand, R is a disjoint union U,cq(Z + ), and therefore, ¢ > 0.

Consider now the following disjoint union: Z’ = U;cqnpo,11(Z + 1) C [0, 2].
Then, u (Z') <2and u (Z') = > reonio.1] €



1 Contact Geometry, Measurement, and Thermodynamics 5

This contradiction shows that subset Z is not measurable. However, we still have
enough measurable subsets which we can construct from intervals by taking their
unions, intersections, and complements. This argument leads us to the following
notion.

A measurable space is a pair (2, A) , where 2 is a set and A is a o -algebra, i.e.,
a subalgebra of the power algebra P (£2) (: 29) of all subsets of the set €2 closed
with respect to countable unions and intersections as well as taking complements,
and which satisfies @, Q2 € A.

In probability theory, elements of A are usually called events and while points
€ Q are called experiments. Then unions | X;, where X; € A, correspond to the
statement that at least one event X; holds, and intersections () X; correspond to the
statement that all events X; hold.

Compare the notion of measurable space with the notion of fopological spaces,
where one defines a topology t C % (£2) as a collection of 7 of open sets which is
closed with respect all possible unions and finite intersections, and which satisfies
g,QerT.

Thus, for a given topological space (€2, t) we’ll consider the measurable space
(2, B), where 8 = B (1) is a o-algebra generated by countable unions, intersec-
tions, and complements of open sets in t. This algebra is called a Borel o-algebra.

Any mapping ¢: Q; — 2, of sets induces a mapping of power algebras

¢~ P () > P ().
by taking preimages, and also

' (XUY) =9 (X)UPT(Y),
' XNY) =90 (X)NPT(Y),
o' (X°) = (¢p7'(X))",

for all subsets X, Y of set Q,, i.e., ¢’1 is a morphism of the algebras.
For the mapping ¢ of given measurable spaces (21, A;) and (£2,, Ay), we say
that ¢ is measurable (or random point) if

¢~ (A) C Ay,

ie.,if (;5_1 maps elements of o -algebra A, to A; and preserves intersections, unions,
and complements.

Once more, compare and recall that a mapping ¢ of topological spaces (€21, t1)
and (Q, 12) is continuous if ' (12) C 711, i.e., if ¢! maps 1,-open sets to 7;-open
sets. Hence, if we consider topological spaces as measurable with respect to the cor-
responding Borel o -algebras, then continuous mappings are also Borel measurable.

Let now (€2, A) be a measurable space. Then a probability measure p on (2, A)
isamap p: A — [0, 1] such that

e p(@)=0, p(Q) =1, and
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e p(U;X;) =), p(X;), forall disjoint countable unions X; N X ; = &, fori # j,
and measurable sets X; € A.

The triple (2, A, p) is called a probability space and the value p (X), where
X € A, is called the probability of the event X.

Remark 1.1 (Important!) In these lectures, we consider only probability measures,
but, for the sake of simplicity, we call them simply measures.

1.2.2 Operations Over Measures, Measure Spaces,
and Measurable Maps

1. Restriction and induction.
Let (2, A) be a measurable space and let Q' C Q2 a be a subset. Then the o-
algebra A’ generated by intersections X N €', for all X € A, defines a structure
of measurable space on '.
The following is more general construction. Let ¢: ' — Q be a map and
¢! (A) be the o-algebra generated by all preimages of measurable subsets
X C R, X € A Then (Q’, qﬁ’l(ﬂ)) is a measurable space.

2. Tensor product.
Let (221, A;) and (2, A,) be measurable spaces. Denote by A; ® A, the o-
algebra of subsets of the product 2; x €2, generated by cylinders X; x X;, where
X € A and X, € A,. This algebra is called tensor product of o-algebras A;
and Aj.

3. Measurable maps.
Let ¢1: (21, A1) = (2, Az) and ¢y : (27, Az) — (23, Az) be measurable
maps. Then their composition ¢, o ¢;: (21, A) — (23, Ajz) is measurable too.
The constant maps as well as identity maps are measurable.

4. Image of measure.
Let ¢: (21, A)) — (82, A,) be a measurable map and let p be a measure on
(21, Ay) , then the formula

def

¢ (p) X)) = p (¢ (X))

defines the measure on (€2, A) . It is easy to check that

(@201 (P) = P2:(d14 (P))-

5. Tensor product of measures.
Let p;, i = 1, 2, be measures on measurable spaces (£2;, A;) , then the formula

(p1 ® p2) (X1 x X») d=efP1 (X1) - p2 (X2),



1 Contact Geometry, Measurement, and Thermodynamics 7

where X| € A, and X, € A,, defines the measure on (2] x 2, A} @ Ay) .
This measure is called (tensor) product of the measures p, and p,.

6. Random vectors and random variables.
Measurable maps ¢ (2, A, p) — R or more generally ¢: (2, A, p) - E,
where E is a finite-dimensional vector space (over R), and both spaces E, R
are considered as measurable with respect to the Borel o -algebras, and are called
random variable and random vector, respectively.
From the practical point of view, it means that preimages ¢! (U) and ¥ ~! (V)
are A -measurable for all opensets U C Rand V C E.

Remark 1.2 Almost all constructions that we will use in these lectures could be also
applied in the case when E is an infinite-dimensional Banach or Hilbert space.

The set of all random vectors is closed with respect to addition and multiplication
by numbers and therefore forms a vector space itself (often infinite-dimensional).
The set of random variables is also closed with respect to product and therefore forms
an algebra over R.

7. The images ¢, (p) or ¥, (p) are probability measures on R and E, respectively.
They are called probability laws for random variable ¢ or random vector . We
consider the values ¢, (p) (U) or ¥, (p) (V) as probabilities of finding a random
variable ¢ or random vector v in the openset U C Ror V C E.

1.2.3 The Lebesgue Integral

By step functions on a measurable space (2, A), we mean measurable functions
that take only a finite number of values.
It is easy to see that any such function s could be presented in the form

n
§ = E Ci* XA;»
i=1

where A; € A are measurable subsets, and x4, are their indicator functions, i.e.,
XA, (@) =1, when w € A;, and x4, (w) = 0 in the opposite case, and ¢; are the
values of the function s : 5|4, = ¢; on A;.

For a step function s, the definition of the (Lebesgue) integral with respect to the
measure p is very natural:

/S dp = D e p(AD.
A i=1

For a nonnegative measurable function f this integral is defined as a limit of approx-
imations of f by nonnegative step functions, or more precisely as
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/ fdp &f sup f s dp, for all nonnegative step functions s such that s < f

Q Q

(1.1)
It is easy to see that any measurable function f could be presented in the form:
f = f+ — f- for some measurable and nonnegative functions fy, f— and we’ll

define
def
ffdp=/f+dp—/ffdp.
Q Q Q

One can easily check (or read in textbooks) that the Lebesgue integral satisfies
the most of familiar properties of integrals. Among them

1. The function f —> [ f dp is R-linear in f.
Q

2. For any nonnegative measurable function X, such that f A dp = 1, the formula
Q

pi(A) = /XA Adp,
Q

for A € A, defines a new probability measure on (€2, A) , and

[ rav.= [ riap

Q Q

for any measurable function f.
3.If¢p: (2, A) — (Q’, ﬂ/) is a measurable map and p’ = ¢, (p) is the image of
the measure p on 2. Then

Q/ £ dp' = Q/ o (f) dp.

for any measurable function f’ on Q’.
Here, ¢* (f’) = foo.

Remark 1.3 1. The difference between Riemann and Lebesgue integrals one can
see and feel for the case when 2 = [0, 1] and f = x4 is the indicator function
of the set A = [0, 1] N Q. Then the Riemann integral of f obviously does not
exist but the Lebesgue integral equals zero.

2. Let’s consider a measurable function f: (2, A, p) — R as arandom variable.
Then the mean value (or average) (f), of f is the integral

), < f f dp.

Q
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Let p’ = f, (p) be the probability law for f. Then, due to the above property,

<f>,,=9/f ap =[xy

R

where x is the standard coordinate on R.

1.2.4 The Radon—Nikodym Theorem

Let p and g be two measures on a measurable space (2, A) . We’ll writeg << p and
say that measure q is absolutely continuous with respect to measure p, or dominated
by p, if ¢ (A) = 0 whenever p (A) =0, for A € A.

If g << p and g << p we say that the measures p and g are equivalent.

The Radon—-Nikodym theorem (see, for example, [25]) states thatif ¢ << p then
there is a nonnegative measurable function p such that

q(A) = /prdp, (1.2)

Q

for any set A € A.

This function is called density g with respect to p, or Radon—Nikodym derivative
dq

dp’ . .
In this notation, formula (1.2) takes the more transparent form:

dq
q(A) = / XA d—dp.
p
Q

1.2.5 The Fubini Theorem

Let (21, Ay, p1) and (22, Ay, p») be probability spaces. We define their product as
the triple (2] X 25, A} ® A, p1 @ p2), where A; @ A, is the o-algebra gener-
ated by the products A} x Ay C Q) x 2, of measurable sets A} € A, and A, € A,
and the product of the measures p; ® p, is a measure on space 2; x 2, such that

(P1® p2) (A1 X Ay) = p1 (A1) - p2 (A2).

It is easy to see that the product p = p; ® p, is also probability measure:

(P1® p2) (21 X ) = 1.
We say that a measurable function f on 2 x £2; is integrable if
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/ fldp < oo,
Q1 xQ

For integrable functions the Fubini theorem states that

fdp = / (U/ fdps | dpy = / (W/ fdpi |dp. (3)

Remark that functions given by the integrals f fdp; and f fdp> involved in the
2

iterated integration is not necessarily defined everywhere but the sets on which they

are not defined are sets of measure zero.

Q]XQZ

1.2.6 Random Vectors

Let X: (2, A, p) — V be arandom vector, dimg V = n < oo.
Define a mean or average or expectation of X as a vector E(X) € V such that

a (E(X)) =/(ozoX)dp, (1.4)
Q

for any covector @ € V*.
Two remarks on this definition. First of all, if ey, ..., ¢, is a basis in V and

X=X (we +- -+ X,(w)e,

is a decomposition of X in this basis for some measurable functions X, ..., X,,, then
(1.4) means that
E(X) = <X1>pel + tee + <Xn>pen’

or

E(X) = /Xdp,

Q

if in the last formulae we mean coordinate wise integration.

Second, formula (1.4) allows us to define means of random vectors for infinite-
dimensional Banach vector spaces also if we use the Bochner integral (see, for
example, [4]) instead of the Lebesgue integral.
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1.2.7 Conditional Expectation

Let ¢: (21, A}) — (L2, Ap) be a random point on 2, and let p be a probability
measure on (€21, A;) . Then the push-forward measure py = ¢, (p) on (2, A)
is the probability law, in the sense that ¢, (p) (B) = p (¢‘1 (B)) is equal to the
probability of finding the random point in set B € A».

Let now X: (21, A;) — V be random vector. Then there is a random vector
E(X|¢): (2, Ay) — V (defined in the complement of a zero measure set) called
conditional expectation, such that

/¢*(f)XdP=/fE(X|¢)dP¢~ (1.5)
Q2

Q0

Taking indicator functions xp, for sets B € A,, we can rewrite the above formula
in equivalent form

/ Xdp:/E(XI¢)dP¢~ (1.6)

¢~'(B) B

The last formula allows us to consider conditional expectation as a “density” of local
averages [ Xdp along preimages ¢! (B).

»~1(B)
To outline the construction of conditional probability we remark that due to

definition (1.4) it is enough to consider only nonnegative random variables
X: (Q],ﬂ]) — R.

For them, the left-hand side of (1.6) defines a measure on (£2;, A,) . This measure
is bounded and absolutely continuous with respect to probability law py if X €
L; (21, p) . Therefore, at least in this case, conditional expectation E ( X| ¢) exists.
For more details, see [10, 11].

Example

Let ¢: Q) x Q; — 5 be the projection ¢ (w;, @) = w;, and let p = pp; @ p»,
where p; are measures on £2;, respectively, and p (w1, @;) is the density. Then

dpy = (U/P(wl,wz) dp | dpa,
1

and formula (1.5) gives us

E(X|¢) () = /X(wl,wz)dm.

1

J p (w1, @) dp;
Q
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1.2.8 Dependency, Coherence Conditions, and Tensor
Product of Random Vectors

Let Xi: (21, Ay, p1) = Vi and X;: (82, Az, p2) — V5 be random vectors,
dimgr V; =n;, <oo0,i =1,2.
Define their tensor product as a random vector

X1 ®Xo: (21 X 2, A1 @ Az, p12) = ViQ Vs,

where
(X1 ® X2) (w1, w2) = X1 (w1) ® X3 (w2) € V1 @ Vs,

and p, is a measure absolutely continuous with respect to product p; ® p.
Random vectors X and X, are said to be independent if p1; = p1 ® p».
Denote by E(X) and E (X,) averages with respect to measures p; and p;, respec-

tively, and let £ (X| ® X,) be the average with respect to measure pi;.
Then, due to the Fubini theorem,

E (X1 ® X2) = E(X)) ® E(X2),

if X, and X, are independent.
In general, the tensor

Cov(X, X)) =EX1®X2) - EX)DR®EX)eVI®Va.

is called the cross-covariance between random vectors X and X,.

In the special case when X = X1 =X, V=V, =V,, and p;; = pQ p the
tensor var(X) = cov (X, X) € V ® Visasymmetric tensor and is called the variance
of the random vector X.

In order to measure various tensor products, we fix a probability space (2, A, p)
and call “dependency” a sequence of probability measures p®) on products (2, A*) ,
where QF =Qx-- - xQ, A=AR---@A are kth Descartes and tensor
degrees, which are absolutely continuous with respect to the tensor product mea-
sure p¥ = p® --- @ p and satisfy
®) =

i (p p* b, (1.7)

Here 7 ; : QX — QK1 are the natural projections,
T (01, ..., ) = (@1, -+ - Vi1, Vig1, -+ 5 k)

for w; € Q.
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Independence in these terms means that p® = p* for all k > 2.

Conditions (1.7), as we’ll see later on, uniquely define measures p("), fork > 3,
for given measures p(’ = p and p®.

It is very similar to the Mac Lane coherence conditions for associativity of a
tensor product (see [18]), where associativity of a product of three elements implies
associativity of products of any number of elements.

For these reasons, we also call (1.7) coherence conditions for probability mea-
sures.

Let p; be densities of measures p® with respect to measures p*, then (1.7) means
that
/ Pk dp = Pr-1, (1.8)

i

where €2; are fibers of the projections ;.

In order to show that such dependencies exist, we’ll consider, at first, the case of
finite-dimensional dependencies.

Namely, we’ll assume that there is a finite-dimensional vector space W in the space
of A—measurable functions on 2, W C F (2), such that 1 € W and all densities
pr, k > 2, belong to the kth tensor products W =W @ --- @ W C F (2F).

Here, we’ve identified the product of functions f () g (@) € F (2?), where
f, g € W, with the tensor product f @ g € W Q W.

Denote by 7: W — R the linear functional given by integral, f € W —
fQ fdp,andletey =1,eq,...,e, beabasisin W, where I (¢;) =0ifi > 1.

Assuming that p, € W @ W we represent it in the form

P2 = E Cij€ij,
i,j=0

where Cij = ¢€; ® e; and Cij € R.
Denote by I, = I ® id and I, = id ® I, we rewrite condition (1.8) in the form:

Li(p)=1€eW and L(p)=1€W,

or

ZC()jej:1€W, ZC,‘()e,‘:lEW.

Jj=0 i>0

Therefore,
coo=1,c0; =0,¢;0=0, ifi, j > 1,

and thus we get that
P2 = 1®1+ Z Cijéij.

ij=1
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The similar calculations show that for the given p, of the above form, we get

=111+ ) cyel), (1.9)
ij=1
where
ei(;) =1QReRej+e®1IQe;j+e; Qe @1,

and for general value of k we get

pk:1®®1+ Zc,-_,-egf), (110)
ij>1
where
3,-(_]].‘)21®-~-®1®8i®ej+~-~+e,-®e,®l®-~-®1.

Going back to the standard functional notations we’ll rewrite these formulae in the
following way.

Theorem 1.1 For a given density function p; (w1, w,), the formula

kD (k-2

> (1.11)

pk(a)l,...,wk)=2,02 (wi,wj)

i<j
gives the solution of coherence equation (1.8).

Remark 1.4 We saw the uniqueness of solution for densities generated by the finite-
dimensional vector spaces W. It follows from the Stone—Weierstrass theorem that
the uniqueness is also held in the case when €2 is a compact subspace of R”, A is the
Borel algebra and we consider only continuous solutions of (1.8).

1.3 Measurement of Random Vectors

The problem of measurement of vectors, namely, the measurement of velocity vectors
for gas particles, was initially investigated by Maxwell (1860) and later by Boltzmann
(1872). They showed that the density of probability to get velocity vector v € T in
a tangent space 7' with respect to the Lebesgue measure satisfies the normal law

3/2 my?
P <2ﬂkBT> p( 2kBT>’

where kg is the Boltzmann constant.
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This distribution describes behavior only for ideal noble gases, for real ones the
picture is much more interesting and much more complicated.

1.3.1 Entropy and the Shannon Formula

The notion of entropy as well as the name Entropie appears for the first time, due to
Rudolf Clausius ([3]), in 1865.

In modern terms, it claims that the differential 1-form 6 Q which measure the
change of heat is proportional to the differential of some function S, called entropy,
i.e., Q0 = TdS. The multiplier T is called temperature. Remark that in this setting
the entropy function S is not uniquely defined. The absolute entropy function was
defined later by using statistical approach and the third law of thermodynamics, or
Nernst’s postulate.

In statistical mechanics Boltzmann defined entropy as related to the number W
of microscopic configurations of the system:

S=kplnW. (1.12)

Entropy in this picture is considered as a measure of uncertainty of our system
after observation of the main macroscopic quantities of the system.

It was noted by Max Plank ([22]) that “The logarithmic connection between
entropy and probability was first stated by L. Boltzmann in his kinetic theory of

gases.”
From a probabilistic point of view the Boltzmann formula could be written in the
form S = —kp In p, where p is a probability of taking a microscopic configuration,

and in this form, it has very transparent interpretation.

Let (2, p) be a probability space, where p(A) is the probability of an event
ACQ.

We say that a function s: A — s(A) € R is a surprise function, if it satisfies the
following properties:

e s(A)>0,s(R2) =0, s(¥) = 0.
e s(AB) =s(A)+ s (B), ifevents A and B are independent.
e s(A) = f(p(A)), for a continuous function f.

Then, if we assume that the function p — s (p) is continuous, we get that

s(A) = —log, p(A),

for some constant a > 1.

The base number a is used to give name for units of the surprise measurement:
nats, for a = e; bits, for a = 2; and hartleys, for a = 10.

In what follows, we’ll use the unit of nats.
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Assume now that we have a finite probability space Q2 = {wy, ..., w,}andlet p =
{p1,..., pn}, where p; = p(w;), is a probability measure. Then, due to Shannon,
the average, or expected value, of the surprise function:

S(p)=-)_ pilnp. (1.13)

is called the entropy of probability measure p.

Now let’s try to transfer this notion to the case of infinite probability spaces. Take,
for example, 2 = R and p = f(x)dx, where f(x) is a probability density.

Then taking discretization R = U;[x;, x;;1] and p; = f(&;), for some intermedi-
ate points &; € [x;, x;11], we expect that possible value of S(p) is a limit of integral
sums S (p) = — ), pilnp;.

We have

SE ==Y fE)InfEA =) fE)A A,

where A; = x;411 — X;.

The first term in this expression tends to f fooo f(x)In f(x)dx, but the second one
has no limit.

To resolve this problem, let’s reconsider definition (1.13) by taking two probability
distributions on €2; say p = {p1,..., po}and g = {q1, ..., qu}.

Assume that ¢ is our initial distribution, then differences (—Ing;) — (— In p;) tell
us about “the gain of information”, and the average

S(p.g) =Y piln (Z—)

l

is called the gain of information or the Kullback—Leibler divergence between prob-
ability distributions p and g.

Let’s compare this gain of information with the previous notion of entropy. If we
assume that ¢, = {%, e, %} is the homogeneous distribution, “noise”, then

S(p,qn) = In(n) — S(p).

In other words, the gain S(p, g;) is a difference between entropy of “noise”, which
is equal to In(n) = max, S(p), and entropy S(p) of the given distribution p.

Going now back to the case, when Q2 = R, and assuming that p = f(x)dx and
q = g(x)dx, we get that

~ ~ J (&) /°° J )
S(p.q)=— )In ——A; — In ——=d 1.14
(P.q) Ei f (&) ") 7oof(X) nm (1.14)

which now has sense.
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1.3.2 Gain of Information

Let us now consider a general probability space (€2, A, p) with probability measure
p and let g be another probability measure, which is equivalent to measure p, p ~ ¢,
i.e., these measures have the same set of negligible (or measure zero) sets.

Then formula (1.14) leads us to the following notion of information gain or
Kullback—Leibler divergence between probability distributions in the general case:

d
<Hp4)=/HnQ£>dp (1.15)
Q

The main property of this function is positivity (Gibbs inequality) :
I(p,q) >0, and I (p,q) = 0if and only if p = g almost everywhere.

It follows directly from Jensen’s inequality:

dp dq dq
In{—)dp=— [ In|—)dp>—In —dp|=—In dg | =0.
dq dp dp
Q Q Q Q

Moreover, I (p,q) = 0if Z—Z =1, or p = g, almost everywhere.

Therefore, this function shows how to measure p diverges from measure q.
Remark that this function is not a distance between two measures because it is not
symmetric: I (p, q) # I (g, p): Moreover, it does not satisfy the triangle inequality.

Formula (1.15) in terms of density p, dp = pdgq, could be rewritten in the form

I(p,cn:/plnpdq,
Q

which is similar (up to sign) to the entropy expression.

Applying, for example, this function to random points we would now be able
to compare two random points ¢;: (2, A, p) — (Q/,f(’), i =1,2, by taking
I (2 (P), P15 (p)), as well as estimate the dependency p;, between two mea-
sures py, p» on probability spaces (£2;, A;, p;) by taking their mutual information:
I (p12, p1 ® p2).

1.3.3 Principle of Minimal Information Gain

The principle of maximum entropy was formulated by Edwin Thompson Jaynes in
1957 ([6]). In these papers, he gave a very transparent relation between statistical
mechanics and information theory.
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Later Kullback ([14]) proposed the principle of minimum discrimination infor-
mation (MDI) which we used here under the name principle of minimal information
gain.

Consider a random vector X: (2, A, g) — V on a finite-dimensional vector
space V. Then we consider the average

E(X):/qu

Q

as a result of the measurement.

Indeed, assume that g is a metric on V and the result of measurement is a vector
¢ € V, such that expectation of length of vectors X — c,i.e., E(g(X — ¢, X —¢)),
is minimal.

Then, due to Jensen’s inequality, we get that

E@X—-c,X-c)2g(EX—-0),EX—-c)=¢(EX)—c, E(X)—¢c) 20,

and it takes zero value if and only if c = E (X) .

Changing random vector X for X — E (X), we’ll assume that X is a centered
random vector,ie., E(X)=0¢€ V.

Let’s consider themap X : (2, A, g) — V as some device that produces vectors
of vector space V and uses probability measures p ~ g on 2 as control parameters.

Namely, we assume that the result of the vector measurement for the given value
of pis

E(X,p):/Xdp.
Q

In order to get the vector x € V as a result of our measurement, we should adjust
our device state (2, A, g) to another (2, A, p), where p ~ ¢, in such a way that

E (X, p) =x.

In terms of density functions, dp = pdq, this means that we are looking for non-
negative and A-measurable functions p on space €2 such that

/pdq:l, /,onq:x. (1.16)
Q Q

Conditions (1.16) are too weak to define function p completely. So, and this is the
principle of minimal gain information, we’ll require in addition that the measure p is
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the closest one to the basic measure ¢ in the sense that it minimizes the information
gain:

I(p,q):/plnpdq:>min,
Q

under conditions (1.16).
To this end, we consider the functional

L(p)z/plnpdq—/\o /pdq—l —<k,prdq—x>,

Q Q Q

where Ao € R and covector A € V* are the Lagrange multipliers.
Then, the condition

8L
— =lnp+1—-—412—(A,X)=0,
dp

gives
Y ZeXp()"O_1+<)"’X>)’

and the first condition of (1.16) gives us

1
0= mewh (1.17)
where
Z ) :/eW“ dq, (1.18)
Q

is the so-called partition function.

Remark that this integral may not exist for all values of A.

Let’s fix a connected and simply connected domain D € V* where the function
Z (A) is defined and smooth, and assume that 0 € D.

Then the differential of this function at a point A € D is a vector of the cotangent
vector space T* (D) which we, using the affine structure on V*, shall identify with
(V*)* = V. In other words, we’ll assume thatd, Z € V.

Remark 1.5 The hidden probability space €2 could be eliminated from the formula
for the partition function and the last formula could be written in terms of vector
space V only:

Z () = /e“’” du (1), (1.19)

\4

where 1 = X, (g) is the image of the basic measure ¢.
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To satisfy the second condition of (1.16), we remark that

@Z:/}W”quzza)n
Q

Therefore, if we introduce another function, which we’ll call the Hamiltonian func-
tion,

H}) =—InZG), (1.20)
then
x = —d.H. (1.21)
‘We also have
1 (%)
1(p.q) = m/e X (H 0) + 0, X)) dg (1.22)
Q
—HO)+(x)=H®) — (A, d.H). (1.23)

It is possible to get the vector x as a result of using our device X if and only if
Eq. (1.21) solvable. In other words, if we consider the Legendre map

dH: A e D— d,H eV,

then Eq. (1.21) solvable if and only if the vector x belongs to the image of the map
dH: xeD=ImdHCV.

Denote by ¥ C D the set of singular points of the Legendre map dH : D — D,
andlet 3 be the image of ¥. Then D \ X as well as D . X are unions of “phases” D;
and D; and the restriction of the Legendre map on them are local diffeomorphisms,
and therefore, Eq. (1.21) has a discrete set of solutions A; ; (x) for x € ﬁ[.

Let us first consider vectors x € f)i such that (1.21) has a unique solution A (x) €
D; and write (1.22) as a functioninx, I =1 (x) = H (A (x)) + (A (x), x) . Taking
the differential, we get

dyl =A(x). (1.24)

In the opposite way, given a function / (x) in a domain D;, then (1.24) and the
relation
HM)=1-(dI, x)

define the Hamiltonian and, as a consequence, the partition function Z.

In other words, the Hamiltonian function H () and the information gain function
I(x), xe ﬁ,-, are related by the Legendre transformation (1.22) and our device
allows us to measure vectors x € D;, where densities of the corresponding measures
can be found from (1.17).
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Geometrically, Eq. (1.21) defines an n-dimensional (n = dim V) manifold Ly
in the 2n-dimensional space ® = V x V*:

LHZ{XZ—d)LH,)LED}.

The manifold ® is symplectic with respect to the structure 2-form

w = Zn:d)\,l Adx;,

i=1

where A = ) A;ef and x = ) x;e; in some basis ¢y, ..., e, in V, and dual basis
ef,...,esinV*,
Moreover, the manifold Ly is Lagrangian, i.e., the restriction of w on L g equals
zero:
C()|LH =0.

Remark that the functions (A1, .. ., A,) are global coordinateson L i, but (xy, . .., x,,)
are not and the singular set X is exactly the set where these functions could not be
used as local coordinates.

In general, let L C & be such a Lagrangian manifold that functions (A1, ..., A,) €
D are global coordinates on it.

Then functions H and I, as functions on L, could be found in the following way:

I(a):/@, H(a):/@, (1.25)
Y Y

where y is a path on L connecting the points 0 = (0,0) anda € L, and
0= hdx;, 0=—>) xidh. (1.26)
i=1 i=1

The condition that L is Lagrangian, together with the properties d6 = do = o,
implies that the 1-forms 6 and 9 are closed on L. Moreover, the manifold L is
diffeomorphic to D and is therefore connected and simply connected.

Therefore, the integrals (1.25) are correctly defined on L and

dl =6, dH =0 on L, (1.27)
which corresponds to relations (1.21) and (1.24).
Moreover,

d(I —H)=d(xx))

on L, and all three functions I, H, (A, x) equal zero at point o.
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Therefore, we have the relation
I=H+ (A x), (1.28)

onL.

We shall extend our geometrical picture by adding the function I to the picture.
Consider the (2n 4 1)-dimensional manifold ® =R x ® and let u be the standard
coordinate on the real line R. Then points on ® are triples (u, x,A) e R x V x V*,
or ® = R¥*!, when we choose a basis in the vector space V.

The Lagrangian manifold L extended by function / defines an n-dimensional
manifold L C ® in the following way:

Z:{(u:](a),x:—daH,)dea[),a EL}
This is not an arbitrary manifold. Relations (1.27) mean that the differential 1-form
®=du—20 (1.29)

vanishes on L.

In other words, all above formulae (1.21), (1.24), (1.22) could geometrically be
reformulated in the following way.

At first, we have the contact manifold ® = RxV x V* equipped with structure
form ©. Second, the minimal information gain principle leads us to a Legendrian
manifold L C & with the condition that the projection 7 : ® — V* induces a dif-
feomorphism 7 : L — D.And finally, the Hamiltonian function H, the information
gain function /, and the partition function Z, as functions on L , could be found in
the following way:

I=ulp, H=1— (0. x)z, Z=exp(—H). (1.30)

Therefore, the Legendrian manifold L gives us all necessary information about
the measurement of random vectors. ~

It is important to add that we require that the projection L on D should be diffeo-
morphism, but the projection L on V is not, and the singularities X of this projection
lead us to a situation where the measurement of some vectors x € V could be done
by different choices of A’s.

Finally, we could remove the condition that the projection 7 : L — D is a dif-
feomorphism by removing from consideration set £* C L of singular points of the
projection L — V*. Then, with possible additional cutting, we represent L ~. X* as
union of Legendrian manifolds L;, so-called phases, for which the projections shall
be embeddings. Then we’ll assume that formulae (1.30) are still valid for all L i

The problem is to find conditions such that the corresponding functions Z; are
the partition functions for some random vectors X;.
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To this end, let’s consider the image X, (g) of the basic measure g and assume that
this measure on V is absolutely continuous with respect to the Lebesgue’s measure
dx and let f (x) be the density function.

Then integral (1.18) shall take the form

Z(\) = /e“’”f(x) dx, (1.31)

14

i.e., these functions are related by some kind of Laplace transform.

Thus, we arrived at the following problem: for each piece L ; and the corresponding
functions Z; on them, we are looking for probability density functions f; such that
Eq. (1.31) is satisfied.

These are the technical requirements that should be imposed on Legendrian man-
ifold L.

In this case, we call L admissible Legendrian manifold. In the next sections, we’ll
find more geometrical conditions for Legendrian manifolds to be admissible.

1.3.4 The Gaussian Distribution

In this section, we consider the case when the measure w in (1.19) has the normal or
Gaussian law of distribution N (m, A), i.e., du = f (t) dt, where dt is a Lebesgue
measure on V, t € V, and the density function f has the form

o [deta Do
f@= WGXP<—§( (t —m), —m)),

where A: V — V* is a self-adjoint positive operator and m € V is the mean of
N (m, A) . The quadratic form % (At, t) is known, in statistics, as the Mahalanobis
metric.

As we know, the notion of determinant does not exist for operators of the form
A:V — V* In our case the construction of det A goes in the following way.

At first, we choose an n-form 7 € A" (V*) which generates by translations the
Lebesgue measure df, and we let t* € A" (V) be the dual form, i.e., (7, 7*) = 1.
Then the nth exterior degree of operator A, gives us the operator A" (A) : A" (V) —
A" (V*), and we define det A as follows:

A" (A) (r*) =detA-T.

|, where A (e;) =

Zj a,-jejf in a dual bases {e;} and e;f , such that T (e, ..., e,) = 1.

Said simply, we define det A as det ||a;; | , for matrix |a;;
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Then direct computations show that the partition Z (A) function of N (m, A) is
defined for all A € V* and is equal to

1
Z ()) =exp (5 (A, A_l)\.> + (X, m)) .
Therefore, formulae (1.20)—(1.22) will take the form:

1 —1
H(A):—E(A,A A) = (A, m),

x=A""A4+m,
I=%(A(x—m),(x—m)).

Moreover, formula (1.17) shows, for this case, that the probability distribution cor-
responding to the choice of . € V* is also the Gaussian distribution N (x, A) .

These formulae show that geometrically the normal laws correspond to (positive)
Lagrangian affine subspaces L C V x V*, where L is the graph A = A (x —m) . It
is easy to see that self-adjointness of the operator A corresponds to the condition that
the graph L is a Lagrangian manifold.

In the next section, we’ll see the geometrical interpretation of this positivity con-
dition.

It is also worth to note that the information gain I (N (my, A) , N (mg, Ap)) is
equal to

1
2 (tr (Afle) + Indet Ay — Indet Ag + (Ag (my — mg) , m; — mg) — n) , (1.32)
and the confidence domain, for the given probability ¢, is the ellipsoid

(A(x —=m), (x —m)) < x2 (),

where 2 is the quantile function of the chi-squared distribution.

1.3.5 Central Moments

The kth moment of a random vector X : (2, p) — V is defined as

,uk(X):/X(a))®~'®X(a))dpeV®k.
Q



1 Contact Geometry, Measurement, and Thermodynamics 25
It is the integral of a symmetric tensor, and therefore, it is symmetric itself:
i (X) € S(V).
The kth central moment is the kth moment of centered random vector X — u; (X),
ie.,
o (X) = e (X — p1 (X)) € S(V).

The first central moment equals zero, o) (X) = 0, the second central moment
0, (X) € 8% (V) is called the variance, the third one, o3 (X) € 8° (V) , skewness,

etc.
It is easy to see that

02 (X) = pa (X) — 1 (X) @ uy (X)),

and by the construction o, (X) is a symmetric positive quadratic form on V*.

In order to find variation o, (X, A) of the random vector X with respect to extreme
measure p dp (see (1.17)), we remark that using the affine structure on V* we are
able to identify differentials d H with vectors in V, and using this structure we define
the Hessian, Hess H € S? (V), as the covariant differential of differential 1-form
d H with respect to the affine connection V:

Hess H < dy (dH).

In coordinates (Aq, ..., A,) on V* given by the dual basis {e;‘- }, we have

0*H
Hess H = Z md}\, ®d}\j
i,j E

Now we take formula (1.18) in the form

Z=/exp riXi ) dg,
where X = ) . X;¢; and get
Q
Then

exp ({A, X))
HessZ =27 -y (L%X,-Xﬂq)dk,-@d@:Z} <,42(X),e;"®ej>d,x,»®dxj.
i,j ij
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Therefore,
HessZ = Z u, (X, M),
and
dZ =Zu (X, )).
Finally, the relation H = —In Z gives us
HessH = — o2  dZQdZ | (% 3+ (X ) @i (X, ) = —o3 (X, 2), (1.33)

z z2
and we arrive to the following result.

Theorem 1.2 The variation o, (X, A) of the random vector X with respect to the
extreme measure (1.17) is equal to — Hess H.

Corollary 1.1 Inthe domain D C V*, where the partition function Z is defined and
smooth, the Hamiltonian function H is strictly concave.

Example

The variation of the Gaussian distribution N (m, A) considered as a quadratic func-
tion on V* is equal to — (A, A7'A).

Consider the Lagrangian manifold Ly C &, then Hessian Hess H defines a neg-
ative quadratic differential form on it.

On the other hand, we define a quadratic differential form x € X2 (®) on the
entire manifold & as follows:

l n
K= Eg(d,\i®dx[+dx,- ®dhri). (1.34)

Or shortly
K =dA-dx,

where - stands for the symmetric product of differential forms.
It is easy to check that expression does not depend on the choice of dual bases

{e;} and {e’;} in V and V* and, respectively, on coordinates {x;} and {A j} on ®.
Moreover, the restriction of ¥ on the Lagrangian manifold Ly equals

1 n
€loy ==5 > (dr; ® dH; + dH; ® d};) = —Hess H,

i=1

where H; = %
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Summarizing the above we get the following result.

Theorem 1.3 The variation o, (X, A) of the random vector X with respect to the
extreme measure is a positive quadratic differential form «|;, on the Lagrangian
manifold Ly .

Remark 1.6 1. The minimal information gain principle leads us to the following
geometrical structures on the space ® = V x V*:

e symplectic structure
w=diNdx,

and
e pseudo-Riemannian manifold structure

Kk =dA-dx,

of signature (n, n) .

2. The Lagrangian manifold Ly has to be Riemannian with respect to quadratic
differential form «|, , . This gives us an extra requirement for selection of phases:
one should take only phases where differential form «|;, is positive.

3. Certainly, we could use all invariants of Riemannian manifolds to study
Lagrangian state manifolds L ; but we should also remember that all of them are
invariants of the diffeomorphism group and in our case only the group of affine
transformations has a sense. Therefore, the measurement problems have much
more (and very special) invariants. Thus, central moments oy (X, 1) € ¥ (L)
are kth degree differential forms on the Lagrangian manifold and they define
invariants which are specific for our case.

1.3.6 Change of Information Gain

In this section, we analyze information gain I (p;ya;, py) for extreme measures
(1.17):

dp;, = exp ({A, X)) dq.,

Z ()

for small variation AA.
First of all, the density measure p; 4 a; With respect to p; equals

dpivar _ Z()
dp,  Z( 4 AN

5= exp (A, X)) .
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Therefore,

I (prgan, pr) = / plnp dp,
Q
_/ exp ((A + AA, X))
T Jo Z(+AM)
=H L+ A)) — H (L) + (AX, x + Ax)
= H (. + AN — H (A) — (Hy, AX) — (Hyp, AV?) + 0 (AX?)

(H (A + AL) — H (M) + (Ax, X)) dg

- _% (Hyn, AVZ) 40 (AN?) .

To summarize, we get the following.

Theorem 1.4 The information gain of extreme measures is equal to

1
I (prtar, Pr) = 502 X,M)+o (A)»z) )

Remark 1.7 Itisimportant to note that the first order in terms (in AX) of I (psyas, P2)
are trivial.

Example

As we have seen, all extreme distributions for the Gaussian distributions are Gaussian
N (x, A) with the same variation. Due to (1.32) we have

I(N(x~|—Ax,A),N(x,A))=%(A(Ax),Ax).

The result of the above theorem could be used in different directions. First, the
positivity of — Hess (H) at a point A € V* shows that means of vector measurement
are filled a neighborhood of the vector x € V, corresponding to the choice of 1 € V*.
Second, if the quadratic form — Hess (H) is indefinite then possible directions A,
as well as Ax, should be such that — Hess (H) is positive. In other words, available
deviations AA, as well as Ax, belong to the positive cone of — Hess (H) .

1.3.7 Constraints and Constitutive Relations

By constraints we mean algebraic relations P (X) = ¢ for random vectors, where
P is a polynomial function on vector space V. To be precise, this relation has two
meanings:
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1. The relation P (X) = ¢ holds for the mean of random vector X, i.e., means x of
X belongs to algebraic manifold P (x) = 0.
2. The relation P (X) = ¢ holds in mean, i.e., E (P(X), 1) = c.

In the first case, the Hamiltonian function H (1) satisfies the differential equation

oH
Pl—)=c.
(%)

The second case we’ll discuss for quadratic constraints:

P = Za,-jxixj + Za,-x,-.
Then, due to (1.33), we have

IH H  OHOH
E(Xi»)V):__, E(XIXJ,)\)Z— +__’
ax; B)»,HA] oA; 8)»1

and therefore relation E (P (X), A) = c is equivalent to the second-order differential
equation for Hamiltonian function:

0’ H OH 9H oH
T rvervein AT A e =0.
Z“’axiaxj Z“fa)\i o +2 o €

In a similar way, we get differential equations of order k if P is a polynomial of
degree k.

For the case when constraints constitute an algebraic manifold M C V, we get
correspondingly systems of partial differential equations.

Another way to get a state Lagrangian manifold L C V x V* consists of adding
constitutive relations, or state equations in our picture of measurement.

Namely, the submanifold L could be defined by system equations of the form

L={fix,A)=0,..., f, (x,A) =0}, (1.35)
with the condition that their Poisson brackets (f,, f») vanish on L, for all a, b =
1,...,n.

These equations are called state or constitutive equations. As above, they give a
system of partial differential equations for the Hamiltonian function:

; H N\ _, ; 0H N\ _,
U)o a0 T

and the conditions that Poisson brackets (f;, f») vanish on L are the conditions of
solvability of the above system.
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1.3.8 Application to Classical Mechanics and Classical Field
Theory

1.3.8.1 Mechanics

Let M be a smooth manifold (= configuration space of a mechanical system). We are
going to measure velocity vectors v € T, M, foralla € M, following to the minimal
information gain principle.

First of all, we eliminate probability spaces 2 and use the images of the probability
measures as measures on the vector spaces T ,M.

Second, we consider a contact bundle 7w : RGTM & T*M — M which is the
Whitney sum of the trivial, tangent, and cotangent bundles, i.e., fibers &, = 7 Ya)
of this bundle are contact spaces R@T , M & T M.

The measurement process requires an admissible Legendrian manifold L, C @,
at points a € M. We’ll assume that there is a smooth subbundle 7 : £ — M of the
bundle 7, such that all fibers are admissible Legendrian manifolds L, C ®,. We call
it an admissible Legendrian bundle.

The structures we discussed above on the spaces R @ V @ V* give us fiberwise
structures on ®. Namely, the fiberwise contact form 6 = du — Adv, the fiberwise
symplectic form w = dA Adv on TM @ T*M and fiberwise quadratic form « =
dh-dvonTM & T*M.

Let (g1, ..., g,) belocal coordinateson M, (vq, ..., v,) and (A, ..., A,) induced
fiberwise coordinates on the tangent and, respectively, cotangent bundles, and let u
be the standard coordinate on R.

Then (g1, ..., qn, U, Vis ...y Vy, A1, ..., A,) are local coordinates on & and the
above structures has the following form:

0 = du — Adv — fiberwise contact form,
w =di ANdv — fiberwise symplectic form,

k =d)-dv — fiberwise quadratic form.

For an admissible Legendrian bundle the restriction of 6 equals zero, the restriction
of k gives a Riemannian structure, the projection £ —T*M is a diffeomorphism
and the functions H and I are functions on T*M and T M, respectively.

Relations (1.22), (1.21), (1.24) shall now take the form

oH al oH
= M= I =H =Y hi—
Y 8)\, 8\/,' Xz: 3)\,

which in terms of analytical mechanics correspond to the case when [ is a Lagrangian
and H is a Hamiltonian of a mechanical system, A corresponds to momentum and v
to velocity.

Moreover, for any trajectory ¢ = g (t), v = ¢ (t) , the action integral
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[tlaw.am)ar=[1(a0.qm)a

corresponds the integral information gain and the principle of least action is a con-
tinuation of the principle of minimal information gain.

Example: Maxwell

For the case of Gaussian distribution, we get a Riemannian structure on
manifold M.

1.3.8.2 Field Theory

In classical field theory, fields are understood as sections of smooth bundles 7 : £ —
M.

We’ll expand this notion and, in order to compare the value of sections (i.e.,
fields) in different points of M, we’ll also assume that the bundle 7 is equipped with
a connection V.

Geometrically, this means that at any point s € F, = 77" (a), of the fiber F,,
we indicate a subspace C; C T (E), dim C; = dim M, which is transversal to the
fiber. In other words, the differential . ;: T (E) — T, (M) gives an isomorphism
between C; and T, (M) .

Let’s denote by 7 : J* (r) — M the bundle of kth jets of sections of 7, and let
mes: J () — J' () be projections generated by reductions of k-jets to /th jets
of sections, when k > [.

If we denote by [h]ﬁ the kth jet of the section h: M — E at the pointa € M,
then my ; ([h]ﬁ) = [h]fl.

Let’s note that J° () = E and the connection C gives us a section C: E —
J' () of the bundle Mot J' () = J° (7). Sections A of the bundle 7 we’ll call
constant at pointa € M, if [h]} = Cy).

In other words, the introduction of a connection in the bundle 7 is equivalent to
understanding of a special class of constant sections.

Example

In classical mechanics on a manifold M, we work with the trivial bundle 7 : R x
M — R. Then sections of & are just curves g () on M and the constant sections are
constant curves g (t) = a € M, for all values of z.

It is known (see, for example, [12, 13]) that the bundle 77, o: J' (7) — J° (1) is
an affine bundle for any bundle 7, i.e., fibers Ty é (s), s € E, are affine spaces and
vector spaces, associated with this affine structure, are



32 V. V. Lychagin
T{(E)Y®T, (M),

where T} (E) = T (F,) C T, (E) is the vertical tangent space.
The given connection C allows us to identify the affine space 7, é (s) with vector
space V, =T (E) ® T} (M), (see[13]) by considering the plane C; as the origin.
Applying now our measurement machinery to this situation, we arrive at a bundle
[1: & — E, where the fibers IT1~! (s) are direct sums R V@V, where as above
V7 is the dual to V:
Vi=T)(E)®T,(M).

As above, IT is a contact and metric bundle, where contact and metric structures are
defined as in (1.34) and the measurement procedure in field theory is controlled by
an admissible Legendrian bundle £ — E.

Let now (ql, e ns ul, ., u’") be local coordinates in the bundle 7, where
(g1, ...,qn) are local coordinates on M and (ul, el u’”) are fiberwise coordi-

nates and let (ql, oo Gns ul, ooou™ ul . ) be the standard local coordinates

1
in J' (7). .
Then the connection C is defined by functions Ci] (ql, ces ns ul, ., um) ,
where planes of the distribution C are generated by vectors

8ql +Z

andi=1,...,nand j=1,...,m
Vectors v € V are elements of the form

V—Zx, o7 ®dq;,

where A A A
x} =ul —C/ (q,u).

1

Vectors of the dual vector space A € V* have the form

o 9
_ J
A= E Aidu/®a -
~ g

For a given Hamiltonian H (g, A), we get
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j i 0H
u; =Ci (g, u) — —

ol
I(q,u,x)= lej)nlj — H,
. ol ) ) )
M= —, x =ul —C/(q,u).
0x;
For a given section i (q) = (h1 (@q@,....,h" (q)), the function of information gain

is a function of the form

oh/ j
1 q,h(q),...,T—Ci (g,h),...

1

and, similarly to the mechanical case, this coincides with the field Lagrangian and
the principle of least action is a continuation of the principle of minimal information
gain.

1.4 Thermodynamics

1.4.1 Laws of Thermodynamics

In the classical interpretation of the thermodynamical laws, they could be presented
as follows ([7, 16, 21, 26]).

Zeroth Law  If two systems are in thermodynamical equilibrium with a third system
then they are in equilibrium with each other. This law allows us to
define the notion of temperature T of a system.

First Law The first law, also known as the law of conservation of energy, states
that energy cannot be created or destroyed in an isolated system:

AE = AQ — AW,

where A E is a change of internal energy, i.e., the energy of the system
excluding kinetic and potential energy of external forces, AQ is the
amount of heat transferred into the system from its surroundings and
AW is the net work done by the system to its surroundings.

Second Law  This law states that there is an entropy S, a physical measure of the
lack of information about the microscopic structure of a system, and
that

AQ =TAS,
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where T is the temperature of the system. It also states that the entropy
of any isolated system always increases.

Third Law  The third law of thermodynamics states that the entropy of a system
approaches a constant value as the temperature approaches absolute
Zero.

Fourth Law  Onsager reciprocal relations ([16, 19]).

1.4.2 Thermodynamics and Measurement

More formally, we reformulate the main thermodynamical laws by saying that a
thermodynamical system is characterized by two sets of variables: extensive ones
such as entropy S, internal energy E, volume V, mass m, number of particles N,
etc., and intensive ones such as temperature 7', pressure p, chemical potentials, etc.

Here extensive means that these variables characterize “extent” or “size” of our
system (like volume or mass). The intensive variables do not depend on the “size” of
the system (like temperature or pressure). Moreover, if the number of independent
extensive variables equals n + 1, then the number of independent intensive variables
equals n.

In other words, a thermodynamical system is characterized by a point in R"*! x
R". By a thermodynamical state, we’ll mean a submanifold L C R"*! x R”.

Let’s denote extensive variables by (S, E, x) , where x € R*~! and intensive vari-
ables by (T, y), where y € R"~!. Then the second law on the infinitesimal level
requires that §Q = T'dS on L and the work AW on the infinitesimal level is pre-
sented by the restriction of differential 1-form ), p;dg; on L.

Therefore, the first law of conservation of energy on the infinitesimal level says
that

n—1
dE =TdS - pidg; onL.

i=1

In other words, if
0 =dE—TdS+ Y pdg;

is a differential 1-form on R"*! x R” then the first and second laws mean that 6|; =
0, or that L is an integral manifold of 1-form 6.

If we now remark that differential 1-form 6 defines a contact structure on
R« R and if we require, in addition, that L is a maximal submanifold, where
the law of conservation of energy holds, then we come to the understanding that
a thermodynamical state is a Legendrian submanifold of the contact manifold
(R x R", 6).

If we observe now the parallels with the above picture of measurement and that
information gain [ equals, up to a constant, —S, or dS = —d I, then we’ll write the



1 Contact Geometry, Measurement, and Thermodynamics 35

form 6 as proportional to form

n—1
0=-dS+T'dE+Y T 'pidg;,

i=1

which is exactly form of the type (1.29), where

u=—S+const, \; = —T‘l,
M==T"pi,.cc, hy=—-T""p,4,
E=x1,q =x,..., gu-1 = Xy.

Therefore, any measurement is accompanied by some kind of thermodynamics,
and in addition to the definition of thermodynamical state as a Legendrian subman-
ifold, one should add the admissibility of the manifold. In particular, it should be
required that the quadratic differential form

n—1
k=di-dx=—d(T™")-dE-Y d(T'p;)-d(q) =

i=1
n—1 n—1
T72dT - (dE + Zpidqi) — 77" dp; - dg;.

i=1 i=1

is positive on L.
In the case when functions (E, ¢y, .., g,—1) are coordinates on manifold L, we
have

S=s(E,q),

S, S,

—1 q1 qn—1

T =sSg,p1=—,...,Pp—1 = —.
SE SE

To find a thermodynamical state L, we’ll use the constitutive relations (see (1.35))
which, in this case, have the form of physical laws:

fi(T,E,p,q)=0.

As we have seen, finding Legendrian manifold L, which satisfies these laws, is
equivalent to finding solutions of the system of first-order differential equations

fi (sEl, E, s—q,q) =0,
SE
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and the condition that the manifold L is Legendrian is equivalent to the requirement
that the Poisson brackets [ f;, f;] vanish on zeroes of {f;} and equivalent to the
compatibility of the above system.

1.4.3 Gases

As the first and the simplest example, let’s consider the case of gases. They are
described by
extensive variables:

e E—inner energy, S—entropy, V—volume, and m—mass;
intensive variables:
e T—temperature, p—pressure, and ¢—chemical potential.

From the above discussion, we see that the thermodynamic state of a gas is defined
by a Legendrian 3-dimensional manifold L C R’, in the 7-dimensional contact man-
ifold R7 equipped with structure form

0 =dE — TdS + pdV — ¢ dm.

Extensivity and intensivity properties mean that in the coordinate description of
the system, say

E=ES.V,m), T=T(S,V.m), p=p(S.V,m), ¢=¢(S,V.m)
we have invariance under scaling transformations

(S,E,V,m) —> (AS,AE, AV, xm),
(T,p,¢) —> (T, p,9),

for any positive number .
Let’s introduce specific quantities:

VvV =

E 1%
m’ m’

S
oc=—,e=
m
and rewrite differential 1-form 6 in new terms. We get

0 =d (me) — Td (mo) + pd (mv) + ¢dm =
(e—=To+pv—¢)dm +m(de — Tdo + pdv).

Therefore, the condition 6|; = 0, together with scaling invariance of L, is equivalent
to the following relations on L:
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¢—e+To—pv=0,
de —Tdo + pdv =0

For practical reasons, it’s better to use €, p and m as coordinates on L and write
the last differential form as

0' =do — T 'de — pT~'dv.

Thus, the state manifold L is the direct product of Legendrian manifold L' C R>,
0’ | ,» = 0 and half line R with coordinate m.

If &, v are coordinates on L', then L is given by two functions ¢, o of the variables
g, v. The first equation shows that

¢p=e¢—To+ pv,

where ¢ — To + pv is the specific Gibbs free energy, and condition 6’|, = 0 is
equivalent to the relations

-1 -1
T=o0,, p=o,0, .

