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Gaussian Fractional Integrals and Fractional
Derivatives, and Their Boundedness on Gaussian
Function Spaces

In this chapter, we study several important operators in Gaussian harmonic anal-
ysis. First, we consider Riesz and Bessel potentials with respect to the Ornstein–
Uhlenbeck operator L, and then, Riesz and Bessel fractional derivatives. We study
their regularity on Gaussian Lipschitz spaces, on Gaussian Besov–Lipschitz spaces,
and on Gaussian Triebel–Lizorkin spaces. The results obtained are essentially
similar to the classical results, as mentioned before, the methods of proofs are
completely different. The boundedness results for Gaussian Besov–Lipschitz and
Triebel–Lizorkin spaces were obtained by A. E. Gatto, E. Pineda, and W. Urbina,
and appeared initially in [110] and [111]. These results can be extended to the case
of Laguerre and Jacobi expansions by analogous arguments.

8.1 Riesz and Bessel Potentials with Respect to the Gaussian
Measure

Gaussian Riesz Potentials

In the classical case, the Riesz potential of order β > 0 is defined as the negative
fractional powers of −Δ ,

(−Δ)−β/2,

which means, using Fourier transform, that

((−Δ)−β/2 f )̂ (ξ ) = (2π|ξ |)−β f̂ (ξ ). (8.1)

For more details, see [252, 118].
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The Gaussian fractional integrals or Gaussian Riesz potentials can also be
defined as negative fractional powers of (−L). However, because the Ornstein–
Uhlenbeck operator has eigenvalue 0, the negative powers are not defined on all
of L2(γd); thus, we need to be more careful with the definition. Let us consider

Π0 f = f −
∫
Rd

f (y)γd(dy) the L2(γd) for f ∈ L2(γd), the orthogonal projection on

the orthogonal complement of the eigenspace corresponding to the eigenvalue 0.

Definition 8.1. The Gaussian fractional integral or Riesz potential of order β > 0,
Iβ is defined spectrally as

Iβ = (−L)−β/2Π0, (8.2)

which means that for any multi-index ν , |ν |> 0 its action on the Hermite polynomial
Hν is given by

Iβ Hν(x) =
1

|ν |β/2
Hν(x), (8.3)

and for ν = 0 = (0, . . . ,0), Iβ (H0) = 0.

By linearity, using the fact that the Hermite polynomials are an algebraic basis of
P(Rd), Iβ can be defined for any polynomial function f (x) = ∑ν f̂γ(ν)Hν as

Iβ f (x) = ∑
ν

f̂γ(ν)
|ν |β/2

Hν(x) = ∑
k≥1

1

kβ/2
Jk f (x). (8.4)

and similarly for f ∈ L2(γd).

From (8.4), it is clear that the Gaussian Riesz potentials Iβ are the simplest
Meyer’s multipliers, because in this case

m(k) =
1

kβ = h(
1

kβ ), (8.5)

with h(x) = x the identity function.

Proposition 8.2. The Gaussian Riesz potential Iβ , β > 0, has the following integral
representations, for f ∈ (Rd) is a polynomial or f ∈C2

b(R
d),

Iβ f (x) =
1

Γ (β/2)

∫ ∞

0
tβ/2−1Tt(I −J0) f (x)dt, (8.6)

with respect to the Ornstein–Uhlenbeck semigroup, and

Iβ f (x) =
1

Γ (β )

∫ ∞

0
tβ−1Pt(I −J0) f (x)dt, (8.7)

with respect to the Poisson–Hermite semigroup,
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Proof. It is enough to prove that (8.6) holds for the Hermite polynomials. By the
change of variables u = |ν |t

1
Γ (β/2)

∫ ∞

0
tβ/2−1(Tt(I −J0)Hν)(x)dt =

1
Γ (β/2)

∫ ∞

0
tβ/2−1e−t|ν | dt Hν(x)

=
1

Γ (β/2)

∫ ∞

0

uβ/2−1

|ν |β/2−1
e−u du

|ν | Hν(x)

=
1

|ν |β/2
Hν(x).

Then, again as the Hermite polynomials are an algebraic base of the set of polyno-
mials P(Rd), the formula holds for any polynomial. It can be proved that (8.6) also
holds for f ∈C2

b(R
d).

Observe that the integral representation (8.7) only means a change of scale, as
Iβ = [(−L)1/2]−β . Taking the change of variables u = t

√
|ν |,

1
Γ (β )

∫ ∞

0
tβ−1(Pt(I −J0)Hν)(x)dt =

1
Γ (β )

∫ ∞

0
tβ−1e−t

√
|ν | dt Hν(x)

=
1

Γ (β )

∫ ∞

0

uβ−1

|ν |(β−1)/2
e−u du√

|ν |
Hν(x)

=
1

|ν |β/2
Hν(x),

again using that the Hermite polynomials are an algebraic base of the set of polyno-
mials P(Rd), ��

Following the classical case, in general, we prefer to use the representation of
Iβ (8.7), using the Poisson–Hermite semigroup. This representation will be crucial
later to get several boundedness results to operators associated with L.

On the other hand, let us recall that in the classical case (see [252, Chapter V
§1]), Riesz potentials have the following integral representation:

(−Δ)−β/2 f (x) =Cβ

∫
Rd

f (y)

|x− y|d−β dy.

In the Gaussian case, we can also get an integral representation, as follows:

Theorem 8.3. The Gaussian Riesz potential Iβ , β > 0, has an integral representa-
tion,

Iβ f (x) =
∫
Rd

Nβ/2(x,y) f (y)dy, (8.8)

where the kernel Nβ/2(x,y) is defined as

Nβ/2(x,y) =
1

πd/2Γ (β/2)

∫ 1

0
(− logr)β/2−1

( e
− |y−rx|2

1−r2

(1− r2)d/2
− e−|y|2

)dr
r
. (8.9)
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Proof. To find the integral representation of Iβ , because the negative powers of L
do not exist in all of L2(γd), we add a small multiple of the identity. Hence, let us
consider the operator (εId − L), where Id is the identity in R

d and ε > 0, and let
us take its negative powers. The advantage of this trick is that it can be represented
as a Laplace transform and this allows us to use the expression for Mehler’s kernel
Mt(x,y). More precisely, for ε > 0 and β > 0,

(εI −L)−β/2 =
1

Γ (β/2)

∫ ∞

0
tβ/2−1e−(εI−L)tdt; (8.10)

therefore, the kernel of (εI −L)−β/2 is

Nβ/2,ε(x,y) =
1

Γ (β/2)

∫ ∞

0
tβ/2−1e−εtMt(x,y)dt

=
1

Γ (β/2)

∫ ∞

0
tβ/2−1e−εt 1

πd/2(1− e−2t)d/2
e
− |y−e−t x|2

1−e−2t dt,

because, if f ∈ L1(γd),

(εI −L)−β/2 f (x) =
1

Γ (β/2)

∫ ∞

0
tβ/2−1e−(εI−L)t f (x)dt

=
1

Γ (β )

∫
Rd

(∫ ∞

0
tβ/2−1e−εtMt(x,y)dt

)
f (x)dy.

As Π0 is the orthogonal projection of the orthogonal complement of the
eigenspace corresponding to the eigenvalue 0, then J0 = I − Π0, where J0 is the
orthogonal projection on the subspace generated by H0 ≡ 1 (that is, the constants),
and then we have

(εI −L)−β/2Π0 = (εI −L)−β/2 − ε−β/2J0.

The kernel of J0 is clearly π−d/2e−|y|2 and trivially ε−β =
∫ ∞

0 tβ−1e−εtdt, then the
kernel of (εI −L)−β/2Π0 is

1
Γ (β/2)

∫ ∞

0
tβ/2−1e−εt

(
Mt(x,y)−π−d/2e−|y|2

)
dt.

We can take ε → 0 in the integral above without problems, then

Iβ =
1

Γ (β/2)

∫ ∞

0
tβ/2−1Tt(I −J0)dt.

Therefore, the kernel of Iβ is given by

Nβ/2(x,y) =
1

πd/2Γ (β/2)

∫ ∞

0
tβ/2−1

( e
− |y−e−t x|2

1−e−2t

(1− e−2t)d/2
− e−|y|2

)
dt

=
1

πd/2Γ (β/2)

∫ 1

0
(− logr)β/2−1

( e
− |y−rx|2

1−r2

(1− r2)d/2
− e−|y|2

)dr
r
. (8.11)
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taking r = e−t . Thus

Iβ f (x) =
∫
Rd

Nβ/2(x,y) f (y)dy.

��

In [102], it is proven that these operators are not of weak type (1,1) with respect
to γ . On the other hand, the strong type (p, p), for 1 < p < ∞,

||Iβ ||p,γd ≤Cp|| f ||p,γd , (8.12)

follows either directly, from the hypercontractivity property of the Ornstein–
Uhlenbeck semigroup, or by applying P. A. Meyer’s multiplier theorem, Theo-
rem 6.2.

The classical Riesz potentials are homogeneous (see E. Stein [252, Chapter V
(10)]), but it is easy to see that this is not the case for the Gaussian Riesz potentials Iβ .

Moreover, it is well-known that the classical Riesz potentials are of strong type
(p,q) with 1

q = 1
p − β

d , that is to say, the classical Riesz potentials “improve” in

the sense that Iβ : Lp(Rd) → Lq(Rd) continuously, with 1
q = 1

p −
β
d . The Gaussian

Riesz potentials, however, do not improve integrability. More formally, for any β > 0
for the Gaussian Riesz potential Iβ , there is no q > p such that it sends Lp(γd) →
Lq(γd) continuously. This can be proved using the following counterexample, due to
L. Forzani and W. Urbina, [87]. For every a > 0, let us split Iβ as,

Iβ f (x) = I1 f (x)+ I2 f (x) =
∫
Rd

N1
β (x,y) f (y)dy+

∫
Rd

N2
β (x,y) f (y)dy,

where the kernel (8.11) is split into the sum of two parts,

N1
β (x,y) =Cβ ,d

∫ e−a

0
(− logr)β−1

( e
− |y−rx|2

1−r2

(1− r2)d/2
− e−|y|2

)dr
r

N2
β (x,y) =Cβ ,d

∫ 1

e−a
(− logr)β−1

( e
− |y−rx|2

1−r2

(1− r2)d/2
− e−|y|2

)dr
r
.

The operator

I1 f (x) =
∫
Rd

N1
β (x,y) f (y)dy

can be written as

I1 f (x) =
1

Γ (β )

∫ +∞

a
tβ−1T tΠ0 f (x)dt,

where Tt = eLt is the Ornstein–Uhlenbeck semigroup (see Chapter 2). Taking into
account that T t is a hypercontractive semigroup, I1 turns out to be of strong type
(p,q), with q = 1+(p−1)e4t .
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Additionally, I2 is an operator defined for every function on Lp(γd). To prove
that it does not improve integrability, it would be enough to show that for every
q > p there is a function f ∈ Lp(dγ) such that I2 f /∈ Lq(γd). Let us take 1

q < c < 1
p

and f (y) = ec|y|2 χ|y|≥1 ∈ Lp(dγ).1 It can be proved (see [86]), that the kernel

N2
β (x,y) ≥ Ce|x|

2 e|y|
2

|y| in the region {(x,y) : |x| ≥ 1, 1
4 |y|2 + 1 < |x|2 < 3

4 |y|2}.

Hence, I2(ec|x|2)≥ ec|x|2

|x|2 for |x| ≥ 1; therefore, I2(ec|x|2) /∈ Lq(γd).

The reason why Gaussian Riesz potentials do not improve integrability is the
fact that L satisfies a logarithmic Sobolev inequality and not a Sobolev inequality.
Nevertheless, a Lp logL(γd) inequality can still be pulled out. Following E. Fabes’
suggestion, applying certain techniques used by L. Gross in [119], to prove that hy-
percontractivity implies a Sobolev logarithmic inequality, we can prove the following
result:

Proposition 8.4. For any β > 0 the Gaussian Riesz potential Iβ maps Lp(γd) into
Lp logL(γd) continuously; in other words, the following inequality holds

∫
Rd

|Iβ f (x)|p log |Iβ f (x)| γ(dx)≤C

(∫
Rd

| f (x)|p dγ + || f ||pp,γ log || f ||p,γ
)
, (8.13)

for each f ∈ Lp(γd).

Proof. Indeed, for β > 0, consider the generalized Poisson–Hermite semigroup Pβ
t =

e−(−L)β t , defined in (3.38). Let f be a polynomial, such that
∫
Rd f dγ = 0, Iβ f 
= 0,

and set F(t) = Pβ
t (Iβ f ), then for every t > 0,

||F(t)||1+(p−1)e4t ,γ −||F(0)||p,γ
t

≤ 1−1
t

||Iβ f ||p,γ = 0 (8.14)

where the above inequality is a consequence of the hypercontractivity of Pβ
t . In (8.14)

we let t → 0+ to get
d
dt
||F(t)||1+(p−1)e4t ,γ

∣∣∣∣
t=0

≤ 0 (8.15)

Using a lemma proved in [119],

d
dt
||F(t)||1+(p−1)e4t ,γ

∣∣∣∣
t=0

= ||Iβ f ||1−p
p,γ [p−14(p−1)(

∫
Rd

|Iβ |p log |Iβ | dγ (8.16)

−||Iβ f ||p,γ log ||Iβ f ||p,γ)+Re〈F ′(0),sgn(Iβ f )|Iβ f |p−1〉γ ].

1For d = 1 the function f , defined above, is the same as that used by H. Pollard in his
famous counterexample in [230].
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But F ′(0) = (−L)β Iβ f = f . Now, combining (8.15) and (8.16) we get

∫
Rd

|Iβ f (x)|p log |Iβ f (x)| dγ ≤C(||Iβ f ||pp,γ log ||Iβ f ||p,γ + 〈| f |, |Iβ f |p−1〉γ).

By applying Hölder’s inequality to the second term of the sum appearing on the
right-hand side of the above inequality, and then the Lp(dγ) continuity of Iβ , we get
inequality (8.13). ��

Thus, although Iβ do not improve in the Lp(γd) “scale,” they do improve in the
“logarithmic scale” Lp(γd) logL(γd).

Gaussian Bessel Potentials

Definition 8.5. The Gaussian Bessel potential of order β > 0, Jβ , is defined spec-
trally as

Jβ = (I +
√
−L)−β , (8.17)

meaning that for the Hermite polynomials we have,

Jβ Hν(x) =
1

(1+
√
|ν |)β

Hν(x). (8.18)

Again, by linearity, Jβ can be extended to any polynomial; thus, if f = ∑k Jk f , then

Jβ = ∑
k

1

(1+
√
|k|)β

Jk f .

From (8.18), it is clear that the Gaussian Bessel potentials Jβ are not Meyer’s
multipliers, but a composition of two Meyer’s multipliers, because in this case

1

(1+
√

k)β
=
( 1√

k
+1

)−β 1

kβ/2
= m1(L)(m2(L)(k)), (8.19)

with h1(x) = (1+ x)−β and h2(x) = x.

Using a similar argument to that above (8.7), the Bessel potentials can be repre-
sented as

Jβ f (x) =
1

Γ (β )

∫ +∞

0
tβ e−tPt f (x)

dt
t
=

1
Γ (β )

∫ +∞

0
tβ−1e−tPt f (x)dt (8.20)

P. A. Meyer’s multiplier theorem, Theorem 6.2, shows that Jβ is a bounded
operator on Lp(γd), 1 < p < ∞, and again (8.20) can be extended to Lp(γd), using
the density of the polynomials there.
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On the other hand, again using P. A. Meyer’s multiplier theorem, Theorem 6.2,
we get that the operators

Iβ

Jβ
, and

Jβ

Iβ

are bounded on every Lp(γd),1 < p < ∞; because, for instance, for any multi-index
ν , |ν |> 0

(
Iβ

Jβ

)
Hν(x)=

(
(1+

√
|ν |)β

|ν |β/2

)
Hν(x)=

(
1√
|ν |

+1

)β

Hν(x)= h(
1

|ν |1/2
)Hν(x),

with h(x) = (x+ 1)β . These give the relation between the Riesz and Bessel poten-
tials, similar to those in the classical case (see [252, Chapter V. Lemma. 2]).

It is easy to see, from the fact that Jβ is a multiplier, that it is also a bijection
over the set of polynomials P . Additionally, the Gaussian Sobolev spaces can be
characterized in terms of Gaussian Bessel potentials,

Proposition 8.6. For β ≥ 0 and 1 ≤ p < ∞

Lp
β (γd) = {Jβ f : f ∈ Lp(γd)} (8.21)

Proof. First of all, observe that Jβ maps the family of polynomials P(Rd) into
itself injectively. Then, as we already know Jβ is continuous in Lp(γd), then we
conclude Jβ : Lp(γd)→ Lp

α(γd) is bijective. ��

Moreover, considering the family {Jβ}β it is easy to see that it is a strongly con-
tinuous semigroup on Lp(γ), 1 ≤ p < ∞, having as infinitesimal generator 1

2 log(I −
L).

