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Preface

Nonlinear propagation of intense femtosecond laser pulses in bulk transparent
media produces a wealth of physical effects, whose combined action leads to a
specific propagation regime, termed femtosecond filamentation, which in turn
produces dramatic broadening of the pulse spectrum, termed supercontinuum
generation. Due to low cost, compactness, efficiency, robustness, and virtual
alignment insensitivity, femtosecond supercontinuum represents a unique and
versatile source of coherent ultrabroadband radiation, whose wavelength range
spans a considerable part of the optical spectrum. Altogether, these outstanding
properties make femtosecond supercontinuum highly suitable for diverse applica-
tions in time-resolved spectroscopy, photonics, femtosecond technology, and
lightwave engineering. During recent years, this research field has reached a high
level of maturity, both in understanding of the underlying physics and in
achievement of exciting practical results. In this book, we present the underlying
physical picture and overview the state of the art of femtosecond supercontinuum
generation in various transparent solid-state media, ranging from wide bandgap
dielectrics to semiconductor materials and in various parts of the optical spectrum,
from the ultraviolet to the mid-infrared. A particular emphasis is given to the most
recent experimental developments: multioctave supercontinuum generation with
pumping in the mid-infrared spectral range, spectral control, power and energy
scaling of broadband radiation, and the development of simple, flexible, and robust
pulse compression techniques, which deliver few optical cycle pulses and which
could be readily implemented in a variety of modern ultrafast laser systems. The
expected audience includes graduate students, professionals, and scientists working
in business and academia, in the field of laser–matter interactions and ultrafast
nonlinear optics.

Vilnius, Lithuania Audrius Dubietis
Paris, France Arnaud Couairon
January 2019
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Chapter 1
Introduction

Supercontinuum (SC) generation is one of the most spectacular and visually per-
ceptible effects produced by the nonlinear propagation of intense ultrashort laser
pulse in a transparent medium. The discovery of supercontinuum generation in a
bulk solid-state medium dates back to the early years of nonlinear optics, when
Alfano and Shapiro reported on white light generation, produced by self-focusing
of powerful picosecond pulses in a borosilicate glass sample [1]. The discovery was
immediately followed by observations of spectral broadening in various crystals and
glasses, confirming the universal nature of the phenomenon [2]. (See also [3] for a
complete historical account on the early developments of SC generation in various
optical media.)

SC generation in bulk media constitutes a compact, efficient, low cost, highly
robust, and virtually alignment-insensitive technique for the generation of coherent
ultrabroadband radiation at various parts of the optical spectrum [4]. The physical
picture of SC generation in transparent bulk media is unveiled in the framework of
femtosecond filamentation, which provides a universal scenario of nonlinear prop-
agation and spectral broadening of intense femtosecond laser pulses in bulk solids,
liquids, and gases [5–9]. SC generation in bulkmedia appears to be a complex process
that involves an intricate coupling between spatial and temporal effects: diffraction,
group velocity dispersion, self-focusing, self-phase modulation, and multiphoton
absorption or ionization. In the space domain, the interplay of these effects leads
to the formation of a narrow light channel, termed a “light filament” that is able to
propagate over extended distances much larger than the typical diffraction length
and which leaves a narrow luminous plasma trail in its wake. In the time domain,
the pulse undergoes dramatic transformations: pulse splitting or compression, pulse-
front steepening, and generation of optical shocks. These transformations altogether
produce a broadband, spatially, and temporally coherent emission with a low angular
divergence (supercontinuum), which is accompanied by the generation of colored
conical emission that is emitted at different angles with respect to the propagation

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2019
A. Dubietis and A. Couairon, Ultrafast Supercontinuum Generation
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2 1 Introduction

axis, forming a beautiful array of concentric colored rings. Therefore, SC generation
in bulk is markedly different from SC generation in optical fibers, where the prop-
agation dynamics of the optical pulse is essentially one-dimensional and spectral
broadening arises from soliton generation and fission due to the interplay between
self-phase modulation and material dispersion [10].

SC generation with femtosecond laser pulses was first reported in 1983 [11],
long before the phenomenon of femtosecond filamentation was discovered [12]. In
that pioneering experiment, Fork and co-authors observed spectral broadening from
the deep ultraviolet to the near infrared by focusing intense 80-fs pulses at 627nm
from the dye laser into an ethylene glycol jet [11]. Apart from large-scale spectral
broadening, the authors underlined an improvement of pulse-to-pulse reproducibility
and spatial uniformity of the beam,which resulted from the short duration of the input
pulse; see also [13] and references therein for an account of SC generation in various
solid-state and liquid media using femtosecond dye lasers.

A major breakthrough in femtosecond solid-state laser technology was inspired
by the groundbreaking invention of chirped pulse amplification (CPA) technique by
D. Strickland and G. Mourou [14], which was awarded the Nobel Prize in Physics
in 2018. The CPA concept solved the long-standing problem of safe and efficient
amplification of ultrashort optical pulses without the onset of optical damage of the
amplifier material and other optical components, enabling a tremendous leap in the
peak power and intensity of laser pulses. Shortly after that, the discovery of Kerr lens
mode locking has led to the invention of femtosecond Ti:sapphire laser oscillator in
1991 [15]. Demonstration of the CPA technique-based regenerative amplification
of the Ti:sapphire oscillator pulses, constituted a significant breakthrough in solid-
state laser technology and marked a new era in femtosecond SC generation [16].
The amplified Ti:sapphire lasers outperformed then widely spread femtosecond dye
lasers in all essential parameters of operation, setting a new standard for the entire
femtosecond solid-state laser technology [17].

The commercial availability of novel femtosecond laser sources as combined
with a growing practical knowledge of femtosecond SC generation in transparent
condensed media [18–20], boosted the development of femtosecond optical para-
metric amplifiers (OPAs). In that regard, the SC radiation was recognized as an
indispensable seeding source for these devices, which produced femtosecond pulses
with unprecedented wavelength tunability well exceeding the tuning range afforded
by conventional laser sources [21]. Broad spectral bandwidth and high temporal
coherence of the SC radiation allowed compressibility of the pulses down to the
Fourier transform limit, contributing to the invention of ultrabroadband noncollinear
optical parametric amplifiers, the so-called NOPAs [22], which currently deliver few
optical cycle pulses at various parts of the optical spectrum, ranging from the visible
to the mid-infrared [23].

The advances in the optical parametric amplification techniques fostered exciting
developments in the optical parametric chirped amplification (OPCPA). The general
idea of the OPCPA was to replace the laser amplifier by the OPA and was origi-
nally proposed as an alternative to existing laser amplifiers in 1992 [24]. At present,
OPCPA is deservedly regarded as an important offspring of the CPA technique, since
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as compared to the laser amplifier, the OPA offers the advantages of very high gain,
broad amplification bandwidth, great wavelength flexibility, low thermal effects and
superior intensity contrast of the amplified pulses, offering unique possibilities for
the amplification of ultrashort laser pulses [25–27]. Interestingly, the first demonstra-
tions of both, CPA and OPCPA, used an optical fiber to broaden the pulse spectrum
before the amplification and compression stages. In that regard, SC generation in
condensed bulk media offered a number of advantages due to its robustness and
compactness, enabling to elaborate novel and compact architectures of tabletop SC-
seeded OPCPA systems [28]. In particular, a considerable effort is currently directed
to the development of the SC-seeded OPCPA systems that deliver intense few optical
cycle pulses in the mid-infrared spectral region, see, e.g., [29], which is out of the
grasp for existing mid-infrared solid-state lasers and laser amplifiers, see, e.g., [30].

These developments in turn facilitated experimental studies ofSCgeneration in the
region of anomalous group velocity dispersion (GVD) of dielectric solid-statemedia,
yielding ultrabroadband, multioctave SC with unprecedented wavelength coverage,
see, e.g., [31–33]. Moreover, using long-wavelength ultrashort pulses, SC generation
was made possible in various highly nonlinear materials, such as narrow bandgap
dielectric crystals, soft glasses, and semiconductors to produce octave-spanning SC
spectra extending into far infrared. From a future perspective, SC generation rep-
resents one of the fundamental building blocks of the emerging third-generation
femtosecond technology, which foresees boosting the peak and average powers of
few optical cycle pulses simultaneously to the multiterawatt and hundreds of watts
range, respectively, thereby paving the way for the generation of powerful sub-cycle
pulses with full control over the generated light waves [34]. Finally, within the past
decade, the term “supercontinuum generation” has been extended well beyond the
optical range, to include high-order and nonperturbative nonlinear optical processes,
such as high harmonic generation in the vacuum ultraviolet and X-ray ranges [35].
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Part I
Physical Picture of Supercontinuum

Generation



Chapter 2
Governing Physical Effects

During the last two decades, significant progress has been accomplished in the devel-
opment of optical fibers for the generation of ultrabroadband high-brightness spectra
through supercontinuum (SC) generation, see e.g., [1]. The nonlinear propagation
dynamics of the optical pulse in a fiber is essentially one-dimensional since single-
mode propagation over broad wavelength ranges is desired to ensure good guidance
properties and high nonlinearity over extended lengths. Supercontinuum generation
results from the interplay between self-phase modulation and material dispersion,
which leads to spectral broadening via soliton generation and fission. Supercontin-
uum generation in bulk media, first reported by Alfano and Shapiro [2, 3], appears
to be a more complex process that involves an intricate coupling between spatial and
temporal effects. The physics of SC generation in transparent bulk media could be
understood in the framework of investigations on femtosecond filamentation, which
denotes a universal phenomenon of nonlinear propagation and spectral broadening
of intense femtosecond laser pulses over long distances in solids, liquids, and gases
[4–6]. This phenomenon was first observed in air in 1995 [7], after the chirped pulse
amplification technology became available [8].

Femtosecond filamentation arises as a nonlinear propagation regime that is fea-
tured by competing physical effects, among which self-focusing, self-phase modula-
tion, andmultiphoton absorption/ionization-induced free electron plasma. To encom-
pass the numerous observations of filaments in various propagation media, Couairon
and Mysyrowicz proposed the following definition: A filament denotes “a dynamic
structure with an intense core, that is able to propagate over extended distances
much larger than the typical diffraction length while keeping a narrow beam size
without the help of any external guiding mechanism” [5]. High intensities exceeding
the ionization threshold of the propagation medium is difficult to measure directly
since any optical element could be damaged in the process. However, in practise,
the most striking and obvious manifestation of filament formation is the generation
of an extremely broadband, spatially and temporally coherent emission with a low

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2019
A. Dubietis and A. Couairon, Ultrafast Supercontinuum Generation
in Transparent Solid-State Media, SpringerBriefs in Physics,
https://doi.org/10.1007/978-3-030-14995-6_2
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angular divergence (or SC generation), accompanied by the generation of colored
conical emission, i.e., broadband radiation emitted at different angles with respect
to the propagation axis, forming a beautiful pattern of concentric colored rings on a
screen intersecting the beam. In the case of filaments in air, the scale of experiments
leading to the observation of supercontinuum generation and conical emission is
typically longer than a meter and requires the input pulse energies of the order of
several milijoules. In condensed media (solids and liquids), with modern ultrashort
pulse laser sources, nonlinear effects responsible for filamentation and supercontin-
uum generation show up for the input pulse energies of several microjoules and less,
and are reduced to a compact, few millimeter to few centimeter length scales owing
to the higher Kerr nonlinearity of the propagation medium.

2.1 Self-focusing of Laser Beams

When an intense laser pulse propagates in a material, the response of matter to the
electric field not only consists in the linear susceptibility χ(1) but also in nonlinear
terms in the dielectric polarization density, which can be written as a Taylor series
expansion

P(t) = ε0
(
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + · · · ) , (2.1)

where ε0 denotes the permittivity in vacuum. A quasi-instantaneous response of
bound electrons has been assumed, resulting in the independence of the nth order
susceptibility χ(n) upon frequency. In general, χ(n) is a tensor of rank n + 1, depend-
ing on the vectorial nature of fields E and P, and on the symmetries of the medium.
In Eq. (2.1), we consider linearly polarized electric fields, allowing us to write the
equivalent scalar relation. If we consider materials with inversion symmetry, at low-
est order, the dominant nonlinear susceptibility is the cubic term. The dielectric
polarization density

P(t) = ε0
(
χ(1)E(t) + χ(3)E3(t)

)
(2.2)

is associated with a change of refractive index induced by the high intensity I ≡
ε0cn0|E |2/2:

n = n0 + n2 I, (2.3)

where n0 = χ(1)1/2 is the linear refractive index and n2 is the nonlinear refractive
index coefficient, linked to the third-order (cubic) optical susceptibility of thematerial
by the relation

n2 = 3χ(3)

4ε0cn20
. (2.4)

It is positive in the transparency range of most dielectric media.



2.1 Self-focusing of Laser Beams 11

During its propagation, a laser beam induces an increase of refractive index pro-
portional to the local intensity and thus the beam is exposed to a higher index at the
center and a lower index at the edges. The effect on the beam is similar to that of
a lens, enforcing the beam to self-focus. However, in contrast with linear focusing
by a lens, self-focusing is a cumulative effect along propagation as it makes the
beam more intense in its center, in turn enhancing the refractive index and the trend
to self-focus. In the absence of any saturation effect preventing the intensity in the
center of the beam to grow indefinitely, self-focusing would end up in a singularity
(catastrophic collapse) at a finite propagation distance. This situation does not appear
in practise since several saturation effects are able to counteract self-focusing when
intensity exceeds a certain threshold. The physics of self-focusing and Kerr-induced
beam collapse is however one of the first nonlinear effects that were investigated in
detail, in the framework of models accounting only for diffraction and the optical
Kerr effect, without saturation. An understanding of these phenomena was indeed
crucial for the development of high-power lasers, so as to avoid or at least control
beam self-focusing in order not to reach high intensities that potentially exceed the
damage threshold of optical materials.

Self-focusing always compete with diffraction. The intensity-dependent refrac-
tive index indeed modifies the phase of the propagating beam but it is the action
of diffraction which conveys the changes in the phase induced by nonlinearity and
ultimately leads to self-focusing, i.e., to the decrease of the beam width along prop-
agation. The number of transverse dimensions in which the beam can spread under
the effect of diffraction is important for the occurrence of collapse.

In the particular case of a single transverse dimension, for example, in a slab
waveguide geometry where one transverse dimension is guided while diffraction
acts freely in the other transverse dimension, collapse never occurs. If diffraction
overcomes self-focusing, the beam spreads. If self-focusing overcomes diffraction,
the beam shrinks, but this process stops when the beam width is small enough and
diffraction becomes again dominant, resulting in an oscillatory propagation fea-
tured by defocusing–refocusing cycles. There is an intermediate situation, where the
strength of diffraction is equal to the strength of self-focusing, leading to an exactly
balanced propagation in the form of a spatial soliton.

In two transverse dimensions, for a cylindrically symmetric Gaussian beam, the
competition between diffraction and self-focusing is determined by the beam power.
As in the one-dimensional case, it is possible to find a specific beam shape corre-
sponding to a spatial soliton, for which diffraction and the self-focusing nonlinearity
are exactly balanced. This soliton is known as the Townes mode [9]. It contains a
well-defined power

Pcr = 3.72λ2

8πn0n2
, (2.5)

where λ is the laser wavelength. The Townes mode is a mathematically exact prop-
agation invariant of a unidirectional propagation equation taking into account only
the effects of diffraction and Kerr nonlinearity. Originally, it was also called a self-
trapped mode [9].
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In the frameof this idealmodel, it turns out that theTownesmode is not stable. This
means that if we assume that the Townes mode could be generated in the laboratory,
any small perturbation of the beam amplitude or phase would likely be amplified and
prevent the beam to propagate as an invariant Townes mode. This general statement
may apply to several types of instabilitywhich can be investigated rigorously, see e.g.,
[10]. Here, an intuitive picture is sufficient to illustrate the structural instability of
the Townes mode. If the beam power is above Pcr, the Kerr nonlinearity overcomes
diffraction and the beam shrinks upon itself and undergoes a collapse singularity
at a finite propagation distance. On the other hand, if the beam power is lower
than Pcr, diffraction overcomes self-focusing and the beam will ultimately spread.
Equation (2.5) therefore not only corresponds to the power of the Townes mode but
also to the minimum power that a beam must exceed in order to undergo a collapse
singularity. It is often (and inappropriately) called the critical power threshold for self-
focusing in the literature; that is the power, when the effect of self-focusing precisely
balances the diffractive spreading of the beam, even though beam self-focusing can
occur below Pcr and is eventually dominated by beam spreading.

The shape of a Gaussian beam is close to that of the Townes beam, whose power
realizes the balance between self-focusing and diffractive spreading. However, Mar-
burger showed that any beam different from the Townes beam requires a larger power
than Pcr to undergo a catastrophic collapse [11]. Dawes and Marburger determined
by numerical simulations the critical power for a Gaussian beam [12]:

P∗
cr = 3.77λ2

8πn0n2
. (2.6)

Their simulations showed that if the power P of a collimated input Gaussian beam
exceeds P∗

cr, the beamwill self-focus at a distance zsf , called the nonlinear focus [11]:

zsf = 0.367zR√[(P/P∗
cr)

1/2 − 0.852]2 − 0.0219
. (2.7)

Here, zR = πn0w2
0/λ denotes the Rayleigh (diffraction) length of the input Gaus-

sian beam of e−2-radius w0. Although Eq. (2.7) is derived in the case of continuous
wave laser beams, it gives a fairly accurate approximation of the nonlinear focus
of femtosecond laser pulses as well. A pulse can indeed be viewed as stacked into
independent time slices, each of which corresponding to a beam carrying its own
power P(t). All slices whose power exceeds P∗

cr will self-focus at a distance given
by Eq. (2.7). Thus, the shorter distance leading to an intensity peak is obtained for
the central slice corresponding to the peak power of the pulse.

Figure2.1 shows an example of the evolution of the beam radius during self-
focusing of a loosely focused femtosecond-pulsed Gaussian beam with power of
∼5 Pcr in water. The position of the nonlinear focus is indicated by the minimum
beam radius.
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Fig. 2.1 FWHMbeam radius as a function of propagation distance during self-focusing in water of
a loosely focused Gaussian input beam with an FWHM diameter of 90 µm. The input beam power
is ∼5 Pcr . The solid curve shows the numerical simulation, bold dots show the experimental data.
The images below show fluence profiles of the beam before (z = 5 mm), at (z = 11 mm) and after
(z = 15, 35 mm) the nonlinear focus. Adapted from [13]. Reprinted by permission from Springer
Nature

2.2 Self-phase Modulation of Laser Pulses

The intensity-dependent refractive index change expressed in Eq. (2.3) not only
varies in the transverse direction with the local intensity but also in time when a
laser pulse with time-dependent intensity profile is considered. In the same way as
the refractive index change was inducing a change of the spatial phase of the beam,
in the time domain, the time dependence of the refractive index imparts a nonlinear
change in the phase of the pulse

φnl(t) = ω0

c
n2

∫ L

0
I (t, z) dz, (2.8)

where ω0 is the carrier frequency, z is the propagation distance, and L is the length
of the nonlinear medium. Equation (2.8) shows that a nonlinear phase shift is accu-
mulated during the pulse propagation. For this reason, the effect is called self-phase
modulation. The intensity I (t, z) generally varies along the propagation axis z but
for simplicity, we consider a nonlinear medium of length L that is short enough
for the intensity variation over z to be negligible, allowing us to easily rewrite
the nonlinear phase as φnl(t) = (ω0L/c)n2 I (t). This produces a frequency change
δω(t) = − d

dt φnl(t) that results in a time-varying instantaneous frequency:

ω(t) = ω0 + δω(t), (2.9)
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where δω(t) = −(ω0L/c)n2∂ I/∂t , giving rise to spectral broadening of the pulse.
For a Gaussian laser pulse of duration tp, the variation of the instantaneous frequency
is expressed as

δω(t) = 4
ω0L

ct2p
n2 I0t exp

(

−2
t2

t2p

)

. (2.10)

The effect therefore leads to the generation of new frequencies, i.e., gives rise to
spectral broadening by inducing a negative shift of the instantaneous frequency at
the leading (ascending) front of the pulse and a positive shift of the instantaneous
frequency at the trailing (descending) front of the pulse, as schematically illustrated in
Fig. 2.2. In other words, the pulse acquires a frequency modulation corresponding to
the production of red-shifted spectral components at the pulse front and blue-shifted
spectral components at the pulse tail.

Figure2.3 illustrates the effect of self-phase modulation on the spectrum of a
laser pulse assumed to undergo only this effect, i.e., the pulse shape is preserved
along propagation. The first row displays phase modulations generated for a sym-
metric input Gaussian pulse. It shows that the input spectrum broadens and becomes
more and more modulated as the propagation distance increases. The second row
shows the spectral broadening for an asymmetric input pulse with a steeper trailing
front compared to the leading front. In that case, spectral broadening is asymmetric,
extending farther on the high-frequency side compared to the low-frequency side, in
agreement with Eq. (2.10).

Information about the frequency content of different parts of the pulse can be
obtained from the spectrograms shown in Fig. 2.4. The rows correspond to the cases
of a symmetric (first row) and asymmetric pulse, as in Fig. 2.3. Compared to the
symmetric distribution of frequencies for the input pulses, Fig. 2.4a and d, a frequency

Fig. 2.2 Self-phase
modulation of a Gaussian
pulse shown in (a), which
produces a variation of the
instantaneous frequency
shown in (b)

(a)

(b)
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(a) (b) (c)

(d) (e) (f)

Fig. 2.3 Modulation of the spectrum resulting from Kerr-induced self-phase modulation of a laser
pulse. The input pulse spectrum is shown as a red curve. Propagation distances correspond to one
(green curves), two (blue curves), and three (black curves) length units, for a symmetric Gaussian
pulse (a–c), or a pulse with a steeper trailing front than its leading front

Fig. 2.4 Spectrograms of a laser pulse undergoing Kerr-induced self-phase modulation. The dis-
tribution input pulses is similar to Fig. 2.3 with a a symmetric input Gaussian pulse and d a pulse
with a smooth leading front and a steep trailing front. Propagation distance correspond to b,e one
and c,f two unit lengths
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downshift appears in the leading pulse front (negative times) and a frequency upshift
in the trailing part. The steeper the trailing part, the faster the spectrum broadens
toward high frequencies, Fig. 2.4e and f.

2.3 Nonlinear Absorption and Ionization

The self-focusing stage is a runaway effect in the sense that as the beam self-focuses,
the intensity increases and so does the nonlinear refractive index change, resulting in
turn in an enhancement of the effect of self-focusing. However, in a real experiment,
a beam cannot focus to a singularity with an infinitesimally small radius and an
infinite intensity; the beam collapse is arrested at the nonlinear focus as saturation
effects becomemore importantwhen the beam intensity increases. For ultrashort laser
pulses, saturation is dominated by multiphoton absorption and ionization, producing
an energy loss and generating a free electron plasma, which further absorbs and
defocuses the beam. The combined action of these effects limits the intensity to a
certain level, which has been called the clamping intensity [14]. As will be detailed
in Sect. 2.5, the clamping intensity depends on the material through the order of
multiphoton absorption: K = 〈Ug/�ω0〉 + 1, where Ug is the bandgap, and �ω0 is
the photon energy [15, 16]. The higher is the order of multiphoton absorption, the
higher is the clamping intensity and the smaller is the limiting beam diameter at the
nonlinear focus, so the larger spectral broadening is produced.

These simple considerations provide a plausible explanation of the experimentally
observed bandgap dependence of the supercontinuum spectral extent and suggest that
the broadest supercontinuum spectra could be attained in wide bandgap dielectrics
[15, 16], provided the high clamping intensity can bemaintained over a long distance.
In contrast, self-focusing in the case of lowmultiphoton transitions at low order (K <

3) cannot produce supercontinuum. However, it is interesting to note the inverse
relationship between the bandgap Ug and the nonlinear refractive index coefficient
n2; the larger is the bandgap, the smaller is the value of n2 [17]. This is quite a
paradox, since n2 defines the strength of self-focusing and self-phase modulation,
which are the fundamental physical effects behind femtosecond filamentation.

2.4 Plasma Effects

2.4.1 Transition of Electrons from the Valence
to the Conduction Band

Ionization of a dielectric medium requires transitions of electrons from the valence
band to the conduction band, and therefore the absorption of a minimum number K
of photons corresponding to an energy larger than the bandgap. In the multiphoton
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regime, the transition rate is proportional to I K . In addition to the energy lost by the
pulse, this process results in conduction electrons whose density ρ is determined by
the rate equation

∂ρ

∂t
= βK

K�ω0
I K , (2.11)

where βK is the multiphoton absorption (ionization) coefficient.

2.4.2 Refractive Index Change

The conduction electrons, in turn, modify the permittivity of the medium. The refrac-
tive index becomes the sum of the refractive index of the unperturbed sample and
the response of the conduction electrons, seen as a free electron gas

n = n0 − ρ

2n0ρc
(2.12)

where ρc = ε0meω
2
0/e

2 denotes the critical plasma density beyond which the plasma
becomes opaque to an electromagnetic radiation of frequency ω0. Here me and e
denote the electron mass and charge, respectively.

For a Gaussian beam, the plasma density is typically larger in the center of the
beam compared to the feet. The change of refractive index is therefore negative in
the center of the beam. This means that the electrons in the conduction band will
induce a phase curvature similar to that of a beam passing a defocusing lens. Upon
further propagation, the beam intensity will decrease and its diameter will increase.
For these reasons, the effect is called plasma defocusing.

2.4.3 Plasma-Induced Phase Modulation

Associated with plasma defocusing, which relies on the spatial dependence of the
plasma density profile, another effect similar to self-phase modulation is induced by
the fact that the plasma density also depends on time. This imparts a nonlinear phase
change

φnl(t) = −ω0L

c

ρ(t)

2n0ρc
, (2.13)

where the dependence of the electron density upon the propagation distance has
been neglected. Following the derivation performed for the optical Kerr effect, we
can express the variation of the instantaneous frequency for a Gaussian laser pulse
of duration tp by using the photoionization rate (2.11)
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δω(t) = ω0L

c

βK I K0
K�ω02n0ρc

exp

(

−2Kt2

t2p

)

. (2.14)

The effect, called plasma-induced phase-modulation, gives rise to new frequencies
which are all positive, hence corresponding to a blueshift of the spectrum.

Figure2.5 shows holographic measurements and reconstruction of the amplitude
and phase contrast at the same propagation distance for a self-focusing pump beam
in sapphire, with input pulse energies varying from 1.2 µJ (1.2 Pcr, where Pcr ∼ 3.3
MW) to 14 µJ. The phase contrast provides information on the refractive index
change experienced by the pulse while the amplitude contrast indicates a change
in transmission. For the lowest pulse energy, the negative phase contrast originates
from Kerr-induced self-phase modulation and is the only detected effect. At this
propagation distance, no plasma is detected in the amplitude contrast image. For
the input energy of 2.4 µJ, the phase contrast indicates a negative phase shift at the
location of the leading pulse front and a positive phase shift corresponding to the
effect of the plasma generated in the trailing part of the pulse. This is corroborated
by the amplitude contrast image clearly showing the plasma trail. Similar effects of
absorption and self-phase modulation were recorded by further increasing the pulse
energy. In the wake of the pulse, the length of the plasma tail increases with the pulse
energy. The maximum Kerr-induced negative phase shift of −0.15 rad is limited by

Fig. 2.5 Holographic images of a single light filament in sapphire for different input pulse energies.
The top (bottom) row shows phase (amplitude) contrast (respectively). The pulse propagates from
bottom to top. Reproduced from [18] by permission from the Optical Society of America
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intensity clamping for increasing pulse energies up to 4.9 µJ and by the onset of
multiple filamentation above this energy.

