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Abstract. Relationships between powerset theories and F-transforms
are investigated. Both these methods represent strong tools in fuzzy
sets theory and applications. Although both methods deal with similar
objects, both these methods use different tools and, so far, the relation-
ship between the two methods has not been investigated. The aim of
this paper is to show that there is a strong relationship between the two
methods. Namely, arbitrary lower or upper F-transform of lattice-valued
fuzzy sets can be derived from a special powerset theory and, conversely,
there exists a special class of powerset theories, such that maps defined
by these powerset theories are lower or upper F-transforms. These results
allow, among other things, to extend the range of methods and tools that
are used in both theories.

1 Introduction

In fuzzy set theory there are two important methods which are frequently used
both in theoretical research and applications. These methods are the powerset
theory and the F-transform. Both these methods were, in full details and the-
oretical backgrounds, introduced relatively recently and, in the present, both
methods represent very strong tools in the theory and applications.

The powerset structures are widely used in algebra, logic, topology and also
in computer science. The standard example of a powerset structure P(X) =
{A: A C X} and the corresponding extension of a mapping f : X — Y to the
map fp : P(X) — P(Y) is widely used in almost all branches of mathematics
and their applications, including computer science. For illustrative examples of
possible applications see, e.g., the introductory part of the paper of [24]. Because
the classical set theory can be considered to be a special part of the fuzzy set
theory, introduced by [26], it is natural that powerset objects associated with
fuzzy sets were soon investigated as generalizations of classical powerset objects.
The first approach was done again by Zadeh [26], who defined [0,1]¥ to be a
new powerset object Z(X) instead of P(X) and introduced the new powerset
operator f," : Z(X) — Z(Y), such that for s € Z(X),y €Y,
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A lot of papers were published about Zadeh’s extension and its generalizations,
see, e.g., [5,10,11,14,21-24]. Zadeh’s extension was for the first time intensively
studied by Rodabaugh in [21] for lattice-valued fuzzy sets. This paper was, in
fact, the first real attempt to uniquely derive the powerset operator f,” from f5
and not only explicitly stipulate them. The works of Rodabaugh gave very serious
basis for further research of powerset objects and operators. That new approach
to the powerset theory was based on application of the theory of monads in
clone form, introduced by Manes [9]. A special example of monads in clone form
was introduced by Rodabaugh [23] as a special structure describing powerset
objects. In the papers [10] and [11] we presented some examples of powerset
theories based on fuzzy sets which are generated by monads in clone form.

Another important method which was recently introduced in the fuzzy set
theory is the F-transform. This theory was in lattice-valued form introduced
by Perfilieva [19] and elaborated in many other papers (see, e.g., [16-18,20]).
Analogically as the powerset operator fp” : P(X) — P(Y), F-transform is a
special transformation map F : £X — LY, that transforms L-valued fuzzy sets
defined in the set X to L-valued fuzzy sets defined in another set Y.

Fuzzy transforms represent new methods that have been successfully used in
signal and image processing [1,2,5], signal compressions [16], numerical solutions
of ordinary and partial differential equations [7,25], data analysis [3,4,18] and
many other applications.

Although both methods deal also with the same object, i.e. L-valued fuzzy
sets, in general, both these methods use different tools and, so far, the rela-
tionship between the two methods has not been investigated. The aim of this
paper is to show that, in fact, there is a very strong relationship between the two
methods. We show, that arbitrary F-transform of £-valued fuzzy sets defined by
a fuzzy partition can be derived from a special powerset theory and, conversely,
there exists a special class of powerset theories, such that maps defined by these
powerset theories are F-transforms. This result allows, among other things, to
extend the range of methods and tools that are used in both theories.

2 Preliminaries

A principal structure used in the paper is a complete residuated lattice (see
e.g. [9,15]), i.e. a structure £ = (L,A,V,®,—,0r,11) such that (L,A,V) is a
complete lattice, (L, ®,11) is a commutative monoid with operation ® isotone
in both arguments and — is a binary operation which is residuated with respect
to ®, i.e.

apf<y iff a<fg-—n.

Recall that a negation of an element a in £ is defined by -a = a — 0p.
A special example of a residuated lattice £ is a MV -algebra, i.e., a structure
L= (L& ®,~,0r,1;) satisfying the following axioms:
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(1) (L,®,1) is a commutative monoid,
ii) (L,®,0r) is a commutative monoid,
) r =X, —‘OL = ].L,
V) zPly =11, 200 =2, 2® 0 =0g,
rx®dx=1,2® x=0p,

vi) 2z @y) =z ® -y, ~(z@y) =2 d -y,

i) ~(rzey)ey=-(yor) e,

/—\
._.

