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of Internal Gravity Waves for Circulation
Models of Ocean and Atmosphere
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Abstract The IDEMIXconcept is an energetically consistent framework to describe
wave effects in circulation models of ocean and atmosphere. It is based on the radia-
tive transfer equation for an internal gravity wave field in physical and wavenumber
space and was shown to be successful for ocean applications. An improved IDEMIX
model for the ocean will be constructed and extended by a new high-frequency,
high vertical wavenumber compartment, forcing by mesoscale eddy dissipation,
anisotropic tidal forcing, and wave–mean flow interaction. It will be validated using
observational and model estimates. A novel concept for gravity wave parameteri-
zation in atmospheric circulation models is developed. As for the ocean, the wave
field is represented by the wave energy density in physical and wavenumber space,
and its prognostic computation is performed by the radiative transfer equation. This
new concept goes far beyond conventional gravity wave schemes which are based
on the single-column approximation and, in particular, on the strong assumptions
of a stationary mean flow and a stationary wave energy equation. The radiative
transfer equation has—to our knowledge—never been considered in the atmospheric
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community as a framework for subgrid-scale parameterization. The proposed param-
eterization will, for the first time, (1) include all relevant sources continuously in
space and time and (2) accommodate all gravity wave sources (orography, fronts,
and convection) in a single parameterization framework. Moreover, the new scheme
is formulated in a precisely energy-preserving fashion. The project will contribute to
a transfer of knowledge from the oceanic community to the atmospheric community
and vice versa. We give a brief description of the oceanic and atmospheric internal
wave fields, the most important processes of generation and interactions, and the
ingredients of the model IDEMIX.

3.1 Internal Waves in Ocean and Atmosphere

Internal gravity waves arise in a stably stratified fluid through the restoring force of
gravity on fluid particles displaced from their equilibrium levels. Interfacial waves
occurring between two superposed layers of different density are a familiar phe-
nomenon, in particular at the upper free surface of the ocean in form of surface
waves. In the continuously stratified interior of the ocean, the restoring force of
gravity is much weaker (by a factor δρ/ρ = 10−3, where δρ is a typical density per-
turbation of the mean density ρ), and the periods and wavelengths of internal waves
are much larger than those of surface gravity waves. In the spectrum of oceanic
motions, internal gravity waves are embedded between (and partly overlap with)
small-scale three-dimensional turbulence and the geostrophic balanced motion of
the oceanic eddy field, as depicted in Figure 3.1. The timescales of baroclinic gravity
waves are sharply defined as being in between the stability frequency N ∼ δρ/ρ,
called Brunt-Väisälä frequency and related to the buoyancy force, and the Coriolis
frequency f , related to the Earth rotation and Coriolis force. Spatial scales can range
from global scales in case of long barotropic gravity waves down to a couple of 10
m for the baroclinic gravity wave branch. On even smaller time and space scales,
the internal wave regime approaches isotropic turbulence which then connects to the
regime of ultimate dissipation of energy by molecular processes. Atmospheric grav-
ity waves obey the same constraints in frequency as oceanic ones; however, dominant
wavelengths are generally larger: spectra of vertical wavelength peak at 2 to 5 km
in the lower stratosphere and increase to 10 to 30 km in the mesopause. Contrary to
the ocean where we always see a continuum in frequency–wavenumber space, there
is ample evidence that atmospheric spectra are often composed of only a few waves
(see, e.g., Fritts and Alexander 2003).

Waves are an essentially linear disturbance of the wave-carrying medium: once
they are generated, they propagate almost freely along their rays, as depicted in
Figure 3.2, slowly changing by non-linear effects and coupling to their supporting
background, thereby slowly losing attributes acquired during their particular genera-
tion process. Strongly non-linear effects such as breaking occur only as very localized
events in space and time. A linear wave is characterized by an amplitude a(K), and
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Fig. 3.1 Space-timescales of important oceanic processes (pink areas) and scales explicitly resolved
by ocean models (grey rectangular areas). The lower left rectangle represents modern global ocean
climate models and the upper right rectangle eddy-resolving basin-scale models. Also shown are
dispersion curves (solid lines) for linear gravity waves (upper set) and planetary waves (lower
set). Vertical dotted lines indicate the external (Ro) and the first internal (Ri ) Rossby radii and the
Ozmidov length scale Lo

Fig. 3.2 Sketch of wave
packet propagation along a
ray. A perpendicular
orientation of K and the
intrinsic group velocity
cg = ∂KΩ , as depicted here,
is realized by internal gravity
waves. Wave crests and
troughs are orthogonal to K,
and these phase lines show
propagation along K

a wave vector K and an intrinsic1 frequency ω, which are related by a dispersion
relation ω = Ω(K). For internal waves

ω = Ω(K) =
(
N 2k2 + f 2m2

k2 + m2

)1/2

(3.1)

where the three-dimensional wave vectorK = (k,m) is split into the horizontal and
vertical components, and k = |k|. Correspondingly, we will use X = (x, z) for the
position vector. Large-scale inhomogeneities (compared to period andwavelength) of

1Wedenote byω the intrinsic frequency, i.e. the frequency observed relative to ameanflow.Then, the
Doppler shifted frequency of encounter, ωenc = ω + K · U, is the one observed at a fixed position
in space.
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the wave-carrying background can be treated byWKBmethods (see, e.g., Berry and
Mount 1972; Bender and Orszag 1978). Such inhomogeneities arise via a space and
time-dependent Brunt-Väisälä frequency, and mean current, and a spatially varying
Coriolis frequency. Waves then appear in the form of slowly varying wavetrains
which may be represented locally by wave groups (or packets) characterized by a
local dispersion relation ω = Ω(K,X, t) where X is the spatial coordinate and t is
time. Amean currentU(X, t) is included as a Doppler shift so thatωenc = ω + K · U
represents the frequency of encounter. A wave group propagates with the group
velocity

Ẋ = ∂KΩ + U = V + U (3.2)

where V = ∂KΩ is the intrinsic group velocity. The wave vector changes along the
trajectory (ray) according to

K̇ = −∂XΩ − K · (∇U) (3.3)

The process is called refraction. Here, K contracts with U. The influence of the
mean flow in these expressions takes place via simple advection (in (3.2)) and the
gradient matrix of the mean current (in (3.3)). The vertical mean current is usually
negligible so that U = (U, V, 0). The intrinsic group velocity V for internal waves
has a peculiar property: ∂KΩ is perpendicular to the wave vector K (the group
propagation is orthogonal to the phase propagation), and because the horizontal
component ∂kΩ is aligned with the horizontal wave vector k, the vertical component
is opposed to the vertical wavenumber, ∂mΩ ∼ −sign m. This property is important
for the IDEMIX equations (see Section 3.2). The intrinsic refraction, −∂XΩ , mainly
arises from a depth-dependent Brunt-Väisälä frequency, N = N (z). The gradient
term ∇U in (3.3) leads to the occurrence of critical layers and is also responsible for
wave capture effects (see Section 3.3.2).

Writing the dispersion relation for the frequency of encounter as

ωenc = Ωenc(K,X, t) = Ω(K, z) + K · U(X, t) (3.4)

we have, according to WKB theory, for the rate of change of frequencies along the
ray

ω̇enc = ∂tΩenc = ∂tΩ + K · ∂tU

ω̇ = ∂tΩ + U · ∂XΩ − V · (K · ∂XU) (3.5)

Note that K contracts with U and V contracts with ∂X in this expression. These
frequency relations are consistent with ω = ωenc − K · U as integral of the motion
along the ray.

If the background medium is time dependent (slow in the WKB sense), resulting
in a time-dependent Ω(K,X, t), the frequency of encounter changes as given by
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(3.5). The wave energy E ∼ |a|2 is then not conserved, but wave action A(X, t) =
E(X, t)/ω (energy over intrinsic frequency) is an adiabatic invariant (Landau and
Lifshitz 1982; Bretherton and Garrett 1968; Whitham 1970),

∂t A + ∇X · (Ẋ A) = 0 (3.6)

This property is fundamental for the radiation balance discussed further below.
In a realistic geophysical situation, the wave field is more likely described by a

superposition of a great number of wave packets, each localized in physical space
and having a dominant wave vector, frequency, and amplitude, which slowly change
as a consequence of propagation, refraction, and reflection according to the above
ray equations. When two wave packets occupy the same volume, they might interact
resonantly for a short finite time and build up a third wave component. This is the pro-
cess of wave–wave interactions. Wave packets may interact with background fields,
e.g. the mean flow, in which they propagate, and new packets may be introduced in
the wave ensemble by forcing mechanisms to be discussed in later sections. Instead
of using the energy or action of single waves, we describe such a wave field by its
energy (power) spectrum2 E (K,X, t) = ωA (K,X, t), defined such that the integral
over wavenumbers yields the local energy density E(X, t). Because the action spec-
trum is now written as function of K in addition to previous independent variables
X and t , and the wave vector is also slowly changing, the action conservation reads
for the random wave field (Hasselmann 1968)

∂tA + ∇X · (ẊA ) + ∇K · (K̇A ) = S (3.7)

Here,S is a source, not yet considered in (3.6), representing all processes that may
lead to a change of the action spectrum, except for the propagation and refraction
processeswhich are explicitly accounted for on the left-hand side. The vertical energy
flux F = żE must be specified at the top and bottom boundaries, assuming for
simplicity that these are horizontal surfaces. At the surface

F(k,m) + F(k,−m) = Φsur f (k,m) (3.8)

must hold, and similarly for the bottom with a net flux Φbot (k,m). The condition
accounts for reflection, in which a wave with vertical wavenumber m is reflected
into one with −m, and an energy source Φsur f (k,m) by a wave-maker situated at
the surface as, e.g. wind stress fluctuations, or tidal conversion at the bottom in case
of Φbot (k,m).

