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On Linearization of Circle )
Diffeomorphisms L

Akhadkulov Habibulla, Dzhalilov Akhtam and Konstantin Khanin

Abstract Let f be a circle diffeomorphism with irrational rotation number of
bounded type and satisfying a certain Zygmund-type condition depending on a
parameter y > 1. We prove that f is C'*®»—smoothly conjugate to a rigid rotation,
where w, (x) = A| logx|~7*! and A > 0. The result completes our resent results
in [1].

Keywords Circle diffeomorphisms + Rotation number * Denjoy’s inequality *
Conjugating map

1 Introduction

The first properties of circle homeomorphisms were studied in a classical work of
Poincaré [10]. For an orientation-preserving homeomorphism f of the unit circle
S' = R/Z the limit lim; . L';(x)/i = py exists and does not depend on x € R,
where L is a lift of f from S' onto R. Here and below L’f denotes the ith iter-
ation of L ;. The number p := py mod 1 is called the rotation number of f. It is
well know that the rotation number is irrational if and only if f has no periodic
orbits. Denjoy [3] proved that if f is an orientation-preserving diffeomorphism of
the circle with irrational rotation number p and log f” has bounded variation then f
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is topological conjugate to the linear rotation f, : x — x + p; that is, there exists
a homeomorphism & the circle such that ko f o h™' = f,. In the end of 70’s the
problem of smoothness of the conjugacy of smooth diffeomorphisms was one of the
fundamental problems of this direction. The first significant results on smoothness
of conjugacy were obtained by Herman in [4]. It was shown that if f € C* (k > 3),
its rotation number is irrational and satisfies a certain Diophantine condition then &
is in fact k — 1 — ¢ times differentiable for any ¢ > 0, and is analytic if f is ana-
Iytic. Later Yoccoz [11] extended his results for all Diophantine numbers. In the
end of the 80’s two different approaches to the Herman’s theory were developed by
Katznelson and Ornstein [5, 6] and Khanin and Sinai [7, 8]. These approaches gave
sharp results on the smoothness of the conjugacy in the case of diffeomorphisms
with low smoothness. In 2009, Khanin and Teplinsky [9] developed a conceptually
new approach which is entirely based on the idea of cross-ratio distortion estimates.
Recently, in [1] we have extended the results of [5-9] for a class of circle diffeo-
morphisms satisfying a certain Zygmund-type condition as follows. Consider the
following one-parameter family of functions: ®,, : [0, 1) — [0, +00), &,(0) =0
and

D, (x) = , where 0 <x <1 and y > 0.

X

(log 1)

Denote by A? f/(x, T) the second symmetric difference of f’ i.e.,
Af' 0 = fx+ 1)+ &= 1) =2f'(x)

where x € S! and 7 € [0, %]. Suppose that there exists a constant C > 0 such that
the following inequality holds:

A%, Dl sty < CPy(2). (1)

Denote by Z,, the class of circle diffeomorphisms f, whose derivatives f’ satisfy
(1). The main result of [1] is the following

Theorem 1 Let f € Z,, be a circle diffeomorphism with irrational rotation number
0.

(a) If y € (%, 1] and the partial quotients of p satisfies a, < Cn® for some o €
O,y — %) and C > 0. Then the conjugating map h between f and f, and its
inverse h=" are absolute continuous and h', (h™") € L,.

(b) If y > 1 and the partial quotients of p satisfies a, < Cn® for some o €
0,y —1) and C > 0. Then the conjugating map h between f and f, and
its inverse h™" are C' diffeomorphisms.

In this paper we show that the conjugacy is better than C! smooth in the case of
y > 1 and the rotation number is irrational of bounded type i.e., the partial quotients
are bounded. Let w,, (x) = |logx |=7*1. Our main result is the following
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Theorem 2 Let f € Z, for some y > 1. If the rotation number of f is irrational
of bounded type then there exists a constant A > 0 such that the conjugating map h
between f and f, and its inverse h=" are C! diffeomorphisms and

|h'(x) ='W < Ao, (Ix =y,  [(A7'(x) — (7' )| < Aw, (Ix — y))

forany x,y € S', such that x # y.

2 Preliminaries and Notation

Consider an orientation-preserving circle homeomorphism f with irrational rotation
number p := py. We shall use the the continued fraction expansion for the irrational
number p = [a;, az, ..., a,, ...] which is understood as a limit of the sequence of
rational convergents p,/q, = lai, a2, ..., a,]. The positive integers a,, n > 1, are
called partial quotients. The mutually prime positive integers p, and g, satisfy the
recurrent relation p, = a,pn—1 + Pn—2, gn = anqn—1 + qu—> for n > 1, where it is
convenient to define pg =0, go =1 and p_; =1, ¢g_; = 0. We take an arbitrary
point xo € S' and fix. Define A(()") = Ag’) (xo) as the closed interval in S' with
endpoints xo and x,, = f9 (xo), such that, for n odd, x,, is to the left of xo, and for
n even, it is to its right with respect to the orientation induced from the real line.
Denote by A;") = f i(A(()")), i > 1, the iterates of the interval A(()”) under f. It is
well known that the set P, := IP,,(x¢, f) of intervals with mutually disjoint interiors
defined as
P, ={A"" 0<i<qg}u{a?”, 0<j <qu}.
n i qn j J q

determines a partition of the circle for any n. The partition P, is called the nth
dynamical partition of S'. Obviously, the partition P, ; ; is a refinement of the partition
P, : indeed, the intervals of order n belong to P, ; and each interval Af"_') 0<i<
qyn 1s partitioned into a,; + 1 intervals belonging to PP, such that

ant1—1

(n—=1) __ A(n+l) (n)
Ai - Ai U U Ai+qn71+sqn' (2)
s=0

Define K, := K,,(f) = maxg [log(f?(£))'| = || 1log(f) |lo. It is well know that if
f satisfies the conditions of Denjoy theorem then K, < v where v = Varg log f’
(see [8]). This inequality is know as Denjoy’s inequality and it has very important
applications in the theory of circle homeomorphisms. Using this, it can be shown that
the intervals of the dynamical partition P, have exponentially small length. Indeed,
one finds the following

Theorem 3 Let f be an orientation-preserving diffeomorphism of the circle with
irrational rotation number and log f has bounded variation. There exist constants
Co > land 0 < u < A < 1 depending only on f such that
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(i) Forany A" e P, we have |A™| < CoA";
(ii) Ifthe rotation number of f is of bounded type then for any two adjacent intervals
AW and A™ of P, we have C™' A | < |A®| < C|AM;
(iii) If the rotation number of f is of bounded type then for any A™ € P, we have
|A®™] > C5'ur.

The proof of the item (i) of this can be found in [1] and the proofs of the items
(ii) and (iii) can be found [2].

3 Some Supporting Lemmas

Denote Zg’) = A(()") U Af)"_l). Let i, : S' — Ny be the first entrance time of x in
Z(O"); that is, i,(x) = min{i > 0: fi(x) € Zg’)}. Define ¢, : S' — R as follows

in(x)—1

() = Y log f/(f*(x)).

s=0
The following lemmas are needed to derive our main result.
Lemma 1 Let f satisfies the conditions of Theorem 2. Then &, is a Cauchy sequence.

Proof By the definition of i, :

0, if x € A
in(¥) = guot — j, if x € AV
g, —i, ifxe A;"il)

where 0 < j < ¢,—1 and 0 < i < g,. This and by (2) we get

0, if x e ATV
_ Gnst — J» if x € AV
ln-H(x) = . if A(n)
Gnsr1 — ( +gn1 +5q,), if x € i1 +5qn
qn — i, if x e A"

where 0 < j < ¢,-1,0 <i < g, and0 < s < a,4. Therefore

0 if x e A‘(()n) U A<n+1)
b i
in+l (x) — in(x) = Ap+19n, lf X € A(]n)
(ane1 —s = D if x € AT, L,

where 0 < j < ¢,-1,0 <i < g, and 0 < 5 < a,;. Using the last relation we get
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”é‘n-‘rl(x) - é‘n(x)”oo =< an+lKn~ (3)

By Theorem 7.1 and Lemma 8.2 in [1] we have K,, < Cn~7. Since the rotation
number is bounded type we get

n+p—1 l
1np () = 6@l = C D7 —. €
We conclude from (4) that ¢, is a Cauchy sequence.
Let £(x) = limy,, o0 £ (X).

Lemma 2 Let f satisfies the conditions of Theorem 2. Then ¢ : S' — R is contin-
uous and satisfies the relation

£(f(x)) = ¢(x) —log f(x). ®)

Proof 1t is easy to see that for any x € S' there exists ng := ng(x) such that
i,(f(x)) =i,(x) — 1 for all n > ng. This and by the definition of ¢, we get

& (f (%)) = &y (x) —log f'(x)

for all n > ng. Taking the limit as n — oo we get (5). Next we show ¢ is continuous
at x = xo. One can see ¢, (xg) = Oforalln > 1, so ¢ (xg) = 0. Take any z € EO”). It
is obvious that i;(z) = O forevery j < n, so{;(z) = O forevery j < n.In particular

p—1
é‘ner (2) = Z §n+m+1(z) — Cntm (2).
m=0

This and the relation (4) imply

n+p—1

1
Gnip@I=C Y —.
Consequently
lim sup [¢(2)] = 0.
n—)oozezcg,)
Hence ¢ is continuous at x = xo. Denote by & = {x; := f!(x); i € N} the tra-

jectory of x(. Since ¢ is continuous at x = xo and log f’ is continuous on S', by
(5) it implies that ¢ is continuous on =Z. Note that i, : S' — R is continuous in the
interior of each element of the partition P, for every n > 1. As a consequence ¢, is
continuous in the interior of each element of the partition P, for every n > 1. Thus
the limit function ¢ is continuous on x € S \ &.
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Lemma 3 Let f satisfies the conditions of Theorem 2. There exists C > 0 such that

[£(x) = ¢ = Cay(lx — y) (6)
forany x,y € S', such that x # y.

Proof Consider the points x; and X4, 154, Where 1 <5 < a,;. It is clear that
Xi» Xitgrrtsqn € A"V The relation (5) implies

18 (Xitgu1+sq,) — C@x)] < a1 K.
Conse e B =D\ A D
quently, forany x; € & N (A7 7\ A7) we have
o0
2G) = @) <Y amsi Ky,

Since a,,+ is bounded we get

C

ny=1’

=1
cCe) = e =C Y — < (7)

It is obvious that
+1 —1
1AV < Jxj — il < 1487V

This and Theorem 3 imply

1
n= O(W> ®)

Combining (7) with (8) we can assert that

C

)=
‘log|xj — X

1€(xj) = ¢(xi €))

y—1°
I

Since & is dense in S', the function ¢ can be continuously extended to the whole
of S! verifying the inequality (9).
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4 Proof of Theorem 2

Consider the function ¢ : §' — R defined as

1
p(x) = e‘;()‘)(/l e“”dt) )
s

It is clear ¢ is continuous and positive on S'. We claim that ¢ satisfies the homo-
logical equation

P(f(x)) = p(x), xeS" (10)

1
J'(x)
Indeed, by the inequality (5) we get

o(f(x) = ec(fm)(/

-1 - -1 1
ew)dt) _ ptt-log f m(/ e“”dt) .
st st

J'(x)

Next we show that the C'—smooth diffeomorphism

h(x) = f pt)dt, xeS'
X0
conjugates f and f,,. Using the relation (10) we get
S (xo0)
h(f(x)) = h(x) +/ p(r)dt. 1D
X0

Denote by H and F the lift functions of 4 and f respectively. From the relation
(11) it follows that

S (xo0)
H(F”(x)):H(x)—{—n/ p)dt, xeR (12)

for all n 2~1. It is well knowil (see for instance [4]) that there exists a one periodic
functions H such that H = H + Id. Therefore, by (12) we get

(13)

n _ i — H(F" £ (xo)
F (xn) x H(x) I’;I(F (x)) +/ o(t)dr.

Taking the limit as n — oo we get

f(x0)
p= / p(n)dt.

X0
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Hence h o f = f, o h. From Lemma 3 it follows that

lp(x) — ()| < Coy,(lx — y])

and consequently

|h'(x) —h'(y)] < Cwy(lx — y|)

for any x, y € S', such that x # y. Since 4 and h~! are diffeomorphisms we can
easily show that

(A (x)) — (' ()| < Coy,(Ix — y))

forany x, y € S', such that x # y. Thus, Theorem 2 is completely proved.
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The Fujita and Secondary Type Critical m
Exponents in Nonlinear Parabolic L
Equations and Systems

Aripov Mersaid

Abstract In this work, demonstrated the possibilities of the self-similar approach
to the studying of qualitative properties of nonlinear reaction diffusion equation and
system such as finite speed of a perturbation, Fujita and secondary type critical expo-
nents of a global solvability. Asymptotic of the self-similar solutions in a secondary
critical case is established. Based on the computer modeling of nonlinear processes
described by nonlinear degenerate parabolic equation and cross system discussed.
The problem choosing an initial approximation for numerical solution depending on
a value of numerical parameters is solved.

Keywords Parabolic - Degenerate - Equation - System - Self-similar - Fujita

1 Introduction

This paper devoted to a various extensions of a result of Fujita [1] and secondary
critical exponent for the initial value problem to the reaction-diffusion equation

?TL; = V" Va7 V) + divie@u) + y (O, (M

u(0,x) =uy(x) >0, xeRY, )

in Q=(>0, xeRY) withm, B, k > 1, p=2, V() =grad,(-), 0 <c(1),
y(t) € C(0, 00).
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Also to the nonlinear degenerate parabolic cross system (see [2—17])

0 .
A, v) = —8—1: +div (vm‘fl |Vuk|p ZVu) —div(c(u) +yOuP =0,

8 n—
B(u,v) = _a—f +div (w9 PTIV) — divew) + yovE =0, ()

u,x)=upg(x) >0, v(0,x)=vy(x) =0, x € RV, 4)

where m;, 8; € R, i =1,2, p>2, k> 1 are the given numerical parameters,
V() = grady(").

The problem (1), (2) describes many nonlinear processes, for instance the pro-
cesses of nonlinear filtration in liquid and gas, the thermal conductivity, nonlinear
reaction diffusion, when the thermal conductivity coefficient is a power function of
the derivative in the presence of a convective transfer with speed c(¢) and source
[2, 3, 18-23]. The Eq. (1) is a base for modeling of the many physical processes too
[1, 17-22, 24-26].

Notice that the class of Eq.(1) contains the linear diffusion equation, (p =
2, m = 1), commonly known as the heat equation, d,u = Au; the nonlinear diffu-
sion equation d,u = Au”, known as the porous medium equation (p =2, m > 1),
or the fast diffusion equation (p =2, m < 1), and the gradient-dependent diffu-
sion equation, d,u = div(|Vu|P~2Vu) = Apu, that is, the p—Laplacian equation
(p#2, m=1). When p #2 and m # 1, Eq.(1) is called the doubly nonlinear
diffusion equation, due to the fact that its diffusion term depends nonlinearly on
both the unknown density u, and its gradient Vu. Such gradient-dependent diffusion
equations appear in several models in non-Newtonian fluids [16], in glaciology [13,
23], and in turbulent flows in porous media [17]. For more details on these models,
we refer to the work [2-10, 22-24], and the references therein.

Equation (1) is good combination for of slowly diffusion (k(p —2) +m —
1> 0), fast diffusion k(p —2) +m — 1 < 0 and other diffusion cases too. One
of the particular features of problem (1) is that the equation is degenerate at points
where u = 0 or Vu = 0. Hence, there is no classical solution in general. Therefore,
we consider weak solution with property

0<ult,x), u" ' |Vut|"*Vu e C(Q),

satisfying to Eq. (1) in tense of distribution [24].

System (3) describes the processes of reaction—diffusion, heat conductivity, poly-
trophic filtration of gas and liquid (k = 1, p = 2), biological population and etc. in
the two componential nonlinear medium with source, and convective transfer speed
of which c(¢) depends on time. A specifically properties of this equation and system
is its degenerating. Therefore, we need to investigate the weak solution, because in
this case solutions of problem (3), (4) may do not exist in the classical tense.
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For system (3) in general we will study a class of weak solutions with properties

0 <u(t,x), @™ '(t,x)|Vur|""*Vu) € C(Q),

0<v(t,x), ™7t x) |V P2Vy) € C(Q),

and satisfying to (1) in the sense of a distribution [24].

Analytical solving of the considered nonlinear problem is very complicated.
Therefore, now computing experiment becomes almost unique means for solving
of the nonlinear problems. But, before a numerical computing are required inves-
tigation of qualitative properties of different type solutions arising on depended of
value of numerical parameters of the considered problem necessary to study the
qualitative properties of solutions.

One of effective method for investigation qualitative properties of considered
problem is self-similar, approximately self-similar approach [1, 18-20, 24]. For this
goal, we use method of nonlinear splitting algorithm [20], which allowed constricting
the system of self-similar equation for (1) and system (2). This approach intensively
used by many authors [18-20, 24] for investigation of the new properties of solution
such as finite speed of perturbation, blow up properties, localization of solutions and
so on [24].

2 Fujita Type Global Solvability

2.1 Case of Single Equation

Consider a global solvability of the problem (1), (2). Different qualitative properties
of solution for the particular value of numerical parameters of the Cauchy and bound-
ary value problem to the Eq. (1) intensively studied by many authors [1-8, 18-24].
First Fujita [1] for the problem (1) showed thatif y (1) = 1, ¢c(t) =0, m =1, p =2,
1 < B < 1+42/N, all solutions are blow up in time [1], while if 8 > 1 +2/N the
problem has a global solution for small initial data. Value of numerical parameter
when 8 = 1 4 2/N is called the Fujita type critical exponent.
Samarskii A.A. and etc. [24] showed that condition of the global solvability when
yt)=1, c(t)=0, p=2is B >m+1+42/N. After V. Galaktionov establish
the following condition of the global solvability 8 > p — 1 + p/N (see [24]) when
in(l)y(®) =1, c(t) =0, m=1, k=1 (p—Laplacian equation). More general
condition of a global solvability when c(¢) = 0, k = 1 were established in [19], when
y(t) =1, ¢(t) = 0, k = 1the variable density case of the Eq. (1) considered in works
[2-5, 20-23]. The condition of the global solvability in the case c(t) =0,k =1
obtained in the work [20] The role of the Fujita and secondary critical exponents
type intensively discussed in literature [1-6, 18-24].
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Usually for establishing blow up properties solution applied the. In [5] authors
to show the blow up phenomena not use technique the Zel’dovich—Kompaneets—
Barenblatt solutions [24], since the construction of such type of function is more
complicated for considered problem. Therefore, authors obtain a result by multiply-
ing on a special factor, which has convenient properties. In particular, by choosing
the parameters of the factor and using the properties of the solution, obtained the
inequality, which allows proving blow up property. Considering semi linear case of
the system (3) when in k = m = 1, p = 2 first Escobedo-Herero [11] establish the
Fujita type global solvability. Notice that the Fujita type global solvability of the
problem (3), (4) is not studied yet.

This paper discusses problem the Fujita type global solvability and secondary
critical exponents for double nonlinear degenerate equation (1) and system (3) using
self-similar approach [20]. The algorithm establishing both critical exponents using
self-similar analysis of solutions is suggested. Based on an invariant group (self-
similar) analysis the method of establishing of a value of the Fujita type critical
exponents for single degenerate type parabolic equation and system (3) is given. The
Fujita type condition of a global solvability to the problem (1), (2) are established. It is
shown that formally a value of the second critical exponent for degenerate type double
nonlinear parabolic equation and they system is the roots of the linear algebraic
system equations. The estimate of weak solutions to the problem (3), (4) is obtained.
Depending on value of numerical parameters, the problem of an appropriate initial
approximation solution for an iterative process, leading to the quick convergence
with necessary accuracy is solved.

In recent years, as mentioned above many authors [2-10, 18, 19, 21-23] have
studied the different qualitative properties of solutions to the Cauchy problem (1)
and their variants (see ([2-10, 23] and the references therein)). Zheng et al. [22]
investigate the blow-up properties of the positive solution of the Cauchy problem (1)
inthe case c(t) = 0, y(z) = 1, and established a secondary critical exponent for the
decay initial value at infinity. They notice in this case the problem of the existence
and nonexistence of global solutions of the Cauchy problem not considered.

Under some suitable assumptions, the existence, uniqueness and regularity of a
weak solution to the Cauchy problem (1) and their variants have been extensively
investigated by many authors (see [2—11, 20-23] and the references therein).

The first goal of this paper is to study the blow-up behavior of solution u(x, )
of (1) when the initial data u((x) has slow decay near x = co. For instance, in the
following case

ug(x) =EM|x|™*, M >0, a=>0, 5)

In recent years, many authors have studied the properties of solutions to the
Cauchy problem (1), (2) and their variants [2—10, 23] and the references therein). In
particular, J.-S. Guo and Y. Y. Guo (see [22] and references) obtained the secondary
critical exponent for the case k = 1, p = 2 and shows there exists a secondary critical
exponent a* = 2/(p — m) such that the solution u(x, ¢) of (1) blows up in finite time
for the initial data u((x), which behaves like | x|~ atx = ocoifa € (0, a*), and there
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exists a global solution for the initial data u((x), which behaves like |x|™ at x = co
ifa € (a*, N).

Mu et al. [22] studied the secondary critical exponent for the p—Laplacian equa-
tion (m = 1) with slow decay initial values and shows that there exists a secondary
critical exponent a¥ = (p/(g + 1 — p)) such that the solution u(x, t) of (1) blows
up in finite time for the initial data uo(x) which behaves like |x|™¢ at x = oo if
a € (a}, N), and there exists a global solution for the initial data uo(x), which
behaves like [x|™“ atx — coifa € (a}, N).

Recently, Zheng and Mu [9] also investigated the secondary critical exponent for
the doubly degenerate parabolic equation with slow decay initial values and obtained
similar results. Introduce the function

(6 x) = TOTE), T =[T+ B —1) / Y ()dy] 7,
0

fE)=(a—-bgN", a>0. (6)
p p—1

b= (k(p—2 -1 *P/(P*l)’ == — .
(k(p =2)+m—1)p e R L T e

Below considering the problem Cauchy (1), (2); (3), (4) the algorithm for con-
struction of the Fujita type a critical exponent is suggested and has establish the Fujita
type for critical exponent. Applying this algorithm, condition of a global solvability
Cauchy problem (1), (2) and (3), (4) are obtained.

3 Main Results

3.1 Fujita Type Critical Exponent to the Problem (1)

Theorem 1 Assume k(p —2)+m —1 >0,
yOTOmEOF T < N/p >0, ug(x) < 240,x), x € RY, (7)
then u(t,x) < z4(t,x)in Q.
For the problem (1) the Fujita type critical exponent is
y OO0 Kt = N/p, 1> 0.

This result consist all early known results other authors (Fujita, Samarskii A.A.,
Kurdyumov S.P., Galaktionov V.A., Mikhaylov A.P. and others) on a global solv-
ability problem Cauchy (1), (2). In the case c(¢) = 0, y(t) = 1 we obtain all early
known Fujita type condition of a global solvability [1, 18-22, 24]
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B>k(p—2)+m+ p/N.

Value of the Fujita type critical exponentis § = B, = k(p —2) +m + p/N.

Corollary 1 In the critical case the Eq. (1) always is a self-similar

-y d N—1 fk
; %<s e

Par\ | gdf 5
d§>+—£+(N/p)(f +f)=0.

Theorem 2 Letus 1 < < k(p —2)+m+ p/N. Then all solutions of the prob-
lem (1), (2) are blow up in time for ug(x) #0, x € RV.

3.2 The Fujita Type Global Solvability for the System (3)

Consider the functions

wy(r,x) = () f(€), vy(t,x) =0(t) ¥ (&),
E = Il /T, () = an(T + 0V, 5= fc(y)dy —x xeRY
0
a1 =B — DB = D/(B1 — DB — 1) — (my — 1)1 — 1) — (B — D)(p — 2),
fE=@—eNY, ¥E =@-£)7, a>0, y=p/(p—1)

_ D= =m =) (= Dk(p=2) = m=1)
q ' q '
g =lk(p —2)1* — (m; — 1)(my — 1)

Theorem 3 Assume

Br—=DB2—1 —(mi = DB — 1) = (B2 — Dk(p —2) > 0,

B —1
Bi—=DB—=D—=my—=DB— 1D —k(p—=2)(B1 — 1)
pr—1
Bi—DB—=D—(m —D(B1—1) —k(p—=2)(B—1)

< N/p,

< N/p,

() < up(0,x), vo(x) < v4(0,x), x € RV,
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Then for the solution of the problem (1), (2) in Q the estimate
u(t,x) <uyp(t,x), vit,x) <vy(t,x).

is hold.

15

®)

Proof of the Theorem 1. Consider the following self-similar solution of the

Eq. (1)

t

u(t,x) =u(t)f(€), &=1nlc"?, n=/c<y>dy—x,

0
t(t) = uf P2 g — (k(p —2) + m)],

where the function

1

u(@®) =[T+@E -1 / y(ndyl 71

is solution of the equation

u

_ B
— = —y(t ,
7 y(Hu

f (&) satisfy to an approximately self-similar equation

d
%-lfN% (glem

i[art

B -
dE +sO" + ) =0,

Par\ | &df
%>+ a5

where s(1) = y (t) T (¢)[w(r)]F~kp=2+m],
In particular when y () = 1 from (7) we have a self-similar equation

fk

B —
dE +d(f" 4+ f) =0,

(f)_sl NdS (sN lfm 1

PRaf\ | gdf
ds)+ d&

1
B—Tk(p=2)+m]" _
Easy to check that for the function f (&) after simple calculation we have

where d =

p—2
df Edf —
P +__d§ =—(N/p)f ).

a5

1—Ni N—17pm—1
§ § dE

d§

Therefore from (8) we have

9

(10)

A = [[=(N/p) + y (Ot a1~k P=2+m oy (o) [a(n))p~kp=2+mI P17
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According condition of the theorem for small value of a we have
A(f) <0 in & <aP=V/p,
Therefore, according the comparison principle conclude
f< ? in &< aP=b/p.

It means that

u(t, x) < uy(t,x) =u@)f(), in Q.

Proof of the Theorem 1 completed.

4 The Second Critical Exponent Case

Recently Zheng, Chunlai Mu, Dengming Liu, Xianzhong Yao, and Shouming Zhou
for the decaying initial data establish a secondary critical exponent to the problem (1),
(2) when y (¢) = 1. They for the case c¢(r) = 0, y(¢) = 1 established that if uy(x) ~
Mix|™*, M > 0 then value a = a, = p/(B — k(p — 2) + m) is secondary critical
exponent for the problem Cauchy. The cases k =1, y(¢t) =1, c(t) =0, y(t) =
1, c(t) =0, k =1, p =2 considered in works [1] In particular, J.S. Guo and Y.Y.
Guo (see [22]) when c¢(r) =0, y(t) =1, k=1, p =2 obtained the secondary
critical exponent for the porous medium type equation in high dimensions and proved
existing a secondary critical exponent a = a, = 2/( — m) such that if up(x) =~
|x]7“ the solution of (1) blows up in finite time for the initial data, which behaves
like |x|™“ at oo if a belongs to (0, a,), and there exists a global solution if a belongs
to (a4, N).

Below we establish asymptotic behavior of the solutions in the secondary critical
exponent case.

Introduce the function

_ —1
= + )/)/l’ :—p s = — P .
T®=@+EV, y=—To0 p== s

Theorem 4 Let us B >max(k(p—2)+m), [(k(p—2)+m)N]/(N — p),
p < N, then the regular vanishes at infinity solutions of the equation (1) has an
asymptotic representation

f &) =cOm. 1, p. k. N, B)a+&rT)" matramm (1 +o(1)), (11)
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where

_ (N—p)p—(k(p—2)+m)N
_ =20, _
cm, p,k,N,p) = <|k)/1| (p—1 B—(k(p—2)+m) )

In the work [24] inthe case p =2,k =1 =1, y(¢t) = 1, c(¢) = O the following
formal asymptotic of solution is given

f &)~k T

which used for numerical solution. But, value of constants ¢ is not known. We notice
according the Theorem1 value of constants c is

C:[W]ﬂ B>N/N—2, N>3.
B—m

Mentioned authors using this asymptotic of solution solves numerically. But with-

out proving of the Theorem 1 and finding value of constant c. Consider particular
case of the Eq.(1) when y(¢) = 1, ¢c(¢) = 0.

Then notice that from (9) inthe casem =1, p =2, k =1 = 1 we have
1
N—-2)— N |#T

In particular when p =2, k=m = 1. For L p(uk)—LaplaCian equation (in (1)
k = m), see [26])

_ oy N =p)B—(k(p—1)—DN
C(m’k’p’k’NnB)—<|kyl|p k(P 1) ﬁ—(k(p—])—l) >’

where k(p — 1) — 1 > 0.
For p—Laplacian equation (k =m = 1)

N —p)B — pN
c,l,p, 1N, p) = <Ik7/1|”2(p —~ 1)%) _

Notice these results are given in [26] and they are very important for computational
aims.

The proofs of Theorems 2 are based on the transformation of Eq. (1) as follows:
f© =F©ym, n=1n(a+s")

Then with respect to the function y (1) we obtain a new nonlinear equation whose
solution for n — oo tends to the constant ¢ indicated in the statement of the theorem.
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These results extended to the following equation with variable density

ou . m—1 k p=2 B N
PI(X)E =div | pa(x)u ’Vu ’ Vu |+ p1rx)y@)u”, u(0,x) =up(x) 20, xR,

(12)
where p1(x) = |x|",  pa(x) = |x|", n; € R, V() — grad(-).
Consider the functions defined in Q
20, %) = W(0y(E), y§) = (a— g/ )ge=m=h,
- p— (ni+n) (1 4n N—n
E=p@ITO] P, px) = T x|y = p
I4 p — (ny+ny)

Theorem 5 Assumek (p —2)+m —1>0,n;, <N, n|+ny; < p,
y @O TP *Fe=2tm < p >0, up(x) < z1(0,x), x € RY, (13)

then the problem (8) is global solvable in Q.

Corollary 2 Let y(t) =1, k(p —2) + m — 1 > 0. Then condition of the Fujita
type solvability of the problem (10) is

N—I’Ll

k(p—2 _—
p>kp )+m+P—(n1+n2)

Corollary 3 Let y(t) =1t°, k(p —2) +m — 1 > 0. Then condition of the Fujita
type solvability of the problem (10), (2) is

N —n
B>Bo=(+0)kip—2)+ml+——,
p— (n +ny)
value of the critical exponent is equal to
N —np
B=B=U+0)k(p—2)+m]+ ———.
p — (ny+ny)

This result consist all early known results authors [1-6, 18-24] about global
solvability problem Cauchy to the degenerate type Eq.(10)

1
_ (S—=p)B—UA+0)k(p—2)+m)S\ FEr=2%m
k =(—lkyn1P21(p -1
cim, k, p,o,S) (|Vl| r—=1 = +0)k(p—2) )
N—Vll
S=p—— p—(mi+n) >0, n; <N.
p— (n+ny)
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For the Eq. (10) value of the critical exponent g, is following

N—n1

— B, =k(p—2 o =n
F=F (p )+m+P—(n1+n2)

The many works are devoted to the Fujita type critical exponents for semi-linear
system of equation

ou P ou P
— = Au+Vv", — = Av+u™
ot at

Escobedo—Herrero [11] proved the following condition of the critical exponents

Bi+1
Bipr—1

Below on example cross system we give an algorithm for establishing value of
a critical exponent for the system (3) it is find condition of a global solvability
using comparison principle, the condition of a finite speed of perturbation which is
in particular extension of results of the works for the cross system (3) based on a
self-similar approach.

We construct an approximately self-similar system for (3) by following way

<N/2, i=1,2

t

u(t, x) =u@w(c (), n), v, x)=v)z(z@),n), n=/C(y)dy—x, xeRY

0
(14)

w(T(t),x) = f€), z(@),x) =y, &=mll®O] "7,

where ii(t) = (T + 1)~/ B=D 5(1) = (T + 0"V, (1) = [[a@)]??
[BO1™Vdr = [ atm=Dsr-24z,

N—1_4m—1 df p_zdf sdf _
gl- 5(5 v g —d$>+——§+ - )=0
-y d N—1 pmy—1 dl” " zdl// éd‘p B
§ Qe (E S n d§)+ dE +bz(ﬁ w+w ) =0, (15)

=1 = DB =D/ = DB2 = 1) = (my = D(B1 = 1) = (f2 = D(p = 2)],
by = (p1 = D(B2 = D/[(B1 = D(B2 = 1) = (m2 = D(B2 = 1) = (B1 — D(p = 2)].
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It
Br—=Dk(p=2)+m - == Dk(p—=2)+m —1)

Now consider the functions
From this estimate for the weak solution of the considered problem we have the
property of FVPD, i.e.

u(t,x) =0, vit,x) =0 |x| > 1) = a[t()]"?,

(T +t)1*(m1*1)!¥2*(P*2)011
1—(m —Day—(p— 2y’

T(t) = 1—(m —1)0[2—(1)—2)6(1 >0

Since the functions u (¢, x), v4(¢, x) has the property
uy(t,x) =0, vo(t,x)=0 |x| >1@) =a? VP[]

Proof of the Theorem 3 based on comparison principle of solution. For comparison
function, we will construct the following Zeldovich—Barenblatt type solution to the
main member of the system (3)

up(t,x) =u@)(T + 1)~ f(E), vilt.x) =V + )P &),
E=xl/lt1?, @) =a(T+0"" ay=1—(m — Daa —k(p — a1, T >0,

where oy = tas, np=k(p—2)—(m —1), na=k(p—2)—(m2—1),
_ nmN
- P"z+ln1(m2*12))+k(P*2)nle’

fE=A1@=), ¥vE =A@-8§)}, A >0, i=12a>0

_ 7 _ (p=DIk(p =2) — (m; — 1]
N ;

i=1,2,
p—1 q

q = [k(p —2)1* = (m; — 1)(my — 1),

where constants A, A, are solution of the system

AP A =1/ ply )P,
APV AN = 1 plhyyo) P
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5 Results of Numerical Experiments and Visualization

At the numerical solution of the considered problems, the equation was approximated
on a grid under the implicit circuit of variable directions (for a multidimensional case)
in a combination to the method of balance [24]. It is known main problem for numer-
ical solution of considered problem is choice appropriate an initial approximation
of solutions depending on value of the numerical parameters. Iterative process were
constructed based on the method Picard, Newton and a special method.

Results of computational experiments shows, that all listed iterative methods are
effective for the solution of nonlinear problems and leads to the nonlinear effects if we
will use as initial approximation the solutions of self-similar equations constructed
by the method of nonlinear splitting and by the method of standard equation [21-23].
As it was expected, results of the numerical experiments shows that for achievement
of necessary accuracy the method of Newton demands smaller quantity of iterations,
than methods of Picard and special method due to a successful choice of an initial
approximation. We observe that in each considered cases Newton’s method has the
best convergence due to good choosing of an initial approximation. The results of
all numerical experiments are presented in visual form with animation.

Below are listed typical numerical results the property phenomena a finite velocity
of perturbation distribution, and space localization for the solution of the problem
(3), (4).

In fastdiffusion case k(p — 2) + m; — 1 < 0for computation as an initial approx-
imation were take the function

uo(x, 1) = (T + )" (a+ &, volx,t) = (T +1)" @+ &, k(p—2)+m; —1<0,

m =11, mm=12, p=12, k=1, n=0.1, ¢ =0.2, eps=1073.

With property ug(x,t) = (T + 1)~ (a + £V)""

In the slowly diffusion case k(p — 2) + m; — 1 > 0 as initial approximation were
take the function

ug(x, 1) = (T + 1) @ =N, vox,0) = (T +0)7"%(a =), k(p—2)+m; —1>0,

m =55 my=32,p=45k=2,n=1.2, g=1.1,eps = 1073,
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6 Conclusion

Method establishing Fujita type global solvability of the problem Cauchy for one
class degenerate type parabolic equation and cross system proved. The algorithm
of finding a critical exponent for one degenerate type parabolic equations and cross
system is suggested.

The role of a critical exponent for one degenerate type parabolic equations and
system is shown.

FVPD properties of solutions diffusion systems with double nonlinearity, with
source based on self-similar analysis established

Experimentally showed, that due to base on self-similar analysis of solution some
results of numerical experiments keeping nonlinear property of solution as FVPD
and space localization.
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A Language of Terms of Taylor’s m
Formula for Quadratic Dynamical L
Systems and Its Fractality

Abdulla Azamov

Abstract It is discussing one-step methods of numerical solving of a Cauchy prob-
lem for systems of ordinary differential equations. It is constructed an algorithm of
numerical solving with arbitrary high precision for quadratic systems based on a
context-free grammar of N. Chomsky, that generates a special language of terms of
Taylor’s formula. The estimation for remainder term is obtained in explicit form. It
is studied some combinatorial problems for the language J and described its fractal
structure. A geometric representation of the fractal is also given in the space /.

Keywords Quadratic system - Cauchy problem + Taylor’s formula - Chomsky
grammar - Fractal - Hilbertian space

1 Introduction

Essential part of results on dynamical systems relies to numerical solution of a Cauchy
problem

dx/dt = f(x), x(0) = xo, (D

where x € R? ([19-21, 27], see also [5]). If a linear case is left aside, quadratic
systems with right-side vector-function f given in the form

fi=Y al*xx+ ) blxj+a. ijk=12..d )
J-k J
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make up extraordinary important class in the modern Theory of Dynamical Systems
[4, 13, 28]. It contains such famous samples as Lotka—Volterra model [1] and Lorentz
and Rossler systems [22, 25-27, 31]. Interest to quadratic systems is also stipulated
by the 16th problem of D. Hilbert [24, 30].

For d > 2 the system (2) is unsolvable in general case. Very rather its properties
used being declared basing on numerical solution and computer modeling. (It should
be noticed that a picture in a computer’s monitor may sensitively depend on quantity
of length of a quantization step /. For example if a system has a circle born due
to doubled period bifurcation from simple circle then for some values of & there
may be observed chaotic trajectory fulfilling Mobius surface with the circle as a
boundary while for decreasing 4 the trajectory may become regular with the circle
as its limit set ([6], Chap.4.).) In any way degree of precision of numerical solution
is an important factor for Computational Dynamics.

In most cases variants of Runge—Kutta method are used for numerical solving
with order of precision 4°, s = 25 [6, 8, 32].

Here a new approach to numerical solving of Cauchy problem based on Taylor’s

formula
n

(k)
xetm =3 0 R ()
k=0 :

will be exposed.

Generally speaking the scheme (3) was not used in practice as an expression for
x™ across the function f and its derivations even more cumbersome. Nevertheless
it turns out that the situation becomes essentially simple for quadratic systems. This
circumstance allows to give an explicit estimation formula for the remainder term
R,+1(¢, h) and to construct a simple algorithm for numerical solving with arbitrary
high order of precision. The last is based on an interpretation of terms of Taylor’s
formula as a special language with the context-free grammar of Chomsky [10, 11].
One combinatorial problem of the language will be studied as well. Noteworthy that
atree representing this language has fractal structure. It is suggested a geometrization
of this fractal in the Hilbertian space /5.

