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Abstract In the contemporary nonlinear dynamics literature, the nonlinear
oscillator equation X + kxx + §x3 + Ax = 0 is being analyzed in various contexts
both classically and quantum mechanically. Classically this nonlinear oscillator equa-
tion has been shown to admit three different types of dynamics depending upon the
sign and magnitude of the parameter ):, namely (i) A= 0, (ii) % > Oand (iii) X <0. By
considering its importance, in this paper, we present the symmetries of its Lagrangian
and underlying equation of motion for all the three cases. In particular, we present
Lie point symmetries, A-symmetries, Noether symmetries and telescopic symmetries
of this equation. The utility of the symmetries for all the three cases is demonstrated
explicitly.

Keywords Nonlinear oscillators - Lie point symmetries *+ A-symmetries - Noether
symmetries - Telescopic vector fields

1 Introduction

During the past ten years or so considerable interest has been shown on investigating
various properties associated with the Liénard type nonlinear oscillator equation,
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k2 -
A, x, %, %) =5c'+kx5c+3x3+xx =0, (1)

where overdot denotes differentiation with respect to 7, k and A are arbitrary parame-
ters [4, 8, 12, 15, 22, 24, 27]. Equation (1) arises in the study of equilibrium config-
urations of a spherical gas cloud acting under the mutual attraction of its molecules
and subject to the laws of thermodynamics [3]. Even though a more general equation
of this form with time dependent coefficients has been studied long ago consider-
able interest has been shown on this particular equation when two of the present
authors along with Bindu and Pandey have identified it as one of the linearizable
equations when a Lie symmetry analysis was carried out on the Liénard type equa-
tion X + f(x)x + g(x) = 0, where f(x) and g(x) are arbitrary functions of x [24].
Originally three of the present authors have proved the integrability of system (1) and
demonstrated that this equation admits a conservative non-standard Lagrangian and
Hamiltonian description [4]. They have also shown that the frequency of oscillations
of this system for A > 0 does not depend on the amplitude of oscillations thereby
showing that the amplitude dependence of frequency is not necessarily a fundamental
property of nonlinear dynamical phenomena [4].

The system (1) admits three different dynamics depending upon the sign of the
linear term in it. For example, for the choice X <0, the system (1) admits front like
solution and A > 0 displays explicit sinusoidal periodic solution [4].

This model has further been investigated by several authors under different per-
spectives [1, 5-7, 9, 15, 16, 22]. For example, it has been demonstrated that the
model (1) admits (i) integrating factors [1, 5, 7, 16], (i) Lagrangian multipliers [22],
(iii) A— symmetries [ 16], (iv) Darboux polynomials [15], and (v) alternate Lagrangian
[9]. Equation (1) can be transformed (i) to a free particle equation through invertible
point transformation, (ii) to a harmonic oscillator equation through Sundman trans-
formation and (iii) to a linear third order ODE, w"”’ + Aw = 0, through a generalized
transformation [5-7, 15, 16].

In one of our earlier works, we have constructed a nonstandard Lagrangian, [4]
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for this equation. For many of our investigations we stick to the Lagrangian (2) and its
associated Hamiltonian (see Eq. (3) below) since when k& — 0 both the Lagrangian
and Hamiltonian reduce to the linear harmonic oscillator Lagrangian and Hamilto-
nian, respectively, as the equation of motion does. In a recent work, two of the present
authors with Chithiika Ruby have also demonstrated the quantum solvability of its
Hamiltonian [8]
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where

oL 278 1 N 3 @
P= ax 2k (kx + x2 +3)»)2 2k

By observing that the Hamiltonian (3) can also be equivalently considered in the
form

Hep) = =5 4 UG, —oco<p= 2 5)
X, p)= , < —_
P = ) p =5
where
(p) ! d U(p) o 1- 2k 1 (6)
m(p) = —————~ and U(p) = —— —_
(1 % 2k? 3
A (1 3ip)

and recognizing that this form coincides with the position dependent mass Hamil-
tonian with the difference that the variables x and p are interchanged, the authors
went on to quantize the position dependent mass Schroedinger equation in momen-
tum space by augmenting with van Roos ordering. The explicit eigenvalues and
eigenvectors have been brought out in an elegant manner.

In this paper we present symmetries of various kinds for Eq.(1) and the non-
standard Lagrangian (2). The reason for consolidating this result is that as far as
symmetries are concerned some of the earlier studies are incomplete. For example,
eventhough Lie point symmetries are known for this equation for all the three para-
metric regimes the order reduction procedure has not been done so far for this system.
In this paper, we intend to complete it. As far as A-symmetries are concerned even-
though a detailed investigation has been made on the A = 0 case, the analysis has
not been carried out for the A 0 cases. In this paper we carry out the A-symmetry
analysis for the % # 0 cases and present two independent A-symmetries and their
associated independent integrals. Similarly eventhough Noether symmetries for the
nonstandard Lagrangian (2) with & = 0 has been reported it has not been analysed for
the A # 0 cases. We present the Noether symmetries for the remaining two important
cases, namely (i) X > 0 and (i1) X < 0 as well. The telescopic vector fields, which
are more generalized vector fields that play important role when the Lie point sym-
metries and A-symmetries are absent for a given second order nonlinear ordinary
differential equation, are also unknown for this equation. We construct the telescopic
vector fields also for Eq. (1).

The plan of the paper is as follows. In Sect.2, we recall Lie point symmetries
of the nonlinear oscillator equation (1) and carry out order reduction procedure for
this equation. In Sect.3, we carry-out the A-symmetry analysis for the nonlinear
oscillator Eq. (1). To begin with, we recall the results that are reported for the case
% = 0. We then extend the analysis for the cases A 0 and give a complete picture.
In Sect. 4, we recall Noether’s theorem and apply this theorem to the model (1) and
derive Noether’s symmetries for all the three cases, namely (i) X >0, (i) A < 0and
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(iii) 2 = 0. In Sect. 5, we present the telescopic vector fields for all the three cases.