2.4.4 The Drude–Lorentz Model

The Drude model was originally derived to explain the conductivity of metals. The
model assumes that electrons are delocalized and can be viewed as a free electron
gas within the metal formed by a network of positively charged ions. Long-range
interactions between electrons and ions or between the electrons are neglected. An
electron is assumed to interact with its environment is via instantaneous collisions,
with a characteristic collision frequency νc which is independent of the nature of
collisional processes. An electron subject to the laser pulse undergoes the action
of the Lorentz force, thus, the average velocity of the electron fluid is governed by
Newton’s equation

dv
dt

= − e

m
E − νcv (2.15)

The conduction current j = −ρev can therefore be expressed, assuming complex
notations, as

j = e2ρ

m

E
νc − iω0

= ρ

ρc

ω2
0(νc + iω0)

ν2
c + ω2

0

ε0E (2.16)

where ω0 denotes the frequency of the laser pulse. From the formal analogy
between the current and the time derivative of the polarization density j ≡ dP/dt =
−iω0ε0χE, the susceptibility corresponding to plasma effects is obtained and reads

χ = − ρ

ρc

1 − iνv/ω0

1 + ν2
c /ω

2
0

. (2.17)

The real part of the susceptibility is associated with a change of refractive index
that extends expression (2.12) to the case where collisional processes are taken into
account:

δn = n − n0 = − ρ

2n0ρc(1 + ν2
c /ω

2
0)

, (2.18)

This change of refractive index is responsible for beam defocusing due to the
plasma. The imaginary part of the susceptibility is responsible for absorption of
energy due to the plasma, simply called plasma absorption.

For bulk transparent materials, the Drude–Lorentz model is widely applied in the
literature, assuming collisional processes of electrons in the conduction band are
described by a single effective collision time.
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2.5 Intensity Clamping

Several physical effects can arrest self-focusing and beam collapse. As already men-
tioned, the combined action of nonlinear absorption of energy and plasma defocusing
dominates saturation mechanisms. However, these effects are fundamentally differ-
ent in nature since nonlinear absorption acts directly on the field amplitude while the
electron plasma acts essentially on the field phase.

Nonlinear absorption of energy leads to a reduction of high intensities, and there-
fore, to a decrease of power in the most intense central part of a pulse. A lower
power means a lower effect of self-focusing while a lower intensity means a lower
nonlinear refractive index change n2 I , accompanied by a lower effect of self-phase
modulation, thereby stopping the generation of new frequency components in the
supercontinuum.

Plasma defocusing is an effect mediated by the spatial phase (beam curvature)
induced by the change of refractive index localized in the central region of the beam.
Since self-focusing is also an effect mediated by the beam curvature, it was proposed
that the clamping intensity in a filament corresponds to the balance of refractive
index changes [14]:

n2 Icl = ρcl

2n0ρc
, (2.19)

where Icl and ρcl denote the values for the clamping intensity and electron density,
respectively. If the plasma density is roughly evaluated as ρ = βK (K�ω0)

−1 I K tp, by
assuming a top-hat pulse of duration tp, and introduced into Eq. (2.19), an expression
for the clamping intensity is obtained as

Icl =
(
2n0n2ρcK�ω0

βK tp

)1/(K−1)

. (2.20)

Equation (2.19) is nothing but a simplification of the similar balance equation,
proposed by Braun et al. [7], that considers diffraction as a competing defocusing
effect

n2 I
∗
cl = ρ∗

cl

2n0ρc
+ (1.22λ0)

2

8πn0w2
0

, (2.21)

where w0 denotes the width of the filament. Solving Eq. (2.21) for the inten-
sity requires an additional assumption linking the intensity to the beam width: it
is assumed that the filament is a self-trapped mode with e.g., a Gaussian beam
shape, carrying exactly one critical power for self-focusing, and thus, the relation
I ∗
cl = 2P∗

cr/πw
2
0 can be introduced in Eq. (2.21), which admits a solution

I ∗
cl =

(
0.76n0n2ρcK�ω0

βK tp

)1/(K−1)

= 0.381/(K−1) Icl. (2.22)
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The clamping intensity therefore depends on the material properties via the non-
linear index coefficient n2, the multiphoton ionization coefficient βK and the number
of photons K involved in the process. In condensed media, the maximum clamped
intensities up to tens of TW/cm2 inside the nonlinearmedium are estimated fromEqs.
(2.20) and (2.22) at near-infrared wavelengths. Good agreement is obtained with the
fact that materials with wide bandgap exhibit a higher clamping intensity. However,
these models only account for the balance between self-focusing and defocusing by
free electron plasma generated by multiphoton absorption.

More generally, the assumptions used to derive Eqs. (2.20) and (2.22) provide
limitations for the validity of the estimations of the clamping intensity. It is interesting
to discuss these limitations:

• A self-trapped mode (with Gaussian beam shape) was assumed while numerical
simulations of femtosecond filamentation show a dynamic process [19].

• Intensity clamping was assumed to be solely determined by effects acting on
the beam curvature while there are key players such as multiphoton absorption
directly modifying the intensity, or chromatic dispersion leading to a redistribution
of power within the pulse.

• The pulse structure was neglected. Plasma defocusing, which acts mainly on the
trailing edge of the pulse where the electron plasma density has accumulated as the
pulse intensity increased, was assumed to efficiently compete with instantaneous
self-focusing which acts on the central part of the pulse.

• If the input beam energy and focusing conditions are properly chosen, the catas-
trophic avalanche ionization does not come into play, so the plasma density is kept
below the critical value (1021 cm−3) and optical damage of the material is avoided.
However, Eqs. (2.20) and (2.22) are not valid for tight focusing geometries, since
the effect of plasma defocusing cannot efficiently compete with linear focusing
[20], leading to the possible occurrence of material breakdown.

• A constant pulse duration was assumed. However, plasma defocusing and absorp-
tion become relevant for the input pulse intensities of few TW/cm2, contributing
to significant shortening of the pulses before the nonlinear focus.

Despite the extrapolations leading to expressions (2.20) and (2.22), the intensity
clamping effect was verified experimentally by increasing the laser pulse energy and
measuring a physical quantity that depends on the pulse intensity in the filament. A
saturation of the measured signal is interpreted as a signature of intensity clamping.
For example, Liu et al. have observed saturation of the extent of the supercontinuum
spectrum [21]. They recorded a constant width of the supercontinuum spectrum for a
wide range of pulse energies above a threshold input laser energy for supercontinuum
generation. They proposed that intensity clamping is responsible for limited blueshift
and redshift associated with Kerr and plasma-induced self-phase modulations, the
main actors in the generation of new frequencies in the supercontinuum. Indeed from
Eqs. (2.10) and (2.14), a limited value of intensity will lead to bounds for the extrema
of newly generated frequencies.

This interpretation, however, implicitly relies on several assumptions in the deriva-
tion of Eqs. (2.10) and (2.14). In particular, competing mechanisms in the limitation
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of the spectral extent of the supercontinuum were neglected. The spectral extent of
the supercontinuum is an integrated diagnostic, not solely depending on the highest
intensity reached during laser–matter interaction but also on the length of the inter-
action medium. For this reason, it cannot provide a sufficient clue for the physical
mechanism or for the accurate level of intensity clamping. Competing mechanisms
in the saturation of intensity itself were also neglected such as, e.g., nonlinear absorp-
tion of energy and the formation of multiple filaments, which redistributes the pulse
energy over multiple hot spots.

2.6 Chromatic Dispersion

Chromatic dispersion reflects the fact that waves of different frequencies travel at
different velocities in a dielectricmedium.A short pulsewith a spectral extent of a few
to a few tens of nanometers will therefore undergo chromatic dispersion, manifesting
itself in a pulse temporal spreading. This results from the fact that the different
frequencies of the wavepacket separate from each other. The fastest frequencies
will eventually propagate in the leading edge of the pulse, similarly to the fastest
runners in a group. As it propagates, the pulse develops a chirp, i.e., a variation of
its instantaneous frequency with time. Chromatic dispersion can also manifest itself
in temporal compression if the fastest frequencies are initially in the trailing edge of
the pulse, i.e., if the pulse carries a chirp when its propagation starts. Similarly to
the case where the fastest runners in a group start behind and catch up the group, the
fastest frequencies will get closer to the slowest ones, resulting in a shorter pulse.

In a material, chromatic dispersion is characterized by the dependence of the
refractive index n(ω) as a function of frequency. The knowledge of this quantity
requires measurements with multiple light sources. For most materials, measure-
ments for the refractive index in their transparency range can be fitted by Sellmeier
dispersion relations

n2(λ) = a0 +
∑

j=0

N
a j

λ2
j − λ2

. (2.23)

An extended database can be found in print [22] and online [23]. It is convenient
to classify chromatic dispersion into the normal and the anomalous range. In this
aim, the propagation constant, expressed as

k(ω) = n(ω)
ω

c
, (2.24)

is expanded around the central frequency of the laser pulse considered for propagation
in the medium

k(ω) = k(ω0) + k ′
0(ω − ω0) + k ′′

0

2
(ω − ω0)

2, (2.25)
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where k ′
0 = ∂k/∂ω|ω0 denotes the inverse of the group velocity and k

′′
0 = ∂2k/∂ω2|ω0

denotes the group velocity dispersion (GVD) coefficient. For a given material, the
region of normal GVD corresponds to frequencies with a positive GVD coefficient
(k ′′

0 > 0); the low (red-shifted) frequencies of the spectrum travel faster than the high
(blue-shifted) ones. The opposite is true in the region of anomalous GVD (k ′′

0 < 0),
where high (blue-shifted) frequencies are faster.

Numerical studies uncovered that besides the intensity clamping, the chromatic
dispersion is an equally important player, which determines the extent and shape of
the supercontinuum spectrum [24, 25]. The role of chromatic dispersion could be
fairly evaluated in the framework of the effective three-wavemixing, which interprets
supercontinuum generation as the emergence of new frequency components due to
scattering of the incident optical field from the material perturbation via nonlinear
polarization [24, 25]. From a simple and practical viewpoint, this approach suggests
that lower chromatic dispersion allows fulfillment of the phase matching condition
for a broader range of scattered spectral components, that is, supports larger spectral
broadening and vice versa.

The sign of GVD basically defines the emerging temporal dynamics of femtosec-
ond filament and so the temporal and spectral content of the SC, see e.g., [26] for an
illustrative numerical study. Figure2.6 compares the numerically simulated tempo-
ral evolution of femtosecond filament and respective spectral dynamics in sapphire
crystal, in the ranges of normal (the input wavelength 800nm), zero (1.3 µm), and
anomalous (2.0 µm) GVD.

(a) (b)

(e)(d) (f)

(c)

Fig. 2.6 Top row: numerically simulated temporal dynamics of 100 fs laser pulses propagating in
sapphire crystal with the input wavelengths of a 800 nm, b 1.3 µm, c 2.0 µm, representing the
filamentation regimes of normal, zero and anomalous GVD, respectively. Bottom row shows the
corresponding spectral dynamics. Notice, how the spectral broadening in the regimes of normal
and zero GVD is associated with the pulse splitting, and the spectral broadening in the regime of
anomalous GVD is associated with pulse self-compression
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2.7 Self-steepening and Space-Time Focusing

The interplay between the nonlinear effects and chromatic dispersion gives rise to
self-steepening. The Kerr nonlinearity modifies not only the refractive index of the
medium as indicated in Eq. (2.3) but also the group index, via the interplay with
dispersion, as expressed by the total group index

n(g) = n(g)
0 + n(g)

2 , (2.26)

where n(g)
0 ≡ n(ω0) + ω0dn/dω|ω0 and n(g)

2 is proportional to n2 and positive. As a
result, the intense part of the pulse therefore travels at a smaller velocity with respect
to the low intensity feet, resulting in a steepening of the trailing edge of the pulse [27].
An optical shock wave (infinitely steep trailing edge) can even form for few-cycle
pulses propagation in highly nonlinear Kerr media.

Space-time focusing refers to the effect of diffraction into different cone angles
for the different frequency components of an ultrashort pulse. This effect is not only
significant for few-cycle pulses, but also for multi-cycle pulses as a mediator of
space-time couplings through propagation.

2.8 Four-Wave Mixing and Phase Matching

Four-wave mixing (FWM) is a parametric nonlinear process arising in Kerr media.
It denotes the interaction between two or three photons (frequencies) producing
two or one new photons (frequencies). Four-wave mixing is usually expressed as a
conservation equation for the energy of the incoming photons

ω1 + ω2 = ω3 + ω4, (2.27)

with the implicit assumption that the frequencies ωi can be positive or negative.
Four-wave mixing is a phase-sensitive process, i.e., the efficiency of the process

is strongly affected by the relative phases of interacting fields. If the relative phases
can be maintained, the effect can accumulate over long propagation distances and a
signal of new frequency can be efficiently generated. This requires phase matching
conditions to be satisfied.

Aparticular case of four-wavemixing is the third harmonic generation. The optical
Kerr effect gives rise to a nonlinear polarization with a component at frequency 3ω0

when the frequency of the applied field is ω0. This component of the nonlinear
polarization is responsible for third harmonic generation. It can be viewed as a four-
wavemixing process in which three photons at frequencyω0 are annihilated to create
one photon of frequency 3ω0.

Four-wavemixing is related to self-phasemodulation and cross-phasemodulation:
all these effects originate from the same (Kerr) nonlinearity and differ only in terms of
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degeneracy of the waves involved. Cross-phase modulation denotes the effect on the
phase of a monochromatic beam at a given wavelength resulting from its interaction
with a beam at another wavelength through the optical Kerr effect. This effect arises
due to the dependence of the refractive index of the medium on the intensity of a
beam. Cross-phase modulation is the impact of the refractive index on another beam
at a different wavelength.
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Chapter 3
Femtosecond Filamentation
in Solid-State Media

Femtosecond filamentation refers to the ability of powerful femtosecond laser pulses
to propagate nonlinearly over distances of several diffraction (Rayleigh) lengths in
a medium with Kerr nonlinearity. The laser beam usually undergoes self-focusing
and remains narrow and intense enough to deposit its energy into a needle-shaped
region along the propagation axis. The strong laser-matter interaction in this region is
characterized by the possible generation of an electron-hole plasma and the emission
of new radiations. The phenomenon was reported to happen in air for the first time
with multi-gigawatt femtosecond laser pulses in 1995 by the team of Mourou [1].
The chirped pulse amplification technology was indeed necessary before laser pulses
with peak powers exceeding the critical power for self-focusing in air became rou-
tinely available in laboratories. In transparent solids, femtosecond filamentation was
reported in 2001 [2]. The required peak power for self-focusing in transparent solids
is only of a few megawatts and could be achieved by various modern femtosecond
lasers. Manifestations of the filamentation phenomenon in solid media with longer
pulses were therefore reported at the dawn of nonlinear optics, by Michael Hercher
in 1964, in the form of long filamentary damage tracks caused by the propagation of
an intense laser beam in glass [3].

Femtosecond filamentation has been investigated extensively during more than
two decades both in gaseous and in condensed media. While numerous explanations
for the rich physics involved during filamentation were and may still be debated,
universal features of femtosecond filamentation were systematically recorded (see
[4]), not only appearing in all types of media but also in various experimental con-
ditions and for different lasers with central wavelengths from the ultraviolet to the
near-infrared wavelength region. In the following, apart from a couple of illustra-
tive examples taken from filamentation experiments in air, owing to their historical
importance, we focus mainly on features of filamentation in transparent condensed
media, i.e., solids, or liquids which are used as prototypical condensed media to
avoid potential damage of the material and facilitate length tuning.
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3.1 Universal Features of Femtosecond Filamentation

3.1.1 Conical Emission

Themost strikingmanifestation of femtosecond filamentation is certainly the conical
emission of white light. It is accompanied by axial supercontinuum generation. First
observations of conical emission from filamentation of femtosecond laser pulses in
air were reported by Nibbering et al. [5], Fig. 3.1a. The cross section of the laser
beam several meters after the termination of the filament exhibits a white central
spot surrounded by colored rings, whose wavelengths decrease from the central to
the outer rings. Conical emission is now considered as a signature of filamentation
as it was observed for filaments in media of various nature (gases, liquids, solids [6],
Fig. 3.1b) and lasers of different central wavelengths. The most spectacular obser-
vations of conical emissions were performed using near-infrared or visible lasers as
the newly generated colors during laser–matter interaction lie in the visible range of
the electromagnetic spectrum.

3.1.2 Plasma Channel Formation

The generation of a plasma accompanying femtosecond filamentation can often be
observed during experiments from the luminescence of the plasma. In air and gases,
several measurement techniques confirmed the presence of a plasma in the wake of
the pulse undergoing filamentation, with ionization degrees reaching 10−3 [7]. In

Fig. 3.1 a Conical emission accompanying filamentation in air. Image of the beam cross section
after propagation of a terawatt laser pulse over 40m. The diameter of the external ring is about
40cm. Adapted from [5]. b Conical emission from a filament in a ZK7 glass Adapted from [6].
Reprinted by permission from the Optical Society of America
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condensed media, the presence of an electron plasma is more delicate to characterize
but carefully designed pump-probe experiments [8] or inline holographic techniques
[9] permitted to achieve this task both in transparent solids and in liquids. The density
of the plasma can reach levels up to 1020 cm−3, depending on the focusing geometry
[10]. It is the detection of a plasma in the wake an intense pulse undergoing fila-
mentation in air that led to the proposal that filamentation results from an interplay
between Kerr self-focusing and defocusing due to the self-generated electron plasma
[1]. This explanation is still extremely popular, though it falls short in explaining the
filament ability to self-heal beyond an obstacle.

3.1.3 Filament Robustness and Energy Reservoir

Filaments are robust. A narrow filament can be arrested by an obstacle and be regen-
erated by the surrounding beam beyond the obstacle. This property was shown by
several teams for filaments in air and in condensed media [11–16]. This robustness
was explained by the concept of energy reservoir: For a beam carrying several powers
for self-focusing, the intense peak or filamentary part carries only a fraction of the
total beam power, evaluated to approximately one critical power for self-focusing.
A droplet of rain, an obstacle, a stopper, is tantamount to a sudden nonlinear absorp-
tion of energy that corresponds to Pcr. Similarly to the Arago spot experiment, the
filament was observed to self-heal, after a distance of a Rayleigh length, i.e., a new
intense and narrow peak continues to propagate almost as if the obstacle had been
absent. The surroundings of the central peak can pass the obstacle freely and naturally
provide the energy for the reconstruction of the central peak beyond the obstacle.
For this reason, the low intensity part of the beam surrounding the filament is called
the energy reservoir [11].

The concept of energy reservoir put into question the explanation of filamentation
as a self-guided mode. In a self-guiding process, nonlinear propagation over several
Rayleigh lengths requires self-focusing to at least balance diffraction, or overcome
it if other defocusing mechanisms play a role, such as the refraction due to the self-
generated plasma. The original experiments for femtosecond filamentation in air
were interpreted in terms of an extension of the concept of self-trapping supported
by the Townes mode that relies on a balance between diffraction and self-focusing
[17]. Plasma defocusing was supposed to stabilize and guide the nonlinear beam [1].
The power content for the resulting extended Townes mode or spatial soliton was
therefore, not astonishingly, quantified to a power close to that of the Townes mode,
i.e., Pcr. However, complimentary experiments were realized to establish the relative
roles of the energy reservoir and self-guiding mechanism in sustaining the long-
distance propagation of the filament [12, 13]. The model of a filament sustained
by a balance between Kerr self-focusing, plasma defocusing and diffraction was
challenged by blocking the energy reservoir by means of a pinhole with diameter



30 3 Femtosecond Filamentation in Solid-State Media

only slightly larger than that of the intense core. This prevented the energy reservoir
the to play a role while letting the filament propagate freely through the pinhole.
The result was that the filament disappeared roughly one diffraction length after the
pinhole. Hence, the energy reservoir plays a key role in sustaining filamentation over
long distances. The universal feature of long-distance propagation of the intense
core of filaments does not proceed from a balance between focusing and defocusing
effects.

3.1.4 Conical Waves

A natural framework that consistently explains the physics of the energy reservoir
is Bessel beam propagation. A Bessel beam is a propagation-invariant (linear) solu-
tion to the Maxwell equations. It is a monochromatic beam with radial intensity
distribution described by a Bessel function, corresponding to a scalar field

E(r, z) = E0 exp(ikzz)J0(k0 sin θr)

where J0 is the lowest order Bessel function and k0 the wavenumber of the
monochromatic beam with longitudinal and transverse components kz = k0 cos θ

and k⊥ = k0 sin θ , respectively. A distinguishing feature of Bessel beams is that the
energy flow is not directed along the z-propagation axis as in conventional Gaus-
sian beams. Bessel beams can be viewed as a superposition of plane waves whose
wavevector lies on a cone-shaped surface around the propagation axis, with cone
half-angle θ , see Fig. 3.2a. The main lobe of the Bessel beam thus appears as a very
intense and localized interference peak with dimensions of the order of a few wave-
lengths, which propagates without spreading. This peak is surrounded by slowly
decaying tails in the form of concentric rings that contain the major part of the beam
energy. In this sense, the Bessel beam is a perfect illustration of the concept of energy
reservoir surrounding a filament.

In contrast with the ideal Bessel beam which has infinite energy, experimental
realizations of Bessel beams carry a finite energy due to the fact that real optical
systems have finite transverse dimensions. For instance, a Bessel–Gauss beam is
generated by focusing a Gaussian beam with an axicon. In result, the Bessel– Gauss
beam is quasi-propagation invariant, i.e., it does not spread over a limited distance
called the Bessel zone, that is anyway orders of magnitude larger than the diffraction
length of the intense peak, Fig. 3.2a.

The idea of monochromatic propagation invariant beams has been generalized
to the polychromatic case by Saari and Reivelt [18] in optics, building on works in
acoustics by Lu and Greenleaf [19]. They demonstrated that a linear superposition of
monochromatic Bessel beams having different conical angles at different frequen-
cies constitutes a linear propagation invariant solution to the Maxwell equations
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(a)

(b)

Fig. 3.2 a Schematic representation of a Bessel beam generated by focusing a Gaussian beam
of waist w0 with an axicon. Wavevectors lie on a cone-shaped surface of cone half-angle θ and
the intensity distribution follows the Bessel function within the Bessel zone of length w0/tan θ .
b Schematic representation of a polychromatic conical wave as a superposition of Bessel beams
having different wavelengths

(Fig. 3.2b). An expression for these solutions in a dispersive medium of refractive
index n(ω) takes the form:

E(r, t) =
∫ +∞

−∞
S(ω)J0(k⊥r) exp(ikzz − ωt)dω,

where S(ω) is any spectral function and the transverse wavenumber is k⊥ =
k(ω) sin θ = (n(ω)ω/c) sin θ . It is determined by the Bessel cone angle θ and sat-
isfies the dispersion relation k⊥ = √

k2(ω) − k2z . The longitudinal wave number
kz = k(ω) cos θ must be a linear function ofω in order for the wavepacket to be prop-
agation invariant. These wavepackets do not spread in space or time and are called
conical spatiotemporal waves, or X-waves in normally dispersive media, because
their spatiotemporal intensity distribution possess an intense core surrounded by
hyperbolic tails storing a large amount of energy. These tails are shaped as a cone
(or the letter X if only one transverse dimension is considered) and this shape is the
same in the near field and in the far field since it characterizes propagation invariant
wavepackets. The tails play the same role as the energy reservoir for Bessel beams
and filaments, i.e., they sustain the long-distance propagation of the intense peak.

In the nonlinear regime, the concept of conical waves was extended both in the
monochromatic and polychromatic cases [20–22]. In the case of monochromatic
beams, numerous propagation invariant nonlinear conical waves have been identified
in the form of nonlinear Bessel beams that can be viewed as nonlinear eigenmodes



32 3 Femtosecond Filamentation in Solid-State Media

of a nonlinear Helmholtz equation. These solutions have the specificity to be weakly
localized, and therefore constitute a continuous family of solutions corresponding
to the continuous spectrum of an eigenvalue problem. Nonlinear Bessel beams were
obtained for two prototypical nonlinearities, namely a cubic Kerr nonlinearity and
multiphoton absorption, allowing for a thorough understanding of the main features
of monochromatic nonlinear conical waves [20, 21]: (i) They have the shape of a
nonlinear Bessel beamwith an intense core surrounded by rings storing themajor part
of the beam energy, playing the role of energy reservoir. (ii) Propagation invariance of
these waves is due to an energy flux from the core periphery toward the intense peak,
which is a sink of energy because of multiphoton absorption. (iii) Like their linear
counterparts, nonlinear Bessel beams carry infinite energy; experimental realization
of these waves carry finite energy and constitute quasi-invariant propagation over a
finite distance, corresponding to the distance required to exhaust the energy reservoir.
(iv) As nonlinear effects occur mainly in the intense core, it was shown that the
diameter of the main lobe is narrower that the diameter of a linear Bessel beam with
the same cone angle, due to Kerr self-focusing. The contrast in the rings is attenuated
due to the energy flux induced by the energy losses [23].

In the case of polychromaticwaves, propagation invariant nonlinear conical waves
in dispersive media were also predicted theoretically and identified as spatiotempo-
ral stationary solutions to unidirectional propagation models such as the Nonlinear
Schrödinger equation. They are characterized by an intense core hosting nonlin-
ear effects, and a balance of the phase modulation caused by material chromatic
dispersion by means of that created by the wave angular dispersion [22, 24]. The
distinguishing feature of these solutions is their conical structure, extending the con-
cept of X-waves to the nonlinear realm. For this reason, they were called nonlinear
X-waves. These conical waves were conjectured to act as possible attractors for the
dynamics of nonlinear pulse propagation in dispersive media. To achieve the station-
ary regime, the nonlinear-induced phase modulationmust also be fully compensated,
which has been confirmed by numerical analysis [22] and by further experimental
and numerical investigation, where the transient from the input Gaussian to output
X-type object has been investigated in detail [25].

Since various nonlinear conical waveswere identified theoretically as propagation
invariant solutions to unidirectional propagation equations in Kerr dispersive media
and observed in filamentation experiments in condensed media, striking analogies
were highlighted between the properties of conical waves and ultrashort laser pulses
undergoing filamentation. It was proposed that filamentation is nothing but a spon-
taneous transformation of the initial Gaussian pulse into a stationary wavepacket
during its nonlinear propagation in a dispersive medium, i.e., into a nonlinear coni-
cal wave. This spontaneous transformation is exemplified in the results of numerical
simulations shown in Fig. 3.3.
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(a) (b) (c)

(d)

(g)

(e) (f)

Fig. 3.3 Near-field intensity profile (shown in logarithmic scale over 6 decades) evolution of a
527nm, 200 fs Gaussian laser pulse undergoing filamentation in water at five different distances
just after the nonlinear focus at a 3cm, b 3.2cm, c 3.4cm, d 3.6cm, e 4cm. a to e include only
second order dispersion (k′′) effects. f is the same as e but the full material dispersion and plasma
generation are accounted for—see Sect. 3.2. g Far field (k⊥, λ) spectrum corresponding to the (r, t)
intensity profile shown in (e). Adapted from [26]

3.2 Numerical Model

Universal features of femtosecond filaments were observed in various experimental
conditions and often interpreted, if not predicted, by numerical simulations of a
unidirectional propagation equation coupled to a model for the material response.
Interestingly, the diversity of experimental conditions is covered by this versatile
model or family of models by simply modifying the parameters of the material
response and input condition. The key elements of this model are presented in this
section.
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The earliest numerical models describing the nonlinear propagation and filamen-
tation of ultrashort laser pulses were based on the nonlinear Schrödinger equation
for the pulse envelope [27–29]:

∂E

∂z
+ k ′

0
∂E

∂t
= i

2k0
Δ⊥E − i

k ′′
0

2

∂2E

∂t2
+ ik0

Δn

n0
E − α

2
E , (3.1)

where k0 = k(ω0), k ′
0 = dk/dω|ω0 and k ′′

0 = d2k/dω2|ω0 are derived from k(ω) =
n(ω)ω/c, and n(ω) denotes the linear refractive index of the medium, c is the speed
of light in vacuum. The term k ′

0∂E /∂t in Eq. (3.1) represents unidirectional propaga-
tion of the pulse at the group velocity k ′−1

0 . In practise, a Galilean change of reference
frame permits to express propagation equations as a function of the local time in the
pulse frame. The sign of the coefficient k ′′

0 ≡ d2k/dω2|ω0 determines whether dis-
persion is normal (k ′′

0 > 0) or anomalous (k ′′
0 < 0). Note that its sign also determines

the hyperbolic or elliptic nature of space and time couplings in Eq. (3.1), which are
responsible for spatiotemporal reshaping into nonlinear X- and O-waves, respec-
tively, as discussed in the previous section. The operator Δ⊥ denotes the transverse
Laplacian in the plane orthogonal to the propagation direction z.