Application of the radiative transfer will be done in wavenumber coordinates
different from the Cartesian ones (k,m). This is because dominant forcing functions
are more easily embedded in frequency space, e.g. tidal forcing and near-inertial
wave radiation. Also, directional spreading of horizontal wavenumbers ismore easily

2E (K,X, t)d3K is the wave energy (density in physical space) in a small wavenumber volume d3K
at K at the position X at time t .
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formulated in angular coordinates.We therefore transform the radiation balance (3.7)
into more convenient coordinates. For the balance of Ẽ = Ẽ (m, ω, φ), we find

∂t Ẽ + ∇ · ẋẼ + ∂z żẼ + ∂ωω̇Ẽ + ∂mṁẼ + ∂φφ̇Ẽ = ωS̃ + ω̇
Ẽ

ω
(3.9)

Here, ω̇ is the change of intrinsic frequency along the ray, given by (3.5). The term
ω̇Ẽ /ω contains the energy exchange between the waves and the mean flow. We
abandon the tilde in the further discussions.

The knowledge about the structure and importance of the oceanic internal wave
field is strongly based on experimental evidence of the wave motion. Amplitudes
of internal gravity waves are remarkably large, of the order of 10 m (occasionally,
they may be an order of magnitude larger), and current speeds are typically 5 cm/s.
The wave motion is therefore not difficult to observe; in fact, it is the dominant
signal in many oceanic measurements. The first attempt to provide a unified picture
of the internal wave field was made by Garrett and Munk (1972) who synthesized a
model of the complete wavenumber–frequency spectrum (GMmodel) of the motion
in the deep ocean on the basis of linear theory and the available observations by
horizontally or vertically separated moored instruments or dropped sondes. Except
for inertial internal waves and baroclinic internal tides, this model is believed to
reflect the spectral features of the internal wave climate in the deep ocean and to
possess a certain global validity. Most data were in good agreement with the GM
model or could be incorporated by slight modifications (Garrett and Munk 1975;
Cairns and Williams 1976; Müller et al. 1978; Munk 1981). In a broad-brush view,
the GM spectrum is characterized by a ω−2 decay of energy power in frequency
space with a minor peak at ω = f , and a m−2 decay in vertical wavenumber space
with a roll-off at m = m	 to a plateau at low wavenumbers; see Figure 3.3. The
wavenumber m	 of the roll-off is referred to as the bandwidth of the spectrum. Note
that GM is horizontally isotropic, vertically symmetric, and of the factorized form
E (m, ω, φ, z) = E(z)A(|m|)B(ω)/2π .

Atmospheric gravity wave spectra are reviewed by Fritts and Alexander (2003),
and a working base for our purpose of constructing an atmospheric IDEMIX model
is presented in Section 3.2.2.2. The general functional class considered for the spec-
trum is in fact very similar to GM except for a distinct azimuthal distribution of
wave propagation directions, E (m, ω, φ, z) = E(z)A(|m|)B(ω)Φ(φ). The power
laws in frequency and vertical wavenumber are different from GM and seen as not
as universal as the oceanic counterpart. The energy level E(z) and peak (or roll-off)
wavenumber m	 are not following WKB scaling as GM does. Also, as Fritts and
Alexander (2003) emphasize, this canonical spectrum does not capture the true com-
plexity of the gravity wave field in altitude and does not account for considerable
variability. To a certain degree, this drawback applies as well to GM.
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Fig. 3.3 GM76model, displayed in (a) asE (k, ω) and in (b) asE (m, ω). The coordinates are plotted
logarithmically so that plane surfaces represent power laws, some of which are indicated in the
graphs. The partially integrated forms MS and DS of the moored and dropped spectra, respectively,
are displayed as respective projections, and the moored coherences MHC and MVC are related
to the corresponding bandwidths, as indicated. All quantities are normalized with reference to the
scale b and N0 of the Brunt-Väisälä frequency profile N (z) = N0ez/b. In the figure, the notation
α = k, β = m, and γ = (1 − f 2/ω2)1/2 is used. After Garrett and Munk (1975), Olbers (1986)

3.2 The IDEMIX Model

Müller and Natarov (2003) suggested to base a model for the propagation and dissi-
pation of internal waves on the radiative transfer equation (3.7) of weakly interacting
waves in the 6-dimensional phase space. However, theoretical, practical, and numer-
ical limits hamper the realization of such a comprehensive model. Olbers and Eden
(2013) discussed a drastic simplification of the concept which they called IDEMIX
(Internal wave Dissipation, Energy and Mixing). Instead of resolving the detailed
wave spectrum as suggested by Müller and Natarov (2003), they integrate the spec-
trum in wavenumber and frequency domain, leading to conservation equations for
integral energy compartments in physical space. These equations can be closed with
a few simple but reasonable parameterizations. IDEMIX describes the generation,
interaction, propagation, and dissipation of the internal gravity wave field and can
be used in ocean general circulation models to account for vertical mixing (and fric-
tion) in the interior of the ocean. In its simplest version, IDEMIX consists of two
compartments of interacting up- and downward propagating waves (Olbers and Eden
2013). In a more complex version, low vertical mode compartments at near-inertial
frequencies and frequencies of tidal constituents are added which also account for
horizontally anisotropic wave propagation (Eden and Olbers 2014). For some more
details, we refer to Section 3.2.1. Eden et al. (2014) demonstrate how an energet-
ically consistent ocean model can be constructed connecting IDEMIX with other
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energy-based parameterizations for the unresolved dynamical regimes of mesoscale
eddies and small-scale turbulence. IDEMIX is central to the concept of an energeti-
cally consistent ocean model, since it enables to link all sources and sinks of internal
wave energy, and furthermore all parameterized forms of energy in an ocean model
without spurious sources and sinks of energy.

3.2.1 Details of the Oceanic IDEMIX

Both the simple and extended versions of IDEMIX are based on the radiative trans-
fer equation (3.9) and the boundary condition (3.8) which describe the evolution
in time of the energy spectrum E (m, ω, φ, x, z, t) of an ensemble of weakly inter-
acting gravity waves in wavenumber and physical space. Using the 6-dimensional
space (m, ω, φ, x, z) is too difficult, and integrated energy compartments are thus
considered instead. In the simple version of IDEMIX by Olbers and Eden (2013),
E is integrated over frequency ω, azimuth φ, and over vertical wavenumber m, but
separately for positive m (yields E−, downward propagating waves) and negative m
(yields E+, upward propagating waves). Defining total energy E = E+ + E− and
energy asymmetry ΔE = E+ − E−, the projection of (3.7) leads to

∂t E + ∂zc0ΔE = −Fdiss = −μE2

∂tΔE + ∂zc0E = Fww = −ΔE/τv (3.10)

This applies to the simplest IDEMIX model where horizontal homogeneity is
assumed. The crosswise form of the vertical energy fluxes in (3.10) derives from
the vertical group velocity ż = ±c of up- and downward waves being opposed to
the vertical wavenumber m. However, a parameterization of the integrated group
velocity is needed, and this is done in a typical way for parameters in IDEMIX
energy balances: here, the mean vertical propagation with group speed c0 is calcu-
lated analytically by assuming a spectrum of the gravity wave field of fixed shape but
unknown amplitude E , the factorized GM76 spectrum (which may vary with E in
space and time). The form of the energy balances is thus exact, but the group velocity
c0 (modulus) is that of a related GM spectrum. IDEMIX consequently assumes that
the actual wave spectrum is always close to the GM spectrum with respect to the
shape; the unknown energy is then given by E± or E andΔE and governed by (3.10).

Surface and bottom reflections lead to a flux from E± to E∓, respectively, and
forcing by tides and near-inertial pumping is added as a surface and bottom flux
∼ ΔE into the total wave energy E , resulting from the integration of (3.8). Wave–
wave interactions in the simple IDEMIX version are parameterized as damping of
the differences of up- and downward propagating waves with a timescale of a few
days, leading to the relaxation term Fww in the asymmetry balance of (3.10). This
simple closure is supported by the observation of a nearly symmetric wave field
in m (as the GM spectrum) and the evaluation of the wave–wave interactions for
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slightly perturbed GM spectra (McComas 1977). There is no corresponding term
in the balance of total energy since wave–wave interactions conserve energy. The
closure for the dissipation of gravitywaves in (3.10) by the term Fdiss = μE2 follows
the method of finestructure estimates of dissipation rates (Gregg 1989; Kunze and
Smith 2004) and is given by a quadratic functional in the total wave energy E , as
found by Olbers (1976), McComas and Müller (1981) from the scattering integral
of resonant triad interactions. The parameter μ is a known function of N , f , and the
GM bandwidth m	.

The simple IDEMIX version can be extended to horizontal inhomogeneity con-
ditions but cannot treat well lateral propagation of waves. This issue is resolved in
the extended IDEMIX version by Eden and Olbers (2014), where low vertical mode
energy compartments En at fixed frequency ωn (e.g. tidal frequency) are separated
from the rest (the wave continuum) and which resolve horizontal wave propagation.
The En are accordingly governed by a corresponding radiative transfer equation

∂t En + ∇ · cg En + ∂φφ̇En = Wn + Tn (3.11)

where cg denotes the lateral group velocity at ωn , and φ̇ denotes the refraction of the
wavenumber angle φ with k = k(cosφ, sin φ). The En are functions of x and φ (and
time) and are chosen as tidesM2, S2 or local near-inertial waves. They are represented
by vertically integrated low vertical modes, while all other frequencies and higher
vertical modes are still contained in the vertically resolved wave continuum E+ and
E−.

Equation (3.11) describes the lateral propagation and refraction of low-mode
baroclinic tidal or near-inertial energy compartments, the scattering into the wave
continuum by rough topography by the term Tn , and the wave–wave interaction
with the continuum by the term Wn , which were derived analytically by Eden and
Olbers (2014). They show up with opposite signs in the conservation equation for
E = E+ + E−. Tidal forcing enters in the extended version of IDEMIX partly as
a bottom flux for the wave continuum as in the simple IDEMIX version, but also
in the energy compartment of the respective tidal constituent where it will laterally
propagate over considerable distances before it is transferred to the wave continuum
and to dissipation. Both the simple and extended versions of IDEMIX are available
as stand-alone versions with prescribed stratification and forcing without feedback
on the circulation, and coupled to a general circulation model (https://wiki.zmaw.de/
ifm/TO/pyOM2).

