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Abstract We study the uniqueness of solutions to systems of PDEs arising in Mean
Field Games with several populations of agents and Neumann boundary conditions.
The main assumption requires the smallness of some data, e.g., the length of the time
horizon. This complements the existence results for MFG models of segregation
phenomena introduced by the authors and Achdou. An application to robust Mean
Field Games is also given.

Keywords Mean field games - Multi-populations - Uniqueness - Neumann
boundary conditions - Robust mean field games

1 Introduction

The systems of partial differential equations associated to finite-horizon Mean Field
Games (briefly, MFGs) with N populations of agents have the form

—0vg — Avg + Hi(x, Dvg) = Fi(x,m(z,-)), in (0,T) x Q,
ymy — Amy — div(D, Hi (x, Dvg)my) =0 in (0,T) x Q, (1.1)

v(T,x) = Ge(x,m(T, ), m(0,x) =mo(x)in Q, k=1,...,N,
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where the unknown m is a vector of probability densities on 2, F; and Gy
are function of this vector and represent the running and terminal costs of a
representative agent of the k-population, and v is the value function of this
agent. The first N equations are parabolic of Hamilton-Jacobi-Bellman type and
backward in time with a terminal condition, the second N equations are parabolic
of Kolmogorov-Fokker-Planck type and forward in time with an initial condition. If
the state space Q2 € R is not all R?, boundary conditions must also be imposed. In
most of the theory of MFGs they are periodic, which are the easiest to handle, here
we will consider instead Neumann conditions, i.e.,

v =0,  Oymyg +mgDpHi(x,Dvr)-n=0 on(0,T) x 0Q. (1.2)

There is a large literature on the existence of solutions for these equations, especially
in the case of a single population N = 1, beginning with the pioneering papers of
Lasry and Lions [27-29] and Huang et al. [23-25], see the lecture notes [9, 21, 22],
the books [11, 18, 19], the survey [16], and the references therein. Systems with
several populations, N > 1, were treated with Neumann conditions in [12, 15]
for the stationary case and in [1] in the evolutive case, with periodic conditions in
[4, 10].

Uniqueness of solutions is a much more delicate issue. For one population Lasry
and Lions [27-29] discovered a monotonicity condition on the costs F and G that
together with the convexity in p of the Hamiltonian H (x, p) implies the uniqueness
of classical solutions. It reads

/R(F(x,u)—F(x,V))d(M—v)(X)) >0, if pFv (1.3)

and it means that a representative agent prefers the regions of the state space that
are less crowded. This is a restrictive condition that is satisfied in some models
and not in others. When it fails, non-uniqueness may arise: this was first observed
in the stationary case by Lasry and Lions [29] and other counterexamples were
shown by Guéant [21], Bardi [3], Bardi and Priuli [6], and Gomes et al. [20]. The
need of a condition such as (1.3) for having uniqueness for finite-horizon MFGs
was discussed at length in [31], and some explicit examples of non-uniqueness
appeared very recently in [8, 14], and in [5] that presents also a probabilistic proof
and references on other examples obtained by the probabilistic approach.

For multi-population problems, N > 1, there are extensions of the monotonicity
condition (1.3) in [5, 12] and they are even more restrictive: they impose not only
aversion to crowd within each population, but also that the costs due to this effect
dominate the costs due to the interactions with the other populations. This is not the
case in the multi-population models of segregation in urban settlements proposed
in [1] following the ideas of the Nobel Prize Thomas Schelling [34]. There the
interactions between two different populations are the main cause of the dynamics,
and in fact examples of multiple solutions were shown in [1] and [15] for the
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stationary case and in [5] for the evolutive one. Therefore a different criterion giving
uniqueness in some cases is particularly desirable when N > 1.

A second regime for uniqueness was introduced in a lecture of P.L. Lions on
January 9th, 2009 [31]: it occurs if the length T of the time horizon is short
enough. To our knowledge Lions’ original argument did not appear in print. For
finite state MFGs, uniqueness for short time was proved by Gomes et al. [17] as
part of their study of the large population limit. For continuous state, an existence
and uniqueness result under a “small data” condition was given in [25] for Linear-
Quadratic-Gaussian MFGs using a contraction mapping argument to solve the
associated system of Riccati differential equations, and similar arguments were used
for different classes of linear-quadratic problems in [32, 36]. The well-posedness
when H (x, Dv) — F(x,m) is replaced by eH(x, Dv, m) with ¢ small is studied in
[2], and another result for small Hamiltonian is in [35] for nonconvex H.

Very recently the first author and Fischer [5] revived Lions’ argument to show
that the smoothness of the Hamiltonian is the crucial property to have small-time
uniqueness without monotonicity of the costs and convexity of H, and gave an
example of non-uniqueness for all 7 > 0 and H(x, p) = |p|. The uniqueness
theorem for small data in [5] holds for N = 1 and 2 = R? with conditions on the
behaviour of the solutions at infinity.

