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Abstract. Determining and quantifying the topological structure of
networks is an exciting research topic in theoretical network science. For
this purpose, a large amount of topological indices have been studied.
They function as effective measures for improving the performance of
existing networks and designing new robust networks. In this paper, we
focus on a distance-based graph invariant named the Terminal Wiener
index. We use this measure to analyze the structure of two well-known
hierarchical networks: the Dendrimer tree 74 and the Dendrimer graph
Da,n. We also investigate two methods of calculation in order to show
that the proposed method reduces the computational complexity of the
Terminal Wiener index.
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1 Introduction

Many complex systems can be modeled as networks and studied using techniques
derived from graph theory. Examples include the power grids, communication
networks, biological networks, molecular networks, social networks, etc. One of
the most fundamental questions arising from the study of networks is to quantify
the topological properties of a structure. For this reason, the study of quanti-
tative measures also called topological indices has become a subject of great
interest [1]. The concept of topological indices began in 1947, when the physi-
cal chemist H. Wiener used the Wiener index for predicting the boiling points
of paraffin [2]. Many years after its introduction, the same quantity has been
extended to the field of complex systems [3,4]. Due to the success of this graph
invariant, a large number of topological indices have been put forward in the
literature [1,5].
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In this paper, we focus on some distance-based graph invariants: the Wiener
index [2] and the Terminal Wiener index [6]. These two indices can be used as
effective measures to evaluate the efficiency of a network and to quantify the
communication between people in a social network [7,8]. For a general network
G, one way for computing the Wiener index or the Terminal Wiener index is
to use the definition and compute all the distances between pairs of vertices or
pendent vertices, respectively. The complexity of this method is dominated by
computing all pairs of shortest paths [9]. Hence, the fundamental task would
be to design a fast and an efficient method for calculating any distance-based
topological index avoiding computation of all shortest paths. In [10], a powerful
method was introduced for computing the Wiener index of networks and showed
a linear time complexity especially for hexagonal systems. The main idea of this
method is to reduce the original network G into smaller weighted graphs called
quotient graphs and then the Wiener index of the original network G is obtained
from the quotient graphs. In this work, our aim is to extend this method in the
case of the Terminal Wiener index. Then, in order to demonstrate the significance
of this technique, we compute the Terminal Wiener index of two hierarchical
networks: the Dendrimer tree also called Cayley tree and the Dendrimer graph
[11]. For the first network, we apply a re-formula of the Terminal Wiener index,
and for the second network, we apply the proposed method.

We proceed as follows: In Sect. 2, we introduce the basic concepts and we
prove that the computation of the Terminal Wiener index can be reduced to the
computation of the Wiener index of the appropriately weighted quotient graphs.
In Sects.3 and 4, we quantify the topological structure of the Dendrimer tree
and the Dendrimer graph by using the two proposed methods. We summarize
our findings in the section of concluding remarks.

2 Basic Concepts and Methods

Throughout this paper, we use the terms graph and network interchangeably.

Let G = (Vg, Eg) be a graph with Vi is the set of vertices and E¢ the set
of edges. Let d,(k) denote the number of all pairs of pendent vertices (vertices
of degree 1) of the graph G whose distances d(u,v) is equal to k. A weighted
graph (G,w) is a graph G with a weight function w : V(G) — R that assigns
positive real numbers to the vertices of G. The graph G is called a partial cube
if its vertices u can be labeled with binary strings [(u) of a fixed length, such
that d(u,v) = H(l(u),l(v)). The edges e = zy and f = wv are in the relation
Djokovié-Winkler 0 if d(z,u) + d(y,v) # d(z,v) + d(y,u). The relation 6 is
always reflexive and symmetric, and is transitive on partial cubes. Therefore,
0 partitions the edge set of a partial cube into equivalent classes Fi, Fs, ..., F},
called cuts. The techniques used in this work are presented as follows:

2.1 Method Based on a Re-formula of the Terminal Wiener Index

At first, we present the definition of the two topological indices: the Wiener
index and the Terminal Wiener index.
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Definition 1. Let G be a graph. Then the Wiener index of G is equal to the
sum of distances between all pairs of vertices of G.

