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Abstract. We study stochastic haline convection in a porous domain in a
context of dissolved admixture transport problems in geothermal reservoirs. An
isotropic homogeneous rectangular porous domain divided by a horizontal
interior layer at lower porosity and permeability is considered. The upper
boundary is assumed to be an admixture source leading to admixture diffusion
into a volume and a development of gravity-driven haline convection. Numer-
ical simulations of convective flows and mass transfer based on the continuity,
Darcy’s and admixture transport equations are performed. An influence of
properties of interior layer on the convection structure and dynamic character-
istics is investigated.
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1 Introduction

Many fields of human activity such as ecology, environmental management, mining
industry need an information on admixture transport in groundwater. Salts dissolved in
water move in soils and rocks in the Earth because of different reasons. Usually, the
admixture transport is associated with forced or natural modes of convection and the
last one is typically caused by the temperature and salinity gradients leading in the
gravity field to a development of motions [1, 2]. In special cases, a growth of instability
and motions arisen can be independent of gravity, for example, under the capillary
pressure gradient [3–5] which, however, is not considered in the present study. Our
study is devoted to natural gravity-driven convection associated with an admixture
transport in a geothermal reservoir; the geothermal system is an alternative energy
source using deep heat of Earth [6]. Similar problems on convective admixture
transport are solved in the context of carbon capture and sequestration technologies [7,
8]. Groundwater with dissolved admixture is involved in thermal gravity-driven con-
vection under the geothermal gradient resulted from the temperature rising in the
direction to the hot Earth’s core; this gradient is normally about 20–30K per each
kilometer [9]. However, if salinity gradients are sufficiently high, haline (or as is also
called, density-driven) convection can be more intensive in a comparison with thermal
convection. Estimations show that, for a domain with the vertical size of 10 m, haline
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convection is dominant starting with concentration differences in the domain of about
6.10−4 [10]; parameters of water correspond to the real temperature and pressure in
geothermal systems being of 500K and 150 atm, respectively. The concentration dif-
ferences exceeding 6.10−4 are observed in many real cases in which only haline
convection can be taken into consideration disregarding thermal convection.

In this paper, we investigate numerically haline convection in a porous rectangular
reservoir initially filled with pure motionless water. The constant admixture concen-
tration is held at the upper boundary modeling a close location of salt source. An
admixture diffuses into a volume forming a dense brine near the boundary which tries
to fall so it gives rise to a development of haline convection. A domain consists of
homogeneous isotropic porous medium divided by an interior horizontal layer at lower
porosity and permeability. An effect of interior layer on the convection structure and
dynamic characteristics is investigated. Here, we continue our study of haline con-
vection in heterogeneous domains starting with [10, 11]. We consider wide interior
layers, convective motions inside them and analyze spectrums of convection structures.

2 Mathematical Model and Numerical Method

We consider a homogeneous porous domain divided by a horizontal interior layer at
different porosity and permeability (see Fig. 1). Initially, the domain is filled with pure
motionless water. The constant admixture concentration is held at the upper boundary
providing the admixture to diffuse into the volume. The solute density is lineally related
to the admixture concentration so the dense brine is formed near the upper boundary.
This brine tries to fall under the gravity force giving rise to a development of haline
convective flows and mass transfer.

Haline convection in a porous domain is described by the governing equations,
which are the continuity, Darcy’s and admixture transport equations. The governing
equations can be written in a dimensionless form as follows

Fig. 1. Problem under study.
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r � u ¼ 0 ð1Þ
u ¼ �Rd jðrP� S � eÞ ð2Þ

/
@S
@t

þ u � rS ¼ rðr/rSÞ ð3Þ

The equations include u ¼ UH=Dc, P ¼ ðP� PinÞ=ða qsatc gHÞ, and S ¼ qc=q
sat
c to

be the dimensionless filtration velocity, pressure, and admixture density, respectively.
The velocity has the components: u ¼ ðux; uyÞ. Here, U, P, Pin, qc, q

sat
c , H, Dc, a, and

g are the physical filtration velocity, actual and initial values of pressure, actual and
maximal (corresponding to saturated brine) values of admixture density, height of
domain, coefficient of molecular diffusion, salinity expansion coefficient, and module
of gravity acceleration. The geometrical size and time are normalized by H and H2/Dc,
respectively. The initial and boundary conditions are given in Fig. 1.

Dimensionless parameters of the system are the Rayleigh-Darcy number Rd, rel-
ative permeability j and coefficient of diffusion r, as well as the porosity / and the
characteristic density S*. From the definition

Rd ¼ aqsatc gk1H
lsDc

; j ¼ k=k1r ¼ D=Dc ð4Þ

Subscripts “1” and “2” denote the main medium and interior layer, respectively.
Superscripts “*” and “sat” denote the upper boundary and saturated brine. The con-
ditions at the boundaries of interior layer are

P2 ¼ P1; S2 ¼ S1; ux2 ¼ ux1j2; uy2 ¼ uy1;wx2 ¼ wx1j2
/1

/2
;wy2 ¼ wy1

/1

/2
ð5Þ

Here, wx and wy are the components of the fluid velocity w ¼ ðwx; wyÞ ¼ u=/.
Notice, a flow direction has to change when flow lines cross the interface that is
resulted from the conditions (5).

