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1 Interpolation Theoretic Notions

1.1 Interpolation Norms

When X, Y are normed spaces, we use the symbol £(X; Y) to denote the totality of
bounded linear maps 7 : X — Y with the operator norm

IT I coxsvy =sup il Txlly s [Txllx < 1}.

When X = Y we simply write £(X).

Consider a pair of Hilbert spaces H = (Ho, 1) which is regular in the sense
that HoNH; is dense in Hg as well as in H . We assume that the pair is compatible,
i.e., both H; are embedded in some common Hausdorff topological vector space M.
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We define the K -functional' for the couple H by

K(t,x)=K(t,x; H)= inf. {xollg +elx i), t>0,xeM.
=x0+x1

x=

The sum of the spaces Ho and H; is defined to be the space consisting of all x € M
such that the quantity || x |I% := K (1, x) is finite; we denote this space by the
symbols

Y =%X(H)=Ho+ Hi.
We shall soon see that ¥ is a Hilbert space (see Lemma 1.1). The intersection
A=A(H)=HoNH

is a Hilbert space under the norm || x ||§ = |lx ||02 + || x ||12.

AmapT : X(H) — X(K)iscalled a couple map from H to I if the restriction
of T to H; maps H,; boundedly into IC; for i = 0, 1. We use the notations T €
L(H; K)or T :H — K todenote that T is a couple map. It is easy to check that
L(H; K) as a Banach space, when equipped with the norm

1T 0 girec e = max 1T eca i) ) (1.1)

If T LOHK) = 1 we speak of a contraction from H to K.

A Banach space X such that A C X C X (continuous inclusions) is called
intermediate with respect to the pair H.

Let X, Y be intermediate spaces with respect to couples H, KC, respectively. We
say that X, Y are (relative) interpolation spaces if there is a constant C such that
T:H — Kimpliesthat T : X — Y and

1T Heeer < CIT g - (12)

In the case when C = 1 we speak about exact interpolation. When H = K and
X =Y we simply say that X is an (exact) interpolation space with respect to .

Let H be a suitable function of two positive variables and X, Y spaces
intermediate to the couples H, IC, respectively. We say that the spaces X, Y are
of type H (relative to H, K) if for any positive numbers My, M| we have

WT Il gemyoncy < Mi, i=0,1 implies Tl zex.vy < H(Mo, My).
(1.3)

"More precisely, this is the quadratic version of the classical Peetre K -functional.
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The case H (x, y) = max{x, y} corresponds to exact interpolation, while H (x, y) =
x 179y corresponds to the convexity estimate

IT 0 oy S NT W feppercey 1T 2y - (1.4)

In the situation of (1.4), one says that the interpolation spaces X, Y are of exponent
6 with respect to the pairs H, .

1.2 K-Spaces

Given a regular Hilbert couple H and a positive Radon measure o on the compacti-
fied half-line [0, co] we define an intermediate quadratic norm by

Il =102 =/ (1417 K (s M) doto. (15)
[0,00]

Here the integrand k(¢) = (1 + t’l) K (¢, x) is defined at the points O and oo by
k(0) = [lx | and k(c0) = || x ||§; we shall write H, or H,, for the Hilbert space
defined by the norm (1.5).

LetT € L (’H; IC) and suppose that || T || £¢3,.x;) < Mi, then

K(1.Tx: K) < MPK (MP/MG, 6 1), xe . (1.6)
In particular, M; < 1 fori = 0, 1 implies || Tx || Ky = Il x ||?-LQ forall x € H,. It
follows that the spaces H,,, K, are exact interpolation spaces with respect to #H, KC.

1.2.1 Geometric Interpolation

When the measure o is given by

—0

t g
do(t) = dt, = , 0<0 <1,
e() Cel~|—t 0 sin O =S
we denote the norm (1.5) by
o dt
= [ k@ (.7
0

The corresponding space Hy is easily seen to be of exponent 6 with respect to H.
In Sect. 3.1, we will recognize Hy as the geometric interpolation space which has
been studied independently by several authors, see [25, 27, 40].
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1.3 Pick Functions

Let H be a regular Hilbert couple. The squared norm || x ||12 is a densely defined
quadratic form in Ho, which we represent as

lxlif = (Ax, x)o =142 5
where A is a densely defined, positive, injective (perhaps unbounded) operator in

Ho. The domain of the positive square-root A/? is A.

Lemma 1.1 We have in terms of the functional calculus in H

tA

K(t,x)=<1+tAx

,x> , t>0. (1.8)
0

In the formula (1.8), we have identified the bounded operator | jr/? 4 With its
extension to Hyg.

Proof Fix x € A. By a straightforward convexity argument, there is a unique
decomposition x = x¢,; 4+ x1,; which is optimal in the sense that

Kt = |xo |34+ ]2 (19)

It follows that x; ; € A fori = 0, 1. Moreover, for all y € A we have

 Uror e |34+ v — ey | Pleso =0,
ie.,
(A" V2x0, — 1A 2xy,, AV2y) =0,  yeA.
By regularity, we conclude that A~V 2x0,, =AY/ 2x1,,, whence

tA 1

= X and X1t = X. (1.10)
1+1A ’ 1+1A

X0,t

(Note that the operators in (1.10) extend to bounded operators on #.) Inserting the
relations (1.10) into (1.9), one finishes the proof of the lemma. |

Now fix a positive Radon measure ¢ on [0, co]. The norm in the space H,
(see (1.5)) can be written

Ixllg = (h(A)x, x)g, (1.11)
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where

_ (I+1)A
h(,\)_/w’oo] Lt do(t). (1.12)

The class of functions representable in this form for some positive Radon measure
o is the class P’ of Pick functions, positive and regular on R...

Notice that for the definition (1.11) to make sense, we just need & to be defined
ono(A) \ {0}, where o (A) is the spectrum of A. (The value /(0) is irrelevant since
A is injective).

A calculus exercise shows that for the space Hg (see (1.7)) we have

Ixllf = (A%, x)o. (1.13)

1.4 Quadratic Interpolation Norms

Let H. be any quadratic intermediate space relative to H. We write
2=(B
”)C”*—( -xsx>0

where B is a positive injective operator in Ho (the domain of B!/? is A).
For amap T € L(H) we shall often use the simplified notations

ITI=0Tlcoy - NTHa=0TlNcan - NTIB=1T1ce-

The reader can check the identities
ITla=1A"2TATY2| and | T |z =|B*TB™'?|.

We shall refer to the following lemma as Donoghue’s lemma, cf. [13, Lemma 1].

Lemma 1.2 If H. is exact interpolation with respect to H, then B commutes with
every projection which commutes with A and B = h(A) where h is some positive
Borel function on o (A).

Proof For an orthogonal projection E on H, the condition || E || 4 < 1 is equivalent
to that EAE < A, i.e., that E commutes with A. The hypothesis that H,. be exact
interpolation thus implies that every spectral projection of A commutes with B. It
now follows from von Neumann’s bicommutator theorem that B = h(A) for some
positive Borel function 4 on o (A). |

In view of the lemma, the characterization of the exact quadratic interpolation
norms of a given type H reduces to the characterization of functions & : o (A) —
R, such thatforall T € L (H)

ITI<Myp and |Tls <M1 = T llpa < HMo, My), (1.14)
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or alternatively,

T*T <M{§ and T*AT <M?A = T*h(A)T < H(Mo, M1)*h(A).
(1.15)
The set of functions & : 0 (A) — Ry satisfying these equivalent conditions forms a
convex cone Cp 4; its elements are called interpolation functions of type H relative
to A. In the case when H(x,y) = max{x, y} we simply write C4 for Cy 4 and
speak of exact interpolation functions relative to A.

1.5 Exact Calderon Pairs and the K-Property

Given two intermediate normed spaces Y, X relative to H, IC, we say that they are
(relatively) exact K-monotonic if the conditions

X®e X and K(t,yO;H)SK(t,xO;IC), t>0
imply that
ey and [y ly <2 x.

It is easy to see that exact K -monotonicity implies exact interpolation.

Proof of this. If || T ”E(ICH) < 1, then Vx,t: K (t, Tx; 7—[) < K (t,x; IC)

whence || Tx ||y < |l x [lx, by exact K-monotonicity. Hence || T || £ (x.y) < . |

Two pairs H, K are called exact relative Calderon pairs if any two exact
interpolation (Banach-) spaces Y, X are exact K-monotonic. Thus, with respect to
exact Calderdn pairs, exact interpolation is equivalent to exact K -monotonicity. The
term “Calderén pair” was coined after thorough investigation of Calderén’s study of
the pair (L1, L), see [10, 11].

In our present discussion, it is not convenient to work directly with the definition
of exact Calder6n pairs. Instead, we shall use the following, closely related notion.

We say that a pair of couples #, KC has the relative (exact) K -property if for all
x% e £(K) and y° € () such that

K (t,yo; H) <K (t,xo; ic), t>0, (1.16)

there exists amap T € £(K; H ) such that Tx? = y® and || T || LoCH) = 1.

Lemma 1.3 [f H, K have the relative K -property, then they are exact relative
Calderon pairs.
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Proof Let Y, X be exact interpolation spaces relative to H, K and take xY e X and
y € T(#H) such that (1.16) holds. By the K -property there is T : K — H such
that 7x% = y%and | 7 || < 1. Then [| T || (x;y) < 1. andso |y ly = | Tx®[ly <
| x° || x. We have shown that Y, X are exact K -monotonic. |

In the diagonal case H = KC, we simply say that # is an exact Calderon couple if
for intermediate spaces Y, X, the property of being exact interpolation is equivalent
to being exact K -monotonic. Likewise, we say that H has the K -property if the pair
of couples H, H has that property.

Remark 1.4 For an operator T : K — H to be a contraction, it is necessary and
sufficient that

K(t,Tx; H) <K (t.x; K), xeX(K), t>0. (1.17)

Indeed, the necessity is immediate. To prove the sufficiency it suffices to observe
that letting + — oo in (1.17) gives || Tx |lg < || x |l9, and dividing (1.17) by ¢, and
then letting t — O, gives that || Tx ||; < || x ||;-

2 Mapping Properties of Hilbert Couples

2.1 Main Results

We shall elaborate on the following main result from [2].
Theorem I Any pair of regular Hilbert couples H, IC has the relative K -property.

Before we come to the proof of Theorem I, we note some consequences of it. We
first have the following corollary, which shows that a strong form of the K -property
is true.

Corollary 2.1 Let H be a regular Hilbert couple and x°, y° € X elements such
that

K(1.0°) = M3 K (MEr/M, ), 10 @.1)

Then
< M,

(i) There exists amap T € L (H) such that Tx® = y% and || T || L)
i=0,1.
(ii) Ifx° € X where X is an interpolation space of type H, then

10 llx < H (Mo, My) || x° | x.
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Proof (i) Introduce a new couple K by letting || x [[x; = M;|| x [l3;. The rela-
tion (2.1) then says that

K(t,yO;H)sK(t,xo;IC), t>0.
By Theorem I there is a contraction 7 : K — # such that Tx? = y°. It now suffices

tonote that [| 7 || £(7¢,) = Mi I T || £xc;: 24,5 (i1) then follows from Lemma 1.3. O

We next mention some equivalent versions of Theorem I, which uses the families
of functionals K, and E, defined (for p > 1 and ¢, s > 0) via

Kp(t) =K,(t,x) =K, (t,x; H) = _inf {Ixolly +elxil{}

Ep(s) =Ep(s,x)=E,(s,x;H)= inf {lx—xoll{}.

llx0 ll§ <s

2.2)

Note that K = K> and that E,(s) = E} (sl/p) p; the E-functionals are used in
approximation theory. One has that E, is decreasing and convex on R and that

K,@1) = ;n(f){s+tE,,(s)},

which means that K, is a kind of Legendre transform of E . The inverse Legendre
transformation takes the form

Ep(s) =sup {

t>0

K, () s}
-

It is now immediate that, forall x € £ (K ) and y € X (), we have

Kp(tvy)SKp(tv-x)s t>0 N4 Ep(svy)SEp(sv-x)s S>0.
2.3)

Since moreover Ep(s) = E (sz/ p ) r/ 2, the conditions in (2.3) are equivalent to that
K(t,y) < K(t,x) forall t > 0. We have shown the following result.