In the present paper we focus instead on N > 1 and Neumann boundary
conditions, which is the setting of the MFG models of segregation in [1]. The new
difficulties arise from the boundary conditions, that require different methods for
some estimates, especially on the L norm of the densities m. Our first uniqueness
result assumes a suitable smoothness of the Hamiltonians Hy, but neither convexity
nor growth conditions, and that the costs Fy, G are Lipschitz in L? with respect to
the measure m, with no monotonicity. The smallness condition on the data depends
on the range of the spacial gradient of the solutions v, unless D, Hy are bounded
and globally Lipschitz for all k. Then we complement such result with some a priori
gradient estimates on v, under an additional quadratic growth condition on Hy and
some more regularity of the costs, and get a 7 > 0 depending only on the data
such that there is uniqueness for all horizons 7 < 7. Finally, we give sufficient
conditions ensuring both existence and uniqueness for the system (1.1) with the
boundary conditions (1.2), as well as for some robust MFGs considered in [7, 32],
which are interesting examples with nonconvex Hamiltonian.

We mention that in the stationary case, uniqueness up to (space) translation may
hold without (1.3) in force. A special class of MFG on R¢ enjoying such a feature
has been identified in [13].

The paper is organised as follows. Section 2 contains the main result about
uniqueness for small data, possibly depending on gradient bounds on the solutions.
Section 3 gives further sufficient conditions depending only on the data for
uniqueness and existence of solutions. The Appendix recalls a comparison principle
for HIB equations with Neumann conditions.
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2 The Uniqueness Theorem

Consider the MFG system for N populations
—0rvk — Avg + Hy(x, Dvp) = Fi(x,m(z, ), in (0,T) x L,

oymy — Amy — div(Dp Hi(x, Dvg)my) =0 in (0,T) x €,

2.1)
v =0, Oymp +mDpHi(x, Dvg) -n=0 on (0,T) x 0,
Uk(T,.x) :Gk(xsm(Tv ))7 mk(ov-x) :mO,k(x) in £
where k = 1,..., N, Dy denotes the gradient of the k-th component v of the

unknown v with respect to the space variables, A is the Laplacian with respect
to the space variables x, D, Hj is the gradient of the Hamiltonian of the k-th
population with respect to the moment variable, 2 € R? is a bounded open set with
boundary d$2 of class C?*# for dome B > 0, and n(x) is its exterior normal at x.
The components my of the unknown vector m are bounded densities of probability
measures on €2, i.e., m lives in

Pn(R) = {M = (1, ..., uy) € L2@QN e > 0, /gzuk(X)dx = 1}-

F and G represent, respectively, the running and terminal cost of the MFG
F:QxPn(Q) > RY, G:QxPy(EQ) — RV,

By classical solutions we will mean functions of (¢, x) of class Clintand C%in x
in[0, T] x Q.

2.1 The Main Result

Our main assumptions are the smoothness of the Hamiltonians and a Lipschitz
continuity of the costs in the norm || - ||2 of L*(Q)V that we state next. We consider
H; : Q@ x R? — R continuous and satisfying

D, Hi(x, p) is continuous and locally Lipschitz in p uniformly in x € €.
(2.2)
We will assume F, G satisfy, for all u, v,
IF G, 1) = FCo)3 < Lrlln = vli3, 2.3)

IDG(-, ) — DG(-, v)[3 < Lgllw — vli3, (2.4)
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Theorem 2.1 Assume (2.2)-(2.4), mg € Py(R), and (v,m), (v,m) are two
classical solutions of (2.1). Denote

C :=co{Dv(t,x), Dv(t,x) : (t,x) € (0, T) x 2},

Cy = max sup |DpHi(x, p)l, (2.5)
k=1,...N xeQ, peC
_ D, H(x, — D, Hy(x,
Cy:= max sup |DpHi(x, p) p Hi( 11)| (2.6)
k=1,..., Ner,p,qEC |P - ql

Then there exists a function ¥ of T,Lf, Lg,Ch, C_‘H,N and maxy ||mo |lco
(depending also on ), such that the inequality V < 1 implies v(t, ) = v(t, ")
andm(t,-) = m(t,-) forallt € [0, T], and ¥ < 1 holds if either T, or Cy, or the
pair Ly, Lg is small enough.

For the proof we need two auxiliary results.

Proposition 2.2 There are constants r > 1 and C > 0 depending only on d and Q2
such that

lmillL=0,1yx) < CIL + llmoklloc + (1 + T)IDp Hy (-, Dvp) Lo, myx)s k=1,..., N.

