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Abstract We consider a pursuit differential game described by an infinite system
of Ist-order differential equations with negative coefficients in Hilbert space. The
control functions of players are subject to integral constraints. The pursuer attempts
to bring the system from a given initial state to another state for a finite time and the
evader’s purpose is opposite. We obtain a condition of completion of pursuit when
the control resource of the pursuer is greater than that of the evader. We study a

control problem as well.

Keywords Pursuer + Evader -+ Infinite system of differential equations * Control

strategy

1 Introduction

Differential games in finite dimensional Euclidean spaces were studied by many
researchers and developed important methods (see, for instance, [10, 25, 28, 30, 36,

37].)
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There are mainly two constraints on control functions of players: geometric and
integral constraints. In-views of the amount of works been done in developing the
differential games, the integral constraints have been extensively discussed by many
researchers with various approaches (see, for example, [4, 5, 8, 11, 12, 18-21, 26,
27, 29, 31, 34, 35, 39, 42-44]).

One of the powerful tools in studying the control and differential game problems
in systems with distributed parameters is the decomposition method. Using this
method the control or differential game problem is reduced to ones described by
infinite systems of differential equations (see, for example, [2, 6, 7, 9, 13, 32, 40,
41, 45, 46]). We demonstrate briefly the method for the following parabolic equation

0z(x, 1)
™ + Az(x, 1) = w(x, 1), z(x,0) = z0(x), (1)
where 0 <t < T, T is a given positive number, x = (xy,...,x,) € 2 C R",n > 1,

£2 is a bounded set with piecewise smooth boundary,
n
0 9z
Az = — —|aij(x)— ).
) ijZ::I dx; <aJ(X)3x.f>

a;j(x) = aji(x), x € £2, and, for some ¢ > 0 and for all

... E)eR xR, Y a;()&EE =c) &
ij=1 i=1
The domain of the operator A is the space of twice continuously differentiable func-

tions with compact support in §2, denoted by C? (£2). Define inner product

(z, )4 = (Az,y), z,y €C* ().

Then C? (£2) becomes incomplete Euclidean space. To obtain a complete Hilbert
space associated with the operator A, we complete the space C? (£2) with respect

to the norm ||z||4 = +/(Az, 2), z €C? (£2). We use the fact that the operator A has
countably many eigenvalues

AMyA, .o, O<A <X <..., lim Ay =400,
k—00
and generalized eigenfunctions ¢y, ¢, . . ., which is a complete orthonormal system

in L,(£2) [33].
Next, let C(0, T; H,(£2)) and L, (0, T; H,(£2)) denote the spaces of continuous
and measurable functions defined on [0, 7T'] with the values in
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H(2)=1feli2)| f=) ap. Y Mol <oop,

i=1 i=1

respectively, where r is a given number. The space H,(§2) is a Hilbert space with
inner product and norm defined as follows: if

f=) g € H(2), ¢=) B € H (),

i=1 i=1

then

o I 12
(f.e) = Map:. ||f||=(ZA§a?> :

i=1 i=1

It was proved [2] that if w(-) € L,(0, T; H,(£2)), then the initial value problem (1)
has a unique solution z(-) € C(0, T'; H,+1(£2)). Next, represent the functions z(x, t)
and w(x, t) as

2,0 = Y wO@), Wi ) =Y w0, wl),wi() € L0, T), k=1,2,...,
k=1 k=1

and substitute them into the Eq. (1), and then equate the coefficients at ¢ (x) to obtain
e+ ez = wi, 2k (0) = 20, k=1,2,...,

where wy, 2k, zxo € R', k =1,2, ..., wg, are control parameters, zxo = (20, Q).

Thus, we have obtained an infinite system of differential equations. Usually, the

control function is subjected to geometric or integral constraint. The geometric and
integral constraints for the control function w € H(0, T'; H,(2)) of the form

T
e, DIl < p, /IIW(x,t)IIZdt <o
0

respectively, can be written as follows

o0 1/2 o0 T
(Z xzw,%o)) <p. D X / wi(t)dt < p?,
k=1 k=1 0

respectively.

