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After Plancherel Formula

Yury Neretin

Abstract. We discuss two topics related to Fourier transforms on Lie groups
and on homogeneous spaces: the operational calculus and the Gelfand—Gindi-
kin problem (program) about separation of non-uniform spectra. Our purpose
is to indicate some non-solved problems of noncommutative harmonic analysis
that definitely are solvable.
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1. Abstract Plancherel theorem for groups

See, e.g., [2]. Let G be a type I locally compact group with a two-side invariant
Haar measure dg. Denote by G the set of all irreducible unitary representations
of G (defined up to a unitary equivalence'). For p € G denote by H, the space of
the representation p. For p € G and f € LY(G) we define the following operator

in Hp:
o) == /G £(9) plg) dg.

This determines a representation of the convolution algebra L*(G) in H 0>

p(f1)p(f2) = p(f1 * f2).

Consider a Borel measure v on G and the direct integral of Hilbert spaces H, with
respect to the measure v. Consider the space L(G,v) of measurable functions ®
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LFor a formal definition of type I groups see, e.g., [2, Sect. 7.2]. Connected semisimple Lie groups,
connected nilpotent Lie groups, classical p-adic groups have type I. This condition implies a
presence of the standard Borel structure on G and a uniqueness of a decomposition of any
unitary representation of G into a direct integral of irreducible representations.
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on G sending any p € G to a Hilbert-Schmidt operator in H, and satisfying the
condition

/étf(‘b(ﬂ)*‘b(ﬂ)) dv(p) < .

There exists a unique measure [ On G (the Plancherel measure), such that
for any f1, fo € L* N L?(G) we have

i o) oo = /atr(p(fz)*p(fl)) dyu(p)

and the map f — p(f) extends to a unitary operator from L*(G) to the space
L%(G, ) (F.I Mautner, I. Segal (1950), see, e.g., [2]).

2. An example. The group GL(2, R)

Let GL(2,R) be the group of invertible real matrices of order 2. Let u € C and
£ € Zy. We define the function 2#/¢ on R\ 0 by

a2 = |z|* sgn(z)®.

Denote A := C X Zg x C X Zg. For each element (pu1,e1; 2, 2) of A we define
a representation T), . of GL2(R) in the space of functions on R by

a b
T#1,€1§/J2,€2 <C d) @(t)

_ (b+d i pfer e 1 (@ DYV
<p<a+tc>~(a+tc) det e d .

This formula determines the principal series of representations of GL(2,R). If
w1 — po ¢ Z, then representations T}, c:ps.eo a0d Ty iy e, are irreducible and
equivalent (on representations of SL(2,R), see, e.g., [4, 39]).

If py = im, po = i € iR, then a representation T}, ¢ u,,e, 1S unitary in
L?(R) (they are called representations the unitary principal series).

Next, we define representations of the discrete series. Let n = 1,2,3,...
Consider the Hilbert space H,, of holomorphic functions ¢ on C\ R satisfying

/ lo(2)]?|Tm 2| "' dRe zdIm z < 0.
C\R

In fact, ¢ is a pair of holomorphic functions determined on half-planes Imz > 0
and Imz < 0. For 7 € R, § € Zy we define the unitary representation D,, ;s of
GL3(R) in H,, by

a b (bt =zd 1en a b
Dy.rs (c d> o(z) = go(a . ZC)(a+ zc) det (c d

There exists also the complementary series of unitary representations, which
does not participate in the Plancherel formula.

>1/2+n/2+i7’//5
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Remark. The expression for D, ;s is contained in the family 7}, ¢, 4., but we
change the space of the representations.

The Plancherel measure for SL(2,R) was explicitly evaluated in 1952 by
Harish-Chandra, it is supported by the principal and discrete series. On the prin-
cipal series the density is given by the formula (see, e.g., [39])

1

dP = 1673 (11 — 2) tanh (1 — 72)/2d71 d7o, ifeg —e0=0;
1 .
dP = 1673 (7'1 - TQ)COth’/T(Tl — TQ)/Q dr dro ifeg —eg = 1.

On nth piece of the discrete series the measure is given by

n
dP = g3 dr.

3. Homogeneous spaces, etc.

The Plancherel formula for complex classical groups was obtained by I.M. Gelfand
and M.A. Naimark [5] in 1948-50, for real semisimple groups by Harish-Chandra in
1965 (see, e.g., [11, 13]), there is also a formula for nilpotent groups (A.A. Kirillov
[12], L. Pukanszky [37]).