Proof Step 1. We aim at proving that for any g € [1, (d + 2)/(d + 1)) there exists
a constant C depending only on d, g and €2 such that any positive classical solution
¢ of the backward heat equation

—dp—Ap=0 on(0,7) x Q

e =0 on (0,1) x IQ

Jo @t x)dx =1,
satisfies

IV@llLaqo.nxe < C(1+0"4.
We follow the strategy presented in [19, Section 5]. Note first that fQ (s, x)dx =
1 for all s € (0,¢), by integrating by parts the equation and using the boundary
conditions. We proceed in the case d > 3;if d = 1 or d = 2, one argues in a similar

way (see the discussion below). Let & € (0, 1) to be chosen later; multiplying the
equation by ag®~! and integrating by parts yield for all s € (0, 1)

VO[/2 , 2d — o 8/ o , d
/Q| P Pdx=, T o | et ndx
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Integrating in time and using the fact that fQ (s, x)dx =1 give

! o o
A% “/2|2dxds = / 0, x)dx — / “(t,x)dx <cy,
I, L 41— Jo* 41— Jo*
(2.8)

where c1 depends on d and 2 (the positive constants ¢, c3, ... used in the sequel
will have the same dependance).

We now exploit the continuous embedding of wl2(Q) into Ldsz(Q); the
adaption of this proof to the cases d = 1,2 is straightforward, as the injection
of Wh2(Q) is into LP(2) for all p > 1. Hence, for all s € (0, 1), by Holder and
Sobolev inequalities

d-2

2 3 a 2d d
/ @t (s, x)dx < ( / w(s,X)dX> ( / sowz(s,xmx)
Q Q Q
< (/ |V<o°‘/2|2dx+/go“dx> < (/ |w“/2|2dx+1+|sz|>,
Q Q Q

t t
/ / </’a+3dxds <c3 (/ / Vo2 dxds + f) . 2.9)
0 Jo 0 Jo

Finally, since g < (d +2)/(d + 1), we may choose « € (0, 1) such that

SO

2 -« n 2
= .
a 2—gq d
and therefore, by the identity Vp®/? = 59 7 V¢ and Young’s inequality

! 2 4 t 2—a
/ / |V(p|‘1dxds=( ) / / V2|9 972" dxds <
0 JQ (%4 0 JQ

t t 2w
e ( / / Vo2 Pdxds + / / gququds) < es(er + eser + D)),
0 Q 0 Q

in view of (2.8) and (2.9), and the desired estimate follows.

Step 2. Fixt € (0,T)and 1 < g < (d+2)/(d + 1). Let ¢p be any non-negative
smooth function on €2 such that d,¢9 = 0 on 92 and fQ @o(x)dx = 1. Let ¢ be the
solution of the backward heat equation

—dp—Ap =0 on(0,1) x
e =0 on (0,1) x 9Q
@(t, x) = ¢o(x) onQ.
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Note that ¢ is positive on (0, #) x €2 by the strong maximum principle. Multiply the
KFP equation in (2.1), integrate by parts and use the boundary conditions for my
to get

t
//8[mk(p+mG-V<p+Dka(x,ka)-V(pmkdxds=0.
0 JQ

Integrating again by parts (in space-time) yields

t
/mk(t,X)fﬂo(X)=f my (0, X)w(O,X)—f poHk(x,ka)-Vwmdxds,
Q Q 0 JQ

using the equation and the boundary condition for ¢. Hence,

/;)mk(f,x)wo(x) < lmg.olloo + 1Dy Hi (-, D)oo (0,1)x2) /Ot /;z Vol Imy| dxds,
< lImeolloo + CA+ 0Dy Hi (-, Duo) oo 0,.0x2) 1Mkl 1o (0. x2)
by Step 1. By the arbitrariness of ¢, one obtains
lmet, oo < lImiolloo+CA+0" Dy Hi (-, Dv)lloo0,0x 2 1m L (0.1 x 2y

and since

t 1/q'
/1 1 1/q"
”mklqu’((oJ)XQ) = </(; [l (s, )”go /;ka(sv x)dx dS) = ”mk”[‘/o?:(((),,)XQ)l /4 s

we have

1
lImi(t, Hlloo < lImiolloo + CA +DIIDpHy (- DUk)IILw((o,z)xQ)IlmkIIL/OZ((OJ)XQ)-

Passing to the supremum on ¢ € (0, T), we conclude (r in the statement can be
chosen to be ¢’). |

Lemma 2.3 (A Mean-Value Theorem) Ler K € R? f : Q x K — R4
be continuous and Lipschitz continuous in the second entry with constant L,
uniformly in the first. Then there exists a measurable matrix-valued function
M(-, -, -) such that

fa,p—fx,9)=Mx,p,9)(p—q), IMx,p,q9)| <L, VxeQ, p,gqek.
(2.10)
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Proof Mollify f in the variables p and get a sequence f,, converging to f locally
uniformly and with Jacobian matrix satisfying ||Dp fullcc < L. Since fj, is Clinp
the standard mean-value theorem gives