Hence, there is an important connections between control problems described by
PDE and those described by infinite system of differential equations. Control and dif-
ferential game problems described by infinite system of differential equations are of
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independent interest and can be investigated within one theoretical framework inde-
pendently of those described by PDE assuming that the coefficients Ay, k = 1,2, ...,
are any real numbers. Of course, in the case where ), are any real numbers, we must
give adequate definitions of state space, solution of infinite system of differential
equations. Also, we have to prove the existence-uniqueness of solution in the state
space.

There are several works devoted to control or differential game problems described
by infinite system of differential equations (see, for example, [1, 3, 14, 16, 17, 22-24,
38D).

In the paper [14] a differential game problem described by the following infinite
system of differential equations

2k + Az = —uk + v, 2(0) =200, k=1,2,..., ()

where zi, ug, vi € R, and Ay, k = 1,2, ..., are positive numbers, was studied when
integral constraints are subjected to control functions of the players.

In the present paper, we study a pursuit differential game problems described by
(2) in the case of negative coefficients Ax, k = 1, 2, .. .. Pursuer tries to bring the
state of the system from an initial state z° to another given one z! for a finite time.
Previous studies of differential games described by infinite system of differential
equations have only dealt with the case z' = 0. We obtain sufficient conditions of
completion of pursuit.

2 Statement of Problem

Consider the following Hilbert space

[o.¢]
2= {a = (@00, )| D ul"ef < oo} ,
k=1

where, r is areal number and A1, A, . . ., is abounded sequence of negative numbers,
with inner product and norm defined by

00 0o 1/2
@ B)r = Il e, a. pel?, |l = <Z |xk|’a,§) .

k=1 k=1

Let
Lo T.13) = fw) = 00100 w20, I WOl 0,712 < 000 w() € La(0,T) ],

where T > 0 is a given sufficiently big number,
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00 - 1/2
WO L0702 = (Z Al / wimdr) :
k=1 0

We examine control and pursuit differential game problems described by the
following infinite system of differential equations

Mz = —up + v, w0) =20, k=1,2,..., 3)

where zp, ug, vy € R, k=1,2,...;u = (uy, us, ...) is the control parameter of
pursuer and v = (vy, v2, ...) is that of evader, z2° = (z{, 29,...) € I2, .
Let
S(po) = {w() € Ly(0, T, ID)| WOl 10,72 < po}

where py is a given positive number.

Definition 1 Functions w(-) € S(pg), u(-) € S(p), and v(-) € S(o) are called
admissible control, admissible control of pursuer, and admissible control of evader,
respectively, where p and o are given positive numbers.

It’s assumed that p > o.

Definition 2 Let w(-) € S(pp). A function z(¢) = (z1(¢), z2(¢),...), 0<t < T,

with z;(0) = z,?, k=1,2,...,1s called solution of the initial value problem
() + ez () = wie (@), z(0) =20, k=1,2,..., (4)
if z; (1), k = 1,2, ..., are absolutely continuous and almost everywhere on [0, T']

satisfy the Eq. (4).

Let C(O, T, lr2+1) be the space of continuous functions z(t) = (z;(¢), z2(¢),...) €

lr2 1 defined on [0, T]. We need the following proposition [15].

Proposition 1 Ifw(-) € S(p), then infinite system of differential equations (4) has
the only solution z(t) = (z1(t), z2(t),...), 0 <t < T, in the space C(0, T, lr2+1),
where

t
2 (t) = P! (z2+/ wk(s)e—ﬂ“ds), k=1,2,...,
0

with ﬁk =X > 0.

Note that this existence-uniqueness theorem for the system (4) was proved for any
finite interval [0, T']. Therefore, we investigate the system (3) and (4) on [0, T].

Definition 3 A function
U(t,v) = (U1t ), Us(t,v), ... U [0, TIx 12— 12,

with the components of the form
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U, v) =wi (@) +v (@), k=1,2,...,

is referred to as the strategy of pursuer, if, for any admissible control of evader
v(-) = (vi(-), v2(-), .. .), the system (3) has the only solution at u(¢) = U (¢, v), where
w() = wi(), w2(),...) € S(p —0).

We are given another state z! = (z1, z},...) € lr2+1.

