Chapter 4 )
Piecewise Continuous Stepanov-Like Shethie
Almost Automorphic Functions with
Applications to Impulsive Systems

Syed Abbas and Lakshman Mahto

Abstract In this chapter, we discuss Stepanov-like almost automorphic function
in the framework of impulsive systems. Next, we establish the existence and
uniqueness of such solution of a very general class of delayed model of impulsive
neural network. The coefficients and forcing term are assumed to be Stepanov-like
almost automorphic in nature. Since the solution is no longer continuous, so we
introduce the concept of piecewise continuous Stepanov-like almost automorphic
function. We establish some basic and important properties of these functions and
then prove composition theorem. Composition theorem is an important result from
the application point of view. Further, we use composition result and fixed point
theorem to investigate existence, uniqueness and stability of solution of the problem
under consideration. Finally, we give a numerical example to illustrate our analytical
findings.

Keywords Stepanov-like almost automorphic functions - Composition theorem -
Impulsive differential equations - Fixed point method - Asymptotic stability

4.1 Introduction

The introduction of almost periodic functions (AP) by H. Bohr [11] in the year
1924-1925 led to various important generalizations of this concept. One important
generalization is the concept of almost automorphic function (AA) given by S.
Bochner [10]. This concept is further generalized to several other concepts out
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of which one important generalization is the concept of Stepanov-like almost
automorphic function introduced by N’Guérékata and Pankov [21]. Several authors
have discussed several classes of almost automorphic functions and their extensions
with application to differential equations [13, 14, 20]. It has been observed that
one of the natural questions in the field of differential equations is: if the forcing
function possesses a special characteristic, then whether the solution possesses the
same characteristic or not? Motivated by this many researchers have studied the
existence of Stepanov-like almost automorphic solutions of differential equations
(see, for example, [14, 20] and the references therein). While studying the behaviour
of many physical and biological phenomena, it has been observed that many phe-
nomenons exhibit regularity behaviour which is not exactly periodic. These kind of
phenomenons can be modelled by considering more general notions such as almost
periodic, almost automorphic, or Stepanov-like almost automorphic. We have the
following inclusion AP C AA, C AA C BC, where AA, stands for uniformly
almost automorphic and BC is the space of bounded and continuous functions. If
we consider the class of Stepanov-like almost automorphic, then it covers more
functions than almost automorphic functions. So, if the underlying behaviour of the
systems is not almost automorphic, it may be possible that it is Stepanov-like almost
automorphic or it belongs to other more general class of functions. For more work on
Stepanov-like almost automorphic and its generalizations, we refer to [2, 4, 15, 16]
and the references therein.

Impulsive differential equations involve differential equations on continuous time
interval as well as difference equations on discrete set of times. It provides a
real framework of modelling the systems, which undergo through abrupt changes
like shocks, earthquake, harvesting, etc. Recent years have seen tremendous work
in this area due to its applicability in several fields. There are few excellent
monographs and literatures on impulsive differential equations [7-9, 19, 24]. As
we know that impulses are sudden interruptions in the systems, in neural case, we
can say that these abrupt changes are in the neural state. Its effect on humans will
depend on the intensity of the change. In signal processing, the faulty elements
in the corresponding artificial network may produce sudden changes in the state
voltages and thereby affect the normal transient behaviour in processing signals or
information. Neural networks have been studied extensively, but the mathematical
modelling of dynamical systems with impulses is very recent area of research
[1,3,5,6,25-31].

To the best of our knowledge, the existences, uniqueness and stability
of Stepanov-like almost automorphic solution of impulsive differential equa-
tions is rarely discussed. In this work, we introduce piecewise continuous
Stepanov-like almost automorphic function. We prove composition theorem,
which is very important result. As an application we study the existence,
uniqueness and stability of Stepanov-like almost automorphic solution of the
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following impulsive delay differential equations arising from neural network
modelling,

d l n n n
=Y a0+ Y a0 65 0) + 3 B 0550 — )

j=1 j=1 j=1
+vi(@®), t#Fu, a>0,
A(x(tx)) = Arx (1) + I (x (0) + vk,
x(tr —0)=x), xtx+0)=x(t)+ Ax®), keZ, t €R,
x(1) =Wo(r), t€[—a,0] (4.1.1)

where a,‘j,a,’j,ﬁ,’j, fj, Yi € C(R, R) fori = 1,2, e, N, ] = 1,2, e, N The
coefficient Ay € R™*", the function I (x) € C(S2, R") and the constant y;, € R".
The symbol 2 denotes a domain in R” and C(X, Y) denotes the set of all continuous
functions from X to Y.

The organization of this work is as follows: In Sect.4.2, we give some basic
definitions and results. In Sect. 4.3, we establish composition theorem. In Sect. 4.4,
we study existence and stability of piecewise continuous Stepanov-like almost
automorphic solutions of impulsive differential equations with delay. In Sect. 4.5,
we present an example with numerical simulation.

4.2 Preliminaries

Throughout the manuscript, the symbol R” denotes the n dimensional space with
norm ||x| = max{|x;|;i = 1,2,---,n}. We denote PC(J,R"), space of all
piecewise continuous functions from J C R to R" with points of discontinuity
of first kind #; where it is left continuous.