Ja(x, p) = fu(x,q) = /01 Dfu(x,q +s(p —@)(p —q)ds = My (x, p.q)(p — q),
(2.11)
and |M, | < L. We define the matrix M componentwise by setting
M(x,p,q)ij = lin}linan(x, p.qij, L, j=1,...,d,
so that it is measurable in (x, p, ¢) and satisfies |M (x, p, ¢)| < L. Now we take the

lim inf, in the i-th component of the identity (2.11) and get the i-th component of
the desired identity (2.10). |

Proof of Theorem 2.1 Step 1. First observe that, by the regularity of the solutions,
Cy < 4+ooand Cyg < +00. We set

1
v:i=0—v, m:=m—m, Bi{, x) ::/ D, Hy(x, Dv(t, x)+s(Dv—Dv)(t, x))ds
0

and observe that | Bx| < Cg for all k and vy satisfies
—0rvg + Bi(t, x) - Dy = Avg + Fi(x, m(t)) — Fi(x,m(t)) in(0,T) x Q

dvk =0 on (0,T) x 3R, w(T,x) = Ge(x, m(T)) — Gx(x, m(T)).
(2.12)

Step 2. By the divergence theorem and the boundary conditions we compute

T T d |ka|2 T
— oV Avg ds = dxds — orvr Dvg - ndo
¢ Ja ¢ dt Jo o 2 + Jag

})v 1 g })v s * .

Now we set

F(t,x):= F(x,m) — F(x,m), G(@,x):=G(x,m)— G(x, ),
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multiply the PDE in (2.12) by Auwy, integrate, use the terminal condition in (2.12)
and estimate

1 2 ! 2 _ 1= 2
LD )z + [ 1Avs, Il =, IDG(T, I+

t

1Bl /T L Dues, 3+ I Avts. I3 d+[T U EGs 12+ © Avs. )13 ) d
v (s, - v (s, - s s, - i (s, - s.
klloo |\ g MFPRRS VI 7 5 NATAES. 2 2 27 o 18NS VI

Next we choose ¢ such that 1 = (|| Bx|lco + 1)&/2 and use the assumptions (2.4) and
(2.3) to get

> 2 [TLF 5> Bkl [T )
1Dt I3 < Lalm(T, )3+ 7 lms, li3ds+ | D (s, -)[13ds.
t t

Then Gronwall inequality gives, for ¢, := (|| Bk|loo + 1)/2 = 1/¢ and for all 0 <
t<T,

T
IDvk (. )II3 < (LGIIM(T, i3 +CuLF/ l[m (s, ')II%dS> eolBilleT (2.13)
t

Step 3. In order to write a PDE solved by m we apply Lemma 2.3 to D, Hy : Q x
C — R, which is Lipschitz in p by the assumption in (2.6), and get a matrix M
such that
Dy Hi(x, Dvk) — Dp Hi(x, DVr) = M (x, Dvg, Do) (Dvk — Duy),
with |[My| < Cg. Now define
Bi(t, x) == DpHy(x, Dvg),  A(t, x) := iigM (x, Dvg, D),
Fi(t, x) := Ax(t, x)(Dvg — D).

Then my satisfies

dymy, — div (Bkmk) — Amy +divE, in(0,T) x R?,
(2.14)

dpmi + myBy + F) -n=0 on (0,T) x 32, mg(0,x) =0.
with | Bx| < Cy and |A;| < MCp by the assumption (2.6), where
M= max Cl1 4+ llmollec + (1 4+ T)|Dp Hi (-, Dv)llLoo0,7)x2)]1”

is the upper bound on my given by Proposition 2.2 (where C depends only on the
set €2).
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Step 4. We multiply the PDE in (2.14) by my and integrate by parts to get

tq m2 t t
02/ / kdxds~|—/ / |Dmk|2dxds—/ / myDmy -ndods
0 dt Jg 2 0 Je 0 Jag
t t
+/ /kak~Dmk dxds—/ / m,%Bk -ndods
0 Je 0 JaQ

' t
~|—/ / Fk -Dmy dxds — / / mkﬁk -ndods.
0 JQ 0 JoQ

By the initial and boundary conditions in (2.14) we obtain
1 2 ! 2 ! 5 -
e+ [ 1mets s == [ [ (mei+ ) - Dmeavds <
0 0 JQ
IR IBelloo [ IBilloo +1 [
0 fo Il Fic(s, ) lI3ds+ pp /0 lmi(s, ) l3ds—+e 5 /0 I Dmy (s, )13 ds,
and with the choice & = 2/(||Blloo + 1) =: 1/c}
2 bos 2 D ! 2
lmi (e, )5 < q/ | Fi (s, ) ll5ds +C1||Bk||oo/ lm (s, )l5ds.
0 0
Then Gronwall inequality and the definition of Fk give,forall0 <t < T,