=

(vi

for all z,y € X.
If we put

rVy=(20wy) Ry, zAy=@x-y oy, —y=-2yY,

then, (L,A,V,0r,1y) is a distributive lattice and (L,A,V,®,—,05,1;) is a
residuated lattice. MV -algebra is called a complete algebra, if that lattice is
a complete lattice.

MYV -algebras have their origin in algebraic analysis of Lukasiewicz logic by
Chang in [6] and represent a generalization of Boolean algebras. A standard
example of a MV-algebra is the Lukasiewicz algebra Ly, = ([0,1],®,®,,0,1),
where

rR@y=0V(z+y—1), -ax=1-2, zdy=1A(z+y).

If £ is a complete residuated lattice, a L-fuzzy set in a crisp set X is a map
f: X — L. fisanon-trivial £L-fuzzy set, if f is not identical to the zero function.
The core of a L-fuzzy set f in a set X is defined by core(f) = {z € X : f(z) =
1.}

We recall some basic facts about F-transforms. An F-transform in a form
introduced by Perfilieva [20] is based on the so called fuzzy partitions on the
crisp set. Unless otherwise stated, by £ we denote the complete residuated lattice
L= (L,AV,® —,0p,1L).

Definition 1. Let X be a set. A system A = {Ay : A € A} of normal L-fuzzy
sets in X is a fuzzy partition of X, if {core(Ay) : A € A} is a partition of X.
A pair (X, A) is called a space with a fuzzy partition. The indez set of A will be
denoted by |A|.

In [12,13] we introduced the category SpaceFP of spaces with fuzzy parti-
tions. In the paper we consider the modified version of this category.

Definition 2. The category SpaceFP is defined by

1. Fuzzy partitions (X, A), as objects,

2. Morphisms (g,0) : (X,{Ax : A€ A}) — (Y, {B, : w € 2}), such that
(a) g: X > Y and is 0 : A - 2 are surjective mappings,
(b) VA € A, Ax(x) = Byx)(g9(x)), for each x € X.

3. The composition of morphisms in SpaceFP is defined by (h,7) o (g,0) =
(hog,Too0).
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Objects of the category SpaceFP represent ground structures for a fuzzy
transform, firstly proposed by Perfilieva [19] and, in the case where it is applied
to L-fuzzy sets with L-valued partitions, in [20].

Definition 3. Let (X,.A) be a space with a fuzzy partition A= {Ay : X € |A|}.

1. An upper F-transform with respect to the space (X, A) is a function F)T(A :
L£LX — LA defined by

ferLr xelAl, FL,(HN) =V (fz) @ A\(2)).

zeX

2. A lower F-transform with respect to the space (X, A) is a function F}(’A :
L£X — LAl defined by

feLXNelAl, Fx (HN)= N (@) — f@)

zeX

3 Powerset Theories in the Category SpaceFP

In what follows, by CSLAT (V) or CSLAT(A) we denote the category of com-
plete V- or A-semilattices as objects, respectively, with V- or A-preserving maps
as morphisms. If there is no need to distinguish between V and A, we will only
write CSLAT. The standard definition of powerset theories was presented by
Rodabaugh [23].

Definition 4. Let K be a ground category. Then T = (T,—,V,n) is called
CSLAT-powerset theory in K, if

1. T: K — CSLAT is an object-mapping,

2. for each morphism f : A — B in K, there exists f;7 : T(A) — T(B) in
CSLAT,

8. There exists a concrete functor V : K — Set, such that n determines in Set
for each A € K a mapping na : V(A) — T(4),

4. For each f: A— B inK, f7ona=ngoV(f).

In the paper we deal with powerset theories in the category SpaceFP which
satisfy additional properties, typical for fuzzy sets structures. Two types of these
powerset theories are introduced in the following definitions.

Definition 5. A structure T = (T,—,V,n) is called a LY -powerset theory in
the category SpaceFP, if

1. T is a CSLAT(V)-powerset theory in the category SpaceFP,
2. For each object (X, A) € SpaceFP,
(a) there exists a \/-preserving embedding i(x ) : T(X, A) — LAl
(b) for each x € V(X,A) there exists a € |A|, such that core(iix a)
(10, (2)) = {0},
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(c) there exists an external operation x : L x T(X, A) — T(X,A), such that
ix,a)(ax f)=a®ixua(f), for each f € T(X, A),a € L.

If £=(L,®,®,~,0p,11) is a complete MV-algebra, we can also define the
L -powerset theory in the category SpaceFP.

