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Abstract. The evolutionary distance between two genomes can be esti-
mated by computing the minimum length sequence of operations, called
genome rearrangements, that transform one genome into another. Usu-
ally, a genome is modeled as an ordered sequence of (possibly signed)
genes, and almost all the studies that have been undertaken in the
genome rearrangement literature consist in shaping biological scenarios
into mathematical models: for instance, allowing different genome rear-
rangements operations at the same time, adding constraints to these rear-
rangements (e.g., each rearrangement can affect at most a given number
k of genes), considering that a rearrangement implies a cost depending
on its length rather than a unit cost, etc. However, most of the works
in the field have overlooked some important features inside genomes,
such as the presence of sequences of nucleotides between genes, called
intergenic regions. In this work, we investigate the problem of comput-
ing the distance between two genomes, taking into account both gene
order and intergenic sizes; the genome rearrangement operation we con-
sider here is a constrained type of reversals, called super short reversals,
which affect up to two (consecutive) genes. We propose here three algo-
rithms to solve the problem: a 3-approximation algorithm that applies to
any instance, and two additional algorithms that apply only on specific
types of genomes with respect to their gene order: the first one is an
exact algorithm, while the second is a 2-approximation algorithm.
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1 Introduction

Given two genomes Gy and G-, one way to estimate their evolutionary distance
is to compute the minimum possible number of large scale events, called genome
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rearrangements, that are needed to go from G; to Go. The minimality requirement
is dictated by the commonly accepted parsimony principle, while the allowed
genome rearrangements depend on the model, i.e. on the classes of events that
supposedly happen during evolution.

However, before one performs this task, it is necessary to model the input
genomes. Almost all previous works have defined genomes as ordered sequences
of elements, which are genes. Variants within this setting can occur: for instance,
depending on the model, genes may be signed or unsigned, the sign of a gene
representing the DNA strand it lies on. Besides, each gene may appear either
once or several times in a genome: in the latter case, genomes are modeled as
strings, while in the former case they are modeled as permutations.

Concerning genome rearrangements, the most commonly studied is reversal,
which consists in taking a continuous sequence in the genome, reversing it, and
putting it back at the same location (see e.g. [10] for one of the first studies
of the problem). A more recent and general type of genome rearrangement is
the DCJ (for Double-Cut and Join) [14]. One can also alternately define the
rearrangement events in order to reflect specific biological scenarios. For example,
in populations where the number of rearrangement events that affect a very large
portion of the genes is known to be rare, we can restrict events to be applied
over no more than k genes at the same time, for some predetermined value of
k [5,8,9].

Since the mid-nineties, a very large amount of work has been done concerning
algorithmic issues of computing distances between pairs of genomes, depending
on the genome model and the allowed set of rearrangements. For instance, if
one considers reversals in unsigned permutations, the problem is known to be
NP-hard [4], while it is polynomial-time solvable in signed permutations [10].
We refer the reader to Fertin et al.’s book [7] for a survey of the algorithmics
aspects of the subject.

As previously mentioned, almost all of these works have so far assumed that
a genome is an ordered sequence of genes. However, it has recently been argued
that this model could underestimate the “true” evolutionary distance, and that
other genome features may require to be taken into account in the model in
order to circumvent this problem [1,2].

Indeed, genomes carry more information than just their ordered sequences of
genes, and in particular consecutive genes in a genome are separated by inter-
genic regions, which are DNA sequences between genes having different sizes (in
terms of number of nucleotides).

This recently led some authors to model a genome as an ordered sequence of
genes, together with an ordered list of its intergenic sizes, and to consider the
problem of computing the DCJ distance, either in the case where insertions and
deletions of nucleotides are forbidden [6], or allowed [3].

In this work, we also consider genomes as ordered sequences of genes together
with their intergenic sizes, in the case where the gene sequence is an unsigned
permutation and where the considered rearrangement operation is super short
reversal (or SSR, i.e. a reversal of (gene) length at most two). In this context, our
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goal is to determine the minimum number of SSRs that transform one genome
into another.

Sorting by super short reversals and/or super short transpositions (i.e. trans-
positions of (gene) length at most two each) has been studied in linear and circu-
lar genomes, signed and unsigned, and in all cases the problem has been shown
to be in P class [8,9,11-13].

