t')

Check for
updates

9

Singular Integrals with Respect to the Gaussian
Measure

Singular integrals are among the most important operators in classical harmonic
analysis. They first appear naturally in the proof of the L”(T) convergence of Fourier
series, 1 < p < oo, where the notion of the conjugated function is needed'

x L™ flx—y) 1 flx—y)
=p.v.— —dy=1i ——-d
fx) =pv TJ)on Ztan% Y slg(l)nf |y >e 2tan)

This notion was extended to the non-periodic case with the definition of the Hilbert
transform,

1/~ — 1 -
. / P gy —qim L [ =)
T J)-— y e—=0T ly|>¢ y

and then to Rd, with the notion of the Riesz transform (see E. Stein [252, Chap III,
§10),

Rjf(x) = pv.Ca /Rd MyTin(x—y)dy

y;
= limC, MTJH flx—y)dy, 9.1)

£—0 ‘y|>g

r(dsl
forj=1,---,d, f € LP(RY) with C; = e 572 ) . Taking Fourier transform, we get

®N© =€ [, [, e =)y i<y

The original version of this chapter was revised. The correction to this chapter is available at
https://doi.org/10.1007/978-3-030-05597-4_10

IFor a detailed study of this problem see, for instance, R. Weeden & A. Zygmund [294,
Chapter 12], E. Stein [252, Chapter II, III], J. Duoandikoetxea [72, Chapter 4, 5], L. Grafakos
[118, Chapter 4] or A. Torchinski [275, Chapter XI].
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_ Yj i€ x>
_Cd./Rd T [/Rdf(x y)e dx}dy

— G [, e @y = Cai ZFE)

Hence,

thus, R; f is a classical multiplier operator, with multiplier m(y) = Cyi ‘yy—’i, and hence

d

N S VP
=55 9.2)

R;

where A = ¥4, 88722 is the Laplacian operator and (—A4)~!/2

potential of order 1/2. For more details on this, see E. Stein [252, Chap V].
Moreover, we have seen (see 2.2), ¢/~ |y|> = —4, for A < 0 are the eigen-
functions of the Laplacian, then,

is the (classical) Riesz

= —1 e 1 e

D ox; I Vi

In their seminal paper [43], A. P. Calderén and A. Zygmund considered a general
class of singular operators in R?, which is nowadays called the Calderén-Zygmund
theory.

Rj(e=™7)(x) = Lo el — M x> T i<y 9.3)

In this chapter, we consider singular integrals with respect to the Gaussian mea-
sure. Singular integrals have been, without any doubt, one of the topics in Gaussian
harmonic analysis that have been more extensively researched over the last 40 years.
We begin with the study of the Gaussian Riesz transform, then the higher-order Gaus-
sian Riesz transforms, and finally, we consider a fairly general class of Gaussian sin-
gular integrals initially studied by W. Urbina in [278] and later extended by S. Pérez
in [220]. For completeness, and to facilitate comprehension of the topic, we give full
proof of the boundedness properties in each case, even though the Gaussian Riesz
transform and higher-order Gaussian Riesz transforms are particular cases of the
general class of Gaussian singular integrals that we are going to study in Section 9.4.
Additionally, in Section 9.3, we study an alternative class of Riesz transforms intro-
duced by H. Aimar, L. Forzani, and R. Scotto in [5].

9.1 Definition and Boundedness Properties of the Gaussian Riesz
Transforms

In analogy with the classical case (9.2), the Gaussian Riesz transforms in R¢ are
defined in terms of the Gaussian derivatives and Riesz potentials.
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Definition 9.1. The Gaussian j-th Riesz transform in R? is defined spectrally, for
1<i<d, as
d

; 1
R =0l p = ———(—L)"'/? 9.4
J v11/2 \/5 axj( ) ) ( )
where L = %Ax — (x, Vy) is the Ornstein-Uhlenbeck operator, 1y 5 the Gaussian Riesz
potential of order 1/2, and 817 = %% is the Gaussian partial derivative with re-

spect to the variable x;. The meaning of this is that for any multi-index v such that
|[v| > 0, its action on the Hermite polynomial Hy is

2
Ay = [yl ©.5)

where €; is the unitary vector with zeros in all coordinates except for the j-th coor-
dinate, which is one.

Observe that (9.5) is the Gaussian analogous to (9.3). Moreover, for the normal-
ized Hermite polynomials h,, we have

Zhy 2%1'( H, ) _ : 1 2

(2lvlv)1/2 Iv|

2|V‘v!)1/2 |V‘ijv_ej :hv—ej- 9.6)

From the integral representation of the Riesz potential (8.8), obtained in Theo-
rem 8.3, using the kernel (8.9), we immediately get the kernel of %,

d
Hj(x,y) = TNI/Z(XJ)

Xi

: / | ( o )1/2 yimrx e 9.7)
= e -7 dr, :
nd/21“(1/2).o —logr (l_rz)@

therefore, we get the integral representation of %;,

Ay ) = po. [ A ) 0)dy 98)

1 L/1—2 1/2 yj—rx; JY*"‘Z‘Z d J
= — 1-r
p.V.nd/ZF(l/Z) /l%d(‘/o (—logr) (17,-2)@8 ) Vf(y) y.

In particular, for d = 1, the Gaussian Hilbert transform is defined spectrally as

S =9l )y = %%(%)—1/2. 9.9)
meaning that
HH () = =L () V2 () = —— L H, () = VanH, 1 ().
V2 dx V2n dx

As a particular case of (9.8), we get the following integral representation of .7
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B 1 [ L 1—s2 1 y—rx
%ww—mwljﬁgmy>u_mz

T

— 252 4+ 2rxy — r2y?
X exp(——— =) drf () ) 1 (d)
1 7 Vl—r? ) y—rx _=benf®
= - /2 )
p.v.nlw</() (Coer) P ape dr) f()dy.

Theorem 9.2. The Gaussian Riesz transforms %, j =1,--- ,d are LP(7y;) bounded
for 1 < p < o, that is to say, there exists C > 0, depending on p, B and dimension d
such that

12 fllpy < 1171

P> 9.10)
forany f € L7 (y).

In 1969, B. Muckenhoupt considered the one-dimensional case of the Gaussian
Hilbert transform .77, using real analysis methods, based on Natanson’s lemma (see
Lemma 10.27). Then, in 1984, P. A. Meyer [189] established the L? (7, )-boundedness
of the Gaussian Riesz transforms %; with respect to the Gaussian measure 7y, (dx)
in RY, for 1 < p < o, using probabilistic methods, by considering the Brownian
motion and the famous Burkholder—Gundy inequality (see also [82] for a simpler
proof of P. A. Meyer’s theorem). After these two landmark papers, several other
proofs of the LP(7;)-boundedness of #; were obtained. In 1986, R. Gundy [121]
got one, also by using the Brownian motion and the notion of background radiation
as a stochastic process, and G. Pisier [227] got one by using the method of rotations
and transference methods introduced in [57] by R. Coifman and G. Weiss. In both
proofs, the estimates are independent of dimension. In 1988, W. Urbina [278], in his
doctoral dissertation, got the first proof using real analysis methods in R, d > 1
by studying the kernel directly, extending B. Muckenhoupt’s proof to the higher
dimensional case, but the constants are strongly dependent on dimension. Then, in
1994, C. Gutiérrez [122] got an alternative proof, using the Littlewood—Paley—Stein
theory, with constants independent of dimension. Finally, in 1996, S. Pérez, S. &
F. Soria [223] (see also [220]), got an alternative real analysis proof using refined
estimates of the kernel, with constants dependent on dimension, by using analog es-
timates of those they obtained for the maximal function of the Ornstein—Uhlenbeck
semigroup.

On the other hand, the weak type (1, 1) with respect to y; of %, was proved by B.
Muckenhoupt, in the case d = 1, in his 1969 paper [194], and R. Scotto proved it for
the case d > 1 in his doctoral dissertation [244] (see also [77]), by using the method
developed by P. Sjogren in [247] to prove the weak type (1,1) of T, the maximal
function of the Ornstein—Uhlenbeck semigroup already discussed in Chapter 4. Also,
S. Pérez has an alternative proof of this result (see [220, 221]).
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Theorem 9.3. (Scotto) There exists a constant C such that
C
d.
yd<{xeR .%jf(x)ﬂ})gznfn],yd. ©.11)

forall f € L'(y).

Observe that, in general, if 7 is a linear operator associated with a given
kernel K(x,y), its adjoint with respect to the Gaussian measure has kernel
K (x,y) = K(y,x)e'x‘z_‘y‘z. Then, as %(y7x)e|x|2_|y‘2 = Jj(x,y), it follows that
the adjoint of Z; is also of weak type (1,1) with respect to ;.

To prove Theorem 9.2 and Theorem 9.3, we essentially follow the proof given by
S. Pérez, S. and F. Soria in [223]. As was done for the Ornstein—Uhlenbeck maximal
function 7*, we split the operator % into a local part and a global part. Given x € RY,
the local part of the operator Z; is its restriction to the admissible ball

Bj(x) =B(x,dm(x)) ={y € RY: ly—x| <dm(x)},

and we have seen that the Gaussian density is essentially constant on admissible balls
(see 4.102). The global part of the operator % is its restriction to the complement
of By(x). Thus,

W =Co [ A0y +C [ A0y
=yl <dm(x) le—y[=dm(x)

=RjLf(x)+Zjcf(x),

where Z; 1 f(x) = %i(fxgh(x))(x) is the local part and Z; g f (x) = %,-(fxBZ(x>)(x)
is the global part of Z;.

To study the local part of the Gaussian Riesz transform %, we use Theorem 4.30,
to see that the local part %;; corresponds essentially to a classical Calderén—
Zygmund singular integral. First, we need to verify the size and smooth condi-
tions (4.29),

L2\ "2 e 17
VyHj(x,y)| = |Vy LA (—Jogr) (vj—rxj) ———zdr

Nl

2

_ b=

i /1( 1—r2 ) e 1—rfHg <6i7j_2()’j—rxj')<;’i—rxi)>dr
4 o \ —logr (1-r2)7 L=r

J=1

_ber? _en?

1 e 1-r2 1 |y—rx|2 e 1-r2
cof i i
o (1-r2)% o 1-1 (1-2)%

where §; j = 1if i = j and §; ; = O otherwise.



364 9 Singular Integrals with respect to Y,

Let us recall the notation introduced in Proposition 4.23, given x,y € RY and
t > 0. Writing a = |x[> + [y[?,b = 2(x,y), u(t) = ¢ — I;’bf |x|2. Therefore, taking
the change of variables, r = 1 — 12

Also, it is easy to see that for the kernel .%; we have

—u(t)

12 e
‘L%/(xy | <C‘m/ Wdl‘

Therefore, using Lemma 4.35, with exponent d — 1 instead of d, we get

C
|‘%/ﬁ(x7y)‘ < W?

and then, we can apply Theorem 4.30 to the kernel .%; and the operator determined
by it.

The global part %Z; ¢ can be bounded using the following result.
Theorem 9.4. (Pérez) If |x —y| > Cy (1 A ﬁ) = Cym(x), then, for 1 < j<d,
| A5, 3)| < Ca (), 9.12)

where J is the Gaussian maximal kernel defined in (4.40).
Proof. Let J# (x,y) be the kernel defined as

yord e

1
A x) :/o (1 —r2)(d+3)/2e = dr. 9.13)

z )? is a bounded function for 0 < r < 1, then,

Given that (4= Tog7
[ (x,y)| < CaH (x, ).