8.2 Fractional Derivatives with Respect to the Gaussian Measure

Gaussian Riesz Fractional Derivate

In the classical case, fractional derivates for the Laplacian operator are defined as,

(−�)β/2 f (x) = cβ lim
ε→0

∫
|y|≥ε

f (x+ y)− f (x)

|y|d+β dy

for 0 < β < 2, cβ = 2β Γ (d+β/2)
πd/2Γ (−β/2)

, see [255].

For the case of doubling measures, and more recently for s-dimensional non-
doubling measures, this has been generalized by A. E. Gatto, C. Segovia, and S.
Vàgi in [108].
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On the other hand, observe that
∫
Rd

f (x+ y)− f (x)

|y|d+β dy =Cβ ,d

∫ ∞

0
t−β−1 (Pt f (x)− f (x))dt, (8.22)

where Pt is the classical Poisson semigroup. Then, following the classical case:

Definition 8.7. The Gaussian Riesz fractional derivative of order β > 0, Dβ is de-
fined spectrally as

Dβ = (−L)β/2, (8.23)

meaning that for the Hermite polynomials, we have

Dβ Hν(x) = |ν |β/2 Hν(x). (8.24)

Thus, by linearity, Dβ can be extended to any polynomial (see [164] and [224]).

Now, if f is a polynomial, by the linearity of the operators Iβ and Dβ , (8.3)
and (8.24), we get

Iβ (D
β f ) = Dβ (Iβ f ) = Π0 f . (8.25)

In the case of 0 < β < 1 we have the following integral representation for f a
polynomial,

Dβ f (x) =
1
cβ

∫ ∞

0
t−β−1(I −Pt) f (x)dt, (8.26)

where cβ =
∫ ∞

0 u−β−1(1− e−u)du : because for the Hermite polynomials we have,

by the change of variables u =
√

|ν |t,

1
cβ

∫ ∞

0
t−β−1(I −Pt)Hν(x)(x)dt =

( 1
cβ

∫ ∞

0
t−β−1

(
e−t

√
|ν | −1

)
dt
)

Hν(x)

= |ν |β/2
( 1

cβ

∫ ∞

0
u−β−1 (e−u −1

)
du

)
Hν(x)

= |ν |β/2 Hν(x) = Dβ Hν(x).

The identity (8.26) is very important in the development of a version of A. P.
Calderón’s reproduction formula (see Theorem 8.31 below).

Now, if β ≥ 1, let k be the smallest integer greater than β i.e. k−1 ≤ β < k, then
the fractional derivative Dβ can be represented as

Dβ f =
1

ck
β

∫ ∞

0
t−β−1(I −Pt)

k f dt, (8.27)

where ck
β =

∫ ∞
0 u−β−1(1− e−u)k du and f a polynomial function (see [239]).

As was mentioned earlier, fractional derivatives Dβ can be used to characterize
the Gaussian Sobolev spaces Lp

β (γd). First, we need to extend the fractional derivative
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operator Dβ to all the Gaussian Sobolev spaces Lp
β (γd), 1 < p < ∞. The union of

these spaces
Lβ (γd) :=

⋃
p>1

Lp
β (γd)

is a natural domain of Dβ . Observe that the definition of Dβ in all the spaces
Lp

β (γd), 1 < p < ∞, is based on an application of Meyer’s multiplier theorem, Theo-
rem 6.2.

Theorem 8.8. Let β > 0 and 1 < p < ∞.

i) If {Pn}n is a sequence of polynomials such that limn→∞ Pn = f in Lp
β (γd), then

limn Dβ Pn exists in Lp
β (γd) and does not depend on the choice of a sequence

{Pn}n. If f ∈ Lp
β (γd)∩Lr

β (γd), then the limit does not depend on the choice of p
or r. Thus, the fractional derivative is well defined by

Dβ f = lim
n→∞

Dβ Pn in Lp
β (γd), as lim

n→∞
Pn = f in Lp

β (γd),

f ∈ Lβ (γd), is well defined.

ii) f ∈ Lp
β (γd) if and only if Dβ f ∈ Lp(γd). Moreover,

Bp,β ‖ f‖p,β ≤
∥∥∥Dβ f

∥∥∥
p,γd

≤ Ap,β ‖ f‖p,β . (8.28)

Proof. ii) Let f be a polynomial. Then

Dβ f = ∑
n≥0

(
n

1+n

)β/2

Jng,

where g = (1−L)−β/2 f . Note that g is also a polynomial. Observe that by construc-
tion,

‖ f‖p,β = ‖g‖p,γ .

Using Meyer’s multiplier theorem, Theorem 6.2, with the holomorphic function
h(z) = (1+ z)−β/2, we get

∥∥∥Dβ f
∥∥∥

p,γ
≤C1‖g‖p,γ .

To prove the converse inequality, observe that the polynomial g can be rewritten as

g = ∑
n≥0

(
n

1+n

)β/2

Jn(D
β f ),

and using Meyer’s multiplier theorem again we obtain,

‖h‖p,γ ≤C2

∥∥∥Dβ f
∥∥∥

p,γ
.

Thus, we get (8.28) for polynomials.
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i) The completeness of Lp
β (γd) can be proved using (8.28), and the fact that for

r ≥ p the embedding Lr
β (γd) ⊂ Lp

β (γd) is continuous. Finally, from there, we can

obtain (8.28) for any f ∈ Lp
β (γd). ��

From the previous result and Proposition 7.3, we can immediately obtain a cha-
racterization of the Gaussian Sobolev spaces.

Corollary 8.9. Assume that 1 < p < ∞ and β > 0. Then

Lp
β (γd) =

{
f ∈ Lβ (γd) : Dβ f ∈ Lp(γd)

}
. (8.29)

If β = k ∈ N, then

Lp
k (γd) =

{
f ∈ Lk(γd) : D j f ∈ Lp(γd), j ≤ k

}
. (8.30)

This characterization of Sobolev spaces is the most common one in the classical
case.

Gaussian Bessel Fractional Derivates

We can also define the Gaussian Bessel fractional derivatives, Dβ .

Definition 8.10. The Gaussian Bessel fractional derivatives of order β , Dβ , are
defined spectrally as

Dβ = (I +
√
−L)β , (8.31)

which means that for the Hermite polynomials, we have

Dβ Hν(x) = (1+
√
|ν |)β Hν(x); (8.32)

thus, by linearity, it can be extended to any polynomial (see [224]).

In the case of 0 < β < 1, we have the following integral representation,

Dβ f =
1
cβ

∫ ∞

0
t−β−1(I − e−tPt) f dt, (8.33)

where, as before, cβ =
∫ ∞

0 u−β−1(1− e−u)du and f is a polynomial.

Moreover, if β ≥ 1, let k be the smallest integer greater than β , i.e.. k−1≤ β < k,
then we have the following representation of Dβ f

Dβ f =
1

ck
β

∫ ∞

0
t−β−1(I − e−tPt)

k f dt, (8.34)

where ck
β =

∫ ∞
0 u−β−1(1− e−u)kdu and f is a polynomial (see [239]).
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8.3 Boundedness of Fractional Integrals and Fractional
Derivatives on Gaussian Lipschitz Spaces

The boundedness results in the case of Gaussian Lipschitz spaces initially appeared
in A. E. Gatto and W. Urbina’s article [109]. First, observe that the Gaussian Riesz
potentials are not bounded operators on L∞(γd) and, therefore, not on Lipα(γ) either.
Then, to make sense of Riesz potentials on L∞, we consider, for β > 0, the truncated
Gaussian Riesz potentials,

IT
β f (x) =

∫ 1

0
tβ−1Pt f (x)dt.

We want to study the truncated Gaussian Riesz potentials IT
β on the Gaussian

Lipschitz spaces Lipα(γd),

Theorem 8.11. For 0 < β < 1 and α > 0, the Riesz potential of order β , IT
β :

Lipα(γd)→ Lipα+β (γd) is bounded.

Proof. Let f ∈ Lipα(γd), i.e., f ∈ L∞ such that
∥∥∥ ∂Pt f

∂ t

∥∥∥
∞,γd

≤ At−1+α . First, observe

that
|Pt f (x)| ≤

∫
Rd

p(t,x,y)| f (y)|dy ≤ ‖ f‖∞,γ ,

that is, Pt f ∈ L∞ and then

|IT
β f (x)| ≤

∫ 1

0
tβ−1|Pt f (x)|dt ≤

∫ 1

0
tβ−1‖ f‖∞,γ dt =

1
β
‖ f‖∞,γ .

Therefore, IT
β f ∈ L∞. Now, using the semigroup property and Fubini’s theorem,

PsI
T
β f (x) =

∫
Rd

p(s,x,y)IT
β f (y)dy =

∫ 1

0
tβ−1Ps+t f (y)dt = v(x,s).

If α +β < 1, then for 0 ≤ s ≤ 1

∂v
∂ s

(x,s) =
∫ 1

0
tβ−1 ∂

∂ s
Ps+t f (x)dt =

∫ 1

0
tβ−1 ∂

∂ t
Ps+t f (x)dt

=
∫ s

0
tβ−1 ∂

∂ t
Ps+t f (x)dt +

∫ 1

s
tβ−1 ∂

∂ t
Ps+t f (x)dt

= (I)+(II).

Now, for (I), because t < s

|(I)| ≤
∫ s

0
tβ−1| ∂

∂ t
Ps+t f (x)|dt ≤C

∫ s

0
tβ−1(t + s)α−1dt

≤ Csα−1
∫ s

0
tβ−1dt =Cs(α+β )−1,
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and, for (II), as t > s

|(II)| ≤
∫ 1

s
tβ−1| ∂

∂ t
Ps+t f (x)|dt ≤C

∫ ∞

s
tβ−1(t + s)α−1dt

≤ C
∫ ∞

s
tβ−1tα−1dt =Cs(α+β )−1.

Thus, ∥∥∥ ∂
∂ s

Iβ f
∥∥∥

∞,γd

<Cs(α+β )−1,

which implies Iβ f ∈ Lipα+β (γd). The general case follows in a similar manner. ��

Now, we study the action of the Bessel potentials on the Gaussian Lipschitz
spaces Lipα(γ), which is much better than the case of the Riesz potentials:

Theorem 8.12. Let α,β > 0 then Jβ is bounded from Lipα(γ) to Lipα+β (γ).

Proof. Let f ∈ Lipα(γ) and consider a fixed integer n > α +β , then

∥∥∥∂ nPt f
∂ tn

∥∥∥
∞
≤ Aβ ( f )t−n+α , t > 0.

Using (8.20), the fact that f ∈ L∞, and consequently Pt+s f ∈ L∞, we obtain

Pt(J
β f )(x) =

1
Γ (β )

∫ +∞

0
sβ−1e−sPt+s f (x)ds; (8.35)

therefore,
‖Pt(Jβ f )‖∞ ≤ ‖ f‖∞,

i.e. Pt(Jβ f ) ∈ L∞.

Now, we want to verify the Lipschitz condition. Differentiating (8.35), we get

∂ nPt(Jβ f )(x)

∂ tn =
1

Γ (β )

∫ +∞

0
sβ−1e−s ∂ nPt+s f (x)

∂ tn ds

=
1

Γ (β )

∫ +∞

0
sβ−1e−s ∂ nPt+s f (x)

∂ (t + s)n ds,

and this implies

∥∥∥∂ nPt(Jβ f )

∂ tn

∥∥∥
∞
≤ 1

Γ (β )

∫ t

0
sβ−1e−s

∥∥∥ ∂ nPt+s f
∂ (t + s)n

∥∥∥
∞

ds

+
1

Γ (β )

∫ +∞

t
sβ−1e−s

∥∥∥ ∂ nPt+s f
∂ (t + s)n

∥∥∥
∞

ds

= (I)+(II).
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Because β > 0 as t + s > t,

(I) ≤
Aβ ( f )

Γ (β )

∫ t

0
sβ−1(t + s)−n+αe−s ds

≤
Aβ ( f )

Γ (β )
t−n+α

∫ t

0
sβ−1ds(γ)≤Ct−n+α+β ‖ f‖Lipβ (γ).

On the other hand, because n > α +β , as t + s > s

(II) ≤
Aβ ( f )

Γ (β )

∫ ∞

t
sβ−1e−s(t + s)−n+α ds ≤

Aβ ( f )

Γ (β )

∫ ∞

t
sβ−1e−ss−n+α ds

≤
Aβ ( f )

Γ (β )

∫ ∞

t
s−n+α+β−1ds =CAβ ( f )t−n+α+β .

Therefore,

∥∥∥∂ nPt(Jβ f )

∂ tn

∥∥∥
∞
≤ CAβ ( f )t−n+α+β , t > 0.

Thus, Jβ f ∈ Lipα+β (γ), and moreover

‖Jβ f‖Lipα+β (γ) = ‖Jβ f‖∞,γ +Aβ (Jβ f )

≤ ‖ f‖∞,γ +CAβ ( f )≤C‖ f‖Lipβ (γ).

��

Finally, let us study the action of the fractional derivative Dβ on the Gaussian
Lipschitz spaces.

Theorem 8.13. For 0 < β < α < 1, the fractional derivate of order β , Dβ :
Lipα(γd)→ Lipα−β (γd) is bounded.

Proof. Let f ∈ Lipα(γd), i.e., f ∈ L∞ such that
∥∥∥ ∂Pt f

∂ t

∥∥∥
∞,γ

≤ At−1+α . Observe that

using (7.44) and Proposition 7.23, we get

|Dβ f (x)| ≤ 1
cβ

∫ ∞

0
t−β−1|Pt f (x)− f (x)|dt

=
1
cβ

∫ 1

0
t−β−1|Pt f (x)− f (x)|dt +

1
cβ

∫ ∞

1
t−β−1|Pt f (x)− f (x)|dt

≤ 1
cβ

∫ 1

0
t−β−1‖Pt f (x)− f (x)‖∞,γdt +

2‖ f‖∞,γ

cβ

∫ ∞

1
t−β−1dt

≤ A1( f )
cβ

∫ 1

0
tα−β−1dt +

2‖ f‖∞,γ

cβ

∫ ∞

1
t−β−1dt

=
A1( f )

cβ (α −β )
+

2‖ f‖∞,γ

βcβ
≤Cβ ,β‖ f‖Lipβ (γ).
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Thus, Dβ f ∈ L∞(γd). Now, using (8.26), and fixing s, we have

∂
∂ s

(PsD
β f (x)) =

1
cβ

∂
∂ s

∫ ∞

0
t−β−1[Ps+t f (x)−Ps f (x)]dt

=
1
cβ

∫ ∞

0
t−β−1[

∂
∂ s

(Ps+t f (x))− ∂
∂ s

Ps f (x)]dt

=
1
cβ

∫ s

0
t−β−1[

∂
∂ s

(Ps+t f (x))− ∂
∂ s

Ps f (x)]dt

+
1
cβ

∫ ∞

s
t−β−1[

∂
∂ s

(Ps+t f (x))− ∂
∂ s

Ps f (x)]dt

= (I)+(II).

Using Proposition 7.27, we have

∥∥∥ ∂ 2

∂u2 Pu f
∥∥∥

∞,γd

≤ Auα−2, (8.36)

and then, using the fundamental theorem of calculus, we get

| ∂
∂ s

(Ps+t f (x))− ∂
∂ s

Ps f (x)| ≤
∫ s+t

s
| ∂ 2

∂u2 Pu f (x)|du ≤ A
∫ s+t

s
uα−2du

≤ A
∫ ∞

s
uα−2du ≤ A

1−α
sα−1.

Then, as t < s,

|(I)| ≤ 1
cβ

∫ s

0
t−β−1| ∂

∂ s
(Ps+t f (x))− ∂

∂ s
Ps f (x)|dt

≤ A
s−1

cβ

∫ s

0
t−β−1sα dt ≤Cα ,β s−1

∫ s

0
tα−β−1dt =Cα ,β sα−β−1.

On the other hand,

|(II)| ≤ 1
cβ

∫ ∞

s
t−β−1| ∂

∂ s
(Ps+t f (x))− ∂

∂ s
Ps f (x)|dt

≤ Asα−1

(β −1)cβ

∫ ∞

s
t−β−1dt =Cα ,β sα−β−1.