This paper is organized as follows. In Sect.2 we provide the notations that
we will use throughout the paper, and we introduce new notions that will prove
useful for studying the problem. In Sect. 3, we derive lower and upper bounds on
the sought distance, which in turn will help us design three different algorithms:
one applies to the general case, while the remaining two apply to specific classes
of genomes. Section 4 concludes the paper.

2 Definitions

We can represent a genome G with n genes as an n-tuple. When there is no
duplicated genes, the n-tuple is a permutation 7 = (7w 72 ... Tp—1 7,) with
m € {1,2,...,(n—1),n}, for 1 <4 < n, and m; = 7; if, and only if, i = j. We
denote by ¢ the identity permutation, the permutation in which all elements are
in ascending order. The extended permutation is obtained from 7 by adding two
new elements: 7y = 0 and m,11 = (n+1).

A genome G, represented by a permutation m with n elements, has m = n+1
intergenic regions r™ = (r{,...,ry), with r7 > 0 for 1 < j < m, such that
the intergenic region r7 is located before element 7;, for 1 < 4 < n, and the
intergenic region 7 is situated right after element .

A reversal p(i, j,x,y) applied over a permutation 7, with 1 < i < j < n,
0<z<rf,and 0 <y < r;r_H, is an operation that (i) reverses the order of the
elements in the subset of adjacent elements {7, ...,7;}; (ii) reverses the order
of intergenic regions in the subset of adjacent intergenic regions {r7, ,, ...,r;-r}
when j > i+ 2; (iil) cuts two intergenic regions: after position x inside intergenic
region r] and after position y inside intergenic region 77, ;. This reversal results
in the permutation 7’ such that r7 = z + y and r}r_;_l = (rf—2) + (rfy1—y).

A reversal p(i, j, z,y) is also called a k-reversal, where k = (j—i)+1. A super
short reversal is a 1-reversal or a 2-reversal, i.e., a reversal that affects only one
or two elements of 7.

Figure 1 shows a sequence of three super short reversals that transforms the
permutation 7 = (1 3 4 2 5) with r™ = (3,5,2,1,2,8) into ¢« = (1 2 3 4 5)
with r* = (3,2,6,4,5,1).

A pair of elements (m;, 7;) from = is called an inversion if m; > m; and i < j,
with {i,7} € [1..n]. We denote the number of inversions in a permutation 7 by
tnv(rw). For the example above, inv(r) = 2.

Given two permutations 7w and « of same size, representing genomes G; and G
respectively, we denote by W;(mw, a) = rI — r{* the imbalance between intergenic
regions r and 7, with 1 <4 < m.
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Fig. 1. A sequence of super short reversals that transforms = = (1 3 4 2 5), with
r™ =(3,5,2,1,2,8) into t = (1 2 3 4 5), with r* = (3,2,6,4,5,1). Intergenic regions
are represented by rectangles, whose dimensions vary according to their sizes. The 1-
reversal p(5,5,2,7) applied in (a) transforms 7 into 7’ = 7, and it cuts 7 after position
2 at rf and after position 7 at r§ , resulting in rgl =9, rg, =1, and o= (3,5,2,1,9,1).
The 2-reversal p(3,4,1,5) applied in (b) transforms 7’ into 7’/ = (1 3 2 4 5), and it
cuts 7’ after position 1 at rér, and after position 5 at rg/, resulting in rg/, =6, rg” =35,
and 7" = (3,5,6,1,5,1). Finally, the 2-reversal p(2,3,1,1) applied in (c) transforms

7" into ¢, as shown in (d).

Given two permutations m and « of same size and same total sum of the

intergenic region lengths, let S;(m, o) = i W;(m, &) be the cumulative sum of
i=1

imbalances between intergenic regions of m and « from position 1 to j, with

1 <7 < m. Since ™ and « have same total sum of the intergenic region lengths,

Sm(m, ) =0.

From now on, we will consider that (i) the target permutation « is such that
a = ; (ii) 7 and ¢ have the same number of elements; and (iii) the number of
nucleotides inside intergenic regions of ™ equals the number of nucleotides inside
intergenic regions of r*. By doing this, we can compute the sorting distance of
m, denoted by d(m), that consists in finding the minimum number of super short
reversals that sorts 7 and transforms r™ into r*.

