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Preface

The theory of open quantum systems, that is, quantum systems interacting with an
environment, is a fascinating and multifaceted field. It is guided by the demands
of models for the actual quantum physical experiments and their interpretational
questions, and it draws heavily upon many different mathematical areas in order
to merge and combine tools and methods to form a new theory. Of particular
importance are functional analysis, evolution equations, semigroups, C*-algebras,
and probability theory.

The mathematical theory of open quantum systems is rather young and still in a
formative stage, with a few first streamlines emerging. An intensive and rich devel-
opment in future is to be expected. This book is a compilation of four articles by
internationally leading experts which provide an introduction to some fundamental
mathematical aspects relevant to understanding open quantum systems.

The article by Alexander Belton provides a self-contained introduction to Marko-
vian semigroups on both a classical and quantum-mechanical level, eventually
characterizing the generators of certain quantum Feller semigroups.

Dariusz Chruscinski discusses non-Markovian quantum dynamics, with both
time-local and memory kernel master equations. It is mostly based on the example
of n-level quantum systems. A recurrent theme in both the articles of Alexander
Belton and Dariusz Chruscinski is the concept of completely positive maps, which
is central to the theory of open quantum systems.

Niels Jacob and Elian Rhind study the generators of Feller semigroups by taking
advantage of techniques from microlocal analysis. Their article constitutes a first
attempt to include geometric aspects into the framework. It focuses on the classical
theory, and it is an interesting open problem to generalize this formalism to the
quantum case.

Also Vojkan Jaksic’s article focuses on the classical theory. It is the first part of
a series of articles devoted to the notion of entropy. He introduces and carefully
analyzes notions of classical entropy that allow for counterparts in quantum
information theory or quantum statistical mechanics. The forthcoming parts in this
series will be published elsewhere.
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The original stimulus for this volume is a winter school on dynamical methods
in open quantum systems which was held at the Mathematical Institute of the
University of Gottingen in November 2016 and where Alexander Belton, Dariusz
Chrusciniski, Niels Jacob, and Vojkan Jaksic were lecturers.
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Introduction to Classical and Quantum m)
Markov Semigroups e

Alexander C. R. Belton

Abstract We provide a self-contained and fast-paced introduction to the theories of
operator semigroups, Markov semigroups and quantum dynamical semigroups. The
level is appropriate for well-motivated graduate students who have a background in
analysis or probability theory, with the focus on the characterisation of infinitesimal
generators for various classes of semigroups. The theorems of Hille—Yosida, Hille—
Yosida—Ray, Lumer—Phillips and Gorini—Kossakowski—Sudarshan—Lindblad are all
proved, with the necessary technical prerequisites explained in full. Exercises are
provided throughout.

1 Introduction

These notes are an extension of a series of lectures given at the Winter School on
Dynamical Methods in Open Quantum Systems held at Georg-August-Universitit
Gottingen during November 2016. These lectures were aimed at graduate students
with a background in analysis or probability theory. The aim has been to make
the notes self-contained but brief, so that they are widely accessible. Exercises are
provided throughout.

We begin with the basics of the theory of operator semigroups on Banach spaces,
and develop this up to the Hille—Yosida and Lumer—Phillips theorems; these provide
characterisations for the generators of strongly continuous semigroups and strongly
continuous contraction semigroups, respectively. As those with a background in
probability theory may not be comfortable with all of the necessary material from
functional analysis, this is covered rapidly at the start. The reader can find much
more on these topics in Davies’s book [9].

After these fundamentals, we recall some key ideas from probability theory.
The correspondence between time-homogeneous Markov processes and Markov
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2 A. C.R. Belton

semigroups is explained, and we explore the concepts of Feller semigroups and Lévy
processes. We conclude with the Hille—Yosida—Ray theorem, which characterises
generators of Feller semigroups via the positive maximum principle. Applebaum
[3, Chapter 3] provides another view of much of this material, as do Liggett [20,
Chapter 3] and Rogers and Williams [26, Chapter III].

The final part of these notes addresses the theory of quantum Markov semi-
groups, and builds to the characterisation of the generators of uniformly continuous
conservative semigroups, and the Gorini—Kossakowski—Sudarshan—Lindblad form.
En route, we establish Stinespring dilation and Kraus decomposition for linear maps
defined on unital C* algebras and von Neumann algebras, respectively, which are
important results in the theories of open quantum systems and quantum information.
The lecture notes of Alicki and Lendi [2] provide a useful complement, and those
of Fagnola [14] study quantum Markov semigroups from the fruitful perspective of
quantum probability. There is much scope, and demand, for further developments
in this subject.

1.1 Acknowledgements

The author is grateful to the organisers of the winter school, Prof. Dr. Dorothea
Bahns (Géttingen), Prof. Dr. Anke Pohl (Jena) and Prof. Dr. Ingo Witt (Gottingen),
for the opportunity to give these lectures, and for their hospitality during his time in
Gottingen. He is also grateful to Mr. Jason Hancox, for his comments on a previous
version of these notes.

1.2 Conventions

The notation “P := Q” means that the quantity P is defined to equal Q.

The sets of natural numbers, non-negative integers, non-negative real numbers,
real numbers and complex numbers are denoted N := {1,2,3,...}, Z4 := {O}UN,
R+ := [0, 00), R and C, respectively; the square root of —1 is denoted i. Note that
we follow the Anglophone rather than Francophone convention, in that 0 is both
non-negative and non-positive but is neither positive nor negative.

The indicator function of the set A is denoted 14, with the domain determined
by context. If f : A — B and C C A, then f|c : C — B, the restriction of f to C,
takes the same value at any point in C as f does.

Inner products on complex vector spaces are taken to be linear on the right and
conjugate linear on the left. Given our final destination, we work with complex
vector spaces and complex-valued functions by default.
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2 Operator Semigroups

2.1 Functional-Analytic Preliminaries

Throughout their development, there has been a fruitful interplay between abstract
functional analysis and the theory of operator semigroups. Here we give a rapid
introduction to some of the basic ideas of the former. We cover a little more material
that will be used in the sequel, but the reader will find it useful for their further
studies in semigroup theory.

Definition 2.1 In these notes, a normed vector space V is a vector space with
complex scalar field, equipped with a norm || - || : V — R4 which is

(i) subadditive: |u 4+ v|| < |lu|| + ||v|| forall u, v € V;
(i) homogeneous: ||Av|| = |A| ||v]| forall v € V and A € C; and
(iii) faithful: ||v|| = 0ifand only if v =0, forallv € V.
The normed vector space V is complete if, whenever (vy),eny € V is a Cauchy
sequence, there exists vy, € V such that v;, — v as n — 0o. A complete normed
vector space is called a Banach space. Thus Banach spaces are those normed vector
spaces in which every Cauchy sequence is convergent.

[Recall that a sequence (vy)neny S V is Cauchy if, for all ¢ > 0, there exists
N € Nsuchthat ||v,, —v,|| < eforallm,n > N.]

Exercise 2.2 (Banach’s Criterion) Let || - || be a norm on the complex vector
space V. Prove that V is complete for this norm if and only if every absolutely
convergent series in V is convergent.

[Given (v,)nen C V, the series ZZO: 1 Vn 1s said to be convergent precisely when
the sequence of partial sums (Z;'.: 1 Vj)neN is convergent, and absolutely convergent

when (Z'}Zl lvjl)nen is convergent.]

Example 2.3 If n € N, then the finite-dimensional vector space C" is a Banach
space for any of the £” norms, where p € [1, oco] and

I/p
(Z?:l |vj|p) if p < oo,

max({lvj|: j=1,...,n}if p =oco.

i, o)l ==

These norms are all equivalent: for all p, g € [1, oo] there exists Cp 4 > 1 such that
C;i1||v||q < vllp < Cpglivllg forallv € C".
Example 2.4 For all p € [1, oo], let the sequence space

€7 :={v = (Ulnez, € C: |vll, < o0},
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where

1/
(Zotul?) " it p et o0,

sup{|vy| : n € Z4} if p = o0,

lvllp =

and the vector-space operations are defined coordinate-wise: if u, v € £P and A € C,
then

(u+v), :=u,+v, and (Av), := Av, foralln € Z4.

These are Banach spaces, with £7 C €9 if p, g € [1, oo] are such that p < q.
If p € [1, 00), then £P C ¢y C £°°, where

co = {v = (Un)n€Z+ g C : lim Uy = 0}
n—od

is itself a Banach space for the norm || - || co-

Example 2.5 An inner product on the complex vector space V is a form
() :VxV->C; (u,v) > (u,v)

which is
(i) linear in the second argument: the map V — C; v + (u, v) is linear for
allu e V,
(i) Hermitian: (u, v) = (v, u) forall u, v € V; and
(iii) positive definite: (v, v) > O for all v € V, with equality if and only
ifv=0.

Any inner product determines a norm on V, by setting |[v]| := (v, v)!/2 forall v €
V. Furthermore, the inner product can be recovered from the norm by polarisation:
ifg: V xV — Cis a sesquilinear form on V, so is conjugate linear in the first
argument and linear in the second, then

3
q(u,v):Ziqu(u—i—iv,u—i—iv) forallu,v e V.
Jj=0

A Banach space with norm which comes from an inner product is a Hilbert space.
For example, the sequence space £ is a sequence space, since setting

o
(u, v) := Zunvn forallu,v € 02
n=0
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defines an inner product on €2 such that (v, v) = ||v||> forall v € £2. In any Hilbert
space H, the Cauchy—Schwarz inequality holds:

[, )| < flull vl forallu,v e H.

It may be shown that a Banach space V is a Hilbert space if and only if the norm
satisfies the parallelogram law:

lu + v+ lu — o> = 20ul® +2|v)*>  forallu,ve V.

Exercise 2.6 Let H be a Hilbert space. Given any set S € H, prove that its
orthogonal complement

St:={xeH:(x,y)=0forally € S}

is a closed linear subspace of H. Prove further that L < H is a closed linear
subspace of H if and only if L = (L)L,

Example 2.7 Let C(K) denote the complex vector space of complex-valued func-
tions on the compact Hausdorff space K, with vector-space operations defined
pointwise: if x € K then

(f+8)0) = f(x)+gk) and (Af)x) :=2rf(x)

forall f, g € C(K) and A € C. The supremum norm

-1 f = 1 flloo :=sup{f(x) : |x] € K}

makes C(K) a Banach space. [Completeness is the undergraduate-level fact that
uniform convergence preserves continuity. ]

Example 2.8 Let (2, ¥, 1) be a o-finite measure space, so that 4 : ¥ — [0, 00]
is a measure and there exists a countable cover of Q with elements in ¥ of finite
measure.

For all p € [1, oo], the L? space

LPQ,F, ) :={f:Q—=>ClIflp < oo}
is a Banach space when equipped with the L? norm

1/
(fo I 1P @) ™ it pell, o0,

inf{sup{ | f(x)| : x € Q\ V}: V € Qisanullset}} if p = oo,

Ifllp ==
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and where functions are identified if they differ on a null set. [Note that if f €
LP(Q,F, p) then || f||, = 0if and only if f = 0 on a null set.]
The space Lz(Q, ¥, 1) is a Hilbert space, with inner product such that

(f.g) = /Q fgx)u(dx)  forall f, g € LA(Q, F, p).

I'— =1 where co~! := 0, then

If p, g, r € [1, oo] are such that p*1 +q-
Ifglr < 1/ NplIgllq forall f € LP(Q,F, n) and g € L1(Q2, F, p);
2.1

this is Holder’s inequality. The subadditivity of the L? norm, known as Minkowski’s
inequality, may be deduced from Holder’s inequality. Whenr = 1 and p = g = 2,
Holder’s inequality is known as the Cauchy—Bunyakovsky—Schwarz inequality.

Example 2.9 Letd > 1. The space C° (R?) of continuous functions on R? with
compact support is a subspace of L?(R9) for all p € [1,00], and is dense for
p € [1, 00), when R? is equipped with Lebesgue measure.

Given a multi-index o« = (a1, ...,04) € Zi, let o] ;= a1 + -+ 4+ ag and
o 0%
D% f = ... f  forall feC®®RY.
dx1 dxq

Note that D* f € C(R?) forall f € CX(RY) and o € Z4.
Let f € LP(R?), where p € [1, c0], and note that fg € L'(R?) for all g €
cx (R?), by Holder’s inequality. If there exists F € L”(R?) such that

/ f(x)D“g(x)dxz(—D'“‘/ F(x)g(x)dx  forall g € CX®(RY)
]Rd ]Rd

then F is the weak derivative of f, and we write F = D® f. [It is a straightforward
exercise to verify that the weak derivative is unique, and that this agrees with the
previous definition if f € C2° (R%).]
Given p € [1, 00) and k € Z, the Sobolev space
whkP(RY) := {f € LP(R?Y) : D* f € LP(RY) whenever |a| < k)

is a Banach space when equipped with the norm

re = (X woe i)

lor| <k

and contains C2° (R?) as a dense subspace.
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The Sobolev space wk ’2(Rd ) is usually abbreviated to H k(]Rd ) and is a Hilbert
space, with inner product such that

(f.g):= Y (D*f.D%)  forall f.g € H'R').
| <k

Exercise 2.10 Prove that the normed vector space Wk-P(RY), as defined in Exam-
ple 2.9, is complete.

Example 2.11 Let U and V be normed vector spaces. A linear operator 7 : U — V
is bounded if

IT| :={lITul| :u € U} < oo.

If T is bounded, then ||[Tu| < ||T|| |l«| for all u € U, and ||T| is the smallest
constant with this property.

The set of all such linear operators is denoted by B(U; V), or B(U) if U and V
are equal.

This set is a normed vector space, with operator norm T +— || T || and algebraic
operations defined pointwise, so that

S+Tu=8Su+Tu and AT)u:=ATu

forall S, T € B(U; V), € C and U € U. Furthermore, the space B(U; V) is a
Banach space whenever V is.

Exercise 2.12 Prove the claims in Example 2.11.

Exercise 2.13 Let V be a normed vector space. Prove that the norm on B(V) is
submultiplicative: if S, T € B(V), then ST : v — S(Tv) € B(V), with ||ST| <
ISINT I

Exercise 2.14 Let U and V be normed vector spaces and let 7 : U — V be a
linear operator. Prove that T is bounded if and only if it is continuous when U and
V are equipped with their norm topologies.

Example 2.15 Given any normed space V, its fopological dual or dual space is the
Banach space V* := B(V; C). An element of V* is called a linear functional or
simply a functional.

If p, g € (1, 00) are conjugate indices, so that such that p~! 4+ ¢! = 1, then
(£7)* is naturally isomorphic to £9 via the dual pairing

o
[, v] := Zunvn forall u € £f and v € £9.
n=0
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Holder’s inequality shows that u +— [u, v] is an element of (£7)* for any v € £9;
proving that every functional arises this way is an exercise. Furthermore, the same
pairing gives an isomorphism between (£')* and £°°. [The dual of £*° is much larger
than £!; it is isomorphic to the space M (BN) of regular complex Borel measures on
the Stone—Cech compactification of the natural numbers. ]

Similarly, for conjugate indices p, ¢ € (1, o0), the dual of L7 (2,7, n) is
identified with L4(2, ¥, i), and the dual of LY, F, w) with L*(Q2, ¥, ), via
the pairing

Lf gl :=/Qf(X)g(X)M(dX)-

In particular, £2 and L?(2, 7, j1) are conjugate-linearly isomorphic to their dual
spaces. This is a general fact about Hilbert spaces, known as the Riesz—Fréchet
theorem: if H is a Hilbert space, then

H* ={(ul:u e H}, where (ulv := (u,v) forallv e H.

If K is a compact Hausdorff space, then the dual of C(K) is naturally isomorphic
to the space M (K) of regular complex Borel measures on K, with dual pairing

[f, ] ::/ f(x) u(dx) forall f € C(K)and u € M(K).
K

The Hahn—Banach theorem [25, Corollary 2 to Theorem III.6] implies that the
dual space separates points: if v € V, then there exists ¢ € V* such that ||¢| = 1
and ¢ (v) = [[v].

Example 2.16 Duality makes an appearance at the level of operators. If U and V
are normed spaces and T € B(U; V), then there exists a unique dual operator
T' € B(V*; U*) such that

(T'Y)(v) = ¥(Tu)  forallu e U and ¢ € V*.

The map T +— T’ from B(U; V) to B(V*; U*) is linear and reverses the order of
products: if S € B(U; V)and T € B(V; W), then (TS) = §'T’.

If H and K are Hilbert spaces, and we identify each of these with its dual via the
Riesz—Fréchet theorem, then the operator dual to T € B(H; K) is identified with the
adjoint operator T* € B(K; H), since

(T'(v])u = (v, Tu)k = (T*v, u)y = (T*v|u forallu € Hand v € K.
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2.2 Semigroups on Banach Spaces

Definition 2.17 A family of operators T = (13);er, S B(V) is a one-parameter
semigroup on V, or a semigroup for short, if

(i) To = I the identity operator and (ii) 75 T; = T4, forall s, r € R5.
The semigroup 7T is strongly continuous if

lim ||T;v—v]| =0 forallv € V,
t—0+

and is uniformly continuous if

lim |7, — 1| = 0.
t—0+

Exercise 2.18 Prove that a uniformly continuous semigroup is strongly continuous.
[The converse is false: see Exercise 2.29.]

Theorem 2.19 Let T be a strongly continuous semigroup on the Banach space V.
There exist constants M > 1 and a € R such that | T;|| < Me® forallt € R,.

Proof See [9, Theorem 6.2.1]. O

Remark 2.20 The semigroup T of Theorem 2.19 is said to be of type (M, a). A
semigroup of type (1, 0) is also called a contraction semigroup.

By replacing T, with e “'T;, one can often reduce to the case of semigroups
with uniformly bounded norm. However, it is not always possible to go further and
reduce to contraction semigroups; see [9, Example 6.2.3 and Theorem 6.3.8].

Exercise 2.21 Prove that a strongly continuous semigroup is strongly continuous
at every point: if # > 0, then }}m}) | T;+nx — Tyx|| = 0. Prove further that the same is
—

true if “strongly” is replaced by “uniformly”.

o
Exercise 2.22 Given any A € B(V), letexp(A) := Z ri' A",
n=0 "
(i) Prove that this series is convergent, so that exp(A) € B(V'). Prove further
that || exp(A)[| < exp [|All.
(i) Prove thatif B € B(V) commutes with A, so that that AB = BA, then
exp(A) and exp(B) also commute, with exp(A) exp(B) = exp(A + B).
[Hint: consider the derivatives of

t > exp(tA)exp(—tA) and 1> exp(tA)exp(tB) exp(—t(A+B)).]

(iii) Prove that setting 7; := exp(tA) for all + € R produces a uniformly
continuous one-parameter semigroup 7 .



10 A. C.R. Belton

The converse of Exercise 2.22(iii) is true, and we state it as a theorem.

Theorem 2.23 [f T is a uniformly continuous one-parameter semigroup, then there
exists an operator A € B(V) such that T; = exp(tA) forallt € R,.

Proof By continuity at the origin, there exists #op > 0 such that
|Ts —I|| <1/2  foralls € [0, fo].

Then
1o 0]
Htﬁ/ Tyds — 1| :t(;luf T, —1ds| <172 <1.
0 0

Thus X := 1, ! éo Ty ds € B(V) is invertible, because the Neumann series

DU-X)=I+T-X)+UT-X)"+...
n=0

is absolutely convergent, so convergent, by Banach’s criterion. Furthermore,

o o
h’l(Th—I)/ TSds=h’1/ Tyin — Ty ds
0 0

to+h 0]
=h*1/ TSds—h’I/ T, ds
h 0

to+h h
=h*1/ TSds—h’I/ T, ds
o 0

—> Ty —1
as h — 0+. Hence

A= lim h =\ (Ty, = 1) = (T, — D@X) ™"
h—0+

Moreover, for any ¢ € [0, 7],

t t 141
T,0=I+A/ nldt1=1+A(t1+/ / Y}Zdtzdn)
0 0 JOo

2

=
=I+tA~|—2A + ...
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t In
—i—A"/ / Tt dtyyr ... dfy
0 0

1 n
-y A" =exp(tA)
n=0

as n — 00, since

HA" /l /t" T, dt dt H < 3Al
0... 0 tht1 n+l.-.. 1 XX 2(n+1)|

This working shows that 7; = exp(tA) for any ¢ € [0, fp], so for all t € R, by the
semigroup property: there exists n € Z and s € [0, tp) such that t = nfy + s, and

Ty = Ty Ts = exp(ntoA + s A) = exp(tA).

O

Remark 2.24 The integrals in the previous proof are Bochner integrals; they are
an extension of the Lebesgue integral to functions which take values in a Banach
space. We will only be concerned with continuous functions, so do not need to
concern ourselves with notions of measurability. All the standard theorems carry
over from the Lebesgue to the Bochner setting, such as the inequality || f f@)de] <
JIIf (@)l dt, and if T is a bounded operator then T [ f () dt = [ T f(z) dr.

Definition 2.25 If T is a uniformly continuous semigroup, then the operator A €
B(V) such that T; = exp(tA) for all t+ € R is the generator of the semigroup.

Exercise 2.26 Prove that the generator of a uniformly continuous one-parameter
semigroup 7 is unique. [Hint: consider the limit of t =1 (7} — I) as t — 0+.]

Example 2.27 Givent € Ry and f € V := LP(R), where p € [1, 00), let
(T Hx) == fx+1) forall x € Ry.

Then T; € B(V), with ||T|| = 1, and T = (13),er, is a one-parameter semigroup.
If f is continuous and has compact support, then an application of the Dominated
Convergence Theorem gives that 7; f — f as t — 0+; since such functions are
dense in V, it follows that T is strongly continuous.

Exercise 2.28 Prove the assertions in Example 2.27. Prove also thatif f € V =
LP(R,) is absolutely continuous, with f” € V such that

fx) =f(0)+/ f'(»dy  forallx € Ry,
0
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then
lim (T, f = f) = [,
t—0+
where the limit exists in V. [Hint: show that
1 1 !
s = = 1= [ans = ripa
0

and then use the strong continuity of 7" at the origin.]

Exercise 2.29 Prove that the semigroup of Example 2.27 is not uniformly continu-
ous. [Hint: let f, = A, 1[,171,2,,7 N where the positive constant A, is chosen to make

fn aunit vector in V, and consider ||T; f;, — full forn > 1]

2.3 Beyond Uniform Continuity

As shown above, uniformly continuous one-parameter semigroups are in one-to-one
correspondence with bounded linear operators. To move beyond this situation, we
need to introduce linear operators which are only partially defined on the ambient
Banach space V.

Definition 2.30 An unbounded operator in V is a linear transformation A defined
on a linear subspace Vo C V, its domain; we write dom A = V.

An extension of A is an unbounded operator B in V such that dom A € dom B
and the restriction B|gom 4 = A. In this case, we write A C B.

An unbounded operator A in V is densely defined if dom A is dense in V for the
norm topology.

Definition 2.31 Given operators A and B, let A + B and A B be defined by setting
dom(A + B) :=domANdomB, (A+ B)v:=Av+ Bv
and
domAB :={vedomA: Av € domB}, (AB)v:= A(Bv).

Note that neither A + B nor A B need be densely defined, even if both A and B are.

Definition 2.32 Let T be a strongly continuous one-parameter semigroup on V. Its
generator A is an unbounded operator with domain

domA:={veV: 111(1)1 = (T;v — v) exists in V)
t—0+4+
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and action

d
Av:= _ Tyv ;= lim t_l(T,v—v) forall v € dom A.
dr =0 t—0+

It is readily verified that A is an unbounded operator.

Exercise 2.33 Prove thatif v € V and ¢ € R then
1 t
/ Tsvds € dom A and (Tt—I)va/ T,vds.
0 0

Deduce that dom A is dense in V. [Hint: begin by imitating the proof of Theo-
rem 2.23.]

Lemma 2.34 Let the strongly continuous semigroup T have generator A. If v €
domA andt € Ry, then T;v € domA and T;Av = AT;v; thus, T;(domA) C
dom A. Furthermore,

t t
(T — DHv = / T, Avds = / ATsvds.
0 0

Proof First, note that
YT, — DTiv=T,h (T — Dv — T,Av ash — 0+,

by the boundedness of 7;, so T;v € dom A and AT;v = T;Av, as claimed. For the
second part, let

t
F:Ry >Vt (T,—I)v—/ T;Avds.
0
Note that F is continuous and F (0) = 0; furthermore, if > 0, then
h
WY (F@t+h) —F@)) = Tth_l(Th—I)v—h_I/ Tyr1Avds — T,Av—T; Av =0
0

as h — 0+, whence F = 0. m|

Definition 2.35 An operator A in V is closed if, whenever (v,),eny € dom A is
such that v, — v € V and Av, — u € V, it follows that v € dom A and Av = u.
Note that a bounded operator is automatically closed.

The operator A is closable if it has a closed extension, in which case the closure A
is the smallest closed extension of A, where the ordering of operators is given in
Definition 2.30.
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Exercise 2.36 Prove that the graph
G(A) .= {(v, Av) : v € dom A}
of an unbounded operator A in V is a normed vector space for the product norm
-1 (v, Av) || = [lv]l + [|Av]l.
Prove further that A is closed if and only if G(A) is a Banach space, and that A is
closable if and only if the closure of its graphin V @V is the graph of some operator.

Finally, prove that if A is closable then Q(A) is the intersection of the graphs of all
closed extensions of A.

Exercise 2.37 Let A be the generator of the strongly continuous one-parameter
semigroup 7. Use Lemma 2.34 and Theorem 2.19 to show that A is closed.

Proof Suppose (v;)nen € dom A is such that v, — v and Av, — u.Let? > 0 and
note that

t
Tiv, — v, = / TsAv, ds foralln > 1.
0
Furthermore,

t t t
H/ T, Avy ds —/ TsudsH < / Me™ || Avy — ul| ds < M1e™X@0 | 4y, — 4|l — 0
0 0 0

asn — oo, SO

t
Ttv—v=/ Tsuds.
0

Dividing both sides by ¢ and letting t — 04 gives that v € dom A and Av = u, as
required. O

Definition 2.38 Let H be Hilbert space. If A is a densely defined operator in H,
then the adjoint A* is defined by setting

dom A* := {u € H : there exists v € H such that (u, Aw)

= (v, w) forall w € dom A}
and

A*u = v, where v is as in the definition of dom A*.
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When A is bounded, this agrees with the earlier definition. If A is not densely
defined, then there may be no unique choice for v, so this definition cannot
immediately be extended further.

It is readily verified that the adjoint A* is always closed: if (u,),eny € dom A* is
such that u,, — u € H and A*u,, — v € H then

(u, Aw) = lim (u,, Aw) = lim (A*u,, w) = lim (v, w) forall w € dom A,
n—oo n—oo n—oo

sox € domA* and A*u = v.

Exercise 2.39 Prove that a densely defined operator A is closable if and only if its
adjoint A* is densely defined, in which case A = (A*)* and A * = A%

Definition 2.40 A densely defined operator A in a Hilbert space is self-adjoint if
and only if A* = A. This is stronger than the condition that

(u, Av) = (Au, v) forall u,v € domA,
which is merely the condition that A € A*. An operator satisfying this inclusion is
called symmetric.

Exercise 2.41 Let A be a densely defined operator in the Hilbert space H. Prove
that A is self-adjoint if and only if A is symmetric and such that both A 4 i/ and
A — il are surjective, so that

{Av+iv:vedomA} ={Av—iv:v edomA} =H.

Proof Suppose first that A is symmetric and the range conditions hold. Let u, v € H
be such that

(u, Aw) = (v, w) for all w € dom A,

so that u € dom A* and A*u = v. We wish to prove that u € dom A and Au = v.
Let x, y € dom A be such that (A —il)x = v—iu and (A +1il)y = u — x. Then

(,u —x) = (u, (A+il)y) = (v —iu, y)
= ((A—iDx,y) = {x, (A+iDy) = (x,u —x),
where the penultimate equality holds because A is symmetric and x, y € dom A. It
follows that ||u — x||> = 0,s0u = x € dom A and Au = Ax = v — iu + ix = v.
Now suppose that A is self-adjoint, and note that it suffices to prove that A + i/

is surjective, since — A is self-adjoint whenever A is.
Note first that

(A +iDv|? = [[Av]? + |lv|>  forallv € domA, (2.2)
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which implies that ran(A + i) is closed: if the sequence (v,),en € dom A is such
that ((A + iI)vn)neN is convergent, then both (v, ),en and (Av,),en are Cauchy, so
convergent, with v, — v € H and Av, — u € H. Since A is closed, it follows that
v € dom A and Av = u, from which we see that (A +il)v, — u+iv = (A+il)v.

It is also follows from (2.2), with A replaced by —A, that A — i/ is injective. As

uecker(A—il) < ((A—ilHu,v) =0 for all v € dom A
— u,(A+ihHv) =0 forallv € dom A = dom A*

< u eran(A +il)*,
)

ran(A 4 i) = (ran(A +i)H)t = ker(A — i)t = {0}t = H.

Definition 2.42 Let A be an unbounded operator in V. Its spectrum is the set
o(A) :={r € C:AI — A hasnoinverse in B(V)}
and its resolvent is the map
C\o(A) > B(V); A+> (A — A~

In other words, A € C is not in the spectrum of A if and only if there exists a
bounded operator B € B(V) such that B(Al — A) = Igoma and (Al — A)B = Iy;
in particular, the operator ./ — A is a bijection from dom A onto V.

Remark 2.43 1If the operator T : V — V is bounded, then its spectrum o (T) is
contained in the closed disc {A € C : |A| < ||IT |} [22, Lemma 1.2.4].

Exercise 2.44 Let A be an unbounded operator in V and suppose A € C is such
that A — A is a bijection from dom A onto V. Prove that (A — A)~ ! is bounded if
and only if A is closed. [Thus algebraic invertibility of Al — A is equivalent to its
topological invertibility if and only if A is closed.]

The following theorem shows that the resolvent of a semigroup generator may
be thought of as the Laplace transform of the semigroup.

Theorem 2.45 Let A be the generator of a one-parameter semigroup T of
type (M,a) on V. Then 6 (A) € {A € C : ReAr < a}. Furthermore, if Re A > a,
then

o0
W —A) = / e MTivdt  forallveV (2.3)
0

and |(M — A < MRex —a)™ .
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Proof Fix A € C with Re A > a and note first that
(o)
R: ViV, v|—>/ e MTvdt
0

is a bounded linear operator, with |R|| < M(Rex —a)~ L.
If v e Vand u = Rv, then

o0 o0 o
Tiu = / e M Ty vds = / e DT vdr = e“/ e MTvdr,
0 t t

and therefore, if t > 0,

(o) (o)
YT, — Du = tile)‘t/ e MTouds — 17! / e M Tvds
t 0

' 00
= —t_le)"/ e M Towds + 171 (e — 1)/ e MTvds
0 0

— —v+Au ast — 0+.

Thus u € dom A and (Al — A)u = v. It follows that ran R € dom A and (Al —
AR =1y.

However, since (7; — I)R = R(T; — I) and R is bounded, the same working
shows that

RAu=—-u+ARu <— RO —Au=u forallu € domA.

Thus R(M — A) = Ijom 4 and R = (M — A)~L, as claimed. O

The Laplace-transform formula of Theorem 2.45 allows one to recover a
semigroup from its resolvent.

Theorem 2.46 Let A be the generator of a one-parameter semigroup T of
type (M,a)onV, and let . € C with Re A > a. Then

00 tnfl
A —A) "= / e MTyvdt  foralln e Nandv €'V,
o (-1

and
Tv= lim (I —n~'tA) ™"
n—0o0

= lingo(n/t)"((n/t)l —A) forallt > 0andv e V.
n—
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Proof The first claim follows by induction, with Theorem 2.45 giving the case
n=1.

As noted by Hille and Phillips [16, Theorem 11.6.6], the second follows from the
Post—Widder inversion formula for the Laplace transform. For all n € N, let

n" _
fo Ry > Ry t > n— 1)!t"e nt,

and note that f, is strictly increasing on [0, 1] and strictly decreasing on [1, 00),
and its integral fooo Jfa(2) dt = 1; this last fact may be proved by induction. If n is
sufficiently large, then a short calculation shows that

(n/t)"((n/t)l —Av=>1-n"H" /00 Sa—1(r)e " Tyvdr.
0

The result follows by splitting the integral into three parts. Fix ¢ € (0, 1) and
note first that f,(r) < ne"r"e™ for all r € R, with the latter function strictly
increasing on [0, 1], so

< n(1 —&)"te prmax({1, 1=} v| > 0 asn — oo.

1—¢
H / fa(re Tpvdr
0

Similarly, if b := /(1 4+ ¢), then f, (r)e”™ < ne™(1 +¢)"eP~Dn(1+6) < p(1 4 )"
forallr > 1+ ¢, and so

fu(r)e " Tyvdr

o
< M|v|ln(1 +e)"/ el=bnr g,

I
1+¢ 1+¢

n
< Mllvllb (14¢&)"e@tmI+e) 0 aspn — oo,
n—a

since b(1 4+ &) = ¢ and (1 4+ €)e™® < 1. A standard approximation argument now
completes the proof. O

We have now obtained enough necessary conditions on the generator of a
strongly continuous semigroup for them to be sufficient as well.

Theorem 2.47 (Feller-Miyadera—Phillips) A closed, densely defined operator A
in V is the generator of a strongly continuous semigroup of type (M, a) if and only

if
0(A) C{rAeC:Rei<a}
and

A — A <MA—a)™ forall A > a andm € N. (2.4)
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Proof Let A be the generator of a strongly continuous semigroup 7 of type (M, a).
The spectral condition is a consequence of Theorem 2.45, and the norm inequality
follows from Theorem 2.46.

For the converse, let the operator A be closed, densely defined, such that (2.4)
holds and having spectrum not containing (a, 00). Setting A; = AAA — A)~!,
note that {A; : A € (a, 00)} is a commuting family of bounded operators such that
Azv — Avas A — oo, forall v € dom A; see Exercise 2.48 for more details.

With 7* := exp(tA;), the inequalities (2.4) imply || T*|| < M exp(ait/(A — a))
forall A > a andr € R, solimsup; _, ., ||Tt)‘|| < Me®. Since

1 d t
(TtA - T/ v = /0 ds (Ts)\Ttlisv) ds = /O Ts}\Ttlis(Al — Apvds,

if A, u > 2a4+ = 2 max{a, 0} and v € dom A then
1T} = Tl < eMP* (A — Advll = 0 as h, p— oo,

locally uniformly in ¢. An approximation argument shows that T;u = lim; _, o Tt)‘u
exists forall r € Ry and u € V, and that T = (T}),eRr, is a strongly continuous
one-parameter semigroup of type (M, a).

To see that the generator of T is A, note that the previous working and
Lemma 2.34 imply that

t

t
Trv—v= lim T,)‘v —v= lim TY)‘A)Lvds = / TyAvds for all v € dom A;
A—>00 A—o00Jo 0

dividing by ¢ and letting + — 0 shows that the generator B of T is an extension of
A. Note that (a, co) is not in the spectrum of B, by Theorem 2.45; it is a simple
exercise to show that (A ] — A)~! = (A\] — B)~! for A > a, and since the ranges of
these operators are the domain of A and B, the result follows. O

Exercise 2.48 Let A be an unbounded operator in V, with spectrum not containing
(a, 0o) and such that ||(A] — A)~Y| < M(A —a)~! forall A > a, where M and a
are constants. Prove that

A= AAQT — A =2200 — A7 = AT
commutes with A, for all A, i > a. Prove also that

lim A(M —A)'u=u  forallu eV,
A—00

by showing this first for the case # € dom A. Deduce that Ayv — Av when v €
dom A.

For contraction semigroups, we have the following refinement of Theorem 2.47.
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Theorem 2.49 (Hille-Yosida) Let A be a closed, densely defined linear operator
in the Banach space V. The following are equivalent.

(1) A is the generator of a strongly continuous contraction semigroup.
(i) o (A) C{A € C:ReX < 0}and

(AL — A7 < (Rer)™  whenever Re . > 0.
(iii) o (A) N (0, co) is empty and
I — A~ <At whenever & > 0.
Proof Note that (i) implies (ii), by Theorem 2.45, and (ii) implies (iii) trivially. That

(iii) implies (i) follows from the extension of Theorem 2.47 noted in its proof. O

In practice, verifying the norm conditions in Theorems 2.47 and 2.49 may prove
to be challenging. The next section introduces the concept of operator dissipativity,
which is often more tractable.

2.4 The Lumer-Phillips Theorem

Throughout this subsection, V denotes a Banach space and V* its topological dual.

Definition 2.50 Forallv € V, let

TF() :={¢p € V*: ¢(v) = |v]I* = [$]*}

be the set of normalised tangent functionals to v. The Hahn—Banach theorem [25,
Theorem II1.6] implies that 7F (v) is non-empty for all v € V.

Exercise 2.51 Prove that if H is a Hilbert space then TF(v) = {(v|} forallv € H,
where the Dirac functional (v| is such that (v|u := (v, u) for all u € H. [Recall the
Riesz—Fréchet theorem from Example 2.15.]

Exercise 2.52 Prove thatif f € V = C(K) and xo € K is such that | f(xg)| =
|| £ then setting ¢(g) := f(x0)g(xo) for all g € V defines a normalised tangent
functional for f. Deduce that TF(f) may contain more than one element.

Definition 2.53 An unbounded operator A in V is dissipative if and only if there
exists ¢ € TF(v) such that Re ¢ (Av) < 0, for all v € dom A. [Note that it suffices
to check this condition for unit vectors only.]

Exercise 2.54 Prove that an operator A in the Hilbert space H is dissipative if and
only if ||(I + A)v|| < ||({ — A)v| forall v € dom A.

Exercise 2.55 Suppose T is a contraction semigroup with generator A. Prove that
A is dissipative.
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Proof If v € dom A and ¢ € TF(v), then
Re¢(Av) = lim ' Rep(Tv —v) < lim =Ygl vl — [[v]|* =0,
t—0+ t—0+
so A is dissipative. O

We now seek to find a converse to the result of the preceding exercise.

Lemma 2.56 The unbounded operator A in V is dissipative if and only if
|(AT — A)v|| = Alv]| forall A > 0andv € domA. (2.5)

If A is dissipative and M — A is surjective for some A > 0, then . & o(A) and
I = )~ <Al

Proof Suppose first that (2.5) holds, let v € dom A be a unit vector and, for all
A > 0, choose ¢ € TF((AI — A)v). Then ¢, # 0, s0 ¥, = [l "'y is well
defined, and
A< AT = Al = Yu(hv — Av) = ARe ¥ (v) — Re ;. (Av).
Since Re ¥, (v) < 1 and —Re ¢, (Av) < ||Av]|, it follows that
Re v (Av) <0 and Rey,(v) > 1— A_1||Av||.
The Banach—Alaoglu theorem [25, Theorem IV.21] implies that the unit ball of V*
is weak™® compact, so the net (y;),~0 has a weak*-convergent subnet with limit in
the unit ball. Hence there exists ¢ € V* such that
Il <1, Rey(Av) <0 and Rey(v) > 1.
In particular,

W <Yl <1T<Rey(v) < Y@,

so ¥ € TF(v) and A is dissipative.
Conversely, if L > 0, v € dom A and ¢ € TF(v) is such that Re ¢ (Av) < O then

oIl 1 — Al = 1¢((A — A)v)| = [Avll* — d(Av)| = Allv]|>.
Thus (2.5) holds, and L1 — A is injective.

If AI — A is also surjective, then (2.5) gives that [[u| > A||(A] — A)~u| for
all u € V, whence the final claim. m]
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Exercise 2.57 Let A be dissipative. Prove that A/ — A is surjective for some A > 0
if and only if Al — A is surjective for all A > 0. [Hint: for a suitable choice of A
and Ao, consider the series Ry 1= Y o (A — A0)" (Aol — A)~"+1) ]

Proof Suppose that Ay > 0 is such that Ag/ — A is surjective. It follows from
Lemma 2.56 that ||(hol — A)~ ! < Aal. The series

(o)
Ry =) (ko —N)"(hol — A)~ "D
n=0
is norm convergent for all & € (0, 2X¢); if we can show that R, = (Al — A)_l, then
the result follows.
If C € B(V) is such that |C|| < 1 then I — C is invertible, with (I — C)~! =
>, C". Hence if C = (A9 — A) (Aol — A)~!, then
Ry=(ol =AU -0 =U -0 ol — A7,
soran R) C dom(Agl — A) = dom(Al — A),
M I=A)R;, = (=20 I+l —A)) Ry = ((A—r0) (ol —A) ' +I)(I-C)"' = Iy
and
Ry(M — A) = Ry ((h — 20)] + (hol — A))
=T —C) O =)ol = A+ 1) = ltoma.

O

Theorem 2.58 (Lumer-Phillips) A closed, densely defined operator A generates
a strongly continuous contraction semigroup if and only if A is dissipative and M1 —
A is surjective for some X > 0.

Proof One implication follows from Exercise 2.57, Lemma 2.56 and Theorem 2.49.
The other implication follows from Theorem 2.49 and Exercise 2.55. O

Example 2.59 Let V = L?[0, 1], and let Af := g, where
domA := if € V : there exists g € V such that f(¢)
t
- / ¢(s)ds forall 7 € [0, 1]}.
0

Thus f € dom A if and only if f(0) = 0 and f is absolutely continuous on [0, 1],
with square-integrable derivative, and then Af = f’ almost everywhere. For such f,
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note that

1 1 t , 1
o(f, Af) = Re /0 Fof 0= fo (1) ©di = JIFDP >0,

so —A is a dissipative operator, but A is not.
Let g € V and A > 0; we wish to find f € dom A such that

M+Af=g < M+[f =g f=/(g—kf).

We proceed by iterating this relation: given h € {f, g}, let ho := h and, for all
n € Zy,lethy,41 € Vbesuch h,41(t) = fé h,(s)ds forall ¢ € [0, 1]. Then

—gl—A/f—gl—A//(g M) = —Z( Wigjit + (=1 fo

for all n € N. The series Zj‘;o(—)\)/gjﬂ is uniformly convergent on [0, 1], so
defines a function F € dom A, whereas (—A)" f, — 0 as n — oo. Thus

o0 o0
W+ AF ==Y (=0Mgin+) (-0igi =g =g,
j=0 j=0

so Al + A is surjective. By the Lumer—Phillips theorem, the operator —A generates
a contraction semigroup.

Exercise 2.60 Fill in the details at the end of Example 2.59. [Hint: with the notation
of the example, show that if & € {f, g} then |h,()|> < " ||h||3/n! for all n € N.]

Remark 2.61 We can explain informally why the operator A defined in Exam-
ple 2.59 does not generate a semigroup, and why — A does. Recall that each element
of a semigroup leaves the domain of the generator invariant, by Lemma 2.34, and A
would generate a left-translation semigroup, which does not preserve the boundary
condition f(0) = 0. Moreover, —A generates the right-translation semigroup, and
this does preserve the boundary condition.

If we let Ag be the restriction of A to the domain

domAg:={f edomA : f(1) =0},

so adding a further boundary condition, then both Ay and —A¢ are dissipative, but
neither generates a semigroup. We cannot solve the equation (Al = Ag) f = g for
all g when subject to the constraint that f € dom Ag. [Take g € L?[0, 1] such that
g() =t forallt € [0, 1], construct F as in Example 2.59 and note that F'(1) # 0.]
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Example 2.62 Recall the weak derivatives D* and Sobolev spaces H k(R?) defined
in Example 2.9, and let 2e; € Zi be the multi-index with 2 in the jth coordinate
and 0 elsewhere. The Laplacian

32 .
A= Z dx? B ZDZE]
j=1 J j=1

is a densely defined operator in L%(RY) with domain dom A := H%(RY). It may be
shown that

(Af. @) 2may = —(Vf. Vg 2gay  forall f, g € H*RY), (2.6)
where
af af
V:=(D,..., D%): AU );
( ):ife (3)61 dxg

consequently, the Laplacian A is dissipative. One way to establish (2.6) is to use the
Fourier transform. Fourier-theoretic results can also be used to prove that A — A is
surjective for all A > 0, essentially because the map x > 1/(A + |x|?) is bounded
on R?. Thus the Laplacian generates a contraction semigroup.

Exercise 2.63 Let A be a densely defined operator on the Hilbert space H. Prove
that if A is symmetric, so that

(u, Av) = (Au,v) forallu,v € domA,

then iA is dissipative. Deduce that if H is self-adjoint then iH and —iH are the
generators of contraction semigroups.

Prove, further, that if T = (7;);cr, has generator iH, with H self-adjoint, then
T; is unitary, so that T*T; = [ = T;T,*, forall t € R,.

Proof The first part is an immediate consequence of Theorem 2.58, the Lumer—
Phillips theorem, together with Exercise 2.41.
For the next part, fix u, v € dom H and t € R;. If 4 > O then

h N, (T Tren — T T)V) = (Typu, = (T — DT,v)
+ (b~ N(Ty — DTyu, Tyv)
—> (Ttu, 1HT[U> + <1HTIM, T[U) =0

as h — 0+, since Tyu, T;v € dom H and T is strongly continuous. A real-valued
function on R is constant if it is continuous and its right derivative is identically
zero, so this working shows that T;*T; = 1.
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Now let § = (S;);er, be the strongly continuous semigroup with generator —iH.
The previous working shows that S;'S; = [ forall t € R, so it suffices to let > 0
and prove that S; = T;*. To see this, let u, v € dom H and consider the function

F:[0,1] > C; s+ (u, T, ;Ssv).

Working as above, it is straightforward to show that F’ = 0 on (0, ), so F(0) =
F (t) and the result follows. |

Exercise 2.64 Suppose U is a strongly continuous one-parameter semigroup on the
Hilbert space H, with U; unitary, so that U;*U; = I = U, U/, forallt € R;.Let A
be the generator of U.

Prove that U* = (U);er, is also a strongly continuous one-parameter
semigroup, with generator —A. Deduce that H := iA is self-adjoint.

Proof The semigroup property for U* is immediate, and strong continuity holds
because

I = Dl = (I = Unw, v) = (v, U — D) < 20U, = Dol o]l - 0

ast — 0+, forany v € H.
Next, denote the generator of U* by B, and let v € dom A. Then

TN UF - =-U U - v > —Av ast — 0+,

so —A C B. Since (U*)* = U, applying this argument with U replaced by U*
gives the reverse inclusion. Thus U* has generator B = — A, as claimed.
Finally, let H = iA and suppose first that u, v € dom H = dom A. Then

(~iHu,v) = lim YU, = Du,v) = lim (u, 7" U} — Dv) = (u,iHv),
t—04

t—0+

so H C H*. For the reverse inclusion, note that
t
Ufv =v+/ UfA*vds for all v € dom A™,
0

by Lemma 2.34 applied to U and properties of the adjoint. Thus A* C —A, the
generator of U*, and therefore H* = —iA* CiA = H. O

Remark 2.65 Exercises 2.63 and 2.64 lead to Stone’s theorem, which gives a one-
to-one correspondence between self-adjoint operators and strongly continuous one-
parameter groups of unitary operators. This result has significant consequences for
the mathematical foundations of quantum theory; see [25, Section VIIL.4].
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3 Classical Markov Semigroups

Throughout this section, the triple (22, #,P) will denote a probability space, so
that P : & — [0, 1] is a probability measure on the o-algebra ¥ of subsets of €2,
and E will denote a topological space, with & its Borel o -algebra, generated by the
open subsets.

An E-valued random variable is a ¥ -E-measurable mapping X : Q@ — E. If X
is an E-valued random variable, then o (X) is the smallest sub-o-algebra ¥ of F
such that X is Fo-& measurable. More generally, if (X;);es is an indexed set of E-
valued random variables, then o (X; : i € I) is the smallest sub-o-algebra o of F
such that X; is F9-& measurable for all i € 1.

3.1 Markov Processes

Definition 3.1 Given a real-valued random variable X which is integrable, so that
E[|X|] = /Q | X ()| P(dw) < o0,

and a sub-o-algebra 7y of F, the conditional expectation E[X|Fy] is a real-valued
random variable Y which is Fy-& measurable and such that

E[1aX] =E[14Y] forall A € Fo.

The choice of Y is determined almost surely: if Y and Z are both versions of the
conditional expectation E[X|F¢], then P(Y # Z) = 0. The existence of Y is
guaranteed by the Radon—Nikodym theorem.

The fact that E[X|F(] is determined almost surely can be recast as saying
that E[|Fo] is a linear operator from L' (2, 7, P) to L'(Q, Fo, Plg,). In fact, the
map X — E[X|Fo] is a contraction from L” (2, ¥, ) onto L? (L2, Fo, P|#,), for
all p € [1, oo].

Remark 3.2 Let X € L*(Q, 7, P). Informally, we can think of ¥ := E[X|%0]
as the best guess for X given the information in Fp. In other words, the con-
ditional expectation Y of X with respect to ¥ is the essentially unique choice
of Fo-measurable random variable Z which minimises the least-squares distance
1Z = X]l2.

Definition 3.3 Given a topological space E, let the Banach space

By(E) :={f : E — C| f is Borel measurable and bounded},
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with vector-space operations defined pointwise and supremum norm

ILfII:= sup{|f(X)] : x € E}.

Exercise 3.4 Verify that B, (E) is a Banach space. Show further that the norm
| - || is submultiplicative, where multiplication of functions is defined pointwise, so
that By (E) is a Banach algebra. Show also that the Banach algebra By, (E) is unital:
the multiplicative unit 1 is such that ||1g|| = 1. Show finally that the C* identity
holds:

IFIP =17 fII forall f € By(E),

where the isometric involution f — f is such that f(x) := f(x) forallx € E.

Definition 3.5 (Provisional) A Markov process with state space E is a collection
of E-valued random variables X = (X;);cr, on a common probability space such
that, given any f € By(E),

E[f (X)) [o(X,: 0<r <] =E[f (X)) | 0(Xy)]

forall s, € Ry such thats < ¢.
A Markov process is time homogeneous if, given any f € Bp(E),

ELf(X0) | Xs = x] =E[f(Xi—) | Xo = x] (3.1

forall s, € R4 suchthats <fandx € E.

Definition 3.5 is well motivated by Remark 3.2, but it is somewhat unsatisfactory;
for example, what should be the proper meaning of (3.1)? To improve upon it, we
introduce the following notion.

Definition 3.6 A transition kernel on (E,&)isamap p : E x & — [0, 1] such that
(i) the map x — p(x, A) is Borel measurable for all A € & and
(i) the map A — p(x, A) is a probability measure for all x € E.
We interpret p(x, A) as the probability that the transition ends in A, given that it
started at x.

Exercise 3.7 If p and g are transition kernels on (E, &), then the convolution p x g
is defined by setting

(pxq)(x,A) = / px,dy)q(y, A) forallx € Eand A € &.
E

Prove that p % ¢ is a transition kernel. Prove also that convolution is associative:
if p, g and r are transition kernels then (p x g) xr = p * (g *r).
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Definition 3.8 A triangular collection {p;; : 5, € R4, s < ¢t} of transition kernels
is consistent if ps; * pry = psu foralls, t,u € Ry withs <1 < u; thatis,

Psu(x, A) = / Ps.i(x,dy) pru(y, A) forallx € Eand A € &. (3.2)
E

Equation (3.2) is the Chapman—Kolmogorov equation. We interpret py ;(x, A) as
the probability of moving from x at time s to somewhere in A at time 7.

Similarly, a one-parameter collection {p; : t € Ry} of transition kernels is
consistent if psxp; = psy, foralls, t € Ry. In this case, the Chapman—Kolmogorov
equation becomes

Ps+1(x, A) = / ps(x,dy)p; (v, A) forallx € E and A € &. 3.3)
E

We interpret p;(x, A) as the probability of moving from x into A in ¢ units of time.

Definition 3.9 A family of E-valued random variables X = (X;);cr, on a
common probability space is a Markov process if there exists a consistent triangular
collection of transition kernels such that

Ella(Xs) |o(X, : 0 < r <5)] = ps: (X5, A) almost surely

forall A e Eand s, t € Ry suchthats < ¢.
The family X is a time-homogeneous Markov process if there exists a consistent
one-parameter collection of transition kernels such that

E[1a(Xy) |o(X, : 0L r <5)] = pr—s(X5, A) almost surely

forall A € Eand s, t € Ry suchthats < 7.

The connection between time-homogeneous Markov processes and semigroups
is provided by the following definition and theorem.

Definition 3.10 A Markov semigroup is a contraction semigroup 7 on By (E) such
that, for all ¥ € R, the bounded linear operator 7; is positive: whenever f € By (E)
is such that f > 0, thatis, f(x) € Ry for all x € E, then T; f > 0. [Note that we
impose no condition with respect to continuity at the origin.]

If T; preserves the unit, that is, 7;1g = 1g for all # € Ry, then the Markov
semigroup T is conservative.

Remark 3.11 Positive linear maps preserve order: if 7' is such amap and f < g, in
the sense that f(x) < g(x) forall x € E,then Tf < Tg. The image of a real-valued
function / under a positive linear map is real valued, since if / takes real values, then
h = ht —h~, where h* : x — max{h(x),0} and A~ := x — max{—h(x), 0}.
Consequently, positive linear maps also commute with the conjugation, in the sense
that Tf =Tf.
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Exercise 3.12 Suppose the mapping T : By(E) — Bp(E) is linear and positive.
Show that |Tf|?> < T|f|>T1g forall f € By(E), and deduce that T is bounded,
with norm | T|| < [|[T1g].

Proof If f € Bp(E), x € E and A € R, then
0<T(If = MTH®IP) @) = 22T 1)) (T = 22T + (T f 1) ().

Inspecting the discriminant of this polynomial in A gives the first claim, and the
second follows because.