Therefore, ∥∥∥ ∂
∂ s

(PsD
β f )

∥∥∥
∞,γd

≤Csα−β−1,

which implies Dβ f ∈ Lipα−β (γd). ��
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8.4 Boundedness of Fractional Integrals and Fractional
Derivatives on Gaussian Besov–Lipschitz Spaces

As we discussed in the previous section, in the case of the Lipschitz spaces only a
truncated version of the Riesz potentials is bounded from Lipα(γd) to Lipα+β (γd).
Now, we study the boundedness properties of the Riesz potentials on Besov–
Lipschitz spaces, and we see that in this case, the results are better.

Theorem 8.14. Let α ≥ 0,β > 0, 1 < p < ∞,1 ≤ q ≤ ∞ then Iβ is bounded from

Bα
p,q(γd) into Bα+β

p,q (γd).

Proof. Let k > α +β a fixed integer, f ∈ Bα
p,q(γd), using the integral representation

of Riesz potentials (8.7), the semigroup property of {Pt}t≥0 and the fact that P∞ f (x)
is a constant and the semigroup is conservative, we get

PtIβ f (x) =
1

Γ (β )

∫ +∞

0
sβ−1Pt(Ps f (x)−P∞ f (x))ds

=
1

Γ (β )

∫ +∞

0
sβ−1(Pt+s f (x)−P∞ f (x))ds. (8.37)

Using the fact that P∞ f (x) is a constant again, and the chain rule,

∂ k

∂ tk (PtIβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ−1 ∂ k

∂ tk (Pt+s f (x)−P∞ f (x))ds

=
1

Γ (β )

∫ +∞

0
sβ−1u(k)(x, t + s)ds. (8.38)

Then, using Minkowski’s integral inequality

∥∥∥ ∂ k

∂ tk Pt Iβ f
∥∥∥

p,γ
≤ 1

Γ (β )

∫ +∞

0
sβ−1‖u(k)(·, t + s)‖p,γds. (8.39)

Hence, if 1 ≤ q < ∞,

(∫ +∞

0

(
tk−(α+β )

∥∥∥ ∂ k

∂ tk (PtIβ f )
∥∥∥

p,γ

)q dt
t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0
t(k−(α+β ))q

(∫ +∞

0
sβ−1‖u(k)(·, t + s)‖p,γds

)q dt
t

) 1
q

≤Cβ

(∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ−1‖u(k)(·, t + s)‖p,γds

)q dt
t

) 1
q

+Cβ

(∫ +∞

0
t(k−(α+β ))q

(∫ +∞

t
sβ−1‖u(k)(·, t + s)‖p,γds

)q dt
t

) 1
q
= (I)+(II).
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Now, as β > 0 using Lemma 3.5, and as t + s > t,

(I) ≤ Cβ

(∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ−1‖u(k)(·, t)‖p,γ ds

)q dt
t

) 1
q

= Cβ

(∫ +∞

0
t(k−(α+β ))q

∥∥∥∂ kPt f
∂ tk

∥∥∥q

p,γ

( tβ

β

)q dt
t

) 1
q

= C′
β

(∫ +∞

0

(
tk−α

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γ

)q dt
t

) 1
q
<+∞,

because f ∈ Bα ,q
p (γd).

On the other hand, as k > α +β using Lemma 3.5 again, because t + s > s, and
Hardy’s inequality (10.101), we obtain

(II) ≤ Cβ

(∫ +∞

0
t(k−(α+β ))q

(∫ +∞

t
sβ‖u(k)(·,s)‖p,γ

ds
s

)q dt
t

) 1
q

≤
Cβ

k− (α +β )

∫ +∞

0

(
sk−α

∥∥∥∂ kPs f
∂ sk

∥∥∥
p,γ

)q ds
s

) 1
q
<+∞,

because f ∈ Bα
p,q(γd). Therefore, Iβ f ∈ Bα+β

p,q (γd) and, moreover,

‖Iβ f‖
Bα+β

p,q
= ‖Iβ f‖p,γ +

(∫ +∞

0

(
tk−(α+β )

∥∥∥ ∂ k

∂ tk (PtIβ f )
∥∥∥

p,γ

)q dt
t

) 1
q

≤ C‖ f‖p,γ +Cα ,β

(∫ +∞

0

(
tk−α

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γ

)q dt
t

) 1
q ≤C‖ f‖

Bβ
p,q
.

Now, if q = ∞, (8.39) can be written as

∥∥∥ ∂ k

∂ tk Pt Iβ f
∥∥∥

p,γ
≤ 1

Γ (β )

∫ +∞

0
sβ−1‖u(k)(·, t + s)‖p,γds

=
1

Γ (β )

∫ t

0
sβ−1‖u(k)(·, t + s)‖p,γds

+
1

Γ (β )

∫ ∞

t
sβ−1‖u(k)(·, t + s)‖p,γds

= (I)+(II).

Using that β > 0, Lemma 3.5, as t + s > t, and because f ∈ Bα
p,∞(γd),

(I) ≤ 1
Γ (β )

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γ

∫ t

0
sβ−1ds ≤ 1

Γ (β )
tβ

β
Ak( f )t−k+α =Cβ Ak( f ) t−k+α+β .
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Now, because k > α +β , using Lemma 3.5, as t + s > s, and because f ∈ Bα
p,∞(γd),

we get

(II) ≤ 1
Γ (β )

∫ ∞

t
sβ−1

∥∥∥∂ kPs f
∂ sk

∥∥∥
p,γ

ds ≤ Ak( f )
Γ (β )

∫ ∞

t
s−k+α+β−1ds

=
Ak( f )
Γ (β )

t−k+α+β

k− (α +β )
=Ck,α ,β t−k+α+β .

Therefore,

∥∥∥ ∂ k

∂ tk PtIβ f
∥∥∥

p,γ
≤ CAk( f )t−k+α+β , t > 0,

and this implies that Iβ f ∈ Bα+β
p,∞ (γd) and Ak(Iβ f )≤CAk( f ).

Moreover, as Iβ is a bounded operator on Lp(γd),1 < p < ∞,

‖Iβ f‖
Bα+β

p,∞
= ‖Iβ f‖p,γ +Ak(Iβ f )≤ ‖ f‖p,γ +CAk( f )≤C‖ f‖Bα

p,∞ . ��

Now, we are going to study the boundedness properties of the Bessel potentials
on Besov–Lipschitz spaces.

Theorem 8.15. Let α ≥ 0, 1 ≤ p,q < ∞, then for β > 0,

i) Jβ is bounded on Bα
p,q(γd).

ii) Moreover, Jβ is bounded from Bα
p,q(γd) to Bα+β

p,q (γd).

iii) Finally, for q = ∞, Jβ is bounded from Bα
p,∞(γd) into Bα+β

p,∞ (γd).

Proof.

i) Let us see that Jβ is bounded on Bα
p,q(γd). Using Lebesgue’s dominated con-

vergence theorem, Minkowski’s integral inequality, and Jensen’s inequality, we
have
∥∥∥∂ kPt

∂ tk

(
Jβ f

)∥∥∥q

p,γd

= (
∫
Rd

|∂
kPt

∂ tk (
1

Γ (β )

∫ +∞

0
sβ e−sPs f (x)

ds
s
)|pγd(dx))

q
p

≤ (
1

Γ (β )

∫ +∞

0
sβ e−s(

∫
Rd

|∂
kPtPs f (x)

∂ tk |pγd(dx))
1
p

ds
s
)q

≤ 1
Γ (β )

∫ +∞

0
sβ e−s

∥∥∥∂ kPtPs f
∂ tk

∥∥∥q

p,γd

ds
s
,

and then, using Tonelli’s theorem,

∫ +∞

0

(
tk−α

∥∥∥∂ kPt

∂ tk

(
Jβ f

)∥∥∥
p,γd

)q dt
t

≤ 1
Γ (β )

∫ +∞

0
sα e−s(

∫ +∞

0

(
tk−α

∥∥∥∂ kPt

(
Ps f

)

∂ tk

∥∥∥
p,γd

)q dt
t
)

ds
s



8.4 Boundedness of Fractional Integrals and Fractional Derivatives on. . . 321

≤ 1
Γ (β )

∫ +∞

0
sα e−s(

∫ +∞

0

(
tk−α

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γd

)q dt
t
)

ds
s

=
∫ +∞

0

(
tk−α

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γd

)q dt
t
.

Therefore,

‖Jβ f‖Bα
p,q

= ‖Jβ f‖p,γd +

∫ +∞

0

(
tk−α

∥∥∥∂ kPt

∂ tk

(
Jβ f

)∥∥∥
p,γd

)q dt
t

≤ ‖ f‖p,γd +
∫ +∞

0

(
tk−α

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γd

)q dt
t
= ‖ f‖Bα

p,q
.

ii) We use the notation u(x, t) = Pt f (x) and U(x, t) = PtJβ f (x), using the repre-
sentation (3.8) of Pt we have,

U(x, t) =
∫ +∞

0
Ts(Jβ f )(x)μ(1/2)

t (ds).

Therefore,

U(x, t1 + t2) = Pt1(Pt2(Jβ f ))(x) =
∫ +∞

0
Ts(Pt2(Jβ f ))(x)μ(1/2)

t1 (ds).

Now, let k, l be integers greater than α,β respectively, by differentiating k times
with respect to t2 and l times with respect to t1,

∂ k+lU(x, t1 + t2)
∂ (t1 + t2)k+l =

∫ +∞

0
Ts(

∂ kPt2

∂ tk
2

(Jβ f ))(x)
∂ l

∂ tl
1

μ(1/2)
t1 (ds).

Thus,
∂ k+lU(x, t)

∂ tk+l =
∫ +∞

0
Ts(

∂ kPt2

∂ tk
2

(Jβ f ))(x)
∂ l

∂ tl
1

μ(1/2)
t1 (ds),

if t = t1 + t2 and therefore, using the Lp continuity of Ts and (3.21)

∥∥∥∂ k+lU(·, t)
∂ tk+l

∥∥∥
p,γ

≤
∫ +∞

0
‖Ts(

∂ kPt2

∂ tk
2

(Jβ f ))
∥∥∥

p,γ
| ∂ l

∂ tl
1

μ(1/2)
t1 (ds)|

≤
∫ +∞

0
‖∂ kPt2

∂ tk
2

(Jβ f )
∥∥∥

p,γ
| ∂ l

∂ tl
1

μ(1/2)
t1 (ds)|

=
∥∥∥∂ kPt2

∂ tk
2

(Jβ f )
∥∥∥

p,γ

∫ +∞

0
| ∂ l

∂ tl
1

μ(1/2)
t1 (ds)|

≤ Ct−l
1

∥∥∥ ∂ k

∂ tk
2

Pt2Jβ f
∥∥∥

p,γ
. (8.40)
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On the other hand, using the representation of Bessel potential (8.20), we have

Pt(Jβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ e−sPt+s f (x)

ds
s

then

∂ kPt

∂ tk (Jβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ e−s ∂ kPt+s f (x)

∂ tk

ds
s

=
1

Γ (β )

∫ +∞

0
sβ e−s ∂ kPt+s f (x)

∂ (t + s)k

ds
s
,

and this implies that

∥∥∥∂ kPt

∂ tk (Jβ f )
∥∥∥

p,γ
≤ 1

Γ (β )

∫ +∞

0
sβ e−s

∥∥∥ ∂ kPt+s f
∂ (t + s)k

∥∥∥
p,γ

ds
s

< ∞,

because f ∈ Bα
p,q(γd). Now, because the definition of Bα

p,q(γd) is independent on
the integer k > α that we can choose, let us take k > α + β and l > β , then
k+ l > α +2β > α +β ; thus, k+ l is an integer greater than α +β . Let us now
see that (∫ +∞

0

(
tk+l−(α+β )

∥∥∥∂ k+lU(·, t)
∂ tk+l

∥∥∥
p,γ

)q dt
t

) 1
q
<+∞.

In fact, taking t1 = t2 = t/2 in (8.40), we get

(∫ +∞

0

(
tk+l−(α+β )

∥∥∥∂ k+lU(·, t)
∂ tk+l

∥∥∥
p,γ

)q dt
t

) 1
q

≤C
(∫ +∞

0

(
tk+l−(α+β )

∥∥∥ ∂ kPt
2

∂ ( t
2 )

k (Jβ f )
∥∥∥

p,γ
(

t
2
)−l

)q dt
t

) 1
q

≤ C
Γ (β )

(∫ +∞

0

(
tk−(α+β )

(∫ +∞

0
sβ e−s

∥∥∥∂ kPs+ t
2

f

∂ ( t
2 )

k

∥∥∥
p,γ

ds
s

))q dt
t

) 1
q

≤ C
Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q

+
(∫ +∞

t
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

] 1
q
.

Again using that (a + b)q ≤ Cq(aq + bq) if a,b ≥ 0,q ≥ 1, but because (a +

b)1/q ≤ a1/q +b1/q if a,b ≥ 0,q ≥ 1,

C
Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q

+
(∫ +∞

t
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

] 1
q
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≤ C
Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

]1/q

+
C

Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ +∞

t
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

] 1
q

= (I)+(II).

Now, using Lemma 3.5 and because β > 0

(I) =
C

Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

] 1
q

≤ C
Γ (β )

[∫ +∞

0
t(k−(α+β ))q

(∫ t

0
sβ
∥∥∥∂ kPt

2
f

∂ ( t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

] 1
q

=
C

βΓ (β )

(∫ +∞

0

(
tk−α

∥∥∥∂ kPt
2

f

∂ ( t
2 )

k

∥∥∥
p,γ

)q dt
t

) 1
q

= Cα ,β

(∫ +∞

0

(
uk−α

∥∥∥∂ kPu f
∂uk

∥∥∥
p,γ

)q du
u

) 1
q
<+∞,

because f ∈ Bα ,q
p (γd).

On the other hand, using Hardy inequality, because k > α +β and Lemma 3.5,
we get

(II) =
C

Γ (β )

(∫ +∞

0
t(k−(α+β ))q

(∫ +∞

t
sβ
∥∥∥ ∂ kPs+ t

2
f

∂ (s+ t
2 )

k

∥∥∥
p,γ

ds
s

)q dt
t

) 1
q

≤ C
Γ (β )

(∫ +∞

0
t(k−(α+β ))q

(∫ +∞

t
sβ
∥∥∥∂ kPs f

∂ sk

∥∥∥
p,γ

ds
s

)q dt
t

) 1
q

≤ C
Γ (β )

1
k− (α +β )

∫ +∞

0

(
sk−α

∥∥∥ ∂ k

∂ sk Ps f
∥∥∥

p,γ

)q ds
s

) 1
q
<+∞

because f ∈ Bα
p,q(γd). Thus, Jβ f ∈ Bα+β

p,q (γd) and, moreover,

‖Jβ f‖
Bα+β

p,q
≤Cα ,β‖ f‖

Bβ
p,q
.

iii) Let k > α +β a fixed integer, f ∈ Bα
p,∞(γd), by using the representation of Bessel

potential (8.20), we get

Pt(Jβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ e−sPt+s f (x)

ds
s

;

thus, using the chain rule, we obtain

∂ k

∂ tk Pt(Jβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ e−su(k)(x, t + s)

ds
s
,
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which implies, using Minkowski’s integral inequality,

∥∥∥ ∂ k

∂ tk Pt(Jβ f )
∥∥∥

p,γ
≤ 1

Γ (β )

∫ +∞

0
sβ e−s‖u(k)(·, t + s)‖p,γ

ds
s

=
1

Γ (β )

∫ t

0
sβ e−s‖u(k)(·, t + s)‖p,γ

ds
s

+
1

Γ (β )

∫ ∞

t
sβ e−s‖u(k)(·, t + s)‖p,γ

ds
s

= (I)+(II).

Now, as β > 0, using Lemma 3.5, as t + s > t, and because f ∈ Bβ
p,∞(γd),

(I) ≤ 1
Γ (β )

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γ

∫ t

0
sβ e−s ds

s
≤ 1

Γ (β )

∥∥∥∂ kPt f
∂ tk

∥∥∥
p,γ

∫ t

0
sβ−1ds

≤ 1
Γ (β )

tβ

β
Ak( f )t−k+α =Cβ Ak( f )t−k+α+β .

On the other hand, as k > α + β using Lemma 3.5, as t + s > s, and because
f ∈ Bα

p,∞(γd)

(II) ≤ 1
Γ (β )

∫ ∞

t
sβ e−s

∥∥∥∂ kPs f
∂ sk

∥∥∥
p,γ

ds
s

≤ Ak( f )
Γ (β )

∫ ∞

t
sβ e−ss−k+α ds

s

≤ Ak( f )
Γ (β )

∫ ∞

t
s−k+α+β−1ds =

Ak( f )
Γ (β )

t−k+α+β

k− (α +β )
=Ck,α ,β Ak( f )t−k+α+β .