WG = > duv) (1)

{uv}CV(G)

The Terminal Wiener index is one of the most recent extensions of the Wiener
index, that was introduced by Gutman et al. [6].

Definition 2. Let V,(G) C V(G) be the set of pendent vertices of the graph G.
Then the Terminal Wiener index is defined as the sum of distances between all
pairs of pendent vertices of G.

TWG) = > duv) (2)

{u,w}CVp(G)

From the above definition, we can rewrite the Terminal Wiener index as follows:

Lemma 1. Let G be a graph with n vertices and p > 2 pendent vertices. Let
D(QG) be the diameter of G. Then:

p(p— 1)+ dy(3) + 2dp(4) + ... + (D — 2)d, (D) if D(G) > 2,
TW(G) =
plp—1) if D(G) = 2.
(3)

Proof. The proof of this lemma is obvious, see [12] for illustration. O

We can observe that Lemma 1 focuses on the calculation of all shortest path
between pendent vertices that made the computational complexity of this tech-
nique dominated by computing all distances.

2.2 Method Based on Edge-Partitions

In this method, we extend the algorithm proposed by Klavzar [10] to the case
of the Terminal Wiener index. For this purpose, we need some auxiliary results.

We start with the definition of the weighted Wiener index of a weighted graph
(G,w):

Definition 3 [13]. Let (G,w) be a weighted graph. Then the weighted Wiener
index W(G,w) of (G,w) is defined as:

W(Gw = >  www)ds(uwv) (4)

{uv}CV(G)

Let 6* be the transitive closure of the relation Djokovié- Winkler 6. Then, 6*
partitions the edge set of a graph G into 6*- equivalent classes. As an example,
consider the graph G from Fig. 1. It has two 0*-classes F} and F5.

For describing the proposed method, we need to use the concept of the canon-
ical metric representation of a graph [14].

Let « be the canonical metric representation of a connected graph G:
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A o o
G g
Fig. 1. 6*-equivalent classes of G

— Let G be a connected graph and F, ..., Fj its 6*-classes.

— Let G/F; be the quotient graphs, i = 1, ..., k. Its vertices are the connected
components of G — F;. Two vertices v and v being adjacent if there exist
vertices z € v and y € v such that xy € F;.

— Define o : G — [[,;<, G/F; with o : u — (a1 (u), ..., g (u)), where a;(u) is
the connected component of G — Fj that contains the pendent vertex u.

— Let (G/F;,w) be a weighted graph, such that, the weight of a vertex of G/ F;
is the number of pendent vertices in the corresponding connected components
of G — F;. We consider only the pendent vertices that already exist in the
original graph G.

The computational complexity of the Terminal Wiener index of a graph G can
be reduced as follows:

Theorem 1. For any connected graph with p > 2 pendent vertices, we have:

TW(G) = Y W(G/F;,w) (5)

1<i<k

Proof. Let C’fi), e C’ﬁf) be the connected components of G — F; with 1 <17 < k.

We denote by |‘/;,(C](Z))| the number of pendent vertices in the component CJ@,
and we note that, we should considerate only the number of pendent vertices
that already exist in the original graph G.

From the above notations of the canonical metric representation «, we can
see that:

TW(G) = Z de(u,v)
{u,v} eV, (G)

= Y delalu).aWw)

{u,v}eVp(G)

k
= Z Z deyr, (ai(u), oi(v))

{u,v}eV,(G) i=



A Measure for Quantifying the Topological Structure of Some Networks 375
> deyr (ei(u), 0i(v))

1 {u,v}eV,(G)

>, dom (05-“7 05-3’) Va(CEIVR(CS)]

11<5<j'<ri

M- 1=

i

W(G/Fz,w)

-

=1

O

From Theorem 1 we can see that the Terminal Wiener index can be reduced
to the computation of the Wiener index of the appropriately weighted quotient
graphs. In other words, this method focuses only on counting the number of
pendent vertices in the corresponding connected components. From this fact,
the main result of this subsection can be useful to design a faster algorithm for
computing the Terminal Wiener index avoiding the computation of the distances
[9], and it can be implemented to run in linear time if the corresponding quotient
graphs of a network G are trees. For more information about linear algorithms
for the computation of topological indices of a specific class of graphs we refer
to see [15,16]. We note that this technique is also an efficient tool for a hand
manipulation, see Sect. 4.

