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Abstract. We obtain concrete upper bounds on the algebraic immu-
nity of a class of highly nonlinear plateaued functions without linear
structures than the one was given recently in 2017, Cusick. Moreover,
we extend Cusick’s class to a much bigger explicit class and we show
that our class has better algebraic immunity by an explicit example. We
also give a new notion of linear translator, which includes the Frobenius
linear translator given in 2018, Cepak, Pasalic and Muratovi¢-Ribié as
a special case. We find some applications of our new notion of linear
translator to the construction of permutation polynomials. Furthermore,
we give explicit classes of permutation polynomials over Fy» using some
properties of Fy and some conditions of 2011, Akbary, Ghioca and Wang.
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1 Introduction

Plateaued functions are important not only for cryptography but also for some
related areas including coding theory and communication. There have been many
results in recent years regarding their construction, existence and applications.
We refer for example to [2-6,10,14,16-19] and the references therein.

Recently Cusick [9] gave an explicit construction of highly nonlinear
plateaued functions without linear structure. In Sect. 3 we obtain a much larger
class of explicit functions having all these good properties and including Cusick’s
class of functions as a very small subclass. Moreover, we prove that Cusick’s class
have quite low algebraic immunity by concrete upper bounds. We also give an
explicit example in our class having better algebraic immunity than the functions
in Cusick’s class.
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For construction of non-trivial mathematical structures it has been shown
that linear structures (and linear translators) are useful. There are important
connections between linear translators and permutation polynomials over finite
fields (see, for example [11]). Recently the authors in [8] gave a generalization of
linear translators, which they call the Frobenius linear translator. They also give
applications of their generalization to the construction of permutation polyno-
mials. In Sect. 6 we obtain a further and natural generalization of linear transla-
tors using additive polynomials. Our generalization also has applications to the
construction of permutation polynomials using our generalization different from
Frobenius linear translators (see, for example Theorems 5 and 6 and Example 2
below).

Akbary, Ghioca and Wang [1] established a very interesting method in order
to construct permutation polynomials over “big” finite fields. If an explicit class
of permutation polynomials that satisfies certain criteria is found over a subfield,
F, it can be used to construct an explicit class of permutation polynomials over
an extension field Fyn. For example, the authors in [7] obtained such explicit
permutation polynomial classes over F . using certain properties of F,. By a
similar motivation we obtain further explicit permutation polynomial classes
over F g2 viaIF, and also over Fy» via F, with n > 3 in Sects. 4 and 5, respectively.

We give details of our corresponding contributions and motivations in the
beginnings of Sects. 3, 4, 5 and 6 below. We give some background in the next
section.

2 Preliminaries

Let g be a power of a prime number and Fy» be the finite field of order ¢" where
n > 1. The extension field Fy» can be viewed as an n-dimensional vector space
over IFy. The trace function T'r,, from Fy» to F, is defined as

Try :Fgpn — Ty
a—satalt+al 4 4al
A Boolean function f of n-variables is a function from F3 to Fs.

Definition 1. Let f : Fy — Fy be a Boolean function. Then the Walsh trans-
form f of [ is defined as

f:F 7
w Z (—1)f@+wz
z€Fy
where w = (W1, Way ..., Wy), T = (T1,T2,...,Tn) and W-T = W1X] ++* * + Wy T,

Definition 2. Let f : F} — Fy be a Boolean function. Then f has linear struc-
ture at a € FY if and only if either f(x 4+ a) + f(z) = 0 for any x € F5(a is
called a 0-linear structure) or f(x + a) + f(x) =1 for any x € F§ (a is called a
1-linear structure).
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Definition 3. Let f : F} — Fo be a Boolean function. Then f is called an
s-plateaued function where 0 < s < n if |f(w)[* € {0,2"F*} for any w € Fy.

Definition 4 (See, for example [3]). Let f : F§ — Fy be a Boolean function.
The algebraic normal form of f is

f@)= @ a| [I =",

ZeP(N) ZeP(N)

where P(N) denotes the power set of N = {1,...,n}. The degree of the algebraic
normal form of f is equal to

max{|Z| : az # 0}
where |Z| denotes the size of T.

Definition 5 (See, for example [3]). Let f : Fy — F be a Boolean function.
The algebraic immunity AI(f) of f is defined to be the minimal degree of a
nonzero function g from F% to Fy for which f-g=0or (f+1)-9g=0, i.e

AI(f) :==min{degg: g € Ann(f) U Ann(f +1)}

where Ann(f) is the set of annihilators of f. A function g is an annihilator of f
if f-9=0.

Remark 1. Tt is well-known that for any Boolean function f of n-variables,

AI(f) < 5]

For integer n > 1 and « = (z1,...,%,), ¥y = (Y1,---,Yn) € FY, the inner
product x -y € Fs is the usual inner product defined as

Ty =21Y1 +22y2 + -+ TpYn.

