Chapter 4 )
Local Hyperbolic/Kinetic Systems in 1D Shethie

4.1 Introduction

The models discussed in Chap.3 assumed that individuals can move in only one
direction, either left or right, depending on the sign of the velocity. Of course,
the individual’s velocity can be density-dependent and change its sign as time
progresses, leading to changes in the movement direction of the whole population.
However, recent approaches in experimental ecology have started to focus on
collecting data on the speed and turning rates of different animals exhibiting
collective behaviours [1-3]. Similarly, studies in cell biology have started to
investigate the individual movement of cells and bacteria, some of which exhibit for
example “run-and-turn” behaviours [4]. These behaviours are similar to the “run-
and-tumble” and ‘“run-reverse-turn” behaviours in bacterial communities [5, 6];
see also Fig.4.1a—c. While the turning events of bacteria are usually random, the
turning events of amoebae cells can exhibit short-term memory with cells having a
tendency of turning away from previous turns [4]; see also Fig.4.1d. The running
speeds, turning rates and turning angles during changes in movement direction of
cells and bacteria can all be measured experimentally [2, 4, 5], thus allowing for
a better quantitative description of cell/bacterial/animal movement. However, when
cells/bacteria/animals interact with conspecifics within a community [7], they might
change their velocity and turning in response to the behaviour of their conspecifics.
This adds another layer of complexity to the dynamics of the whole system, as
individual cell/bacteria/animal behaviours are difficult to predict emergent group-
level behaviours.

A different type of transport phenomena occurs in cellular biology, during
the bidirectional movement of molecules/particles along polarised microtubules
or axons [10-12] (see also Fig.4.2). These particles (e.g., mitochondria, pigment
granules, lipid droplets, viruses [13]) are transported with the help of molecular
motors such as cytoplasmic dynein and conventional kinesin. Usually the kinesin
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Fig. 4.1 Caricature description of three different bacterial movement strategies, and one cell
movement strategy. (a) The “run-and-tumble” strategy, where the turning angle during the
“tumble” is random. This strategy has been observed, for example, in Escherichia coli, Salmonella
typhimurium, Bacillus subtilis [8]; (b) The “run-and-reverse” strategy, where the bacteria undergo
a 180° reorientation. This strategy has been observed, for example, in Shewanella putrefaciens,
Pseudoalteromonas haloplanktis and Deleya marina [8]; (¢) The “run-reverse-flick” strategy,
which combines the run-and-reverse with a random and fast tumble described by the flick. This
strategy has been observed in Vibrio Alginolyticus [8, 9] or in Pseudomonas aeruginosa [5]. (d)
The “run-and-turn” strategy exhibited by crawling cells [4], which is similar to the run-and-tumble
strategy in bacteria. Note the tendency of cells to reverse the turning direction from one step to
another (as emphasised in time steps #2 and ¢5)
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Fig. 4.2 Caricature description of bidirectional movement of particles along a microtubule
filament (or axon), which displays polarity (see the “+” and “—” signs at the end of the

microtubule). The transported particles are bound to (and transported along) the microtubule by
molecular motors such as dynein and kinesin

moves to the microtubules’ “+” end, while the dynein moves to the “—" end [12,
13]. Since many molecules have both types of motors, it has been suggested that
the actual transport could be the results of a “tug-of-war” between molecular
motors for the “+” and “—" directions, with a “pause” state being reached when
a particle has activated both types of motors [12]. The transported particles can
reverse their direction every few seconds, depending on the motors that dominate the
dynamics [12, 13]. This movement-turning behaviour (towards the +/— ends of the
microtubules) gives rise to a biased random walk, which characterises the transport
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of fish and frog pigment granules inside cells, or the transport of adenoviruses and
herpes viruses through the cytoplasm [13].

It should be mentioned that bi-directional movement has also been observed in
various ecological contexts: e.g., during ants movement along pheromone trails [14],
or during pedestrian movement at crosswalks [15] or along corridors [16].

To be able to incorporate the directionality of movement into the 1D math-
ematical models for self-organised biological behaviours (to further investigate
emergent group-level phenomena, also by using available experimental data), one
can split the initial population (#) into two subpopulations of left-moving (1 ™)
and right-moving (u™) individuals (or cells/bacteria/etc.). This leads to systems
of equations describing the movement and interactions of left-moving and right-
moving individuals as they change their direction of travel and/or their speeds.
Because these models incorporate detailed individual-level information regarding
movement directions (left or right), they are in fact kinetic (i.e. mesoscale) models,
being often referred to as “two-speed kinetic models”.

In the following, we review briefly some hyperbolic systems derived to inves-
tigate the movement of organisms in response to local conspecifics. We start with
the simplest hyperbolic models, which assume that left-moving and right-moving
individuals travel at a constant speed and have constant turning rates. Since these
models could not explain the complexities of some observed biological aggregations
(e.g., the splitting and merging of groups, or the increase in population size), more
complicated models have been derived. These new models incorporate density-
dependent turning rates, density-dependent speeds, or reaction terms describing
population growth and decay. Throughout this section, the underlying assumption
is that the behaviour of individuals is influenced only by the local density of their
conspecifics.

As for the one-population models in Chap. 3, one can use a variety of simple
first order and higher order finite difference schemes or finite volume schemes
to discretise and simulate the solutions of these hyperbolic systems. Since the
numerical approaches are similar to those mentioned in Sect. 3.8, we will not discuss
them here again. However, for a more detailed discussion of these various numerical
schemes, see Chap. 7.