(T )1 < (TP @) (T1e)x) < I IRHT 1) x) < I FIPIT g%

Theorem 3.13 Let p = {p; : t € Ry} be a family of transition kernels. Setting

(T Hx) = /Ept(X,dy)f(y) forall f € B,(E)andx € E

defines a bounded linear operator on By (E) which is positive, contractive and unit
preserving. Furthermore, the family T = (T;),cr, is a Markov semigroup if and
only if p is consistent.

Proof If f € By(E), x € E and s, t+ € Ry, then the Chapman—Kolmogorov
equation (3.3) implies that

(Ts+tf)(x)=/Eps+t(x,dz)f(z)=/E/Eps(x,dy)pt(y,dz)f(z)

- /E Py G, dy) (T ()

= (T(T: ) (x).

Verifying the remaining claims is left as an exercise. O

If we have more structure on the semigroup 7', then it is possible to provide a
converse to Theorem 3.13. This will be sketched in the following section.
3.2 Feller Semigroups

Definition 3.14 Let the topological space E be locally compact. Then

Co(E) :={f : E — C| f is continuous and vanishes at infinity} C B (E)
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is a Banach space when equipped with pointwise vector-space operations and the
supremum norm. [A function f : E — C vanishes at infinity if, for all ¢ > 0, there
exists a compact set K C E such that | f(x)| < e forallx € E\ K.]

Exercise 3.15 Prove that Co(E) lies inside B, (E) and is indeed a Banach space.
Prove that the multiplicative unit 1g is an element of Co(E) if and only if E is
compact.
Definition 3.16 A Markov semigroup 7T is Feller if the following conditions hold:
(i) T:(Co(E)) € Co(E) forallt € Ry and
(ii) 1i1(1)1 I\T: f — fll =0forall f € Co(E).
t—04

Remark 3.17 If a time-homogeneous Markov process X has Feller semigroup T,
then

E[f(Xe4n) = f(X) | o (X0)] = (Tu f — [)(X2) = h (Af)(X) + o(h),

so the generator A describes the change in X over an infinitesimal time interval.

Definition 3.18 An R?-valued stochastic process X = (X;);er . 18 a Lévy process
if and only if X

(i) has independent increments, so that X; — X, is independent of the past
o-algebrac (X, : 0 <r <s)foralls,r € Ry withs <,

(i1) has stationary increments, so that X; — X has the same distribution
as X;—y — Xo, forall s, r € Ry withs <t and

(iii) is continuous in probability at the origin, so lim ]P’(|X  — Xo| =2 8) =0
forall ¢ > 0. =0t

Remark 3.19 Lévy processes are well behaved; they have caddldg modifications, and
such a modification is a semimartingale, for example.

Exercise 3.20 Prove that if X is a stochastic process with independent and sta-
tionary increments, and with cadlag paths, then X is continuous at the origin in
probability.

Theorem 3.21 Every Lévy process gives rise to a conservative Feller semigroup.

Proof (Sketch Proof) For all t € R, define a transition kernel p; by setting
pr(x, A) = E[14(X; — X0 + x)] for all x € RY and Borel A - R4,
If s € Ry, then

pi(x, A) = E[1A(Xs4 — X5 + )] = E[la(Xs 44 — X5 +x) | 5, (3.4
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where 75 := o (X, : 0 < r < s); the first equality holds by stationarity and the
second by independence. In particular,

pi(Xs, A) = E[1a(Xs40) | F5],

so X is a Markov process with transition kernels {p, : ¢+ € R,} if these are
consistent. For consistency, we use Theorem 3.13; let 7 be defined as there and
note that

(T fH(x) = /Epz (x,dy) f(y) =ELf(X; — Xo +x)]. (3.5
From the previous working, it follows that
(T Hx) = ELf (X541 — Xs +x) | F5],
and replacing x with the ¥;-measurable random variable X; — X + x gives that

Ty )x) = E[f (X541 — Xo + 0)] = E[(T; /) (X5 — Xo + 0)] = (I:(T1 ) (x),

as required. Equation (3.5) also shows that T is conservative.

Iffe CO(Rd), thenx — f(X;—Xo+x) € CO(Rd) almost surely, and therefore
the Dominated Convergence Theorem gives that T, f € Co(R?).

For continuity, let ¢ > 0 and note that f € Co(R?) is uniformly continuous, so
there exists § > 0 such that | f(x) — f(y)| < & whenever |[x — y| < §. Hence

ITe f = 1 < sup E[|f(X: — Xo+x) — f(x)]]

xeRd

— sup (E[1|X,,XO|<a|f(Xt — Xo+x) — f(0)]

xeRd
+E[1x,—xofzsl S (X0 = Xo + ) = F0]])
<e+ 20 IP(1X; — Xol > 9)
— ¢ ast — 0+.

O

Theorem 3.22 Let T be a conservative Feller semigroup. If the state space E is
metrisable, then there exists a time-homogeneous Markov process which gives rise
toT.

Proof (Sketch Proof) For all t € (0, 00), let

pi(x, A) ;= (T;14)(x) forallx € E and A € &.
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Then p; is readily verified to be a transition kernel.
Let u be a probability measureon E. Ift, > --- > 1 > Oand Ay, ... A, € &,
then

Diy,yonta (A1 X - X Ap) =[ M(dxo)fA Pr, (X0, d)ﬂ)---/ Dty—ty_y (Xn—1, dx,).
E 1

n

By the Chapman—Kolmogorov equation (3.3), these finite-dimensional distributions
form a projective family. The Daniell-Kolmogorov extension theorem now yields a
probability measure on the product space

Q:=E™ = {0 = (0)rer, : @ € E forall t € Ry}

such the coordinate projections X; : 2 — E; o +— o, form a time-homogeneous
Markov process X with associated semigroup 7. O

Example 3.23 (Uniform Motion) If E = R and X; = X¢ + ¢ forall t € R, then

(L Hx) =flx+1) = / pi(x,dy) f(y)  forall f € Co(R)andx € R,
R

where the transition kernel p; : (x, A) — 8x4:(A). It follows that X gives rise to a
Feller semigroup with generator A such that Af = f’ whenever f € dom A.

Example 3.24 (Brownian Motion) If E = R and X is a standard Brownian motion,
then It6’s formula gives that

t t
f(Xy) = f(Xo) —|—/ f(Xs)dXs + ;/ f"(Xs)ds forall f e C’(R).
0 0

It follows that the Lévy process X has a Feller semigroup with the generator A such
that Af = éf” for all f € C*>(R) N dom A. [Informally,

1 [ 1
N ELF(X) | Xo=x]— f(x) = o /0 E[f"(Xs)|Xo = x]ds — 2f”(x)
ast — 0+.]

Example 3.25 (Poisson Process) If E = R and X is a homogeneous Poisson
process with unit intensity and unit jumps, then

oo
tn
E[f(X)IXo=x]=e"Y " fGx+n)  forallz€Ry.
n:
n=0

Hence the Lévy process X has a Feller semigroup with the bounded generator A
such that (Af)(x) = f(x + 1) — f(x) forall x € Rand f € Cop(R). [To see this,
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note that

(Tif = ) _ e

/ t_lf(x)+€7tf(x+1)+0(t) ast — O+,

uniformly for all x € R.]

The following exercise and theorem show that it is possible to move from the
non-conservative to the conservative setting, and from a locally compact state space
to a compact one.

Exercise 3.26 Let 7 be a locally compact topology on E and let co denote a point
notin E. Prove that E := E U {oo} is compact when equipped with the topology

T =T U {(E\K)U{oo} : K € T is compact},

and that 7 is Hausdorff if and only if 7" is. [This is the Alexandrov_one-point
compactification.] Prove further that Co(E) has co-dimension one in C(E).

Theorem 3.27 Let T be a Feller semigroup with locally compact state space E. If
Tif =[O+ T(fle— f(o0))  forallt € Ry and f € By(E),

then T = (Tt)teR+ is a conservative Feller semigroup with compact state space E.

Proof Fix t € R.. The hardest step is to prove that T, is positive, that is, if L € R
and g € By(E) are such that A + g(x) > Oforall x € E, then A + (T;g)(x) > 0
for all x € E. Note that g is real valued, and 7; maps real-valued functions to real-
valued functions, by positivity. Let the function g~ := x +— max{—g(x), 0} and
note that A > g~ (x) for all x € E. Hence

(Trg )X <Tig I <lg <A

and (T;g)(x) > (=Tig7)(x) = —A, as required.A
It is immediate that 7; preserves the unit, so 7; is contractive, by Exercise 3.12.
The remaining claims are straightforward to verify. O

3.3 The Hille-Yosida—Ray Theorem

As noted above, it can be difficult to show that the hypotheses of the Hille—Yosida
theorem, Theorem 2.49, hold. The Lumer—Phillips theorem gives an alternative for
contraction semigroups, via the notion of dissipativity. Here, we will show that the
additional structure available for Feller semigroups gives another possible approach.
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Throughout this subsection, E denotes a locally compact Hausdorff space. Here,
a Feller semigroup on Co(E) means a strongly continuous contraction semigroup
on Cy(E) composed of positive operators. This is the restriction to Co(E) of the
Feller semigroups considered above.

Let

Co(E;R):={f:E—>R| f € Co(E)}

denote the real subspace of Cy(E) containing those functions which take only real
values.

Definition 3.28 A linear operator A in Co(E) is real if and only if

(i) f € domA whenever f € dom A, so that the domain of A is closed
under conjugation, and

(i) Af = Af forall f € domA, so that A commutes with the conjugation.

Exercise 3.29 Show that (i) and (ii) are equivalent to
(i) f +ig € dom A implies f, g € dom A whenever f, g € Co(E; R), and
(ii) A(domA N Co(E; R)) C Co(E; R),

respectively.

Exercise 3.30 Prove that T is real whenever T is positive.
Prove further that if T = (7}),cr, is a Feller semigroup on Co(E) and T; is real
forall # € Ry then the generator A of T is real.

Proof The first claim is an immediate consequence of Remark 3.11.

For the second, suppose A is the generator of the Feller semigroup 7 on Co(E),
with each T; real, and let f € dom A. Then, since conjugation is isometric, if # > 0,
then

It Tf =) = Afl = 1N f — )= Afl = 1N f — ) — Af,

andso f € dom A, with A f = Af. The result follows. O

Definition 3.31 A linear operator A in Co(E) satisfies the positive maximum
principle if, whenever f € dom A N Co(E; R) and x¢ € E are such that f(xp) =
Il £1I, it holds that (Af)(xo) < 0.

Theorem 3.32 (Hille-Yosida—Ray) A closed, densely defined operator A in
Co(E) is the generator of a Feller semigroup on Co(E) if and only if A is real
and satisfies the positive maximum principle, and Al — A is surjective for some
A>0

Proof Suppose first that A generates a Feller semigroup on Cy(E). By the Lumer—
Phillips theorem, Theorem 2.58, and Exercise 3.30, it suffices to prove that A
satisfies the positive maximum principle. For this, let f € dom A N Cy(E; R) and
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xo € E be such that f(xg) = || f|. Setting f* := x > max{f(x), 0}, we see that

(T; f)(x0) < (T fHx0) < NIT IS IFTI = f(x0).
Thus
(T; f — f)(x0) <0,

(AP o) = lim 1

Conversely, suppose A is real and satisfies the positive maximum principle.
Given any f € dom A, there exist xo € E and 8 € R such that e f(xo) = |l f]l.
The real-valued function g := Ree'” f € dom A, since A is real, and || f|| =
g(x0) < llgll < £, so Re(Ae ) (x0) = (Ag)(xo) < 0, by the positive maximum
principle. If A > 0, then

I = A) fll = I — A)e" f1| > 1€ f(x0) — (A€ ) (x0)]
> Re el f(xo) — Re(Ae f)(xo) = Al fII,

so A is dissipative, by Lemma 2.56, and Al — A is injective. In particular, T is a
strongly continuous contraction semigroup, by the Lumer—Phillips theorem.

To prove that each 7; is positive, let L > 0 be such that A/ — A is surjective, so
invertible, let f € Co(E) be non-negative, and consider g = (AI—A)_lf € Co(E).
Either g does not attain its infimum, in which case g > 0 because g vanishes at
infinity, or there exists xog € E such that g(xo) = inf{g(x) : x € E}. Then

rg—Ag=Al—-Ag=f < rg— f=Ag,

so Ag(xp) — f(x0) = (Ag)(xp) = 0, by the positive maximum principle applied
to —g. Thusif x € E, then

rg(x) = Ag(xo) = f(xo0) =0,

which shows that A(A] — A)~ ! is positive and therefore so is (L] — AL Finally,
Theorem 2.46 gives that

T.f = lim (I —m~'A)7" f

= lim ¢ 'n)"¢"'nl — A)"f  forall f € Co(E), (3.6)
n—o0
so each T; is positive also. O

Exercise 3.33 Prove that if the operator A is real then its resolvent (Al — A lis
real for all A € R\ 0(A). Deduce with the help of Theorem 2.46 that the Feller
semigroup T is real if its generator A is.
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Proof Suppose Aisrealand A € R\ o (A).If f € Co(E), then f = (Al — A)g for
some g € Co(E), and

f=0GI-Ag=%1g—Ag= 0l —A)yg.
Hence
W —A)~ ' f=g=0I-A)""f,

as required. Since conjugation is isometric, the deduction is immediate. O

Example 3.34 Let the linear operator A be defined by setting
1
domA :={f € CQQR)NC*R): f" € Co(R)} and Af = 2f”.

Itis a familiar result from elementary calculus that A satisfies the positive maximum
principle

Remark 3.35 Courrége has classified the linear operators in Co(R?) with domains
containing C2° (R?) which satisfy the positive maximum principle. See [3, §3.5.1]
and references therein.

4 Quantum Feller Semigroups

To move beyond the classical, we need to replace the commutative domain Co(E)
with the correct non-commutative generalisation. This is what we introduce in the
following section.

4.1 C* Algebras

Definition 4.1 A Banach algebra is a complex Banach space and simultaneously
a complex associative algebra: it has an associative multiplication compatible with
the vector-space operators and the norm, which is submultiplicative. If the Banach
algebra is unital, so that it has a multiplicative identity 1, called its unit, then we
require the norm ||1]| to be 1.

An involution on a Banach algebra is an isometric conjugate-linear map which
reverses products and is self-inverse.

A Banach algebra with involution A is a C* algebra if and only if the C* identity
holds:

la*a|| = |la||*>  foralla € A.



Classical and Quantum Markov Semigroups 37

Remark 4.2 The C* identity connects the algebraic and analytic structures in
a very rigid way. For example, there exists at most one norm for which an
associative algebra is a C* algebra, and *-homomorphisms between C* algebras
are automatically contractive [30, Proposition 1.5.2].

Theorem 4.3 (Gelfand) Every commutative C* algebra is isometrically isomor-
phic to Cy(E), where E is a locally compact Hausdorff space. The algebra is unital
if and only if E is compact, in which case Co(E) = C(E).

Theorem 4.4 (Gelfand-Naimark) Any C* algebra is isometrically x-isomorphic
to a norm-closed x-subalgebra of B(H) for some Hilbert space H, a so-called
concrete C* algebra.

Remark 4.5 Let A be a C* algebra. Given any n € N, let M,,(A) be the complex
algebra of n x n matrices with entries in A, equipped with the usual algebraic
operations. By the Gelfand—Naimark theorem, we may assume that A € B(H) for
some Hilbert space H, and so M,,(A) € B(H"), where matrices of operators act in
the usual manner on column vectors with entries in H. We equip M, (A) with the
restriction of the operator norm on B(H"), and then M, (A) becomes a C* algebra.

Remark 4.5 is the root of the theory of operator spaces [10, 24].
Definition 4.6 A unital concrete C* algebra A € B(H) is a von Neumann algebra
if and only if any of the following equivalent conditions hold.

(1) Closure in the strong operator topology: if the net (¢;) € A and a €
B(H) are such that a;v — av forall v € H, thena € A.

(ii) Closure in the weak operator topology: if the net (a;) € Aanda € B(H)
are such that (v, a;v) — (v, av) forall v € H, thena € A.

(iii) Equality with its bicommutant: letting
S :={aeA:ab=baforallbc S}

denote the commutant of § C A, then A” := (A’)’ = A [von Neumann].

(iv) Existence of a predual: there exists a Banach space A, with (A,)* = A
[Sakai].

Sakai’s characterisation (iv) prompts consideration of the predual of B(H). The
predual A, is naturally a subspace of A*, and a bounded linear functional ¢ on B(H)
is an element of B(H), if and only it is o-weakly continuous: there exist square-
summable sequences (u,)5c  and (v,)72; € H such that

n=1 =
(e.¢] o
> (lunll® +llvall?) <00 and  ¢(T) = (un, Tv,)  forall T € B(H).
n=1 n=1

@.1)
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This yields a fifth characterisation of von Neumann algebras.

(v) Closure in the o-weak topology: if the net (a;) € A and a € B(H) are
such that ¢ (a;) — ¢ (a) for all ¢ € B(H),, thena € A.

The predual A, consists of all those bounded linear functionals on A which are
continuous in the o-weak topology; equivalently, they are the restriction to A of
elements of B(H), as described in (4.1).

Example 4.7 Recall from Example 2.15 that L*°(Q2, F, u) = (Ll(Q, T, ,u))*, and
so every L°° space is a commutative von Neumann algebra. Furthermore, every
commutative von Neumann algebra is isometrically x-isomorphic to L>° (2, F, u)
for some locally compact Hausdorff space €2 and positive Radon measure p; see
[30, Theorem I11.1.18].

4.2 Positivity

Definition 4.8 In a C* algebra A we have the notion of positivity: we write a > 0
if and only if there exists b € A such that @ = b*b. The set of positive elements in
A is denoted by Ay, is closed in the norm topology and is a cone: it is closed under
addition and multiplication by non-negative scalars. Note that a positive element is
self-adjoint.

This notion of positivity agrees with that encountered previously.

Lemma 4.9 Let T € B(H) be such that (v, Tv) > 0 for all v € H. There exists
a unique operator S € B(H) such that (v, Sv) > 0 forallv € H, and §* = T.
Furthermore, S is the limit of a sequence of polynomials in T with no constant
term.

Proof This may be established with the assistance of the Maclaurin series for the
function z — (1 — z)'/2. See [25, Theorem VI.9] for the details. |

Corollary 4.10 If a € A,, then there exists a unique element a'/> € A, the
square root of a, such that (a'/?)?> = a. The square root a'/? lies in the closed
linear subspace of A spanned by the set of monomials {a" : n € N}.

Proof This is a straightforward exercise. O

Exercise 4.11 Prove that f € Co(E)+ if and only if f(x) > O forall x € E. Prove
also that if the C* algebra A € B(H), where H is a Hilbert space, then a € Ay if
and only if (v, av) > 0 for all v € H. [The existence of square roots is crucial for
both parts.]

Proposition 4.12 Let A by a C* algebra. Then any element a € A may be written
in the form (ay — ap) + i(az — aq), where ay, ..., as € A;.
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Proof The self-adjoint elements Rea := (a + a*)/2 and Ima := (a — a™)/(2i) are
such that @ = Rea + iIma. Thus it suffices to show that any self-adjoint element
of A is the difference of two positive elements.

Leta € Abe self-adjoint and let Ag be the closed linear subspace of A spanned by
the set of monomials {a" : n € N}. As Ag is a commutative C* algebra, Theorem 4.3
gives an isometric x-isomorphism j : A9 — Co(E), where E is a locally compact
Hausdorff space. Then f := j(a) is real valued, so

fTi=x > max{f(x), 0} and [ i=x > max{—f(x), 0}

are well-defined elements of Co(E) such that f = f*— f~.Hencea =a* —a™,
where at := j7(f*) anda™ := j~'(f7) are positive, as desired. o

Remark 4.13 The proof of Proposition 4.12 shows that if a € A is self-adjoint, then
there exista™, a~ € A suchthata = at —a~ anda®a™ = 0.

Definition 4.14 The positive cone provides a partial order on the set of self-adjoint
elements of A. Given elements a, b € A, we write a < b if and only if a = a*,
b=>b*andb—a e Ay.

This order respects the norm.
Proposition 4.15 Leta, b € Ay be such that a < b. Then |a|| < ||b]l.

Proof Suppose without loss of generality that A € B(H). Thena < b < |||,
by transitivity, Exercise 4.11 and the Cauchy—Schwarz inequality. If Ag denotes the
unital commutative C* algebra generated by the set of monomials {a" : n € Z},
then Theorem 4.3 gives an isometric *-isomorphism j : Ag — C(E), where E is a
compact Hausdorff space. Hence

0< jUDbINT —a)(x) = Ib|| — j(a)(x) forall x € E,

s00 < j(a)(x) < ||b|| for all such x and ||a|| = ||j(@)llco < ||b]], as claimed. m|

Exercise 4.16 Prove thatifa € Ay andn € Z, then ||a”| = |la||". [Hint: work as
in the proof of Proposition 4.15.]

Definition 4.17 A linear map ® : A — B between C* algebras is positive if and
only if ®(A;) C By.

Note that any algebra x-homomorphism is positive; this fact has been utilised in
the proof of Proposition 4.15.

Corollary 4.18 Let ® : A — B be a positive linear map between C* algebras.
Then

(i) the map ® commutes with the involution, so that ®(a*) = ®(a)* for all
a €A and

(ii) the map ® is bounded.
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Proof Part (i) is an exercise.

For (ii), it suffices to prove that ® is bounded on Ay; suppose otherwise for
contradiction. For all n € N, let a,, € A, be such that ||a,|| = 1 and || ®(a,)| > 3".
Ifa = Z,@l 27 "a, € Ay, thena > 27 "a, foralln € N. Hence ®(a) > 27 "¢ (a,)
and ||¢(a)|| = 27| P(a,)]l > (3/2)", by Proposition 4.15, which is a contradiction
for sufficiently large n. O

We will now begin to investigate the generators of positive semigroups, following
in the footsteps of Evans and Hanche-Olsen [12].

Theorem 4.19 Let T = (I;)ier, be a uniformly continuous one-parameter
semigroup on the C* algebra A. If Ty is positive for all t € Ry, then the semigroup
generator L is bounded and x-preserving.

Proof The boundedness of £ follows immediately from Theorem 2.23, and if a €
A, then

L@)* = lim Y (Ty(a) — a)* = lim " (Ty(a*) — a*) = L"),
t—0+ t—0+

by continuity of the involution and the fact that positive maps are x-preserving. O

The following result is a variation on [12, Theorem 2]. The proof exploits an idea
of Fagnola [14, Proof of Proposition 3.10].

Theorem 4.20 Let L be a *-preserving bounded linear map on the C* algebra A.
The following are equivalent.
(i) Ifa, b € Ay are such that ab = 0, then aL(b)a > 0.

(i) (I — L)~V is positive for all sufficiently large A > 0.

(i) T; = exp(tL) is positive for all t € Ry.
Proof Suppose (i) holds; we will show that (Af — £)~! is positive if A > [|.£]|. It
suffices to take a € A such that (A\I — L£)(a) is positive, and prove that a € A;.
Note that a is self- adjoint, so Remark 4.13 gives b and ¢ € Ay witha = b — ¢ and
bc = 0. Thus (ii) holds if ¢ = 0.

The condition bc = 0 implies that b'/2c = 0, so (i) gives that c.L(b)c > 0. Hence

0< c*()\a — L(a))c =xc(b —c)c — cLb)c + cL(c)e < —rc® + cL(c)c,
and therefore 0 < Ac® < cL(c)c. It follows that Alc|® = Al < [I£] llcl,
which holds only when ¢ = 0, as required.

That (ii) and (iii) are equivalent is a consequence of Theorems 2.45 and 2.46. To
see that (iii) implies (i), note that if a, b € A are such that ab = 0, then

0< 1 aTy(b)a =1""a(b+1LD) + O1)a = aLl(bla+ O(t) - aL(b)a

ast — 0+. O
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In the quantum world, we can go beyond positivity to find a stronger notion,
complete positivity, which is of great importance to the theories of open quantum
systems and quantum information.

4.3 Complete Positivity

Recall from Remark 4.5 that matrix algebras over C* algebras are also C* algebras.

Definition 4.21 Let n € N. A linear map ® : A — B between C* algebras is
n-positive if and only if the ampliation

" My(A) — My (B); (@ij)f j—y = (Plaip)y

is positive. If ® is n-positive for all n € N, then ® is completely positive.

Remark 4.22 Choi [6] produced examples of maps which are n-positive but not
n + l-positive.

Exercise 4.23 Letn € N and let T = (T3);cr, be a one-parameter semigroup
on the C* algebra A. Prove that TW = (Tt(n))zeR + 1s a one-parameter semigroup
on M, (A), Prove further that if 7 is uniformly continuous, with generator £, then
T™ is also uniformly continuous, with generator £

Proposition 4.24 (Paschke [23]) Let A = (a;;)! j=1 € M, (A), where A is a
C* algebra. The following are equivalent.

(i) The matrix A € My, (A).

(ii) The matrix A may be written as the sum of at most n matrices of the
form (b;kbj);'jzl, where by, ..., b, € A.

(iii) The sum Z,r'lj=1 cfajjcj € Ay foranycy, ..., ¢y €A

Proof To see that (iii) implies (i), we use the fact that any C* algebra has a faithful
representation which is a direct sum of cyclic representations [30, Theorem III1.2.4].
Thus we may assume without loss of generality that A € B(H) and there exists a
unit vector u € H such that {au : a € H} is dense in H.

Given this and Exercise 4.11, let ¢y, ..., ¢, € A. Then (iii) implies that

n

0< ) (wclajcjudn = (v, Av)hr,
i,j=1

where v = (ciu, ..., cpu)T € H". Vectors of this form are dense in H" as ¢y, ...,
cp vary over A, so the result follows by another application of Exercise 4.11.
The other implications are straightforward to verify. O
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Exercise 4.25 Letn € N. Use Proposition 4.24 to prove that a linear map ® : A —
B between C* algebras is n-positive if and only if

n
> bfd(afajb; >0
ij=1

for all ay, ..., a, € A and by, ..., b, € B. Deduce that any *-homomorphism
between C* algebras is completely positive, as is any map of the form

B(K) - B(H); a +— T*aT, where T € B(H; K).
Theorem 4.26 A positive linear map ® : A — B between C* algebras is

completely positive if A is commutative or B is commutative.

Proof The first result is due to Stinespring [29] and the second to Arveson [4]. We
will prove the latter.

We may suppose that B = Co(E), where E is a locally compact Hausdorff space,
by Theorem4.3.If a1, ...,a, € A, by, ..., b, € B and x € E, then

(X Bro@anh; )0 = Y bin)®(@fa)@b;x) = (c@) e®)x) >0,
ij=1 i,j=1

where c(x) := Z?:l bi(x)a; € A. Exercises 4.11 and 4.25 give the result. |

Definition 4.27 A map ® : A — B between unital algebras is unital if ®(1a) =
1B, where 14 and 1p are the multiplicative units of A and B, respectively.

Theorem 4.28 (Kadison) A 2-positive unital linear map ® : A — B between
unital C* algebras is such that

®D(a)*®(a) < P(a*a) foralla € A. 4.2)

Proof Note first that if a € A then

*
1 a la la

A := = 2 9

[a* a*a:| [0 0i| |:0 0:| 0

0<% = [<I><1a>* SZSZM '

SO
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Suppose without loss of generality that B € B(H) for some Hilbert space H, and
note that, by Exercise 4.11, if u € H and

vi= [_q)(“)”} eH? then 0< (v, @@ (A)) = (u, (B(a*a)—D(a)*d(a))u).
u
As u is arbitrary, the claim follows. m]

Remark 4.29 The inequality (4.2) is known as the Kadison—Schwarz inequality.

Exercise 4.30 Show that the inequality (4.2) holds if @ is required only to be
positive as long as a is normal, so that a*a = aa™*. [Hint: use Theorem 4.26.]

4.4 Stinespring’s Dilation Theorem

Exercise 4.25 gives two classes of completely positive maps. The following result
makes clear that these are, in a sense, exhaustive.

Theorem 4.31 (Stinespring [29]) Let © : A — B(H) be a linear map, where A is
a unital C* algebra and H is a Hilbert space. Then ® is completely positive if and
only if there exists a Hilbert space K, a unital *-homomorphism 7w : A — B(K) and
a bounded operator T : H — K such that

®(a) =T*n(a)T (a € A).
Proof One direction is immediate. For the other, let Ky := A ® H be the
algebraic tensor product of A with H, considered as complex vector spaces. Define
a sesquilinear form on Ky such that

(a@u,b®v) = (u, ®@*b)v)y foralla,b € Aandu,v € H.

It is an exercise to check that this form is positive semidefinite, using the assumption
that ® is completely positive, and that the kernel

Koo :={x € Ky : (x,x) =0}

is a vector subspace of Ky. Let K be the completion of Ky/Kgg = {[x] X € Ko}.
If

w(a)[b ® v] := [ab ® v] foralla,b € Aand v € H,
then 77 (a) extends by linearity and continuity to an element of B(K), denoted in the

same manner. Furthermore, the map a +— 7 (a) is a unital x-homomorphism from
A to B(K).
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To conclude, let T € B(H; K) be defined by setting Tv = [1 ® v] for all v € H.
It is a final exercise to verify that ®(a) = T*m(a)T, as required. |

The following result extends the Kadison—Schwarz inequality, Theorem 4.28.

Corollary 4.32 If ® : A — B(H) is unital and completely positive then

n

> (i, (P(afa)) — @(a)*®(a)))v;) =0

ij=1
foralln e N, ay, ..., a, € Aand vy, ..., v, € H.
Proof Let w and T be as in Theorem 4.31. Then ||T|?> = |T*7(1a)T| =

@A)l =1and

n n

> (v dafajvy) = Y (Tviwafa)Tv;) = | > w(@)Tv;
i=1

ij=1 ij=1

2

‘T*Xn:n(a,-)Tvi H2

i=1

= Zn:cb(ai)vi
i=1

WV

2

n

= D (v @la)* ®(aj)v)).

i,j=1
O
Definition 4.33 A triple (K, 7, T') as in Theorem 4.31 is a Stinespring dilation of
®. Such a dilation is minimal if
K=lin{wr(a)Tv:a € A, v e H}.
Proposition 4.34 Any unital completely positive map ® : A — B(H) has a
minimal Stinespring dilation.

Proof One may take (K, 7, T) as in Theorem 4.31 and restrict to the smallest closed
subspace of K containing {7 (a)Tv :a € A, v € H}. O

Exercise 4.35 Prove that the minimal Stinespring dilation is unique in an appropri-
ate sense.

Definition 4.36 Let (¢;) C A be a net in the von Neumann algebra A € B(H). We
write @; N\ 0if a; > a; > 0 wheneveri > j and (v,a;v) — Oforallv € H.
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[It follows from Vigier’s theorem [22, Theorem 4.1.1.] that the decreasing net (a;)
converges in the strong operator topology to some elementa € Ay.]

A linear map ® : A — B(K) is normal if a; ~\ 0 implies that (v, ®(a;)v) — 0
forall v € K.

Proposition 4.37 Let A be a von Neumann algebra. If the linear map © : A —
B(H) is completely positive and normal, then the unital x-homomorphism 7t of
Theorem 4.31 may be chosen to be normal also.

Proof Let (K, 7w, T) be a minimal Stinespring dilation for ®. If v € H, a € A and
the net (a;) € A4 is such that ¢; N\ 0, then

(m(a)Tv, w(a)mw(a)Tv) = (v, T*r(a*a;a)Tv) = (v, ®(a*a;a)v) — 0,

since a*a;ja N\ 0. It now follows by polarisation and minimality that 7 (a;) \ 0, as
required. O

Proposition 4.38 A linear map ® : A — B(H) is normal if and only if it is o-
weakly continuous.

Proof Tt suffices to prove that if (b;) € B(K) is a norm-bounded net then b; — 0
in the o-weak topology if and only if (v, b;v) — O for all v € K. Furthermore, by
polarisation, we need only consider o-weakly continuous functionals of the form

o0 o0
¢:BK) > C:ar> Y (x,.ax,), where > [lx, > < oo.

n=1 n=1

The result now follows by a standard truncation argument. O

4.5 Semigroup Generators

We will now introduce the class of quantum Feller semigroups, and proceed toward
a classification of the semigroup generators for a uniformly continuous subclass.
As above, we will first establish some necessary conditions that hold in greater
generality.

Definition 4.39 A quantum Feller semigroup T = (T;);cr, ona C* algebra Ais a
strongly continuous contraction semigroup such that each 7; is completely positive.
If A is unital, with unit 1, and 7;1 = 1 for all t € R then T is conservative.

Exercise 4.40 Let T be a quantum Feller semigroup on a unital C* algebra. Prove
that T is conservative if and only if 1 € dom £, with £(1) = 0. [Hint: Theorem 2.46
may be useful.]

To begin the characterisation of the generators of these semigroups, we introduce
a concept due to Evans [11].
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Proposition 4.41 Let ® : A — B(H) be a linear map on the unital concrete
C* algebra A € B(H). The following are equivalent.

(1) Ifn e Nanda € M,(A), then

" (@*a) +a* @™ (1)a — ©™ (a*)a — a*®"(a) € M, (B(H)), .
(i) IfneNanday, ..., a, €A, then

(P(afaj) +af®(Da; — d(a])aj — a;"CD(aj))ijl € Mn(B(H))+.

(iii) Ifn e N ay,...,an € Aand vy, ..., vy € Hare such that Y 7_, ajv; =
0, then

n
> (v da}aj)v;) = 0.
ij=1

@) Ifn € N, ay, ..., ap € Aand by, ..., b, € B(H) are such that
i aibi =0, then

n
> bfd(afaj)b; > 0.
ij=1

Proof Given ay, ..., a, € A, leta = (a;j) € M,(A) be such that a1; = a;
and a;; = 0 otherwise. Then

(@™ (a*a) + a* @™ (1)a — @™ (a%)a — a*CD(")(a))l.j
=®(ajaj)+ai®(Da; — Pa)aj —aid(aj)

foralli, j =1,...,n, so (i) implies (ii).
Conversely, let a = (a;;) € M,(A). Applying (ii) to axi, ..., ax, and then
summing over k gives that

n

0< ) [®afar)) + af; @(Day; — D(af)ar; — ag; ®(afy)]
k=1

n
i,j=1

= " (a*a) — a* @™ (1)a — ™ (a*)a — a*d" (a).

Thus (ii) implies (i).
The implication from (ii) to (iii) is clear, as is that from (iii) to (iv). For the final
part,letai, ..., a, € Aand by, ..., b, € B(H),letap = 1 and by = — Y ;_, a;b;,



Classical and Quantum Markov Semigroups 47

and note that Z?:o a;b; = 0. Hence (iv) gives that

n n
0< Y bidafajbj = Y bf(®(afay) +af®(1)aj—a;®(a;)—D(af)a;)b;.
i,j=0 i,j=1

Thus (ii) now follows from the first part of Exercise 4.25. |

Definition 4.42 A linear map ® : A — B(H) on the unital C* algebra A € B(H)
is conditionally completely positive if and only if any of the equivalent conditions
in Proposition 4.41 hold.

Exercise 4.43 Prove that the set of conditionally completely positive maps from A
to B(H) is a cone, that is, closed under addition and multiplication by non-negative
scalars. Prove also that this cone contains all completely positive maps and scalar
multiples of the identity map. Finally, prove that the cone is closed under pointwise
weak-operator convergence: the net ®; — @ if and only if (v, ®;(a)v) —
(v, ®(a)v) foralla € Aand v € H.

Exercise 4.44 Let A be as in Definition 4.42. A linear map § : A — B(H) is a
derivation if and only if

8(ab) = ad(b) + (a)b foralla, b € A.
Prove that a derivation is conditionally completely positive. Prove also that the map

A— BH); a—~ G*a+aG

is conditionally completely positive and normal for all G € B(H).

Theorem 4.45 Let T be a uniformly continuous quantum Feller semigroup on the
unital C* algebra A € B(H). The semigroup generator L is bounded, x-preserving
and conditionally completely positive.

Proof The first two claims follow immediate from Theorem 4.19. For conditional
complete positivity, let aj, ..., a, € Aand vy, ..., v, € H. By Corollary 4.32, if
t > 0, then

n
1Y (i (Ti(afaj) — Ti(a)* Ti(aj))v,) > 0.
ij=1
Letting t — 0+ gives that

> (i, (Lafa)) — L) a; — af La)))v;) >0,

ij=1

andif )"/, a;jv; = 0 then the second and third terms vanish. o
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Exercise 4.46 Use Exercise 4.43 to provide an alternative proof that £ in Theo-
rem 4.45 is conditionally completely positive.

The following result is [11, Theorem 2.9] of Evans, who credits Lindblad [21].

Theorem 4.47 (Lindblad, Evans) Let L be a x-preserving bounded linear map
on the unital C* algebra A C B(H). The following are equivalent.
(1) L is conditionally completely positive.
(ii) (A — L)~V is completely positive for all sufficiently large & > 0.
(i) T; = exp(t L) is completely positive for all t € R...

Proof The equivalence of (ii) and (iii) is given by Theorems 2.45 and 2.46, together
with Exercise 4.23. The solution to Exercise 4.46 gives that (iii) implies (i); to
complete the proof, it suffices to show that (i) implies (iii).

Suppose first that £(1) < 0. Then L™ (1) < 0 foralln € N, so if a € M, (A)
then

LM @*a) = a* L™ (@)a + a* L™ (a).
Thus if b, ¢ € M, (A), are such that bc = 0 then b'/?c = 0 and

cLP(b)e = c LBV e + b2 LW (b)e = 0.

Theorem 4.20 now gives that 7" = exp(r.L™) is positive for all 1 € R, so (iii)
holds.

Finally, if £(1) > 0, then the conditionally completely positive map
LA — BH); a— L) — [ LO)]a

is such that £'(1) < 0, since 0 < L(1) < || L(1)||{. It follows that T, = exp(t.L') is
completely positive for all # € R, and therefore so is 7; = exp(||.£(1) ||t) /. O

Remark 4.48 Since completely positive unital linear maps between unital
C* algebras are automatically contractive, by Theorem 4.31 and the fact that
x-homomorphisms between C* algebras are contractive, the previous result
characterises the generators of uniformly continuous conservative quantum Feller
semigroups.

4.6 The Gorini-Kossakowski—-Sudarshan—Lindblad Theorem

In order to provide a more explicit description of the generators of quantum Feller
semigroups, we will establish some results of Lindblad and Christensen, and of
Kraus. The Kraus decomposition is a key tool in quantum information theory.
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Theorem 4.49 (Lindblad, Christensen) Let L be a x-preserving bounded linear
map on the von Neumann algebra A. Then L is conditionally completely positive
and normal if and only if there exists a completely positive, normal map ¥ : A — A
and an element g € A such that

La)=V(a)+gta+ag  foralla e A.

Proof The second part of Exercise 4.44 shows that £ is conditionally completely
positive or normal if and only if ¥ has the same property.

Given this, it remains to prove that if £ is conditionally completely positive, then
there exists g € A such that a > L(a) — g*a — ag is completely positive. We will
show this under the assumption that A = B(H); see [14, Proof of Theorem 3.14].
The general case [7] requires considerably more work.

Given u, v € H, let the Dirac dyad

lu)(v] :H—>H; wi> (v, wu.

Fix a unit vector u € H, and let G € B(H) be such that
. 1
G":H->H; v~ £(|v)(u|)u — 2(u, £(|u)(u|)u)v.

Givenay,...a, € Aand vy, ..., v, € H letvg =uandag = — >\, |a;jv;)(ul, so
that ) "'_ a;v; = 0. The conditional complete positivity of £ implies that

0< Z ((vi, LlaFaj)vj) — (vi, L(af|ajv;) (ul)u) — (u, L(lu){aivila;)v;)

ij=1
+ (u, L(lu)(aivillajv;) (ul)u))

n

Z (vi, Lafaj)vj) — (vi, L(lajajvj)ul)u) — (u, L(ju)(@faivil)v;)

ij=1

+ (u, L(Ju) (ul)u)(aivi, ajv))

n
Z (vi, (L(a}a)j) — G*alaj — afa;G)v;).
ij=1

The result follows. O

Remark 4.50 If A is required only to be a C* algebra, then Christensen and Evans
[7] showed that Theorem 4.49 remains true if £ and ¥ no longer required to be
normal, but then g and the range of W must be taken to lie in the o-weak closure
of A.
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Theorem 4.51 (Kraus [18]) Suppose A C B(H) is a von Neumann algebra. A
linear map ¥ : A — B(K) is normal and completely positive if and only if there
exists a family of operators (L;)ier € B(K; H) such that

W(a) = Z LfaL; foralla € A,

iel

with convergence in the strong operator topology. The cardinality of the index set I
may be taken to be no larger than dim K.

Proof If W has this form, then it is completely positive and normal. The first claim is
readily verified; for the second, let a; “\ 0, fix jo and note that (u, aju) < (u, aj,u)
forallu € Hand j > jy. Fix e > 0 and v € K, choose a finite set [y C I such that
the sum Zieﬂo (Liv,aj,Liv) > (v, ¥(aj)v) — &, and note that

(v, W(ajv) < Y (Liv.ajLiv)+ Y (Liv,ajLiv) < Y (Liv,a;Liv) +e.

iely iel\Ip i€l

This shows that W is normal, as required.

For the converse, Theorem 4.31 shows it suffices to prove thatif 7 : A — B(K)
is a normal unital -homomorphism, then 7 can be written as in the statement of the
theorem.

Let (ej)ict be an orthonormal basis for H, and consider the net (Iy —
Zieﬂo lei){ei|), where the index Iy runs over all finite subsets of I, ordered by
inclusion. Since 7 is normal and unital, we have that Ix = ), g7 (|ei)(ei |) in the
weak-operator sense; thus, there exists some igp € I such that P :=x (|e,-0)(e,'0 |) isa
non-zero orthogonal projection.

Let u € K be a unit vector such that Pu = u, let a € A, and note that

Il (@)ul|> = (Pu, w(a*a) Pu) = (u, 7 (lei) (eigla*aleig) (eiy | )u) = llaeiq |1*.

Hence there exists a partial isometry Lo : K — H with initial space Ko, the norm
closure of {m(a)u : a € A}, and final space Hy, the norm closure of {aeg : a € A},
and such that Low(a)u = aeg for all a € A. Note that K is invariant under the
action of 7w (a), foralla € A, so

w(a)m(b)u = Pyt (ab)u = L§Low (ab)u = Liabey = LijaLom (b)u forall b € A.

Thus n(a)lk, = LgaLolk,, and since LO(K(J)-) = {0}, it follows that w(a) Py =
LgaLo foralla € A, where Py := L{jLo is the orthogonal projection onto the initial
space Kg.

Repeating this argument, but on K(J)-, there exists a partial isometry L; : K — H
with initial projection Py such that PoP; = 0 and w(a) Py = LjaL, foralla € A.
An application of Zorn’s lemma now gives the result. O
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Remark 4.52 With W and (L;);c1 as in Theorem 4.51, we may write
W(a) =L*(a® Ik,)L foralla € A,

where K is the Hilbert space with orthonormal basis (¢;);cr and L € B(K; H® Ky)
is such that

Lv:ZLw@e,- forall v e K.
iel
Exercise 4.53 Use Theorem 4.51 and the second part of Theorem 4.26 to show that
every positive normal linear functional on the von Neumann algebra A has the form

e¢]

o0
ar— Z(xn,axn), where Z lxa 1> < oo.

n=1 n=1

[Every bounded linear functional is the linear combination of four positive ones
[22, Theorem 3.3.10], and Grothendieck [15] observed that each of these may be
taken to be normal if the original is [17, Theorem 7.4.7]. Hence every normal linear
functional is of the form used to define the o-weak topology in Definition 4.6.]

Lemma 4.54 Let T be a uniformly continuous semigroup on a von Neumann
algebra with generator L. Then L is normal if and only if T; is normal for all
t e R+.

Proof This holds because the limit of a norm-convergent sequence of normal maps
is normal. To see this, let ®,, ® : A — B(H) be such that |®,, — ®| — 0, let the
net (a;) € A4 be such that a; \( 0, and let v € H. Fix ip and note that ||a; || < ||a;, ||
wheneveri > ig, so

(v, D(ai)v)| < vl laill 1Py — @l + [(v, P(a)v)|  foralli > io.

The claim follows. O

Theorem 4.55 (Gorini—-Kossakowski-Sudarshan, Lindblad) Let A C B(H) be
a von Neumann algebra. A bounded linear map L € B(A) is the generator of a
uniformly continuous conservative quantum Feller semigroup composed of normal
maps if and only if

1
L(a) = —i[h,a] — 5 (L*La —2L*(a® )L +aL*L)  foralla € A,

where h = h* € Aand L € B(H; H ® K) for some Hilbert space K.

Proof If L has this form, then it is straightforward to verify that the semigroup it
generates is as claimed.
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Conversely, suppose L is the generator of a semigroup as in the statement
of the theorem. Then Theorem 4.47 gives that £ is conditionally completely
positive and £(1) = 0. Moreover, £ is normal, by the preceding lemma, and so
Theorem 4.49 gives that

L(a)=V¥(a)+gta+ag foralla € A,

where U : A — A is completely positive and normal, and g € A. Takinga = 1
in this equation shows that g* + ¢ = —W(1),s0 g = —élll(l) + ih for some self-
adjoint element & € A. The result now follows by Theorem 4.51. O

The story of the previous theorem is very well told in [8]. Going beyond the case
of bounded generators is the subject of much interest. See the survey [28] for some
recent developments.

4.7 Quantum Markov Processes

We will conclude by giving a very brief indication of how a quantum process may
be defined.

Remark 4.56 Let E be a compact Hausdorff space. If X is an E-valued random
variable on the probability space (€2, ¥, IP), then

Jjx:A—=>B; fi> foX

is a unital *-homomorphism, where A = C(E) and B = L*°(Q2, F, P).

Definition 4.57 A non-commutative random variable is a unital x-homomorphism
J between unital C* algebras.

A family (j; : A — B);cr, of non-commutative random variables is a dilation
of the quantum Feller semigroup T on A if there exists a conditional expectation E
from B onto A such that T; = E o j; forall t € Ry.

The problem of constructing such dilations has attracted the interest of many
authors, including Evans and Lewis [13], Accardi et al. [1], Vincent-Smith [31],
Kiimmerer [19], Sauvageot [27] and Bhat and Parthasarathy [5].

Essentially, one attempts to mimic the functional-analytic proof of Theorem 3.22.
Given the appropriate analogue of an initial measure, which is a state p© on the
C* algebra A, the sesquilinear form

A®' X A®" - C; (a1®: - ®ay, b1 ®- - ®by) > wu(Ty @f ... (Ty,—,_, (@iby)) ... b))
must be shown to be positive semidefinite. The key to this is the complete positivity

of the semigroup maps. There are many technical issues to be addressed; see [5] for
more details.
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Introduction to Non-Markovian m)
Evolution of n-Level Quantum Systems ik

Dariusz Chruscinski

Abstract We analyze quantum dynamical maps and the corresponding master
equations beyond the celebrated quantum Markovian master equation derived by
Gorini, Kossakowski, Sudarshan, and Lindblad. In the Heisenberg picture such
maps are represented by completely positive and unital maps, whereas in the
Schrodinger picture by completely positive and trace-preserving maps. Both time-
local equations governed by time dependent generators and time non-local equations
of the Nakajima-Zwanzig form governed by the corresponding memory kernels
are considered. We use the Schrodinger picture to discuss time-local case and
Heisenberg picture for the non-local one. These equations describe quantum non-
Markovian evolution that takes into account memory effects. Our analysis is
illustrated by several simple examples.

1 Introduction

Open quantum systems are of paramount importance in the study of the interaction
between a quantum system and its environment [1-7] that leads to important
physical processes like dissipation, decay, and decoherence.Very often to describe
the evolution of a “small” system neglecting degrees of freedom of the “big”
environment one applies very successful Markovian approximation leading to the
celebrated quantum Markovian semigroup. This approximation usually assumes a
weak coupling between the system and environment and separation of system and
environment time scales (the system’s degrees of freedom are “slow” and that of
the environment are “fast”). A typical example is a quantum optical system where
Markovian approximation is often legitimate due to the weak coupling between a
system (atom) and the environment (electromagnetic field) [3]. Quantum Marko-
vian semigroups were fully characterized by Gorini et al. [8] and independently
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by Lindblad [9]. Current laboratory techniques and technological progress call,
however, for more refined approach taking into account non-Markovian memory
effects (see recent review papers [10-13]).

A mathematical representation of the evolution of open quantum system is
provided by a quantum dynamical map—a family of completely positive and trace-
preserving maps parameterized by time. Nowadays dynamical maps define one of
the basic ingredients of modern quantum theory. Being quantum channels they
define at the same time one of the most fundamental objects of quantum information
theory [14]. Completely positive maps in operator algebras [15-18] were invented
by Stinespring in 1955 [19] and found elegant application in physics already in
the 1960s with seminal papers of Kraus and collaborators (summarized in the
monograph [20]).

In this paper we analyze quantum evolution beyond the Markovian approxima-
tion. One usually assumes that such map satisfies linear differential equation either
in a time-local form

alAt ZLIAI s A():lda (11)

or a memory kernel master equation
t

0r A =/ Ki—:Ac, Ao=id, (1.2)
0

with suitable time-local generator £; and memory kernel K;. We analyze the
properties of £; and K; which guarantee that (1.1) and (1.2) lead to completely
positive maps A;. Moreover, on the level of time-local equation (1.1) we analyze the
property of Markovianity based on the concept of divisibility of the corresponding
dynamical map. Our analysis is illustrated by several examples.

In this paper we consider mainly quantum systems living in a finite dimensional
Hilbert space (n-level quantum system). It turns out, however, that several results
presented in this paper can be generalized to infinite dimensional cases. Therefore,
in the next introductory section we recall some well-known results which hold for
the infinite dimensional case as well.

2 Preliminaries: Quantum States and Quantum Channels

We begin by introducing basic notation and terminology.

2.1 The Structure of Quantum States

In the Schrodinger picture to any quantum system one assigns a separable Hilbert
space ‘H and normalized vector v € H represents (up to a phase factor) a
pure state of the system. Mixed states are represented by density operators, that
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is, semi-positive trace-class operators p € 7 (H) with additional normalization
condition Trp = 1. Recall that 7 () defines a Banach space with the norm defined
by the trace-norm || - ||;. Hence density operators satisfy || p||; = 1. In this paper we
consider mainly a quantum system living in n-dimensional Hilbert space . Fixing
an orthonormal basis {e1, ..., e,} in H any linear operator in  may be identified
with n x n complex matrix from M, (C).

Clearly, a space of pure states correspond to complex projective space CP"~!.
Mixed states may be interpreted as convex combinations (mixtures) of pure states

p=> wilyr) (Yl , @.1)
k

with wgy > 0 and Zk wy = 1. It should be stressed that the above representation
is highly non-unique. This is actually one of the distinguished features of quantum
theory. To illustrate a concept of density operators let us consider the following.

Example 2.1 A 2-level system (qubit) living in C2. Any hermitian operator p may
be decomposed as follows

3
1
p= (11 + ];xkok> , 2.2)

where X = (xq, x2,x3) € R3 and {o1, 02, 03} are Pauli matrices. It is, therefore,
clear that p is entirely characterized by the Bloch vector x. This representation
already guaranties that Trp = 1. Hence, p represents density operator if and
only if the corresponding eigenvalues {A_, 1} are non-negative. One easily finds

A+ = 5(1 £ |x]) and hence p > 0 if and only if [x| = \/xf + x5 +x3 < L. This
condition defines a unit ball in R? known as a Bloch ball. A state is pure if p defines
rank-1 projector, i.e. .- = 0 and A = 1. It shows that pure states belong to Bloch

sphere corresponding to |x| = 1. Unfortunately, this simple geometric picture is
much more complicated if n > 2 (see, e.g., [21, 22]).

In the Heisenberg picture one assigns to a quantum system a unital C*-algebra 2.
Self-adjoint elements of 2( represent quantum observables. In this approach states
are represented by normalized positive functional w : 2 — C, that is, w(a) > 0
fora > 0, and w(1) = 1. Very often 24 = B(H) for some Hilbert space H and
in this case one relates Schrodinger and Heisenberg picture using duality relation
T (H)* = B(H). One has w(a) = Tr(ap) for some density operator p € T (H).
States corresponding to density operators are called normal states.
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2.2 Positive and Completely Positive Maps [15-18]

Consider a linear map @ : 20 — B between two unital C*-algebras 2 and B.

Definition 2.2 & is positive if ®(x*x) > 0 for any x € 2. ® is unital if (1g) =
1.

Any positive map @ is necessarily Hermitian, that is, ®(x)* = ®(x*), and ||D|| =
[|P(Lg)|l, where

Pl
||| = sup : 2.3)
xe |lxl]
Hence unital positive map satisfies ||®|| = 1.
Definition 2.3 & is k-positive if
idg ®@ @ : Mi(C) @A - M(C) ® B 2.4)

is positive. ® is completely positive (CP) if it is k-positive forall k = 1,2, .. ..

If P (2, *B) denotes a convex cone of k-positive maps, then we have
P, B) DPA,B) D ... D PR, B) (2.5)

with Poo (A, B) = Pcp(X, B).

Theorem 2.4 (Stinespring) A linear map ® : 2 — B(H) is CP if and only if there
exist a Hilbert space K and a x-homomorpism 7 : 2 — B(K) and a linear operator
V : K — H such that

d(x)=Vra(x)V*. (2.6)

Moreover, ® is unital if V is an isometry.
One proves

Proposition 2.5 ([15]) A linear map ® : A — B(H) is CP if and only if

n

> Wil @a)ly;) = 0, @.7)

ij=1

foranyay,...,a, € Aand ¥y, ..., ¥, € H, wheren =1,2,3,....
Theorem 2.6 (Kraus) Any CP map ® : B(H|) — B(H>) is of the following form

d(X) = Z K XK}, (2.8)
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where K; : H; — 9H, are bounded operators and the sum converges in the
strong operator sense. Moreover, ® is unital if in addition the following condition is
satisfied D ; K; K = Tqy,.