3 Cusick’s Highly Nonlinear Plateaued Functions
and Their Modifications

For integers d > 3 and k£ > 1, Cusick introduced an explicit class of Boolean
functions of degree d in n = 2dk — 1 variables given by

m—1

k—1
fk(xl,l‘g, ey Z‘n) = Zxdj+1 < Xdjtd T Z LT jtm- (1)
=0 j=1

where m = dk. He proved that these are 1-plateaued, have no linear structure and
have nonlinearity 27! —2", They become balanced by adding a concrete linear
function. Note that adding a linear function does not change plateauedness,
nonlinearity or the set of linear structures. He also states that “... a high algebraic
immunity is not to be expected” in [9, page 80, the last paragraph].
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In this section we show that indeed algebraic immunity of the functions in
(1) is low. Note that the largest degree of the class for a fixed odd integer n > 3

occurs when k£ = 1. Moreover, if m = "T_l is a prime, then k may only taken to

be 1 in (1). The following result shows in particular that this class has very low
algebraic immunity when £ is small.

Proposition 1. For integersd > 3 and k > 1, let n = 2dk—1 and fi : Fy — Foq
be the Boolean function defined in (1). We have:

(i) AI(f1) < 3.
(it) For k > 2, AI(fy) < min{k + 2, &1},

Proof. We first prove item (i). Put « = (z1,29,...,2m-1) and y =
(Y1, -y Ym-1) = (41, - - -, Tam—1) where m = dk. Let

h(z) = 2122... Tm—1 and g(z,y) = T1y1 + T2Y2 + - + Tm—1Ym—1.
Then it is easy to observe that
filzy, .., xn) = h(@)Tm + g(2,Y).
It is enough to prove that
filzy, .., 20) (g(z,y) + 1) (2 +1) =0

for all z,y € Fy'~ ! and x,, € Fy. Indeed, deg (g(x,y) + 1) (xy +1) =2+ 1 = 3.
Moreover,

fi@y,omn) (9(z,y) + 1) (Tm + 1) = (M(@)zm + g(2,9)) (9(z,y) + 1) (2 + 1)
(h(@)zmg(z,y) + h(T)Tm + g(z,y) + 9(7,9)) (¥ + 1)
(h(@)zm (9(z,y) + 1)) (xm + 1)

= h(z) (9(z,y) + 1) (zm(xm + 1)) =0,

—~

as (Tm (m + 1)) = 0. This completes the proof of item (7).
Next, we consider the proof of item (ii). Note that

fre(@i, .o xn) =210 g+ Tag1 .. Tog + o F T (k—1)(d41) - - Tm—1Tm + 9(Z,Y).
Here
fe(@,.oxy) (@ 4+ D) (@a+ 1) (Rg—1y@sn + 1) (g(z,y) + 1))

= IL‘l(ﬂCl —+ 1)7"1(1'1, “e ,.’En) —+ $d+1($d+1 —+ 1)7‘2(1’1, ey an) —+ ...

+ T (p—1)(d+1) (T 1) (@+1) + D7r(T1, .., T0)
+9(z,y) (9(z,y) + 1) g1 (21, ..., 2n)

for some polynomials 7 (z1,...,24),...,Tk+1(21,...,2,) in algebraic normal
form. As

z1(r1 +1) = a1 (Tar1 +1) = = Te_1)@r1)(@g-1)@+1) +1) =0



On Plateaued Functions, Linear Structures and Permutation Polynomials 221

and g(z,y) (9(x,y) + 1) = 0 as Boolean functions and

deg ((z1 + 1) (@ar1 + 1) ... (Tg-1y@arn + 1) (g(z,9) + 1)) =k +2,

we have AI(fr) < k+ 2. Also

fe(x, - ymn) (fu(xe, ..o, 20) +1) = 0.

And deg (fr(z1,...,2,) + 1) =d = %t Hence AI(f,) <min{k +2,%}. O

Next, we define a much larger explicit class of Boolean functions containing
Cusick’s class as defined in (1) as a small subclass. The functions of this class

are 1-plateaued, having nonlinearity 27! — 2”7 and balanced up to addition of
a concrete linear function as in Cusick’s class. Moreover, we also have a charac-
terization whether a function in our class has a linear structure. This condition
is easy to apply. Moreover, we give an explicit example demonstrating that the
algebraic immunity of a function in our class is much better compared to the
class defined in (1).

We first note that if h : anfl — 5 is an arbitrary map, then we have

H{(am, B) € Fa x FR 1 - h(B) + ay = 0} = 2™ 1.

Now we are ready to give our much larger class of Boolean functions consist-
ing of 1-plateaued, highly nonlinear functions without linear structure. It is easy
to make them balanced by adding a linear term as explained in the theorem as
well.

