Discrete Convex Optimization ®)
and Applications in Supply Chain oo
Management

Shengyu Cao and Simai He

Abstract In supply chain management and other operations management applica-
tions, various discrete convexities are important tools in modeling complementary
or supplementary behaviors. Furthermore, the discrete nature of many decision
scenarios also requires optimization tools from discrete convex theory.

In this chapter, we aim at introducing the classical discrete convex theory
from the perspective of supply chain applications. We illustrate some direct
applications and connections in supply chain applications. Certain proofs are
modified/shortened, to fit into the scope of this chapter.

1 Introduction

Many practical problems are of discrete nature. For example, in inventory man-
agement retailers need to place orders in discrete quantity or even large batches.
In scheduling, transportation planning, and production planning one needs to use
discrete assignment variables x;; = 1 or 0 to model whether a job or a truck
should be assigned to a machine or a route. In combinatorial optimization theory,
there are many brilliant problem-based algorithms developed. However, it remains
an important question that whether there exists a framework for a general class
of problems, like convex optimization theory in continuous optimization. For
this purpose, one needs to extend the Separation Lemma, which implies strong
duality and global optimality. Luckily, Separation Lemma holds for submodular
set functions, and the so-called L? functions [23].

In economic theory and operations management applications, an important
question arises from practice: whether two decisions have conflict against each
other. This question belongs to the area of comparative statics, and is often related
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to the sign of second order partial derivatives with respect to different dimensions
of decision variable. Also, in revenue and inventory management, we are often
interested in whether the decisions of two different products would influence each
other. For example, different brands of smartphones are called “substitutable goods,”
since one can replace the function of the other. On the other hand, extra consumption
of smartphones would boost sales number of the accessories, which we often
define as “complementary goods.” These properties can often be characterized by
submodularity and supermodularity of customer utility function.

The objective of this chapter is to introduce some basic concepts, algorithms,
and applications of discrete convex optimization. Discrete convex analysis is a deep
research direction, and we aim at providing a quick survey of the classical results
related to optimization problems applicable in operations management. Moreover,
we emphasize on the motivations and intuitions behind the concepts and proofs, and
we omit certain details of proofs due to page limit. Readers may refer to Topkis’s
book [29] for more detailed examples, discussions, and classical applications in
supply chain management, as well as game theory related topics. Mutora [23]
and his long list of research works provide a thorough survey of the theoretical
foundation of discrete convex analysis, including the duality theory in discrete
domain. And Vondrak’s Ph.D. thesis [30] provides a survey of many crucial ideas in
designing combinatorial algorithms by utilizing submodularity.

Section 2 introduces the basic concepts, e.g., lattices, submodular function,
and comparative statics. Fundamental properties of submodular functions and
lattice sets are introduced. Examples arisen from applications are given to illustrate
how to model problems with submodularity and other discrete convex properties.

Section 3 focuses on classical results of submodular set function optimization.
Separation Lemma and convex extensions are introduced, and the minimization
algorithm over submodular functions is established based on convex extensions.
Moreover, greedy approaches and multi-linear extension based smooth-greedy
algorithms are introduced for the maximization problems.

Section 4 discusses online and dynamic algorithms utilizing submodularity.
LF*-convexity plays a key role for dynamic inventory control problems, while
the diminishing return property guarantees 1 — é approximation ratio of greedy
algorithm in online bipartite matching.

2 Basic Definitions and Properties

This section introduces the basics of submodularity and lattice structure. Section 2.1
illustrates the intuition of developing such concepts. Section 2.2 defines the basic
concepts and establishes the basic properties. Section 2.3 discusses a special
application where only submodularity only holds locally near the optimum solution
path.
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2.1 Motivation

To begin with, we start with the following observations:

1. When a competitor lowers the price of its product, one often needs to also lower
his/her own price.

2. When the inventory level of a product is low, retailers often raise the price.

3. In public spaces, one would naturally lower his/her voice, if the others are
doing so.

To explain these observations and to further study the related problems, one needs
to provide reasonable mathematical models:

Example 1 Suppose the sales quantity Q; of retailer i is a function Q;(p;, p;) of
the price p; of retailer i, and its major competitor’s price p;, and the corresponding
profitis R;(p;, pj) = (pi — ¢i) Qi(pi, pj)-

The simplest assumption is Q;(p;, pj) = (a; + biipi + bijpj)+ with b;; <
0, b;j > 0. The optimum price p; = % for max{R-(p,-, pj) | pi = 0}is

indeed increasing with respect to p;. Note that b;; = ap ap =—R;(pi, pj) > 0is the
crucial assumption, and can be generalized for other types of demand functions.

Naturally, one would like to extend the question to the following general
comparative statistics question:

Problem 1 Given function f(x,y) : M2 — N, where x is the decision variable,
and y is the input parameter (maybe the decision of another player). We consider
the minimization problem min{f(x,y) : (x,y) € S} within domain §. When
would the optimum decision x (y) be monotonically increasing with respect to input
parameter y?

We analyze quadratic functions first:

Theorem 1 If
f(x,y>=%(xy)A(’yc)+bT(;)+c

is a strongly convex function(A > 0). The optimum solution of min{ f (x, y) | x € R}
is defined as x*(y). Then x*(y) is monotonically increasing with respect to y when
A < 0.

Proof Due to strong convexity, Aj; > 0. By first order condition Ajjx*(y)+A2y+
b1 = 0, the optimum solution is

Therefore, x*(y) is monotonically increasing with respect to y when Ao < 0.
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Fig. 1 Idea of proof for (%, ¥) (x,y)
general problem

(x, y) (x',y)
f(x, y’) + 10, y) = 1(x, y) + £(x’, ¥’)

Next, we establish a more general result by dropping the quadratic assumption,
by a proof with potential to be generalized in discrete domain:

Theorem 2 If f(x,y) : W2 — N is a strongly convex C? function. The optimum
solution of min{f (x, y) | x € N} is defined as x*(y). Then x*(y) is increasing with

respect to 'y if%f(x, y) <0 forall (x,y) € R

Proof Firstly, we note that for any x < x’, y < y/,

x' y 52
FE) + FGY) = fy) = (o y) = / / (s, ndsdi < 0.
s=x JI=y 50t

This condition is illustrated as in Figure 1.

Secondly, we prove the theorem by contradiction. Due to strong convexity, x*(y)
is uniquely defined for each y € . If for y < y’ we have x*(y) > x*(y), let’s
denote x = x*(y’) and x’ = x*(y) > x. Then f(x,y’) = min{f (s, y') | s € R} <
f(x,y)and f(x',y) = min{f(s, y) | s € R} < f(x, y). Therefore,

X/ y’ 82
0 = / / Kl f(S, t)det = [f(x? y)_f(-x/’ Y)H-[f(x’, y/)—f(x’ y’)] > 0.
s=x Jr=y sot

Consequently, f(x,y) = f(x’,y)and f(x', y) = f(x, y), which contradicts with
the uniqueness of x*(y) and x*(y’).
There are two crucial conditions in the above proof:

1. For any (x,y’) and (x/,y) in the domain S, if x < x/, y < y/, then
(x,y), (x",y) €S.
2. Foranyx <x',y <y, f(x,y) + f(x",y) = f(x,y) — f(x',y) <0.

In the following subsection, we generalize the first condition to the so-called Lattice
structure, and the second condition to submodular property of functions.
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2.2 Definition

In high dimensional discrete domain, the first condition in the above subsection is
generalized as:

Definition 1 (Lattice)

. Partial Order: x < y if and only if x; < y; for all indices i.

. Maximization (or) Operation: x V y defined as (x Vv y); = max{x;, y;}.

. Minimization (and) Operation: x A y defined as (x A y); = min{x;, y;}.

. Lattice: L € " is alattice if and only if x V y,x Ay € Lforanyx,y € L.

. Sublattice: If L' is a subset of lattice L and x V y,x Ay € L' forany x,y € L’,
we call L’ a sublattice of L.

6. For a set of points {xj e M* . j € S}, we can define \/jesx-/ as (Vjegx-/) =

i

[ SO T S I

sup{xl:" | j € SYand (Ajesx’), = inf{xt:" | j € S}. These are well defined when

i
S is a finite set, or when {x/ : j € S} is within a bounded region.

Some important classes of lattices are listed as follows:

—_

. Any totally ordered set (e.g., single dimensional set) is a lattice!

2. Finite Cartesian product L = [],.gL; of lattices L; : j € S is still a lattice
when |S] is finite.

3. Intersection L = )
the size of S.

4. Orthogonal projections and orthogonal slices of lattices are still lattices.

5. Linearly constrained set {(x, y) : ax — by > ¢} witha, b > 0.

jes

jes L; of lattices L; : j € § is still a lattice, regardless of

Theorem 3 Suppose L € RN is a compact sublattice. Then there is a minimum
element x and a maximum element X in L.

Proof Because L is compact, its projection L; = {y | 3x € L,x; = y} on i-th
dimension is also compact. Define x; = inf{x; | x € L}, which is well defined
because L; is compact, and will be reached by a certain point, which we denote as
y',ie., yl = x; and y' € L. Now we consider the point /\fvzly’ € L. It follows
from Qeﬁnition that x < AN,y Furthermore, (AN, ¥'), < yi = x;, therefore
/\1N=1yl < x. Consequently x = /\lNzly’ € L. Similarly, we have X € L.

The second condition in the above subsection is extended to the concept of
submodularity:

Definition 2 (Submodular Function)

1. A function f(x) : L — N defined on lattice L is called a submodular function

iff(x)+ f() = fxvy + fxAy)foranyx,y e L.
2. Equivalent Definition (Decreasing Incremental):
Ifd,u>0andd"u =0,then f(x+d)— f(x) > f(x +u+d)— f(x +u).
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3. Equivalent Definition (Local Condition):
If fisdefinedonZ",and f(x +1;) — f(x) > f(x+1; +1;)) — f(x+1j)
for all indices i # j.
4. Supermodular Function: A function f is supermodular if and only if — f is
submodular.

Example 2 (Examples of Submodular Functions)

. Quadratic Functions 1x7 Ax + b7 x + ¢ with A;; < 0 forall i # j.

. A C? function f(x) : W' — 9 with % f(x) <Oforalli # j.

. g(x — y) with convex function g(z) : 8 — N.

. (31 x;) with concave function g(z) : R — 9.

. Cobb-Douglas function f(x) =[], x? " defined on R’ , with o € N}

e = yl5 =300 — y?and flx — ylli = X bk — yil.

. Nonnegative linear combinations, expectations, and limitations of submodular
functions are still submodular.

