Chapter 13 ®

Check for
updates

Spectral Theorem for Unitary
Operators

The spectral theorem for unitary operators is a particular case of the spectral
theorem for bounded normal operators proved in Chapter 11. However, as in the
complex case, the spectral theorem for unitary operators can be deduced from the
quaternionic version of Herglotz’s theorem proved in [16]. The spectral theorem
for unitary operators based on Herglotz’s theorem was proved in [14].

13.1 Herglotz’s Theorem in the Quaternionic Setting

We recall some classical results and also their quaternionic analogues, which will
be useful in proving a spectral theorem for quaternionic unitary operators. We
need to recall some classical results in order to prove the quaternionic version of
Herglotz’s theorem.

Theorem 13.1.1 (Herglotz’s theorem). The function n — r(n) from Z into C**¢
is positive definite if and only if there exists a unique C**®-valued measure | on
[0, 27] such that

r(n) = /0 Tremtd,u(t), n € 7. (13.1)

Theorem 13.1.2. Let p and v be C***-valued measures on [0, 2x]. If

2m 2m
/ emdu(t) = / e™du(t), ne€z,
0 0

then = v.

In the above theorems we used the imaginary unit ¢ for the complex plane.
Given P € H*** there exist unique P, P> € C5*® such that P = P; + P»j. Recall
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the bijective homomorphism y : H*** — C2%2% given by

xP = ho Dy ,  where P = P; + P3j. (13.2)
—-Py Py

Definition 13.1.3. Given an H-valued measure v, we may always write v = 11 +v97,

where 11 and v, are uniquely determined C-valued measures. We call a measure
dv on [0,27] g-positive if the C**2-valued measure

= (”1 ”2> . where v3(t) = 1, (2m — ), t € [0,27], (13.3)
Vy V3
is positive and in addition,
vo(t) = —1a(2r —t), t¢€[0,2n].
Remark 13.1.4. If v is g-positive, then v = vy + 57, where v is a uniquely
determined positive measure and v is a uniquely determined C-valued measure.

Remark 13.1.5. If » = (r(n)),ez is an H-valued sequence on Z such that

r(n) = /027r e™du(t),

where dv is a g-positive measure, then r is Hermitian, i.e., r(—n) = r(n).

The following result is a particular case of [16, Theorem 5.5] (H®***-valued
positive sequences for s > 1 were also considered in [16]).

Theorem 13.1.6 (Herglotz’s theorem for the quaternions). The function n — r(n)
from Z into H is positive definite if and only if there exists a unique g-positive
measure v on [0, 2w] such that

2
r(n) :/0 emtdu(t), n€Z. (13.4)

Proof. We give the proof for the general case. Let (r(n)),ecz be a positive definite
sequence and write 7(n) = r1(n) + r2(n)j, where r1(n),ra(n) € C** n € Z.
Put R(n) = xr(n), n € Z. It is easily seen that (R(n)),cz is a positive definite
C25*25_valued sequence if and only if (r(n)),ez is a positive definite H***-valued
sequence. Thus by Theorem 13.1.1, there exists a unique positive C2**2*-valued
measure g on [0, 27] such that

2m
R(n) :/ e™du(t), n€Z. (13.5)
0
Write

Cs Cs
o= (Mil M12> e - @ .
M1  H22 Cs Cs



13.1. Herglotz’s Theorem in the Quaternionic Setting 257

It follows from

and (13.5) that

2 27
ri(n) = / e duyy (t) = / e gy (t), n €7,
0 0

and hence ) )

/ eintdull(t) = / eintd,[_tgg (27T - t), n e 7.

0 0
Thus, Theorem 13.1.2 yields that duq1(t) = dfiaz(2m —t) for ¢ € [0, 27). Similarly,
27 ) 2m )
ro(n) = / e duqa(t) = —/ e~ dup (), nei,
0 0

and hence

2r 2m

/ e dua(t) = / e (—dua(2r —t)7), nez.
0 0

Thus, Theorem 13.1.2 yields that duia(t) = —duia(2m — )T for t € [0, 27).
It is easy to show that