Thus, it is enough to prove that
H (x,y) < K (x,y),

when |x —y| > Cym(x). Making the change of variables t = 1 — r?, we get

/|y VIi—tx] 1 \y—@fm\z dt
a7 ant Wit

dt
! / W2
2 Jo Y T—1
Then, using Lemma 4.38, we immediately get

[ (% y) < CaH (x,y) < CaX (xy). D
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From the inequality obtained in Theorem 9.4 and using Theorem 4.24, we
immediately get that %; ¢ is of weak type (1,1) with respect to the Gaussian mea-
sure and with that we conclude the proof of Theorem 9.3. Moreover, observe that
in general, if T is the linear operator associated with a kernel K(x,y), its adjoint
with respect to the Gaussian measure has kernel K*(x,y) = K (y,x)e""z_'y'Z. As
T (y,x)e =D = 77 (x,y), it follows easily that the adjoint of Z; is also of weak
type (1, 1) with respect to the Gaussian measure.

In [37], T. Bruno gives an alternative and simpler proof of Theorem 9.3 (see
[37, Theorem 1.1]), proving that %}, the kernel of the j-th Riesz transform is also
bounded by its kernel K, (4.59), in the global region, [37, Proposition 3.8], and then
apply [37, Lemma 3.5].

As we have mentioned earlier, the main goal of C. Gutiérrez’s article [122] is,
following Stein’s scheme in [253, Chapter IV], to prove Theorem 9.2, using the
Littlewood—Paley theory. Let us see the basics of his arguments. First, he gets the
following identity:

To prove this identity, it is enough to check it for the Hermite polynomials {H, }.
From (9.5),

|v

(1)
o ) () v) 2

Ttt(Hv—eJ')(‘x)
v) %( VT, ()
)§< VNI, g (x) = —V2vje VI g (x),

and by (1.60)

_vdH .
7% (x)=e MaT:(x):2vje |V|’Hv_ej(x).
Thus, o
op! 1 PH,
ot (%jHV)(x) - \[ 8)Cj ( )

and the formula can be extended immediately to polynomial functions, which are
dense in LP(yy). Therefore,
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ngly)(%if)(x)z(/o ’agt (Tf)x )2£)1/2 1 (/ ‘ax] 2@)1/2

t t

< %gym(x).

Then, using Theorem 5.2 and Theorem 5.8, we get

1/CO i |l py < g (i) |y < \ngy( Mpy < Cpllfllpy-

An important advantage of this proof is that the constants CP,C; are independent of
dimension.

Finally, the atomic definition of the Gaussian Hardy spaces, given by G. Mauceri
and S. Meda in [174], does not provide a fully satisfying theory. Unfortunately,
that may not relate to the Ornstein—Uhlenbeck operator as well as classical Hardy
spaces relate to the usual Laplacian (see [79]). In particular, G. Mauceri and S.
Meda in [174], proved that the imaginary powers of L, (—L)* and the adjoint of
the Riesz transforms %} are bounded from HY (74) to L' (7,), but later in [176, The-
orem 3.1] G. Mauceri, S. Meda, and P. Sjogren proved that the Riesz transforms
Z; are bounded from L to the dual of H;,’r(}/d) = BMO(yy) in any dimension, but
they are not bounded from H, (y;) to L'(7;) in a dimension greater than one. Thus,
their definition does not contain all the machinery that makes Fefferman—Stein [79]
so outstanding, and has proven useful in a range of applications, specially in the
study of partial differential equations. This was the main reason why J. Maas, J. van
Neerven, and P. Portal developed a program to find an alternative definition of the
Hardy spaces. In [231, Theorem 6.1], P. Portal proved that the Riesz transforms % ;
are bounded from H! . () = quud(}/d) to L'(y;), with a similar approach to that
in the proof of Theorem 7.16, using an appropriated Calder6én reproducing formula
(see [231, Lemma 6.2]). More recently, T. Bruno proved that the Riesz transforms
are bounded from the atomic Gaussian Hardy space X! (y;) to L' (7;) (see [37, The-
orem 1.2]).

9.2 Definition and Boundedness Properties of the Higher-Order
Gaussian Riesz Transforms

In the Gaussian case, the higher-order Gaussian Riesz transforms are defined di-
rectly.

Definition 9.5. For B = (B1,B, -+, Ba) € N, the higher order Riesz transforms are
defined spectrally as

Ry = b (—L)71P1/2, (9.15)

where B = X 4_ | B; and 3 2\!3\/2 8,21 . ~8£,d. The meaning of this is that for any
multi-index v such that || > 0, its action on the Hermite polynomial Hy is
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ZgH, = ()ﬁ/z[ﬁl B,+1)]Hv,ﬁ (9.16)

ifBi <viforalli=1,2,--- ,d, and zero otherwise.

Observe that (9.16) follows directly from the definition of %ﬁ, because H,, is the
eigenfunction of the Ornstein—Uhlenbeck operator —L, with eigenvalue |v|; there-

fore,

1
LB, =

Hence, using (1.57) and (1.36), we get

My (x) = 3}(~L) PVPH, (x) = ag<|v|‘ﬁ,/zﬂv<x>>

= st HH”' WHMIMD

= WH(Zﬁi[Vi(Vi—l)" (vi—Bi+1)]H,,_p (x:))

21B1/2
= WH([W(V:‘—U “(vi—Bi+1)]H,,_p, (xi))

_ (|‘2/)Iﬁ/2[ﬁvi(vi_1)...(vi_ﬁi+1)}Hvﬁ(x).

i=1

Observe that this implies that

d
%ﬁhv(x):( )W[H vi— B+ 1)] Ph s, @)
=1
because
H, (x) 1 1BI/2
%ﬁhv(x):%ﬁ((z\v\vv)l/z) (ZMV')I/Z(‘ |)
[Hv, = 1) (v B+ 1) Hy ()
LA\BI2pE vi(vi—1) - (vi— Bi+1)7 H,_p(x)
:(M) [1:[1 (V)12 Lz\v\—ww)l/z
o INBI2 L vi(vi— 1) (vi— B4+ 1)]V2] Hy_p(x)
_(W) [1:[1 (vi— B2 }(2\V—ﬁ\)1/2
1 \IBl/2 & v_p(x
= (7) H[Vi(vi—1)"'(Vi—ﬁi+1)]l/2 (2v—ﬁ(vﬁ(ﬁ))y)l/2

Il
-

14

367
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d
() [t 0t ] o

i=1

The higher-order Gaussian Riesz transforms have a kernel given by
Hp(x,y) = I Nig 2 (x,) 9.18)
_ \y—rx\z

_ 1 /(—logr) e WH( —rx) e 117 ﬂ
~ ®PT(Bl/2) Jo \T=72 VT2 (=)n

Therefore,

By f(x) = po. / «%(x,y)f(y)dy 9.19)
1B]-2

—logr 2 |B‘ y—rx
H -
nd/zl" (1B1/2) /]Rd/ 1—r2 ﬁ(./l_ﬂ)

_ben?
e -2 dr
W 7f(Y)dy-

Let us study the L”(y;) boundedness of these operators, for 1 < p < o,

Theorem 9.6. The higher-order Gaussian Riesz transforms %g, |B| > 1 are LP (1)
bounded for 1 < p < oo, that is, there exists C > 0, dependent only on p and
dimension such that

128 flp.y < CIlf |l p.ys (9.20)
Sforany f € LP(yy).

There are several analytic proofs of this result. The first analytic proof was
given by W. Urbina in [278] with constants dependent on dimension. A clever
proof was given by G. Pisier [227], which combines probabilistic and analytic
techniques (method of rotations and transference methods), with constants inde-
pendent of dimension, but valid only for the case || odd. In [124], C. Gutiérrez,
C. Segovia, and J. L. Torrea obtained a proof, with constants independent of di-
mension, following the work of C. Gutiérrez in [122], by using the Littlewood—
Paley theory, with higher-order Gaussian Littlewood—-Paley functions, which
were discussed in Chapter 6. In [223], S. Pérez and F. Soria provide an ana-
lytic proof, with constants dependent on dimension, with a similar technique to
that developed to study the Ornstein—Uhlenbeck maximal function 7* already
discussed in Chapter 4. We study their proof in detail. Finally, L. Forzani, R.
Scotto, and W. Urbina in [88] have a very simple proof, with constants inde-
pendent of dimension, based on Meyer’s multiplier theorem (Theorem 6.2; see
Corollary 9.12).
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Proof. As in the case of the Gaussian Riesz transforms, we follow the proof of S.
Pérez and F. Soria ([223]). Again, we split these operators into a local part and a
global part,

ApfW=Co [ eIy +C [ A0y

[x—y|<dm(x) fe—y|=d m(x)
= g Lf(x) +%pcf(x),
where % 1. f(x) = Zp(f Xp,()) (x) is the local part , Zp  f(x) = %p(f xp; () (x) is

the global part of %, and By, = B(x,Cqam(x)) = {y € R? : |y —x| < Cgm(x)}, is an
admissible ball.

I) It has been clear, since W. Urbina’s work in [278], that the local part, as in
the case of the Gaussian Riesz transforms, corresponds to a classical Calderén—
Zygmund singular integral.

Now, we see that the kernel % satisfies the decay conditions (4.29) in the local

IBl-2
region. Observe that r‘m_2< I]Og' ) is bounded for every r € (0,1) and any
B, > 2. We also use the fact that, [Hg (x)| < C|x|!P!. Then,

ly— nc\z _
y—rx
V,le " H
()

L by 2(yirxi)H/3< > = )
1—r2 2

:(ze*ﬁ —

i=1

2B H <y1rx1) H <yirxi) H ()’d"xd)lz)é
Vi P\vize) e \vice ) e\ visa

\y—r)r\z

<C |y_rx||a‘+l |y_rx||ﬁ‘7] eiﬁ

=Cp B T =

(1-r2)7  (1=r2)7 ) (1=

Again, using the notation of Proposition 4.23, given x,y € R? and ¢ > 0, we write

a=[x]>+y[>,b=2(x,y) and u(t) = ¢ — ¥2=1p — |x|2. We can conclude that the
above expression is bounded by

1
o1 lo+1 —u(t)
/(M ST (1) S
0

therefore, using Lemma 4.35, we have, in the local region,

|V%xy>|—m

369
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Also, it is easy to see that for the kernel %3 we have

1 —u(t)
2 e
() <y [ ()PPt

Therefore, again using Lemma 4.35, with exponent d — 1 instead of d, we get

C
| ()| < ——3 [Fa—E

Therefore, we can apply Theorem 4.30 to %3 and the operator determined by it.
1) For the global part of %, we use a generalization of Theorem 9.4.

First, let us consider the following kernel:

Definition 9.7. For each m > 2 the m-modified maximal Gaussian kernel is de-
fined as

gy~ L =D ) if<xy><0
T (- y|>L(|x+y||x o) bl + 1) () if x,y) =
(921)

where K is the Gaussian maximal kernel defined in (4.40), and define the m-
modified maximal operator

Tufx)= [, Hnxy)f0)dy. (9.22)

Theorem 9.8. (Pérez—Soria) For the kernel .} of the Gaussian Riesz transform of

|5 (x,y)| < CH 1) (x,), (9.23)
on the region |x —y| > C4(1 A 1/|x]).

