Parabolic Anderson Model with Rough )
Dependence in Space Sheiie

Yaozhong Hu, Jingyu Huang, Khoa Lé, David Nualart, and Samy Tindel

Abstract This paper studies the one-dimensional parabolic Anderson model driven
by a Gaussian noise which is white in time and has the covariance of a fractional
Brownian motion with Hurst parameter H € (}1, é) in the space variable. We derive
the Wiener chaos expansion of the solution and a Feynman-Kac formula for the
moments of the solution. These results allow us to establish sharp lower and upper
asymptotic bounds for the nth moment of the solution.
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1 Introduction

A recent paper [9] studies the stochastic heat equation for (¢, x) € (0, 00) x R

ou K 32u

= +o(u W, 1
ar 2 0x?2 @) M
where W is a centered Gaussian noise which is white in time and behaves as
fractional Brownian motion with Hurst parameter 1/4 < H < 1/2 in space, and
o may be a nonlinear function with some smoothness.

However, the specific case o (u) = u, i.e.

du  k d%u W )
ar ~ 20x2 " @
deserves some specific treatment due to its simplicity. Indeed, this linear equation
turns out to be a continuous version of the parabolic Anderson model, and is
related to challenging systems in random environment like KPZ equation [3, 6]
or polymers [1, 4]. The localization and intermittency properties of (2) have thus
been thoroughly studied for equations driven by a space-time white noise (see [13]
for a nice survey), while a recent trend consists in extending this kind of result to
equations driven by very general Gaussian noises [5, 8, 10, 11]. However, the rough
noise W presented in this work is not covered by the aforementioned references.

To fill this gap, we first tackle the existence and uniqueness problem. Although
the existence and uniqueness of the solution in the general nonlinear case (1) has
been established in [9], in this linear case (2), one can implement a rather simple
procedure involving Fourier transforms. Since this point of view is interesting in its
own right and is short enough, we develop it in Sect. 3.1. In Sect. 3.2, we study the
random field solution using chaos expansion. Following the approach introduced in
[8, 10], we obtain an explicit formula for the kernels of the Wiener chaos expansion
and we show its convergence, and thus obtain the existence and uniqueness of the
solution. It is worth noting these methods treat different classes of initial data which
are more general than in [9] and different from [2].

We then move to a Feynman-Kac type representation for the moments of the
solution. In fact, we cannot expect a Feynman-Kac formula for the solution, because
the covariance is rougher than the space-time white noise case, and this type of
formula requires smoother covariance structures (see, for instance, [11]). However,
by means of Fourier analysis techniques as in [8, 10], we are able to obtain a
Feynman-Kac formula for the moments that involves a fractional derivative of the
Brownian local time.

Finally, the previous considerations allow us to handle, in the last section of
the paper, the intermittency properties of the solution. More precisely, we show
sharp lower bounds for the moments of the solution of the form E[u(z, x)"] >

exp(Cn”llit), forallt > 0, x € Rand n > 2, where C is independent of t > 0,
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x € R and n. These bounds entail the intermittency phenomenon and match the
corresponding estimates for the case H > ; obtained in [10]. After the completion
of this work, three of the authors have studied the parabolic Anderson model in
more details in [12]. Existence and uniqueness results are extended to wider class
of initial data. In particular, exact long term asymptotics for the moments of the
solution of the form lim sup } SUP|x|>qr 10 E(Ju(z, x)|7) are obtained.

2 Preliminaries

Let us start by introducing our basic notation on Fourier transforms of functions.
The space of Schwartz functions is denoted by S. Its dual, the space of tempered
distributions, is &'. The Fourier transform of a function u € S is defined with the
normalization

fu(é):/eiiéxu(x)dx,
R

so that the inverse Fourier transform is given by F Y€ = @a) ' Fu(—¢). The
Fourier transform of a tempered distribution can also be defined (see [18]).

Let D((0, 00) x R) denote the space of real-valued infinitely differentiable
functions with compact support on (0, co) x R. Taking into account the spectral
representation of the covariance function of the fractional Brownian motion in the
case H < ; proved in [17, Theorem 3.1], we represent our noise W by a zero-mean
Gaussian family {W(¢), ¢ € D((0, 00) x R)} defined on a complete probability
space (€2, F, P), whose covariance structure is given by

E[W@) W] =cin / Fo(s. &) Fy (s, &) &' 2" dsd, (3)
R+ xR

where the Fourier transforms F¢, F are understood as Fourier transforms in space

only and

1
ClL,H = 2711“(2H 4+ 1)sin(rH) . 4)

We denote by §) the Hilbert space obtained by completion of D((0, co) x R) with
respect to the inner product

Ry / Fools, £)F(s. )| 2P dids . )

R+XR

The next proposition is from Theorem 3.1 and Proposition 3.4 in [17].
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Proposition 2.1 If $o denotes the class of functions ¢ € L>*(Ry x R) such that
/ | Fo(s. £)PI5]' > dgds < oo
R4y xR

then £ is not complete and the inclusion o C §) is strict.