The intergenic graph of m with respect to the target permutation ¢, denoted
by I(m,¢) = (V, E), is such that V is composed by the set of intergenic regions
r™ and the set of elements from the extended permutation 7. Besides, the edge
e = (rf,rl ) € E if there is a j # 4 such that (m;,7;) or (m;,m41) is an
inversion, with 1 <i<n—1land 1 <j <n.

A component c is a minimal set of consecutive elements from V' in which: (i)
the sum of imbalances of its intergenic regions with respect to r* is equal to zero;
and (ii) any two intergenic regions that are connected to each other by an edge
must belong to the same component.
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Fig. 2. Intergenic graphs I(m,:) in (a), I(x',¢) in (b), and I(:,¢) in (c), with
m=3124576),r = (15,6,4,12,8,13,9,2), #' = (1 32 45 7 6), =
(10,6,9,12,8,13,9,2), « = (1 2345 6 7), and r* = (10,15,8,7,5,9,13,2). Black
squares represent intergenic regions, and the number inside it indicate their sizes.
Rounded rectangles in blue represent components. Note that in (a) there are three
edges in I(m,t), and C(I(m, 1)) = 2. We also have in (a) all values for S;(m,¢) and
W;(m, 1), with 1 <4 < 8. The permutation 7’ is the result of applying p(1,2,8,2) to .
In (b) we can see that I(7’, ¢) has one more component than I(m,¢), and the edge e; was
removed. In (¢) we can see that when we reach the target permutation the number of
components is equal to the number of intergenic regions in ¢ (i.e., C(I(¢,t)) = m = 8).

A component always starts and finishes with elements from 7. Besides, the
first component starts with the element my, and the last component ends with
the element m,1. Consecutive components share exactly one element from 7,
i.e., the last element 7; of a component is the first element of its adjacent compo-
nent to the right. A component with one intergenic region is called trivial. The
number of intergenic regions in a component ¢ is denoted by 7(c). The number
of components in a permutation 7 is denoted by C(I(m,¢)). Figure 2 shows three
examples of intergenic graphs.

3 Sorting Permutations by Super Short Reversals

In this section we analyze the version of the problem when only super short
reversals (i.e., l-reversals and 2-reversals) are allowed to sort a permutation on
both order and intergenic regions. First, we show that any 1-reversal can increase
the number of components by no more than one unit. After that, we state that
if a component ¢ of an intergenic graph I(m,¢) with r(¢) > 1 has no edges (i.e.,
there is no inversions inside ¢), then it is always possible to split ¢ into two
components with a 1-reversal.
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Fig. 3. Example of intergenic graphs for all possible values of C'(I(7’,)) with respect to
C(I(m,t)), where 7’ is the resulting permutation after applying a 1-reversal p(i, 1, z,y)
to m. If the 1-reversal is applied over two components at the same time and x +y # 7y,
then C(I(n', 1)) = C(I(m,¢)) — 1, as shown in (a). If the 1-reversal is applied over one
component, then either C'(I(n’, 1)) = C(I(m,1)), if x4y # r] —Si(m, 1), or C(I(n', 1)) =
CI(m,))+1,if x +y =7r] — Si(m,), as shown in (b) and (c) respectively.

Lemma 1. Given a permutation m and a target permutation v, let w be
the resulting permutation from m after applying a l-reversal. It follows that

C(m,0)) =1 <CU(r',0) < C(I(m,0)) + 1.

Proof. If a 1-reversal p(i,i,z,y), applied over intergenic regions rJ and 7], is
applied over two different components in I(m,¢) = (V, E), then rT is the last
element of the first component, so S;(,¢) = 0 and the graph I(«’,¢) = (V', E'),
where 7’ is the resulting permutation, is such that C(I(7',¢)) = C(I(m,¢)) — 1
if x +y # rT, as shown in Fig.3(a). Let us consider now that this 1-reversal is
applied over intergenic regions of a same component c.