B2 (—logr) (BI=2)/2
Proof. Observe that the function r ( - ) is bounded for any r € (0,1)

and any 3 > 2. Again, using the fact that |H[;( x)| < C|x|IBl, and making the change
of variables r = 1 — 12, we get

y—v/T=ix?
t

1
IBI/2(1)e—u()
u t)e
—asc (M0,
12 0 t 2

|5 (x,3)| < C/O1 ’Hﬁ (y_ C?x) -

Thus, it is enough to prove that the last integral is bounded by 1/‘ B (x,y). We need to
analyze two cases:

e Case #1: b =2(x,y) <0. In this case, we see that

1

BI/2(1)e~u(0) B

u t)e Bl=2 _ .12
/deSCa 2 e‘yl,
0
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Using the inequality (4.76):

from Proposition 4.23, the change of variables a (% — 1) = s, and the fact that, in
the global region, @ > 1/2, we obtain,

1

1
1BI/2 (¢ lel/2
/u EH) dtﬁe‘y / _7_~_a <2a) ddt
0

oo

\2 L HZ
<C S(2s41) ds <Ca )

0

o Case#2: b=2(x,y) > 0.
Using the same argument as in Theorem 9.4, we have that for d > 2 (4.78) holds,

e_%L‘(t) 3_%“0
d=2 <C d—-2
t2 £2
0

Then, using Lemma 4.37 for v =2/d, we get

2u
t 2 ‘“' Lp lo|—2
|O¢\/2 ( ) l Cde 2 e ; 1
/ fo MU au( 0) * ’

because uy < |-+ y|Jx — y],b/a < 2Jallyl/ (P + |yP) and d < [x+yllx—y] if
(x,y) > 0and |x—y| > Cs(1 A 1/]x]). O

Similar to the case of the Riesz transforms, the symmetry of the non-exponential
factor of the kernel 7‘ p|(x,y) allows us to obtain that the adjoint operator to the
higher-order Riesz transforms are also of weak type (1,1) with respect to the Gaus-
sian measure, as

Kyl (x,y) = 7|a\(y,X)e‘y‘27‘x‘2-

As mentioned already, the main goal of C. Gutiérrez, C. Segovia, and J. L. Tor-
rea’s article [124, Chapter 4] is, also following Stein’s scheme in [253], to prove
Theorems 9.2 using higher-order Littlewood—Paley functions. To do so, they first
get the following identity: given a multi-index § € I} of order k, i.e., || = k using

translated Poisson semigroups {Pt(k)},zo (see 3.56),

ath(k) 1 ‘
o (#s) ) = (= =) PRI (). 9:24)
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To prove this identity, it is enough to check it for the Hermite polynomials {H, }.
From (9.16) and (1.60),

okph 2 \I1BI/2 oY
I (L) = (7) [Hvl =) (Vi B )| S (Hy ) ()
= () [Tt 1)
k
x%(ef\/mt)hvfﬁ(x)
k
- () fpwern- ﬁzﬂ%@-mﬂv-ww
1 d
= (e VIO D 0 Bt D]y (0
= (e V@) ) = (—\%)k(aﬁaﬂvxx).
Then, let Zif = (% .f)pea,
k
g,y%’kf /0 2 ‘ka p* (B ) )2dt)1/2

oo 2 dt 3
=C < /0 (PP f) () t) = Cgryf (¥):
Therefore, using Theorem 5.13, we get

1125f 1 1.y < Collgr f(Zif)py = Cpllgh , (F)llpy < Cpll 11

Thus, we get the L”(y;)-boundedness of g, for any B, [B| > 1 with constants
independent of dimension.

The Riesz transforms of order 2 are of weak type (1, 1) with respect to the Gaus-
sian measure, that is, they map L'(y,) into L'*°(y,). This result has been shown,
by L. Forzani and R. Scotto for the case d = 1 in [86], and for general d > 1 by
J. Garcia-Cuerva, G. Mauceri, P. Sjogren and J. L. Torrea in [102], but their proof
contains a gap. Additionally, S. Pérez and F. Soria [223] have an alternative proof
using the fact that the 2-modified maximal Gaussian kernel .#", bounds the kernels
of the Gaussian Riesz transforms of order 2, based on the following result (see [223,
Theorem 4.4]):

Theorem 9.9. The operator T, is of weak type (1,1) with respect to the Gaussian
measure.

The proof of this theorem involves heavily all the arguments used to prove Theo-
rem 4.24, with some slight modifications. In particular, it is important to recall some
of the notation and facts:
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o Leta:=o(x,y) =sinZ(x,y), where Z(x,y) € [0,7] denotes the shortest angle
between the vectors x and y if (x,y) > 0, we have Z(x,y) € [0,7/2]).
e Definefork=1,2and/ €N

@) = {v: (r3) > 0.Jx] < bl w.y) < 1/l

(see (4.51)).
e Then, for fixed values of k and /, the average operator, defined by
) = e [ )l Pay
Ya(I* (%)) I

(see (4.52)), is of weak type (1, 1) with respect to ;.

The arguments follow closely the proof of Lemmas 4.25, 4.26 and 4.27 (see also
[185, Lemma 2.6, 2.7 and 2.8]).

Proof. Without loss of generality, we may assume that f > 0. As the operator 7,
defined in (4.46), is of weak type (1,1) with respect to the Gaussian measure (see
Theorem 4.24), and % (x,y) is dominated by % (x,y) if {x,y) > 0 and |x| < 10, or
on the local region, the operator T is also of weak type (1,1) with respect to the
Gaussian measure on those regions. Thus, it remains to consider the case when we
are outside of those regions.

When [x| > |y|, as [x+||x—y| > d, the kernel # »(x,y) satisfies

- ety (- BEZBE il
< — _
e (P [ A A 2

< Clx|exp ( _ \XZ—Y| )e|x\27|y\2_

It is easy to check that 7 (x,y)eP* = € L!(y,), uniformly in y; thus, the operator
is of strong type (p, p), 1 < p < e with respect to the Gaussian measure in the global
region.

Next, we consider for (x,y) > 0 and |x| > 10 two operators defined T, and T,
defined by the restriction of .# 5 (x,y) to the regions,

Bi = { () € Ry ¢ By(), (x,9) > 0, x| < |yl and a(x,y) > 1/]
or x| <2y, er(x.y) < 1/l },
By = {(x3) €RM iy £ Bi(@): (x,3) > O,[yl/2 < || < v, vy) < 1/1x1,

respectively. o o
On By, we have % 5(x,y) < C|x|.# (x,y); therefore T; f(x) < Ty f(x), where T,
corresponds to the operator associated with the restriction of % (x,y) on B;. Now,

from the estimate (4.54) we obtain,
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T f(x) <CT|f(0)+C Y e ™ *T) f(x),

m>1

similar to the proof of Lemma 4.25.
To estimate T», we follow the same arguments and notation as in the proof of
Lemma 4.26. We have that

Ho(x,y) < CAV2A (xy), if y € A(x),
as A > co(x,y)|x|?, and
Ha(x,y) < Coulx,y) P (x,y), if y € [T (x) \ A (x),

as A < Co(x,y)|x|?.
Consider now the average operator,

o f(x) / Ga(x,y) f()e " ay,

with Ga (x,y) =A~9/2G(x,y) and G(x,y) = A=4/2¢%*DI*/16A_Then, we conclude with
the same arguments as in the proof of Lemma 4.26, that

Tof(x) < CZe“S’T,f (x) +C f(x).
>2

The value of 6 > 0 can be chosen as before.
It remains only to show that <% is of weak type (1,1) and the proof of that is
similar to the proof of Lemma 4.27, replacing G(x,y) by Ga(x,y). O

Moreover, the Gaussian higher-order Riesz transforms % are of weak type
(1,1) with respect to the Gaussian measure if and only if || < 2; equivalently, it
can be proved that the result breaks down for |3| > 2. This is a surprising result,
compared with the classical case, and it was initially proved by R. Scotto and L.
Forzani in the one-dimensional case in [86]. The case for higher dimensions d > 1
was considered by J. L. Garcia-Cuerva, G. Mauceri, P. Sjogren, and J. L. Torrea in
[102], even though there are certain technical issues in their proof, and by S. Pérez
and F. Soria [223]. This fact implies then that the theory of Gaussian singular inte-
grals is different from the classical Calder6n—Zygmund and, in particular, it cannot
be developed using interpolation results.

Now, let us discuss the counterexample that Riesz transforms of at least order
three are not of weak type (1, 1) with respect to the Gaussian measure. This is taken
from [102]. The idea of the counterexample is to consider a function f € L'(y,)
which is “equivalent” to a point mass at y € R properly normalized in L'(7;), that

is to say, f ~ el 0y, for |y large.
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Theorem 9.10. Let |B| > 3. Then, the Riesz transform %Zg is not of weak type (1,1)
with respect to the Gaussian measure.

Proof. Lety € R? with |y| = n large and y; > Cn, i = 1,--- ,d. Write x € R? as
x= f% +vwith& e Rand v L y. Consider the tubular region

J:{xeRd:x:§%+v with n/2<&<3n/4v Ly, v <1}

It follows that for x € J, there is a C > 0 so that

Vi —IX Cn .
> >Cn,i=1,---,d. (9.25)
V1—r2 1—r2 "
Hence,
y—rx
H ( ) > Cly|P.
v vl
In particular, the integrand in (9.18) is positive for 0 < r < 1, and observe that
b—rif? (E=rm 2y
e T = e = , (9.26)
sothatfor 1/4 <r<3/4andxe]
_M 2_ .2 2
e 17 >SN el (9.27)

These estimates imply that

3/4

| (x,y)| > Cdnﬁeéz—nz/ e ClE=P gy > 0 mlBI182n7,
1/4

forx € J.

Now, let f € L'(y,), f > 0 be a close approximation of a point mass at y, with
norm || f||;y = 1. Then, Zp f(x) is close to e”2%(x,y) when x € J. We conclude
that

A f(x) > CnP1ed” > cnplem/??,
forx e J. .
On the other hand, because y;(J) > %e—(n/Z) , and

—(n/2)?
d. -1 2)2 €
7(J) < 'Yd({x eRr ~%ﬁf(x) > Cﬂﬁ en/?) }) < CW
Then,
128 f 111,y = CNPI72 = oo,

if 1 — oo, for |B] > 3. O



376 9 Singular Integrals with respect to Y,

In [85], L. Forzani, E. Harboure, and R. Scotto give a different and simpler proof
of this result for a more general class of Gaussian singular integrals that includes
the Gaussian higher-order Riesz transforms, which are discussed later (see Theo-
rem 9.18 and Theorem 9.19).

Additionally, S. Pérez and F. Soria [223, Theorem 4.5] obtained the following
result on the boundedness of Gaussian higher-order Riesz transforms of order greater
than or equal to 3 on Orlicz spaces, “near” L!(7;), using the estimates of the size of
the kernel of %g.

| > 3 is of weak

2
type in the Orlicz space L(1+log™ L) P (%4). In other words, there exists a constant
C such that

xeRY: % x)| > A N +1), 9.28
n({rem Aol = 2 STUA, e+ 029
where, as before %g ¢ f (x) = % (f XBZ(~))(X)’ is the global part of the Riesz trans-
form Zg and || H

B2  denotes the functional associated with the space
L(1+log™ L) 2™ (1)

L(1+1log™ L) (yd) Thus, %#p G sends the space L(1+log" L) (}/d) continu-
ously into LV (y,).