The refractive index change reads

Δn = n2 I − ρe

2n0ρc
, (3.2)

where n2 denotes the nonlinear index coefficient, I ≡ ε0cn0|E |2/2, the laser pulse
intensity, ρe the electron density, ρc ≡ ε0mω2

0/e
2 the critical plasma density beyond

which the plasma becomes opaque to the laser radiation at frequency ω0 and ε0 is
the permittivity of free space. Equation3.1 is coupled with a rate equation describing
the generation of free electrons by multiphoton ionization

∂ρe

∂t
= R(I )(ρ0 − ρe), (3.3)

where ρ0 is the initial density of neutral molecules and R(I ) is the multiphoton
ionization rate of the molecules. Nonlinear losses due to ionization are accounted
for by the time- dependent coefficient α = I−1K�ω0(∂ρe/∂t) and K is the order of
the multiphoton ionization process. Group velocity dispersion is taken into account
at leading order.

Several assumptions are necessary to derive this model from Maxwell equations.
(i) Eq. (3.1) is a scalar equation, assuming a linearly polarized laser pulse that remains
linearly polarized along propagation. (ii) It is a paraxial propagation equation, assum-
ing that the divergence angle of the beam is small, which implies that the beam
cannot be tightly focused. (iii) Vectorial effects are neglected, consistently with the
first two assumptions. (iv) Propagation is assumed to be unidirectional, preventing
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situations where the pulse would be reflected on, e.g., an overdense plasma, to be
accurately described by this model. (v) A slowly varying envelope approximation is
used, meaning that pulses with broad spectral extent around the central frequency
cannot be accurately propagated. (vi) High order dispersion is neglected. (vii) Mul-
tiphoton ionization is assumed to be the dominant ionization process, limiting the
validity range of the model to intensities of a few tens of TW/cm2. (viii) The entire
modeling of the medium response is phenomenological.

In spite of these simplifying assumptions, this numerical model became a widely
used standard for the last decades in the field of nonlinear propagation and filamen-
tation of intense femtosecond laser pulse in transparent dielectric media with cubic
nonlinearity. This is certainly due to the fact that most of the simplifying assumptions
can be easily relaxed to generalize the NLS equation into a universal class of unidi-
rectional propagation equations. The use of the original model beyond its theoretical
validity limits was hence later justified by numerical simulations of more sophisti-
cated models that can be written in the form of a canonical propagation equation in
the spectral domain for the electrical field Ê ≡ Ê(ω, kx , ky, z)[30, 31]:

∂ Ê

∂z
= i K (ω, kx , ky)Ê + i Q(ω, kx , ky)

P̂NL
ε0

, (3.4)

where K (ω, kx , ky) ≡
√

ω2n2(ω)/c2 − k2x − k2y represents the propagation constant

for the modal components of the electric field, and Q(ω, kx , ky) ≡ ω2/2c2K
(ω, kx , ky). The nonlinear polarization PNL(t, x, y, z), whose spectral representa-
tion reads as P̂NL(ω, kx , ky, z), describes the nonlinear response of the material and
takes the form of constitutive relations linking PNL(t, x, y, z) to the electric field
E(t, x, y, z) including the carrier wave. Equation (3.4) encompasses all unidirec-
tional scalar propagation models that can be derived under various approximations.

Regarding approximations: Nonparaxial diffraction is taken into account by con-
struction. Pulses with broad spectral extension can be accurately described since
Eq. (3.4) is a carrier-resolving propagation equation for the electric field E(t, x, y, z).
If all the approximations listed above for the NLS equation are performed, Eq. (3.4)
is transformed into the NLS equation. If only a subset of approximations are per-
formed, it is transformed into one of the numerous generalizations of Eq. (3.1). For
instance, the pulse durationmay be no longer than a few optical cycles and the slowly
varying envelope approximation not valid, still Eq. (3.4) can be transformed into an
envelope equation if the envelope is evolving slowly along the propagation direction.
This less restrictive assumption is called the slowly evolving wave approximation
[32]. It permits the dropping of the carrier wave exp(−iω0t), which amounts to shift-
ing the spectrum of Ê(ω, kx , ky, z) by a quantity ω0 and to replacing E(t, x, y, z)
by the laser pulse envelope E (t, x, y, z) without changing the functional form of
Eq. (3.4). For numerical simulations, the universal form of Eq. (3.4) is very con-
venient since a single algorithm is then capable of solving all propagation models
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that Eq. (3.4) encompasses [31]. While Equation (3.4) is still written as a scalar
equation, vectorial effects can be accounted for, either by adding their contribution
to the nonlinear polarization [30] or by propagating appropriate components of the
Hertz vector potential [33] instead of Ê(ω, kx , ky, z). The dispersion landscape is
described exactly in the frequency domain by means of the k(ω) relation and not by
a Taylor expansion around a central frequency. As for the assumptions linked to the
medium response, they can simply be relaxed by modifying the medium response.

The derivation of the NLS Eq. (3.1) from Eq. (3.4) illustrates the last two
points: The paraxial approximation amounts to performing a small (k2x + k2y)-
expansion of K and Q as K ∼ k(ω) − (k2x + k2y)/2k(ω) and Q ∼ ω/2cn(ω), where
k(ω) ≡ n(ω)ω/c. In this case, under this approximation, Eq. (3.4) which is still a
carrier- resolving equation is transformed into the spectral representation of the for-
ward Maxwell equation [34]. The corresponding envelope propagation equation is
obtained by dropping the carrier wave [32]. The family of nonlinear Schrödinger
propagation equations is obtained by expanding k(ω) as a Taylor series around the
pulse carrier frequency ω0, as

k(ω) ∼ k0 + k ′
0(ω − ω0) + k ′′

0

2
(ω − ω0)

2 + k ′′′
0

3! (ω − ω0)
3 + · · · , (3.5)

and by truncating this expansion to the second order in (ω − ω0). Consistently with
the paraxial approximation, K and Q are Taylor expanded as K ∼ k(ω) − (k2x +
k2y)/2k0 and Q ∼ ω0/2cn0.

Limitations of the simple medium response model (3.2) and (3.3) can be over-
come by generalizing expressions for the nonlinear polarization in a form that still
distinguishes the responses of bound and free electrons:

PNL = Pbound + Pfree. (3.6)

The response of bound electrons includes two contributions to the Kerr effect:
A quasi-instantaneous electronic response and a delayed Raman response due to
rovibrational modes of the lattice. Assuming that the total cubic susceptibility χ(3)

is constant within the frequency range of interest, the nonlinear polarization induced
by bound electrons is expressed as a weighted sum of the delayed and instantaneous
contributions to the Kerr effect with susceptibility fractions α and 1 − α, respec-
tively:

Pbound = ε0χ
(3)

(∫ +∞

−∞
R(t − t ′)E2(t ′)dt ′

)
E(t), (3.7)

R(t) = (1 − α)δ(t) + αH(t)Ω exp(−Γ t) sin(Λt), (3.8)

where δ(t) is the Dirac delta function, H(t) is the Heavyside step function, andΩ =
Λ2+Γ 2

Λ
, with Γ and Λ being the characteristic frequencies for the Raman response of

the dielectric medium. The nonlinear polarization Pbound, is responsible for two of the
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most relevant effects in filamentation and supercontinuum generation: self-focusing
and self-phasemodulation (discussed in the previous chapter). For a carrier-resolving
model, this term also accounts for third harmonic generation and generation of other
loworder odd harmonics by cascaded four-wavemixing. For an envelope propagation
model designed to simulate the supercontinuum generation over a limited spectral
region, if no spectral overlap with the third harmonic is expected, it is sufficient to
replace the field squared E2(t) by the squared modulus of the complex envelope |E |2
in the nonlinear response.

The model for free electron generation can also be generalized since the propaga-
tion model only requires a constitutive relation for Pfree. Keeping the framework of a
rate equation describing the evolution of the plasma density ρe, the effects of optical
field ionization, avalanche ionization and plasma recombination can be modeled as

∂tρe = W (I )(ρnt − ρe) + σ

Ug
ρe I + ∂tρe|rec, (3.9)

where W (I ) denotes the intensity dependent photo-ionization rate, ρnt is the neutral
density in the valence band, Ug is the energy gap between the valence and the
conduction band and σ is the cross section for inverse Bremsstrahlung (avalanche
rate σ I/Ug). The response of free electrons is conveniently described by a current,
acting as a source term in the propagation equation. The total current is linked to
the nonlinear polarization induced by free electrons, Pfree, and is contributed by two
components:

∂t Pfree = Je + Jloss, (3.10)

∂t Je + νc Je = e2

m
ρeE, (3.11)

Jloss = ε0cn0
W (I )

I
Ug(ρnt − ρe)E . (3.12)

Equation (3.11) is based on theDrudemodel and describes themotion of electrons
accelerated by the laser field, undergoing friction at a rate of νc due to collisions with
ions. Jloss is responsible for the loss of energy necessary to ionize the medium and
is described by the phenomenological equation Eq. (3.12). As a source term in the
propagationEq. (3.4), Je is responsible for plasma defocusing and plasma absorption.

Illustrative results presented below or reviewed throughout this book encompass
a wide range of realistic experimental scenarios supported by numerical simulations
based on the above general propagation and laser–matter interaction model. Pulse
and material parameters are adapted case by case to each experimental situation. For
further details about the theoretical background, basic building blocks and tools to
perform numerical simulation with proper understanding of the underlying physical
effects, the reader is referred to Ref. [31]. A classification of various approaches
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to optical field evolution equations is also provided in Ref. [35], together with a
presentation of light–matter interaction models and methods that can be integrated
with time- and space-resolved simulations.

3.3 Supercontinuum Generation Under Normal GVD

Supercontinuum generation in the normal GVD region of wide bandgap dielectric
materials has received the largest theoretical and experimental attention. This is not
surprising since this spectral range spanning UV to near IR wavelengths is readily
accessible by modern femtosecond solid-state lasers and their harmonics.

In the region of normal GVD of dielectric media, the self-focusing dynamics and
spectral broadening at and beyond the nonlinear focus is accompanied by pulse split-
ting phenomena. Using propagationmodels of different complexity, pulse splitting in
dielectric media with normal dispersion was foreseen theoretically as a mechanism
which contributes to arresting the collapse of ultrashort pulses with input power just
slightly above Pcr [36–39]. The theoretical predictions were afterward confirmed
experimentally by means of autocorrelation measurements [40]. Pulse splitting was
further investigated by recording cross-correlation functions which confirmed the
numerically predicted asymmetry between the intensities of the split sub-pulses [41].
The detailed amplitude structure and phase information of the split sub-pulses was
retrieved from the frequency-resolved optical gating (FROG) technique [42], even-
tually establishing the general link between pulse splitting and SC generation [43].

On the basis of these findings and numerical simulation results, a temporal sce-
nario of SC generation in normally dispersive media was proposed [44], highlighting
the role of pulse splitting events. Self-phase modulation broadens the pulse spec-
trum and produces a nonlinear frequency modulation (chirp) in which red-shifted
and blue-shifted frequencies are generated at the leading and trailing parts of the
pulse, respectively. Pulse splitting at the nonlinear focus produces two sub-pulses
with shifted carrier frequencies. The split sub-pulses move in opposite directions in
the local frame of the input pulse, as illustrated in Fig. 2.6a. The velocity difference
between a pulse peak and its tails, due to the refractive index dependence on the inten-
sity, induces sharp intensity gradients (optical shocks) in the temporal profiles of the
sub-pulses. Pulse splitting is thus immediately followed by an explosive broadening
of the spectrum (Fig. 2.6a), produced by the latter self-steepening effect.

The asymmetry in experimentally measured shapes of the SC spectra can be qual-
itatively explained by the rather different self-steepening effects experienced by the
split sub-pulses. In the near-infrared spectral range, under typical focusing condi-
tions, a particularly steep edge is formed at the trailing edge of the trailing sub-pulse,
giving rise to a broad blue-shifted pedestal in the SC spectrum. In contrast, the self-
steepening of the leading front of the leading sub-pulse is less significant, resulting
in a rather modest red-shifted spectral broadening. Dedicated measurements of the
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spectral content of the split sub-pulses provided an experimental verification of the
connections between the leading and trailing sub-pulses and the red-shifted and the
blue-shifted spectral broadening [45]. The universality of this scenario of SC gener-
ation in normally dispersive media, accompanied by pulse splitting, is confirmed by
the apparent similarity of the spectral shapes of SC generated in various nonlinear
media.

3.4 Supercontinuum Generation in the Region
of Anomalous GVD

In 1990, Silberberg extended the concept of self-trapping of light beams to opti-
cal pulses propagating in dielectric media in the region of anomalous GVD [46].
By means of a space-time coordinate transformation reducing to a one dimensional
problemwith spherical symmetry the search for propagation invariant solutions to the
nonlinear Schrödinger equation, Silberberg found a three-dimensional (spatiotem-
poral) localized wavepacket that does not spread in space or time, which constitutes
the counterpart of the purely spatial Townes mode and is called a light bullet [46].
From this discovery, a qualitatively different temporal scenario of self-focusing and
femtosecond filamentation was foreseen in the range of anomalous GVD, suggest-
ing that the interplay between self-focusing, self-phase modulation, and anomalous
GVD may lead to simultaneous shrinking of the input wave packet in spatial and
temporal dimensions, potentially giving rise to self-compressed three-dimensional
self-trapped pulses [47]. Here, new red-shifted and blue-shifted frequencies, that are
generated by the self-phase modulation on the ascending (leading) and descending
(trailing) edges of the pulse, respectively, are swept back to the peak of the pulse,
instead of being dispersed as in the case of normal GVD.

A truly three-dimensional self-trapped pulse undergoing filamentation requires
that beam collapse due to Kerr self-focusing and pulse compression due to group
velocity dispersion follow the same rate in order to reach minimal dimensions at
the nonlinear focus. Since material parameters are not controllable, this is hardly
possible except in specific conditions for the pulse peak power, duration and beam
width. Nevertheless Moll et al. [47] identified a more generic scenario initiated by
a two-dimensional self-focusing stage and collapse, arrested by the formation of a
plasma, and followed by a continuous transfer of energy into the collapse region due
to the anomalous GVD. This resulted in a remarkable (almost 10 times) increase of
the filamentation length [47] before the beam eventually defocuses. The feasibility
of self-compressed objects was confirmed by numerical simulations of the earliest
[47, 48] and more recent experiments [49, 50], which predicted that pulse self-
compression down to a single optical cycle is possible.

The development of high-peak-power near- and mid-infrared ultrashort-pulse
laser sources, which are exclusively based on the optical parametric amplification
gave an experimental access to studyfilamentation phenomena in the range of anoma-



40 3 Femtosecond Filamentation in Solid-State Media

lous GVD of wide bandgap dielectrics and even semiconductors, whose zero GVD
wavelengths are located deeply in the mid-infrared. An ultrabroadband SC emission
[51] was observed by launching femtosecond pulses at 1.55 µm in fused silica. A
more recent study demonstrated filamentation of incident pulses with much longer
wavelength (3.1 µm) in a YAG crystal, yielding more than three octave-spanning
SC spectrum with unprecedented wavelength coverage from the ultraviolet to the
mid-infrared [52]. Eventually, simultaneous time and space compressionwas demon-
strated to favor a new type of filamentation, which produces propagation invariant
three-dimensional self-compressed light bullets that preserve a narrow beam diam-
eter and a short pulsewidth over a considerable distance in a nonlinear dispersive
medium [50]. The formation of self-compressed spatiotemporal light bullets was
experimentally observed in various nonlinear media, such as fused silica, sapphire
and BBO, and under a variety of operating conditions [53–57]. Light bullets in the
form of localized wavepackets as originally proposed by Silberberg are subject to the
same instabilities as the Townes mode [58]. For this reason, it came as no surprise
that experimentally observed light bullets were found to posses all the attributes of
weakly localized conical waves [54], thereby providing a universal description of
self-trapped filaments in normal and anomalous dispersion regions.

Figure 2.6c shows a numerical example illustrating the formation and propagation
dynamics of the self-compressed spatiotemporal light bullet in a sapphire crystal,
which is accompanied by the generation of an ultrabroadband SC (Fig. 2.6f), which
emerges at the point where pulse self-compression occurs.

3.5 Supercontinuum Generation Under Zero GVD

For commonly used wide bandgap dielectric materials, wavelengths corresponding
to zero GVD lie in the near-infrared spectral range between 1 and 2µm, see Table 4.1
in Chap. 4. To some extent, the combined properties of both normal and anomalous
GVDcharacterize the near-zeroGVD regime. In the time domain, the input pulse still
undergoes splitting at the nonlinear focus, as illustrated in Fig. 2.6b, and the post-
collapse dynamics are essentially similar to those observed in the case of normal
GVD shown in Fig. 2.6a. This is due to the fact that not only GVD can induce pulse
splitting but also nonlinear effects such as multiphoton absorption by acting on the
most intense part of the pulse [59]. Close to zero GVD, nonlinear absorption indeed
becomes the main responsible for pulse splitting and as it acts in the same way on the
initially symmetric leading and trailing edges of the propagating pulse, the spectrum
is broadenedmuchmore symmetrically than in the twoprevious propagation regimes.
Experimental measurements show that pulse splitting prevails even in the case of
weak anomalous GVD [60], where the amount of material dispersion is too small to
compress the spectrally broadened pulse.
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Fig. 3.4 Numerically
simulated axial
supercontinuum spectra after
4mm-thick sapphire crystal
in the cases of a normal
GVD, b zero GVD, c
anomalous GVD. The input
spectra are shown by the
dashed curves

(a)

(b)

(c)

Figure3.4 presents a comparison of the numerically simulated axial SC spectra
generated by self-focusing and filamentation of 100 fs pulses in 4mm-thick sapphire
crystal, in the regimes of normal (the input wavelength 800nm), zero (1.3 µm) and
anomalous (2.0 µm) GVD.

3.6 Conical Emission

As already underlined, observations of filamentation in various experimental condi-
tions indicated that the propagation dynamics excites nonlinear conical waves with
universal features, which are propagation invariant wavepackets likely to play the
role of attractors for the filamentation dynamics. The above filamentation and SC
generation scenarios could be generalized by employing the effective three-wave
mixing model, which provides the unified picture, connecting the spectral broaden-
ing on the propagation axis with colored conical emission [61, 62], which is perhaps
the most striking and visually perceptible evidence of SC generation in bulk media.
The spectral content and the angular distribution of the scattered waves satisfy phase-
matching conditions, which are defined by the chromatic dispersion, thereby provid-
ing a particular dispersion-defined angular landscape of scattered frequencies [63].
Experimentally, these landscapes could be retrieved by measuring the SC spectrum
with an imaging spectrometer [64]. Figure3.5a–c show the experimentally measured
angularly resolved SC spectra in water, which exhibit qualitatively different patterns
of conical emission in the range of normal and anomalous GVD [65]. More specif-
ically, in the range of normal GVD, off-axis (conical) tails emerge on both the blue
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Fig. 3.5 Experimentally
measured angle-resolved
spectra around the incident
wavelengths of 527nm and
1.055 µm that fall into the
ranges of a normal GVD,
b anomalous GVD of water,
respectively. Adapted from
[65]. c The entire
angle-resolved SC spectrum
in water as excited with
1.055 µm input pulses.
Adapted from [66]. d The
angle-resolved SC spectrum
as excited with 800nm input
pulses in sapphire. The white
solid curves indicate the best
fits obtained using the
X-wave relation. Adapted
from [67]. a and b reprinted
by permission of the Optical
Society of America, c and d
reprinted by permission of
American Physical Society

(a)

(c)

(d)

(b)

and red-shifted sides of the input wavelength, forming a distinct X-shaped pattern
of conical emission, as shown in Fig. 3.5a. In contrast, in the range of anomalous
GVD, conical emission pattern develops a multiple annular, or O-shaped structure
around the input wavelength, as illustrated in Fig. 3.5b. The entire angle-resolved
SC spectrum produced by filamentation of 1055nm laser pulses, whose wavelengths
fall into the range of anomalous GVD of water, is presented in Fig. 3.5c. It consists
of multiple annular structures around the carrier wavelength and a distinct V-shaped
tail in the visible spectral range [66]. Figure3.5d illustrates the entire angle-resolved
SC spectrum in sapphire, as generated by 800nm pulses, in the range of normal
GVD [67].

The shapes of angle-resolved SC spectra are universal for any other nonlinear
medium. These findings led to the interpretation of femtosecond filaments as conical
waves, assuming that the input wave packet will try to evolve toward a final stationary
state that has the form of either an X-wave in the range of normal GVD or an O-wave
in the range of anomalous GVD. Nonlinear X-waves [59, 68] and O-waves [21] are
named because of their evident X-like and O-like shapes, respectively, which appear
in both the near and the far fields. Moreover, the interpretation of light filaments
in the framework of conical waves readily explains the distinctive propagation fea-
tures of light filaments such as sub-diffractive propagation in free space [54, 67] and
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self-reconstruction after hitting physical obstacles [12, 13, 69], which are universal
and regardless of the sign of material GVD, and which were verified experimentally
as well. Therefore, all subsequent features of the filament propagation in the regime
of normal GVD, i.e., pulse splitting, conical emission, and any nonlinear interac-
tions, may be interpreted assuming the pulses as spontaneously occurring nonlinear
X-waves [70]. Consequently, the formation and propagation features of spatiotem-
poral light bullets in the regime of anomalous GVD, may be interpreted in terms of
nonlinear O-waves [54].
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23. Polesana, P., Dubietis, A., Porras, M.A., Kučinskas, E., Faccio, D., Couairon, A., Di Trapani,
P.: Near-field dynamics of ultrashort pulsed Bessel beams in media with Kerr nonlinearity.
Phys. Rev. E 73, 056612 (2006)

24. Valiulis,G.,Kilius, J., Jedrkiewicz,O., Bramati,A.,Minardi, S., Conti, C., Trillo, S., Piskarskas,
A., Di Trapani, P.: Space-time nonlinear compression and three-dimensional complex trapping
in normal dispersion. In: OSA Trends in Optics and Photonics (TOPS), Technical Digest of the
Quantum Electronics and Laser Science Conference (QELS 2001), vol. 57. Optical Society of
America, Washington DC, pp. QPD1012 (2001)

25. Di Trapani, P., Valiulis, G., Piskarskas, A., Jedrkiewicz, O., Trull, J., Conti, C., Trillo, S.:
Spontaneously generated X-shaped light bullets. Phys. Rev. Lett. 91, 093904 (2003)

26. Faccio,D., Couairon,A.,DiTrapani, P.: ConicalWaves, Filaments andNonlinear Filamentation
Optics Aracne Rome (2007)

27. Kandidov, V.P., Kosareva, O.G., Shlenov, S.A.: Influence of transient self-defocusing on the
propagation of high-power femtosecond laser pulses in gases under ionisation conditions.
Quant. Electron. 21, 971–977 (1994)

28. Mlejnek, M., Wright, E.M., Moloney, J.V.: Dynamic spatial replenishment of femtosecond
pulses propagating in air. Opt. Lett. 23, 382–384 (1998)

29. Chiron, A., Lamouroux, B., Lange, R., Ripoche, J.-F., Franco, M., Prade, B., Bonnaud, G.,
Riazuelo, G., Mysyrowicz, A.: Numerical simulations of the nonlinear propagation of fem-
tosecond optical pulses in gases. Eur. Phys. J. D 6, 383–396 (1999)

30. Kolesik, M., Moloney, J.V.: Nonlinear optical pulse propagation simulation: From Maxwell’s
to unidirectional equations. Phys. Rev. E 70, 036604 (2004)

31. Couairon, A., Brambilla, E., Corti, T., Majus, D., de O., Ramírez-Góngora, J., Kolesik, M.:
Practitioner‘s guide to laser pulse propagation models and simulation. Eur. Phys. J. Special
Topics 199, 5–76 (2011)

32. Brabec, T., Krausz, F.: Nonlinear optical pulse propagation in the single-cycle regime. Phys.
Rev. Lett. 78, 3282–3285 (1997)

33. Couairon, A., Kosareva, O.G., Panov, N.A., Shipilo, D.E., Andreeva, V.A., Jukna, V., Nesa, F.:
Propagation equation for tight-focusing by a parabolic mirror. Opt. Express 23, 31240–31252
(2015)

34. Husakou, A.V., Herrmann, J.: Supercontinuum generation of higher-order solitons by fission
in photonic crystal fibers. Phys. Rev. Lett. 87, 203901 (2001)

35. Kolesik, M., Moloney, J.V.: Modeling and simulation techniques in extreme nonlinear optics
of gaseous and condensed media. Rep. Prog. Phys. 77, 016401 (2014)

36. Chernev, P., Petrov, V.: Self-focusing of light pulses in the presence of normal group-velocity
dispersion. Opt. Lett. 17, 172–174 (1992)

37. Rothenberg, J.E.: Pulse splitting during self-focusing in normally dispersive media. Opt. Lett.
17, 583–585 (1992)

38. Rothenberg, J.E.: Space-time focusing: breakdown of the slowly varying envelope approxima-
tion in the self-focusing of femtosecond pulses. Opt. Lett. 17, 1340–1342 (1992)

39. Fibich, G., Papanicolaou, G.C.: Self-focusing in the presence of small time dispersion and
nonparaxiality. Opt. Lett. 22, 1397–1399 (1997)



References 45

40. Ranka, J.K., Schirmer, R.W., Gaeta, A.L.: Observation of pulse splitting in nonlinear dispersive
media. Phys. Rev. Lett. 77, 3783–3786 (1996)

41. Ranka, J.K., Gaeta, A.L.: Breakdown of the slowly varying envelope approximation in the
self-focusing of ultrashort pulses. Opt. Lett. 23, 534–536 (1998)

42. Diddams, S.A., Eaton,H.K., Zozulya,A.A., Clement, T.S.:Amplitude and phasemeasurements
of femtosecond pulse splitting in nonlinear dispersive media. Opt. Lett. 23, 379–381 (1998)

43. Zozulya, A.A., Diddams, S.A., Van Engen, A.G., Clement, T.S.: Propagation dynamics of
intense femtosecond pulses: multiple splittings, coalescence, and continuum generation. Phys.
Rev. Lett. 82, 1430–1433 (1999)

44. Gaeta, A.L.: Catastrophic collapse of ultrashort pulses. Phys. Rev. Lett. 84, 3582–3585 (2000)
45. Gaeta, A.L.: Spatial and temporal dynamics of collapsing ultrashort laser pulses. Top. Appl.