Corollary 2.2 In Theorem I, one can substitute the K-functional for any of the
functionals K, or E .

Define an exact interpolation norm || - ||,, , relative to H by

iy = [ (1) Kt dew
[0,00]

where o is a positive Radon measure on [0, oc]. This norm is non-quadratic when
p # 2, but is of course equivalent to the quadratic norm corresponding to p = 2.
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2.2 Reduction to the Diagonal Case

It is not hard to reduce the discussion of Theorem I to a diagonal situation.

Lemma 2.3 If the K-property holds for regular Hilbert couples in the diagonal
case H = K, then it holds in general.

Proof Fix elements yo € (H) and x° € =(K) such that the inequality (1.16)
holds. We must constructamap 7 : K — # such that 7x? = y%and | T || < 1.
To do this, we form the direct sum S = (Ho D Ko, H1 @ K1). It is clear that
So+ S1 = (Ho + H1) & (Ko + K1), and that
K(t,xEBy;S) = K(t,x;?—[)—l—K(t,y;lC).
Then
K(t,0®y0;8> < K(t,xOGBO;S).

Hence assuming that the couple S has the K -property, we can assert the existence
of amap § € £(S) such that S(x° ®0) = 0 y? and || S| < 1. Letting P :
So+ S1 — Ko+ K1 be the orthogonal projection, the assignment Tx = PS(x & 0)
now defines a map such that Tx9 = yo and || T || LK) = 1. |

2.3 The Principal Case

The core content of Theorem I is contained in the following statement.

Theorem 2.4 Suppose that a regular Hilbert couple H is finite dimensional and
that all eigenvalues of the corresponding operator A are of unit multiplicity. Then
H has the K -property.

We shall settle for proving Lemma 2.4 in this section, postponing to Sect. 5 the
general case of Theorem I.
To prepare for the proof, we write the eigenvalues A; of A in the increasing order,

o(A) ={\}] where 0 <A < <Ay

Let ¢; be corresponding eigenvectors of unit length for the norm of Hy. Then for a
vector x = Y xje; we have

n n
2 2 2 2
Ixlg=>_lal*> . IxlE=) il
1 1

Working in the coordinate system (e;), the couple H becomes identified with the
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n-dimensional weighted ¢ couple

60 = (6, 600)

where we write A for the sequence (4;)].

We will henceforth identify a vector x = ) x;e; with the point x = (x;))]in C";
accordingly, the space £ (Eg) is identified with the C*-algebra M, (C) of complex
n X n matrices.

It will be convenient to reparametrize the K-functional for the couple £5 () and
write

kot x) = K (1/t,x; zg(x)) . (2.4)
By Lemma 1.1 we have
ky(t, x) = Z t +IA,- |xi| 2, x eC™, (2.5)

i=1

2.4 Basic Reductions

To prove that the couple £5() has the K-property, we introduce an auxiliary
parameter p > 1. The exact value of p will change meaning during the course
of the argument, the main point being that it can be chosen arbitrarily close to 1.

Initially, we pick any p > 1 such that pA; < ;4 for all i; we assume also that
we are given two elements X0, yO € C" such that

1
k. (r, yo) < K (r, xo) . i>0. (2.6)
0
We must construct a matrix T € M, (C) such that

Tx=)" and k (1, Tx) <k (1,x), xeC" 1>0. 2.7)

Define ¥° = (|x?])? and 0 = (|y?)" and suppose that
<0 _ | -0
ki@, 3°) < ki@, %), t>0.
0

Suppose that we can find an operator Ty € M, (C) such that Tpx° = 79 and
k. (t, Tox) < ku(t,x) for all x € C" and t > 0. Writing x) = %5 and
y) = '3 where 6k, g € R, we then have Tx° = y0 and k;, (1, Tx) < ki (2, x)

where

T = diag(e'%) Ty diag(e%).
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Replacing x°, y° by %%, 7° we can thus assume that the coordinates x? and y? are
non-negative; replacing them by small perturbations if necessary, we can assume
that they are strictly positive, at the expense of slightly diminishing the number p.
Now put ; = X; and o; = pA;. Our assumption on p means that
O<Br<oa;p << By <ay.
Using the explicit expression for the K -functional, it is plain to check that

kp(t, x) < kq(t,x) < pkp(t, x), xeC" t>0.

Our assumption (2.6) therefore implies that

ka(1,y0) < kp(1,x%),  1=0. (2.8)
We shall verify the existence of a matrix 7' = T, = T}, ,0 ,0 such that
Tx*=)% and ko (t,Tx) <kg(t,x), xeC".1>0. (2.9)

It is clear by compactness that, as p | 1, the corresponding matrices 7, will cluster
at some point T satisfying Tx0=y0and || T | L) = 1. (See Remark 1.4.)

In conclusion, the proof of Theorem 2.4 will be complete when we can construct
amatrix T satisfying (2.9) with p arbitrarily close to 1.

2.5 Construction of T

Let Pk denote the linear space of complex polynomials of degree at most k. We shall
use the polynomials

Lo =[]t+e) . Lpgtry=]]+8),
1 1

and the product L = L Lg. Notice that
L'(—aj) <0 , L'(—=B)>0. (2.10)

Recalling the formula (2.5), it is clear that we can define a real polynomial P €
Pan—1 by

ILJZ; — kg (r, xo) ~ky (r, yo) . @.11)

Clearly P(t) > 0 when ¢ > 0. Moreover, a consideration of the residues at the poles
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of the right-hand member shows that P is uniquely defined by the values
— (+0)2 / _ 0y2 /
P(=pi) =) BL (=B) , P(=aj)=—0;) L (—oi). (2.12)
Combining with (2.10), we conclude that
P(—a;j) >0 and P (—g;) > 0. (2.13)

Perturbing the problem slightly, it is clear that we can assume that P has exact
degree 2n — 1, and that all zeros of P have multiplicity 1. (We here diminish the
value of p > 1 somewhat, if necessary.)

Now, P has 2n — 1 simple zeros, which we split according to

PTH{OY = (=i Ud—ci, =&Y

i i=1 >

where the r; are positive and the ¢; are non-real, and chosen to have positive
imaginary parts. The following is the key observation.

Lemma 2.5 We have that

L'(=p)P(=p)>0 , L'(—aj) P(~aj) <0 (2.14)

and there is a splitting {r,-}iz':"f1 = {8}, U {)/,-};":_11 such that

L(=8;)P' (=8;)>0 ., L(—m) P (—n) <O. (2.15)

Proof The inequalities (2.14) follow immediately from (2.13) and (2.10). It remains
to prove (2.15).

Let —h denote the leftmost real zero of the polynomial L P (of degree 4n — 1).
We claim that P(—h) = 0. If this were not the case, we would have 7 = «,,. Since
the degree of P is odd, P(—t) is negative for large values of ¢, and so P(—a;,) < O
contradicting (2.13). We have shown that P(—h) = 0. Since all zeros of L P have
multiplicity 1, we have (L P)’ (—h) # 0, whence

L(=h)P'(=h) = (LP) (—=h) > 0.

We write §,, = h and put Pi(t) = P(¢)/(t + 8y). Since t + §,, > O for ¢t €
{—a;, —pi}], we have by (2.13) that for all i

P.(—a;) >0 and P.(—p;) > 0.

Denote by {—r j*}éni 1_2 the real zeros of P,. Since the degree of L P, is even and the
polynomial (L P,)" has alternating signs in the set {—a;, —p;}/_, U {—r,-*}l.z;”f 2 we

can split the zeros of P, as {—4;, —yi};"z_ll, where

L(=8)P(=8)) >0 , L(=y)Pi(~y) <O. (2.16)
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Since P'(—r;*) = (8m — rj*)Pi(—r;*) and 8,, > r;*, the signs of P’(—r;*) and
P/(—r;*) are equal, proving (2.15). i

Recall that {—c;}]™" denote the zeros of P such that Im¢; > 0. We put (with
the convention that an empty product equals 1)

m m—1 n—m
Lsy=[Je+8) . Lyo=]]ec+w . Lio=]]e+e.
i=1 i=1 i=1

We define a linear map F : C"*" — C"t"~1 in the following way. First define
a subspace U C Py,—1 by

UZ{LCCI; qepn+m—l}-

Notice that U has dimensionn+m —1and that P € U;infact P = aL.L}LsL,
where a is the leading coefficient and the *-operation is defined by L *(z) = L(2).
For a polynomial Q € U we have

01?2 Bi N o b
L(H)P() _E'x" t+ﬁi+§|xi| £+ 5

1

(2.17)
n o m—1 -
_ 12 L /
D il?, [ i
i=1 i=1
where, for definiteness,
= 0GR e 0w o18)
VBiL'(=Bi)P(=P) V8L (=8))P(=8))
Q(—ai) Q(=vj)
i = (e LY = Y . (2.19)
v —ai L' (=) P(—a;) V =Vl (=y))P(=})
The identities in (2.18) give rise to a linear map
M:C"eC" - U ; [x;x’] — Q. (2.20)
We can similarly regard (2.19) as a linear map
N:U—=C"&C™" ; 0w [y)]. (2.21)

Our desired map F is defined as the composite

F=NM:C"®C" > C"aC" " : [x:x1m [y:]
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Notice that if Q = M [x; x'] and [y; y'| = F [x; x'] then (2.17) means that

) 10@)1?
D)=

>0, t>0.
L(t)P (1)

kgos (t, [x; x’]) — kagy (t, F [x; x

This implies that F is a contraction from Engm (B®IS)to KZJ””*I (a®y).
We now define T as a “compression” of F. Namely, let E : C" @ C"~! — C”
be the projection onto the first n coordinates, and define an operator 7 on C" by

Tx =EF|[x;0], x e C".

Taking Q = P in (2.17) we see that Tx? = y°. Moreover,

n
1 o
kﬁ(t,x)—ka(t,Tx)=Z|Xi|2tfl‘B Zl i, .
i=1 Lozt

ﬂ n
_Z|,|2 l,_;'”' Z|y, 2t~|—y,

— kg 1, 0D — Koy 1, Flis0p = | 201
L(t)P(t)
Since the right-hand side is non-negative, we have shown that
ko (t,Tx) <kg(t,x), t>0,xeC",
as desired. The proof of Theorem 2.4 is finished. O

2.6 Real Scalars

Theorem 2.4 holds also in the case of Euclidean spaces over the real scalar field. To
see this, assume without loss of generality that the vectors x°, y° € C" have real
entries (still satisfying &y, (1, y°) < ks (¢, x°) forallz > 0).

By Theorem 2.4 we can find a (complex) contraction T of £5 (1) such that Tx0 =
y9. It is clear that the operator T * defined by 7 *x = T (x) satisfies those same
conditions. Replacing T by é (T + T *) we obtain a real matrix T € M, (R), which

is a contraction of £5 () and maps x0toy0. o
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2.7 Explicit Representations

We here deduce an explicit representation for the operator 7 constructed above.
Let x° and y? be two non-negative vectors such that

ks, (t, y0> <k, (t, xo) , t>0.