Proof. From Theorem 9.8, it is enough to work with the m-modified maximal opera-
tor T ,, as it controls X i, with m = | B|. Thus, we will prove that T, satisfies (9.28)
for m > 3. When we restrict ourselves to the region |x| > |y|, the usual arguments,
which show that T or T, are of strong type 1 (see [185, Theorem 2.3] or [223, Theo-
rem 4.4]), tell us that T,,, is also of strong type 1 in this region. This is easy to see,
for (x,y) <0 and |x| > |y|then

K m(x,y) < Clx["ehP,

whereas (x,y) > 0 and |x| > |y| then

2= Jx?

Honl,y) < Cllx+ylle =) T e e
< C|x|mexp<— | ||x3_y‘)e\x|27|y|2

ety
|x Y!X )| elx‘z,‘y‘z

In both cases, the integral in the variable x is uniformly bounded in y and the strong
type (1,1) follows.

For , we use the crude estimate

Hn(x,y) < Clx+ylle—y) T Ha(x,).
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Hence,

/ 7m(an’)|f(J’)|dy < C/ 72(x,y)|f(y)”y|m_2dy'
xl<[yl R

We use a particular case of Young’s inequality: given positive u and v, we have
u-v <u(1+1log™ u)+e", which implies with more generality that

1/k

1k k
u.v§5k(u1/k%> < Ce8*(u(1 +og™ u)k + /Oy

Taking u = |f(y)|, v = |y|"~? and k/8 = 1/2, we obtain
| el s0ldy € [ alyls )| (1 +1og" 1£0))" 2dy
Ix[ <yl R¢

+/Rd72(x,y)e""2/2dy
= To(|f|(1 +1og* | £)" 2 + € T72) (x).

Because T is of weak type (1, 1) with respect to the Gaussian measure, as we have
seen, we conclude that

t({r e RETa(lf1(1 +logt £ +eP2) () 2 4 })

<= [ [0l +10g 170" 2+ pa(ay)

C
< = - +1). O
< l(HfHL(lHOgm)\mzz(m )

Finally, as was mentioned before, the L”(7,)-boundedness, 1 < p < oo, of the
higher-order Riesz transforms, with constants independent of dimension, can be ob-
tained as a consequence of Meyer’s multiplier theorem (Theorem 6.2; see [88]).

Corollary 9.12. The higher-order Gaussian Riesz transforms %g, IB| > 1, are
LP(yy) bounded for 1 < p < oo, that is to say, there exists C > 0, dependent only
on p and B, but not on dimension, such that

H%Bfnpﬂ < CHpr#v (9.29)
Sorany f € LP(y).

Proof. Given the multi-index 8 = (Bi,...,B4), from (9.17), we know that the action
of #Zg over the normalized Hermite polynomial hy is given by

1\IBl/2r 4 12
Zphy(x) = (o) [ TIvvi= D) (i =B+ 1)) by p(x),

vl i1

with B; < v, foralli=1,---,d, otherwise Zghy (x) = 0.

377
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Now, for the same multi-index f3, let us consider the operator
Bi o2 B.
R Ry . R

the composition of powers of the Riesz transforms, %’f ! ,%52, ... ,%5"’ . Then,

Bi B2 Ba ~(vi—Bit1) 12
R0 AP, (x [HM IVI—l | hy g0

~(Iv[=Bi+1)

Now, define the multiplier operator T3 as

)= [0 e =Be sy
{“i””‘ﬂwﬁj"&‘”ﬂ”%wm
[flen |\ﬁ£ﬁ_1 B0y
= [0 0 B g,

i=1
Then, Tj is a Meyer’s multiplier (6.4), with multiplier ¢ defined using the function,

d

W) = [0 =) (1= (B — )]

i=1

By construction, TB satisfies,
Ry = BB R 0Ty (9.30)

Therefore, the L”(7;) boundedness of Zp is obtained immediately from the L?(y,)
boundedness of the Riesz transforms Z%; using Meyer’s multiplier theorem (Theo-
rem 6.2), where the constant is dependent on p and 3, but independent of the di-
mension d, as long as we have proof of the L”-boundedness of the (first-order) Riesz
transforms with constants independent of dimension?. a

9.3 Alternative Gaussian Riesz Transforms

We have mentioned before in Chapter 2, that the Gaussian partial derivatives in
RY, dy are not self-adjoint in L?(y,), and its adjoint is given by

21t has been mentioned before that there are several proofs of this fact (see, for instance,
G. Pisier [227] or C. Gutiérrez [122])
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e 109 '
(9}) ——ﬁafxi-i-ﬁx,ld

(see 2.12). The Ornstein—Uhlenbeck operator can be written as

Therefore, there is another “natural” differential operator, the alternative Ornstein—
Uhlenbeck operator, (2.14), which is given by

()= 3 3))" = (~L)+di = 3 A+ (x,V,) +dl.

H. Aimar, L. Forzani, and R. Scotto in [5] considered the following alternative

Riesz transforms, by taking the derivatives (8;,)* and the operator (—L),

Zj= (1) (-L)""/, (9.31)

Moreover, we can also consider alternative higher-order Gaussian Riesz trans-
forms, that is, for a multi-index 3, |B| > 1 we use the gradient

* —1 P X —|x
@) — (2|m)/2 P (9B )

and the Riesz potentials associated with L. Then, these new singular integral opera-
tors are defined as follows:

Definition 9.13. The alternative Gaussian Riesz transform Z for |B| > 1 is defined
spectrally as

Rpf(x) = (97" (=L) P12 £ ().
Thus, the action of ﬁﬁ over the Hermite polynomial H,, is given by

1

#pHv = 218172(|v| +d)lm/sz+B’

(9.32)

because, using the fact that the Hermite polynomials {H, } are eigenfunctions of

L,
_ 1
By - -
( L) HV (|V|+d)‘ﬁ|/2Hv’
and using Rodrigues’ formula (1.28), we get
(—1)B

ZpHy(x) = (97) (L) 1P /PHy (x) = OB (e H, (x)

(VI +d)P2
1

(,1yﬁ+w
~ 2RI +d)\ﬁ\/sz+ﬁ(x)’

~ 2BI2([v|+a)BI2

el QB+ (o=l
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therefore,
o d 1/2
%ﬁhv( ) (|V‘+d ‘m/z [ll:[l vl+ﬁl Vz+ﬁt_1) (Vi+])] hv+ﬂ(x)v (9.33)

because,

— — H,(x) 1 —
Zphy(x) = ‘%ﬁ((z\vw!)lﬂ) - (2\v|v!)1/2%ﬁHV(x)

1 1 ()= 1 H, g (x)
~ 2VIVN)I72 2BB12([v] +d)BI2 Hypx (V) 172(|v|+-d)IBI/2 2VI/2+1BI/2

_ 1 (v+B)NY2_ Hyp()
7(|v\+d\ﬁ\/2( v! > (2lv+Bl(v + B)1)1/2

d
{H (vi+B)(vi+Bi—1)-- (v,»+1)}1/2hv+ﬁ(x).

i=1

(|v\+d TELE

With an argument analogous to Lemma 8.3, we can get that the alternative higher-
order Gaussian Riesz transforms then have the following integral representation

Rpf(x) =p.v. T /R A px ) ) Yaldy)

where
Bl-2 _eny?

—1 2 _ 1—12
xy Cﬁ/ ( 0gr> rd]Hﬁ( al ryz) ¢ i dr.
1—r2 1—r2) (1—p2)5t!

Formally, 7[3 is obtained by differentiating with respect to the adjoint of 97 the
kernel corresponding to the Riesz potentials associated with L, (8.62),

1BI/2 TR @ e
(T P21 = g fy T T a

e—ry[2
5 1 Bl-2 , e -2 dr
:Cﬁelxl (A (flogr) 2 rdm 7) f(y) yd(dy)
—r
y—rx?

_ ! B2 g e 17 dr
=Cp Rd(/o (—logr) ="r =L r)f(y)dy-

Similar to Corollary 9.12, the L”(y;) boundedness of @lg, 1 < p < oo can be
obtained from P. A. Meyer’s multiplier theorem (Theorem 6.2).

Corollary 9.14. The alternative Gaussian Riesz transforms Qﬁ are LP(7;) bounded
for 1 < p < oo, that is to say, there exists C > 0, dependent only on p and B, but not
on dimension, such that

1251l py <ClIf Nl pys (9.34)
Sorany f € LP(y).
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Proof. Given the multi-index 8 = (Bi,...,B4), from (9.33), we know that the action

of % over the normalized Hermite polynomial hy is given by

d
iﬁhv( )= [H Vit+Bi)-(vi+ 1)] 1/2hv+B (x).

T

Now, for the same multi-index [, let us consider the operator
%ﬁl %ﬂZ %ﬁd

the composition of powers of the Riesz transforms, @?1 @52, ... %" Then,

d .
P P _ vjti 1/2
Ay A hy(x) = g(q(|v|+d+(i—1))) By p(x)

:[ﬁ (vitBj)---(vi+1) }’/Zhwﬁ(x)

i (VIFd+Bj=1)---(Jv|+d)

Consider the multiplier 73 defined as

[ (IVI+d+B—1)---([v|+d)q1/2
Tﬁhv(x):[ : TEL ] v
(v +Bi— 1) (v +2) 2
- (Jv[+d)Pl- [t

_ d [V|+d+B;i—1)---(|v|+d+1)\11/2
_[/l_ll( (|Jv|+d)ﬁ_/—1 )} hy (x)

[é( |v|+|ci/+(dﬁj— 1)) (|V||j|c_?;1))}]/2hv(x)

= |[IT(1+ |+i1)) (1 IVI1+d>T/2hV(x)

i=1

~.

.

By construction, Tﬁ satisfies,

g =T, By ... By 0Ty 9.35)

As in the case of the Gaussian Bessel potentials, 7g is the composition of two
Meyer’s multipliers 6.4), one of the multipliers defined using the function,

d
= [{T0 -+ 1) 140]

=1
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Therefore, the LP(y,) boundedness of @,3 is obtained immediately from the

LP(y,) boundedness of the Riesz transforms % ; using Meyer’s multiplier theorem
(Theorem 6.2), where the constant is dependent on p and 3, but independent of the
dimension d, as long as we have proof of the L”-boundedness of the (first-order)
Riesz transforms with constants independent of dimension. a

In [5], H. Aimar, L. Forzani, and R. Scotto obtained a surprising result: the alter-
native Riesz transforms ﬁﬁ are of weak type (1,1) for all multi-index 3, i.e., inde-
pendently of their orders, which is a contrasting fact with respect to the anomalous
behavior of the higher-order Riesz transforms %g.

Theorem 9.15. For any multi-index B, there exists a constant C dependent only on
d and B such that for all A > 0, f € L' (y;), we have

w({vert: B >2}) < 7 [ Iro)m@),

ie., @lgf is of yy-weak type (1,1).

Proof. The main feature, to prove this theorem, is to apply Theorem 4.18 with an
special @. For each x € R¥, as usual, we write this operator as the sum of two opera-
tors that are obtained by splitting R into a local region, B;,(x) = {y € R? : |y — x| <
Cym(x)}, an admissible ball and its complement Bj,(x) called the global region. Thus,

ﬁﬁf(x) = @[LLJC(X) +§ﬁ7Gf(x)

where Zp 1 f(x) = Zp(fxp,())(x) is the local part of Zg and Zpf(x) =
X (f(xgh(_))(x) is the global part of %g.

