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Preface

The “Modern Mechanical Engineering: Science and Education” (MMESE) con-
ference was initially organized by the Mechanical Engineering Department of Peter
the Great St. Petersburg Polytechnic University in June 2011, in St. Petersburg,
Russia. It was envisioned as a forum to bring together scientists, university pro-
fessors, graduate students, and mechanical engineers, presenting new science,
technology, and engineering ideas and achievements.

The idea of holding such a forum proved to be highly relevant. Moreover, both
the location and timing of the conference were quite appealing. Late June is a
wonderful and romantic season in St. Petersburg—one of the most beautiful cities,
located on the Neva riverbanks and surrounded by charming greenbelts. The
conference attracted many participants, working in various fields of engineering:
design, mechanics, materials, etc. The success of the conference inspired the
organizers to turn the conference into an annual event.

More than 70 papers were presented at the seventh conference MMESE-2018.
They covered topics ranging from the mechanics of machines, material engineering,
structural strength, and tribological behavior to transport technologies, machinery
quality, and innovations, in addition to dynamics of machines, walking mecha-
nisms, and computational methods. All presenters contributed greatly to the success
of the conference. However, for the purposes of this book, only 20 papers, authored
by research groups representing various universities and institutes, were selected for
inclusion.

I am particularly grateful to the authors for their contributions and all the par-
ticipating experts for their valuable advice. Furthermore, I thank the staff and
management of the university for their cooperation and support, and especially all
members of the program committee and the organizing committee for their work in
preparing and organizing the conference. Last but not least, I thank Springer for its
professional assistance and particularly Mr. Pierpaolo Riva who supported this
publication.

Saint Petersburg, Russia Alexander N. Evgrafov
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Packing Compaction Algorithm
for Problems of Resource Placement
Optimization

Vladislav A. Chekanin and Alexander V. Chekanin

Abstract The paper is devoted to a new heuristic packing compaction algorithm for
the rectangular cutting and orthogonal packing problems. This algorithm is based
on the idea of iterative local replacement of some objects placed in a container. Six
selection rules for deleting placed objects and subsequent redistribution of themwith
the aim to obtain a packingwith a better density are proposed. The effectiveness of the
packing compaction algorithm has been investigated on the standard test instances
of the rectangular cutting problem.

Keywords Packing compaction algorithm · Optimization · Orthogonal packing
problem · Rectangular cutting problem · Resource placement problem

1 Introduction

The class of resource placement problems unites a large number of optimization prob-
lems that are classical problems of the mathematical theory of operations research.
The solution of these problems is to find the most rational ways of placement
resources of one type (called by objects) among resources of another type (called by
containers). A detailed classification of resource placement problems was proposed
by G. Wascher, H. Haubner, and H. Schumann in 2007 [1], during the preparation of
which 445 scientific articles were reviewed. The wide distribution of practical appli-
cations of resource placement problems in industry and economics [2–6] makes it
urgent to develop new effective algorithms and methods for solving the problems,
which is confirmed by the presence of a large number of scientific publications on
this topic [7–9].
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2 V. A. Chekanin and A. V. Chekanin

Solving all the optimization problems related to the placement or allocation of
orthogonal resources presented in the form of rectangles or parallelepipeds is reduced
to solving the combinatorial NP-hard problem of orthogonal packing, which is a
classical discrete optimization problem [10]. To obtain the optimal solutions of these
problems, it is required to use the resource-intensive optimization algorithms, while
in practice it turns out to be ineffective due to the considerable time resources.
Therefore, to solve NP-hard orthogonal packing problems are often used heuristic
and metaheuristic optimization algorithms that provide approximate (suboptimal)
solutions in an acceptable time [11–14]. To improve the quality of the suboptimal
solutions is proposed an iterative packing compaction algorithm based on the idea
of local replacement of some placed in a container objects.

2 Problem Statement

Consider the statement of the D-dimensional (D = 2, 3) orthogonal pack-
ing problem in the form of the problem of packing the orthogonal objects into
one container. Here is given a set of n orthogonal objects with the dimensions{
w1

i , w
2
i , . . . , w

D
i

}
, i ∈ {1, . . . , n} as well as an orthogonal container with the

dimensions
{
W 1,W 2, . . . ,WD

}
. The superscript in all formulas indicates the dimen-

sion. We denote by
(
x1i ; x2i ; . . . ; xD

i

)
the position of an object i inside the container.

The goal of the problem is to find the most density placement of all the objects within
the container under the conditions of the correct placement [2, 6].

The statement of the D-dimensional orthogonal packing problem includes spec-
ifying of a load direction of a container as the priority selection list {L} ={
L1; L2; . . . ; LD

}
of its coordinate axes, where Ld ∈ [1; D] ∀d ∈ {1, . . . , D}.

When placing each new object into a container, the selection of its free spaces for
the object must be satisfied in the order specified by the priority list {L} [6, 15].

The quality of a placement is estimated by the criteria of length minimization
of the filled part of the container (the length is measured along the coordinate axis
l = LD), i.e., theminimizedfitness function is calculated as S = max

(
xli + wl

i

)
, i =

1, . . . , n, and it defines the position of the most remote object in the container.
We will use the developed model of potential containers for describing a current

state of the container in the process of placing the objects into it. Thismodel describes
all the free spaces of the container as a set of so-called potential containers which are
orthogonal objects with the largest dimensions that potentially can be placed into the
container [15, 16]. A potential container k is described by a vector

{
p1k ; p2k ; . . . ; pD

k

}

containing its overall dimensions, as well as a vector
{
x1k ; x2k ; . . . ; xD

k

}
containing

the position of its coordinate system origin relative to the coordinate system of the
container.

A solution of any packing problem is represented by a so-called placement string
(also known as a chromosome) which contains a sequence of objects selected for
placing into a container. To get a packing, it is necessary to decode the placement
string and select the most suitable free spaces of the container for each object to
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Fig. 1 Objects selected by
the method AREA

Fig. 2 Objects selected by
the method LAST

be placed into it. For this purpose is used the deterministic strategy of choice the
free spaces of the container. This strategy is the sequential selection of potential
containers previously sorted in accordance with the given packing loading direction
[15]. Effective ordering of all potential containers is achieved with the multilevel
linked data structure, described in detail in papers [17, 18].

3 Packing Compaction Algorithm

The proposed packing compacting algorithm is based on the use of rules which select
the placed objects for deleting themwith subsequent more rational filling of the freed
spaces in the container with these objects. The implementation of the algorithm
for deleting objects designed, especially for the model of potential containers, is
described in detail in paper [19]. The object selection rules are based on the methods
given below.

1. Method AREA selects from the container all objects contacting with the most
remote edges of an imaginary orthogonal object with the dimensions V d =
Wd ∀d �= l, V l = max

(
xli + wl

i

)
, i = 1, . . . , n which encloses the packing

(Fig. 1);
2. Method LAST selects from the container all objects contacting with potential

containers, the edges of which along the coordinate axis l match to the border of
the container, i.e., the potential containers for which xlk + plk = Wl (Fig. 2);

3. Method MAX selects from the container all objects contacting with a potential
container that has the maximal volume (area) and is located inside the packing,
i.e., the potential container for which xlk + plk < Wl (on Fig. 3 the found potential
container is shown as a rectangle without color fill);



4 V. A. Chekanin and A. V. Chekanin

Fig. 3 Objects selected by
the method MAX

Fig. 4 Objects selected by
the method DOUBLE

4. Method DOUBLE selects from the container all objects contacting with two
potential containers that have maximal volumes (areas) and located inside the
packing (Fig. 4).

The methods of the first group (AREA and LAST) are intended to select objects
located as far away from the origin of the container. The methods of the second
group (MAX and DOUBLE) are intended to select the objects located close to the
largest free spaces in the container. Based on these methods, six object selection
rules for local reallocation of placed objects in a container have been implemented
(see Table 1).

In order to optimize the placement of previously deleted objects, a one-pass heuris-
tic algorithm with a population consisting of ten placement strings (chromosomes)
is used, composed as follows:

• chromosome 1 contains sequence of objects in the order as they recorded in the
considered packing problem;

• chromosome 2 contains sequence of objects ordered by descending of their vol-
umes (areas);

• chromosome 3 contains sequence of objects ordered by ascending of their volumes
(areas);

• chromosome 4 contains sequence of objects ordered by descending of their dimen-
sions measured along the coordinate axis l;

• chromosome 5 contains sequence of objects ordered by ascending of their dimen-
sions measured along the coordinate axis l;

• chromosomes 6–10 contain pseudorandom sequences of objects.

If any chromosome of this heuristic algorithm provides obtaining of a packing
with the better density (i.e., with the smaller value of the fitness function), then the
best found solution is saved, after which is performed an attempt to compact this
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Table 1 Object selection rules

No. Rule Method 1 Method 2 Description

1 MAX_AREA AREA MAX Cooperative
application of the
two methods

2 MAX_LAST LAST MAX Cooperative
application of the
two methods

3 DOUBLE_AREA AREA DOUBLE Cooperative
application of the
two methods

4 DOUBLE_LAST LAST DOUBLE Cooperative
application of the
two methods

5 MAXMAX_AREA AREA MAX Application of the
method AREA as
well as
application of the
method MAX to
the packing
obtained after
deleting of all
objects previously
found by the
method MAX

6 MAXMAX_LAST LAST MAX Application of the
method LAST as
well as
application of the
method MAX to
the packing
obtained after
deleting of all
objects previously
found by the
method MAX

packing again. This process is repeated iteratively while the packing compaction
algorithm provides a better density of the placement or until the stop criteria will
be performed which is the achievement of a predefined number of iterations of the
algorithm.

Figure 5 shows the block diagram of the packing compaction algorithm.
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Apply the first object 
selection rule

Delete the selected 
objects from the 

container

Create placement 
strings for placing the 

deleted objects

Evaluate the quality of 
the obtained packings

Decode the placement 
strings

Save the best found 
solution

Was obtained
a packing with higher 

density?

Formation of packing 
for the best found 

solution

No

Restore the packing

Yes

Apply the next object 
selection rule

Used all the object 
selection rules?

Satisfied the stop 
criteria?

Yes

No Satisfied the stop 
criteria?

Yes

No

No

Yes

Start

End

Fig. 5 Packing compaction algorithm

4 Computational Experiments

The efficiency of the packing compaction algorithm has been investigated on the
standard two-dimensional strip packing problems (rectangular cutting problems)
which presented in the paper [20] (classes of instances C1–C6) as well as presented
in the paper [21] (classes of instances C7–C10). We consider 500 problem instances
(10 classeswith 50 instances in each). Every class contains from20 to 100 rectangular
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Table 2 Results of compaction obtained on random solutions

Test class Average value of
the fitness function
before compaction

Average value of
the fitness function
after compaction

Average
time, s

The compaction
quality, %

C1 203.98 201.76 1.06 1.53

C2 69.34 65.56 1.29 6.72

C3 577.88 573.20 1.15 1.55

C4 229.82 218.98 1.75 6.65

C5 1817.86 1804.08 1.19 1.34

C6 608.02 579.32 1.97 5.68

C7 1685.78 1676.24 1.07 0.78

C8 1644.70 1603.48 1.48 3.53

C9 3398.78 3394.94 1.04 0.26

C10 1052.94 1034.88 1.36 2.17

Average 1128.91 1115.24 1.34 3.02

objects. The maximal number of iterations of the packing compaction algorithm was
chosen equal to 20. The rotation of objects is not allowed.

The compaction quality is estimated by the evaluationµ = (S0 − S1)
/
S0×100%,

where S0 is a value of the fitness function before compacting and S1—a value of the
fitness function after compacting.

All the computational experiments were carried out using the designed software
intended for optimizing the orthogonal packing and rectangular cutting problems [22]
on the personal computer (CPU—Intel Core i5-3350P 3.10 GHz; RAM—6.00 GB).

On the basis of the averaged obtained test results, the following order of usage of
the object selection rules is set for the packing compaction algorithm (the rules
are listed in decreasing order of the compaction quality µ): MAXMAX_LAST
(µ = 2.07%), DOUBLE_LAST (µ = 1.75%), MAXMAX_AREA (µ = 1.52%),
MAX_LAST (µ = 1.44%), DOUBLE_AREA (µ = 1.23%), MAX_AREA (µ =
0.86%).

Table 2 contains the results of testing the packing compaction algorithm on ran-
dom (non-optimized) solutions. For this purpose were used the placement schemes
obtained as the result of decoding the placement strings which contain objects in
order as they recorded in the considered test instances (as in the chromosome 1).

The packing compaction algorithm also was applied to the placement schemes
obtained as the result of decoding the best chromosomes of the described above the
one-pass heuristic algorithm. The averaged test results are given in Table 3.

The carried-out computational experiments showed that the proposed algorithm
provides increasing of the density of placement schemes for all classes of the con-
sidered test problems. This algorithm ensures the least efficient of compacting when
it is applied to objects the width of which is almost the same as the width of the
container (test classes C7 and C9).
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Table 3 Results of compaction obtained on optimized solutions

Test class Average value of
the fitness function
before compaction

Average value of
the fitness function
after compaction

Average
time, s

The compaction
quality, %

C1 190.94 190.82 0.94 0.09

C2 62.76 62.62 0.95 0.52

C3 532.20 530.38 1.08 0.65

C4 209.28 208.18 1.11 0.86

C5 1692.66 1690.12 1.04 0.19

C6 553.70 550.90 1.35 0.62

C7 1620.84 1619.92 1.01 0.07

C8 1535.38 1521.14 1.42 1.02

C9 3354.86 3354.80 0.98 0.01

C10 966.12 965.36 1.05 0.12

Average 1071.87 1069.42 1.09 0.42

5 Conclusion

The packing compaction algorithm has been proposed for the rectangular cutting
and orthogonal packing problems. The work of this algorithm is based on the idea of
iterative reallocation of some objects already placed in a container. The effectiveness
of application of the algorithm has been investigated on the standard test problems
of rectangular cutting also known as two-dimensional strip packing problems. The
developed algorithm has been described invariantly relative to the dimension of the
problem, and hence it is possible to apply the packing compaction algorithm for the
rectangular cutting and orthogonal packing problems of arbitrary dimension.
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Wave Processes in the Periodically
Loaded Infinite Shell

George V. Filippenko

Abstract Thewave processes in the infinite and finite periodic shells (cylinder shell,
beam, and rod) are explored. Look-alike systems can model different elements of
buildings, hydro-technical constructions, bridges, oil rigs, different pipes, etc. The
statement of the problem is considered the rigorous statement. In the infinite systems,
Floquet solution is founded. The comparison of the wave processes in the rod and
beam is fulfilled. The energy fluxes in them are calculated. The main effects are
explored with the attraction of the analysis of vibrations, corresponding to different
pass- and stopbands. The dependence of character and «heterogeneity degree» of
wave process in the finite systems via the position of corresponding wave number in
relation to passbands is considered. The modes of free vibrations of a periodic cell
in the case of its asymmetry are analyzed with special attention to edge effects via
the parameters of the problem.

Keywords Periodic structures · Energy flux · Pass- and stopbands

1 Introduction and Statement of the Problem

The cylinder shells, plates, beams, and rods (sometimesmultilayered and periodically
loaded) are often used in civil engineering construction. Look-alike systems can
model different elements of buildings, hydro-technical constructions, bridges, oil
rigs, different pipes, etc. [1–18]. An extensive bibliography of wave phenomena
in different periodic systems is presented in [1]. Calculation of these complicated
systemsdemandsmajor computing resources. Therefore, the consideration of simpler
model problems which have an analytical solution [1–10] is very actual. On these
models, it is possible to analytically explore main effects and also to use them as the
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test problems for computing packages. The analytical and computational analyses
which used energy fluxes in such systems are intensively applied [13–18].

Consider an infinite cylindrical shell occupying in cylindrical coordinate system
(r, ϕ, z), the domain {R − h/2 < r < R + h/2, 0 � ϕ < 2π, −∞ < z < ∞},
where R is the radius of the midsurface, h is the thickness of the shell.

Let us assume that the action of environment on the shell can be modeled by dis-
tributed loads and periodically concentrated loads of two kinds which are gathered
in the vector q. The first kind of them is the inertial masses (acting in Dalamber
forces), and second one is the loads proportional to the displacement vector of the
shell u = (ut , uz, un)T (T—is a badge of transposing) as an analog of a plate onWin-
kler foundation. Here, ut , uz, un are the components of the midsurface displacement
in the circumferential, longitudinal, and radial directions, respectively.

The equations ofmotion according to theKirchhoff–Love-type theory of the shells
can be written in the form

Eh

(1 − ν2)R2
L0u + q = 0, (1)

where L0 is the matrix differential operator 3*3 [12]

L0 ≡
⎛
⎜⎝

α1[ν−∂2
z + ∂2

ϕ] ν+∂ϕ∂z ∂ϕ(1 + 2α2[1 − ∂2
ϕ − ∂2

z ])
L21 ∂2

z + ν−∂2
ϕ ν∂z

L31 L32 α2(2ν∂2
z + 2∂2

ϕ − 1 − [∂2
z + ∂2

ϕ]2) − 1

⎞
⎟⎠. (2)

Here ∂z : = R ∂
∂z , L21 = L12, L31 = −L13, L32 = −L23, ν± = (1 ± ν)/2, α1 =

1 + 4α2, and w = ωR/cs. The dimensionless parameter α2 = 1
12

(
h
R

)2
describing

the relative thickness of the cylindrical shell is introduced.
The properties of a material of the shell are characterized by E , ν, and ρs which

denote Young’s module, Poisson coefficient, and volumetric density, respectively.
The surface density of the shellρ (ρ = ρsh) and cs—the velocity ofmedian surface

deformation waves of the cylindrical shell cs =
√
E/

(
(1 − ν2)ρ

)
, are introduced.

The structure of vector of the loads q is following q = (
ω2(ρI + R) − K

)
u +

∞∑
j=−∞

δ(z − z j )
(
ω2M − B

)
u. Here, in the general case, the distributed inertial mass

is described by diagonalmatrixR = diag{ρt , ρz, ρn} and distributed load is described
by diagonal matrixK = diag{kt , kz, kn}. The concentrated inertial masses and loads
are placed at the equally spaced lines z = z j = jl ( j ∈ Z). Each concentrated
inertial mass and load is described by diagonal matrixes M = diag{μt , μz, μn} and
B = diag{βt , βz, βn} correspondingly, and I = diag{1, 1, 1} is the unit matrix. Note
that the symbol δ denotes the Dirac delta function.

The propagation of stationary waves from z = −∞ to z = +∞ with angular
frequency ω is considered. The factor exp(−iωt) is omitted everywhere. The equa-
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tion of motion is supplemented by boundary conditions (BCs) (often called contact
conditions in this case) on the lines z = z j = jl, j ∈ Z.

It is useful to introduce the vector of generalized displacements u4 ≡(
ut , uz, un, u p

)T
(where u p = −∂zun) and following matrixes: K4 =

diag{kt , kz, kn, 0}, R4 = diag{ρt , ρz, ρn, 0}, B4 = diag{βt , βz, βn, 0}, V4 =
diag{1, 1, 1, 1} ,M4 = diag{μt , μz, μn, 0} and

F4 = E

1 − ν2

h

R

⎛
⎜⎜⎝

−ν−α1∂z −ν−∂ϕ 0 −4ν−α2∂ϕ

−ν∂ϕ −∂z −ν 0
−2α2∂z∂ϕ 0 0 −α2

[
(2 − ν)∂2

ϕ − ν + ∂2
z

]
−2α2Rν∂ϕ 0 α2Rν(∂2

ϕ − 1) −α2R∂z

⎞
⎟⎟⎠.

(3)

In these terms, BCs at z = z j = jl, j ∈ Z are following.

{
V4u4(z j + 0) − V4u4(z j − 0) = 0 ⇒ u4(z j + 0) = u4(z j − 0)

F4u4(z j + 0) − F4u4(z j − 0) = (
ω2M4 − B4

)
u4(z j + 0)

. (4)

It expresses the continuity of generalized displacements and jump of generalized
forces.

2 Determination of the General Representation
for Vibrational Field

The Floquet solution of Eq. (1) is built by the contact method, cf. Ref. [1]. At first, the
solution of this equation on the interval z ∈ (0, l) is constructed. On this interval,
the equation has the view

L1u ≡
(
L0 −

(
1 − ν2

)
R2

Eh
K + ω2R2

c2

(
I + 1

ρ
R

))
u = 0 . (5)

The solution is searched in the form

u(ϕ, z) =
∞∑

m=0

eiλmz

⎛
⎝

umt (z) sin(mϕ + ϕ0
m)

umz (z) cos(mϕ + ϕ0
m)

umn (z) cos(mϕ + ϕ0
m)

⎞
⎠. (6)

In this case, the equation of motions (1) and BCs (4) are split for each har-
monic on m. For convenience, the designation for the vector of displacements u
will be transferred for the vector of amplitudes of fixed harmonic (index m will be
omitted) u(z) = (ut (z), uz(z), un(z))

T = eiλz
(
u0t , u

0
t , u

0
t

)T ≡ eiλzũ0. As a result,
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the following algebraic system is obtained: L1
λũ0 = 0; L1

λ ≡ L1
λ(ω, λ). Here,

the linear algebraic operator L1
λ is the result of acting of operator L on vector (6).

The dispersion equation detL1
λ = 0 is obtained from the condition of existence of

non-trivial solution of this system. This equation has eight different complex roots
λ j , j = 1, . . . , 8 in general case. So, homogeneous solution (for fixed harmonic) has

the form u(z) =
8∑
j=1

a jeiλ j z
(
u j
t , u

j
t , u

j
t

)T ≡
8∑
j=1

a jeiλ j zu j , where u j are the appro-

priate eigenvectors of the matrix L1
λ normalized to unity and a j are the arbitrary

constants.
Floquet solution of our problemmust satisfy the condition u(z+ l) = u(z)eiα and

∀z ∈ (−∞,+∞), where eiα is the Floquet factor between the cells of periodicity,
and parameter α will be determined later. So the solution on an interval z ∈ (0, 2l)
has the structure

u(z) =
{
eiαu0(z − l) ≡ u1(z), z ∈ (l, 2l)

u0(z), z ∈ (0, l)
(7)

and BCs on line z = l have the form

{
V4u4(l + 0) − V4u4(l − 0) = 0 ⇒ u4(l + 0) = u4(l − 0)

F4u4(l + 0) − F4u4(l − 0) = (
ω2M4 − B4

)
u4(l + 0)

. (8)

Note that u(z) = u(z − l)eiα ⇒ u(z)|z=l+0 = u(z)eiα
∣∣
z=+0. Hence

{
u4(+0)eiα = u4(l − 0) = u4(l + 0)

eiαF4u4(+0) − (
F4 + ω2M4

)
u4(l − 0) = 0

. (9)

Note that the vector of generalized displacements u4 can be rewritten in the form

u4(z) ≡

⎛
⎜⎜⎝

ut (z)
uz(z)
un(z)

−∂zun(z)

⎞
⎟⎟⎠ =

8∑
j=1

a je
iλ j z

⎛
⎜⎜⎜⎝

u j
t

u j
z

u j
n

−iλ j u
j
n

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎝

eiλ1zu1t . . . eiλ8zu8t
eiλ1zu1z . . . eiλ8zu8z
eiλ1zu1n . . . eiλ8zu8n

−iλ1eiλ1zu1n . . . −iλ8eiλ8zu8n

⎞
⎟⎟⎠

⎛
⎜⎜⎝

a1
a2
. . .

a8

⎞
⎟⎟⎠ ≡ Ua

Then BCs (9) obtain the form

{
eiα U|z=0a − U|z=la = 0

eiα
(
F4U

)∣∣
z=0a − (

F4 + ω2M4
)
U

∣∣
z=la = 0

. (10)
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The condition of existence of non-trivial solution of this system leads to equation
on α

det

⎛
⎝

eiα U|z=0 − U|z=l

− − − − − − − − − − − − − − − − − − −
eiα

(
F4U

)∣∣
z=0 − (

F4 + ω2M4
)
U

∣∣
z=l

⎞
⎠ = 0. (11)

Hence, one can obtain Floquet parameterα and then obtain vector a as the solution
of appropriate linear algebraic system (10). So the solution on interval z ∈ (0, l)
has the form u(z) = A

∑8
j=1 a jeiλ j zu j , where vector a is normalized to unity and A

is an arbitrary constant. The common solution on the interval z ∈ (−∞, +∞) has
the view

u(ϕ, z) =
∞∑

m=0

Ame
iαm [z/ l]

8∑
j=1

a j,me
iλ j,m {z/ l}

⎛
⎜⎝

u j,m
t (z) sin(mϕ + ϕ0

m)

u j,m
z (z) cos(mϕ + ϕ0

m)

u j,m
n (z) cos(mϕ + ϕ0

m)

⎞
⎟⎠ (12)

where [z/ l] and {z/ l} designate integer and fractional parts of the real number z/ l
correspondingly.

Energy flux in such a shell can be obtained as in [17, 18]. The similar problem is
considered further for two simplest models of the shell: rod and beam.

3 Periodic Rod and Beam

The propagation of stationary waves u(x) in an infinitely long homogeneous linearly
elastic rod [6] and beam (Bernoulli beam) [9]with the specific structuralmass density
μ and concentrated non-structural masses of magnitudes M attached at the equally
spaced points x j = x − jl ( j = −∞, . . . ,+∞) along the coordinate axis x is
considered.

The equation

ESu′′(x) + ω2

⎛
⎝μ + M

+∞∑
j=−∞

δ(x − jl)

⎞
⎠u(x) = 0; x ∈ (−∞,+∞) (13)

where E is Young’s modulus and S is the cross-sectional area of the rod, which
describe the propagation of the longitudinal waves. The equation

−Dcu
′′′′(x) + ω2

⎛
⎝μ + M

+∞∑
j=−∞

δ(x − jl)

⎞
⎠u(x) = 0; x ∈ (−∞,+∞) (14)
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where Dc is the bending stiffness which describes the propagation of the bending
waves. For convenience, we shall now non-dimensionalize the above dimensional
parametersω andM, independent variable x, and functions u(x) and δ(x), by defining
their dimensionless counterparts as m = M/μl, x : = x/ l, u(x) : = u(x)/ l, and
k2 = μω2l2

ES = ω2l2

c2r
in the case of the rod and k4 = μω2l2

Dc
= ω2l2

c2b
in the case of

the beam. In terms of these dimensionless parameters, Eqs. (13) and (14) take the
dimensionless forms (15) and (16) correspondingly:

u′′(x) + k2

⎛
⎝1 + m

+∞∑
j=−∞

δ(x − j)

⎞
⎠u(x) = 0; x ∈ (−∞,+∞) (15)

−u′′′′(x) + k4

⎛
⎝1 + m

+∞∑
j=−∞

δ(x − j)

⎞
⎠u(x) = 0; x ∈ (−∞,+∞) (16)

In the case of the rod BCs at the points x j = x − j , j ∈ Z have the view

{
u(x j + 0) = u(x j − 0) ≡ u(x j )

u′(x j + 0) − u′(x j − 0) = −k2mu(x j )
(17)

and BCs have the view

{
u(i)(x j + 0) − u(i)(x j − 0) = 0, i = 0, 1, 2

u′′′(x j + 0) − u′′′(x j − 0) = k4mu(x j )
(18)

in the case of the beam. The solution of the problem in the case of the rod [6] and
beam [9] is similar to that considered above in the case of the cylindrical shell.

The dimensioned energy flux (averaged on the period of oscillations) has
the form � = ω

2 ES Im(u′u)in the case of the rod and it has the form � =
ω
2 DcIm

(
∂3u
∂x3 u − ∂2u

∂x2
∂u
∂x

)
in the case of the beam. Further, during calculations, both

energy fluxes are normalized on the energy flux of the corresponding wave Aeikx

propagating in the homogeneous rod or beam correspondingly.
From another side, the vibrations of corresponding finite periodic rod and beam

can be explored. In this case, a finite segment (x ∈ [a, b]), where a = −n1 − 1+ s,
b = n2 + s, n1, n2 ∈ N, 0 < s < 1, consisting several (N = n1 + n2) cells of
periodicity of the infinite periodic system (rod or beam), is considered. In Eqs. (15)
and (16), series

∑+∞
j=−∞ δ(x − jl) are changed to finite sum

∑n2
j=−n1

δ(x − j) in this
case. Following BCs are considered in the points a and b: symmetrical (BCs in the
point a and in the point b are of the same type, for example, both BCs are fixed) and
asymmetrical (BCs of the different types, for example, fixed and free). The problem
on eigennumbers k j , j ∈ N and corresponding eigenmodes u j (x) ≡ u(x, k j ), x ∈
(a, b) is appeared in this case.
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(a) 0.1, 1.0, 3.0m = (b) 0.1, 10.0, 100.0m =

Fig. 1 Normalized energy flux as a function of m in the rod (a) and beam (b)

4 Numerical Examples

At first, the infinite periodic rod and beam will be considered. Fixing the values of
mass m and solving the received dispersion equation with respect to wavenumber
k, an infinite set of the wave numbers serving the borders of pass- and stopbands
is obtained. Overdrawing all possible m ∈ (0,+∞), the set of curves on the plane
(m, k), separating alternating passbands and stopbands, is received [6, 9]. They will
be called the borders of the stopbands for convenience.

The dependence of the normalized energy flux � on wavenumber k/π in the
rod is presented in Fig. 1a. The dot-dashed, dashed, and full lines on this figure
correspond to masses m = 0.1, 1.0, 3.0, respectively. The energy flux is equal to
zero in intervals corresponding to stopbands, and it is non-zero outside them (i.e.,
in the passbands). If m → 0, the limiting case of the rod without point masses is
obtained. In this case, the amplitude of energy flux and width of passbands tend to
unite. In the situation with increasing masses m , the reduction in passband widths
and amplitudes of energy flux occurs. It is related to the increase in the dynamic
loading on point mass inserts with frequency growth (it is proportional to ω2m).

The dependence of the normalized energy flux onwavenumber k/π in the beam is
presented on Fig. 1b. The dot-dashed, dashed, and full lines on Fig. 1b correspond to
massesm = 0.1, 10.0, 100.0, respectively. The main effects are similar to the ones
in the case of rod, but relative power flow attenuation in the first passband (which
belongs to the interval k/π ∈ (0, 1)) in comparison with other passbands, with the
increase in masses of inertial inclusions in the beam, is observed.

The corresponding finite periodic rod and beam are examined now. Calculations
are fulfilled for the case of five dot inclusions of mass m, located in the points
x = 0,±1,±2 of the rod. The influence of asymmetry of different kinds on the
eigenmodes will be considered: The asymmetry of BCs on the opposite sides of the
interval(a, b), asymmetry caused by the fact that s 	= 0.5, and the combination of
these two asymmetries.
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(a) Eigenfrequencies as functions of m
(b) Tenth mode in the stop band 
0.3m = (full line) and in the pass band 

1.0m = (dashed line)

Fig. 2 Rod, asymmetry BCs, s = 0.87

For example, in Fig. 2a, the full curves depict the dimensionless eigenfrequencies
k/π as functions of mass m for a finite system, and the dashed curves correspond to
the boundary of stopbands of the infinite system.

In the fully symmetric case (BCs are symmetric and s = 0.5), all the curves
representing eigenfrequencies do not overstep the bounds of the stopbands [2, 6, 9],
and the borders of the stopbands coincide with the corresponding eigenfrequency
curves as it was for the symmetric system with single mass. The reason is that the
equation for the spectrum of the system with five masses contains the spectrum of
the system with single mass.

If BCs are symmetric but s 	= 0.5, one of the curves from each interval (n, n + 1),
n = 0, 1 on axes k is fully located in the stop band. These curves can be interpreted
as the eigenfrequency curves related to the border cells (masses). It is well visible
that these modes, unlike the corresponding mode for the symmetrical case, look
like nonhomogeneous waves, i.e., oscillations modulated by decreasing or increas-
ing exponent. Both the directions of decrease and increase are realized for different
modes. This “decaying” mode (standing wave) can be interpreted as the combina-
tion of non-homogeneous waves from the stopband of the corresponding infinite
periodic structure. This reasoning is analogous to the case of the standing wave as
the combination of propagating waves in a finite homogeneous rod.

But in the case of asymmetrical BCs, not only border cells take part in the forma-
tion of these curves in the stopbands. New opportunities are realized in this situation.
For example, the curve can penetrate from passband into the stopband and interact
with another curve in the stopband (implying change of themode shapes) in the points
of quasi-cross-cutting. This effect is shown in the example of the tenth and eleventh
modes (curves 10 and 11) for s = 0.87 in Fig. 2a (whenm ≈ 0.13). The evolution of
these modes when the parameter m is assigned the increasing values m = 0.3, 1.0
is demonstrated in Fig. 2b. Starting as homogeneous waves at m ∈ (0.0, 0.1), they
penetrate into the stopband and become “nonhomogeneous.” At m ≈ 0.13, these
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modes intensively interact and have the intermediate view. The direction of decrease
of these modes is changed to opposite after quasi-cross-cutting of the corresponding
eigenfrequency curves. Furthermore, double crossing of the stopband boundary by
the eigenfrequency curve is possible (circles D, E in Fig. 1a). It comes back from
the stopband into the passband at m ≈ 0.65 and becomes “homogeneous” again. At
the same time, the eleventh mode remains “nonhomogeneous,” and its localization
near the border increases. It is the common situation that localization of the modes
from the stopband near the border increases, while the parameter m increases.

Edge effects in the corresponding finite periodic beam are similar, and they are
considered in [9].

5 Conclusions

Longitudinal waves in the periodic cylinder shell [m = 0 in (6)] can be modeled by
the periodic rod and bending waves, and [m = 1 in (6)] can be modeled by periodic
beam to a certain degree. So we can expect the similar effects in the shell like that
considered above in the case of the rod and beam.

The discovered effects can be useful for design of periodic structures with given
arrangement of eigenfrequencies (inside pass- or stopbands) and for estimating edge
effects in them.
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Inspection of Welded Joints of New
Pressure Vessels Using the Acoustic
Emission Method Capabilities

Victor P. Gomera, Anatoly D. Smirnov, Evgeny J. Nefedyev
and Anastasiya V. Grigorieva

Abstract An example of weld-joint testing of a new pressure vessel made of stain-
less steel is considered. The main methods of testing were the method of radiography
and the method of acoustic emission. Dangerous defects in the refinery column were
detected before running began as a result of the joint application of these methods.
This example demonstrates the effectiveness of using such the properties of acoustic
emission method, as the integral nature of testing, high sensitivity and the ability to
record developing (the most hazardous) defects in the application to the diagnosis of
the industrial pressure vessels state. Also, the results of metallographic examination
of the specimen of column shell with detected defects are presented. The question
of the sequence of application of different methods of non-destructive testing for
optimization of the procedure for inspection of large-sized equipment is discussed.

Keywords Acoustic emission · Radiographic testing · Pressure vessels · Stainless
steel · Cracks in the welds · Sequence of application of testing methods

1 Introduction

The universal capabilities of the acoustic emission (AE) method make it possible to
effectively use it both in the field of research the properties of structural materials
[1–8], and in non-destructive testing (NDT) of a wide range of industrial equipment
[9–11], in particular—oil refining equipment [12–22]. To a separate subclass of such
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equipment can be attributed to the newly manufactured pressure vessels. For these
objects, there are some features of the interpretation of the results of AE testing
associated with the recording of data caused by the relaxation of recent welding
stresses [10, 23].

An additional factor that distinguishes new equipment into a separate group of
objects of testing is the conditions noted in [24]. As a result of a long period of
use of imported equipment for the modernization of the oil refining industry, the
development of domestic chemical engineering has slowed down to a large extent,
and the quality of its products has decreased. This causes new, more serious than
previously, requirements for the entrance inspection of new equipment of domestic
production for the entire period of solving the problem of replacing imported equip-
ment. Accordingly, there is the task of improving the quality of technical diagnostics
without a fundamental increase in the use of traditional local methods of NDT, since
this entails a significant increase in the time and economic costs of such diagnostics.
To solve this problem, it is advisable to use modern integral methods of NDT, such
as the AE method. In this paper, an example of such use is demonstrated and the
results obtained are analyzed.

At random radiographic testing (RT) in welds of column manufactured for use
in the process treatment unit for sulfur cleaning from petroleum products (photo-
graph in Fig. 1), some internal defects were revealed. Defects were generated as a
result of irregularities inwelding procedure atmanufacturing facility. Columndimen-
sions: body height is 23,800 mm, diameter is 1800 mm, wall thickness is 20 mm.
Metal—austenitic stainless steel 12Cr18Ni10T. The column was being prepared to
commissioning in the production cycle.

The results of random testing were the reason for conducting a complete NDT of
welds of column body, includingwelds of eight nozzles with the diameter of 500mm.
Herewith, the application of ultrasonic (UT) testing method was impossible due to
features of column metal structure. RT method was used for testing. Total length of
tested weld joints was over 160 m. Test duration, including activities on organization
of two-side access to testing areas necessary for RT, exceeded 3 weeks.

As the result of RT, there were revealed more than 30 weld-joint areas containing
internal cracks and non-metallic inclusions. More than half of these areas (18) were
located in T-shaped intersections of welds, 13 of 18 areas contained large cracks.
The article presents some results of a metallographic study of a seam in one of these
sites.

Revealed defects were repaired. AE method was supposed to be the final testing
step in column general inspection procedure. As the large scope of RT application
allowed assuming with high probability that all major defects are revealed, the main
objective of AE testing was the assessment of repair quality of welds with eliminated
defects. Additional objective of the AE was inspection of some welds difficult to
access for RT due to the design features of column.

The results ofAE testing revealed no defects that tend to develop in repairedwelds.
Consequently, main objective of AE method application was fulfilled. Besides, as
the result of AE testing there were detected five more areas containing AE source
characteristics for developing defects that were not revealed during RT. In two cases,
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Fig. 1 General view of the new column during installation

these areas were within the zones skipped during RT due to their inaccessibility for
local NDTmethods. After special activities on organization of access to these zones,
the presence of defects in them was confirmed with the RT method, as well as for
other three areas (including two nozzles) after repeated RT and thorough analysis
of RT images. In the latter case, the shape and the orientation of defects made their
detection unlikely with the RT method during first inspection, while AE method is
capable of detecting such defects independently of their size and orientation.

This paper presents some results of analysis of AE testing data and RT images of
revealed defects.

The issue on the sequence of implementation of different NDT methods for opti-
mization of inspection procedure for large-scale equipment is also discussed.
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2 Equipment for Column Inspection

Radiographic testing was conducted by the “Smart-225” device using a radiographic
Agfa D5 film with a resolution of 0.50 mm.

The use of the other traditional test method—ultrasonic inspection—was impos-
sible for a given metal thickness due to significant attenuation of ultrasonic signal
and its reflection at the alloying elements of the austenitic steel.

To identify the cause of cracking, the shell section with a defect at the inter-
section of circular and longitudinal welds was cut and subjected to metallographic
investigations.

The AMSY-5 system with integrated resonant transducers VS150-RIC was used
for AE testing. The frequency range was set as �f = 90… 450 kHz. Threshold was
fixed as Thr = 40 dB. The number of supervisory channels was equal to 36.

Practical difficulties were faced at sensors mounting to the non-magnetic shell.
This problem was solved by gluing of carbon steel small plates to the body with
polyvinyl adhesive (photograph in Fig. 2a, b). This allowed use magnetic holders
for sensor mounting. The plates of 110 × 70 × 2 mm curved to comply with the
shell having a central hole with the diameter slightly larger than the diameter of the
sensor were glued to the body at spots prepared for sensors. The clearance stipulated
with the plate thickness was compensated with round rubber gaskets placed in the
magnetic holder groove: two gaskets 1 mm thick (1/2 plate thickness) were used.
The plates were left on the column for possible further testing.

