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Preface

Since the 2003 ISAAC Congress at York University, it has become a tradition that a
volume based on the special session on pseudo-differential operators be published.
It is not only intended to document the event, but also to provide guidance for future
research on pseudo-differential operators and related topics.

The 11th ISAAC Congress was held at Linnaus University in Sweden on August
14-18,2018. This volume, as a sequel to its predecessors, is based on talks given at
the congress and invited articles by experts in the field.

There are ten chapters in this volume, titled “Analysis of Pseudo-Differential
Operators.” The first four chapters address the functional analysis of pseudo-
differential operators in a broad range of settings, from Z to R", to compact and
Hausdorff groups. Chapters 5 and 6 focus on operators on Lie groups and manifolds
with edge. The next two chapters discuss topics in probability, while the last two
chapters cover topics in differential equations.

It is hoped that these volumes on pseudo-differential operators published by
Birkhduser in Basel over a span of fifteen years have served and will continue
to serve as useful reference guides for young mathematicians aspiring to explore
new directions in pseudo-differential operators. It is also our firm belief that these
volumes on pseudo-differential operators will continue to grow and develop in
unforeseen directions, thanks to the input of new generations of mathematicians.

Zanjan, Iran Shahla Molahajloo
Toronto, ON, Canada M. W. Wong



Contents

Discrete Analogs of Wigner Transforms and Weyl Transforms ............ 1
Shahla Molahajloo and M. W. Wong

Characterization and Spectral Invariance of Non-Smooth

Pseudodifferential Operators with Holder Continuous Coefficients ....... 21
Helmut Abels and Christine Pfeuffer
Fredholmness and Ellipticity of ¥ D Os on B; q (R™) and F ;q R™y........ 63

Pedro T. P. Lopes

Characterizations of Self-Adjointness, Normality, Invertibility,

and Unitarity of Pseudo-Differential Operators on Compact

and Hausdorff Groups...............oooiiiiiiiiiiiii 79
Majid Jamalpourbirgani and M. W. Wong

Multilinear Commutators in Variable Lebesgue Spaces on Stratified

Dongli Liu, Jian Tan, and Jiman Zhao

Volterra Operators with Asymptotics on Manifolds with Edge............. 121
M. Hedayat Mahmoudi and B.-W. Schulze

Bismut’s Way of the Malliavin Calculus for Non-Markovian
Semi-groups: An Introduction....................... 157
Rémi Léandre

Operator Transformation of Probability Densities........................... 181
Leon Cohen

The Time-Frequency Interference Terms of the Green’s Function
for the Harmonic Oscillator...............................L L. 215
Lorenzo Galleani

On the Solvability in the Sense of Sequences for Some
Non-Fredholm Operators Related to the Anomalous Diffusion ............ 229
Vitali Vougalter and Vitaly Volpert

vii



Discrete Analogs of Wigner Transforms )
and Weyl Transforms e

Shahla Molahajloo and M. W. Wong

Abstract We first introduce the discrete Fourier—Wigner transform and the discrete
Wigner transform acting on functions in L?(Z). We prove that properties of the
standard Wigner transform of functions in L>(R") such as the Moyal identity, the
inversion formula, time-frequency marginal conditions, and the resolution formula
hold for the Wigner transforms of functions in L?(Z). Using the discrete Wigner
transform, we define the discrete Weyl transform corresponding to a suitable symbol
on Z x S!. We give a necessary and sufficient condition for the self-adjointness of
the discrete Weyl transform. Moreover, we give a necessary and sufficient condition
for a discrete Weyl transform to be a Hilbert—Schmidt operator. Then we show how
we can reconstruct the symbol from its corresponding Weyl transform. We prove
that the product of two Weyl transforms is again a Weyl transform and an explicit
formula for the symbol of the product of two Weyl transforms is given. This result
gives a necessary and sufficient condition for the Weyl transform to be in the trace
class.

Keywords Fourier—Wigner transform - Wigner transform - Weyl transform -
Moyal identity - Time-frequency marginal conditions - Wigner inversion
formula - Weyl inversion formula - Kernels - Hilbert—Schmidt operators - Trace
class operators - Twisted convolution - Weyl calculus
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2 S. Molahajloo and M. W. Wong
1 Introduction

To put this paper in perspective, we first recall the Wigner transform and the Weyl
transform mapping functions in L>(R") into functions on, respectively, R” x R”
and R".

Let o € L*(R" x R"). Then the Weyl transform W, : L?>(R") — L*(R")
corresponding to the symbol o is defined by

(Wo £, 8) 12y = 27) "2 /R n /R ol W, ), &) dv d

for all f and g in L>(R"), where W(f, g) is the Wigner transform of f and g
defined by

W(f, g)(x,&) = (2m)™"/? /

Rn

75y (x + 127>g (x — g)dp, x, & eR".

Closely related to the Wigner transform W(f, g) of f and g in L*(R") is the
Fourier—Wigner transform V (f, g) given by

p

Vih o =0 [ g (v D)e (v

n
) )d y, q,peR".
Weyl transforms and Wigner transforms on R"” have been extensively studied in
[5, 13] among others.

Weyl transforms on groups such as the Heisenberg group, the upper half plane,
and the Poincaré unit disk are investigated in [8, 10-12]. Closely related to Weyl
transforms are pseudo-differential operators on groups. See, for instance, [4, 7, 9,
15].

The strategy that we use to develop the Weyl transform on Z is to have a look
at the case of R", where the symbol o is a function on R" x R". Recent works in
pseudo-differential operators and Weyl transforms on topological groups G suggest
that the correct phase space to work in is G x G, where G is the dual group of G.
That the dual group of R” is the same as R" is the reason why the phase space on
which symbols are defined is R” x R".

In the case of the group Z in this paper, the dual group is the unit circle S'
centered at the origin and the phase space G x GisthenZ x S.

For 1 < p < 00, the set of all measurable functions F on Z such that

WFN gy =D IFm)IP < o0

nez
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is denoted by L?(Z). We define L? (S to be the set of all measurable functions f
on the unit circle S' with center at the origin for which

T

ey = ! [f ()P do < oo
L]J(Sl) 27_[ . .
We define the Fourier transform F7z F of F € L'(Z) to be the function on S' by

(FzF)©) =) ¢"Fn), 0el-m 7l

nez

If f is a suitable function on S!, then we define the Fourier transform Fgifof fto
be the function on Z by

(Fsi f) (n) = 2; /n e f(0)do, nel.

Note that F7 : Lz(Z) — LZ(SI) is a surjective isomorphism. In fact,
Fr=Fgl = F5
and

IF2F 2ty = | Fll 2y F € L*(2).

Let H be a suitable function on S! x Z. Then we define the Fourier transform
Fsty7H of H to be the function on Z x S! by

(FsixzH) (m,0) = 2; /n Ze_im¢+i”0H(¢,n) d¢, (m,0)eZ xS

nez

Similarly, for all suitable functions K on Z x S!, we define the Fourier transform
Fy st K of K to be the function on S! x Z by

1 T : :
(Frxs K)O,m) =, / D e MK (n, g)dp. (0.m) eS' x Z.
T el

For1 < p < oo, we define L? (Z x Sl) to be the space of all measurable functions
honZ x S! such that

1 T
WAL sty = o Z/ﬂ h(n, 0)|P d6 < oo.
neZ"”
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In Sect. 2, we define the Fourier—Wigner transform and the Wigner transform as
mappings from L?(Z) into, respectively, L*(Z x S') and L%(S! x Z). Then we
show that the discrete Fourier—Wigner transform and the discrete Wigner transform
satisfy the Moyal identity. We give an inversion formula to reconstruct a function
from its discrete Wigner transform up to a constant factor. Then we give the time and
frequency marginal conditions and a convolution theorem for the discrete Wigner
transform. The results in this section are analogs of the results for the Wigner
transforms on R” given in [1, 13]. In Sect. 3, we use the discrete Wigner transform
to define the Weyl transform on Z. A characterization of Hilbert—Schmidt discrete
Weyl transforms is also given. The Weyl inversion formula recovering a symbol
from the corresponding discrete Weyl transform is given. In Sect. 4, we present the
Weyl calculus giving the symbol of the adjoint of a discrete Weyl transform on
L*(Z) and the symbol of the product of two discrete Weyl transforms. The adjoint
formula gives a characterization of self-adjoint discrete Weyl transforms and the
product formula gives a characterization of trace class discrete Weyl transforms.

We use Z, and Z, to denote, respectively, the set of all even integers and the set
of all odd integers.

2 Discrete Fourier—Wigner Transforms and Discrete Wigner
Transforms

Let F € L?(Z). Then for all (n, 8) € Z x S', we define p(n, 6) F to be the function
on Z by

A CTDOF(k + ), ne7Ze,

(p(n,0)F) (k) = e,'(k.:,.”;l)@F(k +n), n € Zy,

for all k € Z. Note that for all (n,0) € Z x S!, p(n,0) : L*(Z) — L*(Z) is a
unitary operator and

p(n,0)* = p(—n,—0).

For all functions F and G in L2(Z), we define the Fourier—Wigner transform
V(F, G) of F and G to be the function on Z x S! by

V(F,G)(n,0) = (p(n,0)F, G)12z), (n,6) € Z xS
Therefore for all (n,0) € Z x S!,

Y e €V E(k +m)Gk),  n e Ze,

V(F,G)(n,0) = i (k+"5
( )(n, 0) :Zkezel(ﬂ 2')9F(k-|-n)G(k), n € Zo.
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By the change of variables from k to m using

m=k+7, ne”Ze,
m:k—l—”gl, n € Zy,

we get

ez €M F(m+Gm — 1), neZ,,

V(F,G)(n,6) = '
{ Yz @ Fm+"3)G(m =", 1€ Lo

In fact, if we let

F(m+75)G(m — %), n € ZLe,

H, =

Then

V(F,G)n,0) = (FzH,) 9). 2.1

We have the following Moyal identity for the discrete Fourier—Wigner transform.

Theorem 2.1 Let F|, F>, Gy, and G be functions in LZ(Z). Then

(V(Fla Gl)a V(FZa GZ))LZ(ZXSI) = (Fl, FZ)LZ(Z)(Gla GZ)LZ(Z)'

Proof For j =1, 2, we let

Fim+Gm—"1),  neZ,

H/’n(m)zi n+1 n—1
Fim+"3)Gjm—","), n € Z,.

Then by (2.1) and the Parseval identity,

2; /n V(F1,G1)(n,0)V(F2, G2)(n,0)do

-7

1 M
2t ﬁ (FzH1n) (0)(FzHan) (0)dO

=Y Hin(m)Hy (m).

meZ

Therefore

(V(F1.G1), V(F2, G2))p2zxsty = D Y Hin(m)Ha u(m).

nezZ mez
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If n € Z., then we make the change of variables from (m, n) to (k1,/1) by k1 =
m + g and iy = m — ; If n € Z,, then the change of variables from (m, n) to

(k2, Ip) is given by ko = m + "erl andlp =m — "El.We get

(V(F1,G1), V(F2, G2)) 251 x7)

=Y > FkDGiU) Fa(k)Ga(ly)
Lhelk el
ki+l1 €Z,

+ YY) Fik)Gi(l2) Fa(k2)Ga(la)
lzéZszZ
ko4l €70

- Z Z Fi1(k)G () F,(k)Ga(1)

keZ I€Z

= (F1, F») G, G2)

LZ(Z)( L2(Z)"
O

Let F and G be functions in L2(Z). Then we define the Wigner transform
W(F, G) of F and G to be the functionon S' x Z by

W(F,G) = Fy,5 V(F,G).

Theorem 2.2 For all (¢, m) € S! x Z,

W(F, G) (¢, m)
in n n
:ngzge ¢F<’"+2)G(m_2>
4 Zei”¢F<m+n;1)G<m—n;1>. 2.2)
neZ,

Proof We begin with the definition of the discrete Wigner transform to the effect
that

W(F,G)(©®,m)
= (Fzxst V(F, G)(O, m)

= 2; /n Y e MOy (FLG)(n, ¢) do.

nez
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We carry out the sum over n € Z by first performing the sum over n € Z, and then
over n € Z,. Summing over all even integers gives

2; /” Z oim@-+ing Zeik¢p (k + ;) G (k — ;) d¢

-7

ne€Ze keZ
= L (o [ i) ke ) )
nele keZ T Jm
in6 n n
=2 M (m+ )6 (n=7)
Z e m+ ) G|m )
n€Ze
forall (9, m) € S! x Z. The sum over n € Z, can be calculated similarly. |

Similarly, we have the Moyal identity for the Wigner transform.

Theorem 2.3 Let F|, F>, Gy, and G be functions in L%(Z). Then

(W(F1. G1), W(F2, Gy)) F1.Gy) F», G2)

L2(S!xZ) — ( L2(Z)( L2(Z)

As in the case of Wigner transforms on R”, the following proposition guarantees
that for all F € L?(Z), W(F, F) is real.

Proposition 2.4 Let F and G be functions in L*>(Z). Then
W(F,G)=W(G,F).

In particular, W (F, F) is a real-valued function on S' x Z.

Proof Forall (¢, m) € S' x Z, we get by (2.2)

W(F, G)(¢,m)
> G (") F (")
2 2
nele
—ing n— 1 F n+1
+ Z e G <m ) ) <m + , )
nely
If we change the index of summation from n to k by n = —k, then for all (¢, m) €
S! x Z,
W(F, G)(¢,m)

:Zeik‘pG(m—i-];)F(m—];)

k€Ze
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. k+1 k—1
ade Fm-—
t2 e (m*‘ 2 ) (m 2 )

keZo
= W(G, F)(¢p, m).

This completes the proof. O

For simplicity, we denote W (F, F)) by W (F) for all functions F € L?(Z). The
following theorem states that we can reconstruct the original function F from its
Wigner transform W (F) up to a constant factor.

Theorem 2.5 Let F € L*(Z). Then for alln € Z,

L (T —ing n
)L T W) (9, ) dp,  n € Ze,
HMHW_!éf”éﬂﬂwmwﬁ?m¢nem.

-7

Proof By (2.1) and the definition of the Wigner transform, for all m and n in Z, we
have

Hy,(m) = (Fgi (W(F)(-, m)))(n).

First, we assume that n € Z,. Then for all m € Z, we get
n n |
F (m n ) F (m - ) - IPW(F)(p, m) dé. 2.3)
2 2 27 J_»
Now, let m = 7. Then

T

1
FmFO) =, f

-7

e "W (F) (qs, ';) dé.

Similarly, we obtain F (n) F(0), for n € Z, by letting m = "51. |

We have the time and frequency marginal conditions for the discrete Wigner
transform.

Proposition 2.6 Let F € L*(Z). Then
(i) Forallm € Z,

;mmmmw=mwwﬁ
(ii) Forall ¢ € [—m, 7],

Y W)@, m) = | (F2F) ().

meZ
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Proof Let n = 0 in (2.3). Then we get part (i). To prove part (ii), we have for all
¢ S [_T[v 7-[]1

> W(F) (¢, m)

meZ

= (Fz (W(F)(¢,))(0)

-E e (o)

meZ nel,

+ZZei”¢F<m+n;1)F<m—n;1).

meZnel,

For all n € Z,, we make the change of variables from (m, n) to (k1,1;) by k1 =
m+ % and [; = m — 7. Then we get

_ kith

{’” =20 (2.4)

n =k —1i,

and for all n € Z,, using the change of variables from (m, n) to (kz, [2) given by

162=m~|—’”2rl andlzzm—"gl,weget

ko+lp—1
mE= e o 25
{ n=ky—h. 2)
Therefore we get
Y W(F) (@, m)d¢
meZ
=Y Y N RN FU) + Y Y TP F(ky) F (L)
ki€Z el ko€l lhel
k1+H1€Ze ko+heZy
=> > R F@)
keZ leZ
= | (FzF) @)
and the proof is complete. O

LetT : L*(Z x Z) — L*(Z x Z) be the twisting operator defined by

F(m+75,m—7), n € Ze,

F(m—i—”;l,m— ”51), n € Zy,

(TF)(n,m) = {



10 S. Molahajloo and M. W. Wong

forall F € L>(ZxZ) and all (n,m) € Zx Z.Infact, T : L>(Z x Z) — L*(Z x Z)
is a unitary operator and its inverse 7! is given by

Fin—m,""), n+4+m e Ze,
F(n—m, m+£'_1), n+me2Z,.

(T7'Fy(n,m) = {

Moreover, for all F and G in L2(Z),
W(F,G)(¢,m) = (Fi.zT(F ® G)) (¢, m), (¢, m) €S x Z, (2.6)

where F ® G is the tensor product of F and G given by
(F®G)(n,m)=Fmn)G(m), (n,m)eZx1Z,

and F1 7T (F ® G) is the partial Fourier transform of 7(F ® G) with respect to
the first variable. The following proposition gives the shift-invariance of the Wigner
transform and the proof is straightforward.

Proposition 2.7 Let F € L*(Z). For0 € [—n, w] and k € Z, we define the function
G on Z by

Gn)=e"Fmn—k), nel.
Then
W(G)(p,m) = W(F)(p+6,m—k), (¢.m)eS" xZ.

We can now give a result on the Wigner transform of the product of two functions
on Z.

Proposition 2.8 Let F and G be functions in L*(Z). Then for all (¢, m) in S' x Z,

W(EG) @ m) = (WF)(m) = W(G)(.m) ) (@),

where x is the convolution on S' defined by

1 T
(fx8)@) =, f(@—0)g(0)do
T

-7

forall f and g in L*>(S").
Proof Let (¢, m) € S' x Z. Then

(W(F)(,m) * W(G)(-,m))(9)

= ! W(F)(¢p — 0, m)W(G)(6, m)do
27 J_,
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- 211 /_7; i 2 einl((pie)F(m + nzl) F(m - n21>

nleZg
p e e
n1€ZU
[ X 6 (m+T)o(n=T)
anZg
. 1 -1
+ Ze’"20G<m~l—n2;— )G(m—n22 )}d@.
anZU

Since

27, ny = ny,

/n o—i00m=m2) g _ {0, ni # na,
—7T

it follows that
(W(F)(,m) x W(G)(-, m))(¢)

S LI RA CRA LT

nele

. 1 1
g ol 1)-

neo
F n—1 G n—1
(’”_ 2 ) (’”_ 2 )
= W(FG)(¢p,m)

for all (¢, m) € S! x Z. O

3 Discrete Weyl Transforms

Leto € L2(ZxS"). Then for all functions F in L2(Z), we define the Weyl transform
Ws F corresponding to the symbol o by

1 T
Wo F', Gy = Z/ o(m, Q)W (F, G) (¢, m)dé¢

mezZ"
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forall G € L%(Z). In fact,

(Wo- F, G)LZ(Z)

~ B[ S oirr(ne )6 (n-})as

" nek,
1 T ; n+1 n—1
ing _
+ - mEEZ/_ﬂ E o(m, ¢p)e'"’F (m + 5 ) G (m ) )d¢>.

nely
If n € Z., then we make the change of variables from (m, n) to (k1,/1) by k1 =
m + g andly =m — g If n € Z,, the change from (m, n) to (ka, [2) is effected by
ko =m+ '“2” andlh =m— ”51 . (See (2.4) and (2.5) in this connection.) Therefore
we obtain

2 (Wo- F, G)Lz(Z)

_ /" T g (kl ‘2|'ll’¢) FUDGUL) db

T keZleZ
k1 -+, €Z

n /” Z Z i ka1 (k2 +;2 - 1,¢> F(k2)G(lh) d¢

T kpeZlrel
ko+lr€Z,

— /77 ZZeZI(kfl)ﬁbo-(k,qs)F(Zk_l)G(l)d¢

T 1eZ kel

+ /ﬂ Z Z PTGk BVF2k + 1 — DG () d.

T el kel
Therefore for alll € Z,

(Wo F) () = 2; /n > e Do (k, p)F (2k — 1) dp

T keZ

1 [7 ,
+ 271/ Ze’@("*’)“)%(k, QFQRk+1—-0Ddg.
7 keZ

By another change of variables, we get

(W F) (1) = Y _ ko (L, m)F (m),

mez



Discrete Analogs of Wigner Transforms and Weyl Transforms 13
where k, is the kernel of W,; given by

kollom) = | 27 I oo ("I g)dp,  m+1eL,
’ o [T d M (M 9y dp, m+1 € 7,

Therefore

(Fogio) ("1 —m), m+1eZe,

3.1
(Fogio) ("N 1 —m), m+1 € Z,. ©-1)

ko (l,m) = {

where F) gi0 is the Fourier transform on S! of o with respect to the second variable.

The following theorem is an inversion formula for discrete Weyl transforms. It
shows how we can reconstruct the symbol from the corresponding Weyl transform.
For Weyl transforms on R”, the corresponding formula and other related formulas
can be found in [2, 3, 6].

Theorem 3.1 Leto € L*(Z x S') be such that p(n, )Wy is a trace class operator
forall (n,0) € Z x S'. Then for all (8, n) € S! x Z, we have

(Fzxs10) (@, n) = tr(p(n, O)Ws).
Proof Let F € L*(Z). First we assume that n € Z,. Then for all / € Z,
(p(n, HWs F) (1)

= T20 (W, F) (L +n)
= l(+2)0 > kol +n.m)F(m),

mez

where k. is the kernel of W, . So, forall l € Z,

(P, OWs F) (1) = > k(L. m)F(m),

meZ

where
ke(l, m) = e"(lJ“;)ek(7 (I 4+ n,m).
Hence

tr(p(n, )W)

=> K.

leZ
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leZ

1 i(l4+10 /” —ing ( n )
= 2 l , do.
ot Ze o e ol(l+ ) o) do

leZ
By the change of variables from/ to k by k = [ + 7, we get for all (8, n) € S!' x Z,
tr(p(n, W) = (Fzys10) (0, n).

Similarly, the above formula holds for all n € Z,. a

4 Hilbert-Schmidt Discrete Weyl Transforms

The following proposition gives a class of bounded and Hilbert—-Schmidt Weyl
transforms on L2(Z).

Proposition 4.1 Let 0 € L*(Z x SY). Then W, : L*>(Z) — L*(Z) is a bounded
linear operator and

Wolls < llo ”LZ(ZXSI)’

where || - ||« is the norm in the C*-algebra of all bounded linear operators on L* (7).
Moreover, Wy is a Hilbert—Schmidt operator on L*(Z) and

IWollpsc2zy) = o2z xst)-
Proof If we define the function & on S! x Z by
50,n)=0n,0), O,n)eS'x2Z,
then & € L3(S' x Z) and
ol 2stxzy = llollz2@zxst)-

Let F and G be functions in L?(Z). Then by Schwarz’s inequality and the Moyal
identity for the Wigner transform, we have

|(Wo F, G)LZ(Z)| = |(o, W(G, F))LZ(Sle)|
<ol 1 F L2z Gl 2z

= llolli.2@zxsy I Fl L2z IGll L2z
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Hence
IWo Flii2zy < llollr2@zxsy I FllL2z-
Therefore
[Wolls« < lollL2@zxst)-
By (3.1),

Wo s oz = 2o 2 ke (m, DI

meZ leZ
(]:2,81‘7) (m;_l,l — m)

=22

meZ leZ
m+Il€Ze

2

meZ leZ
m+l€Zy

2

2

(‘7_—1,810) <m+21_1,l—m)

By the change of variables and the Parseval identity, we get

”W“”%-IS(LZ(Z)) = Z Z |(]:2,S"7) (n, k)|2

keZ nel

1 /” 5
o (n, )1 dgp

2
”U ”LZ(ZXSI)‘

A Hilbert—Schmidt operator on A : L*(Z) — L*(Z) is of the form

(AF)(n) =Y h(n.m)F(m), F e L*(Z),

meZ

where £ is a function in L2(Z x Z). The function / is called the kernel of the Hilbert—
Schmidt operator A on L?(Z). The following theorem states that every Hilbert—
Schmidt operator on L*(Z)isa Weyl transform with symbol in L*(Z x Sh.

Theorem 4.2 Let A : L*(Z) — L*(Z) be a Hilbert—Schmidt operator. Then there
exists a unique symbol o in L>(Z x S such that A = W,,.
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Proof Leth € L*(Z x 7Z) be such that

(AF) (n) = Z h(n,m)F(m), F e L*(Z).

meZ

Then for all F, G € L*(Z),

(AF,G) 2z = Z Z h(n, m)F (m)G(n)

nezZ mez

= ZZﬁ(m,n) (F ® G) (m,n)

nezZmeZ
= (F®G, ) 2zx7),
where / is the function in L2(Z x Z) such that
h(m,n) = h(n,m), (m,n) € Z x Z.

We define the function o on Z x S! by

o= fLZT/;N,

where T : L2(Z x Z) — L*(Z x Z) is the twisting operator defined earlier. Then
h= T’l}'l,Sl&. Hence we have

-1 ~
(AF, G)12z) = (F ®G.T II’SIG)LZ(ZxZ)

Youny

Fi12T(F ® G). &)Lz(glxz)

- (W(F, G),&)
L2(S!xZ)

- (WO-F, G)LZ(Z).

S The Weyl Calculus

The following proposition on the adjoint of a discrete Weyl transform on L?(Z)
follows directly from the definition of the Weyl transform and Proposition 2.4.
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Proposition 5.1 Let o € L*(Z x S'). Then W} = W,, where W} : L*(Z) —
L%(Z) is the adjoint of Wy : L*(Z) — L*(Z). In particular, Wy is self-adjoint if
and only if o is real-valued.

Proof Leto € L*(Z x S'). Then
(W:F, G)LZ(Z) == (F, WO‘ G)LZ(Z) = (WO' G, F)LZ(Z)

1 T
T om Z/ o(m, Q)W(G, F)(¢,m)d¢. 5.1
meZ® T

By Proposition 2.4,
W(G, F) = W(Fa G)a

and hence by (5.1),
* 1 i
Wy F. Gy =, ) f o (m, §)W(F, G)(¢, m) dp.
meZ” "

So,
(W:F, G)LZ(Z) = (Wg‘ F, G)LZ(Z)

and the proof is complete. O
Let o € L*(Z x S'). For simplicity, we denote Frysio by a.
Lemma 5.2 Leto € L*(Z x S"). Then for all F € L*(Z),

1 T
(Wy F) (m) = 271/, > G, n) (p(n.0)F) (m)do, m € L.

nez

Proof Let F and G be in L?(Z). Then using the adjoint formula,

1 T
WoF,G) oy =, D / o (m, $)W(F,G)(¢p.m)dep

mez"®

_ 2; /” 366, mV(F, G)n,0)do

T nez

1 [7 .
= Zn/ > 60.n) (p(n,0)F. G) 2z db

T neZ

1 b
- 271/ 3" 6.0 (p(n.6)F) (m)G(m) db.

neZ mez



18 S. Molahajloo and M. W. Wong

Hence

WF()—I/nZA(Q) (n,0)F) (m) do 7
(G)m_Zn ﬂrneza ,n) (p(n, Y(m)do, m e Z.

Lemma 5.3 Forall (n,0) and (k, ¢) inZ x S, we have
p(n.0)pk. §) = 1" EDpn + k.0 + ),

where

"o —%0, nelZe ke,
"l -0, n € Zy, k € Zo,
"o — 10, nelZe ke,
-0, neZ, ke .

[(n,0); (k, §)] =

The proof of the lemma is straightforward. Let F and G be suitable functions on
S! x Z. Then we define the twisted convolution F ® G of F and G to be the function
onS! x Z by

(F®G)(y.D)

DRk DIy — ¢, 1 —K)G($, k) d¢, (r.]) €S' x Z.

1
27 )z keZ

Let 0 € L*(Z x S'). The following theorem guarantees that the product of two
Weyl transforms is still a Weyl transform.

Theorem 5.4 Let o and t be symbols in L*(Z x SYY. Then
W Wy = W,
where
O=06®T.
Proof Let F € L*(Z). Then for all m € Z, we get by Lemma 5.2
(Wo W F) (m)

1 (7
- 271[ > G0, n) (p(n,0)W: F) (m) do

—TT
n

€L
1 o T R R
= onp |2 [ 50,0700 0. 000tk 817 ) ds .
L)

T keZ
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Now, by Lemma 5.3, we have

(Wo Wi F) (m)

1 T T . |
T 2/ 2 / Y G0, TP, kel Ok
Q)2 Jr =)

T keZ
(p(n+k,0+¢)F)(m)dedo.

Let/ =n+kandy =6 + ¢. Then we get
(Wo W F) (m)
1 T T .
Z/ S G0 — b1 — KT, k) LI DiGo]

B (27[)2 T ez T keZ
(o, y)F)(m)dedy.

Letw € L*(Z x S') be such that

O=6®T
Then
1 T .
WoWeF)(m) =, |3 ar. D (o y)F) (m)dy = (W, F) (m)
T J—x
I€Z
for all m € Z. |

As an application of the product formula, we give a characterization of trace
class discrete Weyl transforms. It is an analog for the discrete Weyl transform of
the characterization of trace class Weyl transforms on R” in [14]. Let W be the set
defined by

W= l]:SlXZ(& ®1): 0,1 € L*(Zx Sl)}.

Let S1(L*(Z)) be the space of all trace class operators on L%(Z). The following
theorem gives a characterization of trace class discrete Weyl transforms on L?(Z).
Theorem 5.5 Let o € L>(Z x SY). Then W, : L*(Z) — L*(Z) is in S1(L*(Z)) if

and only if 0 € W. Moreover, if 0 = Fgi 7 (0 ® B) with o and B in L*(Z x SY),
then

1Wolls,2zy) < llell2zxshIBll2zxsty-
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Proof First we assume that 0 € W. Then

0 =Fgipz@®p)

for some « and B in L*(Z x Sh. By Theorem 5.4,

M

Wy = WoWp.

oreover, by Proposition 4.1, W, and Wy are Hilbert—Schmidt operators. Hence

W, is the product of two Hilbert—Schmidt operators on L?(Z) and therefore is in

M

(Lz(Z)). Conversely, assume that W, € §; (LZ(Z)). Then W, is the product

of two Hilbert-Schmidt operators on L*(Z). Hence by Theorem 4.2, there exist

sy

mbols & and B in L*(Z x S') such that

Wo = Wo W,

So, by Theorem 5.4, 0 € W. |

R

AW =

W

10.

11.

12.

13

14.

15.
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of Non-Smooth Pseudodifferential e
Operators with Holder Continuous

Coefficients

Helmut Abels and Christine Pfeuffer

Abstract Smooth pseudodifferential operators on R” can be characterized by their
mapping properties between L” —Sobolev spaces due to Beals and Ueberberg. In
applications such a characterization would also be useful in the non-smooth case,
for example to show the regularity of solutions of a partial differential equation.
Therefore, we will show that every linear operator P, which satisfies some specific
continuity assumptions, is a non-smooth pseudodifferential operator of the symbol-
class C* Si’fo (R xR™). The main new difficulties are the limited mapping properties
of pseudodifferential operators with non-smooth symbols.

Keywords Non-smooth pseudodifferential operators - Characterization by
mapping properties

Mathematics Subject Classification (2000) 35S05, 47G30

In this chapter we study pseudodifferential operators of the form

OP(p)(x) := p(x, Dy)u(x) := /‘eix'ép(x, Eu)de forallu € SR"), x € R",
Rn

where S(R") denotes the Schwartz space of all rapidly decreasing smooth func-
tions, u = F[u] is the Fourier transformation of u, d¢ = (2n) "d&, and
p: R* x R" — C is a given function, called the symbol of the pseudodifferential
operator. In the case that p is a smooth function contained in a suitable symbol
class, the pseudodifferential operators have a lot of nice and important algebraic
properties, e.g. they are closed under arbitrary compositions and adjoints and
have natural mapping properties between Sobolev spaces of arbitrary high order.
Moreover, suitable classes of pseudodifferential operators with smooth symbols can
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be characterized in terms of their mapping properties and the mapping properties
of certain iterated commutators. But, unfortunately, all this in general breaks down,
when working with symbols of limited smoothness, e.g., with limited smoothness
in the “space” variable x. Such operators arise naturally in the studies of nonlinear
partial differential equations, where the symbol depends on the solution, which has
a priori only limited smoothness. In the case of limited smoothness in the spatial
variable x, the order of the Sobolev spaces, in which such a pseudodifferential
operator maps continuously into, is limited by the smoothness of the symbol. As
a consequence the composition of two non-smooth pseudodifferential operators is
only well defined under some restrictions. Moreover, the composition is in general
not a pseudodifferential operator anymore (at least not of the same class). But
there are results on compositions up to certain operators of lower order in terms of
their mapping properties. All this makes the characterization of pseudodifferential
operators much more difficult in the non-smooth than in the smooth case. In this
chapter we will present and review some first results in this direction and discuss an
application of them to the spectral invariance of these operators.

Now let us comment on the known results in the case of smooth symbols.
First characterizations of pseudodifferential operators by their mapping properties
between L2-Sobolev spaces were proven by Beals [5]. These results include a
characterization of the Hérmander classes S”* S(R" xR with) <§ <p <1
and § < 1. Here a smooth p: R" x R" — C belongs to S’”a(R" x R") form € R
and 0 < § < p < 1 if and only if

Ipl{™ = max_sup [9gf p(x, £)|(g)mPIIHIAD < o0
lerl, | BI<k x g el

for all k € Ny. Moreover, OPSZ1 (R" x R") is the set of all pseudodifferential
operators with symbols in SZ’ s(R" x R"). A characterization of the latter classes
by mapping properties between LP-Sobolev spaces was first proved by Ueberberg
[22]. Further characterizations were obtained by Kryakvin [14], Leopold and
Schrohe [16] and Schrohe [19].

In the following we will use the approach by Ueberberg [22] in order to obtain
a characterization of non-smooth pseudodifferential operators. Let us note that it is
based on the method for characterizing algebras of pseudodifferential operators by
Beals [5, 6], Coifman and Meyer [10] and Cordes [8, 9].

A first characterization of pseudodifferential operators with non-smooth symbols
was obtained in [3], where symbols in C;S/’ZO(R" x R*; M), p € {0,1}, are
considered. This characterization was extended and refined in [2] and applied to
obtain results on spectral invariance. These results are based on the PhD-thesis
of the second author. It is the goal of this contribution to present these results on
characterization and spectral invariance in the case of symbols in C’S’”O(R"
R"; M) in a self-contained way. We will follow [2, 3, 18], respectlvely, closely,
leaving out some proofs of technical results, generalizing some results and adding
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some details for a more convenient presentation. To this end let us recall some basic
definitions. The Holder-Zygmund space of order T > 0 is defined by

CIR" :=1feS R :|Iflc: == sup 2" |.F g, flllLe < 00

Jj€Ng

where .Z ~![u] is the inverse Fourier transformation of u € S’(R"), the dual space
of S(R"). Here (¢;) jen, is a standard dyadic partition of unity on R", cf. e.g. [7].
Moreover, C;SKO(R" xR M)form e R,7 >0,0<p < 1,and M € [0, c0] is
the set of all p : R” x R” — C such that

i) 9 p(x,.) e CM@®R) forall x € R,
i) 98¢ p e CORL x RY),
i) 8¢ pC, ©)llcr@ny < Co (&)™ P forall § € R”

holds forall &, 8 € Njj with || < M and |B] < 7. If M ¢ NoU{oo}, we additionally
assume that for all @ € Njj with |a| < M

< Cy|p|M~MIgym=rlel for all n € R"

iv) Hag‘p(né +m = pC, E)) CI(RM)

holds. The associated pseudodifferential operator O P(p) = p(x, Dy) is defined as
above. The set of all pseudodifferential operators with symbols in the symbol-class
C;Sl’;fo(]R" x R™; M) is denoted by OPC;S;”’O(R” x R"; M).

The following set of operators plays the central role for the characterization and
is defined similarly as in the smooth case, cf. [22] and [5].

Definition 0.1 Let m € R, M € Ny U {oo} and 0 < p < 1. Additionally let

m € No U {oo}and 1 < g < oo. Then we define .Ap o (M, q) as the set of all

linear and bounded operators P : H, "(R") — L49(R"), such that for all [ € N,

ay,...,o € Njand B1,..., B € N” with |¢| < M, |8] < m and |a| + |81] =
= |oy| + |B] = 1 the iterated commutator of P

ad(—ix)* ad(D)P' .. ad(—ix)* ad(D)" P : H)'"P*(R") — LI(R")

is continuous. Here ¢ := a1 4+ ...+ oy and B := B1 + ... + B;.

We refer to Definition 1.3 below for the definition of the iterated commutators. In
the case M = oo we write A7 (i, ¢) instead of Aﬁ’ooo (m, q). Because of [22,
Satz 1.8], one has in the case M = m = 00

0(00 q) COPS O(R" x R"™)

with equality if g =2 or p = 1.
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In the case m # oo we have the following results:

Lemma0.2 Lett > 0,7 ¢ N, m € Rand p € {0,1}. Considering p €
C;SKO(R" X R*) we get form :=max{k e Ng: 1t —k >n/2}and1 < g < oo:

D) plx, Do) € Ay d"(lt).2)if p =0,
i) px, Dy) € A7 (i, 2) if p =0,
i) p(x, Dy) € A7 (L), q) if p = L.

Proof This follows from Remark 1.5 and Theorem 2.5 below. O

Conversely, one obtains form € R, p € {0,1},1 < g < oo, m € Ny with
m > n/q and M € No U {oo} with M > n + 1 the inclusions

"y G, q) © CIST (R x R M — 1) N ZL(H)'(R"), LI (R")),

where M := M — (mn+1)>1ands € (0,m —n/q] with s ¢ Ny is assumed, cf.
Lemma 3.11 and Theorem 3.12 below. This is one of the main results of [3]. We note
that, as in the smooth case, the characterization of non-smooth pseudodifferential
operators of the symbol-class C Si’fo (R" xR™; M) is reduced to the characterization
of those ones of the symbol-class C; ngo (R™ x R"; M). To this end we need:

Lemma 0.3 Letm € R, M € Ng U {oo} and 0 < p; < pp < 1. Furthermore, let
m € Noand 1 < g < oo. Then

pzo(m q) CApl()(m q)-
Proof This follows immediately from the embeddings
H;”—Pllﬂl\(Rn) s H;”—Pz\al(Rn).

O

Furthermore, using the characterization of non-smooth pseudodifferential operators,
we will show that the inverse of a non-smooth pseudodifferential operator is again
a non-smooth pseudodifferential operator (in a slightly larger symbol class) under
certain assumptions. This yields immediately results on spectral invariance of non-
smooth pseudodifferential operators. These results are presented in Sect. 4.1 and are
based on [2].

The structure of this contribution is as follows: Sect. 2 serves to introduce all
notations and mathematical basics needed for this paper. Section 2 is devoted to
some properties of pseudodifferential operators with single symbols, cf. Sect. 2.1,
and pseudodifferential operators with double symbols, cf. Sect. 2.3. In the first two
subsections of Sect.3 we present some auxiliary tools needed for the proof of the
characterization in the case m = 0. In Sect. 3.1 we show that a bounded sequence
inC™ VS(())O(R" x R"; M) is relatively compact in C'™ Sy R x R"; [M]—1).In
Sect. 3.2 a smoothed family of operators (7;)¢c (0,1 assomated to T is considered. It
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is shown that T, : S'(R") — S(R") is continuous for all ¢ € (0, 1] and converges
pointwise if ¢ — 0. Moreover, all iterated commutators of 7; are uniformly bounded
with respect to £ as maps from L4 (R") to L (R"). Sections 3.3 and 3.4 are dedicated
to verify the characterization of non-smooth pseudodifferential operators. Finally, in
Sect. 4 the results on spectral invariance are presented.

1 Preliminaries

For the convenience of the reader this section is dedicated to the introduction of the
notation and the mathematical preliminaries for this chapter. N denotes the set of
all natural numbers without zero and No = N U {0}. We consider n € N except
when otherwise agreed during the whole chapter. In particular this means n # 0.
For x € R we set

xT := max{0; x) and lx] :=max{k € Z : k < x}.

Additionally we define
(x):= A+ x»H? forallx e R" and ag == 2n)"dE.

Anelement o = (g, ..., 0,) € Ng is called a multi-index. Partial derivatives with
respect to a variable x € R” scaled with the factor —i are denoted by

DY = (—i)l*lg% .= (—i)“)‘la)‘z‘l1 O for each @ € Nj.

Moreover we denote for j € {1,...,n} the j-th canonical unit vector by e; €
Ng- Hence (ej); = 1if j = k and (e;)x = Oelse.

For two Banach spaces X, Y the set 2 (X, Y) consists of all linear and bounded
operators A : X — Y. Instead of Z (X, X) we also write .Z(X).

Finally the dual space of a topological vector space V is denoted by V’. In view
of a Banach space V we write (., .)y.y for the duality product of V.

1.1 Functions on R" and Function Spaces

In this subsection we fix the convention for all function spaces needed during this
chapter. The Holder space of the order m € Ny with Holder continuity s € (0, 1] is
denoted by

Y f(x) — 9%
Cm,S(Rn) = f e C?(Rn) . sup |sup xf( ) yf(y)l < 00
laj<m x#y lx — yI*
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In case s # 1 we also write C"5(R") instead of C"™*(R"). Note that C*(R") =
C.(R")if s ¢ No. Fors € Rand 1 < p < oo the Bessel potential space H,(R") is
defined by

H,(R") := {f € S'(R") : (Dx)" f € LP"(R")},
where (D, )* := O P({(§)%).

Elements of a Bessel potential space can be characterized as follows, see, e.g.,
[3, Lemma 2.1]:

Lemmal.l Letl < p < 00,5 < 0andm := —|s]. Then for each f € H;(R")
there are functions g, € H;_m (R™), where a € Njj with |a| < m, such that
° f = Z 8ggou
lo|<m
o 2 lIgall st = Cllfllas,
loe|<m p

where C is independent of f and gq.

Moreover we define for y € R” the translation function 7,(g) : R" — C of
g€ L'(R") as Ty(g)(x) := g(x — y) forall x € R".

1.2 Kernel Theorem

In this subsection we focus on an important ingredient of the characterization,
namely the next kernel theorem and its applications. All results are taken from [3,
Sect. 2.2].

Theorem 1.2 Every continuous linear operator T : S'(R") — SR") has a
Schwartz kernel t(x, y) which is an element of S(R" x R"™). Thus for every u €
S(R™) we have

Tu(x) = /t(x, Yu(y)dy forall x € R".
Rll
Proof This claim is a consequence of [21, Theorem 51.6] and [4, Theorem 1.48] if

one uses that S(R") and S’'(R") are nuclear and conuclear, see, e.g., [21, p. 530].
For more details, we refer to [18, Theorem 2.62]. m]

We want to apply the previous kernel theorem on some iterated commutators of
a linear and bounded operator P : S'(R") — S(R") defined by:
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Definition 1.3 Let X, Y € {S(R"),S’(R™)} and T : X — Y be linear. We define
the linear operators ad(—ix;)T : X — Y and ad(Dy)T : X — Y forall j €
{1,...,n}and u € X by

ad(—ix;)Tu := —ix;Tu+T (ixju) and ad(D,,)Tu := Dy, (Tu) — T (Dy,u).
For arbitrary multi-indices ., 8 € Njj we denote the iterated commutator of T as
ad(—ix)* ad(D,)PT := [ad(—ix1)]*' ... [ad(—ix,)]* [ad(Dy)1P' ... [ad(Dy )P T.

Since all iterated commutators of 7 : S’'(R") — S(R") map S’ (R") to S(R"),
Theorem 1.2 provides:

Corollary 1.4 Let o, € Njand T : S'(R") — S(R") be a linear operator.
Then the operator ad(—ix)® ad(Dy)PT : S'(R") — S(R") has a Schwartz kernel
fP e SR" x R"), i.e., for allu € S(R")

ad(—ix)® ad(Dy)? Tu(x) =/f°‘”3(x,y)u(y)dy forall x € R". (1)
Rf’l

Moreover let us mention that the iterated commutators of a non-smooth pseudo-
differential operator are pseudodifferential operators if suitable conditions are
fulfilled.

Remark 1.5 Letm € No, M e NgU {0}, 0 <t <1,me Rand0 < p < 1.
We assume that p € C’ﬁ’TSZfO(R” x R*; M). We define P := p(x, D). Using
integration by parts and some properties of the Fourier transformation, one can
calculate for each u € S(R") at once that

ad(—ixj)Pu(x) = —ix;j Pu(x) + Plixju(x)] = (ngp)(x, Dyu(x),
ad(Dy,) Pu(x) = Dy, {Pu(x)} — P[Dy,u(x)] = (Ds, p)(x, Dy)u(x)
for all x € R". Applying p(x,&) € C’h”SZfO(Rﬁ X Rg; M), we obtain
(0, p)(x, &) € C™7 S (P (RY x RE; M — 1)
and
(Dy; p)(x.§) € C"7NTS] O (RY x RY: M).
Nowlet! € N, ary, ...,y € Njand By, ..., B € Njj with |a; + B;]| = 1 for all
jef{l,...,1l}, || < Mand|B| < m.Here« and B are definedby & := o1 +. . .44

and 8 := B1+...4 B;. By induction with respect to / we can prove that the operator

ad(—ix)® ad(Dy)?' ... ad(—ix)¥ ad(Dy)? p(x, Dy)
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is a pseudodifferential operator with the symbol
¢ Dl p(x, &) € CHIPLT SN PRRY 5 RE M — |a).

If we even have p € S” ((R" x R"), then 9 DY p(x, £) € SI' *|(R" x R™).

Now we have all ingredients at hand in order to verify the application of
the kernel theorem needed later on to prove the characterization of non-smooth
pseudodifferential operators:

Lemma 1.6 Let g € S(R"). For all y € R" we denote g, := 1,(g) 1= g(. — y).
Moreover; let P : S'(R") — S(R") be linear and continuous. We define p : R" x
R" x R" — C by

px, €, y) = e‘”"SP(eggy) (x) forallx, &,y € R".
Here e (x) := e™*€ for all x € R™. Then we have for all o, B,y € Np-

g DEDY p(x.&.y)

=" > <§1>e‘“"s (ad(—ix)® ad(D,)" P) (engerygy) (x).
Bi1+B2=B

Proof Theorem 1.2 provides the existence of a Schwartz kernel f € S(R" x R")
of P.Dueto g € S(R") and f € S(R" x R") we get for all x € R":

DY {74 Pleggy) ()| = e DY / fx, e gy (2)dz
= ivE / f(x,z)eiz'gD;gy(z)dz
= (=Dl P(es DY g,) (x).
Inductively with respect to | 8| we can show for all 8, y € Njj and each x € R":
DfDJy/ {eiix‘sP(ESgy)(x)}

= (=D"'D} {7 P e DY g,) ()]

—(p 3 (ﬂ)e—”fad(l)x)ﬂlp(engz’Lng)(x). )
Bi1+P2=p

With Corollary 1.4 at hand, the operator ad(D,)P' P has a Schwartz kernel f#! e
S(R" x R"). Due to e D> g, € S(R™) and (ix)*2e; D17 g, (x) € S(R) an
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application of the Leibniz rule and interchanging the derivatives with the integral
yields for all x € R":

B¢ {e—”‘f ad(D,)P1 P (engﬁng) (x)}

_ Z (;Jt >(_ix)al€_ix'$ / fﬂl (x, 2)(i7)* PEas D52+ng(2)dz

artay=a N1

— ¢~ (ad(—ix)® ad(Dy)P P) (eg D,’?Z”gy) ). 3)
Finally, the combination of (2) and (3) finishes the proof:
¢ DYDY p(x, £, y)

= ag‘DfD; {e_ix'gP (eggy) (x)}

=(-prt > (ﬁ)e"xf(ad(—ix)“ad(Dx)ﬁlP)(eSD)’fZ*ng)(x)
Bi+pa=p b

forall x, &,y e R". O

1.3 Extension of the Space of Amplitudes

The space of amplitudes Q%J"*N(]R" x R") (m, 7 € R, N € Ny U {00}) is the set of
all functions @ : R" x R" — C with the following properties: For all «, 8 € N
with |¢| < N we have

i) 8g9fa(y. n) € CORY x RY),
i) [agafaty, m)| < Cap@ + 1" (1 +1y)7 forall y, n € R".

If N = oo we also write 7" (R" x R") instead of ./ °°(R" x R"). The oscillatory
integrals defined via

Os f[ e Y a(y, n)dydn = lin})/fx(sy,en)e*"y'”a(y, mdydn, )
e—

where x € S(R” x R") with x(0,0) = 1, are well-defined for each function a
of the space of amplitudes. They constitute an important technique for verifying
statements in the theory of pseudodifferential operators.

This subsection serves to present the properties of oscillatory integrals verified
in [3, Subsection 2.3]. For this we need:
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Remark 1.7 For arbitrary m = 2k, k € N we can show e = (£)7" (D, )" ¥,
if we write (D)% = Zlylik ay,kny. Now let m = 2k + 1, k € Ny. Using

EICT Lo b B
= = +
(E)" = (&) O g @
we get:
eix'f — <E>—m<é>m€ix-$ — <E>—m—1( m 1 zxé + Z —m El m IDX/

By means of the previous remark, we define for allm € N

A" (Dy, §) == (§) " (Dx)" if m is even,

A"(Dy.§) = (§)"" 1D Z )" éf )"~ Dy, else.