8. g(f(x)) is submodular, if f : N"* — N is submodular, g : N — N is concave

and monotonically increasing.

~N N bW N =

A set function £(S) : 2V — 9 is defined on the set 2V of all subsets of N.
Definition 3 (Submodular Set Function)

1. A set function is called submodular set function, if f(A) + f(B) > f(AUB) +
f(ANB) forany A, B C N.

2. Equivalent Definition (Local Condition): For any set A € N, and two elements
i,j €N, fLAU{ih+ fAU{jD = f(A) + fLAUL, j}).

3. Connection with Submodular Function: Define F : {0, 1}V — 9 as F(1s) =
f(S), then f is a submodular set function if and only if F is a submodular
function.

There is a special class of submodular function generalizing the concept of rank
in linear algebra:

Definition 4 (Rank Function) A set function F : 2V — 9 which satisfies F (%) =
0 (normalized), F(A) < F(B) for all A € B (monotonicity) and submodularity, is
called a rank function.

One example of rank function R(S) defined on set of vectors S = {v; € " : i € K}
is the rank of the spanning space of S.
Now we extend the monotonicity result in Theorem 2 to discrete scenario:

Theorem 4 (Theorem 2.7.1 in Topkis [29]) If f(x) : L — N is a submodular
function defined on lattice domain L, then the optimum solution set argmin .y f (x)
is a sublattice.

Proof We prove this by definition. Suppose both u,v € argmin, .y f(x), then
fu) = f(v) = minyeyx f(x). Therefore f(u vV v) > mingex f(x) = f(u) and
funAv) > mingeyx f(x) = f(v). Itfollows that f(uVvv)+ f(unrv) > fu)+f ).
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But by submodularity, f(uVv)+ f(uAv) < f(u)+ f(v). Combine the two above
inequalities, f(u Vv) = f(u Av) = f(u) = f(v) = minyex f(x), and both
uVov,uAv€argmin,y f(x).

Next, we establish the monotonicity of the optimum decision set, with respect
to input parameters. For this purpose, we need to first define the set monotonicity,
which basically is the monotonicity of both the largest and smallest elements of the
sets, if they do exist.

Definition 5 (Set Monotonicity) Set S; is called monotonically increasing with
respect to 7, if forany t < s, x € S;,and y € S, there existau € S; and v € §;
such that u > x and v < y. This implies that the X (t) = Vyes,x and x(¢) = Ayes,x
are both increasing in ¢.

An important fact is slices of lattice remains to be a lattice, which is illustrated in
the following theorem. The proof of this theorem follows directly from the definition
and is omitted here.

Theorem 5 (Monotonicity of Lattice Slices) IfS C X x T is a sublattice of X x T
for lattices X and T, then S; = {x | (x,t) € S} is increasing on t, when it’s
nonempty.

Theorem 6 (Topkis, Theorem 2.8.2) Suppose f(x,t) : S — N is a submodular
function defined on sublattice S € X x T, where both X and T are lattices. Then
X*(t) = argmin{f(x,?) : (x,t) € S} is increasing with respect to t when it is
nonempty, and the set {(u,t) | u € X*(t)} is a sublattice.

Proof We first prove that the set L = {(u,?) | u € X*(t)} is a sublattice
by definition. For any (u,t), (v,s) € L, without losing generality we assume
t < s. By definition, we have min{f(x,s) : (x,s) € S} = f(v,s) and
min{ f(x,t) : (x,t) € S} = f(u, ). And it follows from lattice structure that both
(uvuv,s)=,t)Vv (v,s)and (u Av,t) = (u,t) A (v, s) are in set S. Therefore,
fwvouv,s)>min{f(x,s): (x,s) € S} = f(v,s)and f(u Av,t) > min{f(x,?) :
(x,1) € S} = f(u,t). However, by submodularity of f we have

f@vv, )+ furv,t) = f(w, V@, s)+f((u)AW, 5) < fu, )+ f(,s).

It could only hold when f(u Vv, s) = f(v,s)and f(uAv,t) = f(u,t). Therefore,
uvve X*(s)and u Av € X*(), and by definition we have (u,) Vv (v,s) =
(uvuv,s)e Land (u,t) A(v,s) =@ Av,t) €L.

By Theorem 5, set X*(t) = {x | (x, t) € L} increases with respect to ¢.

Corollary 1 (Topkis, Corollary 2.8.1) If f(x) is a submodular function defined
on lattice domain X C R", then f (x) — yTx is submodular on domain X x R", and
argmin, .y f(x) — yTx increases with respect to y.

Proof Function —y” x is submodular, sois f(x)—y” x on domain X x %", applying
Theorem 6 we obtain the monotonicity.
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For submodular functions, another important characteristic which mimics the
convexity in continuous domain is the classical preservation under minimization

property:

Theorem 7 (Preservation of Submodularity) Suppose both S and T are lattices
and X C S x T is a sublattice. Function f : X — R is a submodular function. Then
the function g(y) = min{ f(x, y) | (x, y) € X} is a submodular function defined on
sublattice domain Y = {y | 3(x, y) € X}.

Proof We first prove the lattice structure of ¥ by definition. For any y,y’ € Y,
there exists x, x’ € S such that (x, y) € X and (x/, y") € X. Since X is a lattice,
xvx,yvyh=x,y)vx,y)YeXand x Ax, yAY) =(x,y) A, y) € X.
Therefore, y vV y’ and y A y’ are bothin Y.

Secondly, we establish the submodularity of g by constructive proof, which is
very useful in establishing properties of discrete convexity. For y, y’ € Y, there
exists z, z € S such that both (z, y), (z/, ) € X, f(z,y) = g(y),and f(,y) =
g(y"). Therefore,

gy VI +eOAY)S flavZ,yvy)+ fanZ, yny)
= fl ) Vv &, )]+ flz, y) A& y)]
fl@ V@ N+ fle AN f@ )+ fEY)=80)+80),

where the first inequality is due to definition of g, the second inequality is due to
submodularity of f, and the last equality is due to definition of z and z’.

2.3 Local Submodularity

In practice, it is often difficult to guarantee the submodularity of a function over the
whole domain. However, for the monotonicity of optimum solution we only need
the submodularity in a small region, i.e., a neighborhood of the optimum solution
set path. In the following example, we use local supermodularity to explain why one
retailer’s price should decrease, if its competitors’ prices are dropping.

Example 3 (Discrete Choice Model) A popular model that captures customer
choice between substitutable goods is the so-called random utility (discrete choice)
model. In this model, customers have random utility &; (p;) for goods i with price p;,
where u; (p;) = E&;(p;) is the expected utility. A random customer would choose
the goods which give him/her the best (realized) utility. When the random noises
& (pi) — ui(p;) follow independent Gumbel distributions, the probability that a

; e P — ui (pi)
customer would choose goods i from a set S of goods is P; = ; T s )
1

——. One thing to note
jesuj(pj)

that is, a popular choice in practice is to use the logistic model: u; (p;) = % PitFi
Retailer i’s expected profit from a random customer is therefore, R; = (p; — ¢;) P;

while

the probability of not choosing anything is Py = 5 ny
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if the cost per unit is ¢;. We adopt the classical notation that all prices other than p;
are denoted as p_;, and optimum solution is p¥(p_;) = argmax{R;(p;, p—i) | pi €
N4). We assume u/j( pj) < O for each retailer j, which is intuitive as customer’s
utility would decrease with respect to the price of goods.

Lemma 1 If each u; is a C? function, then in an open neighborhood of optimum
solution path {(p?‘(p,i), p—i) | p=i) € m’r‘}, we have %;iji (p) > 0.

Proof The profit is negative when p; = 0, and tends to O when p; — oo, by
continuity of R; the optimum solution exists. Since the function R; is also a C?
function, we only need to verify the condition #{;Ri( p) > Ofor p; = pf(p—i).
By optimality condition at p; = p7(p—;),

] 1
0=—R; :7,‘i1+§"+i—i;il+§"—ii ,
on (p) ESRTITIE [u (pi)( jesu.,(p,)) (pi —ci)u; (pi)( jesu.,(p.,) ui(p ))}

and u; (p))(1+ 3 ;csuj(pj) + (pi — cuj(p) (1 + 3 g uj(pj) —ui(pi)) = 0.

82
Bx;0x; Ri (P)
—u’y(pj)
R js“j(p,v))-? [”i(Pi)(l + 2 jesui(p)) + (pi —edui(p)(1+ 3 ;s uj(pj) — 2ui(Pi))]
je

—u;(pj) ,
= Ty s, oy Pi— Ui (pi)(=2ui(pi) > 0.
J

Theorem 8 When u;(p;) = e“7i +hi, pi(p—i) is continuous, and it is monotoni-
cally increasing with respect to p—_;.
Proof We first prove the strongly concavity of In R; (p;, p—;) in p;. Notice that

1 w;(p(+ 3 ey i) 1 T+ jesvi Ui

a
—1InR;, = + = + o
api - pi—ci ui(p)(1+ 3 jesu;j) pi—ci 1Y jesuj

Notice that «; < 0 and u;(p;) is decreasing with respect to p;, aipiln R; is a
decreasing function with respect to p;, and In R; is a strongly concave function with
respect to p;. Since R; is C?, and strongly concave in p;, pi(p—;) is continuous.

By the local supermodularity, there exists a small neighborhood Ne = {p € R’} |
lp — (pF(p=i), p-i)llo < €} of any point (p}(p—;), p—;) on optimum solution
path, inside which %Ri (p) > 0. Therefore, by applying Theorem 6 in the box,
for any q_; € [p—i, p—i + €e] we have

x = argmax{R; (pi, q—i) | pi € [p] (p=i) — €, p} (p—i) + €1} = pf(p—).
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By log-concavity of function R;, local optimum x within region [p*(p—_;) —
€, pi(p—i)+€]is on the same side of the point p¥(p_;) € [pf(p-i) —€, pF(p—i)+
€] with the global optimum point p*(q—_;), therefore

pi(q—i) = argmax{R;(pi,q—i) | pi € R} = pf(p-).

3 Optimization with Submodular Set Functions

In this section, we introduce the classical results for optimization over submodular
set functions. Section 3.1 introduces the Lovasz extension for submodular set
function. Section 3.2 discusses the polymatroid optimization. In Section 3.3, Lovasz
extension is utilized for minimization of submodular set functions, with a fast
gradient projection based algorithm. In Section 3.4, we analyze greedy and double
greedy approaches for monotone and nonmonotone submodular set functions
maximization problem. In Section 3.5, the smooth-greedy approaches based on
multi-linear extension are analyzed for submodular set functions maximization
problem with matroid constraint.