For smooth reading of the manuscript, we first define the following class of
spaces,

o SPAAL(R,R") = {¢ € PC(R,R") : ¢ is a piecewise continuous Stepanov-
like almost automorphic function ]

o SPAA, (R xR", R = {d) € PC(R x R",R") : ¢ is a piecewise continuous
Stepanov-like almost automorphic function }

e SPAAS(Z,R) = {d) :Z — R : ¢ is a Stepanov-like almost automorphic

sequence }



122 S. Abbas and L. Mahto

Note that the definition of almost automorphic operator is given by N’Guéré
kata and Pankov [22]. Now we give the following definitions in the framework of
impulsive systems motivated by the work of [12, 17, 28].

Definition 4.2.1 ([18]) A function f € PC(R, R") is called a PC-almost automor-
phic if

(1) sequence of impulsive moments {#;} is an almost automorphic sequence,

(i1) for every real sequence (s,), there exists a subsequence (s, ) such that g(t) =

limy, s 00 f(t+s5p, ) is well defined foreach r € Rand lim,, o0 g(t =51, ) = f(2)
foreachr € R.

We denote AA (R, R") the set of all such functions.

Definition 4.2.2 ([18]) A function f € PC(R x R",R") is called PC-almost
automorphic in ¢ uniformly for x in compact subsets of X if

(i) sequence of impulsive moments {#;} is an almost automorphic sequence,

(i) for every compact subset K of X and every real sequence (s;), there exists a
subsequence (sy, ) such that g(¢, x) = limy—o0 f(f + 54, Xx) is well defined for
eacht e R, x € K and limy o0 (¢t — 8, x) = f(t,x) foreachr e R, x € K.

We denote AA (R x R", R") the set of all such functions.

Definition 4.2.3 A sequence of continuous functions, Iy : R? — R" is almost
automorphic, if for integer sequence {k;l}, there exist a subsequence {k,} such that
limy, s 00 Lk, (x) = I (x) and lim, & I(’;{_kn)(x) = Ix(x) foreach k and x € X.

Definition 4.2.4 A bounded sequence x : Z* — R" is called an almost
automorphic sequence, if for every real sequence (k;,), there exists a subsequence
(kn) such that y(k) = lim,— o x(k + k) is well defined for each m € Z and
lim,, 00 y(k — ky) = x(k) for each k € Z*. We denote AAS(Z, R"), the set of all
such sequences.

Definition 4.2.5 ([23]) The Bochner transform f bit,s),t € R,s € [0,1] of a
function f : R — R” is defined by f%(,s) := f(t + 5).

Definition 4.2.6 ([23]) Let p € [1,00). The space BS?(R") of all Stepanov
bounded functions, with the exponent p, consists of all measurable functions f on
R with values in R” such that f® € L>(R, L”((0, 1), d7)). This is a Banach space
when it is equipped with the norm defined by

t+1 1/p
1/ lse = 17 .oy = sup ( f I @7 dr)
teR t

Definition 4.2.7 A bounded piecewise continuous function f € PC(R,R") is
called a piecewise continuous Stepanov-like almost automorphic if

(i) sequence of impulsive moments {#;} is a Stepanov-like almost automorphic
sequence,
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(ii) for every real sequence (s',), there exists a subsequence (s,) such that

1
1 14
lim (/ IIf(t+sn+S)—g(t+S)||pdS> =0
n—oo 0

is well defined for each ¢ € R and

1
hm (/ gt —sn +5) — f(t~|—s)||pds> =0

foreacht € R.
The space of all such functions is denoted by S” AA (R, R").

Definition 4.2.8 A bounded piecewise continuous function f € PC(R x R", R")
is called a piecewise continuous Stepanov-like almost automorphic in ¢ uniformly
in x in compact subsets of R" if

(i) the sequence of impulsive moments {#} is a Stepanov-like almost automorphic
sequence,

(ii) for every compact subset K of R” and every real sequence (s';), there exists a
subsequence (s;) such that

1

1 p
lim (/ ||f(t~|—s,,—l—s,x)—g(t~|—s,x)||pds) =0
n—o0 0

is well defined for each ¢ € R and

1
hm (/ g —sn+s,x)— f(t+s, x)||1’ds)p =0

foreacht € R.
The space of all such functions is denoted by S AA (R x R", R").

Definition 4.2.9 A bounded sequence x : Z* — R" is called Stepanov-like almost
automorphic if for every real sequence (k’,), there exists a subsequence (k) and a
sequence y : ZT — R" such that

1 P
(Z llx(m + ng +n) —y(m+n)||l’> —~0ask—0

n=0
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is well defined for each m € Z and

1 P
(Z”)’(m—nk—i-n)—x(m—l—n)ﬂ”) —0Qask— 0

n=0

foreachm € Z7.

We denote SP AAS(Z™, R"), the set of all such sequences.
We finish this section by defining few examples of Stepanov-like almost auto-
morphic functions below.