During 1950—early 2000s there was obtained a big zoo of explicit spectral
decompositions of L? on homogeneous spaces, of tensor products of unitary repre-
sentations, of restrictions of unitary representations to subgroups. We present some
references, which can be useful for our purposes [1, 5, 9, 11, 16, 23, 27, 38, 41].
Unfortunately, texts about groups of rank > 1 are written for experts and are
heavy for exterior readers. See also the paper [29] on some spectral problems (de-
formations of L? on pseudo-Riemannian symmetric spaces), which apparently are
solvable but are not solved.

However, a development of the last decades seems strange. The Plancherel
formula for Riemannain symmetric spaces [7] (see, e.g., [10]) and Bruhat-Tits
buildings [14] had a general mathematical influence (for instance to theory of
special functions and to theory of integrable systems). Usually, Plancherel formulas
are heavy results (with impressive explicit formulas) without further continuation
even inside representation theory and noncommutative harmonic analysis.

4. Operational calculus for GL(2,R), see [33], 2017

Denote by Gri the Grassmannian of all two-dimensional linear subspaces in R%.
The natural action of the group GL(4, R) in R* induces the action on Gri, therefore
we have a unitary representation of the group GL(4,R) in L? on Gr} (this is an
irreducible representation of a degenerate principal series) and the corresponding
action of the Lie algebra gl(4).
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For g € GL(2,R) its graph is a linear subspace in R? @ R? = R*. In this way
we get an embedding
GL(2,R) — Gr}.

The image of the embedding is an open dense subset in Gr?. Thus we have an
identification of Hilbert spaces

L?(GL(2,R)) ~ L?(Gr})

(since natural measures on GL(2,R) and Gr] are different, we must multiply func-
tions by an appropriate density to obtain a unitary operator). Therefore we get a
canonical action of the group GL(4,R) in L?(GL(2,R)). It is easy to see that the
block diagonal subgroup GL(2,R) x GL(2,R) C GL(4,R) acts by left and right
shifts on GL(2,R).

We wish to evaluate the action of the Lie algebra gl(4) in the Fourier-image.

Consider the space C§°(GL(2,R)) of smooth compactly supported functions
on GL(2,R). For any F € C§°(GL(2,R)) consider the operator-valued function
Ty erspo,es (F) depending on (p1,€1; p2,€2) € A. We write these operators in the
form

Tul,sl;uz;EQ(F)SD(t) :/ K<ta8|ﬂla51;u2?€2) (p(S) ds.

The kernel K is smooth in ¢, s and holomorphic in w1, ue.

On the other hand we have the Hilbert space £2 (GﬂZ,\R), dP). The norm
in this Hilbert space is given by

=/ [ Z / Z«K(t,sml,a;m,sz)ﬁdtdsww N

+ {summands corresponding to the discrete series}.

We must write the action of the Lie algebra gl(4). Denote by ey, the standard
generators of gl(4) acting in smooth compactly supported functions on GL(2,R)
and by Ej; the same generators acting in the space of functions of variables t, s,
1, €1, p2, €2. The action of the subalgebra gl(2) @ gl(2) is clear from the definition
of the Fourier transform, this Lie algebra acts by first-order differential operators.
For instance

0 0 0
elZiib@aidab’ EIZ*ata
0 0 5 0
e43768a+d80’ B3 = —s 88+(717u1+u2)s.

Define shift operators V,;©, V;7, V;©, V,~ by

VIEK (L, s|p1, 15 p2,e2) = K(t, slpun £ 1,61 + 15 o, 2); (2)
Vs K (t, s|p, €15 iz, €2) = K(t, s, €1 2 £ 1,80 + 1). (3)
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To be definite, we present formulas for two nontrivial generators ey; and their
Fourier images F¥;:

0 n c
ob  ad—bc’
—-1/2+ o . _ —-1/2 + o
By — /24 Vo4 /2 + 2 v,
1 — p2 0s p1 — pp Ot

€33 = — aca+ada+028+cda —c
2 da ob " dc od ’
1/24+p1 0 + 1/2+pe 0 +

VT + V.
py—pp Ot ! p1—pg Os °

€14 =

B3y =

There is also a correspondence for operators of multiplication by functions. For
instance, the operator of multiplication by ¢ in C§° (GL(?, R)) corresponds to