(1. =it R ( ;) =20,

and hence (13.5) yields

27 .
; i dpay (t) + dpaa(t)j >
2 — wnt _ aptnt )
r(n) /0 (e ge) (duu(t)* + dpzz(t)]
2r 2T 2 )
= / emtdﬂn(t)+/ €mdﬂlz(t)j—/ e~ M dpna(t)"
0 0 0
27 )
+ / e dfiga(t)
0
2T 2r 2r
= / emtd,un(t) +/ 6’"tdu12(t)j 7/ 6mtdu12(27r - t)Tj
0 0 0

2T
—|—/ eintdﬂgg(zﬂ' - t)
0

2 27
= 2/ eintdﬂ,ll(t) + 2/ eintdﬂlz (t)], n € Z,
0 0

where the last line follows from duy1(t) = dfioa(2m —t) and du12(t) = —dur2(2m —
)T If we put v = p11 + pi12j, then v is a g-positive measure that satisfies (13.4).
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Conversely, suppose v = 11 + 1] is a g-positive measure on [0, 27] and put
2w )
r(n) :/ etdy(t), neZ.
0
Since v is g-positive,

W= (Vi VQ) ,  where dvs(t) = din (2r — t), t € [0, 2m),
Vo Vs

is a positive C%**?_valued measure on [0, 27] and
dy(t) = —dn(2r — )T, t € [0,2m).

Since p is a positive C2**25-valued measure, (R(n)),cz is a positive definite

C?$*25_yalued sequence, where

2
Rwi= [ emdu(t), ez,
0

Moreover, R(n) can be written in the form

where

Thus, R(n) = xr(n), where

27
rln) = i) +ra()j = [ e™au(e),
0
Since (R(n))nez is a positive definite C2*2$-valued sequence, we get that
(r(n))nez is a positive definite H***-valued sequence.
Finally, suppose that the g¢-positive measure v were not unique, i.e., that
there existed © such that 7 # v and

2 2
r(n) = / e™du(t) = / e™di(t), n €.
0 0

Write v = 11 + 1) and U = D7 + o) as in Remark 13.1.4. If we consider R(n) =
x7(n),n € Z, then it follows from Theorem 13.1.1 that vy = 7; and vy = 5 and
hence that v = I, a contradiction. O
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Remark 13.1.7. For every i € S, there exists j € S such that ij = —ji. Thus,
H = C; & C;j, and we may rewrite (13.4) as

2m
r(n) :/0 e™du(t), ne€z, (13.6)

where v = vy + 1] is a ¢g-positive measure (in the sense that

vy 2
=1
Vo Vs

is positive). Here v3(t) = v1 (2w — t).

For our purpose the scalar case will be important.

13.2 Preliminaries for the Spectral Resolution

We start with a preliminary result.

Lemma 13.2.1. Let U be a unitary operator on H and let ry(n) = (UMz,z) for
x € H. Then ry = (r5(n))nez s an H-valued positive definite sequence.

Proof. If {pog,...,pn} C H, then

] =

N
> Pmre(n —m)p, =

P (U™ "2, 2)pp

m,n=0 m,n=0
N
= Z (U™ 2Dy, TDm)
m,n=0
N
= Y (U apn,U™apm)
m,n=0
N N
= <Z U xpp, Z U™ xpm)
n=0 m=0
N 2
= Z Ulzp,| > 0.
n=0
Thus, r, is a positive definite H-valued sequence. O

Let r, be as in Lemma 13.2.1. It follows from Theorem 13.1.6 that there
exists a unique g-positive measure dv, such that

rz(n) = (Utz,x) = /0 ! e™dv,(t), neZ. (13.7)
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One can check that

Uz, y) = U"(z+y)z+y) —U"(x—y),z—y) (13.8)
+ (U™ (x + yi),x + yi)
— i(U™(x — yi), x — yi) + (U™ (@ — yj), x — yj)k (13.9)
—(U™(x +yj), z + yj)k
+ (U™(x + yk),z + yk)k — (U™ (xz — yk), z — yk)k, (13.10)

and hence letting
Qg 1= Vpgy — Vp—y + Waiyi — Wa—yi + We_yik — Vg yyk
+ V:z:+ykk — Uw,ykk‘, (13.11)
then )
Uz, y) = / e™dv, ,(t), x,y€Handn€Z. (13.12)
0
Theorem 13.2.2. The H-valued measures v, ,, defined on B([0,2n]) enjoy the fol-
lowing properties:
(1) Vya+yB,z = Vo200 + Vy,z/Ba a, B € H;
(11) Ve yatzB = dl/a:,y + Byw7za CY,,B € (Ci;
(iif) vz,y ([0, 27]) < [l[l[lyll;
where x,y,z € H and o, € H.
Proof. Formula (13.12) yields