First note that, since 1l-reversals does not remove inversions from 7, the
intergenic graph I(n’,:) has E' = E. If (r], l+2) € E (for 0 < i < mn),or
(rf_/l,rf_;_l) € E' (for 0 < ¢ < n), then C(I(7',:)) = C(I(m,¢)). Otherwise, we
have two cases to consider: C(I(n',¢)) = C(I(m,1)), if S;i(7’,¢) # 0 (as shown in
Fig.3(b)); and C(I(n',1)) = C(I(m,¢))+1if S;(n’,¢) = 0 (as shown in Fig. 3(c)).

O

Lemma 2. If a component ¢ of an intergenic graph I(m, i) with r(c) > 2 con-
tains no edges, then there is always a pair of consecutive intergenic regions to
which we can apply a 1-reversal that splits ¢ into two components ¢’ and ¢’ such
that r(c') + (") = r(c).



20 A. R. Oliveira et al.

Proof. Let p; be the index in r™ of the i-th intergenic region inside component
c. The last intergenic region of c is at position p,(.). By definition of component,
and since ¢ contains no edges, for any p; < j < p,() we have that Sj(m,¢) # 0.
Note that since 7(c) > 1 we have that Sy, (7,¢) = Wp, (m,¢) # 0.

If Sp, (m,¢) >0, let k be the index of element from 7 located right after r7,
Apply the reversal p(k, k, 7, ,0). Otherwise, we have that S, (7,:) < 0, and we
need to find two intergenic regions 77 and rj ~ for 1 < i < r(c) such that
Sp,(m,1) < 0and Sy, ., (m,¢) > 0. Since, by definition of component, Spooy =0,
such a pair always exists. So, apply the reversal p(p;, pi, 7 p ,—Sp(m,1)).

In both cases, the resulting permutation 7’ has Sy, (7',¢) = 0, Sy, (7',¢) =
Spisi(m,0) + Sp,(m,¢), and for any i +2 < j < r(c ) Wehavethat Sp,(1',1) =

’ .
to r™ must be in the
1 Pr(e)

r(e)

Sy, (m,1) so, as before, all intergenic regions from 77
same component.

This 1-reversal splits ¢ into two components: ¢’ with all intergenic regions in
positions p; to p;, and ¢’ with all intergenic regions in positions p;y1 to py(c),
and the lemma follows. O

Pit+

Now we state that any 2-reversal can increase the number of components by
no more than two units.

Lemma 3. Given a permutation m and a target permutation i, let w be
the resulting permutation from m after applying a 2-reversal. We have that

C(I(m, 1)) —2<CI(n',1)) <C(m, 1)) + 2.

Proof. If a 2-reversal is applied over intergenic regions of two different compo-
nents then we are necessarily creating a new inversion, and the graph I(7/,¢) =
(V', E’), where 7’ is the resulting permutation, has C(I(n’,¢)) = C(I(m,t)) — 2
(as shown in Fig.4(a)) or C(I(n’,t)) = C(I(m,¢)) — 1 (as shown in Fig.4(b)).
Let us consider now that the operation is applied over intergenic regions of a
same component c.

Suppose that we apply an operation that exchanges elements m; and m;1,
with 1 < < n — 1. If the resulting permutation 7’ is such that (r7 rfﬁl_Q) € FE
then C(I(n',t)) = C(I(m,¢t)). Otherwise, we have three cases to consider:
C(I(r',1)) = C’( (m,0)), if Si(n’;0) # 0 and S;11(n',t) # 0 (as shown in
Fig.4(c)); C(I(n',1)) = C(I(m,t)) + 1 if either S;(n’,¢) = 0 or S;y1(n',0) =0
(as shown in Fig. 4(d)) and C( (7',1)) = C(I(m,t)) + 2 otherwise (as shown in
Fig.4(e)). O

Using Lemmas 1, 2, and 3 we show in the following two lemmas the minimum
and maximum number of super short reversals needed to transform 7 into ¢ and
T into r*.

Lemma 4. Given a genome Gy, let w be its corresponding permutation with r™ =
m—C(Qf(ﬂ,L)) inv(r))

T

(rT,...,rT ) intergenic regions. We have that d(m) > max(
where v is the corresponding permutation of the target genome Gs.