This method of sensor mounting was stipulated with the drawbacks of alternative
methods for particular application. In the case of using bandage straps, their length
should be very long and their uniform adjustment would be quite challenging. In
addition, a large number of prominent structural elements on the outer part of the
column obstruct the straps installation (Fig. 2a). Welding of any additional parts
not provided by the design was prohibited. Attaching the sensors by adhesives was

Fig. 2 Method of sensors installation on the column non-magnetic surface: amagnetic metal plate
with a hole for sensor is glued to the non-magnetic shell; b sensor is mounted on the plate using a
standard magnetic holder
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not considered because of the risk of damage during removal. The use of adhesive
tapes or other palliative methods for sensors mounting was unreliable under the field
test conditions. The test results have proven that the proposed method of sensor
attachment was a good solution for sensor attaching to non-magnetic surface.

3 Results of Radiographic Testing

The defects of weld joints at the intersections of circular and longitudinal welds were
revealed by the RT. The most significant defects were 13 cracks of 10–100 mm long.
The features of these cracks: they are located in the longitudinal welds and start from
the junction with circular welds; cracks were primarily open along the axis of the
symmetry of the weld; branching from the main cracks was readily observed in both
directions; opening of side cracks was found smaller than that of the central crack,
so that some side cracks are not detected due to the sensitivity limits of the RT.

4 Results of Metallographic Investigation

The piece of body at the intersection of the longitudinal and circular weld was taken
for the metallographic study (Fig. 3a). Figure 2b shows the crack indication 80 mm
long at lower generator of metal mechanical sample of the longitudinal weld 150mm
long and up to 7mmdeep after capillary testing. The crack starts from the intersection
of welds.

The specimens cutting scheme for metallographic investigations are shown in
Fig. 3c. Large cracks, which represent the fragments of cracks oriented along axis
of the longitudinal weld, as well as numerous microcracks were found in specimens

Fig. 3 a Piece of shell that was cut out for the study; b crack indication in the longitudinal weld at
capillary testing; c the scheme of cutting of specimens from the piece of shell for metallographic
investigation of welds
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Fig. 4 Specimen S-4-1. General view (left) and metal destruction to a depth of 832 microns and
intergranular crack of 2.5 mm directed into the depth of the longitudinal weld, ×50 (right)

Fig. 5 Specimen S-4-2. General view (left) and microcracks in the fusion zone, penetrating 225
microns into the base metal, ×50 (right)

Fig. 6 Specimen S-6. General view (left) and crack and numerous intergranular cracks formed
from it, ×50 (right)

S-4 and S-6. The view of metallographic images of some specimens containing the
cracks is presented in Figs. 4, 5, and 6.

The longitudinal crack refers to hot cracks. The presence of hot macrocracks is
accompanied with the formation of microcracks. Formation of the cracks is related
to high stress due to inappropriate choice of welding technology. No cracks were
observed in the areas remote from intersections in either circular or longitudinal
welds.

All the cracks found during the inspection of the column were formed as a result
of infringement of the welding technology. Issues of manufacturing high-quality
weld-joints are considered in [25–28].
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5 Results of AE Testing and Additional RT

According to the analysis of the AE data, a visual inspection of the test object
was carried out in order to establish the correlation of the AE activity zones with
the location of the structural elements of the column and temporary structures for
installation work that could contact the surface of the column.

Visual inspection allowed excluding from consideration the areas of AE activity,
which are clearly not related to potential defects of the body For example, it was the
area for attachment of maintenance platforms with new weld joints. For additional
RT, five zones were chosen. Figure 7 shows the location of these zones on the reamer
of the column shell. The scheme of the reamer is combined with the diagram of the
planar location of the AE sources in this figure.

As a result of additional RT in Zones 1, 3, 4, 5, the presence of unacceptable
defects was confirmed: Zone 1—24 mm crack and slag (Fig. 8a), Zone 3—15 mm
crack (the position of zone 3 is shown in Fig. 9a; the photograph shows that this site
is difficult to access for any local testing methods), Zone 4—large slag inclusions
(up to 8 × 2 mm) and pores in the weld of nozzle F1, Zone 5—welding defects
(photograph in Fig. 9b) and large slag inclusions (up to 10 × 1.5 mm) in the weld
of the lower hatch-manhole H6 (photograph in Fig. 8b). In Zone 2, permissible size
defects (pores and slag inclusions) in the weld were detected.

The graph of the location of AE sources in Fig. 7 is one of many elements of the
analysis of AE data. Sources of AE are evaluated by the energy characteristics of
the generated signals, by the trends of these characteristics, by the connection of the
time of registration of signals with the stages of application of the load, and by the
characteristics of location clusters and other parameters. For example, Fig. 10 shows
a graph of the correlation for two energy characteristics of AE signals (Amplitude
and Counts) which associated with the registration of localized events on the shell
of the column to a height of approximately 14,000 cm for channels ##1–12, 16–24.
Triangles are signals on channels 3 and 5. In the ellipse area in the right corner
of the graph, there are signals registered on channels 3 and 5, associated with the
registration of defects in Zone 4 and Zone 5. Signals from the cluster formed by
the ellipse, registered on other channels, also considered as signs of registration of
defects. However, the main part of these signals during the analysis was excluded
from consideration by other estimated parameters.

6 Results and Discussion

Let us consider the results of solution of basic tasks set to AE testing:

1. No growing defects were identified in repaired welds. Therefore, a good quality
of repairs of pre-detected defects has been confirmed.

2. Cracks detected in Zone 1 and Zone 3 were similar to cracks considered during
metallographic study. Prior to AE testing, it was possible to estimate the proba-



28 V. P. Gomera et al.

Fig. 7 Location of AE
sources on the shell and
location of zones defined for
additional RT
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Fig. 8 Radiographic images of the defects: a in a T-shaped weld, b in the weld between the hatch-
manhole and the shell

Fig. 9 Some photographs of areas for additional testing: a position of Zone 3 on the column shell,
b one of welding defect in Zone 5

Fig. 10 Correlation for two energy characteristics of AE signals associated with the registration
of localized events on the shell of the column to a height of approximately 14,000 cm for channels
## 1–12, 16–24
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bility of having not-detected cracks which then could have been detected in the
T-shaped welds (provided that the cracks grow during the AE testing). The num-
ber of RT-examined T-shaped welds (40), the number of detected large cracks in
these welds (13), as well as the number of welds, which was not included in the
area of RT (4), were known. Consequently, the probability of finding at least one
crack in the T-shaped welds, which is not controlled during RT, can be evaluated
as P = 1-(1-13/40)4 ≈ 0.79. Actually, cracks in two of these four welds were
detected.

3. Beside the cracks in T-welds, considerable defects have also been found in the
welds of two nozzles: large slag inclusions. Recording of active AE sources in
their location indicates the presence of growing defects associated with those
inclusions. Welds of nozzles are objects difficult for control by any method.
Besides, slag inclusions are not always classified as critical defects. Nevertheless,
the AE activity recording in the vicinity of inclusions followed by a thorough
analysis of images obtained during additional RT allowed revealing those defects
which might be prone to growth. After removal of all defects, the column has
been successfully operated for more than four years.

Preparation and conducting of AE testing, as well as the data analysis, took about
three days. Herewith, major part of this time was spent for column preparation to
hydraulic testing, which anyway is obligatory conducted after body repairs. Inspec-
tion scheme is defined depending on technical specifications of the facilities, their
number, available NDT means and other factors. Formally, the optimum scheme is
the scheme, in which the scope and the sequence of NDT methods minimize the
inspection time while preserving its quality. This gives a substantial economic effect
due to a possibility of reduction of equipment downtime. In fact, the sequence of
application of testing methods is determined by the management of mechanical ser-
vice of the facilities and presently prioritizes the use of traditional and standardized
testing methods, such as RT or US. The AE method is usually used as additional
means. This approach is enforced not only to testing of the individual facilities, but
also to larger groups of new equipment, for example, during reconstruction of tech-
nological units. When the inspection with traditional methods covers near 100% of
the facilities, this way requires a lot of time and expenditures.

Let us denote the inspection time first with RT, and then with AE method (first
option) as t1, and the time for inspection in the inverse order (second option) as t2.
Then:

t1 = t RT1 + t AE = k × V RT
1 +

(
t AEmin + t AEq

)
(1)

t2 = t AE + t RT2 = t AE + k × 2dV0, (2)

where tRT1 , tRT2 is the time of testing with RTmethod in the first and the second option,
V 0 is the relative volume of testing, total (sum of structural elements equal by size to
standard areas of testing with local methods, e.g., sections of welds equal in length,
T-shaped sections of welds or other elements), VRT

1 is the relative volume of testing
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during RT, k is the proportionality factor (mean time of testing of one element of
volume), tAEmin is the minimum time required for conduction of AE testing that allows
conducting of planar location of defects with the size not less than the specified one,
tAEq is additional time used to enhance sensitivity of AE testing system at the expense
of increase of the number of sensors and their packing density. Coefficient d is the
share of V 0, areas specified for testing with RT method according to the AE results
for determination of defect geometrical parameters. Additional multiplier “2” in the
expression (2) is defined with our experience in AE testing and is probably related
to the following circumstance. AE does not reveal “sleeping” defects which do not
grow during current hydraulic testing. However, there exists the possibility that these
defects may further grow under action of processing factors. In order to verify if these
defects exist, it is advisable to add arbitrary testing of areas found during AE with
testing of other random areas in the quantity proportional to the number of areas
revealed during the AE (e.g., by doubling this quantity).

With due account of known parameters of considered inspection, we may accept:

t AE ≈ 0.1 × t RT1 ; V RT
1 ≈ 0.9 × V0; t AEmin >> t AEq (3)

Then, the time benefit in the second option shall amount:

�t = t2 − t1 = k × V0(0.9 − 2d) (4)

According to the expression (4), maximum efficiency of AE method implemen-
tation as primary testing is achieved when the structure contains small number of
defects. So, the difference between the two options in the considered example is
insignificant. However, by using this example, it is possible to make useful assess-
ment for d. Let us assume that AE testing was conducted in the first place, and only
a half of 18 defects in T-shaped joints revealed during RT would behave as the AE
sources during hydraulic testing (i.e., they would grow). Then, by adding two sec-
tions detected during AE after RT, we obtain: 18/2+ 2= 11. By dividing this number
by 44 (total volume V 0 for these elements), we obtain d = 0.25. Thus, if according to
AE testing results we obtained d ≥ 0.25, this is a compelling reason for conduction
of 100% testing of any structural elements by local testing method (in our case—by
RT), as the probability of containing defects in a large number of these elements is
very high.

Implementation of AE method as initial testing method for industrial equipment
is not seen a large progress as yet. As a rule, it allows reduction in time and, conse-
quently, in cost of inspection, however, there exist some issues with method adapting
to the effective normative rules at evaluation of testing results. Some problems related
to the complexity of interpretation of AE testing results also remain unsolved. How-
ever, our experience in AE method application shows that it can be a useful NDT
instrument in different combinations of AE and traditional testing methods.
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7 Conclusions

1. The considered example shows that the AE method is an effective tool for non-
destructive testing of large-sized structures. During testing of these structures,
particular advantages of AEmethod are: possibility of 100% testing of structural
material; high sensitivity; high performance; possibility of precise locating of the
defect; possibility of detecting of growing defects independently of their size,
orientation and location within the material.

2. The definite problem of the AE method is that for large-sized structures, in some
cases, only qualitative or indirect estimates of the geometric characteristics of the
defect using the AE data are possible. It is successfully solved by combining the
AE integral method of and local testing methods (RT, capillary testing, UT, etc.).
In general, joint implementation of integral method and local methods allows
mutual reduction of level of uncertainty characteristic for each method, which
arises during inspection of large-scale structures. AEmethod reduces uncertainty
in selecting the spots for local testing and, as a result, substantially increases the
efficiency of application of local testing methods. Local methods reduce the
uncertainty in determination of nature of recorded sources of AE activity.

3. Maximum efficiency of AE method application for testing of large-scale struc-
tures may probably be achieved in case of its application as initial testing method
in general inspection procedure.
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Reduction of Contact and Bending
Stresses in the Bevel Gear Teeth While
Maintaining the Same Overall
Dimensions

Vladimir I. Medvedev, Dmitry S. Matveenkov and Andrey E. Volkov

Abstract The proposed article contains a technique for optimizing the parameters
of a gear pair with circular teeth, which can be used both in the design of a new
gearbox and in the modernization of an existing gearbox. In both cases, the initial
data for the design of the transmission, which is part of the gearbox, are its gear
ratio, dimensions and transmitted loads. The only difference is that in the second
case, as a rule, it is necessary to place a couple in the same housing, which imposes
more stringent restrictions on its size. Two examples of the optimal design search by
varying the angle of the spiral and by varying the number of teeth while maintaining
the same gear ratio are given.

Keywords Spiral bevel gears · Optimization · Instantaneous contact area ·
Localized bearing contact · Contact pressure · Bending stress · Machine-tool
settings

1 Mathematical Model for Research

To optimize themacro-geometry of transmission (spiral angle, face width, number of
teeth, tooth height, etc.), it is necessary to be able to select the shape (micro-geometry)
of the side surfaces of the transmission teeth, providing optimal contact pressure
and bending stress in meshing. Constructive parameters (the macro-geometry) of
transmission are assumed to be given. If this problem is solved, optimization by
macro-geometric parameters can be performed simply by varying these parameters.
The search for micro-geometry problem involves, in turn, solving two problems: the
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problem of constructing the side surface of the teeth (synthesis) and the problem of
determining the quality of meshing (analysis). Many studies have been published on
improving themethods of analysis of bevel gears [1–5], aswell as improving the qual-
ity of meshing by improving the parameters of the tool and settings of gear-cutting
machines, causing an improvement in the micro-geometry of the tooth [1, 6–13].
A common disadvantage of the mentioned methods of synthesis is the necessity
of selection of synthesis parameters interactively. That makes high demands on the
qualification of the designer. In this paper, we propose an algorithm to automate the
construction of optimal micro-geometry of the tooth on the basis of simple enough to
understand the initial data, which are the required distances from the bearing contact
to the edges of the teeth at a given load.

Determination of the shape of the tooth is carried out using the synthesis algorithm
of gear set [11–13] and algorithms for analyzing the quality of the produced gear
[14–16], based on elasticity theory that takes into account:

– the real flank obtained on the gear-manufacturing machine;
– distribution of the bending moment along the length of the tooth obtained by
solving the problem of contact of elastic bodies bounded by surfaces of double
curvature;

– comparability of tooth sizes in each of the three directions.

The second task is to improve the design of the existing gearbox using a refined
test calculation of bending stresses.

To reduce the level of bending stresses in the gear teeth, without changing the
design of the transmission, it is possible either by obtaining a more uniform contact
load along the length of the tooth or by reducing the load on the tooth. This can
be achieved by increasing either the length of the instantaneous contact area or
the total contact ratio by selecting the appropriate shape of the contacting surfaces,
determined by the machine-tool settings used for processing the teeth. Herewith,
contact pressures are also reduced. However, this increase will eventually lead to
edge contact and excessive contact pressure. In Fig. 1a, there is a bearing contact on
the gear teeth surface, and in Fig. 1b, there is a graph of themaximumcontact pressure
σH, MPa dependence on the meshing phase. The instantaneous contact area extends
to the upper edge of the tooth. Even in the absence of technological and assembling
errors, there is a concentration of contact pressures on this edge. The location of
the maximum contact pressure is indicated in the figure by a circle. Instantaneous
contact area in which the maximum pressure is located is highlighted in black. It has
the shape of an ellipse cut by the transverse edge of the tooth.

Machine-tool settings, providing a given length amax = 0.6b of the greater semi-
axis of the instantaneous contact area (b is the face width) under the condition of
infinity of the tooth surface, were determined by the algorithm [2]. Simulation of the
meshing process, the results of which are built in Fig. 1, was made with the help of
the “Expert” program [11] to solve the contact problem based on the consideration
of teeth as elastic three-dimensional bodies.

This example and many others that can be cited are showing that the minimum
contact pressures should be sought among the surfaces that provide some detach-
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Fig. 1 Solution of the contact problem from the standpoint of elasticity theory: a bearing contact
and b graph of the maximum contact pressure dependence on the meshing phase

ment of the bearing contact from the edges of the teeth, even in the presence of
technological and installation errors. This contact we will call a localized contact.

Calculations based on the algorithm of the non-Hertz solution [2] are quite time-
consuming and do not allow to use it in the process of minimization. As a tool for the
tooth contact analysis in the process of minimization, the analysis program based on
the solution of H. Hertz is utilized [12]. A large number of numerical experiments
showed that if none of the contact ellipses go beyond the surface of the tooth, the
contact pressures obtained based on the Hertz solution differ from the pressures
obtained using a more accurate solution by no more than 3%. For comparison, in
Fig. 2 the results of the analysis of the considered meshing based on Hertz theory are
presented. Since the Hertz solution assumes that the contacting surfaces are infinite
in size, the instantaneous contact areas (shown in Fig. 2a, various shades of gray)
go beyond the boundaries of the lateral surface of the tooth. In addition, there is no
concentration of contact stresses, which depend on the phase of meshing as shown
in Fig. 2b on the right. In gearing phases where there is no edge contact, the results
of the two solutions are almost the same.
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Fig. 2 Some results of the contact problem solution based on Hertz approach: a bearing contact
and b graph of the maximum contact pressure dependence on the meshing phase

2 Formulation of the Optimization Synthesis Problem

The optimal side surfaces of the teeth are the surfaces providing the maximum half of
length aξ of instantaneous contact area (Fig. 3) in the middle of the meshing interval,
which provides localized contact. The degree of contact localization is determined
by fourth value (Fig. 3):

– distances (detachment) �a1, �a2 of bearing contact from the tooth upper edge of
pinion and gear;

– distances (detachments) �e, �i of bearing contact from the outer and inner trans-
verse edges of the tooth.

Fig. 3 Location of the bearing contact and the instantaneous contact ellipses in case of localized
contact
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Distance from the edge is considered positive if all the contact ellipses lie on the
tooth surface.

The required values of �ar, �er, �ir of these separation detachments are the
input data for solving the problem. The detachment �ar is recommended to choose
�ar ≥ mn

/
10, wheremn—mean normal module. The other two detachments should

be selected as follows: �er ≥ b
/
10; �ir ≈ 0.25�er.

Note that the optimal machine-tool settings and the optimal shape of the side
surfaces of the teeth depend on the load. At a load greater than the accepted as the
maximum permissible at minimization, the edge contact is possible. At the edge
contact, the obtained solution becomes not optimal due to a sharp increase in contact
pressures.

The optimization problem is reduced to the construction of tooth surfaces provid-
ing the maximum half-length aξ of the greater semi-axis of the instantaneous contact
ellipse in the middle of the meshing interval of a pair of teeth. Clearly, the growth of
aξ is limited by the size of the flank. As constraints for minimization, we accept

|�a1 − �a2| < 0.2Y (1)

Y = �a1 + �a2 > 1.8�ar (2)

|�i − �ir| < 0, 3�ir (3)

|�e − �er| < 0.2�er (4)

f < 0.7w0 (5)

The index “1” refers to the pinion, and the index “2” refers to gear; f is the
transmission error;w0 is the elastic approach of the teeth under load, when the center
of contact ellipse is at point P. Distances �a1, �a2, �e, �i of bearing contact from
tooth edges are to be nonnegative.

Restrictions are formulated in the form of inequalities, because the valued: �a1,
�a2 �e, �i are determined with considerable error. This is because the algorithm
used determines the position of the ends of the instantaneous contact area with an
error of 1–2% of the face width b. Thus, the error of determining the distances �a1,
�a2 can reach 20%, but this accuracy is sufficient for practical purposes.

The algorithm for solving the optimization synthesis problem is based on the
purposeful selection of the synthesis parameter values that ensure the validity of
inequalities (1)–(5). The following values are used as synthesis parameters (Fig. 3):

– offset �ξ , �η of teeth meshing interval midpoint P from point C that is located in
the tooth in the middle of tooth line;

– length aξ of the large semi-axis of the instantaneous contact area at the contact of
the teeth in the middle of the meshing interval (point P);

– angle λ between the contact path AB and perpendicular to the gear tooth line (axis
ξ );
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– maximum transmission error f.

Because the error in determining the distances �a1, �a2, �e, �i is large (10% or
more), the use of differential methods of minimization is not possible. Theminimiza-
tion is performed by step method; at the same time, the value of only one synthesis
parameter is changed at each step. For given values of the synthesis parameters,
synthesis of transmission is carried out. After that, analysis of obtained gear set is
accomplished. The analysis results are actual distances �a1, �a2, �e, �i. The actual
distances are compared with the required distances. On the basis of comparison we
determine the parameter of the synthesis to be changed and its new value. After that,
the re-synthesis and analysis are carried out. The process is repeated until conditions
(1)–(5) are met.

For the first iteration, it is necessary to set initial approximations of variable
parameters.

1. Offset �ξ the contact patch toward the toe in the absence of deformation
of the shafts serves to compensate the displacement of the bearing contact
in the heel direction under load. As the first approximation, we will take
�ξ = −(�er − �ir)

/
2.

2. The value of the displacement �η is determined from the condition of equal
detachment of the bearing contact from the tooth head on the pinion and on
the gear. Gears, as a rule, have an addendum modification, determined by the
addendum modification factor xn. So, the middle point C of the pinion flank,
located on the pitch cone, is shifted to bottom land, and on the surface of the gear
tooth—to the top land. If you select the calculated point P on the pitch cone, the
bearing contact will be displaced in these directions relative to the middle of the
tooth surface profile. For the first iteration, it is possible to take�η = 0.75·mnxn.

3. The choice of the initial approximation of values λ and aξ as well of the strategy
of search of optimum surfaces depends on two parameters:

– the ratio of the face width b and the average height of the active tooth profile
hw = 2h∗

amn (here h∗
a is addendum factor);

– spiral angle β.

The orientation of the contact ellipse is determined by the angle ν (Fig. 3) between
the tooth line and the greater half-axis of the ellipse. The estimation of the value of
this angle, which does not change much in meshing, is given by the relation

ν = arctg(sin α · tg β) (6)

The pressure angle α usually is close to 20°. The range of applicable spiral angles
is wide. Spiral angle affects strongly on contact ellipse inclination.

If the face width b significantly (more than four times) exceeds the height hw
of active surface (Fig. 4a), then it is possible to ensure the location of the moving
instantaneous contact area of large length inside the tooth in all phases of meshing
only if the direction of its movement (shown in the figure by the arrow) is close to the
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Fig. 4 Expected bearing contacts and the directions of the contact paths: a large face width, small
spiral angle; b small face width, small spiral angle; c large face width, large spiral angle; d small
face width, large spiral angle

direction of the tooth line. In this case, we set λ = 70° and relative length of contact
area c = aξ

/
b = 0.33 as the initial approximation of the parameters.

Otherwise (small gear face width and small spiral angle, see Fig. 4b), movement
of the instantaneous contact area in the transverse direction is preferable. In this case,
we can increase the sum of distances Y from the longitudinal edges, increasing the
transmission error f and thereby reducing the length of the contact path AB (Fig. 3).
Only if this is not possible [leads to a violation of condition (5)], further increase of
Y is carried out by increasing the angle λ. It is possible to get the localized contact
in case of relatively small spiral angles (β ≤ 20°) at the inclination λ of the contact
path, close to 20°. This value of λ is taken as the initial approximation.

In case of large spiral angles, the localization of the bearing contact with instan-
taneous contact areas of considerable length is possible only at significant angles λ

(Fig. 4d). As initial approximation can be adopted, angle λ = 50°. The relative length
c of the contact area decreases with the growth of spiral angle. We take c = 0.3 as
an initial approximation.

At large spiral angles and large relative tooth lengths (Fig. 4c), the main limitation
on the length of the instantaneous contact area is the possibility of placing it in
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the interval between the tip of the tooth and the border of the fillet. The distance
between these lines in the middle section is approximately hw. Therefore, the initial
approximation of aξ is determined by the relation

aξ = min
(
cb; 0.4hw

/
sin ν

)
(7)

The coefficient of 0.4 is introduced in order to obtain positive value of Y and to
be able to localize the contact in the direction of the contact line, slightly different
from the longitudinal direction (λ < 90°). The recommended initial approximation
of spiral angle is 80°.

4. On the basis of selected values of the variable parameters �ξ , �η, λ and aξ ,
the transmission is synthesized. Since the transmission error before the synthesis
is not known and the value of w0 is slightly dependent on f, the synthesis is
performed at f = 0. In the process of synthesis, the elastic approach w0 of the
teeth at a single-pair contact at the point P is calculated; after that, the initial
approximation of the value f is determined as follows

f = (
2w0 + fpt1 + fpt2

)/
k. (8)

Here, fpt1, fpt2 are the permissible pinion and gear circular pitch errors; k = 8 in
case b > 4hw and k = 6 otherwise. The coefficient k is chosen from the condition
that at the most unfavorable combination of pitch errors the total contact ratio ε < 2.

The algorithm execution includes the following actions:

1. creation of the required sum Y of distances from the bearing contact boundary
to tip edges of pinion and gear due to the increase of transmission error f or the
angle λ of inclination of the contact path;

2. alignment of distances from bearing contact to the tooth tips of pinion and gear
by changing the parameter �η to satisfy inequality (1);

3. increasing the length of the instantaneous contact area if the sum X = �e+�i of
the distances from the transverse edges significantly exceeds the required value
X r = �er + �ir;

4. displacement of the bearing contact along the tooth line to create the required
detachment from the transverse edges of the tooth. Additional displacement δ�ξ

is determined from the system of equations

�e − δ�ξ = �er,�i + δ�ξ = �ir. (9)

Equation (9) is the condition that after the displacement �ξ + δ�ξ the required
distances from tooth heel and from tooth toe will be obtained. By solving the system
(9), we have

δ�ξ = (�ir − �er + �e − �i)
/
2. (10)
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To automate the optimization process, a computer program has been developed,
the initial data of which are the design parameters of the gear pair, the design load and
the parameters of the tool for processing the teeth, as well as the required distances of
bearing contact from the edges of the teeth. The results are the machine-tool settings
and the meshing characteristics.

3 The Optimization of Transmission by Variation Spiral
Angle and Tooth Thickness Modification Factor

Optimization preserves the previous values of the following characteristics:

– mechanical properties of materials of gear and pinion;
– numbers z p, zg of pinion and gear teeth;
– face width b;
– face angles and root cone angles;
– addendum modification factor xn and radial clearance c*;
– parameters of tools (grinding wheels or cutter heads) used in the processing of
teeth, except for the diameters;

– mean cone distance Lm.

In addition, it is assumed that the deviation of the pinion and gear outer tip diam-
eters dae1, dae2 from their original values do not exceed several tenths of a millimeter,
which allows to place the transmission in the former housing.

Let β0 be the initial spiral angle and mn0 be the initial value of the transmission
mean normal module; conserving the original value of mean cone distance can be
achieved by changing the mean normal module. The new module is determined by
the relation

mn = mn0 cosβ
/
cosβ0. (11)

Note that the decrease in the angle of the spiral leads to an increase in the thickness
of the tooth according to the normal and a decrease in the load on the tooth while
maintaining the torque on the shaft.

To preserve the pinion and gear outer tip diameters during the optimization pro-
cess, the addendum factor h∗

a is recounted as follows

h∗
a = h∗

a0mn0
/
mn, (12)

where h∗
a0 is the initial value of the factor.

As the target function for optimization,we take the durability t of the transmission,
which is equal to the smallest of the three values: contact durability tH, bending
durability of the pinion tFP and bending durability of the gear tFG. The input data for
calculating the values of tH, tFP and tFG are:
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– loading cyclogram, which determines the fraction νi of the total time of loading,
falling on the ith mode (i = 1,2,…, k), the torque Mi on the gear shaft and the
number of Ni revolutions of the gear shaft per minute; k is the number of loading
modes;

– contact pressure σHi and bending stress σFPi , σFGi in loading mode number i;
– permissible contact pressure [σH] at the base number N0H of loading cycles, which
can be estimated using the expression (Russian standard GOST 21354-87)

[σH] = σH lim ZRZV
/
SH; (13)

– permissible bending stress [σF] at the base number N0F of the loading cycles,
defined as follows

[σF] = σF lim YAYRYV
/
SF. (14)

Here, σH lim , σF lim are the limits of contact and bending endurance, respectively
(for simplicity, we assume that the pinion and gear are made of the same materials),
SH, SF are the safety factors, ZV, YV are the dynamic coefficients, ZR, YR are the
coefficients of roughness, and YA is the coefficient of reversibility of rotation.

The number of revolutions NT of gear before failure (resource) is determined on
the basis of the hypothesis of linear summation of damage as follows

NT

∑

i

νi

Ni
= 1, (i = 1, 2, . . . , k) (15)

where each of the terms in the left part of the equation determines the contribution of
the ith loadingmode to the degree of damage to the part, which at the time of failure of
the part is assumed to be equal to one. The values of Ni represent the number of cycles
to failure during operation from the beginning of operation to failure only in the ith
mode. The relation (15) is used to compute the transmission contact endurance NTH

and to calculate resources NTFP, NTFG of pinion and gear on the flexural durability.
In the first case, instead of Ni in the ratio (15) should be the number NHi of cycles

to failure as a result of contact fatigue, which will be considered associated with the
permissible contact stress at the base number of cycles as follows

[σH]
qHN0H = σ

qH
Hi NHi . (16)

According to GOST 21354-87, qH = 6 at σHi ≤ [σH] and qH = 20 otherwise.
In the second case, in the relation (15) instead of Ni is substituted by the number

of NFi cycles up to failure as a result of flexural fatigue, which is determined by a
relation similar to the relation (16)

[σF]
qFN0F = σ

qF
Fi NFi , (17)
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where qF = 9 for cemented or nitrided gears with a non-grinded fillet surface. In
other cases, qF = 6.

According to the relations (16) and (17), even for the approximate estimation
of the transmission durability, it is necessary to calculate the contact and bending
stresses with a very high degree of accuracy. For example, an error of σH of 3% leads
to an error of NTH approximately equal to 100% (1.0320 − 1) = 80%. Therefore,
even when using the most precise methods of calculation of stresses only a rough
estimate of the durability of the transmission may be obtained. However, the purpose
of the proposed work is not somuch to determine the durability itself, as to determine
the parameters of the optimal in terms of durability of the bevel gear structure. At
the same time, it can be assumed with a high degree of confidence that the stress
reduction will cause an increase in the life durability.

Consider a specific example. Suppose you want to optimize an orthogonal trans-
mission that has the following parameters: Numbers of teeth are z p = 31; zg = 73;
mean normal module is mn = 6.0 mm; spiral angle is β = 30°; face width is b =
70 mm. The face angles are δa1 = 24° 58′, δa2 = 68° 02′; the root cone angles are
δf1 = 21° 58′ and δf2 = 65° 02′, respectively. The addendum factor is h∗

a = 1.0;
the radial clearance coefficient is c* = 0.25; the addendum modification factor is
xn = 0.34; tooth thickness modification factor is xτ = 0.06. A backlash of 0.2 mm
is formed by reducing the thickness of the pinion tooth. Tooth-to-tooth composite
tolerance we will take one and the same for pinion and gear f pt = 0.02 mm.

Both the gear and the wheel are made of chrome–nickel steel. The hardness of the
cemented surfaces of the teeth HRC = 64. Young’s modulus E = 2.0 × 105 MPa,
and Poisson’s ratio μ = 0.3. Limits of contact and flexural endurance are: σH lim =
1470 MPa; σF lim = 800 MPa at numbers of cycle N0H = 1.2 × 108 and N0F = 4.0
× 106. Allowable stress at the base number of cycles is [σH] = 1220 MPa; [σF] =
600 MPa.

The loading cyclogram includes two modes: M1 = 1.0·104 Nm, ν1 = 0.001; n1
= 3000 rpm and M2 = 0.75·104 Nm, ν2 = 0.999; n2 = 3000 rpm.

The required bearing contact distances from the edges at maximum load M1 are
�ar = 0; �er = 9 mm; �ir = 3 mm.

When finishing the surfaces of the teeth of the pinion and gear, grinding wheels
of nominal diameter 500 mm with a profile angle of the inner side equal to 20° 45′
and profile angle 20° 45′ outside surface are used. Modification of the roll motion is
not used during processing.

Changes in the design parameters of the wheels, the length of the instantaneous
contact areas, contact pressures and bending stresses, contact and bending durability
at the angles of the spiral in the range from 10° to 35° are shown in Table 1.

Figure 5 showshow the contact pressureσH2 (upper continuous curve) andbending
stresses σFP2 (lower continuous curve), σFG2 (lowest dashed line) in the loadingmode
2, depend on the spiral angle β.

An increase of spiral angle is the cause of decrease of the mean normal module,
and hence the thickness of the tooth decreases. It leads to an increase in the level
of bending stress. In addition, to transfer the same moment at a greater angle of the
spiral a larger contact force is required.
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Table 1 Characteristics of the gear transmission at different angles of spiral

β 10° 15° 20° 22° 25° 30° 35°

mn (mm) 6.823 6.692 6.510 6.468 6.279 6.00 5.675

h∗
a 0.879 0.897 0.922 0.934 0.956 1.00 1.057

Lm (mm) 274.74 274.74 274.74 274.74 274.74 274.74 274.74

dae1 (mm) 259.65 259.57 259.46 259.40 259.31 259.14 258.93

dae2 (mm) 573.56 573.60 573.65 573.67 573.71 573.78 573.87

aξ (mm) 24.50 24.50 24.50 24.50 24.50 22.45 18.69

σH1 (MPa) 1264 1234 1224 1201 1184 1199 1301

σH2 (MPa) 1119 1111 1091 1076 1066 1089 1190

σFP1 (MPa) 379 384 400 410 420 475 572

σFG1 (MPa) 398 411 420 431 441 486 577

σFP2 (MPa) 298 305 324 326 337 374 451

σFG2 (MPa) 317 324 331 345 349 385 451

tFP (h) 11,990 9740 5650 5350 3970 1550 290

tFG (h) 16,210 13,300 10,980 8620 6820 2820 680

tH (h) 3760 4340 6240 8230 9920 6470 1100

Fig. 5 Stress dependences
on the spiral angle
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Despite the fact that the coefficient of the height of the tooth with the increase of
the spiral angle also increases, the height of the tooth remains virtually unchanged,
which makes it impossible to increase the length aξ of the instantaneous contact
area. Starting from the angle β ≈ 25°, the contact area decreases, and this together
with the growth factor of the normal force to the tooth surface leads to an increase in
contact pressures. The mean cone distance, as well as the internal and external cone
distances, remains unchanged since the normal module is recalculated by the ratio
(11). Changes in the outer diameter of the pinion and gear are tenths of a millimeter
that makes it possible to place the transmission in the former housing.
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Fig. 6 Longevity
dependences on the spiral
angle
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In Fig. 6, the curve, marked with markers in the form of triangles, gives the
dependence of the contact durability of the transmission on the angle of the spiral;
the curves of the bending durability of the pinion and gear are marked with markers
in the form of diamonds and squares, respectively. It can be seen that relatively small
changes in contact pressures (about 10%) and bending stresses (about 40%) have a
very large impact on the durability of the transmission.

Figure 6 shows that the highest longevity occurs in the interval 20° < β < 22°.
Assume that the optimal value β = 21° is in the middle of this interval. When the
adopted value of the tooth thickness modification factor is xτ = 0.06, the bending
durability of the gear greatly exceeds the bending durability of the pinion (Fig. 6).
This is because the number of loading cycles of the pinion tooth for the same period
is 2.35 times greater. Varying the values of the factor xτ , we obtain that at xτ = 0.12
the bending durability of the pinion and gear takes close values: tFP = 7080 h, tFG =
6990 h. Contact durability tH = 7500 h at the same time does not change. It is not
possible to obtain a more accurate coincidence of the values of all three considered
durations due to errors in the determination of stresses having an order of 2–3%.

Thus, as a result of optimization it was possible to increase the estimated trans-
mission life from 1550 h (see Table 1) up to 6690 h, i.e., more than four times.

4 The Optimization of Transmission by the Number
of Teeth

In order that the new gear pair with the increased loading capacity could be placed
in the free space of the old reducer shown in Fig. 7 (would be interchangeable with a
pair of the former construction), the equity of the following inequalities is sufficient:

xpmin ≥ x∗
p min; xp max ≤ x∗

p max; Rg min ≥ R∗
g min;

Rg max ≤ R∗
g max; xg max ≤ x∗

g max; xg min ≥ x∗
g min;
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Fig. 7 Gear housing design

Rp min ≥ R∗
p min; Rp max ≤ R∗

p max; (18)

The index p in the inequalities (18) determines the parameter of pinion; the index
g determines the parameter of gear. Dimensions Rmax, Rmin, xmax and xmin are
shown in Fig. 7. The upper index “asterisk” marked values related to the original
transmission design. The values contained in the inequalities (18) are expressed
through the external Le and the inner L i cone distances, outer and inner hae, hai
addendums, and external and internal dedendums hfe, hfi as follows

Rg max = Le sin δg + hae cos δg; Rg min = L i sin δg − (hfe + H) cos δg;
Rp max = Le sin δp + hae cos δp; Rp min = L i sin δp − (hfe + H) cos δp; (19)

xg max = Le cos δg + (hfe + H) sin δg; xg min = L i cos δg − hae sin δg;
xp max = Le cos δp + (hfe + H) sin δp; xp min = L i cos δp − hae sin δp, (20)



Reduction of Contact and Bending Stresses in the Bevel Gear … 49

where (Fig. 7)H is the thickness of the tooth rim; according to the recommendations
of [9], this value is taken to be equal to the total external tooth height H = he =
hfe + hae; δp and δg are angles of the pinion and gear pitch cones.

We define addendums using relations

hag = mn
(
h∗
a − xn

); hap = mn
(
h∗
a + xn

)
(21)

Expressions for gear and pinion dedendums are

hfg = mn
(
h∗
a + c∗ − xn

); hfp = mn
(
h∗
a + c∗ + xn

)
(22)

The remaining values present in the ratios (19) and (20) are defined as follows
(since the ratios are the same for the pinion and the gear, the indices p or g are
omitted):

Le = Lm + b
/
2; L i = Lm − b

/
2; hae = ha + b · tg θa

/
2;

h f e = hf + b · tg θf
/
2; hai = ha − b · tg θa

/
2; hfi = hf − b · tg θf

/
2, (23)

where the addendum angle is θa = δa − δ and the dedendum angle is θf = δ − δf.
The mean cone distance Lm is equal

Lm = 1
2mn

√
z2p + z2g. (24)

Since the bending stresses of the cantilever beam are inversely proportional to its
thickness, it should be expected that the bending stresses in the tooth decrease with
an increase in the normal module mn of the gear.