27
/ ei"tduwa+y@7z(t) ={U"z,z)a+ Uy, 2)8
0

2m
= / e (dv, () +dv, . (t)B), n€Z.
0

The uniqueness of the g-positive measure proved in Theorem 13.1.6 allows us to
conclude that
VoatyB,z(t) = Vo z () + 1y, (8) 8,
and hence we have proved (i). Property (ii) is proved in a similar fashion, observing
that &, 8 commute with e*™.
If n=01in (13.12), then

2T

(woy) = | dvey(t) = vay ((0.27]),

and thus we can use an analogue of the Cauchy—Schwarz inequality (see Lemma
5.6 in [33]) to obtain
Vay([0, 27]) < [|z[|[|y]l,

and hence we have proved (iii). O
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Remark 13.2.3. In contrast to the classical complex Hilbert space setting, v, ,
need not equal 7 ;.

It follows from statements (i), (ii), and (iii) in Theorem 13.2.2 that ¢(z) =
Vzy(0), where y € H and o € B([0,27]) are fixed, is a continuous right linear
functional. Moreover, an analogue of the Riesz representation theorem (see Theo-
rem 6.1 in [33] or Theorem 7.6 in [47]) gives that corresponding to every z € H,
there exists a uniquely determined vector w € H such that

¢(x) = (z, w),

ie., vy y(o) = (x,w). Use (i) and (ii) in Theorem 13.2.2 to deduce that w =
E(0)*y. The uniqueness of E follows readily from the construction. Thus, we have

Vg (o) = (E(o)z,y), z,y€ H and o € B([0,27]), (13.13)
whence

<U"m7y>:/0 Trei"t(dE(t)x,y>. (13.14)

To prove the main properties of the operator F we need a uniqueness result
on quaternionic measures that is a corollary of the following:

Theorem 13.2.4. Let i and v be C-valued measures on [0, 2x]. If

2 2
r(n) = / edu(t) = / e™dv(t), nez, (13.15)
0 0

then p = v.
Proof. See, e.g., Theorem 1.9.5 in [186]. O
Theorem 13.2.5. Let i and v be H-valued measures on [0, 2x]. If

27 27
r(n) = / emdu(t) = / e™dv(t), nez, (13.16)
0 0

then u =v.

Proof. Write r(n) = ri(n) + re(n)j, p = p1 + p2j, and v = vy + voj, where
r1(n),r2(n) € C and 1, po, v1, 2 are C-valued measures on [0, 2. It follows from
(13.16) that

2m 2m
ri(n) = / e™duy (t) = / emtdui(t), n€Z,
0 0

and ) )
ro(n) = / e duy(t) = / e™duy(t), n€Z.
0 0

Use Theorem 13.2.4 to conclude that u; = vq, us = vo and hence that y =v. O
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Theorem 13.2.6. The operator E given in (13.13) enjoys the following properties:
() [[E(@)] < 1;

(ii) E(@) =0 and E(]0,27]) =T,

(iii) Ifon7T =0, then E(c UT) = E(0) + E(7);
() B(on7) = E(0)E(r);

(v) E(0)* = E(0);

(vi) E(o) commutes with U for all o € B([0, 27]).

Proof. Use (13.13) with y = E(o)z and (iii) in Theorem (13.2.2) to obtain
1E(@)z|* < ][l E(o)=ll,

whence we have shown (i). The first part of property (ii) follows directly from the

fact that v, ,(0) = 0. The last part follows from (13.14) when n = 0. Statement

(iii) follows easily from the additivity of the measure v, ,.
We will now prove property (iv). It follows from (13.14) that

2
W) = [ entemt B (s,
0
= (U"(U™z),y)
2
= / e A(Bt)U™x,y).
0
Using the uniqueness in Theorem 13.2.5 we obtain
™ d(B(t)r,y) = (dE()U™z,y),
and hence denoting by 1, the characteristic function of the set o, we have
2T )
| 10 @B ©m ) = (B@)U".).
0
But
2w ) 2r
/ L, (t)e"™ (dE(t)z,y) = (Urz, B(0)"y) = / ™ d(E(t)z, E(0)"y).
0 0
Using the uniqueness in Theorem 13.2.5 once more, we get
Lo (t)d{E(t)x, y) = (dE(t)z, E(0)"y)

and hence

/O "L ()L ()2, y) = (B, E(0)*y)
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and thus
(E(cNT)z,y) = (E(0)E(T)z,y).