(i) Consider x = (x,)nez, an almost automorphic sequence and the function:

alr) = {xn, ten—e,n+e),nez,

0, otherwise
(i)

. 1 1 1
b(t) = sin (2+sin<n>+sin<¢2n)), te (n 4t 4) ,n ez,
0, otherwise

(iii)

1 1 1
c(t) = cos <2+cos(n)+cos(«/2n))’ re (l’l 41 + 4) nez,
0, otherwise

4.3 Composition Theorem

Lemma4.3.1 Let I; : R" — R" be a sequence of Stepanov-like almost
automorphic functions and K C R" be a compact subset. If I satisfies Lipschitz
condition on R", i.e.

[Tk (x) = kIl = Lllx — yll, Vx, y € R*, V&,

then the sequence {Ix(x) : x € K} is Stepanov-like almost automorphic.

Proof Since I is Lipschitz continuous over a compact set K, its range is also
compact. Hence every sequence Ii4, (x) has a convergent subsequence. So using
the fact that I} is Stepanov almost automorphy, the Stepanov almost automorphy of
I (x) for x € K is ensured. |
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Lemma4.3.2 Let I; : R" — R" be a sequence of Stepanov-like almost
automorphic functions and ¢ € SP AA (R, R"). If I satisfies Lipschitz condition
onR" ie.

[Tk (x) = kIl = Lllx — yll, Vx, y € R*, V&,

then the sequence {1 (¢ (tr))} is Stepanov-like almost automorphic.

Proof Since I is a sequence of Stepanov-like almost automorphic functions, there
exists I;" such that lyx, (x(t)) — I} (x (%)) and I,j‘_kn (x(tr)) = Ir(x(t)). By the
above property and Lipschitz continuity of [, we obtain

I Tk tk (X (k) — I @ < M keky (X (k) — Tk, (6 (@) |l
+ [ Tkgk, (x (1)) — I (x @) |l
< L||x(tgyk,) — x @) |l

A Mk, (2 () — I (x (8|1 (4.3.1)

Using Lemma 4.3.1 and the above expression (4.3.1), the sequence {I; (¢ (#))} is
Stepanov-like almost automorphic. O

Lemma 4.3.3 If f, f1, f» € SPAA,c(R, R"), then the following are true:

(i) fi+ f2 € SPAAL(R,R"),

(ii) cf € SPAA,c(R, R") for any scalar c,
(iii) fu(t) — f(t +a) e SPAA,:(R,R") for any a € R,
(iv) Ry ={f():t € R}is relatively compact.

Proof Proof of (i), (ii), (iii) is obvious from definition of Stepanov-like almost

automorphic function. For the proof of (iv) consider a sequence f(r +s,) € Ry,

then using definition of Stepanov-like almost automorphic function, there exists a
1

function g such that 1im,,_,oo(f01 | f+s,+s,x)—gt+s,x)|ds)r = 0. And

hence Ry is relatively compact. O

Now we prove our main result of this section.

Lemma 4.3.4 (Composition Theorem) Let f € SPAA,.(R x R",R") is uni-
formly continuous with respect to x on any compact subset of R". If ¢ €

SPAA (R, RY), then f(-,¢(-)) € SPAA,(R, R").

Proof From the assumption f is uniformly continuous with respect to x on any
compact subset of R", i.e. for € > 0, there exists § > 0 such that |x — y|| < § =
G0 = FEI <€

Also, the range of function ¢ is relatively compact, i.e. K = {¢(¢) : t € R} is
compact and hence there exists a finite number of open balls O,k = 1,2,--- ,n
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centred at x; € {¢(¢) : t € R} with radius § such that
{p(1) 1t € R} C U;_,Ox
Define By such that
Br={seR:¢(s) € Or}, R=Uj_yBxk
and set
Ei =B\, Ex = B/ u’;;} B;
Consider a step function x : R” — R" by
x(s) = xx, s € E, we can see that | x(s) — x| <.
Further using the definition of Stepanov-like almost automorphy of f and ¢, that

is for each sequence {s’,} there exist subsequence {s,} and functions g and v such
that

1 1
/ <||f(t+s~|—s,,,x)—g(t+s,x)||”ds)p — 0, 4.3.2)
0
1 |
/ (||g(t +s5—s5,,%)— f(t +s,x)||pds)” — 0 as n — oo pointwise on R,
0
and

1 1
/ (hott +5 +5) = wia +9)I7ds) " =0, (4.3.3)
0

1

1
/ (||1p(t s —s)) — V(@ +s)||1’ds)” — 0asn — oo pointwise on R.
0

Calculating the Stepanov norm of f, we have

1 1
/(||f<r+s,x<t+s>)||ms)"
0

1

1
< [ (156t sxt ) = £ 42+ sIds)”
0

1 1
+f (IEEEHEDIAY
0
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1 1

r+1 t+1
< L —X(9)|Pd "+/ xo)|Pds )"
[ (s —sonras) + [ (156 x10as)

n 1
< Llx(s) = ¥()llsr + Z/
k=1"E

(£ s, x0117ds) "
KN[t,t+1]
Using Eqgs. (4.3.2) and (4.3.3), we obtain

1

1
[ (155 5000 45 +5.0) = g0 5.0+ s)lds)”
0

1 1
< f (17 + 54500 +5+50) = £t +5+50 0 +5)17ds)”
0

1

1
+/ (llf(t+s + 50, Y@ +5) — gt +5, 9@ ~I—S))||”d5)p
0

1 1
< [ (2106 +s+5) - vt +9)1ds)”
0

1

1
+/ (1745450, w +5) =g +5. 9@ +9)7ds )"
0
< (L + De.