Proof. In order to sort m we need to remove all inversions, and since a 2-reversal
can remove only one inversion, we necessarily have that d(7) > inv(w). Besides,
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Fig. 4. Example of intergenic graphs for all possible values of C(I(n’,t)) with respect
to C(I(m,t)) where ' is the resulting permutation after applying a 2-reversal to .
When the 2-reversal is applied over two components at the same time then either
C(I(n',1)) = C(I(m, ) — 2, as shown in (a), or C(I(n’,1)) = C(I(m,¢)) — 1, as shown
in (b). Otherwise, we have that either C(I(n’,:)) = C(I(m,1)), if Si(7’,1) # 0 and
Sit1(m’,1) # 0 as shown in (c), or C(I(7',e)) = C(I(m,0)) + 1, if er & I(x',¢) and
either S;(n’,¢) # 0 or Siy1(n’,¢) # 0 as shown in (d), or C(I(7’,1)) = C(I(m,¢)) + 2,
ifer & I(n',1), Si(n',¢) =0 and S;41(n’,¢) = 0 as shown in (e).

by Lemmas 1 and 3, we can increase the number of components by at most two
with a super short reversal, so to reach m trivial components we need at least
w super short reversals. Thus, d(m) > max(%,inv(w)). 0

Lemma 5. Given a genome Gy, let w be its corresponding permutation with
r™ = (r,..., %) intergenic regions. We have that d(m) < inv(m)+m—C(I(m,1)),
where ¢ is the corresponding permutation of the target genome Go.

Proof. Suppose that first we remove all inversions of m with inv(w) 2-reversals
of type p(i,i + 1,77,0) i.e., without exchanging its intergenic regions. Let «’
be the resulting permutation, with 7™ = r™. The number of components in m
cannot be smaller than C(I(m,¢)) since each 2-reversal removing an inversion is
applied inside a same component. Let us suppose then that 7’ has k' > C(I(m, 1))



22 A. R. Oliveira et al.

components. By Lemma 2, we can go from k&’ to m components using m — k'
1-reversals, which results in no more than m—C(I(m,¢)) 1-reversals, and the
lemma follows. O

Finally, using Lemmas 4 and 5, we prove that it is possible to obtain a solution
3-approximable for this problem.

Theorem 6. Given a genome Gy with its corresponding permutation 7, and a
target genome Go with its corresponding permutation ¢, the value of d(m) is 3-
approximable.

Proof. Let us represent G by a permutation = with ™ = (r7,...,77 ) intergenic
regions, inv(m) inversions and let k = C(I(m,0)). If =k > mv( ) then, by
Lemma 4, d(7) > ™= and, by Lemma 5, d(7) < m— k‘+mv( ) <m—k+m5E it <
3m—k_ Otherwise, Tk < inv(m), so m — k < 2inv(w). By Lemma 4, d( ) >
inv(m), and, by Lemma 5, d(7) < m —k+inv(m) < 2inv(r) +inv(r) < 3inv(w),
and the lemma follows. O

Although Theorem 6 states that this problem is 3-approximable, it is possible
to sort any permutation 7w and transform 7™ into r* optimally if m; = n and
m, = 1, as shown in the following lemma.

Lemma 7. If a permutation 7 is such that 711 = n and 7, = 1, withn > 1, then
d(m) = inv(r) + p(w), where o(m) = 1, if the sum of imbalances of intergenic
regions in odd positions of r™ differs from zero, and p(w) =0, otherwise.

Proof. By Lemma 4, we have that d(7) > inv(w). Besides, since only 2-reversals
remove inversions, and since 2-reversals exchange nucleotides between intergenic
regions of same parity only, then d(7) > inv(w) + (), with ¢(7) = 1, if the
cumulative sum of imbalances of intergenic regions in odd positions, denoted
by Sodd(m, ), differs from zero (in this case we will need at least one 1-reversal
to exchange nucleotides between an odd and an even intergenic region), and
() = 0 otherwise. Consider the following procedure, divided into four steps:

(i) Remove any inversion between elements in positions 2 to (n — 1) with 2-
reversals of type p(i,i + 1,77,0), and let 7’ = (n 2 ... (n—1) 1) be the
resulting permutation. Note that r™ = 77, and 7’ has (2n — 3) inversions
which means that inv(mw) — 2n + 3 2-reversals were applied.