For small p > 0 we perturb x°, y0 slightly to vectors %, 7 which satisfy the
conditions imposed on the previous subsections. We can then construct a matrix
T = T, such that

Ti%=35% and k4 (1, Tx) < kg (1, %), >0, xeC", (2.22)

where 8 = A and @ = pA. As p, 79, )70 approaches 1, x9, respectively yo, it is clear
that any cluster point 7 of the set of contractions 7T}, will satisfy

Tx° =1y and ky(t,Tx) <ky(t,x), t>0,xeC"

Theorem 2.6 The matrix T =T, = (t,'k);'kzl where

70 . —a —
t,-sze|: I & BiLs(—ai)Le(—ai) La( ma] 223

ai — B 30 o Ls(—Br) Le(—Br) Ly (—ai)

satisfies (2.22).

Proof The range of the map C* — U, x — M [x; 0] (see 2.20) is precisely the
n-dimensional subspace

Vi=LsLc-Pn—1 ={LsL:R; ReP,_1} CU. (2.24)
We introduce a basis (Qy);_; for V by

Ls()Lc(Lp(1)  /BkL'(=Br)P(—PBr)

Qe ="" Ly(=BLe(=BLy(—p)

Then

Ok (—Bi) 1 i=k,

VBiL'(—=Bi)P(—Bi) 0 i#k.
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Denoting by (e;) the canonical basis in C” and using (2.18), (2.19) we get

o i
ik = =L (=) P(—a)

1 Ls(—ai)Le(—a;)Lg(—a;) ( BiL' (—Br) P(—fr) )1/2
B — dti Ls(—=B)Le(=BLy(—Pi) \~eiL'(—ei) P(—ei) )~

Inserting the expressions (2.12) for P(—«;) and P(—pfk) and taking real parts (see
the remarks in Sect. 2.6), we obtain the formula (2.23). |

Remark 2.7 1Tt is easy to see that, if we pick all matrix-elements real, some elements
7jk of the matrix T in (2.23) will be negative, even while the numbers x? and y,? are
positive. It was proved in [2], Theorem 2.3, that this is necessarily so. Indeed, one
there constructs an example of a five-dimensional couple KZS(A) and two vectors
x9, y0 € R’ having non-negative entries such that no contraction T = (Tik)i k=] On

325()») having all matrix entries 7;x > O can satisfy Tx0 = yO. On the other hand, if
one settles for using a matrix with || 7 || < V2, then it is possible to find one with
only non-negative matrix entries. Indeed, such a matrix was used by Sedaev [35],
see also [38].

2.8 On Sharpness of the Norm-Bounds

We shall show thatif m < n (i.e., if the polynomial P has at least one non-real zero),
then the norm || T || £¢3,) of the contraction T constructed above is very close to 1
fori =0, 1.

We first claim that || T || £, = 1. To see this, we notice that if m < n, then
there is a non-trivial polynomial 0W in the space V (see (2.24)) which vanishes
at the points 0, y1, ..., Ym—1. If xl.(l) and yi(l) are defined by the formulas (2.18)

and (2.19) (while (x/(.l))/ = (ylgl))’ = 0), we then have TxM = y(I and

oM@ |2

, t > 0.
L(1)P(1)

kp(t, x V) — ko (2, yV) =

Choosing r = 0 we conclude that || x (D ||22,2, —|| Tx® ”4323 = 0,whence | T || (3 =
1, proving our claim.
Similarly, the condition m < n implies the existence of a polynomial Q® € V

of degree at most n + m — 2 vanishing at the points yi, ..., yu—1. Constructing
vectors x@, y@ via (2.18) and (2.19) we will have Tx® = y® and

0@ |2

kg (1, x@) — ko (1, y@) = lL(t)P(t) ’

t > 0.
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Multiplying this relation by ¢ and then sending t — oo, we find that || x® || 22,1 B~
2

| Tx@ ||gg(a) = 0, which implies || T || £,y > p~ />

2.9 A Remark on Weighted { ,-Couples

As far as we are aware, if | < p < coand p # 2, itis still an open question whether
the couple E’;, ) = (EZ, EZ (A)) is an exact Calder6n couple or not. (When p = 1
or p = oo it is exact Calderén; see [36] for the case p = 1; the case p = oo is
essentially just the Hahn—Banach theorem.)

Itis well known, and easy to prove, that the K ,-functional (see (2.2)) correspond-
ing to the couple £, (%) is given by the explicit formula

n
thi
K, (t,x; eg(x)) = l” L .
i=1 (14 Ay r=1)r=1

It was proved by Sedaev [35] (cf. [38]) that if K , (r, 30; e';,(x)) <K, (r, x0; e';,()\))

for all # > 0 then there is 7' : £},(1) — £} () of norm at most 277" such that
Tx% = y0. (Here p’ is the exponent conjugate to p.)

Although our present estimates are particular for the case p = 2, our construction
still shows that, if we re-define P (#) to be the polynomial

P(1) _ - -0 Bi B - -0 o;
L) —zlj(xi)””rﬂi le(y")pma,.’ (2.25)

then the matrix T defined by
(2.26)

B 1 GDP7! BrLs(—ai) Le(—ai) Lo (—Br)
Tik = Re ~
i — Br (39)P=1 @i Ls (=B Le(—Br) L, (—a)

will satisfy Tx0 = )70, at least, provided that P(¢#) > O when ¢ > 0. (Here L;s and
L. are constructed from the zeros of P as in the case p = 2.)

The matrix (2.26) differs from those used by Sedaev [35] and Sparr [38]. Indeed
the matrices from [35, 38] have non-negative entries, while this is not so for
the matrices (2.26). It seems to be an interesting problem to estimate the norm
T L) for the matrix (2.26), when p # 2. The motivation for this type of

question is somewhat elaborated in Sect. 6.7, but we shall not discuss it further
here.
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2.10 A Comparison with Lowner’s Matrix

In this subsection, we briefly explain how our matrix 7 is related to the matrix used
by Lowner [26] in his original work on monotone matrix functions.?

We shall presently display four kinds of partial isometries; Lowner’s matrix will
be recognized as one of them. In all cases, operators with the required properties
can alternatively be found using the more general construction in Theorem 2.4.

The following discussion was inspired by the earlier work of Sparr [39], who
seems to have been the first to note that Léwner’s matrix could be constructed in a
similar way.

In this subsection, scalars are assumed to be real. In particular, when we write
“¢5” we mean the (real) Euclidean n-dimensional space.

Suppose that two vectors x°, y0 € R” satisfy

ks, (t, y0> <k (t, xo) , t>0.

Let
Lioy=[]a+x,
1

and let P € P,_; be the polynomial fulfilling

o lenr-oh?).
e

O~
AA
NN
v\/
|
»
>
vaunS
o
=
(=)
N—
|
»
>
VaunS
o
<
[}
N—"
|
M-

By assumption, P(t) > 0 for r+ > 0. Moreover, P is uniquely determined by the n
conditions

0y 2 0y 2
X — y
p(eay = 7= 0D?
AiL; (—Aq)
Let uy, vi, up, va, ... denote the canonical basis of Kg and let
h=0@®E

be the corresponding splitting, i.e.,

O =span{u;} , E =span{v;}.

2By “Lowner’s matrix,” we mean the unitary matrix denoted “V” in Donoghue’s book [12], on p.
71. A more explicit construction of this matrix is found in [26], where it is called “7".”
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Notice that
dmO =|(n—1)/2]+1 , dimE=|(n—2)/2]+1,

where | x| is the integer part of a real number x.
We shall construct matrices 7 € M, (R) such that

Tx° =1y and k,(t,Tx) < ku(t,x), t>0, x € R",

in the following special cases:

(1) P(t) = q(t)* where g € P_1)2(R), x* € 0,and y° € E,
(2) P(t) =tq(t)* where g € Pu—2),2(R), x* € E, and y° € O.

Here P, should be interpreted as P, .

81

(2.27)

Remark 2.8 In this connection, it is interesting to recall the well-known fact that any
polynomial P which is non-negative on R can be written P(¢) = go()? +1q1(1)?

for some real polynomials go and g .

To proceed with the solution, we rename the A; as A; = & when i is odd and

Ai = n; when i is even. We also write

Leoy=[Je+& . Ly =]+,

iodd i even

and write L = L¢L,. Notice that L} (—&) > O and L} (—n;) < 0.

2.10.1 Casel

Suppose that P(t) = q(1)%, q € Pu-1)2R), x% € 0,and y¥ € E. Then

2 .
q(1) _Z &k (X/?)Z—Z N '(y?)z,

L)”(t) _koddt+§k ievent+n
where
L0 exq (—&x) V= Sig (—mi)
k= ) i =
JaL, g0 JnL )

for some choice of signs g, §; € {£1}.
By (2.28) are defined linear maps

(2.28)

O—Pu-np®R : x>0 ; Pu1p2,R—E : QO y.
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The composition is a linear map
To:0—-E : x> y.
We now define T € M, (R) by
T:-0O0®E— O®E : [x;v] [0; Tox].
Then clearly Tx° = y° and

ki (t, [x; v]) — Ky (¢, Tx; v])
> ke (t, x) — ky (¢, Tox)

_0w?
L) —

(2.29)

0, t>0,x€0,vekE.

We have verified (2.27) in case 1. A computation similar to the one in the proof of
Theorem 2.6 shows that, with respect to the bases uy and v;,

o = S Lol ((SLECEOLy (80 v
T — i L0 \ —miLe =)Ly (=) )

Notice that, multiplying (2.29) by ¢, then letting + — oo implies that

Z Xk — Z (Tox)in; = 0.

k odd i even

This means that T is a partial isometry from O to E with respect to the norm of
£5(0).

2.10.2 Case?2

Now assume that P(t) = tq(t)?, q € Pu—2)2R), x% € E,and y° € O. Then

1q(1)* 3 02 &i Nk, 0\2
Lo = ,%(yi) D DI C R

k even

where
19(=&) —&iq (=)
ylg):“l 3 R $eq (= Nk
JLi =€) NEUAC

for some ¢}, ¢/ € {£1}.

(2.30)
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By (2.30) are defined linear maps
E—Puop,®R : x>0 5 Pu2pR—-0 : Oy
We denote their composite by
"h:E—- 0 : xy.
Define T € M, (R) by
T-O®E—>O®E : |u;x]+— [Tix;0].
We then have

—ky. (t, Tu; x]) + k. (¢, [u; x])
> —ke (¢, T1x) + ky (2, x)

_10m?
Ly@) —

(2.31)
0, t>0,ue0,xekE,

and (2.27) is verified also in case 2.
A computation shows that, with respect to the bases vy and u;,

I ’ 1/2
Ty = G (8D (—Ls(—ﬂk)Ln(—Uk)> .

me — & Ly (=me) \ L (=&)Ly(=&)

Inserting # = 0 in (2.31) we find that

=3 @m0+ Y @)? =0,

iodd k even

i.e., T is a partial isometry form E to O with respect to the norm of £}.
In the case of even n, the matrix 77 coincides with Lowner’s matrix.

3 Quadratic Interpolation Spaces

3.1 A Classification of Quadratic Interpolation Spaces

Recall that an intermediate space X with respect to H is said to be of type H if
| Tl gy < M; fori = 0,1 implies that | T || o(xy < H (Mo, M1). We shall

henceforth make a mild restriction, and assume that H be homogeneous of degree
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one. This means that we can write
H(s,t)> =s?H(@t?%/s?) (3.1

for some function H of one positive variable. In this situation, we will say that X
is of type H. The definition is chosen so that the estimates || T || ZE(Hi) < M; for
i =0, Limply || T |2y, < Mo H (M1 /Mo).