Definition 6. A structure S = (S,—, W, u) is called a L"-powerset theory in
the category SpaceFP, if

1. S is a CSLAT(A)-powerset theory in the category SpaceFP,
2. For each object (X, A) € SpaceFP,
(a) there exists a \-preserving embedding jix ay : S(X, A) — LA,
(b) for each = € W(X,A) there exists o« € |A|, such that

core(jix,4) (kx4 (2))) = {a},
(c) there exists an external operation + : L x S(X, A) — S(X, A), such that

Jxa(a+ f) =a®jxa(f), for each f € S(X, A),a € L.

Let us consider the following examples of the £Y-and L£”-powerset theory.

Ezample 1. Let U = {7(x ) : (X, A) € SpaceFP} be a system of L-valued
similarity relations defined on sets |4, such that for arbitrary morphism (f, o) :
(X,A) — (Y,B) in the category SpaceFP, 7 x 4)(a, ) = 1(v,5)(c(a),0(5))
holds for arbitrary «, 3 € |.A|. Moreover, let the following condition holds for
arbitrary (X, .A):
O‘>ﬁ€‘c7 T(XﬁA)(Oé,,B):lL@azﬁ.
For arbitrary morphism (f,o) : (X, A) — (Y, B) in SpaceFP, we set
V(Xv -A) = ‘A|ﬂ V(f, J) =0,
T(X,A) = {g € £': g is extensional with respect to T(X,A)} — LAl

(fo)7 : T(X,A) = T(Y,B), (f,0)7(9)B) =\ 9(a)®7v5(8,0()),
a€lA|

nx,a V(XA = Al = T(X,A), nix,a)(@)(B) = 7x,a)(a, B).

It is clear that T'(X, .A) is a complete \/-semilattice and (f,o)7 (g) is also exten-
sional with respect to 7(y,z). Then, T = (T, —,V,n) is the LY-powerset theory
called powerset theory defined by U. In fact, we set

a€eLl,geT(X,A), axg=a®qg.

It can be proven simply that a ® g are elements of T'(X,.4) and the following
diagram commutes,

lA] —— [B]

n(X,A)\L \L”](Y,B)

(X, 4) Y22 1y, B)
Hence, (T, —,V,n) is a LY-powerset theory. O
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Ezample 2. Let £ be a complete MV-algebra. Let U = {r(x 4 : (X, A) €
SpaceFP} be the same sets of similarity relation as in the Example 1.

For arbitrary morphism (f,0) : (X, A) — (Y, B) we set
S(X,A) =T(X,A),
(f,0)5 : S(X,A) = S(Y,B),  (£,0)5(0)(B) = N\ —7vm(o(a), 5) @ g(),
a€lA|
aeLl,geSX, L), at+tg:=adyg.

It can be proven that (f, o) is defined correctly, i.e., (f,0)5 (g) € S(Y, B), for
arbitrary g € S(X,.A). In fact, for 8,w € |B|, we have

Tv,8)(0(a), B) > 7v,5)(B,w) @ Typ)(0(a),w) =
mv,8)(0(a), B) — g(a) < 7y,p)(B,w) ® 7v,) (0 (), w) — g(a) =
7v,8)(B,w) = (7v,8)(0(a),w) — g(a)) =
(Tvs)(0(@), B) = g(@)) @ Tv,p)(B,w) < Ty,)(0(),w) — gla) =
(f,0)5(9)(B) @ T(v,5) (B, w) < (f,0)5(9)(w),

and (f,0)g (g) is extensional with respect to 7(y,5) and a®g € S(X, A). In fact,
for arbitrary G,w € L, we have

(o — g(B)) ® ~a®@ 1x,4)(B,w) < g(B) @ T(x4(Bw) <gw),
and it follows that

(@@ g(B)) ® Tx.4)(B,w) = (ma— g(B) ® T(x.4(Bw) <
—a— (W) = adg(w).

Therefore, S = (S, —, V,n) is the L -powerset theory, where 7 is the same as in
the previous Example. O

As we mentioned in the Introduction, our goal is to show that the classical
F-transform Fyx 4 : LY — LAl defined by the space with a fuzzy partition
(X, A) can be derived from a powerset theory and, vice versa, that each suitable
powerset theory T in the category SpaceFP, defines for arbitrary (X, .A) €
SpaceFP the map Tjx 4 : LVXA) _ 7(X, A), which can be represented by
the F-transform Fy (x, 4y, defined by (possible different) space with a fuzzy
partition (V (X, A), B).