We recall that the Gaussian family W can be extended to §) and this produces
an isonormal Gaussian process, for which Malliavin calculus can be applied. We
refer to [16] and [7] for a detailed account of the Malliavin calculus with respect
to a Gaussian process. On our Gaussian space, the smooth and cylindrical random
variables F are of the form

F=f(W(@),....,W(pn),

with¢; € 9, f € C;°(R") (namely f and all its partial derivatives have polynomial
growth). For this kind of random variable, the derivative operator D in the sense of
Malliavin calculus is the $-valued random variable defined by

_§ |
DF = ; by, V@D W@

The operator D is closable from L2() into L2($2; $) and we define the Sobolev
space D'2 as the closure of the space of smooth and cylindrical random variables
under the norm

IDFI2 = JE[F2] + E[IDFI3)].

We denote by § the adjoint of the derivative operator (called divergence operator)
given by the duality formula

E[8u)F] =E[(DF,u)g], (6)

forany F € D2 and any element u € Lz(Q; £) in the domain of §.

For any integer n > 0 we denote by H,, the nth Wiener chaos of W. We recall
that Hy is simply R and for n > 1, H, is the closed linear subspace of L%(£2)
generated by the random variables {H,(W (¢)), ¢ € 9, |¢lls = 1}, where H, is
the nth Hermite polynomial. For any n > 1, we denote by $®" (resp. H©") the nth
tensor product (resp. the nth symmetric tensor product) of $). Then, the mapping
I, (¢®") = H,(W(¢)) can be extended to a linear isometry between $°" (equipped
with the modified norm +/n!|| - | 5en) and Hy,.
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Consider now a random variable F € LZ(Q) which is measurable with respect
to the o-field F generated by W. This random variable can be expressed as

F=E[F]+) L(fo. @)
n=1

where the series converges in Lz(Q), and the elements f, € $°", n > 1, are
determined by F. This identity is called the Wiener chaos expansion of F.

The Skorohod integral (or divergence) of a random field u# can be com-
puted by using the Wiener chaos expansion. More precisely, suppose that u =
{u(t, x), (t,x) € Ry x R} is a random field such that for each (¢, x), u(z, x) is
an JF-measurable and square-integrable random variable. Then, for each (¢, x) we
have a Wiener chaos expansion of the form

u(t, x) =E[ut, )]+ Y Ii(ful.1,x)). ®)

n=1

Suppose that E[||u||%] is finite. Then, we can interpret u as a square-integrable
random function with values in §) and the kernels f, in the expansion (8) are
functions in $®"+1 which are symmetric in the first n variables. In this situation, u
belongs to the domain of the divergence operator (that is, u# is Skorohod integrable
with respect to W) if and only if the following series converges in L?(2)

5(u) =/O /Rdua,x)awa,x) = WEWD + Y a1 (o). ©
n=1

where f,; denotes the symmetrization of f, in all its n + 1 variables.

For each t > 0, let F; be the o-field generated by W up to time ¢. Define the
predictable o-field as the o-field of subsets of 2 x R x R generated by the
collection of sets {A x (s,7] x B, where 0 < s < t, A € F; and B is a Borel
set in R. Denote by Ap the space of predictable processes g defined on Ry x R
such that almost surely g € § and E[|| g||%] < 00. Then, if g € Ay, the Skorohod
integral of g with respect to W coincides with the It6 integral defined in [9] and we
have the isometry

2
E ([ /g(s,x)W(ds,dx)) =Elgl5 - (10)
Ry JR

Now we are ready to state the definition of the solution to Eq. (2). Denote by p;(x)
the heat kernel on the real line related to %, A. We denote by * the convolution
operation.
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Definition 2.2 Letu = {u(t,x),0 <t < T,x € R} be a real-valued predictable
stochastic process such that for all # € [0, T] and x € R the process {p;_s(x —
nu(s, y) Ljo.r(s),s > 0,y € R} belongs to Ay. We say that u is a mild solution
of (2)if forall r € [0, T] and x € R we have

t
u(r,x)=p,*uo(x)+/0 /Rp,_s(x—y)u(s,y)vv(ds,dw as. (11

where and in what follows the stochastic integral is always understood in the sense
of It6 and coincides with the Skorohod integral defined by (6).

3 Existence and Uniqueness

In this section we prove the existence and uniqueness result for the solution to
Eq.(2) by means of two different methods: one is via Fourier transform and the
other is via chaos expansion.