Therefore,

∥∥∥ ∂ k

∂ tk Pt(Jβ f )
∥∥∥

p,γ
≤ CAk( f )t−k+α+β ,

then Jβ f ∈ Bα+β
p,∞ (γd) and Ak(Jβ f )≤CAk( f ). Thus,

∥∥∥Jβ f
∥∥∥

Bα+β
p,∞

=
∥∥∥Jβ f

∥∥∥
p,γ

+Ak(Jβ f )≤ ‖ f‖p,γ +CAk( f )≤C‖ f‖Bα
p,∞ .

��

Now, we study the boundedness of the Riesz fractional derivatives and of the
Bessel fractional derivatives on Besov–Lipschitz spaces. We use the representa-
tion (8.24) of the fractional derivative and Hardy’s inequalities. Because they require
different techniques, we consider two cases:

• The bounded case, 0 < β < α < 1.
• The unbounded case 0 < β < α.

Let us start with the bounded case for the Riesz derivative:

Theorem 8.16. Let 0 < β < α < 1, 1 ≤ p < ∞ and 1 ≤ q ≤ ∞ then Dβ is bounded

from Bα
p,q(γd) into Bα−β

p,q (γd).
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Proof. Let f ∈ Bα
p,q(γd), using Hardy’s inequality (10.100), with p = 1, and the fun-

damental theorem of calculus,

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|Ps f (x)− f (x)|ds ≤ 1

cβ

∫ +∞

0
s−β−1

∫ s

0
| ∂
∂ r

Pr f (x)|dr ds

≤ 1
cβ β

∫ +∞

0
r1−β | ∂

∂ r
Pr f (x)|dr

r
. (8.41)

Thus, using Minkowski’s integral inequality

∥∥∥Dβ f
∥∥∥

p,γ
≤ Cβ

∫ +∞

0
r1−β

∥∥∥ ∂
∂ r

Pr f
∥∥∥

p,γ

dr
r

< ∞, (8.42)

because f ∈ Bα
p,q(γd)⊂ Bβ

p,1(γd), 1 ≤ q ≤ ∞ as α > β , i.e., Dβ f ∈ Lp(γd).

Now, by analogous argument

∂
∂ t

Pt(D
β f )(x) =

1
cβ

∫ +∞

0
s−β−1[

∂
∂ t

Pt+s f (x)− ∂
∂ t

Pt f (x)]ds

=
1
cβ

∫ +∞

0
s−β−1

∫ t+s

t
u(2)(x,r)dr ds

and again, using Minkowski’s integral inequality

∥∥∥ ∂
∂ t

Pt(D
β f )

∥∥∥
p,γ

≤ 1
cβ

∫ +∞

0
s−β−1

∫ t+s

t
‖u(2)(·,r)‖p,γ dr ds (8.43)

Then, if 1 ≤ q < ∞, by (8.43)

∫ ∞

0

(
t1−(α−β )

∥∥∥ ∂
∂ t

Pt(Dβ f )
∥∥∥

p,γ

)q dt
t

≤Cβ

∫ ∞

0

(
t1−(α−β )

∫ +∞

0
s−β−1

∫ t+s

t
‖u(2)(·,r)‖p,γ dr ds

)q dt
t

=Cβ

∫ ∞

0

(
t1−(α−β )

∫ t

0
s−β−1

∫ t+s

t
‖u(2)(·,r)‖p,γ dr ds

)q dt
t

+Cβ

∫ ∞

0

(
t1−(α−β )

∫ +∞

t
s−β−1

∫ t+s

t
‖u(2)(·,r)‖p,γ dr ds

)q dt
t

= (I)+(II).

Now, because r > t using Lemma 3.5 and the fact that 0 < β < 1,

(I) ≤ Cβ

∫ ∞

0

(
t1−(α−β )

∫ t

0
s−β ds‖u(2)(·,r)‖p,γ

)q dt
t

= Cβ ,q

∫ ∞

0

(
t2−α

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ

)q dt
t
.
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On the other hand, as r > t using Hardy’s inequality (10.101), because (1−α)q > 0,
we get

(II) ≤ Cβ

∫ ∞

0
t(1−(α−β ))q

(∫ +∞

t
s−β−1ds

∫ ∞

t
‖u(2)(·,r)‖p,γ dr

)q dt
t

= C′
β

∫ ∞

0
t(1−α)q

(∫ ∞

t
‖u(2)(·,r)‖p,γ dr

)q dt
t

≤
C′

β

(1−α)

∫ ∞

0

(
r2−α

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ

)q dr
r
.

Thus,

(∫ ∞

0

(
t1−α+β

∥∥∥ ∂
∂ t

PtDβ f
∥∥∥

p,γ

)q dt
t

)1/q
≤ C

(∫ ∞

0

(
t2−α

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ

)q dt
t

)1/q
< ∞,

as f ∈ Bα
p,q(γd). Then, Dβ f ∈ Bα−β

p,q (γd) and

‖Dβ f‖
Bα−β

p,q
= ‖Dβ f‖p,γ +

(∫ ∞

0

(
t1−α+β

∥∥∥ ∂
∂ t

PtDβ f
∥∥∥

p,γ

)q dt
t

)1/q

≤ C1‖ f‖Bα
p,q

+C2

(∫ ∞

0

(
t2−α

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ

)q dt
t

)1/q
≤C‖ f‖Bα

p,q
.

Therefore, Dβ f : Bα
p,q → Bα−β

p,q is bounded.

Now if q = ∞, inequality (8.43) can be written as

∥∥∥ ∂
∂ t

Pt(Dβ f )
∥∥∥

p,γ
≤ 1

cβ

∫ +∞

0
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds

=
1
cβ

∫ t

0
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds

+
1
cβ

∫ +∞

t
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds = (I)+(II).

Now, using Lemma 3.5, because r > t,

(I) ≤ 1
cβ

∫ t

0
s−β

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ
ds =Cβ

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ
t1−β

≤ Cβ A( f )t−2+α t1−β =Cβ A( f )t−1+α−β ,
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and by Lemma 3.5, because r > t, and the fact that f ∈ Bα
p,∞,

(II) ≤ 1
cβ

∫ +∞

t
s−β−1

∫ ∞

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds

≤ Cβ t−β
∫ ∞

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ≤Cβ A( f )t−β

∫ ∞

t
r−2+α dr

= Cα ,β A( f )t−1+α−β .

Thus, ∥∥∥ ∂
∂ t

Pt(Dβ f )
∥∥∥

p,γ
≤CA( f )t−1+α−β , t > 0.

Hence, Dβ f ∈ Bα−β
p,∞ (γd) then A(Dβ f )≤CA( f ), and

‖Dβ f‖
Bα−β

p,∞
= ‖Dβ f‖p,γ +A(Dβ f )≤C1‖g‖Bα

p,∞ +C2A( f )≤C‖ f‖Bα
p,∞ .

Therefore, Dβ : Bα
p,∞ → Bα−β

p,∞ is bounded. ��

Next, we study the boundedness of the Bessel fractional derivative on Besov–
Lipschitz spaces for the bounded case 0 < β < α < 1 :

Theorem 8.17. Let 0 < β < α < 1, 1 ≤ p < ∞ and 1 ≤ q ≤ ∞, then Dβ is bounded

from Bα
p,q(γd) into Bα−β

p,q (γd).

Proof. Let f ∈ Lp(γd), using the fundamental theorem of calculus we can write,

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|e−sPs f (x)− f (x)|ds

≤ 1
cβ

∫ +∞

0
s−β−1e−s|Ps f (x)− f (x)|ds+

1
cβ

∫ +∞

0
s−β−1|e−s −1|| f (x)|ds

≤ 1
cβ

∫ +∞

0
s−β−1|

∫ s

0

∂
∂ r

Pr f (x)dr|ds+
| f (x)|

cβ

∫ +∞

0
s−β−1|−

∫ s

0
e−rdr |ds

≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0
| ∂
∂ r

Pr f (x)|dr ds+
| f (x)|

cβ

∫ +∞

0
s−β−1

∫ s

0
e−rdr ds.

Now, using Hardy’s inequality (10.100), with p = 1 in both integrals, we have

|Dβ f (x)| ≤ 1
βcβ

∫ +∞

0
r1−β | ∂

∂ r
Pr f (x)|dr

r
+

Γ (1−β )
βcβ

| f (x)|.
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Therefore, according to Minkowski’s integral inequality

‖Dβ f‖p ≤
1

βcβ

∫ +∞

0
r1−β

∥∥∥ ∂
∂ r

Pr f
∥∥∥

p

dr
r
+

Γ (1−β )
βcβ

‖ f‖p <C1‖ f‖Bα
p,q

< ∞,

because f ∈ Bα
p,q(γd)⊂ Bβ

p,1(γd), 1 ≤ q ≤ ∞ as α > β , i.e. Dβ f ∈ Lp(γd).

On the other hand, using the fundamental theorem of calculus and, Hardy’s in-
equality (10.100) again, with p = 1 in the second integral, we have

| ∂
∂ t

Pt(Dβ f )(x)| ≤ 1
cβ

∫ ∞

0
s−β−1|e−s ∂

∂ t
Pt+s f (x)− ∂

∂ t
Pt f (x)|ds

≤ 1
cβ

∫ ∞

0
s−β−1e−s| ∂

∂ t
Pt+s f (x)− ∂

∂ t
Pt f (x)|ds

+
1
cβ

∫ ∞

0
s−β−1|e−s −1|| ∂

∂ t
Pt f (x)|ds

≤ 1
cβ

∫ ∞

0
s−β−1

∫ t+s

t
| ∂ 2

∂ r2 Pr f (x)|dr ds

+
1
cβ

| ∂
∂ t

Pt f (x)|
∫ ∞

0
s−β−1

∫ s

0
e−rdr ds,

≤ 1
cβ

∫ ∞

0
s−β−1

∫ t+s

t
| ∂ 2

∂ r2 Pr f (x)|dr ds+
Γ (1−β )

βcβ
| ∂
∂ t

Pt f (x)|.

Thus, using Minkowski’s integral inequality,

∥∥∥ ∂
∂ t

Pt(Dβ f )
∥∥∥

p,γ
≤ 1

cβ

∫ ∞

0
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds+

Γ (1−β )
βcβ

∥∥∥ ∂
∂ t

Pt f
∥∥∥

p,γ
.

(8.44)
Then, if 1 ≤ q < ∞, using (8.44) and Minkowski’s integral inequality, we get

(∫ ∞

0

(
t1−(α−β )

∥∥∥ ∂
∂ t

PtDβ f
∥∥∥

p,γ

)q dt
t

)1/q

≤ 1
cβ

(∫ ∞

0

(
t1−(α−β )

∫ ∞

0
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds

)q dt
t

)1/q

+
Γ (1−β )

βcβ

(∫ ∞

0

(
t1−(α−β )

∥∥∥ ∂
∂ t

Pt f
∥∥∥

p,γ

)q dt
t

)1/q
= (I)+(II).

For the first term, the argument is the same as that considered in the second part of
the proof of Theorem 8.16; thus,

(I) ≤ Cβ

(∫ ∞

0

(
t2−β

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ

)q dt
t

)1/q
< ‖ f‖Bα

p,q
< ∞,
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because f ∈ Bα
p,q(γd), and for the second term trivially

(II) ≤ C‖ f‖
Bα−β

p,q
≤C‖ f‖Bα

p,q

because α > α −β and the inclusion relation given in Proposition 7.36.

Hence, if 1 ≤ q < ∞,

(∫ ∞

0

(
t1−(α−β )

∥∥∥ ∂
∂ t

Pt(Dβ f )
∥∥∥

p,γ

)q dt
t

)1/q
≤C2‖ f |Bα

p,q
,

so Dβ f ∈ Bα−β
p,q (γd) and, moreover,

‖Dβ f‖
Bα−β

p,q
= ‖Dβ f‖p,γ +

(∫ ∞

0

(
t1−α+β

∥∥∥ ∂
∂ t

PtDβ f‖p,γ

)q dt
t

)1/q

≤ C1‖ f‖Bα
p,q

+C2

(∫ ∞

0

(
t2−α

∥∥∥ ∂ 2

∂ t2 Pt f
∥∥∥

p,γ

)q dt
t

)1/q
≤C‖ f‖Bα

p,q
.

If q = ∞, using the same argument as in Theorem 8.16, inequality (8.44) can be
written as

∥∥∥ ∂
∂ t

PtDβ f
∥∥∥

p,γ
≤ 1

cβ

∫ ∞

0
s−β−1

∫ t+s

t

∥∥∥ ∂ 2

∂ r2 Pr f
∥∥∥

p,γ
dr ds+

Γ (1−β )
βcβ

∥∥∥ ∂
∂ t

Pt f
∥∥∥

p,γ

≤ Cα ,β A( f )t−1+α−β +
Γ (1−β )

βcβ
A( f )t−1+α−β ≤Cα ,β A( f )t−1+α−β ,

for t > 0, then, Dβ f ∈ Bα−β
p,∞ (γd) and A(Dβ f )≤Cα ,β A( f ); thus,

‖Dβ f‖
Bα−β

p,∞
= ‖Dβ f‖p,γ +A(Dβ f )≤C1‖ f‖Bα

p,∞ +C2A( f )≤C‖ f‖Bα
p,∞ .

��

We consider now the unbounded case for fractional derivatives (removing the
condition that the indexes must be less than 1). To do this, we need to consider
forward differences. Remember that for a given function f , the k-th order forward
difference of f starting at t with increment s is defined as

Δ k
s ( f , t) =

k

∑
j=0

(
k
j

)
(−1) j f (t +(k− j)s).

The forward differences have the following properties (see Appendix Lemma 10.30),
which will be needed in what follows. For any positive integer k

i) Δ k
s ( f , t) = Δ k−1

s (Δs( f , ·), t) = Δs(Δ k−1
s ( f , ·), t).

ii) Δ k
s ( f , t) =

∫ t+s

t

∫ v1+s

v1

. . .
∫ vk−2+s

vk−2

∫ vk−1+s

vk−1

f (k)(vk)dvkdvk−1 . . .dv2dv1.
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iii) For any positive integer k

∂
∂ s

(Δ k
s ( f , t)) = k Δ k−1

s ( f ′, t + s), (8.45)

and for any integer j > 0,

∂ j

∂ t j (Δ
k
s ( f , t)) = Δ k

s ( f ( j), t). (8.46)

Observe that using the binomial theorem and the semigroup property of {Pt}, we
have

(Pt − I)k f (x) =
k

∑
j=0

(
k
j

)
Pk− j

t (−I) j f (x) =
k

∑
j=0

(
k
j

)
(−1) jPk− j

t f (x)

=
k

∑
j=0

(
k
j

)
(−1) jP(k− j)t f (x) =

k

∑
j=0

(
k
j

)
(−1) ju(x,(k− j)t)

= Δ k
t (u(x, ·),0), (8.47)

where as usual, u(x, t) = Pt f (x). Additionally, we need the following result:

Lemma 8.18. Let f ∈ Lp(γd), 1 ≤ p < ∞ and k,n ∈ N then

‖Δ k
s (u

(n), t)‖p,γd ≤ sk‖u(k+n)(·, t)‖p,γd

Proof. From property ii) of forward differences (see Lemma 10.30), we have

Δ k
s (u

(n)(x, ·), t) =
∫ t+s

t

∫ v1+s

v1

. . .

∫ vk−2+s

vk−2

∫ vk−1+s

vk−1

u(k+n)(x,vk)dvkdvk−1 . . .dv2dv1,

then, using Minkowski’s integral inequality k-times and Lemma 3.5,

‖Δ k
s (u

(n), t)‖p,γd ≤
∫ t+s

t

∫ v1+s

v1

. . .
∫ vk−2+s

vk−2

∫ vk−1+s

vk−1

‖u(k+n)(·,vk)‖p,γd dvkdvk−1 . . .dv2dv1

≤ sk‖u(k+n)(·, t)‖p,γd = sk
∥∥∥ ∂ k+n

∂ tk+n u(·, t)
∥∥∥

p,γd

.

��

Let us start studying the boundedness of the Riesz fractional derivative in
Bα

p,q(γd)

Theorem 8.19. Let 0 < β < α , 1 ≤ p < ∞ and 1 ≤ q ≤ ∞ then

Dβ is bounded from Bα
p,q(γd) into Bα−β

p,q (γd).

Proof. Let f ∈ Bα
p,q(γd), using (8.47), Hardy’s inequality (10.100), p = 1, the

fundamental theorem of calculus, and property iii) of forward differences (see
Lemma 10.30), we get
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|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|Δ k

s (u(x, ·),0)|ds ≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0
| ∂
∂ r

Δ k
r (u(x, ·),0)|dr ds

≤ 1
βcβ

∫ +∞

0
r−β | ∂

∂ r
Δ k

r (u(x, ·),0)|dr =
k

βcβ

∫ +∞

0
r−β |Δ k−1

r (u′(x, ·),r)|dr.