2 Estimation of the Remainder Term of Taylor’s Formula

Let’s begin considerations from the case d = 1. Here the equation (1) can be inte-
grated explicitly but arguments will be suitable for high dimensional case. Thus now
values of f(x(2)), f'(x(¢)) and f”(x(¢)) are numbers and in addition f”(x) = const.
Further these quantities will be called multiplicators and used shortened denotations
f, f', f” for them. Monomials composed by multiplicators and taking part in Tay-
lor’s formulae will be called Taylorian terms. Essentially the mentioned names will
be used with respect to cases d > 2 as well when f, f’, f” a not number-valued.
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(Keeping in mind just this circumstance the term ‘multiplicator’ was preferred to
‘factor’ or ‘multiplier’; see below).

Let numbers D,’j, n>1,k=0,1,2, ..., [%] be defined by recurrent rela-
tions

DV=1, D}, ,=@m-2k+1D" +k+1)D: (4)

([-] denotes the integer part of a number; it is assumed Dﬁ =0fork <0andk >
[(n — 1)/2]). Note D,ll =2""1 — nsomaxy D,’j increases very quickly whenn — oo.
Statement 1. The following equality holds

n—2k—1 k+1

X0y =Y D 5)
k

Proof is similar to one for Newton’s binomial formula i.e. the method of induction
on the parameter n can be provided using (4). It is easier to realize induction step
separately for n odd and even as in the first case the number of terms in (5) doesn’t
change while in the second case it increases to unit. For several beginning values of
n the expression (5) looks

i=f i=/ff = f”fz + f/zf, <V = f/3f +4f//f/f2,
X = AR AR (6)

It is useful to note that in each term a power of the multiplicators f, f’ will be
univalently determined by a value of n and a power of f”.

Now let us consider the case d > 2. This time values of the multiplicator f is a
vector and f’ is Jacobi matrix (in other words a tensor %x(j‘) of the rank (1,1)) and

. . . . aqe . 92
f" is a vector with components consisting of bilinear forms (i.e. a tensor % of

the rank (2, 1); [9]). Here f” = const as well but the formula (4) not necessarily true.
For example the expression for x/" looks

V= fRER2 I+ U EF f + F S, @)

and if take into account symmetry of the form f” with respect to contravariant indices
i.e. the property f”(u,v) = f”(v, u) then

XV = fRF R3S IS ®)
The right side will be written in expanded form as
LF' T £ + 3" QL @) f (), fFOI+ /@) f QL) f@1.

Now unlike to the case d = 1 values of the terms f” f'ff and f'f” ff may
differ. For example if f = (—y?, x?)then f"f' ff = —4(x3y?, x*y®), f'f"ff =
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—4(y°, x°).Thatis why Taylorian terms in the expression containing the same power
F7% of the multiplicator f” won’t be assembled to a monomial with the coefficient
DF. Nevertheless an essential part of the statement will be saved.

Theorem 1 The expression for a derivative x™ of the solution of the Cauchy prob-
lem (1) is a sum of collections A¥ of Taylorian terms such that the group A* consists
of DX monomials from multiplicators f", f', f in the quantity k, n — 2k — 1 and
k + 1 respectively (k =0, 1, ..., [(n — 1)/2]).

Now suppose that the solution x(¢) of the problem (1) exists on a interval [0, T']
and satisfies there the condition x(¢) € K, where T is some given positive number
and K is a given compact (and usually convex) subset of the space RY.

Let

Mo = max|f(0)], My = max | f(x)

, M, =|f"(x)| = const.

el =

(Here all the norms are Euclidean [9]: || f'(x) ” = ‘mla>1<|f’(x)u

max ]f”(x)[u, v]|). Thus we have

lul<1, [v|<I1
|ffu| < MyJul, | f"Tu, V]| < Mo Jul |v] .

These inequalities imply that all Taylorian terms from the group A¥ admit due
to Theorem 1 the same upper estimation by norm in the form M,* M "=~ p*+1,
Hence it is true the following

Theorem 2
n+1

R, <
[Rp1] < R

ZD§+1M{;M;'—2’<M§, k=0,1,..., [(n—1)/2]
k

Open problem 1. Find expressions for the coefficients Dfl‘ (similar to the identity
for binomial ones (}) = Wﬁk),) and ) DK,
[ [ a

3 The Language of Taylorian Terms and an Algorithm for
Numerical Solving of a Cauchy Problem with High
Precision

As it was noted above if d > 2 a compact formulae for a derivative x™ as (5) is dif-
ficult to be derived. In order to overcome such an obstacle we apply to Mathematical
Linguistics [2]. For that let multiplicators f, f’ and f” redenote by digits 0, 1, 2
respectively. Then each Taylorian term will be inverted to a word over the alphabet
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{0, 1, 2}. In order to differ such words from arbitrary words from symbols 0, 1,
2, the first ones will be called d-words. The family of all d-words makes a special
language 3. If 0 = €16, ... &, is ad-word, then its length is || = n and any part of
aform e, e,y1...6 (1 <m <[ <n)is called a subword.

Usually languages are considered containing an empty word A of length O that is
a subword for any d-word.

The language I possesses simple generative grammar ([2], Chap.4). Indeed the
rules % f(x) = f’(x) f(x) (production of a matrix with a vector as a convolution of
corresponding tensors of the ranks (1, 1) and (0, 1)) and %f/(x)u = f(x)[f(x), u]
(a vector that equals to the value of a vector-valued linear form on vectors f(x) and
u € R? that may be considered as a convolution of tensors as well) will be rewritten
as generating rules

0 — 10, 1 — 20, 9

for the language 3. The generation may be begun from the word 0 or from the rule
A — 0. The rules (9) mean that if in a d-word ¢ 10 and 20 are substituted for pairs
0 and 1 respectively then the result will be a d-word of the length |o| 4 1. The
described generation introduces to ¥ a structure of a tree with the beginning

|
200 110
/\- T—
2100 2010 2010% 1110

(The last line consists of d-words corresponding to the Taylorian terms from the
formula (7)).

Theorem 3 I belongs to the type of context-free languages of N Chomsky.

Indeed, if O, 1, 2 are taken as terminal symbols and 6, T, 3 are taken as unterminal
ones then context-free grammar [10]

0—>10, 1520, 00 1—1, 2-=2

with initial symbol O generates just d-words and only.

One of the main questions of Mathematical Linguistics concerns a criteria, allow-
ing to define if a given word belongs to the considering language ([2], Sect. 1). For
J the question has simple answer.

Theorem 4 (on solvability of the J) A word o over the alphabet {0, 1, 2} belongs
to the language 3 if and only if

(a) it ends by the symbol 0;

(b) a number of symbols 0 is greater than a number of symbols 2 more on 1;

(c) if symbols 2 are numerated in the order from right to left (as in the manner
of Arabian writing), then behind jth symbol 2 it should follow exactly j + 1
symbols 0.
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Proof The rules (9) imply immediately that every d-word possesses properties (a)—
(c). To set sufficiency take a word o on the alphabet {0, 1, 2} with properties (a)—(c).
If |o| = 1 or 2 then it is obvious that o is a d-word. Let o be a word of the length
n, n > 3. Due to property (a) it has a form o = pe0y, where 0; denotes a word
consisting of k symbols 0 while ¢ = 1 or ¢ = 2 and p is some subword of the length
n—k—1,k>1.

Now if ¢ = 1 then o is ended by a subword of the form 10, (k zeroes following 1).
Substituting 0; for 10; we get a new word which will still possess properties (a)—(c).
Moving back we get o by the first of rules (9) and so o belongs 3. Similar reasoning
hold for the case ¢ = 2 as well (now necessarily k > 2).

The language I allows to construct an algorithm (called QS-algorithm below)
for solving Cauchy problem of quadratic systems [3]. Let Extract(n, o; x) be a
procedure calculating the value of the Taylorian term corresponding to a d-word o
of the length n at a point x € K (the parameter # is added to the data for convenience
only). Thus

Extract(1, 0; x) = f(x), Extract(2, 10; x) = f'(x) f(x),
Extract(7,1202010; x) = f'(x) f" ) f (x), f" )L (x), f/(x) f ()]}

Suppose we are to calculate x (¢ + &) basing on x (¢) with precision 2" . Introduce
a transformation D over lists (arrays) from elements of T': if L is any list (array) of
d-words then DL is the sequence of lists Do, o € L, defining as following: Do is a
list of d-words each of them of the length |o'| + 1 obtained by applying sequentially
the rules (9) to all symbols 0 and 1 (in order from left to right). For example

D(200) = (2100, 2010),  D{110) = (2010, 1200, 1110)

and
D(200; 110) = (2100, 2010; 2010, 1200, 1110).

(In order to highlight lists of d-words, angular parenthesis will be used as above.)
Note that the transformation D can be easily realized as procedure in programming
languages.
QO S-Algorithm. Let the order of precision on a step N be given (N > 2). Take
n=0,L=(0), H=h, S =x(t), and put (*) n =n + 1. Calculate ¥ = deL
Extract(n, o; x(t)),S =S+ HX.Ifn > N, then end process by the value x (¢ +
h) = S else make the new list L := DL and put H := Hh/n, then return to the step
().

One may notice that Q S-algorithm itself derives Taylor’s formula during calcu-
lations due to the language T'.
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4 A Language of Roots and Combinatorial Analysis
of Their Affixes

Let o be a d-word. Crossing out all symbols 1 in the word o and the last 0 as well
we obtain a word over the alphabet {0, 2}. It will be called a 2,0-root at that time
deleted symbols 1 will be called affixes. We denote 9 the language of all 2,0-roots
yielded from d-words.

The notion of a 2,0-root can be linked with Taylor’s formula in the following
way. Consider some Taylorian term. Since f’ is a linear form it should predict a
vector-valued quantity. Thus an action of f’ (i.e. its convolution with a following
tensor of appropriate rank) gives a tensor of the same rank again. Repeating such
kind of reductions in the end we get an expression consisting of vectors and bilinear
forms only. Its scheme will be expressed by the 2,0-root. This allows to divide the
procedure Extract(n, o; x) into two steps: firstly to extract all multiplicators f’ by
means of convolutions and in parallel find corresponding 2,0-root ¢ and then apply
Extract(2k + 1, 50, x) (where k is a number of symbols 2 in the d-word o). Such
a division may make calculation of Extract(n, o; x) faster than the direct process.

The language ) is solvable as Theorem 2 implies
Statement 2. A word over the alphabet {0, 2} will be a 2,0-root iff

(a) ends with the symbol 0;

(b) the number of symbols 0 is equal the number of symbols 2;

(c) if symbols 2 are numerated in the order from right to left, then on the right of
the jth symbol 2 follows at least j symbols 0.

Obviously if one inserts the subword 20 into any place (including the beginning
and the end) of a 2,0-root he receives a 2,0-root again and conversely any 2,0-root
can be obtained in such way beginning from the empty word. The corresponding
grammar consists of the following rules:

A—20 0— 200, 0—020, 2— 200, 2— 202 (10)

and so N has context-free grammar.

One can easily see that the rules (10) may generate concrete 2,0-root in several
way (such a property is called ambiguity, [2], Sect.7). It turns out the language R
can be built by means of other rules producing all 2,0-roots with unique prehistory
and allowing to present )i as a rooted tree ([16], Sect. 1.5).

Due to Statement 2 every 2,0-root has a form p0; where a subword p ends by the
symbol 2. Now define a transformation IT that conforms to p0; the following list of
k + 1 words

(0020,  p0_1200, ..., p200), (11)

belonging to )t because of Statement 2. IT transforms a list of 2,0-roots as well acting
to each its element in the same order. Therefore IT can be iterated.
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Theorem 5 1°. TT¥(A) contains only and all 2,0-roots of the length 2k.
2¢. All 2,0-roots in the infinite list [1'(A), TI*(A), ..., TTI*(A), ... are different.

Proof 1t is clear that [T¥(A) consists of 2,0-roots of the length 2k. Let us confirm
conversei.e. every 2,0-root o with the length 2k presents in the list [1%(A).If o] = 2,
then o € I1'. Let k > 2 and ¢ have a form ¢,20,,, m > 1. Consider a word ¢;0,,_;
of the length 2(k — 1), obtained from o erasing the most right pair of symbols 20.
The properties (a)—(c) of the Statement 2 still hold. Thus the supposition ¢10,,_; C
I1¥=1(20) implies o € T1¥(20).

The assertion 2° can be also checked easily.

Naturally the following question arises: is it possible to regenerate the list of d-
words starting from the list of 2,0-roots? Here partial answer will be given only — we
are able to account the collection of d-words of the fixed length with a given 2,0-root
but can’t restore the whole list of corresponding d-words.

Thus let p be a 2,0-root of a length 2k and suppose we are to rebuilt a d-word o
such that |o| = n. For that N = n — 2k — 1 affixes (i.e. symbols 1) should be added.
In principle they can be inserted, being distributed someway, in any place in the word
p i.e. in left side and right side and in the middle between symbols of p. A number
of such places (will be called boxes) equals 2k + 1.

Each way of distribution of affixes among boxes will generate a partition of the
number N into 2k 4+ 1 nonnegative addends. In the book [29] such partitions were
called compositions. There was also cited that the number of compositions of integer
N into K addends equals ck-l 1 ([29], Sect.5.3.1). Inour case N =n — 2k — 1,

N+K—
K = 2k + 1, so that each 2,0-root generates

2k _ 2k
Cn72k71+2k+171 - Cnfl’

n—1

many d-words (k =0, 1, ..., [ o ]). Note that to complete obtaining d-words 0
should be imputed to the end. For example 2200 generates 15 d-words of the length 7:

1102020000 — 112200(0), 121200(0), 122100(0), 122010(0),
122001(0), 2112000, 212100(0), 212010(0), 212001(0), 221100(0),
221010(0), 221001(0), 220110(0), 220101(0), 220011(0)

(for the first composition boxes are shown, imputed 0 is taken into parenthesis in
each composition).
Statement 3. All compositions obtained from 2,0-roots by distribution affixes
and considering as words over the alphabet {0, 1, 2} different and belongs to the
language 3.

Proof can be provided using induction by a number of imputing affixes.

Note that the algorithm of G.Ehrlich for generation of the list of compositions in
lexicographical order is also cited in [29] (Sect.5.4).
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Let oy denote a number of different 2,0-roots of a length 2k. Due to Statement
3 there are oy - C 35 | different d-words. Remembering that d-words (of course in
the form of Taylorian terms) may repeat in the expression for x™ we get the rough
estimation o - C2* | < Dk,
Open problem 2. Is it possible to find explicit formulae for o ?
Open problem 3. Find a rule of counting how many times a given d-word o of the
length 7 is repeated in the expression for x™ (with or without regard of symmetry
of the bilinear form f").

5 A Fractal of Suffixes

Continuing analysis the language of d-words let us reduce them once more. Every
2,0-root ends with one or more symbols 0 and so it has the form p0; with a subword
p ending by the symbol 2. In such situation the subword O; will be called a suffix (of
the 2,0-root and the corresponding d-word as well). As a result the infinite tree of
2,0-roots turns into a tree of suffixes. The beginning of the reduction looks 20 — 0;
2020 — 0, 2200 — 00; 202020 — 0, 202200 — 00, 220020 — 0, 220200 —
00, 222000 — 000.

The transformation IT defined for generating of 2,0-roots, successfully acts to
affixes too and we keep the notation. Thus IT(0) is the list (0, 02, O3, ..., Ogt1).

It should be noticed some difference between the trees of 2,0-roots and suffixes. In
the first case all vertices are different (Theorem 5 ) but in the second one each suffix
0y repeats infinitely many times. Moreover we are not able to distinguish them even
inside of every list IT" (0 ) with a fixed m as it may also contain the same suffix many
times. Therefore the tree-structure is essential for the language of suffixes generated
by the transformation IT. This tree will be denoted I". In Fig. 1 its beginning is drawn.

It is clear that I possesses fractal structure. Indeed first if an iteration number k
increases quantity of suffixes 0,, for each k grows rapidly exceeding the geometric
progression 2. Secondly the whole tree I' repeats beginning from every vertex,
corresponding to the suffix O (that follows from acting way of the transformation IT).
More commonly let @ with a fixed k be a concrete suffix met in the list IT” (0) with
minimal m. Let I‘(b\k) be the subtree growing from the root 6k. Then every subtree
with a root in a vertex, corresponding to a suffix 0; with the same k is isomorphic to
r(ﬁk) (in the sense of Graph theory, [16]).

We get more compact form of the fractal of suffixes if we consider lists T =
(0, 05, 03, ...,0;) instead of suffixes themselves. Here we have a transformation
converting each list Ty to the list of lists (73, T3, ..., Tx+1). The obtained tree A
begins with the list 7} that will not be met any more in A. Figure 2 demonstrates this
fractal where every list (T», T3, ..., Ty, Ti+1) is substituted by k i.e. by the quantity
of its elements.

The common number of symbols 0 in the list 7} is a triangular number
therefore the tree in Fig. 3 can be considered as a special fractal of triangular numbers.

k(k+1)
2
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Fig. 1 Fractal of suffixes of Taylorian terms
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Statement 4. (1) If all subtrees of I growing from vertexes 0 are removed (with
exception of the root of I' that should be removed with a unique edge only) then
the remainder subgraph will be isomorphic to the fractal A. (2) If one moves off all
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vertexes 0 with outgoing edges then I' will be decomposed into a forest of trees each
of them isomorphic to A.

Above the fractal I was represented as an object of Graph Theory and the frac-
tal A was done as one of Number Theory. Nowadays number-theoretical fractals
becoming usual. Those connected with Pascal’s triangle are well studied [7]. Last
period searching of fractal properties of prime numbers and zeroes of Riemannian
¢-function and other theoretical fractals becomes more and more intensive [12, 14,
18]. In other hand one of commonwise received types of fractals are those whose self-
similarity can be expressed by means of affine contracting transformations [17, 23].
A representation of a fractal using geometric notions can be called ‘geometrization’.
Here we are going to describe a geometric representation for the fractal I".

As a space for that we are to choose infinite dimensional space /,. (Its points
will be distinguished by bold letters.) Let e, e;, ... be a standard basis so that
e; = (i1, 8i2, . ..) where §;; is Kronecker’s symbol.

Now we fix a value of a parameter A from the interval (0, 1) and put

S0=0; sy =hF AT A =123, se=

Then we construct an injective map (immersion) @ : ' — [, by induction on m.
First
@(0)=0=(0,0,0,...) for the 0 that will play a role of the root of @ (I");

D) =Xre; =(1,0,0,...) and @(00) = Ae; = (0, A, 0, ...) for the suffixes 0
and 00 respectivly from the list I[1(0) = (0, 00);

@ maps suffixes from [12(0) = (0, 00; 0, 00, 000) to the points of I,
(A+22,0,0, .., (0, 22,0, .0, A2 2,0, .., (0, A+12,0, ..., (0, A, A2, 0, ..))

respectively. 5
Suppose that the map @ is already defined on each suffix 0; € I1"(0), converting
it to a point x that the following conditions are held:

(1) x, =0forn >m+1;

2) x, =) AMforn=1,2, ..., m+ 1 where Ji, Jo, ..., Jm+1 18 a partition of
ield,
the set {1, 2,...,m};
(3) m € Jiy. (Asusual Y A’ =0 for J = 2).
ieJ
Now we continue @ for affixes from the list [1"+! (dk) = (0, 0z, ...0p11)

taking as their images of corresponding suffixes the points x + A"*le;, x4+
)\m+162, o, X+ A.m+1ek+2.

One can easily check that the conditions (1)—(3) holds for newly defined values
of @.



36 A. Azamov

Let us denote E the image @ (I") C I, with induced structure of a tree.

Theorem 6 If 0 < X < % then the map @ is injective: different vertexes of I' will
be mapped to different points.

Proof is follows of the next inequality: if J, K C {1,2,...,m} and

Z/\i >Zx",

iel iekK

Z)J’ > )t +Z)J.

ieJ ieK

then

This is consequence of a simple inequality A™ > Y A being true for arbitrary
ieK
finite subset K C {m 4+ 1,m + 2, ...}.

Remark 1 Theorem 6 obviously holds in the case of transcendental A as well.

In according to construction every point X € E (i.e. a vertex of the tree E) has
only finite number of coordinates not equal O so that the integer

p(x) =min{n | x, =0 forall k > n}

is correctly defined. It will be called rank of the point x.

In order to get imagine about construction of the /,-fractal it is useful to study
its finite dimensional sections (briefly “crowns”) E; ={x € E | p(x) <d}, d =
1,2, .... Ignoring zero coordinates x, =0, n =d + 1, d + 2, ..., of points from
E4 allows us to consider the crowns as finite dimensional objects (“trees”) growing
in the correspondent space R?).

The crown E; consists of points of the real axis making decreasing geometric
progression with the denominator A. (E; may be called “the main trunk” of the
I>-fractal, that stays after cutting all “lateral brunches”. E; respects to sequence of
leftside O’s of the lists I1"(0). It can be considered as the simplest fractal.

The crown E, consists of the trunk E; and lateral brunches growing from its
vertexes in the direction of the axis x, so that all its vertexes have a degree 3 besides
the origin (0,0) having degree 2. Behavior of the sequence of layers H” = &, N
@ (I1"(0)) is more interesting. Its limit in Hausdorff metrics under m — oo will be
a compact subset K, (A) of the segment /; (one-dimensional simplex) joining points
(A~ S0, 0) and (0, A + ss). In the case A = % the set K,(A) coincides with I;
(Fig. 3; here and further x;-axis is drawn vertically in order to let the tree of /,-fractal
to grow upwards). In the case A = % the set K,(A) is similar to Cantor’s fractal,
moreover its projections to both coordinate axis coincide with classical Cantor’s
compact (Fig. 4). If A less than % then the set K,()\) will be more rare “Cantor’s
dust” [14, 23].
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Fig. 4 Fractal of the crown s
K3(A), 2 =1/3

"

Fig. 5 Fractal of the crown
K3(2)

The crown E3 has more complicated structure but that is typical for higher odd
dimensions as well. It has lateral branches growing in the directions of x; and x,
axis only from vertexes of the trunk and of branches which are parallel to the trunk.
But now there lateral branches growing in the direction of the axis x3 from all other
vertexes (Fig. 5).

We note that a picture for even-dimensional crowns differs from one for odd
dimensional crowns. In the last case projections of coordinate axes can be drawn
equiangular (as in Fig. 6 for d = 5) while in the first case if d > 2 equiangular
projections of axes may coincide in pairs. Taking account this circumstance in Fig.7
the crown E, illustrated in nonequiangular projection.

Vertexes belonging to the layer H}' = E; N @ (I1"(0)) lay in the simplex s,,, A4l
homothetic to the standard one

AT ={yeR!'| ) y=1 y=0 i=12....d

with the coefficient s,,. At m — oo the sequence H;' approaches to some compact
subset K;(X) of the limit simplex S AL IF A = % then K;()\) will be a subset of
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Fig. 6 Fractal of the crown
Ks(2)

Fig. 7 Fractal of the crown
K4(A)

A. Azamov

“Sierpinski pyramid” that is a generalization of the two-dimensional case known as

“Sierpinski napkin”.

Now let us return to the l,-fractal E. It has a rich semigroup of contracting affine
maps [T : E — & such that the image ITT(E) is similar to E itself. We will constraint
ourselves highlighting only one family of self-similarities.

Statement 5. Let A, be a transformation acting in the space /, and compounded
from homothety with the coefficient A" and shift to the vector s,e; (n = 1,2,...).
Then A, maps E into itself such that the image A, (E) is a subtree with the root in

the vertex s,e;.

Proof Noting that both A and IT are affine maps let us consider their acts on the
layer H™. As A; and IT commutes we have “a commutative diagram”

x+A"e; A ax + A" e + dey
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that means A is affine contracting. To end the proof it is sufficient to note that A,, is
an iteration of Aj.

Problem 4. Calculate the Hausdorff dimension of the set K;(A) [15]. Give some
characteristics similar to Hausdorff dimension for a fractal K,.(A) = dlim K;())
— 00

that is a compact subset of the Hilbertian simplex {x € L] ||x|| < 1}.
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Discrete-Numerical Tracking Method )
for Constructing a Poincaré Map L

Abdulla Azamov, Akhmedov Odiljon and Tilavov Asliddin

Abstract In this paper the effectiveness and applicability of the DN-tracking method
for constructing Poincaré maps are investigated. The DN-tracking method is demon-
strated by samples of dynamical systems having closed trajectories, bifurcations of
homoclinical loop of a saddle and period doubling.

Keywords Dynamical system + DN-tracking method - Closed trajectory -
Poincaré map + Numerical methods + Bifucation

1 Introduction

The task of the qualitative theory of differential equations, as generally accepted, is
to study the properties of individual solutions or their families in those cases when
they are either can’t be integrated in an explicit form or reduced to an equation of
lower orders by means of the first integrals. Therefore, according to the approach
of A. Poincaré who founded the Theory of Dynamical Systems, the main goal of
the Qualitative Theory is to establish certain properties by some methods. To solve
such kind of problems various analytical [1-4], as well as topological (geometric)
methods have been developed [5].
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When the nonlocal properties of a particular solution or the system in general
are considered as an object of study, then analytical methods become ineffective.
What concerns to topological methods they require the conditions as usual difficult to
check. In this regard, as the capabilities of computing technology increase, methods of
numerical integration and computer visualization are being more and more employed
[6-11]. This approach even has been called “Computational Dynamics” [12], similar
to “Topological Dynamics” [13].

In the general case, the use of numerical methods and computer experiments can
only play an auxiliary role as heuristic means, at least from the point of view of
generally accepted methodology of Mathematics. Namely, each statement, formu-
lated on the basis of an approximate solution or based on the results of a computer
experiment, a posteriori should perfectly be proven. This is the main defect of many
existing numerical methods. Since, in practice it is very difficult to justify the results
of computations rigorously. Ideally, one wants to obtain a rigorously result direct
from the computations rather than using them as just heuristic.

The method of discrete-numerical tracking (further briefly DN-tracking), suggest-
ed by the first author of this work, is intended for this purpose [14]. The essence of
the method is to draw concrete conclusions about the behavior of exact trajectories
or their beam on the basis of real and finite amount of information computable by
the computer and storable in its memory.

In this article, the possibilities and limitations of the applicability of the DN-
tracking method will be discussed and will be surveyed results of research obtained
at the department of “Dynamical Systems” of the V.I. Romanovskii Institute of
Mathematics of the Academy Sciences of the Republic of Uzbekistan.

2 Discussion

We consider a Cauchy problem

z= f(2),2(0) =&, (1)

where z € R? is a polynomial vector-valued function. Further, it will be assumed
that d > 2 and f (&) # 0. The problem (1) has a unique solution z(¢) that is called a
positive semi-trajectory, defined on some interval [0, ), T > O.

In the Qualitative Theory of Dynamical Systems arise a number of questions
related to the properties of the solution z(#). Let us list some of them for which the
DN-tracking method presents its effectiveness.

1°. If an interval [0, T'] is given, is it possible to claim that z(¢) exists on [0, T]
(thatis T < 1)?

2°. Suppose that an answer of the question 1 is positive, and a compact subset K
of R? is given. Does the inclusion z(¢) € K hold on the interval [0, T']?

3¢. Do the trajectories starting from some neighbourhood of the point £ return to
its neighbourhood? In other words, does the Poincaré map @ : U — I exist? (Here
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I' is a hyperplane with normal f’(£¢) passing through the point & and U is some
neighbourhood of £ in I".)

4°. Suppose that an answer of the question 3 is also positive. Is there a closed
trajectory passing near the point £? (More generally, does the map @ have periodic
points?).

5°. Let an answer of the question 4 be positive as well, i.e. the system has a closed
trajectory. Will it be a limit cycle? More generally, what kind of properties does the
map P possess?

Of course, this list can be continued. For example, questions about the existence
of a homoclinic loop, a heteroclinic cycle, an invariant torus, various kinds of bifur-
cations may take place. All the above issues are related to the global properties of
dynamical systems for which analytical methods are not always effective.

This circumference causes broad application of numerical methods and computer
visualization. For example, one of the coryphaeuses of the theory of dynamical
systems D.V. Anosov wrote [15] that an enormous amount of research devoted to
the Lorentz system [16] might be divided into two groups:

e Researchers of the first group have been assuming a priori the existence of a
Poincaré map and based on such supposition derived one or another property of
the system (see, for example, [17]).

e Researchers of the second group conclude about the property of the system using
numerical solution, mainly from the results of computer experiments (see, for
example, [18]).

Obviously, every statement formulated on the basis of a numerical solution must
be strictly proven [19]. In some cases, such a justification can be obtained, ignoring
the fact that they have been formulated by means of approximate methods. In the
method of DN-tracking both formulations and proofs of such statements are carried
out based on a numerical solution combining with deductive argument. Efficiency
and justification of the method essentially depend on the estimates between exact
and numerical solutions. This circumstance limits the possibilities of approximate
methods and so DN-tracking method. It is well-known that the most explicit estimates
exist for one-step methods, so further we will deal only with them, mainly with
different schemes of the Runge—Kutta method [10].

In one-step methods the problem (1) is replaced by the recurrent scheme

il =2 +hF(h, 2,),20=§ )

where £ is the parameter of discretization, F is the operator expressing the scheme of
the concrete form of the method, for example, F (4, z) = z + % (ky + dky + k3),k; =
hf(2), ko = hf(z + 0.5k), k3 = hf (z + 2k, — ki), for the scheme of Runge—Kutta
method of the 3rd order.

For a scheme of form (2) one has an estimation [10]

|z (nh) — z,| < Ce*Th* = ¢, 3)
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where z,, is defined by (2), L = max |0f/dz] is the Lipschitz constant, h = T /N
zZ€e

and s is the order of accuracy of the method (usually s =2 =+ 5), C is a constant
depending on f, F, s, K and T. Further the sequence z, will be called a discrete
trajectory.

It should be specially emphasized that estimations of type (3) are correct only in
the case of positive answers to questions 1° and 2°, which are formulated above.

If system (1) is nonlinear, then it is also impossible to calculate the sequence z,,
precisely. Forexample, evenin the case 7,41 = z, + hz2, 20 = 1, h = 0.01 one is not
able to find exact value of z;gg. Therefore, we deal with the final sequence {¢,},n =
0,1,2,..., N, obtained by approximate calculations by means of a computer and
the results of the calculations are stored in its memory with a certain precision.

Now let us discuss the relation between z,, and ¢,. It is well-known [10, 11]

elT —1

Lh

[Z0 — Cal < A = e, 4)
where A is the rounding error in one step and depends on the function f and the
configuration of a used computer. It is very important that the estimation (4) not only
forbids i — 0, but prevents the excessive decrease of 4 [20].

The estimates (3) and (4) imply an inequality

e1e5 > C(f,T,A), (5)

that can be interpreted as a kind of uncertainty principle in the computational dy-
namics.

The categorical conclusion follows from inequality (5): even if the answers of the
questions 1° and 2° are positive, there may be no guaranteed connection between the
exact trajectory z(¢) and the sequence ¢,.

3 The Paradigma of the DN-Tracking Method

There are may be such a combination of circumstances allowing to choose a method
F and an interval of [0, T'] and a length of step / and a positive number ¢ such that

(1) itis possible to establish the existence of a solution z (¢) on the interval [0, T];

(2) to prove that the relations z (¢) € K, z, € K, ¢, € K hold for ¢t € [0, T] and
nef0,1, ..., N},n=[t/h]forgiven T and K;

(3) to prove the existence of a Poincaré map;

(4) to derive some of its properties, for example, the existence of periodic points.
The paradigma of the method is expressed in the following way.
Let Ko={z€R? |z —a| <o;,i=1,2} be a fixed parallelepiped.
K, K5, K3 are other parallelepipeds such that K; C K;;; and dist
(Kj,aKj+1) = %, ] =0, 1,2, e > 0.
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Assumption A. ¢, € Koforn =0, 1,2, ..., N (since K is a parallelepiped, this
inclusion can be checked by a computer).

Theorem 1 Suppose that the following estimations are established.
L&y — zal < 5, as long as z, € Ky;
2. |z(nh) — z,| < 3, as long as z(nh) € Ka;
3. 1z(t) — z(nh)| < %, as long as z(t) € K3, (n = [t/ h]).
Then assumption A implies that all inequalities are true foralln =1,2,..., N

andt € [0, T].
The theorem easily can be proved “by contradiction method”.

Corollary 1 z(t) € IntK3 and |z(t) — ¢,| < e forallt € [0, T]

Under Assumption A in two-dimensional systems it is enough to track one positive
semi-trajectory in order to construct a “Bendixson’s bag” [2] instead of Poincaré
map.

In order to construct a Poincaré map in multidimensional systems in contrast to
two-dimensional systems, it is necessary to track a definite beam of trajectories.

If U C I', (I" was defined above), we take a uniform rectangular grid My = §1;,
where Iy = {(i\, i, ... ia) € Z%| (8iy, 8ir, ..., 8ig) € U}. Set ¢™, z(" and z,(1)
denote the numerical, discrete and exact trajectories starting from a point v € Mj,
respectively. Further the trajectory starting from a point u € U is denoted by z,,(¢).
It is clear that for an arbitrary point u one can choose v such that |u — v| < §.

Consider a net of parallelepipeds K ;, j = 0, 4 such that K i+1 =K; ~T— %D,Where
Ko={z€R! |zi —a;| <e;,i =1,2...d} is a fixed parallelepiped, D is the u-

nit parallelepiped in R?, —T— is Minkowskii sum [21]. Note that dist(K;, 0K 1) =
%, Kj C Kj+1’ J:O, 1,2, 3.
Assumption B. ¢ € K foralln =0,1,2,..., N andv € M;.

In every concrete case this assumption can be checked by a computer executing
limited number of arithmetic operations and comparisions.

Theorem 2 Suppose that

L[z —¢™| < £ aslong as 2" € Ky;

2. |zy(nh) — zﬁ”)| < % as long as z,(nh) € K»;

3. |zy(t) — zy(nh)| < § as long as z,(t) € K3, (n = [t/ h]);

4 0z, (1) — 2, ()] < % as long as 7, (t) € K.

Then assumption B implies that all these inequalities are true for all n =
1,2,...,N,t€[0,T]

Particularly

Zu(t) € IntKy

and z,,(t) exists on the interval [0, T]. Moreover
() =" <&

forallt € [0, T].
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Thus, by means of a finite sequence of numerical d-vectors &y, {1, ..., {y stored
in the memory of a particular computer, one can trace from an exact trajectory
z(t),0 <t < T with an accuracy of ¢. If the relations and the conditions of the
theorem are satisfied, then there is a chance to establish the existence of a Poincaré
map.

Below some examples of application of the DN-tracking method will be given. In
all of them, a special technique is used additionally, allowing significantly to increase
the range of applicability of DN-tracking.

As one can see from the inequalities (3), (4) the efficiency of the numerical so-
lution depends essentially on a value of the factor /7, which can bring to naught
the smallness of the quantities #* and A. For example, if we consider Lorentz sys-
tem with parameters o = 10, g = 8/3, p = 28 and take only 7 = 1.1 and paral-
lelepiped K = {(x, y,2)| —9.5 <x <20; —-10 <y <27.7,0 < 7 <48.4} that a
priori containing the attractor, then it turns out e/” ~ 5.8 - 10" [22]. But T = 1.1
is too small to draw a conclusion about chaos and a strange attractor in the Lorentz
system.

This circumstance has been met when the DN-tracking method was used for the
first time. It was observed that if one divides the interval [0, 7] into several parts
if that the estimation (3) becomes more effective [23]. This effect can be explained
relying on the fact that if one divides [0, T] into two parts, the factor e-” decreases
with the rate of a geometric progression, while the computational errors for reduced
segments add up only. In all the examples being considered below, this technique
showed its usefulness for constructing a Poincaré map.

3.1 Existence of a Closed Trajectory

Consider a dynamical system simulating the chemical reaction of I. Prigogine, known
as “Brusselator” [24]
%1 =a+xix;— (b+ )x; ©)
).62 = bxl — XIZXQ
where a and b are positive parameters.
Shifting the origin of Cartesian system Oxx; to the fixed point P = (a, b/a) by
the formula z; = x| —a, 2 = x, — b/a we get

2= (b—Dz1+d’z + 223 + 2aziz: + 232
b 2 b2 2 2 (7
22 =bzy —azp — 227 — 22122 — 7122

The computer experiment provides a basis for the heuristic assertion that the sys-
tem (7) with a = 1 and b = 2.01 has a closed trajectory of the period 7T &~ 6.28 in
the domain K = {(z;, z2)| — 0.33 < z; <0.53; —0.62 < 7, < 0.53}. In this exam-
ple My < 4.08, 11.52 < M; = L < 11.54, M < 14.37 and e*7 ~ 10°!.
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Fig. 1 Consruction of the
Poincaré map for (6)

L

2
/ /@

The division of the interval [0, T ] into 6 equal parts yields the estimates |z,, — | <
1.5-1077, |z(nh) — ¢,| <4.2-1073, |z(t) — z(nh)| < 4.2-1075, allowing us to
construct the Poincaré map @ : (0, 0.32] — (0, 0.32] as a composition of six mon-
odromy mappings (see Fig.1; for details [25]).

In this case, the DN-tracking method guarantees that the Poincaré map has the
property: @(0.32) < 0.32. Thus, a positive semitrajectory started from the point
0.32 forms a “Bendixson’s bag”. Since fora = 1 and » = 2.01 the point (0, 0) is the
only singular point inside the “bag” that is an unstable focus, Poincaré-Bendixson
theorem implies the following

Theorem 3 Fora = 1 and b = 2.01, the system (7) in the domain
K ={(z1, 22)| — 0.33 < z; <0.53; —0.62 < 7, < 0.53}

has a closed trajectory with period T, 6.27 < T < 6.29.

Note that the DN-tracking method does not allow one to prove the uniqueness of a
closed trajectory. This can be proven, for example, by the L.A. Cherkass method [26].

3.2 Existence of the Bifurcation of Homoclinic Loop

Consider the following two-dimensional nonlinear system with one nonlinear term
[27]
X =ax+vy+x32
SRR ®)
y=bx+y,

that is can be considered as a model for bifurcations.
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Fig. 2 A cycle of (6) close to the homoclinic loop

Fig. 3 Homoclinic loop of a i N
saddle in (6) // // A \
/ p/ i

—

=%

The DN-tracking method allows to construct a “Bendixon’s bag” froma = —0.72
till a = —0.74, when the cycle period increases to 16.72 (Fig. 2). Computer calcu-
lations lead us to the heuristic conclusion that if a increases further then the closed
trajectory gets destroyed and as a result the bifurcation of homoclinical loop of
separatrices of a saddle occurs (Fig. 3).

Itis easy to verify that when the parameter a passes from the domaina < —1 tothe
domaina > —1 forb € (—oo, —1), the Poincaré—Andronov—Hopf bifurcation takes
place in the system (8). Thus, for a greater than —1, but close to it, system (8) has
a closed trajectory. The Poincaré—Andronov—Hopf bifurcation technique guarantees
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Fig. 4 Bifurcation diagram b
for (6)

%,

7>
)
1

Homoclinic loop bifurcation line

Hopf bifurcation line

the existence of a such bifurcation for a narrow range of values a near the linea = —1
only.
DN-tracking method allows to prove the following non-local result.

Theorem 4 Set b = —2.005. Then there exists values a € (—0.74, —0.72) and
a,a > a for that the following properties are hold:

(a) if —1 < a < a system (8) has a closed trajectory;
(b) ifa < a < a then (8) does not have a closed trajectory.