1 0 0
vt I/
B — p2 (315 v s 2)
in the Fourier-image. There are similar formulas for multiplications by a, b, d. The
operator of multiplication by (ad—bc) ™! corresponds to V;~V, (the last statement

is trivial). The operator gb corresponds to

po 0 pe 0
Vi + V.
p—po Os 1 —pp Ot 2
There are similar formulas for other partial derivatives.
We emphasize that our formulas contain shifts in imaginary directions (the
shifts in (2)—(3) are transversal to the contour of integration in (1)).

5. Difference operators in imaginary direction and
classical integral transforms

The operators i Ey; are symmetric in the sense of the spectral theory. The question
about domains of self-adjointness is open.

There exist elements of spectral theory of self-adjoint difference operators in
L?(R) of the type

Lf(s)=ua(s)f(s+1i)+b(s)f(s)+c(s)f(s—1), i?=-1, (4)

see [8, 30]. Recall that several systems of classical hypergeometric orthogonal poly-
nomials (Meixner—Polaszek, continuous Hahn, continuous dual Hahn, Wilson) are
eigenfunctions of operators of this type. In the polynomial cases the problems are
algebraic. The simplest nontrivial analytic example is the operator

Mi(s)= " (f(s+1) — f(s — )

18
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in L2 (R4, |T'(is)| ~2ds). We define M on the space of functions f holomorphic in
a strip [Im s| < 14 ¢ and satisfying the condition

|f(s)| < exp{—m|Res|} Re 8‘73/275

in this strip. The spectral decomposition of M is given by the inverse Konto-
rovich-Lebedev integral transform. Recall that the direct Kontorovich-Lebedev
transform

> dx
Kf(s)= [ Kis(x)f(z)
0 T
where K, is the Macdonald—Bessel function, gives the spectral decomposition of
a second-order differential operator, namely

d\2
D = (a: ) —x2, z > 0.
dx

The transform K is a unitary operator L?(Ry,dz/x) — L*(Ry,|['(is)|~2ds). It
sends D to the multiplication by s2, and K~! sends M to the multiplication by
2/x. So we get so-called bispectral problem.

Now there is a zoo of explicit spectral decompositions of operators (4). The
similar bispectrality appears for some other integral transforms: the index hyperge-
ometric transform (another names of this transform are: the Olevsky transform, the
Jacobi transform, the generalized Mehler—Fock transform) [25], the Wimp trans-
form with Whittaker kernel [30], for a continuous analog of expansion in Wilson
polynomials proposed by W. Groenevelt [8], etc.

This subject is now a list of examples (which certainly can be extended), but
there are no a priori theorems.

6. A general problem about overalgebras

Let G be a Lie group, g the Lie algebra. Let H C G be a subgroup. Let o be an
irreducible unitary representation of G. Assume that we know an explicit spectral
decomposition of restriction of p to a subgroup H. To write the action of the
overalgebra g in the spectral decomposition.

Remarks.

1) Above we have G = GL(4, R), its representation o in L? on the Grassmannian
Grj, and H = GL(2,R) x GL(2,R). The restriction problem is equivalent
to the decomposition of regular representation of GL(2,R) x GL(2,R) in
L? (GL(Q,R)). The Fourier transform is the spectral decomposition of the
regular representation.
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2) It is important that similar overgroups exist for all 10 series of classical real
Lie groups?®. Moreover, a decomposition of L? on any classical symmetric
space® G/M can be regarded as a certain restriction problem, see [24].

3) Next, consider a tensor product p; ® p2 of two unitary representations of a
group G. Then we have the action of G X G in the tensor product, so the
problem of decomposition of tensor products can be regarded as a problem
of a restriction from the group G x G to the diagonal subgroup G.

The question under the discussion was formulated in [30]. Several problems
of this kind were solved [18-20, 30, 31, 33]. In all the cases we get differential-
difference operators including shifts in imaginary direction. Expressions also in-
clude differential operators of high order, even for SL(2, R)-problems we usually
get operators of order 2.

Conjecture. All problems of this kind are solvable (if we are able to write a spectral
decomposition).

7. The Gelfand-Gindikin problem, [3], 1977

The set H of unitary representations of a semisimple group H naturally splits into
different types (series).