We prove that these two operators are y;-weak type (1,1); thus, also % is weak
type (1,1). To prove that Zp ; is of y-weak type (1,1), we apply Theorem 4.30. In
our case,

Tf(x)=pv. /R o) f(y)dy
with

A (x,y) = 7 (x,y>e—‘y‘2

- _ =y

—logr 2 -1 x—ry e 1-72
=C H — dr.
B/ <1—r2) B(m (11—

1B]-2

o V/—logr\ 2 ,.,[ —rBj xX—ry
R =2C — —Hpg . | —=
ayj (x,y) ﬁ/o ( 1—2 ) r M—,2 B—e; 1—72

Irx—y|?

x—ry \ (xj—yj)] e -
H d
! ﬁ(M) 1= }(142)%“ "

Therefore,
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Now, we show that the hypotheses of Theorem 4.30 are fulfilled for this operator.
Thus, we prove that, in the local region B, (x), we have,

C

H(x,y)| < ———
H ) <

and
C

o
|5 < —7
dy; x — y[@+1
There exists a constant C > 0 such that for every y € B;, C “l< el —? <C, then

| (x,y)| < Cle” M0 o (x, ) = €1 g (x,y)]

and L
w4 2, 20K
‘()Qy) SC eilx‘ b 7()67))) .
dy; dy;
On the other hand, on By, for any ¢ > 0,
o hen? ey . )y vy
e ST = 12 g*CﬁMze*C( 133y < Ce*C‘ 17yr‘ :

s

thus, with thisinequality and taking into account that fme—ct’ < Cpy, forall t >0, we
get

_ _ |x—ry\2 ‘ﬁl _ m \X*VY\Z _ \X*’)'\z —y|2
’HB( o )’e -2 <C Z X e 20-7) ¢ 20-17%) gceﬂ'“;‘l .
1— 7'2 m=01V 1— 1”2

Therefore, by combining all the above remarks, on Bj, we have,

L/ —logr b e*C‘xf—y‘z
el <c [ (T25) :
0 — T (17,.)74—1
3 182 1 oot 1 c
<C / (—=logr) 7 dr+ —dr <C<1—|— d> ]
b (1—r)st! x—y] x—y|
and
Py I i 1Bl-2 ,,\xl—.‘ﬁ
—logr e T
2 xy) < C d
7 B2 { gmel2f
SC/(—logr)Tdr—l—1 oz dr
0 7 (l—r) 2
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Let us prove that the operator # is bounded on L?(y). Given f € L*(y,), with

Hermite expansion f =Y, fy(v)hv =Y, (f,hy)yhy. Then, because the action of Zp
over the normalized Hermite polynomial h, is given by (9.33),

1T (v +d) - (v, + )

#ph () = 3pi72 (VI + )P v (o)
Therefore,
= v+ D) (vi+ B ~
12511220y = Z Wiy raer rF

d
< XTI1B+ PR < |ﬁ|+1‘ﬁ‘2|fy )1 <Clfllz2q,

v j=I
Therefore, using Theorem 4.30, the y;-weak type (1,1) of Qﬁ, 1, follows.
To prove that % ¢ is also y;-weak type (1,1), we prove on R? \ By,

|Zp 6f (x)| < Ctlof(x), (9.36)

with @(t) = e~ ?Then, using Theorem 4.18, we get the weak type (1, 1) inequality
for Zg -

IB|-2 _en?

— V/—logr\ 2 4, x—ry e 17
= H
|j£/ﬁ(x?y)‘ /0 ( 1—?‘2) r B M— 2 (1 7’_2)%—9—1 dr

_ |x—r,v\2

i Bl-2 e 207
gC/ (—logr) T~ ———dr
0 (1—r2)3
IR =
RN 21-12) P 1 dr
v ) ——
+C / =R M U R R rererc
| = 7)2\2 72\)(7}'\2
I—r 1-r
+c/ T (Wva-A) )¢ dr.
1=/ (1—r2) 7 I—r

Hence,
— —1 —2 —3
5 (e, )| < € (F ) + H ploy) + Hp(x,3) )

where the inequality is obtained by annihilating the Hermite polynomial with part
of the exponential, then splitting the unit interval of the integral into three subinter-
vals [0,3/4], [3/4,1— C/|x| ], and [1 —&/|x|?,1] and taking into account that on the
second one |x| V (1 —r2)~1/2> |x|, on the third one |x| V (1 —r?)~1/2 > (1 —r?)~1/2
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and |x — ry| > ¢|x — |, and on the last two intervals, the function —logr/(1 —r?) is
bounded by a constant.

Thus, by using the definition of kernels 7;3 with j = 1,2,3, interchanging the
order of integration on each operator @ﬁ,(;j with j = 1,2,3, using Lemma 1.23 and
taking @(¢) = e, we get, using Fubini’s theorem

_ e
lx[2 L 2(1=12)
1) = o [ [ Ctoen™ <2 ) mta)
(1—r2)2
3 _2"214”22)
Z \ 2 [ e —r
= [F108n "k [ EE ) ey r
JRY (1 —r2)2
3 —
<c| Y Clogn) T dr Maf(x) < C Maf(x),
X*rz
o[ [ -
R B e =S CM U
_r
dr
Xm\f@)\ Ya(dy)
¢/ —eknf
—C/KT 2 e — B
:/3/4 e /Rdmﬂxw(l—rz) )| £() va(dy)
oA
B

1-¢/|x? dr
o] J3s m Mo f(x) <CMopf(x),

and, finally,

= 2 —
1-r2

. ‘Xl e = % I—r
Zpi'1w=e[ [ e (o BV 0= DS dr ) i)

[x— ry\2 2

1 2 e_c(lffz) 2 —1/2 eié%

— X — -
N ¢ ./Rd (1—r2)<0171)/2(|x|v(1 ) 1—r

1-¢ /a2
x| f(¥)| va(dy) dr

_ =l

! o e - 2\-1/2
= /pg/\xpe‘ | /Rd W(M\/(l—r )

1
XW [f()|ya(dy) dr
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1
< ClaP / o F(x) < CMlof(x).
1=/

Thus, because [ % 6.f(x)| < Cp ¥ )_, g{;pf()(), then (9.36) follows. O

9.4 Definition and Boundedness Properties of General Gaussian
Singular Integrals

Finally, we define general Gaussian singular integrals, generalizing the Gaussian
higher-order Riesz transforms. We follow, essentially, the outline developed for them.
The first formulation of general Gaussian singular integrals was given by W. Urbina
in [278]. Later, S. Pérez [221] extended it. We consider S. Pérez’s class, as it is a
much larger class.

Definition 9.16. Given a C'-function F, satisfying the orthogonality condition
/R F()a(dx) =0, 9.37)
and such that for every € > 0, there exist constants, C¢ y CL. such that
|F(x)] < Ceet™  and [VF(x)| < Céeg""z. (9.38)

Then, for each m € N the generalized Gaussian singular integral is defined as

b

—logr m2 n y—rx e 117 dr
Trmf(x) /Rd/ —0) F<m>(1—r2)d/2+l f()dy. (9.39)

TF,u can be written as

Temf (%) / Hrm () £)dly,

denoting,
1 _benf?
= —logramd yqp( Y TIX e I-r
Hrm(xy) = / ( 1—r2 7)) F(m> (1 —r2)d/2+1dr
_benf?

y—rx e 1-12
N / onlr V=12 ) (1—r2)d/2+1 dr (9.40)
= y— mx e—u()
_ /0 ‘I’m(t)F( - ) s

m=2

with @, (r) = (%) T " 1; and taking the change of variables t = 1 — r?, with

YUn(t) = ou(VT=1)/VT—1, and u(t) = V=22
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In [278], instead of condition (9.38), it was asked that F and VF would have
at most polynomial growth, which of course is a particular case of (9.38). On the
other hand, the higher-order Riesz transforms % are clearly particular cases of the
operators Tr,, by simply taking F = Hg, and m = |B].

We will prove that the operator Tr,, is a bounded operator in L”(y;), 1 < p < co.

Theorem 9.17. The operators Ty, are LP(Y;)-bounded for 1 < p < eo; that is to say,
there exists C > 0, dependent only on p and on dimension such that

| Temf lpy < Cllfllpys 9.41)
forany f € L ().

Proof. As usual, we split T, into its local part and its global part,
Temf(xX) = Tem(f Ay ()) (X) + Trm (f 282 () (%) = Trmn f (%) + T, f (%)

I) For the local part T, 1, we prove that it is always of weak type (1,1). The es-
timates needed follow from an idea that appeared initially in W. Urbina’s article
[278], that the local part differs from a Calderén—Zygmund singular integral by
an operator that is L!(7;)-bounded; in other words, the operator is defined by
the difference of Tf,, and an appropriate approximation of it (which is an ope-
rator defined as the convolution with a Calderén—Zygmund kernel) is L' (R9)-
bounded.

e First, observe that if F satisfies the orthogonality condition (9.37) and (9.38),

setting
— x|~ /t
K(x)—/o F(_W)e & /td/2+1’

then, K is a Calderén—Zygmund kernel of convolution type (see (4.67)), as
the integral is absolutely convergent when x # 0. Taking the change of varia-
bles s = |x|/1'/? we get

o0 _2de
2/ F(—G—ls)e Ssd-1ds Q@)
x| e

with 2 homogeneous of degree zero; therefore, K is homogeneous of degree
—d. Moreover, Q is C! with mean zero on S¢~!, because

K(x):=

Q()do (¥ _2/ F(—¥s)do(x)e s~ ds
gd-1 gd-1

_Z/F e PPy —o.