Now, using Minkowski’s integral inequality and Lemma 8.18

‖Dβ f‖p,γ ≤ k
βcβ

∫ +∞

0
r−β‖Δ k−1

r (u′,r)
∥∥∥

p,γ
dr

≤ k
βcβ

∫ +∞

0
rk−β

∥∥∥ ∂ k

∂ rk Pr f
∥∥∥

p,γ

dr
r

< ∞,

because f ∈ Bα
p,q(γd)⊂ Bβ

p,1(γd), as α > β . Therefore, Dβ f ∈ Lp(γd).

On the other hand,

Pt [(Ps − I)k f (x)] = Pt(Δ k
s (u(x, ·),0)) = Pt(

k

∑
j=0

(
k
j

)
(−1) jP(k− j)s f (x))

=
k

∑
j=0

(
k
j

)
(−1) jPt+(k− j)s f (x) = Δ k

s (u(x, ·), t). (8.48)

Thus, if n is the smaller integer greater than α , i.e., n−1 ≤ α < n, then according to
Lemma 10.30 iv),

∂ n

∂ tn Pt(Dβ f )(x) =
1
cβ

∫ +∞

0
s−β−1 ∂ n

∂ tn (Δ
k
s (u(x, ·), t)

=
1
cβ

∫ +∞

0
s−β−1Δ k

s (u
(n)(x, ·), t)ds;

therefore, using Minkowski’s integral inequality
∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ 1

cβ

∫ +∞

0
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds. (8.49)

Now, if 1 ≤ q < ∞, by (8.49),
(∫ ∞

0

(
tn−(α−β )

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ

)q dt
t

)1/q

≤ 1
cβ

(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds

)q dt
t

)1/q

≤ 1
cβ

(∫ ∞

0

(
tn−(α−β )

∫ t

0
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds

)q dt
t

)1/q

+
1
cβ

(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds

)q dt
t

)1/q

= (I)+(II).
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Then, using Lemma 8.18,

(I) ≤ 1
cβ

(∫ ∞

0

(
tn−(α−β )

∥∥∥ ∂ n+k

∂ tn+k Pt f
∥∥∥

p,γ

∫ t

0
sk−β−1ds

)q dt
t

)1/q

=
1

cβ (k−β )

(∫ ∞

0

(
tn+k−α‖u(n+k)(·, t)‖p,γ

)q dt
t

)1/q
< ∞,

because f ∈ Bα
p,q(γd), and using Lemma 3.5

(II) ≤ 1
cβ

(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
s−β−1

( k

∑
j=0

(
k
j

)
‖u(n)(·, t +(k− j)s)‖p,γ

)
ds
)q dt

t

)1/q

≤ 1
cβ

(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
s−β−1

( k

∑
j=0

(
k
j

)
‖u(n)(·, t)‖p,γ

)
ds
)q dt

t

)1/q

=
2k

cβ

(∫ ∞

0

(
tn−(α−β )

∥∥∥ ∂ n

∂ tn Pt f
∥∥∥

p,γ

∫ +∞

t
s−β−1ds

)q dt
t

)1/q

=
2k

cβ β

(∫ ∞

0

(
tn−α

∥∥∥ ∂ n

∂ tn Pt f
∥∥∥

p,γ

)q dt
t

)1/q
< ∞,

because f ∈ Bα
p,q(γd). Therefore, if 1 ≤ q < ∞, Dβ f ∈ Bα−β

p,q (γd); moreover,

‖Dβ f
∥∥∥

Bα−β
p,q

= ‖Dβ f‖p,γ +
(∫ ∞

0

(
tn−α+β

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ

)q dt
t

)1/q

≤ C1‖ f‖Bα
p,q

+C2‖ f‖Bα
p,q

≤C‖ f‖Bα
p,q

Thus, Dβ f : Bα
p,q → Bα−β

p,q is bounded.

If q = ∞, inequality (8.49) can be written as

‖ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ 1

cβ

∫ t

0
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds

+
1
cβ

∫ +∞

t
s−β−1‖Δ k

s (u
(n), t)‖p,γ ds

= (I)+(II)

and then as f ∈ Bβ
p,∞, by Lemma 8.18,

(I) ≤ 1
cβ

∫ t

0
s−β−1sk‖u(n+k)‖p,γ ds =Cβ

∥∥∥ ∂ n+k

∂ tn+k Pt f
∥∥∥

p,γ
tk−β

≤ Cβ A( f )t−n−k+αtk−β =Cβ A( f )t−n+α−β ,
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and as above, using Lemma 3.5,

(II) ≤ 1
cβ

∫ +∞

t
s−β−1

( k

∑
j=0

(
k
j

)
‖u(n)(·, t +(k− j)s)‖p,γ

)
ds

≤ Cβ

∫ +∞

t
s−β−1

( k

∑
j=0

(
k
j

)
‖u(n)(·, t)‖p,γ

)
ds =Cβ t−β

∥∥∥ ∂ n

∂ tn Pt f
∥∥∥

p,γ

≤ Cβ A( f )t−n+α t−β =Cβ A( f )t−n+α−β .

��

There is an alternative proof of the fact that Dβ f ∈ Lp(γd) without using Hardy’s
inequality following the same scheme as in the proof of i) [109, Theorem 3.5], and
using the inclusion Bα

p,q ⊂ Bβ+ε
p,∞ with β + ε < k.

Now, let us consider the case of the Bessel derivative.

Theorem 8.20. Let 0 < β < α , 1 ≤ p < ∞ and 1 ≤ q ≤ ∞ then

Dβ is bounded from Bα
p,q(γd) into Bα−β

p,q (γd).

Proof. Let f ∈ Bα
p,q(γd), and set v(x, t) = e−tu(x, t). Then, using Hardy’s inequal-

ity (10.100), the fundamental theorem of calculus, and property iii) of forward dif-
ferences (see Lemma 10.30),

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|Δ k

s (v(x, ·),0)|ds

≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0
| ∂
∂ r

Δ k
r (v(x, ·),0)|dr ds

≤ k
βcβ

∫ +∞

0
r−β |Δ k−1

r (v′(x, ·),r)|dr

and this implies, using Minkowski’s integral inequality,

‖Dβ f‖p,γd ≤
k

βcβ

∫ +∞

0
r−β‖Δ k−1

r (v′,r)‖p,γ dr.

Now, using property ii) of forward differences (see Lemma 10.30),

‖Δ k−1
r (v′,r)‖p,γ ≤

∫ 2r

r

∫ v1+r

v1

. . .
∫ vk−2+r

vk−2

‖v(k)(·,vk−1)‖p,γ dvk−1dvk−2 . . .dv2dv1

and using Leibniz’s differentiation rule for the product

‖v(k)(·,vk−1)
∥∥∥

p,γ
=

∥∥∥
k

∑
j=0

(
k
j

)
(e−vk−1)( j)u(k− j)(·,vk−1)

∥∥∥
p,γ

≤
k

∑
j=0

(
k
j

)
e−vk−1‖u(k− j)(·,vk−1)‖p,γ .
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Then

‖Δ k−1
r (v′,r)‖p,γ

≤
k

∑
j=0

(
k
j

)∫ 2r

r

∫ v1+r

v1

. . .
∫ vk−2+r

vk−2

e−vk−1‖u(k− j)(·,vk−1)‖p,γ dvk−1dvk−2 . . .dv2dv1

≤
k

∑
j=0

(
k
j

)
rk−1e−r‖u(k− j)(·,r)‖p,γ .

Therefore,

‖Dβ f‖p,γ ≤ k
βcβ

k

∑
j=0

(
k
j

)∫ +∞

0
rk−β−1e−r‖u(k− j)(·,r)‖p,γdr

=
k

βcβ

k−1

∑
j=0

(
k
j

)∫ +∞

0
r(k− j)−(β− j)−1e−r

∥∥∥ ∂ k− j

∂ rk− j Pr f
∥∥∥

p,γ
dr

+
k

βcβ

∫ +∞

0
rk−β−1e−r‖Pr f‖p,γ dr

≤ k
βcβ

k−1

∑
j=0

(
k
j

)∫ +∞

0
r(k− j)−(β− j)−1

∥∥∥ ∂ k− j

∂ rk− j Pr f
∥∥∥

p,γ
dr

+
k

βcβ

∫ +∞

0
rk−β−1e−r‖ f‖p,γ dr

Thus,

‖Dβ f‖p,γ ≤ k
βcβ

k−1

∑
j=0

(
k
j

)∫ +∞

0
rk− j−(β− j)

∥∥∥ ∂ k− j

∂ rk− j Pr f
∥∥∥

p,γ

dr
r

+
kΓ (k−β )

βcβ
‖ f‖p,γ < ∞,

because f ∈ Bα
p,q(γd)⊂ Bβ− j

p,1 (γd) as α > β > β − j ≥ 0, for j ∈ {0, . . . ,k−1}, then
Dβ f ∈ Lp(γd).

On the other hand,

Pt(e
−sPs − I)k f (x) =

k

∑
j=0

(
k
j

)
(−1) je−s(k− j)u(x, t +(k− j)s).

Let n be the smaller integer greater than β , i.e., n−1 ≤ β < n, we have
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∂ n

∂ tn Pt(Dβ f )(x) =
1
cβ

∫ +∞

0
s−β−1

k

∑
j=0

(
k
j

)
(−1) je−s(k− j)u(n)(x, t +(k− j)s)ds

=
et

cβ

∫ +∞

0
s−β−1

k

∑
j=0

(
k
j

)
(−1) je−(t+s(k− j))u(n)(x, t +(k− j)s)ds

=
et

cβ

∫ +∞

0
s−β−1Δ k

s (w(x, ·), t)ds,

where w(x, t) = e−tu(n)(x, t). Now, using the fundamental theorem of calculus,

∂ n

∂ tn Pt(Dβ f )(x) =
et

cβ

∫ +∞

0
s−β−1Δ k

s (w(x, ·), t)ds

=
et

cβ

∫ +∞

0
s−β−1

∫ s

0

∂
∂ r

Δ k
r (w(x, ·), t)dr ds.

Then, using Hardy’s inequality (10.100) and property iii) of forward differences (see
Lemma 10.30),

| ∂ n

∂ tn Pt(Dβ f )(x)| ≤ et

cβ

∫ +∞

0
s−β−1

∫ s

0
| ∂
∂ r

Δ k
r (w(x, ·), t)|drds

≤ et

cβ β

∫ +∞

0
r| ∂

∂ r
Δ k

r (w(x, ·), t)|r−β−1dr

=
ket

cβ β

∫ +∞

0
r−β |Δ k−1

r (w′(x, ·), t + r)|dr

and according to Minkowski’s integral inequality, we get

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ ket

βcβ

∫ +∞

0
r−β‖Δ k−1

r (w′, t + r)‖p,γ dr.

Now, using an analogous argument to that above, Lemma 10.30 and Leibniz’s prod-
uct rule give us

‖Δ k−1
r (w′, t + r)‖p,γ ≤

k

∑
j=0

(
k
j

)
rk−1e−(t+r)‖u(k+n− j)(·, t + r)‖p,γ ,

and this implies that

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ et k

cβ β

∫ +∞

0
r−β

( k

∑
j=0

(
k
j

)
rk−1e−(t+r)‖u(k+n− j)(·, t + r)‖p,γ

)
dr

=
k

cβ β

k

∑
j=0

(
k
j

)∫ +∞

0
rk−β−1e−r‖u(k+n− j)(·, t + r)‖p,γ dr.
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Thus,

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ k

cβ β

k

∑
j=0

(
k
j

)∫ +∞

0
rk−β−1e−r‖u(k+n− j)(·, t + r)‖p,γ dr.

Now, if 1 ≤ q < ∞, using (8.50) we have,

(∫ ∞

0

(
tn−(α−β )

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ

)q dt
t

)1/q

≤ k
cβ β

k

∑
j=0

(
k
j

)(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
rk−β−1e−r‖u(k+n− j)(·, t + r)‖p,γ dr

)q dt
t

)1/q
.

For each 1 ≤ j ≤ k, 0 < α −β + k− j ≤ β and using Lemma 3.5

(
∫ ∞

0

(
tn−(α−β )

∫ ∞

0
rk−β−1e−r‖u(k+n− j)(·, t + r)‖p,γ dr

)q dt
t

)1/q

≤ (
∫ ∞

0

(
tn−(α−β )‖u(n+k− j)(·, t)‖p,γ

∫ +∞

0
rk−β−1e−rdr

)q dt
t

)1/q

= Γ (k−β )(
∫ ∞

0

(
tn+(k− j)−(α−β+k− j)‖u(n+k− j)(·, t)‖p,γ

)q dt
t

)1/q
< ∞,

as f ∈ Bα
p,q(γd)⊂ Bα−β+(k− j)

p,q (γd) for any 0 ≤ j ≤ k.

Now, for the case j = 0,

(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
rk−β−1e−r‖u(n+k)(·, t + r)‖p,γ dr

)q dt
t

)1/q

≤
(∫ ∞

0

(
tn−(α−β )

∫ t

0
rk−β−1e−r‖u(n+k)(·, t + r)‖p,γ dr

)q dt
t

)1/q

+
(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
rk−β−1e−r‖u(n+k)(·, t + r)‖p,γ dr

)q dt
t

)1/q

= (I)+(II).

Using Lemma 3.5, and k > β ,

(I) ≤
(∫ ∞

0

(
tn−(α−β )

∫ t

0
rk−β−1‖u(n+k)(·, t)‖p,γ dr

)q dt
t

)1/q

=
(∫ ∞

0

(
tn−(α−β )‖u(n+k)(·, t)‖p,γ

∫ t

0
rk−β−1dr

)q dt
t

)1/q

=
1

k−β

(∫ ∞

0

(
tn+k−α‖u(n+k)(·, t)‖p,γ

)q dt
t

)1/q
< ∞,
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because f ∈ Bα
p,q(γd) and n+ k > α. For the second term, using Lemma 3.5 and

Hardy’s inequality (10.101)

(II) ≤
(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
rk−β−1‖u(n+k)(·,r)

∥∥∥
p,γ

dr
)q dt

t

)1/q

≤ 1
n− (α −β )

(∫ ∞

0

(
rn+k−α‖u(n+k)(·,r)

∥∥∥
p,γ

)q dr
r

)1/q
< ∞,

because f ∈ Bα
p,q(γd).

Therefore, Dβ f ∈ Bα−β
p,q (γd). Moreover,

‖Dβ f‖
Bα−β

p,q
= ‖Dβ f‖p,γ +

(∫ ∞

0

(
tn−(α−β )

∥∥∥ ∂ n

∂ tn PtDβ f
∥∥∥

p,γ

)q dt
t

)1/q

≤ C1‖ f‖p,γ +
k

cβ β

k

∑
j=0

(
k
j

)
C2

(∫ ∞

0

(
rn−α

∥∥∥ ∂ n

∂ rn Pr f
∥∥∥

p,γ

)q dr
r

)1/q

≤ C‖ f‖Bα
p,q

Finally, if q = ∞, from the inequality (8.50)

∥∥∥ ∂ n

∂ tn Pt(Dβ f )
∥∥∥

p,γ
≤ k

cβ β

k

∑
j=0

(
k
j

)∫ +∞

0
rk−β−1e−r‖u(k+n− j)(·, t + r)‖p,γdr,

and then, the argument is essentially similar to the previous case, as in the last part
of the proof of Theorem 8.19. ��

8.5 Boundedness of Fractional Integrals and Fractional
Derivatives on Gaussian Triebel–Lizorkin Spaces

First, we study the boundedness of the Riesz potentials Iβ on Gaussian Triebel–
Lizorkin spaces.

Theorem 8.21. Let α ≥ 0,β > 0, 1 < p < ∞,1 ≤ q < ∞ then Iβ is bounded from

Fα
p,q(γd) into Fα+β

p,q (γd).