The number zg of gear teeth when changing the number z p of pinion teeth is
determined from the condition of obtaining the closest to the original gear ratio
as follows: zg = u · z p, where u = z∗

g

/
z∗
p, then rounded to the nearest entire

number. To conserve the initial cone distance, the mean normal mn modulus with
decreasing number of zg teeth is determined by the relation resulting from the first
of the relationship (24):

mn = m∗
n

√
z∗ 2
p + z∗ 2

g

z2p + z2g
, (25)

where m∗
n is the normal module and z∗

p, z∗
g are the numbers of teeth of the original

pair.
Next, we find the maximum value of the parameter b, at which all the inequalities

(18) are true. Since one cannot satisfy all the conditions at the same time, you have
to choose the most important one. In case of gearbox housing shown in Fig. 7, these
conditions should be imposed on xp max, xp min, Rg min and Rg min. The remaining
conditions can be met by a small design change.
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Table 2 Characteristics of the gear transmission at different numbers of teeth

z p 31 29 27 25 23 21

zg 73 68 64 59 54 49

�u (%) 0% −0.4 0.66 0.2 −0.3 −0.9

mn (mm) 5.946 6.378 6.789 7.359 8.035 8.846

b (mm) 70.0 68.4 67.0 65.8 64.0 62.2

xp max (mm) 291.9 291.6 291.9 291.8 291.8 291.9

xp min (mm) 217.0 217.4 218.3 218.5 218.9 219.2

Rp max (mm) 125.8 126.1 125.2 125.8 126.4 125.2

xg max (mm) 137.9 139.0 138.7 140.2 142.0 144.2

xg min (mm) 84.8 84.8 83.5 83.3 83.1 82.9

Rg max (mm) 286.8 286.1 286.1 285.8 285.2 284.6

Rg min (mm) 211.8 211.9 212.6 212.4 212.2 211.9

L+m (mm) 272.32 272.32 272.32 272.32 272.32 272.32

ρs (mm) 2.3 2.4 2.6 2.7 2.8 3.0

σH (MPa) 1507 1491 1499 1492 1496 1508

σFp (MPa) 685 641 591 563 519 468

σFg (MPa) 671 640 593 567 517 462

aξ (mm) 22.0 22.0 22.0 21.5 21 20.3

aη (mm) 1.07 1.08 1.09 1.12 1.16 1.21

As an example, consider the same gear with the numbers of teeth z p = 31, zg =
73, as in the previous example, but nowmn = 5.464mm, h∗

a = 0.9537 and β = 30° 1′.
The direction of the gear spiral is left. The coefficient of change in the calculated
thickness of the tooth xτ = 0.054. The backlash is created by reducing the thickness
of the pinion tooth at �p = 0.1 mm and the gear tooth at �g = 0.14 mm.

The load is the torque Mg = 1.5 × 104 N m on the gear shaft. Under this load, the
distance�ar of bearing contact from the tip should be 0.6 mm, and the distances�er,
�ir of bearing contact from the heel and the toe are to be equal to 9.0 and 3.0 mm,
respectively.

The characteristics of the gears obtained from the initial gear by decreasing the
number of pinion teeth and the recalculation of the mean normal module mn and the
face width b while maintaining the values of all other initial design parameters are
given in Table 2.

Table 2 shows that the deviation �u of the transmission ratio from the original
value does not exceed one percent. The overall dimensions of the modified gears are
not much different from the size of the initial transmission.

If you reduce the numbers of teeth, the major semi-axis aξ of the instantaneous
contact ellipse is slightly reduced, but this increases the length of the smaller semi-
axis aη. The total area of the ellipse varies little, and therefore the maximum contact
pressures are very little. As expected, bending stresses decrease monotonically with
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decreasing number of teeth of the pair. When z p = 21, flexural stress is less than at
z p = 31 approximately 30%. Due to the fact that a further decrease in the number
of teeth is associated with an increase in the sliding speed at the contact of teeth and
contact pressures, a further decrease in the number of teeth of the gear, although it
leads to a decrease in bending stresses, should be considered impractical. The number
of teeth z p = 21, zg = 49 gears and wheels can be considered optimal.

The analysis of the tooth shape made by the algorithm showed that there is no
undercutting in the considered range of tooth numbers, so the addendummodification
factor can be left unchanged. The point width tooth taper and thickness tooth taper
are satisfactory, so the correction of the face angle and the root cone angle is not
necessary.

5 Conclusion

The proposed algorithm of synthesis of spiral bevel gears of the given dimensions
is designed to build the shape of the surfaces of the teeth, providing the minimum
contact pressures and bending stresses. The algorithm of shape optimization is imple-
mented in the form of software that has simple enough to understand the source data.
The search for the required tooth surfaces and machine-tool settings to ensure the
bearing contact, spaced from the edges of the teeth at the given distances, is carried out
automatically. It is shown that the software can be used to improve the existing trans-
mission without changing its dimensions. The new gear transmission with decreased
stress level and increased longevity may be placed in housing of prior transmission.
In the considered examples, this is achieved by choosing the optimal spiral angle and
reducing the number of teeth of the gear and the pinion while maintaining gear ratio
close to the previous one.
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Idle Milling System Noise Level
Dependency from Temperature
Conditions of the Machine Working Area

Artem V. Rasshchupkin, Kirill P. Pompeev and Viktor M. Medunetskiy

Abstract During experimental research, a deviation of milling system noise level
measurement was detected in idle running mode during the period of equipment shift
operation.Adiscrepancy of predicted parameters of predicted vibration activity of the
milling systemcompared to the actual numbers during lowering of the spindlemodule
operating frequencies range in the area of steady cutting. Based on the analysis of the
obtained data and additional studies, dependency of system vibration and its noise
level from the temperature conditions of the machine working area were identified.
This dependency is proposed to be used to adjust the values of the predicted vibration
of the milling setup by correlating temperature readings of the system with noise
factor by taking into account the operating time of the equipment.

Keywords Milling system run-out · Noise peak · Noise input · Effective electric
signal · Cold source method

1 Introduction

In instrument engineering as a branch of precision engineering, fundamental param-
eter is the quality of manufacturing of parts. Special requirements are imposed on
operating area of units and installations properties, which are caused by the structure
of its microgeometry [1]. One of the development directions of instrument engineer-
ing is the improvement of the manufacturing technology of products and their indi-
vidual elements by cutting [2]. Technologists should always search for progressive
solutions to the challenges of providing the required quality characteristics. Search
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for these solutions takes place in conditions of significant limitations imposed on the
production process,which in turn force the specialists to look atworking environment
from a different perspective for a more detailed understanding of thermo-mechanical
dependencies [2].

In conditions of declining costs of production simultaneously with increasing
requirements to quality of manufactured products, engineers and specialists of
research and development enterprises must use existing high-performance tools and
equipment. One way to solve this problem is to improve the milling system vibration
noise sound analysis method during its idle running, which is being implemented
at one of instrument engineering enterprises of Saint Petersburg. When using this
method in practice, it became necessary to increase the reliability of predicted results.
Solution to this problem was the identification of temperature dependency between
the registered milling system noise during idle running and changing of its ampli-
tude–frequency response.

2 Perfecting the Method of Sound Analysis of the Vibration
Noise of the Milling System During Its Idle Running

The oscillatorymotion trajectory of the spindle unit and themilling system in general
is a sinusoidal displacement, becoming an ellipse in a cyclic view [3], which can be
described by the expression:

x2

A2
− 2xz

AC
cosϕ + z2

C2
= sin2 ϕ,

where A, C and x, z are an amplitude and the spindle unit and milling system move-
ment in radial and axial directions, respectively; ϕ—oscillation phases difference.

Non-contactmeasurementmethod of radial and axial run-out of themilling system
in operation modes in the phase of idle (no load) running is performed with use of
magnetic sensors [4]. At that effective gap of the horizontal offset, sensor is taken
as the value δx, and the effective vertical gap will be δz. Change of the value of the
effective sensor gap is directly connected with the change of the voltage at its output.
The voltage at the sensor output horizontal (radial) offset will be equal:

Ux = U0 ± �Ux = U0 ± δx = U0 ± κ · d,

where U0 is voltage at the sensor output in the absence of a spindle axis offset;
k—sensor conversion factor; d is the nominal diameter of the outer ring of the

spindle unit body.
The voltage at the vertical (radial) offset sensor output will be equal to:

Uz = U0 ± �Uz = U0 ± δz = U0 ± κ · l,
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where U0 is the voltage at the sensor output in the absence of a spindle butt end
offset; l—spindle overrun from the body of the spindle head.

The application of devices using quadratic analyzer allows to get more valid data
on the noise level presented in peak form (noise peaks).

In modern devices for sound signals processing the spectrum of the noise signif-
icantly exceeds the limits of the audible range, so the indications differ significantly
from the values in the perceptible range.Measuring of the noise level, emerging from
the milling system, should be performed by isolation of the corresponding frequency
band in the signal under investigation.

In order to do that, a filter limiting the frequency band set to the device voltmeter
by audio signals in the range from 20 Hz to 20 kHz should be included in the
measuring circuit of the noise meter. For adequate noise measurement, a level “A”
filter is used. The difference between the change of noise signal values, measured in
dB and dBA modes depends on the noise spectrum and in general is unpredictable.
At that noise signal values, measured in dBAmode, tend to be smaller, and the range
of their change is wider. Therefore, the analysis of the measurements carried out in
BA mode will allow to draw conclusions about the mutual dependence of the input
and output noise signals, the nature of their origin, and reliability of effective electric
signal value.

One of the most important indicators of low-level signals effectiveness is a noise
coefficient (factor) F, proposed by Harold Friis, representing the signal-to-noise
correlation of the source in (SNRi) operation mode to signal-to-noise of the cold
source (SNR0):

F ≡ SNRi

SNR0

Reliable comparisons of noise factor require to make measurement under stan-
dard temperature using the so-called cold source method. Friis proposed to use the
reference temperature denoted T 0 equal to 290 K (about 62 °F or 17 °C), i.e., the
temperature which is significantly below the air temperature of the majority of pro-
duction facilities.

Factor F characterizes the deterioration of signal-to-noise ratio at the input of the
sound analyzer amplifier. In real production conditions, it may not be less than one.

Change of the signal-to-noise value of the input signal, i.e., a change of the factor
F allows to register the noise level error sources of the target system.

An important factor in measuring noise activity is the temperature of the noise
source itself and themeasuring environment. Temperature component has significant
impact not as much on the actual measurements results, as on the estimated values
of the noise factor; the vibration activity analysis of the whole system is performed
on the basis of information about the noise factor. This dependency can be analyzed
on the basis of registry actuation mechanism generating its own effects, affecting
the nominal indications during measurement regardless of the source temperature.
Thus, the measured noise factor will be higher if the source of the noise activity
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was hotter and, therefore, noiser. In professional equipment, signal-to-noise ratio is
rarely specified, since this value depends on the real operating conditions.

Noise factor is the scanning device own characteristic, in which its own excite-
ments occur. It should be noted that the available noise power appearing at the output
of the scanner has two components. One of them is enhanced available noise power
of the source at temperature T 0 = 290 K, that has a value of:

N0S = κT0BGαν,

where k is Boltzmann’s constant; B is noise frequency band; Gαv is available noise
factor on power of the tested device.

Another component of the output noise is the noise with the power Nα , added
by the measuring device itself, which must be compensated for during the analysis
of data obtained during measurements. Then the total available noise power at the
output will be calculated by:

N1 = κT0BGαν + Nα

In view of the fact that the signal-to-noise (SNR0, SNRi) is the ratio of the noise
value (S0, Si) to its power (N0, Ni), can be written as:

F = Si
/
Ni

S0
/
N0

= 1

Gαν

(
N0

Ni

)
= 1

Gαν

(
N1

Ni

)
= N1

N0S
= κT0BGαν + Nα

κT0BGav

The noise power measurement is carried out at the temperature of the source Th,
which is higher than the reference temperature by Tex, then available noise power at
the output will be:

N2 = κBGανTh + Nα = κBGαν(T0 + Tex ) + Nα

Ratio N2/N1 in [5] is called “Y factor” (noise factor, measured by the method
of the two temperatures). Figure 1 shows that the temperature of the cold source is
equal to the reference temperature T 0, but any temperature other than Th can be used
to calculate the slope ratio.

When the source reaches the temperatureTh, available noise power at the output of
the source amplifier must be taken into account. However, in real-world conditions,
temperature T 0, part of Th, will be higher than 290K. Let us denote it as Te. The
higher the valueTe is, the greater the available power (Na), which affects the accuracy
of the results of the noise measurement. In this case, the value Na will be determined
by the following expression:

Nα = κTeBGαν
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Fig. 1 Dependency of spindle noise and the front bearing unit run-out in various temperature
conditions

The slope ratio determined from the chart (see Fig. 1) at temperature Te is the
more accurate the more noise factor F is closer to one [6].

Let us define the noise factor through the temperature as follows:

F = 1 + Te
290

The results of calculation of the noise factor for the above-mentioned dependency
are represented in Table 1.

Taking into account the influence of the temperature changes on themilling system
run-out value in the process of noise activity measuring, it is necessary to analyze the
noise factor values in order to get the refined data [7, 8]. Figure 2 presents charts of the
milling setup run-out in conditions of periodic system operation and corresponding
noise peaks [9, 10].

Justification of the temperature changes influences on system performance during
cutting allowed to get the refined data used to predict values of the milling system
run-out [11].
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Table 1 Dependency of the
noise factor on temperature
readings

Noise factor F Noise temperature Te (K)

1 0 (absolute zero)

1.122 35.4

1.148 43.0

1.175 50.7

1.202 58.7

1.230 66.8

1.259 75.1

1.288 83.6

1.318 92.3

2.00 290

10 2610

100 28,710

Fig. 2 Change of the milling
system characteristics during
the industrial shift
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3 Conclusion

Thus, the adjustment of predicted cutting parameters when implementing themethod
used by clarifying the temperature settings and introducing temperature coefficients
of measuring environment is allowed to improve the reliability of the applied param-
eters and values. At that keeping of statistical data made it possible to create a base
of frequency characteristics that are applied during implementation of the proposed
method, as well to introduce a constant expansion and update of the data to improve
the accuracy and reliability of the proposed parameters.
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Tribotechnical Properties
of Nanostructured Coppernickel
Coatings

Margarita A. Skotnikova, Vladimir P. Artemyev, Svetlana A. Shasherina,
Olga V. Paitova and Galina V. Tsvetkova

Abstract The tribotechnical, metallographic, physical, and chemical properties of
nanostructured copper–nickel coatings applied on products made of X12M tool steel
were investigated. The results showed that a significant increase (2.3 times) in the
wear resistance of the coatings was achieved after high plastic deformation under a
stress of 3.5 GPa. A structure was formedwith aminimum size of coherent scattering
regions (CSR) of 23 nm and a maximum crystal lattice microstrain value (CLM) of
1.25%.

Keywords Wear · Nanostructure · Coating · Intensive plastic deformation

1 Introduction

Improving the wear resistance of the cutting tool during machining is an important
task in engineering [1–9]. The edge of the tool must have high wear resistance,
adhesive interaction and high thermal conductivity. Copper–nickel coatings satisfy
these conditions. They reduce the contact temperature due to the increased thermal
conductivity of the surface layer.

In order to effectively increase the serviceability of the instrument, the technology
of diffusionmetallization from the environment of low-melting liquidmetal solutions
can be used, which makes it possible to create solid wear- and corrosion-resistant
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layers on the instrument surface, which have high viscosity and thermal conductivity.
The method of diffusion alloying from low-melting liquid metal solutions is used for
applying (Cu–Ni) coatings on tools. Coatings were obtained that are characterized
by the same thickness, stability of the structure, properties, and high quality [10–14].

2 Methods and Materials

Thematerials for the research were prepared using the technology of the Kuban State
Technological University [1]. Figure 1 shows the setup for diffusion metallization in
an environment of low-melting liquid metal solutions.

Installation consists of the lower and upper water-cooled chambers. Between the
chambers, there is a hermetic shutter, which allows to unite and divide the cavities of
these chambers. In the lower chamber, there are heating elements, an object table, on
which a bath with a low-melting solution is installed, heat shields, a movable screen,
as well as a vacuum line with a stop valve, an inert gas supply line. In the upper
chamber, there is a shutter drive mechanism, a movable rod, on which the coated
products are fixed. On the side surface of the upper chamber, there is a loading door.
A vacuum line with a shutoff valve is mounted in the lower part of the upper chamber,
and an inert gas supply line is mounted in the upper part. The vacuum line and the
inert gas supply line are interconnected by a pipeline of the inert gas circulation
system, which, in addition to the pipelines, contains a heat exchanger and a pump
that circulates the inert gas in the upper chamber and the heat exchanger.

A bath with a fusible solution is installed on the stage of the lower chamber.
Through the loading hatch in the upper chamber, the products are placed in this
chamber and fixed on a movable rod, which serves to move products from one
chamber to another. After that, the loading door closes and the upper chamber is
sealed and the lower and upper chambers are evacuated. After reaching a given
vacuum, the upper and lower chambers are filled with argon. Next is heating the bath
with a metal solution for diffusion metallization of the surfaces of products.

Coatings based on copper or nickel were applied on tool from steel X12M. After
that the materials were subjected to additional intensive plastic deformation (IPD) at
stresses of 3.0, 3.5, 4.0, and 4.5 GPa [10, 11, 15, 16].

The research of the microstructure of steel X12M was performed using a micro-
visor of reflected light μVizo-MET.

X-ray microanalysis was performed using “Camebax-Micro” microanalyzer,
equipped with an INCA ENERGY 350 energy-dispersive spectrometer.

Phase identification in the samples was carried out by X-ray diffraction analysis
(XRD) using Bruker D8 diffractometer.

Wear tests were conducted using friction machine SMTs-2 with “block–roller”
configuration with frequency of rotation of the bottom roller of 300 rpm.

Tribotechnical tests were carried out on samples of steel X12M before and after
applying coatings.
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Fig. 1 Installation for diffusion metallization in an environment of low-melting liquid metal solu-
tions. 1—lower chamber; 2—upper chamber for heat treatment; 3—shutter; 4—heaters; 5—table;
6—bath withmelt; 7—screens; 8—movable screen; 9—vacuum line; 10—valve; 11—inert gas sup-
ply line; 12—valve; 13—the drive mechanism of the shutter; 14—movable rod; 15—covered items;
16—loading door; 17—vacuum line; 18—valve; 19—inert gas supply line; 20—valve; 21—circu-
lation system; 22—heat exchanger; and 23—pump
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3 Results of the Research

3.1 Optical Metallography and Micro-X-Ray-Spectral
Analysis of the Coating in the Initial State

The results of the study of coatings microstructure and the distribution of alloying
elements after diffusionmetallization at temperature of 1000 °C, 2 h (initial state) are
presented in Figs. 2, 3 and in Table 1. In the boundary layer of the applied coating, we
see the crushing of grains, the appearance of particles of secondary phases (carbides
and intermetallic compounds).

Fig. 2 Microstructure of X12M coated steel (in the initial state), obtained using an optical micro-
scope μVizo-MET. ×1600 (a), ×2500 (b)

Table 1 Distribution of
alloying elements in the
initial state (weight)

Analysis Al Cr Fe Ni Cu

1 2.59 0.06 19.49 54.10 23.55

2 0.67 0.66 23.75 54.01 20.91

3 0.90 1.01 32.43 50.18 15.23

4 1.08 1.62 44.57 43.21 9.33

5 0.87 5.72 67.73 21.73 3.83

6 0.57 15.12 74.51 8.35 1.27

7 0.62 20.18 76.32 2.69 0

8 0.59 14.75 83.56 0.98 0

Max. 2.59 20.18 83.56 54.10 23.55

Min. 0.57 0.06 19.49 0.98 1.27
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Fig. 3 Microstructure of the intermediate coating layer of the X12M steel after diffusion alloying
at a temperature of 1000 °C, 2 h

Fig. 4 Photograph of the
structure of steel X12M after
diffusion alloying (initial
state), obtained using
“Camebax-Micro”
microanalyzer

In the initial state in the surface layer of the coating, the content of copper, nickel,
and chromium was 23.55, 54.10, and 0.006%, respectively. At a distance of 25 μm
from the surface (transition layer), the content of Cu andNi decreased to 0 and 2.69%,
respectively, see Fig. 4 and Table 1.
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Fig. 5 Distribution of alloying elements in steel X12M before and after intensive plastic deforma-
tion (IPD) under stress of 3.5 GPa (Cu–Ni coating on the right)

On the contrary, the Cr content in the transition layer increased to 20.18%. As
shown by X-ray diffraction data, cubic carbide particles M23C6 and sigma-phase
FeCr are formed in these transition layers enriched in chromium and iron, Figs. 2b
and 4.

Thus, in the process of diffusion alloying of a tool made of X12M steel (initial
state), counterflows of alloying elements appear in the surface layer. Copper and
nickel penetrate on the surface of the tool from steel X12M. Chromium and iron
from steel are redistributed into the (Cu–Ni) coating, especially to its boundary
region, where secondary phases precipitate [17–20].

3.2 Optical Metallography and Micro-X-Ray-Spectral
Analysis of the Coating After Intensive Plastic
Deformation

The results of micro-X-ray-spectral analysis of the distribution of alloying elements
in steel X12M before and after intensive plastic deformation (IPD) under the action
of a stress of 3.5 GPa are presented in Fig. 5.

As shown by the results, the distribution of the alloying elements after IPD was
identical to the graph of the initial state. On a quantitative level, the concentration
of Cu and Ni decreased to 1.3…3.4% after IPD in the surface layer and at the depth
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of the coating. The Cr concentration increased in the intermediate layer compared
with the initial condition, but only after IPD at stress of 3.5 GPa, Fig. 5. Equally
distribution of Cr and Fe was observed on the remaining samples in boundary region
of coating. In this case, we did not observe precipitation of cubic carbide M23C6
and sigma-phase FeCr.

3.3 X-Ray Diffraction Analysis of Steel X12MF Before
and After Intensive Plastic Deformation

We studied the width of diffraction lines, the size of the coherent scattering regions
(CSR), and the value of microstrains (ε) of the crystal lattice before and after intense
plastic deformation under stresses of 3.0, 3.5, 4.0, and 4.5 GPa. CSR is a part of the
grain, separated from neighbor part through the defective wall. For very small grains,
CSR determines the grain size. As grain grows, it is divided into a number of coherent
scattering regions separated by dislocationwalls. The subgrains are deployed relative
to each other and therefore they disperse non-coherently.

The formation of cubic carbideM23C6 and the sigma phase of FeCr is represented
as a multistage process in the initial state in the intermediate layer of the coating. It
includes: 1. formation of segregations of atoms, 2. formation of coherent predispo-
sitions, and 3. separation of secondary phases of carbide M23C6 and intermetallic
FeCr, having a maximum CSR of 36 nm and a minimum ε of 1.25%.

The size of the CSR and ε changed after IPD at stresses of 3.0, 3.5, 4.0, and 4.5
GPA, as shown in Fig. 6 and in Table 2.

After the IPD under stress of 3.5 GPa, the maximum of diffraction line width W
(220) was 1.97°, the maximum size of the ε—1.25%, and the minimum size of the
CSR was 23 nm.

Table 2 Diffraction line width (W ), size of coherent scattering regions (CSR), and crystal lattice
microstrain size (ε), depending on the magnitude of stresses for IPD

Sample №. Stress IPD
(GPa)

Diffraction line
width W (angle
degrees)

Size of
coherent
scatter
regions
(CSR) (nm)

Crystal lattice
microstrain
size ε, %

CuNi
(111)

CuNi
(222)

CuNi
(220)

Initial 0 – – 1.71 36 1.15

2 3.0 0.42 0.77 1.95 34 1.17

1 3.5 0.53 0.91 1.97 23 1.25

3 4.0 0.41 0.75 1.90 30 1.19

4 4.5 0.37 0.62 1.86 32 1.15
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Fig. 6 Graph of the diffraction line width (W ), the microstrain of the crystal lattice (ε), and the
coherent scattering region (CSR), depending on the value of the stresses at the IPD

3.4 Tribological Properties of Materials

The results of tribological tests are shown in Fig. 7. After applying theCu–Ni coating,
the relative wear resistance significantly increases by 1.5 times, and the surface
roughness of the tool decreases by 2.4 times, compared to the surface properties of
the uncoated surface.

When abrasion paired with steel X12M, the friction coefficient and relative wear
resistance had values of 0.083 ± 0.028 and 1.54 ± 0.21, respectively. As a result
of IPD of Cu–Ni coatings at stresses of 3.0, 3.5, 4.0, and 4.5 GPa; relative wear
resistance increased by 2.5, 2.1, 2.6, and 3.5 times, respectively, Fig. 7.

Congruence was observed between the decrease in relative wear resistance after
IPD at stress of 3.5 GPa and the decrease in the size of CSR having low-angle
dislocation boundaries in an elongated polygonized nanostructure. An increase in
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Fig. 7 Effect of diffusion alloying and IPD on the relative wear resistance and roughness of X12M
steel

the Cr concentration was observed compared to the initial state in the transition layer
of the coating (Fig. 5; Table 1).

We assume that chromium from steel X12M was redistributed along the disloca-
tion boundaries of subgrains. This causes a hardening change in the chemical and
phase composition of the Cu–Ni coating and decrease in its relative wear resistance.
This redistribution causes a hardening change in the chemical and phase composition
of the coating and decrease in relative wear resistance.
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4 Conclusion

The conducted studies allowed to conclude that in the process of deposition of cop-
per–nickel (Cu–Ni) coating on a tool made of steel X12M and subsequent inten-
sive plastic deformation at contact stresses 3.0, 4.0, and 4.5 GPa, it was discovered
nanostructuring of its surface layer and the corresponding redistribution of alloying
elements.

Significant increase in wear resistance and decrease in surface roughness after the
application of copper–nickel coating on the instrument correlated with decrease in
the size of coherent scatter regions (CSR) with low-angle dislocation boundaries in
an elongated polygonized nanostructure at stress of 3.5 GPa. Increase in the concen-
tration of Cr was observed in the transition layer of coating as compared with the
initial state.

1. Thus, ultrafine-grained structure is formed in the process of IPD of the cop-
per–nickel coating at contact stresses of 3.0, 3.5, 4.0, and 4.5 GPA in the surface
layer. It significantly increases the tribological properties of the surface of steel
products X12M.

2. Plastic deformation under the action of external contact stresses from 3.0 to 3.5
GPa causes an increase in internal stresses, broadening of diffraction lines, and
microstrain of the crystalline lattice. The minimum size of the CSR 23 nm was
achieved with abrasion paired with steel X12M at 3.5 GPA. The coefficient of
friction and wear resistance have values of 0.078 and 2.13, respectively.

3. The application of nickel–copper coatings on the cutting tool and the use of IPD
reduces the temperature of the cutting edge of the tool due to the high thermal
conductivity and heat removal of the coating. This made it possible to increase
the wear resistance of the tool during machining.
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Kinematic Synthesis of Programmed
Motions of Drivers
of a Manipulator-Tripod
with a Three-Degree Gripper

Natalia S. Vorob’eva, Victor V. Zhoga, Ivan A. Nesmiyanov
and Andrey V. Dyashkin

Abstract The article provides a solution for the task with regard to synthesis of
the laws for motion of the slave cylinders in a parallel-serial structure manipulator
to realize the predetermined path of an end effector. The set of points characteriz-
ing subsequent positions of the actuators is determined by solving an optimization
task on the manipulator’s configuration. The laws for motion of slave cylinders are
established by the method of the fifth-order polynomial interpolation of the first and
last sections of the determined path. The intermediate path section is described by a
typical polynomial. The polynomial coefficients are determined by the point square
approximation method.

Keywords Parallel-serial structure manipulator · Programmed motion ·
Optimization · Gripper · Third- and fourth-order splines

1 Introduction

The paper considers a parallel-serial structure manipulator [1] (Fig. 1). Due to
high structural rigidity parameters and positioning accuracy, parallel-serial structure
mechanisms-based manipulators are nowadays applied as simulators, in measure-
ment systems and metal-cutting equipment to treat surfaces of irregular shape [2–4].
When performing these activities, the manipulator’s end effector shall move along
complex three-dimensional paths.

Generation of the laws for changes of manipulator’s generalized coordinates
lk(t), (k = 1 − 4), α(t), ψ(t), β(t) on a real-time basis involves some difficulties
because of a large-scale task and restricted computational power of drive-level con-
trollers. As control systems architecture is based on a hierarchical principle, it is
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Fig. 1 Parallel-serial
structure manipulator on a
swiveling base

deemed to be reasonable to determine in advance the analytical laws for changes of
generalized coordinates of the servo drivers.

Spatial position of the manipulator and end effector is determined in the absolute
coordinate system Oxyz (Fig. 1). Each link of the gripper is connected to the moving
coordinates Oj x j y j z j , ( j = 1, 2, 3, 4). The manipulator structure ensures relations
between actuating links length, pointM coordinates xM(t), yM(t), zM(t), and swivel
angle ϕ of base ABC [5]

l1(t) =
√
x2M + (yM + OA · sin ϕ)2 + (zM − OA · cosϕ)2,

l2(t) =
√

(xM − OB)2 + y2M + z2M , l3(t) =
√

(xM + OB)2 + y2M + z2M ,

l4(t) =
√

(OK − OA · sin ϕ)2 + (OA · cosϕ + DK )2. (1)

Parameter γ (t) of the manipulator (Fig. 1) is determined through the expression

tgγ = −xM
yM + OA sin ϕ

(2)

Any process operation includes sequential performance of defined programmed
motions of the end effector [6].Number of generalized coordinates of themanipulator
is seven—length of actuating links lk(t), (k = 1−4) and swivel angles of the gripper
links α(t), ψ(t), β(t) [7]. Number of generalized coordinates of the end effector is
six—Cartesian coordinates of distinguished point E[xE (t), yE (t), zE (t)] and Euler
angles [8] specifying its space orientation. Thus, manipulator’s movability is equal to
one [9]. In this case, the task aimed to generate a law of control movements changes
for the actuating links allows for a set of solutions, that is, multiple manipulator’s
configurations correlate to the set position of the end effector.
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Fig. 2 Space orientation of
manipulator’s gripper

For the process operations to be performed efficiently, the manipulator’s gripper
shall be moved with the set speed along smooth path connecting the target points.

Task definition
The laws for movement of the distinguished point of the manipulator’s end effector
(Fig. 1) E[xE (t), yE (t), zE (t)] and its directional cosines αpq(t) (Fig. 2) are to be
defined.

It is required to find the laws for changes of manipulator’s generalized coordinates
lk(t), (k = 1−4), α(t), ψ(t), β(t) ensuring end effector motion laws are fulfilled. It
is accepted that speed and acceleration are equal to zero in initial and terminal path
points and continuously vary in intermediate points.

Solution method
It is considered that at some reference time, themanipulator’s configuration is known,
that means, the generalized coordinate values are set lk(0) = lk0, (k = 1−4), α(0) =
α0, ψ(0) = ψ0, β(0) = β0. The end effector position in space is determined by
transfer matrix MJ−1,J, composition describing the position of gripper link j relative
to ( j − 1) [10]

M04 = M01 × M12 × M23 × M34. (3)

Coordinates of points xj in j and xj−1 in ( j−1) coordinate systems are interrelated
through sequential execution of operations xj−1 = MJ−1,J, · xj, using the transfer
matrices [11].

With serial transfer along the chain of gripper-hinged links fromcoordinate system
O4x4y4z4 to system O1x1y1z1, we have

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xE = xM + bα13 − a cosα sin γ

yE = yM + bα23 + a cosα cos γ

zE = zM + bα33 + a sin α

α33 = cosψ sin α

α23 = cos γ cosψ cosα − sin γ sinψ,

(4)

where a, b—geometrical parameters of the gripper (Fig. 2).
The programmed path of point E is split to n areas at regular time intervals �t .

As coordinate values xE (ti ), yE (ti ), zE (ti ) for point E of the end effector and
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directional cosines αpq(ti ) at time ti = i · �t, i = 0, 1, 2, 3 . . . , n are known, the
values of generalized coordinates (1) lk(ti ), (k = 1 − 4) of the manipulator-tripod,
generalized coordinates α(ti ), ψ(ti ) of the gripper and (2) design angle γ (ti ) at time
ti are deduced from the condition for minimum of generalized energy criterion [12]

�(ϕi ) = c1[l1i (ϕi ) − l10]
2 + c4[l4i (ϕi ) − l40]

2, (5)

where l1i (ϕi ), l4i (ϕi )—values of the actuating links length at time ti ;
c1, c4—weighting factors with values proportional to the actuating links loads
(Fig. 1).

Thus, at current time ti , configuration of the manipulator lki (ti ), (k = 1− 4), i =
0, 1, 2, 3 . . . , n and gripper ϕi , αi , ψi are completely known (Fig. 2).

Polynomial interpolation is deemed to be the simplest. From the efficiency per-
spective, it shall be applied when it is required to arrive at an acceptable result based
on a small number of set points. However, under polynomial interpolation, the law for
changing gripper path velocity contravenes the programmed one that prevents from
arranging a control system with velocity feedback. This is due to presence of local
extremums of interpolation angular coordinate curve. Increase in number of node
points does not allow for steady velocity change. Therefore, the obtained values of
the generalized coordinates are approximated by regular m degree polynomial in the
set of values lki (ti ) [13, 14] within the time interval from t1 = �t to tn−1 = (n−1)�t

Qk(t) = A0k + A1k t + A2k t
2 + · · · + Amkt

m . (6)

Constant coefficients Amk are defined from the condition minimum of a function
represented as a square deviation

δ =
n−1∑
i=1

[Qk(ti ) − lki (ti )]
2. (7)

To ensure the required condition of minimum (7), the partial derivatives from (7)
with respect to all variables Am [15] shall be equal to zero. After transformations,
we have a linear equation system (m + 1) respective to (m + 1) unknown Am .

s=m∑
s=0

Ask

n−1∑
i=1

t s+p
i =

n−1∑
i=1

t pi lk(ti ), p = 0, 1, 2, . . . ,m, (8)

It is proved that if there are no coinciding points among ti points andm < n−1, the
systemdeterminant (8) is not equal to zero; therefore, the systemhas only one solution
[16]. After solving the system (8) for each value lk(ti ), (k = 1 − 4), we define the
polynomials (6) approximating values lki (ti ), (k = 1−4), i = 1, 2, 3 . . . , n−1 with
continuous functions of time of slave cylinders length change lk(t) = Qk(ti ), (k =
1− 4) within time interval from t1 = �t to tn−1 = (n − 1)�t . Based on Weierstrass
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theorem for a continuous function at some segment, it is possible to find a polynomial
in which absolute deviation from this function is less than a sufficiently small preset
value [16].

In order to satisfy the boundary conditions for position, velocity, and acceleration
of the gripper within the time interval from t0 = 0 to t1 = �t and from tn−1 =
(n − 1)�t to tn = n�t , the required function of actuating link movement is to be
interpolated with the fifth-order polynomials.

Pk(t) = B5k t
5 + B4k t

4 + B3k t
3 + B2k t

2 + B1k t + B0k, for �t ≥ t ≥ 0,

Hk(t) = C5k t
5 + C4k t

4 + C3k t
3 + C2k t

2 + C1k t + C0k, for tn ≥ t ≥ tn−1. (9)

For the first path segment by substituting value t = 0, we obtain

B0k = lk(0) = lk0, B1k = l̇k(0) = 0, B2k = l̈k0 = 0. (10)

At t1 = �t on the right end, we have

Pk(t1) = B5k t
5
1 + B4k t

4
1 + B3k t

3
1 + B0k = Qk(t1), (11)

Ṗk(t1) = 5B5k t
4
1 + 4B4k t

3
1 + 3B3k t

2
1 = Q̇k(t1), (12)

P̈k(t1) = 20B5k t
3
1 + 12B4k t

2
1 + 6B3k t1 = Q̈k(t1). (13)

For the last path segment by substituting value tn−1 = (n − 1)�t , we obtain

Hk(tn−1) = C5k t
5
n−1 + C4k t

4
n−1 + C3k t

3
n−1 + C2k t

2
n−1 + C1k tn−1 + C0k = Qk(tn−1),

(14)

Ḣk(tn−1) = 5C5k t
4
n−1 + 4C4k t

3
n−1 + 3C3k t

2
n−1 + 2C2k t + C1k = Q̇k(tn−1), (15)

Ḧk(tn−1) = 20C5k t
3
n−1 + 12C4k t

2
n−1 + 6C3k tn−1 + 2C2k = Q̈k(tn−1). (16)

At tn = n�t on the right end, we have

Hk(tn) = C5k t
5
n + C4k t

4
n + C3k t

3
n + C2k t

2
n + C1k tn + C0k = lk(tn), (17)

Ḣk(tn) = 5C5k t
4
n + 4C4k t

3
n + 3C3k t

2
n + 2C2k t + C1k = l̇k(tn) = 0, (18)

Ḧk(tn) = 20C5k t
3
n + 12C4k t

2
n + 6C3k tn + 2C2k = l̈k(tn) = 0. (19)

From the equation systems (11–13, 14–16) and (17–19), we find polynomial
coefficients (9). Thus, the polynomials (6), (9) completely define the analytical laws
of changing slave cylinders length through the continuous functions of time
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lk(t) =
⎧
⎨
⎩

Pk(t), 1 ≥ t ≥ 0,
Qk(t), 11 ≥ t ≥ 1,
Hk(t), 12 ≥ t ≥ 11,

k = 1 − 4. (20)

In case some extreme points are discovered when calculating polynomials (9),
there aremethods to ensuremonotonicity of path of change in corresponding variable
[14].

Example of method implementation
As an example of implementation of the proposed method to calculate programmed
actuating links motion, we consider translational motion of the gripper along a hori-
zontal line (Fig. 1) parallel to axis Ox from the initial point with coordinates xE (0) =
−316, 36MM, to the terminal point with coordinates xE (T ) = 420, 05MM.

yE (0) = yE (T ) = 1437, 65MM., zE (0) = zE (T ) = 740, 49MM. within
T = 12 c.

Reference [9] is the law of coordinate xE (t) variation ensuring velocity and accel-
eration to be equal to zero in the initial and terminal points of the path

xE (t) =
(
10 − 15

t

T
+ 6

t2

T 2

)
t3

T 3
L , T ≥ t ≥ 0, (21)

where L = [xE (T ) − xE (0)]—path length.
End effector position in space is specified by directional cosines α23 = 1, α33 =

0, α13 = 0 of moving coordinates O4x4y4z4 of the end effector relative to fixed
coordinates Oxyz (Fig. 2). It follows from (4) that having selected programmed
motion of the end effector within all the time of movement α = 0, ψ = −γ . Number
of the node points to be selected depends on the type of programmed motion of the
gripper. In the given example, we divide the entire segment of L length into twelve
parts n = 0 − 12. At regular intervals �t = T/12, we find coordinates x(ti ) of
the node points; the coordinates of the initial and terminal points are known (18),
ti = i · �t, i = 0, 1, 2, 3 . . . , n

xE (ti ) = x(ti ) + xE (0), yE (ti ) = yE (0), zE (ti ) = zE (0). (22)

We determine [10, 17] the manipulator’s configuration at initial time lk(0) =
lk0, (k = 1 − 4), α(0) = 0, ψ(0) = ψ0 = −γ0. Then we specify the manipula-
tor’s configuration at any specific time ti = i · �t . Therefore, slave cylinders length
lk(ti ), (k = 1 − 4) is known at time ti . The values derived are used to calculate
approximating and interpolating polynomials (6), (9) which determine the laws of
manipulator’s drives motion. Based on the expression (8), we have simultaneous lin-
ear algebraic equations relative to coefficients Amk of polynomials of type (6). The
coefficients of polynomials (9) are established from Eqs. (11–19). With increasing
order m of an approximating polynomial, the squared error (7) reduces, i.e., approx-
imation accuracy becomes higher. A peak value of the square deviation is received
for the third link of the manipulator. So, at m = 3, mean square deviation is equal to



Kinematic Synthesis of Programmed Motions … 79

2

3

Fig. 3 Dependence of actuating links length

σ = 11, 3, at m = 4, σ = 2, 95 and at m = 5, σ = 2, 51. And with further polyno-
mial order growth, mean square deviation slightly reduces. Based on the calculations
for the expressions (17), it is received at m = 5 for the third actuating link.

l3(t) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

P3(t) = −22, 01t5 + 49, 703t4 − 27, 81t3 + 1352, 6, 1 ≥ t ≥ 0,
Q3(t) = 1383, 86 + 23, 30t − 13, 08t2 + 3, 03t3 − 0, 227t4

+ 0, 0052t5, 11 ≥ t ≥ 1,
H3(t) = 20, 68t5 − 1193, 19t4 + 27520, 51t3 − 317210, 49t2

+ 1, 83t − 4, 2, 12 ≥ t ≥ 11.