Therefore, according to the classical Calder6n—Zygmund theory, the convo-
lution operator defined using convolution with the kernel K is continuous in
LP(RY), 1 < p < o and weak type (1, 1), with respect to the Lebesgue mea-
sure. Therefore, using Theorem 4.32, its local part Sy, is bounded in L” (),
1 < p < e and of weak type (1, 1) with respect to y;.
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Second, we need to get rid of the function y;,. Taking a limit from the right,
we can define y(0) := y,,(07) =2-"=2)/2 then ,, is continuous on [0,1).
Moreover,

t
W/m(t)_llfm(oﬂfc T—;
Thus, from (9.40), we can write,
1 1= u(t)
_ y l—tx\ e
Hrm(x,y) = Wm(o)/o F( N )td/2+1dt

y—v1—1x\ e 40
+ [ o) — wit0)F )t

Set

1 /1= —u(t)
) y 1—tx\ e
Ki(x,y) .:/0 F( v )ld/2+1dt’

Now, over the local part we know that u(t) > |y — x|?/t — 2d, then, using
condition (9.38), we get

[ ) - (Y [

NG
1 —VT—tx\| et
</ \wm<r>—wm<o>||F( v )|td/2+1dr
1o (1—&)u( 5“ o2
< <
=¢ o 2 C/ N
Set
5)x2
e i
Ka(x) = 2
Third, we need to control the difference between K; and the Calderon—
Zygmund kernel K.
Claim
L+ x| 1/2

K1 (x,y) = K(x—y)| < Cm X{lx—y|<d(1n1/}x])} (X, )

Proof of the claim We need to estimate,

u(t

K1 (x,y) —K(x—y)| = ’/;F(y_\/\?x) ;/2-&-)1 di

= [T R(2EE) b |
/0 F<t1/2 )e A2 |
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Using again the notation of Proposition 4.23, consider fy defined in (4.45),

az—b?

a+va:—bp’

o=

Now, if # > ¢, because

Va2 —b? _Va-b _|x—y| Al
a Vatb |yl

and again using that on the local part u(t) > |y —x|?/t — 2d, there is a § > 0
such that,

/tolF(y_\/\Fx> ;;Zg dl—/:F<y\%x) —lx—y[*/1 ,d/2+1 ‘
< [P0 s [ [P (e

1 g—8h—yP/t g 1 L o 1+ |x|'/2
/IO d=1/2 3/2 = |x,y‘d71t57 x—y[d-172"

fo ~

,d/2+1

<C

IN

For t <ty setting v(s) = y —+/1 — sx, we then have

) (= [ ) )

- ( ,l/zvVF( 1))
(). ")r (t1/2> #
s/t ](

")

w2l (1/2)
O >|’F<<>)’e,wds

o 1172 12 1172

+2

Using the hypothesis (9.38) and the fact that in the local part

_ 2 oy vl2
POR st e

we get, for some 6 > 0,
dt

o v(t)\ _ b0l v(0)\ _ o
L) —r ()

0 / v(s)|? d[
S/ (s >\€_5w<g W
0

tl/2 td/2+l
)
sk t)’\ dt
t1/2 td/2+1
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. ,5\x—y\2
0 t
<C|x| / tl/2 thdt

/2 1/2
o] g L+
_— —dt <C <C .
lx—yl Jo 11/ =yl = 7 [x—yld-1/2
Set
l—|—|x|1/2

Observe that K3(x,y) defines a function in the variable x, which is L' (R?),
uniformly in the variable y.

Hence, writing J# ,,(x,y) as

1 _ _ —u(t)
y—vV1—tx\ e
Hm(x,Y) =/0 llfm(f)F( i )td/2+ldt’

1 —J/1= —u(t)
_ y 1—tx\ e
_q/m(O)/O F( v )td/2+1dt

Jr/ Vin(t) — W (0))F ( \/li_tx) td_/;rldt
—u _ —|x—y|?
= ll/m(o)/o1 [F(y\/\?x);/zil 7F<y\/;x) etli/zil/t}dt
+1//m(0)/01F<H)e;;fl/tdt

NG
—VT—tx\ e 4l
+/ Wm Wm )) ( \/i );d/2+1 dr.

Using the estimates above, we conclude that the local part 7, ;. can be bounded
as

|TF,m,Lf(x)| = |TF,mf(XBh(x))(x)| = ‘/B ) c%/F,m(xvy)f(y) dy‘

<cf KOs +Clpr [ Kx)f) d

+ Ky(x—=y)[f(y)| dy
By, (x)

= (I)+ )+ ().

Using Theorem 4.32, (II) is bounded in L”(y;), 1 < p < o and is of weak type
(1,1) with respect to Y. Thus, it remains to prove that (I) and (III) are also
bounded. To do so, we use Lemma 4.3, taking a countable family of admissible
balls. .7
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Now, given B € .7, if x € B then By (x) C B; therefore,

2= D Cym(x) <|x—y| <2k Cym(x) |x—y

< Cd2d///(fxg)( )(1+[x*)m 1/222 W21 (f 1) (%) () ().

On the other hand, let us consider ¢(y) = Cge_‘s‘y‘z, where Cg is a constant such
that [gs @(y)dy = 1. @ is a non-increasing radial function, and given ¢ > 0, we
rescale this function as @ ;(y) =t~/?¢(y/\/), and, because 0 < ¢ € L' (R?),
{o \ﬂ},>0 is an approximation of the identity (see the Appendix). Then, because

Jo (U V/T=1)dt < oo,
! d
(111) = B()Kz(x—y)lf(y)ldy: / 0,76 ) = IOy

h(X

S/Bh(x)(fggwx y) / ﬁ If( )|dy

<c [ (suwpoulx—)IfOldy.
B(x) N >0

Again, using the family .7, if x € B, Bj,(x) C B, and then, using a similar argu-

ment to previously,

) = [ Kl O)lay<c [ (supoyile—n) I 0)lzs0)ay

h(X

which yields, using Theorem 4 in Stein’s book [252, Chapter II §4.],

(i = [ Kele=nlfe)dv< 3 sup| (o, 2D 0|z

X BeF 1>0

< DA () () (x).
BeF
Therefore, the local part Tf,,, ., is bounded in L”(7;), 1 < p < oo and is of weak
type (1,1) with respect to Yy,

II) Now, for the global part Ty, g, we prove that it is L”(y,)-bounded for all 1 <
p < o using similar techniques to those used for the Gaussian Riesz transform,
to estimate the kernel %r,,. The idea is to exploit the size of the kernel and treat
T as a positive operator.

Observe that the function @,,(r) = (;E’fz’) “7% =1 is bounded in (0,1) for any

m € N. Hence, using (9.38), we get

\/l—tx>‘ “ult) - dr lwme‘“(” dt
NG 7d/2+1 \/7 ¢y T

for some € > 0 to be determined. As before, we consider two cases:

el < [ [P
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Case #1: b =2(x,y) <O0. In this case we use again the inequality (4.76):

V11—t 2
Sl <ut) =2 - b= < =

thus, the change of variables s = a(1 — 1) gives

1o=(=eult) gy 2 1 oo ds
e % —(l=g)y[* _~ —(1-¢)s (d-1)/2 2>
S = ) eI

< Ce(1-oIbF

as a > 1/2 over the global region. Therefore, using Holder’s inequality

: p Cix?
hr< Lo ([ Aot miay) e Fa
h X

<c/ ( / -0 b e DI () ay) e
we \ g0

| ‘ TF,m,Gf

19 _.p
< ~(1-e)aly gals*/p gy ) ¥ g1l p
<c/, (/C(X)e e dy) e dx || flipa,

By,

where g = ﬁ. Now, we select an appropriate € > 0 so that the above inte-
gral is finite. We can see that any € > 0, with € < 1 — 1/p, suffices.

Case #2: b =2(x,y) > 0.
We have,

\/l—tx)' e ) dr <c e~ (1=8)ulto)
Vit 24\ T—f— ¢ tg/2 ’

When d = 1, this inequality follows directly from Lemma 4.36, by taking
nN=0,andv=1—-¢eforO0<e<1.

For d > 2, we use (4.77) and the boundedness of F for € smaller than 1/d.
Thus, using Lemma 4.36, we have

e < [ (2

d—1

o~ ulto) /1 €O o~ (1-&)ulto)
0

7 <C ;
t(()dfl)/z 32 J1—¢ € tg/z

| Hrm(x,7)] < Ce

with € > 0 to be determined. Then,

p p 7‘X|2
Tty < [, ([, Al 0ldy) e ax

R

e~ (1=&)ulto) PR
<C / _ d ~h?4
IRl ( B (x) t(()/i/?. If )l y) e x

b =lx? " gfu(t()) P P
= u(to)
C/Rd </3;(x)e roe tg/z lf)le» dy) dx.
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Therefore, it is enough to check that the operator defined using the kernel,

Iy12—1xf2 e—u(to)

K(x,y)=e 7 es“(’O)WXB;;(x)(Y),
0

is of strong type p with respect to the Lebesgue measure. Using the inequal-
ity ||y|> — |x[?] < |x+||x —y|, and that, as b > 0, on the global region,
|x+y|]x—y| > d, we have

12142 —u(tp) _ _
M @ €Y L (A5 (b ) - 15 eyl
/2 2
0 )
< Clx+y|[de @yl
. 1 1-¢ :
where o, = & — |, — 5°|. Since p > 1, we can choose € > 0 so that

0, > 0. Observe that the last expression is symmetric in x and y; therefore,
it suffices to prove its integrability with respect to one of the

/R rylte el gy < c4C /‘ x|kl gy

x—y|<1

+C b+ y[de b Hlgy
b=yl <1

SC/ ea”“"dv—i-Cd/ A=l mr gy < C.
Rd 0

Observe that, once p > 1 is chosen, then the operator defined using the kernel
K(x,y) is in fact LI(R?)-bounded for 1 < g < o, but for the proof of the
theorem, the case p = g is enough. a

Now, we discuss the results corresponding to the weak type (1, 1) for the opera-
tors Tf . First of all, observe that condition (9.38) provides a function ® satisfying
the property

iii) |F (x)| < ®(]x|) for some continuous function @ : [0,e0) — [0,0) for which
there existsa 6 >0 with 1 —2/d < § < 1, such that dD(z‘)e’(l"”’2 is a non-increasing
function for all # > 0.

Indeed, for 0 < € < 2/d we set (t) = Cee®” and 81 — €. In what follows, we
denote by @ any function satisfying the property iii). We see that the smaller the
function @ is taken, the better the result that can be obtained. The goal of the follow-
ing two theorems is to answer the question: what are the precise conditions needed
on F and on m to guarantee the weak type (1, 1) with respect to the Gaussian measure
of Tr,? The answer is given in the following two theorems. First, let us consider the
negative result, which roughly says that if the function @(z) increases at infinity more
than #2, then the operator Tr,n fails to be of weak type (1,1) and it is a generalization
of what is already known about the behavior on L!(y;) of the Gaussian higher-order
Riesz transforms.
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Theorem 9.18. Let @ = {z € R : minicicy|zi] > 1} and ©(r) = "7, i

limsup,_,,, ©(t) = oo, then the operator Ty, is not of weak type (1,1) with respect to
the Gaussian measure.

Proof. We follow the proof of Theorem 9.10. Again, let y € RY with |y| = n large
andy; >Cn,i=1,---,d. Write x € RY asxzé%—f—v with & € Rand v L y. Consider
the tubular region

J:{xéRd:x:é%—i—v with n/2<&<3n/4,v Ly, |v| <1}

It follows that for x € J (9.25) holds; therefore,

F(%) > Cn%O(en).

Thus, for x € J using this estimate and (9.26) and (9.27) we get

_bn?
3/ 12

2
Hrm(x,y) = Can 9(671)/1/4 Wd’

.3/
> Cn0(cn)es’ /

4
) e ClE=ml gy > CdT]@(cT[)e‘ng’12
J1/a

Now, let f € L'(7), f > 0 be a close approximation of a point mass at y, with norm
Il f]l1,y = 1. Then, forx € J

Trmf(x) > CNO(cn)es” > CnO(en)e?’.

Let us assume that T, is of weak type (1,1) with respect to the Gaussian measure.
Then,

o (1/2?

" (n/2)? ¢
Ya(J) SYd({xeR :Trmf(x) > CNO(cn)et™ }) =6ty

but y;(J) > %e_(r’/ 2)2; therefore, © (1) is bounded for 1 large, which is a contradic-
tion with the assumption on ©. a

The positive result is contained in the following theorem. To get sufficient con-
ditions on F for the weak type (1,1) of Tr,,, because the weak type is not true, the
natural question is: what weights can be put to get a weak type inequality? From
the proof of Theorem 9.11, it is clear that for |3| > 3, the weight should be of the
form w(y) = 1 +|y|/BI=2. Moreover, for every 0 < & < |B| —2, there exists a function
F e L' ((1+]-]%)y) such that Zgf ¢ L' (y,) (see [86]). The weights w that are
considered, to ensure that Tr,, is bounded from L!(wy,) into L'*(y;), depend on
the function .
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Theorem 9.19. The operator T, maps continuously L' (wyy) into L (y;) with
w(y) = 1V max; <<y n(t) and

o) /tif 1<m<2,
O=\ow/2i m>2,

The proof is long and technical; it is based on the refinement of several inequal-
ities used by S. Pérez in [220], and the application of a technique developed by
Garcia-Cuerva et al. in gmst4. For details, see [85, Theorem 2].

