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1 Introduction

Systems modeled by coupled ordinary differential equations (ODEs)-partial differ-
ential equations (PDEs) have been studied in many research works [2, 5, 11]. It is
interesting to analyze such kind of systems due to their significant physical appli-
cations. For instance, elastic beams linked to rigid bodies in [12], power converters
connected to transmission lines in [4] etc.

Singular perturbation theory has been widely used in control engineering from
late 1960s. It is a powerful tool for analysis and design of control systems thanks to
the reduction of the system’s order by neglecting the fast transitions [7, 9, 10]. This
theory is effective in many applications, such as semiconductors, electrical chains
and so on.

Tikhonov approximation, which describes the limiting behavior of system’s solu-
tions, is an important method for analysis of singularly perturbed systems. Tikhonov
approach for finite dimensional systems modeled by ODEs has been considered in [6].
In [14], a Tikhonov theorem for infinite dimensional systems governed by hyperbolic
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PDEs has been established by means of a L?> Lyapunov function. The approximation
for linear hyperbolic systems has been improved by using a H> Lyapunov function
in [15].

The present work is concerned with a class of coupled singularly perturbed linear
ODE and linear hyperbolic PDE systems. Firstly, a sufficient stability condition is
proposed for both coupled ODE-fast PDE and PDE-fast ODE systems. The stability
of the full system implies the stability of both subsystems. Secondly, the Tikhonov
approximation for such systems is achieved by Lyapunov method. Under the stability
conditions of both subsystems, the coupled ODE-fast PDE system is approximated
by the two subsystems for ¢ sufficiently small. However, for PDE-fast ODE system,
the approximation is valid if the full system is stable. The error between the full
system and the subsystems is estimated as the order of the perturbation parameter ¢.

The paper is organized as follows. The coupled ODE-PDE systems under con-
sideration are given in Sect. 2. The reduced and the boundary-layer subsystems are
formally computed in the same section. Section 3 provides sufficient stability condi-
tions for the full system and both subsystems. The Tikhonov approximation for such
systems is stated in Sect. 4. Numerical simulations on academic examples are shown
in Sect. 5. Concluding remarks end of this paper.

Notation. Given a matrix G in R, G~! and G T represent the inverse and the
transpose matrix of G respectively. The minimum and maximum eigenvalues of a
symmetric matrix G are denoted by A(G) and A(G). The symbol x in partitioned sym-
metric matrix stands for the symmetric block. For a positive integer n, I, is the identity
matrix in R”*”. | - | denotes the usual Euclidean normin R” and || - || is associated with
the usual 2-norm of matrices in R"*”. || - || .2 denotes the associated norm in L2(0, 1)

space, defined by || f||z2 = /(fol |f(x)|2dx) for all functions f € L*(0, 1). Simi-
larly, the associated normin H 2(0, 1) spaceis denoted by || - || 2, defined for all func-
tons f € H2(0, 1), by || fll> = \/ (Jo 1F@P + 17/ @P +1£7()dx ). Given a

real interval / and anormed space J, C (1, J) denotes the set of continuous functions
from I to J.

2 Singularly Perturbed Linear Coupled ODE-PDE Systems

In this section, the coupled ODE-fast PDE and PDE-fast ODE systems under con-
sideration are given respectively.
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2.1 Coupled ODE-Fast PDE System

We consider the following linear ODE-fast hyperbolic PDE system

Z(t) = AZ(t) + By(1, 1), (1a)
eyi(x, 1) + Ayc(x, 1) =0, (1b)
y(0,1) = K1y(1,1) + K2 Z(1), (Ic)
Z(0) = Zy, (1d)
y(x,0) = yo(x), (le)

where x € [0, 1], ¢ € [0, +00), Z : [0, +00) — R”", y : [0, 1] x [0, +00) — R™.
The perturbation parameter ¢ > 0 is a small constant and A is a diagonal positive
matrix in R”*". The matrices A and B are of appropriate dimensions. The boundary
condition matrices K| and K, are constant matrices of appropriate dimensions.