(23)

To evaluate accuracy of the prescribed programmed gripper motion tracked
by the manipulator’s drives, a path and law of shifting distinguished point
E[xE (t), yE (t), zE (t) ] of the end effector (Fig. 1) are established on the basis of the
generated (20) laws of changes in slave cylinders length. For this purpose, by solving
a direct task on positions, we determine the coordinates of point M(xM , yM , zM)

through manipulator’s generalized coordinates lk(t), (k = 1 − 4) [18].
Then using the expression (4), we find the laws for changing the coordinates of

point E[xE (t), yE (t), zE (t) ]. Figure 3 shows dependence (20) of actuating links
length, and Fig. 4 shows the laws for changing coordinate xE (t) established on the
basis of specified programmed movements (18) and of the laws resulted from the
calculations:

– according to the specified program movements
– according to the laws obtained as a result of calculations
– according to the specified program movements
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Fig. 4 Laws for changing
coordinate xE (t)

Fig. 5 Laws for changing
velocity of the distinguished
point V xE (t) of the gripper

– according to the laws obtained as a result of calculations.

Accuracy of approximation of the programmed path (Fig. 4)when forming control
movements of the slave cylinders is estimated through the ratio ofmaximumdeviation
from the path to the path length [16].

δ = �zmax
L

, (in the considered example δ = 0.0095).
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If the obtained accuracy fails to meet the requirements of proper process perfor-
mance, it is required to increase the number of the node points along the programmed
path.

Velocity and acceleration of a distinguished point of the gripper along the path
are determined as the first and the second derivatives of the generated polynomials
(17). Figure 5 shows the laws for changing programmed velocity of coordinate xE (t)
calculated on the expression (18) and velocity of this point retrieved from the method
described in this article (20).

2 Conclusion

The suggested method to calculate analytical dependence of the laws for changing
the control actuating links of the parallel-serial structure manipulator through inter-
polation polynomials on the initial and terminal path segments and approximation
of intermediate path segments allows for generating a drive signal for each actuat-
ing link of the manipulator [19] and developing a programmed and position control
systems with position and velocity feedback used to follow the programmed paths
[20, 21].
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About Implementation Harmonic Impact
of the Resonance Method

P. A. Andrienko, Vladimir I. Karazin, Denis P. Kozlikin
and Igor O. Khlebosolov

Abstract This study considers the problem of improving test equipment through the
use of resonant modes to reproduce harmonic impacts, and examines the influence
of various parameters on the reproduction of a wider range of test impacts, including
in transient modes.

Keywords Harmonic impact · Combined impact · Resonance excitation of
oscillations · Resonance effect

1 Introduction

Mechanical tests for harmonic impact are the most common type in the testing of
different purpose objects [1–3]. Vibration stands allow conducting such tests in a
wide range of amplitudes and frequencies [4]. However, reproduction of combined
impact [5–7] requires the source of vibration to be placed on a movable base. In this
case, vibrator mass should be minimized.

One way of achieving this is to use the resonance effect [8] in the reproduction of
the test impact.

Study [9] shows that using the method of resonance excitation of oscillations for
testing purposes significantly reduces energy consumption and substantially extends
the range of test impacts. However, in order to confirm the feasibility of reproduction
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of the parameters that have been considered irreproducible, it is necessary to consider
the examined models in detail.

Previous studies [10–12] indicate two parameters that play a major role in the
testing process: time of the transient process τ and maximum oscillation amplitude
A, changes in which are defined by generalized coordinate q (position of the table
with the test object).

This study explores several opportunities for using resonant modes to reproduce
harmonic impacts and examines the influence of various parameters on the repro-
duction of a wider range of test impacts, including in transient modes.

2 Single-Mass Model

Let us consider a model of a single-mass oscillatory system (Fig. 1),
where m is the mass of the table; c and B are the stiffness and the damping coef-

ficient of the elastic suspension; Cn , Bn are the stiffness and the damping coefficient
of the transmitting element; u(t) = u0cos(pt) is the vibration impact of the coil of
the vibrator with frequency p.

In this model, we assume that the adapter between the movable vibrator coil and
the table has elastic-dissipative properties.

Fig. 1 Single-mass
oscillatory system

( )u t

,n nC B

,c B

q
m
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Equation of motion:

mq̈ + 2Bq̇ + cq = Cn(u(t) + 2Bn(u̇(t) − q̇)); (1)

or

mq̈ + 2(B + Bn)q̇ + (c + Cn)q =
√
C2
n + 2Bnk2u0 cos(pt + γ ); (2)

With p = k, we get:

q =
(
1 − e− B+Bn

m t
)√

C2
n + 4B2

n k
2u0

2(B + Bn)k
cos(kt + β). (3)

where k is the natural frequency.
If stiffness Cn is insignificant and damping is substantial—for example, when

a damper is used—then qmax ≈ u0 and time of the transient process τ = 3m
Bn

is
insignificant. If Bn is small, then

qmax = Cnu0
2(B + Bn)p

, (4)

and the time of the transient process increases.

τ = 3m

B + Bn
. (5)

3 Dual-Mass Model

If we consider vibrator coil massm0, the model becomes a dual-mass model (Fig. 2).
Two degrees of freedom are defined by two generalized coordinates—q0 and q;

c0, B0 are the characteristics of the suspension of the movable vibrator coil.
Equations of motion:

{
m0q̈0 = F − Cn(q0 − q) − 2Bn(q̇0 − q̇) − C0q0 − B0q̇0
mq̈ = Cn(q0 − q) + 2Bn(q̇0 − q̇) − cq − Bq̇.

(6)

For this model, let us determine the influence of stiffnessCn and the ratio between
masses m0 and m on the natural frequencies of the system. In order to calculate the
natural frequencies, let us assume that B = Bn = B0 = 0

� =
∣∣∣∣
m0 p2 + Cn + C0 −Cn

−Cn mp2 + Cn + C0

∣∣∣∣. (7)
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F

,n nC B

,c B

0q

m0m
q

0 0,C B

Fig. 2 Dual-mass model

Now, let us apply p = ik to the determinant and set it to zero

�(ik) = m0mk4 − (m + m0)Cnk
2 − (C0m + cm0)k

2 + Cn(c + C0) + cC0 = 0.
(8)

Finally, let us introduce the notation

M = m · m0

m + m0
,

then

k4 −
(
Cn

M
+ C0

m0
+ c

m

)
k2 + Cn(c + C0) + cC0

m · m0
= 0. (9)

Normally, the first natural frequency of the vibrator
(
p1 = c0

m0

)
amounts to a few

hertz; therefore, C0
m0

� c
m . This also applies to stiffness (c � c0). Eventually, we get:

k4 −
(
Cn

M
+ c

m

)
k2 + c · Cn

m · m0
= 0;
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k21,2 = 1

2

⎡
⎣

(
Cn

M
+ c

m

)
±

√(
Cn

M
+ c

m

)2

− 4
c · Cn

m · m0

⎤
⎦. (10)

Let us consider the following special cases:

Case 1 m � m0—the moving mass of the table with the test object is significantly
greater than the mass of the vibrator coil.

Let us determine thevalues of natural frequencies k1 and k2 aswell as the amplitude
ratio of generalized coordinates q0 and q:

k21,2 = 1

2

⎡
⎣Cn

M
+ c

m
±

√(
Cn

M

)2

+
( c

m

)2 − 2c · Cn

m · m0

(
1 − m0

m

)
⎤
⎦. (11)

Given that M ≈ m0, 1 − m0
m ≈ 1, we get

k21 = c

m
, k22 = Cn

m0
.

Let us determine the value

η = |�q0|
|�q| .

For this purpose, let us rewrite the system of Eq. (6) in the following form:

⎧
⎨
⎩
q0

(
λ2 + 2(Bn+B0)

m0
λ + Cn+C0

m0

)
− q

(
λ 2Bn

m0
+ Cn

m0

)
= F

m0

−q0
( 2Bn

m λ + Cn
m

) + q
(
λ2 + 2(Bn+B)

m λ + Cn+c
m

)
= 0.

(12)

Let us substitute λ = ik, then

|�q0(ik)| = mod

∣∣∣∣∣
F
m0

−
(
ik 2Bn

m0
+ Cn

m0

)

0 k2 + 2(Bn+B)

m ik + Cn+c
m

∣∣∣∣∣

= F

m0

√(
Cn + c

m
− k2

)2

+ 4

(
Bn + B

m
k

)2

;

|�q(ik)| = mod

∣∣∣∣∣
−k2 + 2(Bn+B0)

m0
ik + Cn+C0

m0

F
m0

−( 2Bn
m ik + Cn

m

)
0

∣∣∣∣∣

= F

m0

√(
Cn

m

)2

+ 4

(
Bn

m
k

)2

.
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At the same time, the amplitude ratio of generalized coordinates canbe represented
as

η = |�q0(ik)|
|�q(ik)| =

√(Cn+c
m − k2

)2 + 4
( Bn+B

m k
)2

√(Cn
m

)2 + 4
( Bn
m k

)2
.

(13)

With frequency k2 = k21 = c
m

η(k1) =
√(Cn

m

)2 + 4
( Bn+B

m · c
m

)2
√(Cn

m

)2 + 4
( Bn
m · c

m

)2 =
√
m2

(Cn
c

)2 + 4(Bn + B)2√
m2

(Cn
c

)2 + 4B2
n

.

Obviously, η ≥ 1, i.e., we cannot achieve amplitude q greater than q0. If Cn � 1
and η = 1, the coordinates q and q0 are the same.

With Cn � c

η = 1 − B

Bn
.

For frequency,

η(k2) =

√[
−m + m0

(
1 + c

Cn

)]2 + 4(Bn + B)2

√
m2

0 + 4B2
n

. (14)

The minimum value of η is achieved when

m = m0

(
1 + c

Cn

)
. (15)

However, if we work at frequency k2, it will be necessary to change stiffnessCn or
mass m0 in order to switch to another operating frequency, which is rather difficult
in terms of design. Therefore, let us take frequency k1, which is defined through
variable stiffness C0, as the operating frequency.

Case 2 m � m0—the mass of the vibrator coil is significantly greater than the mass
of the moving table with effective load.

For this ratio, on condition that m → 0,

k21,2 = 1

2m

[(
Cn

m

M
+ c

)
±

√(
Cn

m

M
+ c

)2 − 4Cnc
m

m0

]
(16)
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Since m
m0

� 1, let us take the last item in the expression under the radical as the
small quantity. With accuracy up to the small quantity of the first order, let us write:

√(
Cn

m

M
+ c

)2 − 4Cnc
m

m0
= Cn

m

M
+ c − 2Cnc

Cn + c
· m

m0
. (17)

As long as m
M ≈ 1, then

k1 ≈
√

Cnc

(Cn + c)m0
, k2 ≈

√
Cn + c

m
. (18)

It should be noted that k1 � k2.
For different Cn and c ratios, we get:

(1) Cn � c ⇒ k1 ≈
√

c
m0
, k2 ≈

√
Cn
m .

Operating frequency k1 (can be changed by changing stiffness c), η1 ≈ 1.

(2) Cn � c ⇒ k1 ≈
√

Cn
m0
, k2 ≈ √ c

m .

In this case, operating frequency k2, amplitude ratio η2 < 1.

(3) Cn = c ⇒ k1 ≈
√

c
2m0

, k2 ≈
√

2c
m , η1 > 1, η2 < 1.

In this case, frequency k2 is preferable because η2 < 1 and both the first and the
second frequency can be changed.

The amplitude ratio of the generalized coordinates on the first and the second
natural frequency:

η1 =
√(Cn+c

m

)2 + 4
( Bn+B

m k1
)2

√(Cn
m

)2 + 2
( Bn
m k1

)2 ≥ 1, η2 = 2 Bn+B
m k2√(Cn

m

)2 + 4
( Bn
m k2

)2 < 1. (19)

4 Conclusion

Comparison of the above two cases shows that withm � m0 even “soft” connection
of themovable vibrator coil to the tablewith the test object cannot generate amplitude
q1 greater than q0 (η ≥ 1). With m � m0, it is possible to achieve η < 1, but the
time of the transient process will increase.
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Determination of Conjugated Profiles
of Teeth in Cylindrical Gears, Knowing
Meshing Line in Face Section

Dmitry T. Babichev, Sergey Yu. Lebedev and Denis A. Babichev

Abstract To identify the gears, tooth shape that ensures optimal gearing quality
indicators is a crucial design problem. The authors suggest a new optimization syn-
thesis concept based on the determination of an optimized meshing line to address
this issue. The synthesis algorithm including its key and the largest (as concerns
calculations) blocks is described in the article. The article introduces derivation of
formulae for determination of the tooth profiles with a known meshing line. Accord-
ing to the formulae, profiles for various types ofmeshing lines (a straight line, a curve,
etc.) were obtained. The conclusions were made, and further fields for research were
determined.

Keywords Theory of gearing · Cylindrical gears · Analysis · Optimization
synthesis

1 Introduction

In recent years, the issue of determining tooth surfaces (profiles) with maximum
load capacity (high contact and bending stiffness) and wear resistance of working
surfaces is getting more relevant. The reasons are the rapid development of computer
modeling and the advent of advancedmaterials andmanufacturing technologies such
as:

– tooth surfacing on numeric-controlled machine tools;
– 3D printing;
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– manufacturing bymeans of pressing and sintering syntheticmaterials and powders,
in particular, reinforced with high-tenacity yarn.

Thus, modern technologies enable to obtain a variety of complex tooth shapes
which creates the issue of determining an optimal shape that ensures maximum
tooth strength. In this article, the authors suggest a new method to address the issue.

Define research subject and objectives. The subject of the research is conjugated
�1 and �2 profiles in plane gearing. The meshing is considered “ideal”: Transverse
sections of mutual envelope surfaces meet at the point K, while surfaces of �1 and
�2 meet the line L; manufacture and installation deviations and deformations in
meshing components are excluded; there is no �1 and �2 modifications in order
to reduce tooth collision; and gearwheels in meshing contact rotate with constant
angular velocityω1 andω2. Developed models and algorithms may be partially used
for the research of gears with non-circular wheels and for design and analysis of
camshaft mechanisms.

Figure 1 demonstrates themain elements of the plane gearing:�1 and�2—pinion
and gearwheel teeth profiles.Themain contact parameters of�1 and�2:K—contact
point; �—meshing line segment, which ends are at points a and b.

Points and lines in meshing: P1 and P2—centroids; W—relative velocities instan-
taneous center; rw1 and rw2—radii of curvature P1 and P2 at the pointW; andO1 and
O2—centers of curvature of centroids at the contact pointW. If O1 and O2—centers
of rotation for gearwheels with i12 = const, then P1 and P2—pitch circles with radii
rw1 and rw2. Vectors and meshing angles: n—common contact normal for �1 and
�2, passing through the point W; meshing angle α—angle between n and common
tangent of P1 and P2 (at the pitch point W ).

Figure 2 shows four quadrants (pole at the point W) and two ML (� and �*)
corresponding right and left tooth halves. The main coordinate system is XWY, its
axes WX and WY cross at the point W. If W moves (for example, in gears with
non-circular wheels), then the coordinate system XWY will also move.

Figure 3 demonstrates four types of meshing, which can be designed according
to the methods described in the article. Among these types are three “ordinary”
mechanisms: toothed mechanisms, camshaft mechanisms and rotary pneumatic and
hydraulic machines. One-parametric molded gearings are also related to the consid-
ered types. In these mechanisms, one of the surfaces is an initial surface of a cutting
tool, and another is a shaped tooth surface.

Research subject summary: The key subject of the research is the plane gearing
with rotating meshing links. Spur gears with gear ratio i12= const and with smooth
mutual envelopes �1 and �2 meeting at a point are primarily considered in the
article. Additional reasons that determine the choice of the research object are the
following: (a) cylindrical gears are the most common; (b) helical gears are generally
designed based on transverse sections of tooth profile; (c) before determining teeth
shapes according to the parameters of a known meshing line in tridimensional gears,
the same (and more simple) task for plane gears should be completed; (d) Tyumen
Industrial University has gained ample experience in cylindrical gears optimization
synthesis and has accumulated data on the association between �1, �2 geometry
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Fig. 1 Main elements of
plane gearing

Fig. 2 Main XWY
coordinate system
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Fig. 3 Types of plane gearing

parameters and ML form with gear load capacity [1, 2]. The data can be used in
plane gearing design.

1. The main objectives of the classical meshing theory.

In the meshing theory [3], there are two fundamental tasks that significantly affect
meshing analysis and synthesis:

Task 1—using the known teeth profile�1 of one of themeshing links, find another
meshing link teeth profile �2 and also its contact point (surface or meshing line �).

Task 2—using the known teeth profiles of two sliding meshing links, find the
motion law of driven link.

In addition to meshing links synthesis and analysis, the following task should be
completed:

Task 3—using the known �1, �2, � surfaces, and links positions, and its motion
laws, find meshing line quality indicators (local and global).

As is shown in the study [4], the following task is becoming more relevant:
Task 4—using the known meshing line �, find teeth profiles �1 i �2.
It is suggested in the article [4] that task 4 “synthesis of teeth surfaces according

to the parameters of a knownmeshing line” should also be related to the fundamental
tasks of the meshing theory.

From the mathematical point of view, task 4 substantially differs from task 1.
Thus, task 1 involves solving the algebraic equation of meshingN·V12= 0 [5], while
task 4 involves solving the differential equation of meshing [6, Sect. 6.8].

2. Optimization synthesis objectives

The solution to task 4 which is complicated enough from the mathematical point
of view may be obtained by means of: (1) nonlinear programming: the classical
problem that consists in determining parameters values of the vector x at which the
objective function (load capacity) with nonlinear restrictions F(x) → max. (2) or
solving variational problem of determining the control function f(u) or f(u,v)—tooth
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profile r= r(u) or surface r= r(u,v)—wherein the objective function F(f(u)) → max
or F(f(u,v)) → max [2]. In both cases, optimal synthesis is recommended to conduct
based on determining optimal meshing curves or surfaces instead of optimal teeth
profiles. The truth of this assertion is not sufficiently based on the framework of
the article. The described approach can critically reduce the number of calculations
and, moreover, increase design reliability, and simplify the process of optimization
synthesis. One of the reasons for increasing reliability is that the significant change
of ML causes only minor modification of �1 and �2. For instance, for a similar
reason synthesis of camshafts does not require a tappet motion law S = S(ϕ) (as a
function of rotational angle). Instead, the acceleration variation law is required a =
a(ϕ).

2 Fundamentals of Optimization Synthesis Approach

Based on the works [7–18] and the authors’ experience [1, 4, 19, 20], the design
algorithm of cylindrical gears with high load capacity (Fig. 4) was developed.

There are two types of leader lines in Fig. 4. Single lines show the sequence of
calculations. Double lines show the direction of data transfer between blocks and
external devices. Calculation blocks are numbered.

Considering the number of calculations required, block 2 and block 4 are critical.
These blocks are described further.

Block 2 requires thousands of iterations. In order to fasten the process, the simple
basic formula for determining the radius of curvature of one of the conjugated pro-
files (using ML parameters and coordinates) should be obtained. Establishing a link
between the synthesizing profiles degree of curvature and ML parameters appears
to be a significant meshing theory problem that is not solved yet. The first principal
research goal of the article is to obtain that formula and to create on that basis the
method of all the radii of curvature determination in plane gearings (ρ1—pinion
profile, ρ2—gearwheel profile, ρ�—radius of relative curvature).

Block 4 also requires iterations. A large number of calculations should be done due
to the necessity of solving the differential ME while determining conjugated Σ1 and
Σ2 profiles. To fasten the process, the method of Σ1 and Σ2 determination without
numerical solving of the differential equation should be developed. The development
of that method is also a significant meshing theory problem that is not solved. That
is the second principal research goal of the article.

Research objectives summary: The development of the methodology, method, and
algorithm to complete task 4 (determiningΣ1 andΣ2 teeth profiles according to the
parameters of a known meshing lineΣ) is the key objective. Therefore, it is essential
to solve two following theoretic problems:

(1) To be able to calculate all radii of curvature in teeth profiles contact through
parameters of ML (without determining teeth profiles).—It is a block 2 theory.
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Fig. 4 Concept and algorithm of optimization synthesis of cylindrical gears with high load capacity

(2) To be able to determine �1 and �2 profiles through coordinates of a point on
ML and through profiles radii of curvature that cross at the contact points.—It
is a block 4 theory.

Other “routine,” however, significant issues are testing ofmethods and algorithms,
and also assessing the accuracy of developed calculationmethods described in blocks
2 and 4. Consideration of the rest blocks is within the framework of the article.
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3 Calculation of All Radii of Curvature in Teeth Contact
Through Parameters of ML (Block 2 Theory)

The review of a large number of works [21, 22] devoted to meshing theory and
geometry shows that the works, where the radii of curvature ρ1, ρ2, or ρ� in gears
with knownMLwere determined analytically, were absent. In the reviewed works, ρ
was determined only numericallywhich involves numerical solving of the differential
ME and the preliminary determination of �1 and �2.

The task of meshing curves analytical determination may be considered com-
pleted if the formula for one of the meshing links radius of curvature ρ is obtained.
According to the first principle of conjugated gearings formation (the principle of
Olivier [3]), there are three meshing links: a cutting tool with working edge surface
�0 and two links withmeshing profiles�1 and�2. There are also three gearings: two
molded gearings {(�0 + �1 i �0 + �2)} and one meshing gearing {�1 + �2}. It is
recommended to consider the gearing that is simpler from the mathematical point of
view. The simplest gearings are the plane gearings with a translatory moving gearing
rack. In these gearings, the equation of meshing is linear in gearing rack S movement
[23]. Thus, the formula for determining ρ of a translatory moving gearing rack �0

was derived. According to the first Olivier principle: (1) the meshing surface � is
the same for three mentioned above gearings; (s2) the surface �0 on a translatory
moving rack may be assigned generating. In cylindrical gears, meshing surfaces of
both molded gearings coincide, and in meshing gearings, teeth contact surface is the
line L as in both molded gearings. This allows considering cylindrical gears as the
plane meshing of �1 and �2 profiles (not surfaces) in transverse section.

According to the foregoing, the following plan of calculating cylindrical gears
radii of curvature was adopted:

Stage 1 is to derive a basic formula for calculating ρ0 of generating rack tooth
profile�0 at transverse sections by analyzing rackgearing throughMLcharacteristics
at the contact point.

This stagewas completed and described in the article [24, 25]. The basic formulae:

ρ = −WK0 ·
(
1 + tan αo

tan(λ)

)
(1a)

k = 1

ρ
= − tgλ

WK · (tgλ + tgα)
(1b)

WK—distance between the pitch point and e contact point; λ = (θ–α) α—meshing
angle, i.e., slope angle of contact normal passing through the point W; and θ—slope
angle of normal to �0 at the current contact point K0.

Stage 2 is to develop an algorithm for calculating all radii of curvature in meshing
of two profiles at cylindrical gear transverse sections: ρ1, ρ2, ρ�—radii of curvature
of �1, �2 and relative curvature profile. The base of the algorithm—Euler-Savary
equation and the value ρ0 of �0 calculated by the basic formula.

This stagewas completed and described in the article [19]. The resulting formulae:



98 D. T. Babichev et al.

ρ1 = rw1 · sinα · (ρ0 + sign(xK ) · WK )

(ρ0 + sign(xK ) · WK ) − rw1 · sinα
+ sign(xK ) · WK (2)

ρ2 = rw2 · sinα · (ρ0 − sign(xK ) · WK )

(ρ0 − sign(xK ) · WK ) − rw2 · sinα
− sign(xK ) · WK (3)

Stage 3 is to calculate other local characteristics in teeth contact. After calcu-
lating all radii of curvature in meshing, all characteristics necessary for calculating
objective function should be determined in order to optimize gear parameters. The
main characteristic is a contact stress σh-, which can be found using common Hertz
equation:

σ H =
√

F · (
ρ1 + ρ2

) · E1 · E2

π · b2 · ρ1 · ρ2 · [
E1 · (

1 − ν2
2

) + E2 · (
1 − ν2

1

)] (4)

or using partial Hertz equation (for steel wheels):

σH = 0.418 ·
√

F · E
b2 · ρ∑ (5)

Other characteristics are not considered in this article.

4 Determination of Conjugated Profiles Through Contact
Points Coordinates on ML (Block 4 Theory)

As it was mentioned earlier, three conjugated profiles are to be determined. Profile
�0 is better to be determined first. Then,�1 and�2 can be determined in a relatively
simple and reliable way with the help of gearing theory methods by analyzing two
molded gearings: {(�0 + �1) and (�0 + �2)}. In this case, linear meshing equation
is to be solved relatively to rack displacement S for eachmolded gearing [5]. The next
significant feature of gearings with translatory moving link: all vector projections
on fixed coordinate axes and on coordinate axes related to the rack are equal, which
simplifies determination of �0 through ML parameters.

The stages of determination of all conjugated profiles are described below.
Stage 1. Determination of rack tooth profile. Figure 5 demonstrates meshing

line ab, passing throughW and on which multiple contact points Ki are located. The
points are indexed from 0 to k. The point K0 coincides with the initial point of ML
a, the point Kk—with the terminal point b. The set of coordinates xi, yi of points Ki

(i = 0…k) is formed in block 1 (Fig. 4) in coordinate system XWWYW. Unit normal
vectors ni passing through W are shown at points Ki. These vectors are determined
in block 2 (Fig. 4) in coordinate system XWWYW. Also radii of curvature ρ of �0

and curvature of ki (i = 0, …k) at all points Ki on ML are calculated in block 2
according to the Formula 1a, 1b.
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Fig. 5 Rack �0, shaping pinion, and gear wheel (the meshing line � is determined)

Figure 5 shows profile M0MK on �0 where points Mi are located; this points
contactwith�1 and�2 at pointsKi (ML�) inmoldedgearings.This article considers
only determination of the working section of �0 (line M0MK on �0) and sections
on �1 i �2, formed by the line M0MK.

Figure 5 demonstrates two coordinate systems—fixed system XWWYW on a base
and moving system X0M0Y 0 on a rack. Also displacements S0, ΔSi, and ΔSW are
shown. S0—trajectory of the rack from the initial position where rack contacts M0

at the point a to the position where rack profile M0MK contacts the point W. ΔSi=
ΔSW—displacement of the rack while the contact point is moving from Ki to the
next point Ki+1.

The chosen approach of determination of �0 is described further. The profile �0

is a polyarc, i.e., multiple short arcs of circles, which are located consistently one
after another and have different radii of curvature ρoi (i = 1…k) in the common case.
The points of contact Mi (i = 1…k−1) of adjacent arcs touch ML � at specified
points Ki (i = 1…k−1). This states the following requirement: The pointsMi are to
contact with � at specified points Ki.

Figure 6 demonstrates a design scheme for determination of the next point Mi+1,
when the previous point Mi is determined. Besides, in coordinate system X0M0Y 0

the following criteria are known: coordinates {x0i, y0i} of the point Mi; unit normal
vectors projections {nxi, nyi}; and rack profile radii of curvature {ρ i, ρ i+1} at the
points Mi and Mi+1.

In a common case, ME for plane rack gearing is the following:

Si = −yi · nxi

nyi
(6)

if nxi, nyi, yi occurred in (6) are determined in the system XwWYw (Fig. 5) with the
center W.
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Fig. 6 Design scheme for
determination of the next
point on generating rack
teeth profile

Fig. 7 Coordinate system
and the motion in three
gearings: {�0 + �1}, {�0 +
�2}, {�1 + �2} with the
same meshing line �

Stage 2. Determination of pinion and gear wheel teeth profiles. Figure 7
demonstrates a design scheme of three gearings: (1) molded {�0 + �1}—a pin-
ion is shaped; (2) molded {�0 + �2}—a gear wheel is shaped; and (3) meshing {�1

+ �2}—cylindrical gear.
The scheme includes three moving links: (1) a rack with determined profile �0

and coordinate axes X0Y 0 moving horizontally with the velocity V; (2) a pinion with
sought profile �1 and coordinate axes X1Y 1 rotating with the velocity ω1= V/rω1;
and (3) a gear wheel with sought profile �2 and coordinate axes X2Y 2 rotating with
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Fig. 8 Design scheme for
determination of the pinion
tooth profile �1 (the rack
profile is determined)

the velocity ω2= V/rω2. All the moving coordinate systems are shown in Fig. 12 at
their initial positions. In this case, Y axes pass through the ML initial point a. Thus,
coordinates of all profiles at initial points x = 0.

Figure 8 demonstrates the initial position of a rack profile �0 (at the initial point
of ML) and two positions of �1—initial and current (after rotating by the angle ϕ1i,
counted from initial position). The formulae for calculating parameters demonstrated
in Figs. 11–13 are given further.

In the process of formulae derivation, the point K0i was moved from �0 to �1

(distance Si); meanwhile, coordinate system X1Y 1 rotated by the angle ϕ1i from
its initial position X*

1Y
*
1 (Fig. 8). The movement process can be mathematically

described with the formulae below (7–15). The calculation can be made for every
point on ML or rack profile; ME solvation is not necessary. Movement of the point
from one coordinate system to another is required. The sequence of determining the
point K1 in pinion coordinate system X1Y 1 (which is also the point KL in coordinate
system X*

1Y
*
1) is the following:

1. Pinion angle of rotation ϕ1:

ϕ1i = (Si − S0)

rω1
(7)

gear wheel angle of rotation ϕ2:

ϕ2i = (Si − S0)

rω2
(8)

2. Distance between the points a, Ki and the center �1 (point O1):

O1a =
√
x20 + (rω1 + y0)

2 (9)
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rK1 =
√
x2i + (rω1 + yi )

2 (10)

where x0 and y0—coordinates of point a in XWWYW

3. Angles ϕ10 and γ i (Fig. 13):

ϕ10 = − x0
O1a

(11)

γi = asin

(
xi
rK1

)
(12)

4. Angle ψ (Fig. 8):

ψ = ϕ1i − ϕ10 − γi (13)

5. Coordinates of KL in X*
1Y

*
1 (and of K1 in X1Y 1):

x1i = −rK1 · sinψ (14)

y1i = rK1 · cosψ − rw1 (15)

Algorithm for calculating coordinates of points Mi on the rack tooth profile is
demonstrated in Fig. 9. The figure also shows all initial data and calculation results.

Formulae for determination of coordinates of the points on �2 in system X2O2Y 2

(Fig. 7) are similar to formulae (7–15) for �1. These formulae are universal, as they
can be used for any �0.

Figure 10 shows the fragment of three gearings (the analog of Fig. 7) created by
one of the key procedures while testing and debugging optimization design system
for cylindrical gears. Calculations were made for the involute gear with following
parameters: z1 = 14, z2 = 29,m = 6 mm, x1 = 0.3, x2 = 0.4, α = 20°, h*a = 1, h*l = 1
ppi aw = 106.219 mm. An example of linear ML is chosen to compare the obtained
working sections of all three profiles with profiles determined in accordance with
existing reliable programs for involute gears.

Figure 10 shows the four meshing links (�, �0, �1, �2) and OY axes for �1 and
�2 in two positions: initial i = 0 (profiles are marked with a dotted line) and current
i = 3 (profiles are marked with a solid line). All the lines and point are obtained with
the help of the computer program; the text is typed in the graphic editor by one of
the authors. The image is an “action” image: Now it allows to observe only current
contact position of reference points in motion.

Figure 11 demonstrates the rack profile obtained for the meshing line in the form
of an arc of a circle. Red lines correspond to normal lines to profile. In a contact
point, the normal line passes through the pitch point—it represents the accuracy of
obtained formulae and algorithms.
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Fig. 9 Algorithm for calculating generating rack profile

Figure 12 shows the fragment of three gearings made for ML in the form of an
arc of a circle. Figure 12 is obtained with the help of the program used for Fig. 10.

Figure 13 represents the rack (Figs. 11, 12) profile radii of curvature diagram.
Further planes include setting ML in the form of an involute section and deter-

mining rack, pinion, and gearwheel teeth profiles.

5 Assessment of the Developed Calculation Methods
and Algorithms Accuracy

Calculation accuracy of rack profile coordinates depends on real rack profile approx-
imation errors; the approximation is realized by the set of arcs. Teeth profiles opti-
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Fig. 10 Gear conjugated profiles, in which ML is a line segment passing through a pitch point

Fig. 11 Rack profiles with normals
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Fig. 12 Gear conjugated profiles, in which ML is a line segment passing through a pitch point

Fig. 13 Rack profile radii of curvature
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mization synthesis requires iterations. On this account, it is recommended to pick a
small number of points on ML. Computational errors at ML � reference points are
almost equal to zero (≈10−15)—the method is theoretically accurate. Computational
errors between reference points require further investigation to pick a minimal num-
ber of reference points that ensure acceptable calculation accuracy on a reasonable
basis.

6 Conclusion

1. The theory and method for all types of cylindrical gears that allow direct deter-
mining (without necessity to solve trigonometric and algebraic equations) con-
jugated profiles and its any local quality indicators are developed.

2. Research mathematical models, algorithms, and computer programs are devel-
oped. The conducted calculations prove the efficiency of themethods and demon-
strate perspectives of gears analysis and synthesis oriented on primarily ML set-
ting instead of setting curve type of wheel teeth or shaping edges of the cutting
tool profiles.

3. The development of the new method of gears design make a certain contribution
in the meshing theory (MT) that consists of:

• Development of an effective method for addressing the new basic MT prob-
lem—determination of teeth profiles �1 i �2 according to the parameters of
a known meshing line �;

• Development of universal optimization design system for cylindrical gears of var-
ious types and purposes that is based on optimal meshing lines determination.
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Modeling and Simulation of Dynamic
Contact Atomic Force Microscope

Mohammad Reza Bahrami and A. W. Buddimal Abeygunawardana

Abstract The aim of this article is modeling of the atomic force microscope as a
lumped parameter system in its dynamic contactmode of operation. TheDerjaguin—
Muller–Toporov (DMT) force is considered as the interaction of the cantilever tip
with the sample surface, and it introduces the nonlinearity to the model. The fre-
quency response equation of the model is obtained by the method of multiple scales.
As the results, effects of the nonlinearity, amplitude of excitation, and the damping
coefficient on the frequency response are investigated.

Keywords AFM · Modeling · Contact mode · Vibration · Lumped parameter
model

1 Introduction

The atomic force microscope (AFM) [1] utilizes to amplify surface properties. With
the help of the AFM, it is conceivable to scan an object surface topography with to
a great degree high amplification; up to million X. By AFM, scanning of an object
surface is done in three dimensions, X, Y, and Z directions. This feature, scanning in
three dimensions, is one of the most significant properties of an AFM.

Figure 1 shows the schematic of a typical AFM which consists of:

• Microcantilever with a sharp tip,
• Piezoscanner,
• Photodetector,
• Control unit.

M. R. Bahrami (B)
Innopolis University, Innopolis, Russia
e-mail: mo.bahrami@innopolis.ru

A. W. B. Abeygunawardana
Peter the Great Saint-Petersburg Polytechnic University, Saint-Petersburg, Russia
e-mail: awbuddimal@gmail.com

© Springer Nature Switzerland AG 2019
A. N. Evgrafov (ed.), Advances in Mechanical Engineering,
Lecture Notes in Mechanical Engineering,
https://doi.org/10.1007/978-3-030-11981-2_10

109

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-11981-2_10&domain=pdf
mailto:mo.bahrami@innopolis.ru
mailto:awbuddimal@gmail.com
https://doi.org/10.1007/978-3-030-11981-2_10


110 M. R. Bahrami and A. W. B. Abeygunawardana

Fig. 1 Schematic of a
conventional AFM [2]

Three modes of working exist in which AFM works. These modes are namely:
the contact, non-contact, and dynamic contact or tapping mode. Between the tip and
sample, nonlinear forces exist which change the amplitude, phase, and frequency
of oscillation. Comparing these changes in cantilever vibration with respect to the
external excitation plays the key role to create a topography of the sample surface.
Therefore, studying the dynamic behavior of the cantilever is a key role in a different
mode of AFM operations [2].

A lot of books and articles [2–16] are devoted to obtain a mathematical model
of dynamic systems, especially for the AFM in a different mode of operations by
different methods.

In this paper,we consider the nonlinear vibration ofAFMcantilever in the dynamic
contact mode. In order to get the frequency response and analyze the problem, the
method of multiple scales has been used.

2 Modeling of AFM Cantilever

For modeling the cantilever, in this article, the lumped parameter model of the can-
tilever has been used. This model consists of an effective mass me at the end of a
massless spring with the stiffness of K and a massless damper with the coefficient b
(Fig. 2).

The equation of motion is known as

me Z̈(t) + meω0

Q
Ż(t) + K Z(t) = FEXT − P(Z(t)) (1)

In (1), the position of the cantilever tip is designated by Z(t), the fundamental

resonance frequency of the cantilever is designated by ω0 =
√
K

/
me, the quality

factor is designated by Q, the external exciting force is FEXT = F0 cos(�t), and
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Fig. 2 AFM lumped
parameter model

P(Z(t)) is the force acting on the tip as the result of interaction between the tip and
the sample surface. For the dynamic contact AFM, DMT sphere–plane interaction
force is used as

FDMT(Z(t)) = − AH R

6a20
+ 4

3
E∗√R(a0 − Z0 + Z)3/2, (2)

where AH , R, and Z0 are the Hamaker constant, the tip apex radius, and the distance
from the fixed base frame coordinate to the sample, respectively (Fig. 2).

Defining A0= F0/me, and b = 1/Q, substituting (2) into (1), we get

Z̈(t) = A0 cos(�t) + AH R

6a20me
− 4

3

E∗√R

me
(a0 − Z0 + Z)3/2 − bω0 Ż(t) − ω2

0Z(t)

(3)

Setting

ζ1 = Z , ζ2 = Ż (4)

state-space form of Eq. (3) will be

ζ̇1 = ζ2 (5)

ζ̇2 = A0 cos(�t) + AH R

6a20me
− 4

3

E∗√R

me
(a0 − Z0 + ζ1)

3/2 − bω0ζ2 − ω2
0ζ1 (6)

The equilibrium point of the unexcited system can be obtained by setting ζ̇1, ζ̇2,
and A0 to zero in Eqs. (5) and (6), from
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AH R

6a20me
− 4

3

E∗√R

me
(a0 − Z0 + Zs)

3/2 − ω2
0Zs = 0 (7)

Introducing the dimensionless variables

x = Z

Zs
(8)

τ = ω0t (9)

p = A0

Zsω2
(10)

η = a0 − Z0

Zs
(11)

q = AH R

6a20meZsω
2
0

(12)

w = E∗√R

meω
2
0Z

1/3
s

(13)

and setting

� = ω0 + εσ (14)

where σ is a detuning parameter which describes the nearness of � to ω0 and ε is a
small parameter, the dimensionless equation of motion is obtained as

d2x

dτ 2
+ b

dx

dτ
+ x = p cos((1 + εσ )τ) + q − w(η + x)3/2 (15)

3 Method of multiple scales

Instead of a single variable to create uniformly valid approximate solutions for per-
turbation problems, one can write the response as a function of multiple independent
variables. This is the principle of the method of multiple scales [9–12].

In order to utilize the method of multiple scales, it is needed to rewrite Eq. (15)
as

d2x

dτ 2
+ x = εp cos((1 + εσ )τ) + ε

[
q − w(η + x)3/2 − b

dx

dτ

]
(16)

In the method of multiple scales, the timescales are defined as
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Tn = εnτ, n = 0, 1, 2, . . . (17)

In the next step, we can express the derivatives with respect to τ in terms of the
partial derivatives with respect to Tn, i.e.,

d

dτ
= D0 + εD1 + 2εD2 + · · ·

d2

dτ 2
= D2

0 + 2εD1D0 + ε2(D2
1 + 2D0D2) + · · · (18)

where

Dn = ∂

∂Tn
(19)

An approximate solution of Eq. (16) is

x(t, ε) = x0(T0, T1) + εx1(T0, T1) + O(ε2) (20)

From Eq. (16) considering that T 0= τ and T 1= ετ , the first term on the right-hand
side of (16) is expressed in terms of T 0 and T 1 as

εζ cos(T0 + σT1) (21)

Using Maclaurin series expansion, the second term on the right-hand side of (16)
is approximated.