We present our conclusions in Sect. 6.

2 Lie Point Symmetries of Eq. (1)

Let the evolution equation (1) be invariant under the one parameter Lie group of
infinitesimal transformations [2, 13, 23]

f=t+ek(t,x)+0(), T=x+ent,x)+ 0, <1, (7)

where & and n represent the symmetries of Eq.(1) and they are functions of the
variables ¢ and x. The associated infinitesimal generator can be written as

0 0
X:E(t,x)&—f-n(t,x)a. )

Equation (1) is invariant under the action of (8) iff

X@(A)| g0 =0, 9
where
0 0 0 0
XY@ — g2 (€)) (@) 10
Sor T T T aR (10)

and n" and n® are first and second prolongations respectively, whose explicit
expressions can be found in Refs. [2, 13]. For the sake of completeness, we present
symmetries and order reduction procedure for each one of the cases separately.

2.1 Casel: X =0

First let us consider the choice A = 0. The invariance condition (9) reads (¥ =

o(t, x,x)) 50 50 50
- _r (€9 s N ) I
Sor T T g 1 =0 (b

Solving the invariance condition (11), one obtains the following symmetry genera-
tors, namely [24]
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The nonlinear ODE (1) admits maximal symmetry generators and hence it is
linearizable [24]. The symmetry generators constitute s/(3, R) symmetry algebra.
Besides several applications, the symmetry generators can also be used to reduce the
order of the nonlinear ODE (1). In the following, we demonstrate this procedure by
considering the vector field X3 as an example.

Substituting the expression & = x and n = _Tkx3 in the characteristic equation

dt _ dx _ di

£ - n - n(l)

vasu=1— 2,

the relation w = j—;. Evaluating and simplifying the resultant equation, we arrive

3 )2 2 . . . . .

Z—V = kb3l _ k)2 Integrating this first order differential equation we find
u 9x 9

V=— W%, where /) is an integration constant. Substituting the expressions # and
v in this solution and rewriting the resultant equation for x, we end up with

and integrating the resultant equation one finds the invariants # and

3 . . .
and v = 37)‘ + "; The second-order invariant can be derived from

at

. kx(OOLx + K*tx — 3k) _

3091, + K21) (13)

Integrating Eq. (13) we obtain the general solution of the MEE equation in the fol-
lowing form,
6(91; + k’t)

, (14)
kt (181, + K2t) + 61

x(t) =

where I, is the second integration constant. In a similar manner, one can carry out
the order reduction procedure for the rest of the vector fields. Since the procedure is
repetitive, one can move on to investigate the other two cases.
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2.2 Case2: x>0

In this case the corresponding symmetry generators are [24]

XI:E, Xzz—icosx/iti—i- cosft——xsmft
3 ot f

ot 3V A

X3 = sm2\[t+—xcos2ft>
( 34

\/Icoszft——xsmzft——x cos 2v/ir
= )

9V A

X4 = (Cos it - Fx sin2v/% t)

(\/Xs1n2\[t+—xc052ft—\—[x sm2\[t>

9V A

X5 = )csin\/iti + x? (\/icosx/it — ]ix sin \/it) i
Jt 3 0x

X = xcosx/it% —x2 (\/isin\/it + %{x cos ﬁt) ai,
X

X d 3hx LK) o
= X— — —_— —X —,
Ty k3 ) ax

X3 = —%sin\/it£+ (sm\/>t+7>XCOS\[f) (15)

3V

The vector fields (15) can again be shown to form an s/(3, R) algebra.
In the following, we demonstrate the usefulness of the symmetry vector fields by
considering the vector field X. The associated characteristic equation reads

dt dx dx
i dx _ di (16)
x _(li 3)»_.)() _ X(K2x%+kx+31)

3 k k

Now integrating the above Eq. (16) we find the invariants « and v to be of the following

forms:
—1 [ _kx_ X -
(aﬁ) Vi X (K2x2 + 3k + 9%)
u= V= . a7

Ve ' x
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The second-order invariant reads % =91 + % Integrating the later we find v =

9\/i tan(91, \/i + \/iu), where /] is an integration constant. Substituting the expres-
sions u# and v in this solution and rewriting the resultant equation for x, we end up
with

k2x3 4+ 9
i+ XA —0. (18)

3 (kx ~ 3V tan (\/i(911 +1) +tan~! <3I€7)))

Integrating Eq. (18) we obtain the general solution of (1) with positive values of A in
the following form,

33 sin(v/AO1 + 1))
Izﬁ —k cos(\/i(911 +1)) ’

x(n) = 19)

where I is the second integration constant. One may extend the order reduction
procedure for the remaining vector fields too in a similar fashion. Now we move on
to the third case.