Consider now a finite dimensional case corresponding to matrix algebras 2 =
M, (C). In this case one has

Theorem 2.7 (Choi) A linear map @ : M, (C) — ‘5 is CP if and only if the matrix
[®(eij)] € M, (°B) (2.9)
is positive, where {e;;} denote the matrix units in M,(C). A linear map @ :
M,,(C) — M,,(C) is CP if and only if it is n-positive, where n = min{ny, ns}.
If®: M,(C) - M,(C) is a linear map, then its dual ®* : M, (C) - M, (C) is
defined by
Tr[A®*(B)] = Tr[®(A)B], (2.10)

forall A, B € M, (C). ® is unital if and only if ®* is trace-preserving.

Definition 2.8 A quantum dynamical map (Heisenberg picture) is represented by a
family of CP and unital maps A; : B(H) — B(H) (t > 0). A quantum dynamical
map (Schrodinger picture) is represented by a family of CP and trace-preserving
(CPTP) maps A} : 7 (H) — 7 (H) (t = 0). One calls a CPTP map & : 7(H) —
7 (H) a quantum channel [14].

3 Markovian Semigroup

A strongly continuous quantum dynamical semigroup is a one-parameter family
As: B(H) — B(H) fort > 0 satisfying

1. A; is completely positive and unital,

2. At+s = A¢ Ay,

3. the map t — A, is strongly continuous,
4. limtﬁ()Jr At(x) =X.

Such maps possess a densely defined generator

L) = lim A’(xt) - G.1)

The structure of the generator is not known in the general case. However, the most
interesting cases are characterized due to the following theorems.
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Theorem 3.1 (Lindblad [9]) If L is bounded, then it defines a generator of a
strongly continuous semigroup if and only if

L(x)=i[H,x]+ P(x) — ;(CD(]l)x +x®(1)), (3.2)

where @ is completely positive, H = H*, and [H,x] = Hx —xH.

Remark 3.2 In the unbounded case there are examples of generators which are not
of the standard Lindblad form (cf. [23]).

Consider now finite dimensional case dimH{ = n. One considers a dynamical
semigroup in the Schrodinger picture A} : M, (C) — M, (C) which satisfies the
following master equation

A} = LYAT, (3.3)
with initial condition A;—9 = id. The dynamical map A} = e’ £ s completely
positive and trace-preserving (CPTP)

Theorem 3.3 (Gorini-Kossakowski-Sudarshan [8]) L* generates dynamical semi-
group in the Schrédinger picture if and only if £* has the following canonical form:

n?—1
1
Lip) = —ilH.pl+ , Y cy (IFip. F{1+ [ pF}1). (3:4)
i,j=1

where [c;;] is a semi-positive definite matrix and operators F; satisfy: TrF; = 0, and
Te(F;iF}) =& fori, j = 1,2, ..., n?—1.

In the Heisenberg picture one has

n?—1
1
LOO =ilH, X1+ ) Y ey (FLX F{1+1FL XIFY). (3.5)
i, j=1

One usually calls the generator of a quantum dynamical semigroup a GKSL
generator (for both Heisenberg and Schrodinger pictures).

4 Open Quantum Systems: Beyond Markovian Semigroup

The standard approach to the dynamics of open quantum systems is based on the
scheme of the reduced dynamics [1, 5, 6]: one considers the unitary evolution of the
composed “system + environment” system governed by the von Neumann equation

dpse(t) = —i[H, pse (0], 4.1
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and defines the evolution of the reduced density operator of the system via p; :=
Trepse(t), where Trg denotes the partial trace over the environmental degrees
of freedom. The total Hamiltonian H = Hg + Hg + Hjn obviously represents
the system Hamiltonian Hg, environmental (or bath) Hamiltonian Hg, and the
interaction Hamiltonian Hjp but this splitting is not unique. If the initial system-
environment state factorizes psg (0) = p ® pg, then the following formula

Af(p) ==Trg[U; p@ pp U], Uy =e ™M, 4.2)

defines a family of CPTP maps. A system-environment density matrix psg(t)
satisfies von Neumann equation (4.1) with total Hamiltonian H. To find the
corresponding equation for the reduced density matrix p; one applies the standard
Nakajima-Zwanzig projection operator technique [24] (see also [25] for more
general discussion) which shows that under fairly general conditions, and initial
product state the generalized master equation for p; takes the form of the following
nonlocal equation:

t
B AT = / KP  Afdt; Aj=id, 43)
0

where the super-operator K;* : 7 (H) — 7 (H) encodes all dynamical properties
of the system in question. The characteristic feature of Nakajima-Zwanzig equa-
tion (4.3) is the appearance of a memory kernel: this simply means that the rate
of change of the state represented by the density operator p; at time ¢ depends
on its history. It should be stressed that the structure of the memory kernel K; is
highly nontrivial. It depends upon the total Hamiltonian and the initial state pg (0).
In practice very often it turns out that H;y is sufficiently small (weak interaction) and
one tries various approximation schemes [1]. Approximating (4.3) is a delicate issue
[26, 27]. One often applies second order Born approximation which considerably
simplifies the structure of K,. However, this approximation in general violates
basic properties of the generalized master equation, for example positivity of p;
[28]. Due to the nontrivial structure of (4.3) one tries to replace time non-local
Nakajima-Zwanzig equation by the time-local one so-called time-convolutionless
(TCL) master equation

BAF = LIAF, Af=id, 4.4)

This procedure, however, requires existence of the inverse of A} and leads to the
following formula for the generator L} = (E),A;‘)A;k_l [29, 30].

Example 4.1 Consider the evolution of 2-level system described by the following
dynamical map

1p12
A*(0) — P11 cos ’ 45
(P (COS P21 P11 (43)
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where p;; are matrix elements of the initial density matrix p. One easily checks that
this map is CPTP for any ¢ > 0. Indeed, its Kraus representation reads

14 cost 1 —cost
Af(p) = , Pt o, 03pos. (4.6)

Note, however, that for ¢ = (2n + 1)7/2 it is not invertible and hence time-local
generator L} is singular. Suppose that (4.5) satisfies Nakajima-Zwanzig master

equation and let us look for the corresponding memory. Passing to the Laplace
transform domain

- 00
Fy = /0 FreS'dt, 4.7
one finds
sAY —id = KXAY, (4.8)
and hence
K¥=sid— A", (4.9)
Using (4.5) one gets
Ki(p) = ;k(t)(63p03 —P)s (4.10)

with k() = H(t) (Heaviside step function). Time-local generator £} has exactly
the same structure

1
Li(p) = 57 (03003 = p), (4.11)

but now y () = tant (for t > 0) is singular.

In this paper we analyze the structure of Eqs. (4.3) and (4.4). A natural question one
may ask is what are the properties of memory kernel K;* and time-local generator
L} which guarantee that solutions to (4.3) and (4.4) are physically legitimate, that
is, A} is CPTP. Note that the formal solution of (4.4) is given by

t t t f
A =Texp(/ L:dr) =id+/ dnL; +/ dtlf Ao L5 Lo+
0 0 0 0
(4.12)
where T stands for the time ordering operator. In practice, however, it is very hard

to compute T-product exponential formula defined via the infinite Dyson expansion.
One might be tempted to truncate the series (4.12) and to look for an approximate
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solution. Note, however, that any truncation immediately spoils complete positivity
of A}. The analysis simplifies in the commutative case, i.e. when [£L;, £;] = 0 for
any ¢, T > 0. In this case we have a simple sufficient condition.

Proposition 4.2 [f the integral fot Lidt provides time dependent GKSL generator
foranyt > 0, then L} is an admissible generator.

The converse however need not be true (cf. Sect. 6).

5 Non-Markovian Quantum Evolution

As is stresses in [13] the concept of quantum Markovianity is context dependent and
there is no universal approach to quantum Markovian process/evolution/map. The
name ‘“Markovian” is borrowed from the theory of classical stochastic processes
[31]: a process is Markovian if the conditional probability satisfies

Pt tylxn—1, tu—1s . o5 X1, 1) = p(Xr, tylXn—1, th—1). (5.1

It implies that p(x;, t,|x,—1, t,—1) satisfies the celebrated Chapman-Kolmogorov
equation [31]

p(x3, 13]x1, 1) = ZP(X_% 13]x2, ) p(x2, 2]x1, 11). (5.2)

X2

This definition cannot be used in the quantum theory due to the lack of a proper
definition of conditional probability. In the literature there are many different
approaches (see recent reviews [10—13]). One of the most influential approaches
is based on the following.

Definition 5.1 A dynamical map A} is divisible if for any # > s there exists V' :
T (H) — T (H) such that

A} = VAT, (5.3)
for any t > 5. Moreover, A is called CP-divisible if V;*; is CPTP, and P-divisible
if V¥ is positive and trace-preserving.

Note that if A} is invertible, then it is always divisible and V;*; = AFA}~!. In this
paper we accept the following.

Definition 5.2 ([32, 33]) Quantum evolution represented by a dynamical map A}
is Markovian if and only if the corresponding dynamical map A} is CP-divisible.

Actually, following [34] one calls A} k-divisible if V] is k-positive (k =
1,2,...,n). Let us recall the following well-known result.
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Proposition 5.3 ([15, 16]) Let ® : B(H) — B(H) be a unital hermitian map.
Then @ is positive if and only if

PO = [I1X]1, (5.4)

for any X = X*. Equivalently let ®* : T (H) — T (H) be a hermitian trace-
preserving map. Then ®* is positive if and only if

1e* (X1 < 11X, (5.5

forany X = X*.
Now, if A} is P-divisible, then

d
mHAHXmlso, (5.6)

for any Hermitian X and ¢ > 0. Indeed, P-divisibility implies that A}, . = V;*, . A}
and hence

d .1
dtllAf(X)lh lim (AT COl = AT (O 11)

e—>0+

.1
lim . (Ve AT QOIL = IAFCOI) <0, (5.7)

e—>0+

due to the fact that V%, ; is positive and trace-preserving. In particular if p and o

are arbitrary density operators, then P-divisibility implies
d *
g 181 (P =)l =0. (5.8)

The above property has an interesting physical interpretation [35]. Given two
density operators p; and p; one defines distinguishability

1
Dlp.ol=, llp=oll - (5.9)

It is clear that D[p, o] = 0, i.e. p and o are indistinguishable, if and only if p = o.
Note that if p and o are orthogonally supported, then

1
Dip,ol= ,lelli +lloll) =1,

since ||p||l1 = 1 for any density matrix p. In this case p and o are perfectly
distinguishable. Hence 0 < D[p,o] < 1. Now, the authors of [35] call the

quantity jt [|Af(p — o)l an information flow and the condition (5.8) shows that
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the information flows from the system into the environment. Hence the backflow of
information from the environment into the systems marks non-Markovian evolution
or the presence of memory effects [35].

Theorem 5.4 ([36]) Let A} be a dynamical map in 7 (H). If A} is invertible for all
t > 0, then it is CP-divisible if and only if

d . .
dtll[ld®A;‘](X)||1 <0, (5.10)
for any Hermitian X in B(H ® H) and t > 0.

Proof 1If A} is CP-divisible, then A} = VITSAS, with CPTP maps Vf;,. Hence

d
IIlid ® AF1(X)I

N S « . *
dt €£rg+ . (I1id ® A7 IXONh = lIlid ® AF1XOI11)

N . :
= €1§(I)I+ . (II[ld ® Ve dlid ® A71C01h

—lllid® A}"](X)Ill) =<0,

due to ||[id ® Vtig,t](Y)”l < ||Y|l1. Now, suppose that (5.10) is satisfied. Since

id ® A} is invertible, there always exists V;, = AFA}~'. We show that V% is
CPTP. The above calculation shows that

I1id ® Ve I @ AF1O[ < [Ilid @ AF1(X) )1

forany X = X* € B(H @ H). Now, since A} is invertible, it implies that ||[id ®
Ve I < [IY]|1 forany Y = Y* € B(H ® H) and due to Proposition 5.3 the
map V', is CPTP. o

Theorem 5.5 Suppose that A} satisfies time-local master equation (4.4). If AY is
invertible, it is CP-divisible if and only if the time-local generator L} has the
following standard form

1
Li(p) =—i[H(), p] + 5 Z)’a(t) (Vo (@), PV (O] + [Val(D)p, Vi (D]) .
’ (5.11)

with y, () > 0.

Suppose now that A is invertible and it is defined by

t
A =exp </ M;‘du> =M
0

(5.12)
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where M} := fé M;¥du defines GKSL generator for any ¢ > 0. It is clear that A, is
a legitimate dynamical map. Using Snider-Wilcox formula [37]

1
3 M = / ds eSM?M,*e(lﬂ)Mf, (5.13)
0
one finds the following formula for the corresponding time-local generator L}

1 1
-E;k — a[A;k A;k71 = (/ dS@SM?Mt*e(IS)M?> efM;* — / dS ESM?M;k67SM?’
0 0

(5.14)

where we used the fact that A} is invertible and
ATl =M (5.15)
Note that in the commutative case, that is, [M;, M¥] = 0, one finds L} = M;.
However, in general case formula (5.14) provides highly nontrivial relation between
GKSL generator M and a legitimate time-local generator .L;. Note that the above

construction guaranties that A} is divisible and
Vi =M oM (5.16)

t,s

If V/; is CP, then A} is CP-divisible and equivalently £} defined in (5.14) is of
GKSL form. Again, in the commutative case

t
v = MM exp </ L;du) . (5.17)
N

and in general

1
Vi =M e™ = Texp (/ L;du) : (5.18)
N

6 CP- vs. P-Divisibility for Random Unitary Qubit Evolution

To illustrate the concepts of P- and CP-divisibility let us consider a qubit evolution
governed by the following time-local generator

1 3
Li(p) =, Y wD)(©pok = p). 6.1)
k=1
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The corresponding solution for A} reads

3
AF(p) =) Pu(t)0upOa, 6.2)
a=0
where op = 1, and
1 3
pa() =, ;Haﬁxﬂu), (6.3)

with Hyg being a Hadamard matrix

1 1 1 1
a-[1)
1-1-1 1
and Ag(¢) are time-dependent eigenvalues of A}
A7 (00) = ha ()00 , (6.5)

defined as follows Ag(f) = 1 and

A1(r) = exp(=T2(r) = T3(1)],
A2 (1) = exp(=T"1(r) — T3(1)), (6.6)
A3(1) = exp(=T"1(r) — T2(1)),

with Ty () = f(; yk(t)dt. Now, the map (6.2) is CP iff p,(t) > 0 which is
equivalent to the following set of conditions for As [38, 39]

L4+ X11() +22() + 23() >0, (6.7)

and
Ai(@®) + A (1) < T+ A (), (6.8)
and {i, j, k} run over the cyclic permutations of {i, j, k}. Now, the map A} is
invertible if and only if I'; () < oco. Being invertible it is CP-divisible if and only if

yk(t) > 0. Finally, invertible CPTP map A} is P-divisible if and only if [38]

i) +y2(0) =0, y2(0) +y3(1) 20, y3(6) +y1(1) = 0. (6.9)
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Authors of [39] consider an interesting case corresponding to y1(t) = y»(t) = 1,
and y3(r) = —tanht. Note that y3(¢) is always negative, however, the condi-
tions (6.8) are satisfied and the map A} is CPTP. Clearly, it is not CP-divisible
but it is P-divisible due to the fact that conditions (6.9) are satisfied.

7 Quantum Jump Representation of the Markovian
Semigroup

In this section we present a suitable representation of dynamical semigroup which
will be used later for the construction of admissible memory kernels. Any GKSL
generator (Heisenberg picture) £ : B(H) — B(H) may be represented as follows

L=d-2Z, (7.1)
where ® is CP and Z : B(H) — B(H) is defined as
Z(X) =—i(CX — XC%), (7.2)

with C € B(H) givenby C = H + §<I>(11). The map A; is unital if and only if
L(1) = 0 which implies

o) =Z(1).
Now, let us denote by N; a solution of the following equation
Ny =—ZN;, Ni=— =1id. (7.3)
One finds
Ni(X) = e 21X = /€t xe™ 1€, (7.4)

and hence N; = e~ %! defines a semi-group of CP maps. Note, however, that it is not
unital. Interestingly, one has

Proposition 7.1 The map N, satisfies

9N (1) <0, (7.5)
foranyt > 0.
Proof One has
WN,(1) = C1iC — iCHe C = =N, (d(1)) <0, (7.6)

due to the fact that N; is CP and ® (1) > 0. |
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Remark 7.2 1In the Schrodinger picture the map N;* : 7 (H) — T (H) satisfies

¥ Tr[N; (p)] <0, (1.7
for any p > 0. ACP map &* : T (H) — T (H) such that

Tr[E" ()] < Trp,

is often called a quantum operation [14].

Theorem 7.3 The solution to (1.1)may be represented as follows

AN =Nx(d+Qr+ 0 *OQr +0r xQr O+ ... (7.8)

where A; x B, := fé A;B;_.;dt,and Q;, = ®N;.
Proof Passing to the Laplace transform of (3.3) and (7.3) one finds

~ 1 ~ 1
Ay = , N, = 7.9
= g M=, (7.9)
and hence
As =N, ! (7.10)
P id - oN, '
Now, introducing és = <I>]\~Js one obtains
o0
A; =N, ) o, (7.11)
k=0

with Qf" := Q; * ... x Q; (n factors). It implies the formula (7.8) in the time
domain. O

Remark 7.4 Note that the series ) oo Q" is convergent. To prove it we show that
[1Os]| < 1. One has

110511 = 11Q5(D)]] = | Ny ()]
Now

1 1

M=z T s—oq)
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which is defined for Re s > ||®(1)[|. One has
~ © © 1
[1® Ns(D)|| = II/ e O N, (1)dr|| < f le™"|||® N, (1)]|dr < [P M)]],
0 0 Res

due to N;(1) < 1. Finally, ||§s|| < 1 forRes > ||®(1)]]. (Il

Note that formulae (7.9) allow also for another representation, that is, instead
of (7.10) one equivalently has

~ 1 ~
= _ N, 7.12
N ld—NY S ( )

and hence introducing P; := N;® one finds the following representation

o0
A = (Z P;‘") * N;. (7.13)
k=0

Using the definition of the convolution formula (7.13) may be rewritten as follows
o t I 153
A=) f dn / die_y ... / dtyN_ ® Ny g ® ... ® Ny (7.14)
= /0 0 0

Remark 7.5 Representations (7.8) and (7.13) are often called a quantum jump
representation of the dynamical map A, and the CP map @ is interpreted as quantum
jump.

Remark 7.6 Representations (7.8) and (7.13) are complementary to the standard
exponential representation of Markovian semigroup

Xk
_ gL _ ! k
A =e _Zk!L. (7.15)
k=0
Note that (7.15) immediately implies that A, is unital but complete positivity is not
evident. On the other hand, both (7.8) and (7.13) imply that A, is CP but now the

preservation of unity is not evident. It shows that complete positivity and unitality
(or trace preservation in the Schrodinger picture) are complementary properties.

8 Memory Kernel Master Equation

In this section we generalize the quantum jump representation of the Markovian
semigroup to the solution of the memory kernel master equation (4.3). Any memory
kernel K; has the following general structure

K =&, - Z;, (8-1)
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where maps ®;, Z; : B(H) — B(H) are Hermitian and satisfy
@/(1) = Z,(1).

This condition guaranties that A; is unital.

Theorem 8.1 ([40]) Let {N;, Q;} be a pair of CP maps in B(H) such that

1. Ni—o = id,
2. 0,(1) + 3Ny (1) =0,
3@l < 1.
Then the following map
(0.¢]
Ar=Nix Y 0F, (8.2)
n=0

defines a legitimate dynamical map.
Proof Condition (3) guarantees that the series

> 1
A=NSo =N .,
K A;)QA Aid—Qs

is convergent and hence (8.2) defines a CP map. Condition (1) implies that A;—¢ =
N;=o = id. Finally, condition (2) implies that the map A; is unital. Indeed, passing
the Laplace transform domain one finds

0s(1) + sN;(1) =1, (8.3)
which is equivalent to Ks(]l) = ;]l. |
Remark 8.2 Note that

ON(1) =-0,(1) <0, (8.4)

since Q; is CP. Hence, the dual map N;* is trace non-increasing (quantum operation).
Theorem 8.1 may be immediately generalized as follows
Corollary 8.3 Let {N;, Q;} be a pair of k-positive maps in B(H) such that

1. Ni—o =1d,
2. QL(]I)+atNt(]l) =0,
31051l < L.

Then the map Ay = N; x Y ooy QF" is k-positive and unital.



72 D. Chruscinski

In the same way one proves the following.

Proposition 8.4 Let {N;, P;} be a pair of CP maps such that

]. N[:() == ld,
2. P(1) + 9:Ne(1) =0,
3 01Ps]| < L.
Then the following map
o
A=) P %N,
n=0

defines a legitimate dynamical map.

In this case one has in the time domain

o0 t 179 t
At = Z/ dtk/ dtk*l .o / dtl Pl‘*tk Ptkftkfl e Pt}*l‘zNszt] s
k=170 0 0

which generalizes (7.14).

(8.5)

(8.6)

Suppose now that {N;, Q,} satisfy assumptions of Theorem 8.1 (i.e., conditions
(1)—(3)). Moreover, let us assume that N is invertible. Then one proves the

following

Theorem 8.5 The operator K; = ®; — Z;, where

e o~ id — sN.
D, = QSNS ! , Zs= ﬁs V,
defines a legitimate memory kernel.
Proof Indeed, one has
~ 1 ~ 1
Ay = ~ ~ , Ny= ~
s — &+ Zs s+ Zg

which generalizes (7.9). Hence, the representation (8.2) easily follows.

8.7

(8.8)

O

Remark 8.6 This shows that knowing {N;, O;} one may construct a legitimate

memory kernel. Following [40] we call {N;, O} a legitimate pair.

To illustrate the above construction let us consider the following.

Example 8.7 Let
t
N; = <1 —/ f(r)dt) id,
0

(8.9)
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where the function f : Ry — R satisfies:

f@®) =0, /Oof(r)dt <1.
0

Moreover, let Q; = f(t)&, where & is an arbitrary unital CP map. Then one finds
the following formula for the memory kernel

K: = k() (E —1id), (8.10)
where the function « (¢) is defined in terms of f(¢) as follows

g sf(s)
= ~ . 8.11
Ko =" [ (8.11)

In particular taking f (1) = ye 7" one finds K; = §(¢).L, with
L=y(E—-1id), (8.12)
being the standard GKSL generator.
Now, we show that conditions (1)—(3) from Theorem 8.1 are sufficient but not
necessary, that is, formula (8.2) may give rise to legitimate CPTP map even if these

conditions are not satisfied. Indeed, consider a CP unital map & such that E& = &.
Then one can easily find

t t
Ay = N; +/ f(@drE=N; —I—/ Q.dr. (8.13)
0 0

Indeed, one has
and hence

which reproduces (8.13) in the time domain. I shows that the condition f(¢) > 0 is
not necessary. One needs only fot f(r)dt € [0, 1]. Hence Q; = f(¢)&E need not be
CP and still (8.2) defines CPTP map.
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Example 8.8 (Quantum Semi-Markov Evolution [41-43]) Consider the following
pair {N;, Q,} such that Q, is CP and satisfies

t
/ Q:(Ddr < 1. (8.14)
0
Define a CP map N; by

N(X) =g X Vg, (8.15)

where g; := 1 — fé O.:(M)dr. It is clear that N; is CP, N9 = id, and Q,(1) +
9;N; (1) = 0. Finally, for Re s > 0 one has

- ~ e} t
Qs = 1Qs(M)]| = II/0 e 0 (Mydt]| < II/0 /(D <1

and hence {N;, Q;} satisfies all conditions of Theorem 8.1. We stress that A; in
this case is defined entirely in terms of a single CP map Q; satisfying additional
condition (8.14).

For other approaches see also [44—46].
Proposition 8.9 For any pair of functions {N;, Q;} satisfying conditions 1)-3) the
corresponding dynamical map (8.2) satisfies

t
BtA, = / Kt_-[A-[dT + B,N, , A() = ld, (816)
0

where the new memory kernel K; is defined by

= sN,QsN;! (8.17)
provided 1’\7s is invertible.
Note that if [N, Q] = 0, then (8.17) reduces to

Ry =50, (8.18)
and implies the following relation in the time domain

Ky =68@1) Qo+ 9;0s, (8.19)

with §(¢) denoting Dirac §-distribution. In this case the corresponding memory
kernel master equation has the following form

t
0 Ar = Qo +/ 07 QrAtfrdt + 0N, , Ap=id, (8~20)
0
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and it incorporates three terms: local generator Qp, memory kernel d; O, and the
inhomogeneous term 9; V;.

9 Conclusions

We analyzed the evolution of a quantum system represented by a quantum dynami-
cal map beyond Markovian semigroup. Due to the celebrated Gorini, Kossakowski,
Sudarshan, and Lindblad the structure of Markovian semigroup is fully charac-
terized on the level of generators. Interestingly, beyond Markovian semigroup
the problem is still open. Both time-local and memory kernel master equations
were analyzed. In the case of time-local description we introduced the notion of
divisibility and defined quantum evolution to be Markovian if the corresponding
dynamical map is CP-divisible. On the level of memory kernel master equation we
introduced a class of maps generated by the so-called legitimate pairs. Interestingly,
this class describes many examples considered recently in the literature including
semi-Markov evolution [42] and collision models [47].

Acknowledgement This paper was partially supported by the National Science Centre project
2018/30/A/ST2/00837.
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Aspects of Micro-Local Analysis )
and Geometry in the Study of Lévy-Type @
Generators

Niels Jacob and Elian O. T. Rhind

Abstract Generators of Feller processes are pseudo-differential operators with
negative definite symbols, thus they are objects of micro-local analysis. Continuous
negative definite functions (and symbols) give often raise to metrics and these
metrics are important to understand, for example, transition functions of certain
Feller processes. In this survey we outline some of the more recent results and ideas
while at the same time we long to introduce into the field.

1 Introduction

Stochastic processes are in general not objects associated with micro-local analysis
and the relations between (differential) geometry and diffusions is a relatively
recent subject of mathematical investigations. For non-diffusion Markov processes,
e.g. general Feller processes with discontinuous paths, relations with (differential)
geometry are essentially unexplored.

However, since the work of Courrege [17] in 1966 we know that generators
of Feller semigroups, i.e. Feller processes, are pseudo-differential operators but
their symbols are in general quite “exotic”. For fixed space coordinates they must
be a characteristic exponent of a Lévy process, i.e. satisfy a Lévy—Khinchine
formula, which is equivalently to say that they are a continuous negative definite
function. Hence they are in general neither smooth, nor do they admit some type
of homogeneity decomposition—in other words, they do not fit into any “classical”
symbol class. An invariantly defined principal symbol does in general not exist,
hence transferring results from micro-local analysis to these operators is a problem,
eventually micro-local analysis is an analysis of objects defined on the co-tangent
bundle.

The author Niels Jacob wrote the appendix jointly with James Harris.
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The Lévy—Khinchine formula allows a representation of these generators as
integro-differential operators and such operators had been studied intensively. In
a few cases, e.g. Komatsu [47] or Kochubei [46], aspects of classical pseudo-
differential operator theory were incorporated in the sense that symbols were
assumed to belong to some “classical” symbol classes while being also negative
definite in the co-variable.

It seems that in [35] for the first time general continuous negative definite
symbols were suggested to be the point of departure for constructing and studying
Markov processes. The monograph [38—40] summarizes these studies until ca. 2002,
a more recent survey is given by Schilling and coauthors in [12]. Since some time
the first named author and some of his (former) students make some attempts
to extend “classical” ideas from micro-local analysis and the analysis in metric
measure spaces to pseudo-differential operators with negative definite symbols, i.e.
generators of Feller processes. We are far away from a satisfactory theory, many
problems do so far resist approaches to transfer methods and results from established
theories, whether from micro-local analysis or the theory of (local) metric measure
spaces. However, some first results indicate that much more should be possible.
Hence in front of us we have a field worth to be investigated with maybe some new,
fresh ideas. By introducing such a topic to PhD students or postdocs it is possible to
add to their education and maybe to raise interest and to stimulate some research. In
this spirit our paper is written: explaining (partly new) concepts, discussing (some)
existing results, establishing the context to other fields, and indicating some open
research problems.

In Sect.2 we set the scene by introducing strongly continuous and positivity
preserving contraction semigroups on some function spaces and identifying their
generators as pseudo-differential operators with negative definite symbols. Recall
that ¥ : R" — C is a continuous negative definite function if continuous,
Y(@0) > 0and & — e V& ¢ 5 0,is a positive definite function in the sense
of Bochner. A symbol g (x, &) is called a negative definite symbol if for every x the
function £ — ¢(x, &) is a continuous negative definite function. In order to exhibit
the main ideas and difficulties the translation invariant case is often sufficient, i.e.
the case of symbols v (£) and we often will concentrate on such symbols.

Hilbert space techniques are rather powerful and in our context this leads to
Dirichlet spaces. In Sect.3 we show that an analysis in the associated extended
Dirichlet space is sometimes a more natural approach, for example in relation to
Nash-type inequalities, or more generally to functional inequalities. It might be
that for transient semigroups investigations in the corresponding extended Dirichlet
space may lead to better or more sharp results. The semigroups we are interested
in allow a kernel representation and often these kernels have a density with respect
to the Lebesgue measure. Thus we are interested to study these densities. It is now
common to make in such a study a distinction between the diagonal behaviour and
the off-diagonal decay. In the case of diffusions geometric interpretations using the
underlying Riemannian or sub-Riemannian geometry are natural and successful. In
[44] it was suggested to try such an approach also for the non-diffusion case.
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In Sect.4 we handle for translation invariant semigroups (they correspond to
Lévy processes) the diagonal terms of densities. For this we use the fact that in many
cases the square root of a real-valued continuous negative definite function induces
a metric on R" and we can express the diagonal term as in the case of diffusions as
a volume term with respect to this metric (and the Lebesgue measure). This metric
is measuring distances between co-variables. The doubling property plays a crucial
role, however it is not always satisfied. In general the geometry with respect to this
metric causes some difficulties: metric balls are in general not convex and they are
quite anisotropic. We added an appendix (written jointly with J. Harris) where we
discussed some properties of these metric balls. Finally, in Sect. 4, we introduce
subordination in the sense of Bochner as a tool to construct examples.

In Sect. 5 we turn to off-diagonal estimates. Here our results are rather modest. In
[44] we conjectured that the off-diagonal terms always decay “exponentially” with
respect to a (square of a) time dependent metric, but so far we have no proof, but
already in [44] we could provide non-trivial (classes of) examples. It seems that the
conjecture might be too general and some surprises may wait for us. One surprise is
that in some cases we can associate with a given Lévy process an additive process
the symbol of which induces a time dependent metric. The density of this additive
process has a diagonal term controlled by this time dependent metric while the off-
diagonal decay is controlled by the metric induced by the Lévy process we started
with. Moreover, the off-diagonal term of the Lévy process is controlled by the metric
induced by the additive process. Thus we have to use two metrics to control the
density. This type of duality is interesting and deserves further investigations, we
refer to [13] and [14].

While following Sects. 3-5 the reader will have developed some feeling for
the problems we want to approach and their difficulties when put in the context
of classical micro-local analysis. In Sect.6 we indicate in more detail where
these difficulties are by outlining what we expect to achieve when dealing with
the classical situation and why we cannot transfer methods and techniques in a
straightforward way.

As a function on the co-tangent bundle every symbol can be viewed as a Hamilton
function and it is well known that the study of the corresponding Hamilton dynamics
may contribute much to our understanding of the corresponding pseudo-differential
operator. For this reason we started to look at the Hamilton dynamics associated
with some negative definite symbols. Here the situation is quite similar as in
micro-local analysis: in general, we cannot expect classical techniques to work.
For example, when switching to the corresponding Lagrange function we need a
(partial) Legendre transform, hence C!-regularity and convexity in the co-variable
is required. On the other hand, when studying the Feynman—Kac formula or related
spectral problems it is desirable to know the behaviour of the associated “classical”
dynamical system associated with a Schrodinger operator, say of type ¥ (D)+V (g).
Section 7 gives first results of such an investigation, in the forthcoming thesis of the
second named author much more results will be discussed.

Section 8 returns to pseudo-differential operators and following [36] we intro-
duce some classes of operators which are perturbations of constant coefficient



80 N. Jacob and E. O. T. Rhind

operators, i.e. generators of Lévy processes. We provide these results and ideas
here in order to indicate how in principle previously obtained results for translation
invariant operators can be extended by employing perturbation techniques. This
section serves more reference purposes on the one hand side, on the other hand it
can be seen as an invitation to add results for some state space dependent symbols,
we refer also to [75].

Pseudo-differential operators with negative definite symbols are studied because
they (may) generate Markov processes. Following [37], in particular R. Schilling
could work out that in many cases the symbol can be obtained in pure probabilistic
terms. Moreover in some pioneering papers he could demonstrate that the symbol
obtains a lot of probabilistic interesting information about the process, i.e. it is not
only a natural object, but it is also quite useful from the probabilistic point of view.
In our final section we have collected some of these results, partly for reasons of
“completeness”, partly however to raise the expectation that micro-local analysis
will contribute to our understanding of Feller processes.

A final remark of the first named author: A typical probabilist does not learn
much about pseudo-differential operators and micro-local analysis, and a typical
analyst working with pseudo-differential operators rarely works with stochastic
processes, symbol classes as strange as ours do not belong to their world. Still I
believe that both worlds belong together and their relations deserve more attention.
Many of the known results about which we could report here are due to my
(former) PhD students W. Hoh, R. Schilling, Victorya Knopova, B. Béttcher, Sandra
Landwehr, K. Evans, Y. Zhuang, Ran Zhang, L. Bray, J. Harris and E. Rhind,
and others contributed more indirectly. I consider it as a privilege to have had
the opportunity to work with so many highly talented young mathematicians from
different countries and cultures and to help them pursuing their careers. They all
contributed much to our field of interest.

Finally, I wish to express my gratitude to Professor Ingo Witt as well as to
Professor Dorothea Bahns and Professor Anke Pohl for inviting me to deliver these
lectures during the workshop and to contribute to this volume. The financial support
for N.J. and E.R. while attending the workshop is gratefully appreciated.

2 Auxiliary Results

This section serves to provide the reader with some background knowledge used in
the main text. We believe that most of the readers will know some of the material, but
parts might be less familiar. Given the mixed audience we do have and must have in
mind we also feel the need to supply a coherent presentation of background material
not least to fix notations. Our standard reference will be [38], a further text we want
to refer to is [12]. Since we are dealing with some common material we prefer to
keep the references on a minimal scale. Standard notations such as L? (R"), etc. are
taken for granted to be known and they will coincide with those in [38].
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Let (X, ||.]l) be a Banach space. A family (1), of linear operators 7; : X —>
X is called a strongly continuous contraction semigroup (of linear operators on
X) if

TioTs = Tits , To=1id ; (2.1)
I <13 (2.2)
lim |Tou —ul| =0; 2.3)
t—0

where || T;|| denotes the operator norm of 7;. Note that the normalization 7y = id is
not always used.

A strongly continuous contraction semigroup on (Coo (R"), ||.[lc0), the space of
all continuous functions vanishing at infinity equipped with the sup-norm, is called
a Feller semigroup if it is also positivity preserving, i.e.

u>0 implies Tiu>0. 2.4

A consequence of the Riesz representation theorem is the existence of a kernel
p:(x, dy) which allows the representation

Tu(x) = /R" u(y) pi(x,dy) . 2.5

In the case that p;(x, dy) admits a density with respect to the Lebesgue measure
A we write p; (x, dy) = p/(x, y)A"™ (dy) and we have

Tiu(x) = /R u(y)p:(x, y)dy . (2.6)

One of the main objectives is to study the density p;(x, y), more precisely the
transition function (¢, x, y) — p:(x, y).

We call a strongly continuous contraction semigroup (7t);>o on L” (R"), 1 <
p < 00, an LP-sub-Markovian semigroup if

O0<wu<lae 1implies 0<T; <1ae., 2.7

where a.e. (almost everywhere) refers to the Lebesgue measure (or in the case a
space LP(§2, u) is considered with respect to the measure M)~ Often we start with
a contraction semigroup of operators defined on a dense subset of Co, (R") which
is also dense in L? (R"), for example the test functions Cg° (R") or the Schwartz
space S (R"). Hence we may extend by continuity this semigroup to Co (R") as
well as to L? (R"). In such a situation we will in general not introduce separate
notations for these extensions.
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For a strongly continuous contraction semigroup on a Banach space (X, ||.||), we
introduce the generator (A, D(A)) by

Tu —
D(A) .= {u eX linz) e exists as strong limit} (2.8)
r—
and
Tu —
Au:=1lim 7", (2.9)
t—0 t
i.e.
T, —
lim L (2.10)
r—

The generator is always densely defined, unique, and a closed operator. For a given
strongly continuous contraction semigroup (7t),>0, the resolvent is defined for A >
0 by

o0
qu:=/ e MTudt, ueX. (2.11)
0

It follows that
Ru=0O—A)""u. (2.12)

The central result for generators is the Hille—Yosida theorem which we give in the
version of Phillips and Lumer:

Theorem 2.1 A linear closed operator (A, D(A)) on a Banach space (X, ||.||) is
the generator of a strongly continuous contraction semigroup (1;);~o on X if and
only if D(A) C X is dense, A is a dissipative operator in the sense that ||(. —
A)ull = Mul| forall » > 0 and u € D(A), and for some ). > 0 we have R(A —
A) = X

Note that the range condition R(A—A) = X is equivalent to the statement that for
every f € X there exists u € D(A) such that A\u — Au = f,i.e. verifying the range
condition is equivalent to solve for all f € X the equation Au — Au = f. In most
interesting cases Theorem 2.1 cannot be applied. The more applicable version is

Theorem 2.2 A linear operator (A, D(A)) on a Banach space (X, ||.||) is closable
and its closure is the generator of a strongly continuous contraction semigroup
if and only if it is densely defined and dissipative and for some A > 0 we have
R(A— A) = X, i.e. the range of A — A is dense in X.
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The generator (A, D(A)) of a Feller semigroup satisfies the positive maximum
principle: For u € D(A) we have

u(xp) = sup u(x) >0 implies (Au)(xg) <O. (2.13)

xeR"

The positive maximum principle implies the dissipativity on Co (R") and we have

Theorem 2.3 (Hille-Yosida—-Ray) A linear operator (A, D(A)) on Coo (R") is
closable and its closure is the generator of a Feller semigroup if and only if D(A)
is dense in Coo (R"), (A, D(A)) satisfies the positive maximum principle and for
some A > 0 we have R(L — A) = Coo (R") .

We will give below, see (2.41) and (2.42), a characterization of operators satisfy-
ing the positive maximum principle, hence of generators of Feller semigroups.

On L? (R") we have a natural Hilbert space structure and except when discussing
spectral problems we will consider L? (R") as a Hilbert space over R. (A standard
complexification procedure will link the real L?-space with the complex Lz-space.)
We need

Definition 2.4 A closed bilinear form (&, ) is called a symmetric Dirichlet form
on L% (R") if its domain & C L* (R") is dense, & : ¥ x ¥ —> R is a symmetric,
non-negative bilinear form, and for every u € ¥ it follows that (0 vV u) A1) € 7
and

EOVUYAL OVU) AL <Eu,u) . (2.14)

Here we use a vV b := max(a, b) and a A b := min(a, b). Note that 7 is called a
normal contractionon H C L* (R") if tu € H foru € H and

[(zu)(x) — (zu)(W)] < lu(x) —u(y)| and [(Tu)(x)] =< [u(x)] . (2.15)

The mapping u — (0 VvV u) A 1 is a normal contraction on # and we can replace
in (2.14) this special normal contraction by any other normal contraction.

As a densely defined closed bilinear form (&, ¥) admits a densely defined
generator (A, D(A)) which is a closed operator, D(A) C ¥, and for u € D(A),
v € ¥ we have

E(u,v) = (—Au,v);2 . (2.16)

The operator (A, D(A)) is in fact self-adjoint and the generator of a sub-Markovian
L?-semigroup (Tt);>0 which can be obtained by using the spectral theorem as

Tou =eu . (2.17)
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Generators of symmetric Dirichlet forms are self-adjoint Dirichlet operators in the
sense that

/ Aw)(u—DTdx <0 (2.18)
Rn

for all u € D(A). Here ut = u v 0. In fact, symmetric Dirichlet forms,
symmetric L2-sub-Markovian semigroups and self-adjoint Dirichlet operators are
in 1-1 correspondence. Note that (7}),>¢ is called symmetric if every T;, ¢ > 0,1is a
symmetric operator on L? (R").

Given a symmetric Dirichlet form on L? (R") we can introduce the scalar
products

Ex(u,v) =8, v) +A(u,v);2, A>0, (2.19)

and for A > 0 these scalar products are all equivalent to each other. Moreover,
F equipped with &; is a Hilbert space and we call (¥, &) the Dirichlet space
associated with the Dirichlet form (&, ). In the next section we will discuss in
more detail the extended Dirichlet space (., &).

Before examining the structure of Feller generators we need some facts from
Fourier analysis, in particular in relation to convolution semigroups of sub-
probability measures. On the Schwartz space S(R") we define the Fourier
transform by

0) == (Fu)(§) := (2;1)—”/2/ e 6y (x) dx (2.20)
R}’l

which is a bi-continuous linear bijection from S (R") onto itself with inverse
Fourier transform

(F*W) (y) = (271)*"/2/ e Yu(n) dny . (2.21)
Rn

The Fourier transform and its inverse have natural continuous extensions from
S (R") to the space S’ (R") of tempered distributions and therefore they are defined
for bounded continuous functions as well as bounded Borel measures. With our
normalization the Plancherel theorem reads as

Nl 2 = llullL2 (2.22)
and the Riemann-Lebesgue lemma is

lilloo < )" ?|lull1 . (2.23)
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For convolutions in S (R") or of bounded measures we have the convolution
theorem

(u * v)" (&) = Q)" ?0(£)D(E) (2.24)
and whenever (u - v)” is defined
- v) &) = Q)@ * D)) . (2.25)

The Fourier transform of a bounded Borel measure is given by

AE) = @) / e i (dx) (2.26)

n

and it is a positive definite function, i.e. forall N € Nand all £', ... &Y e R" the
matrix (/l (Ek — él))k /=1y s positive semi-definite, i.e.

> (g =) i = 0 227

k=1

forall Ay,..., Ay € C.

Bochner’s theorem states that the continuous positive definite functions on R”
are in 1-1-correspondence to the Fourier transforms of bounded Borel measures
on R”.

A convolution semigroup (it;);~q is a family of sub-probability measures on R”"
(with the Borel o-field) which is vgguely continuous, i.e.

lim udu, =u(0) = / u deg (2.28)
t—0 R~ n

for all u € Cp (R"), the continuous functions on R" with compact support, and
satisfies

Mt * [bs = Mits - (2.29)
Using the convolution theorem and Bochner’s theorem we can prove that for a

convolution semigroup (i4,),>( €xists a unique continuous function v : R" — C
such that

L (E) = Qu) e VE) (2.30)
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The function ¢ is a continuous negative definite function, a key notion in
our essay. The following equivalent assertions define continuous negative definite
functions ¢ : R" — C:

(i) ¥(0) > 0and 27)"/2e "V isforallt > 0 positive definite;
(ii) forall N e Nandall&',..., &N € R”" the matrix

(v (&) +v (&) —v (e - sl))w=1 @.31)

,,,,, N

is positive semi-definite;

(iii) there exists a constant ¢ > 0, a vector d € R”, a positive semi-definite real
matrix (gi1)g j=1...n» 9ki = qik, and a measure v on R™ \ {0} integrating the
function y > 1 A |y|? (and called the Lévy measure of ) such that

YE) =c+id-E+ ) qui& (232)

k,l=1

iy. iy-§
+f (1—e‘y5— ) v(dy) .
R\ {0} 1+ |y?

Note that (2.32) implies immediately that the differentiability of v is determined
by the absolute moments of the Lévy measure, in particular continuous negative
definite functions need not be differentiable. The formula (2.32) is called the
Lévy—Khinchine formula. Here are some examples of continuous negative definite
functions

vE) =c, ¢>0,
vE)=id-£, i=+—1,deR",

YE) =1-e7%,

YE =EP, O0<a<l,

v@© = (P +m) —m, 0<as<l,
YE) =306 .0<a<1.£eR,
¥(€) =Incoshé ., £eR,

more examples are discussed in the following sections.
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Since continuous negative definite functions are of utmost importance for our
investigations, here are some of their properties:

(i) The set of all continuous negative definite functions form a convex cone which
is closed under uniform convergence on compact sets.
(i1)) We have

V(&) =y(=§); (2.33)
Re y(§) = 0; (2.34)
VIvE + 0l < VIvE !+ Vvl (2.35)
and
1 ::__ :zii;: <20+ |¥(E —n)l]) (Peetre’s inequality) . (2.36)

(iii) If ¢ : R* — Ris a continuous negative definite function such that ¥(§) = 0
if and only if & = 0 then a metric is given on R” by v'/2(¢ — n).

(iv) If ¢ is a continuous negative definite function so are Re v and ¥ (.) — ¥ (0).

) Ify; : R%W — C, j = 1,2, are continuous negative definite functions,
then y : R" — C, n = n1 + ny, defined by ¢(§,n) = ¥1(§) + ¥2(n),
(&,n) € R" = R™" x R™, is also a continuous negative definite function.

(vi) The zeroes of v form a closed subgroup of (R", 4).

Let (1), be a convolution semigroup on R". We define on S (IR") the operators
(Tru) (x) := (u * py) (x) = / u(x +y) pi(dy) (2.37)
Rn

which are contractions on Coo (R") as well as on L2 (R"). In fact on Co (R") these
operators form a Feller semigroup and on L? (R") they form an L?-sub-Markovian
semigroup. On S (R") we also obtain a representation as a pseudo-differential
operator

Tiu(x) = (271)—"/2/ e EeEj(g) de . (2.38)
Rn

We can use (2.38) to calculate on S (R") the Feller generator as well as the L%
generator of (7;),>( and we find

Tiu(x) —u(x)
m —

li = —y(Du(x) == —Qr)"? f ey (©)a(E) di .
t—0 t Rn
(2.39)
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Using the Lévy—Khinchine formula we obtain now

n

ou " 9%u
— Y (D)u(x) = —cu(x) + ]X; dj ox; (x) + kgl Gkl B9 (x) (2.40)

u
n ngx.(-x)

+ +y) — - ! dy) .

/};{n\{o} u(x+y) —ux) =) Ly | V@)

j=1

The right-hand side of (2.40) is defined for allu € C} (R") and foru € C} (R")N
Co (R") the operator —y/ (D) satisfies the positive maximum principle: If u(xp) =
Sup,cgrn #(x) > 0, then grad u(xp) = 0 and we find

0%u (x0)
X
0x0x; 0

—Y(D)u(xo) = —cu(xo) + Y qu

k=1

+/ (u(x0 4 y) —u(xp)) v(dy) <0,
R"\{0}

. 52 .
smce; ¢ > 0, at xo the term ZZ,[:I qrl ax](g‘x] (x0) <0 smc.e. u has at x¢ a local
maximum, and of course u (xo + y) — u(xp) < 0 by the definition of x¢.

From (2.40) we may derive more general operators satisfying the positive
maximum principle:

. 3 . 32
Au) = —e(uE) + Y d;(0) 1 @+ Y qu) angm (1) (241)
J

j=1 k=1

n . Ou
Yigx, ()

+/ w ) —u) =3 ] v dy)
R"\{0} iR

and using the Lévy—Khinchine formula we get for u € S (R")
Au(x) = —(2m)™"? / e g (x, £)i(E) d& (2.42)
R"

where

4. 6) = c)+1Y dj0E + Y qu)EE (2.43)

j=1 k=1

iy iy-§
—i—/ (1—ely$— ) v(x,dy),
R\ (0} 1+ y|?
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here ¢(.), d;(.) and g (.) = qix(.) are continuous functions, c¢(x) > 0, furthermore
we require ZZ,1=1 qri(x)&E = O forall x € R” and £ € R”, and v(x,dy) is a
kernel such that for every x € R” the function y — 1A|y|? is integrable with respect
to v(x, dy). Thus, operators defined by (2.41) or (2.42) with a symbol ¢q(x, &)
which is with respect to £ a continuous negative definite function are candidates
for Feller generators. Indeed, a theorem due to Courrege [17] states that every linear
operator from C§° (R") to Cp, (R") satisfying the positive maximum principle is of
type (2.41), hence of type (2.42).

The operators (2.38), (2.39) or (2.42) are pseudo-differential operators. In our
essay we call any operator of type

h(x, D)u(x) = (271)—"/2/ e En(x, £)ia(E) dE (2.44)

Rn

where /1 : R” x R*" — C is a continuous function such that for x € R” fixed the
function £ +— h(x, &) has at most power growth a pseudo-differential operator
and h is called the symbol of h(x, D). We need to look at pseudo-differential
operators having a symbol which is with respect to £ a continuous negative definite
function and this means that for our purposes in general the standard theory of
pseudo-differential operators is not applicable.

Continuous negative definite functions enter into our discussion also from quite a
different point of view: they are the characteristic exponents of Lévy processes. By
definition a Lévy process with state space R" is a stochastic process (X;),>o with
stationary and independent increments which is stochastically continuous, i.e. if
(€2, A, P) is the underlying probability space for the random variables X; : Q —
R”" we have

Px,—x, = pi—s, O0<s<t; (2.45)
X4 — Xig, .., Xty — Xiy_,are independent random variables  (2.46)
forany choice 0<1p <t <...<tn;
lin})P {1 Xi4s — X¢| = €}) =0 forevery €>0. (2.47)
5—
The distributions
e =Px,_x,, t>0, (2.48)
form a convolution semigroup and we have

E* (u (Xy)) = Tru(x) (2.49)
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foru € Coo (R") where (77),> is the operator semigroup associated with (tt/),>-
In fact (2.49) holds for bounded Borel functions, and if we choose as u = xp the
characteristic function of a Borel set B we find

Pi(x,B) = Tyxp(x) = P*{X; € B}, (2.50)

i.e. P;(x, B) gives the probability to be at time ¢ in the set B if at time 0 we were at
the point x. In the case where P;(x, dy) has a density we have of course

P (x,B) = /B Pi(x,y)dy. (2.51)

3 Translation Invariant Extended Dirichlet Spaces

In this paragraph we recollect some material on translation invariant extended
Dirichlet spaces. We follow closely [39], however we emphasize that the presen-
tation in [39] depends much on [6, 28] and partly [69], and indirectly on [7] and
[21].

Let (T;);>0 be a symmetric L2-sub-Markovian semigroup on L* (R"). It is
known that (7;);>0 extends from L? (R") N LP (R") to LP? (R") as sub-Markovian
semigroup, 1 < p < oo, and under suitable regularity conditions it induces a Feller
semigroup on Co, (R™). For the operator

t
Siu ::/ Tsuds, t>0, 3.1
0

we have
| SeuellLr < tllullLr - (3.2)

Moreover, S; is positivity preserving and for ¢ < ¢ it follows for every u > 0 a.e.
that S;u < S;u ae.

Definition 3.1 The potential operator G associated with (7;);>¢ is defined for
uell R",u >0a.e., by

Gu(x) := Nlimoo Syu(x) = su% Syu(x) <oo. 3.3)
- Ne

Remark 3.2 Denoting by (R;)x~0 the resolvent of (7;);>0 we find almost every-
where

Gu = sup Ryu = lim Ryu . 3.4
A>0 r—0
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Definition 3.3 If Gu < co ae.forallu € L! (R™), u > 0 a.e., then we call (T});>0
transient. In the case that for all u € L' (R"), u > 0 a.e., we have Gu(x) € {0, 0o}
for almost all x € R" we call (7;);>0 recurrent.

Theorem 3.4 Let (T});>0 be a symmetric L*-sub-Markovian semigroup with the
corresponding Dirichlet form (E, D(E)). The semigroup is transient if and only if
there exists a bounded function g € L' (R") which is strictly positive and satisfies
forallu € D(&E)

/ lulg dx < &%(u, u) . (3.5)

Definition 3.5 Let (&, D(E)) be a symmetric Dirichlet space on L% (RM), ie.
D(E) C L? (R"). The extended Dirichlet space 7, (or (Fe, 86)) associated with
(&, D(E)) is the family of all measurable functions 4 : R" — R, |u] < oo
a.e., such that there exists a sequence (ur)reN, Ux € D(E), which converges
almost everywhere to # and which is a Cauchy sequence with respect to &, i.e.
E(ug —up,up —uy) - 0ask,l — oo.

For u € ¥, we call a sequence satisfying the conditions of Definition 3.5 an
approximating sequence for u.

Theorem 3.6 Let (S, D(E)), D(E) C L*(R"), be a symmetric Dirichlet space
with associated sub-Markovian semigroup (T;);>0. For every u € ¥, and every
approximating sequence (Up)reN for u the limit limg_, 0o E(ug, uy) exists and is
independent of the choice of (ux)ren . Moreover we have D(E) = F. N L* (R"). In
particular we can extend & to F, by

E(u,u) = klgrolo E(ug, ug) . 3.6)

Corollary 3.7 Foru € ¥, we have

lin(l)S(T,u —u, Tiu—u)=0 3.7
t—
and

E(Tiu, Tru) < E(u, u) . (3.8)

The following theorem summarizes the basic facts about extended Dirichlet spaces,
see [28], Theorem 1.5.3, or [39], Theorem 3.5.46.
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Theorem 3.8 Let (&, D(E)) be a symmetric transient Dirichlet space, D(E) C
L% (R"), i.e. the semigroup (Ty)t=0 associated with (&, D(E)) is transient. For the
extended Dirichlet space F. with scalar product & the following holds:

(i) (Fe, &) is a Hilbert space.
(ii) There exists a bounded strictly positive function g € L' (R") such that

f lu(x)|g(x) dx < &2 (u, u) 3.9)

holds for all u € F,.
(iii) Fo N L% (R") is dense in L* (R") and Fe.
(iv) For every normal contraction T and allu € ¥, we have tu € F, and

E(tu, tu) <Eu,u) . (3.10)

In addition we have F,NL? (R") = D(E). Conversely, suppose that (H, E) satisfies
(i)—(iv). Then (H, &) is the extended Dirichlet space of the transient, symmetric
Dirichlet form (&, H N L* (R™)).