Remark 1.8 Letm,t € Rand N € Ny U {oco}. Moreover let Z C %’”’N(R" x R™)
be bounded, i.e., forall «, 8 € Ng with || < N we have

|8)‘z‘3§a(x, £)| < Co (&)™ (x)° foralla € A. 5)

If we use the Leibniz rule and write (D, )(¢~D = Dlyl<i—1),2 ay,lD)zcy for odd

I € N we obtain due to (5), £;(£)~" € ) ((R" x R") and (£)* € S} ((R" x R") for
alla, B € Ng with || < Nand!l € N:

820l 1&) (Do) atx. £) = Y (&) é’> (D) "' Dy a(x,§)
j=1

Co (&)™ (x)T

foralla € £ .

The properties of oscillatory integrals needed later on are listed up in the next
Theorems and Corollaries. For the proof of all these results, we refer to [2, Sect. 2.3].

Theorem 1.9 Let m,t € R and N € Ng U {oo} with N > n + t. Moreover, let
x € S(R" x R™) with x(0,0) = 1 be arbitrary. Then the oscillatory integral

Os // e Y a(y, n)dydn = lir%//x(sy,sn)e_”"”a(y, n)dydn
E—>
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exists for each a € ,Q/Tm’N(R" x R™). Additionally for all 1,1’ € Ng withl > n +m
and N > 1" > n+ 17 we have

Os // e a(y, n)dydn = // e~ Al (D,, y)[A!(Dy, na(y, n)ldydn.

Therefore the definition does not depend on the choice of x.

Theorem 1.10 Let m,7 € Rand k € N. We define T == v ift > —k, T =
—k—05ift € Zandt < —kand T :== —k — (|t| — |—7])/2 else. Moreover,
we define T := 14 if t > —k and T := v — T else. Additionally let N € Ny U {oo}
and M = max{m € No : N —m > [ > k + T foronel € Ny}. Assuming an
a € MmN RE x RKY we define b : R" x R" — C via

b(y,n) := Os // e a(y, ', n,n)dy'dy’  forall y,n € R".

If there is an I e No with M > I>n+ T, we obtain

Os //// e W a(y, 'y, n)dydy'dndy
= Os -// e~ [OS // e_iy/"’/a(y, v, n, n’)dy’dn’} dydn.

(6)

If there is an I eNowith N >1 > k+t, wehaveb € ;szm+’M(R” x R™) and

8%3Lb(y, ) = Os f / e3P a(y. ¥ . )dy'dny’ forall y.n € R”
@)
foreacha, p € Ny with |B| < M.

Theorem 1.11 Letm,t € Rand N € No U {oo} with N > n + t. Moreover, let
lo, lop € No withly < N. Then

0s / / ¥ a(y, nydydn = Os / / e AD(D,, y)A(Dy, maly. mdydn

for every a € /™ N (R" x R").

Corollary 1.12 Letm,t € Rand N € Ny U {oo} with N > n + t. Additionally
let (aj) jen be a bounded sequence in ,Q/r’”’N(R" x R"), i.e., forall a, B € Nj with
loe] < N:

a9%aj(y,m)| < Cap(m)™(y)*  forally,n € R"and j €N,
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Moreover, there is an a € .;zfr’”’N(R" x R™) such that

lim 8,‘;‘8501]-()1, n) =8f"85a(y,n) forally,n e R"

Jj—00

foreach a, B € Nj with |a| < N. Then

lim Os -// eiiy"’aj (y,n)dydn = Os // e~V g (y, n)dydn.

j—o0

Theorem 1.13 Let m,7 € Rand N € Ny U {oo} with N > n+ t. Fora €
,%’”’N (R™ x R"™) we have:

Os // e T (M) g (yy 4y + no)dydn = Os // e Ma(y, n)dydn.

2 Pseudodifferential Operators

2.1 Properties of Pseudodifferential Operators

Equipped with the family of seminorms
m
la |k,cﬁ~fsg0(Rann;M)

= max sup [|¢a(., &)l e ) ()"0

la|<k gecRn
ofa(x,&+mn) —ofa(x,§)
+ max sup sup 5 M—LMJS (g)y~mtrlel
ll=M gerr err\(0) Il e R

for all k € Ny with k < M, the spaces C"Z’TSKO(R" x R"; M) are Fréchet spaces,
wherem e NJO<p <1,0<t < land M € [0, c<].
Derivatives of non-smooth symbols have the next useful property:

Lemma2.1 Letm €Ny O0O<t<1,Me[0,00]and0 <s <min{M — |[M], t}
if M ¢ Noand 0 < s < 1 else. Additionally let 8 < C™75) (R" x R"; M)
be a bounded subset. Considering a, y € Ny with |a| < m, |y| < M, the set
{0y0faae B CO%s(R" x R") is bounded.
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Proof First we choose arbitrary o, y € Ng with |a| < m, |y| < M if M ¢ Ny and
lyl < M — 1 else. Since & C C"E’SS&O(R" x R™; M) is bounded, we obtain

{8;‘8;51 ra€ P} C C,?(]R" x R™) is bounded and, (8)
10%0f a(x, n) — 90  a(y, )
sup *78 *8 s < sup ||8§/a(., Ml iz gny < Cy Ya € B.
woO#en  x8) = (. m)l n

€))

If |y| < [M], we get by means of the fundamental theorem of calculus in the case
€ — n| < 1 with & = 5 and because of (8) for |€ — | > 1:

1090 a(x, &) — 93¢0 a(x, )|
sup * *E <Cy foralla € A. (10)
(6, E)F(y,n) [(x, &) — (y, nI®

Incase of |y| = | M], property iv) of the definition of the non-smooth symbol-class
provides for |§ — 5| < 1

|05 9f a(x, &) — a7 8f a(x, ) 19f aC., &) = 8 aC., Ml i gy
sup <su

6,62, [(x,8) — (v, I ey |& —nl*
= qup 14966 =B A Dl e
T gy & — n|M-LM]
<C, VYaeX (11
Collecting the estimates (8),(9),(10), and (11) we finally obtain the claim. |

In the literature there are several boundedness results for smooth as well as for
non-smooth pseudodifferential operators. Here we just mention those needed during
this chapter.

Theorem 2.2 Let p € S7"((R" x R") withm € R. Then
p(x, Dy) : SR") - SR")
is a bounded mapping. More precisely, for every k € Ny we can show

1P, Do) flis < Celpli™ | flis  forall f € SR,

where m := max{0,m+2(n—+1)+k}ifm € Z and m := max{0, [m|+2n+3+k}
else.
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We refer to, e.g., [1, Theorem 3.6] for the proof. Now let X € {C’h’f, C,’f”} with
m € Np and 0 < 7 < 1. For non-smooth pseudodifferential operators with symbols
aeX S;’f o R x R"™; M) a similar result holds since the next estimate

lez - aC, )llx < Cac(EMla, &)lx  forall§ e R”, 12)

can be verified for some N € N and Cyj ; > 0. This is done in the next remark
which generalizes some cases of [3, Remark 3.3].

Remark 2.3 Let X € {C"™7,C"**} with i € Noand 0 < v < 1. For 0 <
p < land M € [0, c0] we choose an arbitrary a € XS;”O(]R” x R™; M). Then

inequality (12) holds for N = i + 2 in the case X = C"™7 and for N = i + 1 in
the case X = C™ 7. With the multiplication property

Ifgllcs < Cliflicsligllcy  forall f, g € CL(RY),

and the embedding CZ’HTJH (R") — Cf‘“ (R™) at hand, we are in the position to
prove the remark for X = C7+7:

leg - aC. )l gger < Cielleglgeteralat Ollgger < e (6 al, )l e

for all & € R™. It remains to prove the case X = C”7. Using the mean value
theorem in the case [x; — x2| < 1, x1 # x2 we obtain

|eix1~§ _ eix2-5|
max < 2(&) for all £ € R".

xi#x |xp = xo|"

On account of the previous inequality we are able to verify the next estimate:

max sup le*159% (x1, §) — ™25 9% (xy, £)] -

lot| <7t x; £y [x1 — x2I"

CiacE)llaC, )i (13)
for all £ € R". Moreover we are able to show
lleg - al. Ol = Cin (€)™ la (., )| cne forall & e R". (14)

A combination of the inequalities (13) and (14) yields

lleg - a(., &)llenr < Car (&)Y al, E)llcae  forall & € R™.
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The previous remark enables us to prove the next boundedness result which
generalizes Lemma 3.4 of [3]:

Lemma 2.4 Let X € {C’;‘”, Cf‘”} withm € Nogand 0 < T < 1. Moreover let
m € R, M € [0, oo]. Additionally let 0 < p < 1. If p is an element of the Fréchet
space XSKO(R" x R"; M), we obtain the continuity of p(x, Dy) : SR") — X.

Proof Let u € S(R") be arbitrary. An application of p € X SKO(R" x R"; M),
u € S(R") and Remark 2.3 yields

Il p(x, Dx)u(x)llx S/IIesP(-,S)lelﬁ(S)ldé

<c / ) DG s ).
=< Clulp42m+1),8

for all x € R" and some m € N.
O

In the case X = C™7 this statement was proved in [13, Theorem 3.6]. We
even can generalize the previous lemma for arbitrary Banach spaces X fulfilling
CrR"H CXC CO(R") and inequality (12), see, e.g., [3, Lemma 3.4] for the case
M e Ny U {oo}. In view of the proof of Lemma 2.4 we easily see that we also get
the boundedness of

{p(x,Dy) : p € B} € L(SR"); X). 15)

Such results on uniform boundedness of the operators are mostly not stated in the
literature. Mostly only boundedness of a single operator for different function spaces
is shown. It is often tedious to get similar results as (15) by means of verifying these
proofs. Let us remark that in [3, Lemma 3.5] an argument is given that helps us to
prove such results easily.

It is well known that pseudodifferential operators are bounded as maps between
two Bessel potential spaces. These statements are summarized in the next four
theorems. For the proof of the result in the smooth case, we refer to, e.g., [1,
Theorem 5.20].

Theorem 2.5 Letm € R, p € S{'((R" x R") and 1 < q < oo. Then p(x, Dy)
extends to a bounded linear operator

p(x, Dy) H;*’”(R”) — H)[R")  foralls € R.

Theorem 2.6 Letm €¢ R, 0 < p < 1withp > 0Oand 1 < p < oco. Additionally
lett > (1—)p)- ’21 ifp < landt > 0if p = 1, respectively. Moreover, let
M € [0,00]l with M > n/2 for2 < p < oo and M > n/p else. Denoting

kp:=0—pn|1/2—1/p|, let B < C;S:ng” (R" x R"; M) be a bounded subset.
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Then for each real number s with the property
n
1—=p) —-lt<s<rt
D

there is a constant Cs > 0, independent of a € B, such that
la(x, D) fllmy < Csll £l gy Jorall f € H;;er(R") anda € A.

Theorem 2.7 Letm € Rand 1 > g Moreover, let M € [0, oo] with M > n/2.
Additionallyleta € C} S(’)'TO(R" xR™; M). Then for each real numbers € (g -1, 1')
there is a constant Cy > 0 such that

laGx. Do) fllmg < Csll fllggen  forall f € Hy™ R").

Theorem 2.8 Letm € R, M € [0, co] with M > n/2 and t > 0. Moreover let P
be an element of O PC S, m n/2 (R" x R"; M). Then the operator

P: H2S+m(R") — H5(R") is continuous forall — 1 < s < T.

The statements for non-smooth pseudodifferential operators instead are based
on the results of Marschall, see [17, Theorem 2.7], [17, Theorem 4.2], [17,
Theorem 2.1] and [17, Lemma 2.9]. Just the proof for the fact that the constant
C; is independent of the bounded set % was given in [3, Sect. 3.1]. If 14 = 1,
Theorem 2.6 also holds for p = 1 or p = oo, cf. [17, Theorem 2.7 and
Theorem 4.2].

We also will need the following estimate for pseudodifferential operators. It is a
generalization of [3, Lemma 3.10].

Lemma29 Lets € RT withs ¢ N,m € Rand 0 < p < 1. Additionally let
M € [0, oo]. Moreover, 28 C C* Sm o(R" x R"; M) should be a bounded subset and
u € S(R"). Forevery N € Ny wzth 2N < M we have

la(x, DOux)| < Cnnx) 2N forallx e R" anda € B.

Note that C , depends on u € S(R™).

Proof Let N € No with 2N < M. Choosing M,, , € N with —M,, , < —n — |m]|,
we get for all a € # and all x € R” by means of u € S(R") and the boundedness
of & C CSS/’f’O(R" x R"; M):

(DY [ax, i(©)]| < Cun )" & L' RY). (16)
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Here Cy , is independent of x,& € R" and a € Z. On account of (16) and
integration by parts with respect to £ we conclude the claim:

@ a(x, Dyuto)| = ‘ / (D) [atx, ©)a(®)] dE| < Cn

foralla € & and x € R". O

2.2 Kernel Representation

Here we present the kernel representation of a non-smooth pseudodifferential
operator p(x, Dy), whose symbol is in the class C"* S (R" x R") with m € N,
0 < 7 < 1. The results are special cases of the statements verified in [2, Sect. 3.2].

Theorem 2.10 Let p € C’h*TSI’fO(R” x R"), wherem € Nog,0 <t < landm € R.
Then there is a function k : R" x (R*"\{0}) — C such that k(x,.) € C*®°(R"\{0})
forall x € R" and

p(x, Dy)u(x) = /k(x, x — y)u(y)dy forall x ¢ supp u

for all u € S(R"). Moreover, for every a € Nj and each N € Ny the kernel k
satisfies

Conlz|"™N  ifn+m+|a| >0,
102k(., 2)llx < { Can( + lloglzID(z)™N ifn+m+ |a| =0,
Caniz)™ ifn+m+la| <0

uniformly in z € R"\{0}.

Proof We are able to prove the statements in a similar way as in [1, Theorem 5.12]
or [20, Chapter VI, § 4]. The main idea of the proof is to decompose

P, DOf =) p(x,Dgj(Dy)f  forall f e SR™,
j=0

where (¢;)jen, is a dyadic partition of unity. The series converges in C’;’*T(Rn)
due to Lemma 2.4. First of all we construct a kernel k; of p;(x, Dy) :=
p(x, Dy)@;(Dy) for each j € Ny. This can be made in the same way as in the
smooth case. We just have to use ||8§‘p(., Ollcic@mny = Ca (gymlel instead of

|8§‘p(., £)] < Cu&)™ 1l forall o € Nj and all £ € R". Afterwards we use this
kernel decompositions to construct the kernel of p(x, D,) as in the smooth case.
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By means of the embedding C™T(R") C COR") we get the absolute and uniform
convergence of k(x, z) = Z?‘;o kj(x,z). O

Remark 2.11 If we even have p € §7'((R" x R") in the previous theorem, we can
show that (., z) is smooth forall z € R" while applying Theorem 2.10 forallm € N
and some 0 < 7 < 1. This result already was shown in, e.g.,[1, Theorem 5.12].

2.3 Double Symbols

The present subsection is devoted to the introduction of pseudodifferential operators
with double symbols. They had been introduced in order to verify that the compo-
sition of two smooth pseudodifferential operators is a smooth pseudodifferential
operator again. Pseudodifferential operators with double symbols are also a very
important tool to show the characterization of non-smooth pseudodifferential
operators.

Definition 2.12 Let 0 < s < 1, m € Ny and m,m’ € R. Moreover, let N €

NoU{oo} and 0 < p= < 1. Then the space of non-smooth double (pseudodifferential)

symbols C"™ YSmOm (R" x R" x R" x R"; N) is the set of all functions p : R” x
R” x R, x R — C such that

i agol 0% p € C™* (RY) and 8} 9 dF 0% p € CORY x RY x R, x RY),
ii) 11689508 p( &, X6 o oy < Carprar (€Y P11 (E' Y7 01|

for all £, x’,&" € R" and arbitrary 8, «, B’, @’ € Njj with || < m and |a| < N.
Here the constant C, g/ o is independent of &, x’, & € R”". In the case N = oo we

write C’;’*SS;”’OM/(R” x R" x R" x R") instead of CM’SS;”bm/(R" x R" x R* x R"; 00).

Moreover, we define the set of semi-norms {|.|;"" : k € No} by

m,m’
|I7|k =

max sup ||35 35, p( &, x" EN <@ (%->—(m—p|a\)<§./>—(m —ple’l).
‘C‘l""‘lﬂ ‘H—‘C{ |<k§ x',&'eRn

Because of the previous definition, p € C™* SZO(R" x RV) is often called a
non-smooth single symbol.

For every non-smooth double symbol we define the associated operator as
follows:

Definition 2.13 Let0 <s <1,m e Np,0 < p <1 and m, m’ € R. Additionally
let N € Ny U {oo}. Assuming a symbol p € C"“S 0 (R" x R" x R" x R"; N),
we define the pseudodifferential operator P = p(x Dy, x’, D,/) such that for all
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ueSMR") andx € R”

Puto) :=0s f/// eI px £ x + v, Eux + y + )dydy dEdE'.

Note that we can verify the existence of the previous oscillatory integral by using
the properties of such integrals. For more details, see [18, Lemma 4.64].

Now let O PC™ vSm(;" (R"* x R" x R* x R"; N) be the set of all non-smooth
pseudodlfferentlal operators whose double symbols are elements of the symbol-

class C"“S 0 (R" x R" x R" x R"; N).
Later on we will need a special subset of C’;’*SS’"’(?(R" x R" x R" x R"; N): For
O<s<1,meNyp,NeNyU {oo}andm € Rthesetofall p € - YSWL(?(]R”

R” x R" x R"; N) which are independent of £’ is denoted by C"™ sS:’fo(}R” x R" x

R"; N). The associated pseudodifferential operators p(x, Dy, x’) to elements of this
subclass of double symbols are defined via

p(-xv st X/) = p(-xv DX1 )C/, Dx’)-
We call the set of all non-smooth pseudodifferential operators whose double
symbols are in the set cnm- YS’”O(R” x R" x R"; N) by OPC™ YS’”O(R” x R" x
R™; N).
We can prove the following representation for pseudodifferential operators of the

symbol-class C"" Sl’fo(]R" x R" x R"; N) applied on a Schwartz function, see, e.g.,
[3, Lemma 3.13]:

Lemma 2.14 Let0~< s<1,meNypO0<p=<1l,meRand N € NygU {oo}.
Considering a € C’”’SS:':O(R” x R* x R"; N), we obtain for allu € S(R"):

a(x, Dy, x"u(x) = Os // T g (x, E, y)u(y)dyds  forall x € R™.
Proof Letu € S(R") and x € R” be arbitrary. Then

(o) 2 De) ax, &, Dz + ) € SR ) RY ).

With Theorem 1.9, Corollary 1.12, Theorem 1.13, and Theorem 1.10 at hand, we
get

a(x, Dy, xu(x)

= // / / 0RO (DN a(x, . x + Vux + y + y)]dydy dEdg’
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= Os //// @8 E G (x £, ) () (D) u(z + Y )dzdy dsdg’

:OS-/‘/ i(x— Z)Ea(x £,2) |:OS // —iy'§ 21 Dg )ZIM(Z—I—y)dde i|dzd€

By means of
D) uz +y) € SRY) € FO R, x RY)

we are able to apply Theorem 1.11 and Theorem 1.13 and get
Os f/ e_iy/'$/<y/)_2[(Dg/)yu(z + y/)dy/d’;‘/ — Os _/‘/ e—i(z_z).g’u(z)dng/ =u(z).

For the proof of the last equality, we refer to [1, Example 3.11]. Combining all these
results we conclude the proof. O

As a direct consequence of the definition of double symbols we obtain the next
remark.

Remark 2.15 Let(Q <s< 1,m e R,m € Ngand N € NygU {oo}. The boundedness
of the subset 4 C C’"’SSZ’O(]R" xR"xR"; N),0 < p < 1, implies the boundedness
of

{afaga ‘ae %] c ChBls gAY IRY X R X R N — [y)
for each y, § € Njj with [§] <m and |y| < N.

This remark was already verified in [3, Remark 3.14].

3 Characterization of Non-Smooth Pseudodifferential
Operators

Throughout the whole section (¢;) jen, is an arbitrary but fixed dyadic partition of
unity on R”, that is a partition of unity with

supp@o € B2(0)  and  suppg; C{& e R": 2771 < g <2/}

forall j e N.



Characterization and Spectral Invariance of Pseudodifferential Operators 41
3.1 Pointwise Convergence in C">* Sg 0
b

As an ingredient to show the characterization of non-smooth pseudodifferential
operators, we need the following statement: Each bounded set (pg)e~o of the
symbol-class C"* Sg o(R" x R"; M) contains a sequence which converges point-

wise in C’"*SSgﬁo(R" x R"; M — 1). To this end we use

Lemma 3.1 Letm € No, 0 < s < 1 and (pg)s=0 S C™*(R") be a bounded set.
Then there is a sequence (pg)keN S (Pe)e>0 with e — 0 for k — oo and a
p € C"™*(R") such that for all B € Njj with |B| < m

k—o00
W pe, — 3Fp

converges uniformly on each compact set K C R".

Proof It is sufficient to prove the claim for each B;(0), j € N. Due to the bound-
edness of (pelp,))e>0 S C™*(B;(0)) and the compactness of the embedding

C™(B;(0)) € C™(B;(0)) we get by a diagonal sequence argument the existence
of a sequence (pg )keN € (Pe)e>0 With &g — 0 for k — oo and of unique functions
PB;©0) € C"(B;(0)) such that

k— 00

Dep — PB;(0) in Cm(B](O)) for allj e N.

We define p : R* — C via p(x) := pB;)(x) forall x € B;(0) and each j € N.
This implies the uniform convergence of

k— 00

3 pe, — 3fp  on B;(0)

forall j € Nand 8 € Nj with |[f] < m. The definition of p provides
p € C™(B;(0)). The boundedness of (pg)eso S C™*(R") and the pointwise

convergence of prg — afp if e — 0 forall B € Nj with |[8] < m yields
p € C"™(R"). O

With the previous result at hand, which was already shown in [3, Lemma 4.1] we
can verify the next claim, see [3, Lemma 4.2]:

Lemma 3.2 Letm € Ng and 0 < s < 1. Furthermore, let (prg)Do - CO’S(Rﬁ X
Rg) be a bounded set for all B € Nj with |B| < m. Then there is a sequence

(Pe)keN S (Pe)e=o with ey — 0 fork — oo and a p € CO(R" x R") such that
forall B € N with |B| < m we have

D ap e R xRY,

.. k ,
ii) 8)/;9 Dy R 8}? p converges uniformly on each compact set K C R" x R".
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Proof 1t is sufficient to show the claim for all sets B;(0) x B;(0), i,j € N.

Since the set (8}? Pe)e>0 18 bounded in CO’S(Rﬁ X Rg), we iteratively conclude
from Lemma 3.1 the existence of a sequence (pg, )ken Of (pe)e~0 and of functions
qp € CO’S(Rﬁ X Rg) such that

3 pe, =% g5 uniformly in B;(0) x B;(0) (17)

foralli,j € Nand 8 € Njj with || < m. Choosing an arbitrary but fixed & €
R”, (17) implies the uniformly convergence of

08 pey (. £) 2% g4, 6) (18)

in B;(0) for all B € Ng with |8] < m and all j € N. Hence (pg, (., ))ken is a
Cauchy sequence in C"(B;(0)). Due to the completeness of C" (B;(0)) we have

the convergence of (pg, (., §))ren to p in C™(B;(0)). Consequently we obtain for
all B € Nj with || < m and each j € N:

0 pec (&) 5% 985 in CO(B;(0)). (19)

Because of the uniqueness of the strong limit we get together with (18) that Bx p=
qp(., &) for each B € Nj with || < m. Thus with p(x,&) := qo(x,&) for all
x, & € R” the claim holds. O

All verified results enable us to show the main theorem of this subsection, which
generalizes [3, Theorem 4.3]:

Theorem 3.3 Let m € No, M € [0,00] and 0 < s < 1. Additionally, let (ps)e=0
be a bounded set in C'™ sS0 o(R" x R"™; M). Then there is a sequence (pg)ieN S
(Pe)e=0 with g — 0 for | — oo and a function p : R} x R” — C such that for all
a, B e Ny with |B] < m and |a| < M we get

i) 98¢ p exists and 8 8¢ p € COT(R" xR") for some 0 < v < min{s, M — M ]},
if M ¢ Nandt € (0, 1) else

.. l . .
ii) 85 Bg‘ De, _= Bf agf p is uniformly convergent on each compact set K C R" x
R™.

In particular p € C’h’sSg’o(R" x R*; [M]—1).

Proof 1t is sufficient to prove the claim for B;(0) x B;(0), j € N. Applying
Lemma 2.1 we get for all 8,y € Nj with || < m and |y| < M the boundedness
of the set (afagp£)£>() C COT(R" x R") for some 0 < v < min{s, M — |[M]} if
M ¢ No U {oo} and 7 € (0, 1) else. Thus by Lemma 3.2 we inductively obtain the
existence of a sequence (pg;)ieN € (ps)e=0 With & — 0 for/ — oo and functions

e COT(R" x R") with the following properties: For all j € Nand «, 8 € Nj
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with |8 < m and |@| < M we have 3}?(]0{ € CO’T(Rﬁ X Rg) and
[—o00
L og pey — 3 qa (20)

converges uniformly on B;(0) x B;(0). Now we choose an arbitrary but fixed k €
No with & < M and x € R". The boundedness of (8§/pg,)leN c C%T(R" x R") for
all y € Nj with |y| < k leads to

1pe, (X, Ml ctr ny < Max 19 pe, ll o gy < Ci
yeNj

ly|<k

forall x € R" and/ € N. By means of Lemma 3.1 we obtain via a diagonal sequence
argument the existence of a subsequence of (pg,);cn again denoted by (pg,)ien and
of a function p € CTM1=1(R") with the property

0] pe,(x. &) Iz 0 (&) pointwise forall x € R" Q1)

and every y € Njj with |y| < [M7] — 1. On account of (20) and (21) the uniqueness
of the limit gives us g, (x, .) = agﬁ. This implies p(x, .) := go(x, .) € C™M1-1(Rrm)
for all x € R", (i) and (ii). Additionally the boundedness of (pg)e>0 <
C”E’SS(())’O(R" x R"; M) provides for all « € Nj with |¢| < M and each fixed
EeR?

||8gpgl(., éf)”crhVS(Rn) < Cyq.

Hence we get due to Lemma 3.1 via a diagonal sequence argument the existence of a
subsequence of (pg,)1en again denoted by (pe, )y and of a function py, € C™*(R™)
with the property

8¢ per (6. &) =% po(x)  pointwise for all § € R” (22)

and every € Njj with |a| < M. The uniqueness of the limit, (20) and (22)
provides the equality 8§‘p(.,§) = qu(.,&) = pgo for each @ € Nj with |a| <

M. Consequently p is a non-smooth symbol of the symbol-class C"E’SS&O(R" X
R™; [M7] —1). ]

3.2 Properties of the Operator T,

Apart from the results of Sect. 3.1 an approximation (7;)sco,1] 0of T € Ag’g/l (m, q)
is needed in order to prove the characterization of non-smooth pseudodifferential
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operators. Thereby the approximation operators (T;)qc(0,1] have to satisfy the
following conditions:

e T, : S'(R") — S(R") is continuous,

* The iterated commutators of 7, are uniformly bounded with respect to & as maps
from L9(R") to L9 (R"),

e T, converges pointwise to T if ¢ — 0.

All results of the present subsection are taken from [3, Sect. 4.3].

Throughout the whole subsection we assume: Let | < g < coand M € NoU{oo}
be arbitrary. Additionally, let T € Ag:gl (m, q) withm € No and ¢ € Cj°(R") with
¢(x) = 1forall |x| < % and ¢(x) = O forall |x| > 1. Forall 0 < ¢ < 1 we define
the pseudodifferential operators

Poi=pe(x.Dy)  and Q= qe(x, Dy),

with the symbols p.(x, &) := ¢(ex) and g (x, &) := ¢(&). Then the sets {p,|0 <
e < 1} and {g¢|0 < & < 1} are bounded subsets of S?’O(R" x R™). We remark
that for all ¥ € S(R") we have P.u = p.u. Moreover we get the continuity of
Pe : C*°(R") — Cy°(R") by means of the continuity of multiplication operators
with Cgo -functions. Furthermore, we define

T, := P Q. TP Q..

Since P, Q; : S(R") — S(R") is continuous, T, : S(R")" — S(R") is continuous,
too. Later on we will need the next statements:

Lemma 3.4 Forallu € L1(R") we have the following convergence:
LY — lim Teu = Tu.
e—0

Proof With the theorem of Banach-Steinhaus at hand, we can easily show

0 =% u  and P 2% 4 inLIRY). (23)

For more details, see [18, Proof of Lemma 5.27]. By means of (23) and Theorem 2.5
we get for all u € LY(R"):

-0
I1Pe Qeur — ull oy < CllQeut — ull o) + || Peu = ul o rry — 0.
An application of Theorem 2.5 gives us for all u € LY(R"):
1Teu — Tullparry < |1PeQeT PeQett — PeQeTullpawry + | PeQeTu — Tullpawr)

0
< C||P:Qet — ull Loy + || P Qe Tu — Tul| La@ny — 0.
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Lemma 3.5 Let «, B € Nj with |B| < m and |a| < M. Then

lad(—ix)* ad(D )P Te |l z(pary) < Cap forallO <e < 1.
Proof Leta, B € Njj with |8| < m and |a| < M. We define

REV-E2Py = [ad(Dy)P' P ] [ad(—ix)* Q. | T*2 P2 [ad(Dy)P P, | [ad(—ix)* Q] ,

ay,02,03

where 7262 := ad(—ix)*2 ad(D,)P2T. Then we obtain for all u € S(R")

ad(—ix)* ad(D,)P Tou = Z Cal,az,ﬂl,ﬁzRﬁl’ﬁ2’53u.

o],002,03
o) tartaz=o

Bi1+B2+B3=p

Due to Remark 1.5 we get ad(D,)? P; € OPS? , and ad(—ix)’ Q. € OPS; ' €
OPS?0 for each y,6 € Ng. On account of Theorem 2.5, the boundedness of

{pel0 < & < 1} and {g|0 < ¢ < 1} in S?’O(R” x R") and of T € Ag:g’l(;ﬁ,q)
we obtain

| ad(—ix)* ad(Dy)P ToullLa < Capgllullza forall u € S(R"). o

Proposition 3.6 Let g € S(R") and 0 < ¢ < 1. For each y € R" we define
8y = Ty(g). Moreover, we define

peo(x, &, y) = eiix‘STS(ESgy)(x) Sforall (x,&,y) e R" x R" x R".

Then peo € CP(R" x R" x R").
For the proof of Proposition 3.6, we still need:

Definition 3.7 For k € Ny we define the normed space LZ (R™) as

LI®Y = [ € LI : Ifllg = 10 F )l agay) < o0

Sketch of the proof of Proposition 3.6 Let k € Ny be arbitrary but fixed. For every
x,& € R, f € CST'(R") and each h € LY (R") we define 8,(f) = f(x)
and Mg (h) := egh. Additionally we define the functions § : R" x R" x R" —
LR, C), Gt R* xR x R" — LI(R") and M : R" x R" x R" —
ZL(L{@®R"), L1(R")) by

§(x,y,6) =8¢, G(x,y,6) =gy, M(x,y &) :=M; forall x, y, & € R".

One can show that G is a smooth function and that §, M are k-times continuously
differentiable, cf.[18, Proposition 5.33 and Proposition 5.34]. On account of the
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product rule we get

M(x,y.£) 0 G(x,y.&) € C*R} x RY x RY, LY(R")). 24)
Since T, is continuous as map from S’ (R") to S(R"), we have

T. € Z(LYR", Gy (RY)
and hence we obtain
T.(M(x,y,£) 0 G(x,y.£) € CKRE x RY x RE, C V' (R™)

due to (24). Applying the product rule again yields
Peo(x,y, &) = eV E8(x, y,8) o T(M(x, y, §) 0 G(x, y,£)) € C*R} x R} x RY).

O

We refer to [18, Proposition 5.31] for more details.

3.3 Characterization of Pseudodifferential Operators
with Symbols in C*S'

Besides the pointwise convergence result of Sect.3.1 and the results of Sect.3.2
also a formula for representing an operator with a non-smooth double symbol as an
operator with a non-smooth single symbol is needed to derive the characterization
of non-smooth pseudodifferential operators. We achieve this result by a careful
adaption of the known symbol-reduction result for smooth pseudodifferential
operators, cf. [15, Theorem 2.5] by using the extended properties of the oscillatory
integrals presented in Sect. 1.3. This is the reason why we just give a short sketch of
the proof of the next result here.

Theorem 3.8 Let N € No U {oo} with N > n. We define N:=N—m+1). For
each element a of the bounded set 8 C C’”’SngO(R" x R" x R"; N) with m € Ny,
m e Rand0 < s < 1, we define the function ay, : R" x R" — C by

ap(x,§) :=0Os -// e Vg (x, n+E& x+ydydn

forallx,& € R". Then{ay :a € B} C C’h’sngo(R" x R™; 1\7) is bounded and we
have for everya € # andu € S(R")

a(x, Dy, xYu = ar(x, Dy)u. (25)



Characterization and Spectral Invariance of Pseudodifferential Operators 47

Proof The first task is to verify by means of the properties of the oscillatory
integral, Theorem of Fubini and the Theorem of dominated convergence, that the set
{ap(x,&) : a € A} is a bounded set of non-smooth single symbols of the symbol-
class C’h’SS(")fo(Rg X Rg’; N). Afterwards one can show by means of an integral
representation of the operator a(x, Dy, x") applied on a Schwartz function u and the
properties of the oscillatory integral that the equality (25) is true. O

For more details, we refer to [3, Sect. 4.2]. Moreover, a calculation of an integral
representation for a non-smooth pseudodifferential operator with double symbol, an
application of Remark 1.7 and Remark 1.8 and of integration by parts with respect
to £ yields the next lemma, cf. [3, Lemma 4.4]:

Lemma3.9 Lets > 0, s ¢ Noand m,m’ € R. Additionally let N € Ny U {0}
andl’ € Ng with ' < N. Furthermore, let B C CSS(')'fbm (R" x R" x R* x R"; N)

be bounded and u € S(R"). Assuming p € CSngbm/ (R* x R* x R* x R"; N),
we denote P := p(x, Dy, x’, Dy/). Then we obtain the existence of a constant C,
independent of x € R" and p € A, such that

|Pu(x)| < C(x)™"  forallx e R".

With the previous results at hand we now are in the position to show the
characterization of pseudodifferential operators with symbols of the symbol-class
o Sg’O(R” x R*; M). Symbol reducing smooth pseudodifferential operators enable
us to extend this result to non-smooth pseudodifferential operators of the class
(o S(’)'fO(R” x R"; M), m € Np. In all cases the following problem arises: Non-
smooth pseudodifferential operators with coefficients in a Holder space are in
general not continuous as a map from H ;" (R™) to L4(R™). However each element

of AK’OM(M, q) is linear and bounded as a map from Ht;” (R™) to L4(R™). Hence
we only can get a characterization of those non-smooth pseudodifferential operators
which are linear and bounded as maps from H(;" (R™) to L?(R") by means of this
ansatz. Note that the proofs of this subsection are based on the main idea of the
proof in the smooth case by Ueberberg [22] and are taken from [3, Sect. 4.4].

Theorem 3.10 Ler 1 < g < oo and m € No with m > n/q. Additionally let
M € NU {oco} with M > n + 1. We define M := M — (n + 1). Considering
T € Ag:g’l(m, q), we getforall0 <t <m —n/qwitht ¢ Ny

T € OPCTS)  (R" x R"; M — 1) N L (LY (R").

Proof Lett € (0,m —n/q] with T ¢ N be arbitrary but fixed. Let T, ¢ € (0, 1],
be as in Sect.3.2. Then T, : S'(R") — S(R") is continuous. The proof of this
theorem is divided into three different parts. First we write 7; as a pseudodifferential
operator with a double symbol. In step two we reduce the double symbol to an
ordinary symbol p, of T;. Finally, we conclude the proof in part three. Here we use
the pointwise convergence of a subsequence of (p;)s~0 to get a symbol p with the
property p(x, Dy)u = Tu for all u € S(R").
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We begin with step one: Since T, : S'(R") — S(R") is continuous, Theorem 1.2
gives us the existence of a Schwartz-kernel 7, € S(R" x R") of T. Thus

Tou(x) = /ts(x, Yu(y)dy forall u € S(R") and all x € R". (26)

Now we choose u, g € S(R") with g(0) = 1 and g(—x) = g(x) for all x € R. We
define gy : R" — Cfory € R" by gy := 7y(g). Next let x € R" be arbitrary, but
fixed. Then we define

h(z) :=u(z)g;(x) for all z € R".

Using the inversion formula, cf., e.g., [1, Example 3.11], we obtain

u(x) = h(x) = Os // T Ep(y)dyds = Os // T Eu(y) gy (x)dydE.

If we first insert the previous equality in (26) and use the definition of the oscillatory
integrals, integration by parts with respect to y and Lebesgue’s theorem afterwards,
we get

Tou(x) = / te(x, 2) |:OS / / e“zy)fu(y)gy(z)dydg} dz

m [ te(x,z2)- // eiiy'geiz'gu(y)gy(z)x(ay,aé)dydé dz

li
a—0

= lim / / e Sy (ay, ag) [Te(esgy) ()| u(y)dyde,

a—0
where x € S(R" x R") with x(0, 0) = 1. Defining p. o : R” x R" x R" — C by
Pe0(x, &, ) 1= eV E T (e gy) (x) forall x, &,y € R",

we conclude
T.u(x) = Os / / EE D e, £ yu(y)dyde.

Here p; o is the double symbol of T, cf. Lemma 2.14, as we will see in step two.
Secondly we want to construct for all 0 < & < 1 symbols

pe € CTS) (R x R"; M),

with

i) Teu = pe(x, Dy)u for all u € S(R?), y
i1) (pe)o<e<1 is a bounded set of CTS(())O(R” x R"; M).
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Since T, : S'(R") — S(R") is linear and continuous and because of Proposi-
tion 3.6, we can apply Lemma 1.6 and Lemma 3.5 and get for o, y € Njj with
la| < M:

q
[oe DY et 60|
q
< [oe DY peote |
q
q
< X |entolpeoe.s ), 0
|Bl<m *
. P q
<3 > | Cop [ad—in adDOAT] (4D g ) () Lo
|Bl<m B1+p2=p *
=< Ca,m,y

forallé,y e R"and 0 < ¢ < 1.Hence{p:0:0 <e <1} C CTSgo(]R" x R™" x
R™; M) is bounded. Now we define

pe(x. £) i= Os / / ¢ peo(r. &+ 0. x + Y)dydy  forall x, & € R”.

An application of Theorem 3.8 and Theorem 3.8 yields the properties i) and ii). So
we can turn to step three now.

On account of ii) it is possible to apply Lemma 3.3 which yields the existence of
a sequence (pg; JkeN of (Pe)o<e<1 With &g — 0if kK — oo such that

Dex india'¥ )4 pointwise, 27

where p € C rS((){O(JR" x R": M —1). Letu € S(R") be arbitrary. Because of (27)
and the boundedness of (pg; )ken S C’Sg’O(R" x R": M), we get

k—
Pec (X, Do)t =5 p(x, Dy)u (28)

pointwise due to Lebesgue’s theorem. Choosing N € N withn < 2N < M we get
by Lemma 3.9:

q
| e (x, De)u(x) — p(x, Du(x)|? < (Ipek(x, Dy)u(x)| + kll)ﬂgo | ey (x, DX)M(X)|>

< Cyalx)™N e LY(RY)
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for all k € N. Together with (28) we can apply Lebesgue’s theorem and obtain
k—
ey (6, Dou = px, Dol g gn) = f |pe (¥, Du(x) = px, Du(x)|dx == 0.
Rn
Together with i) and Lemma 3.4 we conclude

px, Dy)u =LY — lim pg (x, Dy)u = L7 — lim Ty u = Tu.
k— 00 k— o0

O

As already mentioned, order reducing operators now enable us to extend the
previous characterization to the class C* Sj)', for general m:

Lemma3.11 Letm € R, 1 < g < 0o, m € No withm > n/q. Additionally let
M e Ny U {oo} with M > n + 1. We define M := M — (n 4 1). Considering
T e AKbM(%, q) we have for s € (0,m —n/q] withs ¢ No:

T € OPCSJ\R" x R"; M — 1) N Z(H"(R"), LI (R")).

Proof Lets € (0,m —n/q] with s ¢ Np and § € Njj. Moreover we define for
every o € R the order reducing pseudodifferential operator A* := A%(Dy), where
A%(E) 1= (£)" € SI%)(R”" x R"). Due to Remark 1.5 and Theorem 2.5 we get that

ad(—ix)’ A™" : LY(R") — H""PI(R") € H]"(R") is continuous.  (29)
Now let! € No, a1, ..., € Njjand By, ..., By € Njj such that |8| < m and |a| <

M, where B := Bi1+. ..+ anda := 1 +. . .+a;. Since ad(—ix)™ ad(D, )’ A~
0 for every 2, 6 € Njj with |8] # 0 due to Remark 1.5, we can iteratively show

ad(—ix)* ad(Dy)P' .. ad(—ix)* ad(D)P (T A™™)

=Y Cy..ylad(=ix)" ad(D)P" .. ad(—ix)" ad(Dy)P T[ad(—ix)’ A",
yi+d1=ay

Vitdi=o

m

where § is defined by § := &1 + ... + §;. Combining (29) and T € A ’OM (m, q) we
obtain the continuity of

ad(—ix)® ad(Dy)P' ... ad(—ix)® ad(D )P (TA™™) : LI(R") — LI(R").
Therefore TA™" € Ag:gl (m, q). If we use Theorem 3.10, we get

TA™ € OPCS) o (R" x R"; M — 1) N.Z(LY(R")).
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On account of A™ € O PS{',(R" x R") and Theorem 2.5 we have

T € OPC Sy (R" x R"; M — 1) N L (H"(R"), L (R")). O

3.4 Characterization of Pseudodifferential Operators
with Symbols in C*S{"

Pseudodifferential operators of the class C* S} (R" x R") often appear in the field
of nonlinear partial differential equations. Due to Example 0.2, these operators

are elements of the set A7 (Ls],q) with 1 < g < oo. This subsection is

dedicated for proving the following result: Elements of the set A’K’M(ﬂz, q) are

non-smooth pseudodifferential operators of the order m whose coefficients are in
a Holder space if m .is spfﬁciently large.:. Since. A’K’OM (m,q) C AK’OM (m, q), we
can use the characterization of pseudodifferential operators belonging to the class
CS Sy (R" xR, M) in order to get the main result of this section. Just let us mention
that all statements are taken from [3, Sect. 4.5].

Theorem 3.12 Letm € R, 1 < g < coandm € Nowithm > n/q. Additionally let
M € Nowith M > n+1. We define M := M — (n+1). Assuming P € A’lrf’()M(iﬂiz, q),
we obtain for all T € (0, m — n/q] with Tt ¢ Ny:

P € OPCTSI'\(R" x R"; M — 1) N L(H"(R"), LY (R")).

Proof Letm—n/q >t > Owitht ¢ Nypand P € A’K’OM(rh, q). Due to Lemma 0.3
we have P € A'I"’OM (m,q) C A{’f’OM (m, q). Hence we get by means of Lemma 3.11:

P € OPCTSJo(R" x R"; M — 1) N Z(H"(R"), L (R")).

Let o € Nj with || < M — 1. Then ad(—ix)*P € A}'“"" %7, ¢). Because
of Lemma 0.3 and Lemma 3.11, we obtain

ad(—ix)?P € OPCT Sy " I(R" x R"; M — |ar| - 1).

Due to Remark 1.5 the symbol of ad(—ix)“ P is ng(x, &) if p is the symbol of P.
Hence

198 p(. E)llcr mny < Co (€)™l forall & e R”.

Consequently p is an element of C* ST (R" x R"; M —1). O
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For M — 1 > max{n/2,n/q}, 1 < ¢ < oo Theorem 2.6 provides that every
operator of O PC*S}'((R" x R"; M — 1) with T > 0 and m € R is an element of
Z(H' (R"), LY(R")). This implies

OPCTST'y(R" x R"; M — 1) N ZL(H]'(R"), LI (R"))
= OPCTS{' (R" x R"; M — 1).

Having a look at the characterization of non-smooth pseudodifferential operators
again we see that unfortunately we lose some regularity with respect to m. In [2,

Sect. 4] we were able to improve the results of Theorem 3.10 and Theorem 3.12, so
that no regularity with respect to the first variable is lost.

4 Spectral Invariance

4.1 The Inverse of a Pseudodifferential Operator
in the Symbol-Class C TSg 0

The goal of the present subsection is to verify the following theorem:

Theorem 4.1 Letm € No, 0 < 7 < 1 and M € N U {co} with
M:=M-m+1) >0.
Additionally let N € Ny U {00} such that N — M > n/2. We assume
m:=max{k e No:m+1 —k >n/2} >n/2.
For each p € C™S) (R" x R"; N) with p(x, D)~ € Z(L*(R")) we get
p(x. Do) € OPCTS) (R x R"; M — 1)

foralls € (0,m —n/2)withs ¢ N.

In the smooth case Ueberberg already has shown a similar result, cf. [22,
Theorem 4.3]:

Theorem 4.2 Letl < g <ocoand0<§<p <1lwithé < 1.

i) Forp e Sg,B(R" xR") with p(x, Dy)~! € ZL(L*(R")) we obtain p(x, D;)"! €
OPSg’S(]R” x R™).

ii) For p € S (R x R") with p(x, D,)~" € L(LY(R")) we get p(x, D,)~" €
OPS) ;(R" x R").
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Luckily the main idea of the proof in the smooth case can also be taken to show
Theorem 4.1: We apply the characterization of pseudodifferential operators. Hence
we need to verify the boundedness of certain iterated commutators of p(x, D)~ L.
Since the iterated commutators of p(x, D) fulfill these mapping properties, we
try to write the iterated commutators of p(x, D;)~! as a sum and compositions of
p(x, D)~ and the iterated commutators of p(x, Dy). Thereby we have to take
care of the following fact: Non-smooth pseudodifferential operators are in general
not bounded as operators from S(R") to S(R") like the smooth ones. Consequently
we have to prove the formal identities for the iterated commutators rigorously.

Remark 4.3 (Formal Identities for the Iterated Commutators) Letm,s € R, 1 <
q < ooand M, m € Ny withm + M > 1. We assume that P € X(Htj””, Hj) with
P~ e Z(HJ, Hyt™) and

ad(—ix)* ad(D,)P' ... ad(—ix)* ad(D)" P € L(H;™, H})

foralll e N, o1,..., 7 € Ng and B1,...,8 € Ng with|ay| + ... + |oy| < M,
[Bil+ ...+ 1Bl <mand |a; + Bj| =1forall j € {1,...,I}.Forarbitrary o, 8 €
N with | + B| = 1 we have ad(—ix)* ad(Dx)?P~! : S®R") — S'(R"). We
consider || = 0 and o = ¢; for j € {1,..., n} first. On account of ad(—ix;)P €
X(H;J””, H}), we know that

ad(—ix;)Pu = —ixjPu+ P(ixju) € H(‘;(R") for all u € S(R"). 30)
Ifu e SR C H(;"‘”(R"), we obtain P(ix;ju) € H;(R"). Together with (30) this
implies

—ixjPu € H;(R") for all u € S(R"). 3D
Now we define ¥ := {Pu : u € S(R")} C H;(R"). To show the density of Z in
H;(R") we choose an arbitrary v € H;(R“). On accountof P~! € Z(H?, H;J“’")
we have u := P~lv ¢ H;"”” (R™) and therefore v = Pu. Considering a sequence
(uj)jeny, € S(R™), which converges to u in H;"’m(R”), we define v; := Pu; for

each j € No. Due to P € .Z(H;Jr’", H;) the sequence (v;)jen converges to v.
This implies the density of & in Hy(R"). Next we define the operator Q : 7 —

HT™(R™) by Qu = —ix;P~'u + P~ (ix;u) for all u € 2. Due to (31) Q is
well-defined and we obtain for all u € S(R™):

O(Pu) = —ixju+ P~ (ixjPu) = — P~ '[ad(—ix;) Plu. (32)
With ad(—ix;) P € Z(H,*", H)) and Pl e 2(H:, HJt™) we get

IQ(Pw) ys+m = CliPullng
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for all u € S(R™). Due to the density of Z in H; (R™) this implies
Qe Z(H), H™).
As a direct consequence we obtain
ad(—ix;)P~" € L(H}, H;"™)

since Qu = ad(—ixj)P’lu forallu € S(R"). Together with & C Hj (R") and (32)
we get

lad(—ix;)P~"1Pu = —P '[ad(—ix;)Plu  forallu € S(R").