Adopting the computations of the subsystems for singularly perturbed ODEs [8],
the reduced and the boundary-layer subsystems for system (1) are formally computed
as follows. By setting & = 0 in Eq. (1b), we obtain

ye(x, 1) =0. (@)

It implies y(., ) = y(1, t). Assuming (1, — K) invertible, the boundary condition
(1c) becomes
v, 1) =K, Z(1), 3

where K, = (I,, — K1) "' K». Using the right-hand side of (3) to replace y(1, ¢) in
(1a), the reduced subsystem is computed as

() = A, Z(1). (4a)
Zo = Zo. (4b)

where A, = A 4+ BK,. The bar indicates that the variables belong to the system with
¢ = 0. Using the following change of variable y = y — K, Z and a new time scale
T =t/e, we have

ye(x, 1) + Ay (x, 1) = —e K, (AZ(7) + By(l, 7)),
y(0,7) = Kiy(1, 7).

The boundary-layer subsystem is formally computed with ¢ = 0

ye(x, 1) + Ay (x, 1) =0, (5a)
y(0,7) = K1y, 1), (5b)
Yo(x) = yo(x) — K Zo. (50)
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2.2 Coupled PDE-Fast ODE System

Similar to system (1), we consider the following linear hyperbolic PDE-fast ODE
system

eZ(t) = AZ(t) + By(1, 1), (6a)
yi(x, 1) + Ay (x, 1) =0, (6b)
y0,0) = Kiy(1,1) + K2 Z(2), (60)
Z(0) = Z, (6d)
y(x,0) = yo(x). (6e)

The two subsystems are computed as follows. By formally setting ¢ = 0 in (6a)
and assuming A invertible, we have

Z=—A"'By(). (7)

Substituting (7) into (6¢), the reduced subsystem is

Yi(x, 1) + Ay (x, 1) =0, (8a)
y(0,1) =K, y(1,1), (8b)
y(x,0) = yo(x) = yo(x), (8¢)

where K, = K; — K, A™'B. Performing a change of variable Z=Z+A"! By (1)
and using a new time scale T =t /¢, we get

dZ (1)
dt

= AZ(t) —eA"'BAy. (1, 7).

The boundary-layer subsystem is formally computed with ¢ = 0

dZ(t) A7
= AZ(1), (9a)

Z(0) = Zo = Zo + A~ ' Byo(1). (9b)

Remark I Due to [1, Theorem A.6.], the Cauchy problems (1) and (6) are well-
posed, that is, for every Z, € R”, for every y; € L?(0, 1), systems (1) and (6) have
a unique solution Z € C°([0, +00), R"), y € C°([0, +00), L2((0, 1), R™)).
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3 Stability Condition of Coupled ODE-PDE Systems

We first provide a sufficient stability condition for both coupled ODE-PDE systems
(1) and (6). Then, we study the link of the stability between the full system and both
subsystems.

Proposition 1 Systems (1) and (6) are exponentially stable for all ¢ > 0 if there
exist diagonal positive matrix Q, symmetric positive matrix P and positive constant
W such that the following holds

e "QA-K QAK, —(K]QAK,+B"P)
( * —(ATP+PA)-K,) QAK, 0. (10)

The next two propositions show that condition (10) implies the stability of the
reduced and the boundary-layer subsystems.

Proposition 2 Condition (10) implies
AP+ PA, <0, (11
which is equivalent to the stability of the reduced subsystem (4), and
e QA - K QAK, >0, (12)
which implies the stability of the boundary-layer subsystem (5).
Proposition 3 Condition (10) implies
e "QA— K QAK, >0, (13)
which implies the stability of the reduced subsystem (8), and
ATP+PA<O, (14)

which is equivalent to the stability of the boundary-layer subsystem (9).