2.3 Case3: X <0

In this case, we find the equation is invariant under the following forms of symmetry
generators: [24]

B P Ko\ @ k
et et 20 )2]

o) o]
e\/if [x% — (§x3 — \/ix2> %} )

[ 9 k ~ 9 7| 0 - 3%\ 9
X6=e_ﬁt X— — fx?’—l—\/)txz — |, X7=eﬁt — = \/;\x—— — |,
Jt 3 0 at k | ox

Xg=e [ (f +3*)8} (20)

To obtain the general solution for this case, we consider the vector field Xe.
Solving the characteristic equation associated with this vector field

W
=
(98]
|
|2 £
=
N———
m‘w
e
I
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dt . dx
xe*‘/i’ —e*“/i’ (% + \/i)ﬂ)
di
=1 - 1)
ge—ﬁt(kﬂ(\/ix —3%) — 3(=qx? + Vixi + #2))
we obtain the invariants u# and v of the form
—log(kx + 3\/i) + \/it + log(x)
u= (22)

Vi ’
3(—kv/Ax? + 2kxk — 33x 4 3vik) .
V= .
2(kx* + 3vax3 4 3x2%)

The second-order invariant can be found from the relation w = Z—Z. In this case, we
find

V22 — 33 : 2 _
dv G+ 3V (kx ~3\/Xx +30 _ (k_ . NXV) o
du 3x2(kx2 + 3(V x4 5)) 3

Integrating Eq. (24), we find v = e‘zﬁ“ I — Lﬂ where [ is an integration con-
64/ 7
stant. Substituting the expressions # and v in this solution and rewriting the resultant

equation for x, we end up with

2@V (kx — 37) — 61, (kVx +37))
+ = — =
3(62‘/;’ — 6l \/;»)

Integrating Eq. (25), we obtain the general solution of Eq. (1) with negative A in the

following form
3(reVH —61,3)
30V aeV 4 61,V ik + ket

where I, is the second integration constant. One may verify that the remaining vector
fields can also be used to derive the above general solution of the given Eq. (1).

0. 25)

x(t) = (26)

3 A-Symmetries

Recently efforts have been made to generalize the classical Lie algorithm and obtain
integrals and general solution of nonlinear ODEs, in particular equations which lack
Lie point symmetries. One such generalization is the A-symmetry approach [17].
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The method of finding A-symmetries for a second-order ODE has been discussed in
depth by Muriel and Romero [18] and the advantage of finding such symmetries has
also been demonstrated by them. They also have developed an algorithm to deter-
mine integrating factors and integrals from A-symmetries for second-order ODEs
[19]. The relation among A-symmetries, Lie point symmetries and local-nonlocal
transformations for Liénard I and II-type equations was studied in Ref.[25]. The
vector fields associated with A-symmetries are being denoted as v instead of X just
to differentiate A-symmetries from Lie point symmetry vector fields.

A vector field v is a A-symmetry of the second-order equation if there exists a
function such that

vA@DNA@R, x,%,%) =0 when A, x,x,%) =0, 27)

where vI* @1 is given by

d d 0 d
V[)»,(Z)] — S(t, xX)— + n[)u(o)](t’ xX)— + r}[}”’(l)](t, X, X)— 4 77[%(2)](& X, X, x)_’
at dax ox X

(28)
with
= O = (@, x), (29)
=D = (D, + W™ O, x) — (D, + 1) (E)%, (30)
== (D + )y O, x, ) = (D + D EF (31)

In the above prolongation formula if we put A = 0, we end up with standard Lie
prolongation expressions. Solving the invariance condition (27) we can determine
the functions &, n and A for the given equation. We note here that three unknowns &,
n and A have to be determined from the invariance condition (27). The procedure is
as follows.

Let us suppose that the second-order Eq. (1) has Lie point symmetries. In this case,
the A-function can be determined in a more simple way without solving the invariance
condition (27) as follows. If X is a Lie point symmetry of (1) and Q = n — x& is

9

its characteristics, then v = 7~ is a A-symmetry of (1) for A = %Q] [25]. The A-

symmetry satisfies the invariance condition [19]
by + Apz = D[A] + A%, (32)

Once the A-symmetry is determined, we can obtain the first integrals in two differ-
ent ways. In the first way, we can calculate the integral directly from the A-symmetry
using the four step algorithm given below. In the second way, we can find the inte-
grating factor u from A-symmetry directly. With the help of integrating factors and
A-symmetries we can obtain the first integrals by integrating the system of Eq.(34)
given below. In the following, we enumerate both the procedures.
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(A) Method of finding the first integral directly from A-symmetry [19]
The method of finding the integral directly from A-symmetry is as follows:

1. Find a firstintegral w(z, x, x) of v/*(D1, that is a particular solution of the equation
wy + Aw; = 0, where the subscript denotes partial derivative with respect to that
variable and vI* (M is the first-order A-prolongation of the vector field v.

2. Evaluate D[w] and express it in terms of (¢, w) as D[w] = F (¢, w).

. Find a first integral G of 9, + F (¢, w)0d,,.

4. Evaluate I (¢, x,x) = G(t, w(t, x, X)).

(O8]

(B) Method of finding integrating factors from A [19]

If X is a Lie point symmetry of (1) and Q = n — x& is its characteristics, then
v = 0y is a A-symmetry of (1) for .. = D[Q]/Q and any solution of the first-order
linear system

D[M]+<¢x_%>/1«:0» x+( [QQ] >‘=0, (33)

is an mtegratmg factor of ( 1). Here D represents the total derivative operator and it
is given by 2 o +x$ + ¢m

Solving the system of equations (33) one can get ;. Once the integrating factor u
is known then a first integral / such that /; = u can be found by solving the system
of equations

I =p(x =), I =—ip, I =p. (34)

From the first integrals, we can write the general solution of the given equation.
In the following we apply the above method to Eq. (1)

3.1 Casel:Xx=0

Bhuvaneshwari et al. had studied the A-symmetries for Eq. (1) with & = 0 [1]. They
have found the A-symmetries from the Lie point symmetries by using the relation A =
PIOI \where Q = i — x&. For this purpose they considered the Lie point symmetries
X5 and X4 from Eq. (12). The expressions for Q turns out to be

1 k
0, = E(kztzx3 — 6ktx? + 3kt’xi — 18t%), Qr =x’ <1 - gﬂ) —txx. (35)
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The two A-functions are of the form