In the following we will make the standing assumptions: H is an increasing,
continuous, and positive function on Ry with H(1) = 1 and H(¢) < max{l, ¢}.

Notice that our assumptions imply that all spaces of type H are exact interpola-
tion. Note also that H(r) = ¢ corresponds to geometric interpolation of exponent 6.

Suppose now that H is a regular Hilbert couple and that H. is an exact
interpolation space with corresponding operator B. By Donoghue’s lemma, we have
that B = h(A) for some positive Borel function 7 on o (A).

The statement that H., is intermediate relative to H is equivalent to that

<B< 14+ A 3.2
Cll+A_ <l +A) (3.2)

for some positive numbers ¢ and c;.
Let us momentarily assume that H¢ be separable. (This restriction is removed in
Remark 3.1.) We can then define the scalar-valued spectral measure of A,

va(@) =Y 27 (E(@)ex, exdo

where E is the spectral measure of A, {ex; k = 1,2,...} is an orthonormal basis
for Ho, and w is a Borel set. Then, for Borel functions 4g, 41 on o (A), one has that
h1 = hy almost everywhere with respect to v4 if and only if 1 (A) = ha(A).

Note that the regularity of H means that v4 ({0}) = 0.

Theorem II If H. is of type H with respect to H, then B = h(A) where the function
h can be modified on a null-set with respect to v so that

h)/h(w) < HG/ 1), A, peo(A)\ {0} (3.3)

Proof Fix a (large) compact subset K C o (A) N Ry and put Hy = H| = Ex (Ho)
where E is the spectral measure of A, and the norms are defined by restriction,

Ixlag =lxllg, » Mxllgg =lxlly, . x€ExHo).

It is clear that the operator A’ corresponding to H’ is the compression of A to
H,, and likewise the operator B’ corresponding to #, is the compression of B to
H,,.- Moreover, H,, is of interpolation type H with respect to ' and the operator
B’ = (h|g) (A’). For this reason, and since the compact set K is arbitrary, it clearly
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suffices to prove the statement with H replaced by H’. Then A is bounded above
and below. Moreover, by (3.2), also B is bounded above and below.

Let ¢ < 1 be a positive number such that 0 (A) C (c, c_l). For a fixed e > 0
with ¢ < c¢/2 we set

Ey=0(A)N(A—¢e,A+¢)
and consider the functions
mg(A) = essinf g, h, M (%) = esssup g, h,

the essential inf and sup being taken with respect to v4.

Now fix a small positive number ¢ and two unit vectors e, e, supported by
E,, E,, respectively, such that

lex 2= MGy =€, Jlew|? <me(u) +¢.

Now fix A, 1 € 6(A) and let Tx = (x, e}, . Then

2 1 2
IT0P = [ eudg|“Heall < o [reah | @ 4o

)
(n+e)(h+e)
< , lxIg
(1 —e)
Likewise,
2
1T 03 < [fes e < 103
2 +&)(h+
oI Tl <1and || T} < e where aype = #0007,

Since H, is of type H, we conclude that
IT 115 < H (uie)
whence

M) —& < lle 2= Tew || < H(euie) | en |

< H(apz.e) (me() +¢).

(3.4)

In particular, since &’ was arbitrary, and m. (1) < || e; ||*2 < || B ||, we find that

Me(A) —me () < [H (a,u.,)»,e) - 1] IB1.
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By assumption, H is continuous and H(1) = 1. Hence, as ¢ | 0, the functions
M, (1) diminish monotonically, converging uniformly to a function /., (%) which is
also the uniform limit of the family m.(A). It is clear that &, is continuous, and
since my; < hy, < M., we have h, = h almost everywhere with respect to v4. The
relation (3.3) now follows for & = h, by letting ¢ and ¢’ tend to zero in (3.4). |

A partial converse to Theorem II is found below, see Theorem 6.3.

Remark 3.1 (The Non-Separable Case) Now consider the case when Hy is non-
separable. (By regularity this means that also | and . are non-separable.)

First assume that the operator A is bounded. Let 7, be a separable reducing
subspace for A such that the restriction A’ of A to H, has the same spectrum as A.
The space H,, reduces B by Donoghue’s lemma; by Theorem II the restriction B’ of
B to H,, satisfies B’ = h’(A’) for some continuous function &’ satisfying (3.3) on
o (A). Let 1 be any other separable reducing subspace, where (as before) B” =
h"(A"). Then H;, @ M, is a separable reducing subspace on which B = h(A) for
some third continuous function # on 6 (A). Then h(A") D h(A”) = W (A B K" (A")
and by continuity we must have & = 4’ = h” on o (A). The function 4 thus satisfies
B = h(A) as well as the estimate (3.3).

If A is unbounded, we replace A by its compression to P,Ho where P, is the
spectral projection of A corresponding to the spectral set [0, n]No (A),n = 1,2, .. ..
The same reasoning as above shows that B appears as a continuous function of A
on o (A) N [0, n]. Since n is arbitrary, we find that B = h(A) for a function &
satisfying (3.3).

3.2 Geometric Interpolation

Now consider the particular case when #, is of exponent 8, viz. of type H(z) = ¢/
with respect to H. We write B = h(A) where £ is the continuous function provided
by Theorem II (and Remark 3.1 in the non-separable case).

Fix a point A9 € 0 (A) and let C = h(ho)A, 9 The estimate (3.3) then implies
that A(A) < CA? and h(n) > Cu? for all A, u € o(A). We have proved the
following theorem.

Theorem 3.2 ([27, 40]) If H. is an exact interpolation Hilbert space of exponent
0 relative to H, then B = h(A) where h()) = CAY for some positive constant C.

Theorem 3.2 says that H. = Hp up to a constant multiple of the norm, where
Hyp is the space defined in (1.7). In the guise of operator inequalities: for any fixed
positive operators A and B, the condition

T"T <My , T*AT <MiA = T*BT <M,)""M’B

is equivalent to that B = A9,
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It was observed in [27] that Hy also equals to the complex interpolation space
Co(H). For the sake of completeness, we supply a short proof of this fact in the
appendix.

Remark 3.3 An exact quadratic interpolation method, the geometric mean was
introduced earlier by Pusz and Woronowicz [33] (it corresponds to the Ci,2-
method). In [40], Uhlmann generalized that method to a method (the quadratic
mean) denoted QI, where 0 < ¢ < 1; this method is quadratic and of exponent
t.

In view of Theorem 3.2 and the preceding remarks we can conclude that
QLy(H) = Co(H) = Hp for any regular Hilbert couple H. We refer to [40] for
several physically relevant applications of this type of interpolation.

Finally, we want to mention that in [32] Peetre introduces the “Riesz method of
interpolation”; in Section 5 he also defines a related method “QM” which comes
close to the complex Cy/2-method.

3.3 Donoghue’s Theorem

The exact quadratic interpolation spaces relative to a Hilbert couple were character-
ized by Donoghue in the paper [14]. We shall here prove the following equivalent
version of Donoghue’s result (see [2, 3]).

Theorem III An intermediate Hilbert space H relative to ‘H is an exact interpo-
lation space if and only if there is a positive radon measure ¢ on [0, oo] such that

2= [ (1) K (o ) de
[0,00]

Equivalently, H, is exact interpolation relative to H if and only if the corresponding
operator B can be represented as B = h(A) for some function h € P’.

The statements that all norms of the given form are exact quadratic interpolation
norms have already been shown (see Sect. 1.2). There remains to prove that there
are no others.

Donoghue’s original formulation of the result, as well as other equivalent forms
of the theorem, is found in Sect. 6 below. Our present approach follows [2] and is
based on K-monotonicity.

Remark 3.4 The condition that H,. be exact interpolation with respect to 4 means
that H, is of type H where H(f) = max{l,¢}. In view of Theorem II (and
Remark 3.1), this means that we can represent B = h(A) where h is quasi-concave
ono(A)\ {0},

h(2) < h(u) max {1, A/}, A€ o(A)\ {0} (3.5)

In particular, % is locally Lipschitzian on o (A) N R4.
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Remark 3.5 A related result concerning non-exact quadratic interpolation was
proved by Ovchinnikov [30] using Donoghue’s theorem. Cf. also [4].

3.4 The Proof for Simple Finite-Dimensional Couples

Similar to our approach to Calderén’s problem, our strategy is to reduce Theorem III
to a case of “simple couples.”

Theorem 3.6 Assume that Hy = Ho = C" as sets and that all eigenvalues (1;)"|
of the corresponding operator A are of unit multiplicity. Consider a third Hermitian
norm ||x||*2 = (Bx, x)y on C". Then H, is exact interpolation with respect to ‘H if
and only if B = h(A) where h € P'.

Remark 3.7 The lemma says that the class of functions /# on o (A) satisfying

T°T <1 , T*AT <A = T"'h(A)T < h(A), (T € M,,(C))
(3.6)

is precisely the set P’|o (A) of restrictions of P’-functions to o (A). In this way, the
condition (3.6) provides an operator-theoretic solution to the interpolation problem
by positive Pick functions on a finite subset of R...

Proof of Theorem 3.6 We already know that the spaces H. of the asserted form are
exact interpolation relative to H (see Sects. 1.2 and 1.3).

Now let H,. be any exact quadratic interpolation space. By Donoghue’s lemma
and the argumentin Sect. 2.3, we can for an appropriate positive sequence A = (A;)]
identify H = €5 (1), A = diag(%;), and B = h(A) where h is some positive function
defined on o (A) = {A;}].

Our assumption is that £5 (h(1)) is exact interpolation relative to £3 (). We must
prove that & € P’|o(A). To this end, write

(I+0)A;

ky; (1) = 1+t
]

’

and recall that (see Lemma 1.1)
1.
K (t,x; eg(x)) _ (1 +f1) 3 il > ki (0).
1

Let us denote by C the algebra of continuous complex functions on [0, co] with the
supremum norm || # ||, = sup,.q | u(z) |. Let V. C C be the linear span of the k;,
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fori = 1,...,n. We define a positive functional ¢ on V by

¢ aiki,) =Y aih(h).
1 1

We claim that ¢ is a positive functional, i.e.,if u € V and u(¢) > 0 forall ¢t > 0,
then ¢ (1) > 0.

To prove this let u = Z’f a;k;; be non-negative on R and write a; = |x;| 2 _
|yil 2 for some x, y € C". The condition that # > 0 means that
n
(1) K (1 2869) = Y bl 2 1)
i=1
- 3.7)
> Iyl ko, (1) '
i=1

= (1 + t_l) K (r, y: eg()\)) . >0

Since Eg (A) is an exact Calderén couple (by Theorem 2.4), the space Eg (h())) is
exact K-monotonic. In other words, (3.7) implies that

Ix leznoy = 1y ez »

i.e.,

n

o =Y (1xil* = 19l2) hG) = 0.

1

The asserted positivity of ¢ is thereby proved.

Replacing X; by cA; for a suitable positive constant ¢ we can without losing
generality assume that 1 € o(A), i.e., that the unit 1(x) = 1 of the C*-algebra C
belongs to V. The positivity of ¢ then ensures that

loll=sup P =¢@).

ueV; flullo=1
Let ® be a Hahn—Banach extension of ¢ to C and note that
[®l=1¢l=e¢d)=>D).