The metric k¥’ on L’ has the form
k' =Hesso =d (T’l) -de +d (pT’l) -dv
and the condition that x’ is negative is an extra condition for the state equations.
The Poisson bracket on the symplectic manifold R* equipped with the structure
form

d0' = —T72de NdT — pT~>dv AdT — T 'dp A dv

equals

p 1 1
[/ 8l= 75 (fr&e — fegp) + 7 (rge —grfo+ =5 (fogp — frgv)-
Remark that the only nontrivial brackets between basic variables (¢, T, p, p) are

[T,e,1=T"",[p,el=pT % [v,pl =T >

1.4.3.1 Heat Capacities

The notion of “heat capacities” is a contradictory one in thermodynamics. The stan-
dard definition as the limit of i—?, when AT — 0, is beneath criticism from the
mathematical point of view, but completely clear from the physical side.

To understand this notion we recall that a thermodynamical state is defined by a

Lagrangian manifold or, in the regular case, by the specific entropy o as a function
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of v and &. Moreover, the conditions v = const or p = const we’ll consider as extra
constraints: dp = 0 ordp = 0.
Let’s consider heat capacities by turns.

(dv = 0) In this case, we get

1 1
dT mod (dv) = d(—) mod (dv) = —0—de mod (dv) = Fde mod (dv),
o,

& e £

and
8Q mod (dv) = Tdo mod (dv) = de mod (dv) .

Therefore, the heat capacity at constant volume, C,, which is usually defined as

“(29) ” equals
T /v
c def 60 mod (dv) —T.C)
" dTmod(dv) T

(dp = 0) First of all,
dp = p,dv + p.de.

Therefore,

de = =224y mod (dp)
Pe

and
8@ mod (dp) = Tdo mod (dp) = T (T~'de + pvT~'dv) mod (dp) =

<pv — &> dvmod (dp),

Pe

dT mod (dp) = (—Ts& + Tv) dvmod (dp) .

&

Thus, the heat capacity at constant pressure, C,, equals

def 0 mod (dp)  pvp. — p,
g dT mod (dp> —1gPp + Tvps )

Cp)

By the sound speed, C,, they usually understand (g—ﬁ) =v7! /- (a_p) 7, or

more correctly
C, =1 |Zdpmod(do)
dvmod (do)

In a similar way as above, we get
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de = —pdvmod (do) ,

and
dpmod (do) = (p, — ppe) dvmod (do) .

Therefore,
Cs = Vﬁl\/ PPe — Pv~(Cs)
1.4.3.2 Ideal Gases

The ideal gas is defined by two state equations:

e the Clapeyron—-Mendeleev equation
pv = RT,

where R is the specific gas constant, and
e the equation for internal energy

n
e = —RT,
2

where n is the degree of freedom.

The corresponding differential equations for the entropy function o (g, v) shall
take the form

vo,0, ' — Ro; ' =0,
"RG) "' —e=0
2 & - ’
or

vo, = R, €0, = —

Therefore,
o= R(glns—i—lnv) + const .

and the quadratic form «’ takes the form
k' =R (—%8_26182 - v‘zdvz) ,

which is negative.
Taking the Legendre transformation of the function I = —o, we get the Hamil-
tonian function H (A, A,) in the form
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n n n
H (A, A2) = 3 In <m) +In((—12)) + > + 1.

Therefore, the partition function for measuring the volume and energy of ideal gases
equals

20002 =(5) ew (-5 1) a0t a7

where A; <0 and A, < O.

1.4.3.3 van der Waals Gases
The van der Waals state equation is a correction of the Clapeyron—-Mendeleev law:
(p + av_z) (v—>b) =RT,

where constants a, b are positive. The constant a takes into account the intermolecular
forces and the constant b, the molecular volume.
In order to find the second equation of state, we assume that the inner energy is
linear in temperature, i.e.,
e=AW)T+ B(®v).

Then the Poisson bracket between functions f = (p + av’z) (v —b) — RT and
g=¢—A(p)T — B (p), restricted on levels f = g = 0, is equal to

—v
2—Tz (TVA/ + VzB/ — a) .
1%
Therefore,
TvA' +v’B' —a =0
and we get A = const and B = — + const from this equation.

Remark that the case @ = b = 0 corresponds to the real gas state and therefore
A ="K similar to the ideal gas.
Finally, we have the second state equation for the van der Waals gases in the form:

nR a
e=—T——.
2 v

Then the system of differential equations (f = g = 0) on the entropy function
o (&, v) has the following solution :

o =RIn ((v —b) (% + g)ﬂ/Z) + o0,
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where oy is a constant. The corresponding quadratic differential form «” equals

Rv? R Re? R R
W= dede+ " dpdet [~ ——— 4 2~ —= ) dv-dv,
2(sv +a) (a + ¢ev) 2(sv+a) 2v (v—0>b)

and condition that «’ is negative is the positivity of the determinant

B 2RTv3 —2a (v — b)?
T ARTW (v —b)

Therefore, the conditions of applicability of the van der Waals law are the follow-
ing:

2a
T>=—(@w-b*v>.
>R(v ) v

Taking, as above, the Legendre transformation of the function I = —o, we get
the Hamiltonian function H (11, A,) for van der Waals gases:

Hou ) = — (=2 ) 134 8 g+ &
’ =~ - — 3 o — N
b2 3 \3 (=) a 3 3

The van der Waals partition function is given by

4n

Z6aiin) = G — D () exp (an — 21 A1
Jh2) = (Ba—1)3 xp (ar, — 2 — ),
1, A2 3(—hy) p 2 oz

where, similar to the ideal gases case, A; < 0 and A, < 0.

1.4.3.4 Phase Transition for van der Waals Gases
Here we discuss phase transitions by taking the example of van der Waals gases.
Let L C R* be the Lagrangian manifold defined by the van der Waals state equa-

tions

(p—}—av’z) (v—b) —RT =0,

with the restrictions
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Solving these equations with respect to ¢ and v, gives us

RnT a
e=—T — —,

2 14
v =y,

where y is a root of the polynomial
0(z) = pz* — (RT — bp) 2> + az — ab.

Therefore, the projection on the plane (p, T') of the singular curve ¥ C L is given
by zeroes of the discriminant of the polynomial Q:

01 = —4ab*p> — 4ab* BbRT + 2a) p* — 4 (3b2R2T2 — 5abRT + a2> p—aR*T? (4bRT —a).

This curve also has singularities where the discriminant Q; has zeroes, i.e., at the
point
a 8a

c = > TC = —.
Pe =502 27bR

The corresponding critical values of v we get from the state equation:
v, = 3b.
Let’s now change coordinates
p=pp,V=w,T=TT,e=¢s,0=0c0, (1.36)

where constants ¢, and o, are taken in such a way that (1.36) is a contact transfor-
mation.

Then we get
a 3R

Ec = —, O = —.

9b 8

After this contact transformation the state equations take the reduced form:

3pv’ — (p+8T)v* +9v -3 =0, (1.37)
4n 3
e—r 42 0.
3 %
Mon(e+3) =B mGEv—1 -0/ =0 (1.38)
— —In — ] — —-In VvV — — = .
o 3 & » 3 0y R

where we continue to use (g, v, p, T) instead of (8’, v, p, T’) .
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Fig. 1.1 van der Waals T'oT
(T, v) area

054

00

The quadratic differential form «’ in these coordinates takes the following form:

4 dne? 24
" ne )dv dv

, 4nv? 8n
- zdsds-i- 2d£dv+ T3 3~
3(ev+3) (ev+3) 3v 3(ev+3) GBv-1

with determinant
9 (4Tv —9v? +6v — 1)

2n (3v — 1)2 733

Therefore, in the reduced coordinates, the border of the applicable area for the
van der Waals gases on the plane (v, T') is given by equation

_GBu-1)

T b
413

(1.39)

and the applicable area is given by inequalities (see Fig. 1.1):

GBv—1)? 1
> —, V> —.

T )
4p3

By eliminating v from the van der Waals state equation and Eq. (1.39), we find
the applicable area in (p, T') plane:

P’ +6AT +9) p* +3(64T% —336T +243) p+ 16 (32T —27)T*> > 0
Figure 1.2 shows (in white) applicable area for van der Waals gas on the plane

(p, T), and the last picture gives an image of the Lagrangian manifold (Fig. 1.3),
corresponding to the van der Waals state equations:
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Fig. 1.2 Applicable (p, T)
area

Fig. 1.3 Lagrangian
manifold for van der Waals
gas
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1.4.3.5 Real Gases

A more valuable model for real gases was proposed by Kamerlingh Onnes in 1902.
In this model, the first state equation has the form of the virial equation:

f=p—RTv'Zw,T)=0,

where the function Z (v, T'), called the compressibility factor, takes the form

AT AT

Z0,T)=1+ ;
V V

The functions A; (T) are called virial coefficients.
To find the inner energy equation, we’ll assume as above that it has the form

g=¢—BT)

for some function B (v, T) .
Then, computing the bracket, we get

[f.8gl=Rv'Z; —T7°B, =0, (1.40)

or
B (v, T) = RT? / v 'Zr (v, T)Ydv + By (T). (1.41)

The quadratic differential form «’ equals d (T’l) -de +d (T’lp) -dv, or
k' =T 'dp-dv—T72dT - (de + pdv). (1.42)
Computing this form in coordinates v and T gives

« =—T72dT -dB + Rd (u—‘z) -dv

= —T72BpdT -dT + (—T*ZBV + Ru*lzT) dT -dv+R (—u*zz + u*lzv> dv - dv,
or, due to (1.40),
k' =—T?BrdT -dT + R(—v*Z +v"'Z,)dv - dv.
Therefore, the domain of applicability of the virial model is given by inequalities

Br>0, (v'z) <o. (1.43)
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Example
For the van der Waals gases, we have

. RTv? —av +ab
P= v2 (v —b)

’

and
RTv? —av +ab

1Z0w,T) =
Y . 1) RT v2 (v —b)

Therefore, the conditions (1.43) in this case take the form
RTv? — 2av? + dabv — 2ab* > 0,

and coincide with the previous estimate.

In terms of virial coefficients, relation (1.41) gives us

B, T)=By(T)— RT? (Z w) , (1.44)
v

i=1

and requiring that the state equation coincides with the equation for ideal gases in
the case of trivial virial coefficients gives us

1 A; (T)
P=RT(;+Z‘,I~T>’

i=1

— —T RTZZ A (T)

as the general state equations.
Then the conditions of applicability shall take the form

i+ 1A;(T)

1+Z i lv"

i=1
T?A! +2T A

——Z — > 0.

>0, (1.45)
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Example
The case closest to the van der Waals equation is the so-called cubic virial equation:

A (T) n Ay (T)

Z0,T)=1+ -
v vV

For this case, we get

R A (T)  AL(T
B(v,T):nTT—RTZ( lv( ) 4 EV(Z)>,

and the following domain of applicability:

n _ 1 _
3~ (T*A (D)), v = 3 (T?A,(T))v™? > 0,
1+2v7'A, (1) +3v2AL (T) > 0,

on the plane (v, T) .

1.4.4 Thermodynamic Processes and Contact
Transformations

In this last section, we give a very brief exposition of an application of contact
geometry to the description of thermodynamic processes. More details shall come
later.

By a thermodynamic process, we mean a 1 —parameter family of transformations
A, : R+ 5 R2*1 of the thermodynamics phase space R*"+! which preserves the
law of energy conservation, i.e.,

A (0) A =0,

or in other words a 1 —parameter family of contact transformations.

From the practical and computational point of view, we’ll restrict ourselves by
infinitesimal version of this notion and assume that the family A, is a 1-parameter
group of shifts along a contact vector field X :

The contact vector fields (see, for example, [15]) are uniquely defined by generating
functions f, X = X r, where the vector field X ; is uniquely defined by the relations

0(Xr) =1,
(X7l0+df)n6 =0.
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Example
For the case of gases n = 2,
0 =do — T 'de — pT~'dv,
and for a generating function f = f (o,¢, T, v, p), we have

Xf:(f+TfT)aa+T(pfp+TfT)as_Tfpav (146)
+T (fv —pfe)9p — T (fo + Tfe) dr.

In many cases, we’ll eliminate entropy o and consider, instead of contact vector
fields X ; on the contact manifold (Rz”“, 9), Hamiltonian vector fields Xy on the
symplectic manifold (R*", d6) .

Example
For the case of gases

Xy =T (pH, 4+ THr)0: — TH,0,
+T (Hv - pHs) ap -T (Ha + THS) 8T7

for Hamiltonian H = H (¢, T, v, p) .

Consider a thermodynamical system given by a state Legendrian manifold L C
R?>"*1 then by thermodynamic process for this system we’ll understand a contact
flow A; such that

A, (L)y=L.

Proposition 1.1 Assume that a Legendrian manifold L C R*"*lis given by state
equations

L={fl =07"-7fn+] =0}
and a thermodynamic process for this system is a flow A, along contact vector field
Xy that preserves L, i.e., A; (L) = L.
Then the restriction of this process on the manifold L is given by the vector field

Glel +e Gn+1Xﬁx+1

for some functions Gy, ...,G, on L.
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Proof First of all, let’s remark that the restriction of the generating function f on
L equals zero, f|, =0, because X is tangent to L, 0|, =0 and f =06 (Xf)
Therefore,

f = )Vlfl + - +)\n+1fn+1

for some functions Ay, ..., A+, and G; = A, . U

Below we’ll consider various thermodynamic processes for ideal and van der
Waals gases.

1.4.4.1 Ideal Gases

As we have seen before, the state Legendrian manifold L C R for ideal gases is
given by equations

fi = pv—RT,
nR

=e— —T,
) 3

fa=o —R(glns—i—ln\/).
The corresponding contact vector fields are

X4 =(pv—2RT)3 + T (pv— RT) 3, + T (pd, — vd,),
X;, = (e — nRT) 3y — %T%a — T (pd, + Tor),

X Rn1 Rinv)) 4 T nRT 5 RT( n )3
= — —Ine—RIn o+ — | —T — + —e—= .
7 o ) & v e ) & T e & 2[)1/ P

It is easy to check that the restriction of the vector field X on L equals zero.
Therefore, the thermodynamic processes for ideal gases, due to the above proposition,
are given by vector fields on L:

Y = Avo, + Beo,,
which correspond to contact vector fields X ; with
f=Af+Bf,

for some functions A (g, v) and B (g, v).
Among these processes, we have

o Adiabatic processes, Xy (0) =0 on L, when

2A+nB =0.
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e Polytropic processes, X (pv¥) = 0on L, when
(k—1)A+B=0.

Here k is the so-called polytropic index.
e Isobaric processes, X (p) = 0on L, when

A—B=0.
e Isothermal processes, Xy (T) = 0on L, when

B =0.

1.4.4.2 van der Waals Gases

The state Legendrian manifold for van der Waals gases is given by the reduced
equations

fi=3py’ — (p+81)v? + 9y — 3,

4n 3
f2=8__T+_’
3 v

4n 3 8
fa=o——Inle+-)—=-In@Bv-1).
3 v 3
The corresponding contact vector fields are
X4 =0CBp —(p+16TW +9v —3)d, + BpTv—T (p+8T)) v?d, —
Tv3v—1)3,+ T (9pv* —2(p +8T) v +9) 3,

3 8n 4n _, 2 3
Xf2= 8+;—?T 80—?T8£—T8T—T p+v—2 8p,

X Moo )4 Smav— 1) o —T(1-* T\, o
== - - v—1)—o0)d, — - —
fs 3 v) 3 3evt3) "

4T (3npv3 —(np+6e)v*+9(n—2)v — 3v)a
(v +3)Bv—1) P

As above, the restriction of the vector field X r, on L equals zero and thermody-
namic processes for van der Waals gases, due to the above proposition, are given by
the following vector fields on L:

Y_3@v+3uamﬁ+3w—3Aw+una+3v@w+$@v—nA

b €0,
4pny? 4n

for some functions A (g, v) and B (g, v).
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As above, we have the following realizations for thermodynamic processes:

Adiabatic processes, when Xy (6) =0on L and
6v2A+nB = 0.

Polytropic processes, X s (pv*) = 0 on L and

A(3(k71)gv3+<9k7k6797"(k72)>79)v2+3((k72)n7k)v+@>+

(ev+3)B=0.
Isobaric processes, X s (p) =0 on L and
(381/3 —9(n— 1)v2—|—6nv—n)A —(ev+3)B=0.

Isothermal processes, X (T) =0on L and B = 0.

Acknowledgements This work is partially supported by Russian Foundation for Basic Research
(project 18-29-10013).

References

10.
11.

12.

13.

14.

. Alekseevsky D.V., Lychagin V.V. and Vinogradov A.M. Basic ideas and concepts of differential

geometry, Springer — Verlag, 1991.

Ash, Robert B. Basic probability theory. Dover publications. NY. 1970.

Clausius, R. The Mechanical Theory of Heat — with its Applications to the Steam Engine and
to Physical Properties of Bodies. London: John van Voorst, (1867).

Cohn, Donald. Measure Theory, Springer, (2013).

Dymond J.D., Wilhoit R.C., Virial coefficients of pure gases and mixtures, Springer (2003).
Jaynes, E.T. “Information theory and statistical mechanics”. Physical Review. 106 (4): 620-
630,(1957) and “Information theory and statistical mechanics II”. Physical Review. 108 (2):
171-190, (1957).

Guggenheim, E.A. Thermodynamics. An Advanced Treatment for Chemists and Physicists,
North Holland, Amsterdam, (1985).

Gibbs, Josiah Willard. Elementary Principles in Statistical Mechanics, developed with especial
reference to the rational foundation of thermodynamics. New York: Charles Scribner’s Sons,
(1902).

Hirschfelder J.O., Curtiss Ch.F., Bird R.B. Molecular theory of gases and liquids, NY, (1954).
Kallenberg, Olav. Foundations of Modern Probability. 2. edition. Springer, New York (2002).
Kolmogorov, A.N.: Foundations of the Theory of Probability (2nd ed.). New York: Chelsea,
(1956).

Krasilshchik 1.S., Lychagin V.V. and Vinogradov A.M. Geometry of jet spaces and non-linear
differential equations, Gordon and Breach, 1986.

Kruglikov Boris, Lychagin Valentin. Geometry of differential equations, in Handbook of global
analysis, 725-771, Elsevier, Amsterdam, 2008.

Kullback, S. Information Theory and Statistics, John Wiley & Sons. (1959), Dover Publications
(1968).



52

15.
16.
17.
18.

19.
20.

21.

22.
23.

24.

25.

26.

V. V. Lychagin

Kushner A.G., Lychagin V.V. and Roubtsov V.N. Contact Geometry and Nonlinear Differential
Equations, Cambridge University Press, 2007.

Landau, L.D.; Lifshitz, E.M. Statistical Physics. Oxford, (1975).

Maxwel, James. Theory of heat. Dover Publications. (2001).

Mac Lane, Saunders. Categories for the working mathematician. Graduate texts in mathematics
Springer-Verlag, (1971).

Onsager, L., Reciprocal Relations in Irreversible Processes. 1., Phys. Rev. 37, 405426 (1931).
Kamerlingh Onnes H., Expression of state of gases and liquids by means of series, KNAW
Proceedings, 4, 1901-1902, 125-147 (1902).

Pippard, A.B. Elements of Classical Thermodynamics for Advanced Students of Physics, Cam-
bridge University Press,(1966).

Planck, Max. The Theory of Heat Radiation. Dover (1991).

Ruppeiner, George. “Riemannian geometry in thermodynamic fluctuation theory”, Reviews of
Modern Physics, 67 (3): 605-659, (1995).

Shannon Claude E. A Mathematical Theory of Communication, Bell System Technical Journal,
Vol. 27, pp. 379-423, 623-656, 1948.

Shilov, G.E., Gurevich B.L., Integral, Measure, and Derivative: A Unified Approach. Dover
Publications, (1978).

Sommerfeld, Arnold. Thermodynamics and statistical mechanics, Academic Press INC, (1956).



Chapter 2 ®)
Lectures on Geometry of Monge—Ampere | o
Equations with Maple

Alexei Kushner, Valentin V. Lychagin and Jan Slovak

2.1 Introduction

The main goal of these lectures is to give a brief introduction to application of contact
geometry to Monge—Ampere equations. These equations have the form

AVyy + 2BV, + Cvyy + D(vevyy —viy) + E =0, 2.1)

where A, B, C, D and E are functions on independent variables x, y, unknown
function v = v(x, y) and its first derivatives v,, v,.

Equations of this type arise in various fields. For example, G. Monge considered
such equations in connection with the problem of the optimal transportation of sand
or soil. This problem was of great importance for the construction of fortifications. A
modern modification of this problem has the applications to mathematical economics,
especially in taxations problem (Kantorovich—-Monge problem [7]).
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J.G. Darboux studied and applied such equations in his lectures on general theory
of surfaces [3-5]. At that time, geometry was a source of various types of equations.
For example, the problem of reconstructing a surface with a given Gaussian curvature
K (x, y) is equivalent to solving the following equation:

VaxVyy — v}zcy =K@,y (L+vi+ vf)z. (2.2)

Nowadays, the number of sources of Monge—Ampere equations has increased.
Equations arise in physics, aerodynamics, hydrodynamics, filtration theory, in models
of the development of oil and gas fields, in meteorology and so on. Some of these
applications will be discussed. On the other hand, as we shall see, the Monge—Ampere
equations themselves generate geometric structures. For instance, some hyperbolic
equations can be considered as almost product structures, and elliptic ones as almost
complex structures.

The class of equations is rather wide and contains all linear and quasi-linear
equations as we can see. On the other hand, it is the minimal class that contains
quasi-linear equations and that is closed with respect to contact transformations.

This fact was known to Sophus Lie, who applied contact geometry methods to
this kind of equations. In this paper, S. Lie posed some classification problems for
equations with respect to contact pseudogroup. In particular, he posed the problem
of equivalence of equations to the quasi-linear and linear forms. This problem was
solved by V.V. Lychagin and V.N. Rubtsov [20] (see also [21]) in symplectic case and
by A.G. Kushner [12] in contact case. Conditions when equations can be transformed
to equations with constant coefficients by contact transformations were found by D. V.
Tunitskii [23]. The problem of classification for mixed type equations was solved by
A.G. Kushner [9-11].

In 1978, V.V. Lychagin noted that the classical Monge—Ampere equations and
its multi-dimensional analogues admit effective description in terms of differential
forms on the space of 1-jets of smooth functions [16]. His idea was fruitful, and it
generated a new approach to Monge—Ampere equations.

The lectures has the following structure.

The first lecture is an introduction to geometry of 1-jets space. We define 1-jets
of scalar functions, Cartan distribution, contact transformations and contact vector
fields on the 1-jets space [8, 15].

In the second lecture, we describe V.V. Lychagin approach and an introduction
to geometry of the Monge—Ampere equations. We follow papers [16, 17] and books
[15, 18].

The third lecture is devoted to contact transformations of the Monge—Ampere
equations. We consider examples of such transformations and apply them to con-
struct multivalued solutions. We illustrate this on the example of equation arising
in filtration theory of two immiscible fluids (oil and water, for example) in porous
media [1].

In the fourth lecture, we study geometrical structures associated with non-
degenerated (i.e. hyperbolic and elliptic) equations. We consider also the class of
so-called symplectic equations and give a criterion of their linearization by symplec-
tic transformation [18, 19].
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The last, fifth lecture is devoted to tensor invariants of the Monge—Ampere equa-
tions. We construct here differential 2-forms that generalize the well-known Laplace
invariants. We follow the papers [12, 14].

All calculations in these lectures are illustrated in the program Maple. The Maple
files can be found on the website d-omega.org.

2.2 Lecture 1. Introduction to Contact Geometry

2.2.1 Bundle of 1-]Jets

Let M be an n-dimensional smooth manifold, C*° (M) be the ring of smooth functions
on M and T;"M be the cotangent space at the pointa € M.

Definition 2.1 A 1-jet [ f]! of a function f € C*(M) at the point a is a pair
(f(a),dfls) e Rx T*M.
The set of 1-jets at the point a € M of all functions
JaM = {[f1a ] f € C* (M)}

is a vector space with respect to operations of addition and multiplication by real
numbers which are pointwise is defined as

1+ el = 1f +ell,  kLA1L = [kF1L

Denote by
J'M =R xT*'M

the set of 1-jets of all smooth functions f € C*°(M) at all points a € M.

This is a smooth manifold of dimension 2dim M + 1 with local coordinates
X1y ..y XpU, P1, ..., Pn, Where x1, ..., x, are local coordinates on M, py, ...,
pn are the induced coordinates on the cotangent bundle and « is the standard coor-
dinate on R. In other words, the values of these functions at point [ f] ,1 e J'M are
the following:

x([f1) =x(@), u(fl) = f@, pi(fl)=fu@, i=1,....,n. (2.3)

These coordinates are called canonical.
In what follows we’ll call J!M the manifold of 1-jets, and the projection

7 J'M — M, where nlz[f]é|—>a
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the 1-jet bundle.
Any function f € C*°(M) defines the following map:

)M — J'M, (2.4)

where
Wf):iMsar—[flyel,MCI'M.

The image
Lj = ji()HM) cJ'M,

which is a smooth submanifold of J'M, is called the 1-graph of the function f.
Consider the following differential 1-form

» :=du — pydx; —--- — ppdx,

on the 1-jet space J'M which we’ll call Cartan form.

It is easy to check that this form does not depend on a choice of canonical coor-
dinates in J'M.

This form allows us to separate submanifolds of the form 'y C J'M from arbi-
trary submanifolds of dimension n by observation that

%|r‘/ =0,
forany f € C*(M). Indeed,
%|r}, =df — fodx) —--- — fi,dx; =0.

On the other hand, if a submanifold N C J'M is a graph of section s: M —>
JIM,ie.mr;: N— Misa diffeomorphism, and

7|y =0,

then one can easily check that N = F} for some smooth function f € C*(M).
This observation shows that zeroes of the Cartan form (but not the form itself) is
important to distinguish 1-graphs from arbitrary submanifolds in J'M.
Denote by C the 2n-dimensional distribution (Cartan distribution) on J' M given
by zeroes of the Cartan form:

C:J'M >0+ C6) :=kersy C Ty(J'M).

In the dual way, the Cartan distribution can be defined by vector fields tangent to
this distribution. Namely, vector fields
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Oy, + P10y, ..., Ox, + Pudy, 0p,, -.., Op,

give us a local basis in the module of vector fields tangent to C. This module will be
denoted by D(C).
Then a submanifold N C J!'M is a graph of a smooth function if and only if

1. N is an integral submanifold of the Cartan distribution and
2. m: N — M is a diffeomorphism.

Remind that a contact structure on an odd-dimensional manifold K, dim K =
2k + 1, consists of 2k-dimensional distribution P on K such that

AA @MV £0
for any differential 1-form A, such that locally P = ker A.
In our case, we have

xA(dn)" #0

and therefore the Cartan distribution defines the contact structure on the manifold of
1-jets J' M.

2.2.2 Contact Transformations

A transformation ® of the space J!'M is called contact, if it preserves the Cartan
distribution, i.e.
.(C) =C.
In terms of the Cartan form, a transformation ® is contact if
D" (2) = hex (2.5)

for some function A, or equivalently

D" (2) A3 =0.

Examples of Contact Transformations
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1. Translations:

(x1, X2, u, p1, p2) —> (X1 +ai, x2 + a2, u + B, p1, p2),

where a1, o, and S are constants.
2. The Legendre transformation:

(x1, X2, u, p1, p2) —> (p1, P2, U — X1 P1 — X2 P2, —X1, —X2).

3. Partial Legendre’s transformation:

(x1, X2, u, p1, p2) —> (p1, X2, U — p1X1, —X1, P2).

Infinitesimal versions of contact transformations are contact vector fields.
A vector field X on J'M is called contact if its local translation group consists
of contact transformations.
It means that
DF (50) = Ayse (2.6)

for some function A, on J! M. Here, ®, are shifts along vector field X.
After differentiating both parts of (2.6) by r att = 0, we get:

) .
t=0

The left-hand side of the equation is the Lie derivative L x (¢) of the Cartan form in
the direction of the vector field X and therefore, we get

dxr

(®7(0) = <E

dt

t=0

Lx(5) = hz,

where £ is a function on J!'M.
Multiplying both parts of the last equation by sz, we get:

Lx(») A x=0. 2.7
In canonical coordinates, each contact vector field has the form
of d of af\ o
X = — i _—
4 Z op: 9x; (f ;p ) Z <8x,~ tp Bu) o

for some function f which is called generating function of the contact vector field.
Note that
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Maple Code: Main Operation on J'RR?

1. Load libraries:

with(DifferentialGeometry) : with(JetCalculus) :

2. Set jet notation, declare coordinates on the manifold M and generate coordinates
on the 1-jet space:

Preferences ("JetNotation", "JetNotation2"):
DGsetup( [x1,x2],[u]l, M, 1, verbose);

3. Generate the Cartan form:

kappa:= convert (Cul[0,0],DGform) ;

4. Define partial Legendre transformation:

PartLegendre:=Transformation (M,M, [x1=-ul[l,0],x2=x2,
ul[0,0]=ul0,0]-ufll,0]*x1, ul[l,0]=x1, ul0,1]=ul0,1]11);

5. Apply this transformation to the Cartan form:
Pullback (PartLegendre, kappa) ;

6. Prolongation of transformations from J°M to J' M:

Phi:=Transformation (M, M,
[x1=x2,%x2=x1+x2,u[0,0]=-uf0,01]1);
Prolong (Phi, 1) ;

7. Define the contact vector field X ; with generating function f = p;:

X:=GeneratingFunctionToContactVector (uf[0, 11);

8. Prolongation of vector fields from the plane M = R? to J' M:

Y:=evalDG (-x2*D_x1+x_1*D_x2) ;
Prolong(Y,1);
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2.3 Lecture 2. Geometrical Approach to Monge—Ampere
Equations

2.3.1 Non-linear Second-Order Differential Operators

Following [16], any differential n-form @ on J! M is associated with the differential
operator
Ay C®(M) — Q' (M),

which acts in the following way:
Ao(v) = j1(n)* (@), (2.8)
where (see formula (2.4))
JiW*QUIIM) — QY (M).

This construction does not cover all non-linear second-order differential operators,
but only a certain subclass of them.

Examples

1. The differential 1-form on J'R
w=(1- xz)dp + (Au — xp) dx,

where

generates the Lissajou differential operator

2
Ap(y) = ((1 —x)y" —xy + Z—zy) dx. (2.9)

Indeed,
2 a’
Au(v) = (1 —x%d (y)+ (—xy’ + ﬁy> dx

" / a2
= ((1 —xH)y" —xy' + ﬁy) dx.
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. The differential 2-form on J'R?
w=dpy Ndp,
generates the Hesse operator
A,(v) = (detHessv) dxy A dx,.
Indeed,

A,(v) =d (VX1) nd (vxz)
= (Vxlxldxl + Vxlxzdx2) A (szxldxl + szxzd-xZ)
= (vxlxl Viyxy — vfm) dxy Adx;

= (det Hess v) dx; A dx»,

where Hess v is the Hessian of the function v.
. The differential 3-form

w = p1dpi Adxy Adxs —dx; Adpy Ndxz —dx; Adxy ANdps
on J'R3 produces the von Karman differential operator
(vxvxx — Vyy — vzz) dx Ndy ANdz,

where x = x|, y = x2, 2 = x3.
. The differential 2-form

w=dp; ANdx, —dp, Adx;
on J'R? represents the two-dimensional Laplace operator
A,(v) = (vxx + vyy) dx Ndy,

where x = x1, y = x».
. Two differential 2-forms

w=dx; Ndu and @ = prdx ANdx;
on J'R? generate the same operator:

A,(v) =dx; A (vxldxl + vXdez) = vy, dx; Adxy,
Ay (V) = vy, dx) Adxy.
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6. Any differential n-form
w=xANa+dxAB (2.13)

on J'M, where o € Q"' (J'M), B € Q"2 (J'M) and 5 is the Cartan form,
gives the zero operator.

All differential operators A, generate differential equations of second order:
A,(v) =0. (2.14)

For example, operator (2.9) generates Lissajou equation
a2

2N\ ’
(I —=x9y" —xy + o3

y=0. (2.15)

Note that the differential operators A, and Aj, generate the same equation for
each non-zero function h.

Equation (2.14) are called Monge—Ampere equations [16].

The following observation justifies this definition: being written in local canonical
contact coordinates on J' M, the operators A, have the same type of non-linearity
as the Monge—Ampere equations.

Namely, the non-linearity involves the determinant of the Hesse matrix and its
minors. For instance, in the case n = 2, for

w =Edx| Ndxy + B (dx; Adpy — dxy Adp)) + (2.16)
Cdx| A dpz — Adxy A dp1 + del A dpg.

we get classical Monge—Ampere equations
AViy + 2BVyy + Cvyy + D(veevyy —viy) + E =0. (2.17)

An advantage of this approach is the reduction of the order of the jet space: we use
the simpler space J! M instead of the space J>M where Monge—Ampére equations
should be ad hoc as second-order partial differential equations [8].

The differential equation which is associated with a differential n-form w will be
denote by &,:

Eo = {Au(v) =0}

The following Maple code generates the corresponding differential operator A,
for a differential 2-form w on J'R2.
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Maple Code: w — A,

with(DifferentialGeometry): with(JetCalculus) :
Preferences ("JetNotation", "JetNotation2"):
DGsetup( [x1,x2],[ul, M, 1);

DGsetup( [x,y], N, verbose);

Construct the differential operator A:

Delta := proc(z, h)
Pullback (Prolong (Transformation (N, M,
[x1=x,x2=y,ul[0,0]=h]),2),2);

end proc;

Define a differential 2-form:

omega:=evalDG(dxl &w dul[l,0]-dx2 &w dul[0,1]);
Apply the differential operator to this differential form w = dx; A dpy — dx, A dps:
simplify (Delta(omega,v(x,y)),size);

As aresult, we get the differential operator

2
2

dx Ndy.
ayox * Y

2.3.2 Multivalued Solutions of Monge—Ampeére Equations

Let v be a classical solution of the Monge—Ampere equation &, i.e. A,(v) = 0.
Then

¥ (@) =0.

It means that the restriction of the differential form w to 1-graph of the function v is
Zero:

An n-dimensional submanifold L C J'M is called a multivalued solution of
Monge—Ampere equation if
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1. L is an integral manifold of the Cartan distribution, i.e. the restriction of the
Cartan form to L is zero: s |,= 0;
2. the restriction of the differential n-form w to L is zero, too: w |, = 0.

Examples: Multivalued Solutions

1. Parameterized curves

. a sin at
L:{x:smbt,y:cosat,p: }

b cos bt

in the space J'R are multivalued solutions of the Lissajou equation

a2

¢! —xz)y’/—xy’—i—ﬁy:O. (2.18)

Indeed, the restriction of the differential 1-form
2
2 a
o= (1—-x%)dp+ <ﬁy—xp>dx

on the curve L is zero. The projections of these curves on the plane (x, y) are
well-known Lissajou curves (see Figs.2.1, 2.2).
2. Projections of multivalued solutions of the Monge equation

2 2 2\2
VaxVyy = Viy = (1 +vi+ v_\,)

to the space R with coordinates x, y, v are spheres with radius 1 (see Eq.(2.2).
3. Projections of multivalued solutions of the equation

VixVyy — Vi, =0 (2.19)

xy

to the space R? with coordinates x, y, v are deployable surfaces.

2.3.3 Effective Forms

Last two examples (2.12) and (2.13) show that the constructed map
“differential n-forms” — “differential operators”

has a huge kernel.
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Fig. 2.1 Multivalued
solutions of the Lissajou
equation fora =3,b =2

Fig. 2.2 Multivalued
solutions of the Lissajou
equation fora = 1,b = V2
is a curve, everywhere dense
in the square (Lissajou’s
Black Square)
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This kernel consists of differential forms that vanish on any integral manifold of
the Cartan distribution. All such forms have form (2.13) (see [15]).

Let’s find a submodule of the module 2(J' M) of differential 2-forms such that
the map is bijective (dim M = 2).

Differential 2-form w € Q*(J' M) is called effective if
1. Xi]Jo =0;
2. o ANdx=0.

Here, X is the contact vector field with generating function 1. In canonical co-
ordinates (2.3)

The first condition means that coordinate representation of @ does not contain
terms du A %, and therefore w # s A o for some differential 1-form «. Second con-
dition means that w # Bd s, for a function S.

The module of effective differential 2-forms will be denoted by Q2(J'M).

There is the projection p which maps module Q?(J' M) to the module 2(C) of
“differential forms” on the Cartan distribution.

Namely, define

p:QXJ'M) — Q*(0)

as follows:
pw) =w—xAN X ]w).

Here, Q*(J'M) and Q?(C) are modules of 2-forms on the 1-jet manifold J'M and
on the Cartan distribution C respectively. Remark that

X1]p(w) =0,

i.e. 2-form p(w) € Q2(C).

Theorem 2.1 Any differential 2-form w € Q*(C) has the unique representation
w = w, + Bdx, (2.20)

where w, € QZ(J 'M) is an effective 2-form and B is a function.

Proof In our case, the Cartan distribution C is four-dimensional. The exterior dif-

ferential of the Cartan form is non-degenerated 2-form on each Cartan subspace, i.e.

d 5 is a symplectic structure on C(@) for any 6 € J' M. Therefore, formula
wANdx=BdxNdx

uniquely defines a function 8. Define now differential form

we = w — Bdse.
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Since w, A ds = 0, the form w, is effective. U

The constructed differential form w, is called the effective part of the differential
form w.
Define the operator

Eff : Q*(J'M) — Q2(J'M), Eff(w) := (p(w)).,

which for any differential 2-form  on the space J' M gives its effective part.

It is obvious that differential 2-forms w and Eff(w) generate the same Monge—
Ampere equations.

In canonical coordinates

d»x=dxi Ndpy +dx; ANdp>
and any effective differential 2-form has the following representation:

w =Edx| Adx; + B (dx; Adpy —dx; Adpy) + 2.21)
Cdxy Ndpy — Adxy Adpy + Ddpy A dpa,

where A, B, C, D and E are smooth functions on J!M. This form corresponds to
Eq.(2.17).

The following Maple code contains two procedures which generate effective parts
of differential 2-forms.

Maple Code: w —> w,

1. Projection of a 2-form to the Cartan distribution:

ProjC:=proc (omega)
GeneratingFunctionToContactVector (1) ;
evalDG (omega-kappa &w Hook (evalDG(D_u[0,0]),omega)) ;

end proc:

2. Calculation of effective parts of a differential 2-forms:

Eff:=proc (omega)
evalDG (evalDG (omega-kappa &w Hook (evalDG(D_ul[0,0]),
omega) ) - (solve (op (Tools:-DGinfo (evalDG (g*Omega&w Omega-
(evalDG (omega-kappa &w Hook (evalDG(D_ul[0,0]),omega)))
&w Omega) , "CoefficientSet")),qg)) *Omega) ;

end proc:
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2.4 Lecture 3. Contact Transformations of Monge—Ampeére
Equations

By the definition, contact transformations preserve the Cartan distribution and mul-
tiply the Cartan form s by a function (see formula (2.5)).

Therefore, contact transformations do not preserve the contact vector field X
in general. Because of this, the image of an effective differential form can be not
effective.

Let ® : J'M — J'M be a contact transformation and  be an effective differ-
ential 2-form. Then by the image of differential 2-form w, we shall understand the
effective differential form Eff (®*(w)).

Two Monge—Ampere equations &, and &, are contact equivalent if there exist a
contact transformation ® such that w = hEff(d*(w)) for some function 4.

Theorem 2.2 [ftwo equations &, and E,, are contact equivalent, then their contact
transformation maps multivalued solutions of one to multivalued solutions of the
other.

Note that, in general, contact transformations do not preserve the class of classical
solutions: classical solutions can transform to multivalued solutions and vice versa.

Examples of Linearization of Equations by Contact Transformations

1. The von Karman equation
Ve Vxixi — Vaoxs = 0 (222)

becomes the linear equation
X1V, + Vg =0 (2.23)
after Legendre transformation (2.24).
The last equation is known as the Triccomi equation.
2. Equation

detHessv =1

is generated by the effective differential 2-form
w=dp; ANdpy —dx; Ndx;.
After the partial Legendre transformation
@ : (x1, x2, u, p1, p2) > (p1, X2, U — p1x1, —Xx1, p2)

this form becomes
w =dx, Adp, —dx; Adps,
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and corresponds to the Laplace equation
Vi, + Vir, = 0.
3. Quasi-linear equation:
A (vx, vy) Vix + 2B (vx, vy) Vey +C (vx, vy) vyy = 0.
This equation is represented by the following effective form:
o =B (p1, p2) (dx1 Adpy —dxy Adp2) + C(p1, p2)dx1 Adpy — A(p1, p2) dxa Adpy.
After the Legendre transformation
@ (x1, x2, u, p1, p2) &> (p1, p2, U — pi1xy — paxa, —Xx1, —Xx2,) (2.24)
we get the following effective form

¢*(w) = B (=x1, —x2) (dx; Adpy —dxy ANdpy) +
— A (—=x1, —x2)dx; Adpy + C (—x1, —x2)dx> Adpy,

which corresponds to the linear equation:

—A (_-xla _x2) Vxox, +2B (—Xl, —.Xz) Vyix, — C (_xls _x2) Vxix; = 0.

Example

The following equation arises in filtration theory of two immiscible fluids in porous
media [1]:
Uyy — Uxllyy, = 0. (2.25)

It is used for finding a strategy to control wavefronts in the development of oil
fields.

The corresponding differential 2-form is

w =2pidp, Ndx) +dxy ANdpy — dxy; Adps,

where x; = x, x, = y. Applying the Legendre transformation

D : (x1,x2,u, p1, p2) —> (p1, P2, U — X1 p1 — X2P2, —X1, —X2)

we get the following differential 2-form:
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D" (w) = 2x1dx; Adpy +dxy Adpy — dxy Adps.
This form corresponds to the linear equation
Uy, — XUy x, = 0. (2.26)
The general solution of the last equation is
u(xi, x2) = e 2 Fi(x1e?) + Fy(x2), (2.27)
where F and F, are arbitrary functions. Differentiating both sides of (2.27), we get

2
uy, = Fj(x;e™),

Uy, = —e 2 Fi(x1e"%) — F|(x1e")x1 + F}(x2).
Thus, solution (2.27) generate a surface L C J'M:

u—e F (x1e?) + F(x) =0,
L:{ pi— F/(x;e") =0,
pr+ e 2 F (x1e) + Fl/(xlexz)xl — Fy(xp) =0.

Applying the inverse Legendre transformation
" : (x1, X2, U, pr. p2) F—> (—p1, —P2. U — X1p1 — X2P2, X1, X2)
to L, we get multivalued solutions of equation (2.25) in parametric form (Fig.2.3):

u—x1p1—xapy — eP2Fi(—pre )+ Fr(—p2) =0,
®'(L): { x — F{(—pie™”) =0, (2.28)
x2 4 P Fi(—pie™?) + p1 F{(—=pie” ") + Fy(—p2) = 0.

In order to simplify the last formula, we introduce new parameters
a=—-pie”,  b=-—p,

and new functions
k(a) = Fi(a), r(b) = F»(b).

In these notation, multivalued solutions of equation (2.25) takes the form:
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Fig. 2.3 Projection of the
multivalued solution £ to the
space x, y, u for

k(a) = a® — 20a° and
r(b) = b00!

x =k'(a),
y = e (ak'(a) — k(a)) —r'(b),

L3 u= b+ e (k(a) —ak'(a)) + br'(b) — r(b),
p1=—ae”’,

p2 = —b,

where k(a) and r(b) are arbitrary functions.

Define coordinates on M:

with(DifferentialGeometry): with(JetCalculus) :
Preferences ("JetNotation", "JetNotation2"):
DGsetup( [x1,x2],[ul, M, 1);

DGsetup( [x,y],N,1);

Construct the differential operator A:

Delta := proc(z, h)
description "M-A operator";
Pullback (Prolong (Transformation
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(N, M, [x1=x,x2=y,ul[0,0]=h]),2),2);
end proc;

Define the differential 2-form w:

omega:=evalDG(2*u[l,0]*du[0,1] &w dxl +
dxl &w dull,0]-dx2 &w dul0,11);

w=2pidpy ANdx; +dx; Adp; — dxy ANdpa,
The Legendre transformation:

Legendre:=Transformation(M,M, [x1=u[l,0],x2=u[0,1],
ul0,0]=u(0,0]-x1*u[l1,0]-ul0,1]*x2, ull,0]=-x1, u[0,1]=-x21):

Apply the Legendre transformation to w:

omegal :=Pullback (Legendre, omega) ;

Construct the differential operator A, :

Delta (omegal,u(x,y));

92 92
<2 <8y8xu(x’ y)) —2x (Wu(x, y))) dx Ndy

Check solution:

sub:={u(x,y)=exp (-y) *F1 (x*exp (y) ) +F2(y) };
eval (diff(u(x, v), x, y)-x*diff(u(x, y), x, x), sub);

0
Inverse Legendre transformation:
InvLegendre:=InverseTransformation (Legendre) :
Apply this transformation to the surface L:
zl:=convert (u(xl,x2)-exp(-x2) *Fl (x1*exp (x2) ) +F2 (x2) ,DGjet) :

z2:=convert (diff (u(xl,x2)-exp(-x2)*
Fl(xl*exp(x2))+F2(x2),x1),DGjet) :

z3:=convert (diff (u(xl,x2)-exp(-x2)*
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Fl(xl*exp(x2))+F2(x2),x2),DGjet) :
ul:=Pullback (InvLegendre, zl) :
u2:=Pullback (InvLegendre, z2) :
u3:=Pullback (InvLegendre, z3) :

As a result, we get formula (2.28).
Check that £ is a multivalued solution of equation (2.25),i.e. w | £ = 0:

DGsetup( [x1,x2,u,pl,p2], M);
DGsetup( [a,b]l, N);

omega:=evalDG (2*pl*dp2 &w dxl + dxl &w dpl-dx2 &w dp2):
NtoM:=Transformation(N,M, [x1=diff (k(a), a),
x2=exp (-b) * (a*diff(k(a),a)-k(a))-diff(r(b),b),

=(b+1l) *exp (-b) * (-a*diff (k(a),a)+k(a))+b*diff(r(b),b)-r(b),

pl=-a*exp(-b), p2=-b]):

Pullback (NtoM, omega) ;
0

Visualization of the multivalued solution £:

plot3d(eval ([diff (k(a), a),exp(-b)*(a*diff(k(a),a)-k(a))
-diff(r(b),b), (b+l)*exp(-b)*(-a*diff(k(a),a)+k(a))+
b*diff(r(b),b)-r(b)], {k(a)=a"9-20*a"5,r(b)=b"0.01}),
a=-1..1, b=-6 6);

2.5 Lecture 4. Geometrical Structures

2.5.1 Pfaffians

First of all, we remark that the restriction of the differential 2-form d > on the Cartan

distribution
Q =:dJ{|C

defines a symplectic structure on Cartan space C(68) C Ty (J' M).
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Using this structure and an effective 2-form w € Qf(] M) we define function
Pf(w), called Pfaffian, in the following way [20]:

Pf(0) QAR =wA . (2.29)

This is a correct construction because w A w and Q A 2 are 4-forms on the four-
dimensional Cartan distribution.
In the case when

w =Edx| Adx; + B (dx; Adpy —dx; Adpy) + (2.30)
Cdxy Ndpy — Adxy Adpy + Ddpy A dpa,

we get
Pf(w) = B>+ DE — AC.

We say that the Monge—Ampere equation &,, is hyperbolic, elliptic or parabolic
atadomain D C J'M if the function Pf (w) is negative, positive or zero at each point
of D, respectively.

If the Pfaffian changes the sign in some points of D, then the equation &, is called
a mixed type equation (see [10]).

The hyperbolic and elliptic equations are called non-degenerate.

Maple Code: Pfaffian

kappa:=convert (Cul[0,0],DGform) :
Omega:=ExteriorDerivative (kappa) :
omega:=evalDG(dgl &w dul[l,0]+ dul0,0] &w du[0,1]):

Pf:=proc (omega)
solve (op (DGinfo (evalDG (z*Omega &w Omega-omega &w omedga) ,
"CoefficientSet")), z)

end proc:

For example, the Pfaffian of the differential 2-form
w=dxi Adp) —dx; ANdp,
which corresponds to wave equation u,, = 0 is equal to —1, and as we know this
equation is hyperbolic.

The Pfaffian of the differential 2-form

w=dxi ANdpy, —dxy; Ndp;
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which corresponds to Laplace equation u,, + u,, = 0 is equal to 1. Indeed,

omega:=evalDG(dxl &w dul[l,0]-dx2 &w du[0,1]):
Pf (omega) ;

—1

omega:=evalDG(dxl &w du[0,1]-dx2 &w dul[l,0]):
Pf (omega) ;

2.5.2 Fields of Endomorphisms

The standard linear algebra allows us to construct a field of endomorphisms
A,: D(C) — D)

which is associated with an effective 2-form w. Here D(C) is the module of vector
fields tangent to C.

Namely, the 2-form €2 is non-degenerated on C and the operator A,, is uniquely
determined by the following formula [19]:

AX] Q=X | 2.31)

for all vector fields X tangent to C.

Proposition 2.1 Operators A, satisfy the following properties:

1. Q(A,X, X)=0.
2. Q(ALX,Y) = Q(X, AY).

Proof 1. Q(ALX, X)) =w(X, X)=0.
2. QUALX,Y) =w(X,Y)=—-wlY,X) = —-Q(A,Y, X) = QX, AY). O

Proposition 2.2 The squares of operators A, are scalar and
A% + Pf(w) = 0. (2.32)
Proof First of all

AnX (@A Q) = (A X]w) A Q+ o A (A, X]Q).
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Using Proposition 2.1,

X](ApX (@ A Q) =0(AuX, X)2 — (AuX o) A (X]Q)
+ (X]w) A (A, X Q) + Q(ALX, X)o
= Q(AZX, X)Q — (A2X|Q) A (X]Q)
+ (A X ) A (ApX Q) + Q(ALX, X)o
= —(A2X]Q) A (X]Q).

Since w is effective, w A 2 = 0. Then
(ALX]Q) A (X]Q) =0,

i.e. differential 1-forms A2 X|Q and X|Q are linearly dependent. Therefore the
square of the operator A, is a scalar: A2 = a.

Let X € D(C) be an arbitrary vector field. Applying the operators A, X | and X |
to both parts of formula (2.29) we get

PF(0)(A,X Q) A (X]Q) = (A, X |0) A (X o) = (@X]R) A (A, X ] Q).

Then
(Pf(w) + @) (A, X Q) A (X]R2) =0. (2.33)

Suppose that (A,X]2) A (X]2) = 0. Then the vector fields X and A,X are
linearly dependent. Since X is an arbitrary vector field we see that the operator A,
is scalar, i.e. A, X = AX for any X. Then

X|o=A,X]Q = AX|Q.

Therefore w = A2, which is impossible. So from (2.33), it follows that Pf(w) + o =
0,i.e. A2 + Pf(w) = 0. O

Let’s find a coordinate representation of the operator A,,. Let

d n 0 d n 0 0 0 (2.34)
dx; Pray dx2 P2au ap1’ Op> .

be a local basis of the module D(C). Then formula (2.31) gives:

A, = (2.35)

momw

—A
—B
E
0—

D>Ucbo
DOQOU

in this basis.
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Maple Code: Operator A,

with(DifferentialGeometry): with(LinearAlgebra): with (Tensor) :

Coordinates on the 1-jet space:

DGsetup( [x1,x2,u,pl,p2], J):

Cartan’s form and its exterior differential:

kappa:=evalDG (du-pl*dxl-p2*dx2) :
Omega:=ExteriorDerivative (kappa) :

Define 2-form w:

omega:=evalDG (2*pl*dp2 &w dxl+ dxl &w dpl-dx2 &w dp2);

Vector fields and 1-forms on Cartan’s distribution:

VectCartan:=evalDG([D_x1+pl*D_u,D_x2+p2*D_u,D_pl,D_p2]):
CovectCartan:=evalDG ([dx1l,dx2,dpl,dp2]) :

Checking duality:

m := proc (i, j) options operator, arrow;
Hook (VectCartan[i],CovectCartan([j])
end proc:
Matrix (4,m) :
Construct an arbitrary vector field on Cartan’s distribution:

V:=DGzip([a, b, c¢,d], VectCartan, "plus"):

d 0 d
veal 450l 4o 2 il ra
“axl + os +( P2+ap1) +C3p1 + 3

General form of A = A,,. Here a; ; are arbitrary functions:

A:=evalDG (sum(sum(al[i, j]*VectCartan[i] &t
CovectCartan[j],i=1..4),3j=1..4)):

Action of A, on vector fields:

Act:=Z->convert (ContractIndices (evalDG (A &tensor Z),
[[2,3]1]), DGvector) :

Equations with respect to a; ;:

for i from 1 to 4 do
e[i] :=evalDG (Hook (Act (evalDG (VectCartan[i]) ), Omega) -
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Hook (VectCartan[i], omega)) ;
end do:
AEg:=[]:

for i from 1 by 1 to 4 do

AEqQ:=[op (AEQ) , op (GetComponents (e[1],CovectCartan)) ]
end do:

AEQ;

—asy, —as1, —l4ai, 2pi+a,
—azp, —a42, a1, l+axs,

I —a33, —as3, a3, a3,
—2p1—azs, —l—ass, ais, ass

sol:=solve(AEqg, [all,1],a[l,2],al1,3]1,all,4],
al2,1]1,al2,2]1,al2,31,al2,41,
al3,1],al3,21,al3,31,al3,41,
ald4,1],al4,2],al4,31,al4,41]1);

assign(sol);

m := proc (i, j) options operator, arrow; ali,j] end proc;

Am:=Matrix(4,4,m);

1 00 O
_ —2p1—10 0
Ao=|"0" 0 1 —2ps (2.36)

0 00 -1

Determinant (Am) ;
1

Am.Am;

1000

0100

0010

0001
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2.5.3 Characteristic Distributions

Effective forms w and hw, where h is any non-vanishing function, define the same
Monge—Ampere equation. Therefore, for a non-degenerated equation &, the form w
can be normed in such a way that | Pf(w)| = 1. It is sufficient to replace w by

w

VIPE@)[

By (2.32), the hyperbolic equations generate a product structure

(2.37)

2
A, =1
and elliptic equations generate a complex structure
2
A, =—1

on the Cartan space C(a) [18].