Phys. 114, 399–412 (2009)
46. Silberberg, Y.: Collapse of optical pulses. Opt. Lett. 15, 1282–1284 (1990)
47. Moll, K.D., Gaeta, A.L.: Role of dispersion in multiple-collapse dynamics. Opt. Lett. 29,

995–997 (2004)
48. Liu, J., Li, R., Xu, Z.: Few-cycle spatiotemporal soliton wave excited by filamentation of a

femtosecond laser pulse in materials with anomalous dispersion. Phys. Rev. A 74, 043801
(2006)

49. Chekalin, S.V., Kompanets, V.O., Smetanina, E.O., Kandidov, V.P.: Light bullets and super-
continuum spectrum during femtosecond pulse filamentation under conditions of anomalous
group-velocity dispersion in fused silica. Quantum Electron. 43, 326–331 (2013)

50. Durand,M., Jarnac, A., Houard, A., Liu, Y., Grabielle, S., Forget, N., Durécu, A., Couairon, A.,
Mysyrowicz, A.: Self-guided propagation of ultrashort laser pulses in the anomalous dispersion
region of transparent solids: a new regime of filamentation. Phys. Rev. Lett. 110, 115003 (2013)

51. Saliminia, A., Chin, S.L., Vallée, R.: Ultra-broad and coherent white light generation in silica
glass by focused femtosecond pulses at 1.5 µm. Opt. Express 13, 5731–5738 (2005)

52. Silva, F., Austin, D.R., Thai, A., Baudisch, M., Hemmer, M., Faccio, D., Couairon, A., Biegert,
J.: Multi-octave supercontinuum generation from mid-infrared filamentation in a bulk crystal.
Nature Commun. 3, 807 (2012)

53. Smetanina, E.O., Kompanets, V.O., Dormidonov, A.E., Chekalin, S.V., Kandidov, V.P.: Light
bullets from near-IR filament in fused silica. Laser Phys. Lett. 10, 105401 (2013)
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Chapter 4
General Practical Considerations

Supercontinuum generation in transparent bulk media results from femtosecond
filamentation, which involves a complex interplay among linear (diffraction and
GVD) and nonlinear effects (self-focusing, self-phase modulation, pulse-front steep-
ening, generation of optical shocks, multiphoton absorption/ionization, free-electron
plasma generation, etc.), which become coupled in space and time. Despite complex
fundamental issues, the practical setup for supercontinuum generation is amazingly
simple. It involves just a focusing lens, a piece of suitable nonlinear material and
a collimating lens. However, to generate stable and reproducible SC, a number of
important practical issues, which are universal and hold for any nonlinear medium
and at any input wavelength in the optical range should be taken into consideration.
This chapter provides an overview of relevant parameters of most frequently used
nonlinear materials, discusses the issues related to beam focusing geometry, and the
numerical aperture in particular, origins of SC instabilities, the effects on SC gener-
ation related to filament refocusing, and the pros and cons of SC generation in the
single and multiple filamentation regimes.

4.1 Materials

Proper choice of the nonlinear medium is the primary issue that guarantees the gen-
eration of stable and reproducible SC spectrum within a desired wavelength range.
In general, the spectral extent of the SC is defined essentially by the laser wavelength
and by linear and nonlinear properties of the medium, such as energy bandgap, trans-
parency range, nonlinear index of refraction, and the sign and amount of chromatic
dispersion, which possess fundamental mutual relationships. The experimentally
established dependence of the SC spectral width on the material bandgap suggests
that the broadest SC spectra with the largest blueshifts from the carrier wavelength
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could be attained in wide bandgap dielectrics [1, 2]. More precisely, a universal
parameter, which relates the material and laser parameters, i.e., the material bandgap
and the incident photon energy, is expressed through the order ofmultiphoton absorp-
tion: K = 〈Ug/�ω0〉 + 1, whereUg is the bandgap and �ω0 is the photon energy that
is inversely proportional to the laser wavelength. A large collection of experimen-
tal data shows that the threshold value for SC generation is K ≥ 3, so defining the
suitability of the particular nonlinear material for SC generation with a given pump
wavelength. This implies that no SC generation, or at least no appreciable spectral
broadening could be achieved in the regime of two-photon absorption.

Numerical studies demonstrated that besides the order of multiphoton absorption,
chromatic dispersion of thematerial is an equally important player, which determines
attainable both blue and redshifts of the SC spectrum. First, it was shown that larger
spectral broadening on the short-wavelength side is produced in the materials with
lower chromatic dispersion [3]. Second, a more recent numerical study of SC genera-
tion in various nonlinear materials using mid-infrared laser pulses uncovered that the
zero GVD wavelength may serve as a reasonably good indicator for attainable red-
shift of the SC spectrum [4]. These findings suggest that SC spectra with remarkable
redshifts could be generated in the nonlinear materials whose zero GVDwavelengths
are located in the mid-infrared.

Table4.1 presents relevant linear and nonlinear parameters of widely used nonlin-
ear dielectric materials, water and some popular nonlinear crystals with second-order
nonlinearity (BBO andKDP) that are used for SC generation.Modern amplified laser
sources, such as Ti:sapphire and Yb-doped lasers (Yb:KGW, Yb:KYW, Yb:fiber,

Table 4.1 Linear and nonlinear parameters of basic dielectric media used for supercontinuum
generation. Ug is the energy bandgap, the transmission range is defined at 10% transmission level
in a 1mm thick sample, n0 and n2 are linear and nonlinear refractive indexes, respectively, and are
given for λ = 800 nm, λ0 is the zero GVD wavelength. Reproduced from [5] with permission

Material Ug Transmittance n2 n0 λ0

eV µm ×10−16 cm2/W µm

LiF 13.6 0.12–6.6 0.81 1.39 1.23

CaF2 10 0.12–10 1.3 1.43 1.55

Al2O3 9.9 0.19–5.2 3.1 1.76 1.31

BaF2 9.1 0.14–13 1.91 1.47 1.93

SiO2 (FS) 9.0 0.18–3.5 2.4 1.45 1.27

KDP 7.0 0.18–1.55 2.0 1.50 0.98

H2O 6.9 0.18–1.3 5.7 1.33 1.0

YAG 6.5 0.21–5.2 6.2 1.82 1.60

β-BBO 6.2 0.19–3.5 5.2 1.66 1.49

BK7 4.28 0.3–2.5 3.75 1.51 1.32

KGW 4.05 0.3–5 11 2.02 2.2

YVO4 3.8 0.35–4.8 15 1.97
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etc.) provide high energy ultrashort pulses with durations ranging from a few tens
to a few hundreds of femtoseconds, with carrier wavelengths around 800nm and
1.03µm, respectively, which fall into the range of normal GVD of the vast majority
of listedmaterials. Second and third harmonic generation by these laser sources afford
obtaining femtosecond pulses in the visible and ultraviolet spectral range. Frequency
down-conversion techniques based on the optical parametric amplification and dif-
ference frequency generation, provide a great flexibility in the choice of accessible
wavelengths in the near- and mid-infrared, where the GVD of dielectric materials is
anomalous. Moreover, the availability of ultrashort pulses with longer pump wave-
lengths greatly extends the choice of suitable nonlinear materials for SC generation
beyond those listed in Table4.1, and include narrow bandgap dielectrics, soft glasses
and semiconductors, which posses remarkably broad transmission windows in the
mid-infrared, as will be discussed in more detail in Chap. 5.

Experimentally, a light filament and consequently, a SC is produced when the
incident beam power exceeds the critical power for self-focusing Pcr just by a rela-
tively small fraction (several tens of percents). The particular value of the input beam
power slightly depends on the external focusing geometry and the length of the non-
linear material. In the near-infrared spectral range, the typical values of Pcr in wide
bandgap dielectric media are of the order of several MW, that are easily achieved
with femtosecond laser pulses having energies in the range from a few microjoules
to a few hundreds of nanojoules. Figure4.1 illustrates the calculated critical power
for self-focusing in various dielectric materials for the input wavelengths of 800nm
and 1030nm, which are emitted by commonly used Ti:sapphire and Yb-doped fem-
tosecond lasers, respectively. Notice that Pcr scales as λ2, so filamentation and SC
generation threshold for ultraviolet pulses is notably reduced, while the opposite is
true for pulses in the mid-infrared.

Fig. 4.1 Critical power for
self-focusing in various
dielectric materials
calculated for Ti:sapphire
(800nm, solid curve) and
Yb-doped (1030nm, dashed
curve) laser wavelengths.
Reproduced from [5] with
permission
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4.2 External Focusing

External focusing of the input beam plays an important role concerning various
practical aspects of SC generation. Proper choice of the external focusing geometry
allows the setting of safe operating conditions and avoiding unwanted effects such
as optical damage of the material and enables to optimize the SC generation setup
for achieving stable and reproducible operation.

The optical damage of the medium is the major limiting factor to SC generation,
which dictates the focusing geometry of the incident pump beam. Typically, the
optical damage occurs either within the bulk at the vicinity of the nonlinear focus
or at the output face of the nonlinear medium, where the beam diameter shrinks
considerably due to self-focusing, and the beam is transformed into a narrow and
intense filament. Table4.2 provides the experimental single-shot surface damage
threshold values for some basic dielectric materials, as measured with 500 fs pulses
at 1030nm [6]. Note that, the thresholds for optical damage are provided for a single-
shot irradiation, and do not account for the optical degradation of thematerials (due to
color center formation, etc.) exposed tomultiple repetitive pulses. In the femtosecond
range, the optical damage threshold scales with the material bandgap and input pulse
duration tp, which for oxides is expressed by the empirical relation [7]:

Fth(Ug, tp) = (c1 + c2Ug)t
κ
p , (4.1)

where c1 = −0.16 J cm−2 fs−κ , c2 = 0.074 J cm−2 fs−κ eV−1, and κ = 0.3.
Experimental and numerical studies of the laser-induced damage threshold of

various optical materials have been performed in a range of wavelengths from the
near-infrared to the ultraviolet, showing rather complex dependences on the material
bandgap and incident wavelength [8]. As a general rule, all the materials are prone to
optical damage in the ultraviolet, and the damage threshold increases with increasing
incident wavelength.

Considering the above, setting proper external focusing condition (the numerical
aperture of the input beam, NA) is of major importance as it will prevent optical
damage of the material in the SC generation process [9, 10]. As a general example,
Fig. 4.2 shows the experimentally measured threshold energies for SC generation
and optical damage in fused silica as functions of the numerical aperture [9]. In the
high NA regime (NA> 0.25), the optical damage occurs for the input pulse energies
below the energy corresponding to the critical power of self-focusing, so no SC
generation under such focusing condition is observed.Most of the pulse energy is thus

Table 4.2 Single-shot optical damage thresholds for some dielectric materials, measured with 500
fs pulses at 1030nm [6]

Material YAG Al2O3 SiO2 CaF2 LiF BaF2

Fth, J/cm2 7.5 5.36 4.85 5.17 4.43 2.91
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Fig. 4.2 Energy thresholds
for the optical damage (open
circles) and supercontinuum
generation (filled circles)
measured in UV-grade fused
silica with 60 fs, 800nm
laser pulses versus numerical
aperture. The curves serve as
guides for the eye. Adapted
from [9] and reprinted by
permission from the Optical
Society of America

deposited into the material at the focal volume through the multiphoton absorption
and subsequent absorption by free-electron plasma via the inverse Bremsstrahlung
effect, representing a laser–matter interaction regime that is commonly exploited for
micromachining of transparent bulk materials. In the NA range from 0.15 to 0.05, the
threshold energies for SC generation and optical damage are very close. In particular,
for NA< 0.1, the SC is generatedwithout the optical damage in a single-shot regime,
however, the damage accumulates under multiple shot exposure, causing the SC to
disappear over time. Finally, with NA below 0.05, it is still possible to damage
the medium, but only by increasing the input pulse energies significantly above the
threshold for SC generation, hence constituting the “safe” operating condition for
SC generation.

Typically, the incident pump beam is externally focused to a diameter of 30–
100 µm, which guarantees the location of the nonlinear focus inside the nonlinear
mediumof severalmmthickness, as could be fairly correctly estimated fromEq. (2.7).
In practice, the position of the nonlinear focus could be rather precisely estimated by
monitoring the filament-induced luminescence trace from the side view of the nonlin-
ear material. Filament-induced luminescence originates from the relaxation of elec-
tron excitations by the multiphoton absorption and inverse Bremsstrahlung effect.
The perceptible color of filament-induced luminescence depends on the material, but
is almost independent on the pump wavelength. For instance, YAG and sapphire pro-
duce broadband ultraviolet luminescence, associated with exciton and antisite defect
emissions in YAG and F+ center emissions in sapphire, whose long-wavelength
side extends into the visible range, appearing as a faint blue-violet trace seen by the
naked eye, see e.g., [11, 12]. Impurities or dopants (e.g., Ti ions in sapphire, Nd,
Yb, etc., ions in YAG) produce particularly strong luminescence in the visible range,
while luminescence in direct bandgap semiconductors corresponds to the bandgap
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Fig. 4.3 Composite image
of the luminescence traces
inside a sapphire crystal
versus the input pulse energy,
as induced by filamentation
of 210 fs, 1.3 µm laser pulse
with a 23 µm FWHM spot
size of the input beam. The
laser beam propagates from
left to right; z = 0 mm and
z = 4 mm correspond to the
input and output faces of the
crystal, respectively

edge emission. Whatever is the mechanism of filament-induced luminescence, it
readily serves to map the intensity variation within the light filaments, allowing the
observer to monitor the filament formation dynamics, and to estimate a number of
relevant parameters, such as filament diameter, peak intensity, and free electron den-
sity [13]. An example of filament-induced luminescence traces in a sapphire crystal
is presented in Fig. 4.3. The most intense part of the luminescence trace indicates
the highest intensity and hence the position of the nonlinear focus: note how the
nonlinear focus moves from the output face toward the input face of the crystal as
the input pulse energy increases. The intense green spots and more faint yellowish
spots close to the output and input faces of the crystal, respectively, are parasitic
reflections of the SC light. See also that no luminescence is produced for the input
pulse energies below ∼2 µJ, which is the threshold energy for filament formation
under given operating conditions.

In a practical setup, a variable density filter for fine adjustment of the pump pulse
energy is more preferable than a hard iris aperture, since in the latter case the energy
adjustment changes the NA of the input beam, thus altering the focusing condition.
Moreover, self-focusing dynamics of clean and truncated Gaussian beams are some-
what different; truncatedGaussian beam ismore sensitive tomodulational instability,
which leads to multiple filamentation if the input pulse power is sufficiently high.
Slightly converging or diverging laser beams may be also in use; then the position
of the nonlinear focus is defined by

1

z′
sf

= 1

zsf
+ 1

f
, (4.2)
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Fig. 4.4 Red-shifted
portions of SC spectra in
sapphire as functions of the
numerical aperture. Adapted
from [15] and reprinted by
permission from Springer
Nature

where f is the focal length of the focusing lens. Note that with converging input
beams, the nonlinear focus occurs before the geometrical focus. In the case of diverg-
ing input beams (the geometrical focus is located before the input face of the nonlinear
medium), the input pulse power should exceed Pcr by several times, since the self-
focusing effect should overcome the divergence of the beam. A recent study of SC
generation in water with converging and diverging input beams demonstrated that
the most favorable conditions for an efficient SC generation are achieved when the
focal plane of the input beam is located slightly before the input face of the nonlinear
medium [14]. In the case of low NA, in such focusing condition, a slightly diverging
input beam produces the SC with higher spectral energy density. On the other hand,
experimental observations suggest that by setting the geometrical focus of the input
beam inside the nonlinear medium, the energy threshold for SC generation could be
reduced by as much as 25%, compared with beam focusing onto the entrance face
of the sample.

Experiments also show that in a given normally dispersive nonlinear medium, a
considerable enhancement of the red-shifted broadening of the SC spectrum may
be achieved in loose focusing condition (NA < 0.01) [15, 16]. Figure4.4 shows an
example of this phenomenon, presenting experimentally measured red-shifted por-
tions of SC spectra generated with 800nm, 120 fs laser pulses in a sapphire crystal
under various NA.Numerical simulations revealed that enhanced red-shifted spectral
broadening stems from the increased nonlinear propagation of the leading sub-pulse,
which emerges after the pulse spitting event and which preserves a steep ascend-
ing front over a larger propagation distance than in the case of high NA focusing
conditions [15]. Interestingly, the blue-shifted spectral broadening is generally inde-
pendent on the external focusing condition and its short-wavelength cutoff remains
fairly constant.
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4.3 Stability Issues

Pulse-to-pulse fluctuations of the SC spectral intensity and long-term stability are
central aspects concerning many practical applications of the SC. The short and
long-term instabilities originate from rather different factors.

It is obvious that the stability of the incident pump pulse energy determines the
stability of the spectral components comprising the entire SC spectrum. It is widely
considered that under optimized pumping conditions, fluctuations of the SC spectral
intensity are very close to those of the pump pulse. Modern solid-state lasers provide
excellent pulse-to-pulse energy stability under long-term operation, with the root
mean square (RMS) fluctuations typically well below 1%, and so similar stability of
the SC radiation is achieved, see e.g., [17]. However, the experimental analysis has
shown that energy fluctuations of SC spectral components within selected narrow
spectral intervals have distinct minima that occur for different pump energies [16],
as illustrated in Fig. 4.5. These findings were confirmed by a more detailed statistical
study performed over the entire SCwavelength range, that capturedmultiple stability
and instability regions within the entire SC spectrum [18], as illustrated in Fig. 4.6.
The exact locations of these specific stability/instability regions depend on the pump
pulse energy; the existence of these regions is the signature of nonoptimal pump
energy. The instabilities become almost totally suppressed just as the optimal pump
pulse energy is set; usually, the optimal pump energy is justified by the saturation of
the blue-shifted spectral broadening.

More rigorous statistical analysis revealed that under nonoptimal pumping con-
ditions, e.g., slightly lower pump energy, which produces a slightly narrower SC
spectrum andwhich could be regarded as a transient stage of SCgeneration, the inten-
sities of the blue-shifted spectral components exhibit very large excursions from the
average values obeying non-Gaussian, the so-called extreme-value (or rogue wave)
statistics, producinghighly asymmetric statistical distributionswithwell-pronounced

Fig. 4.5 Fluctuations of
selected spectral components
of the SC generated by 150
fs, 775nm laser pulses in a
4mm YAG crystal versus the
pump pulse energy. The
dashed line marks the level
of energy fluctuations of the
pump pulse. Reprinted from
[16] by permission from
Springer Nature
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Fig. 4.6 a SC spectra in
sapphire as produced by 120
fs, 800nm laser pulses
(NA=0.01) with energies of
0.45 µJ (dotted curve) and
0.75 µJ (solid curve). b
Corresponding fluctuations
of the SC spectral intensity.
RMS fluctuations of the
input pulse are 0.4%, whose
level is indicated by a dashed
line at the bottom of the plot.
Adapted from the results of
[18] and reprinted by
permission from the Optical
Society of America

(a)

(b)

long tails [19]. In other words, such statistical distribution suggests that events with
very high spectral intensity occur muchmore frequently than could be expected from
normal-value (Gaussian) statistics. These peculiar statistical features originate from
the intensity and phase noise of the pump pulses, which are inevitably present and
hardly controlled in real experiments. The optimum pumping conditions imply that
these small fluctuations are efficiently suppressed by the intensity clamping effect,
and the resulting intensity fluctuations of the SC spectral components obey Gaussian
statistics over the entire wavelength range.

Several statistical studies have disclosed that spectral components of the SC are
correlated spectrally, temporally, and spatially, and these correlations exhibit complex
evolution as a function of the pump pulse energy [18, 20, 21]. Although physical
effects governing the observed complex correlation dynamics are not completely
understood, spectral correlations are qualitatively explained by four-wave mixing
[18], temporal correlations are attributed to abrupt processes of self-steepening [20],
while spatial correlations emerge as a result of spectro-spatial couplings in the SC
beam, which evolve in the filamentation process [21].

Long-term stability and reproducibility of the SC spectra are related mostly to the
optical degradation of the material (formation of color centers, permanent modifica-
tion of the refractive index, and eventually, the optical damage due to heat accumula-
tion), which develop under long-term irradiation by repetitive laser pulses. Typically,
with femtosecond pump pulses at 1 kHz repetition rate, the widely used sapphire and
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YAG crystals operate well in the static setup, whereas fluoride crystals, such as
CaF2, BaF2, MgF2, and LiF, which provide the SC spectra with the largest ultravi-
olet extensions, require continuous translation or rotation [22]. The problem of the
optical degradation becomes more severe for pumping with either long femtosec-
ond, sub-picosecond and picosecond laser pulses, or at very high (from multi-kHz
to MHz) repetition rates. So far, only YAG crystal demonstrated reliable operation
under these adverse pumping conditions.

4.4 Effect of Filament Refocusing

Under loose focusing conditions (for numerical apertures below 0.05), and for suffi-
ciently long nonlinear media and input beam powers exceeding Pcr by several times,
a femtosecond filament may undergo recurrent self-focusing cycles. The general
interpretation of self-focusing/refocusing cycles is based on the so-called dynamic
spatial replenishment scenario,which assumes alternating cycles of self-focusing due
to the Kerr effect and self-defocusing due to the free-electron plasma and which was
originally proposed as an alternative to the self-guiding scenario to explain long-
distance propagation of high power pulses in gaseous media [23]. A more recent
experimental and numerical study captured the entire spatiotemporal evolution of
light filaments versus the propagation distance in water and unveiled the intimate
connections between complex propagation effects: focusing and refocusing cycles,
nonlinear absorption, pulse splitting and replenishment, supercontinuum generation,
and conical emission [24]. More specifically, whenever a self-focusing ultrashort-
pulsed light beam approaches the nonlinear focus, multiphoton absorption attenuates
its central part and induces pulse splitting and reshaping into a ring-like structure, as
illustrated in Fig. 4.7a. With further propagation, the leading and trailing sub-pulses
having slightly different carrier frequencies depart from each other due to material
GVD, whereas the light contained in the ring replenishes the pulse on the propa-
gation axis, as shown in Fig. 4.7a. If the power of the replenished pulse is above
critical, the replenished pulse undergoes another self-focusing cycle, which results
in the pulse splitting at second nonlinear focus, as illustrated in Fig. 4.7b. The second
pulse-splitting produces yet another portion of the SC, and the resulting SC spec-
trum as well as the pattern of conical emission develop a periodic modulation, due
to interference between split sub-pulses originating from the first and the second
splitting events. After the second splitting event, pulse replenishment, refocusing
and splitting may repeat once again, producing a third splitting event, after which
the modulation in the SC spectrum has beatings contributed by the occurrence of a
tertiary split sub-pulses. The refocusing cycles may continue as long as the power
of the replenished pulse is still above critical. However, each refocusing cycle is
followed by a sudden decrease in the transmittance due to multiphoton absorption
and therefore the entire beam will continuously lose energy during propagation, and
eventually, a linear propagation regime is resumed.
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(a)

(b)

Fig. 4.7 a Experimentally measured spatiotemporal intensity profiles I (x, y, t) of an ultraviolet
filament in water at various stages of propagation after the first nonlinear focus, demonstrating pulse
splitting and replenishment. b Numerical simulation of temporal profiles for the axial intensity
distribution illustrating recurrent pulse splitting events associated with the nonlinear foci of a 90 fs
ultraviolet (400nm) laser pulse with 400 nJ energy propagating in a water cell. Adapted from [5]
with permission

Focusing/refocusing cycles could be readily visualized by monitoring the inten-
sity variation of the filament-induced luminescence traces from a side view of the
nonlinear medium, see e.g., [25–27]. Figure4.8 illustrates the above considerations
by comparing visually perceptible filamentation features and SC spectra in a YAG
crystal, as generated with 100 fs, 800nm input pulses with energies of 310 nJ (peak
power of 3.6 Pcr) and 560 nJ (6.6 Pcr), that induce a single self-focusing event and
refocusing of the filament, respectively. The single self-focusing event is visualized
by a gradually decaying filament-induced luminescence trace, whose most intense
part indicates the position of the nonlinear focus, as shown in Fig. 4.8a. In this case,
a featureless far-field pattern of SC emission (Fig. 4.8c) and a smooth SC spec-
trum (Fig. 4.8e) are produced. In contrast, the refocusing of the filament produces a
double-peaked luminescence trace, as shown in Fig. 4.8b, and results in the occur-
rence ofmodulation in the outer part of the far-field pattern of SC emission (Fig. 4.8d)
and periodic modulation of the SC spectrum (Fig. 4.8f). These indications are very
important from a practical point of view, since they allow us to easily identify the
recurrent collapse and pulse splitting events and optimize the operating conditions
for SC generation without employing complex experimental measurements.

Despite the differences of temporal dynamics in the filamentation regime in the
range of anomalous GVD, where pulse self-compression rather than splitting at the
nonlinear focus takes place, recurrent self-focusing cycles manifest themselves in
a similar manner [28, 29]. The refocusing event was shown to produce splitting
of the light bullet at the secondary nonlinear focus [30], while multiple refocusing
cycles were demonstrated to yield a sequence of quasi-periodic light bullets, each
of them resulting in the ejection of a new portion of the SC. However, the above
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Fig. 4.8 Luminescence
traces in a YAG crystal
produced by filamentation of
100 fs, 800nm input pulses
with energies of a 310 nJ, b
560 nJ, that represent a
single self-focusing event
and refocusing of the
filament, respectively. c and
d show the corresponding
far-field patterns of SC
emission, e and f show the
corresponding SC spectra.
Dashed curves show the
spectrum of the input pulse.
See text for details.
Reprinted from [5] with
permission

(a) (b)

(d)(c)

(e)

(f)

relationship between the filament refocusing and spectral broadening is truly valid for
filamentation of ∼100 fs and shorter input pulses, but appears qualitatively different
in the case of SC generation with relatively long femtosecond, sub-picosecond and
picosecond input pulses, as will be outlined in Sect. 6.3.

4.5 Multiple Filamentation

In the case of low numerical aperture, further increase of the pump pulse energy
typically leads to beam breakup into several or multiple filaments, which emerge
due to modulational instability that facilitates small-scale self-focusing of different
parts of the input beam. Although multiple filamentation creates an illusion of SC
energy scaling, beam breakup into multiple filaments results in deterioration of the
spatial uniformity of the output beam and the temporal structure of the pulse, and
eventually induces a considerable depolarization at various parts of the SC spectrum
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[31, 32]. From a general point of view, the spectral extent of each individual filament
is defined by a combined effect of the intensity clamping and the dispersion landscape
of the given nonlinear material, so no additional spectral broadening by increasing
the input beam power (the number of filaments) could be expected.