In view of Proposition 1, the stability of the full systems (1) and (6) is guaranteed
for all positive & under condition (10). For ¢ sufficiently small, the stability of both
subsystems (4) and (5) implies the stability of the coupled ODE-fast PDE system
(1), even though condition (10) is not satisfied. However, this result is not valid in
the context for PDE-fast ODE system (6). That is, system (6) could be unstable even
though the two subsystems (8) and (9) are stable. We refer the readers to [13] for
more details.
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4 Tikhonov Approximation of Coupled ODE-PDE Systems

We deal with the Tikhonov approximation of the coupled systems when ¢ is suffi-
ciently small as follows. If the two subsystems are stable, the coupled ODE-fast PDE
system can be approximated by the subsystems. The approach for coupled PDE-fast
ODE system is valid if the full system is stable.

4.1 Tikhonov Theorem for Linear ODE-Fast PDE System

Let us state Tikhonov theorem for system (1) in the next theorem.

Theorem 1 Consider system (1). If (11) and (12) are satisfied, there exist positive
values Cy, Cy, 0, €%, such that for all 0 < ¢ < &%, and for any initial conditions
Zy € R", yo = K, Zy, it holds fort > 0

1Z(t) — Z(1)* < eCre™ | Zo?, (15)
Iy( 1) = Kr Z(0)|720.1) < £Cae™" | Zo)*. (16)

Before proving this theorem, we first write the error system of (1). Let us perform
the following change of variables

n=2-2, (17a)
§=y—-K,Z, (17b)
where 7 represents the error between the slow dynamics of the full system and the

reduced subsystem while § is the error between the fast dynamics of the full system
and its equilibrium point. Due to (1a) and (4), we write

N=7—7=AZ+By(l)—A,7Z
=A(Z—-27)+B(y() — K, Z).

Due to (1b) and (4), we compute

8=y —K.Z=y —K(AZ2),
Oy = Yx-
Due to (1c), we have
8(0) = y(0) — K, Z =K, y(1) + K,Z — K, Z

=K, (y(l) - K,-Z> + Ky Z — (I, — KDK, Z
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= K, (y(l) - Kr2> + Ky Z — Iy — KU — K) 'K Z
= K| (y(l) — K,Z> + Ky(Z - 2).

Thus, the error system is written as follows

= An+ Bs(1), (18a)
€8, + A8y = —¢K, A, Z, (18b)
8(0) = K18(1) + Kan, (18¢)
no = Zo— Zo =0, (18d)
3o = yo — K, Zo. (18e)

Based on the above error system we are ready to prove Theorem 1.

Proof Let us consider the following candidate Lyapunov function for system (18)

1
W, ) =77TP7)+/ e —Km)' Q@ — Kom) dx, 19)
0

with u > 0, matrices P and Q are specified later.

We rewrite W(n, 8) = W, + W,, with W, = " Py and W, = fol e — KT
Q6 — K,n) dx. The time derivative of W, along the solution to system (18a) is
computed as

Wl = 27’]TPT]
=21 P(An+ B3(1))

=n' (PA, + A,TP)n + 2nTPB<8(1) — Kn>
According to (11), there exists a symmetric positive matrix P such that
PA, +A'P < —1I,. (20)
Due to Cauchy Schwarz inequality, it holds
Wi < —[nl* +2I1P B 18(1) — K11l [l 1)

The time derivative of W, along the solution to system (18b) is
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1
W2 = 2/ MY — Krn) T Q8 — Krih) dx
0
2 ! —ux T ! — X T
=- e M@ —Krn)' QASy dx —2 e " —Krn)' QKr(An+ B§(1)) dx
0 0

1
—2/ e M ©S — Krn) ' QKrArZ dx. (22)
0

Performing an integration by parts on the first integral in the right-hand side of (22),
W, follows

. 1 x=1 1
W, = _g[e*‘“‘(a —Kn)TQAB - K,n)] - %/ eTM(S — Kom) T QA — Kyn) dx
x=0 0

1 1
—2/ e " — K,n)T OK,(An + BS(1)) dx — 2/ e "G — K" OK+A,Z dx.
0 0

(23)

Let the first term in (23) be W5;. Under the boundary condition (18c), we have

1% Y _ T — — — T —
21 = 8|:€ @) = Krm) " QAG(D) = Krn) — (8(0) = Krn) - QA(S(0) Kr’?)]

