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Abstract. In fuzzy theory any degree to belong to a set can be considered as a
positive distance from complementary set. So the distance moves from zero to
one when the object belongs to the set. The extension theory considers a neg-
ative value of the distance. This is in conflict with the classical definition of the
distance is a positive scalar. So we have a classical contradiction. To solve this
conflict we define the distance as a vector with two different directions one
positive and the other negative. The distances are vectors with positive norm. In
this way we have positive norm for the two directions. In extension theory we
define the dependent function and suitable transformations in a way to build a
nonlinear neuron that can solve a very old conflicting problem in brain linear
neural computation.
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1 Introduction

A new approach to implementation of Boolean function by nonlinear neuron is
introduce by the implementation of characteristic nonlinear function introduce for the
first time by Cai Wen in the extension theory [1–4]. We show that with the new neuron
we can easily compress the tradition AND OR NOT Boolean functions network into
one step system to have a more efficient system for brain implementation of complex
functions.

2 From Vector Distance to the Dependent Functions

In Extenics, one of the dependent functions is given by the expression

kðxÞ ¼ x� aþ b
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For continuous function we transform (1) into (2)

k0ðxÞ ¼ x� aþ b
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ðx� aÞðx� bÞ � ðx� a0Þðx� b0Þ ð2Þ

So we have the form

V ¼
kð15Þ
kð20Þ
kð50Þ
kð85Þ
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775 and a ¼ 20; b ¼ 50; a0 ¼ 15; b0 ¼ 85

We have the Fig. 1.

3 Neural Solution of Boolean Function by Dependent
Function k′(x)

For Linear neuron when y = 1 if c1x1 þ c2x2 � h[ 0 and y = 0 if Now given the
Boolean function ð:x1 ^ x2Þ _ ðx1 ^ :x2Þ ¼ x1XOR x2 ¼ y We have a contradiction so
we cannot obtain the Boolean function XOR by the classical neuron. In fact we have
c10þ c20� h� 0; c10þ c21� h[ 0; c11þ c20� h[ 0; c11þ c21� h� 0 and
�h� 0 True, c2 � h[ 0 True if c2 [ h; c1 � h[ 0 True if c1 [ h; c1 þ c2�
h� 0 True if c1 þ c2 � h:

Fig. 1. Graph of the expression (2) with a = 20, b = 50, a0 = 15, b0 = 85.
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Boolean function XOR solved by a nonlinear neuron

X Y ð:X ^ YÞ _ ðX ^ :YÞ
0 0 0
1 0 1
0 1 1
1 1 0
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x k0ðxÞ
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1 1
2 1
3 0

2
66664

3
77775
; k0ðxÞ

¼ ðx� 0Þðx� 3Þ
ðx� 0Þðx� 3Þ � ðx� 1Þðx� 2Þ ð3Þ
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1 1 1
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x k0ðxÞ
0 1
1 0
2 1
3 1

2
66664

3
77775
; k0ðxÞ ¼ ðx� 1Þ

ðx� 1Þ � ðx� 0Þðx� 2Þðx� 3Þ ð4Þ

We remark that for this Boolean function k′(x) has a singular point. Now because
for dependent function, we have the scheme (Figs. 2 and 3). We can change the form of
k′(x) with the same original properties but without the negative value of k′(x) and also
without the singularity. So we have

k00ðxÞ ¼ AðxÞ2
AðxÞ2 þBðxÞ2 ¼

ðx� 2Þ2
ðx� 2Þ2 þ ½ðx� 0Þðx� 1Þðx� 3Þ�2 ð5Þ

For the Boolean function and dependent function we can create the scheme for a
nonlinear neuron by which we solve in one step and without linear hidden neurons the
old problem of the learning process in Brain by AND, OR, NOT logic functions
(Fig. 4).

Fig. 2. Graph of the dependent function (3)
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4 Machine and Systems by Nonlinear Neuron

Given the machine with x the input, q the states and y the output the system can be
represented by the Boolean equations (Figs. 5 and 6). Given the machine with x the
input, q the states and y the output

qnx 0 1 y
1 3 6 0
2 3 4 1
3 2 5 0
4 5 2 0
5 6 3 0
6 5 1 0

2
666666664

3
777777775
)

qnx 0 1 y
000 100 110 0
010 100 001 1
100 010 111 0
001 111 010 0
111 110 100 0
110 111 000 0

2
666666664

3
777777775
; by code

1 ! 000
2 ! 010
3 ! 100
4 ! 001
5 ! 111
6 ! 110

2
6666664

3
7777775
;

Fig. 3. Graph of the dependent function (4)

Fig. 4. Graph of the dependent function (5)
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Boolean system

q1ðtþ 1Þ ¼ q1ðtÞXþ q2ðtÞq3ðtÞXþ q1ðtÞq2ðtÞðq3ðtÞþXÞ
q2ðtþ 1Þ ¼ q1ðtÞXþXq2ðtÞq3ðtÞþ q1ðtÞq2ðtÞÞ
q3ðtþ 1Þ ¼ q1ðtÞq2ðtÞq3ðtÞX þXq1ðtÞq2ðtÞþ q2ðtÞq1ðtÞÞþ q3ðtÞq1ðtÞX

8><
>:

ð6Þ

q1(t)

q2(t)

q3(t)

X

AND

OR

NOT

NOT

NOT

AND

AND

AND

OR

Fig. 5. System by classical AND, OR, NOT logic operation

3( 1)q t +

3( 1)q t +

1( )q t

2 ( )q t

3 ( )q t

X
Y

1( 1)q t +

2 ( 1)q t +

Fig. 6. System by non linear neurons
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q1ðtþ 1Þ ¼ k001ðxÞ ¼
½ðx� 1Þðx� 10Þðx� 12Þðx� 11Þ�2

½ðx� 1Þðx� 10Þðx� 12Þðx� 11Þ�2 þ ½ðx� 0Þðx� 2Þðx� 4Þðx� 7Þðx� 3Þðx� 8Þðx� 9Þðx� 15Þ�2

q2ðtþ 1Þ ¼ k002ðxÞ ¼
½ðx� 0Þðx� 2Þðx� 10Þðx� 15Þðx� 11Þ�2

½ðx� 0Þðx� 2Þðx� 10Þðx� 15Þðx� 11Þ�2 þ ½ðx� 1Þðx� 4Þðx� 7Þðx� 3Þðx� 8Þðx� 15Þðx� 11Þ�2

q3ðtþ 1Þ ¼ k003ðxÞ ¼
½ðx� 0Þðx� 2Þðx� 1Þðx� 7Þðx� 8Þðx� 12Þðx� 15Þðx� 11Þ�2

½ðx� 0Þðx� 2Þðx� 1Þðx� 7Þðx� 8Þðx� 12Þðx� 15Þðx� 11Þ�2 þ ½ðx� 4Þðx� 3Þðx� 10Þðx� 9Þ�2

Y ¼ k004ðxÞ ¼
½ðx� 0Þðx� 1Þðx� 4Þðx� 7Þðx� 3Þðx� 8Þðx� 9Þðx� 12Þðx� 15Þðx� 11Þ�2

½ðx� 0Þðx� 1Þðx� 4Þðx� 7Þðx� 3Þðx� 8Þðx� 9Þðx� 12Þðx� 15Þðx� 11Þ�2 þ ½ðx� 2Þðx� 10Þ�2

ð7Þ

5 Conclusions

In this paper, we show how is possible by extension theory [1] to solve a very
important problem in realization of Boolean function by one step nonlinear neurons.
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