On account of [ad(—ix;)P~']P € Z(Hy*™) and P~ 'ad(—ix;)P] € L (Hyt™)
the previous equality holds for all u € H; M (R™). The surjectivity of

‘. 1y
P e .X(H; " H;)
yields forall v € H; (R™):

ad(—ix)*ad(Dy)? P~'v = [ad(—ix;) P v = — P '[ad(—ix;) P1IP"'v
= —P Had(—ix)* ad(D,)? P1P" . (33)

Incase B =ej, j € {l,...,n}and || = 0 we get (33) for all u € S(R") in the
same way as before. Moreover,let! € N, oy, ..., a7 € Ng and B1,..., B € Ng with
loj+Bj| =1forall j e {1,..., 1}, |ai|+...+|oy| < Mand |Bi]|+...+ 8] < m.
Denoting o := @1 + ...+ and B := B1 + ... + B we get by mathematical
induction with respect to [:

ad(—ix)* ad(Dy)?' ... ad(—ix)¥ ad(D,) P~ = ZRQIIMQ;’MNA#;

() +.ta))+o @+ Aah)=a
Bl+. D+ (B +..+DH=P

where
Raooiah o] =
c P [ad(—ix)® ad(Dy)P! ... ad(—ix)* ad(D,)P P] P!
0‘} *“;*ﬂll ----- ﬂ]l X N

o...0 [ad(—ix)"‘ll ad(D)P! .. ad(—ix)® ad(Dy)Pi P] Pl

Proof of Theorem 4.1 Let I € Ng, a1,...,0y € Njand By,..., 5 € Nj with
lej + Bjl = 1forall j € {1,...,n} and |B1 + ...+ Bl < m be arbitrary. On
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account of Remark 1.5 and Theorem 2.7 we get p(x, Dy) € Ag,o(’ﬁ’ 2). By means
of p(x, D;) € Agﬁo(ﬁz, 2) and P! € Z(L*(R")) we can apply Remark 4.3 and
for P := p(x, D) we get:

ad(—ix)® ad(D,)P! ... ad(—ix)¥ ad(D,)P P~ = ZRQIIMQMMM

() +.ta))+o @+ Aah)=a
(Bl A+t B+ D=8

where R ol pl....pl A defined as in Remark 4.3. P € A9 0(ﬁ1,2) and P! €

Z(L*(R")) yield together with the previous equality P! € AY ’0(1’;1, 2).For 0 <
s <m—n/2,s ¢ N, Theorem 3.10 provides the claim. m]

We can show the next result in the same way as Theorem 4.1 if we use
Theorem 2.8 instead of Theorem 2.7:

Lemmad.4 Letm € No withm > n/2 and 0 < © < 1. Additionally let M €
N U {0} such that M :== M — (n + 1) > 0. We choose N € Ng U {00} such that
N — M > n/2. For every non-smooth symbol p € C™ 'S n/z(R" x R*; N) with
p(x, D)~ e L(L*(RM)) we get

p, D)~ e OPC* S, (R" x R"; M — 1)

foralls € (0,m —n/2] withs ¢ N.

4.2 Properties of Difference Quotients

The investigation of a spectral invariance result for pseudodifferential operators
P eC TS?’O(R" x R™), T > 0 is one of the main goals of this chapter. Apart
from the characterization the main tool for verifying this result again are the
formal identities for the iterated commutators of P~!, cf. Remark 4.3. But now
ad(—ix)*ad(Dy)P P, |a| # 0 are pseudodifferential operators of negative order
—|a|. Consequently an application of ad(—ix)* ad(Dy)? P, || # 0 increases the
order of the Bessel potential space. Hence besides Pl e Z(L1(R"Y) we also
need P~ € .,Sf(Hq’S(R")) for certain s € Np. Thus we need to prove Pl e
57 (Hq’s (R™)) with the help of the assumptions. In the smooth case, Ueberberg used
the following fact for the proof: The commutator of two smooth pseudodifferential
operators is again a smooth pseudodifferential operator. Unfortunately in general
this is not true in the non-smooth case. However the tool of difference quotients
enables us to get a similar result in the non-smooth case. The tool of difference
quotients is presented in this subsection. All results are taken from [2, Sect. 5.2].
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Definition 4.5 Leth € R\{0}and j € {1,...,n}. Foru € H,(R") with s € R and
1 < p < oo we define the difference quotient of u by

8)/Zju = hil{u(. + hej) —u}.

Next we summarize some useful properties of difference quotients:
Lemma 4.6 Letm € R, ﬂ} eN 0 <1t < land M € Ny U {00}. Considering a
non-smooth symbol p € C"™* ST (R" x R"; M), we get forall j € {1,...,n}:
i) {Bfip(x, £):he R\{O}] C C=lTsm (R x R"; M) is bounded,

i) [02, p(x, DIW() = [ (37 p) (x, Do | (x + he)) for all u € SR, x €
R" and h € R\{0}.

iii) Additionally let M € Ny U {oo} with M > n/2 for g > 2 and M > n/q else
and s € Rwith |s| <m — 1 4+ t. Then we have for some C > 0:

1007, PG, D)lully < Cllull o for all u € Hyt™(R"), h & R\{0}.

Proof Due to the fundamental theorem of calculus we get claim 7). In order to verify
ihe ;- —

claim ii) let u € S(R") be arbitrary. An application of ¢ ]h “1hE) = Bfiu(g)

yields for all x € R": l

ol [p(x, Dou(o)] = [ (87 p) (6, Dou] @+ hey) + [ pe, Do (0 1) | 0.
Hence ii) holds. Finally we can verify iii) by means of Lemma 4.6 i), Theorem 2.6
and the density of S(R") in H; ™ (R"). O
Theorem 4.7 (Difference Quotients and Weak Derivatives)

1) We supposel < p < ocoandu € H1‘§+1(R") with s € R. Then there is a constant
C, independent of h € R\{0} and u < H;'H(R"), such that

h
102 ulliy < Clldw,ullm

forall j € {1,...,n}andall h € R\{0}.
ii) Letl < p <ocoandu € H;; R™) with s € R. Additionally we assume

||a)’gju||H5 <C  forallje{l,...,n)andh € R\{0}.

Thenu € Hy*'(R") and ||3y;ulluy < C.
Note that assertion ii) is false for p = 1 while i) also holds for p = 1.

Proof The proof of case s = 0 is essentially the same as that one of Theorem 5.8.3
in [11]. Assuming an arbitrary s € R\{0} and u € H1§+1(]R") we know that
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(Dy)*'ue H ; (R™). Hence an application of Lemma 4.6 and case s = 0 provides for
each j € {1,...,n}:

197, wllzry = 197 (D) ullLe < Clldx; (Dx) ullLr = Cllox;ull

forall h € R\{O} and u € H;‘H(R"). Similar to i) we obtain case s € Rofii)asa
consequence of case s = 0 and Lemma 4.6. O

With the previous theorem at hand we can show the following proposition:

Proposition4.8 Let k € No, r € Rand 1 < g < o0o. Moreover, let P be an
operator, which fulfills forall s € {r,r + 1, ..., r + k} the properties
i) P e Z(H, HY),
ii) Pe Z(H;"'k"'l,H;"'k"'l),
iii) {[P, 8)}}]_] :h € R\{0}} € .Z(H], Hy) is bounded for all j € {1, ..., n},
iv) P~!e Z(H], H)).
Then P~ € ZL(H?, H;)foreachs e{r,r+1,...,r+k+1}

Proof We prove the claim by mathematical induction with respect to s. In case

s = r there is nothing to show. For s € {r,r + 1, ..., 7 4+ k} we choose an arbitrary
je{l,...,n}and afunction f € H;H(R") - H;(R"). The induction hypothesis
provides the existence of au € HS(R") withu = P~! f. Dueto P € Z(H?, HS)

we get Pu € HA (R™) and consequently Bh (Pu) € HA (R™). Slmllarly we get
P(ah u) € Hy (R") An application of P~! to P(ah u) = [P,d ]u + ah (Pu),

the induction hypothesm the assumptions, and Theorem 4.7 i) yleld
I8 ullzgy = 1P~ HIP, 8y Ju + 3 (Pu)llmg < CILP, 3y Jullmy + C113Y, £l
Xj q T X Xj 9 — TUXj q Xj q
< Clullg; +Clldx; fllug =€ forall h € R\{0},u € Hy(R").

Therefore Theorem 4.7 ii) provides u € H;“(R") which proves the surjectivity
of the linear, bounded, and injective operator P : H;“(R") — H; +1(R™). Then
P le X(H;“, H;“) by means of the bounded inverse theorem. O

The previous proposition enables us to verify the central result of this subsection:

Theorem4.9 Let 1 < g < 00,0 <t < 1,m € Nand N € Ny U {oo} with
N >n/2forq >2and N > n/q else. We definek := max{l e Ny : r+1 < m+1}
for oner € Rwith |r| < m + 1. Considering p € C’;"TS?’O(R" x R"; N), where
px, D))" e L(H, H;), we obtain

p(x,Dx)_1 GK(HS,H;) foralls € [—r —k,r +k]. (34)
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Proof On account of Theorem 2.6 and Lemma 4.6 we can apply Proposition 4.8

and get the claim for all s € {r,...,r + k}. With (8;‘,,)* = —a;jh at hand we have
[P*, Bff] = [P, 3;]*. An application of Proposition 4.8 to P* provides the claim

foralls € {—r — kj, ...,r — 1}. Then the claim follows for all s € [—r — k, r + k]

by means of interpolation. O

4.3 Spectral Invariance of Pseudodifferential Operators
in the Symbol-Class C™" S |

We are now in the position to show the next spectral invariance result. All statements
have been shown in [2, Sect. 5.3].

Theorem 4.10 Let 1 < gg < 00,0 <t < landm,m € Ny withm > m > n/qo.
Additionally let M € Ny withn < M < m — m. We define M:=M-—(n+1).
Furthermore, let N € NU {oo} with N — M > n/2ifqo >2and N — M > n/qo
else. Considering p € C"z’rS?’o(Rn x R™; N), where p(x, Dy)"! € K(HL;O, HL;O)
forone |r| <m+ 1, wegetforall0 <s <m—n/qwiths ¢ N

p(x. Do) € OPCTS) ((R" x R"; M — 1).
In case M — 1 > n/§ for some 1 < § < 2, we even have
pGr, D)~ e L(LI LY forallq € [d: 00) U (o).
Proof An application of Theorem 4.9 provides the boundedness of

p(x.Dy)~' e L(H L H ) forallie {0, ..., M) (35)

Let! € No, a1,...,ap € Njjand By, ..., 8 € Nj with |a;| + |8;] = 1 for all
je{l,....l},|la| < Mand|B| < m wherea := a1+...+ogand B := B1+...+ 5.
Then Remark 1.5 and Theorem 2.6 yield forall ¢ € {0, ..., M — |«|}:

ad(—ix)* ad(D,)P" .. .ad(—ix)* ad(D)"' p(x, D) € L (Hy'~*!, H Y.
(36)

Setting P := p(x, Dy) we get due to Remark 4.3

i)l Bi i) B p—1 _
ad(—ix)® ad(Dy)P1 ... ad(—ix)¥ ad(Dy)P P~ = ZRQI.,__HQM},__#[,
(e . AaD)+. A+ Ao =a
Bl A+t B+ D=8
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where R, L Bl p! is defined as in Remark 1.5. Together with (35) and (36) we

get that P! is an element of A(l):gll (m, qo). By means of Theorem 3.12 we obtain
foreach0 < s <m —n/qo with s ¢ N:

1
0,

px. D) e C°SY R x R"; M —1).

Finally, considering M — 1 > n/§ for some 1 < § < 2 we obtain for every
g € [§, 00) due to Theorem 2.6 the boundedness of P! : L4(R") — L4(R"). 0O

One may wonder why the previous result is called spectral invariance result.
The reason of this is that we can easily show the next corollary by means of
Theorem 4.10. For more details, we refer to [18, Corollary 6.12].

Corollary 4.11 Let the assumptions of Theorem 4.10 hold. Additionally we choose
an arbitrary but fixed g € (1, 2] fulfilling the conditions of Theorem 4.10 and denote

Pro = p(x. Do)t LIR") > LIR")  forall § <q < oo,

Then o (Prq) = o(Prr) forallg < q,r < oo.

We can also ask ourselves whether it is possible to verify that p(x, Dy)~! is
even an element of OPCSS?’O(]R" x R with0 < s <m —n/qo, s ¢ Nin the
case that all assumptions of the Theorem 4.10 hold and additionally p(x, Dy) €
OPC "E”S?’O(]R" x R™). Unfortunately in general this is not the case as the next
example shows:

Example 4.12 Lets > 0,1 < gp < ocand t > s + [n/qo] + n + 4. Additionally
let p(§) € S?’O(Rﬁ X Rg) be a symbol which is not constantly equal to zero and

where p(D,)~! € Z(L9%(R"), L% (R")). Moreover leta € CT (R") such that there
isnoopenset U C R, U # @ with a|y € C®°(U) and there are two constants
¢, C > 0with C > a(x) > c forall x € R". Then the operator 7 := a(x)p(Dy) €
CTS?’O(R" x R™) fulfills all assumptions of Theorem 4.10 for M = n + 3 and

m = |t] — (n + 3). Consequently T e OPCSSRO(]R" x R™; M — 1), where
M:=M-—mn+1),butT !¢ OPC*S} (R" x R") with s € (0,7 — n/qo].

Proof First we define b(x) := (a (x))~! for all x € R". Then we have b € C*(R")
and T € CTS? o(R" x R"). Due to Theorem 4.2 the operator p(D,)~! is an element
of OPS?’O(R" x R"). Hence T~! = p(D,)"'h(x). In particular the boundedness
of b and p(D,)™' € L(LDO[RM), L1R")) imply T~ € L (L1 R"), L9 (R")).
Therefore all assumptions of Theorem 4.10 are fulfilled for M = n + 3 and m =
lt] —(n+3).Let7 € (0, M —n/qo). Assuming T~! CTS?O(R” x R™) there is a
kernel & : R” x R"\{0} — C such that k(x,.) e C*°(R"\{0}) for each x € R" and

T f(x) = / Fx.x — ) Oy @37
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for all f € S(R") and x ¢ supp f due to Theorem 2.10. An application of
Remark 2.11 provides the existence of a kernel k € C°°(R"\{0}) such that

p(D) tux) = /k(x —yu(y)dy  forall x ¢ suppu (38)

for all u € S(R™). Now let (8¢)e>0 Cgo (R™) be a Dirac family, i.e., forall ¢ > 0
we have §; > 0, [ 8:(x)dx = 1 and lim,_,¢ |, 8¢(x)dx = 0 for every d > 0.

lx|>d
Then 8, xb € C*°(R") for each ¢ > 0. The boundedness of b, Theorem 10.7 in [12]
and 976, € C°(R") < L' (R™) provides for every « € Nj

|95 (8e % b)(x)| < / |(058:) (| 1b(x = )| dy < [1bllLolldy8ell 1 < Care

for all x € R". In case || = 0O the constant C, ¢ is even independent of ¢ > 0.
In particular §; x b € C;°(R") for every ¢ > 0 and therefore (6, * b) f € S(R")
for all f € S(R"). Additionally we obtain for all f € S(R") with x ¢ supp f the
existence of a constant C, independent of ¢ > 0, such that

[k(x — y)(Se DY) fWI < Clk(x — y) f(¥)] € LI(R?,)
and
(8e x b)) f(¥) =8 b(y) f(y) forall y € R". (39

Using (37), p(Dx)_1 € Z(L*(R™)) and (39) first we obtain together with (38) and
an application of Lebesgue’s theorem for all f € S(R"):

/ k(x,x —y) fdy =T~ f(x) = p(Dx)™" [g%(ss * b)(x)f(x)}
= é}i_r)%/k(x — @ xb)(y) f(y)dy = /k(x —b(y) f(y)dy  (40)

for all x ¢ supp f. Now we fix x € R” such that k(x, .) is not constantly equal to
zero. An application of the fundamental lemma of calculus of variations yields

k(x — y)b(y) = k(x, x — y) forall y € R"\{x}

since k(x — y), k(x, x — y) and b(y) are continuous with respect to y € R"”\{x}. By
means of a change of variables we obtain

k(z) = a(x — 2)k(x,z) € C(RI\{0}). (41)
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Now we choose z € R"\{0} with k(x,z) # 0. Due to k(x,)eC® (R™\{0}), there
is some 8 > 0 such that k(x, %) # 0 for all Z € Bs(z) and 0 ¢ Bj(z). Together
with k(x,.) € C°°(R"\{0}) and (41) we obtain a € C*®°(Bs(x — z)). This is a
contradiction to the choice of a. Therefore T~! ¢ C* S?’O(R" x R™). |

Finally let us remark that in [2, Sect. 5.4] Theorem 4.10 was improved for non-
smooth pseudodifferential operators of the order zero with coefficients in the so-

called uniformly local Sobolev space W:?{’)qc R™).
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Abstract We give a condition under which a pseudodifferential operator with
symbol in $” (R" x R") cannot be a Fredholm operator when acting on suitable
Besov and Triebel-Lizorkin spaces. As a corollary, we show that, if a classical
pseudodifferential operator on R" is Fredholm in one of these spaces, then this
operator must be elliptic.
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1 Introduction

Motivated by applications in non-linear PDEs, the spectral invariance of the algebra
of pseudodifferential boundary value problems with conical singularities in L -
spaces was proved recently in [9]. In this work, first the equivalence of the Fredholm
property and ellipticity was proved, then a simple argument using parametrices led
to the conclusion that the inverses of pseudodifferential operators acting on suitable
function spaces are again contained in the pseudodifferential algebra.

It is interesting to note that, although the strategy is quite standard, some
new challenges have appeared. In fact, whenever we are working with boundary
value problems on L ,-spaces, the Besov spaces appear naturally as the spaces of
traces of functions belonging to the Bessel potential spaces. Therefore, the proof
that Fredholm property implies ellipticity required the extension, among other
things, of the usual symbol reproducing argument, which is used by many authors
[3, 5, 12, 16], to the Besov spaces.
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In this contribution, we show how to use some of the arguments contained
in [8, 9, 13] to provide a condition under which a pseudodifferential operator in
the Homander class S™ (R" x R"), also called a W DO, is not Fredholm when
acting on suitable Besov and Triebel-Lizorkin spaces. In particular, for classical
pseudodifferential operators, our result implies that the Fredholm property in these
spaces implies ellipticity. The converse in R" is clearly not true, as the Laplacian
operator shows us. This extends some of the results of Dasgupta [3], see also Wong
[16] and [4], for classical symbols on these more general classes of spaces.

We provide complete proofs of our statements. Many of the arguments are
very similar to the ones that can be found in [8, 9, 13]. We hope that the new
result presented here can also be seen as an illustration of these methods. We
do not include some important spaces such as B3 . (R"). However our methods
allow all Besov spaces B;q (R™) and Triebel-Lizorkin spaces F ;q (R™) for s € R,
1< p,qg <oo.

Recently some interesting results related to ellipticity and the Fredholm property
were proved. We mention here a few of them. Kryakvin [6], for instance, has
proved spectral invariance in Holder-Zygmund spaces and in spaces of variable
smoothness, as can be seen in Kryakvin and Omarova [7]. Results for non-smooth
pseudodifferential operators were obtained by Abels and Pfeuffer [1]. We can also
mention some results on the circle by Molahajloo and Wong [11] and, in the analytic
setting, by Cabral and Melo [2].

2 Pseudodifferential Operators on R” and Function Spaces

In this paper, we use the multi-index notation: if Ng = {0, 1, 2, 3, ...} and
o = (ar,...,0) € Nj, then x* = x{" ... x," and 3¢ = 95, ...0y,. For any
Banach spaces E and F, we denote by B (E, F') the set of all bounded operators

from E to F and B (E) := B (E, E). The Schwartz space of smooth functions in
x"‘&fu (x)‘ < oo forall o, B € Njj is denoted by S (R"). We
denote by S’ (R") the space of all tempered distributions. The Fourier transform F :
S (R") — S (R") in our convention is Fu (§) = u (§) = fR" e %8y (x) dx, where
xE 1= x1&] + ...+ x,&,. Its inverse is given by F~lu (x) = (2;),1 fR" ey (&) dE.
In many estimates, we use the function (.) : R” — R defined by (§) = \/1 + |§|2,
where £ € R" i |£] € R is the Euclidean norm.

R" such that sup, cgn

Definition 1 The space of symbols §”* (R" x R"), m € R, is the set of all functions
a € C® R" x R") with the following property: For all o, 8 € Nj, there is a
constant Cyg > 0 such that

Paga (x, &) < Cop ()", (x,&) e R" x R".



Fredholmness and Ellipticity of WD Os on By, (R") and Fj, (R") 65

We say thata € S (R" x R") is an elliptic symbol if there are constants C > 0
and R > O such that, for all x € R"” and £ € R", |£] > R, we have

la (x, &) = C )" .

An important subset of S”* (R" x R") is the class of classical symbols.

Definition 2 The space of classical symbols S;'l’ (R" x R"), m € R, is the set of
alla € §™ (R" x R") for which there is a sequence of functions {au— )}

C*® (R" x (R"™\ {0})), such that

D am-j (x,t&) = tm_ja(m_j) (x,&) forallt > 0 and (x, &) € R* x (R"\ {0}).

2) For any x € C% (R") such that x (§) = O in a neighborhood of the origin
and x (§) = 1 outside a compact set, we have (x,&) = x (§) am—j) (x,§) €
510! (R* x R™), V¥ € No, and

jeNg I

N—-1

(6,8) > a (6, 6)= Y x ®) a_j (6, 6) € S"N (R" x R"), YN € No\{0}.
j=0

The sequence {a(m_ M }j No is called an asymptotic expansion of a. It is uniquely

determined by a and we write a ~ Z?io agn—j) to indicate it.

Proposition 3 A classical symbol a € S} (R" x R") with asymptotic expansion
a ~ Z;O:O am—j) is elliptic if and only if there is a constant C > 0 such that
|a(m) (x, §)| > C ||, forall (x,&) € R" x (R"\ {0}). Due to the homogeneity of
the symbol a(y), this is equivalent to |a(m) (x, §)| >C, forallx e R" and § e R"
such that |&] = 1.

Proof The proof follows easily by noting that, for |§| > 1, we have

a ()C, g) = a(m) (-xv ‘5;:) + r (-xv ‘5;:) ’
where r € "1 (R” x R"). O
For each symbol, we define a pseudodifferential operator on R”.

Definition4 Let ¢ € S (R" x R"), m € R. The pseudodifferential operator
op(a) : S R") — S (R") is defined by

1 .
op@u(x)= _ / e™*a (x,€) 0 (€)dt.
Q2m)" Jre

If a € S (R" x R") is an elliptic symbol, we say that op (a) is an elliptic
pseudodifferential operator. Sometimes the term W DOs is used as a short way to
refer to the pseudodifferential operators.

The set of all pseudodifferential operators is an algebra with the composition,
due to the following proposition [16].
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PropositionS Let a € S"(R"xR") and b € S (R" x RM). Then
op (a)op (b) = op (c), where ¢ € S™" (R" x R") and ¢ = ab mod S"™+"~1
(R™ x R™). If a and b are classical, then c is also a classical symbol.

These operators have continuous extensions to Besov and Triebel-Lizorkin
spaces. We recall here the definition of these spaces.

Definition 6 Let us fix a function ¢g € C° (R") such that its support is contained
in {£ eR"; |&] <2} and @9 (§) = 1 for all £ contained in a neighborhood
of the unit ball. We define functions ¢; € CX(R"), j > 1, by ¢; (§) =
90 (277€) — @0 (277T1€) and the sets Ko = {§ e R"; |§] <2} and K; =
{E eR"; 2771 < ] < 2/+1}, for all j > 1. The sequence of functions {(pj}
is called a dyadic partition of unity.

Jj€No
Associated to a dyadic partition of unity, we can always define operators ¢; (D) :

SR - SR by ¢; (D)u=op ((pj) u=F"" ((pj]:(u)).

Definition 7 Lets € Rand 1 < p, g < oo.

1) The Besov space B;‘,q (R™) is the space of all tempered distributions u € S’ (R")
such that

1

o0
llull gy, ey = szw le; (D)”Hzp(ﬂz{n) < oo
j=0

It is a Banach space with norm ||. || By, (R")-

2) The Triebel-Lizorkin space F [‘Zq (R™) is the space of all tempered distributions
u € &' (R") such that

1
o
. Jjsq . q
gy, ny = | [ D27 |o; (D) u| < 0.
j=0
LP(R™)
It is a Banach space with norm ||. || Fj (R

Remark 8 We note that

i) Ifg=2and 1 < p < oo, then
oy (R) = Hy (R") = fue ' (R"): F7' (©) @) e L7 (R")].

ii) We can define Besov and Triebel-Lizorkin spaces for p or ¢ in ]0, 1] and also
for p or g equal to oo (the Triebel-Lizorkin is usually only defined for p < o0).
This includes interesting spaces such as B, (R"), which, for s > 0, are the
Holder-Zygmund spaces. Unfortunately outside ]1, oo[ our arguments do not
work. Therefore we will not treat these cases here.
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iii) With a different choice of dyadic partition of unity, we obtain the same spaces
with equivalent norms.

The above spaces have the following important properties, see [15, Sections 2.4.2
and 2.4.7]:

Proposition 9 The following properties hold:

1) The set S (R") is dense in B;q R™) and in F;q ®R"), foralls € Rand 1 <
p,q < oQ.

2) The dual of By, (R") can be identified with B;,;, (R™) using the dual pair
(f, 8 = f]R" fx)gx)dx, for f,g € SR"). The same can be said of the
dual of Fy, (R") and F[;;, (R™), where [1) + 1}, =1 and; + ql, =1
Fora119 €10, 1], s1, 52 € R, we have

3) (Bpgy RY), By, BRM), . = BS, R, 1 < p.q,q1,q2 < o0 and s =
(1 —-6)s1 4+ 6s2.

4) ( g R, F,Z%n (R”)) = B;q R™), where 1 < p,q,q1,q2 < o0 ands =
(1 —6)s1+0s>.

5) [ par R, F;ngz (Rn)le = S (Rn) where 1 < PlaPZ 41,92 < 00, § =

(1—6)s; +6s), | ,=a —9) +9p12 and | =@ —9) +9ql2.
In particular, the following corollary is 1mportant for our results:

Corollary 10 If 1 < p,q < 00, then, for each 0 € 10, 1|, there is a constant
Cy > 0 such that

max {1l g, 0l g, o | < ol oy Nl oy Vi € S ().
Proof The fact that (L » (R"), H! (R”)) - (F02 ®R"), Fl, (R")) -
P 6.q P 14 0.9
qu (R™) implies that

n
Il g, eny < Nl ny < Co Nl oy Nl ey Vi € S (RY).

Moreover, as [Lp R™y, H[l (R”)]e = [ng (R™, Fpl2 (R”)]e = Fﬁz (R™), we

conclude that
Il g, ey = el sy = Co Gy Ny o -

The estimates with the exponents 6 and 1 — 6 follow from usual results of
Interpolation Theory, see, for instance, Lunardi [10, Corollary 1.1.7]. a

We can now state precisely the continuity of the pseudodifferential operators [14,
Section 6.2.2].
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Theorem 11 Leta € S (R" x R"), m € R. Foreach 1 < p,q < oo and s €
R, the operator op (a) extends to a continuous operator on Besov spaces op (a) :
B‘;,q R" — B‘;,g’" (R™) and on Triebel-Lizorkin spaces op (a) : F;q R —
Fp, " (R").

3 Main Result

The main result of this contribution is the following:

Theorem 12 Let a € S™ (R" x R"). If there is a sequence {(yk, nk)}ren, in R" x
R” such that limy_, o0 |nx| = 00 and limy_, oo |0k| ™™ a (yk, ni) = 0, for some
r > 0, then, foralls € Rand 1 < p,q < 00, the operators op (a) : B, (R") —

B;;’" (R™) and op (a) : F;q R" — F;;m (R™) are not Fredholm.

Corollary 13 Let a € S} (R" x R") be a classical symbol. If for some 1 <
p,q < oo and s € R the operator op (a) : B;q R — B;;m R™) or
op(a): F;;q R"y — F;;’” (R™) is Fredholm, then a is elliptic.

Proof In fact, if a is not an elliptic operator, then, by Proposition 3, there is a
sequence ’(yk, ék)} such that ‘ék‘ =1 and ‘a(m) (yk, Sk)‘ < k-}—l . This means
that

kENO

‘(k + D" agm (yk, (k + 1)&)‘ <+ 1)y,

Let us define ny = (k+ 1)&. Then limy_, oo [nk| = oo and, forall » < 1, we have
limg_ 00 ||nk|””+’ amy Yk 77k)| = 0. The sequence {(y«, nk)}ken, satisfies the
conditions of Theorem 12. Therefore the operators op (a) : B; q (R") — B;‘,;’” (R™)
and op (a) : F;q (R") — F;;’” (R™) cannot be Fredholm. |

Remark 14 The argument of the proof of Corollary 13 cannot be extended to
nonclassical symbols. In fact, let x € C° (R") be a smooth function that is equal
to 0 in a neighborhood of 0 and equal to 1 outside a compact set. We define

x (&) 0
a§) = e SV (R").
In(|&]) (&)
This symbol is not elliptic, as limg| o a (§) = 0. However for any r >0
and any sequence {Uk}keNo in R” such that limg_ |gx] = o0, we have

limg— o |Nk|" @ (k)| = oo. Hence there is no sequence that satisfies the conditions
of Theorem 12.

We need some preparation for the proof of Theorem 12. In [9], very similar
results to the next lemmas were proved, but for the spaces B;p ®R",1 < p < o0,
and for parameter-dependent symbols.
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Lemma 15 Foreach 1 < p,q < oo, there is a constant C > 0 such that

1
o max{ g, ey« el g any | = Wil eny = € el gy, oy« el g e
m—+2

wheneveru € S (R") is a function with supp (F (u)) C U+ Ky, for some constant
m € Ny, where the sets {K j }j e, dre as in Definition 6. The constants C depend

on p and q, but do not depend on m.
Proof First we note that if u € S (R") is such that supp (F (1)) C UT:ZK;(, for

m

some constant m € Ny, then F (u) (§) = 27;2_1 @;j (&) F (u) (§), using the

convention that ¢_1 (§) = 0. Hence u = Z;’gﬁ_l @j (D) u and

m+3
lallgy @ = | D los (D) a7

j=m—1

Due to the equivalence of norms in finite dimensional vector spaces, we know

1
that Clq Yoo aj] < (Z§=1 |aj|q)q < Cy Yy laj|. forall (ay,....as) € C3
and 1 < g < oo, where C; > 0 is a constant that depends only on g. We also
note that ¢; (§) = ¢; (27/71), for j > 1. Therefore, as ¢; (D)u = F~' (¢;) *u,
Young’s inequality implies that |[¢; (D)|| By 1S uniformly bounded for j €
No.
Therefore, the result follows from

m+3 m+3 q
lull @ = | > @i (Dyu <ci| > e (D)uH‘ip(Rn)
j=m—1 LP(R") Jj=m—1
m+3
<G Z | (D)M”LP(W) = CallullL,®n) -
j=m—1

Similarly, for the Triebel-Lizorkin space we have

lull g,y = [ | D Lo (D) ul

LP(RM)
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and

m+3 m+3 ‘11
lll, emy < || D |oj (D) ul <cif| X e yul?

J=m—1 L,[R") j=m—1 Lp(R")

m+3

<C Y lei D ul g < Calullrgn
Jj=m—1
O

Definition 16 Letusfix0 < 7 < ;.For alls € Rand (v, n) € R" x R", we define
the bijections Ry = Rs (v, n) : S R") — S (R") by

Rou (x) = s 7 ey (sr (x — y)) .

Lemma 17 Let K = ’u e SR"Y); supp (F (n)) C ’é e R"; ; < €] < 1”
Then, forall 1 < p,q < oo:

1) There are constants D,y > 0 and so > 0 such that

1
qu ||”||ng(]R”) S ”RSu”ng(Rn S qu ”u”ng(R”)
and
Dy, ||M||ng(R") < ||Rsu||ng(R" =< Dpq ||”||F},’q(R”)’

forallu € K and s > so. The constants Dplq depend on p and q but not on

(v, n). If In| = 1, then we can choose sy = 21-.
2) Ifu € K, then lims_, o, Ryu = 0 weakly in ng R™) and in Fl(j)q R™).

Proof

1) A simple computation shows us that the Fourier transform of R;u is given by
F (Reut) () = s "Te=VE—smy (s7" & —sm). (3.1

Therefore if & is such that F (Rsu) (§) # 0, then ; < |s" (& — sn)| < 1.
It = 0, then supp (F (Rsu)) C {g e R L5t < | < sf}. If n # 0, then

supp (F (Rs (n))) C !S; %s Inl < §] < 2s |n|}, for all s > s, where sq is chosen

such that s¥ < s% [n|, for all s > sg. This implies that, for s > s, there is a

constant m € Ny such that supp (F (Rsu)) C ynt2

c—m Kk, where the sets Ky are as in
Definition 6.
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Now, it is a simple computation to show that || Rsu|| L,@®") = | Lp®R")s for
every u € S (R"). Therefore, using Lemma 15, we conclude that there is a constant
Cpq > 0 such that

2
Il 3y, gy < Cpa Il ry = Cig IRHII L, gy < Coy | Ryttll g, )
and
— 2
||Rs”||ng(Rn) <Cpq ||Rs”||Lp(R") = Cpq ||M||Lp(]R") = Cpq ||M||ng(]Rn)-
The same argument holds for F’ Sq (R™).

2) Forevery u and v € S (R"), we have

‘/ (Rsu) (x)v (x)dx| =

‘/ ’Ax”u s (x — y))v(x) dx

spfm/ eis'” w”u( —sry)v(sfw)dw‘

™ —nt
<sr vl ooy Nluell 1 gy -

Hence lim; 00 [pn (Rsut) (x)v (x)dx = 0. If u € K, then Rsu is uniformly
bounded in ng (R™). As S (R") is dense in ng (R™) and the dual of ng (R™) can
be identified with Bgqu (R™) for 11) + ;, =1 and ; + ql, = 1 due to Proposition 9,
we obtain the result. |

Lemma 18 Letr (y,n) e R*xR", s € Randa € $™ (R" x R"). Then the operator
Ry = Ry (y, n) is such that

Ry op(@) Ryu(x) = op(as)u(x), (3.2)
where ag(x, &) = a (y +s57Tx,sn+ sTE).
Proof First, we note that the operator R; is invertible with inverse given by
Rs_lu x) = 5P eSOy, (y + s_fx) . (3.3)
A direct computation using Egs. (3.1), (3.3), and Definition 4 shows (3.2). |

Lemma 19 Let a € S° (R" x R") and {(yx, nx) € R x R"}ien, be a sequence
such that limg_,o0 |nx| = 00. If u € SR"), then setting sy = |nx| and Ry =

R, (yk, |Z’;|), we have

1) Foreveryr >0

—0. (3.4)

lim -
k—)oomkl L, (R
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2) If limg o0 |0k|" @ (Y&, nk) = O, for some r > 0, then, for 1 < p < oo and
r < min{r, t}, we have

R op(a) Reu H —0. (3.5)

lim el
k—>oo|n | HY(R™)

3) Iflimg o0 |nk)" @ (Y&, i) = O, for some r > 0, then, for 1 < p,q < 00,
kli)nolo llop(a) Ryull go, gny = O (3.6)

The item 3) is also true for Fl(,)q (R™) in place of ng (R™).

Remark 20 Without loss of generality, we will always suppose that s; > 2 - .
Proof For the proof, we always denote a,, (x, §) :=a (yk + s,:’x, Nk + s,ﬁ )

1) We note that

_ _ Nk _
‘|7lk| "a ()’k + 5, TX’SkMkl +S/f§>‘ < llallpoon xmry Inkl™" 3.7

In particular, the pointwise limit is equal to zero, when k — co. Moreover, for
all x € R", we have

Jim [nil ™" op (ag) u (x)

. 1 ; _ _
=0 @y fR e il @ (i + s "X e+ 5TE) (Famsgu) (6) dE = 0.
In fact, the integrand goes to zero due to (3.7). As (}'x_,gu) RS L' (Rg), the

result follows from the dominated convergence theorem.

In order to prove the limit of Eq. (3.4), it is enough to prove that the functions
{x eR" > |Imk| ™" op (ag) u (0)|"}, o, are dominated by an integrable function.
This can be seen using integration by parts:

il ™" x7 (op (as,) u (x))

1 .
=(—1)VZ<Z>|nk|’ (2;1)"/ e DY (a (v + ¢ "x. 1+ 5{£))

o<y R

Dg“’ (Frmgu) (§)dé.
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If ¢ # 0, we have

577 |DE (a (v + 577 i+ 57€))|

—r+t|o|

=5

(Dga) (-4 s metsi8)| = s s
< s Pl gy ol (3.8)

where we have used Petree’s inequality in the last inequality.

The function & € R* — (£)M Dg Freu (£) is integrable for all M € Z and
y € Ng. We conclude that there is a constant C,,, that depends on y but not on x,
such that

|s,:rx70p (ask) u (x)| <C,.
Therefore, for all N € Ny, there is a constant Cy > 0 such that
—N )

s¢" Jop (ag) u (x)| < Cn (x)

This concludes the proof of the limit of Eq. (3.4) by the dominated convergence
theorem.

2) The argument is similar to item 1). We first note that

Nk T
+ s S)‘
el K

< Ikl |a (v + s "2,k + 5EE) — a ks mio) | + Ikl a (e, )|

n 1
=2 (/ s¢ " il (0@ (e + 15" xme + 1(8) | dr
j=1 0

‘|77k|r a ()’k + 5 "X sk

~ 1 ~
+ S;Z”/O |&0e;a (v + 15y "x, m + ts;€)|dt> + el (Ink)” la (v, mi)1)

n o s7+2f -

< Z <C1S;Z x|+ G 2‘ ) &1 &) | + sup (Ink!" la e, m)) Ikl
j:1 Nk kENo

= C (o] + @ 8. (3.9)

We conclude that

a(yk—i—ser,sk —i—s,fé)‘ < C(x)(é)zs,;a, (3.10)

F Nk
[l
Mk

k|

where o :=min{r — 7,1 —r =21, 1 —F} >0,a87 <17 < ;
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We now consider, for x € R”,

s,iop (ask) u(x) = /]R" eixsslia (yk +s X, M+ s,féj) (]-'x_,gu) (&) dE.

1
@m)"

Equation (3.10) implies that the above integrand goes pointwise to zero.
Moreover, as (x) ()2 |(Feeu) (6)| € L! (Rg), Eq. (3.10) implies that

limg s 00 s,iop (ask) u (x) = 0 by the dominated convergence theorem.
We now prove that

=0. 3.11
Lp(R™) ( )

tim |iel” | R op(a) R
k—o00

2 P
We only need to show that the functions {x eR" — ‘|nk|’ op (ask) u (x)‘ ]k N

€No
are dominated by an integrable function.

By integration by parts, we have
s,fxy (op (ask) u (x))

= (- 1))/2( ) (2;1)"/ ix%‘pg (a (yi + 577, i + 5EE))

o<y
Dg "7 (Feogu) (6) dé. (3.12)

For o # 0, we obtain as in (3.8) that

7 (a (ye + s 7, e + sgs))‘ < s Tl gylol (3.13)

Wenote that 0 < 7 < 7 < _l, and 7 + 2t |o| — |o| < 0. Using Egs. (3.10), (3.12),

and (3.13), together with the fact that £ € R" — (gyM Dg Freu (§) is integrable
forall M € Z and y € N7, we conclude that

st |op (as) u (0] < Cy ()7,

for some constant Cy > 0 and the convergence of (3.11) follows from the

dominated convergence theorem.
For the convergence in H ; norm, we note that

dy 0p(as)u = op (as) dyxju + s "op ((axja)Sk> u. (3.14)
Equation (3.11) implies that

hm sk lop (as,) Oy, =0. (3.15)

”HL (R
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Moreover, as 7 < t, the first item of the Lemma implies that

=0. 3.16
LR ( )

i o (0, )
Equations (3.14)—(3.16) imply that
Jim st [ 0x; (op (as) ”)HLP(Rn) =0.

The result now follows easily.
3) We observe that
ax; (Rsu (x)) = isnjsrP'1 ey (sr (x — y)) tsp TS (8xju) (sr (x — y))
= isnjRyu (x) + s" Ry (0x;u) (x). (3.17)

The above estimate together with the fact that || Ryu|| L,@®n) = ]| L, (®") for
all u € S(R") shows that ||Rsu||ng(Rn) < (I +sm) llull g1 gn), for all s > 1.
p
Corollary 10 implies that

I Rsitll gy, @y < Co llRstellyy oy IRl 5ny < Co (145 D Nt gy ey -

That ||Rsu||F3q(Rn) <Co(l+s (n))9 ||u||H;(Rn) can be proved by precisely the
same argument. We now choose 0 < 6 < min{r, 7} and conclude that

-1
llop (@) Reull go, ey = HRk (Rk Op(“)R"”) BY, (R")

ZZ|>>0 H Rl;lOp(a)RkuHH}(Rn) =0 (3.18)

< Cy <1+|nk|<|

The same argument holds for Flg)q (R™). |

Theorem 21 Leta € S° (R x R™). If there is a sequence {(y, M) keny, in R X
R” such that limg_, x| = 00 and limg_ o [nk|" a (Y, nk) = 0, for some r >
0, then the operators op (a) : ng R" — ng R™) and op (a) : F[E)q R" —
Fl(j)q (R™) are not Fredholm operators for any 1 < p, q < oo.

Proof Letu € S (R™), u # 0, be such that supp (F (u)) C [s eR" 1< g < 1].
Suppose that A = op (a) : ng (R") — ng (R™) is Fredholm. Then there are
operators B and K in B (Bg q (R")) such that K is compact and

BA=1+K.
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Let us define Ry := Ry, (yk, |:”’;| ), where sy = |nx|. We assume without loss of

generality that || > 2 e , Vk. Then Lemma 17.1 implies that

ny < ny — - n
”””B,‘ﬁq(R < Dyq ||Rku||31tgq(R ) Dpq |BARu KRk’/l”ng(]R )
< Dpq (”B”B<B2q(R")) ||ARk’/l||ng(]Rn) + ||KRkM||ng(Rn)) .

However limy_, o ||ARkM||ng(Rn) = 0 and limg_, ||KRkM||ng(Rn) = 0 by
Lemmas 19.3 and 17.2, respectively. Therefore we conclude that ||u|| BY, (RY) = 0.

As we have assumed u # 0, we obtain a contradiction.
Exactly the same argument can be used for ng R™). O

We finally can prove our main Theorem.

Proof (of Theorem 12) Suppose that op (a) : B;q R") — B;;’” (R") is a
Fredholm operator for some s € R and let us denote by (D)’ the pseudodifferential
operator with symbol ()" € §* (R” x R"). Then

(DY op (a) (D)™* : ng (R") — ng (R")

is also Fredholm. Let us suppose also that there is a sequence {(y«, &) }ren, Such
that limg_, 00 7% = 00 and limg_ o0 |7k] ™™ a (vi, nk) = 0, for some 0 < r < 1.
The symbol ¢ € S° (R" x R") of the operator op (¢) = (D)* ™ op (a) (D)™* is
equal to (§) ™" a (x, &) + ¢ (x, £), where ¢ € S~! (R" x R"). Hence

—m |le|_m+r

lim |9l ¢ e, me) = Lm |nge]™ (ng) a (yk, ) + 1nel” g e, mi) = 0.
k—o00 k— 00

This means that op (c¢) is not Fredholm by Theorem 21, which is a contradiction.
The proof for F 19q (R™) is the same. |
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Normality, Invertibility, and Unitarity St
of Pseudo-Differential Operators

on Compact and Hausdorff Groups

Majid Jamalpourbirgani and M. W. Wong

Abstract We give explicit formulas for the adjoint, product and inverse of a
bounded pseudo-differential operator in terms of its symbol on a compact and
Hausdorff group. As applications we give necessary and sufficient conditions to
insure that a bounded pseudo-differential operator on a compact and Hausdorff
group G is self-adjoint, normal, and unitary on L?(G), and invertible on L?(G)
forl < p < oo.

Keywords Compact and Hausdorff groups - Symbols - Pseudo-differential
operators - Self-adjoint - Normal - Invertible - Unitary

Mathematics Subject Classification (2000) Primary 47F05, 47G30; Secondary
35J70

1 Introduction

Let G be a compact and Hausdorff group on which the left (and right) Haar measure
is denoted by p. Let £ be an irreducible and unitary representation of G on a
complex and separable Hilbert space X¢. Since G is compact, it is well known
that X¢ is finite-dimensional. We let dg¢ be the dimension of X¢. The number d is
also known as the degree of the representation £ of G on X¢. Let G be the set of
all (equivalence classes) of irreducible and unitary representations of G, which is
usually referred to as the dual group of G.
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Let f € L?(G), p > 1. Then we define the Fourier transform f of f by

f@%=qumuﬁw; £cG.

It is also well known that the Fourier inversion formula states that for a good class
of functions in L?(G), p > 1,

f) =) derEX) &), x€G.

565

The Fourier inversion formula can be looked at as a formula for the identity operator
on L?(G), p > 1, and as such, is a perfect symmetry that gives us the identity
operator on a suitable class of functions on G.

Good references for abstract harmonic analysis abound. See, for instance, [1,4, 6]
for abstract harmonic analysis in general and group representations, the dual group
and the Fourier inversion formula in particular.

In order to obtain more interesting operators than the identity operator, we need
to break the symmetry using symbols o defined on the phase space G x G. To wit,
let o be a suitable function defined on G x G. Then for every point (x, &) € G x 6,
o(x,&)is ads xdg matrix. Forall § € @, we denote by My, (C) the set of all di x dg
matrices with complex entries. A symbol o on G % G in this paper is understood to
be a mapping

GxG>3 8 ox,§) e My(C).

We define the pseudo-differential operator T, on G with symbol o by

(T, /)x) = Y detrE(x)o (x,6) f(§)), x€G.

Se@

The focus of this paper is on the functional analysis of bounded pseudo-
differential operators on compact and Hausdorff groups. More explicitly, the
overarching hypothesis is the boundedness of a pseudo-differential operator from
LP1(G) into LP2(G), where 1 < pjp, p» < oo. Very general conditions on the
boundedness of pseudo-differential operators can be found in [2] for compact Lie
groups and in [8] for the unit circle centered at the origin. It should also be noted that
the analysis of pseudo-differential operators on compact and Hausdorff groups can
be found in [3, 5]. Results on operators related to pseudo-differential operators in the
context of locally compact and Hausdorff groups can be found in [7]. Developing
pseudo-differential operators at the level of topological groups rather than Lie
groups manifests the many-faceted connections of these operators with mainstream
areas of mathematics besides partial differential equations.
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In Sect. 2 of the paper, we first give the result that every bounded linear operator
A LP(G) - LP(G), 1 < p < o0, is a pseudo-differential operator of which
the symbol can be uniquely determined. This immediately implies that the mapping
of symbols to pseudo-differential operators on compact and Hausdorff groups is
injective. We give in Sect. 3 a formula for the symbols of the adjoints of bounded
pseudo-differential operators from LP!'(G) into LP2(G), 1 < p1,p2 < oo. In
particular, we give a criterion for the self-adjointness, or equivalently, the non-
self-adjointness of bounded pseudo-differential operators on L*(G). We give in
Sect. 4 a formula for the product of two pseudo-differential operators on G. As an
application, a criterion for a pseudo-differential operator on G to be normal is given.
In Sect. 5, we give results on the invertibility of pseudo-differential operators on G.
In particular, we give a necessary and sufficient condition for a pseudo-differential
operator on G to be invertible. A criterion for the unitarity of pseudo-differential
operators on G is also given.

2 Injectivity

We begin with the result that every bounded linear operator on L?(G), 1 < p < oo,
is a pseudo-differential operator from L” (G) into L?(G).

Theorem 2.1 Let: A : LP(G) — LP(G) be a bounded linear operator, where
1 < p <oo.Then A : LP(G) — LP(G) is a pseudo-differential operator Ty :
LP(G) — L?(G) such that

(Af)x) = (T, )Hx) = Y detrG(x)o (x. ) f(£)). x€G.

£eG
where
o(x,§) = &) a(x, §)
with
a(x, &)nm = (A&um)(x)

forall (x,§) € G x G andall 1 <n,m < dg.
Proof Let f € C*(G). Then forall n € G and all positive integers j and k with
1< j,k=<dy,

(AP = /Gn(X)jk(Af)(X) dp(x)

= /G (A*njr) (x) f(x) dp(x)
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d
> Z d f (&)mn / (A 1) (OE () md i (x)
£el m=1 G

A

gf(s)mnmsnm)(o (D) -

II Mm

gEcGm
So, forall x € G,
dg
AN =Y D de fE)mn(A&um) (x)
geG m,n=1

detr(E(0)E () a(x, &) £ (§))

)

Ee
= (T5 /H(x).