Theorem 1. Let n > 3 be odd and n = 2m — 1. Let 7 : F* ™' — F"! be a
permutation map. Let gg, g1 : Fg”fl — Fo be Boolean maps. Let f : Fy — Fy be
the Boolean map defined as

fiFP X Fy x FPt Ty
(T, Tm, y) = go(®) + Tmg1(2) + () - y.
Then we have:

(i) f is a I-plateaued function.
(i) f has no nonzero linear structure if and only if the subset

S ={(am,B) €Fa x FP 1 gy (n71(B)) + i = 0} CFy x F*— 1
is not an affine or linear subset (of dimension m-1).
(iii) The nonlinearity of f is 2"+ — 2(n=1/2,
(i) For (u,p,v) € F'™! x Fy x B~ the function
fu”u,v(xva7y) = f(a:,xm,y) +u- SC+‘LL c Ly + U Yy

is balanced if and only if g1 (7~ 1(v)) + pu = 1.
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Proof. Let w = (a, i, ) € F3' ! x Fy x F~ . We have

f(w): Z Z Z (_1)90($)+ffm91(1)+7T(-73)~y+a-fc+ammm+ﬂ~y

xeﬁ‘v;nfl T €F2 yE]F;"*I
Z Z (_1)go(w)+wmg1(w)+a-a:+amwm Z (_1)(7r(w)+ﬂ)-y

z€Fy " Tm€F2 yeFy—?

_ om—1(_1\go(m " (B) a7 (B) 1@ (=T B) +am)Tm
2m(-1) (-1)

Tm EF2

Hence

) = 2RO i g, (9) = a
w) =
0 otherwise.
This completes the proof of the item (7).
It is well-known that the nonlinearity of an arbitrary Boolean function
f:F; - Fyis2nt -1 max | f(w)]. Hence in our case the nonlinearity of our
weFy

function f is

n—1

1 P 1
2n—1 _ — 2'(L—1 _ 72m — 2n—1 _ 2 3.
5 max | (w)] 5

This completes the proof of item (4ii).
It is also well-known that the Walsh value f, ,.,(0,0,0) of fy ,o(®, Zm,y) is
f(u, p,v). Hence

Fupw(0,0,0) =0 <= g1 (7' (v)) + pu = 1.

Note that fy ,.(2, Zm,y) is balanced if and only if fuyﬂyv(0,0,0) = 0. This
completes the proof of item (iv).
It only remains to prove the item (ii). Let Sy denote the support of the

Walsh spectrum of f, that is Sy = {w € FP~! x Fy x FP~! @ f(w) # 0}. Let
S C Fq x IF’Q”_l be the subset defined as

S = {(am, B) € Fa x Fy' ™" g1 (7 (8)) + am = 0} (2)
It follows from the proof of item (i) above that Sy = Fy* ™! x S. For v € Fy, let
Ay (v) be the sum
Ap) = Y (-1 I,

z€FY

It is clear that v is a linear structure of f if and only if A;(r) = £2". Moreover,
it is not difficult to observe that

Y fwP (=17 =2 A (v),

wery
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which holds for an arbitrary Boolean map f : F§ — Fs. In our case f is
1-plateaued and hence

Yo fw?Pnrr =Y fw)P(-)rr =2t Y (-,

weFy weSy weSy

where we use our proof of item (i) above. These implies that if v € FZ, then we

have
Apv)=2 ) (-1,
wESy
As |Sf| = 271, we conclude that v € F} is a linear structure of f if and

only if (v-w = 0forallw € S¢) or (v-w = 1forallw € Sf). Assume that
v = (a,am,b) € FI™1 x Fy x F7"~! is a nonzero linear structure of f. Recall
that S; = F5' ! x S where S is defined in (2). First we show that a = 0. Indeed
otherwise there exist a, o’ € Fy*~! such that a-a # a-o’. For fixed (a,, 3) € S,
both (o, am, 8) and (&, am,, B) are elements of Sy. Then it is impossible that
(ayam,b) - (a, m, b) = (a,am,d) - (&, apy, b) which is a contradiction.

Next, assume that v - w = 0 for all w € Sf. Then v = (0,a,,,b) and 0 =
(@, ) - (s, B) for all (o, ) € S. As v # 0, there exist (c,d) € Fy x Fg~?
such that (am,b) - (c,d) # 0. We choose such (c,d) € Fy x F*"*. As S is not
a linear space and its cardinality is 2!, the Fy-span of S is the whole vector
space g X IE”2”71. In particular, there exist a subset T'C S such that

(Cvd) = Z (amaﬂ)'

(anz 7ﬁ)ET

Multiplying both sides by (a,,b) (as inner product) we get

(@m,d) - (c,d) = Z (am,b) - (c,d) = Z 0=0.

(am,B)ET (am,B)ET

However, this is a contradiction as (a,,b)- (¢, d) # 0 by definition. This completes
the proof of item (¢¢) under the assumption about v - w = 0 for all w € Sy.
Assume finally that v -w =1 for all w € S. We choose (ag,?),ﬁ(o)) € S and
we define
§* = {(am +aR), B+ 69) : (am, ) € S}.