Equating the coefficients of ε0 and ε1 on both sides of equation obtaining by
substituting (18) and (20) into (16) yields

D2
0x0 + x0 = 0 (22)

D2
0x1 + 2D0D1x0 + x1 = p cos(T0 + σT1) − bD0x0

+ · · · + q − wη3/2 − 3

2
wη1/2x0 − 3

8
wη−1/2x20 + 3

48
wη−3/2x30 (23)

The solution of (22) may be expressed as

x0 = A(T1) exp(iT0) + A(T1) exp(−iT0) (24)

Substituting (24) into (23), we obtain

D2
0x1 + x1 = exp(iT0)

{
1

2
p exp(σT1) − ibA(T1)
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+ · · · + 9

48
wη−3/2A(T1)

2A(T1) − 3

2
wη1/2A(T1) − 2i A′(T1)

}

+ · · · + 3

48
wη−3/2A(T1)

3 exp(3iT0) + q

− wη3/2 − 3

8
wη−1/2A(T1)

2 exp(2iT0) + cc (25)

The complex conjugate of preceding terms in (25) showed by cc.
From the particular solution of (25), one can omit secular terms. It yields

1

2
p exp(σT1) − ibA(T1) + 9

48
wη−3/2A(T1)

2A(T1) − 3

2
wη1/2A(T1) − 2i A′(T1) = 0

(26)

WritingA(T 1) in the form of A(T1) = 1
2a exp(iβ)where a andβ are real variables,

substituting into (26), and separating the real and imaginary parts, it yields

1

2
p sin(σT1) − 1

2
ab cos(β) − a′ cos(β)

− · · · − 3

4
wη1/2a sin(β) + a3

128
wη−3/2 sin(β) + aβ ′ sin(β) = 0 (27)

1

2
p cos(σT1) + 1

2
ab sin(β) + a′ sin(β)

− · · · − 3

4
wη1/2a cos(β) + a3

128
wη−3/2 cos(β) + aβ ′ cos(β) = 0 (28)

Solving (27) and (28) for a′ and β ′, one obtains

a′ = 1

2
p sin(σT1 − β) − 1

2
ab

β ′ = 1

128

96wη2a + wa3 − 32pη3/2 cos(σT1 − β)

aη3/2
(29)

Introducing γ = σT1 − β, (29) is rescaled as

a′ = 1

2
p sin(γ ) − 1

2
ab

γ ′ = σ − 1

128

96wη2a + wa3 − 32pη3/2 cos(γ )

aη3/2
(30)

Setting a′ = γ ′ = 0 yields to

sin(γ ) = ab

p
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cos(γ ) = −
2
9a

3 + 4
27η

2a + η4aσ

1
2 pη

4
(31)

Squaring and adding equations from (31) yields to

a2b2

p2
+

(
2
9a

3 + 64
3 η2a − η3/2aσ

4pη3/2

)2

= 1 (32)

Equation (32), the frequency response equation, states the response amplitude as
a function of the detuning parameter, the amplitude of excitation, and the tip-sample
distance. From (32), we can find σ

σ = 2

9

η3/2a3 + 96η7/2a ± 18
√

η6(p2 − a2b2)

η3/2a
(33)

4 Results

The effect of the nonlinearity, amplitude of excitation, and damping on the behavior
of the cantilever can be investigated through Eq. (33).

The linear and nonlinear response graphs are compared, shown inFig. 3.By setting
η = 5 in (33), the linear response occurs. As illustrated in Fig. 3, the amplitude peak
is independent of the value of η. In the linear case, the response graph is symmetric
but in the nonlinear cases depending on the sign of η, the graph bends to the right or
left.

The influence of the excitation amplitude on the frequency response is shown in
Fig. 4. Increase in the excitation amplitude leads to the growth of the bending and
the peak of the amplitude of the response.

Figure 5 indicates the effect of the damping coefficient on the frequency response.
As it is expected by decreasing the damping coefficient, the peak increases, and of
course in the absence of damping, the amplitude of the response goes to infinity.

As mentioned above, multivalued areas are formed because of the effect of non-
linearity on the frequency response. The multivaluedness of response yields to jump
phenomenon [8, 9] as shown in Fig. 6 by arrows. By increasing the excitation fre-
quency, i.e., σ , the amplitude of response varies very slowly until it reaches to the
point 1 on the curve. Because of a further increase in σ , a jump occurs from point 1 to
point 2. Then, the amplitude decreases through the curve by increasing the value of
σ. If σ slowly decreases from the right-hand side of the curve, the amplitude increases
until point 3 on the curve, then a jump takes place from point 3 to point 4.

In summary, by increasing the excitation frequency, the amplitude of the response
would jump to a higher amplitude, and by decreasing the excitation frequency, the
amplitude of the response would jump to a lower amplitude. In nonlinear systems
with soft springs, such a well-known phenomenon often occurs [9, 13].
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Fig. 3 Linear and nonlinear
response graphs

Fig. 4 Amplitude of
excitation vs frequency
response
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Fig. 5 Effect of the
damping on the frequency
response graphs

Fig. 6 Jump phenomenon

5 Conclusion

In this paper, the atomic force microscope in the dynamic contact operation mode
has been studied. The lumped parameter model has been used. The DMT force is
considered as the tip-sample interaction, which makes the model nonlinear. The
method of multiple scales is used to obtain the frequency response equation. As the
results, the effects of the nonlinearity, amplitude of excitation, damping coefficient,
on the frequency response are studied.
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Analysis of the Self-braking Effect
of Linkage Mechanisms

Alexander N. Evgrafov, Vladimir I. Karazin and Gennady N. Petrov

Abstract When structural groups of linkage mechanisms approach singular posi-
tions, a self-braking effect may occur due to friction forces. By the example of
structural groups with revolute kinematic pairs, conditions that ensure the absence of
such undesirable effects are shown. The concept of a structural group with equiva-
lent ideal kinematic pairs is introduced. Getting such a group into a singular position
indicates the occurrence of the self-braking effect.

Keywords Structural group · Assur group · Mechanism · Self-braking ·
De-braking · Equivalent ideal kinematic pair · Friction

1 Introduction

In some cases, friction forces cause such a phenomenon as self-braking, when move-
ment is impossible under any forces. Researchers study this effect in order to either
avoid it or use it in a rational way. For example, paper [1] proposes to use the
self-braking mode to determine mechanical losses during bench tests of the mechan-
ical part of a hydraulic transmission. Paper [2] discusses advanced driver assistance
systems (ADAS) using the self-braking system. Paper [3] presents the results of
designing, implementing, and testing self-braking piezo-drive mechanisms. Paper
[4] considers a method for calculating and analyzing the electromagnetic holding
forces of self-braking electric motors. Paper [5] shows that the traction efficiency
of a self-braking drive is two times higher than of a drive with a self-braking worm
transmission. A miniature mechanism for robotic applications using the self-braking
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Fig. 1 Model of an ideal
RKP

A

2R

1 

2

effect is considered in paper [6]. Paper [7] studies the dynamics of a space robot
manipulator using various friction models: Coulomb friction, LuGre friction, Woje-
woda friction, and a hybrid model of friction. The influence of the size of the gap,
the static friction coefficient, and the coefficient of sliding friction on the dynamics
of the manipulator are also analyzed. Paper [8] considers the dynamic behavior of
a slider-crank mechanism with a gap in one or two joints. The general theory of
the motion of mechanical systems with Coulomb friction is considered in book [9].
Papers [10, 11] show computer 3D models of mechanisms of various types. Many
papers present computer models of the behavior of linkage mechanisms: actuator
mechanism of an excavator [12], mechanisms with redundant links [13], and redun-
dant inputs [14]. The conditions for the occurrence of self-braking and de-braking
modes for one of the Assur groups are considered in paper [15].

This paper studies the conditions under which a mechanism in certain positions
enters the self-braking mode, when the reactions in kinematic pairs do not give the
possibility to make program motion, i.e., the mechanism becomes “wedged.” Let us
consider the models of a revolute kinematic pair (RKP) without taking into account
friction forces and with it.

2 Model of a Revolute Kinematic Pair (RKP)

We will consider planar mechanisms and reactions that occur in the plain of motion
of the links. Figure 1 shows an RKP with the axis of relative rotation at point A,
connecting links 1 and 2. Overall reaction R̄2, acting on the second link from the
side of the first one in an ideal RKP passes through point A:

R̄2 = −(
�̄2 + P̄a

2 + R̄e
2

) = −P̄2, (1)

where �̄2, P̄a
2 , R̄e

2 are main vectors of inertia forces, active forces, and external
reactions, acting on the second link; P̄2 is the total force.

When allowing for friction forces, we consider that a moment occurs (Fig. 2a):
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Fig. 2 Model of a non-ideal
RKP a moment of friction
and b friction circle radius

MR
2 = −εVρAR2 = −(

M�
2 + Ma

2 + Me
2

) = −M2, (2)

where εV = signω21 = ±1 is the sign of the angular velocity of the second link
relative to the first one; ρA is the friction circle radius;

R2 = ∣∣R̄2

∣∣ is the modulus of reaction R̄2;
M�

2 , Ma
2 , Me

2 are moments of active forces and external reactions acting on the
second link;

M2 is the total moment relative to point A.
In statics (in the absence of the relative motion in the links, connected by the

RKP), the moment strength is in the range
0 ≤ ∣∣MR

2S

∣∣ <
∣∣MR

2

∣∣.
It is possible to present the overall reaction in a non-ideal RKP as a tangent to a

ρA radius circumference (Fig. 2b).
Similarly, with the equivalent mechanism in which the links carry out the same

movements as in the original one at a given time, the term “equivalent ideal kinematic
pair” (EIKP) can be introduced. In this ideal kinematic pair, the same reactions will
occur as in the original KP with allowance for the friction forces. It is obvious that
in our case, the axis of the EIKP is located at (•) A′ (Fig. 2b), since overall reaction
R̄2 should pass through the axis of relative rotation of the IKP. Many such EIKPs are
inside the friction circle in the absence of the relative motion of the links or on the
circumference of radius ρA with ω21 �= 0.

3 One-Bar One-Degree-of-Freedom Structural Group

Let us consider a structural group consisting of crank 1 attached to the rack of the
active RKP. In an ideal RKP, similar to (1), a reaction emerges from the side of the
rack to the crank and the driving moment (Fig. 3a):

R̄1 = −P̄1, Q = −M1,where P̄1 , M1 are total force and moment (except for
the driving moment) relative to (•) O, acting on the crank.

When taking into account friction forces in this structural group (Fig. 3b), the
driving moment is the only element that will be changed by the value of the moment
of friction (2):
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Fig. 3 Crank (Q—driving
moment) a ideal RKP and
b determination of the
equivalent ideal RKP taking
friction into account

O

1R1Q

1ω

O′

O

1ω

1R

1 

Oρ

TQ
(a) (b)

QT = Q − MR
1 = Q + εVρO R1.

With ω1 �= 0, the center of the EIKP will be located at (•) O ′. In statics (ω1 = 0),
it is located on line OO ′ inside the friction circle.

In such a model, there is no self-braking effect.
Let us substitute driving moment Q with driving force P̄ which acts on the crank

at the distance h (Fig. 4). Let us introduce a system of coordinates, directing axis x
in the direction of positive force P̄ . Let us denote with α the angle between axis x
and reaction R̄1 in the ideal RKP. Let us determine addition to the driving force �P̄
and reaction R̄T

1 in the RKP allowing for the friction forces:

{
R̄T
1 = R̄1 − �P̄

h · �P = εVρO R
T
1

where
RT
1 = ∣∣R̄T

1

∣∣ , �P = εV
∣∣�P̄

∣∣.
It is worth noting that sign(�P) = εV , which means �P > 0 with ω1 > 0 and

�P < 0 with ω1 < 0. In the projections on the axis, we obtain the following system
of equations:

⎧
⎪⎨

⎪⎩

RT
1X = R1 cosα − �P

RT
1Y = R1 sin α

h · �P = εVρO R
T
1 .

(3)

Let us square the third equation of system (3) and substitute RT
1 from the first two

equations into it:
(h · �P)2 = ρ2

O

(
R2
1 + �P2 − 2R1 · �P · cosα

)
.
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Fig. 4 Crank (Q—driving
force), determination of the
equivalent ideal RKP with
allowance for friction

O′ O

1ω

1R
1 

Oρ

TQ

x

y

TR1

α

P PΔ
h

Denoting μ = �P
/
R1 , λ = h

/
ρO , it is possible to obtain the equation to

determine μ:

μ2
(
λ2 − 1

) + 2μ cosα − 1 = 0. (4)

Roots of the equation

μ1,2 = − cosα ± √
cos2 α + λ2 − 1

λ2 − 1
= − cosα ±

√
λ2 − sin2 α

λ2 − 1

with εV = 1 (counterclockwise rotation of the crank).
In this case,�P > 0 , μ > 0. Let us determine the solution to Eq. (4) for different

values of λ.

λ > 1, we obtain the only positive solutionμ = − cosα+
√

λ2−sin2 α

λ2−1 > 0.
λ < |sin α|, the self-braking mode occurs since there are no valid solutions.
|sin α| ≤ λ < 1, the real roots of μ1,2 have the same sign; therefore, both the

self-braking mode (μ1,2 < 0) and the de-braking mode are possible (μ1,2 > 0).
The main conclusion is that the de-braking and self-braking modes are only pos-

sible when λ ≤ 1, that is, when the line of action of the driving force crosses the
friction circle.

Now, let us consider the Assur group with three revolute kinematic pairs.

4 Assur Group RRR

For dyad RRR (Fig. 5a), in the case of ideal kinematic pairs, the reactions in joints
A , B , C may tend to infinity when approaching a singular position (Fig. 5b), when
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Fig. 5 Assur group RRR
a current position and
b singular position
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Fig. 6 Taking into account the friction in joint B of groupBBB a current position and b self-braking
mode

three joints are in one line. Allowing for the friction forces in central joint B, it is
feasible to determine in which position of the group the self-braking mode can occur.

Let the links be acted upon by total forces P̄1 , P̄2 and moments M1 , M2 relative
to points A and C, respectively. For definiteness, let M1 < 0 and M2 > 0. The
angular velocity of the first link relative to the second one ω12 > 0. In this case (as
shown in Fig. 6a), the reaction in internal joint B acting on the first link

(
R̄B1

)
creates

a positive moment relative to (•) A and a negative moment relative to (•) B. Reaction
R̄B2 = −R̄B1 acting on the second link creates a negative moment relative to (•) C
and a positive one relative to (•) B. The line of action of the reaction in joint B should
be tangent to a ρB radius circumference, and the distances from points A and C to
this line are inversely proportional to moments |M1| and |M2|:

h1
h2

= |M2|
|M1| .

The value of the internal reaction is determined from the expression:

RB1 = RB2 = |M1|
h1

= |M2|
h2

.
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Fig. 7 Determination of equivalent IKPs for dyad RRR

Point B ′ corresponds to the equivalent IKP. This means that when considering
dyad AB ′C with ideal kinematic pairs, we obtain the same reactions in the joints as
in the original dyad with allowance for friction. When moments M1, M2 and the
sign of relative angular velocity ω12 change, we have many equivalent IKP lying on
the ρB radius circumference. Obviously, if none of the dyads with equivalent IKPs is
in a singular position, the reactions in joints A, B, and C will be terminal. Figure 6b
shows the position in which the equivalent IKP is located on line AC; therefore, the
self-braking mode may occur.

Similar conclusions can be drawn when considering friction in all the RKPs
(Fig. 7). If among the many dyads with equivalent IKPs A′B ′C ′, the centers of
which lie on circumferences of radii ρA , ρB , ρC , it is impossible to find any dyad
in the singular position, the self-braking mode cannot occur. In the case that there
are equivalent IKPs A′B ′C ′, located on the same line on the circumferences of the
friction circles or inside them, at certain values of the relative angular velocities in
the joints and the loads on the links, the self-braking effect may occur (Fig. 8).

5 Conclusion

Judging by the above-stated issues, it can be concluded that in order to determine
the presence or absence of the self-braking mode in structural groups, it is enough
to determine the areas in which equivalent IKPs can be located.

If among many structural groups with equivalent IKPs there is at least one group
in a singular position, the self-brakingmode is possible, when the reactions emerging
in the joints will not provide the desired movement of the links.
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Fig. 8 Self-braking mode for dyad RRR
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To the Question of the Synthesis
of Modifications Bennett’s Mechanism

Fanil F. Khabibullin, Ildar H. Saitov and Ilyas Z. Bagautdinov

Abstract The dependences of the values of angular velocities and angular accel-
erations of the driven crank on the leading crank are investigated. The methods of
synthesis of modifications of Bennett’s mechanism according to the degree of non-
uniformity of rotation of the driven crank, according to the positions of the driving
and driven units are considered. Formulas are obtained that allow tracing the influ-
ence of the geometric parameters of the links of the mechanism on the kinematics
of the cranks. The calculation results are displayed in the form of graphs.

Keywords Bennett’s mechanism · Parallelogram · Antiparallelogram ·
Irregularity coefficient · Synthesis

1 Introduction

The study of the kinematic chains of a parallelogram andBennett’s antiparallelogram
is considered on the example of two-moving high-performance disintegrator drives
[1, 2]. The structural diagram and the photograph of the industrial disintegratormodel
are presented in Fig. 1.

The disintegrator drive mechanism consists of 1—leading crank, 2—connecting
rod, 3—driven crank ofBennett’s parallelogram, 4—internal cone, 5—leading crank,
6—connecting rod, 7—driven crank Bennett’s antiparallelogram, and 8—external
cone [3–5].
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Fig. 1 Structural diagram and a photograph of a model of an industrial disintegrator with drives
based on Bennett’s mechanisms

Fig. 2 Closed kinematic chains: a Bennett’s parallelogram; b Bennett’s antiparallelogram

The purpose of research is to determine the dependence of the angle of rotation
of the driven crank γ , the angular velocity ω3, and angular acceleration depending
21 on the angle of rotation, angular velocity, and angular acceleration of the driving
crank and explore the methods of synthesis according to the provisions of the master
and slave units, synthesis according to the degree of uneven rotation of the slave
crank (see Fig. 2) [6, 7].

Figures 2a, b shows the structural diagrams of Bennett’s parallelogram and Ben-
nett’s antiparallelogram, where α1, α3—the installation angles of the driving and
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Fig. 3 Structural diagram of Bennett parallelogram a vector contour ABCA, b vector contour
ADCA

driven crank, α2, α4—the installation angles of the connecting rod and the frame,
and l1, l2, l3, l4—theoretical lengths of the corresponding links.

2 The Study of the Kinematics of the Driven Crank

The structural diagram of Bennett’s parallelogram in the form of theABCDAcontour
is given in Fig. 3. The position of the driven crank (angle γ ) is determined by the
projections of the radius vector AC of the axis XA

AD, Y
A
AD, and ZA

AD. The resulting
vector contours ABCA and ADCA are considered separately before obtaining the
equations of displacements in the projections on the coordinate axes [8, 9].

The ABCA contour is schematically represented in Fig. 3a, and from the ABCA
vector contour, you can determine the value of the radius vector of the AC by the
equation:

AC = AB + BC, (1)

Equality (1) in projections on the X, Y, Z axes is the following [9, 10]:

AC :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ACX = AB · KY A
AB

X A
AD

+ BC · KY B
BC

X A
AD

ACY = AB · KY A
AB

Y A
AD

+ BC · KY B
BC

Y A
AD

ACZ = AB · KY A
AB

Z A
AD

+ BC · KY B
BC

Z A
AD

,

(2)

where K
Y A
AB

X A
AD

is the projection of the coordinate systemXA
AD into the coordinate system

YA
AB.
Using the transition matrices and taking into account the direction cosines, one

can obtain the equation of displacement in projections onto three coordinate axes.
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AC :
⎧
⎨

⎩

ACX = AB · (− sin ϕ) + BC · (− cosα1 · cos γ · sin ϕ + cos γ · sin ϕ)

ACY = AB · (cosϕ) + BC · (cosα1 · sin γ · sin ϕ + cos γ · sin ϕ)

ACZ = AB · (0) + BC(sin α1 · sin ϕ)

(3)

Considering that BC = AD = l2, AB = DC = l1, you can get the following
equation:

⎧
⎨

⎩

ACX = l1 · (− sin ϕ) + l2 · (− cosα1 · cos γ · sin ϕ + cos γ · sin ϕ)

ACY = l1 · (cosϕ) + l2 · (cosα1 · sin γ · sin ϕ + cos γ · sin ϕ)

ACZ = l2 · (sin α1 · sin ϕ)

(4)

Vector contour ADCA is schematically represented in Fig. 3b, and from the vector
contour, you can determine the value of the radius vector AC by the equation [10,
11]:

AC = AD + DC, (5)

Equality in projections on the X, Y, Z axis

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ACX = AD · KY D
AD

X A
AD

+ CD · KY D
DC

X A
AD

ACY = AD · KY D
AD

Y A
AD

+ CD · KY D
DC

Y A
AD

ACZ = AD · KY D
AD

Z A
AD

+ DC · KY D
DC

Z A
AD

,

(6)

Taking into account the direction cosines, one can obtain the equation of displace-
ment in the coordinate axes x, y, z of the projections of the vector radius.

AC :
⎧
⎨

⎩

ACX = AD · (0) + CD · (sin γ )

ACY = AD · (1) + CD · (cos γ )

ACZ = AD · (0) + CD(0),
(7)

Given that AB = DC = l1, BC = AD = l2, we get:

AC :
⎧
⎨

⎩

ACX = l2 · (sin γ )

ACY = l1 + l2 · (cos γ )

ACZ = 0,
(8)

The obtained Eqs. (4) and (8) represent the projection of vector contours on the
coordinate axes, equating the right sides of Eqs. (4) and (8), we obtain:
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⎧
⎨

⎩

l2 · (sin γ ) = l1 · (− sin ϕ) + l2 · (− cosα1 · cos γ · sin ϕ + cos γ · sin ϕ)

l1 + l2 · (cos γ ) = l1 · (cosϕ) + l2 · (cosα1 · sin γ · sin ϕ + cos γ · sin ϕ)

0 = l2 · (sin α1 · sin ϕ),

(9)

Solving Eq. (9) for sin γ and cos γ , you can get

cos γ = l1(cosϕ − cosα1 · sin ϕ − 1)

l2 · 1 + (sin)2 · (cosα1 − 1) − sin ϕ
, (10)

sin γ = l1(cosϕ − cosα1 · sin ϕ − 1) · sin ϕ − cosα1 − sin ϕ · 1 + (sin)2 · (cosα1 − 1) − sin ϕ

l2 · 1 + (sin)2 · (cosα1 − 1) − sin ϕ

(11)

In the Maple program, formula (11) is simplified and differentiated, and an equa-
tion is obtained to determine the angular velocity of the driven crank:

ω3 = −ω1 · cosα1

1 − sin α1 · cosϕ
. (12)

From Eq. (12), it can be seen that when ω1 = const, the angular speed of the
driven crank ω3 is not a constant value, depending on the position of the driving
crank. Analysis of Eq. (12) shows that ω3 reaches the maximum value in absolute
value at 4 and the minimum value in absolute value at ϕ = 180°, has the form

ω3max = ω1 · cosα1

1 − sin α1
, ω3min = ω1 · cosα1

1 + sin α1
, (13)

The coefficient of unevenness is determined by the formula

δ =
ω3max − ω3min

(ω3max + ω3min)/2
. (14)

Differentiating by time, the expression (13) is obtained the angular acceleration
of the driven crank

ε3 = ω2
1 · sin α1 · cosα1 · sin ϕ

(1 − sin α1 · cosϕ)2
. (15)

3 Synthesis According to the Provisions of the Master
and Slave Units

Let the parameters of the frame l4 and α4, as well as the position of the leading crank
ϕ and the driven cranks γ , be given, it is necessary to find the parameters α1 and l1
considering that l1/l2 = sin α1/sin α2 is at l1 = l3, α1 = α3, l2 = l4, α2 = α4 [12, 13].
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To determine the value of the installation angle of the leading crank α1, we make
the equation of the weighted difference

�q = (XB − XC)2 + (YB − YC)2 + (ZB − ZC)2 − l22 = 0 (16)

Taking into account that

XB = AB · KY A
AB

X A
AD

= −l1 sin ϕ

YB = AB · KY A
AB

Y A
AD

= l1 cosϕ

ZB = AB · KY A
AB

Z A
AD

= 0 (17)

XC = XAD · KY D
AD

X A
AD

+ XDC · KY D
BC

XD
AD

= −l1 cosα2 sin γ

YC = YAD · KY D
AD

Y A
AD

+ YDC · KY D
BC

Y D
AD

= l2 + l1 cos γ

ZC = ZAD · KY D
AD

Z A
AD

+ ZDC · KY D
BC

Z D
AD

= −l1 sin α2 sin γ (18)

Substituting (17) and (18) into Eq. (16), we obtain

q = ((−l1 sin ϕ) + (l1 cosα2 sin γ ))2 + ((l1 cosϕ) − (l2 + l1 cos γ ))2

+ (l1 sin α2 sin γ ))2 − l22 = 0 (19)

Solve the equation for l1/l2

l1
l2

(1 − 2 sin ϕ cosα2 sin γ + cosα2
2 sin γ 2 − 2 cosϕ cos γ + cos γ 2 + sin α2

2 sin γ 2)

= (2 cosϕ − 2 cos γ ) (20)

After transformations we get:

sin α1

sin α2
(1 − sin ϕ cosα2 sin γ − cosϕ cos γ ) = cosϕ − cos γ (21)

Where do we get:

α1 = arcsin
(cosϕ + cos γ ) · sin α2

1 − sin ϕ cosα2 sin γ − cosϕ cos γ
(22)

Based on the obtained Eq. (22), which allows synthesizing modifications of the
Bennett mechanism according to the positions of the driving crank and driven cranks,
graphs are obtained.

Figure 4a shows a graph of possible values of α1, α2 when ϕ = 15°, γ 1 = 16°,
γ 2 = 30°, γ 3 = 120°, γ 4 = 180°, γ 5 = 344°. Figure 4b presents a graph of possible
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Fig. 4 Graph of possible values α1, α2 a at ϕ = 15°, γ = 16° … 344°; b at γ = 15°, ϕ = 16° …
344°

Fig. 5 Graph of possible
values of α1, ϕ at α2 = 90°
and γ = 15° … 160°

values of α1, α2 when γ = 15°, ϕ1 = 16°, ϕ2 = 30°, ϕ3 = 120°, ϕ4 = 180°, ϕ5 =
344°.

Analysis of the graph shows that the convergence of the values of the initial
positions of the leading crank ϕ and slave γ cranks leads to an increase in the
difference of the values of the installation angles of the leading crank α1 (driven
crank α3) and connecting rod α2 (frame α4) [14].

Thus, under condition ϕ > γ and at ϕ + γ > 360°, the value of the installation
angle of the driving crank α1 takes a positive value.

From the graph, it is seen that at α1 = 90°, the installation angle of the second
link α2 takes some value (for example, at ϕ = 30°, α1 = 90°, therefore, α2 = 37°,
66°), after which the schedule starts to decrease when α2 = 90°, then α1 takes the
same value (α2 = 37°, 66°).

Figure 5 shows a graph of possible values of α1, ϕ at α2 = 90° and γ 1 = 15°,
γ 2 = 60°, γ 3 = 120°, γ 4 = 160°, and the data values of the angle of rotation of the
leading crank γ are selected to provide an overall picture of the relationship of the
starting position of the leading crank depending on the installation angle of the first
link and the third link.

From Fig. 5, it can be seen that the graph intersects with the axis of the angle of
rotation of the driving crank ϕ in precisely those values that are equal to the value of
the angle of rotation of the driven crank γ .
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Based on this, it can be said that increasing the value of the rotation angle of the
driven crank γ results in the installation angle of the leading crank and the driven
crank with a positive sign, and therefore, 180° − γ = x is obtained, then 180° ±
x, therefore, we get the installation angle of the leading crank and the driven crank
negative sign (−α1, −α3).

4 Synthesis According to the Degree of Uneven Rotation
of the Driven Crank

Suppose that using the Bennett mechanism, it is required to transfer the rotation
with a given degree of unevenness δ from the motor shaft to the working body,
the geometric axes of which intersect at an angle of α2(α4) and are separated from
each other at a distance of l2(l4), where it is necessary to find parameters α1 and l1,
considering that l1 = l3, α1 = α3, l2 = l4, α2 = α4 [15–17].

To do this, we use formula (14), taking into account that (ω3max + ω3min)/2 =
+ω1 for parallelogram and antiparallelogram (ω3max + ω3min)/2 = −ω1, respec-
tively, we get

δ = ± 2
sin α1 sin α2

cosα2 − cosα1
(23)

After several transformations, Eq. (23) will have:

cosα1 = δ2 cosα2 ± 2
√

δ2 sin2 α2 + 4 sin4 α2 − sin2 α2δ2 cos2 α2

δ2 + 4 sin2 α2
(24)

For convenience of calculations, we simplify Eq. (24), we get:

cosα1 = δ2 cosα2 ± 2 · sin2 α2

√
4 + δ2

δ2 + 4 sin2 α2
(25)

Based on the obtained Eq. (25), we plotted the possible values of α1, α2 at δ = 0,
5; δ = 1; δ = 2; δ = 3 for the Bennett parallelogram (see Fig. 6a) and the Bennett
antiparallelogram (see Fig. 6b).

Analysis of the graph shows that when synthesizing the Bennett parallelogram
according to the degree of uneven rotation of the driven crank, it is necessary to take
into account that the value of the installation angle of the first (third) link will be
relatively larger compared to the installation angle of the second (fourth) link.

When analyzing the graphs, it is possible to determine the optimum installation
angles of the cranks by the required values of the coefficients of the rotation non-
uniformity. It can be said that the greatest non-uniformity for case δ = 3 can be
achieved under condition α1 = α2 + 15° … 30°.
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Fig. 6 Graph of possible values of α1, α2 at δ = 0.5 … 3 for a Bennett’s parallelogram, b for
Bennett’s antiparallelogram

From the graph, it can be seen that during the synthesis of the Bennett antiparal-
lelogram by the degree of uneven rotation of the driven crank, it is necessary to take
into account that the value of the installation angle of the second (fourth) link will
be relatively larger compared to the installation angle of the first (third) link.

5 Conclusion

In practice, it is necessary to develop new mechanisms for existing devices in con-
nection with a breakdown, lack of picking parts, and the emergence of new require-
ments for existing installations. The formulas obtainedmake it possible to synthesize
modifications of the Bennett mechanism according to the positions of the links and
according to the degree of irregularity of rotation of the driven crank. However, when
synthesizing new mechanisms, the following features must be considered:

– With an increase in the values of the installation angles α1(α3) and α2(α4) to 90°
and with their approach, the degree of unevenness of the rotation of the driven
crank increases.

– With the same parameters of the installation angles of the links (α1 = 45°, α2 =
30°), the degree of non-uniformity of the antiparallelogram (δ = 2.224) will be
higher compared to the parallelogram (δ = 0.224).
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Test Centrifuge Arrangement Analysis

Arkady N. Popov, Mikhail N. Polishchuck and Nikolay Ye. Pulenets

Abstract Comparative analysis of configurations of test centrifuges designed for
mechanical testing of devices and instruments has been performed. Schemes of cen-
trifuges, rotor-balancing devices, have been considered. Recommendations for rotor
aerodynamic casings design have been given.

Keywords Mechanical tests · Centrifuge · Configuration · Rotor · Balancing ·
Aerodynamic casing

1 Introduction

Mechanical tests of devices, instruments, and machine assemblies are an important
part of a technological process of critical products’ quality control [1, 2]. Tests on
constant accelerations effect [3], as well as those on effect of accelerations, being
changed according to different functional rules, are to be carried out with centrifuges.
A technological machine that provides such an effect is a centrifuge. Issues of config-
uration, mating, and coordination of centrifuge assemblies have always been impor-
tant in design engineering, and now, when a unification level is particularly high,
these issues have become even more urgent [4].
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2 Centrifuges with Classic Gear Drive

All tests of one-axis centrifuges have a vertical axis of rotation [5, 6]. Depending on
rotation velocity, the centrifuge rotors can be configured according to two schemes:
with direct drive (when a motor shaft is connected directly to a rotor or a rotor shaft)
and according to a reduction scheme. In this case, a reducing element, in the form of
a gear or a belt drive, is to be installed between a drive motor and a rotor. Schemes
of centrifuges with a gear drive are shown in Fig. 1a, b; in Fig. 1c, SY31 series
centrifuge, manufactured by DONLING Technologies (China), with a gear drive, is
presented [7].

Schemes with a gear reducer are considered classical and allow to realize a kine-
matic scheme that is optimum for the motor and to use the electric drive motor in
the best way, providing its operation at nominal frequency, significantly reducing
the moment of inertia of a massive centrifuge rotor adjusted to the motor shaft. This
approach is typical for low-speed centrifugal benches with high load capacity, low
accuracy, and not intense dynamics.

The schemes shown inFig. 1 have a number of configuration constraints associated
with a great number of mating elements that shall ensure the shafts’ alignment. The
gear reducer, as a rule, does not suppose operation in an “acceleration-deceleration”

Fig. 1 Configurations of centrifuges with classic gear drive: a with a motor in a radial position;
b with a motor in a axial position; c SY31 series centrifuge (manufacturer: DONLING Technolo-
gies); 1 electric motor, 2 gear reducer, 3 spindle, 4 housing, 5 rotor
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mode, typical for centrifugal benches, due to a shift of gaps in gears occurring in this
case. Besides, a gear reducer itself is a source of increased noise and vibration.

3 Centrifuges with Belt Drive

Recently, centrifuges using belt drives with V-ribbed and tooth belts as a reducing
element have become widespread (Fig. 2).

Schemes with a drive belt have a number of advantages against “traditional” gear
drives: Centrifuge configuration is significantly simplified, and the size is reduced,
reduced requirements for connecting a motor to a rotor spindle; at the same time, a
motor operation mode is close to optimal, without noise and vibration.

In the scheme shown in Fig. 2a, one drive motor on legs mounted vertically is
used. The next two diagrams in Fig. 2b, c show what effect can be reached when
using a drive with two motors. We can see that height and radial size of the base are
now reduced; the centrifuge becomes more compact. The minimum dimensions are
obtained in the scheme shown in Fig. 2c. Of course, a drive with two motors is more
expensive and requires additional resources for control.At the same time, a significant
configuration advantage has led to the fact that most of the benches, manufactured

Fig. 2 Configurations of centrifuges with belt drive: a with one drive motor; b, c with two drive
motors; 1 electric motor, 2 belt drive, 3 spindle, 4 housing, 5 rotor
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Fig. 3 BD66 centrifugal benches, manufactured by Acutronic (USA)

by Active Dynamics (France) [8], are designed according to this scheme. Figure 3
shows BD66 series centrifugal bench, manufactured by Acutronic (USA), with a belt
drive [9].

At strict requirements to centrifugal acceleration accuracy or at high rotation
velocities of a rotor, gears are a source of additional disturbances and reduce a level
of achievable angular velocities. In this case, a direct drive is used in centrifuges
(Fig. 4).

4 Centrifuges with Direct Drive

The configuration of a centrifuge with a “high” rotor (Fig. 4a) is determined by a
series connection of a standard motor, a standard spindle, and a special rotor [10].
There occur two problems with this configuration. First, an operation area of the
centrifuge (rotor area) is located too high, so it becomes inconvenient to maintain
the centrifuge. Second, due to a high center of gravity of the structure, the vibration
activity of the bench increases.

In these cases, a motor is often lowered into a pit under the centrifuge, which is
also inconvenient, as it is difficult to maintain the motor and protect it from dust, and
when water leaks—from moisture.

In a number of designs, a motor is positioned over the rotor (Fig. 4b), but then the
centrifuge’s support structure becomes much more complicated, and the motor hides
a part of the rotor’s operating area. The second problem is the connection of a motor
shaft to a centrifuge spindle shaft. It is almost impossible to achieve an ideal shaft
alignment, and in case of misalignment, the rotor motion disturbances appear. The
coupling connecting the shafts shall have a high torsional stiffness and a stable gear
ratio equal to one, but these conditions are not met in a standard coupling. As a result,
mainly test centrifuges that do not provide high accuracy are designed according to
the schemes with a “high” rotor and a motor located above the spindle.
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Fig. 4 Configurations of centrifuges with direct drive: a with “high” rotor; b with a motor located
above a rotor; c with a motor spindle; d with a modernized motor; e with a motor spindle on
a column; f PC18 centrifuge, manufactured by Deltamec (RF); 1 motor rotor, 2 motor stator, 3
spindle, 4 centrifuge rotor, 5 support structure, 6 column, 7 coupling



144 A. N. Popov et al.

The best solution to these problems is usage of motor spindles in centrifuges. To
realize it, a motor and a spindle are assembled in the form of a mono-block, and the
motor has no own supports (Fig. 4c). Another option is to replace standard motor
supports with special spindle supports (Fig. 4d). Unfortunately, this solution leads
to necessity to manufacture special electric motors, which, firstly, is expensive and,
secondly, in case of a motor failure, eliminates an opportunity of its replacement by
a serial production machine.

Centrifuge configurations are often determined by particular design traditions of
a particular company. Figure 4e shows a scheme of the centrifuge, designed on the
basis of a motor spindle mounted on the column. The centrifuge support is made
in the form of fixed column 6 and hollow spindle 3, onto which motor rotor 1 and
centrifuge rotor 4 are installed. Column 6 and motor stator 2 are mounted to support
structure (frame) 5. This scheme, unlike the previous ones, requires development of
a special motor or usage of a purchased ring unsupported motor. Figure 4f represents
PC18 centrifuge, manufactured by Deltamec Company [10], with a “high” rotor.

5 Typical Scheme of Centrifuge Rotors

There are two typical schemes of centrifuge rotors: with a disk “rigid” rotor and a
swinging rod (or beam) rotor (Fig. 5). The schemewith disk rotor 1 (Fig. 5a) provides
a stable position of products 2 in relation to an axis of rotation of drive shaft 3. In
addition, the disk, having a large moment of inertia, levels down the motor torque
pulsations. Therefore, these rotors are widely used for the production of centrifugal
benches, which shall meet strict requirements to acceleration accuracy.

The second feature of this design is the ability of the disk rotor to perceive ultra-
large overloads, when exposed to centrifugal forces, which is important for high-
speed centrifuges. The main drawback of the scheme is necessity to carry out a
thorough balancing of a rotor with products and a large moment of inertia, which
negatively affects dynamics of centrifuges designed for acceleration gradients repro-
duction.

The scheme with a swinging rotor (Fig. 5b) actually represents the scheme of
scales (a weighing device). Rotor 1 of such centrifuges is usually of rod type. Swing-
ing rotors are used in test benches, when it is allowed not to take into account an error
due to swinging. The main advantage of the scheme is convenience and easiness of
balancing.

6 Rotor with Counterweight

A counterweight for balancing shall be installed on the smallest possible radius R2

< R1 (Fig. 6), increasing accordingly its mass m with respect to the mass of a tested
productm0. This makes it possible to reduce the rotor’s axial moment of inertia J and
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Fig. 5 Typical scheme of centrifuge rotors: a scheme with a disk “rigid” rotor; b scheme with a
swinging rotor; 1 rotor, 2 product, 3 drive shaft, 4 hinge, 5 traverse

Fig. 6 Scheme of swinging rotor with counterweight

to install motors with less torque (power) onto the centrifuges, which is especially
important for large-radius centrifuges.

Static balancing of a rotor is achieved due to dislocation �R2 of counterweight m
along the radius relative to the swinging pin. The swinging pin is typically designed
with rolling supports to reduce a friction torque. Dynamic balancing of a rotor is not
required and is performed automatically, when the rotor deflects from the horizon
by ϕ angle due to centrifugal forces. The deflection angle depends on imbalance and
velocity ω of the rotor rotation.