N ( — %ktx - ]étz)'c + If—;tzxz) N . G6)
' t(l—’gtx) P 3

The associated A-symmetry is v = ai
X

3.1.1 First Integrals from A and A,

By following the above discussed procedure, we have found

(1 — yktx 4 £17% + %tzxz)

w(t, x,x) = . (37)
kt? (1 — %tx)
In the second step, we obtain determining equation for w as
3
DIw] = ktw? — == (38)
using Aj. In the third step, we obtain the function G (z, w) as
G, w) Lk (39)
W)= — — —.
Bw ¢
In the final step, we found the integral /; as
k 1— %1x
I = -1+ (—Gk)z (40)
6 (1% —x+45x?)
In the same way, we have found the function w for A, as
) x k
w(x, X) = — 4+ —x. 41
x 3
In the second step, we get the determining equation as
Diw]+w? =0. (42)
We get the function G in the third step as
1
G=t——. 43)

w
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As the final step we get the integral as

L=t— ——. 44
=1 T (44)
From the integrals I; and I, we can write the general solution as
t+ 1,
X = ¢ (45)

61‘2 + %l‘]z - 1112‘

3.1.2 Integrating Factors from A; and A,

We can also find the integrating factors from XA; and A, using the relation (33).
Substituting the function A; in Eq. (33) we get

. 2
1— %ktx — ]étzx + ll‘—stzxz)

w | =o. (46)
t(1—%x)

Mix +

B
The characteristic equation associated with Eq. (46) is given by

dx dx di
T = 2 ke, kK222 - k2 . (47)
(lfgkfX*a’ R ) BT
1(1=%ex)

Integrating (47) we find the integrals to be of the form

(1 — Yktx + E2% + ’f—;tzx2> 1,
C, = , Co=|t——kt'x . 48
! ki (1 — £tx) : < 6 ) o @

From the above, we obtain the general solution as

c (lf%ktx+%t2i+%t2x2)
1! ke2(1-£1x)

(t — ¢ki?x)

(49)

np = -

Choosing the function C; appropriately we get

K2 (1 — L5x
wip=— (1= ¢r) - 5 (50)
6 (1 — Yktx + §12%% + ’f—8t2x2)
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We find that the expression (50) also satisfies the first equation in (33) as well and
thus forms a compatible solution to the system of equation (33).

To determine the integrating factor associated with A, directly we first solve the
second equation in (33), that is

x k 1
Mox + | — — 5x ) ox + —p2 = 0. (51)
x 3 X

The characteristic equation associated with the above equation can be written as

dx dx  dw

= = = —. 52
I >
Integrating (52) we find the integral as
X
My =—T———5. (53)
( + 5%%)

We find that the above expression also satisfies the first equation in (33).

3.2 Case2: 1 #0

In the earlier case where A = 0, we fixed the A-symmetries from the set of Lie point
symmetries itself. For the two cases A > 0 and A < 0 we derive the A-symmetries
by solving the associated invariance condition which has not been considered so far
for this equation. To determine the A-symmetry for Eq. (1), we solve the following
determining equation

k? -
mu+ﬁ+xm+kﬁ+?ﬁ+xzo (54)
To obtain a particular solution of Eq. (54), we assume an ansatz

A =ax + ay, (55

where a; and a, are functions of x.
Substituting (55) in (54) and solving the resultant equation, we find
¢k
=2 (56)
X 3

Now we use the above said procedure and obtain the first integral. The calculations
are given below.
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In the first step, we setup the determining equation for w(¢, x, x), that is
vk
Wy + (f - —x) wi = 0. (57)
X

A particular solution of (57) is

P
wit, x, £) = ?x 4 ;—C (58)

In the second step, we express D[w] in terms of (¢, w) as D[w] = F (¢, w). In this
case, we find y
Dlw] = —(w” +1). (59)

In the third step, we fix the function G (¢, w) as

Vit +tan™! < WA>
Vi
Now replacing w with the expression (58) we obtain the first integral in the form

tan~! <k3xj_3x) +ft

Vi

By recalling the formula arctan(x) = %i[ln(l —ix) —In(1 4+ix)] and simplifying
the resultant equation we obtain the first integral as

(x+ IX —I—x\/j):)
(x+ xz—xr>

To prove the integrability of Eq. (1), we are in need of one more A-symmetry. To
obtain it, we assume a more general ansatz for A which is of the form

S

G(t,w) = (60)

I(t,x,%) = (61)

I = 2V (62)

)\'2 — a](ta-x))?'i'az(tv-x). (63)
as(t, x)x + aq(t, x)

where ay, a», as and a4 are arbitrary functions of ¢ and x and to be determined.
Substituting the above ansatz in the A-determining Eq. (54) and solving the resultant
equation, we obtain
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A2 = ’;—*—(%+J—7)2. (64)

R

We note here that while solving the Eq. (54) with the ansatz (63) we also obtain
(56) as another particular solution. We do not mention it here as we have already
dealt with it. Following the above said procedure now we find the integral associated
with X,. To begin it, we set up the determining equation for w(z, x, X) as

§- (5 V)
V-1

A particular solution of the above equation is

wy + wy =0. (65)

kx? 4+ 3v —ix + 3x
Wit x4 = 2+ xEor (66)

3(kx +3vV—2)

The total derivative of w(z, x, x) reads

Diw] =/ —Aw — kw?. (67)

In the third step, we determine the function G (¢, w) as

Vi (kw#x/i)

ilog

G(t,w)=— (68)

Vi

Now replacing the variable w by (66) we obtain the integral associated with A, in
the form

e"ﬁf<k(3fc+kx2)+9}\)
kx2+3(«/ —Xx+fc>
I(t,x,x)=— . (69)

Vi

After rearranging the integral in more elegant form, we obtain

_ 6 T A+
L=——e¢ = ]. (70)
k X4 A2+ xv/=

ilog
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From the integrals I; and I, we can write the solution of Eq. (1) for X >0and X < 0.
First let us consider the case A > 0.