3 Quantifying the Topological Structure
of the Dendrimer Tree

In this section, we introduce the construction method and some structural prop-
erties of the Dendrimer tree 7; 5. Then, we give the analytical expression of the
Terminal Wiener index for this structure by using the first technique, which is
based on a re-formula of this index.

3.1 Construction Method and Structural Properties

Let 735 (d > 3,h > 0) be a Dendrimer tree with two additional parameters:
fixed maximum degree d and the number of iterations or depth h. The Dendrimer
tree can be built in the following iterative way. Initially, 74 consists of only a
central vertex that is the core of the Dendrimer tree. 73 ; is obtained by attaching
d vertices to the central vertex. For any h > 1, we obtain 74 from 74 5—1 by
attaching d— 1 new vertices to the pendent vertices of 7; 5,—1. Figure 2 illustrates
an example for a Dendrimer tree with d = 3 and h = {0,1,2,3}. Every internal
vertex of the Dendrimer tree has degree d, and the iteration h denote the distance
between all pendent vertices (blue vertices) and the core vertex.

From the construction method of the Dendrimer tree 75, we can extract
the following structural properties:
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— The number of pendent vertices of 7, is:
pn =d(d—1)""1 with h > 1 (6)

— The number of vertices of 7y, is:

(d—1)h -1
Ny,=14+d——— 7
h + d_2 (7)
— The diameter Dy, of 7g, is equal to:
Dy, = 2h (8)

QO 0o ——

T30 731 T3

Fig. 2. Dendrimer trees Ty, with d =3 and h = {0, 1,2, 3} (Color figure online)

3.2 Computation of the Terminal Wiener Index
for the Network 75

In this part, we use the rewrite of the Terminal Wiener index in order to get
analytical expression of this index for the structure 7y .
We start with the following lemma, that is defined as follows:

Lemma 2. For any Dendrimer tree Tqy. The dy(k) for k = {4,6,8,..., Dy} is
given by: _
W2 (g 1) ik < 2(h — 1),
dp(k) = (9)

4(d — 1)1 if k = 2h.

Proof. We have the distance between pendent vertices of the Dendrimer tree 7 5,
is always even. In the first iteration, d vertices are attached to the central vertex,
and in the next iterations, each pendent vertex v; is attached to (d — 1) vertices.
Obviously, with some calculations and due to the symmetry of this structure,
we can get the result. a

Theorem 2. Let 74 be a Dendrimer tree with h > 1 and d > 3. Then:

TW(Tap) = d(d —1)"? [(d — 1t <hd — Z:;) — 14+ Z:;] (10)
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Proof. By using Lemmas 1, 2 and the structural properties of 745, we get:
TW(Za,n) = pn(pn — 1) + 2dp(4) + 4dp(6) + ... + (Dn — 2)dp(Dn)

d(d —2) & .
=d(d—1)"""dd-1)""=1]+ dd=2) 5 ) ; 2i(d — 1)1+
+d(h—1)(d—1)*"1

which yields the Eq.(10). O

Table 1. The numerical result of the Terminal Wiener index of the dendrimer tree
Ta,n

TW (Ta,n)

d=3 |d=4 |d=5 d=6
h=1 6 12 20 30
h=2 54 240 700 1620
h=3| 348 3420 17520 62850
h=4| 1944 | 42336 | 382400 | 2133000
h=>5|10032 | 485676 | 7755520 | 67383750

The Numerical Result: In Table 1, we present some values of the Terminal
Wiener index of the Dendrimer tree 73 ;. We can see that the behavior of this
measure shows a dominant change with the increasing values of the number of
iterations h and the maximum degree d.

4 Quantifying the Topological Structure
of the Dendrimer Graph

In this section, we represent the construction method of the dendrimer graph
Da.n, analyze its structural properties and we express the Terminal Wiener index
of this structure using the second method.