Note that S is affine if and only if S¥ is linear. Moreover, v = (0, a,,b) is a
nonzero linear structure of f if and only if (a,,b) (%, 3Y) = 0 for all (oL, %) €
SL. The same argument we used in the assumption v -w = 0 for all w € S
applied to ST completes the proof. O

Ezxample 1. Let n =2m — 1 = 11. Choose the permutation map

. o 5
m:Fy — g

x = (w0, x1, T2, x3,24) — (w1 (), m2(), m3(2), ma(x), 75(2))
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where

m(z) = zox122 + ToxT1T4 + ToT2T3 + ToT2T4 + ToT3 + T + T1T2X3T4 + T1T2T4

+ z122 + 2223 + 2224 + X324,

m2(x) = zox122 + Tox1 + Tox2x3T4 + ToT2T3 + ToT3T4 + ToT3 + ToT4 + T1T2X3

+ 212324 + T124 + X1 + T223 + X324,

3(x) = ToT123%4 + TOT1T3 + ToT12T4 + ToT2T4 + ToT2 + TT3T4 + T1T2T3 + T1T2
+ 212324 + X174 + T2X3T4 + T2 + T3X4,

m4(x) = ToxT1T2T4 + TT1T2 + TT123 + TT124 + TT1 + ToT2T4 + ToT2 + ToT3

+ zo + 212224 + X123 + T22324 + T223 + X3,

w5(x) = zox122%3 + ToxT1T2 + ToT1T3 + TOT1T4 + ToT2X3 + ToX3T4 + Tox3 + Tox4

+ 12223 + X1T2x4 + X1T2 + T123 + X124 + T1 + TaXg + 2374 + T4.
Then take

g()ZIFg‘)FQ

(w0, 21, T2, 23, 74) — o + T2 + T3
and

gl:]Fg_)]FQ

(I’Oa T1,T2,T3, 1'4) = 12273 + 1
An application of our construction in Theorem 1 gives the map

f:F3 x Fy x F3 — Fo
(z,25,y) — go(z) + z591(2) + 7(x)y
(z0, 1,2, T3, T4, T5, Y0, Y1, Y2, Y3, Y4) = o + T2 + 3 + (12273 + 1)o5 + yom1 ()
+ y1m2(2) + yom3(2) + ysma(x) + yams(x)

where 7;(z) is defined as before for ¢ = 1,...,5. The map is balanced, has no
linear structure, has nonlinearity 992 = 2% — 25 and has algebraic immunity 4.

In Example 1, 7 : F3 — F} corresponds to the permutation map x — x°.

Note that as m = 5 is a prime, there is only one function in Cusick’s class,
which is f; in (1). Moreover, AI(f;) < 3. Example 1 gives a concrete example in
our class of Theorem 1 improving the algebraic immunity while keeping all the
good properties of the maps of Cusick’s class: high nonlinearity, 1-plateauedness,
absence of having nonzero linear structures, and balancedness. Moreover, using
different permutations 7 : F3 — F5 and other suitable maps go(z), g1(z) we get
a lot of different Boolean functions with algebraic immunity 4 easily satisfying
the conditions: 1-plateauedness, absence of having nonzero linear structures, and
balancedness.
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4 Constructing Permutation Polynomials over F,. via F,

Akbay, Ghioca and Wang [1] recently established a very interesting construction
in order to construct polynomials over “big” finite fields using a commutative
diagram relating the big field to some smaller subsets and the corresponding
conditions on the maps of the commutative diagram. In fact, this construction
gives different methods using different commutative diagrams leading to different
conditions on different maps and subsets (see, for example [1, Proposition 5.9]
and [1, Proposition 5.6]).

They generalized many earlier results and constructed many new permu-
tation polynomial families. They also motivated many research directions in
constructing explicit classes of permutation polynomials in “big” finite fields
in the following sense: If a class of objects satisfying certain properties can be
constructed which are guaranteed to satisfy a full set of conditions of Akbay,
Ghioca and Wang in a small set (see, for example [1, Proposition 5.9] or [1,
Proposition 5.6]), then it is possible to obtain an explicit class of permutation
polynomials in the big finite field.

Recently Cepak, Charpin and Pasalic, among other results, gave such explicit
classes in [7]. Namely, in [7, Section 6], they obtain permutation polynomials over
F,> using certain polynomials over F,. We refer to Propositions 6, 8, 9 and the
corresponding corollaries in [7].

Motivated by these results, we give explicit large class of permutation polyno-
mials over Fg2 starting from polynomials over F,. We first introduce the notion
of b-permutation.

Definition 6. Let m(xz) € Fylz] and b € F, be given. We call m(z) a b-
permutation over Fq if the evaluation mapping © — m(x) + bz defines a per-
mautation over IFy.

Remark 2. Note that it is not difficult to construct a b-permutation polynomial
starting from a permutation polynomial. Indeed if = +— h(x) is a permutation
polynomial, then z — h(z) — bz is a b-permutation over Fy.