4.2 Derivation of Local Models in 1D

The derivation of local hyperbolic models for self-organised movement follows the
classical Goldstein-Kac theory for correlated random walk [17, 18]. This approach
has been reviewed, for example, in [19-21]. In brief, denote by u*(x,t) € R
and 4~ (x,f) € R the densities of right-moving and left-moving individuals at
position x € R and time ¢ € R*. To derive the equations describing the evolution
of these densities, let us first consider the behaviour of an individual organisms
(in a population of size N). Denote by pT(x,t) (p~(x,t)) the probability that a
randomly chosen right-moving (left-moving) individual is found inside the interval
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[x — Ax/2, x4+ Ax/2) at time . These probabilities are defined as follows [22, 23]:

pj:(x 5= 1 /x+Ax/2 Axui(x,t)
x

ut (s, t)ds —> when Ax — 0. (4.1)
N Ji-axp2 N

We denote by Ax and At the space and time steps, respectively. At each time step,
the individual changes direction with probability AT Az (if it was initially moving
right) or A~ At (if it was initially moving left); see also Fig.4.3. This leads to the
following master equations:

PTG, t+AD) =1 =-2TANpT(x — Ax, ) + (W ADp (x + Ax, 1), (4.2a)
p (x,t+ At) = ()C"At)p"'(x —Ax, )+ (1 —A7A)p~ (x + Ax, 1). (4.2b)
Expanding Egs. (4.2) in Taylor series, taking the limits Af, Ax — 0, such that

y = Ax/At, and using (4.1), leads to the following hyperbolic equations for the
evolution of densities of right- and left-moving individuals:

dut out
= 2ATut +r1"u", 43
oy +y x u'+Au (4.3a)
ou~ ou—
- =ATut —A"u". 4.3b
a7 ox “ “ (4.3b)
(a) P (X,t+AD)
—e
t+At
\\7\—
— o
t
X -AX X X+AX
(b) p (X,t+Ab)
F
t+At
7\.+///\
7’ N .R

X-AX X X4AX

Fig. 4.3 The movement and turning behaviour of (a) a right-moving individual, and (b) a left-
moving individual, in response to local neighbours. A right-moving individual can be positioned
at x at time 7 + At, if at the previous time step ¢ it was at x — Ax and kept moving in the same
direction, or it was at x + Ax and moving left, and changed direction at the end of the time step Az.
A similar explanation holds for the movement of a left-moving individual (see (b)). The change in
direction occurs at rates AT
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Here, A* are the constant turning rates, and y is the constant speed. Note that
Eq. (4.1) helps us connect the random movement of an individual (given by the
position probabilities p*(x,t)) to the population distribution (described by the
density functions ut(x,n).

Remark 4.1 As mentioned above, models (4.3) are often referred to as “two-speed
kinetic models”, since they incorporate individual-level characteristics (left and
right velocities £y, and turning probabilities AT) into the description of population
variables. For example, we could have defined ui(x, t) = ui(x, t; y), to make
it more clear that the population densities depend on the discrete speeds +y. We
will return to this aspect in Chap. 6, in the context of 2D kinetic Boltzmann-type
equations that can be reduced in 1D to equations similar to (4.3), by assuming that
the direction angle ¢ can take only two values, £7 (which reduces the continuous
speed/orientation model to a discrete speed/orientation model).

The hyperbolic system (4.3) can be reduced to a 1D telegraph equation by

considering the total population density # = u™ + u~ and the population flow

v =u" —u~. These two variables satisfy the following equations

u ov

=0, 4.4
Jt tr 0x (4.42)
av u

= Au — Apv. 4.4b
Py +v 9 1u 2V (4.4b)

Here, Ay = A~ — AT and A, = A~ + A™. Differentiating Eqgs. (4.4) with respect
to x and ¢, and eliminating the derivatives adtzz;jc and gﬁ (a process known as the Kac

trick [18]) leads to the following telegraph equation:

9%u LA ou 282u u
2 =Y

4.5
at? ot (4.5)

A similar equation (with no drift A} = 0 and with a reaction term) was investigated
by Holmes [19] in the context of population dispersal. Holmes [19] showed that this
telegraph equation can predict dispersal patterns that are very similar to the ones
obtained with parabolic equations.

Remark 4.2 Parabolic equations can be obtained as a limit of Eqs. (4.3), following
a rescale of the speed and turning rates: y = yp/e, A* = Ag/€? (i.e., individuals
travel extremely fast and turn very rapidly), or equivalently a rescale of the space
and time variables: x = x*/e, t = t*/€>. The limit € — 0 applied in the context of
the previous rescaling is known as the parabolic limit.

Remark 4.3 Hyperbolic equations of the form (2.1) (with R(u) = 0) can be
obtained as a limit of these two-speed kinetic equations (4.3), following a slightly
different rescaling: x = x*/e, t = t* /€. The limit ¢ — 0 applied in the context of
the previous rescaling is known as the hydrodynamic limit.
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Fig. 4.4 Solutions of hyperbolic systems transported along characteristic lines, on a finite domain
[0, L]. If the left-moving and right-moving solutions do not interact with each other, they maintain
their shapes until they reach the other end of the domain. Otherwise, the left-moving and right-
moving solutions might change their shapes following interactions with each other

Since the majority of biological populations live in restricted areas, the math-
ematical models that investigate these populations are usually defined on finite
domains [0, L]. For hyperbolic systems, the solutions are transported along the
characteristic lines, and thus the boundary conditions have to be prescribed only
at the points where the characteristics are directed inward [20] (see also Fig.4.4).
Briefly, the three biologically realistic boundary conditions are: Dirichlet conditions
(for domains on which the population density is known at the boundary; including
the case where populations vanish on the boundaries), Neumann conditions (for
closed domains where no individuals/cells/particles can leave) and periodic bound-
ary conditions (for ring domains, or approximations of infinite domains). A detailed
discussion of these boundary conditions and their role on the existence of weak
and classical solutions for system (4.3) can be found in [20, 24]. Similar boundary
conditions can be derived for the corresponding telegraph equations that model
population movement [20]. We will return to these boundary conditions in Sect. 7.3,
in the context of numerical simulations for kinetic and hyperbolic systems.

In the following, we discuss briefly a few examples of hyperbolic models that
have been derived to investigate interactions between prey and predators moving in
opposite directions [25], or the formation and movement of bacterial aggregations,
such as colonies of Myxobacteria [26], colonies of Dictyostelium discoideum [27],
or even the intracellular active transport of particles along microtubules [28]. While
many of these models consider constant speeds and turning rates, a few others
consider turning rates and speeds that are influenced by conspecifics (either directly
through their density, or indirectly through chemical signals produced by these
conspecifics). We will also discuss a few examples of models that have different
reaction terms (i.e., the right-hand-sides of Eqgs. (4.3) do not contain only transition
terms between the left-moving/right-moving states, but also transitions between
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moving/stationary states, as well as birth/death processes). Although we discuss
separately models with density-dependent speeds, density-dependent turning rates,
reaction terms, multiple-population models, as well as first and second order
traffic models, we need to emphasise that many of these models can fall into
multiple categories (e.g., could have density-dependent speeds and reaction terms,
or could be traffic-like models with multiple populations). Also, while a few models
are described exclusively by transport and/or reaction-transport equations, other
models combine reaction-transport equations with parabolic equations or ordinary
differential equations.