The link from the wave energy balance to mixing is as follows. Knowledge of the
wave energy E enables us to compute the wave dissipation term Fdiss = μE2 which
is a source of turbulent kinetic energy (TKE). Assuming steady state and a few other
simplifications, the TKE balance reads (Osborn and Cox 1972)

Fdiss + b′w′ − ε = 0 (3.12)

Here, b′w′ denotes the vertical turbulent buoyancy flux, i.e. the exchange with poten-
tial energy, and ε the dissipation rate of TKE by molecular friction, i.e. the exchange

https://wiki.zmaw.de/ifm/TO/pyOM2
https://wiki.zmaw.de/ifm/TO/pyOM2
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with internal energy (‘heat’). Assuming a conventional downgradient turbulent buoy-
ancy flux b′w′ = −KρN 2, where Kρ denotes a vertical diffusivity, and a constant
mixing efficiency δ = KρN 2/ε (usually taken equal 0.2), the diffusivity Kρ can be
computed from the wave energy E and given δ. More elaborate coupling of TKE
and E is considered in Eden et al. (2014).

3.2.2 The IDEMIX Concept Applied to Atmospheric Gravity
Waves

IDEMIX is not yet realized for atmospheric internal gravity waves. We describe here
howan atmospheric IDEMIXcan be built. Unlike the ocean casewhere parameteriza-
tion ofmixing is a first goal, the atmospheric IDEMIX should aim at parameterization
of wave drag, i.e. the wave-induced Reynolds stress.

We restrict ourselves to the single-column approximation (i.e. we assume a hor-
izontally homogeneous background flow at each geographical location, which is
analogous to the plane-parallel approximation in radiative transfer computations)
such that the coordinate dependence is reduced to that on height z. Furthermore,
we assume gravity wave propagation only in particular azimuthal directions. In the
actual gravity wave parameterization, we then add up the contributions from 4 or
8 equally distributed azimuths, denoted by the index j . Note that these approxima-
tions are made as well in any conventional gravity wave scheme used in climate
models. Regarding the dependence on the wavenumber vector in horizontal and ver-
tical directions, we express the spectral energy density with regard to the horizontal
wavenumber k in terms of the intrinsic frequency,3 denoted as ω. The total spectral
energy is given by E (m, ω, φ, z, t) = ∑

j E j (m, ω, z, t)δ(φ − φ j ). The radiative
transfer equation

∂tE j + ∂z(ż E j ) + ∂m(ṁ E j ) + ∂ω(ω̇ E j ) = Sj + ω̇ E j/ω − Dm2 E j (3.13)

for the wave energy compartment for the azimuth direction j is derived from (3.9)
after integration over the azimuth angle. Our sign convention is such that ω > 0
and m < 0 for upward group propagation (downward phase propagation), as before
for the oceanic case. In (3.13), D = D(z, t) denotes a vertical diffusion coefficient
which describes damping due to wave breaking. This coefficient must be computed
according to some dynamic stability criterion and should in principle also include
the diffusion coefficient computed by the vertical diffusion scheme of the model
(e.g. the boundary layer diffusionwill damp orographic gravity waves). Furthermore,
Sj = Sj (m, ω, z, t) is a source function that needs to be specified in order to describe
the various generation mechanisms of atmospheric gravity waves such as flow over a
rough surface, convection, frontal activity, and secondary gravity waves.Wave–wave

3Conventional parameterization schemes often assume a fixed k for the assumed gravity wave
spectrum.
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interactions would also add to Sj , but are not further discussed here since they play
a less dominant role compared to the ocean. The other terms in (3.13) describe wave
propagation, wave refraction, and interactions (reversible and irreversible) with the
mean flow.

For the ocean case, energy compartments of up- and downward propagatingwaves
are considered. This is important because of the nearly vertical symmetry of the
wave field in the ocean, but less so for the atmosphere since surface reflection and
strong wave–wave interactions, which lead to the symmetry, are missing. Reflection
at the top is entirely absent. We will therefore dispense with this differentiation
in compartments of up- and downward propagating waves for the atmosphere. We
propose to use four directional compartments as a starting point. Conventional gravity
wave schemes for atmosphere models often use 8 azimuthal directions.

3.2.2.1 Wave–Mean Flow Interaction and Energy Conservation

Regarding the effects of the parameterized gravity wave spectrum on the mean flow,
we resort to the general theoretical framework of the two-way Reynolds average
approach to filter out small-scale turbulence and mesoscale gravity waves as pre-
sented in Becker (2004) and Becker and McLandress (2009). A more detailed dis-
cussion can also be found in Shaw and Shepherd (2009). For a prognostic gravity
wave scheme as envisioned in our case, the following framework applies. The rate
of change of mean momentum and energy by the wave-induced stress is

(ρ ∂tv)GW = −∂zF (3.14)

(ρ cp ∂t T )GW = −( ∂z Fp + F · ∂zv ) − ∂t eGW (3.15)

Here, v denotes the horizontal wind vector of the mean flow, and hence, the left-hand
side of (3.14) simply describes the familiar gravity drag. The in situ air temperature
is denoted by T , and the direct heating that accompanies the gravity wave drag is
given by the right-hand side of (3.15), where the first term is the so-called energy
deposition (e.g. Hines 1997). The energy deposition involves both the vertical flux of
horizontal momentum, F, and the pressure flux, Fp, induced by the wave field. The
second term is the tendency of the total energy4 of the gravity wave field, denoted as
eGW . This energy

eGW (z, t) =
∑
j

−m0∫
−∞

dm

ω1∫
ω0

dω E j (m, ω, z, t) (3.16)

is obtained by integrating (3.13) over wavenumber and frequency and by summation
over all azimuths. Here, m0 defines a minimum absolute vertical wavenumber, ω0 a

4This direct heating term vanishes for a conventional parameterization due to the assumption of
stationary wave energy.
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minimum intrinsic frequency that is of the order of the Coriolis parameter at middle
latitudes, andω1 amaximum intrinsic frequency that is of the order of the background
buoyancy frequency N .

Energy conservation is trivially fulfilled since Fp and v vanish at the surface,
z = zs , and since F and Fp vanish for z → ∞. Hence,

∞∫
zs

dz ∂t eGW +
∞∫

zs

dz v · (ρ ∂tv)GW +
∞∫

zs

dz (ρ cp ∂t T )GW ≡ 0 (3.17)

The momentum flux and pressure flux are obtained by using the polarization rela-
tions for gravity waves having vertical wavelengths not larger than the scale height,
yielding

F(z, t) =
∑
j

Fj ( cosφ j ex + sin φ j ey ) (3.18)

with

Fj (z, t) =
−m0∫

−∞
dm

ω1∫
ω0

dω
ω

N
E j (m, ω, z, t)

Fp(z, t) =
∑
j

∞∫
m0

dm

ω1∫
ω0

dω
ω

m
E j (m, ω, z, t) (3.19)

Here, φ j is the angle of the azimuthal direction j with the unit vector in eastward
direction denoted as ex , while ey is the unit vector in northward direction. In these
expressions, the mid-frequency approximation was made which can, however, be
relaxed as for the oceanic IDEMIX version.

3.2.2.2 Factorization of the Spectrum and Prognostic Equations

Since the treatment of (3.13) in the 3-dimensional space (z,m, ω) will be computa-
tionally too expensive,we follow the IDEMIXconcept and assumea simple factoriza-
tion of the wave spectrum with unknown amplitude E j (z, t). Having E j (z, t,m, ω)

in such a form, the integrals overm andω for the fluxes (3.19) in the model equations
(3.14) and (3.15) are readily calculated as functionals of E j (z, t). The assumption of
a factorized wave spectrum with unknown amplitude is key to the IDEMIX concept
which we also use here, but we also allow for variations of the shape parameters.

While a generic spectral shape is observed in the ocean with only rare exceptions,
this is not expected for the atmosphere. We therefore attempt to introduce additional
prognostic equations to characterize the spectral shape. This concept was originally
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introduced byHasselmann et al. (1973) for the simulation of the energetics of surface
wind waves. In the atmospheric case, the generalized Desaubies spectrum according
to Fritts and VanZandt (1993) has proven to work well in advanced gravity wave
schemes using the conventional framework (Scinocca 2003). Here, we apply the
Desaubies spectrum (Desaubies 1976) (this actually is a derivative of GM; see also
Müller et al. 1978) for each azimuthal direction as:

E j (m, ω, z, t) = E j (z, t) n(ω0,m
∗
j (z, t), q, r, s)

(ω0

ω

)q (m /m∗
j (z, t) )s

1 + (m /m∗
j (z, t))

r+s

(3.20)
Like in IDEMIX, E j (z, t) is the total energy contained in the spectrum at (z, t); i.e. n
is a normalization factor such that E j = ∫

dω
∫
dm E j . The shape of the spectrum

regarding itsm-dependence is allowed to vary with height and time via the parameter
m∗

j (z, t). The exponent q used in (3.20) can be chosen within 1 ≤ q ≤ 5/3, while
typical values for s and r are 1 and 3, respectively. As a starting point for the new
parameterization, we set q = 1, s = 1, and r = 3. For large m, the spectrum is then
proportional tom−3. Such a behaviour is consistent with the scaling laws of stratified
turbulence.5

To compute the temporal evolution of E j (z, t) and m∗
j (z, t), we have to solve

(3.13) for each azimuth. To this end, we have to compute ż and ω̇ from the dispersion
relation. For the most simple case of mid-frequency gravity waves with upward
grouppropagation (i.e. form < 0),weget ż = −ω/m, ṁ j = N−1ω (m ∂zu j + ∂z N )

and ω̇ j = −ω2N−1∂zu j , where u j is the projection of v into the direction of φ j .
Furthermore, we have to specify the diffusion coefficient and some source functions.
In IDEMIX, the resulting radiative transfer equation is then integrated over m and
ω to obtain a prognostic equation for just the amplitude of the spectrum, i.e. for
E j (z, t).