Multiple filaments may emerge in the form of either regular or irregular patterns,
whose spatial intensity distributions are governed by the input beam size, symmetry,
and smoothness. In particular, multiple filamentation induced by self-focusing of cir-
cular beams leads to non-reproducible irregular spatial distributions of the individual
filaments, whose number and locations vary from one laser shot to another, see e.g.,
[33]. In contrast, self-focusing of elliptic laser beams produces regular and repro-
ducible filament distributions in space: in the case of small input beam ellipticity
the emerging filaments reside on the major and minor axes of an ellipse [34], while
self-focusing of highly elliptic laser beams (e.g., as focused by a cylindrical lens)
produces filament arrays with almost regular spacing between the adjacent filaments,
each of them producing the SC [35]. Neighboring filaments exhibit mutual coher-
ence, and this feature is exploited for the production of arrays of coherent broadband
sources [36, 37]. Regular and well-reproducible multiple filamentation patterns were
also produced by meshes and grids superimposing a regular diffraction structure on
the input beams that act as seed cells dominating over random fluctuations in the
self-focusing process in various liquid and solid-state media [38–40]. Controlled
manipulation of the multifilamentation pattern demonstrating high- power SC gen-
eration without damaging the nonlinear medium was also reported using a microlens
array [41, 42].
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Chapter 5
Experimental Results

This chapter presents a comprehensive overview of the literature and up-to-date
experimental results on supercontinuumgeneration in commonly usedwide-bandgap
dielectric materials: water, fused silica, alkali metal fluorides, and laser host crystals,
achieved so far with a wide variety of pump wavelengths, ranging from the ultravio-
let to the mid-infrared, accessing the filamentation regimes under normal, zero, and
anomalous GVD in these materials. Alongside these results, the state of the art of
supercontinuum generation is presented for a number of less explored, but potentially
useful nonlinear materials: non-silica glasses, crystals with second-order nonlinear-
ity, semiconductors, narrow bandgap dielectric, and others, which are advantageous
for SC generation in the mid-infrared.

5.1 Water as a Prototypical Nonlinear Medium

Due to the absence of permanent optical damage and the possibility to easily vary the
medium thickness, liquids are regarded as attractive materials for many experiments
in ultrafast light–matter interactions and nonlinear optics in particular. Water occu-
pies an exceptional place among the other liquids because of its technological and
biomedical importance and therefore often serves as a prototypical nonlinearmedium
for studies of femtosecond filamentation and SC generation. Systematic studies of
the spectral broadening in water date back to the mid-1980s [1] and successfully
continue in the femtosecond laser era, see [2–5] for early accounts on femtosecond
SC generation in water and other liquids.

Generation of femtosecond SC in water was studied with pump wavelengths,
which cover almost its entire transparency range. With ultraviolet pumping, the
measured SC spectra in water covered the wavelength ranges of 290–530 nm [6]
and 350–550 nm [7], as reported with sub-100 fs pulses with wavelengths of 393 nm
and 400 nm, produced by frequency doubling the output of an amplified Ti:sapphire
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Fig. 5.1 Typical
supercontinuum spectrum in
water, as generated by
filamentation of 45 fs, 810
nm Ti:sapphire laser pulses
with an energy of 3 µJ in 2
cm-long water cell. Adapted
from [10]. Reprinted by
permission from Springer
Nature

laser, respectively, and under slightly different external focusing conditions. When
pumped in the visible spectral range, the SC spectrum from 400 to 650 nm was gen-
erated with 527 nm self-compressed femtosecond second harmonic pulses from a
Nd:glass laser [8] and from 450 to 720 nm with 594 nm pulses from a rhodamine 6G
dye laser [5]. A considerable effort was dedicated to study SC generation in the near
infrared under various operating conditions and external focusing geometries, using
the fundamental wavelength (around 800 nm) of Ti:sapphire lasers [9–13]. A typical
SC spectrum in water that covers the 400–1100 nm spectral range is illustrated in
Fig. 5.1. A broader SC spectrum spanning wavelengths from 350 to 1400 nm was
reported using a thin water jet instead of a thick cell [14].

In the range of anomalous GVD of water (for pump wavelengths longer than
1 µm), using 200 fs pump pulses with a central wavelength of 1.24 µm from a
Cr:forsterite laser system, the SC spectrum extending from 410 nm to above 1.6
µm was measured under pumping geometry that was optimized for achieving the
most stable SC output, by using a slightly diverging pump beam [15]. Although
rapidly increasing infrared absorption due to the presence of strong absorption bands
located at 1.46 and 1.94µm is considered as the main factor that limits the redshifted
broadening of the SC spectrum inwater, an unexpectedly broad SC spectrum, ranging
from 350 nm to 1.75 µm was reported using 1.3 µm pump pulses from an optical
parametric amplifier [16]. A more recent study demonstrated that under carefully
chosen experimental conditions, the absorption effects can be overcome using a
thin water jet, thus reducing the nonlinear interaction length just to a few tens of
micrometers [17]. Under these experimental settings, with the pump wavelength set
at 1.6 µm, a SC spectrum was produced, spanning more than two octaves from 300
nm to 2.4 µm.
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Table 5.1 Relevant linear and nonlinear properties of glasses used for SC generation: the energy
bandgap (Ug), transmittance, the nonlinear refractive index (n2), and the zero GVD wavelength
(λ0)

Material Ug eV Transmittance
μm

n2
×10−16 cm2/W

λ0 μm

Fused silica 9.0 0.18–3.5 2.4 1.27

ZBLAN 6.2 0.25–6.9 2.9 1.7

BK7 4.28 0.3–2.5 3.75 1.32

La glass 4.1 0.3–3.6 11.4 1.8

Te glass 3.5 0.38–6.15 25 1.95

As2S3 2.5 0.59–13 250 4.8

5.2 Glasses

Glasses constitute a large family of multifunctional optical materials, which find
diverse applications in contemporary optical sciences and technology. Table 5.1 pro-
vides relevant optical characteristics of commonly used glasses for SC generation.

Fused silica (SiO2) is often regarded as an etalon solid-state nonlinear medium
thanks to a large energy bandgap, a reasonably large nonlinear index of refraction,
high optical and mechanical quality, combined with precise knowledge of relevant
material parameters. At present, fused silica is often used in practical schemes for
pulse compression that involve self-phase modulation-induced spectral broadening,
see Sect. 6.2 for more details.

Spectral broadening and SC generation in fused silica was investigated using a
wide variety of pump wavelengths, ranging from the deep ultraviolet to the mid-
infrared. Only very slight spectral broadening around the carrier wavelength was
observed in the deep ultraviolet with femtosecond pump pulses at 248 nm from an
amplified excimer laser [18]. Spectral broadening to a similar extent was measured
using pump pulses at 262 nm, produced by frequency tripling of a Ti:sapphire laser
output [6]. More noticeable, but still modest spectral broadening in fused silica and
BK7 glass was reported with the second harmonic pulses (393 nm) of the Ti:sapphire
laser [6].With a pumpwavelength located in the visible spectral range, a SC spectrum
spanning wavelengths from 415 to 720 nm was generated with 250 fs pulses at 594
nm from a rhodamine 6G dye laser [5].

A large number of experiments on SC generation in fused silica were performed
with near-infrared pumping, using the fundamental harmonic of a Ti:sapphire laser
with input pulsewidths of 100 fs and shorter. A typical SC spectrum in fused silica
produced with∼800 nm pulses extends from 390 to 1000 nm, and is almost indepen-
dent on the operating conditions (pulsewidth, energy, numerical aperture and sam-
ple length used) [6, 19–24]. Somewhat narrower SC spectra were reported in BK7
[6, 25, 26] and ZK7 [27] glasses, which possess smaller bandgaps. On the other
hand, considerably broader SC spectra in silica glasses were produced by setting the
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Fig. 5.2 Supercontinuum spectrum in a 3-mm-long UV-grade fused silica sample pumped near its
zero GVD point by 1.3 µm, 100 fs, 1.9 µJ pulses from an optical parametric amplifier. The dashed
curve shows the input pulse spectrum. Reprinted from [29] with permission

pumpwavelengths close to or slightly above the zero GVDwavelengths [28, 30, 31],
which are located around 1.3 µm, see Table 5.1. Figure 5.2 shows an example of the
SC spectrum generated by 100 fs, 1.3 µm pump pulses in a 3-mm-thick UV-grade
fused silica sample.

A couple of SC generation experiments were performed with pump pulses whose
wavelengths fall into the range of anomalous GVD of fused silica, and uncovered a
number of universal features, which characterize the entire shape of the SC spectrum
in the spectral angular domain [32–34]. The angle-integrated as well as the axial
SC spectra show an intense peak located in the visible range (the so-called blue
peak), which is identified as an axial component of the conical emission and whose
blueshift increases with increasing the wavelength of the driving pulse [34, 35].
Various aspects of the spectral broadening and SC generation in fused silica, such as
energy content, stability of the carrier envelope phase, etc.,were studied in connection
to the formation and propagation dynamics of self-compressed spatiotemporal light
bullets, which emerge from favorable interplay between self-phase modulation and
anomalous GVD during the filamentation process [36, 37]. Experiments on self-
focusing and filamentation in fused silica of few optical cycle pulses with carrier
wavelengths of 2 µm [38] and 2.2 µm [39] reported ultrabroad SC spectra starting
from 400 and 370 nm on the short-wavelength side, respectively, and extending up to
wavelengths greater than 2.5 µm. More recently, the recorded dynamics of spectral
broadening in fused silica with a pump wavelength of 2.3 µm versus the input pulse
energy revealed that under given experimental conditions, there exists an optimum
pump pulse energy to obtain the broadest SC spectrum [40], as illustrated Fig. 5.3a.
Figure 5.3b shows the broadest SC spectrum generated with the input pulse energy
of 2.8 µJ, providing a continuous wavelength coverage from 310 nm to 3.75 µm,
which converts to 3.6 optical octaves and whose redshift extends slightly beyond the
infrared absorption edge of fused silica.

Various non-silica glasses currently receive increasing attention as very promis-
ing nonlinear media for SC generation, especially aiming at spectral broadening in
the mid-infrared spectral range. Using pump pulses at 1.6 µm from an optical para-
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Fig. 5.3 a Experimentally
measured spectral
broadening of 100 fs, 2.3 µm
laser pulse in a 3-mm-thick
fused silica sample versus
input pulse energy. The
spectral peak centered at 767
nm, which appears before
the onset of supercontinuum
generation, is the third
harmonic. b The broadest
supercontinuum spectrum
generated with the input
pulse energy of 2.8 µJ. Note
the intense blue peak
centered at 430 nm. The
input pulse spectrum is
shown by the dashed curve.
Adapted from [40].
Reprinted by permission
from the Optical Society of
America

(a)

(b)

metric amplifier, the SC spectra spanning wavelengths from 400 to 2800 nm were
reported in lanthanum glass [41]. An impressive spectral broadening was observed
in fluoride glass (ZBLAN) under similar pumping conditions; the authors measured
an ultrabroadband, more than 5 octaves-wide SC, covering almost the entire trans-
mission range of the material (0.2–8.0 µm) [42]. The so-called soft glasses hold a
great potential for SC generation in the mid-infrared spectral range. These materials
are widely exploited in modern optical fiber technology, however, bulk soft glasses,
such as tellurite and chalcogenide, also show very promising results. The SC spectra
extending from the visible to 6µm and from the visible to 4µmwere reported in tel-
lurite glass using pump pulses with central wavelengths of 1.6 µm [43] and 2.05 µm
[44], respectively. A spectrally flat SC in the 2.5–7.5µm range was produced in bulk
chalcogenide glass using pump pulses with a central wavelength of 5.3 µm [45]. SC
spectra with remarkable mid-infrared coverage from 2.5 to ∼11 µm were produced
in As2S3 and GeS3 bulk chalcogenide glass samples pumped by 65 fs pulses at 4.8
µm, that matched the zero GVD wavelength of As2S3 [46], see Fig. 5.4. Another
study reported on the generation of a mid-infrared SC extending from 2.44 to 12
µm in chalcogenide glass samples of various composition, when pumped with 70 fs
pulses with tunable carrier wavelength in the 3.75–5.0 µm range [47].
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Fig. 5.4 Supercontinuum
spectra produced by
filamentation of 65 fs, 4.8
µm pulses in 3.3-mm-long
samples of As2S3 and GeS3.
The inset shows measured
spectral transmission of the
samples. Reprinted from
[46] by permission from
Springer Nature

More recently, itwas demonstrated that changeof the composition of chalcogenide
glasses by introducing more polarizable elements favorably modifies their optical
properties by increasing nonlinearity and transmission windows and also shifting the
corresponding zero dispersion wavelengths farther into the infrared region, making
these materials well suited for broadband SC generation [48]. To this end, SC spectra
spanning more than 2 octaves with the redshifted spectral broadening reaching into
the far infrared were measured in GeSSe (in the 2.6–11 µm range), GeSe (2.6–
12µm), and TGG (2.5–16µm) bulk glass samples of 4 mm thickness, when pumped
by 65 fs pulses with carrier wavelengths of 4.5µm (for GeSSe andGeSe) and 7.3µm
(for TGG).

5.3 Alkali Metal Fluorides

Most alkali metal fluorides possess the largest bandgaps among solid-state dielectric
materials. Consequently, thesemedia exhibit extremely broad transparencywindows,
which extend from the vacuum ultraviolet to the mid-infrared (see Table 4.1 in
Sect. 4),making themvery attractive nonlinearmaterials for SCgeneration as pumped
with femtosecond laser pulses at various parts of the optical spectrum. In particular,
lithium and calcium fluorides, LiF and CaF2, are the only solid-state materials that
are able to produce an appreciable spectral broadening in the deep ultraviolet, as
demonstrated with third harmonic pulses from a Ti:sapphire laser serving as a pump
[6, 49]. When pumped with the second harmonic pulses from the same laser, the
measured SC spectra in these materials cover the ultraviolet and visible spectral
ranges [6, 50, 52].

Extensive experimental studies of SC generation in alkali metal fluorides were
performedwith fundamental harmonic pulses of theTi:sapphire laser,with an empha-
sis on the blueshifted (anti-Stokes) part of the SC spectrum, which is relevant for
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Fig. 5.5 Supercontinuum
spectra in CaF2, MgF2 and
LiF crystals, generated with
150 fs pump pulses at 775
nm. Adapted from [53].
Reprinted by permission
from Elsevier

a number of applications. A comparative study of the SC generation in CaF2, LiF
and MgF2 crystals demonstrated that LiF and CaF2 crystals produce SC spectra with
the largest frequency upshift on the ultraviolet side with cutoff wavelengths below
300 nm [53], as shown in Fig. 5.5. A similar trend regarding the blueshifted cutoff
wavelengths was confirmed by a more recent study; however, slightly longer cutoff
wavelengths were detected due to reduced dynamic range of the measurements [54].

Among the other alkali metal fluorides, CaF2 is identified as the most useful
material for stable SC generation in the ultraviolet and visible spectral range, as it
exhibits low induced depolarization [51, 52, 55] and excellent reproducibility of
the spectrum, which are important characteristics for femtosecond transient absorp-
tion spectroscopy, see, e.g., [49, 50, 56–58]. Moreover, owing to one of the largest
ultraviolet extensions, the SC spectrum in CaF2 was exploited for improvement of
performance characteristics and extension of the tuning range of ultraviolet-pumped
noncollinear optical parametric amplifiers [53, 59]. In the range of anomalous GVD
of CaF2, measurements performed with nearly two optical cycle (15 fs) pump pulses
with a central wavelength at 2µmdemonstrated an exceptionally flat shape of the SC
spectrum, yielding a broad plateau in the visible and near infrared, in the wavelength
range of 500–1700 nm [38]. However, apart from the aforementioned advantages,
CaF2 has a relatively low optical damage threshold, if exposed to repetitive pulses,
therefore a reliable and reproducible SC generation in this material is achieved only
in the setups where continuous translation or rotation of the crystal is performed.

Barium fluoride, BaF2, is a relatively inexpensive cubic crystal that serves as a
general-purpose optical window material that is transparent from the ultraviolet to
the long-wave infrared. BaF2 is widely exploited nonlinear medium for SC genera-
tion, however, due to its slightly smaller bandgap compared to CaF2, the SC cutoff
wavelengths in BaF2 are in the range of 320–350 nm, with pumping by fundamental
harmonics of Ti:sapphire lasers [54, 60, 61]. On the other hand, BaF2 is awell-known
scintillator possessing two strong luminescence bands centered at 200 and 330 nm.
The latter luminescence band was readily employed to map the intensity variation
within light filaments; in particular, a side view of six-photon absorption-induced
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luminescence allowed monitoring the filament formation dynamics, focusing and
refocusing cycles, and eventually estimating a number of relevant parameters, such
as filament diameter, peak intensity, free electron density, and multiphoton absorp-
tion cross section [62, 63]. From a practical viewpoint, SC generation in BaF2 was
used to provide a broadband seed signal for OPCPA pumped by high repetition rate
Yb:YAG thin disc regenerative amplifier; after amplification, the pulses were com-
pressed down to 4.6 fs, which is very close to the Fourier limit of the amplified SC
spectrum [64].

A number of experimental studies provide illustrative comparisons of the SC
spectra generated in CaF2 and BaF2 crystals using pump wavelengths in the near-
and mid-infrared spectral range. With pump pulses at 800 nm, SC spectra extending
from 300 nm to 2µm and from 320 nm to 1.98µmwere measured in CaF2 and BaF2
samples, respectively. An enhanced redshifted spectral broadening in these nonlinear
crystals was recorded using pump pulses at 1.38 µm [39]. Using pump wavelengths
of 2.1 and 2.2 µm, where both crystals feature anomalous GVD, combined data
from [39, 65] yield ultrabroad, multioctave SC spectra in CaF2 and BaF2, spanning
wavelengths from 340 nm to 3.3 µm and from 350 nm to 3.8 µm, respectively.

Experiments on SC generation in CaF2 and BaF2 with longer wavelength mid-
infrared pulses (tunable in the 2500–3800 nm range) reported a dramatic change of
the SC spectral shapes [66, 67]. These measurements showed that, for instance, with
pump pulses at 3 µm, SC spectra are no longer continuous, but are composed of two
separate bands, one located in the visible range (400–600 nm) and another in the
mid-infrared (1500–4500 nm), while the spectral components in the near-infrared
spectral range are practically absent or at least their spectral intensities fall below the
detection range. More recent spectral measurements with 3.5 µm pulses (Fig. 5.6),
performed over a higher dynamic range, revealed that the spectral discontinuity still
exists in CaF2, however, demonstrating more homogenous SC spectrum in BaF2,
which provided the spectral coverage from the visible to beyond 5 µm in the mid-
infrared [68].

AlthoughLiF possesses the largest (13.6 eV) bandgap among dielectric solid-state
materials and therefore produces the largest blue shifts of the SC spectra, formation of
persistent color centers in LiF is generally considered as amajor drawback to its prac-
tical application for SC generation. However, recent experiments with Ti:sapphire
laser pumping revealed that color centers only slightly modify the ultraviolet cut-
off (around 270 nm) of the SC spectrum on the long-term (during several hours)
operation [69].

An ultrabroad, almost 4 octave-spanning SC spectrum, continuously covering the
wavelength range from 290 nm to 4.3 µm (at the 10−6 intensity level) was reported
in LiF with 2.3 µm pump pulses, whose wavelength falls into range of anomalous
GVDof the crystal [40]. Interestingly, such an ultrabroadband spectrumwas recorded
in the presence of color centers. The recorded evolution of the SC spectra in time
revealed that spectral modifications due to the formation of color centers evolve on
a very fast time scale (just a few tens of laser shots at a 1 kHz repetition rate). After
a few thousands of laser shots, the SC spectrum eventually stabilizes and remains
unchanged during further operation. Figure 5.7 compares the SC spectra generated
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(b)

(a)

Fig. 5.6 Supercontinuum spectra generated with 60 fs, 31 µJ pulses at 3.5 µm in a CaF2 and b
BaF2, both of 4 mm thickness. Dashed curves show the input pulse spectrum. A deep double dip
around 4.25 µm is due to absorption of atmospheric CO2. The ranges of spectrometer detectors (Si,
Ge, PbSe) are indicated by color bars on the top. The insets show the visual appearances of the SC
beams in the far field. Adapted from [68]. Reprinted by permission from IOP Publishing

Fig. 5.7 A comparison of supercontinuum spectra in a 3.5-mm-thick LiF sample, produced by
filamentation of 100 fs pulses with wavelengths of 1.3 µm (gray curve) and 2.3 µm (black curve),
which fall into the ranges of zero and anomalous GVD of the crystal and with energies of 2.2 µJ
and 9.5 µJ, respectively. Spectra of the input pulses are shown by dashed curves. Reprinted from
[29] with permission
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in a 3.5 mm-long LiF plate by 100 fs pulses with wavelengths of 1.3 and 2.3 µm,
which fall into the ranges of zero and anomalous GVD of the crystal, respectively.
The spectra exhibit a stable ultraviolet cutoff at 330 nm, as defined at the 10−5

intensity level. A series of experiments on SC generation in LiF with wavelength-
tunable pump pulses from the optical parametric amplifier captured how the spectral
position of the detached blue peak (that corresponds to an intensified visible SC band
seen in Fig. 5.7) shifts from 270 to 500 nm while tuning the input wavelength from
3.3 to 1.9 µm [70, 71].

A more recent study has identified lead fluoride (PbF2) as very promising non-
linear material for SC generation owing to the relatively narrow bandgap (Ug = 5
eV), but very broad transparency window (0.29–12.5 µm) and large nonlinear index
of refraction (n2 = 11.7 × 10−16 cm2/W) of this cubic crystal. The broadest SC
spectrum spanning 4.7 octaves from 350 nm to 9 µm was produced using 180 fs,
1.6 µm pump pulses with the peak power greatly exceeding the critical power for
self-focusing, yielding multiple filaments that induce persistent waveguides in the
material [72].

5.4 Laser Hosts

Popular laser host crystals, such as undoped sapphire (Al2O3) and yttrium aluminum
garnet (Y3Al5O12, YAG) are excellent nonlinear media possessing high crystalline
quality, relatively large nonlinearities, andhighoptical damage thresholds. Therefore,
it is quite surprising that the potential of these nonlinear materials for SC generation
was generally overlooked in the early systematic studies on this topic. Nevertheless,
the first experimental demonstrations of SC generation in sapphire date back to 1994
[73, 74], revealing sapphire as a long sought solid-state material to replace at that
time commonly used liquid media, putting the technology of femtosecond optical
parametric amplifiers on all solid-state grounds, see also [75] for more details. Since
then, sapphire became a routinely used nonlinear medium for SC generation with
Ti:sapphire driving lasers, providing a high quality seed signal that is an indispensable
asset in modern ultrafast optical parametric amplifiers, see, e.g., [76].

Although sapphire is rarely used for SC generation with pumping in the visible
range, it produces an appreciable spectral broadening that is of importance for some
applications. In that regard, a SC spectrum from 340 to 650 nm was generated using
second harmonic pulses of an amplified Yb-fiber laser (515 nm) as a pump, which
was thereafter used to seed a noncollinear optical parametric amplifier pumped by
third harmonic (343 nm) pulses of the same laser, rendering a significantly enhanced
wavelength tuning down to the near-ultraviolet spectral range [77].

Using pump pulses at the fundamental harmonic of a Ti:sapphire laser (pump
wavelengths of around 800 nm) and under the commonly used operating conditions
(input pulse energy of ∼1µJ and material thickness in the range of 1–3 mm), a
typical SC spectrum produced in sapphire covers the wavelength range from 410
to 1100 nm [78–81]. A notable extension of the infrared part of the SC spectrum
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(a)

(b)

Fig. 5.8 a Black curve: supercontinuum spectrum from a 3-mm- thick sapphire sample with con-
ventional (tight focusing) pumping conditions (shown not to scale, shifted for clarity). Green curve:
supercontinuum spectrum from a 3-mm-thick sapphire sample with loose focusing condition. Blue
curve: supercontinuum spectrum from a 4-mm-thick YAG sample showing an improved photon
density in the infrared region. b Supercontinuum spectra generated in KGW (green curve), YVO4
(red curve) and GdVO4 (blue curve) crystals (all 4 mm thick) with the input pulse energies of 83 nJ,
59 nJ, and 78 nJ, respectively. Adapted from [78]. Reprinted by permission from Springer Nature

was demonstrated by employing a looser focusing geometry and somewhat longer
sapphire samples; under these operating conditions, an appreciable redshifted SC
signal extended to more than 1600 nm [78, 82], as illustrated in Fig. 5.8a, also
see Fig. 4.4 of Sect. 4. A broader, spectrally flat SC was produced using a pump
wavelength in the vicinity of the zero GVD point of sapphire (1.31 µm) [83]. Such
SC was used to seed the OPCPA system driven by diode-pumped Yb:KGW and
Nd:YAG lasers, finally producing carrier envelope phase-stable sub-9 fs pulses with
5.5 TW peak power at a 1 kHz repetition rate [84]. In the range of anomalous GVD
of sapphire, a SC spectrum spanning wavelengths from 470 nm to more than 2.5 µm
was reported with 15 fs pulses at 2 µm, however, showing a noticeable decrease of
the spectral intensity around 1 µm [38].

Another laser host material, YAG, exhibits outstanding mechanical, thermal and
optical properties, which make it versatile optical material that is widely used in
optoelectronics, laser physics, and nonlinear optics. These properties as combined
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with a cubic structure of excellent crystalline quality, resulting in the absence of
birefringence, in a large nonlinearity and high optical damage threshold makes YAG
a very popular nonlinear medium for SC generation. When pumped in the visible
spectral range (515 nm), YAG produces a narrower (390–625 nm) and more struc-
tured SC spectrum than that obtained in sapphire [77]. However, the advantages of
the YAG crystal show up with longer pump wavelengths. With near-infrared pump-
ing, YAG produces quite similar SC spectra as sapphire (420–1600 nm, with 800 nm
pumping), which exhibits higher spectral energy density in the wavelength range of
1.0–1.5 µm, as illustrated in Fig. 5.8a, and which is obtained with reduced, sub-μJ
pump energies [78] due to the twice larger nonlinear index of refraction of the crystal,
see Table 4.1 in Sect. 4. A comparative study of supercontinuum generation by fila-
mentation of 100 fs, 800 nm laser pulses in undoped, Nd-doped and Yb-doped YAG
crystals demonstrated that undoped and doped YAG crystals produce almost identi-
cal supercontinuum spectra, except for very fine features attributed to the absorption
of dopants, i.e., Nd ions in particular, which have multiple absorption lines in the
visible and near infrared [85]. Studies of SC generation with wavelength-tunable (in
the 1.1–1.6 µm range) pulses from an optical parametric amplifier, demonstrated
fairly stable short-wave cutoff at 530 nm and progressive extension of the long-wave
(infrared) part of the SC spectrum with increasing the pump wavelengths [78].

With pumping in the mid-infrared, in the range of anomalous GVD (for the pump
wavelengths longer than 1.6 µm), YAG shows an advantage over sapphire in pro-
ducing a more continuous and much flatter SC spectrum over its entire wavelength
range. The SC spectra extending from 510 nm to more than 2.5 µm were produced
with carrier envelope phase-stable 15 fs pulses at 2µm [38] and from 450 nm tomore
than 2.5 µmwith 32 fs pulses at 2.15 µm [86], both demonstrating preservation of a
stable carrier envelope phase of the broadband radiation. However, in these experi-
ments, the longest detectable wavelength was limited to 2.5µm. Spectral broadening
in YAG to a similar extent was reported with relatively long, 360 fs pulses with a
central wavelength of 1937 nmdelivered by a newly developed Tm:YAP regenerative
amplifier seeded by a Tm:ZBLAN fiber oscillator [87]. The entire extent of the SC
spectrum in YAGwasmeasured quite recently with 100 fs, 2.3µmpump pulses from
an optical parametric amplifier, yielding an almost four optical octave-spanning SC
with a continuous wavelength coverage from 350 nm to 3.8 µm [40].