Haline convection is simulated at parameters corresponding to real geological
conditions: q0 = 842.5 kg m−3, ls = 1.212.10−4 Pa s, csat = 0.3417, Dc = 3.10−9 m2

s−1, a = 0.815. We put /1 = 0.2, k1 = 1.0.10−13 m2, D1 = 1.58.10−9 m2 s−1, /2 = 0.1,
k2 = 1.0.10−14 m2, D2 = 1.19.10−9 m2 s−1. The height of domain is H = 25 m, the
distance from the upper boundary to the interior layer is Hd = 1.25 m. The layer width
Hl varies. The appropriate dimensionless quantities are Rd = 2.19.104, j1 = 1,
r1 = 0.525, j2 = 0.1, r2 = 0.398, hd = 0.05. The dimensionless layer width is hl = 0;
0.032; 0.11. We put admixture concentration at the top c* = 0.04 that is equivalent to

the dimensionless density S* ¼ 1�acsatð Þc�
csat 1�ac�ð Þ ¼ 0:0873. The aspect ratio of considered

domain equals to 2.

Numerical Study of Haline Convection in a Porous Domain with Application 65



Simulations are performed with the use of 2D finite-difference numerical code
employed during several years to the problems of underground haline convection [10,
12–14]. The complicated mathematical model and last version of the code including
tests are described in [8]. To obtain accurate numerical results we use very fine space
grids up to 5000 � 2500.

3 Results and Discussion

An admixture diffuses from the upper boundary to the volume so brine locating nearby
is denser then pure water under this brine. Brine is unstable in the gravity field and tries
to fall that leads to developing haline gravity-driven convection which is stochastic at
considered parameters. The evolution of convective flows in a domain containing an
interior layer at the width Hl = 0.8 m (or hl = 0.032 in dimensionless form) is shown in
Fig. 2. The interior layer is displayed in Figs. 2 and 4 with gray color. In the initial
stage, brine fingers travelling from the upper boundary and filling the space above the
interior layer completely occur (Fig. 2(a)). The layer passes an admixture difficultly
because the permeability is lowered ten times comparing with a main medium. When
an admixture reaches the layer, the maximal fluid velocity Wmaxj j characterizing the
intensity of motions falls comparing with the case of no layer; the fluid velocity is
defined as W ¼ U=/. This trend is exhibited in Fig. 3: the curve 2 deviates from the
curve 1 corresponding to the case of no layer and goes to bottom starting from t � 400
days. In the time period t � 400–800 days, an admixture is transported throughout the
layer by forced mode of convection. The motions of fluid in the layer are downward
everywhere and the velocity is lowered due to the conservation law: no fluid comes to
the space above the interior layer. Later, we observe crucial changing in the convection
pattern that is resulted from convection in the layer to transform to natural. Some pure
water starts to rise from the space below the layer, cross the layer and fill the space
above the layer leaved by brine. Rising fingers of pure water split brine above the layer
into a set of roughly periodic “brine balls” (Figs. 2(b–d)). This stage is characterized by
an intensification of motions as an inflow of pure water makes up for an outflow of
brine. As visible in Fig. 3, the velocity Wmaxj j increases starting from t � 800 days and
even exceeds the appropriate value in a domain with no layer after t � 2000 days. The
convection pattern in a domain as a whole is rearranged with time as well. We see small
brine fingers travelling below the interior layer in the initial stage (Fig. 2(a)) which later
merge and are located less often (Fig. 2(b)). To the time t � 2550 days and later, the
brine fingers resemble jets taking off the layer (Fig. 2(c, d)).

For a comparison, a domain with a wider interior layer at Hl = 2.75 m (or hl = 0.11
in dimensionless form) is considered. Convection patterns are shown in Fig. 4. The
main features of convection evolution is the same as at Hl = 0.8 m discussed early.
Initially, an admixture fills the space above the layer completely that is associated with
a forced mode of convection in the layer (Fig. 4(a)). Later, fluid motions here are
rearranged, some extended zones of pure water appear (Fig. 4(b, c)) so that pure water
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Fig. 2. Concentration field in a domain containing an interior layer at the width Hl = 0.8 m at
times t = 675 (a), 1500 (b), 2550 (c), 3150 days (d).
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starts to rise to the space above the layer (Fig. 4(d)). That rearranging is associated with
transition to a natural mode of convection in the layer and formation of roughly
periodic structure of “brine balls” above it (Fig. 4(d)). However, rearranging of
motions takes a longer time as more fluid fills a wider layer. We see in Fig. 3 for the
velocity Wmaxj j, that the curves 3 and 2 corresponding to Hl = 2.75 m and Hl = 0.8 m
behave similarly up to t � 1300 days. Then, the magnitudes of Wmaxj j become lower at
Hl = 2.75 m than at Hl = 0.8 m because the natural convection does not manage to
develop in the first case whereas it develops in the second case. The scale of “brine
balls” is bigger in the first case that is clear from a comparison of Figs. 4(d) and 2(d).
Maybe, “brine balls” in the first case will become smaller during further evolution,
however we believe they average size to remain bigger then the size of “balls” in the
second case. Each big “brine ball” corresponding to the case of Hl = 2.75 m, perhaps,
will generate, in a very long time, a single jet falling down (similar to that in Fig. 2(d)),
however, we do not continue numerical simulation to such time because an admixture
reaches the lower boundary and accumulate nearby.