We need also the notion of the abstract potential operator in the sense of
K. Yosida, see [74], and we give the definition here just for the case of a symmetric
sub-Markovian semigroup on L? (R").

Definition 3.9 Let (7});>0 be a symmetric sub-Markovian semigroup on L? (R")
with generator (A, D(A)), resolvent (R)),~0 and potential operator (G, D(G))
where

N—o0

N
D(G) := {u e L*(R") ‘ lim / Tou dt exists in L? (R") } . (3.11)
0

The abstract potential operator or the resolvent at zero (Ry, D(Rp)) associated
with (7;);>0 is the operator R( defined on

D(Ry) = !u e L2(RY) ‘ lim Ry exists in L? (R") } (3.12)
and we set
Rou = lim Ryu . u € D(Ro) . (3.13)
We have the following.

Proposition 3.10 Let (T;):>0 be a symmetric transient sub-Markovian semigroup
on L* (R") with generator (A, D(A)). In this case the corresponding potential
operator and the abstract potential operator coincide as L*-operators and we have
A=—-G laswellas G = —A~\.



Aspects of Micro-Local Analysis and Geometry in the Study of Lévy-Type Generators 93

With these general preparations we can start to study sub-Markovian semigroups
on L? (R") associated with convolution semigroups of measures, or equivalently
with real-valued continuous negative definite functions.

Let (us)r>0 be a symmetric convolution semigroup on R" with associated
negative definite function ¢ : R” — R. Later on we will require that § = 0 € R"
is a zero of v, in fact we will assume 1 (§) = 0 if and only if £ = 0. It follows then
that all the measures p; are probability measures. We also assume that p; has no
Gaussian part which implies for the Lévy-Khinchine representation of v

ws):/ (1—eiy'f)v<dy)=/ (I—cosy-& v(dy) (314
R™\{0} RM\{0}

with a symmetric Lévy measure v integrating the function y +— 1 A |y|%. The
relation between (1;);>0 and ¥ is given by

i (§) = @m) eV E) (3.15)
Now we can define on L? (R"), 1 < p < 00, or C (R") the operators
T u(x) = /R u(x —y) pe (dy) - (3.16)
The convolution theorem implies further

(174)" ® = o0"2a@)p, ) = @e Ve (3.17)

which yields the pseudo-differential operator representation of Ttw as

T ue = e [ e i) de (3.18)
The L2-generator of (T;”)tzo is (AY, D (A%)) with
D(AY) = HY (R") (3.19)
where with
el = /R @) 1aE)P i (3.20)

we have for s > 0

HY (RY) = {u e L2 (R") ‘ lillys < oo} , (3.21)
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and
AVu(x) = —y(Dyu(x) = Q) ™"/? /R ) eV (—y ()i (€) dt . (3.22)

Moreover for the resolvent (R));~0 we have the representation

Rou(x) = (2;1)—”/2/ eré

1
i (&) dé . 3.23
) x+w(g)”(5) § (3.23)

Note that the condition ¥ (0) = 0 implies that (T,‘//) >0 18 a conservative semigroup,
ie. Tt‘/fl =1 forall # > 0. Here we define T,‘//l by (3.16).
The next result is taken in the formulation of [39], Theorem 3.5.51.

Theorem 3.11 Let (11):>0 be a symmetric convolution semigroup of probability
measures on R with corresponding continuous negative definite function
R" — R and symmetric Dirichlet form (¥, D(EV)) = (&Y, HY"! (R™)), where

&Y (u, v) = /Rn V() u)v() ds (3.24)

and operator semigroup (Ttw) 0 with T,‘p as in (3.16). The following statements
1=

are equivalent

(i) (Ttw) is transient;
>0
(ii) for every compact set K C R" we have

(e.¢]
K(K) :=/ ui(K) dt < o0 (3.25)
0
(iii) forallu € Co (R"), u > 0, it follows that
[e¢)
/ (T,wu, u) dt < o0 (3.26)
0 0

R") .

(iv) § € Lige
The equivalence of (i) and (iv) is the one of importance to us. First we state a
result which is mainly due to C. Berg and G. Forst, see [6].

Theorem 3.12 Let (Ty) o be a transient symmetric L>-Markovian semigroup
>

associated with the convolution semigroup (ji;);>0 and the corresponding negative
definite function . In this case the potential operator G and the abstract potential
operator Ry are both defined as L*-operators and coincide. Moreover Ry is densely
defined.
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We want to note that in the situation of Theorem 3.12 the operator R;, A > 0,
admits the representation

Ryu =0y *u (3.27)

with
o0
on = / e M, dt (3.28)
0
where

0. (v) = {ox, v) = /R v(x)oy (dx)

= /OO ei)\t/ U(.x) Mt (dx) dt
0 R”

=/ e M (uy, v) dr
0

It follows that (Tt¢)t20 is transient if and only if (1;);>0 is transient in the sense
that

K(u) = }ii%g;\(u) , ueC (Rn) , (3.29)

exists. We call K the potential kernel associated with (14;)>0.

Example 3.13 Let ¢ : R* — R be a continuous negative definite function such
that ¢(§) = 0 if and only if £ = 0 and assume that 1/¢ € L! (R™). Hence

loc

the corresponding semigroup (T,w) o and Dirichlet form (&¥, HY'! (R")) are
1=

transient. Recall that
& (u, v) =/R Y(E)uE)vE) dé . (3.30)
The corresponding extended Dirichlet space is given by

7 = HP(RY) = fu e S (RY) [ue L), (R) andidy> e 12 (R) }
(3.31)

and the extended form Sf is again given (and often denoted) by &Y. Note that ﬁfp
is a subspace of the weighted L>-space L> (R"; 1/;)\(”)) with norm

N7 2 (g oy = /R )Py (@) d (3.32)
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The Lévy—Khinchine representation gives further

1
f 12 (@) 1>y (&) d& = 2[ ([ ((x + y) — u(x))? v(dy)) dx .
Rn n R"\{O}
(3.33)

In general it is not known whether for some p > 1 we can prove that He‘/f ! R") C
L? (R™). However it can be shown, compare [21] that Co (R") N He‘/f )1 (R™) is dense

in Hew’1 (R™) and in Cp (R"). It follows further that in this case we achieve (3.5)
with a strictly positive function g € Coo (R") N LT (R™).

Example 3.14 Consider ¥, (§) = |£]%, 0 < o < 2, with corresponding operator
semigroup

T u(x) = T“u(x) = Qr) "2 f e¥Ee1E (g dt . (3.34)
Rn
The generator of (T,(“)> o is given by (—(=A)*/%, H* (R")) where for s € R
1>

HY (R") = ’u e S (RY) ‘ ) < oo} (3.35)
and
lully = / (1+16) 1a@)P de . (3.36)
RV!

Since

1 R
/ dé = cn/ Pl gy
Br(0) 1§1¢ 0

it follows that 1/, € L/

loc

(R™) if and only if & < n, i.e. (T,(O‘)> . is transient
>

for all n > 2 which we will assume in the following. The corresponding extended

Dirichlet space is given by (He' /2 (R™), &) where

HY? (R") = Jue S (RY) |ue Ll (R") and 120 e 2 (RY) ] (3.37)
and

&) = [ 16l de (338)
[ [ (4 HODOE) =)
= Ca,n dx
n RV!

lx — y|*—e

dy,
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where
2a—1aF (er»a)

o (7)

For the potential operator G® we find for n > 2 that

Can =

G(a)u(x)zfoo Tt(a)u(x)dtz(er)_”/z/ eive 1 (&) de | (3.39)
0 R" &1«

and with the Riesz-kernel R (x) = ¢4, |x| "7 we have
G® = R@® yy —: R%u , (3.40)

and

)
" 2emnr (9)

Ca,n

This leads to the equivalent characterization of H,' /2 (R") as
HE? (RY) = {u e L, (R") ‘ u=Rf | fel?R") } . (3.41)

Of importance for the following is now.

Theorem 3.15 (Sobolev’s Inequality) let 1 < g < p < 00,0 < o < n and
1/p=1/q —a/n > 0. Then we have

IR®ul,, < capgnlullLe . (3.42)

As consequences we obtain

Corollary 3.16 Forn > 2 and 0 < o < 2 we can embed Hf/z (R™) into LP (R")

where p = nzj'a and the estimate

lullz, < & (u, u) (3.43)
holds for all u € HY* (R™).

Corollary 3.17 Let ¢ : R" — R be a continuous negative definite function such
that for some co > 0 and 0 < o < 2 we have for all £ € R"

colél* =y . (3.44)
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Ifn > 2, then the semigroup (7}¢) o is transient and the extended Dirichlet space

1=
HL}D’1 (R") is continuously embedded into LP (R"), p = nz_"a, and we have the
estimate

lullf, < &Y (u, u) (3.45)

forallu € Hew’1 R™).

Example 3.18 This example will be taken up at several occasions later on. Consider
the continuous negative definite function ¥gp : R? —> R

vERE, m) = (1% + P + (1812 + 1n1#2)"” (3.46)

forl <aj,a2 <2,1<B1,8<2,0<y,y2 <1,a1y1 = By, a2y2 = By,
a1y > oy and oy > 1, Biyi > 1fori = 1,2. Then for all (§, n) € R2

@11

co (IEP+10) * < verE (3.47)

for some xg > 0. Since n = 2 we can apply Corollary 3.17 to the associated semi-

group (T;/’E R ) . which is transient and the extended Dirichlet space HJZ%"! (R?)
t>
is continuously embedded into L? (R?), p = 2—21 ,, - Hence, by (3.45) we have

lull> 4 < EEVER(u,u) (3.48)

L 2—a1yy

forall u € H)**' (R?).
Note that for ¥ g we have also the upper bound

alzyl 0‘22}/2
wER@,n>sfq((|é|2+|n|2) + (1P +1n?) ) (3.49)

for some k1 > 0.

4 On Diagonal Terms of Transition Functions

Let ¢ : R® — R be a continuous negative definite function associated with the
convolution semigroup ()¢ and such that ¥ (§) = 0 if and only if & = 0. Then
a metric on R" is given by

dyE,n) =y E —n) (4.1)
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and we assume that dy, induces on R” the Euclidean topology, which is the case if
and only if lim infig| . oo ¥ (§) > 0, see [44]. In some situations it will be convenient
to consider instead dy, for t > 0 the family

dy () = VtyE —n) . (4.2)

In addition we assume that e 'V () e L! (R") forall # > 0. This assumption implies

that the associated semigroup of operators (T,w) o admits a representation

t>
TV u(x) = /R p! (x = yu(y) dy (4.3)
where
v,y 1 i~y (§)
pr (%) = 2y /Rne e dé . 4.4

We call the function (¢, x) — p;(x) := p;/’ (x) the transition density associated with
(T;//)zzo or (4t)r>0, respectively. Clearly, p; (.) is nothing but the density of x; with
respect to the Lebesgue measure A" Since by our assumption 1, is a probability
measure we find for ¢+ > 0 fixed that

pre L' (R") N Coo (R") € [ L” (R") N Coo (R") (4.5)
p=>1
and
pr(&) = Qm) 2V E) (4.6)

Our general aim is to get a good understanding of p,w and hence of the operators

Ttw, AV = —y¥ (D) and R;\p. In this chapter we concentrate on the term p,w 0), i.e.
on

Yy~ | 40
o= [ e, @.7)

The following result is taken from Varopoulos et al. [71], see also Theorem 3.6.1 in
[39], and formulated for the case R” only.

Theorem 4.1 Let (T));>0 be a symmetric Markovian semigroup on L* (R") with

corresponding Dirichlet form (&, D(E)). Further let p > 2 and N := pzf , > 2.
The following estimates are equivalent

lull3, < c&@,u), ue DE):; (4.8)
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224N < c8@,wlul¥ . we D@L ®) ; 4.9)
1T < t™N2 forallt > 0. (4.10)

From (4.3) it follows that
HTIV/“LI_LOO ZP;//(O) . (411)

In light of Theorem 4.1 it is now clear why estimates for &/ are of importance to
control p;p (0) or more generally p;p . Combining Theorem 4.1 and Corollary 3.17
we get

Theorem 4.2 Forn > 2 let v : R" — R be a continuous negative definite
function satisfying our standard assumptions. We assume additionally that with
some co > 0and 0 < o < 2 we have for all ¢ € R"

ol =¥ (&) . (4.12)

Then the estimate
pl(0) < Cyt @ (4.13)

holds for all t > 0.
Proof By Corollary 3.17 we have

lull7, < &Y @, u) (4.14)
forall u € D(E) with p = nzj'a. This gives for N as defined in Theorem 4.1 the
valueN:Nl/,zzof. |

Note that for ¥ (§) = |£|%,0 < @ < 2, we can obtain estimate (4.13) by a direct
calculation using the homogeneity of v/,. In this case we obtain equality with Cy,
given by

Cy, = r("%) (4.15)
Y T aemnr(g) |

This opens the way to derive for the general case discussed in Theorem 4.2 the
estimate (4.13) directly from

e V() < gmcorlél”
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but the approach suggested by using Theorem 4.1 is still available when v (§) is
replaced by a continuous negative definite symbol ¢ (x, £) while in that case the
direct comparison of symbols cannot be used for a “simple” calculation.

Example 4.3 Taking up ¥ g g from Example 3.18, we can investigate its correspond-
ing associated transition density using Theorem 4.2. Recalling that ygg satisfies an
estimate of the form (4.12), namely (3.47), we can deduce from (4.13) that

p;/’ER ) < ClﬁEsz/alyl

forallz > 0.
Using the upper bound (3.49) for ygg we first note that

YER 1 tyER(E,M)
P 0) = € dédn
! ( ) (27[ )2 /RZ

o1Y1 QY2
1 fm((lélerlnlz) 2 4(EP+HPR) 2 )
> e dédn
2m)? Jre

~ ary] aQy2
which implies with ¥ (&, n) = (I€> + [n*) > + (I€1>+1nl?) > that
plEE©) = pll (0) .

We want to investigate the integral (4.7) by using integration with respect to
the distribution function, see [64], Theorem 13.11, for a general formulation of the
result.

Theorem 4.4 ([44]) For a continuous negative definite function ¥ : R* — R
satisfying our standard assumptions we have

/ efﬂb(é) d%— — /oo)\'(n) (Bdw (0’ \/;)) e*r dr (416)
n 0

B (x,r):={y e R" | dy(x,y) <} (4.17)

where

is the open ball with centre x € R" and radius r > 0 with respect to the metric dy.

Introducing the volume functions

Vy(r) == 2™ (Bd’/' 0, r)) (4.18)
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and
Vy(r) = Vy (Vr) (4.19)

we find, see [30] or [31],
Corollary 4.5 Fory : R" —> R as in Theorem 4.4 we have

PV (0) = @n) "L (Vw) ) . (4.20)

where L denotes the Laplace transform.

Proof We need only observe that

/oo A (Bdw (0, \/r>) e dr =1 /OO A (Bd‘” (0, JQ)) e~'¢ do
0 ! 0
=1L (W) OF

O

This corollary allows us to find for some cases the function # — p;p (0) explicitly.
However in most cases we depend on estimates. For this we introduce

Definition 4.6 Let d be a metric on R”. We call (R”, d, A(”)) a metric measure
space with doubling property if for every r > 0 and all x € R” there exists a
constant y > 0 independent of r and x such that

A By (x)) < yA™ (B, (1)) , (4.21)

where B, (x) denotes the open ball with centre x and radius » with respect to d.

If (R", d, A™) is a metric measure space with volume doubling, then the volume
function r — Vy(x,r) := AW (Va(x,r)) has at most power growth. In particular
if d is a translation invariant metric with the volume doubling property, then the
growth of r > A (V;(x, r)) is independent of x and has at most power growth.

Note that if (R", dy, A(")) has the doubling property then it is a metric space of
homogeneous type in the sense of Coifman and Weiss [16].

Theorem 4.7 ([44]) Suppose that the continuous negative definite function v :
R" — R satisfying our standard assumptions and in addition assume that the
metric measure space (R", dy, A(")) has the volume doubling property. Then we
have

. (1
p;p(O)xV¢(Jt>, t>0. 4.22)
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Here we used the notationa < b, 0 < a < b, for the two estimates

b
o<’ <ec (4.23)

to hold for some 0 < ¢y < c.

Example 4.8 1t is not hard to see that we can improve (3.47) to

[ ((|.»s|2 +1nP)

and from (4.24) combined with (3.49) we obtain the estimates

*171 ar2
2

+ (1P +1mP) ° ) < Ver(E, ) (4.24)

Roh(€,m) < Yp/e (&, m) < Rih(E, n)

where
h(&,n) = max ((|§|Vlza1 4 |n|V‘2‘”1 ) 7 (|é|y22az n |n|y22az )) ‘

By h (£ — &, 1 — n2) a metric having the doubling property is induced on R?
and using the concrete formulae for the volumes of the corresponding balls, we can
deduce the doubling property for Vg, see [55].

While our main interest is the study of generators of Feller semigroups i.e.
pseudo-differential operators with negative definite symbols, it is worth mentioning
that studying the case of L?-operator semigroups (T,g ) defined on S (R") by

t>0
Tfu(x) = 2m) "2 f ¥ Ee8 @ (g) de (4.25)
Rn

for a continuous function g : R" — R, g > 0,e7'8 ¢ L (R™) will lead to some
further insights for our problem. In [30], [31] we have discussed some results for
(7)1 20

In order to expand our reservoir of examples we need to introduce subordination
in the sense of Bochner and we refer to [38] as well as [67] as reference.

Definition 4.9 A real-valued function f € C((0,00)) is called a Bernstein
function if

IO

dk = 0 (4.26)

fx)=0 and (=1

holds for all k € N and x € (0, 00).
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Theorem 4.10 If f is a Bernstein function, then there exist constants a, b > 0 and
a measure p on (0, 00) integrating s +— 1is such that

o0

f(x)=a+bx+/ (I—e™) pds), x>0. (4.27)
ot

Furthermore, given a Bernstein function f then there exists a convolution semigroup
(11)¢>0 of sub-probability measures supported on [0, 00) such that

L0 () = f e gy (ds) = ) 428)
0

forallx > 0andt > 0.

Remark 4.11 The integrability condition on  in (4.27) yields that | o, 1) integrates
the function s — s and that ji|[1 o) integrates the function s — 1. Since for z € C,
Re z > 0 and s > 0 we have the estimates |1 —e™?| < s|z] and |1 —e ™| < 21t
follows that (4.27) admits a continuous extension to the half-plane Re z > 0, i.e. f
admits an extension to Re z > 0.

The fundamental result is

Theorem 4.12 If ¢ : R" — C is a continuous negative definite function with
associated convolution semigroup (ji:),>o and if f is a Bernstein function with
associated convolution semigroup (1;),>0, then f o is again a continuous negative

definite function and for the associated convolution semigroup (,uf ) o we find (as
1>

a vague integral) the representation

/ o)
w = / s e (ds) (4.29)
0

i.e. forall ¢ € Co (R") we have

/ () 1 (dx) =/ / @(x) s (dx) ny (ds) . (4.30)
R" 0o Jrr

Definition 4.13 We call (,u,f ) o the convolution semigroup subordinate (in the
>

sense of Bochner) to (i4),>¢ with respect to M1)¢>0-

Subordination extends to operator semigroups. Let (7;);>0 be a strongly contin-
uous contraction semigroup on the Banach space (X, ||.||). The family of operators
7/t > 0, defined by

. o)
T/ u = / Tou ny (ds) 4.31)
0
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is called the semigroup subordinate to (73);>0 with respect to (1), compare [38],
Theorem 4.3.1.

Suppose that ¢ : R" — R is a continuous negative definite function satisfying
our standard assumptions and assume that f is a Bernstein function such that f o ¢
also satisfies our standard assumptions. In this case we have

Pl () = @n) "L (Vfox//) ) . (4.32)

In addition if f.cl) v € LlloC (R™), then the Dirichlet form &/°¥ and therefore the
semigroup (th °¢) o is transient.
1>
Let (T;);>¢ be a strongly continuous contraction semigroup on a Banach space
(X, |I.]l) with generator (A, D(A)). Let f be a Bernstein function with represen-

tation (4.27) and corresponding convolution semigroup (#;);>o. Then D(A) is an
operator core for the generator (A7, D (A')) of (th ) . and on D(A) we have
1=

o]

Alu=—au+ bAu +/ (Tyu —u) w(ds) , (4.33)
0t

see [62] or [67], Theorem 13.6.
For the following it is convenient to rewrite (4.9) as

o (l32) < Ee, ) (4.34)
forallu € D(&) N L' (R™) with ||ul/;1 = 1.

The following result due to Schilling and Wang [66] extends a result of Bendikov
and Maheux [4] and in [72] relations to the work of Tomisaki [70] were discussed.

Theorem 4.14 Let (T;):>0 be a symmetric sub-Markovian semigroup on L% (R")
and assume that T;| 24,1 extends to an L'-contraction, i.e. |Trullpn < |ullp1. If
the L?-generator (A, D(A)) of (Ty)t=0 satisfies with an increasing function h :
(0, 00) —> (0, 00)

a3 (Nel2) < (w2 (4.35)

forallu € D(A) such that |ul|;1 = 1, then we have

Lo lull? ;
Stz f (n{ S(A~u,u)L2 (4.36)

forallu € D (AT), lullp = 1.
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In [67] plenty of examples of Bernstein functions are provided together with
more detailed information. We mention here just a few

fs)=s*, O0<a<l,
fO=@6+D*—1, O<a<l,
f@) =s (1=e")
f(s)=In(1+s),

f(s) = /s arctan /s |

fo=" ( .sa — cot(am) — 1lns> ,
145 \sinamw g

f(s) = arsinh(s) ,

f(s) = arcosh(s + 1) ,

f(s) =57V T(v,s) .

Example 4.15 We consider again the continuous negative definite function from
Example 3.18. Clearly v gr (&, n) = 0 if and only if § = 1 = 0 and by Theorem 4.4
it follows when taking (3.47) and (4.16) into account that

ptWER 0) = /OO e (BdV/ER (0, \/;)) e " dr 4.37)
0

= Qm) 2L (\Zm) @) .

From Example 4.8 we know that (Rz, dyprs )\(2)) has the volume doubling
property and by Theorem 4.7 we obtain the following bounds

- 1
pﬁ”ER(O)va/ER(\/t) , t>0. (4.38)

5 Some Remarks on Off-Diagonal Results

Still we work within the frame of Chap. 4, i.e. we start with a continuous negative
definite function i satisfying our standard assumptions. Hence the associated

operator semigroup (T,w) >0 has a representation

TV u(x) = /R p! (= yuy) dy (5.1)
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where

V) =@n)" / e¥Ee V@ gg | (5.2)

RV!

The aim is to understand the behaviour of x p,w (x). This is of course a
“classical” topic and we do not intend to summarize important developments here.
However a few words are in order. The seminal work of Davies [18] and [19], see
also [20], introduced a method to obtain for second order elliptic operators on a
Riemannian manifold off-diagonal estimates from diagonal estimates. In the much
quoted paper [15] an attempt was made to transfer this method to general (non-local)
Dirichlet forms. In this paper much use is made of the opérateur carré du champ
associated with the corresponding Dirichlet form which is natural since the studies
of Hormander-type operators or more general second order sub-elliptic differential
operators have revealed that for local operators the associated opérateur carré du
champ contains much information, for example about the heat kernel. For this we
refer in particular to the monograph [1], the already mentioned monograph [71],
and to the work of Wang [72] and [73]. However, eventually [15] does not allow to
find concrete estimates for concrete non-local Dirichlet forms. This is much due to
the fact that for non-local operators the opérateur carré du champ is not anymore a
sum of products of derivations and Leibniz’ rule as well as the chain rule are not
available. Recall that for a symmetric second order sub-elliptic differential operator
in divergence form L(x, D) = ZZ =1 aik agr(x) ai, the corresponding opérateur
carré du champ is given by

n

ad ad
M, v)@) =Y au) a;k (0 () (5.3)

X
k=1 dx

whereas for the Dirichlet form &Y with ¥ (§) = /

(1 —cosy - &) v(dy) the
R™\{0}

opérateur carré du champ has the form
1
Y (u, v)(x) = ) /R \{O}(u(x +y) —ulx)x+y)—v@x) vy . (54

In [51] Meyer indicated how we can write (5.4) as an infinite sum of squares of
operators (having Hormander-type operators leil Xlzu in mind with opérateur

carré du champ leil XiuX lv) but in his representation the operators are again not
derivations. As was pointed out in [44] Meyer’s proof has similarities with the proof
of Schoenberg’s theorem given in [5]. Schoenberg’s theorem reads for our purpose
as follows, compare with [44],
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Theorem 5.1 Let  be a continuous negative definite function and dy the corre-
sponding metric. Then the metric space (R", d¢) can be isometrically embedded
into some Hilbert space (H, (., .)q1). Conversely, if J : (R",d) — (H, (., Yq)
is an isometric embedding of the metric space (R",d) into some Hilbert space
(H, (., )p) such that (J (x), J(V))u = (J(x — ), J(0))g, then d = dy, for some
continuous negative definite function ¥ : R* — R.

A possible proof in case that the Lévy measure v has a nice density 7 and using
the opérateur carré du champ starts with

1
I (u, v)(x) = ) fw\{o}(u(x + ) —u@) @k +y) —v) ayydy (5.5

and the observation that on

Cy :={ueC*(R") | T(u,u)0) < oo}/{ueC*(R") | T, u)0) =0}
(5.6)

a scalar product is given by
(u, V) == T'(u, v)(0). (5.7
The space H is introduced as the completion of Cy with respect to (., .)¢ and the

Lévy-Khinchine formula yields with e¢ (x) = €% that " (eg, e¢ ) (0) = ¥(&).

This observation in mind, as well as some examples (see below), it was

conjectured that in general we can write or at least estimate p;p (.) according to

pl = y) = pl (e B (5.8)

with p;// 0 <tL (fﬁp) (¢) and a suitable metric §y, on R". This approach differs

from that of many other authors as it is much more geometric in spirit and uses as
principal data the characteristic exponent ¥ and not the Lévy measure.
Here are two examples for (5.8):

_n+l f’l+1 t
pCx—y)=mn zr( ) ) . (5.9)
(t2+|x—y|2) 2

2
= c1pC (e et
where

62.,(x,y) = —In (1 +20x — y|2) , (5.10)
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and forn =1

_ . 2
pi”(x—y)=n21:(;) r(“rl(;_y)) (5.11)
= cop (O)e i)
where
o 2
82,y =3 In| 1+ =l (5.12)
j=0

1 \?
(1 +25)

Here ptC is the transition density corresponding to the Cauchy process with
Yc(€) = |&], and ptM corresponds to the one-dimensional symmetric Meixner
process associated with ¥y (§) = Incosh .

So far we do not have general results to ensure (5.8) to hold but in [44] some
classes of examples were discussed.

In [14], see also [13], an observation already made at the end of [44] was
investigated in more detail. Consider the convolution semigroup (it;);>( associated
with i satisfying our standard assumptions. In particular we have -

i (§) = m) "2V E (5.13)

and for the density we find
pi(x) = (2;1)—”/ e eV E) g | (5.14)

]Rn
The first observation is that
efn//(‘)
= A (5.15)
¢ )y pi(0)

is for # > 0 a symmetric probability measure on R” and for

O (n)
V= 01/ = A = 0()A (5.16)
CE OV Qi 0) ’
we find of course v; (R") = 1 and in addition

lin}) v, =¢o (weakly), 5.17)
n—
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compare [14] or [45]. With

p1/:(§)
= 5.18
o (&) p1i(0) (5.18)
we define (ﬁrst onS (R")) the operators
Siu(x) = 2m)~"/? / e oy ()i (&) dg (5.19)
Rll

which are symmetric, positivity preserving L2- and C-contractions and satisfy

lim [[Spu — ull ;2 = lim | S;u — ulloo = 0, (5.20)
t—0 t—0

i.e. they are strongly continuous at 0 in L? (R") and Cs, (R"), respectively. With

0 In p1/:(§)

(t,8) =— (5.21)
K 8" pije(0)
it follows that (S;u),~q solves
a .
ot Siu(x) +q(t, D)S;u(x) =0 and 11112) Siu=u (5.22)
11—

either in L% (R") or in Coo (R™). Here ¢ (z, D) is the pseudo-differential operator

q(t, Dyw(t, x) = 2m)™"/? /R ) e g (r, £)i(r, £) dE . (5.23)

The Eq. (5.22) we can handle in the following way: Define

Viis = M5 (A (5.24)
with
T (x) = 2m) "2 A erEem [ ae dr e (5.25)
i.e. we have
Py (&) = Q)2 [ & (5.26)
and with

t
0:1.5) =/ q(t,§) dr (5.27)



Aspects of Micro-Local Analysis and Geometry in the Study of Lévy-Type Generators 111

we have
Prs(€) = Qm) P 0@ (5.28)
The operators
Vi, s)u(x) =/R u(x —y) yrs (dy) (5.29)

= / ﬂ[’s(-x - y)u()’) dy
Rn
_ (27_[)_,,/2/ eix-Ee—Qt,s(S),jl(é) dg
Rf’l

give a fundamental solution to

d
a: +q(t, D =0, limv(,s) = (5.30)
—s
in the sense that
V(s,s)u =u;

Vie,r)oVirsu=V(Et,s)u, s<r<t;
Vi, )u > u as s—>t, s<t;
Vi, )u > u as t—>s, s<t.
Moreover, if in addition we assume that & +— ¢(z, §) is a continuous negative
definite function then we have, see [13], [14], and compare with [56],
Theorem 5.2 We can associate with q(t, &), t > 0, § € R", a canonical additive

process in law (X;),>o by the relations

Px,_x,=Vis, t>s5>0. (5.31)

The assumption that § — ¢(z, &) is a continuous negative definite function is
crucial, recall that this assumption means that the function

d 1 P1/:(§)
— n
ot pi/:(0)

is a continuous negative definite function. We will now see how this assumption
leads to a geometric interpretation of transition densities. First we note that this
assumption implies, see [13] or [14] that

do, (E.n) =0/ E—n), O<s<t, (5.32)
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is a metric on R” and we find by calculations already known to us

oo
7;.5(0) = (271)*"/ A ({g eR" | Qrs®) <r})e"dr. (5.33)
0
If we add further the assumption that the inequalities

Poq (to. &) < q(1,8) < P1g(t0,§) . Po >0, (5.34)

holds for all £ € R" and all ¥ > 19, fp > 70, then an easy modification of the
calculation in the proof of Theorem 5.1 in [14] yields that if (R", dy,, . »™) has
the volume doubling property then we have

mi,5(0) < A (Bth»s (o, \/ " )) (5.35)
Bo
forallt > 5 > 19.

Returning to p; we observe that

(x —

p1(0)

and under the assumption that £ +— ¢ (¢, &) is a continuous negative definite function
we find with

) ) .
pix—y) = p@ P Y = p ) ma O/t (5.36)

85, (x.y)=Ing (1/t.x —y) (5.37)

that

prie =) = 1L(Vy) (e 50 (5.38)

In the case that the metric measure space (R", dy, A(")) has the volume doubling
property it follows further

P = y) = 2™ (B (0,1/¢/1) ) et (5.39)
and when replacing dy, by dy ;(x, y) = /1 (x — y) we arrive at
pix = y) = A0 (B0, 1)) e P (5.40)

On the other hand, under the assumptions made above, we find for 7 g

Trs(x = y) < A (Bde (O, \/ﬁl )) e~ Jia(mr-y dr (5.41)
0
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Since

p1/:(&) i P15 (&)

t
) d = _1 )
/s g dr==I 0" p.0

and since by Theorem 5.7 in [45]

lim pl/s(é) -1
s—0 p1/5s(0)

we find in the limits — 0

Tro(x —y) =< A0 (B(Sw.l/t (0, \/‘g(l))) eid?ﬁ.l/t(x’y) . (5.42)

Comparing (5.40) with (5.42) we are reminded at the considerations starting with
Lewis [50] on “adjoint” or pairs of probability densities, see also [49] or [29].

6 Pseudo-Differential Operators with Negative Definite
Symbols: Ideas and Challenges

In Sects. 3—-5 we have discussed translation invariant operators and related objects
such as translation invariant Dirichlet forms associated with convolution semigroups
(t1);>0 of (sub-)probability measures. As translation invariant operators they admit
a rep;esentation as convolution operator, for our purposes it is however more
important to represent the operators as (translation invariant) pseudo-differential
operators, i.e. to look at T,‘//, AV and R;\/’ as being given by

TV u(x) = (2;1)—”/2/ e eV ds, >0, (6.1)
RV!
AVu(x) = @m) ™2 /R ey @i dg (6.2)

and

Rou(x) = (271)*"/2[ el¥é

1 A
) )wI-I/f(é)u(g) dé, A>0. (6.3)

So far only for investigating the density p;// of Ttv/, i.e. the function

plc—y) = o [ et o g, 6.4)

n
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the symbol of the generator A¥ was used. Properties of (7}¢) can be derived

>0

from (u;),>q and/or the Lévy—Khinchine triple (or quadruple), see Sect. 2.

It turns out that introducing “variable coefficients” is best achieved by starting
with the generator given in the form (6.2). A nice interpretation was given in [3]:
Let ¥ = v4,p.c.... be a continuous negative definite function depending on certain
parameters. Suppose now that these parameters become x-dependent (state space
dependent), i.e. we are dealing with functions x — a(x), x > b(x), x — c(x), ...
having the property that for each xo € R" fixed & — VYu(xp).b(x0).c(x0)...(E)
is a continuous negative definite function and hence determines (for x¢ fixed)
a convolution semigroup with corresponding operator semigroup, generator and
resolvent. Formally we may consider

f}u(x) — (27.[)*"/2/ eix‘Seft‘ﬁa(x),b(x),c(.\'),...(S)ﬁ(S) d& (6.5)

n

and

. . 1
R = *"/2/ ix-§ (&) dE 6.6
(o) = ) . )\+Wa(x),b(x),c(x),m(S)u(g) 5 (60)

but neither we can expect (TI) o to be a semigroup nor (RA) o to be a resolvent
> A>

on L2 (R") or Coo (R™). Howevgr, we may expect that

Au(x) = —(2m)"? fR ) e S W) bo).ctr).. (E)A(E) dE (6.7)

extends from S (R") to a generator of a strongly continuous, positivity preserving
contraction semigroup on C, (R") with generator (A, D(A)).

Indeed, let (T}),>( be a Feller semigroup, i.e. a strongly continuous, positivity
preserving contraction semigroup on Co, (R") with generator (A, D(A)). A theo-
rem due to Courrege [17] states that if C5° (R") C D(A) then A is of type

Au(x) = —q(x, D)u(x) = (2n)*"/2/

e g Enace) d (6.8)
where g : R" x R" — C is a continuous function such that & — ¢(x, &) is
for every x € R" negative definite. We refer to [38] and in particular to [12] for
more details. We call a pseudo-differential operator g (x, D) a pseudo-differential
operator with negative definite symbol if its symbol ¢ (x, &) is for every x € R"
with respect to the co-variable £ a continuous negative definite function.
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Pseudo-differential operators with negative definite symbols can be obtained as
in (6.7). A further possibility is to look at variable order subordination, see [24, 33,
42] or [23], i.e. to look at operators of type

Au(x) = —@m)™""? /R S Y @)ace) d (6.9)

where for x € R” fixed the function s +— f(x, s) is a Bernstein function and 1 is
a continuous negative definite function. It is a highly non-trivial question whether
operators of type (6.7), (6.9) or (6.8) have an extension to a generator of a Feller
semigroup or an L2-sub-Markovian semigroup.

Let us agree to call any operator g(x, D) defined at least on S (R") a pseudo-
differential operator with symbol g (x, &) if it is of the form

q(x, Dyu(x) := Qm)™"/? /R ) e g (x, £)a(E) di | (6.10)

where g : R"” x R" — C is a continuous function such that £ — ¢(x, &) is of at
most polynomial growth. If A is a pseudo-differential operator we denote its symbol
by o (A)(x, &). For x-independent symbols, i.e. translation invariant operators we
have the simple rule

o (q1(D) 0 q2(D)) (x, &) = q1(§)q2(§) , (6.11)

and in the case that ¢1(D)~! exists and is a pseudo-differential operator we find

1
D) ') (x.8) = : 6.12
(a0 wo= (6.12)

(Note that it is sometimes possible that i(.) /g1 (.) is not integrable, i.e. (6.10) is not
defined, for all u € S (R"), however, one may find a subclass of functions in S (R")
for which F~! (ii/q1) is defined.)

For pseudo-differential operators with symbols depending on x we cannot expect
the analogue to (6.11) or (6.12) to hold, i.e. we have in general

o (q1(x. D) 0 a(x. D)) (x., £) # q1 (x. £)qa(x. £) (6.13)
or
1
—1
o (a0 D7) (6 # ) 6.14)

The basic idea is to develop a symbolic calculus which allows us to consider

q1(x, D) o q2(x, D) — (q1 - q2) (x, D) (6.15)
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or
q; ' (x, D) — ( ! ) (x, D) (6.16)
qi

as a “lower order” perturbation of g (x, D) o g2(x, D) and g, ! (x, D), respectively.
Here we used the notations

(@1 - q2) (x, D)u(x) = (2m)"/? fR ) e g1 (x, £)qa(x, £)i(E) d& (6.17)
and
<1>(x,D)u(x)=(2n)"/2/ gire 1 a(§) de . (6.18)
q1 n q1(x, &)

Perturbation should be understood in terms of suitable norm estimates which we
want to link to growth conditions of symbols with respect to the co-variable &. For
example, one might require for

re €)=Y (q1(x, D) o q2(x, D)) (x, &) — q1(x, §)ga(x, §) (6.19)

q1(x, )q2(x, &)

that uniformly for x in compact sets we have

(im (e 6)=0. (6.20)

The classical Kohn—Nirenberg and Hormander calculus uses a grading of symbols
with respect to decreasing homogeneity or power growth, i.e. symbols are assumed
to admit an expansion

T(A)(x, &) ~ Y qrlx, £) (6.21)

k=—m

where g (x, &) is either with respect to & homogeneous of degree m — k, or gx(x, §)
satisfies |gx(x, &) < ck (1 + |§|2)mk/2 uniformly for x € K C R” compact and
mg > mg—1, limg oo my = —oo. For partial differential operators L(x, D) =
Z\aISm aq (x) D% we have of course

o(L(x, D)(x,€) = Y aa(x)E* =) > ag(x)E", (6.22)

loe|<m k=0 |a|=k

i.e. an expansion as (6.21). For general symbols, obtaining (6.21) is non-trivial,
in fact not always possible, moreover, once such an expansion is given, it is non-
trivial to associate with it a symbol, i.e. an operator. We want to achieve in addition
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a deeper relation of an operator functional calculus and a calculus for symbols.
For example, for —g(x, D) being a generator of a Feller semigroup (73);5( with
corresponding resolvent (R),); ..o we want to have

o (Ty) (x, &) = e "9%%) (1 4 perturbation) (6.23)

or

o (R)) (x,&) = (1 + perturbation) . (6.24)

1
Atq(x,§)

Typically, expressions such as (6.21), (6.23) or (6.24) will need smoothness of
symbols in x and in particular in &, often Taylor series or at least the Taylor formula
are the key tool. However, continuous negative definite functions are in general not
differentiable and do not admit decomposition into homogeneous terms. Therefore
classical calculi such as those based on symbol classes S or ng s are in general not
suitable. In Hoh [32] a quite successful symbolic calculus for pseudo-differential
operators with negative definite symbols was developed which could be used by
Bottcher in [9], see also [10] and [11], to construct a parametrix for certain evolution
equations, and by Evans [23] to study variable order subordination. But still it is
too restrictive for some of our problems, as is the Weyl-calculus approach taken
up in [2]. Nevertheless, once such a calculus is adapted as frame many results and
phenomena discussed in the following sections will have a more satisfactory form.
We will eventually avoid a symbolic calculus and use ad hoc calculations to outline
ideas, see also Sect. 8.

In addition to providing a symbolic calculus the theory of pseudo-differential
operators considered as micro-local analysis develops tools for an analysis of
operators based on an analysis of symbols, i.e. functions (sections) on the co-
tangent bundle. Typically this is put into the frame of global analysis and requires
symbols to admit an invariantly defined principal symbol. Spectral analysis or the
propagation of singularities of solutions of equations are key objects of this theory.
The Hamiltonian dynamics associated with the (principal) symbol is a tool of
great importance within these considerations. We will take ideas and some results
as guideline for our investigations, however for pseudo-differential operators with
negative definite symbols many key assumptions needed in the “classical” theory
do in general not hold: we can in general not define a principal symbol, we do not
work with smooth or invariantly defined symbols, etc. Still we can consider the full
symbol g (x, £) of a generator of a Feller semigroup as a function on the co-tangent
bundle to the manifold R" and we can look at the corresponding Hamiltonian
dynamics. Such an approach allows us, for example, to give an answer to problems
when looking at Feynman—Kac formulae and semi-classical asymptotics: we can
define the corresponding “classical” objects.

To sum up: generators of Feller semigroups or L2-sub-Markovian semigroups
should be considered as pseudo-differential operators with negative definite sym-
bols. However these symbols do in general not allow us to apply the general,
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classical theory (micro-local analysis), hence there is a need to modify the classical
approach, even in the case of operators with constant coefficients, maybe with
a potential perturbation. Getting first results for non-trivial examples is our goal
and we do not investigate the indeed promising situation where a negative definite
symbol also belongs to a classical symbol class, for more recent results in this
direction we refer to [25] and [26].

7 Towards a Hamiltonian Dynamics Associated
with Continuous Negative Definite Symbols

As indicated in the Introduction the study of pseudo-differential operators often
makes use of the study of the Hamiltonian system which we can associate with the
(principal) symbol. In this section we describe some first investigations on some
Hamiltonian systems associated with negative definite symbols.

As a model we want to study pseudo-differential operators A(x, D) on R" with
symbol A(x, &) = ¥(§) + V(x) which lead to a Hamilton function

H(q, p) =v(p)+V(g) (7.1)

where ¢ : R — R is a continuous negative definite function and V : R* — R
is a potential. Note that for potentials satisfying a so-called Kato—Feller condition
with respect to ¥ (D) the semigroup associated with A(x, D) admits a Feynman—
Kac representation

t
— | V(XV) ds
Tou(x) = B u(x;”>e/o (*7) , (7.2)

where (X ;/’ ) o is the Lévy process associated with .
1>

Let us first have a look at the free Hamilton function H(p) = v (p). In order
to satisfy some minimal conditions needed to apply results from the classical theory
we have to assume that i satisfies the following conditions:

Assumption 7.1 The function ¢ : R” — R is a continuous negative definite
function of class C! which is convex and coercive.

Recall that a function v : R” — R is coercive if

v(p) _

- (7.3
lpll—oo [Pl :



Aspects of Micro-Local Analysis and Geometry in the Study of Lévy-Type Generators 119

The conjugate convex function y/* is the Legendre transform of v/, i.e. we have

Y*(m) := sup ((n, p) — ¥(p)) . (7.4)

peR”

The following result is proved in [68], see also [41]:

Theorem 7.2 If  : R" — R is a coercive convex function, then its conjugate
convex function exists and is a convex and coercive function. Moreover we have

W = 1.
Example 7.3

A. For 1 < a < 2 the continuous negative definite function vy, (§) := ; |E]% is of
class C!, convex and coercive. Its conjugate function is given by

1.
va &) = _IEI", (7.5)
o

1 1 _ : * o
where o T o = Liea*= 7.

B. The continuous negative definite function ¥ gr from Example 3.18 is convex
and coercive. The latter statement follows easily from (3.47), for a proof of the
convexity of Yggr we refer to [55]. Note that Ygg is C! but not C?, i.e. we
cannot apply the standard criterion to check its convexity. The proof provided
in [55] uses an approximation of Y gg by C2-functions which are convex and
coercive. We do not know /%, explicitly, however from (3.47) and (3.49) we
can conclude that

(o1y1)*/2
) . (7.6)

Vie@m = C (187 + P

Moreover, using ideas from [22], Theorem 3 on page 87, we can deduce that
with ¢ = (&, ) € R? it follows that

. (re))* (na)*
VER(Q) = ZlJirglzf_z (Co||<§1|| 2 Fcallell 2 )

for some suitable constants ¢y and c1, which implies

(apy*
2

0= vipEm =C (16 +m?) . .7
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Given a Hamilton function H(q, p) = v¥(p) + V(g) where ¢ satisfies
Assumption 7.1 and V (g) is a potential which we assume to be of class C', the
corresponding Hamilton system is given by

. oH ) oH
qi = (g.p) and p;i=-—_ (q,p) (7.8)
opi 0gi
or
. Y, . oV
qi = (p) and p;=-—_ (q). (7.9
api 0qi

Under Assumption 7.1 the partial Legendre transform of H (g, p) with repsect to p
exists and leads to the Lagrange function L(q, ) associated with H (¢, p):

L(g,n) = suﬂ}g ((n, p) — H(q, p)) (7.10)
PER”
ni = Hp,(q,p) . (7.11)

Note that n — L(qg, n) is a convex and coercive function, however in general
we cannot make a statement on its smoothness. Indeed, Example 7.3 extends to
& - i|§|", k > 1 with conjugate function & Kl* |€]<", which shows that for

1 < k < 2 the conjugate function of & — ,l |E]¥ is more smooth, at least of class

C?, while for k > 2 the conjugate function is less smooth, not even of class C2, an
observation which will become important later.

In the case that the Lagrange function is a C2-function, the Hamilton system (7.8)
(or (7.9)) is equivalent to the Euler-Lagrange equations

d dL dL

— =0, 7.12
drom;  dg; (7.12)

and they are indeed the necessary conditions a smooth extremal of

5]
inf/ Lg@),q@) dt, qt)=a, q(t2) =b, (7.13)
3]

has to satisfy.
Taking the structure (7.1) into account we find

Lig.m) =v¥"() — V(g (7.14)

and in order to form (7.12) we need ¥* € CZ>(R") and V e C! (R"). Then we
obtain with n; = ¢g;

n
32*

2

v
)(q)zj,+ =0 for i=1,....n. (7.15)
j=1

an;jon; dg;
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Furthermore, since H(q, p) is independent of ¢, i.e. the Hamilton system is
autonomous, we have “conservation of energy” along trajectories solving (7.8), i.e.
for solutions of the Hamilton system we find

dH(q®), p()) _

0. 7.16
dr (7.16)

Given initial data gy = g (#p) and pg = p(fo) this observation allows us to introduce
the “energy” of the system at 7o as Eo(fp) = H(qo, po) and thus we can find
integration constants for (7.8), see below.

Before continuing our considerations we would like to remind the reader of
our main problem: in general the functions ¥ we are interested in are not C2-
functions (nor in general convex) and the standard textbook theory is not (in general)
applicable to our case and we have to take some care to transfer (parts of) the
standard theory.

Next we want to enlarge our reservoir of examples. The following result is taken
from [55]:

Theorem 7.4 Let f be a Bernstein function such that &€ — ¥ (§) = f (||§||2) is
convex and coercive. In this case ™ is given by

v © =27 (¢ (h?)) e (1) = 7 (7 (161) ) (7.17)
where {¢(s) =4 (f’(s))2 s and we assume {;1 to exist.

Note that Y (§) = f (||§||2) is coercive if and only if lim,_, f}z) = o0, the
convexity of ¥ is non-trivial to check, recall that f is a Bernstein function, hence
/" <0,i.e. f is concave.

Example 7.5 For f(s) = s#,0 < B < 1, we find £/ (s) = 48%s?#~! which yields
1
_ 1

C;l(t) _ (4;2)% yay

2
In the classical case, i.e. in classical dynamics, we have ¥ (§) = ”52” and

H(g, p) = "I + V(q). Therefore it follows that L(g, n) = " — V(). Thus
with the kinetic energy Exin = || plI?/2 and the potential energy Epot = V(g) we
have H = Exjn + Epot and L = Eyj, — Epot. For example, the harmonic oscillator

2 2 2 2
is modelled by H (g, p) = ””2“ + ”q2” and L(g, n) = ”"2” - ”q2” . For our case we
suggest as generalizations of the harmonic oscillator the Hamilton function

H(g,p)=v(p)+v¥"(@) (7.18)

and as Coulomb potential Vc(q) = £F -1 (1/¥) (g) where F ~1 is the inverse
Fourier transform in S’ (R").
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The following considerations are taken from [55]. For n = 1 we consider the
Hamilton function

Lo L g
H(g.p)= ,IpI"+ , lqI” . 1<p<2, (7.19)
p p
which gives the Hamiltonian system
g = sgn(p)|pl’~! (7.20)
and
p=—sgn(@)lqgl’ . (7.21)

We want to discuss this system under the initial conditions ¢ (fp) = go and p(fy) =
po which leads to an initial energy Eog = H(qo, po) > 0 which must be conserved,
i.e. for a solution to (7.20) and (7.21) we expect for all > g

1|p(r>|/S 4! lg)1F" = Eo (7.22)
B B

to hold. In the following we choose #) = 0. Moreover, by requiring the solution to
be symmetric to the g-axis and the p-axis we may assume for the following that
q(t) > 0and p(t) > 0, and (7.20), (7.21) reduces to the two non-coupled equations

. | 1 g /31*
g=pB% \Eo— ﬂ*q (7.23)
and

1

. 1 1 B
p=—(B"¢ (Eo — ﬂpﬁ) : (7.24)

The solutions of these equations are obtained with the help of the Gaussian
hypergeometric function , Fi:

_1 B—1 B—128—-1 ¢*
EoB) #*q oF , , , =t+A 7.25
(EoB) 7 q2 1( 8 8 5 Eoﬂ*) 1+ A (7.25)
where
_ “18-128-1 ¢&
Ay = (EoB) # qo 2 F) (ﬁﬂ ,ﬁﬂ , ﬁﬂ ;&) (7.26)
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and

11 g+1 pf

1
— (EgB*) ™ # F, , , = A 7.27
(EoB™) 1721(,3,3 5 Eoﬂ) t+ Az (7.27)

where

(7.28)

B
_1 11 +1 p
Ax = —(EoB™) # po 2F1< p 0 ) .

B B B " Eop

Note that the convergence of the hypergeometric series is in each case granted
by (7.22), i.e. by the conditions (recall we are assuming in the moment ¢ > 0
and p > 0)

ﬂ*
9 1 and

< <1. (7.29)
Eop* EopB

Replacing in (7.25) and (7.27) now g and p in the argument of » F; by |¢g| and |p|,
we obtain the solution for (7.20) and (7.21).

As pointed out in [55] for 8 — 2 the solution converges to the solution of
the Hamiltonian system corresponding to the classical harmonic oscillator with
Hamilton function H (g, p) = ;Ipl2 + ;Iqlz.

From the considerations made in this section it is clear that we can under
certain additional assumptions develop the Hamiltonian dynamics corresponding
to a pseudo-differential operator with negative definite symbols. Of course we do
not expect that every Hamiltonian system admits a solution which we can represent
by special functions, but at least we can consider the “classical” analogue to the
“Schrodinger operator” ¥ (D) + V(q). Using the standard symplectic structure on
R" x R" (the phase space corresponding to H (q, p)) we can develop the dynamics
further by introducing the Hamiltonian vector field

X Z":(BH 9 OH 9 > (7.30)
H = - s .
io\0pjdq; 99 9p,

by discussing flows or by studying the associated Hamilton—Jacobi theory, we refer
to first ideas in [55].

However, so far we lack a possibility to define on R” looked at as state space
(manifold) an intrinsic metric by employing the length of curves connecting points.
In the case where H is with respect to p € R" a positive semi-definite quadratic
form this is possible with the help of sub-unit trajectories leading to sub-Riemannian
geometry and this allows us to study heat kernels in a metric or geometric context.
An attempt to develop such tools for certain pseudo-differential operators is due to
C. Fefferman and A. Parmeggiani, see [53], but so far this approach has not led to
full success, see also the remarks in Fefferman [27]. In this context it might be worth
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to observe that for the off-diagonal estimates discussed in Sect. 5 we have used two
families of balls, i.e. we worked with two different metrics.

8 Some Perturbation Techniques and Results

As explained in Sect. 6, symbolic calculi to handle pseudo-differential operators
with negative definite symbols are only under stronger regularity assumptions
available. The most far reaching of these calculi is due to Hoh [32], but it is still
for certain considerations too restrictive. In this section we want to sketch a direct
perturbation theory for symbols with constant coefficients or parameters which is
of zero order, i.e. the perturbation is of the same (growth) order as the original
term but small with respect to some norm estimates. In other words, we look at a
decomposition of a symbol by freezing the coefficients or parameters, i.e.

h(x, &) = h(xo,8) + (h(x,§) — h(x0,8)) = h1(§) + ha(x,§) . (8.1)

We follow essentially the ideas of [36], see also [39]. All considerations in this
section are made under the following assumptions:

A continuous negative definite symbol & : R" x R* — C is given with
decomposition h(x, &) = hi(§) + ha(x, &). Further ¢+ : R" — R is a fixed
continuous negative definite reference function.

A.1. The function & is assumed to be itself a continuous negative definite function
and to satisfy

v (&) <Rehi(§) <yiy(§) foral |§]>1, (8.2)
and
Im h1(§)| < ypRe hy(§) forall & e R". (8.3)

A.2.m Form € Ny the function x +— hy(x, &) belongs to C™ (R") and we have the
estimates

10Y h2(x, §) < o () (1 + ¥ () (8.4)

forall o € NI, |a| < m, with g, € L' (R").