With pump pulses of an even longer wavelength, 3.1 µm, delivered by a high
repetition rate OPCPA system, a multioctave (from 450 nm to more than 4.5 µm,
Fig. 5.9), carrier envelope phase-stable SCwas reported, potentially yielding a single
optical cycle self-compressed pulses at the output of the crystal, as predicted by
the numerical simulations [88]. The authors also performed a polarization analysis
of the SC and found that the induced ellipticity is below 0.1 across the entire SC
spectrum, showing only a weak dependence on the crystal orientation. This result
was confirmed by a systematic investigation of spatio-spectral polarization properties
of SC, analyzing both, the axial radiation and conical emission. No depolarization
of the supercontinuum, and no spatial dependence of polarization ratios for any
wavelength was observed, confirming that polarization is preserved in the process of
SC generation in cubic crystals [89].
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Fig. 5.9 Supercontinuum
spectrum generated by 3.1
µm, 2.6 µJ pulses in 2
mm-thick YAG plate (red
curve). The ranges of each
spectrometer/detector (Si,
InGaAs, and HgCdZnTe) are
indicated by color fills.
Superimposed is the
angle-integrated spectrum
from the numerical
simulation (blue curve).
Adapted from [88]

Last but not the least, sapphire and YAG crystals emerge as the only solid-state
materials that could be successfully used for SC generation with sub-picosecond and
picosecond laser pulseswithout incurring optical damage. These results are described
in detail in Sect. 6.3.

Finally, SC generation was also studied in a number of other laser host materials,
such as potassium gadolinium tungstate (KGd(WO4)2, KGW), gadolinium vanadate
(GdVO4) and yttrium vanadate (YVO4), being pumped by fundamental harmonics
of the Ti:sapphire laser [78]. These crystals exhibit very large nonlinear refractive
indexes, which result in very low critical powers for self-focusing, allowing SC gen-
eration with sub-100 nJ incident pulse energies using standard 100 fs, 800 nm pump
pulses. However, due to relatively small bandgaps and short-wave transmission cut-
off wavelengths located in the near ultraviolet, the achieved spectral broadening in
these materials was relatively modest. More specifically, SC spectra extending from
500 nm to 1150 nm in KGW, and from 550 to 1150 nm in GdVO4 and YVO4 crys-
tals, were measured, as illustrated in Fig. 5.8b. SC generation with 800–1500 nm
tunable pump pulses was also studied in various laser host crystals, such as gadolin-
ium orthosilicate (Gd2SiO5, GSO), gallium gadolinium garnet (Gd3Ga5O12, GGG),
lithium tantalate (LiTaO3, LTO), and lutetium vanadate (LuVO4, LVO) [90]. The
authors measured the anti-Stokes (blueshifted) parts of the SC spectra and recorded
fairly constant cutoff wavelengths of 450 nm in GSO and GGG, 550 nm in LTO
and 650 nm in LVO crystals. In a later study, spectral characteristics of the Stokes
(redshifted) parts of the SC spectra in these crystals were investigated with 800 nm
pumping, adding also tetracalcium gadolinium oxoborate (Ca4GdO(BO3)3, GCOB)
crystal to the above crystal list [91]. It was demonstrated that the redshifts of the SC
spectra increase markedly with increasing energy of the pump pulses. Owing to their
relatively large bandgaps (Ug > 5 eV), GSO, GCOB, and GGG crystals produced
SC spectra extending up to 1500 nm, whereas LVO and LTO crystals possess smaller
bandgaps and therefore produced rather modest redshifted broadenings, which were
limited to 1300 nm and 1150 nm, respectively.
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5.5 Crystals with Second-Order Nonlinearity

Noncentrosymmetric nonlinear crystalswhich possess second-order nonlinearity and
exhibit sufficiently large birefringence to provide phase matching, are indispensable
nonlinear media serving for laser wavelength conversion via nonresonant three-wave
interactions, such as second harmonic, sum and difference frequency generation,
and optical parametric amplification. The joint contribution of quadratic and cubic
nonlinearities adds a number of interesting and unique features to the SC generation
process in these crystals.

A couple of early works were devoted to study SC generation in noncentrosym-
metric crystals neglecting second-order nonlinear effects. To this end, femtosecond
filamentation in potassium dihydrogen phosphate (KDP) crystal by launching the
pump beam along the optical axis of the crystal was investigated experimentally
[92–94] and numerically [95] with a particular emphasis on polarization properties
of the generated SC. SC generation was also reported in lithium triborate (LBO) [96],
lithium niobate (LN) [97] crystals, and in α-barium borate (α-BBO) crystal, which
exhibits birefringence, but vanishing second-order nonlinearity [98]. A series of
experiments was carried out under conditions of phase-matched second-order non-
linear processes, reporting SC generation that was accompanied by simultaneous
wavelength-tunable second harmonic or sum frequency generation and wavelength-
tunable conical emission, as observed in basic nonlinear crystals, such as KDP [99,
100] and β-barium borate (β-BBO) [101, 102], and, more recently, in periodically
poled lithium tantalate (PPLT) [103].

A unique aspect of self-action phenomena in birefringent media, which possess
both quadratic and cubic nonlinearities, and which was generally neglected in the
above studies, is the so-called second-order cascading. The cascading effect arises
from the phase mismatched second harmonic generation, which leads to recurrent
energy exchange between the fundamental and second harmonic fields, imprinting
large nonlinear phase shifts on the interacting waves [104]. The cascading effect
mimics the Kerr-like behavior, which arises from the cubic nonlinearity and hence
produces a large cascaded nonlinear index of refraction, expressed as:

ncasc2 = − 2ωd2
eff

c2ε0n(ω)2n(2ω)Δk
, (5.1)

where deff is the effective second-order nonlinear coefficient, which sums all relevant
components of the quadratic nonlinear susceptibility, ω is the frequency of the fun-
damental wave, n(ω) and n(2ω) are the linear refractive indices of the fundamental
and second harmonic waves, respectively, Δk = k(2ω) − 2k(ω) is the wave vector
mismatch (or phase mismatch) parameter, expressed as k(ω) = ωn(ω)/c.

The sign and magnitude of the cascaded quadratic nonlinearity can be easily
varied by varying the phase mismatch parameter Δk, i.e., by rotating the crystal in
the phase matching plane or by changing its temperature. This feature is of particular
importance to the nonlinear dynamics of femtosecond pulses [105]. Figure 5.10
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Fig. 5.10 a Phase mismatch
parameter between the
fundamental (800 nm) and
second harmonic (400 nm)
waves in BBO crystal versus
the angle θ . b Nonlinear
refractive indices: intrinsic
(nKerr2 ), cascaded (ncasc2 ), and
effective (neff2 =nKerr2 +ncasc2 ).
The sign and magnitude of
the latter indicate relevant
self-action regimes

(a)

(b)

illustrates the phase mismatch parameter, and the calculated cascaded (ncasc2 ) and
effective (neff2 = nKerr2 +ncasc2 ) nonlinear indices of refraction of β-BBO crystal as
functions of the angle θ , which is the angle between the propagation direction and
the optical axis of the crystal.

There are two conceptually different ways how the second-order cascading may
be favorably exploited for the generation of broadband spectra in bulk nonlinear
crystals. The first approach makes use of the self-defocusing propagation regime,
which is achieved for a range of positive phase mismatch parameter values where
the cascaded nonlinear index of refraction, ncasc2 is negative and its absolute value is
greater than the intrinsic nKerr2 , so neff2 < 0. Under these operating conditions, spectral
broadening is achieved without the onset of beam filamentation and results in pulse
self-compression and temporal soliton generation, which in turn emerges from the
opposite action of self-phase modulation and material dispersion [106]. Numerical
simulations predicted that SC generation regime induced by soliton compression can
be achieved in a variety of nonlinear crystals, which possess normal GVD for the
pump wavelength [107]. Refer also to Sect. 6.2.2 where soliton compression due to
the interplay between the cascaded quadratic and cubic nonlinearities is discussed
in more detail. Numerical and experimental results show that the long-wavelength
side of the SC radiation could be enriched by the generation of broadband dispersive
waves located beyond the zero dispersionwavelength of the crystals: togetherwith the
soliton spectrum the dispersive waves contribute to an octave-spanning SC spectrum,
which extends from 1.0 to 4.0 µm in LN [108] and from 0.9 to 2.3 µm in β-
BBO [109] crystals. The self-defocusing propagation regime by cascaded second-
order nonlinearity was demonstrated to be beneficial for the generation of an octave-
spanning SC in structured bulk samples. In that regard, a SC spectrum spanning
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Fig. 5.11 Supercontinuum spectrum generated in a 2 mm-thick ZGP crystal cut at θ = 55◦ and
pumped by 67 fs pulses at 4.1 µm. The powers of the individual spectral components were deter-
mined using a short-pass (blue area) and long-pass (orange area) filters. The gray area shows the
spectrum of the LGS optical parametric amplifier. Adapted from [112]

from 1.1 to 2.7 µm was produced in an 11 mm-long periodically poled, Rb-doped
potassium titanyl arsenate (KTiOPO4) crystal, using 128 fs, 1.52 µm pump pulses
[110]. Alongside SC generation, an almost 7-fold self-compression of the pump
pulses down to 18.6 fs was measured.

More recently, this approach was applied to the nonlinear crystals that are trans-
parent in the mid-infrared. To this end, a SC covering the wavelength range from
1.6 to 7.0 µm was experimentally measured in a lithium thioindate (LiInS2) crystal,
using pump pulses in the 3–4 µm range [111]. In a similar phase matching configu-
ration, which utilizes the self-defocusing regime, a high average power SC spanning
more than two octaves (1.6–7.1 µm) was generated in chalcopyrite (ZnGeP2, ZGP)
crystal using incident pulses with a central wavelength of 4.1 µm and duration of
67 fs, delivered by a periodically poled lithium niobate (PPLN) optical parametric
amplifier pumped by a Kerr lens mode-locked Yb:YAG thin disc oscillator running
at 37.5MHz repetition rate [112]. If combined with the broadbandmid-infrared radi-
ation of LiGaS2 (LGS) optical parametric amplifier, the overall resulting spectrum
covers about 2.7 octaves with a reasonable power spectral density (Fig. 5.11).

The second approach makes use of the self-focusing propagation regime, which
leads to filamentation of the input beam. Here, the cascaded nonlinearity could be
used either to enhance (for negative Δk) or reduce (for positive Δk) the effective
nonlinear index of refraction, neff2 , which is kept positive, see Fig. 5.10. This unique
feature opens the possibility to perform the nonlinear interaction in a controlled
way. To this end, the interplay between the cascaded quadratic and intrinsic cubic
nonlinearities was favorably exploited to achieve filamentation and SC generation
with nearly monochromatic, 30 ps pulses from a Nd:YAG laser in a periodically
poled LN crystal, also demonstrating control of the SC spectral extent by tuning the
crystal temperature [113].

In the femtosecond regime, filamentation of 90 fs, 800 nm laser pulses in β-BBO
crystal produced the SC spectrum from 410 nm to 1.1 µm [114]. These experiments
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(b)

(a)

Fig. 5.12 Supercontinuum spectra in a 5-mm-thick β-BBO crystal produced by filamentation of
o-polarized 100 fs pulses at 1.8 µm for two different crystal orientations yielding a enhanced
(θ = 25.7◦) and b reduced (θ = 11◦) self-focusing due to second-order cascading. The input pulse
energies were 360 nJ and 1.35 µJ, respectively. Spectra of the input pulse and e-polarized second
harmonic are shown by dotted and dashed curves, respectively

also demonstrated efficient and robust control of the blueshifted portion of the SC
spectrum by tuning the angle between the incident laser beam and the optical axis
of the crystal, see Fig. 6.13 of Sect. 6.4.

In the region of anomalousGVDofβ-BBO crystal, a SC spectrum extending from
520 nm to 2.5µmwas generatedwith 1.8µmpumppulses from an optical parametric
amplifier, see Fig. 5.12. [115]. In this case, an ultrabroadband SC spectrum was
produced by formation of spatiotemporal light bullets, which experience more than
4-fold temporal self-compression from 90 fs down to 20 fs. Moreover, in the θ angle
range corresponding to enhanced self-focusing, where ncasc2 is positive and larger
than nKerr2 , a markedly reduced filamentation threshold was experimentally detected,
allowing SC generation at subcritical powers for self-focusing. On the contrary,
in the θ range corresponding to reduced self-focusing, SC generation is achieved
with notably elevated pump pulse energies, while the SC spectra in both cases are
pretty similar, as illustrated in Fig. 5.12. Interestingly, in the condition of enhanced
self-focusing, SC generation is accompanied by efficient generation of orthogonally,
e-polarized second harmonic, which exhibits a remarkably broad spectral bandwidth
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and giant spectral shifts from the expected second harmonic wavelength, as shown in
Fig. 5.12a.Theobserved spectral shifts of the secondharmonic are attributed to the so-
called self-phase matching [116], imposed by the formation of a spatiotemporal light
bullet at the fundamental frequency that carries a broadband spectrum. Using soliton
terminology, this process is equivalent to the soliton-induced sideband formation at
the second harmonic [117].

Similar results regarding the generation of cross-polarized SC components in β-
BBO and LN crystals were reported with few optical cycle pump pulses at 2.1 µm
[118]. However, due to its smaller bandgap compared to BBO, LN crystal produced a
notably narrower SC spectrum, whose blueshifted cutoff was measured just slightly
below 800 nm. Spectral broadening mediated by second-order cascading was also
reported under different experimental settings. Generation of an intense SC with
a spectrum between 1.2 and 3.5 µm and with sub-mJ energy input pulses at 1.5
µm was demonstrated in highly nonlinear organic DAST crystal [119]. A dramatic
spectral broadening of sub-two optical cycle pulses with a central wavelength of 790
nm was achieved in β-BBO crystal due to multistep cascaded difference frequency
generation producing an ultrabroadband spectrum in the 0.5–2.4 µm range [120].

5.6 Semiconductors

Compared with dielectrics, semiconductor crystals possess much larger cubic non-
linearities and extended transparency windows in the mid-infrared, and so emerge
as promising nonlinear media for hosting the nonlinear interactions in the near- and
mid-infrared spectral ranges, see Table 5.2 that compares relevant optical character-
istics of some popular semiconductor materials. SC generation in the mid-infrared
spectral range is currently receiving a growing attention due to its application for
spectroscopic studies in the so-called molecular fingerprint region as well as for the
generation of few optical cycle pulses in this spectral range, opening new experi-
mental avenues in strong-field physics. The feasibility of semiconductor materials
for SC generation in the mid-infrared spectral range was experimentally demon-
strated more than 30 years ago [121]. Here the authors studied spectral broadening

Table 5.2 Relevant linear and nonlinear parameters of some semiconductor materials. Ug is the
energy bandgap, transmittance is defined at 10% transmission level of 1 mm thick sample, n2 is the
nonlinear index of refraction, λ0 is the zero GVD wavelength

Material Ug eV Transmittance
μm

n2
×10−16 cm2/W

λ0 μm

ZnS 3.68 0.4–12.5 48 3.6

ZnSe 2.71 0.5–20 60 4.8

GaAs 1.42 0.9–17.3 300 6.0

Si 1.12 1.1–6.5 270 –
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of picosecond pulses at 9.3 µm from an amplified CO2 laser in gallium arsenide
(GaAs), zinc selenide (ZnSe), and cadmium sulfide (CdS) crystals. The broadest SC
spectrum, continuously covering the 3–14 µm wavelength range was reported in
a GaAs crystal. More recently, the SC generation experiment in GaAs crystal was
refined using a more modern CO2 laser system and reported a SC spectrum in the
2–20 µm wavelength range [122].

The real progress regarding SC generation in semiconductor media was achieved
quite recently, thanks to the development of femtosecond optical parametric ampli-
fiers and subsequent frequency downconversion techniques, such as difference fre-
quency generation,whichmade femtosecondmid-infrared pulses routinely available.
To this end, a SC spectrum spanning wavelengths from 3.5 to 7 µm was generated
in a 10-mm thick GaAs crystal, when pumped by 100 fs pulses with a central wave-
length of 5 µm, obtained by difference frequency generation between the signal and
idler pulses of near-infrared optical parametric amplifier pumped by a Ti:sapphire
laser [123]. A more detailed investigation of SC generation in GaAs crystal in a
similar setup was performed using 4.2–6.8 µm tunable pulses and reported spec-
tral broadening in the 4–9 µm range. The authors also reported pulse compression
down to sub-two optical cycle widths around 6 µm by performing external post-
compression of the spectrally broadened pulses in BaF2, CaF2, and MgF2 crystals,
featuring anomalous GVD in this wavelength range [124]. A much broader SC spec-
trum (3–18µm)was generated in a GaAs crystal when pumped by femtosecond laser
pulses with a central wavelength of 7.9 µm, which falls into the range of anoma-
lous GVD of GaAs [125]. Along with spectral superbroadening, simultaneous pulse
self-compression down to almost a single optical cycle was measured.

A series of interesting results were recently reported regarding SC generation in
zinc-blende semiconductor crystals. Femtosecond filamentation and spectral broad-
ening were studied in a ZnSe crystal using wavelength-tunable near-infrared pump
pulses and so accessing filamentation regimes under different orders of multiphoton
absorption [126]. The authors demonstrated that filamentation occurs only in the
regimes of three-photon absorption and higher, and observed how spectral broaden-
ing increases with increasing the incident wavelength, while no filamentation and
spectral broadening was observed with a pump wavelength of 800 nm, which corre-
sponds to the two photon absorption regime in ZnSe. Remarkably broad SC spectra in
zinc-blende semiconductor crystals were reported with ultrashort mid-infrared pump
pulses. More than three octave-wide supercontinuum, with the spectrum extending
from 500 nm to 4.5 µm was generated in a zinc sulfide (ZnS) crystal pumped with
27 fs pulses at 2.1 µm from the OPCPA system [65]. An ultrabroad SC spectrum
spanning wavelengths from 500 nm to 11 µm was generated in a 8-mm-long ZnSe
crystal using pump pulses of 65 fs duration with a central wavelength of 5µm, which
nearly matched the zero GVD wavelength (4.8 µm) of the crystal [127]. However,
such an ultrabroadband SC was produced in the multiple filamentation regime, as
verified by the measurements of the near-field intensity distribution of the SC beam.

Owing to the 4̄3m symmetry, zinc-blende semiconductors possess a nonzero
second-order nonlinearity, which could be very favorably exploited to assist spectral
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Fig. 5.13 Spectral dynamics
versus input pulse energy as
produced by filamentation of
100 fs, 2.4 µm pulses in a 5
mm-thick polycrystalline
ZnSe sample. Figure on top
shows the SC spectrum
generated with an input pulse
energy of 3 µJ. Adapted
from [129]. Reprinted by
permission from AIP
Publishing

broadening in polycrystalline forms of these materials. The polycrystalline structure
provides the so-called random quasi-phase matching, which stems from the disor-
der of tens-of-microns sized crystallites, greatly extending the limits of frequency
conversion that are imposed by the phase mismatch between the interacting waves
[128]. Greatly relaxed phasematching conditions enable a broadband frequency con-
version within a wide spectral range, therefore polycrystalline forms of zinc-blende
semiconductors offer interesting and useful features that accompany filamentation
and SC generation processes.

SC generation in a polycrystalline ZnSe sample of 5 mm thickness using 100
fs pump pulses with a carrier wavelength tunable in the 1.5–2.4 µm range was
investigated in the regimes of single and multiple filamentation [129]. In particular,
setting the pump wavelength at 2.4 µm, efficient generation of the second, third, and
fourth harmonics, whose spectral widths replicate the spectral broadening around the
carrier wavelength was observed, as illustrated in Fig. 5.13. Prominent broadband
spectral peaks at 1.2 µm and 800 nm correspond to the second and third harmonics,
respectively, while a weak peak at 600 nm corresponds to the fourth harmonics of the
incidentwavelength. Note how the spectral broadening around the carrierwavelength
is accompanied by the broadening of harmonics spectra, which eventually merge into
a broadband SC (shown atop of the Figure) covering the wavelength range from 600
nm to 4.2 µm, that corresponds to 2.8 optical octaves.

The contribution of harmonics generated via random quasi-phase matching to
the blueshifted portion of the SC spectrum becomes even more pronounced using
pump pulses with longer wavelengths. For instance, harmonic orders up to 6th were
produced by filamentation of 85 fs pulses at 3 µm in a 1-mm-thick polycrystalline
ZnSe plate [130]. Figure 5.14 presents SC spectra in polycrystalline ZnSe and ZnS
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Fig. 5.14 Supercontinuum
spectra in polycrystalline a
ZnSe and b ZnS samples, as
generated with 60 fs, 3.6 µm
pump pulses with an energy
of 0.73 µJ. Gray curves
depict the SC spectra in
2-mm-thick samples, while
solid curves show SC spectra
generated in 3-mm-thick
ZnSe and 4-mm-thick ZnS
samples. The input pulse
spectrum is shown by dashed
curve. Labels denote the
harmonics order. Adapted
from [131]. Reprinted by
permission from the Optical
Society of America

(a)

(b)

samples of various thickness, produced by filamentation of 60 fs, 0.73 µJ pulses
with a carrier wavelength of 3.6µm [131]. The output spectra produced in shorter (2
mm thick) samples consist of distinct multiple peaks, which correspond to multiple
even and odd spectrally broadened harmonics, as labeled on the top. In longer sam-
ples, spectral broadening of the individual harmonics and spectral broadening around
the carrier wavelength merge, eventually producing an almost uniform ultrabroad-
band SC spectrum. More specifically, a 3.3 octave-wide SC enhanced by harmonic
broadening, spanning the 0.5–5 µm wavelength range, was generated in ZnSe and a
3.6 octave-wide SC spanning the 0.4–5 µmwavelength range was produced in ZnS,
whose maximum blue shifts were limited to the short-wavelength transmittance edge
of the crystals. These results demonstrate a great potential of polycrystalline zinc-
blende semiconductors for SC generation that covers a remarkably broad spectral
range from the visible to the mid-infrared.

A recent numerical study of wavelength-scaled filamentation in ZnSe in the range
of anomalous GVD of the crystal (for incident wavelengths longer than 4.8 µm,
see Table 5.2) uncovered extreme self-steepening and optical shock of mid-infrared
and long-wavelength infrared femtosecond pulses, eventually leading to the forma-
tion of self-compressed light bullets with sub-cycle temporal widths [132]. Such
extreme pulse compression was demonstrated to produce SC spectra spanning mul-
tiple octaves and extending well beyond 15 µm on the long-wavelength side.
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5.7 Other Nonlinear Media

Acouple of other nonlinear materials were tested for SC generation. Only amoderate
spectral broadening of Ti:sapphire laser pulses at 800 nm was reported in dielectric
crystals possessing relatively narrow bandgaps, such as diamond (Ug = 5.47 eV).
Here, the measured SC spectrum showed a clear signature of stimulated Raman
scattering, while the measured spectral blueshift extended just slightly below 600
nm [133]. Under similar pumping conditions, somewhat broader SC spectra were
reported in calcite (CaCO3), which has a slightly larger bandgap (Ug = 5.9 eV)
[134]. An interesting experimental study on SC generation with femtosecond pulses
at 1.24 µm from a Cr:forsterite laser was performed in various aggregate states of
CO2: high-pressure gas, liquid, and supercritical fluid [135]. The authors reported
SC generation in the 0.4–2.2 µm range, and demonstrated that the SC spectral shape
is strongly dependent on pressure.

A comprehensive numerical study on SC generation in a variety of solid-state
nonlinear materials was performed with pump wavelengths set slightly above their
zero GVD points [136]. Numerical simulations predicted that filamentation of fem-
tosecond mid-infrared pulses in alkali metal halides, which possess extremely broad
mid-infrared transmittance and whose zero GVD points are located deeply in the
mid-infrared, are capable of producing multioctave SC spectra with remarkable red
shifts. For instance, the simulated SC spectra in sodium chloride (NaCl) and potas-
sium iodide (KI) using pump pulses with a carrier wavelength of 5 µm, cover the
wavelength ranges of 0.7–7.6 µm and 0.66–22 µm, respectively, demonstrating a
great, and yet experimentally unexplored potential of these materials for SC gener-
ation in the mid- and far-infrared spectral range.

To this end, a more recent experimental study has identified mixed thallium
halides: thallium bromoiodide (KRS-5) and thallium chlorobromide (KRS-6) as
attractive nonlinear materials, which have a great potential for SC generation in
the mid-infrared spectral range [137]. KRS-5 and KRS-6 are crystals with cubic
structure and are well-known as infrared window materials with relatively narrow
bandgaps (2.5 eV and 3.25 eV, respectively) and transparency ranges of 0.58–42 µm
and 0.42–27 µm, respectively, which extend into the far infrared. Almost 2 octave-
spanning SC spectra, covering the ∼1.5–5.5 µm wavelength range, were produced
by filamentation of 60 fs pulses at 3.1 µm in KRS-5 and KRS-6 samples of 6 mm
thickness, as illustrated in Fig. 5.15. Owing to large nonlinear refractive indexes of
refraction: 10.5 × 10−15 cm2/W for KRS-5 and 5.4 × 10−15 cm2/W for KRS-6, as
evaluated from measurements of the nonlinear transmission, filamentation and SC
generation in these materials was achieved with remarkably low input pulse ener-
gies: just several hundreds of nanojoules were required to produce a single filament,
while pulses with an energy of ∼1 µJ readily yielded beam break up into multiple
filaments. In light of these results, generation of even broader SC spectra could be



5.7 Other Nonlinear Media 87

(a)

(b)

(d)(c)

Fig. 5.15 Supercontinuum spectra in a KRS-5 and bKRS-6 crystals of 6 mm thickness, generated
by self-focusing of 60 fs pulses with a carrier wavelength of 3.1 µm in the regimes of single (black
curves) and multiple (gray curves) filamentation. The input pulse spectrum is shown by the dashed
curve. The narrow peaks at 1.03 µm correspond to the third harmonics of the pump. c and d show
typical intensity distributions of single and multiple filaments, respectively, measured at the output
of KRS-5 crystal. Adapted from [137]. Reprinted by permission from Elsevier

expected using femtosecond pump pulses with longer wavelengths, suggesting KRS-
5 and KRS-6 crystals as very attractive alternatives to soft glasses and semiconductor
crystals for SC generation in the mid-infrared spectral range.

References

1. Smith, W.L., Liu, P., Bloembergen, N.: Superbroadening in H2O and D2O by self-focused
picosecond pulses from a YAlG: Nd laser. Phys. Rev. A 15, 2396–2403 (1977)

2. Golub, I.: Optical characteristics of supercontinuum generation. Opt. Lett. 15, 305–307 (1990)



88 5 Experimental Results

3. He, G.S., Xu, G.C., Cui, Y., Prasad, P.N.: Difference of spectral superbroadening behavior
in Kerr-type and non-Kerr-type liquids pumped with ultrashort laser pulses. Appl. Opt. 32,
4507–4512 (1993)

4. Brodeur, A., Ilkov, F.A., Chin, S.L.: Beam filamentation and the white light continuum diver-
gence. Opt. Commun. 129, 193–198 (1996)

5. Wittmann,M., Penzkofer, A.: Spectral supebroadening of femtosecond laser pulses. Opt. Com-
mun. 126, 308–317 (1996)

6. Nagura, C., Suda, A., Kawano, H., Obara,M.,Midorikawa, K.: Generation and characterization
of ultrafast white-light continuum in condensed media. Appl. Opt. 41, 3735–3742 (2002)

7. Jarnac, A., Tamošauskas, G., Majus, D., Houard, A., Mysyrowicz, A., Couairon, A., Dubietis,
A.: Whole life cycle of femtosecond ultraviolet filaments in water. Phys. Rev. A 89, 033809
(2014)

8. Dubietis, A., Tamošauskas, G., Diomin, I., Varanavičius, A.: Self-guided propagation of fem-
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84. Budriūnas, R., Stanislauskas, T., Adamonis, J., Aleknavičius, A., Veitas, G., Gadonas, D.,
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Chapter 6
New Developments

Emerging applications in many fields of modern ultrafast science require high-power
broadband radiation and few optical cycle pulses that are generated by all-solid-state
technology and by relatively simple means. This chapter gives an overview of the
currently evolving research topics in SC generation that pursue power and energy
scaling, and control of SC radiation. A special emphasis is given to various extra-
cavity pulse compression and self-compression techniques which rely on spectral
broadening and SC generation in bulk solid-state media, and which currently receive
a great deal of revived interest. The physical picture of picosecond filamentation
and the experimental achievements reporting a series of exciting results on SC gen-
eration with picosecond laser pulses in solids without incurring optical damage of
the material are provided in detail. At the end, experimental results on SC genera-
tion with non-Gaussian (Bessel, Airy, and vortex) ultrashort-pulsed pump beams are
summarized. Finally, the techniques enabling broadband frequency up- and down-
conversion of the SC spectrum are presented.