32.1 Case2:1 >0

For & > 0, integrals (62) and (70) are complex. To get the real integrals, we consider
the following combinations of the integrals

F_ 4 Gitk?)? 4 on?
VTR T Gk + k22 4952

is . ) =
h= 2 e [ R - 3!\//§x ’ )
k|11 3ki + k2x2 + 9i

(71)

where § is phase constant. Now the integrals I, and |I| can be considered as two
real integrals of Eq. (1) for A > 0. The solution for Eq. (1) from the two integrals (62)
and (70) can be written as

Asin(vir + 8) 3V

x(t) = 0<A< = (73)

1——*%_A W48
i cos(f—i—)

where A = 3v/AI; and § is an arbitrary constant.

322 Case3:1 <0

For A < 0, integrals (62) and (70) are real from which we can straightforwardly write

the general solution as
3y AT eV 1A — 1)
(74)

x(t) = ———= _ __
kIl eV [l —+ k(l + 1162‘/ M|t)

where 1| and I, are constants.

3.2.3 Integrating Factors from A; and A,

To find the integrating factors from A; and A,, we consider the second equation in
(33) and obtain
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3

. .2
4 (% + V%) k
o + i ——5 =0, 9

L 3(’%‘+\/—i)

x k 1
Mix + | = — x| pue + —p1 =0, (75)
X X

The characteristic equations associated with the above equations can be written as

dx dx duy
g el 77
TR "
dx dx d,uz
Zo- = . (78)
K %ur\/__,\) 3u2<%+ —A)
Gy ‘

Solving the above characteristic equations and choosing the constants appropriately,
we obtain the solutions of the above equations as

18/ —xe 2V i

W= - _ : (79)
1 (kx? — 3v/ —Ax + 3x)2
«/—_Xt Y. Y

= — 18e (kv —Ax — 31) (80)

k(kx? + 3(vV—dix + )2

The above integrating factors also satisfy the first equation of Eq. (33).

4 Noether’s Theorem and Variational Symmetries

If the given second-order equation has a variational structure then one can also
determine the symmetries which leave the action integral invariant. Such symmetries
are called variational symmetries. Variational symmetries are important since they
provide conservation laws via Noether’s theorem [21]. In the following, we recall
the method of finding variational symmetries [2, 23].

Noether’s theorem states that whenever the action integral S = f L(t, x, x)dt,
where L is the Lagrangian, is invariant under the one parameter continuous group of
transformations (7) then the solution of Euler’s equation admit the conserved quantity
[11, 14],

) oL
1=(€X—n)g—$L+ﬁ (81)

where f is an arbitrary function of 7 and x. The functions &, 1 and f can be deter-
mined from the equation
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G{L}=—EL+ f, (82)

where overdot denotes differentiation with respect to time and

GIL oL oL . .. 0L %3
Ly =§&-—+ny-+ 0 —x8)-—. (83)
Equation (83) can be derived by differentiating the Eq.(81) and simplifying the
expressions in the resultant equation. Solving Eq. (83) one can obtain explicit expres-
sions for Noether’s symmetries £, 1 and the arbitrary function f. Now substituting
these expressions into (81) one can get explicitly the associated integrals of motion.

To derive Noether’s symmetries associated with the Lagrangian (2) let us substitute
the expression (2) into (81). Doing so we get

—933x : : _ —2733 31
N | e = kG de) |+
(ki + & x2 +33)2 2k(ki + 522 4302 2K

& 4 ) 2753 1 +3i, 922 g rif (84)
= — X —X — —= X .
VN2 \k a2 g3i) 2 w2

Now equating the coefficient of various powers of x to zero and solving the resultant
equations we obtain three different forms of infinitesimal symmetries for & and n
depending upon the sign and magnitude of X. In the following, we discuss each one
of the cases separately.

4.1 Casel: )\ >0

Solving the determining equations with > 0, the associated vector fields turn out
to be

X = ! [(\/isin\/it—i—gcosx/itx)%

5
2

i(&ﬁ) (o i heonvion) 2],

2
k 3 ax
X, = L [(g sin \/itx — \/icos \/it) %
5 2
— (3_)” + ]l> (%C sinv/3rx — Vi cos \/Kt) ai:| ,
X

k 3

X3 = L |:(3\/isin 2\/it + k cos 2\/itx)

E
2

il
ot

>
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2xr . _ _ 9
_ <<Tx _ 3A> cos 2v/itx + 2ky/ 7 sin 2\/th2) a_] ,
X

X4 = é [cos \/it (k sin \/itx — 3\/icos \/it) 3
Az at
— <I§( sin \/itx - \/icos ﬂt) (3\/i sin \/itx + kcos \/itx2> aii| ,
x
0
Xs= o (85)

Substituting each vector field into (81) we obtain the following integrals of motion

| _ Gi+ke)cos Vit 43y sin Vi , _ Gt ka?)sin Vit —3v7x cos Vit
1 = s 12 = s
o o

((3)& +hx2)? - 9Xx2) sin 2Vt — 6x(3% + kx)v/x cos 2v/ir

I3 =

(@)?
1 _ PG+ ka?)? — PR?) cos 2/t + 6k (35 + ka?)V i sin VA1 — 93627 + 6kt + 93)
4 = (oz)2 s
3% + kx?)? + 9x?
Is = (3X + kx°)” +9rx , (86)
(@)?

where o = 3kx + k2x? + 9i.