3.1 Existence and Uniqueness via Fourier Transform

In this subsection we discuss the existence and uniqueness of Eq.(2) using
techniques of Fourier analysis.

. 17
Let H} " be the set of functions f € L2(R) such that TR |\ Ff@&P1E2H
d§ < oo. This space is the time independent analogue to the space §)¢ introduced

1
. .. S A -H . .
in Proposition 2.1. We know that H; is not complete with the seminorm
1

[fR |}'f($)|2|§|1’2‘11d§]2 (see [17]). However, it is not difficult to check that

g
the space HO2 is complete for the seminorm ||f||%;(H) = fR |IFFEF1 +
&' 2")de.
In the next theorem we show the existence and uniqueness result assuming that

1
o .. s, —H . . .
the initial condition belongs to H and using estimates based on the Fourier

transform in the space variable. To this purpose, we introduce the space Vr(H) as
1

. ~,—H .
the completion of the set of elementary H;  -valued stochastic processes

n—1

u(t) =Y A Oui, te[0,T],

i=0
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1
. . S
where 0 = 1) <t < --- < t, = T is a partition of [0, T] and u; € HO2 , with
respect to the seminorm

Il ) = sup Ellutt, )3z)- (12)
t€(0,T]

We now state a convolution lemma.

. l_
Proposition 3.1 Consider a function uy € Hg " and }‘ < H < é For any
v € Vr(H) we set I'(v) = V in the following way:

t
r'w):=V,x)=p: *uo(x)—i-/(; /Rpt_s(x — (s, YW(ds,dy), te][0,T], x €R.

Then T is well-defined as a map from Vr(H) to Vr (H). Furthermore, there exist
two positive constants c1, cp such that the following estimate holds true on [0, T]:

t
IV () By < 1 ol + 2 / (t = )32 (s, )y ds. (13)
0

Proof Let v be a process in Vr(H) and set V = I'(v). The stochastic integral
appearing in the definition of I"(v) exists as an Itd (or Skorohod) integral, because
the process {p;—s(x — y)v(s, y), 1j0./1(s), s > 0,y € R} is predictable and square
integrable. We focus on the bound (13) for V.

Notice that the Fourier transform of V can be computed easily. Indeed, setting
vo(t, x) = p; * up(x) and invoking a stochastic version of Fubini’s theorem, which
can be easily proved in our framework, we get

t .
FV(1,8) = Fuolt, &) + /0 /R ( /R o pt_s(x—y)dx)v(s, WW(ds. dy) .

According to the expression of Fp;, we obtain
1
P06 = Funt. o)+ [ [ O Iy wias.dy).
0 JR

We now evaluate the quantity E[ fR |FV(t,8)*1E]' 2" dE] in the definition of
IV lyycay given by (12). We thus write

EMWU,@FEH*Z%] §2A|fv0(t,§)|2|g|1*2Hd§

t . . 2
+2/E|:’/ /e—lf«ve—z“—”ézv(s,y)W(ds,dy)’ ]|§|1_2Hd$ =2l + 1)
R 0 JR

and we handle the terms /1 and /> separately.
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L1
The term /; can be easily bounded by using that ug € H; f and recalling
vo = p; * ug. That is,

_ 2 _
L= /R |Fuo®)>e ™51 1g)' 2 dg < Clluo 3y,

We thus focus on the estimation of I, and we set f¢ (s, n) = e i (’_S)Szv(s, n).
Applying the isometry property (10) we have:

! [ ) Kk 2 ! g —
B|| [ [ewesetusywasan| | =en [ [ B[ s R nlt asan,
0 JR 0 JR

where F;, is the Fourier transform with respect to 7. It is obvious that the Fourier
transform of e ~/8Y V (y) is FV ( + £). Thus we have

t
Iz:C/ //E_K(I_S)ngl]]:U(S,77+$)|2:||77|1_2H|$|1_2Hd77d§ds
0 JRJR
t
:C/ //e*K(be)SzEl]]:v(s’ n)|2:| |n_§|172H|§|172Hdnd%_ds
0 JRJR

We now bound | — £|'72H by |n|'2H + |g|'72H  which yields I, < Iy + I
with:

t
m=c [ [ [ e E [ iFo P 22 andeas
0 JRJR
! 2
122=cf /fe*K(H)S E[1Fo(s, | leP~* dndeds .
0 JRJR

Performing the change of variable £ — (r —s)~!/2& and then trivially bounding the
integrals of the form fR HE e"‘szds by constants, we end up with

t
Li<C / (t — 5)H! / E[1Fo(s, m ] Inl' =2 dnds
0 R

t
by < cf (t—s)2H*3/2/ E[|fv(s, n)|2] dnds.
0 R

Observe that for H € (}‘, ;) the term (1 —s)>#—3/2 is more singular than (¢ —s)H-1
but we still have 2H — ; > —1 (this is where we need to impose H > 1/4).
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Summarizing our consideration up to now, we have thus obtained

[ E[lveor]ernae
R

t
< Cir ol + Cor f ( — 5302 fR E[17u6. )] (1 + 1) dt ds
0
(14)
for two strictly positive constants Cy,1, C2,7.