The case of domain with the interior layer at Hl = 2.75 m is considered. To exhibit
how motions in an interior layer effect the convection structure above it, the horizontal
density distributions S1(x) = S(x, −0.025) and S2(x) = S(x, −0.100) are analyzed. The
function S1(x) is taken at the level y = −0.025 or, in dimensional variables, at 0.625 m
below the upper boundary that is along the central line of space between the upper
boundary and interior layer. The function S2(x) is taken at the level y = −0.100 to be at
2.50 m below the upper boundary and coincide with the central line of interior layer.
So, S1(x) characterizes the density distribution in the space above the interior layer
whereas S2(x) does it in the layer. We approximate the functions S1(x) and S2(x) with

Fig. 3. Maximal fluid velocity Wmaxj j depending on the time in a domain without an interior
layer (1) and containing the interior layer with the width Hl = 0.8 (2), 2.75 m (3).
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Fig. 4. Concentration field in a domain containing an interior layer with the width Hl = 2.75 m
at times t = 675 (a), 1275 (b), 1950 (c), 3150 days (d).
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the Fourier series to find the frequencies of periodic space structures. Let the function
f(x) be known. This function can be decomposed into the Fourier series according to
the equation [15]

f ðxÞ ¼ 1
2
a0 þ

X1

k¼1

ak cosðkxxÞþ
X1

k¼1

bk sinðkxxÞ ð6Þ

The coefficients of the Fourier series a0, ak, bk are defined as follows

a0 ¼ 2
L

ZL=2

�L=2

f ðnÞ dn; ak ¼ 2
L

ZL=2

�L=2

f ðnÞ cosðkxnÞdn;

bk ¼ 2
L

ZL=2

�L=2

f ðnÞ sinðkxnÞdn

ð7Þ

Here, x = 2p/L with L to be the length of domain. We find the Fourier series
coefficients for the functions S1(x) and S2(x) at different times being the same as in
Fig. 4. The results are shown in Figs. 5 and 6. We see in Fig. 5 that the spectrum of
S1(x) includes many different frequencies and high frequencies (corresponding to high
k) are available. The number k is roughly equal to the number of repeating fragments,
which form a periodic structure. Therefore, high frequencies are associated with small-
scale space structures generated by the boundary layer near the upper boundary.
However, at a long time, the coefficients of low frequency at k � 4 is dominant (Fig. 5
(d)) that is associated with the “brine ball” structure (Fig. 4(d)). The last one is induced
by flows of pure water rising from the interior layer and being at low frequencies
generated by this layer. As known, the average horizontal wavenumber is decreased
with decreasing in the Rayleigh-Darcy number Rd. Therefore, the interior layer induces
disturbances at lower horizontal wavenumber (at lower frequency) because of smaller
Rd (due to the smaller magnitude of permeability). We see the interior layer starts to
contribute to the spectrum in the space above from a certain time. The spectrum in the
interior layer shows that high frequencies defined by motions above are damped in time
(Fig. 6), that is the effect of flows coming from the top becomes less and less signif-
icant. On the contrary, coefficients at low k corresponding to its own low frequencies
increase in time.
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Fig. 5. Coefficients ak (left) and bk (right) of the Fourier series of the function S1(x) in the main
medium at the level y = −0.625 m at times t = 675 (a), 1275 (b), 1950 (c), 3150 days (d).
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Fig. 6. Coefficients ak (left) and bk (right) of the Fourier series of the function S2(x) in the
interior layer at the level y = −2.50 m at times t = 675 (a), 1275 (b), 1950 (c), 3150 days (d).
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4 Conclusion

Stochastic haline convection in a rectangular porous domain containing a horizontal
layer at lower porosity and permeability was investigated numerically. Convection is
driven by more dense brine appearing near the upper boundary due to admixture
diffusion and becoming unstable in the gravity field. As found, the interior layer is able
to pass brine by different mode of convection. Initially, fluid here is involved in forced
convection: the vertical component of velocity is directed downward or equal to zero.
During time, the motion is rearranged and the upward velocity develops as well so
forced convection transforms into natural convection. This dynamic stage is charac-
terized by some fingers of pure water which rise from the layer to the space above and
by flows intensified. Water fingers split brine between the upper boundary and interior
layer into roughly periodic “brine balls”. An influence of layer on convection structure
above is observed in this stage and our spectral analysis of density distributions con-
firms this conclusion.
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