Therefore, a non-degenerated Monge—Ampere equation generates two two-
dimensional (complex—for elliptic case) distributions on J'M, which are
eigenspaces of the operator A,,.

These distributions C(a) and C_(a) correspond to the eigenvalues 1 and —1
for the hyperbolic equations or to ¢ and —: for the elliptic ones, respectively. Here
L=+/—1

The distributions C and C_ are called characteristic.

The characteristic distributions are real for the hyperbolic equations and complex
for the elliptic ones. They are complex conjugate for the elliptic equations.

Proposition 2.3 ([18]) 1. The characteristic distributions C, and C_ are skew
orthogonal with respect to the symplectic structure 2, i.e. Q(X, X_) =0 for
X1 € D(Cy).

2. On each of them, the 2-form Q is non-degenerate.

On the other hand, any pair of arbitrary real distributions C; o and Cy 1 on J'M
such that

1. dimC;0 =dimCy; = 2;
2. C=Cro®Cor;
3. C1,0 and Cy,; are skew-orthogonal with respect to the symplectic structure €2

determines the operator A. Therefore, a hyperbolic Monge—Ampere equation can be
regarded as such pair {C 1.0 Co,1} of distributions.
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Maple Code: Characteristic Distributions

Calculation of eigenvalues and eigenvectors of the operator A,,:
EV,e:=Eigenvectors (Am) :

Find the vector fields from the Cartan distribution
Cp:=[]1:Cm:=[]:

for i from 1 to 4 do
if EV[i]=EV[1] then Cp:=[op(Cp),

(convert ( (Transpose(e[l..-1,i1)),1list))]
else

Cm:=[op(Cm), (convert ( (Transpose(e[l..-1,1])),1list))]
end if
end do:

Vpl:=DGzip(Cp[l], VectCartan, "plus")
Vp2:=DGzip(Cp[2], VectCartan, "plus");
Vml:=DGzip (Cm[ )

(Cm[ )

Vm2:=DGzip

1], VectCartan, "plus"
2], VectCartan, "plus"

For example, the characteristic distribution C; and C_ of operator (2.36) are
generated by the following vector fields:

L L I I
T plapl apy’ Oxy P2y,

and

c =2 nlappm-ns-?
T \opy’ p‘ax2 piip2 du  oxy [’

2.5.4 Symplectic Monge-Ampeére Equations

Monge—Ampere equation (2.17) is called symplectic if its coefficients A, B, C, D, E
do not depend on v.

In this case, the structures described above (effective differential forms, the dif-
ferential operator A, field of endomorphisms A,) can be considered on the four-
dimensional cotangent bundle 7* M instead of the five-dimensional jet bundle J' M.
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Below, we repeat main constructions for the symplectic case.
A smooth function f € C*°(M) defines a section sy : M — T*M of the cotan-

gent bundle
7:T"M — M

by the following formula:
sprar—df,.

Let w be a differential 2-form on 7*M. Define a differential operator
Ay C¥(M) — M), Ay(V) 1= (5,)" ().
Then equation A, (v) = 0 is a symplectic Monge—Ampere equation.
Let 2 be the symplectic structure on 7* M. In canonical coordinates x|, x2, p1, p2
onT*M
Q =dx; ANdp; +dxy ANdp;.
The differential form w is said to be effective if
oA =0.
Pfaffian Pf(w) of the differential 2-form w is defined by the following equality:

Pf(w)QAQ=wAw,

and formula
A X Q=X |w

defines the field of endomorphisms A, on 7*M.
The square of operator A,, is scalar:

A% + Pf(w) = 0.

Consider now the case when equation is non-degenerated, i.e. Pf(w) # Oon T*M.
Then, the operator A, can be normed (see formula (2.37).

For hyperbolic equations we get almost product structure: A2 = 1, and for elliptic
ones we get almost complex structure: A2 = —1.

We say that two symplectic equation &, and &,, are symplectically equivalent if
there exist a symplectic transformation ¢ such that

d*(w) = how
for some function 4.

The following theorem gives a criterion of symplectic equivalence of non-
degenerated Monge—Ampere equation to linear equations with constant coefficients.
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Theorem 2.3 ([19]) Non-degenerated symplectic Monge—Ampére equation &, is
symplectically equivalent to wave equation

Vix — Vyy =0 (2.38)
(in hyperbolic case), or to Laplace equation
Vix vy, =0
(in elliptic case) if and only if the Nijenhuis tensor
Ny, =0, (2.39)

where A, is the normed operator.

Recall that the Nijenhuis tensor N4 of an operator A is a tensor field of rank (1,
2) given by

NA(X,Y) := —A%[X, Y] + A[AX, Y]+ A[X, AY] — [AX, AY]

for vector fields X and Y.
Condition (2.39) can be written in the following equivalent form [20]:

1
dw = 2d (n|Pf@)) A o.

Maple Code: Symplectic Equation and Nijenhuis Tensor

Below we construct the operator A, for non-linear wave equation
Vyy = Sy, v, Vy). (2.40)

Then we calculate the Nijenhuis tensor N4, and find conditions under which is
this equation symplectically equivalent to the linear wave equation with constant
coefficients.

with(DifferentialGeometry): with(Tools) :
with (PDETools) : with(Tensor) :with(LinearAlgebra) :
DGsetup( [x1,x2,pl,p2], M):

Omega:=evalDG(dxl &w dpl+dx2 &w dp2):
omega:=evalDG(-2*f (x1,x2,pl,p2) *dxl &w dx2+

dx1l &w dpl-dx2 &w dp2);

Vect:=evalDG([D_x1,D_x2,D_pl,D_p2]):
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Covect:=evalDG([dx1l,dx2,dpl,dp2]):

V:=DGzip([a, b, c¢,d], Vect, "plus"):

A:=evalDG(sum(sum(ali,j]*(Vect[i] &t
Covect[jl),i=1..4),3=1..4)):

Act:=Z->convert (ContractIndices
(evalDG (A &tensor Z),[[2,3]]1),DGvector) :

for i from 1 to 4 do

e[i] :=evalDG (Hook (Act (evalDG (Vect[i]) ) ,h Omega) -
Hook (Vect[i],omega)) ;

end do:

AEqg:=[1]:

for i from 1 by 1 to 4 do AEqQ:=
[op (AEQ) , op (GetComponents (e[i], Covect))] end do:

sol:=solve(AEqg, [al[l,1],a[l,2],al1,3]1,all,4],
al2,1]1,al2,21,al2,31,al2,41,
al3,1]1,al3,2]1,al3,31,al3,4],
al4,1]1,al4,2]1,al4,3]1,al4,411);

assign(sol):
A:=DGsimplify (convert (A, DGtensor)) :

N := TensorBrackets (A, A, "Frolicher--Nijenhuis"):
eq:=Tools:-DGinfo (N, "CoefficientSet");

pdsolve(eq) ;

As a result we get
f=Fl1l(x1,x2),

where F is an arbitrary function.
So, Eq. (2.40) is symplectically equivalent to wave equation (2.38) if and only if
f is a function in x; and x, only.
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Fig. 2.4 Splitting of the l
tangent space T, (J Lany (a)

2.5.5 Splitting of Tangent Spaces

Let us return to the space J' M.

A non-degenerate equation is called regular if the derivatives Ci() (k=1,2,3)
of the characteristic distributions are constant rank distributions, too.

Below we consider regular equations only. Then, the first derivatives of the char-
acteristic distributions

CY = Ci+1[Cx, Cx]
are three-dimensional. Their intersection
l:=C Srl) nc®
is a one-dimensional distribution, which is transversal to Cartan distribution.

Therefore, for hyperbolic equations, the tangent space 7,(J! M) splits into the
direct sum (see Fig.2.4)

T,(J'M) = Ci(a) ® l(a) ® C_(a) (2.41)

at each pointa € J'M [18].
For elliptic equations, we get a similar decomposition of the complexification of
T,(J'M). In this case, the distribution [ is real, too.
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2.6 Lecture 5. Tensor Invariants of Monge—Ampere
Equations

2.6.1 Decomposition of de Rham Complex

Let us construct the decomposition of the de Rham complex, which is generated by
the splitting of tangent spaces.

Decomposition (2.41) generates a decomposition of the module of exterior s-
forms (or its complexification for elliptic equations). Denote the distributions C, /,
and C_ by Py, P, and P3, respectively.

Let D(J'M) be the module of vector fields on J' M, and let D; be the module
of vector fields tangent to distribution P;.

Define the following submodules of modules of differential s-forms Q*(J ' M):

Qi={aeQU'M)| Xla=0V X ¢ D;, j#i} (i=1,23).
Then we get the following decomposition of the module of differential s-forms

on J'M:

Q'(J'M) = Pk (2.42)
k|=s

where k =(ky, k», k3) is a multi-index, k; € {0, 1, ..., dim P;},
k| = ki + ky + k3,

and

3

ok .= a;, Aaj Aaj, wherea; € QF Y ¢ Qi

T i J2 J3° Ji i i
Jit+itjz=lk| i=1

Three first terms of the decomposition are presented in the diagram (see Fig.2.5).
The exterior differential also splits into the direct sum

d= @dt,

[t|=1
where

dy : QF — Qi+t

Theorem 2.4 ([12]) If the multi-index t contains one negative component and this
component is —1, then the operator dy is a C*®°(J' M)-homomorphism, i.e.,

di(foa) = fdia (2.43)
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Q2, 0,0

QO, 0,0

Fig. 2.5 Decomposition of de Rham complex

for any function f and any differential form a € Q.

Due to this theorem, we have the seven homomorphisms, and three of them are
zeroes. The non-trivial homomorphisms are the following:

dr_10, do—12, d_i1,1 and dyq .

2.6.2 Tensor Invariants

Consider a case
t=1;+1, —1,.

Then the differential d; is a C*(J' M)-homomorphism. Note that
dlﬂrlk*lx : Ql" — 0,

if g # s. Then, the only non-trivial of dy, 11,1, is the restriction to the module QL
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dij1,-1, 1 QY = QY A QM.

Therefore, the homomorphism dj; 11,1, defines a tensor field of the type (2,1).
This tensor field we denote by 71,11, 1,:

1,411, € QY A QY ® Dy

A unique non-trivial component of this tensor field is its restriction to . Note
that
. ol 1; 1
1411, - QY —> QU AQ

coincides with d1/.+1k_15.
Tensor fields 1,41,-1, are differential invariants of Monge-Ampere equations.
So, we get four tensors of (2,1)-type [12]:

,-10, To-1,2, T-1,1,1 and 719 1. (2.44)

Maple Code: Tensor Invariants

Below, we present a program for calculating the tensor _; ; ;. The remaining tensors
can be found similarly after a small adjustment of the program. In this program, we
omit the calculation of the characteristic distributions. They must be calculated in
advance (see “Maple Code: Operator A,” and “Maple Code: Characteristic distri-
butions”).

with(DifferentialGeometry): with(LinearAlgebra) :
with (Tensor) :with(Tools): with (PDETools) :

DGsetup( [x1,x2,u,pl,p2], J):

kappa:=evalDG (du-pl*dxl-p2*dx2) :
Omega:=ExteriorDerivative (kappa) :

omega:=evalDG (2*u*dx2 &w dpl+ dxl &w dpl-
dx2 &w dp2-2*k*pl~2*dxl &w dx2):

Construct the distribution / (transversal to the Cartan distribution). We are looking
for [ as an intersection of derivatives of the characteristic distributions C" and C frl).
This intersection is one-dimensional and it is generated by the vector field Z which
we are looking for.

S:=evalDG (al*Vpl+a2*Vp2+a3*LieBracket (Vpl, Vp2) -
(b1*Vml+b2*Vm2+b3*LieBracket (Vml,Vm2))) :
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sol:=solve(Tools:-DGinfo (S, "CoefficientSet"),
[al,a2,a3,bl,b2,b3]):

assign(sol):
Z:=evalDG (al*Vpl+a2*Vp2+a3*LieBracket (Vpl,Vp2)) :

Basis of the module of vector fields on J' M and dual basis:

BV:=[Vml,Vm2,Vpl,Vp2,Z]:
BC:=evalDG (DualBasis (BV)) :

Decomposition of de Rham complex. Bases of Q' (J 'M) and Q2(J'M):

Lambda[1l,0,0] :=evalDG([BC[1], BC[2]]);

Lambda[0,1,0] :=evalDG([BC[5]1]);

Lambda[0,0,1]:=evalDG([BC[3], BC[4]]);

Lambda[2,0,0] :=evalDG([BC[1] &w BC[2]]1); #1

Lambda[l,1,0] :=evalDG([BC[1] &w BC[5], BC[2] &w BC[5]]); #2,3

Lambda[l,0,1] :=evalDG([BC[1] &w BC[3], BC[1l] &w BC[4],

BC[2] &w BC[3], BC[2] &w BC[4]]); #4,5,6,7
Lambda[0,1,1]:=evalDG([BC[3] &w BC[5], BC[4] &w BC[5]]); #8,9
Lambda[0,0,2] :=evalDG([BC[3] &w BC[4]]1); #10

List of elements of the basis of Q2

Lambda2:=[op (Lambda[2,0,0]),o0op(Lambdall,1,01]),
op (Lambda[l,0,1]), op(Lambda[0,1,1]),op(Lambdal0,0,2]1)1;

Construct the tensor 7_;  1:
unassign(’zl’,’'z2','z3",’z4"','z5",'z6",'z7",'28",'2z9",'z210");
Arbitrary differential 2-form:

V:=evalDG(DGzip([zl,z2,23,24,25,26,27,28,29,2z101],
Lambda2, "plus")):

Arbitrary 2-form from Q"%-0;
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S:=evalDG (ExteriorDerivative (Cl*Lambdall,0,0][1]1+
C2*Lambda[l1l,0,0]1([2])-V):

S_coeff:=Tools:-DGinfo (S, "CoefficientSet"):
sol:=solve(S_coeff, {zl1l,2z2,23,24,25,26,27,28,29,z10}) ;
assign(sol);

Projection of a differential 2-form to Q%"

Pr_01l:=evalDG(DGzip([z8,2z9],
[Lambda2 [8],Lambda2[9]11, "plus")) :

Pr_01l1ll:=convert (Pr_011, DGtensor):
unassign(’a’,'b’,’'c’,'d’):
Tau:=evalDG(a*Lambda[0,1,1]1[1] &t BVI[1]+
b*Lambda[0,1,1]1[2] &t BV[1]+
c*Lambda[0,1,1]1[1] &t BV[2]+

d*Lambda[0,1,1][2] &t BV[2]):

aTau:=ContractIndices (evalDG(Tau &t
(Cl*Lambda[l,0,0][1]+C2*Lambdall,0,01[2]1)),[[3,4]11):

eqg0:=DGsimplify(evalDG (aTau-Pr_011)):
eq:=Tools:-DGinfo(eg0, "CoefficientSet"):
el:=op(eval (eq, {C1l=1,C2=01})) :
e2:=op(eval (eq, {C1=0,C2=1})):

sol:=solve([el,e2],[a,b,c,d]):
assign(sol):

Taul : =DGsimplify (Tau) :

taul[-1, 1, 1]:=DGsimplify(Tau) ;

89
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Example: Hunter—Saxton Equation
Consider the Hunter—Saxton equation
Vix = Wiy + V2, (2.45)
where « is a constant. This equation is hyperbolic, and it has applications in the
theory of liquid crystals [6].
The corresponding effective differential 2-form and the operator A,, are the fol-
lowing:

w = 2udqs Adpy +dqi Adpy —dqy Adpy — 2kpidg A dgs

and

Xi = ot pr - pi
9q1 ou ap2
X, = i-l-ui,
apr dp2
Z=L 4t -,
du op2
Yy = i+KP%i —u (= up)
9q> ap1 991 du
Y=
ap2

The dual basis of the module of differential 1-forms is

o) =dq) +udq,
ar =dp; — Kplquz,
0 =du — prdq) — p2dq,
B =daq,
B2 = dpa+ (1 = 2«) pidu+ (k=1) pidg+ (2 — 1) pipadqs — udp.

The vector fields X, X, and Y, ¥, form bases in the modules D(C) and D(C_)
respectively. Tensor invariants of Eq. (2.45) have the form
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d d d
1,11 = —(pidq1 ANdqa +dgx ANdu) ® (* +pi—+ KP?*) )
0q1 u ap2
T1,-1 =2(k = 1) (Kp?dql ANdgy + kpidgy A du —
b
dpi A du — pidqy Ndpy — padga Adpy) ® s
0,10 = (dth Adpy — kpidg Adgs + udgs A dpl) ®
O k-1
2 ‘— 2,
du Pt ap2

70,12 = (dqz Adpy 4+ (1 =21) prdga Adu + (1 — k) p?dqi A dga — udga A dpl) ®

d d
— 2Kk —1 — .
<3u+( * )mal)z)

2.6.3 The Laplace Forms

Define bracket (¢ @ X, B ® Y) for decomposable tensors  ® X and § ® Y of types
(2,1) as follows [12]:

(@®X, BRY)=Y]o) A (X]B).
For non-decomposable tensors the bracket is defined by linearity.

Define two differential 2-forms A_ and A, from the module Q"%! as “wedge
contractions” of the tensor fields:

A= (t0-12 Tii-1), A= {To10, To111)- (2.46)
Then tensors (2.46) are called Laplace forms of Monge—Ampere equations &,,.

Example: Laplace Form for Linear Equations

For linear hyperbolic equation
Vay = a(x, Y)vx +b(x, y)vy +c(x, y)v + g(x, y), (2.47)
the Laplace forms are
A_=kdx Ndy and A, = —hdx Ady, (2.48)

where
k=ab+c—b, h=ab+c—a; (2.49)
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are the classical Laplace invariants. This observation justifies our definition.
For linear elliptic equations

Vex +Vyy = alx, y)vy +b(x, y)vy +c(x, y)v + g(x, y), (2.50)

Laplace forms generalize Cotton invariants [2].

We emphasize that the classical Laplace invariants (2.49) of Eq.(2.50) are not
absolute invariants even with respect to transformations

¢:(x,y,v) = (X(x), Y(¥), Alx,y)v), Alx,y) #0 (2.51)
in contrast to forms A4, which are contact invariants.

Example: Laplace Forms for Hunter-Saxton Equation

The Laplace forms for the Hunter—Saxton equation (2.45) are

Ao =—dgyndp1, A =2(1—k)dgy ANdp;.

2.6.4 Contact Linearization of the Monge—-Ampere Equations

Itis well known that if the classical Lagrange invariants & and & of a linear hyperbolic
equation is zero, then the equation can be reduced to the wave equation (see [22],
for example).

Similar statement is true for the Monge—Ampere equations [14]:

Theorem 2.5 A hyperbolic Monge—Ampére equation is locally contact equivalent
to the wave equation
Vey =0
if and only if its Laplace invariants are zero: Ay = A_ = 0.
Corollary 2.1 The equation

Ve = f (x, Y,V Vy, vy)

is locally contact equivalent to the wave equation vy, = 0 if and only if the function
f has the following form:

f = @yVx + @xvy + (py + q)v)VxVy + R,
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where the function R = R(x, y, v) satisfies to the following ordinary linear differ-
ential equation:

R, = (¢, + ®,)R + Pxy — PxPy-

Solving this equation we get

R = e‘ﬂ+(b <f(¢xy - @x(py)eﬂpi(pdv + g) s

where ¢ = ¢(x,y,v), ® = ©(v), and g = g(x, y) are arbitrary functions.

The general problem of linearization of non-degenerated Monge—Ampere equa-

tions with respect to the contact transformations was solved in [13].
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Chapter 3 ®)
Geometry of Monge-Ampere Structures oo

Volodya Rubtsov

3.1 About These Lectures

These lectures were designed for the Summer school Wista -18 ‘Nonlinear PDEs,
their geometry, and applications’ of Battycki Instytut Matematyki, in Wista, Poland,
20-30 August 2018.

The intended audience is graduate students with some minimal background in
differential geometry and in geometry of non-linear PDE. I was encouraged to pro-
duce lecture notes by Organisers, since not so much of the literature in the subject
exists on the corresponding level. So that notes could serve some purpose.

There are (almost) no new results in my notes, though some presentation is a new
or a nonstandard. I have used the results obtained during long-term collaboration
with V.V. Lychagin, whose ideas mainly gave the basis and the foundation of all
further approach. The lectures are following the five oral presentations during the
Wisla-2018 School and carry therefore some features of these expositions. Part of
subjects is presented in more details while other has some punctual line presentation.
We assume that the interested reader is able to find the omitted details in the original
source literature in the references.

Some part of material was taken from our book with A.Kushner and V.V. Lychagin
(CUP, 2007) and from Angers PhD Thesis of B. Banos (Angers, 2002). Generalities
about Nijenhuis or recursion operators and their basic properties are taken from
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published papers of G. Bande and D. Kotschick. New presentational part of Chap.4
is based on the joint review in progress with I. Roulstone, M. Wolf and J. McYorist.

I am deeply grateful to all of them for their input and collaboration on various
subjects of these lectures, discussions and improvements. My deep thanks also to Y.
Kosmann-Schwarzbach and to I. Mencattini for collaboration and many useful dis-
cussions of Monge—Ampere operators and higher structures and to Misha Verbitsky
for his various lectures and very inspiring discussions. The last but not the least my
deep thanks to Jerzy Szmit for organising a very stimulating summer school and for
a personal help.

During preparation of the material for this minicourse, I was partly supported
by support of the project [IPADEGAN (H2020-MSCA-RISE-2017), Grant Number
778010 and of the Russian Foundation for Basic Research under the Grants RFBR
18-01-00461 and 19-51-53014 GFEN. Part of this work was carried out within frame-
work of the State Programme of the Ministry of Education and Science of the Russian
Federation, Project N 1.2873.2018/12.1.

When these lectures were prepared and printed, I have got a sad news that the great
mathematician Sir Michael Atiyah had passed away. His ideas and work had a huge
influence on me and my mathematical exercises since my studentship and up to now.
I have met him the first time in the Newton Institute in Cambridge in the fall of 1996
(it was his last fall of directorship). I cannot forget his sincere and deep satisfaction
and positive emotional reaction when some of participants of two initially different
institute programmes—4-dimensional Geometry and Quantum Field Theory and
Mathematics of Atmosphere and Ocean Dynamics—had successfully interacted and
started to discuss and to cooperate.

I would like with pain and sorrow to dedicate these lectures to his memory...

3.2 Lecture One: What Is It All About?

Inthislecture, we begin with a very brief introduction to the basic of various geometric
structures used in my course. I remind the basic definitions and (in some cases)
elementary examples. This chapter cannot be used for a detailed study of differential
geometry and basic structures. I have collected here the definitions and terminology
for reader’s convenience.

3.2.1 Basic Geometric Structures

3.2.1.1 (Almost) Complex Structures

Let M be a smooth manifold.

Definition 3.1 An almost-complex structure is an operator [ : TM — TM
which satisfies 12 = — Id7y,.
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In other words, this is a smooth section [ of the vectorbundle TM Q T*M — M
such that Vx € M Ix2 =1d.

The almost-complex structure permits to enable each tangent space 7, M with a
structure of C-vector space defining i.v = I, (v) for all tangent vectors v € T, M.

Example

Let M" be a holomorphic variety of complex dimension n and let U; ﬁ> C" be a
holomorphic atlas {U;, j € J} on this variety. One can enable the real variety M
with an almost-complex structure / defining forx € U; and U C T, M:

L(U) = (d#)) "' (i.de¢; (1))

(This definition is independent on the choice of j € J because the changing of charts
d¢/. (x)d)k o d);l is (C—linear).

The eigenvalues of the operator I are ++/—1 , and we shall denote the correspond-
ing eigenvalue decomposition iby TM ® C = T%'M & T'°(M). Let us describe it
in details.

Let I be an almost-complex structure on a variety M. Denote by D and by D_
the distributions on 7'M ® C defined by the sub-eigenspaces for [ :

Di(x):={VeT.,M®C|I(V)=iV},
D_(x):={VeT,M®C|I(V)=—i.V}).

We shall denote as usual the conjugation on 7, M by V —> V. It defines a real
isomorphism Dy ~ D_ and the map

TM—TMRC, V—V—il(V)

induces a complex isomorphism (7, M, I,) >~ (D4, i).
We denote by D (respectively by D_) the set of smooth sections of the fibre
bundle TX ® C — X with values in D (respectively in D_).

Definition 3.2 An almost-complex structure is integrable in the sense of Frobenius
if O, and D_ are Lie subalgebras of the vector field Lie algebra D(M) ® C.

One can verify that / is integrable in sense of Frobenius if and only if the Nijenhuis
tensor N; = 0 where

NiU; V) :=[U; VI -UU; IV]I+ I([IU; V] + [U; 1V]).

Definition 3.3 (Integrability-1) An almost-complex structure / on a manifold M
is integrable if there exist a holomorphic atlas on M such that [ is the associated
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almost-complex structure. We shall say then that / is a complex structure on M. In
this case, I is called a complex structure operator. A manifold with an integrable
almost complex structure is called a complex manifold.

The difficult Newlander—Nirenberg theorem says that an almost-complex structure
I is integrable if and only if it is integrable in the sense of Frobenius:

Theorem 3.1 (Newlander—Nirenberg-1) An almost-complex structure I is inte-
grable iff N; = 0.

Definition 3.4 (Integrability-2) An almost-complex structure is integrable if
VX,Y € T'"OM,onehas [X,Y] e T'OM.

Theorem 3.2 (Newlander—Nirenberg-2) The definitions -1 and -2 are equivalent.

3.2.1.2 (Almost) Product and Para-Complex Structures

Let M be a smooth manifold.

Definition 3.5 An almost-product structure is an operator J : TM — T M if
JE=1dzry .

It is called an almost para-complex structure if it is an almost product and
trJ = 0. In this case, M is called an almost para-complex manifold.

In the almost-product case, we have the (real) decomposition TM = T''M @
T%1M, where

TO'M = (X -JX|X e (TM)}, G-D

{TLOM = {X+JX|X e(TM)},
and which are the £1 eigenspaces of J.
In the almost para-complex case, the traceless condition yields that tk(7M) =
k(7% M). In addition, we have Q7 (M) = P Q" (M). The analogue of the
Nijenhuis tensor is then

r+s=p

Ny(X,Y) == —[X, Y]+ J[X, JY]+JJX. Y- [JX,JY]. (32

I leave to readers proofs of the following two propositions:

Proposition 3.1 The distribution T''°M (respectively, T®' M) is integrable in the
sense of Frobenius whenever Nj|ro1y (respectively, Nj|r10y) vanishes.

Proposition 3.2 The almost para-complex structure J is integrable if and only if the
Nijenhuis tensor vanishes, that is, whenever both distributions T"°M and T*'M
are integrable.

Remark 3.1 Note that these are two independent conditions as the integrability of
either of those distributions does not imply the integrability of the other.
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3.2.2 Kdbhler, Special and Other Related Structures

3.2.2.1 Kihler Manifolds

Definition 3.6 A Riemannian metric g on a complex manifold (M, I) is called
Hermitian if g(/x, Iy) = g(x, y).

In this case, g(x, Iy) = g(Ix, I*y) = —g(y, Ix); hence, w(x, y) := g(x, Iy) is
skew-symmetric.

Definition 3.7 The differential form w € A" (M) is called the Hermitian form of
(M, 1,g).

Definition 3.8 A complex Hermitian manifold (M, I, w) is called Kéhlerifdw = 0.
The cohomology class [w] € H>(M) of a form w is called the Kiihler class of M,
and o the Kihler form.

Remark 3.2 This condition is equivalently read as Vw = 0, where V is the Levi-
Civita connection.

3.2.2.2 Special Complex Manifolds

Definition 3.9 A complex manifold (M, I) is called special complex if there is a
flat, torsion-free (linear) connection V such that

dvl =0.

Definition 3.10 Ifthereisacovariantly constant symplectic form Q2 on M (i.e. V2 =
0), then the triple (M, I, 2) is called special symplectic.

3.2.2.3 Special Kihler Manifolds

Definition 3.11 (Special Kdhler-1) A special symplectic manifold (M, 2, 1) is a
special Kihler if the symplectic form 2 is /-invariant:

I'Q(X,Y) = QUX, 1Y) = Q(X,Y), VX,Y e (TM).

Notice that the 2-tensor g(-, -) = Q(-, I-), while it is always symmetric, in gen-
eral, not positive definite. So, the name of special pseudo-Kéhler would be more
appropriate.

The notion of special Kihler structure was refined by D. Freed ([25]).

Definition 3.12 (Special Kdhler-2) Special Kihler variety is a Kéhler variety
(M, g, I, w) together with a flat zero torsion connection V such that Vo = 0 and
dva) =0.
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One can characterise the special Kahler varieties as bi-Lagrangian subvarieties
of some complex symplectic space. More precisely, let (V>", Q) be a real symplectic
vector space. Hitchin ([35]) has supplied the space V' x V with two symplectic forms
) and w, and with a pseudo-metric g which are defined as

o ((X, Y), (X", Y)) = Q(X, X') — Q. Y,
(X, Y), (X', Y)) = Q(X, Y) +Q, X,
g((X,Y), (X', Y) = [Q(X,Y) — Q(X', )]

He has proven that if a bi-Lagrangian subvariety M C (V x V, ;) is transversal
to both projections onto V, the g induces a special (pseudo) Kéhler metric on M
and vice versa, and any special Kéhler metric on M is induced locally by a such
embedding M — V x V.

3.2.3 Holomorphic Symplectic Structures

We suppose C to be the base field throughout this section.

3.23.1 Holomorphically Symplectic Structures

Definition 3.13 A holomorphically symplectic manifold is a complex manifold
equipped with non-degenerate, holomorphic (2, 0)-form.

Remark 3.3 Inthese lectures, all holomorphically symplectic manifolds are assumed
to be Kihler but not always compact.

Remark 3.4 A hyperkéhler manifold has three symplectic forms:
w=g-,-), wy=8(- "), wg:=gK-").
Claim In these assumptions, w; + +/—1 wg is holomorphic symplectic on (M, I).

Theorem 3.3 (Calabi—Yau) A compact, Kdhler, holomorphically symplectic mani-
fold admits a unique hyperkdhler metric in any Kdhler class.

3.2.3.2 Calabi-Yau Manifolds

Definition 3.14 A Kéhler manifold M of complex dimension n enabled with a
covariantly constant holomorphic n— form € A™%(M) is called a Calabi-Yau
manifold.
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The corresponding geometry is completely described by a set of few closed real
forms: by the Kihler form w and by two n—forms w; := Re Q2 and w, := Im €2 which
are defined up to a non-zero constant.

Proposition 3.3 Let M be a Calabi—Yau manifold. Then, the triple w, w1, w, satisfies
the following properties:

1. wis a symplectic form on M

w1 and w, are primitive (effective) with respectto w : w A w1 = v A wpy = 0;
da)l = da)z = 0;

QAQ =co", ceC.

A

3.2.4 Lagrangian, Special Lagrangian and Complex
Lagrangian Submanifolds

3.24.1 Lagrangian Subvarieties

Let (X; 2) be a symplectic variety, as it is well known. X should be an even dimen-
sional, say, dim X = 2n.

Definition 3.15 Any n—dimensional subvariety L C X such that Q|, =0 is a
Lagrangian submanifold in X.

In our main examples, let X be often the cotangent bundle X = T*M to a variety
X and Q = dp be the canonical structure with the Liouville 1-form p. If (g, p) the
local canonical coordinates on 7*M, then p = pdq.

3.24.2 Complex Lagrangian Subvarieties

In fact we are more interested in the bi-Lagrangian property than the complex struc-
ture but these two notions are equivalent like it was proved by Hitchin [35].

Proposition 3.4 (Hitchin) Let (N; Q2 = w; + iwy) be a complex symplectic variety
of complex dimension 2n and L < M be a real subvariety or real dimension 2n.
The subvariety L is a complex Lagrangian (i.e. w;, = 0 et L is a complex subvariety)
iff L is a real bi-Lagrangian, i.e.

Wy = WL = 0.
The complex symplectic structure we are interested in is the following which

one can define on the real cotangent bundle 7*M of a complex variety M: let
z = (z1,...2,) be a system of complex coordinates on M. The coordinate system
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(x;y) = (x1,...,%Xn; Y1, ..., Yn) 1s the associated real coordinates. The real cotan-
gent bundle 7* M naturally identifies with the holomorphic cotangent bundle 7* M
by the isomorphism
0(x; y; p3q) = (x +iy; p —iq).

The isomorphism 6 permits to assign to 7*M:
1. a complex structure /:

N _ 9

{1(3—Xj) =

AN _ @
I(W) =—3
2. two real symplectic forms w; and w, = —w;(1.; .) :

w) = Z?:l dxj Ndpj+dy; Ndg;,
Wy = Zj‘:l dy; ndp; —dx; Ndg;.

3. a holomorphic symplectic form Q2 = w; +iw; :

Q= Zde /\de,
j=1

where dz; = dx; +idy; anddw; =dp; —idgq;.

Definition 3.16 A smooth function f: M — R is called a pluriharmonic if
df)*(2) =0wheredf : M — T*M is the section of the cotangent bundle associ-
ated with f.

Denote by H (M) the set of pluriharmonic functions on M. 2-form w; is the natural
symplectic on 7*M; therefore, (df)*w; = O for all smooth f. Hence, a function f
is pluriharmonic iff (df)*w, = 0, i.e.

Pr 3
BXJ‘ 3))1< - Bxkayj ’
Pro_ S
BXj 3Xk - Byk 3}’]’
for j; k= 1,...,n. Any pluriharmonic function is the real part of a holomorphic

function on M.

The natural objects associated with pluriharmonic operators are the complex
Lagrangian subvarieties.

If f: M — R is a pluriharmonic then the image of the graph Graph(df) in
T*M¢ under 6 is the graph de graph(d F) of a holomorphic function F : M — C
such that f = 2Re(F). The graph of dF is a complex Lagrangian subvariety in
(T*Mc; wc), and hence the graph of df is a complex Lagrangian subvariety in
(T*M; 2). Reciprocally, any complex Lagrangian subvariety of (T*M; 2) whose
projection is non-singular locally is the graph of df for a certain function f.
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3.2.4.3 Special Lagrangian Subvarieties

Let (X; w, w1, w,) be a Calabi—Yau variety.

Definition 3.17 Any n-dimensional subvariety L C X such that w|;, = w;|, = 0is
a special Lagrangian submanifold in X.

Remark 3.5 The real part Re 2 = w; is (after the restriction and under appropriate
choice of ¢) the volume form on L with respect to the induced metric.

To find an explicite example of special Lagrangian manifolds is a difficult task.
The most popular are complex Lagrangian submanifolds in hyperkihler manifolds
and special Lagrangian subvarieties in noncompact Calabi—Yau.

One of the most famous examples comes from solutions of differential equa-
tions (Special Lagrangian Differential equation) related to examples of Calabi—Yau
metrics.

Example

There are very few explicit examples of Calabi—Yau metrics. One of these is the
Stenzel metric on T*S" (see for instance [3, 52]). This metric is not flat; therefore,
the special Lagrangian equation associated with is not the classical one.

T*S" = {(u, V) e R R ull=1, <u,v >= 0} can be seen as the

complex manifold Q" = {z e Cmtl z% +...+ Z5+1 = 1} using the isomorphism

E(x +iy) = ( »).

X
NI

The holomorphic form is then
a(Zy, ..., Z,) =detc(z, Zy, ..., Zy).

and the Kihler form is = idd¢ with ¢ = f(r) where 7 is the restriction to Q" of
|z1]> + ...+ |z.|> and f is a solution of the ordinary differential equation

()Y + ()= 1) =c>0.

To write the special Lagrangian equation, we have to find some Darboux coordinates.
Consider the case when n = 3. Using the relations

4
Zukduk +wvdvy =0
k=1

4
Zukdvk +wdu, =0
k=1
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on T*S3, we see that on the chart uy # 0,

3
Q= Zdwk A duy
k=1

with

S A+ VDV + v
Wy = 4 (Lth4 — vku4).
Uy
Denote by v the map (u, w) — (x + iy). The special Lagrangian equation on T*S3
is then

(Y odf) (Im(a)) = 0.

Note that it is difficult to explicit this equation and it does not seem possible to write
it in a simple way.

3.2.5 Hyperkihler Manifolds

Definition 3.18 A hyperkéhler structure on a manifold M is a Riemannian struc-
ture g and a triple of complex structures I, J, K, satisfying quaternionic relations
I oJ=—Jol =K,suchthat g is Kdhler for 7, J, K.

Remark 3.6 This is equivalent to VI = VJ = VK = 0: the parallel translation
along the connection preserves I, J, K.

Definition 3.19 Let M be a Riemannian manifold, x € M a point. The subgroup of
G L(T, M) generated by parallel translations (along all paths) is called the holonomy
group of M.

Remark 3.7 A hyperkdhler manifold can be defined as a manifold which has holon-
omy in Sp(n) (the group of all endomorphisms preserving I, J, K).

Claim A compact hyperkihler manifold M has maximal holonomy of Levi-Civita
connection Sp(n) if and only if 71 (M) = 0, h>°(M) = 1.

3.2.5.1 Almost Hyper-complex and Hyper-para-complex Structures

Next, let us recall the definition of almost hyper-complex and hyper-para-complex
structures.

Definition 3.20 Let M be a manifold equipped with three endomorphisms Ji, Ja,
J3: TM — T M. Then, the triple (J;, J2, J3) is called an
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e almost hyper-complex structure if and only if the J;s are almost-complex struc-
tures and J,J,J3 = —Id. In this case, M is called an almost hyper-complex
manifold.

e almost hyper-para-complex structure if and only if (up to permutation) the J;
is an almost-complex structure, J, and J3 are almost para-complex structures and
J1J»J3 = 1Id. In this case, M is called an almost hyper-para-complex manifold.

Note that such manifolds must be 4m-dimensional.

Remark 3.8 In this case, we may define

J == aJi+bJy+cJ;, fora,b,c € R. (3.3)

Using the fact that J2 = —Id and J7 = —e Id = J? and J, J»J; = —e Id withe = 1

in the hyper-complex case and € = —1 in the almost hyper-para-complex case, we
obtain

J? = —(@®+eb* +ec®)1d (3.4)

implying that, in fact, we have a two-sphere worth of such structures for e = 1 while
a hyperboloid worth of such structures for e = —1, respectively.

Furthermore, we shall need metrics that are compatible with almost hyper-
complex and hyper-para-complex structures in the following sense.

Definition 3.21 Let M be a manifold with an almost-complex (respectively, para-
complex) structure J and let g be a non-degenerate metric on M. The triple (M, g, J)
is called an almost Hermitian (respectively, para-Hermitian) manifold if and only
ifg(JX,Y)=—g(X,JY)forall X,Y € I'(T M). In this case, g is called an almost
Hermitian (respectively, para-Hermitian) metric.

Note that any almost-complex (respectively, para-complex) manifold admits such a
metric. Indeed, if / is any non-degenerate metric, then with J 2 — —¢1d, the metric

g(X,Y) = h(X,Y)+eh(JX,JY), VX,Y € '(TM) (3.5)

has the desired properties. Next, we introduce a non-degenerate differential two-form
w, called the almost Kéhler form, by means of

w(X,Y) = gJX,Y), VX,Y € I'(TM). (3.6)

Likewise, any almost hyper-complex (respectively, hyper-para-complex) mani-
fold admits a metric that almost Hermitian (respectively, para-Hermitian) with respect
to each of the J;. Indeed, as before, let 4 be any non-degenerate metric, then with
J?=—€1d, ¢ = =l1, the metric

3
g(X,Y) = h(X, Y)+Zeih(J,~X, JiY), VX,Y e I'(TM) 3.7)
i=1
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has the desired properties. Consequently, we may introduce three almost Kihler
forms by
wi(X,Y) = g(J;X,Y), VX, Y € T(TM). (3.8)

Since J;J>J;3 = —e Id we have that (J;, w;) are compatible for i # j in the sense of
Definition 3.21. Furthermore,

Ly a)j(.,.) = (,()j(.],,) = cijka)k 5 (39)

where the ¢; j"s are the structure constants of su(2) (respectively, s[(2, R)).

Definition 3.22 Let (M, g, w;, J;) be an almost hyper-complex (respectively, hyper-
para-complex) manifold. Then, (M, g, w;, J;) is called

1. hyper-complex (respectively, hyper-para-complex) if and only if the J;s are
integrable;
2. hyper-Kibhler (respectively, hyper-para-Kéhler) if and only if the w; s are closed.

Remark 3.9 As shown in [33], any hyper-Kihler (respectively, hyper-para-Kéhler)
manifold is hyper-complex (respectively, hyper-para-complex). Indeed, using (3.9)
and the closedness of the w;s, we can use Proposition 3.7 (the so-called ‘Hitchin
lemma’) to conclude immediately that the J;s are integrable. Note, however, the
converse is not necessarily true, i.e. not every hyper-complex (respectively, hyper-
para-complex) manifold is hyper-Kéhler (respectively, hyper-para-Kihler).

In four dimensions, we may define a hyper-complex (respectively, hyper-para-
complex) structure differently. Indeed, suppose we are given three non-degenerate

differential two-forms w; € Q*(M) for i, j,...=1,2,3 with w; A w; =0fori #
Jj and w; A w; # 0 such that (up to permutation) w, A wy = €w; A ] = w3 A W3,
where € = 1 (respectively, € = —1). Then, these forms determine a non-degenerate
metric

gX.Y) = 1y 25 (xw) AGyw)) Aoy, VX, Y € T(TM),  (3.10)

where w € I'( /\4 T M) is a volume form with the normalisation % Iy (W) Awy) =
—e. This metric is Riemannian in the hyper-complex case and Kleinian (means
pseudo-Riemannian of neutral signature, (2, 2)) in the hyper-para-complex case,
respectively. Using this metric, we can define endomorphisms J; : TM — T M by
means of w; (X, Y) = g(J; X, Y), and it is easy to check that they obey the conditions
listed in Definition 3.20. We summarise as follows.

Proposition 3.5 Arn almost hyper-complex structure (respectively, almost hyper-
para- complex structure) on a 4-dimensional manifold M is a set of three differential
two-forms w; € SZZ(M)for i,j,...=1,2,3withw; Nw;j =0 fori # j and w; A
w; # 0 such that (up to permutation) w, A wr = €w; A @ = w3 A w3 where € = 1
(respectively, €e = —1).
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If the almost-complex structures are instead not assumed to be integrable, the mani-
fold M is called quaternionic, or almost hyper-complex. Every hyperkédhler man-
ifold is also hyper-complex but not vice versa. A typical counterexample is given by
the Hopf surface:

Example

The surface {H\0}/Z (with Z—action by aquaterniong, |g| > 1)ishyper-complex,
but not Kihler, hence not hyperkihler either.

3.2.6 Generalised Complex Structure

3.2.6.1 General Complex Structure on a Vector Space

Let V be a finite dimensional vector space over R.

Recall that a complex structure on V is a linear map / : V —> V such that
17 = —Idy.

A symplectic structure on V is equivalently a linear isomorphismw : V —> V*
such that w* = —w, where V* denotes the dual vector space and w* the dual linear
map.

The following definition may be thought of as combining these two concepts.

Definition 3.23 A generalised complex structure on V is a linear map
J:veV  —VepV*

(an endomorphism of the direct sum of V with its dual vector space) such that it
is both a complex structure on V @ V* in that J> = —Idygy+; and a symplectic
structure on V @ V* in that J* = —J.

The following shows that this is indeed a joint generalisation of complex and
symplectic structures.

Example

Let I : V — V be an ordinary complex structure on V. Then the linear endomor-
phism of V & V* defined by the matrix as

I = (é _(}*) (3.11)

is a generalised complex structure on V.
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Example

Similarly, let @ : V — V* be an ordinary symplectic structure on V. Then the

endomorphism
L= (0" 3.12)
" \w 0 )

is a generalised complex structure on V.

3.2.6.2 Hitchin Pairs

Let us denote by T the tangent bundle of M and by T* its cotangent bundle. The
natural indefinite interior producton 7 @ T* is

1
(X 48, Y +n) = 5EF) +n(X)),

and the Courant bracket on sections of 7 @ T is defined by

1
[X+&Y+nl=[X,Y]+ Lxn—Ly§ — Ed(txfl — ).

Definition 3.24 (Gualtieri [29]) An almost generalised complex structure is a
bundlemap J: T & T* — T & T* satisfying

J=-1,

and

J ) ==CJ).

We can consider an integrability condition for an almost generalised complex
structure in the same line like we have introduced the similar notion for integrability
of a usual almost-complex structure (see Definitions 3.2 and 3.4).

Such an almost generalised complex structure is said to be integrable if the spaces
of sections of its two eigenspaces are closed under the Courant bracket.

The standard examples above are reads now as

and
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with J a complex structure and €2 a symplectic form.

Lemma 3.1 (Crainic [17]) Let 2 be a symplectic form and w any 2-form. Define
the tensor R by w = Q(R-, -) and the form & by @ = —Q(1 + R?-, ).
The almost generalised complex structure

—1
J— <2 ?R*) (3.13)

is integrable if and only if w is closed.
Such a pair (w, 2) with dw = 0 is called a Hitchin pair of 2-forms.

Definition 3.25 A Hitchin pair of bivectors is a pair consisting of two bivectors
and IT, IT being non-degenerate, and satisfying

(3.14)

[T, II] = [, ]
[IT, 7] = 0.

Proposition 3.6 Thereisa -1 correspondence between generalised complex struc-

ture
_ R TR

with @ non-degenerate and Hitchin pairs of bivector (i, T1). In this correspondence,
we have

o=T1"
R=molIl!

g = —(1 + RHTI.

Example

If # 4 i1l is non-degenerate, it defines a 2-form w + 2 which is necessarily closed
(this is the complex version of the classical result which says that a non-degenerate
Poisson bivector is actually symplectic). We find again a Hitchin pair. So new
examples occur only in the degenerate case. Note that w 4 iIl = (R 4 i)Il, so
det(wr 4 iIT) = 0 if and only if —i is an eigenvalue for R. In dimension 4, this
implies that R?> = —1 but this is no more true in higher (n > 3) dimensions (see for
example the classification of pair of 3-forms on 6-dimensional manifolds in [43]).
Nevertheless, the case R? = —1 is interesting by itself. It corresponds to generalised
complex structure of the form
J 0
=(5)
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with J an integrable complex structure and @ a 2-form satisfying J*® = — and
do; =dao(J-, -, ) +do(-, J-, ) +do(, -, J).
where ®; = @(J-, -) (see [17]). Or equivalently @ + i@, is a (2, 0)-form satisfying
dw+iwy) =0.

One typical example of such geometry is the hyperkéhler geometry with torsion
which is an elegant generalisation of hyperKéhler geometry [27]. Unlike the hyper-
kiler case, such geometry is always generated by potentials [10].

3.2.7 Notes and Further Reading

The original paper by Gualtieri in which he defines the notion of generalised complex
structure and establishes the basic properties is [29]. Various ‘para’-generalisations
of (almost) complex structure were defined in so many papers [42, 51, 53] that T am
unable to list all of them. We will say more about their combinations and origins
in small dimensions in the next chapter. Lecture notes and expositions of Misha
Verbitsky [54] and S. Salamon [50] are extremely readable and have also been very
influential.

3.3 Lecture Two: Recursion (Nijenuijs) Operators
and Some Related Algebraic Constructions

The second chapter is based mainly on the material of two papers [4, 5] which (in spite
of its elementary nature) gives rise to some unexpected and non-trivial geometric and
topological examples which are resulted from a fact on existence of few recursion
or Nijenhuis operators and some compatibility conditions.

3.3.1 Recursion Operators and Its Properties

3.3.1.1 Recursion (Nijenuijs) Operators

Let M be a manifold enabled with given two non-degenerate 2-forms w and 7 in
QX(M).

Then there exists (a unique!) field of non-degenerated endomorphisms R €
End(TM) of the tangent bundle to M which is defined by the equation
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Ixw = Igx 1, (3.15)

where X € I'(T M)—a vector field on M.

The case when the two 2-forms w and n are closed (dw = dn = 0), and therefore
symplectic is very important in the perspectives of integrable systems, where it arises
in the context of bi-Hamiltonian systems, but it is important also from a geometric
point of view.

Definition 3.26 The field of endomorphisms R is called a field of recursion or
Nijenuijs operator.

‘We shall study the relation of geometry and topology of the manifold M endowed
with two (or more) symplectic (or even more general ) forms with the associated
Nijenhuis operators R.

3.3.1.2 Symplectic Pairs-1 R? = Id

Let M be a manifold with two symplectic forms w, 1 and their recursion operator R.
Consider first the case R? = Id, but R # *+1d. Then the eigenvalues of R are +1,
and VX e I'(T M) admits the following decomposition:

1 1
X = S(X+RX) + Z(X = RX).

This is the unique splitting of a tangent vector X into a sum of eigenvectors of R. Thus
the eigenspaces Dy of R give a decomposition of tangent bundle TM = D, & D_.

Lemma 3.2 The kernels of 2-forms Q¥ := w F n are precisely the eigenspaces D
for the eigenvalues 1 .

Proof We shall use the arguments given in the paper [5].
Let X be an arbitrary tangent vector. Then taking the substitution or the inner
product of X and both two-forms €2 one have

1xQF=1xoFixn

and we obtain
IxQF =1px N Fix N =1gxexn .

The form 1 is non-degenerate; hence, the condition x QF = Oimplies RX = FX
and vice versa, if RX = £X then X € Ker QF. U

Lemma 3.3 The forms QF have constant ranks.

Proof We use the observation made in [5] that the dimensions of kernels of QF are
semi-continuous functions on a closed submanifold and that such function can only
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be increased. The previous lemma (3.2) shows that if the dimension of the kernel of
one of the two-forms QF jumps up, then the dimension of the kernel of the other one
has to decrease. Therefore, the dimensions of the kernels are actually constant on a
connected manifold M, hence the result. O

? Exercises

Check that the closedeness of QT implies the Frobenius integrability of their kernel
distributions.

Definition 3.27 (see [5]) A symplectic pair on a smooth manifold M is a pair of
non-trivial closed two-forms w;, w, of constant and complementary ranks, for which
w restricts as a symplectic form to the leaves of the kernel foliation of w,, and vice
versa.

Thus, the forms 7 in 3.2 form a symplectic pair in the sense of this definition.

Conversely, suppose that we have a symplectic pair Q* on M, that is, a pair of
closed 2-forms of constant ranks, whose kernel foliations ¥ are complementary
and integrable.

? Exercises

Check that the forms w = %(QJr 4+ Q7 )and n = %(QJr — Q7) are symplectic.

Now the corresponding recursion operator is R = Idy#, — Idy# . Thus R? =
Idruy.
Summing up we have the following.

Theorem 3.4 ([S]) Twwo symplectic forms w and 1 on a connected manifold M whose
recursion operator R satisfies R* = Id and R # +1d give rise to a symplectic pair
QF, and every symplectic pair QF arises in this way.

Remark 3.10 The condition R? = Id implies that the Nijenhuis tensor of R vanishes
identically. Therefore, in this case, w and n are compatible in the sense of Poisson
geometry.