The term E[fR |FV(t,£)|*d€] in the definition of IV lyy¢ay can be bounded
with the same computations as above, and we find

[ E[Fveor] a

t
< Cur ol +Car [ =9 [ B[ 17,0 ] a+iel ) ands.
0 R
(15)
Hence, gathering our estimates (14) and (15), our bound (13) is easily obtained,
which finishes the proof. O
As in the forthcoming general case, Proposition 3.1 is the key to the existence

and uniqueness result for Eq. (2).

Ll
Theorem 3.2 Suppose that ug is an element of H " and }‘ < H < é FixT > 0.
Then there is a unique process u in the space Vr (H) such that for all t € [0, T],

t
u(t, ')=pz*uo+/0 /Rpt_sc—y)u(s,y>W(ds,dy). (16)

Proof The proof follows from the standard Picard iteration scheme, where we just
set u,+1 = I'(uy,). Details are left to the reader for the sake of conciseness. O

3.2 Existence and Uniqueness via Chaos Expansions

Next, we provide another way to prove the existence and uniqueness of the
solution to Eq.(2), by means of chaos expansions. This will enable us to obtain
moment estimates. Before stating our main theorem in this direction, let us label an
elementary lemma borrowed from [10] for further use.

Lemma 3.3 Form > lleta € (—1+ ¢, 1) with ¢ > 0 and set |a| = Z;":l o;.
Fort € [0, T], the m-th dimensional simplex over [0, t] is denoted by T, (t) =
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{(ri,rm,...,rm) €ER™ :0 <r; <--- <ry <t} Then there is a constant ¢ > 0
such that

Cmt\a|+m

m
I, ) :=/ (ri —ri-)%dr < ;
" rmm,.l] o (ol +m + 1)

where by convention, ry = 0.

Let us now state a new existence and uniqueness theorem for our equation of
interest (2).

Theorem 3.4 Suppose that ‘1‘ < H < é and that the initial condition ug satisfies

/Ra 151 Fig (8)]dE < oo (17)

Then there exists a unique solution to Eq. (2), that is, there is a unique process u such
that the Ito (or Skorohod) integral of the process {p;—s(x — y)u(s, y)I10.1(s), s >
0, y € R} exists for any (¢, x) € [0, T] x R and relation (11) holds true.

Remark 3.5
(1) The formulation of Theorem 3.4 yields the definition of our solution « for all
(t, x) € [0, T] x R. This is in contrast with Theorem 3.2 which gives a solution
1

oo . e h—H .
sitting in H; ~ for every value of 7, and thus defined a.e. in x only.
(ii) Obviously a constant can be considered as a tempered distribution. Condi-
tion (17) is satisfied by constant functions.

Remark 3.6 In the later paper [12], the existence and uniqueness in Theorem 3.4 is
obtained under a more general initial condition. Since the proof of Theorem 3.4 for
condition (17) is easier and shorter, we present the proof as follows.

Proof of Theorem 3.4 Suppose that u = {u(t,x),t > 0,x € Rd} is a solution
to Eq.(11) in Ag. Then according to (7), for any fixed (¢, x) the random variable
u(t, x) admits the following Wiener chaos expansion

o0
w(t,x) =Y Li(fal.t.x)), (18)
n=0
where for each (¢, x), f, (-, t, x) is a symmetric element in $®". Hence, thanks to (9)

and using an iteration procedure, one can find an explicit formula for the kernels f;
for n > 1. Indeed, we have:

fn(slaxla '-'asnaxnatax)

= ! Pt—sa(n) (X - xa(n)) e psg(z)—sa(l) (xO'(2) - xa(l))psg(l)”()(xa(l)) P (19)
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where o denotes the permutation of {1,2,...,n} such that 0 < s5(1) < -+ <
Sem) < t (see, for instance, formula (4.4) in [8] or formula (3.3) in [10]). Then,
to show the existence and uniqueness of the solution it suffices to prove that for all
(t, x) we have

o]

D ol faCrt ) en < 00 (20)

n=0

The remainder of the proof is devoted to prove relation (20).
Starting from relation (19), some elementary Fourier computations show that

n n
c
Fla(st, &1, isp bnnt,x) = 1 / 1_[ o= 5 Goi+1) =50 ) o)+ ooy —¢ I
n! R
i=1

. ks (1ylc1?
« e—lx(sa(n)+"'+s“(l)_Z)]‘—uo({)e_ (12) de.