4.3 Density-Dependent Turning Rates

Model (4.3) describes the movement of right-moving and left-moving individuals
when their turning rates (A*) are constant. While this assumption is supported by
experimental data on individual cells, bacteria or animals [1-3], it does not tell the
whole story since individuals in a group can also turn in response to interactions with
their neighbours. These interactions can be direct [25, 26, 29], or indirect through
chemicals produced by these neighbours [27, 30].

For the hyperbolic models (4.3) with constant speed and very simple density-
dependent turning rates (e.g., AT ,u”) = 0 and A"(u",u") = u" as
in [25]), it is possible to find exact analytical solutions. For more general models,
however, only numerical and analytical methods (such as existence and asymptotic
results) could be used to investigate the various types of solutions. For example,
Lutscher and Stevens [26] studied the rippling behaviour observed in Myxobacteria
colonies. The hyperbolic model that they used incorporated turning rates that have a
constant random component (@) and a directed density-dependent component (. F):
A = pu+ pFt, ), with uF@wt,u) = 2tanhuu— or pFut,u") =

I +3 )3 (u™)?. First, the authors showed the existence of unique solutions (in

C!) for the local hyperbolic system introduced in [26]. (Note that the proof used
a contraction argument; see also Chap.8.) Then, using analytical and numerical
results, they investigated the role of these nonlinear turning functions u* on the
overall group patterns. For the numerical results, the authors used a first-order
upwind scheme with periodic boundary conditions, as well as a second-order Lax-
Wendroff scheme. The results showed that when the turning functions are equal
and depend only on the individuals moving in the opposite direction (see the
wF(uT, u™) functions above), the model exhibits ripples and moving aggregations
(travelling pulses). These two patterns are shown in Fig. 4.5; see also Table 1.2 for
a description of these patterns.

Very recently, Kang et al. [31] identified parameter regions of global existence
for ripples and waves, and parameter regions of existence of finite-time blow-up
patterns, in a local hyperbolic model with density-dependent turning rates. The
authors used the same model (4.3) with the turning rates given by AT (u™, u™) =
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Fig. 4.5 Reproduction of spatio-temporal patterns observed in [26] for a hyperbolic system of
the form (4.3) with constant speed y and turning rates A= = p + 2tanhu~+/u—. (a) travelling
pulses (or waves); (b) ripples (or standing waves). Panels (i) show the total population density
u = ut +u~; panels (i) show the density of right-moving subpopulation u™; panels (iii) show the
density of left-moving sub-population u™

gw )and A" (ut,u") = g(ut), where

up

gu) =+ , for ueRT. (4.6)

1+ vud

As before, p is a constant spontaneous reversal rate. Parameter p is a rate of
reversal increase for small population densities, while parameter p — g is a rate
of reversal increase/decrease for large population densities [31]. Finally, v describes
a saturation level where the reversal rates stop increasing at the same rates as for
small populations [31]. For specific values of p, g, and p the authors have shown
the existence of nontrivial wave patterns when v € (0, 1/8) U {0}, existence of
finite-time blow-up solutions for v = 0, and stable spatially homogeneous (or
equidistributed [31]) steady states for v € [1/8, 00).

We note that the rippling patterns obtained by Lutscher and Stevens [26], Kang
et al. [31] occurred when individuals changed their movement direction only in
response to conspecific moving in the opposite direction. Actually, this biological
mechanism seems to be crucial for the formation of ripples, as observed in discrete
models [32, 33], parabolic models [34-36], as well as nonlocal hyperbolic models
[37]. (We will revisit this pattern in Chap. 5.) Mathematically, it was shown that the
formation of ripples is associated with Hopf bifurcations [26]. For a review of these
bifurcations see the discussion in Chap. 8.

In contrast to these hyperbolic models where the turning rates depend on the local
density of conspecifics, Hillen and Stevens [27] derived a slightly different model to
investigate the effect of indirect interactions among organisms. These interactions
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were mediated by an external signal S, which was produced by individuals at a rate
a, decayed at a rate 8, and diffused into the environment at a rate D:

ou™ out aS aS
— _t(s, ) + A—( , - 4.7
or T ax <S ax ) TS ax)” (4.72)
u~ du~ as 3S
_ — ﬁ(s, +_ (s, -, 4.7b
ot 4 0x 8x)u ( ax)u ( )
N 9%s
— + 4,
T o = D8x2 + f(S,u™ +u"). (4.7¢)

Here, function £ (S, ut+u~) = —BS+a(u™ +u~) describes the production/decay
of signal S. Moreover, the turning rates depend not only on the signal alone but also
on the gradient of this signal (35/0x), suggesting some long-distance interactions.
Focusing on existence (and uniqueness) results, the authors showed that solutions
exist globally (i.e., there are no blow-up solutions) when signal production is linear
(e, f(S,ut +u~) = aw’ + u")) and the turning rates (AT (S, 3S/dx)) are
bounded. However, blow-up solutions are possible when the production of signal
S is nonlinear (i.e., f(S,u™ + u~) = S’ + u™)). Hillen and Levine [38]
investigated a similar hyperbolic model and showed that for their case, the formation
of blow-up patterns is preceded by the turning rates becoming negative. This causes
the densities u™ to become negative, meaning that the hyperbolic model becomes
unrealistic just before the blow-up [38]. Even if these density blow-up patterns are
not biologically realistic, they can indicate that the investigated organisms tend
to form very dense aggregations. Examples of blow-up solutions are shown in
Figs. 1.10 and 5.22, and discussed in Table 1.2.

Note that these hyperbolic systems could be seen as displaying another type of
pattern: spatially homogeneous solutions with the majority of individuals aligned
in one direction. Since individuals are spread over the entire domain, they do not
actually form heterogeneous patterns. However, because the population can split
into two subpopulations of left-moving and right-moving individuals, this splitting
this could be seen as a type of group pattern. When the majority of individuals are
moving in one direction, this pattern is the precursor of lane patterns observed in
some 2D models [39]; see also Fig. 1.11.