The latter means that the Poisson structures defined by o ,n el (AX(T M)) form
a Poisson pencil of antisymmetric bivector fields 7, € I'(A?(T M) such that

=0 +M)_'
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and the following operation (Poisson brackets)

{f. g} == (m., df ndg)

defines a Lie algebra structure on C*°(M) and X y := 145 7, is a vector field on M
(a Hamiltonian vector field) or in other terms, the derivation X ; := { f, —} of the
algebra C*°(M).

3.3.1.3 Symplectic Pairs-2 R? = —Id

Throughout this subsection, we assume that we have two symplectic forms » and
n on a manifold M of dimension 2n, such that the recursion operator defined by
1x w = 1gx 1 satisfies R = — Idyy,. This implies i gx w = —1x 1.

We shall prove the following.

Theorem 3.5 If the recursion operator R satisfies R?> = —Idyy, then it defines an
integrable complex structure with a holomorphic symplectic form (i.e. closed non-
degenerate, holomorphic (2, 0)-form) whose real and imaginary parts are w and .
Every holomorphic symplectic form arises in this way.

Proof In this case, R defines an almost-complex structure on M. We extend R com-
plex linearly to the complexified tangent bundle Tc M = T M ®g C. The eigenvalues
of R are +i, and

1 1
X = (X —iRX) + (X +iRX)

is the unique decomposition of a complex tangent vector X into a sum of eigenvectors
of R. As usual, the eigenspaces of R give a splitting TcM = T'0 @ T%!, where T'0
is the +i eigenspace, and 7% ! is the —i eigenspace. The two are complex conjugates
of each other. O

Lemma 3.4 The eigenspaces_TO’1 and T"° are precisely the kernels of Q = w + in
and of its complex conjugate Q2 = w — in.

Proof 1t suffices to prove the statement for the —i eigenspace T!. The other case
then follows by complex conjugation.
Let X =Y + iZ be a complex tangent vector. Then

IxQL=1tyw—1zn+iGyn+izw).

The real part of the equation 1 x €2 = 0 is equivalent to its imaginary part, and each
is equivalent to RY = Z, which is obviously equivalent to X € T%!. ]

Proposition 3.7 The almost-complex structure R is in fact integrable.
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Proof By the Newlander—Nirenberg theorem, it suffices to check that one, and hence
both eigendistributions of R are closed under commutation. To do this, suppose X
and Y are complex vector fields in T19 sothat RX = iX,RY = iY.Then, extending
the Lie derivative Lx = 1x od + d o 1x complex linearly to complex tangent vectors,
and using that w and 5 are closed, we find

IRIX, 1N =1x,y]j@ =Lxityw—1yLxw=Lxigryn—ty Lrxn=i(Lxtyn—1y Lxn) =1;ix,y11 -

The non-degeneracy of n now implies that R[X, Y] = i[X, Y], so that in 710 ig
closed under commutation.

Thus, we have seen that two symplectic forms @ and n whose recursion operator
satisfies R? = —Id give rise to an integrable complex structure, for which 7%! is
precisely the kernel of 2 = w + in. Thus Q is a closed form of type (2, 0) and rank
n, where n is the complex dimension of M.

Conversely, if a manifold is complex and carries a holomorphic symplectic form,
then the real and imaginary parts of this form are real symplectic forms whose
recursion operator is just the complex structure.

This completes the proof of Theorem 3.5. (]

Remark 3.11 The above proof of the integrability of the almost-complex structure
defined by the recursion operator is the same as that in Lemma (6.8) of Hitchin’s
paper [31] (the ‘Hitchin lemma’). However, unlike this reference, we do not assume
the symplectic forms to be compatible with any metric and our proof mimics the
classification result in Theorem 1.5 of [43].

3.3.2 Triples of Symplectic Forms

We now want to discuss the geometries defined by a triple of symplectic forms wj,
s, w3 whose recursion operators R; defined by

I W = 1R, ,X Wi+l (3.16)

satisfy R? = +1d and R; # +1d.Here and in the sequel all indices are taken modulo
3. Note that by the definition all cyclic compositions R; 1, o R;1j o R; = Id.

There are four different cases depending on a sign in front of the squares of the R;.
In the two cases when there is an odd number of R; with square —Id, there are natural
pseudo-Riemannian metrics defined by the triple of two-forms. If there is exactly
one R; with the square —/d, one can get a notion of a hypersymplectic structure
considered in Chap. 1. When all three R; have square —/d, we find a hyper-complex
structure for which all complex structures admit holomorphic symplectic forms.
Examples for this geometric structure, which one can naturally call a hyper-complex
symplectic structure, are provided by hyper-Kéhler structures.
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3.3.2.1 Hypercomplex Symplectic Structures

Remind from the previous chapter (Sects. 5 and 5.1) that a hyper-complex structure
on a manifold is a triple of integrable complex structures satisfying the quaternion
relations; see for example [37, 51] for more details.

The first example of a structure given by a triple of symplectic forms is as follows.

Definition 3.28 A triple of symplectic forms w; whose pairwise recursion operators
satisfy Rl.2 = —Id foralli =1, 2, 3 is called a hyper-complex symplectic structure.

In this case R; 4 o R;4| o R; = Id implies that the R; anti-commute and satisfy the
quaternion relations. By Theorem 3.5 each R; is an integrable complex structure, and
so the R; together form a hyper-complex structure. Furthermore, each R; admits a
holomorphic symplectic form, justifying the name hyper-complex symplectic struc-
ture for such a triple.!

Hypercomplex symplectic structures are much more restrictive than hyper-
complex ones, but every hyper-complex structure on M does give rise to a natural
hyper-complex symplectic structure on 7* M.

Example

(see [5]) Let M be a manifold with an integrable complex structure J. Then lifting
J to T*M, the total space of the cotangent bundle is also a complex manifold. It is
also holomorphic symplectic, because if w is the exact symplectic form given by the
exterior derivative of the Liouville 1-form, then Q(X,Y) = w(X,Y) +iow(JX,Y)
is holomorphic symplectic for the lifted J. If M has a hyper-complex structure,
then the lifts of the three complex structures to 7*M still satisfy the quaternion
relations, and are the recursion operators for the triple of symplectic forms given by
the imaginary parts of the three holomorphic symplectic forms.

Now we show that hyper-complex symplectic structures have natural metrics
associated with them.

Proposition 3.8 Let M be a manifold with a hyper-complex symplectic structure.
Then the bilinear form on T M defined by

g(X.Y) = w;(X, RiY)

isindependent of i = 1, 2, 3. It is non-degenerate and symmetric, and invariant under
all R,‘.

I'This is different from the hypersymplectic structures discussed in Sect. 3.3.2.2 below.
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Proof We first prove independence of i as follows:
wi (X, RiY) = 0;(X, Rit1Ri12Y) = wi2(X, Rip2Y) = ... = wit1(X, RipY) .

Note that g is non-degenerate because R; is invertible and w; is non-degenerate.
We prove invariance under the R; using independence of i:

8RR X, RiY) = wj 11 (R X, Ri1R;Y) = —0i11(R; X, Ri12Y) = 0 12(X, Rj oY) = g(X,Y) .
Finally, we prove symmetry using the invariance under R;:
g8¥. X) =w; (Y, RiX) = —0;(Ri X, Y) = 0 (R; X, R,ZY) =g(RiX, RiY) =g(X,Y).
a

The proposition shows that g is a pseudo-Riemannian metric compatible with the
symplectic forms w;. As it is symmetric and non-degenerate, there must be tangent
vectors X with g(X, X) # 0. Take such a vector X and consider also R; X, R, X and
R;X. By invariance of g we have g(R; X, R; X) = g(X, X), and by the definition of
g and the skew-symmetry of w;, the R; X are g-orthogonal to each other and to X.
Replacing g by its negative if necessary, we find the following.

Corollary 3.1 Every hyper-complex symplectic structure in complex dimension two
is hyper-Kdhler.

Proof Indeed, the pseudo-Riemannian metric g is a definite Kéhler metric compatible
with the underlying hyper-complex structure, whose Kihler forms with respect to
R; are the w; (up to sign). (]

In higher dimensions, hyper-Kéhler structures provide examples of hyper-complex
symplectic structures for which the natural pseudo-Riemannian metric g is definite.
However, there are many other examples, even on manifolds that do not support any
Kihler structure, so that Corollary 3.1 does not generalise to higher dimensions.

3.3.2.2 Hypersymplectic Structures

Next we consider a triple of symplectic forms such that two recursion operators have
square the identity, and one has square minus the identity. After renumbering we may
assume Rf = —Id and R% = R% = Id. Thenthecyclicrelations R;1p o R;1j o R; =
1d show that the R; anti-commute and R, Ry = Rj. It follows that R; % £1d, so the
trivial cases are excluded automatically.

We have the following result analogous to Proposition 3.8.
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Proposition 3.9 Let M be a manifold with three symplectic forms whose recursion
operators satisfy R% = —1d and R% = R% = Id. Then

w1 (X, RiY) = —or(X, RyY) = —w3(X, R3Y) ,

and these expressions define a bilinear form g(X, Y)on T M. It is non-degenerate and
symmetric, invariant under Ry, and satisfies g(R; X, R;Y) = —g(X, Y) fori =2, 3.

We omit the proof as it is literally the same as for Proposition 3.8.

Now in this case if we take a vector X with g(X, X) # 0, then g(R; X, R X) =
g(X, X), and g(RxX, R, X) = g(R3X, R3X) = —g(X, X), and the R;X are g-
orthogonal to each other and to X. Thus, we have a 4-dimensional subspace on
which g is non-degenerate and has signature (2, 2). Looking at the orthogonal com-
plement of this subspace and proceeding inductively, we see that the metric g has
neutral signature.

We can compare this data with the following definition due to Hitchin [32]; see
also [18, 24].

Definition 3.29 A hypersymplectic structure on a manifold is a pseudo-Riemannian
metric g of neutral signature, together with three endomorphisms 7, S and T of the
tangent bundle satisfying

I’=-1d, $$=T7*=1Id, IS=-SI=T,
gUX, 1Y) =g(X,Y), g(SX,8Y)=—g(X,Y), g(TX,TY)=—g(X,Y),
and such that the following three two-forms are closed:
wr(X,Y)y=¢g(X,Y), ws(X,Y)=g(SX,Y), or(X,Y)=g(TX,Y).

Given a hypersymplectic structure in this sense, the recursion operators intertwining
the three symplectic forms are, up to sign, precisely the endomorphisms 7, S and T'.
Conversely, given three symplectic forms for which one of the pairwise recursion
operators has square —/d and the other two have square the identity, Proposition 3.9
shows that we can recover a uniquely defined hypersymplectic structure. Thus, we
have proved the following corollary.

Corollary 3.2 A hypersymplectic structure is equivalent to a unique triple of sym-
plectic forms for which two of the recursion operators have square the identity, and
one has square minus the identity.

A hypersymplectic structure also defines a symplectic pair, and therefore a
four-manifold with such a structure is symplectic for both choices of orientation.
High-dimensional examples of hypersymplectic structures on closed manifolds have
recently appeared in [1, 24].
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3.3.3 Notes and Further Reading

We will see in Chap. 5 that the appearance of hypersymplectic structures plays an
important role in applications to Monge—Ampere equations, operators and structures.
Another interesting application of such a triple of endomorphisms was discussed in
the framework of superstrings [13] where the authors provide a study of self-dual 4D
space-time with (2,2) neutral metric and propose a real version of twistors relevant
to this geometry. It would be interesting to compare this geometry within the general
approach of Monge—Ampere structures.

3.4 Lecture Three: Symplectic Monge—~Ampeére Operators
and Equations

This chapter contains a (hopefully) friendly introduction in the geometry of Monge—
Ampere equations and operators. This geometric approach (in a wide contact geo-
metric context) was originally proposed by V.V. Lychagin but philosophically and
ideologically it has the origins in works of E. Cartan and his school.

Motivating by applications, we shall restrict our attention to a symplectic Monge—
Ampeére equations and operators (this notion and restriction will be explained below).

3.4.1 Monge-Ampere Equations

Loosely speaking, a Monge—~Ampeére equation is a second-order partial differ-
ential equation with determinant-like non-linearities. In particular, let M be an
m-dimensional smooth manifold M with local coordinates (¢!, ..., g™). For ¢ €
C>®(M), we let
Pgiqt - Bgrgn
hess ¢ := (3.17)
Pgrgt - Pgngn

be the Hessian matrix. The subscripts indicate partial derivatives, for instance, ¢, :=

%, etc. A symplectic Monge—Ampere equation is a linear combination of all the

minors of the Hessian matrix with the coefficients being elements of C*°(T*M). In
two dimensions, the general form thus is

A¢q1q1 —+ 23¢q1q2 —+ C¢q2q2 + D(¢q1q1¢q2qz — ¢q|qz¢qzq1) +E=20, (3.18)

where A, B, C, D, and E are smooth functions of (¢!, g2, ¢,1, ¢,2) € T*M.
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34.1.1 Monge-Ampere Operators

Lychagin [14] proposed a geometric approach to study these equations by making

use of certain differential forms on the cotangent space (i.e. the phase space).
Suppose o € Q" (T*M), and for a smooth function ¢ € C*°(M) consider its

differential d¢ € I'(T*M) given by (ql, N e W s (ql, R B PIT W B

Definition 3.30 (Lychagin [14]) Let M be an m-dimensional manifold, @ € Q™
(T*M),and o € I'(det(T M)). The differential operator Ay o : C°(M) — C®(M)
defined by the pull-back

Aow® = 15[(dp) ] (3.19)

is called the Monge-Ampere operator associated with («, @).

Consequently, we may always associate with a Monge—Ampere operator the
Monge—Ampere equation
Agwp = 0. (3.20)

This equation does not depend on the choice of volume form @ € I'(det(7 M)), and,
since we shall solely be dealing with this equation, we shall follow the literature and
suppress the explicit appearance of @ and simply write A, in the following.

To study this correspondence between differential forms and Monge—Ampere
equations, we shall need the following definition.

Definition 3.31 (Lychagin [14]) Let (M, w) be a symplectic manifold. A differential
p-form « is said to be w-effective if and only if 7,1 ¢ = 0.

We shall use also a terminology w-primitive or simply primitive form, to stress
the parallels with Hodge theory on kéhler varieties.

It is easy to see that for a differential m-form « on a 2m-dimensional symplectic
manifold (M, w), the notion of w-effectivenessis equivalent to saying thata A w = 0.
Then, we have the following theorem (see also the text book [44] for a comprehensive
treatment).

Theorem 3.6 (Hodge-Lepage-Lychagin[14]) Let (M, w) be a symplectic manifold.
Then, any differential p-form a € QP (M) has a unique decomposition

0 =0+ Ao+t AoAD+ - (3.21)
into w-effective differential (p — 2k)-forms o € QP=2K(M). Furthermore, if two w-

effective p-forms vanish on the same p-dimensional Lagrangian submanifold, they
must be proportional.

For any ¢ € C* (M), its graph

Ly = {@" ... q" g1, )} € T*M (3.22)
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is Lagrangian with respect to the standard symplectic form w on 7*M, that is, we
have |, = 0. Consequently, we have the following corollary of the above theorem.

Corollary 3.3 Let M be a manifold. For the standard symplectic structure w on
T*M, the correspondence between Monge—Ampere equations on M and conformal
classes of w-effective forms on T*M is one-to-one.

Let us pause for a moment and discuss two examples.

Example

Let M be 2-dimensional with local coordinates (¢!, g2). Furthermore, let (¢!, ¢2,
p1, p2) belocal coordinates on 7* M and consider the standard symplectic form w =
dg' Adp; 4 dg* A dp; on T* M. The Monge—Ampere equation (3.18) is associated
with the w-effective form

Adpy Adg? + B(dg' Adpp —dg? Adpy) + Cdg! Adpy + Ddpy Adpy + Edg! Adg?.
(3.23)

Example

Let M = R? with coordinates (ql, qz, q3) and let (ql, qz, q3, D1, P2, p3) be coordi-
nates on 7*R? = R and consider the standard symplectic form w = dg' A dp; +
dg? A dp, 4+ dg? A dps on T*R3. The Monge—Ampére equation
det(Hess(¢)) = 1 (3.24a)
is associated with the w-effective form
dpy Adp, Adps —dg' Adg? Adg?, (3.24b)
while the Monge—Ampere equation
A¢ — det(Hess(¢)) = 0, (3.25a)

where A is the Laplacian, is associated with the w-effective form

dp; Adg?* Adg® +dg' Adpa Adg® +dg' Adg® Adps —dpi Adpy Adps .
(3.25b)
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3.4.1.2 Generalised Solutions

Recall that for any function ¢ on M, its graph L, = {q',....q"™, Bgts oo Pgm)} s
Lagrangian with respect to the standard symplectic form w on 7*M. Conversely, for
any Lagrangian submanifold L € T*M there exists a function ¢ on M such that L =
L. Moreover, it is clear that ¢ is a regular solution to the Monge—Ampére equation
(3.20) if and only if also «|y, . = 0. We thus give the following definition.

Definition 3.32 (Lychagin [14]) Let w be a symplectic structure on 7*M. A gener-
alised solution to the Monge—Ampere equation (3.20) is a Lagrangian submanifold
L C T*M with respect to w (i.e. w|, = 0) such that also @|;, = 0.

3.4.1.3 Local Equivalence

A classical problem in the geometric study of differential equations is the problem
of local equivalence up to a local change of dependent and independent coordinates.
Put differently, when are two given differential equations equivalent up to the action
of a local diffeomorphism on the phase space?

Let M be a manifold and ® a diffeomorphism on 7*M. The natural action > of
® on a Monge—Ampere operator A, is given by

D> Ay = Aprg - (3.26)
Definition 3.33 (Lychagin [14]) Let M be an m-dimensional manifold and w a
symplectic form on 7*M. Furthermore, let o; and o, be two differential m-forms
on T*M. The two Monge—Ampere equations given by the operators A,, and A,

are called symplectically equivalent if and only if there is a local diffeomorphism
® € C*(T*M) such that ®*w = w and O*ay = ;.

Note that diffeomorphisms ® : (M, w) — (M, w) on a symplectic manifold (M, w)
with ®*w = w are called symplectomorphisms.

Example

Consider M = R? with coordinates (¢', g?). The Monge—-Ampére equations
det(Hess(y)) = 1 and A¢ = 0 (3.27a)
correspond to the w-effective forms
dp; Adps —dg' Adg? and dp; Adq® +dq' Adp,, (3.27b)
respectively, withw = dg' A dp; + dg? A dp,. The partial Legendre transformation

®(q' ¢ p1,p2) = (¢, p2 1. —4%) (3.28)
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which leaves w invariant, yields
®*(dp, Adpy —dg' Adg?) = dpy Adg® +dg! Adps . (3.29)

Consequently, the two Monge—Ampere equations (3.27a) are symplectically equiv-
alent. Note that this ceases to be true in higher dimensions.

Importantly, symplectic equivalence can be used to construct explicit solutions.
The key observation is that symplectomorphisms preserve generalised solutions (see
Definition 3.32) but not regular solutions: if & is a symplectomorphism and L a
generalised solution to the Monge—Ampere equation given by Ag«,, then ®(L) is
a generalised solution to the Monge—Ampere equation given by A,. To make this
more transparent, it is instructive to discuss an explicit example.

Example

Consider the Laplace equation A¢ = 0 on R, Its generalised solutions are the com-
plex curves of T*R? = C?. Upon applying (3.28) to the harmonic function

b, q» = e cos(g?), (3.30)

we obtain the generalised solution ® (L4). The identification of ® (L) with the graph
Ly of a function ¥ on R? then yields the regular solution

2
V@' q?) = ¢ arcsin (o) + /e — (g2 (3.31)

to the Monge—Ampere equation det(Hess(y)) = 1.

3.4.2 Geometry of Differential Forms

Hence, as we have seen, the classical problem of local equivalence for Monge—
Ampere equations can be understood as a problem of the Geometric Invariant Theory:
the idea is to construct invariant structures which will characterise each equivalent
class.

The first step of this approach is pointwise: we study the action of the symplectic
group Sp(n, R) on the space of primitive forms Ag(R"). We will see next how one
can ‘integrate’ such study.
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3.4.2.1 The Bracket Structure

Let V2" be a 2n-dimensional real vector space. We fix a symplectic form Q on V

and the volume form ;

vol = —.
n!

We denote by A" (V*) the space of n-forms on V and by Ag(V*) the space of
primitive n-forms, that is

AJ(VH) ={w e A"(VH), QAw=0}.
We denote by SL(2n) the group of automorphisms preserving the volume form
vol and by Sp(n, R) the group of automorphisms preserving the symplectic form €.

Their Lie algebras are denoted by s/(2n) and sp(n, R).
Using the exterior product, we define an isomorphism A : A?"~1(V*) — V by

and 1 * 2n—1 *
<ot,ﬂ(0)>=—1 , fore e A'(V*)and b € A V.
Vo
Definition 3.34 The bracket ® : A" (V*) x A"(V*) — sl(V) is defined by
(@1, 02)(X) = A () A w2 = (=)o A (xen)).
It is straightforward to check the two following lemmas.
Lemma 3.5 This bracket is invariant under the action of SL(2n), that is
®(F*w, F*wy) = F' o ®(w), w) o F

forany F € SL(2n).

Lemma 3.6 Let ® be the bracket defined for the (2n + 2)-dimensional vector space
V =V xR, xR, endowed with the volume form

vol = vol Adty A diy.

Then the following relations hold:

L ®(wy Adty, oy Ad)(8,) = =P (w1 Adh, y Adb) (D))
2. ®(wy Adty, wy Ad)(X) = P(wr, wp)(X), VX eV.

Note that this second lemma shows that & takes its values in s/(2n).
In the case n = 3, the tensor K, = %(b(w, ) is the invariant constructed by
Hitchin in [34], which can be easily extended to any odd n.
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Proposition 3.10 (Hitchin) When n is odd, the map K : A"(V*) — s{(2n), w —
%CD(a), w) is a moment map for the Hamiltonian action of SL(2n) on A" (V™)
endowed with the symplectic form

wi] N\ Wy
O(w1, w2) =

vol

When 7 is even, the bracket ® is antisymmetric and the situation is completely
different. The analogue of Proposition 3.10 is the following, which is proved in [9]
(unpublished).

Proposition 3.11 We define on A" (V*) x sl(2n) the following bracket:

1. [Ar, A2l = AjAy — AsAy,
2. [A, w] = Ls(w) and
3. [w1, 0] = ©(w1, w2),

for A, Ay and A in sl(2n) and w, w) and w, in A" (V*).
Then [, ]is a Lie bracket.

The Sp(n, R)-version of these results is summed up in the following.

Proposition 3.12 /. If w, and w; are primitive then ®(wy, w,) € sp(n, R).

2. If nis odd, then K : Ag(V*) — sp(n,R), o — %tb(a), w) is a moment map
for the Hamiltonian action of SP(n, R) on the symplectic subspace A§(V*) of
AP (VF).

3. If n is even, the space Ay(V*) @ sp(n,R) is a Lie subalgebra of A"(V*) @
sl(2n).

Remark 3.12 When n is odd, the tensor K, defines a family of scalar invariants

ar =Tr(K*), keN
and a quadratic form (which was called for n = 3 the Lychagin—Roubtsov quadratic
form in [6]):
gdo(X) = Q(K, X, X).
When 7 is even, the adjoint operator ad,, = [w, -] defines an endomorphism
adi csp(n, R) — sp(n, R),
which gives also a family of scalar invariants
ap = Tr(ad®), keN

and a symmetric polynomial of degree 4 defined by

4o(X) = Tr([ad*(X ® tx(2)]1).
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3.4.2.2 Low-Dimensional Examples

The case n = 2.

The identity w = Q(A,-, -) gives an isomorphism between the space of 2-forms
A?(R*) and the Jordan algebra Jor(2) defined by

Jor(©2) ={A e gl(4), Q(A-,-) =Q(, A)}.

Our bracket ® becomes then the usual bracket:

D(wy, wy) = Awl sz - AcuzAcul .
We easily see then the isomorphism of Lie algebras

AJRY @ sp(2, R) = s1(4, R).

Moreover, for w € A§(R*), the endomorphism ad’ = ad; :sp(2,R) — sp
(2, R) satisfies
Tr(ad?) = 16 pf w,

where the pfaffian of w is the classical invariant

w N\ w
QAQ

pfo =

The polynomial g, is the null polynomial.
The case n = 3.

It is proved in [34] that the action of GL(6, R) on A3(R?) has two opened orbits
separated by the hypersurface HPf(-) = 0 where

1
HPf(w) = < Tr(K2).
Note that, for any 3-form the following holds:
K2 =HPf(w)-1d.

By analogy with the 2-dimensional case, we call this invariant the Hitchin pfaffian.
A 3-form with a non-vanishing Hitchin pfaffian is said to be non-degenerate.

For a primitive form w , we get a triple (g,, Ky, 2) with g, = Q2(K,-, -) the
Monge—Ampere metric (see [12, 43]). This triple defines a e-Kihler structure in the

sense of [51], that is, the tensor K, satisfies, up a renormalization,

K2 =¢€ld, withe =0, 1, —1.
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Note that the Monge—Ampere metric has signature.

Moreover, in the non-degenerate case the form w admits an unique dual form @,
such that @ + +/€® and @ — /€® are the volume forms of the two eigenspaces of
the Hitchin tensor K,,. Saying differently, to each non-degenerate primitive forms
corresponds a ‘e-Calabi—Yau’ structure.

The case n = 4.

The Lie algebras A*(R®) @ s/(8, R) and Ag(Rg) @ sp(4, R) are known to be iso-
morphic to the exceptional Lie algebras E7 and E¢ (see [55]). Moreover, it is proved
in [38] that the family {a; = Tr(ad(i" )}ren forms a complete family of invariants.

Nevertheless, computations in these dimensions are extremely complicated. The
author planes to implement an algorithm which could give in a reasonable time these
invariants ay.

It is worth mentioning that, on many examples, the symmetric polynomial g, of
degree 4 is the square of a quadratic form. Is it always true ? A positive answer would
be extremely useful to understand the geometry of PDE’s of Monge—Ampere type
in 4 variables.

3.4.2.3 Classifications Results

Monge—-Ampere equations in two and three variables.

The action of the symplectic linear group on 2D and 3D symplectic Monge—
Ampere equations with constant coefficients has a finite numbers of orbits and we
know all of them as it is shown in Tables 3.1 and 3.2 (see [6, 43]).

Remark 3.13 1. Intwo variables, any SMAE with constant coefficients is linearis-
able, which is equivalent to a linear PDE. Moreover, the pfaffian distinguishes
the different orbits.

2. In three variables, there exist non-linearisable SMAE with constant coefficients
and they correspond to non-degenerate primitive 3-forms. Moreover, the Hitchin
pfaffian does not distinguish the different orbits but so does the signature of the
Monge—Ampere metric.

In D = 4, the action of the symplectic group is no more discrete and there is no
hope to obtain an exhaustive classification list as in two or three variables. Instead of
that, there are functional moduli in the classification problem. There are some partial
results in [44] and in the PhD thesis of B.Banos. He has discovered that on many
interesting examples, the associated geometry is completely degenerated. In other
words, in the case of D = 4, it appears to be that there exist the notion of non-linear

Table 3'.1 Classiﬁcation of A, =0 w fo
SMAE in two variables.
Af=0 dqy Ndpy —dqx Adpy 1
df=0 dqy ANdpy +dgy A dp -1
2
% =0 dqi Adps 0
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Table 3.2 Classification of SMAE in three variables

A, =0 signature (g,,) Mw)
1 hess f =1 3,3) 1
2 Af —hess f =0 (0, 6) -1
3 Of +hess f =0 4,2) 1
4 Af =0 (0,3) 0
5 Odf=0 2,1 0
6 Apgs f=0 ©, 1) 0
7 Ogp.q5f =0 (1,0 0
8 3%{ =0 0,0) 0
gi/ll)/l\eEsii fi);afglr)ilef;l:sf. Bo =0 1o
Usual Monge—-Ampere | (dq1dp1 + dgadpa + dgzdps +
dqadps)?
SLAG (dqi +dq3 +dq3 + dq; +
dp?} +dp3 +dp3 + dp})?
Plebanski I 0
Plebanski II dq;t
Grant 0

but degenerated Monge—Ampere equation. In Table 3.3, we have the polynomial
invariant g,, computed by B.Banos for the following examples:

hessu =1  (Usual Monge-Ampere equation)

hessu — (Z Ugiglqiq; — ui q,-) +1=0 (4D Special Lagrangian equation)
i<j
UggUgsqs — Ugigattg,q3 = 1 (Plebanski I equation)
2

UgigUgsgy — Uy gy + Ugiqy — Ugsq, =0 (Plebanski II equation)

Ugig, T UgigUgqs — Ugigstgrgy = 0 (Grant equation)

3.4.3 Notes and Further Reading

One can find some interesting partial classification results for D = 4 in [44]. We have
remarked that for n > 4 the stabilisers of generic S P (n, R)—actions on Ay(V*) are
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trivial and we obtained a versal families of forms w, = wo + Y, prwy with wg as a
representative of the generic orbit and the forms wy, are base in the CokerB, with the
operator By : S*(V*) — Ag(V*) given by wy and the Spenser §—differential (see
[44] for details).

Another classification results in the dimension 4 we get (for primitive forms from
Ag(V*) admitting so-called symplectic transvections) the list of normal forms which
is a reduction of 3D —classification [44].

We will see in Chap. 5 that the appearance of Plebansky ‘heavenly’ equations
sometimes relates to a Monge—Ampere coupled structures. These equations play
an important role in applications of Monge—Ampere equations in a construction of
Hyper-Kéhler metrics on holomorphic symplectic surfaces of K3 type (see [19, 26]).

3.5 Lecture Four: Monge—Ampere Structures

In this lecture, we begin by looking at a notion of Monge—Ampeére structure. This
notion quite naturally appears in the general framework of the classification problems
which we have discussed in previous lectures. The first formal definition probably
appeared in one of author’s conference and colloquium talks, then in papers of his
former PhD student B. Banos but ideologically it can be deduced from following
[44]. The presentation in this chapter is based mainly on the review in progress [45].

3.5.1 General Properties

We shall introduce the notion of a Monge—Ampere structure in its maximally general
form. Then we shall precise the specific properties in low dimensions repeating some
definitions giving in the previous lectures.

Definition 3.35 Let M be a 2m-dimensional manifold. A Monge—-Ampére struc-
ture on M is a pair of differential forms (w, a) € Q*(M) @ Q" (M) such that w is
symplectic and « is w-effective.

3.5.1.1 4-Dimensional Monge-Ampere Geometry

In case of a 4-dimensional phase space, in the non-degenerate case, the geome-
try induced by a Monge—Ampere structure can be either complex or real and this
distinction coincides with the usual distinction between elliptic and hyperbolic for
differential equations in two variables.

To see this, let M be a 4-dimensional manifold. We define the Pfaffian pf o €
C*(M) and the endomorphism R, : TM — T M for a Monge—Ampere structure
(0, @) € Q2(M) ® Q?(M) by means of the equations [44]

aAa = pfaorw and a(X,Y) = oRX,Y) (3.32)
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forall X,Y € I'(TM). See also Chap. 3, Sect. 12.2.

Lemma 3.7 (Lychagin—Roubtsov—Chekalov [44]) Let (w, @) be a Monge—Ampére
structure on a 4-dimensional manifold M. Then,

tr(Ry) =0 and R2 = —pfald . (3.33)

Proof ? First, note that
tr(Ry) = 1p1 . (3.34)

Since « is w-effective, this must vanish.
Next, let x,(¢) := pf o — tw for t € R be the Pfaffian characteristic polynomial

of «. Then, since « is w-effective, we find

pfa —tow Aw=(u—tw) A (@ — tw)
=ana+torw = pfa+HoAw, (3.35)

and from the non-degeneracy of w, we conclude that
Xe(t) = 1* +pfa. (3.36)

Furthermore, there is Pfaffian version of the Cayley—Hamilton theorem (see e.g. [39,
Chap. 3.9]) so that x,(R,) = 0. This, in turn, implies (3.33). O

This lemma allows us to define the endomorphism J, : TM — T M by

oF |oz(X, Y) = o(J,X,Y), VX,Y € T(TM) (3.37)
pfa

whenever pf « # 0. This is an almost-complex structure for pf o > 0 since then
J2 = —1d and it is an almost product structure for pf o < 0 since then J2 = Id,
respectively. Since tr(J,) = 0, the +1 eigenspaces of J, are of the same dimen-
sion, and, consequently, the endomorphism J, is, in fact, a para-complex structure.
Furthermore, the above makes (Jy, ®) compatible in the sense of Definition 3.21.
Consequently, we shall make use of Proposition 3.7 and write

=1),0. (3.38)
Viptal !

Notice that by virtue of Proposition 3.7, if the differential two-form a/+/] pf ] is
closed then J, is integrable.

Returning to our discussion about Monge—Ampere structures on the cotan-
gent bundle 7*M for a 2-dimensional manifold M, it is easy to see that the
Monge—Ampere equation associated with Monge—Ampere operator A, is elliptic

2I am grateful to M. Wolf for discussions which had improved this demonstration.
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when pf o > 0 and hyperbolic when pf o < 0, respectively. When pf « = 0 (i.e. in
the degenerate case with @ A @ = 0), we cannot define J,, and in this situation, the
Monge—Ampere equation associated with A, is parabolic. Since in two dimensions
(see Example 3.4.1.1) any elliptic (respectively, hyperbolic) Monge—Ampere equa-
tion with constant coefficients is symplectically equivalent (see Definition 3.33) to
the Laplace (respectively, Klein—-Gordon) equation, we have the following theorem.

Theorem 3.7 (Lychagin—Roubtsov—Chekalov [44]) Let (w, ) be a non-degenerate
Monge—Ampere structure on T*M for a 2-dimensional manifold M and let J, be the
almost-complex (respectively, para-complex) structure defined by

o

JEpfo

= 15,0 with ana = pfavAow. (3.39)

Then,

1. inthe elliptic case when pf a > 0, the Monge-Ampére equation associated with
the Monge—Ampere operator A, is symplectically equivalent to

Ap = 0 (3.40a)

if and only if
dQ =0 with Q = w—i1, 0; (3.40b)

2. in the hyperbolic case when pf o < 0, the Monge—Ampere equation associated
with the Monge—Ampére operator A, is symplectically equivalent to

O¢ =0 (3.41a)

if and only if

N

dQ = 0 =dQ with Q = o+, 0 and Q = w—1, ®. (3.41b)

Proof (=) First, let w be the standard symplectic structure on T*M. If the
Monge—Ampere equation associated with the Monge—Ampere operator A, is sym-
plectically equivalent to A¢ = 0 (respectively, [J¢ = 0), then the differential forms
Q and  are closed.

(<) To verify the converse, if 2 (and also Q when pf @ < 0) is closed then J, is
integrable by virtue of the corollary from Proposition 3.7.

Consequently, when pf a > 0 there exists local coordinates z' := ¢! —ip, and
72 1= p; — ig® such that Q = dz' A dz? locally and so

0= ReQ = dg' Adp; +dg> Adps ,

o

Vpf o

This yields the Laplace equation (see Example 3.4.1.3).

(3.42)

—JmQ = dp' Adp? —dg' Adg®.
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When pf o < 0, there are local coordinates (q', g%, p1, p2) suchthat @ = 2dg' A
dp; and Q = 2dg?* A dp; locally and so

w = %(Q—i—fl) = dg' Adp, +dg*> Adp, ,
o 1 A I 5 (3.43)
——— = ;(Q—-Q) =dg Adp; —dg°- Adp;.
J=oTa 5 ( ) q p1 —dq 2
This yields the Klein—-Gordon equation in light-cone coordinates. O

Let us now show that a non-degenerate Monge—Ampere structure (¢, ») in four
dimensions not just comes with one almost complex (respectively, para-complex)
structure but, in fact, a whole two-sphere (respectively, hyperboloid) worth of such
structures.

Lemma 3.8 Let M be a 4-dimensional manifold equipped with a non-degenerate
Monge—Ampere structure (o, o). Furthermore, let J,, be the almost-complex (respec-
tively, para-complex) structure (3.38). Then, there is a differential (1, 1)-form ® on
M with respect to Jo suchthat ® AN© #0, ® Aw=0,and ® A1j, 0 =0.

Proof The exterior product yields a non-degenerate metric g on /\2 T M, so we know
that there must be a differential two-form ® such that ® A ® #= 0, ® A w = 0, and
O A (1, w) = 0. To be more explicit, note that w and 1, @ are linearly indepen-
dent. Next, let p € Q*(M) such that {w, 7, w, p} is linearly independent. By the
Hodge-Lepage—Lychagin theorem (see Theorem 3.6), we have a unique decomposi-
tion p = po + Aow with pg A w =0 and Ly € C®°(M). Since (1, ®) A1y, w) # 0,
we may again apply the Hodge-Lepage—Lychagin theorem to obtain the unique
decomposition py = p; + A1(1,, ) with A; € C*°(M) such that p; A (1, ®) =0.
Since (15, ) A w =0, we also have p; A w = 0. Hence, {w, 1, w, p1} is linearly
independent, and we must also have that p; A p; # 0 because of the non-degeneracy
of g. In summary, we have thus obtaineda ® := p; suchthat ® A ©® # 0,0 A w = 0,
and ® A1y, w) =0.

Finally, since @ and 1, 2 combine to give the differential (2, 0)-forms €2 and
differential (0, 2)-forms €2 defined by

Q=w+1,,2; fl:w—ljaQ, (3.44)

and since ®© Aw =0 and O A (1, @) = 0, we conclude that ® A 2 =0 and © A
Q = 0 (respectively, © A © = 0). Since Q A Q # 0 (respectively, 2 A  # 0), the
differential two-form ® must be of type (1, 1) with respect to J,,. This concludes the
proof. (]

Let V be a real vector space of dimension 2n, with (almost) complex structure I
(which defines a natural orientation on V') and compatible scalar product g. Remind
then that the Hodge star operator

x: AN(VF) > APTRV)
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has the following properties:

(a) Ifey, ..., ey, denotes an oriented g—orthonormal basis of V' , then
*x(ej, N...Ney) =¢€ej N...Nej, ,,
where

(i ik, iy ja—iy =11, ..., 20}, e =sgn(y, ..., ik Ji,---» jon—i)-

(b)
*xox = (=D
(©)
g(xa, xB) = g(a; B);
(d

g(xa, B) = (=) g(a, xB).

This operation easily redefines in the exterior differential form algebra on an
oriented (pseudo-)Riemannian manifold.

On a 4-dimensional manifold with a Riemannian (respectively, Kleinian) metric,
the Hodge operator %4 on differential two-forms has the property 3 = 1. Therefore,
the module of differential two-forms decomposes into a direct sum of the rank-3
module of self-dual differential two-forms (4 eigenspace with respect to x4) and the
rank-3 module of anti-self-dual differential two-forms (— eigenspace with respect to
*4). Furthermore, the eigenvalue equation x40 = +p depends only on the conformal
class of the metric. Making use of this, we arrive at the following result.

Proposition 3.13 Let M be a 4-dimensional manifold equipped with a non-
degenerate Monge—Ampére structure (w, o). Furthermore, let J, be the almost-
complex (respectively, para-complex) structure (3.38). Then, there is a differential
(1, 1)-form ® on M with respect to J, and a metric hy, on M both unique forpf o > 0
and both unique up to a sign for pf a < 0 such that

1. pf® =sgn(pfa), ® Aw=0,and ©® A (1, w) =0,

2. O is the almost Kdhler form for (hy, Jy), that is, ©(X,Y) = hy(Jo X, Y) for all
X,Y e '(TM) and

3. (w,1,, w, ®) are anti-self-dual with respect to h,.

Proof By virtue of Lemma 3.8, we already know that there is a differential (1, 1)-
form K that satisfies the conditions ® A® # 0, ® Aw =0, and ® A1, ) =0.
Furthermore, on a 4-dimensional almost-complex (respectively, para-complex) man-
ifold, it is always possible to pick a Riemannian (respectively, Kleinian) metric such
that the differential (2, 0)-form, the differential (0, 2)-form, and one of the differ-
ential (1, 1)-forms are anti-self-dual, and since the differential (1, 1)-form is then
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proportional to the almost Kihler form for that metric, the scale of the metric is fixed
by declaring the differential (1, 1)-form to be almost Kihler form. |

In particular, for (w, 1 ;, w, ©®) on M, we may always pick a co-frame {ei}izl_____A
such that the differential (2, 0)-form and differential (0, 2)-form (3.44) are given by
w=e Ned+e* net and Jy1 0 = e Aet —ee! Ae? with € := sgn(pf a). Note
that an overall scale can always be absorbed in the definition of the basis {€'};=; 4.
Hence,

in this basis. Furthermore, it is clear that w and J, 1 w are anti-self-dual for any metric
in the conformal class of ¢! ® e! + > ® €? + €€’ ® €3 + ¢* @ ¢*. The third anti-
self-dual differential two-form is proportional to ee! A e* — €? A e* which, in turn, is
proportional to the almost Kihler form. Hence, upon setting ® = ee! A e* — €2 A €3,
we have fixed the scale of ® to be pf ® = € = sgn(pf «), and, by declaring © to be
the almost Kihler form, we have ® (X, Y) = hy(J, X, Y) forall X, Y € I'(T M) with
hy =€e' @e' +e?® e+ ee® ®e® + e* ® e*. Then, {e'};—;._4 is an orthonormal
co-frame. When € = —1, the above is unique only up to a sign since in this case
® +— —0 and h, — —h, can also be used.

Remark 3.14 Notice that since o and J, 1 w are proportional, also « is anti-self-dual
with respect to the metric A,.

Remark 3.15 Let w € I'(/\* T M) be a volume form normalised as
% I (@ A w) = —sgn(pf o).
Then, in a coordinate-free notation, the metric /4, reads as
ha(X,Y) = 515[0x @) AGy(y, @) A®+ 1y w) A (1x(y, ©) A O] (3.46)

forall X, Y € I'(T M). Furthermore, it is then easy to see that indeed 4, (J, X, Y) =
OX,Y) and h,(J X, J,Y) = €ho(X,Y). Hence, h, coincides with the metric
(3.10).

Remark 3.16 Recall the definition of a generalised solution as given in Definition
3.32. Let L be a generalised solution for a non-degenerate Monge—Ampere structure
(w, a) on the cotangent bundle 7*M of a 2-dimensional manifold M. Since @ and
17, w vanishon L, we have TL = (X, J,X) forany X e ['(TL). If weleti : L —
T*M be the embedding of L into 7* M, by virtue of Remark 3.15, it then immediately
follows that

" o 1 0
i*he = ho(iX,isX) (o Sgn(pfa)> (3.47)
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in the basis { X, J, X}. Hence, for pf « > 0thei*h, is Riemannian while forpf o < 0
Kleinian.

Since h, plays a special role the geometry of Monge—Ampere equations, we shall
give it a name.

Definition 3.36 Let M be a4-dimensional manifold equipped with a non-degenerate
Monge—Ampere structure (@, «). The metric A, associated with (w, o) by means of
Proposition 3.13 is called the Monge—Ampeére metric.

Upon recalling Propositions 3.5, 3.13 has the following immediate consequence.

Corollary 3.4 Let M be a 4-dimensional manifold equipped with a non-degenerate
Monge—Ampére structure (w, o). Furthermore, let (0, 1 j, ), ©, hy) be as in Propo-
sition 3.13. Then, M is almost hyper-complex for pf « > 0 while almost hyper-para-
complex for pf o < 0, respectively.

Remark 3.17 Recalling the proof of Proposition 3.13, we let {e'};—;. .4 be an
orthonormal co-frame such that
hy = ece' @e' +* @+’ @ +e* @et (3.48)
and
w = w = el/\e3+ez/\e4,
1,0 = wy = S net —eel Ae? (3.49)
O = wy = ce' net — P né.

Next, we define the endomorphisms w; (X, Y) = hy(J; X, Y) for X, Y € I'(TM) as
in (3.8). It is then a straightforward exercise to show that in this basis we have

0 0 €0 0—c 00
0 001 10 00
Ti=1_cooo0l> 2=]o0 o1]"
0100 00 —€0
(3.50)
000 e
0 0—€0
B=10100
100 0

so that 112 = —1Idy, ]22 = —¢ldy = J32, and J; J,Jz = —eldy.

Remark 3.18 Note that, in fact, any 4-dimensional almost-complex (respectively,
para-complex) symplectic manifold admits an almost hyper-complex (respectively,
hyper-para-complex) structure. Indeed, let (M, J, w) be such a manifold. Then,
we may set w; := w and w;, :=1; w. Since J is traceless, w; A wp = 0 and since
J? = —€1d with e = £1 and non-degenerate, we also have w, A wy = ew; A
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w1 # 0. Hence, (w;, wy) constitutes a non-degenerate Monge—Ampere structure
on M. Furthermore, by virtue of Proposition 3.13, there is a unique Hermitian
(respectively, para-Hermitian) metric g and a (1, 1)-form w3 with respect to J such
that g(JX,Y) = w3(X, Y) for X, Y € I'(T M), the differential forms (w;, w;, w3)
are anti-self-dual with respect to g, and w3 A w; =0 = w3 Awp and w3 A w3 =
e€w; A wi. Explicitly, g is given by (3.10). Consequently, the tuple (w;, w», w3) con-
stitutes an almost hyper-complex (respectively, hyper-para-complex) structure on M.

3.5.2 (4m + 2)-Dimensional MA Geometry

Let us now generalise the results of the previous section to higher dimensional
Monge—Ampere geometry. To begin with, let M be a (4m + 2)-dimensional mani-
fold. Motivated by Hitchin’s discussion [6, 34] when M is 6-dimensional, we give
the following two definitions for all m > 1.

Definition 3.37 Let M be a (4m + 2)-dimensional manifold and fix a volume form
@ € I'(det(T M)). For every a € Q2"*1(M), we define the endomorphism

Ayw : TM — TM,

(3.51)
X = i1n[xa) Aa)].

The quantity

HPf(a, ) = — Tr(A2,) € C¥(M) (3.52)

1
dm + 2
is called the Hitchin Pfaffian of «.

Definition 3.38 Let M be a (4m + 2)-dimensional manifold. A differential (2m +
1)-form is said to be Hitchin degenerate if and only if its Hitchin Pfaffian vanishes.
Itis said to be Hitchin non-degenerate if and only if its Hitchin Pfaffian is non-zero.

Obviously, Tr(A,.») =0 and also HPf(x, fwr) = f°HPf(«, ) for all non-
vanishing f € C*°(M). Hence, both the signs of the Hitchin Pfaffian and Hitchin
(non-)degeneracy do not depend on the choice of volume form.

We should compare this notion with another one which we shall call a weak
degeneracy.

Definition 3.39 A differential k— forma € Q¥ (M) is called a weak non-degenerate
if and only if the map I'(T M) > QF~1(M) given by X — 1x w is injective.

We observe that Hitchin non-degeneracy is a stronger condition than the one given
in Definition 3.39. For instance, when m = 1, Banos [12] and Bryant [15] proved
that for any differential three-form on a 6-dimensional manifold M which is non-
degenerate in the sense of Definition 3.39 there exist a basis {e'};— ¢ of T*M such
that it is equal to either

.....
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6123 + 3456 , 6156 Zt 3264 Zt e345 , or 3123 _ 6156 :l': 6246 :F 6345 , (353)
where ¢! := ¢! A €2 A €3, ete. Itis then rather straightforward to see that the Hitchin
Pfaffian is zero for the second differential form in (3.53) while non-zero for the other
two.

Definition 3.40 A Monge-Ampere structure (w, ) on a (4m + 2)-dimensional
manifold M is said to be

1. Hitchin non-degenerate if and only if « is Hitchin non-degenerate.
2. Hitchin decomposable if and only if « is of either form:
a. o= %(Q — ﬁ) for some €2, Qe Q2m+1(M) decomposable over R such that
QAQ#0;
b. a = ImQ for some Q € Q¥+ (M) ® C decomposable over C such that
ReQATmQ #0.

Proposition 3.14 Every Hitchin decomposable Monge-Ampere structure (@, o)
on a (4m + 2)-dimensional manifold M is Hitchin non-degenerate.

Proof Let us first work in a complexified setting. In particular, let {E;};—; .. 4m+2 be
a basis of TcM := TM ® C and {e'};—;... 4m 2 a basis of TEM :=T*M ® C with
E;1e/ = §;/. Furthermore, let wy1(e! A ... A e*1?) = 1 and define

ap = e AL AT L 22 A AT (3.54)
Then,
E; for i=1,...,2 1
AwsonEi = 17 o " (3.55)
' —fE; for i=2m+1,...,4m +2
for all non-vanishing f € C*(M) ® C. Consequently,
Al @0 = [T AL AETT =AM (3.56)
and
%(ao + fﬁzm*lAZO,fmoao) = e A AT
Sao— fTTAL pa0) = €A AR (3.57)
%ffz’"*lAzo’fwooco Aag = e A AT

Note also that o is Hitchin non-degenerate with HPf (o, fop) = — f2.

Now, if « = oy — a_ with oy € Qé’”“ (M) so that oy are decomposable over
C, then there exist {&/ € Q(IC(M)}iZI AAAAA 4m+2 such that oy = %‘1 AL A %‘2’”“ and
o = EMFI A ANEYH2] respectively. Moreover, the condition oy Aa_ #0
implies that (&1} i=1,... 4m+2 forms abasis of T M. Hence, there is a GL-transformation
g such that g > (a, @) = (o, fy), where @ := g~ > fwy. Thus, @ must be
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Hitchin non-degenerate with Hitchin Pfaffian HPf(«, @). Furthermore, the alge-
braic conditions (3.57) hold on the GL-orbit so that

or = Hak [-HPf@ o) " HAy o) € Qi (3.58)

The above shows that for a Hitchin decomposable Monge—Ampere structure
(w, @), we must have either HPf(«, @) < 0 or HPf(«, @) > 0. This proves the
assertion. 0

Remark 3.19 Note that when HPf (¢, @) < 0, we may set

Q = o+ HPf(¢, w)| " 2A% ja and Q = —a + [HPf(a, @)| " 2 A%«
A ) (3.59)
so that @ = %(Q — Q) and 2 A Q # 0 while for HPf (o, @) > 0,

Q = |HPf(a, @)| " A% o +ia (3.59b)

so that = Jm Q and Re 2 A Tm Q # 0.

Remark 3.20 As proved by Hitchin and Banos [6, 34], for m = 1 the converse also
holds, that is, any Hitchin non-degenerate Monge—Ampere structure is also Hitchin
decomposable. The reason for that is that both the GL-orbit of (3.54) and the space of
differential three-forms are 20-dimensional. In higher dimensions, this is no longer
true as the dimension of GL-orbit is smaller than the dimension of the space of
differential (2m + 1)-forms.

Corollary 3.5 Let (w, ) be a Hitchin decomposable Monge—Ampeére structure on a
(4m + 2)-dimensional manifold M. Then,

Al = —HPf(a,w)Id . (3.60)

Proof Since any Hitchin decomposable Monge—Ampere structure lies in the GL-
orbit of (3.54), we can deduce the general properties from (3.54) and so, the corollary
then follows directly from (3.55). O

Next, fix the volume form @ € I'(det(7 M)) such that 1, mw“zm“) =1,

where (2m1+1)!w/\(2m+1) is the Liouville volume form for a Hitchin decomposable
Monge—Ampere structure (w, o). We also introduce the symmetric bilinear form

8aw(X,Y) = 15[xa) Aya) Aw] forall X,Y € I'(TM) (3.61)
which first appeared in [44] for m = 1. Since « is w-effective, we may rewrite this as

8aw (X, Y) = 15[(x @) Na A 1y )] (3.62)
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so that
g(x,w(Xa Y) = Aa,w Ixlyw = —0(AgxX,Y) (3.63)

by virtue of (3.51). Thus, this bilinear form is non-degenerate due to Proposition 3.14
and Corollary 3.5. Generalising Definition 3.36, we give the following definition.

Definition 3.41 Let (w, @) be a Hitchin decomposable Monge—Ampere structure
on a (4m + 2)-dimensional manifold M and fix a volume form @ € I'"(det(T M)).
The metric

lp[(x @) Ay o) A o]

hew(X,Y) = forall X,Y € T(TM) (3.64)
' [HPf (o, 7o) |

is called the Monge-Ampeére metric.

Hence, we may set
HPf («,
Juy = SE@PI@ @) (3.65)
[HPf (e, o) |

so that ]5@: = —sgn(HPf(a, @)) Id and tr(Jy ») = 0. Thus, Jy , is an almost-
complex structure for HPf(«, @) > 0 and an almost para-complex structure for
HPf (e, @) < 0, respectively.

Corollary 3.6 Let (w, o) be a Hitchin decomposable Monge—Ampeére structure on a
(4m + 2)-dimensional manifold M and let Jy o be as in (3.65). The pair (Jy. o, @)
is compatible in the sense of Definition 3.21.