4.1 Construction Method and Structural Properties

Let Dy, be a Dendrimer graph, where h denote the levels and d the number of
vertices added to every vertex in each iteration. The Dy can be built in the
following iterative way. Initially, the dendrimer graph is composed of a core Dy
that contain a cycle of order n’ and d — 1 vertices attached to each vertex of
the cycle, which gives py pendent vertices. Dy ; is obtained from D, by adding d
vertices to each pendent vertex of Dy. Similarly, we obtain Dy p, from Dg 1 by
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attaching d vertices to every pendent vertex of Dg 1. Figure 3, illustrates some
iterations of the Dendrimer graph Dgj. The internal vertices of the network
Dg,p have degree equal to d + 1, and the level h denote the distance between all
pendent vertices and terminal vertices of the core.

Fig. 3. (Left) The core Dy of the Dendrimer graph, with n’ = 6 and po = 6. (Middle
and Right) Dendrimer graphs Dg j, with d = 2 and h = {1, 2}.

From the construction method of the Dendrimer graph D, we can derive
some structural properties:

— The number of pendent vertices of the graph Dy, is equal to:
pn = d"(d—1)n’ (11)
— The number of vertices of Dy}, is equal to:
Ny =n' +0/(d" - 1) (12)

— The diameter of this structure Dy j, is equal to:

n/

Dy, = LEJ +2(h+1) (13)

4.2 Calculation of the Terminal Wiener Index for the Network D, j

In this section, we apply the technique based on edge partitions in order to
obtain the Terminal Wiener index of the structure Dg,p,.
The following lemma is crucial for the proof of the next theorem.

Lemma 3. Let (Cp,w) be a weighted cycle of order n, such that, all the vertices
have the same weight w. Then:

%n w if nis even,
W (Cryw) = (14)

£(n® —n)w? if nis odd.
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Proof. Obviously, by using the Definition 3 with identical weights w(u) = w(v).
O

Theorem 3. Let Dy, be a Dendrimer graph, with d > 2 and h > 0. Then:

- If n’ is even:

1
TW (Dgp) = n'd*" [(d —1)? <8n’2 +n'(h+ 1)) - d} +n/d" (15)
—- Ifn is odd:

TW(Dap) = n'd®" [(d 1y (é(nm )l (h+ 1)) - d} +a'dh (16
Proof. The core Dy of the Dendrimer graph contains a cycle of order n’. In the
case of an even n/, it is easy to observe that an edge e of the cycle C of Dy, is
in relation 6 with its antipodal edge on C and if the order of the cycle is odd,
then all the edges will be in the same 6*-class.

Now, we determine the corresponding weighted graphs of the dendrimer
graph Dy : In category A, we represent the weighted graphs obtained by remov-
ing an edge that doesn’t belong to the cycle of the core Dy, and category B
contains the weighted graphs obtained by removing an edge or all the edges of
the cycle of the core Dy.

Category A Category B
Ph Ph
T n/(d—1) T o
_ Ph P
@ Ph wg D) @ &
Ph
I n’(d—1)d P
_ Ph Py
Ph n/(d—1)d Ph Diy
| n n
| Pn Pn
I n’ o/
Ph /
__Ph n! 4
In’(dl)dh bt
__m n’
Ph n'(d—1)d"

Each weighted graph from the category A is repeated d’(d — 1)n’ times with
0 < ¢ < h, and if we are in the case of an even cycle, the weighted graph from
the category B, that is in the top, is repeated % times.

Then, we apply the Theorem 1 with the above representations, the Lemma 3
and the structural properties of Dy p:

— if n/ is even

) =y (28] 4 a0 (- )
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— if n/ is odd
TW(D )7 (@)2<}n/3_1n/)+idi(d_1)nl|: Pn ( _ Ph >:|
e =) \s 8 Z w(d—1)d \"" " wd—Da
Which yield the Egs. 15, 16, respectively. a

Table 2. The numerical result of the Terminal Wiener index of the dendrimer graph
Da.n

TW (Da,n) for n' =3 TW (Da,n) for n' =4

d=2|d=3 d=4 d=5 d=2|d=3 d=4 d=5
h=1|66 684 2844 8040 136 1344 5520 15520
h=2/396 |9018 66096 290700 784 17208 124992 547600
h=3|2136 |107244 1388736 9516000 4128 |201312 2588928 17688000
h=410800|1200906 |27525888 |294142500 |20544 |2231064 |50856960 |542190000
h=552320|12932460 | 525339648 | 8759775000 | 98432 | 23856768 | 964694016 | 16005875000

The Numerical Result: In Table2, we present some values of the Terminal
Wiener index of the Dendrimer graph Dy 3. Such that, we take into consideration
the parity of n’. In general, this measure shows an increasing change by modifying
the values of parameters.