Proof. Let k > α + β + 1 be an integer fixed and f ∈ Fα
p,q(γd). Using the integral

representation of Riesz potentials (8.7), the semigroup property of {Pt}t≥0, and the
fact that P∞ f (x) is a constant, we get

Pt(Iβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ−1Pt(Ps f (x)−P∞ f (x))ds

=
1

Γ (β )

∫ +∞

0
sβ−1(Pt+s f (x)−P∞ f (x))ds. (8.50)
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Then, again using that P∞ f (x) is a constant and the chain rule,

∂ k

∂ tk Pt(Iβ f )(x) =
1

Γ (β )

∫ +∞

0
sβ−1 ∂ k

∂ tk (Pt+s f (x)−P∞ f (x))ds

=
1

Γ (β )

∫ +∞

0
sβ−1u(k)(x, t + s)ds. (8.51)

i) Case β ≥ 1: Using (8.51), the change of variables r = t+s, dr = ds, and Hardy’s
inequality (10.101), we have

(∫ +∞

0

(
tk−(α+β )|

∂ kPt(Iβ f )(x)

∂ tk |
)q dt

t

)1/q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

0
sβ−1|u(k)(x, t + s)|ds

)q dt
t

) 1
q

=
1

Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

t
(r− t)β−1|u(k)(x,r)|dr

)q dt
t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

t
rβ−1|u(k)(x,r)|dr

)q dt
t

) 1
q

≤ 1
Γ (β )

1

(k− (α +β ))1/q

(∫ +∞

0

(
rk−α |u(k)(x,r)|

)q dr
r

) 1
q
,

and, therefore,

‖
(∫ +∞

0

(
tk−(α+β )|

∂ kPt(Iβ f )

∂ tk |
)q dt

t

) 1
q
∥∥∥

p,γ

≤Ck,α ,β‖
(∫ +∞

0

(
rk−α |∂

kPr f
∂ rk |

)q dr
r

) 1
q
∥∥∥

p,γ
< ∞,

because f ∈ Fα
p,q. By (8.12) and the previous estimate,

‖Iβ f
∥∥∥

Fα+β
p,q

≤C‖ f
∥∥∥

Fα
p,q

.

ii) Case 0 < β < 1: again using (8.51),

(∫ +∞

0

(
tk−(α+β )|

∂ kPt(Iβ f )(x)

∂ tk |
)q dt

t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

0
sβ |u(k)(x, t + s)|ds

s

)q dt
t

) 1
q

≤ C
Γ (β )

(
∫ +∞

0
tq(k−(α+β ))−1

(∫ t

0
sβ−1|u(k)(x, t + s)|ds

)q
dt
) 1

q

+
C

Γ (β )
(
∫ +∞

0
tq(k−(α+β ))−1

(∫ +∞

t
sβ−1|u(k)(x, t + s)|ds

)q
dt
) 1

q

= (I)+(II).
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Writing sβ−1 = s
β−1

q + β−1
q′ , 1

q +
1
q′ = 1, and using Hölder’s inequality in the inter-

nal integral,

(I) ≤
Cβ

β
q−1

q

(∫ +∞

0
tq(k−α)−β−1

∫ t

0
sβ−1|u(k)(x, t + s)|qdsdt

)1/q
.

Using the Fubini–Tonelli theorem and using that q(k−β )−β − 1 > 0, as k >
β +β +1, we get

(I) ≤
Cβ

β
q−1

q

(∫ +∞

0
sβ−1

∫ +∞

s
tq(k−α)−β−1|u(k)(x, t + s)|qdt ds

)1/q

≤
Cβ

β
q−1

q

(∫ +∞

0
sβ−1

∫ +∞

s
(t + s)q(k−α)−β−1|u(k)(x, t + s)|qdt ds

)1/q
.

Then, by the change of variables r = t+s and using Hardy’s inequality (10.101),

(I) ≤
Cβ

β
q−1

q

(∫ +∞

0
sβ−1

∫ +∞

2s
rq(k−α)−β−1|u(k)(x,r)|qdr ds

)1/q

≤
Cβ

β
q−1

q

(∫ +∞

0
sβ−1

∫ +∞

s
rq(k−α)−β−1|u(k)(x,r)|qdr ds

)1/q

≤
Cβ

β

(∫ +∞

0

(
rk−α |u(k)(x,r)|

)q dr
r

)1/q
.

On the other hand, because β < 1, then t < s implies that sβ−1 < tβ−1, and by
the change of variables r = t + s and according to Hardy’s inequality (10.101),
as k > α +β +1 > α +1, we obtain

(II) ≤ Cβ

(∫ +∞

0
tq(k−α−1)−1

(∫ +∞

t
|u(k)(x, t + s)|ds

)q
dt
) 1

q

≤ Cβ

(∫ +∞

0
tq(k−α−1)−1

(∫ +∞

2t
|u(k)(x,r)|dr

)q
dt
) 1

q

≤ Cβ
1

(k−α −1)1/q

(∫ +∞

0

(
rk−α |∂

kPr f (x)
∂ rk |

)q dr
r

) 1
q
.

Therefore,
∥∥∥
(∫ +∞

0

(
tk−(α+β )|

∂ kPt(Iβ f )(x)

∂ tk |
)q dt

t

) 1
q
∥∥∥

p,γ

≤Ck,α ,β

∥∥∥
(∫ +∞

0

(
rk−α |∂

kPr f
∂ rk |

)q dr
r

) 1
q
∥∥∥

p,γ
< ∞.

as f ∈ Fα
p,q. Then, using (8.12) and the previous estimate, we get

‖Iβ f‖
Fα+β

p,q
≤C‖ f‖Fα

p,q
.

��
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Next, we study the boundedness properties of the Bessel potentials on Triebel–
Lizorkin spaces.

Theorem 8.22. Let α ≥ 0, 1 ≤ p,q < ∞ then for every β > 0,

i) Jβ is bounded on Fα
p,q(γd).

ii) Moreover, Jβ is bounded from Fα
p,q(γd) to Fα+β

p,q (γd).

Proof.

i) Let us prove that Jβ is bounded on Fα
p,q(γd). Using Lebesgue’s dominated con-

vergence theorem, Minkowski’s integral inequality, and iii), we have

(∫ ∞

0
(sk−α

∣∣∣∣∂ kPs

∂ sk

(
Jβ g

)
(x)

∣∣∣∣)q ds
s

)1/q

=

(∫ ∞

0
(sk−α

∣∣∣∣∂ kPs

∂ sk

( 1
Γ (β )

∫ +∞

0
tβ e−tPtg(x)

dt
t

)∣∣∣∣)q ds
s

)1/q

≤ 1
Γ (β )

∫ +∞

0
tβ e−t

(∫ ∞

0
(sk−α

∣∣∣∣∂ kPs(Ptg)
∂ sk (x)

∣∣∣∣)q ds
s

)1/q
dt
t
,

then, again using Minkowski’s integral inequality, and iii)

∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPs

∂ sk

(
Jβ g

)∣∣∣∣
)q ds

s

)1/q∥∥∥
p,γ

≤
∥∥∥ 1

Γ (β )

∫ +∞

0
tβ e−t

(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPs(Ptg)
∂ sk

∣∣∣∣
)q ds

s

)1/q
dt
t

∥∥∥
p,γ

≤ 1
Γ (β )

∫ +∞

0
tβ e−t

∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPs(Ptg)
∂ sk

∣∣∣∣
)q ds

s

)1/q∥∥∥
p,γ

dt
t

≤ 1
Γ (β )

∫ +∞

0
tβ e−t

∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPsg
∂ sk

∣∣∣∣
)q ds

s

)1/q∥∥∥
p,γ

dt
t

=
∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPsg
∂ sk

∣∣∣∣
)q ds

s

)1/q∥∥∥
p,γ
.

Thus,

‖Jβ g‖
Fβ

p,q
= ‖Jβ g‖p,γ +

∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPs

∂ sk

(
Jβ g

)∣∣∣∣
)q ds

s

)1/q∥∥∥
p,γ

≤ ‖g‖p,γ +
∥∥∥
(∫ ∞

0

(
sk−α

∣∣∣∣∂ kPsg
∂ sk

∣∣∣∣)q ds
s

)1/q∥∥∥
p,γ

= ‖g‖Fα
p,q
.

ii) Let k > α + β + 1 be a fixed integer, let f ∈ Fα
p,q(γd), and let h = Jβ f . We

consider two cases:
ii-1) If β ≥ 1. Taking the change of variables u = t+s and using Hardy’s inequal-

ity, we get
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(∫ +∞

0

(
tk−(α+β )|∂

kPth(x)
∂ tk |

)q dt
t

)1/q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

0
sβ e−s|∂

kPt+s f (x)
∂ (t + s)k |ds

s

)q dt
t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

t
(u− t)β−1|∂

kPu f (x)
∂uk |du

)q dt
t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0

(∫ +∞

t
uβ−1|∂

kPu f (x)
∂uk |du

)q
tq(k−(α+β ))−1dt

) 1
q

≤ 1
Γ (β )

1
k− (α +β )

(∫ +∞

0

(
uk−α |∂

kPu f (x)
∂uk |

)q du
u

) 1
q
.

Therefore,

∥∥∥
(∫ +∞

0

(
tk−(α+β )|∂

kPth
∂ tk |

)q dt
t

) 1
q
∥∥∥

p,γ

≤ 1
Γ (β )(k− (α +β ))

‖
(∫ +∞

0

(
uk−α |∂

kPu f
∂uk |

)q du
u

) 1
q
∥∥∥

p,γ
< ∞,

because f ∈ Fα
p,q(γd). Thus Jβ f ∈ Fα+β

p,q (γd).

ii-2) If 0 < β < 1.

(∫ +∞

0

(
tk−(α+β )|∂

kPth(x)
∂ tk |

)q dt
t

) 1
q

≤ 1
Γ (β )

(∫ +∞

0
tq(k−(α+β ))

(∫ +∞

0
sβ e−s|∂

kPt+s f (x)
∂ (t + s)k |ds

s

)q dt
t

) 1
q

≤ C
Γ (β )

(
∫ +∞

0
tq(k−(α+β ))−1

(∫ t

0
sα−1e−s|∂

kPt+s f (x)
∂ (t + s)k |ds

)q
dt
) 1

q

+
C

Γ (β )
(

∫ +∞

0
tq(k−(α+β ))−1

(∫ +∞

t
sα−1e−s|∂

kPt+s f (x)
∂ (t + s)k |ds

)q
dt
) 1

q

= I + II.

Now, e−s < 1 and as β < 1, then sβ−1 < tβ−1 for t < s.
Hence, again by the change of variables u = t+s and using Hardy’s inequal-
ity, we get

II ≤ C
Γ (β )

(∫ +∞

0
tq(k−β−1)−1

(∫ +∞

t
|∂

kPt+s f (x)
∂ (t + s)k |ds

)q
dt
) 1

q

≤ C
Γ (β )

(∫ +∞

0
tq(k−β−1)−1

(∫ +∞

t
|∂

kPu f (x)
∂uk |du

)q
dt
) 1

q

≤ C
Γ (β )

(∫ +∞

0

(
uk−α |∂

kPu f (x)
∂uk |

)q du
u

) 1
q
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On the other hand, using e−s < 1 again,

Iq ≤ C
Γ (β )

∫ +∞

0
tq(k−(α+β ))−1

(∫ t

0
sβ−1|∂

kPt+s f (x)
∂ (t + s)k |ds

)q
dt

=
C

Γ (β )β q

∫ +∞

0
tq(k−α)−1

( β
tβ

∫ t

0
sβ−1|∂

kPt+s f (x)
∂ (t + s)k |ds

)q
dt

Now, as β > 0,
∫ t

0
sβ−1ds =

tβ

β
, then using Jensen’s inequality for the prob-

ability measure
β
tβ sβ−1ds and Fubini’s theorem, we get

Iq ≤ C
Γ (β )β q

∫ +∞

0
tq(k−α)−1

( β
tβ

∫ t

0
sβ−1|∂

kPt+s f (x)
∂ (t + s)k |qds

)
dt

=
C

Γ (β )β q−1

∫ +∞

0
sβ−1

(∫ +∞

s
tq(k−α)−β−1|∂

kPt+s f (x)
∂ (t + s)k |qdt

)
ds

≤ C
Γ (β )β q−1

∫ +∞

0
sβ−1

(∫ +∞

s
(t + s)q(k−α)−β−1|∂

kPt+s f (x)
∂ (t + s)k |qdt

)
ds

as q(k−α)−β −1 > 0, because 0 < β < 1. Finally, again taking the change
of variables u = t + s and using Hardy’s inequality, we get

Iq ≤ C
Γ (β )β q−1

∫ +∞

0
sβ−1

(∫ +∞

2s
uq(k−α)−β−1|∂

kPu f (x)
∂uk |qdu

)
ds

≤ C
Γ (β )β q−1

∫ +∞

0
sβ−1

(∫ +∞

s
uq(k−α)−β−1|∂

kPu f (x)
∂uk |qdu

)
ds

≤ C
Γ (β )β q−1

∫ +∞

0

(
uk−β |∂

kPu f (x)
∂uk |

)q du
u
.

Hence,
∥∥∥
(∫ +∞

0

(
tk−(α+β )|∂

kPth
∂ tk |

)q dt
t

) 1
q
∥∥∥

p,γ

≤ Ck,α ,β

∥∥∥
(∫ +∞

0

(
uk−α |∂

kPu f
∂uk |

)q du
u

) 1
q
∥∥∥

p,γ
< ∞.

Thus, Jβ f ∈ Fα+β
p,q (γd), for 0 < β < 1.

Therefore, in both cases we have,

‖Jβ f‖
Fα+β

p,q
= ‖Jβ f‖p,γ +‖

(∫ +∞

0

(
tk−(α+β )|

∂ kPtJβ f

∂ tk |
)q dt

t

) 1
q
∥∥∥

p,γ

≤ Cβ‖ f‖p,γ +Ck,α ,β‖
(∫ +∞

0

(
uk−α |∂

kPu

∂uk |
)q du

u

) 1
q
∥∥∥

p,γ

≤ Ck,α ,β‖ f‖Fα
p,q
.

��
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Now, we study the boundedness of the Riesz fractional derivatives and of the
Bessel fractional derivatives on Triebel–Lizorkin spaces. Again, because they require
different techniques, we consider two cases:

• The bounded case, 0 < β < α < 1.
• The unbounded case 0 < β < α.

Let us start with the bounded case for the Riesz derivative.

Theorem 8.23. Let 1 ≤ p,q < ∞, for 0 < β < α < 1, Dβ is bounded from Fα
p,q(γd)

into Fα−β
p,q (γd).

Proof. Let f ∈ Fα
p,q(γd), using the fundamental theorem of calculus, and Hardy’s

inequality (10.100) with p = 1,

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1

∣∣∣Ps f (x)− f (x)
∣∣∣ds

≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0

∣∣∣ ∂
∂ r

Pr f (x)
∣∣∣dr ds ≤ 1

cβ β

∫ +∞

0
r1−β

∣∣∣ ∂
∂ r

Pr f (x)
∣∣∣dr

r
.

Thus,

‖Dβ f‖p,γ ≤ Cβ

∥∥∥
∫ +∞

0
r1−β

∣∣∣ ∂
∂ r

Pr f
∣∣∣dr

r

∥∥∥
p,γ

≤Cβ‖ f‖Fα
p,q

< ∞, (8.52)

because Fα
p,q(γd) ⊂ Fβ

p,1(γd) (α > β and q ≥ 1). Now, using an analogous argument
using Hardy’s inequality (10.100) with p = 1,

∣∣∣ ∂
∂ t

Pt(D
β f )(x)

∣∣∣ ≤ 1
cβ

∫ +∞

0
s−β−1| ∂

∂ t
Pt+s f (x)− ∂

∂ t
Pt f (x)|ds

≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0
|u(2)(x, t + r)|dr ds ≤ 1

cβ β

∫ +∞

0
r−β |u(2)(x, t + r)|dr.

This implies that

∫ ∞

0

(
t1−(α−β )| ∂

∂ t
Pt(Dβ f )(x)|

)q dt
t

≤ 1
cβ β

∫ ∞

0

(
t1−(α−β )

∫ +∞

0
r−β |u(2)(x, t + r)|dr

)q dt
t

≤ Cβ

∫ ∞

0

(
t1−(α−β )

∫ t

0
r−β |u(2)(x, t + r)|dr

)q dt
t

(8.53)

+Cβ

∫ ∞

0

(
t1−(α−β )

∫ +∞

t
r−β |u(2)(x, t + r)|dr

)q dt
t

= (I)+(II).
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Writing r−β = r
−β
q +−β

q′ , 1
q +

1
q′ = 1, and using Hölder’s inequality in the internal

integral, we have

(I)≤Cβ (1−β )1−q
∫ ∞

0
t(2−α)q−2+β

∫ t

0
r−β |u(2)(x, t + r)|qdr dt.

Then, according to the Fubini–Tonelli theorem, we get

(I)≤Cβ (1−β )1−q
∫ ∞

0
r−β

∫ ∞

r
t(2−α)q+β−2|u(2)(x, t + r)|qdt dr.