Proof Similarly to Corollary 3.5, this can be easily deduced from (3.54) and (3.55),
respectively. ]

By virtue of (3.65),

how(X,Y) = —sgn(HPf(o, w)) 0(Jo,w X, Y) = o (X,Y) = hgo(Ja,oX,Y)
(3.66)
so that w is the almost Kihler form for (hy, 4, Jo.or ). As it is closed by assumption,
we have the following result.

Proposition 3.15 Let (w, @) be a Hitchin decomposable Monge—Ampére structure
on a (4m + 2)-dimensional manifold M. Moreover, let hy o and J, o be defined as
in (3.64) and (3.65). For HPf (o, @w) > 0 (respectively, HPf (o, w) < 0), the tuple
(M, hy,or» Jo.wr» @) is an almost Kdhler (respectively, para-Kdhler) manifold.

Note that since w is a differential (1, 1)-form with respect to J, , and since « is
w-effective, the differential forms 2 and Q appearing in? Definition 3.40 are, in fact,
differential (2m + 1, 0)- and (0, 2m 4+ 1)-forms with respect to J, 5, respectively.
Since (Jy. 4, o) is compatible in the sense of Definition 3.21 by virtue of Corollary

3See also (3.59).
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3.6, Q and  are given in terms of « and J, ¢ @ as in (3.44). This is completely
analogous to the 4-dimensional case as discussed in Sect.3.5.1.1.

Example

Consider T*R? with coordinates (¢', g, ¢°, p1, p2. p3) and the standard symplectic
structure w = dg' A dp; +dg? Adp, +dg? A dps.
The Monge—Ampere equation

€101 + €202 + €303 — €1€263 det(Hess(¢)) = 0 (3.67a)
with €; = %1 is associated with o = Jm 2, where
Q = (dg' +ie1dp)) A (dg* +iexdps) A (dg° +iezdps) . (3.67b)
Clearly, Re 2 A Jm Q # 0. Hence, J, » is an almost-complex structure. Since 2 is
a closed differential (3, 0)-form with respect to Jy, o, Jo.r 1S integrable by virtue of
Theorem 3.7.
The Monge—Ampere equation

det(Hess(¢)) = 1 (3.682)

is associated with o = %(Q — Q), where
Q := 2dpi Adps Adps and  := 2dg' Adg® Adg® . (3.68b)
Note that 2 A # 0. Consequently, J, , is an almost para-complex structure. Since

Q and Q are closed differential (3, 0)- and (0, 3)-forms with respect t0 Jy z, Jo. o
is integrable by virtue of Theorem 3.7.

Example

Consider the Chynoweth—Sewell equation [16] on R?
¢q‘q‘¢q2q2 — ¢;1q2 + (I)qsqs =y with y € R. (3.69)
The associated Monge—Ampere structure is

o = dg' Adp; +dg*> Adpy +dg® Adps (3.70)
o = dp; Adpy Adg® +dg' Adg® A (dps — ydg?) . ’

and since « is the sum of two real decomposable differential three-forms whose
exterior product is non-vanishing, J, 5 is an almost para-complex structure.
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Furthermore, there is a symplectomorphism ® : T*R? — T*R3 defined by

®*(q'. 4> ¢, pr, p2. p3) = (4", 4% p3. p1. P2 vps — ) (3.71)
which has the property
®*a = dp; Adpy Adps —dg' Adg® Adg® . (3.72)

Consequently, the Chynoweth—Sewell equation is symplectially equivalent to (3.68a).

We then have the following classification generalising results of [44] and Banos’
work [12].

Theorem 3.8 Let M be a (2m + 1)-dimensional manifold and let (v, «) be a
Hitchin decomposable Monge—Ampére structure on T*M. Fix a volume form w €
I'(det(T(T*M))) and consider the almost-complex (respectively, para-complex)

Structure
lo[x o) Aa]

Jow X = m (3.73a)
on T*M, where
HPf(a, @) = —mTr{(X > 1 [(1x @) A a])z} , (3.73b)
together with the almost Kdhler metric
hew(JuwX,Y) = 0(X,Y) (3.74)

forall X,Y € T(T(T*M)). Then,

1. for HPf(a,w) >0, the Monge-Ampére equation associated with the
Monge—Ampere operator A, is symplectically equivalent to

2m+1 m
> eiPMyihess @) + > (=1 > €PMyo (hessp) = 0, (3.75a)
i=1 i=1 €St

where €; = 1, S5y is the set of order-(2i + 1) subsets of [m] :={1, ...,
2m+ 1}, €5 1= €5, -+ - €qy,, foro = {01, ..., 0241} € Sriq1, and PMy,)\ s stands
for the corresponding principal minor, if and only if

dQ = 0 with Q = 1, a+ix (3.75b)

and the metric hy o is flat;
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2. for HPf(a,w) <0, the Monge—Ampére equation associated with the
Monge—Ampeére operator A, is symplectically equivalent to

det(Hess(¢)) = 1 (3.76a)
if and only if
d2 = 0 = dQ with Q = 1, a4+a and Q = 1;,, a—a (3.76b)

and the metric hy o is flat.

Proof (=) First, let w be the standard symplectic structure on 7*M. Then, it is clear
that if the Monge—Ampere equation associated with the Monge—Ampere operator
A, is symplectically equivalent to one of the above equations, then €2 and 2 are
closed and h,, 4 is flat.

(<) To prove the converse, consider first the case when HPf (o, @) > 0. The
closure of 2 implies that « is closed thus making « into a (2m + 1)-plectic struc-
ture. In addition, it also makes J, 5 ¢ « into a (2m + 1)-plectic structure and hence,
by Proposition 3.7 implies the integrability of J, . Hence, there are local com-
plex coordinates 7' = g’ +ie;p; fori ={1,...,2m + 1} with ¢, = %1 such Q =
dz' A ... Adz?"*! locally and so,

a = IJmQ
=[erdpi Adg*> A ... AdG?" T 4t eamidg! AL AdGP Adpamsr] —

— [e1€2e3dp1 Adp1 Adp3 /\dq4 AL, /\dqzm+1 + 4

2m—2

+ €2m—1€2m€2m+1dql ARRRRA d([ A dp2m—1 N dp2m N dp2m+1] +

+- 4+ (=D"dp1 A ... Adpomr -
(3.77)
Since hq o is flat, we also have

i 1 =1 2m+1 =2m+1
w = %(éldz AdZ 4+ e dz?" T AdZ m+)

(3.78)
= dql A dPl +- 4+ dq2m+l A dp2m+1 .
It is a straightforward exercise to check that the Monge—Ampere structure (@, o)
then yields (3.75a); see also Example 3.5.2 form = 1.
For HPf(«, w) < 0, since both 2 and Q are closed, J, » is integrable. Hence,
there exist local coordinates (q', ..., ¢>"*!, p1, ..., pams1) such that Q@ = 2dp; A
... Adpomsr and Q@ = 2dg' A ... A dg?™ ! locally and so,

a=2Q2-Q) =dpiA...Adpapr —dg' AL A g (3.79)
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Again, since h, 4 is flat we also have
_ 1 2m+1
o = dg Adp;+---+dg Adpamyi - (3.80)

Again, it is easy to see that the Monge—Ampere structure (@, «) then yields (3.76a);
see also Example 3.5.2 for m = 1. (I

In analogy with the 4-dimensional case and for later convenience, we would like
to give the following definition.

Definition 3.42 A Hitchin non-degenerate Monge—Ampere structure (w, @) on a
(4m + 2)-dimensional manifold M with Hitchin Pfaffian HPf («, @) is called

1. elliptic if and only if HPf(«, @) > O;
2. hyperbolic if and only if HPf(«, @) < 0;
3. parabolic if and only if HPf (¢, @) = 0.

Next, we recall the following definition.

Definition 3.43 (Xu [56, 57]) Let (M, g) be a 2m-dimensional almost Hermitian
(respectively, para-Hermitian) manifold with almost complex (respectively, para-
complex) structure J and almost Kahler form w. For J

1. an almost-complex structure, M is said to be a nearly Calabi—Yau manifold if
and only if there is a differential (m, 0)-form <2 such that

do = 0 and dJmQ = 0; (3.81)

2. an almost para-complex structure, M is said to be a nearly para Calabi-Yau
manifold if and only if there are a differential (m, 0)-form 2 and a differential
(0, m)-form €2 such that

do =0 and d(Q—-) = 0. (3.82)

Hence, we have the immediate result.

Proposition 3.16 Let (w, @) be a Hitchin decomposable Monge—Ampére structure
ona (4m + 2)-dimensional manifold M. Moreover, let hy, o and Jy,  be defined as in
(3.64) and (3.65). Suppose that « is closed. Then, for HPf(«, @) > 0 (respectively,
HPf (o, @) < 0) the tuple (M, hy o, Jo.o, @) is a nearly Calabi-Yau (respectively,
nearly para Calabi—Yau) manifold.

Example

Consider T*R? with coordinates (¢', g2, ¢°, p1, p2, p3) and the standard symplectic
structure @ = dg' A dp; + dg? A dps + dg* A dps and standard volume form @ €
I'(det(T (T*M))). Furthermore, let f = f(q', ¢, ¢°) be a non-vanishing function
on R? and define
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o = %qul/\dqz/\qu—dpl /\dqz/\qu—dqll\dpz/\dq3—dq1/\dq2/\dp3
(3.83)

It is easy to check that « is Hitchin decomposable and that J, 5, and A4, defined in
(3.65) and (3.64) are given by

Lf] Lf]
0 = Id = 1Id 0
oz = . T3] how = sgn(f)y/ 7 1d3 | .

In addition, for f > 0 we have

ReQ = \/%dpl/\dpz/\dps—

_ \/g(dql Adps Adps +dpy Adg? Adps +dpy Adps Adg?)

ImQ = «,
(3.85a)
while for f <0

TQ+%Q) —%dpl/\dpQ/\dp3—

- —% g Adpy Adp3 +dpy Adg? Adps +dpy Adpy Adg?)

1Q-0) = a.

(3.85b)
Since « is closed, (T*R3, ho. > Ju,o, @, ) 1s nearly Calabi—Yau. Finally, note that
Ju. 18 integrable if and only if the function f is locally constant.

3.5.3 Explicite Examples of Generalised Almost Calabi-Yau
on T*R3 (After B.Banos)

3.5.3.1 Generalised Calabi—Yau Structures

Definition 3.44 A generalised almost Calabi-Yau structure on a 6-dimensional
manifold X is a 5S-uple (g, 2, K, o, B) where

1. g is a (pseudo) metric on X,
2. Qis a symplectic on X,
3. K is a smooth section X — TX ® T*X such that K> = £/7d and such that

g(U,V)=Q(KU,V)
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for all tangent vectors U, V,
4. o and B are (eventually complex) decomposable 3-forms whose associated dis-
tributions are the distributions of K eigenvectors and such that

aAB

is constant.
Q3

Definition 3.45 A generalised Calabi—Yau structure (g, 2, K, «, 8) is said to be
integrable if o and § are closed.

Note that a generalised Calabi—Yau structure is a Calabi—Yau structure if and only
if the metric is definite positive and K is a complex structure.

Remark 3.21 The conditionda = dB = 0 implies the integrability (in the Frobenius
sense) of the distributions defined by the almost-complex structure or almost-product
structure K . Therefore, according to the Newlander—Nirenberg theorem, it implies its
integrability. For instance, when K is an almost-complex structure and g is definite
positive , the almost Calabi—Yau structure (g, €2, K, «, @) is integrable if and only
if K is a complex structure and « is holomorphic.

Example

Each non-degenerate Monge—Ampere structure (€2, wo) defines the generalised
almost Calabi—Yau structure (g, 2, K,,, @, ) with

wo

~ VPR

For instance, on R®, the generalised Calabi—Yau structure associated with the
equation
A(f)—hess f =0

is the canonical Calabi—Yau structure of C3

3 . .
—quf.dqf +dpjdpj
j 1

3y ®dg’ — 55 ®dp;

q/ Adpj

;

J
dz ]/\dZ2/\dZ3
a

o
B
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The generalised Calabi—Yau associated with the equation

O(f)+hess f =0
is the pseudo Calabi—Yau structure

g =dq'.dq' —dq*.dq? + dq3.dq> + dp,.dp; — dp.dpy + dp3.dp;

_ 0 d 1 d 2 d d 3 J
K_W@)dpl—m@dq +H®dq —W@)dpz—E@dq +$®dp3
3 .
Q=) dq’ Ndp;
j=1 .
a=dz1 ANdzo Ndz3
B=a

The generalised Calabi—Yau structure associated with the equation
hess f =1

is the ‘real’ Calabi—Yau structure

3 .
g =2.dq’.dp,

j=1

3
Q=3 dq’ Adp;
j=1

a=dqg' Adg* Adg?
B =dpy Ndpx Adps3

A manifold endowed with a ‘real’ Calabi—Yau structure is the analogue of a ‘Monge—
Ampere manifold” in the Kontsevich and Soibelman sense [40]. A Monge—Ampere
manifold is an affine Riemannian manifold (M, g) such that locally

PF
= —_dq'.dq’,
8= 5aragr 44

i

F being a smooth function satisfying

9’F
det( - ) = constant.
dqtaq’

In the ‘real’ Calabi—Yau case we have such a potential F":
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3F
= ~_dq'.dp;,
g 2}: Sy, 24 4

and det (%) — f(q)g(p) (see [12] for more details).

Let (2, w) be a Monge—Ampere structure with HPf (w) = %1. Since dw = d®
= 0 if and only if doo = dB = 0, we have the obvious proposition.

Proposition 3.17 A generalised almost Calabi—Yau structure associated with a non-
degenerate Monge—Ampere structure is integrable if and only this Monge—Ampeéere
structure is closed.

3.5.3.2 Nondegenerate Monge—Ampere Equations

Let us come back now to the differential equation associated with a non-degenerate
Monge—Ampere structure (€2, @) on a 6-dimensional manifold X. It is natural to ask
if this equation is locally symplectically equivalent to one of these:

hess f =1
A(f) —hess f =0
O(f) +hess f =0

According to Table 3.2, it will be the case if and only if (€2, w) is locally constant.
The following theorem gives a criterion using the generalised Calabi—Yau structure
associated.

Theorem 3.9 A Monge—Ampere equation associated with a non-degenerate Monge—
Ampeére structure can be reduced by a symplectic change of coordinates to one of
the following equations:

hess f =1

A(f)—hess f =0

O(f) +hess f =0

if and only if the generalised Calabi—Yau structure associated is integrable and flat.

We refer to [12] for the proof. The idea is that the integrability condition implies
the existence of a ‘generalised” Kihler potential and the flat condition allows us to
choose a Darboux coordinates system in which this potential has a nice expression.

Lychagin and Roubtsov have proved an equivalent theorem in [44] using technics
of formal integrability. Theorem 3.9 is more restrictive since it only concerns non-
degenerate Monge—Ampere equations but it is worth mentioning that its statement
and its proof are much more simple and that it has a nice geometric meaning. We
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Table.3.4 (pSEUdO? . Almost (pseudo) CY | Elliptic MA
Calabi—Yau and elliptic —
Monge—Ampére structures (pseudo) CY Closed elliptic MA

Flat (pseudo) CY Locally constant elliptic MA

sum up in Table 3.4 the correspondence between (pseudo) Calabi—Yau structures and
elliptic Monge—Ampere structures.

3.5.4 Notes and Further Reading

The additional information about classification results for symplectic Monge—
Ampere structures, operators and equations (as it was mentioned in the text of the
lecture) one can find in our book [22], in the papers of B. Banos [6, 12] and R. Bryant-
Bryant. Another approach to integrability of symplectic Monge—Ampere operators
was proposed by E. Ferapontov and his collaborators [20, 21]. Their concept of
integrability is based on the integrability of systems so-called hydrodynamical type.
We should stress that the Monge—Ampere equations and operators integrable in the
hydrodynamical systems sense of Ferapontov correspond to degenerate (‘linear’)
orbits in Banos—Lychagin—Roubtsov classification table. In its turn, the Monge—
Ampere operators which correspond to Calabi—Yau-like structures (from our Table
3.4) are not integrable in hydrodynamical systems sense. These two different inte-
grability phenomena for Monge—Ampere operators and their relations should be a
subject of further studies.

3.6 Lecture Five

In this lecture, we shall discuss few recently discovered examples of various
geometric approaches to interesting and important applied model Monge—Ampere
equation appeared in geophysical dynamics—Dritschel-Viudez Monge—Ampere
equation. This equation appears to be an example of illustration of power and richness
of geometric methods described in previous chapters. We follow here are papers with
B. Banos and 1. Roulstone [7, 8], and use our results of [47]. The end of the lecture
is devoted to some examples of Special Kéhler and Special Lagrangian Monge—
Ampere structures and to B.Banos [11] of examples generalise complex geometry
applications to Jacobi first-order systems which are reduced in some cases to Monge—
Ampere equations.

In contrary to our notation principle, we do not use the standard ‘phase space
notations’ (g, p) for T*M local coordinates in this chapter and keeps the notations
which was originally used in the initial sources of examples.
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3.6.1 Bi-Lagrangian, Special Lagrangian, Special Kihler
and Monge-Ampere Equations

In [36], Theorem 2.4, Hitchin characterises special (pseudo) Kéhler manifolds as
manifolds that can be (locally) identified as bi-Lagrangian submanifolds of V x V,
where V is a symplectic vector space.

This is motivated by the example of special Kéhler subvarieties—an analogue of
special Lagrangian subvarieties in string theory.

We want to develop here an approach to splitting structures using a notion of
bi-symplectic structure on cotangent bundle 7*M which is also can be enabled with
an almost-complex structure.

Proposition 3.18 Consider a pair of real MAO A, i =1, 2. They are equivalent
(3.33) if they have the same bi-Lagrangian generalised solutions.

We remind that the Hitchin’s result (3.2.2.3) can be reinterpreted in terms of MAO.
We shall identify (V; ©2) with (C", 2) with  is the canonical Kihler form and the
real cotangent bundle 7*C" with C" @ C" correspondingly by the isomorphism

(x;y5p5q) > (x +iy; p—iq).

3.6.1.1 Special Lagrangian Manifolds and Symplectic MAO
n = 2. Hyperkdhler case

Let S be a K3 surface with a fixed complex structure I and Kéhler metric g. Then it
is a hyperkéhler manifold with possible choice of two other complex structures J and
K for which g is again a Kihler metric among the S!-family J cos 6 + K sin 6. The
period formof Sisaholomorphic (inI) 2-form Q2 = w, + iws, wherew, (., .) = g(J., .)
and w3(., .) = g(K., .). Recall that an oriented 2-dimensional submanifold ¥ C §'is
special Lagrangian with respect to the fixed symplectic two-form w; (., .) = g(L., .) if
itis wi-Lagrangian (w; |z = 0) and w3|x = 0.

It follows from the seminal paper [30] that this property of X is equivalent to be
a holomorphic curve with respect to the complex structure K.

As an example will consider a ‘toy model’ for the surface S its ‘noncompact’
analogue T*M.

Example

Let X be the U (1)-invariant special Lagrangian manifold of C? (see [30]) given by
the common level of
zz —ww = Cy; Re(zw) = C,.

Then in the real coordinates we have

ZZ{x2+p2_(y2+q2)=claxy_l7‘1=C2},Z=X+ip,w=y+iq.
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We will parametrize ¥ like a 2-dimensional surface
x:u,p:v,y2+q2=cl —(u2+V2)’”y_W] =G

such that the differentials are

§ 2 _ .2 2_y
WD gy =gy, dg = -2y - Yy,

dx =du,dp =dv,dy = — -
vy +qy yv+qu uv +qu uv +qu

Now we can easily check that
wxly = wily =0,

i.e. the surface X is a special Lagrangian submanifold for €2 and K. Performing a
partial Legendre transformation in the plane x, p obtain a dual surface ¥* such that

¥ = {2z —ww = C1; ImGzw) = Gy}

and which is also Q = wr-Lagrangian and gives a solution to MA operator given
by wy:
wylss = wlz- = 0.

Remark that both surfaces £ and X* are invariant with respect to full Legendre
transformations.

The other interesting feature of this solution surfaces is that they are served as
momentum-level surfaces for hyperkidhler momentum map. Namely, the group of
unit quaternions (which we are thinking of as SU(2)) acts by right and by left
multiplications. The first action commutes with I, J, K and the second rotates the
basic forms. Then, it is easy to write the hyperkdhler moment map for the quaternionic
action in our coordinates:

pm = 1/20il =iy + juo + kps = i{zz — ww} + jIm(zw) — k Re(zw).

We can recognise easily in the common momentum-level surfaces (u; = C;) N
(u3 = C3) and (u; = Cy) N (uy = C3) our MA generalised solutions ¥ and X*.

We should stress that there are also generalised solutions which are not special
Lagrangian with respect to 2. The interesting example of this sort is provided by the
following Seiberg—Witten curve & C C? such that & = {w2 —ch(z)+¢ = O}.

Itis astraightforward to check that wg |z = O (itis aminimal surface)but Q|g # 0.

n = 3. Special Lagrangian flat case

Let

n ' . /—_l n . .
g:Zdz’odZ’, ®=TZdz’/\dZ’, Y =dz' A...AdD"
i=1 i=1
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be the standard Kéhler metric, the Kihler 2-form and the holomorphic volume form
on C". The special unitary group SU (n) action leaves all three forms invariant. We
shall consider the identification C* = R?" via z; = x; + «/—_1yk; k=1,...n.

The forms w; = Re T and w; = Im 7" are real n—forms on R?".

Letn = 3. The form © transforms in the natural real symplectic form on T*R? =
R3 @ R3 and ¥ = w; + iw, is the holomorphic 3-form on C3. Let f : R3 — R be
a smooth function and df : R? — T*R3 be the corresponding section. The graph
of df is special Lagrangian if and only if f is a solution of the following pair of
Sp(3)—equivalent equations with Monge—Ampere equations with operatorsA,, , :

Ay, (f) = (1 — Hess, (f) — Hess, . (f) — Hess,, (f)) =0

and
A, (f) = A(f) — Hess(f) = 0.

The Sp(3)-equivalence of the equations A, ,(f) = 0 is given by the Fourier-
Legendre transformation (x,y,z, p,q,r) — (p,q,r, —x,—y, —z) of the corre-
sponding 3-forms w  :

wy=dx ANdyndz —dx Ndg ANdr+dy Adp Adr —dp Adg ANdz

and

wy=dpANdgNdr —dp ANdy Ndz+dx Ndg ANdz —dx Ndy Adr.

3.6.2 2d and 3d Rotating Stratified Flows—Dritschel-Viudez
Diagnostic MAEs

Recently, a new approach to modelling stably stratified geophysical flows was pro-
posed in [22, 23]. This approach is based on the explicit conservation of potential
vorticity and uses a change of variables from the usual primitive variables of veloc-
ity and density to the components of ageostrophic horizontal vorticity. This change
results in a Monge—Ampere-like non-linear equation with non-constant coefficients.
The equation gives the conditions for static and inertial stability and changes the type
from elliptic to hyperbolic.

3.6.2.1 2d Diagnostic Dritchel-Viduez MAE
It is written as

E (¢xx¢:: — ¢7.) + Ay + 2Boy. + Co.. + D =0, (3.86)
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with 1
E=1, A=1+0xz, B=§(9zz—9xx)
C=1-0,, D=0ub,—0.—w,
where 6 is a given potential and the dimensionless PV anomaly o may be also

considered as a given quantity (see the details in [22]).
The corresponding Monge—Ampere structure is

Q=dx ANdp+dzrdr
w=EdpANdr+ Adp Ndz+ B(dx ANdp —dz Adr) + Cdx Adr + Ddx Adz.

The pfaffian is pf @ = R with R the Rellich’s parameter:

5 A\’
Moreover, a direct computation gives
AO
do=d - A Q. (3.87)

3.6.2.2 3d Rotating Stratified Flows—Dritschel-Viudez MAE
Let us consider the 3d- Dritschel-Viudez equation [22]
(@ (@0 + Byy) = 02— 02 ) + A4 (dr + D)
+2B,®,. +2B,®,. +CP,. + D=0

with

A=1+0, B =1A¢p -0, B, = 1Ay -0,

C=1-0,D=0,Ap+0,Ay — VO — = E=1
where ¢ and v are potentials, ® = ¢, + ¥, and @ is the dimensionless PV anomaly

(see details in [22]).
The associated primitive form is
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w=EdxANdgndr—dyAndp ANdr)+ Ady NdzANdp —dx Ndz Adq)
+ Bi(dx ANdy Ndp +dy ANdz Adr) 4+ By(dx Ady Ndq —dx Adz Adr)
+ Cdx Ady ANdr + Ddx Ady ANdz

We can check directly that, independently of the coefficients,
Mw) = 0.

In other words, the Dritschel-Viudez equation is ‘degenerate’ (the underlying
Monge—Ampere geometry is degenerated) and it is, at each point, equivalent to a
linear equation.

Consider the generalising Rellich’s invariant R = AC — ED — 312 - Bzz. As in
the 2d case, this parameter separates elliptic and hyperbolic cases.

Indeed, the non-zero eigenvalues of g, are

A1 =2R
A =S+VS5?—4(1+ AH)R
A =8—+82—4(1+ AR

with § = R + 1 + A> + B} + B3. Therefore,

e if R > 0, then g, has signature (3, 0) and 3d-Dritschel-Viudez equation is elliptic
equivalent in each point to Au = 0;

e if R < 0, then g, has signature (1, 2) and 3d-Dritschel-Viudez equation is hyper-
bolic, equivalent in each point to Cu = 0.

There is an interesting and open question: what is an invariant meaning of
the 3d generalising Rellich’s invariant R = AC — ED — B? — BZ. Remind that
2d-Rellich’s invariant R = AC — ED — B?> of the Monge-Ampére equation
Aomega = 0 coincides with Pf(w).

Those readers who are interested in additional geometric investigation of 2d and
3d diagnostic Dritchel-Viduez MAEs to address our paper [8] in this volume.

3.6.3 Generalised Complex Geometry and Monge—-Ampeére
Structures

Proposition 3.19 To any 2-dimensional symplectic Monge—Ampere equation of
divergent type A, =0 corresponds a Hitchin pair (w,2) and therefore a
4-dimensional generalised complex structure.

Remark 3.22 Let L?> C M* be a 2-dimensional submanifold. Let 7, C T be its tan-
gent bundle and 7 C T* its annihilator. L is a generalised complex submanifold
(according to the terminology of [28]) or a generalised Lagrangian submanifold
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(according to the terminology of [14]) if T; & Tf is closed under J. When J is
defined by (3.13), this is equivalent to saying that L is a Lagrangian with respect to
2 and closed under R, that is, L is a generalised solution of A, = 0.

3.6.3.1 2d—Dritschel-Viudez Equation and Underlying Generalised
Complex Geometry

Relation (3.87) implies that 2d- Dritschel-Viudez equation is of divergent type since

. Ao
dlw+A2)=0 with A= -

and to any 2d Monge—Ampere equation A, = 0 of divergent type corresponds an
integrable generalised complex structure J,, : M 4 > End(TM & T*M) (see [12]).
It is defined by

Ay — A \ Q!
sz
2hw — (1 = R+ 23R

A— A%

This geometry, introduced by N. Hitchin and M. Gualtieri, generalises both com-
plex and symplectic geometries. It does not provide particular coordinates system but,
int the context of Monge—Ampere equations, it gives informations on conservation
law, which are a natural generalisation of first integral for differential equations.

A conservation law of A, = 0 is a 1-form o € Q' (M*) such that da|; = 0 on
any generalised solution L.

The Hodge-Lepage-Lychagin theorem implies that « is a conservation law if and
onlyifde = fw + g<2.The function f is called a generating function with conjugate
g and

L=(+ ig)’l(c) is a generalised solution of A, =0

It is proved in [12] that a function f is a generating function if and only it is
pluriharmonic on (M, J,,), that is

Example

f(x,z, p,r) = x is a generating function for 2d-Dritschel-Viudez equation with
conjugate function
gx,z,p,r) =@, +z+r.
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3.6.3.2 Generalised Complex Geometry and Jacobi Systems

Let us consider now an Hitchin pair of bivectors (s, IT) in dimension 4. Since IT is
non-degenerate, it defines two 2-forms w and €2, which are not necessarily closed,
and related by the tensor A. A generalised Lagrangian surface is a surface closed
under A, or equivalently, bi-Lagrangian: w|;, = 2| = 0. Locally, L is defined by
two functions u and v satisfying a first-order system

a+b3+c +d§—;+eg—;+fdetju_v=0
A+B§—Z+C§—§+D%+E§—;+Edeuw=0

_ dx dy
Juv =\ v o
dx dy

Such a system generalises both Monge—Ampere equations and Cauchy—Riemann
systems and is called Jacobi system (see [22]).

With the help of Hitchin’s formalism, we understand now the integrability condi-
tion (3.14) as a ‘divergent type’ condition for Jacobi equations.

with

3.6.4 Notes and Further Reading

The reference for 2d and 3d Dritchel-Viduez equation and the geophysical origins
of the diagnostic problems I refer [22, 23]. The details of Generalised Complex
geometry applications investigated and studied by B. Banos in [11].

Some other geometric methods in incompressible fluid dynamics can be found in
[7, 46, 48, 49].
One of the most interesting questions surrounding the subject is to uncover the
‘Higher’ geometry that lies behind the Monge—Ampere structures. A proposal for a
framework unifying the symplectic, multisymplectic and deformational methods in
the Monge—Ampere structures as well as a huge variety of geophysical applications
of these methods will be put forward in [45].

In a different direction, the relation between Lie and Courant algebroid structures
arising within the Monge—Ampere was constructed in [41] and in the PhD thesis of
P. Antunes (Ecole Polytechnique, 2010) [2].



3 Geometry of Monge—Ampere Structures 155

References

1.

2.

3.

10.

11.

12.

13.

14.

15.
16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.
217.

A. Andrada, 1.G. Dotti: Double products and hypersymplectic structures on R*!, Com-
mun. Math. Phys. 262 (2006), 1-16.

P. Antunes, J. Nunes da Costa: Nijenhuis and compatible tensors on Lie and Courant algebroids,
Journal of Geometry and Physics, 65 (2013) 66—79.

M. Audin: Lagrangian submanifolds, in “Symplectic geometry of integrable Hamiltonian sys-
tems”, (Barcelona, 2001), pp. 1-83, Adv. Courses Math. CRM Barcelona, Birkhiuser, Basel,
2003.

. G. Bande, P. Ghiggini, D. Kotschick: Stability theorems for symplectic and contact pairs,

Int. Math. Res. Not. 2004:68 (2004), 3673-3688.

. G. Bande, D. Kotschick: The geometry of symplectic pairs, Trans. Amer. Math. Soc. 358

(2006), 1643-1655.

. B. Banos, Non-degenerate Monge-Ampere Structures in dimension 3, Letters in Mathematical

Physics, 62 (2002) 1-15.

. B. Banos, V. Roubtsov, I. Roulstone, Monge-Amperte structures and the geometry of incom-

pressible flows, J. Phys. A, 49 (2016) 244003.

. B. Banos, V. Roubtsov, I. Roulstone, On the geometry arising in some meteorological models

in 2 and 3 dimension, This volume.

. B.Banos, V. Rubtsov Géométries intégrables et équations aux dérivées partielles non linéaires,

in preparation.

B. Banos, A. Swann: Potentials for hyper-Kéhler metrics with torsion, Class. Quantum Grav.
21,2004, 3127-3135.

B. Banos: Monge-Ampere equations and generalised complex geometry, the 2-dimensional
case, Journal of Geometry and Physics.

B. Banos: On symplectic classification of effective 3-forms and Monge-Ampere equations,
Diff. Geometry and its Applications, 19, (2003) 147-166.

J. Barrett, G.W. Gibbons, M.J. Perry, C.N. Pope, P. Ruback: Kleinian geometry and the N = 2
superstring, Int. J. Mod. Phys. A4 (1994), 1457-1494.

O. Ben-Bassat, M. Boyarchenko, Submanifolds of generalised complex manifolds, J. Sym-
plectic Geom. 2, 2004, No 3, 309-355.

R. Bryant: On the geometry almost-complex 6-manifolds, Asian J. Math. vol. 10, 2006, 561.
S. Chynoweth, M.J. Sewell: Dual variables in semigeostrophic theory, Proc. Roy. Soc. A, 424,
(1989), 155.

M. Crainic, Generalized complex structures and Lie brackets, 2004, math.DG/0412097.

A.S. Dancer, H.R. Jgrgensen, A. F. Swann, Metric geometries over the split quaternions,
Rend. Sem. Mat. Univ. Pol. Torino 63 (2005), 119-139.

S.K. Donaldson: Two-forms on four-manifolds and elliptic equations, Preprint
arXiv:math.DG/0607083 v1 4Jul2006.

B. Doubrov, B.E. Ferapontov, B. Kruglikov, V. Novikov: On a class of integrable systems of
Monge-Ampere type, J. Math. Phys. 58 (2017), no. 6, 063508, 12 pp.

B. Doubrov, E. Ferapontov: On the integrability of symplectic Monge-Ampere equations J.
Geom. Phys. 60 (2010), no. 10, 1604-1616.

D.G. Dritschel, A. Viudez: A balanced approach to modelling rotating stably-stratified geo-
physical flows, Journ. Fluid Mech. (2003).

D.G. Dritschel, A. Viudez: An explicit potential vorticity conserving approach to modelling
nonlinear internal gravity waves, Journ. Fluid Mech. (2000).

A. Fino, H. Pedersen, Y.-S. Poon, M.W. Sgrensen, Neutral Calabi—Yau structures on Kodaira
manifolds, Commun. Math. Phys. 248 (2004), 255-268.

D. Freed: Special Kéhler Manifolds, Comm. Math. Phys., vol. 203:1 (1999), p. 31-52.

H. Geiges, Symplectic couples on 4-manifolds, Duke Math. J 85 (1996), 701-711.

G. Grantcharov, Y.S. Poon: Geometry of hyper-Kéhler connections with torsion Comm. Math.
Phys. 213, 2000, No 1, 19-37.


https://arxiv.org/abs/math/0412097
http://arxiv.org/abs/math.DG/0607083

156 V. Rubtsov

28. M. Gualtieri, Generalized complex geometry, 2004, math.DG/0401221.

29. M. Gualtieri: Generalized complex geometry, 2004, math.DG/0401221.

30. R. Harvey and H.B. Lawson, Calibrated geometries, Acta. Math.148, p. 47-157, (1982).

31. N.J. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc. 55
(1987), 59-126.

32. N.J. Hitchin: Hypersymplectic quotients, Atti della Accademia delle Scienze di Torino, Classe
di Scienze Fisiche, Matematiche e Naturali, 124 Supp. (1990), 169-180.

33. N.J.Hitchin: Metrics on moduli spaces, in “The Lefschetz centennial conference, Part I (Mexico
City, 1984)”, Contemp. Math., vol. 58, Amer. Math. Soc., Providence, R.I., (1986), 157-178.

34. N. Hitchin: The geometry of three-forms in six and seven dimensions, Journal of Differential
Geometry, 56 (2001).

35. NJ. Hitchin: The Moduli Space of Complex Lagrangian Submanifolds, Asian J. Math. vol.
3:1, 1999, 77-92.

36. B. Hoskins: The geostrophic Momentum Approximation and the Semi-geostrophic Equations,
Journal of the atm. sciences, vol 32, n® 2 (1975).

37. D.D. Joyce, Compact manifolds with special holonomy, Oxford Math. Monographs, Oxford
University Press 2000.

38. A.A. Katanova, Explicit form of certain multivector invariants, Advances in Soviet mathemat-
ics, vol 8, 1992.

39. M.A. Knus: Quadratic and Hermitian forms over rings, Springer Verlag, Berlin, 1980.

40. M. Kontsevich, Y. Soibelman: Affine structures and non-Archimedean analytic spaces, in “The
unity of mathematics”, pp. 321-385, Progr. Math., 244, Birkhéduser Boston, Boston, MA, 2006.

41. Y. Kosmann-Schwarzbach, V. Rubtsov: Compatible structures on Lie algebroids and Monge-
Amp‘ere operators, Acta Appl. Math., 109 (2010), no. 1, 101-135.

42. D. Kotschick, Orientations and geometrisations of compact complex surfaces, Bull. London
Math. Soc. 29 (1997), 145-149.

43. Lychagin V.V., Rubtsov V.N. and Chekalov I.V.: A classification of Monge-Ampere equations,
Ann. scient. Ec. Norm. Sup., 4 eéme série, t.26, 1993, 281-308.

44. V.V.Lychagin, V.N. Roubtsov and I.V. Chekalov, A classification of Monge-Ampere equations,
Ann. scient. Ec. Norm. Sup., 4 éme série, t.26, 1993, 281-308.

45. J. McYorist, V. Roubtsov, I. Roulstone, M. Wolf, On the Monge-Amere Geometry of Incom-
pressible Fluid Flows, in progress, 2018-2019.

46. V. Roubtsov, I. Roulstone: Examples of quaternionic and Kihler structures in Hamiltonian
models of nearly geostrophic flow., J. Phys. A, 30 (1997), no. 4, L63-L68.

47. V. Roubtsov, I. Roulstone: Holomorphic structures in hydrodynamical models of nearly
geostrophic flow, Proc. R. Soc. Lond. A, 457 (2001).

48. 1. Roulstone, B. Banos, J.D. Gibbon, V. Roubtsov: A geometric interpretation of coherent
structures in Navier-Stokes flows, Proc. R. Soc. A, 465, (2009,) No 1, 2015.

49. 1. Roulstone, B. Banos, J.D. Gibbon, V. Roubtsov: Kihler Geometry and Burgers? Vortices,
2009, Proceedings of Ukrainian National Academy Mathematics, 16 (2). pp. 303-321. (in
honour of the 60th birthday of I. S. Krasil?schik.)

50. S. Salamon, Riemannian geometry and holonomy groups, Pitman Res. Notes, Longman 1989.

51. L. Schifer, Géométrie ¢¢* et applications pluriharmoniques”, DPhil Thesis, Nancy.

52. M.Stenzel: Ricci-flat metrics on the complexification of a compact rank one symmetric space.,
Manuscripta Math. 80 (1993), no. 2, 151-163.

53. EJ.Turiel, Classification locale simultanée de deux formes symplectiques compatibles, Manun-
scripta Math. 82 (1994), 349-362.

54. M. Verbitsky, A minicourse on Kihler geometry(Tel-Aviv University, December, 2010) Slides
are here http://verbit.ru.

55. E.B. Winberg, V.V. Gorbatsevich and A.L. Onishchik, Lie groups and Lie algebras III, structure
of Lie groups and Lie algebras Encyclopedia of mathematical sciences, vol 41, 1994.

56. Xu, Feng: Geometry of SU(3) manifolds. Thesis Ph.D., Duke University., 2008. 118 pp.

57. Xu, Feng: On instantons on nearly Kahler 6-manifolds, Asian J. Math. 13 (2009), no. 4, 535-
567.


https://arxiv.org/abs/math/0401221
https://arxiv.org/abs/math/0401221
http://verbit.ru

Chapter 4 ®
Introduction to Symbolic Computations oo
in Differential Geometry with Maple

Sergey N. Tychkov

4.1 Introduction

We discuss here computations in differential geometry with Maple. Our primary tool
for that will be the package Differential Geometry (DG for short), which contains a
lot of facilities to perform computations with vector fields, differential forms, tensors,
Lie algebras etc.

We use a built-in version of the package, which is a bit out of date, though its
more optimized and faster than the latest version. The latter can be found on the web
page [1].

All Maple codes presented in these lectures is typed in the classic worksheet
mode.

A comprehensive introduction to programming in Maple will not be given in these
lectures. We discuss only the necessary functions briefly when needed.

However, at the end of each section, there are few exercises, which require knowl-
edge of the Maple programming language. Nevertheless, we recommend to do them.

All commands begin after the standard Maple prompt >.

4.2 Basic Setup

The first command in all our programs will be the following:
> restart;
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V. A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences,
65 Profsoyuznaya street, Moscow 117997, Russia

e-mail: sergey.lab06 @ gmail.com; sergey.lab06 @yandex.ru

© Springer Nature Switzerland AG 2019 157
R. A. Kycia et al. (eds.), Nonlinear PDEs, Their Geometry, and Applications,

Tutorials, Schools, and Workshops in the Mathematical Sciences,
https://doi.org/10.1007/978-3-030-17031-8_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-17031-8_4&domain=pdf
mailto:sergey.lab06@gmail.com
mailto:sergey.lab06@yandex.ru
https://doi.org/10.1007/978-3-030-17031-8_4

158 S. N. Tychkov

Generally, it is a good idea to put command restart in the beginning of a
worksheet, because it guarantees to achieve reproducible results on each rerun of
a worksheet.

> with(DifferentialGeometry) ;

The command with imports functions and submodules from a given package
(DifferentialGeometry in our case). After execution of this command, Maple shows
the list of all imported objects. These objects are now accessible for immediate usage.
If we do not want to import objects into the scope of our program, we use the following
syntax package [object] or package: -object to access object.

Sometimes, it is convenient to hide the output of a command, i.e., the list of
imported functions and modules, which can be rather long. In such case, we put the
colon instead of the semicolon at the end of line.

In order to start computations with the Differential Geometry package, we should
initialize DG by calling function DGsetup. It has many forms, but now we need
only the simplest one.

The following command defines a manifold M with local coordinates x and y.

> DGsetup([x, y], M, verbose); With the given parameters, it gen-
erates the output:

The following coordinates have been protected :
[x, y]
The following vector fields have been defined and protected :
[D_x, D_y]
The following differential 1 — forms have been defined and protected :
[dx, dy]
frame name : M

The first argument is the list of local coordinates. The second argument is a
name of the manifold M (actually it is a name of a frame). The optional verbose
argument asks DG to show additional info. The quiet option is also possible (it is
set by default). The names x, y are now protected and cannot be assigned. After this
command, the prompt changes to > M, where M indicates the current frame.

Since DGsetup protects names for coordinates, the following command fails.

M > x := 1;

Error, attempting to assign to ‘x‘ which is protected. Try declaring ‘local x*.

Unfortunately, the following commands do not raise an error. So, we should be
careful and not to make such assignments.

M > dx := 0
M > D X

M > M := 0;
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The symbols D_x, D_y denote the basis vectors d, and d,, respectively. And the
symbols dx, dy denote the basis of the cotangent space T*M. Please note that, we
must use the function evalDG () to create a Differential Geometry object.

For example,

M >X := evalDG(D_x - D_y);
R evalDG(-y * Dx + x * D_y);
S evalDG(x * Dx + y * D_y);

X =D x—-D_y
R:=—yD x+xD_y
S:=xD_x+yD_y

We can look into the internal representation of objects with the procedure 1print
(linear print).

M > lprint(X);
_DG([["vector”, M, [11, [[[1], 1], [[2], —111D)

As we see, DG objects are implemented as nested lists with the prefix _DG.
Let us try to subtract d, from the vector X.
M > Z0 := X - D_x;

Z0:=D_x—D_y—D_x

The result is not simplified and moreover, it is not calculated correctly.
M > lprint(z0);

_DG([["vector”, M, 1, [1[1], 11, [[2], —1111) — _DG([["vector", M, [1], [[[1], 111D)

As lprint shows us that we did not get a proper DG object. To make DG
perform operations correctly, the command evalDG () must be used.
M > 71 := evalDG(X - D_X);

Zl:=—-D_y

On the other hand, the command

M > Y0 := X - X;
Y0:=0

evaluates correctly (even without evalDG). But the rule of thumb is to use
evalDG always.
Now, we define a covector field
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M > omegal := dx;
wl :=dx

lprint shows that we created an object with type form.
M > lprint (omegal) ;

_DG[" form", M, 1], [[[1], 1111)

Of course, we can reuse names x and y for coordinates in the other frame.
M > DGsetup([x, vy, z]l, E, quiet);

frame name :E

Suppose we try to use an assigned name as coordinate in DGsetup.
E > w := 1;
E > DGsetup([x, y, w], C, quiet);

Error, (in Differential Geometry : —DGsetup) invalid arguments

Error, because we have assigned a value to the variable w.

4.2.1 Subpackage Tools

Here, we discuss the subpackage Tools, which contains commands useful for the
development our own functions or packages on top of the DG package.

The first command we discuss is DGinfo, which gives information about all
kinds of DG objects. The functions have two parameters. The first one is a DG object
and the second is a keyword string.

First, let us look at the ways of obtaining information about frames. Consider the
following command.

E > frames := Tools:-DGinfo ("FrameNames") ;
frames ;= [E, M)
This returns a list of frame names we have defined before. Note that in this case,

only one parameter for the keyword is passed.
Get the current frame we work with.

E > currframe := DGinfo("CurrentFrame") ;

currframe := E
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Get dimension of the base

E > DGinfo (M, "FrameBaseDimension") ;

2

Of course, commands may be combined

E > DGinfo(DGinfo ("CurrentFrame"), "FrameBaseDimension") ;

Switching between frames is possible with the command ChangeFrame. It
returns the name of the previous frame.
E > ChangeFrame (M) ;
E

We can remove the frame with the command RemoveFrame, which returns as
a result in the number of frames left after removal.

M > RemoveFrame (M) ;

Many forms of DGinfo work without providing the frame. In this case, it retrieves
information about the current frame. For example, keyword FrameBaseVectors
obtains the list of basis vectors.

E > DGinfo ("FrameBaseVectors") ;

[D_x,D_y, D_z]

Command evalDG is not the only way to define a DG object. The command
DGzip () is a convenient tool to create DG objects, especially, large ones. The first
argument is a list of coefficients, the second one is a list of DG objects such as vectors,
and the third is a name of the operation. The possible operation names are "plus",
"wedge", and "tensor".

E >DGzip( [1, 2, 3], [dx, dy, dz], "plus");

Omega := DGzip([dz, dy, dx], "wedge");
T := DGzip([dx + dy, dz], "tensor");

dx 4+ 2dy + 3dz
Q:=—dx ANdy Ndz
T :=dxdz+dydz

If we omit the last parameter DGzip will use "plus" by default.
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Instead of enumerating a covector basis, we can use a command such as
DGinfo ("FrameBaseForms").

E > alpha := DGzip( [f, g, h], DGinfo ("FrameBaseForms")) ;

o= fdx + gdy + hdz

There is also a function for creating DG objects with zero coordinates. To create
a zero vector use DGzero ("vector"), the keywords "form" and "tensor"
are possible too.

DGinfo can obtain data from a particular DG object. We can get the list of
coefficients of a given form, vector, or tensor using the keyword Coefficient-
List.

For example, the command

E > DGinfo(alpha, "CoefficientList", [dx, dz]);

Lf, Al
returns the list containing coefficients of the form « at the basis forms dx and dz.
If we need all coefficients we use the keyword "all" instead of a list.

E > DGinfo(V, "CoefficientList", "all");

Lf, g, hl

In the conclusion of this section, we consider the function GetComponents,
which calculates the coefficients of a DG object with respect to a list of DG objects
of the same type.

Let X be a list of vector fields defined as follows.

E > X := evalDG([D_x+D_z, D_x-x**2*D_y, y**2*D_vy]);
X :=[D_x+D_z, D_x —x*D_y, y*D_y]
Then, the components of a vector Y with respect to the vectors X[1] can be

calculated with the command GetComponents (Y, X).
For example,

E > GetComponents (evalDG( (x**2-y)*D_x + y*D_z), X);

2_2 2
[y, 22y, u}
y

Also, we can decompose a list of DG objects at once.
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Consider a list of differential 2-forms £.

E> f := evalDG([z * dx &w dy + x * dz &w dx,
x * dy &w dz - y * z * dx &w dz,
X *y *dz &w dx + z * dx &w dy ]1);

f = [dx Ady, —y?dx ndz + xdy Adz, Tdx Ady — Z2dx A dz]

The command

E > GetComponents (evalDG([dz &w dx, dx &w dy, dy &w dz]), f);

computes coordinates in the given basis of a 2-forms list

?

y 1

107_ )
de—D Uy—D]

Yz -1 Yz

eo-n" TREo-D”

1 1

— ,0, .
[XW—D XO—UH

Exercises

. Implement a function Sum, which calculates the sum of two DG objects. (Hint:

use DGinfo with the keyword CoefficientList.)

. Write a function, which for a list of vectors X and a symbol a generates the
vectoral*X[1]+...+an*X[n]. (Hint: the commands seq and add may be
useful.)

. Usingcommands DGz ip,DGinfoimplementafunctionhook (vec, covec),

which applies a differential form covec to a vector vec.

. Implement a function extDiff, which calculates the differential of a given

function.

. Extend the function extD1i f f from the previous exercise so it can calculate the

exterior differential of a differential 1-form.

. Write a function commu t, which calculates the commutator of two given vector

fields.

. Using results of the previous and third exercise implement calculations of the

Lie derivative of functions and 1-forms.

. There is a function DGvolume, which generates a volume form, i.e., a form

of maximal degree with a given expression as a coefficient. Using functions
evalDG and DGinfo implement such function by yourself.
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9. Write your version of the function GetComponents, (Hint: the built-in com-
mand solwve can be useful.)

4.3 Calculations with Vectors and Forms

In this section, we discuss tools for computations with vector fields and differential
1-forms.
Let us define a three-dimensional manifold M,

DGsetup([x, v, z]l, M):
frame name : M

two lists of vector fields:

M >X := evalDG([ D_x, D_y, D_z,
x * Dy -y * D x,
vy * Dz - * D vy,

z
z *Dx - x * D_z,
X *DxXx+y *Dy+2z *D.z ]);

Y := evalDG([ (y + z)**2 * D_x,
(x + y)**2 * D_z,
(z + x)**2 * Dy 1);

X:=[D_x,D_y, D_z, xD_y—yD_x,
yD_z—2zD_y, zD_x —xD_z, xD_x+ yD_y +zD_z]
Y:=[(y+2>D_x, (x+y)*D_z, +x)?>D_y],

and a list of differential 1-forms:

M >w := evalDG([dz - v * dx, dy + u(x, y) * dz,
DGzip(la,b,cl(x,y,z), [dx, dy, dzl) 1):

w = [—ydx +dz, dy +u(x, y)dz, a(x,y,2)dx + b(x, y,2)dy + c(x, y, z)dz ]

It is worth to note the syntax we used to define a list of arbitrary functions. Namely,
[a,b,c](x,y,z) isequivalentto [a(x,y,z), b(x,y,z), c(x,y,z)].

The Lie bracket of two vector fields can be computed with the command
LieBracket.

M > LieBracket(X[1], XI[3]);
M > LieBracket(Y[1l], YI[2]);
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0D _x
2(x+ )’ +2)D x+2(y +2)*’(x +y)D_z

Note that, a null vector is denoted by 0 D_x, not by 0.

The function ExteriorDerivative which calculates the exterior derivative
of a differential form and a function.

For example,

M > df := ExteriorDerivative(f(x,vy,z,p));

d d 0
df = (—3 fx,y,z, p)) dx + (—f(x, Vs 2, p)) dy + (—f(x, v, 2z, p)) dz
X ay 9z

Recall that a built-in function map transforms a list [al
function f into the list [f (al) , ,f(an)].

The following command calculates the exterior derivative of a list of forms w
M > h :=

. ,an] with a given

map (ExteriorDerivative, w);

0 0
h:=|dx Andy, | —u(x,y))dx Adz+ | —u(x,y) )dy ndz,
ox dy

9
<—C(x y,2) — —a(x v.z) | dx ndz+

(aa b(x,y,z) — —a(x Vs z)) dx Ndy+

d 0
—c(x,y,2) — —b(x,y,2) )dy Ndz
ay 0z

We obtained a list of 2-forms, which we can differentiate in the same way as we
did before and get zeroes.

M > h2 := map(ExteriorDerivative, h);

=[0dx Ady Andz, 0dx ANdy ANdz, 0dx ANdy A dz]

Now, we are going to study how to define our own functions on the top of the
DG package. Let us define our own function, which maps a vector field X to the
commutator [ X, a(x)dx + b(y)d, + c(z)9d;], wherea, b, and c are arbitrary functions.

M > customLieBracket :=

X -> LieBracket(X, a * Dx + b * Dy + ¢ * D_z):

We called our function customLieBracket. Let us check how it works
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M > customLieBracket (X[1]);
M > customLieBracket (X[2]);
M > customLieBracket (X[7]);

0D_x
0D _x
—aD_x —bD_y—cD_z

Now instead of calling our function with each element of X, we can find all
commutators with the list X at once using the command map.

M > X0 := map(customLieBracket, X);

X0:=[0D_x,0D_x,0D_x, bD_x —aD_y,
cD_y—-—bD_z, —cD_x+aD_z, —aD_x —bD_y — cD_z]

There are many null vectors in the list Y. So let us make a function that filters
out zeroes from a list of vectors. We call this function al1ButZero and here is the
definition.