One can select two independent integrals of motions, /; and I, from the above.
The remaining integrals of motions can be written in terms of the integrals of motion
I, and I,. For example, in the present case we get

L =20L1, I,=—142K1}, Is=}+1}). (87)

Using I, and I, we can construct the general solution in the form

x(t)=3\/i( I]sin\/itjlgcosx/it~ ) (88)
1 — k(I cos ﬁt + I, sin \/Xt)

The above solution is obvigusly equivalent to (73). Since Eq. (1) admits five Noether’s
symmetries for the case A > 0 and so the Lagrangian (2) can be considered as a
physically important Lagrangian from Quantum Mechanics point of view.
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42 Case2:) <0

Solving the determining equations with A < 0, its associated symmetry vector fields
turn out to be

X| = eﬁf<<\/§—kx)a+<

‘ -

>
S

9 @
ax ) |m T W

j
S (O e () (1))
vom L [oVi (Vo) 2 (10 50 - 20) 2],

‘ -

X5 = e_zﬁt ((\/i—l—kx)a—x(;»-l—kzxz—i—ikxﬂ) 8>i| (89)

>
(Sl

Substituting each vector field into (8 1) we obtain the following integrals of motion,

I — ket <3x —3ax + kxz) PR (3)& + 3axx + kxz)
1 = - b 2 = - b

o o

I — 22 (—6karx® + k*x* — 18arxx + 92 + x? (=94 + 6kx))

= e ,

’ @)

P |:(6ka2x3 +12x* 4 18arx i + 952 + x2(=94 + 61@))}

4 =K € ,
(a)?

72 . 2N\2 T2
_9% ((3x+kx) + 9hx ) 00)

3 ()2

Asinthe previous case the integrals of motions, /; and I, are functionally independent
from the rest. In other words the remaining integrals of motions can be written in
terms of the integrals of motion /; and /,:

932

L=1 Li=1I1} Is=—=0b. (91)

Using I, and I, we can construct the general solution in the form

3ar(Iye* ™' — 1)
1) = . 92
YO = 1 + L = e ©2)

The above solution is of front like nature and in this case also we have five Noether’s
symmetries. The underlying Lagrangian (2) is again a physically important one.
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43 Case3:1=0

One may note that in the limit A = 0, Eq.(1) becomes the modified Emden equa-
tion/second order Ricatti equation which is another Liénard type system which pos-
sesses several interesting properties. Interestingly, this system also admits a time
independent Lagrangian and Hamiltonian. In the following, we present the Noether’s
symmetries and their associated constants of motions.

The Lagrangian associated with the MEE equation is,

1

L=—+——. (93)
ki + &2
Solving the determining Eq. (83) with A = 0, we get
kx* 9 0 ,  ktx*\ 9 0
Xi=x————, Xo=xt—+|(x"—— | —, Xz=—,
ot 3 ox ot 3 ) ox ot
kt’x 0 k*t?x3\ 9
Xy=|t——— | — 2x — ktx? —,
4 ( 2 > ar T ( ¥ ot g ) ox
X< — Kt3x  kt*\ 9 (1 2ktx " K2x? B3\ o 94)
U8 6o 3 6 54 ) ox

Substituting each vector field into (81) we obtain the following integrals of motion,

3x (=3x + ktx? + 31%)2
I =t————, b= - ,
kx2? 4 3% (kx2 4 3%)2
J_ DO 0 — 2702 4 ki) + 6k1x? (6 + ki?E) + 904(6 + ke?)
3= (kx2 + 3%)2 ’
(18 — 6ktx + k2t2x2 + 3kr2%) 6% + kx2
(kx> + 3x) (kx+ 4 3x)

One can easily check that out of the five integrals of motions two are independent
and the remaining three can be expressed in terms of the first two, namely

1
L=1I1} L=NLL, Is= 5(14 —kI}). (96)
We can construct a general solution of the form

W= 6¢ — 1) 97)

12 —2Lkt+ 1)’

using /; and /4. This case also admits five Noether’s symmetries and so the
Lagrangian (93) is physically important for A = 0 in Eq. (1).
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5 Telescopic Vector Fields

Telescopic vector fields are more general vector fields than the ones discussed so
far. The Lie point symmetries, contact symmetries and A-symmetries are all sub-
cases of telescopic vector fields. A telescopic vector field can be considered as a
A-prolongation where the two first infinitesimals can depend on the first derivative of
the dependent variable [10, 20, 26]. In the following, we briefly discuss the method
of finding telescopic vector fields for a second-order ODE. We then present the
telescopic vector fields for Eq. (1).
Let us consider the second-order Eq. (1). The vector field

9 9 9 9
0O _ (€] 2 98
R R T Y- ©8)

is telescopic if and only if [26]
§=6@x.0), n=n@tx5), ¢V =cV x50 (99)
with ¢ ® given by

¢ + xD[&] — DIn]
n —x&

t@ = D[t V] — ¢ DIE] + V=¢85,  (100)

where ¢ is the given equation (X = ¢ (¢, x, xx)).
To prove that the telescopic vector fields are more general vector fields, let us
introduce two functions g; and g; in the following forms, namely

ot R = A X — ) . X —m
gi(t,x,x) = - , &t x,x) = ————.
n—x§ n—x§

(101)

We can rewrite the prolongations ¢V and ¢® using the above functions g; and g,
as follows:

¢V = DIyl — ¥DIE] + (g1 + £20)(n — X&), (102)
¢@ = D[¢V] — ¢xDIE]+ (g1 + g20) ¢V — ). (103)

The relationship between telescopic vector fields and previously considered vector
fields can be given by the following expressions [10, 26],

V=00 4 (g1 + g20)(n — x8), (104)
@ =1? + (g1 + £0) P — ¢8). (105)

In the above vector fields if we choose g = g» = 0 and E)? + n)% = 0 we get the
Lie point symmetries. The choice g; = g» =0 and Sf + n)% # 0 gives the contact
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symmetries. To get A-symmetries, we should choose g; # 0 and Sf + n)% =0.Asa
consequence it can be considered as the more general vector field.