Similarly

1

1
[ (16 5 = 50 45 =500 = £+ 5.9+ s)1Pds)” < L+ e
0

Hence f (-, ¢(-)) is Stepanov almost automorphic. |

4.4 Impulsive Delay Differential Equations

We can easily see that the Eq. (4.1.1) can be written in the following compact form:

dx (1)
g AOx@) + f@x(@0), x(t —) tFk

Ax(ty) = Akx(te) + L(x(t), k€ Z, t € R, (4.4.1)
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where A(t) = (@ij ()nxnsis j = 1,2, ,n, f = (fi, fo. -+, fu)T and

filt,x(@), x(t =) =Y i (0) fj(xj(0) + D Bij () £ (xj(t — o) + yi (1),

j=1 j=1

for i = 1,2,---,n. In order to prove our results, we need the following
assumptions:

(H1) The function A(¢) € C(R, R") is a piecewise continuous Stepanov-like almost
automorphic function,

(H2) det(I + Ax) # O and the sequences Ay and #; are Stepanov-like almost
automorphic.

It is well known that if Uy (t, s) is the Cauchy matrix associated with the system

dx (1)

=AWDx@) to1 <t <ty,
dt Ox(@) 1 <t =<1

then the Cauchy matrix of the system (4.4.1) is given by

U(t,s),  ti—1 <t <K,
U1, 1 + 0)( + Ar) U (2, 5),
h—1 <s<tfr<t< tk+1,
U1, 1 + 0)( + Ar) Uk (tk, 1 + 0)
I+ ANV 8),
for ti 1 <s <t <tpr <t <tryl.

Ut,s) =

For the above Cauchy matrix, the solution of the corresponding homogenous system
could be written as x (¢, ty, xo) = U (¢, ty)xg, where xq is the initial condition at the
initial point #g. Let us further assume the followings:

(H3) There exist positive constants K and § such that |U(z,s)|| < Ke ?¢=9),
which further implies that [|U (t + t,, s + tn,) — U (2, 5)|| < Mee 209 for
any € > 0 and positive constant M.

(H4) The functions «;;, B;; are Stepanov-like almost automorphic such that

—OO<Olij*§Olij(t)§Olfk~ < 00, —OO<,3,']'*§ﬁ,'j(l‘)§,3;; < OQ.

ij

(H5) The function f; is Stepanov-like almost automorphic with 0 <
sup,cg fj(t1) < oo and satisfies |f;(r) — fj(s)| < Ljlt —s|, j =
1,2,---,n.

(H6) The function y; is Stepanov-like almost automorphic and satisfies —oo <
Yis S vi(t) <y < o0
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(H7) The sequence I is Stepanov-like almost automorphic and there exists a
positive constant L such that || Iy (x) — It (¥)|| < L|lx — y||, fork € Z,x,y €
Q C R

Now we have made enough background to prove the main results of this paper,
which are presented below.

Lemma 4.4.1 Under the properties of Cauchy matrix U(t, s), the impulsive differ-
ential Eq. (4.4.1) is equivalent to the following integral equation:

t
x(t) = / Ut,s)f(s,x(s), x(s —a))ds + Z U, i) [ (x(tr)). (4.4.2)

t>1y

Proof For t € [0,11], we claim that the following function is the solution of
system (4.1.1)

'
x(t) = / Ut,s)f(s,x(s), x(s —a))ds.

Differentiating both sides with respect to ¢, we get

d 104 s
flf) - / ;’t S £ (s, x(5), x(s — a))ds + £t x (0, x(t — @), £(0) = Yo(0)

N dx(t)

i AMx () + f@,x(@), x(t —a)), x(0) = Yo(0).

Fort € (11, 7], define

t
x(t) = / Ut,s)f(s,x(s), x(s —a))ds + U(t, t1)(11x(t1))

—0Q
1

& x0) = U (nee) + [

—00

Ut 5) f (s, x(s), x(s — a))ds)
t
~|—/ Ut,s)f(s,x(s), x(s —a))ds
n

t
< x(t) = U@, tl)x(tfr) + / U,s)f(s,x(s), x(s —a))ds,

31
n

x(t) = Li(x(1)) ~I-/ U1, 5) f (s, x(s), x(s — a))ds.
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Differentiating both sides of the above relation with respect to #, we obtain

dx(t) _ aU(t, 1)
dt 9t

+f(ts X(l), X(l - Ol)),

13
x(tfr) +/ BUB(Z, ) f(s,x(s), x(s —a))ds
3]

n

U(t1,8) f(s,x(s), x(s —a))ds

x(1) = Aix(n) + L (x (1) +/

N dx (1)

t
h =A(t)(U(t,t1)x(t1+)+/tl U(t,s)f(s,x(s),x(s—ot))ds)

+f(t1x(t)1x(t —Ol)),
Ax(t)) = Ax(t) + I (x(11))

N dx(t)

g —AOxO+ J@,x@),x(t —a), Ax(t) = Ax(t) + Ii(x(11).