In addition we assume that

V(&) = col§l” (8.5)

for some ¢ > 0, rg > 0 and all £ € R" with |£] > R.
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Note that (8.5) implies that H¥-S (R") is continuously embedded into Co, (R")
provided s > n/rg, and we have the estimate

lulloo < csronllttlly.s - (8.6)
We associate with i (x, &) = h1(§)+ha(x, &) the corresponding pseudo-differential
operators i (x, D), h1(D) and hy(x, D), respectively, which are at least on Cgo (R™)

(or S (R")) well defined. The properties of /1 allows us to derive the following
estimates

I (D)ully,s—2 < Tilllly,s (8.7)

and

A1 (D)ully,s—2 = vosllully.s = Aosllully.s—2 (8.8)

which entails for every ¢ > 0 the estimate

171 (D)ully,s—2 = (Yo.s — &) lelly,s — Aesllullo - (8.9)

Estimates for /7 (x, D) are more difficult to derive since for calculating the norm
lh2(x, D)ully,s we need to control the Fourier transform (ha(x, D)u)”" which of
course depends on x and the co-variable £. Under Assumption A.2.m we find for
m > n + 2s that in the case s > 1/2 it follows that

(L + ¥ (D))", ha(x, D)lullo < Kn,m,s,y Z loallzillelly, 2541 5 (8.10)

lee]<m

which extends to

L1+ ¥ (D))", ha(x, D)lully2 < ¢ Z l@a Il 1 el 2542241 (8.11)
lee]<m

fors > 0,1t > é, m > n+2s + 2t and ¢ = Cpm,s,1,y Se€ Theorem 2.3.9 and
Corollary 2.3.10 in [39].
From (8.11) we can now deduce taking (8.8) and (8.9) into account that

lho(x, DYully,: < Cnm,e,yllielly,i+2 (8.12)
with

Cnmiy = Cnmiy Y Igallpr . (8.13)

lee]<m
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and
IhCx, Dyully,: < cllully,+2, =1, (8.14)
as well as
IhCe, Dyully,: = Sollully,i+2 — yy.cllullo (8.15)
where n € (0, 1) and
80 =170 = Enmsy Y Igalpr >0 (8.16)
loe] <m

andm > n+ [s]+ 1, s > 1, where the claim that §o > 0 is achieved by assuming
for Z‘ al<m |@all 1 an appropriate smallness condition (the perturbation of /(D)
shall be small).

We can now introduce the sesquilinear form

B(u,v) = (h(x, D)u, v)g = (h1(D)u, v)o + (ha(x, D)u, v)g (8.17)

and for B we can derive, see again [39], the estimate
|B(u, v)| < cllully1llviiy.1 (8.18)

and more difficult to obtain is the Garding inequality
Re B(u, u) = 8illully, ; — Rollulg , (8.19)

provided A.2.m holds for m > n + 2 and we assume that

Sii=w—iz ) lgallp >0, (8.20)
|| <n+2

where k3 is a constant coming from the estimate

| (ha(x, Dyu,v)g | < k3 Z gl lluelly, 1llvlly,1 - (8.21)
|| <n+2

The estimates (8.14), (8.15), (8.18), and (8.19) allow us now to find for A > Ao
variational solutions in H¥1 (R") to the equation A(x, D)u + Au = f provided
f € L* (R™). Here we call u € HY' (R") a variational solution to the equation
h(x, D)yu + Au = f if forall v € H¥! (R") we have

B(u,v) + A(u, v)o = (f, v)o. (8.22)
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In combination with some Friedrichs mollifier techniques we can conclude further
that for f € HYS (R") it follows that the variational solutions must belong to
HY-ST2 (RM), Using the Hille—Yosida—Ray theorem as well as (8.5), i.e. (8.6), we
can prove, see [39] Theorem 2.6.4 and Theorem 2.6.6, that —h(x, D) extends to
the generator of a Feller semigroup and for A sufficiently large, —h,(x, D) :=
—h(x, D) — Aid extends to the generator of a sub-Markovian semigroup.

In this section our aim was so far to give the reader some ideas of the type of
estimates needed, not to provide all details. In particular we want to emphasize
the smallness conditions (8.16) and (8.20) which means essentially that 2 (x, §) —
hy(x, &) and certain derivatives with respect to x must be under control and small.
Nonetheless, non-trivial examples can be constructed, and in [43] also some bounds
for corresponding heat kernels were obtained.

In light of Sect. 7 we can now turn to the Hamilton function

H(q, p) = h(q, p) = hi(p) + h2(q, p) , (8.23)

and try, for example, to study the corresponding Hamilton system

. 0H ahy dhy
gi = (g, p) = (p) + 4q,p), (8.24)
opi opi opi
) OH dhy
pi=—_ (@p=—_"(q,p). (8.25)
9qi 9qi

We may try to relate its solutions to those of the free or unperturbed Hamilton
system corresponding to /1 (p). In fact we may even add a potential V (g). Under
suitable assumptions on A(x, D) and V(g) we may, by using the estimates from
above, establish the existence of a self-adjoint extension of 4 (x, D) + V(x) and
now we may turn to the corresponding spectral problems. For example, we can start
to study the operator —y (D) + hy(x, D) 4+ ¢¥*(x) for a suitable continuous negative
definite function v, a “small” perturbation s (x, D) and the potential ¥*(g).

9 The Symbol of a Feller Process

In the previous sections we have discussed pseudo-differential operators generating
sub-Markovian or Feller semigroups and we have indicated to which extent the
analysis of the symbol helps to understand the generator and the semigroup. The
specific structure of the symbol, i.e. being a continuous negative definite function
with respect to the co-variable &, does in general not allow us to use “standard”
results or methods developed for “classical” pseudo-differential operators, and a
larger part of our discussion is devoted to the “gap” of what we want to do in analogy
to the classical theory and what so far we can do. As mentioned in the introduction,
we do not pay here attention to an analysis of the generator (or the semigroup) based
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on the Lévy-triple associated with the symbol. Both approaches are complementary
and not antagonistic.

In this section we want to investigate how we can use the symbol to study the
process. The key observation is that given a “nice” Feller process we can define the
symbol by pure probabilistic means. For Lévy processes this is of course nothing but
a re-interpretation of the characteristic exponent. For other processes, to the best of
our knowledge, it was first suggested in [37] and then much extended by Schilling
in [58] and [59] how to define the symbol of a Feller process.

Let (X;);>0 be a Feller process with state space R" and generator (A, D(A)),
D(A) C Cw (R"), and corresponding Feller semigroup (7;);>¢. Each of the
operators 7; we can extend to Cj (R") and therefore we can define pointwisely

(. €) = B (eif'<Xf—X>) = (e_¢Tree) (x) 9.1)

where e¢ (x) = e Foru e C5° (R™) it follows now that

Tiu(x) = A (x, D)u(x) = 2m) "> / e (x, £)i(E) d& . (9.2)

Rn

A formal calculation yields now that with

d
— &) = (x| 9.3
G §) = M8 9.3)
on Cg° (R") the generator A should be
Au = —q(x, D)u , 9.4)

i.e. the symbol of the generator is obtained at least formally in pure probabilistic
terms by

Er (/-0 — |

, 9.5)

—q(x,§) = lim

t—0

The following result is taken from [12] and gives a precise formulation of the

statement when the symbol of A is given by (9.5). Recall, see the introduction, that if

the generator A of a Feller semigroup maps C° (R") into the continuous functions

then it is on C3° (R") a pseudo-differential operator —g(x, D) and § — g(x,§) is

a continuous negative definite function. Note further, see [12], Theorem 2.30, that if
X = ¢(x,0) is continuous, then x — g (x, &) is for all £ € R" continuous.

Theorem 9.1 ([12], Corollary 2.39) Let (X;);>o be a Feller process with state
space R". Assume that its generator maps C3° (R") into Coo (R") and denote the
corresponding Feller semigroup by (1t);>( and the symbol by q(x, §). Assume that
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q(.,.) is continuous in R" x R". Let
=1 =infls > 0] | Xy — x| > r} (9.6)

be the first exit time of the ball B, (x) when (X;);>( starts at x, i.e. Xo = x. Then
we have

Ex (eié(erx)) -1
—q(x.§) = lim ; 9.7
11—

The proof of Theorem 9.1 relies on first ideas given in [37], but mainly on
a combination of the results in [59] with those in [65]. From our point of view
the paper [65] has also the interesting feature that it allows us to find the symbol
of a process constructed by probabilistic techniques, i.e. solutions of stochastic
differential equations.

With Theorem 9.1 in mind we may ask which (probabilistic) results for (X;),>¢
we can derive from our knowledge of the symbol g (x, &). For symbols with variable
coefficients it was Schilling [57] who came up with first results and many further
results have been obtained since then. Here are a few. After earlier results in [37]
and [34], in [58] the following theorem was proved.

Theorem 9.2 Suppose that C3° (R") C D(q(x, D)) and that —q(x, D) generates
a Feller semigroup. If for all x € R" we have q(x,0) = 0 and

limsup sup sup |g(y,n)| < oo 9.8)

r—>00 |x—y|=2rn|<1/r

then the corresponding Feller semigroup (1;),>( is conservative, i.e. T;1 = 1 for all
t > 0, and the associated Feller process has infinite life time.

Chapter 5 in [12] gives a lot of beautiful results relating properties of the symbol
of a Feller process to properties of its paths. To get a feeling of the type of results we
quote a result on the Hausdorff dimension of paths. Such results for Lévy processes
are due to Blumenthal and Getoor [8], Pruitt [54] and Millar [52]. Let g(x, §) be a
negative definite symbol and K C R” be a compact set. We define

Sup sup sup  [g(z, )|

K 7 — 1
ﬁolg —infli>0!l lim xekK |n|<|§| |z—x|<1/§|

|00 &> =01 O

The following result is essentially due to R. Schilling, see [60] and [61], and quoted
from [12].
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Theorem 9.3 Let (X,),>( be a Feller process with state space R". Assume that the
generator is a pseudo-differential operator —q(x, D) with the test functions in its
domain. For every bounded analytic time set E C [0, co) we have

dimy X (E) < min (n (sup ﬁoﬁ) dimHE> , (9.10)
K

where dimy F denotes the Hausdorff dimension of F and the supremum is taken
overall compact subsets K C R".

One of the most striking results, again due to Schilling [61] and [63], is the fact
that paths of Feller processes generated by pseudo-differential operators belong to
weighted Besov spaces. We refer to [12], Section 8.5, for details.

We finish our short overview by a result on passage times. The interesting point
is here for us the simple re-interpretation of the result when considering the metric
induced by a continuous negative definite function.

Let us introduce the first passage time

og =0k :=inf{t > 0| | X, — x| > R}, ©.11)

but we do not require now that (X;),>¢ starts at x. In [61] the following estimates
for E* (or) were proved

C C
! <E'(op) < . g (9.12)
sup  Req(y,§/R) inf  sup Req(y,§/4cR)
lx—ylI<2R lx=ylI=2r jg|<1
I£11<1

where we assume that g (x, &) satisfies the sector condition

Im g (y, )| < CoRe g(y, ) , (9.13)

k is a suitable constant as are C; and C». In the case where (X;),>( is a symmetric
Lévy process with characteristic exponent ¥ we deduce from (9.12) the estimates

C C
! <E* (0g) < 2 . (9.14)

sup ¥ (/R) wp (n E)

<
0= lej<t \8 R

If we now add our standard assumptions on i we can rewrite (9.14) as

C C

! 2 (9.15)

<E"(or) <
u?nlpld‘zp ©.575 ' sup d; <0, i E)
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and we find that the estimates (9.14) have a metric or geometric interpretation: we
can look atdy (0, £/R) as a natural (intrinsic) distance of £ /R to 0 and the estimates
of E* (or) is determined by this distance when & runs through the Euclidean unit
ball.

Appendix: On the Metric Balls B% (0, r)

Continuous negative definite functions are in general not smooth, in fact their
smoothness is determined by the moments of their Lévy measure. Moreover for
n > 2 they can have rather anisotropic behaviour, i.e. in the case that wé gives
rise to a metric, the metric balls can be rather anisotropic. Both facts must be taken
into account in the analysis of the operator ¥ (D) and the corresponding operator

semigroups (T,‘//) o
1=
The lack of smoothness has the effect that some “nice” looking estimates are not
suitable for our analysis. The following example is taken from [44]: In R? the two
functions ¥ (€, n) = €] + || and ¥2(€, n) = V/¥2 + n? are continuous negative
definite functions and the estimates

1
PRGERLD < JIEP + 102 < 161 + I (A1)

hold. The corresponding densities of (T,Ilfj ) o are given by
1>

2

72 (x24+12)(y2 +12) (A.2)

p;//l(x’ y) =

and

t

Pl (x,y) = (A3)

2 ((x2_|_y2)+t2)g .

If we choose x = 0 and consider the limit |y| — oo we find for ¢t = 1
p{0,y) = 1y

and
P20, ) =< Iyl

Thus, although we have symbols which are comparable, the decay of the corre-
sponding semigroups is not. The different degrees of smoothness leads to a different
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decay of the Fourier transforms of e’ v, Jj = 1,2, as we do expect. However the
diagonal terms can be compared once we have an estimate such as (A.1). Indeed,
Y1 < ¥ leads to similar lower bounds of the corresponding Dirichlet forms:

&V (u, u) = /R @ |a@ a

<e /R Va(®) [a@) > de

=18V (u, u),

and similarly we find EV2(u,u) < 28V (u, u). Therefore, for example in the
transient case, we obtain with the same g > 2 the estimates

lullfy < &EY (u,u) and |ul, < &HEV(u,u).

This observation implies also that the diagonal behaviour of p;(-) alone cannot
determine the off-diagonal behaviour.

There are three classes of examples of continuous negative definite functions
which we often use and each is requiring some different considerations when
investigating the corresponding operator semigroups:

®

(ii)

(iii)

On R" we may look at the sum ¥ = | 4 ¥ of two continuous negative

definite functions ¥; and ¥r». Our running example {¥gr is of this type. The

convolution theorem yields p;p = p,w 'k p,w 2 and from this we derive using

Young’s inequality that

2| =plO)ApP0). (A4

o]

P! (©) =]

1!72”(0))(oo < Hp?’“

3
(e.¢]

Now special properties of ¥r; and ¥, are needed to get further results. In some
cases one can determine explicitly a time 7 > O such that for ¥ < T we
have p!"(0) A p2(0) = p/'(0) and for t > T it follows that p!* (0) A
pY2(0) = p/2(0). This is, for example, possible for (&) = ]| + [I€]5.
This observation shows now that making use of the full symbol and not only
the principal symbol gives more detailed information.

We may have a decomposition of R”, R" = R"! xR"2, and ¥ (¢, n) = ¥1(§)+
Y2(n). In this case we have of course p,w (x,y) = p;p' ()c)p;p2 (y) and we can

reduce the study of p;// directly to investigations on p;D 7 In this case we should
work with BY1(0, r) x B%2(0, r) rather than with B% (0, r).

The final class of examples is obtained by subordination, i.e. by considering
f o where f is a Bernstein function and ¢ : R” — R is a given continuous
negative definite function. For some questions, compare with Theorem 3.15
and Corollary 3.16, a type of (operator) functional calculus is available.
However, in general, subordination may destroy some structural properties: It
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may happen that for the symbol ¥ (§) = 1 (§) 4+ ¥2(£) we can consider 1 (£)
as a type of principal symbol, however f (¥1(§) + ¥2(£)) need not allow a
decomposition into a principal symbol and a “lower order” term with both
being continuous negative definite functions.

The first geometric question we want to discuss is that of the convexity of metric
balls. Note that two notions of convexity are possible, we may consider convexity
in the vector space R”, and this notion is the important one for us, but we remind
the reader on

Definition A.1 A subset G of a metric space (X, d) is called metrically convex if
for every pair p,q € G, p # g, there exists a point r € G such that d(p, q) =
d(p,r)+d(r, q).

Using the Lévy-Khinchine representation of i, Harris and Rhind could prove,
see [30], that in general the metric space (R”, dv,) is not metrically convex.
The following result is natural and we refer to [48] for a proof:

Proposition A.2 Let v : R" — R be a continuous negative definite function
generating a metric on R" and let f be a Bernstein function such that f o also
generates a metric on R". Then the balls B4 (0, r) are convex if and only if the balls
BArev (0, r) are convex. In particular metric balls related to subordinate Brownian
motion are for appropriate Bernstein functions convex.

In general the metric balls B4¥ (0, r) will not be convex, examples are easily
constructed with the help of

1
& = (1E1° +Inlf)*>, O<a<1 or 0<p<I,

where £ € R"! and n € R™2, see [48], or by looking at

Y1, &, &) = arcosh (187 + 1) + arsinh (16) + 161, 0 < <2,

see [30].

The following two examples do not only illustrate the failure of convexity of
metric balls B4 (0, r), they also illustrate the anisotropic behaviour of the balls.
These examples are taken from [30].

The first example is the continuous negative definite function defined on R3 by

Val®) = 6115 +arcosh (12 + 1) + &5,

The following graphic shows the corresponding metric balls B%« (0, r) for r = 1
anda = 0.35, ¢ = 0.5, ¢ = 0.75 and o = 0.9, respectively.
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The second example is the continuous negative definite function

¥ (©) = arcosh (16112 + 1) + arsinh (|&217) + 181,

and we consider the differentradiir =0.5,r =1,r = 1.5andr = 2.

i

In Sect. 4 we have introduced the doubling property for the metric balls B% (0, r)
and in the case where (R", dy, A(")) is a metric measure space in which the doubling

property holds we could derive better estimates for p,‘lf (0) and therefore we want to
study (R", dy, A™) in relation to the doubling property.

First we note that the metric dy = v 2 (§ —n) is translation invariant which allows
us to reduce all studies to metric balls with centre O € R”. Thus the conditions

A (Bdw (o, 2r)) < o)™ (Bdw (o, r)) forall r > 0, (A.5)
and

A (Bdw (x, 2r)) < o™ (Bd‘/’(x, r)) forallr > 0, x € R", (A.6)

with ¢g independent of  and x are equivalent. The doubling property implies power
growth for R — A (Bd'/f O, R)), i.e. we have

A0 (Bd‘/' (x, R)) <KRMO. =™ (Bdw o, 1)). (A7)
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We say that (R", dy, A™) has the local volume doubling property if (A.6) holds
forall r, 0 < r < ro. We often say dy has the volume doubling property when we
mean that (R", dy, A(")) has this property.

Example A.3

A. The metric measure space (R”, dy,, A(”)) with ¥ (§) = ]9, 0 < @ < 2, has

the volume doubling property since A™ (B%« (0, 7)) = ¢y o7 a.
B. The metric measure space (R”, dy, A(”)) with

vE) =1—e 7k S0, (A.8)

has the local volume doubling property for 0 < r < 1, but not the volume
doubling property.

From this observation we deduce that in general, if dy has the volume doubling
property, df.y, where f is a Bernstein function, need not have the doubling
property. In [44] some conditions on f and y are discussed for d .y having the
doubling property, we just quote as one result Corollary 3.11 from [44].

Corollary A4 If dy has the volume doubling property and f is a Bernstein
function such that for some C > 1

c c
timint €7 =1 and timint €~

r—0  f(r r—oo  f(r)

11

then d oy has the volume doubling property too.

Many of our examples are of type ¥ (§) = 27:1 Yij) withé = (§1,...,én),
&; € R%. Suppose that each of the continuous negative definite functions
generates a metric dv,j on R%.On R" n = n; 4+ ...+ ny, the natural choice
of a metric is d;/l) = Z?;l dy; and the question arises whether dl(ljl) has the volume
doubling property ( with respect to A(")) if each dy,; has the doubling property with
respect to A(*)? The metric balls with respect to d;l) are not as easy to treat as
the metric balls with respect to dl(;o) = maxj<j<n dy;. It is helpful to note the
following result from [30].

1
Proposition A.5 Let d} = (27:1 d{;j)”, 1 < p < o, and let d be defined

as above. If one of the metrics dl(/,p), 1 < p < oo has the volume doubling property,
then they all have the volume doubling property.
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Corollary A.6 Suppose that each metric measure space (R”J',dv,j, A(”f)), 1 <
Jj =< N, has the volume doubling property. Then the metric measure spaces

(R", dl(f), A(")), Y= Z?’Zl dy;, n= Z?’Zl nj, has the volume doubling property
foralll < p < oo.

Proof We prove the doubling property for p = oo and Proposition A.5 will imply
the result. Now we observe

N
(00)
A (Bdw , zr)> =[]»" (Bd‘ﬂj (0, 2r))
j=1

N
(00)
< [Tesn™ (B%10.1) = ca® <Bd¢ (©, r)).
j=1

O

Now let g : R” x R” — R be a continuous negative definite symbol, i.e. for all
x € R” the function g (x, ) : R* — R is negative definite and ¢ as a function on
R” x R" is continuous. Assume that for a fixed continuous negative definite function
Y we have the estimates

Koy (§) = q(x,8) < k1Y (§) (A9)

forallx € R, & € R",and 0 < k¢ < k1 are independent of x and &. Suppose that v
satisfies our standard assumptions and the corresponding metric dy, has the volume
doubling property. The following result taken from [30] is a first step to enable us
to use “freezing the coefficients techniques” to investigate the pseudo-differential
operator —g (x, D) and in the case it generates a sub-Markovian or Feller semigroup
to study associated transition densities with the help of the metric djx .).

Proposition A.7 Let ¢ : R" — R be a fixed continuous negative definite function
satisfying our standard conditions and let g : R" x R* — R be a continuous
negative definite symbol. Further assume that uniformly in x the estimates (A.9)

hold. For every x € R", now fixed, (R", (g (x, ~))% , A(”)) is a metric measure space
and the metrics (q(x, & — 77))5 anddy (&, n) = 1/;5 (& —n) are equivalent. Moreover,

if for some y > 0 we can find two constants 0 < ¢y < ¢y such that

cor? <A™ (Bd‘/’ (O, r)) <cir?

holds, then for every x € R" the metric (q(x, ~))5 has the volume doubling property.

Example A.8 Choose 0 < o, B < 2 and ¥ (&1, &) = ||E1]% + |&217, & € R™,
& € R™. Further let g : R" x R" — R be a continuous negative definite symbol
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n n2
satisfying (A.9) with i as defined above. Since A (Bd’// O, r)) = cr2( o ) we
may apply Proposition A.7 to g(x, D).

For further results on the metric measure space (R”, dy, A(")), we refer to [30]
and [48]. We would like to mention once more that the Appendix is co-authored by
J. Harris.
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Lectures on Entropy. I: )
Information-Theoretic Notions s

Vojkan Jaksié¢

Abstract These lecture notes concern information-theoretic notions of entropy.
They are intended for, and have been successfully taught to, undergraduate students
interested in research careers. Besides basic notions of analysis related to conver-
gence that are typically taught in the first or second year of undergraduate studies,
no other background is needed to read the notes. The notes might be also of interest
to any mathematically inclined reader who wishes to learn basic facts about notions
of entropy in an elementary setting.

1 Introduction

As the title indicates, this is the first in a planned series of four lecture notes. Part II
concerns notions of entropy in the study of statistical mechanics, and ITII/IV are the
quantum information theory/quantum statistical mechanics counterparts of I/II. All
four parts target a similar audience and are on a similar technical level. Eventually,
Parts I-IV together are intended to be an introductory chapter to a comprehensive
volume dealing with the topic of entropy from a certain point of view on which I
will elaborate below.

The research program that leads to these lecture notes concerns the elusive notion
of entropy in non-equilibrium statistical mechanics. It is for this pursuit that the
notes are preparing a research-oriented reader, and it is the pursuit to which the later
more advanced topics hope to contribute. Thus, it is important to emphasize that the
choice of topics and their presentation have a specific motivation which may not
be obvious until at least the Part II of the lecture notes is completed. Needless to
say, the lecture notes can be read independently of its motivation, as they provide
a concise, elementary, and mathematically rigorous introduction to the topics they
cover.
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The theme of this Part I is the Boltzmann—Gibbs—Shannon (BGS) entropy
of a finite probability distribution (pi,---, py), and its various deformations
such as the Rényi entropy, the relative entropy, and the relative Rényi entropy.
The BGS entropy and the relative entropy have intuitive and beautiful axiomatic
characterizations discussed in Sects.3.4 and 5. The Rényi entropies also have
axiomatic characterizations, but those are perhaps less natural, and we shall not
discuss them in detail. Instead, we shall motivate the Rényi entropies by the so-
called Large Deviation Principle (LDP) in probability theory. The link between the
LDP and notions of entropy runs deep and will play a central role in this lecture
notes. For this reason Cramér’s theorem is proven right away in the introductory
Sect.2 (the more involved proof of Sanov’s theorem is given in Sect.5.4). It is
precisely this emphasis on the LDP that makes this lecture notes somewhat unusual
in comparison with other introductory presentations of the information-theoretic
entropy.

The Fisher entropy and a related topic of parameter estimation are also an impor-
tant part of this lecture notes. The historical background and most of applications
of these topics are in the field of statistics. There is a hope that they may play an
important role in study of entropy in non-equilibrium statistical mechanics, and that
is the reason for including them in the lecture notes. Again, Sects. 6 and 7 can be read
independently of this motivation by anyone interested in an elementary introduction
to the Fisher entropy and parameter estimation.

These notes are work in progress, and additional topics may be added in the
future.

The notes benefited from the comments of numerous McGill undergraduate
students who attended the seminars and courses in which I have taught the presented
material. I am grateful for their help and for their enthusiasm which to a large
extent motivated my decision to prepare the notes for publication. In particular, [ am
grateful to Sherry Chu, Wissam Ghantous, and Jane Panangaden whose McGill’s
undergraduate summer research projects were linked to the topics of the lecture
notes and whose research reports helped me in writing parts of the notes. I am also
grateful to Laurent Bruneau, Noé Cuneo, Tomas Langsetmo, Renaud Raquépas,
and Armen Shirikyan for comments and suggestions. I wish to thank Jacques
Hurtubise and David Stephens who, as the chairmans of the McGill Department
of Mathematics and Statistics, enabled me to teach the material of the notes in a
course format. Finally, I am grateful to Marisa Rossi for her exceptional hospitality
and support during the period when Sect. 7 was written.

A part of the material of these lecture notes was presented in Gottingen’s Second
Summer/Winter School on Dynamical Approaches in Spectral Geometry titled
“Dynamical Methods in Open Quantum Systems”. I am grateful to Dorothea Bahns,
Anke Pohl, and Ingo Witt for their invitation to lecture at this school and for their
hospitality.

This research that has led to this lecture notes was partly funded by NSERC,
Agence Nationale de la Recherche through the grant NONSTOPS (ANR-17-
CE40-0006-01, ANR-17-CE40-0006-02, ANR-17-CE40-0006-03), the CNRS col-
laboration grant Fluctuation theorems in stochastic systems, and the Initiative
d’excellence Paris-Seine.
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1.1 Notes and References

Shannon’s seminal 1948 paper [44], reprinted in [45], remains a must-read for
anyone interested in notions of entropy. Khintchine’s reworking of the mathematical
foundations of Shannon’s theory in the early 1950s, summarized in the monograph
[32], provides a perspective on the early mathematically rigorous developments
of the subject. For further historical perspective, we refer the reader to [52] and
the detailed list of references provided there. There are many books dealing with
entropy and information theory. The textbook [9] is an excellent introduction to
the subject, [4, 22, 46] are recommended to mathematically more advanced reader.
Another instructive reference is [ 1 1], where a substantial part of the material covered
in this lecture notes is left as an exercise for the reader!

Discussions of a link between information and statistical mechanics preceded
Shannon’s work. Although Weaver’s remark! on page 3 of [45] appears to be
historically inaccurate, the discussions of the role of information in foundations
of statistical mechanics goes back at least to the work of Szillard [49] in 1929, see
also https://plato.stanford.edu/entries/information-entropy/, and remains to this day
a hotly disputed subject; see [21] for a recent discussion. An early discussion can be
found in [27, 28]. The textbook [39] gives an additional perspective on this topic.

In contrast to equilibrium statistical mechanics whose mathematically rigorous
foundations, based on the nineteenth century works of Boltzmann and Gibbs,
were laid in the 1960s and 1970s, the physical and mathematical theory of
non-equilibrium statistical mechanics remains in its infancy. The introduction of
non-equilibrium steady states and the discovery of the fluctuation relations in the
context of chaotic dynamical systems in the early 1990s (see [26] for references)
revolutionized our understanding of some important corners of the field, and have
generated an enormous amount of theoretical, experimental, and numerical works
with applications extending to chemistry and biology. The research program of
Claude-Alain Pillet and myself mentioned in the introduction is rooted in these
developments.” In this program, the search for a notion of entropy for systems out
of equilibrium plays a central role. The planned four parts lecture notes are meant as
an introduction to this search, with this Part I focusing on the information-theoretic
notions of entropy.

1“Dr. Shannon’s work roots back, as von Neumann has pointed out, to Boltzmann’s observation,
in some of his work on statistical physics (1894), that entropy is related to “missing information,”
inasmuch as it is related to the number of alternatives which remain possible to a physical system
after all the macroscopically observable information concerning it has been recorded.”

2The references to results of this program are not relevant for this Part I of the lectures and they
will be listed in the latter installments.


https://plato.stanford.edu/entries/information-entropy/
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2 Elements of Probability

2.1 Prologue: Integration on Finite Sets

Let £2 be a finite set. Generic element of £2 is denoted by w. When needed, we will
enumerate elements of §2 as 2 = {wy, -+ , wr }, where |2| = L.
A measure on §2 is a map

w82 — Ry =10, 00

The pair (£2, ) is called measurable space. The measure of § C £2 is

wS) =) n).

weS

By definition, u(¥) = 0.
Let f : £2 — C be a function. The integral of f over S C §2 is defined by

fs fdp="7) f@n@).

weS

Let £2 and & be two finite sets and T : 2 — £ a map. Let u be a measure on £2.
For ¢ € &€ set

pr@)=pT'eN= ) o).

w:T(w)=¢

wr is a measure on & induced by (u, 7). If f : £ — C, then

/gfd/n:/gfonu.

If f: 2 — C, we denote by 1 r the measure on the set of values £ ={ f(w) | w € £2}
induced by (£2, f). uy is called the distribution measure of the function f.
We denote by
2V = (o= (.- on) | € 2},

un(@ = (w1, -+ ,oN)) = w(wr) - - p(oy),

the N-fold product set and measure of the pair (£2, ).
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Let £2;/, be two finite sets and p a measure on £2; x §2,. The marginals of y are
measures (;/ on £2;/, defined by

@) =Y woo), we@,

o' €,

@ =) ue. o), wc.

' €82

If j4;/r are measures on §2;/,. we denote by 1; ® w, the product measure defined by
@ (@, ) = p(w)pr (@),

The support of the measure u is the set

supp it = {w | 11() # 0},

Two measures pi and pp are mutually singular, denoted w; L wo, iff
suppur N supppz = . A measure p; is absolutely continuous w.r.t.
another measure pup, denoted pu; < w2, iff suppu; C suppua, that is, iff
ww) =0 = puj(w) = 0. If u1 K wu2, the Radon-Nikodym derivative of 1]
w.r.t. w2 is defined by

pni(w)

A (w) = { m2(@)
sk :0 if o & supp u1.

if w € supp 1

Note that

[ 5 A= [ s
2 2

Two measures 1 and p; are called equivalent iff supp 1 = supp wa.
Let i, p be two measures on §2. Then there exists a unique decomposition (called
the Lebesgue decomposition) u = w1+ u2, where 1 < p and wy L p. Obviously,

w(w) ifw € suppp if w € supp p

0 if w & supp p,

0
w2 (w) = { ]
p(w) if o & supp p.

n1(w) =!

A measure p is called faithful if u(w) > O forall w € £2.
Proposition 2.1 Let f : 2 — Ry, a > 0,and S, = {w| f(w) > a}. Then

1
w(Sa) < /fdﬂ-
aJjgo
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Proof The statement is obvious is S, = @. If S, is non-empty,

1 1
wso =Y ne < | Y fonw = | rau

w€eS, WES,

We recall the Minkowski inequality

1/p 1/p 1/p
</Q|f+g|”du) S(/glfl”@) +</Q|g|”du) .

where p > 1, and the Holder inequality

/Qfgdu§</ﬂlflpdu>l/p </ﬂ Iglqdu>1/q,

where p,q > 1, p~! 4+ ¢~ = 1. For p = g = 2 the Holder inequality reduces to

the Cauchy-Schwarz inequality.
If f:8 —]— o0, 00] or [—0o0, co[, we again set fg fdu =Y, f@p(w)
with the convention that 0 - (+00) = 0.

2.2 Probability on Finite Sets

We start with a change of vocabulary adapted to the probabilistic interpretation of
measure theory.

A measure P on a finite set §2 is called a probability measure if
P(2) = ) ,co P(w) = 1. The pair (£2, P) is called probability space. A set
S C £2 is called an event and P(S) is the probability of the event S. Points w € §2
are sometimes called elementary events.

A perhaps most basic example of a probabilistic setting is a fair coin experiment,
where a coin is tossed N times and the outcomes are recorded as Head = 1 and
Tail = —1. The set of outcomes is

2 ={w= (o1, - ,0n) o ==£1},

and

P(C()Z(Ct)l,"' 7a)N))=2N
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Let S be the event that k Heads and N — k Tails are observed. The binomial formula

gives
P(S) = N\ 1
- \k 2N

As another example, let

Sj:{w:(wlv"'va)|Zwk:j}s
k

where —N < j < N. P(§;) =0if N + jisodd. If N + j is even, then
N 1
PO = v ) g

A function X : 2 — R s called random variable.
The measure Px induced by (P, X) is called the probability distribution of X.
The expectation of X is

E(X):/ XdP.
Q
The moments of X are
My =EXY, k=12,

and the moment generating function is

M(@) = E@¥) = )" e**@p(w),

wes?
where a € R. Obviously,

dk

M, =
K=ok

M(oz)|a:O.

The cumulant generating function of X is

C(a) = log E(e*X) = log (Z e"‘X(“’)P(a))) .

weS2
The cumulants of X are

k

d
Cr= . Cl)|
o

k=1,2,---.
d

a=0"
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Ci =M; =E(X)and
C> = E(X*) — E(X)? = E(X — E(X))?).

C, is called the variance of X and is denoted by Var(X). Note that Var(X) = 0iff X
is constant on supp P. When we wish to indicate the dependence of the expectation
and variance on the underlying measure P, we shall write Ep(X), Varp(X), etc.

Exercise 2.1 The sequences {My} and {Cy} determine each other, i.e., there are
functions Fj and Gy such that

Cr=F(My, -+, My), My = Gi(Cy, -+, Cy).

Describe recursive relations that determine Fj and Gy.

In probabilistic setup Proposition 2.1 takes the form
1
P({w € 2[|X(@)|za}) = E(X]. 2.1)

and is often called Markov or Chebyshev inequality. We shall often use a shorthand
and abbreviate the L.h.s in (2.1) as P{| X (w)| > a}, etc.

2.3 Law of Large Numbers

Let (£2, P) be a probability space and X : £2 — R a random variable. On the
product probability space (2", Py) we define

N
Sn(@= (@1, oNn) =Y X(ap).
k=1

We shall refer to the following results as the Law of large numbers (LLN).

Proposition 2.2 For any e > 0,

lim Py HSN (@)
N—o0 N

— E(X)

ze}:O.

Remark 2.3 An equivalent formulation of the LLN is that for any € > 0,

56}:1.

lim Py
N—o0

Sn(w)
e
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Proof Denote by Ey the expectation w.r.t. Py. Define Xy (w) = X (wi) and note
that Ex(Xx) = E(X), EN(X}) = E(X?), EN(XkXj) = E(X)? fork # j. Then

S S 2
Py H N]\iw) —EX)| > e} =Py {( NA(’w) _E(X)> > 62}

1 Sn(w) 2

< 62EN < N E(X))

= N2e2 En ka:(Xk —EX)(X; — E(X;))

. Var(X)

= Ne2

and the statement follows. O

2.4 Cumulant Generating Function

Let (£2, P) be a probability space and X : £2 — R arandom variable. In this section
we shall study in some detail the properties of the cumulant generating function

C(a) = log E(e*¥).

To avoid discussion of trivialities, until the end of this chapter we shall assume that
X is not constant on supp P, i.e. that X assumes at least two distinct values on
supp P. Obviously, the function C («) is infinitely differentiable and

lin;o C'(a) = max X (w),
2.2)

lim C'(¢) = min X (w).
o—>—00 w

Proposition 2.4 C”(«) > O for all o. In particular, the function C is strictly
convex.

Remark 2.5 By strictly convex we mean that C’ is strictly increasing, i.e., that the
graph of C does not have a flat piece.

Proof Set

X (@ P(w)

0ul@) = &~ axw) p(a)’

2.3)

and note that Q is a probability measure on §2 equivalent to P.
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One easily verifies that
C'(a) = Eg,(X), C"(a) = Varg, (X).
The second identity yields the statement. O
Proposition 2.6 C extends to an analytic function in the strip

1

Ima| < .
2 max,, | X (w)|

2.4)

Proof Obviously, the function o > E(e®X) is entire analytic. If « = a + ib, then

E(e*X) = Z X @ cos(bX (w)) P(w) + i Z X @ gin(b X (w)) P(w).
wes2 wes?

If |bX (w)| < 7/2 for all w, then the real part of E (e*¥) is strictly positive. It follows
that the function

Log E (e%%),

where Log is the principal branch of complex logarithm, is analytic in the strip (2.4)
and the statement follows. O

Remark 2.7 Let 2 = {—1,1}, P(—1) = P(1) = 1/2, X(1) = 1, X(—1) = —1.
Then

C(x) = logcosha.

Since cosh(rri/2) = 0, we see that Proposition 2.6 is an optimal result.

2.5 Rate Function

We continue with the framework of the previous section. The rate function of the
random variable X is defined by

1) =sup (@f — C(a)), 6O €eR.

aeR

In the language of convex analysis, I is the Fenchel-Legendre transform of the
cumulant generating function C. Obviously, 7 () > 0 for all 6. Set

m = min X (w), M = max X (w),
w w
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and recall the relations (2.2). By the intermediate value theorem, for any 6 in Jm, M|
there exists unique «(6) € R such that

6 = C'(a(9)).
The function
a0) = ()7 ®)
is infinitely differentiable on Jm, M|, strictly increasing on Jm, M[, «(6) | —oo iff

0 | m,and a(0) 1 coiff 6 1 M.

Exercise 2.2 Prove that the function Jm, M[ > 6 — «(0) is real-analytic.
Hint: Apply the analytic implicit function theorem.

Proposition 2.8
(1) For@ €lm, M|,

1) = a(0)0 — C(a(d)).

(2) The function I is infinitely differentiable on Jm, M.
(3) I'(0) = a®). In particular, I is strictly increasing on lm, M[ and

lim I'(6) = —oo, lim 1'(6) = oo.
Bim oM

(4) 1"(6) = 1/C"(x(0)).
(5) 1) = 0iff6 = E(X).

Proof To prove (1), note that for & €]m, M| the function
d /
(@b — C(a)) =0 — C'()
do

vanishes at @(0), is positive for « < «(#), and is negative for « > «(6). Hence,
the function ¢ — «f — C(«) has the global maximum at « = «(8) and Part (1)
follows. Parts (2), (3), and (4) are obvious. To prove (5), note that if /(6) = 0O for
some 6 €]m, M[, then, since I is non-negative, we also have 0 = I'(0) = «a(9),
and the relation 8 = C’(«(0)) = C’(0) = E(X) follows. On the other hand, if
0 = E(X) = C'(0), then «(d) =0, and I (8) = —C(0) = 0. O

Exercise 2.3 Prove that the function 7 is real-analytic in Jm, M].

Let

Sp=lwe 2| X =m), Sy=I{vec2|Xw =M).
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Proposition 2.9

(1) 1(0) = oo for & [m, M].

(2)
I(m) = él)iim 1(6) = —log P(Sn),
I(M) = lim I(0) = —log P(Sy).-

oM
Proof

(1) Suppose that & > M. Then
d /7
(@ —C(a))=6—-C'(a) >0 — M.
do
Integrating this inequality over [0, «] we derive
af — C(a) > (0 — M)a,
and so

1(0) = sup(af — C(a)) = o0.

aeR

The case 6 < m is similar.

V. Jaksié

(2) We shall prove only the second formula, the proof of the first is similar. Since

the function « M — C(«) is increasing,
I(M) = ali)néo(cxM — C(w)).
Since
C(a) =aM +log P(Sy) + log(1 4+ A(w)),

where

1
Al@) = X @M p(w),
P(Sm) Z
wdSy
we derive that I (M) = —log P(Sy).
Since C'(a(0)) = 6, Part (1) of Proposition 2.8 gives that

91% 1) = lim (@C'(@) - C(@)).

2.5)
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Write
1+ B(a)
C'(a) = , 2.6
@=M, | A@) (2.6)
where
1
B(a) = X (0)e*X@=Mp(y).
@ = psin > X(we ()
w€Sy
The formulas (2.5) and (2.6) yield
wC'(@) — C@) = am B @ A b sa) — log(l + A@)
1+ A@) oM £ .
Since A(«) and B(«) convergeto 0 as ¢ — 00,
lim 7(#) = lim (@C’(a) — C(a)) = —log P(Sy).
0rM a—00
O
Proposition 2.10
C(a) = sup (P — 1(9)). 2.7
6eR
Proof To avoid confusion, fix « = ag. Below, a(8) = (C)~'(0) is as in

Proposition 2.8.
The supremum in (2.7) is achieved at 8y satisfying

ao = I'(0).
Since I’ (6y) = a(8y), we have ag = (), and
1(6o) = o (6o) — C(ee(6p)) = Opaxo — C ().
Hence

sup (Oap — 1(8)) = aoblo — I(6p) = C(ao).
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Returning to the example of Remark 2.7, m = —1, M = 1, C(@) = logcosha,
and C’ (o) = tanh«. Hence, for 8 €] — 1, 1],

1+6

1
a(6) = tanh™' (0) = 5 log Ll

It follows that

16) = a6) — Cla®) = L1+ ) log(1 +6) + (1 —6)log(1 —6).

2.6 Cramér’s Theorem

This section is devoted to the proof of Cramér’s theorem:

Theorem 2.11 For any interval [a, b],

N—o00 ]

.1 SN (@) :
1 log P, bt = — inf 1(0).
m - log N{ N € [a, b] ponf )

Remark 2.12 To prove this result without loss of generality we may assume that
[a,b] C [m, M].

Remark 2.13 Note that
0 if E(X) € [a, b]

Gei[rifbll(e) =11(a) ifa>EX)
’ 1(b) ifb <E(X),

and that
fim tog Py ISV Z mrl Z10g Pesy) = — 100
m (0] = = 10 = —
N—oo N g N & M ’
.1 Sn(w)
Nh_l)noo N log Py { N = m ¢ =log P(Sy) = —1(m).

We start the proof with
Proposition 2.14
(1) For6 > E(X),

1
limsup  log Py {SN;") > 9} < _1().

N—o0
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(2) For6 < E(X),

Sw@) _

1
lim sup N log Py { N

9} < —1(9).
N—o00
Remark 2.15 Note that if 0 < [E(X), then by the LLN

Sy (w)

1
li log P
1mN0g N{ N

N—o00

Z@}:O.

Similarly, if 6 > E(X),

Proof For o > 0,

Py (Sy (@) = N6} = Py {erS@ = oV
< e—aNeEN (eozSN(w))

— efaNGE (eaX)N
— eN(C(oz)—oz&).

It follows that

1 S
lim sup N log Py { NZ\ECO) > 9}

N—o0 a>0

If 6 > E(X), then 6 — C(a) <0 for o < 0 and

sup (@8 — C(a)) = sup (ef — C(a)) = 1(6).

a>0 aeR

< ing (C(a) —af) = —sup (af — C(@)).
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This yields Part (1). Part (2) follows by applying Part (1) to the random variable

—X.

O

Exercise 2.4 Using Proposition 2.14 prove that for any € > 0 there exist y. > 0

and N¢ such that for N > N,

”SN(U))
N

Py —E(X)‘ 26} <e VN,
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Proposition 2.16
(1) For6 > E(X),

lim inf 1 log P Sn(w) ol > _100
imin 0 —1(0).
N—oo N gtw N -
(2) For <E(X),
o1 Sy (w)
1 f log P, 0 —1(0).
iminf | log N{ N < } > —1(0)

Remark 2.17 Note that Part (1) trivially holds if & < E(X). Similarly, Part (2)
trivially holds if 6 > E(X).

Proof We again need to prove only Part (1) (Part (2) follows by applying Part (1) to
the random variable — X). If 6 > M, the statement is obvious and so without loss of
generality we may assume that 8 € [E(X), M[. Fix such 6 and choose s and € > 0
suchthatf <s —e <s+e¢€ < M.

Let Q4 be the probability measure introduced in the proof of Proposition 2.4,
and let Q, v be the induced product probability measure on £2%. The measures Py
and Q,, y are equivalent, and for w € supp Py

Apy|Qgy (@) = e*OfSN(w)JrNC(a).

We now consider the measure Qg n for @ = o(s). Recall that

C'(a(s) = s = Eg,, (X).

Set
S
Tn = {weQN| N (@) S [s—e,s—i—e]},
N
and note that the LLN implies
lim Qu) n(Ty) = 1. (2.8)
N—o0

The estimates

Sn(w)
Py >0 > Py(Ty) = APN\Qa(s).Nan(S),N
N Ty

— / efa(s)SN+NC(a(s))an(S) N
Ty ’

. eN(C(ot(S))—m(s)_ela(s)lQa(s),N(TN)
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and (2.8) give
N—o0

liminf;, log Py {SNA(ICU) > 9} > C(a(s)) —sa(s) —e€la(s)| = —1(s) — €|a(s)].

The statement now follows by taking firste | 0 and then s | 6. O
Combining Propositions 2.14 and 2.16 we derive

Corollary 2.18 For6 > E(X),

.1 Sn(w)

1 log P >0 =—10).

Jim_ oz | 20} =1
For6 < E(X),

.1 Sn(w)

1 log P <0 =-10).

i togpy | <o} =1

We are now ready to complete

Proof of Theorem 2.11 If E(X) €]a, b[ the result follows from the LLN. Suppose
that M > a > E(X). Then

Py {SNI\E“)) c [a,b]} = PN{SNA(]“’) Za} — Py {SNI\E“’) > b}.

It follows from Corollary 2.18 that

PN !SNAE@) > b}

1
lim log|1— =0, 2.9
N—oo N Py ESNAECO) > a}
and so
1 S 1 S
Jim  log Py { N@) [a,b]} = lim  log Py { NA(,“’) > a} = _I(a).
The case m < b < [E(X) is similar. |

Exercise 2.5 Write down the proof of (2.9) and of the case m < b < E(X).

Exercise 2.6 Consider the example introduced in Remark 2.7 and prove Cramér’s
theorem in this special case by using Stirling’s formula and a direct combinatorial
argument.

Hint: See Theorem 1.3.1 in [15].
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2.7 Notes and References

Although it is assumed that the student reader had no previous exposure to
probability theory, a reading of additional material could be helpful at this point.
Recommended textbooks are [8, 42, 43].

For additional information and original references regarding Cramer’s theorem,
we refer the reader to Chapter 2 of [13]. Reader interested to learn more about theory
of large deviations may consult classical references [13—15], and the lecture notes
of S.R.S. Varadhan https://math.nyu.edu/~varadhan/LDP.html.

It is possible to give a combinatorial proof of Theorem 2.11, as indicated in
the Exercise 2.6. The advantage of the argument presented in this chapter is that it
naturally extends to a proof of much more general results (such as the Gértner-Ellis
theorem) which will be discussed in the Part II of the lecture notes.

3 Boltzmann-Gibbs—-Shannon Entropy

3.1 Preliminaries

Let £2 be a finite set, [£2| = L, and let P(£2) be the collection of all probability
measures on §2. P(£2) is naturally identified with the set

L
7>L=:<p1,---,pL)|pkzo,Zpk=1} 3.1)

k=1

(the identification map is P +— (P(w1), - P(wr)). We shall often use this
identification without further notice. A convenient metric on P (£2) is the variational
distance

dv(P, Q)= ) |P(®) — Q). (3.2)

we2

We denote by Pr(§2) the set of all faithful probability measures on P(£2) (recall
that P € Pr(£2) iff P(w) > 0 for all w € £2). Pr(§2) coincides with the interior of
P(£2) and is identified with

L
7’L,f=:(Pl,---,pL)ka>0,ZPk=1 :

k=1

Note that P(£2) and Pr(§2) are convex sets.
The probability measure P is called pure if P(w) = 1 for some w € §2. The
chaotic probability measure is Pep(w) = 1/L, o € §2.


https://math.nyu.edu/~varadhan/LDP.html
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We shall often make use of Jensen’s inequality. This inequality states that if

f :la, b]— Risconcave, then for xy € [a, b, k=1, --- ,n,and (p1, - - , pn) € Pt
we have
n n
Yonf) < £ D] ) (3.3)
k=1 k=1
Moreover, if f is strictly concave the inequality is strict unless x; = --- = x,.

A similar statement holds for convex functions.

Exercise 3.1 Prove Jensen’s inequality.

3.2 Definition and Basic Properties

The entropy function (sometimes called the information function) of P € P(82) is’
Sp(w) = —clog P(w), (3.4)

where ¢ > 0 is a constant that does not depend on P or §2, and —log0 = oo. The
function Sp takes values in [0, 0o]. The Boltzmann—Gibbs—Shannon entropy (in the
sequel we will often call it just entropy) of P is

S(P) = / SpdP = —c Y P(w)log P(w). (3.5)
2

weS2

The value of the constant c is linked to the choice of units (or equivalently, the base
of logarithm). The natural choice in the information theory is ¢ = 1/log?2 (that is,
the logarithm is taken in the base 2). The value of ¢ plays no role in these lecture

3Regarding the choice of logarithm, in the introduction of [44] Shannon comments: “(1) It is
practically more useful. Parameters of engineering importance such as time, bandwidth, number
of relays, etc., tend to vary linearly with the logarithm of the number of possibilities. For example,
adding one relay to a group doubles the number of possible states of the relays. It adds 1 to
the base 2 logarithm of this number. Doubling the time roughly squares the number of possible
messages, or doubles the logarithm, etc. (2) It is nearer to our intuitive feeling as to the proper
measure. This is closely related to (1) since we intuitively measure entities by linear comparison
with common standards. One feels, for example, that two punched cards should have twice the
capacity of one for information storage, and two identical channels twice the capacity of one for
transmitting information. (3) It is mathematically more suitable. Many of the limiting operations
are simple in terms of the logarithm but would require clumsy restatement in terms of the number
of possibilities.”
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notes, and from now on we set ¢ = 1 and call

S(P)=—)_ P(w)log P()

weS2

the Boltzmann—Gibbs—Shannon entropy of P. We note, however, that the constant
¢ will reappear in the axiomatic characterizations of entropy given in Theorems 3.4
and 3.7.

The basic properties of entropy are:

Proposition 3.1

(1) S(P) = 0and S(P) = 0iff P is pure.

(2) S(P) <logL and S(P) =logL iff P = Pc.

(3) The map P(S2) > P — S(P) is continuous and concave, that is, if pi’s are as
in (3.3) and Py € P(S2), then

P1S(P) + -+ puS(Py) < S(p1P1+ - puFr), (3.6)
with equality iff Py = --- = P,.
(4) The concavity inequality (3.6) has the following “almost convexity” counter-

part:
S(p1Pr+ -+ puPu) < p1S(P) + -+ puS(Pu) + S(p1, -+, pu),

with equality iff supp Py N supp Pj = @ for k # j.

Proof Parts (1) and (3) follow from the obvious fact that the function
[0, 1] > x — —xlogx is continuous, strictly concave, non-negative, and vanishing
iff x = 0 or x = 1. Part (2) follows from Jensen’s inequality. Part (4) follows from
the monotonicity of log x:

n n
S(PLPi 4+ paP) =) Y —piPr(@)log [ Y pjPj(w)
weR k=1 j=1

< > Y —pkPi(@)log (pi Pr(e))

wes2 k=1
= Z Pr (Z — Pi(w) log Pk(a))>
k=1 weS
-3 (Z Pk<w)> pilog pi
k=1 \we$f2

n

=Y PSP+ S(pr.- - . pa).
k=1
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The equality holds if for all w and k # j, px Pr(w) > 0 = p;Pj(w) = 0, which
is equivalent to supp Py N supp P; = @ forall k # j. O

Suppose that £2 = £2; x £, and let P/, be the marginals of P € P(§2). For a
given w € suppP; the conditional probability measure Pr“l’l on £2, is defined by

P(w, o)
P ()

ra\)l(a)/) =

Note that
> P(@)Py=P.
wesuppP;
Proposition 3.2
(1)

S(P)=S(P)+ Y Pi(@)S(PY).

a)EQ]

(2) The entropy is strictly sub-additive:
S(P) = S(P) + S(Pr),
with the equality iff P = P; @ P;.

Proof Part (1) and the identity S(P; ® P.) = S(P;) + S(P,) follow by direct
computation. To prove (2), note that Part (3) of Proposition 3.1 gives

Yo P@SPH =S| Y. PPy | =SP,

wesuppP; wesupp P,

and so it follows from Part (1) that S(P) < S(P;) + S(P,) with the equality iff all
the probability measures Pr‘“)l, w € suppP;, are equal. Thus, if the equality holds,
then for all (w, ') € 21 X 2;, P(w, ®') = C(&') Pi(w). Summing over w’s gives

that P = P ® P;. O
Exercise 3.2 The Hartley entropy of P € P(£2) is defined by

Su(P) =log [{w| P(w) > O}].
1. Prove that the Hartley entropy 1is also strictly sub-additive:

Su(P) < Su(P) + Su(Py), with the equality iff P = P, ® P,.
2. Show that the map P + Sy (P) is not continuous if L > 2.
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3.3 Covering Exponents and Source Coding

To gain further insight into the concept of entropy, assume that P is faithful and
consider the product probability space (2%, Py). For given € > 0 let
<]

Ty.e = {w: (@1, o) € QN| ‘Sp(an) +]-V..SP(U)N) _S(P)

e

= la) eV | e NEPHI) - py(w) < efN(S(P)%)} .