3.1 Extensions of Submodular Set Function

We first recall two important definitions in convex optimization theory. The convex
hull of a set X is defined as Conv(X) = CH{)_;six; : D> ;s5i = 1,5 > 0,x; €
X}, where Cl defines the closure of a set. Epigraph of a function f is defined as
epigraph(f) = {(x, 1) : f(x) < t}. A classical fact in convex optimization theory
is that: A function is convex if and only if its epigraph is a convex set.

For each given set function f : 2N 5 R, we can define f - {0, l}N — N as
f (15) = f(s), where 1g is the characteristic vector defined as x € R" withx = 1
ifi € Sandx; = 0if i ¢ S. We treat extreme points {0, 1}V of a box as the set of
subsets 2V, where 1 s is equivalent to set S.

Definition 6 (Convex Extension and Lovasz Extension)

1. Given function f : X — R, we define its convex hull f~ : Conv(X) — N as

@ =inf() ] fod) jimooxj =Y sixl =) Y s/ = 1] = 0.4 e x),
i i i

which is the largest convex function below f.

2. Given a set function f : 2V — 9, the Lovasz extension f(x) : [0, 11V — %is
defined as fL(x) = Z;’?:] sj f(S;j), where {S;} is the unique decreasing series
ofsets N =8 DS DS D -+ DS, = ?such that x = stj'lsj for
stj' = ],Sj > 0.
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3. Equivalent Definition of Lovasz Extension: Take uniform distribution & € [0, 1],
then fX(x) = Ee f({i : ; > £}).

4. Forany S € N, fl(1s) = f~(1s) = f(S). So both are extensions for set
functions.

Theorem 9 Convex hull f~ of any function f is convex, and it is the largest convex
function below f.

Proof We analyze the epigraph of f:

epigraph(f~) = Cl{(x,7) :3) ;5i=1,5 = 0,x; € X, Y, sixi = x, ;5 f(x;) <t}
=Cl{(x,1): 321- si=1,85>0,x; € X, Zi SiXxi = X, Zi siti =t, f(xi) <t}
= Conv({(xi, ti) : f(xi) < t:)),

which is a convex set. Therefore, by convex optimization theory f~ (x) is convex.

Because f is an extension of f, it is below f. Next we prove that any convex
function g below f is also below f~.Foranys € 9, andx; € X,i =1,2,---, N
with ) . s; = 1,5 > 0,); six; = x, by convexity we have

gx) =) sigla) < Y sif(x).

Therefore, it follows from definition that

Fre0=inf (305! ey Jim = 3o sla] =00 38 = sl 2 0.4 € X) 2 inflg ) = 500,
i i i

i

Theorem 10 If f is a submodular set function, then f~(x) = fL(x) and ¢ is
convex. Reversely, if the Lovasz extension f* of a set function f is convex, f has to
be submodular.

Proof We can formulate the convex extension as a linear programming problem:

f7(x) =min } gy Asf(S)
st Y gicshs=x;VieN
A>0,

whose dual is

Fr() =max s+ Yoy Viki
St YiesVi < f(S)—1VSCN.

For any given x € [0, 11V, there exists order 7 of indices such that Xgp £ Xy <
- < Xgy.Define §; = {mj,--- ,ay}forj=1,2,---, N and Sy41 = @. Define
As; = Xm; — Xz, Withxz, =0and xy,, = 1,and Ag = Oif else. Then 2 > 0 and

27;1] Xj = 1. Furthermore,
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Z As = Z A.Sj = Z Xpy — Xmj_y = Xi

SieS jiism=la@) jri<m=l(@)

Therefore, A is a primal feasible solution with the given x.
For the dual problem, define r = f () and y; = f(ST[—l(l‘)) — f(Sl+jT71(,<)) =
f(Sz-14y) — f(Sz-1»n\{i}). For any set § = {7, wj,, -+, 7;,} with j1 < jo <
- < jm, denote S¥ = {r;,, wj,, -, 7). Then

Doy =Y FSa1i) = F S p\iD) < D FSH = £S5 = £ = f#) = f(5)—1.
i€eS i€eS k=1

Therefore, (¢, y) is a dual feasible solution.
Next we establish the strong duality, that is,

N+1 N
DS =Y Gy =X, DS = Y % L (S) = (S0 H Xy fSN41) =g f(S1) = Y xiyi 1.
SCN j=1 j=1 ieN

Take all j such that Asj > 0, these ()\SJ., S;) define the Lovasz extension f L(x).
Therefore f~(x) = Zj:)usj ~ohrs; f(S)) = fL(x). Because f~ is always convex,
sois fL.

If f L is convex, then for any S, T € N, consider point x = 3
By definition, fL(x) = w By convexity, f~(x) < w
Therefore

Is+17 _ lsnr+lsur
> = .

FO+FT) =2f~ () =2f"(x) = FSNT) + F(SUT).

In convex optimization theory, the Separation Lemma guarantees the existence
of “dual certificate” of an optimum primal solution for a convex optimization
problem, which is a big step towards strong duality. For submodular set functions,
we have the following:

Theorem 11 (Frank’s Discrete Separation Theorem) If f(S), g(S) are sub-
modular and supermodular set functions defined on sublattice domain D < 2V,
respectively, and f(S) > g(S) for all S C N, then there exists a modular (linear)
function L(S) = c+ Y ;cgli such that f(S) > L(S) > g(S) forall S C N.

Proof We prove for D = 2% first. Since both f and —g are submodular set
functions, their Lovasz extensions fL and (—g)’ are convex. Note that f(S) +
(—g)(S) = 0 forall § C N, it follows from definition that fX(x) 4+ (—g)L(x) =
(f + (—g)E(x) = 0 for all x € [0,1]". Due to Separation Lemma in convex
optimization theory, there exists a linear function L~ (x) : [0, 11V — 9 such that
fL(x) > L= (x) = —(—g)k(x) for all x € [0, 1]V. Constraint this L~ function in
{0, 1} we obtain the modular function
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L(S)=L"(1s) =L (0)+ Z[L_(ei) — L™ (0],
ieS

which satisfies f(x) > L(x) > g(x).

For D # 2V, we can extend the function f to domain 2V by defining f(S) =
oo for all S ¢ D. Similarly, we extend g by defining g(S) = —oc forall § ¢ D.
The extended functions are still submodular and supermodular, and we can apply
the proof for the full domain 2V directly.

Optimum solution of a convex function can be verified by a tangent hyperplane
which touches the epigraph of the convex function. Similarly, we have the following
existence result for the certificate of optimum solution of submodular set function
minimization problem:

Corollary 2 If f(S) is a submodular set functions defined on domain 2V, and L C
2N is a sublattice. Then S* is the optimum solution for min{f(S) | S € L} if and
only if there exists a modular set function L : 2N — %R such that f(S*) = 1(S*),
f(S) =1(S)forall S € Nand L C{S:1(S) = 1(5%)}

This is a direct application of Theorem 11, and the fact that f(S) > f(S*) >
21(S*) — f(S)forall S € L.

3.2 Polymatroid Optimization

In the proof of Theorem 10, the dual formulation of f~ has been discussed:

Fo() =maxt+ Y oy Viki
St D iesVi< f(S)—tVSCN.

The optimum solution for the dual problem is y; = f(S;-1;)) — f(Si17-14)) =
f(Sn,—l(i)) — f(Sijl(i)\{l.}), where the order 7 corresponds to the increasing order
of X;: Xg; < Xz, < -+ < Xg,. For sets Sk = (i, iy, - )

D ovi=) 0 [Sem1y) = F S\ =D f(8) — (S = f(sh) -1

ieSk ieSk k=1

Therefore, S¥ corresponds to the tight dual constraints, and the optimum solution
can be obtained by the greedy process: rank the coefficients in the objective from
highest (7rv) to lowest (771), find the maximum possible value y; one by one.
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We conclude this observation into the so-called polymatroid optimization frame-
work:

Definition 7 (Polymatroid Optimization) Given a nonnegative set function r :
2N — 9, it induces a polytope (with exponentially many linear constraints)
P(r,N) = {x e R | Y x; <r(S) VS S N}.
jes
This polytope is called a polymatroid if r is a rank function.

Problem 2 How to maximize a linear objective function with a polymatroid
constraint

max chxi | x € P(r, N)
JEN

Algorithm 1: Greedy optimum

1 So = ¥ Find the decreasing order of coefficients: ¢z, > ¢, > -+ > czys

2 Find the maximum possible value for x, one by one, in increasing order of
t:foreach t =1,2,..., Ndo

3 ‘ Sy ={my,m, - )}, X, =17 (8) — 1 (Si-1);

4 end

Theorem 12 The greedy Algorithm 1 is optimum for Problem 2.

This theorem has been established in [8]. We can prove the theorem by constructing
primal—dual solution with no duality gap, where the primal solution x is already
constructed by the greedy algorithm, and the dual is exactly the same as the primal
solution in Theorem 10.

Furthermore, in [15], He et al. established the following structural result of
polymatroid optimization:

Theorem 13 (Preservation of Submodularity) Ifr : 2V — % is a rank function,
the function

F(c) = max chxi | x € P(r, N)
JEN
is a submodular function, and the function

F(S)=max{> cjx; | x e P(r.S)
jes
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is a rank function for given c € Sﬁﬁ . Furthermore,

F(S)=max{>  fi(x;) | x €P(r.$)

jes
is a rank function if the objective function is separable concave and f;(0) = 0.

Proof Due to space limitation, we provide an abstract proof with the main ideas
here. Firstly, because the objective function is continuous, and the domain is
compact, the optimum value F(c) is also continuous. Secondly, negative coefficient
c¢; would yield x; = 0, so we only need to focus in the nonnegative domain ¢ € ‘Rﬁ .
Lastly, we only need to prove that for any given C € *Rﬁ and two different indices
i,j € N,if u; and v; are nonnegative vectors with only positive values in index i
and j, respectively, then F(C +u;) + F(C +v;) > F(C) + F(C +u; + vj).

Now we can fix all but two dimensions i, j. We then segment the two dimensional
space (¢i,cj) € 5}{1 into small grids by the values of other Ci,k # i, j. We
only need to prove inside each grid since local submodularity implies global
submodularity. Inside each small grid, the line ¢; = ¢; cuts the grid into two pieces,
and by Theorem 12 there is a uniform optimum solution in each piece, as illustrated
in Figure 2. We note the optimum solution in the left piece (¢; < c;) as xr, then
F(c) = x[ (¢ — C) + F(C); also the optimum solution in the right piece (¢; > c¢;)
is noted as xg, so F(c) = xlg (¢ — C) + F(C) when ¢; > c;, inside this small grid.