4.4 Analytical Approaches for the Investigation of Patterns:
Stability of Homogeneous States and Travelling Waves
for Models with Density-Dependent Turning Rates

In the following we focus on a simple local hyperbolic model introduced by
Lutscher [29] to describe the alignment of animals in one spatial dimension, and
discuss the stability of spatially homogeneous steady states and the stability of
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waves of perfect alignment (i.e., all individuals are aligned in one direction, causing
the second population to become zero; which is in contrast to the case depicted in
Fig.4.5a, where the second population persists at some very low densities). The
model takes the form [29]

dut out

o TV o = pt u )Wt —u), (4.82)
agt_ -y a:x_ =™, u_)(u_ —u™), (4.8b)

with
@t u) = r ju_)3u+u_ - “2* (4.9)

The first term in the above equation is a density-dependent turning rate (with
a > 0) that leads to alignment, while the second term (with @, > 0) is a constant
random tuning rate. It is clear from Egs. (4.8) that this model can have spatially
homogeneous steady states with ut = u~ = i, or states with u™ # u~ (that
satisfy w(ut,u”) = 0); see Fig.4.6. It was shown in [29] that small spatial
perturbations of spatially homogeneous steady states u™(x,t) = u=(x,t) = u
(e, u* =a+ cae® TR With 0 < cp < 1) lead to a dispersion relation with
eigenvalues given by:

1
R N L

When p, is large, Re(o1,2) < 0 and all modes are stable. However, as we decrease
Iy below a critical threshold p, = ai? /2 all modes become unstable; see Fig.4.7.
(Note that similar dispersion relations, where eigenvalues can be unstable for an

1 Implicit definition of
spatially homogeneous
0.8 steady states, for the
local model introduced in
0.6 (Lutscher, 2002):
+
u
0.4 s -
—u=u
0.2 —u#u
0

0 02 04 0.6 038 1

u

Fig. 4.6 Examples of spatially homogeneous steady states (i.e., states which satisfy du®/dr =
du*/dx = 0)inthe (u™, u~) plane, for the local hyperbolic model (4.8). One can have states with
u™ = u~ (magenta line), or states with u™ # u~ (green curve). Note the symmetry of the steady
states with respect to the u™ <> u~ interchange
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Fig. 4.7 Real part of the dispersion relation as given by (4.10); the red curves describe o, while
the blue curves describe o>. Note that (a) for large u. (e.g., s« = 1.0) all wavenumbers k are
stable, while (b) for small u, (e.g., s« = 0.1) all wavenumbers k are unstable

infinite range of wavenumbers, have been shown to exist in a relatively similar local
hyperbolic system introduced in [40].) This spectral result impacts the existence of
a centre manifold reduction—as it will be discussed in Chap. 8.

Lutscher [29] also showed that simple waves of total alignment (i.e., waves of
the form u™(x, 1) = uf (x —yt) andu™(x,1) = 0,oru™(x,1) =0and u™ (x, 1) =
uy (x + yt)) are linearly stable with respect to the positive cone. To this end, the
author assumed that u* > 0 and u~ = 0, and applied small perturbations w*.

These perturbations satisfy the following linearised system:

P
=a(u)(u w o,
ot v ox
ow™ ow™ _
0 TV g, =a@@Hw (.11

Since the second equation (for w™) decouples from the first equation, one can
integrate it to obtain

d
f w (x, dx = —f a@)ut (x,)*w ™ (x, t)dx <0, (4.12)
dt Jp D
which implies that w™ converges to 0, and thus the simple wave (u* > 0,u~ = 0)

is stable.

To conclude the discussion of the model in [29] we note that the author also
showed that for all initial data ug € L*°(R) there exists a unique mild solution (see
definition below) u® € L®(Rx [0, T)) of the initial value problem, for some 7 > 0.
Moreover, if the initial data is in C¥(R) then all solutions are in CX(R) provided that
u € CK1. The proof of this existence result uses a standard contraction argument
[29] (see also Chap. 8).
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Definition 4.1 A mild solution is a pair of functions (u™, u™) € L®(R x [0, 7))?
that satisfies the following integral equation (obtained by integrating system (4.8)
along the characteristic lines x £yt = const and using a new variable z = zo £ y¢):

ut(z) = u(j)E + /Z wut, Lf)(uJr — Lf)(y)dy. (4.13)

20

4.5 Density-Dependent Speeds

The models mentioned in the previous section assume that the speed is constant,
while the turning behaviour is the result of local alignment interactions. However,
it is well known that some organisms change also their speed in response to
interactions with neighbours [41]. This can lead to an additional equation for the
evolution of the speed.

One of the first generalisations of models (3.1) to two different populations u and
v (or “two-phase” models) was proposed by Bick and Newell [42] in the context of
two-lane traffic:

du 9 ) 4.14
8t+8x(u( —u— Bv)) =0, (4.14a)
ov d

9 T oy (vl = Bu —v)) =0. (4.14b)

Here, 8 > 0 models the changes in the velocities of the two populations as a result
of their interactions. The authors then investigated analytically the possibility of
having shock curves that connect different states.

Chertock et al. [43] derived a local hyperbolic model for pedestrian movement
from a microscopic model on a lattice. The authors considered the probabilities of
left-moving (p; (¢)) and right-moving ( pj (1)) pedestrians to be in a lattice cell x at
time ¢, and defined four different velocities which depend on the presence or absence
of pedestrians in the adjacent lattice cells (at x &= Ax). For example, if right-moving
pedestrians are found in a cell x (i.e., pJ = 1, but p;; Ax = 0), then their velocities
depend on the presence/absence of left-moving pedestrians:

L. velocity=co if p,, = p, 4, = 0 (no left-moving pedestrians in cells at x or
X + Ax),

2. velocity=c; if p;” =1, p,, 4, = 0 (left-moving pedestrians in the cell at x),

3. velocity=c; if p,” = 0, p., 4, = 1 (left-moving pedestrians in the cell at x +
Ax),

4. velocity=c3 if p; = p,, 5, = | (left-moving pedestrians in cells at x and x +
Ax),

with ¢c3 < ¢ ® ¢1 < c¢o. Similar velocities can be defined for left-moving
pedestrians when p = 1 (and their velocities depend on the presence/absence of
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right-moving pedestrians). With these definitions, the probabilities of moving from
cell x to cell x + Ax (for p;) or from cell x to cell x — Ax (for p;) in one time
step At are