where we have set 54 (,+1) = ¢. Hence, owing to formula (5) for the norm in §) (in
its Fourier mode version), we have

2 cif
wif e =T [ f
n: [0,£]" n

n
/l_[e—'ﬁ(So(i+1)—s‘o(i))|5i+-~-+51—5\2e—ix(éa(n)+-~-+§o(1)—§)
Riz1

Klfo(l)\{\z

Fuo(@)e” 2 dt

2 n
<[ l&l' " agds. (21
i=1

where d& denotes d&; - - - d&, and similarly for ds. Then using the change of variable
&+---+& =mn;,foralli = 1,2, ..., nand alinearization of the above expression,
we obtain

2n n
C _K o 2 2
n!||_fn(.,[,x)||%®n = nI{ V/[O ] / V/RZ l_[e 5 o (i+1) =) (Ini = 1= +Ini—=¢'| )-7:’40({)]:140@/)
. .tn n l=1

sy (€242
2

[Tini = nical' =" dcac dnds,
i=1

=) o=

where we have set n9 = 0. Then we use Cauchy-Schwarz inequality and bound the
term exp(—k s (1) (£ > + [¢[*)/2) by 1 to get

o—

on n n
c _ s ) | —e |2 _
PGt 0 Gen = 1 /2 / [ [T Coeen=so@m=¢E T n; — iy |'=2H diyds
LR [0,£]" ni:l

i=l

1
2

n n
x [ [ [TeCousnmsr@n=c [Ty — ey ands | |Fuo(@)] | Fuo(¢)|dds”
(0.1 JR™ ;) i=1
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Arranging the integrals again, performing the change of variables ; := ; — ¢ and
invoking the trivial bound |n; — n; 1|27 < ;1 |'72H 4 |n;|'~%H, this yields
C2n 1 2
PUfaCt ) e <1 /R L2 () |Fuo()|dt ) (22)

where L, (¢) is

n n
_ . — 2 _ _ _ _
/0 / [ Je < Cowsnmso@ml g |722H g 225y s T =2H + I /=2 yddes.
0,117 n =1

i=2

Let us expand the product ]_[?zz(lmll_ZH + |ni—11'72#) in the integral defining
L, (). We obtain an expression of the form ZaeDn ]_[?:1 [ni|%, where D, is a
subset of multi-indices of length n— 1. The complete description of D,, is omitted for
the sake of conciseness, and we will just use the following facts: Card(D,,) = 2"~!
and for any @ € D, we have

n
|a|52ai:(n—1)(l—2H), and o; €{0,1-2H,2(1-2H)}, i=1,...,n.
i=1

This simple expansion yields the following bound

n n
Las(0) < |§|172H Z / He*K(Sa(iJrl)*So(i))miF 1_[ [ni 1% dnds
0.0 JR™; i=1

aeDy,

n n
—K (S04 1)—Se (i) i * 1-2H i
+ /nl [ e otenmso@Ml 1228 T | s
i=1 i=1

aeD, 011"

Perform the change of variable & = (k (S5 (i+1) — sg(,-)))l/ 277:’ in the above integral,

and notice that fR 8’ |€|¥ d£ is bounded by a constant for o; > —1. Changing the
integral over [0, #]" into an integral over the simplex, we get

n
1 .
L@ = Clel'™Hnicy 30 | [l —sin20F0ds,

aep, Y Tn0)

n
_ 2-2H+q 1 i
+Cnlcly ) /T (2 =507 2 [JteGipa —sin20Fds.

aeD, Y Tn® i=2

We observe that whenever i < H < %, we have é(l 4+ o) < 1 foralli =

2,...n, and it is easy to see that oy is at most 1 — 2H so é(Z —2H 4+ ay) < 1.
Condition H > 1/4 comes from the requirement that when oy = 1 — 2H, we
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need ;(2 —2H 4+ o)) = ;(3 —4H) < 1. Thanks to Lemma 3.3 and recalling that
Yoo =(@m—1)(1—2H)forall @ € Dy, we thus conclude that

Lo.(0) < c( +t;_H’C%_H|§|1_2H)n!c"c’;{t"HK"H—"
e T(nH + 1)

Plugging this expression into (22), we end up with

cc CnthKann
H

U fa ot ) 5en < MH 4 D)

2

(/(1+ti—”xi—”|¢|i—”) |fuo<;>|dc) :
R

(23)

The proof of (20) is now easily completed thanks to the asymptotic behavior of
the Gamma function and our assumption of ug. This finishes the existence and
uniqueness proof. O

4 Moment Formula and Bounds

In this section we derive the Feynman-Kac formula for the moments of the solution
to Eq. (2) and the upper and lower bounds for the moments of the solution to Eq. (2)
which allow us to conclude on the intermittency of the solution. We proceed by first
getting an approximation result for #, and then deriving the upper and lower bounds
for the approximation.