Hence the unknowns to be solved in Eq. (32) can also be (&, 1, n'*'!) by expressing
A in terms of (£, n, n™11). In other words, if the given equation admits the telescopic
vector field, then it satisfies the following invariance condition

99 ¢ C(l) ¢ ;(2)
0x

§5, T (106)

In the above expression, £, n and ¢V are three unknown functions which we need
in order to write the telescopic vector fields of Eq.(1). Since the above expression
has three unknowns, it is very difficult to find them systematically. For this purpose,
we assume & = 0 and the remaining two unknown functions can be obtained in the
following way. In this case, Eq.(106) turns out to be

nf;_¢ N {m% _® . (107)
X 0x

By assuming suitable ansatz for 1 and ¢V we can find the telescopic vector fields
associated with Eq. (1).

51 Casel: ) =0

For simplicity, first let us consider the case A = 0. Assuming the ansatz

_ao +box +cox® ) an +bnx 4 ek’
(dor + eqr )™ (d1 + en1x)"

. (108)

for nand ¢ " and substituting them into Eq. (107) and solving the resultant expression
we find the following telescopic vector fields for the case A = 0:

@ = 9x Kl N 9% — 3kx2 9 I8kxk 0
(kx2 +30)2 9x  (kx243%)2 0% (kx2 +3x)2 3%’
Gy = — 18x(ktx® 43tk —3x) 9 6(kx? — 3%)(kex* + 3t —3x) 9
(kx? 4 3%)3 dx (kx? + 3x)3 9x
36kxi(ktx? +3t% —3x) 9
(kx2 +3x)3 x’
@ - —81tk (ktx — 2) — 27x(ktx(ktx —6) +12) &
- (kx? +3%)3 ax

9( k122 + kx2(ktx(ktx — 8) + 18) — 18%) 9
(kx2 +3%)3 9%
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N 18k (k2tx3 (315 + x) — 3kx(=312%2 + 4txx + x2) — 9% (1% — 3x)) Kl

(kx2 + 3%)3 ax’
18(kix —3) 0 6k(x(kix —6) —3tx) 8  18k(kx(2tx +x) —3%) 9
94 = T 5 A9 A B o B P
(kx2 +3%)2 dx (kx2 + 3%)2 x (kx2 + 3%)2 A%
18% 8 2kx(kx24+9%) 8 2k(kZx* + 6kx2% —9%2) 9
-QS = ) 2 A ) 5 iy ) 5 - (109)
(kx2 +3%)3 dx (kx2 +3%)3 ox (kx2 +3%)3 9%

The above telescopic vector fields also satisfy the invariance condition (106) with
the choice A = 0. To find the solution from the above admitted telescopic vector
fields, one has to follow the standard order-reduction procedure. Let us consider the
telescopic vector field £2;. The corresponding Lagrange system can be written as

dt dx dx
0T o T ik (110)
(kx2+3x)? (kx2+43x%)?
Solving the above set of equations, we get the characteristics as
kx? + 3x
W=t and v = = T (111)
3x
From the above expression, we get 2’—; as
dv 5
— =" 112
I v (112)
Solution of the above equation is given by
! (113)
V= .
u — Il
Substituting (111) into (113) and rewriting it, we get a first-order ODE
Likx — kt 3
ke —kix+3) _ (114)

3(I; — 1)

Integrating the above equation, we get the general solution of (1) for the choice 2 = 0

as
6(1; — 1)

—61, + 211kt — kt?’

x() = (115)

where I} and I, are the integration constants.
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52 Case2:1>0

99

As we did in the previous case, here we obtain the following vector fields for the

case A > 0:

o _ O/ ikxsin(/7r) — 3hcos(Van) o
= @)? ax
. 3VAsin(/A) 9% — k222 + 3ki) + 187kx cos(v/ar) 8
(a)? 9%

. 9( cos(vAN (3% — k222 + 3ki) — 2v/kx (2% + ki) sin(/An) &

()2
9(/kx cos(vir) + 3hsin(v/in) @
- (@)2 ax

3VReos(VAn O — k2% + 3ki) — 183k sin(v/ir) @
()2 9%

h =

. 93 sin(v/in (3% — k2x2 + 3k%) + 18V3kx (2% + k) cos(v/Ar) 9

(@)?
18V 3 (@x cos(2vV/ir) — 3vA(2kx2 + 3%) sin(2Vir)) 8
()3 ax
_ S4dxsin@y/ind; — 6V cos2v/inay 9
()3 ax

. 18(VAx cos@Vanby + Asin@vine) 8
(@)3 9%’

3 =

o 36v/3k2 (kx sin(v/ar) — 3V/2 cos(vVAn) (kx2 + 35) cos(v/ar) + 3v/ax sin(W/ir) 9
4 = 2

(@)?

. 545k2x cos2v/An)dy + 183Kk2x (95 + k2x2 + 9kx) + 6v/Ak2 sin(2vVina; 9

()3
18v/3k2 (x sin(@v/ar)by — V3 cos@Var)er +Vier) 9
(a)3 %’
16235 9 18ix(9% + k2x2 +9kx) 9 18%ie; 9
()3 ox ()3 X (w)3 9y’

25 =

(116)

where a; = (—k3x* + 9%k (3hx? + x2) + 27%), by = (=922 + 2k3x2% + k2(Thx?
+ 6x2) + 30kx), ¢ = (—k3x* 4+ 6k2x2x + 150kx? + 9%kx2 + 9rx),dy = k(kx? +
%) — 3% and e; = (kK°x* + 6k*x2% + 9rkx? — 9kx? — 9Ax). The above telescopic
vector fields also satisfy the invariance condition (106). To find the solution from
the above admitted telescopic vector fields, one has to follow the standard order-
reduction procedure. Let us consider the telescopic vector field §25. The correspond-

ing Lagrange system can be written as

dt dx dx

0 - 162)x T 18ax (k2x24+9ki4+91)

T (K2x243ki+92)3 (K2x243kxi+92)3

(117)
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Solving the above set of equations, we get the characteristics as

(118)

81v/3(k*x* + 3kx + 91)°
u=t and v =log .