M > allButZero := T -> remove (X ->
Tools:-DGequal ( [Tools:-DGzero("vector")]l, [X] ), T):

Applying function al1ButZero to the list X0, we should obtain a list with null
vectors.

M > allButZero(XO0);
[bD_x —aD_y, cD_y —bD_z, —cD_x+aD_z, —aD_x —bD_y — cD_z]
Now, let us develop a function that computes all pairwise Lie brackets of a given

list of vector fields. For the obvious reasons, it is called derive0.

M > deriveO := V -> ([ seqg(seqg(LieBracket (V[k], VI[j]l),
j=1..k-1), k = 1..nops(V)) 1):

Test it on different input data.

M > deriveO([]);

M > deriveO([D_x1);

M > deriveO([D_x, D_vyl);
M > derive0 (X);
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(1
(1
[0D_x]
[0D_x, OD_x, OD_x, —D_y, D_x, 0D_x, OD_x, —D_z, D_y, zD_x—
xD_z, D_z,0D_x, —D_x, zD_y —yD_z, —yD_x+
xD_y, —D_x, —D_y, —D_z, 0D_x, 0D_x, 0D_x]

? Exercises

Explain, why the second call gets an empty list and not a one element list with zero
in it.

Now using allButZero, we can implement a slightly better version of the
function derive. The new version is called derivel.

M > derivel := A -> allButZero(deriveO(A)):
Let us see how it works.

M > derivel(evalDG([D_x, Dy, x * Dx + v * D_vyl));
M > derivel (X);

[-D_x,—D_y]
[-D_y, D_x, —D_z, D_y, zD_x —xD_z,
D _z,—-D_x,zD_y—yD_z, —yD_x+xD_y, —D_x, —D_y, —D_z]

Clearly, the function derivel works better than derive0, but it has an obvi-
ous shortcoming. Its result is not necessarily a list of linearly independent vec-
tors. To overcome this difficulty, we are going to use the function DGbasis,
which for a list of vectors L calculates a sublist S such that span(S) = span(L)
and vectors S[1],...,S[n] are linearly independent. Also we add the option
method="real", which asks DGbasis to consider vectors over real numbers.

M > DGbasis (derivel (X), method = "real");

[-D_y, D_x, —D_z, zD_x —xD_z, zD_y — yD_z, —yD_x + xD_y]

Please note that, DGbasis will produce a drastically different result without this
option provided.

M > DGbasis (derivel (X)) ;

[-D_y, D_x, —D_z]
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Now, we are ready to write the final version of the derive function.
M > derive := A -> DGbasis(derivel(A), method = "real"):
Once again test it.
M > derive (X);

[-D_y, D_x, —D_z, zD_x —xD_z, zD_y — yD_z, —yD_x + xD_y]
Now, we can apply it twice to the list X to get the second derivative of the Lie

algebra generated by the vector fields X.

M > derive(derive (X)) ;
[D_z, D_x, D_y, —yD_x+xD_y, —zD_y+yD_z, zD_x — xD_z]

Now, we should make the next step and implement a function that applies derive
on a list T of vectors n times (n > 0).

The idea is to use the obvious definition:
derive (T),ifn=1
deriveN(derive (T), n - 1), otherwise.

deriveN(T, n)
deriveN (T, n)

Hence, implementation is straightforward

M > deriveN := (T, n) ->
‘if'(n = 1, derive(T), deriveN(derive(T), n - 1));

Let us see how it works

M > deriveN(evalDG([D_x, D_vy]), 1);
M > deriveN (X, 2);
M > deriveN(X, 20);

[

[D_z, Dx, D_y,—yD x+xD_y,—zD_y+yD_z,zD_x —x D_z]
[D_z, D_x, D_y,—yD_ x+xD_y,—zD_y+yD_z,zD_x —x D_z]

Note that, the third and second outputs are identical.

Now, recall that the Lie derivative of a function f along the vector field X can be
calculated as follows X (f) = Y7, X' f.i. At first, we consider a naive implemen-
tation called LieDer.

Also, we import the package Tools for convenience.

M > with(Tools):
M > LieDer:= (X, f) ->foldl('+', 0, op( zip('*",
DGinfo (X, "CoefficientList", DGinfo ("FrameBaseVectors")),
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map (v -> diff(f, v), DGinfo ("FrameIndependentVariables") ))));

To make this implementation more clear, we should recall how the functions
foldl, opand zip work. fo1d1 has an arbitrary number of arguments, but not less
then three. Given arguments £, x0,...,xn, itevaluates £ (£. .. (£ (x0, x1)...),
xn) . The command op transforms any list, set, or expression into the sequence. For
example, op ([a, b, c]) will give a, b, c. zip does “gluing” of two lists into one
using a given binary function. Forexample, zip (£, [a,b,c], [x,y,z]) will
produce [f(a,x), f(b,y), f(c,z)].

Note that, LieDer is written in a quite universal way. It uses the command
DGinfo to obtain all the needed data, so it does not depend on an actual frame.

Let us test how it works.

M > LieDer (evalDG (D_x+D_vy+D_z), z*y*x);
yZ+zx + 2y

The command Hook calculates the interior product of a vector (or a list of vectors)
and a differential form.

For example, calculate dx(d,) and dx(d,)

M > Hook( D_x, dx );

M > Hook( D_y, dx );

0
Let us look at a more general example. Calculate the value of a form fidx +
frdy + f3dz on a vector a;d, + azd, + azd,
Hook ( DGzip(lal, a2, a3], [D_x, D_y, D_zl),
DGle([flr f2, f3], [dX, dy’ dZ]) );

al f1+a2 f2+a3 f3

The command Hook can calculate the internal product of a vector with a 2-form
and a 3-form.

Hook (evalDG (a*D_x + b*D_vy), evalDG(dx &w dy));
Hook (evalDG(a*D_x + b*D_y + c*D_z), evalDG(dx &w dy &w dz));

—bdx +ady
cdx Ndy —bdx Ndz+ady Ndz

It also possible to insert a list of vectors into a differential form.
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Hook (evalDG ([a*D_x, b*D_vy, c*D_z]), DGvolume("form", 1, M));
The latter command is equivalent to the following:

Hook (evalDG (c*D_z), Hook(evalDG (b*D_v),
Hook (evalDG (a*D_x), DGvolume("form", 1, M))));

The result is the same abc in both cases, of course.

After acquainting with the command Hook, we are able to write a function for
computing of the Lie derivative of a 1-form. We will use Cartan’s formula L x (w) =
tx(dw) + d(tx f). We implement this formula as function LieDerForm.

LieDerForm := (X, f£) ->

evalDG (Hook (X, ExteriorDerivative(f)) +
ExteriorDerivative (Hook (X, f)));

Note that, we have to use evalDG because of the addition.
A simple test:

LieDerForm(evalDG (x*D_x+y*D_v) ,evalDG(f (x,y) *dy+g (v, z) *dz) ) ;

9 9 9
(a_f (x, y)) y+ fx,y)+ (—f (x, y)) xdy + (—g o, z)) ydz
y ax ay

The DG package has its own function LieDerivative for calculating Lie
derivatives of all kinds of tensors.

LieDerivative(x * Dx + vy * Dy, f(x,y) * dy + g(y,z) * dz);

This instruction produces the same result as our function LieDerForm.
As an example, let us apply all vectors from the list X to an arbitrary n-form
(n = 3 in our case).

map (T->LieDerivative (T, DGvolume ("form", f(x,y,z), M)), X);

d d
[—fdxAndyANdz, —fdx ndy ANdz,
dax ay
a 0 d
—fdxANdyAndz, (—y—f +x—f)dx ndy Andz,
0z ox dy
0 0
(—z—f+y—f)dx ndy ANdz,
ay 9z
d a
z—f —x—f)dx ndy ndz,
dax 0z

d d 0
Bf+x—f+y—fFf+z—f)dx Ady ndz]
ax ay 0z
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Define the metric tensor

g0 := evalDG(dx &s dx + dy &s dy + dz &s dz):
Note that to define symmetric product, we use symbol &s.

Hook can be used to calculate the scalar product of two vectors.
Hook (evalDG([a*D_x+b*D_z, c*D_y + d*D_z]), g0);

db

4.3.1 Computing Symmetries

Consider the following problem. Let M be a spherical layer M = S? x R with the
metric g = dx? + sin’x dy? 4+ dz*. We want to find conformal symmetries of this
metric, i.e., such vector fields T that Ly g = A g for some function A.

The first thing we should do is to define the metric.

M>gs := evalDG(dx &s dx + sin(x)**2 * dy &s dy + dz &s dz):
And an unknown vector field and the Lie derivative of the metric along with it.

M>T := DGzip([a, b, cl(x,v,z), [D_x, Dy, D_z]):
M>LD := LieDerivative(T, gs):

Then, the condition we want to be satisfied is of the form
M>cond := evalDG(LD - lambda(x,y,z) * gs);

Now, we must extract coefficients from the expression cond. We should use the
command DGinfo with the keyword "CoefficientSet" because we do not
want identical coefficients.

M>condsys := DGinfo(cond, "CoefficientSet", "all");

Thus, we obtained the system of six equations
. ab . :
condsys := {sin(x) | 2 3 sinx —Asinx +2acosx |,
y

et L2 la a2l P Lar Ly
—c+ —a, — —a, — —c,——cos“x+ —a+ —b,
ax 9z ax 9z ax dy ax

b, N d N ] b
——Co8S" X + —c+ —
0z dy 9z
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This is an overdetermined PDE system, and if we try to solve it with the command

solve:
M > pdsolve(condsys, [a,b,cl(x,vy,2));

we get the message that this system is inconsistent. Unfortunately, pdsolve is
ong, because in many cases, it cannot solve systems with a functional parameter.
avoid this obstacle, we have to directly eliminate A from the system.

M> lambdarestr := solve(condsys[l],lambda(x,y,z));
condsys2 := eval (condsys, lambdarestr);

(a%b (x,y, z)) sin (x) +a (x, y, z) cos (x) 9
ondsys2 := 10, — - — —a(x,y,2),
sin (x) 0x

(%60 y.0)sin@ +aw, v 008 g
=2 == . +2—c(x,y,2),
sin (x) 0z

i) ) (a ) ,
c(x’yvz)+ a(xvy’z)’_ b(x»va) (COS()C)) +
ax 0z ax

3 9 <a ) ,
_a(x7y’Z)+_b(X,y,Z),— _b(-xayaz) (COS(X)) +
ay 0x 0z

0 0
—c(x,y,2)+ —b(x, y,z)}
ay 9z
Now, the solution is easy to obtain.
M>solution := pdsolve(op(2..6, condsys2));

solution = {a (x,y,2) = (C6sinx + (_C7siny+_C8cosy)cosx)e *+
e“(_C4siny+ _C5cosy)cosx +e“sinx_C3+_C2cosy—+ _Cl siny,

_C4e*cosy —e*siny_C8+e*cosy_C7—e’siny_C5 .
sin x

b(x,y,z)=

_Clcosy—_C2siny . .
” +_C9,¢(x,y,2) = ((_C7siny+ _C8 cosy)sinx
an x

—_C6cosx)e “—e*(_Casiny+ _C5cosy)sinx +e“cosx_C3 + _ClO}



4

Introduction to Symbolic Computations in Differential Geometry with Maple 173

Here, _C1, ..., _C10 are arbitrary constants. Note that ,pdsolve uses prefix ‘_’

to distinguish them from user-defined names. Thus, we obtained a ten-dimensional
Lie algebra of symmetries.

Now, we can compute the infinitesimal symmetry.
Tsol := simplify(eval (T, solution));
Let us check if we got the conformal symmetry we looked for.

M > test := evalDG(LieDerivative(Tsol, gs)-lambda(x,y,z)*gs);
M > testCoeffs := DGinfo(test, "CoefficientList", "all");
M > simplify(eval (testCoeffs, eval (lambdarestr, solution)));

[0, 0, 0]

We omitted the output of all but the last command. The obtained list of zeroes

means that we have solved the PDE system correctly.

? Exercises

9}

. One can note that our implementation of der iveN will not work correctly if we

pass 0 as the second argument. Fix the implementation of the function so it can
process O correctly. Then, rewrite this function so it can deal with any possible
expressions as parameters. (Hint: use the built-in commands error and type.

. If we try to run the command deriveN (T, 200), it will take a considerable

amount of time to finish calculations. Propose methods to improve the perfor-
mance of deriveN.

. Given a list of vectors T = [T1,...,Tn], which form a Lie algebra, write

a function that tests if the Lie algebra is nilpotent. (Hint: the Lie algebra is not
solvable if nops (deriveN(T, k)) = nops(deriveN(T, k + 1))
for some k > 0.

. Write your own implementation (based on LieDer) of ExteriorDeriva-

tive, which works only with functions. Try to make it as short as possible.

. Implement the function LieDer in a more natural way. (Hint: use Hook.)
. Try to write a function, which can determine if a given list of vector fields forms

a Lie algebra.

4.4 Transformations

In

this section, we discuss such DG objects as transformations. We begin with a

simple example of transformations defined by the vector fields.
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Define a coordinate frame E2 on a two-dimensional plane.

> with(DifferentialGeometry) :
> DGsetup([x, y], E2);

frame name : E2

Consider the following vector fields on the 2D plane.

E2 > S
R

evalDG( x * Dx +y * Dy );
evalDG( x * Dy -y * D_x );

S:=xD_x+yD_y
R:=—yD_x+xD_y

With the command Flow, we can calculate the one-parameter group of diffeo-
morphisms of a vector field. The first argument of F1ow is a vector field, the second
is a symbol denoting parameter of the transformation.

E2 >Sc := Flow(S, t);
Rt := Flow(R, t);
Sc:=[x=xe,y=ye]
R:=[x=—ysin(t) +xcos(t), y = ycos(t) + xsin (¢)]

The command F1ow creates a DG object of the transformation type. Though the
result can look like a list of equalities, it has a complex internal structure. Let us look
into this object with 1print.

E2 > 1lprint(Sc);

_DG([["transformation", [[E2, 0], [E2, 0]], [], [Matrix(2, 2,
(1,1) = exp(t), (2, 2) = exp(t), datatype = anything, storage
= rectangular, order = Fortran_order, shape = [])]],

[[x * exp(t), x], [y * exp(t), y1I])

We see that Sc is a DG object of the type "transformation", which present
a mapping from the manifold E2 into itself (Fig.4.1).

We can calculate the image of a point under the action of the transformation. with
the command ApplyTransformation (Fig.4.2).

Consider examples:

1. rotate the point (1, 1) on the angle %,

E2 > eval (ApplyTransformation(Rt, [1, 11), t=Pi/4);
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Fig. 4.1 Trajectories of the
vector field Sc

Fig. 4.2 Trajectories of the
vector field Rt

N
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[0.v2]

2. scale the point (0, 0)

E2 > ApplyTransformation(Sc, [0, 0]);

[0, 0]

3. scale the point (1, 1)

E2 > ApplyTransformation(Sc, [1, 11);

[ ¢

With ApplyTransformation, we are able to plot trajectories of vector

fields. Recall that a call map2 (£, a, [al,..., an]) evaluates to the list
[f(alal)l"'l f(a,an)]
E2 > trajSc := map2 (ApplyTransformation, Sc,

[seg([cos (p*2*P1/24), sin(p*2*Pi/24)], p=0..23)1):
E2 > plot( map( tr->[op(tr),t=-infinity..1], trajSc) );

E2 > trajRt := map2 (ApplyTransformation, Rt,

[seqg([p, 0], p=0..10)1):
E2 > plot(map(tr->[op(tr), t=0..2*Pi], trajRt));

Define a vector field X as a linear combination of the vector fields S and R.

E2 > X := evalDG(S/3 + R);

X = (g—y)D_x+<x+§)D_y

Calculate a flow of X.

E2 > Xt := Flow(X, t);

t/3

Xt = [x =e'/3 (—ysin(t) +xcos(t)), y=—e’’ (—ycos(t) — xsin (t))]

E2 > trajXt := map2 (ApplyTransformation, Xt,
[sea ([0, pl, p=0..10)1):
E2 > plot(map(tr->[op(tr), t=0..7], trajXt));

There is a command InfinitesimalTransformation, which is inverse
to the function F1ow. With it is possible to compute the Lie algebra of infinitesimal
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Fig. 4.3 Trajectories of the T
linear combination of Rt and T
Sc T

generators for an action of a Lie group on a manifold. The first argument is a trans-
formation object, the second one is a list of symbols representing parameters of the
transformation (Fig.4.3).

E2 > InfinitesimalTransformation(Xt, [t]);
X y
X = <§—y)D_x+<X+§)D_y

E2 > Phi := Transformation(E2, E2, [ x=exp(t)™*
(cos(theta)*x - sin(theta)*y) + a, y=exp(s)*(sin(theta)
*x + cos(theta)*y) + b 1);

®=[x=¢(cos(®)x —sin(0) y) +a, y=e’(sin(0) x +cos(©)y)+b]

4.4.1 Operations on Transformations

The same result can be achieved with the function ComposeTransformations.
This command creates the composition of an arbitrary number of transformations
given as arguments. Suppose that A : M} — M,, B : M, — M3, then Compose
Transformations (B, A) createsa DG object representing the transformation
BoA: M| — Ms.

Let us define five transformations Phil,...,Phi5.

E2 > Phil := Transformation(E2, E2, [x = x + a, ¥y = yl):
E2 > Phi2 := Transformation(E2, E2, [x = X, ¥ =y + b]):
E2 > Phi3 := Transformation(E2, E2, [x = x * exp(t), v = vy]):
E2 > Phi4 := Transformation(E2, E2, [x = X, ¥y =Yy * exp(s)]):
E2 > Phi5 := Transformation(E2, E2, [x = cos(theta)

* x - gin(theta) * y, y = sin(theta) * x + cos(theta) * vy]):
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With the following instructions, we create the transformation Phi0O : Phil o
Phi2 o Phi3 o Phi4 o Phi5

E2 > Phi0O := ComposeTransformations (Phil, Phi2, Phi3,
Phid, Phi5);

0 = [x =e' (cos(@)x —sin(0)y) +a, y = e’ (sin () x + cos () y) + b]

The equivalence of transformations can be verified with the command DGequal.

E2 > Tools:-DGequal (Phi, PhiO);

true

Again with InfinitesimalTransformation, we obtain the infinitesimal
generators of the corresponding Lie algebra. But this time, we have to pass a list of
all five parameters.

E2 > InfinitesimalTransformation( Phi, [a, b, t, s,
thetal] );

[D_x,D_y,xD_x,yD_y,—yD_x +xD_y]
Now to explore other capabilities of DG regarding pushing and pulling all kinds
of tensors, we need to define another 2D manifold S2 with coordinates u and v.
E2 > DGsetup([u, v], S2);

Also, we define the following transformation E2 — S2, which is called stereo-
graphic projection.

S2 > Sp := Transformation (E2, S2, [
u=2*x / (1 4+ x**2 + y**2),
v=2*vyv / (1 + x**2 + y**2) 1);

S 2x 2y
= lu = , V=
P x*+yr+1 x*+yr+1

For the further discussion, we need to compute the inverse transformation of Sp,

which can be done with the command InverseTransformation.

S2 > Ps := convert (InverseTransformation(Sp), radical);

u(1+v—u2—v2+1) (1+v—u2—v2+1)v

Ps:=|[x , Yy =

u2+v2 M2+V2
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Note that, we use the command convert with the option radical to suppress

appearance of RootOf expressions.
Now check if the inverse transformation was computed correctly by composing

it with the original transformation.

S2 > simplify( ComposeTransformations(Ps, Sp), symbolic );
[x=x,y=yl]
S2 > simplify(ComposeTransformations (Sp, Ps));

[u=u, v=yv]

Instead of using the commands 1print or op, the properties of transformations
can be obtained with the command DGinfo.
For example, DGinfo with the keyword "JacobianMatrix" returns th

S2 > with(Tools) :

S2 > Spdcbn := simplify (DGinfo(Sp, "JacobianMatrix")) ;
—2x242y242 4xy
(x2+y2+1)2 (x2+y2+1)2
SpJcbn =
4xy 2x2-2y242

C(2h241)] (22

S2 > Psdcbn := simplify(DGinfo (Ps, "JacobianMatrix"));
2
(H— —uz—v2+1)(— —uz—vz-‘rlvz-ﬁ-uz) uv(l-‘r\/m)
B (u24+?) V=i2=2 41 N (2 +?)’ V=P =41
PsJcbn := R
uv<l+«/m) (1+ —uz—v2+l)( —uz—v2+lu2—v2)
() Vo (w22 V== 11

Now, let us verify that the matrices PsJbcn and SpJcbn are mutually inverse.
But at first, we must write both matrices using the same coordinates. This can be
achieved with the command Pullback, whichis used to pullback differential forms.

@

Recall that matrix multiplication in Maple is denoted by “.

S2 > simplify(Pullback(Sp, Psdcbn).Spdcbn, symbolic);

10
01
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Here, we used the Pullback command, which is used to pullback differential
forms (including functions). Let £0, £1,and £2 be the following forms on E2.

S2 > f0 := evalDG( x**2 * dx + v * dy );
S2 > f1 := evalDG( dx &w dy );
S2 > f2 := evalDG( dx &s dx + dy &s dy );

0 := x%dx + ydy
fl:=dx ndy
f2:=dxdx +dydy
Now with Pullback, we find the image of £0, £1, and £2 on the manifold S2.
S2 > simplify( Pullback(Ps, [f0, £f1, £f2]), symbolic );
[This output is long so it was omitted.]

Consider the example of computation the area bounded by a curve. By virtue of
Green'’s theorem, this problem is equivalent to computation of a integral of a 1-form.

S2 > DGsetup([t], R1l);
framename : R1

Define a 1-form, whose exterior differential equals to the volume form on the
plain.

R1 > omegal := evalDG( 1/2 * (x*dy-y*dx) );
ydx  xdy
li=—"— 4 —
@ > T

The curve is defined as a transformation.

Rl > C := Transformation(R1l, E2, [x = cos(t)
* (5 - sin(20*t) / 10), y = sin(t) * (5 - sin(20*t)
/ 10)1);

C:=[x=cos()(5—1/10sin(20¢)), y = sin(¢) (5 — 1/10 sin (20¢))]

Rl > plot([op(ApplyTransformation(C, [tau])), tau=0..2*Pi]);

Then, we pull back the form omegal (Fig.4.4).
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Fig. 4.4 Graph of the
curve C

R1 > alphal := Pullback(C, omegal):

The expression for alphal is rather long so it is omitted.
The DG package has the built-in command IntegrateForm for evaluating an
integral of an n-form on a n-dimensional manifold.

Rl > IntegrateForm(alphal, t=0..2*Pi):

50017
200

? Exercises

1. With the command Pushforward find the image of the infinitesimal generators
[D_x,D_y,xD_x,yD_y,—yD_x+xD_y]

on the manifold S2.

2. Write a function, which draws trajectories of a given vector field passing through
a given list of points.

3. Try toimplement your own versions of Pul lback and Pushforward working
only with vector fields and 1-forms. (Hint: use DGinfo to obtain all necessary
data from DG objects.)

4. Write your implementation of the functions Flow and Infinitesimal
Transformation, which can work with a 1-parametric transformations. (Hint:
use the functions dsolve, DGinfo and DGzip.)
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Chapter 5 )
On the Geometry Arising in Some ez
Meteorological Models in Two and Three
Dimensions

Bertrand Banos, Volodya Roubtsov and Ian Roulstone

5.1 Introduction

This paper can be considered as an additional note to lectures delivered by two
of us (LLR. and V.R.) during the Summer school Wista -18 “Nonlinear PDEs, their
geometry, and applications” of Baltycki Instytut Matematyki , in Wista , Poland,
20-30 August 2018.

We start with two introductive sections. First, we briefly describe balanced mete-
orological models and their place in the problems of atmospheric dynamics. This
section aims to explain to mathematicians the basic terminology and can be consid-
ered as a basic guide in the literature on this subject.

Then we describe (in down-to-the-earth form) the geometric approach to the
Monge-Ampere equations (MAE) a non-linear second-order partial differential
equations naturally appeared in mathematical studies of the balanced meteorologi-
cal models. This approach was developed by V.V. Lychagin and his school and can
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serve a clear and transparent example of rich and fruitful interaction of geometry and
theoretical meteorology designed in the papers of British geophysicists B. Hoskins,
M. Mclntyre et al.

The material of these sections is not new at all but we decided to add it to make
easy the further reading both for terminological and from technical reasons. The
next section is devoted to MA geometric description of a non-balanced geophysical
model—Dritschel-Viudez 2d rotating stratified flows. This is the main novel result
which is based on a wonderful appearance of the Hitchin hypersymplectic stucture
which gives (under some additional assumptions) a reduction of the diagnostic MAE
of Dritschel-Viudez to linear Laplace or Tricomi type equations.

The last sections are written in a form of illustrative examples (which are anyway
new up to our best knowledge) and we recommend to potential readers to use these
examples as illustrative part of V.R. lectures published in this volume.

5.2 A Brief Guide in Balanced Meteorological Models

The topic of meteorology may appear, in the first instance, as a rather arcane choice
of application for the subject of Monge—Ampere equations and their associated geo-
metric properties. For that reason, we shall be begin by explaining why the study of
the fluid dynamics of the atmosphere provides a rich arena for displaying the theory
and applications of Monge—Ampere geometry.

Considering the dynamics of the atmosphere as a problem in fluid mechanics,
in which weather systems are governed by the Navier—Stokes equations coupled to
moist thermodynamics, we learn from the classic textbooks of meteorology that a
number of important physical constraints facilitate the introduction of systems of
partial differential equations that are, in many ways, simpler and more tractable than
Navier—Stokes-based models. The first such constraint relates to stratification in the
atmosphere: the troposphere—the bottom layer of the atmosphere in which most
weather occurs—is about 10km deep, and this should be contrasted with the radius
of the Earth, which is of the order of 6 x 103 km. Therefore, the troposphere can
be considered as a very thin shell of fluid surrounding a body that rotates about a
central axis. The rotation and stratification of the atmosphere lead to the notions of
geostrophic and hydrostatic balance, respectively.

Geostrophic balance is the approximate equality between the horizontal pressure
gradient force and the Coriolis acceleration. It is well known that on large scales
(of the order of 10?—103km), air flows more-or-less parallel to isobars of constant
pressure, and this is the geostrophic effect. In the vertical, the pressure gradient is
balanced to a very good approximation by gravity, and this means the acceleration
of air in the vertical is usually (especially on large scales) very much smaller than
the acceleration due to gravity. This is hydrostatic balance.

The notions of geostrophic and hydrostatic balance can be incorporated, via rig-
orous asymptotic analysis, into the governing equations, and leading order terms are
deemed to capture the salient dynamics of the atmosphere on sufficiently large scales.
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The resulting models, which can be used to study phenomena such as jet stream mean-
der, and the formation of weather fronts, bear the names quasi-geostrophic theory
and semi-geostrophic theory. For a detailed introduction to this subject matter see
for example, the article by A.A. White in [13].

When atmospheric flows are considered to be close to geostrophic, it is possible
to show that the coupling between the momentum and temperature distributions, and
conserved quantities such as potential vorticity (see A.A. White op. cit.), is gov-
erned by a non-linear partial differential equation of Monge—Ampere type. Imposing
hydrostatic balance leads to models in either two or three spatial dimensions, and in
turn, this leads to the study of Monge—Ampere equations in two or three independent
variables. The effect of the Earth’s rotation invariably manifests itself as a constraint
that keeps such equations elliptic (in the 2d case) or keeps the pressure distribution
convex (in the 3d case). The breakdown of convexity can be interpreted, for example
as the formation of a weather front.

There is another interesting type of geophysical dynamical models—so-called
rotating stratified flows.

This model is characterized by an explicit conservation of potential vorticity and
one can use a change of variables from the usual primitive variables of velocity and
density to the components of ageostrophic horizontal vorticity. It is quite amazing,
that being quite different by geophysical properties from balanced models both 2d-
and 3d-rotating stratified flow models are governed by a similar geometry which
permits to apply the Monge—Ampere structure approach to their studies and to get
some new special exact solutions using the Hitchin hypersymplectic structure which
naturally appears in the framework of the MAE geometry.

5.3 Monge-Ampeére Geometry

A (symplectic) Monge—Ampere equation (MAE) is a second-order PDE with a
determinant-like non-linearity. For instance, a MAE in two variables can be writ-
ten as follows:

Arx + 2By + Cyy + D(prxbyy — ¢7,) + E =0, (5.1)

where A, B, C, and D are smooth functions of (x, y, ¢x, ¢,) € T*R2.
In dimension n, a Monge—Ampere equation is a linear combination of the minors

of the hessian matrix (¢x,-xj)[ =t

!  Comment

We will denote by hess(¢) the determinant of the hessian matrix of ¢. For example,

in two variables, hess(¢) = ¢, ¢y, — q)fy.
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5.3.1 Monge-Ampere Operators

Lychagin has proposed a geometric approach of these equations, using differential
forms on the cotangent space (i.e., the phase space). The idea is to associate with a
form w € Q"(T*R") the MAE equation A, = 0 where A, : C*(R") — Q"(R") =
C*°(R") is the differential operator defined by

Au(@) = (d§)*w
withd¢ : R — T*R", q > (q, ¢,)-

A form w € Q" (T*R") is said to be primitive if ® A = 0 with Q the canonical
symplectic form on 7*R")

The so-called Hodge-Lepage—Lychagin theorem asserts that this correspondence
is a one-to-one correspondence between MAE and conformal classes of primitive
forms

For instance, MAE (5.1) is associated with the primitive form

Adp ANdy + B(dx ANdp —dy ndq) + Cdx ANdq + Ddp Adq + Edx Ndy,
where (x, y, p, q) is the symplectic system of coordinates of 7*R?. In three dimen-
sions, the “real MAE”

hess(¢) =1
is associated with the effective form
dp ANdg Ndr —dx ANdy Ndz
and the “special lagrangian equation”
A¢p —hess(¢p) =0

is associated with the form

dpANdy ANdz+dx Ndg Ndz+dx ANdy ANdr —dp Adg Adr.

5.3.2 Generalized Solutions

For any function ¢ on R”, its graph

Ly=1{(q.¢,).q9 €R"} C T*R"
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is lagrangian (2|, = 0) and conversely for any lagrangian graph L" C T*R*, it
exists ¢ such that L = L4. Moreover ¢ is a (regular) solution of A,, = 0 if and only
if (,()| Ly = 0.

We define then a generalized solution of the MAE §,, = 0 as a Lagrangian sub-
manifold L" C (M?", Q) on which vanishes w:

Q. =0 and o, =0.

5.3.3 The Problem of Local Equivalence

A classical problem in the geometric study of differential equations is the problem
of local equivalence: two given differential equations are they equivalent up to a
local change of dependent and independent coordinates (that is, up to the action of
a local diffemorphism of the phase space)? The diffeomorphisms which preserve
the MAE family are the diffeomorphisms, which preserve the symplectic form (the
symplectomorphisms) and their action, is in the Lychagin correspondence, the natural
action on the differential forms

F Ay = Afpey.

We will say then that two Monge—Ampere equations A,, = 0and A,, = 0 are sym-
plectically equivalent if there exists a (local) symplectomorphism F : (T*R", Q) —
(T*R", ) such that

F *0)2 = w].

For instance, the partial Legendre transformed F : T*R? — T*R? defined by

F(xﬂyipvq):(xqupv_y) (52)

exchanges the forms dp A dg —dx Ady and dp A dy + dx A dq. Therefore, the
MAE hess(¢) = 1 and the Laplace equation A¢ = 0 are symplectically equivalent
in dimension 2. (This is not true in higher dimensions).

How can we use this symplectic equivalence to construct explicit solutions? The
point is that a symplectomorphism will not preserve regular solutions but generalized
solutions:

If L is a generalized solution of Ap«, then F(L) is a generalized solution of
A, =0.

Example

The generalized solution of the Laplace equation ¢, + ¢,, = are the complex curves
of T*R? = C2. Applying (5.2) to the harmonic function



190 B. Banos et al.

¢(x +iy) =e*cos(y)

we obtain then a generalized solution L = F(L4) and identifying it as a graph L =
Ly, aregular solution

Yx,y) =y arcsin(l) + Ve —y2
ex

of the MAE hess(y) = 1.

5.3.4 Monge-Ampere Structures

We define then a Monge—Ampére structure on a 2rn-manifold M (locally M = T*R")
as a pair of differential forms

(Q, w) € Q2(M) x Q"(M)

such that

1. Qs symplectic that is nondegenerate and closed (2% # 0 and d2 = 0),
2. w is effective thatis w A 2 = 0.

5.3.4.1 2d MAE and 4d Monge-Ampere Geometry

In four dimensions (n = 2), in the nondegenerate case, this geometry can be either
complex or real and this distinction coincides actually with the usual distinction
elliptic/hyperbolic for differential equations in two variables.
We define the pfaffian pf(w) € C*°(M) and the tensor A, : M - TM Q T*M
by
oAow=pfw) QAQ w(,)=Q(A,, ")

and they satisfy
Ai = — pf(w)ld

Ao . . .
Hence, the tensor I, = m is an almost complex structure if A, =0 is
pf(w
elliptic (pf (w) > 0) and an almost product structure if A, = 0is hyperbolic (pf(w) <
0).
Lychagin and Roubtsov have explained in [9, 10] the link there is between the
problem of local equivalence of MAE in two variables and the integrability problem
of this tensor /. They have actually proved the following:
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Proposition 5.1 The three following assertions are equivalent:
1. A, = 0is locally equivalent to one of the two equations

1.Ap =0
2.0¢ =0

2. the almost complex or almost product structure 1, is integrable
1)
3. the form —— is closed.

VIpf()]

5.3.4.2 3d MAE and 6d Monge-Ampere Geometry

In six dimensions (n = 3), there is again a correspondence between real/complex
geometry and “nondegenerate” Monge—Ampere structures.

N. Hitchin ([7]) has associated with each 3form on M° a pfaffian A(w) € C®(M)
and atensor A, : M — TM @ T*M satisfying

A% = M(w)ld

Moreover he proved that any nondegenerate 3-form (that is A(w) 7# 0) writes as the
sum of two decomposable forms:

1. A(w) > 0 if and only if
w=a Aoy Naz+ B A B A B3
2. AMw) < 0if and only if
w=(ar +if) Aa +if2) A (a3 +iB3) + (a1 —iB1) A (a2 —if2) A (a3 —if3)

In the nondegenerate case, it exists then a dual form @ such that w + @ and w — @
or w + i@ and w — i® are decomposable.

Moreover, Lychagin and Roubtsov ([10]) have defined a symmetric tensor g, on
M satisfying the following:

1. g, is non degenerate if and only A(w) # 0
2. it has signature (3, 3) if A(w) > 0 and signature (6, 0) or (4, 2) if A(w) < O.

Ao
Vir(w)]

gw('a ) = Q(Jw'a )

3. the triple (gw, Q, 1, = > is compatible that is
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So, one can associate with a nondegenerate Monge—Ampere structure (€2, @) on
a six-dimensional manifold an almost (pseudo para) Kéhler structure with Kihler
form 2. Moreover this almost Kihler structure is “normalized” by two decomposable
3-forms: we use then the terminology of “generalized Calabi-Yau structure” (see [1]).
For example, the Monge—Ampere structure associated with the “real” MAE in

three variables (x, y, z)
hess(¢) =1

is the real Calabi—Yau structure on T*R3
0 Id Id 0
g“’_(ld o) Kw_(o —Id)
a=dxNndynrndz B=dpArdgAndr
The Monge—Ampere structure associated with the special lagrangian equation

A¢ —hess(¢p) =0

is the canonical Calabi—Yau structure on T*R? = C?
Id 0 0 Id
gw:(o Id) K“’:(Id o)
o =dzi Ndzp Ndzs B=dzi ANdZz; ANdzs

As in the four-dimensional case, there is a strong link between the problem
of local equivalence of MAE in three variables and the integrability problem of
generalized Calabi—Yau structures on R (see [1]):

Proposition 5.2 The two following assertions are equivalent:

1. the MAE A, = 0 is locally equivalent to one of the three equations

1. hess(¢p) =1
2. A¢ —hess(¢p) =0
3. U¢ +hess(¢p) =0

@ and @
VIr(@)] VIM(@)]

2. the forms are closed and g, is flat.
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!  Comment

It is important to note that the geometry associated with a MAE A, = 0 of real type
(M(w) > 0) is essentially real but it is very similar to the classic Kéhler geometry.
In particular, when this geometry is integrable, there exists a potential ® and a
coordinate systems (x;, p;)i=1.2,3 on T*R® such that

82
8w = Z dx; -dp;

i Bxiapj
and 5
GRL
det = .
(Gasop;,) = /8@

5.4 2d Rotating Stratified Flows—Dritschel-Viudez MAE

Recently, a new approach to modelling stably stratified geophysical flows was pro-
posed in [5, 6]. This approach is based on the explicit conservation of potential
vorticity and uses a change of variables from the usual primitive variables of veloc-
ity and density to the components of ageostrophic horizontal vorticity. This change
results in a Monge—Ampere-like non-linear equation with non-constant coefficients.
The equation gives the conditions for static and inertial stability and changes the type
from elliptic to hyperbolic.
It is written as

E (¢uxtz: = ¢3.) + Adux +2B¢y: + Co + D =0 (5.3)
with
E=1, A=1+60xz, B=
C=1-6,,, D=0.,0,—-6> -
where 6 is a given potential and the dimensionless PV anomaly @ may be also
considered as a given quantity (see the details in [6]).

The corresponding Monge—Ampere structure is

Q=dx ANdp+dzndr
w=Edp ANdr+ Adp Ndz+ B(dx ANdp —dz Adr) + Cdx Adr + Ddx Adz
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The pfaffian is pf(w) = R with R the Rellich’s parameter:

AB\?
R:AC—ED—Bzzl—l—w—(?) )

Moreover, a direct computation gives

A8
do=d <7> AQ. (5.4)

5.4.1 Integrability of the Complex/Product Structure

Lychagin—Roubtsov criteria says that 2d Dritschel-Viudez equation is locally equiv-
alent to a Monge—Ampére equation with constant coefficients if and only if

AG = 261
R = (&)
In that case, for example for R > 0, we see that
w+ivVR Q=dundv
with
u=x—I(;—ic)z—6,+p
v=—(ci1+icy)x+6,+r.

In other words, if 8 = 2¢; and R = ¢, > 0 then 2d Dritschel-Viudez equation is
equivalent to Laplace equation
Orx + 0. =0

modulo the Legendre transform

1
Fx,z,p,r) = —&x —c1z2—0,, ¢z, —cox, —c1x + 6, +7r).

VR

5.4.2 Underlying Hypersymplectic Geometry

We will apply to this equation arecent observation: if our f our-dimensional manifold
M, endowed with the Monge—Ampere structure (€2, ) admits a Lagrangian fibration
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(main example: M is the cotangent bundle of a smooth 2d-manifold), then it exists
as a conformal split metric on M*.

When the corresponding Monge—Ampere equation is given by (5.3), this metric
is written as

g= C(dx)? = 2Bdxdz + A(dz)* + E/2(dpdx + drdz), (5.5)
Using this metric, we get an additional 2-form ® defined by
W, )=g(Ay, ) with w(,)=Q(4,, )
In coordinates,

&= (—2AC 4+ 2B*> + D) dx Adz — Bdx Adp — Cdx Adr + Adz Adp
+ Bdz Adr —dp Adr.

Q
Introducing ® = ——, we get an hypersymplectic triple (©, w, &) satisfying

VIR]

Equivalently, we obtain three tensors /, S, and T satisfying

’=-1,8=1T>=1
ST = —-TS = —1I,

TI=—-IT =38,
IS=-SI=T.
Moreover, we have
R A0
do = —d (_) Q.
2
Hence, when A = 0, then w and & are closed and satisfy w?> = —®?: they define

then an integrable product structure. Indeed, in the new coordinates:
X:fR(x,z)dx, U=x—-6,+ p,
Z =z, V=z+4+6,+r

we see that
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owo=dU ANdV —dX NdZ

w=—dUANdV +dX NdZ)

1
Q:E(dX/\dU—SdZ/\dU—i—RdZ/\dV) WithS:/Rde.

In other words, when 6 is harmonic, a submanifold

L = {(I/fZ, Z, U, I/fU), (Z’ U) € IRZ}

is a generalized solution of 2d-Dritschel Viudez equation if and only if

Yzz + Ryyy = S.

5.4.3 2d-Diagnostic Equation of Dritschel-Viudez: Special
Choice of Constant Coefficients

In the following partial case, this diagnostic equation which corresponds to the choice
A=1 B =B,=0,C=E=¢,D=-w, (5.6)
becomes two-dimensional:

Grx + Gz + P — 92, = . (5.7)

It describes a geostrophically balanced steady 2d flow which is closed to the QG
models described above.
It is interesting to observe that the corresponding effective form

w=dpANdx+dr ANdz+dp Ndr —wdx Ndz
has the Pfaffian Pf(w) = 1 + @ . In the classical notations, the Pfaffian is nothing
but the Rellich’s parameter R = AC — DE — B2
We denote as usually by IT the dimensionless potential vorticity which relates to
the PV anomaly @ as
w=I-1,
hence we had obtained the following meaning of the Pfaffian for 2d flow MAE

Pf(w) =TI,
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or, in the case of the 2d diagnostic equation this metric depends on the potential 0
and on the PV anomaly o :

g = (1 —0,.)(dx)* — (6. — Orr)dxdz + (1 + 6,.)(dz)? + 1/2(dpdx + drdz).

5.4.4 Reduction to Constant Coefficients

Now, we will discuss a reducibility of this equation to a normal form with constant
coefficients.

Let us calculate the symplectic invariant of the (3.32) for the given 6 and @ and
check the criteria of ([9]). The direct computation gives that

dw = 1/2d(A0) A Q.

The criteria ([9]) shows that if the given potential function 6 is a harmonic (A8 =
0), then the 2d diagnostic equation of Dritschel and Viudez is reducible by a local
symplectomorphism to an MA equation with constant coefficients.

We can see that the Pfaffian (which is also is the Rellich invariant of the diagnostic
equation) in the case of harmonic potential 6 is equal to 1 4+ & = II. This is exactly
the same value as it was in the above-mentioned 2d model with constant coefficients.

Example

It is interesting to study a “Legendre-dual” condition on the potential : hess(6) = 1
provides us also with an example of reducible to constant coefficients MAE diagnostic
equation. The coefficient D in this case simplifies: D = 1 — & and the Pfaffian in
this case (like in the general 2d diagnostic equation) is equal to

(8072 _ (807

Pflw) =14+ — 7

If we suppose that the potential function 0 (x, z) satisfies to conditions of the
famous Jorgens theorem ([4]), then we can assume that

0(x,z) = ax? +2Bxz+yz* +1,
where [ = [(x, z) denotes linear and constant terms with constant
aaﬂa V’aﬂ - y2 = 1/4'

The Laplacian value in this case is 2(« 4 y) and the Pfaffian is equal to IT — (o +
y)? =TI
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5.4.5 Variation of the Potential and Hyper-Kdhler Metrics in
4d

Another interesting class of exact solutions is given by variations of different partial
choices of the potential 6 (x, z) which correspond to some different “geometries” in
4d.

We will start with some general facts.

Let us consider a 4d metric (5.5) and compare it with the following:

g = —20,,(dx)* +40,,dxdz — 20 ,,(dz)* + 40 ,,(dpdx + dqdz), (5.8)

where ® = O(x, z, p, q) is a (complex valued) function on the phase space T*M of
the initial 2d configuration base. We suppose in addition that ® is a solution of the
following 4d MAE (so-called Plebanski second “Heavenly equation”.)

Hesspg® + Oy + 0y = 0,0, — 05 +0,, +0,. =0. (59

The interest of this special choice of the metric is based on the fact that it is an
example of Hyper-Kéhler metric in 4d.

There are many examples of such metrics and our idea is, starting from one of
it, to find a solution for the diagnostic MAE. We consider the most simple example
which can be reduced to a constant coefficient case (if the potential vorticity @ is
constant). Then the corresponding MAE 2d diagnostic type equation reads as

(P2c0ex — 7,) — 20 pbrr — 20y dy: — 20,4, + D =0, (5.10)

where D denotes the “low-order” part which has no influence on the 4d (pseudo)-
metric. Its Pfaffian equals to

Pf(w) = Hessp,q® — D = —(0,, + 0,) — D.
Now, starting with any given solution of 4d MAE (Plebansky Second Heavenly)
we can construct a 2d PDE with non-constant coefficients and sometimes we are

able to solve it or to say something about its solutions.
It follows that for the diagnostic 2d MAE, we should have

1
®,, =—=(1 —6,),
pp 2( 4)
1
®qq = _5(1 + sz),

1
®pq = _Z(QZZ — Oxx).
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First one can remark that in the case of 2d diagnostic MAE choice of the coeffi-
cients immediately means that ® ,, = % which implies in its own turn that

The Eq. (5.9) has, in this case, the following form:

1
— +0,,+0,. =0. (5.11)

1
Hess,q® + Oy, + 0, = Z(l —6:) — o1

We have also the following compatibility conditions on the function ® :
Oupp +0p4: =0, Opyc + 04, =0. (5.12)

But O,p = 0 4. = 0 g¢ = Oy = 0 because of O, = 3.

Then, the Heavenly equation for the diagnostic metric (5.5) reads

1
— 2 —_—— —
(1-62) % =0 (5.13)

and 6, = +¥13.

It immediately follows from the relations between the derivatives of ® and 6 that
Oxx; = Oppy =0and b, = Oy, = 0.

The solution ®(p, g, x, z) of the Eq. (5.13) is a quadratic in p and q :

® =ap® +2Bpq +vq* +8(x, 2),

where f
1 15
20[:@,,,,:—5(1—9”) (1:|:—)
1 1 fs
2y:®qq=_§(1+9xz):§(l —).
Hence
V15 1 1 V15

1
Ox,z,p.q) =1+ —Hp*’+0,, = - —(1F —2)g% +8(x, 2).
(x,2z, P, q) 2( 4)p+ pq pq+2(¢4)q+(xz)

4

It immediately follows that the potential 6 (x, z) is quadratic linear

V15 1
0(x,7) = Ax* + TXZ +(A+ E)Z2 +hx+hz+1;
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and its Hessian can be easily expressed as
h 0=AA+ ) b
essy, 6 = - —
¢ 16°

The Eq. (5.10) becomes

5 1 15 1 15
(¢Zz¢xx ¢xz) +0 =+ L)d’xx - Zd’xz +(F [T)d’zz +AA+ E) 16 @ =0.

(5.14)

Pfaffian of the corresponding effective form is
15
Pf(w) =hessp;® —D=—(0,, +0,) —D=—-D=w — AA+ ) TR
The Eq. (5.14) is equivalent to a linear and is reduced to elliptic or hyperbolic depend-
ing on the sign of @ — A(A + %) - =

5.5 Some Examples of 3d-Geostrophic Models

We study in this section some examples of Monge—Ampere equations in three vari-
ables which come from some geostrophic models.

5.5.1 The Birkett and Thorpe Equation ([3])

This equation can be written as

—1 ! f2 1 2 2
(e hess(u) + F(uxx Hityy () + o e {ar + uyy)uz, — i, — il }
+ — (Upgttyy —u>) =s
f3 y

(5.15)
We assume that f and N are constant.
The effective form associated with is

1 2

w= f3 de/\dq/\dr—l—?(dp/\dy/\dz—l—dx/\dq/\dz-l—f—dx/\dy/\dr)
1

f 2dpAdyAdr+szdx/\dq/\dr—i—de/\dq/\dz—sdx/\dy/\dz.
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One can check that the Hitchin pfaffian is positive:

(f +5)

So w is the sum of two decomposable three forms when s + f # O:

1

1

dp) A (fdy + %dq) A (Ndz + %dr) —(f +s)dx Ndy Ndz.

and therefore (5.15) is equivalent to
hess(u) = N2f3(f + )
modulo the action of the Legendre transformed
F,y,2,p,q,r) =, 5,2, p = fx,q = f?y,r = N*2).

It is worth mentioning that this equivalence is independent from s but the under-
lying real Calabi—Yau is integrable if and only if s is constant.

5.5.2 The Hoskins Equation ([8])
This equation originates in the study of potential vorticity in semi-geostrophic theory
and takes the form
1
12

The associated effective form is

1 1
(Uxx +uyy) + muu — F(u“ — uiy) =1. (5.16)

1

1 1
a)_F(dp/\dy/\dz+dx Adg /\dz)+ﬁdx/\dy/\dr—de/\dq ANdz

—dx Ndy Ndz.

One again, this form is the sum of two decomposable real forms:

w =

1 1 1
mdx Ady Ndr — (dx — de) A(dy — qu) Adz.
and (5.16) is then equivalent to

hess(u) = f4N2
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up the symplectomorphism

F(x,y.2,p.q.7) = (p.q. 2. —x + f2p. =y + f2q.r).

5.5.3 The MclIntyre-Roulstone Equation ([12])

This equation originates from a study which seeks to derive more accurate approxi-
mations to the semi-geostrophic equations (i.e., models that resemble more closely
the underlying Navier—Stokes-based model) that share some of the elegant math-
ematical properties of semi-geostrophic theory. The equation for the vorticity of a
one-parameter family of models takes the form

¢€
f
where assume that ¢ and f are constant, and c is the parameter that distinguishes
various asymptotic flow regimes. The corresponding effective form is

1+ Au+ (1 — ¢*) hess, ,(u) = (5.17)

w=dpANdyAndz+dx Ndg ANdz+dx ANdy Ndr
C
+(1—62)dp/\qudz+(1—%)dx/\dy/\dz

and is still of real type:
Mo) = (1 =¢)?

Actually,

1 1
w=dx ANdy N (dr + (B — ;)dz) + ;(dx + adp) A (dy + adqg) Ndz

with
a=1-¢2
—1_&
B= f

Note that the form dr + (8 — é)dz is closed if and only if B = B(z). Under this
assumption, (5.17) is equivalent to

1

hess(u) = —m

up the symplectomorphism
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1 1 2 1
F(x,y,z,p,q, 1) =(—ap,—aq,z,p+—q,q + —y,r — f (B() — —)dt).
o o 20 o

5.5.4 The Snyder-Skamarock—Rotunno Equation ([16])
This equation is
1 3R}
—— .. + Oxx + &y — 4Rp hess, , ¢ — — hess(¢) = 0. (5.18)
qHG 4HG

The associated effective form is

2

1 3R
dx/\dy/\dr+dp/\dy/\dz+dx/\dq/\dz—4R0dp/\dq/\dz—?Odp/\dq/\dr.

9dHG

w =

Once again, the underlying geometry is real since the Hitchin paffian is positive:
Ry
dhG

Therefore, w is the sum of two decomposable 3-forms

R Ly dp) A (dy — dgy m (1S gz 4 3ar)
w = - ax — —ay — —dz r
2quc Ro P Roy 1 Ro
+16(3Rd 1d)/\(3Rd 1d)/\( L ROd)
Ry 4 04P = y @ Ay Rodd =y 2T g

Hence, (5.18) is equivalent to

R

hess(¢) = _32f]HG

modulo the symplectomorphism

F(x,y,z,p,q,71)

(3Rox + p. 3Roy + Ro ir ey Lp Lt 3,4 4H6
= (3Rox + p. s m——ziF X+ P oY+ —q, — =T+ 1)
O P Y T S T R P 2T T 2R T 25T 2Ry
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5.6 3d Rotating Stratified Flows—Dritschel-Viudez MAE

Let us consider the 3d- Dritschel-Viudez equation ([6])

E<q)zz (q)xx + q>yy) - q>)2cz - q)if) + A (q)xx + q)yy)
+2B,®,, +2B,®,, +CP,, +D =0

with

A=1+0, B = 1Ap — 0, By =AY — O,

1

2
C=1-0,D=0,Ap+0,Ay — |VO|? — E=1

where ¢ and v are potentials, ® = ¢, + ¥, and o is the dimensionless PV anomaly

(see details in [6]).
The associated primitive form is

w=E(dxNndgnNndr—dyANdp ANdr)+ A(dy ANdzANdp —dx Ndz ANdq)
+ Bi(dx ANdy ANdp +dy Adz Adr)+ By(dx ANdy Adg —dx Adz Adr)
4+ Cdx Ady Ndr 4+ Ddx Ady Adz

We can check directly that, independently of the coefficients,
AMw) = 0.

In other words, the Dritschel-Viudez equation is “degenerate” (the underlying
Monge-Ampere geometry is degenerated) and it is, at each point, equivalent to a
linear equation.