To allow, however, for variations of the spectral shape with altitude and time,
we use another method to solve (3.13). We propose to apply the Gaussian varia-
tion principle in order to determine ∂t E j (z, t) and ∂tm∗

j (z, t) from the functional
derivatives

δ χ2
j (z, t)

δ ( ∂t E j (z, t) )
= 0 ,

δ χ2
j (z, t)

δ ( ∂tm∗
j (z, t) )

= 0 (3.21)

that are obtained from requiring that

χ2
j (z, t) =

−m0∫
−∞

dm

ω1∫
ω0

dω
[
∂tE j + ∂z(ż E ) + ∂m(ṁ j E ) + ∂ω(ω̇ j E )

−Sj − ω̇ j E j/ω + Dm2 E j
]2

(3.22)

5The aspect ratio for stratified turbulence, k ∝ m3, converts a spectral energy density proportional
to m−3 into a k−5/3-spectrum with respect to the horizontal wavenumber.
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is minimum. The procedure is straightforward. All integrals in (3.22) for m and ω

can be solved analytically.

3.2.2.3 Dissipation and Forcing

A particular and important aspect of the project is to set up a proper parameterization
of the diffusion coefficient, D(z, t), and the source function Sj (m, ω, z, t) to force
gravity waves. Regarding the diffusion, we plan to rely on the saturation assumption
of Lindzen (1981) which has proven to work equally well for non-orographic and
orographic gravity waves (see the model description in Garcia et al. 2007). This
has, however, to be further specified for the present entirely new framework for an
atmospheric gravity wave scheme. Also note that, like in the generalized Doppler
spread parameterization of Becker and McLandress (2009), the diffusion coefficient
should be the same for the entire gravity wave field.

While wave–wave interactions are of importance in the oceanic case, this appears
less so for the atmosphere. Wave–wave interactions will thus be neglected in the first
phase. The dissipation in the oceanic case is inferred from the flux in wavenumber
space due towave–wave interactions to large vertical wavenumbers and is a quadratic
functional of the total wave energy (Olbers 1976; Müller et al. 1986), which is also
used for observational estimates of dissipation rates (Gregg 1989; Kunze and Smith
2004). It remains to be seen how this process relates to the aforementioned non-
linear wave-breaking theories and whether it can eventually be incorporated in the
new atmospheric gravity wave scheme.

Regarding the source function, we plan to use specifications for gravity wave
generation by orography, frontal activity, and convection that have proven to work
well in conventional schemes used in global climate models. We will take advantage
of the specification of orographic sources as proposed by McFarlane (1987) and use
gravity wave sources due to frontal activity and convection as outlined by Charron
and Manzini (2002) and Richter et al. (2010).

3.3 Oceanic Processes in Present and Future IDEMIX

Internal gravity waves have a major share of the energy contained in oceanic motions
(e.g.Wunsch and Ferrari 2004).When they break by shear or gravitational instability,
they feed their energy to small-scale turbulence in the interior of the ocean and
thus contribute to density mixing. This process, transferring wave energy to large-
scale potential energy, becomes an important part of the oceanic energy cycle. It is
furthermore thought to be an important driver of the ocean circulation (e.g. Wunsch
and Ferrari 2004; Kunze and Smith 2004).

The part of the gravity wave field which is prone to break is by far unresolved by
ocean model components of climate models, since a lateral and vertical resolution
of less than 100 and 10 m, respectively, is required. Consistent parameterizations to
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Fig. 3.4 (a) Tidal forcing and (b) near-inertial wave forcing in log10 F/[m3s−3]

include the effects of wave breaking have been missing for a long time. A varying
diffusivity was introduced for the ocean interior by Bryan and Lewis (1979) with
a prescribed depth function and, among others, by Cummins et al. (1990) with a
dependenceon the stability frequency.The energy source formixingwasnot specified
in these and other early approaches although the vertical diffusivity was supposed
to parameterize the effect of breaking internal waves. Jayne and St. Laurent (2001)
suggested to link the conversion of barotropic tidal energy into internal waves as
simulated by a barotropic tidal model to a profile of vertical diffusivity adapted to
observations. However, the lateral spreading of baroclinic tides and the effect of
the other sources of gravity waves are left unconsidered, and the parameterization
remains energetically inconsistent. The recently developed IDEMIX concept (Olbers
and Eden 2013; Eden andOlbers 2014), on the other hand, implements this spreading
and treats gravity wave sources in an energetically consistent way. For details, see
Section 3.2.1.

Prominent forcing mechanisms of internal waves occur very localized in the fre-
quency domain. Near-inertial waves with frequencies slightly above the local Cori-
olis frequency are excited by wind stress fluctuations at the surface (Alford 2001;
Rimac et al. 2013) and can propagate over large distances in horizontal direction,
while slowly propagating down into the interior ocean (Garrett 2001). A further
monochromatic source is related to the scattering of the barotropic tide at topogra-
phy, predominantly at the continental shelf, the mid-ocean ridges but also at the more
random-type small-scale roughness of the seafloor (Nycander 2005). The flux from
the barotropic tide into the internal wave field occurs at the ocean bottom, shown
in Figure 3.4(a). The flux from radiation of near-inertial waves out of the surface
mixed layer is depicted in Figure 3.4(b). These fluxes are currently the main drivers
implemented in the IDEMIX versions.

Several other generation processes have been discussed (see, e.g., Thorpe 1975;
Müller and Olbers 1975; Olbers 1983, 1986; Polzin and Lvov 2011) occurring over a
broad range of frequencies, e.g. dissipation ofmesoscale eddies by spontaneouswave
emission or other processes (Ford et al. 2000; Molemaker et al. 2010; Tandon and
Garrett 1996; Eden and Greatbatch 2008a; Brüggemann and Eden 2015), resonantly
interacting surface gravitywaves (Olbers andHerterich 1979;Olbers andEden2016),
the generation of lee waves by large-scale currents or mesoscale eddies flowing over
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Fig. 3.5 Validation of the simple IDEMIX version: (a) observational estimate of the dissipation
of gravity wave energy calculated from density profiles of ARGO floats following Whalen et al.
(2012) averaged between 500 and 1000 m. (b) Same as (a) but simulated by IDEMIX in a fully
coupled mode. From Pollmann et al. (2017)

topography (Nikurashin and Ferrari 2011), and wave–mean flow interaction (Müller
1976; Polzin 2008). There are also indications that mixed-layer turbulence generates
waves close to the local stability frequency below the mixed layer (Bell 1978).

Both IDEMIX versions show agreement with observational estimates in first diag-
nostics, but also biases: Figure 3.5 shows that magnitude and lateral pattern of the
simulated dissipation rates of internal waves in the simple IDEMIX version agree
with observational estimates (more details in Section 3.3.5). It turns out that the dis-
sipation of mesoscale eddy energy is important for the maxima in dissipation rates
seen in the western boundary currents and the Antarctic Circumpolar Current (ACC).
Without the eddy dissipation, some of these maxima are not simulated (not shown).
In the Southern Ocean, however, IDEMIX simulates too much dissipation within
the ACC and thus too large diffusivities (as shown in Eden et al. 2014), when all
eddy energy is dissipated locally and injected into the wave field as assumed in the
mesoscale eddy closure by Eden and Greatbatch (2008b). This points towards the
need to better understand the dissipation of mesoscale eddy energy and its relation
to the internal wave field. More details are given in Section 3.3.1.

When waves are propagating in a vertically sheared mean flow, they exchange
energy with the mean flow and even can break due to critical layer absorption or
wave capture. The former effect is also called gravity wave drag in the atmospheric
literature (see Section 3.2.2.1), where it is of importance for the dynamics of the
upper atmosphere. The direction of the energy exchange can be from the mean flow
to the waves or vice versa. When waves break in a critical layer, on the other hand,
their energy is transferred to small-scale turbulence. In Section 3.2.2.1, we propose
an extension of IDEMIX to incorporate the energy exchange with the mean flow
for the atmospheric case. The effect on the mean flow figures in this concept as a
divergence of a vertical eddy momentum flux due to wave activity in the residual
momentum equation, similar to vertical friction, but can accelerate and decelerate the
mean flow. It can be shown that the energy transfer between waves and large-scale
mean flow is present in the ocean, but amounts to only a fraction of, e.g. the energy
exchange between mean flow and mesoscale eddies (see Section 3.3.2). However,
the effect of critical layers where waves break and contribute to density mixing has
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Fig. 3.6 Validation of the extended IDEMIX version: (a) equivalent surface elevation ζ due to the
baroclinic M2 tide in cm simulated by IDEMIX. (b) Observed surface elevation ζ in m of M2 tide
taken from Müller et al. (2012) on the same colour scale as in (a). Taken from Eden and Olbers
(2014)

not been discussed so far in IDEMIX, although this might be the more important
effect in the ocean. Effects similar to critical layers occur when horizontally sheared
mean currents are present; the process is called wave capture (see, e.g., Jones 1969;
Bühler and Mcintyre 2005). This points towards the need to include wave–mean
flow interaction and the effect of critical layers and wave capture into IDEMIX. We
expand this issue further in Section 3.3.2.

Figure 3.6 shows that the extended version of IDEMIX simulates well the gen-
eration of the low-mode M2 tide and also its propagation but that there are also
biases. It remains at the moment unclear whether these differences are due to errors
in the observational estimates—the identification of the baroclinic tidal signal in the
altimeter data is rather difficult (Dushaw et al. 2011)—but it is clear that IDEMIX
also has shortcomings. Most important is the forcing by the barotropic tide, which is
taken at the moment for simplicity as isotropic for the wave propagation direction.
On the other hand, anisotropic wave generation is most likely responsible for many
features seen in the observational estimates, such as the energy maximum between
the Aleutian and the Hawaiian Islands which is not reproduced by IDEMIX. This
points towards the need to include anisotropic wave generation in IDEMIX and a
detailed comparison with observations and direct simulations of baroclinic tides in
ocean models. Details are found in Section 3.3.3.