This means that ® is a positive functional on C (cf. [29], §3.3). By the Riesz
representation theorem there is thus a positive Radon measure o on [0, co] such



90 Y. Ameur

that
O (u) = / u(t)ydo(t), uecC.
[0,00]

In particular

(I + 1A .
h(A)) =@ (ky,) =D (ky,) = do(t), i=1,...,n.
o =p) =)= [ T a0
We have shown that / is the restriction to o (A) of a function of class P’. |

3.5 The Proof of Donoghue’s Theorem

We here prove Theorem III in full generality.

We remind the reader that if § C R is a subset, we write P’|S for the convex
cone of restrictions of P’-functions to §. We first collect some simple facts about
this cone.

Lemma 3.8

(i) The class P'|S is closed under pointwise convergence.

(ii) If S is finite and if . = (A;)}_, is an enumeration of the points of S, then h
belongs to P'|S if and only if €5 (h(})) is exact interpolation with respect to
the pair £5(}).

(iii) If S is infinite, then a continuous function h on S belongs to P'|S if and only if
h € P’|A for every finite subset A C S.

Proof

(i) Let hy be a sequence in P’ converging pointwise on S and fix A € S. Itis clear
that the boundedness of the numbers /4, (1) is equivalent to boundedness of the
total masses of the corresponding measures o, on the compact set [0, co]. It
now suffices to apply Helly’s selection theorem.

(i1) This is Theorem 3.6.

(iii) Let A, be an increasing sequence of finite subsets of S whose union is dense.
Let h, = h|A, where h is continuous on S. If h, € P’|A, for all n, then
the sequence h, converges pointwise on UA, to k. By part (i) we then have
h € P'lo(A).

0

We can now finish the proof of Donoghue’s theorem (Theorem III).

Let H.. be exact interpolation with respect to H and represent the corresponding
operator as B = h(A) where # satisfies (3.3). By the remarks after Theorem III, the
function 4 is locally Lipschitzian.
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In view of Lemma 3.8 we shall be done when we have proved that £5(h(})) is

exact interpolation with respect to £3(A) for all sequences A = (4;)] C o(A) of
distinct points. Let us arrange the sequences in the increasing order: 0 < A} <
cee < A

Fixe > 0, & < min{c, A1, 1/X,} andlet E; = [A; —¢, i +€]No (A); we assume
that ¢ is sufficiently small that the E; be disjoint. Let M = U} E;. We can assume
that / has Lipschitz constant at most 1 on M.

Let M be the reducing subspace of Hg corresponding to the spectral set M, and
let A be the compression of A to M. We define a function g on M by g(X) = X; on
E;. Then |g(A) — A| < e on G(A), SO

IA—g(A)l<e , [h(A)—h(gA)]|l <e. (3.8)

Lemma 3.9 Suppose that A’, A" € L(M) satisfy A/,A” > § > 0 and
|A"—A"|| < e Then | Tllar < /1+2¢/S max{|[T ||, | T lla} for all T €
L (M).

Proof By definition, || T || 4+ is the smallest number C > 0 such that T*A'T <
C?A’. Thus

T*A"T = T*(A" — AT + T*A'T
<ITIe+ 1T I7 (A" + (A" = A"))
<2emax{[ T >, [T I3} +1TIl3 A"
<max{[| T %, I T 13} (1+2e/8)A".

O

We can find § > 0 such that the operators A, g(/i), h(A), and h(g(A~)) are > 4.
Then by repeated use of Lemma 3.9,

| T ”h(g(fi)) < \/1 +2e/8 max{||T|,||T ”h(ﬁ)}
<V1+2e/8 max {I T, IIT Iz}

= +2/0)max{|[ T |.IT ||g</;)}, T € LM).

Let ¢; be a unit vector supported by the spectral set E; and define a space V C M to
be the n-dimensional space spanned by the ¢;. Let Ap be the compression of g(A)
to V, then

IT lheapy < (1 428/ max {I T, 1T llag}, T e€LY). (3.9)
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Identifying V with €5 and Ao with the matrix diag(A;), we see that (3.9) is
independent of . Letting & diminish to 0 in (3.9) now gives that £5 (h(1)) is exact

interpolation with respect to £3 (A). In view of Lemma 3.8, this finishes the proof of
Theorem III. O

4 Classes of Matrix Functions

In this section, we discuss the basic properties of interpolation functions: in
particular, the relation to the well-known classes of monotone matrix functions. We
refer to the books [12] and [34] for further reading on the latter classes.

4.1 Interpolation and Matrix Monotone Functions

Let Ay and A3 be positive operators in £5 (n = oo is admitted). Suppose that A <
A3 and form the following operators on £5 @ £5:

00 Ay O
To = , A= .
0 <10> (0 A1>

It is then easy to see that Tp*Tp < 1 and that Tp*ATy = (1?)1 8) < A.

Now assume that a function & on o(A) belongs to the class C4 defined in
Sect. 1.4, i.e., that & satisfies

T*T <1 , T*AT <A = T*h(A)T <h(A), @.1)

where T denotes an operator on Z%”.
We then have Ty*h(A)Ty < h(A), or

h(A1) O - h(A2) O
0o 0/~ 0 h(AD)’
In particular, we find that h(A;) < h(A2). We have shown that (under the
assumptions above)

A = A2 = h (A1) = h(A2). 4.2)
We now change our point of view slightly. Given a positive integer n, we let C,

denote the convex of positive functions # on R such that (4.1) holds for all positive
operators A on £5 and all T € L (€3).
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Similarly, we let P, denote the class of all positive functions 4 on Ry such that
h(A1) < h(Az) whenever Ay, A, are positive operators on £5 such that A} < Aj.
We refer to P, as the cone of positive functions monotone of order n on Ry.

We have shown above that Cp, C P,.

In the other direction, assume that 1 € Pz’n. Let A, T be bounded operators on Eg
with A > 0, T*T < 1land T*AT < A. Assume also that 4 be continuous. We will
use the following lemma due to Hansen [19]. We recall the proof for completeness.

Lemma 4.1 ([19]) T*h(A)T < h(T*AT).
Proof Put S = (1 — TT*)!/? and R = (1 — T*T)'/? and consider the 2n x 2n

matrix
T S AO

It is well known, and easy to check, that U is unitary and that

UXU = (T*AT T*AS) .

SAT SAS

Next fix a number & > 0, a constant A > 0 (to be fixed), and form the matrix

Yy — T*AT +¢ 0
o 0 2

which, provided that we choose A > ||SAS]|, satisfies

£ —T*AS e D
Y - U*XU = > ,
(—SAT 20 — SAS) - (D* A)

where we have written D = —T*AS.
If we now also choose A so that A > || D||?/e, then we obtain for all &, n € C"

that
<(Dg f) ("5) : (‘5)> = sll€I” + (D11, §) + (D"E,m) + Al |
n n

> el|§1” = 21 DIE NI + Alnl* = 0.

Hence U*XU < Y and as a consequence U*h(X)U = h(U*XU) < h(Y), since h
is matrix monotone of order 2n. The last inequality means that

(T*h(A)T T*h(A)S) - (h(T*AT +e O )
Sh(A)T Sh(A)S ) — 0 h21) )’

so in particular T*h(A)T < h(T*AT + ¢). Since ¢ > 0 was arbitrary, and since h
is assumed to be continuous, we conclude the lemma. O
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We now continue our discussion. Assuming that 7*T < 1 and T*AT < A,
and that 1 € P; is continuous, we have h(T*AT) < h(A) [since h € Py], so
T*h(A)T < h(A) by Lemma 4.1. We conclude that & € Cj,.

To prove that P;, C C,, we need to remove the continuity assumption on
h made above. This is completely standard: let ¢ be a smooth positive function
on R} such that fooofp(t) dt/t = 1, and define a sequence hy by hi(A) =
k! fooo 7 (Ak / tk) h(t)dt/t. The class P, is a convex cone, closed under pointwise
convergence [12], so the functions /1, h3, ... are of class Pz’n. They are furthermore
continuous, so by the argument above, they are of class C,,. By Lemma 3.8, the cone
C,, is also closed under pointwise convergence, so h = limh,, € C,.

To summarize, we have the inclusions C2, C P,, P;, C Cp, and also C,11 C
Cn, P, 4 C P, . In view of Theorem III, we have the identity N{°C,, = P’. The
inclusions above now imply the following result, sometimes known as “Lowner’s
theorem on matrix monotone functions.”

Theorem 4.2 We have N° P, = N°C, = P'.

The identity N{° P, = P’ says that a positive function / is monotone of all finite
orders if and only if it is of class P’. The somewhat less precise fact that P,, = P’
is interpreted as that the class of operator monotone functions coincides with P’.

The identity Coo = P’ is, except for notation, contained in the work of Foiag and
Lions, from [16]. See Sect. 6.4.

Note that the inclusion PQ/.n C C, shows that a matrix monotone functions of
order 2n can be interpolated by a positive Pick function at n points. Results of a
similar nature, where it is shown, in addition, that an interpolating Pick function
can be taken rational of a certain degree, are discussed, for example, in Donoghue’s
book [14, Chapter XIII] or (more relevant in the present connection) in the paper
[13].

It seems somewhat inaccurate to refer to the identity N{°P, = P’ as “Lowner’s
theorem,” since Lowner discusses more subtle results concerning matrix monotone
functions of a given finite order n. In spite of this, it is common nowadays to let
“Lowner’s theorem” refer to this identity.

4.2 More on the Cone C4

We can now give an short proof of the following result due to Donoghue [13].

Theorem 4.3 For a positive function h on o (A) we define two positive functions h
and h* on o (A~Y) by h()) = Ah (1/1) and h*(A) = 1/ h (1/). Then the following
conditions are equivalent:

(i) heCy,
(i) i e Cyr,
(iii) h* € Cymr.
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Proof Let ‘H, be a quadratic intermediate space relative to a regular Hilbert couple
H; let B = h(A) be the corresponding operator. It is clear that H, is exact
interpolation relative to H if and only if H. is exact interpolation relative to the
reverse couple H") = (H1, Ho). The latter couple has corresponding operator
A~! and it is clear that the identity || x |2 = (h(A)x, x)o is equivalent to that
Il x ||*2 = <A‘1ﬁ (A_l) X, x>1. We have shown the equivalence of (i) and (ii).

Next let H* = (Ho* Hi*) be the dual couple, where we identify Ho* =
Ho. With this identification, H* becomes associated with the norm | x ”72-1* =
1

(A_lx, x>0, and H, * is associated with || x ”72-L* = (B_lx, x>0. It remains to note

that H. is exact interpolation relative to  if and only if H * is exact interpolation
relative to H*, proving the equivalence of (i) and (iii). |

Combining with Theorem III, one obtains alternative proofs of the interpolation
theorems for P’-functions discussed by Donoghue in the paper [13].

Remark 4.4 The exact quadratic interpolation spaces which are fixed by the duality,
i.e., which satisfy H,™ = H,, correspond precisely to the class of P’-functions
which are self-dual: h* = h. This class was characterized by Hansen in the paper
[20].

4.3 Matrix Concavity

A function h on Ry is called matrix concave of order n if we have Jensen’s
inequality

A (A1) + (1 —=Mh(A2) <h(AAL+ (1 —X1)A)

for all positive n x n matrices A1, A, and all numbers A € [0, 1]. Let us denote by
I', the convex cone of positive concave functions of order n on R;.. The fact that
N, T, = P’ follows from the theorem of Kraus [23]. Following [2] we now give an
alternative proof of this fact.