As an immediate consequence we get:

Corollary 9.20. [ffort large either ®(t) < Ct when 1 <m < 2 or ®(t) < Ct* when
m > 2, then the operator Tf,, is of weak type (1,1) with respect to the Gaussian
measure.

9.5 Notes and Further Results

1. What is known as Meyer’s inequality in Malliavin calculus is given in the
following terms. Given L a self-adjoint, second-order differential operator on
LZ(Rd,d ), for some probability measure (1, and suppose that L is the infinites-
imal generator of a Markov semigroup, then there exist constants cj,,C, such
that

"17||L1/2f||p-,u <|Vellpu < Cp”Ll/szM’

holds for all p, 1 < p < e. Observe that that statement is equivalent to the
LP(u)-boundedness of the corresponding Riesz transforms.

2. In [194] B. Muckenhoupt introduces, for d = 1, the Gaussian Hilbert transform
in a different way. He follows the classical definition of the conjugated function
as the limit of the conjugated Fourier series, using the Cauchy—Riemann equa-
tions. In more detail, he considers the conjugated Poisson—-Hermite semigroup
Pff(x), based on the Gaussian Cauchy-Riemann equations (see section 3.4).
As we know from Chapter 3, the Poisson—Hermite operator F; on f is defined
as

oo

P f(x) =u(x,t) = \f/ p(t,x,9)f(y)dy,

—oo

t > 0, where

7r2x2+2rxy7r2y2 )

2
1t exp(5jog,) exp( :
p(t,x,y) :/0 208! Lo

d
r(—logr?2 (-2 "

then, u(x,t) satisfies:

%u(x,t)  u(x,t) du(x,t)
a7 T o@ Mo Y
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which is equivalent to

d%u(x,t) 2d , _p2du(x,i)
) e)( )
or? + ax( ox
Then, considering a L-harmonic conjugated v given by the Gaussian Cauchy—
Riemann equations (3.44),

du(x,t)  dv(xt)
ox at
du(x,t) 20 20v(x)

ot =< 3x< ox ),

it is easy to see that v can be written as

)=0.

P =vixn) = [ 0(txf()dy

t > 0, where

—r2x? +2rxy7r2y2 )

2
Olt.x \f/ y—rx exp(21’ogr) exp( 3
) “logr)172 (1—r2)3

dr.

B. Muckenhoupt [194] proved that v is LP(y;)-bounded for p > 1, and for
feL”(n), p>1,v(x,t) tends to Gaussian Hilbert transform 7, as t — 07;
therefore,

— 2 2rxy—r2y?

\f —rx exp( )
/ / —logr)!/2 (1 7:2)3/2 drf(y)n(dy).

The convergence is in LP(y;)-norm sense, | < p < oo and also almost every-
where (a.e.). He also proved the L”(y;)-boundedness and the weak type (1,1)
with respect to the Gaussian measure y; using analytic methods based on Natan-
son’s lemma, see (10.27).

3. In his doctoral dissertation, [244]> R. Scotto got the extension of this approach
to the higher dimensions d > 1, by considering the Gaussian Cauchy—Riemann
equations in R? (3.50),

du 81/]

E(x,t) == (x,0),j=1,...,d
J
adv; _ an L.
a—xj(x,t) = Tn (x,0),i,j=1,....,d
du d , i
E(x’t) b ze\x\zax'( | ‘zvj(x,t)).
j=1 J

3See also [77].
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Then, he defined a system of conjugates

(u(x,1),v1(x,8),v2(x,1), ..., va(x,1)),

in a similar way to the one-dimensional case, and then, taking t — 0", he proved
that the system of conjugates converges to the vector where the first coordinate
is the function f and the other coordinates are the Gaussian Riesz transforms of

/s
(f() Z1f (%), Kaf (%))

The convergence is in LP(y;)-norm sense, | < p < o and also a.e. For more
details, see [244, Chapter ] (see also section 3.4).

. The definition used by B. Muckenhoupt and R. Scotto for the Gaussian Riesz
transforms using Cauchy—Riemann equations is, of course, equivalent (up to a
constant) to the one given in this chapter. To see this, observe that according to
the general semigroup theory, we have

/ Pds = (— 1/2

because, as (—L)l/ 2 is the infinitesimal generator of the Poisson-Hermite semi-
group {P,}, then, at least formally

00 . 1 oo oo
L)l/z(/o Psds):—tlir(g?[ﬂ(/o ads)—/o P.ds]

e -
=~ lim ([ Pygds) = [ Ras

~ lim 1[<‘/t'°°psds) - [ Ras

t—0t 1

— lim 1[(/(;Psds)] — PRI

t—0t+

Therefore, from (3.45) we know that the conjugated Poisson—Hermite integral
can be written as

v(x,1) = /: O(t,x,y)f(v)dy,

and from (3.47), Q(t,x,y) can be written as

0
Q(t,xyy)=—/t % =—f/psxy

then,
V(x,t):/:oQ(t,xay) )dy = — / /pSXdef y)dy

=—%/i[;p(s7x,y) )dyds = —=- /Pf
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formally we get, taking t — 0™,

0
v(x,t) — g(—L)l/zf(X) =V2Af(x).
The argument for higher dimensions is analogous, using (3.51) and (3.52).

In [127], E. Harboure, R. A. Macias, M. T. Menarguez, and J. L. Torrea studied
the rate of convergence for the family of truncations of the Gaussian Riesz trans-
forms and Hermite—Poisson semigroup through the oscillation and variation
operators. More precisely, they search for their L”(y,)-boundedness properties,
by looking at the oscillation and variation operators from a vector-valued point
of view.

We know that the Gaussian Hilbert transform is defined spectrally as

A=y
then,
HH () = (—L) PH () = —=—— L1, () = VanH, 1 (3),
V2 V/ndx
which of course is a particular version of (9.5). Therefore,
Hh,, :%((2”:1!”)1/2) = \/ﬂm = hy_1. (9.42)

Hence, given f € L?(y;) with Hermite expansion f = ¥ (f, H,)yH,, then its
Gaussian Hilbert transform is the conjugated series

HF = SN H)Ho o, (9.43)
n=1

This fact motivates the study of the Gaussian Hilbert transform ¢ from the
operator theory point of view. These results are contained in M. D. Moran and
W. Urbina’s article [191]. Let D be the open unit disk, T the circumference,
consider the square integrable functions in T

I2(T) = {f:’H‘—>(C:/_7:r|f(e”)|2dt < o).

Let {ey }nez be the trigonometric system, e, (&) = £",& € T, which is a complete
orthonormal system in L*(T), and finally let . : serL*(T) — L?(T) be the shift

operator given by
(L&) =Ef(&),

for all £ € T. For more details on the shift operator, we refer the reader to
Nikol’skii [206].
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If we consider
H*D)={f:D—C:f=Y a7 and Y |a,|* <},
n=0 n=0

then we can identify H>(ID) with the subspace of L?(T) consisting of functions
such that
(f.en) =0,Vn <O0.

The restriction of the bilateral forward shift operator to H(ID), which, abusing
the notation, we also call .7, is the unilateral forward shift, which leaves the
space H*(ID) invariant and

y(zanzn) — ZaanH-l _ zan71Z”~
n=0 n=0 n=1

The main result in this direction is that the Gaussian Hilbert transform is unitary
equivalent to the adjoint of the unilateral shift operator acting on H>(ID); thus, we
are able to completely characterize the invariant subspaces and the commutant
of the Gaussian Hilbert transform. The main results are as follows:

Theorem 9.21. The Gaussian Hilbert transform ¢ as an operator on L*(y)
is unitarily equivalent to the adjoint of the restriction of the shift operator on
H?(D).

Proof. Let us consider Q : L?(y;) — H?(ID) defined by

oo =

Q(Z<f7hn>hn) = z (fshn)en.

n=0 n=0

It is easy to see, by Parseval’s identity, that {2 is a well-defined operator and
unitary, also €2 intertwining .7 and .*, that is, Q7 = ./*Q :

oo

QAT f o)) = QAY, (VIR 2 (f Hy) Hy)

n=0 n=0

(V2l) 2V 2n{f Hy)Ho1)

M s

= Q(

Il
—

n

M

= QY (f,h)hy_1) = i(f,hr)enq
n=1

3
I
—_

oo

<fvhn>en):y*g(z<fahn>hn)~ u

0 n=0

M s

= 7%

n

There are several consequences of this result. The first completely characterizes
the invariant subspaces of the Gaussian Hilbert transform.
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Theorem 9.22. Given the Gaussian Hilbert transform ¢ and A a proper and
closed subspace of L*(v1), then, 5 (A) C A if and only if there exists a sequence
of complex numbers {a, } such that | Y,_ya,7"| = 1 almost everywhere in T and

=

A={f= i<f>hn>hn €L*(n): Y (f h)an—x = 0, ¥k > 0}
n=0

n>k

Proof. We shall prove first that the condition is necessary. Let €2 intertwining
S and * as in the previous theorem. It is clear that 5 (A) C A if and only if
S*(QA) C QA, and this is equivalent to

S(H*(D)& QA) Cc H* (D) & QA.

Now H*(D)© QA = Q(L*(y1) ©A) # 0 according to the hypothesis, then
H?(D)© QA is a non-trivial, closed subspace of H(ID), then (see [31] or [132]),
there exists @ € H?(ID) with |§(&)| = 1 for almost all £ € T such that

H*(D) © QA = OH*(D),
or equivalently
A=Q 'H* D)o oH*(D)] = L* () e QL '0H?* (D).
Let 6(z) = Yo ganz", then f =X, o(f,hn)hy € A if and only if
(f,Q27'0u) = 0,for all u € H*(D).

Given that k > 0, let us take u = ¢, then

oo

0=(f,Q '0ex) = (Qf,0er) = 3 (f,hn){en, Oer),

n=0
but we have that
(@, ifk>n,
e,,0¢;) =
{en, Oex) {0 if k < n,

then for all k > 0, X o (f, hn)ydn—r = 0.

We shall now prove the sufficiency. Let 8(z) = X ja,2". Then, given f €

Lz(%)a
feAifandonly if for allk > 0 (Qf, Oex) = 0.

Thus, if u € H?(ID), then we have

(QF,6u)| < [(QF.8u— 3 (werher))] < 127 180 — 3 (w.ex)er)] e
k=0 k=0

< A2yl = X (s en)erl e,
k=0
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but

n
Jim = 3w ex)er 2 = 0
Therefore, (Qf,0u) = 0 for all f € A,u € H*(D); thus, QA = H> © 0H*(D),
and then
HA=Q'QHA=Q7'S QA
= Q '\ (H*©OH* (D) c Q' (H? S 0H*(D))=A. O
The next result characterizes the commutant of the Gaussian Hilbert transform.