Without losing generality, we set F'(C) = 0, and assume C; > C;. Note b = C+
u;anda = C+vj,then C = anband C+u;+v; = aVvb.If C;+|v;| < Cj thena, b
are not separate by the line, and F'(c) is the same linear function for a, b, aVvb, anb,
so the submodularity directly follows. If C; + |v;| > C;, then a, b are in different
piece, with F(b) = x5 (b—C) > x} (b—C) and F(a) = x] (a— C) > xk(a — ).
The line ¢; = c; intersects line from C =a Abto b atz = (C;, C}) as in Figure 2.
Note thata A b = a A z, so we have

F(a)+F(z) = x} (a—C)+x] (z—C) = x] (anz—C+avz—C) = F(anb)+F(aVvz).
Becausez =(aVvz)Abanda Vv b= (aVz)Vb,wehave
F(avo)+F(b) > xk(avz—C)+xE(b—C) =xk @V z2) Ab+a Vv b —2C] = Flanb)+F((avz)Vvh) = F(z)+F(aVbh).
Adding these two inequalities up, we obtain
F(a)+ F(b) > F(a Ab) + F(a Vv b).
Therefore F(a) is supmodular in SRNA .
For set function F(S), note that F(S) = F(c | $), where (c | §)i = c¢; ifi e §

and O if else. The submodularity of F then directly follows from submodularity of
F. For the proof of separable objective functions, please refer to Theorem 3 in [15].



96 S. Cao and S. He

CE=C}
a avz / avb=(avz)vb
F(c)=x] C <I- /
/( > F(e)=x]C
anb= anz z=(avz)Ab b

Fig. 2 Idea of proof for preservation of submodularity

3.3 Minimization of Submodular Set Function

In this subsection, we discuss how to solve submodular set function minimization
problems. It relies on the fact that minimizer of the Lovasz extension can be reached
at the extreme points of the polytope, which is a counter-intuitive result since this
property holds mostly for concave functions instead of convex functions.

Theorem 14 (Minimization of Submodular Set Function) If f : 2V — R is
a submodular set function, then the minimizer of its Lovasz extension in domain
[0, 11V can be obtained at vertex points: min, ¢(o 1|y fE(x) = mingey £(9).

Proof By submodularity and Theorem 10, fL = f~.

min, o v fX () = min, o v min Yoy As £(S) =min } gy Asf(S)
St Y gieshs =xi, Vi st 0< Y cighs < 1,Vi
2shs=1 Lshs =1
As =>=0VS As > 0VS.

Notice that 0 < ) ;g As < 1 follows from the fact that ) ¢ Ag = 1 and A5 > 0,

min f5@) =min( ) Asf(S) 1D ks =1,% = 0} = min f(5).

N
x€e[0,1] SCN S

By Theorem 14, if we can find an optimum solution for min{f’(x) | x €
[0, 1]V}, it corresponds to the optimum solution of the discrete problem min{ £ (S) |
S C N}. For convex optimization problem min{f*(x) | x € [0, 1]V}, we can
evaluate the value and subgradient of f’(x) at x by the linear programming for-
mulation and its dual in proof of Theorem 14. The exact algorithms for submodular
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function minimization are quite extensive, interested readers can refer to Section
10.2 of [23], or the research papers [5, 14, 17, 18, 25]. In particular, Schrijver’s
algorithm [25] achieves O(n) iterations, with O(n’) function evaluation and
0] (n8) arithmetic operations (see Yvgen [31]), and the improved Iwata—Fleischeer—
Fugishige’s algorithm [17] can solve the problem within O(n’Inn) function
evaluation and arithmetic operations.

In practice, speed of the algorithm is often an important factor, while the
precision can be sacrificed for speed. Next, we introduce a fast algorithm based
on subgradient method to optimize f%(x) within high precision. After obtaining a
high quality solution x € [0, 1]V for f%(x), by the definition of Lovasz extension,
we can identify at most N + 1 set S; such that f L(x) is the convex combination of
f(S;). Therefore, min; f(S;) < f(x). We introduce the classical result of gradient
projection method in the following theorem:

Theorem 15 (Gradient Projection Method) Suppose g : X — 9 is a convex
function defined on closed convex set X with diameter R. If we apply the gradient
projection method: x;+1 = (x; —o;dy) |x, where d; is a subgradient of g at x; whose
length is uniformly upper bounded by G, oy > 0 is the step length, and y |x is the
projection of y in convex set X defined as y |x= argmin{||z — y|| | z € X}. Then

G, a?) + R?
2o

min[g(x;) — g(x™)] <
t<T

In this error bound estimation, taking oy = g\# for fixed horizon T would yield

upper bound 5—% and taking horizon independent step length oy = g\/% would

. RG(14InT)
yield upper bound i

Proof Suppose x* € X is the optimum solution, then

41 — x*]I
< llx; — aydy — x*|? — (o —oydy — x )T (v — x41) <O¥y € X
< lxe — x| = 2d] (x; —x*) + @}G*  «— |dill <G
< llxr — x*|1% = 2a4[g(x1) — g(x*)] + a?G* <— by convexity g(x*) > g(x,) +dl (x* — x;).
Therefore,
22 2 2

200 [8(x) — g(X™)] < G™ + [lx; — x*|17 — |1 — x¥1°.

Sum these inequalities up, we have

T T T
(22at) minfg(x,) — g(x")] < ) 2erlg(x) — g(r)] = G2 (Z a3> + R
t=1 -

=1 =1
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More general cases have been studied by Haucbaum et al. [16].

Problem 3

min f(S)
st.ajjx; +bijxj > ¢;j forall (G, j) € A
SCN,

where x = 15 is the characteristic vector of S, A is a set of pairs (allowing multiple
copies of the same pair), and f : 2 — 9 is a submodular set function.

The following result has been established by Haucbaum et al. [16]:

Theorem 16 If [ is submodular and constraints are monotone (feasible set
is a lattice), then it’s (strongly) polynomial-time solvable. If f is nonnegative
submodular, and the constraints satisfy round up property or f is monotone, then
it’s 2-approximable in polynomial time.

Proof Firstly, we preprocess all the constraints. Note that all variables are {0, 1}
variables. We first remove all redundant constraints. If a constraint a;;x; + b;jx; >
¢;j implies x; or x; equals to a certain value, then we can replace this constraint by
two single dimensional constraints, which are either redundant or can be removed
by fixing the variable. Repeatedly simplifying all such constraints, the left over
constraints with two variables would all be of the form x; > x;, x; + x; < 1,
or x; + x; > 1. Furthermore, constraints of type a;jx; — b;jx; > c;j, where
ajj, bij = 0, would be reduced to simple single dimensional constraints, or the
constraints of type x; > x; (or x; < x;), constraints of type a;;jx; — b;jjx; > cij,
where a;; > 0, b;; < 0, would be reduced to simple single dimensional constraints,
or the constraints of type x; +x; < 1, or x; + x; > 1. If there is a group of cyclic
constraints x;, > xj, > -~ X;, > xj,, we further simplify it by replacing all x;; with
a single variable.

When all the constraints are monotone, the constraints after simplification would
all be the form x; > x; for directed pairs (i, j) € E. The problem now reduces to
submodular minimization over a ring, which is solvable in (strong) polynomial time
in the size of the underlying graph. A simple explanation is that, we can reform the
problem into minimization of another submodular set function over set 2Z. For this
purpose, for constraint x; > x; we define variable y;; = 1ifx; = 1 and x; = 0,
and y;; = 0 if else. And define base set B of indices as those indices never appear
in the left side of > constraints, and we define y; = x; for all i € B. Now, each
x; can be defined by Vs, yx for certain set S; € E U B (basically, in the ordered
graph, S; is the set children edges of i, as well as the leaves grow from node i). It
can be easily proved that for a monotone set function F, and set T € E U B, define
set S(T) = {i | Si N'T # @}, then function G(T) = F(S(T)) is also submodular
for submodular function f. And the constraint for original variables is embedded in
the transformation S(7'), so the constraint for function G becomes 7' C E U B.
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For general cases, suppose the problem after simplification is of form:

min f(x)
s.t. x; > xJ~,V(i, j) € E,
xi+x; > 1,V@, j) e U,
xi+xj < LG, ) e V.
We introduce two copies of original variables xT =x e {0,1)",x = —x €
{0, —1}". Then the original problem can be reformulated by
min LD Cx0)
st.x” = x, 7 <x;VG,)) €E,
xt—x7>1, —x; —i—x;r > 1,V(, j) e U,

1

xf—x- 51,—x;+x}r§1,V(i,j)€V,
xi++xi =0,Vi

xt e {0, 1}, x7 € {0, -1}, Vi.

[t

Dropping the only nonmonotone constraints x;’ + x; = 0, we obtain a relaxed
problem with only monotone constraints, which can be solved exactly. Suppose
optimum solution is (x*, x™) with objective value V* < & PT. However, notice
that y = (x+g"_1 and 7 = LX+EX_J are both feasible for the original problem.
However, y = x7 Vv (—x7) and z = x* A (—x 7). By submodularity, f(y)+ f(z)
Ff(xT) 4+ f(—x7). Because f is nonnegative, f(y) < f(xT) + f(—x7) =2V*
20PT.

A IA

3.4 Maximization of Submodular Set Function

There are many scenarios where one needs to maximize a submodular set function.
For example, consider a social network where people’s decision is influenced by
their friends. When a company needs to place a number of individual advertise-
ments, e.g., via phone calls, a crucial problem is which group of people should
they reach to maximize the total effect, within given budget constraint. A simplified
model is the so-called Max-k-Cover problem:

Problem 4 (Max-k-Cover) Given a set of sets {S; € N | j € A}, find k sets
which covers the most number of elements.
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We can also assume that each element (customer) covered has a different value:

Problem 5 (The Maximum Coverage Problem) Given a set of S1, S2,---, S, C
N. For each element i € N, it has a value v; > 0, and for each set S C N the value
function is defined as V (S) = ) ;¢ vj. We need to select K sets {S; | j € A}, and
to maximize the maximum value V(¢4 S))-

One of the most important characteristic of these problem is the submodularity
of objective function, with respect to the selected set of sets. The proof is
straightforward and is omitted here.

Proposition 1 We define U(A) = V(UjeA S;), then U is a submodular set
function:

V(UieaS)+V(IUie Sj1) = V(IUicans Sj1)+ V(I Uicaus S;|) for any A, B C {1,2,--- ,m}.

A related problem arises from application is assort optimization, where one
needs to place advertisements of goods on the front-page of its website for maximum
sales effect.