Therefore A = T, and the proof is complete. O

We can now show that the mapping of symbols on G x G into pseudo-differential
operators on G is injective.

Corollary 2.2 Let o and t be symbols on G x G such that T, : LP(G) — LP(G)
and Ty : LP(G) — LP(G) are bounded linear operators, where 1 < p < co. Then
o =T.

3 Adjoints

We need the following lemma.

Lemma 3.1 Let o be a function on G X G such that the corresponding pseudo-
differential operator Ty : LP'(G) — LP2(G) is a bounded linear operator, where
1 < p1, p2 < oo. Then for all positive integers m and n with 1 <m,n < dg,

o (-, 6)mn € LP*(G).

Proof There exists a positive constant C such that

I Ts fllLr2cy < CllfllLrc). f € LPY(G).
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Now, let & € G and let m and n be positive integers such that 1 < m,n < dg. Then
we define the function f on G by

f&)=E&)m, xe€G.

‘We note that

dﬂ
Ty & (o = /G a3 O ) En () 1D mad ()

neé/’kzl

=dg(5()0 (-, ))mn-

So,
1
EOoCE))mn = 4 T5&E)mn. (3.1
3
Since f = £(-)mn € LP1(G), it follows that
1 1
1EOo ¢ E)r2 ) = d 1758 mnllLrc) < d 16 mnllLe Gy < o0
& &

and this completes the proof. O

The following theorem gives a formula for the adjoint of a bounded pseudo-
differential operator on G.

Theorem 3.2 Let o be a symbol such that the pseudo-differential operator Ty :
LPY(G) — LP2(G) is a bounded linear operator for 1 < pi1, pa» < 0o. Then its
adjoint is the pseudo-differential operator T; : LP2(G) — LP1(G), where

d> -
T(x,8) =&()" Z d: (trly )Moy, ¥y D EH, .6 €G xG.

yeG

Proof Let y and & be elements in G. Then for all positive integers ¢, m, n and [ with
1<t,m<d,and1 <n,l <dg,

1

/ V)T YD imE i (y) = / T EC) AR ()
G G Gy
1

=/ d Y ) im (Ten) (v)d e (y)
G Gy

d
=/ dsV(y)tm(é(y)r(y,E))nzdu(y), (3.2)
G dy
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and hence

d
f(y(y)a(y, YD imE W) dun(y) = ds /(E(y)t(y,E))nzy(y);mdu(y).
G y JG

Now, using the Fourier transform on G and (3.1), we get

d
[((y oG y)m)E)im = dg [(EOTCEN)" ) I (3.3)
14

It follews from the Fourier inversion formula on G and (3.3) that for all (x, &) €
GxGand1l <n,l <d,

(EC)T(x, 8 = Z dytr(y () (EOTC )" (1))

yeG
d}/

= Z Z dyy () m[(EOTC )" (V) e

yeé t,m=1

=Y Z y(x)tm[«y()o—( ) im)" E)lin-

ythm 1

Using the Fourier transform on G, we get

(E@TEENu =) Z Y ()im / (Yo 3, ¥)imEDmd ()

ye(;tm 1
dy

=22, / Y )l )T ) It Dmd i (y)

ythm 1

B Z dy / trly () (y Mo (v, )1 (md i (y)
2% Jo

= Z V((tr[y(x)(y(y)a(y YD E -

yeG

Therefore

T(x,8) =£M)" Z ((tr[)/(X)(V(y)U(y YD ED), (x.€)eGxG.

yeG
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A criterion for the self-adjointness of bounded pseudo-differential operators on
G is provided by the following theorem.

Theorem 3.3 Let 0 be a symbol on G x G. Then the pseudo-differential operator
T, : L2(G) — L*(G) is self-adjoint if and only if for all y and & in G and all
positive integers t, m, n, and I with 1 <t,m <dy and1 <n,l < dg,

dy/G(y(y)o(y, YDim&(V)ndp(y) =dg/GV(y)th(y)a(y,E))nzdu(y)-

Proof Suppose that T, : L?>(G) — L*(G) is self-adjoint. Then for all (y, £) €
G x G and all positive integers n and | with 1 < n,[ < d,

EMo(y, N = EWTY, )i,

where 7 is the slmbol of the adjoint of 7 : L2(G) — L2(G). By (3.2), we get for
all y and £ in G and all positive integers ¢, m, n, and [ with 1 < ¢,m < d, and
1 <n,l<d,

dny(V(y)G(y, Y)imE M ndpu(y) =ds/GV(y)rmé(y)a(y,é))nzdu(y)-

Conversely, suppose that

dy/;;(y()’)a()’vJ/))tmg()’)nldl/«()’):LV()’)tm(g()’)a()’»é))nldl/«()’)

for all y and & in G and all positive integers ¢, m, n, and [ with 1 < ¢, m < d,, and
1 < n,l < dg. Then as in the proof of Theorem 3.2, we get

T(x,§) =0(x,8)

forall (x, &) € GxG, where T is the symbol of the adjoint of T, : L2(G) — L2(G).
Therefore T, : L2(G) — L*(G) is self-adjoint. O

4 Products

The basic formula for the symbol of the product of two bounded pseudo-differential
operators on G is the content of the following theorem.
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Theorem 4.1 Let o and t be symbols on G x G such that Ts : LP1(G) — LP2(G)
and T; : LP2(G) — LP3(G) be bounded linear operators, where 1 < p1, pa2, p3 <
oo. Then ToTr : LPY(G) — LP3(G) is the pseudo-differential operator T) :
LP'(G) — LP3(G), where A is the symbol on G x G given by

Mx, &) =EX)* ) dw/ trfw () ((0*(y, @) @ ()M T(y, §) du(y)

weG 76

forall (x,&) € G x G.

Proof By Theorem 2.1, we see that for all elements £ and @ in G and all positive
integersn, m,k and/ with 1 <n,m <dg and 1 <k, <d,, we have

/G(S(y))\(y,é))mnw(y)kzdu(y)
1
=/ d (T Te&mn) )0 (Miid it (y)
G de
1
=[ d (T2 &mn) V) (TFor) ()i (y)
G de

= /de(S(y)f(y,S))mn(((G*(y,w))*w(y)*)deM(y)-

So,
((E(-)A(-,S)),Qn(w)nc=/de(é(y)f(y,é))mn((o*(y,w))*w(y)*)mdu(y)-

Therefore for all (x,&) € G x G, we get by the Fourier inversion formula on G

((E)A(x, 8))mn
= > dutlw () (EOAC E))mn) N (@)]

weG

da)
=Y > o@KIEOI E)mn)" (@)

weG k=1
dg
=Y Y dow(u / ED T, ENmn((0*(y, @) ixd e (y)
weG kI=1 G

= Zda)/ trfw () (0™ (y, @) @ (N 1EG T, ENmad ().

weg 0
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Then for all (x,&) € G x @,

E§X)A(x,8) = Zdw/ trfw (x) (0 (y, @) o (y)* 1E) T (y, &) du(y)
weG
and hence
A(x, &) =E()* Z/ trifw(x) (0 (y, @) (M) *1EX)T(y, §)) du(y).
weG
O

The following two theorems give, respectively, a characterization of the normal-
ity and unitarity of bounded pseudo-differential operators on G.

Theorem 4.2 Let o be a symbol on G x G such that the corresponding pseudo-
differential operator Ty : L*(G) — L*(G) is a bounded linear operator. Then T,
L*(G) — L?(G) is normal if and only if for all € and w in G with 1 <m,n < dg
and1 <1,k <d,,

fG(»’E(y)G(y, E)mn(@(y)o (v, @)ikdu(y)
= /G(é(y)o*(y,é))mn(w(y)(o*(y,w))deu(y).

Proo}i Suppose that 75 : L?(G) — L?(G) is a normal operator. Then for all £ and
winGwithl <m,n <dgand1 <1,k <d,,

f EMa(y, ENmn(@(y)o (y, @©)ixdpu(y)
= 4 dw(T o &mn) V) (To w11) (¥)d 11 (y)
—f e dw(T To&mn) V@i (y)d i (y)
—/ dedy (To T3 &mn) (N1 (y)d ()

1
- /G ded,, (T:%‘m")(y)(Ta*wlk)(y)d,u(y)

_ /G EG)T* (s Emn (@ ()0 (3 0 (id ().
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Conversely, suppose that
/G ED)0 3 E)mn @ ()0 (3, )ik ()
= [ €010 08N 3. 0Ddniy)
for all & andwin@with l<m,n<dgand1 <!,k <d, Thenforallx € G,
on () fG ED)0 G ENmn(@() (v, ENd ()

— /G EG)T* (3 £ (@0 (3 )i ()

and so,
fG trfw(x)o (v, 0)*o (M 1EW)0 (v, ©)mnd ()
=/, trw () (0 (y, @) () 1EG) ™ (¥, )mnd ().
Therefore

Y d, fG e ()6 (v, ©)* 0 () 1EG)0 (v, E)mnd ()

weG
-3 d, /G o () (0 (5, @) O 1EDT* (3, EDmnd e (y)
weG

and hence forall x € G,

£ Y dy €6 tlo(0)o(y, ®)* 0N EW)T (v, £) du(y)

weG
=£()" Z do /G trlw () (0™ (y, @) (M IE ()™ (v, §) diu(y).
weG

By Theorem 4.1, the symbol of T, T} is equal to the symbol of T T;;. Therefore
T =TT,

and the proof is complete. O
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Theorem 4.3 Let o be a symbol on G x G such that the corresponding pseudo-
differential operator Ty : L*(G) — L*(G) is a bounded linear operator. Then T, :
L%(G) — L?(G) is unitary if and only if for all € and w in G with1 <m,n < de
and1 <1,k <d,,

/G ED)T (. £ @) (3. @)ikd e (y)

= /G(E(y)a*(y, E)mn(@(y)o*(y, @))ixdp(y)

O’ §7éw7
=10, m#korn#l,
de E=w,m=k,n=1.

Proof Suppose that Ty : L%(G) — L3%(G) is unitary. Then for all elements & and
w in G with 1 <m,n <dsand1 < [,k < d,, we get by Theorem 4.2 and the
Peter—Weyl theorem to the effect that {\/dgémn 1l <m,n < dg, & € @} is an
orthonormal basis for L2(G),

/G EG)T™ (3, £ (@ ()0 (v, ENird ()
_ fG ED)T (2 &) @) (v @) ()
1
_ fG e, o) O T ()

1
=/Gdsdw(T:Taémn)(y)wm(y)du(y)

_ fG En (N (L (y)
0, t+w.
=10, m#korn#l,

de E=w,m=k,n=1.

For the converse, let x € G. Then for all elements £ and w in G with 1 <m,n < dg
and1 <!,k <d,,

o) fG EG)T (32 )@ (v @)ird ()
— /G /G ED)T* (3. &) @0 * (v @i e (y)

= wy(x) /G Emn (Vo (y)du(y)
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and so,

/ ()0 (v, @) 0 (M 1E ()0 (v, E)mnd 1 (¥)

- f o () (0" (37, ) OB 1EMT (3, E)md ()
- f 10 ()0 () Tmn () di ().

Therefore

> do f trlw ()0 (v, ) 0 () IEMT (7, )mnd 1 ()

weG

= d f o () (@™ (7. @) 0 () 1EG)0* (v, EDmnd ()

weG

= Y do [ H0@00) 6 () di)

weG

and hence

£ Z do €6 tr/G trfo(x)o (y, @) o (»)*1E()o (v, §) du(y)

weG

=E(0)* ) do /G trlw () (0*(y, @) 0 (»)*1E)o ™ (v, §) du(y)

weG

=£(07 ) do / trlo () (y)1E() duu(y)

weG
= £(0)* fG S(x -y HEM du(y)

=£(x)"§(x)
= I’

where I is the identity matrix of order dg. Thus, by Theorem 4.1,
Ty =TT, =1

and this proves that 7y : L*(G) — L%*(G) is unitary. |
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Theorem 4.4 Let 0 be a symbol on G x G. Then the corresponding pseudo-
differential operator Ty : 1*(G) — L*(G) is unitary if and only if

(Ve (E()o (- Emn 2 1 <m,n < ds, & € G}

and

(Jde E(Vo* (-, E)mon s 1 <m,n < ds, € € G}

are orthonormal bases for L*(G).

Proof Suppose that T, : L?>(G) — L?(G) is unitary. Then T, : L>(G) — L*(G)
is invertible and hence surjective. So, for all f € L2(G), there exists a function
g € L*(G) such that

dg

Tog=_ Y deGC)oCENmEEmm = /.

geGmn=1

By Theorem 4.3, we get for all elements & and 1 in G and all positive integers m, n,
kandl withl <m,n <dgand 1 <k,l < dy,

fGS(X)mnn(X)kzdu(X)=/G(-’E(X)G(x,é))mn(n(X)G(x,n))ksz(X)-

We know by the Peter—Weyl theorem that (Vdowmn 1 <m,n < dy, o € @}
is an orthonormal basis for L2(G). So, the set {\/dg(é(~)a(~, EVn 1 <m,n <
dg} is orthonormal. Since T : L%(G) — L*(G) is also unitary, it follows that
{\/dg ECOO*CE)mn 1 <m,n <dg, & € 6} is an orthonormal basis for L?(G).
The converse follows immediately from Theorem 4.3. O

5 Invertibility

A necessary and sufficient condition for a bounded pseudo-differential operator on
G to be invertible is first given.

Theorem 5.1 Let o be a symbol on G x G such that the corresponding pseudo-
differential operator T, : LP(G) — LP(G) is a bounded linear operator for 1 <
p < oo. Then T, : LP(G) — LP(G) is invertible if and only if there exists a

-~

symbol T on G x G corresponding to a bounded pseudo-differential operator T,
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such that for all elements & and 1 in G and all positive integers m, n, k and | with
1<m,n<dsandl1<k,l <dy,

/G(S(X)f(x, E)mn((x)a*(x, M) xrd 1 (x)

= /G(E(X)G(x, €))mn (N(X)T*(x, M)1d pe(x)

O’ %_7&771
=10, m#korm#l,
dlg, E=n, m=k, n=1.

In this case, T(;1 =T;.

Proof Suppose that T, : LP(G) — LP(G) is an invertible operator. Then for all
felLP(G)and g € L? (G),

(f.9) =TT, f.9) = (T, fT}g)

and so,
fo(X)g(X)dM(X)=/G(Tgflf)(X)(Ta*G(X)dM(X)-

For all £ and 7 in G and all positive integers m, n, k, and / with 1 <m,n < d& and
1 <k,l <dy,let f and g be functions on G such that

f(x):é(x)mnv xeG
and
gx) =nkx)=n, xeG.

Then letting TU_1 — T, -1, we get

/Gé(x)mnn(x)kzdu(x) = dedy (E(0)0 ™ (X, E)mn (N(X)0* (x, M)rrda (x).

Since {\/dgu)mn 1 <m,n<dy we 6} is an orthonormal basis for L2(G), we
have

/Gdsdn(S(X)U_l(x, E)mn((x)a*(x, M) xad pu(x)

0, &#n,

=10, m=#=k, orn#l,
dlg, E=nm=k, 1,n=1
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Using the same proof and the fact that for all f € LP(G) and g € LP/(G),
(f’ g) = (TU*I TGf’ g) = (T(Tfa Ta—l*g)’

we get

11 *
/ (E@)0o (X, ENmn((x) (0~ (x, n)rrd p(x)
G de dn

0’ %'5&77,
=10, m#k, orn#l, (5.1
dls, E=eta,m=k,n=1.

Conversely, suppose that there exists a symbol 7 on G x G such that Theorem 5.1
is satisfied. Then by Theorem 4.1,

I, T =TT, =1

and the proof is complete. O

As a useful corollary, we give a necessary condition for the invertibility of a
bounded pseudo-differential operator on G.

Theorem 5.2 Let o be a symbol on G x G such that the corresponding pseudo-
differential operator T, : LP(G) — LP(G) is invertible, where 1 < p < oo.
Then

/G tr(o ™ (x, £) (0¥ (x, £)* du(x) = /G tr(o (x, &) (0* 1 (x, £)%) dp(x) = ds.

Proof Let & € G. Then by Theorem 5.1, we get for all positive integers m and n
with 1 <m,n, < dg,

/G(S(X)U_l(x,S))mn((S(X)U*(x,S))mndM(X)

= /G(E(X)G(x, E)mn (E(x)o =1 (x, &) mnd p(x)

1
dg.
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But for the first integral,
/G(S(x)a_l(x,E))mn(é(x)o*(x,S))mndu(x)
+fG(E(X)G_l(x,S))mn(é(X)G*(x,E))ZmdM(X)
=/G(E(X)G*I(x,S))mn((a*(x,S))*E(X)*)nmdM(X)

1
=

and so,

dg
Z /G(S(X)U_l(x, ENmn (E(X)*((0™(x, ) )md 1 (x)

m,n=1

=/Gtr(a_l(x,S)(G*(x,é))*)dM(X)
=d;.

Similarly, for the second integral,

/Gtr(a(x, E)(0* 7 (x, )" dp(x) = dg

and the proof is complete. O
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Abstract In this paper, we study the multilinear fractional integrals and Calderén—
Zygmund singular integrals on stratified groups. We obtain the boundedness of the
commutators of the multilinear fractional integrals and Calder6n—Zygmund singular
integrals in variable Lebesgue spaces.
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1 Introduction

The study of function spaces is of great importance in harmonic analysis. Due to the
applications to partial differential equations and the calculus of variations, more
and more attention has been paid to the study of variable function spaces (see,
for example, [12, 23, 28, 31, 34, 36]). Orlicz [29] firstly established the variable
Lebesgue spaces in 1931. The variable Lebesgue spaces are a generalization of
the classical Lebesgue spaces, replacing the constant exponent p with an exponent
function p(-). In the variable Lebesgue spaces, Cruz-Uribe et al. [15] studied
many classical operators on Euclidean spaces and proved the boundedness of
these operators. Tan et al. [32] obtained characterizations of BM O in terms of
commutators of multilinear fractional integrals and Calder6n—Zygmund singular
integrals. For other works about variable Lebesgue spaces, see, for example,
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[5, 10, 13, 21, 35]. Although variable Lebesgue spaces on Euclidean spaces have
been well studied, there is still large space to study the variable Lebesgue spaces
in various settings. Stratified groups appear in quantum physics and many parts of
mathematics, including Fourier analysis, several complex variables, geometry, and
topology. The geometry structure of stratified groups is so good that it inherits a
lot of analysis properties from the Euclidean spaces. Apart from this, the difference
between the geometry structures of Euclidean spaces and stratified groups makes the
study of function spaces on them more complicated. However, the study of variable
Lebesgue spaces on stratified groups is quite a few, which makes it deserve a further
investigation.

On the other hand, the commutator is a class of important non-convolution-
type operators in harmonic analysis. This kind of operator plays an important
role in the study of partial differential equations, and its boundedness can be
used to characterize certain function spaces. A classical result of Coifman et
al. [9] studied the L?(R™) boundedness of linear commutators generated by the
Calder6n—Zygmund singular integrals operator and BM O functions. Janson [22]
and Uchiyama [33] established characterization of BM O by the commutators of
singular integral operators. The research on the commutator has been paid much
attention and has fruitful results (see, for example, [6-8, 24, 25]). In addition, many
authors focus on the research of the commutator in various settings. Lu et al. [26]
obtained the boundedness of commutators generated by linear operators and BM O
functions in the weighted Lebesgue spaces on homogeneous groups. Guliyev et al.
[19] studied the fractional integral operator I, on stratified groups in the weighted
Lebesgue spaces and obtained the boundedness of the fractional integral operator
Iy. In [37], the authors studied the sharp estimates for the multilinear commutators
related to the singular integral operator on the spaces of homogenous type. For other
works about the commutator in various settings, see, for example, [2—4, 11, 17, 20].

In this paper, on stratified groups we use the technique of [13, 15, 27] and [32] to
obtain the boundedness of commutators of the multilinear fractional integrals and
multilinear Calderén—Zygmund singular integrals in variable Lebesgue spaces.

2 The Preliminaries

Firstly, we recall some preliminaries concerning stratified groups. We refer the
reader to [16]. A Lie group G is called stratified if it is nilpotent, connected,
and simple connected, and its Lie algebra g is endowed with a vector space
decomposition g = @;”:1 Vi such that [Vi, Vk] = Vi, for 1 < k < m and
[V1, Viu] = 0. As usual G is identified with its Lie algebra g through the exponential
map. And the exponential map is a diffeomorphism from g to G and the bi-invariant
Hear measure of G is induced by the Lebesgue measure of its Lie algebra g. Let
X1 eV, Xy € Vo,---, X, € V. If G is stratified, then its Lie algebra g admits
a family of dilations, namely §, (Z;”Zl X,-) = Y>",r'X;, where r > 0. In this
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paper, we use Q to denote the homogenous dimension of G, y~! is the inverse

of y, y~!x denotes the group multiplication of y~! by x and the group identity
of G will be referred to as the origin denote by e. A homogenous norm on G is
a continuous function x — p(x) from G to [0, co), which is C* on G\{0} and
satisfies p(xfl) = p(x), p(8ix) = tp(x) forall x € G,t > 0, and p(e) = 0.
Moreover, there exists a constant cp > 1 such that p(xy) < co(p(x) + p(y)) for
all x, y € G. With this norm, we define the G ball centered at x with radius r by
Bx,r)y={yeG: ,o(yflx) <r},let B = B(e,r) ={y € G: p(y) <r}bethe
open ball centered at e with radius r.

Secondly, we recall the definition of variable Lebesgue spaces on stratified
groups. The function p(-) : G — (0, 00) is called the variable exponent. For a
measurable subset E C G, let p*(E) = sup,cg p(x), p~ (E) = infycg p(x). For
conciseness, we abbreviate p™(G) and p~(G) to p* and p~. Let Z(G) be the
set of measurable function p(:) : G — (0,00) such that 0 < p~ < p* < oo.
Let #1(G) be the set of measurable function p(-) : G — [1,00) such that
1 < p~ < pt < oo. For a measurable function f : G — R, we define the norm

px)
||f||p(A)=inf{)L>o;/ (e dxsl}
G

The variable exponent Lebesgue spaces L”() consist of those measurable functions
f : G — R for which || f|l (., < co. According to [1], when p~ > 1, LPO) is a
Banach space and by the unit ball property we know that || f| .y < 1if and only if
J | f@IPPdx < 1.

Next we define the conditions on the exponent [1]. Let 2 C G. We say that
p : Q2 — R islocally log-Holder continuous in €2 if there exists ¢; > O such that

C1

lp(x) — p(Y)| < log(e +1/p(x—1y))

for all x,y € G. We say that p satisfies the log-Holder decay condition with
basepoint xo € G if there exist poo € R and a constant ¢ > 0 such that
1)

— Pl =
P =Pl = oo 1 oty o)

for all x € G. We say that p is log-Holder continuous in G if both conditions
are satisfied. We define a class of exponent p whose reciprocal is log-Holder
continuous:

1
P;)g(Q) = {p Q2 — [1,00) | » is log-Holder continuous }

Then we give some notations. Here and hereafter p’ will always denote the
conjugate of p. And dy will denote [/, dy;. Z denotes the set of all C* functions
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with compact support. Let Z(G) be the set of p(-) € &1 (G) such that the maximal
operator M is bounded on L?)(G).

1. A, Weight
A weight function w(x) > 0 belongs to the class A,(G)(1 < p < oo) [18],if

1 4 1 1y -l
S“p<|B|fB‘”(x) x><|B|fB“’(” x) =

where the supremum is taken over all balls B C G. w € A1(G) if there exists
¢ > 0 such that

1
/ w(x)dx < c inf ess w(x)
|B| Jp xeB

for every ball B C G. In fact, if o € A,(G) for some p € (1, 00), then there
ise > Osuchthatw € Ap_(G) and w € A (G) forany p;1 > p > 1. Let
Ax(G) = U1§p<oo Ap(G)-

2. About Maximal Function
Let0 <o < Qand f : G — R is alocally integrable function. The fractional
maximal function [18] is defined by

1
Maf(x)=ilelglBll,a/Q/BIf(y)ldy

where the supremum is taken over all B C G.
In fact, My f(x) is the classical Hardy-Littlewood maximal function Mf. We
consider the closely related sharp maximal function operator M*? defined by

1
M?£(x) = sup f \f — faldx
xeB Bl Jg

where fp = \l}?l fB f(x)dx. For § > 0, we define the § sharp function Mg as

M f = (ME(1f1°)"/% and Ms(f) = (M(|f1°)!/%. Further, let @ € Ao, then
forall 1 < p < oo [18], the following inequality holds:

/ (Mf(x)w(x)dx < C/ (M* f(x)P o (x)dx
G G
3. BMO Space [16]
Suppose that f is a locally integrable function on G and B is a ball, we set fp =

uli| fB f(y)dy. Define

BMO(G)={f € L}, .(G): | fllx < o0}
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where

1
I fll« = sup / [ f(x) — fpldx
B |BlJp

We now formulate some remarks about BM O (G) [4, 16, 18].

(i) There are constants C1, C» > 0 such that for every f € BM O (G), every ball
B,andevery o > 0

(x € B: |f(0) = f5] > )| < C1|Blexp~C2/1/1

() If f e BMO(G), thenfor 1 < p < oo, the following inequality holds:

1 1/P
<|B|/Blf(X)—fBI”dx> <Clfls

(iii) By the definition of BM O and the sharp maximal function, if f € L}OC(G),
then

f e BMO(G) < M"f € L™(G)

(iv) If f € BMO(G), then

. 1
1 £l ~ sup inf / £ = cldy
|B| Jp

xeB¢eC

And then, we give the definitions of multilinear fractional integral operator,
multilinear Calder6n—Zygmund operator and their commutators. For any 1 < j <
m, we define the commutator of multilinear integral operator by

(b, T1;(f)(x) = bT(H)x) = T(fi, -+ bfjr - s fn)(x)

where b is a locally integral function and 7 is an m-linear integral operator.
According to the definition of the fractional integral operator I, on G [19] and
the classical multilinear fractional integral operator, we can define the multilinear
fractional integral operator on stratified groups by

2 [TiZ, fio) -
L(P() = / M=t/ d
VT Jon (s, oGy @mn-a

Then [b, I,],;(f) is defined by

] b) — b Ty 1) -
b, Il; () )=[ o) d
PIRI= Jon o, polapyom-a @
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We say that T is a Calderén—Zygmund operator on G [4] if the following conditions
are satisfied:

®
(i)

(iii)

@iv)

T : LP(G) — LP(G) is linear and continuous for every p € (1, 00);
there exists a measurable function K : G x G — R such that for f € 2, for
a.ex ¢ supp(f)

T(f)(x) =/GK(x,y)f(y)dy

the kernel K satisfies the following pointwise Hormander condition, namely
there exists positive constant C > 0, § > 0 and M > 1 such that

pxg )P

K (x0. y) — K(x,y)| < C
’ |B(x0. 20025 ) p(xg ' y)P

holds for every xo € G,r > 0,x € B(xp,r),y € G\B(x0, Mr).
the kernel K also satisfies the inequality

K(x, )| <
K= g pety)

Similarly, we define the multilinear Calder6n—Zygmund operator on G. We say
that T is an m-linear Calder6n—Zygmund operatoron G, if T : LP1(G) x - - - X
LPm(G) — LP(G) forsome 1 < p1, -+, pyu < 0o and 117 = Zf”:l I}i’ and
forall f; € Zandall x ¢ N/, supp(f;), we have

rHw = [ Koo [T A00d3

i=1

where K is a locally integral function defined on (G x G™)\{(x, y1, -+, Ym) :
X =y =--- = yp} and satisfies the following properties:

C

|K(y01y1,aym)|§ _
X o PO Py 2m
and

Co(y; ' y)P

KO0 ¥ ym) = KGou o ¥yl < )
! o PO L) @mth

where C > 0,4 > 0,0 < j <mand p(y;"'y)) < ) maxo<e=m (v} o).
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Finally, we recall the definition of the space Oscexpr(G) and the definition
of multilinear commutator of the singular integral operator [37]. For r > 1, let
”b”uscexer (G) =sup ||b — bpllexp L', B, Where

B

. 1
1Bllexprr.B = mf{)» >0: /(eXp(lb(X)I/k)r — Ddx < 1}
B |B| JB
The space Oscexp 1 (G) is defined by

Oscexprr(G) = {b € Li,e : [blloscyr < 00}

It is obvious that Oscexp L (G) coincides with the BM O(G) space if r = 1. For

i (G) for j =1,2,--m,let |b]| = ﬂ 1bjllose
j=1
The multilinear commutator of the singular integral operator is defined by

ri>0,bj € OSCeXpL oL’

T (N (x) = /Gl_[(bj(x) —bj(y)Kx,y) f(y)dy
i=1

In this section, we give some basic properties of variable Lebesgue spaces on
stratified groups and some important lemmas we need in the paper.

Lemma 2.1 Suppose q(-), r(-) > 1 and for all x € G, define p(-) by

P _ 1 1
p(x)  q(x)  r(x)

Then forall f € LYY and g € L™, the following inequality holds:
Ifgllpey = Clfllgeligllre

Proof Since the proof is similar to the corresponding one in [10], we omit the
proof. O

Corollary 2.2 Given exponent functions p;(-) € Z1(G),i = 1,2,---m, and for
all x € G, define p(-) by

u> %3

Then for all f; € LPi(G),i = 1,2, - -m, the following inequality holds:

[17
i=1

Pi (x)

m
<c[]1flpe

120} i=1
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Lemma 23 ([11) Ifp € Ptllog(G) with p~ > 1, then there exists C > 0 depending
on p such that for all f € LPO(G), the following inequality holds:

IMfllpey = ClLfllpe

Corollary 2.4 If p(-) is log-Hélder and p € 2?1(G), then there exists C > 0
depending on p such that for all f € LPO(G), the following inequality holds:

IMfllpey = ClLfllpe

Proof Corollary 2.4 follows immediately from the fact that p(-) is log-Holder
continuous is equivalent to pb) is log-Holder continuous and Lemma 2.3. O

Lemma 2.5 ([11]) Given 0 < o < Q, let p(-) € L1(G) and be log-Hdlder
continuous, for each x € G, define q(-) pointwise by

1 B 1 o«
px) qx) Q

Then there exists a constant C such that for all f € LPO(G), the following
inequality holds:

Mo fllgey < ClfNlpey

Hereafter .# will denote a family of ordered pairs of non-negative, measurable
function (f, g).

Lemma 2.6 Given a family % and an open set @ C G, assume that for some po
and qo, 0 < po < qo < 00 and every weight w € A

1

1
( /Q f(x)%w(x)dx)q" <c ( /Q g(x)POw(x)Po/%dx)”" (f.e) €T

Given p(-) € Py(RQ) such that po < p~ < p™ < poqgo/(go — po). For Vx € Q,
define the function q(-) by

1 1 1 1

P& q@  po qo

If (q(x)/q0) € B(Q), then for all (f, g) € F such that f € L10(Q)

I fllger,e < Cliglpo.a



Multilinear Commutators in Variable Lebesgue Spaces 105

Proof Fix p(-) € P() such that p~ > po and let p(x) = p;;;). Let g(x) = q;j)‘),
since g’ € (L2), then there exists a constant A > 0 such that IMfllgo.e <
Allfll3:().q- Define a new operator % on L' ) () by

o0

k
M) =3 M*h(x)

k Ak
k:02A

where for k > 1, M¥ = M o M o --- o M denotes k interactions of the maximal
operator, and MY is the identity operator. From the definition we have:

(i) if h is non-negative, then h(x) < Rh(x);
(i) (Rl < 20Alg0.0:
(iii) for every x € Q, M(Mh)(x) < 2ANh(x), so Rh € A; with a constant that
does not depend on A.

Before giving the following proof, we state two facts about variable Lebesgue
spaces.

First, if p(+), g(-) € 2,(2) and f{’ ((i‘; = r, then it follows from the definition of
the norm that

1A = 1T g

Second, we have the generalized Holder’s inequality

/Qlf(x)g(x)ldx < Clfllporalglyo,e

and

<Clflpe.e

1£ 1y < sup f Fg(dx
8 Q

where the supremum is taken over all g € L' () such that lgllpye=1.
Thus we have

1150 = 1flg0.e < sup/Q F)Ph(x)dx

where the sup is taken over all non-negative h € L9 such that 2llg ) = 1.
In order to complete the proof, it will be sufficient to show that

/Q fO®h@)dx < Clgll,
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Applying (i) above and the hypothesis, we have

/f(X)qOh(X)dXS/ ST Rh) (x)dx
Q Q

90

<cC ( / g(n)M (mh)(x>1’0/‘f°dx>
Q

< Clig |18/ 7 1@y o/ %0

< Cllgll, lI(9thyPo/ao) 5/

a0
So in order to complete the proof, we only need to show that ||(9ik)P0/490|| ;9(_) is

bounded and independent of 4. We know that ! ! !

- o P T q(x) T po
px)  _ g0 q(x) _ qo;
p(x)—po — p?) q(x)—qo — p‘(’)q’(x). Therefore

— qlo, it is easy to
verify that p’(x) =
| (RR)POIT D0 = |19l g1y < Clllgrey < C
O

Corollary 2.7 Given a family .% and an open set Q C G, suppose that for some
0,0 < po < oo and for every w € Ay

/ FEOPo)dx < C / sOPw)dx  (f.g) €T
Q Q

Let p(-) € Py() be such that py < p~, and (p(-)/po) € HB(Q). Then for all
(f,g) € F such that f € LPO(Q)

1f1lp0).e < Cliglpe).

Since the proof of the following two lemmas is similar to the corresponding ones on
Euclidean spaces [14, 15], we omit it.

Lemma 2.8 Given a family % and an open set Q C G, assume that for some
0,0 < po < 00, foreveryw € Ao andforall (f, g) € F, the following inequality
holds:

/ F@)Pow(x)dx < C/ g()Pw(x)dx 2.1
Q Q
Then forall 0 < p < 00, w € Aso and (f, g) € F, we have

/ S Pox)dx < C/ gx)Pw(x)dx 2.2)
Q Q



Multilinear Commutators in Variable Lebesgue Spaces 107

Lemma 2.9 Given a family % and an open set Q@ C G, assume that for some
po, 1 < po < oo, for every w € Ay and for all (f, g) € &, (2.1) holds. Then for
alll < p <oo,we A, and (f, g) € F, (2.2) holds.

Lemma 2.10 Given a family ¥ and an open set Q C G, assume that for some
P00 < po < oo and for every w € Ao, (2.1) holds. Let p(-) € Py(Q) be such
that there exists 0 < p; < p~ with (p()/p1) € B(R). Then for all (f,g) € F
we have

1 flpe.e < Cliglpo,e

Proof Since (2.1) holds for some pg and every w € A, then by Lemma 2.8, for all
0< pr<oo,we Ax and (f, g) € F, we have

/f(x)pla)(x)dxfC/ g w(x)dx
Q Q

Then applying Corollary 2.7 with p; in place of py, we complete the proof. O

Corollary 2.11 Given a family F and an open set @ C G, assume that for some
po, 1 < po < oo and for every w € Ay, (2.1) holds. Let p(-) € 1(R2) be such
that there exists 1 < p; < p~ with (p(:)/p1) € B(Q). Then for all (f,g) € F
we have

1 flpe.e < Cliglpo,e

By Lemma 2.10 with the pairs (M, Mtf), we can obtain

Corollary 2.12 Let p(-) € Po(2) be such that there exists 0 < p; < p~ with
(p()/p1) € B(RQ). Then for all (Mf, M* ) € F

IMfllper.e < CIMF fllpe.e

Lemma 2.13 ([37]) Ifl1 < p <ococandw € Ap, then

15 Lr@ < CIBINF Lo

3 The Main Results and Proofs

Theorem 3.1 Suppose that b € Llac(G)’ 0 <a < QOm, pi() € P and is log-
Holder continuous, i = 1,2, --- ,m. Let q(-) satisfy

Z’:: 1

<1
pi(x) 61(X)
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Forany 1 < j < m, then |b, 1,]; is bounded from LP'O(G) x LP2O(G) x - -+ x
LPnO(G) — LIY(G) if b € BM O, namely

1B, L (Pl ) < CbI [ T Ui lpicy

i=1

Theorem 3.2 Suppose thatb € Lloc (G), pi(-) € L1 and is log-Holder continuous,

i=1,2,---,m. T is an m-linear Calderén—Zygmund operatorand T : L' x - - - x
L' — LY™® Let p(-) satisfy

T Di (X) P(X)

Then for all 1 < j < m, [b, T; is bounded from LP')(G) x LP20(G) x --- x
LPnO(G) — LPO(G) ifb € BM O, namely

15, T (Dllpey < ClbI [T 1l

i=1

Theorem 3.3 Let b; € Oscexprri andri > 1,1 <i < m. Then for p(-) € & and
is log-Hdlder continuous and w € Ap, we have

m
175N per = € [T 15005, vy 171t

j=1
Firstly, we give the proof of Theorem 3.1.

Proof First of all, we prove the following sharp maximal estimate

Mmhmmﬁxwscwm%MmaﬁmuW”+FUanm%uwm}

i=1

m
where ) o =, 0<a; < Q, 1 <s; <p;,1<r<gq".
i=1
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Fix a ball B, we put f; = f/‘? + f7°, where f/‘.’ = fjX2cs- Then we divide
(D, 1] (]?) (x) into four parts, namely

(bx) = bp + by = bONTTZ i) 4
oLy (X)) om—e
= (b(x) = bp) L (F)(X) = L (s, (b =BR[], -+, i) ()
— L (fS (b= bR) e ()
=D (] = bR [ ()
= A1 (x) — Ax(x) — A3(x) — A4(x)

b, I1; (f)(x) = f
Gm

where in the last sum each r; = 0 or 0o and in each term there is at least one r; = 0
and r; = oo.
Firstly, we consider Aj. By Holder’s inequality, we get

1

1 1 A\ L\
|B|/B|A1(z)|dzs (|B|/B|b(z)—b3| dz) (lBlfBlla(f)(z)l dz)

< Clbll (ML (DI )"

According to [19], we know the fact that: if | < p < g,O < a < Q, then condition

}7 — ; = g is necessary and sufficient for the boundedness of I, from L?(G) to

L9(G). We choose r, B; > 1 such thatr8; = s;. Thus 1 < ; < p; - So there exists
m m

u > lsuchthat; = lef}: - Z.Let; = ;L}i,then /Sll- - ul,- = ‘Z.Thenby
1= 1=

Holder’s inequality and the above fact, we have

1 1 0 _ 0 0 u l/u
lBl/BIAz(z)IdZS <|B|fBlla(f1w'w(b bp) [y fu) (] dZ)

1

1 uj
< ! ]"[( /B [Ia,-<|ﬁ°|)<z)]”fdz)

|Blu j2;

1

x ( fB [ (I(b — b3>f,‘?|)(z)]“fdz) K

1 1

c l- ,.

< e TN tas) " (o miee)
Yi#)

< ClIbls [ J(Mays, (£ 1))

i=1
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Let xo be the center of B = B(xg, ro), then for x € B and y; € (2coB)“, we have
oy ) ~ p(y; 'x0). Applying the Holder’s inequality with exponent s; and its
conjugate s}, we get

|10l(floo’ ’(b_bB)foov ’frzo)(x)_la(floov ’(b_bB)foov 7fr30)(x0)|

e(xo_lx)

m
SC/ Ib(yj) —bgl | | Ifivi)ldy
(G\CeoB)" (L ey xon @t T [170i

i=1

1
1/m s’ s
T, b(y;) — b’/ J

<c / o | 1(y,) Bl dy;

G\(2coB) e(yj? xg)@tL/m

1
1 . S
ro "1 1% J
x -1 Q+1/m7a-s-dyj
G\(2¢oB) e(yj X0) A

—1
x/ r(gm )/m l_[i¢j|fi()’i)| l_[dy'
1

(G\QOBN"™ (X ey xg)) Q=D Kz et m=D/m L -

’ I/S'/
00 I/m §i J
T, b(y;) — bg|*/
<C Z/ 0 | ()’]) 1B| dy]'
part 2i+l¢eyB )Q+ /m

(2ic0r0
) 1/s;

> ro "L IS '
x Z ; 1 s Ay

= 210 (2cgro) O

-1
" iy 11100

x -1 Qm—1)=Y,: aji+(m—1)/m l_[dyi

(G\(Q2coB))m~! (Ziij e(y; x0)) i#j % i

< Clblly [T Mays; (1 £ o))

i=1

Now we consider A4. Without loss of generality, we can assume that ry = r, =
-=rg =0andry41 = --- =ry = 00. Whend + 1 < j < m, applying the
Holder’s inequality, we can obtain

Ha(fy' s b =bp) [} @) = (S (b =bR) -, fl ) (0]

m

ro SN

sC/ _ 1b(y;) — bl [T 147145
Gm (M e(y; ' xg)) @mart] 1:[1
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d m m
rolb(y;) — byl 1™y oy 1£i]
5C||/ |fi|d)’i/ : e T
i=1 2¢oB (

G\(2C()B))m"1 (Z;n:d—i-l e(yi—le))meoH»l imdt 1

< Clbl [T Mas (11 0

i=1

Repeating the same steps as we deal with the case whend + 1 < j < m, we also
obtain that when 1 < j < d,

HaCfy' oo s b=bp) [ ) = Ta(f s (b= bR)f} - s i) (o)l

< C||bll« l_[ (Mot,-sl-(|ﬁ|s")(x))1/si

i=1

Then we can easily get the sharp maximal estimate.
Since p;(-) is log-Holder continuous and the fact that p(-) is log-Holder
continuous is equivalent to p%) is log-Holder continuous, it is easy to see that g (-)

is log-Holder continuous. Note that 1 < r < g, then M is of (qf'), qﬁ')). Thus if
b € BMO, we have

1. Za1; (Pl < 1MIB, Ladj () < IMP(AD. Ll (D

[ 1 Megs; (11505
i=1

< Cllblls | NM (L (DI Nl +

q(-)
Now we are in a position to estimate [, we consider two cases.
2 l_[f”_l Sfi(yi) -
I (f)(x) = / = dy
¢ coByn (imy p(yi~lx))@m—«
+/ [TiZ, fii) g5
Gm\@eoByn (Qi=y p(yi~1x))Qm=e
=14+11
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Now we want to obtain the estimate of I,. Fix € such that ¢ = Z;”Zl ¢ and 0 <
€; < min{e;, Q — «;}. For I, we have

[Tis, 1fi ol -
1 d
= /(2c03)m Qi p(yi—lx))@m—« Y

_ Z/ [T 1fi ol 5
2=t By 2T coB)" (Doimy p(yi~1x))@m—«
< sz , 1|fi()’i)| d5
+lc03)m 2 ]C()r())Qm o

m
< CleoB| @ [ [ Mo« fi(x)
i=1

Similarly, we get

m . .
1) gf RUSTCUE
Gm\eoByn (Q_imy p(yi~1x))@m—e

—Z/ ML fonl

2itieoBY"\2icoB)" (Xiey p(yi~lx))@m—e
<CZ/ , 1|fi(yi)|dq
/+lc03)m (2]C()V())Qm a

m
< CleoB| ¢ [ [ Majte; fi(x)
i=1

l_L al+el fl( )

= %, May e fi6)° then we obtain that

Let [coB|

m 1/2 /m 1/2
[l (H)0)] < C (1‘[ Maiﬂiﬁ(x)) (1‘[ Ma,._qﬁm)

i=1 i=1

Let us now prove that

e (Pllgey < Cl—[ il picy
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when Z - “ . Without loss of generality, we can assume || f || () = 1.

q(x) pi(x)

We recall that ||f||q() < C if and only if fG | f(x)]9%dx < C. Since gt < o0, in

order to prove ||/, (f)||q() < C,itwill be sufﬁc1ent to prove fG |1y (f)(x)l‘f(x)dx <
C.Definer(-): G — [1,00) by r(x) = éq(x)/Q+1 . Then for all x € G, we have

Zm: 1 o —€
pix)  rg®)/2 - Q

i=1

Zm: 1 _ote
Sopi) r@'qw/2 0

By Holder’s inequality for variable L?, we have

m 11(2)6) m q(ZX)
/G | (FY@)1Wdx < C /G [l_[ Ma,-ﬁ,-ﬁ(x)] [l‘[ Ma,-_e,-ﬁ-(x)} dx
i=1 i=1
qg) m q;)

|:1_[ Mai+€iﬁ:| |:1_[ Maieiﬁ:|
’ i=1

=l e re)

=CI x 11

Now we will estimate /1 and //;. We can assume that each is greater than 1, since
otherwise nothing need to be proved. It’s easy to verify that (" (‘)2‘1(‘))_ > 1, then

m
N - 11
we can choose exponent function s; (x) > s;” > 1 such that ._E s x) = r,(_)z 70 and
1 1 _ o +el

i) s T ,wherei =1,--- ,mand x € G.

K L
2
1nf[k>0 i=l 0;:+€’ﬁ :| dx <1

qx)r'(x)
" M. f 2
<inf{r>0: o= ﬁ“ﬁ) dx <1
rat

m
< T Masafi] %) < C]‘[ 1155 <c
i=1



114 D. Liu et al.

Then repeating the same step as we deal with /7, we can get I /1 < C. Thus

1a(Pllgey < CT 1Ay

i=1

Therefore we obtain

A Ay 7 -
[MALAO] 7| = DI < Cll(Dlgo = ¢ TTillno
q() r ie1
m
1 1 11 i
Then we choose g; (x) > 1 such that g = igl g and G = i) “Q.At the
same time, we know q,(xl)/s, = p.(;)/y - “iQS" , where 1 <i < m. So we easily get

[ [(Mas, (£l )5

i=1

m m
o 11/
<c[Tmarne,, < cTT1flmo

Thus we obtain

Ib. L1 (Pllger < Clbl [T 1A e

i=1

Secondly, we give the proof of Theorem 3.2.

Proof Firstly we can obtain the following sharp maximal estimate

M*([b, T1;(/)(x) < Clb], [(Mar(f)mx))“f +]] (M(mm(x))‘/“]

i=1

m
where 1 = Z '~ 1and1 < s < p; forall 1 <i < m. Fix a ball B, for

1<j<mletf;= f/Q—i-ffo,where fJQ = fiXayoc,> then

b, T (H)(x) = [b(x) = bpIT () = T(fi. -+ . (b= bp) fi. - . fu)(x)
=(b=bR)T(F)x) = T, (b=bp) L, f)(x)
— T b =bp) [, f2))
_ZT(f”"” Lb—bp) [, fIm)(x)
=By — B, — B3 — By
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where in the last sum each r; = 0 or oo and in each term there is at least one r; = 0
and ry = 0o. According to the Holder’s inequality, we get

1 1 y 1/s' 1 R ) 1/s
|B|/3|31(Z)|d25 <|B|/B|b(z)—b3| dZ) <|B|/B|T(f)(2)| dZ)

- 1/s
= Clbll (MATIHW)

m
Similarly, we choose 1 < u, g, and g; < oo such that ug; = s; and ; = > ql_.

i=1"
Then by applying the boundedness of T and the Holder’s inequality, we obtain

! /|B (z>|dz<(1 /IT(fO e B—bp) [0, f°>|qdz>1/q
Bl Jp° =\l Jy Y Bl dm

< CIBI™Y T 1 fi xay oo lai |6 = BB llg;u | £ Xay 0y 5 lg s
i#]
m 1
< Clbl ] [ (MA £ 0))
i=1
Let B = B(xo, r0). If yi ¢ 43/ QcoB, then p(xy 'x) < ;lgm} p(y; ' x) for any
<i<m

x € B. Then we have
m
| B3(x0) — B3(x)| < /G |K (x,y) — K(x0, )I|b(y;) — bpl l_[ |2 (vldy
i=1

B

Crg"1b(y;) — ballfi ()l
1 b ayj
G\(44/QcoB) p(y; x)%tm

B
" H/G 1o 1fi (i)l dy;

_ B
i) G\@/Q0B) p(ylx)CFm

<

m

< bl T (M S @)

i=1

Finally we consider By. We abbreviate (44/QcoB)" x (G\(4+/QcoB))" " to G;.
Without loss of generality, we can assume r; = --- =r; = 0and rjy) = -+ =
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rm = 00. When 1 < j </, we can get
1
3 /B TR0 e b bg) [0 e s O e s f2O)(2)d2

S |§|// |f10(y1)~--(b—bB)f]Q(yj)'-'f,o(yl)ﬁfl(}’lﬂ)'-'fnfo(ym)|d§dz
B JG;

o p(y; 2))em

[
c b)) — ballfi ()] / T
dyi dy;
5|B|/B(A¢QCOB 4yQcoB] [1 voas 144/ QcoB

i=1,ij

m
| fe (v
x |4y/QcoB|' l_[ / L op dyr )dz
k=i+17 GC\AVQB) p(y,~z) % m=

m

< bl T (M S @)

i=1
In fact, when/ + 1 < j < m, we also obtain
1
|B| / |T(f10a a.f[oa .f[i_ola a(b_bB)fooa 7frio)(z)|dz
B
n 1
< ClIbl [T (M £ @)
i=1

In order to complete our proof, we need to prove the following inequality holds for
0<s< !