(ii) Take the element 77 = n to position n — 1 by a sequence of (n—2) 2-
reversals of type p(i,i+1,0,0), for 1 <i<n—2,andlet 7" =(2 3 ... n 1)
be the resulting permutation. After this sequence is apphed all mtergemc
nucleotides are in the last three intergenic regions 7=, 7% and r7 11 only,
and inv(r”) =n — 1.

(ii) Let a = Soqa(w”,t), if nis odd, and a = —S,qq(m, ¢) otherwise, and let b =
Wi (7”,0). I b > 0 (resp. b < 0) apply the 2-reversal p(n—1,n,77" | b)
balancing 7,41 (resp. if a # 0, apply the 1-reversal p(n—1,n—1,z,y) with
z=7r"" andy =aifa >0z =r7_ 1—|—aandy— Oothervvlbe) and 1fa7é0

n—1»

apply p(n—1,n—1,z,y), witha = rn_l—i—b andy = aifa > 0;x = ’I“n_l +b+a
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and y = 0 otherwise (resp. apply by the 2-reversal p(n—1,n,x + y + b,0)
balancing 7,+1). We applied 14+¢(7) operations here. Let 7"/ = (2 ... 1 n)
be the resulting permutation, with (n—2) inversions and two components: one
with all intergenic regions ] ”/7 for 1 < i < n, and one with the intergenic
region 7"2:1 only.

(iv) Move element 1 from position (n—1) to position 1 by a sequence of reversals
p(i,i + 1,0,k — rj,,) such that k is the length of the intergenic region
that the current 2-reversal is cutting in the right. We will apply (n — 2)
2-reversals, removing the same amount of inversions. This step goes from
2 to 2+ (n — 1) = m components since each 2-reversal here creates a new

component, except for the last one that creates two new components.

Summing up, we apply inv(m) — 2n + 3 reversals in (i), n — 2 reversals in (ii),
1+ () reversals in (iii), and n — 2 reversals in (iv), which gives us exactly the
minimum amount of (inv(n) + (7)) operations. O

We can use Lemma 7 to obtain a 2-approximation algorithm for permutations
7 with n > 9 elements and inv(w) > 4n, as explained in the next lemma.

Lemma 8. If a permutation m with n > 9 elements has inv(w) > 4n then the
value of d() is 2-approximable.

Proof. Suppose that we have a permutation 7 with n > 9 such that inv(7) > 4n.
By Lemma 4, we have that d(w) > inv(w). Consider the following procedure,
divided into three steps:

(i) Apply a sequence of k super short reversals that moves the element n on
7 to position 1, without exchanging any intergenic region (i.e., any super
short reversal p(i,i+1,z,y) applied here has = T and y = 0, keeping r™
intact). Let 7’ be the resulting permutation. Since 7 has n elements, we
have that k& < n and inv(n’) < inv(m) + n, regardless of the position of
element n in 7.

(ii) Apply a sequence of k' super short reversals in a similar way as above that
moves element 1 from 7’ to position n. Let 7 be the resulting permutation.
Since 7’ has n elements, and since element 1 cannot be at position 1 in 7’
(77 = n), it follows that &' < n —1 and inv(n”) < inv(n’) +n -1 <
inv(m) + 2n — 1, regardless of the position of element 1 in 7’.

(iii) Use the algorithm presented in Lemma 7 to sort 7.

Note that the first two steps apply (k+ k') < (2n — 1) super short reversals, and
Step (iii) applies up to inv(m) 4 2n super short reversals, so the procedure above
applies z super short reversals such that z < 2n—1+inv(w)+2n = inv(r)+4n—1.
Since inv(w) > 4n, we have that z < 2inv(w), and the lemma follows. m|
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4 Conclusion

In this paper, we analyzed the minimum number of super short reversals needed
to sort a permutation 7 and transform its intergenic regions r™ according to the
set of intergenic regions r* of the target genome represented by ¢. We defined
some bounds that allowed us to state three different algorithms: a more general
that guarantees an approximation factor of 3; an exact algorithm for any permu-
tation w with n > 1 elements such that m; = n and 7, = 1; and a more specific
one that sorts any permutation 7 with n > 9 elements such that inv(w) > 4n
with an approximation factor of 2. We intend to investigate the problem using
super short transpositions instead of super short reversals, as well as using these
operations together on signed permutations. We will also study the complexity
of all these variants of the problem.
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