First we present our results in characteristic 2. The following proposition
indicates that it is easy to construct the corresponding large families of per-
mutation polynomials over F 2 as the component go(x) € Fy[z] may be chosen
arbitrarily.

Proposition 2. Let g = 2* for some integer k. Let 0 € Fy2 /Fq satisfy 09+60 = 1
and go(x) € Fy[z] be arbitrary. Then we have:

- Flx)=x+go(z?+x)+ 6($2iq + 22 + x4 x) is a permutation over Fg2 for
any v > 1.
- Ifg# 1 mod 3, then
F(z) =z + go(a? + x) + (2 + 27" + 2972 4 2° + 27 + 2)

is a permutation over Fgz.
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- Ifq# 1 mod 5, then
F(z) =z + go(a® + ) + (2 + 2" + 277 4 2° + 27 + 2)

is a permutation over F .
— Ifr > 1 is an integer such that ged(r,q — 1) = 1, then

Fl)=xz4+go(z?+z)+0((z9+2)" + (274 2))
is a permutation over F .

In fact, Proposition 2 is just a special subcase of the next theorem. We prefer
to state Proposition 2 independently as it shows that the conditions of the next
theorem are very easy to satisfy. We do not prove it as it follows from the proof
of the next theorem.

Theorem 2. Let g = 2F for some integer k. Let 6 € Fy2 /Fq satisfying 09+60 = 1.
Let go(x) € Fylz] be arbitrary and g1(x) € Fylz] be a l-permutation over F,.
Then

F(z) = 2+ go(z? + z) + 0(g1 (27 + z))

is a permutation over Fga.

Proof. The proof comes from [1, Proposition 5.9], by taking g(x) of the form
g(z) = go(z) + 0g1(x) € Fpelz], h(z) as a constant function equal to 1 and
@(x) = x. Observe that S = {y? + y|y € F 2} = F, since char(F;) = 2. Then

hx)p(x) + g(2)? + 9(x) = x + go(x)? + 0791 (2)? + go(x) + Og1(x).
If 2 € IFy, the equality implies
hz)p(x) +g(2)" + 9(z) = = + g1(2).
Since ¢1(x) is a 1-permutation over F,, the function
F(z)=x+4go(z?+ ) + 0(g1(z? + x))
is a permutation over F. a

Next, we present our results in odd characteristic. Again, we first state a
special subcase in the next proposition.

Proposition 3. Let ¢ = p*, where p is any odd prime number. Let 3 € F/F,
and v = 7 — 3. Let go(x) € F,[z] be arbitrary. Then we have:

- If g # 1 mod 3, then

x?  x x37 x2atl z1t2 g3 1 g
Flo)=a+g (vq_v) 5[73"—372‘”1+37‘”2 ¥yt

is a permutation over Fg2.
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- Ifqg#1 mod 5, then

z? oz
F(z :x+g0<—>
(@) 7y

xSq I4q+1 m3q+2 x2q+3 Iq+4 SCS x4 T
0 {vf’q T s e P s et v}

is a permutation over Fga.
— Ifr > 1 is an integer such that ged(r,q — 1) = 1, then

G- -G-3)

We do not prove Proposition 3 as its proof follows from the next theorem.

x4 x
F(r) =2+ go (’Yq_’}’>+5

is a permutation over Fga.

Theorem 3. Let ¢ = p*, where p is any odd prime number. Let 3 € Fp2/Fq and
v=p1—0. Let go(z) € Fylz] be arbitrary and g1(x) € Fy[z] be a 1-permutation

over F,. Then
z? oz 4z
P =oa (5 2) 4 0m (5 -2
RAN R

is a permutation over Fga.

Proof. The proof comes from [1, Proposition 5.9], by taking g(x) of the form

x

g(z) = go (%) + Bg1 (;) € Fp2[z], h(z) as a constant function equal to 1 and
¢(z) = x. Observe that S = {y? — y|y € F,2} = 7F,. Now consider the map

Yy =y +g(vy)? — g(vy).
Then
vy +9(vy)? = g9(vy) = vy + 90(¥)? + B91(v)? — go(y) — Bg1(y)

=y + (8= B)g(y)
=ly+91(y)]

Since g1 (y) is a 1-permutation over F,, the function
x4 x x4 zx
o= s (2 %) o (2
7y vy

is a permutation over F . a
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5 Constructing Permutation Polynomials over F,» via I,
with n > 3

In Sect.4 we give explicit classes of permutation polynomials over F,» using
polynomials over F,.

In this section we give explicit classes of permutation polynomials over [Fy»
using polynomials over F, with n > 3. In fact, it is not easy to give such classes
using the conditions of Akbary, Ghioca and Wang [1, Proposition 5.9] since we
need to consider the subset S = {yq" —yly € Fyn }. This subset is easy to handle
if n = 2, which we applied in Sect.4. Hence in this section we use a different
method of Akbary, Ghioca and Wang, namely [1, Proposition 5.6].