Proposition 4.5 For all n we have the inclusion C3, C T'y C P,. In particular
Ner, = P
Proof Assume first that & € C3, and pick two positive matrices A; and Aj. Define

Az = (1 — A)A1 + LAz where A € [0, 1] is given, and define matrices A and T of
order 3n by

A3 0 0 0 00
A=10 4, 0 , T=|J1-200
0 0 Ay Jho00
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Itis clear that 7*T < 1 and
A300
T*AT =1 000] <A,
000

S0, since h € C3,, we have T*h(A)T < h(A), or

(1 — M)h(A1) + 1h(A2) 00 h(A3) 0 0
0 ool<| o naAp o
0 00 0 0 h(Ay)

Comparing the matrices in the upper left corners, we find that 2 € T',.

Assume now that & € Iy, and take positive definite matrices Ay, A, of order
n with A1 < Aj. Also pick A € (0,1). Then AA> = XA; + (1 — A)A3z where
Az =11 =214, — A)). By matrix concavity, we then have

h(rA2) = Ah(A1) + (1 — Mh(A3) = Ah(Ay),

where we used non-negativity to deduce the last inequality. Being concave, / is
certainly continuous. Letting A 1 1 one thus finds that 7(A;) < h(A3). We have
shown that & € P;. O

For a further discussion of classes of convex matrix functions and their relations
to monotonicity, we refer to the paper [21].

4.4 Interpolation Functions of Two Variables

In this section, we briefly discuss a class of interpolation functions of two matrix
variables. We shall not completely characterize the class of such generalized
interpolation functions here, but we hope that the following discussion will be of
some use for a future investigation.

Let H; and H> be Hilbert spaces. We turn H; ® H» into a Hilbert space
by defining the inner product on elementary tensors via <x1 ® x2, X} ®xé) =
{x1.x1); - (x2.x2'), (then extend via sesqui-linearity). Similarly, if 7; are oper-
ators on H;, the tensor product 71 ® T, is defined on elementary tensors via
(T ® ) (x1 ® x2) = T1x1 ® Trxy. It is then easy to see that if A; are positive
operators on H; fori = 1,2, then A1 ® A> > 0 as an operator on the tensor product.
Furthermore, we have A} ® Ay < A] ® A} if A; < A} fori =1,2.
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Given two positive definite matrices A; of orders n; and a function 4 on o (A1) %
o0 (A2), we define a matrix 7(A1, A2) by

h(A1, Az) = > h (. h2) E} ® E2
(A1,22)€0 (A1) X0 (A2)

where E/ is the spectral resolution of the matrix A e
We shall say that i gives rise to exact interpolation relative to (A1, Az), and write
h € Ca,, a,, if the condition

Tj*Tj <1 , Tj*AjTj < Aj, j=12 4.3)
implies

h(A1, A2) + (T1 ® T2)*h(A1, A2)(Th @ T»)

— (11 ® D*h(A1, A)(T1 ® 1) — (1 ® T2)*h (A1, A2)(1 ® T») = 0.
(4.4)

Taking 71 = Tp = Oweseethath > Oforall & € Ca, 4,.Itis also clear that C 4, 4,
is a convex cone closed under pointwise convergence on the finite set o (A1) X
o(Ay).

If h = h1 ® hy is an elementary tensor where h; € Ca ; is a function
of one variable, then (4.3) implies Tj*hj (ApT; < hj(Aj), whence (h1(A1) —
Ti*h1(ADT) ® (ha(A2) — Ta*ha(A2)T) > 0, which implies (4.4). We have shown
that Ca; ® Ca, C Cay . a,-

Since for each t > 0 the P’-function A —
every function representable in the form

I+ )i (1 + 1)
h(ii, A2) = // do(t1, t2) 4.5)
[0.00]2 14+0Ar 1+10A

(I4+)A

1y 18 of class CAj, we infer that

with some positive Radon measure ¢ on [0, 00] 2 is in the class Cy LAg-

We shall say that a function # on 6 (A1) X 0 (A2) has the separate interpolation-
property if for each fixed b € o(A») the function Ay — h(Aq, b) is of class Cy,,
and a similar statement holds for all functions A> — h(a, Ay).

Lemma 4.6 Each function of class C 4, a, has the separate interpolation-property.
Proof Let T» = 0 and take an arbitrary 7} with 71*T} < 1 and T1*A 71 < A;. By
hypothesis,

(T1 ® D*h(A1, AD)(Ti ® 1) < h(Ay, Ap).
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Fix an eigenvalue b of A and let y be a corresponding normalized eigenvector.
Then for all x € H; we have (h(A1, A)x ® y,x®y) = (h(A1,b)x, x)y, and
(T1 ® D*h(A1, A)(T1 ® Dx ® y,x ® y) = (T1*h(A1, b)Tix, x) ;. s0

(T1*h(A1, D)T1x, %)y < (h(A1, D)X, X) gy, -

The functions h(a, Ap) can be treated similarly. |

Example The function hA(A1,A2) = (A + Ag)l/ 2 clearly has the separate
interpolation-property for all Aj, Ap. However, it is not representable in the
form (4.5). Indeed, Re{h(i,i) — h(—i,i)} = 1 while it is easy to check that
Re{h (A1, Ag)—h()_\l, A2)} < OwheneverIm Ay, Im Ay > 0and £ is of the form (4.5).

Let us say that a function Ah(XAq, A») defined on Ry x Ry is an interpolation
function (of two variables) if 1 € Cx,, 4, for all Ay, A>. Lemma 4.6 implies that
interpolation functions are separately real-analytic in R4 xR and that the functions
h(a, ) and h(-, b) are of class P’ (cf. Theorem III).

The above notion of interpolation function is close to Kordnyi’s definition of
monotone matrix function of two variables: f (A1, A2) is matrix monotone in a
rectangle I = I} x I (I1, I intervals in R) if A} < A/1 (with spectra in /1) and
Ay < A, (with spectra in I;) implies

F(A], AY) — f(A], A) — f(A1, AS) + f (A1, Az) > 0.
Lemma 4.7 Each interpolation function is matrix monotone in Ry x R;.

/ 1 A/- 0 00 . Py
Proof Let0 < A; < A} and put A; = 0’ A ) T, = 10 . Since T;*A; T; <
i

Aj;, an interpolation function /# will satisfy the interpolation inequality (4.4) with A;

replaced by A;. Applying this inequality to vectors of the form (t)l) ® (Bz) we

readily obtain

(n(AT, AD)x1 ® x2,x1 ® x2) — (h(A1, AYx1 ® X2, X1 ® x2)
— (R(A], A2)x1 ® x2, x1 @ x2) + (h(A1, A2)x1 ® x2, X1 ®@ x2) > 0.

The same result obtains with x; ® x2 replaced by a sum x; ® x2 +x] ® x5 + ...,
i.e., h is matrix monotone. O

Remark 4.8 Assume that f is of the form f (11, X2) = g1 (A1) + g2(A2). Then f
is matrix monotone for all g1, g» and f is an interpolation function if and only if
g1, g2 € P’. In order to disregard “trivial” monotone functions of the above type,
Koranyi [22] imposed the normalizing assumption (a) f (A1, 0) = f(0, A2) = 0 for
all A1, Ap.



Interpolation Between Hilbert Spaces 99

It follows from Lemma 4.7 and the proof of [22, Theorem 4] that if 4 is a C 2.
smooth interpolation function, then the function

h(x1, x2) — h(x1, y2) — h(y1, x2) + h(y1, ¥2)

k 3 5 ’ =
(X1, %23 y1, ¥2) (x1 = yD(x2 — y2)

is positive definite in the sense that ), > k(Xp, Yms Xn, Yn)m@, > 0 for all finite
sequences of positive numbers x;, yx and all complex numbers o;. (The proof uses
Lowner’s matrix.) Kordnyi uses essentially this positive definiteness condition (and
condition (a) in the remark above) to deduce an integral representation formula for
h as an integral of products of Pick functions. See Theorem 3 in [22]. However,
in contrast to our situation, Kordnyi considers functions monotone on the rectangle
(=1, D)x (-1, 1), so this last result cannot be immediately applied. (It easily implies
local representation formulas, valid in finite rectangles, but these representations do
not appear to be very natural from our point of view.)

This is not the right place to attempt to extend Kordnyi’s methods to functions
on R} x Ry; it would seem more appropriate to give a more direct characterization
of the classes Ca,,4, or of the class of interpolation functions. At present, we do
not know if there is an interpolation function which is not representable in the
form (4.5).

5 Proof of the K-Property

In this section we extend the result of Theorem 2.4 to obtain the full proof of
Theorem I. The discussion is in principle not hard, but it does require some care
to keep track of both norms when reducing to a finite-dimensional case.

Recall first that, by Lemma 2.3, it suffices to consider the diagonal case H = K.

To prove Theorem I we fix a regular Hilbert couple H; we must prove that it
has the K-property (see Sect. 1.5). By Theorem 2.4, we know that this is true if
‘H is finite dimensional and the associated operator only has eigenvalues of unit
multiplicity.

We shall use a weak™ type compactness result ([2]). To formulate it, let £;( 7 )
be the unit ball in the space L( H ). Moreover, let 3; be the sum o+ #| normed by
Il x ||%t := K (¢, x). Note that || - ||, is an equivalent normon ¥ and that ¥| = X
isometrically. We denote by £1 ( X ;) the unit ball in the space L (X ;).

In view of Remark 1.4, one has the identity

Li(H)y= () Li(Z). (5.1)

teRy

We shall use this to define a compact topology on L1 (H ).
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Lemma 5.1 The subset L (7—[) C L1 (X) is compact relative to the weak
operator topology inherited from L ( X).

Recall that the weak operator topology on L ( H) is the weakest topology such
that a net 7; converges to the limit 7 if the inner product (7;x, y)y converges to
(Tx,y)y forallx,y € H.

Proof of Lemma 5.1 The weak operator topology coincides on the unit ball £; (X))
with the weak*-topology, which is compact, due to Alaoglu’s theorem (see [29],
Chap. 4 for details). It is clear that for a fixed ¢t > 0, the subset L1 (Z)N Ly (X;)
is weak operator closed in £ ( ¥ ); hence it is also compact. In view of (5.1), the set
L1 (7{) is an intersection of compact sets. Hence the set £ (’H, ) is itself compact,
provided that we endow it with the subspace topology inherited from £; (¥£). O

Denote by P, the projections P, = E;(4)n[,-1,,] 00 Ho where E is the spectral
resolution of A andn = 1,2, 3, .. .. Consider the couple

H(n) = (Pn (HO) s P (Hl))a

the associated operator of which is the compression A, of A to the subspace

P, (Ho). Note that the norms in the couple H are equivalent, i.e., the associated
operator A, is bounded above and below.
‘We shall need two lemmas.

Lemma 5.2 If H"™ has the K -property for all n, then so does H.

Proof Note that || P, || LH) = 1 for all n, and that P, — 1 as n — oo relative to

the strong operator topology on £ (X). Suppose that x°, y* € ¥ are elements such
that, for some p > 1,

K (r, yo) < :) K (r, xo), > 0. (5.2)

Then K (1, P,y°) < K (,)°) < p7'K (¢, x%). Moreover, the identity

K (t, P, yo) = <1 i‘;‘zn P, yo, P, y0>0 shows that we have an estimate of the form

K(t, P,y%) < C, min{l, ¢} fort > 0 and large enough C,, (this follows since A, is
bounded above and below).

The functions K (t, meo) increase monotonically, converging uniformly on
compact subsets of Ry to K (t, xo) when m — oo. By concavity of the function
t — K (t, P,yx°) we will then have

1
K (t, Pny()) < K (r, me°> . 1eR., (5.3)
0

provided that m is sufficiently large, where p is any number in the interval 1 <
o< p.
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Indeed, let A = lim/o0 K (f, P,)°) and B = lim,¢ K (¢, P,)°) /1. Take
points 7 < t; such that K (¢, P,y%) > A/p’ whent > t; and K (¢, P,y*)/t < Bp’
when ¢ < ty. Here p’ is some number in the interval 1 < p’ < p.