6.1 Power and Energy Scaling

The energy, power, and spectral density of the SC radiation in the single filamentation
regime is limited by the intensity clamping effect, and these practically important
parameters could not be scaled by simple means. The straightforward increase of the
input pulse energy leads to beam break-up into multiple filaments, and the resulting
SC spectrum is a superposition of the SC spectra produced by individual filaments.
Although the formation of multiple filaments creates an illusion of power and energy
scaling of theSC radiation, it is achieved at the cost of unwanted degradation of spatial
and temporal coherence, see Sect. 4.5, therefore restricting the area of applications
of such broadband light.

Recently, a novel concept for the generation of high-power, high-energy SC in a
solid-state medium was proposed and demonstrated by using a series of distributed
thin plates instead of a single thick piece of bulk nonlinear medium [1]. The idea
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Fig. 6.1 a Output spectrum
as a function of the fused
silica plate number. Each
plate has a thickness of 0.1
mm. The far-field images of
the beam after spectral
broadening in b a sequence
of distributed four
0.1-mm-thick fused silica
plates, c a single piece of
fused silica of 0.5 mm
thickness. Adapted from [1].
Reprinted by permission
from the Optical Society of
America

(a)

(b) (c)

of this concept is that individual thin plates of the nonlinear medium are distributed
in space so that the pulse exits each plate with a broadened spectrum, but before
the onset of small-scale self-focusing and break-up of the high-power beam into
multiple filaments. The small-scale irregularities of the beam are then washed out by
diffraction during free-space propagation, before the beam enters the next plate. In
that way, after passing a sequence of plates, broadband radiation with high energy
and with a uniform spatial profile is produced at the output. Figure 6.1a shows
experimentally measured spectra of the incident 25 fs, 140 µJ laser pulses at 800 nm
in a sequence of 100 − µm-thick fused silica plates as functions of the plate number,
finally yielding an octave-spanning SC spectrum, which covers the wavelength range
from 450 to 980 nm after the fourth and final plate. At the output of the multi-plate
arrangement, the broadband radiation has a smooth far-field intensity distribution,
as shown in Fig. 6.1b, whose central spot contains 54% of the incident energy. This
configuration yields an almost 100-fold increase in spectral density over existing bulk
solid-state sources that employ a single filament for SC generation. For a comparison,
Fig. 6.1c shows the far-field image of the SC beam generated by self-focusing in a
single piece of fused silica of 0.5 mm thickness, showing the occurrence of a large
number of hotspots indicating beam break-up into multiple filaments.

The operation of the multi-plate arrangement was further studied by performing
numerical simulations and experiments, which demonstrate the scaling capability of
the input peak power up to as much as two thousand times the critical power for
self-focusing in a solid-state medium, keeping the overall energy transmission above
50% [2]. It was also found that the principal limitation in power scaling comes from
nonlinear effects in the atmospheric air, when the peak power of the input pulse
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(a)
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Fig. 6.2 Supercontinuum spectra generated in an arrangement of multiple alternating fused silica
and sapphire plates of 200 µm thickness each, with pump wavelengths of a 1400 nm, b 1700 nm,
which fall into the ranges of near-zero and anomalous GVD of the nonlinear media, respectively.
Adapted from [4]. Reprinted by permission from Springer Nature

exceeds the filamentation threshold for air before the pulse enters the first plate. In
the course of further development of the multi-plate technique, energy scaling of the
SC radiation to sub-millijoule (0.8 mJ) energy level was demonstrated with 30 fs
laser pulses at 790 nm in a sequence of seven fused silica plates with almost 90%
throughput efficiency [3].

The advantages of the multi-plate concept were also demonstrated by the gener-
ation of high-power broadband SC with wavelength-tunable pulses from an optical
parametric amplifier. More specifically, SC generation was performed in a sequence
of seven alternating UV-grade fused silica and sapphire plates of 200 µm thickness
using 60 fs input pulses with central wavelengths in the 1.2−1.75 µm range, so
accessing the regimes of near-zero to anomalous GVD of fused silica and sapphire
and with the pump pulse energies up to 0.5 mJ [4]. Figure 6.2 shows the SC spectra
as functions of the plate number, recorded with pump pulse wavelengths of 1.4 and
1.7 µm, which fall into the ranges of near-zero and anomalous GVD of the non-
linear media, respectively. An experimental comparison between the SC generated
in the multiple plate arrangement and continuous nonlinear medium showed that
the energy scaling is achieved without the degradation of the essential performance
characteristics, such as spectral width, pulse-to-pulse energy stability, and stability
of the carrier-envelope phase of the output pulses.

Remarkably, the cascaded spectral broadening in a distributedmulti-plate arrange-
ment was demonstrated to yield the SC pulse with a regular chirp, which is com-
pressible to a nearly transform-limited pulse using an external pulse compressor [1,
3]. Applications of the multi-plate concept for various schemes of extracavity pulse
compression are discussed in more detail in Sect. 6.2.1.
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6.2 Extracavity Pulse Compression

Extracavity pulse compression is based on increasing the spectral bandwidth via
self-phase modulation (SPM) in a nonlinear medium and subsequent removal of
the frequency modulation by using an appropriate dispersive delay line. This con-
stitutes a simple and robust method for obtaining few optical cycle pulses whose
spectral widths extend well beyond the gain bandwidth supported by the ultrashort
pulse lasers and optical parametric amplifiers. Historically, SPM-induced spectral
broadening in single-mode fibers in the wavelength ranges of normal and anomalous
GVD, in combination with either an external pulse compressor or making use of the
soliton compression effect, respectively, has been serving as an efficient technique
for production of the shortest pulses in the optical range for many years [5–7]. How-
ever, due to its small core area, a single-mode fiber is limited by material damage
and supports the propagation of very low (few nJ) energy pulses, and therefore many
other variants of pulse compression schemes relying on various nonlinearmedia have
been proposed since.

The advent of hollow-core fibers filled with noble gases at high-pressure boosted
remarkable progress in the development of extracavity pulse compression techniques
[8]. The hollow-fiber technique enabled the achievement of spectral broadening of
high-energy (of the order of several milijoules) laser pulses preserving a uniform
spatial profile. It took advantage of the chirped-mirror technology that offers disper-
sion engineering in the compression stage. Recent developments of this compression
technique are dedicated to further optimization of the compression setups aiming at
the reduction of unwanted nonlinear effects by creating a pressure gradient across
the beam path [9] or by employing photonic crystal fibers with a large hollow core
filled with a noble gas as a nonlinear optical medium [10]. On the other hand, self-
compression through filamentation of femtosecond pulses in the atmosphere was
demonstrated in the ranges of normal [11] and anomalous [12] GVD of air and,
due to its simplicity, may be considered as an attractive alternative to fiber-based
compression setups.

Pulse compression based on SPM-induced spectral broadening in a bulk solid-
state medium offers the advantages of a wide variety of suitable nonlinear materials,
technical simplicity, low cost, and easy implementation to virtually any existing
ultrashort pulse laser system, but requires proper managing of nonlinear effects in
the spatial domain [13, 14].Moreover, several methods of pulse compression that are
experimentally very attractive have been elaborated, where no additional dispersive
elements to compensate SPM-induced frequency modulation are required, as both
spectral broadening and temporal compression are performed within a single piece
of nonlinear material. This type of self-compression mechanism is often termed as
“soliton compression”, in analogy with temporal soliton generation in optical fibers.
The first method exploits the interplay between SPM via cascaded self-defocusing
second-order nonlinearity in non-centrosymmetric crystals and normal GVD of the
medium. The second method makes use of the SPM-induced spectral broadening in
bulk solid-state media with cubic nonlinearity featuring anomalous GVD, which can
be performed with or without beam filamentation.
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In the meantime, we are witnessing a revival of pulse compression techniques,
which pursue the generation of few optical cycle pulses at various parts of the optical
spectrum. These techniques are based on all-solid-state technology and inspired by
the development of novel ultrafast lasers and ultrashort-pulsed optical parametric
amplifiers. Recent experimental achievements suggest that extracavity pulse com-
pression employing spectral broadening in a bulk nonlinear medium could be easily
scaled in wavelength, and readily applied for a range of incident pulse widths varying
from sub-100 fs durations to a few picoseconds.

6.2.1 Pulse Compression Exploiting SPM in Normally
Dispersive Media

The vast majority of the ultrashort-pulsed lasers emit in the near infrared, where
dielectric bulk materials exhibit normal GVD, and therefore pulse compression is
performed in a “classical” way: the SPM-induced pulse chirp is removed by using an
appropriate dispersive delay line (pulse compressor), in which the optical paths are
organized so as to delay the fastest (red-shifted) and to advance the slowest (blue-
shifted) spectral components. This pulse compression technique attracts an increased
practical interest, in particular due to its applicability to novel Yb-based lasers, which
produce either relatively long (few hundreds of fs) femtosecond or sub-picosecond
pulses with very high average power. To this end, a sixfold spectral broadening
by self-phase modulation in a single 15-mm-thick quartz crystal and subsequent
chirped-mirror compression factors of about 6 with 60% throughput efficiency were
demonstrated with 250 fs pulses at 1.03 µm with 1.3 µJ energy and an average
power of 50W at a repetition rate of 38MHz from a mode-locked thin-disk Yb:YAG
oscillator [15]. Numerical simulations with input pulses of the same parameters
launched into the multi-plate setup predicted an even larger spectral broadening and
compressibility of the pulses down to 15 fs. In particular, these numerical simulations
revealed the useful role of the air gaps between the plates,which lead to homogenizing
of the spectrum over the beam profile and significantly reduce the nonlinear losses. A
combination of fiber and bulk compression techniques using the same laser oscillator
pulses yieldedwaveform-stabilized 7.7 fs (2.2 optical cycles) pulseswith an energy of
0.15µJ and an average power of 6W [16].More specifically, here, a two-step spectral
broadening was performed in an 8-cm-long large-mode-area photonic crystal fiber
and crystalline quartz plate of 5 mm thickness, each followed by a chirped-mirror
compressor.

A comprehensive study of the bulk compression in the ultraviolet spectral range
was performed in [17]. The third harmonic output of a Ti:sapphire amplifier (257 nm,
120 fs, 1.5µJ) was spectrally broadened in a 1-mm-thick CaF2 plate and compressed
down to 50 fs using a simple prism compressor, yielding a compression factor of
2.5 and energy transmission of 70%. The spectral broadening by a factor of ∼1.5
in CaF2 plates of 2 and 1 mm thickness was demonstrated with sub-30 fs frequency



100 6 New Developments

up-converted UV pulses from the visible noncollinear parametric amplifier at 273
nm and 313 nm, respectively. Compression of these pulses to nearly their Fourier
limit was performed by implementing an acousto-optical pulse shaper, yielding the
output pulses with durations of 20 fs and 15 fs at 273 nm and 313 nm, respectively.
However, only 10% overall energy transmission was measured due to high-energy
losses introduced by the shaper device.

Thanks to a wide choice of suitable nonlinear materials, bulk compression could
be efficiently performed in the mid-infrared spectral range as well. In that regard,
spectra spanning one octave were generated via SPM-induced spectral broadening
in a 7-mm-thick GaAs crystal using incident pulses with 80−190 fs duration and
carrier wavelengths tunable in the 4.2−6.8 µm range, obtained through difference
frequency generation by mixing the signal and idler waves from an optical paramet-
ric amplifier [18]. Spectrally broadened pulses were afterward compressed by the
propagation in CaF2, BaF2, and MgF2 plates of millimetric thickness, which provide
anomalous group velocity dispersion in this wavelength range. A suitable combina-
tion of different materials allowed precise tailoring of the dispersion profile over the
entire spectral bandwidth. In particular, more than fourfold compression of 120 fs,
5.9 µm input pulses was demonstrated, yielding sub-two optical cycle (29 fs) pulses
with a few µJ energy.

A combination of bulk compression and multi-plate concepts holds a great poten-
tial for energy scaling of the compressed pulses. In that regard, an almost 10-
fold increase of the spectral bandwidth of sub-picosecond (0.85 ps) pulses from
an Yb:YAG-Innoslab amplifier was reported in a multi-pass cell geometry, while
maintaining almost diffraction-limited beam quality [19]. A complete optical path
comprised 38 passes through a fused silica substrate with a total propagation length
of∼1 m in the nonlinear medium and∼20 m in free space. The spectrally broadened
pulses were compressed down to 170 fs by a dispersive mirror compressor, yielding
the output pulses with 375Waverage power at repetition rate of 10MHz. A relatively
simple and elegant demonstration of the multi-plate concept for pulse compression
was reported in an experiment where input 0.8 mJ, 30 fs laser pulses at 790 nm were
spectrally broadened in a sequence of seven identical fused silica plates of 100 µm
thickness each, and compressed using chirped mirrors down to 5.4 fs (two optical
cycles) with almost 90% throughput efficiency [3]. 280 fs pulses with a moderately
high energy (400 µJ) and average power (20 W), with a central wavelength of 1025
nm from an Yb:KGW laser, were spectrally broadened in a multi-plate medium con-
sisting of 6 mm of fused silica in total and compressed down to 50 fs using chirped
mirrors [20]. Addition of yet another cascade of a multi-plate medium that also con-
sisted of 6 mm of fused silica in total, enabled further compression of the pulses
down to 18 fs.

A record spectral broadening by a factor of 22was demonstrated in aHerriott-type
multi-pass cell, which uses a single, large-aperture nonlinear medium (fused silica)
allowing tens of passes through it with a compact footprint. Here, the output pulses
from a high-power thin-disk Yb:YAG oscillator were compressed from 220 fs to 18
fs, while maintaining an efficiency of over 60% at an average input power of 100 W,
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Fig. 6.3 Experimental setup for pulse compression down to a single-cycle limit. Two thin quartz
plates (of 50 µm thickness each) placed at Brewster angle around the focal plane of the loosely
focused beam are used to extend the pulse spectrum to more than a full octave. Compression is
achieved with chirped mirrors and thin fused silica wedges. The insets show a photograph of the
resulting beam with octave-spanning spectrum and the temporal profile of the compressed pulse.
Adapted from [22]

and an excellent output beam quality with M2 = 1.2 [21]. The broadest measured
spectrum supports a Fourier transform limit of 10 fs.

More recently, pulse compression down to a single optical cycle limit was demon-
strated in a very compact, simple, and cost-effective setup, which is depicted in
Fig. 6.3. The spectrum of 7 fs pulses with a central wavelength of 800 nm from
a high average power (10 W), high repetition rate (100 kHz) noncollinear optical
parametric chirped pulse amplifier is broadened to beyond one octave by exploiting
self-phase modulation in a pair of thin quartz plates and air. Pulse compression was
performed utilizingmultiple bounces off chirpedmirrors in a combinationwithmate-
rial dispersion of the air and thin fused silica wedges, yielding compressed pulses
with 3.7 fs duration (1.5 optical cycle) and a peak power of 26 GW, with excellent
wavefront characteristics and stable carrier-envelope phase [22].

Eventually, numerical simulations predict that multiple thin plates of the solid-
state medium separated by appropriate spatial filters could be employed to broaden
the spectrum of ultrahigh peak power pulses, yielding spectral bandwidths that are
compressible to few-cycle pulse widths, with undistorted output beam profiles that
are focusable to relativistic and ultrarelativistic intensities [23]. Very recently, exper-
iments performed with the HERCULES laser at the Center for Ultrafast Optical
Science (CUOS) at the University of Michigan Ann Arbor, and the LASERIX facil-
ity at the Université Paris-Sud in Orsay, France, reported on spectral broadening in
fused silica wafers of 0.5 mm thickness and compression of intense 55 fs pulses with
296 mJ energy to 31 fs [24].
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6.2.2 Soliton Compression Due to Second-Order Cascading

Historically, the first experimental demonstration of soliton compression in a bulk
medium dates back to 1995 [25], where the authors exploited the interplay between
self-phase modulation via second-order cascading due to phase-mismatched second
harmonic generation in a crystal with second-order nonlinearity (β-BBO), and nor-
mal GVD. A unique aspect of the second-order cascading is the possibility to obtain
large cascaded Kerr-like nonlinearity that can be adjusted in sign and magnitude by
varying the phase mismatch parameter (see Sect. 5.5 for more details). In particular,
this provides access to the self-defocusing propagation regime, where the total (or
the so-called effective) nonlinear refractive index is negative. As a result, the SPM
effect stemming from negative effective nonlinear index of refraction imprints a fre-
quency modulation that is compressible by the normal GVD of the material. Since
the self-focusing effect is readily eliminated in the spatial domain, this approach
has no fundamental limitation for the input pulse energy scaling, while the practical
limitations come just from the availability of suitable large-aperture nonlinear crys-
tals with second-order nonlinearity. This regime of soliton compression was widely
exploited for obtaining few optical cycle pulses in the near infrared, in the region
of normal GVD of popular nonlinear crystals, such as BBO [26–28] and LN [29].
More recently, an octave-spanning SC generation and a remarkable, almost sevenfold
soliton compression of 128 fs pulses at 1.52 µm down to 18.6 fs was demonstrated
in an 11-mm-long periodically poled, Rb-doped potassium titanyl arsenate (PPKTP)
crystal [30]. The power scaling of soliton compression was demonstrated using a
commercial Kerr-lens mode-locked thin-disk Yb:YAG oscillator which delivers 190
fs pulses with 90W average power. Using a BBO crystal, soliton compression of the
oscillator pulses down to 30 fs with 70 W average power was reported [31].

Interestingly, spectral broadening and SC generation in the soliton compression
regime is accompanied by the generation of a broadband dispersive wave, which lies
in the long-wavelength side of the spectrum, where the material GVD is anomalous
[32, 33]. Measurements show that this dispersive wave is chirped; therefore, using
an external pulse compressor, the dispersive wave alone could be compressed to the
transform limit, i.e., down to a few optical cycles, as suggested by its broad spectral
width. A comprehensive theoretical and numerical study predicted that such soliton
compression regime could be attained in the near- and mid-infrared spectral ranges
using a variety of nonlinear crystals with second-order nonlinearity [34].

Favorable conditions for soliton compression in crystals with the second-order
nonlinearity may be also satisfied in the spectral region where GVD is anomalous. In
contrast to the soliton compression mechanism that involves second-order cascading
to achieve the self-defocusing propagation regime in the range of normal GVD, this
particular case makes use of the second-order cascading to produce a large effective
self-focusing nonlinearity that facilitates self-compression in the range of anoma-
lous GVD. As in the case of isotropic nonlinear media (see the next section), beam
filamentation effects are avoided by choosing an appropriate input beam diameter,
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Fig. 6.4 Experimentally
measured a temporal and b
spectral dynamics of 68 fs,
73 µJ input pulses at 2.1 µm
in a 5.5-mm-thick BBO
crystal versus the crystal
rotation angle. The FWHM
diameter of the input beam is
1.03 mm, intensity
84 GW/cm2. Vertical line
indicates the perfect
phase-matching angle for
second harmonic generation
(θpm = 21.6◦). Adapted
from [35]. Reprinted by
permission from the Optical
Society of America

(a)

(b)

which guarantees an essentially one-dimensional (temporal) dynamics leading to
soliton compression without the onset of beam filamentation and associated nonlin-
ear losses.

Figure 6.4 shows the experimentally measured temporal and spectral dynam-
ics of 68 fs, 73 µJ input pulses in a 5.5-mm-thick BBO crystal versus the crystal
rotation angle [35]. The carrier wavelength (2.1 µm) of the input pulse was in the
region of anomalous GVD of the crystal (the zero GVD is at 1.49 µm), and the
self-compression was observed when the crystal was rotated out of the phase match-
ing for second harmonic generation (θpm = 21.6◦) so as to induce a large positive
effective nonlinear index of refraction. A more than threefold filamentation-free
self-compression from 68 to 22 fs was measured at 24.5◦ with an energy through-
put of 86.3%, where the energy losses originated just from Fresnel reflections from
an uncoated crystal sample and phase-mismatched second harmonic generation. A
threefold energy scaling using the same setup was demonstrated as well, yielding a
self-compressed pulse with a 4.5 GW peak power.

6.2.3 Self-compression Through Filamentation

Filamentation of femtosecond laser pulses in isotropic solid-state materials featuring
anomalous GVD provides a natural condition for pulse self-compression. In contrast
to filamentation in normally dispersive media, in the present case, the red-shifted and
blue-shifted frequencies that are generated on the ascending and descending pulse
fronts, respectively, are pushed back to the peak of the pulse by the anomalous GVD
of the medium. As a consequence, a simultaneous compression in the temporal
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and spatial domains occurs, giving rise to the formation of self-compressed light
bullets, which do not spread in time and space over long propagation distances
[37]. To this end, self-compression of near- and mid-infrared femtosecond pulses
down to a few optical cycles was experimentally demonstrated in the 1.8−3.9 µm
range in a variety of transparent dielectric media featuring anomalous GVD, such
as fused silica [36–39], sapphire[40], YAG [41, 42], CaF2, BaF2 [43], LiF [44], and
BBO [45]. However, despite its simplicity, self-compression through filamentation in
anomalously dispersive media has several drawbacks, whichmay appear undesirable
for a range of practical applications. First, filamentation does not allow energy scaling
of the self-compressed pulses and incurs significant energy losses due tomultiphoton
and plasma absorption. Second, an input Gaussian-shaped wave packet undergoes
dramatic reshaping in the spatial and temporal domains, so the self-compressed pulse
carries just a relatively small fraction of the incident energy [40].

6.2.4 Soliton Compression in Isotropic Nonlinear
Media with Anomalous GVD

A more practical realization of the anomalous GVD-induced self-compression
regime in isotropic nonlinear media relies upon using a shorter nonlinear medium
and a larger input beam, i.e., decoupling the temporal and spatial dynamics, which
then distinctly exhibit different length scales. As a result, the self-compressed pulse
is extracted before the catastrophic self-focusing and beam filamentation set in, min-
imizing or completely avoiding nonlinear energy losses, hence ensuring high-energy
throughput andmaintaining a homogenous beamprofile of the self-compressedpulse.
The possibility to self-compress the pulses by spectral broadening in media with
anomalous GVD was foreseen in the seminal paper of Rolland and Corkum [13],
but its practical realizations had to wait until suitable femtosecond laser sources
operating in the near- and mid-infrared were developed.

Numerical simulations predicted that filamentation-free self-compression in
isotropicmedia could yield pulse widths approaching a single optical cycle as long as
conditions for a one-dimensional propagation dynamics of the input pulse are main-
tained [46–48]. By choosing appropriately the nonlinearmaterial, the input beam size
and intensity, soliton compression could be relatively easily scaled in wavelength and
energy [49–51].

The feasibility of scaling of the soliton compression in solid-state media to multi-
millijoule energies and terawatt peak powers was experimentally demonstrated with
a hybrid OPA/OPCPA system operating at 3.9 µm. Here self-compression from 94
fs down to 30 fs (sub-three optical cycles) was achieved as a result of a favorable
interplay between a strong anomalous GVD and optical nonlinearity of a 2-mm-thick
YAG crystal located before the focal plane of a focusing lens [52], as illustrated in
Fig. 6.5. Energy losses during the self-compression process were measured to be as
low as 4%, and the self-compressed pulse maintained a homogenous spatial profile
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Fig. 6.5 a Sketch of the experimental setup illustrating a threefold self-compression of 94 fs, 21
mJ pulses at 3.9 mm, which is achieved in a 2-mm-thick YAG plate placed at a certain distance
from the focusing lens L1. Insets 1 and 2 show the beam profiles on the focusing lens and on
the output surface of the YAG plate, respectively. b temporal profiles of the input (dashed red
curve) and self-compressed (blue solid curve) pulses retrieved from SHG-FROG measurements
and c corresponding spectra. The dotted blue curves show retrieved temporal and spectral phases.
Adapted from [52]

and carried a 0.44TWpeakpower. The observedfilamentation of the self-compressed
pulses propagating in ambient air served as a convincing evidence for the increased
peak power and high pulse and beam fidelity.

Using a similar focusing geometry, the soliton compression mechanism was
demonstrated with systems of much simpler design based on optical parametric
amplification. To this end, self-compression down to sub-three optical cycle widths
of parametrically amplified difference frequency pulses in the 3−4 µm wavelength
range with several tens of µJ energy was demonstrated in YAG, CaF2, and BaF2
plates of millimetric thickness located before the geometric focus of a focusing lens
[53]. Figure 6.6a shows the pulse width and energy transmission as functions of
the position z of the CaF2 plate with respect to the geometric focus (z = 0 mm),
clearly distinguishing between self-compression regimes in the absence (lossless
self-compression, far from the geometric focus) and in the presence (in the vicinity
of the geometric focus) of filamentation. Figure 6.6b and c presents the spectrum,
temporal profile, and phase of a 31 fs pulse that is self-compressed in a 4-mm-thick
CaF2 plate located at 6.5 mm before the geometric focus. A smooth spatial profile
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(a)

(b) (c)

Fig. 6.6 Self-compression of 60 fs, 3.5 µm pulses in a 3-mm-thick CaF2 plate. a Pulse duration
(black curve) and energy transmission (red curve) as functions of the position z of the CaF2 plate
with respect to the geometric focus (z = 0 mm). The insets show the spatial intensity distributions
of the self-compressed pulses in the absence (z = −6.5 mm) and the presence (z = 0 mm) of
filamentation. b spectrum and c intensity profile and phase of 31 fs self-compressed pulse, retrieved
from SFG-FROG measurements. The dashed curves show the spectrum and intensity profile of the
input pulse. Adapted from [53]. Reprinted by permission from IOP Publishing

that is shown in the inset indicates the absence of filamentation. An energy through-
put efficiency of above 90% was measured under these operational settings, yielding
self-compressed pulses with sub-30 µJ energy, with the energy losses occurring just
due to Fresnel reflections from the input and output faces of the nonlinear crystal.
Fine management of the material nonlinearity and dispersion was demonstrated by
compressing mid-infrared multi-cycle pulses (120 fs, 149 µJ, 3.5 µm) from a KTA-
based optical parametric amplifier down to sub-two optical cycles (21 fs) using a
combination of distributed YAG and Si plates and a pair of CaF2 wedges with 83.5%
energy throughput for the full beam [54]. A chirp-free pulse with a nearly Gaussian
beam profile was obtained after additional spatial filtering, but at the expense of
approximately twofold losses in energy transmission. The measured fluctuations of
the carrier envelope phase stability of the self-compressed pulses were below 300
mrad (rms) attesting the robustness of that compression scheme.

The multi-plate setup that took advantage of soliton compression in the anoma-
lous dispersion regime was used to self-compress 19 µJ, 63 fs, 1.55 µm pulses
generated by an OPCPA pumped by a femtosecond ytterbium-doped fiber amplifier
system, down to a 22 fs pulse duration with an energy transmission of 73% [55].
Here, the self-compression was performed in a 2-mm-thick anti-reflection coated
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fused silica plate placed asymmetrically between the curved mirrors, so as to retain
temporal nonlinearities while homogenizing the spatial Kerr effect. The optical path
was adjusted for the beam to make 10 round trips, resulting in an overall propagation
distance in fused silica of 40 mm.