- t
Ima(t, I3 < crectBrlleT | a2, / | D (s, ) 13ds. (2.15)
0

Step 5. Now we set

N
¢(t) = 1 Dv(t, I3 = > IDwt, )3

k=1

and assume w.l.o.g. Cy > 1, so that ¢,, ¢; < Cg. By combining (2.13) and (2.15)
we get

T
P(t) < NeC?IT<LG||m<T, I3+ CuLr / llm (s, -)||%ds)

t
T T pt
=5 o c4T? )\ 2
<CyClLg| ¢(Gs)ds+CuLFp ¢(s)dsdr |, C:=NCye ' M".
0 t JO
Then @ := supy., .7 ¢ (7) satisfies

® <PV, W:=TCHC(LG+LrCyT/2),
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which implies ® = 0 if ¥ < 1. Therefore under such condition we conclude that
Dk (t, x) = Dui(t, x) for all k, x and 0 < t < T. By the uniqueness of solution
for the KFP equation (e.g., Thm. 1.2.2, p. 15 of [26]) we deduce m = m and then,
by the Comparison Principle for the HIB equation in the Appendix, v = v.

Finally, it is clear that ¥ can be made less than 1 by choosing either T, or C_‘H,
or both Lg and L r small enough. O

2.2 Examples and Remarks
Example 2.1 Integral costs. Consider Fy and Gy of the form
Fix, 10 = Fy (x, i K(x,y)u(y)dy) - G0 =21 [ R )y + 2o

with F, : @ x R¥ — R measurable and Lipschitz in the second variable uniformly
in the first, whereas K is an N x N matrix with components in L2(Q2 x ). Then
Fy satisfies (2.3). About G, we assume g1, g2 € Cl(Q), Dg1 bounded, the vector
K and its Jacobian D, K with components in L?(2 x Q). Then it satisfies (2.4). Of
course all the data F,,, K, K , gi are allowed to change with theindexk = 1,..., N.

Example 2.2 Local costs. Take Gy = Gy (x) independent of m(T) and Fj of the
form Fjp(x, ) = F,ﬁ(x, u(x)) with F,f : Q x [0, 4+00)Y — R measurable and
Lipschitz in the second variable uniformly in the first. Then Fj satisfies (2.3).

Example 2.3 Costs depending on the moments. The mean value of the density
p, M(p) = [qyu(y)dy, and all its moments [, y/u(y)dy, j = 2,3,..., are
Lipschitz in L?> by Example 2.1. Then any Fj (resp., G;) depending on y only via
these quantities satisfies (2.3) (resp., (2.4)) if it is Lipschitz with respect to them
uniformly with respect to x.

Example 2.4 Convex Hamiltonians. The usual Hamiltonians in MFGs are those
arising from classical Calculus of Variations, e.g., Hy(x, p) = bi(x)(cx + | p|?)Pr/2,
which satisfies the assumption (2.2) if by € C(2) and either ¢x > 0 or ¢y = 0 and
Br = 2.

A related class of Hamiltonians are those of Bellman type associated to nonlinear
systems, affine in the control o € R4,

Hy (x, p) i= sup(=(fi(x) + gk (0)a) - p = Lg(x, @)} = = i) - p+ Lf (v, —gx ) p) .
(2.16)

where fi is a Lipschitz vector field, g a Lipschitz square matrix, L (x, «) is the
running cost of using the control « (adding to Fj(x,m) in the cost functional of
a representative player), and L} (x, -) is its convex conjugate with respect to . In
this case one can check the assumption (2.2) on an explicit expression of Lj. For



12 M. Bardi and M. Cirant

instance, if L (x, @) = |a|¥ /y then
y—1 _
Hy(xr, p) = —fi@) - p+ " lgx )" pl? D,

which satisfies (2.2) if y < 2.

Example 2.5 Nonconvex Hamiltonians. Two-person 0-sum differential games give
rise to the Isaacs Hamiltonians, which are defined in a way similar to (2.16)
but as the inf-sup over two sets of controls. A motivation for considering these
Hamiltonians in MFGs is proposed in [35]. A relevant example is the case of robust
control, or nonlinear H, control, studied in connection with MFGs by Bauso et
al. [7] and Moon and Basar [32] (see also the references therein). In this class
of problems a deterministic disturbance o (x)8 affects the control system (o is a
Lipschitz square matrix) and a worst case analysis is performed by assuming that
B € R is the control of an adversary who wishes to maximise the cost functional of
the representative agent; a term —8|8|%/2, with § > 0 is added to the running cost
to penalise the energy of the disturbance. The Hamiltonian for robust control then
becomes

lo(x)7 p|?
28 ’
(2.17)

H{ e, p) = Hixp) +inf [~o () - p+ 811/2) = Hix. p) -

which is the sum of the convex Hj of the previous example and a concave function
of p. Clearly it satisfies the condition (2.2) if and only if Hy does.