PE o an =8t (copt (1= pF 0= P = Pl
+epi (L= pia)pe (L= pria)
+cpi (= pl )0 =P Pias
+e3pl(l - pLAx)p;p;Mx), (4.152)
P ax ZAI<C0P;(1 — P )= pHA=pl )
+eipy (L= p ,)pf (A =pl )
+epy (= p )0 =pHpl 4,

+ ey (L= prp IPE L )- (4.15b)

In the limit Ax, At — 0, this microscale model becomes the following macroscale
model:

u™ 0 + -

oot (rahean) =o, (4.162
du~ el _ )

b= (Faseh) =0, (4.16)

with
fw) =wl—w), gw) = (c3—ca—ci+co)w’+(ca+c1—2co)u+co.  (4.17)

The authors used numerical simulations to compare the dynamics of the microscale
and macroscale models. For the simulation of the macroscopic model, they
employed a semi-discrete, second-order, central-upwind scheme [44], with a
nonlinear “minmod” limiter to avoid oscillations in the reconstruction of the
solution (see a description of this limiter in Chap.7). The simulations showed
that both models could exhibit rippling behaviour, with pulses of left- and right-
moving pedestrians passing through each other. The strength of the slow-down
interactions (which is determined by the values of the velocities cj, j = 0, 1,2, 3)
determines how well the numerics for the microscopic model match the numerics
for the macroscopic model: lower slow-down interactions are associated with an
almost perfect match. Model (4.16)—(4.17) can be non-hyperbolic in some regions
of the parameter space, since the Jacobian matrix

Flahg™)  fuh)g ) )
J = 4.18
(—f(u)g/(bﬁ) C P gt (+-18)
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has real eigenvalues (which ensures hyperbolicity) only if the following condition
holds true:

2
(F@gah) + £/ HgD) =47 f g W)g wh) > 0.

Hence it is possible to have a non-hyperbolic regime for some specific values of
co, ¢1, c2 and c3, for which the above inequality does not hold (and this happens
when the left-moving and right-moving pedestrians were both present at a particular
location in space). In this regime, the solution of the model (4.16) was shown
to exhibit spurious oscillations. To address this numerical problem, the authors
considered also a diffusive correction which described the presence of pedestrians
moving in the opposite directions:

ut 9 + - €0 _du™T
s o (fahewn) = o (s o ): (4.19a)
Buf 8 _ 4 . € a N au,
ar  ox (f(” )8 (u )> = zax(g(u ) o ) (4.19b)

Numerical simulations for this new model showed solutions corresponding to
rarefaction waves and stop-and-go behaviours in pedestrian dynamics [43]; see also
Fig. 1.10b.

Model (4.16) can be generalised to include a desired pedestrian velocity V.
Appert-Rolland et al. [45] proposed a model for two-way one-lane pedestrian traffic
which assumes that pedestrians adapt their speed in response to pressure from their
neighbours:

du™ d (4 + =) —
N +ax(u V= pu*,u )))_0, (4.20a)
u— 0 / _ Lo _
- ax(u V — put,u )))_0. (4.20b)

Here, function p is an increasing function of both ut and u—. Generally, p can be
obtained from the data. However, in [45], the authors propose a particular form
for function p that allows for the investigation of congestion effects (see also
Egs. (3.18)):

pwt u ) =pwt u)=Put+u)+ 0wt u), (4.21a)
Put+u ) =Mu™+u)™, m=>1, (4.21b)
Q°(ut,u") = ¢ d>1, “21c)

1 1 d’
@) (ol = L)
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with g an increasing function. Here, congestion occurs when u™ + u~ — u*. Note
that also for this model there are regions in the parameter space where (4.20) is
non-hyperbolic. As for the previous example, the authors considered a diffusive
perturbation of the model to stabilise the large wavenumbers that arise in the
parameter region where the model is non-hyperbolic. The numerical simulations
(performed with a central difference scheme [46]) have shown the existence of
travelling pulses, where both subpopulations u* travel in the same direction. For
large diffusive perturbations, the dynamics of the system approaches a spatially
homogenous steady state.

A slightly different hyperbolic model with density-dependent speeds (y ™ =
yT(t,0ut/dx) and y~ = y~(u~,du"/dx)) and turning rates (AT = A~ =
A(u™, u™)) was introduced by Lutscher [47]:

dut N (uty (', dut/ox))

=2, u))uT + A, u ), (4.22a)
at ax
ou-  ou"y (u,d0u" /o
gt — (u v (ua u/ x)) =rut, u))ut =2, u)u. (4.22b)
x

The speeds y* depend not only on the local density of individuals, but also on the
gradient of this density. In particular, these speeds satisfy the following additional
elliptic equations

u™ 9%y~ _ _ ou”
o ), B =y —E(u .- o ), (4.23)

= J/+ - E(u+, 3x2

0x2
where E describes an expected speed. If this expected speed is constant (i.e.,
E = y), then the speed of the individuals is also constant (y* = y). Analytical
results were used to discuss the stability of spatially homogeneous steady states.
Numerical simulations were performed only for right-moving individuals, with the
speed satisfying a parabolic equation of the form

+ 2.+ +

fagt —B 383:2 — Y+ E@™, ag’x ). (4.24)

The results showed that model (4.22)—(4.24) can exhibit travelling pulse solutions.
The density-dependent speeds could also be the result of indirect interac-
tions among organisms. These indirect interactions can be mediated by signals
S produced by the organisms themselves: yi = y(S, ‘?,‘f, gf), where S satis-
fies Eq.(4.7¢c) [27]. These signals could also be produced by other sources not
investigated explicitly. Such a situation is common in tumour immunology, where
the tumour-immune interactions are mediated by cytokines produced by various
types of immune cells, not all of them being investigated in the models (see, for
example, the tumour-immune interactions discussed in [48]). Mathematically, this
situation could be modelled by incorporating into Eq. (4.7c) an external source of
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communication signals. In Chap. 5 we will discuss a nonlocal model that considers
such an approach.

A different situation that could be modelled by density-dependent speeds is the
interaction of multiple species, each species influencing directly the velocity of the
other species. To our knowledge, this “cross-advection” mechanism has not received
much attention in the context of hyperbolic systems (although it has been recently
investigated in parabolic models for population dynamics [49]). To model such a
situation, the individuals’ speed would be described by yi(ui, vi), where u* and
vT are the two species. More generally, each species could produce signals S that
would influence indirectly the speed of the other species: yEGS W, vh)).