Hence, on the basis of the fact that the DN-tracking method has a “assurance
factor” in constructing the Poincaré map (in this example “Bendixon’s bag”), it
is obvious that the bifurcation of homoclinic loop takes place for values close to
b = —2.005. Covering the interval —3.5 < b < —1 with a sufficiently fine grid of
such intervals one may construct a bifurcation curve of the homoclinic loop of a
saddle for system (8).

On the whole, it can be shown there are three types of bifurcations of codimension
1 in system (8), namely Poincaré—Andronov—Hopf, saddle-nodes and homoclinic
loops bifurcations (Fig.4) [28].

3.3 Existence of a Closed Trajectory of Multidimensional

Systems

The DN-tracking method allows to proof existence of a closed trajectory for multidi-
mensional systems as well. As noted above, unlike two-dimensional systems of the
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Fig. 5 Consruction of the

7
Poincaré map for (9) 6 4ﬁ>_> 8

type (7), (8), in multidimensional systems it is necessary to track some beam of tra-
jectories. In [29] this was realized for the three-dimensional model of the brusselator
[30], given by the system

a=2n-u@E+)+1
Zr=7123 — 1122 9
B=—0n+a

Taking K = {(z1,22,23)10.7 <21 15,07 <2, <1909 <z3 < 1.7}, 0 =
1.25, & = (0.7679, 1.3730, 1.4226), T = 8.6 and dividing [0, 7] into 15 parts, it is
possible to establish the existence of a Poincaré map @ : § — I suchthat @(S) C S
and dist[dS, @(S)] > 1073, where S is a disk with radius 5- 10~* in the plane I
(Fig. 5).

A more interesting example is given by the system [31]

X1 =—x2—x3+x12—x§—x32
)&2 = X1 — X3 —x12 (10)

).63 = X3.

DN-tracking method following computer calculations allows establishing that in
the region

K={(x1,x,x3)|—0.7<x; <04, -08 <x, <0.8; =09 < x3 < 0.3}
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Fig. 6 Consruction of the
Poincaré map for (10)

system (10) has a closed trajectory of period T & 8.18.
Here the segment [0, 7] divides into 8 parts. The scheme of construction of the
Poincaré map @ : § — I is demonstrated in the Fig. 6.

3.4 Existence of the Period Doubling Bifurcation

The appearance of a closed trajectory of the the system (10) remembering a boundary
of Mobius sheet make us to suggest that it should be a result of a period doubling bifur-
cation from a simple closed trajectory. It is obvious that if we perturb the coefficient

Fig. 7 Simple closed Ty
trajectory
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Fig. 8 Period doubling a=12 a=1.1
bifurcations for (11) i 2y ———

B e
Co>—C>
{ _,"a,__-ﬁ""//

a=1.02 / a=1
A

——

at the term x5 in the second equation, in other words, take itas X, = x| — 1.25x3 — x]2
then there exists a simple closed trajectory of the period ~3.9 (Fig. 7).
Therefore, homotopy joining the last and the initial systems

X=Xy —x3+x}— x5 —x3

)'czz)cl—otxg—xl2 (11)
)&3 = X2

should contain demanded bifurcation.

Theorem 5 In system (11) the period doubling bifurcation takes place for some
a e (1,1.2) (Fig. 8.)
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A Discrete Mathematical Model for Heat )
Transfer Process in Rotating L
Regenerative Air Preheater

Bekimov Mansur and Fathalla A. Rihan

Abstract In this paper we propose a discrete mathematical model for heat transfer
process in two-layer rotating regenerative air preheaters of a thermal power plant.
The model is formulated by discretizing the process as a result of averaging both
temporal and spatial variables. We take into account partial mixing of gas and air.
Some conditions that ensure the asymptotic stability of the discrete system have also
been deduced.

Keywords Regenerative air preheater - Heat transfer - Discrete system
Mathematical model - Stability

1 Introduction

An air preheater (APH) is a general term to describe any device designed to heat
air before another process (for example, combustion in a boiler) with the primary
objective of increasing the thermal efficiency of the process. They may be used alone
or to replace a recuperative heat system or to replace a steam coil. The purpose of
the air preheater is to recover the heat from the boiler flue gas which increases the
thermal efficiency of the boiler by reducing the useful heat lost in the flue gas. As a
consequence, the flue gases are also sent to the flue gas stack (or chimney) at a lower
temperature, allowing simplified design of the ducting and the flue gas stack. It also
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allows control over the temperature of gases leaving the stack (to meet emissions
regulations, for example).

There are two types of regenerative air preheaters: the rotating-plate regenera-
tive air preheaters (RRAP) and the stationary-plate regenerative air preheaters. The
rotating-plate design (RRAP) consists of a central rotating-plate element installed
within a casing that is divided into two (bi-sector type), three (tri-sector type) or four
(quad-sector type) sectors containing seals around the element. The seals allow the
element to rotate through all the sectors, but keep gas leakage between sectors to a
minimum while providing separate gas air and flue gas paths through each sector. It is
usually attached to a thermal power plant (TPP) in order to increase the efficiency of
the station by means of preheating of air blasting into stations boiler. Heating method
is carried out due to the heat of combustion products of the fuel, i.e. a hot mixture
of smoke and gas (hereinafter simply called gas). Also, using of RRAP allows us to
reduce impact of the thermal pollution of the atmosphere [1].

In this work, we consider the case of a unit with the main block of cylindrical
shape which consists of a rotor rammed by corrugated thin steel and flat sheets on the
surface where the heat exchange occurs. The rotor is divided into sections, separated
by plane sheets slowly rotates in a stationary casing. The rotor space is divided into
two halves, hot and cold, throughout an imaginary plane passing through the axe of
the cylinder. The gas is fed across the hot half in one direction while air flows across
the cold half in the opposite direction. During continuous rotation of the rotor, its
metal running alternately passes through the gas and air flows and as a result, the
heat of the gases is then transferred into the air.

Observation and control of both temperature of the plates, and air and gas emerg-
ing from RRAP are effective operations of RRAP [1-3]. Direct measurement of the
temperature of incoming and outgoing air and gas is easily carried out; while monitor-
ing and controlling the temperature of the plates requires a sophisticated measuring
technique. It is worth mentioning that the temperature regime of the plates plays an
important role in the prevention of corrosion. That is why, in practice, mathematical
modeling of the heat transfer process in RRAP is essential and widely utilized.

Over the last decades, various mathematical models have been proposed to model
heat transfer process in the RRAP [1-6]. Generally, mathematical equations of ther-
mal conductivity and mass transfer can be used to model the operations of RRAP
[2]. However, several challenges and difficulties arise which affect the efficiency of
the model. One challenge is the configuration of the plates which have a complicated
geometry, that practically makes it impossible to formulate the boundary conditions.
The second difficulty is that the air and gas flows passing through the RRAP rotor are
considered turbulent [3]. The need to record the rotation of the rotor is an additional
complication. Due to these and other features, all mathematical models of RRAP are
constructed under some simplifying assumptions and ignoring some realities.

Some new approaches have been proposed in [7, 8] to model the thermodynamic
process in RRAP. These models are based on the discretization of both the rotor
volume and its rotation, followed by averaging over the space and time variables
characterizing the heat exchange process between the plates on one side and air
and gas on the other side. In [7], the authors used a simple discrete model, and
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demonstrated the possibility of finding the values of the parameters characterizing
the entire heat exchange process, based on the results of measuring temperature of
incoming and outgoing gas and air. In [8], more adequate multi-sectional rotor model
has been investigated and studied, particularly, the solvability of the inverse problem
was established.

We should mention here that in the real conditions of RRAP operation, there is
a small amount of mixing of gas with air and air with gas at the interface between
the gas and air parts of the rotor. However, single-layer models, considered in [7, 8],
did not take into account this feature. Herein, in this work, we propose a two-layer
mathematical model of the heat transfer process in RRAP, which allows this useful
feature.

2 Mathematical Model

The formulation of the model is based on discretization process of both temporal
and spatial variables. We assume that the inner space of the rotor is divided into
two layers (lower layer and upper layer) by a plane perpendicular to the drum axis.
Further, we divide the same space conditionally into 4m equal sectors by flat surfaces
passing through the drum axis, so that each layer contains 2m sectors. We define the
average temperature metal ramming of the lower layer as x;, and of the upper layer
asy;,i=1, 2, ..., 2m. The values i =1, 2, ..., m relate to sectors located
on the “cold” half of the rotor through which the air flow passes and the values
i=m+1, m+2, ..., 2m—relate to the “hot” half through which the gas flow
passes in the opposite direction. We also denote the average temperature of the of the
i-th section of the lower layer as u;, and the upper layer as—v;,i =1, 2, ..., 2m.

The process of heat exchange between air and gas flows through the metal ram-
ming of RRAP is extremely complicated, which is difficult to properly formulate it
as an initial boundary value problem of a system of differential equations. In order
to overcome this difficulty/complexity, we discretize the problem toward time [8].
With this aim, we select a discretizing subinterval i (h > 0), so that at time 4 drum
turns to angle 7-. At this time, the sections will be swapped in a cyclic order.

We assume the fowling process of heat exchange in the RRAP: At time t = nh,
n=0, 1, 2,..., the values of the parameters, introduced above, equal
xi(n), yi(n), u;(n), v;(n). We assume that the drum, and gas and air flows remain
stationary during time interval [nh, (n 4+ 1)h), and heat exchange takes place in
each section, which connects the values of x;(n) and u; (n), and of y;(n) and v;(n),
i=1,2, ...,2m. Hereafter, at time t = (n + 1)A the drum rotates abruptly to the
angle % in the section of the lower layer with the numbers i =1, 2, ..., m
air enters, displacing the previously filled heat carrier with the temperature u; (n)
to the corresponding upper layer, and in the upper section with the numbers
i=m+1, m+2, ..., 2m the gas flows in, displacing the portion of the heat
carrier in the bottom layer. At the same time, the heat carrier occupying the sections
of the upper layer with numbers i = 1,2, ..., m(i=m+1,m+2,...,2m ie.,
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warmed up air with a gas admixture) is fed into the boiler of the TPP, and the coolant
occupying the sections of the lower layer with numbers (i.e., a cooling gas with a
small fraction of air) flows out to atmosphere through the furnace tube.

Let us discuss the process of mixing gas and air in the proposed model: The gas
fill the section of the lower layer with the number 2m, in accordance with the above
assumptions goes to the section with the number of i = 1 the lower layer, then it is
forced into the top layer section with the same number, then in the next step, mixing
with heated air in sections of the upper layer with numbers i = 2, 3, ..., m, blown
in boiler. Similarly, the portion of air that occupies the section with the numbers
i = m of the upper layer feeds into the (m + 1) section of the lower layer and in the
next step flows into the tube, mixing with the gas of the sections with the numbers
i=m+2, ..., 2m of the lower layer.

To make it easy, we consider the following assumptions:

Assumption 1 The heat exchange at each interval [nh, (n 4 1)h) occurs in accor-
dance with Newton’s linear law.

Assumption 2 For sections of number m + 1 of the lower layer, and of number 1
of the upper layer, where air and gas are mixed, heat exchange between the nozzles
and local heat carriers does not take place.

Under these assumptions, we arrive at the following equations describing our
model: _ .
xi(n + 1) = Bxom(n) + Buzm(n),

xim+1)=ax;_1(n)+apmn), i=2, ..., m+2,
Xm2(n + 1) = axpy1(n) + AUy (n),
xi(n+1) = Bx;_ l(n)—f—ﬂu, (n), i=n+3, ..., 2m, )
yn+1) = ,E_‘yZm(n) +~.BLI(”),
»2(n+1) = Byi(n) + Bvi(n),
yiln+1) =ayi1(n) +avi1(n), i =3, ..., m+1,
yitn+1) = Byioi(m) + Bgn), i =m+2, ..., 2m.
for the temperature of metal part of the sectors and
Unp1(n+1) = yyn(n) + yvu(n),
uin+1) =8yi_1(n)+3qn), i=m+2, ..., 2m, 2

Vvi(n 4 1) = 8x2 (1) + Stz (n),
viln+ 1) =pxioi () +ypm), i=2,....,m+1

for the temperature of the heat carriers. Here @ = ah, @ = 1 —a, = ph, f =
1—B,7=yh,7=1—9h,§ =8h,6 =1 —danda, B, y, 6 aretheparameters
characterizing the heat exchange process in RRAP (geometry and heat capacity of
the ramming and rotor casing, composition, density and humidity of air and gas, heat
capacity and thermal conductivity coefficients e.c.), p(n) is the average temperature
of the air entering the RRAP, and ¢ (n) is the average temperature of the incoming
gas.
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In the meantime, the average temperature of the air entering the boiler of the TPP
from the RRAP is given by the formula

m

1
Vim) =— D vitm,

i=1
and the average temperature of the gas leaving for the atmosphere is provided by

2m

1
Un) = — > uin).

i=m+1

In the systems (1)—(2) the parameters «, B, y, & carry characteristics of heat
exchange on the contact surfaces of nozzles with heat carriers. It must be noted
that their value can vary during the process, for example, due to nozzle wear, soot
deposits, deviation of heat transfer from linear law, and do on. They can be influ-
enced by heat exchange on the outer case of RRAP. Here it well be assumed that the
values v, B, y, dremainunchanged. Under this assumption, relations (1) represent
a closed system of linear discrete equations [9]. It must be specially emphasized that
the derived system does not belong to the type of difference equations obtained from
differential equations as a result of replacing the derivatives by the incremental ratio,
since for 1 — 0 equality (1)—(2) don’t go over to a system of differential equations.
This circumstance is associated with the rotation of the RRAP rotor and therefore is
considered a mathematical expression of this feature [8].

Equations (1) and (2) represent a discrete linear system of inhomogeneous differ-
ence equations, of order 6m referred to unknown

X](n), L ] )sz(n), yl(”), LR ] y2m(n)a um+1(n) '~',M2m(n), Vl(n), ey vm(n)

We can put this system in a matrix form

z(n+1) = Az(n) +rn), 3)
with
. . - . _ . T
rn = (&pe1, @ponJ, faJ. fgonl, Sql, 7pmi) .
where I = (0, 1,..., D)7, J =(1,0,...,0)7 (T is a transposition sign, turning a

row-vector into a column-vector).
We arrive at the following Theorem.

Theorem 1 Ifh < min (é, %, azzT"‘yz, %) then the system (3) is asymptotically
stable.
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Proof The assertion is equivalent to the fact that all eigenvalues of the matrix A lay
inside the unit circle, which in its turn is equivalent to the estimation ||A| < 1 (for
Euclidean norm of the matrix). We denote (Ax), the component of number k of the
vector Ax. Then, using Cauchy inequality we have

_ - 2 _ B

(A0} = (Bran + uon) = (B> +52) (3, +13,).
(A0 =&x2, k=1,...,m,

(A)C)i+2 = (&xmﬂ + &um+l)2 < (&2 + )

2

k

o
(A = (5xk + Buk>2 < (52 +B?) (x
(Ax)%mﬂ = B2y§ma ,
(AX)3i0 = (5)’1 + Bvl) =< (52 + 52) (v +v1),
(Ax)2m+k+1 = (Ol Yk van) < (@+&) 4+, k=2, ....m,

m+l +um+l)

(x5
+ul), k=m+2, ....2m—1,

(Ax)2m+k+1 —ﬁ yk, k=m+1, ...,2m—1,
(Ax)3m+k+1 = §? yi, k=m+1, ....2m—1,
(Ax)§11l+k+1 = );Zx]%, k= 1,...,m — 1.

4
If we set C = max {&2 +a?, B2+ B2 at+ 9% BE+ 32} the system of inequal-
ities (4) yields
|Ax|* < C |x|*.

Under the condition of the theorem ah < 1, therefore
=2 | ~2 2 2 _
a-+a" ={1—ah) + (¢h)" =1—-2ah(l —ah) < 1.
Similarly g2 + 8% < 1. Further, (¢ + y®)h < 2a, so
@+ =0 —ah)+ yh)?>=1-h2a — @*+ y>h] < 1.

Also B2 + 8% < 1. Consequently C < 1. The proof is complete.
As a consequence of the above Theorem, we also arrive at the following facts:

Corollary 1 If r(n) is a bounded sequence, then each solution of equation (4) is
also bounded.

Corollary 2 E — A is reversible.

Corollary 3 Let lim r(n) =1. Then each solution z(n) approaches the limit
n—o0

(E — A)~'1 as n — oo independently of z(0).

For the proof, we refer to similar ones given in [7].
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On Attractors of Isospectral )
Compressions of Networks Gzt

Leonid Bunimovich and Longmei Shu

Abstract In the recently developed theory of isospectral transformations of
networks isospectral compressions are performed with respect to some chosen char-
acteristics (attributes) of the network’s nodes (edges). Each isospectral compression
(when a certain characteristic is fixed) defines a dynamical system on the space of all
networks. Itis shown that any orbit of such dynamical system which starts at any finite
network (as the initial point of this orbit) converges to an attractor. This attractor is a
smaller network where the chosen characteristic has the same value for all nodes (or
edges). We demonstrate that isospectral compressions of one and the same network
defined by different characteristics of nodes (or edges) may converge to the same as
well as to different attractors. It is also shown that a collection of networks may be
spectrally equivalent with respect to some network characteristic but nonequivalent
with respect to another. These results suggest a new constructive approach which
allows us to analyze and compare the topologies of different networks.

Keywords Isospectral transformations + Spectral equivalence - Attractors

1 Introduction

Arguably the major scientific buzzword of our time is a “Big Data”. When talking
about Big Data people usually refer to (huge) natural networks in communications,
bioinformatics, social sciences, etc, etc, etc. In all cases the first idea and hope is
to somehow reduce these enormously large networks to some smaller objects while
keeping, as much as possible, information about the original huge network.

In practice almost all the information about real-world networks is contained in
their adjacency matrices [1, 2]. An adjacency matrix of a network with N elements
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isthe N x N matrix with zero or one elements. The (i, j) element equals one if there
is direct interaction between the elements number i and number j of a network. In
the graph representation of a network this corresponds to the existence of an edge
(arrow) connecting node i to node j. Otherwise an (7, j) element of the adjacency
matrix of a network equals zero. It is very rare [1, 2] that the strength of interaction of
the element (node) i with the element (node) j is also known. In such cases a network
is represented by a weighted adjacency matrix where the (i, j) entry corresponds to
the strength of this interaction instead of to 1.

Therefore the problem of compressing a network is essentially a problem of
compressing its weighted adjacency matrix. It is a basic fact of linear algebra that
all the information about a matrix is contained in its spectrum (collection of all
eigenvalues of a matrix) and in its eigenvectors and generalized eigenvectors.

Recently a constructive rigorous mathematical theory was developed which allows
us to compress (reduce) matrices and networks while keeping ALL the information
regarding their spectrum and eigenvalues. This approach was successfully applied to
various theoretical and applied problems [3]. The corresponding transformations of
networks were called Isospectral Transformations. This approach is not only limited
to the compression of networks. It also allows one to grow (enlarge) networks while
keeping stability of their evolution (dynamics), etc (see [3, 4]).

In the present paper we further develop this approach by demonstrating that
isospectral compressions generate a dynamical system on the space of all networks.
We prove that such a dynamical system converges to an attractor which is a smaller
network than the network which was an initial point (network) of this orbit. To create
this dynamical system we need to first select some characteristic of the network’s
nodes (or edges). Then we pick a subset of nodes (edges) based on this characteristic.
We then reduce the network onto the subset we just picked. We repeat this procedure
and get a dynamical system. It is important to mention that the current graph theory
is lacking classification of all graphs which have the same characteristic of the all
nodes even for such basic and simplest characteristics as inner and outer degrees.
Clearly any complete graph where any two nodes are connected by an edge (in case
of undirected graphs) or by two opposite edges (in case of directed graphs) has
the same value of any characteristic at any node. Therefore all complete graphs are
attractors of any isospectral contraction. However, there are other attractors as well
for any characteristic and there is no general classification or description of these
attractors. However one can find such attractors when dealing with a concrete net-
work. Therefore, this procedure is a natural tool for analysis of real-world networks.
We demonstrate that by choosing different characteristics of either nodes or edges
of a network one typically gets different attractors. The structure of such networks
gives us new important information about a given network.

We also discuss the notions of weak and strong spectral equivalences of networks
and show that classes of equivalence with respect to a weak spectral equivalence
consists of a countable number of classes of strongly spectrally equivalent networks.
Our results could be readily applicable to analysis of any (directed or undirected,
weighted or unweighted) networks.
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2 Isospectral Graph Reductions and Spectral Equivalence

In this section we recall definitions of the isospectral transformations of graphs and
networks.

Let W be the set of rational functions of the form w(A) = p(})/q(A), where
p(X), g(1) € C[A] are polynomials having no common linear factors, i.e., no com-
mon roots, and where g (A) is not identically zero. W is a field under addition and
multiplication [3].

Let G be the class of all weighted directed graphs with edge weights in W. More
precisely,agraph G € Gisanorderedtriple G = (V, E, w)where V = {1, 2, ..., n}
is the vertex set, E C V x V is the set of directed edges, and w : E — W is the
weight function. Denote by Mg = (W(i, j))i jev the weighted adjacency matrix of
G, with the convention that w(i, j) = 0 whenever (i, j) ¢ E. We will alternatively
refer to graphs as networks because weighted adjacency matrices define all static
(i.e. non evolving) real-world networks. Also we will be using “vertex” and “node”
interchangeably.

Observe that the entries of Mg are rational functions. Let’s write Mg ()) instead
of Mg here to emphasize the role of A as a variable. For Mg (L) € W"*" we define
the spectrum, or multiset of eigenvalues to be

o(Mg(L) = {r € C : det(Mg (L) — AI) = O}.

Notice that we count the multiplicities of the eigenvalues, i.e. the set o (Mg (X))
can have more than n elements, some of which can be equal to each other.

A path y = (ip, ..., i) in the graph G = (V, E, w) is an ordered sequence of
distinct vertices iy, ..., i, € V such that (i, i;y1) € E for0 </ < p — 1. The ver-
ticesiy, ..., i,—1 € V of y are called interior vertices. If iy = i, then y is a cycle. A
cycle is called a loop if p =1 and i = i;. The length of a path y = (ip, ..., ip) is
the integer p. Note that there are no paths of length 0 and that every edge (i, j) € E
is a path of length 1.

If S C V is a subset of all the vertices, we will write § = V \ S and denote by ||
the cardinality of the set S.

Definition 1 (structural set)LetG = (V, E, w) € G. Anonempty vertex setS C V
is a structural set of G if

e cach cycle of G, that is not a loop, contains a vertex in S;
e w(i,i) # A foreachi € S.

In particular, if a structural set S also satisfies w(i, i) # Ao, Vi € S for some
Lo € C, then S is called a A¢-structural set.

Definition 2 Given a structural set S, a branch of (_G ,8) is a path 8 = (ip, iy, .- -,
ip—1,ip) suchthatip,i, € Vandalliy,...,i,_; €8§.

We denote by B = Bg. s the set of all branches of (G, S). Given vertices i, j € V,
we denote by B; ; the set of all branches in B that start in i and end in j. For each
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branch 8 = (io, i1, ...,i,—1, i,) we define the weight of B as follows:

P Wi i)

. . Is LI4+1
JA) = ) P e—— 1
w(B, 2) = wlio u)g i M

Given i, j € V set
R j(G,S,2) = ) w(B,n). )
BeB;

Definition 3 (Isospectral Reduction(Compression)) Given G € G and a structural
set S, the reduced adjacency matrix Rg(G, 1) is the | S| x |S|-matrix with the entries
R; ;(G,S,)),i, j € S. This adjacency matrix Rg(G, 1) on § defines the reduced
graph which is the isospectral reduction of the original graph G.

Remark 1 'We will use the terms “reduction” and “compression” interchangeably.
One can check that for a graph with complex number weights, the complement of
any single node is a structural set. For any subset A of nodes of this network G, it is
always possible to isospectrally compress the network G to a network whose nodes
belong to A by removing the nodes in the complement of A one after another.

Now we recall the notion of spectral equivalence of networks (graphs).

Let W, C W be the set of rational functions p(})/q(A) such that deg(p) <
deg(q), where deg(p) is the degree of the polynomial p(}). And let G, C G be
the set of graphs G = (V, E, w) such that w : E — W,. Every graph in G, can be
isospectrally reduced over any nonempty subset of its vertex set [3].

Two weighted directed graphs G| = (V|, E1, w;) and G, = (V,, E;, wy) are iso-
morphic if there is a bijection b : V| — V; such that there is an edge ¢;; in G|
from v; to v; if and only if there is an edge ¢;; between b(v;) and b(v;) in G, with
wa(€;j) = wi(e;;). If the map b exists, it is called an isomorphism, and we write
G1 ~ Gz.

An isomorphism is essentially a relabeling of the vertices of a graph. Therefore,
if two graphs are isomorphic, then their spectra are identical. The relation of being
isomorphic is reflexive, symmetric, and transitive; in other words, it’s an equivalence
relation.

The notion of spectral equivalence of graphs was introduced in [3]. This is the idea
that two networks G and H are spectrally equivalent if they reduce to isomorphic
graphs in one step, over subsets of vertices selected by arule 7 (e.g. nodes whose inner
degrees are less than 2). Then in [5] a less restrictive notion of generalized spectral
equivalence of graphs (networks) was introduced. Namely, two networks are weakly
spectrally equivalent if they reduce to isomorphic graphs in a finite number of steps
(not necessarily the same number of steps) under the same rule for subset selection.

A proof of the following theorem can be found in [5].

Theorem 1 (Generalized Spectral Equivalence of Graphs) Suppose that for each
graph G = (V, E,w) in G, t is a rule that selects a unique nonempty subset
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T(G) C V. Let R, be the isospectral reduction of G onto ©(G). Then R, induces an
equivalence relation ~ on the set G, where G ~ H if RT'(G) =~ R'T‘ (H) for some
m,k e N.

Remark 2 Observe that we do not require t(G) to be a structural subset of G.
However there is a unique isospectral reduction [3] (possibly via a sequence of
isospectral reductions to structural sets if 7(G) is not a structural subset of G) of G
onto 7(G).

The notion of generalized spectral equivalence of networks (graphs) is weaker
than the one considered in [3], where it was required that m = k = 1. Therefore
the classes of weakly spectrally equivalent networks are larger than the classes of
spectrally equivalent networks considered in [3]. Namely each class of equivalence in
the weak sense consists of a countable number of equivalence classes in the (strong)
sense of [3]. In what follows we will refer to the spectral equivalence in the form
introduced in [3] as strong spectral equivalence, and the notion of spectral equivalence
introduced in [5] as weak spectral equivalence. Both of the strong and weak notions
of spectral equivalence could be of use for analysis of real-world networks many of
which have a hierarchical structure [6, 7].

3 Attractors of Isospectral Reductions

Isospectral reductions of networks (graphs) define a dynamical system on the space
of all networks. This dynamical system arises by picking any node (edge) of a net-
work and isospectrally reducing this network to a network where the set of nodes
is a complement to a chosen node. The fact that such isospectral reductions form
a dynamical system follows from the Commutativity theorem proved in [3] which
states that a sequence of isospectral compressions over a set of nodes A and then
over the set of nodes B gives the same result as isospectral reduction over B followed
by the one over A. Therefore to one and the same network (graph) G correspond
different orbits depending on the order in which we pick nodes of G for reductions.

By repeatedly compressing a graph in this manner it is possible to isospectrally
reduce any network to a trivial network which has just one node, which can be any
node of G. Itis clearly a senseless operation. However we can choose areasonable rule
which will help us to understand some intrinsic feature(s) of the structure (topology)
of the network G. Generally a network can have many different structural sets. To
make the isospectral contraction focused on specific properties of networks, we can
add some specific rules to the selection of structural sets.

Before we do that, let us recall a few characteristics of nodes in a graph. (There
are about ten-fifteen such characteristics of nodes and edges of networks which are
all borrowed from the graph theory).

For a graph G = (V, E, w), the indegree for anode v € V, d™ (v), is the number
of edges that end in v. The outdegree d*(v) is the number of edges that start at v.
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Let’s define d(v) = d~(v) + d™* (v) to be the sum of the indegree and outdegree for
any node.

Let oy, be the total number of shortest paths from node s to node ¢, and let o, (v)
be the number of those paths that pass through v. Note that oy, (v) = 0 if v € {s, 1}
or if v does not lie on any shortest path from s to 7. We call

HOED IR

SFEV t#V,s

the centrality/betweenness of node v.

Theorem 2 For any network G and a subset selecting rule T based on some charac-
teristic of its nodes (edges) (t1(G) # 0), the orbit of the dynamical system generated
by isospectral reductions with respect to T converges to an attractor which is a
network in which t selects all the nodes (edges).

Proof If the network is already an attractor, then the reduction doesn’t change this
network and the orbit is a fixed point.

Otherwise, each reduction removes at least one vertex (edge). Thus an orbit of a
network under consecutive isospectral reductions becomes an attractor in no more
than N steps, where N := |V| (or N := |E|). Therefore an orbit of a finite network
G approaches an attractor in a finite number of steps which does not exceed the
number of nodes (edges) in G. Such attractor always exists because any network
can be isospectrally reduced to a graph with just one node. A process of consecutive
isospectral reductions (i.e. an orbit of the corresponding dynamical system) will
terminate at one node, if no one of the networks along this orbit was an attractor
for 7. Clearly in case of a “network” with only one node (edge) the values of all
characteristics of all nodes (edges) are the same because there is only one node
(edge). If G is an infinite network then the corresponding orbit could be finite or
infinite.

Theorem 3 The attractors of isospectral reductions with respect to different char-
acteristics of one and the same network are generally different.

Proof (i) In the example shown in the Fig. 1, all nodes have degree 4. This graph
cannot be further reduced based on the degree of its nodes. However, the centrality of
the nodes are different. If we count the number of shortest paths through each node,
we can see c(1) =c(2) =c(B) =c®) =c(9) =c(10) =1,c@) =c(6) =c(7) =
c(11) =27, ¢(5) = 66. This graph can be further reduced based on centrality. There-
fore for this network (graph) attractors with respect to degree and to centrality are
different.

(i) The complete graph, where each and every node and edge have the same
properties, can not be further reduced based on degree or other characteristics of a
network. It is always an attractor. If we consider isospectral expansion (see [4]) of a
complete graph with respect to two different characteristics, then we get two different
graphs (networks) with the same attractor with respect to these two characteristics.
Clearly this attractor will be the initial complete graph.
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Fig. 1 A network which is
an attractor with respect to
degree but not with respect
to centrality

The result of Theorem 3 is not surprising because different characteristics of nodes
(or edges) define different dynamical systems on the space of all networks, and orbits
of these different dynamical systems are also different.

The following statement establishes that weakly as well as strongly spectrally
equivalent networks have the same attractor if isospectral contractions are generated
by the very same characteristic with respect to which these networks are spectrally
equivalent.

Theorem 4 Strongly as well as weakly spectrally equivalent graphs with respect to
some characteristic have the same attractor under the dynamical system generated
by isospectral compressions according to this characteristic.

Proof Suppose the graph G is strongly spectrally equivalent to H with respect to
rule 7, i.e. R;(G) >~ R, (H) = R, and G is weakly spectrally equivalent to K w.r.t
t,ie. RL(G) ~ R"(K) = S.

If R is an attractor under 7, then the attractor for G as well as for H is R. So G
and H have the same attractor R. Otherwise G and H have the same attractor, the
attractor for R. Similarly G and K have the same attractor. Therefore the attractors
for all three graphs, G, H, K are the same under rule 7. So all three networks (graphs)
have the same attractor with respect to the rule 7.

A very important fact is that networks can be spectrally equivalent with respect
to one characteristic of nodes (edges) but not spectrally equivalent with respect to
another characteristic. Therefore spectral equivalences built on different character-
istics of nodes and edges allow us to uncover various intrinsic (hidden) features of
networks’ topology.

We now present an example where networks are isomorphic for one characteristic
but not for another.

Consider the graphs G and H in Fig.2.

Their adjacency matrices are

I/x 1 1 100

~

0 1/4 1 010 2/ 1100
0 0 1/200]1 0 173 110
Me=11 0 0 000 Ma=|[0 0 1l/201
0 1 000
0 1 0000 00 1 oo

0 0 1000
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2/ 1/A

Graph G Graph H

Fig. 2 Original networks: spectrally equivalent or not?

We can always remove one node in an isospectral reduction. Let us remove node
4 from graph G. The weights of the edges after reduction become

4,
RG, j) = w(i, ) +w(i,4)w(A Do i=1.235.6

But w(i,4) =0foralli =2,3,5,6, and w(4, j) =0 for j =2,3,5, 6. The only
weight that actually changes after the reduction is R(1,1)=w(l, 1)+
w(l,4)w(4, 1)/ = 2/A. All the other weights satisfy R(i, j) = w(i, j), i # 1 or
Jj # 1. The reduced graph after removing node 4 is identical to graph H. There-
fore H is an isospectral reduction of G. The networks H and G will have the same
reduction as long as we pick the same subset of vertices to reduce on.

We introduce now a few useful notations. For any graph G = (V, E, w), denote
the maximum indegree by m~ = max{d~(v) : v € V}, the maximum outdegree by
mT = max{d*T(v) : v € V}, and the maximum sum of indegree and outdegree as
m = max{d(v) : v € V}. We define a few different rules for picking a subset of the
vertices of a graph.

11(G)={veV:dv) >m/2};

G =peV:id (v)=m /2
15(G)={veV:d (v)>m /4.

The rule t; picks the nodes whose sum of indegree and outdegree is greater than
half of the maximum. The rule 7, picks the nodes whose indegree is greater than or
equal to half of the maximum. And 3 picks the nodes whose indegree is greater than
a quarter of the maximum.

Now we apply these rules to G and H and see what happens. Consider the degrees
of all the nodes in the two graphs. We list them in the following Table 1.
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Table 1 The degrees of each node in G and H

Graph G H
Node 1 2 3 4 5 6 1 2 3 5 6
Indegree 2 3 4 1 1 1 1 3 4 1 1
Outdegree 4 3 2 1 1 1 3 3 2 1 1
Sum of indegree 6 6 6 2 2 2 4 6 6 2 2
and outdegree
2/ /A
1 1
—) —)
1
1 1

2/2 2/A

N
(Sou

Fig. 3 Isospectral reductions using the rule 7

Let us consider 1, first. Both G and H have a maximum sum of indegree and
outdegree of 6. 7;(G) = 11 (H) = {1, 2,3}. G and H reduce to the same graph in
one step under rule 7y, as shown in Fig. 3. So G and H are spectrally equivalent under
the rule t; with respect to both the 1-step definition in [3] and the multi-step definition
we have here. Also the reduced graph A, is an attractor for the rule t; since the 3
nodes have the same sum of indegree and outdegree, which is 4. To be more precise,
if we write down the indegree, outdegree and the sum of the two, (d~, d*, d) as an
ordered triple for each node, all the triples for the nodes in A; are node 1 with (1, 3, 4),
node 2 with (2, 2, 4) and node 3 with (3, 1,4),s0d(1) =d2) =d(3) =m(A)).

Similarly, for the rule t,, we have 7,(G) = {1, 2, 3} # ©,(H) = {2, 3}. However,
7 (12(G)) = {2, 3} = t(H). Under the rule 1,, the graph G takes 2 reductions to
reach the attractor A, while the graph H takes only one step (see Fig.4). So G
and H are spectrally equivalent with our generalized definition but not with respect
to the strong definition of spectral equivalence found in [3]. In the graph A,, the
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2/2 2/A
| 2/

2/
B
1 1

o

Fig. 4 Isospectral reductions under the rule 7o

2/A 2/2
1 2/

2/A

W B0
1 1

O=EL

Fig. 5 Isospectral reductions under the rule t3

degree triplets for each node are node 2 with (1, 2, 3) and node 3 with (2, 1, 3). Here
d=(2)=1=1/2m™ (Ay) = 1/2d~(3). One can see A; is an attractor of the rule 1
but not of the rule 7, sinced= (1) =1 < 1/2d~(3) = 3/2.

Lastly, for 13, 13(G) = {1, 2, 3} = 13(13(G)), 3 (H) = {2, 3} = 13(13(H)). Here
G and H both reach an attractor in one step. But the attractors they reach are different.
Under the rule 73 the graphs G and H are not isospectrally equivalent by either
definition (see Fig.5).

Here A; and A, are both attractors for the rule 73. For A;, d~ (1) =1,d~(2) =
2,d”(3) = 3. For A, we have d~(2) = 1,d(3) = 2. So A, is an attractor under
the rules t; and 75 but not under 7,. A, is an attractor for all 3 rules we used in this
sequence of examples.

Theorem 5 Let G = (V, E,w) withw : E — C.If S is a structural and S C §' C
V, then S is a structural set of the isospectral reduction Rg (G).
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Proof Suppose S C S’ C V. Now we will show that S is also a structural set for the
reduced graph Ry (G).

(1) Any cycle (not a loop) in Ry (G) comes from a cycle in G. It has to contain a
vertex in S.

(ii) For any i € §"\ S, the new weight in Rg (G) is given by

w(j, i)
A =w(j, j)
w(j, k) wk, i)

+ ) W) 2 +o
k. jkeV/S' A —=w(j, j) A —w(k, k)

Wi, D) =wli, D+ Y w(i, j)

jev/s

Since w(i, i), w(j, j), w(k, k) € C, the expression above shows that w(i, i) # A.
This implies that S is a structural set of Rg (G).

Remark 3 If we allow the original graph to take weights in W, the above proof still
holds as long as w(i, i) # A, Vi € §’\ S. Since it’s a zero measure set among all the
possible values w(i, i)’s can take, we can say generally, the theorem is true for any
graph with weights in W except for unusual cases.

By the uniqueness of sequential graph reductions, we can see isospectral reduction
is a dynamical system.
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On Herman’s Theorem for Piecewise m
Smooth Circle Maps with Two Breaks L

Akhtam Dzhalilov, Alisher Jalilov and Dieter Mayer

Abstract In this paper we consider general orientation preserving circle homeo-
morphisms f € C e (§1\ {a@, c©D}) , & > 0, with an irrational rotation number

p s and two break points a®, c© Denote by o (xp) 1= gﬁg;; s xp =a®, O, the

jump ratios of f at the two break points and by o := 0/(@?) - o(c?) its total
jump ratio. Let & be a piecewise-linear (PL) circle homeomorphism with two break
points ay, ¢y, irrational rotation number p; and total jump ratio o, = 1. Denote by
B, (h) the partition determined by the break points of 29 and by u; the unique
h-invariant probability measure. It is shown that the derivative Dh? is constant on
every element of B, (%) and takes either two or three values. Furthermore we prove,
that log Dh? can be expressed in terms of the (1, — measures of some intervals of the
partition B, (#) multiplied by the logarithm of the jump ratio o, (ag) of & at the break
point ag. M. Herman showed, that the invariant measure w;, is absolutely continuous
iff the two break points belong to the same orbit. We complement Herman’s result
for the above class of piecewise C>*¢circle maps f with irrational rotation number
py and two break points @@, ¢® not lying on the same orbit with total jump ratio
oy = lasfollows: if u ; denotes the invariant measure of the P-homeomorphism f,
then for almost all values of u ¢ ([a®, ¢©']) the measure u ; is singular with respect
to Lebesgue measure.
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Keywords Circle homeomorphism - Rotation number + Break point + Invariant
measure

1 Introduction

Let f be an orientation preserving homeomorphism of the circle S' = R/Z with
lift F: R — R, which is continuous, strictly increasing and fulfills F(x + 1) =
F(X)+ 1, x € R. The circle homeomorphism g is then defined by f(x) = F(X)
mod 1 with £ € R a lift of x € S'. The rotation number p ¢ 1s defined by pf :=
nli)ngo % mod 1. Here and below, F! denotes the ith iteration of the map F.Itis
well known, that the rotation number p ; does not depend on the starting point € R
and is irrational if and only if f has no periodic points (see [5]). The rotation number
Py is invariant under topological conjugations.