Property (v) is obtained from (iv) by letting o = 7.
Finally, since U is unitary, one can check that

{UxxU"y),z 2+ U"y) = (UUx +y), Uz +y),

and hence from (13.12) and the uniqueness in Theorem 13.2.5 we obtain vy 4y, =
VUz+y- Similarly,

VetU*yi = VUz+tyis

VetU+ryj = VUz4yj»

and
Vep4tU*yk = VUz4yk-
It follows from (13.11) that
Vy Uxy = VUz,y-
Now use (13.13) to obtain

(E(0)z,U%y) = (E(0)Ux,y),

ie.,

(UE(o)z,y) = (E(o)Uz,y), =,y €H. O

Given any quaternionic Hilbert space H, there exists a subspace M C H on
C such that for every x € H we have

T =x1+ x2j, T1,T2 € M.

Theorem 13.2.7. Let U be a unitary operator on a quaternionic Hilbert space H
and let E be the corresponding operator given by (13.13). E is self-adjoint if and
only if U : M — M, where M is as above.

Proof. If E = E*, then it follows from (13.13) that v, , = 7 , for all z,y € H. In
particular, we get v, , = Uy 4, i.€.,

Uy = Uy, «€H. (13.17)

Since v, is a g-positive measure, we may write v, = a, + B.j, where «a; is a
positive Borel measure on [0, 27] and §, is a complex Borel measure on [0, 27]. It
follows from (13.17) that

ﬁm:_ T

i.e., Bz = 0. Thus, we may make use of the spectral theorem for unitary operators
on a complex Hilbert space (see, e.g., Section 31.7 in [163]) to deduce that U :
M — M. Conversely, if U : M — M, then the spectral theorem for unitary
operators on a complex Hilbert space yields that £ = E*. O
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If U : H* — H" is unitary, then (13.14) and Theorem 13.2.6 assert that
U= e'p, (13.18)
a=1

where 01,...,0, € [0,27] and P, ..., P, are oblique projections (i.e., (P,)* = P,
but (P,)* need not equal P,). Corollary 6.2 in Zhang [199] asserts, in particular,
the existence of V' : H" — H" that is unitary and 64, ...,0, € [0,2x] such that

U = V*diag(e,. .., e")V. (13.19)

In the following remark we will explain how (13.18) and (13.19) are consistent.

Remark 13.2.8. Let U : H® — H"” be unitary. Let V and 64, ...,6, be as above. If
we let e, = (0,...,0,1,0,...,0)7 € H", where the 1 is the ath position, then we
can rewrite (13.19) as

U= z": V*ellee etV

a=1

Note that V*e'ae,efV = e¥aV*e e’V if and only if V : C* — C™. In this case
U:C"—C" and .
U= Z e p,,
a=1

where P, denotes the orthogonal projection given by V*e®ae e’ V.

Remark 13.2.9. Observe that in the proof of the spectral theorem for U™ we have
taken the imaginary units ¢, j, k for the quaternions and we have determined
spectral measures (dE(t)x,y) that are supported on the unit circle in C;. If one
uses other orthogonal units i/, 7/, and ¥’ € S to represent quaternions, then the
spectral measures are supported on the unit circle in C;.

Observe that (13.14) provides a vehicle to define a functional calculus for
unitary operators on a quaternionic Hilbert space. For a continuous H-valued
function f on the unit circle, which will be approximated by the polynomials
>k € ay,. We will consider a subclass of continuous quaternionic-valued functions
defined as follows, see [142]: It is important to note that every polynomial of the
form P(u+ jv) = >} _o(u+ jv)"an, a, € H is a slice continuous function in the
whole of H. A trigonometric polynomial of the form P(eft) = 7" eIma,, is

m=—n

a slice continuous function on dB, where B denotes the unit ball of quaternions.