First we present our result for n = 3. The next proposition indicates the
corresponding permutation polynomial class is large as the chosen components
91,92 € Fy[z] are arbitrary and gy € F,[x] has to satisfy a certain condition.

Proposition 4. Let {6y,6:,62} be a basis of Fys over Fy. We assume that
Trs(6p) # 0 without loss of generality. We choose ag, a1, a2 € F, satisfying

((lo — a2)2 + (ag — ao)(a1 — (12) + (a1 — a2)2 75 0. (3)
Let go, 91,92 € Fy[x] be such that go(x)Tr3(00) + g1(x)Trs(61) + g2(x)Trs(62) is
an (ap + a1 + az)-permutation of Fy. Then
F(z) = apr + apx? + azz? + Oogo(Tr3(x)) + 0191(Trs3(x)) + O292(Tr3(x))
is a permutation over Fys.

Proof. We use [1, Proposition 5.6], by taking g(z) of the form
g9(z) = bogo(z) + 0191 () + O292(x)

and h(x) as a constant function equal to 1. Let p(z) = aor+a1xl+axx? € F,[z]
with ag, a1, ag satisfying (3). For z € F, we have

2
o) + Trs(g(x)) = apr + a12? + asx? + Tr3(0ogo(x) + 0191 () + 0292(x))
= (ap + a1 + a2)x + go(x)Tr3(00) + g1(x)Tr3(01) + go2(x)Trs(62).
Since go(x)Trs(80)+g1(2)Tr3(01)+g2(x)Trs(62) is an (ag+a; +az)-permutation
of F,, the condition (ii) of [1, Proposition 5.6] is satisfied.

It remains to prove that ker o Nker Trs = {0}. As Trs(z) = x + 27 + 27
and o(z) = apz + a129 + agz? € F,[x] considering their g-associates (see, for
example, [13, Definition 3.58]) it is enough to prove that

ged(1 4t + 12, ag + art + ast®) = 1. (4)

Indeed, if follows from [13, Theorem 3.62] that ker ¢ Nker Trs = {0} if and only
if (4) holds. By a simple computation we observe that (3) is equivalent to the
condition

ged(1 4t + 12, ag + art + ast?) = 1.
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For n > 3 in general, the condition
(ao — a2)2 + (ag - ao)(a1 — CLQ) + (a1 — a2)2 75 0

corresponds to the resultant condition, which is well-known in algebraic geome-
try. We recall its definition (see, for example, [13, Definition 1.93]).

Definition 7. Let f(z) = apz™ + a1z" ' + -+ + a, € Fylz] be a polynomial
of degree n and g(z) = box™ + byz™ ! + - + by, € F,[x] be a polynomial of
degree m with n,m € NT. Then the resultant Res(f,g) of the two polynomials
is defined by the determinant

ap ay ... ap 0 ... 0
0aypar...ap, 0 ... 0

m rows
10 ... 0 ap a1 e Qp
R(f,9) = bo by ... by 0 ... 0
0 bg b1 ... bm ... 0

) ) n rows
0...0 byp by cooby,

of order m + n.

Now we are ready to generalize Proposition 4 in the next theorem.

Theorem 4. Let {0y,61,...,0,_1} be a basis of Fyn over F,. We assume that
n—1

Tr,.(6o) # 0 without loss of generality. Let o(x) = apx + a12% -+ + ap_12?
be an Fq-linear polynomial over Fy satisfying the resultant

Res(ag+art + -+ ap 1t" 14+t 4+ +t""H) £0. (5)

Let go,91--.,gn-1 € Fylz] be such that go(x)Tr,(00) + - + gn—1(x)T7r(0n—1)
is an (ag + - - - + an—1)-permutation of F,. Then

F(x) = ¢(x) + 0ogo(Trn(z)) + -+ + On 1901 (Trn(2))
is a permutation over Fgn.

Proof. We use a similar method as in the proof of Proposition4. Take g(x) of
the form
g($) = gO(x)Trn(GO) +oet gn—l(z)Trn(en—l)

and h(z) as the constant function equal to 1. Let
p(x) = agr + a1zt + a7 € Fyla]
with ao, ..., an,—1 satisfying (5). For € F; we have

o)+ Trn(g(x)) = (ap+- -+ an—1)x+go(x)Trn(00) + -+ gn-1(x)Trn(0n_1).
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This is a permutation polynomial over I, since
90(2)Trn(00) + -+ + gn—1(2) T (0n—1)

is an (ag + - - - + anp—1)-permutation of F,. So condition 2 of [1, Proposition 5.6]
holds.