Let H be a semisimple group, M a subgroup. Consider the space L*>(H/M).
Usually its H -spectrum contains different series. To write explicitly decomposition
of L? into pieces with uniform spectrum.

A variant of the problem: let G be a Lie group, H C G a semisimple subgroup,
p is a unitary representation of G. Answer to the same question.

8. Example: separation of series for the one-sheet hyperboloid
Consider the space R? equipped with an indefinite inner product
(u,v) = —uv1 + uzvs + ugzvs.

Consider the pseudo-orthogonal group preserving the form (-,-), denote by
SOp(2,1) its connected component. Recall that SOg(2,1) is isomorphic to the
quotient PSL(2,R) of SL(2,R) by the center {£1}.

Consider a one-sheet hyperboloid H defined by z? — 23 — 23 = 1. It is an
SO¢(2, 1)-homogeneous space admitting a unique (up to a scalar factor) invariant
measure. Decomposition of L?(H) into irreducible representations of SOg(2,1) is
well known. The spectrum is a sum of all representations of the discrete series

2More precisely, an overgroup G exists for G = GL(n,R), GL(n,C), GL(n,H), O(p,q), U(p, q),
Sp(p, q), Sp(2n,R), Sp(2n,C), O(n,C), SO*(2n) (and not for SL(n,-), SU(p,q)). For instance,
for g € Sp(2n,R) its graph is a Lagrangian subspace in R?" @ R?", this determines a map from
Sp(2n, R) to the Lagrangian Grassmannian with an open dense image. We set G = Sp(4n, R).
3The groups G, M must be from the list of the previous footnote, M must be a symmetric
subgroup in G.
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of PSL(2,R) and the integral over the whole principal series with multiplicity 2.
The separation of series was proposed by V.F. Molchanov [15] in 1980 (we use a
modification from [22]).

Denote by C = C U co the Riemann sphere, by R = R U co denote the real
projective line, R C C. Consider the diagonal action of SL(2,R) on C x C,

(.%‘1 .%‘2) . (b—l—dl‘l b+d.’L’2)

a+cx1’ a4+ cro
Consider the subset H' in R x R consisting of points x1, x2 such that x1 # x5. It
is easy to verify that H' is an orbit of SL(2,R), it is equivalent to the hyperboloid
H as a homogeneous space?. It is easy to verify that the invariant measure on H’
is given by the formula

dv(zy,22) = |21 — x2|_2 dxq dxs.

We identify the space L*(H’,dv) with the standard L*(R x R) by the unitary
operator

Jf(x1,22) = f(x1,22)(x1 — 20) L.
Now our representation in L?(H) transforms to the following unitary representa-
tion in the standard L?(R?):

Q(Z Z) f(wl,xg):f<b+dx1 b+dx2>(a+cx1)1(a+cx2)1. (5)

a+cx1’ a4+ cro

Next, consider a unitary representation of SL(2,R) in L?(R) given by

T (‘CL Z) f@) = f (Z:i‘i) (a +zc)~L.

Obviously, we have @ = T'® T The representation T is contained in the unitary

principal series and it is a unique reducible element of this series (see, e.g., [4]).
Denote by I1 the upper and lower half-planes in C. The Hardy space H?(I1y)

consists of functions Fy holomorphic in II; that can be represented in the form

Fi(z) = /0 o(t)e'™ dt, where p(t) € L*(R4).

Obviously, F is well defined also on R and is contained in L?. The space H?(II_)
consists of functions F_ holomorphic in IT_ of the form

F_ (z)= / o(t)e'™™ dt, where p(—t) € L*(Ry).

Evidently,

L2(R) = HA(IL,) & H2(I1,).
It can be shown that the subspaces H2(Il+) C L?(R) are invariant with respect to
operators T'(-), and therefore T splits into two summands T @ T (one of them

4Two families of lines on the hyperboloid correspond to two families of lines 1 = const and
x9 = const on R x R.
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has a highest weight, another a lowest weight). Hence Q = (T4 @ T_) @ (T4 & T-)
splits into 4 summands. It can be shown that this is the desired decomposition:

e the space H2(IL,) ® H?(I1,) consists of functions in L?(R?) continued holo-
morphically to the domain I, x IT, ; the representation Ty @ T’y in H?(Il1) C
L?(R) is a direct sum of all highest weight representations of representation
of PSL(2,R);

o T ®T_ is a direct sum of all lowest weight representations;

e in 7T} & T_ we have the direct integral of all representations of the principal
series (and the same integral in T_ ® T%).