Remark 2.1 Continuous dependence on data. Our proof of uniqueness can be
adapted to show the Lipschitz dependence of solutions on some data. For instance,
in Theorem 2.1 we may assume that m (0, x) = mo(x) and m(0, x) = mg(x), with
mo, mo € Py (2). Then a simple variant of the proof allows to estimate

~ - 2 _C o
Im(, -) m(t,-)llzfsllmo molly

where 0 < § < 1 — W and C depends on the same quantities as W. A similar
estimate holds for ||Dv(¢, -) — Dv(t, -) ||%. Under some further assumptions on the
costs F and G one can also use results on the HIB equation to obtain the continuous
dependence of v itself upon the initial data mo. More precise results on continuous
dependence of solutions with respect to data will be given elsewhere.

Remark 2.2 The statement of Theorem 2.1 holds with the same proof for solutions
7@ -periodic in the space variable x in the case that F; and Gy are Z?-periodic
in x and without Neumann boundary conditions. In such case of periodic boundary
conditions a uniqueness result for short 7 was presented by Lions in [31] for N = 1,
regularizing running cost F, and for terminal cost G independent of m (7). He used
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estimates in L! norm for m and in L norm for Duv, instead of the L? norms we
used here in (2.13) and (2.15). See also [5] for the case of a single population.

Remark 2.3 The constants Cy and Cg in the theorem depend only on the data of
(2.1) if Hy and D), Hy, are globally Lipschitz in p, uniformly in x, for all k. In this
case the smallness condition ¥ < 1 does not depend on the solutions v, v. In the
next section we reach the same conclusion for much more general Hamiltonians Hj,
under some mild additional conditions on the costs Fi, Gg.

Remark 2.4 If the volatility is different among the populations the terms Avy, Amy
in (2.1) are replaced, respectively, by vy Avg and vy Amy. If the constants v are
all positive, the theorem remains true with the function W now depending also
on vi, ..., vy and minor changes in the proof. The case of volatility depending
on x leads to operators of the form trace(oy (x)akT (x)D%vy) in the HIB equations
and their adjoints in the KFP equations. This can also be treated, with some
additional work in the proof, if such operators are uniformly elliptic, i.e., the
minimal eigenvalue of the matrix oy (x)akT (x) is bounded away from O for x € Q.

Remark 2.5 The C%P regularity of dQ can be weakened in Theorem 2.1. Here we
used, e.g., Theorem IV.5.3 of [26] to produce a smooth test function ¢ in the proof
of Proposition 2.2. However, we could work instead with a weak solution of the
backward heat equation, which exists, for instance, if 02 € C L.p by Theorem 6.49
of [30], or if it is “piecewise smooth” by Theorem III.5.1 in [26].

3 Special Cases and Applications

The function ¥ of Theorem 2.1 may depend on the solutions v, v if the Hamil-
tonians Hj are not globally Lipschitz or they have unbounded second derivatives,
because the constants C7, Cy may depend on the range of Do and Dv. Under some
further assumptions we can estimate these quantities and therefore get a uniqueness
result where the function W depends only on the data of the problem (2.1). The
additional assumptions are

|Fr(x, W = Cr,  |Gk(x, )| =Cg, VxeQ,uePnE),k=1,...,N,
3.1

|Hi(x, p)l < a(1+ |p*), |DpHe(x, p)I(1 +|p) <a(l+Ipl»), Vx,p,k,
(3.2)

and x — G(x, p) of class C2, for all u € Py (), with

IDG (-, 1) loo + ID*Gi (-, Wllee < Cg, Vk. (3.3)
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Corollary 3.1 Assume (2.2), (2.3), (2.4), mo € Pn(£2), (3.1), (3.2), and (3.3). Then
there exists T > 0 such that for all T € (0, T] there can be at most one classical
solution of (2.1).

Proof By Assumption (3.1) the functions £(C¢g + #(CFr + «)) are, respectively, a
super- and a subsolution of the HIB equation in (2.1) with homogeneous Neumann
condition and terminal condition G, for any k and m. Then the Comparison
Principle in the Appendix gives for any solution of (2.1) the estimate

lok(t,x)| < Cg +TCrp, Y (t,x)€[0,T]xQk=1,...,N.