Denjoy’s classical theorem states, that a circle diffeomorphism f with irrational
rotation number p = p; and log Df of bounded variation can be conjugated to the
linear rotation R, with lift Iép (X) = X + p, that is, there exists a homeomorphism
@:S'— Stwith f =¢9poR,09 ! [7].

It is well known that a circle homeomorphisms f with irrational rotation num-
ber p; is uniquely ergodic, i.e. it has a unique invariant probability measure pr. A
remarkable fact then is, that the conjugacy ¢ can be defined by ¢(x) = u £ ([0, x])
(see [5]), which shows, that the smoothness properties of the conjugacy ¢ imply cor-
responding properties of the density of the absolutely continuous invariant measure
w ¢ for sufficiently smooth circle diffeomorphism with a typical irrational rotation
number (see [15, 16]). The problem of smoothness of the conjugacy for smooth
diffeomorphisms is by now very well understood (see for instance [3, 14-16, 27]).

A natural generalization of circle diffeomorphisms are piecewise smooth home-
omorphisms with break points (see [14]).

The class of P-homeomorphisms consists of orientation preserving circle home-
omorphisms f which are differentiable except at a finite or countable number of
break points, denoted by BP (f) = {x, € S'}, at which the one-sided positive deriva-
tives Df_ and Df, exist, but do not coincide, and for which there exist constants
0 < ¢; < ¢y < 00, such that

eci < Df_(xp) <cpand c; < Dfy(xp) < ¢35

e ¢; < Df(x) < forall x € S'\BP(f);

e log Df has finite total variation v in S'.

Piecewise linear (P L) orientation preserving circle homeomorphisms are simplest
examples of P-homeomorphisms. They occur in many other areas of mathematics
such as group theory, homotopy theory and logic via the Thompson groups. A family
of P L-homeomorphisms were first studied by M. Herman [14] to give examples
of circle homeomorphisms of arbitrary irrational rotation number which admit no
invariant o -finite measure absolutely continuous with respect to Lebesque measure.
Herman’s family of maps has been studied later by several authors (see for instance
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[4, 17, 25]) in the context of interval exchange transformations. Special cases are
affine 2-interval exchange transformations, to which Herman’s examples with break
points @ = 0 and ¢® = ¢ belong.

In [14] Herman proved that the invariant measure of P L-circle homeomorphism
with two break points and irrational rotation number is absolutely continuous with
respect to Lebesque measure if and only if these break points belong to the same
orbit. Invariant measures of more general P-homeomorphisms with one break point
have been studied by Dzhalilov and Khanin [9]. In [9] they proved

Theorem 1 Let f € C**(S'\ {a®})), & > 0, be a P-homeomorphism with one
break point a'® and irrational rotation number. Then its invariant probability mea-
sure ¢ is singular with respect to the Lebesque measure [.

The invariant measures of P-homeomorphisms f with a finite number of break points
have been studied by several authors (see for instance [1, 4, 8—11, 13, 16, 26]). For
such a homeomorphism the character of the invariant measure strongly depends on
its total jump ratio o, being trivial or nontrivial, i.e. 0y =1 or oy # 1. A recent
result of [13] in the case oy # 1is

Theorem 2 Let f e C2T(S'\ {a,a®,....,a™}), e >0 be a P-homeo-
morphism with irrational rotation number and a finite number of break points
a®,a?, .. a"™ . Suppose its total jump ratio oy = o@) - -o@?®)-..o@™m) #*
1. Then its invariant probability measure iy is singular with respect to Lebesque
measure I.

More difficult to investigate are piecewise smooth P — homeomorphisms f with a
finite number of break points and trivial total jump ratio 6y = 1. In the special case
of piecewise C2*¢ P-homeomorphisms f, whose break points all lie on the same
orbit, the invariant measure p ¢ is absolutely continuous w.r.t. to Lebesque measure
for typical irrational rotation numbers (see [8]). Rather complicated is the case , when
the break points of such a homeomorphism f are not on the same orbit. In this case A.
Teplinsky constructed in [26] examples of P L-homeomorphisms f with four break
points and trivial total jump ratio oy = 1, whose irrational rotation numbers p; are
of unbounded type and whose invariant measures 1 ; are absolutely continuous w.r.t.
Lebesque measure /. In the present paper we study C>*¢ P-homeomorphisms f with
arbitrary irrational rotation number p; and two break points not on the same orbit,
whose total jump ratio oy = 1. Our main result for these homeomorphisms is

Theorem 3 Let f € C*2(S'\ {bV, bP)) be a P-homeomorphism with irrational
rotation number p := py and two break points bV b@ on different orbits with trivial
total jump ratio oy = o;(bV) - o7 (bP) = 1. Denote its invariant measure by [ ;.
Then there exists a subset M, C [0, 1] of full Lebesque measure, such that {1y is
singular w.r.t. Lebesgue measure zf/Lf([b(l), b)) e M,.

Notice thatif u r ([bV, b®]) = gp + p, p,q € Z' thenthe two break points bV, b?
lie on the same orbit and the invariant measure p r is absolutely continuous w.r.t.
Lebesgue measure (see [8]).
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2 Notations, Terminology, Background

Let f be an orientation preserving circle homeomorphism with irrational rotation
number py. Then py can be uniquely represented as a continued fraction i.e. py =
1/(ky + 1/(ky + ...)) := [k1, k2, ..., ky, ...). Denote by p,, /g, = [k, ko, ..., kp], n >
1, its n-th- convergent. The numbers g,, n > 1 are also called the first return times
of f and satisfy the recurrence relations g,+1 = kn+19, + gn—1 7 > 1, where gy = 1
and ¢; = k;. Fix an arbitrary xo € S'.Its forward orbit O;-r(xo) ={x;i = fi(xo), i =
0, 1, 2...} defines a sequence of natural partitions of the circle. Namely, denote by
Ié") (o) the closed interval in S' with endpoints xq and Xg, = [ (x0). In the clock-
wise orientation of the circle the point x,, is then for n odd to the left of x¢, and for n
even to its right. If Ii(")(xo) = fi (Ié”) (x0)), i > 1, denote the iterates of the interval
Ié”) (x0) under f, it is well known, that the set &, (x¢) of intervals with mutually
disjoint interiors, defined as

£,(x0) = (1" " (x0), 0 =i < g} U{I" (x0). 0= < g}

determines a partition of the circle for any n. The partition &, (x() is called the n-th
dynamical partition of S' determined by the point x, and the map f. Later we
will use also the so called renormalization intervals J." (xo) = f*(J\" (x0)) =

(), i =0,1,2, ..., where J\" (x0) = I (x0) U I{" ™" (x0) and x; = f7(xo) .

I[(nfl)
(n) (n) (n) (n) (n+1) (n)
liﬂu 1 li+qu 1+ cee Ii+qy. 1+5Gn s an 14+ k1= 1)gn f; f;
R ——
Xitgey  Xitgua+qn  Xitgu142¢n  Xitqu_1+5qu Xitguor+(s+1)gn Xitgu1+kn—1)gn  Xitguer Xi Xitq,

Proceeding from &, (xo) to &, (xo) all the intervals I;")(xo), 0<j<gqu-1—1,

are preserved, whereas each of the intervals Ii("fl)(xo), 0<i<gq,—1,is parti-
tioned into &, + 1 subintervals belonging to &, (xo), such that

knp1—1

-1 +1
1"V (x0) = 1" (x0) U U Iignﬁw (x0).
s=0

Obviously one has &;(xp) < &(xp) < ... < &,(x9) < ....

Definition 1 Let K > 1 be a constant. We call two intervals 7, and I, of S' K-
comparable, if the inequality K ~'¢(,) < £(I;) < K{(I) holds.

Following [15] we recall

Definition 2 Aninterval I = [, t] C S'is said to be g,-small, and its endpoints g,,-
close, if the intervals fi(I), 0 <i < qn — 1, are, except for the endpoints, pairwise
disjoint.

It follows from the structure of the dynamical partition, that an interval I = [z, t] is
gn-small if and only if either T < ¢ < fo-'(r) or f9-'(t) < T < 1.
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Lemma 1 Let f be a P-homeomorphism with irrational rotation number py and
|IBP(f)| < oo. If the interval I = (x,y) C S' is gq,— small and f*(x), f*(y) ¢
BP(f) forall0 <s < q,, then for any k € [0, g,) Finzi’s inequality

o _Dffy -,
¢ =Dy = @

holds, where v is the total variation of log Df on S'.

Proof of Lemma 1. Take any two g,-close points x, y € S land 0 <k < qn — 1.
Denote by I the open interval with endpoints x and y. Because the intervals
fi), 0 <i < g, — 1 are disjoint, we obtain

k—1

llog Df*(x) —log Df* ] < 3 [og Df (7 (x)) — log Df (f ()] < v,

j=0

from which inequality (1) follows immediately.
Using Lemma 1 the following lemma can be proven, which plays a key role in
the study of the metrical properties of homeomorphisms.

Lemma 2 Suppose the circle homeomorphism f satisfies the conditions of Lemma
1. Then for any yy with y; := f*(y0) ¢ BP(f) forall0 < s < g, the inequality

gn—1

e’ <[] Droo e 2)

s=0
holds.

Inequality (2) is called Denjoy’s inequality. It follows from Lemma 2, that the
intervals of the dynamical partition &, (x() have exponentially small lengths. Indeed
one finds

Corollary 1 Let I™ be an arbitrary element of the dynamical partition &, (xo). Then
L™ < const A" 3)

where . = (1 + e‘”)_% < 1

Definition 3 Two homeomorphisms f| and f, of the circle are said to be topologi-
cally equivalent, if there exists a homeomorphism ¢ : S' — S! such that o(f;(x)) =
fo(@(x)) forany x € S'.

The homeomorphism ¢ is called a conjugacy. Corollary 1 implies the following
generalization of the classical Denjoy theorem:

Theorem 4 Suppose that a homeomorphism f satisfies the conditions of Lemma 1.
Then the homeomorphism f is topologically conjugate to the linear rotation f,.



80 A. Dzhalilov et al.

Fig. 1 Herman’s y
P L-homeomorphism

The following fact plays a key role in the proof of Theorems 9-11.

Theorem 5 (see [14], p. 71) Let f be a P-homeomorphism with irrational rotation
number p = py and invariant probability measure (i r. Then

/log Df(x)dus(x) = 0. 4

St

3 Herman’s Family of P L-Homeomorphisms with Two
Break Points

In[14] (Sect.7 of Chap. VI) M. Herman introduced a family of P L-homeomorphisms
with two break points, for which he studied their invariant measures and the regular-
ity of the maps conjugating them to linear rotations: given two real numbers A > 1
and B > 0 he defines for & € [0, 1] the piecewise linear map Fjp ; : [0, 1] — [0, 1]
as

AX, if0 <x <c,

Fga(x) = {)\—ﬂ(j — D+ 1ife<x <1,

such that Ac = A #(c — 1) + 1 (see Fig. 1).
Then Herman considers for 0 < 6 < 1 the one-parameter family of P L-maps
Fg ). of the unit interval with

Fg,0(%) = Fg,(X) +6 mod I,
and the induced piecewise linear homeomorphisms of the circle
Sfpre = Fﬂ,)\,e()?) mod 1. (5)

Obviously a® = 0 and ¢© = ¢ are break points of all these f5; 6. Denote their
rotation number for fixed A > 1 and 8 > 0 by pp . Continuity and monotonicity of
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Py as function of 6 imply that for arbitrary irrational number « € [0, 1] there exists
an unique 0 = 0(a) € [0, 1] with pg = . Herman then proved in [14]

Theorem 6 The following properties are equivalent:

(1) fp.n6 is conjugate to the linear rotation f, through an absolutely continuous
homeomorphism;

(i) fp,.0 is conjugate to f, through a Lipschitz homeomorphism;

(iii) fp 1,0 can be conjugated to f, by a piecewise C* homeomorphism, which is
not PL;

(iv) ﬂiﬂ €Za mod 1;

(v) the break points a'® and c© belong to the same orbit under fg ; .

It can be easily checked (see [14]) that up to two points

log Dfg..0(x)

(14 B) loga ©)

= X[a©,cO] (x) —

1+ 8’
where x40 .0 is the characteristic function of the interval [a©, ¢@]. Obviously

DF-O) _ iy

o=0@?) = DIT0)

for f = fg.,6, and hence logo = —(1 + B) log A. Then we can rewrite (6) as

logDfgse(x) B

log o = 1+ 8 - X[a“)),c‘u)](x)a (7N
and hence also for any n > 1
log Dff, o(x)  np .
s = — . . 8
Togo Y kZ:; X1a®.c0) (5.0 (X) ®)
Therefore
ogo 108 DIie0) =n g mod 1. )

and the following useful Lemma holds for Herman’s homeomorphism fj ; ¢
Lemma 3 Foreveryn > 1

2mi

n i B
glogo log Dfﬁ_u,(x) — 6271 inig . (10)

Furthermore one has

Lemma 4 Let (19 be the invariant measure of Herman’s map fg ;. ¢ with break points
a® . ¢© and irrational rotation number pg. Then
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O Oy — A 11
mo(la™, c™1) T+ (11)
Proof By Eq.(4) one has J k’glg%mdug (x) = 0. Inserting for logll)({%m the right
side of (7) we get
/ {% - X[a<0>,c<0>0](x)} dpe(x) = % — ug([a?, 97 =0,
Sl

and hence the lemma is proved.

Remark In (11) the right hand side does not depend on parameter 6.
The uniform distribution of sequences is one of the classical problems of ergodic
theory (see for instance [21]). Indeed one has

Theorem 7 (see[21]) For[a, b] C Rletu, : [a,b] - R, n =1, 2, .. beasequence
of continuously differentiable real valued functions. Suppose, for arbitrary m,n €
N, n # m, the function Du,(x) — Du,,(x) is monotone with respect to x and that
furthermore | Du,(x) — Du,,(x) |> K > 0 for some constant K not depending on
x, m and n. Then the sequence u,(x),n = 1,2, ... is uniformly distributed mod 1
for almost all x in [a, b].

This theorem implies that the sequence % mod 1 is uniformly distributed for

almost all 8 in the sense of Lebesque measure. Clearly, this sequence is not uniformly

distributed for all 8, since for % =mpy,,, mod 1 for some integer m, lim ||
" n—00
% |lI= 0, where || x || denotes the distance of x to the nearest integer. In the case

of rotation numbers of bounded type one has the following result.

Theorem 8 (see [22]) Let o be an irrational number of bounded type with partial

quotients Z— Then

lim || gnx [|=0
n—00

ifand only if x € Z a mod 1.

4 On the Location of Break Points

Consider now an arbitrary P-homeomorphism f* with irrational rotation number p
and two break points ay and ¢, which are not on the same orbit. Denote by 2= the
partial convergents of pr. We will next determine the location of the break poiﬁts of
f9 and the derivative Df% on S!. Obviously the map f% has 2 g, break points
denoted by BP}' = BPJ’Z(aO) U BP;!(CO) with BP]’}(aO) = {a(’;, a*,, .., aiqﬁl},
respectively BPJ’Z(CO) ={c5. c*y, ., c’jquﬂ}, where a*, = f7'(ap), respectively



On Herman’s Theorem for Piecewise Smooth Circle Maps with Two Breaks 83

g, (s aj Cig—qn g =
+ + +
* a c; a
a 1 —ig—qn+1 * Gn-1+1
gn+1 Cigtl o gyt
: : : :
gy +ig o a c * a )
0 io —dn [ n-11io
: : : :
t t t t
a, .. c a; * « a .
n+ig+1 1 ig+1 Cgut1 a gtigt n—1-ip—1
. "
D1 Can—ig—1 A1 Cip—1 ui] Ay 1 +qu—1

Fig. 2 The position of the break points of f9» in Lemma 5

ct,=f i), 0<i < qn — 1. It is clear, that these break points of the map f
define a partition B,(f) of the circle S' into 2g¢, intervals with pairwise non-
intersecting interior.

Let &, (aj) be the n-th dynamical partition determined by the break point a; = aq
with respect to the map f. Then one has for the second break point cjj either
cy € Iii)")(ao) for some 0 < iy < gu_1, or ¢ € 1;:_1)(410) = fh((ap, a_q,1) U f
((a—g,, aq, ,)) for some 0 < jo < gy, ie. ¢§ € fP((ag, a_g,1) or ¢ € f((ay,,
aq, ). The two last cases we have to be treated separately. The following three
lemmas describe the location of the break points of f9* in intervals of certain n-th
dynamical partitions.

Lemma S Assume cj € Iif)")(afg) for some ig with 0 < iy < g,—1. Then the break
points a*,, c*,, 0 <i < gq, — 1} of fo belong to the following elements of the
dynamical partition &, (ag) (see Fig. 2):

) .
at e I3V (ap);

[ ]

o iy =Lt €17, 0= 5 <y

o at, = f(a_y) € f(a5.a ) CIOV (@), 1<s<ipy

o at, oy i = [ gi) € @] asg, ) C I V(a), io+ 1 <

Proof of Lemma 5. Remember, that for arbitrary x € §' the points Xg, = f"(x)
and x_,, = f7% (x) lie on opposite sides of x. Assume cj = co € I} (ay) for some
0 <ip < gu—1 and hence c*; € Ij(ag) (see Fig. 2). Suppose n to be odd. Then we
have in the clockwise order on S':

* *
g, < €2, <Ay < Cojy—g, <d—g, <aq, .
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Cigtqn ay [N A—g, Cig—gn Cigtgn
, , , ,
t t t t
Cigtgnt1 a [P ar, Cig—gn+1 Ciptgny+1
, , , ,
t t t t
Can i o @y vy e a1
\ \ \ \
t t t t
Cant! g+t “ A gutigrl Cmant Can-11
+ + + +
Coguigt Ygt Cquigt a, [ Canr+an—io—1

Fig. 3 The position of the break points of 9" in Lemma 6

Since f is orientation preserving we get also

[ag,) < f7(c) < flag) < [ (cmiy—q,) < fP(a—q,) < f*(aq, )

for all 0 < s < iy, which proves the first three assertions of Lemma 5.
It is also obvious, that

fiag) < fieigy—q,) < fila_y,) < f(ay,_,)
forall ip + 1 < s < g, — iy, which proves the last assertion of Lemma 5.

Lemma 6 Assume c € f((ag, a_g,1) for some0 < iy < q,. Then the break points
of f belong to the following elements of the dynamical partition §,(c*; ) of the
break point c*; (see Fig. 3):

et 11} 71’0

jioﬂ = fs (cil.o)’ ai(]n"rs = fs (a_qn) € fs([Ciio, a—qn]) C Is(n_l)(ciio), 1 =
s < o;

O s =L ), @ = Fay,) € f ey, e, D) C LTV,
iv+1<s<gqg,—1L

o . .aje Ié")(c* )
[ ]

9

Proof of Lemma 6. The interval J§(c*; ) = [c_iy+q, C—iy+q, ] contains only the
two break points ag, ¢*; of f9 . More precisely, we have (see Fig 3)

* *
Cip+q, < a4y < C*io < a—g, < Cig—qy < Cig+qn_y

which implies the first assertion of Lemma 6.
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Next, the renormalization interval J{' (c§) = [C—jj+¢,+1> C—ig+q,_.+1] cOntains also
two break points of f“', namely a*, ., and ¢, .. The last two break points belong
to the interval 1 1”*1 (c*;,)- We have (see Fig. 3)

* *
Coiprl =g, 4+1 = Coig—gu+1 = C—igtg, 1 +1-

Applying the map f* for0 < s < iy — 1 leads to

L) < faZ, ) < fHeip—gr1) < fP(Cigrg, i +1)

which implies the second assertion of Lemma 6.
It is also clear, that

* *
Cl < a_g tig+1 = Cg,41 < Cgui+1

Hence for 1 <s <g¢g, —ip—2

FeD) < f5@ i) < L) < FP(Cqis1)-

which implies the third assertion of Lemma 6.

Lemma 7 Ifcj e f’AU((a,qn,aqH])for some iy with 0 < iy < q,, the break points
of fI are located in the following elements of the dynamical partition &, (a* a1 Of
the break point afqnﬂ (see also Fig. 4):

_ _ -1
o af, iy = 1A, ) s = U ) €L )(aiqn-‘rl)’ 0<s=<
io — 1,‘
* _ 3 * * _ S (% (n—1) *
© A%y vigries = £ i)y g = P ) € Ly @k L), 0=
s <qn—ip— 1.

Proof of Lemma 7. Consider the n-th dynamical partition §,(a*, ) of the break
pointa*, . To determine the location of the break points of f“" in the intervals of
&, (a* o 1) under the assumption of Lemma 7, we use the structure of this dynamical

partition and the monotonicity of f to arrive for0 <s < ¢, — 1 at
fs(al) < fs(aiqwr]) < fj(c:o_;_]) < fs(aqn—1+l) < f‘Y(C—ig—qn-H) < fs(a—qn+qn—1+l)~

It is easy to see that the first iy of these relations imply the first i claims of Lemma 7
and the last ¢, — iy the remaining ones.

Next we consider a P-homeomorphism f with irrational rotation number p y and
two break points aj := ao, a;’; = f(ap), iy > 0, on the same orbit. Put Rj, =
min{n : g, > io}. Assume that n > n;,. If the total jump ratio oy = 1, the map f
has 2i, break points

a_q,,+1 = a—q,,-‘rl, a_q/x+2 = a_q"+2, eey a_qn+i0 = a_(h"'lt)
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. -
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Fig. 4 The position of the break points of f9* in Lemma 7

Aguts+l al, J— Ay +s+1

Fig. 5 The position of the break points of 9" in Lemma 8

and

* * . *
ay '=dai, 4y 1= ay, ..., 4 1= .
If oy # 1 the map f% has g, + ig break points
* — * — * L oo o
e S I T N L TR R

One has the following

Lemma 8 Assume f is a P-homeomorphism with irrational rotation number pys
and two break points aj = ay, a;; = f(ay), ip > 0, on the same orbit. Choose
n > nj,.

(1)If oy = 1, then one finds for the break points a* , . ., ai , of [

-1 .
o at, .. al € flat.ar, D CI'V @) et @), 0<s<ig—1;
(see Fig. 5)
(2)ifoy # 1, we have
e ai C Ié"il)(a(’;);
-1 .
o ', 14y afyy € @i, a0 CLM @), 0<s <g,—ig—2.

-1 . .
e ai,, € f*(laf,a*, ] C Il(is Nag), Qo <s<qy—io—1.

Proof of Lemma 8. We will prove the first assertion only. The second one can be
proved similarly. It is clear that (see Fig. 5)
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fiag,+1) < fia)) < fa, ) < fiag, , + 1

for all 0 < s <o — 1. Consequently, f*(a}), f*(a*, ) € 1" V((a}),0<s <
ip — 1, which proves the assertion of Lemma 8.

Lemmas 5-8 show the location of the break points of f7* on elements of different
n-th dynamical partitions determined by the map f, respectively their order along the
circle. Indeed these lemmas hold true also for any pure rotation f, with o irrational
and any two points ap, ¢y € S', whose preimages under f," correspond to the break
points of the P-homeomorphism f9.

S Denjoe Inequality for Piecewise-Linear Circle
Homeomorphisms with Two Break Points

Our main goal in this section is to express for a piecewise-linear (PL) homeomor-
phism % with two break points ay and ¢ and total jump ratio o, = 1 the derivative
Dhi of h?* by the jump ratio o, (ap) and the 11j,-measures of intervals of the partition
B, (h) of S! determined by the break points of /9.

We apply Lemmas 5-8 to a P L circle homeomorphism / with irrational rotation
number o, with two break points ag = 0, ¢ = cp, not on the same orbit and total
jump ratio o, = 1.

In case of Lemmas 5 and 7 the break points P B, (aj) of h¥" associated witha; = 0
and P B, (c}) associated with ¢ = ¢ alternate in their order along the circle S ' Let
n be odd. Obviously these break points define a system of disjoint subintervals of
the circle, given in case of the assumption in Lemma 5 by (see Fig. 2)

[ty @y isls 1 <5 <o, (12)

respectively
[Ciio—qy,+5’ aiq”_»'_s]a iO + 1 =5 =qn. (13)

We combine these subintervals to the subsets

io qn
Antio) = Jlc* s 1o @ g is) Bulio) = | €% g ssn @y i)

s=1 s=ig+1

In case of the assumption in Lemma 7 the subintervals are given by (see Fig. 4)
[aZ,, 15 Ciprs]s 1 <5 <iig, (14)

respectively
(@ 50 Cipmguisls T0+ 1 =5 < gy, (15)
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which we combine to the subsets

io qn
Antio) = Jla*, 1o i isls Batio) := | [a%,, 1o i gis]:
s=1 s=ip+1

For n even, the orientation of the above intervals has to be reversed. Therefore in
case of Lemma 5 we have the following system of disjoint intervals

[a*, 45 ] 1 <5 <o, (16)
respectively
[aiqn+‘ya Ciio—q/,-‘rs]’ lO + 1 S s S Qn (17)
In case of Lemma 7 one finds
(i a2y 45l 1 <5 <o, (18)
respectively
[ i —gtss Aogis)s To+1 <5 < qn. (19)

In case of Lemma 5 and n even, respectively in case of Lemma 7 and n odd, the
subsets A, and B,, can be defined as before. The above constructions show, that the
boundaries of every interval in the subsets A, and B, consist of break points from
P B, (aj) respectively P B, (c(;). In the following we abbreviate the jump ratio of /
at the break point ag by

. Dh_(0)

o =o,(ay) = —-.
Dh..(0)

‘We can then formulate our first main result.

Theorem 9 Leth bea P L circle homeomorphism with irrational rotation number py,
and two break points a; = 0 and c; := co, whose total jump ratio o, = 1, and which
lie on different orbits. Assume c;; fulfills the assumptions of Lemma 5 respectively
Lemma 7 for some iy with 0 < iy < q,—1. Then in case of Lemma 5

(AUB,)—1
qn =D" — ol s lfx € A, UB,
(DR (x)) {O,;Lh(AnUB”)’ ifx € S'\ (A, UB,): (20)
respectively in case of Lemma 7 ,
(A,UBy)—1
o (—1yt ot ,ifxe A, UB,
(Dh ()C)) - {Uﬂ,,(A,,UB,,)’ ifx c Sl \ (An U Bn) (21)
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Theorem 9 shows that Dh9" is constant on every element of B, (%) and takes only
two values under the assumptions of Lemmas 5 and 7. Moreover, the values of Dh
are determined by the jump ratio o = oy (ag) and the w,-measure of A, U B,,.

In case of the assumption on ¢ in Lemma 6 we can define again a system of
disjoint subintervals determined by the elements in B, (7). Let n be odd. Then these
subintervals are as follows (see Fig. 3):

[ iprsr @gisls 1 <5 <o, (22)

respectively
[aiqn-ks’ Ciio—qn+5]’ iO + 1 E N S qn' (23)

For n even the orientation of the above intervals has to be reversed. To determine in
the case of Lemma 6 the values of Df% we define

io qn
Antio) = Jlc* ;1o a®y i) Bulio) = | J a7, 1 c%i g 29

s=1 s=ip+1
Then the following theorem holds.

Theorem 10 Let h be a PL circle homeomorphism with two break points aj =
ap and ci = co with o, = 1, which lie on different orbits. Assume c{j fulfills the
assumption of Lemma 6 for some ig with 0 < iy < q,. Then foralln > 1

o A)=mB)=1 ify e A,
(D}lq”(-x))(_l)’7 = O—M,I(An)_#h(Bn)+l7 if‘x E Bn’ (25)
oA =B - ify ¢ AU B,.

It remains to discuss the case of a P L-homeomorphism £ with irrational rotation
number p;, and two break points a5 = 0 and a; = hio (ag),io > 0, on the same orbit.
In this case the break points of 49" alternate in their order along the circle S'. Denote
by U,(a}), 1 <s < iy, the closed intervals with endpoints a; and a* Gt Obviously
these subintervals are disjoint. Lemma 8 implies, that U, (a¥) C I/*"V(ag), 1 <
s < ip. Next we define for every n > 1

Un = JUn@). (26)

s=1
Then one has

Theorem 11 Leth bea P L circle homeomorphism withtwo break points aj = 0 and
a;f) = h(ay), iy > 0, with o, = 1, which lie on the same orbit. Put ni, = minf{n :
qn > io}. For n > n;, one finds
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O'Mh(Un)’ ifx e U,

O—Mh(Un)717 ifx € s1 \ Uy, 27

(DR ()" = {

6 Proof of Theorems 9, 10 and 11

Proof of Theorem 9. We prove only the case where cj; fulfills the assumptions of
Lemma 5. The case with the assumptions of Lemma 7 can be proved analogously. We
furthermore restrict ourselves to the case when # is odd. The even case can be handled
similarly. Denote the n-th dynamical partition determined by the break point ¢y = ¢j
under the map 4 by n, = 1,(cj). In case ¢ fulfills the assumption of Lemma 5, we
havea,, < c*; <ag < c_jj—g, < a—y, < ag, . Obviously the function DA% on the
circle S! is constant on every interval of the partition B, (k) determined by all break
points of A%, It makes jumps determined by the jump ratio o = oy,(agj) at the break
points B P, (a;) and by the jump ratio o ~! at the break points B P,(c}). By Lemma 5
and taking into account the structure of dynamical partitions it follows that the points
of B P,(ag) and B P, (cj;) alternate in their order around S !. We “renumerate” all break
points of 4 as follows: a) := af and ¢!V := ¢*, . The other points of B P, (ag;) and
BP,(c}) we denote by a®, a®, ..., a'%) and ¢@, ¢®, ..., ¢ in the counterclock
direction. Then we have

2) 2

a <@ < q@ < <@ <ag® <M < g

It is clear that
Gn
A, (i) U By (ip) = U [c®),a®], and

S"\ (A, (o) U Bu(io)) = U(a““) Y U@M), ¢4y,

Now we can determine the values of h%. For s > 1, we have

Dhq"([c(s), a(s)]) = Dh (a(s)) — O’DhZf (a(S)) — UDhq”([a(s), C(Sfl)])
=0 Dh" (V) =607 DAY (c“7V) = D% (c“V) = DR ([¢“7",a® "))

So we get
Dhq”([c(‘v), a(s)]) — Dhq"([c(s_l), a(X—l)])

Iterating the last relation we obtain
Dhq”([c(s), a(é‘)]) = Dh?([¢ (1) (1)]) = Dh? (a(l)) — UDhi" (a(l)) — UDhq” (ao)

Hence Dh takes the constant value oDhq” (ag) on A, (ip) U B (o).
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Next we show that Dh‘» takes the constant value Dh% (af) on S' \ (A, (io) U Bn(io))-
First we determine Dh% on the interval [aV, @] :

Dhl{n([a(l)7 C(qn)]) — Dhjlrn (a(l))'
On the other hand
Dh ([a“*V, ¢y = Dh? (V) = o7 D" (V) = o7 DR (U7, a1,

This together with
Dh#([¢“V,a%""]) = o D (af))

implies that for every s > 1
Dhi([a“*P, ¢®]) = DhY (af).

For the proof of (20) it is enough to prove under the assumption of n being odd
and therefore a,, < ¢, < ag < c_jy—q, < a—q, < ag, ,, that

DI af) = oV (8)

where 8; )+ =1 for n odd, respectively 8; i+ = 0 for n even. Notice that
the last equation is true also for n even . Since h?* is an orientation preserving
homeomorphism with irrational rotation number and the same invariant measure (i),
as the map 4, we get from Theorem 5.

/log Dh? (x)duy,(x) = 0. 29)
Sl
As mentioned above, the function Dh9" is constant on the subsets U, := A, (ip) U

B, (ip) and U, = S' \ U,,. Therefore

/log Dh? (x)dp,(x) = /log Dh? (x)d ), (x) —i—/log Dhi* (x)du,(x) =0

s! Un U,

Inserting the constant values of DA% on the sets U, respectively U, one finds

/ log D% (x)djuy = i (Uy,) log(o DA% (af)),
Uy

/ log Dh? (x)dy, = i (U,) log DAY (af) = [1 — s (U,)]log DR (af),

Uy
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and therefore
wi(Uy) log(o DR (ag)) + [1 — s (U,)]log DR (ag) = 0.

This shows that u, (U,) logo = —log Dh% (a})) respectively Dh" (af) = o =10,
and hence formula (28) holds for n odd. For n even, the proof of formula (28) proceeds
similarly. Theorem 9 is therefore completely proved.

Proof of Theorem 10. We will prove only the following equation

Dh‘Jlrn (ag) — O—(_l)n(l’vh(An(i(]))_l-"h(Bn(io))_lsl_(,])n—l (30)

for n odd. Since the rotation number p; of & is irrational and its break points ag
and ¢ are on different orbits, all the intervals in A, and B, are pairwise disjoint.
For all x € B, one has obviously Dhi (x) = Dh%' (ag). But at the break point ¢},
the function DA% (x) makes the jump DAY’ (c;:)/Dh? (c}) = Dh(c})/Dh_(c}) =
o, and therefore it takes the constant value Dh9 (x) = o Dhi” (ag) in this interval
containing no break point of 49-. Indeed, this holds true for all intervals without break
points, i.e. for x ¢ A, U B,. The left boundary point of any interval in A, belongs
to the set B P(c(j) and hence the function DA% (x) makes at these break points the
jump Dh(c})/Dh_(c;) = o and therefore takes the constant value Dh? (x) =
o? Dhﬂ" (ag) for any x € A,. This proves assertion (25).
To prove assertion (30) we use again

flog Dh? (x)du,(x) =0,
Sl

and the possible values of the function DA% discussed above. Then
log(o® DAY (ag) i th(Ay) + log(Dh¥ (ag))i(By) + log(e DAY (a5))n(U,) =0,
where U, = S' \ (A, U B,). Hence

(log o){1n(An) — i (By)} +log DAY (a5)) +logo =0

This proves Eq. (30) for n odd. The proof of the theorem for n even is similar. Theorem
10 is therefore completely proved.

Proof of Theorem 11. Let /2 be a PL circle homeomorphism with two break points
ag and a;; = f(ag), iy > 0, and irrational rotation number p;. Assume 1 > n.
Then & has 2iy break points. Put BP}' := BP}'(af) U BP} (afq”H) with

BP)(a}) ={af,a;,....,a}},

9[’0

respectively
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ny % * * *
BPy(aZg ) =102y 41,02y 420 0Zg 4o}

where af = f*(ap), aZ, . = f*(a—y,). 1 =5 =< io. For the proof of Theorem 11

it is sufficient to prove the following formula
Dhi{: (aE)k) — G(71)"+lﬂh(Un)*5H,1,n+1 (31)

The partition B, (h) determined by all break points of 49 has 2i, closed intervals
with disjoint interior. The map Dh? is piecewise constant with constant values on
the element of B, (). The first assertion of Lemma 8 implies that the intervals in
U, ={la}, aiqnﬂ], 1 < s <y} are pairwise disjoint. Hence the intervals of U,, =
S\ U, are also pairwise disjoint. Next we conclude that

o the break points of B P} (aj) and B P} (a* gt1) alternate in their order on S';

o the intervals in U, and U, alternate in their order on S!; Denote by U, (a}) the
closed interval in U,, with right endpoint ay, 1 < s < iy. Itis easy to see that at each
point a} of B P} (a})

DhY (a¥) = Dh% (a}), Dh™ (a*) = Dh* (a}), 1 < s < iq. (32)

Itis clear that the intervals U, (a}) and U, (a}) are neighbours with common endpoint
ay. It is obvious that

Dh" (a¥) )
szoh(aa):a, 1 <s <ip.

DA% (a)

The last relation together with (32) implies DA (x) = aDhi” (ap) if x € U, respec-
tively Dh% (x) = Dh% (a}) if x € S'\ U,. Remains to determine the value of
DhY" (ag). From Theorem 2.8 we obtain

/log Dh? (x)du, = [10g Dh? (x)du, + / log Dh% (x)du;, = 0.
s Un U,

Hence 114, (U,) log Dh (a§) + i (U,)log Dh* (af) = 0.
Inserting u,(U,) = 1 — u;(U,) respectively Dh?" (a5) = oy DR (ay) we get
relation (31). Theorem 11 hence is proved.

7 Proof of Theorem 3

Let f € C?*<(S"\ {b'V, b®}) be a P-homeomorphism of the circle with irrational
rotation number p, and two break points 5V and b not on the same orbit, whose
total jump oy = oy ®Y) .o i (b®) = 1. Denote by 1 £ its unique invariant proba-
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bility measure. Define the parameters 8 and A through

wr(p, b)) =: % o) = a717F. (33)

Let h = hg ;¢ be Herman’s P L-homeomorphism of S! with break points a® = 0
and ¢© = ¢ such that .c = A7 (c — 1) + 1. Since the rotation number p; is irra-
tional, we can find an unique 6 such that the rotation number pg of hy = h PR
coincides with ps. Denote by uz the invariant measure of hz. By Lemma 4
ug([a®, O] = % Since ps = pz the homeomorphisms f and hy are topo-
logically conjugate via some homeomorphism ¢. We can choose ¢ such that
a® = W) and ¢ = p(b?),because u  [bV, bP] = pg([a®?, ¢@]). Then one
has also (¢*ug)([bV, b@]) = [bV, bP] = pug([a®, ¢], since the invariant
probability measure of f is unique. Hence we proved the following fact, which
will play a key role in our proof of the main Theorem.

Theorem 12 The P-homeomorphism f : S' — S' with irrational rotation num-
ber py and two break points bWV b® with total jump ratio oy »W)y . Uf(b(z)) =1
Let hy; 5 be Herman’s P L-homeomorphism with rotation number pg = py and
two break points a®,c©, such that 0,(a®) = o;BV) and pz[a®, ) =
uf([b(l), b@Y). Then the maps f and hg 5 g are topologically conjugate by some
homeomorphism ¢ : S' — S' with o(b(V) = a® and (p(b(z)) =0,

Since the rotation number p; is irrational, the invariant probability measure
iy has no discrete ergodic component. Indeed, one knows, that every such P-
homeomorphism is ergodic also w.r.t. Lebesque measure / (see [14]). Suppose, u ¢
has an absolutely continuous component % with support A and p%“(A) > 0. Then
also I(A) > 0. If p(x) is the density of ,u“}'c, then on A obviously p(x) > 0 and on
S'\ A one has p(x) = 0. Since p(x) satisfies the functional equation p(f(x)) =
ﬁp(x), x € S' and Df(x) > const > 0, the subset A, = {x : p(x) > 0} is f-
invariant. Ergodicity of f with respect to Lebesgue measure / implies that either
M‘}"’(A) =1or u‘}"’(A) = 0. Hence the invariant measure p ; is either pure abso-
lutely continuous or pure singular on S'.

The main idea of the proof of Theorem 3 is to construct for the homeomorphism
f a sequence of measurable subsets G, C S, such that mlgl;o 1(G,)=we (0,1

and lim | Dh%»(x) —1|> K > Oforallx € G,,;

m—00
—under the assumption, that the invariant measure u ¢ is absolutely continuous w.r.t.