Remark. S.G. Gindikin [6] used a similar argument (restriction from a reducible
representation of an overgroup) for multi-dimensional hyperboloids.

9. Splitting off the complementary series, see [35]

Consider the pseudo-orthogonal group O(1,q) consisting of operators preserving
the following indefinite inner product in R!'*49,

(x,y) = —woyo + T1y1 + - + TqYq.

We write elements of this group as block (1 + ¢) x (1 + ¢) matrices g = <CCL Z)

Denote by SOg(1, ¢) its connected component, it consists of matrices satisfying two
additional conditions det g = +1, a > 0. Denote by S9! the unit sphere in R™. The
group O(1,q) acts on S9~1 by conformal transformations = + (a + xc)~ (b + zd)
(they preserve the sphere), the coefficient of a dilation equals to (a + z¢) 1.

For A € C we define a representation T\ = Ty of SOg(1,q) in a space of
functions on S9! by

7 ( Z) f(@) = (a+ 20) "D f (0 + w0) 7 b+ 2d)).

If A\ = io € iR, then our representation is unitary in L?(S971), in this case T,
is called a representation of the unitary spherical principal series, representations
T;o and T_,, are equivalent (on these representations see, e.g., [40]). If 0 < s <
(¢ —1)/2, then T is unitary in the Hilbert space H with the inner product

(1, f2)s /s 1/5 y fi(z fz(a?z)darldxz-

Hxl—x2‘(q 1)/2—s

More precisely, {,-,-) determines a positive definite Hermitian form on the space
C°°(89~1) (this is not obvious), we get a pre-Hilbert space and consider its com-
pletion Hg. Such representations form the spherical complementary series. The

spaces H, are Sobolev spaces®.

5In the standard notation, Hs is the Sobolev space H~%2(S971). Notice that Sobolev spaces
H72(.) are Hilbert spaces but inner product are defined not canonically. In our case the inner
products are uniquely determined from the SOgq(1, ¢)-invariance. For semisimple groups of rank
> 1 complementary series are realized in functional Hilbert spaces that are not Sobolev spaces.
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Counsider a restrictions of T;, to the subgroup SOg(1,q — 1). The group
SO¢(1,q — 1) has the following orbits on S97!: the equator Eq = S972 defined
by the equation x, = 0, the upper hemisphere H, and the lower hemisphere
H_. The equator has zero measure and can be forgotten. Therefore L?(S7~ 1) =
L?(Hy) @ L*(H-). On the other hand, hemispheres as homogeneous spaces are
equivalent to SOg(1,¢—1)/SO(g¢—1), i.e., to the (¢ — 1)-dimensional Lobachevsky
space. The decomposition of L? is a classical problem, in each summand L?(Hy)
we get a multiplicity-free direct integral over the whole spherical principal series.

The restriction of a representation Ty of the complementary series is more
interesting, it contains several summands of the complementary series and is equiv-

alent to
®k:sfk>1/2 s— k @ L2 HJF @ L2 (6)

This spectrum was obtained by Ch. Boyer (1973), our purpose is to visualize
summands of the complementary series.

According to the trace theorems Sobolev spaces of negative order can contain
distributions supported by submanifolds. Denote by dg, the delta-function of the
equator, dgq == d(x4). Let ¢ be a smooth function on Eq.

yz)dyl dy>
H‘P(SE’qH (P0Eq, POEq)s /Sq 2 /Sq 2 ||y1 —(g—1)/2+s"

If s > 1/2 the integral converges and ¢dg, € Hs. The representation of SO¢ (1, q)
in the space of such functions is 7971,

Denote by 2 g, = &'(2,) the derivative of g, in the normal direction.
Similar arguments show that for s > 3/2 and smooth 1) we have %i 0pq € Hs.
The space of functions of the form

0
Popq + wanéE

again is invariant. It contains the subspace 797! and we get the representation
T +1 in the quotient. Since our representation is unitary, Tf_:ll must be direct
summand, etc. .

Next, we consider the operator J : Hy — L?(S971) given by

Tf(x) = |zg| /25 f ().