Now we can use an estimate of Theorem V.7.2, p. 486 of [26], stating that there is a
constant K, depending only on max |vk|, o, C é;, and 0£2, such that

IDu(t,x)| < K, Y(t,x)e[0,T]xQk=1,...,N.

Then the constant Cy in (2.5) is bounded by C%;, := a(1 + K% /(1 +K),and Cy
defined by (2.6) can be estimated by

= |D[JHk(-xa P)—Dka(X,Q)l

Cly = max sup
k=1...N xeQ, |pl.lgl<K lp—al
Now Theorem 2.1 gives the conclusion. O

Remark 3.1 The constant T in the Corollary depen_ds onlyon Lp,Lg,N,a,CF,
Cq, Cg;, maxy [|mo,k|loo, 2 and the constants C},, C}, built in the proof. A similar
results holds if, instead of 7" small, we assume L and Lg suitably small.

Example 3.1 Costs satisfying the assumptions. The nonlocal costs F; and Gy of
Example 2.1 satisfy Assumption (3.1) if, for instance, K, K, and gi are bounded
and F, is continuous.

The Assumption (3.3) is verified if g1, g2 € C?(Q) and |[D2K(x,y)| +
ID2K (x,y)| < C forall x, y.

For the local cost Fy of Example 2.2, (3.1) holds if F,f is bounded.

3.1 Well-Posedness of Segregation Models

Next we combine this uniqueness result with an existence theorem for models of
urban settlements and residential choice proposed in [1]. We take for simplicity

N=2, Gy=0, Hx,p)=hi(x,|p]. 3.4)
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We endow P> (2) with the Kantorovitch-Rubinstein distance and strengthen condi-
tion (3.1) to

(F1, F2) : Q@ x P2(2) —> R? continuous and with bounded range in Cl’ﬁ(Q),
3.5)

for some B > 0. We also assume a compatibility condition and further regularity on
mo:

dumox =0 ondQ, moy € C*P(Q), k=12 (3.6)

Corollary 3.2 Assume (2.2), (2.3), (3.2), (3.4), (3.5), (3.6), and Hy € CH(Q xRY).
Then there exists T > 0 such that for all T € (0, T] there exists a unique classical
solution of (2.1).

Proof The existence of a solution (for any 7') follows from Theorem 12 of [1].
Let us only note that, by (3.4), D, Hi(x, p) = 0jp/hi(x, |p))p/Ipl, and then the
compatibility condition in (3.6) and the Neumann condition for vy imply also the
compatibility condition

Onmok +moDpHi(x, Dug(0,x)) -n=0 VxeoQ. 3.7

The uniqueness of the solution for small 7 follows from Corollary 3.1. O

Remark 3.2 Here t[le constant T depends on Lr, o, Cr, max ||mok oo, €2, and
the constants C/;, C; built in the proof of Corollary 3.1. The solution m and Dv
depend in a Lipschitz way from the initial condition m, as explained in Remark 2.1.

Example 3.2 Costs of Schelling type. Let K; : Q2 x Q — R be Lipschitz and
such that, for some U (x) neighborhood of x, K¢(x,y) = 1 for y € U(x) and
Ki(x,y) = 0 for y out of a small neighborhood of U (x). Then

Ni(x, pk) :=/9Kk(x,y)uk(y)dy

represents the amount of population k around x. The cost functional for the k-th
population introduced in [1] and inspired by the studies on segregation of Schelling
[34] is of the form

Ni(x, jx) -
Fr(x, p1, n2) == ( —ar )

Ni(x, pk) + N3k (x, p3—x) +1

where ()~ denotes the negative part and n > 0 is very small. It means that if the
ratio of the k-th population with respect to the total population in the neighborhood
of x is above the threshold ai, then a representative agent of this population is
happy because his cost is 0, whereas below the threshold the agent incurs in a cost
and therefore he wants to move from the neighborhood. These costs fall within
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Example 3.1 and satisfy (2.3) and (3.1). Moreover F; : Q x P2(R2) — R is
Lipschitz.

To meet the assumptions of Corollary 3.2 we assume the kernel K is of class C?
in x and we approximate the negative part ( )~ with a smooth function, e.g.,

V2482 —r
(pE(r) = 2 k)

for a small ¢ > 0. Then the cost functionals

Ni(x, ui)
F§ (x, py, p12) I=</>a< k

—a
Ni(x, peie) + N3 (x, u3—x) + 1
satisfy also (3.5).

Example 3.3 Hamiltonians. Typical examples are either Hy(x, p) = br(x)|p|>,
with by € C(R2), or

Hi(x, p) = be(x)(1 + |p/HP2 0 < B <2.

They satisfy (2.2) and (3.2), moreover they are in CHQ x RY) if by € CH(Q).