Lebesque measure /, one knows on the other hand, that D9 (x) tends for n — oo to
1 in probability with respect to the normalised measure [, which shows p ; is singular
w.r.t. Lebesgue measure;

—since the P-homeomorphism f in Theorem 3 can be conjugated to Herman’s map
hg = hg, g, the structure of the break points of /"~ is identical to the one of these
points of hg”'”. One can then apply a slightly extended reasoning to the distribution
of the values of Df% relating them to those of Dhg’ with respect to the intervals of
the partition 7, defined by the breakpoints of /5.
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Let us start with the following proposition shown in [10].

Proposition 1 Let f be a P-homeomorphism of the circle with irrational rotation
number py. Ifits invariant probability measure i ; is equivalent to Lebesque measure
1, thenforall § > Othe sequencel({x :| Df% (x) — 1 |> 8}) tends to zero asn — oc.

Important for our discussion will be also

Lemma 9 For arbitrary 8 € (0, 1) and n > 1 consider three points 71, 22, z3 € S
with z1 < zp < 73 < 71, such that the intervals [z, z2] and |z2, z3] are q,-small.
Assume, the P-homeomorphism fi e C**¢(S'\ {z2}) has jump ratio orm(z2) = A
at the break point z,. For v the total variation of log Df on S' and t; € (21, 20) and
1. € (22, 23) with

Wiz _ 1 z))

= = (34)
I([z1,22])  1([z2, 23)]
one has either log A
log Df% (x) < —% +Ke's, (35)
forall x € [t;, 22), or
log A
log Df9" (y) > — - Ke's (36)
forall y € (25, ], when A > 1.
In the case A < 1 one has either
log A
log Df (x) > —% — Ke', (37)
forall x € [t;, 22), or
log A
log Df"(y) < —— tK e's (38)

forall y € (z2,1].

D™ (z2)
Df" (z2)
gously. Then log Df? (z2) = log A + log Df"(z2), and hence

Proof Assume log A = log > 0, the case log A < 0 can be treated analo-

log A log A
log DF" (z) < ——22 it and only if log Df*(z2) < %, (39)
respectively
Jog A Jog A
log Df¥ (25) > —% if and only if log Df%(z2) > %. (40)

Hence, either
log A

log Df¥ (z2) < — @1)



96 A. Dzhalilov et al.

or
log A
log Df" (z5) > %. (42)

Then for an arbitrary x € [#;, z») one finds

~qn qn—1 . . qn—1 . .
llog | < X log Df-(f7(z2) —log DF(fI(x)| < K X I(Af/(x), f

Jj=0 j=0
(z2)D
- Kq”fll j j - Kq"fl I @80 @)D 1 £ j
= Z ([f (tl)s f (ZZ)]) = Z 10 f7 ), f7 (D) ([f (Zl)vf (ZZ)])
j=0 j=0 "

% pp@ 1 - - : !
=K ];) b7 aron L7 (1), f/(22)]) for certain £ € [17, 22), ¥ € [21, 22) and

a universal constant K > 0 depending only on f. According to Lemma 1

v < Df{(g“) <o
~ Dfi(@®) ~

and therefore

1([g'(z1), f(z)]) < Ke's,

=l o

K"Z DfI(¢) 11, 22)])
= Dfi(®) I([z1, z2)])

ll((llz”l—zz’z))ll)) = §. We used also, that the interval [z;, z2] iS ¢,,- small and hence

the intervals [ £/ (z1), f/(22)],0 < j < g, — 1 are disjoint. This leads finally to the
bound

since

Df"(z,) v

In the same way it can be shown that

DIf@), _ g ors (44)
Dfan(y)

for all y € [t,, z»). Inserting the bounds (41)—(44) we get the bounds (35)—(38) in
Lemma 9.

llog

An important role in the proof of Theorem 3 play certain neighbourhoods of the
break points of the P-homeomorphisms f, which we define next. As in the case of
Herman’s map %y denote for fixed n > 1 by 7, the partition of the circle generated
by the 2 g, break points BP} of f%, whose elements are the closed intervals with
two neighbouring break points of f9 as boundary points. If z € B P%, we denote by
V!(z) respectively V/(z) the interval in 7, whose right respectively left boundary
point is the break point z. Given some § € (0, 1), because of Lemma 9 we can then
construct left and right subintervals V,f (z;8) C V,f (z) respectively V' (z; 6) C V, (2),
both with the break point z as a boundary point, such that
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(Vi 8) o 1Vi(z:8)
(Vi) 7 WVi@)

Definition 4 The subintervals V,f (z; 8), V) (z; §), respectively theinterval V, (z; §) =
V,f (z; 8) U V) (z; 6) are called the left normalized §-neighbourhood, the right nor-
malized 5— neighbourhood respectively the normalized §— neighbourhood of
the break point z.

After these preparations we can now prove Theorem 3. We consider the home-
omorphism f as in Theorem 3. Assume there exists for p = py = p; a set M, as
in Theorem 3 such that the invariant measure jr is absolutely continuous w.r.t.
Lebesque measure [ if u ¢ (b™"), 5@ ([a°, ¢©]) € M,,. We will show that this leads
to a contradiction with Proposition 1. For this we have to use certain properties of
the distribution of the function DA% for subsequences g,, . By (9) we have

Qn'ﬁ
1+p

1
logo log DR, 4(x) = mod 1, (45)

Then the sequence {@ log Dh%’f 2.0(x) mod 1} is uniformly distributed on [0, 1],
because the sequence { ’{+§ mod 1} has this property. Hence we can choose for every

w € (0, 1) a subsequence {n,,, m = 1,2, ...} such that

lim
m—o00 log o

log Dh" 4(x) =@ mod 1. (46)

Without loss of generality we can assume that for the subsequence {m,,n =1, 2, ...}
the break point ¢®) of DA% fulfills the assumption of one of the three lemmas, either
Lemma 5, or Lemma 6 or Lemma 7. Assume, it fulfills the assumption of Lemma 6.

Then the step function @ log th’f’/{,g(x) takes only three values determined by

Dhi””’ (@) and the jump ratio o (see Lemma 6 ). Using Eq. (28) we obtain

log DhY™ @) = (= 1)"™ (14 (A, (i0)) — By, (i0))) mod 1,  (47)

logo
and hence with (46)
Tim (=)™ (i (An, (i0)) = 124 (Ba, i0)) = @ mod 1. (48)

W.l.o.g. we can assume
Jim (up (A, (i0)) = 1tn(Bn,, (i0)) = @, (49)

with w € (0, 1). We show that
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im (144 (A, (i0)) U By, (i0)) = d (50)
with w < d; < 1. Suppose contrary

Tim (ui(Ay, (i0)) U By, (o)) = 1 1)

Then lim ps(S'\ (Ap, (ig) U B, (ip)) = 0. Butevery interval in A, and B, is cov-
m—0o0

ered by an interval in the dynamical partition of rank n (see Fig. 3). Then it can easily
be shown, that the intervals (A,,, (ip)) U B,,, (ip)) and ST\ (Ap, (i0)) U By, (ip))) are
C- comparable with some constant C = C(h) > 1. This on the other hand implies
that the limits of the above two sequences are either both zero, or take both values
in (0, 1), contradicting to (51) . Consequently, the relation (50) holds. Then

Jim g1, (S\ (A, (i0)) U By, (i0))) = da

withd =1-d; <1 —-w< 1.
Next we prove the assertion of Theorem 1.3.
We have

dim (SN (07 (An, (10) U@ (Bu, (0)) = da with dy =1 —dy <1 - < 1. (52)

We consider two copies of the unit circle. Suppose on the first circle acts the
homeomorphism f and on the second Herman’s homeomorphism %. Relation (52),
the arrangement of the break points of % and absolutely continuity of the invariant
measure ), w.r.t. Lebesque measure / imply for sufficiently large n,, the following
bounds

c1 < g~ (An, (i0)) U™ (By, (i) < 2 (53)

for some constants ¢y, ¢; € (0, 1), and hence also

e3 <U(S"\ (97 (An, (i0)) U@~ (By, (i0))) < ca (54)

for some constants c3, ¢4 € (0, 1). Consider next for a break point z € B P (f4) the
left and right normalized §-neighbourhoods V,fm (z, d) respectively V' (z,d). Obvi-
ously, one of these two normalized §- neighbourhoods is covered by an interval in
o~ 1(A,, (ip)) or in ~!(B,, (ip)), whereas the other one is covered by an interval
1) (2) € S'\ (9~ (A,, (i0)) U o~ (B, (ip))) of the partition 7, . We conclude,
that the length [ of each of these intervals covering the normalized §-neighbourhoods
by definition is ! times the length of the latter ones. Define

.= {J vico. vio= U v co.

2€BP (hinm ) Z€B P (him )



On Herman’s Theorem for Piecewise Smooth Circle Maps with Two Breaks 99

Using then the definitions of A, (i), By, (ip) (see also Fig. 3) and the normalized
one sided §-neighbourhoods V, (z, §), we obtain

[(An, (i0) N (V! (8) UV (8)) = § - 1(An, (i0)). (55)
I(By, (i0) N (V) (8) UV;, (8)) = 8 - [(By, (i0)), (56)

consequently,
[((An, (ig) U By, (o)) N (V) $) U V] (8))) = 8 - I(Ay, (ig) U By, ) (57)

log o
aKe’

From this we can now derive bounds on the values of D f%» . Put § = , where

I‘I’fef,' . From relations (35) and (36) of Lemma 9 it follows that either on the

left or on the right normalized §-neighbourhood of every break point z of /%

.|

(a—2)logo

[log Df T (x)| >
2a

. (58)

Denote by G,,, (8) the union over z € BP(f%) of all those one-sided normalized
8- neighbourhoods, on which | log f% (x)| > ‘“Zzﬂ( It is clear that [(G,, (8)) >
max{é [(A,, (ip) U B, (iv), [(A,, (i0) U By, (ip))}. Finally we obtain

(a—2)logo

[log f® (x)] = >
a

forall x € G, (8). But this contradicts convergence of Df% ) to one in probability
with respect to normalized Lebesgue measure according to Proposition 1.
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Abstract We consider a pursuit differential game described by an infinite system
of Ist-order differential equations with negative coefficients in Hilbert space. The
control functions of players are subject to integral constraints. The pursuer attempts
to bring the system from a given initial state to another state for a finite time and the
evader’s purpose is opposite. We obtain a condition of completion of pursuit when
the control resource of the pursuer is greater than that of the evader. We study a

control problem as well.

Keywords Pursuer + Evader -+ Infinite system of differential equations * Control

strategy

1 Introduction

Differential games in finite dimensional Euclidean spaces were studied by many
researchers and developed important methods (see, for instance, [10, 25, 28, 30, 36,
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There are mainly two constraints on control functions of players: geometric and
integral constraints. In-views of the amount of works been done in developing the
differential games, the integral constraints have been extensively discussed by many
researchers with various approaches (see, for example, [4, 5, 8, 11, 12, 18-21, 26,
27, 29, 31, 34, 35, 39, 42-44]).

One of the powerful tools in studying the control and differential game problems
in systems with distributed parameters is the decomposition method. Using this
method the control or differential game problem is reduced to ones described by
infinite systems of differential equations (see, for example, [2, 6, 7, 9, 13, 32, 40,
41, 45, 46]). We demonstrate briefly the method for the following parabolic equation

0z(x, 1)
™ + Az(x, 1) = w(x, 1), z(x,0) = z0(x), (1)
where 0 <t < T, T is a given positive number, x = (xy,...,x,) € 2 C R",n > 1,

£2 is a bounded set with piecewise smooth boundary,
n
0 9z
Az = — —|aij(x)— ).
) ijZ::I dx; <aJ(X)3x.f>

a;j(x) = aji(x), x € £2, and, for some ¢ > 0 and for all

... E)eR xR, Y a;()&EE =c) &
ij=1 i=1
The domain of the operator A is the space of twice continuously differentiable func-

tions with compact support in §2, denoted by C? (£2). Define inner product

(z, )4 = (Az,y), z,y €C* ().

Then C? (£2) becomes incomplete Euclidean space. To obtain a complete Hilbert
space associated with the operator A, we complete the space C? (£2) with respect

to the norm ||z||4 = +/(Az, 2), z €C? (£2). We use the fact that the operator A has
countably many eigenvalues

AMyA, .o, O<A <X <..., lim Ay =400,
k—00
and generalized eigenfunctions ¢y, ¢, . . ., which is a complete orthonormal system

in L,(£2) [33].
Next, let C(0, T; H,(£2)) and L, (0, T; H,(£2)) denote the spaces of continuous
and measurable functions defined on [0, 7T'] with the values in
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H(2)=1feli2)| f=) ap. Y Mol <oop,

i=1 i=1

respectively, where r is a given number. The space H,(§2) is a Hilbert space with
inner product and norm defined as follows: if

f=) g € H(2), ¢=) B € H (),

i=1 i=1

then

o I 12
(f.e) = Map:. ||f||=(ZA§a?> :

i=1 i=1

It was proved [2] that if w(-) € L,(0, T; H,(£2)), then the initial value problem (1)
has a unique solution z(-) € C(0, T'; H,+1(£2)). Next, represent the functions z(x, t)
and w(x, t) as

2,0 = Y wO@), Wi ) =Y w0, wl),wi() € L0, T), k=1,2,...,
k=1 k=1

and substitute them into the Eq. (1), and then equate the coefficients at ¢ (x) to obtain
e+ ez = wi, 2k (0) = 20, k=1,2,...,

where wy, 2k, zxo € R', k =1,2, ..., wg, are control parameters, zxo = (20, Q).

Thus, we have obtained an infinite system of differential equations. Usually, the

control function is subjected to geometric or integral constraint. The geometric and
integral constraints for the control function w € H(0, T'; H,(2)) of the form

T
e, DIl < p, /IIW(x,t)IIZdt <o
0

respectively, can be written as follows

o0 1/2 o0 T
(Z xzw,%o)) <p. D X / wi(t)dt < p?,
k=1 k=1 0

respectively.

Hence, there is an important connections between control problems described by
PDE and those described by infinite system of differential equations. Control and dif-
ferential game problems described by infinite system of differential equations are of
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independent interest and can be investigated within one theoretical framework inde-
pendently of those described by PDE assuming that the coefficients Ay, k = 1,2, ...,
are any real numbers. Of course, in the case where ), are any real numbers, we must
give adequate definitions of state space, solution of infinite system of differential
equations. Also, we have to prove the existence-uniqueness of solution in the state
space.

There are several works devoted to control or differential game problems described
by infinite system of differential equations (see, for example, [1, 3, 14, 16, 17, 22-24,
38D).

In the paper [14] a differential game problem described by the following infinite
system of differential equations

2k + Az = —uk + v, 2(0) =200, k=1,2,..., ()

where zi, ug, vi € R, and Ay, k = 1,2, ..., are positive numbers, was studied when
integral constraints are subjected to control functions of the players.

In the present paper, we study a pursuit differential game problems described by
(2) in the case of negative coefficients Ax, k = 1, 2, .. .. Pursuer tries to bring the
state of the system from an initial state z° to another given one z! for a finite time.
Previous studies of differential games described by infinite system of differential
equations have only dealt with the case z' = 0. We obtain sufficient conditions of
completion of pursuit.

2 Statement of Problem

Consider the following Hilbert space

[o.¢]
2= {a = (@00, )| D ul"ef < oo} ,
k=1

where, r is areal number and A1, A, . . ., is abounded sequence of negative numbers,
with inner product and norm defined by

00 0o 1/2
@ B)r = Il e, a. pel?, |l = <Z |xk|’a,§) .

k=1 k=1

Let
Lo T.13) = fw) = 00100 w20, I WOl 0,712 < 000 w() € La(0,T) ],

where T > 0 is a given sufficiently big number,
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00 - 1/2
WO L0702 = (Z Al / wimdr) :
k=1 0

We examine control and pursuit differential game problems described by the
following infinite system of differential equations

Mz = —up + v, w0) =20, k=1,2,..., 3)

where zp, ug, vy € R, k=1,2,...;u = (uy, us, ...) is the control parameter of
pursuer and v = (vy, v2, ...) is that of evader, z2° = (z{, 29,...) € I2, .
Let
S(po) = {w() € Ly(0, T, ID)| WOl 10,72 < po}

where py is a given positive number.

Definition 1 Functions w(-) € S(pg), u(-) € S(p), and v(-) € S(o) are called
admissible control, admissible control of pursuer, and admissible control of evader,
respectively, where p and o are given positive numbers.

It’s assumed that p > o.

Definition 2 Let w(-) € S(pp). A function z(¢) = (z1(¢), z2(¢),...), 0<t < T,

with z;(0) = z,?, k=1,2,...,1s called solution of the initial value problem
() + ez () = wie (@), z(0) =20, k=1,2,..., (4)
if z; (1), k = 1,2, ..., are absolutely continuous and almost everywhere on [0, T']

satisfy the Eq. (4).

Let C(O, T, lr2+1) be the space of continuous functions z(t) = (z;(¢), z2(¢),...) €

lr2 1 defined on [0, T]. We need the following proposition [15].

Proposition 1 Ifw(-) € S(p), then infinite system of differential equations (4) has
the only solution z(t) = (z1(t), z2(t),...), 0 <t < T, in the space C(0, T, lr2+1),
where

t
2 (t) = P! (z2+/ wk(s)e—ﬂ“ds), k=1,2,...,
0

with ﬁk =X > 0.

Note that this existence-uniqueness theorem for the system (4) was proved for any
finite interval [0, T']. Therefore, we investigate the system (3) and (4) on [0, T].

Definition 3 A function
U(t,v) = (U1t ), Us(t,v), ... U [0, TIx 12— 12,

with the components of the form
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U, v) =wi (@) +v (@), k=1,2,...,

is referred to as the strategy of pursuer, if, for any admissible control of evader
v(-) = (vi(-), v2(-), .. .), the system (3) has the only solution at u(¢) = U (¢, v), where
w() = wi(), w2(),...) € S(p —0).

We are given another state z! = (z1, z},...) € lr2+1.

Definition 4 We say that the game (3) can be completed for the time 6 (6 < T), if
there exists a strategy U of pursuer such that, for any admissible control of evader,
72(t) = z' at some time 7,0 < T < 6.

Pursuer tries to bring the state of the system (3) from z° to z!, and the purpose of
evader is opposite. Formulate the problems.

Problem 1 Find a condition on the states z°, z' € 2, | such that the state z(7) of the
system (4) can be transferred from the initial position z° to the final position z' for
a finite time.

Problem 2 Find a condition on the states z°, z' € I7, |, for which pursuit can be

completed in the game (3) for a finite time.

3 Control Problem

In this section, we study a control problem for transferring the system z(¢) from the
initial position z° to the final position z'.
For the system (4), we study the control problem: find a time 6 such that

2(0) =2°, z(0) = 7. )

First, we analysis the following series

E(@) =E\(t)+ Ex(1), t >0, (6)
where N .
E\(t) =2 BilzfPeu(t). Ex(t) =2 Bilzil*Yu(®), (7)
k=1 k=1
2Bk 2Bk
o (1) = T o 2ht Ye(t) = T k=1,2,....

2

Lemmal Let’, 7' € 7

atanyt > 0.

f, inaddition, 207l e lf, then the series E (t) converges



Pursuit Game for an Infinite System ... 107

Proof Let 0,7 e l,2. To show that the series (6) converges, we show that the series
E(t) and E,(t) converge. Since B is a bounded sequence of positive numbers,
therefore B = sup By < oo. Since By < B, then it is not difficult to show that

k

2 28
) = T 5 ST

which implies that

413 50 r1,0(12
El(t) =< 1—872/3[ ﬁk|zk| .
k=1

The series on the right hand side of this inequality is convergent since z° € /2. Thus,
the series E(¢) is convergent.
We can see that ¥ (1) < %, t>0,k=1,2,....Then

2 . ri, 112
O EDINACTE
k=1

The series on the right hand side of this inequality is convergent since z! € /2. Thus,
the series E;(t) is convergent. This completes the proof of Lemma 1.

We’ll need some properties of E(¢).
Property 1 E(t) has the following properties:

(i) E(t) is decreasing on (0, 400);
(ii) E(t) > +ooast — 0F;

o0
(iii) E(t) — 43 Bi2)? ast — +oo.
k=1

Proof The first property follows from the fact that ¥, (t) and ¢ (¢),k = 1,2, ..., are
decreasing on (0, +00).

The proof of the property (ii) follows from the observations that v (f) — 400
and ¢ (1) — +o00, ast — 07 for each k.

Finally, we prove the property (iii). According to Lemma 1, E(¢) is convergent
for any ¢ > 0. We fix #p > 0. Since E(#;) is convergent, then for any ¢ > 0, there
exists a positive integer N such that

F(to) = Y Bt (210 ee(to) + 21z Y (t0)) < g (8)
k=N+1
and also -
> 4R < 5 ©)

k=N+1
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since 70 € lr 1+ Then, F(t) < § for all # > 1, since the functions v (¢) and ¢y (¢) are

decreasing on (0, +o00) for each k.
On the other hand, there exists number 7 > 0 such that, for all ¢t > T,

= (10)

N
I ACIAOR AR AO) 4Zﬂ’“| op
k=1

since the sum consists of a finite number of summands and

lim ¢p(t) = 2Bk, lim Yy(t) =0, k=1,2,...
t—400 t—400

Thus, by (8)—(10)

oo
E@m)—4) 121

k=1

N
< 2D 8L (1P (@) + 24 Pve) 4Zﬂ’+‘|z2|2
k=1

+2 Z B (1201P0x (1) + 13 Py (1)) + 4 Z B 1RP

k=N+1 k=N-+1

& + & n &

< — — - =
3 3 3
This proves property (iii).
. 4 . .
Next since T o2 > 4, t > 0, therefore we obtain from (i) and (iii) that
— e

E(n) >4Zﬂ’+1| %, 1> 0. (11)

k=1

Property 1 and (11) imply that the equation
E(@t)=p; (12)

has aroot ¢ = 6 if and only if
g > 4Zﬂ’+1|z2|2, (13)

and this root is unique. Without loss of generality, we can assume that & < T since
T is sufficiently big number.
The following statement is a solution for the control problem (5).
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Theorem 1 Let inequality (13) be satisfied and z°, z' € I2. Then the system (4) can
be transferred from the initial position z° to the position 7' for the time 6.

Proof Define a control

(20 — zee 0] gu(@)e ', 0 <1 <0

e s k=l2. 0 as

’

wi(t) = {g

Show that this control is admissible. Using Eq. (12), control (14), and the obvious
inequality |x — y|*> < 2|x|*> + 2|y|?, we proceed as follows:

00 6 e 4
D B / wi(s)Pds =Y B / | [ — zte "] gu@)e [ s
k= 0 k=1 0

1

= 6
S Z ﬁ]: (2|Z2|2 + 2|Z]1<|26_2ﬂk9) ¢£(6) f e—Zﬁksds
k=1 0

o0
=2 B (120P¢(0) + 124 Py (9))
k=1
=E®) = p}.
Show that the system can be transferred from 7% to z! for the time 6. Indeed,
0
2%(0) = M <z2 = [ = ue™ ] e (0) [ ezﬁ“ds)
0
= eﬁke(z,]{e_ﬂ*'e) = Z,]{.

This completes the proof of Theorem 1.

4 Pursuit Differential Game Problem

In this section, we study pursuit differential game described by the Eq.(3). It is
assumed that control resources of pursuer is greater than that of evader, thatis p > o.
We obtain from (3) that

() = P (zg —/ up(s)e Psds +/ vk(s)e_ﬁ*‘vds> . (15)
0 0
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In view of the previous section we can state that the equation
oo
E@) =2 B (1201 + |2t vu (D) = (p — 0)? (16)
k=1
has a root t = 6, if and only if
o0
(0—0) >4 Bt IP, (17)
k=1

and this root is unique. We can assume, by selecting 7 if needed that 6, < T'.

Theorem 2 Let (17) be satisfied and 7°, z' € I2. Then pursuit can be completed in
the game (3) for the time 6.

Proof Construct a strategy for the pursuer. Set

[2) — zie PO (0P + (1), 0 <1 < 6,
0, t >0,

uk(t,v)={ L k=1,2,... (18)

Show that strategy (18) is admissible. Applying the Minkowskii inequality, we have
1/2
- o 2 .- N0 1 —po ; 2
> B / )Pds ) = (DB / (28 = 2he ™) guee ™ + v ds
k=t 70 k=1 70
00 o . \2
< (Z ﬂ;f/ ‘(Z/? - z;lcfﬂke‘> P (0)ePrs dS>
=1 70
o " 1/2
+ (Z ﬂ;f Vk<s>|2ds>
k=1 “0

00 o 1/2
f(Z%lz?—zie‘f‘k“‘lz@%wo / e_zﬁ”ds) +o. (19)
k=1 0

1/2

Using the obvious inequality |x — y|?> < 2|x|?> + 2|y|> and Eq.(16), we obtain
form (19) that

0 0, 172 00 1/2
(Zﬂ; / |uk<s>|2ds) < (2213,: (|z2|2¢k(91>+|zi|2wk(91>)) +o
k=1 0

k=1
=E'"?@0) +o
=p—0+0=p.
Thus the strategy (18) is admissible.

Next, we show that pursuit is completed at the time 6;. Indeed, using (15) and
strategy (18), we have
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6 01
2% (0)) = A0 (zf{) - / (2 — zie P0) g (@)e P +vi(5)) e Pesds + / Vk(S)eiﬂkst>
0 0

01
= Pt <z2 —f (af - zie‘ﬁke')¢k(01)e‘2ﬁ“ds>
0

= A0 (22 - zg + z,l(efﬂ*'e‘) = z}(.

The proof of the theorem is completed.

5 Conclusion

We have studied a pursuit differential game problem described by infinite system
of 1st-order differential equations with negative coefficients in the space /2 +1- The
control functions of players are subjected to integral constraints.

We have obtained a condition for which a control problem is solvable, also we
have constructed a control that transfers the system from an initial state z° to the final
state z' for a finite time.

We have obtained a condition of completion of pursuit in the differential game.
Moreover, a pursuit strategy has been constructed.
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Invariance Principles for Ergodic )
Systems with Slowly «-Mixing Inducing gk
Base

Jianyu Chen and Kien Nguyen

Abstract We investigate a class of ergodic systems, which admit an inducing base
with a slowly a-mixing generating partition. Under suitable moment condition on
the first return time, we prove the almost sure invariance principle (ASIP) for adapted
stationary processes. Our results apply to intermittent maps and billiards with flat
points.

Keywords ASIP - Alpha-mixing * Inducing - Stationary process

1 Introduction

As a functional generalization of the central limit theorems, the almost sure invari-
ance principle (ASIP) asserts the the partial sum of a random process can be well
approximated by a Brownian motion with an almost sure error. There has been a
great deal of work on the invariance principles in probability theory, such as [2, 8,
11, 22, 25, 27], etc., as well as in the context of dynamical systems, for instance, [1,
3-5,9, 12, 14, 15, 20, 21, 23, 26, 28, 29], etc. Three major approaches are exploited
in the proof of invariance principles: (1) the martingale approximation method (e.g.
[5, 22]); (2) the inducing and Young towers (e.g. [20, 21] ); (3) the spectral method
for transfer operators (e.g. [12, 23]).

In the paper, we study the almost sure invariance principle (ASIP) for a class
of ergodic dynamical systems with a slowly «-mixing inducing base. Our setting
is rather abstract, and does not have any smooth structures. Also, we assume very
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low regularity for the observable that generates the stationary process, that is, the
observable is only integrable but could be unbounded. In this situation, we are able
to prove the ASIP for stationary processes that are generated by any adapted observ-
ables. Although adapted observables might be a quite narrowed class of functions,
they can provide good approximations for most regular observables.

This paper is organized as follows. In Sect. 2, we shall introduce Assumption (H1)
on the inducing base and Assumption (H2) for the first return time, and state our
main theorem. In Sect. 3, we deliver the proof of the ASIP in four subsections. In
Sect.4, we apply our main result to intermittent maps and billiards with flat points.

2 Statement of Results

Let T be an ergodic measure-preserving transformation on a standard probability
space (M, B, u). We choose a subset M C M of positive u-measure, and denote the
first return time to M by

R(x) =inf{n > 1:7"(x) € M}, forany x € M.

Consider the induced base transformation 7 : (M, By, v) O, where

o T(x) = TR (x)forany x € M;
e By:={BNM: Be B}
e v is the conditional measure of © on M, i.e., v(-) = u(-| M).

By Poincaré recurrence and the ergodicity of T, we have

o] oo n—1
M = U{R =n} (modv), and M = U U‘.Tk{R =n} (mod ).
n=1 n=1 k=0

Remark 1 The induced map T must be ergodic, since the original map 7 is ergodic.
However, 7 may not be mixing, even if T is mixing.

We now impose the following assumptions.

(H1) T admits a generating partition £, i.e., F3° = By (mod v), where F! :=
o(Tgv---vT7g) for any 0<s<r<oco. Moreover, the family
§ := {F!}o<s<r<c0 1S @-mixing with polynomial rate O(n~") for some B > 2, that is,

ag(n) =sup sup sup |[v(ANB) —v(A)v(B)| = Om"P). (D

t=0 AeF( BeFR,
(H2) R € LP(M, v) for some p > 2 satisfying % +1< %, or equivalently,

»

V{R >k} = O(k™7). 2)
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Refining & if necessary, one may assume that {R = n} € F9 for each n > 1. We
then naturally lift the partition £ to the partition £ on M, to be precise,

E={AcCcTR=n): T*Act, n>1,0<k<n—1}.

It is clear that £ is a generating partition for J. We denote 5"; =0
(‘I‘JE\/'.-\/‘T_’E) forany 0 < s <t < oco.

A measurable function f: M — R(or f: M — R) is said to be an adapted
function if f is F.-measurable (or F-measurable) for some 0 <s <t < 0o. In
particular, the first return time R is adapted.

Our main result is the following.

Theorem 1 Let g > 2 be such that % + % + 5 < % Suppose that f € L1(M, )
with B, (f) =0, and f is an adapted function on M. Then the stationary pro-
cess Xy :={f o T"},x0 satisfies an almost sure invariance principle (ASIP) as fol-

lows: forany ) € (max [%, é + % + 5], %) enlarging to a richer probability space

(M, w') if necessary, there exists a standard Brownian motion W (+) such that

n—1

Y foT —Wmo?)| =0@m"), u—as. (3)
k=0

where o = o (f) is defined by (18) in Sect. 3.4.

2
It is obvious from (3) that o = lim,,—, %Eu <ZZ;(1) fo ‘J'k> . We shall provide
an alternative formula in (18) for ¢ from the induced system.

Remark 2 We could easily extend Theorem 1 in the invertible case, with the only
modification on the families F and F, to be two sided, i.e., —0o < s < < o0.

3 Proof of Theorem 1

3.1 The Induced Function f

For any measurable function f : M — R, we define the induced function on M by

R(x)—1

fx) = Z foTrx), x e M.

k=0
Lemma 1l Ler f : M — R be a function that satisfies Theorem 1. Then
(1) E())=0;
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(2) f e L"(M,v) foranyr € (2 p+q)'
(3) Foreachn > 0, the function f o T" is adapted on M.

Proof (1) By Kac formula, i.e., [, fdp = [ fdu, and the fact that v(-) = wu(-|M),
we have that E, (f) =0ifE,(f) =0.

(2) Note that f Yoo fo T*1 (g1}, then by Minkowski’s inequality, Holder
inequality and J-invariance of u, we have

o0
i k
1oy < D Mo T gk lir )
k=0

—un Y ( f If1 o 7k11{R>Hdu>’
k=0

o0
< (M)~ Z ILf o TN Lo (IR > Kk}t
k=0

= DTN fllago Y R > kD1

k=0
The last summation is finite due to Condition (2), i.e.,
OO (o]
>R > kD =140 (Z (k”)l/’l/q) < o0,
k=0 k=1

since p(1/r — 1/q) > 1. Therefore, || f1|z-) < 0o and thus f € L" (M, v).

(3) Since f is adapted, there are 0 < s < < 00 such that f is ?’ measurable.
It is easy to see that f is Fi-measurable. Moreover, we have that f oT"is Fiin-
measurable for each n > 0, since 77"F! = Fi17.

We shall first study the induced process X 7 := {fo T"},>10n (M, v).

3.2 ASIP for the Induced Process X 7

In this subsection, we establish an ASIP for the induced process X 7= {fo T"}i>1.
We first recall the following special case of an ASIP result by Shao and Lu [25].

Definition 1 Given a random process X = {X,},>0 on (M, v), we denote
Sz,(X) =0 {Xp, Xnats oo X}

for any 0 < m < n < oo. The a-mixing coefficient of the process is defined by
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ax(n) =sup sup sup |[v(ANB) —v(A)v(B)|.
k=0 Aegk(X) BeG, (X)

Proposition 1 Let § € (0,2] and r € 2+ 8, 00]. If X = {X,,}u>0 is a zero-mean
random process such that
(i) sup,so I Xullr < 005
1 1
(ii) Yooy ax(n) 7 < 0o
(iii) liminf Gn 0, where a,, = EV(ZZ;(]) X2

n—oo n

then for any € > 0, enlarging to a richer probability space (M’, V') if necessary,
there exists a standard Brownian motion W (-) such that

1
Prwaad
=0 (a,f+5 ) , VvV —a.s.

We now directly apply Proposition 1 to adapted stationary processes on (M, v).

n—1
> Xi— Way)
k=0

Lemma 2 Let r > 2 be such that %—}—} < % Suppose that g € L™ (M, v) with
E,(g) =0, and g is an adapted function on M. Then the stationary process

X, = {g o T"},>0 satisfies an ASIP as follows: for any X € (max {%, % + }} , %),
enlarging to a richer probability space (M', V') if necessary, there exists a standard
Brownian motion W (-) such that

n—1

ZgoTk—W(nog)

k=0

=0 (nk) , VvV —a.s. 4)

where ng is given by

UgZ::Z]EV(gogoT”):Z/ggoT”dv. (5)

n=—o0 n=—0o0

Proof In the degenerate case when o, = 0, it is well known that g is a coboundary,
i.e., there exists a measurable function 4 : M — Rsuchthatg =h —h o T (seee.g.
[17], Theorem 18.2.2), and thus (8) is automatic.

We now consider the non-degenerate case when o, > 0, and check conditions in
Proposition 1 for the stationary process X, := {g o T"},,>¢ as follows.

As A € (max {i % + }} , %), we pick a sufficiently small § € (0, % —2) such
that % < ﬁ — % By T-invariance of v, we have E, (g o T") = E, (g) = 0 for any
n > 0, that is, the process is of zero mean. Also, |g o T" |-y = llgll vy, and thus
Condition (i) in Proposition 1 holds.

For Condition (ii), we recall that G (X,) is the o-algebra generated by g o
T",...,goT" where 0 <m <n < oo. Since g is an adapted function, there are
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some 0 <s <t < oo such that g is F'-measurable. Therefore, g o T" is Fi1h-
measurable, and hence G/, (X,) C EFéi’,’n Hence by (1),

ax,(n) <agn+s—1) = (‘)((n+s —t)_ﬁ) = O(n_ﬂ),

as n — 0o, which immediately implies Condition (ii) since 8 (ﬁ — %) > 1.

By the covariance inequality in Lemma 7.2.1 in [22], we have

A

[Ey(g-goT"| < 10ax,(0)' 7 llgllrllg o T"llirw)
—B(1-2 —
101813,y (n7P177) = 0 (n™"),

IA

where we set 81 := (1 — %) > 2. Hence the series in (5) absolutely converges. We
now check Condition (iii).

n—1 2 n—1
a, =E, (Zg o Tk> =nE,(g)* +2) (n—kE,(g-goT"
k=0 k=1
n—1
:nag2 —n Z E,(g-goT" —ZZk]E\,(g-goTk)
[k|=n k=1
n—1
=no; +0(n Y k) +0 (Z k‘—ﬁl>
|k|>=n k=1
=no; + 0(1),

Therefore, lim % = cr; > 0.
n—oQ
By Proposition 1, forany € € (0, A — ﬁ), enlarging to a richer probability space

(M’, V") if necessary, there exists a standard Brownian motion W (-) such that

=0 (nﬁ“) =0®m"), VvV —a.s. (6)

n—1
D goT = Wiay)
k=0

We recall the following property of standard Brownian motions: for any s > 0
and ¢t > 0, the increment W (s + ) — W (s) has the same distribution as Z (¢), where
Z(t) is normally distributed with mean 0 and variance ¢. Also, it is well known that
E|Z())* = £ @2¢ — D! for any ¢ € N, where the double factorial is defined by
22— D!l = ]_[ﬁzl(Zk — 1). In particular, E |Z(t)|4 = 312. See e.g. [10] for details.

Now we compare W (a,) and W (n(fgz) as follows. Since a, = n0g2 + 0(), by
Markov’s inequality,
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00 * &, |Z(la, — .
Zw“W(an) — W(no-gZ)| > n)‘} < Z | (|Clnéu nog|)|

n=1 n=1

as A > }1. Then by Borel-Cantelli Lemma,
|W(a,) — W (no])| = 0(*), V' —as. (7)
Therefore, (4) immediately follows from (6) and (7).

Applying Lemma 2 to the induced processes, we obtain

Lemma 3 The induced process X7 = {fo T"}u>0 satisfies an ASIP as follows: for
any A € (max H, % + % + %] , %), enlarging to a richer probability space (M', v")
if necessary, there exists a standard Brownian motion W (-) such that

n—1
S Fort-w (na%) — 0", Vv —as. (8)
k=0

where GJ% is given by (5).

Proof Recall that A € (max {}1 % + % + 5} , %) Pick a sufficiently small 6 €

(0, % — 2), and choose some r > 2 such that

1 1 1 1
-+ —-<-<Ai--. 9
P q r B

By Lemma 1, fe L"(M,r) and E, (f) =0, and fis an adapted function on M.
Then (8) holds by Lemma 2.

3.3 Comparison Between X y and X 7

‘We now regard v as a probability measure on M, although it is not J-invariant. Note
that v-a.s. x € M belongs to the induced space M. In this subsection, we shall show
that the induced process X 7 = {fo T"},>1 on (M, v) is comparable to the original
process Xy = {f o T"},>1 on (M, v).
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For any point x € M, or equivalently, for v-a.s. x € M, we define the following
time functions: for any n > 1, there is a unique integer 7 = 7(x, n) such that

m—1
7 =7(x, n) ;= max {m > 1: ZRoTk(x) <nt. (10)
k=0

We set n = 0 if the above set is empty. Also, we let

n—1
A=di(x.n):=n—Y RoT (). (11)
k=0

Lemmad4 For any e > 0, we have
7 —nuM)| = O(n%”), V—a.s. (12)
Proof We first apply Lemma 2 to the stationary process

XR = {ROTm_]Ev(R)} (R_EV(R))OTm}m

m=0 — { >0

on the probability space (M, v). Indeed, R — E, (R) € L?(v) and it is of zero mean.
Furthermore, R is Eg—measurable, andsois R — [E, (R). Hence by Lemma 2, enlarg-
ing to aricher probability space (M’, V') if necessary, there exists a standard Brownian
motion Wj(-) such that

m—1

Z RoT" —mE,(R) — W, (m Ul%—EU(R))
k=0

-0 (m) C V—as.  (13)

By Kac formula, we have E,(R) = m It is well known (or use Borel-Cantelli

Lemma) that for any ¢ > 0, W, (m O'I%_]EU(R)) =0 (m%“), v'-a.s.. Hence (13)
implies that

m—1
gRoTk=ﬁ+O<m;+g>, v —as. (14)

By the definitions in (10) and (11), we have

n—1

n—ZRoTk

k=0

| =

<RoT"=0 (ﬁ%“) -0 (ﬁ%) L v—as. (15

where we use that R € L?(v) and p > 2. Hence by (14) and (15),
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oa
(M)

n +0 (’rﬁ”) ,

for v-a.s. x € M. In particular, it follows that77 — oo a.s. if and only if n — o0, and
7 = O(n). Therefore,

o~

n
w(M)

n—=

+0 (n%“) , V—a.s.

from which (12) holds.