Let us introduce the definition of the map defined by a £V- or L"-powerset
theories.

Definition 7. 1. Let T = (T, —,V,n) be a LY -powerset theory in the category
SpaceFP. For (X, A) € SpaceFP, the map defined by T is

TIXGA] . pVI(XA) T(X, A,

fecV®A  TRAf) =\ nix a(@) x f(z) € T(X, A).
zeV(X,A)
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2. Let L be a complete MV -algebra and let S = (S, —, W, u) be a L™ -powerset
theory in the category SpaceFP. For (X, A) € SpaceFP, the map defined
by S is

Six,ap 1 LY — S(X, A),
zeW(X,A)

In the next theorem we prove that lower and upper F-transforms are derived
from powerset theories. We show that for arbitrary space with a fuzzy partition
(X, A), the upper F-transform F)T(’A : £LX — LAl is identical to the map Tl
defined by a LV-powerset theory T. An analogical result we can obtain for lower
F-transform F)l(,A7 which is identical to the map T|x 4;-

Theorem 1. There exists the powerset theory T = (T, —,V,n) of the category
SpaceFP, such that

1. T is LV -powerset theory.
2. If L is a complete MV -algebra, then T is also L -powerset theory,
3. For each (X, A) € SpaceFP,

THA = F)T(,Av Tix.a = F)l(,.A'
Proof. Let (f,0) : (X, A) — (Y, B) be a morphism in the category SpaceFP.
(1) We define

T : SpaceFP — CSLAT(V), V :SpaceFP — Set,
T(X,A) =LA V(X A =X,
(fio)r =T(f,0): T(X, A) = T(Y,B), V(f,0)=1/,
geT(X,A), (fo)r(g)=o07(9) €T(Y,B),
where 0 is the Zadeh’s extension of the map o : |A| — |B| to the map £ —
LBl The ordering on the set T'(X, A) is point-wise and it is clear that T'(X, .A)

is a complete \/-semilattice and o™ is \/-preserving map.
We define the map 7(x, 4) : X — T(X, A) by

e X,aelAl nix.a@)(a)=Au(r),
where A = {A, : a € |A|}. We show that the following diagram commutes.

x— 1 Sy

n(X,A)J/ \LW(Y.,B)

(X, A) L2 1y, B).
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In fact, for x € X, 8 = o(a) € |B|, we have
(f,0)7 (nx.)(@)(B) = 07 (nx0@)B) =\ nexw@)(e) =
a,o(a)=p

V' Aa@) = ) Bow(f(@) = Bs(f(2) = nev.s) (f(2))(5).

a,0(a)=p a,0 ()=

Hence, T = (T, —,V,n) is the CSLAT(V)-powerset theory. To prove that T
is the £V-powerset theory, we define the external operation x by

acLwelA,ge LA (axg)(w):=a®gw).
Moreover, we have
core(nx,a)(z)) = {a € |A] : Aa(z) =11} = {ua(2)},

where u 4 : X — |A| is the map defined by u4(z) = a < x € core(Ay). Hence,
the condition (b) is also satisfied. Finally, for the map T4l defined by T, for
arbitrary h € £LX, a € |A| we have

T (R) (@) = (\/ 1w (@) *h(@)(@) = \/ e (@)(@) @ h(z) =

zeX rzeX
\ Aa( = FL 4(h)(a).
reX

Hence, TXAl = F)T( e

(2) Let £ be the complete MV-algebra. For arbitrary morphism (f,o)
(X,A) — (Y,B), the set T(X, A) = LM is also complete A-semilattice.
Since any complete MV-algebra is completely distributive ([8]), the map
oy, is /\-preserving map, as follows from

o7 (N)B) =\ (ANh@)=AC V k()= \ozh)B)

JjeJ a,oc(a)=p j€J JjeJ aj,o'(a]-):ﬂ JjeJ

Hence, the object function 7" from the previous case is also the object function
T : SpaceFP — CSLAT(A) and T = (T,—,V,n) can be consider to be also
the CSLAT(N)-powerset theory in the category SpaceFP. To prove that T is
also L"-powerset theory, we need to change only the definition of the external
operation + as follows:

geT(X, A),aeLiwel|A], (a+g)(w):=adgw).
Then, for the map Tjx, 4] defined by T, for arbitrary h € £LX,a € |A| we have

Tixq(W)(@) = ( /\ “nex.a(@) +h(@)(@) = N\ e @) (@) © h(z) =

reX zeX

A\ —Aal = A Aal (@) = Fy_a(h)(a).

zeX rzeX
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Hence, Tix, 4] = F)lQA. ([l

In the next theorem we deal with the converse problem: Is it true that for
arbitrary £Y-powerset theory of the category SpaceFP, the map 71Xl defines
an F-transform? The answer is “yes” and it allows to derive new types of F-
transform maps F : £LX — LI where the transformed map F(g) could have
some additional properties.