_ {w e 2V ‘—logi’;(w) — S(P)

The LLN gives
lim PN(TN,E) =1.
N—o0

We also have the following obvious bounds on the cardinality of T .:
Py(Ty,)e" 379 < |Ty (| < NVEPF9),

It follows that

|TN,€|

o1
S(P) — S(Pep) —€ < ljlvlgloréfN log 2y

1 T
<limsup _ log Tn.el _ S(P) — S(FPeh) + €.

Nooo N T 1R2IN T

This estimate implies that if P # Pgp, then, as N — 00, the measure Py is
“concentrated” and “equipartitioned” on the set Ty . whose size is “exponentially
small” with respect to the size of 2V,

We continue with the analysis of the above concepts. Let y €]0, 1[ be fixed. The
(N, y) covering exponent is defined by

cN(y)zminilAHAc.QN, PN(A)zy}. (3.7)

One can find ¢y (y) according to the following algorithm:

(a) List the events w = (w1, - - - , wy) in order of decreasing probabilities.
(b) Count the events until the first time the total probability is > y.
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Proposition 3.3 Forall y €]0, 1],

1
li 1 = S(P).
Jlim | logen(y) = S(P)

Proof Fix €>0 and recall the definition of Ty.. For N large enough,

Py(Tn,e) >y,
and so for such N’s,

en(y) < |Ty,e| < VBT,

It follows that

1
lim sup N logen(y) < S(P).

N—o0

To prove the lower bound, let Ay, be a set for which the minimum in (3.7) is
achieved. Let € > 0. Note that

liminf Py (Tn e N Any) = vy. (3.8)
N—o00

Since for Py (w) < e NEP)=6) for o € TN e,

Py(TneNAyy) = Y. Py <e NP1y nay,|.
a)ETN,gﬂAN.y

Hence,
|An,y| = NSO py(Ty N A ,),

and it follows from (3.8) that
li 'fll (y) = S(P)
imin ogc — €.
N—>oco N genty) =
Since € > 0 is arbitrary,
li 'fll (y) = S(P)
imin ogc ,
N—oo N BeNly) =

and the proposition is proven. O

We finish this section with a discussion of Shannon’s source coding theorem.
Given a pair of positive integers N, M, the encoder is a map

Fy: 2V = {0, 1}M.



164 V. Jaksié

The decoder is a map
Gy :{0,1}M = @V,
The error probability of the coding pair (Fy, Gy) is
Py {Gpy o Fn(w) # w}.

If this probability is less than some prescribed 1 > ¢ > 0, we shall say that the
coding pair is e-good. Note that to any e-good coding pair one can associate the set

A={w|Gy o Fy(w) = w}
which satisfies
Py(A)>1—¢,  |Al <2M. (3.9)

On the other hand, if A ¢ £V satisfies (3.9), we can associate to it an e-good
pair (Fy, Gy) by setting Fy to be one-one on A (and arbitrary otherwise), and
Gy =F “lonF ~ (A) (and arbitrary otherwise).

In the source coding we wish to find M that minimizes the compression
coefficients M /N subject to an allowed e-error probability. Clearly, the optimal
M is

My = [1og2min{|A||A c2Vpy) =1 —e}],

where [ - ] denotes the greatest integer part. Shannon’s source coding theorem now
follows from Proposition 3.3: the limiting optimal compression coefficient is

. My 1
lim = S(P).
N—oo N log2

3.4 Why is the Entropy Natural?

Set P = UpP(82). In this section we shall consider functions G : P — R that
satisfy properties that correspond intuitively to those of entropy as a measure of
randomness of probability measures. The goal is to show that those intuitive natural
demands uniquely specify & up to a choice of units, that is, that for some ¢ > 0 and
all P € P, &(P) = cS(P).

We describe first three basic properties that any candidate for G should satisfy.
The first is the positivity and non-triviality requirement: G(P) > 0 and this
inequality is strict for at least one P € P. The second is that if |£21| = |§22] and
0 : £21 — £2; is a bijection, then for any P € P(£21), S(P) = G(P o 0). In other
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words, the entropy of P should not depend on the labeling of the elementary events.
This second requirement gives that & is completely specified by its restriction
G : Ur>1PL — [0, ool which satisfies

S(p1,---,pL) = &Pz, -+ » Pr(L)) (3.10)

for any L > 1 and any permutation 7w of {1, ---, L}. In the proof of Theorem 3.7
we shall also assume that

6(1717"'7pL70)=6(p1a"'apL) (311)

forall L > 1 and (p1,---, pr) € Pr. In the literature, the common sense
assumption (3.11) is sometimes called expansibility.

Throughout this section we shall assume that the above three properties hold.
We remark that the assumptions of Theorem 3.7 actually imply the positivity and
non-triviality requirement.

Split Additivity Characterization

If £21, §£2, are two disjoint sets, we denote by §21 @ §2; their union (the symbol @ is
used to emphasize the fact that the sets are disjoint). If w1 is a measure on £27 and
W2 1S a measure on §27, then w = w1 @ @y is a measure on 21 @ §2; defined by
ww) = p1(w) if v € 21 and u(w) = pr(w) if w € §£2,. Two measurable spaces
(821, K1), (£22, uo) are called disjoint if the sets £21, §22, are disjoint.

The split additivity characterization has its roots in the identity

S(p1Pr+--+puP)=p1SP1)+ -+ puS(P) + S(p1, -+, Pn)

which holds if supp Py N suppP; = @ fork # j.
Theorem 3.4 Let G : P — [0, oo[ be a function such that:

(a) & is continuous on Ps.
(b) For any finite collection of disjoint probability spaces (£2;, Pj), j =1,--- ,n,
and any (py, -+, pn) € Pa,

& (@m&) =" &P +S(p1 - . pu). (3.12)
k=1

k=1

Then there exists ¢ > 0 such that for all P € P,

S(P) = cS(P). (3.13)
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Remark 3.5 If the positivity and non-triviality assumptions are dropped, then the
proof gives that (3.13) holds for some ¢ € R.

Remark 3.6 The split-additivity property (3.12) is sometimes called the chain rule

for entropy. It can be verbalized as follows: if the initial choices (1, - - - , n), realized
with probabilities (p1, - - - , pn), are split into sub-choices described by probability
spaces (§2k, Px),k = 1, -- - , n, then the new entropy is the sum of the initial entropy

and the entropies of sub-choices weighted by their probabilities.

Proof In what follows, P, € P, denotes the chaotic probability measure

()
Pn: s Ty 3
n n

1 1
f(n)=6(Pn)=6< )
n n

and

We split the argument into six steps.

Stepl S(1) =6(,1)=0.

Suppose that |£2| = 2 and let P = (g1, gq2) € P>. Writing §2 = §21 @ £2; where
|$21] = |§22] = 1 and taking Py = (1), P, = (1), p1 = q1, p2 = g2, we get
S(q1,q2) = 6(1) + &(q1, q2), and so G(1) = 0. Similarly, the relations

G(0,491,92) =160, 1) + ¢26(1) + &(q1, q2),

yield that §(0, 1) = ¢1S(0, 1) for all g, and so S(0, 1) = 0.

Step2 f(nm) = f(n)+ f(m).
Take 2=021 & --- D §2, with |2;|=n for all 1 <k <m, and set Py = P,
pi=1/m.It then follows from (3.12) that f (nm) =m-;lf(n)~|—f(m) =f(n)+f(m).

Step 3 lim, 0 (f(n) — f(n — 1)) =0.

In the proof of this step we shall make use of the following elementary result
regarding convergence of the Cesaro means: if (a,),>1 is a converging sequence of
real numbers and lim,,_, o a, = a, then

As an exercise, prove this result.
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Setdy, = f(n) — f(n—1),8, =&(}, 1 - 1) Since (1) = &(1) =0,
fn)y=d,+---+ds.

The relation (3.12) gives

1
f(n)=(1—n)f(n—l)+5n,
and so

né, =ndy, + f(n —1).

It follows that

Y ks =nf(n) =n(dy+ f(n— 1) =nns, — (n — Ddy),

k=2

which yields

1 n—1
dp =8, — kék.
n n I’l(l’l—l)kg; k

By Step 1, lim,,_, o 8, = 0. Obviously,

1 n—1 1 n—1
0< kdr < Ok»
< 1) 2= Dk
k=2 k=2
and we derive

n—1

1
li kér = 0.
ninolo nn—1) k2=; k

It follows that lim,, o d,, = O.
Step 4 There is a constant ¢ such that f(n) = clogn for all n.
By Step 2, forany k > 1,

fa* on

logn*  logn’
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Hence, to prove the statement it suffices to show that the limit

exists. To prove that, we will show that g(n) defined by

2
gn) = f(n) — 1{);; logn (3.14)

satisfies

tim £ — o
n—o0 logn

The choice of integer 2 in (3.14) is irrelevant, and the argument works with 2
replaced by any integer m > 2.

Obviously, g(nm) = g(n)+g(m) and g(1) =g(2) =0.Set &, = g(m)—g(m—1)
if n is odd, &, = 0 if m is even. By Step 3, lim;,—,c &, = 0. Let n > 1 be given.
Write n = 2ny + r1, where r; = 0 or r; = 1. Then

g(n) = ¢n +g(2n1) = & + g(ny),

where we used that g(2) = 0. If ny > 1, write again n; = 2ny + rp, where r, = 0
or rp = 1, so that

g(n1) =&y +8(n2).

This procedure terminates after kg steps, that is, when we reach ny, = 1. Obviously,

logn kool
ko < , = ,
0= g2 E® ,;o Tng

where we set ngp = n. Let ¢ > 0 and m, be such that for m > m. we have
|&m| < €/1og?2. Then

S ST ] EL R I SRrH) e
logn — logn \ —~ logn — logn \ ~—

It follows that

lim sup 18 <e.
n—00 logn

Since € > 0 is arbitrary, the proof is complete.
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Step S If c is as in Step 4, then

&(q1,92) = cS(q1, q2).

Let 2 = .Ql [$3) .92 with |Ql| =m, |.Qz| =m — n. App1y1ng (312) to P, = P,
Py=Py_m,p1=,,p2="", wederive

f(m) = ”f(n>+’"‘”f(m—n)+6(”,’"_”).
m m m m

Step 4 gives that

n m-—n n m-—n
6( ’ )ZCS< ’ )l
m m m m

Since this relation holds for any m < n, the continuity of G and S on P, yields the
statement.

Step 6 We now complete the proof by induction on |§2|. Suppose that
G(P) = c¢S(P) holds for all P € P(£2) with |2] = n — 1, where c is as in
Step4.Let P = (p1, - - - , pn) be a probability measure on 2 = £2,,_1 @ §21, where
|$2,—1] = n — 1, |£21| = 1. Without loss of generality we may assume that ¢, < 1.

Applying (3.12) with
P1=< a EEREY qn_l)a
I —gn I —gn

P, =), p1 =1—qu, po = qn, we derive
S(P) =cS(P1) +cS(p1, p2) = cS(P).

This completes the proof. The non-triviality assumption yields that ¢ > 0.

Sub-additivity Characterization

The sub-additivity of entropy described in Proposition 3.2 is certainly a very
intuitive property. If the entropy quantifies randomness of a probability measure P,
or equivalently, the amount of information gained by an outcome of a probabilistic
experiment described by P, than the product of marginals P; ® P, is certainly more
random then P € P(£2; x §2,). The Boltzmann—Gibbs—Shannon entropy § and the
Hartley entropy Sy introduced in Exercise 3.2 are strictly sub-additive, and so is
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any linear combination
& =cS+CSq, (3.15)

where ¢ > 0, C > 0, and at least one of these constants is strictly positive. It is a
remarkable fact that the strict sub-additivity requirement together with the obvious
assumption (3.11) selects (3.15) as the only possible choices for entropy. We also
note the strict sub-additivity assumption selects the sign of the constants in (3.15),
and that here we can omit the assumption (a) of Theorem 3.4.

Theorem 3.7 Let & : P — [0, 00[ be a strictly sub-additive map, namely if
2 = 82; x 2, and P € P(£2), then

S(P) =6(P)+6(P)

with equality iff P = P; ® P,. Then there are constants ¢ > 0,C > 0,c + C > 0,
such that for all P € P,

S(P) =cS(P)+CSu(P). (3.16)

If in addition & is continuous on P,, then C = 0 and & = ¢S for some ¢ > 0.

Proof We denote by G, the restriction of & to P,. Note that the sub-additivity
implies that

Son(p11, P12, -+ 5 Puts, Pn2) < Ga(pr1+ -+ put, pr2+ -+ -+ pu2)

(3.17)
+ &n(pi1 + p12, -+, pn1 + Pn2)-
For x € [0, 1] we set x = 1 — x. The function
F(x) = 6a(x,x) (3.18)

will play an important role in the proof. It follows from (3.10) that F(x) = F(x).
By taking P, = P, = (1, 0), we see that

2F(0)=6(P)+6(P)=6(FP®P)=6(,0,0,0)=6(,0) = F(0),

and so F(0) = 0.
We split the proof into eight steps.



Lectures on Entropy. I: Information-Theoretic Notions 171
Step1 Forallg,r € [0, 1] and (p, p3,--+, pn) € Pu—1,n > 3, one has

62(q,9) = G2(pq + pr. pq + pr) < 6u(pq, pq. p3. - Pn)
=G&u(pr, pr, p3,--, pn)
< Ga(pr+pq,pr+rq)
—Ga(r, r). (3.19)
By interchanging g and r, it suffices to prove the first inequality in (3.19). We
have
6S2(q.9) + Gulpr. pr. p3. -+, pn)
= Gan(qpr, qpr, qpr.qpr. qp3, qp3, - 4 Pn qPn)
= Ganlqpr, qpr.qpr.qpr.qp3, qp3, - qPn qPn)
< Galgpr +qpr +q(p3s+ -+ pn).qpr +qpr +q(p3 + -+ pa))
+6n(gpr +qpr.qpr +qpr.qps +qp3. -+ . qpn +qpn)
= Ga(pq + pr.pq + pr) + Su(pr, pr, p3, -, pn).
The first equality follows from (3.10) and the first inequality from (3.17). The final
equality is elementary (we used that p + p3 +--- p, = 1).

Step 2 The function F, defined by (3.18), is increasing on [0, 1/2], decreasing on
[1/2, 1], and is continuous and concave on ]0, 1[. Moreover, for g €]0, 1[ the left
and right derivatives

F(g+h) —F(q) . Flg+h)—F(q)

DYF(g) =i , D™ F(g) =1
(q) hli% 1 (@) hl%% "

exist, are finite, and DT F(g) > D™ F(q).
We first establish the monotonicity statement. Note that the inequality of Step 1

G2(q.9)—Sa(pqg+pr, pg+pr) < Ga(pr+pq, pr+rq)—6Sa(r,r)  (3.20)
with r = g gives

262(q,9) < 62((1 = p)(1 —q) + pq, (1 — p)g + p(1 — q))
+ 620 - p)g +p(1—q),1=p)1A—q)+ pg),

or equivalently, that

F(g) = F((1 = p)g + p(1 = q)). (3.21)
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Fix g € [0,1/2] and note that [0,1] > p — (1 — p)g + p(1 — gq) is the
parametrization of the interval [¢q, 1 — ¢g]. Since F(g) = F(1 — q), we derive that
F(q) < F(x) forx € [g, 1/2], and that F(x) > F(1 —q) forx € [1/2, q]. Thus, F
is increasing on [0, 1/2] and decreasing on [1/2, 1]. In particular, for all x € [0, 1],

F(1/2) > F(x) >0, (3.22)

where we used that F(0) = F(1) =0.
We now turn to the continuity and concavity, starting with continuity first. The
inequality (3.20) with p = 1/2 gives that for any g, r € [0, 1],

1 1 1 1
@+ 5P = F(Jat r)). (323)

Fix now ¢ €]0, 1], set A, = 27" and, starting with large enough n so that
q £ A, € [0, 1], define

F(g + ) — F(q) A_()_F(q—)\n)—F(—q)
. ’ 1 ‘

It follows from (3.23) that the sequence A (g) is increasing, that the sequence
A} (q) is decreasing, and that A (q) < A; (g) (write down the details!). Hence,
the limits

lim Af(q), lim A (¢)
n—0o0 n—0o0
exist, are finite, and
lim F(qg +A,) = F(q). (3.24)
n—>oo

The established monotonicity properties of F* yield that the limits limj o F(g + h)
and limy, 10 F' (g + h) exist. Combining this observation with (3.24), we derive that

}}g}})F(quh) = F(q),

and so F is continuous on ]0, 1[. We now prove the concavity. Replacing r with
(g +7)/2in (3.23), we get that

AMF(@)+ (1 —=MF(@r) < FXg+ (1 —21)r) (3.25)

holds for A = 3/4, while replacing g with (g + r)/2 shows that (3.25) holds for
A = 1/4. Continuing in this way shows that (3.25) holds for all dyadic fractions
A=k/2", 1<k <2"n=1,2,---. Since dyadic fractions are dense in [0, 1], the
continuity of F yields that (3.25) holds for A € [0, 1] and ¢, r €]0, 1[. Finally, to
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prove the statement about the derivatives, fix g €]0, 1[ and for # > 0 small enough
consider the functions

F(q+h) - Flg) A,(h):F(q—h)—F(q).

At (h) = ,
(h) 5 _h

The concavity of F gives that the function & +— A% (k) is increasing, that
h +— A~(h) is increasing, and that AT (h) < A~ (h). This establishes the last
claim of Step 2 concerning left and right derivatives of F on ]0, 1[.

Step 3 There exist functions R,, : P, — R, n > 2, such that

Gn(pqa pq,p3,---, pn) = pF(Q) +Rn*1(ps p3, -, pn) (326)

for all q 6]07 1[, (ps p3, -, pn) € P}’l*l and n > 2.
To prove this, note that Step 1 and the relation F'(x) = F(x) give

F(pq+pq) — F(pqg+pr) _ Su(pq,pq,p3, -, pn)—Su(pr, pr,p3,---, pn)

q-—r q-—r
F —F
< (pg + pr) (pr+ pr) (3.27)
q-—r
forO <r <qg < land (p, p3,---, pn) € Py. Fix (p, p3,---, pn) € Py, and set

L(q) = 6a(pq. pq. p3.--- . Pn)-
Taking g | r in (3.27) we get
pD™ F(r) = D" L(r),
while taking r 1 g gives
pDTF(g) = DT L(q).

Since DT F(q) is finite by Step 2, we derive that the function L(g) — pF(q) is
differentiable on ]0, 1[ with vanishing derivative. Hence, for g €]0, 1],

L(q) = pF(q) +Ru-1(p, p3, -, Pn)s

where the constant R,,_; depends on the values (p, p3,--- , p,) we have fixed in
the above argument.

Step 4 There exist constants ¢ > 0 and C such that for all ¢ €]0, 1],

F(qg)=cS(1-q.9)+C. (3.28)
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We start the proof by taking (p1, p2, p3) € P3¢ Setting

p2
p = p1+ p2, q= )
p1+p2

we write
G3(p1, p2, p3) = G3(pq, pq, p3).

It then follows from Step 3 that

G3(p1, p2, p3) = (p1 + p2)62 < P ) P2 > + Ra(p1 + p2. p3).
pL+p2 p1+p2
(3.29)
By (3.10) we also have
G3(p1, p2, p3) = 63(p1, p3, p2) = (p1 + p3)62 ( pr— P )
p1+p3 pi1+p3
+Ra(p1 + p3, P3). (3.30)
Setting G(x) = Ra(x, x), x = p3, y = pa, we rewrite (3.29)=(3.30) as
y X
(1—-—x)F +Gx)=>0—-y)F + G(y), (3.31)
1—x 1—y

where x,y €]0, I[ and x + y < 1. The rest of the proof concerns analysis of the
functional equation (3.31).

Since F is continuous on ]O, 1[, fixing one variable one easily deduces
from (3.31) that G is also continuous on ]0, 1[. Let 0 < a < b < 1 and fix
y €]0, 1 — b[. It follows that (verify this!)

e Plc o Yo¢ Y e
a, ’ b 5 N .
1—y 1—y 1—x P 1-»

Integrating (3.31) with respect to x over [a, b] we derive

b
b—a)G(y) = / G(y)dx

b b y
=/ G(x)dx~|—/ (1—x)F< )dx
a a 1_.x
b X
—(l—y)/ F( )dx
a 1_y
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b y/(1=b)
= / G(x)dx + y2/ s73F(s)ds
a y/(1—a)

b/(1-y)
—(1- y)2/ F(t)dt, (3.32)
a/(1-y)

where we have used the change of variable
s = , t = . (3.33)

It follows that G is differentiable on ]0, b[. Since 0 < b < 1 is arbitrary, G is
differentiable on ]0, 1[.

The change of wvariable (3.33) maps bijectively {(x,y)|x,y>0} to
{(s,t)]s,t €]O, 1[} (verify this!), and in this new variables the functional
equation (3.31) reads

F(t)—l_tF()—i—l_SI G t — st G s — st (3.34)
T l-s y 1—s 1 — st 1—st)]" '

Fixing s, we see that the differentiability of G implies the differentiability of F
on ]0, 1[. Returning to (3.32), we get that G is twice differentiable on ]0, 1[, and
then (3.34) gives that F is also twice differentiable on ]0, 1[. Continuing in this way

we derive that both ' and G are infinitely differentiable on ]0, 1[. Differentiating
(3.31) first with respect to x and then with respect to y gives

y " y _ X " X
a -2 (1—x>‘<1—y>2F (1—y>' (3:33)

The substitution (3.33) gives that for s, t €]0, 1[,
s(A—s)F"(s) =t(1 —)F"(1).
It follows that for some ¢ € R,
t(l—=0F'(@) = —c.
Integration gives
F(t)=c¢S( —1t,t)+ Bt +C.
Since F(t) = F(t), we have B = 0, and since F is increasing on [0, 1/2], we have

¢ > 0. This completes the proof of Step 4. Note that as a by-product of the proof we
have derived that for some constant D,

G(x)=F(x)+ D, x €]0, 1[. (3.36)
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To prove (3.36), note that (3.28) gives that F satisfies the functional equation

y

(1—x)F(1_

)—i—F(x):(l—y)F( * )—i—F(y).
x —y

1

Combining this equation with (3.31) we derive that forx,y > 0,0 <x +y < 1,
Gx)—Fx) =Gy - F(y).

Hence, G(x) — F(x) = Dy forx €]0, 1 — y[.If y; < y2, we must have Dy, = D,,,
and so D = Dy does not depend on y, which gives (3.36).

Step 5 For any n > 2 there exists constant C(n) such that for (p1, -+ , pn) € Pu.rt,

6n(p11"' spn):CS(pls"' 1pn)+c(n)v (337)

where ¢ > 0 is the constant from Step 4.

In Step 4 we established (3.37) for n = 2 (we set C(2) = C), and so we assume
thatn > 3. Set p = p1 + p2, ¢ = p2/(p1 + p2). It then follows from Steps 3 and 4
that

P1 D2
Su(p1,--- ,pn)=(p1+p2)62< , )
pr+p2 pr+p2
+Ru—1(p1 + P2, p3, -+, Pn)
pP1 p2
=(p1+ pz)cS< , >
pr+p2 pr+p2
FRu—1 (P14 P2, P3s -+ ) (3.38)

where Ry—1(p, p3, -+ » pn) = pCa+Ru1(p, p3, -+ , pn)- Note that since R,
is i/rlvariant under the permutations of the variables (p3, - - -, p,) (recall (3.26)), so
is Ry—1. The invariance of &,, under the permutation of the variables gives

1 3
Gn(pl,---,pn)=(p1+p3)c5< P , p )
p1+p3 p1+p3

+7€n—1(p1 + p3, P2, P4~ 5 Pn),

and so

p1 D2 141 D3
(p1 + p2)c§ ( , ) —(p1 + p3)cS< , )
pr+p2 pr+p2 pL+p3 pr+p3

= ﬁn—l(m + p2,p3, 0, Pn) — ﬁn—l(pl + p3, P2, P4+, Pn)-
(3.39)
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Until the end of the proof when we wish to indicate the number of variables in
the Boltzmann—Gibbs—Shannon entropy we will write S, (p1, - - - , pn). One easily
verifies that

1 2
Sn(p1,~-~,pn)=(p1+pz)Sz< P , P )
p1+p2 p1+p2

+Su—1(p1 + p2, p3, -+, Pn)

p1 pP3
=(p1+ p3)S2 ( , )
p1+p3 p1+p3

+Sn—1(pl + p37 p27 p47 D) pn)a

and so

p1 D2 )41 D3
(p1+ p2)$2 < , ) —(p1+p3)S2 ( , )
pr+p2 pr+p2 pL+p3 pr+p3

=Su—1(p1 +p2,p3, s Pn) — Sn—1(P1 + P3, P2, P4+, Pn)-
(3.40)

Since in the formulas (3.39) and (3.40) S = $>, we derive that the function
To1(P2 G Pas++ » Pn) = Ru1(P. G Pas -+ Pn) — €Su1(P. g pa -+~ » pn)

satisfies

Tw—1(p1 + p2. p3, P4+ -+ pn) = Tu—1(P1 + P3, P2, P4 -+, Pn) (3.41)
for all (p1,--- pn) € Pnt. Moreover, by construction, T,—1(p,q, p4, -+, Pn)
is invariant under the permutation of the variables (g, pa,---, pn). Set
s = p1+ p2 + p3. Then (3.41) reads as

Ta—1(s — p3, p3, P4+ -+, pn) = Tne1(s — p2, P2, P — P4, ==, Pn).
Hence, the map
10,s[3 p = To1(s = p. P, Pas- - > Pn)
is constant. By the permutation invariance, the maps
10,s[3 p=> Toe1(s = po 3o s P12 Py P17+ )

are also constant. Setting s = p1 + p2 + p3 + p4, we deduce that the map

(p3, pa) = Tu—1(s — p3 — p4, P3, P4, "+, Pn)
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with domain p3 > 0, ps > 0, p3 + ps4 < s, is constant. Continuing inductively, we
conclude that the map

(p?)s"'spn)'_) Tnfl(l_(p3++pn)7p37p4v 7pn)

with domain py > 0, Y }_5 pr < 1 is constant. Hence, the map

Put> (1, pn) = Tyt (p1+ p2, P3, -+, Pn)

is constant, and we denote the value it assumes by C(n). Returning now to (3.38),
we conclude the proof of (3.37):

1 2
Gn(m,---,pn)=(p1+pz)cSz( P , P )
p1+p2 p1+p2

+7€n—1(171 + p2, p3, -+, Pn)

P1 p2
= (p1+ p2)cS ( , )
p1+p2 p1+p2

+cSp—1(p1 + p2, p3, -+, pn) + C(n)
=cSu(p1, -+, pn) +C(n). (3.42)

Step6 C(n+m)=Cm)C(m) forn,m > 2, and
liminf(C(n + 1) — C(n)) = 0. (3.43)
n—o0

If P, € P, and P- € Py, then the identity &,,,(P; x P,) = S,(P;) + &(P)
and (3.37) give that C(n +m) = C(n) 4 C(m). To prove (3.43), suppose that n > 3
and take in (3.19) g = 1/2,r =0, p = p3 = --- = p, = 1/(n — 1). Then,
combining (3.19) with Step 5, we derive

1 n—2 1 1 1 1
F _F 56}1 5 ) s Ty
2 2n — 1) 2n—1"2m—1)n—-1 n—1
1 1 1
s, o0 b )
n—1 n—1 n—1
S 1 1 1 1
= C
"\2-1D'2-1)'n-=-1" "n-1

S 1 1 1
—cS. , e
n—l n—1n-1 n—1

+Cn)—Cn—1)
log2
= 1~|—C(n)—C(n—1).
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The first inequality in (3.22) gives

log?2

0<
“n-—1

+Cm) —Cn—1),

and the statement follows.

Step 7 There is a constant C > 0 such that for all n > 2, C(n) = C logn.
Fix €e>0 and n>1. Let keN be such that for all integers p> nk,
C(p+1)—C(p) = —e. It follows that for p > p* and j € N,

J
Clp+j)—Cp) = Z(C(P‘H) —Clp+i—1)=—je
i=1

Fix now p > n* and let m € N be such that ™ < p < Mt Obviously, m > k.
Write

1

p =amn™ + a0 + - +aip+ ao,

where a;’s are integers such that | < a,, <n and 0 < a; < n for k < m. It follows
that

C(p) > Clagn™ + -+ ain) —ne = C(n) + C(amn™ " + -+ am +ar) — ne.

Continuing inductively, we derive that

C(p) > (m—k—i—1)C(n)—i—C(a,,1nk_1 Famn* 4. A am—k+1)—(m—k+1)e.

If M = max,_ ; k+1 |C(j)], then the last inequality gives
Cp)>m—k+1DCn)—M—(m—k+ le.

By the choice of m, log p < (m + 1) logn, and so

Cp _ €
p—o logp ~ logn’

Since

C C(n/ C
timinf C 7 < liming €@ = €@
n—oo log p j—oo logn/ n

we derive that forall n > 2,

C(n) = Clogn,
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where

c
C = timinf 7,
p%oo p

It remains to show that C > 0. Since
F(x)=cS$( —x,x)+ Clog2,

we have lim, o F(x) = Clog2, and (3.22) yields that C > 0.
Step 8 We now conclude the proof. Let P = (p1, -+, pn) € P,. Write

P :(p]l, 7pjk107“' 7O)7
where p;, > Oform =1,---,k. Then
Gn(P) = Gk(pjy, -+ Pji) =cSk(pj, -+, pj) +Clogk = ¢S, (P) +CSu (P).

Since &, is strictly sub-additive, we must have ¢ + C > 0. The final statement is a
consequence of the fact that Sy is not continuous on P, forn > 2.
O

3.5 Rényi Entropy

Let £2 be a finite set and P € P(£2). For a €]0, 1[ we set

1
Se(P) = _ log (Z P(a))“) .

wEeS2

Sy (P) is called the Rényi entropy of P.
Proposition 3.8

(1) limgp1 Se(P) = S(P).

(2) limg 0S¢ (P) = SH(P).

(3) Sa(P) = 0and Sy(P) =0 iff P is pure.

(4) So(P) <log|$2| with equality iff P = Pch.

(5) The map 10, 1[> o +— Sq(P) is decreasing and is strictly decreasing unless
P = Py,

(6) The map P($2) > P +— Sy (P) is continuous and concave.
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(7) If P = P ® P, is a product measure on 2 = £§2; X $2,, then
Sa(P) = Sa(Pr) + Sa(Pr).

(8) The map o +— Sy (P) extends to a real analytic function on R by the formulas
S1(P) = S(P) and

1
Sy (P) = log Z P |, a# 1.
I—a wesuppP

Exercise 3.3 Prove Proposition 3.8.
Exercise 3.4 Describe properties of S, (P) for @ ¢ 10, 1[.
Exercise 3.5 Let 2 ={—1,1} x{—-1,1},0<p,g<1l,p+qg =1, p #gq,and

Pe(=1,=1) = pq + e, Pe(=1,1) = p(1 —q) — €,
Pe(l,=1) = (1 —p)g —e, Pe(1,1) =1 = p)1 —q) +e
Show that for ¢ # 1 and small non-zero €,
Sa(Pe) > Sa(Pei) + Sa(Pe,r).

Hence, Rényi entropy is not sub-additive (compare with Theorem 3.7).

3.6 Why is the Rényi Entropy Natural?

In introducing S, (P) Rényi was motivated by a concept of generalized means. Let
wg > 0, Zzzl wi = 1 be weights and G :]0, oo[ — ]0, oo[ a continuous strictly
increasing function. We shall call such G a mean function. The G -mean of strictly
positive real numbers xp, - - - , x, i

So(xt, -+, x) =G (Z ka(xk)> :
k=1

Set Pr = Up>1Pnt.
One then has:

Theorem 3.9 Let G : Py — [0, oo[ be a function with the following properties.
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(a) If P= P, ® Pr,then G(P) = &(P)) + G(Py).
(b) There exists a mean function G such thatforalln > land P = (p1,---, pn) €
P}’l,f’

&(p1, -, pn) = G (Ep(G(Sp))) = G™! (Z PkG(—IOng)> .
k=1
(c) &(p,1—p)—>0asp—0.

Then there exist @ > 0 and a constant ¢ > 0 such that for all P € P,
S(P) =cSy(P).

Remark 3.10 The assumption (c) excludes the possibility & < 0.

Remark 3.11 1f in addition one requires that the map P, f > P — G(P) is concave
forall n > 1, then S(P) = ¢Sy (P) for some « €]0, 1].

Although historically important, we find that Theorem 3.9 (and any other
axiomatic characterization of the Rényi entropy) is less satisfactory than the
powerful characterizations of the Boltzmann—Gibbs—Shannon entropy given in
Sect. 3.4. Taking Boltzmann—Gibbs—Shannon entropy for granted, an alternative
understanding of the Rényi entropy arises through Cramér’s theorem for the entropy
function Sp. For the purpose of this interpretation, without loss of generality we may
assume that P € P(£2) is faithful. Set

Sa(P) = log (Z [P(w)]l_“> . aeR (3.44)
weS?

Obviously, for o € R,
Su(P) = aSi_a(P). (3.45)

The nalguralness of the choice (3.44) stems from the fact that the function
o +— Sy (P) is the cumulant generating function of Sp(w) = —log P(w) with
respect to P,

Sa(P) = logEp(e*57). (3.46)
Passing to the products (2", Py), the LLN gives that for any € > 0,

Sp(w1) + -+ Sp(wn)

lim PN!wz(wl,u-,a)N)e.QN” v

N—o0

—S(P)‘ > e} —0. (3.47)
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It follows from Cramér’s theorem that the rate function

1(0) = sup(ab — :S’;(P)), 0 R, (3.48)
aeR

controls the fluctuations that accompany the limit (3.47):

ngnooNlogPN{wz(wl,... Loy) € 2V | P(w‘)+N p(@n) e[a,b]}

=— inf I1(0). 3.49
eéﬂ,b]() (3.49)

We shall adopt a point of view that the relations (3.45), (3.48), and (3.49) constitute
the foundational basis for introduction of the Rényi entropy. In accordance with this
interpretation, the traditional definition of the Rényi entropy is somewhat redundant,
and one may as well work with §a(P) from the beginning and call it the Rényi
entropy of P (or a-entropy of P when there is a danger of confusion).

The basic properties of the map o +— :S’;(P) follow from (3.46) and results
described in Sect.2.4. Note that So(P) = 0 and S1(P) = log|$2|. The map
Pe(£2) > P — :S’;(P) is convex for « ¢ [0, 1] and concave for @ €]0, 1[.

3.7 Notes and References

The celebrated expression (3.5) for entropy of a probability measure goes back
to the 1870s and works of Boltzmann and Gibbs on the foundations of statistical
mechanics. This will be discussed in more detail in Part II of the lecture notes.
Shannon has rediscovered this expression in his work on foundations of mathemati-
cal information theory [44]. The results of Sects. 3.2 and 3.3 go back to this seminal
work. Regarding Exercise 3.2, Hartley entropy was introduced in [23]. Hartley’s
work has partly motivated Shannon’s [44].

Shannon was also first to give an axiomatization of entropy. The axioms in
[44] are the continuity of & on P, for all n, the split-additivity (3.12), and the
monotonicity S(P,4+1) < &(P,), where Py € P is the chaotic probability
measures. Shannon then proved that the only functions & satisfying these properties
are ¢S, ¢ > 0. Theorem 3.4 is in spirit of Shannon’s axiomatization, with the
monotonicity axiom S(P,+1) < &(P,) dropped and the continuity requirement
relaxed; see Chapter 2 in [1] for additional information and Theorem 2.2.3 in [50]
whose proof we roughly followed. We leave it as an exercise for the reader to
simplify the proof of Theorem 3.4 under additional Shannon’s axioms.
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Shannon comments in [44] on the importance of his axiomatization as

This theorem, and the assumptions required for its proof, are in no way necessary
for the present theory. It is given chiefly to lend a certain plausibility to some of our
later definitions. The real justification of these definitions, however, will reside in their
implications.

The others beg to differ on its importance, and axiomatizations of entropies
became an independent research direction, starting with early works of Khintchine
[32] and Faddeev [17]. Much of these efforts are summarized in the monograph [1],
see also [10].

The magnificent Theorem 3.7 is due to Aczél, Forte, and Ng [2]. I was not
able to simplify their arguments and the proof of Theorem 3.7 follows closely the
original paper. Step 7 is due to [31]. The proof of Theorem 3.7 can be also found in
[1, Section 4.4]. An interesting exercise that may elucidate a line of thought that has
led to the proof of Theorem 3.7 is to simplify various steps of the proof by making
additional regularity assumptions.

Rényi entropy has been introduced in [41]. Theorem 3.9 was proven in [12]; see
Chapter 5 in [1] for additional information.

4 Relative Entropy

4.1 Definition and Basic Properties

Let £2 be a finite set and P, Q € P($2). If P « Q, the relative entropy function of
the pair (P, Q) is defined for w € suppP by

c¢Spjo(w) = cSg(w) — cSp(w) = clog P(w) — clog Q(w) = clog Apjp(w),

where ¢ > 0 is a constant that does not depend on £2, P, Q. The relative entropy of
P with respect to Q is

P(

S(P|1Q) =C/ SpjpdP =c¢ Z P(w)log Q(Z;. 4.1)

suppP wesuppP

If P is not absolutely continuous with respect to Q (i.e., Q(w) = 0 and P(w) > 0
for some w), we set

S(P|Q) = oo.
The value of the constant ¢ will play no role in the sequel, and we set ¢ = 1. As in

the case of entropy, the constant ¢ will reappear in the axiomatic characterizations
of relative entropy (see Theorems 5.1 and 5.3).
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Note that
S(P|Pep) = —S(P) +log|$2].

Proposition 4.1 S(P|Q) > 0and S(P|Q) = 0iff P = Q.

Proof We need to consider only the case P <« Q. By Jensen’s inequality,

Q(w)
Y Pw)log P =10 Y 0|,
wesuppP wesuppP

and so

> P(w)log

wesuppP

o) _,
P(w) —
with equality iff P = Q. O

The next result refines the previous proposition. Recall that the variational
distance dy (P, Q) is defined by (3.2).

Theorem 4.2

1
S(P1Q) = dv (P, 0)%. (4.2)

The equality holds iff P = Q.

Proof We start with the elementary inequality

2

1 x
(1I+x)log(l4+x)—x> , x> —1. “4.3)
21+7%

This inequality obviously holds for x = —1, so we may assume that
x > —1. Denote the 1.h.s by F(x) and the r.h.s. by G(x). One verifies that
F(0) = F'(0) = G(0) = G'(0) = 0, and that

F'(x) = G”@)=<1+;)7§

1+x’
Obviously, F”(x) > G”(x) forx > —1, x # 0. Integrating this inequality we derive
that F'(x) > G’(x) forx > 0 and F'(x) < G'(x) for x €] — 1, O[. Integrating these
inequalities we get F'(x) > G(x) and that equality holds iff x = 0.
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We now turn to the proof of the theorem. We need only to consider the case
P K Q. Set

P(w) _
Q(w)

with the convention that 0/0 = 0. Note that [, XdQ = 0 and that

X (w) =

3

S(PIQ) = / (X + D log(X + 1) — X)dQ.
2

The inequality (4.3) implies
S(PIQ) = 1/ X do (4.4)
“2Je14+ YT .

with the equality iff P = Q. Note that

LoD

and that Cauchy-Schwarz inequality gives

x? X x? 2
dQ = 1 d d X|d
/91+§Q </9<+3> Q)(fszurg‘ Q>Z</g||Q>
=dy(P. Q). (4.5)

Combining (4.4) and (4.5) we derive the statement. |

Exercise 4.1 Prove that the estimate (4.2) is the best possible in the sense that

S(PlQ) 1
mn = .
P#£0 dy(P,Q)* 2

Set
AR)={(P.Q)|P.Q € P(R), P L Q). (4.6)
One easily verifies that .A(£2) is a convex subset of P(£2) x P(£2). Obviously,
A($2) = {(P, Q)| S(P|Q) < oo}.

Note also that P(§2) x Pr(£2) is a dense subset of A(£2).
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Proposition 4.3 The map
A(2) 3 (P, Q) = S(PIQ)
is continuous, and the map
P(§2) x P($2) 3 (P, Q) = S(P|Q) 4.7)

is lower semicontinuous.

Exercise 4.2 Prove the above proposition. Show that if |£2| > 1 and Q is a bound-
ary point of P(£2), then there is a sequence P, — Q such that lim,_, o, S(P,|Q) =
oo. Hence, the map (4.7) is not continuous except in the trivial case |§2| = 1.

Proposition 4.4 The relative entropy is jointly convex: for A €]0,1[ and
P, P, 01, Q2 € P(£2),

SAPL+1=)Pr01+ 0 —=2)Q2) < AS(P11Q1)+ (1 =21)S(P2|Q2). (4.8)
Moreover, if the rhs. in (4.8) is finite, the equality holds iff for

w € supp Q1 N supp Q2 we have P1(w)/01(w) = P2(w)/ 02 (w).

Remark 4.5 In particular, if Q1 L Q> and the r.h.s. in (4.8) is finite, then P; L P>
and the equality holds in (4.8). On the other hand, if 1 = Q2 = Q and Q is
faithful,

SAPL+ (1 =1P|Q) =AS(PQ)+ (1 —1)S(P2]| Q).

with the equality iff Pi = P». An analogous statement holds if P = P, = P and
P is faithful.

Proof We recall the following basic fact: if g :]0, oo[— R is concave, then the
function

Gy =xg () (4.9)

X

is jointly concave on ]0, co[x ]0, oo[. Indeed, for 1 €]0, 1],

GOxp+ 1 —=Mx2, Ay + 1 = 2A)y2)

Axy 1 (I=Mx2 »m
A+ —=XMx2x; Axi+ (1 —=Xx2 x;

> AG(x1, y1) + (1 = A)G(x2, y2),

= (Ax1+ (1 = M)x2)g <

(4.10)

and if g is strictly concave, the inequality is strict unless *' = 2,
X1 X2
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We now turn to the proof. Without loss of generality we may assume that P;<< Q1
and P < Q3. One easily shows that then also AP +(1—A) P, < AQ1+(1—1)Q».
For any w € §2 we have that

MP(@) + (1 — 1) Py (w)
AP 1—-A)P 1
(M Pr (@) + ( ) P2(w)) log A1 01(@) + (1 — 1) 02 (w)
Pi(@) Pate)
< AP (»)log 01(@) + (1 =) P2 (w) x log 0r(®)’

@.11)

To establish this relation, note that if Pj(w) = Py(w) = 0, then (4.11) holds
with the equality. If Pj(w) = 0 and P>(w) > O, the inequality (4.11) is strict
unless Q1(w) = 0, and similarly in the case Pj(w) > 0, P(w) = 0. If
Pi(w) > 0 and P(w) > O, then taking g(¢) = logt in (4.9) and using the
joint concavity of G gives that (4.11) holds and that the inequality is strict unless
Pi(w)/01(w) = P2(w)/Q2(w). Summing (4.11) over w we derive the statement.
The discussion of the cases where the equality holds in (4.8) is simple and is left to
the reader. |

The relative entropy is super-additive in the following sense:

Proposition 4.6 Forany P and Q = O; ® O, in P($2; x £2;),

S(P|Q1n) + S(Pr|Qr) = S(P|Q). (4.12)

Moreover, if the r.h.s. in (4.12) is finite, the equality holds iff P = P, ® Py.
Proof We may assume that P < Q, in which case one easily verifies that P, < Oy
and P, <« Q. One computes

S(PIQ) — S(P1Q1) — S(Pr|Qr) = S(P) + S(Pr) — S(P),

and the result follows from Proposition 3.2. O

In general, for P,Q € P(§2; x £2,) it is not true that
S(P|Q) = S(P|Q1) + S(Pr|Qr) evenif P = P ® Pr.

Exercise 4.3 Find an example of faithful P = P, ® P,, O € P(§2; x §2,) where
|£2;] = |$2,| = 2 such that

S(PIQ) < S(P|Q1) + S(Pr|Qr).

Let 2 = (w1, ,0L), Q = (o1, - ,c?)i} be two finite sets. A matrix of
real numbers [@(w, ®)](, s)eoxp 18 called stochastic if @ (w,®) > 0 for all
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pairs (w, ®) and

for all w € £2. A stochastic matrix induces a map @ : P(§2) — 73(!3) by

B(P)(d) = Y P(@)®(w,d).

weS

We shall refer to @ as the stochastic map induced by the stochastic matrix
[@(w, ®)]. One can interpret the elements of £2 and Q2 as states of two stochastic
systems and P (w) as probability that the state w is realized. @ (w, ®) is interpreted
as the transition probability, i.e. the probability that in a unit of time the system
will make a transition from the state w to the state @. With this interpretation, the
probability that the state @ is realized after the transition has taken place is @ (P)(®).

Note that if [® (@, )], s)cnxo and [P (&, é’)](&),é))eﬁxﬁ are stochastic matri-
ces, then their product is also stochastic matrix and that the induced stochastic map
is @ o @. Another elementary property of stochastic maps is:

Proposition 4.7 dy (@ (P), (Q)) <dy(P, Q).
Exercise 4.4 Prove Proposition 4.7. When the equality holds?
The following result is deeper.

Proposition 4.8
S(@(P)|P(Q)) = S(P|Q). (4.13)

Remark 4.9 In information theory, the inequality (4.13) is sometimes called the
data processing inequality. We shall refer to it as the stochastic monotonicity.
If the relative entropy is interpreted as a measure of distinguishability of two
probability measures, then the inequality asserts that probability measures are less
distinguishable after an application of a stochastic map.

Proof We start with the so-called log-sum inequality: If a;, bj, j =1,--- , M, are
non-negative numbers, then

aj _ v Sl a
Zajlogb.zz:ajlog v (4.14)

with the usual convention that 0logO/x = 0.If b; = 0 and a; > O for some j,
then Lh.s is 0o and there is nothing to prove. If a; = 0 for all j again there is
nothing to prove. Hence, without loss of generality we may assume that ) jaj >0,
ij > 0, and bj =0= aj = 0. Set p = (pl,--- ,pM), Pk = ak./zjaj,
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q=1q1, - .qm), gk = br/ Zj b;. Then the inequality (4.14) is equivalent to

S(plg) = 0.

This observation and Proposition 4.1 prove (4.14).
We now turn to the proof. Clearly, we need only to consider the case P < Q.

Then

R D (P) (D)
S(®(P)|D = D(P 1
(2(P)|P(Q)) ;Eé (P)() Og(p(Q)(d))

, P(ow)D /’ ~
= Z Z P(0)®(w, @) log %w,e:;z QEZ/;qu: Z;

HefH weR

P
<3 Y P@o(.d)log QEZ;

HeH WER
= S(P|Q),
where the third step follows from the log-sum inequality. O
Exercise 4.5 A stochastic matrix [® (w, @)] is called doubly stochastic if

Y owa= 1
(0, 0) =,
|2

we2 |

for all & € £2. Prove that S(P) < S(@(P)) forall P € P(R2) iff [®(w, ®)] is
doubly stochastic. A
Hint: Use that @ (Pep) = Py iff [® (w, @)] is doubly stochastic.

Exercise 4.6 Suppose that 2 = 2. Let Y = MiN(y, o) P (@1, w2) and suppose
that y > 0.

1. Show that S(@(P)|@(Q)) = S(P|Q) iff P = Q.
2. Show that

dy(@(P), ®(Q)) = (1 —y)dv(P, Q).

3. Using Part 2 show that there exists unique probability measure Q such that
@ (Q) = Q. Show that Q is faithful and that for any P € P(52),

dy(®"(P), Q) < (1 —y)'dv(P, Q),

where @2 = @ o @, etc.

Hint: Follow the proof of the Banach fixed point theorem.
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Exercise 4.7 The stochastic monotonicity yields the following elegant proof of
Theorem 4.2.

1. Let P, Q € P(£2) be given, where [2| > 2. Let T = {w : P(w) > Q(w)} and

p = (p1, p2) = (P(T), P(T°)), q = (q1,q2) = (Q(T), Q(T)),

be probability measures on 2 = {1,2}. Find a stochastic map
@ : P(2) > P(R) such that @ (P) = p, (Q) = q.

2. Since S(P|Q) > S(plq) and dy (P, Q) = dy(p,q), observe that to prove
Theorem 4.2 it suffices to show that for all p,q € P(R2),

1
S(plg) = 2dv<p,q>2. (4.15)

3. Show that (4.15) is equivalent to the inequality
X 1—x 2
xlog 4+ (1 —x)log ) >2(x —y)5, (4.16)
y -y

where 0 < y < x < 1. Complete the proof by establishing (4.16).

Hint: Fix x > 0 and consider the function
X 1—x 2
F(y) =xlogy + (1 —x)log 1 —y —2(x—y)

on ]0, x]. Since F(x) = 0, it suffices to show that F'(y) < 0 for y €]0, x[. Direct
computation gives F'(y) <0< y(1 —y) < }1 and the statement follows.

The log-sum inequality used in the proof Proposition 4.8 leads to the following
refinement of Proposition 4.4.

Proposition 4.10 Let Py, ---, Py, Q1,-+-,Qn € P(2) and p = (p1,-- , Pn)>

q=1(q1, - ,qn) € Pu. Then

S(p1Pr+- -+ pnPulq1 Q1+ +qnQn) < p1S(P11Q1) + -+ pnS(Pn|Qn) + S(plq)-
(4.17)

If the rh.s. in (4.17) is finite, then the equality holds iff for all j, k such that

q; >0,qr >0,

pjPj(@) _ piPe(w)
q;Qj(w)  qrQk(w)

holds for all @ € supp QO Nsupp Q.

Exercise 4.8 Deduce Proposition 4.10 from the log-sum inequality.



192 V. Jaksié
4.2 Variational Principles

The relative entropy is characterized by the following variational principle.

Proposition 4.11

S(P|Q) = sup <[ XdP—log/ eXdQ>. (4.18)
X:2—-R \J/Q2 suppP

If S(P|Q) < oo, then the supremum is achieved, and each maximizer is equal to
Sp|o + const on supp P and is arbitrary otherwise.

Proof Suppose that Q(wp) = 0 and P(wp) > 0 for some wy € £2. Set X,,(w) =n
if w = wg and zero otherwise. Then

/ X,dP = nP(w), / eX"dQ = Q(suppP).
0 suppP

Hence, if P is not absolutely continuous w.r.t. Q the relation (4.18) holds since both
sides are equal to oo.
Suppose now that P <« Q. For given X : 2 — R set

eX@ 0 (w)

Ox(@) = Zw’esuppP eX (@) Q(w')

if w € suppP and zero otherwise. Qx € P(£2) and

S(P|Qx) = S(P|Q) — (/ XdP — log/ eXdQ> .
2 suppP

Hence,
S(P|Q) 2/ XdP —log/ eXdQ
2 suppP

with equality iff P = Qx. Obviously, P = Qx iff X = Sp|g + const on suppP
and is arbitrary otherwise. O

Exercise 4.9 Show that

S(P|Q) = sup (LXdP—log/gede), (4.19)

X:2—R
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When is the supremum achieved? Use (4.19) to prove that the map
(P, Q) = S(P|Q) is jointly convex.

Proposition 4.12 The following dual variational principle holds: for X : 2 — R
and Q € P($2),

log/ eXdQ = max (/ XdP—S(PlQ)).
2 PeP2) \Jo

The maximizer is unique and is given by

eX@ 0 (w)

Prol@ =g eX@ 0@

Proof Forany P < Q,

log/ eXdQ—/ XdP + S(P|Q) = S(P|Px.0).
2 2

and the result follows from Proposition 4.1. O

Setting Q = P, in Propositions 4.11 and 4.12, we derive the variational
principle for entropy and the respective dual variational principle.

Proposition 4.13

(1)
S(P)= inf [I X (@) —/XdP.
=t (e (T o) - [

The infimum is achieved if P is faithful and X = —Sp + const.
(2) Forany X : 2 — R,

1 X(@) ) — (/XdP SP).
0g<ze ) Plergéz) A + S(P)

wes?
The maximizer is unique and is given by

X (@)

P(a)) = Zw,eg eX(a)’) .
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4.3 Stein’s Lemma

Let P, Q € P(£2) and let Py, Oy be the induced product probability measures on
2N . For y €]0, 1] the Stein exponents are defined by

sn(y) =min { Qn(T) | T € 2%, Py(T) = 7} (4.20)

The following result is often called Stein’s Lemma.

Theorem 4.14
lim ! lo (y) =-=S(P|Q)
N—oo N gSNly) = ’

Remark 4.15 If Q = Pep, then Stein’s Lemma reduces to Proposition 3.3. In fact,
the proofs of the two results are very similar.

Proof We deal first with the case S(P|Q) < oo. Set Sp|g(w) = 0 for w ¢ suppP
and

N
Sn(w = (w1, ,0N)) = ZSP\Q(‘UJ)'
j=1

For given € > 0 let

S
Ry, = {a) eV | N]\(Jw)

> S(P|Q) — 6} :
By the LLN,
lim Py(Ry,e) =1,
N—o0
and so for N large enough, Py(Ry.c) > y. We also have
On(Ry.c) = O {e5(@ 2 NSPIONe] < NENSEPIOR ) @),

Since

N
EQN(eSN)=</QAPQdQ> =1,
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we derive

1
lim sup N logsn(y) < —S(P|Q) +e.