It intertwines restrictions of Ty and Ty, the kernel of J consists of distributions
supported by Eq and the image is denseS. This gives us (6).

6More precisely, we consider this operator as an operator on smooth functions compactly sup-
ported outside Eq, take the closure I' of its graph in Hs @ L2, and examine projection operators
I' - Hs, I — L2,
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10. The modern status of the problem

We mention the following works:

a) G.I. Olshanski [36] (1990) proposed a way to split off highest weight and
lowest weight representations.

b) The author in [21] (1986) proposed a way to split off complementary series
(see proofs and further examples in [35], the paper [28] contains an example
with separation of direct integrals of different complementary series).

¢) S.G. Gindikin [6] (1993) and V.F. Molchanov [17] (1998) obtained a separa-
tion of spectra for multi-dimensional hyperboloids.

These old works had continuations, in particular there were many further
works with splitting off highest weight representations (for more references, see
[32)).

The recent paper [32] (2017) contains formulas for projection operators sep-
arating spectrum for L? on pseudo-unitary groups U(p,q). In this case we can
consider separation into series (if we fix the number r of continuous parameters
of a representation, r < min(p, q)), subsubseries (if we fix all discrete parameters
of a representation) and intermediate subseries. All these question are solvable.
The solution was obtained by a summation of all characters corresponding to a
given type of spectrum, certainly this way must be available for all semisimple Lie
groups.

In [34] the problem was solved for L? on pseudo-Riemannian symmetric
spaces GL(n,C)/GL(n,R). The calculation is based on an explicit summation of
spherical distributions. Apparently, this can be extended to all symmetric spaces
of the form G¢/GR, where G¢ is a complex semisimple Lie group and Gy is a real
form of G¢ (on Plancherel formulas for such spaces, see [1, 9, 38]).

For arbitrary semisimple symmetric spaces the problem does not seem to be
well formulated, see a discussion of multi-dimensional hyperboloids in [17].

References

[1] Bopp, N., Harinck P. Formule de Plancherel pour GL(n,C)/U(p, q). J. Reine Angew.
Math. 428 (1992), 45-95.

[2] Folland G.B. A course in abstract harmonic analysis. Second edition, CRC Press,
Boca Raton, FL, 2016.

[3] Gelfand I.M., Gindikin S.G. Complex manifolds whose spanning trees are real
semisimple Lie groups, and analytic discrete series of representations. Funct. Anal.
and Appl., 1977, 11:4, 258-265.

[4] Gelfand LM., Graev, M.I., Vilenkin, N.Ya. Generalized functions. Vol. 5: Integral
geometry and representation theory. Academic Press, New York-London 1966.

[5] Gelfand I.M., Naimark M.A. Unitary representations of the classical groups. (Rus-
sian) Trudy Mat. Inst. Steklov., vol. 36, Moscow-Leningrad, 1950. German transl.:
Akademie-Verlag, Berlin, 1957.

[6] Gindikin S., Conformal analysis on hyperboloids, J. Geom. Phys., 10, 175-184 (1993).



400 Yu. Neretin

[7] Gindikin S.G., Karpelevich F.I., An integral associated with Riemannian symmetric
spaces of mon-positive curvature, (Russian), Izv. Akad. Nauk SSSR Ser. Mat., 30:5
(1966), 1147-1156.

[8] Groenevelt, W. The Wilson function transform. Int. Math. Res. Not. 2003, no. 52,
2779-2817.

[9] Harinck P. Fonctions orbitales sur Gec/Gr. Formule d’inversion des intégrales or-
bitales et formule de Plancherel. J. Funct. Anal. 153 (1998), no. 1, 52-107.

[10] Helgason S. Geometric analysis on symmetric spaces. American Mathematical Soci-
ety, Providence, RI, 2008.

[11] Herb R.A., Wolf J.A. The Plancherel theorem for general semisimple groups. Com-
positio Math. 57 (1986), no. 3, 271-355.

[12] Kirillov A.A. Plancherel’s measure for nilpotent Lie groups. Funct. Anal. Appl., 1:4
(1967), 330-331.

[13] Knapp A.W. Representation theory of semisimple groups. An overview based on
examples. Princeton University Press, Princeton, NJ, 1986.

[14] Macdonald 1.G. Spherical functions on a group of p-adic type. Publications of the
Ramanujan Institute, Madras, 1971.