4.1 Approximation of the Solution

The approximation of the solution we consider is based on the following approxi-
mation of the noise W. For each ¢ > 0 and ¢ € §), we define

Wa(p) = f f [pe * 915, X)W (ds, dy) = / f / (5. ) pe(x — Y)W (ds, dy)d .
0 R 0 RJR 24)
(

1 2 . .
where p.(x) = (Qme) 2¢™ /(2¢) Notice that the covariance of W, can be read
(either in Fourier or direct coordinates) as:

E[W.(0)We ()] = c1.0 /0 /R Fols, &) Fir(s, &) e € 1g) 2 gz ag (25)

—ein / / / (5. 2) fo (x — Y)Y (s, v) dxdyds,
0 RJR



490 Y. Hu et al.

for every ¢, ¥ in $), where f; is given by f.(x) = F1(675|5|2|§|1*2H). In other
words, W; is still a white noise in time but its space covariance is now given by f;.
Note that f, is a real positive-definite function, but is not necessarily positive. The
noise W, induces an approximation to the mild formulation of Eq. (2), namely

t
ug(t, x) = pr * uo(x) +/0 fRPH (x = Yue(s, y) We(ds, dy), (26)

where the integral is understood (as in Sect. 3.1) in the It6 sense. We will start by a
formula for the moments of u,.

1

Proposition 4.1 Let W, be the noise defined by (24), and assume }1 < H < ,.
Assume u is such that fR(l + |§|5*H)|]:uo(é)|d§ < 00. Then
(i) Equation (26) admits a unique solution.
(ii) For any integern > 2 and (t, x) € [0, T] x R, we have
n . .
E[ult.x)]=Ep | [Juoc+ Blpexp|ean > V). @
j=1 1<j#k<n
with
. t . t ) .
Vit = / fe(Biy — By)dr = / / oI5 g1 =2H (8B =Bi) gy
0 0 JR
(28)

In formula (28), {B/; j = 1,...,n} is a family of n independent standard
Brownian motions which are also independent of W and Ep denotes the
expected value with respect to the randomness in B only.

(iii) The quantity E[ull(t, x)] is uniformly bounded in &. More generally, for any
a > 0 we have

JJok
supEp | exp | a Z 8% =, < 00.
e>0 1< j#k<n

Proof The proof of item (i) is almost identical to the proof of Theorem 3.4, and is
omitted for the sake of conciseness. Moreover, in the proof of (ii) and (iii), we may
take up(x) = 1 for simplicity.

In order to check item (ii), set

AL (1Y) = pe(BY_py— ), and of = |IA] 5. (29)
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Then one can prove, similarly to Proposition 5.2 in [8], that u, admits a Feynman-
Kac representation of the form

us(t,x) =Ep |:exp (W(Af’x) — ;af’x)] . (30)

Now fix an integer n > 2. According to (30) we have

E[ué’(t,x)]:EW l_[EB |:exp<W(A€Bf) /):| ’

j=1

&,BJ

where forany j = 1,...,n, Af,’f and o, are evaluations of (29) using the

Brownian motion B/. Therefore, since W(At’x ) is a Gaussian random variable
conditionally on B, we obtain

n

E[u!(t,x)] = Eg | exp ||ZAff’||55 Zaf:fj

j 1

—Eg | exp ||ZASf,||ﬁ ZnASf’n)3

,B! B/
=Ep | exp Z <Af,x ’Af,x )53

I<i<j<n

The evaluation of (A;’ f i, Af”f ’ )5 easily yields our claim (27), the last details being
left to the patient reader.
Let us now prove item (iii), namely

sup  sup  E[ul(t,x)] <o0. 31)
e>01e[0,T],xeR

To this aim, notice first from the expression (27) that E [ug' (t, x)] does not depend
on x € R (since up(x) = 1) so that the sup,¢jo 77 xer in (31) can be reduced to a
sup in ¢ only. Next, still resorting to formula (27), it is readily seen that it suffices to
show that for two independent Brownian motions B and B, we have

t ~
sup Ep [exp (ch)] <oo, with Ff z/ /e_€|5‘2|é§|1_2He‘5(B"’_B"’)dgdr,
£>0,0€[0,T] o Jr
(32)
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for any positive constant c. In order to prove (32), we expand the exponential and
write:

© Eg [(c Y

plexpc FH] =3 (33)
=0
Next, we have
: i B 2
EB I:(Fts)l:l = EB / / 1_[ e—lgj(BKrj—BKrj)—E‘Sﬂ |€] |1_2Hd§dr
0.1 JRY )
!
= / / l_[ oK —To()IEj++E € 12" geqr |
~Joay Jr G
j_
where o is the permutation on {1, 2, ...,/} such that t > ro) > -+ > r5¢1). We
have thus gone back to an expression which is very similar to (21). We now proceed
as in the proof of Theorem 3.4 to show that (31) holds true from Eq. (33). 0

Starting from Proposition 4.1, let us take limits in order to get the moment
formula for the solution u to Eq. (2).