In centrifuges, various schemes of counterweight installation and methods of
their balancing are used [11, 12]. Figure 7 shows a diagram of installation of a
counterweight and the tested product, widely used by Active Dynamics (France) [8].
The design allows the rod rotor to move and to be fixed relative to a rotation axis;
thus, both goals are achieved: balancing and changing a base radius of the tested
product installation.
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Fig. 7 Diagram of installation of counterweight and product on rod rotors manufactured by Active
Dynamics (France)

Fig. 8 Devices for manual balancing of rod swinging rotors with screw mechanisms: a balancing
using a large counterweight; b diagram of accurate balancing with a small counterweight; c PC19
centrifuge with a swinging rotor, manufactured by Deltamec (RF)

Scheme with a swinging rotor allows you to easily automate the balancing
process, when the centrifuge is equipped with drive balances and force sensors (or
position switches) that contact with the rotor in case of a static imbalance (Fig. 8a,
b). Figure 8c shows a model of PC19 centrifuge with a swinging rotor, manufactured
by Deltamec (RF).
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Fig. 9 Device for automatic balancing of rod swinging rotors with screwmechanisms: a automatic
balancing using counterweights drive �m; b diagram of limit switches installation at automatic
balancing

Fig. 10 Centrifuge with swinging rotor and drive counterweights

Two schemes of balancing devices with mobile counterweights and swinging
rotors are shown in Fig. 9 [6].

The scheme shown in Fig. 9a, in addition to automatic static balancing, allows
you to additionally limit the dynamic imbalance (Fig. 9b), since during rotation of
a dynamically unbalanced rotor, the former declines from its horizontal position,
which is fixed by the position switch. HPC-4-7-600 centrifuge, manufactured by
Acuitas (Switzerland), with automatic balancing, is shown in Fig. 10 [13].
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7 Design of Centrifuge Casing

One of the tasks in the development of centrifugal benches is a casing design. As
a rule, in centrifuges of small radius (for example, up to 1 m, Fig. 11a), the casing
design is technological and relatively easy to manufacture. Therefore, it is quite
reasonable that such a centrifuge has a casing, and a designing engineer always has a
desire to locate a rapidly rotating element of a machine, the rotor, inside a protective
screen (Fig. 11).

In this case, casing 1 has another important function: It is a support struc-
ture, rotary-motion feedthrough (electric, hydraulic, pneumatic, optical, etc.) can
be mounted on it.

At low power, a centrifuge motor can be located on base 3 in full, in accordance
with ergonomics rules in relation to heightH of the rotor servicing area. In this case,
base 3 is to be fixed to the power floor of test box 4.

Figure 12 presents photographs of centrifuges with protective casings.
In medium-radius centrifuges [14], for example, from 1 … 1.5 m or more, the

casing shall be assembled from different segments, and for installation of the tested
products onto the rotor, the casing is to be made with an opening part. In that, all
the casing elements shall be sufficiently rigid, while the door itself shall be securely
locked, since when the rotor rotates, significant air cores arise, leading to vibrations
and excessive pressure acting onto a cylindrical part of the casing [15, 16]. In this
case, the casing turns out to be too complex, expensive, and non-technological in
manufacture. Therefore, rotors of centrifugal benches designed for simulation of
accelerations up to (1 … 1.5) × 103 m/s2 often has no casings, and centrifuges are
installed in separate premises—boxes (Fig. 11b). Rotary-motion feedthrough is to

Fig. 11 Scheme of centrifuge with casing: 1 casing, 2 rotary-motion feedthrough, 3 base, 4 power
floor (a); 5 traverse, 6 drive motor, 7 pit, 8 engine sensor, 9 manhole (b)
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Fig. 12 Centrifuges with protective casings: a AC66 centrifuge, manufactured by Acutronic
(USA); b CF-7 medium-radius centrifuge (RF)

be mounted onto traverse 5, supported by construction structures of the building. At
large driving capacities, the centrifuge height dimension becomes significant, and
for the location of the rotor service area at a required height, a part of motor 6 has to
be placed below the test box floor level, in pit 7, and to get access to motor sensor 8,
it is necessary to use manhole 9. The second solution option is to build a protruding
base with steps around the centrifuge.

There are also intermediate solutions for medium-radius centrifuges, such as
installation of a protective screen only on the periphery (with free upper part) or
installation of a centrifuge into a pit with an upper overlap and manhole providing
access to the rotor operating area. The latter solution is the most non-ergonomic.

At high accelerations (0.5…5)× 104 m/s2 andmore, centrifuge rotors are always
to be placed into casings, the main purpose of which is to reduce aerodynamic losses
caused by air turbulence. The casing allows to reduce the drive power more than
twice, which for high-speed centrifugal benches can be hundreds of kilowatts [15,
16].

Large-radius centrifuges are mounted in special boxes with radius walls [17, 18].
In this case, rotary-motion feedthrough shall be installed on the higher floor, and the
motors occupy a part of the lower floor.

8 Conclusion

Considerable attention paid by the authors to configuration of centrifuges is due to
significant influence of the configuration on all the test centrifuge characteristics.
At the same time, when designing machines and, in particular, centrifuges, design
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solutions are always compromised, largely associated both with design traditions
and with cost and technological constraints.

We draw the following conclusions.

1. In practice, the leading designing companies use different schemes of test cen-
trifuge configurations. Each scheme has its own advantages, disadvantages, and
a designated area.

2. Centrifuges with a classic gear drive should be attributed to outdated technical
solutions.

3. For low-speed benches with low requirements for dynamics and accuracy, belt-
driven centrifuges (with one motor or two motors) are the best solution.

4. At high requirements for accuracy or high rotation velocities, a direct (gearless)
drive shall be used.

5. There are two typical schemes of centrifuge rotors: disk and swinging (rod or
beam) ones. The scheme with a disk rotor is rational at increased requirements
for accuracy and high overloads in high-speed centrifuges. The main advantage
of the schemes with a swinging rotor is easy balancing.

6. Particular attention, when handling high-speed test centrifuges, shall be paid
to design of protective casings that reduce aerodynamic resistance to the rotor
rotation.

7. Large-radius centrifuges shall be mounted in special cylindrical boxes.
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Perspective Planetary-Layshaft
Transmissions with Three Power Flows
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Abstract The most effective way to reduce fuel consumption by the vehicle
equipped with internal combustion engine is to increase the number of speed ratios
in the transmission. It leads to design complication and increasing the number of
gear trains used. Here is proposed to make combinations of planetary gear sets and
gears with fixed axles for obtaining simple designs of multi-speed transmissions
with a small number of shifting elements used. The aim of the paper is to ana-
lyze compound transmission structures consisting of three simple gear trains with
fixed axles and two planetary differential gear sets which forms three parallel power
flows (three-stream transmissions). The possible structures of combined transmis-
sions with planetary gears and gears with fixed axles are considered in the article.
Such transmissions have a great perspective because of utilization simple gears and
a small number of clutches, while these transmissions allow obtaining a significantly
larger number of different speed ratios than the transmissions made up of the iden-
tical gears type. The possible three-stream transmissions structures were analyzed
and classified, and a general expression is obtained for calculating the number of
speeds in such transmission. A technique for synthesizing kinematic diagrams of
transmissions with three power flows is described, using which new transmissions
designs are obtained for each possible structure.
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1 Introduction

An increase in the number of speed ratios in transmissions is themost effectiveway to
reduce fuel consumption and improve the efficiency of automotive vehicles equipped
with internal combustion engines [1–3]. The increase in the number of speed ratios
leads to complicated designs and increasing the number of gear trains used. These
factors lead to an increase in overall dimensions, mass, and cost of the transmission.
One of the methods to solve these problems is to use combined (planetary-layshaft)
gearbox arrangements containing simple gears with fixed axles and planetary gear
sets. Such designs perform a greater number of speeds with fewer gear trains used.
For example, in transmissions of trucks and tractors, gears with a planetary splitter
and/or an additional gear [4, 5] are used to change the ranges of the main 3-speed or
4-speed gearbox consisting of layshaft gears. This increases the number of obtained
speed ratios in 4 times.

As is known [4–7], the planetary gear set consisting of three parts, in dependence
on the linkages of its parts, has three operation modes:

1. Differential drive—converts the motion of two input links into the motion of one
output link (summing gear) or the motion of one input link into the motion of
two output links (differential gear).

2. Reducer or multiplier—when one gear is fixed.
3. Blocked, rotates as a single unit with direct gear when any two gears connected

with each other.

In the transmissions of trucks and tractors, the planetary gear of the splitter or
the additional gear operates only in modes 2 and 3. Mode 1 is used in planetary
transmissions and in hybrids to divide or sum up the power flows of the internal
combustion engine and electric motor [4, 5, 8, 9].

At the same time, the possibilities of planetary differential gears in conventional
transmissions are not fully used. As shown in [10], the use of the planetary gear set as
a differential drive in transmissions with fixed-axle gears makes it possible to obtain
transmissions with simple design, high efficiency and a greater number of speed
ratios than transmissions consisting of one type of gear trains. A greater number
of speeds is achieved by changing the mode of operation of the planetary gear set
and gears with fixed axles, which allows the latter to work both separately in the
one-stream mode of operation of the planetary gear set (reducer or multiplier) and in
parallel with other layshaft gears in two-stream mode. Using the terminology [11],
the obtained transmissions are called two-stream by the number of parallel power
flows from the input shaft to the output one. A method for the synthesis of kinematic
diagrams was developed in [10], with the help of which a number of new designs of
two-stream transmissions were obtained [12, 13].

With the use of two planetary gear sets operating as differential drives, the num-
ber of parallel power flows increases to three, which makes it possible to further
improving the functionality of the multi-stream transmissions. In addition, if in a
two-stream transmission, the 50–60% of the input flow is transmitted by two paths,
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Fig. 1 Generalized schemes of the planetary gear set: a summing gear;b differential gear. I, O—the
input and output links, respectively; m and n are the parts of the differential D; c1 and c2—brakes
which, respectively, fix the parts m and n with the frame; and c3—clutch which connects the parts
m and n for differential blocking and rotation on direct gear

then in three-stream transmissions this percentage decreases by a factor of 1.5 or 2
[11]. Therefore, the loads on internal gears in multi-stream transmissions are much
lower, so the gear trains used can be smaller in weight, overall dimensions, and also
less complicated. The purposes of this paper are analysis possible structural schemes
of the couplings of planetary-layshaft transmissions with three power flows, determi-
nation of their general properties, and the synthesis method for obtaining kinematic
diagrams of these transmissions.

2 Structural Schemes and Classification
of Planetary-Layshaft Transmissions with Three Power
Flows

The generalized symbols of the gear trains involved in [14, 15] were used for a
visual representation of the planetary-layshaft transmission structures. The planetary
gear set and one or several gears with fixed axles can be represented by means of
generalized symbols.

The planetary gear set can be represented in the general case by only two gener-
alized schemes (Fig. 1) with shifting elements added to the generalized symbol of
planetary gear set that provides external couplings on its parts. The schemes differ in
the locations of the input and output links, and at switched-off c1, c2, and c3 deter-
mine the planetary gear set, as a summing gear (Fig. 1a) or differential gear (Fig. 1b).
Two shifting elements c1, c2, c3 of the differential D cannot be switched-on at the
same time.

Similarly, by the symbol GB (Fig. 2) was represented the internal gearbox with
fixed axles which has one or more gears and shifting elements built into them per-
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Fig. 2 Generalized symbol (a) andkinematic diagram (b) of a two-speedgearboxwithfixed axles of
gears. I, O—the input and output links, respectively; c1—shifting element (clutch or synchronizer)
which has three working positions

forming different gear ratios from input shaft I to output shaft O. Figure 2b shows
an example of a kinematic diagram of a two-speed GB.

It is necessary tomake three kinematic connections on the parts of the differentials
to realize a gearbox made up of two differentials connected in parallel, and three
closed circuits are obtained as a result. The differential parts can be connected to
the internal links of the gearbox, with the input or output shafts. The number of
possible permutations of two differentials (inside the transmission, at the input, or at
the output) gives 22 = 4 possible structures. We install internal layshaft gearboxes
GB in each closed loop formed by the parts of the differentials. Thus, only four
different structures of planetary-layshaft transmissions with three power flows were
obtained as a result of structural synthesis (Fig. 3).

The following notation for four obtained structures depending on the location of
the differentials, input and output links introduced:

• DD shown in Fig. 3a—the structure in which the planetary gear sets locate on the
input and output.

• DDO shown in Fig. 3b—the structure in which first planetary gear set locates at the
input, the second one in the internal circuit, and the power flows are summarizing
on the output link O.

• IDD shown in Fig. 3c—the structure in which planetary gear set locates at the
output, the second one in the internal circuit, and the power flow is distributing by
the input link I.

• IDDO shown in Fig. 3d—the structure in which both planetary gear sets locate in
internal circuits and the power flows is distributing by the input I and summarizing
on the output O.

Each closed circuit in the structures (Fig. 3) on one side has a differential and
on the other the node point (A or B) in which the power flows are distributing or
summarizing. There are two possible variants of an internal circuit in theDDstructure
(Fig. 3a), i.e., connections between the links of internal GB2 and differentials parts:
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Fig. 3 Structures of planetary-layshaft transmissions with three power flows: a DD structure;
b DDO structure; c IDD structure; and d IDDO structure. I, O—the input and output links, respec-
tively; m and n are the parts of the differential D1; p and q are the parts of the differential D2; c1,
c2 and c4, c5 are brakes which, respectively, fix parts m, n and p, q with a frame, respectively; and
c3 and c6 are the blocking clutches of the differentials D1 and D2, respectively

either with parts m and q of differentials (dashed lines) or with parts n and p (solid
lines). There is only one possible connection between internal links for forming three
parallel power flows from input I to output O in other structures.

The shifting elements in the internal gearboxes GB must be switched-on at
switched-off shifting elements of the differentials for power distribution in three
paths on the three-stream mode. Thus, three-stream transmissions generally have
four degrees of freedom, i.e., three shifting elements must be switched-on each
speed. But the DDO and IDD structures have one, and the IDDO structure has two
internal gearboxes GB, for which only two shifting elements are switched-on in one-
stream mode: one in the corresponding GB and one shifting element of one of the
differentials D1 or D2. For example, in the DDO structure by shifting brake c1 or
blocking clutch c3, one-stream mode via GB3 is possible. The property can be used
to preselect the shifting element of the next speed, as it does in dual-clutch transmis-
sions [16]. In addition, the third shifting element can be switched-on to minimize the
idling loss on these speeds.

Themaximumnumber of differentials’ shifting elements (brakes c1, c2, c4, c5 and
blocking clutches c3, c6) is presented in the structures (Fig. 3). The shifting elements
determine possible two- and one-stream operation modes and may be absent in the
specific kinematic diagrams of the transmissions, and then, the number of operating
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modes of such transmission will accordingly decrease. Up to 4 one-stream modes
for each internal GB and up to 2 two-stream modes through each pair of internal
GBs are possible in each structure. In general, the number of speeds performed by a
three-stream transmission is defined by Eq. (1).

N = NGB1 · l1 + NGB2 · l2 + NGB3 · l3 + NGB1 · NGB2 · l4
+ NGB1 · NGB3 · l5 + NGB2 · NGB3 · l6 + NGB1 · NGB2 · NGB3 (1)

where NGB1, NGB2, NGB3—number of speeds in GB1, GB2, GB3, respectively;
l4, l5, l6—number of one-stream modes via GB1, GB2, GB3, respectively; l4, l5,
l6—number of two-stream modes via GB1 and GB2, GB1 and GB3, GB2 and GB3,
respectively.

3 Synthesis the Kinematic Diagrams of Planetary-Layshaft
Transmissions with Three Power Flows

Synthesis of the kinematic diagrams of transmissions with three power flows is
proposed by replacing generalized symbols with the diagrams of gear trains in the
selected structure (Fig. 3).

Various diagrams of the gear trains used and combinations of their connections
with input, output, and internal links determine a vast array of permissible kinematic
diagrams. The limitations must be introduced for a substantial cutting down of this
array. The limitations must determine the predominance of multi-flow modes in the
synthesized transmission designs, the specified direction of rotation of the output
shaft for the forward and reverse gears, etc. The type of planetary gear sets and gears
with fixed axles must be also defined in order to simplify the design of the trans-
mission. The list of limitations adopted in this paper for the synthesis of kinematic
diagrams of planetary-layshaft transmissions with three power flows is presented
below.

1. The simple epicyclic gear sets consisting of sun pinion, ring gear, and carrier
holding the planets will be used as D1 and D2.

2. The layshaft gearboxes with one or two speeds (Fig. 2b) will be used as internal
GBs.

3. The D1 differential input link will be connected with the sun gear in order to
increase the transmission ratio from gear to gear because the gear ratio from the
sun gear to the ring gear and carrier is greater than 1. The rotation direction of
the carrier will coincide with the rotation direction of the sun gear in this case,
and the ring gear will rotate in the opposite direction. All parts of the D1 gear
set will rotate in the same direction as the sun gear if the planetary gear set will
be blocked by the clutch c3.

4. The internal gearbox GB connected to the ring gear of D1 must have two gears.
The first one with a parasitic gear for unidirectional rotation of all transmission
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gears at three-stream mode and two-stream mode at c6 clutch switched-on, and
for obtaining reverse gear when c3 and c6 clutches switched-on. The second one
consists of two gear wheels and works when the c3 clutch is switched-on and D1
planetary gear set is blocked.

5. The output link of D2 will be connected with the carrier of the planetary gear
set. The carrier rotates in the same direction as sun gear or ring gear at such
arrangement.

6. The following notation for the parts of differentials are introduced to match the
resulting kinematic diagrams with parent structures (Fig. 3): ring gear of D1—m;
carrier of D1—n; sun gear of D2—p; and ring gear of D2—q.

7. Above mentioned that two- and three-stream modes could significantly reduce
the loads on the internal gears. So, increasing the proportion of multi-stream
speeds in the total number of speeds of the transmission recommended at the
stage of kinematic diagrams synthesis. Therefore, the brakes c1, c2, c4, and c5
that mainly switched-on at one-stream modes excluded from the consideration.
Thus, the blocking clutches c3 and c6 for implementation the two-stream and
the remaining one-stream modes will be used. Then, according to point 2 in the
synthesized transmissions, there will be no more than five shifting elements, and
the parameters of one-stream modes for all internal GBs are l1 = l2 = l3 = 1.

8. The transmission shifting elements will placed on the driver links in order to
reduce the torques acting on them.

The limitations stated assume a positive gear ratio from the planetary gear sets to
the transmission links, except the ring gear ofD1,where the gear ratio is negative, and
the parasitic gear is set to change the direction of its rotation in the corresponding GB
(point 4 of the limitations). The internal GBs (Fig. 2b) have gear pairs and a negative
gear ratio from the GB input link to the output one. Therefore, the total transmission
speed ratio from input I to output O will also be negative. The countershafts must be
added inside transmission or after the output shaft if needed unidirectional rotation
I and O.

The formulation of limitations is themain goal of the proposedmethod for synthe-
sizing kinematic diagrams of transmissions. The more limitations, the less variants
of the connections between the gear trains in the design and easier to perform synthe-
sis. Also, should note that the specification, experience, and intuition of the designer
largely determine the set of limitations adopted. Allocating potentially commer-
cially available transmission designs with required functions from the whole variety
of diagrams for further consideration and analysis is the main goal of the proposed
synthesis methodology.
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3.1 Synthesis the Kinematic Diagram According
to the Structure DD with Nodes A1 and B1 (Fig. 3a)

In accordance with the structure (Fig. 3a) and point 6 of the adopted limitations
the GB1 input shaft connected with the ring gear of D1, the GB2 and GB3 input
shafts—with the carrier of D1, the GB1 and GB2 output shafts—with the sun gear
of D2, and the GB3 output shaft—with the ring gear of D2. In accordance with point
4 of the limitations, GB1 has two gears, one of which with a parasitic gear. The
parameters of the two-stream modes via GB1, GB2 and via GB2, GB3 are l4 = l6
= 1 and the parameter of two-stream modes via GB1 and GB3, respectively, l5 = 2.
The two-stream mode occurs via GB1, GB2 and via GB1, GB3 through a parasitic
gear in GB1 when clutch c6 switched-on. The two-stream mode occurs via GB1 and
GB3 through the gear without parasitic gear wheel when clutch c3 switched-on. If
GB2 fitted up with one speed and GB3 has two speeds, then by Eq. (1) one gets 14
speeds in the synthesized transmission including one reverse gear. For unidirectional
rotation of the input shaft I and output shaft O at forward speeds, there installed the
countershafts between the internal GBs and the input parts of the differential D2.
The kinematic diagram of the transmission is presented in Fig. 4.

The operating modes (“−”—one-stream; “=”—two-stream; “≡”—three-stream)
and overall gear ratios iIO implementing by the transmission (Fig. 4) depending on
the states of shifting elements (switched-on shown with the “x” symbol) are shown
in Table 1, R—reverse gear.

Fig. 4 Kinematic diagram of the 14-speed transmission according to the DD structure
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Table 1 Operating modes
and overall gear ratios
implementing by the
transmission shown in Fig. 4

Speed and
mode

s7 s8 s9 c3 c6 i10

a b a b

1 = x X x 5.753

2 = x x x 4.099

3 ≡ x X x 4.013

4 − x x x 3.483

5 = x x x 2.911

6 ≡ x X x 2.371

7 − X x x 1.657

8 = x x x 1.324

9 = x x x 1.156

10 − x x x 0.995

11 = x x x 0.738

12 = x x x 0.683

13 − x x x 0.52

R − x x x −1.074

3.2 Synthesis the Kinematic Diagram According
to the Structure DDO (Fig. 3b)

The GB1 and GB2 input shafts connected with ring gear of D1; the GB3 input
shaft—with the carrier of D1, the GB3 output shaft—with the output shaft O; the
GB1 output shaft—with the sun gear of D2, and the GB2 output shaft—with the ring
gear of D2. Each of the GB1 and GB2 has two gears, and one gear at both GBs has a
parasitic gear wheel, in accordance with point 4. Parameters of two-streammodes for
all GBs are l4 = l5 = l6 = 1. Two- and three-stream modes via GB1 and GB2 occur
through the gears with parasitic gear wheels. If GB3 has two speeds, then by Eq. (1)
one gets 14 speeds in synthesized transmission and three of which are reverse gears.
The kinematic diagram (Fig. 5) is obtained assuming an opposite rotation direction
of the input shaft I and output shaft O at forward speeds.

The operating modes and speed ratios implementing by the transmission (Fig. 5)
depending on the states of shifting elements are shown in Table 2.

3.3 Synthesis the Kinematic Diagram According
to the Structure IDD (Fig. 3c)

The power flow distribution occurs on the transmission input shaft I in the IDD
structure, and the power flows summation occurs on the output shaft in the DDO
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Fig. 5 Kinematic diagram of the 14-speed three-stream transmission according to the DDO struc-
ture

Table 2 Operating modes
and overall gear ratios
implementing by the
transmission shown in Fig. 5

Speed and
mode

s7 s8 s9 s3 s6 i10

a b a b a b

1 = x x x −4.346

2 = x x x −3.846

3 − x x x −3.0

4 ≡ x x x −2.603

5 = x x x −2.336

6 ≡ x x x −2.103

7 = x x x −1.836

8 = x x x −1.322

9 − x x x −0.963

10 − x x −0.695

11 − x x −0.495

R1 − x x x 1.74

R2 = x x x 0.578

R3 − x x x 0.4

structure. Therefore, it is always possible to obtain the IDD diagram from the DDO
diagram if one changes the input and output links. The speed ratios in such case will
have inverse values.

There is another way to synthesis the kinematic diagram according to the IDD
structure where the power flow at the input will be divided after the differential D1.
The GB1 input shaft connected with the input shaft I in accordance with the structure
(Fig. 3c). The GB1 output shaft connected with the sun gear of D2, and the ring gear
of D1—with GB2 input shaft. The GB2 has two gears, one of which with a parasitic
gear. The GB3 input shaft connected with the carrier of D1. The GB2 and GB3
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Fig. 6 Kinematic diagramof the 12-speed three-stream transmission according to the IDD structure

Table 3 Operating modes
and overall gear ratios
implementing by the
transmission shown in Fig. 6

Speed and
mode

s7 s8 s9 s3 s6 i10

a b a b

1 = x x x 5.328

2 ≡ x x x 4.214

3 − x x 3.21

4 = x x x 2.255

5 − x x x 1.88

6 = x x x 1.272

7 ≡ x x x 0.976

8 − x x x 0.907

9 = x x x 0.813

10 = x x h 0.636

11 − x x 0.439

R − x x x −0.254

output shafts connected with one shaft, which connects with the ring gear of D2.
The parameters of two-stream modes of all internal gearboxes are l4 = l5 = l6 = 1.
Two-streammode via GB2 and GB3 occurs through a parasitic gear, and two-stream
mode via GB1 and GB2 occurs through a gear without a parasitic gear wheel. If
there are two speeds in GB1 and one in GB3, then by Eq. (1) one gets 12 speeds in
the synthesized transmission including one reverse gear ratio. There are installed the
countershafts between the internal GBs and the input parts of the differential D2 for
unidirectional rotation of the input shaft I and output shaft O at forward speeds. The
kinematic diagram of the transmission is presented in Fig. 6.

The operating modes and speed ratios implementing by the transmission (Fig. 6)
depending on the states of shifting elements are shown in Table 3.
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Fig. 7 Kinematic diagram of the 14-speed three-stream transmission according to the IDDO struc-
ture

3.4 Synthesis the Kinematic Diagram According
to the Structure IDDO (Fig. 3d)

The input power flow divides between GB1 and D1 in the IDDO structure. The
GB1 output shaft connected with the sun gear of D2 in accordance with point 6 of
adopted limitations, and the ring gear of D1—with GB2 input shaft, in which there
are two gears, one of them with a parasitic gear. The GB2 output shaft connected
with the ring gear of D2. The planetary gear set D2 sums the power flows from
GB1 and GB2. The carrier of D1 connected with the GB3 input shaft, the output
shaft of which connected with the transmission output shaft. Two-stream modes via
GB1 and GB3 in the IDDO structure are not possible. The parameters of the other
two-streammodes will be l4 = l6 = 1. If each GB has two speeds, then in accordance
with Eq. (1) one gets a 14-speed transmission including one reverse gear ratio. The
kinematic diagram (Fig. 7) obtained assuming an opposite rotation direction of the
input shaft I and output shaft O at forward speeds.

The operating modes and speed ratios implementing by the transmission (Fig. 7)
depending on the states of shifting elements are shown in Table 4.

4 Gear Ratios Determination

The problem arises of gear ratios calculation after the synthesis of the transmission
kinematic diagram. The problem consists in the search for gear ratios of gear pairs
of internal gearboxes GB1, GB2, GB3 and planetary gear sets D1, D2. The gear
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Table 4 operating modes
and overall gear ratios
implementing by the
transmission shown on Fig. 7

Speed and
mode

s7 s8 s9 s3 s6 i10

a b a b a b

1 = x x x −4.677

2 = x x x −3.807

3 ≡ x x x −3.515

4 ≡ x x x −3.033

5 − x x −2.07

6 = x x x −1.648

7 − x x x −1.451

8 ≡ x x x −1.229

9 ≡ x x x −1.06

10 − x x −0.872

11 = x x x −0.707

12 − x x −0.524

13 − x x −0.4

R − x x x 1.664

Table 5 Results of gear ratios optimization for synthesized transmissions

Kinematic diagram DD (Fig. 4) DDO (Fig. 5) IDD
(Fig. 6)

IDDO (Fig. 7)

GB1 c7a −3.0 −3.0 −2.885 −0.4

c7b 0.925 1.74 −0.395 −2.07

GB2 c8a −1.427 0.4 −1.429 −1.451

c8b – −0.963 0.4 1.664

GB3 c9a −1.175 −0.695 −2.964 −0.872

c9b −0.614 −0.495 – −0.524

Countershaft
gear ratios

i p −1.161 – −1.113 –

iq −0.847 – −0.634 –

D1 i (n)Im
−1.5 −1.5 −1.615 −1.5

D2 i (O)
pq

−1.877 −1.5 −1.496 −1.5

ratios must provide a set of speed ratios iIO that is closest to the assigned set. The
proximity criteria can be different. The methodology [17] was adopted in this paper
for demonstration the sequence of speed changes.

The optimization results presented for all synthesized transmissions in Table 5
and the gear ratios from input shaft I to output shaft O (iIO) obtained with these
parameters are in the right columns of Tables 1, 2, 3 and 4.

DDO(Fig. 5) and IDD (Fig. 6) transmissions have two, and the IDDO transmission
(Fig. 7) has four speeds, on which only two shifting elements are switched-on. Any
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unused shifting elements can also be switched-on at these speeds. Then the next
speed, if necessary, can be prepared in advance. For example, if the 11th speed
enabled in the DDO transmission (Fig. 5), the clutch c6 can also be switched-on
and the transition to the 2nd or the 7th speed could be done by switching-off the
clutch c3 and switching-on c7b or c8a, respectively. Thus, the DDO, IDD, and IDDO
transmissions have additional features.

The synthesized transmissions (Figs. 4, 5, 6 and 7) equipped with simple mech-
anisms and five shifting elements, three of which switched-on each speed, which
reduces energy losses in the unused shifting elements. A small number of gear trains
allow stating that the synthesized transmissions have high efficiency.

5 Summary

To obtain simple designs of vehicles transmissions that realize more than 10 speeds
proposed to use combined planetary-layshaft arrangement consisting of two plane-
tary differential gear sets and gears with fixed axles. The structures of such arrange-
ment named three-stream transmissions by the number of parallel power flows. The
possible structures of three-stream planetary-layshaft transmissions were obtained,
the structures were classified according to the location of input and output links
and planetary gear sets. The possible operation modes of the three-stream trans-
missions were analyzed, and the expression for calculation the speeds total number
has been obtained. The structures which have additional functional capabilities for
control system designing were determined. The methodology for the synthesis of
kinematic diagrams of planetary-layshaft transmissions was proposed. Four kine-
matic diagrams of three-stream transmissions with 12 and 14 speeds were obtained
by means of the method. Each obtained design has only five shifting elements, con-
sists of simple mechanisms, has lower loads on internal links on multi-power flow
modes, and has high efficiency. Thus, proposed designs have better characteristics
than known multi-speed planetary transmissions [3].

The gear ratios for each transmission design were calculated just for demon-
stration without taking into account single transition shifts between nearby speeds
which is that only one pair of clutches is involved in gearshifting process. Ratios
calculated need an addition optimization with elimination double transition shifts
between nearby speeds.

Acknowledgements The research was supported by Russian Science Foundation (project No.
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Study of Mechanisms with Allowance
for Friction Forces in Kinematic Pairs

Yuri A. Semenov and Nadezhda S. Semenova

Abstract Friction forces emerge in kinematic pairs of mechanisms; in many cases,
these forces significantly affect the movement of the links of the mechanisms and
should be taken into account in force calculations. Introduction of friction forces
leads to an increase in the number of unknown components of the reactions of the
pair while the number of kinetostatic equations does not increase. In order for the
problem of force analysis to remain solvable, it is necessary to introduce additional
conditions, the number of which is equal to the number of additional unknowns.
Usually, additional conditions are selected allowing for the design features of the
elements of kinematic pairs, which allow making some a priori assumptions about
the nature of the normal forces distribution. The paper considers the formation of such
conditions, i.e., essentially, the examples of constructing computational models of
kinematic pairswith friction.A force calculationof themechanismwith allowance for
friction is shown, which is reduced to the joint solution of the kinetostatic equations
and additional equations describing the models of kinematic pairs. It is also shown
that for the given kinematic parameters of motion, the system of force calculation
equations has one solution, several solutions, or no solution at all.
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1 Introduction

The assumption of ideality for kinematic pairs is widely used in the theory of mech-
anisms and machines. When analyzing the motion of mechanisms, it allows using
the D’Alembert–Lagrange equation and the Lagrange equation of the second kind
which does not contain the reactions in kinematic pairs as unknowns.

However, some cases have to allow for friction forces. The most important are the
forces of sliding friction occurring on the contact surfaces forming kinematic pairs.
Let us separate out on the contact surface of two bodies (links) elementary area dS
in the vicinity of a certain point A (Fig. 1). The interaction forces which occur in
this area and applied to one of the links of the kinematic pair can be reduced to the
main vector and the main moment of these forces. Let us decompose the main vector
into two components: normal force dN, directed along the normal to surface S, and
force dF, lying in the tangent plane. The main moment relative to point A is also
decomposed into normal dMp and tangential dMr components.

Force dF is called the sliding friction force; moment dMr is the rolling friction
moment, and moment dMp is the frictional moment of pivoting. By their physical
nature, friction forces aremotion resistance forces; it follows that force dF is opposite
to the vector of relative velocity vsl (sliding velocity) at point A, and vectors dMr

and dMp are opposite in the direction of tangential ωτ and normal ωn components
of the vector of relative angular velocity, respectively.

The sliding friction force in the general case can be represented in the form of

dF = −|dF |(|vsl|, |dN |) · vsl
|vsl| . (1)

The dependence of the force or the friction moment on the normal force and
velocity is called the friction law. Various frictions laws are considered.

If there is a lubricating fluid between the contacting links, we speak of fluid
friction. In this case, the friction force changes according to Newton’s law:

Fig. 1 Friction forces in the
kinematic pair
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dF = −ηdS
dvsl
dy

, (2)

where η is the viscosity coefficient; dS is the contact surface; and dvsl/dy is the
velocity gradient, i.e., the velocity variation in height.

In dissipative devices (dampers), the law of viscous friction is usually considered:

dF = −b dvsl, (3)

where b is the resistance coefficient.
If the layer of lubricant, placed between two contacting surfaces, only partially

separates them, then there is semifluid friction.
Numerous experimental studies have shown that during the force analysis of

mechanisms, it is possible in the majority of cases to rely on the dry friction law,
known in physics as theAmontons–Coulomb law.According to this law, themodulus
of sliding friction force dF is taken proportional to themodulus of normal component
of the reaction dN:

|dF | = f (vsl)|dN |, (4)

where f (vsl) is the dimensionless coefficient of sliding friction determined experi-
mentally; it depends on many factors: properties of the material, of which the con-
tacting elements of kinematic pairs are made: surface finish characteristics, lubricant
and the lubricant properties, and finally, on the value of the relative velocity. In the
theory of mechanisms and machines, the value of this coefficient is assumed to be
given and constant.

From (4) and the above-stated assumption about the force direction results into
the following vector relation:

dF =
{
− f |dN | vsl|vsl| = − f |dN |sign vsl and vsl �= 0, (5)

where sign vsl is the sign function.
Formula (5) becomes inapplicable if the sliding velocity at the contact point equals

to zero, i.e., if the links which form the kinematic pair are in the state of relative rest.
In this case, the friction force in the kinematic pair can be determined from the
equilibrium conditions of the links; they turn out to be dependent not on normal
reactions but directly on the applied external forces.

The Amontons–Coulomb law can be extended to the rolling and spinning friction:

dMr = −k|dN |signωτ ; dMp = −kp|dN |signωn, (6)

where k and kp are the coefficients of the rolling and pivoting friction.
Formulae (5) and (6) can be directly used to determine friction forces in a higher

kinematic pair with point contact. In the case of a lower kinematic pair and a higher
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kinematic pair with contact along the line, the main vector and the main moment of
friction forces are determined by integrating the forces and moments occurring in
elementary areas along the surface of the line of contact. Thus, for example, the total
sliding friction force in the lower kinematic pair can be determined by the formula

F =
∫
S

dF = −
∫
S

f |dN |sign vsl, (7)

where S is the contact surface.
General information on friction forces in the kinematic pairs of mechanisms was

considered in [1–3].

2 Models of Prismatic Kinematic Pairs with Friction

In order to use formula (7), it is necessary to know the law of distribution of normal
reactions over surface S. Determination of this law is a complex task, the solution
of which requires considering a dynamic model of a kinematic pair, allowing for the
presence of gaps, a lubricating layer, etc. To avoid this, some reliable assumptions
about the nature of normal forces distribution over the surface are made, and based
on them, the friction forces are expressed through the remaining components of the
reactions [4, 5].

The simplest model of a prismatic kinematic pair is given in Fig. 2a. It is assumed
that normal interaction forces are reduced to concentrated force N, applied at some
point A of the slider, if its contact occurs with the bottom rail. When the acting forces
change, relocation of the gaps is possible, i.e., transition to the contact with the top
rail. In this case, the direction of the normal reaction changes to the opposite one (N ′)
and the point of application passes to point A′. Friction force F is directed against
movement speed ẋ . Projecting the forces on the axes and determining their moments
relative to originO, we obtain the components of reactions, lying in themotion plane:

Rx = − f |N |sign ẋ, Ry = N , MR = Ne − f hN sign ẋ . (8)

A more complex model, allowing for the possibility of skewing of the glider and
its simultaneous contact with both rails, is given in Fig. 2b. Here, normal reactions
are reduced to two forces N1 and N2, applied to points A and B. In this case, we
obtain:

Rx = − f (|N1| + |N2|)sign ẋ, Ry = N1 + N2,

MR = (N2 − N1)a − f h(N1 + N2)sign ẋ .

}
(9)

In the model shown in Fig. 2c, it is supposed that the forces of normal interaction
are distributed according to the linear law.
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Fig. 2 Models of friction of the prismatic pair

In Fig. 2d, a slider of a spatial prismatic pair, which can move along axis x, is
shown. Assuming that normal reactions N1, N2, N3, N4 are applied along the edges
and force N5—at the center of the lateral edge, we obtain one of the possible models
of a prismatic pair which leads to the following relations:

Rx = − f (|N1| + |N2| + |N3| + |N4| + |N5|)sign ẋ,
Ry = N5, Rz = N1 + N2 + N3 + N ,

MR
Ox

= 0.5b (N3 + N4 − N1 − N4),

MR
Oy

= 0.5l (N2 + N3 − N1 − N2) + 0.5 f h(N1 + N2 + N3 + N4)sign ẋ,

MR
Oz

= 0.5 f b (|N3| + |N4| + |N5| − |N1| − |N2|)sign ẋ .

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
(10)

3 Force Calculation of a Sine Mechanism with Allowance
for Friction

The calculation of mechanisms allowing for friction forces comes down to the
joint solution of kinetostatic equations which contain friction forces as additional
unknowns and the equations describing the models of kinematic pairs [6, 7]. In the
given position of crank q, let us determine normal reactions in the kinematic pairs of
the slotted link of a Scotch yoke mechanism (Fig. 3a), if the slotted link mass is m3,
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Fig. 3 Models of friction of the Scotch yoke mechanism

the sliding friction coefficient between the slotted link and the rack is f, the friction
coefficient between the slotted link and crosshead f1, angular velocity of the crank
is ω = const, the crank length is l1, and the rack size: a; b. The working load, acting
on the connecting link, varies according to the law P = −P0sign v30, where P0 is
the force amplitude, and v30 = ẋC3 is the slotted link’s velocity relative to the rack.

Friction in revolute pairs and gravity are not taken into account. In prismatic
pair 0–3, let us bring normal forces to two concentrated forces N03E and N03D , and
pair 2–3 to one force N23. Let us solve the problem by the method of successive
approximations and the exhaustive sign search.

Using the assumed models of prismatic pairs with friction, let us write the kine-
tostatic equations for structural group 2–3:

∑
F2,3x = P + �3 + R12x + F03E + F03D = 0,∑
F2,3y = N03E + N03D + R12y = 0,∑
MB = N03E (b − xA) + (b + a − xA) − R12yA = 0,

⎫⎬
⎭ (11)

where xA = l1 cos q = l1 cosωt, yA = l1 sin ωt.
From the kinetostatic equations of the second link (crosshead):

∑
F2x = R12x + R32x = 0,∑
F2y = R12y + R32y = 0

it follows that

R12x = −R32x = R23x = N23, R12y = −R32y = R23y = F23.