Due to technical simplicity and high-energy throughput, the soliton compression
appears beneficial for the development of tabletop, high-power attosecond solid-state
sources based on commercial laser technology. In that regard, self-compression of
mid-infrared pulses at 3.8 µm from 90 fs to 35 fs in a 2-mm-thick YAG plate was
demonstrated to increase the high-order harmonic yield by a factor of two and the
cutoff energy from the 15th to beyond the 17th harmonic in a ZnO crystal [56].

6.2.5 Other Compression Mechanisms

Several other mechanisms for pulse compression were demonstrated so far, which
either assist GVD-induced self-compression or rely on sole reshaping of intense laser
pulses due to absorption and defocusing by the free electron plasma that is formed in
the wake of the pulse. Pulse self-compression and spectral broadening was uncov-
ered for the propagation of intense (with intensities of a few TW/cm2) mid-infrared
pulses in a thin piece of a nonlinear medium (a ∼2 mm CaF2 plate) [57]. Here,
self-compression of the driving pulse was shown to occur due to the generation of
a free electron plasma, which absorbs and defocuses the trailing part of the pulse.
The plasma-induced pulse compression resulted in spectral broadening around the
carrier wavelength and facilitated large-scale spectral broadening of the third, fifth,
and seventh harmonic spectra via cross-phase modulation, eventually yielding an SC
spanning more than four octaves from the ultraviolet to the mid-infrared. Interest-
ingly, the overlapping spectra of odd harmonics resulted in a remarkable spectral
broadening into the deep ultraviolet, which extended well beyond the blue-shifted
cutoff of a typical SC spectrum set by the material GVD. Plasma-induced self-
compression along with broadband four-wave mixing was shown to dramatically
broaden the pulse spectrum in the mid-infrared, as demonstrated in a GaAs crystal
around its zero-GVD wavelength (6.8 µm) [58]. Supplementary post-compression
of an octave-spanning spectrum in a 0.5-mm-thick BaF2 plate yielded 20 fs pulse at
the output that is less than 0.9 electric field cycles.

Theoretical investigation of filamentationwithmid- and long-wavelength infrared
laser pulses in a ZnSe crystal, which features anomalous GVD for the input wave-
lengths, predicted generation of light bullets with sub-cycle temporal width. Self-
compression of the input pulses from 60 fs down to 15 fs at 8 µm and to 19 fs at
10 µm due to the collective action of extreme self-steepening, anomalous GVD, and
plasma was demonstrated by numerical simulations [59].
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6.3 Supercontinuum Generation with Picosecond Laser
Pulses

SC generation with picosecond laser pulses in a solid-state medium is a challenging
task, because of the competing effect of optical damage. Free electrons produced
by multiphoton absorption at the leading part of the pulse are efficiently accelerated
by the electric field of the trailing part of the pulse via the inverse Bremsstrahlung
effect and acquire sufficient kinetic energy to initiate the avalanche, which eventu-
ally produces the optical breakdown of the medium. Therefore, a conventional and
straightforward way for SC generation with picosecond laser pulses is to use liquids,
such as water, where no permanent optical damage occurs. This approach was widely
used in the past [60] and although seldom, it is still in use at present [61, 62]. SC
generation in liquids was demonstrated to work equally well with few picosecond
pulses from picosecond Ti:sapphire lasers [63], as well as with pulses of a few tens of
picoseconds from Nd:YAG [64], mainly serving to produce the seed for picosecond
(narrow band) optical parametric amplifiers.

The invention of the high-energy thin-disk oscillator and Innoslab laser amplifier
technologies as well as the advent of large-mode fibers boosted the development
of novel high repetition rate picosecond Yb-based solid-state laser sources emitting
around 1 µm. The progress in picosecond laser technologies in turn prompted a
renewed interest in SC generation with picosecond laser pulses in solid-state dielec-
tric media. This interest is largely inspired by the demand of a robust broadband all-
solid-state seeding source for compact, efficient, and inexpensive tabletop OPCPA
systems that are solely based on this new generation of picosecond laser sources and
provide few optical cycle pulses at the output.

The first studies aiming at stable SC generation with relatively long pulses in
solids were performed with Ti:sapphire laser pulses of variable duration, produced
via either spectral narrowing or pulse chirping [65, 66]. Owing to their high optical
damage thresholds, sapphire and YAG were identified as the most suitable nonlinear
materials for SC generation using sub-picosecond and picosecond laser pulses. The
follow-up experiments using genuine sub-picosecond pulses from Yb:KYW [67,
68], Yb:YAG [69, 70], and 1-ps pulses from Nd:glass [71, 72] lasers demonstrated
that under suitably chosen experimental conditions, a stable and reproducible SC
could be generated without damaging the nonlinear material.

A detailed experimental and numerical investigation of SC generation with
picosecond pulses revealed that the filamentation dynamics of a picosecond laser
pulse in a normally dispersive medium shows a number of distinctive differences
from filamentation dynamics of a femtosecond laser pulse [72]. These differences
originate from a larger amount of free electron plasma, which is very efficiently pro-
duced by the long pulse around the nonlinear focus. As a result, a picosecond-pulsed
laser beam undergoes a series of free electron plasma-driven transformations in space
and time, which are distributed in the course of pulse propagation in the nonlinear
material.



6.3 Supercontinuum Generation with Picosecond Laser Pulses 109

Fig. 6.7 Numerically
simulated dynamics of a the
beam radius and plasma
density, and corresponding b
temporal and c spectral
evolutions of a 1.3-ps,
1055-nm, 5.1-µJ laser pulse
versus propagation distance
in a YAG crystal. The input
pulse intensity is 300
GW/cm2. Arrows indicate
the nonlinear foci of the
beam. The SC is produced
after beam refocusing at the
second nonlinear focus,
where splitting of the
replenished pulse occurs
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As an example, Fig. 6.7 illustrates the dynamics of the beam diameter and plasma
density, and resulting evolutions of the temporal profile and spectrum of a 1.3 ps laser
pulse with a carrier wavelength of 1055 nm versus propagation distance in a YAG
crystal. In the vicinity of the (first) nonlinear focus, the free electron plasma, whose
highest density peaks on the propagation axis, absorbs and defocuses the rear part
of the pulse, inducing a considerable pulse shortening, and shifts the intensity peak
to the front of the pulse. In the spectral domain, this induces only a rather moderate
spectral broadening around the carrier frequency.As a result, no pulse splitting occurs
at the first nonlinear focus, where a large fraction of the pulse energy is completely
pushed out of the propagation axis, forming a ring-shaped intensity distribution at
the tail. As soon as the plasma density ceases, this ring-shaped structure replenishes a
short (femtosecond) pulse on the propagation axis. Thereafter, the replenished pulse
self-focuses at the second nonlinear focus, where the pulse splitting occurs, which
in turn produces the SC.

The uncovered picosecond pulse filamentation and SC generation scenario is
therefore markedly different from femtosecond filamentation. The temporal trans-
formations of the pulse at the nonlinear foci are in particular different since a fem-
tosecond wave packet collapses as a whole, producing pulse splitting at the nonlinear
focus and subsequent splittings with each refocusing cycle, as described in Sect. 4.4.
Depending on the input pulse duration and energy, and on the external focusing
geometry, plasma-driven transformations after the first nonlinear focus may result
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Fig. 6.8 Supercontinuum
spectra in a 15-mm-long a
YAG and b sapphire
samples, as generated with
1055 nm, 1 ps pulses from a
Nd:glass laser, with energies
of 12 µJ and 21 µJ,
respectively. Insets show the
screenshots of the SC
emission patterns in the far
field. Reprinted from [71]
with permission
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in a more complex evolution of the pulse versus propagation distance, and hence
in a multi-peaked temporal structure at the output of the nonlinear medium, see,
e.g., [72].

A more recent study uncovered that filamentation of relatively long femtosecond
pulses, having pulse widths of a few hundreds of fs shares many common fea-
tures with the picosecond pulse filamentation dynamics and results in an interesting,
if not surprising dynamics of spectral broadening, especially when focused inside
the nonlinear material [73]. These findings should be considered for building and
optimization of SC generation schemes, where SC is produced by relatively long
femtosecond and sub-picosecond pulses delivered by Yb:KGW, Yb:KYW, Yb:fiber,
and similar laser systems.

As a result of complex temporal dynamics, SC generation with picosecond laser
pulses requires longer samples of the nonlinear media, which may vary from ∼10
mm to as much as 15 cm, depending on the focusing condition of the input beam and
pulsewidth.Despite the aforementioned differences, picosecond laser pulses produce
the SC spectra, whose extent is nearly identical to that produced with femtosecond
pulses. However, picosecond SC exhibits a remarkably higher spectral intensity at
the vicinity of the carrier wavelength, see Fig. 6.8, which in many measurements is
usually filtered out by using highly reflective mirrors for the pump wavelength.

The problem of optical damage becomes more severe using pump pulses with
shorter carrier wavelengths. To this end, SC generation was reported with sub-
picosecond pulses at 515 nm (second harmonic of an Yb:KYW laser) in sapphire
and YAG, which produced SC spectra covering the 400–800 nm wavelength range,
but the optical damage-free operation was achieved only for a very narrow range of
focusing conditions [67]. Quite similar results were reported in a YAG crystal using
515 nm, 466 fs pulses, generated by frequency doubling and cross-polarized wave
generation at the output of a 1-ps Yb:YAG regenerative amplifier [74].
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Fig. 6.9 SC spectrum generated in a 15 cm YAG crystal with 3 ps, 150 µJ pulses at 2.05 µm with
low numerical aperture focusing geometry. The inset shows the spatial profiles of the pump (left)
and the SC (right) beams in the far field. Adapted from [76]. Reprinted by permission from the
Optical Society of America

A couple of SC generation experiments were performed with pump pulses of a
few picoseconds (3 ps) and very long (up to 15 cm) YAG slabs in loose focusing
geometry. In that regard, stable SC generation was reported with slightly chirped 3 ps
pulses at 1030 nm from an Yb:YAG thin-disk regenerative amplifier [75]. The blue-
shifted portion of SCwas fully characterized and demonstrated to allow compression
of the broadband pulse down to 15 fs.

An ultrabroadband SC (in the 0.5−4.5 µm range) was generated in a 15-cm-long
YAG crystal using 3 ps pulses with a carrier wavelength of 2.05 µm from a Ho:YLF
regenerative amplifier, [76], see Fig. 6.9. Loose focusing of the input beam (NA
= 0.005) coupled with a crystal length so as to nearly match the Rayleigh range
yielded stable SC generation with the long-term stability of the visible-near-infrared
andmid-infrared parts of the spectrumbeing almost the same as the pump laser, while
SHG-FROGmeasurements revealed a complex, multi-peaked temporal profile of the
SC pulse.

High temporal coherence of the SC generated by sub-picosecond pulses was
directly verified by the spectral phase measurements of the parametrically amplified
portion of the SC spectrum [67]. More recently, the generation of a very stable
and compressible SC was demonstrated with a Yb:YAG laser system based on the
InnoSlab concept, which deliversmultimilijoule picosecond pulseswith high average
power exceeding half of a kW [77]. Figure 6.10a shows the blue-shifted portion of
the SC spectrum generated with 1.03 ps, 1030 nm, 2.5µJ pulses in a YAG crystal at a
repetition rate of 20kHz.ThegeneratedSCshows excellent long-term reproducibility
of the spectral shape and stability of the energy. The measured variations of the RMS
noise of the integrated SC power in the 500 − 1000 nm range fall between 0.1 and
0.3% over 3 h of operation, as illustrated in Fig. 6.10b, with the RMS noise of the
pump laser of 0.25%. Post-compression of the SC spectral parts around 700 nm and
600 nm enables a 100-fold compression down to 10 fs and 14 fs, respectively, using
a conventional reflection grating setup.

The availability of picosecond pulse-generated SC with well-behaved spectral
phase that is compressible down to the transform limit paved new avenues for
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Fig. 6.10 a Stability of the blue-shifted portion of the SC spectrum generated with 1.03 ps, 1030
nm, 2.5µJ pulses in a YAG crystal, characterized over 3 h of operation at a repetition rate of 20 kHz.
b The RMS noise of the integrated supercontinuum power in the 500−1000 nm range. Adapted
from [77]. Reprinted by permission from the Optical Society of America

the development of picosecond laser pumped and SC-seeded noncollinear optical
parametric amplifiers [74, 78] and of a whole new generation of compact OPCPA
systems. These OPCPA systems are built around the recently developed amplified
sub-picosecond and picosecond lasers, such as Yb:KYW [68, 79], Yb:YAG [69, 70,
75, 80, 81], Yb-fiber [82, 83], and mixed laser systems, which combine Yb:fiber
oscillators with Yb:YAG regenerative amplifiers [84] and are designed to provide
few optical cycle pulses in the near- and mid-infrared at very high repetition rates.
Picosecond SC is also employed as a seed signal for the mid-infrared optical para-
metric amplifiers that are driven by picosecond Ho:YAG amplifiers and provide few
optical cycle mid-infrared pulses with carrier wavelengths around 5 µm [85, 86].

6.4 Control of Supercontinuum Generation

The rapidly expanding field of applications calls for achieving broadband radiation
with desired temporal and spectral properties,which in turn require setting an efficient
control on the femtosecond filamentation process. The filamentation dynamics and
hence the spectral content of the SC are defined essentially by the laser wavelength
and by linear and nonlinear parameters of the medium, such as bandgap, nonlinear
index of refraction, and chromatic dispersion. These material parameters possess
fundamental mutual relationships and therefore are generally fixed for a given non-
linear medium at a given incident wavelength, greatly restraining the possibilities to
influence the filamentation dynamics and the process of spectral broadening in real
experimental settings.

Several conceptually different approaches have been proposed to overcome these
limitations, allowing for changes or modifications in the spectral content of the SC
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radiation in a controlled fashion. The first approach relies on the modification and
tailoring of the incident pulse and beam parameters. A certain degree of control of
spectral broadening was achieved by relatively simple means. To this end, control of
filamentation and SC generation processes was demonstrated by varying the polar-
ization state (from linear to circular) of the incident pulse in isotropic media [87, 88].
In a birefringent medium with vanishing second-order susceptibility, e.g., an α-BBO
crystal, the input pulses of either ordinary or extraordinary polarizations were shown
to produce different SC spectra owing to different nonlinear indexes of refraction for
the o− and e−polarized waves [89]. Setting of either positive or negative chirp of the
input pulse allowed controllable tuning of the wavelength of the blue-shifted cutoff
of the SC spectrum [90]. Similar results were achieved by the adjustment of the focal
plane of the incident beam [91, 92]. An enhancement of the SC generation induced
by Fresnel diffraction of the input beam from a circular aperture was reported as
well [93]. A considerable enhancement of the red-shifted portion of the SC spectrum
was achieved by setting low numerical aperture of the input beam and using a longer
nonlinear medium [94, 95], see Sect. 4.2 for more details.

More sophisticated methods are based on proper phase and amplitude shaping
of the input pulse and beam. Considerable (one order of magnitude) enhancement
of the SC spectral intensity within specified bandwidths was achieved by shaping
the amplitude and phase of the input pulse [96]. By introducing second- and third-
order phase distortions controlled by an acousto-optic programmable dispersive filter,
precise tailoring of the input pulse was demonstrated to affect the pulse splitting
dynamics, which in turn resulted in the generation of an SCwith controllable spectral
bandwidth and shape [97].More recently, a similar approach based on employing a 4-
f pulse shaper with a phase mask consisting of a liquid crystal spatial light modulator
was demonstrated for achieving accumulation of the SC spectral intensity at selected
frequencies by a controllable amount [98]. In particular, it was demonstrated how
the wavelength of the spectral peak generated by the amplitude concentration moves
according to the spatial frequency of light being modulated, i.e., by simply scanning
the modulating pixels across the spatial light modulator. The experimental results
presented in Fig. 6.11 also demonstrate a possibility to produce multiple peaks in
the SC spectrum, which separate according to the modulating pixel separation. More
generally, these results suggest that a narrow-bandwidth laser pulse can be made
tunable to any wavelength within the limits of the original bandwidth of the incident
femtosecond laser pulse.

Control of the SC spectrum to a certain degree was also performed by changing
the relative position of the focus in the nonlinear medium by means of diffractive
optics [99, 100] or by varying the spatial phase of the input beam by means of
programmable spatial light modulators [101–103]. Fine adjustment of the position
of the nonlinear focus was demonstrated by varying the carrier-envelope phase of a
few-cycle input pulse [104].

An efficient control of the SC spectral width and notable enhancement of the SC
components within certain spectral ranges in particular was demonstrated by means
of the so-called two-color filamentation, i.e., by launching two filament-forming
beams of different wavelengths [105]. This configuration provides an additional
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Fig. 6.11 Spectra of shaped filament in water for different phase mask configurations. Here, two
narrow intensity spikes (top row) are formed or one wide intensity spike (bottom row) is formed by
correctly choosing which pixels of the spatial light modulator to modulate. Adapted from [98]

degree of freedom in controlling theSCgeneration process via the timedelay between
the pump pulses, as demonstrated in the geometry of crossing beams, in the single
[106] and to some extent, in the multiple [107] filamentation regimes. More recently,
control of the polarization of the SC spectrum was demonstrated by changing the
angle between the polarization directions of two femtosecond pump pulses in a piece
of K9 glass, which is optically isotropic [108].

A series of interesting results regarding modifications of the SC spectrum were
obtained by collinear two-color filamentation in a sapphire crystal, when launch-
ing 300 fs pulses at the fundamental (1030 nm) and second harmonic (515 nm)
wavelengths from an amplified Yb:KGW laser. A complex spectral behavior was
captured by varying the time delay between the incident pulses, in particular demon-
strating how certain bands in the SC spectrum could be either enhanced or completely
suppressed. Figure 6.12a shows examples of the resulting SC spectra recorded by
varying the time delay between the co-filamenting fundamental and second harmonic
pulses. The individual SC spectra generated by filamentation of separately launched
fundamental and second harmonic pulses serve as a reference and are presented in
Fig. 6.12b.

The second approach is based on tailoring the linear (e.g., absorption) and non-
linear (nonlinear index of refraction) parameters of the medium itself. As suggested
by the pioneering work [110], addition of various dopants may lead to an enhanced
nonlinear optical response of the medium and thus may lower the threshold for
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Fig. 6.12 a Resulting SC
spectra generated in a
3-mm-long sapphire plate by
co-filamentation of 300 fs
pulses at 1030 nm and 515
nm, each containing a power
equal to 2.6 Pcr . The negative
delay time indicates that the
second harmonic pulse
comes first. b Individual SC
spectra generated by
launching the two input
pulses separately. Adapted
from [109] with permission

(a)

(b)

nonlinear processes. These early ideas received further attention concerning fem-
tosecond filamentation and SC generation in water doped by silver [111] and gold
[112] nanoparticles and gold nanorods [113], and in LN crystal doped with Ni ions
[114]. These experiments demonstrated that an easy control of the threshold energy
and spectral extent and shape of femtosecond supercontinuum may be achieved by
varying the size and the concentration of dopants. Filamentation and SC generation
with femtosecond laser pulses in aqueous salt solutions was studied as well [115], in
particular, demonstrating that addition of absorbing inorganic dopants yields more
flat SC spectra [116]. Significantmodifications of SC spectra and even suppression of
SC generation were demonstrated in water by adding protein [117, 118], lactose and
nitric acid solutions [119], hence allowing the development of new diagnostic tools
for chemical and biological systems. Femtosecond SC generation was also reported
inmore complex nonlinearmedia such as aqueous colloids containing silver nanopar-
ticles [120] and nanocomposite materials [121]. Finally, it was demonstrated that the
presence of neutral scatterers in a liquid medium significantly affects SC generation
and alters its spectral shape. Significant suppression of the short-wavelength side
of the SC spectrum was reported in water containing suspended polystyrene micro-
spheres with a diameter ranging from 0.3 to 3 µm [122]. The SC suppression was
attributed to the dissipation of the incident energy, strong scattering of the shorter
wavelengths, and stretching of the pulse temporally.

Experimental studies of SC generation in laser-modified media revealed dramatic
changes in SC spectra compared to those generated in unmodifiedmaterials. A signif-
icant narrowing of SC spectra and even a complete suppression of SC generation was
observed in laser-modified fused silica, due to the rapidly evolving permanent change
of refractive index induced by irradiation of the sample at very high repetition rates
(up to several hundreds of kHz) [123]. Laser-induced structuralmodifications ofYAG
produce peculiar SC spectra with strongly suppressed emission in the infrared [71].
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Fig. 6.13 Supercontinuum
spectra in a 5-mm-thick
β-BBO crystal generated
with 100 fs, 290 nJ input
pulses at 800 nm and
measured at various crystal
detunings from the perfect
phase-matching angle
(29.2◦): a 32.4◦, b 37.5◦, c
42.6◦. The narrow peak at
400 nm and the broad peak
with tunable wavelength are
the phase-mismatched and
self-phase-matched second
harmonics, respectively. The
insets show the visual
appearances of the SC beam
in the far field

(a)

(b)

(c)

Finally, very simple and efficient, but still poorly explored possibilities regarding
a full control of the SC spectral width were demonstrated in birefringent crystals by
making use of second-order cascading effects, which were discussed in more detail
in Sect. 5.5. Figure 6.13 shows the control of the blue-shifted portion of SC spectrum
produced by filamentation of 90 fs, 800 nm laser pulses in a β-BBO crystal, as the
crystal is rotated out of perfect phase matching for second harmonic generation (θ =
29.2◦), in the angle range that provides enhanced self-focusing [124], see Fig. 5.10
of Sect. 5.5. The achieved control of the SC spectrum was demonstrated to be very
robust: the blue-shifted cutoff wavelength was remarkably stable for a given crystal
orientation and did not change by varying the input pulse energy in rather broad
confines, as long as the single filamentation regime is preserved. Such a robust
spectral control was attributed to the generation of the self-phase matched second
harmonic, which emerges as a broad blue-shifted and cross-polarized spectral peak
with a tunable central wavelength, as shown in Fig. 6.13a and b. The generation of the
self-phase matched second harmonic introduces a considerable energy loss only to
the trailing pulse after pulse splitting, thus counteracting the effect of self-steepening,
which gives rise to the blue-shifted spectral broadening.

6.5 Supercontinuum Generation with Non-Gaussian Beams

The vast majority of the experiments on SC generation were performed using con-
ventional, Gaussian-shaped input beams. However, several studies were devoted to
investigate the SC generation with more complex input waveforms. In that regard,
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femtosecond Bessel beams are of particular interest owing to their non-diffractive
property, which ensures high-energy localization within the intense central spot over
long distances, well exceeding the Rayleigh range of conventional Gaussian beams
with the same spot dimensions. In addition, there is a great flexibility of produc-
ing a Bessel beam with desired properties: cone angle, central spot size, energy
content, particular intensity variation along the propagation axis, and length of the
Bessel zone, which can be adjusted by relatively simple means, e.g., by Bessel beam
formation geometry. SC generation using femtosecond Bessel beams with various
parameters was studied in liquids: water [125] and methanol [126], and in solids:
sapphire [127] and BaF2 [128, 129]. These studies revealed that filamentation of a
femtosecond Bessel beam shows a number of differences compared with the case of
Gaussian beam filamentation, and these differences result in a different scenario for
spectral broadening and SC generation, in particular, demonstrating that the SC radi-
ation emerges on the propagation axis, as illustrated in Fig.6.14. On the other hand,
due to the conical energy flow and energy distribution between the central spot and
surrounding rings, Bessel beams are very resistant to self-focusing, and typically, a
10−100 times higher incident energy is required to induce filamentation and achieve
appreciable spectral broadening.

A couple of studies were devoted to investigate spectral broadening and SC gen-
eration with more sophisticated waveforms. Filamentation and SC generation exper-
iments with self-bending Airy beams in water [130, 131] and in fused silica [132]
had shown that the interpretation of SC emission patterns may provide quantita-
tive clues on the complex evolution of these sophisticated waveforms in the highly
nonlinear propagation regime. Finally, SC generation was investigated in CaF2 with
vortex [133] and singular [134] beams, which are characterized by the presence
of spiral and step-wise phase dislocations in the beam wavefront, respectively, and
which determine its phase and intensity structure. In both cases, it was shown that the
generated SC experiences large divergence and appears as a wide white-light back-

Fig. 6.14 Far-field image of
the SC in water generated by
filamentation of an
axicon-focused Bessel beam
carrying 200 fs pulses with a
central wavelength of 527
nm. The SC beam emerges
as a bright spot in the center.
The inner ring corresponds
to the input Bessel beam,
while the outer ring emerges
due to four-wave mixing
between the axial and
conical components
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ground surrounding the original incident beam, whose spatial profile remains well
preserved in the process of SC generation.

6.6 Other Developments

Several methods based on broadband frequency conversion in crystals with second-
order nonlinearity were demonstrated aiming at broadband frequency conversion of
the SC radiation. These include frequency up-conversion of the SC radiation into
spectral regions that are difficult to access via direct SC generation, e.g., ultraviolet,
and frequency down-conversion of the broadband radiation with desired shaping of
its spectral and temporal characteristics, in the pursuit of ultimate control of single-
cycle pulses.

Ultraviolet is a highly desired, but still experimentally very hardly accessible spec-
tral region for SC generation. Generally, filamentation of ultraviolet laser pulses in
wide bandgap solid-state dielectric materials produces only rather moderate spectral
broadening at best, seeChap. 4. Spectral broadening is constrainedbymaterial disper-
sion, which rapidly increases toward higher frequencies, while due to large incident
photon energy and low order of the nonlinear absorption, all materials are prone to
rapid degradation and optical damage. To overcome these fundamental limitations,
an interesting approach was proposed based on frequency up-conversion exploiting
greatly relaxed phase-matching conditions supported by random quasi-phase match-
ing in polycrystalline media with second-order nonlinearity. The visible portion of
femtosecond supercontinuum generated in a photonic crystal fiber was converted
into the ultraviolet (from 260 to 305 nm) via randomly quasi-phase-matched sec-
ond harmonic generation in a polycrystalline strontium tetraborate (SBO) crystal,
which exhibits high transparency in the vacuum ultraviolet down to 121 nm [135].
The demonstrated methodology may appear particularly beneficial for frequency up-
conversion of the SC generated in bulk nonlinear media, since it has a considerably
higher spectral energy density compared to that extracted from optical fibers, espe-
cially bearing in mind energy scaling capabilities of the SC radiation making use of
the multi-plate technique.

Adiabatic frequency conversion is a powerful method that enables to overcome
bandwidth limitations of three wave-mixing schemes [136]. Recently, adiabatic dif-
ference frequency generation using a broadband chirped near-infrared pulse in an
aperiodically poledmagnesium-oxide-doped congruent lithium niobate (MgO:CLN)
was demonstrated to produce a single-cycle pulsewith a duration of 11 fs and amulti-
octave-spanning spectrum in the mid-infrared, in the 1.8−4.4 µm range [137]. The
nature of the adiabatic frequency conversion process allows for a one-to-one trans-
fer of the spectral phase through nonlinear frequency conversion over an extremely
large spectral range. This unique feature, combined with the possibility to adjust the
amplitude and phase of the near-infrared pulse prior to conversion in a desired way,
offers an unprecedented capability to shape the spectral and temporal characteristics
of down-converted pulses over their entire bandwidth. It is foreseen that nonlinear
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materials such as orientation-patterned semiconductors may offer a route to extend-
ing the conversion bandwidth by multiple octaves in the mid-wave and long-wave
infrared spectral ranges.
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