To compare the partial sums of X and X 7, we consider

n—1 n—1 n—1

Ayx) =) foT ) =) FoTl(x)= Y foTHTT (). (16)
k=0 j=0 k=0

for v-a.s. x € M.

Seth = |f]|, and let 72 be its induced function on M. Let A be given by Theorem 1.
We choose r as in (9) and pick a sufficiently small ¢ > 0 such that % +e <A
Since h = | f| € LY(M, ), by the same argument in the proof of Lemma 1 (2),
Ie L" (M, v). By Lemma 4 and the expression in (16), we get

1Al <ho Tﬁ:(‘)(’n\%“) =0(n"), v—as. (17)

3.4 ASIP for the Original Process

We set
o=o0(f)=07ypnM). (18)

where o7 is given by (5) (in which we let g = f)

Lemma 5 For any ¢ > 0 and any standard Brownian motion W (-) on (M, ),

W (10%) = W (702)| = 00 i+), as., (19)

Proof Pick a positive integer £ > 1/e. By the basic property of standard Brownian
motions, as well as Markov’s inequality, Lemma 4 and (18),
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20
2 (13

n2t+e)

By

S
—
=
3
q
/'\
3)
q
\I\)
i
[V
:_
3

>
|
N

3
Il

I
M2

n2G+e) ¢ — 1! ‘no - noA‘
1

=0 (i n—“> < o0.

n=1

3
Il

Here again Z(t) denotes the normal distribution with mean O and variance ¢. Then
(19) follows from the Borel-Cantelli Lemma.

Let A be given by Theorem 1. Again we regard v as a probability measure on M,
and we show that the original process { f o 7"},,20 satisfies an ASIP with rate O(n*)
with respect to the measure v.

Note that the almost sure bound for | A, | in (17) also holds with respect to v since v
is absolutely continuous with respect to i. Then by Lemmas 3-5, enlarging (M, v) to
a richer probability space (M’, V') if necessary, there is a standard Brownian motion
W (-) such that

n—1
Zfo‘J'k — W(ncrz)
n—1 n—1

Zfo‘J’k Zfo T+ |3 Fori—w <ﬁa%> + ’W (ﬁa%) - W(noz)‘
j=0
=0m") + O(ﬁ*) +OmiT) = 0mt), Vv —a.s.

Finally, we need to show the ASIP for the original process { f o T¥},~o with respect
to the original measure u, as the Brownian motion W (-) is not defined in a richer
space of (M, ). Nevertheless, this issue is recently solved by Korepanov [18] and
Gouézel [13]. Here we quote and state Corollary 1.3 in [13] for the our ergodic
system T : (M, ) — (M, n) with respect to the two measures v and .

Proposition 2 [f the ASIP holds for the process { f o T¥},=o with rate O(n*) with
respect to v, and f o T" = O(n*) a.s., with respect to both ju and v, then the ASIP
holds for { f o Tk}nzo with the same rate O(n*) with respect to .

Applying this proposition, we finish the proof of Theorem 1 by confirming f o
T" = O(n*). This is due to the fact that f € L7 and that A > é.
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4 Applications

4.1 Intermittent Maps

A classical example of one-dimensional intermittent maps is provided by the
Manneville-Pomeau map Ty, : [0, 1] — [0, 1] defined by

To(x) = x +x'  (mod 1),

for any o € (0, 1). It was shown in [16, 19, 24, 29] that bounded Lipschitz observ-
ables has the correlation decay in rate O (n1’5>, and satisfies the central limit theo-

rem for « € (0, 1/2). In [23], Pollicott and Sharp proved the weak invariance prin-
ciple for o € (0, 1/3).

We consider the case when a € (0, %). We obtain the induced map 7, on
M = [c, 1], where ¢ € (0, 1) is such that T,(c) = 0. It is well known that the first
return time R € L'/?, and the natural partition & := {[R = n]},> is «-mixing with
exponential rate. An observable f is adapted if there are 0 < s < ¢ < 0o such that
f is constant on each element of 7,;* v --- Vv T,”". By Theorem 1, the ASIP holds

for any L7 adapted function with g > 155-.

Remark 3 Of course, here we do not improve results in [23], since we only deal with
adapted functions. Nevertheless, we do include some important functions, such as
the first return time R itself, and thus our theorem provides an advanced result on
the return time distribution.

4.2 Billiards with Flat Points

For the basics of chaotic billiards, we refer the reader to [7].

Chernov and Zhang [6] introduced a family of semi-dispersing billiards, for which
the decay of correlations for the collision map 7T is of order O(n~¢) for any a €
(1, 00). By carefully choosing an inducing domain M, they obtained a generating
partition £ of M given by the first return time R € L'™4. Also, the two-sided o-
filtration exhibits o-mixing with exponential rate. By Remark 2, our main theorem
implies that the ASIP holds for any L? adapted function with ¢ > 22%{.
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Central Limit Theorem for Billiards )
with Flat Points i

Kien Nguyen and Hong-Kun Zhang

Abstract In this paper, we constructed stationary martingale difference approxima-
tions to certain processes generated by billiards with flat points, using the filtration
generated by the first return time function. This leads to the central limit theorem for
observables adapted to the filtration. Moreover, we also are able to obtain an explicit
formula for the diffusion constant for this class of observables.

Keywords Billiards - Flat points + Limit theorems - Decay of correlations
Martingales

1 Introduction to the Main Result

Billiards are natural models to many different physical problems, especially in clas-
sical and statistical mechanics. They have a wide range of properties depending on
the shape of the tables. Sinai introduced in 1970 the so-called Sinai (or dispers-
ing) billiards where the boundary of the table is smooth and concave with positive
curvature. These billiards are strongly chaotic: they are ergodic, mixing and have
exponential decay of correlations. The central limit theorem is known to be true for
these systems, see [2]. Since then, the central limit theorem and other limit theorems
have been proved for various billiards, including ones with slow mixing rate. In many
cases, the observables considered in those examples are Holder continuous and the
diffusion constant is given as an infinite series by the Green—Kubo formula.

In their paper [4], Chernov and Zhang introduced a family of dispersing billiard
models. They were able to prove that the correlations for the collision map decay as
O(1/n®) for any constanta € (1, 0o), by introducing an induced system together with
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Fig. 1 Two types of dispersing billiards with one pair of flat points P and Q

a first return time function. Instead of using the traditional methods, we constructed
a filtration generated by the first return time function. Then we are able to construct a
stationary martingale difference sequence to approximate the process adapted to this
filtration. With this new tool, we are going to the central limit theorem for this billiard
family for a class of piecewise Holder continuous functions. One achievement of our
results is that we are able to represent the diffusion constants in an explicit and simple
formula, comparing to the infinite series using the Green Kubo formula. Before we
proceed to the main result, let us briefly recall some basic notions; more detailed
exposition can be found in, for example, [3].

The billiard table D considered in [4] has a pair of boundary components bounded
bythecurves y = |x|# + 1,y = —(|x|# 4 1) and some strictly inward convex curves
with nowhere vanishing curvature and no cusps. We denote P and Q be the only
two points with zero curvature (also called flat points). It was assume that there is
a periodic-2 trajectory running between the two flat points P and Q. A point mass
moves inside the table and bounces off its boundary 9D elastically, see Fig. 1.

Let M be the collision space of the billiard dynamics on D. We parameterize
9D by arclength in the clockwise direction and thus each collision is determined
by its position r on 3D and its angle of reflection —7/2 < ¢ < /2 (that formed
with the inward normal vector). They are natural coordinates M and we can write
M = [0, |0D|] x [-7/2, w /2], where |dD| is the length of 3D. We denote Sy as
the boundary of M, and S as the singular set for F. The collision map ¥ : M — M
preserves a smooth probability measure u on M defined by:

du cos(p)drde. (D

1
©219D|

Let f, g € L>(M, 1) be two piecewise Holder continuous with singularities coin-
cide with those of F* for some k. The correlations of f and g are defined by:
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Citfe T = [ (Fosmgdi— [ fan [ gdu. @
M M M
Chernov and Zhang proved in [4] that these correlations decay polynomially, that is:
(Inn)*+!
|Cn(f7g’g:’/~’l/)| Ecn—a7 (3)
where a = % and C is some fixed constant.

For systems with slow rates of decay of correlations like this, it is typical to
study the dynamics on a subset of the phase space such that the induced system has
exponential decay of correlations, then extend the results to the original space.

Let M C M be a subset of M obtained by removing the collisions that happen in
an arbitrarily small neighbourhood of the flat points. The first return time function
R : M — N is defined almost everywhere by:

R(z) =inf{n > 1:3F"(z) € M}. “)

Let M, = {R = n} C M be the n-th level set of R, for each n > 1. Moreover, for
n,m > 1, we denote
v(F~'M,, N M,)

Pnm = A @)

The quantities p, ,, can be thought of as the transition probability of going from cell
M, to cell M,, in one iteration. It is important to note that everything in M, with
n > 3 must go to M if the neighbourhood is sufficiently small. From M, although it
cannot go to cells of higher indices, it is possible, however, to go back to itself because
of the presence of period-four-orbit-like trajectories. There is a positive probability
to go from M, to any cells. Fig.2 shows the structure of level sets of R in the phase
space corresponding to I and I, respectively, for the first table in Fig 1.

Now consider the induced collisionmap F : M — M givenby: F(z) = FR@(z).
The function F is discontinuous on the lines separating the cells M,,’s. Moreover,
F preserves the conditional measure v on M, where for each B C M, v(B) :=
%. The map F : M — M is strongly hyperbolic and has exponential decay of
correlations.

Since the set M is partitioned by the cells M,,’s, we also have a partition for M:

M=U2, U2 F*M,,.
An element z € M can be represented by the pair (y,i) where I1(z) = y is the
projection onto the base M and z = F(y) with 0 <i < R(y) — 1. Let 3'“3‘/[ be the
o -algebra generated by this partition of M. We now state the main theorem of this

paper:

Theorem 1 Let D be the billiard table with flat points. Let f : M — R be a bounded
Fy—measumble function and p(f) = 0. Then we have:
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7

)
7
=

(@ (b)
Fig. 2 a The level sets of R in the phase space corresponding to collisions on I"j. The shadowed
region is M. The dashed curves are the boundary of level curves for R o F. W; is the weak
stable manifold for the periodic-2 trajectory. b The level sets for R and R o F in the phase space
corresponding to collisions on /. Note that in this phase space, besides M| the level sets of R only
contains two components of M>. The dashed lines are boundaries of FM;

. Suf } 1 /f -3z
lim <ty =— e “Ids. 6
n—>ooM{ ﬁ - /27'[0'f PSS ( )

forall —oo <t < oo. Here:

Suf=f+foF+ -+ foF .

2

7 is given in Theorem 2.

Moreover, a}% = O'j%pL(M), where o

Remark 1 Since R € L**® with § > 0 (see Lemma 1 below), the bounded condition
on f can actually be replaced by f € L>t/3(M, ), see [8].

2 Induced Function

In order to prove Theorem 1, we will first prove that the induced function of f also
satisfies a central limit theorem. The induced function of f is given by:

fi=f+foF+ -+ foFRT
Lemma 1 We have that R € L***(M, v) forany0 < 8 <a — 1.

Proof The verification of this lemma is straightforward, since:
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WR>n)<C -n ! (7N

for every n > 1 and some uniform constant C’ (see [4]). We recall thata = % > 1.

Suppose that f(z) : M — R is CF(J)"[-measurable. Then one can check that f is
constant on each cell M,, and furthermore f € L*(M, v) since f e L®M, ).

Theorem 2 (CLT for the induced function) Let f : M — R be defined as in Theo-
rem 1 and f its induced function on M. Then we have

Tim v {W < t} - \/%Gf_ /W e 7 ds. ®)

forall —oo <t < oo, where S, f = f+ foF+--+ fo F' . and

P22

0% = Var(f) - 2B(fIM)* v (M) + 2222
P12

E(f|IM)v(Mo) (E(fIM)(p11 — D+

+E(fIM2)p12 — E(f o FIMY)).

An important special case of Theorem 2 is when f is the return time function:

Corollary 1 Let f be defined by:

)1 ifze M\ M
f@= {1—V(R) ifzeM, ©)

then f = R — v(R). Thus the (centralised) return time function R — v(R) also sat-
isfies the central limit theorem, that is:

i {SnR —nv(R) _ t} 1 ff —,':fzd (10)
myvy—m = e “rRdas.
n—00 N - V2rop J-so

forall —oo <t < oo, with
op = Var(R) —2(1 — v(R))*v(M)) + P22 4 _2u(R)w(My) x
P12

X <P1,z —p13+v(R)(A+ pi3) —E(Ro F|M1))~

Assuming Theorem 2, we now show that the Theorem 1 is true. This standard
result is proved in several references, for example, [1, 3]. For completeness, we give
a proof here. But before we go to the proof of this lemma, we need some basic results.
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Lemma 2 For each n > 1, let ny(n) be the number of times the point mass comes
back to M during the first n iterations. Then for v-a.e. x € M we have:

lim
n—oo ny(n

= v(R).

Proof We first note that, for v-almost every x, n,(n) — oo as n — oo. The set of x
such that the sequence {n,(n)} is bounded has measure O: it is the countable union
of all preimages of the set {R = oo}.

The induced map F is ergodic and R € L'(M, v), therefore we have, by Birkhoff
ergodic theorem:
lim —~
n—»oo n

=v(R)

for almostevery x € M.Forsuchanx € M,since S, (R < n < S, )+ R, wehave

that:
S"x(ﬂ)R < n < Snx(n)-HR . I’lx(l’l) +1

ny(m) ~ ny(m) " ny(n)+1 ny(n)

Therefore we have for almost every x € M that

lim = v(R). O

n—o0 1, (n)

Corollary 2 We have:

nlirgov (L«/;/‘}(R) < t) = \/21_710 [ e_z%ds.

forallt € (—o0, 00) and 0% = 0123/(1)(R))3 = oép,(M)3.

—00

Note that we used the Kac formula v(R)~! = w(M) in the above Corollary.

Lemma 3 Theorem 2 implies Theorem 1.

Proof In this proof, we will assume for simplicity that the function f is bounded.
See [6], Appendix A for a similar but longer proof of the more general case. Without
loss of generality, assume that () = 0 and therefore we also have v( f ) =0. Let
m = m(n) = [n/v(R)]. Corollary 2 implies that for any ¢ > 0, there exists A, > 0
such that

v(lne —m| = Avn) <e.

First we prove that with respect to « on M we have:

Spfoll
Jn

= N(0.07).

We have:
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Sn Snl~ SHZN_Sn]N 8rz _Snz~
f_Suf | Suf=Suf | Suf =Suf

NG Vn Vn

The first term converges to N (0, JJ%) with respect to v by our assumption and UJ% =

012; /V(R). The second and third terms converge to 0 in probability, by Birkhoff ergodic
theorem and the fact that f is abounded function. Thus we have shown thaton (M, v):

Sﬂ f
Jn

We define a new probability measure & on M by d§ = R/v(R)dv. Since & << v,
the central limit theorem (11) also holds with respect to £&. We have:

/Mexp <itsnj:/;n)du:/MRexp <it8"7r{>du:/M v(IjQ) exp (itsjg)dv. (12)

This shows that on (M, w):

= N(0,0}). (11)

Spfoll s N(O.0?)
_— ,O%7).
n !
To complete the prove of this lemma, we will show that STr{ - SfT;n —> 0 in

probability.

n—1 n—1

Suf (D) =8, f(3,0) =) foF(y,i) =Y foF(,0)
k=0 k=0

i—1 n+i—1
==Y [T+ Y foTF (.0
k=0 k=n

i—1 i—1
==Y fo. 0 +> foF(y.k).

k=0 k=0
Since [8,, f(y, i) — 8, f(y,0)| < 2| fllo R, we have that

Spf  Spfoll
NN

Thus we have shown that Theorem 2 implies Theorem 1. (]

— 0 in probability.
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3 Central Limit Theorem for the Induced Function

We devote this section to prove a central limit theorem on the induced system
(M, F,v) of which Theorem 2 is a special case:

Theorem 3 Let X : M — R be an Fy-measurable function suchthat X € L>(M, v)

and E(X) = 0. Then
S, X

N

where the variance 0)2( is given by formula (31).

= N(,03), (13)

There is a filtration of o -algebras on M:
F,=0(RoFf:—n<k<n) (14)

forn >0and ¥, = {#, M} forn < 0. Let X,, = X o F" forn > 0. Because F pre-
serves the probability measure v, the sequence {X,},>0 is a stationary stochastic
process adapted to the filtration {JF,}. By replacing X by X — E(X), we can assume
that E(X) = 0.

Our method in proving that S"f converges to a normal distribution as n — o0 is
to approximate the Birkhoff sum by a series of martingale differences for which a
central limit theorem is already proved, see [7]:

Lemmad4 Let {Z; : j > 1} be a stationary ergodic sequence of martingale differ-
ences such that E(le) = 0% < oo. Then we have

SnZ

Jn

The convergence here is in distribution.

= N(0,02).

Our approximation is as follows. Fix any large integer k > 1. Then for any n > 1
we have a decomposition:

X, =EX,|F, 1) + heo F*7Vpuk —of (15)

where iy = Yr_, (E(X:|F1) — E(X;|F0), vf_, = uf and

k=2

uh = BXnrilFa1) = EXogi|Fax14)) - (16)
i=0

Therefore:
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n—2 n—1
Xo+ +Xpo1= Y hpo FI+E(Xo+ -+ Xg_11F0) — v + Y EX;1F; ).
i=0 i=k
(17)
Note that E(X;|F;_x) = E(Xx|F0) o F'~* fori > k, and v} = vf o F"~*. We have:
n—2
limsupn_lE(Xo+~--+X,,,| — th o F")2

n—00
i=0

n—1

:nmsuprrlE(E(xoJr X |Fo) — vy + Y BT k))

n—o0
i=k

-1
<3lim supn’lE<nX:E(Xi|5‘ri—k))2

n—oo l:k
n—k—1
k
— 3 1im sup (—E(E(ka) += S -k —z)E(E(Xklffo) E(Xk|3"0)oF))

i=1

Since X : M — R is an Fy-measurable function, we can compute the quantities
E(X;|F)) rather explicitly.

Lemma 5 Let E(X;|JFy) = Zflozl a,(lk)XM", where a,(lk) = E(Xy|M,) forn > 1 and
k > 0. We have a recurrence relation:

a(k'H) Za( )pl mfori =12, and a(kH) gk)fork >0andn > 3. (18)

m=1

Moreover,
lim a® =0, fori =1,2. (19)

Proof Suppose that E(X;|Fo) = Yo%  a® x,, . Then

o.¢]
E(X1|F1) = E(XiFo) o F =Y al xpim,,

and thus:

[ee]

E(Xi11F0) = ) EEXert|FOIM) xu, = Y (D al¥ pum) xu,.

n=1 n=1 m=1

where we define p,, ,, asin (5). forn, m > 1.1Itis straightforward that Zle Dnm =1
for any n > 1 since the cells M,,’s are disjoint and the map F is invertible. Suppose
that x € M,,; that means the point mass will enter the neighbourhood of the flat points
and come out after n — 1 collisions with the boundary. For n > 3, by shrinking the
neighbourhood if necessary, once the point mass come out it will not come back to
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the neighbourhood after at least 2 collisions with the good part of the boundary of
the table. That is to say F~'M, N M, = M,, hence Pn1 = 1, forn > 3. In essence,
we have a three-state Markov chain. Therefore we have that:

o0 o0 oo
E(Xj4110) = (Z a,(qf)l)l,m> xm; + (Z a,(,f)l?z.m> X, +aj” > xu,. (0)
m=1 n=3

m=1

k) (k) agkil))’,and

Letzy = (a;, ", a, ,

P11 P2 l—pii—pi2
(Aij) = | P21 1= p21 0 . 21
1 0 0

The recurrence can then be written in matrix form as:
1 D (©
2 = Az fork>1; z=(a",a", a”). (22)

We note that the first row of A is strictly positive, thus A is an irreducible,
aperiodic stochastic matrix and the unique stationary probability vector is w =
(v(My), v(M3), v(M,>3)):

V(M)A = v(M2) Ay
V(M)A3 = v(M,>3)

It follows that limy_ o a"

EE(X|F)) = 0. Thus we have:

=m-z; for i =1,2. Furthermore, 7 -z, =

lim a¥ =0, fori =1,2. 0
k—o00

Lemma 6
klim EE(X:|F0)? = 0.
—00

Proof We recall that

k k k—1
E(Xy|F0) = Zaﬁk)XM,, = ay" xur, +ay” o, +ay' "

n>1

(I = xm, — xm)-

Therefore:
E (E(X(|50)* = @)2v(M)) + (a)?v(M2) 4+ @ )2(1 — v(M)) — v(M2)).

Thus we have:
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lim E (E(Xx|%0))*> = 0. O
k—o00
Lemma 7
o0
Jlim X;E(E(ka) “E(X¢|F0) o F') = 0.
Proof As before we have

k k—+i k k—+i k—1 k+i—1
E(X;|F0) - EXiti1F0) = alVal ™y, +aPaS yon, +a* a0 = oy = xa).

Taking the expectation we have:

EE(Xt|Fo) - E(Xi4i1F0)) = aPal vy + i ol v (M) +
+a® Vg D 4wy — v(Mn))

k k+i k+i—1 k k+i k+i—1
= a{"v(M) @ =) + af v (M) @D — ),

To deal with the last term, we have for n > 2 that:

aén) _ a}nfl) — (aénfl) _ a{nfl))Azz (23)
(n) (n—1) (n—1) (n=2)
- _ - _ 4 4 (af " —a; A
ay" —a"V = + : (24)
: ! Ap Ap

Thus the series Y E(E(X¢|Fo) - E(X(|Fo) o F') is in fact a telescoping series
(k)

and noting that a;”" — 0 as k — oo fori = 1, 2, it must be the case that:

00
lim Y " E(E(X,|Fo) - E(X(|Fo) o F') = 0. O
k— 00 pr

Thus for any positive sequence g, — 0 as k — oo, there exists a sequence ny —
oo as k — oo such that

n—2
lim supn’lE(XO + -4+ Xl — Zh”k o F")2 < &.
n—o00 i=0

The sequence {h,, o F'};~o is a stationary sequence of martingale differences
adapted to the filtration {J;}. The CLT holds for this sequence:

n—1

n'2Y o F' = N(0,07) (25)
i=0
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where o = E(h}, ).
Next, we show that the sequence {0} converges to some limit as k — oo.

(0i — Uj)2 < E(hn, — h,,j)2

- n—l]g(%(h,,i —hy) o F"’)2
m=0

<2(& + Ej).

Therefore {0y} is a Cauchy sequence and hence oy — ox as k — oo for some

constant oy and

S, X\
limE<f> =0}

n—oo n

Finally, the variance o can be computed directly as below:
For any n > 1:

Cov(X,X o F") =E (E(X o F"|F) - X)

00
—1
(TR A B S
m=1

m=>3

=a"a (O)V(M1) + aé")aéo)v(Mg) +a"" Z aVv(M,,)

m=3

=(a” —a" ""aPvM)) + @ —a")a"v(My).
In particular, forn = 1:

Cov(X,XoF)= (afl) — a{o))afo)v(Ml) + (aél) — aio))aéo)v(Mz)
1 0)y (0 0 0 0
=(@\" —a™a"vM)) + @ — a\”)Apa v(My).
For n > 2, we have:
aén) (n 1) (a(n n _ a{nfl))Azz

-1 -1 -2
(=1) _ g-1) _ al” —a"" (@' —a"")An,
+ .

A A

Therefore:

)

(26)
27)

(28)

(29)
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Cov(X,XoF") = (af") - af"il))afo)v(Ml)
A
~1 ~1 -2 22
+ (“Yl) - afn '+ (aYl - af" ))A13) T aéo)v(Mz).
12

= (@" —a{" ") @"v(M) + W) + (@]" " = a{" D) AW,

where:
A
W= A—”ag(’)v(Mz). (30)
12
We can then compute the variance of 32X as follows:

N

n—1

Var (%) = Var(X) + - ;(n —k)Cov(X, X o FF)

n—1 n—1

2
=Var(X)+2 § Cov(X,XoF—-Z= § kCov(X, X o FY).
n
k=1 k=1

The second term is:

n—1
> Cov(X. X o F*) = Cov(X, X o F) + (a" " — a{")(a{"v(M}) + W)
k=1

+ (ain_z) - d§0))A13W~

Taking limit as n — oo, the third term converges to 0 by Kronecker’s lemma or
by direct verification. Thus we have:

S X

. ) =Var(X) — 2(a§0))2v(M1) +2W(aio)A11 +a§0)A12 —aio) —a{l)).

€29

0)2( = lim Var(
n—o0

Thus we have shown that 3£

Tn = N(0, 0)2() in distribution and completed the
proof of Theorem 3.

Remark 2 Our method also works for functions X that are F,,-measurable for any
m > 0. The martingale approximation is virtually the same, and the estimations of
the errors are easily reduced to estimation of the case X is Fy-measurable since we are
dealing with stationary stochastic sequences. Thus the central limit theorem actually
holds for a much larger class of observables than those considered in Theorem 1.
However, a drawback is that a formula for the diffusion constant would be more
complicated.
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Almost Sure Rates of Mixing for Random @ M)
Intermittent Maps L

Marks Ruziboev

Abstract We consider a family F of maps with two branches and a common neu-
tral fixed point O such that the order of tangency at 0 belongs to some interval
[eg, @] C (0, 1). Maps in F do not necessarily share common Markov partition. At
each step a member of JF is chosen independently with respect to the uniform distri-
bution on [, @;]. We show that the construction of the random tower in Bahsoun
et al. (Quenched Decay of Correlations for Slowly Mixing Systems, 2018, [5]) with
general return time can be carried out for random compositions of such maps. Thus
their general results are applicable and gives upper bounds for the quenched decay
of correlations of form the n!~1/%%3 for the any § > 0.

Keywords Random dynamical system * Quenched decay of correlations
Random induced schemes - General return times * Intermittent maps

1 Introduction

Inrecent years there has been remarkable interest in studying statistical properties of
random dynamical systems induced by random compositions of different maps (see
for example [1-6, 10, 11, 14, 15, 17] and references therein). In [4] i.i.d. random
compositions of two Liverani—Saussol—Vaienti (LSV)' maps were considered and
it was shown that the rate of decay of the annealed (averaged over all realisations)
correlations is given by the fast dynamics. Recently the general results on quenched

A subclass of the so called Pomeau—Manneville maps introduced in [18], and popularised
by Liverani, Saussol and Vaienti in [16]. Such systems have attracted the attention of both
mathematicians and physicists (see [15] for a recent work in this area).
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decay rates (i.e. decay rates for almost every realisation) for the random composi-
tions of non-uniformly expanding maps were obtained in [5]. As an illustration it was
shown ibidem that the general results are applicable to the random map induced by
compositions of LSV maps with parameters in [«g, ;] C (0, 1) chosen with respect
to a suitable distribution v on [«g, «;]. In the current note we fix the uniform distri-
bution on [y, 1] and consider a family of maps with common neutral fixed point.
Our maps do not share a common Markov partition. We show that the construction
of the random tower of [5] with general return time can be carried out for the random
compositions of such maps. Hence the main result of [5] is applicable. We obtain
upper bounds for the quenched decay of correlations of the form n!~!/®0+% for any
5> 0.

The paper is organised as follows. In Sect.2, we give a formal definition of the
family J and state the main result of the paper (Theorem 1). In Sect. 3, we construct
uniformly expanding induced random map and show that the assumptions required in
[5] are satisfied, i.e. we check uniform expansion, bounded distortion, decay rates for
the tail of the return time and aperiodicity. Also we formulate a technical proposition
in this section which is used to obtain the tail estimates and proved in Sect.4.

2 The Set up and the Main Results

In this section we define the main object of the current note: the random maps. Fix
tworeal numbers 0 < oy < ) < 1.Let I = [0, 1]and let F be a parametrised family
of maps T, : I — I, o € [ap, r;] with the following properties.

(A1) There exists a C' function x : [eg, o¢;] = (0, 1), & — x4 such that T, :
[0, x4) — [0, 1) and T, : [x4, 1] — [0, 1] are increasing diffeomorphisms.

(A2) T,(x) > 1 forany x > 0.

(A3) There exists &g > 0 and continuous functions « > ¢4, (x, @) = f,(x) such
that £,(0) = 0 and T, (x) = x + cex'7¥(1 + f,(x)) for any x € [0, &].

(A4) Every T, is C? on (0, x,,] with negative Schwarzian derivative.

(AS) (x,a) = T (x) and (x, a) — T, (x) are continuous on I x [, a1].

Notice that the elements of JF are parametrised according to the tangency near
0. Now, we describe the randomising dynamics. Let n be the normalised Lebesgue
measure on [or, a1]. Let 2 = [owg, @11% and P = nZ. Then the shift mapo : 2 — 2
preservers P, ie. o,P=P. Forwe 2, 0w =...0_|,wp, ®1, ... let a(w) = wy €
[oo, ae1]. The random map is formed by random compositions of maps Ty : I — 1
from J, where the compositions are defined as 7} (x) = Tyon-1(w)) © * - * © Ty(w) (X).
Below we use more shorter notation 7)) = T,,, , o - - - o T, (x). We are interested in
studying the statistical properties of equivariant families of measures i.e. families
of measures {y}oes2 such that (7,,)« Ly = Use- Let 1 be a probability measure on
I x £2 such that u(A) = [, 1o (A)dP(w) for A C I x £2. We say that the system
{fo, Lolwes (or simply {uy}e) is mixing if for all ¢, ¥ € L?(w),
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1 1 1
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Further, future and past correlations are defined as follows. Let ¢, ¢ : I — R be two
observables on /. Then we define future correlations as

lim

n—oo

Corl (9. ¥) == ‘ / (@0 T Wdptgr — / oditone / Vdu,

and past correlations as

Corl (g, ) = ' / (0 Tl )Wdite — / odit, / Vit o).

Theorem 1 Let T, be the random map described above. Then for almost every
w € $2 there exists a family of absolutely continuous equivariant measures {{L,}q
on I, which is mixing. Moreover, for every § > O there exists a full measure subset
20 C $2 and a random variable C,, : 2 — R, which is finite on $2¢ such that for
any ¢ € L*(I), ¥ € C"(I) there exists a constant C, y, > 0 so that

] 1
Corl (¢, ¥) < CuCyyn' =™ and Corl(p, ) < C,Cpyn' ™.
Furthermore, there exist constants C > 0, u’ > 0 and 0 < Vv < 1 such that
P{C, > n} < Ce™".

Remark 1 Notice that in the deterministic setting every mapping in the family F
admits an absolutely continuous invariant probability measure, which is polynomially
mixing at the rate n'~V% if T, (x) = x 4+ cox' 71 + £, (x)) (see [9, 20]). In the
random setting the upper bounds we give are arbitrarily close to the sharp decay
rates of the fastest mixing system in the family. Since the result holds for almost
every w € £2, and in principle there can be arbitrarily long compositions of systems
in T} whose mixing rates are slower than that of 7, it is not expected that the mixing
rate of the random system will be the same as the mixing rate of the fastest mixing
system in the family ¥ and C,, integrable at the same time.

Remark 2 We also remark that we are choosing the family J so that all the maps in it
share the common neutral fixed point 0. If we choose the family by allowing different
maps having distinct neutral fixed points i.e. T, (p(«)) = p(«), T,(p(x)) = 1 and
p(a) # 0 for a positive (with respect to 1) measure set of parameters o € [, @]
and expanding elsewhere, then the resulting random map is expanding on average.
Whence one can apply spectral techniques as in [7] on the Banach space of quasi-
Holder functions from [13] to [19] and obtain exponential decay rates. Such systems
are out of context in our setting since we are after systems with only polynomial
decay of correlations.
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To prove the theorem we construct a random induced map (or Random Young
Tower) for T, with the properties described in [5]. Below we briefly recall the defi-
nition of induced map.

Let m denote the Lebesgue measure on / and A C I be a measurable subset.
We say T,, admits a Random Young Tower with the base A if for almost every
w € §2 there exists a countable partition {A;(w)}; of A and a return time function
R, : A — Nthatis constant on each A () such that

(P1) foreach A;(w) the induced map TRo) 4 * Aj(@) - Aisadiffeomorphism
and there exists a constant 8 > 1 such that (T,f)" > B.
(P2) There exists D > 0 such that for all A;(w) andx,y € A;(w)

(T)'x

_ 1‘ < PRTI @I,
(Tf"’)/y
where s(x, y) is the smallest n such that (TX)"x and (7,f*)"y lie in distinct
elements.
(P3) There exists M > 0 such that

Zm{x € A| Ry(x) >n} <M forall w € £2;

There existconstants C, u, v > 0,a > 1,b > 0, afull measure subset £2; C 2,
and a random variable n; : £2; — N so that
mi{x € A| Ry(x) >n} < C(k’f—f')h, whenever n > n (), 0
P{n,(w) > n} < Ce™""";

1 b
/m{x € A|R, = n}dP(w) < C%. )
nll
(P4) There are N e Nand {t; € Z, | i = 1,2, ..., N} such that g.c.d.{t;} = 1 and

g; > 0sothat for almosteveryw € 2 andi = 1,2,... N wehavem{x € A |

R,(x) =t} > &;.

Under the above assumptions it is proven in [5, Theorem 4.1] that there exists a family
of absolutely continuous equivariant measures, which is mixing and the mixing rates
have upper bound of form the n'+9=¢ for any § > 0 (Theorem 4.2, [5]). Therefore to
prove Theorem 1 it is sufficient to construct an induced map 7.~ with the properties
(P1)—(P4), which is carried out in the next section.
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3 Inducing Scheme

Here we will construct a uniformly expanding full branch induced random map on
A = (0, 1] forevery w € £2. Let Xo(w) = 1, X1 (w) = x(wp) = X4(w) and

X, (@) = (Tlio.xtw)) " Xn_1(ow) for n > 2.

Let I,(w) = (X, (w), X,—1(®)]. Then by definition T,(I,(w)) = I,_1(cw). By
induction we have

T, Tow _ T, n-1,
L(®) =5 I (cw) == - I;(c" ') =5 A.

Hence, every interval I,(w) first is mapped onto /;(w) and then is mapped onto
A by the next iterate of 7,. Define a return time R, : (0, 1] - N by setting
Rol(x, @)%, (@) = n. Then the induced map wa :(0,1] — (0, 1] defined as
Twa| I, = T, forn > 1is full branch. By assumptions (A1) and (A2) there exists
B > 1 such that (T*) > B for all w € £2. In fact, we can choose

B = min min |7, (x)|. (3)

wo€lag,ar] x€[x(wp),1]

This proves (P1). By (Al) all the maps in F have two full branches with x, <
1. Hence, the interval where R, = 1 has strictly positive length and thus (P4) is
obviously satisfied.

To prove the remaining properties we use the following proposition, which is
proved in Sect.4.

Proposition 1 (1) For every w € $2 the sequence {X,(w)}, is decreasing and
lim, o X,(w) = 0. Moreover, there exists a constant Cy > 0 such that for all

w e 2
Co
nl/Dtl :

Conlla < X,(w) <
0

“4)

(2) There exist C,u > 0, v € (0, 1) and a random variable n, : 2 — N which is
finite for P-almost every w € §2 such that

P{w | n1(w) > n} < Ce ™", (5)
X, (w) < Cn~Y*logn)l/® Vn > n,, (6)
/ (Xoo1 (@) — Xn(@)dP(@) < Cn~'"" (log m)Veo, ™

Now we will prove (P3). For every w € §2 by definition of R, and inequality (4)
we have
m{R, > n} = X,(w) < Con~ .
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Since o1 < 1 we have ) n~% < 400 and hence, there exists M > 0 such that

Zm{Rw >n} <M.

n>1

Inequalities (5) and (6) in Proposition 1 directly imply the inequalities in (1).
Inequality (7) implies inequality (2) in (P3). It remains to show distortion estimates
(P2) for the induced map. Our proof is based on Koebe principle. Recall that the
Schwarzian derivative of a C? diffeomorphism g is defined as

g"(x) 3 (g”(x))2
Sg(x) = (=) .
s =" 2\

It can be easily checked that if f and g are two maps such that ' >0, Sf <0
and Sg < 0,then S(go f) = (Sg)o f - f'+ Sf < Oi.e. the composition g o f has
negative Schwarzian derivative. We will use this observation in the proof of Lemma 1.
Let J C J’ be two intervals and let T > 0. J' is called a 7-scaled neighbourhood
of J if both components of J' \ J have length at least t|J|, where |J| denotes the
length of J. The Koebe principle [8, Chap.IV, Theorem 1.2] states that, if g is a
diffeomorphism onto its image with Sg < 0, and J C J' are two intervals such that
g(J') contains t-scaled neighbourhood of g(J) then there exists K (7) such that for
any x,y € J
g'(x)

B Ix — vl
g '

11

®)

1‘ < K@)

By applying the mean value theorem twice first in J and then in (x, y) C J for any
x,y € J we obtain
lg(x) =g 18’ |x —
18 (D g’ )l |J]

for some u € J, v € (x, y). Now inequality (8) implies that lg’WI/1g W) > A+
K (7))~'. Thus

g _ 1‘ < K(7)
g’y

lg(x) — gl

) 9
1g(Dl ®

for K(7) = (1 + K(t))K (7).
Recall that by (A4) the left branch of T, has negative Schwarzian derivative for
all w € £2. This fact will be used in the proof of the following lemma.

Lemma 1 There exists K > 0 such that for all v € §2, n € N and for x, y € I,(w)

(T

K|T" - T" .
T ’5 T2 () — T ()]
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Proof Notice, that M = maxX,ecfuy,a,] MaXxer, (o) [T, (X)] < +00 by (AS5). Also,
recall that T),|; > B > 1 forany 7, € J. Thus for n = 1, we have

(T,) ()
(T.) ()

1 / M
1' < ZI(Tw) (x) = (To,) (W] = 5 Tp(x) = T,(Y)I-

p B?
For n > 2 we use Koebe principle mentioned above. Set J = [X,,(w), X,—1(w)] and
J' = [X,11(w), 2]. We firstextend T, ,, ..., Ty, to (0, 400) analytically, keeping
the Schwarzian derivative non-positive.” Let g = T,,, , o - - - o T,,. Then, g has nega-
tive Schwarzian derivative. We will show that g(J’) contains 7 scaled neighbourhood
of g(J) for some 7 > 0, which is independent of w. Since g(X,(®)) = X,(c" 'w)
and g(X,41(w)) = X»2(c" 'w). Tt is sufficient to show that X;(w) — X»(w) is
bounded below by a constant independent of w. By definition of X,, we have

1
X1 (@) = Xo()| = T, (1) = T, o T, (D] = ik T, y(D] =« >0,

where g = min{T/(x) | (x, wo) € [X, 1] x [@p, @]} > 1 with X = min,, X»(w)
andx = B'(1 — miny x,) > 0by (A1). Thus, using the fact |g(J)| > 1 — max, x, >
0 from (9) we obtain

g'(x)
g

with K = K (7r)/(1 — max, x,) which finished the proof.