Definition 4 We say that the game (3) can be completed for the time 6 (6 < T), if
there exists a strategy U of pursuer such that, for any admissible control of evader,
72(t) = z' at some time 7,0 < T < 6.

Pursuer tries to bring the state of the system (3) from z° to z!, and the purpose of
evader is opposite. Formulate the problems.

Problem 1 Find a condition on the states z°, z' € 2, | such that the state z(7) of the
system (4) can be transferred from the initial position z° to the final position z' for
a finite time.

Problem 2 Find a condition on the states z°, z' € I7, |, for which pursuit can be

completed in the game (3) for a finite time.

3 Control Problem

In this section, we study a control problem for transferring the system z(¢) from the
initial position z° to the final position z'.
For the system (4), we study the control problem: find a time 6 such that

2(0) =2°, z(0) = 7. )

First, we analysis the following series

E(@) =E\(t)+ Ex(1), t >0, (6)
where N .
E\(t) =2 BilzfPeu(t). Ex(t) =2 Bilzil*Yu(®), (7)
k=1 k=1
2Bk 2Bk
o (1) = T o 2ht Ye(t) = T k=1,2,....

2

Lemmal Let’, 7' € 7

atanyt > 0.

f, inaddition, 207l e lf, then the series E (t) converges
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Proof Let 0,7 e l,2. To show that the series (6) converges, we show that the series
E(t) and E,(t) converge. Since B is a bounded sequence of positive numbers,
therefore B = sup By < oo. Since By < B, then it is not difficult to show that

k

2 28
) = T 5 ST

which implies that

413 50 r1,0(12
El(t) =< 1—872/3[ ﬁk|zk| .
k=1

The series on the right hand side of this inequality is convergent since z° € /2. Thus,
the series E(¢) is convergent.
We can see that ¥ (1) < %, t>0,k=1,2,....Then

2 . ri, 112
O EDINACTE
k=1

The series on the right hand side of this inequality is convergent since z! € /2. Thus,
the series E;(t) is convergent. This completes the proof of Lemma 1.

We’ll need some properties of E(¢).
Property 1 E(t) has the following properties:

(i) E(t) is decreasing on (0, 400);
(ii) E(t) > +ooast — 0F;

o0
(iii) E(t) — 43 Bi2)? ast — +oo.
k=1

Proof The first property follows from the fact that ¥, (t) and ¢ (¢),k = 1,2, ..., are
decreasing on (0, +00).

The proof of the property (ii) follows from the observations that v (f) — 400
and ¢ (1) — +o00, ast — 07 for each k.

Finally, we prove the property (iii). According to Lemma 1, E(¢) is convergent
for any ¢ > 0. We fix #p > 0. Since E(#;) is convergent, then for any ¢ > 0, there
exists a positive integer N such that

F(to) = Y Bt (210 ee(to) + 21z Y (t0)) < g (8)
k=N+1
and also -
> 4R < 5 ©)

k=N+1
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since 70 € lr 1+ Then, F(t) < § for all # > 1, since the functions v (¢) and ¢y (¢) are

decreasing on (0, +o00) for each k.
On the other hand, there exists number 7 > 0 such that, for all ¢t > T,

= (10)

N
I ACIAOR AR AO) 4Zﬂ’“| op
k=1

since the sum consists of a finite number of summands and

lim ¢p(t) = 2Bk, lim Yy(t) =0, k=1,2,...
t—400 t—400

Thus, by (8)—(10)

oo
E@m)—4) 121

k=1

N
< 2D 8L (1P (@) + 24 Pve) 4Zﬂ’+‘|z2|2
k=1

+2 Z B (1201P0x (1) + 13 Py (1)) + 4 Z B 1RP

k=N+1 k=N-+1

& + & n &

< — — - =
3 3 3
This proves property (iii).
. 4 . .
Next since T o2 > 4, t > 0, therefore we obtain from (i) and (iii) that
— e

E(n) >4Zﬂ’+1| %, 1> 0. (11)

k=1

Property 1 and (11) imply that the equation
E(@t)=p; (12)

has aroot ¢ = 6 if and only if
g > 4Zﬂ’+1|z2|2, (13)

and this root is unique. Without loss of generality, we can assume that & < T since
T is sufficiently big number.
The following statement is a solution for the control problem (5).
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Theorem 1 Let inequality (13) be satisfied and z°, z' € I2. Then the system (4) can
be transferred from the initial position z° to the position 7' for the time 6.