M{(T (/@) < C[[Mfiw)
i=1

Let B = B(xp, r) be an arbitrary ball containing x. Since 0 < § < 1 implies that
llal® —|c|’| < |a —c|® fora, c € R, it is enough to show that for some constant cp,
there exists constant C such that

1 R 1/8 m
(|B|fB|T<f><z)—cB|5dz> <c[Mfiw
i=1

Let fi = f0+ f2°, where f = fix4pcon-Letcs = T(f°, -+, f2)(xo). Then

T(f)(2) —cp =T, [2@) = T, -, £2°)(x0)
YT @)
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where in the last sum each k; = 0 or oo and in each term there is at least one k; = 0.
Using the Holder’s inequality and the property of kernel K, we have

1 1/8
< / T fa)@) =T, ,fnfo)(XO)ladZ)
|B| Jp

1
< / IT(f s fa) @ =T, ) (xo)ldz
|B| JB

C / B | fil
< (1B|dny" / dyid=
1BI /5 EG g

\y/0coB) p(y; ' xg)Q+B/m

scﬁMﬂm

i=1

Here we note (G\(4+/QcoB))" x (4/QcoB)" " = G", then we get

1 00 oo 0 0 8 e
( / |T(f1 a'.'afh afh+1a"'afm)(z)| dZ)
|B| Jp

1
< fwmﬁmJﬁﬁg~m%@m
|B| Jp

m h
c e
i (i dyi | d
fwuﬁ(rlﬂumng”llﬁ W)z

i=h+1 \4v0cB) p(yy 'z)@m/h
<C[[mMUfH

i=1

Using the Kolmogorov’s estimate [30] and the fact 7 : L! x ... x L1 — L1/mo©
we can obtain

1 1/8
<|B| /B |T(f107 e fn(z)(Z)l‘st) < C”T(flo’ e fn(’z)(z)”[‘l/m,w(B’de)
US|
c i(2)|d
fleLv@m

<Cc[[MUH@

i=1
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Thus for0 < § < ;l,we have
m
M(T(f)&x) < C[[Mfix)
i=1
Therefore

IT () pey < IMs(T N pey < IMET NN peo

m m m
<CI[[Mfillpey = CTTIMEl iy < CTT Uil

i=1 i=1 i=1

m m
Knowing that i = S > L pl,, we can get

=

b, T1; (Dl pey < IMIb, T1;(H)llpey < CIMPD, T1; ()l per

_I_
140

[ Jarasirin's

< ClIb|lx H(Mar(f)m)l“
i=1

p()

m
1/s;
,,{;) < Clbl [T 1l

i=1

<. ([, +TThar

i

Therefore we obtain

15, T (Dllpey < ClIbI [T 1l

i=1

Finally, we give the proof of Theorem 3.3.

Proof It follows immediately from Corollary 2.11 and Lemma 2.13. O
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Abstract We study Volterra property and parabolicity of a class of anisotropic
pseudo-differential operators on a manifold with edge. This exposition belongs to a
more comprehensive approach. In the present consideration we focus on asymptotic
aspects of parametrices or inverses in the subalgebra of anisotropic operators of
Mellin plus Green type. In the zero order case we also add the identity map. The
resulting space constitutes a necessary step for constructing Volterra parametrices
in general.

Keywords Volterra operators of Mellin plus Green type - Anisotropic edge
operators - Invertibility over finite time intervals
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1 Introduction

The analysis on manifolds with singularities has been applied to elliptic problems
in many variants, e.g., Fredholm theory of boundary value problems (BVPs) in
weighted spaces of distributions and subspaces with asymptotics. In the present
exposition we refer to the pseudo-differential algebra on manifolds with edge,
containing parametrices within the calculus, see [26] or [27, 28]. A similar program
for R x X and a closed smooth manifold X is well-known for Volterra operators and
parabolic equations, cf. the work of Piriou [21], with time-variable ¢. Its covariable
T is involved with anisotropy /. There is an operator algebra in the thesis of
Buchholz [4] containing an anisotropic Volterra edge calculus on the level of pairs
of Hilbert spaces with strongly continuous group actions. Another investigation
of Mikayelyan [20] has developed a formalism, partly motivated by Piriou [21]
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and the framework of Boutet de Monvel [3] as well as of the edge calculus,
i.e., more general X, including operators of trace, potential or Green type with
respect to Y. Our final goal will be a modified picture of parabolicity, using a new
Volterra quantization of smoothing Mellin plus Green symbols which is contained
in the present paper and then in another chapter an adequate Volterra quantization
which admits non-smoothing contributions of the edge calculus. In other words
we investigate a necessary aspect for a manifold B with edge Y, concerning the
case of anisotropic Mellin plus Green edge operators which remained open in [4].
Parabolic problems in a specific singular context have been studied by Krainer
[16, 17]. Those are not really touched by our models. Differential operators on
finite time-intervals are more related to the work of Piriou [22] and Agranovich,
Vishik [1] when the respective manifolds are smooth, though with boundary in
these papers. Analogously as in the isotropic edge theory, in L?-based weighted
Sobolev spaces we apply here an anisotropic variant of such a calculus. The new
element compared with [4] is a Volterra quantization of smoothing Mellin plus
Green symbols in this context. Note that Volterra quantization for non-smoothing
contributions requires more tools from the edge calculus. This will be studied in
another part of the program. Other approaches in L”-spaces have been developed
by Grubb [11], or in a completely different framework by Amann [2], see also the
bibliography there.

Note that there are more investigations on parabolicity in the pseudo-differential
set-up, e.g., Cho Can and Eskin [6] in Vishik-Eskin’s technique, and in terms
of methods from isotropic degenerate operators, see, in particular, Buchholz [4],
Kapanadze et al. [15], Krainer [17], Hedayat Mahmoudi and Schulze [12] using
method from Egorov and Schulze [8], cf. also Gil et al. [9, 10], Hirschmann [13]
and more general aspects on pseudo-differential operators from Hormander [14],
Kumano-go [18], Lyu and Schulze [19], Rempel and Schulze [23, 24], Schulze [25],
Schulze and Seiler [29], Seiler [31], Shubin [32] and Sternin [33].

2 Manifolds with Edge

In this section we give a brief account of notions on manifolds with edge. Those will
play the role of spatial configurations of anisotropic manifolds with edge, containing
an extra component, the time.

A manifold B with edge Y is a topological space such that B \ Y and Y are
both smooth manifolds of dimension » and g > O, respectively, and there is a
neighbourhood W of Y which is locally close to Y modeled on

X2 x RY (2.1
for

X% = Ry x X)/({0} x X) 2.2)
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where (2.2) is called the model cone of the wedge (2.1). “Locally modeled” means
that (2.1) admits homeomorphisms

x:N—> X% xRY (2.3)

for relatively open subsets N € W which form a covering of W, and (2.3) restricts
to diffeomorphisms (i.e., charts on Y)

Xedge : NNY — RY

where the sets U := N N Y form an open covering of ¥ and (2.3) restricts to
diffeomorphisms

Kine: N\Y = X" x RY, 2.4)

Concerning transition maps under different wedge charts (2.3) we assume that
they induce an X“-bundle over Y. The situation is similar to smooth manifolds
B with boundary Y. In this case W corresponds to a collar neighbourhood of Y
in B and it may be identified with the normal bundle [0, 1) x ¥ when we fixed
a Riemannian metric on W which induces a Riemannian metric on Y. Then (2.3)
corresponds to amap N := [0, 1) x U — Ry x R? for a coordinate neighbourhood
U C Y. It is well-known in this case that W represents a trivial R -bundle while
the above-mentioned X #-bundle is not necessarily trivial when n := dim X > 0.

There is another equivalent definition of a manifold B with edge. In this case we
replace local wedges X x R? by

Ry x X xRY, (2.5)
called stretched wedges. Analysis will take place on open stretched wedges
X" x RY (2.6)

for corresponding open stretched cones X := Ry x X in variables (r, x). Local
models Ry x X x RY allow us in an invariant manner to form a so-called stretched
manifold B which has a smooth boundary dB which is an X-bundle over Y. For
B = X% x R? we simply have

B=R;y x X xR?, 0B ={0} x X x RY. 2.7

We first assume that Y is a smooth manifold with standard charts U — R? and
develop ideas of the edge calculus for such an isotropic edge. Later on we replace
Y by R x Y with the time axis R > ¢, and then some part of the analysis will be
formulated in anisotropic form.

Note that for stretched wedges B in (2.5) there are also the doubled spaces

2B =R x X x R?
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which are obtained by gluing together two copies of B along the common boundary
to a smooth manifold with empty boundary. A similar construction makes sense for
the original manifold B with edge, i.e., we obtain B in an invariant way. There is
then a canonical surjective map

B — B,

locally corresponding to Ry x X x R? — X x R? for the quotient map R x X —
X2. It will be sufficient for our considerations to impose some conditions on the
choice for the above-mentioned X-bundle 9B over Y. Let us assume that it is trivial
and that transition maps for the associated R+ x X bundle which models B close
to Y are independent of r for 0 < r < ¢ for some ¢ > 0. In order to organize
a pseudo-differential calculus on B we first focus on open stretched wedges (2.6).
Suitable coordinate invariance properties, see Dorschfeldt [7] or [28], will lead to
edge operators globally on B.

The compact manifold B with edge Y of dimension ¢ > 0 will be regarded
as the spatial configuration of a corresponding space with an extra time-variable
t € R. Then Y is replaced by R x Y which is the edge of R x B. In this case the
calculus of pseudo-differential operators is formulated in anisotropic terms, locally
in variables (¢, y) € R!*7 and covariables. The space B \ Y itself has the variables
x with covariables & which split close to Y to variables (y,r, x) € R? x X” and
corresponding covariables (1, p, &) € RIT+" for n = dim X. We systematically
refer to the isotropic edge calculus on B and recall basics from several articles
and textbooks, see [26-28, 30] and then we add variables ¢ and covariables t in
anisotropic form, motivated by the heat operator 9; — A for the Laplacian in R”
with the anisotropic homogeneous principal symbol

it + €%

The anisotropic extension of the edge pseudo-differential calculus to anisotropic
covariables (t, 1) is more or less straightforward and topic of Buchholz [4], cf. [5]
and works of Krainer [16], in a different context.

3 Weighted Cone Spaces

Let B be a manifold with edge Y. If B is locally modeled on X2 x R? for a
closed smooth manifold X and local coordinates R? on Y, we formulate spaces
of distributions locally on stretched wedges X x RY in variables ((r, x),y) €
X" x R4, Together with the time axis R in the variable # we look at the anisotropic
wedge R x B, where R x (B \ Y) is locally identified with X" x R x R? in the
variables ((r, x), (¢, ¥)). In this section we define Green operators with asymptotic
types P, Q.

From the isotropic edge calculus over B we first recall the definition of Kegel
spaces K5V (X”) and subspaces IC;;V (X”") with asymptotics of type P. Those
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spaces are formulated in terms of the Mellin transform

o0
d
Mu(w) = f ) G.1)
0 r
first defined for u € Cgo (R4), where w € C and often restricted to
F,g::{we(C:Rewz,B} 3.2)

for any real 8. Then a simple property is that

Myu = Mu|r%7y € S(Fé_y)
extends by continuity to an isomorphism
M, : rVL*(Ry) — LZ(FH) (3.3)
for every weight y with the inverse
(M ') (r) = / rYg(w)dw (3.4)
ry
27V

for dw := (2)~'dw with integration over the respective weight line from Im w =
—o0 to Im w = 4-00. We have weighted Mellin Sobolev spaces on the half-axis

HY (Ry) (3.5

of smoothness s € R and weight y € R, defined as the completion of C3°(R ) with
respect to the norm

) 1/2
leell 3y () :={ fr <w>2A|Mu(w>|2dw} : (3.6)
-

Then
K7 (Ry) : {ouo + (1 — o)uee : ug € H*V (Ry), use € H*(Ry)} 3.7

for some cut-off function w with respect to r = 0 (i.e., € C®(Ry) is strictly
positive,and w = 1 forr < g9, w = 0 forr > &1 for some 0 < gy < &1 < 00) and
H*Ry) = H'(R)|r>0.

Similar notation will be used for spaces over X = R4 x X for some closed
smooth manifold X of dimension n > 0. The space

H5Y (R, x RY) (3.8)
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fors, y € Ris defined as the completion of Cg°(R4. x R") with respect to the norm

2s 2 172
el i = { [ [ eI Fue. oPaude] " 69
b F

with F' = F,_,¢ being the Fourier transform in R" and @§ := (2mw) "d§. Let us

fix on X a finite covering by coordinate neighbourhoods Uy, ..., Uy, charts x; :
Uj — R", j=1,..., N, asubordinate partition of unity ¢, ... ¢y, and define the
space

HSY (XM (3.10)

as the completion of C3° (R4 x X) with respect to the norm

N » ) 12
leellagsr (xny = {Zn(ld]R+ X X; )*)(wjunms.y(&xw)} : (3.11)
j=1

Recall that we produce equivalent norms if we change the charts or the subordinate
partition of unity. Then we set

KAV (XM s A{oug + (1 — oo s ug € HV (X)), oo € Hipne (XM}, (3.12)

where HS .(X”) may be interpreted as a modification of H* (R};") forx # 0
with respect to the behaviour of Sobolev distributions when |xX| — oo. The precise
definition is as follows:

Let (Ujy,...,UN) be an open covering of X by coordinate neighbourhoods,
choose an open covering of $” by coordinate neighbourhoods (V1, ..., Vy), and

set
Py, == {f e R : 5/|7| € V;}.

Denote points in U; by x, choose a diffeomorphism«; : U; — V;, kj(x) =: x;,
and define diffeomorphisms

conej : Ry x Uj — T'y; (3.13)

by cone;(r, x) :=rk;(x).Let (o1, ..., oy) be apartition of unity on §” subordinate
to (Vi,..., Vn).Set H*(T'y;) := HS(R1+")|1~VJ_, and define the space

Hio(X™) = 0oH (R x X)|r, xx + (1 — 0)Hi, o (X™) (3.14)
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with (1 — w)H

' ne(X7) being the set of all functions

N
{(1 — w) Z(ajvj) ocone; 1 vj € HS(I‘Vj),j =1, ...,N}. (3.15)
j=1
It may be convenient to refer to another equivalent definition of spaces HZ.(X")
by replacing V; by an open n-dimensional unit ball B in R", identified with {¥ =
((Fo, %) € R : % = 1,¥' := (&1,...,%,) € B}. Then replacing (3.13) by
diffeomorphisms

cone;-\ Ry xUj - B, (3.16)

where cone?(r,x) := rkj(x) with another diffeomorphism «; : U; — B and
B” identified with the set {(r,r%’) : r > 0} we have the space H*(B") :=
H* (R1+”)| B~, and we can employ formula (3.14) where the second space has the
meaning

N
{1 =w)) ojvjocone} :vj € H'(B"), j=1,....N}. (3.17)
j=1
In these considerations w is a cut-off function on the r half-axis. Both HS .(X")
and K%V (X") are Hilbert spaces with scalar products coming from the respective
non-direct sums. For s = y = 0 we normalize the scalar products by taking the
ones from L2-spaces, e.g., we identify KOO0(x™) with r /2L2 (R4 x X).

In order to introduce Green operators we now recall a few notions from the
isotropic edge calculus, namely, asymptotic types. Those make sense in different
variants, e.g., discrete or continuous ones, outlined in [27] or [28]. We focus here
on constant (with respect to edge variables) asymptotic types, indicating subspaces
of K57 (X") of elements with such asymptotics. In this context we fix weight data
(v, ®), where y € R is some weight and ® = (¢,0], ¢ < 0 a weight interval
where we control asymptotics or flatness with respect to y. Let us set

/ng(XA) ::l(iﬂllcs’y_ﬂ_s(XA) (3.18)

e>0

in its natural Fréchet topology, indicating flatness of distributions of order ® with
respect to y near r = 0. In addition we define spaces of singular functions belonging
to discrete asymptotic types P associated with (y, ®). Such a P is defined by a
sequence

P :={(pj.mj)}j=1,...n CCxN (3.19)
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for some N € N, such that 7¢P := {p;}j=1,...v is finite when N is finite,
otherwise, for infinite N it satisfies Re p; — —oo for j — 00, and we ask

n+1

1
nCPC{weC:n+ —y+9 <Rew < )

) —rk
Singular functions with asymptotics of type P for finite ¢ P are elements of spaces

N mj
Ep(XN) = {wz chk rPiloghr:cj e (X)) (3.20)
=0 k=0

for some cut-off function w. Those are Fréchet and contained in K7 (X”), and
they intersect (3.18) only in {0}. Thus

KR (X" == Ep(X™) @ Kg" (X7) (3.21)
is Fréchet in the topology of the direct sum. For an infinite discrete asymptotic type
P we form Py := {(p,m) € P : Rep > n+1)/2 — y — b} for some b €

N. According to (3.21) we have the spaces IC;D: (X”) for every b with continuous
embeddings

S,y A S,V A
ICPb+l (X") = ICP;, (X"
for every b, and then we define

Ky (X") == lim K;;:(XA). (3.22)
beN

Throughout this exposition we assume that the occurring asymptotic types P
satisfy the shadow condition, concerning the meaning, see [28]. In the following
considerations we need some modifications of the behaviour of spaces for r — oo,
namely,

KCEVe(XN) i= [r] K5V (X7
for any e € R where r — [r] is any smooth strictly positive function in r € R

whichis = 1 for 0 < r < &1 and equal to r for &2 < r for some 0 < &1 < &7 < 0.
Analogously we set

KRV EXN) = [r] K3 (XM).
Another notation in this context is:

Sp(X™) = lim K57 (X").
s,eeR
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4 Volterra Symbols and Edge Spaces

In our calculus we specify notions and results of [4, 5] concerning anisotropic
symbols taking values in Hilbert (and later on also Fréchet) spaces with group
action. Let us first recall some general definitions.

Consider a (separable) Hilbert space H with group action k¥ = {ks}scRr,, i.€.,
where

ks H—> H, § e Ry,

is a family of isomorphisms such that ksks = Kss forall 8, 8" € Ry, k1 = idy, and
8 — ksh determines an element in C(R., H) forevery h € H.

Proposition 4.1 There are constants C, M > 0 such that

lics Il 2y < € max{s, 7"}
This result is standard. Incidentally we write M := M (k). In this section we
formulate results for the case
H = K57 (X") 4.1)
with k = {ks}seRr, , defined by
(ksu)(r, x) 1= 8D/ 2y (57, x). (4.2)

Other choices of Hilbert spaces with the same group action are

H := [CSTHY =R (XM, (4.3)
It will be also interesting to admit (Fréchet) subspaces with asymptotics, cf. Sect. 3,
which admit the action of (4.2). In order to formulate anisotropic analogues of

Sobolev spaces and operator-valued symbols with twisted symbolic estimates we
first recall that we fixed an anisotropy / € N \ {0}, and for (z, ) € R4 we set

Izl i= (T* + [n*HV4
and
[Ta 77]1 = Cl)(f, 77) + (1 - Cl)(f, 77))|77a 77|l

for any fixed real-valued w € Cgo (R'*4) such that

1 for 0 <|z,nl; <&

4.4
0 for T, nli = &1 @

w(r.n) = |
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for some 0 < g9 < &1. Moreover, we set
(T.n) = (14 [z + [n*H'/2.

Similar expressions will be used for v € C in place of 7 € R, i.e.,

[v, nlz, [v, n];, and (v, n);.

Note that for some constants ¢, c1,cy > 0 and all (v,n) € C x R? we have an
analogue of Peetre’s inequality

o, 1} < v =o', =00
for every s € R. Note that

/ M
Il oy ||£(H) <clv-v,n—n ]1
'y

for constants ¢, M > 0. Moreover, we have
ctlv,nli < (L [P + InPHY < ealv, i,
c1lv. nli < [v, nli < e2lv, nlj, 4.5)
for suitable constants ¢y, ¢» > 0.

We are now in the position to define abstract anisotropic edge symbols, referring
to pairs of (separable) Hilbert spaces

H and H ,
equipped with strongly continuous groups
k= {ksls>0 and & = {Ks}s>0.
respectively. The space of such symbols

stlQ x R H, H) (4.6)

for order n and anisotropy / is defined as the set of all a(z, y, 7,17) € C*(Q x
R4, £(H, H)) for

Q:=(to,t1) x %, %))



Volterra Operators with Asymptotics on Manifolds with Edge 131
3 C RY open, such that

~ —1 DY Dﬁ . < u—IBl 4.8

I&(r. )y {DEyDE ate, y. . )Yk (@ )ill oy gy < € (T 1)) 4.8)

foralle € N'*9, g e Nt and all 1 € (15, 11), [ty 11] € (t0,11) and y € % for
¥’ € X, for constants ¢ = c((1y, ;) x ¥’) and all (z, n) € R'*4. Here

€ (T, M1 = Ky,
etc. In this formalism we also have the case that the involved spaces are Fréchet

spaces, written as projective limit of Hilbert spaces with group action. In our case
the spaces of symbols refer to

H = K572 (X"),
where
(ksu) (r, x) = 8TV 2u(8r, x),
and for H we may have spaces of the form
SH(X™)
for suitable weights and asymptotic types P with the same expressions for «; in the

scales of spaces which are involved in the projective limits. Recall that we also have
subspaces of classical anisotropic symbols

sSPl @ x R HH) € sl x R HH), 4.9)

characterized by anisotropic homogeneous components a(,—j)(f, y, T, n), satisfy
the homogeneity relations

agu—j)(t, v, 817, 8n) = 8" TR (x, My agu—jp (t, v, T, i (z, ;"

forall § > 0 and (z, n) # 0.
Definition 4.2 The space of Volterra symbols

sil@x R H, H) c sP1@ x RS H, A, (4.10)

is defined as the set of all a(t, y, 7,n) € C®(Q x RH‘/; H, I:I) which admit an
analytic extension a (¢, y, v, n) with respect to v into the lower complex v-half-plane
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C™:={v=1+41i0 :0 < 0}, such that
a(t,y,v,n) € ACC™,C®Q xR, L(H, H))) NC®(C~,C®(Q x RY, L(H, H)))
satisfying the symbolic estimates
I& (. (DY, D yate, y. vk il gy < € 0omp P @

foralla € N'*9, g e N4 and all 1 € (t, #{) for [t), 1]] € (to,#1) and y € T’ for
Y’ € X, for constants ¢ = c((t, ;) x ') and all (v,7) € C~ x RY, «x (v, n); 1=
K{v,n);-

Similarly as before we also admit the case that the involved spaces are Fréchet
spaces, written as projective limit of Hilbert spaces with group action. In our case

the spaces of symbols may refer to H := K37 (X").

Definition 4.3 The space of classical Volterra symbols
S (@ x RIY H, 1) (4.12)

is defined to be the set of all a(z, y, 7, n) € SC’ Z(Q x RIta; H, I:I) such that there
is a sequence of homogeneous components

ag—j(t, y,v,m) € SHNHQ x (C~ x R\ {0)); H, H),

J € N, such that for every N € N there is an M € N satisfying the relation

M
a(t,y.v.n) — Y xW.mag-jt.y.v.n) € S*N1(Q x (C~ x RY): H, H)
j=0

for any excision function y (v, ).

Notation for spaces of homogeneous functions is used here in a similar manner
as for real covariables:

SO x ((C= x R\ (0)); H, H),

for some real v denotes the space of all f(,)(z, y,v,n) € C®(Q x ((C~ x RY) \
(O}, L(H, H)) satisfying relation

Sy (@, y,8'0,80) = 8 R i fooy (0, v, v, L

forall § > Oand all (¢, y,v,n) € 2 x ((C~ x R?) \ {0}).
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5 Anisotropic Green Symbols

We now turn to Green symbols and Green operators in the anisotropic edge calculus.

Definition 5.1 An element
gt y, T € 851 @ x R H, H)
for H := KS7i¢(XN), H := Ko%Y—e(X") for some s, ¢ € R is called a Green
symbol of order v, belonging to the weight data g = (y, y — u, ®) if it has the
properties
gt y, T.m) € Sy (Q x RO [C0Vie(X ™), KV 7% (X)) (5.1)
and
ght y, T € Sy (@ x RIS KT (XN, KT (X ) (5.2)
for all s, e € R, where g* denotes the point wise formal adjoint of g with respect to
the scalar product of K£%%9(X") and g-dependent asymptotic types P, Q.
Let
R (QxR'TY, g) (5.3)

denote the space of all Green symbols of that kind. If we want to indicate subspaces
for fixed P, Q we write

R (@ xR, g)p o.
Applying Definition 4.2 we obtain the space of Volterra Green symbols

R (@ x R, g). (5.4)

6 Maellin Operators with Asymptotics

Another necessary class are Volterra symbols of Mellin type. Let us first formulate
some ingredients of the anisotropic edge calculus. First we need smoothing Mellin
symbols with asymptotics. By a Mellin asymptotic type we understand a sequence

R :={(pj,nj)}jaa CcCxN 6.1)
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for some index set I C Z such that 7¢R := {p;}er intersects {w € C : [Rew| <
N} in a finite set for every N € N.

The space M;zoo (X) of smoothing Mellin symbols with asymptotics of type R is
defined to be the space of all f(w) € A(C\ncR, L~°°(X)) which are meromorphic
with poles at the points p; € m¢R of multiplicity n; + 1 for all j. Moreover,
for every mcR-excision function y, (i.e., x € C°(C) such that x(w) = 0 for
dist (w, 7cR) < &9, x(w) = 1 for dist (w, tcR) > ¢1 forsome 0 < g9 < &1 <
00), we ask

x(w) f(w)lr, € S(Tg, L7(X))

for every real B, uniformly in compact S-intervals, and moreover, the Laurent
coefficients of f(w) at the points w = p; are operators of finite rank in L~°°(X)
forall j.

We now form operator functions

N
mitsy. o) = o 3o r Y 0n T )@ patr el (6.2)
Jj=0leli=j
for
Oy (r) = w(r)e" G+
and, analogously, wéw), for cut-off functions w(r), @' (7). Note that

o (T Fio)+nl)

behaves like a Schwartz function for » — +o00 and o < 0. In addition, in the region
{Im r < 0} this function is homogeneous in the sense

o @8 (trio) o) _ ,—Or) (e +io)+Inl")

for§ > 0.
In (6.2) we assume fjq(t, y, w) € C* (L, Mﬁoo(X)) such that

Je
Y —J=<Vie <V, AcRjaNTut1)2-y;y =9
for all j, «. The functions p, (7, n) in (6.2) are polynomials in (t, n) of anisotropic

homogeneity |«];.
We form the space of anisotropic smoothing Mellin plus Green symbols

REL (@ xR, g) 6.3)
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for g = (y,y — u,®) as the set of all m(¢,y,t,n) + g(¢,y, t,n) such that
m(t, y, T, n) is of the form (6.2) and g(¢, y, 7, n) € R (2 x R4, g). We have

RELL @ xR g) c s (@ x R H, H)
for
H =K7Y (X"), H=K>®7"HX"), (6.4)
and
H=Ky X", H= Ko7 H(x™), (6.5)

for any asymptotic type P and some resulting Q.
The space of Volterra Mellin plus Green symbols

Riilgy (@ x RIT7 g) (6.6)

for g = (y,y — n,®) is defined to be the set of all families of operators
m(t,y,t,n) + g, y,t,n) for m(t, y, t,n) of the form (6.2) and g(¢,y,t,n) €
REL(Q xR, g).

Proposition 6.1 We have

RI!

M+G,V QxR H ) (6.7)

N
Q@ xR, g) c Sk,

for (6.4), (6.5).

Let us set
L™(Q,8) ={Op, ,(0) 1 c(t, y. ',y . 1.m) € Rg™(Q x @ x R'TY, g)}

for Rg®(Q x Q x RIT, g) := (N, g RE’Z(Q x Q x Rt4, g), where Ré’l(Q X
Q x Rt g) is a natural generalization of (5.3) to double symbols.
Moreover, L‘_,OO (L2, g) is defined to be the space of integral operators with

kernels c(z,y, 7', y)) € C®(Q x Q, LKV (X"), K" (X"))) for some
asymptotic type P such that c(z, y, ¢, y') =0 fort < ¢'.

Definition 6.2
(i) Let

A
Lyi,(2, 8) (6.8)
for g = (y, y — 1, ®) defined to be the set of operators

A=0p, (a)+C (6.9)
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for arbitrary
a(t, y, 7, n) € Rij,(2 x R'YY, g),

and C € L=%°(£2, g). The class of those operators (6.9) such that a(t, y, 7, n) €
RG (@ x R+, g) will be denoted by

Lg'(Q, ).
(i) By
Liiigy(2.8) (6.10)
we denote the set of operators (6.9) for arbitrary
at,y.©.n) € Rl (2 x R'* ), (6.11)
and
CeL,” <, g. (6.12)

The class of those operators (6.9) such that a(t, y, t,n) € RE’ZV (Q x Rt g)
and (6.12) will be denoted by

L. 9. (6.13)

7 Anisotropic Weighted Spaces

Definition 7.1 We define the spaces W*/(R x RY, H) for a Hilbert space H with
group action k = {ks}seRr, as closure of S(R x R?, H) with respect to the norm

1 2
lullyysi wxra, oy = // T, Ml o, (F1)(x, |3 dvdn) / (1.1)

with F = F; .y, being the Fourier transform in R x RY, also indicated by “hat”.

Remark 7.2 1t will be convenient to replace (7.1) by

1/2
lullyysi wxra, 1y = /[TU ||K|r,7|,(FM)(T 77)||ded77} , (7.2)

which defines an equivalent norm.
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If we point out that W*/(R x RY, H) is a Hilbert space, then the corresponding
scalar product will depend on the choice of the norm, in the case (7.2) we can set

(fs Owsi ®xra, 1) = //[Tv NI iy, e, @) .
Example 7.3 The space
H = H° (R

for s € R admits the group action

(csu) (%) = 8" u(55%), 8 € R
Then we have

WSLRI, BRI = B9 (RITaHR),
where the space on the right-hand side just coincides with
WS,Z(R1+(q+1+n), C)

for the complex plane, endowed with the action id¢ for all § € R...

Proposition 7.4 There is a canonical embedding WSLRY By < S/ (R4, H),
defined by

(u, p) = klgrolo/w(t, Vui(t, y)dtdy (7.3)

for any ¢ € SR'Y) and a sequence (uy)i=1....0o C SRIT4, H) converging to u

in the space WSL (R4, H).

.....

Those observations allow us to introduce the space
W@, H) := {u e W R, H) : suppu C K}

for any open @ C R!"7 K € Q which gives us Wg&l,np(Q,H) =
lim, Wil(Q, H) which is equal to | g cq W' (R, H), and

Wik, Hy := {u e SR, H) : ou € W (R, H) for every ¢ € C(RQ)).
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Remark 7.5 The spaces

Weomp/toc(2: H) = () Waito 10(2. H)

omp/loc
seR

as well as

WOO(R1+q, H) — ﬂ WS,Z(RH-L]’ H)
seR
are independent of the involved group action and also of /, cf. the estimates (4.5).
Proposition 7.6 The operator M, of multiplication by ¢(t,y) € SR*9), first
acting in C3° (R'*4, H) extends to a continuous operator

Mgy WHLRIT HYy — WSLRIT |, (7.4)

In other words the operator norm || Myl is finite and ¢ — M, represents a
continuous operator

SR > LoV (R H)Y) (7.5)

foranys € R.

This gives us (7.4) on the anisotropic abstract edge spaces. Moreover the above
relations show C, — 0asg — 0in S (R1*9) which implies the continuity of (7.5).
Let 1o € R and set

Wé’l([to, 00) x RY, H) :={u € WSHR x RY, H) : suppu C [fg, 00) X R?}.
(7.6)

Note that the space C;°((to, 00) x R?, H) is dense in (7.6) for every s € R. Clearly
Wg’l([to, o0) x R, H) is a closed subspace of W*!(R x R?, H). Analogously
we can form the space Wg’l((—oo, to] x R?, H). By virtue of WSERIT HY ¢
S'(R'79, H) it makes sense to pass to restrictions W/ (R4 H)|( soyxre =:
WS (1, 00) x RY, H), WS (R, H)| (oo xre =2 WS (=00, 19) x RY, H)
in the space of H -valued distributions over the respective open sets. This gives rise
to linear maps

r4(t0) : WO (R, H) — W (19, 00) x RY, H), (1.7)
r_(to) : WYLR™ H) — WS (=00, t9) x RY, H). (7.8)
Observe that there are canonical isomorphisms

W (19, 00) x RY, H) = W (R H) /W' (=00, 1] x RY, H) ~ (7.9)
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and
WSL(—o0, 10) x RY, H) = WHRT, H) /Wi ([t9, 00) x RY, H)  (7.10)

forevery s € R.
Lemma 7.7 The space C3°((tp, o0) x R4, H) is dense in Wg’l([to, o) x RY, H).

For the following considerations it makes sense to employ translation operators
in the time variable ¢, defined by

(Tew)(t, y) == u(t +c,y).
Clearly those define isomorphisms
T.: WHR™M, 7Y - WHI(R™ H)
for any real s. Combined with restriction operators we obtain isomorphisms
T, : Wy'(lto, 00) x R, H) — W5 (1o — ¢, 00) x RY, H)
and
T, : Wy (00, 1] x RY, H) — Wi (=00, 1 — ] x RY, H)
and also by factorization
T : W™ (1, 00) x RY, H) — W*!((19 — ¢, 00) x RY, H)
and
Te : WHl(=00, 1) x RY, H) — W (=00, 10 — ¢) x RY, H).

Remark 7.8 For any a(t,n) € SHER™4; H, H) and Op(a) : WSI(R'Y, H) —
WS—LRI*4 | H) we have T_.Op(a)T, = Op(a) for every ¢ € R.

Proposition 7.9 For every s € R and any ty € R there exist continuous operators
e’ (10) : W (19, 00) x RY, H) — W (R, H)
and
e, (t0) : W (=00, o) x RY, H) — W (R, H)
such that

1 (t0)el (tp) = id and r_(to)e’, (to) = id,
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respectively. In that way €5 (to) have the meaning of corresponding extension
operators.

Proof Let H and L be Hilbert spaces and T : H — L a continuous surjective
operator. Then its adjoint T* : L — H is injective and TT* : L — L
is an isomorphism. Thus we can form T*(TT*)™' : L — H and we have
T(T*(TT*)~") =idy, i.e., T has aright inverse. Now for

L =W*"((19,0) x RY, H)

we can set e’ (fo) = T*(TT*)~'. In an analogous manner we can show the
existence of e’ (fp). O

Theorem 7.10 ([4, Section 1.4.2, Theorem 5]) For any a(t,n) € Sﬁ’l(R”‘/;
H, H) the operator Op(a) induces continuous operators

Op(a) : W' (o, 00) x RY, H) — W5 ™! ([19, 00) x RY, H)

foralls € R, andty € R.
Theorem 7.11 Consider a(t,n) € SC’I(R”‘I; H, H); then Op(a) induces contin-

uous operators

Op., (@) := r_(1)Op(a)e’, (1) : W (=00, 1) x RY, H) — W* ! ((—o0,11) x RY, H)
(7.11)

for every t1 € R,s € R, which are independent of the choice of the extension
operator €’_(11).

Proof The continuity is an immediate consequence of the mapping properties of
e’ (#1) of Proposition 7.9 and of (7.8), and of continuity of

Op(a) : WOL R HY - W HI(RF ).

In order to see the independence on the specific choice of the extension oper-
ator e’ (1) we choose another one & (r1). Then we have u; = & (1)u —

el (t)u € Wg’l([tl, o0) x R?, H) and because of Theorem 7.10 also Op(a)u €
Wg_“’l([z‘l, o0) x RY, H). This entails r_(¢;)Op(a)u+ = 0 and hence for every
u € WHl((—oo, 1) x R?, H)

r_(t1)Op(a)& (1)u = r—(1)Op(a)e’, (t)u

which shows the claimed independence. O
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Let us set
Wy (to, 1) x RY, H) == r—(t)W*! ([1g, 00) x RY, H), (7.12)

for H = K5Y(X”) or H = K°Y~#(X"). Then for fy < t; we obtain the following
mapping property which is essential for the parabolic theory, namely

Theorem 7.12 For every a(t,n) € Rf\‘,[’iG’V(R”‘f, g) forg = (y,y — n, ®) and

any to < t1, the operator (7.11) induces continuous operators
Op,. (@) : Wy (lt0, 1) x BRI, K5 (XM) — Wy ™[, 11) x R, K7 (X))

foralls € R.
Proof The proof is a consequence of Theorems 7.10 and 7.11. O

Corollary 7.13 Since Volterra symbols are specific symbols in the sense of (4.6)
Jfrom the resulting continuity of associated operators in anisotropic edge spaces and
the continuity of

SPN RV H HY) > LOVY R ), WHLRIT H))
we conclude that the map Op., induces continuous operators

. phsl
Opy Ryfyg,

— LOV (lt0, 1) x BRI, K7 (X™), Wy ™ (L1, 1) x BRI, KOV TH(X")))
(7.13)

s (R g)

for every s € R. The preceding discussion concerned the case of Volterra symbols
with constant coefficients. By virtue of relation

N 1+ 144\ 2 N
Ryt v (R xRV g) = COR, 1) & Ry y RI @),

the assertions of Theorems 7.10, 7.11 and 7.12 extend to Volterra symbols with
variable coefficients, by tensor product arguments. In an analogous manner we can
argue for double symbols

| 1+ 1+
a(t,y,t', Y, t.m) € Ryjgy Ry x RTx Ry, g). (7.14)

Thus we have altogether

Theorem 7.14 For every symbol (7.14) and ty < t1, the operator

Op,.(a) =r_(11)Op(a)el (1)
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induces continuous maps
Op, = Wy (lto, 1) x RY, K (X™)) — Wy ([tg, 11) x RY, KV (X™))

forall s € R. Those are independent of the specific choice of €’ (t1).

The straightforward proof is left to the reader.

8 Global OperatorsonR x Y and R x B

There are also variants of the assertions of the preceding Sect. 7, first with respect to
symbols which have not necessarily constant coefficients and then globalized with
respect to operators between spaces

WH(R x ¥, K57 (X))
obtained by gluing together W*/(R x RZ, K*¥ (X”\)) by means of a partition of

unity on Y and applying push forwards of W%/(R x RY, ¥ (X)) to Y via
corresponding charts. This also gives us derived spaces

Wy o, 11) x ¥, K5 (X))

and other spaces of similar kind as in (7.9), (7.10) for Y rather than R?, etc. Those
in turn generate spaces

HSY!([to, 11) x B) (8.1)

which are contained in Hls’é((fo, f1) x (B\Y)) for any fy < to, f; > t;. Anisotropic

pseudo-differential operators and also operators of Volterra type exist over the open
manifold (7, /1) x (B \ Y), namely, L*!((fy, f1) x (B \ Y)) for any 1 € R, and also
Volterra subspaces

Ly (o, 1) x (B\ V),
as well as classical operators
Az =
LZy (G0, 71) x (B\ Y)).
This material partly belongs to the calculus of non-smoothing Volterra and parabolic

operators on R x B which is not yet studied here in detail. The corresponding general
classes of Volterra operators over R x B themselves are denoted by

L' (R x B, g)
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or with subscript “cl, V”, for weight data g = (y,y — u,®). Subspaces of
smoothing Mellin plus Green operators, indicated by subscripts “M + G over
R x B will be formulated below, and then we come back to the corresponding
anisotropic Sobolev spaces over R x B, cf. formula (8.1). The anisotropic version
of edge calculus gives us, in particular, global operators on R x Y of smoothing
Mellin plus Green type, namely, global analogues of operators in Definition 6.2 (i),
denoted by

L R %Y, g) (8.2)
and
LY R x Y, g), (8.3)
respectively. In particular, we have spaces
L™ R xY,g) 8.4)
of smoothing operators over R x Y. Recall that the spaces (8.2) belong to
L' (R x Y; H, H)
for
H = K57 (X"), H = KSTHY = (XM).
The latter consist of operators of the form
N
A=) 01 x x));'0p, ()¢} +C (8.5)
j=1

for arbitrary a;(t, y, t,n) € SHIR x RY x R1M4; H H) and C € L™ °(R x
Y: H, H). In order to prepare constructions for parabolicity globally with respect

to Y we study a Volterra variant of L{\L,I’Jer (R x Y, g). Without loss of generality we
assume that the local symbols a; are invariant under symbol push forwards with
respect to x ;.

Definition 8.1 Let Y be a closed smooth Riemannian manifold, ¢ = dim Y. Then

L,(RxY,g)
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for g = (y, y — u, ®) is defined as the set of all integral operators with kernels
c(t,y,t',y) € CO(R X Y) x (R x Y), LW (X7), K37 = (X))
for all s, e € R and some asymptotic type P, such that

@, Y, 1", Yyt yye@®xryza<iy = 0

and its formal adjoint ¢*(¢, ¥, t, y) belongs to
CO(R x Y) x (Rx ), LECSTVHECXN), KT T(XM)),
for all 5, ¢ € R and an asymptotic type Q. The Volterra subspace

Lyt yRx Y, g) (8.6)

of Lf\‘,l’iG(R x Y, g) is defined as the set of all operators (8.5) for arbitrary

aj(t,y,t,n) € R{\L/fiG,V(Q x R1*4, g), cf. formula (6.11), and

CeL,“RxY,g).

Moreover, Lé,lv (R x Y, g) is the space of those (8.5) for arbitrary a; (¢, y, 7, n) €
RGN (2 x R, g)and C € Ly, (R x Y, g), cf. formula (6.13).

Theorem 8.2 Let
N Ny
AeLﬁm,v(RXY,go), B EL{\L/H_G’V(RX Y, g1)

forgr:=(y,y —v,0),80:=( —v,y —(u+v), ®)and let A or B be properly
supported. Then we have AB € L{\L,[-:élv RxY,g)forg=(,y—(u+v),0).In
addition if A and B are represented analogously as (8.5) where the involved charts
are the same for A, B and with the same set of functions ¢; < (p}, then AB can be

written in a similar manner with symbols a;#b;, j =1,..., N.

The proof is a special case of corresponding relations in [4, Subsections 1.2.3,
1.2.4].

Remark 8.3 From [4, Theorem 15, page 56 and Definition 1, page 47] we see that
for every

N
AeLy,gy®RxY, g forg=(y,y—pu,0)

it follows that Au(z, y)|;<;, = 0 for every u € Ci°(R x Y, K (X)) satisfying
u(t', ¥y <y = 0forany 1o € R.
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We now consider global Sobolev spaces over R x Y and observe that Volterra
pseudo-differential operators act in the expected way. We may refer to Kegel spaces
with group action, and arguments on coordinate invariance under different charts
on Y are similar to the isotropic edge calculus. The case of Fréchet subspaces is
analogous. Remember that on H := K%(X") the group /cg is unitary and for every
fixed s, € R there is an isomorphism a : K*7(X") — K%0(X”) such that
§ — «ai; ! belongs to C® (R, LIK*Y (X)), KO0(XM))), cf. [28].

Because of

LG R x Vi g) C LM (R x ¥: H, H)

where the space of operators L“’Z(R x Y:;H, H ) is known from [5] an operator
Ae Lf\‘,l’iG v (R x Y; g) induces continuous operators

R x Y, K57 (XM) = WHRR x v, H),

loc

AWl

comp

both for H = K>¥~#(X") and H = IC%QV*M (X") for asymptotic types P. For a
to € R we denote by WS’Z ([t0, o0) x Y, H) the subspace of all H-valued distributions
supported by [0, co) x Y. Analogously as the local versions of those spaces we set

W (=00, 19) x ¥, K5V (X)) 1= W R x Y. K57 (X)) /Wy (10, 00) x Y. K57 (X))
and for any 19, t; withtg < 1
Wy (lt0, 1) x Y. K57 (X)) = t-(t)Wy ([0, 00) x Y. K57 (X)),

with r_(#1) being the restriction operator to (—oo, 1) x Y. There is then again an
extension operator

e (1) = Wy [0, 1) x Y. K7 (X)) = Wy (T, 00) x ¥, K57 (X))
which is a right inverse of r_(¢1). The corresponding local mapping behaviour gives
us the following property.

Theorem 8.4 Every A € Lf\‘,l’l

wo.v R X Y, g) induces through r,(tl)fiei(tl)
continuous operators

AWy, 1) x ¥, HY - Wy (1o, 1) x ¥, H)
Jor every s € R which are independent of the specific choice of extension operators
e’ where H = K*V (X"), H = K57 7H(X™).

In the proof we could ignore comp/loc aspects in the Sobolev space since Y is a
closed manifold.
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Theorem 8.5 Let A € Lyji (R x Y, go) and B € Ly}, (R x Y. g1) for go. g1
as in Theorem 8.2, and let A or B be properly supported. Then for every s € R and
to < 1 we have

r—(r)Aey " (t)r-(t) Bel (1) = - (1) ABel, (1),

A
for AB € Ly i (R x Y, ), g = (v, vy — (n+), ©).

Proof For u(t,y) € C((to, 1) x Y, K¥V(X")) andr :=r_(11), e* := €’ (1)) in
local coordinates on Y the difference

rABe*u(t, y) —rAe’ 'rBefu(t, y) = tA(I — €' 'r)Be)u(t, y)

vanishes for ¢ < fp because of the Volterra property of the involved operators and
fort € [ty, 1] since e57Vr = id in [#g, 11] x Y and for r > #; because of the factor r
on the right-hand side. O

Let us now extend the operator classes over R x Y to the case R x B for a
manifold B with edge, cf. notation in Sect.2. By wgjop We denote global cut-off
functions on B, i.e., elements wgjop = 1 in the collar neighbourhood, wgjop = 0 off
some other collar neighbourhood of 0B. Let wélob > wglob be another such global
cut-off function. Then we define the spaces of Mellin plus Green operators

LI R x B, g) 8.7)
consisting of all

/

forany A € L{\L,I’Jer(R xY,8),C e L Rx (R x B, g)). Because of(pLﬁiG(R X
Y,8)¢' € LR x (B\Y)) for every ¢, ¢" in C°(R x Y) the space (8.7) is a
subspace of L™>°(R x (B \ Y)) and (8.7) is independent of the specific choice of

Wglob, wélob. The space (8.7) contains subspaces

LE'R x B, g) (8.8)
of Green operators and also

L ™R x B, g)
consisting of the intersection of spaces (8.7) over & € R where as in (8.4) the

dependence on / disappears. In a similar manner we can define Volterra subspaces
LﬁiG’V(R X B, g), Lélv (R x B,g) and L‘_,oo (R x B, g), respectively, with
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L;OO(R X B, g) being the set of all elements in L~°°(R x B, g) which are integral
operators with kernels

c(t.t') € [ CP(R x R, L(H*V!(B), HY" ™ (B)))
seR

for some asymptotic type P, such that

C(t, t/)l{(t,t’)ER2:t<t’} =0.
The above material on

- i
Ly "R xY,g) and Ly, (R xY,g)
in spaces Wg ’l([to, 1) x Y, K57 (X)) extend in a straightforward manner to
- A
L;*@® x B, g) and Lﬁm’v(R x B, g),

respectively, in spaces H*7"!([t9, 1) x B). In particular, there are analogues of
Theorem 8.2, Remark 8.3 and Theorems 8.4, 8.5 in spaces globally over R x B.

9 Inversion of 1+M+G in Anisotropic Edge Spaces

In this section we specify the consideration to anisotropic smoothing Mellin plus
Green operators of order zero and weight data g = (y, y, ®), and we focus on
operators of the form

1+M+G. ©.1)

Those have an interior symbol which is = 1, and in the parabolic theory for
more general non-smoothing terms rather than 1 the subclass of operators (9.1) is
reached in the process of constructing Volterra parametrices and parabolic inverses
in the general case. This step will be carried out in a forthcoming chapter which
is postponed for the moment, but the idea is quite simple. If A € L“j’l(B, g) is
parabolic on a manifold B with edge Y then we have, in particular, a Volterra
parametrix A(()fl), and A(()fl)A as well as AA((;I) is just of the form (9.1). Then
the inverse (1 + M + G)~! of (9.1) can be composed to Ay ! and this composition
gives rise the parabolic inverse A~! of A. In this step we will employ Theorem 9.10
below.