For t € (t, tx+1], define

t
x(t) = / U,s)f(s,x(s),x(s —a))ds + U(t, tr)(11x(t))

—00

73

< x(0) = U, ) (I (x (1) +[ Uk, s) f (s, x(5), x(s — a))ds

t
~|—/ U(,s)f(s,x(s), x(s —a))ds

Tk

t
S x() =U(, tk)(x(t,j) ~|—/ Ut,s)f(s,x(s), x(s —a))ds,

173
73

x(t) = L(x (@) +/ Uk, $) f (s, x(s), x(s — a))ds.

—0o0
Again differentiating both sides of the above relation with respect to ¢, we get

dx(y UM n),
dt ot (x(tk)+/,

k

+f([7x([)7x([ _Ol))7

'
8U;t[, $) f(s,x(s), x(s —a))ds

Tk

x(t,:r) = Apx () + L (x(t)) + / U(tk, s) f(s, x(s), x(s —a))ds

N dx(t)

t
= A(t)(U(t, tk)x(t;f)+f U(t,s)f(s,x(s))ds) F P X0, x(t — @)

3
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Ax(ty) = Arx(tr) + I (x(t)),

dx(t
& di ) _ AMx@) + ft, x@), x(t —a))  Ax(t) = Agx () + L (x(%)).
Similarly the result holds for any interval (#;, #;+1]. m]

Lemma 4.4.2 If f : R — R" is a Stepanov-like almost automorphic function, then
fioo U(t,s)f(s)ds+ Zt>tk U(t, te) I (x(t)) is Stepanov-like almost automorphic.

Proof Since f is Stepanov-like almost automorphic, for each sequence {#,} there
exist a subsequence {#,, } and function g such that

lim f(t+1,) =g, lim gt —1t,)=f(@) VieRinL?R,R").
k— o0 k—o00

We define
t
F() = / Ul(t,s)f(s)ds + Z U@, i) I (x ()
-0 t>1y
and
t
G(t) = f U(t,s)g(s)ds + Z Ul, tk)I,j(x(tk)).
—00 t>1ty

Using continuity of U(¢, s) and Lebesgue’s dominated convergence theorem, we
obtain

t t
/ Ut,s)f(s+ty)ds — / Ul(t,s)g(s)ds in L? (R, R™). (4.4.3)

Moreover,

D UGt @) =Y UG+ g, e+ 1) I (6t + 1))

I+tny > 1>1k

= Y U@ ) (x(1) in LP(R,R").  (4.4.4)

I>1y

Thus using Egs. (4.4.3) and (4.4.4), we get

P

1
Jim </ ||F(t~|—t,,k+s)—G(t+s)||”ds> =0in Vit eR.
— 00 0
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Similarly, we can prove that

1 P
lim (/ NGt —ty, +5) — F(¢ ~|—s)||pds) =0 VireR.
k—00 0
Hence F is piecewise Stepanov-like almost automorphic. O

Theorem 4.4.3 Under the hypotheses (H1)-(H7), there exists a unique piecewise
continuous Stepanov-like almost automorphic solution of Eq. (4.1.1) provided

n n
1 1
K max [ Yo + 3 85 | L) r + LA -0 | <1,
1
= A

Proof Define the operator

1
Ap(1) = / Ult,s)f(s,¢(s), (s —a))ds + Z U(t, 1) I (¢ (1))

1>ty

we denote B C SPAA (R, R"), the set of all Stepanov-like almost automorphic
1
functions satisfying ||¢|ls» < K1, where ||¢|sr = suptE]R(f;Jrl lp(s)IIPds)»
1 1
and K| = KC((p8)7P + (1 — e’l"s)fﬂ). Using composition theorem, it
is not difficult to see that A¢ is Stepanov-like almost automorphic as ¢ is
Stepanov-like almost automorphic. As the function f € SPAA,.(R x R",R"),
define u(-) = f(-,x(-),x(- — )). Again using composition Theorem 4.3.4 and
Lemma 4.4.2, we conclude

t
A = / U(t,s)f(s,$(5), p(s — a))ds € SPAA (R, R").

Further using Stepanov-like almost automorphy of sequence Iy € C(R",R"), we
obtain

DU+t I (@t)) =D U+t tr + ta) I (@ (1 + 1))

tk<l‘+tnk t<t
- Z U, i) I (¢ (1) in LP (R, R™).
<t
Similarly

D UC =ty )UFST)) =D Ut = tus th — ta ) IF(tx — 1))

tk<t—tnk te<t

- Z U(t, 1) (I (¢ (1) in LP (R, R™).