1
—g[e—“(a(l) — K" QAGB() — Krn)
—(K15(1)+K2n—Krn)TQA(K13(1)+K277—Krn)]. 24)

We write

Ky— K, =Ky — (In— K) 'Ky = (I, — K))Uy — K1) 'Ky — (I, — K1) 'K
=(y—Ki— 1) (In— K1) 'Ky = —K/ K. (25)

Using the right-hand side of (25) to replace K, — K, in (24), we obtain

1 T/, ,—1 T
Wy = —;[(6(1) — KT (€ QA— K] QAK)((1) — Krn)].

By using (12), there exists a diagonal positive matrix Q such that
e "QA— K/ QAK| > Ae QA — K] QAK)) > 0. (26)
Thus

Me QA - K[ QAK))
&

W < — 15(1) — K, . (27)

Let Wy, denote the second term in (23), it follows
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pne "A(QA)
Wi < =——=2116 = Kinll32(0.)- (28)
£ 0,1

Let the third term in (23) be W3, it follows

1
W3 = —2/ TS — Krn)TQKr<Arn + BG(1) — Km)) dx.
0

Due to Cauchy Schwarz inequality, W,3 follows

W23 < 21 QK- Arll 10l 18 — Krnll 20,1y + 20K Bl 18(1) — Kl 18 = Krnll 20,1

(29)
We denote the last term in (23) as Wp4. It holds
Was < 210K AN 118 — Kenll 20 1Z1. (30)
Combining (27), (28), (29) and (30), the following hold for all « > 0,
. rMe HQA— K QAK)) e HA(0A)
Wy < — — 18(1) — Krn|* — %ns = Krnll g2,
+2| QK Arll Inl 116 — Kr’?”LZ(()’]) + 210K, B| 16(1) — K¢n| |16 — Kr’l”[}((),])
- IOK-Arll
HRI QK AL 1ZI? + =218 = Kl g ) 3D
Combining (21) and (31), W follows
T
) 16(1) — K;n 18(1) — K;n _,
W< - nl M nl + QK Al | Z]7,
16 — Krnllzz,1 16 — KrnllL2.1)

Me " QA—K[ QAK))
S L N L T e L}
* My *x My M 1

—1OK, Bl ( “43(04) A,
Mo — M, = ((reraen IIQK)A,II)'
? (—HQKrAru ! z «

Since M4 > 0, there exists €] > 0 such that for ¢ € (0, ), M — M12M]_41M]T2 >
0. Due to the Schur complement, it holds M; > 0. There exists o > 0 sufficiently
large such that M4 > 0 with k = o¢. Then, there exists €5 > 0, such that for all
0 < & < min(ej, €5), we have M| — M2M4*1M2T > (. Using again the Schur com-
plement, it holds M > 0. Hence, the following holds

W < —0W +0e|| QK A, | |1Z]%,
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for any 0 < 6 < min H%, %((—g)) } Condition (11) implies the exponential stability

of the reduced subsystem (4a), that is, there exist positive constants C and r, such
that for all ¢+ > 0, . ) .
1Zt)* < Ce"| Zo).

Thus we get ) B B
W < —OW + Cose ™| QK, A, || | Zo|*

It holds

t
W < ™" Wn. ) + Coel| QK Al | Zol® / e ™e™ds
0

Coe| QK A, lle™ (1 —e®=1)
r—=o

< e "W, &) + | Zo)?.