148 M. Hedayat Mahmoudi and B.-W. Schulze

Definition 9.1 A Volterra symbol
a(t,y, .m) € 1+ Ryjgy R x RIF, g)

for g = (y, y, ®) is called parabolic if for every compact subset K C R!*9 there
is a constant R = R(K) > 0 such that the analytic extension a(¢, y,v,n) € 1 +
Rl(\),’[iG’V(RHq x C~ x RY, g) has the following properties:

(i) The operatorsa(t, y, v,n) : H — H for H = K%7 (X") are isomorphisms for
all (1, y) € K, (v,n) € C~ x R? where [v, n]; > R(K),
(i1) There are constants ¢ = ¢(K) > 0 such that

-1
||K[v,,,]la(fv Yy U, MKyl ||£(}c0vy(XA)) >c

forall (¢, y) € K, (v,n) € C~ x RY, for [v, n]; > R(K).

An A = Op(a) + C for a(t,y,v.1) € 1 + Ryj,q y(R'T x C~ x R?,8),C €
L;“(RH‘Q g) is called parabolic if a(t, y, T, n) is parabolic.

Lemma 9.2 Let
a(t,y,v.n) €1+ Ryj,gy R x C~ x RY, g).
Then for every R > 0 we have
(@ — T_ir@)|gr+axpi+a € Ryjigy R x R g)

Where (Tfl'Ra)(tv y, U, n) = a(tv y, v — le 77)
Proposition 9.3 Let

a(t,y, 1.n) € 1+ Ryjgy R x R, g) 9.2)
for g = (v, v, ®) be parabolic, cf. Definition 9.1. Then there exists a symbol

b(t.y.T.n) € 1 + Ry y (R x R'H4 g) 9.3)
such that

b(t.y.t.ma(t,y, .n) — 1 € Ry (R x R1H, g) (9.4)
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and
a(t,y, 1, mb(t,y, .n) — 1 € Ry y R x R'H g) 9.5)

with 1 being the symbol representing the identity operator in K>V (X") for any
fixed s.

Proof For the proof we employ symbols which follow from translations in the com-
plex v-variable and take into account Lemma 9.2. We seta(¢, y, v, ) := a(t, y, v—
iR, n) for the constant R from Definition 9.1. By virtue of Lemma 9.2 we have
a(t,y.v, 1) € 14+ Ryt y (R xR, g)anda—a € Ry g y (R1TI xR, g).
Because of condition (i) in Definition 9.1 the symbol a(z, y, v, n) : K*¥(X*) —
SV (X™) is (f,y, v, n)-wise invertible over compact subsets with respect to
y € R? when R is sufficiently large. This allows us to form b(t, y,v,n) =
(a(t,y,v,n)~!. Holomorphy of @ in v yields holomorphy of b in v € C~ and
a standard conclusion shows that b satisfies relation (9.3). The symbolic estimates
for b follow from those for a. For a itself we obtain (9.4) for

ba =b(a+ (a —a)) =ba+bla—a).

Concerning multiplication ab we can argue in a similar manner. O

Theorem 9.4 Assume that for a symbol a satisfying (9.2) there is a symbol b
satisfying (9.3) such that relations (9.4), (9.5) hold. Then a(t, y, T, n) is parabolic.

Proof The arguments are completely analogous to the proof of [4, Theorem 4]. O

Corollary 9.5 Let a symbol a satisfying (9.2) be decomposed as a = ap + a—1,
where ap € 1+ RM+G V(R1+q x R%4, g) is parabolic and a_; RMi—é V(R1+q X

R4 ). Then a is parabolic if and only if ag is parabolic.

Because of
L+ Ryjegy R x R g) € 8%, (R x R, H, A)

for H = H = K%7(X") the observations on general classical parabolic symbols
from [4] are valid also for symbols of Definition 9.1. In particular, we have the
following remark.

Remark 9.6 Anelementa(t,y,t,n) €1+ R&QG’V(R“W x R!*4, g) is parabolic
if and only if its anisotropic homogeneous principal symbol

a@)(t, y,v,n) : KSV(X") — K27 (XM)

is invertible for all (¢, y) and all (v, n) € (C~ x R?) \ {0}.
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Theorem 9.7 For every parabolic operator A € 1 + L&QG’V(R x RY, g) there
exists a parametrix B € 1 + Ll(\);liG v(R x RY, g) such that BA —1,AB — 1 €
LR x R?, g).

Proof The assertion is an immediate consequence of Proposition 9.3, using the
Leibniz rule expressing symbols of compositions of anisotropic pseudo-differential
operators which preserves the Volterra property, cf. Theorem 8.2. O

Let us now pass to global parabolicity. Similarly as the preliminary assumptions
before Definition 8.1, now in terms of Volterra symbols, we assume compatibility
of local symbols under coordinate changes.

Definition 9.8 AnA=1+M+G e 1+ Ly, (Rx Y, g).g=(y.y, 0),for

M+G= Zw,((l X X 0p@)¢ +C e Ly, yR x Y. 8)  (9.6)
j=1

for some C € L;,OO(]R x Y, g) is called parabolic if the symbols a;, j =1,..., N,
are parabolic in the sense of Definition 9.1.
We then have

Theorem 9.9 Every parabolic A € 1+LM+G v(RXY, g)forg = (y,y,0), hasa
parametrix B € 1+LM+G’V(R>< Y, g) suchthat BA—1,AB—1 € LVOO(RXY, 2).

In Definition 9.1 we established the space of parabolic operators
Acl+LYRx7Y,g). ©.7)
Because of the Volterra property they induce continuous operators
A: Wé’l([O, T) x Y, K¥V(X")) — Wg’l([O, T) x Y, K*V (X)) (9.8)
for
A =r1_(T)A(T) (9.9)

with the operators r_(T), e’ (T) for any fixed T > 0, cf. Theorem 8.4. As it
has been explained the operator (9.8) does not depend on the specific choice of
r_(T), e’ (T). An operator (9.9) is called parabolic if (9.7) is parabolic.

Theorem 9.10 A parabolic operator (9.9) induces isomorphisms (9.8) between the
respective anisotropic Sobolev spaces for every s € R and any finite T > 0, and the
inverse is of analogous structure for a Volterra parametrix B of A.

The proof will refer to
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Lemma 9.11 Consider a cylinder Z = [Ty, T1] x Y, T1 > To, for a compact
Riemannian manifold Y of dimension q. Let

kit y, 1Y) € CN(Z2, LMY (X)),
for N € N a kernel satisfying for every a € N*1+9) |a| < N, the relations
k(t,y,t',y)=0for Ty <t <t <Ti, (9.10)
and
||3ffy,,f,y/k(fa Vo' Y oy xny < C for Ty <t < 1" < Ty. (9.11)

Then for

kit y, 1, y) =k, y. t', ¥,
T
kj-l—l(tayat/ay/) 'Z\/\\/\ kj(t,yaS,y)kl(S,y,t/,y/)dey
Y JT)y

the series t,y,t, = (= 17 t,y,t, of iterated kernels absolute
he series K (t,y,1',y") PTGV ST d kernels absolutely
converges in CN(Z2, LKoY (X)), and we have

K(t,y,t',y)=0 for Ty <t <t <T.
Proof By induction we show that for every j > 1 and all summands of the series
ki(t,y,t',y)=0 for Ty <t <t <Ti,

M)/

ki, y,t, y/)||£(H,FI) <C G- 1) (t—1) "V for Ty<t <t <Ty,

and M = fY 1dy. For j = 1 these are just the properties (9.10), (9.11). For j > 1
and Ty <t < t' < T we have

T
kji1(t,y, t,y) = /Y /; kj(t,y,s, y)k(s,y, t',ydsdy
0

t Ty
= /{/ ki(t,y,s, Yk(s,y,t', y)ds +/ kj(t,y,s, Mk(s, 3.1, y)ds}dy =0
Y To t
9.12)

which entails the first identity. In fact, relation (9.10) for k(s, ¥, ¢, y’) shows that the
first integral vanishes, since by induction assumption on k the first integral vanishes.
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The second integral vanishes as well, because s < 1’ over the integration interval,
where k(s, y,1’, y') vanishes. This also gives us

K@, y,t',y)=0for Ty <t <t <T.

For Ty <t <t < T we obtain for || - || := | - I 2w,y for H = H = K%7(X")

T
s w5 =1 [ [ ks kG 5.ty dsdy)
Yy J1
t t
= / {/ ki(t,y,s, y)k(s, ¥, t',y)ds +/ kj(t,y,s, y)k(s,y, t',yds
Y JTy t

T
+f ki(t,y,s, Dk(s,y,t', y)ds}dyll = II// ki(t,y,s, Yk(s, 3,1, y)dsdy|

mcy ! .
< [ [ s ik s onasay < [ [T Tamoicasa
t/ - .

1
:CC(MC)J /(t—s)] lds/ 1dy C(M,C) (t =1/,

(G- J!
(9.13)

such that also the second condition is satisfied. This implies for Tp <t <t < Ty
the relation

> , (MC) J-1 , /
Do l=D ki y, I < € Z (t—t)/ =1 = M) < cMET—=T0),
j=I1 j=I1

which implies together with K (¢, y,t', y') = 0 for Tp <t < t' < Tj the absolute
convergence of the series in question in the space C(Z%, LK"Y (X))).

For N > 0, according to the assumptions on the corresponding derivatives we
also have absolute convergence of the series Z?‘;l(—l)j 9%kj(t,y,t',y") for any
|| < N, which gives us the assertion also for N > 0. m]

Proposition 9.12 For any fixed 0 < T € R and every C € L(,OO (R x Y, g) there
existsa G € L‘_,oo (R x Y, g) such that

(1 + O -Gl (Tu=u

foreveryu € Wg’l([O, T) x Y, H).

Proof We construct an element G € L‘_,oo (R x Y, g) such that

I +CO)A = Gu(t,y) =u(t,y)
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for + < T. Taking into account the fact that
C§° (0, 00) x RY, K™Y (X™)) € Wy ([to. 00) x R?, K™Y (X))

is a dense embedding, cf. Lemma 7.7, the assertion will follow, since in view of the
Volterra property the map does not depend on the values of the function for ¢ > T'.

We first observe that the kernel k(z,y,7’,y") of C € L,*(R x Y, g) for
To = —T,T1 = 2T satisfies the assumptions of Lemma 9.11 for any N € N.
We then form an integral operator K with the resulting kernel k(z, v, ', y) €
C®(([-T,2T] x Y)2, L(K%Y(X"))), and applying a formal Neumann series
argument for —7 < Tp < T7 < 2T we obtain the equation

(1+O)1 = K)lin,ryxy = ldliz, 1<y -

Next we fix a cut-off function w(r) € Cg°(R) withw(r) = 1 for [r| < 1, w(r) =0
for |r| > 2, and form

/

N 2t_~ ,,2t_
gt,y,t',y):= a)(T Dk, y,t, yDo( T 1).

Then the associated integral operator G belongs to L~>°(R x Y, g) and has the
Volterra property. Moreover, we have

glo.m1x )2 = klo.11x¥)?

such that (1 4 C)(1 — G) has the desired mapping property. O

Proof of Theorem 9.10 By definition, the operator A = r_ (T)Aei(T) is parabolic
ifAel+ L&QG’V(R x Y, g) is parabolic. Then, according to Theorem 9.9 there is
a global parametrix B € 1 4 Ll(\);ll-i-G vy (R x Y, g). In particular, it follows that

C:=AB-1eL,RxY,g).

Let for abbreviation r := r_(T), e := e’ (T). Then, by virtue of Proposition 9.12
thereisa G € L, (R x Y, g) such that

1=r(1+C)1 —-G)e=r(1+C)er)(1 —G)e
-~ - . (9.14)
=r1ABer(l1 — G)e =rAerB(1 — G)e.

This gives us a right inverse of A which belongs to our class of pseudo-differential
operators. In an analogous manner we can construct a left inverse of A, i.e.,
we altogether obtain, under the assumption of parabolicity, the operator A is
invertible. O
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Bismut’s Way of the Malliavin Calculus m)
for Non-Markovian Semi-groups: An ik
Introduction

Rémi Léandre

Abstract We give a review of our recent works related to the Malliavin calculus of
Bismut type for non-Markovian generators. Part IV is new and relates the Malliavin
calculus and the general theory of elliptic pseudo-differential operators.

Keywords Malliavin calculus - Large deviations estimates - Higher-order
parabolic equation - Pseudo-differential operators

Mathematics Subject Classification (2000) Primary 60H07; Secondary 35KO05,
35K25

1 Introduction

Let M be a compact Riemannian manifold endowed with its natural Riemannian
measure dx (x is the generic element of M). In local coordinates, we can think at
the linear space R¢ endowed with the metric gi, j(x)dxi ® dx/ where x are the
local coordinates and x — (g.,.(x)) is a smooth function from R into the space of
symmetric strictly positive matrix. The Riemannian measure associated is

dx =det(g.) " ?dx".. ® dx? 1.1)

We consider a linear symmetric positive operator densely defined on L?(dx) acting
on a space which separates the point on M. This means if f and g belong to this
space,

/g(x)Lh(x)ds:/ h(x)Lg(x)dx (1.2)
M M
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/ h(x)Lh(x)dx >0 (1.3)
M

It has by abstract theory a self-adjoint extension on L2?(dx), which generates a
contraction semi-group P; on L?(dx) which solves the heat equation for 7 > 0

a
Ph=—LPh 1.4
PYRL t (1.4)

with initial condition
Poh=h (1.5)

It is a natural question to know if there is a heat kernel:

Pih(x) = /M pr(x, y)Yh(y)dy (1.6)

There are several ways to solve this problem:

— The microlocal analysis [12, 18, 19], which uses as basic tool the Fourier
transform and some regularity on the coefficients of L. In the case of a partial
differential operator on R?, this means that L = > a@(x) 8‘1(2) where () is a
multiindex and x — aq)(x) is smooth.

— The harmonic analysis, which uses as basic tools functional inequalities and does
not need any regularity on the coefficients of L [3, 13, 51].

— The Malliavin calculus [20, 44, 49], which works for Markov semi-groups:
P, f = 0if f > 0. The Malliavin calculus requires moreover that the semi-group
is represented by a stochastic differential equation.

More precisely, the Malliavin calculus needs a probabilistic representation of the
semi-group P; by using the theory of stochastic differential equations where a flat
Brownian motion or a Poisson process plays a fundamental role.

Let us recall the main idea of the Malliavin calculus in the case of the flat
Brownian motion. Let us consider the Hilbert space H of finite energy maps starting
from O from [0, 1] into R™ ¢ — r, = (rf) endowed with the Hilbert norm

mo .
||r||2=2/ \d/dtr!|?dt (1.7)
i=170

We consider the formal Gaussian measure on H (written in the heuristic way of
Feynman path integral)

du(r) = 1/Zexp| — |Ir|I*/21d D(r) (1.8)
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where d D(r) is the formal Lebesgue measure on H. Haar measure satisfying all
the axioms of measure theory on a group exists if and only if the group is locally
compact. (We refer to [2] and [30] to define Haar measure in infinite dimension in a
generalized way). This explains that we need to construct this measure on a bigger
space, the space of continuous function C ([0, 1], R™)t — B; issued from 0 from
[0, 1] into R™. There are a lot of Gaussian measures on C ([0, 1], R") [48] but the
law of the Brownian motion is related to the heat equation on R

9 WA
G P = 1/22 2 P f(x) (1.9)
We have, namely,
P,h(x) = E[h(B; + x)] (1.10)

if f is a bounded continuous function on R™. In such a case we have a semi-group
operating on continuous function on R™.

We consider m smooth vector fields on R? with bounded derivatives at each
order. Vector fields here are considered as first order partial differential operators.
We consider the operator

m
L:1/2Zx,.2 (1.11)
i=1

We introduce the Stratonovich differential equation [20, 49] starting from x (vector
fields here are considered as vectors which depend smoothly on x).:

m
dxi(x) = Z X; (x;(x))dB! (1.12)
i=1
This is (and not the It6 equation) the correct equation associated to
n .
dxi(r)(x) = Z X (x; (h) (x))dry (1.13)
i=1

for r € H endowed with the formal Gaussian measure d (7).
By It6 Calculus [20, 49], we can show that the semi-group P; generated by L =
/23", Xl2 is related to the diffusion x;(x) by the formula

Pi(h)(x) = E[h(x;(x))] (1.14)

if 7 is a continuous function on R? (in such a case, the semi-group acts on
continuous bounded functions on R?).
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Malliavin idea is the following [44]: he differentiates in a generalized sense the
Itd map B. — x;(x) . If this Itd map is a submersion in a generalized sense (the
inverse of the Malliavin matrix belongs to all the L?), the law of x;(x) has a smooth
density and therefore the semi-group has a heat kernel. Malliavin for that uses a
heavy apparatus of differential operations on the Wiener space. Let us recall that
there are several pioneering works of the Malliavin calculus [1, 6, 16] motivated
by mathematical physics, but only Malliavin calculus is adapted to the study of
stochastic differential equations and fits very well to the study of all measures of
stochastic analysis.

Bismut [7] don’t use this heavy apparatus of differential operations on the Wiener
space, by using a suitable Girsanov transformation and a system of convenient
stochastic differential equations in cascade associated to the original stochastic
differential equation. This allows Bismut’s way to get in a simpler way the Malliavin
integration by parts for diffusions: if («) is a multiindex, if 7 > 0,

E[h®x(x))] = E[h(x;(x)) 0{*'] (1.15)

where Qt(o‘) is a polynomial in the extra components of the system of stochastic
differential equations in cascade and in the inverse of the Malliavin matrix.

The fact that only stochastic differential equations in cascade (therefore a system
of semi-groups in cascade) appear in Bismut’s approach of the Malliavin calculus
allows us to interpret Bismut’s way of the Malliavin calculus in the theory of semi-
group by expulsating the probabilistic language in [31]. We refer to [32, 33] for
reviews with some applications.

Léandre [31] uses an elementary integration by parts, which has to be optimized.
The main remark is that we can adapt this elementary integration by parts for
non-Markovian semi-groups. It is possible to adapt Bismut’s way of the Malliavin
calculus for non-Markovian semi-groups.

It is divided into two steps:

— An algebra on the semi-group. Only existences on the semi-group are required.

— Estimates on the enlarged semi-group, which are necessary because polynomial
function appears in the Malliavin integration by parts which are not bounded, but
are performed in the non-Markovian case by the Davies gauge transform (in the
Markovian case, they were done by an adaptation in semi-group on the classic
Burkholder-Davies-Gundy inequalities of stochastic analysis).

Moreover, Bismut in his seminal work [9] has done an intrinsic integration by
part formula for the Brownian motion on a manifold, which overcame the problem
that in the standard Malliavin calculus there are a lot of stochastic differential
equations which represent the same semi-group. In Part IV we perform an intrinsic
Malliavin calculus associated to a wide class of pseudo-differential elliptic operator,
by performing a variation of the original pseudo-differential operator by a fractional
power of it intrinsically associated to the original operator. We exhibit the relation
between the Malliavin calculus of Bismut type and the general theory of elliptic
pseudo-differential operators.
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Bismut in his seminal work [9] pointed out the relation between the Malliavin
calculus and the large deviation theory for the study of short time asymptotics of the
heat-kernel associated to diffusion semi-groups. We refer to the reviews [26, 29, 53],
the book [5], and the seminal work [47] for probabilistic methods in short time
asymptotics of semi-groups.

Let us recall quickly the main goal of large deviation theory, here of Wentzel-
Freidlin type [4, 52] and [54]. We introduce a small parameter and consider the
stochastic differential equation with a small parameter starting from x:

dxf(x) =€y X;(xf)(x)d B| (1.16)

i=1
Wentzel-Freidlin theory allows to get estimates of the type, when € — 0

lim2e?Log[P[x(x) € 0= — inf |r|? (1.17)
. x.(h)(x)eO

if O is an open subset of C ([0, 1], R?) equipped with the uniform norm. We don’t
give details of the lot of technicalities in this estimate.

It is possible to adapt [35, 37-40] Wentzel-Freidlin estimates to the case of
non-Markovian semi-groups with the normalization of W.K.B. analysis of Maslov
school [45] (see [17, 27] for seminal works on W.K.B. analysis). The main remark
is that we can get only upper-bounds, because the semi-group does not preserve the
positivity in this case. The second remark is that these estimates are valid only for
the semi-group, because in this case path space functional integrals are not defined
(see [36] for a review and the work [11, 25, 46]). The normalizations are standard in
semi-classical analysis but the type of estimates is different. They work for the heat
equation and not for the Schrodinger equation.

This allows to fulfill in this non-Markovian context the beautiful request of
Bismut’s book [5] and to do the marriage between the Malliavin calculus and
Wentzel-Freidlin estimates. The main difference is that we have to consider the
absolute value of the heat-kernel because in such a case the semi-group does not
preserve the positivity such that we get only upper-bound in the studied Varadhan
type estimates (Wentzel-Freidlin estimates are still valid for the heat-kernel).

This work is a review paper of several of our works. The main novelty is part I'V,
which is new.

2 The Case of a Formal Stochastic Differential Equation

Let us consider an elliptic differential operator of order / on a compact manifold M
of dimension d. If we perturb it by a strictly lower order operator L p, it results by
the theory of pseudo-differential operator (which is given by the role of the principal
symbol of an elliptic operator) that the qualitative behavior (hypoellipticity..) is the
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same than the qualitative behavior of L + L. See [12, 18, 19] for various textbooks
in analysis about this problem.

Recently, we have introduced an elliptic operator of order 2k Lo = Y fl.Zk where
fi is an orthonormal basis of the Lie algebra of a compact Lie group G of dimension
m with generic element g. f; are considered as right invariant vector fields. We have
established the Malliavin calculus of Bismut type for Ly. We consider a polynomial
Q of degree strictly smaller than 2k in the vector fields f; with constant components.
We consider the total operator

L=Ly+Q 2.1

The goal of this part by using a small interpretation of [41] and [42] is to adapt
in this present situation the strategy of [41] for diffusions. (Léandre [41, 42]
used the machinery of the Malliavin calculus [7] translated in semi-group theory
for diffusions in [31].) Malliavin matrix plays here a fundamental role in the
optimization of the integration by parts in order to arrive to full Malliavin integration
by parts. All formulas are formally the same if we add or do not add the
perturbation of the main operator.
We consider the elliptic operator on G x R

82k

0 ~
0+ Z FE Y ik A+ =L 2.2)
]

It generates by elliptic theory a semi-group on Cp(G X R), the space of bounded
continuous function on G x R endowed with the uniform norm.

Theorem 2.1 (Elementary Integration by Parts Formula) We have if h is
smooth with compact support

t
[ P i fipanids = iunic. o 23)
0

Proof 1t is the same proof than the proof of Theorem 3 of [42]. O

Let V = G x My. M, is the space of symmetric matrices on LieG. (x,v) € V.
v is called the Malliavin matrix. We consider

Xo=0.> <g'fi..>? (2.4)
We consider the Malliavin generator (we skip the problems of signs)

L=) f*-Xo (2.5)

Theorem 2.2 L spans a semi-group. P called the Malliavin semi-group on Cp(M).



Malliavin Calculus 163

Proof Itis the same proof of theorem 4 of [42] since Q is a polynomial with constant
components in the f; and L generates a Cp(G) semi-group. The proof leads to
some difficulties because the Malliavin operator is not the perturbation of an elliptic
operator and uses the Volterra expansion. O

The Malliavin semi-group will allow us to get suitable integration by parts
formulas 2. We have the main theorem of this paper:

Theorem 2.3 (Malliavin) [f the Malliavin condition holds
| 1[v™"1(g, 0) < 00 (2.6)

for all integer positive integer p, P; has a heat-kernel.

Proof 1t is the same proof as in the beginning of the proof of theorem 6 of [42].
Under Malliavin assumption, we can optimize the elementary integration by part of
Theorem 2, in order to get, according to the framework of the Malliavin calculus,
the inequality for any smooth function # on G

|Pil< dh, fi >]| < Cllflloo 2.7)

O

Remark Let us explain quickly the philosophy of this theorem, when there is no
perturbation term. We consider a set of path in R denoted r; which represent the

. . 52k . .
semi-group associated to ) a‘) -~ We don’t enter into the problem of signs. We
U

consider the formal stochastic differential equation

dx;(r)(e) = Y fidr] (2.8)

issued from e. Formally, this represents the semi-group P; without the perturbation
term

Pi[h](e) = “E”[f (x:(e)] (2.9)

A9

Malliavin assumption expresses in some sense that the “It6” map r* — x;(e) is a
submersion.

By this inequality, we deduce according to the framework of the Malliavin
calculus that

P[h](e) = /Gh(g)pz (e,g)dg (2.10)

for a nonstrictly positive heat-kernel p; (dg) denotes the normalized Haar measure
on G), if the Malliavin assumption is satisfied.
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Theorem 2.4 Under the previous elliptic assumptions,
| Bllv=" 11(g0, 0) < 00 (2.11)

ift >0

Proof 1t is the same proof than the proof of theorem 8 of [42]. It is based upon the
initial strategy to invert the Malliavin matrix in stochastic analysis by slicing the
time interval in small time intervals. Only the main part of the generator plays the
main role in this strategy because we are in an elliptic case. O

We can iterate the integration by parts formulas, by introducing a system of semi-
groups in cascade. We deduce the theorem:

Theorem 2.5 Ift > 0, the semi-group P: has a smooth heat kernel

Pi([hl(g) = /Gpt (g.8)h(g)Hdg' (2.12)

We remark that the heat kernel can change of sign. This theorem is classical in
analysis [51] but it enters in our general strategy to implement stochastic tools in
the general theory of linear semi-groups.

In order to simplify the computation, we have used the symmetry of the group.
In the next part, we will use fully the symmetry of the group to simplify the
computations.

3 The Full Use of the Symmetry of the Group

Let us recall what is a pseudo-differential operator on R? [12, 17, 18]. Let be a
smooth function a(x, &) from R? x R with values in C. We suppose that

sup |D;Da(x,£)| < Clg[" " +C 3.1)

xeRd

We suppose that

inf la(x,£)| > Clg|™ (3.2)
xeRd

for |£| > C for a suitable m’ > 0. Let h be the Fourier transform of the continuous
function #. We consider the operator L defines on smooth function /4 by :

Lhx) = /R e O (33)
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L is said to be a pesudodifferential operator elliptic of order larger than m’ with
symbol a. This property is invariant if we do a diffeomorphism on R? with bounded
derivatives at each order. This remark allows to define by using charts a pseudo-
differential operator elliptic of order larger than m’ on a compact manifold M.

Let f' be a basis of T, G. We can consider rightinvariant vector fields. This means
that if we consider the action Ry, i — (g — h(ggo)) on smooth function / on G,
we have

Ry (f'h) = ' (Rgyh). (3.4)

We consider a rightinvariant elliptic pseudo-differential positive operator L of
order larger than 2k on G . It generates by elliptic theory a semi-group P; on
L?*(d g) and even on C,(G) the space of continuous functions on G endowed with
the uniform norm.

Theorem 3.1 Ift > 0,

Pih(go) = /G pi(go, g)h(g)dg (3.5

where g — p:(go, g) is smooth if h is continuous.

This theorem is classical in analysis , but it enters in our general program to
implement stochastic analysis tool in the theory of non-Markovian semi-group. See
the review [36] for that. See [41, 42] for another presentation where the Malliavin
matrix plays a key role. Here we don’t use the Malliavin matrix. See [43] for the
case of rightinvariant differential operators. The proof is divided into two steps.

3.1 Algebraic Scheme of the Proof: Malliavin Integration
by Parts

We consider the family of operators on C*°(G x R"):

N n ) . n a2k
L;’=L+Zf~/fa D (3.6)
- Ot i=1 U

cxg are smooth function from R™ into R. By elliptic theory, Zf generates a semi-
group P/ on C;,(G x R"). This semi-group is time inhomogeneous.

t . ~
P ()R w)v](.. ., 0) = /O Pl L P R ()R )], ) 3.7)
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Moreover

P uh (R (1C, o ttng1) = PP uh(OR (D1, -, 0) + PPTROR" (O], Dttt
(3.8)

h is a function of g, A" a function of uy, . .., u,. This comes from the fact that 8ui+1
commute with the considered operator.

Therefore the two sides of (3.8) satisfy the same parabolic equation with second
member. We deduce that

n t . 5 n
Pt"“[u,,“l_[ujh(.)](.,.,O)=/ dsPI [ T PR [ Tujllc, ) (3.9)

=1 0 =1

This is an integration by parts formula. We would like to present this formula in a
more appropriate way for our object.
We consider the operator

n.o92k

n
L'=L+ Z a2k (3.10)
j=1""]j

It generates a semi-group P:l. In the sequel we will skip the problem of sign coming
if k is even or not.
We introduce a suitable generator

R =L" + F (3.11)

by taking care of the relation [ %, f/] = >k A;{’j fk. 1t is an operator of the type

studied. It generates therefore a time inhomogeneous semi-group Q;’ Therefore the
integration by parts formula (3.9) can be written in a more suitable way

n t "
ﬁ“mHFhwom”m=A#“MWU“%ﬂwKJ+

j=1 i=1

0

t n
/ ol ds P O [ Jwil(. ) (3.12)
i=1

We do the following recursion hypothesis on /:

Hypothesis (I) There exists a positive real r; such that if («) is a multiindex of
length smaller than 1

PP R Juil(g, vl < 7 |llloo (1 + ] T vil) (3.13)

i=n i=n
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where ||.||oo is the uniform norm of £.
It is true for / = 1 by (3.9) and the estimates which follow.

If it is true for /, it is still true for / 4 1, by using (3.12) for f®h and taking
ot =,

By choosing suitable cxtj , we have according to the framework of the Malliavin
calculus for any multiindex («)

|PLf®h1(g0)| < CianlItlloo (3.14)

in order to conclude.

3.2 Estimates: The Davies Gauge Transform

We do as in [43] (26). The problem is that in 13,” [h ]_['/': 1 u;1(., .) the test function

u j are not bounded and that f’t" acts only on Cp (G x R™). We do as in [3] the Davies
gauge transform [} g(u;) where

gw) = (ul) (3.15)

if u is big and g is smooth strictly positive.
This gauge transform acts on the original operator by the simple formula

(I1, g(u,-))_li'l'((]_[?:l g(u;).). On the semi-group it acts as

(T AruJ Je@nhrOr"OIC, ) (3.16)

i=1 i=1

But

d d
()™ (gui)) =+ Cluw) (3.17)

a

where the potential C(u;) is smooth with bounded derivatives at each order.
Therefore the transformed semi-group acts on Cp(G x R").

Remark We can consider a particular case [43] Let G be a compact connected Lie
group, with generic element g endowed with its bi-invariant Riemannian structure
and with its normalized Haar measure dg. e is the unit element of G.

Let f? be a basis of T,G. We can consider rightinvariant vector fields. This means
that if we consider the action Rgy h — (g — h(ggo)) on smooth function 4 on G,
we have

Ry (f'h) = f(Rgyh). (3.18)
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Letbe £@® = g% | g% and let be f@) = £ f%l () is a multi-index of
length |c|.

We consider a matrix aq g for multiindices of length k, which is supposedly
symmetric strictly positive.

We consider the operator

L= Z f(a)a(a)’(/g)f(ﬁ) (319)
(@),(B)

According to [51], (—1)*L is a positive symmetric densely elliptic defined operator
on L?(G), which generates by elliptic theory a semi-group acting on Cj(G), the
space of continuous function on G. In such a case, we have a heat-kernel associated
to the semi-group (See [43]). The case of a rightinvariant differential operator
has exactly the same proof than the case of theorem 6, where the details will be
presented elsewhere. See [14] for the general case.

4 The Case of an Intrinsic Variation

Let L be a strictly positive self-adjoint operator on a compact manifold M. We
suppose that L is a pseudo-differential elliptic operator of order / > 2k for an integer
k > 1. It generates a contraction semi-group on L>(M) and by ellipticity a semi-
group on Cp(M). See [8] and [23, 24] in the Markovian case.

Theorem 4.1 There is a heat-kernel p;(x, y) associated to Py. If t > 0

Pt(h)(x)=/MPt(x,y)h(y)dy 4.1

where y — p:(x,y) is smooth.

The proof is divided into two steps:

4.1 Algebraic Scheme of the Proof: Malliavin Integration by
Parts

Let o belong to ]0, 1[. The fractional power [50] L* is still a strictly positive pseudo-
differential operator elliptic of order o/, which commutes with L. We skip up later
the problem if & is even or not. We consider the operator on C*°(M x R")

5 9 n aZk
Ly=L+sL% 4+

oy ‘ 8u.2k
i=1 ]

4.2)
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It is an elliptic operator of order 2k on M x R”". The main part

82k
L"=L+ Z 2k (4.3)

is positive and is essentially self-adjoint. Therefore the main part generates a semi-
group on C, (M x R"). This remains true for L" because L" is a perturbation of L
by a strictly lower operator. We call this semi-group 13[1.

The main remark is that L% commutes with L" such that

L*P!' = P'L" (4.4)

According to the beginning of the previous part, we get the elementary integration
by part

n ' I
By R [ Tuid(x, v, 0) = f P LB ] Tuili e, w) =
0

i=1 i=1
n t
Pt"[L“hl_[ui](x,ui)/ s"ds  (4.5)
i=1 0

Suppose by induction on / that

|PL(LY) h]"[ 1x, v |<Cr—’”>||h||oo<1+1"[|v,|> (4.6)

i=1 i=1

By applying the elementary integration by parts (4.5) to (L*)!) f, and choosing
r = r(l), we deduce our result. Therefore we have the inequality

|P (L RI(x)] < C Ol h) oo (4.7)

The result follows from the fact that L is an elliptic operator.

4.2 Estimates: The Davies Gauge Transform

We do as in [43] (26). The problem is that in 13,” [h ]_[;': 1 u;1(., .) the test function

u; are not bounded and that f’t" acts only on Cp(G x R™). We do as in [35] the
Davies gauge transform [ ]} g(u;) where

gu) = (Jul) (4.8)

if u is big and g is smooth strictly positive.
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This gauge transform acts on the original operator by the simple formula
(T~ g 'L (([T:~; g(ui).). On the semi-group it acts as

(T Te "B [ e@hOHR* I, ) (4.9)

i=1 i=1

But

d d
(g™ | (gui)) =+ Clu) (4.10)

a

where the potential C(u;) is smooth with bounded derivatives at each order.
Therefore the transformed semi-group acts on Cp(G x R"). It remains to choose

n

u
h'(u) = ] (4.11)
Jl_lzl guj)

in order to conclude. We deduce the bound:
5 n n
| P |[h l_[ ljl](;v) < C(lAlloo(1 + l_[ [vil) (4.12)
j=1 i=n

where | P"| is the absolute value of the semi-group P/".

Remark We could show that (x, y) — p;(x,y) is smooth if # > 0 by the same
argument.

Remark We can replace the hypothesis L strictly positive by the hypothesis L
positive by replacing L* by (L + C1;)* where C > 0.

S Wentzel-Freidlin Estimates for the Semi-Group Only

We consider a differential operator of order 2k on the compact manifold M which is
supposedly elliptic of order 2k and strictly positive. We suppose we can write it as

2k r(j) '
L=>"%"(Xi;) (5.1)
j=0i=0

where X; ; are smooth vector fields on M. The ellipticity assumption states that

r(2k)
D <Xk >H=H(x,6) = Clg* (5.2)
i=0
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To the Hamiltonian H, we introduce the Lagrangian

L(x,p)= SI;P(< p.§>—H(x,§)) (5.3)

We get the estimate
2k 2k
—C+Clp|*#-1 < L(x, p) < C+ |p|*-1 (5.4)

for some strictly positive constants C.
If ¢ is a continuous piecewise differentiable path on M, we put:

1
S(@) = /0 L), d/di(e)d: (5.5)
and we put

I(x,y) inf  S(¢) (5.6)

 pO)=x,¢(1)=y

By Ascoli theorem, (x, y) — I(x, y) is a continuous function on M x M.

Theorem 5.1 (Wentzel-Freidlin) If O is an open ball of M, we have when t — 0

lime 21 log | Pr|(10](x) < —yig(f)l(x, y) (5.7

Proof We pute =t . . According to the normalization of Maslov school [37], we
consider the semi-group P¢ associated to L = €2~ L. Moreover

P, =P (5.8)

where P! is associated to #L ([10]). The result will arise if we show when € — 0

lime log | Pf |(10](x) < —yiggl(x, y) (5.9)

The main ingredient is: O
Lemma 5.2 Forall § > 0, all C, there exists sg such that if s < ss

| P [1B(x,5)1(x) < exp[—C/e] (5.10)

where B(x, §) is the ball of radius § and center x.
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Proof We imbed M in a linear space. We consider the semi-group
05 (h)(x) = expl— < x,& > /e]P{[expl< x', & > /e]h(x")](x) (5.11)
Its generator is
Le+ H(x,§)/e (5.12)
Le=Lc+ Re (5.13)
In the perturbation term R, there are only differential operators of order [, [ €
]0, 2k[. When a differential operator of degree [ appears, there is a power of at least

I — 1 of € which appears and a power of £ at most 2k which appears.
Let us consider in a small neighborhood of x the diffeomorphism

y—x
Weiy—=>x+7, | (5.14)
€ 2%
Outside a big neighborhood of x, W, is the identity.
We consider the measure pt¢
[ = PIIF(We(x)](x) (5.15)

. 2k—1 .
Under the transformation W, the vector fields € 2 X; ; are transformed in the

vector field X; j(x + € S (y — x)). Therefore we can apply the machinery of the
previous part in order to show that the measure w has a bounded density g (x, .)
when € — 0.

Let R be a differential operator of order /. We have

/ g(X)RPf[h](X)dX=f g)h(Y) Ry p§ (x, y)dxdy (5.16)
M MxM

By symmetry

pi(x,y) = pi(y.x) (5.17)
Then
/Mg(X)RPf[h](X)dx = /Mh(y)Pf[Rg](y)dy (5.18)
By the previous remark
c C
IPPIRRIODII = 5y [1Plloo (5.19)

€ 2k
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Therefore

C
I/Mg(X)RPf[h](X)dXI = o 8lleo Al

e %

We deduce that
2k

C
IRP{IAICN < 5y Il
€

We deduce a bound of R, P

|§-|2k71
1

§ 2k

|Re PER(x)| < e VIR

We apply Volterra expansion to Q§. We get

o0
|QSh] < [PERI+ Y |/ Iy, .qdsi ... ds)|

i=1 Ag(s)
where A;(s) is the simplex 0 < 51 < .. < s < s and

Ly, = PSEI (Re + HJe)... Py

€
51 —S1—1

(Re + H/G)Psis,,lh
We deduce a bound of | fAI(S) I, sdsi...dsi| by

2k
£l

T Mo =0~ 5 s = 1 1o
Sitl — Si s1..ds; = i (s
e Jawt l e

We suppose by induction that
Ii(s) = alsl(1+ﬂk)

where B €] — 1, O[. It is still true by the recursion formula
$ k-1
Lipi(s) = | DLi(u)(s —u)” % du
0
We deduce the bound
Cl
o =<
I

Therefore

|QSh(x)| < exp[Cs&|* /elllhllo
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(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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It remains to remark that we have the bound

C|€|

| P |[1p(x.5)c](x) < exp[— ) + Cs|g|* /e (5.30)

and to extremize in |£| to conclude. |

End of the Proof of Theorem 5.1 We operate as in Freidlin-Wentzel book [54] and
as in [35, 38] and [39]. We slice the time interval [0, , 1] in a finite number of
time intervals [s;, s;4+1] where we can apply the previous lemma. We deduce a
positive measure on the set of polygonal paths, where we can repeat exactly the
considerations of [35].<

Remark This estimate is a semi-classical estimate with different type of estimates
of W.K.B. estimates a la Maslov and with a different method. We consider in
W.K.B. estimate a symbol of an operator a(x, £) and we consider the generator L,
associated with the normalized symbol (a la Maslov) 1/ea(x, €£€). Let us suppose
that L. generates a semi-group PS. The object of WKB method is to get precise
estimates of the semi-group P; when € — 0. For that people look at a formal
asymptotic expansion (we omit to write the initial conditions) of P| of the type

e expl—L(y)/e] Y €' Ci(y) (5.31)

The function [ satisfy a highly non-linear equation (the Hamilton-Jacobi-Belman
equation) and ¢; (y) satisfy formally a system of linear partial differential equation
in cascade. The cost function in theorem /(x, y) is the solution of the highly non-
linear Hamilton-Jacobi-Belman equation, which is difficult to solve. We don’t have
precise asymptotics, we are interested by logarithmic estimates which are totally
different with a method totally different. On the other hand, generally semi-classical
asymptotics considers the case of the Schrodinger equation.

On R? we can speak without any difficulty of the symbol of an operator. Poisson
processes, Lévy processes, and jump processes are more or less generated by
pseudo-differential operators whose generator satisfy the maximum principle (See
[10, 13, 21, 22, 24, 28]). We will present pseudo-differential operators with a type
of compensation of stochastic analysis which do not satisfy the maximum principle.
The end of this part is extracted from [35] and [40]. Let us consider the generator
on Cso (RY)

21
o h(x,
Lf () = (=)' /R FEHn = ) =D <y h @) >) lyéﬁjja dy

i=1

(5.32)

a €] —1,0[ h(x,y) = 0if |y| > C and h > 0. The measure , "$*¥) _dy is called

| y | 2l+d+a
the Lévy measure.
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Theorem 5.2 Ifh(x,0) = 1, L is an elliptic pseudo-differential generator.

Definition 5.3 If h(x,y) = h(y), we will say that L is a generalized Lévy
generator.

Theorem 5.4 Suppose that L is of Lévy type and that h(y) = h(—y). L is positive
symmetric, and therefore admits by ellipticity a self-adjoint extension on L*(R?),

which generates a contraction semi-group on L>(R%) which is still a semi-group on
Cp(RY).

Remark The symbol a(x, &) of the generator is given by

(_)l+1/ (exp[\/ 1<y, &>~ Z((\/ 1 <&, y>) h(x,y) dy (5.33)

il |y|21+d+a

The Hamiltonian associated is the symbol in real phase. Let us consider a generator
of Lévy type of the previous theorem: it is

2i! |y|21+d+a

l 2i
[ ety = =307 T dy (5.34)
i=1

The Hamiltonian is smooth, convex, equal to 1 in 0. Associated to it, we consider
the Lagrangian:

L(p) = Sl;p(< §&,.p>—H()) (5.35)

If t — ¢ is a piecewise differentiable continuous curve in R4, we consider its
action fol dtL(¢:,d/dte:;) = S(¢p.) We introduce the control function

I(x,y) = 1nf S(¢) (5.36)

do=x;p1=y
Let us recall that (x, y) — I(x, y) is positive finite continuous.

We consider the generator associated to 1/ea(e&). This corresponds in the
classical case of jump process where the compensation is only of one term to the
case of a jump process with more and more jumps which are more and more small
[54]. We consider the generator L€ associated to 1/ea(e£). It generates a semi-
group PS. We get:

Theorem 5.5 [Wentzel-Freidlin [35, 40]] When € — 0, we get if O is an open ball
of R if1 4 1 is even:

lime log | Pf|[10](x) < — ingl(x, y) (5.37)
ye

Remark For this type of operator, Wentzel-Freidlin estimates are not related to short
time asymptotics.
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6 Application: Some Varadhan Estimates

This part follows closely [43]. Only the mechanism of the integration by part is dif-
ferent from [39]. For large deviation estimates with respect to W.K.B normalization
in the manner of Maslov [45] for non-Markovian operators, we refer to [38] for
instance.

Let us consider the Hamiltonian function from 7*(G) into R™

Hg &= Y <f% > <f@t>aq@<fPe> < P>
o=k, BI=k
6.1)

H (g, p) is positive convex in p. According to the theory of large deviation, we
consider the associated Lagrangian

L(g,§) =sup(<§&,p>—H(g$)) (6.2)
14

Ift+ — ¢ is acurve in the group, we consider its action fol dtL(¢:,d/dtep;) = S(@.)
We introduce the control function

l(go. &1) = inf  S(¢) (6.3)
$0=80:$1=81

Let us recall that (go, g1) — [(go, g1) is positive finite continuous.

We have shown in the previous part that if we consider a small parameter € and
if we consider the generator €2*~! L and the semi-group Pf associated and if go and
g1 are not closed , we get for any small ball centered in g; uniformly:

Limeo€Log| P |[101(g0) < — inf’ 1(g0. 81) (6.4)
8

Wherelel is the absolute value of the semi-group (See [38]). See for that the
previous part.

But P, = PI’ where P! is the semi-group associated to ¢L (See [15]). We put
€ = /%=1 such that

Lim,—ot"/* ' Log| P|[10](g0) < — inf 1(20, g1) (6.5)
81

We consider a smooth positive function x equal to 0 outside O and equalto 1 on a
small open ball centered in g; smaller than 1.

We would like to apply the mechanism of Malliavin integration by parts to the
measure

h — P[hx](go) (6.6)
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such that
| PLxf @ h)(g0)] < Cr e exp[_l(ff}zfl_)1+ Moo 6.7)
for a small §. Since (6.7) is true, we have:
Theorem 6.1 Whent — 0
Lim—ot'/*~ Log| pi (g0. §1)| < ~I(g0. 81) (6.8)
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Operator Transformation of Probability ®)
Densities ot o

Leon Cohen

Abstract We describe an operator relation that relates two arbitrary probability
densities. The relation may be thought of as a generalization of the Edgeworth and
Gram—Charlier series of probability theory. We apply the relation to a number of
issues. We generalize to relate a probability distribution with itself but at different
times and show that it can be used to obtain approximate solutions. We apply the
scale operator to the case of the product of two independent random variables, and
generalize the concept of cumulants for that case. An operator relation between the
energy density of a signal and the energy density of the spectrum is obtained. In
addition, we show that the spectral moments of a signal may be expressed in terms
of the Bell polynomials.

Keywords Operator transformation - Probability densities - Gram—Charlier
series - Bell polynomials
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1 Introduction

This paper is based on the following result: Any two probability densities, P (x) and
P> (x), may be related by

Py(x) = Q2(A) P1(x) ey

L. Cohen (<)
Department of Physics, Hunter College and Graduate Center of CUNY, New York, NY, USA
e-mail: leon.cohen @hunter.cuny.edu

© Springer Nature Switzerland AG 2019 181
S. Molahajloo, M. W. Wong (eds.), Analysis of Pseudo-Differential Operators,
Trends in Mathematics, https://doi.org/10.1007/978-3-030-05168-6_8


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-05168-6_8&domain=pdf
mailto:leon.cohen@hunter.cuny.edu
https://doi.org/10.1007/978-3-030-05168-6_8

182 L. Cohen

where A is any self-adjoint (Hermitian) operator and where €2 is a function that
will be explicitly given. We call Eq. (1) an operator transformation equation and we
will show that it generalizes the classical Edgeworth and Gram—Charlier methods
of probability theory [18]. It is the aim of this paper to review the issues associated
with Eq. (1) and give a number of new consequences and applications [5-7].

We also generalize the above to the same probability distribution but at different
times,

P(x,t) = QAQ@))P(x,0) 2)

where P(x,t) is a time dependent probability distribution that is usually obtained
by solving a partial differential equation that governs it. We will show that Eq. (2)
can sometimes be used to circumvent solving the governing equation and to obtain
an approximation.

Notation Operators will be designated by boldface, an exception being the differ-
entiation operator

d
b= i 3

as that is the standard notation. Also, to indicate differentiation with a different
variable we use, for example,

Dy = @)

All integrals go from —oo to oo unless otherwise indicated.

A number of our results will involve the so-called complete Bell polynomials,
B, which may be defined by the expansion

exp Zaii! =2Bn(a1,...,a,,)n! 5)
n=0

i=1

We review the Bell polynomials in the Appendix. The nth Bell polynomial is a
function of n numbers ay, .. ., a,. We will often abbreviate the notation and write

B,(a) = By(ay, ..., ay) (6)

No confusion arises because the subscript in B, (a) indicates the number of a’s,
namely, n of them.
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2 Operator Transformation

The eigenvalue problem for a Hermitian operator, A,
Aug(x) = Oup(x) (N

results in real eigenvalues, 6, and eigenfunctions, u,(x), that are complete and
orthogonal

/ uy (x)ug(x)dx = 86 —6") (8)

/ up(x"Yug(x)do = 8(x —x) )
Any function, f(x), can be expanded as
Fx) =/F(9) ug(x)de (10)
where
F(0) =/f(X) ug (x) dx (11)

The function F(0) is called the transform of f(x) in the domain of the operator A.
Now consider any two densities P; and P> and expand them as per Egs. (10) and

(11)
Pi(x) =/N1(9)u9(x)d9 (12)
Py (x) =[N2(9) up(x)do (13)
where Ny and N, are given by
N1(9)=/P1(x)u;(x)dx (14)

N2(9)=/P2(x)u2(x) dx (15)
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Starting with P»(x) as given by Eq. (13), we have

Py (x) =/N2(9)M9(X)d9

[N

= v N1 (0)ug(x)do

= f QO)N1(8)up(x)do

where we have defined

@ = 2O
~ M)

In general for any function €2(6), we have that
Q(O)ug(x) = L(A)ug(x)

and therefore
Pr(x) =/Q(A)N1(9)u0(X)d9

= Q(A)/Nl(e)ug(x)dG
= QAP (x)
which is Eq. (1). We also have that
Pi(x) = Q7 (A)Pa(x)

where

N1(8)

Qlw) =
@ = nyo)

2.1 Expectation Values

L. Cohen

(16)

a7

(18)

19)

(20)

2L

(22)

(23)

(24)

(25)

In certain fields, like time-frequency analysis [2, 4] and the phase-space formulation
of quantum mechanics [11], we also want functions to transform in a manner that
keeps expectation values the same. In particular, suppose we have a real function



Operator Transformation of Probability Densities 185

g1(x) whose expectation value with Pj(x) is given by

(81(x)) = /gl(X)Pl(X)dx (26)

then we seek a function g>(x) so that its expectation value with P,(x) also gives
(g1(x)) . That is, we want

/gz(X)Pz(X)dx = /gl(X)Pl(X)dx 27)

We emphasize though that this is not usually required for our considerations, but
it is the case in the field of time-frequency distributions such as when we want to
transform from the Wigner distribution to the Margenau—Hill distribution and keep
the expectation values the same. The result we now derive is the one-dimensional
analogue but where the operator is general.