<t
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The above analysis implies A¢ € SPAA (R, R").
Let us denote

rK
BB ={gpeB:lelsr = '},

where

13
Po(t) = / U, 5)y(s)ds + Y U, ).

<t

Now first we calculate the norm of ¢g, which is as follows:

ligolls»

1 +1 1
= sup / || / UGy @dzlds)” +sup ([ 1 UG onrds)’
teR teR M Jt fr<s

1 t+1
< sup / ||/ UG.s =2y = adziPds) +sw ([ 3 106w
teR teR t tk<s
1
x IliPds)’
t+1 poo
< Ksup / / e_p&ll)/(s—z)dzllpds +Ksup / D et
teR *Jit 0 teR fr<s
1
X llyell”ds)’
o0 1
< Iyl sup ([ e "dz) " + I lIK sup ( / S e
teR *JO teR 1 <s
1 1
< Kc((pa)‘p . e*f’ﬁ)‘p) — K. (4.4.5)

Hence for any ¢ € B*, we get

rkKi
léllsr < ll¢ — dollsr + ligollsr < 1—, + K =

Our next aim is to prove that A maps set B* to B*.
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In order to achieve this, let us first observe that
Ad — gollsr
t+1 s 1
ssp([ 1] ve0seo@.06 - andzrs)”
t —00

teR

t+1 1
+sup ( / 122 UG 10 x 1@ @)l ”ds) "
t

teR fe<s

teR t

t+1 s n 1
< sup f max f 1UG, I7 Y a1 £33 (s = 2) 1P dzds )"
t —00 j=l

t+1 s n 1
wsup ([ max [ UG 1 Y8105 - 2 aniPdzds)”
t —00 j=1

teR t

t+1 1}
+sup ( f > IUG I I k@@ ds )’

teR t fr<s

n

t+1 s
ssup( [ max [ 10 21” Y 1656 - 1
t l —00 =1

teR

1

11/ O1")dzds )"

t+1 s n
+SUP(/ maX/ IIU(S,Z)Il”Ilfj(O)II"Zﬁfj((L*)"H%(S —z—a)|”
t —00

teR l i=1

1 t+1
HLAOINdzds)” +sup ([ 106 01 L 6@

teR te<s

1

I O)1)ds)"

where L* = max{L;,i = 1,2,---,n}. In order to have zero as an equilibrium
solution of the system (4.1.1), we assume that f;(0) = I (0) = 0. Thus we have

1A¢ — ol

n n 00 1
<K max Z(x;kj + Z,B;'; L*(/O e_”‘szdz) g
=1 =1

1
+L( 3 e ) gllse

tk<s
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n n
1 s ]
< K | max Zloz;;JrZIﬁ;; L*(p8) 7 + L1 —e P70 | ¢llsr
J= J=

rKi
=rlolsr < :

. (4.4.6)

Thus we conclude that A¢ € B*.
Now we prove that A is a contraction. For any ¢1, ¢» € B*, we obtain

[Ap1 — Adallse

t+1 s
ssop([ 01 v6aUea@.n6-w)
t —0Q

teR
1

—F (2 $2(2). oz — Ol)))dzllpds> ’

1

t+1
+sup ( / 1" UG 10Uk 1)) = (@27 ds)”
t

teR

h<s
n n 00 1
—pdz

<k {max | Say+ Yo | 1o( [ eria)”

j=1 j=1

1
+L< Ze_pa(s_tk))p) lér — d2llsr
I<s

n n | |
< & [max [ Yeg + 3085 | L8 LA =)0 | 19y -l

j=1 j=1
= rli1 — ¢2llsr-

Using the assumptions, we obtain

n n
_1 e — |
r=K [ max _X;afﬁzﬂ;'; L*(p$) r +L(1—e Py r | <1.
j= j=

Thus the mapping A is a contraction. Hence using Banach contraction principle,
we conclude that there exists a unique piecewise continuous Stepanov-like almost
automorphic solution of Problem (4.1.1). O

Our next theorem is about asymptotic stability of the system (4.1.1).
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Theorem 4.4.4 Under the hypotheses (HI)—(H7), the solution of the system (4.1.1)
is asymptotically stable provided

n n
202 pr*p * *
p-8“ > 8KPL max Elaiﬁélﬂ"j

Jj= j=

Proof For any two solutions x(¢) and y(¢) of the system (4.1.1) with initial values
xo and yp, we define V(t) = x(¢#) — y(#). Using the property (||x] + [ly[D? <
2P=1(||lx||” + ||y|I?) and calculating p—th norm of V (¢), we obtain

IVOIP = llx(t) — y(OII”
<2771 2r U, 0))17 lxo — yoll?

t
+/0 NU @ OIS (s, x (), x(s —a)) = f(s, (), y(s —a))[|Pds

+2P70 3 U@ 1P ke (1) — Le(y@)117],

O<tr <t

_ pd(t=s)

t
s2”*1[2”*‘er*1"”||%—yonl’+Kpf e 2 ds
0

t 1—s
) /0 e "2 f 5. x(5), x(s — @) = f(s5. y(5), ¥(s —a))Pds

+2071 Y U I G @0) = (@) 1]

O<tr <t
< 277 2P KPP g — yoll?
KPL*P (maXi (Z'}zl afi + Y ﬂ?}))
pé

L pst—s) »
X [ e 2 |lx(s) —y®)I“ds
0

+2

yop-l Z KPLPe PP U= x () — y () 17]-

O<tr <t

From the assumption

n n
202 PPy *P * 2: *
J= J=
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there exists an € € (0, §) such that
b pe —¢|>27"'KPL*P | max Xn:a* ~|—Xn:,3*
P 2 i i i
j=1 j=1

We further define X (1) = [x(t) — y(t)||Pe’. Integrating both sides of X (¢), we
obtain

T 22p=2pp 2P KPP (max; (3 o + Y, BE)
/ X(s)ds < X(0) + '28’ 1) 2= B x
0 ps—e ps(? —e)