Next use (5.2) to choose m large enough that K (z, Pux%) > pK(t, Pnyo) for all
t € [to, 11]. Then K (¢, Ppx®) > (p/p)K (¢, P,y?) for t = t1, hence for all t > 1,
and K (¢, meo)/t > (p/p)K(t, P,,yo)/t for t = ty and hence also when ¢ < t.
Choosing p’ = p/p now establishes (5.3).

Put N = max{m, n}. If H) has the K-property, we can find a map Ty, €
L1(H) such that T, Ppx® = Pnyo. (Define T,,, = 0 on the orthogonal
complement of Py (Hp) in X.) In view of Lemma 5.1, the maps 7;,;, must cluster
at some point T € L£1(H ). Itis clear that Tx? = y°. Since p > 1 was arbitrary, we
have shown that H has the K -property . O

Lemma 5.3 Givenx?, y° ¢ H(()n) and a number € > 0 there exists a positive integer
n and a finite-dimensional couple V C H™ such that x°, y° € Vo + Vi and

I-eK(t,x;H)<K(t,x;V)<(A+eK (1, x;H), t>0,xeVo+V.
(5.4)

Moreover, V can be chosen so that all eigenvalues of the associated operator A,
are of unit multiplicity.

Proof Let A, be the operator associated with the couple H; thus 1/n < A, < n.
Take n > 0 and let {)»,-}IIV be a finite subset of o (A,) such that o (A,) C U]IV E;
where E; = (A; —n/2, A; +1/2). We define a Borel function w : o (A,) — o (Ay,)
by w(X) = A; on E; N (Ay), then || w (An) — An | 3y < 1-
Letk,(2) = | _t:; , - It is easy to check that the Lipschitz constant of the restriction
k; | o (Ap) is bounded above by C; min{1, ¢} where C; = Cj(n) is independent of
t. Hence

ke (w (An)) = ki (An) | £y < Crnmin{l, 1}
It follows readily that
(ke (w (An)) = ki (An)) X, x)o| < Cinmin{L, 1} [ x |5, x € Py (Ho).

Now let ¢ > 0 be such that A > c¢. The elementary inequality k;(c) >
(1/2) min{1, ct} shows that

(ki (Ap)x,x)g = Comin{1, 1} | x|, x € Py (Ho),
where C> = (1/2) min{1, c¢}. Combining these estimates, we deduce that

[(ke (w (An)) x, x)g — (ke (An) %, x)g| < C3n (ke (Ap) x,X)g,  x € Py (Ho)
(5.5)
for some suitable constant C3 = C3(n).
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Now pick unit vectors e;, f; supported by the spectral sets E; N o (A,) such that
x% and y° belong to the space W spanned by {e;, f,-}f’. Put Wy = W) = W and
define norms on those spaces by

Iy = Ixllag > Ixllyy, = (w (A)x, x)py, -
The operator associated with W is then the compression of w(A,) to Wy, i.e.,
Il x ”1%\/1 = (AWx, x)WO = (W(Ap)x, X)34, » x e W.
Let € = 2C3n and observe that, by (5.5)
| K (t,x; W) — K (t,x; 1) | < (/DK (t,x;H), feW. (5.6)

The eigenvalues of A,,, typically have multiplicity 2. To obtain unit multiplicity,
we perturb A, slightly to a positive matrix A,, such that || Ay — Ay, H Ly <

€/2C3. Let V be the couple associated with AV’ ie,putV; = Wfori =0, 1and
Ixllyy = llxlhwy, and [lx [y, = {Ayx x), -
It is then straightforward to check that
|K (1, fsW) =K (t, /; V)| < (/DK (t, [ H),  feW.

Combining this with the estimate (5.6), one finishes the proof of the lemma. O

Proof of Theorem I Given two elements x°, y € % as in (5.2) we write x" =
P, (x%) and y* = P, (y°). By the proof of Lemma 5.2 we then have K (z, y") <
51K (z, x™) for large enough n, where /5 is any given number in the interval (1, p).

We then use Lemma 5.3 to choose a finite-dimensional sub-couple V C H®
such that

K (t,y";V) < (1 + K (1, y"; H)
<A 'K (6, x V) +e (K (6, x" 1)+ K (1, "5 H)).

Here € > 0 is at our disposal.
Choosing € sufficiently small, we can arrange that

K(t.y:V) <K@ x";V), t>0. (5.7

By Theorem 2.4, the condition (5.7) implies the existence of an operator 77 €
L4 (V) such that 7'x" = y". Considering the canonical inclusion and projection

I:2(V)—> X(H) and II:XZ(H)—> Z(V),
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we have, by virtue of Lemma 5.3,

I gy < (T =©)7" and  TTIZ, ), <1+e

Nowlet T = T, := IT'Tl € L(H™). Then | T [|* < 1T¢ and Tx" = y". As
€ | 0 the operators T, will cluster at some point T € L1 (H™ ) such that Tx" = y"
(cf. Lemma 5.1).

We have shown that () has the K -property . In view of Lemma 5.2, this implies
that H has the same property. The proof of Theorem I is therefore complete. O

6 Representations of Interpolation Functions

6.1 Quadratic Interpolation Methods

Let us say that an interpolation method defined on regular Hilbert couples taking
values in Hilbert spaces is a quadratic interpolation method. (Donoghue [14] used
the same phrase in a somewhat wider sense, allowing the methods to be defined on
non-regular Hilbert couples as well.)

If F is an exact quadratic interpolation method, and H a Hilbert couple, then
by Donoghue’s theorem III there exists a positive Radon measure ¢ on [0, co] such
that F (’H) = H,, where the latter space is defined by the familiar norm | x|| 3 =
Jio.0oy (1 t~Y) K (t,x)do().

A priori, the measure ¢ could depend not only on F but also on the particular
‘H. That o is independent of H can be realized in the following way. Let H’ be a
regular Hilbert couple such that every positive rational number is an eigenvalue of
the associated operator. Let B’ be the operator associated with the exact quadratic

interpolation space F' (’H’ ) There is then clearly a unique P’-function 4 on o (A’ )
such that B" = h (A’ ), viz. there is a unique positive Radon measure o on [0, 00]

such that F (H/ ) = 7—[;) (see Sect. 1.2 for the notation).

If H is any regular Hilbert couple, we can form the direct sum & = H' & H.
Denote by A the corresponding operator and let B = h(A) be the operator
corresponding to the exact quadratic interpolation space F (S ) Then h(A) =
h(A") ® h(A) = h(A’) ® h(A). This means that & (A’) = h(A'), ie, h = h.
In particular, the operator B corresponding to the exact interpolation space F(H )
is equal to & (A). We have shown that F(H) = H,. We emphasize our conclusion
with the following theorem.

Theorem 6.1 There is a one-to-one correspondence ¢ +— F between positive
Radon measures and exact quadratic interpolation methods.
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We will shortly see that Theorem 6.1 is equivalent to the theorem of Foiag and
Lions [16]. As we remarked above, a more general version of the theorem, admitting
for non-regular Hilbert couples, is found in Donoghue’s paper [14].

6.2 Interpolation Type and Reiteration

In this subsection, we prove some general facts concerning quadratic interpolation
methods; we shall mostly follow Fan [15].
Fix a function & € P’ of the form

_ (I+1)A
h(x)_/loml L+ do(t).

It will be convenient to write H;, for the corresponding exact interpolation space
‘H,. Thus, we shall denote

I = taxdo = [ (1407 K @) dot

[0,00]

More generally, we shall use the same notation when % is any quasi-concave
function on R, then H}, is a quadratic interpolation space, but not necessarily exact.
Recall that, given a function H of one variable, we say that . is of type H with
respect to H if || T | Zﬁ(m < M; implies || T || Zﬁ(H*) < Mo H (M;/My).
We shall say that a quasi-concave function 4 on Ry is of type H if H, is of type H
relative to any regular Hilbert couple . The following result somewhat generalizes
Theorem 3.2. The class of functions of type H clearly forms a convex cone.

Theorem 6.2 Let h be of type H, where (i) H(1) = 1 and H(t) < max{l, t}, and
(ii) H has left and right derivatives 0 = H'(1t) at the point 1, where 6_ < 0.
Then for any positive constant c,

h(ch
min {20, A%} < h((c )) <max{%, 2%},  AeRy. ©.1)
c
In particular, if H(z) is differentiable at t = 1 and H' (1) = 0, then h()) = 1Y,
S R+.

Proof Replacing A by cA, it is easy to see that if & is of type H, then so is
he(t) = h(ct)/h(c). Fix u > 0 and consider the function ko (¢) = hc(ut)/ he ().
By Theorem II, we have ho(¢) < H(¢) for all ¢. Furthermore /¢(1) = H(1) = 1 by
(i). Since hy is differentiable, the assumption (ii) now gives 6_ < hy(1) < 64, or

_ ()
= he(u) T

0_ 0,.
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Dividing through by u and integrating over the interval [1, A], one now verifies the
inequalities in (6.1). |

The following result provides a partial converse to Theorem II.

Theorem 6.3 ([15]) Let h € P’ and set H(t) = sup,.oh(st)/h(s). Then h is of
type H.

Proof Let T € L(H) be a non-zero operator; put M
M7 /My. We then have (by Lemma 1.1)

= | T||2£(Hj) and M =

I Tx |2 =/ (1 +t‘1) K (1, Tx) do(t)
[0,00]

< Mo/ (1 +t—1) K (tM, x) do(1)
[0,00]

<(1 +1)MA
= MO
[0,00] 1+tMA

=Myh(MA)x,x)q.

X, x> do(t)
0

Letting E be the spectral resolution of A, we have
(0.¢]
(h(MA)x,x)y = / h(MA) d(Exx,x)g.
0
Since h (M X) /h(A) < H (M), we conclude that
2 > 2
17507 = MO [ Gy d (Bxx.xhg = MoH 1) I 1
0
which finishes the proof. O
Given a function / of a positive variable, we define a new function h by
h(s, 1) =sh(t]s).

The following reiteration theorem is due to Fan.

Theorem 6.4 ([15]) Let h,ho,hy € P, and o(A) = h (ho(L), hi(X)). Then
Heo = (Hng» Huy)n with equal norms. Moreover, H, is an exact interpolation space
relative to H.

Proof Let H’ denote the couple (H,, Hp,). The corresponding operator A’ then
obeys

11y, = 1A 2x gy = () 2(A) P flo,  x € AH).
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— 1/2
On the other hand, || x [l3;, = | o1(A)!2x | . so
(A0 = go(A) P ()!Px, xea ().

We have shown that A’ = goo(A)_lgol(A), whence (by Lemma 1.1)

N [ teo(A)Ter(A)
K (t’x’ H> - <1 +tsoo(A)‘1¢’1(A)X7x>H6 (6.2)

< 191(A) >

= 1 X, X .
L +190(A)~ @1(A) )
Now let the function & € P’ be given by

_ (1+)Ar
h(k)—/m’oo] L+ do(1),

and note that the function ¢ = h (ho, h1) is given by

(1 + 0 ()
A) = d .
#) f[o,oo, L+ th (/o) 190

Combining with (6.2), we find that

1, = [ (1407 & (1) dew)

_ [~ (14 Dk (M) .
- [) [K0,00] 1 +th1()\)/h0()\,) dQ(t):| d <EAX,X>0 = || X ”’H«,'

This finishes the proof of the theorem. O

Combining with Donoghue’s theorem III, one obtains the following, purely
function-theoretic corollary. Curiously, we are not aware of a proof which does not
use interpolation theory.