In the left-hand side of Eq. (27) substitute Eq. (1) to obtain

[ec0pwix = [awawpwis (8)
= [ [2@ew] nws 29)
where Q7 is the adjoint of 2 (A). Hence the relation between g1 and g is
1) = [2 e ] (30)
Also
2@ =2 Twaw] (D)

Since A is Hermitian Eq. (30) simplifies to

F2(A)

g1(x) = Q(A)g2(x) = F (A)gz(X) (32)

This is the case even if ©2(0) is a complex function.

3 Edgeworth and Gram—-Charlier Cases

In standard probability theory, the Edgeworth and Gram—Charlier series are methods
for “correcting” probability distributions [18]. We now show that they are special
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cases of our formulation. For the operator A take
A=iD
We note that i D is Hermitian and the eigenvalue problem
. d
i u@@,x)=0u@,x)
dx
results in the Fourier basis
1 .
u,x) = e 0%

27

Expanding the probability in terms if the eigenfunctions

1 .
P(x)= f M@©®)e " do
2
where

M(Q):/P(x)emx dx

L. Cohen

(33)

(34)

(35)

(36)

(37)

which is the standard characteristic function [13] and where we have used M (0)
instead of N(0) to stay with the conventional notation for characteristic functions.

Applying Eq. (1) and (19), we have
Py(x) = Q@i D) P1(x)
with

@) = M2©
~ M)

If we write the characteristic functions in the cumulant form [18]

0 in
My (0) = exp|:Z K,E“n'e"]

n=1

0 in
M(0) = exp [Z K,Ez)nvé)"]

n=1

(38)

(39)

(40)

(41)
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¢

where «;, ) and K,EZ) are the respective cumulants of Pj(x) and P»(x), then

M) _ ©XP [Zn 1K 2)2 9"]
MO = xp, 0]

— exp [Z_: ( @ _ (1)) n!gn} (43)

Qo) = (42)

Therefore, Eq. (1) gives

Py(x) = exp [Z(K,?) “>) @D) } Py (x) (44)
n=1
and
o _1 n
P>(x) = exp [;(K,EZ) — K,El))( n!) D":| Pi1(x) (45)

Equation (45) holds for any two densities, while historically P (x) is taken to be
Gaussian distribution,

1 _ 2
N(m,o?) = \/27162 exp[—(x 26’2") } (46)

In that case

1 00 an
Pr(x) = exp|:—(lcf2) —m)D + 2(/(2(2) —o2)D?* + ZK,(,Z) ( nl') D":| N(m,c?)
n=3 ’
47)

since for the Gaussian distribution there are only two cumulants. Equation (47) is the
standard formulation of the Edgeworth series [18] while our formulation involves
any two distributions.

3.1 Approximation

One of the standard uses of the Edgeworth series is the approximation of probability
distributions [10]. We now derive an approximation which is somewhat more
general.
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Applying Eq. (5) to Eq. (45) we have that

1}1
exp[Z(N) K ! } ZB(m,...,nn)( !) D" (48)

where
M = K @ _ (1) (49)

Truncating the series gives an approximation. For example, if one keeps terms up to
D*, one obtains that

1 1 1
Po(x) ~ [1 —B\D+ 232132 - 6B3D3 + 24B4D4 +- } Pi(x) (50)
The first few Bell polynomials are
Bi(m) =m (51)
Ba(ni.m) = ma+ i (52)
B3(n1,....n3) = n3 + 3nami + 1} (53)
Ba(n1, ..., n4) = na +4n3n1 + 303 + 6mant + nf (54)

2 _

Also, since n, = kp, (1) we have, using Eq. (269) of the Appendix

n

2 1 n 2 2 2
B =V ke = =3 <i>Bn7i(K} L 2B =)
i=
(55)

3.2 Gram-Charlier Series

Suppose we expand 2(0) in a power series

o]

QO) = Z a,0" (56)

n=0

in which case

1
= D"Q0)|,_y = (57)
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For Eq. (1) with A = i D we have
o0
Py(x) = ) ani"D" P1(x) (58)
n=0

One can show that for the case where Pj(x) is Gaussian, one obtains the standard
Gram—Charlier series [18].

4 Cumulants

We make some well-known remarks regarding cumulants and characteristic func-
tions as we will generalize the concept for the case of the scale operator [13, 18].
For a random variable, Z, which is the sum of two independent random variables,
XandY,
Z=X+Y (59)
the characteristic function of Z, Mz (6), is
My (0)= //Px () Py ()€ qxdy = <eiez> _ <ei6(X+Y)> _ <ei9X><ei6Y>
(60)

where Py (x) is the probability of x and similarly for y. Hence, the characteristic
function of Z is the product of the characteristic functions of X and Y

Mz(©) = Mx(0)My () (61)
Furthermore
InMz(©6) =InMx (@) +InMy(9) (62)
Now, the characteristic function is expanded in terms of cumulants

Mz(0) = exp [Z P ;: 9"] (63)

n=1

where K,EZ) are the cumulants of Z. Taking the logarithm

00 .n
InMz©) =3 P ;'9" (64)
n=1 :
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and using Eq. (62) we have that

00 in 00 in
_ (X) n (Y) n
InMz(0) =« o +Y ks o (65)
n=1 n=1
and therefore
1D = 1l 4D (66)

Hence cumulants add while the moments do not, which is one of the fundamental
reasons for the use of cumulants.

The other important issue with cumulants is that they characterize the Gaussian
distribution

P(x)=

2
(x m)] 67)

exp | —
V2ro? P |: 202
in a simple way. In particular, while the Gaussian has an infinite number of moments

it only has two cumulants. That is the case since the characteristic function is
calculated to be

M) = eim670262/2 (68)
and hence
In M) =imb — c26°/2 (69)
giving
Ki=m; k=0’ (70)

and all other cumulants are zero. We have reviewed these standard points about
cumulants because we will show how one can have the same type of formulation for
the case where we have a product of independent random variables.

5 Scale Operator and the Product of Random Variables

We now develop the above formulation for the scale operator and show that it can
be used in the consideration of the product of two independent random variables.
The scale operator, C, is [3]

C=21i(xD+Dx)=:(xDJr;):j(Dx—;) 1)
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A basic property of the scale operator is the operation of ¢/?Con an arbitrary
function, f(x),

e’C f(x) = "2 f(ex) (72)
That is, €/?C scales the argument of the function by e?. This is analogous to
RO = fx+6) (73)

where K is the frequency operator

1d
K= 74
idx 74
That is, ¢’?K translates while ¢/9C scales arguments of a function.
The eigenvalue problem for the scale operator
Cy@,x)=0y(0,x) (75)
produces the eigenfunctions
1 ei@ Inx
0,x) = , x>0 (76)
: Vaw x
which are complete and orthogonal,
(e.¢]
/ Y (O, x)y @, x)dx=5(0 —6") 77
0
/ y*@,x)y6,x)d0=56(x — x') x,x' >0 (78)

For a one-sided probability density we define the generalized scale characteristic
function, N (0), by

oo Liflnx

N@©) = "

P(x)dx =[ P)x ™07 12gx (79)
0

with

1 —i6lnx

27 x

We note that N(0) is a simply invertible Mellin transform with the complex
argument —if + 1/2.

P(x) = N(®)do (80)
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Consider a random variable which is the product of two independent random

variables
Z =XY
Then
1 0 efi91nz
Nz(@0) = f Px(x)Py(y) dxd
4 \/27'[ A X Y (Y \/z y
1 oo e*i91r1xy
= Px (x) Py (y) dxdy
V2 /0 Xy

from which it follows that
Nz(0) = Nx(0)Ny(©0)
and

In Nz(0) = In Nx(0) + In Ny (0)

(81)

(82)

(83)

(84)

(85)

This is analogous to Eq. (62) but note that this would not be the case if we considered
the standard characteristic function instead of N(6). Expanding Nx (6) and Ny (0)

as

00 .
_ x!
Nx(0) = exp[z pys n!gn]

n=0
00 in
_ Y) n
Ny (8) = exp [XE)A " ]
n=\

where )\21) and )\22) are the analogues to cumulants, we have
(X) i" () i"

— n n

lnNz(G)_nE_lkn n!9 —i—ngl)»n n!9

Hence

WD) — 500 4 W)

(86)

87)

(88)

(89)
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In addition we have

(Y) "
Mooy _ e [Sia e ]
MO exp 3o, 2400 ]

00 in
exp | 30 (10 —20) "o

n=1

Q) =

giving

o0 i
Q(C) = exp L; ()\,g” _ )\ff‘)) ;!C”:|

Therefore any two one-sided densities may be related by

P> (x) = exp [Z (x}}” - A,(,X)> 2n1n| (xD + Dx)":| Py(x)
n=1 ’

5.2 Log-Normal Distribution

Suppose we take the log-normal distribution for P;(x),

2
Pl(x) = _(nx —a) :|

1
exp
xN27b? [ 2b?
The moments are given by

<xn> — ena+n2b2/2

193

(90)

oD

92)

(93)

(94)

(95)

and we note that there are an finite number of them. The first and second moments

and standard deviation are
(x) = eatb/2
2
<x2> — pRa+2b

2 2
02 — 62a+b (eh _ 1)

(96)
o7)

(98)
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Straightforward calculation gives that

b2/4 — i0(b? — 2a) — b26?
N(@©) = exp [ [A-ati (2 ?) } (99)
and hence
b2/4 — (b2 — 20)0 — b262
mNG@) = /ATt %) (100)

2

We see that In N(6) has only three terms, that is there are only three A,’s while it
has an infinite number of moments and cumulants. Using Egs. (96)-(98), one can
express these X, in terms of the moments.

6 Time Dependent Operator Transformation

We now consider applying Eq. (1) to the same distribution but at different times.
That is, we take

P(x,t) = QA,1)P(x,0) (101)

where now the generalized characteristic functions are time dependent given by

N(@,O):/P(x,O)uz(x)dx (102)
N(G,t):/P(x,t)ug(x) dx (103)
and where
_N@®,1)
QO,1) = N©.0) (104)

The transformation operator is therefore time dependent

QA1 = x((i"(t))) (105)

We explore the possibility of using Eq.(101) to approximate P(x,t) given
P(x, 0). We consider here the case where A = i D. We rewrite Eqgs. (1) - (2) taking
into account that we are dealing with the same distribution but at different times.



Operator Transformation of Probability Densities 195

For Eq. (45) we have

P(x,1) = exp [Z(K,, (t) — kn(0) (_nl')n D”:| P(x,0) (106)

n=1
where now k, are the time dependent cumulants. For Eq. (48) we have
S n S n
exp[Z(Kn (t) = 2 (0) (_’11!) D"] = Bulni, o) (_nl!) D" (107)
n=1 n=0

where

M (1) = Kn (1) — Kk (0) (108)

and the Bell polynomials are time dependent by virtue of the time dependence of
N, (). In particular, for example,

Bi(m) =m =«1(t) —x1(0) (109)
Bo(n1, m2) = m2 + 03 =wa(t) — k2(0) + (k1 (r) — «1(0))? (110)

and so forth. We note that since the first cumulant is the mean of a distribution and
the second is the square of the standard deviation we can write

ni() = {x); — {x)o (111)
mt) = ol —of (112)
For the scheme to work, one must be able to obtain the moments without solving

the governing evolution equation for P(x, #). To illustrate the method we give two
examples.

6.1 Example 1

Consider the standard diffusion equation for the probability density, P (x, ),

aP %P

ar Y ox2 (113)
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where « is the diffusion constant [1, 19]. Multiply Eq. (113) by x and integrate

P 2p
/x dx =(x/xa dx
ot 9x2
The left-hand side gives

opP d d
/x dx = /dex = (x);
at dt dt

and for the right-hand side we have, by integration by parts,

9P 9?
a/x dx:a/P xdx =0
ax2 ax2

Therefore

d

dt (x )t =0
and

(x )t =(x >0

Now, multiply Eq. (113) by x? and integrate

L3P ,3%P
X 9 dx =« | x dx

Following the procedure above, we have

oP d d
/x2 dx = /szdx = (x2>
at dt dt t

and

3’ P 02
(x/xz d)c:oz/P8 2x2dx=2a/de=2a

X

Therefore

)=

(114)

(115)

(116)

(117

(118)

(119)

(120)

(121)

(122)
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giving
<x2> = 2at + <x2>
t 0
The standard deviation is given by
6,2 = <x2> — (x),2 = 2at + 002
t
Now
2 1
Bi=m =i’ =i = (x); = (x)g =0
By=m +11i =07 — 0§ + (x); — (x)§ = 2t
Suppose in Eq. (45) we truncate after two terms, then
P(x,1) = exp [atDz] P(x,0)
Further if we approximate by way of Eq. (50) then

1
P(x,1) ~ [1 — BiD+ 2321)2} P(x,1)

- [1 +mD2] P(x.1)

which is seen to be the first two terms of the expansion in Eq. (127).

We now show that in fact Eq. (127) is the exact solution. Let
1 —ix6
P(x,0) = M(9)e do
27
and substitute into the right-hand side of Eq. (127)
2] 1 —ix0
P(x,1) = exp [atD ]2 M@, 0)e~*?dp
b4
1 —ix0—at6?
= M9, 0)e do
2

— 21 //P(x/, O)eix/gefixefdtezdgd‘x/
T

—\/ ! /e_(xlxr/)zP(x/ 0)dx'
" Viagar ’
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(123)

(124)

(125)
(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)
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which we write as

P(x,t) = \/47_[10” / K@ —x',t)P(x',0)dx’ (135)

where

, 1 _=x?
Kx—x",t)= e da (136)
drat

Now, it is well known that K(x, ) is indeed the exact propagator for diffusion
equation (113).

6.2 Example 2

Suppose a probability distribution, P(x,t), satisfies the following differential
equation

9P

%P P
92 = (v + ar)? a

— 137
9x2 x (37

where v and a are constants. The basic idea is to solve this differential equation for
P(x,t) given the density, P(x, 0)at time zero. This equation can be solved exactly
but our aim here is to show how the methods developed in the previous section can
be used to approximate the solution. From the differential equations we can obtain
(x); . Multiply Eq. (137) by x and integrate with respect to x

/ 32Pd (v + t)2/ azpd / an (138)
X X = (v a X X —da X X
a2 ax2 dx

The first term gives

?pP d? d?
/x 972 dx = ar? /xP(x, t) = ar? (x); (139)

Integration by parts gives zero for the first term on the right-hand side and for the
second term we have

P ox
/x dx:—/P dx:—/de:—l (140)
ax ax
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since P is a probability density. Therefore we have

d2
a2 (x)y=a (141)
whose solution is
(x); = (x)o + vt +at’/2 (142)

Substituting these values into Eq. (50), and keeping only the first term we have

P(x,t) ~[1 — BiD;] P(x,0) (143)
= <1 — () d ) P(x,0) (144)
dx
and therefore
P(x,t) ~ (1 — (vt ~|—at2/2)j ) P(x,0) (145)
X

Now the exact solution of Eq. (137) is
P(x,t) = P(x — vt —at?/2,0) (146)
and we can see that the approximate solution is a Taylor expansion in power of

(vt + at? /2) but of course, that would not be known if the exact solution is not
known.

6.3 Example 3

We consider Schrédinger type equations of evolution [14]

Lou(x,t) _

i 9 = Hu(x, 1) (147)
where

P(x,1) = lu(x, 1) (148)

In Eq. (147), H is a Hermitian operator that is a function of x and D

H = H(x, D) (149)
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If we solve the differential equation, Eq.(147), then the expected value of an
operator A is given by

(A"> = /u*(x, HA"u(x, t)dx (150)

but of course, the purpose of the method is to circumvent solving Eq. (147). It is
possible to get the moments without solving the equation for u(x, t). That is done
by solving Heisenberg’s equation of motion [14]

dA
i' \, =[AHl = AH - HA (151)

The formal solution of this equation is
A@t) = ¢™MApe ™ (152)

which can be expanded in a power series

1 r\"
A = z:;) A H <1h> (153)
a0 +AH L + paa (] 2+ 154
= A(0) Hp o+, [IA HJ. (ih) (154)

where [A, H],, is the repeated commutator, evaluated at time zero. Therefore, in
general,

o]

(AW) =Z (A, H1,) (fh) (155)

Specializing to the case of position and momentum we have

x(1) = e!Mxge~1H (156)
> t\"
- nzz;) X H], (m) (157)

t1 t\?
=Xxg + [X, H]ih + 2![[X, H], H] (lh) + .- (158)
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and
p(t) = ¢™Mpoe ™ (159)
=y Lo (’ ) (160)
T R
n=0
—po+IpHIL 4 H]H](t>2 (161)

where X¢ and py are the operators at time zero.
Consider the example where we take

H=-_ —Fx (162)

where F is a real constant and m is the mass. The exact solution to the Heisenberg
equation of motion are

p(t) =po + Ft (163)
F

x()=x0+ 1+ 2 (164)
m 2m

Therefore, the position and momentum time-dependent moments are

(p"@®) = (o + Fn)") (165)
(x" (1)) = <<x0 + 20 2’; t2> > (166)

Before continuing we note that the exact solution to Eq.(147) in momentum
space is

. N —F1)d—p3
@(p,1) =(p — Ft,0)exp [i (P 6m)F P } (167)
p*t  pFr? F2t3)i|

168
2m 2m + 6m (168)

=u(p— Ft,0)exp [—i (
where

(p,t) = len / u(x,t)e *Pdx (169)
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The solution in position space, u(x, t), is given by
u(x,r) = ! /ﬁ(p 1)e*Pdp (170)
’ JZ]T ’

and can be expressed in terms of Airy functions but we do not do so here.
The momentum probability density at time ¢, P(p, t), is

P(p,1) = iu(p,1)|*> = P(p — Ft,0) (171)

and the position probability density is

2
(172)

P(X,t):Iu(x,t)|2= 1 ﬁ(p’t)eixpdp
V2m

We now examine the application of our method. We first consider the momentum
distribution. For the Bell polynomials we find that

Bi=m =2 =« = u1(t) — 11 (0) = (po) + Ft — (po) = Ft  (173)
By = + 0 = 12(t) — 12(0) + (F1)* = (F1)? (174)
B, = (F1)" (175)

Substituting these values into Eq. (50), we have
1

P(p,t) ~ [1 — B1D, + 2B2Df, + - } P(p,0) (176)
1

= [1 — F1Dy + (Ft)> D} +- } P(p,0) (177)

which is a Taylor series of the exact solution, Eq. (171). Note that we have avoided
solving the equation of motion, Eq. (147).

We now consider the same problem in position space. We just keep the first and
second moments

t F  p; F F?
Xz(t) — X(2) + ” (Xopo + pPoxo) + (xom + m%) 12 ~|—pom2t3 + 4m2t4
(178)
t F (o
<x2(t)> - <X<2>> +  ((xopo + poxo)) + | (xo) + | %> r
m m m
+po) Ry P (179)
m? 4m?



Operator Transformation of Probability Densities 203

to obtain

Bi=m =« — k" = 11(®) — 1 (0) (180)

F F
= (x0) + o), + = (x0) = L + 1 (181)

m 2m m 2m

F 2
By =m + 7 = k2(t) — k2(0) + <(p0>t+ t2> (182)
m 2m
2 2 (po) F , 2
=o0;(t)—0o7(0) + < t+ t ) (183)
m 2m

2 2
’; {((Xopo + Poxo)) — 2 (Xo) <I’:f> } + U’; * + <<p0>t + F t2>

Thus, the probability density of position at time ¢ goes as

{po) F 2
1—- ( A )D
2
P, 1) ~ o {(xopo -+ poxon) = 2x0) 7\ P(x,0)
3 2 + ...
+7h2 (<‘,’,‘,’>t+ zfntz)

where we have terms up to D>. We have not examined the accuracy of the
approximation.

7 Signal Processing Case

One of the remarkable aspects of signal analysis and quantum mechanics is that
while they deal with densities and expectation values, the method of calcula-
tion is strange as they deal with wave functions and signals. Our aim in this
section is to explore the application of Eq.(l) to wave functions and signals
and their corresponding densities. The quantum case and the signal analysis case
are similar, and for the sake of concreteness we deal with the signal analysis
case.

First, we point that the steps leading to Eq. (1) did not use any particular aspects
of a probability density, and therefore we can write that for any two functions, f2(x)
and f1(x), we have

f2(x) = Q(A) f1(x) (185)
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where
fi(x) =/N1(9)u9(x)d9 (186)
fa(x) =/N2(9) up(x) do (187)
and where N} and N are given by
N1(9)=/f1(X)u§(X)dx (188)
N2 (0) = / Fr(ous(x) dx (189)

We now take fi(x) to be a time signal and call it s(¢). Instead of writing f(x)
we write f (k) since we are now dealing with physical quantities and naming with a
different letter namely, k, is helpful and makes the variables clearer. Hence we write
the above as

fk)y = QA)s(1) (190)
where
_ Ny (©®)
Qo) = N, () (191)
and where
s(1) =/Ns(9)u0(t) do (192)
70 = [ Ny @) uath) o (193)
Nj and N are given by
Ns(9)=/s(t)u§(t) dt (194)

Nf(9)=/ fyug k) dk (195)
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7.1 Operator Relation Between the Energy Density and Energy
Density Spectrum

For a signal s(¢) whose spectrum is defined by
S(w) = ! f s(r) e dr (196)
V2r

the energy density |s(¢) | and the energy density spectrum is | S(w) |?. Since they
are both proper densities we have

|S(w) > = QD) Is(t) | (197)
where now
M, (0)
Q) = 198
@) M,(6) (198)

and where one has to substitute w for ¢ after the operation in the left-hand side of
Eq. (197) is carried out. The characteristic functions are

M,(9)=/|s(t) 12 % dt (199)
M, (0)= / | S(w) 26" dw (200)

Notational Issue In the usual formulation as per Eq. (1), the variable x appears on
both sides, and of course the mathematics does not care what symbols are used. On
the other hand, Eq. (197) seemingly does not make sense because it mixes time and
frequency which of course are not the same from a physical point of view. However,
we can write

|S(@) > = QD) ls(@)[? (201)

keeping in mind that we have substituted @ for ¢ in Eq.(197) only for notational
consistency.

Example Consider the signal

s(t) = (/) o017/ 2+iB1? [2+iwot (202)
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whose spectrum is

1/4 )2 )2
S@="Y""" [—“("’2 @) _ Pl = wo) } (203)
Vo —ip 2*+ %) 2@+ p7)
The energy density and the energy density spectrum are, respectively,
s P = (/) /2" (204)
and
o 2 2 2
S 2_ —a(w—w)~/(a"+B%) 205
| S() | \/n(a2+ﬁ2)e (205)
The corresponding characteristic functions are calculated to be
M (0) = (a)7)"/? / et +ibt gy — =67/ (e) (206)
and
- o —a(@-w)*/(@*+57) ,i6
M,0) = \/n(a2+ﬂ2) /e Clomwo) /e e'""’dw (207)
— ifw0 ,—(@*+p7)6%/(4a) (208)
giving that
M20) _ iowy ,— (@2 +82~1)62/(4a) (209)
M;(0)
Hence
Q(i D) = e~ Poot@+42=1D?/(4a) (210)
We therefore have that
| S(C()) |2= e*Dw0+(012+;3271)D2/(4a) |S(Cl)) |2 (211)
or explicitly
o o~ (@=00) /(@ +5%) _ (a/n)1/28—Dw0+(a2+ﬂ2—1)D2/(4a)e—oza)z
m(a? 4 B%) B

(212)



Operator Transformation of Probability Densities 207
7.2 Operator Relation Between a Signal and Spectrum

In this section we explore the possibility of connecting the spectrum with the signal
by way of

S(w) = Q>ID;)s(t) (213)
where
S(w) = \/;T f s(t) e i dy (214)
For this case
_Ny®
Qo) = N, () (215)

where N1 and N; are given by

Ns(9)=/ s(0)e'% dt = V27 S(—6) (216)
Ns()= / S(@)e"?” dw = V27s(©6) (217)
Therefore we have that
S(w) = QID)s(t) (218)
or
S(w) = QUID)s(t) = Nf(iDt)s(t) (219)
N;(iDy)
Using the notation indicated in the previous section
_ S(=iDy)
S(w) = 5(iDy) s(w) (220)

Another interesting operational formula derived by Ben-Benjamin (private com-
munication, 2018) is to start with

S(w) = \/;T f s(r) e dr (221)
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and write
S(w) = ! / s(iDy) e~ dt (222)
V2
1 .
= s(iDy) | e ' dt (223)
V2 /
and therefore
S(w) = V275(i Dy)8(w) (224)
where §(w) is the Dirac delta function.
Suppose now
0 in
N1 (6) = exp|:z sth '9”] (225)
=
00 in
N2(0) = exp [Z 52 '9”} (226)
e
where 8,(11) and 8,(,2) are physical quantities that characterize the signal and spectrum.
Using Eq. (215) we have
M) _ 5@ _ 5D
QO) = " 227
O= Mo~ [2( ) @27
and
0 n
DY) — @ _sm) D7
Q(iD) = exp [Z;) (an 5 ) D ] (228)
n=
Therefore
s @ _ sy & 1) D
(w) = exp Z((S -6, D} | s(w) (229)
n=0 ’

This relates the spectrum with the signal by way of an operator relation. We
emphasize that A, are not cumulants or moments and their meaning will be
discussed in another paper.
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8 Relation Between Spectral Moments and Phase
and Amplitude

One of the strange aspects of signal analysis is that one cannot relate the spectral
moments directly to the time moments. That is the same situation in quantum
mechanics where one cannot simply connect the momentum moments with the
spatial moments. We consider here relating the spectral moments to the phase and
amplitude of the signal. In this section

d
D= 230
dr (230)
The spectral moments are given by
1
(") = /a) lp@)?do = /s*(t)D"s(t)dt (231)
L

We want to express the spectral moments in terms of the amplitude, a(¢),and phase,
¢(t), of the signal

s(t) = a(r)e'*® (232)

This problem has been considered previously [8, 9, 12, 16, 17], but here we give a
formulation that involves the Bell polynomials. Starting with

1 . .
(") = f a()e O D a()e!*Ddr (233)
L

we have

1 “ : :
("= / a(t)Z(Z) (D"_ka(t)> =190 pkgig(®) (234)
! k=0
Using Eq. (271) of the appendix we have

e WO DkeivD = B iy ig", ..., ip"M) (235)

and therefore

(o) = ; /a(t)Z(Z) (D”_ka(t)> BiGig,ig", ... ig®)dr (236)
k=0
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Also,

(") = iln /é““i('}i) (D) Betig g, .. igW)dr (237)
k=0
If we call
w(t) =Ina(t) (238)
then
(ankelna> _ elnaBn_k(’u/’ o M(nfk)) (239)

and we have that

1 "\ (n _ C g .
(") = aZ(I)Z Bk i1 n OB i L ipW)dr =
i Pt k

(240)

1 < (n - VA .
Z(k) (Bastut's "o n ") Bt i i) (241)

l'n
k=0

In addition, depending on whether n is odd or even, further simplification is
possible. For even n = 2N, Eq. (236) becomes

2N 2N
(a)2N> = (_1)N/a(t),§:0< r ) (DZN_ka(t)) Bk(igo’, i(p”, e, i(p(k))dt
(242)

However, since the expectation value is real we have that

2N IN
<w2N> = (—1)N/a(t)];< f ) (DZN_ka(t)) Re Bi(ig',i¢", ... ip%)dr
- (243)
2N IN
0= (—1)N/a(t)k§0< f ) (DZN_ka(t)) ImBi(i¢,i¢",....ie")dt  (244)

Also, for this case we can start with

<w2N > = f ‘DN 5(0) ‘2 di (245)
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which leads to

()= [ |<§:(]Z ) (DY *a() Re Bk))2+ (i(?j) (0" *at) ImBk))Z] dr

k=0 k=0
(246)

If n is odd and equal to 2N + 1

( 2N+1 ) /a(t)Z() D”_ka(t)) Bi(i¢,ig", ..., ig® )1

(247)
which gives
2N+1
2 1
<w2N+l> (— I)N'H/a(z) Z ( Nk+ ) (DZN'H ka(z)) ReiBi(i¢',ip ,...,i(p(k))
k=0
(248)
2N+1
2N +1 .
=(— I)N/a(z) Z ( r ) (DZN'H ka(z)) Im B (i¢', ig ,...,l(p(k))
k=0
(249)
In addition, by writing
(?V41) = 2N+1/ () DN s (t)di (250)

:/{(;VDNS(Z‘)> <iN1+1DN+1s(t))}dt (251)
— / {(l}\/ DNa(t)ei(P(T)> (iN1+l DN+1a(t)ei(P(T)>} (252)

one obtains

( 2N+1> e (ZN: )(DN—ka) Bi(—i¢/, —igo”...))

N+1
N+1
x (Z( : ) (DN+1_ka) Bi(i¢, i(p”...)) dt (253)

k=0
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Polleti Formulation Another formulation is to define, following Polleti [16, 17],

the dynamical signal 8(¢) by

/

a ., d )
p()y= +ip = (Ina+ip)
a dt
which gives that

Ds(t) = B(t)s(1)

and furthermore

D"s(t) = Bu(t)s(t)
where the 8, (¢) may be calculated recursively [16, 17]

Bn () = Bn(®) (B1(1) + D In B, (1))

This formulation was used by Poletti in his study of conditional moments.

Writing

S(t) — elna-l—i(p(t)
then
<wn> — /elnafigo(t)DnelnaJri(p(t)dt

e2lnaeflna7i<p(t) DnelnaJri(p(t)dt

Il
< -
—

which gives
(wn> — .1 /elna—izp(t)Dnelna+i¢p(t)dt
l}’l
1
= in /az(t)Bk(,Bl(t)s(t)a,BZ(t)S(t)---ﬂn(t)s(t))dt
1
= in (Br(B1()s (1), P2 (t)s(1) ... Bu(2)s(1)))

That is,

1
(") = i (Br(Br(D)s (@), B2 (1)s (@) ... Bu(1)s(1)))

(254)

(255)

(256)

(257)

(258)

(259)

(260)

(261)

(262)

(263)

(264)
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Appendix: Bell Polynomials

The complete Bell polynomials, B,, may be defined by the expansion [15]

n

[oS) i 00
X X
exp(z aik!>= E Bn(al,...,a,,)n! (265)
n=0

k=1
where
d" = xi
B,(ay, ..., a,) = g &P (Z di k!) (266)
k=1 x=0
They satisfy the following recurrence relation
"\ (n
Buri(ar, ... .ani1) =Y (.)Bni (ai, ..., an—i)ait1, (267)
i=0 !
with
By=1 (268)
also,
n
n
Bu(ai +b1,....ay +by) =) (l.)Bn_i(al, ) Bi(br, . by).
i=0
(269)

For a function f(x), the nth derivative of /™) may be expressed in terms of the
Bell polynomials

D'l = oS OB (1 F ™) (270)
and
e TP @ — g (f L ™) (271)
The first few polynomials are

By =1, (272)
Bi(x1) = x1 (273)
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10.
11.

12.
13.
14.
15.
16.
17.

18.
19.

By(x1,x2) = x{ + X2 (274)
B3(x1, x2, x3) = x7 + 3x1x2 + x3 (275)
Ba(x1, x2, X3, x4) = xi‘ + 6x%x2 +4x1x3 + 3x§ + x4 (276)
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The Time-Frequency Interference Terms )
of the Green’s Function for the Harmonic %
Oscillator

Lorenzo Galleani

Abstract The harmonic oscillator is a fundamental prototype for all types of
resonances, and hence plays a key role in the study of physical systems governed
by differential equations. The time-frequency representation of its Green’s function,
obtained through the Wigner distribution, reveals the time-varying frequency struc-
ture of resonances. Unfortunately, the Wigner distribution of the Green’s function
is affected by strong interference terms with a highly oscillatory structure. We
characterize these interference terms by evaluating the ambiguity function of the
Green’s function. The obtained result shows that, in the ambiguity domain, the
interference terms are localized and separate from the resonance component, and
hence they can be reduced by a proper filtering.

Keywords Time-frequency analysis - Interference terms - Green’s function -
Harmonic oscillator

Mathematics Subject Classification (2000) 60H10

1 Introduction

Differential equations model a wide variety of deterministic and random physical
phenomena. A common approach to study them are transformation techniques, such
as frequency analysis (the Fourier transform) [1] and the Laplace transform [2].
An effective approach is also time-frequency analysis [3, 4], a body of techniques
for the characterization of signals whose frequency content changes with time.
Conversely from frequency analysis, where the Fourier transform connects the time
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and frequency domains, in time-frequency analysis there are infinite time-frequency
representations, or distributions, such as the Wigner distribution [3, 5, 6]

1 +00 .
W, (t, w) = / Xt —t/2)x(@ +t/2)e T ¥dx. (D
21 J_ o
In [7] we have obtained the Wigner distribution of the Green’s function for the
harmonic oscillator, a fundamental model for resonant phenomena defined as

2
d“x (1) +2de(t) n

i L Texo=ro, )

where f(¢) is the forcing term, or input, x (¢) is the solution, also referred to as output
or response, and we consider the case . < wg, which gives rise to a resonance at
the frequency

we = o} — 2. 3)

The Green’s function is defined as the solution %(#) when the forcing term is a Dirac
delta function [8]. Since the delta function is the ideal impulse, the Green’s function
is also referred to as the impulse response. The advantage of the Green’s function is
that, for any forcing term, the solution of (2) can be written through the convolution
integral

+00
x(r) = / h(t — ') f(t)dr'. 4)
—00
The convolution property holds also in the time-frequency domain [3]
+00
Wi(t, w) = Wit —t', )Wy (t', w)dt'. 5)
—00

The Green’s function is a cornerstone for the analysis and design of physical systems
and devices, and it can be used for any ordinary differential equation with constant
coefficients [1], as well as for partial differential equations.

The Wigner distribution of the Green’s function for the harmonic oscillator is
given by [7]

1 1 1
Wi(t, w)= 402 Wi, (1, 0 — w¢) + 42 Wi, (t, 0 + @¢) — 942 Wi, (t, w) cos 2w,
c c c
(6)

where

in 2wt
Wi, (1, @) = u(t)e M Slr;ww (7
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is the Wigner distribution of the Green’s function &y (¢) corresponding to the first-
order differential equation

dx(t) .
dt + px(r) = f(@), 3

and u(?) is the Heaviside step function defined as u(#) = 1 for¢ > 0, and u(¢) =0
for + < 0. When f(¢) is white Gaussian noise, (8) is the Langevin equation [9],
a fundamental model for random phenomena. The quantity u > 0 is referred to
as the damping coefficient. Unfortunately, due to its quadratic nature, the Wigner
distribution is affected by interference terms, highly oscillatory components which
make the understanding and interpretation of the time-frequency structure of signals
a difficult problem [10-12]. A common approach to reduce the interference terms is
to Fourier transform the Wigner distribution, thus obtaining the ambiguity function
[3]. Because of their oscillatory behavior, in the ambiguity domain the interference
terms are mostly located away from the origin, and they can be therefore reduced
by a proper lowpass filtering [4].

We obtain the ambiguity function of the Green’s function for the harmonic
oscillator, and we show that, similarly to the Wigner distribution Wj, (¢, w), it can
be written with respect to the ambiguity function of the Langevin equation. The
time-frequency interference terms of the Green’s function have a simple structure in
the ambiguity domain, which we discuss in detail. Our results can pave the way for
the design of interference mitigation filters which take advantage of the structure of
the differential equation defining the signal x (7).

We note that an alternative approach for the time-frequency study of differential
equations is to transform the differential equation in the time domain to an
equivalent differential equation in the time-frequency domain, whose structure is
often more complicated than the original equation, but whose solution is often easier
to get and more revealing than in the time-domain [13—16].

The article is organized as follows. In Sect.2 we define the ambiguity function
and give some of its properties. In Sect.3 we obtain the ambiguity function for
the Langevin equation and for the harmonic oscillator, and we use it to discuss the
structure of the interference terms of these differential equations. Finally, Sect.4
summarizes the obtained results.

2 The Ambiguity Function

The ambiguity function of a signal x(¢), also referred to as the characteristic
function, is defined as [3]

+o0
A0, 1) = / x5t —t/2)x(t + 1/2)e'%"dt, 9)

—00
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and it plays a fundamental role in radars, where 6 is the Doppler frequency and
the time delay. This definition is known as the symmetric ambiguity function, and it
is connected through a Fourier transformation to the Wigner distribution,

+00 400

Ax(G,t)zf /W(t,w)eiet“mdtdw. (10)

—00 —00

Therefore, the magnitude |A, (6, )| describes the oscillatory structure of the time-
frequency representation of x(¢). Actually, (10) is an inverse Fourier transform, but
since the Wigner distribution is real, then |A, (0, 7)| is even with respect to 6 and
7, and therefore adopting a definition for A, (6, ) which connects it to the Wigner
distribution through a direct Fourier transformation would not change |A, (0, 7)|.
The cross-ambiguity function of two signals x(¢) and y(z) is defined as

+oo
Ay y(0,7) =[ x*(t —1t/2)y(t +1/2)e' dt. (11)

—00

We now give some properties of the ambiguity function which are useful for our
analysis. These properties can be easily proved from definition (9) and from (10).

Multiplication by a Constant If
y(t) = cx(1), 12)
then
Ay@,1) = lc]? A, (6, 7). 13)

Multiplication by Constants (Cross-Ambiguity Function) If

y1(8) = c1x1 (1), (14)
»2(1) = cax2(t), (15)

then
Ayl,yz(O, T) = CTCzAxl’xz(Q, 7). (16)

Complex Frequency Modulation When
Y1) = x()e" ", (17
itis

Ay(0,7) = Ay (0, T)e' ™", (18)
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Complex Frequency Modulation (Cross-Ambiguity Function) When

x1 (1) = x(1)e'™,

x(t) = x(D)e '™,

it is
Ay (0, 7) = A0 — 2w, T).

Sum of Two Signals 1If

y(t) = x1(t) + x2(1),
then

Ay(0,7) = Ax(0,7) + A, (0, 1) + Ay 3,0, 1) + Ay x, (0, 7).

Real Frequency Modulation From the previous properties, if

y(t) = x(¢) sin wot,

then

1

1 1
Ay(0,7) = 2AX(O, T)CcoswoT — 4AX(Q — 2w, T) — 4AX(G + 2w, T).

Sum of Two Wigner Distributions If
Wy(t, w) = c1 Wy, (1, 0) + 2 Wy, (1, ),
then
Ay(0,7) =c1Ax (0, 7) + 2A, (0, T).
Frequency Translation of the Wigner Distribution If
Wy (t, w) = Wy (t,  — wop),
then
Ay(0,7) = A (0, T)e' 7.
Complex Frequency Modulation of the Wigner Distribution If

Wy (t, w) = Wy(t, w)e' ™',

219

19)
(20)

3y

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)
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then

Ay(0,7) = Ax(0 + wo, T). (€2))

Real Frequency Modulation of the Wigner Distribution By using the previous
properties, if

Wy (t, @) = W (1, ®) cos wot, (32)

then

1 1
Ay0.7) =, Ax(0 + w0, T) +  Ax(0 — w0, 7). (33)

3 The Interference Terms of the Harmonic Oscillator

We first obtain the ambiguity function Ay, (6, t) of the Green’s function for the
Langevin equation (8), and then we use it to obtain the ambiguity function A, (0, 7)
of the Green’s function for the harmonic oscillator (2).

3.1 The Ambiguity Function for the Langevin Equation

The Green’s function of the Langevin equation (8) is given by [1]
hi(t) = u(t)e M. (34

The corresponding ambiguity function is given by

+o0

Ap, 0,7) = f (0 —/2hL(t + t/2)edr, (35)
+o0 .

= / u(t — t/2)ult + t/2)e "2+ gy (36)

We note that

u(t —t/Qu +t/2) =u(t —t/2), fort >0, 37
ut —t/Qu(t+1t/2) =ul+rt/2), fort <O0. (38)

Therefore

u(t —t/ut +1/2) = ut — || /2). (39)
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Substituting,
+o0 .
Ap, (0, 7) = / u(t — || /2)e 2+ gy (40)
—o0
+oo .
_ / o200 g @1
Izl/2
Finally,
o(—nHib/D)lr|
Ap, (0,7) = ) 42
m@.D="1 (42)

In the appendix we confirm this result by (inverse) Fourier transforming the
Wigner distribution Wy, (¢, w) in (7), whose oscillatory structure is described by
the magnitude

e~ Ml

. 43
Vau? + 62 @

|Ap, 0, 7)| =

To illustrate our result, we show Wy, (¢, ) in Fig. 1, and |AhL @, 'C)| in Fig.2,
for the case © = 5. From Fig. 1 we see that, at + = 0, the delta function at the

\

Wh (t,®)

{
\\\\\@\\“\‘.&&QA\A\A‘\
i@}?@\l\g\\l\g\gﬁg@l\g\@ AR

1

Fig. 1 Wigner distribution of the Green’s function for the Langevin equation. The delta function
at the input generates a time-frequency response made by an initial spread over all frequencies,
which then concentrates on the zero frequency. This first-order equation can be interpreted as a
system with a resonance at the zero frequency. The arc-shaped waves propagating from the origin
are interference terms
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Fig. 2 Magnitude of the ambiguity function of the Green’s function for the Langevin equation.
This function has a peak at the origin of the ambiguity plane, and has tails on the 6 and t axes.
These tails are mainly due to the interference terms of the Wigner distribution Wy, (¢, ) in Fig. 1

input generates an initial spread over all frequencies, which then concentrates on the
zero frequency. Therefore, this first-order equation can be interpreted as a resonant
system whose resonance frequency is zero. The arc-shaped waves propagating from
the origin of the ambiguity plane are interference terms. As Fig.2 shows, the
frequency spectrum of the Wigner distribution Wy, (¢, @) is mainly concentrated
on the origin, an expected result since |AhL (CA r)| is made by the product of

the Cauchy-like distribution 1/ \/ 4u? + 02 and the symmetric exponential function
el The tails of the ambiguity function are mainly due to the interference terms
of Wy, (t, w), which oscillates more than the resonant component at @ = 0. The
component at # = 0 contributes also to the tails of the ambiguity function.

3.2 The Ambiguity Function for the Harmonic Oscillator

The Green’s function for the harmonic oscillator can be written as [7]

WO = | hi () sinod. (44)

We

By using the properties (13) and (25) we immediately obtain

1 1 1
Ap0,1t)= 202 Ap, (0, 7) coswcr—4w3 Ap, (0 — 2w, t)—4wg Ap, (0 + 20, T).
(45)
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An alternative way to derive this result is to apply the properties (27), (29), and (33)

to Wy, (¢, ®) in (6), obtaining

5 A, (0, T)e T

c

5 A, (0, T)e' T

c

(46)

+4a)

=4a)

A0, 1)

(47)

4a? Ap, (0 = 2w, 7).

@+ 2w, ) —

A
42"

Combining the first two terms returns (45).

w) in Fig.3 and |A, (0, 7)| in Fig.4,

60. From Fig.3 we see that the input delta function

I

To illustrate our result, we show Wj (¢

and o,

5
0 generates an initial spread over all frequencies, which eventually

concentrates on the resonance frequency w,

for u
at

t

and on its symmetric counterpart at

—w,. The oscillating components between these two resonances are interference

terms. From (6), aside from the constants

the resonance at frequency w, is described

5

— w,) (its negative counterpart by Wy,

(t, o + w.)), whereas

@

s

(t

the interference terms between the two resonances are described by the oscillating
term Wy, (¢, w) cos 2w.t. Figure 4 shows that the ambiguity function is made by
three components. The component centered about the origin represents the resonant
components at w. and —w., which are merged in the single term Ay, (6, 7) cos w.T
in (45). In the ambiguity domain, the interference terms are instead split up in the

by the term Wp,,
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Fig. 3 Wigner distribution of the Green’s function for the harmonic oscillator. The delta function

which then concentrates on the resonant frequency w,, as well as on its symmetric counterpart at

at the input generates a time-frequency response made by an initial spread over all frequencies,
—w,. The oscillating components centered about the time axis are interference terms
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Fig. 4 Magnitude of the ambiguity function of the Green’s function for the harmonic oscillator.
This function is made by three components. The first has a peak at the origin, and it represents the
resonances at . and —w,, merged together in the ambiguity domain. The other two components
are located on the 7 = 0 axis, at 8 = 2w, and § = —2w,, and they represent the interference
terms of the Wigner distribution Wj, (¢, ) in Fig. 3. These interference terms can be filtered out by
a proper masking of the ambiguity function

two terms Ay, (0 —2w, ) and A, (0 +2w., T) in (45), which, in Fig. 4, correspond
to the two components centered about = 2w, T = 0, and 6 = —2w., T = 0.

The interference terms can be reduced by filtering the ambiguity function through
the product

M0,7t) =GO, )AL, 1), (48)

where G (0, ) is the filter and M}, (6, 7) is the filtered ambiguity function. Since,
as previously discussed, the interference terms are located on the t = 0 axis and
centered about the frequencies +2w,, an effective choice for the cut-off frequency
6. of the filter can be 6, < w,. Therefore, the specifications for the lowpass filter
are |GO,t)] = 1 for & < 6., and |G, t)] = O for & > 6., whereas no
filtering is needed on the 7 axis. Because of (3), the parameters of the interference
mitigation filter are linked to the coefficients p and wq of the differential equation
governing the harmonic oscillator. We also note that, in the time-frequency domain,
the filtering (48) corresponds to the smoothing [3]

400 pdoo
Cu(t,w) = / / gt —t,w— YWyt o)dt'do, (49)
-0 J—o00
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where
1 +00  p+o00 . .
gtw)= / f GO, 1)e T g0 . (50)
477 J_ o Jooo

Note that, in general, the filtering (48) does not produce a proper Wigner
distribution, because not every real function of time and frequency is a Wigner dis-
tribution. This fact is known as the representability problem [3]. Anyway, filtering is
advantageous because the resulting smoothed Wigner distribution clearly highlights
the time-frequency spectrum of systems modeled by differential equations, as shown
in [14].

Furthermore, for an arbitrary input f(¢), the Wigner distribution W (¢, w) of the
output of the harmonic oscillator is given by the convolution (5) between the Wigner
distribution Wy, (¢, w) of the impulse response and the Wigner distribution W (¢, w)
of the input. Clearly, W (¢, ) is, in general, affected by interference terms, which
can be strong, and, consequently, the resulting output W, (¢, @) can also have strong
interference terms. In general, the structure of such interference terms depends on
the type of input signal. Nevertheless, they will have a highly oscillatory nature,
therefore the common countermeasure of smoothing them can still be applied.

4 Summary of Results

The Langevin equation defined as

dx(t)

1 + px(1) = f(Q@), (51

with damping coefficient u > 0 has a Green’s function given by
hi(t) = u(t)e ™™, (52)

whose corresponding ambiguity function is

o (—HHib/2)t]

An@. =", .

(33)

The harmonic oscillator defined as

2
ddigt) +2u djzit) + @px () = £ (), oY
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where ;< wp, has a Green’s function given by

h(t) = ! hp(t)sinw.t, (55)

We

where

e = o} — 2. (56)

The corresponding ambiguity function is given by

1 1 1
Ap0,1)= Ap, (0, 7) Coswcr—4wg Ap, (0 = 2w, t)—4wg Ap, (0 + 20, 7).

20)%
(57)

5 Conclusions

We have obtained the ambiguity function of the Green’s function for the harmonic
oscillator. The obtained result has a simple connection to the ambiguity function
of the Green’s function for the Langevin equation. The ambiguity function for the
harmonic oscillator is made by three terms. The first, centered about the origin of
the ambiguity domain, describes the resonant behavior of the harmonic oscillator.
The second and third terms, located away from the origin of the ambiguity domain,
represent the interference terms of the Wigner distribution of the Green’s function.
These interference terms can be filtered out by masking the ambiguity function, an
operation corresponding to smoothing the Wigner distribution in the time-frequency
domain.