T 22p—2Kpr
x/ X(s)ds+ Y X (1)
0

O<ty<t p5 —€
)
/TX(s)ds < PoCy = o x
0 pa(h —€) — 207 KPL*P (max; (Y1 o, + Y1 BE)
22P=2K P 22P=2KP[PNi(0.7)
x ( + (1 n ) )X(O). (4.4.7)
pS —e€ pS —€
Here i(0, 7) is the number of points # in the interval (0, t) and the product
o 2 \i(0,7)
1_[0<tk<‘[ (1 + 221;3[_(:”) = (1 + Zzppzliu) is convergent because of
22]772Kpr 22];;35p
(1+77,50) < (1+17)

Since RHS of inequality (4.4.7) is independent of T € [0, T') as well as of T, and
hence the LHS integral of inequality (4.4.7) exists in [0, 0o). In particular, we have

X(t) > Oast — oo.

Eventually, the Stepanov-like almost automorphic solution is asymptotically stable.
0O

4.5 Examples

As an example of Problem (4.1.1), consider the following classical model of
Hopefield neural network model,

dxi(t)

g = aOxi@ + Y e fGGW) + Y B f00 0 — ) + v, 1 £ 1,

j=1 j=1
A(x(tx)) = Agx(tr) + I (x (1) + vis
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x(ty —0) = x(t), x(tx +0)=x{) + Ax(tx), keZ, t €R,
)C(t) = ¢0(t)1 te [_ai 0]7 o > 01 (451)

where a;, fj, i € CR,R), ajj, fij € Rfori =1,2,---,n, j=1,2,---,n.The
coefficient Ay € R"*"  the function I} (x) € C(2, R") and the constant y;, € R”,
where Q2 a domain in R”. In this case our matrix A(¢) is a diagonal matrix with
diagonal entire —aj(t), - - - , —a,(t). We assume that g; (¢) are Stepanov-like almost
automorphic and choose a;(t) = 1 foreachi = 1,2, --- , n. One can easily verify
the hypotheses (H1) and (H?2) for this case and we assume the hypothesis (H3).
Now under all the conditions of Theorem 4.4.3, there exists a Stepanov-like almost
automorphic solution of the Problem (4.5.1).
Let us choose the following set of parameters for the Problem (4.5.1) in R:

ay(t) = signum(cos2mt0), B2 = 0.2, y1(¢t) = 2sin «/21‘,
1
2 + sin(z) + sin(v/2¢)

—03 0
A, =
k < 0 —0.3)’

Li(x) = 0.9Ix], x1(s) = 1 =x2(s),5 € [-0.1,0], i = (852) .

ar(t) = cos( ), Bo1 = signum(cos 2mt0), y2(t) = c(2),

These parameters clearly satisfy the conditions of our Theorem 4.4.3. The graph
of the solution of (4.5.1) corresponding to these parametric values is depicted in

Fig.4.1. It can be easily seen that the nature of the graph is Stepanov almost
automorphic.

25

| H\ [
!

(x1 and x2)

|

’l
A %
‘N”M WWW‘VWW} w"b Wb WMJ . "A\Wv‘ V}‘MA‘A.‘M M " | lH )MMMWIWWW W Mw

O\ \ \ w‘ﬂ '“‘ “«t i
, W g

0 50 100 150 200 250 300 350 400 450 500
Time (t)

Fig. 4.1 Stepanov-like almost automorphic solution of 4.5.1
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4.6 Discussion

The class of Stepanov-like almost automorphic functions covers larger class of
functions and hence more complicated behaviour can be expressed in terms of
these functions. It already contains the class of almost periodicity, automorphy as
a subclass and hence it is more general in nature. One natural question one can
always ask in the neural network theory is that what will be the nature of the output
when all the parameters are Stepanov-like almost automorphic. In this work, we
answered this question under certain condition. The asymptotic stability of solution
is also established under certain conditions on the parameters. One can easily see the
truth of this claim in the numerical simulation section. The obtained results can be
easily generalized to other general class of systems such as neutral system, integro-
differential system and systems with deviated arguments.

Acknowledgements We would like to thank the anonymous referee for his/her constructive
comments and suggestions.

References

1. S. Abbas, A note on Weyl pseudo almost automorphic functions and their properties. Math.
Sci. (Springer), 6, 5 (2012). Art. 29

2. S. Abbas, Y.K. Chang, M. Hafayed, Stepanov type weighted pseudo almost automorphic
sequences and their applications to difference equations. Nonlinear Stud. 21(1), 99-111 (2014)

3. S. Abbas, L. Mahto, M. Hafayed, A.M. Alimi, Asymptotic almost automorphic solutions of
impulsive neural network with almost automorphic coefficients. Neurocomputing 144, 326—
334 (2014)

4. S. Abbas, V. Kavitha, R. Murugesu, Stepanov-like weighted pseudo almost automorphic
solutions to fractional order abstract integro-differential equations. Proc. Indian Acad. Sci.
Math. Sci. 125(3), 323-351 (2015)

5. S. Ahmad, .M. Stamova, Global exponential stability for impulsive cellular neural networks
with time-varying delays. Nonlinear Anal. 69(3), 786—795 (2008)