N—o00

Since € > 0 is arbitrary,

1
lim sup v logsy(y) < —S(P|Q).

N—o00

To prove the lower bound, let Uy ,, be the set for which the minimum in (4.20) is
achieved. Let € > 0 be given and let

S
Dy, = {a) € .QN| NI\(JCO)

< S(P|Q) + e} )
Again, by the LLN,
lim PN(DN,E) = 1,
N—oo

and so for N large enough, Py (Dy ) > y. We then have

Pn(Un,y N D) = /

ApylondOn =f eSNdQy
UN,yﬂDN,e

Un,yNDp e
= eNS(P‘Q)JrNE QN(UN,)/ N DN,e)
< eNS(PIO)+Ne ON(Un.y).

Since
liminf Py (Un,, N Dy.e) > v,
N—o0

we have

liminf | sx(y) = ~S(PIQ)
iminf s — — €.
N—>oo N Ny =

Since € > 0 is arbitrary,

liminf | sx(y) = ~S(P|Q)
iminf s — .
Nty NY) =

This proves Stein’s Lemma in the case S(P|Q) < oo.
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‘We now deal with the case S(P|Q) = 00.For0 < § < 1set Qs = (1-8)Q+35P.
Obviously, S(P|Qs) < oo. Let sy s(y) be the Stein exponent of the pair (P, Q).
Then

sna(y) = (1= 8)Vsn(y),
and
S(P|Qs) = lim 110 (y) > log(l 8)+1'm'nf110 (y)
8 _N1—>ooN gsn.s\y) = log IIV—>100N gSN(Y)-
The lower semicontinuity of relative entropy gives lims_.o S(P|Qs) = 00, and so
li 11 (y) =00=—-8(P|Q)
i,y logs(y) = o0 = -

Exercise 4.10 Prove the following variant of Stein’s Lemma. Let

(1 . .
s = inf {l;vngong Qn(Ty)| lim Py(Tf) = 0} :

1
= inf 11i T lim Py(Ty)=0¢,
s (IYI":V){IAI;H_)S;JOPNQN( V)| Jim Py (Ty) }

where the infimum is taken over all sequences (Tn)y>1 of sets such that
Ty C 2V forall N > 1. Then

s =s5=—S(P|Q).

4.4 Fluctuation Relation

Let £2 be a finite set and P € Pr(£2). Let ® : 2 — 2 be a bijection such that

O w) =0 0O =w 4.21)
for all w. We set Pg (w) = P(O(w)). Obviously, Po € Pr(§2). The relative entropy
function

P(w)

Spipy (@) = log Po(@)
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satisfies

Spipy (O (@) = =Sp|py (@), (4.22)

and so the set of values of Sp|p,is symmetric with respect to the origin. On the other
hand,

S(P|Po) =Ep(S(P[Pg)) =0

with equality iff P = Pg. Thus, the probability measure P “favours” positive values
of Sp|p,. Proposition 4.16 below is a refinement of this observation.

Let Q be the probability distribution of the random variable S(P|Pg) w.r.t. P.
We recall that Q is defined by

0(s) = P{w| Spipe (@) = 5.

Obviously, Q(s) # 0iff Q(—s) # 0.
The following result is known as the fluctuation relation.

Proposition 4.16 For all s,

O(=s) =e " 0(s).

Proof For any «,

Ep (5% ) = 3" [Po@]"[P(@)]' ™

wes2

=Y [Po(@@)I[PO@)]'

wes2

= Y [P(@)]*[Po ()]

wes2
g (5.
Hence, if S = {s | Q(s) # 0},

Ze_‘“Q(S) = Ze_“_“)sQ(S) = Ze(l_a)SQ(_s)’

seS seS seS

and so

> e Q) ¢ Q(—5) = 0. (4.23)
seS
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Since (4.23) holds for all real «, we must have that Q(s) — e*Q(—s) = 0 for all
s € S, and the statement follows. O

Remark 4.17 The assumption that P is faithful can be omitted if one assumes in
addition that @ preserves supp P. If this is the case, one can replace §2 with suppP,
and the above proof applies.

Exercise 4.11 Prove that the fluctuation relation implies (4.22).

Exercise 4.12 This exercise is devoted to a generalization of the fluctuation
relation which has also found fundamental application in physics. Consider
a family {Px}xerr of probability measures on £2 indexed by vectors
X=X, -, Xy) € R". Set

Px (w)

Ex@ =log ) oy’

where Oy satisfies (4.21). Suppose that & = 0 and consider a decomposition
n
Ex =) XiFxi (4.24)
k=1
where the random variables §x x satisfy
Sxk o Ox = —Fx k- (4.25)

We denote by Qyx the probability distribution of the vector random variable
(Ex.1,--+,8x.n) with respect to Px: fors = (s1, -+, s,) € R,

Ox(s) =Px{we 2| Fxi1=s1.", Fxn =5u}.

We also denote S = {s € R" | Ox(s) # 0} and, for Y = (Y1, ---,Y,) € R, set

G(X.Y) =) e  ZetTiQy(s).
seS

1. Prove that a decomposition (4.24) satisfying (4.25) always exists and that, except
in trivial cases, is never unique.
2. Prove that Qx (s) # 0 iff Qx(—s) # 0.
3. Prove that
GX,Y)=GX,X-Y).
4. Prove that

Ox(—s) = e LKk 9y (s).
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4.5 Jensen-Shannon Entropy and Metric

The Jensen-Shannon entropy of two probability measures P, Q € P(£2) is
1 1
S1s(P1Q) = SM(P, 0)) — , 5(P) — , S(Q)

1
=, (S(PIM(P. 0)) + S (QIM(P. 0))).

where

P+0

M, Q)=

The Jensen-Shannon entropy can be viewed as a measure of concavity of the
entropy. Obviously, S;s(P|Q) > 0 with equality iff P = Q. In addition:

Proposition 4.18
(1)
Sys(P|1Q) < log2,

with equality iff P L Q.
(2)

1
g (P. 0)? < Sis(P|Q) < dy(P, Q) log V2.

The first inequality is saturated iff P = Q and the second iff P = Q or P L Q.
Proof Part (1) follows from

R 2P (w) 2Q0(w)
Sis(PIQ) = w; <P(w> log <p(a)) N Q(w)) +Q@log (P(w) + Q(a))))

IA

1
5 2 (P(@) + Q) log2

wes2

=log2.
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To prove (2), we start with the lower bound:

1

1
,S(PIM(P, Q)+ S(QIM(PIQ))

Ss(P1Q) =

1 1
4 dv (P, M(P, )% + 4V (Q, M(P, 0))?

v

2
1 1
g (Z |P(w) — Q(w)l) = dv(PIO).

weS2

where the inequality follows from Theorem 4.2.
To prove the upper bound, set St ={w | P(w) > Q(w)}, S— ={w|P(w) <Q(w)}.
Then

R 2P(w) P(w) + Q(w)
S1s(P1Q) = > (P(w) log <P(a)) + Q(a))) - Q@ log( 20(w) ))

weSy
* Py <Q(w) toe <P(cf)Q+(wQ) (w))
o (527)

< ;gfﬂw) — 0()log ( . (C;PfQ) (w))
) T - reriee(, 0 )

weS_

1 1
<, 2 (P@) — Q@)log2+ ) 3~ (Q(@) — P(@))log2

weS_ weS_

=dy (P, Q) log /2.
In the first inequality we have used that for P(w) # 0 and Q(w) # 0,

P@)+ Q) _  20(w)
2P(w) T P(@)+ Q)

and the same inequality with P and Q interchanged.
The cases where equality holds in Parts (1) and (2) are easily identified from the
above argument and we leave the formal proof as an exercise for the reader. O
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Set

dys(P, Q) = /Sys(P, Q).

Theorem 4.19 djg is a metric on P(£2).

Remark 4.20 1If |£2| > 2, then S;g is not a metric on P(£2). To see that, pick
wi,wy € £2 and define P, Q,R € P(£2) by P(w;) = 1, Q(w:n) = 1,
R(®1) = R(w;) = ). Then

3 4
Sys(P1Q) =log2 > ) log 3= Sys(P|R) + Sys(R|Q).

Remark 4.21 1In the sequel we shall refer to ds; as the Jensen-Shannon metric.

Proof Note that only the triangle inequality needs to be proved. Set Ry =]0, ool.
For p,q € R4 let

2p 2q
L(p,q)=p10g< >+q10g( )
p+taq pP+q

Since the function F'(x) = x log x is strictly convex, writing

1 2p 1 2q
unq%:@+ﬁ)LF<p+q>+2F(p+q>}

and applying the Jensen inequality to the expression in the brackets, we derive that
L(p, g) > 0 with equality iff p = g. Our goal is to prove that for all p, g, r € R,

L(p.q) < VL(p.1) +/L(r. ). (4.26)
This yields the triangle inequality for d;s as follows. If P, O, R € Pr(£2), (4.26)
and Minkowski’s inequality give
2
dss(P, Q) = (Z VL(P(), Q(w))2>
wes2

1

2\ 2
< (Z (VLP@), R@) + VL(R@), 0@))) )

weS2

1 1
2

2
< (Z VL(P(@), R(w))z) + (Z VLR@), Q(w))z)

weS2 weS2

=dyjs(P,R) +d;s(R, Q).
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This yields the triangle inequality on Pr(§2). Since the map (P, Q) + djs(P, Q)
is continuous, the triangle inequality extends to P (£2).

The proof of (4.26) is an elaborate calculus exercise. The relation is obvious if
p =q.Since L(p, q) = L(q, p), it suffices to consider the case p < ¢g. We fix such
p and g and set

fr) =+ L(p,r) + L, q).

Then

£y = 1 o ( 2r )+ 1 o < 2r )
“ovLpr) S\p+r) T2y E\r4q)

Define g : Ry \ {1} - Rby

(x) = ! 1 ( 2 )
8= ey Blas1 )

One easily verifies that

1) = 2j/r (e(")+e (7). “.27)

We shall need the following basic properties of g, clearly displayed in the graph
below:

g(x)

e

(@) g>00n]0,1[,g <Oon]l, oof.
(b) limyp; g(x) = 1, limy g g(x) = —1. This follows from lim,q[g(x)]? = 1,
which can be established by applying I’Hopital’s rule twice.
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(©

(d)

g (x) > 0 forx € Ry \ {1}. To prove this one computes

h(x)

§0) = = L, 32

where

h(x) = 2x1 2 Y401 2 Veaaniog( = )i 2
= (0] (0] (0) (0] .
. 1log x+1 & x+1 . & x+1 & x+1

One further computes

W =log( 2 )1 2 Ve 2 )+ 0 2
X) =10 (0] 0, (0] 3
& x+1 & x+1 g x+1 X & x+1

oy =— 5ot F Y- b qee 2
T a1 Blar) T 2ern Blegr )

Note that h(1) = h'(1) = h”(1) = 0. The inequality logt > (¢ — 1)/¢, which
holds for all ¢ > 0, gives

2
W) < — 1 1_x—|—1>_ 1 1_x—|—1)=_ x—=1 .
x+1 2x x2(x+1) 2 2x2(x + 1)

Hence h”(x) < 0 for x € Ry \ {1}, and the statement follows.
Note that (a), (b), and (c) give that 0 < g(x) < 1 on]0, 1[and —1 < g(x) <O
on |1, ool.

If follows from (a) that f/(r) < 0 for r €]0, p[, f'(r) > 0 for r > g, and so

f(r) is decreasing on ]0, p[ and increasing on ]gq, oo[. Hence, forr < p andr > ¢,
f(@r) > f(p), which gives (4.26) for those r’s. To deal with the case p < r < ¢, set
m(r) = g(p/r) + g(q/r). It follows from (b) that m’(r) < 0 for p < r < g, while
(b) and (d) give m(p+) = 1+ g(g/p) > 0,m(g—) = —1 + g(p/q) < 0. Hence
f'(r) has precisely one zero r,, in the interval 1p, g[. Since f/(p+) >0, f'(¢—)>0,
f(r) is increasing in [p,r,] and decreasing on [ry,, g]. On the first interval,
f(@r) = f(p), and on the second interval f(r) > f(g), which gives that (4.26)
also holds for p < r < gq. O
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The graph of r +— f(r) is plotted below for p = 110 and g = % In this case
rm = 0.28.

f(r)
0.6
£(0.279237) ~ 0.495861
0.5
pi=1/10 q=i2/3
— : : : r
0.28 0.5

4.6 Rényi’s Relative Entropy

Let £2 be a finite set and P, Q € P(£2). For @ €]0, 1] we set

1
Sa(PIQ) = _ log (Z P(w)"‘Q(w)l_"‘> :

weS

S« (P|Q) is called Rényi’s relative entropy of P with respect to Q. Note that
Sa(P|Peh) = Sa(P) +log |$2].

Proposition 4.22
(1) Sa(P1Q) = 0.
(2) So(P|Q) =00 iff P L Qand So(P|Q) =0iff P = Q.
3)
o
So(P|Q) = 1 S1-«(Q|P).
-
(4)

(lxi?IlSa(PlQ) = S(P|Q).
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(5) Suppose that P L Q. Then the function 10, 1[> a +— S, (P|Q) is strictly
increasing

(6) The map (P, Q) — Sq(P|Q) € [0, oo] is continuous and jointly convex.

(7) Let @ : P(£2) — ’P(Q) be a stochastic map. Then for all P, Q € P(S2),

Sa(P(P)|P(Q)) = Sa(P|O).
(8) If S(P|Q) < oo, then a — Sy (P|Q) extends to a real-analytic function on R.
Proof Obviously, Sy (P|Q) = oo iff P L Q. In what follows, if P £ Q, we set
T = supp P Nsupp Q.
An application of Jensen’s inequality gives
_ P(w)\" Q)
2 P@f o™ =0M ), (Q( )) (1)
wes2 weT

P@) 0@) "
=em (Z 0(@) Q(T)>

weT
= Q(T)'" ™" P(T)".

Hence, Y ,co P(0)*Q(w)' ™ < 1 with the equality iff P = Q, and Parts (1), (2)
follow.
Part (3) is obvious. To prove (4), note that

5%‘11; P(0)* Q(w)' ™% = P(T),

and that P(T) = 1 iff P « Q. Hence, if P is not absolutely continuous with
respect to Q, then limy41 So (P|Q) = o0 = S(P|Q). If P <« Q, an application of
L’Hopital rule gives limy 11 So (P1Q) = S(P| Q).

To prove (5), set

F(a) = log (Z P(CO)“Q(a))‘“) :
wES2

and note that R > o — F(«) is a real-analytic strictly convex function satisfying
F(0) <0, F(1) <0. We have

dS«(P|Q) _ F'@)(@—1) ~(F@)~F(1)) _ F()
de (@ —1)? (@12
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By the mean-value theorem, F(a) — F(1) = (@ — 1) F'(&y) for some &, €la, 1[.
Since F’ is strictly increasing, F'(a) < F’(¢y) and

dSe(P1Q)

0
do ~

for o €]0, 1[.

The continuity part of (6) is obvious. The proof of the joint convexity is the same
as the proof of Proposition 4.4 (one now takes g(z) = t*) and is left as an exercise
for the reader.

We now turn to Part (7). First, we have

[2(P)@)]* [¢(@@)] " = Z:l[’(w)“Q(w)1 P (0, D).

This inequality is obvious if the r.h.s. is equal to zero. Otherwise, let
={w|P(0)Q(@)P(w, ®) > 0}.

Then

o 1—a
[2(P)@)]" [2(@)(@)]'~ (Z P(0)® (o, w)) (Z Q(@)® (o, c?)))

w€eR w€eR

P(w)®
(B pene o) S oweo

> P QW) (o, ),

where in the last step we have used the joint concavity of the function
(x,y) = x(y/x)* (recall proof of Proposition 4.4). Hence,

Y [eP)@] [¢@@)] * = ZZP(w)“Q(w)l “@(w,d)

»

=) P@Qw'",

and Part (7) follows.
It remains to prove Part (8). Fora € R\ {1} set

1
Gu(PIQ)= _ log (Z P(w)“Q(w)la) :

weT
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Obviously, @ = G4 (P|Q) is real-analytic on R \ {1}. Since

lim &y (P|Q) =1im Sy (P|Q) = S(P|Q),

atl all

o = G4 (P|Q) extends to a real-analytic function on R with &1(P|Q) = S(P|Q).
Finally, Part (8) follows from the observation that Sy (P|Q) = G4 (P|Q) for
a €]0, 1[.

0O
Following on the discussion at the end of Sect. 3.6, we set
S.(P1Q) = log (Z P(w)“Q(w)“) ,  acR
weT
If P <« Q, then
S« (P|Q) = log EQ(e"‘S”lQ), (4.28)

and 5o S, (P| Q) is the cumulant generating function for the relative entropy function
Sp|o defined on the probability space (T, P). The discussion at the end of Sect. 3.6
can be now repeated verbatim (we will return to this point in Sect.5.1). Whenever
there is no danger of the confusion, we shall also call :S';(PlQ) Rényi’s relative
entropy of the pair (P, Q). Note that

Su(Pen| P) = Sa(P) — alog |£2]. (4.29)

Some care is needed in transposing the properties listed in Proposition 4.22 to
S« (P|Q). This point is discussed in the Exercise 4.14.

Exercise 4.13

1. Describe the subset of P(£2) x P(£2) on which the function
(P, Q) — Sy (P|Q) is strictly convex.
2. Describe the subset of P(2) x P(2) on which

Sa(P(P)|P(Q)) < Sa(P|Q).

3. Redo the Exercise 4.2 in Sect.4.1 and reprove Proposition 4.8 following the
proofs of Parts (7) and (8) of Proposition 4.22. Describe the subset of P(S2)
on which

S(@(P)|P(Q)) < S(PQ).

Exercise 4.14 Prove the following properties of Sa (P|Q).

1. S,(P|Q) = —o0iff P L Q.
In the remaining statements we shall suppose that P [ Q.
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2. The function R > o — Ea(PlQ) is real-analytic and convex. This function
is trivial (i.e., identically equal to zero) iff P = Q. If P/Q not constant on
T = suppP N suppQ, then the function o §a(P| Q) is strictly convex.

3. If Q « P, then

dS.(P1Q),
da |a:0 = —S(QIP).
If P <« Q, then
dS.(P1Q),
da |a:l = S(P|Q).

4.If P and Q are  mutually absolutely  continuous,  then
So(P1Q) = S1(P|Q) =0, Su(P|Q) = Ofora € [0, 1], and S (P|Q) = O for
a ¢ [0, 1]. Moreover,

S.(P1Q) = max{—aS(Q|P). (@ — )S(P|Q)).

5. For a« €]0, 1] the function (P, Q) §Q(P|Q) is continuous and jointly
concave. Moreover, for any stochastic matrix @,

Su(®(P)|®(Q)) = S4(P|Q).

Exercise 4.15 Prove that the fluctuation relation of Sect.4.4 is equivalent to the
following statement: for all « € R,

Su(P|Po) = S1_o(P|Po).

4.7 Hypothesis Testing

Let £2 be a finite set and P, Q two distinct probability measures on §2. We shall
assume that P and Q are faithful.

Suppose that we know a priori that a probabilistic experiment is with prob-
ability p described by P and with probability 1 — p by Q. By performing an
experiment we wish to decide with minimal error probability what is the correct
probability measure. For example, suppose that we are given two coins, one fair
(P(Head) = P(Tail) = 1/2) and one unfair (Q(Head) = s, Q(Tail) = 1 — s,
s > 1/2). We pick coin randomly (hence p = 1/2). The experiment is a coin toss.
After tossing a coin we wish to decide with minimal error probability whether we
picked the fair or the unfair coin. The correct choice is obvious: if the outcome is
Head, pick Q, if the outcome is Tail, pick P.
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The following procedure is known as hypothesis testing. A test T is a subset of
£2. On the basis of the outcome of the experiment with respect to 7T one chooses
between P or Q. More precisely, if the outcome of the experiment is in 7, one
chooses Q (Hypothesis I: Q is correct) and if the outcome is not in 7', one chooses P
(Hypothesis II: P is correct). P(T) is the conditional error probability of accepting
Lif IT is true and Q(T°) is the conditional error probability of accepting II if I is
true. The average error probability is

Dp(P,Q,T)=pP(T)+ (- p)Q(T),
and we are interested in minimizing D, (P, Q, T) w.r.t. T. Let

Dy(P. Q) =inf Dy(P. Q.T).

The Bayesian distinguishability problem is to identify tests 7 such that
Dy(P,Q,T)=Dp(P, Q). Let

Topt = {w| pP(w) < (1 = p)Q(w)}.

Proposition 4.23

(1) Topt is a minimizer of the function T + D,(P,Q,T). If T is another
minimizer, then T C Topy and pP(w) = (1 — p) Q(w) for w € Top \ T.
(2)

DP(Pv Q) = /Qmm{l - p, pAPlQ(CO)}dQ.
(3) Fora €]0, 1],
D,(P, Q) < p°(1 — p)l~2eS(PIO),

(4)

PAP|IQ
D,y(P. Q) z/
P e 1+,7,4p0

Remark 4.24 Part (1) of this proposition is called Neyman-Pearson lemma. Part (3)
is called Chernoff bound.
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Proof

D,(P, Q. T)=1-p—Y ((1-p)Q) — pP(w))

weT

l—p— Y ((1-p)Q@ — pP)),

w€Topt

v

and Part (1) follows. Part (2) is a straightforward computation. Part (3) follows from
(2) and the bound min{x, y} < x"‘yl_"‘ that holds for x, y > 0 and o €]0, 1[. Part
(4) follows from (2) and the obvious estimate

PAP|Q

min{l — p, pApjp(w)} > .
{1 —p,pApro(®)} 1+1i’,,AP|Q

O

Obviously, the errors are smaller if the hypothesis testing is based on repeated
experiments. Let Py and Oy be the respective product probability measures on
N,

Theorem 4.25

1 o~
i log D, (Py, = in Sy(P .
yim  y loe Dp(Py, On) = min S«(P1Q)

Proof By Part (2) of the last proposition, for any « €]0, 1[,
Dy(Py, Qn) < p*(1 = p)! @S VION) — pi (] — p)l=eeNSulPIO),

and so
" log D, (Py, On) = min 3,(PIO)
0 min .
N BTN ENT = o e
This yields the upper bound:

. 1 .o
lim sup N log Dp(Pn|QN) < i Sa(P1Q).

N—o00

To prove the lower bound we shall make use of the lower bound in Cramér’s theorem
(Corollary 2.18). Note first that the function

pXx

X > »
1~|—1_px
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is increasing on R . Let 6 > 0 be given. By Part (4) of the last proposition,

N6

pe
N A XA PV ET b
I-p

Hence,
1m in (0] )

1
> liminf  log O !a) e 2V | log Apy oy (@) > Ne} . (430)

N—o0

Let X = log Apjg and Sy (w) = Y i, X (). Note that Sy = log Apy |, The
cumulant generating function of X w.r.t. Q is

logEg(e*¥) = 5,(P|Q).

Since Eg(X) = —S(Q|P) < 0and 6 > 0, it follows from Corollary 2.18 that

1
lim  log Oy !a) e 2V | log Apy oy (@) > Ne} > _1(0) 4.31)
N—oco N
Since
ds, ds.
do lamo=—S@IP) <0, H|,_ = S(PIO) >0,

the rate function /(@) is continuous around zero, and it follows from (4.30)
and (4.31) that

1Iivminf11, log D, (Py|Qn) > —1(0) = — sup(—Sy(P|Q)).

aeR

Since Sy (P|Q) < 0 fora € [0, 1]and Sy (P|Q) > 0 for o ¢ [0, 1],

—sup(—Sx(P|Q)) = min_S,(P|Q),
acR ael0,1]

and the lower bound follows:

1 ~
liminf log D,(P, > min S4(P|Q).
iminf  log p( N|QN)_aIET%%)f11] o« (P1Q)

N—o00
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4.8 Asymmetric Hypothesis Testing

We continue with the framework and notation of the previous section. The asymmet-
ric hypothesis testing concerns individual error probabilities Py (Txy) (type I-error)
and Qn (Ty) (type Il-error). For y €]0, 1] the Stein error exponents are defined by

sn(y) = min | P(Tw) | Ty € @Y, 0(T) = v}
Theorem 4.14 gives
lim | logsy(y) = —S(QIP)
m (0] = — .
NN gSNy

The Hoeffding error exponents are similar to Stein’s exponents, but with a tighter
constraint on the family (T )n>1 of tests which are required to ensure exponential
decay of type-II errors with a minimal rate s > 0. They are defined as

1
h(s) = inf {li log Py (T,
() = inf Hlimsup _ log Py(Ty)

N N—o00

1 .
lim sup N log On(Ty) < —S} ,

N—o0

1
h(s) = inf {liminf N log Py (Tn)

(Ty) | N—>oo

1
lim sup T log On(TR) < —s} ,

N—o0

1
h = inf { Li log Py (T;
(s) = in m  log N (TN)

1
li 1 TS) < —s¢,
(nt 1msupN 0g On(Ty) < s}

N—o0

where in the last case the infimum is taken over all sequences of tests (Ty)y>1 for
which the limit

1
li log Py (T
m o log N (TN)

exists. The analysis of these exponents is centred around the function

. sa+S,(QIP)
= f , > 0.
v(s) aelﬁ),l[ l—« 5=

We first describe some basic properties of y.
Proposition 4.26

(1) ¥ is continuous on [0, o[, ¥(0) = —S(Q|P) and ¥ (s) = 0 fors > S(P|Q).
(2) ¥ is strictly increasing and strictly concave on [0, S(P|Q)], and real analytic
on 10, S(P1Q)[.
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3)

. 1 _ . 1 _ror -
lslfr(}l/f (s) = o0, sTgl(I}I}lQ)l/f (s) = [Sy(QIP)|,o] -

(4) For6 € R set

9(0) = s%p“(ea—ﬁa(mf’)), $(0) = (@) — 6.

Then for all s > 0,

U(s) = —p@ ' (s). (4.32)

Proof Throughout the proof we shall often use Part 3 of the Exercise 4.14.
We shall prove Parts (1)—(3) simultaneously. Set

Flay =% +5(Q1P)

l—«a
Then
G(a)
F'(a) = ,
(o) (1 — )
where G (@) = s + §Q(Q|P) + (1 - a)f&(Q|P). Furthermore,

G = (- a)§g(Q|P) and so G'(@¢) > O for « € [0, 1[. Note that
G0) = s — S(P|Q) and G(1) = s. It follows that if s = 0, then G(ax) < O
for ¢ € [0, 1] and F () is decreasing on [0, 1[. Hence,

S.(01P)
Z, =-s@ip).

#O = I

On the other hand, if 0 < s < S(P|Q), then G(0) < 0, G(1) > 0, and so there
exists unique o (s) €]0, 1[ such that

G(ax(s)) =0. (4.33)
In this case,

504(5) + S () (QIP) _

1= au(s) =8 = 8o, (»(QIP). (4.34)

v(s) =

Ifs > S(P|Q), then G(x) > Ofor o € [0, I[, and ¥ (s) = F(0) = 0. The analytic
implicit function theorem yields that s > «.(s) is analytic on ]0, S(P|Q)[, and so
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Y is real-analytic on ]0, S(P|Q)[. The identity
0= G(x(5) =5 + Sau(5)(QIP) + (1 — s ()5}, (5, (QIP). (4.35)

which holds for s €10, S(P|Q)[, gives that

o 1
) =T (606 @ s) (%30

and so o (s) < 0 for s €]0, S(P|Q)[. One computes
vy =4O~ $0,(5) (4.37)

(I —ax(s)?

and so i is strictly increasing on ]0, S(P|Q)[ and hence on [0, S(P|Q)]. Since
a4 (s) is strictly decreasing on 10, S(P|Q)[, the limits

lim =X, lim =y,
010 ax(s) =x 15(P10) ax(s) =y

exist. Obviously, x, y € [0, 1], x > y, and the definition of G and «, give that

Se(QIP) + (1 = 1)S,(QIP) =0, S(P|Q) + 5,(QIP) + (1 — »)S,(Q|P) = 0.
(4.38)

We proceed to show that x = 1 and y = 0. Suppose that x < 1. The mean value
theorem gives that for some z € ]x, 1[

~85:(QIP) = S1(QIP) — S:(Q|P) = (1 —x)SL(QIP) > (1 — x)SL(Q|P),
(4.39)

where we used that ¢ +— TS’:;(Q|P) is strictly increasing. Obviously, (4.39)
contradicts the first equality in (4.38), and so x = 1. Similarly, if y > 0,

S(P|Q) + $,(QIP)+(1 — y)S,(QIP) > S(P|Q) + $,(QIP)+(1 — y)S;(Q|P)

= $,(QIP) — ySH(QIP) > 0,

contradicting the second equality in (4.38). Since x = 1 and y = 0, (4.36) and (4.37)
yield Part (3). Finally, to prove that v is strictly concave on [0, S(P|Q)] (in view of
real analyticity of ¥ on ]0, S(P|Q)[), it suffices to show that ¥’ is not constant
on ]0, S(P|Q)[. That follows from Part (3), and the proofs of Parts (1)—(3) are
complete.

We now turn to Part (4). The following basic properties of the “restricted
Legendre transform” ¢ are easily proven following the arguments in Sect. 2.5 and
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we leave the details as an exercise for the reader: ¢ is continuous, non-negative, and
convex on R, ¢(0) = 0 for & < —S(P|Q), ¢ is real analytic, strictly increasing,
and strictly convex on | — S(P|Q), S(Q|P)[, and ¢(#) = 6 for 6 > S(Q|P). The
properties of ¢ are now deduced from those of ¢ and we mention the following:

¢ is convex, continuous, and decreasing, ¢(#) = 6 for 6 < —S(P|Q), and
@(®) = 0 for 6 > S(Q|P). Moreover, the map ¢ :] — oo, S(Q|P)] — [0, oo[
is a bijection, and we denote by ¢! its inverse. For s > S(P|Q), ¢~ '(s) = —s

and ¢(—s) = 0, and so (4.32) holds for s > S(P|Q). Since ¢~'(0) = S(Q|P) and
@(S(Q|P)) = S(Q|P), (4.32) also holds for s = 0.

It remains to consider the case s €]0, S(P|Q)[. The map ¢ :] — S(P|Q),
S(Q|P)[—]0, S(P|Q)l is a strictly decreasing bijection. Since

—p@ 1) = —s — ¢ (s),

it follows from (4.34) that it suffices to show that

$7'(s) =5, 5 (QIP).

or equivalently, that

0(S,,, ) (QIP) = —s — 5], (,(QIP)). (4.40)

Sin,ge on]—S(P|Q), S(Q|P)[ the function ¢ coincides with the Legendre transform
of S, (P|Q), it follows from Part (1) of Proposition 2.8 that

9(S, (5 (QIP) = 02(5)S],, (5 (QIP) — S, (5)(QI P),

and (4.40) follows from (4.35). |

Exercise 4.16 Prove the properties of ¢ and ¢ that were stated and used in the proof
of Part (4) of Proposition 4.26.

The next result sheds additional light on the function . For & € [0, 1] we define
R, € P(£2) by

Q(@)* P(w)' ™

R, = .
@)= 5 @) P

Proposition 4.27
(1) Foralls > 0,

V(s) = —inf{S(R|P)| R € P(2), S(R|Q) < s}. 4.41)
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(2) Foranys €10, S(P|Q)[,

S(Ra, (5| Q) = 5, S(Ra, ()| P) = =V (5),

where o (s) is given by (4.33).

Proof Denote by ¢ (s) the r.h.s. in (4.41). Obviously, ¢ (0) = —S(Q|P) and ¢ (s) =0
fors > S(P|Q). So we need to prove that ¥ (s) = ¢ (s) for s €]0, S(P| Q).
For any R € P(£2) and « € [0, 1],

S(RIRy) = aS(R|Q) + (1 — )S(R|P) + S (Q|P).
If R is such that S(R|Q) < s and « € [0, 1[, then

S(RIRa) _ as +Sa(Q|P)

S(R|P).
[ < O R SR

Since S(R|Ry) > 0,

S.(0|P
inf @ T 5P L gpipy 50,
ael0,1] l—«

This gives that ¢(s) < ¥ (s). If Part (2) holds, then also ¢(s) > ¥ (s) for all
s €10, S(P|Q)[, and we have the equality ¢ = 1. To prove Part (2), a simple
computation gives

S(Ry|Q) = —(1—)S,(Q|P) — S, (QIP), S(R4|Q) = S(Ra|P)+S,(Q|P).

After setting @ = a(s) in these equalities, Part (2) follows from (4.35) and (4.34).

O
The main result of this section is
Theorem 4.28 Forall s > 0,
h(s) = h(s) = h(s) = ¥ (s). (4.42)

Proof Note that the functions A, h, h are non-negative and increasing on ]0, oo[ and
that

h(s) < h(s) < h(s) (4.43)

forall s > 0.
We shall prove that for all s € ]0, S(P|Q)[,

h(s) = ¥ (s), h(s) = ¥ (s). (4.44)



Lectures on Entropy. I: Information-Theoretic Notions 217

In view of (4.43), that proves (4.42) for s €]0, S(P|Q)[. Assuming that (4.44)
holds, the relations 4(s) < h(S(P|Q)) < 0 fors €]0, S(P|Q)[ and

lim hA(s) = lim s) =0
s18(P1Q) ) STS(PIQ)w()

give that 21(S(P|Q)) = 0. Since A is increasing, h(s) = 0 for s > S(P|Q) and so
h(s) = ¥ (s) fors > S(P|Q). In the same way one shows that h(s) = h(s) = ¥ (s)
fors > S(P|Q).

We now prove the first inequality in (4.44). Recall that the map
¢ :1—S(P|Q), S(Q|P)[—]0, S(P|Q)I is a bijection. Fix s €10, S(P|Q)[ and
let 6 €] — S(P|Q), S(Q|P[ be such that () = s. Let

Tv©) = |0 e 2V | on@) = M Py()]. (4.45)
Then
| X
N
Pv(Ty@®) = Py Yo = (@1, on) € 2V Z;SQ\P(COj) >0
/:
Since the cumulant generating function for Sg|p with respect to P is ga(Q|P),

and the rate function I for Spp with respect to P coincides with ¢ on
1S(P|Q), S(Q|P)I, it follows from Part (1) of Corollary 2.18 that

lim 11, log Py (Tn (0)) = —¢(0). (4.46)

N—o0
Similarly,
1 X
ON(TN@]) = Qv Yo = (@1, on) € QY] > Soip(@)) <6
j=1
The cumulant generating function for Sg|p with respect to Q is §a+1 (Q|P), and

the rate function for Sg|p with respect to Q on 1S(P|Q), S(Q|P)[ is ¢. Part (2) of
Corollary 2.18 yields

1
im - log ON(IN@)]) = —9(®). (4.47)

The relations (4.46) and (4.47) yield that h(¢(#)) < —p(—0). Since ¢(0) = s, the
first inequality (4.44) follows from Part (4) of Proposition 4.26.
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We now turn to the second inequality in (4.44). For 6 €] — S(P|Q), S(Q|P)[
and Ty C 2V we set

DN(Ty,0) = On(TNIE) + eV Py (Tw).

Arguing in the same way as in the proof of Parts (1)—(3) of Proposition 4.23, one
shows that for any Ty,

Dn(Tn,0) = Dn(Tn(9), 0).
The relations (4.46) and (4.47) yield
li 11 Dn(Tn(9),0)) = —¢(0)
NI_I}loo N og On(In(0), = —p@).

Fix now s €]0, S(P|Q)[ and let 6 €] — S(P|Q), S(Q|P)[ be such that ¢(0) = s.
Let (Ty)n>1 be a sequence of tests such that

1
lim sup N log On(Tx) < —s.

N—o0

Then, for any 6’ satisfying 0 < 8’ < S(Q|P) we have

1 /
—§(©) = lim log (Qn (TN (®)1) +" N Py (T (0))

s 1 c 0'N
< ljlvrglor;f N log (QN(TN) +e PN(TN))
(4.48)
1 1
- .. N o e
< max (1}an)1;lof N log On(Ty), 0" + lzlvniloréf N log PN(TN))

1
< max (—(29(0), 0’ +liminf  log PN(TN)) .
N—oo N

Since ¢ 1is strictly decreasing on ] — S(P|Q),S(Q|P)[ we have that
—¢(0) > —¢(0), and (4.48) gives

1
liminf _ log Py(Ty) > —0' — @(0') = —p(0").
N—oo N
Taking 6 | 6, we derive
o1 .
liminf _ log Py(Ty) = —¢(0) = —p($~'(s)) = ¥ (s),
N—>oco N
and so A(s) > ¥ (s). o
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Remark 4.29 Theorem 4.28 and its proof give the following. For any sequence of
tests (Tn)ny>1 such that

1 .
lim sup v log ON(TS) < —s (4.49)

N—o00

one has

o1
111vnl>1§ofN log Pn(Tn) = ¥ (s).

On the other hand, if s €]0, S(P|Q)[, ¢(8) = s, and Ty (0) is defined by (4.45),
then

1 1
lim sup N log ON([Tn (0)]°) = —s and ngnoo N log Pn(Tn(0)) = ¥ (s).

N—o00

Exercise 4.17 Set

1
h(0) = (inf lim sup N log Pn(Tn)

™) | N>oo

1 .
lim sup N log On(Ty) < 0} ,

N—o00

1
h(0) = inf {liminf _ log Py (T,
0) (I'P iminf . log N(TN)

N)

1 .
lim sup N log On(Ty) < O} ,

N—o0

1
h() = inf{ L log Py (T,
0) (ITI}V) m L  log N (Tn)

1
lim sup N log On(Ty) < O} ,

N—o0

where in the last case the infimum is taken over all sequences of tests (Ty)y>1 for
which the limit

1
li log Py (T
m - log N (TN)

N—o0

exists. Prove that
h(0) = h(0) = h(0) = —S(Q|P).

Compare with Exercise 4.10.
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4.9 Notes and References

The relative entropy S(P|Pc,) already appeared in Shannon’s work [44]. The
definition (4.1) is commonly attributed to Kullback and Leibler [33], and the
relative entropy is sometimes called the Kullback-Leibler divergence. From a
historical perspective, it is interesting to note that the symmetrized relative entropy
S(P|Q) + S(Q|P) was introduced by Jeffreys in [29] (see Equation (1)) in 1946.

The basic properties of the relative entropy described in Sect. 4.1 are so well-
known that it is difficult to trace the original sources. The statement of Proposi-
tion 4.1 is sometimes called Gibbs’s inequality and sometimes Shannon’s inequality.
For the references regarding Theorem 4.2 and Exercise 4.7 see Exercise 17 in
Chapter 3 of [11] (note the typo regarding the value of the constant c).

The variational principles discussed in Sect. 4.2 are of fundamental importance
in statistical mechanics and we postpone their discussion to Part II of the lecture
notes.

The attribution of Theorem 4.14 to statistician Charles Stein appears to be
historically inaccurate; for a hilarious account of the events that has led to this,
see the footnote on the page 85 of [30]. Theorem 4.14 was proven by Hermann
Chernoff in [7]. To avoid further confusion, we have used the usual terminology.
To the best of my knowledge, the Large Deviations arguments behind the proof of
Stein’s Lemma, which were implicit in the original work [7], were brought to the
surface for the first time in [3, 47], allowing for a substantial generalization of the
original results.* Our proof follows [47].

The Fluctuation Relation described in Sect. 4.4 is behind the spectacular devel-
opments in non-equilibrium statistical mechanics mentioned in the Introduction. We
will return to this topic in Part II of the lecture notes.

The choice of the name for Jensen-Shannon entropy (or divergence) and metric
is unclear; see [37]. To the best of my knowledge, Theorem 4.19 was first proven in
[16, 40]. Our proof follows closely [16]. For additional information, see [20].

The definition of the Rényi relative entropy is usually attributed to [41], although
the “un-normalized” §a (P| Q) already appeared in the work of Chernoff [7] in 1952.

The hypothesis testing is an essential procedure in statistics. Its relevance to
modern developments in non-equilibrium statistical mechanics will be discussed
in Part IT of the lecture notes. Theorem 4.25 is due to Chernoff [7]. As in the case of
Stein’s Lemma, the LDP based proof allows to considerably generalize the original
result. The Hoeffding error exponents were first introduced and studied in [25] and
the previous remarks regarding the proof applies to them as well. For additional
information about hypothesis testing, see [35].

4By this I mean that essentially the same argument yields the proof of Stein’s Lemma in a very
general probabilistic setting.



Lectures on Entropy. I: Information-Theoretic Notions 221

5 Why is the Relative Entropy Natural?

5.1 Introduction

This chapter is a continuation of Sect.3.4 and concerns naturalness of the relative
entropy.

1. Operational Interpretation Following on Shannon’s quote in Sect. 3.7, Stein’s
Lemma gives an operational interpretation of the relative entropy S(P|Q). Chernoff
and Hoeffding error exponents, Theorems 4.25 and 4.28, give an operational
interpretation of Rényi’s relative entropy §a(P|Q) and, via formula (4.29), of
Rényi’s entropy :S’;(P) as well. Note that this operational interpretation of Rényi’s
entropies is rooted in the LDPs for respective entropy functions which are behind
the proofs of Theorems 4.25 and 4.28.

2. Axiomatic Characterizations Recall that A(£2) = {(P, Q) € P(2) | P K Q}.
Set A = U@ A(£2). The axiomatic characterizations of relative entropy concern
choice of a function & : A — R that should qualify as a measure of entropic
distinguishability of a pair (P, Q) € A. The goal is to show that intuitive natural
demands uniquely specify G up to a choice of units, namely that for some ¢ > 0
and all (P, Q) € A, &(P, Q) =cS(P|Q).

We list basic properties that any candidate G for relative entropy should satisfy.
The obvious ones are

G(P,P)=0, &(P,0)>0, 3I(P,Q) suchthat S(P, Q) > 0.
5.1)

Another obvious requirement is that if |§2]]| = |§22]| and 6 : §£21 — §2; is a bijection,
then for any (P, Q) € A,

G(P,Q)=6(Pob,000).
In other words, the distinguishability of a pair (P, Q) should not depend on the
labeling of the elementary events. This requirement gives that & is completely
specified by its restriction G : Ur>1.Ar — [0, oo[, where
AL = {((pls 1pL)7(q17"' 7QL)) EPL XPL|Qk :O :>pk :O}v

and that this restriction satisfies

S((p1, -+, pL) (g1, -+ ,qL))) = SUpr)s -+ » Pr))s @r(l)s - - Gr(r)))
(5.2)

for any L > 1 and any permutation  of {1, --- , L}. In the proofs of Theorems 5.1
and 5.3 we shall assume that (5.1) and (5.2) are satisfied.
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Split Additivity Characterization This axiomatic characterization is the relative
entropy analog of Theorem 3.4, and has its roots in the identity (recall Proposi-
tion 4.10)

S(p1Pr+- -+ puPulg1O1 4 +92Qn) = p1S(P1IQ1) + -+ + puS(Pr|Qn)
+S((p1s -5 pl(q1s -+ qn))

which holds if (suppP; U suppQ ;) N (suppPr U suppQy) = ¥ forall j # k.
Theorem 5.1 Let S : A — [0, oo[ be a function such that:

(a) & is continuous on Aj.
(b) For any finite collection of disjoint sets £2;, j =1, -- -, n,any (P}, Q;)e A(£2)),
andanypz (pla“' 7pn)7q = (CII,"' aCIn) EPH7

S (EB Pr P EquQk> =Y pS(Pi, Q1)+ 6(plg). (5.3)
k=1 k=1

k=1
Then there exists ¢ > 0 such that for all (P, Q) € A,
G(P, Q) =cS(P|Q). 5.4
Remark 5.2 1If the positivity and non-triviality assumptions are dropped, then the

proof gives that (5.4) holds for some ¢ € R.

Exercise 5.1 Following on Remark 3.6, can you verbalize the split-additivity
property (5.3)?

We shall prove Theorem 5.1 in Sect. 5.2. The vanishing assumption S(P, P) = 0
for all P plays a very important role in the argument. Note that

&(P.Q)=—)_ P(w)log Q(w)

satisfies (a) and (b) of Theorem 5.1 and assumptions (5.1) apart from S(P, P) = 0.

Stochastic Monotonicity + Super Additivity Characterization This characterization
is related to Theorem 3.7, although its proof is both conceptually different and
technically simpler. The characterization asserts that two intuitive requirements, the
stochastic monotonicity (Proposition 4.8) and super-additivity (Proposition 4.12)
uniquely specify relative entropy.
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Theorem 5.3 Let & : A — [0, oo[ be a function such that:

(a) & is continuouson Ay forall L > 1. A
(b) Forany P, Q € A(.Q) and any stochastic map @ : P(£2) — P(£2) (note that
(@(P), (Q)) € A(£2)),

S(D(P), 2(Q)) <6&(P, O). (5.5)
(¢c) Forany P and Q = Q; ® O, in A(£2; x £2,),
S(P, Q1 + 6&(Pr, Or) < 6&(P, 0), (5.6)

with the equality iff P = P, ® P,.
Then there exists ¢ > 0 such that for all (P, Q) € A,

G(P, Q) =cS(P|Q). (5.7)

We shall prove Theorem 5.3 in Sect. 5.3. Note that neither assumptions (a) A (b)
nor (a) A (c) are sufficient to deduce (5.7): (a) and (b) hold for the Rényi relative
entropy (P, Q) — Sq (P, Q) if @ €]0, 1[ ((c) fails here), while (a) and (c) hold for
the entropy (P, Q) — S(P) ((b) fails here, recall Exercise 4.5).

4. Sanov’s Theorem This result is a deep refinement of Cramer’s theorem and
the basic indicator of the central role the relative entropy plays in the theory of
Large Deviations. We continue with our framework: 2 is a finite set and P a given
probability measure on §2. We shall assume that P is faithful.

To avoid confusion, we shall occasionally denote the generic element of §2 with

a letter a (and list the elements of £2 as 2 = {ay,--- ,arL}). For w € §2 we denote
by 8, € P(£2) the pure probability measure concentrated at w: §,(a) = lifa = w
and zero otherwise. For w = (w1, - - - , wy) we set

1 N

Obviously, §, € P(£2) and

the number of times a appears in the sequence w = (w1, -+ - , WN)

dp(a) = N
Sanov’s theorem concerns the statistics of the map 2N 5w 8, € P(2) wrt.
the product probability measure Py . The starting point is the corresponding law of
large numbers.
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Proposition 5.4 For anye > 0,

lim Py {a) e 2V dy(,, P) > e} —0.
N—oo

Sanov’s theorem concerns fluctuations in the above LLN, or more precisely, for a
given I' C P(§2), it estimates the probabilities

PN{we.QNMweF]
in the limit of large N.
Theorem 5.5 For any closed set I" C P(S2),

1
limsup  log Py {a) e 2V|5, € r} <~ inf S(QIP).

N—o0

and for any open set I" C P(£2),

o1 .
liminf | log Py {a) e 2Vis, e r] > — inf S(QIP).

N—o00

We shall prove Proposition 5.4 and Theorem 5.5 in Sect. 5.4 where the reader can
also find additional information about Sanov’s theorem.

5.2 Proof of Theorem 5.1

The function
F@) =6((1,0), (t,1 —1)), t €]0, 1],

will play an important role in the proof. Obviously, F is continuous on ]O, 1] and
F(1)=0.
We split the proof into five steps.

Step1 Let (P, Q) € A(£2), where 2 ={w1, - - - , w,}, and suppose that P(w;) =0
for j > k. Set 21 = {w1, -+, wi}, P1(w;) = P(w;), and

O(wj)

Q@D = o 4+ O()”
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It is obvious that (P, Q1) € A(§21). We then have
S(P,0)=F(q1+-+qr)+6(P1, Q1). (5.8)

Note that if k = n, then (5.8) follows from F(1) = 1. Otherwise, write
2 = 21 ® $27, with 22 = {wk+1, -+ , wy}. Take any P> € P(£2,), write

(P,O)=(0-Pr®0-P,1t01 ®(1—-1)02),

where t = g1 + -+ - + gk, Q2 is arbitrary if t = 1, and Oz (w;) = Q(w;)/(1 — 1) if
t < 1, and observe that the statement follows from (5.5).
Step2 F(ts) = F(¢t) + F(s) forall s, ¢ €]0, 1].

Consider G((1,0,0), (zs,#(1 —s), 1 —1)). Applying Step 1 with k = 1 we get

6((1,0,0), (rs,1(1 =), 1 = 1)) = F(ts) + &((1), (1)) = F(ts).

Applying Step 1 with k = 2 gives
6((1,0,0), (zs,1(1 —s), 1 = 1)) = F(t) + 6((1,0), (s, 1 —5)) = F(1) + F(s),

and the statement follows.

Step 3 For some c € R, F(t) = —clogt forall ¢ €]0, 1].

Set H(s) = F(e™®). Then H is continuous on [0, oc0[ and satisfies
H(s1 4+ s2) = H(s1) + H(s2). It is now a standard exercise to show that H(s) = c¢s
where ¢ = H(1). Setting t = e~* gives F(t) = —clogt.

This is the only point where the regularity assumption (a) has been used
(implying the continuity of F'), and so obviously (a) can be relaxed.’ Note that (5.1)
implies ¢ > 0.

Step 4 We now prove that for any n > 2 and any pair (p,g) € A, of faithful
probability measures,

&(p,q) = cS(plg), (5.9)

where c is the constant from Step 3.
Let p = (p1,-+,Pn), 9 = (g1, ,qn), and choose ¢ €]0, 1] such that
qr — tpx = 0 for all k. Set

KZG((pla“'apnaoa“' 70)7(tp17“' ,tpn,ql_tpl,"' ,Qn_tpn))-

51t suffices that F is Borel measurable.
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It follows from Steps 1 and 3 that
K=F()+G6&(p, p) =—clogt. (5.10)
On the other hand, (5.2) and (5.3) yield

K = 6((17170’ e apnao)v (tplaql _tpla"' atpnaQn _tpn))
= 6((171(1’0)’ e 7pn(17 0))5

Ip1 Ip1 IPn IPn
q1 ’1— s s qn ’1_
q1 q1 qn qn
=Zka< )+6(p,q),
k=1 Ik
and it follows from Step 3 that

K = —clogt —cS(plg) + &(p, q). (5.11)

Comparing (5.10) and (5.11) we derive (5.9).

Step 5 We now show that (5.9) also holds for non-faithful p’s and complete the
proof of Theorem 5.1. By (5.2) we may assume that p; > Ofor j < kand p; =0
for j > k, where k < n. Then, setting s = g1 + - - - gk, Steps 1 and 3 yield

S(p.q) = —clogs + &((p1.--- . pr). (q1/s, -+ . qk/9)),
and it follows from Step 4 that
S(p.q) = —clogs +cS((p1. -+, p)I(q1/s. -+ . qk/s))-
On the other hand, a direct computation gives
S(plg) = —logs + S((p1, -+, pI(q1/s, -+ . qk/9)),

and so &(p, q) = cS(plq).
The non-triviality assumption that & is not vanishing on A gives that ¢ > 0.

5.3 Proof of Theorem 5.3

We shall need the following preliminary result which is of independent interest and
which we will prove at the end of this section. Recall that if P is a probability
measure on §2, then Py = P ® --- ® P is the product probability measure on
2V =02 x. - x Q.
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Proposition 5.6 Suppose that (P, Q) € A(£2) and (P Q) e A(2) are such that
S(P|Q) > S(P|Q) Then there exists a sequence of stochastic maps (PN)nN>1,
Dy P(2N) > P(2N) such that &5 (Qn) = On forall N > 1 and

lim dy(®n(Py), Py) = 0.
N—oo

We now turn to the proof of Theorem 5.3. Recall our standing assumptions (5.1).
Let (PO, 0©) ¢ Abe such that S(P©, @) > 0, and let ¢ > 0 be such that

G(P(O), Q(O)) — CS(P(O)|Q(0)).

Let (P, Q) € A, P # Q, be given and let L, M, L', M’ be positive integers such
that

L L
) ~(0) ©);H ()
M,S(P 10™) < S(P|Q) < MS(P 10™). (5.12)
We work first with the r.h.s. of this inequality which can be rewritten as

S(PulOm) < S(PV100).

It follows from Proposition 5.6 that there exists a sequence of stochastic maps
(@) n>1 such that Dy (Q") = Qpw and

lim dy(®x(P"), Puy) = 0. (5.13)
N—o0
We now turn to &(P, Q) and note that
1
MG&(P, Q) = &(Pyu, Om) = NG(PMNa Omn)
1
= [G(PMN, Oun) — S(@x(P), Q)|

+ 6(<1>N<P“’)) on (00

=z

1
v [SPun. Qun) — 8@ (PL”). Quw)|

IA
1

1
+  S(PLy. O
1
= [8Pun. Qun) — 8@x (P, Quw)]

+L&(PY, o). (5.14)
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Write Oy = Om ® - - - ® QO and denote by Ry y the marginal of @N(PL(O)) with
the respect to the k-th component of this decomposition. Assumption (c) gives

1 1 &
v [EPun. Quw) —8@n(P"). Q)] = Y[Ry 0w

—6(Re.n, Om)].  (5.15)
One easily shows that (5.13) implies that for any k,

lim dV(Rk,Ny PM) =0. (5.16)
N—o0
It then follows from (5.15) that

1
limsup [&Pun. Qun) = S@n(P”), Q)| = 0. (5.17)

N—o00

Returning to (5.14), (5.17) yields
Lspo poy_ L 0[O
S(P, Q) < MG(P ,0) = McS(P [0™). (5.18)

Since the only constraint regarding the choice of L and M is that (5.12) holds, we
derive from (5.18) that

S(P, Q) = cS(P|Q).

Starting with the Lh.s. of the inequality (5.12) and repeating the above argument one
derives that S(P, Q) > ¢S(P|Q). Hence, S(P, Q) = ¢S(P|Q) forall (P, Q) € A
with P # Q. Since this relation holds trivially for P = Q, the proof is complete. [J

Exercise 5.2 Prove that (5.13) implies (5.16).