Theorem 2. Let T = (T,—,V,n) be an arbitrary LY -powerset theory in the
category SpaceFP. Then for arbitrary space with a fuzzy partition (X, A) €
SpaceFP there erxists another space with a fuzzy partition (V(X,A),B) €
SpaceFP, such that the following diagram commutes

LV (XA
X,A T
T[ ] FV(X,A),B

T(X, A) 52 A

Proof. For arbitrary a € [Al,z € V(X,A), we set By(z) = icx .
(ncx,4)(x))(a). Then (V(X,A),B) is a space with a fuzzy partition, where
B = {B, : a € |A|} is a fuzzy partition, as simply follows from the proper-
ties of . Then, for a € |A|,g € LY A | we have

i) T (g)0) =i\ nxa (@) *g(@)(a) =

zeV(X,A)
V  ixanxa@ (@) @g@) = \/  Ba(z)@g(z) = F x4 50)(0).
zeV(X,A) z€V(X,A)

O
An analogical result we obtain for lower F-transform. The proof is similar
and will be omitted.

Theorem 3. Let L be a complete MV -algebra and let S = (S, —, W, u) be an
arbitrary L™ -powerset theory in the category SpaceFP. Then for arbitrary space
with a fuzzy partition (X, A) € SpaceFP there exists another space with a fuzzy
partition (W (X, A), B) € SpaceFP, such that the following diagram commutes

,CW(X"A)

1
S(x,A] FW(X,A),B

S(X, A) 0N pIAl

To illustrate the meaning of the preceding theorems, we show upper and lower
F-transforms generated by the Theorems 2 and 3 from the £V- and £"-powerset
theories from the Examples 1 and 2, respectively.

Recall that for an arbitrary set X and an L-valued similarity relation § on
the set X, a function g € £X is called the extensional core of a function f € £LX
with respect to ¢, if
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LVreX, ()< f(a),
2. g is extensional with respect to 6,
3. if h € £X is extensional with respect to §, h < f, then g > h.

Ezample 3. Let T = (T,—,V,n) be the LY-powerset theory in the category
SpaceFP from the Example 1. Then, according to the proof of the Theorem 2,
for arbitrary (X, A) € SpaceFP, the set B = {7(x a(a,—) : a € |A|} is a fuzzy
partition on |A|, such that

TXA] — FlTAI 5 LAl ﬁlA‘,
ge LAl Flll\,B(g)(w) = \/ 9(a) ® 7(x, 4 (@, w) = g(w).
a€lA|

It is clear that g is the extensional hull of g with respect to 7(x ). Therefore,
in that case, the upper F-transform F‘TA| 5 represents the extensional hull trans-
formation. 0

Ezample 4. Let L be a complete MV -algebra and let S = (S, —, V,n) be the £"-
powerset theory in the category SpaceFP from the Example 2. Then, according
to the proof of the Theorem 3, for arbitrary (X, .A) € SpaceFP, the set B =
{7(x,a(c, =) : @ € |A|} is a fuzzy partition on the set |A], such that

_ 7l . rlA A
Tixoay = Fiay g £4 = £,

ge L FYy s@B) = N\ rxae ) — gla) =g(B).
a€lA|

It can be proven that g is the extensional core of g with respect to 7(x 4). In fact,
analogously as in the Example 2, we can prove that g is extensional with respect
to T(x,4), ¢ < g and g is the largest extensional map with these properties.

Therefore, in that case, the lower F-transform F|1A‘ 5 Tepresents the extensional
core transformation. O

4 Conclusions

F-transforms of lattice-valued fuzzy sets and powerset theories in fuzzy struc-
tures are frequently used tools in the fuzzy set theory and applications. Although
these theories seem to be independent from the point of view of methods used,
there exist deep relationships between these theories. We proved that arbitrary
F-transform of L-valued fuzzy sets defined by a fuzzy partition can be derived
from a special powerset theory defined on the set of all L-valued fuzzy sets
and, conversely, there exists a special class of powerset theories, such that maps
defined by these powerset theories are F-transforms. Using these relations, we
can define new types of F-transforms and we can use, for example, new methods
in the F-transform theory, including the theory of monads in special categories,
which are typical tools in the powerset theories.
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