We may assume that r > 6, the above inequality becomes

Coell QK Al =
—|Zo|2).
r—=60

W<e (W(no, 80) +

The function W is lower and upper bounded by
A(P) I 4+ e 1(Q) I8 = Knll20.q) < W <P 0l + 111 I8 — Krnll 72,1
Since the initial conditions are ny = 6y = 0, we obtain
> < eCre™1Zof,
where C| > 0. Moreover, it holds
18220,y = 118 — Ky + Kenllz20.1) < 116 — Kimllz2.1y + K[l

Hence, we obtain

1812201y < £Cae~*1Zo,

where C, > 0. This concludes the proof of Theorem 1. |
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4.2 Tikhonov Theorem for Linear Hyperbolic PDE-Fast
ODE System

Following the similar computation in Sect. 4.1, the error system of (6) is written as
follows

£8(1) = AS + Bii(1) — e A~ BAS. (1), (322)
n: + A, =0, (32b)
71(0) = K17j(1) + K>3, (320)
8o = Zo + A"'Bjp(1), (32d)
Mo = Yo — Yo» (32e)

where j =y — 5,8 = Z + A" 'Bj(1).

Theorem 2 Consider system (6). If (10) is satisfied, there exist positive values Cy,
v, &%, such that for all 0 < & < &*, for any initial condition yy € H?(0, 1) satisfying
the compatibility conditions vo(0) = K,yo(1) and yo,(0) = A7 K, Ayoc (1), with
Yo = Yo, and for Zy € R", it holds fort > 0

1y (. 1) = 3C D721 < ecle—”<||yo||i,z(o,l) +1Zo + A—‘Byomﬁ). (33)

Proof We consider the following candidate Lyapunov function for system (32).
~ ~ - 1
Ls(ﬁ, 8) = 88TP5 +/ eI ﬁTQﬁ dx.
0

Adopting the similar computations in the proof of Theorem 1, the time derivative of
L. (7, 8) along the solution to system (32) is

R A\ (A ! T T oy
Le(n,a):—< 5 ) T( 5 )—M/O e M RET QAR dx + 268 T P(AT'BA) YL (1),

“LOA—KT T -
where T = e "QA-K| QAK, (K| QAK,+B"P) )

* —(ATP+PA)-K,] QAK,
According to (10), using Cauchy Schwarz inequality and Young’s inequality, the
above inequality holds for all « > 0

Lo, 8) < (D8P — e 1@ M) illZ2

ellP(A~'BA)|

+ie||P(AT'BA)I8)* + 15 (D). (34)

The function L. (7, 5) is upper and lower bounded as
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eFMQ) Il + EA(P) 81 < Lo(7, ) < NQI 17132, + €IPI 3. (35)

By choosing x = 1, there exist ¢*, y > 0, such that for all ¢ € (0, ), the following
holds from (34)

Le(71,8) < —yLe(ii, 8) + ellP(AT' BA)|[|5: (D). (36)

Condition (10) implies that e ™* QA — K;r QAK, > 0. Let A be a diagonal posi-
tive matrix and Q = A2A~". Tt holds A% — K,,TAZK, > 0, which is equivalent to
|AK,A~"|| < 1. Then according to [3, Theorem 2.3], the reduced subsystem (8) is
exponentially stable in H>-norm. Thus, we deduce from (36)

L (7, 8) < =y Le(7, 8) + Cree™ | P(A™' BA)| 150l 320, 37)

where C, and c are positive values.
The following holds

t
Le(77.8) < 77" Le(ijo. 80) + Crell P(A™" BA)| (150l 3201y / e e s,
0

We may assume that y < c, the above inequality becomes

I _ RN _,, Cre _ _
Le(8) < €77 LutGio, 80) + ¢ = IPAT BA 50l

Using (35), we get

~12 - ~ 12 Q2 = n2
”r]”LZ(le) < Cre V’(||770||L2(0,1) + &|do] +8||y0||[-12(0,1))s

where C, is positive constant. Since 7y = 0, the inequality (33) holds for all ¢ > 0.
This concludes the proof of Theorem 2. |

5 Numerical Simulations

Let us first show the numerical simulations on an ODE-fast PDE system (1), in which
condition (10) is not satisfied. The full system is approximated by both subsystems
under the stability conditions of the subsystems for ¢ sufficiently small. We next
provide the numerical simulations on an academic example of PDE-fast ODE sys-
tem (6). The Tikhonov approximation is achieved under the full system’s stability
condition (10).
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(a) Solution Z (b) Solution