Let us now denote by PS(os(T')) the set of slice continuous functions f(u +
i) = au,v) +if(u,v), where a, 8 are polynomials in the variables u, v.

In the sequel we will work in the complex plane C; and we denote by T; the
boundary of B N C;. Any other choice of an imaginary unit in the unit sphere S
will provide an analogous result.
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Remark 13.2.10. For every i € S, there exists j € S such that ij = —ji. Bearing in
mind Remark 13.1.7, we can construct VJ(CJ; such that (13.12) can also be written

as

2m
(U'z,y) = /0 e™dv{)(t), w,y€Handn e Z (13.20)

Consequently, (13.14) can be written as

2m
W)= [ e 000 (13.21)
0
where F; is given by
Vgﬂ)/(o-) = <Ej(0')l‘,y>, x,Yy S H and NS B(Tz)

Moreover, the E; satisfy properties (i)—(v) listed in Theorem 13.2.6.

13.3 Further Properties of Quaternionic Riesz
Projectors

An axially symmetric set ¢ C og(7T) that is both open and closed in og(T) in its
relative topology, is called an S-spectral set. Denote by 2, an axially symmetric
domain that contains the spectral set o but not any other points of the S-spectrum.
We recall the Riesz projectors

1

Plo) = —
21 Jaa,nc;)

S (s, T)ds;

and the fact that P(o) can be given using the right S-resolvent operator Sgl (s, 1),
that is,
1

Plo) = —
21 Ja,ncy)

ds; Syt (s, T).

We have the following properties.

Theorem 13.3.1. Let T be a quaternionic linear operator. Then the family of op-
erators P(o) has the following properties:

(ii) TP(o) =P(o)T;

(iii) P(os(T)) =T;

(iv) P(0) =0;

(v) P(oUd) =P(o)+P(0); ond=>0;
(vi) P(ond) =P(o)P(9).
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Proof. Properties (i) and (ii) are proved in Theorem 4.1.5. Property (iii) follows
from the quaternionic functional calculus, since

1
T = — Sgl(s,T)dsj s™,  m € Ny,
21 Jaanc;)

for og(T) C Q, which for m = 0 gives

1
I=_— S (s, T)ds;.
21 Joane,) - ’

Property (iv) is a consequence of the functional calculus as well.
Property (v) follows from

1
PloUs) = — / S71 (s, T)ds;
21 Ja(@,usnc;)

_1
21 Ja,nc;)
=P(o) +P(9).

1
S (s, T)ds; + / S; (s, T)ds;
27 8(Q51C;)

To prove (vi), assume that o N # @, and for simplicity set

Qu(p)™" = (p* — 2Re(s)p +[s[*) ", p ¢ Is],

and consider

P(a)P( ds;Si'(s.7) [ ] Ty,
(QsNC;)

3(Q2,NC;)

/ [Sz'(s,T) = S (0, T)]pQs(p) ™ dp;
9(Q2sNCy) 8(QsNC;)

/ dsy [ SIS T) — S T 0)
(277) a(2,NC;) 8(QsNC;)

where we have used the S-resolvent equation (see Theorem 3.1.15). We rewrite
the above relation as

—_L S 3 -1 s _ q—1 s -1 )
POPO) =~z [ s [ SR )~ S5 Tl

1 _ _ _

bl / ds,; / 557 (. T) — 57" (0. T)p) Qu(p)~dp;
(2m)? Jaa,nc,) a(2sNC;)

=0+ Js.



13.3. Further Properties of Quaternionic Riesz Projectors 267

Moreover, we have

1 _ _ _
Ti=rs [ s [ ST - SR (s D)
(2m) a(Q,NCy) 3(QsNCy)
1
=— ds;Spt(s,T), fors€ QsNC,
21 Joa,nc;)
1

= — 521(57T)alsj7 for s € Qs N C;,
21 Jaa,nc;)

while J1 = 0 when s € Q25 N C;, since
[ SR~ S s Tl Qu) s =0
(Q2sNC;5)

Similarly, one can show that

1

T o

ML / SL_l(p7 T)dp;, forpe Q,NC,,
(QsNC;)

while J> = 0 when p € Q, NC;. The integrals [J;, J> are either both zero or both
nonzero, so with a change of variable we get

1
T+ Ja= */ S (r, T)dr; = P(o N ). O
21 Jo(,050C5)

We recall that if U is a unitary operator on H, then the S-spectrum of U
belongs to the unit sphere of the quaternions; see Theorem 9.2.7. We denote the
Borel sets in [0, 271] by B([0, 27]).