The proof of ker ¢ Nker T'r,, = {0} comes from an important property of the
resultant [13, page 36] (see also, [12, Corollary 8.4, page 203]). It indicates that
the polynomials 1 +¢ -+ --- + "% and ag + a1t + - -- + a,—1t" ! do not have
common root if and only if (5) holds. Note that we also use g-associates before
this argument. a

6 A Further Generalization of Linear Translators

For an arbitrary F, and a map f : Fg» — F, with n > 2, the concept of
linear structure in Definition 2 corresponds to the notion of linear structure: Let
v € Fgn, b €Fy. Then v is called b-linear translator of f : Fgn — F, if

flx+~yu) = f(z) + bu for all z € Fyn and y € F,.

Note that if ¢ = 2, then b is either 0 or 1 and we have either 0-linear translator
or 1-linear translator coinciding with O-linear structure or 1-linear structure.

Recently Cepak, Pasalic and Muratovi¢-Ribi¢ generalized the notion of linear
translators and gave an application for constructing permutation polynomials
(see [8]).

In this section we obtain a further and very natural generalization of the
notion of linear translators. We also give two different applications of our more
general version to permutation polynomials. Theorem5 is an easy but rather
unexpected application. It gives a class of permutation polynomials over Fg»
using a surjective map f : Fgn — S C F; and our notion of generalized linear
translator.

The proof uses a trick that was used earlier in [15]. Moreover, this method
gives the inverse permutation explicitly.

The second application is Theorem 6 below and it shows that under certain
conditions one can get permutation polynomials on Fy» again using f : Fgn —
S C F, and the corresponding generalized linear translator. Finally, we give
an explicit example illustrating that there exist generalized linear translators
satisfying the conditions of Theorem 6 and not being Frobenius linear translators,
which is the notion expressed in [8].

We start with our generalization of the notion.

Definition 8. Let S CFy and let v,b € Fgn. Let A : Fgn — Fyn be an additive
map. We say that v is a (b, A)-linear translator with respect to S for the mapping
fiFgpm — S, if

fla +yu) = f(z) + bA(w)

for all x € Fgn and for allu € S.
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Now we are ready to present a first application of the notion in Definition 8.

Theorem 5. Let S C Fyn and f : Fgn — S be a surjective map. Let v € Fy be
a (b, A)-linear translator with respect to S for the map f where A is an additive
map and y,b € Fyn. Then for any g € Fyn[x] which maps S into S, we have that
F(z) = z+~9(f(z)) is a permutation over Fyn if and only if ¥(z) = z+bA(g(2))
18 a permutation on S.

Moreover, if F' is a permutation over Fyn, then its inverse function F1
given explicitly as

F7Hz) = 2 =g~ (f(2)))-

Proof. Let x be any element of Fyn. Then we have F(z) = z + vg(f(z)) by
definition. By applying f to the both sides of the equality we obtain

f(F(x) = f(z +79(f(2)))
= f(x) + bA(g(f(x))) since fis (b, A) -linear translator (6)
= ¢(f(z)) by definition of the map ).

Therefore we have ¥ (f(z)) = f(F(z)).

Assume first that ¢ is a permutation over S. Let F(x1) = F(x2) for some
x1,x2 € Fgn. Then applying f to both sides of the equality we have f(F(z1)) =
f(F(z2)). By using (6), we obtain

O(f(21)) = [(F(x1)) = [(F(22)) = ¥(f(22)).

Since 1) is a permutation over S, we get f(z1) = f(z2). As F(x1) = F(x3) we
also have
z1 +79(f(21)) = w2 +79(f (22)).

These imply that 21 = x5. Therefore F' is injective and indeed F' is bijective.

Conversely, assume that F' is a permutation over Fy». Let s be any element of
S. Since f is a surjective map, there exists o € F» satisfying f(«) = s. Because
F' is permutation over Fyn, there is © € Fyn such that F(z) = a. By using (6),
we have

P(f(2)) = f(F(z)) = f(a) = s.

Therefore 1 is surjective and in fact, 9 is bijective. Then F(z) = z + vg(f(x))
is a permutation over F,» if and only if ¢(2) = z + bA(g(z)) is a permutation
over S.

Next, we compute F~! explicitly. Let y = F(z) = x + vg(f(x)). Then we
have

f(y)

flz+79(f(z)))

(x 4+ yu), where u=g(f(z)) € S
€

€

)+ bA(u), sincevyisa (b, A)-linear translator

)+ 0A(g(f())), recall u = g(f(z))
+ bA(g(z)), where f(z) =

(2).

f
f
f
(G
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As 9 is a permutation on S we have that for each y there exists x = y —
vg(p~1(f(y))) satisfying F(z) = y. Therefore, F(z) is surjective and the desired
result follows. The converse of the statement is proved similarly.

Moreover, F~1(2) = z — yg(v»~1(f(2))) since f~1(2) = . O

Next, we give another application of Definition 8.

Theorem 6. Let f be a function from Fyn onto Fy, v € Fyn. Let v be a (b, A)-
linear translator of f where b € Fy and A(x) € Fyn[z] is an additive map satis-
fying the following conditions:

. A is Fy-linear.