Finally we note that the organisms’ velocities could also depend on their age (a)
as well as their location in space (x): y = y(a, x) [20]. We will revise this aspect
in the next section, in the context of reaction hyperbolic systems.

We conclude this discussion on density-dependent speeds, by mentioning that in
Sect. 5.8 we will consider a more general situation where the speed of individuals
depends on the density of neighbours located further away (i.e., nonlocal speeds).

4.6 Models that Include Reaction Terms

When the hyperbolic models describe the evolution of organisms over long periods
of time, they incorporate also population dynamics (i.e., birth and death processes).
In this case, one has to be careful when modelling the death terms, since the
left- and right-moving particles (organisms) die as left- and right-moving particles
(organisms). On the other hand, the newly formed particles (organisms) can be
either left-moving or right-moving. For detailed discussions of such models see
[19,20,50-53]. The general equations for reaction-transport models with population
dynamics are

u™ out 1
! +y _— —Atut +aTuT + _mu — gwut, (4.25a)
at ax 2
ou~ ou~ 1
Yyttt S+ mGu — g(wu (4.25b)
ax ax 2

Here u = ut + u~ € R is the total density, m(u) models the production

(multiplication) of particles/individuals/cells, and g(u) models the death of these
particles/individuals/cells. Note that while the production term depends on the total
density u (and the new-born particles/individuals/cells become left-moving or right-
moving with similar probabilities 1/2), the death terms depend on u™ and u~.
These equations have been used, for example, to study animal dispersal [19], or
to model epidemiological problems when the movement of infected individuals can
be described by a correlated random walk process [20, 54].

Solutions for the reaction-transport system (4.25) have been investigated exten-
sively: from existence and uniqueness results [24, 55, 56], to asymptotic behaviour
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of solutions [56, 57] and invariance results [S1]. System (4.25) was also shown to
exhibit travelling front solutions [19, 20, 53, 56, 58, 59]. The minimal speed of the
travelling fronts was proven to depend on the nonlinear functions m(u) and g(u)
[58, 59].

The reaction-transport models (4.25) can be further generalised by adding
density-dependent speeds (y (1)) and turning rates (A% (u)) [60, 61]. Such models
had been shown to exhibit travelling front solutions [61].

Finally, these reaction-transport models could be used to study populations
structured by location in space (x) and age (a > 0) [20], or by some other internal
state (especially relevant in case of cells, where signalling pathways inside cells
influence cells’ movement) [62]. For example, in [20] the authors assumed that age
can influence the speed (y) as well as the turning rates (A%) of organisms:

out out 9 , + 1
T @It A @+ mGu — gt
ot da 0x 2

(4.264)

du=  du  dy(a,x)u” E -
wt @kt — A @+ mu)u — g(uyu.
ox da ox 2

(4.26b)

Here, u™ (a, x, 1) describes the density of left- and right-moving individuals of age
a, positioned at x € R at time ¢ € R*. In contrast to the nonlocal birth term in
model (3.30), here the birth rate does not depend explicitly on age.

In the context of bacterial colonies, Xue et al. [62] considered a hyperbolic
model for the movement of an E. coli bacterial population, coupled with parabolic
equations for the dynamics of chemicals consumed (i.e., aspartate S(x,¢)) and
secreted (i.e., succinate F(x, t)) by cells, and ordinary differential equations for the
dynamics of internal cell variables. The density of left-moving and right-moving
bacterial population is described by functions ui(x, y,z,t). Here [y, z] is an
internal state with variable y describing signal transduction (where the coordinates
vi,i =1, ...q, of this vector represent the concentrations of various proteins in the
cell and receptor states involved in signal transduction) and variable z describing
cellular metabolism (where the coordinates z;, i = 1, 2 include the concentration of
the components in the TCA cycle and ATP). The equations for the evolution of the

internal variables y = (y1, ..., y4) and z = (z1, z2) are [62]:
dyi .
it =f(y,8), i=1,...,q, and f=(f1,..., fy), 4.27)
d F(x,t)—
U i@ ), with g@R) =" 0T (4.28)
dt ty
dz Z1 — 22

=g(z, F), with g(z, F) =

4.29
dt tm ( )
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Here ¢ is the characteristic time scale for the generation of the metabolic variable
71 (e.g., fumarate in the TCA cycle; it is measured in seconds), while 7, is the
characteristic time scale for the generation of variable z, (e.g., associated with the
starving state of bacteria; it is measured in tens of minutes).

The equations for cells’ movement are [62]:

dut  dut &9 N d N

o0 T 0 Ty, (fity. Shu >+,-:1 o (@@ )
=AxW[—ut +u" ]+ k(zu™), (4.30)

U o~ D _ 3 _

o0 "o Ty, (fitw. SHu )+§aa (s (2. Fyu”)
=2t —u" 1+ k@u). 4.31)

It is assumed that bacteria travel with a constant speed s, and the turning frequency
of bacteria depends on the signal transduction variable (A(y)), while the proliferation
rate depends on the metabolic variables (k(z)). Finally, the equations for the
evolution of the two chemicals, aspartate (S) and succinate (F) are [62]:

> s F h * - dyd

s =Dy +ar [ [ et 5on +u” . m)aydz
—,BS//(l—h(12))(u+(y,z)~|—u_(y,z))dydz—yS, (4.32)

dF 3’ F

= Dp —pF f f W) (Wt (v, 1)+ u (v, 2)dydz, (433)

where it was assumed that o, 8 > 0, ¥ > 0 and h(z2) is an increasing function of
72 (e.g., h(z2) = azp). It was shown in [62] that this complex 1D mathematical
model exhibits global weak solutions. This analytical result was complemented
by numerical simulations that have shown stationary aggregations (which were
also very slowly diffusing), and travelling band solutions (i.e., travelling pulses
or rotating waves). It should be noted that for the numerical simulations, the
authors used zero-flux boundary conditions. The hyperbolic equations for bacterial
movement were discretised using an upwind scheme combined with a Van Leer
flux limiting approach to preserve the positivity of solutions. The diffusion terms
were approximated with the help of a central difference scheme. The integral terms
in Egs. (4.32)—(4.33) were discretised using a trapezoidal scheme. For more details
regarding these numerical approaches, see Chap. 7.