Unlike the internal wave energy generated by near-inertial motions in the mixed
layer and the tides which have low frequencies and propagate through the entire
water column, internal waves generated by resonant interactions of surface waves
are of high frequency (Olbers and Herterich 1979; Olbers and Eden 2016). The
same is true for the wave generation by mixed-layer turbulence near the stability
frequency (Bell 1978; Polton et al. 2008). Since the stability frequency at larger
depth is normally much smaller than within the seasonal thermocline close to the
mixed layer or the upper permanent thermocline, waves generated by these processes
have shallow turning points and are thus likely to be trapped in the upper ocean. They
could contribute to mixing just below the mixed layer. Recent estimates of the global
energy transfer from the surface waves to the internal wave field are given by Olbers
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(a) (b)

Fig. 3.7 (a) Mean flux from surface waves to internal waves in log10(Φtot/[mW/m2]) in 2010. (b)
Same as (a) but maximum of the year. From Olbers and Eden (2016)

andEden (2016). Figure 3.7 shows the annualmean total flux and itsmaximumduring
the year. The largest fluxes show up in the storm track regions of the oceans, while
towards the equator the flux and its maximum almost vanish. The implied dissipation
rates are found to reach magnitudes comparable to observational estimates close to
the mixed layer, in particular during strong wind events. This points towards the need
to include in IDEMIX surface–internal wave interactions and waves generated by
mixed-layer turbulence. See Section 3.3.4 for more details.

3.3.1 Including Energy Transfers from Mesoscale Eddies
to Internal Waves

Dissipation of balanced flow is thought to happen on different routes; lee wave
generation, bottom friction, and loss of balance are often considered as important
processes. Other processes which have been discussed are topographic inviscid dis-
sipation of balanced flow (Dewar and Hogg 2010), direct generation of unbalanced
ageostrophic instabilities (Molemaker et al. 2005), or geostrophic adjustment of bal-
anced flow (Wang and Zhang 2010). Further, wave–mean flow interaction can lead
to an energy transfer between the wave field and the vertically sheared mesoscale
and large-scale mean flow, a process called gravity wave drag in the atmospheric
literature. This ‘drag’, however, can take both directions.

3.3.1.1 Lee Wave Generation

Scott et al. (2011) estimate an energy flux of 0.34 to 0.49 TW as the global transfer
of energy by internal lee wave generation of eddies and mean flow over varying
topography, while Nikurashin and Ferrari (2011) estimate a lower energy flux of 0.2
TW by the process. However, both numbers are only a fraction of the total eddy
energy production: von Storch et al. (2012) report 0.83 TW global eddy energy
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production by conversion from mean to eddy available potential energy (baroclinic
instability) and additionally a transfer of 0.1 TW from mean to eddy kinetic energy
(barotropic instability) in agreement with observational estimates.

Linear theory (Bell 1975) shows that the energy flux into the internal wave field
for subcritical topographic slopes is given by

Flee = ρ0

4π2

∫
f 2<(U·k)2<N 2

d2kP(k)U · k/|k|
√
N 2 − (U · k)2

√
(U · k)2 − f 2

(3.23)
where P(k) is the topography spectrum,U the balanced bottomflow, N is the stability
frequency at the bottom, and k the horizontal wave vector. We will implement the
effect of lee wave generation using for (3.23) estimates of topographic spectra from
Goff and Arbic (2010) and magnitudes of balanced bottom flow from the model
of von Storch et al. (2012). To describe the topography spectrum, we use (as in
Eden and Olbers 2014) digital maps of geophysical parameters given by Goff and
Arbic (2010) for the root mean square topographic height hrms of abyssal hills and
k = 2π/λn , where λn is a characteristic width and k̄ a mean wavenumber. These
maps are based on estimates of palaeo-spreading rates of the mid-oceanic ridge
system and sediment thickness. Specific formulae for hrms and λn and data sources
are given in Eden and Olbers (2014). Assuming an isotropic spectrum and a fixed
power law for P(k) = P0k1−μ, it is possible to evaluate the integral in (3.23) for
| f | � N analytically as

Flee ≈ ρ0P0
π

N |U|5/2 f −1/2

(
9

5
− 7

3
| f/N |1/2 + O( f 2/N 2)

)
(3.24)

written here for simplicity for the parameter μ = 7/2, as suggested by Nikurashin
and Ferrari (2011). Note that P0 relates to h2rms , if evaluated for the characteristic
range of lee waves P0 = 4h2rms/λn

√|U |/ f . We will compute the flux Flee from
the bottom flow U of the global eddy-resolving STORM model (von Storch et al.
2012), which provides a map of energy injection due to lee wave generation as lower
boundary condition for a stand-alone version of IDEMIX (in addition to the tidal
forcing). For IDEMIX coupled to a non-eddy-resolving general circulation model,
we will use the mean flow from that model, and in addition the (square root of) EKE
from the closure by Eden and Greatbatch (2008b) for U in (3.24).

3.3.1.2 Bottom Friction

The transfer by bottom friction is likely of similar order ofmagnitude as the one by lee
wave generation: the dissipation of eddy energy by bottom friction was estimated by
Arbic et al. (2009) from different model bottom velocities as a global energy transfer
ranging between 0.14 and 0.65 TW by a simple quadratic drag law. In the model by
von Storch et al. (2012), the global transfer is only 0.12 TW (Brüggemann and Eden
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2015). Here, we will assume that bottom friction generates small-scale turbulence in
a bottom boundary layer only, without energy transfer to internal waves.

3.3.1.3 Loss of Balance

Williams et al. (2008) estimate 1.5 TW energy extracted from quasi-geostrophic
flow and transferred into internal gravity waves by Lighthill radiation (Lighthill
1952) based on a laboratory experiment extrapolated to the global ocean. Although
their extrapolation is presumably quite crude, the experiment suggests that dissipa-
tion by Lighthill radiation might play an important role in the ocean energy cycle.
Brüggemann and Eden (2015) find in idealized model experiments of forced-
dissipative baroclinic instability that a kinetic energy cascade towards smaller scales
is generated for dynamical conditions characterized by a low Richardson number
(Ri) or large Rossby number (Ro), i.e. for ageostrophic conditions, while the famil-
iar inverse energy cascade towards larger scales (and to bottom friction) dominates
for Ri� 1 or Ro� 1. From a simple fit of the energy transfer towards smaller scales
as a function of the local Ri, Brüggemann and Eden (2015) estimate the fraction of
the local baroclinic eddy production rate which would go into the forward cascade
in the model by von Storch et al. (2012) (Figure 3.8). The global transfer by this
process amounts to 0.31 ± 0.23TW, i.e. only a fraction of the total production but
comparable to the generation by lee waves. The flux by the forward cascade is not
only large in the surface mixed layer where the stratification vanishes, or near the
equator where geostrophic balance becomes a weaker constraint, but also at high
latitudes in western boundary currents and the Southern Ocean, where the vertical
shear becomes large.

We will assume that this energy transfer by the forward energy cascade at large
Ri in the interior of the ocean generates gravity waves, while the remainder of the
total eddy energy production is assumed to be dissipated by bottom friction. We
will thus provide the flux by the forward cascade as an interior source to IDEMIX.
The flux in the surface mixed layer will be assumed to contribute to small-scale

Fig. 3.8 Horizontal and meridional sections of the implied energy transfer Ds due to the for-
ward energy cascade in the high-resolution ocean model by von Storch et al. (2012). Taken from
Brüggemann and Eden (2015)
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turbulence there, while the flux near the equator within 5◦ latitude will be disregarded
since here the inference from the simulations of mid-latitude baroclinic instability
by Brüggemann and Eden (2015) might not hold. To include the interior flux in a
version of IDEMIX coupled to a general circulation model, the dissipation of EKE
implied by the mesoscale eddy closure by Eden and Greatbatch (2008b) will be used.
Other proposed sources of eddy dissipation will be neglected in the first phase of this
project, but will be considered in later phases if necessary.

Both, the bottom flux due to lee wave generation and the interior flux due to the
forward energy cascade will be prescribed in a stand-alone version of the simple
version of IDEMIX. Experiments with tidal and surface forcing with and without
the flux due to the eddy dissipation will be compared with observational estimates
of dissipation rates as in Figure 3.5 to identify and to validate the effect of eddy
dissipation.

3.3.2 Including Wave–Mean Flow Interaction

Waves propagating in a vertically sheared mean flow exchange energy with the mean
flow and can even break when they hit a critical layer or run into a wave capture
domain. In the presence of a mean shear, the radiative transfer equation (3.9) for
the energy spectrum correspondingly contains an exchange term with the mean flow
(last term on the right-hand side). This exchange depends on the magnitude of the
shear, internal wave energy, the direction of the wave propagation, and other wave
properties. Assuming as before a fixed (but locally varying) form of the spectrum
of unknown amplitude, it becomes possible to evaluate the effect of the wave–mean
flow energy exchange for the energy compartments E± integrated in wavenumber
space, as shown in Olbers and Eden (2017), Eden and Olbers (2017). An extension
of IDEMIX including the wave–mean flow energy exchange requires only the split
of E± or equivalently E and ΔE into energy components which propagate in four
different lateral directions, while all other parameters and closures remain identical
to before. The corresponding IDEMIX model becomes

∂t Ee + ∂z(c0ΔEe) = −ŨzΔEe − μEe(Ee + Ew)

∂tΔEe + ∂z(c0Ee) = −Ũz Ee − ΔEe/τv

∂t Ew + ∂z(c0ΔEw) = ŨzΔEw − μEw(Ee + Ew)

∂tΔEw + ∂z(c0Ew) = Ũz Ew − ΔEw/τv (3.25)

for eastward (Ee,ΔEe) and westward propagating waves (Ew,ΔEw), with Ũz =
(
√
8/π)Λ∂zU , and similar for northward (En,ΔEn) and southward propagating

waves (Es,ΔEs), except that ∂zU is replaced with ∂zV . The wave–mean flow inter-
action terms are those involving the mean shear. They derive from the last term in
the radiation balance (3.9). The interaction coefficient Λ is computed in IDEMIX
manner using the GM spectral shape (Olbers and Eden 2017).
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Fig. 3.9 Instantaneous energy transfer from mean flow to waves in 10−6 W/m3 at 300 m depth in
a high-resolution model of the North Atlantic Ocean. From Eden and Olbers (2017)