. A(y) #0.

. A(va) = A(y)A(a) for all a € Fy.

. For any x € Fyn: If A(yx) € A(Y)Fy, then z € F,.
. Alg, is onto.

Grds Lo o =~

For any map h : Fy — F, consider the map
G :Fpn — Fgn
x> A(z) + A(y)h(f(2)).

Then G is a permutation over Fyn if and only if the following derived map
depending on h and b

g:F, —TF,
u — u+ bh(u)

is a permutation over IFy.

Proof. We use a method similar to the ones in [11] or [8]. Let x, a € Fyn satisfy
G(z) = G(z + yo). Then
G(x) = Alz) + A(y)h(f (),
G(z +ya) = Az + ya) + Ah(f(z + 7))
= A(z) + A(ya) + A(y)h(f(x + ya)) by condition 1,

and hence
AMh(f(z)) = A(ye) + A(MA(f(z + ya)). (7)

)
Divide both sides of Eq. (7) by A(7y), since A(v) # 0 by condition 2. Then we

have
A(ye)

h(f(z)) = Al T h(f(z +~a)).
As f(z), f(x + va) € Fylz], h € Fylz] and ‘%zj‘)) € F,, by condition 4 we get
a € IFy. Taking a = «a € Fy, we have
A
M) = 50 4w +5a).

A(7)
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Note that A(ya) = A(v)A(a) by condition 3, so we get
h(f(x)) = Ala) + h(f(z + va))

and hence by using that v is a (b, A)-linear translator for f, we get

h(f(x)) = Ala) + h(f(x) + bA(a)).
Then substituting v = f(x) € Fy[z], we have
h(u) = A(a) + h(u + bA(a)). (8)
Consider
9(u) = u -+ bh(u)
g(u+bA(a)) = u+ bA(a) + b(h(u + bA(a)))
=u+b(A(a) + h(u+bA(a))
= u + bh(u)
= g(u).

Here as z runs through Fy», u = f(z) runs through Fy as f is onto. Then we get
9(u) = g(u+ bA(a)). (9)

Thus the mapping G is a permutation over [Fy» if and only if the only a satisfying
Eq.(9) is a = 0. If b = 0, then we obtain that A(a) = 0 as g is permutation. As
Alg, is one-to-one, we get a = 0. If b = 0, then from Eq. (8) we have

h(u) = A(a) + h(u + bA(a)) = A(a) + h(u).
Hence A(a) = 0. Therefore, a = 0. O

The next example illustrates a simple situation when the conditions of
Theorem 6 hold. Note that the polynomial A(z) in the next example is not in
the form of a Frobenius linear translator. Moreover, the next example illustrates
that the conditions of Theorem 5 hold easily as its conditions are weaker.

Ezample 2. Let ¢ = 2 and n = 4. Take A(x) = o®z+a’ 2?2 +alzt+a’28 € Fyux]
where a* = 1+a and v = o® € F},. Then A(z) satisfies the following conditions:

1. A is Fy-linear since A is additive.
2. A(y) # 0 since A(y) = A(a®) = a* # 0.
3. A(ya) = A(y)A(a) for all a € Fy since

Sza(a2+a7+a3+a5):a

A(a) = o®a + a"a® + aPa* + Pa
and

A(ya) = a*(aPa) + a"(a®a)? + ®(aPa)* + o®(a®a)® = aA(y) = A(a)A(y).
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4. For any = € Fyn: If A(yz) € A(7)F,, then x € F,. Consider § = o' € Fys /Fy
for 1 <4 < 14, then we have

A(y0) = A(ya') € A(y)Fy where A(y) = a* for 1 <i < 14.

Indeed, we have {A(ya?) : 1 < i < 14} = Fy6 \ {0,a*}. For example,
A(ya) = a® and A(yall) = a.

5. Al, is onto.

Let f : Fya — Fy be the map o — Try(x). Then o is a (1, A)-linear translator
of f since we have

fx+u) = f(z + aPu) = Try(z + oPu) = Try(z) + uTry(a®)
=Try(z)+u=f(z)+u

for all z € Fqsa and for all u € Fs.

7 Conclusion

We define a new class of Boolean functions which includes Cusick’s class of func-
tions [9] as a small subclass. We obtain explicit permutation polynomial classes
over Fy» via F, and also over Fy» via F, with n > 3. We give a natural general-
ization of the notion of linear translators which is called (b,A)-linear translator.
By using the connection between linear translators and permutation polynomi-
als over finite fields, we obtain a class of permutation polynomials over Fgn.
For applications our class of Boolean functions would be preferable compared to
Cusick’s class of functions mentioned above as our class is much larger having
cryptographic properties as good as (or even better than) the class of Cusick’s
functions. Using our methods and new notion of (b,A)-linear translator it would
be possible to construct further interesting algebraic structures like permutation
polynomials or special functions.
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