Problem 6 (Assortment Optimization) There are K advertisement slots of a
webpage, which we need to select from a set N of goods from a certain category.
The goods are substitutable to each other, that is, increasing sales from one product
would hurt (or has no effect to) sales of the other product, so the more the goods
placed on the webpage, the lesser the contribution from the advertisement of the next
goods added. In some classical literatures, e.g., [6], the total sales revenue V(S)
from displacement of set S of goods on the webpage is assumed to be increasing
and submodular. And we aim to solve the cardinality constrained maximization
problem:

max{V(S) : |S] < K, S C N}.

Because Max-Cut problem is well-known to be NP-hard, and the cut weight
V(S) = X ics. jg¢s Wij is submodular in S, submodular set function maximization
with cardinality constraint is also NP-Hard. The hardness to approximate result has
been established by Feige [11]:

Theorem 17 (Max-Hardness) Consider cardinality constrained submodular max-
imization problem max{f(S),|S| < K, S C N} for rank function (submodular,
normalized, and increasing) f : 2N — R. Unless P = N P, there is no polynomial-
time algorithm which achieves approximation ratio strictly better than 1 — % in

general (for general setting of K ).
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There is a simple greedy algorithm which can achieve the best possible approx-
imation ratio 1 — é for cardinality constrained maximization problem of rank
functions.

Algorithm 2: Greedy algorithm: rank function maximization

1 Initialization t = 0, S; = @;

2 foreach r =1,2,..., K do

3 Find the element i ¢ S; with maximum improvement for function value:
i = argmax{f(Si U {i})};

4 Define S; = S, U {i};

5 end

6 Return Sk

Theorem 18 (Greedy for Rank Function) The greedy algorithm above achieves
approximation ratio 1 — (1 — %)K >1-— %for max{f(S),|S| < K,S C N}, ifthe
function f is a rank function.

Proof Define the optimum solution as S*, and optimum value OPT = f(S%).
For any set S C N, note that elements in S*\S as {ji, j2, -, jm}, and Sk =
S U {.]17 j2’ Y .]k} Then

DS+ = FO1= Y LFS+Urh = £ = D _[F S = £(S* DI = f(SUS*) = £(9).

ieS* k=1 k=1

Due to monotonicity of f, we have f(S U S*) > f(5*) = ¢ PT. Consequently,

max(f(S + (i})) — F(S):i €57} = %(ﬁPT — F(S).

Therefore, for any ¢ and set S;, the greedy algorithm outputs set S;y1:

1 1
OPT = f(Si+1) = OPT = f(S)—Lf (Siv1) — f(S)] < 0PT—f(S)‘)_E[ﬁPT_f(S)] = (1— E)[ﬁPT—f(Sz)]-

This implies that

1\¥ 1\ X
ﬁPT—f(SK)§<1—E> [ﬁPT—f(So)]S(l—E> OPT,

and

(=) o= (1-2)
fSp)=|1—-|1-—= OPT >(1—--)OPT.
K e
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The 1 — %-approximation is tight for rank function due to Theorems 17 and 18.
In the remainder of this subsection, we discuss a more general case by relaxing the
monotonicity assumption of objective function.

Problem 7 (Nonmonotone Submodular Function Maximization) Given a non-
negative submodular set function f : 2V — 9, suppose we can evaluate f(S) for
any S € N. How should we solve the problem:

max{f(S): S C N}.

The hardness to approximate result is established in [12]:

Theorem 19 (Hardness for Nonmonotone Submodular Function Maximiza-
tion) Suppose f : 2N — R, is a submodular set function, which we can evaluate
the function value on each S < N. Then for any € > 0, an algorithm which can
approximate the general maximization problem of approximation ratio % + € needs
to call the valuation oracle exponentially many times. This is also true even if f is
known to be symmetric, i.e., f(S) = f(N\S).

Buchbinder et al. [3] recently established the tight approximation algorithm,
based on the idea of forward—backward greedy search:

Algorithm 3: 1/2-Randomized approximation algorithm

1 Initialization t = 0, Ag =¥, Bp = N;;

2 Given random order uy, up, --- ,uy of 1,2, -+ , N;
3 foreach t =1,2,..., Ndo

4 Define

ar = [f(A—1 UluD) — fA=D]4+:0 = L (Br—1 \ {ur}) — f(Br=1)]+3
5 With probability p; = weaddu, to A,_1: A, = A1 U {u,},

B = B;_1;

6 Else (with probability 1 — p; = a,thb,)’ remove u; from B;_:

Ay = A1, By = B\ {ur};

I
ar+b;°

7 end
8 Return Ay = By. Note Define p; = O if both a; = b; = 0.

This algorithm maintains increasing random series of sets {A;} and decreasing
series of sets {B;}, by gradually deciding whether an element should be added to
A;, or removed from B;, based on whether its potential is improving the function
value. It stops at Ay = By . Next, we define a series of sets S; to assist our analysis
of the algorithm. Suppose the optimum solution of max{f(S) : S € N} is §%,
with the optimum value noted as OPT = f(S*). We define the random set S, =
(S*U A;) N By and value V; = E[f(S;)]. Then we have forall r, A, € S; C By,
So=S*, f(So) = OPT,and Sy = Ay = By.
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To prove the approximation result, we quantify the potential loss of function
value from S;_1 to S; by the following technical lemma from [30]:

Lemma 2 For any t, the algorithm outputs

1
ELf(Si1) = f(SD] = S f(A) = f(Ai-) + f(B) = f(Bi-)].

Proof By definition we have B;—A; = {us41, ur42, -+ ,un},andu; € Bi_1\A;—1.
If a; = by = 0, then by definition f(A;—1 U{us}) — f(A;—1) <0, f(Br—1 \ {us}) —
f(B;—1) <0.Note that A,_1 € B;_1 \ {u,}, it follows from submodularity we have

0> f(A—1 Ulus)) — (A=) = f(Bi—1) — f(Br—1 \ {us}) = 0.

Notice the algorithm outputs A; = A;—1 U{u;}, By = Bi—1,50 f(A;) — f(Ai—1) =
f(Bi—1) — f(By) =0.1f u; € S;_1, we have S; = S;—1 and f(S;—1) — f(S;) =0.
If u; ¢ S;_1, then the algorithm outputs S; = S;—1 U {u;}, consequently A;_1 C
St—1 € B;—1 \ {u;}. By submodularity we have

0= fA—1YWurD—f(Ar—1) = f(Si—1Wur D= f(S;—1) = f(Bi—1)—f(Bi—1\{ur}) = 0,

which implies that f(S;—1) — f(S;) = f(A;) — f(Ai—1) = f(Bi—1) — f(B) =0.

Now we consider the case a; +b; > 0. If u; € S*, thenu, € S;_1, S, = S;_1
with probability p;, = —4—, and S; = S;_1\{u,} with probability 1 — p,. Note that
Ar—1 € Si—1\{us}, by SumedUIaﬂtY S(Se—1) — f(S—i\{ur}) < f(A—1 Ufue}) —
f(A;—1) = a;. Therefore

a:by

ELF(Si1) = f(S01 = (1= pay = =
t t

Ifu; ¢ S* thenu; ¢ S;—1, S; = S;—1 U {u;} with probability p;, = a,itbt’ and
S; = S;—1 with probability 1 — p;. Because S;—1 € B;—1\{u;}, it follows from

submodularity that f(S;—1) — f(Si—1 U {us}) < f(Br—1\{us}) — f(Bi—1) = b;.
Therefore we also have

a:b,

E[f(St—l) - f(St)] =< ptbt = m.
t t

Note that p, = Oifa, = 0,b;, > 0, p = 1 ifa; > 0,b, = 0, so whenever
az + bt > 0’

f(A) — f(A—) + f(B) — f(Bi-1)
=pi[f (A1 U{u}) — fA-D]+ (1 = p) [f (Be—1 \ {ur}) — f(Bi-1)]
= pe [f(Ar—1 U{us}) — fA-D] + A = p) [fF (Be—1 \ {ue}) — fF(Bi=D]4
= pias + (1 — py)b;.
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Therefore,

arb; - atz + btz _ prag + (I = p)b,
ar+b, — 2(ar + by) 2

1
=5 L A) = f(Ai) + f(B) = f(Bi-)].

Theorem 20 (%-Approximation) If the function f : 2N — R is a nonnegative
submodular set function, then Algorithm 3 achieves %—approximation ratio, i.e.,

ELf(Aw) = JOPT.

Proof Adding the inequalities in Lemma 2 forallr = 1,2, --- , N, we obtain

N
ELf(S)1— ELf(S\1 =Y ELf(Si—1) = £(S)]

=1
1
=3 [f(AN) — f(Ao) + f(Bwn) — f(Bo)].

It then follows from Sy = Ay = By, and f(Ap), f(Bg) > 0 that
1
E[f(So)] — E[f(SNn)] < 5 [f(AN) + f(BN)] = f(SNn).

Because So = S*, f(Ay) = f(Sn) = 3 f(So) = $OPT.

3.5 Multi-Linear Relaxation and Submodular Function
Maximization

In this section, we introduce another line of approach to deal with submodular func-
tion maximization problems, which utilize the so-called multi-linear relaxation.

Definition 8 (Multi-Linear Relaxation) Given a set function f : 2N 5 R, we
define its multi-linear relaxation by rounding a continuous point x € [0, 1]V to
0,1}V: F(x) = E[f((x))], where £(x) € RN takes value E(x); = 1 with
probability x;, and &(x); = O with probability 1 — x; independently.
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Because the multi-linear relaxation is defined via expectation, it is straightfor-
ward to see:

Theorem 21
max{F (x) | x € [0, 11V} = max{f(x) | x € {0, }"}.

In the remainder of the section, we introduce variations of submodular maxi-
mization problem, and how to utilize the multi-linear relaxation for solving these
problems. We start with the general matroid constrained problem:

Definition 9 (Matroid) A matroid M = (X, I) consists of the ground set X and the
independent set I C 2X which is a set of subsets of X, if it satisfies the following:

1. Forany A C Band B € L,ithastobe A € L.
2. Forany A, B € I and |A| < |B|, there exists x € B\ A suchthat AU {x} € L.

Matroids are discrete sets, whose convex hull are actually polymatroids. In the
following, we first illustrate how matroid induces a rank function, and how this rank
function defines a polymatroid which is the convex hull of the matroid.

Theorem 22 (Matroid Rank) Define r(S) = max{|X| | X € S, X €I}, ifMisa
matroid, then r(S) is a rank function.