Appendix
By using the property (10), the ambiguity function of the Green’s function for the
Langevin equation can be obtained from

+00 +00
Ap, (0,7) = f / Wi, (1, 0)e T dtdw. (58)

—00 —00
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Substituting Wy, (¢, @) from (7) gives

+00 +00 2
r . .
An,(0.7) = / / w(tye~ 2 S ibriTo gy g, (59)
Tw
—00 —00
+oo 1 1 “+o00 .
:/ [2/ 6(72M+l(9+2w))tdl‘
—0 TTW t Jo
1 [t : :
_2/ e(—2,u+z(9—2a>))tdt:| ell’a)dw’ (60)
LJo

T 1 T1 1 1 1 it
= . . - . . e''“dw, (61)
oo Tw|2i2u—i(0 +2w) 2i2u—i(0—-2w)

2 [ 1 :
= / 5 & dw, (62)
T ) Qu—i6)* +4w?
e(—u+if/2)t]
= : 63
2u —i6 (63)
which is (42).
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On the Solvability in the Sense m)
of Sequences for Some Non-Fredholm e
Operators Related to the Anomalous

Diffusion

Vitali Vougalter and Vitaly Volpert

Abstract We study solvability of some linear nonhomogeneous elliptic problems
and prove that under reasonable technical conditions the convergence in L?(R%)
of their right sides implies the existence and the convergence in H2*(R?) of
the solutions. The equations involve the second order non-Fredholm differential
operators raised to certain fractional powers s and we use the methods of spectral
and scattering theory for Schrodinger type operators developed in our preceding
work (Volpert and Vougalter, Electron J Differ Equ 160:16 pp, 2013).
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1 Introduction

Consider the equation
(A +V&x)u —au = f, (1.1)

whereu € E = H>*(RY) and f € F = L*(R%), d € N, a is a constant and V (x)
is a function decaying to O at infinity. If @ > 0, then the essential spectrum of the
operator A : E — F corresponding to the left side of equation (1.1) contains the
origin. As a consequence, such operator does not satisfy the Fredholm property. Its
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image is not closed, for d > 1 the dimension of its kernel and the codimension
of its image are not finite. The present article is devoted to the studies of some
properties of the operators of this kind raised to a fractional power. We recall that
elliptic problems with non-Fredholm operators were treated extensively in recent
years (see [17, 19-25], also [3]) along with their potential applications to the theory
of reaction-diffusion equations (see [7, 8]). In the particular case when a = 0 the
operator A satisfies the Fredholm property in some properly chosen weighted spaces
(see [1-5]). However, the case with a # 0 is significantly different and the method
developed in these articles cannot be applied.

One of the important questions concerning problems with non-Fredholm opera-
tors is their solvability. We address it in the following setting. Let f,, be a sequence
of functions in the image of the operator A, such that f, — f in L>(R?) asn — oc.
Denote by u,, a sequence of functions from H?2(R?) such that

Au, = fu, n € N.

Because the operator A does not satisfy the Fredholm property, the sequence u,
may not be convergent. We call a sequence u, such that Au, — f a solution in
the sense of sequences of equation Au = f (see [16]). If such sequence converges
to a function ug in the norm of the space E, then ug is a solution of this problem.
Solution in the sense of sequences is equivalent in this sense to the usual solution.
However, in the case of the non-Fredholm operators, this convergence may not hold
or it can occur in some weaker sense. In this case, solution in the sense of sequences
may not imply the existence of the usual solution. In the present article we will
find sufficient conditions of equivalence of solutions in the sense of sequences
and the usual solutions. In the other words, we will determine the conditions on
sequences f;, under which the corresponding sequences u, are strongly convergent.
Solvability in the sense of sequences for the sums of non-Fredholm Schrédinger
type operators was studied in [26]. In this work we deal with the situation when a
second order differential operator without Fredholm property is raised to a certain
fractional power. The resulting operator will be defined via the spectral calculus.
Let us consider the equation

(=A)Y'u—au= f(x), xeRY deN, (1.2)

where s € (0,1), a > 0 is a constant and the right side is square integrable.
The operator (—A)® is actively used, for instance in the studies of the anomalous
diffusion problems (see, e.g., [27] and the references therein). Anomalous diffusion
can be described as a random process of particle motion characterized by the
probability density distribution of jump length. The moments of this density
distribution are finite in the case of normal diffusion, but this is not the case for
the anomalous diffusion. Asymptotic behavior at infinity of the probability density
function determines the value of the power of the Laplacian (see [13]). The problem
analogous to (1.2) but with the standard Laplacian in the context of the solvability
in the sense of sequences was studied in [18]. The case when the power of the
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1
negative Laplace operator s = _ was treated recently in [29]. Evidently, for the

operator (—A)' —a: H 25 (R?) — L2(R?) the essential spectrum fills the semi-axis
[—a, oo) such that its inverse from L2(R%) to H2*(R?) is not bounded.
Let us write down the corresponding sequence of equations with n € N as

(=AY up — auy = fu(x), x eRY, d e N, (1.3)

where the right sides converge to the right side of (1.2) in L2(RY) as n — oo. The
inner product of two functions

(f (x), (X)) 2Ray = /Rd f(x)g(x)dx, (1.4)

with a slight abuse of notations when these functions are not square integrable.
Indeed, if f(x) € L'(R?) and g(x) is bounded, then clearly the integral in the right
side of (1.4) makes sense, like in the case of functions involved in the orthogonality
relations of Theorems 1.1 and 1.2 below. Let us use the space H>(R?) equipped
with the norm

161320y = 12117 2 oy + (=AY ull 2 - (1.5)

Throughout the article, the sphere of radius » > 0 in R centered at the origin will
be designated by Sfl. When r = 1, such unit sphere will be denoted by S¢ and |S¢|
will stand for its Lebesgue measure. The unit ball in R¢ centered at the origin will be
designated by B? and | B?| will denote its Lebesgue measure. Let us first formulate
the solvability conditions for problem (1.2).

Theorem 1.1 Let f(x) € L*(RY), d € N, and s € (0, 1).

a) Leta=0,d=1.1fs e (0, i) and in addition f(x) € L'(R), then Eq.(1.2)

has a unique solution u(x) € H> (R).
Suppose that s € [i, 3) and in addition xf (x) € LI(R). Then problem (1.2)

admits a unique solution u(x) € H*(R) if and only if the equality
(f (), I)LZ(R) =0 (1.6)

holds.
Suppose that s € [3, 1) and in addition xzf(x) € L'(R). Then Eq.(1.2) has

a unique solution u(x) € H*(R) if and only if orthogonality conditions (1.6)
along with

(fx), )2y =0 1.7

hold.
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b) Leta = 0, d = 2. Then when s € (0, ;) and additionally f(x) € L'(R?),
Eq.(1.2) admits a unique solution u(x) € H? (R?).
Suppose that s € [é, 1) and additionally x f (x) € L' (R?). Then Eq.(1.2)
has a unique solution u(x) € H*(R?) if and only if

(f(x), D22y =0 (1.8)

¢) ZZidZ —0,d =23 1Ifs ¢ (0, 3) and in addition f(x) € L'(R?), then
problem (1.2) has a unique solution u(x) € H* (R3).
Suppose that s € [2, 1) and in addition xf(x) € L'(R3). Then Eq.(1.2)
admits a unique solution u(x) € H*(R>) if and only if

(f), D23y = (1.9)

holds.

d) Ifa =0, d > 4 withs € (0,1) and additionally f(x) € LY(RY), then
problem (1.2) possesses a unique solution u(x) € H? (Rd).

e) Suppose thata > 0, d = 1 with s € (0, 1) and in addition xf(x) € L'(R).
Then Eq. (1.2) admits a unique solution u(x) € H>R) if and only if

1

ej:ia 25 x

; =0 1.10
<f(x) Jor >L2(R) (1.10)

holds.
f) Suppose thata > 0, d > 2 with s € (0, 1) and additionally x f (x) € Ll(Rd).
Then problem (1.2) has a unique solution u(x) € H> (RY) if and only if

eipx
(f(x), ) =0, pes?, (L.11)
2m)2/ L2®d) a?s

holds.

Then we turn our attention to the issue of the solvability in the sense of sequences
for our problem.

Theorem 1.2 Let n € N and f,(x) € L*(RY), d € N, such that f,(x) — f(x) in
L2(R?) asn — oo.
a) Leta =0, d = 1. Ifs € (O, 1) and additionally f,(x) € L'(R), n € N,

such that f,(x) — f(x) in LY(R) as n — oo, then Egs.(1.2) and (1.3) admit
unique solutions u(x) € H*(R) and u,(x) € H*R), respectively, such that
up(x) = u(x) in HSR) as n — oo.
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b)

c)

d)

Suppose that s € [}‘, i) Let in addition xf,(x) € L'(R), n € N, such that

xfu(x) = xf(x) in LY(R) as n — oo and the orthogonality conditions

(fn(x), D2y =0 (1.12)

hold for all n € N. Then Egs. (1.2) and (1.3) admit unique solutions u(x) €
H?(R) and u,(x) € H*(R), respectively, such that u,(x) — u(x) in H*(R)
asn — oo.

Suppose that s € [2, 1). Let in addition x* f,(x) € L'(R), n € N, such that

x2fn (x) > xzf(x) in Ll(R) as n — oo and the orthogonality conditions

(fn(x), 1)L2(R) =0, (fn(x),x)Lz(R) =0 (1.13)

hold for all n € N. Then Egs.(1.2) and (1.3) have unique solutions u(x) €
H?(R) and u,(x) € H*(R), respectively, such that u,(x) — u(x) in H*(R)
asn — oo.
Leta=0,d=21Ifs ¢ (0, ;) and additionally f,(x) € L'(R?), n € N,
such that f,(x) - f(x)in LY (R?) asn — oo, then Egs.(1.2)and (1.3) possess
unique solutions u(x) € H*(R?) and u, (x) € H*(R?), respectively, such that
up(x) = u(x) in H¥(R?) as n — oo.

Suppose that s € [;, 1). Let in addition x f,(x) € L'(R?), n €N, such that

xfu(x) = xf(x) in LY(R?) as n — oo and the orthogonality relations

(fn(x), D22y =0 (1.14)

hold for all n € N. Then Egs. (1.2) and (1.3) admit unique solutions u(x) €
H>[R?) and u,(x) € H*R?), respectively, such that u,(x) — u(x) in
HX R asn — oo.

Let a = 0, d = 3. Suppose that s € (O, 3) and additionally f,(x) €

L'®RY, n € N, such that f,(x) — fx) in L'(R?®) as n — oo. Then

problems (1.2) and (1.3) possess unique solutions u(x) € H? (R3) and u,(x) €

H>(R3), respectively, such that u,(x) — u(x) in H¥R3) asn — oo.
Suppose that s € [2, 1). Let in addition x f,(x) € L'(R%), n €N, such that

xfp(x) = xf(x) in L"(R3) as n — oo and

(fn(x), D2@sy =0 (1.15)

holds for all n € N. Then Egs. (1.2) and (1.3) have unique solutions u(x) €
H>[R3) and u,(x) € H*R3), respectively, such that u,(x) — u(x) in
H>[R3) asn — oo.

Leta =0, d > 4 with s € (0, 1) and additionally f,(x) € L'(R?), n € N,
such that f,(x) — f(x)in L"(R?) as n — oo. Then problems (1.2) and (1.3)
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possess unique solutions u(x) € H? (Rd) and u,(x) € H? (Rd), respectively,
such that u, (x) — u(x) in H*(R?) as n — 0.

e) Leta >0, d = 1 withs € (0, 1) and in addition xf,,(x) € LI(R), n €N, such
that x fr(x) — xf(x) in LI(R) asn — o0. Let

V27

hold for all n € N. Then Egs. (1.2) and (1.3) admit unique solutions u(x) €
H?*(R) and u,(x) € H*(R), respectively, such that u,(x) — u(x) in H*(R)
asn — oo.

e:l:ia 25 x
(fn(x), ) =0 (1.16)
L2(R)

f) Leta > 0, d > 2 with s € (0, 1) and additionally xf,(x) € L'(R?), n € N,
such that x f,(x) — xf(x) in L' (R?) as n — oo. Let
ipx
(fn(x), d) =0, pes?, (1.17)
2m)2/ L2wrd) ax

hold for all n € N. Then problems (1.2) and (1.3) have unique solutions
u(x) € H¥(R?) and u,(x) € H*(R?), respectively, such that u,(x) — u(x)
in HS(RY) as n — oo.

Let us note that when a = 0 each of the cases a) —d) above contains the situation
when orthogonality conditions are not required.
We use the hat symbol to denote the standard Fourier transform

1

f(p) = | feePdx, peR?, deN, (1.18)
2m)2 JRY
such that
—~ 1
ILf (P Lo way = o NGO L1 ray- (1.19)
(2m)2

In the second part of the article we consider the equation
(—A+VX)’u—au= f(x), x¢€ R3, a>0, se(,1), (1.20)

with the square integrable right side. The corresponding sequence of equations for
n € N will be

(=A + V() up —aup = fu(x), xeR> a>0, (1.21)

with s € (0, 1) and the right sides converging to the right side of (1.20) in L2(R3)

as n — oo. Note that the situation when the power s = ) was studied in the recent
work [29]. Let us make the following technical assumptions on the scalar potential
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involved in the problems above. Note that the conditions on V (x), which is shallow
and short-range will be analogous to those stated in Assumption 1.1 of [22] (see
also [20, 23]). The essential spectrum of such a Schrodinger operator —A + V (x)
fills the nonnegative semi-axis (see, e.g., [10]).

Assumption 1.3 The potential function V (x) : R3 — R satisfies the estimate

Vix) <
l ()|—1+|x|35+5

with some § > 0 and x = (x1, X2, x3) € R3 a.e. such that

1

4$9 45 IVI° Vv 5 1 d %4 4
8( 7'[) - ” ||LOO(R3)|| ||L§(R3) < an CHLS” ”L%(R3) < A4am.
(1.22)

Here and further down C will stand for a finite positive constant and cg s given on
p-98 of [12] is the constant in the Hardy-Littlewood-Sobolev inequality

@) :
[ 0O wsas| < cmstidy L ofeLie),
R JRD X — L2(R?)

By virtue of Lemma 2.3 of [22], under Assumption 1.3 above on the potential
function, the operator —A + V (x) on L2(R?) is self-adjoint and unitarily equivalent
to —A via the wave operators (see [11, 15])

Q:I: — g — hmt*):':ooeit(*A‘FV)eitA,

where the limit is understood in the strong L? sense (see, e.g., [14] p.34, [6] p.90).
Hence (—A + V(x))* on L*(R3) defined via the spectral calculus has only the
essential spectrum

Oess((—A + V(x))s —a) =[—a, o)

and no nontrivial L2(R?) eigenfunctions. By means of the spectral theorem, its
functions of the continuous spectrum satisfy

(—A+ V) pe(x) = k[P gr(x), k € R, (1.23)

in the integral formulation the Lippmann-Schwinger equation for the perturbed
plane waves (see, e.g., [14] p.98)

eth 1 eilklley\
Pk (x) = ; — / (Vo) (y)dy (1.24)
2m)2 4 Jrs |x =yl
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and the orthogonality relations

(@ (x), 9 () 23y = 8k — q),  k.q e R (1.25)

Particularly, when the vector k = 0, we have ¢o(x). Let us denote the generalized
Fourier transform with respect to these functions using the tilde symbol as

Fk) == (f (), pe(0)) 23y k € R (1.26)

(1.26) is a unitary transform on L2(R%). The integral operator involved in (1.24) is
being denoted as

oilkllx—y]

1
(QP)(x) ==, f (Vo)(ndy, ¢ e LR,
7 Jes Ix =yl

We consider Q : L®([R3?) — L*(R?). Under Assumption 1.3, via Lemma 2.1
of [22] the operator norm || Qs is bounded above by the quantity 7(V'), which
is the left side of the first inequality in (1.22), such that (V) < 1. Corollary 2.2
of [22] under our assumptions gives us the bound

| fk)] < 1f OOl L1 R3)- (1.27)

(27[)% 1-1(V)

We have the following result concerning the solvability of equation (1.20).
Theorem 1.4 Let Assumption 1.3 hold and f (x) € L*(R?).
a) Leta=0, s € (O, i) and additionally f(x) € L'(R?). Then Eq. (1.20) possess
a unique solution u(x) € L*(R3).
Leta=0, s € [i, 1) and in addition xf (x) € L'(R3). Then problem (1.20)
admits a unique solution u(x) € L*>(R>) if and only if

(f (), 9o () 23 = O (1.28)

holds.
b) Leta > 0, s € (0, 1) and in addition xf (x) € L'(R3). Then Eq.(1.20) has a
unique solution u(x) € L*(R?) if and only if

(fC), () 2@y =0, kes?, (1.29)

a?s

holds.

Our final main statement is devoted to the solvability in the sense of sequences
of problem (1.20).
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Theorem 1.5 Let Assumption 1.3 hold, n € N and f,(x) € L*(R3), such that
fux) = f(x)in L*(R?) asn — oco.

a) Leta = 0. If s € (O, Z) and additionally f,(x) € Ll(R3), n € N, such

that f,(x) — f(x)in LY(R3) as n — oo, then Egs. (1.20) and (1.21) possess
unique solutions u(x) € L*(R3) and u,(x) € L*(R3), respectively, such that
up(x) = u(x) in L2(R3) asn — oc.

Suppose that s € [3, 1). Let in addition xf,(x) € LY(R?), n € N, such that

xfu(x) = xf(x) in L'(R3) as n — oo and

(fu(x), QDO(X))LZ(RS) =0 (1.30)

holds for all n € N. Then Egs. (1.20) and (1.21) admit unique solutions u(x) €
L*(R3) and u,(x) € L*(R3), respectively, such that u,(x) — u(x) in L>(R?)
asn — oo.

b) Suppose thata > 0, s € (0, 1). Let in addition xf,(x) € L'(R3), n € N, such
that x f,(x) — xf(x) in LY(R3) as n — oo and

(fu(®), k() 23y =0, keS, (1.31)

a?s

holds for all n € N. Then problems (1.20) and (1.21) have unique solutions
u(x) € L2(R?) and u, (x) € L*(R3), respectively, such that u,(x) — u(x) in
L2(R%) asn — oc.

Let us note that (1.28) and (1.29) are the orthogonality relations to the functions
of the continuous spectrum of our Schrodinger operator, as distinct from the
Limiting Absorption Principle in which one needs to orthogonalize to the standard
Fourier harmonics (see, e.g., Lemma 2.3 and Proposition 2.4 of [9]).

2 Solvability in the Sense of Sequences in the Free
Laplacian Case

Proof of Theorem 1.1 Let us note that the case a) of the theorem was stated in
Lemma 4.1 of [28] and the case c¢) in Lemma 5 of [27].

Clearly, if u(x) € Lz(Rd) is a solution of (1.2) with a square integrable right
side, it belongs to H 25 (Rd) as well. Indeed, in this case from (1.2) we easily deduce
(—A)u(x) € L2(R?), such that via norm definition (1.5) we have u(x) € H? (R?).

To prove the uniqueness of solutions for our equation, let us suppose that (1.2)
has two square integrable solutions 1 (x) and u;(x). Then their difference w(x) :=
ui(x) —uz(x) € Lz(Rd) as well. Obviously, it is a solution of the equation

(=A)’w = aw.
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Since the operator (—A)® has no nontrivial square integrable eigenfunctions in the
whole space, we have w(x) = 0 a.e. in RY.

We apply the standard Fourier transform (1.18) to both sides of problem (1.2)
with a = 0. This gives us

. Fp Fp)
= < >11. 2.1
u(p) | pps XPI=D g Xilpl=1) 2.1

Here and further down x4 will denote the characteristic function of a set A C RY,
Clearly, the second term in the right side of (2.1) can be bounded from above in the
absolute value by |f( p)| € L*>(R?) due to one of our assumptions.
First we consider the case b) of the theorem when the dimension of the problem
d = 2. Let us estimate the first term in the right side of (2.1) from above in the
ILf GO L1 w2
2m|pl*

such expression is square integrable when s € (0, é)

absolute value using (1.19) by X{Ip|<1}- It can be easily verified that

1

To treat the case when s € (2, 1), we use the formula

R R Ipl g 7
ﬂm=f®+/' 69 4.

0 as

Here and throughout the article o will denote the angle variables on the sphere. This
enables us to express the first term in the right side of (2.1) as

~ 3f(s,

fwu“‘u+ﬂmf$”ﬁ
N < N

|p|2 M= |p|2s

X{lpl<1)- 2.2)
Note that by means of the definition of the Fourier transform (1.18), we easily derive
for the space of an arbitrary dimension

‘aﬂp><|ufuwu®@

= , deNlN. 2.3)
dpl Qn)s
Therefore, the second term in (2.2) can be bounded from above in the absolute value

by

||xf(x)||L1(R2)

o Ip1" xqpi<1y € L2(R?).

It can be easily verified that the first term in (2.2) is square integrable if and only if
f(O) vanishes, which is equivalent to orthogonality relation (1.8).

Then we turn our attention to the case d) of the theorem. Let us estimate the
first term in the right side of (2.1) from above in the absolute value via (1.19) by
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ILf GO L1 Ra)

2% |pP
integrable for s € (0, 1).
Let us apply the standard Fourier transform (1.18) to both sides of Eq. (1.2) when
a > 0. This yields

X{lpi<1}> d > 4.Itcan be easily checked that this expression is square

f(p)

Ip|* —a

u(p) =

First of all we consider the case e) of the theorem, namely when the dimension of
the problemd = 1. For s € (0, 1) we define the following sets on the real line

If i=[a» —8.ax +8], I; =[—a>—38,—a»+6], 0<8<ax, (24)
such that
Ii=1IUIl;, R=LUI.

Here and further down A¢ C R¥ stands for the complement of the set A C RY. This
allows us to express u(p) as the sum

i i 7
P2 — oM e My Xy @5)
Evidently, we have I = I 5"+ U I§~, where
LT=INR", I~ :=INR". (2.6)

Here R and R~ are the nonnegative and the negative semi-axes of the real line,
respectively. Clearly,

f(p)

%Kit = CIF () € L2®)

‘ D
due to one of our assumptions. Analogously,

f

s — Xt | SCIF D) € LP(R).

We express

- - P dF
Fip) = Flar) + f 1 ’;(‘)ds.
a?s N
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(2.3) easily gives us the upper bound

d i
Jh g ds !
a?s

1 p—ass
x| = Jon xf GOl 1wy P2 —a Xif =

p2s —a

< Clxf W)@ xyy € LAR).

Apparently,

~ 1
fla2) 2
P2 N e L°(R)

if and only if f(a zls) vanishes, which is equivalent to the orthogonality condition

1

eiaZSx
, =0, 0,1).
(f(x) o >L2(R) s €(0,1)

To study the singularity of the problem on the negative semi-axis, we apply the
formula

)

(p) = Flea®) + fp ATy

—a?ls ds

~

Via (2.3) we have the upper bound
P die)
f—a 21S ds 48

(=p)* —a

p—|—a215

& (=P —a

)

1
e/ Ol
T

SJz

< Claf @)l xy- € LAR®).

X[l; =

Evidently,

Fl—a)

oy —a ¥t EE®

if and only if f(—a zls) = 0, which is equivalent to the orthogonality relation

1

e—ia 25 x
, =0, 0,1).
<f(X) o )LZ(R) s €(0,1)
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We complete the proof of the theorem with establishing the part f). When the
dimension d > 2, we define the set

As=1{peRi|as —§<|p|<a®+8), 0<§<a% @.7)
and express

7 7

. As .
|p|* —a |p|* —a

u(p) = XAS- (2.8)

Obviously, we have the estimate from above

()

T xacl < CIf(p)l € LARY)
|2A —a 5

‘Ip

via one of our assumptions. To treat the first term in the right side of (2.8), we will
use the representation formula

—~ - Il 5 7
f(p) :f(azls,d)-i-/l 8fés’a)ds.
a?s N

Inequality (2.3) enables us to estimate

Ipl r'?f'(s,a)d
Ky 1
fa 21x ds |p| —ax
|pI* —a

xf(x
< llxf( )||L1(Rd)

As| =
' @)t

XAs <
lpI* —a

< Clxf )l gayxa; € L*RY).

It can be easily verified that the remaining term

~ 1
flazs,o)
Ip|> —a xa; € L®

if and only if f(a % , o) vanishes, which is equivalent to orthogonality relation (1.11)
for the dimensions d > 2.

Then we proceed to establishing the solvability in the sense of sequences for our
equation in the no potential case.

Proof of Theorem 1.2 Suppose u(x) and u,(x), n € N are the unique solutions of
equations (1.2) and (1.3) in H? (Rd), d € N with a > 0, respectively, s € (0, 1)
and it is known that u, (x) — u(x) in LZ(R?) as n — oo. Then u,(x) — u(x) in
H (R as n — oo as well. Indeed,

(=A) (un(x) = u(x)) = aup(x) —ux)) + fu(x) — f(x),
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which clearly gives us
I(=A) (un () —u )l 2wy < alltn () —u)l2@ay+ 1 fa() = f )Nl L2@ay — O

as n — oo via our assumptions. Norm definition (1.5) yields u,(x) — u(x) in
H» (R asn — oo.

If u(x) and u, (x), n € N are the unique solutions of equations (1.2) and (1.3) in
H? (Rd), d € N, respectively with a = 0 as in the cases a)-d) of the theorem, by
applying the standard Fourier transform (1.18) we easily derive

n(p) — (p) = In (p|)p|—zsf (p) Xipi<t) + fn(p|)p|—25f (») plet)- (2.9)

Evidently, the second term in the right side of equality (2.9) can be estimated from
above in the absolute value in the space of any dimension by | f,(p) — f(p)|, such
that

fa(p) — F(p)

pps Xp=

= a0 = f® ey = 0, n— o0
L2(RY)

due to one of our assumptions.
First we treat the case a) of the theorem when the dimension d = 1. Then, when

s € (0, }1) via the part a) of Theorem 1.1, Eq.(1.2) and each of equations (1.3)

admit unique solutions u(x) € H 25(R) and u, (x) € H*(R), n €N, respectively.
Clearly, the first term in the right side of equality (2.9) can be bounded from above
in the absolute value via (1.19) by

X{lpl=1)

1
A — S @l 1S

V2

such that its L2(R) norm can be estimated from above by

1 1
Sl = Oy =0 om0

due to one of our assumptions and with s € (O, }1) This shows that in this case

un(x) = u(x)in L2(R) as n — oo.

}‘, 2) Note that by means of

the parts a) and b) of Lemma 4.1 below, under our assumptions we have f,(x) €
L'(R), n € N, such that f,(x) — f(x)in L'(R) as n — oo. Then, via (1.12) we
obtain

Then we turn our attention to the case of s € [

I(F Q). D2yl = 1(f(0) = fa (), D2yl = 1fa(x) = fO) 1) = 0
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as n — oo. Thus,
(f (), D2y =0 (2.10)

holds. By means of the part a) of Theorem 1.1, when s € [}1, 2),Eqs.(l.2) and (1.3)

admit unique solutions u(x), u,(x) € H Z(R), n € N, respectively. Orthogonality
relations (2.10) and (1.12) yield

f0)=0, £(0)=0, neN

in this case. This allows us to use the expressions

fp) = /p di,(s)ds, fa(p) = /p dfn(s)ds, neN,
0 N 0 ds

which enables us to write the first term in the right side of equality (2.9) as

S

p(dfu(s) _ df(®
Jo ( i~ s )ds

PP Xilpl<1y- (2.11)
Using inequality (2.3), we easily estimate
dfu(p) _df(p) ‘ !
- =< Xfu(x) — xf(x) ; (2.12)
dp dp Jon llx fn SOl ®

such that expression (2.11) can be bounded from above in the absolute value by

1 _
o 3 fn(¥) = xf Gl 1wyl 2™ x41p1<1)-

Hence, we arrive at

p(dfats) _ df(s)
‘fo ( ~ ds )ds

ds
Xipl=1}
as n — oo due to one of our assumptions. This implies that

1
" — 0
. < Jr X fn(x) = xf (L1 w) —

|p|%

up,(x) = u(x) in Lz(R), n— 00

when the dimensiond = 1 and a = O with s € [i, 3)
Then we proceed to the proof of the theorem when the power of the negative
Laplacian s € [Z, 1) in dimension d = 1 with a = 0. By means of the parts c) and
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d) of Lemma 4.1 below under our assumptions we have x f; (x) € L' (R), n € N,
such that xf,(x) — xf(x) in LI(R) as n — o0o. Then via the parts a) and b) of
Lemma 4.1 we have f,(x) € L'(R), n € N, such that f,(x) — f(x)in L'(R) as
n — oo. Orthogonality condition (2.10) here can be easily obtained via the limiting
argument as above. By means of the second orthogonality relation in (1.13), we
derive

(G0 2yl = [(FG) = falo)s ) 2yl < If () = xf )1y — O

as n — oo. Hence
(f(x), ) 2ry =0 (2.13)

holds. By virtue of the part a) of Theorem 1.1, when s € [i, 1), Egs.(1.2) and (1.3)

possess unique solutions u (x), u,(x) € H Z(R), n €N, respectively. Via the defini-
tion of the standard Fourier transform (1.18), orthogonality relations (2.10), (1.13),
and (2.13) giveus forn € N

-~

_ . d df,
Fo=0. no=0 Yoy=0

0) =0,
dp dp()

such that

- P d2 R ~ P d
f(p) =/ (/ f(zq)dq>ds, fu(p) = / </ f gq)dq>ds, n eN.
0 o dq 0 o dq

By means of definition (1.18), we easily estimate

d*f, d2f 1
e

This yields the inequality
2

-~ -~ 1
R =T@ls ) 1A =2 Ol

which allows us to obtain the upper bound on the absolute value of the first term in
the right side of identity (2.9) by

1 2 2 2-25
X X)—X X 1 ’ 1}).
22 llx” fu (x) SO @ lpl™ 7 xtpi<1y
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Therefore,

f(p) = F(p)

P (R 1% fu () = x> F ) | 1y = O

<
L®) 2/ (5 — 4s)
when n — o0 as assumed. Thus

up,(x) = u(x) in Lz(R), n— 00

when the dimensiond = 1 and a = O with s € [Z, 1).

In the case of the dimension d = 2 and a = 0, let us first treat the situation
when s € (0, é) Due to the part b) of Theorem 1.1, problem (1.2) and each of
problems (1.3) have unique solutions u(x) € H>(R) and u,(x) € H*(R), n €

N, respectively. Obviously, the first term in the right side of (2.9) can be estimated
from above in the absolute value via (1.19) by

1 X{Ipl<1)
2n||fn(x) J L1 w2y Ip|®

such that its L2(R?) norm can be bounded from above by

2l — 2y 1) = Dl = 0. o0

by means of one of our assumptions and with s € (0, ;)
For the higher values of the power of the two-dimensional negative Laplacian

S (;, 1), the orthogonality relation

(f (%), I)LZ(RZ) =0 (2.14)
can be derived via the easy limiting argument, analogously to (2.10). By virtue of
the part b) of Theorem 1.1, problems (1.2) and (1.3) possess unique solutions u(x) €
H*[R?) and u,(x) € H*(R?), n € N, respectively. Orthogonality relations (2.14)
and (1.12) imply

f0)=0, f(0)=0, neN

when the dimensiond =2 and a = O with s € (;, 1). This enables us to express

A vl 5 7o R Pl 4 7
f(p)zfp afés’“)ds, fn(p):/p Wn$:0) )0 weN  @15)
0 s 0 as
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and to write the first term in the right side of identity (2.9) as

Ipl (8fa(s,0) _ 8F(s.0)
fO ( as - as ds

|p|2s X{ipl=1}- (2.16)
Inequality (2.3) gives us
0fulp) BF(p)| _ 1
‘ 8rllpl Tl | S 2n W) @@ (2.17)

Thus, expression (2.16) can be bounded from above in the absolute value by

1 e
o p KFn () = XF L@yl Pl ™ xqpi<1)-

Hence

Ipl (8fu(s,0) _ 8f(s,0)
0 ( s - as ds

- X fn(x) = xf Ol L1 (w2 =0
L2@®) 227 (1 —s)

Ip|2s Xipl=1}

as n — oo via one of our assumptions. Therefore,

up(x) — u(x) in L*R%, n— oo

2 b
Let us proceed to the proof of the part ¢) of the theorem, when the dimension

when the dimensiond = 2 and a = O with s € (1 1).

d = 3anda = 0 with s € (O, 3) In such case, by virtue of the part c) of

Theorem 1.1, problems (1.2) and (1.3) admit unique solutions u(x) and u,(x), n €
N, respectively, belonging to H2*(R?). Using (1.19), we obtain the upper bound on
the first term in the right side of (2.9) in the absolute value by

I fn(x) = FOON L1 (r3)

(27_[)% Pl X{IlpI=1}s

such that its L2(R3) norm can be estimated from above by

x)— f(x 3 >0, n— o0
/23— gy 1) = T @iy
via one of our assumptions. Thus,

up,(x) = u(x) in L2(R3), n— 00

in the case of the dimensiond = 3 anda = 0 with s € (O, i)
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For the higher values of the power of the three-dimensional negative Laplacian
s € [i, 1), the orthogonality condition

(f(x), D23y =0 (2.18)

can be obtained via the trivial limiting argument, similarly to (2.10). By means of the
part ¢) of Theorem 1.1, Egs. (1.2) and (1.3) have unique solutions u(x) € H 25(R3)
and u,(x) € H*R3), n € N, respectively. Orthogonality conditions (2.18)
and (1.15) yield

f0)=0, £(0) =0, neN

when the dimensiond = 3 anda = 0 with s € [2, 1). This allows us to obtain

here the expressions analogous to (2.15). Let us use the three-dimensional analog of
inequality (2.17) to derive the upper bound on the first term in the right side of (2.9)
in the absolute value by

[l fn (x) — xf(x)||L1(R3) |p|1_23

@ )3 X{lpl<1}
)2

such that its L2(]R3 ) norm can be estimated from above by

1
205 — 4s) Ixfn(x) —xf )1 wsy >0, n—o00

due to one of our assumptions. Therefore,

up,(x) = u(x) in L2(R3), n— 00

in the case of the dimensiond = 3 anda = 0 with s € 2, 1).

Then we turn our attention to the case d) of the theorem. By virtue of the part
d) of Theorem 1.1 Eqs. (1.2) and (1.3) admit unique solutions u(x) € H 25(R3) and
up(x) € H¥[R3), n € N, respectively. Using inequality (1.19), we estimate the
first term in the right side of (2.9) in the absolute value by

”fn(x) - f(x)”Ll(Rd)

d Xipl<ty, d =4,
Q2m)2|p|*

such that its L2(R?) norm can be bounded from above by

1 |59
(27_[)31 d — ds I fn(x) = fFOL ey > 0, n— 00
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by virtue of the one of our assumptions. Hence,
un(x) = u(x) in L*RY, d=4, n— o

whena =0ands € (0, 1).

If u(x) and u, (x), n € N are the unique solutions of equations (1.2) and (1.3) in
H? (Rd), d € N, respectively with a > 0 as in the cases e) and f) of the theorem,
by applying the standard Fourier transform (1.18) we easily obtain

Ta(p)
|pI* —a

f(p)

u(p) =
lpI* —a

. Up(p) = , neN. (2.19)

First of all, we consider the case e) of the theorem, when the dimension d = 1 and
a > 0. Thus, due to the result of the part e) of Theorem 1.1, Eq. (1.3) has a unique
solution u,(x) € H*(R), n € N. Clearly, f,(x) € L'(R), n € N, such that
fun(x) = f(x)in LY(R) as n — oo via the parts a) and b) of Lemma 4.1 below.
By means of the limiting argument, analogously to the proof of (2.10) we obtain the
orthogonality relations

1

e:l:ia 2s x
) =0, 0,1). 2.20
(f(x) J2n )LZ(R) s €(0,1) (2.20)

Then by virtue of the result of the part e) of Theorem 1.1, problem (1.2) admits a
unique solution u(x) € H>(R). Using (2.19), we express i, (p) — u(p) as

fa(p) — F(p) fa(p) — F(p)
p¥ —a I + p¥ —a X15H+

B~ Fo) . Fao)— Fp)
+ (_p)2s —a XI(; + (_p)QS _a X]Sf*a (2.21)

with 15+ , Iy are given by (2.4) and I§+, I are defined in (2.6). Evidently,

the second term in (2.21) can be estimated from above in the absolute value by
Clfa(p) — f(p)l, such that

f(p) = F(p)
X

p2S = C”fn(x) - f(x)||L2(R) — 0, n— oo

LYX(R)

c+
—a 1

as assumed. Analogously, the last term in (2.21) can be bounded from above in the
absolute value by C| f,,(p) — f(p)|. Thus

Fa(p) = F(p)
(=p —a

< Cllfu®) = fF®llp@ — 0, n— 00
L%(R)
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due to one of our assumptions. Orthogonality relations (2.20) and (1.16) give us

-~ 1

f(aZx):O, fAn(azl»Y)ZO, nEN,

such that

-~ P df ~ P df,
ﬂm=/1§®m n@=/1fﬁhxnem
a?zs N a?ls dS

which enables us to express the first term in (2.21) as

p [dfus) _ df®
fa213 [ i~ as ]ds
5, X+ (2.22)

p
By means of (2.12), we obtain the upper bound on (2.22) in the absolute value by

1

X < Clixfn(x) — xf(x)||L1(]R)XI;‘

1 p—ax
S llxfn(x) — xf(x)”Ll(R) p¥ —a

Thus, the L%(R) norm of (2.22) can be estimated from above by
Cllafu () = xf @l — 0. n— o0

due to one of our assumptions. Orthogonality conditions (2.20) and (1.16) yield
f=a2)=0. fu(-az)=0, neN

with s € (0, 1). Therefore, at the negative singularity

~ P df - rodf
ﬂm=[l ) g ﬁ@=/1 s wen.

—a?ls dS —a?2s dS

This gives us the upper bound on the third term in (2.21) in the absolute value by

1
1 ptax
\/27_[ llxfrn (x) — xf(x)”Ll(]R) (_p)ZS —a

X[{ < Cllxfn(x) _xf(x)”Ll(R)XI{-

Thus, its LZ(IR) norm can be estimated from above by

C”xfn(x) _xf(x)”Ll(R) —> 0, n— oo
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as assumed. This shows that in dimension d = 1, whena > 0 and s € (0, 1) we
have

u,(x) = ulx) in LZ(R), n — 00.

We conclude the proof of the theorem with treating the case f) when the dimension
d > 2and a > 0 with s € (0, 1). Then under our assumptions, by virtue of the part
f) of Theorem 1.1, problem (1.3) has a unique solution u,(x) € H 2(RY), n e N.
A trivial limiting argument analogous to the proof of (2.10) gives us

eipx 4
(f(X), d) =0, pes’, . (2.23)
(2m)2 /L2 R al

Then by means of the part f) of Theorem 1.1, problem (1.2) admits a unique solution
u(x) e H* (Rd). Using (2.19), we easily arrive at

fa(p) — F(p) Ta(p) = F(p)

anpy = =" Lo s+ o (2.24)

with the set A defined in (2.7). Evidently, the second term in the r1/ght side of (2.24)
can be estimated from above in the absolute value by C| fn (p) — f(p)|. Thus,

fa(p) = F(p)

|p|2s—a = C”fn(x)—f(x)HLz(Rd) -0

LZ(R‘I)

as n — oo via one of our assumptions. Orthogonality relations (2.23) and (1.17)
imply that

f(ale,o‘):O, ﬁ(azlS,O')ZO, f’leN,

such that

Ip| Ip|
Fip) = /paf(so) N fn()_/”afn(so) —

2s as 2s as

By means of the definition of the Fourier transform (1.18), analogously to inequali-
ties (2.12) and (2.17) in lower dimensions, we easily obtain

3fu(p) _f(p) 1
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We derive the upper bound in the absolute value on the first term in the right side
of (2.24) by

1

1

|p| 2s

o 1S (0) = xf (Ol L1 (ray PP —a [*4 < Clixfa(x) = xf Ol L1 (ra) X A5-
S —

(2m)

This implies that

f(p) = F(p)

lpI* —a

< Cllxfu(x) = xf )1y > 0, n—>o00
L2(R9)

As

as assumed. Therefore, in dimensions d > 2, whena > 0 and s € (0, 1), we have
up(x) = u(x) in L*(RY)

asn — oQ.

3 Solvability in the Sense of Sequences with a Scalar
Potential

Proof of Theorem 1.4 Note that the case a) of the theorem is the result of Lemma 7
of [27]. Then we proceed to proving the case of a > 0.

To prove the uniqueness of solutions of our equation, let us suppose that there
exist both u1(x) and u» (x) which are square integrable in R? and solve (1.20). Then
their difference w(x) := u;(x) — u2(x) € L2(R?) is a solution of the problem

(—A+VxX)’'w=aw, se€(,1).

The fact that the operator (—A + V(x))* has no nontrivial L*(R3) eigenfunctions
as discussed above yields that w(x) vanishes a.e. in R3.

Let us apply the generalized Fourier transform (1.26) with the functions of the
continuous spectrum of the Schrédinger operator to both sides of problem (1.20),
which yields

o T®

=gt SC ©, 1).

We introduce the spherical layer in the space of three dimensions as

By:=(keR’[a» =5 < |k| <a> +5), 0<8 <a». G.D
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This allows us to express

fk fk)

ﬁ(k) = XBs + |k|2s _u4

- |k|23 —a XB§- (3.2)

The second term in the right side of (3.2) can be trivially bounded from above in the
absolute value by

Clf (k)] € L*®),
because f(x) is square integrable as assumed. We express

o K F(q,
f(k)=f(a2'~v,a)+/l f(a‘f  4a.
a?ls q

Therefore, the first term in the right side of (3.2) can be written as

kI 3f(g.0)
I a?,a dq
a?s

|k|2s —a

fa*.0)

|k|2s _a X Bs +

XBs- (3.3)

The second term in sum (3.3) can be easily bounded above in the absolute value by

1
~ |k| — a2z ~
1V f ©llooy | g _ o (X85 = CIVE WLy x5, € L*(R?).

Note that under the stated assumptions Vj f (k) € L°°(R?) due to Lemma 2.4
of [22]. Apparently, the first term in (3.3) is square integrable if and only if

fa % , o) vanishes, which yields orthogonality relation (1.29).

Then we proceed to the establishing of our last main statement dealing with the
solvability in the sense of sequences.

Proof of Theorem 1.5 In the case a) when s € (0, 2) problems (1.20) and (1.21)

have unique solutions u(x), u,(x) € L*(R3), n € N, respectively due to the part
a) of Theorem 1.4 above. Let us apply the generalized Fourier transform (1.26) to
both sides of equations (1.20) and (1.21). We obtain

) faR)
W0 = o w0 =" nel.
Therefore
fu(k) — f(k i (k) — fk
iy (k) —ulk) = In |)k|2Af( )X{|k|§1} + In( |)k|2sf( )X{\k\>1}- (3.4)
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Obviously, the second term in the right side of (3.4) can be easily estimated from
above in the absolute value by | f,,(k) — f(k)|. Hence

(k) — f(k
& |)k|2Sf( : < |fnx) = fOll2@rsy =0, n—>o0

L2(R3)

X{lk|>1}

via one of our assumptions. Using (1.27) we obtain the upper bound for the first
term in the right side of (3.4) in the absolute value by

1 1 B X{lkl<1)
om? L1y M = F @l ™

1
= V2@ —4s)ym 1 —1(V)

Apparently, this yields

fuk) — £ (k)
|k|23

<

X{lkl=<1} =
L2(R3)

”fn(x)_f(x)”Ll(]R,%) —0, n— o0

due to one of our assumptions. Therefore, u,(x) — u(x) in L2(R3) asn — oo in

the case when the parametera = 0 and s € (O, Z)

Then we turn our attention to the situation whena = Oand s € [2, 1). By means

of orthogonality relation (1.30) along with the Corollary 2.2 of [22] and the part b)
of Lemma 4.1 below we obtain

(G, @0(0)) 2| = 1(F00) = ful@), 0(0)) 2| <

1

= @ )3 1= 1(V) | fn(x) — f(x)”Ll(RS) —- 0, n— oo
)2

Therefore,

(f (), 90 23y = O (3.5)

holds. Hence Eqgs.(1.20) and (1.21) admit unique solutions u(x), u,(x) €
L2(R3), n € N, respectively, via the part a) of Theorem 1.4. As discussed above,
it is sufficient to consider the first term in the right side of (3.4). Orthogonality
relations (3.5) and (1.30) yield

f(0) =0, f,(00=0, neN,
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such that

1Py Kl 5 7
Fo =/ afés’a)ds, Fo k) =[ 0fn(5:0) 1o e
0 S 0 aS

This enables us to estimate the first term in the right side of (3.4) from above in the
absolute value by [[Vi[ £ (k) — f ()1l oo sy k'~ x{ki<1). Therefore

due to Lemma 3.4 of [18] under the given assumptions. This shows that u,(x) —

fu(k) — f(k)

P < ClIVilfuk) = fO poosy = 0, n — o0

L2(R3)

X{lkl=<1}

u(x)in L2(R3) asn — oo whena =0 ands € [Z, 1).
We complete the proof of the theorem by establishing the result of the part b).
By virtue of the limiting argument similar to the proof of relation (3.5), we have

(), () 2@y =0, keS®,, se(1). (3.6)

a?2s
Thus by means of the result the part b) of Theorem 1.4, Egs. (1.20) and (1.21)

possesses unique solutions u(x), u, (x) € L>(R?). We apply the generalized Fourier
transform (1.26) to both sides of problems (1.20) and (1.21). Hence, we obtain

i N O I() AGENI(
in) =ity =" o " e oy

X 3.7)
with Bs defined in (3.1). Obviously, the second term in the right side of (3.7) can be
estimated from above in the absolute value by C| f,, (k) — f (k)|, such that

Fulk) — f(k)

g < Clfat) = F@llp@sy = 0, n— 00

XBS
L2(R3)

due to one of our assumptions. By means of orthogonality conditions (3.6)
and (1.31), we have

f(ale,o‘):O, ‘]Fn(azlS,O')ZO, n € N.

This gives us the representations

i Y i Kl 5 7
f(k):/l 0f(s,a) ;¢ fn(k)=/l 0fu(s:0) 1o en.

2s as 2s as
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such that the first term in the right side of (3.7) can be expressed as
flkll [3JZ§§,G) _ afg‘;’”)]ds

‘ . 3.8
|k|2§ _a XBs ( )
Clearly, (3.8) can be trivially estimated from above in the absolute value by

1
k| — a2

5
|k|2s —a

IV k) = FUON oo m3) x8s < ClIVK[ fu (k) — F U oo 3y XBs-

Therefore, the L2(R?) norm of (3.8) can be bounded from above by
ClIVklfutk) = fF®lloegsy > 0, n — 00

by virtue of Lemma 3.4 of [18] under the given assumptions. This yields that
un (x) = u(x)in L2(R3) as n — oo whena > 0 with s € (0, 1).

4 Auxiliary Results

The following technical lemma is useful for proving the solvability in the sense of
sequences in our theorems. Note that its parts a) and b) were established in Lemma 6
of [29].

Lemma 4.1

a) Let f(x) € L2 (R?), d € Nand xf(x) € L'(R?). Then f(x) € L'(R?).

b) Letn € N, f,(x) € LERY), d € N, such that f,(x) — f(x) in L*R?)
asn — oo. Let xf,(x) € LY (R?), such that Xfu(x) = xf(x) in L' (R?) as
n — oo. Then f,(x) — f(x)in L'RY) asn — oc.

¢) Let f(x) € LEAR?), d € Nand x> f(x) € L"(RY). Then xf(x) € L' (RY).

d) Letn € N, f,(x) € L2 R?), d € N, such that f,(x) — f(x) in L*(R?) as
n — oo. Let x? f,(x) € LY(RY), such that x> f,(x) — x>f(x) in LY (R?) as
n — oo. Then xf,(x) — xf(x) in L'(RY) as n — oc.

Proof To prove the part c) of the lemma, we express the norm ||xf (x) || 1(ga) as

/ 1IXIIf(X)Iﬂth/|| 1IXIIf(X)IdXS/|| 1IJ‘()C)I61)C+/|| 1lezlf(X)IdX-

This sum can be easily bounded from above via the Schwarz inequality by

£ GOl gy 1BY) + IX2F GO 1 sy < 00
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as assumed. Let us complete the proof of the lemma with establishing its part d).
Clearly, the norm ||x f, (x) — xf (x) || L1(re) can be written as

/ 1|x||fn(x)_f(x)|dx+/ X[ fu(x) = f(x)ldx <

[x|>1

S/II 1|fn(x)—f(x)|dx+/|| 1|x|2|fn(x)_f(x)|dx-

By means of the Schwarz inequality this sum can be trivially estimated from above
by

I fon(x) — f<x>||Lz<Rd>\/ |BY| + [|x fu (x) — x> fF ()| 1 ey = 0, n— 00

due to our assumptions.
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