Theorem 9.23. Let .F be a linear operator on L* (). If FH = H.F then
there exists g € H* (D) such that

Ff= (2<f7 >L2yl n)

Z Z<f7 >L2 (1) <gaen7k>H2(D)/’lk.

k=0n>k
Conversely, if this relation holds and Pof = (f,ho);2(,)ho, then
FH=HF(I-P).
Proof. Let G = Q.Z Q' Itis clear that G € L(H?*(ID)) and
S C=I"QFQ ' =QHFQ ' =QF Q' =QF QI =G

thus,
S*G=GY", and also G*.¥ = .S G".

Let g = G*¢. Then, it is easy to check that g € H*(D), G*u = gu forallu € D
and

oo

Ff= y(Z(f» >L2 n) ha) = z<f7hn>L2(yl)ghn
n=| n=0
- 2<f7 )12 @ F Qhy = 2<f, W2 @ (Y (Gener)er)
n=0 n=0 k=0
= Z<f7 >L2 y| _1(Z<€n,g€k>€k): Z<fv >L2 )/] Q_l(z<g7en—k>ek)
n=0 k=0 n=0 k=0
= z 2<f7 >L2 (n) <gaen k>hk = Z(2<f>hn>1‘2('yl)<g7en7k>hk)-
n=0k=0 k=0 k>n
Conversely,

9%][:%%(200’ >L2y1 n) = (iO{’ >L271 -1)

n=0
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oo

= ﬁ’(2<f hn )2y hn) = X, D A F s hn1) 2 () (&5 €n i) hi

n=0 k=0n>k
and
HF (1= R)f = ‘%ﬂy(z <f’h”>L2(V1)h") = %ﬂ(z Z<fvhn+1>L2(Y1)
n=1 k=0n>k
<g7€n k) i)
Z Z f h L2 (n) <g,€n k hk z L2 (n)
k=0n>k k=1n>k
x (g, en—i)hk—1
- Z 2 Lz(y])mhk 2 2 f hn+1 2(1)
k=0n>k+1 k=0n>k
X (g, en_)his
thus, 5 = F(I—Jo) - 0
Finally,

Theorem 9.24. Let A be a (closed) subspace of L> (1) that is invariant for 7
and Py is the orthogonal projection of L*(v1) onto A. If . is a linear operator
on A such that

F(PAA”) = (P H7) F,

then there exists F| a linear operator acting on L* () such that F1 = . F,
and
F =Py F1"a.

Proof. Recall that 7 (A) C A implies that 7#(A+) C A*. Set B = QA, then
S(H*(D)© B) C H*(D) S B.
Let T be a linear operator in B given by T = Q.7 Q !, then
TP |p = QFQ P73 = QIPQ '\ |p= QIR Q|

= QP FQ g =PQA* Q' T|p = P.7T|p.
Thus, using the Sarason generalized interpolation theorem [241], there exists
g € (D) such that T = PgM,|p (i.e., Tf = Pg(fg)Vf € B), and if .7 =
QMgQ_l, then

PyFi|a = BAOM, Q74 = Q7' PQQ 7'M, Q|4

=Q 7'M, =Q7'TQ| = F
and
T = Q  \MQ A" = Q 'MSQ = Q7' SM,Q
=Q'SQQ ' M Q=070 F = F. O
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The generalization of these results to higher dimensions is an open problem.

. G. Pisier’s proof of the L”(7;)-boundedness of %;, 1 < p < oo is analytic in the

sense that it does not use the Brownian motion, but instead uses a variation of
the Calder6én’s method of rotations and methods of transference developed by
R. R. Coifman and G. Weiss in [57]. It turns out that the inequalities needed,
also include the classical case, are consequences of the one-dimensional results.
Using the same method, he is also able to prove the L”(7;)-boundedness of %,
if |B| is odd (see [227]).

. In [69], O. Dragicevic and A. Volberg get the LP(y;)-boundedness of the vector

of Gaussian Riesz transforms (%, - -+ , %)

d 1/2
(212 P) o < Col

j=1

obtained from a dimensionless bilinear estimate of the Littlewood—Paley type,
using the Bellman function technique (see [203]). This technique also works in
the classical case.

The boundedness of the Riesz transforms can be used to obtain the Littlewood—
Paley estimates for the spatial gradient; that is to say, the opposite direction of
Stein’s scheme is also possible.

In [174], G. Mauceri and S. Meda also proved that imaginary powers of the
Ornstein-Uhlenbeck operator (—L)** and Riesz transforms g, of any order
|B] > 0, are bounded from L to BMO(y,) (with a bound dependent on the
dimension). They also proved that imaginary powers are bounded from HJ,(yd)

to L' (1a)-
In [63], E. Dalmaso and R. Scotto have studied the boundedness of general
Gaussian singular integrals in variable LP(") Gaussian spaces following S. Pérez’s

approach in [221].

The Jacobi—Riesz transform can be defined spectrally as

R*P = /1 —xZ%(zavﬁ)fl/z, (9.44)

where (.£®P)~V/2 is the Jacobi-Riesz potential of order v/2. (Z*P)~V/% can
be represented as

_ L e,
(gaﬁ) V/Zf:F(v>/0 v 1Pt<aﬂ)fdt;
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moreover, it is easy to see that for f € L2 ([f 1,1] NI /;>) , with Laguerre expan-
sion

. B
2P e
Ry

where
pop) 2P Pnto+ DI (nt+B+1)
ke Cn+a+B+)T (n+ D) (n+a+B+1)

then, (.Z%B)~V/2 f will have a Jacobi expansion

oo (e,B)
,P -
(gepyvip 3 LA ) 5 L2 (9.45)
k=0 '
and since J (k Bl
, +oa+p+ 1,B+1
AR )} = IR ), (9.46)
then its Jacobi—Riesz transform have an expansion
o0 (e,B)
B “iptk+a+p+1
RBF=Y <J:{ i 3172 2ﬂ L T=@p 0 (947,
k=1 ko

where 4 = k(k+a+p+1).

Observe that (9.47) is not a proper Jacobi expansion given the presence of the
factor v/1 —x2. This is different than the Hermite case, and complicates the ar-
guments. The LP-boundedness of the Riesz—Jacobi transform R%P, was proved
by Z. Li [157], in the case d = 1, and by A. Nowak and P. Sjogren, [213, Theo-
rem 5.1] in the case d > 1,

Theorem 9.25. Assume that 1 < p < oo and o, € [—1/2,0)%. There exists a
constant cp, such that

IR £l capy < cpll Fllp (o) (9.48)

foralli=1,---,d.

For the particular case of the Gegenbauer polynomials, this result was obtained
in the one-dimensional case by B. Muckenhoupt and E. Stein in their seminal
article of 1965 [199].

The Laguerre—Riesz transform can be defined spectrally, as

4

oay—1/2,
dx(i” )5 (9.49)

R — Jx
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therefore for f € L% ((0,), L) with Laguerre expansion

< 1)
Z ko—f;c+1)<f’Lk i

its Laguerre—Riesz transform has expansion

REf ) i koizllkl)(\f )LV (). (9.50)

Observe that (9.50) is not a Laguerre expansion given the presence of the factor
\/x. This is different from the Hermite case, and complicates the arguments; thus,
the proofs in the Laguerre setting are more involved than that of the Hermite
case. The L? boundedness of the Laguerre—Riesz transform was proved, for the
case d = 1 by B. Muckenhoupt [196], and the case d > 1 was proved by A.
Nowak [209] using Littlewood—Paley’s theory and also following Stein’s scheme
in [253].

Theorem 9.26. Assume that 1 < p < o and o € [—1/2,00)¢. There exists a
constant C,, such that

IR fllp.e < Cpll fllpar- (9.51)
foralli=1,---.d,

In [201], E. Navas and W. Urbina develop a transference method to obtain
the L”-boundedness, 1 < p < oo of the Gaussian Riesz transforms %;, and the
LP-boundedness of the Laguerre—Riesz transform RY from the L”-boundedness

of the Jacobi—Riesz transform R?’B for the one-dimensional case by using the
well-known asymptotic relations between Jacobi polynomials and other classi-
cal orthogonal polynomials (10.64) and (10.67) (see also [262, (5.3.4),(5.6.3)]).
The transference for the higher dimensional case is open.

In [117], P. Graczyk, J. J. Loeb, 1. Lépez, A. Nowak, and W. Urbina proved
the L”(Uy)-boundedness of higher-order Laguerre-Riesz transforms and the
weak type (1,1) for the Riesz—Laguerre transform of order 2. However, the
methods they used impose substantial restrictions on the admissible values of
type multi-index ¢, because the result is obtained by means of transference
from the Hermite setting using the classical relations formulas that relate to
the Hermite polynomials and Laguerre polynomials (10.36). This method has
been used by many authors, for instance [152, 19, 68, 123], to study different
properties of Laguerre semigroups of half-integer type, which are related to Her-
mite semigroups. They provide a considerable extension of this technique, and
show how to transfer higher-order Riesz type operators and certain differential
operators. Although the corresponding formulas are rather complex, because
their combinatorial component, they shed some light on an interplay between
Hermite and Laguerre expansions.
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In [237], E. Sasso proved that the first-order Riesz—Laguerre transforms asso-
ciated with the Laguerre semigroup are of weak type (1,1) with respect to the
Gamma measure, analogous to the Gaussian case. She also presents a coun-
terexample showing that for the Riesz transforms of order three or higher, the
weak type (1, 1) estimate fails.

In 2006, A. Nowak and K. Stempak in [210] proposed a fairly general and
unified approach to the theory of Riesz transforms and conjugacy in the set-
ting of multi-dimensional orthogonal expansions (polynomials and functions),
proving their L?>-boundedness under certain conditions. Additionally, they at-
tempt to offer a unified conjugacy scheme that includes definitions of Riesz
transforms and conjugate Poisson integrals for a broad class of expansions.
The postulated definitions were supported by a good L-theory, the existence of
Cauchy—Riemann-type equations, and numerous examples in the literature that
are covered by the scheme. There is, however, a shortcoming of this unified con-
jugacy scheme manifested in a lack of symmetry in the decomposition (2.13).
Asymmetry of the decomposition of L has, in fact, a deep impact on the whole
conjugacy scheme postulated in [210]. Then, in [211], they proposed a sym-
metrization procedure and consider the resulting symmetrized situation. The
construction is motivated to some extent by the setting of the Dunkl harmonic
oscillator with the underlying reflection group isomorphic to Zg = {0, 1}" , and
gives a different notion of conjugacy (for more details see [211]).

In 2015, L. Forzani, E. Sasso, and R. Scotto [93] extended Nowak and Stem-
pak’s approach to the general case of multi-dimensional orthogonal polynomial
expansions, proving the L? boundedness, 1 < p < oo of those Riesz transforms,
with constants independent of dimension.

In [296], B. Wrobel derives a scheme to deduce the L” boundedness of cer-
tain d-dimensional Riesz transforms from the L? boundedness of appropriate
one-dimensional Riesz transforms, by using an H* joint functional calculus for
strongly commuting operators. Moreover, the L” bounds obtained are indepen-
dent of the dimension. The scheme is applied to Riesz transforms connected
with orthogonal expansions and discrete Riesz transforms on products of groups
with polynomial growth, which of course include the Gaussian case. For the
vector case, an explicit Bellman function is used to prove a bilinear embedding
theorem for operators associated with general multi-dimensional orthogonal
expansions on product spaces and as a consequence the L” boundedness of the
vector of Riesz transforms is obtained (see [297]).
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