Proof Tt follows from definition that (S) is monotonically increasing and r (¥J) = 0,
so we only need to verify the submodularity. For any i, j ¢ S, if r(S U {i, j}) =
r(SU{ih orr(SU{i, j}) = r(SU{j}), it follows from monotonicity that r(S) +
r(SU{, j) <r(SU{i}) +r(SU{j}).Ifelse, then r(SU {i, j}) > r(S U {i}) and
r(SU{i, j}) > r(SU{j}). Define A = argmax{|X| | X € SU{i, j}, X € I}. Note
that (S U {i, j}) = |[Aland A\ j € S U {i}, by the definition of independent set
A\j e Lsor(SU{i}) = |A|—1 = r(SU{i, j})—1.Because r (SU{i}) < r(SU{i, j}),
we have r(SU {i}) = r(SU{i, j}) — 1. Similarly, r(SU {j}) = r(SU{i, j}) — L.

Define B = argmax{|X| | X € S, X € I}. Because |B| = r(S) < r(SU{i}) <
r(S U {i, j}) = |A]l, it follows from definition of independent set that there exists
x € A\ B with B U {x} € I By the definition of B, x ¢ S because otherwise
BU{x} € Sisalarger independent set in S. Therefore, x € (SU{i, j})\S = {i, j},
sox =iorx = j.Ifx =i,thenr(SU{i}) > |B+i|=|B|+1=r(S)+1.
Similarly, if x = j, we also have r(S U {j}) > r(S) + 1 if x = j. Therefore, we
always have

r(SUD +rSU{jh=rS)+14+rSU{, jH—1=rS)+rSU{, j}.
In linear algebra, the set of linearly independent vectors forms an independent set

for ground set of all vectors in %V . The rank function induced by this independent
set is exactly the rank of the spanning space of a set of vectors.
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Theorem 23 (Matroid to Polymatroid) For a matroid M with induced rank
function r, define polytope P(M) = Conv{ls | S € I}, then

PMM) =P(r, X) = {x e RY | ij <r(S)vscC x
jes

and it is a polymatroid.

Proof For any independent set A € Iand § C X, it follows from AN S € I that
r(8) = |ANS| =3 ;cs(1a);. Therefore M € P(M).

Reversely, in the proof of Theorem 23 we showed that (S U {i}) — r(S) = 0
or 1. By the optimum solution structure in Theorem 12, all the vertices of polytope
P(M) are 0/1 vector. Suppose one vertex is v = 14, which corresponds to set
A. If A is not an independent set, then by definition r(A) < |A| — 1. However,
Y iea Vi =Y ica 1 = |A| > r(A), which contradicts the constraint in the definition
of P(M). Therefore, any vertices of the polytope are an element in M.

For the matroid constrained rank function maximization problem:
max{f(S): S eI},

where f : N N4 is a rank function and M = (N, I) is a matroid, we
introduce the algorithm in [30]. Firstly, they use the smooth-greedy algorithm to
obtain solution x such that F(x) > (1 — % — 0(1)) O PT, then they apply pipage
rounding to gradually round each indices to 0 or 1. Since the multi-linear extension
is defined by expectation form, rounding (or even greedy) would naturally yield
integer solution with better quality. To start with, we consider the smooth process:

Algorithm 4: Smooth differential equation

1 Initialization: set § = 3, 1 = 0, y;j(1) = 0;
m
2 Forany y € [0, 1]N, define 1 (y) = max{Zjes %F(y) | S el};
3 Define y(¢) by differential equation y(0) = 0, % y(®) =11¢;
4 Output y(1);

The step 2 of solving I(y) is doable because it is equivalent to polymatroid
optimization problem as in Section 3.2, which can be solved by simple greedy
process.

Theorem 24 (Smooth Process) For the problem max{f(S) : S € I} with rank
function r and polymatroid M = (N, 1), the smooth process outputs

FOy(1) = (1 _ 1) oPT.

e
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Proof Firstly, because 0 < %yj(t)) < 1 for any index j € N, y(¢) is always
feasible for ¢ € [0, 1]. Define the optimum solution as $* = argmax{ f(S) : § € I},
then f(S*) = OPT.For any y € [0, 1]V, define random set R, by independently
randomly selecting index i € N with probability y;, and not selecting i with
probability 1 — y;.

For any two sets S, T C N, we define fs(T) = f(S+T) — f(S), and fs(j) =
fs({j}). By submodularity, for any set S € N we have:

OPT = f(§%) < f(SUSH) < F(S)+ Y fs()).

jes*

Define fr,(j) = Es~r, fs(j) and notice that F(y) = Eg~g, f(S), then

OPT < Esg, | [($)+ Y fs())
jes*

=FO)+ ) fr,() = FO) +maxy fr, (),

jes* jes

where the last inequality follows from the fact that S* € 1. Note that

Fo)y =Y fO [y ]]a-y.

SCN ieS ¢S

which implies that

9
3 FO=FOly=D-F(lyj=0
Yi

=E[f(RyU{jD) — FRy\(jD] = fr, ()

Therefore, the differential equation process satisfies

d 0
TFO@) = Y o= FO®)

jelty 2V

d .
= r?a;<z ay; T = max Z f&,()) = OPT — F(y(1)).
JES jes

Combine with the fact that F(y(0)) > 0 = (1 —e~%) OPT, we have for any ¢ €
[0, 1],

F(y@) > (1—¢")OPT.
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Since the smooth solution can’t be obtained exactly, one can apply the following
algorithm for 1 — é — o(1) approximation ratio:

Algorithm 5: Smooth greedy

1 Set§ =, M>N%1t=0,y(0) =0;

2 foreach + =0,1,2,...,M — 1do

3 Define w;(t) ~ fR,«s)(j), which can be obtained within any required
error by sampling algorithm;

4 Define I (t) = argmax{sumjesw;j(D) | S € I};

5 Take y((t + 1)8) = y(5) + 61y

6 end

7 Output y(1).

Many well-known combinatorial problems can be reformulated into matroid
constrained rank function maximization:

Problem 8 (The Submodular Social Welfare Problem) There are a set P (m
many) of players and a set N of resources. Player i’s utility function is w;(S;) if
receiving set S; of resources, which is assumed to be a rank function. How should
we distribute resources among a group of people, to maximize the social utility
YL wi(S;)? Without losing generality, we assume that each resource is of single
unbreakable unit, and this assumption can be relaxed to multi-units without altering
the following process as well as its analysis.

By making m copies (i, j) of each item j, and an allocation {Si, S>, -+, Si}
uniquely corresponds to set S = (J/_,{(i, j) | j € S;}. We obtain a matroid M is
defined by the ground set X = P x N, the independent set

I={SCX||SN{P x {j}}| <1forall j € N}.

Then the problem is reduced to classical matroid constraints rank function maxi-
mization.

When each player also faces the bin packing problem, the problem becomes the
general assignment problem.

Problem 9 (General Assignment Problem) There is a set P of players, and a set
N of items. Each player i has only 1 unit of capacity which can’t be exceeded.
Receiving the item j would yield utility v;;, but also consumes capacity c¢;; of the
player i.

Note that each player has a feasible set .%; € 2V of possible choices for each
player i, we can construct the matroid X = (X, I) by ground set X = {(i, S;) | S; €
Zi,1 € P}, and

I={S € X | Atmost one set S; assigned to each player i}.
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To avoid assigning one item to multiple players, the objective function is changed to

f(S) = Zmax{vij cj €S, @, S) €S

JEN

The GAP can also be solved via the so-called configuration LP approach as in
[13], which plays significant role in combinatorial optimization.

Algorithm 6: Configuration LP+greedy rounding
1 Define V;(S) = ZjeS Vi
2 Solve the configuration LP problem

max 3 icp > ge7 VisVi(S)

St D seq Vis <1 Vie P
>G.5)jes, se7; Yis < 1VjeN
yis >0 Vie P,Se.%

to obtain the fractional optimum solution {y; s};

3 For each player i, independently select one S; = S with probability y; s,
which is doable because ) ¢ 7 yis < 1;

4 For each item j, allocate it to the player with the best value v;;.

Note that for general assignment problem, step 2 of the above algorithm can
be solved by reformulating with a linear programming problem by assignment
variables x;; for (continuous) amount of item j assigned to player i. Fleischer et
al. [13] showed that this greedy rounding algorithm yields 1 — % approximation
ratio:

Theorem 25 The configuration LP can be solved exactly, and the greedy rounding
yields 1 — % approximation ratio with respect to the fractional solution.

Problem 10 (Budget Constrained Maximization) Given a monotone submodular
function f : 2V — 9, suppose we can evaluate f(S) for any S € N. And for
eachitemi € N it consumes nonnegative budget of ¢;. How should we solve budget
constrained problem:

max{f(S):Zc,-fB,SgN .

ieS

The first 1 — % — o(1) approximation algorithm for the budget constrained
maximization problem was achieved by Sviridenko [28], later improved by Badani-
diyuru and Vondrék [2] and Ene and Nguyen [9]. The detailed algorithms are quite
involved and lengthy, readers may refer to the listed research papers for reference.
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All algorithms split the items into two groups, those with large value and those
with small value. The large valued ones are of small number, which can be guessed,
or decided with the help of multi-linear extension form. For the small valued ones,
missing one small valued items due to capacity would lose at most € ratio. Therefore
one can simply apply cost-efficiency greedy approach to fill the capacity.

4 Discrete Convexity in Dynamic Programming

Submodularity and other discrete convex properties are also very useful in dynamic
and online decision problems. In Section 4.1, we present the concept of L*-
convexity. Applications in dynamic inventory control problems are discussed in
Section 4.2. In Section 4.3, online matching problems are introduced.

4.1 L*-Convexity

All the discussions of submodular function optimization in Section 3 are focused on
set functions. In most practical problems, one needs to deal with decision variables
in broader domain. Since the submodular function minimization relies heavily on
Lovasz extension, a natural question is, when would the Lovasz extension of a
function coincide with its convex hull in common discrete domain?

Definition 10 (L?-Convex Set) A set D C ZV is called L¥-convex, if {(x,?) |
x —tee D,t € Z;}is asublattice, i.e.,

(x+teyAyeDandx Vv (y—te) e Dforallx,y e D,t € Z,,

where e € %Y is the all one vector.

Definition 11 (L*-Convex Function) For L*-convex domain D, we call a function
f : L — RaL"convex if the function g (x, f) = f(x—te) is a submodular function
on sublattice domain {(x,?) | x —te € D,t € Z.}.