The models discussed until now assumed that the individuals/particles/cells are
moving either left (—) or right (+). However, in many situations it is possible to
have also third state, where the individuals/particles/cells are not moving. Such a
class of models was discussed in the review article by Bressloff and Newby [2§],
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in the context of active intracellular transport. Particles moving along a single
microtubular filament (of length L) can be bound to the filament and moving left
(u™) orright (u™), or can be unbound from the filament and (maybe) diffusing (u0);
see also Fig.4.2. The equations describing the dynamics of these different types of
particles could be written as follows:

out dut

ot + v o = —BTut + auy, (4.34a)
u~  du
gt —v aux =—B"u 4+ auop, (4.34b)
9 92
"0 _ pp® M0 L gt ut 4+ BT — 2au. (4.34c)
ot 9x?

In the above equations v € R is the speed of bound left-moving/right-moving
particles, Dy is the diffusion rate of unbound particles, while 8 T cRtanda e R
are the transition rates between the moving and stationary states. Note that in this
model a filament-bound left-moving particle can become right-moving only after
becoming stationary and unbound (i.e., there is no direct transition between u~ <
u, and so the reaction terms are slightly different from those in the models above).
Since this model was defined on a finite domain [0, L], boundary conditions were
included in the model description: for example, a reflecting boundary at x = 0 (i.e.,
u~(0,1) = u™*(0, 1)), and an absorbing boundary at x = L (i.e.,u™ (L, 1) = 0) [28].

This class of models (with/without diffusion for uo and even for u*) for motor-
assisted transport of particles along microtubules/axons have been investigated
analytically and numerically in terms of: finding exact analytical solutions (using
Laplace transforms) [63-65], showing the existence of travelling waves [66], per-
forming numerical simulations for the time-evolution of solutions [63, 65, 67, 68].
Some studies even compared the numerical simulated solutions with experimental
data [67, 68].

4.7 Traffic Models

4.7.1 First-Order Models

Local hyperbolic systems are also used to model traffic or pedestrian flows
characterised by two distinct velocities 12 € R. However, in this case, the
“reaction” terms are actually speed-adaptation terms. A two-velocity model was
first introduced by Ruijgrok and Wu [69] in the context of gas dynamics:

qut ut
u + “ = —aut + Bu~ + Mu+u_, (4.35a)
at 0x

ou~ ou~
Y —aut = Bu — putun, (4.35b)

at 0x
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As opposed to the models in the previous section, where the two velocities were
y1 = —y», here both velocities y > could be positive. The last terms on the right-
hand-side of Eqs. (4.35) describe the transition from velocity y» to velocity y;
following a binary collision with intensity w. If y» > yj, these terms model the
slowing-down process that takes place when a car of velocity y, travels behind a car
with velocity yj.

A different class of multi-equation models describes the heterogeneous traffic
exhibited by multi-groups of drivers (i.e., cars, trucks, or vehicles with different
trips [70]). These types of models (see, for example, [71, 72]) denote by u; (z, x),
i =1,...,n,the density of vehicles in the i-th class of drivers, and by v; (u1, .., u,)
the average speed of the i-th class:

ou; 4 a(u;v;)

=0, i=0,...,n. (4.36)
Jat 0x

As for single-population first-order models, the speed has the general form v; (1) =
Y (i)v}, with v} the maximum speed for drivers in the i-th class, and ¥ (i) a
decreasing function of the total population & = u; + ... + uy,, with ¥ (0) = 1
(or some positive constant) and ¥ (#pgx) = 0 (with w4, the maximum possible
density for the road) [70]. These types of models (with these assumptions on the
speed variable) admit entropy admissible shock wave solutions [70, 72].

4.7.2 Second-Order Models

Similar to the one-population models, the two-population models (for the dynamics
of left-moving/right-moving individuals) can be cast as second-order models by
introducing explicit formulas for the velocity of left-moving and right-moving
individuals. Appert-Roland et al.[45] introduced the following model for the
movement of two pedestrian subpopulations #* € R on one lane:

du™ N Ity

0, 4.37
at ox ( 2)
ou= du v7)
=0, 4.37b
at + ax ( )
dutw™) N dutwtv™) 0 4370)
= J/C
at ax ’
du~w™) Jdu wv)
=0, 4.37d
at + ax ( )
wt =vt 4+ pt,u), (4.37e)

w™=—v +pu,ut). (4.37f)
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As mentioned in Chap.3, where we discussed a similar one-population model,
(vT,v7) € R x R~ describe the actual velocities for the two populations (with
v* > 0 for right-moving individuals and v~ < O for left-moving individuals), while
(wt, w™) € RT x R describe the desired pedestrian velocities in the absence of
any obstacles. Because the offset velocities p(u™, uT) > 0 can be very large (since
p is not bounded; see Chap.3), the actual velocities can reverse their sign. This
way, under the pressure of large right-moving (left-moving) crowds, the left-moving
(right-moving) individuals will reverse direction and will follow the majority of
the population, thus leading to the formation of travelling pulses. The model can
be easily generalised to consider congestion dynamics: u* — u;t, wt — wf,
vE — vF and pu®, ut) — p¢(uE, ul), with p¢ described by (4.21).

Model (4.37) can be further generalised to describe the movement of pedestrians
via multiple lanes. Thus, if one denotes by k the lane index, k = 1,2,... K < oo,
then the model reads [45]:

du A v
k + kY’ _

o = S (4.38a)
du,  Jd(u, v,) _
azk + gx" =S, (4.38b)
Awiw) A wvh)
’gt k2 Tk Bxk k=R, (4.38¢)
Auywy) (g wi vy
(”’5 tw") (”kg”k ) _ R, (4.384)
X
w = vl + prGuf,up), (4.38¢)
w, = —v, + pruy, u,:r). (4.38f)

Here, S,ic and R,fc are source terms that model the transition rates between different
lanes. Generally, pedestrians change lanes from k to k & 1. In [45] the authors
denoted by )»,:;k 4, and A, , ., the transition rates for right-moving and left-
moving pedestrians, and assumed that )»ki_> v+ are decreasing with uj+) = u,fil +
u,, while the rates are zero at congestion: ugtj = u*. With these assumptions,
the transition rates can be written as:

Sk = Mot Ao — (g A1) ug,s (4.39a)
+
RE = Mt Wiy + A wi o — (A T A ) uwys
(4.39b)
o=+, (4.39¢)

Note that model (4.38) does not actually describe the spontaneous segregation of
pedestrians into different lanes. It only describes pedestrian dynamics after the
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lanes are formed. Unfortunately, the authors in [45] do not present any numerical
simulations for these multi-lane models.