Theorem 4.2 Assume ‘1‘ < H < é and considern > 1, j, k € {1,...,n} with

Jj # k. For (1,x) €0, T] x R, denote by V"X the limit in L*(Q) as & — 0 of

yE ik // ool g [1-2H JiEBL—BE) g gy

Then E [u;' (z, x)] converges as ¢ — 0to E[u" (¢, x)], which is given by

n

j i,k
Ew"(t.x)]=Ep | [JuoBl, +0)exp|cn Y Vi]]- (34)
j=1 1=j#k=n

We note that in a recent paper [12], the moment formula for general covariance
function is obtained. However we present the proof here for the sake of complete-
ness.

Proof As in Proposition 4.1, we will prove the theorem for ug = 1 for simplicity.
Forany p > land 1 < j < k < n, we can easily prove that V,S’;C/ ok converges in

LP(Q) to V! defined by

. 1 . i
V= /0 /R 611 2H 5B =B dgar. (35)
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Indeed, this is due to the fact that e‘s|§|2|§|1_2He"5(3£f_3£r) converges to
|&|1=2H ¢i€(Bir—B() in the d& ® dr ® dP sense, plus standard uniform integrability
arguments. Now taking into account relation (27), Proposition 4.1 (iii), the

fact that V,XJ converges to V,]x in L?(Q) as ¢ — 0, and the inequality
le¥ —e¥| < (e* 4+ e¥)|x — y|, we obtain

€k jik
Eplexp | ci.m Z Vii —exp|ciH Z Vis

1<j#k=n 1<j#k=n
1
2\ 2
€,j.k Jk
<sup2 | Ep|exp | 2c1,H Z Vi +exp | 2c1,H Z Vix
€0 1<j#k=n 1<j#k<n
1
2\ 2
€.jik j.k
x | Ep Cl,H Z Vt,xj —ClL,H Z thx ’
l<j#k=n l<j#k=<n
which implies
imE[u!(r, )] = imEg [exp | ey Y. V!
e—0 e—0 ‘ ’
l<j#k=<n
j k
=Ep|exp|an > V|- (36)
I<j#k=n

To end the proof, let us now identify the right hand side of (36) with E[u" (¢, x)],
where u is the solution to Eq. (2). For ¢, ¢’ > 0 we write

1 /! p2
E[uc(t, x)ue(t,x)] = Ep [exp ( (ApE ASP m)} :

where we recall that Af,’f is defined by relation (29). As for (36) we can show
that the above E [ua(t, X) ug(t, x)] converges as ¢, & tend to zero. So, ug(t, x)
converges in L? to some limit v(z, x). For any positive integer k notice the identity

i (—1)J 2k)!

Elu.(t, x) — ug(t, x)| % =
uee) = e 0P = 35 o

E[ug(t,x)Zk_jugr(t,x)j] YD
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We can find the limit of E[us(t,x)Zk_jua/(t,x)j] and then show that (37)

converges to 0 as ¢ and ¢’ tend to 0. It is now clear that u.(z, x) converges to
v(t, x) in L? for all p > 1. Moreover, E[v" (¢, x)] is equal to the right hand side
of (36). Finally, for any smooth random variable ' which is a linear combination
of W(1[4,51(s)@(x)), where ¢ is a C* function with compact support, using the
duality relation (6), we have

E[Fu.(t,x)|=E[F|+E[(Y*, DF)s]. (38)

where
Yh¥(s, z) = (/R Di—s(x —¥) pe(y — 2ue(s, y) dy) 1j0,,1(s).

Letting ¢ tend to zero in Eq. (38), after some easy calculation we get
E[Fu; ] =E[F]+E[(DF.vpi—.(x = )s] .

This equation is valid for any F € D'2 by approximation. So the above equation
implies that the process v is the solution of Eq.(2), and by the uniqueness of the
solution we have v = u. |

4.2 Intermittency Estimates

In this subsection we prove some upper and lower bounds on the moments of the
solution which entail the intermittency phenomenon.

Theorem 4.3 Let i < H < é and consider the solution u to Eq. (2). For simplicity
we assume that the initial condition is ug(x) = 1. Let n > 2 be an integer, x € R
and t > 0. Then there exist some positive constants c1, ca, c3 independent of n, t
and k with 0 < ¢1 < ¢ < 00 satisfying

exp(cm”llﬂcl*lli 1 <E [u"(t, x)] < c3exp (canlli Klfilf t) . (39)

Remark 4.4 It is interesting to point out from the above inequalities that when
k | 0, the moments of u go to infinity. This is because the equation ‘3’; = u W has

no classical solution due to the singularity of the noise W in spatial variable x.