—1

< Klgx) — gl

Lemma 2 There exists a constant C > 0 independent of w such that for all w € §2
and for any x,y € I,(w)

‘1 (TR (x)
0o Jo ) )

o] = CIT," (x) = T, ().

Proof From now on we suppress the @ in R, since no confusion arises. Note that
TR (x) is the composition of the right branch of T,#-1,, and g i.e. TR(x) = T,z-1, 0
g(x). Therefore, by definition of § in (3) by Lemma 1 we have

) (1)) x)
(T )

1
< K|TR@) = TRy + Klgx) — g < K(1 + B>|TR(x> - TRy

Now, we will prove (P2). Together with an elementary inequality |[x — 1| < C|log x|
(for some C > 0, whenever | log x| is bounded above) Lemma 3 implies that for any
x,y € I,(w) we have

2~Such extensions can be constructed easily. For example, for f € J it is sufficient to take
fx)=alx— xa)t + b(x —xg)> +c(x — xo)? +d(x — xq) + 1 with a < bc/d, where a, b, ¢
are the Taylor coefficients of f atx = x,.



148 M. Ruziboev

(TRyx

Ty 1| = DEBIT ) = T ()] = DI,

—1

where D = D(K, B)isaconstant thatdepends only on K and 8 and the last inequality
follows from the observation:if x, y € (0, 1]aresuchthats(x, y) = nthen|x — y| <
B~". Indeed, by definition (TX)/ (x) and (TX)(y) belong to the same element of the
partition {I; (w)} foralli = 0, ..., n — 1. Thus by the mean value theorem

Ix — y| = [T TE I ITH ) — @/ o1 < B

4 The Proof of Proposition 1

We start by proving an auxiliary lemma, which is used in the proof.
Lemma3 Foranyk e N, c > 1andt > 0 we have

1 eagt(lfc)

E]P)[ef(ca(a"w)foto)t] (1 _ efct(ozlfag))-

o] — o ct
Proof Since o preserves P we have
E]P[ef(ca(akw)foto)t] _ Ep[ef(ca(w)fag)t]

o aot (1—c)
- : / emlexmigy = I & (1 — e ctln—e)y,
Q) — Qo Jo, o] — Qo ct

Proof (Proof of Proposition 1) First we prove item (1). The first two assertions are
obvious, since 7, (x) > 1 for x > 0 and x = 0 is the unique fixed point in [0, 1/2].
Since all the maps in F are uniformly expanding except at 0, there exists ng € N
independent of w such that X, (w) € (0, &g9) for all n > ny. Thus, it is sufficient
to prove inequality (4) for any n > ny. We now define a sequence {Z,}, which
bounds X, (w) from below and has desired asymptotic. Let Ky = [0, €0] % [eg, o]
and C; = maX(y q)ek, Ca (1 + fou(x)).Set G(x) = x(1 + C1x*°). Define {Z,},>n, as
follows: Z,, = min,co X,, (@) and let Z, = (Gl0.¢,)) " (Z,—1) for n > ny. Since
G(x) = Ty(w)(x) for any x € [0, o] and for any w € §2, one can easily verify by
induction that Z, < X, (w) for n > ny. Finally note that Z, ~ n~1/% [9]. Defin-
ing €} = ming.ayex, Ca(l + fu(0)),G'(x) = x(1 + Cx), Z}, = MaXpeq Xy, (@)
and Z! = (G'lj0.e,)) "' (Z!_,) for n > ny we obtain a sequence {Z!} such that
X, (w) < Z! and Z,, ~ n~'/*_ This finishes the proof.

Item (2) is proved below. Note that by the choice of n for any n > ny we have

X, (00) = Xpi1 (@)1 + Co() Xnt1(@)* (1 + fa) 0 Xns1(@))]. (10)
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The latter equality together with the standard estimate (1 + x)™% < 1 —ax + “(“H) x?

for x, a > 0 implies that

1
- > C1otp X1 (@)™ — Cr Xy (@)@ %,
X,@™ X, omm = C1%0 nt1(@) 2 Xny1(w)

where, C, = w min ek, [ce (1 + fy(x))]*. Hence,

1 1 n B
Xo@® = 3% F Clag 3 K@) 0 - 6, Y Xy o,
’ Hatw k=2 k=2

Notice that we can take C| and C; are independent of w. Therefore, by inequality
(4) we have

n n
> 1+ C3 Z(kl/ao)ao—a(a”’kw) _ C2 Z(kl/al)(—Za(a”’kw)-‘rozo)’ (11)

1
Xu(w)® k=2 k=2

To obtain estimates for the right hand side first we will show the right hand side of
the latter inequality on average behaves like n~! logn as n goes to infinity. We set

K)oy

= (kl/ao)ao—a(a”’/‘w)’ bk — (kl/m)—Z(x(a

and

Sn = ZC3ak — Czbk.
k=2

lo
Lemma 4 There exists C4 > 0 such that lim ﬁEP(S,,) = Cy.
n—o00 n

Proof Applying the above lemma to Ep(e!°®%*) with ¢ = 1 and ¢ = logk'/* and
using the fact ), _, 10; T ™ fogn We obtain

n

o 1 _oy— o) n 1_ %1~ _
Y Er(a) = Dok )= +0m' @ (ogm)™"
= o] — o P log

and hence,

ap—a

+0m W), (12)
0

logn < o
S > Ep(a) = _0
n 2 (03]

Similarly, applying Lemma 3 to Ep(b;) with ¢ = 2 and ¢ = log k'/%!, we obtain

n o o n]_aﬂ/al

" o 1 _ Q5 o
3 Epy) == ! 21 SO k) = +o(n).
k=2 0g

2(ay — ap) = 2(a; —oap) logn
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and hence,

. logn
lim
n—oo n

ZEP(bk) = lim n —o/a _ (), (13)
k=2

Combining (12) and (13) implies

lo
lim ogn

n—o0o n

Ep(S,) = llm — ZEIP(Czdk — Caby) = Cy,
=2

where C4 = C3Ol()/(0l1 - 0(()).

Now we construct a random variable n; : £2 — N as in item (2) of Proposition 1.
Notice that Lemma 4 implies that there exists N independent of w such that

C 1 3C.
o =< Bl Ep(S,) < = (14)

for all n > N. On the other hand, by [12, Theorem 1], there exists C > 0 such that
for every t > 0 and n € N we have

cni?

1 —
]P{ Ogn |Sn+1 - EIP’(Sn+1)| < [} S e (logn)? .
n

Thus, by letting Cs = CC3/16 we obtain

1 C I C _Csn_
P{ESM < 74} < IP{ 288 (St — EpSus) < —f} <e . (15)
n

Define

logk  C
nl(w)zinf{nzszkzn 1% 4}

Sk_4

Inequality (15) implies that

X, _ ok nd ,
P{ni(w) > n} < E e (ozh? < Cg E e " < et
k=n k=n

for some C > 0, u > 0 and v € (0, 1) which proves inequality (5).
For any n > n; by (11) we have

logn 4

X, (w)® < —.
(@) = n Cy

Hence, for some positive C > 0 we have
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logn\ '/
Xn(w) = Cl— .
n

This finishes the proof of (6). It remains to prove (7). Recall that there exists ng
which depends only on g in (A3) such that (10) holds for all n > ng. Thus, recalling
that o preserves [P we have

/ m{R, = n}dP(w) = f (Xp-1(0w) — X, (0w)dP(w) =
/ (Xp-1(0w) — X,(@))dP(w) + / (Xp-1(0w) — X, ())dP(w)
{n1(w)>n} {n1(w)<n}
< Ce™ + f Ca(@) Xn (@) (1 + fow) 0 Xp(@)dP(w)
{ni(w)=<n}

. 1 (a(w)+1)/ap 1 (ao+1)/ag
< Ce " +c/(°g”) dIP’(w)fC(Ogn> .
n

n

This finishes the proof for all n > ny. For n < ny the assertion follows by increasing
the constant C if necessary.
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Conjugations Between Two Critical m
Circle Maps With Non-integer Exponents | %@

Utkir Safarov

Abstract Let f; and f; be orientation preserving circle homeomorphisms with
single critical point of non-integer order and same irrational rotation numbers. We
prove that if the orders of critical points are different then the map 4 conjugating f)
and f; is a singular function.

Keywords Circle homeomorphisms - Rotation number * Critical point
Conjugation map * Singular function

1 Introduction

In this paper we study a class of circle homeomorphisms with single critical point
i.e. the derivative vanishes at the point. The classification of circle homeomorphisms
under change of variables is one of the important problems in one-dimensional
dynamics. It was started by Poincaré who was motivated by studies in differential
equations more than a century ago and has been actively studied ever since.

We identify the unit circle S' = R!/Z! with the half open interval [0, 1). Let f be
a circle homeomorphism that preserves orientation, i.e. f(x) = F(x)(mod 1), x €
S' ~ 10, 1), where F is continuous, strictly increasing on R'and Fx+1) =
F(x) 4+ 1 for any x € R. F is called lift of homeomorphism f. The most impor-
tant arithmetic characteristic of the homeomorphism f of the unit circle S' is the
rotation number. If f is a circle homeomorphism with lift F, then rotation number
p = py is defined by

"(x)

oy = lim (mod 1),

n—00 n

with F" the nth iterate of F. The rotation number is rational if and only if
f has periodic points. By Denjoy’s classical theorem [4], any C? circle diffeo-
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morphism f with irrational rotation number are conjugate to the linear rotation
fo 1 x = x + p(mod 1), that is, there exists an essentially unique homeomorphism
¢ of the circle with ¢ o f = f,, o ¢. Since the conjugating map ¢ and the unique
f-invariant measure v, are related by ¢(x) = v/([0, x]), x € S! (see [3]), regu-
larity properties of the conjugating map ¢ imply corresponding properties of the
density of the absolutely continuous invariant measures v¢. The problem of relating
the smoothness of ¢ to that of f has been studied extensively. In depth results have
been found in works ([1, 8, 9, 12, 14, 16]). Note that for sufficiently smooth circle
diffeomorphism f with a typical irrational rotation number the conjugacy ¢ is C'-
homeomorphism. Consequently, the invariant measure v is absolutely continuous
w.r.t. Lebesgue measure £ on S'.

A natural extension of circle diffeomorphisms is circle homeomorphisms with
critical points.

Definition 1 The point x., € S! is called non-flat critical point of a homeomor-
phism f with order d > 1, if for a some § — neighborhood Us(x.,) such that f(x) =
PN + f(x,r) for all x € Us(xc,), where ¢ : Us(xer) — ¢(Us(x,,)) is a
C? diffeomorphism such that ¢ (x.,) = 0.

By a critical circle map we define an orientation preserving circle homeomor-
phism with exactly one non-flat critical point.

An important one-parameter family of examples of critical circle maps are the
Arnold’s maps defined by

1
fo(x)  =x+6+ 5 sin27x (modl), x € §!
T

For every # € R' the map f; is a critical map with critical point 0 of cubic type.
Yoccozin [16] generalized Denjoy’s classical result, a critical circle homeomorphism
with irrational rotation number is topologically conjugate to an irrational rotation.

The singularity of conjugating map for critical circle homeomorphisms was shown
by Graczyk and Swiatek in [7]. They proved that if f is C3 smooth circle home-
omorphism with finitely many critical points of polynomial type and an irrational
rotation number of bounded type, then the conjugating map ¢ is a singular function
on S'i.e. ¢'(x) = 0 a.e. with respect to the Lebegue measure.

Hence the problem of regularity of the conjugacy between two critical maps
with identical irrational rotation number arises naturally. This is called the rigidity
problem for critical circle homeomorphisms. For the critical circle maps with odd
order (i.e. d =2m + 1, m € N) the rigidity problem is developed by de Faria, de
Melo, Yampolsky, Khanin and Teplinsky among others. Initial results connected with
rigidity for critical maps were proven by de Faria and de Melo [6]. They proved that
any two C? critical circle maps with the same order of the critical points (given by odd
integer numbers) and with the same irrational rotation number of bounded type are
C'**, & > 0 smoothly conjugate to each other. Later D. Khmelev and M. Yampolsky
[13] showed that in the analytic case the conjugacy is C'** smooth near the critical
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point. A. Avila [2] showed, that there exist f; and f> analytic homeomorphisms with
the same irrational rotation number such that % is not C'** for any o > 0.
Next we formulate the fundamental result of K. Khanin and A. Teplinsky [11].

Theorem 1 Let f| and f> be two analytic critical circle maps with the same order of
critical points and the same irrational rotation number. Then they are C'-smoothly
conjugate to each other.

Here we consider the case, when the order of critical points are non-integer and
different. Now we formulate our main result.

Theorem 2 Let fi and f, be critical circle maps with the same irrational rotation
number. Suppose that (i) f;, i = 1,2 have an unique critical point xO with order
m; € R', m; > 2 and m, # my;

(i) fi(x) = (x —xD)x —xDi=t + £;(xD) for some w;-neighborhood
U, (x) and fi € C3(S"\ Uy, (x{))

Then the conjugacy h between fi and f» is a singular function on S'.

2 Dynamical Partitions, Cross-Ratio Tools

2.1 Dynamical Partition

Let f be an orientation preserving homeomorphism of the circle with lift /' and
irrational rotation number p = pr. We denote by {a,, n € N} the sequence of entries
in the continued fraction expansion of p, i.e. p = [a}, a2, ..., a,, ...]. Denote by
Pn/qn = lai, az, ..., a,] the convergents of p. Their denominators ¢, satisfy the
recurrence relation, that is g,+1 = ay+19n + qu—1, n =1, go =1, q1 = a;.

For an arbitrary point xq € S' we define A(()") (xo) the closed interval on S' with
endpoints xp and x,, = f? (xo). Note that for odd n the point x,, lies to the left of xq
and for even n to the right. Denote by A?”) (xo) the iterates of the interval A(()")(xo)
under £:A" (xo) := f1(AY (x0)), i > 1.

Lemma 1 (see [12]) Consider an arbitrary point xy € S'. A finite piece {x;, 0 <
i < (n+ qu_1} of the trajectory of this point divides the circle into the following
disjoint (except for the endpoints)intervals: Af"_l)(xo), 0<i<gqy, A}")(xo), 0<
j < {4n-1-

We denote the obtained partition by &,(xo) and call it nth dynamical parti-
tion of the circle. We now briefly describe the process of transition from &, (x)
to &,41(x0). All intervals A(j")(xo), 0 < j < gn-1, are preserved, and each of the

intervals Agn_l)(xo) is divided into a,, 1 + 1 sub intervals:

ap1—1

-1 1
AV (xg) = A" (o) U U Agi)q;x—l"r-“q»t (x0)-
s=0



156 U. Safarov

Obviously one has &;(xg) < &(xp) < ... <&, (x0) <....

Definition 2 Let K > 1 be a constant. We call two intervals I; and I, of S! are K —
comparable, if the inequalities K ~'¢(1) < £(I;) < K£(I,) hold.

Next we formulate the lemma, that is proved in the similar way as in [15].

Let x., € S! be a critical point of homeomorphism f. For any xq € S', consider
the dynamical partition &, (xo). For definiteness we assume that n is odd. Then x,, <
Xo < Xg,_,. The structure of the dynamical partition implies that X, = f 7 (x..) €
[xg,, Xq,_, 1, for some p, 0 < p < g,. Let I; and I, be any elements of a dynamical
partition &, (x.,), m > n having a common endpoints.

Lemma 2 Let f € C*(S") be a critical circle homeomorphism with irrational rota-
tion number. Then there exists a constant K > 1 depending only on f such that the
intervals I and I, are K-comparable.

It follows from the Lemma 2 that the trajectory of each point is dense in S'. Hence
it follows that there exists conjugation map ¢ between f and f,, i.e. ¢(f(x)) =

f»(p(x)) forany x € S'.
We assume that A”+F is element of partitioning &, (X..), while A" is an

element of partitioning &,, (X, ) that contains AR,

Lemma 3 (see [10], Lemma 2, p.183) There exist constants L (f) < A (f) < 1
such that

LAY < constAb(£E(A™), £(AT") = constA™ (f)

2.1.1 Cross-Ratio Tools

In the proof of our main theorem the tool of cross-ratio plays a key role.

Definition 3 The cross-ratio of four points (z, 22, 23, 24), 21 < 22 < 23 < 24 1S

the number
(20 — 21)(24 — 23)

(z3—z1)(za — 22)

Cr(zi, 22,23, 24) =

Definition 4 Given four real numbers (z1, 22, 23, 24) With 71 < 22 < z3 < zg4 and a
strictly increasing function F : R' — R'. The distortion of their cross-ratio under
F is given by

Cr(F(z1), F(z2), F(z3), F(z4))
Cr(zi, 22, 23, 24) ’

Dist(z1, 22,23, 24; F) =

Form >3andz; € S!, 1 <i < m, suppose thatz; < zp < -++ <z, < z1 (inthe
sense of the ordering on the circle). Then we set Z; := z; and
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s e Ha<z <l
L 1+2z,if0 <z <z.
for2 <i <m.
Obviously, Z; < Zp < -+ < Zp. The vector (21, Z2, ..., Zm) is called the lifted
vector of (21,22, - .., Zm) € (SH™.

Let f be a circle homeomorphism with lift 7. We define the cross-ratio distor-
tion of (z1, 22, 23, 24), 21 < 22 < 23 < 24 < z; withrespectto f by Dist(zy, 22, 23,
z4; f) = Dist(Z1, 22, 23, 24; F), where (21, 22, 23, Z4) is the lifted vector of (zy, z2,
73, Z4). We need the following lemma.

Lemmad ([5]) Letz; € S',i=1,2,3,4, z1 < 22 < z3 < z4. Consider a circle
homeomorphism f| with f, € C**([z1, z4]), € > 0, and f{(x) > const > Oforx €
[z1, z4]. Then there is a positive constant C; = C(f) such that

. A Al
| Dist(z1, 22, 23, 243 f1) — 1 |< Cil24 — 21|,

where (21, 22, 23, 24) is the lifted vector of (21, 22, 23, 24)-

We now consider the case when the interval [z, z4] contains a critical point x() of
the homeomorphism f;. More precisely, suppose that zo = x{!. We define numbers
o, B, v, & and n as follows:

El

B
v

ai=2—21, Bi=23—2, ¥V =24 — 2, E:ZE’ n:=

where (21, 22, 23, 24) is the lifted vector of (z1, 22, 23, 24).
Thus we need the following lemma.

Lemma 5 Suppose that the homeomorphism f| with lift F| satisfies the conditions
of Theorem 1. Then for any z; € Us(x(V), i =1,4, 71 < 22 = x'V < z3 < z4 one

has
I+& d+np™ —n™

Trem T+

|Dist(z1, 22, 23, 243 f1) = ~(IL+mn).

Proof By the assumption of the lemma z, = x.,. We write Cr(f1(z1), f1(22), f1(z3),
f1(z4)) as follows

(F1(22) — FiZ))(Fi(Zs) — F1(23))
(Fi(Z3) — FiZ))(Fi(Zs) — Fi(22))’

Cr(fi(z1), f1(z2), f1(z3), fi(z4)) = (D

where (21, 22, 23, Z4) is the lifted vector of (zi, 22, 23, 24). Since Fj(x) = (x —
EDyx — D=t 4+ F1 (D) on the interval U, (") and from (1) we have

@t P -

Crfitz), fiz2), f1(z3), filz4)) = —& e @+ B
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Using this we get

l (l+r])l”l _r]ml
. ) e (+m™
Dist(z1, 22, 23, 245 1) = —— - 1
1+& 1+n

From the last relation it follows

L+E  (+npm =y
(e

Dist(z1, 22, 23, 245 f1) = (1 +n).

Thus Lemma 5 is proved.
Next suppose the interval [z, z4] is a subset of the interval U, (xc(})) but does not
contain a critical point xc(}) of the homeomorphism f;. Letd = lmin4 £([zs, xé,l)]).
<s<

Lemma 6 Let fi be a circle homeomorphism satisfying conditions of Theorem 1.
Suppose that d > a +  + y. Then the following equality holds

2
+B+
Dist(z1,22,23, 245 f1) =1+ 0 ((%) ) '

Proof Let f; be satisfying the conditions of Theorem 1. For definiteness, we may
assume that xg) < 7] < 22 < z3 < z4. By definition of cross-ratio implies that

(@ +dy™ — d™
X
(@ + B +dym —dm

Cr(f1(z1), f1(z2), f1(23), f1(z4)) =

@By dM @ prd™ 1= (g (R
(@+B+y+d)™ — (a+d)™ -+ #)Wu (14 &ym 7(1+°‘+f%)m1

The following equalities are easy to check:

()" =G D G o ((5)),

at+B\" at+p  mimi—1) (a+B) a+p)’
<1+ d) =ltm——+ 5 (d >+0(<—d ))

m 2 3
(1+W> 1=1+m1°‘+§+7’+m1(m1*‘>(a+ﬁ+y) +0<(a+}3+}’) )

2 d d

Using these relations we obtain that
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Dist(z1, 22, 23, 245 f1) = ’ -

et of59)
(et eaf(e=2)) o222,

Lemma 6 is proved.

3 Proof of Theorem 1

In order to prove Theorem 1 we need several lemmas which we formulate next.
Their proofs will be given later. We consider two copies of the unit circle S'. The
homeomorphism f; acts on the first circle and f, acts on the second one. Assume
that f;, i = 1, 2 satisfies the conditions of Theorem 1.

Let ¢; and ¢, be conjugations of f; and f, to linear rotation f,,i.e. ¢ o f1 =
fooprand @ 0 fo = f, 0 ¢,. It is easy to check that the homeomorphisms f; and
f> are conjugated by h = ¢, o (pl’l, i.e.ho fi(x) = froh(x),Vx € S'. Recall that
every ¢;, i = 1,2 is unique up to an additional constant. This gives us a possibility
to choose 4 with initial condition 2 (x()) = x2.

Notice the conjugation /(x) is continuous function on S'. It suffices to show that
h'(x) = 0 for almost all x with respect to the Lebesgue measure. The derivative
h'(x) = 0 exists for almost all x with respect to the Lebesgue measure because the
function £ is monotonic. Let us show that 2’ (x) = 0 at all points where the derivative
is defined.

Lemma 7 (see [5]) Assume, that the conjugating homeomorphism h(x) has a pos-
itive derivative h'(xo) = pg at some point xo € S', and that the following conditions
hold for the points z; € S'i=1,..,4 withz, < 7o < 23 < z4, and some constant
Ry >1:

(a) the intervals (21, 221, [22, 23], (23, z4] are pairwise Ri-comparable;
(b) IIE?QZ([Z“XO]) < Ril([z1, 22]).
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Then for any ¢ > 0 there exists § = §(¢) > 0 such that
|Dist(z1, 22, 23, 245 ) — 1] < Cae, 2

if zi € (xo — 8, xo+96) foralli =1,2,3,4, where the constant C, > 0 depends
only on Ry, wy and not on €.

Suppose that h'(xg) = pg, where xy € S ! Let &,(xo) be its nth dynamical parti-
tion. Put 7y := h(xo) and consider the dynamical partition t,,(#y) of #, on the second
circle determined by the homeomorphism f>, i.e.

Tu(to) = {I" "V (00). 0<i < g, — 13U (%), 0<j < gur — 1}

with Ié")(to) the closed interval with endpoints #y and f,"(tp). Choose an odd
natural number n; = n(f;, f>) such that the n;th renormalization neighborhoods
[anl , an]fl] and [tqn1 , tqnlfl] do not contain critical point of f; and f, respectively.
Since the identical rotation number p of f; and f> is irrational, the order of the
points on the orbit { flk (x0), k € Z} on the first circle will be precisely the same
as the one for the orbit { fzk (to), k € Z} on the second one. This together with the
relation h(f1(x)) = fo(h(x)) forx € St implies that

hA" ) =10 0<i < gy — 1L h(AT) =1, 0<j < gy — L
3)
The structure of the dynamical partitions implies that ¥ (n;) = £,/ (x{) €
[Xg,, - Xq,, . ]-wherel € (0, gu,—1)if X)) (n1) € [x,, . Xol.and[ € (0, g,,)if X)) (n) €
[x0, anl—l]' Since i conjugation between f] and f,, we get

ABGE) = AN B = AT 0 ED) = = (A G = helP) = x5

Hence X (n1) = £, (x2) € lty, . g, ,]. Thepoints X)) (n1) and X' (n)) are called
the ¢,,, -preimages of the critical points x{! and x?, respectively.
Next we introduce the concept of a “regular” cover of the critical point. Let

Zi eSSl i=14,z < 7p <73 < 24 < z1. Define foreach j, 0 < j < g,

_ UL @) £ @)D
Ef] (z3), fi @D

am&ﬂﬁmm
erfi @, @D’

§n(j) = nn(J)

Definition 5 Let M > 1, ¢ € (0, 1), § > 0be constant numbers, n - a positive inte-
ger and xy € S'. We say that a triple of intervals ([z;, z2], [22, 23], [23, 24]), zi €
St i =1,2,3,4, covers the critical point of xc(;) “(M, ¢, 0,6; xo)-regularly”, if the
following conditions hold: 4

(D [z1,24] C (xg — 8, x0 +9), andthesystemofintervals{flj([zl, z4]), 0<j <
gn — 1} cover critical point x{!’ only once;

(2) z2 = f;7(xD) for some [, 0 < [ < gy;
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3 &p) <Candny () = M.

Denote
L =min{m;, my, |m; — myl}.

Lemma 8 Suppose that the homeomorphisms f;, i = 1,2 satisfy the conditions of
Theorem 1. Then for any xo € S' and § > 0 there exist constant My > 1 and ¢y €
(0, 1), such that for all triples of intervals [z;, zs+1] C (xo — 6, X0 +8),s =1,2,3,
and [h(zy), h(zs41)], s = 1, 2, 3, covering the critical points xc(.}) and xc(.f) regularly
with constants My and &y the following inequalities hold:

Vg (L+na@)™ =0 @)

T ) (L+npm

1+ n ) —m —
( fl()) il < 16’
1 + Efz(l) (1 Ufz(l)) I — Nle (l)

g +EP(D) (L4 npD)ym

L
~Atnp (D) —ma| < 1o,

where m\ and m, are orders of critical points x' and xéf) respectively.

Assume that the homeomorphism f; satisfies the conditions of Theorem 1. Let
£,(x{) be a dynamical partition of the circle by f;. We take a natural number r, such
that Ag) (xHu Ag*l)(xf,})) C Uy, (x1). Suppose that h'(x¢) = po > 0 for some
xo € S'. Consider the dynamical partition &, (xo) of the point x, under f;. Suppose
that n > r an odd natural number. Let ¥ = ! (xﬁ})) € [xg,, Xg,,1-

Let {&,1x (fé'))},fio be a sequence of dynamical partitions of the point x.,.. We

»

define the points z;, i = 1, 2, 3, 4 as follows
7p = fimo (YS))’ = 72)7 73 = firhoth (yg))’ 4= fqn+ko+k]+4n+k2 (J_CS))

Lemma 9 Suppose that the homeomorphisms fi and f, satisfies the conditions of
Theorem 1. Let h' (xg) = po > Oforsomexg € S',8 € (0, 1) andky € N. Then there
exist natural numbers ki, ky such that for sufficiently large n, the triple of intervals
(25, Zs41] C (x0 — 8, xq +9), s = 1,2, 3 satisfies the following properties:

(1) the intervals {[ f{ (z1), f{ (z4)], 0 < j < gn} cover each point at most once;

(2) the intervals [zy, zg41] and [ £ (z5), fi" (zs11)] s = 1, 2, 3 satisfy conditions
(a) and (b) of Lemma 7 with some constant Ry > 1 depending on kg, ki, ky;

(3) the triples of intervals ([zs, zs+1], s = 1,2,3) and ([h(zs), h(zs+1)], s =
1, 2, 3) cover the critical points xc(.}), xf,f), “(My, &o, 8; xo)-regularly” and “(My, &,

8; h(xop))-regularly”, respectively.

Lemma 10 Suppose the circle homeomorphisms f and f, satisfy the conditions of
Theorem 1. Then there exists natural number ko such that for intervals [zs, 25411, § =
1, 2, 3 satisfying conditions (1)-(3) of Lemma 9, and for sufficiently large n the
following inequality holds
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| Dist(z1, 22, 23, 243 fi")
Dist (h(z1), h(z2), h(z3), h(za); f")

— 1= R >0, @)

where the constant R, depends only on f| and f>.

Proof of Theorem 1 Let f| and f; be circle homeomorphisms satisfying the condi-
tions of Theorem 1. The lift H (x) of the conjugating map /4 (x) is a continuous and
monotone increasing function on R'. Hence H (x) has a finite derivative H'(x) for
almost all x with respect to Lebesgue measure. We claim that 2’(x) = 0 at all points
x where the finite derivative exists. Suppose 4’(xg) > 0 for some point xy € S'.
Fix ¢ > 0. We take a triple of intervals [z, Zs+1] C (xo — 8, xo +6), s =1,2,3,
satisfying the conditions of Lemma 10.
Using the assertion of Lemma 7 we obtain

|Dist(z1, 22, 23, 245 h) — 1| < Cse, )

|Dist(fi" (z1), fi"(z2), 1" (23), 1" (za)i h) — 1] = Cae. (6)

Hence

- Dist(z1, 22,23, 24: h) “ 1) < Ce 7
DlSt(f1 "(z1), f1"(22)’ f1”(Z3)7 f1”(Z4)§ h)

where the constant C4 > 0 does not depend on ¢ and n.
Since A is conjugating f} and f, we can readily see that

Cr(n(fi" (D), h(f" (22)), h(fi" (23)), h(f" (z4))) =
= Cr(fy" (h(z1)), f3" (h(z2)), f5" (h(23)), 5" (h(24))).

Hence we obtain

Dist(f\"(z1), fi"(z2), 1" (z3), fi"(z4); h) _

Dist(z1, 22, 23, 243 h)

_ Cr(h(f" @), h(fi7(@2)). h(fi"(23)). h(fi"(24)))
Crfi" (@), fi"(z2), fi"(z3), fi" (z4))

5 Cr(z1.22.23.24) _Cr(f" (hz), £ (h(z2)), f3" (h(z3)), f3" (h(z4))
Cr(h(z1), h(z2). h(z3). h(z4)) Cr(h(z1), h(z2). h(z3). h(z4)) ‘

CCr(fi" @), [i" (@), fi7(23), fi7(z4)) _ Dist(h(z1), h(z2), h(z3), h(z4); f5")

Cr(z1, 22, 23, 24) Dist(z1, 22,23, 245 f1")

This, together with (7) obviously implies that
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Dist(z1, 22, 23, 245 f1")

| Disthzr), hza), hiza), hza): 1)

— 1< Cse,

where the constant Cs > 0 does not depend on ¢ and n. This contradicts equation
(4). Therefore Theorem 1 is completely proved.

4 The Proofs of Lemmas 8-10

Proof of Lemma 8 Denote

14+&,0)

(1)) = ,
Y1 (D) T

and "
A +naO)™ —ng (D)

A +nyg@O)ym

Va(ny (D) = (I +n5D).

Itis easy to check that for n s, () > 0 the function ¥, (5 7, (/)) is monotone increasing
and 1 < ¥ (5 (1)) < m;. Obviously

lim D=1, lim (D) = m,.
Jim O =1, lim el () = m

Taking these remarks into account and using the explicit form of the functions
Y1(&p (1) and Y2(ny, (1)) we can now estimate | vy - Y, — my) |. Firstly, we esti-
mate v, for large value of 1, (/). Using the explicit form of the function ¥, (1 £, (1)),
we see that the inequality

1 1
=0 —— ) <Ry [—). 8
Vo =il (ma(n)S 3<77f1(1)> ®)

where the constant R; > 0 depends only on f|. If we choose 1, (/) satisfying the
inequality R3 (ﬁ) < 3%, then
1

W2l @) —ml < 5.
for ny () > 32Li.

We next estimate |1/ — 1| for small value of &, (/). Using the explicit form of the
function ¥( (&, (1)), we see that [y (6, (1)) — 1| = O (1)) < Ra&p (1). It follows
from this together with (8) that |y - Yo —my| < |Yo — my| + [Ya] - Y1 — 1] <
L+ mRy& s, (D). If we take
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. L 32R;
= — 1}, My := —, 1},
el mm{32m1R5 }, M := max{ 7 1
where Rs = max{Rj3, R4}, then for all £ (/) < ¢ and 0y (1) > M, the following
inequality holds

[y - |<L
. m JE—
1 2 — 1_16

Similarly it can be shown that with

2Rs 4y, 9)

L
= min{———, 1}, M, :=
13 min{ 32maRe } > max{

and &, (I) < & and 5y, (I) > M,, the second assertion of Lemma 8 holds. In (9) the
constants Rg > 0 depends only on f,. Finally, if we set ¢y := min{¢, {;} and My :=
max{M;, M,}, then Lemma 8 holds for &, (1), &,(1) € [0, &) and ng (1), ns (1) >
M. Lemma 8 is proved.

Proof of Lemma 9 Firstly, we prove the third assertion of the lemma. By the con-
struction of the points z;, i = 1, 2, 3, 4, it implies that the intervals [z, z54+1] and
[A(zs), h(zs41)], s = 1,2, 3 satisfy the 1) and 2) conditions of definition of “regu-
larly” covering. We consider dynamical partition &, (x{}). According to Lemma 2
the intervals A{” (x(") and AJ" ™" (x(D) are K -comparable, i. e. there exist constant
K > 1 such that K~'¢(Ay'™ ”(xgp)) <AL (xD)) < Ke(AY " (xD)). Thus it
follows that there exists kfl) € N such that the following inequality holds

e, £ )

: <. (10)
CA (), 6 D)
Indeed, it is clear that
E(A(()qll+ko+3)(x£}))) B 1 1 B K
E(A(()qn+k°+])(x((~,[))) Z(AqukOH:( ) 1 + % K+l
o ko3 (1))

Hence Z(A(q"“‘)“)( y) < st Z(A(q"“‘)“)(x“))). Using the last inequality we
obtain that for any &

g(A(anrkch)( (1))) <( )kg(A(quoﬂ) (1)))

Since A(()q"“"“)(xg))) and A(()q’”k")(xc(}))) are K -comparable, there exists a kfl) eEN
such that the inequality (10) is true. Similarly, we can show that there exists a k;l) eEN
such that the following inequality holds
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e(qxll, £ ey

q m+q
qn k 1 n-+ko+k n-tk, 1
CLA &), T G DD

> M().

Similarly, it can be shown that with natural numbers k1(2) and kgz) the inequalities

Dk +k®) Dk +k®
T A ) (2, @@ o
An+ky o (2) () ’ q .. n +q e
K([fz +O(xcr ), Xer' 1) E([f2"+‘o+k(1>(x£%))’ f2 kot Hk;)(xc(-%))])

hold. If we take k| = max{kgl), k?)} and k, = max{kél), kéz)} then the third assertion
of Lemma 9 holds for k| and k,. By the definition of the points z;, i = 1, 2, 3itimplies
the first assertion of the lemma.

Let &, ()_cg)) be a dynamical partition of the point )?S) According to Lemma 2
the intervals A" (x()) and A(()"fl) (x1)) are K-comparable. Hence, it implies that
the intervals [z;, z;+1], s = 1, 2, 3 are pairwise K kitha comparable. It is easy to see
that the intervals [ £ (z;), f{"(zs+1)], s = 1, 2, 3 are pairwise K*1**2- comparable.
Obviously,

L _ LAy e UATIGED) e
Kkt = f([z1,22]) CKRT T (@, @)D T .

Since the intervals A§' " ®D) and AV (f; "' (x D)) are K-comparable and

xo € A7V (T ED) U ATV RS we get max {E(Lf (). xol). €(1zi. xoD)
< (K 4+ K"t g([z1, z2]). If we take R} = (K + 1)K*+t51+& then we obtain the
proof of the second assertion of Lemma 9 with constant R;. Lemma 9 is proved.

Proof of Lemma 10 Suppose, the triples of intervals ([z, z,+1], s = 1,2,3) and
([h(zy), h(zg+1)]1, s = 1,2, 3) satisfy the conditions of Lemma 9. We want to
compare the distortion Dist (21, 22, 23, 24; fi") and Dist (h(z1), h(z2), h(z3), h(z4);
f3"). We estimate only the first distortion, the second one can be estimated analo-
gously. Obviously

gn—1
Dist(z1, 22,23, 243 f{") = [ | Dist(f{ ), fi(z2), fi (@), fi(za); f1)-
i=0
We denote
LGP = A0 G U AT D), A= i (@), @) n L GE) =),
B ={i: (f{(z1), fiza) N J(x) # 0.

Itisclearthat AUB = {0, 1,...,¢g,}.
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Next we rewrite Dist(z1, 22, 23, 24; f,") in the form

Dist(z1, 22, 23, 245 fi") = l_[ Dist(f{(z1), fi(z2), fi(z3), fi(za); fi)x

icA
x [T Pist (i@, fiG), fi@). fiGza); f)- (1D
ieB

We estimate the first factor in (11). Using the Lemmas 4 we obtain

[ Dist (£l £iz2), £ @3, fia) fi) — 11 =

icA
= [T+ 0 i@, fi@m'™) = 1 = max(€Lf ). £ z4))"x
i€A
<O E(ULfi @), fi(zal) = 061,
i€eA

wherev > 0and0 < A5 < 1. We fix ¢ > 0. There exists Ng = No(¢) > 1 such that
for any n > Ny the estimate

[T Pist(fi@. fiGa). fia). fiza: fi) = 1] < Cee. (12)

icA

holds. We now estimate the second factor in (11). We rewrite the second factor in
the following form

[ [ Dist(fiG0). fi). flG3). fiza): fi) =

ieB

= [] Dpist(fi. fi@). fiGza). fiza): f)x

ieB.i#l

x Dist(f{(z1), fl(z2), fl(z3), fl(za); f1). (13)

By applying Lemmas 5 and 8 we obtain

L
|Dist (f](z1), fi(z2), fl(z3), f1(za); f1) —mi| < 3 (14)

Using Lemma 6 for the first factor in (13), we get

UL @, fie o

| [T pistAi@o. fiG). fiea). i m—11=1 [T a+oc i

icB.i#l icB.i#l
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¢ i i ¢ i i
el 3 ogct + 0 ([flmzl,‘fl(u)]))%}_llScmt 5 A e,

ieB,i#l ! i€B,i#l di
n—r i i
Cfi(zD), f1GE@DD 5

= const Z Z ( )
=0 :f4i i 1 My d;
9=V 0 f] @) f @)IC(Tnmg er N\ Tn—gr1 (e ) i

Obviously,
([ fizy), fi(z
Z ( (Lfi (z1)s fi( 4)])) _ const

‘ ‘ d
ELA @D S @EIC U PN Ta g1 S i ’

and it follows from Lemma 3 that w

< constk?ﬁ”? Consequently

| [T Dist(fi, fiz), fiza), fiza) ) — 1 < Gy, (15)

ieB.i#l

where C7 > 0 depends only on f and 0 < A5 < 1is defined in Lemma 3.
Similarly one can show that for the triple of intervals ([h(zs), h(zs+1)], § =
1, 2, 3) the following inequality

| [T Dist(£ihz0)), £i(h(z2)), £3(h(z3)), f3(h(za)); f2) — 1] < Csd'f, (16)

ieB.i#l

where Cg > 0 depends only on f> and 0 < A7, < 1 is defined in Lemma 3.
If we choose

L
ko = max{[log, ————]+ L[l 1+ 1},

L
Smi + L)C; 815 8my + L)Cs

then from the relations (11)—(19) it implies that for sufficiently large n

L
|Dist (21, 22, 23, 243 f") =il < . (17)
Similarly
: . L
|Dist (h(z1), h(z2), h(z3), h(za); f3") —mal < 7. (18)

The inequalities (17) and (18) implies

Di 1(z ) ) ) 5 ! 4’ - _2L
. ist(z1, 22,23, 245 f1") s (my — my) .0, (19)
Dist(h(z1), h(z2), h(z3), h(z4); f5") 4my + L
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if m; > m,, and

Disl(zl,Z2,Z3,Z4;flq") 1< 4(m; —my) + 2L
Dist(h(z1), h(z2), h(z3), h(z4); f5") - 4my — L

<0, (20

if my < m,. If we set

Amy —my) —2L| |4(m, — oL
Ry = min{l (my —my) |, [4(m —m3) + |}, 21
dmy — L 4my + L

then it follows from (19)—(21) that the assertion of the lemma holds.
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e-Positional Strategy in the Second )
Method of Differential Games of Pursuit | @

Tukhtasinov Muminjon

Abstract In the present work, methods of completion on any vicinity of a terminal
set are offered. At the same time the type of a terminal set and a condition quite of
a sweepability significantly used. The pursuing player applies ¢ positional strategy.
At the end the work two examples illustrating the received results are given.