Proof Define a control

(20 — zee 0] gu(@)e ', 0 <1 <0

e s k=l2. 0 as

’

wi(t) = {g

Show that this control is admissible. Using Eq. (12), control (14), and the obvious
inequality |x — y|*> < 2|x|*> + 2|y|?, we proceed as follows:

00 6 e 4
D B / wi(s)Pds =Y B / | [ — zte "] gu@)e [ s
k= 0 k=1 0

1

= 6
S Z ﬁ]: (2|Z2|2 + 2|Z]1<|26_2ﬂk9) ¢£(6) f e—Zﬁksds
k=1 0

o0
=2 B (120P¢(0) + 124 Py (9))
k=1
=E®) = p}.
Show that the system can be transferred from 7% to z! for the time 6. Indeed,
0
2%(0) = M <z2 = [ = ue™ ] e (0) [ ezﬁ“ds)
0
= eﬁke(z,]{e_ﬂ*'e) = Z,]{.

This completes the proof of Theorem 1.

4 Pursuit Differential Game Problem

In this section, we study pursuit differential game described by the Eq.(3). It is
assumed that control resources of pursuer is greater than that of evader, thatis p > o.
We obtain from (3) that

() = P (zg —/ up(s)e Psds +/ vk(s)e_ﬁ*‘vds> . (15)
0 0
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In view of the previous section we can state that the equation
oo
E@) =2 B (1201 + |2t vu (D) = (p — 0)? (16)
k=1
has a root t = 6, if and only if
o0
(0—0) >4 Bt IP, (17)
k=1

and this root is unique. We can assume, by selecting 7 if needed that 6, < T'.

Theorem 2 Let (17) be satisfied and 7°, z' € I2. Then pursuit can be completed in
the game (3) for the time 6.

Proof Construct a strategy for the pursuer. Set

[2) — zie PO (0P + (1), 0 <1 < 6,
0, t >0,

uk(t,v)={ L k=1,2,... (18)

Show that strategy (18) is admissible. Applying the Minkowskii inequality, we have
1/2
- o 2 .- N0 1 —po ; 2
> B / )Pds ) = (DB / (28 = 2he ™) guee ™ + v ds
k=t 70 k=1 70
00 o . \2
< (Z ﬂ;f/ ‘(Z/? - z;lcfﬂke‘> P (0)ePrs dS>
=1 70
o " 1/2
+ (Z ﬂ;f Vk<s>|2ds>
k=1 “0

00 o 1/2
f(Z%lz?—zie‘f‘k“‘lz@%wo / e_zﬁ”ds) +o. (19)
k=1 0

1/2

Using the obvious inequality |x — y|?> < 2|x|?> + 2|y|> and Eq.(16), we obtain
form (19) that

0 0, 172 00 1/2
(Zﬂ; / |uk<s>|2ds) < (2213,: (|z2|2¢k(91>+|zi|2wk(91>)) +o
k=1 0

k=1
=E'"?@0) +o
=p—0+0=p.
Thus the strategy (18) is admissible.

Next, we show that pursuit is completed at the time 6;. Indeed, using (15) and
strategy (18), we have
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6 01
2% (0)) = A0 (zf{) - / (2 — zie P0) g (@)e P +vi(5)) e Pesds + / Vk(S)eiﬂkst>
0 0

01
= Pt <z2 —f (af - zie‘ﬁke')¢k(01)e‘2ﬁ“ds>
0

= A0 (22 - zg + z,l(efﬂ*'e‘) = z}(.

The proof of the theorem is completed.

5 Conclusion

We have studied a pursuit differential game problem described by infinite system
of 1st-order differential equations with negative coefficients in the space /2 +1- The
control functions of players are subjected to integral constraints.

We have obtained a condition for which a control problem is solvable, also we
have constructed a control that transfers the system from an initial state z° to the final
state z' for a finite time.

We have obtained a condition of completion of pursuit in the differential game.
Moreover, a pursuit strategy has been constructed.
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