Proof of Theorem 4.3 We divide this proof into upper and lower bound estimates.
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Step 1: Upper bound. Recall from Eq. (18) that for (¢, x) € Ry x R, u(¢, x) can
be written as: u(t, x) = Z;O:o Ln(fm (-, t, x)). Moreover, as a consequence of the
hypercontractivity property on a fixed chaos we have (see [16, p. 62])

1 oot ) zn @) < (0= D3 (G £ 0 120 -

and substituting the above right hand side by the bound (23), we end up with

m mH  Hm-—m
C2n2t 2 Kk 2

Vo (fnCs 12 ) @) < 02 ot N2 = 1 41

Therefore from by the asymptotic bound of Mittag-Leffler function
Y u=0X"/T(an + 1) < ciexp(cax!/?) (see [14], Formula (1.8.10)), we get:

m mH  Hm—m

(;znzt 2 K 2 H-1
llu(t, 2)lln (@) < Z 1 (£, ) | L () < Z . <crexp(camui’n'),
m=0 m=0 (T(mH + 1))2

from which the upper bound in our theorem is easily deduced.

Step 2: Lower bound for u.. For the lower bound, we start from the moment formula
(27) for the approximate solution, and write

E [u'; (t, x)]

=Ep |exp|cim // —ell?

In order to estimate the expression above, notice first that the obvious change of
. . 2

variable A = !/2¢ yields f]R et g1 20 gg = Ce~1—H) for some constant C.

Now for an additional arbitrary parameter n > 0, consider the set

*lBKré

\f\lfz”dsdr —nt / e~ |g 12 g
R

A, = :w; sup sup |Bl (w)] < ;T }
0

1<j<n0<r<t

Observe that classical small balls inequalities for a Brownian motion (see (1.3) in
[15]) yield P(A,) > cle_CZ”Z”K’ for a large enough 5. In addition, if we assume
that A, is realized and |§| < 5, some elementary trigonometric identities show that
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the following deterministic bound hold true: | 27:1 e iBirf| > 5 - Gathering those
considerations, we thus get

toprn
E[ul(t,%)] = exp <c1n2 f f e 6P g2 g ar — Cznl8H1> P(A,)
0 Jo

o172
> Cexp <c1n2ts(1H) /
0

We now choose the parameter 7 such that k n> = ¢~ =) which means in particular

n 2
P |§|172Hd§ — czntsf(lfH) — C3mctr)2> .

. . 172 2 .
that n — oo as & — 0. Itis then easily seen that [ = " e~5I"|£|! =2 d¢ is of order
g 0=H) in this regime, and some elementary algebraic manipulations entail

2 1 1
E [u’; (t, x)] > Cexp (clnthH_ls_“_H) — cznte_(l_H)) > Cexp (C3tl{1_l'1 n1+H> ,

. .. . . H-1 1 .
where the last inequality is obtained by choosing e~(!=#) = ¢« "n n# in order

to optimize the second expression. We have thus reached the desired lower bound
1

in (39) for the approximation u°® in the regime ¢ = c« T HOD

Step 3: Lower bound for u. To complete the proof, we need to show that for all

sufficiently small &, E [u? (¢, x)] < E[u"(z, x)]. We thus start from Eq. (27) and use

the series expansion of the exponential function as in (33). We get

m

[ul(r,x)] = Z Ep SooviE) | (40)

l<j#k=<n

where we recall that Vf}(] k

power above, we have

is defined by (28). Furthermore, expanding the mth

m
Ep Z fo;!’k / / et L e g, [eiBw;)] 1—[ &2 agdr |
I<j#k<n aeKy,y, 101" IR =1

where K, », is a set of multi-indices defined by

K,,,,,,:{a=(jl,...,j,,,,kl,...,k,,,)e{1,...,n}2m; it <k,fora111=1,...,n},
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and B%(§) is a shorthand for the linear combination ) ;. SZ(B,{’,I - B,lf’”). The
important point here is that Ege’5* ) is positive for any o € K. m. We thus get the
following inequality, valid for all m > 1

m
m
ol | 2 vi) |2 X [ [ Eaem @] [Tt asar
1<j#k<n a€Kpy ¢ 011" IR I=1
m
j k
=Ep| [ > Vi |

1<j#k=n

where Vt{;ck is defined by (35). Plugging this inequality back into (40) and recalling
expression (34) for E[u" (¢, x)], we easily deduce that E[u (¢, x)] < E[u" (¢, x)],
which finishes the proof. O
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