The effect on themean flowfigures then as a divergence of a vertical eddymomen-
tum flux due to wave activity in the residual momentum equation, similar to vertical
friction, although the direction of the energy exchange can be from the mean flow
to the waves but also vice versa, as demonstrated in Figure 3.9. The figure shows
the energy transfer from the mean flow to the waves due to wave drag at 300 m
depth of a simulation with a realistic, eddying North Atlantic Ocean model for a
snapshot in September. The energy transfer due to the wave drag is significant for
the kinetic energy balance of the mean flow. At 300 m depth, the horizontally inte-
grated energy transfer from the mean flow to the waves is 19.9 × 106 W/m, while
it is 149.8 × 106 W/m for the dissipation due to lateral biharmonic friction. This
ratio of 10 to 20% can also be found at other depths. The energy transfer from mean
flow to small-scale turbulence by the parameterized vertical friction at 300 m depth
amounts to 56.9 × 106 W/m but is only significant within the mixed layer, and very
low below; i.e. in the interior of the model, only lateral friction and the wave drag act
as dissipation of mean kinetic energy. The depth-integrated values of the transfer due
to lateral friction, wave drag, and vertical friction are 0.224 × 1012 W, 0.018 × 1012

W, and 0.115 × 1012 W, respectively. For the balance of internal wave energy itself,
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Fig. 3.10 Rays for propagation in a vertical shear flow. Upper row: weak mean shear, U0 = 0.1,
lower row: strong mean shear, U0 = 0.3. Left: f and N (red), ωenc (black), ω(z) = ωenc − kU (z)
(blue). Right: ray (black), energy E(t) (blue), minimum available energy f E(t0)/ω(t0) (red), shear
E(t)m2(t) (magenta). Energy and shear have an unspecified scale. The horizontal wavelength is
5000 m. Other parameters are f = 5 × 10−4 s−1, N0 = 2 × 10−3 s−1

the energy transfer due to the wave drag is less important, i.e. on the order of 5%,
since the tidal forcing amounts to more than 0.4 × 1012 W in the North Atlantic.

The effect of critical layers and wave capture, where waves break and contribute
to density mixing, has not been discussed so far. The conditions for a generic case
of a critical layer is N = const and a purely vertical shear flow U = U(z) so that the
vertical wavenumber changes according to

ṁ = −k · ∂zU (3.26)

such that |m| increases in time (linearly as k remains constant) and the frequency
ω of the wave ultimately approaches f where the intrinsic group velocity goes to
zero and the intrinsic propagation comes to a halt. At the same time the vertical
wavelength diminishes, the wave is prone to break (in fact, as action is conserved,
E(t)/ω(t) = const, but the shear E(t)m2(t) tends to infinity). We demonstrate the
behaviour in an exponentially increasing Brunt-Väisälä frequency and a tanh-shaped
mean flow in Figure 3.10with different current amplitudes. The rays start at a depth of
500 m (at the zero of the mean current) and a downward group velocity. With a weak
mean flow (upper panels), the shear does not yet allow a critical layer to appear. Note
that the rays’ cycle, energy, and shear are completely periodic. The situation changes
dramatically (lower panels) when the shear is increased to an amplitude such that
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Fig. 3.11 Generic cases of wave capture, after Bühler and Mcintyre (2005). The streamfunc-
tion of the horizontal flow is ψ = −axy + c(x2 + y2)/2 with U = −ψy = ax − cy, V = ψx =
−ay + cx . Hence, Vx +Uy = 0,Ux + Vy = 0, β = a2 − c2. Left: β > 0, hyperbolic case for
c = a/2. Middle: β = 0, parabolic case. Right: β < 0, elliptic case for c = 3a/2. Upper panels:
streamfunction (red) and ray (black). Lower panels: ki/k0, i = 1, 2 as function of time

at a certain level the intrinsic frequency can approach the local Coriolis frequency,
i.e. ω(z) = ωenc − k · U(z) → f . At such a level, the vertical group velocity goes
to zero while the energy approaches the minimum value, however residing in ever
decreasing vertical scales. The wave must eventually break.

A similar behaviour occurs in a flow with horizontal and vertical shear, U =
U(x, z) where the horizontal wave vector increases exponentially

k̇ = −k · ∂xU (3.27)

under certain conditions on the mean flow gradient. Equation (3.26) still holds such
that |m| also increases exponentially. This is the generic case ofwave capture. IfUz ∼
U/H,Ux ∼ U/L , then the aspect ratio of thewavenumbers approachesm/k ∼ L/H
and the ratio of wavelength (vertical to horizontal) approaches H /L . The frequency
of the wave in this state goes to ω2(t) → f 2 + N 2(H/L)2 which is close to f 2

(Bühler andMcintyre 2005). The group velocity is exponentially decreasing, and the
wave will be captured (trapped) in the mean flow and break. Note, however, that the
captured wave is still moving with the mean current. In Figure 3.11, we show wave
capture for three generic cases of mean flow: a hyperbolic flow with a saddle point
(the wavenumber increases exponentially), a parabolic case of parallel currents (the
wavenumber increases linearly), and an elliptic case with closed streamlines (the
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wavenumber shows a cyclic behaviour). In the first two cases, the wave is prone to
breaking.

The critical layer process will be implemented by calculating the fraction of the
vertical (up or down) flux of wave energy at any level that will eventually be absorbed
in critical layers (at shallower or deeper levels) and contribute to mixing there. As
for the other closures in IDEMIX, the assumption of a fixed spectral shape for the
local wave energy will be used. The flux portion which is absorbed depends on the
mean flow profile, on f /N and the total wave energy at the respective level. We will
convert this flux portion directly into dissipation over the respective water column,
obtaining a parameterization of the mixing induced by critical layer absorption. We
attempt a similar treatment for wave capture.

3.3.3 Including Anisotropic Tidal Forcing

The linear theory byBell (1975) can also be used to generatemaps of energy transfers
from the barotropic tide to internalwaves, similar to the leewave generation of amean
flow in (3.23). Two effects can lead to anisotropy in the wave generation: anisotropy
in the barotropic flow (tidal ellipse) and anisotropy in the topography. A realistic
estimate of the barotropic tidal velocity field is provided by the TPXO.7 model for
eight tidal constituents (M2, S2, etc.) with a resolution of 1/4◦ (Egbert et al. 2010).
Anisotropic abyssal hill spectra are provided by the digital maps given by Goff and
Arbic (2010), similar as used for (3.23), but to be implemented here in its anisotropic
form on a 2 min horizontal grid. However, it is clear that also topographic variations
with scales larger than about 10 km, not covered by the data set by Goff and Arbic
(2010), will contribute to anisotropic baroclinic tide generation. Following Nycander
(2005),wewill also use the latest satellite-derived topography bySmith andSandwell
(1997) on a 2 min grid to extend the spectra by Goff and Arbic (2010) to smaller
wavenumbers taken from the observed topography. Local two-dimensional spectral
estimates of subregions of X km × X km size from the satellite-derived topography
will be averaged and blendedwith the anisotropic spectrumbyGoff andArbic (2010),
averaged over the same region. X and Y will be of order 50 to 100 km but varied to
obtain the sensitivity on these parameters.

Based on this estimate of the topography spectrum and using the tidal velocity
averaged over the same region for each tidal constituent, linear theory predicts the
energy transfer to the baroclinic tides. We will use the spectral tapering method by
Nycander (2005) to account for finite depth effects in the linear theory byBell (1975).
The flux Φt ide into the barotropic tide of frequency ωn and velocity amplitude |U|
for an isotropic tidal ellipse can be written as

Φt ide(k) = 1

2
ρ0

|U|2N
ωnπknks

h2rms(μ/2 − 1)(ω2
n − f 2)1/2k(

1 + k2/k2s cos
2(θ − θs) + k2/k2n sin

2(θ − θs)
)μ/2

(3.28)
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Fig. 3.12 Example of an anisotropic tidal forcing (left) due to anisotropic topographic spectrum
(right) given by the form of Goff and Arbic (2010). Both are shown as normalized functions of
k = (k1, k2) on a logarithm scale

as density in wavenumber space, where hrms and μ are defined above in Section
3.3.1.1 and where kn , ks , and θs define the anisotropy of the spectrum by Goff
and Arbic (2010). The case with an anisotropic tidal ellipse is analogous but more
involved. The resulting fluxΦtide is shown in Figure 3.12 as function of wavenumber
vector k for an artificial but typical topography spectrum based on the parameters
given by Goff and Arbic (2010). The φ-dependency of the forcing will generate a
baroclinic tide propagating predominantly in the direction anticipated from thefigure,
which is clearly different from the isotropic flux used before by Eden and Olbers
(2014), and we expect a corresponding effect of the improved forcing function for
IDEMIX.

We will use Φt ide as interior forcing in (3.11) for the corresponding energy com-
partment in the extended version of IDEMIX. Expressing the k-dependency of Φtide

in terms of vertical wavenumber m or vertical mode number, using the dispersion
relation, it becomes also possible to determine from (3.28) the amount of energy
transferred to the low modes and the amount transferred to the wave continuum.
This will be an improvement of Eden and Olbers (2014) who simply transfer 50% to
the continuum and 50% to the lowmodes. The fluxΦtide from (3.28) will be included
in a stand-alone extended version of IDEMIX, and the results will be compared with
observations.

3.3.4 Including High-Frequency Compartments

Waves forced at the base of the mixed layer by resonant surface–internal wave inter-
action (Olbers and Herterich 1979; Olbers and Eden 2016), mixed-layer turbulence
(Bell 1978), and convective pumping (Polton et al. 2008) are of high frequency
and thus trapped close to the surface. Their energy will thus predominantly con-
tribute to near-surface mixing. Similar to the low-mode tidal and near-inertial energy
compartments of the extended IDEMIX version by Eden and Olbers (2014), we
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Fig. 3.13 Transfer for SC (blue) and MI (red) mechanisms as function of mode number (left) and
wind speed (right). The respective lowest curves are for wind speed 5 m/s or mode 10, and the
uppermost is for wind speed 20 m/s and mode 1. The curves are for N0 = 0.0157s−1. The black
dashed lines (right panel) display a U2 and U7 dependence. From Olbers and Eden (2016)

will split energy compartments of high-frequency and high vertical modes from the
wave continuum and will treat them separately from the spectral continuum. This
energy compartment couples to the wave continuum by induced diffusion, a process
of wave–wave interactions (McComas 1977), across the boundaries in frequency
domain and to the low vertical mode near-inertial waves. The waves described by
this compartment are thought to break predominantly in the upper ocean and are thus
of central importance for dissipation in and above the main thermocline.