Proof of Proposition 5.6 The statement is trivial if P = @, so we assume that
P # Q (hence S(P|Q) > 0). Let ¢, f be such that

S(P|0) <f <t < S(P|O).

It follows from Stein’s Lemma that one can find a sequence of sets
(Tn)N=1, Ty C 82, such that

lim Py(Ty) =1, On(Ty) < Cre™,
N—oo
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for some constant C; > 0. Let ¥y : P(£2) — P({0, 1}) be a stochastic map

induced by the matrix

Yy (w,0) = x1y (@), Yn(w, 1) = xrg (@),

where x7, and Xty are the characteristic functions of 7 and its complement T,.

It follows that

Yn(PN) = (PN, PN), Y(ON) =(gN.qn),

where
pN = Py(Tn), gy = Q(Tn).

Obviously py =1 —py. gy =1 —gn.

It follows again from Stein’s Lemma that one can find a sequence of sets

(Tn)N=1, Ty C 2, such that
lim Py(Ty) =1,  On(T%) > Coe™™,
N—oo

f/g)r some  constant Cr,>0. We now construct a stochastic
Un: PO, 1}) — P(£2) as follows. Let o = (1, 0), 61 = (0, 1). We set first

- Py () . .
Yy (o) (w) = - if we Ty,
> ety PN (@)
@N (80) (w) = 0 otherwise, and observe that
. S~ 1= Py(Ty)
dy(Wn(80), PN) < PN(Ty) + ~ ~ .
N Py (Ty)
Hence,
lim dy (¥n(80), Py) = 0.
N—o0
Let

Dy(@) = On (@) — gn Py (50)(®).

If w & Ty, then obviously Dy (w) = On(®) > 0, and if w € Ty,

Dy(w) > C;™ — eV,

map
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Since 0 < 7 < t, there is Ny such that for N > Ny and all w € §, Dy (w) > 0.
From now on we assume that N > N, set

~ 1
Un(1) =  (On —gnDPn(d0)),
qnN

and define @y : P({0, 1}) — P(2) by
Un(p, q) = p¥ (80) + q¥ (51).
The map Dy is obviously stochastic and
Pyn(gn.qn) = On.
Moreover,
dv (PN (pn. px)- Pv) < dv(@y(pn. p). O (80)) + dv (¥ (80). Py)
<2(1— py) +dv(Pn (). Py).
and so

lim dy(@y(pw, py)s Py) =0.
N—oo

For N < Ny we take for @y an arbltrary stochastic map satlsfylng DN (OpN) = Q N
and for N > Ny we set Oy = lI/N oWy.Then @ (Qpn) = QN forall N > 1 and

lim dy(@y(Py), Py) =0,
N—oo

proving the proposition. O

Exercise 5.3 Write down the stochastic matrix that induces @N.

5.4 Sanov’s Theorem

We start with
Proof of Proposition 5.4. Recall that L = |§2|. We have

dy (8, P) =)

aes?

S is 8o (@)

N — P(a)|,
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€
> .
-]
€
> .
- |

(5.19)

and

N
’U)EQNldV(5w,P)26}C U {Q)EQN| ‘Zk:lsa)k(a)_P(a)
aesf2 N

Hence,

N N lecv—lswk(a)
Pylo e 2V|dv(S,. P)=e( <Y Pyloe2N||=*= — P(a)
aesf2 N

For given a € §£2, consider a random variable X : 2 — R defined by
X (w) = é,(a). Obviously, E(X) = P(a) and the LLN yields that

>6}=0
- L

The proposition follows by combining this observation with inequality (5.19). O

N—o00

N
8
lim Py {a) e V| ‘Zk=1N‘”k(“) — P(a)

We now turn to the proof of Sanov’s theorem. Recall the assumption that P is
faithful. We start with the upper bound.

Proposition 5.7 Suppose that I’ C P(82) is a closed set. Then

1
limsup  log Py {a) e Vs, € F} < inf S(QIP).
€

N—o00

Remark 5.8 Recall that the map P(£2) > Q — S(Q|P) € [0, oo is continuous
(P is faithful). Since I" is compact, there exists O, € P(§2) such that

inf S(Q|P) =S P).
Jnt (QIP) = S(Om|P)
Proof Lete > 0 be given. Let Q € I'. By Exercise 4.9,

S(Q|P) = sup (/ XdQ—log/ eXdP).
X:2—R 2 2

Hence, we can find X such that

S(Q|P)—e<f XdQ—log/ eXdPp.
2 2
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it

Since the map P(£2) > Q' — f_Q Xd Q' is continuous, U (Q) is an open subset of

P(£2). We now estimate
/XdQ—/ Xdé, <e}
2 2

< Py /X5w>/XdQ—e}
2 2

N
=Py ZX(a)k) > N/ XdQ—Ne}
k=1 f2

Let

Ue(Q) = {Q’ € P($2)| ‘/QXdQ—/QXdQ’

Py {80 € Ucs(Q)} = Py

= Py !eZL X(@) o oN g XdQ—Ne}
< e N/ XdQ+Nep X )N

— o N /o XdQ+Nlog [ e¥dP+Ne

< e NS(QIP)+2Ne

Since I" is compact, we can find Q1, - -+, Qp € I' such that

M
rcl|Juep.
j=1
Then

M

Py{so € '} <> Py {0 € Uc(Q))}
j=1

M
< e2Ne Z e—NS(Q;IP)

j=1

< 32N€M6*NiﬂerI“ S(QlP).
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Hence

1
limsup . log Py ia) c 2V s, € F} <~ inf S(QIP) +2¢.

N—o0

Since € > 0 is arbitrary, the statement follows.
‘We now turn to the lower bound.

Proposition 5.9 For any open set I' C P(S2),

.1 .
liminf  log Py {a) c 2V |5, € F} > — inf S(QIP).

N—o00

Proof Let Q € I' be faithful. Recall that Sg|p = log Ag|p and

Soip(w1) + -+ Sg|p(@n)
/Spleawz ] ] .
2 N

Lete > O and

Ry = {aw er| ‘/ Sopds, — S(Q|P)
2

ot

ApyloydON =fR At 1pydON
N,e

Then

Py{0w €'} = Pn(Rn,e) = /

RN,e

:/ e~ Lic1 Sor@)qQy
RN,e

> e VLIV O N (Ry o).

Note that for € small enough (I” is open!)

Ry.e o {oe 2 1dv(0.5,) <€

Soip(@1) + -+ Sg|p(@N)

N — S(QIP)

ﬂ{a)e.QN|‘

< E} .
By the LLN,

lim On(Ry.e) = 1.
N—o0

233



234

Hence, for any faithful Q € I',
| N
liminf _ log Py {w c 2V s, e 1"} > _S(Q|P).
N—>oco N

Since I" is open and the map P(£2) > Q — S(Q|P) is continuous,

inf  S(Q|P) = inf S(Q|P).
oer™ o) (Q|P) Ant (Q|P)

The relations (5.20) and (5.21) imply

1
liminf _ log Py {a) e 2V |5, € r} =~ inf S(0IP).
€

N—soco N

Exercise 5.4 Prove the identity (5.21).
A set I' € P(82) is called Sanov-nice if

inf S(Q|P)= inf S(Q|P),
Qg}nr (0|P) Qler;w (0|P)

where int/cl stand for the interior/closure. If I" is Sanov-nice, then

N—o0

Exercise 5.5 1. Prove that any open set I C P(£2) is Sanov-nice.

o N .
lim log Py foe 2 |awer}_—éngS(Q|P).

V. Jaksié

(5.20)

(5.21)

2. Suppose that I" C P(£2) is convex and has non-empty interior. Prove that I" is

Sanov-nice.

We now show that Sanov’s theorem implies Cramér’s theorem. The argument
we shall use is an example of the powerful contraction principle in theory of Large

Deviations.

Suppose that in addition to £2 and P we are given a random variable X : 2 — R.
C and I denote the cumulant generating function and the rate function of X. Note

that

Sn(@) X))+ + X(wy) _/ Yds
N N et

Hence, for any S C R,

S
N@) o o s, e T
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where
Fsz{QeP(Q)| / XdQeS}.
2
Exercise 5.6 Prove that

int I's = I, cll's = Ius.

Sanov’s theorem and the last exercise yield

Proposition 5.10 Forany S C R,

. o1 Sy (w)
— inf S(Q|P) < liminf _ log P eV €es
TGRS O PR
1 S
<limsup _ log Py {a)e.QN| (@) GS}
N—o0 N N
< — inf S(Q|P),
Qelus Ql
To relate this result to Cramér’s theorem we need:
Proposition 5.11 Forany S C R,
inf 1(6) = inf S(Q|P). 5.22
inf 1) = inf S(QIP) (5.22)

Proof Let Q € P(£2). An application of Jensen’s inequality gives that forall o € R,

C(a) = log (Z eO‘X(“’)P(a)))

weS2

P(w)
Zlog| Y X T 0(w)
wesuppQ Q(w)

P(w)
> Z Q(w)log |:e°‘X(’”) :| .
wesuppQ Q (@)

Hence,

Cla) > a/ XdQ — S(Q|P). (5.23)
2
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If Q is such that 6y = f_Q XdQ € S, then (5.23) gives

S(QIP) = sup (abp — C(@)) = I(to) = inf I(0),
€

aeR
and so
inf S(Q|P) > inf 1(0). 5.24
Jnt, (0l )_GHEIS @) (5.24)
On the other hand, if 6 €]lm,M[, where m = mingep X(w) and

M = max,co X(w), and @ = «(0) is such that C'(«(0)) = 0, then, with Qg
defined by (2.3) (recall also the proof of Cramer’s theorem), 6 = f o XdQq and
S(Qu|P) = a8 — C(e) = 1(0). Hence, if S C]m, M[, then for any 6y € S,
infpery S(Q|P) < 1(6p), and so

inf P) < inf 1(6). 2
ngFSS(QI ) = inf 1(0) (5.25)

It follows from (5.24) and (5.25) that (5.22) holds for S C ]m, M[. One checks
directly that

Im)= inf  S(Q|P), I(M)= inf  S(Q|P). (5.26)
0:/, o Xd

Jo XdQ=m o =

If SN [m, M] = (@, then both sides in (5.22) are oo (by definition, infd = 00).
Hence,

inf 1(0) = inf 1(0)= inf  S(Q|P) = inf S(Q|P),
IO =, Ml 1O = b SQIP) = inf S(OIP)
and the statement follows. O

Exercise 5.7 Prove the identities (5.26).

Propositions 5.10 and 5.11 yield the following generalization of Cramér’s
theorem:

Theorem 5.12 For any S C R,

1 S
— inf I(0) <liminf _ log Py {a) e V| N (@) € S}
feintS N—oco N N
1 S
<limsup _ log Py {w e 2| N (@) € S} < — inf 1(0).
Nooco N N feclS
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A set S is called Cramer-nice if

inf 1(6) = inf I1(0).
peints ©) pecls ©)

Obviously, if S is Cramer-nice, then

Sy (w) c

lim 110gPN we V|
N N

N—o0

= —inf 1(9).
s} =~

Exercise 5.8

1. Is it true that any open/closed interval is Cramér-nice?
2. Prove that any open set § C]m, M[ is Cramér-nice.
3. Describe all open sets that are Cramér-nice.

5.5 Notes and References

Theorem 5.1 goes back to the work of Hobson [24] in 1969. Following in Shannon’s
steps, Hobson has proved Theorem 5.1 under the additional assumptions that & is
continuous on A;, for all L > 1, and that the function

1 1 1 1
(Vl,nO)'_)G(( s T 107"'1())7( s T ))7
n n no no

defined for n < no, is an increasing function of ng and a decreasing function of 7.
Our proof of Theorem 5.1 follows closely [36] where the reader can find additional
information about the history of this result.

The formulation and the proof of Theorem 5.3 are based on the recent works
[38, 53].

For additional information about axiomatizations of relative entropy, we refer the
reader to Section 7.2 in [1].

Regarding Sanov’s theorem, for the original references and additional infor-
mation, we refer the reader to [9, 13]. In these monographs one can also find a
purely combinatorial proof of Sanov’s theorem and we urge the reader to study this
alternative proof. As in the case of Cramér’s theorem, the proof presented here has
the advantage that it extends to a much more general setting that will be discussed
in the Part II of the lecture notes.
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6 Fisher Entropy

6.1 Definition and Basic Properties

Let £2 be a finite set and [a, b] a bounded closed interval in R. To avoid trivialities,
we shall always assume that [2| = L > 1. Let {Po}oc[a.b], Po € Pr(£2), be a family
of faithful probability measures on §2 indexed by points 6 € [a, b]. We shall assume
that the functions [a, b] > 6 — Py(w) are C? (twice continuously differentiable)
for all w € £2. The expectation and variance with respect to Py are denoted by Eg
and Vary. The entropy function is denoted by S¢ = — log Py. The derivatives w.r.t.
0 are denoted as f(0) = 3 £ (9), £(0) = 83 f(8), etc. Note that

S0=—p0, §0=_I39+P02’ Eg(Ss) = 0.
Py Py P62

The Fisher entropy of Py is defined by

[ Po(w)]?

Z©O) = Eg([Ss]?) = i
) = Eo([Se]?) 0;2 Po()

Obviously,
Z(0) = Varg(Sp) = Eq(Sp).

Example 6.1 Let X : 2 — R be a random variable and

O X (@)

Pg(a)) = Z /eQX(w’)'
0]

Then

Z(0) = Varg(X).

The Fisher entropy arises by considering local relative entropy distortion of Py. Fix
6 € I and set

L(e) = S(Potel Pp). R(e) = S(Py| Pore)-

The functions € — L(€) and € — R(¢) are well-defined in a neighbourhood of 6
(relative to the interval [a, b]). An elementary computation yields:
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Proposition 6.2

1 1 1
lim, 40 = lim,  R©) = , ).

In terms of the Jensen-Shannon entropy and metric we have

Proposition 6.3

1 1
li S1s(Pgae, Pp) = Z1(0),
lim 15 (Pote, Po) 4 )

. 1 1
lim  dis(Poye, Pp) = /Z(6).
e—0 |€] 2

Exercise 6.1 Prove Propositions 6.2 and 6.3.

Since the relative entropy is stochastically monotone, Proposition 6.2 implies
that the Fisher entropy is also stochastically monotone. More precisely, let
[®(w, L?))](w,cb)eﬂx(} be a stochastic matrix and @ : P(£2) — P(.Q) the induced
stochastic map. Set

Py = @ (Py),

and note that Py is faithful. Let 7 (6) be the Fisher entropy of Py. Then
~ I TP 1

Z(0) = lim , S(Pote|Po) < lim  S(Poye|Po) =Z(0).
e—>0€ e—>0¢€

The inequality f(@) < Z(0) can be directly proven as follows. Since the function
x > x? is convex, the Jensen inequality yields

2 . 2
R P,
(; & (w, &) Py (w)) = (; @ (, &) Py () PZEZi)

1_5 2
< (; qb(w,cb)[lfg((ww))] ) (%: (o, c?))Pg(a))).



240 V. Jaksié

Hence,

2

—1
o)=Yy (Z @ (w, &) Py (w)) (Z D (w, &) Py (w))

w

. [Py (w)]?
< ij ; (0, &) Py () Po()

= 7(0).

6.2 Entropic Geometry

We continue with the framework of the previous section. In this section we again
identify Pr(£2) with

7>L,f=!(pl,---,pL)eRHpk>0,Zpk=1 :
k

We view P ¢ as a surface in RL and write p = (p1,---,pr). The family
{Po}oe[a,p) 1s viewed as a map (we will also call it a path)

la,bl >0 = pg = (po1, -, poL) € PL,
where pgr = Py(wi). For the purpose of this section it suffices to assume that
all such path are C! (that is, continuously differentiable). The tangent vector
Po = (po1, -+, Por) satisfies >, pox = 0 and hence belongs to the hyperplane

T = ;=(51,-~-,4L)|Z;k=o}.
k

The tangent space of the surface Pp, ris T, = Pr ¢ x TL.

A Riemannian structure (abbreviated RS) on Prr is a family
gL = {gr.p(, )} pep, of real inner products on 7, such that for all £,n € Tp
the map

PL>prgLpn) (6.1)

is continuous. The geometric notions (angles, length of curves, curvature, etc.) on
Pr are defined with respect to the RS (to define some of them one needs additional
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regularity of the maps (6.1)). For example, the energy of the path 6 +— py is

b
5([[79]):/ gL.py(Po, Po)do,

and its length is

b
L(ipsD) = f V8. (o o)d6.

Jensen’s inequality for integrals (which is proven by applying Jensen’s inequality to
Riemann sums) gives that

L([pe]) = [(b — a)Epa]"/?. (6.2)

The Fisher Riemannian structure (abbreviated FRS) is defined by

1
HEEDY S

k

In this case,
F . Ly
g,,(@)(Pe, peo) =Z(0),
where Z(0) is the Fisher entropy of Py. Hence.

b b
5([179]):/ 1(0)do, E([Pe])=/ VZ©)do.

We have the following general bounds:

Proposition 6.4

b 1 b
[zow= " wvum? [ VIO®zdpem. 63

where dy is the variational distance defined by (3.2).

Remark 6.5 The first inequality in (6.3) yields the “symmetrized” version of
Theorem 4.2. Let p, g € PL r and consider the path pg = 6p+ (1 —0)q,0 € [0, 1].
Then

1
/O 2(0)d0 = S(plg) + S(qlp).
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and the first inequality in (6.3) gives

S(plg) + S(q|p) = dv(p.q)*.
Proof To prove the first inequality, note that Jensen’s inequality gives
2
. (6.4)

AN A L
I0)=> pzk => [mk} Pok = (Z |p9k|)
k=1 1Y% k=1 k=1

Hence,

b b (L 2 1 L b 2
Z()do > ) do > Dok |dO |
/a ) _/a ;Ipekl = /; ; | Pox|

where the second inequality follows from Jensen’s integral inequality. The last

inequality and
b
f | Pok|dO >
a
yield the statement.

Note that the first inequality in (6.3) and (6.2) implies the second. Alternatively,
the second inequality follows immediately from (6.4) and (6.5). |

b
/ Iaekd9‘ = |pvk — Pak| (6.5)
a

The geometry induced by the FRS can be easily understood in terms of the
surface

GLZ{SZ(SI,"',SL)GRL|S]¢>O,ZS,,%=1},
k

The respective tangent space is G, x RE~! which we equip with the Euclidian RS

es(C,m) =) Gk
k

Note that e;(¢, ) does not depend on s € &y and we will drop the subscript s.
Letnow 6 > pg = (pe,,--- , per) be a path connecting p = (p1,---, pr) and
g =(q1,---,qr) in Pr 1. Then,

0 = so = (J/Poy» -+ /PoL)

is a path in & connecting s = (V/p1, -, /pL) and u = ((/q1,--, \/qL)-
The map [ps] > [s¢] is a bijective correspondences between all C!-paths in Py ¢
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connecting p and ¢ and all C'-paths in & connecting s and u. Since

.. 1 . 1
e(Sg, $6) = 4g5(9)(170, pe) = 41(9),
the geometry on Py, r induced by the FRS is identified with the Euclidian geometry
of & via the map [pg] — [so].

Exercise 6.2 The geodesic distance between p, g € Pr ¢ w.r.t. the FRS is defined
by

b
v(p,q) = inf/a \/35(9)(15% Pe)do, (6.6)

where inf is taken over all C 1-paths [a,b] > 0 — py € P rsuchthat p, = p and
pb» = q. Prove that

L
v (p, q) = arccos (Z \/Pka> :

k=1

Show that the r.h.s. in (6.6) has a unique minimizer and identify this minimizer.

The obvious hint for a solution of this exercise is to use the correspondence
between the Euclidian geometry of the sphere and the FRS geometry of P . We
leave it to the interested reader familiar with basic notions of differential geometry
to explore this connection further. For example, can you compute the sectional
curvature of Py ¢ w.r.t. the FRS?

6.3 Chentsov’s Theorem

Let (g1.)>2 be a sequence of RS, where g7, is a R§on Pr.+. The sequence (g1.)1.>2
is called stochastically monotone if for any L, L > 2 and any stochastic map
D :PrLr— Pz,f’

870 (@), D)) < 8L.p(. 0)

for all p € Prsand ¢ € T.. Here we used that, in the obvious way, @ defines a
linear map @ : RY — RE which maps 77 to Tz

Proposition 6.6 The sequence (g 5 )L>1 of the FRS is stochastically monotone.

Proof The argument is a repetition of the direct proof of the inequality Z(9) < 7 @)
given in Sect. 6.1. The details are as follows.
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Let [@(i, j)]j<i<p,1<j<7 be a stochastic matrix defining @ : Pr s — Pr g e,
forany v = (v, ---,vz) € RE, @ (v) € RL is given by

L
(@)=Y G, jHui.

i=1

For p € Pr and ¢ € Ty, the convexity gives
’ o\’ ¢
(Z b, j)a) = (Z b, j)pi p’_) < (Z q><i,j>l;) (Z b, j)p,-)

c?
= (Z @G, j) )(cp(p))j.
; Di

Hence,

2

1
L@). () = D, j)Ei
gE(P(0), Q) Z@(p))j (Z (i pc)

J

2 2
<Y > @ j)i’[ => ; =21, 0.
j i 1 1

i ]
The main result of this section is:

Theorem 6.7 Suppose that a sequence (g7)r>2 is stochastically monotone. Then
there exists a constant ¢ > O such that g; = cg{ forall L > 2.

Proof We start the proof by extending each g, to a bilinear map G, on RE x RE
as follows. Set v, = (1, ---, 1) € RE and note that any v € R’ can be uniquely
written as v = avy +¢,wherea € Rand¢ € 7. If v =avy+¢ and w = a’vy +/,
we set

GL,p(vs w) = gL,p(é‘v g/)

The map G, is obviously bilinear, symmetric (G, p(v, w) = G, ,(w, v)), and
non-negative (G p(v, v) > 0). In particular, the polarization identity holds:

1
G p(v,w) = 4 (GLpw+w,v+w) —Grp(v—w,v—w)). 6.7)

Note however that G, is not an inner product since G p(vr, ve) = 0.
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In what follows pr cn denotes the chaotic probability distribution in Pr,
ie., precn = (1/L,---,1/L). A basic observation is that if the stochastic map
@ : Prs — Pr g is stochastically invertible (that is, there exists a stochastic map
¥ :Pis— Prssuchthat @ o ¥ (p) = pforall p € P ) and @(pr.ch) = PF chs
then for all v, w € RL,

GZ,pz,Ch (@), @ (W) =G p, oV, ). (6.8)

To prove this, note that since @ preserves the chaotic probability distribution, we
have that @ (vy) = LL_lvz. Then, writing v = avy, + ¢, we have

GL,[JL,C}](U’ U) = gLapL,ch(é‘a C) Z gz’pz,ch(é(C)’ Q(é‘))

=61, (aLLflvz + @), aLL vy + q)(;))
(6.9)

=Gr,. @O+ P, ad(vr) + ()

= GZ,PZ.ch (@@, 2@

If ¥ : Pp ¢ — Pr.ris the stochastic inverse of @, then ¥ (p7 ) = pr,ch and so by
repeating the above argument we get

GT.pp 0 (PW), @) 2 GL,py o, (W (@), ¥ (P(V) = GL,pp o, (V, V).
(6.10)

The inequalities (6.9) and (6.10) yield (6.8) in the case v = w. The polarization
identity (6.7) then yields the statement for all vectors v and w.
We proceed to identify G Pran and g7 Pian’ The identity (6.8) will play a central

role in this part of the argument. Letepx, k = 1,---, L, be the standard basis of
RL. Let 7 be apermutationof {1,---,L}. Thenforalll < j, k <L,
Gpoaler,jrer k) = Gp, (€L x(j) eL.nk))- (6.11)

To establish (6.11), we use (6.8) with @ : Pr f — P, ¢ defined by

D((p1,---pL)) = (Pr)s*** » Pr(L))-

Note that @ is stochastically invertible with the inverse

W((pla e pL)) = (pn*l(l)ﬂ ) pj'[*l(L))a
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and that @ (pr.ch) = prL.ch- An immediate consequence of the (6.11) is that for all
kv j’
Gp,aler,j.er,j) = Gp, o (eL.k, ek, (6.12)

and that for all pairs (J, k), (j/, k") with j # j  and k # K/,

Gp,alern,jeL k) =Gp, q(er,jr,er k). (6.13)

We introduce the constants

cL =Gpqler,j.er,j), bp = GppwlerL,j,eL ),

where j # k. By (6.12) and (6.13), these constants do not depend on the choice
of j, k. We now show that there exist constants ¢, b € R such that for all L > 2,
¢ = cL +band by = b. To prove this, let L, L’ > 2 and consider the stochastic
map @ : Pr ¢ — Prp ¢ defined by

D((pr o poy = (D) T PP,

L/’...’L/’ : ’L/’ ..’L/

where each term py/L’ is repeated L’ times. This map is stochastically invertible
with the inverse

L L
1 1 L L 1 L
(e D P ) = [0

k=1 k=1

Since @ (pr.ch) = PLL’ ch, (6.8) holds. Combining (6.8) with the definition by, we
derive that

by =bry =bp.
Setb = by. Then, for L, L’ > 2, (6.8) and the definition of ¢y give

1 N UL -1, 1 N L' (L' —1)
= C ’ ;= C /
1/ CLL ()2 LL LL ()2

cr =

s

and so

1
CcL — b= L/(CLL/ — b).

Hence,

1 1
(cLrr —b) = I (cLr — D),

1
—b) =
L(CL ) LL
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and we conclude that
co=cL+b
for some ¢ € R. It follows that for v, w € RE,
L L L
Gprow(v,w) =cL Z viwg + b (Z vk> (Z wk) ,
k=1 k=1 k=1

and that for ¢, n € T,

L
8o (E ) =cL ) G (6.14)
k=1

The last relation implies in particular that ¢ > 0. Note that (6.14) can be written
as gL pron = cg{ e’ proving the statement of the theorem for the special values
P = PL,ch-

The rest of the argument is based on the relation (6.14). By essentially repeating
the proof of the identity (6.8) one easily shows that if @ : Prs — Pryis
stochastically invertible, then for all p € P rand ¢, n € T,

8L.a(p)(P (), D) = gL p(C, n). (6.15)

Letnow p = (py, -+, pr) € P ¢ be such that all p;’s are rational numbers.

We can write
A L
p= )

where all ¢;’s are integers > 1 and ) , ¢y = L. Let ® : Pry — Prsbea
stochastic map defined by

q><(p1,-~-,pL>)=(p1 p PL pL),

El"“’ﬁl"“’ﬁL"“’EL

where each term py /£y is repeated £, times. The map @ is stochastically invertible
and its inverse is

01 lr
1 1 14 14 14 14
e pD e PO plly) (Zpkn,... ,Zp}gw),
k=1 k=1
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Note that @ (p) = pr ch, and so

L 4

L
8L.p(E ) =817 py, o (@), @) =c ) 0
k=1

Gk = cgp (& m).  (6.16)
Since the set of all p’s in Py £ whose all components are rational is dense in Py, ¢
and since the map p — g1 ,(¢, n) is continuous, it follows from (6.16) that for all
L >2andall p € Py,

F
8L.p = C8L p-

This completes the proof of Chentsov’s theorem. O

6.4 Notes and References

The Fisher entropy (also often called Fisher information) was introduced by Fisher
in [18, 19] and plays a fundamental role in statistics (this is the topic of the next
chapter). Although Fisher’s work precedes Shannon’s by 23 years, it apparently
played no role in the genesis of the information theory. The first mentioning of
the Fisher entropy in the context of information theory goes back to [33] where
Proposition 6.2 was stated.

The geometric interpretation of the Fisher entropy is basically built in its
definition. We shall return to this point in the Part II of the lecture notes where
the reader can find references to the vast literature on this topic.

Chentsov’s theorem goes back to [6]. Our proof is based on the elegant arguments
of Campbel [5].

7 Parameter Estimation

7.1 Introduction

Let A be a set and {Py}gc 4 a family of probability measures on a finite set £2.
We shall refer to the elements of A as parameters. Suppose that a probabilistic
experiment is described by one unknown member of this family. By performing a
trial we wish to choose the unknown parameter 6 such that Py is the most likely
description of the experiment. To predict & one chooses a function 6:92 > A
which, in the present context, is called an estimator. If the outcome of a trial is
w € £, then the value § = 6(w) is the prediction of the unknown parameter
and the probability. Obviously, a reasonable estimator should satisfy a reasonable
requirements, and we will return to this point shortly.
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The hypothesis testing, described in Sect. 4.7, is the simplest non-trivial example
of the above setting with A = {0, 1}, P = P and P = Q (we also assume that the
priors are p = g = 1/2.) The estimators are identified with characteristic functions
6 = xr, T C £2. With an obvious change of vocabulary, the mathematical theory
described in Sect. 4.7 can be viewed as a theory of parameter estimation in the case
where A has two elements.

Here we shall assume that A is a bounded closed interval [a, b] and we shall
explore the conceptual and mathematical aspects the continuous set of parameters
brings to the problem of estimation. The Fisher entropy will play an important role
in this development. We continue with the notation and assumptions introduced in
the beginning of Sect. 6.1, and start with some preliminaries.

A loss function is amap L : R x [a,b] — Ry such that L(x,6) > 0 and
L(x,0) = 0iff x = 6. To a given loss function and the estimator é, one associates
the risk function by

R(,0) = Eg(L(©,0)) = Y L), 0)Py(w).

wes2

Once a choice of the loss function is made, the goal is to find an estimator that will
minimize the risk function subject to appropriate consistency requirements.

We shall work only with the quadratic loss function L(x, 6) = (x — 6)2. In this
case, the risk function is

Eg(( — 6)%) = Varg (9).

7.2 Basic Facts

The following general estimate is known as the Cramér-Rao bound.

Proposition 7.1 For any estimator 6 and all 6 € [a, b),

[Eg(0)1? ~ o,
Ty SE@—07.
Proof

Eg@) =) 0@ P(@) =) 0w —0)Py(w).

weR wes2
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Writing Ps(w) = Ps(w)/Ps(w)/~/Ps(w) and applying the Cauchy-Schwartz
inequality one gets

1/2 . 1/
R . P
|Eg(0)] = ( >~ (O(w) —9)2Pe(w)) (Z [};oe(évw))] )

weS2 weR

= (Eo(@ - 9)%)”2 VI®).

O

As in the case of hypothesis testing, multiple trials improve the errors in the
parameter estimation. Passing to the product space £2"V and the product probability
measure Py, and denoting by Egy the expectation w.r.t. Py, the Cramér-Rao
bound takes the following form.

Proposition 7.2 For any estimator éN : 2N = [a,bland all 6 € [a, b],

1 [Eng(On)]1?

A 2
N Z0) < Egn((On — 0)7).

Proof

N
Egn(Oy) = > > On (@) = 0) Py(w1) -+ Py(wx) - - Pa(wn)

o=(w1,,0y)eRN k=1

Yop X
= ) (Z YO0 ) Gy @) — 0) Pa (@),

Py(w
w=(w1, ,wy)eRN k=1 b (k)

Applying the Cauchy-Schwarz inequality

12 12
f fedPon < (/ fzdP6N> (/ gzdPeN>
Qv Qv Qv

with

N
P .
f@=3 0(‘“") () = Oy (@) —

k=1
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one gets
1/2
|Esn @) = | D Gn(@) —0)*Poy (o)
weN22N
1/2
N [Py
> Z , Pon (@)
_ — [Po(wr)]?
w=(w1,-,wN) k=1

n 1/2
= (Eon(@v =) " VNT@).

O

We now describe the consistency requirement. In a nutshell, the consistency
states that if the experiment is described by Py, then the estimator should statistically
return the value 6. An ideal consistency would be Eg N(éN) =6 forall 6 € [a, b].
However, it is clear that in our setting such estimator cannot exist. Indeed, using
that 9 takes values i in [a, b], the relations EaN(QN) = a and EbN(QN) = b give
that 9N (w) = a and 9N(a)) =bforallw e 2V. Requiring EgN(QN) = 6 only for
6 €la, b[ does not help, and the remaining possibility is to formulate the consistency
in an asymptotic setting.

Definition 7.3 A sequence of estimators éN 2V > [a,b], N = 1,2,---, is
called consistent if

lim Egny@y) =0
N—o00
for all 6 € [a, b], and uniformly consistent if

lim sup EgN(|9 6]) = 0.
N—00 gela,b]

Finally, we introduce the notion of efficiency.

Definition 7.4 Let 9N 2V > [a,b,N=1,2,--- bea sequence of estimators.
A continuous function & : Ja, b[— Ry is called the efficiency of (On)y>1 if

lim NEgy ((é - 9)2) — £() (7.1)
N—o0

for all 6 € ]a, b[. The sequence (éN) N>1 is called uniformly efficient if in addition
for any [a’, '] C la, b,

limsup sup
N—oo fOela’,b']

NEgy (é - 9)2) - 5(9)‘ —0. (1.2)
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To remain on a technically elementary level, we will work only with uniformly
efficient estimators. The reason for staying away from the boundary points a and
b in the definition of efficiency is somewhat subtle and we will elucidate it in
Remark 7.12.

Proposition 7.5 Let (éN)Nzl be a uniformly efficient consistent sequence of
estimators. Then its efficiency £ satisfies

1
£0) = 70)

forall  €la, bl.

Proof Fix 01,60, €la, b[, 61 < 6,. The consistency gives
0 — 01 = lim [EQQN(QAN) - EQIN(éN)] . (7.3)
N—o0

The Cramér-Rao bound yields the estimate

A A 02 . A~ 92 . A~
Eg,n(On) — Eg;n(ON) =[ Egn(On)do S[ [Eon (On)]d6
61 01
(7.4)
62 . 1/2
< [ [vz@ £y (i - 0)] " ao.
01
Finally, the uniform efficiency gives
li ” 7 ) )14
Jim [ [NZ@ Eox (@ —0) | o
6 . 1/2
= / lim [NI(O)E@N ((eN—e)z))] do
0 N—o0
02
= / VIO)E®)d6. (7.5)
01

Combining (7.3)—(7.5), we derive that
02
0 —0; < / VIO)E©)do
01

foralla < 0; < 6, < b.Hence, ./Z(0)E(®) > 1 forall & € la, b[, and the statement
follows. O
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In Sect.7.4 we shall construct a uniformly consistent and uniformly efficient
sequence of estimators whose efficiency is equal to 1/Z(0) for all 6 € ]a, b[. This
sequence of estimators saturates the bound of Proposition 7.5 and in that sense is
the best possible one. In Remark 7.12 we shall also exhibit a concrete example of
such estimator sequence for which the limit (7.1) also exists for & = a and satisfies
&(a) < 1/Z(a). This shows that Proposition 7.5 is an optimal result.

7.3 Two Remarks

The first remark is that the existence of a consistent estimator sequence obviously
implies that

01 # 62 = Py, # Pp,. (7.6)

In Sect.7.4 we shall assume that (7.6) holds and refer to it as the identifiability
property of our starting family of probability measures { Py }oc[a,p]-

The second remark concerns the LLN adapted to the parameter setting, which
will play a central role in the proofs of the next section. This variant of the LLN is
of independent interest, and for this reason we state it and prove it separately.

Proposition 7.6 Let Xy : 2 — R, 0 € [a, b, be random variables such that the
map [a, b] 3 0 — Xy (w) is continuous for all w € S2. Set

N
Son(@ = (@1, 0N)) = Y Xp(ex).

k=1
Then for any € > 0,
S
lim sup Poyjwe2V| sup |°7 N@) Es(Xp)| =€t =0. (1.7)
N—00 gela,b] oelap)l N

Moreover, (7.7) can be refined as follows. For any € > 0 there are constants Cc > 0
and ye > 0 such that for all N > 1,

Sy
sup Py {“’GQNI sup [PV (x)

0€la,b] 0'€la,b)

> e} <Cee 7N, (1.8)

Remark 7.7 The point of this result is uniformity in € and 6’. Note that

Sy
lim Pyy {Q)E.QN| ‘ o' (@) — Eyg(Xg)
N—o0 N

Ze}:O
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is the statement of the LLN, while

Sy
Poy {w e 2V ‘ o ’X](w) — Eg(Xy)

> e} < Cee 7N,

with C¢ and y, depending on 0, ¢’, is the statement of the strong LLN formulated
in Exercise 2.4.

Proof By uniform continuity, there exists 6 > 0 such that for all u,v € [a, b]
satisfying |u — v| < 6 one has

€ €
sup |Ey (X)) — Ev(Xy)| < and sup | Xy (@) — Xyp(w)| < .
u'€la,b) 4 wes2 4

Leta = 6) < 0] < --- < 6, = bbesuchthat 6, — 6, , < 8. Then, for all
0 € la,bl,

Sy
weaV| suip |V g x| > e
oelap)l N
" Sy (@) €
VN k —Eg(Xp)| > _}. 7.9
CH{we | N o( ek)_z (7.9)

It follows that (recall the proof of the LLN, Proposition 2.2)

S
Py o2V sup |77V —Eq(Xp)| =€
o'cla.b]l N

. oN oy N (@) €
<) Pvjoe@V | H L~ Ea(Xg)| 2,

k=1

2

4 & ‘N

= 2 oN — Eo (X))
k=1

41 & 5

< 0y 2 Eo (1% — EoXgP). (7.10)
k=1

Setting

C = max max Eg (IX@/ - EQ(XQ’)|2> )
1<k<n0,0'¢ela,b]
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we derive that

Sp/
sup Powloe 2V sup |2V @ g ix,)
6€la,b] 0’€la,b] N

4 Cn
> € < s
— | TN

and (7.7) follows.

The proof of (7.8) also starts with (7.9) and follows the argument of Proposi-
tion 2.14 (recall the Exercise 2.4). The details are as follows. Let @ > 0. Then for
any 6 and k,

Sy v (@)

€
Pon {wE.QN| —Ee(Xeli)Z 2}

€
= Pux fo € 2 1Sy (@ 2 N + NEo (X |
= P@N {a) e QN |eC{SQIQN(CO) > eaNe/zeOlNEg(X%)}

_ 70[NE9(X /) OtS/
<e aN6/2e oy Eon (e GkN)

— k
< o—aNe/2, “NEH(XQ,;)eNCg )(oz)’

(7.11)

where
(@) = log Ey (e“x%) .
We write
k “Terwy
C (@) — wEg (Xy) = /0 [(CQ ) (u)—Ee(X%)} du,
and estimate

k
1C§7 (@) — wEp(Xg)| <o sup
uel0,a]

() @ - Eoxyp)

/
Since (Cék)) 0) = Eg(X 9}2), the uniform continuity gives

=0.

i
lim sup sup (Cék)) (”)_Eé?(xe,i)

a=>0¢¢[a,b] uel0,o]
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It follows that there exists ozj > Osuchthatforallk =1,--- ,n,

k €

sup | @) — e Ea(Xgp)| < .
O¢€la,b]

and (7.11) gives that for all &,

Sg v (@)

sup Py fwe 2V T ZEg(Xg) > Oy < e N
oela.b] N T2

Going back to first inequality in (7.10), we conclude that

Y'Y
sup Py jw e 2V sup ( N EG(XG’)> > et < ne % Ne/4,
0€la,b] 6'€la,b] N

(7.12)

By repeating the above argument (or by simply applying the final estimate (7.12) to
the random variables — Xy), one derives

S _
sup Py {w | inf ( @) Ee(Xe')) < —e} < pe—ac Ne/d
a,

0ela.b] N
(7.13)
for a suitable o > 0. Finally, since
S ’
we 2N | sup on (@) — Eg(Xg)| > €
0'ela,b]
S /
clwe2V| sup < o (@) —Ee(Xe')) > €
0'ela.b] N
S ’
U {we V| inf < o' (@) —EQ(XQ/)> < —e},
0'€la,b] N
(7.8) follows from (7.12) and (7.13). |

Exercise 7.1 Prove the relation (7.9).
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7.4 The Maximum Likelihood Estimator

Foreach N and w = (w1, --- , wn) € 2V consider the function
la,b] > 60— Pyy(wi,---,wn) €]0, 1]. (7.14)

By continuity, this function achieves its global maximum on the interval [a, b].
We denote by OAML, ~N(w) a point where this maximum is achieved (in the case
where there are several such points, we select one arbitrarily but always choosing
éM L .N(w) € la, b[ whenever such possibility exists). This defines a random variable

Opr.n: 2N — [a,b]

that is called the maximum likelihood estimator (abbreviated MLE) of order N. We
shall also refer to the sequence (6y1.,y)n>1 as the MLE.
Note that maximizing (7.14) is equivalent to minimizing the entropy function

N

[a.b]3 60 > Sgn(@) =) —log Ps(ex).
k=1

Much of our analysis of the MLE will make use of this elementary observation and
will be centred around the entropy function Sgn. We set

5(0,6") = Eg(Sp) = — Z Py () log Py ().

weS2

Obviously, S, 8) = S(Pg) and
S6,0) — S©,0) = S(Py| Py). (7.15)
The last relation and the identifiability (7.6), which we assume throughout, give that
S6,0") > S, 09) for 0#0. (7.16)

Applying Proposition 7.6 to Xy = — log Py, we derive

Proposition 7.8 For any € > 0,

S !
lim sup Pyy :a) e 2V sup 0]]\/\](0)) — 509,60

N—00 gela,b] 0'ela,b)

Ze}:O.
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Moreover, for any € > 0 there is Cc > 0 and ye > 0 such that forall N > 1,

Sev @) _ g0 o

sup Pyny {a) € .QNl sup

>et < Cee VN,
6€la,b] 0’€la,b]

The first result of this section is:

Theorem 7.9 For any € > 0,

lim sup Poy {a) e 2N | OuLn(w) — 6] = e} —0.
N—00gelq,b]

Moreover, for any € > 0 there exists Cc > 0 and Y. > 0 such that forall N > 1,

sup Py {w € 2V L n(@) 0] = ] = CcaTV.
fela,b]

Proof Let
le ={(u,v) € la,b] x [a,b]||u—v]>e}.
It follows from (7.16) and continuity that

6= sup [S(u,v)—Swu,u)]>0. (7.17)

(u,v)el¢

Fix 6 € [a, b] and set I (8) = {0' € [a, b]| |0 — 0’| > €). Let

Sy 5
A=lweaV] sp [%V® _g0.0n <21
oere) N 2
Sor v (@)

B = :a) eV sup — 50,6

0'ela,b]\1(0)

8 }
< .
2

8 8
< S0,0) + L, <50.0)— . (7.18)

Forw € Aand 0’ € 1.(9),

Sorn (@)
N

On the other hand, for w € B and 6 € [a, b] \ I (0),

Sor N () . S(Q,Q/) _ z > S0, 0) — i (7.19)



Lectures on Entropy. I: Information-Theoretic Notions 259

Since OAML,N(a)) minimizes the map [a, b] 3 0’ — Sy y (w),
weANB = 10N (@) — 6] < e.

It follows that

{a) € 2V 10mL.n(w) — 6] > e} cACUBC={a) e 2V | sup — 5,0

Soy ()
oeapl N

8
> ’
)

and so

sup Py {w e 2V 10y — 0] > e}
0€la,b]

So N (@)

—S0,6
N 0.6

< sup Pyn we 2V sup
0€la,b] 0'€la,b)

8
> .
-2

Since § depends only on the choice of € (recall (7.17)), the last inequality and
Proposition 7.8 yield the statement. O

Theorem 7.9 gives that the MLE is consistent in a very strong sense, and in
particular that is uniformly consistent.

Corollary 7.10

lim sup E@N(|éML,N =0))=0.
N—00 ge[a,b]

Proof Lete > 0. Then
Egn(10uL.n —0)) = / 0wy —01dPay
Q
= / Omr.n — OldPoy
[OpmL,.N—0O|<e€
+ / 0N — 0ldPoy
|OpL,N—0]=€

<e+—aPwfoe 2V @ 6= e}
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Hence,

sup Egn(I0wr.v—0)) < et(b=a) sup Py {w € 2V [nr.n(@)—6] = €],
0€la,b] O€la,b]

and the result follows from Proposition 7.9. O

We note that so far all results of this section hold under the sole assumptions
that the maps [a,b] > 6 +— Py(w) are continuous for all @ € £2 and that the
identifiability condition (7.6) is satisfied.

We now turn to study of the efficiency of the MLE and prove the second main
result of this section. We strengthen our standing assumptions and assume that the
maps [a, b] 5 6 +— Py(w) are C3 forallw € £2.

Theorem 7.11 Suppose that [a’, b'] C ]a, b[. Then

lim  sup NEQN(léML,N —01%) - ‘ =
N*)OOQE[ ’b] I(Q)

Proof Recall that

N
[a,b]3 6 > Syn(@ = (@1, 0N) = — Y _ log Py(wx)
k=1

achieves its minimum at éML, ~(w) and that éML, N(w) €la,b[ unless a strict
minimum is achieved at either a or b. Let

By@ ={oe 2" |hn@ =a},  By®) ={oe 2 hyn@ =b],
and
¢ = min< inf  S(Py|P,), inf S(P9|Pb)) .
0ela’,b'] Oela’,b']

Since the maps 8 +— S(Py|P;), 6 +— S(Py|Pp) are continuous, the identifiabil-
ity (7.6) yields that ¢ > 0. Then, for 6 € [d’, b'],

Py (wr)
Pon(By(a)) < Poy o € 27 | Zl € b wn) 0}

N

1 Py (k)
<Py lwe 2V lo — S(Py|Py) < —C ¢
N ,; ® P(on) ‘
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and similarly,

Py (i)

N
1
Pon(By (D)) < P eV 1
N (By (b)) < Poy @ 'N;ngh(wk)

— S(Py|Pp) < —é“} .

Proposition 7.7 now yields that for some constants K, > 0 and k; > 0,

sup Py (By(a) U By (b)) < Kee eV
O€la’,b']

for all N > 1. A simple but important observation is that if @ ¢ By(a) U By (D),
then Oy, v (w) €la, b[ and so

(w) = 0. (7.20)

SéML,N((/-’)N

The Taylor expansion gives that for any o € 2V and 6 € [a, b] there is 6’ (w)
between 61, n (w) and 6 such that

. . ~ .. 1 -
Sor n@n (@) = Son (@) = OmL N (@) —6) [SeN + 2(9ML,N(60) - 9)59/(w)1v:| .
(7.21)

Write
R . 2 .
Eon ((S@ML‘N(@W) ~ Son (@) ) = Ly@®) + Eon ([Son]’).

where

. 2 . .
Ly() = Eon <[SéML.N o] ) +2Eon (S5, o Son ) - (7.22)

It follows from (7.20) that in (7.22) Egx reduces to integration over By (a)U By (b),
and we arrive at the estimate

sup |Ly(0)| < KN* sup Pyn(Bn(a)UBy(b)) < KN?Kee ™ N (7.23)
fela’ b oela’,b']

for some uniform constant K > 0, where by uniform we mean that K does not
depend on N. It is easy to see that one can take

: 2
K =3 sup (Pg(co)) .

0ela,bl,we2 \ Po(®)
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In Exercise 7.2 the reader is asked to estimate other uniform constant that will appear
in the proof.

Squaring both sides in (7.21), taking the expectation, and dividing both sides
with N2, we derive the identity

1 1 .
o LV©O + o Eon ([$onT")

Son

2
. 1 .

=E 0 —0)? 0 —0)Sy )

ON (( mL,N —0) X[N +2N(ML,N )SQN:|>

(7.24)
An easy computation gives
1 . 2 1
o B ([$on]’) = 760,
Regarding the right hand side in (7.24), we write it as
A 2 :S:QN g
Eon | (OmL,N —0) N + Rn(0),
where the remainder Ry (6) can be estimated as
Ry @)] = CiEgn (16ur.n —0F) (7.25)

for some uniform constant C; > 0.
With these simplifications, an algebraic manipulation of the identity (7.24) gives

NRy(@®) | 1 Ln(O)

N 1
NEgn ((QML,N - 9)2) 16~ —Dn(0) — 16)? + N (o) (7.26)
where
~ S;QN 2 1
Dy(#) = NEgn ((GML —6)? ([ v } 16y — 1)) . (7.27)
Writing

2

Son 1 1 Son Son
[ N } ror == 102 (y ”(9))< N _I(Q))
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and using that Z(0) is continuous and strictly positive on [a, b], we derive the
estimate

Son —I(G)D (7.28)

|DN(0)] < C2NEgy ((ém % v

for some uniform constant C, > 0.
Fix € > 0, and choose C > 0 and y. > 0 such that

sup Pon {w € 2 |18z (@) — 6] = €] = CeeTY, (7.29)
O¢€la,b]
;
sup Pyy {w c oV |”N — 1) > e} < Cee VN, (7.30)
€la,b]

Here, (7.29) follows from Theorem 7.9, while (7.30) follows from Proposition 7.7
applied to Xg = —ddezz log Py (recall that Ep(Xg) = Z(9)).
Let § = inf,e[q,p) Z(u). Then, for all € [a, b],

NIRN@) _ CIN A 3
< 0 —01°dP,
702 = 82 Jon OmL.n —0"dPon

C|N ~
= o / |Omr.n — 0P dPoy
8 [OpL.N—0]<€

ClN A 3

+ » . OmL.N —O"dPon
8 |OpL,N—0]>€

Ci(b —a)’N
1(b—a) c

—YeN
€ .
52

C A
<€ o NEoy (Gury —0)?) +
(7.31)

Similarly, splitting the integral (that is, Egy) on the r.h.s. of (7.28) into the sum of
integrals over the sets

Son Son
—7® , —Z()| > €,
N 0) <e N 0)]| > ¢
we derive that for all 8 € [a, b],
IDN®)] < €CaNEan (@ur.y = 6)%) + C2CNCee ™, (7.32)

where C3 > 0 is a uniform constant. Returning to (7.26) and taking € = ¢( such
that

Cy 1 c 1
€ < € <
052 " 4 02"y



264 V. Jaksié

the estimates (7.23), (7.31), and (7.32) give that for all @ € [a, b'],

N 2 2K
2 1 —Yea N —k;N
NEgn ((QML,N —0) ) < 70) + C¢ Ne 7o + 52 Kee ™0,

where C éO > ( is a uniform constant (that of course depends on €¢). It follows that

C'=sup sup NEgy ((éML,N _ 9)2) < 0. (1.33)
N>10¢ela b

Returning to (7.31), (7.32), we then have that for any € > 0,

NIRv@I _ Ci Ci(b —a)®*N

sup <e C'+ Cee VeV (7.34)
ocla b L(0)? 82 82 €
sup |Dy(B)| < €CrC’' + C2C3NCe.e™ VeV, (7.35)
Oela’,b']

Finally, returning once again to (7.26), we derive that for any € > 0,

sup |NEgn ((éML N —9)2) ! ‘ < sup |[Dy(@)|+ sup NIRn(0)]
fela’,b'] ’ ZO)| ™ gefa.p bela’ b'] Z(6)?
Ly(®
+ |Ln ()] <éc//_,’_cé/Ne—ny_,’_KKCe_k;N,

up <
oeta '] NZ(0)?

where C” > 0 is a uniform constant and C > 0 depends only on €. Hence,

N 1
limsup sup | N Eon (Guuz.n —0)?) - ‘ <eC”.
N—oo Oela.b'] Z©)
Since € > 0 is arbitrary, the result follows. m|

Exercise 7.2 Write an explicit estimate for all uniform constants that have appeared
in the above proof.

Remark 7.12 The proof of Theorem 7.11 hints at the special role the boundary
points a and b of the chosen parameter interval may play in study of the efficiency.
The MLE is selected with respect to the [a, b] and éM L.~ (w) may take value a
or b without the derivative SéML,N(CU) (@) vanishing. That forces the estimation of
the probability of the set By(a) U By (b) and the argument requires that 6 stays
away from the boundary points. If the parameter interval is replaced by a circle,
there would be no boundary points and the above proof then gives that the uniform
efficiency of the MLE holds with respect to the entire parameter set. One may
wonder whether a different type of argument may yield the same result in the case
of [a, b]. The following example shows that this is not the case.
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Let 2 = {0,1} and let Pp(0) = 1 — 6, Py(1) = 6, where & €]0, 1[. One
computes Z(6) = (0 — 0%~ If [a, b] C 10, 1] is selected as the estimation interval,
the MLE 6.y takes the following form:

OmL.N(wi, -+, 0N) = if € [a, b],
N N
Omr n(@1, -+, 0N) =a if @rteton <a,
N
dupn(r, - on)=b it OTTTON

N

We shall indicate the dependence of éM L.~ on [a, b] by é[Ma’Lb’]N. It follows from

Theorem 7.11 that

, 12 12 "' 1
Jmveonn (M=) ) = [2(3)] -4

On the other hand, a moment’s reflection shows that

1 L2 1\2 L2 1\2
5 Eo=1/2n ((QAEL?N - 2) = Ee=12n | | Ovv =5 ) |-

12 2
lim NEwgy—1/2n 5[2’3] — ! = !
Noo 0=1/2) MLN ™ 5 g

Thus, in this case even the bound of Proposition 7.5 fails at the boundary point 1/2
at which the MLE becomes “superefficient”. In general, such artificial boundary
effects are difficult to quantify and we feel it is best that they are excluded from the
theory. These observations hopefully elucidate our definition of efficiency which
excludes the boundary points of the interval of parameters.

and so

7.5 Notes and References

For additional information and references about parameter estimation the reader
may consult [34, 51]. For additional information about the Cramér-Rao bound and
its history, we refer the reader to the respective Wikipedia and Scholarpedia articles.
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The modern theory of the MLE started with the seminal work of Fisher [18]; for
the fascinating history of the subject, see [48]. Our analysis of the MLE follows the
standard route, but I have followed no particular reference. In particular, I am not
aware whether Theorem 7.11 as formulated has appeared previously in the literature.
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