Lemma 13.3.2. Let x,y € H and let P(o) be the projector associated with the
unitary operator U. We define

My y(0) = (Plo)z,y), =z, yeH, occB([0,2n]).

Then the H-valued measures my ,, defined on B([0,27]) enjoy the following prop-
erties:

(1) Maatys,z = Me 0 +my .0
(i) Mayatep = OMay + BMg.2;
(iif) 1124, ([0, 27]) < [[|[|yl;

where x,y,z € H and o, € H.

Proof. Properties (i) and (ii) follow from the properties of the quaternionic scalar
product, while (iii) follows from Property (iii) in Theorem 13.3.1 and the Cauchy—
Schwarz inequality. O
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13.4 The Spectral Resolution

We are now in a position to prove the spectral theorem for quaternionic unitary
operators.

Theorem 13.4.1 (The spectral theorem for quaternionic unitary operators). Let U
be a unitary operator on a right linear quaternionic Hilbert space H. Let i,j € S,
i orthogonal to j. Then there exists a unique spectral measure E; defined on the
Borel sets of T; such that for every slice continuous function f € S(og(U)), we
have
27 )
fU) = ; FleM)dE;(t).

Proof. Let us consider a polynomial P(t) = Y." _ e qa,, defined on T;. Then
using (13.21), we have

21T
(U™, y) = / UAE, (), y), @y, € He
0

By linearity, we can define

2m
(P(U)z,y) = |  P(")(dE;(t)z,y), x,y.€H.
0
The map ¥ : PS(os(U)) — H defined by ¢y (P) = P(U) is R-linear. By

fixing a basis for H, e.g., the basis 1,7, j/, k', each slice continuous function f can
be decomposed using intrinsic functions, i.e., f = fo + fii’ + foj’ + f3k' with
fe € Sr(os(U)), £ =0,...,3. For these functions the spectral mapping theorem
holds; thus fi(os(U)) = os(fe(U)), and so ||fe(U)]] = | fellco. The map 9 is
continuous, and so there exists C' > 0, which does not depend on ¢, such that

P < P(t)].
[Pl < C max |P(2)

A slice continuous function f € S(og(U)) is defined on an axially symmetric
subset K C T, and thus it can be written as a function f(e’*) = a(cost,sint) +
jB(cost,sint). By fixing a basis of H, e.g., 1,4, j', k¥, f can be decomposed into four
slice continuous intrinsic functions fy(cost,sint) = ay(cost,sint)+jSe(cost,sint),
£=0,...,3,such that f = fo + fii’ + foj’ + f3k'.

By the Weierstrass approximation theorem for trigonometric polynomials,
see, e.g., Theorem 8.15 in [183], each function f; can be approximated by a se-
quence of polynomials

Ryp = Gon(cost,sint) + jggn (cost,sint),

¢ =0,...,3, which tend uniformly to f;. These polynomials do not necessarily
belong to the class of the continuous slice functions, since ayy,, bg, do not satisty,
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in general, the even and odd conditions of slice continuous functions. However, by
setting

aen (u, U) = %(dén(% v) + e (u, —v)),
ben (u,v) = %(Egn(u, —v) — Ben(uw))a

we obtain that the sequence of polynomials ay,, + j'be, still converges to f;, £ =
0,...,3. By putting Ry, = ag,(cost,sint)+jbe,(cost,sint), £ =0,...,3,and R,, =
Ry + Ri,t' + Ra,j’ + R3nk’ we have a sequence of slice continuous polynomials
R, (e7t) converging to f(e’!) uniformly on R.