Resonant triad interactions between surface gravity waves (SW, with frequen-
cies ω j = √

gk j , j = 1, 2) and internal gravity waves (IW, with frequency ω) are
hampered by the extreme difference of their frequencies in the resonance condition
ω1 − ω2 − ω = 0. The scattering cross section is of order (ω2/gk j )

2 � 1. Two pro-
cesses compete: spontaneous creation (SC) in which two SW generate an IW and
modulation interaction (MI) where a preexisting internal wave is modulated by a
surface wave and interacts with another one (Watson 1990; Olbers and Eden 2016).
SC is always a source of IW energy, andMImight establish a damping of the internal
wave field, thus acting against SC. Interesting is the dependence of the respective
transfer rates on the wind speed U (via the spectral energy content of the SW spec-
trum). For MI, the rate varies as U 2, for SC however as U 7, so that the dominant
process at low wind speeds (roughlyU < 10 m/s) is MI, while at stronger winds the
interactions between surface and internal gravity waves are always controlled by SC
(see Figure 3.13).

Figure 3.7 shows the annual mean total SC flux Φtot and its maximum during the
year entering the internalwavefield diagnosed froma simulationwith an oceanmodel
which contains a mixed-layer parameterization after Gaspar et al. (1990). It is driven
by wind stress forcing; this and alsoU are taken from the year 2010 of the reanalysis
by Kalnay et al. (1996). The total SC flux is computed from a parameterization of
the SC scattering integral, as explained in Olbers and Eden (2016), depending on
the simulated mixed-layer depth, the Brunt-Väisälä frequency at the mixed-layer
base, and the wind speed U . The largest fluxes show up in the storm track regions
of the oceans, while towards the equator the flux and its maximum almost vanish.
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The flux varies a lot in space and time. In the global integral, it is only about 0.5
to 1 × 10−3 TW, i.e. two orders of magnitude smaller than the flux due the inertial
pumping. Locally in space and time, however, it can reach similar magnitudes. Since
the internal waves generated by interaction with surface waves are of high frequency,
their turning points lie close to the mixed layer. It is therefore likely that the fluxΦtot

is also dissipated close to the mixed layer. This is different from the fluxes due to
inertial pumping and the tides which generate low-frequency waves penetrating the
entire depth range of the ocean. Our estimate of the implied dissipation shows that
it sometimes reaches magnitudes comparable to observational estimates close to the
mixed layer, in particular during strong wind events, but stays in general below them.

3.3.5 Evaluation with Available Observations

The results of the improved versions of IDEMIX need to be evaluated against obser-
vations. Measurements that resolve turbulence, however, are to date not available on
a global scale. For the evaluation of IDEMIX, we therefore estimate dissipation rates
of turbulent kinetic energy (TKE) and internal gravitywave energy fromfinestructure
data, i.e. observations on 10–100 m vertical scales. The fundamental assumption of
this ‘finestructure method’ is that TKE dissipation can be identified with the spec-
tral energy transport caused by non-linear wave–wave interactions, which manifest
themselves in the finescale variability of the internal wave field (Gregg 1989; Polzin
et al. 1995). Based on the approach by Kunze et al. (2006) and Whalen et al. (2012),
TKE-dissipation rates can be estimated from finescale strain information derived
from Argo CTD profiles,6

ε = ε0
N 2〈ξ 2

z 〉2
N 2
0 〈ξ 2

z,GM 〉2 h(Rω)L( f, N ), (3.29)

where the observed strain variance 〈ξ 2
z 〉 is scaled by the corresponding value for the

GM model, 〈ξ 2
z,GM 〉, L( f, N ) is a function correcting for latitudinal variations, and

ε0 is a constant. Due to the lack of shear information, the shear-to-strain ratio Rω has
to be set constant, reducing the function h(Rω) to unity for the GM value of Rω = 3.
Under the assumption that the observed internal gravity wave energy has the same
wavenumber and frequency dependence as the GM model, it, too, can be estimated
from finescale strain information (see Pollmann et al. 2017).

Figure 3.14 shows a comparison of Argo-derived and IDEMIX-based internal
gravity wave energy levels. Like for dissipation rates (cf. Figure 3.5), IDEMIX well
reproduces the magnitude as well as the spatial variations of the Argo-based esti-
mates. Inconsistencies are, for example, found at high latitudes, e.g. in the northern

6The Argo programme maintains almost 4,000 freely drifting floats that profile temperature and
salinity down to 2,000 m depth every 10 days, making the data publicly available within hours after
their collection (www.argo.ucsd.edu).

www.argo.ucsd.edu
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Fig. 3.14 Same as Figure 3.5 but for internal gravity wave energy. From Pollmann et al. (2017)

Pacific or Drake Passage, where IDEMIX simulates too high energy levels. In the
250–500m depth range (not shown), this discrepancy is less pronounced, underlining
the need to better understand and implement the depth dependence of the different
forcing functions (e.g. the interaction with the mesoscale eddy field). Global esti-
mates of internal gravity wave energies based on finescale strain information alone,
like Figure 3.14, have to our knowledge not been attempted before.

The uncertainty of the Argo-derived dissipation rate and energy level estimates
with respect to parameter choices and assumptions inherent in the finestructure
method is shown in Figure 3.15. With variations amounting to more than a fac-
tor of two, the dissipation rate estimates prove more sensitive to modifications of the
parameter settings than energy levels. Particularly, the value of the shear-to-strain
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Fig. 3.15 Sensitivity of Argo-derived dissipation rate and energy level estimates: each bar repre-
sents a different scenario, where one parameter at a time was changed from the reference settings.
These are given by ξz = (N 2 − N 2

f i t )/N
2
mean , GM76 with A(m) ∝ (m2 + m2∗)−1, a resolution of

10m, 〈ξ2z 〉 ≤ 0.1, Rω = 3, λmin = 10m, λmax = 100m and segments of 200m length. Bars are
shown in blue when the null hypothesis of a Welchs t-test, assuming equal mean dissipation rates in
the reference case and the scenario in question, can be discarded for a significance level of α = 0.05;
cyan bars denote the failure to do so. Modified after Pollmann et al. (2017)
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ratio, which is observed to vary between 2 and 7 in the global ocean (Kunze et al.
2006), strongly affects the dissipation rates’ magnitude. In total, technical and statis-
tical uncertainties can accumulate to a factor of 6–8 uncertainty, but compensations
between the different forms are possible. Since dissipation rates vary globally by
three orders of magnitude, a general comparison to IDEMIX is still feasible in any
case. We aim to reduce the bias of these comparisons, for example, by evaluating
IDEMIX against improved dissipation rate estimates that are based on a combination
of shear and strain information.

3.4 Atmospheric Processes in IDEMIX

Important processes which generate gravity waves in the atmosphere are large-scale
flow over orography, convection as well as spontaneous emission from jet streams,
fronts, and other balanced flows. The waves propagate vertically and laterally over
large distances and interact with the mean flow, and they feed energy to small-scale
turbulencewhen they break.While in the ocean the density-mixing effect duringwave
breaking is considered to be most important since it generates potential energy and
thus drives large-scale flow, it is the wave–mean flow interaction known as momen-
tum and energy deposition that is most important in the atmosphere (e.g. Miller et al.
1989). Regarding the atmosphere, the momentum deposition, also known as gravity
wave drag, is in the focus of parameterization schemes since it strongly contributes
to driving the residual circulation in the middle atmosphere, to constrain the tropo-
spheric jets, and to induce the quasi-biennial oscillation in the tropical stratosphere.
The turbulent frictional heating that accompanies wave breaking becomes important
in the middle atmosphere and needs consistent treatment as part of the energy depo-
sition (Becker 2004). In contrast, this heating can be safely neglected in the ocean
(McDougall 2003; Olbers et al. 2012; Eden 2015).

In general circulation models of the atmosphere, the gravity wave field is only
marginally resolved and its effects on the mean flow need to be parameterized. The
first theory that gave rise to simple gravity wave parameterizations in global circula-
tion models is the saturation concept by Lindzen (1981). Here, upward propagating
monochromatic waves are assumed to be damped by turbulent vertical diffusion
above a certain critical height such that convective instability is marginally avoided.
This wave damping leads to non-conservative wave–mean flow interaction accord-
ing to the non-acceleration theorem (Andrews and McIntyre 1976). Other damping
mechanisms are possible as well. For example, gravity wave schemes may employ
a spectrum of waves that is truncated with height due to some criterion at the high
vertical wavenumber end (Hines 1997; Alexander and Dunkerton 1999; Warner and
McIntyre 2001). Lindzen’s simple wave saturation concept has also been applied
to orographic gravity waves by McFarlane (1987), and corresponding schemes are
currently used in many climate models in order to simulate realistic jets in the tropo-
sphere and winter stratosphere. The response of orographic gravity waves is partic-
ularly essential in climate scenarios with regard to changes in the Brewer–Dobson
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circulation (McLandress and Shepherd 2009). A basic overview of the wave driving
of the middle atmosphere is given by Becker (2012).

Non-orographic gravity waves are sometimes also parameterized by concepts
which go beyond linear theory, such as, for example, the Doppler spread theory
(Hines 1997), where not only the Doppler shift by the mean flow but also that by
the entire spectrum of parameterized waves is considered as a criterion for spectral
truncation. Another example is the non-linear saturation theory of Medvedev and
Klaasen (e.g. Yiğit et al. 2008), where non-linear wave interactions are assumed to
trigger convective instabilities leading to a wave-induced eddy diffusion, as a first
step towards accounting for the effect of resonant wave–wave interaction. Overviews
of the gravity wave schemes currently used in global models are given in Fritts and
Alexander (2003) and Alexander et al. (2010).