Allowing for these forces from Eq. (11), we obtain

N23 = −�3 − P − F03E − F03D, (12)
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N03D = a−1[N23l1 sinωt + (b − l1 cosωt)F23], (13)

N03E = −N03D − F23, (14)

where the inertial force of the slotted link

�3 = −m3 ẍC3 = −m3(l1 cos ωt + BC3)
·· = m3l1ω

2 cosωt, (15)

working load is

P = −P0sign v30 = −P0sign [(l1cosω t + BC3)
·] = P0sign(sinωt), (16)

friction forces are

F03E = − f |N03E |sign v30 = f |N03E |sign(sinωt), (17)

F03D = − f |N03D|sign v30 = f |N03D|sign(sinωt), (18)

F23 = − f1|N23|sign v32 = − f1|N23|sign[−(l1 sinωt)·] = f1|N23|sign(cosωt).
(19)

Assuming that the friction forces are small, we will obtain the recurrence relations
based on formulae (12)–(19):

N (k)
23 = −m3l1ω

2 cosωt − P0sign(sinωt) − f
(∣∣∣N (k−1)

03E

∣∣∣ +
∣∣∣N (k−1)

03D

∣∣∣)sign(sinωt),

N (k)
03D = a−1[N (k)

23 l1 sinωt + f1(b − l1 cosωt)
∣∣∣N (k−1)

23

∣∣∣sign(cosωt)],
N (k)
03E = −N (k)

03D − f1
∣∣∣N (k−1)

23

∣∣∣sign(cosωt), k = 0, 1, 2, . . . .

⎫⎬
⎭ (20)

These relations enable finding unknown forces N23, N03D , and N03E by themethod
of successive approximations. In this case, the reactions in kinematic pairs without
friction are determined first. Then, using the obtained normal reactions, friction
forces are found. At the next stage of the calculation, these forces are considered as
given forces, and normal components of the reactions are calculated again but taking
them into account; then, improved values of friction forces are determined, etc. If
this process converges to a certain limiting solution, it is the solution of the force
analysis [8–10].

The values of the normal reactions can also be determined from the system of
Eq. (11) by the exhaustive sign search:

εSεE f N03E + εSεD f N03D + N23 = −U,

N03E + N03D + εCεA f1N23 = 0,
(b − l1 cosωt)N03E + (b + a − l1 cosωt)N03D − l1 sinωt N23 = 0.

⎫⎬
⎭
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The desired forces will be determined by Cramer’s rule

N03E = �E

�
, N03D = �D

�
, N23 = �A

�
,

where

� = a − f εS(εE − εD)(sinωt − f1εA|cosωt |)l1 + f f1εSεCεA[bεD − (b + a)εE ]
�E = U [(sinωt − f1εA|cosωt |)l1 + f1εCεA(b + a)],

�D = −U [(sinωt − f1εA|cosωt |)l1 + f1εCεAb], �A = −Ua,

εS = sign(sinωt), εC = sign(cosωt), εE = sign(N03E ),

εD = sign(N03D), εA = sign(N23), U = m3l1ω
2 cosωt + P0εS.

Given the values εA = sign(N23) = ±1, εD = sign(N03D) = ±1, εE =
sign(N03E ) = ±1, we obtain 23 = 8 linear systems of equations. Solving them,
we compare the obtained signs of reactions N23, N03D , and N03E with previously
specified εA, εD, εE . If the signs of forces coincide with εA, εD, εE , the found values
of the reactions can be considered suitable, otherwise they should be discarded.

Having preserved the original data of the previous problem, we determine the nor-
mal reactions in the kinematic pairs of the slotted link of the Scotch yoke mechanism
if in prismatic pair 0–3 the normal forces are distributed according to the linear law.

For the normal forces per unit length of the contact line (Fig. 3b), with the linear
distribution law, the following relation is true: σE/x = σD/(a − x), from which
σE = xσD/(a − x).

Resultants of the normal forces are

N03E = σE x

2
= x2

2(a − x)
σD, N03D = a − x

2
σD.

The friction force acting from the side of stone 2 on connecting link 3,

F23 = − f1|N23|sign(v23) = f1|N23|sign(cosωt) = f1εAεC N23,

where εA = sign(N23), εC = sign(cosωt).
From the equilibrium equation

∑
Fy = F23 + N03E − N03D = 0

we will obtain

σD = 2 f1εAεC(a − x)

a(a − 2x)
,
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N03E = x2

2(a − x)
σD = f1εAεC x2

a(a − 2x)
N23,

N03D = a − x

2
σD = f1εAεC(a − x)2

a(a − 2x)
N23.

From the moment equilibrium equation

∑
MB = N03E

(
b + x

3
− l1 cosωt

)
−

(
b + a − a − x

3
− l1 cosωt

)

− N23l1 sinωt = 0

we will find

x = a

3
· 3[ f1εAεC(b − l1 cosωt) + l1 sinωt] + 2 f1εAεCa

2[ f1εAεC(b − l1 cosωt) + l1 sinωt] + f1εAεCa
.

Here, it is taken into account that the resultants of normal forces N03E and N03D

are spaced away from extreme points E and D at distances x/3 and (a − x)/3,
respectively.

Since

∑
Fx = P + �3 + N23 + F03E + F03D = 0,

then moduli of normal forces

N23 = − P + �3

1 + f1 f εSεCεA[εE x2 + εD(a − x)2][a(a − 2x)]−1 ;

N03E = f1εAεC x2

a(a − 2x)
N23; N03D = f1εAεC(a − x)2

a(a − 2x)
N23.

Let us estimate the reactions in the kinematic pairs of the Scotch yoke mechanism
(see Fig. 3a) if the mass of the slotted link is m3 = 25 kg. The coefficient of sliding
friction between the slotted link and the rack is f = 0.105; the coefficient of friction
between the slotted link and the crosshead is f1 = 0.105. Angular velocity of the
crank is ω = 14 s−1 = const.; the length of the crank is l1 = 0.6m; and the
distances are a = 0.1m; b = 0.7 m. The working load acting on the slotted link
changes according to the law P = −P0sign v30, where P0 = 430N is the force
amplitude, and v30 is the velocity of the slotted link relative to the rack. The friction
in revolute pairs and gravity are not taken into account.

The results of calculating the normal forces for 12 positions of the crank are given
in the following table:
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q, deg N03E ,N N03D,N N23,N

0 −520.2 255.1 −2430

30 19,135.4 −19,878 −7072.5

60 1,104,842 −1,129,678 −236,524.6

90 No solution

120 −2260 2318.7 559.2

20,467 (lateral solution) −20,129 −3222.6

150 −2530.5 2695 1567.4

180 2843.3 −2640.2 1934.2

210 144,942 −141,472 33,049.6

240 No solution

270 No solution

300 −2716.4 2666.5 −474.8

330 −4147.6 4015.4 −1259

4 Conclusion

As it can be seen from the table above, in some positions of the mechanism with
given kinematic parameters of motion and given friction coefficients, the system of
equations of force calculation does not have a solution at all. From the physical point
of view, this means that themovement under study for this mechanismwith friction is
impossible at any values of driving forces. In this case, we usually imply jamming of
the mechanism. A special case of jamming is the self-braking effect: The mechanism
cannot be put out of the state of rest, no matter what force is applied to its input link.
An increase in the driving force causes in such a mechanism an increase in friction
forces, balancing its action.

In fact, the obtained result means that a systemwith the corresponding parameters
cannot be analyzed on the basis of the assumed model of a rigid mechanism and
Coulomb friction in the prismatic pair without a gap. The self-braking effect should
be analyzed on the basis of the refined model [11–16].

In another position
(
q = 120

◦)
, the system of nonlinear equations has two solu-

tions; in other words, with the same active forces, the mechanism can carry out a
given movement with different driving forces and different values of the reactions.
It usually happens in such positions of the mechanism, in which self-braking is pos-
sible, but the active forces and inertial forces have positive power, i.e., “help” the
driving force, causing the “de-braking” effect. It is possible to find out which solution
will correspond with the additional values of the reactions and driving forces if we
attract additional conditions or develop a new model of the mechanism.
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The phenomenon of nonexistence and non-uniqueness of solutions of the dynamic
equations of systems with friction has been called the Painleve paradoxes [17], illus-
trated in the paper under consideration.
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Size of a Zone Dangerous by Damage
at the Root of Cruciform Weld Joint

Anton Y. Shlepetinskiy and Konstantin P. Manzhula

Abstract The results of research mode of the “dangerous” pre-destruction zones
at the root of cruciform weld joint are presented. A technique for determining the
areas of “dangerous” zones in numerical simulation is proposed. The engineering
equation to determine the area of the danger zone as a result of numerical modeling
of the elastoplastic problem is received.

Keywords Pre-destruction zone · Fatigue failure · Lack of fusion · Cruciform
weld joint · Scale effect
Lack of fusion in welded joints with fillet welds is stress and strain concentrators
and may be due to an imperfect technology of their manufacture or the constructive
impossibility of welding the root of the seam. Under cyclic loading, lack of fusion
is the source of fatigue crack initiation.

The metal at the tip of the lack of fusion may be in an elastoplastic εmax > ε0.2 or
cyclically inelastic σ 0.2 > σmax > u state [1], depending on the level of nominal stress.
Here, u is the lower threshold of dangerous fatigue damage stress. In the presence of
a plastic zone, there is always an adjacent cyclically inelastic zone σmax > u at the
tip, which is also dangerous due to damaging effects. These pre-fracture zones are
characterized by a volume that is different in laboratory samples and real structures,
which determine the manifestation of the scale effect. The study of the scale effect
in the fatigue strength of welded joints is devoted to the work [2–7 and others].

In [4, 5], to determine the volumes of metal of «dangerous» (calculated) zones
near radius transitions, the configuration of zones is taken as part of a circle in a
section the formulas are used:
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Vσ = Su · L = π · r2f σ
2

L (1)

Vε = Sε0.2 · L = π · r2f ε
2

L (2)

where Su is the area of the stress zone exceeding u, Sε0.2 is the area of the strain zone
exceeding ε0.2, L is the weld length, and rfσ , rfε are the radii of the «dangerous»
stress and strain zones determined by formulas:

r f σ = σmax − u

tgθ2
= σmax − u

Gσ

(3)

r f ε = εmax − ε0.2

tgθ1
= εmax − ε0.2

Gε

(4)

where θ2 is the angle of slope of the line drawn through σmax and u, and θ1 is the
angle of slope of the line drawn through εmax and ε0.2. The designations used are
applied in the schemes of Figs. 1a, b and 2. For the tip of the lack of fusion, the
radii of the «dangerous» zones will correspond to the lengths of the segments OA
(Fig. 1a) and OB (Fig. 1b), i.e., rfσ = aB′ and rfε = aA′.

Dependencies for determining stress gradients Gσ and strain gradients Gε in a
cruciform weld joint are given in [8].

Themetal volume determination of the computational zone at the tip of the lack of
fusion by formulas (1, 2) through the radii of the zones of «dangerous» stresses and
strains is approximate. To study the size and configuration of «dangerous» zones, a

Fig. 1 Scheme for the definition of strain gradients (a) and stresses (b) (shown in the loaded model
with von Mises stress and strain distributions) [8]
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Fig. 2 Geometric parameters and the cruciformweld joint loading scheme (a), scheme for defining
the «dangerous» stresses zone (b)

numerical simulation of a cruciform weld joint in a finite element modeling envi-
ronment was carried out with the solution of an elastoplastic problem under loading
according to the scheme shown in Fig. 2. The diagram of elastic–plastic deformation
of low-alloy 09G2S steel was used [9]

σ = σ0.2 · (
ε
/

ε0.2
)0.114

(5)

where σ 0.2 = 365 MPa, ε0.2 = 0.002.
As a method for determining Su and Sε0.2, an analysis can be made of the areas

occupied by a sample of nodes from a finite element model with stress values exceed-
ing u and strain values exceeding ε0.2, followed by visualization in Mathcad [10].
The contour is enclosed by a closed polyline for which the area is determined. The
error in traversing the sampling contour is no more than 5%. An example of such a
sample is shown in Figs. 3 and 4.

Figure 3 shows how the shape of the «dangerous» zone changes with increasing
load.With a developed zone of plasticity (calculated case 3c), its shape is significantly
different from a circular arc; the error in the calculation according to (2) may exceed
twice the value.

Table 1 presents the values Sε0.2 obtained as a result of numerical modeling of
an elastoplastic problem. The «app» index denotes the values obtained from the
approximated dependence in the form of a second-order polynomial by the method
[11, 12]. The approximation error is estimated as a percentage of the dependence (6)
and is included in Table 1

δS = Sε0.2 app − Sε0.2

Sε0.2
(6)



184 A. Y. Shlepetinskiy and K. P. Manzhula

Ta
bl
e
1

N
um

er
ic
al
va
lu
es

ob
ta
in
ed

fr
om

th
e
si
m
ul
at
io
n

r
(m

m
)

K
b

(m
m
)

K
h

(m
m
)

a/
t

t
(m

m
)

σ
n
/σ

0,
2

S ε
0.
2
(m

m
2
)

S ε
0.
2a
pp

(E
q.

7)
(m

m
2
)

δ
S
(%

)
S ε

0.
2a
pp

(E
q.

8)
(m

m
2
)

δ
S
(%

)

0.
5

10
10

1
10

0.
41
1

0.
12
19

–
–

0.
11
1

9.
15

0.
54
79

0.
29
76

0.
24
2

18
.6
8

0.
46
4

−5
5.
93

0.
68
49

1.
31
92

1.
52
9

−1
5.
90

1.
41
1

−6
.9
8

0.
75

10
10

1
10

0.
41
1

0.
14
64

–
–

0.
12
4

15
.5
4

0.
54
79

0.
37
93

0.
24
6

35
.1
4

0.
51
8

−3
6.
61

0.
68
49

1.
19
35

1.
47
9

−2
3.
92

1.
57
6

−3
2.
03

1
10

10
1

10
0.
41
1

0.
16
05

0.
08
2

48
.9
1

0.
13
4

16
.6
8

0.
54
79

0.
48
42

0.
24
9

48
.5
7

0.
56
0

−1
5.
72

0.
68
49

1.
12
87

1.
42
8

−2
6.
52

1.
70
4

−5
0.
98

0.
25

7
7

0.
7

10
0.
41
1

0.
08
2

0.
02
7

67
.0
7

0.
09
4

−1
5.
08

0.
54
79

0.
40
77

0.
50
3

−2
3.
38

0.
39
5

3.
01

0.
68
49

1.
98
93

1.
99
1

−0
.0
9

1.
20
3

39
.5
5

0.
5

7
7

0.
7

10
0.
41
1

0.
12
34

0.
12
6

−2
.1
1

0.
11
4

7.
66

0.
54
79

0.
35
01

0.
54
8

−5
6.
53

0.
47
7

−3
6.
39

0.
68
49

2.
16
21

1.
98
3

8.
28

1.
45
2

32
.8
4

0.
75

7
7

0.
7

10
0.
41
1

0.
15

0.
22
5

−5
0.
00

0.
12
7

15
.1
8

0.
54
79

0.
40
79

0.
59
3

−4
5.
38

0.
53
3

−3
0.
71

0.
68
49

2.
13
67

1.
97
4

7.
61

1.
62
1

24
.1
1

1
7

7
0.
7

10
0.
41
1

0.
17
2

0.
32
3

−8
7.
79

0.
13
8

20
.0
0

0.
54
79

0.
47
65

0.
63
7

−3
3.
68

0.
57
7

−2
1.
00

0.
68
49

2.
30
38

1.
96
4

14
.7
5

1.
75
3

23
.8
9

(c
on
tin

ue
d)



Size of a Zone Dangerous by Damage at the Root … 185

Ta
bl
e
1

(c
on
tin

ue
d)

r
(m

m
)

K
b

(m
m
)

K
h

(m
m
)

a/
t

t
(m

m
)

σ
n
/σ

0,
2

S ε
0.
2
(m

m
2
)

S ε
0.
2a
pp

(E
q.

7)
(m

m
2
)

δ
S
(%

)
S ε

0.
2a
pp

(E
q.

8)
(m

m
2
)

δ
S
(%

)

0.
5

7
7

0.
4

10
0.
41
1

0.
04
8

0.
03
6

25
.0
0

0.
03
1

35
.7
6

0.
54
79

0.
13
38

–
–

0.
12
9

3.
44

0.
68
49

0.
33
15

0.
65
1

−9
6.
38

0.
39
3

−1
8.
53

0.
5

7
5

0.
4

10
0.
41
1

0.
02
49

–
–

0.
03
8

−5
1.
01

0.
54
79

0.
07
8

–
–

–
–

0.
68
49

0.
16
7

–
–

–
–

0.
5

7
7

1
10

0.
41
1

0.
29

0.
56
2

−9
3.
79

0.
26
2

9.
61

0.
54
79

1.
94
21

1.
60
5

17
.3
6

1.
09
8

43
.4
4

0.
68
49

–
–

–
–

–

0.
5

10
10

0.
7

10
0.
41
1

0.
06
53

–
–

0.
04
8

26
.2
8

0.
54
79

0.
16
47

–
–

0.
20
2

−2
2.
48

0.
68
49

0.
41
64

0.
50
1

−2
0.
32

0.
61
3

−4
7.
32

0.
5

10
10

0.
4

10
0.
41
1

0.
02
3

–
–

0.
01
3

43
.3
7

0.
54
79

0.
07
74

–
–

0.
05
5

29
.4
8

0.
68
49

0.
15
81

–
–

0.
16
6

−4
.9
9

0.
5

10
7

1
10

0.
41
1

0.
14
67

0.
08
9

39
.3
3

0.
13
7

6.
84

0.
54
79

0.
40
7

0.
50
9

−2
5.
06

0.
57
3

−4
0.
71

0.
68
49

1.
93
63

1.
94
2

−0
.2
9

1.
74
2

10
.0
5

(c
on
tin

ue
d)



186 A. Y. Shlepetinskiy and K. P. Manzhula

Ta
bl
e
1

(c
on
tin

ue
d)

r
(m

m
)

K
b

(m
m
)

K
h

(m
m
)

a/
t

t
(m

m
)

σ
n
/σ

0,
2

S ε
0.
2
(m

m
2
)

S ε
0.
2a
pp

(E
q.

7)
(m

m
2
)

δ
S
(%

)
S ε

0.
2a
pp

(E
q.

8)
(m

m
2
)

δ
S
(%

)

0.
5

10
10

0.
7

20
0.
41
1

0.
64
89

0.
63
3

2.
45

0.
86
2

−3
2.
90

0.
54
79

3.
97
22

4.
00
7

−0
.8
8

3.
61
4

9.
02

0.
68
49

–
–

–
–

–

0.
5

15
15

0.
7

20
0.
41
1

0.
28
26

–
–

0.
32
4

−1
4.
58

0.
54
79

1.
17
06

1.
77
1

−5
1.
29

1.
35
7

−1
5.
92

0.
68
49

4.
92
18

4.
87
9

0.
87

4.
12
7

16
.1
6

1
15

15
0.
7

20
0.
41
1

0.
41
83

–
–

0.
39
1

6.
52

0.
54
79

1.
11
25

1.
95
6

−7
5.
82

1.
63
8

−4
7.
28

0.
68
49

5.
34
93

4.
95
6

7.
35

4.
98
3

6.
85

0.
5

15
10
.5

0.
7

20
0.
41
1

0.
31
46

–
–

0.
40
0

−2
7.
03

0.
54
79

1.
33
64

2.
11
6

−5
8.
34

1.
67
5

−2
5.
31

0.
68
49

5.
65
94

5.
44
2

3.
84

5.
09
3

10
.0
1

0.
5

15
15

1
20

0.
41
1

0.
68
86

1.
12
1

−6
2.
79

0.
74
5

−8
.1
8

0.
54
79

4.
19
93

3.
83
7

8.
63

3.
12
2

25
.6
7

0.
68
49

–
–

–
–

–

0.
5

15
10
.5

1
20

0.
41
1

0.
98
26

1.
54
7

−5
7.
44

0.
91
9

6.
44

0.
54
79

5.
11
63

4.
48
1

12
.4
2

3.
85
2

24
.7
0

0.
68
49

–
–

–
–

–

0.
5

10
.5

15
0.
7

20
0.
41
1

0.
55
16

0.
48
5

12
.0
7

0.
62
1

−1
2.
60

0.
54
79

3.
46
71

3.
51
3

−1
.3
2

2.
60
3

24
.9
3

0.
68
49

–
–

–
–

–



Size of a Zone Dangerous by Damage at the Root … 187

Fig. 3 Sample of nodes of the finite element model, in which εmax > ε0.2, at different loading levels
a σn = 150 MPa, b σn = 200 MPa, and c σn = 250 MPa (shown for model r = 0.5 mm, Kb = Kh
= 7 mm, a/t = 0.7, t = 10 mm)

Fig. 4 Example of the strain
distribution at the tip of the
lack of fusion at σ n =
200 MPa in the model r =
0.5 mm, Kb = Kh = 7 mm,
a/t = 0.7, t = 10 mm,
Sε0.2—the deformation zone
exceeding ε0.2

The equation for determining Sε0.2 depending on the influence of the geometrical
parameters of the compound in the range of variation of parameters according to
Table 1 in a simplified form, has the form

Sε0.2 = −207.47 + r
(
33.99 + 5.38Kb − 1.287Kh − 41.49

a

t
− 3.256t − 0.0043σn

)

+ 0.05Kb ·
(
−31.81 − 0.073Kh − 9.97

a

t
− 0.347t − 0.083σn + 0.074Kb

)

+ 0.05Kh ·
(
20.86 − 4.44

a

t
− 0.072t − 0.0194σn

)
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+ a

t
·
(
8.65 + 0.913t + 1.92

a

t
+ 0.0414σn

)
+ 0.05t

· (620.74 + 0.14883σn − 20.61t)

+ 0.004σn · (−31.96 + 0.0506σn) (7)

By approximating the obtained numerical modeling results in the form of an
exponential function, similarly as in [8], we obtain the equation:

Sε0.2 =
0.2011

(
r
t

)0.272( a
t

)2.3358( Kb
Kh

)0.5898
(t)2,0192

(
σn
σ0.2

)0.5898

( Kb
t

)2.4158 (8)

The obtained dependence (7) and (8), which determines the size of the plastic
zone at the tip of the lack of fusion, depending on the geometric parameters and the
level of loading, can be used to assess the manifestation of the scale effect during
fatigue failure from the lack of welding in the cruciform weld joint.
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Vibractivity of Cycle Machinery Drives
in the Accounting of the Space
Distribution of Working Bodies
Characteristics

Iosif I. Vulfson

Abstract The paper deals with new problems related to the excitation of oscilla-
tions in the drives of cyclic machines, taking into account the spatial distribution
of the characteristics of the working elements and the force closure of systems.
Dynamic models based on aggregation and general representations of systems with
complex structure are proposed. An original method for studying systems with vari-
able parameters is presented, in which the method of the conditional oscillator is
applied to variable spatial and temporal arguments. The paper deals with new prob-
lems related to the excitation of oscillations in the drives of cyclic machines, taking
into account the spatial distribution of the characteristics of the working elements
and the force closure of systems with gaps. Dynamic models based on aggregation
and general display of systems with complex structure are proposed. The original
method of studying systems with variable parameters is presented, in which the con-
ditional oscillator method is applied to the joint consideration of the variability of
spatial and temporal characteristics.

Keywords Vibrations · Cyclic machines · Gaps · Force closure

1 Introduction

The solution of modern problems of machine dynamics is often connected with
the analysis of so-called regular oscillatory systems. The term “regularity” means
the coincidence of the dynamic structure and parameters of individual subsystems
(modules). The theory of regular oscillatory systems is reflected in theworks ofmany
prominent scientists. First, a one-dimensional lattice, consisting of the point particles,
was studied by Newton, while determining the speed of sound. Further studies are
associated with the works of Daniel and Johann Bernoulli, Cauchy, Kelvin, Born,
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Karman, Debye, Brillouin, and others [1, 2]. These works formed the basis of a
number of methods, that help to carry out an analytical description of systems with a
large number of degrees of freedom, based on the analysis of one structural element
of the system. The objects for using the apparatus of the theory of chains were crystal
lattices and a number of other problems of theoretical physics.

Among the technical problems of analysis of such class of systems, we can men-
tion the theory of electrical lines, as well as some problems arising in the calculation
of deformations and oscillations in frames, girders, etc. In cyclic action machines
and automatic lines, one has to deal with regular oscillating systems in connection
with the wide spread of dynamically identical modules used for the increased length
of the technological process zone, and for the implementation of the same type of
technological and transport operations. In such cases, in view of the «natural» desire
for unification and interchangeability of individual components or entire units of
the machine, arises the certain repeatability of blocks of the dynamic model of the
drive. This situation is particularly common in textile machinery, light industry, food,
printing, and several other industries [3–6].

The complexity ofmodernmachines and the large dynamic coupling of individual
nodes lead to the need to consider vibrational systems with a large number of degrees
of freedom. In the analysis, and especially in the dynamic synthesis of such systems,
because of the large array of generalized coordinates and variable parameters, cer-
tain difficulties arise, for the overcoming of which in mechanics, automatic control,
economics, etc., the method of aggregation of the system are used. Applied to the
problems of the dynamics of machines in the development of such approaches, con-
tinual models were proposed in which the kinematic, elastic, and inertial properties
of the mechanisms are displayed by some “pseudo-medium.” This allows to operate
with a generalized representation of a group of variables and substantially reduce the
number of characteristics describing the oscillatory system [3–7].

As a result, the dynamic analysis and synthesis of the system may be simpli-
fied, and in many cases to present the solution in analytical form. Note that the use
of models with distributed parameters is very effectively combined with the meth-
ods of aggregation and decomposition, widely used in solving modern problems of
increased complexity in different scientific directions [8, 9]. In this paper, the solution
of problems of the dynamics of cyclic machines, considered in a number of works
by the author, which are generalized and described in detail in monographs [4, 6],
was further developed. As applied to the dynamics of machines, in developing such
approaches, continual models are used in which the kinematic, elastic, and inertial
properties of mechanisms are replaced by a certain “pseudo-medium”. The results
of the research make it possible to substantially reduce the vibration activity of the
drive and improve the accuracy of reproduction of the specified programmovements
of the working organs.

The rational dynamic synthesis of oscillating systems in this case plays a special
role because of the clearances that can lead to large distortions in the programmed
motion of the operating organs, as well as to noise, dynamic loads and vibratory
activity of the drive. The clearances, as a rule, are the concomitant factor of any
kinematic pair that carries out the connection of the links of the mechanism. Often it
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is the size of the clearances that ultimately limits the performance and performance
characteristics, which makes it essential to tighten the precision requirements for
their manufacture and assembly. Essentially, the kinematic pair should be consid-
ered a non-retentive bond, which is usually referred to as mobile connections of
units with one-sided contact. Indeed, although the kinematic pair as a whole real-
izes a two-way coupling, it performs only partially in the gaps, since in the case
of a rearrangement, local discontinuities of the kinematic chain, characteristic of
systems with non-retentive bonds, take place in the gap. Such relationships can be
characterized as pseudo-restraints.

2 Dynamic Models. Frequency Analysis Technique

Figure 1 a shows a fragment of the kinematic scheme,which consists of the engineM,
the transmission mechanism 1(reducer), the main shaft 2, and drives of the actuators
with the ring structure 3. Figure 1b presents a dynamical model with discretely
specified elements and its modification in the transformation of this model after
transition to a system with distributed parameters (continuum model, Fig. 1c). We
accept the following conventions: J0 , J1 , J2 are moments of inertia; c, ψ are the
reduced coefficients of torsional stiffness and drive dissipation, u—gear ratio; and
�(ϕ) is the position function.

The differential equation of free oscillations without taking into account the char-
acteristics of the engine, the forces of resistance, and the force closure is

G
∂

∂x

[
I (x)

∂ϕ

∂x

]
− ρ(x)

∂2ϕ

∂t2
= 0, (1)

where x is the coordinate of shaft axis; ρ(x) = ∂ J/∂x is the change intensity of the
moment of inertia along the shaft axis; and G is the shear modulus.

At uniform distribution of the moment of inertia ρ = J
/

� = const., where � is
the length of a shaft. Then

GI
∂2η

∂x2
− ρ

∂2η

∂t2
− ρω̄2 d

2�

dϕ2
= 0.

Here η = ϕ2(x, t) − �(ϕ) is the dynamic error in the section x.
The characteristic of the pseudo-medium of one module is the modified transition

matrix

�̃∗ =
1∏
s

�̃i =
[
A(p) B(p)
C(p) D(p)

]
(i = 1, s), (2)
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Fig. 1 Kinematic scheme and modifications of the dynamic drive models of the regular structure:
a 1—reducer; 2—main shaft; 3, 4—mechanisms of drive of working bodies

where s is the number of elements of the mechanism, �̃i is the transition matrix of
the element i.

So, in particular, if the module is formed by a combination of inertial, elastic, and
kinematic elements, then

�̃ J =
[

1 0
−p2 J∗/� 1

]
; �̃c =

[
1 �/(cn)

0 1

]
;

�̃� =
[

�′(ϕ ∗
1) 0

0 �′(ϕ ∗
1)

−1

]
. (3)
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Here, �′(ϕ∗ ) = dϕ∗
2/dϕ

∗
1 is the first geometric transfer function (below we will

take �′ = h0 sin ϕ1); J∗ = nJ .
With reference to the analysis and dynamic synthesis of oscillatory systems of the

working organs of knitted machines, the problem in question is partially reflected in
the work [10].

3 Analysis of Oscillations with Variable Intensity
of the Spatial Distribution of Characteristics

In contrast to the above case ρ(x) �= const. Further, following the Fourier method,
we seek the solution in the form

ϕ(x, t) = X (x, τ )T (t), (4)

where τ is “slow time”.
After substituting (4) into (3) and some transformations, we obtain

X ′′ + 2P(x, τ )X ′ + K 2X (x, τ ) = 0;
T̈ + p2(τ )T = 0. (5)

Here it is customary:

P(x) = 0, 5γ ′(x)/γ (x); K 2(x, τ ) = p2(τ )a(x, τ )−2γ (x)−1;

a2(x, τ ) = GI (0)/ρ(x, τ ); γ (x) = I (x)/I (0);
( )′ = ∂/∂x; (·) = ∂/∂t.

On the basis of the method of the conditional oscillator, we have

exp

⎧⎨
⎩−

x∫
0

P(ξ)dξ − 0, 5[z(x) − z(0)]
⎫⎬
⎭(C1 cos
 + C2 sin
), (6)

where 
(τ) = ∫ �

0 U (ξ, τ )dξ ; U (x, τ ) = √
K 2 − P2 − P ′; C1 , C2 are the arbi-

trary constants.
The function is a particular solution (exact or approximate) of the equation of the

conditional oscillator [11], which in this case is defined as

z′′ − 0, 5z′2 + 2U (0, τ )2e2z = 2U (x, τ )2. (7)
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For definiteness, we assume that on the end of the shaft is located a disk (the rotor
of the motor, the flywheel), the moment of inertia of which considerably exceeds
the reduced moment of inertia of the main shaft, i.e., J0 � J ∗

max (see Fig. 1b,
model 2). In this case, the boundary conditions for frequency analysis coincide with
the conditions for embedding. Then X (0) = 0; X ′(�) = 0. In addition, when
I = const. we have γ = 1; P = 0; U (x, τ ) = K (x, τ ) = p2/a2(x, τ ). On the
basis of (6) and (7), we find that for a slow change in the parameters, the solution
coincides with the WKB approximation of the first order [12] and has the form

X ≈ A
√
a(x, τ )/a(0, τ ) sin[p

x∫
0

dx

a(x, τ )
+ α]. (8)

Hence, after substituting the boundary conditions, we obtain the frequency equa-
tion

tan[p
�∫

o

dx/a(x, τ )] + 2p/a′(�) = 0. (9)

If there is a sufficiently compliant element between the motor and the main shaft
(for example, a belt drive, an elastic coupling, etc.), then the following boundary
conditions are valid:

GI X ′(0) = cX (0); X ′(�) = 0. (10)

Here, c is the stiffness coefficient of the intermediate elastic element.
On the basis of (9) and (10), we obtain

tan

⎡
⎣p

�∫
0

dx

a(x, τ )

⎤
⎦ −

[
0, 5a′ + (aσ − 0, 5a′)

p − 0, 5a′ p−1(aσ − 0, 5a′)

]
x=�

= 0, (11)

where σ = c/GI .
If the assumption that the function is slow is not right-dimensional, we can use the

following modification of the conditional oscillator method. We take as an approxi-
mating function

a = a0
(
ζ x

/
� + 1

)
. (12)

Here, ζ is some constant determined by concrete conditions [3–6].
It is easy to see that Eq. (7) is satisfied when substituting (12) and

z = ln
b

βτ + 1
, (13)
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where β = ζ/τ∗; τ∗ = pl/a0; τ = px/a0; b = √
1 − 0, 25β2.

Further, using the boundary conditions and eliminating the trivial solution from
consideration A �= 0, we write the frequency equation

tan

[
b

β
ln(1 + ζ )

]
= −2b

β
. (14)

On the basis of (14) we find, after which we define b/β, β and τ∗ = ζ/β. The
required eigenfrequencies are found as

pr = a0τ∗r/� (r = 1, 2, 3, . . .). (15)

4 Force Closure

Themethod considered above can be appliedwith a change in the stiffness coefficient
of the closing spring as a function of the coordinate, as well as in the study of forced
oscillations. It should, however, be taken into account that in solving this problem,
the Fourier method cannot be directly applied, since the boundary conditions are not
homogeneous. This difficulty is eliminated by using a substitution

X (x, τ ) = X1(x, τ ) + w(x, τ ),

where w(x, τ ) = X (0, τ ) + [X (�, τ ) − X (0, τ )]x/�.
Now for the new variable, we have zero boundary conditions: X1(0, τ ) =

0; X1(�, τ ) = 0. In the framework of this article, we confine ourselves to an anal-
ysis of some qualitative results illustrating the effectiveness of the rational use of
force closure in relation to the oscillation system under consideration. For definite-
ness, let us take the ideal law of motion (without taking into account vibrations and
gaps), described by the geometric characteristics given in Fig. 2. Dynamic models
(see Fig. 1) do not show operators that display gaps, since by force closure their
effect is eliminated. However, in the case of force closure and taking into account the
elastic-dissipative characteristics, distortions of the given motion law arise (Fig. 3).

In the general case, the static deformation consists of a constant component due to
the preload tention and a variable component proportional to the position function.
Curves 2 * and 3 * correspond to two levels of rigidity. Since these curves simul-
taneously display a slowly varying equilibrium position, order to avoid impactsic
excitation the additional inertia force (curves 1, 2, 3), counted from this position,
should not cross the gap zone (curves 2, 3). Violation of this condition leads to
the excitation of intense oscillations (Fig. 3b, curve 1). When the conditions corre-
sponding to the curves 2 *, 2 are fulfilled (see Fig. 3a, curve 2), the amplitude of the
oscillations is substantially reduced. At the same time, the force closure can be lead
to additional dynamic errors due to force and parametric vibrations of drive. This
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Fig. 2 Geometric
characteristics of the law of
motion

Fig. 3 To the analysis of the
force closure in the case of
kinematic excitation

problem, the study of which requires a joint consideration of the characteristics of
the engine and the mechanical system of the cyclic machine, is partially reflected in
works [13–17], that requires further study.

5 Conclusion

The article explores a number of issues related to the further improvement of high-
speed cyclic machines, widely used in the textile, light, polygraphic, and a number
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of other industries. One of the important tasks in this area is to reduce the vibroac-
tivity of machines, with which the accuracy of reproduction of the laws of program
movement of working bodies and the quality of output are directly related. A feature
of manymachines is the large length of the processing zones. This requires increased
attention to the spatial distribution of the dynamic characteristics and suppression of
oscillations caused by the collisions in the gaps. In the development of known works
in this field, new dynamic models and methods for solving this class of problems are
proposed.
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Kinematics of the Connecting Rod
of a Two-Mobility Five-Link Space
Mechanism with a Double Crank

Munir G. Yarullin, Ilnur R. Isyanov and Alexander P. Mudrov

Abstract The article presents a mathematical model of the kinematics of angular
velocities and accelerations of the connecting rod of a two-movable five-link spatial
mechanism with a double crank. Based on the analysis of kinematics studies, the
nature of the influence of the input parameters of the basic mechanism of the device
on the kinematics of the simulator chair is established. The results of analytical
calculations are presented in the form of graphs.

Keywords Five-link mechanism · Kinematics of the connecting rod · Bennett’s
mechanism · Two-movement · Double crank · Simulator

1 Introduction

Full implementation of the tactical and technical capabilities ofmodern and advanced
fighter aircraft is associated with the emergence of flight overloads +GZ. On
advanced aircraft, lateral ±GY and transverse +GX overloads are also expected.
At the same time, the currently existing devices for special physical training with the
aim of increasing resistance to aerobatic overloads are not effective enough and do
not meet modern requirements.

We have developed a simulator based on the spatial five-link mechanism with a
double crank [1]. Figure 1 shows a block diagram of a simulator and an experimental
laboratory setup.

The main basic component of the simulator is a spatial five-link lever mecha-
nism, obtained based on the Bennett mechanism [2]. In our work [3], the method of

M. G. Yarullin · I. R. Isyanov (B) · A. P. Mudrov
Kazan National Research Technical University n.a. A.N. Tupolev, Kazan, Russia
e-mail: isyanov1993@mail.ru

M. G. Yarullin
e-mail: isyanov1993@mail.ru

A. P. Mudrov
e-mail: mudrov.alex@yandex.ru

© Springer Nature Switzerland AG 2019
A. N. Evgrafov (ed.), Advances in Mechanical Engineering,
Lecture Notes in Mechanical Engineering,
https://doi.org/10.1007/978-3-030-11981-2_18

201

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-11981-2_18&domain=pdf
mailto:isyanov1993@mail.ru
mailto:isyanov1993@mail.ru
mailto:mudrov.alex@yandex.ru
https://doi.org/10.1007/978-3-030-11981-2_18


202 M. G. Yarullin et al.

obtaining a two-moving five-link spatial mechanism with a double crank is consid-
ered in detail. Because the geometric axes of the links are crossed in space [4–7],
the simulator chair describes a complex spatial trajectory when moving. Analysis of
the computer 3D model [8] of the simulator shows that the trajectory of the chair
movement contributes to the modeling of loads on the human body. Therefore, it is
very important to study the kinematics of angular velocities and accelerations of the
chair (connecting rod) of the simulator.

The purpose of the study is to obtain a mathematical model of the kinematics of
angular velocities and accelerations, as well as to determine the dependence of the
kinematic parameters of the simulator’s chair on the input parameters of the leading
links.

2 The Kinematics of the Connecting Rod

The kinematic parameters of the connecting rod (chair 2) of the simulator are the
factors affecting the effectiveness of training in general. They are necessary to justify
the optimal training regime. Kinematics of the simulator chair is characterized by its
angular velocity and angular acceleration [9–13].

The two-mobility five-star spatial mechanism with a double crank, as the basic
mechanism of the simulator, has two input links, a leading crank 1, and a driving rod
4. They are installed on a common axis O1 (Fig. 1) with the possibility of rotation
relative to each other and the rack. The angular velocity of the input links is given
according to the formulas:

Fig. 1 Simulator based on two-mobility five-link spatial mechanismwith double crank a structural
diagram, b laboratory and experimental setups
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ω1 = ∂ϕ1

∂t
= const, ω4 = ∂ϕ4

∂t
= const, (1)

where ω1—the angular velocity of the leading crank relative to the frame 5; ω4—the
angular velocity of the leading rod relative to the frame 5.

The angular velocity of the connecting rod 2 is determined according to the equa-
tion:

−→ω2 = −→ω1 + −−→ω3/4 + −→ω4, (2)

where ω2 is the angular speed of the connecting rod, and ω3/4 is the angular speed
of the driven crank 3 relative to the driving rod 4.