It is easy to prove that (2−α)q+β −2 >−1. We need to study two cases:

Case #1 – if (2−α)q+β − 2 < 0: as r < t and taking the change of variables
w = t + r, we have

(I) ≤ Cβ (1−β )1−q
∫ ∞

0
r(2−α)q−2

∫ ∞

r
|u(2)(x, t + r)|qdt dr

≤ Cβ (1−β )1−q
∫ ∞

0
r[(2−α)q−1]−1

∫ ∞

2r
|u(2)(x,w)|qdwdr

≤ Cβ (1−β )1−q
∫ ∞

0
r[(2−α)q−1]−1

∫ ∞

r
|u(2)(x,w)|qdwdr.

Then using Hardy’s inequality (10.101) as (2−α)q−1 > 0

(I) ≤ Cβ (1−β )1−q 1
(2−β )q−1

∫ ∞

0

(
w2−β |u(2)(x,w)|

)q dw
w

.

Case #2 – if (2−β )q+β −2 ≥ 0: taking the change of variables w = t + r, we get

(I) ≤ Cβ (1−β )1−q
∫ ∞

0
r−β

∫ ∞

r
(t + r)(2−α)q+β−2|u(2)(x, t + r)|qdt dr

= Cβ (1−β )1−q
∫ ∞

0
r−β

∫ ∞

2r
w(2−α)q+β−2|u(2)(x,w)|qdwdr

≤ Cβ (1−β )1−q
∫ ∞

0
r−β

∫ ∞

r
w(2−α)q+β−2|u(2)(x,w)|qdwdr,

and using Hardy’s inequality (10.101),

(I) ≤
Cβ

(1−β )q

∫ ∞

0

(
w2−α |u(2)(x,w)|

)q dw
w

.

Therefore, in both cases we have

(I) ≤ Cβ

∫ ∞

0

(
w2−α |u(2)(x,w)|

)q dw
w

.
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To estimate (II), observe that r−β < t−β , for r > t and β > 0, then using the same
argument as before to estimate (I) case #1, taking the change of variables w = t + r,
and using Hardy’s inequality (10.101), so that

(II) ≤
Cβ

1−α

∫ ∞

0

(
w2−α |u(2)(x,w)|

)q dw
w

.

Finally,

∥∥∥
(∫ ∞

0

(
t1−(α−β )| ∂

∂ t
Pt(D

β f )|
)q dt

t

)1/q∥∥∥
p,γ

≤C
∥∥∥(

∫ ∞

0

(
t1−(α−β )

∫ +∞

0
r−β |u(2)(·, t + r)|dr

)q dt
t
)1/q

∥∥∥
p,γ

≤C
∥∥∥
(∫ ∞

0

(
w2−β |u(2)(·,w)|

)q dw
w

)1/q∥∥∥
p,γ

< ∞, (8.54)

as f ∈ Fβ
p,q(γd). Using the previous estimate and (8.52)

‖Dβ f‖
Fα−β

p,q
≤C‖ f‖

Fβ
p,q
. ��

In the following theorem, we study the boundedness of the Bessel fractional
derivative on Triebel–Lizorkin spaces for the bounded case 0 < β < α < 1.

Theorem 8.24. Let 0 < β < α < 1, 1 ≤ p,q < ∞ then Dβ is bounded from Fα
p,q(γd)

into Fα−β
p,q (γd).

Proof. Let f ∈ Lp(γd), using the fundamental theorem of calculus, we can write

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|e−sPs f (x)− f (x)|ds

≤ 1
cβ

∫ +∞

0
s−β−1e−s|Ps f (x)− f (x)|ds+

1
cβ

∫ +∞

0
s−β−1|e−s −1|| f (x)|ds

≤ 1
cβ

∫ +∞

0
s−β−1

∫ s

0

∣∣∣ ∂
∂ r

Pr f (x)
∣∣∣dr ds+

1
cβ

| f (x)|
∫ +∞

0
s−β−1

∫ s

0
e−rdr ds.

Now, using Hardy’s inequality (10.100) with p = 1 in both integrals, we have

|Dβ f (x)| ≤ 1
βcβ

∫ +∞

0
r1−β

∣∣∣ ∂
∂ r

Pr f (x)
∣∣∣dr

r
+

1
βcβ

Γ (1−β )| f (x)|.

Thus,

|Dβ f (x)| ≤ 1
βcβ

∫ +∞

0
r1−β |u(1)(x,r)|dr

r
+

1
βcβ

Γ (1−β )| f (x)|.
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Therefore, if f ∈ Fα
p,q(γd), we get

‖Dβ f‖p,γ ≤ 1
βcβ

∥∥∥
∫ +∞

0
r1−β |u(1)(·,r)|dr

r

∥∥∥
p,γ

+
1

βcβ
Γ (1−β )‖ f‖p,γ

≤ Cβ‖ f‖
Fβ

p,1
≤C′

β‖ f‖Fα
p,q
, (8.55)

because Fα
p,q(γd)⊂ Fβ

p,1(γd), as α > β , and q ≥ 1.

Using a similar argument to that above, the fundamental theorem of calculus and
Hardy’s inequality (10.100) with p = 1, we get

∣∣∣ ∂
∂ t

Pt(D
β f )(x)

∣∣∣ ≤ 1
cβ

∫ ∞

0
s−β−1

∣∣∣e−s ∂
∂ t

Pt+s f (x)− ∂
∂ t

Pt f (x)
∣∣∣ds

≤ 1
cβ

∫ ∞

0
s−β−1e−s

∣∣∣ ∂
∂ t

Pt+s f (x)− ∂
∂ t

Pt f (x)
∣∣∣ds

+
1
cβ

∫ ∞

0
s−β−1|e−s −1|

∣∣∣ ∂
∂ t

Pt f (x)
∣∣∣ds

≤ 1
cβ

∫ ∞

0
s−β−1

∫ s

0
|u(2)(x, t + r)|dr ds

+
1
cβ

|u(1)(x, t)|
∫ ∞

0
s−β−1

∫ s

0
e−rdr ds,

≤ 1
βcβ

∫ ∞

0
r−β |u(2)(x, t + r)|dr+

Γ (1−β )
βcβ

|u(1)(x, t)|.

Therefore,
∣∣∣ ∂
∂ t

Pt(D
β f (x))

∣∣∣≤ 1
βcβ

∫ ∞

0
r−β |u(2)(x, t + r)|dr+

Γ (1−β )
βcβ

|u(1)(x, t)|.

Then, we have
∥∥∥
(∫ ∞

0

(
t1−(α−β )

∣∣∣ ∂
∂ t

Pt(D
β f )

∣∣∣
)q dt

t

)1/q∥∥∥
p,γ

≤ C
βcβ

∥∥∥
(∫ ∞

0

(
t1−(α−β )

∫ ∞

0
r−β |u(2)(·, t + r)|dr

)q dt
t

)1/q∥∥∥
p,γ

+
C

βcβ
Γ (1−β )

∥∥∥
(∫ ∞

0

(
t1−(α−β )|u(1)(·, t)|

)q dt
t

)1/q∥∥∥
p,γ
.

Now, the first term can be estimated as in the proof of Theorem 3, estimates (8.53)
and (8.54), so that

∥∥∥
(∫ ∞

0

(
t1−(α−β )

∫ ∞

0
r−β |u(2)(·, t + r)|dr

)q dt
t

)1/q∥∥∥
p,γ

≤ C
∥∥∥
∫ ∞

0

(
t2−α

∣∣∣ ∂ 2

∂ t2 Pt f
∣∣∣
)q dt

t

)1/q∥∥∥
p,γ
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which is finite as f ∈ Fα
p,q(γd). For the second term, we have

∥∥∥
(∫ ∞

0

(
t1−(α−β )|u(1)(x, t)|

)q dt
t

)1/q∥∥∥
p,γ

≤ C‖ f‖
Fα−β

p,q
≤C‖ f‖Fα

p,q

as Fα
p,q(γd)⊂ Fα−β

p,q (γd); thus,

∥∥∥
(∫ ∞

0

(
t1−(α−β )| ∂

∂ t
Pt(D

β f )|
)q dt

t

)1/q∥∥∥
p,γ

≤C‖ f‖Fα
p,q
.

Therefore, Dβ f ∈ Fα−β
p,q (γd) and moreover, using the previous estimate and (8.55)

‖Dβ f‖
Fα−β

p,q
≤ C‖ f‖Fα

p,q
.

��

To study the general case for fractional derivatives (removing the condition that
the indexes must be less than 1), we need to consider forward differences again.
Also, we need the generalized version of Hardy’s inequality (see Theorem 10.26 in
the Appendix, and also the following technical results):

Lemma 8.25. For any positive integer k,

Δ k
s ( f , t) =

∫ t+s

t

∫ v1+s

v1

. . .
∫ vk−1+s

vk−1

f (k)(vk)dvk . . .dv2dv1

=
∫ s

0
. . .

∫ s

0
f (k)(t + v1 + . . .+ vk)dvk . . .dv1

For the proof of this result, see Lemma 10.30 in the Appendix, or [109]
Lemma 3.1, ii).

Lemma 8.26. Let t ≥ 0,β > 0 and let k be the smallest integer greater than β , and
let f differentiable up to order k, then

∫ +∞

0
s−β−1|Δ k

s ( f , t)|ds ≤Cβ ,k

∫ +∞

0
wk−β−1| f (k)(t +w)|dw

where Cβ ,k =
∫ 1

0
. . .

∫ 1

0
(v1 + . . .+ vk)

β−kdv1 . . .dvk

Proof. Using Lemma10.26, with p = 1, and Lemma 8.25 we have,

∫ +∞

0
s−β−1|Δ k

s ( f , t)|ds ≤
∫ +∞

0
s−β−1

∫ s

0
. . .

∫ s

0
| f (k)(t + v1 + . . .+ vk)|dv1 . . .dvkds

≤
∫ 1

0
. . .

∫ 1

0

(∫ +∞

0
(sk| f (k)(t + s(v1 + . . .+ vk)|)s−β−1ds

)
dv1 . . .dvk

=
∫ 1

0
. . .

∫ 1

0

(∫ +∞

0
(sk−β−1| f (k)(t + s(v1 + . . .+ vk)|)ds

)
dv1 . . .dvk
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taking r = s(v1 + . . .+ vk) then dr = (v1 + . . .+ vk)ds,

∫ +∞

0
sk−β−1| f (k)(t + s(v1 + . . .+ vk)|ds =

∫ +∞

0
rk−β | f (k)(t + r)|dr

r
(v1 + . . .+ vk)

β−k

=
∫ +∞

0
rk−β−1| f (k)(t + r)|dr(v1 + . . .+ vk)

β−k.

Therefore,
∫ +∞

0
s−β−1|Δ k

s ( f , t)|ds

≤
∫ 1

0
. . .

∫ 1

0

(∫ +∞

0
rk−β−1| f (k)(t + r)|dr(v1 + . . .+ vk)

β−k
)

dv1 . . .dvk

=
(∫ +∞

0
rk−β−1| f (k)(t + r)|dr

)∫ 1

0
. . .

∫ 1

0
(v1 + . . .+ vk)

β−kdv1 . . .dvk

= Cβ ,k

(∫ +∞

0
rk−β−1| f (k)(t + r)|dr,

where Cβ ,k =
∫ 1

0
. . .

∫ 1

0
(v1 + . . .+ vk)

β−kdv1 . . .dvk < ∞. ��

We need to use (8.47)

(Ps − I)k f (x) = Δ k
s (u(x, ·),0),

and (8.48)
Pt(Ps − I)k f (x) = Δ k

s (u(x, ·), t).
Let us consider the unbounded case 0 < β < α for the Riesz derivative,

Theorem 8.27. Let 0 < β < α , 1 ≤ p,q < ∞, then Dβ is bounded from Fα
p,q(γd) into

Fα−β
p,q (γd).

Proof. Let f ∈ Fα
p,q(γd), using (8.47), (8.48) and Lemma 8.26,

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|(Ps − I)k f (x)|ds

=
1
cβ

∫ +∞

0
s−β−1|Δ k

s (u(x, ·),0)|ds

≤ Cβ ,k

∫ +∞

0
rk−β−1|u(k)(x,r)|dr.

Then

‖Dβ f‖p,γ ≤ Cβ ,k

∥∥∥
∫ +∞

0
rk−β |u(k)(·,r)|dr

r

∥∥∥
p,γ

< ∞,
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because Fα
p,q(γd)⊂ Fβ

p,1(γd), (α > β and 1 ≤ q < ∞).

Let n ∈ N,n > α; using Lemma 10.30(8.46) and Lemma 8.26, we get

∣∣∣ ∂ n

∂ tn Pt(Dβ f )(x)
∣∣∣ ≤ 1

cβ

∫ +∞

0
s−β−1|Δ k

s (u
(n)(x, ·), t)|ds

≤ 1
cβ

Cβ ,k

∫ +∞

0
rk−β−1|u(n+k)(x, t + r)|dr.

Therefore,

∫ ∞

0

(
tn−(α−β )

∣∣∣ ∂ n

∂ tn Pt(Dβ f )(x)
∣∣∣
)q dt

t

≤Cβ ,k

∫ ∞

0

(
tn−(α−β )

∫ +∞

0
rk−β−1|u(n+k)(x, t + r)|dr

)q dt
t

which is inequality (8.53) for n = k = 1. The rest of the proof follows the argument
used in Theorem 8.23, so that

(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
rk−β−1|u(n+k)(x, t + r)|dr

)q dt
t

)1/q
(8.56)

≤C
(∫ ∞

0

(
sn+k−α |u(n+k)(x,s)|

)q ds
s

)1/q
,

taking Lp(γ)-norm both sides of the inequality, we get the result. ��

Finally, the following result extends Theorem 8.24 to the general case 0< β <α:

Theorem 8.28. Let 0 < β < α , 1 < p < ∞ and 1 ≤ q < ∞, then Dβ is bounded from

Fα
p,q(γd) into Fα−β

p,q (γd).

Proof. Let f ∈ Fα
p,q(γd), k be an integer such that k − 1 ≤ β < k and v(x,r) =

e−ru(x,r), using Lemma 8.26 and Leibniz’s differentiation rule for the product

|Dβ f (x)| ≤ 1
cβ

∫ +∞

0
s−β−1|(e−sPs − I)k f (x)|ds =

1
cβ

∫ +∞

0
s−β−1|Δ k

s (v(x, ·),0)|ds

≤ Cβ ,k

∫ +∞

0
rk−β |v(k)(x,r)|dr

r
≤Cβ ,k

( k

∑
j=0

(
k
j

)∫ +∞

0
rk−β e−r|u(k− j)(x,r)|dr

r

)

= Cβ ,k

( k−1

∑
j=0

(
k
j

)∫ +∞

0
rk−β e−r|u(k− j)(x,r)|dr

r

)
+Cβ ,k

∫ +∞

0
rk−β e−r|u(x,r)|dr

r
,
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then

‖Dβ f‖p,γ ≤ Cβ ,k

( k−1

∑
j=0

(
k
j

)∥∥∥
∫ +∞

0
rk−β |u(k− j)(·,r)|dr

r

∥∥∥
p,γ

)
+Cβ ,k

∥∥∥
∫ +∞

0
rk−β e−r|u(·,r)|dr

r

∥∥∥
p,γ

≤ Cβ ,k

( k−1

∑
j=0

(
k
j

)∥∥∥
∫ +∞

0
rk−β |u(k− j)(·,r)|dr

r

∥∥∥
p,γ

)
+Cβ ,k

∫ +∞

0
rk−β e−r‖u(·,r)‖p,γ

dr
r

≤ Cβ ,k

( k−1

∑
j=0

(
k
j

)∥∥∥
∫ +∞

0
rk− j−(β− j)|u(k− j)(·,r)|dr

r

∥∥∥
p,γ

)
+Cβ ,k‖ f‖p,γΓ (k−β )

≤ C‖ f‖Fα
p,q
,

because Fα
p,q(γd)⊂ Fβ− j

p,1 (γd), as α > β ≥ β − j ≥ 0, for j = 0, . . . ,k−1 and q ≥ 1.

Now, let n ∈ N,n > α and w(x, t) = e−tu(n)(x, t), using Lemma 8.26, we get

∣∣∣ ∂ n

∂ tn Pt(D
β f )(x)

∣∣∣ ≤ et

cβ

∫ +∞

0
s−β−1|Δ k

s (w(x, ·), t)|ds

≤ etCβ ,k

∫ +∞

0
sk−β−1|w(k)(x, t + s)|ds.