We emphasize that all conventional gravity wave schemes are based on the frame-
work of the single-column approximation, as well as on the strong assumptions of
a stationary background state and a stationary wave energy equation (see discussion
in Becker and McLandress 2009). Conservative (reversible) wave–mean flow inter-
actions, which may take place when a wave packet propagates through a vertically
variable background atmosphere, are excluded in such a framework. Furthermore,
the wave parameters have to be specified at a particular launch level; sources that
are continuous in space and time, e.g. due to convection or frontal activity, cannot
be incorporated in a consistent fashion. The latter restriction holds even for more
sophisticated parameterizations that are based on ray tracing (Dunkerton and Fritts
1984; Warner and McIntyre 1996; Preusse et al. 2009; Senf and Achatz 2011). Con-
ventional gravity wave schemes often also lack a consistent representation of scale
interactions and energetics (Becker 2004; Becker and McLandress 2009). Particu-
larly, the stationarity assumptions lead to parameterization errors when the interac-
tion between gravity waves and thermal tides (having planetary scales and periods
of 8, 12, and 24 hours) is considered. As shown by Senf and Achatz (2011), gravity
wave–tidal interaction changes significantly when a non-stationary parameterization
based on the full ray tracing equations is used instead of the conventional frame-
work. One particular reason is that the horizontal phase speed (or ground-based fre-
quency) of a gravity wave changes when the background wind is temporally variable
(Fritts and Dunkerton 1984). In addition, horizontal propagation and refraction play
an important role for gravity wave propagating from the lower to the middle atmo-
sphere (Preusse et al. 2009; Fritts et al. 2006), but is neglected in the single-column
approximation.

Müller and Natarov (2003) suggested to base a model for internal waves in
the ocean on the radiative transfer equation of weakly interacting gravity waves
(Hasselmann1968), a conceptwhichhas—toour knowledge—never been considered
for gravity wave parameterizations for the atmosphere. This equation describes (1)
the propagation and refraction of the gravity wave field in physical and wavenumber
space, (2) the wave–mean flow interaction, (3) non-linear wave–wave interactions,
and (4) the forcing and dissipation of the waves. Olbers and Eden (2013) considered
a drastic simplification of the concept which they called IDEMIX (Internal wave
Dissipation, Energy and Mixing). Instead of resolving the detailed wave spectrum
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as proposed in Müller and Natarov (2003), they integrate the radiative transfer equa-
tion in the wavenumber and frequency domain, leading to conservation equations for
integral energy compartments in physical space, which can be closed with a few sim-
ple but reasonable parameterizations. The IDEMIX concept yields an energetically
consistent framework to describe wave effects and has been shown to be success-
ful for ocean applications. We propose to follow this approach and to base a new,
energetically consistent gravity wave parameterization for atmosphere models on the
radiative transfer equation. Applying the IDEMIX concept will also foster transfer
of knowledge from the oceanic community to the atmospheric community and vice
versa.

Integrating the radiative transfer equation in wavenumber space yields prognostic
equations in physical space for energy compartments describing the mean wave
propagation, refraction, and wave–mean flow interaction, and the integrated effects
of wave–wave interaction, forcing and dissipation. The key to describe the mean
propagation, refraction, and wave–mean flow interaction of the compartments in
IDEMIX is the assumption that the actual wave spectrum is close to a wave spectrum
of known shape but unknown amplitude. In the ocean, this would be the well-known
Garrett–Munk spectrum (e.g. Garrett andMunk 1972). In the atmosphere, it would be
a different shape as described, for example, by Fritts andVanZandt (1993) orNastrom
and Gage (1985), which was also assumed in the scheme by Warner and McIntyre
(2001). The free parameters of the energy compartments are then used as additional
prognostic variables in a circulation model. Olbers and Eden (2013) use only two
energy compartments for the up- and downward propagating part of the full spectrum
in a simple IDEMIX version. The wave–wave interaction is parameterized as linear
decayof the asymmetry in the vertical propagation, and the dissipationofwave energy
is given by a quadratic functional of total wave energy (Olbers 1976; Gregg 1989;
Müller et al. 1986). In the atmospheric case, we will have different compartments for
different directions of horizontal phase propagation, and it is sufficient to consider
only upward group propagation.

Recently, IDEMIXwas extended by single-column approximation of wave–mean
flow interaction (Olbers and Eden 2017; Eden and Olbers 2017). Figure 3.16 shows
wave energy compartments in a one-dimensional (z, t) idealized simulation using
IDEMIX with waves propagating through a mean flow with vertical shear that is
concentrated in the upper part of the domain. The waves are forced from below with
a magnitude representative of oceanic tidal forcing. Shown are energy compartments
of east- and westward and up- and downward propagating waves. The governing
equations are given by (3.25). While up- and eastward (Figure 3.16b) and down- and
westward (Figure 3.16c) propagating waves lose energy to the mean flow, down- and
eastward (Figure 3.16a) and up- and westward (Figure 3.16d) propagating waves
gain energy from the mean flow, while they propagate through the shear zone. Note
that changes in wave energy outside the shear zone are only due to the variable
buoyancy frequency. Without dissipation, the energy exchange of the waves with the
mean flow would be completely reversible. Up- and eastward propagating wave lose
energy, but are reflected at the surface to down- and eastward propagating waves
and regain the same amount of energy; then, they are reflected at the bottom, lose
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Fig. 3.16 Energy compartments in an idealized IDEMIX simulation as a function of height z
and time t . Solid lines denote the shear zone. (a) Energy compartment of down- and eastward
propagating, (b) of up- and eastward propagating, (c) down- and westward propagating, and (d)
up- and westward propagating waves. Note the different colour scales in the upper and lower row.
Energy magnitudes are representative of oceanic waves forced by the barotropic tidal flow at the
bottom. From Olbers and Eden (2017)

energy, and so forth. The same is true for the westward propagating waves. Only
if there is dissipation, as in the simulation shown in Figure 3.16, this symmetry
is broken and a net energy exchange with the mean flow takes place. Note that
this behaviour of IDEMIX is fully consistent with the non-acceleration theorem of
Andrews and McIntyre (1976). In the atmosphere, surface reflection is missing and
reversible energy exchanges with the mean flow are less likely than in the ocean,
such that irreversible wave–mean flow interaction is of significant importance for
the large-scale circulation. For a mean shear as shown in Figure 3.16, the energy
transfer is from the mean flow to the waves, which is akin to a wave drag, but other
configurations (jet-like situations) can also lead to an acceleration of the mean flow
by the waves.

3.5 Summary

The recently proposed parameterizationmodule IDEMIX (Internal wave Dissipation
Energy and Mixing) describes the generation, propagation, interaction, and dissipa-
tion of the internal gravity wave field and can be used in ocean general circulation
models to account for vertical mixing (and friction) in the interior of the ocean. It is
based on the radiative transfer equation of a weakly interacting internal wave field,
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for which spectrally integrated energy compartments are used as prognostic model
variables. IDEMIX is central to the concept of an energetically consistent ocean
model, since it enables to link all sources and sinks of internal wave energy and
furthermore all parameterized forms of energy in an ocean model without spurious
sources and sinks of energy.

In its simplest version, IDEMIX consists of two energy compartments of interact-
ing up- and downward propagating waves; in a more detailed version, low vertical
mode compartments at near-inertial and frequencies of tidal constituents are added
which also account for horizontally anisotropic wave propagation. It is proposed to
extend IDEMIX

• with forcing mechanism by mesoscale eddy dissipation, such as lee wave genera-
tion or spontaneous wave emission of balanced flow

• with the effect of the interaction of the internal wave field with mesoscale and
large-scale mean flow including critical layers and wave capture

• with anisotropic forcing of the low-mode tidal energy compartments
• and with additional energy compartments for high-frequency, high-wavenumber
waves which are in particular effective for upper ocean mixing.

All these processes have never been implemented in oceanmodels but have an impor-
tant effect onmixing and the energy transfers in the ocean.Wewill validate the simple
and more complex versions of IDEMIX and the new version using available fine-
and microstructure data sets. The simple and more complex IDEMIX versions will
be implemented into the ICON and FESOM ocean models. By linking the wave
sources with the wave dissipation using IDEMIX both in the ocean and atmosphere,
we envision to close the energy cycle in a consistent way for the coupled system.

Gravity waves are an important part of the energy cycle of the atmosphere and
exchange momentum and energy with the mean flow due to wave breaking and
wave refraction. Wave breaking and the resulting mean flow effects need special
parameterization in global climate models as they usually resolve at most a small part
of the full spectrum of gravity waves. Here, we apply the IDEMIX concept to develop
corresponding gravitywave schemes for atmospheric circulationmodels.Wepropose
to base a new, energetically consistent gravity wave parameterization on the radiative
transfer equation for a field of waves. This method is fundamentally different from
conventional schemes which describe the superposition of monochromatic waves
launched at a particular level and which make the strong assumption of a stationary
mean flow.

The IDEMIX concept was shown to be successful for ocean applications, but
instead of focussing on the mixing effect by breaking waves as for the oceanic
case, the focus in the atmospheric application is on the wave–mean flow interaction,
i.e. the gravity wave drag and the energy deposition. We will extend the concept of
energetically consistent closures to atmospheric gravitywave closures.Wewill derive
gravity wave source functions due to flow over orography and due to the forcing by
frontal dynamics and convection.Wewill include the effects of transience of themean
flow on the gravity wave field, and we will allow to incorporate sinks and sources
that are continuous in space and time. During the first phase of the project, we will
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stick to the single-column approximation in order to allow for easy implementation
of the derived gravity wave scheme in global circulation models.

There are several ways to generalize the proposed gravity wave scheme. The
most obvious one is to use the general dispersion relation for gravity waves such
as to incorporate also high-frequency and inertial-gravity waves. In the latter case,
the momentum flux must be substituted by the pseudo-momentum flux in order
to account for the Stokes drift when ω approaches the Coriolis parameter (Fritts
and Alexander 2003), as is in principle always the case close to a critical level.
Furthermore, we may dispense with discrete azimuths and rather use a continuous
directional representation, thereby modifying also the radiative transfer equation
(3.13). Furthermore, one should consider existing theories to account for non-linear
effects and wave–wave interaction in the wave-breaking process (Yiğit et al. 2008)
and incorporate this insight into the new framework. Simple closures for the wave–
wave interaction in the oceanic case are outlined in Olbers and Eden (2013) and may
be considered also for atmospheric case. Finally, we may relax the single-column
approach and consider wave propagation and refraction in all three directions.
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