V (k2x2 + 6kx + 92)°

From the above expression, we get ‘;—r = 0. So the function v itself acts as a first
integral. Then the integral /; takes the form

[ 8IVBUN? 4 3ki + 92)°

= (119)
: V (k2x2 + 6kx 4 92)°

Rewriting the above expression for x and integrating it we obtain the general solution
as in Eq. (88).

5.3 Case3: ) <0

For the case A < 0, we get the telescopic vector fields by following the procedure
discussed in the case A = 0. The telescopic vector fields are given by

9ke®2! 3 4 arkx) 0

o= (a)? dx
+3ke“2f(9(—i)3/2 + agk?x? + 6hkx — 3agks) 3
()2 9%
N Ohke®2! (932 — k3 x? (azx + 2%) + k?x(9ar i — Thx) + 3hk(Sarx +3%))
(3% + agkx)(a)? ax’
9%ke® D (arkx —31) 8
27 = 5 —
() ax
N 3ke®2(71 Qarh + ay (—k*)x? + 63kx + 3azki) 3
(a)? ax
N 9hke®2(D (932 + k3x?(agx — 24) — kK2x(Thx + 9apk) + 30k(3t — Sapx)) @
(Bh — azkx)(a)? ax’
@ = - 18k26292! (ap k2 x3 + 63kx2 + 3askxi + 9(—1)3/2x + 9ix) Kl
(@) ax
+6k2e2“2f(a2k3x4 + 90k — 9k(Bazhx? — hxk + api?) — 27A0x + apd)) 9
()3 ax
N 18k2¢202! (k3x3 2ar — x) + kxby + 3hkey + 922 (f —apx)) 0
(@)3 i’
18k2e 292! (qyk2x3 + 3kx(apk — 2Ax) — 9A(aax + X))
‘T (@) ax

N 6kZe 202! (—ark3x* + 97k2x3 + 9k Barix? + Axx + ari?) 4+ 27h(axx — Ax)) 0
()3 3%
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18k2e= 202! (—k3x3 (Ax + 2a0%) + k2xdy + 3ikey + 922 (arx + %)) 0
" (@3 S
729735 9 8IA3x(9h +kZxZ +9kx) 0 8l1ide; o

(@)3 ox ()3 % ()3 ok

Q5 = — (120)

where a, = \/j, by = (Tashx® + 6Axx + 6a2x2), ¢ = (5Ax% + arxx + 3x2),
sdy = (1(=1)3?x? + 6Axk — 6a2%%), €3 = (5hx? — apxk + 31%). Here also one
can check that the above telescopic vector fields satisfy the invariance condition
(106). To find the solution from the above admitted telescopic vector fields, one
has to follow the standard order-reduction procedure. Let us consider the telescopic
vector field £2;. The corresponding Lagrange system can be written as

dt dx . dx 191
0 _ OkeV T (k/=Rx430)  3keVH (k2 y/=ax2+6krx—3ky/—Ai+9(=1)3/2) | (2D
(K2x2+3kx+92.)2 (kx> 3ki+91)?
Solving the above set of equations, we get the characteristics as
k/=Ax? 4+ 3Ax 4+ 3/—Ak
u=tand v= . (122)
9/ —AA — 3kAix
From the above expression, we get Z—; as
dv kv v
— =3VAl—=—+=). 123
du ( 3 * 3) (123)
Solution of the above equation is given by
el
Substituting (122) into (124) and rewriting it we get a first-order ODE,
D= % 4 92) — xeV M (k/—x + 31
it (kx” +9%) —xe? Tlkvymrx +30 (125)

3V —=A(eVM — elik)
Integrating the above equation, we get the general solution of (1) for the choice 2 < 0

as
3V —A(—eltk + 2¢ €2V =)
kQ2c1e2V= 4 elik — 26*/—7’)’

x(t) = (126)

where I} and I, are the integration constants. Obviously the solution (126) can be
rewritten in the form (92).
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6 Conclusion

In this paper, we have reviewed four different kinds of symmetries for the Liénard
type nonlinear oscillator Eq. (1). It has already been shown that this equation exhibits
three different kinds of dynamics depending upon the sign of the parameter . Based
on this earlier result we have divided our analysis into three categories while study-
ing the symmetries of this equation. To begin with, we have considered Lie point
symmetries of this equation. We have derived the general solution for all the three
regimes by considering a vector field in each one of the cases. We then considered
A-symmetries approach to this equation. As we noted earlier, we carried out this
calculations for the A = 0 case and demonstrated the applicability of A-symmetries
approach in establishing the integrability of this equation. We have then studied the
Noether’s symmetries of (1) for the parametric choices A > 0, A < 0 and A = 0.
The underlying Lagrangian is of non-standard type. However in all the three cases,
we found maximal number (five) of Noether’s symmetries for the Lagrangian (2).
Recently it has been proposed that the physical Lagrangian for a second order differ-
ential equation should be the one which admits highest possible number of Noether’s
symmetries. Our results indicate that even though the Lagrangian is of nonstandard
type it can be considered as a physical Lagrangian since it admits maximal number
of symmetries. Finally, we have constructed telescopic vector fields for Eq. (1) in the
parametric regimes A > 0, 4 < 0 and A = 0. The method of finding general solution
from telescopic vector fields is also explained. Thus we have shown the utility of
symmetry analysis in solving the nonlinear ODEs of Liénard type.
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