Corollary 6.5 ([15]) Suppose that h € P’ and that ho, hy € P’'|F, where F is
some closed subset of Ry.. Then the function ¢ = h(hg, h) is also of class P'|F.

6.3 Donoghue’s Representation

Let H be a regular Hilbert couple. In Donoghue’s setting, the principal object is the
space A = Ho N H; normed by ||x |3 = | x [I¢ + [lx |{. In the following, all
involutions are understood to be taken with respect to the norm of A.
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We express the norms in the spaces H,; as
Ixllg = (Hx,x)a  and  [xlIf = (1~ H)x,x)a.

where H is a bounded positive operator on A, 0 < H < 1. The regularity of H
means that neither 0 nor 1 is an eigenvalue of H.

To an arbitrary quadratic intermediate space H. there corresponds a bounded
positive injective operator K on A such that

x (17 = (Kx,x)a -

It is then easy to see that H, is exact interpolation if and only if, for bounded
operators T on A, the conditions T*HT < H and T*(1 — H)T < 1 — H imply
T*KT < K. ltis straightforward to check that the relations between H, K and the
operators A, B used in the previous sections are

1 1-H B K
= , A: N = 5 B: . (63)
I+A H I+A H

(It follows from the proof of Lemma 1.2 that H and K commute.)
By Theorem III we know that H, is an exact interpolation space if and only if
B = h(A) for some h € P’. By (6.3), this is equivalent to that K = k(H) where

h(A) 1—H
k(H)=1+A=Hh< 4y )

In its turn, this means that

B (1 +0 =)/
Ko =2 /[o,oo] N

_ (1 +0)A(1 = 1)
_/[000] A+l —2) de(®), A€ o(H),

where o is a suitable Radon measure. Applying the change of variables s = 1/(1+1)
and defining a positive Radon measure p on [0, 1] by duu(s) = do(t), we arrive at
the expression

o — 1 Al —2) J N . o
()_/o (1= $)(1 = 3) 4 52 T € o(H), (6.4)

which gives the representation exact quadratic interpolation spaces originally used
by Donoghue in [14].
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6.4 J-Methods and the Foias-Lions Theorem

We define the (quadratic) J-functional relative to a regular Hilbert couple H by
Jax)=J (s H) =lxlg+elxlf, >0 xeAH)

Note that J (¢, x)l/2 is an equivalent norm on A and that J(1,x) = || x ||i.

Given a positive Radon measure v on [0, oc], we define a Hilbert space J,, ()
as the set of all elements x € X (7 ) such that there exists a measurable function
u : [0, 00] — A such that

X = / u(t)dv(t) (convergence in %) (6.5)
[0,00]
and
J(t, u(t))
/[o,oo] L+t dv(t) < o0. (6.6)

The norm in the space J,, () is defined by

) J(t,u(0))
”Mm_wﬁmllﬂ dv (1) 6.7)

over all u satisfying (6.5) and (6.6).

The space (6.7) was (with different notation) introduced by Foias and Lions in
the paper [16], where it was shown that there is a unique minimizer u(¢) of the
problem (6.7), namely

-1
W)= o(A)x  where @)= ! (/ s dv(s)) .
[0

14+tx ,o0] 14+ sA
(6.8)
Inserting this expression for u into (6.7), one finds that
lx 117 = (h(A)x, x)g
where
_1 141
h(MD)™ = dv(z). (6.9)
[0,00] 141

It is easy to verify that the class of functions representable in the form (6.9) for some
positive Radon measure v coincides with the class P’. We have thus arrived at the
following result.
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Theorem 6.6 Every exact quadratic interpolation space H, can be represented
isometrically in the form H, = J,(H) for some positive Radon measure v on
[0, oo]. Conversely, any space of this form is an exact quadratic interpolation space.

In the original paper [16], Foias and Lions proved the less precise statement that
each exact quadratic interpolation method F can be represented as F' = J,, for some
positive Radon measure v.

6.5 The Relation Between the K- and J-Representations

The assignment K, = J, gives rise to a non-trivial bijection ¢ + v of the set of
positive Radon measures on [0, oo]. In this bijection, o and v are in correspondence

if and only if
1+ 1) 141 -
/ (1+0 do(t) = (/ + dv(t)) .
[0,00] 1+1A [0,00] 1412

As an example, let us consider the geometric interpolation space (where ¢y =
/sin( o))

2 0 g dt
Ixlly=(A x,x)ozce VK (t, x) .
0

The measure o corresponding to this method is dog () = "‘ff:) dt. On the other
hand, it is easy to check that

50 /°° 141 dve(s) -1 N dve(®) cot? dt
= V, where V, = .
o L+ " o 141t

We leave it to the reader to check that the norm in Hg is the infimum of the
expression

co /ooﬁf(t,u(t)) di
0 t

o dt
x:/o u(t) .

We have arrived at the Hilbert space version of Peetre’s J-method of exponent 6.
The identity J,, = K,, can now be recognized as a sharp (isometric) Hilbert space
version of the equivalence theorem of Peetre, which says that the standard Ky and
Jo-methods give rise to equivalent norms on the category of Banach couples (see

[7D.

over all representations
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The problem of determining the pairs g, v having the property that the K, and
J, methods give equivalent norms was studied by Fan in [15, Section 3].

6.6 Other Representations

As we have seen in the preceding subsections, using the space Ho to express
all involutions and inner products leads to a description of the exact quadratic
interpolation spaces in terms of the class P’. If we instead use the space A as
the basic object, we get Donoghue’s representation for interpolation functions.
Similarly, one can proceed from any fixed interpolation space H. to obtain a
different representation of interpolation functions.

6.7 On Interpolation Methods of Power p

Fix a number p, 1 < p < oo. We shall write L, = L, (X, A, u) for the usual
L ,-space associated with an arbitrary but fixed (o -finite) measure u on a measure
space (X, A). Given a positive measurable weight function w, we write L ,(w) for
the space normed by

11 = [ P17 ) dia),

We shall write L,(w) = (Lp, L,,(w)) for the corresponding weighted L, couple.
Note that the conditions imposed mean precisely that L,(w) be separable and
regular.

Let us say that an exact interpolation functor F defined on the totality of
separable, regular weighted L ,-couples and taking values in the class of weighted
L »-spaces is of power p.

Define, for a positive Radon measure ¢ on [0, 0o], an exact interpolation functor
F = K,(p) by the definition

1
p — — 1y P—1 .
17y = f[m}(lﬂ )P (1. f1 Lp(w)) do().

We contend that F is of power p.
Indeed, it is easy to verify that

tw(x)

. du(x),
(I + (tw(x))r—1)r=1

Ky (1. f: Lp(w) = /X oL
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so Fubini’s theorem gives that

14 _
11y = [ @I () duo),
where
1
p— -1
h(k):/ 0 e, h e w(). (6.10)
(0,00 (1 4 (¢tA)r—1)P-1

We have shown that F'(L,(w)) = L,(h(w)), so F is indeed of power p.

Let us denote by [C(p) the totality of positive functions # on R representable in
the form (6.10) for some positive Radon measure o on [0, oo].

Further, let Z(p) denote the class of all (exact) interpolation functions of power
p, 1.e., those positive functions # on Ry having the property that for each weighted
L, couple L,(w) and each bounded operator T on L,(w), it holds that T is
bounded on L, (h(w)) and

IT W e, mawyy ST e, w)) -

The class Z(p) is in a sense the natural candidate for the class of “operator monotone
functions on L ,-spaces.” The class Z(p) clearly forms a convex cone; it was shown
by Peetre [31] that this cone is contained in the class of concave positive functions
on Ry (with equality if p = 1).

We have shown that X(p) C Z(p). By Theorem 6.1, we know that equality
holds when p = 2. For other values of p it does not seem to be known whether the
class KC(p) exhausts the class Z(p), but one can show that we would have K(p) =
Z(p) provided that each finite-dimensional L ,-couple £’,(1) has the K ,-property
(or equivalently, the K-property, see (2.2)). Naturally, the latter problem (about
the K ,-property) also seems to be open, but some comments on it are found in
Remark 2.9.

Let v be a positive Radon measure on [0, oo]. In [16], Foiag and Lions introduced
amethod, which we will denote by F' = J, (p) in the following way. Define the J,-
functional by

It s LyW) =1 FIF+el FIF, feA, t>0.

We then define an intermediate norm by

1 gy =06 [ (0700 (1@ L) v,

,00]
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where the infimum is taken over all representations

f= u(t) dv(t)
[

0,00]

with convergence in X. It is straightforward to see that the method F so defined is
exact; in [16] it is moreover shown that it is of power p. More precisely, it is there
proved that

171y = [ A7 ) o),

where

1

1
h(r) ~r =/ AED7 o, e w). 6.11)
[0,00] (1 + 1) !

Let us denote by J(p) the totality of functions % representable in the form (6.11).
We thus have that 7 (p) C Z(p). In view of our preceding remarks, we conclude that
if all weighted L ,-couples have the K, property, then necessarily J(p) C K(p).
Note that 7 (2) = K(2) by Theorem 6.6.

Appendix: The Complex Method is Quadratic

Let S = {z € C; 0 < Rez < 1}. Fix a Hilbert couple H and let F be the set of
functions § — X which are bounded and continuous in S, analytic in the interior of
S, and which maps the line j + iR into H; for j = 0, 1. Fix 0 < 6 < 1. The norm
in the complex interpolation space Cy (7{) is defined by

IIXI|C9<H)=in{IIf||;; f©® =x}. *)

Let P denote the set of polynomials f = lev a;z' where a; € A. We endow P
with the inner product

o8y = ) /R<f(j +it), g(j +it)); Pj(8,1)dt,

j=0,1
where { Py, P1} is the Poisson kernel for S,

e "'sinfm

Pi0,1) = . .
1. sin2 O + (cos O — (—1)Je=71)2
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Let My be the completion of P with this inner product. It is easy to see that the
elements of My are analytic in the interior of S, and that evaluation map f +— f(0)
is continuous on My. Let Ny be the kernel of this functional and define a Hilbert
space Hy by

Ho = My/Np.

We denote the norm in Hy by || - ||g.
Proposition A.1 Cy (’H) = Hg with equality of norms.

Proof Let f € JF. By the Calder6n lemma in [7, Lemma 4.3.2], we have the
estimate

log Il £ &) lleyi3) < D /Rlog I£ G+ in)ll;Pi0. 1) d.

j=0,1

Applying Jensen’s inequality, this gives that

1F©) lleype, <Y fRu FGHInN5Pi@,0dn"? =l flly, -

j=0.1

Hence Hg C Co(H ) and ||~||C9(7_[) < || - |l On the other hand, for f € P one has
the estimates

I£@) g <N fllp, <suplll fG+it)llj;teR, j=0,1} =1 flF,

whence Co(H) C Ho and |I-ll, 34y = II-llo- =

It is well known that the method Cy is of exponent 6 (see, e.g., [7]). We have
shown that Cy is an exact quadratic interpolation method of exponent 6.

Complex Interpolation with Derivatives

In [15, pp. 421-422], Fan considers the more general complex interpolation method
Cy(n) for the n:th derivative. This means that in (*), one consider representations x =
nl! f ) (9) where f € F; the complex method Cy is thus the special case Cy(q). It is
shown in [15] that, for n > 1, the Cy(,)-method is represented, up to equivalence of
norms, by the quasi-power function /(1) = A% /(1+ 0(1;9) |logA])". The complex
method with derivatives was introduced by Schechter [37]; for more details on that
method, we refer to the list of references in [15].
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