4.8 Multiple Population Models

In contrast to the models presented in the previous section (which described
the dynamics of one population formed of left-moving/right-moving individuals
travelling on one lane (4.37) or on different lanes (4.38)), we now consider the
case of multiple populations moving through a one-lane domain. To this end,
we generalise models (4.3)—(4.25) to multiple species by considering a vector
ut = [uF] € R, i = l.n [20, 26]. Here, ui" denotes the left-moving (—) and
right-moving (4-) particles of species i. Such models have been used to investigate
typical species interactions, such as predator-prey, competition, or mutualism [20],
Turing aggregation patterns [52], as well as epidemics spread [54].

As an example, Lutscher and Stevens [26] introduced the following two-
population model to describe the interactions between two cell types that differ in
their turning behaviour (due to different inter-cellular signalling):

i o - o
ot +vy o = —(u 42 ul + (e +A)uy, (4.40a)
agtl_ R aauxl_ = (U +20u) = (20w (4.40b)
agt;r +y aaug =—(u+ qu)u;r + (n+v)uy, (4.40¢)
3(;5 R aauj = (u+vOup = (4 vuy, (4.40d)

where © > 0 is a constant turning rate and AE (u;—L, uzi) and vi(uf, uzi) are the
density-dependent turning rates that result from cell-cell interactions. The authors
also assumed various symmetry conditions in regard to the turning rates (conditions

that affect also the symmetry of the entire system):

AW uy ud uy) = 2F @l uy us,ud), (4.41a)
vi(uf,uf,u;r,u;) =vi(uf,uf,u27,u;r), (4.41Db)
v i@l uy) =v @y, ul), (4.41c)

The authors in [26] investigated the stability of the spatially homogeneous steady
states uf = ¢y and uéﬁ = ¢, and showed analytically that at the bifurcation
point all eigenvalues cross the imaginary axis. Thus, the instability arises via a
Hopf bifurcation. Although the model likely displays rotating waves (i.e., travelling
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pulses—as a result of Hopf bifurcations), no numerical simulations were presented
to confirm the type of patterns obtained with model (4.40).

A somehow similar two-population model was introduced by Watmough and
Edelstein-Keshet [73] to describe the dynamics of ant leaders/pioneers and follow-
ers, in response to the density of a pheromone trail. However, in contrast to the
model in [26], here the hyperbolic equations for the dynamics of left-moving and
right-moving leaders (L*) and right-moving and left-moving followers (F*), are
coupled with an ODE for the degradation and production of pheromones (T'):

AT (x, 1) .
5 =—yT(x,t)+trF(x,1) +7L(x,t), with
F=F"4+F ,L=L"+1L", (4.42)
and
aFt  F*
+v = —€eFt4+al™T —ptFt +p F, (4.43a)
ot 0x
dF~  dF~
—v =—€eF +al T+ p FT—p F~, (4.43b)
ot ax
oLt ALt
+s =eFt —aL™T —ALT + AL, (4.43¢)
ot 0x
oL~ AL~
-5 =€¢F —aL T+ ALY — AL, (4.43d)
ot 0x

In the pheromone equation (4.42) y is the degradation rate, while 77 and 7; are the
production rates. In Eqs. (4.43) for the ants movement, A and p* describe the turning
rates, s and v are the speeds of leaders and followers, while ¢ and « describe the
exchanges between leaders and followers. Note that the pheromone density acts as a
communication mechanisms between leaders and followers (with leaders becoming
followers, at a rate « 7', when they encounter and follow the pheromone trails). The
authors reduced this 5-equation system to a 3-equation system for the total follower
(F) and leader (L) populations, and the density 7' of pheromones. Then they studied
the stability of the spatially-homogeneous steady states displayed by the reduced
model, and used the results to show qualitatively the existence of travelling waves
as heteroclinic orbits connecting the steady states. Numerical simulations confirmed
the existence of these travelling waves.

We decided to present this model for ants movement along pheromone trails,
as a simple example of local communication between different populations via a
chemical produced by the members of both populations. In contrast to the model
by Hillen and Stevens [27] discussed above, where the turning rates depended also
on the gradient of the external chemical (thus suggesting nonlocal interactions via
the chemical signal, among the members of the same population), in model (4.43)
the interactions between the two populations depend on the local density of
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the chemical. In the next chapter we will discuss more complex communication
mechanisms, which can lead to short-range and/or long-range interactions among
individuals (i.e., repulsion, attraction and alignment). In that context, we will
return to the investigation of multiple populations which use different animal
communication mechanisms to interact with each other. Furthermore, in Chap. 6 we
will discuss another model for ant-trail formation through pheromone deposition,
where the pheromone sensing will be assumed nonlocal.

Remark 4.4 The local hyperbolic models presented in these last two chapters form
the basis of modelling directional movement in animal/human communities. More-
over, the majority of models presented here were simple enough to be amenable
to analytical and numerical investigation of the solutions. However, the approaches
taken in these studies did not identify a large variety of patterns displayed by these
local models. It is not clear whether this is the result of an insufficient investigation
of the parameter spaces for these local models, or the models themselves cannot
exhibit more exotic patterns (due to their bifurcation and symmetry structure). In
the next two chapters, the focus will be on hyperbolic/kinetic models that include
nonlocal interactions between conspecifics. Particular emphasis will be on the
complex types of patterns that can be displayed by these nonlocal models. This
way, we aim to emphasise the contribution of nonlocal interactions (as a result of
nonlocal animal-animal and cell-cell communication) to the complex behaviours
observed in animal and cell aggregations.

Remark 4.5 Since many of the models discussed above have been derived using
random walk approaches, they incorporate intrinsically various stochastic aspects
(e.g., random initial positions of particles, transitions between moving/stationary
states governed by Markov processes, etc.; Note that a Markov process is a
stochastic process in which the future is independent of the past, given that we know
the present [74]). For a more in-depth discussion of stochastic processes in relation
to transport equations in cell biology, we refer the reader to [28, 75]. We will return
to the aspect of stochasticity at the end of Chap. 5, where we will discuss the explicit
incorporation of environmental noise into hyperbolic/kinetic models for collective
dynamics.
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