Consider the Rellich’s invariant R = AC — ED — B} — B3. As in the 2d case,
this parameter separates elliptic and hyperbolic cases.

Indeed, the non-zero eigenvalues of g, are:

A1 =2R

A =8S++vS?—4(1+ AH)R

A =S —+/S2—4(1+ ADR

withS = R+ 1+ A%+ 312 + Bzz. Therefore,

1. if R > 0, then g, has signature (3, 0) and 3d-Dritsche—Viudez equation is elliptic,
equivalent in each point to Au = 0.
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2. if R < 0, then g, has signature (1, 2) and 3d-Dritsche—Viudez equation is hyper-
bolic, equivalent in each point to Cu = 0.

This equivalence is actually explicit: consider the following isomorphism P, of
T, M in each point a:

A0 000 O
0A 000 O
b _|BB=T00 0
“«=l00 010 BT
00 001 BT
00 0 00-A/T

with T = J/R].

We can state from one hand side that P is a conformal symplectomorphism:
P*Q = aQ.
Moreover, if R > 0 then
P*o = —A’T(dy Adz Adp —dx Adz Adq +dx Ady Adr + Ddx Ady A dz)
and if R < O then

P*w=—A’T(dy Adz Adp —dx Adz Adq —dx Ady Adr + Ddx Ady Adz).

Conclusion

If A et R are non zero and if there exists a local diffeomorphism F of M such
that P = T,, F' (the condition which is automatically satisfies when the coefficients
appeared in P are constants), then our equation is

MXX+M}’}’+”zz+D=0, if R>0
Ugy — Uy — U +D =0, if R<O0

! Comment

All these geostrophic models in three dimensions have a real underlying geometry
and are equivalent to the model

hess(¢) = cst.
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An explanation could be that these models are constructed from two- dimensional
models. It is possible that a more covariant approach would lead to a complex geom-
etry. But we have to note that two- dimensional models correspond to the the Laplace
equation which is also equivalent to the MAE hess(¢) = 1. It is then possible that
complex geometry only arises in even dimensions. It would be then necessary to
better understand this real Kéhler structure and the corresponding real potential on
4n 4+ 2-dimensional manifolds.
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Chapter 6 ®)
Gas Flow with Phase Transitions: oo
Thermodynamics and the Navier—Stokes
Equations

Anton A. Gorinov, Valentin V. Lychagin, Mikhail D. Roop
and Sergey N. Tychkov

6.1 Introduction

One-dimensional flows of gas or liquid are described by the following system of
Navier—Stokes equations (see for example, [1]):

oWy + uuy) = —py + Nityy,
pr + (pu)y =0, 6.1)
Top(s; +usy) — kT, — n(”x)z =0.

Here p (¢, x) is the density of the gas, u(¢, x) is the velocity, p(¢, x) is the pressure,
s(t, x) is the specific entropy, T (¢, x) is the temperature, k and 7n are coefficients
of thermal conductivity and viscosity correspondingly, which are assumed to be
constants.

The first equation of system (6.1) corresponds to the momentum conservation
law of the medium, the second one is the continuity equation and the third one
is the equation of heat conduction, which represents the energy conservation law.
System (6.1) is incomplete. It consists of three equations for five unknown functions
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p(t, x),u(t, x), p(t, x),s(t, x), T(t, x). To make it complete we need two additional
equations describing thermodynamic properties of the gas—the equations of state.

The paper has the following structure. In Sect. 6.2, we give a geometrical descrip-
tion of the thermodynamic state. We consider the thermodynamic state as two-
dimensional Lagrangian manifold, which can be defined by two equations with
compatibility condition.

In Sect. 6.3, we study state equations and corresponding Lagrangian manifolds
for van der Waals gases and get its applicable domains with a description of phase
transitions.

In Sect. 6.4, we look for solutions as asymptotic expansions and analyse the zeroth
and the first-order approximations.

In Sect. 6.5, we show space-time domains corresponding to different phases of
the medium.

Essential computations in this paper were done in Maple with the Differential
Geometry package created by I. Anderson, the corresponding files could be found
in http://d-omega.org/appendices/.

6.2 Geometric Representation of Thermodynamic States

Let R’ be a 5-dimensional contact space equipped with the coordinates (p, p, e, T, s),
where e represents the specific energy and the other coordinates represent thermo-
dynamic quantities mentioned above, and the contact 1-form [2, 3]:

1 p
0 = —de —ds — —dp.
T T p?

In our consideration, the thermodynamic state is a 2-dimensional Legendrian
manifold L ¢ R? (p,p,e, T,s),such that

0], = 0.

The last condition means that the first law of thermodynamics holds on the manifold
L.

If the specific entropy is a given function s = s(e, p), the condition 8|, =0
leads to the following relations, that define 2-dimensional Legendrian manifold L C
R3(p,p.e,T,s):

s=se.p), p=—p2L, T=—. 62)

e se

Since the equations of state usually include the specific energy and do not include
the specific entropy, we shall eliminate the specific entropy s from our considera-
tion. To this end, we consider the projection ¢: R> — R*, ¢: (p, p,e, T,s)
(o, p. e, T) and symplectic space R* equipped with structure 2-form
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p
T2p2

1 1
Q:d@:ﬁde/\dT—T—pzdp/\dp—i— dT A dp.

The restriction of the map ¢ on the Legendrian surface L is a diffeomorphism on
the image L = ¢ (L). The surface L C R* is a Lagrangian manifold. Equally, the
thermodynamic state can be considered as a 2-dimensional Lagrangian manifold
L CcR*p,p,e,T)ie Qf=0.

Any 2-dimensional Lagrangian manifold L C R*(p, p, e, T) is defined by the
two equations

f(pvpses T) =0,
6.3
{g(Pvp,e,T)ZO, ( )
and the condition that the surface L is Lagrangian can be written as:
[fyg]=00nz, (64)

where [ f, g] is the Poisson bracket with respect to the symplectic form €2, i.e.
[f,gl QAQ=df ndg A Q.
In coordinates (p, p, e, T') this bracket has the following form:

[f. 8] =Tp> (gaﬁ - %aﬁ) +72 (%aﬁ _ g%) +Tp (g(lg _ ﬁ%)

dp dp  dp Ip dT de  de 0T ap de  de dp

Condition (6.4) means the integrability of the following system of PDEs:

25 1Y) _
f(Pa —p s—f,e, ;) =0,
8 (ps _Pzi_i, e, é) = O

Thus, in what follows, by the system of Navier—Stokes equations we shall under-
stand system (6.1) together with two additional equations of state (6.3) satisfying
relation (6.4).

6.3 Van der Waals Gases

6.3.1 The Equations of State

The most important class of real gases is described by the van der Waals equation:

1
f(p,p.e,T) = (p+ap) (; - b) — RT, (6.5)
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here a is a characteristic of the gas responsible for the interaction between the particles
and b is particles’ volume, R is the universal gas constant. To find the second equation
we use the condition of compatibility, which is expressed in (6.4) and gives the
following result:

Proposition 6.1 Assuming that the specific energy is a function of density p and
temperature T
g(ps p.e, T) =e _ﬂ(l)» T),

the second state equation for the van der Waals gas has to be in the form
B(p,T) =—ap + E(T),

where E(T) is a smooth function.

Proposition 6.2 Since the specific energy is the sum of the energy of the particles’
motion and the energy of their interaction, the function E(T) has to be as follows

E(T) = fTRT,

here f is a degree of freedom.

Thus, the equations of state for the van der Waals gas are

{<p+ap2> (L-b)-rT =0, 66)

To get the specific entropy s as function of the specific energy e and density p,
we integrate system (6.6) using (6.2). We have

fR 1
s(e, p) = N In(e + ap) + RIn (; — b) + 0. (6.7)

Thus, formulae (6.6) and (6.7) define the thermodynamic state of van der Waals gases
or Legendrian manifold L.

6.3.2 Applicable Domains for the Van der Waals Gas

In this section we discuss domains where the van der Waals model is valid. We call
them applicable.

Let V = 1/p be a specific volume. First of all, we note that due to (6.5) we have
restriction for volumes to consider:
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V > b.

This condition is absolutely clear from the physical point of view: the volume occu-
pied by the gas cannot be less than the particles’ volume.

There is another condition for thermodynamic quantities to be applicable. The
Lagrangian manifold L is equipped with quadratic differential form « |7, which has
to be negative [6]:

kKlf=d(T™" -de+d(pT™")-dV.

This allows to select domains on L where the model of van der Waals gas is applicable.
In case of van der Waals gases the form «| is following:

TR .. _ JRa ..
Kkl = 2(e+a/V)2de de + (e+a/V)2V2de dv
2
( fRa B fRa B R )dV~dV.
V3(e+a/V) 2VH¥e+a/V)2 (V —b)?

The form « |- is negative if and only if its determinant is positive, which leads to the
following inequality:

eV3 —a(f —1)V?+2abfV —ab*f > 0.
Usinge = fRT/2 —a/V we get:

1
ERTV3 —aV?*+2abV —ab* > 0. (6.8)

Let us introduce contact transformation

T
Tcrit

|4 - p - e - N
] p = [} e = b § = ]
Vcrit Perit €crit Scrit

T=—, V=

where Tirit, Virits Perits €crits Scrit are critical parameters for van der Waals gases:

8a a a 3R

rymm—— Vcri =3ba crit = S575 0 crit = <7 crit = 5 -
27Rp ™ Perit = 9qp2> Ct T gy Fet T g

Toric =
Then inequality (6.8) can be written in dimensionless variables 7 and V:
AVAT —9V2 4+ 6V —1> 0,
which defines the applicable domains of specific volume and temperature for the
van der Waals gas. They are shown in Fig. 6.1. The picture shows that the van der

Waals model is correct at any point (V, T) over the critical one. The forbidden area
corresponds to phase transitions.



214

Fig. 6.1 Applicable
domains for the van der
Waals gas. White area
corresponds to forbidden
volumes and temperatures

Fig. 6.2 Isotherm for the
van der Waals gas
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6.3.3 Phase Transitions

Phase transitions for the van der Waals gas can be described by means of Fig.6.2.
Grey domains in this picture correspond to intermediate state. At points 1/p, and
1/p1, phase transition starts and finishes correspondingly. To find these points, we
use the following condition of thermodynamic equilibrium, which claims that the
chemical potential of different phases of our system is the same:

w(To, po, p1) = w(To, po, P2) = Mo,

where Ty and py are the temperature and the pressure of phase transition. The expres-
sion for the chemical potential of gases is

u:e—Ts+£,
P

and for van der Waals gases it can be expressed in terms of pressure p, temperature
T and density p:

_ fRT fR /R 1 )4

Moreover, the equation of state of the gas must be satisfied at the points (7y, po, 01)
and (7o, po, p2). As a result we obtain the following system of equations for p; and
pP2:

2 P1 P1
1o = f’;To — oa—Ty (J;—Rln (fTRTo>+Rln <é—b)>+%, (6.10)
Po — poprb + api — abp} — p1RTy = 0, (6.11)
Po — popab + ap; — abp; — p2RTy = 0. (6.12)

Eliminating 1ty and pg from (6.9)—(6.12) we get the following equations:

(o1 — p2) (RTy — a(p1 + p2)(bp1 — 1)(bpy — 1)) =0,

p1(1 —bp2)

p1RTy(bpr — 1)1n<
0 p2(1—bpy)

) + (01 — p2)(ap1 (1 — bpp) + abp% + RTp —app) = 0.

There is the trivial solution p; = p,, which is out of interest, because the temperature
is assumed to be under the critical value. In general case the solution is given by
Fig.6.3. We can see that the straight line and the points C and D correspond to
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Fig. 6.4 Dynamics of the solution

trivial solution p; = p,. The two other points A and B of intersection of the curves
correspond to solution for p; and p,. Since we have not specified which density is
greater, the points A and B define the same solution. If we change the temperature
of phase transition Ty, we can see that values p; and p, become closer and there is
only one solution p; = p, when Ty = Ty (Fig. 6.4).
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6.4 Asymptotic Expansions for Solution

6.4.1 Zeroth-Order Approximation

Recall that we consider the system of equations:

p(u; + uuy) = —py + Nty
pr + (pu)y =0, (6.13)
To(s; +usy) — kT — U(Mx)2 =0,

extended by the equations of state (Legendrian manifold L):

s(e, p) = fTRln(e+a,0) + Rln (/% —b) + 50,

(p+ap? (4 —b) = RT =0, (6.14)

e—f;i—i—apza

We are looking for asymptotical solution of system (6.13)-(6.14) with respect to van
der Waals parameters a and b:

u(t,x) =uo(t,x)+au(t,x)+ bur(t,x)+---,
p(t, x) = po(t, x) +api(t, x) + bpa(t, x) + -+,
e(t,x) =eo(t,x) +ae (t,x) +bey(t,x)+---.
For simplicity, we shall continue to use u(z, x), p(t, x), e(t, x) instead of uy(z, x),

po(t, x), eo(t, x) and get the following equations which describe the zeroth-order
approximation:

2
p(uy +uuy) + ?(pe)x — Ny, =0, (6.15)
P+ pxut + pu, =0, (6.16)
(e + tes) — ey + py) — 1) — ey =0 (6.17)
ple; uey fe Pr ULy Ny Rfexx - Y- .

This system corresponds to equations (6.1) for the ideal gas. It defines a smooth
submanifold & C J?(i), here 7 is a 3-dimensional bundle [4, 5]:

7R > R 7w (t,x,u,p,e) — (t,x).

Proposition 6.3 The symmetry algebra g of the system & is solvable and generated
by the following vector fields on the space J°(r):
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Table 6.1 The Lie algebra structure

Field X1 X2 X3 X4 XS
X1 0 0 Xo X 0
X, 0 0 0 0 X,
X3 —X 0 0 —X3 X3
X4 —X1 0 X3 0 0
X5 0 —-X —X3 0 0

X]=ata X2=ax, X3=tax+auv
X4 =10, + p0, — ud, — 2e0,,
X5 =x0y —2p0, +ud, + 2e0,,

The Lie algebra structure is represented in Table 6.1. The table shows that the Lie
algebra g is solvable:

gV =1[g,9] = (X1, X2, X3)

(2) — [g(l) (1)] = (X,), g(3) (g (2) (2)] —0.

We are going to find solutions of system (6.15)—(6.17) invariant with respect to a
one-dimensional subalgebra of g and also we want to get the reduced ordinary system
having as many symmetries as possible. Since the symmetries in the normalizer
of one-dimensional subalgebra h of the Lie algebra g are the symmetries of the
reduced equations, we compute the normalizers of all admissible one-dimensional
subalgebras in g:

Nx ={Y eg|[X,Y]=AX}, whereA isa parameter.
One may show that in our case one-dimensional subalgebra

h = (@2 X7 + a3 X3 + a5 X5s),

where «; are constants, has the biggest normalizer
o2 a3 o3 o3
Nop={—X1+—X3+ X5, —— X3+ X4, X1 — —X»).
o3 o5 os os

The h-invariant solution of system (6.15)—(6.17) has the following form:
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F (1)
(a3t + asx + a)?’

e(t,x) = (a3t +asx + @) Fi(t), p(t,x) =

o
u(t, x) = (a3t + asx + o) F3(t) — a_3,
5

and the reduced ordinary equations are

Fj+asF} =0, —F,+asF,F; =0, (6.18)
F{F,Rf —2RF\F} — as (F(4kas — 2R(f +2)F2F3) + RfnasFy) = 0.
(6.19)
After the integration of these equations we get the following:
Cr(ast +C t
pltx) = —2LEED -y - BIESIH @G & o)
(a3t 4+ asx + ap) ast + Cy as

asRfn
2(RC> — 2kas)(ast + C1)2

5 o2 ks
e(t,x) = (a3t +asx + az) +Cs(ast+Cy) ~ TR,

where C;, C, and C5 are constants.

This solution represents the zeroth-order approximation of the solution for the van
der Waals gas. Since the flows of vector fields X, and X5 are the shift and Galilean
transformation correspondingly, their influence on the solution is not crucial: Galilean
transformation makes the frame of reference move with constant velocity and the
shift along the x-axis just changes the location of the origin. Assuming that our frame
of reference does not move and the point x = O corresponds to the origin we shall
take a3 = ap = 0, as = 1 in (6.20)—(6.21).

6.4.2 First-Order Approximation

The equations for the first-order corrections u;(z, x), p1(¢, x) and e; (¢, x) can be
written in the following form:

751 uj up ui
pr| =A@, x) | o +B,x)|p1| +CEx)|p1 |+ D x), (622)
3] 3] 3] €l

t XX X

here matrixes A, B, C and D depend on the functions u(z, x), p(t, x) and e(¢, x) of
the zeroth-order approximation found in Sect. 6.4.1:
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2¢ 2
p (100 S
At,x)=—|00 0 |, B x) =— u 0
1Y 2k 2e _ 2nuy
00 7R i - 0 u
2Rex+ fR(u; (t,x)+uuny) x 2
ux e p";lR X uu /277 sz (] _ 7)
C(t,x)=—| px Uy 0 , D(t,x) = 0
e 2Reux+fR(ejtuex)  _ 2(pi+upx) 2kpxx+pR(pr+upx) 2= f)
x pfR of ofR

System (6.22) is linear non-homogeneous system of partial differential equations and
its general solution can be represented as the sum of general solution of the corre-
sponding homogeneous system (D = 0) and particular solution of non-homogeneous
system.

Let us consider homogeneous system:

u u u u
o1 =A@ x) | o +Bt,x)|o|] +CEx) |01,
4 4 (4] €l

t XX X

Since its coefficients depend on the zeroth-order solution, which are invariant with
respect to X5, we are looking for the solution in the form representing the eigenfunc-
tions of differential operator x9, = m,(Xs):

p1(t,x) = R(Ox', el(t,x) = E@®x™, u(t,x)=U@)x".

The numbers /, m and n satisfy the linear non-homogeneous system:

m—1=4,
n—1[1=23,
m—n=1
Its general solution is
[ l 0 1
m|l=14+1]|=14]+I]|1
n 3+1 3 1

Time-dependent part of the first-order corrections U (¢), R(¢) and E(¢) satisfies the
following ODE system:
U U
R|l=o0|R
E E

Matrix ®(¢) has the following form:
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Fig. 6.5 Phase picture. The
thick curve at the plane (, x)
separates domains with 1 . .
different phases. This allows . intermediate Tl
to define which phase s e state
corresponds to the medium 11q111d T
at given point x and at given o
time moment ¢ 2
4 Terit
1 -
gas
0 T T -
0 1 2 3
X
nG+)Q+)—Fr(4+1) —2Q2+DF _202+D
P fE f
(1) = -+ DF —(+DF3 0 ,
2ENGHD [—FI RU+3+)) _ fRH2RF(f+D) 2k@+DB+H)—REQ+f(4+D)
F fF fRF;

where functions Fy(t), F>(¢) and F5(¢) are the solutions of reduced system (6.18)—
(6.19).

If either C3 = 0 or we consider gases with zero viscosity n = 0, this system can
be integrated in the same way as it was done for the spatial part, because in this case
components of the matrix @ (¢) are the homogeneous functions in ¢.

6.5 Phase Transitions Along the Gas Flow

In this section, we describe space-time domains corresponding to different phases
of the medium. Since we have a solution of system (6.13)—(6.14), we can compute
the corresponding set of points (¢, x) of the same temperature 7j. In Sect.6.3 we
have developed a method that allows (for a given value of temperature 7p) to define
the densities pfo) and péo) of liquid and gas phases respectively, between which the
phase transition occurs. The corresponding points can be found on the plane (¢, x)
as well. Changing the temperature, we get a set of points (pl('), pé')), which form a
curve on the plane (¢, x). This curve separates different phases of the medium. The

result of this procedure for the solution obtained in Sect. 6.4 is shown in Fig. 6.5.
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The curves labelled by T} and T are the isotherms. The red curve corresponds to
the critical isotherm, under which we have no phase transitions. For a given spatial
coordinate x, our medium passes through three states while the time is running: gas,
intermediate state and liquid.

This picture is an approximation for the real one. It can be refined by computation
of further series of asymptotics.
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Chapter 7 ®)
Differential Invariants in G
Thermodynamics

Eivind Schneider

7.1 Introduction

The fundamental thermodynamic relation can be formulated as dE — (TdS —
Y, pidg') = 0, where E is the internal energy, S the entropy, and 7 the tem-
perature while g'and p; are additional extensive and intensive variables, respec-
tively. In terms of information gain / which is up to an additive constant equal to
—S, it can be written as dE + TdI + Y pidq’ = 0. Geometrically, we should in-
terpret this to mean that a thermodynamic state is a Legendrian manifold, integral
to a contact distribution. Let V be a vector space. We consider the contact 1-form
given by du — Y7, M;dx" on V x R x V* (with coordinates x', u, A;). By taking
M=-T"'x'"=E x=-T""p;, x' =q', wecanrelate this to the 1-form above,
which means that the Legendrian manifold is given locally over a neighborhood
D C V by
fu=Ix), =0.l(x)|xeD}CV xRxV*

In Sect. 7.3, we describe two Lie group actions that appear naturally on the space
V x R x V*. They arise from the fact that we may change the basis in V and change
units of information. After that, in Sect. 7.4, we approach the equivalence problem
of thermodynamic states under these Lie group actions by computing differential
invariants of the information gain function. In Sect.7.5, we discuss our results in
the context of gases. But first, we outline how these Legendrian manifolds naturally
appear in the context of measuring random vectors (following [5]), as this will help
us find the natural Lie group actions acting on them.
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7.2 Geometry of Thermodynamics

The process of measuring random vectors in a vector space V can be thought about
asamap X: (2, A, g) — V from a probability space to V. This will depend on the
probability measure g, which we will change in order to measure different vectors.
Assume that the expected value in V is 0, i.e., E(X) = fQ Xdg = 0. We restrict to
finite-dimensional vector spaces here, even though the Bochner integral lets us treat
more general Banach spaces (see [5]). Note however that the linear structure on V is
important, and this will play a role later when we consider Lie group actions on V.

If we want to measure a vector x € V, we choose a measure p different from g,
but equivalent to it. Applying the Radon—Nikodym theorem tells us that there is a
function p such that dp = pdq and

/ pdqg =1, / pXdg = x.
Q Q

These conditions do not determine p uniquely. We define the information gain
I(p,q) = fQ pIn pdg, and add the requirement that p minimizes I (p, g). This is
the principle of minimal information gain.

Asaresult (see [5]), we get p = ﬁe“’x) withd € V*where Z(A) = [, e*¥dq
is called the partition function. Due to fg pXdq = x,wegetd, Z = Z(A)x. Thus, if
wedefine H(A) = —In Z()), weendup withx = —d, H. And,wealsoget I (p, q) =
HM) — (A, d,H) = H(A) + (A, x). Assuming that x = —d, H has aunique solution
A(x), we may write I = I (x) = H(A(x)) + (A(x), x). Then, we getd, I = X, where
the functions H and [ are related by H = I + (A, x).

Now, let x’ be coordinates on the vector space V and A; be the dual coordinates on
V*.Onthespace V x V*, we have the natural symplectic formw = Y, dA; A dx'.
The function H (1) determines a submanifold Ly = {x’ = —%} C V x V* which
is Lagrangian with respect to @, meaning that w|z,, = 0.

The Lagrangian manifold Ly C V x V* can be extended to a manifold Ly C
V x R x V*. Let u be the coordinate on R. Then, we get a submanifoldin V x R x
V* which is locally described by the function / over a neighborhood D C V:

Ly={u=1x),» =08:I(x)|xeD}eV xR x V*.

Thus, the principle of minimal information gain leads to a submanifoldin V x R x
V* which is Legendrian with respect to the 1-form 8 = du — >_ A;dx".

Conversely, one can ask whether it is possible to reconstruct /, H, and Z from
any Legendrian manifold L C V x R x V*. This is the case if the symmetric 2-
form (}_ dX;dx")|; is positive definite, where the product is the symmetric one. By
starting with such a Legendrian manifold L, one can recover the functions

I=ul;, H=1-x);, Z=e¢".
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If L is given by I as above, the symmetric form can be written as ) j ajalx 5 dx' @ dx/.

7.3 Equivalence of Thermodynamical Systems

We start by describing two different Lie group actions arising naturally from the set
up above, and thereby defining what it could mean for two thermodynamic states to
be equivalent.

Affine Action

Since the choice of basis on V is arbitrary, we consider the Legendrian manifold
L up to linear transformations on V x V*. In addition, since the point x = 0 have
no special significance, we add » translations to G L (V') and obtain the affine group
Aff(V) =V x GL(V) on V. After choosing a basis, the affine action on V x R x
V*is given by (x', u, ) = (3 aj-xj + ci,u, Y bl ;) where the matrix (bi-) is the
transpose of (a;)". The corresponding Lie algebra of vector fields is spanned by
X1 — A j05, and 0,:. Notice that this action does not alter the value of I (or H) at
a point.

Scaling

In addition to changing basis, we may change the unit of information. The unit
of information appears as the base of the logarithm we use, which in Sect.7.2
was chosen to be e. Let Z,(A,), H,(A,), and I,(x,) be defined in a way similar
to Z(X), H(X), I (x) above but with a as the base of the logarithm instead of e, and
leta = e®. The functions in the new units are related to the old ones in the following
way.

Zs(ha) = Jga¥Vdg = [o e Vdg = Z(bha)
H,(A,) = —log, Zy(hs) = —log, Z(bry) = —In Z(br,) /b = L2

H(bra)+{bha,Xa a
Iy (xq) = Hy(Ag) + 0‘(1: xa) = W = %

In other words, we have the scaling transformation (x, u, A) — (x, bu, bA) on V X
R x V*. Denote by G the Lie group of such transformations. The corresponding
infinitesimal action is given by Y A; 9, + ud,.

Remark 7.1 A natural question is where we allow b to take its values. We could
restrict to b > 0, or to b # 0. We will discuss this in more detail when we compute
the differential invariants of these Lie group actions.
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7.4 Differential Invariants

The Legendrian manifold L (the thermodynamic state) is locally determined by the
information gain function 7 on V. We will compute differential invariants for / under
the two Lie group actions Aff(V) and Gy x Aff(V). We consider I as local a section
of the trivial bundle V x R on which we continue to use coordinates x!, ..., x", u.
In order to study the orbit space of such sections under the action of these Lie groups,
we look at their prolonged action on the jet bundles J*(V) — V x R = J%(V) (we
will use the simplified notation J¥).

Let x, u, be canonical coordinates on J* where 0 < |o| < k for the multi-index
o = (i1, ..., i), ij = 0. For example, when n = 2 we have coordinates xt, u;j on J?,
with0 <i+ j <2andi, j > 0. For |o| = 0, we will also use the notation u, = u.
The sectionu = I (x) on V x R prolongs to asectionon J* givenby u = I (x), u, =
g;‘ I(x). We denote this prolongation by j*(I). Since diffeomorphisms on V x R
transform sections of V x R, they lift naturally to J k Thus, we can consider the
action of the aforementioned Lie groups on J*. In fact we already described their
action on J! since J' can be naturally identified with V x R x V*.

Differential invariants are functions on J* that are constant on the orbits of the Lie
group actions. For transitive and algebraic Lie group actions, the global Lie-Tresse
theorem [4] guarantees that the algebra of rational differential invariants separates
orbits in general position in J*°, and that it is finitely generated. Since Aff(V) acts
transitively on the base V, and not at all along the fiber, it is clear that we also
in this intransitive case can separate orbits by rational invariants (the algebra of
differential invariants for the Aff(V')-action can be gotten from that of Gy x Aff(V)
by adding the Gy x Aff(V)-invariant u). For more thorough treatments of jet bundles
and differential invariants, we refer to [2, 3, 6].

For the Lie groups Aff(V) and Gy x Aff(V), we give a complete description of
their algebras of rational differential invariants.

7.4.1 Differential Invariants Under Aff(V)

In order to describe the field of differential invariants, we follow [ 1], where differential
invariants under the G L(V')-action are found.

Theorem 7.1 The horizontal symmetric forms o = k!3_,,_; *5dx? are Aff(V)-
invariant, for k > 0.

From these symmetric forms, we may construct (rational) scalar differential in-
variants in the following way. First, g = u is a scalar differential invariant. The sym-
metric 2-form «, is nondegenerate for points in general position in J2, so we may
use it to construct the vector v; = a, "(@1). By using this vector, we may construct
a new symmetric 2-form 013 = Iy, 03. We can use o to turn o3 into an operator
A: T — T. For a point in J? in general position, the vectors v, = A*~!(v;) for
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k=1,...,n are independent and thus define a frame. Expressing oy in terms of
v gives us scalar differential invariants from their coefficients. In other words, the
functions oy (v;,, . . ., v;,) are differential invariants. Remark that all these differen-
tial invariants will be rational functions on J*, and affine on the fibers of J¥ — J3.
In particular, we get only two independent differential invariants on J2, given by aq
and o 1 (U 1 )

This way of generating differential invariants may not be the most convenient one.
Another way to generate the field is to use invariant derivations and a finite number
of differential invariants, in accordance with the Lie-Tresse theorem. As invariant
derivations, we can take vy, ..., v,. They are of the form ) «; D,i, where D, are
total derivatives and «; are functions on J> (and on J? for v;).

Theorem 7.2 The field of differential invariants are generated by the invariant
derivations vy, ..., v, together with the first-order invariant oy = u, the second-
order invariant o1 (vy), the third-order invariants oz (v;,, vi,, Vi), and the fourth-
order invariants a4 (v;,, Vi,, Vi, Vi,)-

It is not difficult to see that this set of invariants is sufficient for generating all
differential invariants of the higher order. However, we do not necessarily need all
of them.

The two-dimensional case

We take a closer look at the case when V is two-dimensional, as they are particular
important when we will consider gases. We have the first-order invariant g = u and
the second-order invariant

2 2
UioUor — 2UioUort 11 + Uy U2

aj(vy) =
(uaouor — u3,)

The invariant derivations are given by

1

v = iy ((uiouoz — uorur) Dyt + (uoruz0 — uiourr) Dy2)

v2 = (uzouo2—u?;)? ((
—( - )(3 -2 - )
oo — Uor11)dUiolt 1102 UopruzoUo2 — Uo1UT)U21
2
+(uiou11 — uorte20) Buiott11Uor — Uo1U0U02 — 2Uo1 T UT2
2 2
Fuop(Uiotor — woru1)“uso — uii(Uiour — Uo1i20) 1o3) Dy
2
+((u1ouo2 — uortr1) (Uiotaouor + 2uiouy; — 3uoiuol11)Us1
2
—(uiou11 — uoru0) Quiouzouor + wiouy; — 3uoiUol11)U12
2 2
—uy (uiouor — uorir1)*uzo + uao(urouyy — uo1u0)u3) Dy2).

In this case, the four third-order differential invariants a3 (v;,, v;,, v;,) are indepen-
dent, and together with vy, v,, and «;(v;), they generate the algebra of differential
invariants.
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Note that when L is the Legendrian manifold corresponding to the information
gain function I we have, in coordinates, (3" dA;dx")|; = > Liyidx' ® dx/ = as];.
In particular, since we require o, to be a definite symmetric 2-form, we may find dif-
ferential invariants from the curvature tensor of this 2-form. For example, the Ricci
scalar is a third-order differential invariant. Such invariants are, however, invariant un-
der much more general transformations, so they don’t generate all Aff(V)-invariants.
What’s more, they will not be invariant under Gy x Aff(V).

7.4.2 Differential Invariants Under Gy x Aff(V)

Now, we consider the action by the Lie group Gy x Aff(V). It acts on V x R by
(b, A) - (x, u) — (Ax, bu). We mentioned previously that we have a choice for the
Go-parameter b, since we may take it from either R \ {0} or (0, 00). This corresponds
toa = ¢”in (0, 00) \ {1} or (1, 00), respectively. Here, we will stick to the first choice
R\ {0}, with the main reason that this gives the Zariski closure of the other option.
The theorems we have for the existence of rational invariants separating orbits hold
for algebraic (Zariski-closed) groups. However, the structure of both orbit spaces on
J¥ should be clear as soon as we understand one of them. Also, the obtained orbit
space will be the same as that of positive I’s under the action of the topologically
connected component of the Lie group (not containing u +— —u.

In order to describe the field of differential invariants we reuse ideas from the
previous section. The symmetric forms ¢, are scaled by the R*-action. If we modify
them to Sy = oy /g, for k > 1, we obtain Gy x Aff(V)-invariant symmetric forms.
By using these instead of o, we can generate the algebra of differential invariants
in exactly the same way as we did in the previous section. Invariant vectors can be
constructed from S in exactly the same way as above (from «;), and they will in
fact be the exact same vectors v; as before.

Theorem 7.3 The field of differential invariants are generated by the invariant
derivations vy, ..., v, together with the second-order invariant By(vy), the third-
order invariants B3(v;,, vi,, Vi,), and the fourth-order invariants B4(v;,, vi,, Vi, Vi,).

The two-dimensional case

When V is two-dimensional, we have the second-order invariant

2 2
ugltoz — 2uiotorU11 + Uy U0

(U0t — ui))u

Bi(vy) =

The invariant derivations from the previous section are still invariant under the current
Lie group action. We have the relations B3(v;,, vi,, vi,) = o3(v;,, V;,, Vi;) /0. These
four invariants are thus also independent, and together with v, v,, and §;(vy), they
generate the algebra of differential invariants.
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7.5 Application to Gases

We explain how we can use differential invariants in order to distinguish gases under
the Lie group actions considered above. We use the ideal gas, and the van der Waals
gases as examples. In order to keep this chapter concise, we do not go into the detailed
physics but instead refer to [5] for more details about gases.

The simplest gases can be described as Legendrian manifolds of the contact form
0 =du — (—T ")de — (—pT~")dv where T is temperature, p is pressure, v is
specific volume, and ¢ is specific energy. We consider this as a contact form on
V x R x V* where V is a two-dimensional vector space. In order to relate it to our
formulas above, we let x! =g, x2 =v (and A, = —T"!, 1, = —pT’l).

7.5.1 Distinguishing Gases

Integral manifolds of 6 are locally determined by the information gain function /.
We can use the differential invariants from above to determine when two different
Legendrian manifolds of this type are equivalent under the groups Aff(V) and G¢ x
Aff(V), respectively.

We outline first how to do it for the Aff(V)-action. For a function f on J k we
denote by f|; the restriction of f to the section u = I(x), i.e., f|; = fo D).
For a point in general position in J3, the differential invariants & = «;(v;) and
n = az(vy, vy, v;) will be horizontally independent, meaning that c?é A c;'n # 0.
Here, d denotes the horizontal differential, which can be defined in coordinates
by df = Dy (f)dx' + Dy (f)dx?, so that (df)|; = d(f|;). Thus for generic I,
we have d(&|;) Ad(nl;) # 0, so &|; and n|; can be taken as local coordinates on
V. The four invariants h;; = a3(v;, vj, v2) and hg = op may also be restricted to
I, and the functions hol;, h;j|; on V may be written in terms of &|; and n|;. The
four functions hol; (&1, nl1), hijl1(§11, nl;) determine the equivalence class of the
Legendrian manifold given by 1.

To check equivalence under the Gy x Aff(V)-action, we use the invariants § =
&/ ho, n =n/ho, ﬁij = h;;/ ho instead, and the equivalence class of / is determined

by the three functions ﬁij 11l 7).

Remark 7.2 The functions A; il 1(§| 1, |7) are not arbitrary functions. They must
satisfy a system of differential equations defined by the differential syzygies in the
algebra of differential invariants.

7.5.2 Ideal Gas

As our first example we take the ideal gas, which is defined by the state equations
pv=RT and ¢ = %R T where n counts the degrees of freedom. As shown in [5],
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they give the following information gain function:
I=—RIn (ln(v) <z ln(5)> +C=—Rhn <1n(x2) +Z ln(xl)) e

We look at the differential invariants found above restricted to the section u = I.

We first consider the Aff(V)-invariants. Wehave £|; = R(n +2)/2,n|; = R(n +
2). These are constant, so the ideal gas lies in fibers over the singular set in J* deter-
mined by the equation d EN d n = 0. The functions A;;|; are also constant multiples
of R(n + 2). The derivations v; and v, are both constant multiples of x'9,1 + x29,
on the ideal gas. The only nonconstant function we get from the invariants is ;.

If we consider Gy x Aff(V)-invariants instead, we still have (dé A dn)| ;1 =0,
even though £|;, 7|, are not constant. Thus the ideal gas is a singular Legendrian
manifold, also with respect to this Lie group action.

7.5.3 Van der Waals Gas

The state equations for van der Waals gases are (p + %) (v—>b)=RT and ¢ =
5RT — ¢, and their information gain function is given by

1=—R<(v—b)(%+s)"/2>+c=—R((x —b)( +x) >+C.

For van der Waals gases, we have (c?é Ad m|; # 0, so we can use the differential
invariants above to distinguish them, and it is not difficult to find the functions

hijl1&1r,nlp) and holr (€17, nlp):

hyy = m(nz(z—n)mg —26+4n)R*
+8n((n*—n—1)&+2nn)€— (& —n?)R®
—8 ((3n2+2n+2)& +2nn) 2R+ 32&* (n + 1) R — 16§5>

hy = m((soﬁs‘ — 2002 (28 — ) &2
—8n (482 —En+4nP)E — 168° + 2482 — 326n* + 8n°) R*
+ (—160n°6* +32n (2E* + En +21%) E2 + 64 &°n) R®
416 (1560 +5 26 —mn +4& — 8) £4R?

—64 (3n§° +26° — £n) R+6487)
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S S 3,5 _ 8
hyy = 1(,”121{5(1{’1_2@3((2 n)3n5 B3nE —65+8n) R

+24 (n—=2)n* (2062 —n? (TE =3mE+nQE+1) (2531
+482 —den+202)R7 — 1603 (21n%E3 —n3 (7135 — 121 &2

n? (4253 1882y — 33sn2) + (36&3 T R2E2 412 n3) n

+883 — 2482y 4+ 36£n> — 813 RO

322 (42n%E% — n3 81 +50)E3 +n2 (718&‘4 —1283% - 42g2n2)
+12n 20 +8)¢ (252 —2&n+ n2) +408%n — 36202 + 24603 —4n*)RS
—96n(35n*E3 — 1013 (3& +21) £2 — 4n? (7&2 188 +3n2)s

—8 (E+n) QE—mnn+8EE—n?)E2R?

+128&%(42n%€2 — 118 (£ +3mn3 — 342 (1052 +18&n — n2)

—12n (52 +36n— nz) —8£2)R3
—256£5 (21n3€2 —n2(BE+16n)E—3n (652 +6&n— nz) - 1252) R2
+1536 (2sn2 —nE+n —25) ETR — 256 (—4+3n) &2

_ _pfn nF2G ) F a"/ _ 3In(3) )
ho = R(2 In ((Rn72é)5((n+2)R—2§)4 + (G) tln (WH ) ++ D@ -7 +C

where

F=nm+3n+2)R3 - (6$n2+ 12n€ + 125—477) R24+12 (n+1)€2R — 83,
G =n(n2—4) R3 — (6n2§—24$+8n) R2 + 12n&2R — 8£3.

We suppressed the notation signifying restriction to / in order to simplify the equa-
tions. The functions A;;|;(§]7, nl;) are rational functions, and we notice that they
do not depend on the constants a, b, C. The expression for hg|; (&7, n|;) shows that
changing a and b will only affect the constant C under the Aff(V')-action.

The Gy x Aff(V)-invariants are more difficult to handle. In order to find the
functions A; il (é l7, 1l1), we can in theory make the substitutions

Elr=&lr-holr,  mly=7lr-holr,  hijlr = hijlr - hols

and eliminate %q|; in order to get three equations determining fzij |7 (&lr, nlr). How-
ever, this seems unmanageable in practice. The first three equations are polynomial
in Ay, but with degrees up to 18, while the fourth equation is not even algebraic.
It is well known that we can use Gy x Aff(V) to normalize the constants a, b, R.
In the “critical variables”, in which the critical point is given by (p, v, T) = (1, 1, 1),
the constants are normalizedtoa = 3, b = 1/3, R = 8/3. Thus, every van der Waals
gas is, under the Gy x Aff(V)-action, equivalent to the one given by the equations

L3 _8, _4n. 3
SR W P _ A 3
PT 5 3) 73 3 v

and the information gain function
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=8 N3 " e
=——In —=)l=+e .
3 T3\

Notice that normalizing a, b, R in this way will affect the value of C.
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Chapter 8 )
Monge-Ampere Grassmannians, i
Characteristic Classes and All That

Valentin V. Lychagin and Volodya Roubtsov

Introduction

1.1. It is known (since Maslov observations) that the analogues of Bohr—Sommerfeld
conditions in the asymptotic quantisation (know also as the Maslov’s canonical oper-
ator method) have a topological nature.

This condition has a form of annihilation of some cohomology classes (the
Maslov—Arnold classes). The Maslov—Arnold classes are, in fact, the examples of
characteristic classes, which are completely defined by a universal construction of
a ‘classifying map’ into a ‘classifying space’ phase space T*M . The topology of
this Lagrangian Grassmannian and its Z,—cohomology ring H*(LG, Z,) are well
known (A. Borel, D. Fuchs).

The classes of Maslov—Arnold contain an important information about singular-
ities for the Lagrangian projections.

In this paper, we review and describe one of the generalisations of Maslov—Arnold
classes associated with a topological study of Monge—Ampere equations and their
solutions. This important tool for studies of Monge—Ampere solution singularities,
topological properties of discontinuous solutions were almost out of the scope of the
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lectures during the Summer School ‘Wisla-2018’ and we hope that this note will fill
this gap.

The main object of our interest is the Monge—Ampere Grassmannian, constructed

by the tangent hyperplanes to generalised solutions. We will study their topological
and geometric properties with the aim of (via the analogue of the ‘universal construc-
tion’) to define some cohomology characteristic classes. One-cohomology classes
enter in the construction of the discontinuous solutions for the given ‘multi-valued’
generalised solutions. The co-dimension one-cohomology classes are obstructed to
a solvability of the boundary value problem. The higher order co-dimension classes
are responsible for the solvability of more complicated boundary problems (when
the boundary may have the components of different co-dimensions).
1.2. A Grassman variety Gry (n) of k-dimensional subspaces in n-dimensional vector
space V has long history and is used in different branches of mathematics. Among
them are the universal G-bundle construction and characteristic classes in algebraic
topology, Schubert and Pliicker calculus in algebraic geometry, Gauss tangential
mappings in differential geometry, Maslov index and its generalisation in symplectic
geometry, etc.

We will use all this incarnation of the Grassmannian to apply them to our study of
the Monge—Ampere equations and their solutions. Roughly speaking, the Grassman-
nian associated to a Monge—Ampére equation &, C J2(1) ata point x € J'(1) is an
approximation of the order 1 (a ‘linearization’) to a generalized solution £ passing
through the point x. In other words, it is a set of the tangent spaces at x of solutions
passing through this point.

We will denote, following the tradition, this Grassmannian by /&, (x) there, as
above w € Q"(J'(1)) is an effective n-form defining the Monge—Ampére operator

Ay 1 8y ={A, =0}
and the generalized solution £ satisfies the ‘integrability’ conditions
o |g=U |=0.

We will restrict in this paper our attention to the class of symplectic Monge—
Ampere operators and equations such that for any x € 7*R”"

18,(x) = {L C Tu(T*R") | &x |p= Q2 1= 0}
is a subvariety in the Lagrangian Grassmannian
LG(x) = {L C T(T*R") | Q, 1=0},

where L denotes an oriented Lagrangian subspace.
The well-known result [1] is that the space LG (x) is a homogeneous space of the
group U (n)
LG(x) =Um)/SOm), VxeT*R".
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We will give in this paper a description of the integral Monge—Ampere Grass-
mannians /&, (x) for n = 2, 3 for w being a non-degenerate effective form. We refer
to [2] for an algebro-geometric description of this grassmannian for n = 4 if A, is
a Monge—Ampere pluriharmonic operator and where it had been proven that this
Grassmannian is a real algebraic submanifold in CP*.

Finally, we will give an account to the theory of the characteristic classes based
on the integral Grassmannians /&, (x). We show that even for n = 3 the topological
structure of such Grassmannians is interesting and complicated. Their topological
structure (decomposition to various ‘regularity’ strata) is different for even (easy
case) and for odd (highly non-trivial) values of n. We have corrected some results of
[2] and find a relation with some exciting object (Cayley affine cubic surface) which
deserves future explorations.

The main sources of bibliographic references for this chapter are [2—4].

8.1 Grassmannians, Associated with the Lagrangian
and Legendrian Planes

2.1.Letf € C* (M) be a smooth function on a smooth n— dimensional variety M .
Then the section
o M —J 'M

is given by

or(@) = [f], = (") (@.
We will consider the image oy (M) as a submanifold in J 'M:
orM)CJ'M
and consider the tangent plane T, (o (M )) at the point a; € J 'M such that
ar = ji(f)@) = If1;

This plane is

(a) n - dimensional;

(b) ‘Legendrian’, i.e. the restriction of the Cartan universal 1-form on this tangent
plane is zero: Uy 4, | T, (0r(M)) =0,

(c) ‘Lagrangian’(i.e. the natural 2-form d U, ,, annihilates on T, (o7 (M))).

The set of all such planes

{LCT,(J'"(M)), U |,=dU; | L =0}
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at the pointa; € o' M isisomorphic to the Lagrangian grassmannian LG (x), where
x1 = m(a;) under the natural projection

7:J'M — T*M.

To describe a topological structure of this grassmannian, we should remark that
being considered as a complex manifold the Lagrangian grassmannian may be rep-
resented as a homogeneous space in two different ways:

(@) LG®(x)) = Sp(n, C)/ G, where the stabilizer subgroup G consist of the triangu-
lar block-matrices:
G— A B
- 0 (At)—l

with the matrix entries A € GL(n, C) and B € Mat(n, C) such that
AB' = BA';

(b) LGC(x) = Sp(n)/U (n), where we denote by Sp(n) the intersection of Sp(n, C)
with the unitary 2n x 2n matrices:

Sp(n) = Sp(n, C) NU(2n).

In the real case, the Lagrangian grassmannian LG® (x;) is isomorphic to the quo-
tient
LG"(x1) = U(n)/O(n),

or (when we consider the oriented planes), we have
LGE (x)) >~ U(n)/SO(n).

The topology of such homogeneous spaces was studied in the papers of A. Borel
and D. Fuchs [5, 6] from which we get the following

Theorem 8.1 Z,-cohomology ring of the Lagrangian grassmannian LG%(xl) is
isomorphic (as a graded ring up to degree n) to the quotient

ZZ[WU DR WH]/(W%a (REE) W;%)’
where w, ..., w, are the Stiefel-Whitney classes of the tautological bundle over the

grassmannian LGE (x1): the fibre of this bundle in the point L € LGE (x1) is the same
vector space L.
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8.2 Integral or Monge-Ampeére Grassmannians

Now, we remind the notion of integral Grassmannian which assigns to the symplectic
Monge—Ampere operators on a smooth n—dimensional manifolds M .

Our considerations are (basically) local so far we shall write regularly R” instead
of M and R?* = T*(R") instead of T*M .

Define for an effective n—form w € Q(T*R") and any x € T*R" the set

1E,(x) = {L - Tx(T*Rn) | wx L= Q2 L= 0}
as a subset in the Lagrangian Grassmannian
LG%(x) = {L C T«(T*R") | Q |= 0},

where L denotes a Lagrangian subspace with a fixed orientation.
We will suppose that the natural projection of

1&,% U 18,00)
x eT*M

on the cotangent space 7*M is a smooth bundle:

a:18,— T*M.

8.3 Grassmannians for 2— and 3— Effective Forms

Now, we specify grassmannians /&, (x;) C LG4 (x;) associated with the effective 2-
and 3-forms.

8.3.1 Integral Grassmannians for Monge—Ampere Equations
in Dimension 2

Grassmannians of a Monge—Ampere equation in dimension 2 could be characterised
by the pfaffian Pf (wy,) ([7, 8]). We will restrict ourselves to the case of general
position, or to the non-degenerated Monge—Ampere operators with Pf (wy,) # 0.

Theorem 8.2 If the form w,, defines an elliptic Monge—Ampeére operator such that
(Pf (wy,) > 0), then the grassmannian 18,(x)) is homeomorphic to the projective
line CP'. If the Monge—Ampeére operator is hyperbolic at x1, i.e. (Pf (wy,) < 0) then
the integral grassmannian 18,,(x1) is homeomorphic to a torus T2.
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Proof ([8])

1. If the form w € Q*(T*M) belongs to the ‘elliptic orbit> at the point x; € T*M,
then we can introduce the field of endomorphisms {A,,} € End (Ty,(T*M)) such
that —Pf (wy,) = A)Zr, or, after a proper normalisation

Wy,

NI

we obtain the field {A,, }x; € T*M such that A)zcI = —1 and as it was mentioned in
the cited classification theorem, the operator A,, gives an almost-complex struc-
ture on T*M. So we have that there is a one-to-one correspondence between
the choice of the complex line and the choice of a point in the integral grass-
mannian (a choice of Lagrangian plane L with the condition w,, |= 0). Given
almost-complex structure A,, defines an isomorphism

T, (T*R?) ~ C?,

and therefore I&,,(x;) = CP!

2. In the case of the hyperbolic Monge—Ampere integral grassmannian instead of
almost-complex structures, we have the field of almost-product structures given by
the operators A with the eigenvalue &1, i.e. A> = 1. The almost-product structure
dictates the choice of coordinates on 7, (T'C?) such that the equations Wy, L=
Q,, = 0 at point x; are read as

dpy ANdqy |L=dp> Ndqs |1= 0.

This equation shows that such Lagrangian planes are direct sums of two 1—
dimensional subspaces obtained from the eigenspaces of A, i.e. I&,(x;) is iso-
morphic to the product §' x §' = T2. O

8.3.1.1 Digression: Pliicker Embedding and Homotopy Type of Generic
2d—MA Grassmannians

Here, we propose a pure algebraic derivation of the previously proved results. This
approach is very much in the spirit of F. Klein.

Denote by V a tangent space to 7*M at some point. Then fixing the Liouville
volume form Vol on V, we obtain a symmetric bilinear pairing as above:

(@A B)

A2(V).
Vol ya, B € A°(V)

g A (V)®A (V) R, g, B) =

The form g is non-degenerate and (as it is easy to check) has signature (3,3). A
bivector « is g-isotropic iff « is a decomposable: o A o = 0.



8 Monge-Ampere Grassmannians, Characteristic Classes and All That 239

There is a bijective correspondence between the points of the grassmannian
Gry(4, V) and the points of the projective quadric in RP> given by the image of
Pliicker embedding

Gry(4,V) = P(A*(V)) = RP?

which is in coordinates is written as

P12DP34 — P13P24 + p1aps =0,

where o € A?(V) isrepresented as o = 1/2 >_i,Dijei A ej for some base e; of V and
pij +pji=0.

To describe in the Pliicker terms the Lagrangian grassmannians and the Monge—
Ampere grassmannians, we need to choose the volume form Vol = Q2 A Q and to
suppose that the symplectic bivector «g = e; A e3 + ex A e4. The effectivity condi-
tion gives the relation p;3 + p4 = 0 and the relations, which are singled out. The
planes tangent to the elliptic MA and to the hyperbolic MA are correspondingly read
as pi4 + p23 = 0 and as p14 — pr3 = 0. Then the Pliicker embedding is restricted to
the embeddings of special Lagrangian grassmannian

SLG,(4, V), = SU(2)/SOQ2) = S*(=1E,,)

in RP3(which is exactly the elliptic 2d —MA grassmannian) such that the images
of it are projective quadrics, which are in appropriate homogeneous coordinates
(x1 : X2 : x3 : x4) € RP3 given by the equations

gr Xt —x3—x3—x;=0

and in the case SLG,(4, V)_(=1&,,)
g xt—x3—x3+x2=0.

Now to precise the topological type of the quadrics g+, let us identify RP3 as the
three-sphere x7 + x3 + x3 + x7 = 2 with identified poles : RP* = §3/Z,.

Then, the ¢ quadric reduces to the relations x; = 1, x3 4+ x3 +x7 = 1, which
are singled out to a two-sphere S2. The g_ quadric reduces to the two-dimensional
torus T> = S! x S, which is given by the relations x? + x7 = 1, x = x3 = 0 and
x% +x§ =1, x=x4=0.

Corollary 8.1 7,(I&,,) =0, m(IE,_ ) =Z & Z.
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8.3.2 Geometric Structure Associated with 3d— MA
Equations

Let us consider the case when dim M = 3. Now, we describe the grassmannians
associated with the non-degenerate Monge—Ampere operators in dimension 3. The
adequate language to do it was proposed in the Ph.D. thesis of B. Banos [2, 9], who
had generalised and extended the correspondence between the Monge—Ampere oper-
ators with constant coefficients and flat integrable geometric structure on dimension
3. We will give a review to remind his approach.