0.5

0 5 10 15
t
Reduced subsystem Boundary-layer subsystem

Fig. 1 Time evolutions of subsystems (4) and (5)

Table 1 Estimates of the error for different values of ¢ with the initial condition yy = K, Z

€ 0.03 0.02 0.01
|1Z(t) — Z(1)|? 4.8 x 1072 2.1 x 1072 5.0 x 1073
Iy, ) — 22x 1074 1.0 x 107* 2.6 x 1073
K ZWON72 .1,

5.1 Numerical Simulations on an ODE-Fast PDE System

Let us consider system (1) with A=1, B=-1, A=1, K| = %, K>, = 1. The
initial conditions (1d)—(le) are selected as Zy = 0.5 and yy(x) = cos(4mwx) — 1.
The perturbation parameter ¢ is chosen as ¢ = 0.01. It is computed A, = —1 for the
reduced subsystem (4). The initial condition (4b) is chosen as the same as for the full
system Zo = Zy = 0.5. The boundary condition for the boundary-layer subsystem
is K| = % The initial condition is chosen as yy = cos(4mwx) — % In view of A,,
condition (11) is satisfied for any P > 0. By choosing Q = 1, condition (12) holds.
Figure 1 shows that the reduced and the boundary-layer subsystems converge to the
origin as time increasing.

Let us choose ¢ = {0.03, 0.02, 0.01}, the initial condition y, is selected as the
equilibrium point yy = K, Z,. Table 1 shows that the errors between the full system
and the reduced subsystem decrease as ¢ decreasing, as expected from Theorem 1.

5.2 Numerical Simulations on a PDE-Fast ODE System

We consider system (6) with A = —1, B = % and A = 1. The boundary condition
(6¢) is given by K| = —i, K, = —%. The initial conditions (6d)—(6e) are selected
as Zp = 0.2 and yo(x) = cos(4mwx) — 1. The perturbation parameter is ¢ = 0.01. By



16 Y. Tang et al.

(a) Solution y (b) Solution Z

0.5

N
-0.5
o 4 8 12
t
Slow dynamics of the full system Fast dynamics of the full system
Fig. 2 Time evolutions of the full system (6)
(a) Solution (b) 02 Solution Z
0.16
0.12
~N
0.08
0.04
00 0.04 0.08 0.12
t
Reduced subsystem Boundary-layer subsystem
Fig. 3 Time evolutions of subsystems (8) and (9)
Table 2 Estimates of the error for different values of ¢
& 0.03 0.02 0.01
Iy(.t)=5C.0l2, |1.9x 107 57 x 1074 1.4 x 1073

choosing P = Q = 1, the stability condition (10) is satisfied. Therefore, Proposition
1 applies. In Fig. 2, the solutions of the slow and the fast dynamics of the full system
tend to zero when time increases, as expected from Proposition 1.

Moreover, we compute the boundary condition matrix for the reduced subsystem
as K, = —%. The initial condition (8c) is chosen as yy = yp(x) = cos(4mwx) — 1. It
is observed in Fig. 3 that the solutions of both subsystems converge to the origin as
time increasing.

Let us choose ¢ = {0.03, 0.02, 0.01}. Table 2 shows that the errors between the
slow dynamics of the full system and the reduced subsystem decrease as € decreasing,
as expected from Theorem 2.
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6 Conclusions

A class of singularly perturbed linear ODE coupled with linear hyperbolic PDE
systems has been considered in this work. The two subsystems have been formally
computed based on the singular perturbation method. A general sufficient stability
condition has been provided, which guarantees the stability of the full coupled ODE-
PDE system and both subsystems. The Tikhonov approximation for full systems has
been established by Lyapunov method. More precisely, based on the stability of both
subsystems, the full ODE-fast PDE system is approximated by the subsystems. The
estimate error is the order of the perturbation parameter ¢. However, for PDE-fast
ODE system, the approximation is valid if the general sufficient stability condition
is satisfied.
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