Remark 3.3 1In the last Corollary 3.2 the simplifying assumption Gy = 0 can be
dropped and replaced with G, : 2 x P2(2) — R continuous, with bounded range
in C%A(Q), and satisfying (2.4). Then (3.3) holds and the constant T depends also
on Lg, Cg, and Cy;. Examples of such terminal costs can be given along the lines
of Examples 2.1, 3.1, and 3.2.

3.2 Well-Posedness of Robust Mean Field Games

For simplicity we limit ourselves to a single population of agents, so N = 1 and we
drop the subscripts k. The representative agent has the dynamics in R¢

dX; = (f (X,) + 8(X)os + 0/(Xo)Bs) ds + d Wy,

where f isa C 1 vector field in €, gand o are C I scalar functions in 2, W; is a
d-dimensional Brownian motion, «y, B, take values in R4 and are, respectively, the
control of the agent and a disturbance affecting the system. The cost functional is
(for § > 0)

E T F(X |05S|2 |,BS|2
Sam(sa ))+ 2 -4 2 dS+G(XT,m(T, ))
0
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that the agent wants to minimise whereas the disturbance, modeled as a second
player in a 2-person 0-sum game, wants to maximise. This leads to the Hamiltonian
2 2
d _Uz(x)lpl

H(x,p)=—f(x)-p+g*x) 5 05

(3.8)
Note that here g(x) and o (x) are scalars, different from Examples 2.4 and 2.5. On
the costs we assume

F, G:Q x P(Q) — R continuous with bounded range, resp., in C'*#(Q) and c*#()
(3.9)

for some B > 0. The compatibility condition and regularity on m¢ now are
dumo —mof -n=0 onds, mo € C*P(Q). (3.10)

Corollary 3.3 Assume N = 1 with the Hamiltonian defined by (3.8), (2.3), (2.4),
(3.9), and (3.10). Then for all T > 0 there is a classical solution of (2.1), and there
exists T > 0 such that for all T € (0, T] such solution is unique.

Proof The existence of a solution follows from Theorem 12 of [1]. In fact, H €
C!(Q x R?) and it has quadratic growth. Moreover

o2(x)

DpH(x,p) =—f(x)+g*0p -

p )
and then the compatibility condition in (3.10) and the Neumann condition for v
imply again the compatibility condition (3.7).

The uniqueness of the solution for small 7' follows from Corollary 3.1, since H
satisfies also (2.2). |

Remark 3.4 Also here the solution m and Dv depend in a Lipschitz way from the
initial condition my, as explained in Remark 2.1.

Remark 3.5 Our example of robust MFG is different from the one in [7]. In that
paper the state space is 2 = R, one-dimensional without boundary, the control
system is linear in the state X, and the volatility is o X instead of 1, for some
positive constant o, so the parabolic operators in the HIB and KFP equations of
(2.1) are degenerate at the origin. The well-posedness of the MFG system of PDEs
in [7] is an open problem.

Appendix: A Comparison Principle

The next result is known but we give its elementary proof for lack of a precise
reference.
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Proposition 3.1 Assume Q@ C R? is bounded with C? boundary, H :  x R? is of
class C! with respectto p, andu, v : [0, T] x Q — R are Clintand C? in x and
satisfy

—ou — Au+ H(x, Du) < —o,v— Av+ H(x,Dv), in (0,T) x 2,
opu < 0,v, on (0,T)x 0%,
u(T,x) < v(T, x) in Q.
Thenu <vin[0,T] x Q.
Proof Let us assume first that
—0;(u—v)—A(u —v)+ H(x,Du) — H(x,Dv) <0 in[0,T) x 2,
dy(u—v) <0 on [0,T)x 0L, and (u —v)(T, x) < 4. Then the maximum of u — v

can be attained only at t = T, which impliesu — v < §in [0, T] x Q.
Now take g € C%(£2) such that Dg(x) = n(x) for all x € 9 and define

ve(t,x) == v(t,x) + (T —1)C + eg(x).

Then 0,(u —ve) = 0( —v) —e <0 and (u — v:)(T, x) < ¢||g|lco. Moreover,
by Taylor’s formula, for some g with |g| < || Dgllco,

—0(u —vg) — A(u —ve) + H(x, Du) — H(x, Dv.) =
—0;(u—v)—A(—v)+H(x, Du)—H (x, Dv)—e(C—Ag+D,H(x,q)-Dg) < —¢

if C is chosen large enough. Then

u < ve +ellglloo <v+e(TCH+2[gllw)

and we conclude by letting & — 0. O

Remark 3.1 The result remains true if dQ is merely C! and satisfies an interior
sphere condition. This can be proved in a less direct way by linearizing the
inequality for u — v and then using the parabolic Strong Maximum Principle and the
parabolic version of Hopf’s Lemma for linear equations (see, e.g., [33]).
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