5 Concluding Remarks

The computation of topological indices is an important task in the study of
structural properties of networks. In this paper, we have calculated the Ter-
minal Wiener index of two hierarchical networks: the Dendrimer tree and the
Dendrimer graph. In order to show the computational complexity of this index,
we have investigated two methods of computation. The first method is based on
a re-formula of the Terminal Wiener index and its complexity is dominated by
computing all shortest paths at a given distance. The second method is based
on the edge-partitions and its efficiency is in the fact that it reduces the origi-
nal network into smaller components and avoids the computation of all shortest
paths.

References

1. Emmert-Streib, F., Dehmer, M.: Networks for systems biology: conceptual connec-
tion of data and function. IET Syst. Biol. 5(3), 185-207 (2011)

2. Wiener, H.: Structural determination of paraffin boiling points. J. Am. Chem. Soc.
69, 17-20 (1947)

3. Wuchty, S., Stadler, P.F.: Centers of complex networks. J. Theor. Biol. 223(1),
45-53 (2003)



10.

11.
12.

13.

14.

15.

16.

A Measure for Quantifying the Topological Structure of Some Networks 381

Estrada, E., Vargas-Estrada, E.: Distance-sum heterogeneity in graphs and com-
plex networks. Appl. Math. Comput. 218(21), 10393-10405 (2012)

Kraus, V., Dehmer, M., Emmert-Streib, F.: Probabilistic inequalities for evaluating
structural network measures. Inf. Sci. 288, 220-245 (2014)

Gutman, I., Furtula, B., Petrovic, M.: Terminal Wiener index. J. Math. Chem. 46,
522-531 (2009)

Rodriguez-Veldzquez, J.A., KamiSali¢, A., Domingo-Ferrer, J.: On reliability
indices of communication networks. Comput. Math. Appl. 58(7), 1433-1440 (2009)
Goel, S., Anderson, A., Hofman, J., Watts, D.J.: The structural virality of online
diffusion. Manag. Sci. 62(1), 180-196 (2015)

Mohar, B., Pisanski, T.: How to compute the Wiener index of graph. J. Math.
Chem. 2(3), 267277 (1988)

Klavzar, S.: On the canonical metric representation, average distance, and partial
Hamming graphs. Eur. J. Comb. 27(1), 68-73 (2006)

Klajnert, B., Bryszewska, M.: Dendrimers: properties and applications (2001)
Essalih, M., El Marraki, M., Alhagri, G.: Calculation of some topological indices
graph. J. Theor. Appl. Inf. Technol. 30(2), 122-128 (2011)

Klavzar, S., Gutman, I.: Wiener number of vertex-weighted graphs and a chemical
application. Discret. Appl. Math. 80(1), 73-81 (1997)

Graham, R.L., Winkler, P.M.: On isometric embeddings of graphs. Trans. Am.
Math. Soc. 288(2), 527-536 (1985)

Chepoi, V., Klavzar, S.: The Wiener index and the Szeged index of benzenoid
systems in linear time. J. Chem. Inf. Comput. Sci. 37(4), 752-755 (1997)
Crepnjak, M., Tratnik, N.: The Szeged index and the Wiener index of partial cubes
with applications to chemical graphs. Appl. Math. Comput. 309, 324-333 (2017)



	A Measure for Quantifying the Topological Structure of Some Networks
	1 Introduction
	2 Basic Concepts and Methods
	2.1 Method Based on a Re-formula of the Terminal Wiener Index
	2.2 Method Based on Edge-Partitions

	3 Quantifying the Topological Structure of the Dendrimer Tree
	3.1 Construction Method and Structural Properties
	3.2 Computation of the Terminal Wiener Index for the Network Td,h

	4 Quantifying the Topological Structure of the Dendrimer Graph
	4.1 Construction Method and Structural Properties
	4.2 Calculation of the Terminal Wiener Index for the Network Dd,h

	5 Concluding Remarks
	References