We are interested here in a local description of MA structures, so we can assume
in the subsection T*M = RS,

Let w be an effective 3-form on R®, w € Qg’(R6), and ¢, € S2(R®) is the cor-
responding quadratic form. We will suppose that the form w is non-degenerate in
Hitchin sense ([JHit) (remind that, in this case, the signature of g,, may be equal to
(3, 3), or to (0, 6), or to (4, 2)). If Q denotes the standard canonical 2-form on R®
we will call a generalised Calabi—Yau structure on R® the quintuple (g, 2, K, a, )
where g is a (pseudo) metric on R® (a non-degenerate quadratic form, possibly indef-
inite), K € End R® such that K? = 41 and

g(x,y) = Q(Kx,y)
for any vector x,y € R, and the «, B are 3-forms on R® which are decomposable,
i.e.
A=A AdAA3, B= 1 AUs A U3
for A;, i € Q1(R®), 1 < i < 3 and such that

aAQR=BAQ2=0

and
o A B = const - °.

The subspaces associated to & and $ are the eigenspaces of the endomorphism K:

Co@ (x eR® | Kx = —x} < {n,a =0}

Cs @ (x e RO | Kx = x} &= (1,8 =0}

or
Co ™ (x € RO | Kx = —ix} < {1,0 =0}

G Y (xeRE | Kx = ix} & {1,p =0}
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We remark that for the ‘usual’ Calabi—Yau structure on R®, we should take
K=11=-1, g =QU-,-)andby (o, B) = (o, @),i.e. when a is a (3, 0)- form for
this complex structure. Usually, the standard Calabi—Yau structure imposes the pos-
itivity condition on g. These (generalized) Calabi—Yau structures are in one-to-one
correspondence with the Monge—Ampere constant coefficient operators.

Example 3 The standard Calabi—Yau structure on R® is equivalent to Special
Kdihler structure on C? (for details see in the lectures of one of the authors in the
same volume [10]), is given by the quadruple (g, I, €2, &) (in this case 8 = @), and
defines the special Lagrangian Monge—Ampere operator

Au — Hess(u) =0
with coordinates g1, ¢2, g3, p1, p2, p3 on TR? as

g = —(dq)* — (dq2)* — (dg3)* + (dp))* + (dp2)* + (dp3)?,

a a
I =-—®dq + — Qdqp+
api apa

d d 0 d
8—®dQ3——®dP1——®dp2——®dP3 ® dps,
D3 94 0 0

Q =dq\ Ndpy +dgx N dpr + dgz A dps

and
a =dz1 ANdzo ANdzz = d(q1 +ip1) Ad(q2 + ip2) Ad (g3 + ip3).

Example 4 The following (pseudo)-special Lagrangian operator

(u + Hess(u) =0

9%u

(where Uu = Pyl Ay, .4,V 1s the 3d-wave operator) is associated with the gener-
alised (pseudo) Calabi—Yau structure (g, I, 2, o), where
g = (dg1)* — (dg2)* + (dg3)* + (dp1)* — (dp2)* + (dp3)*.
18®d 8®d 8®d-|—a®d-l--l-3®d 8®d
aq D1 a q1 a D2 a q2 8 D3 8 q3,
Q = dq\ A dpy +dgx A dpa +dqs A dps,
a = (dq: + idp1) A (dga2 + idp2) A (dg3 + idp3)

Example 5 The ‘real’ Calabi—Yau structure (g, S, 2, «, B) is associated with the
Hessian constant coefficient equation Hess(#) = 1, such that
g =dq) ®dp, +dqx ® dpy + dqz ® dp3,

a0 0 d 0 d d
S=—Q®dg — — Qdp1+ — Qdgr — — Qdpr + +— ®dqz — — ® dp3,
9q1 ap1 9g2 ap2 9g3 ap3
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and S? = Id;

Q =dq\ Ndp1 +dgx N dpr + dgs A dps,
o =dq) A dgx N dgs,
B = dp1 A dpay A dps.

8.3.3 Integrability and MA Grassmannians in 3d

Now, we remind the 3d —analogue of the classification theorem in geometric form.
More exactly, we will show that these are similar integrability conditions for the
non-degenerated Monge—Ampere operators, which are nothing but the integrability
conditions of the corresponding Calabi—Yau generalized structures.

Recall that in 2d-case, the constant coefficient reducibility condition of a non-
degenerate (in the given open neighbourhood) effective 2-form w is written as the
closeness of the normalised form

() =

where Pf (w) # 0. Its geometric counterpart could be written in the form Nijenhuis
tensor torsion-free condition Ny = O for the endomorphism A.

Let wy € Qg (T*M), for 3d —dimensional M be an effective non-degenerate dif-
ferential form and we will denote by ¢,, the quadratic form, associated with the form
w by the following formula for the corresponding bilinear symmetric form (see the
details in [8]):
1x (w) Ay (w)

(X, Y) = .
GX. ¥) ==

The Hitchin linear operator at any x € T*M acts as

K, : T.(T*M) — T.(T*M)
eof A A

K, (x) %4 Alxeo n o)

QAQLAQ

where
A:QL(T*M) = T(T*M) @ Q¥T*M).

is the isomorphism which is induced by an exterior product.
Then the following proposition is valid:

Proposition 8.1 (34— ‘splitting construction’) The MA effective form can be split
in the sum of two 3—forms: w = o + B for
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_%K;(w)), B = %(a) - ‘lTrKi _%K;(w)) 8.1)

1( —i—‘lTKz
da=—-\w — 17
2 6 ¢ 6

and the quintuple (2, q.,, K., a, B) is a generalised almost-Calabi—Yau structure on
T*M in the sense of previous section.

Proof Tt was observed by Banos [2] that g, = Q2(K,,, -). Then we should only check

that « and 8 are effective and the ratio ‘%ﬁ is a constant. But it is clear from

K*QAw) =K Q) AK (@) = +Q AK* (@) =0

that the form K*(w) is effective if w is. The effectiveness of & and 8 is evident from
8.1. From the normalisation condition, we obtain

1 2
-TrK;, = £1
6
and hence,
aANp
Q3
is a constant. O

Theorem 8.3 There are three different models of the integral grassmannian in the
dimension 3, corresponding to the three different non-degenerated Monge—Ampeére
operators with constant coefficients:

I.Ifw e Q?S(R(’) is such that éTrKaz) =1, then

1€, = SL(3)/S0B3) | [ SLB3)/s0(1, 2),

where | | means the disjoint sum.
2. Ifw e Q%(Rﬁ) is such that %Trl(az) = —1, and the signature of q,, is (0, 6), then

18, =SU(3)/S0();

3. Ifw e Q%(Rﬂ is such that %TrKf) = —1, then and the signature of q,, is (4, 2),
then
1&,=SU2,1)/SO02, 1).

To prove this Theorem, we need some technical results about the grassmannians
of integral planes.

Lemma 8.1 The set IE) C IE, of the integral grassmannians having the non-
degenerated quadratic form q,, is an open subset in all integral grassmannians.
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Proof Easy.

O
We denote the signature of g, by (p, g) and by I 8(,5 9. We denote the subset in
1&,, with g, of signature (p, g). Then, taking the unifications

gl =[] 1809
pqsk
for p + g < 3 we obtain
18! =2 CIE CIE, CIE C IE} =18,
a filtration of the topological space IE,,.

Proof (Proof of the Theorem) Let V € I1&], be anintegral plane of the non-degenerate
Monge—Ampere operator A,,. The Hitchin operator K, transforms V to the orthog-
onal space Vy = K, (V) : we have ¢, (V, Vj) = 0, because

4oV, Vo) = 4u(V, K, V) = QKV,KZV) = ¢ QKV, V) =0

(V is a Lagrangian!). So K,(V) C VO but d.|v 1s non-degenerate hence the exact
coincidence (dimVy = 3),

K,(V)®V =T(T*M) ~ T*(R?) = RS.

1. Consider the case when the signature €(g,,) = (3, 3). Let éTrKf) = 1. Taking the
base of R®(ey, e, e3, fi, f>. f3) as a canonical one with

Q=i ATt A +es NS,

q=eiff" +e&f + ey
K,=e1®@ei+e®e+e306—fidff —LQf, —ff,
=elneney— AL NS
w=elNesNes+TAL AL

S

We introduce the sets
d
Vo L (v, )y € R?) € 1830

and
def 1,2
Vi = {(x1, x2, X3, —x1, =Xz, —x3)} € IE(?,

Choose an orthonormal base ay, az, az of g, on V:
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qo(ai, aj) = €; 8, & = %1
(e nesAesar Aay Aaz) =0

an let
def @i + Ko (ai) def ai — Koy (ai)

T 7Wl_
V2 V2

fori =1, 2, 3. Let A be the matrix of u; in the base {e}, ¢;, e3} and B be the matrix
of v; in the base {f}, f>, f3}. Then taking the matrix

- (:9)

we obtain V = CV,. Moreover, we have

CO\(0I\[AO\ [ 0 Ip,
oB)\10)\oB) = \u,, 0 )

with
d &1 00
I(p,q) ;f 0 & 0
00 &3
and A'B = I, ). det B = 71, if e(g,,) = (3,0) or (1,2)

detB = — o1+, if £(gw) = (0,3) or (1,2)
Now, using that
(w,a1 Nay ANaz) =0,

we obtain
detA = det B.

Thus, we have

A 0

165*0) — {(0 (Al)_l> V(3'0)‘A S SL3} )
A 0

18((1?,3) = { <O (Al)_l) V(I,Z)‘A S SL3} N

1E0Y =182 = &,

A 0 A 0
<0 (At)—l> V(I’,q) = V(.ﬁ»‘l) <O (AZ)—I)

But

if and only if
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(At)_ll(p-q)x =lp.AX
for any X € R>. It means that we have to choose the matrix A from SO (p, q):
1ECY = SL(3)/SO(3), IE? = SL(3)/SO(1, 2).

2. Similarly, in the case TrK 2= _—6and e(g») = (4,2), we can take canonical
base ey, 2, e3, f1, f>, f3 in R® in a such way that

Q= ANfi'+E NS+ e NSy,

qo = eje] — &ses +eses + iy — L+ 15

Kp=e1®ff —aa®ff +e3Qf —fi®el +H®e; —f;®e3,
o = Re((e] + ") A (&5 — 1) A (€5 +if3)).

Denote by Vy € 1E> the subspace generated by fi, >, f3. Let V € 18, and ay, a, as
is an orthonormal base of V :

qo(ai, a;) = &8, & = %I
We introduce the C-linear endomorphism by

Af =a;, i=1,2,3.

Then
. €1 00
A[(zy])A = 0 1) 0
00 &3
and we can similarly deduce that
&1 00
Ionny=10&0],
00 &3

which implies that A € SU (2, 1) (because of the condition thatw/V = OanddetA €
C). So we obtain

IE; = {AVh|A e SU(2, 1)},
But AV, =V, if and only if A is real; hence the result:

18 =SU(1,2)/S02, 1).

3. The case TrkK?> = —6 and &(g») = (0,6) corresponds to the standard
Calabi-Yau structure on the space C*> = R® known also as special Lagrangian.
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It is well known after Harvey and Lawson pioneering paper [11] that the special
Lagrangian grassmannian

18,(x) = {L C T«(T'R’) | wx 1= Q\ 1= 0} = SU3)/SO(Q).

8.4 Multidimensional Generalisation of Splitting
Construction

8.4.1 Non-degenerate 2k + 1— Forms in Sense of Hitchin

Let V be a real vector space of dimension 4k 4 2 and AP (V*) the space of exterior
p—forms on V. Let us fix a volume form ® € A**2(V*) on V. Denote by A :
A¥FL (V) - V @ A%F2(V*), the isomorphism which is induced by the exterior
product: A = A ® ©, where

Aoy =2Y qevr
o) = ——, « .
®

Now and in what follows in this section V = T, (T*M) at some point x € T*M and
the volume form ®, we shall identify with the Liouville symplectic volume form
Q.

We shall use an invariant operator K© : V — V defined by

AGxw N o)

KO(X) = o , XeV.

Definition 8.1 The Hitchin Pfaffian of a 2k + 1—form w € AZ*+1(V*) is

1 o2
)»@(Cl)) = mTr(Ka) )

A2k 4+ 1—form wis called non-degenerate in Hitchin sense if and only if Ag (w) # O.

Lemma 8.2 Let w € A**T'(V*) be a 2k + 1—form which is non-degenerate in
Hitchin sense. Then )
K2 = ro(w)Id.

Proposition 8.2 Letw € A*+1(V*) be a 2k + 1—form, which is non-degenerate in
Hitchin sense.

1. Ae(w) > 0 iff © = a + B where o, B are decomposable 2k + 1—forms on V.
Moreover, zfc%’3 > 0 then o and B are uniquely defined:
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20 = o + |ho (@) 2 (KO) o,
28 = 0 — ho (@) 1 (KO) .

2. do(w) <0 iff o =oa+ a, where o € _A2k+1 (V*® C) is a decomposable over
C 2k + 1—form on V. Moreover, lf% > 0 then then o is uniquely defined:

@ = o+ ilte(@)| (KD w.

Remark 8.1 Letus fix a basis (e, ..., es2) in V and the dual one (e7, .. ., ejk+2)
in V*. We pose © = efA, ..., Aej,.

1. Xo(w) > 0iff w is in the GL(V)—orbit of
TN, . N e A, A

2. re(w) < 0iff w is in the GL(V)—orbit of

(€] + iehin) A (&g Fieqyz) Ao A (€py +i€,)

+ (e —ies ) N (€5 — i€y ) Ao A€y — i€ ,).
The action of GL(V) on A%**1(V*) has two open orbits splited by the hypersurface
{re = 0}.

The unicity of this decomposition of a non-degenerate exterior form w in a sum
of two decomposable forms (up to a choice of orientation) provides a construction
of a dual form o:

Definition 8.2 (Hitchin)
1. fAg(w) >0and w = a + B, then® = a — B.

2. f \g(w) <0and w =« + @, then = i(ax — «).
8.4.1.1 Hamiltonian Approach

One can define a non-degenerate exterior two-form (a symplectic structure) on
A+ (V*). More precisely,

o Ao
®

Do(w, @) =

is a symplectic form on A%**+!(V*). Hitchin has proven the following

Proposition 8.3 The action of SL(4k + 2) on the symplectic space (A*T1(V*), D)
is a hamiltonian with the moment map
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K® : APFL(v*) > si(4k + 2, R).

We have identified here the Lie algebra s/(4k + 2, R) with its dual s/(4k + 2, R)*
with a help of the Killing form (X, Y) — —=Tr(XY).

ax+2
Let suppose now that in our 4k 4 2—dimensional vector space, V is a symplectic
with a symplectic form Q. The Liouville volume form ® := —Q"?**+1 is fixed and it

isdenoted A := Ao, K :=K®, O := Og. The subspace of effective 2k 4+ 1—forms
Afk“(V*) is a symplectic subspace in (AFHL(V*), O). In fact, due to Hodge-
Lepage—Lychagin theorem, each form @ € A%**!1(V*) can be written as

w=wy+w AD

with effective wy. The exterior product is non-degenerate on Afk“ (V*). Moreover
the action of Sp(2k + 1) preserve . So it is natural to ask this action to be hamil-
tonian.

Lemma 8.3 A 2k + 1— form on V is effective iff K, € sp(2k + 1)

Proof Take asymplectic base (ey, €2, ..., €x+t1,f1, /25 - - - s fox+1), then K, is written
2k+1 2Uk+1
K,(X)0 = (xornwe) @ej+ »  (1xw Aaf) ®f.
j=1 j=1
Let

- (2

then
Aj® = 1,0 Ao A ef
Bi® =yoAwAef
Ci® =1,0Nw A
Dﬂ@ =10 Aw Aﬁ*.
So w is effective iff the following relations are satisfied for/ =1, ..., 2k + 1:

L@ AD =D Ao =w Af
o AD =D Ao =—oAejf.

and in the matrix form D = —A!, B' = B and C = (', in other words, iff K, €
sp(2k + 1).

Corollary 8.2 The action Sp(2k + 1) on the symplectic space (Agk“(V*), ) is
hamiltonian with the moment map K : AzkH (V*) — spk + 1).
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8.5 Characteristic Classes of Monge—Ampeére Equations on
a 3-Dimensional Manifolds

Here, we discuss the most interesting application of the theory of integral
Grassmannians—the theory of the characteristic classes for solutions of the Monge—
Ampere equations.

The Grassmannians, which we had studied before, play the role of the universal
bundles and their cohomology are defined some characteristic classes via the Gauss
tangential mappings. To be more precise, we consider the cotangent bundle 7 :
T*M — M and a solutions Z, of a Monge—Ampere symplectic equation A, =0
given by an effective n-form w € Q"(T*M) .

We consider the bundle of the integral Grassmannians /&, — T*M . The fibre of
this bundle at the pointx € 7*M is the Grassmannian /&, , of all Lagrangian n-planes
such that they are integral to w(w|y = 0 forany V € I&, ). If we consider now
the cohomology space H*(IE,,, Z,) and any cohomology class C, € H*(1&,,, Z)
then the natural analogue of the Gauss map associated with a multivalued solution
Z, CT*M

Jz, 2y = 1E,, Jz,(x) =T (Z),

induced the map of the cohomology
J; tH*(18,, L) — H*(Zy, L).

and a cohomology class J; (C,,) € H*(Z,,, Z»).
Taking C,, from the set of generators in H*(H*(1&,, Z,), we obtain some coho-
mology characteristic invariants of the multivalued solution Z,,.

8.5.1 Special Lagrangian Monge—Ampere Characteristic
Classes

We shall realise the program outlined above for the case of the most interesting
low-dimensional Monge—Ampere operator

A, = A — Hess.
Here M = R3, T*M = RS,
Q =dg) Ndpy +dgx A dpy + dgs A dps

and 7 : T*R3 — R? is given by m(q, p) = g. We denote( for a chosen subspace
V C T*R®) by Vlp := V Nker(r) which is parameterised by (p, 0).
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Let LG, (R®) = U(3)/SO(3) be the Grassmannian of oriented Lagrangian sub-
spaces in T*R?3, and the filtration of it is defined by V.

F,={V e LG,(R%|dimV, >3 —n},
@=F_CFyCF CF,CF;=LG,R%, 0<n<3. (8.2)

The cohomology of this Grassmannian are well known and its calculation is an
application of the following classical A. Borel’s theorem:

Theorem 8.4 There is a convergent spectral sequence {E,(p ’q), d,(p ’4)}, r >0, con-
structed by the filtration 8.2 such that E ](p’q) = HPTOF »/Fp—1, Zy) is given by the
following picture.

0]0]0]0]

AL

0 |Z1|Z5|0]

VA

The sequence is stabilized on the first step (Eép D= .= (Eo(‘g’q)) and converge to
the cohomology H*(LG+(R¢), Z;), which are isomorphic, (as graded algebras),
up to the order 3 to the graded ring Z)[wy, wa, w3]/ (w%l, w%yz, w%j) generated
by the Stiefel-Whitney’s classes of the tautological bundle over the Grassmannian
LG, (RY).

Now, we will consider the integral sub-Grassmannian / &,,, associated with the spe-
cial Lagrangian Monge—Ampere operator A, = A — Hess and the effective form
wis

dpy Ndpy A dgz — dpy A dps A dgs + dps A dps A dpy — dgy A dga A dgs.
The subspaces V € LG, (R®) such that w|y = 0 are formed the sub-Grassmannian
IE, C LG (R%)
Taking the filtration as above, one can define

g=F,'cF)CF!CcF.CF.=1I&,, (8.3)

where F) = F; N 1&,,, and, then, will compute the spectral sequence corresponding
to the filtration (8.3). Take the decomposition R® = TR3 = L, ® L,, where
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d d 0

SENER) "
op1 dp2 9dp3
d d 0

L, = <— 22 (8.5)
0q1 9q2 9q3

and identify the tangent 7(7*M ) with the direct sum TM @& T*M .
The following theorem based on some unpublished computations of B. Banos [2]:

Theorem 8.5 1. The quotient F/F ;! ~ (;

2. The quotient F} /FO ~ 1|, where 1 is the tautological 1d —dimensional bundle
over P(T) understanding as Gry(3);

3. The quotient F2/F} ~ 1, , where 1, is the tautological 2d —dimensional bundle
over P(T*) understanding as Gr,(3);

4. The quotient F3/F? ~'S C R®, where the set S is the 5d—dimensional singular
cubic hypersurface with two connected components, whose regular part is a
covering (with discrete fibres 7.3) over

X1X2X3 — X1 — X — X3 = 0
modulo symmetric group S3.

Proof 1. L, is the only Lagrangian space, which are belonged to ker 7. From the
condition
< 8/\8/\8>750 (8.6)
0, — N— AN — .
dp1 Op2  9p3

it follows that
FO/F T ~ (8.7)

2. LetL € I8, be such a space that L € F!. Then one can represent L as the direct
sum
L=V, ® (& +& .6 +§), (8.8)
where V, is generated by a vector £ € T, say,
E = ady, + By, + V.
Vectors &1, & € T are a basis in the keré cT,ie.
§1 =Py, —ady,, 5 =y, — By,

In its turn, £}, &) € T*, can be written as
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%.]v = alaﬂ] + blam +c aPS’
& = a0y, + D20y, + 20y,

and

1;0 = adpy Adps — Bdpi A dps + ydpi A dpr—
—adqy ANdgs + Bdqy Adgs — ydy Adqa.

Making the contraction with &, + &/, obtain

e 46 (1z0) = —(aydq) + Bydgy + (@ — B7)dgs+
+(=ybi + Bc)dpy + (yar — ac)dp; + (aby — Bay)dps.

and further, contracting with &, + &;, obtain

Loy peyle vg (1p0) = =B +y7 + )+
+y(a1by — axby) + a(bicy — bacy) + Blazcr1—aicz).
We observe that 8 # 0 (this is a consequence of the linear independence &, &)
and hence we get a linear equation on & A &, and conclude that the associate
graded F!/F? is isomorphic to the tautological 1d —dimensional bundle over
Grassmannian Gr3(1) = IP(T).

3. Let us describe the associate graded quotient F2/F!. Similarly to previous
description (8.8), L € F?2 implies

L=V, ®(+8"), (8.9)
where V,, C T* is the kernel ker & of £ € T, and £” € T*. We remind that this a

description of a Lagrangian space with 2d —dimensional kernel of the projection,
when we identifies the tangent space T (7T*M ) with the direct sum 7' @ T*. If

§= aapl + ﬂapz + Vaﬁs’
then V, is generated by vectors §; = «d,, — B9,, and & = B9,, — y9,, and if
&Y = ad,, + bdy, + cop,,

then
El A 52 = 187/8171 A 8[72 + :Baal’s A 8172 - ﬂzapl A am’

and
0 = 15, 06,0 = Bydps — Badpy — pdp,.
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Therefore w|;, = 0 if and only if #(£") = 0. This condition implies the relation
(here again, 8 # 0)
aa+ Bb+yc=0,

which gives an isomorphism of F2/F. with the total space of the tautological
2d —dimensional bundle over the Grassmannian Gr3(3) = P(T™).
4. The most interesting and difficult topologically case of F z / Ff) admits a nice and

straightforward algebraic description.

In this case V, = 0 and
3
L=(d,+ Y agd,), i=123

j=1
One can conclude that a;; = aj; (because L is a Lagrangian) and the condition
|y = 0 is reduced to the algebraic equation

det(l|a;l) = tr(llag|)-
The associated graded F>/F2 is identified with
{A=llagll,A=A" | det(4) = tr(4), 1=<i,j=<3}

This is a 5d— dimensional singular cubic hypersurface S in R® with highly
non-trivial topology. The regular part (which one can obtain by removing multi-
plicities) can be identified with a covering with discrete fibres Z% over the cubic
orbifold

{x1x0x3 —x1 —xp —x3 = 0}/63

under the automorphism actions of the symmetric group Ss. (]

8.5.2 Remarks and Speculations About S

The ‘regular’ part of S can be interpreted in the following way:
Complexifying the tangent space V (going to V ® C), we identify T* with C?
and the cubic S can be considered like a singular affine complex 2d — surface in C :

X1X2X3 — X1 — X — X3 = 0. (810)
This is the so-called Cayley surface. The ‘infinite part’ of the cubic consists of three

lines. The three pair-wise intersection points of this lines are singularities in infinity.
There is one extra ‘finite’ singular point x; = x, = x3 = 1. Singularities has A-type
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singularities (verified by direct change of variables, see, i.e. the Appendix B in [12]).
The homotopy type of this variety is the bouquet of two-dimensional spheres (‘Milnor
spheres’) [13]. The Poincaré—Hilbert polynomial of S over Cis Ps(t) = 1 + 212.[14]
The ‘regular’ part of S can be interpreted in following way: we consider the
interpretation of the effective form w entering in the definition of special Lagrangian
MA operator
A, = A —Hess,

as an imaginary part J(«) of the holomorphic (3, 0)—form o = dz; A dz A dzz
where dz; = dg; + /—1dp;,i = 1,2, 3.

We shall identify 7*R? with R* x R? and denote by 7, , the projections T*R? —
R? such that 7, (¢, p) = g and m5(q, p) = p.

Let V C T*R? be a Lagrangian linear subspace (Q2|y = 0) such that w|y =
S(a)|y =0..

There are two different possibilities:

1. V is transversal to both projections 7} and m, simultaneously.
2. V is neither transversal to 77 nor to 71, and codims; (V) = codimm, (V)

Let A : R} — RR? be a linear map and the graph(A) C T*R? is a linear Lagrangian
subspace.

Then, the first type of the special Lagrangian hyperplanes belongs to the regular
part of the Grassmannian /&, (be represented by graphs of some self-adjoint linear
map A and expressed in terms on non-multiple eigenvalues x;, x,, x3 as above.)

The second type forms the singular part of the special Lagrangian Grassmannian
and only simple (conic type) singularity in C? is relatively studied (see [15]).

We postpone the study of full special Lagrangian Grassmannian and hope to
come back to it in our future work. The interest in this study is not restricted to the
geometry of non-linear PDEs, but there are many other avatars of this cubic and the
links between them are still unclear. Among them the following:

Moduli space or isomorphism classes of Sklyanin algebras with 4 generators
which are in one-to-one correspondence with the orbifold S/&3 [16]. Here, S is
given a cubic relation

Fx,y,2) =xyz+x+y+z=0 (8.11)

which geometrically describes a 2-dimensional affine variety in S C C3. We suppose
that (x, y, z) is a ‘generic’ point in S. The symmetric group &3 of order 3 isomorphi-
cally acts by cyclic permutations of (x, y, 7). The coordinates has explicit expression
via four Jacobi theta functions 6;; and the equation can be interpreted like a classical
‘quartic identity’ for them [17].

Another reincarnation of (8.10) is the variety of monodromy date for the first-order
linear system of complex ODEs associated with Painlevé II equation [12].

Recently [18], the same cubic had appeared in a description of cyclically ordered
6—tuples of Lagrangian subspaces (L, Ly, ...Lg) in C* such that every two con-
secutive subspaces L; and L; are ‘maximally non-transversal’. These configurations
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are in some sense dual to Lagrangian configurations, and the Maslov index may be
applied to study them.

The moduli space £(2, 6) (under Sp(4, C) of generic (2, 6)-Lagrangian configu-
rations, i.e. Legendrian hexagons in CP? can be described in terms of the so-called
‘symplectic cross-ratio’ and each hexagon defines a diametric symplectic cross-ratio.
There are three non-independent diametric cross-ratio in £(2, 6). They satisfy the
cubic relation (8.10).

We address to the study and to a clarification of all this intriguing coincidences
in future publications.
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Chapter 9 ®)
Weak Inverse Problem of Calculus oo
of Variations for Geodesic Mappings

and Relation to Harmonic Maps

Stanislav Hronek

9.1 Geodesic Mappings and Basic Setting

Let us start with geodesic mappings of manifolds with affine connections. For the
theory of geodesic mappings, we refer to [1]. Because geodesics on manifolds are
characterized by the symmetric part of the connection only, we can restrict ourselves
to torsion-free manifolds with affine connections, i.e. from now on, we assume that all
connections under consideration are symmetric. We will also only consider naturally
parametrized geodesics. Consider manifolds with affine connections (M, V) and
(N, ¥V) and a map between them ¢ : (M, ¥V) — (N, ¥V). This map is said to
be a geodesic map if

1. ¢ is a diffeomorphism of M onto N; and

2. the image under ¢ of any geodesic arc in M is a geodesic arc in N; and

3. the image under the inverse function ¢! of any geodesic arc in N is a geodesic
arcin M.

The usual example of a geodesic mapping would be an isometry of Euclidean sur-
faces. In our paper, we will generalize this definition a little, we will give up the
assumptions 1. and 3. meaning instead of diffeomorphisms we will be working
with immersion. Mathematically speaking, a mapping ¢ : (M, MV) — (N, VV),
(dim(M) < dim(N)) is geodesic if for every geodesic curve x(z) on (M, MV),
¢ o x(1) is a geodesic curve on (N, VV). For solving the inverse problem of cal-
culus of variation, we would like to use the formalism of calculus of variations on
fibred manifolds. The fibred space for the problem will be (M x N, &, M), which
has dimension m 4+ n and the mapping ¢ now serves as a fibre coordinate. We also
suppose geodesics on M and N are parametrized by the same parameter ¢. From
the simple definition of geodesic mappings, one can derive a set of geodesic equa-
tions which will serve as conditions for the mapping ¢ to be a geodesic mapping.
Let us write out the equations in coordinate systems (x’, ¢°) on the total space and
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adapted system on the basis (x'). In these coordinate systems, the affine connections

My, respectively, ¥V have components denoted by ¥ F;lj, respectively, VT'%, . The

geodesic equations for a curve x(f) in M and a curve y(¢) in N are

i Myl =0,

o Nypo spev _
¥+ T,y =0,
i,j,l=1,....m=dim(M) wu,v,A=1,...,n=dim(N),

For a geodesic mapping ¢, the geodesic curve y(¢) is the image of x(¢) by ¢, substi-
tuting y(t) = ¢ (x(¢)) in the second equation we get

d . i
5 (/%) +V Tl ¢ 5 ¢/ =0,

where we used the chain rule in the second equation ;—l(qb“ (@) = qbl“ x!. Com-
puting the derivative in the second equation and then substituting for the second
derivative from the first we get

d A
5 (¢ 2") +N Ty ¢k = g i’ 4 ¢y & +V T ¢ &' i/ =0,
gLt M Tl il N T gl = i (¢u MLk gl 4V T gl )

o7 =M ey +N T8¢t = 0. ©.1)

What we get is a sufficient condition for ¢ to be a geodesic mapping. The second
part of interest is harmonic mappings.

9.2 Harmonic Mappings

The basics of harmonic mappings can be found in [2, 3]. Their applications to physics,
which include string theory, sigma models, and general relativity, are presented in
papers [4, 5]. The main change from geodesic mappings is in the setting. Harmonic
mappings are defined on Riemannian manifolds, i.e. manifolds endowed with a metric
tensor. We say that a mapping ¢ between two Riemannian manifolds (M, g) and
(N, h) is harmonic if it is a stationary (extremal) point of the energy functional.

1
E¢) = / STra(@ hos,
M
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where wy is the volume element on M corresponding to the metric tensor g. Euler—
Lagrange equations of this functional yield similar equations as for geodesic map-
pings (9.1), with the difference that for harmonic mappings the connections are metric
connections. The Lagrange function in the chosen coordinate system (x', ¢°) has
the following form:

1 .
L =38"had}¢;
Its Euler—Lagrange equations are as follows:

oL oL
k7o — 7o
ol ¢

After computing the derivatives and arranging the terms, we get

y - 1 1 1 i
gljhaud);’j + gqubz?[¢)j'L (5110)»,0! + Ehaa,/\ - EhaAﬁ) + gkj,khav(p}, =0

gV hgy (97 =M THdl +V T3,6797) =0, 9.2)

where in the last step we used an expression for the metric trace of Christoffel symbols
gl Ff‘j =— gk{ ;- These equations seem rather complicated, let us give some examples
of harmonic mappings. Constant maps are harmonic. If the source manifold (M, g)
was R with the natural metric, the mapping ¢ would be harmonic if and only if
it was a geodesic. On the other hand, if R with the natural metric was the target
space, Eq.(9.2) would be the Laplace equation and its solutions, called harmonic
functions, are a special case of harmonic mappings. As mentioned above we get
similar equations, more concretely we get a trace of the geodesic equations (9.1).
There is also an additional difference being affine connections on one hand and metric
on the other. The similarities suggest the following question: what is the connection
between variationality of Eq. (9.1) and the corresponding connections being metric?

9.3 Weak Inverse Problem of Calculus of Variations

To answer this question, we will start with Eq. (9.1) assuming that the connections are
affine and not necessary metric and solve the inverse problem of calculus of variations.
From the equations, it is obvious that they are not variational by themselves, meaning
we need to impose and solve the weak inverse problem. To do that we multiply the
equation by a multiplier By, (x*, ¢*) and assume it does not depend on the derivatives
of the basis and fibre coordinates, which is usually the case, but this also means
our conclusions will be only sufficient and possibly not necessary. By multiplying
Eq. (9.1) with a multiplier B, we get new equations which do not need to be equivalent
to (9.1) but are a differential consequence of (9.1).
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We associate a dynamical (m + 1)-form with the equation, this form is the follow-
ing £ = E, 0" A wy, where wy is the volume element on M and " = d¢” — ¢;’dxi
is the contact 1-formon M x N.

E, = BY, (¢ =" T}of +" T3,476%) . (9.3)

Again using the logic that we are studying geodesic equations and the connections
and their components are supposed to be symmetric we can assume the multiplier is
also symmetric in the upper indices i, j.

Instead of solving variationality Eq. (9.1), we study the variationality of the asso-
ciated form E using the tools of calculus of variations on fibred manifolds, which can
be found in [6, 7]. The conditions for this form to be variational are called Helmholtz
conditions of variationality, which are of the following form (derivation can be found
in [7]):

9B, _OEu (9.4)
agl, o,
dE, OE dE
S SR og, ok 9.5)
gl o) g},
dE, OE IE IE
-2 4q ) (9.6)

0
—d,d, =
apr 99" og) e
From the first condition, we get symmetry of the multiplier B in the lower indices
By, = By
Because in the beginning, we assumed B does not depend on derivatives the equations

for the second condition split into a polynomial form in the derivatives of ¢. Setting
each coefficient to zero results in two conditions.

y aBr
—-BJ M), = Bx_,:’ 9.7)

y . 9BY
Nr;kB;,fv + Nr;;BgM = ﬁ (9.8)

These conditions already tell us something about the form of the multiplier B. The
second equation is the condition for a connection “I'7, to be compatible with metric

tensors B, with components Bf,j\, for any choice of indices i, j. Noticing that the
equations separate, in the sense that in the Eq. (9.7) there is a derivative with respect
to x” and in the Eq.(9.8) with respect to ¢*, we can guess that the multiplier B
separates also into the following form

BY = g (x"hy, (9",
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This would be the simplest choice, in particular, we know this choice is correct (is
a solution to the inverse problem) because it gives the harmonic mappings Eq. (9.2).
We can be more general and allow the functions £, (¢*) to also depend on x*. The
reasoning is the following. The second equation tells us that £, are components of
a metric tensor of the connection "T'7; at one particular fibre 7! (x*). If we move
to another fibre the connection ¥ I'7; is also metric but the metric can be different.
We can have a different metric tensor £ in each fibre and we allow the functions /4,
to also depend on x for this very reason. Therefore, we choose the multiplier in the
following form:

BY, = gV (x" oy (x*, 9"). 9.9)

To justify calling the functions g/ and ., components of metric tensors, we need to
check if they are symmetric and regular. Their symmetry follows from symmetry of
the multiplier B, symmetry of B in upper indices we assumed and in lower indices
we got from Helmholtz conditions, the regularity also follows from the regularity of
the multiplier B. In coordinate-free form, we have B = g ® h.

We know that Eq. (9.8) assures that the connection ¥ FZx comes from a metric #,
which can be different in each fibre (for different x). We can calculate how it changes
between fibres from Eq. (9.7). We substitute for B into Eq.(9.7) and simplify

lp
_ gii Myl _ 9B,
wvo T gyp
— 87 hy Mrgj = gl{)phuv + hlw,pglp
h;w (gij Mrll'j + gl{)p) = _h/w,Pglp

where gl? » 1s actually a trace of a connection induced by the metric tensor g and let us
denote it by ¥V, meaning the equation is a difference of traces of two connections.
Originally, we assumed the space M is only endowed with an affine connection,
however we see there also supposedly exists a metric g, but that is no surprise
because we know every smooth manifold admits a metric. We see that the dependency
of metric tensor 4 on the basis coordinate x is given by the difference of traces of
connections on the space M. We can then express the relation between the connection
components

Mry; = YT + 83,

where S! ; 1s a tensor which satisfies

.. 1
¢S} = _;h“”h,w,pglp.

The last remaining Helmholtz condition unfortunately brings no new information
after rearranging it into a polynomial form and from requiring that all the polynomial
coefficients vanish we get four conditions
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OB, — 0,BY, — . B}, + B, NT%, + B, VT, =0 (9.10)
0 (BY,) " T, + B, 00 Tg, — 0 (BI)VTG, — B0, TG, + 0 (BI) T, + B9, Ty,

+ 9. (BIONTG, + BY,0, M Tg, — 0,04BlJ, =0 9.11)
Mk (auBf,fv —8,BY, — 0, Bj{v) +29 (Bi’;) NPA —29,0,B% =0 (9.12)
— 0(B)MT]; — BY,0MT!, — 80,B/, = 0. (9.13)

Equation (9.10) provides us with the same information as (9.8) that being, the con-
nections V'V is metric with the metric tensor /.

We can also see that the remaining equations are dependent. Equation (9.13) is
just a derivative of (9.7) with respect to x’ and Eq. (9.12) is a multiple of Eq. (9.10) by
M Flkj The only equation that does not depend on the previous ones is Eq.(9.11) but
after some calculations it results in an identity for the Riemann curvature tensor R.

hpp Rﬁ)\va = hoy Ro(;mx —> Ryve = Roapa-

9.4 Summary and Conclusions

We now summarize everything we discovered from the Helmholtz conditions. We
have Eq. (9.1) for a geodesic mapping ¢. We ask the following question: what is the
connection between variationality of this equation and the corresponding connec-
tions being metric? Therefore, we are solving an inverse problem for the associated
dynamical form E = E, ®” A wy.

E, = BY, (g7, =" TL¢7 +" T2, 0747

We choose a specific form (9.9) of the variational multiplier B. The conditions for
variationality are

1. Connection ¥V is metric and is fibre-wise induced by the metric 4. (Metric A is
generally different in each fibre h,, = h;, (x*, ¢"). The way in which this metric
changes in x¥ is given by the connection V and metric g)

2. Connection ¥V does not need to be metric but is related to a metric connection
by

k _ Pk k
Ly =Ty + S5
where S{‘j is a tensor whose metric trace by the tensor g relates to the changes in

the metric h

8”5511 = _hwhuv,pglp~

The form (9.9) of the variational multiplier B is a solution to the inverse problem
if the corresponding metrics satisfy the above conditions. The results suggest that
both spaces are Riemannian, where # is compatible with the connection ¥V on N
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but g is not necessarily compatible with ¥ V on M. The interesting result is that the
metric & can be different in different fibres and the changes are related to structures
on the base manifold M. This conclusion mostly results from using the formalism
of fibred manifolds and finding a non-trivial solution to the weak inverse problem,
but it suggests more complicated fibred structure for the problem of geodesic and
harmonic mappings. There remains the question of finding more general forms of
the multiplier B, which could be a part of further research.

Acknowledgements I would like to thank Olga Rossi for the help and guidance.
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Chapter 10 ®)
Integrability of Geodesics of Totally ez
Geodesic Metrics

Radostaw A. Kycia and Maria Utan

10.1 Introduction

In [11], a class of totally geodesic metrics were given. For convenience, we outline
here the main steps referring interested reader to the paper for details.

The starting point is to decompose the Weyl tensor in the base of 2-forms, which are
eigenvectors of the corresponding Weyl operator. Then it results that the space-time
contains totally geodesic distributions [11] of hyperbolic (H) and elliptic (E) tangent
planes. This induces the solutions of the Einstein’s equations with the cosmological
constant A in the form

g=g" &g",

gt = o) (dxk —dx?), gF = —eP2 ) (dx? +dx?). (10.1)

The functions « and B are the solutions of the hyperbolic and elliptic Liouville
equations, correspondingly, [4]

Pa(xg.x) _ 9a(xg.x)) 4+ 2Ae%G0x) —

3% x 3%x, 10 2)
928 (xa,x 92B(xa, (10.
ﬂa(zx)?z%) + 138(;/;3)(3) _ 2Aeﬂ(x2,X3) = 0.

The solutions are as follows:
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a(xo, x1) = ln(h1(V)(V,2§0 - V%)), (10.3)

Bz, x3) = In(ha (W)@, +u2,),

where u and v are the solutions of the two-dimensional hyperbolic and elliptic equa-

tions: 0
Vxoxo — Vxyx; = U,
U, + thyr, = 0, (10.4)

and where h; and h, are the solutions of a second-order ODEs. Full list of the

solutions is presented [11].

In this paper, we analyse the geodesic governed by (10.1). Computations of the
geodesic equations were performed using the Mathematica package CCGRG, see
[14, 18, 19], and symmetries were computed using the Differential Geometry Maple
package.

This paper is organized as follows: In the next section, it is shown that there is
no true singularities of geodesics in the model of [11], i.e. the space-time is totally
geodesic. Then the analysis of Liouville integrability [1] of the geodesics equations
is provided. Finally, the analogous model with additional coupling to the electromag-
netic field described in [12] is considered in the terms of integrability of geodesics.

The presentation starts with the analysis of the singularities of geodesics.

10.2 Singularities

The metric tensors described in [11] have obvious singularities. Generally, the sin-
gularities in the General Relativity have two origins [17]:

e singularities of the coordinates which results from the fact that in the coordinate
patch ill-defined coordinate functions are used over regular points of manifold;
e true singularities which indicate geodesic incompleteness of the manifold;

True singularities are usually visible as the singularities of some invariants of
curvature. The simplest second-order one is the square of the Riemann curvature
(called Kretschmann scalar [3])

K = Rypea R4 (10.5)
For (10.1) that are solutions of (10.2), this invariant is constant

K = 8A?, (10.6)

which suggests no singularities, i.e. completeness of the pseudo-Riemannian mani-
fold. The answer is affirmative as it is provided by the following Lemma!

'RK would like to thank Igor Khavkine for discussion on this subject and suggestions of the outline
of the proof.
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Lemma 10.1 The pseudoriemannian manifold (10.1) with (10.2) is complete.
Proof From the metric decomposition (10.1) and the fact that
3
i E _ ij
Z R, =2A, RE =Y RY =2A, (10.7)
i,j=0 i,j=2

it results that the space factorizes into two-dimensional subspaces of constant curva-
ture. These subspaces are isometric to spaces with no singularities according to the
well-known Killing—Hopf theorem (see, e.g. Theorem 6.3 in [2]). (]

The lemma states that any singularity of (10.1), (10.2) is an artificial singularity only
and can be removed by a suitable change of coordinates.

10.3 Geodesics

In this section, the analysis of the geodesic equations will be provided. In the first part,
the canonical form of the geodesic equations and their symmetries will be presented.
Then the (Liouville) integrable cases will be singled out.

10.3.1 Geodesic Equations

Since the tangent space decomposes into two-dimensional subspaces, therefore,
the geodesic equations consist of two pairs of two coupled ODEs for y(s) =

(x0(s), x1(s), x2(5), x3(s)), namely,

X+ x(’)x{otgl + % (X(,))z“;o + % (xi)z ax, =0 (10.8)
x{ + % (x(/)) ay, + % (xi) oy, + xpx 0, =0,
I _Xé/ + .xe?,,Bxg l (Xé)2 /3)52 ) ('x3) ’Bx" - O (109)
W= L) B+ L) o+ xbrtfa =,
where ' = jv Uy, = and ,BX, = x

These equations can 'be s1gn1ﬁcantly simplified. Adding and subtracting Eq. (10.8)
and then introducing the light-cone variables (characteristics of the wave equation):
xo = 2% and x; = 252 one gets

2+ 3“%3;” (z0)” =0

(10.10)
£+ G () =0

A1(z0,21) : {



270 R. A. Kycia and M. Utan

Symmetries of (10.10) can be found by assuming that the generator of a symmetry
is of the form: X = f (s, zo, 21)0s + g(s, 20, 21)9;, + h(s, 20, 21)9;,, and solving the
following system of PDEs:

£xo A1(20, 20|, z0,2) = 0, (10.11)

where £ is the Lie derivative along X®—the second prolongation of X to the jet
space [5, 10, 15, 16]. The result is

= (As + B)d;, (10.12)

where A and B are constants. This gives a scaling and a translation symmetry of s
variable, and it results from the fact that (10.8) does not depends explicitly on s. The
symmetry reflects the fact that the geodesics should not depend on re-parametrization
in s and is also connected with the fact that the geodesic equations are variational
and should posses such symmetries.

The same procedure can be applied to the second system of (10.9). In this case we
have positively defined (‘elliptic’) metric, which suggests complex characteristics.
It is, therefore, more appropriate to use complex-valued characteristics of an ellip-
tic equation, i.e. the substitution x, = 21% and x3 = 252, where i = ~/—1. Then
adding and subtracting from the first equation of (10.9) multiplied by the imaginary
unity the second one one gets the system which resembles (10.10), namely,

/2/+ 9B(22,23) (Z/z) =0

T8z

0 (10.13)
2+ B2 ()" =o0.

Ai(z2,23) : {

Since the equations are the same as in the previous case, symmetry analysis
indicates, as above, the following generator:

X, = (Cs + D)oy, (10.14)

where C and D are some constants.
In the next section, integrability of geodesics equations will be investigated.

10.3.2 Integrability of Geodesic Equations

First, let us consider the hyperbolic part of the metric, namely define the Hamiltonian
Hy o = € (p§ — p}), (10.15)

which surfaces of constant value determine the movement of the particles (positive-
massive particles, zero-massless particles). Since the submanifold dimension is 2,
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therefore in order to find its foliation, according the the Liouville theorem [1], one
additional function that the Poisson brackets with Hy, vanishes, is needed. It is
assumed in the polynomial form in py and p;, namely,

Hy o = Zfi(xo,xl)ng?_k, (10.16)
k=0

where 7 is natural number that is fixed degree. Complete integrability is equivalent
to the existence of a solution of

{Ho, Hiu}pp =0, (10.17)

where {.,.}pp is the standard Poisson bracket. Equation(10.17) gives the set of
PDEs.” In order to check closeness of this system the Kruglikov—Lychagin multi-
bracket [6-9, 13] is used. When applied on the system (10.17), it gives compatibility
condition in terms of PDEs for a(x, y), which solutions up ton = 5 are

l.n=1,2:

a(x, x1) = Ftanh(B(y — x) + A)* + E tanh(B(y — x) + A)? (10.18)
+ Dtanh(B(y — x) + A) + C; '
where A, B, C, D, E, F are the constants of integration and parametrize .
2. n=3,4:
a(xg, x1) = Ax + By + C; (10.19)

where A, B, C are the constants of integration and parametrize «.

Surprisingly, these solutions fulfil the first equation of (10.2) only when the cos-
mological constant A = 0. This is a very prominent example of the role of the

cosmological constant in integrability of geodesic equations.
For the case (10.18), integration can be easily performed using (10.10) and gives

z0(s) = As + J,
{ S exp(F tanh(Ba + A)* + E tanh(Ba + A)% + Dtanh(Ba + A) + C)da + Gs + H = 0,
(10.20)
where the second solution is expressed in the implicit form, A, B, ..., F are as in

(10.18) and G, H, J are the constants dependent on initial data.
The second case (10.19) can be explicitly expressed in terms of elementary func-
tions, namely,

2
ln( (Ds+E)(A+B))

20(s) = —2~ZDED]
ln(m) (10.21)
zi(s) = —2A+—B,

2All calculations for this section are available as Maple files on: https://github.com/rkycia/
Geodesicslntegrability.
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where D, E, F, G are the constants depending on initial data.
Similar analysis performed for the elliptic part of the metric by taking

Hyp = e’ (p3 + p3), (10.22)
and .
Hip =Y fi(xo. x3)p5pi™*, (10.23)
k=0
and checking when
{Hos, Hig}pp = 0. (10.24)

The two solutions for B are obtained up to the degree n = 5, namely:

l.n=1,2:

B(xo, x1) = Ftanh(B(y — xi) + A)® + E tanh(B(y — xi) + A)? (10.25)
+ Dtanh(B(y — xi) + A) + C; '
where A, B, C, D, E, F are the constants of integration and parametrize 8, and
i is the imaginary unit.
2. n=3,4
B(x0, x1) = Ax + By + C; (10.26)

where A, B, C are the constants of integration and parametrize S.

As in the previous case, these Bs solve (10.2) only when the cosmological constant
A =0.
For (10.25) the solution of (10.13) is

22(s) = As + J,
{ fom” exp(F tanh(Ba + A)? + E tanh(Ba + A)? + D tanh(Ba + A) + C)da + Gs + H = 0,
(10.27)
where, as before, G, H, J are the integration constants depending on initial data.
For (10.26), the solution of (10.13) is

ln(i. 2 )
A=iB)(DsTE)
2

ZZ(S) _ — T,
n( e (10.28)
23(s) = —2 s

where D, E, F, G are again the constants depending on initial data. These solutions
are complex-valued, however, since x, and x3 fulfil real equations for geodesic,
therefore, transforming to the original variables one gets real solutions.

In general, the geodesic solutions can be constructed by selecting the solution
(10.20) or (10.21) for the hyperbolic part of the subspace, and (10.27) or (10.28)
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for the elliptic subspace. Therefore, in total 4 =2 x 2 integrable solutions were
obtained.

10.4 Einstein—-Maxwell Solutions

The results from the previous section can be used for analysis of the geodesics of
the solutions for coupled the Einstein and Maxwell equations described in [12]. In
this model the totally geodesic solutions, the same as the solution of (10.1) for the
metric, were obtained. However, now « and § are solutions of

Pa(xg.x1) 32"‘(X0 X1) k a(xg,x1) 0
{ BZﬁZ)(iCZ(?Xs) 9? ﬂ(xz X3) - kleﬂ(xz ) _ 0 (1029)
32X2 + 32x3 + e — Y
where . o
k1=2(—4+A>, k2: <—4_A>’ (1030)
¢ c

where A is the cosmological constant, k is the gravitational constant, and the new
parameter J is connected with the solution for the Faraday tensor of electromagnetic
field

F = —21e*“Vdxy A dxy + 2meP > dxy A dx;, (10.31)

where J—1 J+1
2= T‘ m? = T‘ (10.32)

and where 1, is the invariant of the characteristic polynomial of the skew symmetric
operator F (associated to F by g(F X,Y) = F(X,Y)), namely, its determinant. The
parameters £/ and +im, where /, m € R, are the eigenvalues of the hyperbolic and
the elliptic parts of the operator F.

The straightforward result from (10.32) is that

J=0P+m? I,=m*-1%. (10.33)

From our previous considerations, the geodesic equations are (Liouville) inte-
grablewhenk; = 0 = kp,i.e., when J = Oand A = 0. And therefore, sincel, m € R,
from the first equation of (10.33) it results that / = 0 and m = 0, and therefore, the
Faraday tensor vanishes. This shows that the integrable solutions for geodesics exist
when no electromagnetic field and no cosmological constant is present in this model.
The solutions for geodesics are exactly the same as in the previous section for the
Einstein equations only, since the electromagnetic field vanishes.
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10.5 Discussion

The semi-Riemmanian metric of [ 11] describes anisotropic space-time, which distin-
guished the space direction x, and therefore cannot describe the observed space-time
where assumption on spherical symmetry is imposed. The presence of this distin-
guished space direction resembles the phenomena from the phase transitions in solid
state physics, and therefore it suggests that the model can be applied in some phe-
nomena that occur when the universe undertake some kind of phase transition, e.g.,
in the early state of the universe. A similar description applies also to the coupled
Einstein—-Maxwell system.

Intriguing correspondence between vanishing of the cosmological constant and
integrability of the geodesic equations was noted. In the case of electromagnetism
for integrability also electromagnetic field must vanish.

10.6 Conclusions

In this paper, analysis of the geodesic of the solution of the Einstein vacuum equa-
tions resulting from the Weyl tensor bivector structure was provided. In particular,
integrable geodesic equations of special solutions of the Einstein vacuum equation
were found and described. A similar analysis was also performed for the Einstein—
Maxwell system.
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