Theorem 26 The condition of L*-convexity is equivalent to: (Condition A) f(x) +
fO) = f((x+te)Ay)+ f(xV(y—te)) foranyx,y € D, t € Z,. When D = Z,
the next two conditions are also equivalent conditions for L¥-convexity:

1. (Condition B) f(x) + f(y) = f(I*5* D) + f([*321) forany x, y € D.
2. (Condition C) If we define the Lovasz extension f*(x) within each integer grid,
and merge them together, it is well defined and coincides with the convex hull:

fr=r
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Note: when the function f : RN — % is a C? function defined on continuous
domain, the condition is equivalent to the Hessian of M = V? f (x) that is always a
diagonal dominated M-matrix for any x, i.e., M;j < 0 foralli # j.

Proof Firstly, foranyx, y € D,t € Z, we denote z = x+te. Then (z, 1)V (y,0) =
ZVy, D), H)AY,0 =AYy 0),zVy—te=xV(y—te) Notice that

JE+ ) = fx+1e)Any) — fxV(y—te)
=8z 0 +8(y.0) — gz, ) A (y,0) — gz, 1) vV (y,0)).

So the condition (A) is equivalent to the submodularity of g.

Secondly, we show that condition (B) implies submodularity of g when the
domain D = Z", and vice versa. Note that we only need to verify the submodularity
locally, i.e.:

1. g(x,t) +g(x +e +ej,t) <glx+e,t)+gx+ej t)foralli # j, where ¢;
is unit length vector which only takes value of 1 at index i,

2. gx,t)+gx+ei,t+1) <gx+e,t)+gkx,t+ 1) forallx € D,i € N, and
t e Z+.

The first inequality follows from

l+] l+e]

fxtei—te)+f(x +ej —te) > f(x —te+ |

D+ fx—te+T

D
=f(x—te)+f(x—te+e,- +¢;).
The second inequality follows from
fxtei—te)+f(x — (t+De) > f(x —te+ L%J) + fx —te+ [%T)
=fx+e — @+ De)+ f(x —re).

Reversely, when g is submodular we start with the case |x; — y;| < 1 for all
leNL J—x/\y,and|' Y7 = x Vv y. Therefore

P(E50) +r (F57) = s v 0 by 0

=g, 0 +g(».0) = fx)+ f(¥).

Now we prove that condition (A) woud imply condition (B). If condition (B) is
violated by some pair of (x, y), we define (x*, y*) as the minimal pair which
violates the condition (B), i.e., solution for

min{lx — vl | £&) + FO) < f (L%J) +f (r#w) x.yeD),
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where we can constraint D is a finite box neighborhood D’ of a violation pair. For
the inequality to hold, there exists at least one index k such that |x — yf| > 2.
Without losing generality, we assume x; < y{ — 2. Note that for any x;, y; € Z,
if x; < y; — 1, then min{x; + 1, y;} = x; + 1 and min{x;, y; — 1} = y; — 1,
if x; > y; — 1, then min{x; + 1, y;} = y; and min{x;, y; — 1} = x;. Therefore
(X +eAY +x*V(y —e) =x"+y* and [((x* +e) Ay)i — (x*V (y* —e))i| <
|x} — y7| for all index i. Furthermore,

G+ AY = "V " =l < Iyf —x7 =2l =y —x =2 < y; — 3,
which implies that || (x* +e) A y* —x*V (y* —e)|l1 < ||x*—y*||1. Because (x*, y*)
is the minimal pair which violates the condition, and the fact that (x* + e) A y* +

x*V (y* —e) = x* 4+ y*, we have

5D ST—

fxF+)AYN+ fEF VT —e) = f(L D.

However, it follows from condition (A) that

O+ O = (T +e)Ay)) + fx™ V(T —e).

These two inequalities contradict the definition of (x*, y*), so we proved that there
is no pair x, y € Z" which can violate condition (B).

Thirdly, we establish the equivalence of L®-convexity with the convexity of
Lovasz extension. When f is L*-convex, it has been established that f is submod-
ular in each small grid; therefore, we can define f” in each grid. Next we prove
this definition coincides with the convex extension, by showing that for convex
combinations of x = ) __p &z, the minimum combination of function values can
be achieved in the smallest grid near x, for any x with no integer value. For those
x with integer value, i.e., within intersection of multiple small grids, we can apply
continuity argument.

For each given finite convex combination x = ) __, A;z with value V =
ZZeD o, f(2), the support {z | a; > 0} is a finite set and can be assumed to be
contained in a finite box B = [—M, M1V . Consider all convex combinations of x in
B with better value, i.e., A = {A | ) pA f(2) <V, cph; = 1,4 > 0} which
is nonempty because o € A. Define the potential function P(1) = ZZE B ||z||%
for convex combination A defined on B. And define 8 as the solution for min{ P (}) |
A € A}, with support Suppg = {z | B, > O}. If it is not contained in the smallest
box, then there exists u, v € Supp B and index i such that v; — u; > 2. It follows
from the condition (A) that we can find w = (u+e)Av,y = uVv(v—e) € D, which
satisfies f(u) 4+ f(v) > f(w)+ f(y),u+v =w+y,and w, y € B. Furthermore,
for each index j, note that if u; > v; — 1, then w; = v; and y; = uj, and if
uj <vj—2thenwj=u;+landy; =v; — l,thereforeu% —i—v? > w?—i—y? for
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all j € N, and ul2 + vi2 —2> wi2 + yiz. Therefore, denoting 6 = min{g8,, 8y} > O,
the convex combination ,@ defined as

Bz, ifz € B\{u, v, w, y}
ﬁZ = ,31 - 85 le € {u7 U}
B, +6, ifz € {w, y}

satisfies

ZZEB B:\ZZ = ZZEB ﬂzz + (S(w +y—u-— U) — ZZEB ﬂZZ —
YooepBf@D =2 cpBf@FIf(w)+ f() — fw)— f) <) cp

B f @=VPB)=.ep Pllzl*= Locp BellzIP+8UIwIPHIVI = llull® = o))
= ZZED :31”1”2 —28 < P(B) — 26,

which contradicts with the minimum of potential function in the definition of 8.
Therefore, we showed that for the minimum convex combination 8 in the definition
of f7(x),zj = x;],or [x;] for any z € Suppﬁ and index j € N. Therefore fL
coincides with the f~, which is well defined and convex.

Reversely, if fX = f~, forany x, y € D we have

f@+ 0 220 (D =20 ) = p( ) + .

For C? function f defined on continuous domain, note that for any x € %" and
t e ER+,

fx+te) + f(x —te) — f(x +te; —te) + f(x)

t t N 52
= / of OZ 8x_ax‘f(x+se,- + re — te)dsdr,
s=0Jr=0;_ i0X;j

the submodularity of g across x; and ¢ is equivalent to diagonal dominance of
V2 f(x) on index i. Also, forany i # j € N,

fx+te)+ fx +tej) — f(x) — f(x +te; +tej)

t t N 52
= f / Z f(x +se; +rej)dsdr,
s=0 Jr=0 j=1 8xiaxj

so the submodularity of g across x; and x; is equivalent to the off-diagonal (7, j)-th
element of symmetric matrix V2 f (x) that is non-positive.

Theorem 27 For a L%-convex function f : D — % defined on L*-convex domain
D = ZN, any local minimum solution x, i.e., f(x) < f(y) forall y € D such that
ly — xlloo < 1, is also a global minimum solution.
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Proof This result directly follows from the fact that x is local minimum for convex
function f. Alternatively, we can establish the result via combinatorial approach:
Defineset S = {y | f(z) < f(x),z € D}. If S is nonempty, there exists y € S
(may be not unique) which is closest to x in L' distance. Because x is local optimum
and f(x) > f(), |y = xlloo = 2. Ttfollows 2f (x) > f(x)+ () = f(I52D) +
S5 that min{ £ (52 ]), f(F*57 D)) < f(x). But when ||y — x{loo = 2, both
Lxﬂ | and |'x+y ] are strictly closer to x than y. Therefore both Lxﬂ | and f%} are
not in S, which contradicts with the fact that min{ f (| *32 ), f(r*ﬂ})} < f(x).

Because local minimum is global minimum, minimization of L-convex function
can be achieved by local search of improving directions, readers may refer to [26]
for details. When precision can be traded for speed, the gradient projection approach
in Theorem 15 should be applied, if the effective domain is compact.

4.2 L*-Convexity in Dynamic Inventory System

In this subsection, we introduce some important applications of submodular func-
tion optimization. In particular, many inventory related problems arise in supply
chain management, where one needs to handle complex inventory system dynam-
ically. Because inventory of different goods may substitute for each other, and
inventory for perishable goods (e.g., fresh fruit, fresh milk, etc.) with different
expiration dates is also substitutable for each other, we often model the problem by
submodularity or other related properties, and utilize these properties for obtaining
better inventory strategy.

There are many applications of L®-convex function in dynamic inventory
management. We start with a simple example. Suppose there is a retailer who has n
classes of goods, while class i — 1 goods can be updated toclassi (i =2,3,---,n)
with upgrading cost ¢; per unit overnight. The retailer can also purchase from
supplier for class 1 goods with cost ¢; per unit overnight. There are random demand
D! of type i goods at day ¢, and unsatisfied demand will be backlogged (booked
for future sales) with penalty cost b; per unit day. Unsold class i goods will incur
holding cost &; per unit day. The retailer needs to decide the amount g; of class
1 goods to purchase from supplier, as well as the amount ql? upgraded for class i
goods from class i — 1,i = 2, --- , n. Denote the inventory of class i goods at the
beginning of day 7 as I/, then IiH'1 = I 4+ g/ — D! — g/ ,. Therefore the decision
corresponds to dynamic programming:

n n
Vi(I") = Ep, min {Zciq,-’ + 3 fUf = DY+ Vi (' 10 < gf
i=1 i=1

where fj(x) = —b;jx if x < Oand f;(x) = hijx if x > 0, Vr41 = 0, and the
overnight decision ¢’ depends on the realized demand D’ during the day. It we take
the transformation of S = 3" ._, I!, then S!*! = §! + ¢ — Y iss Di,and I} =

j=iti»
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st - !

iy1- We define C;(S") = V;(I"), which satisfies the dynamic programming:

n n
Ci(S)=Epmin{> ¢ | S =8 =>"Di |+ > £ = SiTh
1

i=1 i>s i=

H Vi (I s > s> D)

Jj=i

Next, we show that the function C is always L¥-convex, and the function V
is a so-called multimodular function. For this purpose, we need to establish that
L*-convexity can be preserved under minimization, similar to the preservation of
submodular property in Theorem 7. We refer to a theorem in [33]:

Theorem 28 (Preservation of L*-Convexity) Suppose S € X x Y is a L*-
convex set, and f : S — M is a Li-convex function. Then the function g(y) =
min{f(x,y) | (x,y) € S} is a L-convex function defined on L*-convex set
T'={y|3x,y) €S}

Proof We first prove the L*-convexity of T by definition. For any given y —te, y' —
t'e € T with t,t € Z4, by definition there exists x, x’ € X such that (x,y —
te),(x',y' —t'e) € §S.Define z = x +te and 7/ = x’ + te, then (z,y) — te =
(x,y —te)and (z,/,y") —t'e = (x', y — t'e). By L*-convexity of S,

v —@vihe,yvy —@vithe) =@ yVvE,y)—@tvi)ees
and
@A =Ae, y Ay = Athe) =@, ) AELY) =@ At)eeS.