The projection of this equation on the fixed axes XO1 , YO1 , ZO1 , rigidly connected
with the rack have the form:

⎧
⎪⎨

⎪⎩

ω
XO1
2 = −ω3/4 sin α1 cos(ϕ1 − ϕ4);

ω
YO1
2 = −ω3/4 sin α1 sin(ϕ1 − ϕ4);
ω

ZO1
2 = ω1 + ω4 + ω3/4 cosα1.

(3)

Themodule of the angular velocity vector of the chair of the simulator is according
to the formula:

ω2 =
√

(
ω

XO1
2

)2 +
(
ω
YO1
2

)2 +
(
ω

ZO1
2

)2
(4)

Differentiating expression (3) by time and taking into account that the angular
velocities ω1 and ω4 are constant values, we obtain the projections of the angular
velocities on the coordinate axes XO1 , YO1 , ZO1 :

⎧
⎪⎨

⎪⎩

ε
XO1
2 = −ε3/4 sin α1 cos(ϕ1 − ϕ4) + (ω1 + ω4)ω3/4 sin α1 sin(ϕ1 − ϕ4)

ε
YO1
2 = −ε3/4 sin α1 sin(ϕ1 − ϕ4) − (ω1 + ω4)ω3/4 sin α1 cos(ϕ1 − ϕ4)

ε
ZO1
2 = −ε3/4 cosα1.

(5)

Here ω3/4 and ε3/4 are the angular velocity and acceleration of the driven crank
3 when rotating it relative to the crank 4 around the axis of the hinge D. The values
ω3/4 and ε3/4 are defined as the first- and second derivatives of the angle γ of rotation
of link 3 relative to link 4:

⎧
⎪⎨

⎪⎩

γ = arctan (cosα2−cosα1) sin(ϕ1−ϕ4)

(1−cosα1 cosα2) cos(ϕ1−ϕ4)−sin α1 sin α2
;

ω3/4 = ∂γ

∂t = (cosα2−cosα1)(ω1−ω4)

1−cosα1 cosα2−sin α1 sin α2 cos(ϕ1−ϕ4)
;

ε3/4 = ∂2γ

∂t2 = sin(ϕ4−ϕ1)(cosα2−cosα1)(ω1−ω4)
2

(1−cosα1 cosα2−sin α1 sin α2 cos(ϕ1−ϕ4))
2 .

(6)

From the angle of rotation γ of the driven crank 3, pivotally mounted on the
driving rod 4, depends on the speed and acceleration of the connecting rod 2. In turn,
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the value of γ depends on the angles α1, α2 of the crossing of the axes of the hinges
of the links, and the angles of rotation ϕ1, ϕ4 of the leading links. As can be seen
from the obtained formulas (4) and (5), the chair of the simulator performs a complex
spatial movement with variable angular velocities and accelerations.

3 Analysis of the Results of Analytical Studies of Kinematic
Parameters

The structural parameters of the two-mobility five-link spatial mechanism with a
double crank are by determined by the following ratio [14–18]:

l1
sin α1

= l2
sin α2

, (7)

where

l1 = l3 the length of the shortest distance of the leading double crank and the
driven crank;

α1 = α3 the angles of crossing of the axes of the hinges of the leading double crank
and the driven crank;

l2,= l4 the shortest distance lengths of the leading rod and connecting rod (arm-
chair);

α2 = α4 the angles of crossing of the axes of the hinges of the leading rod and
connecting rod (armchair).

The main kinematic calculations of the mechanism were carried out with the
following structural parameters: l2,= l4 = 120mm; α2 = α4 = 90◦; l1 = l3 =
41, 042 mm; α1 = α3 = 20◦.

The leading links of the two-mobility five-link spatial mechanism with a double
crank can rotate in one and in different directions and can also be stopped alternately.
To study the angular velocities of the connecting rod, we assume that the leading
links rotate in one direction with different input parameters.

Figure 2 shows the graphs of the angular velocity of the connecting rod (chair)
as a function of time for different values of the angular velocity ω1 and ω4 of the
leading links of the simulator.

Figure 3 shows the characters of changes in the maximum, minimum, and average
values of the angular velocity from the angular velocity of the leading links.

Figure 4 shows a graph of the dependence of the angular velocity of the connecting
rod on time at different ratios of the leading links k = ω1/ω4 and graphs of the
dependence of the extreme and average angular velocities of the connecting rod on
the ratio.

Based on the analysis of the graphs obtained (Fig. 2–4), we can draw the following
conclusions:
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Fig. 2 Dependence of the angular velocity of the connecting rod on time at a—ω4 = const,
b—ω1 = const

1. The uniform rotational movement of the leading links of the simulator is con-
verted into an uneven rotational movement of the connecting rod (chair) relative
to the fixed coordinates.

2. The angular velocity of the leading ω1 and ω4 links have a great influence on the
change in the angular velocity ω2 of the connecting rod (chair). With an increase
in the angular velocity of 1.5 rad/s ≤ ω ≤ 3 rad/s, one leading link is an increase
in the angular velocity of the connecting rod mechanism.

3. Extreme and average values of the angular velocity of the connecting rod of
the mechanism increase with increasing values of the angular velocities of the
driving crank and driving rod.
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Fig. 3 Dependence of extreme and average values of the angular velocity of the connecting rod on
the angular velocity of the leading links at a—ω4 = const, b—ω1 = const

4. According to Fig. 4, the angular velocity values of the connecting rod decrease
when the ratio of the angular velocities of the leading links tends to unity k = 1.

4 Conclusion

Based on the analysis of kinematics research, the nature of the influence of the input
parameters of the basic mechanism of the device on the kinematics of the simulator
chair is established. From the graphs, it can be seen that the kinematic parameters of
the connecting rod are sinusoidal and regular.
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Fig. 4 Dependence of the angular velocity values of the connecting rod on a—time, b—ratio
coefficient

The obtained equations of angular velocity and angular acceleration of the con-
necting rod (chair) of the simulator are universal and suitable for determining the
kinematic parameters of the connecting rod with different structural parameters of
the links of the basic mechanism.

Thus, it can be assumed that the use of a two-mobility five-link spatial mechanism
with a double crank as the basic mechanism of the simulator makes it possible to
effectively simulate the overload on the human body. Due to the complex spatial
motion with variable angular velocity and acceleration, it is possible to simulate the
conditions of high and low gravity.
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Calculation of Equivalent Stiffness
of Corrugated Thin-Walled Tube

Tatiana V. Zinovieva

Abstract Theproblemof calculationof the stiffness of a rod equivalent to corrugated
thin-walled tube is considered. Tensile stiffness, bending stiffness, and shear stiffness
are found from solving static problems for a corrugated shell. A version of the
classical theory of thin shells is used. The equivalent stiffness found was used to
calculate the statics and stability of corrugated tube as a rod.

Keywords Equivalent stiffness · Corrugated tube · Corrugated shell · Elastic
rod · Statics · Stability

1 Introduction

At present, steel-corrugated tubes are actively used in engineering practice. The
popularity of such tubes is due to their high strength characteristics and low metal
consumption. Large-diameter corrugated tubes (1–15 m) are used in the construction
of tunnels andwater-flow tubes; themain area of application for small-diameter tubes
is heating and water systems, protection of electrical wiring [1, 2].

The peculiarity of corrugated tubes is small relative wall thickness, as a result of
which their behavior under load is best investigated with the help of a shell model.
However, the equations corresponding to it can lead to an excessively complex prob-
lem for engineering evaluations.

As an alternative, it is proposed to use the equivalent rod model to calculate
thin wall tubes. At the end of the nineteenth century, Engesser, solving problems of
stability, conditionally replaced a composite rod of the type of a lattice rack with an
equivalent solid onewith effective stiffness [3]. The aimof this study is to calculate the
stiffness of the rod equivalent to corrugated tube. Tensile stiffness, bending stiffness,
and shear stiffness are calculated.
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The tube is modeled by a corrugated elastic shell, and equivalent stiffness is found
from the solution of static problems for the shell. A variant of the classical theory of
shells, built on the basis of Lagrangian mechanics [4–6], was used in this paper. The
displacements of a corrugated tube under static load are found numerically, a shell
model and two rod models (with equivalent and axial-dependent stiffness) are used.
The problem of stability of the corrugated tube under axial force was also solved,
and a comparison was made with the results obtained by the finite element method
in the Ansys Program.

The presented results continue the studies carried out in [7, 8] papers, where
the calculations of the statics and dynamics of the shells of rotation of an arbitrary
meridian were considered.

1. Corrugated tube as a shell
To determine the equivalent stiffness of the tube, we consider a series of linear
static problems for a corrugated shell and find its displacements under a given
load. Then, we define the necessary stiffness by comparing the results with the
solutions found using the rod model.
Let us consider a shell, and the surface is formed by the revolution of a meridian
around the axis x . The meridian is defined by a relation between cylindrical
coordinates and the arc coordinate: x = x(s), ρ = ρ(s), and its position on the
surface is defined by an angle θ (Fig. 1).
The radius vector of any surface point is defined by the equality

r(θ, s) = x(s)i + ρ(s)eρ(θ), eρ = j cos(θ) + k sin(θ),

where i, j , k are the unit vectors of the Cartesian frame of reference along
the axes, respectively. The unit vector of the tangent to the parallel is eθ =

Fig. 1 Revolution surface
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− j sin(θ)+ k cos(θ) = e′
ρ . For the unit vectors of the tangent and the normal to

the meridian in its plane, it holds

t = ∂ r/∂s = x ′(s)i + ρ ′(s)eρ(θ), x ′ = cosψ, ρ ′ = sinψ,

∂ t/∂s = ωn, ω ≡ ψ ′(s), n ≡ − i sinψ + eρ cosψ, (1)

where ω is the curvature of the meridian, and ρ−1 of the parallel.
The external load on the shell is given by the vectors of the force q and moment
m× distributed over the area, and the external force P0 and moment M0 act
on the unit length of the contour. Symmetric tensors τ and μ determine the
internal force factors in the shell. The rotation is related to the displacement by
the orthogonality condition.
The shell displacement vector contains three components, namely u = uθ eθ +
ut t + unn. On each shell contour, four scalar conditions should be specified [9].
In the case of rigid fixed edge, uθ = ut = un = 0 and γθ ≡ ∂sun = 0.
On a free contour with the normal t, the tensile force Tt = P0

t , the bending
moment μt = M0

θ , and two combinations linking the torque moment with the
force components are defined:

Fθ ≡ P0
θ + ρ−1 cosψM0

t , Fn ≡ P0
n + ρ−1∂θ M

0
t .

The equations of elastic shell of revolution in statics can be reduced to a system
of the following form [10]:

∂sY (θ, s) = f (Y ), Y = (uθ , ut , un, γθ , Fθ , Tt , Fn, μt )
T . (2)

To determine the coefficients of the system (2), we need to specify the meridian;
for a corrugated shell, it can be defined as

ρ(x) = R + r sin�x, � = 2π/w, (3)

where R, r are the formative radii, and w is the length of one corrugation. For
each point of the meridian, the arc coordinate s(x) is calculated, following which
the interpolations x(s), ρ(s) are developed, and the remaining coefficients are
calculated by Formula (1).
Let us consider the shell equilibrium in case of a self-balanced periodic load:

(
qθ

m×
θ

)
=

(
q̄θ (s)
m̄×

θ (s)

)
sin nθ,

⎛
⎝ qt

qn
m×

t

⎞
⎠ =

⎛
⎝ q̄t (s)

q̄n(s)
m̄×

t (s)

⎞
⎠ cos nθ,

where n is an integer. The solution of the system (2) is found in an analogous
form, uθ , Fθ are proportionate to sin nθ , and the unknowns ut , un, γθ , Tt , Fn, μt

to cos nθ . For the amplitudes, a system was obtained of the form Ȳ ′(s) = f̄
(
Ȳ

)
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Fig. 2 Corrugated tube

complemented by the boundary conditions at each edge of the shell. This bound-
ary problem is solved by the finite difference method [11, 12] in theMathematica
package [13].

2. Tensile stiffness
We first determine the tensile stiffness of the equivalent rod. To do this, we
consider the problem of static tension of a corrugated shell of rotation.
Let us consider one edge of the shell rigidly fixed and the other at s = l, and let
us define the displacement ux . The external distributed loads are absent. This is
the case of axial symmetry (n = 0), and there will be three boundary conditions

s = 0 : ūt = 0, ūn = 0, γ̄θ = 0;
s = l : ūt = ux cosψ(l), ūn = −ux sinψ(l), γ̄θ = 0.

Having solved the boundary problem, let us find the total force on the shell edge:

Qx = 2πρ(l)
[
T̄t (l) cosψ(l) − F̄n(l) sinψ(l)

]
. (4)

The tensile stiffness of the equivalent rod can be found by the formula:

b1 = Qx L/ux , L ≡ x(l). (5)

Calculations of the 2-mm-thick corrugated shell have been performed with the
parameters R = 50 mm, r = 3 mm, w = 50 mm, and L = 525 mm (Fig. 2).
The material of the shell is steel with the elasticity modulus E = 200 GPa and
Poisson’s ratio ν = 0.3. The equivalent stiffness b1 = 37.9 MN is found.
Alternatively, the calculation of the tensile stiffness of a corrugated tube can be
found by the well-known formula for a rod with an annular cross section:

b̂1(x) = ES(x), S(x) = π
(
R2
2 − R2

1

)
, (6)



Calculation of Equivalent Stiffness of Corrugated … 215

where S(x) is the cross-sectional area, and R1, R2 are the internal and external
radii of the corrugation. The difference of stiffness found by formulas (5) and
(6) will be shown in Paragraph 4.

3. Bending and shear stiffness
To determine the bending and shear stiffness of the tube, consider the deformation
of the shell under the action of a force and a bending moment on the edge s = l:
P0 = Py j , M0 = Ml cos θeθ (Py, Ml − const). This load corresponds to the
following boundary conditions for amplitudes at n = 1:

s = 0 : ūt = 0, ūn = 0, γ̄θ = 0;
s = l : F̄θ = −Py, T̄t = Py sinψ(l), F̄n = −Py cosψ(l), μ̄t = Ml .

The total force and the bending moment around the z-axis applied will be found
by integrating along the contour:

P∗ = 2πρ(l)Py, M∗ =
∫
�

k · M0d� = πρ(l)Ml . (7)

Let us compare the obtained displacements for a shell with a known solution
for a Timoshenko beam, which bends in the xy-plane under the force P∗ and
moment M∗ specified on the edge x(l) ≡ L . It is easy to show that the rotation
� and deflection U of an arbitrary section x = x∗ of the beam are found by the
formulas:

� = a−1x∗
(
−P∗

x∗
2

+ P∗L + M∗
)
,

U = a−1 x
2∗
2

(
−P∗

x∗
3

+ P∗L + M∗
)

+ b−1
2 P∗x∗. (8)

Knowing the deflection and rotation in any section, it is possible from System
(8) to find the stiffness of the rod in bending a and in shear b2. We need to link
the displacement in the shell with deflection and rotation of the sections in the
beam of Timoshenko. To do this, we use the approximation of the displacement:

u = uy(s) j+θ z(s)k × ρeρ + v(s) sin θeθ , (9)

here the functions uy(s) and θz(s) correspond to the displacement and rotation
of the shell sections as beam ones with the acceptance of the hypothesis of flat
sections; the function v(s) describes the circumferential displacements in the
section plane. Using the expression for amplitudes, from (9), we obtain

θz = ρ−1(ūn sinψ − ūt cosψ), uy = ūt sinψ + ūn cosψ, v = ūθ + uy .

(10)
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By Formula (10) for an arbitrary coordinate x∗ = x(s∗), the rotation � = θz(s∗)
and deflectionU = uy(s∗) of the cross section of the equivalent rod can be found,
and from the system of Eq. (8) we can find its bending and shear stiffness. They
should be calculated in a section remote from the edges, where the approximation
(9) is valid.
For the parameters of the tube introduced above, the bending stiffness of the
equivalent rod a = 46.7 GN mm2 and the shear stiffness b2 = 50 MN were
found.
Formulas for calculating the bending and shear stiffness of annular cross section
beam are known:

â(x) = Eπ

4

(
R4
2 − R4

1

)
, b̂2(x) = μnNπ

(
R2
2 − R2

1

)
, μ = E

2(1 + ν)
, (11)

where μ is the shear modulus of the material, N = 0.5 is the shear coefficient
for a thin ring [4]. However, their use for thin-walled corrugated tube leads to
large errors, which will be shown below.

4. Calculations of corrugated tube as a rod
The found stiffness of the equivalent rod for a given geometry of corrugations
can be used for tubes of various lengths, and this is an advantage of the approach
under consideration.
We will carry out calculations of a corrugated tube with parameters from Para-
graph 2, but with a different length of L = 750mm.Wefirst consider the problem
of stretching a tube with an axial force Qx = 1 MN at the end. The other end is
fixed. The calculation was carried out using three models—shell, rod with equiv-
alent stiffness b1, and rod with variable stiffness b̂1(x). For the latter model, the
displacement of the rod sections can be found by the formula:

ux (x) = Qx

x∫
0

dx

b̂1(x)
. (12)

The results of calculation of axial displacements are shown in Fig. 3. It has been
found that the displacements obtained using the rod model with the equivalent
stiffness are practically identical to the ones found using the shell model; the
maximum discrepancy is 3% at the edge, to be explained by boundary effects.
The discrepancy with the rod model with variable section reaches 70%, and it
increases as the amplitude r and frequency � of the corrugation increase.
Next, we calculate the displacement of the tube under a bending force P∗ = 31.4
kN and a moment M∗ = 15.7 kNmm at the end of the tube. Calculations are also
carried out on three models. Rotation and deflection of sections of a Timoshenko
beam with variable stiffness are found by the formulas [14]:
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Fig. 3 Axial displacement of sections of a corrugated tube

Fig. 4 Deflection of the corrugated tube under bending

θz(x) =
x∫

0

1

â(x)
[P∗(L − x) + M∗]dx, uy(x) = P∗

x∫
0

dx

b̂2(x)
+

x∫
0

θz(x)dx .

(13)

The found displacements are shown in Fig. 4.
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Fig. 5 Buckling mode

It can be seen from the graphs that, as for stretching, a model with equivalent
stiffness gives results close to those found by the shell model, and the difference
between them is less than 1%. The magnitude of displacement found by the rod
model with variable stiffness is much smaller, and the discrepancy with the shell
model is more than 50%.

5. The stability of the corrugated tube
We illustrate the possibilities of the tube model with equivalent stiffness on the
stability problem. Let the corrugated tube with length of L = 2.1 m be rigid-
fixed on the one edge and compressed by the axial force P on the other edge with
hinge. Let us find the critical value of the force at which the tube loses stability.
Neglecting the shear, for the tube deflection function u(x), we have the simplest
eigenvalue problem [15]:

uIV + μ2u′′ = 0, μ2 = P/a,

u(0) = 0, u′(0) = 0, u(L) = 0, u′′(L) = 0. (14)

where a is the equivalent bending stiffness. Problem (14) has nontrivial solutions
when equality tg(μL) = μL is fulfilled, its smallest root is 4.493, where we find
the critical value of the compressive force:

Pcr = 20.19a

L2
. (15)

The formula for the critical force considering the transverse shear was first
obtained by Engesser [16]:

PEn
cr = Pcr

1 + b−1
2 Pcr

. (16)

For the selected tube parameters, we find

Pcr = 213, 8 kN, PEn
cr = 212, 9 kN.

This stability problem was also solved by the finite element method in the Ansys
Program [17]. The tube was modeled with shell elements Shell 281. The found
critical force is 219.5 kN. The buckling mode of the tube is shown in Fig. 5. The
relative difference with the calculation results for the equivalent rod model is no
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more than 3%, which makes it possible to recommend the proposed approach
for solving stability problems.

2 Conclusion

Amethod for calculating the equivalent tensile stiffness, bending stiffness, and shear
stiffness of a corrugated tube is proposed with use of the equations of thin shells
of rotation theory. This method allows changing a complex for engineering calcula-
tions model of corrugated shell to a rod model with the equivalent stiffness found.
This approach can be effectively used in the calculation of corrugated tubes; this is
especially important for calculations on stability.
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Vibrations of a Chain in the Braking
Regime of the Motion Mechanism
in Load-Lifting Machines

Vassil D. Zlatanov and Svetoslav G. Nikolov

Abstract The article is devoted to the vibrations of a heavy chain in load-lifting
machines in the braking regime, assuming that the brakingmoment is a linear function
of the velocity of the motion mechanism and the chain without a mass on the end. A
method of approximate analytical solutions of the system of differential equations of
motion is presented. The results obtained are illustrated with an example on the basis
of the technical characteristics of the crane trolley that the Visual Fortran program is
created for.

Keywords Vibrations of heavy chain · Eigenfunctions · Bessel functions

1 Introduction

The theory of absolutely flexible rope is widely used in various scientific studies, in
the calculation and design of engineering devices, machines, musical instruments,
etc. Elements of the theory of absolutely flexible rope, which are closest to the
engineering problems, from different points of view and with different degrees of
completeness are presented in [1–7]. In recent years, there has been an increased
interest in the mechanics of heavy ropes, chains, and strings. Various aspects of their
mechanics are presented in [8–12].

The mechanical systems with suspended loads are widely used in industry, con-
struction, etc. These systems are basic for hoisting machines, mining machines, etc.
The design of such machines requires the creation of rational dynamical models of
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mechanical systems and the solution of the obtained systems of differential equations
of motion.

The aim of this paper was to investigate the vibrations of a heavy chain in the
braking regime of load-lifting machines by means of analytical methods, assuming
that the braking moment is a linear function of the speed of the motion mechanism.

2 Dynamic Model and Differential Equation of the Motion

When operating load-lifting machines, swinging of the chain is observed. This
swinging causes both uneven motion of the mechanisms of cranes and other devices,
and additional loads on their elements, thus creating inconvenience in their opera-
tion. The pendulum vibrations of the chain are practically independent of the elastic
vibrations of the crane and can be calculated according to the model, when the metal
structure and the transmission of the motion mechanism are absolutely rigid [13,
14]—Fig. 1a.

It is shown in [15] that at small deviations of a chain, it is possible to accept with
rather high accuracy that the chain is fixed in the center of the hoisting drum. The
dynamic model of the system, with small deviations of the chain, in accordance with
[16], is shown in Fig. 1b.

Assuming that the braking moment Tb is a linear function of the angular velocity
ω = ϕ̇, i.e. Tb = c′ + c1ϕ̇ (c′ and c1 are constants) and in the absence of a mass
on the end (m2 = 0), the differential equations of motion, obtained in [16], take the
form

M R2ϕ̈ + γ R

l∫

0

ν̈dx = −(
c′ + FW R

) − c1ϕ̇, c∗ = c′ + FWR, (1)

Fig. 1 a Motion mechanism. b Dynamic model
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γ g
∂

∂ x

(
(l − x)ν ′) = γ (ν̈ + R ϕ̈), (2)

the boundary conditions are

ν(0, t) = 0, ν(l, t) �= ∞, (3)

and the initial conditions have the form

t = 0 ϕ(0) = ϕ0, ϕ̇(0) = ϕ̇0, ν(x, 0) = f1(x), ν̇(x, 0) = f2(x), (4)

where f1(x), f2(x) are continuous functions, such that f1(0) = 0, f2(0) = 0.
Here, M = 1.5m1 + m3 + γ l, where m1, R denotes the mass and radius of the

disk, determined by reduction in the parts of the trolley, crane, or motion mecha-
nism with non-translational motion to the drive wheel shafts; a point mass m3—the
mass of the parts of the crane and the motion mechanism with translational motion;
FW—resistance force of the motion of the crane or trolley. We consider a flexible,
inextensible, homogeneous, heavy chain of length l and γ denotes the mass of a
unit length of the chain. The position of a generic point M is given by the abscissa
x = OM in the equilibrium position, and v(x, t) denotes the horizontal displacement
of point M at a moment t .

3 Solution of the System of Differential Equations

The approximate analytical solutionof the systemof differential equations “Eqs. 1–2”
is determined by two iterations.

3.1 First Iteration

Assuming that ν̈ = 0 ⇒ γ R
∫ l
0 ν̈dx = 0, “Eq. 1” takes the form

ϕ̈ + a0ϕ̇ = −c0, (5)

where a0 = c1
/
MR2, c0 = c∗/MR2.

With the initial conditions

t = 0; ϕ(0) = ϕ0 = 0, ϕ̇(0) = ϕ̇0, (6)

we easily find
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ϕ(t) = ϕ̇0

a0

(
1 − e−a0t

) + c0
a20

(
1 − e−a0t

) − c0
a0

t, (7)

from where we can find the angular acceleration

ϕ̈(t) = − (c0 + a0ϕ̇0)︸ ︷︷ ︸
A0

e−a0t = −A0e
−a0t (8)

Substituting “Eq. 8” into “Eq. 2,” we obtain the partial differential equation of
motion for the chain

g
∂

∂ x

[
(l − x)

∂ v

∂ x

]
− ∂2 v

∂ t2
= −A0Re

−a0t . (9)

We transform “Eq. 9” and the boundary conditions, i.e. “Equation 3,” introducing
the new independent variable z by means of the equality

z2 = l − x . (10)

Equation “Eq. 9” with the variables ν, t, z takes the form

− 1

2z

∂

∂z

[
z2

1

−2z

∂ν

∂ z

]
− 1

g

∂2ν

∂t2
= −A0R e−a0t ⇒

1

4z

∂

∂z

(
z
∂ ν

∂z

)
− 1

a2
∂2ν

∂ t2
= −A0R e−a0t

(
a = √

g
)
, (11)

and the boundary conditions are transformed into the form

ν
(√

l, t
)

= 0(x = 0), ν(0, t) �= 0 (x = l). (12)

Next, the displacement ν(z, t) and the right side of “Eq. 11”: q = −A0R e−a0t ,
which can be considered as a load, are presented by Eigenfunction series
Xn(x), (n = 1, . . . ,∞) of the task for free vibrations [17], i.e., in the form

ν = X1(z)T1(t) + X2(z)T2(t) + · · · ,

q = X1(z)S1(t) + X2(z)S2(t) + · · · . (13)

The solution of the equation of free vibrations, i.e., the left side of “Eq. 11,” is
known [5] and for Eigenfunctions Xk is obtained

Xk(z) = J0(λk z) = J0

(
μk√
l
z

)
(k = 1, 2, 3, . . .) (14)
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where J0—Bessel function of the first kind; μk—the roots of the Bessel function,
μ1 = 2.4048, μ2 = 5.520, μ3 = 8.654, …

To determine the function Sk(t), we multiply both sides of the second “Eq. 13”
with Xn(x) and integrate the resulting expression along the entire length of the chain

l∫

0

q(t)J0

(
μk

√
l − x

l

)
dx =

∞∑
i=1

l∫

0

J0

(
μk

√
l − x

l

)
J0

(
μi

√
l − x

l

)
Si (t)dx .

(15)

We introduce the new integration variable by means of the equality

l − x

l
= w2

l2

On the basis of the property of the orthogonality of the Bessel function on any
interval (0, l) [18]

l∫

0

wJ0
(
μk

w

l

)
J0
(
μi

w

l

)
dw =

⎧⎨
⎩

0, k �= i,

l2

2
J 2
1 (μk), k = i,

all the integrals in “Eq. 15” for k �= i are equal to zero, and if k = i then l2 J 2
1 (μk),

where J1 is a Bessel function of the second kind. Therefore, for function Sk(t) from
“Eq. 15,” we obtain

Sk(t) =
q(t)

∫ l
0 J0

(
μk

√
l−x
l

)
dx

l2 J 2
1 (μk)

. (16)

After substitution of l−x
l = w2

l2 , for the integral in “Eq. 16,” we obtain

l∫

0

J0

(
μk

√
l − x

l

)
dx = −2

0∫

l

w J0
(
μk

w

l

)
dw

= 2
l2

μ2
k

l∫

0

(
μk

w

l

)
J0
(
μk

w

l

)
d
(
μk

w

l

)
= 2

l2

μk
J1(μk) (17)

and consequently

Sk(t) = −2A0R
1

μk J1(μk)
e−a0t . (18)
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The definition of functions Tk(t) is based on the fact that each summand in the right
side of the first series in “Eq. 13” causes a motion determined by the corresponding
summand of the second series of “Eq. 13.” In “Eq. 11,” we substitute

q = Xk(z)Sk(t), v = Xk(z)Tk(t)

and obtain

1

zXk

∂

∂ z

(
z
∂Xk

∂ z

)
= 4

a2
T̈k
Tk

+ Sk
Tk

. (19)

Since the left side of “Eq. 19” is constant and equal to −λ2
k [5], the right side is

equal to the same, hence

T̈k + λ2
ka

2

4
Tk = −a2Sk,

or

T̈k + p2k Tk = Ake
−a0t , k = 1, 2, . . . , (20)

where p2k = λ2
ka

2

4 = λ2
k g
4 , λk = μk√

l
, Ak = 2 g(c∗+c1ϕ̇0)

MRμk J1(μk )
.

The solution of “Eq. 20” can be written as a sum of the solution of the corre-
sponding homogeneous equation, obtained with initial conditions, and the particular
solution, obtained with zero initial conditions from Duhamel’s integral

Tk = ak cos(pkt) + bk sin(pkt) +
t∫

0

1

pk
sin pk(t − τ)Ake

−a0τdτ ,

or

Tk = ak cos(pkt) + bk sin(pkt) + Ak

a20 + p2k

[
a0
pk

sin(pkt) − cos(pkt)

]

+ Ak

a20 + p2k
e−a0t , (21)

where in “Eq. 4,” we have [5]: ak = 1
l J 21 (μk )

∫ l
0 f (x)J0

(
μk

√
l−x
l

)
dx , bk =

2
aμk

√
l J 21 (μk )

∫ l
0 F(x)J0

(
μk

√
l−x
l

)
dx .

The first two terms of the right side of “Eq. 21” correspond to free vibrations,
the third term corresponds to free accompanying vibrations, and the fourth term
represents forced vibrations.
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The particular solution of “Eq. 11” is equal to the product Xk(z)Tk(t) =
J0(λk z)Tk(t), and a general solution is equal to their sum. Going to the variable
x in “Eq. 10,” for the general solution of “Eq. 2” in the first iteration, we obtain

ν(x, t) =
∞∑
k=1

Xk(x)Tk(t) =
∞∑
k=1

J0

(
μk

√
l − x

l

)
{ak cos(pkt) + bk sin(pkt)

+ Ak

a20 + p2k

[
a0
pk

sin(pkt) − cos(pkt)

]
+ Ak

a20 + p2k
e−a0t

}
(22)

3.2 Second Iteration

Taking into account “Eq. 22” and “Eq. 17,” we transform “Eq. 1” as follows:

MR2ϕ̈ + c1ϕ̇ = −c∗ − γ R

l∫

0

∞∑
k=1

Xk(x)T̈k(t)dx,

MR2ϕ̈ + c1ϕ̇ = −c∗ − γ R
∞∑
k=1

T̈k(t)

l∫

0

J0

(
μk

√
l − x

l

)
dx,

MR2ϕ̈ + c1ϕ̇ = −c∗ − γ R
∞∑
k=1

2l2
1

μk
J1(μk)T̈k(t)

and we present the last equation into canonical form

ϕ̈ + a0ϕ̇ = −c0 −
∞∑
k=1

dk
[
cs̈k cos(pkt) + sn̈k cos(pkt) + B̈ke

−a0t
]
. (23)

Here, dk = 2γ l2

M R
J1(μk )

μk
is set and after double differentiation of Tk(t), we obtain

cs̈k = p2k

(
Ak

a20+p2k
− ak

)
, sn̈k = −p2k

(
Ak

a20+p2k

a0
pk

+ bk
)
, where p2k = λ2

ka
2

4 = λ2
k g
4 ,

Ak = 2 g(c∗+c1ϕ̇0)

MRμk J1(μk )
.

The general solution of the inhomogeneous equation “Eq. 23” is presented as the
sum of the solution	(t) of the homogeneous equation, obtained in the first iteration,
taking into account “Eq. 6”

	(t) = ϕ̇0

a0

(
1 − e−a0t

)
(24)

and the particular solution η(t), defined by the Duhamel integral, which can be
represented as the sum of three summands η1, η2, η3.
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The first term η1(t), when acceleration ν̈ is not taken into account, is defined in
the first iteration as

η1(t) =
t∫

0

1

a0

(
1 − e−a0(t−τ)

)
(−c0)dτ = c0

a2o

(
1 − e−a0t

) − c0
a0

t. (25)

The sum 	(t) + η1(t) is the same as in “Eq. 7,” and it is the law of motion of
the disk in the first iteration, when the influence of the vibrations of the chain is not
taken into account.

The second term η2(t) caused by free vibrations and free accompanying vibrations
of the chain, is obtained in the following form

η2(t) =
t∫

0

1

a0

(
1 − e−a0(t−τ)

){−
∞∑
k=1

dk[cs̈k cos(pkτ) + sn̈k sin(pkτ)]

}
dτ

= −
∞∑
k=1

dk
{
fk1 + fk2 cos(pkt) + fk3 sin(pkt) + fk4e

−a0t
}
, (26)

where fk1 = 1
a0 pk

sn̈k , fk2 = − 1
a0

[
a0

a20+p2k
cs̈k −

(
1
pk

− pk
a20+p2k

)
sn̈k

]
, fk3 =

1
a0

[
− a0

a20+p2k
sn̈k +

(
1
pk

− pk
a20+p2k

)
cs̈k

]
, fk4 = (a0cs̈k−pksn̈k )

a0(a20+p2k)

The third term η3(t), caused by forced vibrations, is obtained in the following
form

η3(t) =
t∫

0

1

a0

(
1 − e−a0(t−τ)

)(−
∞∑
k=1

dk B̈ke
−a0τ

)
dτ

= −
∞∑
k=1

dk
Aka20

a20 + p2k︸ ︷︷ ︸
fk

[
1

a20
− 1

a0

(
1

a0
+ t

)
e−a0t

]

= −
∞∑
k=1

fk

[
1

a20
− 1

a0

(
1

a0
+ t

)
e−a0t

]
, (27)

where fk = γ g
(

2 l
μk M R

) (
c∗ + c1ϕ̇0

)
︸ ︷︷ ︸
moment at t=0

a20
a20+p2k

.

As a result of various inelastic damping, free oscillations gradually die out [19];
therefore, only the influence of steady forced vibrations is of practical importance.

The law ofmotion of the disk ϕ(t) is obtained in this way, and after differentiation,
so is the law of change of angular velocity ω = ϕ̇, which allows for determination
of the stopping time of the disk, according to the mechanism of motion.
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Like in the first iteration, we transform the partial differential equation of motion
for the chain

g
∂

∂x

[
(l − x)

∂ν

∂x

]
− ∂2ν

∂t2
= R ϕ̈ (28)

by introducing a new variable z using the Formula (10). The displacement ν(z, t)
and the right side of “Eq. 28” are represented as series of Eigenfunctions of the
corresponding problem of free vibrations—“Eq. 13.” Performing the steps from the
first iteration, we obtain Sm(t) (m = 1, 2, . . .) in the form

Sm(t) = 2

μm J1(μm)
R ϕ̈ (29)

and the equation for determining Tm(t)(m = 1, 2, . . .) takes the form

T̈m + p2mTm = −a2
2

μm J1(μm)
R ϕ̈, (30)

where p2m = λ2
ma

2

4 = λ2
mg
4 , λm = μm√

l
.

The angular acceleration ϕ̈ in the right part of “Eq. 30” is determined by taking
into account only the influence of the moment of braking and the forced vibrations
of the chain, i.e., 	(t) from “Eq. 24,” η1(t) from “Eq. 25,” and η3(t) from “Eq. 27.”
In this case, “Eq. 30” is written as

T̈m + p2mTm = 2g R

μm J1(μm)

(
A0 +

∞∑
k=1

fk

)
e−a0t − 2g R

μm J1(μm)
a0

( ∞∑
k=1

fk

)
t e−a0t

(31)

The general solution of the inhomogeneous equation “Eq. 31” as a sumof the solu-
tion of the corresponding homogeneous equation, obtained with initial conditions,
and the particular solution, obtained with zero initial conditions from Duhamel’s
integral, is presented in the form

Tm = am cos(pmt) + bm sin(pmt)+

+ 2g R

μm J1(μm)

A0 +
∞∑
k=1

fk

a2o + p2m

[
a0
pm

sin(pmt) − cos(pmt)

]
+

+ 2gR

μm J1(μm)

1

a2o + p2m

{
A0 +

[
1 − a0

(
t + 2a0

a2o + p2m

) ∞∑
k=1

fk

]}
e−a0t . (32)

The first two terms of the right side of “Eq. 32” correspond to free vibrations;
the third term corresponds to free accompanying vibrations, and the fourth term
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represents forced vibrations, which are of great practical importance to engineering
practice.

By introducing the variable x , according to “Eq. 10,” for the general solution of
“Eq. 2” in the second iteration, we obtain

ν(x, t) =
∞∑

m=1

Xm(x)Tm(t) =
∞∑

m=1

J0

(
μm

√
l − x

l

)
{am cos(pmt) + bm sin(pmt)

+ 2g R

μm J1(μm)

A0 +
∞∑
k=1

fk

a2o + p2m

[
a0
pm

sin(pmt) − cos(pmt)

]
+

+ 2g R

μm J1(μm)

1

a2o + p2m

{
A0 +

[
1 − a0

(
t + 2a0

a2o + p2m

) ∞∑
k=1

fk

]}
e−a0t

}
.

(33)

Thus, the approximate solution of the system of differential equations of motion
“Eq. 1” and “Eq. 2” is obtained by applying two iterations in the case when there is
not a mass on the end of the chain.

4 Numerical Example

The formulas of the approximate analytical solution of the system of differential
equations of motion “Eq. 1” and “Eq. 2” are used to study the motion of the crane
trolley in the braking regime. The crane trolley‘s mass is equal to 6200 kg, and its
speed is 25m

/
min. After reduction of the crane trolley to the dynamic model in

Fig. 1b, the following is received
m1 = 250.8 kg, m3 = 5949.2 kg, γ = 2.274 kg/m, R = 0.16m, l = 16m.
Braking of the trolley by the engine occurs during its operation in the

reverse-current braking mode [14]. When determining the braking moment T ∗
b =(

c′ + FWR
)+ c1ϕ̇

(
c∗ = c′ + FWR = 194.456Nm, c1 = 4, 83Nms

)
, the character-

istics of the engine and the resistance force of motion were taken into account.
The nonlinear change in the angular velocity ω of the disk in the process of

stopping is shown in Fig. 2a.
The position of the chain in the process of stopping the motion mechanism is

shown in Fig. 2b. At the initial moment of braking, we accept zero initial conditions
from “Eq. 4” for the chain, since this state corresponds to a large extent to the station-
ary motion of the trolley. From left to right, the position of the chain corresponding
to 0.25; 0.5; 0.75 of braking time is shown, and to the right—the position of the chain
at the time of stopping the trolley. Note that the graphs based on the results take into
account the first three Eigenfrequencies. The position of the chain corresponding to
the first three Eigenfrequencies at moment t = 0.5 Tstop, represented by numbers 1,
2, 3 in Fig. 2c, and number 4, is the total deflection of the chain. The data for plotting
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Fig. 2 a Changing of angular velocity ω. b Position of the chain during braking time. c Position
of the chain at the moment t = 0.5 Tstop

Fig. 2 obtained by a program developed in the Visual Fortran environment are based
on the method presented in this paper.

5 Conclusion

In this paper, the dynamic model of the motion mechanism of load-lifting machines,
such as a crane trolley, is presented. The vibrations of the chain in braking regime of
the motion mechanism are investigated. First, it is assumed that the chain is flexible,
inextensible, homogeneous, and heavy; second, that the braking regime of themotion
mechanism is a linear function of its velocity. A method of approximate analytical
solutions of the obtained system of differential equations of motion is presented. The
solution is obtained by two iterations. The results are illustrated with an example
based on the technical characteristics of the crane trolley that the Visual Fortran
program was created for.
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