By the previous discussion, {R,(U)} is a Cauchy sequence in the space of
bounded linear operators, since

[Bn(U) = R (U)|| < € max [Ry(t) — Ru(t)];
teos(U)

so R, (U) has a limit, which we denote by f(U). O

Remark 13.4.2. Fix j € S. It is worth pointing out that f(u + jv) = (u+ jv)~!is
an intrinsic function on C; N B, where 0B = {¢q € H : |¢| = 1}, since

£ ) m —v ,
u+ jv) = + )
J u? + v? u? + v? J

Thus, using Theorem 13.4.1, we may write

2m
U*lz/0 e "dE;(t) (13.1)

and )
U= / e"dE;(t). (13.2)
0

We are now ready to prove the following fundamental result, which shows
the relation between the spectral measures and the S-spectrum.

Theorem 13.4.3. Fiz i,j € S, with ¢ orthogonal to j. Let U be a unitary operator
on a right linear quaternionic Hilbert space H and let E(t) = E;(t) be its spectral
measure. Assume that o%(U) N C; is contained in the arc of the unit circle in C;
with endpoints tg and t1. Then

P(a%(U)) = E(t1) — E(to).

Proof. The spectral theorem implies that the operator Sgl(s, U) can be written

as
2m

Spl(s,U) = ; Spt(e™, s)dE(t).
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The Riesz projector is given by

1

P =5 [ anSi D),

where () is an open set containing 02 (U) such that (29 NC;) is a smooth closed
curve in C;. Write

2w

POSO) = 55 | e 2] SR a8 0)

and use Fubini’s theorem to obtain

m@amzlf(él%wm@ﬁ;@ﬂgﬁmw

It follows from the Cauchy formula that
1

— dsiSp (e, 8) = 1111,
1t B(Q0NCs) R [to,t1]

where 1y, ¢,] is the characteristic function of the set [to,¢1], and thus the statement
follows, since

271
P(od(U)) = / 1 ) dE(t) = E(ty) — Blt2). O

We will close by establishing a connection between the spectral resolutions for
a unitary operator presented in Theorem 11.2.1 and Theorem 13.4.1. Let U € B(H)
be unitary. Since U € B(#) is normal, we may write

U=A+JB,

where A, J, and B are as in Theorem 9.3.5. Thus, Theorem 11.2.1 asserts the
existence of a spectral measure F (in the usual sense) on  := [0, 7] Nog(U) such
that if n € Z, then

(U"x,y):/Qcos(nG)d<E(9)x,y>+/ﬂsin(n9)d<JE(9)x7y>, x,y € H. (13.3)

On the other hand, Theorem 13.4.1 asserts the existence of a B(#)-valued measure
F that satisfies most of the properties of a spectral measure (see Theorem 13.2.6)
such that if n € Z, then

2m
Uhz,y) = / e Ad(F(0)x,y), x,y€H. (13.4)
0



13.5. Comments and Remarks 271

Consequently, if we let dv,(0) := d(E(0)z,z) and du,(0) := d{F(0)z,z),
then dv, is a positive measure and du, := dug)) + duzl j is a g-positive measure
(and hence du&o) is a positive measure). Now (13.3) implies that

1 T
§<(U" + UMz, x) = / cos(nf)dv,(6),
0
while (13.4) implies that

%((U” Uz, 7) = /0 " cosn®)dpl® (6).

Since d,uggo) and dv, are positive measures, the uniqueness assertion in Theorem
13.1.1 forces du;(go) = dv, and hence d{E(0)z,z) = Re(F(0)z, z).

13.5 Comments and Remarks

Theorem 13.1.6 is taken from [16], and it helped give rise to a spectral theorem for
unitary operators based on the S-spectrum in [14]. In addition, Theorem 13.1.6
can be used to generate a quaternionic analogue of the Herglotz representation on
a slice (see Theorem 8.1 in [16]). More precisely, if f : B — H is slice hyperholo-
morphic with Re(f(p)) >0 forallpeB:={p e H: |p| < 1} and 4,5 € S with ¢
and j orthogonal, then there exists a C;-valued measure dp;(t) = du (t) +dps(t))
of finite total variation with p; positive and ps signed such that the restriction
[i(2) = flc, = F(2) + G(2)j admits the representation

[i(z) =iImF(0) + ImG(0);] + /0 ! eitj dp;(t). (13.5)

et — z

A half-space analogue of (13.5) was treated in [9] (albeit with stronger conditions
on f and the corresponding measure).
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