Now, using Leibniz’s rule, w(k)(x,r) =
k

∑
j=0

(
k
j

)
(−1) je−ru(k+n− j)(x,r) and then

|w(k)(x,r)| ≤
k

∑
j=0

(
k
j

)
e−r|u(k+n− j)(x,r)|,

for all r > 0. Thus,

∣∣∣ ∂ n

∂ tn Pt(D
β f )(x)

∣∣∣ ≤ Cβ ,k

k

∑
j=0

(
k
j

)∫ +∞

0
sk−β−1e−s|u(k+n− j)(x, t + s)|ds.

Therefore,

(∫ ∞

0

(
tn−(α−β )

∣∣∣ ∂ n

∂ tn Pt(D
β f )(x)

∣∣∣
)q dt

t

)1/q

≤ Cβ ,k

k

∑
j=0

(
k
j

)(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
sk− j−(β− j)−1e−s|u(k− j+n)(x, t + s)|ds

)q dt
t

)1/q

For 0 ≤ j ≤ k− 1, we have β − j ≥ β − (k− 1) ≥ 0, and taking into account that
each term of the above sum is bounded by the left side of the inequality (8.56), with
k replaced by k− j and β replaced by β − j, we get that

∥∥∥
(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
sk− j−(β− j)−1e−s|u(k+n− j)(x·, t + s)|ds

)q dt
t

)1/q∥∥∥
p,γ

<C‖ f‖Fα
p,q
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for 0≤ j ≤ k−1. Unfortunately, the remaining case j = k requires a special argument
that uses the following known inequality for the Poisson–Hermite semigroup:

∣∣∣ ∂ n

∂ tn Pt f (x)
∣∣∣≤CT ∗ f (x)t−n (8.57)

(see Lemma 3.4; see also [226, Lemma 1], or [224]). Then

(∫ ∞

0

(
tn−(α−β )

∫ +∞

0
sk−β−1e−s|u(n)(·, t + s)|ds

)q dt
t

)1/q

≤ C
(∫ ∞

0

(
tn−(α−β )

∫ t

0
sk−β−1e−s|u(n)(x, t + s)|ds

)q dt
t

)1/q

+C
(∫ ∞

0

(
tn−(α−β )

∫ +∞

t
sk−β−1e−s|u(n)(x, t + s)|ds

)q dt
t

)1/q

= (I)+(II).

We first consider the case k ≤ β . The term (I) is estimated as term (I) in the proof of
Theorem 8.23.

(I) ≤ C
(∫ ∞

0

(
vn−(α−k)|u(n)(x,v)|

)q dv
v

)1/q
.

Because β ≥ k−1, taking the change of variables v = t + s, we get

(II) ≤ C
(∫ ∞

0
t(n+k−α−1)q−1

(∫ +∞

t
|u(n)(x, t + s)|ds

)q
dt
)1/q

= C
(∫ ∞

0
t(n+k−α−1)q−1

(∫ +∞

2t
|u(n)(x,r)|dr

)q
dt
)1/q

≤ C
(∫ ∞

0
t(n+k−α−1)q−1

(∫ +∞

t
|u(n)(x,r)|dr

)q
dt
)1/q

.

Therefore, using Hardy’s inequality (10.101),

(II) ≤ C

(n+ k−α −1)1/q

(∫ ∞

0

(
rn−(α−k)|u(n)(x,r)|

)q dr
r

)1/q
,

Next, consider the case k > α . In this case, using inequality (8.57) and Hardy’s
inequality (10.100), we have

(I) ≤ Cn|T ∗ f (x)|
(∫ ∞

0
t−(α−β )q−1

(∫ t

0
sk−β−1e−sds

)q
dt
)1/q

≤ Cn|T ∗ f (x)| 1

(α −β )1/q

(∫ ∞

0
s(k−α)q−1e−sqds

)1/q

= Cn|T ∗ f (x)| 1

(α −β )1/qqk−α

(
Γ ((k−α)q)1/q.

On the other hand,
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(II) ≤
(∫ 1

0
t(n+k−α−1)q−1

(∫ +∞

t
e−s|u(n)(x, t + s)|ds

)q
dt
)1/q

+
(∫ ∞

1
t(n+k−α−1)q−1

(∫ +∞

t
e−s|u(n)(x, t + s)|ds

)q
dt
)1/q

= (III)+(IV ).

Using the usual argument the change of variables v = t + s and Hardy’s inequal-
ity (10.101), we get

(III) ≤
(∫ 1

0
t(n−1)q−1

(∫ +∞

t
|u(n)(x, t + s)|ds

)q
dt
)1/q

≤
(∫ ∞

0
t(n−1)q−1

(∫ +∞

t
|u(n)(x, t + s)|ds

)q
dt
)1/q

=
(∫ ∞

0
t(n−1)q−1

(∫ +∞

2t
|u(n)(x,r)|dr

)q
dt
)1/q

≤
(∫ ∞

0
t(n−1)q−1

(∫ +∞

t
|u(n)(x,r)|dr

)q
dt
)1/q

≤ 1
n−1

(∫ ∞

0

(
rn|u(n)(x,r)|

)q dr
r

)1/q
.

Finally, using inequality (8.57) again, we get

(IV ) ≤
(∫ ∞

1
t(n+k−α−1)q−1

(∫ +∞

t
e−sCn|T ∗ f (x)|t−nds

)q
dt
)1/q

= Cn|T ∗ f (x)|
(∫ ∞

1
t(k−α−1)q−1e−tqdt

)1/q

≤ Cn|T ∗ f (x)|
(∫ ∞

1
t(k−α−1)q−1dt

)1/q
=Cn|T ∗ f (x)|

( 1
(α +1− k)q

)1/q
.

Hence, in both cases, we get that

∥∥∥
(∫ ∞

0

(
tn−(α−β )| ∂ n

∂ tn Pt(D
β f )|

)q dt
t

)1/q∥∥∥
p,γ

< ∞,

as f ∈ Fα
p,q(γd). Therefore, Dβ f ∈ Fα−β

p,q (γd) and moreover,

‖Dβ f‖
Fα−β

p,q
≤ C‖ f‖Fα

p,q
. ��

8.6 Notes and Further Results

1. Observe that the arguments given in the proofs of theorems in this chapter are
still valid in the classical case taking the Poisson integral; therefore, they are
alternative proofs to those given in E. Stein’s book [252].
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2. Moreover, if instead of considering the Ornstein–Uhlenbeck operator and the
Poisson–Hermite semigroup, we consider the Laguerre differential operator in
R

d
+, for α = (α1, · · · ,αd) a multi-index,

L α =
d

∑
i=1

[
xi

∂ 2

∂x2
i

+(αi +1− xi)
∂

∂xi

]
(8.58)

and the corresponding Poisson–Laguerre semigroup, or if we consider the Jacobi
differential operator in (−1,1)d ,

L α ,β =−
d

∑
i=1

[
(1− x2

i )
∂ 2

∂x2
i

+(βi −αi − (αi +βi +2)xi)
∂

∂xi

]
, (8.59)

and the corresponding Poisson–Jacobi semigroup (for more details, we refer
the reader to [279]), the arguments are completely analogous. To see this, it
is more convenient to use the representation of Pt in terms of the one-sided

stable measure μ(1/2)
t (ds) and to write Lemma 3.3 in those terms (see [225]). In

other words, we can define in an analogous manner Laguerre–Lipschitz spaces
and Jacobi–Lipschitz spaces, and prove the corresponding notions of fractional
integrals and fractional derivatives (see [117, 25]).

3. Following similar arguments to those given in Chapter 7, we can define in
an analogous manner Laguerre–Besov–Lipschitz spaces and Jacobi–Besov–
Lipschitz spaces, in addition to Laguerre–Triebel–Lizorkin spaces and Jacobi–
Triebel–Lizorkin spaces, and then prove that the corresponding notions of
fractional integrals and fractional derivatives of corresponding operators L α ,β

and L α behave similarly.

4. In [146], G. E. Karadzhov & M. Milman show that the Gaussian Riesz potentials
Iβ maps Lp(logL)a continuously into Lp(logL)a+β , for 1 < p < ∞ and a ∈ R.
The proof is using extrapolation in an abstract setting. Moreover, their proof is
in fact valid for any hypercontractive semigroup (see [146, Theorem 5.7]).

5. We can also consider alternative Riesz potentials, alternative Bessel potential,
alternative Riesz and alternative Bessel fractional derivatives using the same
formulas as before, but with respect to L, the alternative Ornstein–Uhlenbeck
operator (2.14). This case is actually simpler, as 0 is not a eigenvalue of L. For
instance, for β > 0 the alternative Riesz potential Iβ can be defined as

Iβ = (−L)−β/2, (8.60)

meaning that any multi-index ν such that |ν |> 0 its action on the Hermite poly-
nomial Hν is

Iβ Hν(x) =
1

(|ν |+d)β/2
Hν(x). (8.61)
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Iβ has the following integral representation, using the fact that L is the infinite-

simal generator of the semigroup {T (d)
t }t = {e−tdTt}t , the d-translated Ornstein–

Uhlenbeck semigroup (2.78),

Iβ f (x) = (−L)−β/2 f (x) =
1

Γ (β/2)

∫ ∞

0
t

β−2
2 T (d)

t f (x) dt (8.62)

=
1

Γ (β/2)

∫ ∞

0
t

β−2
2 e−dtTt f (x) dt

= Cβ e|x|
2
∫
Rd

(∫ 1

0
(− logr)

β−2
2 rd e

− |x−ry|2
1−r2

(1− r2)
d
2

dr
r

)
f (y) γd(dy).

= Cβ

∫
Rd

(∫ 1

0
(− logr)

β−2
2 rd e

− |y−rx|2
1−r2

(1− r2)
d
2

dr
r

)
f (y)(dy).

The integral representation (8.62) is crucial to getting the Lp(γd)-boundedness
results of some of the Gaussian singular integrals considered in Chapter 9.

Similar representations can be found for Bessel potentials and the fractional
derivatives associated with L.

6. In [164], alternate representations of Iβ and Dβ are obtained.

Proposition 8.29. Suppose f ∈C2
B(R

d) such that
∫
Rd f (y)γd(dy) = 0, then

Dβ f =
1

βcβ

∫ ∞

0
t−β ∂

∂ t
Pt f dt, 0 < β < 1, (8.63)

Iβ f =− 1
βΓ (β )

∫ ∞

0
tβ ∂

∂ t
Pt f dt, β > 0. (8.64)

Proof. Let us start proving (8.63). Integrating by parts in (8.26) ,we get

Dβ f (x) =
1
cβ

lim
a→0+
b→∞

∫ b

a
t−β−1 (Pt f (x)− f (x))dt

=
1
cβ

lim
a→0+
b→∞

{
t−β

−β
(Pt f (x)− f (x))

∣∣∣b
a
+

1
β

∫ b

a
t−β ∂

∂ t
Pt f (x)dt

}

=
1

βcβ

∫ ∞

0
t−β ∂

∂ t
Pt f (x)dt

because, using (3.28) and (3.29), we have

lim
b→∞

(
Pb f (x)− f (x)

bβ

)
= 0
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and

lim
a→0+

∣∣∣∣Pa f (x)− f (x)

aβ

∣∣∣∣ ≤ lim
a→0+

1

aβ

∫ a

0

∣∣∣∣ ∂
∂ s

Ps f (x)

∣∣∣∣ds

≤ Cd, f (d + |x|) lim
a→0+

1− e−a

aβ = 0.

Let us prove now (8.64). Again, by integrating by parts, we have

Iβ f (x) =
1

Γ (β )
lim

a→0+
b→∞

∫ b

a
tβ−1Pt f (x)dt

=
1

Γ (β )
lim

a→0+
b→∞

{
tβ

β
Pt f (x)

∣∣∣b
a
− 1

β

∫ b

a
tβ ∂

∂ t
Pt f (x)dt

}

= − 1
βΓ (β )

∫ ∞

0
tβ ∂

∂ t
Pt f (x)dt,

because, using the previous result

lim
b→∞

∣∣∣Pb f (x)bβ
∣∣∣≤Cd, f (d + |x|) lim

b→∞
bβ e−b = 0

and
lim

a→0+

∣∣∣Pa f (x)aβ
∣∣∣= 0. ��

Observe that because the previous proposition holds for f = Hβ , the Hermite
polynomial of order β , |β |> 0, then it holds for any non-constant polynomial f
such that

∫
Rd f (y)γd(dy) = 0.

By using (3.3) and (8.63), Dβ can be expressed explicitly as

Dβ f (x) =
∫
Rd

Kβ (x,y) f (y)dy,

where,

Kβ (x,y) = Cd

∫ ∞

0

∫ 1

0
t−β et2/4logr(−logr)1/2 e

− |y−rx|2
1−r2

(1− r2)d/2

×
(

2r2 |y− rx|2 −2r(1− r2)〈y− rx,x〉−dr2(1− r2)

(1− r2)2

)
dr
r

dt.

Now, let us write

qt(x,y) =−t
∂
∂ t

⎛
⎜⎝
∫ 1

0
t
exp

(
t2/4logr

)
(− logr)3/2

exp
(
−|y−rx|2

1−r2

)

(1− r2)d/2

dr
r

⎞
⎟⎠ , (8.65)
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and define the operator Qt as

Qt f (x) =−t
∂
∂ t

Pt f (x) =
∫
Rd

qt(x,y) f (y)dy. (8.66)

Following [108] we immediately get from (8.63) and (8.64) the following for-
mulas:

Corollary 8.30. Suppose f ∈ C2
B(R

d) such that
∫
Rd f (y)γd(dy) = 0. Then, we

have

−βDβ f =
1
cβ

∫ ∞

0
t−β−1Qt f dt, 0 < β < 1, (8.67)

β Iβ =
1

Γ (β )

∫ ∞

0
tβ−1Qt f dt, β > 0. (8.68)

7. An interesting use of the family {Qt} is that it allows us to give a version of A.
P. Calderón’s reproducing formula for the Gaussian measure; see [164].

Theorem 8.31.
i) Suppose f ∈ L1(γd) such that

∫
Rd f (y)γd(dy) = 0, then we have

f =
∫ ∞

0
Qt f

dt
t
. (8.69)

ii) Suppose f a polynomial such that
∫
Rd f (y)γd(dy) = 0, then we have

f =Cβ

∫ ∞

0

∫ ∞

0
t−β sβ Qt (Qs f )

ds
s

dt
t

0 < β < 1. (8.70)

Also,

∫ ∞

0

∫ ∞

0
t−β sβ Qt (Qs f )

ds
s

dt
t
= dβ

∫ ∞

0
u

∂ 2

∂u2 Pu f du. (8.71)

Formula (8.70) is the aforementioned version of Calderón’s reproducing formula
for the Gaussian measure.

Proof.
i) Using (3.28) and (3.29) we have,

∫ ∞

0
Qt f

dt
t
= lim

a→0+
b→∞

(−
∫ b

a

∂
∂ t

Pt f dt) = lim
a→0+
b→∞

(−Pt f )
∣∣∣b
a
= f .

ii) Let us prove (8.70), given f , a polynomial such that
∫
Rd f (y)γd(dy) = 0, by

Corollary 8.30, we have

Dβ
(
Iβ f

)
=

1
βcβ

∫ ∞

0
t−β−1Qt

(
Iβ f

)
dt.
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Now, using the definition of Qt and Fubini’s theorem, we have

Qt
(
Iβ f

)
=

1
βΓ (β )

∫
Rd

∫ ∞

0
sβ−1Qs( f )(y)dsdy.

Again, using the definition of Qs, we obtain

f = Dβ
(
Iβ f

)
= dβ

∫ ∞

0

∫ ∞

0
t−β−1sβ−1Qt (Qs f )dsdt.

To show (8.71), we see that from (8.66)

Qt (Qs f )(x) = ts
∂
∂ t

∂
∂ s

Pt+s f (x).

But
∂
∂ t

∂
∂ s

Pt+s f (x) =
∂ 2

∂u2 Pu f (x)
∣∣∣
u=t+s

,

then

∫ ∞

0

∫ ∞

0
t−β−1sβ−1Qt (Qs f )dsdt =

∫ ∞

0

∫ ∞

0
t−β sβ ∂ 2

∂u2 Pu f
∣∣∣
u=t+s

dsdt

= dβ

∫ ∞

0
u

∂ 2

∂u2 Pu f du,

where dβ = B(−β+1,β+1)
aβ cβ

, B(−β + 1,β + 1) being the beta function of pa-

rameter (−β +1,β +1). ��

8. Also, in [117], P. Graczyk, J. J. Loeb, I. López, A. Nowak, and W. Urbina ob-
tained an analog of A. P. Calderón’s reproducing formula for the Laguerre case.

9. Using more abstract approaches to Besov and Triebel–Lizorkin spaces associ-
ated with a general differential operator, as in [154], many of the results con-
tained in this chapter would follow from the functional calculus for the Ornstein–
Uhlenbeck operator.
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