It followsthat y vy — (tvi)ee Tandy Ay — (t At)e e T.

Next, we establish the L®-convexity of function g by constructive approach.
Define h(x,y,t) = f((x,y) — te) and fz(y,t) = g(y — te). For any given
y —te,y —te € T with t,t/ € Z,, by definition there exists x,x’ € X
such that f(x,y —te) = g(y —te) and f(x',y — t'e) = g(y' — t'e). Define
z=x+teand 7/ = x’ +te, then g(y — te) = f((z,y) —te) = h(z, y,t) and
g(y —te) = f((Z,y) —t'e) = h(Z,y',t'). By definition of L*-convexity, the
function 4 is submodular, therefore

Wz, vy, 0) +h(Z, Yy, )Y >hGzvZ,yvy, tvi)+hGzAnZ,y Ayt AL).

It follows from (z, y) —te = (x,y —te) € Sand (z/, y) —t'e= (x',y —t'e) € S
that (z V' — (1t Ve, y vy — (t Vi')e) € S, therefore

hzvz,yvy tvi) = fzvd —@vi)e, yvy —(tvi)e) = g(yvy —(tvi)e).
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Similarly,
h@AZ,yAY  EAE) = FanD —(ntDe, yAY —(EA)e) = g(y Ay — (@ AL)e).
Combine these inequalities together, we obtain

gy —ta)+g(y —r'e) =gy vy —(tvi)e) + gy Ay —(t At)e),

which implies the L#-convexity of function g.

Furthermore, for the dynamic inventory control problem we notice the following
two facts:

1. The set (x, y) € W2 | x — y < ¢} is L%-convex.
2. For convex function f : t — M, f(x — y) is always L*-convex.

Therefore, if Cyyq is L*-convex, for each given Dy, so is the function Fp:(S") =
min [Z,'L] (S =S =3 D+ X0 fiST = SEED + Vi s
>S4+ =i D! } By linearity in definition of L%-convexity, we know that

Ci1(S") = EpiFpi(S') is also Lf-convex. So we can inductively establish the
LE-convex property for C;:

Theorem 29 The function C; is L:-convex, and the original function V; is multi-
modular.

Definition 12 (Multimodular Function) A function f : X — 9 is defined on

S € MY, whichis X = {x : aij <b,j=1,2,---,m}, where each a; is of form
ZiLz « €i» i.e., vector with value 1 on consecutive indices, and 0 if else, or Y"1 e;,
for different | < K < L < N.If®(x) = f(x1 —y,x2 — X1, - , XN — XN—1) 1S
submodular on S = {(x, y) € RV | (x; —y,x2 —x1, -+ ,xy —xy_1) € X}isa

submodular function, we say f is a multimodular function.

Multimodular function is essentially L*-convex function under a linear transfor-
mation, which was established in [24]:

Theorem 30 Suppose we define set Z = {z € Ry | (z1,21—22,22—23, """ »Zn —
Zn—1) € X} ={z | (z,0) € S} and function g(z) = f(21,21—22,22—23, " »Zn —
Zn—1). Then f : X — N is a multimodular function, is equivalent to g : Z — N,
and is a L*-convex function.

Multimodularity, or equivalently under transformation, L?-convexity are used
to characterize the dynamic decision systems and the corresponding optimum
solutions for inventory management of perishable goods [4] and [21], as well as
the queueing system [1].

For optimizing the L?-convex functions in the dynamic system, one could not
simply apply the greedy local search algorithm, because the state space is expo-
nentially large which makes it impossible to recursively solve for function values
at all states as the classical dynamic programming approach does. Therefore, one
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can only hope to solve the problem approximately in dynamic system by adaptive
approximation approach, which uses classes of simple functions to approximate
each V;, and recursively find the best approximation for each state function V;. In
particular, [22] uses linear functions for inventory problem of perishable goods.
In Sun et al. [27], a class of quadratic functions has been used, according to the
following Lemma they established based on Murota’s characterization of quadratic
L* functions:

Lemma 3 A quadratic function f : ‘RN — N is multimodular if and only it can be
expressed as f(x) = ZlN=1 le=1 oY (Z;Zj x7), where QY (x) = a,-sz +bij +cij
with ajj = 0.

Recently, Chen et al. [4] develop the basis function approach which approximates

.. . . . . ~ N i P j

the original function Py a linear combination F(x) = ) ;. Z’j:l BY (21]:1‘ x7)
of basis functions B'/, which can be recursively constructed by solving single
dimensional optimization problems. This approach is much more flexible by

allowing a much broader class of functions to be used to approximate the original
function, and does achieve significant improvement in practice.

4.3 Online/Dynamic Matching

Submodularity also has important applications in dynamic matching. To begin with,
we analyze the static matching. Consider the bipartite matching problem with two
sets (A and B) of nodes, and edges (i, j) € E C A x B. Each edge (i, j) € E is
associated with a weight w;;. The objective is to match the nodes to maximize the
total matching weight, constraint to that each node can be matched to at most one
node. This problem can be modeled by:

W(A, B) =max ) ;cp jep WijXij
S.t. ZjeBxi/ <1lVieA
DicaXij <1VjeB
xijj=0orlVie A, jeB.

Since the constraint matrix is unimodal, there is no integrality gap, we can replace
the integer constraints by x;; > 0.
We can even consider a more general formulation:

Ula,b) =max 3 .y jep WijXij
S.t. ZjeBxij <aqVieA
DicaXij <bjVj€B
xij >0,

which satisfies W(A, B) = U(14, 1p).
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Intuitively, we can view a and b as resources, and resources in a (or b) are
substitutes to each other, so adding more and more resources in a (or b) has
diminishing return. However, resources in a are complementary to those in b, so
adding resource in a would boost the values of resources in b, and vice versa. Next,
we show the function U (a, b) is submodular within a, b, but supermodular across
them:

Theorem 31 The function U (a, —b) is submodular! By setting a = 14 and b =
—1p), we know that W (A, B) is submodular in A for fixed B.

Proof Taking the dual, we have

Ua, —b)

=min{> ayi— Y bjzjlyeNl.zeRf, yi+z,>w;.VicA jeB
i€cA JjEB

By defining variable v = —y, it becomes

U(a, —b)

= min —Zaivi—ijZj |ve E}V_‘,z € Sﬁﬁ, —vi+z; > w;j,Vi€ A, jE€B
icA jeB

Note that the objective function —aTv — b7z is submodular in (a, b, v, z), and the

feasible domain is a lattice, by Theorem 7 the function U (a, —b) is submodular.

For online matching problems, submodularity or equivalently the diminishing
return property plays a crucial role. We present a more general online matching
case in [19].

Problem 11 There is a fixed group A of players, and a group of items arrive
stochastically. The items are of different types j € T, at each time ¢ the type j;
of the item arrives following an i.i.d distribution. At the end (time N), player i
receives S; of items, with submodular utility V;(S;). We need to match each item at
the time it arrives, and aim at maximizing the total matching score at the end. One
thing to note that is, by setting V;(S;) = maxcs; w;j, we can reduce this problem
to an online bipartite matching problem.
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Consider the following greedy allocation rule:

Algorithm 7: Greedy online matching
1 Initialize with S? = ¢ for all i € A. foreach t =1,2,..., N do

2 Match the item arrives (of type j;) to player i; with maximum matching
weight (or equivalently, maximum improvement) ;
3
i = argmax{Vi(S{”" U {ji}) — Vi(S{™") | i € St}
St= 87 0, St =87 foralli # i
4 end

Theorem 32 The greedy algorithm achieves 1 — é approximation ratio.

Proof By submodularity of V; and two sets X and Y of items, we have V; (X UY) —
Vi(X) < ZjeY c;(M[Vi(XU{j}) — Vi(X)]. Denote p; as the arrival probability of
type j items, and c;(S) as the type j items used in set S, then the optimum offline
matching value with expected number of arrival is bounded by:

OPT <max ) ;s s Vi(S)xis
S Y iea 2s:jes ¥i.s¢j(S) < piN,Vj €T
sti,S <1,VieA
xi.s > 0,Vi € Aandset S.

Vij
Denote y;; = Zs;jesxi,SCj(S) and z;; = ,;,-_§V’ then ), 4zij < landz > 0.
When item of type j arrives at time ¢, consider the random allocation which assigns
this item to player i with probability z;;. Then the expected gain is

1
ij,-zi,-[vi(sg‘l Uih—visiThl = ~ Zyij[vi(sg‘l Uih — Vi(SIThl.
i, L]

The greedy has at least the expected gain, denote actual matching value at stage ¢ as
V. Therefore,

E[vl‘] _ Vt—l

v

1
5 2 %is | Do OVi(S;T U LD = Vi(s )]

i,S jes

v

1 _ _
5 2 slVi(SiT U S) = Vi(s 1.
i,S
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Therefore
ElV]-vi—l> Lopr_L > xisVi (S?—‘)
=N N £ i,SVi i
- Yopr_ ZVi(S?_l) _ 1 [ﬁPT — VH].
- N - i N

This approximation ratio is tight in online stochastic matching scenario, and
similar algorithms and analyses have been established for other online matching
and online allocation problems [10, 20, 32], etc.

The diminishing return effect from submodularity can be applied to quantify
the matching efficiency, when we combine matching stages with other type of
operations, in algorithm design. In a recent work, He et al. [7] studied the matching
problem in kidney exchange, which matches donated kidneys from non-directed
donors, as well as kidneys from relatives of patients who does not match with
own targeted relative, to other patients. The matching process has been divided
into two stages, in the first stage random walk mechanism has been applied to
achieve efficient chains in difficult patients, and in the second stage bipartite
matching algorithms are applied to further reduce number of unmatched patients.
Submodularity of second stage matching score, with respect to the available
(unmatched) difficult patients for matching at beginning of stage two, is utilized
to transfer the analysis in stage one, to an analysis of the full mechanism. By
this approach, the first non-asymptotic bound on matching efficiency has been
established for medium size random graphs.
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