Keywords Differential game - Pursuer + Evader - Strategy - Methods of
Pontryagin

1 Introduction

To solve effectively linear differential games of pursuit from the pursuer’s perspec-
tive, several methods have been developed. In the fundamental work [1, 2] L.S.
Pontryagin gave the complete description of his results on linear differential games
including the second method that had a large field of applicability. The important
mathematical apparatus used by L.S. Pontryagin was the apparatus of multivalued
mappings. At present, this apparatus has been widely used in the theory of optimal
control and in the theory of differential games. In particular, certain aspects of this
method were concretized in all mathematical rigor in [3].

The main problem in the pursuit theory is selection of those points from which
the pursuit can be finished in a finite time. There is a number of works, where
sufficient conditions of a general type are given for possibility to finish the pursuit
from the given point z° and the guarantee time is effectively calculated. In real conflict
situations, controls are usually selected on the basis of some information about the
dynamic capabilities of objects and the current changes in the system states. The
players (pursuer and evader) use their awareness to achieve their goals. The pursuer
goal is to remove z(¢) from z° on M for as short a time as possible, the evader has
the opposite goal.

Special attention should be given paper [3], in which, at first the concept of the
lower alternating integral is introduced. This integral, according to the author’s pro-
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posal, is called dual to the alternating Pontryagin integral. Because of the lower
alternating integral and the Azamov theorem [4], it was possible to solve the Pon-
tryagin epsilon problem. Additionally, connection was established between these two
alternating integrals, hereupon the question of getting into any neighborhood of the
terminal set is completely resolved with the help of the epsilon-positional strategy
of the pursuer [3, 4].

In works [5-7], the pursuit problem is studied for positional games: the pursuit
control is constructed on the basis of the position information (#, z); in the monograph
[6], in particular, it is considered the problem on reduction of generalized motions on
the terminal set. In this connection, one can put the problem of allocating one motion
from the mentioned generalized motions. It is easy to invent examples in which it is
not satisfied the condition on a single element of the support set from [5, 7].

There are classes of strategies in the theory of differential games: quasilinear,
stroboscopic, positional and others. From the point of view of the mathematical
statement of the problem by indicating and constructing the strategies of the players
in order to achieve the set goal, the game is considered completely solved.

In the present work, the new method is proposed consisting of two variants to
complete the pursuit in any neighborhood of the terminal set under additional con-
ditions on the game parameters. If the terminal set is significantly used in the first
variant, then the sweepability condition is used in the second one. Moreover, the
pursuer uses e-positional strategy to complete the pursuit [3]. At the end of the work,
two examples are given that illustrating the obtained results.

2 Preliminaries

It is considered the linear differential game described by the equation
5=Cz—u-+v (D

where z € R? is a phase vector; C is a constant square matrix of the order d x d;
u € P,v € Q are control parameters, moreover P, Q are nonempty compact subsets
of the space R?. The terminal set on which the game is finished is a nonempty closed
subset M of the space R?.

Equation (1), sets P, Q, and M describe the two-player differential game: the
pursuer that controls the vector u and the evader that controls the vector v. The motion
of the point z begins at t = 0 and proceeds under the action of measurable controls
u(t) e Pandv(t) € Q,t > 0.

As it is known, the alternating Pontryagin integral [1]

T

Wa(z) = / [e'“Pds = ¢*“Qds]

M.,0
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is the limit of the alternating sum of sequences of compact convex sets

U, U, ..., U, and V|, V, ..., U,

T T
with the initial value Ag = M; U; = /eSCPds, V; = f eC0ds,i=1,...,n;

Ti-1 Ti—1
where ) = 19 < 1] < --+ < 1, = T is apartition of [0, t]. The sum is determined as
follows [1]:
A=A +U) 2V, i=1,...,n

A, will be written in the expanded form by the formula
Ay=(C..((M+U) =VD)+Uy) = Vo) +...+U,) = V,. )

We say that the end of the pursuit game from the starting state z(0) = z° is possible
if the pursuer has such admissible strategy U (z°, ¢, v) that for any admissible control
of the evader v(r) € Q and u[t] = U(Z°%, 1, v(t)) € P, t > 0, the end of the game
takes place on M, i.e. there exists a finite time moment T > 0O such that z(t) e M
where z(t), t > 0, is the corresponding solution of the problem (1) at u = ul[t],
v =v(t), t > 0and z(0) = Z°.
Theorem 1 [1] If the following inclusion

e €20 e Wy (1)

holds for a given starting point 2° ¢ M at a time moment T, then the pursuit from
the point z° can be completed in the time <.

Let M be aclosed convex set, F and G be compact convex sets. Then the following
easily proved inclusions are true [1]:

MEF)+GCM+G)=XF. 3)
(M =F)>=G=M-=>(F+G). 4)

If we put
U=Ui+-+Up V=Vit o+ Vi,

then using formulas (3), (4), by virtue of additivity of the integral we obtain from

(2): . .
A, C (M—i-'/e‘chds) i/eSCst,
0 0
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what implies

T T

Wa(t) C <M +/eSCP ds> ifescP ds = W(1).

0 0

3 Main results
Lete > 0, W C RY. We denote by L(e, W) the totality of all measurable functions
w(-):[0,e] > W [3].

Definition 1 The mapping
P.:R!x R x R? - L(e, P)

is said to be the e-positional strategy of the pursuer.

Definition 2 The mapping
0. : R = L(g, Q)

is said to be the e-positional strategy of the evader.

Definition 3 We say that the game (1) from the starting point z° is finished by the
time moment t with the e-positional strategy if there exists an e-positional strategy
of the pursuer P, (-, -, -) such that for any e-positional strategy Q.(-) of the evader
the inclusion z(7) € M takes place.

Assumption 1 For arbitrary numbers 0 < a < b, t > 0, the inclusion

b b
/e’SCP ds C [e’(’“)CP ds
a a

holds.

Assumption 2 Let for any ¢ = 7/k, there be a partition M, M, ..., My of the
set M such that

ie ie

k
W) C Z((M"—i“ + / eCP ds) = / eSCst>.
i=1

(i—De (i—De
Suppose the following means hypothetical inclusion

e €0 e W(r). (5)
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Theorem 2 Let for a given starting state z° and a time moment t, the inclusion (5)
and Assumptions 1 and 2 be valid. Then for any number o > 0, there is a positive
number € such that the game (1) will be finished by the time moment t with the
e-positional strategy in the a-neighborhood of the set M : z(t) € M,,.

Proof Let for a given starting state z° and a time moment t the inclusion (5) hold.
Evidently, for any positive number «, there exists a natural number k such that the

inequality
‘ / e’CPds
0

holds for & = t/k where |F| = max{|| || : f € F} for a compact set F.
Since

o
<3 (6)

ie t—(i—1e ie —(i—1e
/ eCPds = / e"CPds and / eCQds = / "0 ds
(i—le T—ie (i—e T—ie

then using Assumption 2, we obtain from (5)

ie ie

k
erczoez<<M,'+ / e(’_”cPds>i /e(T_J)Cst). (7
i=I

(i—1e (i—De

Thus, by virtue of the inclusion (7), for the given starting state z° and the time

ie ie
moment T there exist vectors g' € (e"cMi + [ e*CP ds) = [ e*CQds,
(i—1l)e (i—De
i=1,2,...,k, for which the equality

=g+t ®)

is valid.

Now letv(s) € Q, 0 < s < t be arbitrary admissible control of the evader. On the
segment [0, £], the pursuer chooses arbitrary admissible control u"(s), 0 < s < e.
Then at the time moment ¢ we have the position of the form

&

z2(e) = €70 — / eeC (u(l)(S) - V(S)) ds,

0

what implies the equality
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z2(e) — €°€ (zo —g' - / e*Cul(s) ds> = ¢°C <g1 —|—/e‘scv(s) ds). )
0 0

By Assumption 1, we have

& &€ &

g —l—/e_scv(s) ds e g! —l—/e_‘YCst ce M, +/e_SCP ds c e M,

0 0 0
2¢

+ / e P ds.

&€
So, we obtain from (9)

e 2e

z(e) — &€ (zo —gl - / e CuM(s) ds) € ec <e_’CM1 + / e 5P ds).
0

&

Hence, knowing z(¢) and l=70— gl, one can find an element m; € M, and admis-
sible control u®(s) € P, ¢ < s < 2¢ such that the equalities

&

2¢
2(8) — e (ZO _ gl —/e’scu(l)(s) ds> — eaC(erle —}-/‘efscu(z)(s) ds)
0

&

and
& 2¢e

g —l—/e_scv(s) ds = e “m, +/e_scu(2)(s) ds
0 e

hold.
Moreover, the trajectory z(¢) on the segment [0, €] is determined as the solution
of the Cauchy problem

z=Cz—uV (@) +v(@), z(0)=2°

where v(-) = Q.(2(0)), uV (-) = P.(z(0), z°, 0). In addition, u‘" (-) is arbitrary but
fixed element of the space L(e, P).

Then we apply the method of mathematical induction. Let 1 < i < k. Using the
explicit form of the solution of the system (1), write its value by the moment i¢:
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ie
z(ie) = °¢70 — '/e("“s)c (u(s) - v(s)) ds.

0

We obtain after not difficult transformations

& 2e
Z(l-g)_eieC(ZO_gl S B S +/e*SCv(s)ds+g2+/e*SCv(s)ds+---+
0 €
(i—De e 2 36
g+ / e“‘Cv(s)ds—/e_SCu(l)(s) ds —/e“cu(z)(s)ds —fe_SCuG)(S)dS— e
(i-2)e 0 e 2¢
ie ie
/ e*CuD(s) ds) = ¢/*C (gi + / e*Cv(s) ds). (10)
(i—1e (i—De
Since
ie ie ie
i —sC i —sC —tC —sC
g + / e "v(s)ds e g' + / e " Qds Ce ""M; + f e " Pds (11)
(i-Dye (i—D)e (i—l)e
then using Assumption 1, we obtain the inclusion
ie (i+1)e
M + / e*Cv(s)ds € e T M; + / e*CPds. (12)
(i—1)e ie

Thus, (10)—(12) imply that there exists an element m; € M; and admissible control
u@*D(s) e P,ie <s < (i + 1)e such that:

&
z(ig) — €'*C (zo —gl—g?— =g+ eftc(m| +tmimg) — / eCuD(s) ds) =
0

(i+1)e
¢ (e_fcm,- + / e Cu D (g) ds>
ie
and
i (i+1)e
g + / e*v(s)ds = e m; + / e *CuD(s) ds.
(i—1)e i
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Introduce the following notations: 7' =z —g! — ... — g/ + 7 C(m; 4+ --- +
mi_1), mo = 0, and put: P,(z(ie), 7', m;)(t —ie) =ul*V(1),ie <t < (i + De.

If we repeat all induction arguments for the case of i = k, then we obtain from
(10) and (11)

&

2(ke) — k€ (zo —gl =g =gk e"c(ml + -+ mk71) — [ e*CuD(s) ds) =
0
ke ke
eksc(gk + / efscv(s) ds) c ek{;‘C(gk + f eSCQdS> C

(k—1)e (k—1)e
ke

eke€ <eTCMk + / eep ds).
(k—)e

The last inclusion with the equality (8) imply

T

&€
z2(t) e M — f TP ds + / eTIC P gs.
0 (k—1)e

Since the following easily proved inclusions

€ £ £ T €

fe(’_S)CPds C fe(S_S)CPds = /eSCPds and / eTIC p g :/escPds,
0 0 0 (k—1)e

take place, then, taking into account the inequality (6), we obtain
2(t) € M,.

Let’s consider a class of the theory of linear differential pursuit games.

Definition 4 Let F and G be arbitrary subsets of the space R?. We say that the set
G sweeps out the set F if the equality (F = G) + G = F holds.

Lemma 1 ([8]) Let F, G, K be nonempty convex closed sets from R4, moreover G,
K be bounded sets and (F - G) + G = F, i.e. the set G sweeps out the set F. Then

(K+F)2G=K+ (FXG)

and the set G sweeps out the set F + K.
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t t
Assumption 3 For any ¢ € [0, 7], the set [ € Q sweeps out the set [ e P.
0 0

Theorem 3 Let for a given starting state z° and a time moment T the inclusion (5)
and Assumptions 1 and 3 hold. Then for any number o > 0 there exists a positive
number ¢ such that the game (1) is finished with the e-positional strategy by the time
moment T in the a-neighborhood of the set M : z(t) € M,.

Proof Choose a positive number ¢ > 0. By Assumption 3, there exists aset D C R¢
such that

& &

D +/e_SCst = /e_JCPds,
0 0
what implies
2¢ 2¢e
e *“D + / e*CQds = fe_‘YCP ds.
Once again applying to both parts of this equality the operator e *C, we obtain
3¢ 3¢
e *D +/e_SCst = /e_SCP ds,
2¢ 2¢e
and so on. Hence, for any i > 1, we have
(i+1)e (i+1e
e D + / e*CQds = / eCPds. (13)
ie ie

If we set ¢ = t/k for any natural number k, then summing (13) by i from O to
k — 1, we obtain on one side

ke ke
(E+e*fc+.--+e*<k*1>8C)D+/e*SCst = /eﬂcpds, (14)
0 0

on the other hand, referring to Assumption 1, we obtain from (13)

& ie ie

(E+eC 4. ..y ®DeOp = Z( / e CPds = / eSCst).

=i ne (i~De
(15)
Comparing equalities (14) and ((15), we get
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ke ke k ie ie
/e’SCP ds ifeiSCst = Z( / e*CPds = / eSCst>
0 0 =1 G e (i—e

or

ke ke ie ie

k
/e(f’S)CP dsi/‘e(”s)Cst = Z( / TP ds = / e(TS)Cst).

0 0 =1 "G T, (i—e

Using the statement of Lemma and Assumption 3 on complete sweepability, we
obtain from here:

ke ke
(M~|—/e<fS)CPds>i/e(Ts)Cst =
0 0
ie ie

k
:M—i—Z( / T Pds = / e(T_S)Cst>. (16)
i=1

(i—De (i—1e

Suppose that for a time moment 7 the inclusion (5) and Assumptions 1 and 3 hold.
Itis clear thatif u(s) € P, v(s) € Q, 0 < s <t are arbitrary admissible controls of
the pursuer and evader, respectively, then after substituting them into the right-hand
side of (1), we obtain the inhomogeneous system of linear differential equations

z=Cz—u(t)+v(),

the solution of which with the initial condition z(0) = z is presented by the Cauchy

formula:
t

2(t) = €% — /e(’”)c (u(s) —v(s))ds. (17)

0

For a given positive number ¢, choose a natural number & such that the inequality
(6) takes place.
It follows from (5) and (16) that for a given starting state z° and 7, there exist

LE X
elementsme Mand g' € [ e*“Pds = [ e¢Qds,i=1,2,... k, for
(i—De (i—De
which the equality

L= Cmtg 4g 44k (18)

hold.
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Now let Q. (-) be arbitrary e-positional strategy of the evader. The pursuer chooses
on the segment [0, &] arbitrary admissible control u"(s), 0 < s < e. Then we have
at the time moment ¢ the position of the form

&

() = €20 — /(e(s—s)Cu(l)(s) _ €(€_S)CV(S)) ds.

0

We get from here the following equality

&

2(e) — €€ (ZO —g! —/e—"‘cu“)(s)ds) = esc<g1 —}—/e_scv(s)ds). (19)
0

0
By virtue of Assumption 1 we have

e e e 2e

g! —l—/eﬂcv(s)ds cg! +v/eﬂCst C eigcfefscPds - /eiSCPds.

0 0 0 £
Thus, we obtain from (19)

£ € 2e

z(g) — €€ (zo —g! —‘/eﬁcu(')(s) ds) = ¢ (gl +/efscv(s) ds) € eSC/e’SCPds.

0 0 €

Hence, knowing z(¢) and z° — g!, one can construct the admissible control u® (s)
P, 0 < s < ¢ such that the equalities

& 2¢
z(e) — €€ <ZO —gl— / e Cul(s) ds) = /e(gﬂ)cu(z)(s) ds.
0 e
and
& 2¢
g +/e’5cv(s) ds = [e’scu(z)(s) ds
0 £

hold where v(-) = Q. (z(0)), u® = P.(z(0), z°, 0).
Further we apply the method of mathematical induction. Let 1 < i < k. Using
the explicit form (17) of the solution of (1), write its value by the moment i¢:

ie
z(ie) = °¢70 — /(e(ia_s)cu(s) - e("s_j)cv(s)) ds.

0
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We get after not difficult transformations

& 2e
z(is)—eisc(zo—gl —P gt +/e’scv(s)ds+g2—l—/e’scv(s)ds—i--u—&-
0 €
(i—1l)e & 2¢ 3¢
g+ / e_scv(s)dsf[e_scu(l)(s)ds f/e_scu(z)(s)ds+fe_scu(3)(s)ds+~~+
(i—2)e 0 £ 2¢
ie ie
/ e ul(s) ds) = e'*C (gi + / e (s ds), (20)
(i—1e (i—De
what implies by virtue of Assumption 1
ie ie ie (i+1)e
gi + / e3¢0 (s)ds C gi + / eiSCst ce € / eCPds / e € P ds.
(i—l)e (i—l)e (i-1)e ie

(21)
So, it follows from (20) and (21) that there exists an admissible control u¢*V(s) € P,
ie <5 < (i + 1)e such that:

£ (i+1)e

2ie) — eisC<ZO S B RS 7/e—scu(1>(s)ds> e f e=SC U+ (5) ds
LE
and
ie (i+1e
g + / e*Cv(s)ds = / e Cu™(s)ds
(i~Dye ie

where v(s) = Q,(z(i¢))(s —i¢) and u’tV = P, (z(i¢), 7)) (s — ig), ie < (i + De.
If we repeat all induction arguments for the case of i = k, then we obtain from
(20) and (21)

& ke
2(ke) — k€€ (ZO —gl gt gk / e5CuM(5) ds) = okeC (gk + / efscv(s)ds) €
(k—1)e
ke ke
eksC <gk + / esCst> C ekEC / e*SCP ds.
(k=1)e (k—=1)e

We get from the last inclusion and the equality
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& ke
z(ke) —m € — / %P gs + / e*e=9C P gs.
0 (k—De
Thus,
ke

llz(ke) —ml| <

£
/e(ks_’)cP ds' +‘ / e*e=9C p gy
0

(k—=1D)e
Now, taking into account the inequality (6), we obtain

e ke

»/.e(ff“)cPds —I—‘ / TP ds
0 (k—1)e

o o
< =—4 - =«.

llz(T) —m]|| < )

4 Examples

1.LetC=AE,AL<0,P=pK,Q=0K,M = K, p > o where K is the unit cube
with the center at zero of the space RY; E be the unit matrix of the order d. Then all
conditions of Theorem 1 are fulfilled, so the pursuit can be finished from any starting
state z° € R?.

2. Let in Example (1.1), C =X1E, A <0, P =5,(0), O = S,(0), M = $(0),
p > o where S, (0) is a ball of a radius » > 0 with the center at zero of the space R?;
E is the square unit matrix of the order d. Then one can easily check that conditions
of Assumptions 1 and 3 are fulfilled for any z° € R¢.

3. The Pontryagin taste example. Let

01 -1
C=|10—-a O
00 -8

in the game (1) where o, S are positive numbers; u = (0, —it, 0)7, v = (0,0, )7,
under the condition |[u|| < p, ||V|| < o. The terminal set is a closed convex cylinder
in the space R¥. One can show, if inequalities p > o, p/a > o/ hold, then all
conditions of Assumptions 1 and 3 are valid for any z° € R?.
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Unilateral Ball Potentials on Generalized | m)
Lebesgue Spaces with Variable Exponent | <o

Yakhshiboev Makhmadiyor

Abstract The theorem on the boundedness of the unilateral ball potentials operator
in the Lebesgue spaces with variable exponent.

Keywords Unilateral ball potentials + Riesz potential operator - Generalized
Lebesgue space - Maximal function

1 Introduction

Lebesgue spaces with variable exponents have been of interest during the last years
(see, for instance, [1, 3, 4, 8, 10-17, 24, 28] for the basic properties). In particular,
there was an important progress concerning to the study of classical operators of
Harmonic Analysis in these spaces. We refer to [9, 12, 22-24] for details on the
development of this theory and [4], where the boundedness of various operators was
obtained by extrapolation techniques.

Investigations in this area are strongly stimulated by applications in various prob-
lems related to objects with non-standard variable local growth (in elasticity theory,
fluid mechanics, differential equations, see for example [6, 21, 27, 29, 30]). The
spaces LP0) (£2) are proved to be an appropriate tool applicable in this area.

In papers [19, 25] were considered unilateral ball potentials Bfg—
multidimensional analogs of operators of Riemann-Liouville fractional integration.
Number of properties of unilateral ball potentials are describe in [19, 25], (see, also,
[26, 29]).

In this paper, we study unilateral ball potentials of variable order in variable expo-
nent Lebesgue spaces. We will show the boundedness of unilateral ball potentials in
variable exponent Lebesgue spaces. Among the challenging problems is the Sobolev
type theorem on boundedness of the unilateral ball potentials operators B ¢, from
LPO(£2) into L1V (£2).

This paper is structured as follows. Notations and basic definitions on variable
exponent spaces on metric measure spaces are given in Sect. 1. In Sect. 2 fractional
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maximal functions are described. The Riesz potential operator on variable Lebesgue
spaces are studied in Sect. 3. In Sect. 3 there are presented some known results con-
nected to the unilateral ball potentials. The main results, the Sobolev-type Theorems
3 and 5, are proved in Sect. 4.
Notation. £2 is a measurable set in R”, |§2] is its Lebesgue measure; B(x, §) is
the ball centered at x and of radius §; x¢ (x) is the characteristic function of a set £2
resen r) (-, Ix| =1,

3 n. — 2 —_ 2 =
lIlR 9Cn,0t - 7.[11/21"(%) s Vn,a - nn/zr(a)’ P(.X) - {(p/)+’ |x| S 1 *

2 Preliminaries

2.1 LPY Spaces with Variable Exponents

We refer to [1, 5-9, 16] for details on variable Lebesgue spaces over domains in R",
but give some necessary definitions. For a measurable function p : 2 — [1, 00),
where £2 C R" is an open set, we define p~ := ess inf p(x), p* := ess sup p(x).

xef2 xeR
Definition 1 By P(£2) we denote the set of functions p : £2 — [1, co) satisfying
the conditions 1 < p~ < p(x) < p* < ooon 2

. 1
px)—p)| < — forsome (x,y) €2, with |x —y[ =< X (1)

T iln——
[x=yl

where C > 0 dose not depend on x and y.
In the case when £2 = R" we have the following definition

Definition 2 Let £2 be an unbounded set. By Po,(£2) we denote the set of all bounded
measurable functions p : 2 — [1, 00), suchthat 1 < p~ < p(x) < p* < oo and

|p(x) — for some (x,y) € 2, p(c0) = lim p(x), (2)

o0)) < ————
POl = e D
where C > 0 does not depend on x and y.

Definition 3 We define the following class of variable exponents

1
P8 (2) = {p € P(£2) : — is globally log-Holder continuous}.
p

By ciog(p) or cj0, we denote the log-Holder constant of %.

The generalized Lebesgue space LP")(£2) with variable exponent is defined as
the set of functions f on §2 for which
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A(f) = / )P < oo,
2

and equipped with the norm

, @)
”f”LP(')(Q) = ll’lf{)» >0: AP( )L ) <1;.
LPO(£2) is a Banach space when p* < oo .
If p € P(2), then we define p’ € P(£2) by ﬁ + ﬁ =1.
The function p’ is called the dual variable exponent of p.
The notation L) (£2, p) will stand for the corresponding weighted space

LPO(R2,p) = {f : [p]7} € LPO(2)},

px)

fx)
A

I fllLeoe.p = inf{k >0: /p(x) dx < 1},
2

where p(x) > 0 a.e. and |[{x € 2 : p(x) = 0}|.
From Holder inequality for the L") (£2)-spaces we have

1 1
|!u(x)v(x)dx| < (pf + (pT)”u“LP’(')(_Q)”V”Ll"')(ﬂ)-

2.2 The Maximal Operator in LP(")

For a locally integrable function f on R", the Hardy-Littlewood maximal operator
M 1is defined by

1
Mf(x)ziggm / Lf(Mldy,
B(x,8)

where B(x, §) denotes the open ball centered at x € R" and radius § > 0. The suf-
ficiency of condition (1), provided by the next theorem, was proved by Diening

[5].

Theorem 1 (Diening) Let §2 € R" be an open, bounded domain, and let p : 2 —
[1, 00) satisfy (1) and be such shat 1 < p~ < p(x) < pT < oo. Then the maximal
operator is bounded on LV (£2):

”Mf”p(x).(z < C(P(X), Q)||f||p(x),9~
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2.3 The Riesz Potential Operator on Variable Lebesgue
Spaces

The boundedness the Riesz potential operator on variable Lebesgue spaces was first
considered in [22], where the Sobolev type theorem for bounded domains was proved
under the assumption that the maximal operator is bounded in LP" from L4®),
L. Diening in [6] proved the Sobolev theorem on for satisfying the local logarithmic
condition (2) and constant at infinity.

n

Theorem 2 ([6]) Let0 <a <nandlet1l < p~ < p(x) < pt < = . Assume also
that p satisfies the log-Holder conditions (1) and (2), then there exists C > 0 such
that

1% fllLsorny < CIfllrogny,

¢ x € R".

where q(x) is the Sobolev exponent given by ﬁ = ﬁ -,

Lemma 1 ([23]) Lete; = (1,0, ..., 0) . For the integral

dy
Jop(t) = / — — 0<1t < o0,
¢ Iyl*ly —er[?
lyl<t

where a < n,b < n,a + b < n, the following estimate is valid

6\a|+|b| th—a

T = by —a byt op ) T

where C > 0 is an absolute constant not depending on t, a and (depending oily
onn.)

3 Unilateral Ball Potentials

Series of problem in mathematical physics (see, for example, [2]) are reduced to the
reversion of the following integral operators,

Ig<p—c,,o,/| $0) e CR. O<a<n, 3)

|VlC¥

named by Riesz potentials.

Let £2 be a full-sphere in R" or area supplementing a full-sphere to only R". In
the given work it is considered one-sided spherical potentials in Lebesgue spaces
LPY(£2) with variable exponent p(x).
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Lemma2 ([19]) Ar0 <« < n, |x| # |y| relations hold
Cnog _ 2"7¢ (Ix? = 12121y = [z

x =yl I'’($o,_, Ix —z|"ly — z|"|z|*

|z|<min(|x],|y])

dz, 4)

Cn,a 2 Iz = P2z = [y
— == dz. (5)
x =yl (%o, lx —z|"[y — z|"]z|*
|z]>max(|x],|y[)
Let’s consider Riesz potential
e(y) n
= y, 9 €Ly(R"),1<p<—. 6
"¢ = /I—yl"“ pelLy(R"), 1=p o (6)

Substituting in (6) kernel under formulas (4), (5) and changing the integration order,
we obtain the following [18-20, 25]

0 =27"Biy["*Blg, I"9=2""B|y|Big, ©)
where 5 2
« (le ly[*)“
Biy= @ )w . T p(y)dy, (8)
Iyl<lx|
] (|y|2—| )/
Blgp = T )w » / oy p(y)dy. 9
Iyl> Il

Potential operator /*¢ in formulas (7) is called B factorization. Factorization (7)
is convenient in studying potentials (3) in case when the region §2 is a sphere. Integral
operators in (8), (9) are called unilaterals ball potentials.

Unilaterals ball potentials of order & > 0 in a spherical layer U (a, b),0 <a <
b < 00, are defined by:

2 (12 = [y2)e
B g=—— W= DV ) (yydz,
= T / =y Y
a<|y|<|x|
2 (yl? = [x2)e
B = —— / L oz
b T (@)®,_ lx —y|
|x|<lyl<b

Potentials B, ¢ are named left sided, and B} ¢ right sided. Ata = 0, b = oo we
will write accordlngly BYo, B%¢ .
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4 The Main Statement

For0 <o < % and p € P(R") we define g € P(R") point-wise by

s i=-5—% forall xeR" Theng e P(R") with

np
n—op-

1< =) <@ =—f <.
n—oapt

It is clear that g € P!°¢(R") with Clog(p) = crg(p) if p € Plog(R™y .
Lemma 3 Let 2 C R"—be a bounded open set and 0 < a < n. Let p € P'°%(£2)

withl < p~ < p* < 2. Ifk = max{ P 1}, then

n—apt’

B f| < Clx|*k7™ Mf(x)' =" (10)

forall f € LPY(2) with || fl ,) < 1 and everyx € §2 C R". The constant depends
only on o, n, cioe(p) and diam(S2).

Proof To estimate BY f we observe that |x| — |y| < |x — y| and |x| + |y| < 2|x],
so that

1
|BS S| = 2%Yn,alx]® / M_—If(y)ldy =Ex,0)+Fx, 8, A
Rn

y|n—a
where |
E(x,8) :=2"ynalx|® / — S Wdy,
lx — vl
|[y—x|<é§
o o 1
F(x,8) = 2%Yyq1x] | f()ldy.
lx — yl
|[y—x|>§
Therefore,

1
E(x,8) = 2% olx|* / WU()’)W)’:

|y—x|<é

o

1

2%Ynalxl® Z / WV()’)W)’ <
k=1y ks cly—x|<2-++15

X o - —ka+kn goe—n (2_k+18)n
Vaalx ) 2 8 (g lfDldy =

2-k§<|y—x|<2k+1§

k=1
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[o¢]
2"y o X |8 Y 27RM f (). (12)
k=1
By (12), we have
2" Yo ||
E(x,0) = =25 ——Mf(x) < Clx|"8"M f (x) (13)

with same absolute constant C = C(«g, n) > 0 not depending on x and 4.
The second function F(x, §) is written as follows

1
F(x,8) =2%Vnalx|® / WU()’)WY
R™\B(x.5)

Set B := B(x, §). Using Holders inequality and taking into account that the fact
I fll,) <1, we have

F(x,8) < 2%VualX|“Nf Nl poy Ixrmslx — 1"l ey <

2%Yualx N xrms1x = 1"y = 2%Vualx I xrm 81X = 17"l »

where s := == p’. Next we note that

_ 1 _ _
M(xg|B] 1)(y>zm / x(2)dz=|B(y,2ly —xD|™' = Cly —x|™"

B(y.2|ly—x])

forall y € R" \ B(x, §8). Therefore,

Cxrmposly —xI™ < M(xs1BI™H ()

for all y € R" . Combining the previous estimates, we find that

n—a n—a
d

IM(xe)llyly < 2%Vmalxl* ()71

n

xsl

a—n
4

F(x,8) = 2%ualx|®|B|

where we used Theorem 1 for the boundedness of M on L¢®)(R") . In addition, we
conclude that

= -
Ixsll,y = lxsllpe < CIBI™,

where the second estimate follows from Corollary 4.5.9 in [9]. Combining these
estimates, we obtain
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a—n_‘_L — o

a—n =2 7 o n n—a 1
F(x,8) < 2%puolx|* ()7 Bl " 78 < 2°Clx|*(———) " |Bl. (14)
n—ap

Let x € £2 and let 0 < § < 2diam$2 be a number to be specified later. Having
substituted (13) and (14) into (11), we have

n—0 i
B fI < CIxI*[8*Mf(x) + (———
n—ap

Clx[[8*Mf (x) + (k)77 550 ], (15)

Since, 0 < § < 2diam$2, we have 6ﬁ ~ 8"%

-2 < 2diam§2, we choose § = Mf(x) . Then estimate (15)
gives (10). On the other hand, if § = > 2dlam.{2, we choose § =
2diam$2. Now we have §% = [Mf(x)] , SO (10) follows directly from Lemma
6.1.4in [9].

p() )a

Lemmad4 Letp € P%(R"),0 <a <n,andl < p~ < pt < . Thenforanym >
n there exists C > 0 only depending on c;,4(p), p*, &, and n such that the following
estimate

x|~ BL1Y < |1 £19%) < CMf ()" 4+ h(x)

holdsfor all f e LPO with Nl fllpy <1 andall x € R", where h € L'(R"Y (L™

n — 2
(R™), q(X) - p(X) n’

The proof of Lemma 4 is similar to the proof of Lemma 6.1.8 in [9].

Theorem 3 Let p € PI°(R"),0 <a <nandl < p~ < p* < 2. Then the follow-
ing estimate
Bl < Cl S o

holds for all f € LP© with ||f||p() < 1 where the constant C depends on p only

via ciog(p), p~ and p*, _ - ,,(x) -2

Proof Let h € L'(R") (| L>°(R") be as in Lemma 4. Let I fllpey <1 and thus
Apy(f) <1 by the unit ball property. Integrating in all sides of the estimate in
Lemma 4 over x € R" yields

Aoy (IxIT*BSf) < AgoyT* ) < Apy(Mf) + Ay (h) < Ay (Mf) +c.

By Theorem 1 we have that, M is bounded on LP)(R") and so A,,(Mf) < 1
implies A ,(,(Mf) < C,withgt < oo. Hence Ao (xI™*BY f) < Ay f) < C
and therefore, |||x|™*B{ f || a0 = C, with g% < oo. Since, I“ is sublinear, a scaling
argument completes the proof
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Theoremd4 Letp € Pi(2),0<a <nandl < p~ <pt <oco. Ifp~ > =, then

BY f| < Clx| 7o+, (16)

forall f € LPY(R") with I fllp) < landallx € R", where the constant C depends
on a, 1, Cog (p).

Proof Forpoints x, y € R" letusdenoter = |x|, p = |y|,x' = \xl Y = I\\ Apply-
ing Holders Inequality, we get

IBLS1 < oG Myl fllpeys

where , ,
p(x,y) = yn,aMXB(O,\xl)(y)'
lx =yl
We use the property
Pp() <£) =a=|flly <ab",
where

=
V1L op<t.

p”“(;p(w Py e, (17)

We can prove that

which implies that
20—n
oG, e < Clx|7o™™,

where
[kl = L,
P& = { (P)*, Jxl < 1.

Let us try to prove (19). We have

(QO(X )) (IxP? = [y[»H*r®
PrOU L pamn) T Ve x| Ca=mp' O — y[nr'C)
[yl<lx]
% 2P+ dy
e |x/ — L|m—e)p'()
IyI<lxl a

Taking y = |x|rot, &, rotie; = x', ey = (1,0, ..., 0), we have
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p(x, ) d§
pP()(l |2a n) - C|x| / ley — & |(n a)p'(|x|rot,§)

El<1

d§

ley — §|(n—or)p’(lxv01)€)

= Clx"( / + )

[El<llei=&l<l  [&]<l,|e1—§[>1

n d§ dé§
= ClxlC o] —E[r o) o — £
[El<L,]er—§l<1 [El<L,]er—&[>1
Here, we obtain following inequality based on Lemma 1
o(x, ) 3=y (p)* 3= (p")”
o) () < Clxl™( + ). (18)
PO e n(n—(n—a)(p)H? " nln—(n—a)(p))?

Using (18) and (17), we have (16). This completes the proof.
Theorem 5 Let pc P(2),0 <a <nandl <p~ <pkx)<pt<oo.Ilfp” >
2" then
« n=2a_,
x| 75 B fllrogy = Cllf o),

forall f € LPY(2) with | fllroey < landall x € §2, where the constant depends
on a and n.

The proof of this theorem is similar to the proof of the Theorem 3.

Theorem 6 Let 2 C R" be a bounded domainin 0 < o < n and let p € Plog(R™)

n

withl < p~ < pt < 2 . Then the following estimate

1B £l o = CllF e, (19)

holds for all f € LPO(2) with |||y| flipey < 1, where the constant C depends on

1
a, n, and cjog(p), =7 n.

Proof In the integral |B* f| , we observe that |x| — |y| < |x — y| and |x| + |y| <
2|y|, so that

‘o yI° . yI°
1B £ < 2y, / il wlay <2 yna/|—|f<y>|dy=

|il o

|yI>1x]
Ei(x,8) 4+ Fi(x, ), (20)

where
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o Iyl*
Ei(x,8) = 2 / T iy,
lx =yl
|[y—x|<é
o Iyl
Fi(x,8) = 2%Yna ———|f(Mldy.
e lx =yl
y—x|>

For E;(x, §), via the standard binary decomposition

(o]

1
Ey(x,9) < zaVn,aZ / m|)’|a|f(y)|dy
k=1y ks <|y—x|<2-k+1s
we obtain
2n+ayn a(sa N
Ey(x,8) < T ,1 Mg(x) < Cé*Mg(x), (21)
where g := ||y|* f|, with some absolute constant C; = C;(«, n) > 0 not depending

onx and§ . We assume that |||y|* f|| 5y < 1.Forthe term we use the Holder inequality
and obtain
Fi(x,8) < 2%Vualllyl® fllpo lxevslx — 17" - (22)

We can apply Theorem 1.17 in [22], its assumptions being satisfied due to conditions
of our theorem. Then we have

I X@\slx — 1“7 ) < €870 (23)
From (20), in view of (21)—(23), we obtain
|BEf1 < CE* Myl f) +877),
Minimizing with respect to §, at § = (M(|y|af))_@ we get
B 1 < CM(ly|* £,

Hence,

/ B 10 dx < C / (M Iy ) PO dx < C. (24)
2 2
Then [, [((M(|y|* f)[?*)dx < C and by (24) we obtain that
f |BY f19Wdx < C
2

forall f € LPO(£2) with || [¥I* fll o) <1, which is equivalent to (19).
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