6. W. Allegretto, D. Papini, M. Forti, Common asymptotic behavior of solutions and almost
periodicity for discontinuous, delayed, and impulsive neural networks. IEEE Trans. Neural
Netw. 21(7), 1110-1125 (2010)

7. B. Ammar, F. Cherif, A.M. Alimi, Existence and uniqueness of pseudo almost-periodic
solutions of recurrent neural networks with time-varying coefficients and mixed delays. IEEE
Trans. Neural Netw. Learning Sys. 23(1), 109-118 (2012)

8. D.D. Bainov, P.S. Simeonov, Systems with Impulsive Effects (Ellis Horwood Limited/John
Wiley & Sons, Chichester, 1989)

9. D.D. Bainov, P.S. Simeonov, Impulsive Differential Equations: Periodic Solutions and Its
Applications (Longman Scientific and Technical Group, England, 1993)

10. S. Bochner, Continuous mappings of almost automorphic and almost periodic functions. Proc.
Nat. Acad. Sci. U.S.A. 52, 907-910 (1964)

11. H. Bohr, Almost-Periodic Functions (Chelsea Publishing Company, New York City, 1947)

12. A. Chavez, S. Castiallo, M. Pinto, Discontinuous almost automorphic functions and almost
solutions of differential equations with piecewise constant argument. Electron. J. Differ. Equ.
2014(56), 1-13 (2014)



140 S. Abbas and L. Mahto

13. T. Diagana, Pseudo Almost Periodic Functions in Banach Spaces (Nova Science, Hauppauge,
2007)

14. T. Diagana, E. Hernndez, J.C. Santos, Existence of asymptotically almost automorphic
solutions to some abstract partial neutral integro-differential equations. Nonlinear Anal. (71),
248-257 (2009)

15. V. Kavitha, S. Abbas, R. Murugesu, Existence of Stepanov-like weighted pseudo almost auto-
morphic solutions of fractional integro-differential equations via measure theory. Nonlinear
Stud. 24(4), 825-850 (2017)

16. H.X. Li, L.L. Zhang, Stepanov-like pseudo-almost periodicity and semilinear differential
equations with uniform continuity. Results Math. 59(1-2), 43-61 (2011)

17. J. Liu, C. Zhang, Composition of piecewise pseudo almost periodic functions and applications
to abstract impulsive differential equations. Adv. Differ. Equ. 2013(11), 21 (2013)

18. L. Mahto, S. Abbas, PC-almost automorphic solution of impulsive fractional differential
equations. Mediterr. J. Math. 12(3), 771-790 (2014)

19. L. Mahto, S. Abbas, A. Favini, Analysis of Caputo impulsive fractional order differential
equations with applications. Int. J. Differ. Equ. 2013, 1-11 (2013)

20. G.M. Mophou, G.M. N’Guérékata, On some classes of almost automorphic functions and
applications to fractional differential equations. Comput. Math. Appl. 59, 1310-1317 (2010)

21. G.M. N’Guérékata, Topics in Almost Automorphy (Springer, New York, 2005)

22. G.M. N’Guérékata, A. Pankov, Integral operators in spaces of bounded, almost periodic and
almost automorphic functions. Differ. Integral Equ. 21(11-12), 1155-1176 (2008)

23. A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Operator Differential
Equations (Kluwer, Dordrecht, 1990)

24. A.M. Samoilenko, N.A. Perestyuk, Differential Equations with Impulse Effects (Viska Skola,
Kiev, 1987) (in Russian)

25. R. Samidurai, S.M. Anthoni, K. Balachandran, Global exponential stability of neutral-type
impulsive neural networks with discrete and distributed delays. Nonlinear Anal. Hybrid Syst.
4(1), 103-112 (2010)

26. M. Sannay, Exponential stability in Hopfield-type neural networks with impulses. Chaos,
Solitons Fractals 32(2), 456-467 (2007)

27. G.T. Stamov, Impulsive cellular neural networks and almost periodicity. Proc. Jpn. Acad. Sci.
80, Ser. A, 10, 198-203 (2005)

28. G.T. Stamov, Almost Periodic Solutions of Impulsive Differential Equations. Lecture Notes in
Mathematics, vol. 2047 (Springer, Heidelberg, 2012), pp. xx+217. ISBN: 978-3-642-27545-6

29. LM. Stamova, R. Ilarionov, On global exponential stability for impulsive cellular neural
networks with time-varying delays. Comput. Math. Appl. 59(11), 3508-3515 (2010)

30. LM. Stamova, G.T. Stamov, Impulsive control on global asymptotic stability for a class of
impulsive bidirectional associative memory neural networks with distributed delays. Math.
Comput. Model. 53(5-6), 824-831 (2011)

31. G.T. Stamov, .M. Stamova, J.O. Alzabut, Existence of almost periodic solutions for strongly
stable nonlinear impulsive differential-difference equations. Nonlinear Anal. Hybrid Syst. 6,
818-823 (2012)



	4 Piecewise Continuous Stepanov-Like Almost Automorphic Functions with Applications to Impulsive Systems
	4.1 Introduction
	4.2 Preliminaries
	4.3 Composition Theorem
	4.4 Impulsive Delay Differential Equations
	4.5 Examples
	4.6 Discussion
	References