[15] Molchanov V.F. Quantization on the imaginary Lobachevski plane. Funct. Anal. and
Appl., 1980, 14:2, 142-144.

[16] Molchanov V.F. Plancherel’s formula for hyperboloids, Proc. Steklov Inst. Math.,
147 (1981), 63-83.

[17] Molchanov V.F. Separation of series for hyperboloids. Funct. Anal. Appl., 31:3
(1997), 176-182.

[18] Molchanov, V.F. Canonical representations and overgroups for hyperboloids of one
sheet and Lobachevsky spaces. Acta Appl. Math. 86 (2005), no. 1-2, 115-129.

[19] Molchanov, V.F. Canonical representations and overgroups for hyperboloids. Funct.
Anal. Appl. 39 (2005), no. 4, 284-295

[20] Molchanov, V.F. Canonical representations on Lobachevsky spaces: an interaction
with an overalgebra. Acta Appl. Math. 99 (2007), no. 3, 321-337.

[21] Neretin, Yu.A. Representations of complementary series entering discretely in tensor
products of unitary representations, Funct. Anal. Appl., 20:1 (1986), 68-70

[22] Neretin, Yu.A. Restriction of functions holomorphic in a domain to curves lying on
the boundary of the domain, and discrete SLa(R)-spectra. Izv. Math. 62 (1998), no.
3, 493-513.

[23] Neretin, Yu.A. Matriz analogues of the B-function, and the Plancherel formula for
Berezin kernel representations. Sb. Math. 191 (2000), no. 5-6, 683-715

[24] Neretin, Yu.A. Pseudo-Riemannian symmetric spaces: uniform realizations, and open
embeddings into Grassmanians. J. Math. Sci. (N.Y.), 2001, 107:5, 4248-4264

[25] Neretin, Yu.A. The index hypergeometric transform and an imitation of the analysis
of Berezin kernels on hyperbolic spaces. Sb. Math. 192 (2001), no. 3-4, 403-432

[26] Neretin, Yu.A. The action of an overalgebra in the Plancherel decomposition and
shift operators in an imaginary direction. Izv. Math. 66 (2002), no. 5, 1035-1046.

[27] Neretin, Yu.A. Plancherel formula for Berezin deformation of L? on Riemannian
symmetric space. J. Funct. Anal. 189 (2002), no. 2, 336-408.



After Plancherel Formula 401

[28] Neretin, Yu.A. On the Separation of Spectra in the Analysis of Berezin Kernels.
Funct. Anal. Appl., 2000, 34:3, 197207

[29] Neretin, Yu.A. Notes on Stein-Sahi representations and some problems of non-L*-
harmonic analysis, J. Math. Sci. (N.Y.), 141:4 (2007), 1452-1478

[30] Neretin, Yu.A. Difference Sturm-Liouville problems in the imaginary direction. J.
Spectr. Theory 3 (2013), no. 3, 237-269.

[31] Neretin, Yu.A. Restriction of representations of GL(n+1,C) to GL(n,C) and action
of the Lie overalgebra. Preprint, arXiv:1510.03611

[32] Neretin, Yu.A. Projections Separating Spectra for L? on Pscudounitary Groups
U(p, q). Int. Math. Res. Not., 2017, DOI: 10.1093/imrn/rnx268

[33] Neretin, Yu.A. The Fourier Transform on the Group GL2(R) and the Action of the
Owveralgebra gl,. J. Fourier Anal. and Appl., DOI: 10.1007/s00041-017-9589-8

[34] Neretin, Yu.A. Projectors separating spectra for L* on symmetric spaces GL(n,C)/
GL(n,R). Preprint, arXiv:1704.00049

[35] Neretin, Yu.A., Olshanski G.I. Boundary values of holomorphic functions, singular
unitary representations of O(p,q), and their limits as ¢ — oo. J. Math. Sci. (N.Y.),
1997, 87:6, 3983-4035.

[36] Olshanski, G.I. Complex Lie semigroups, Hardy spaces and the Gelfand—Gindikin
program. Differential Geom. Appl. 1 (1991), no. 3, 235-246.

[37] Pukanszky, L. On the characters and the Plancherel formula of nilpotent groups. J.
Funct. Anal. 1 1967, 255-280.

[38] Sano, Sh. Distributions sphériques invariantes sur les espaces symélriques semi-
simples G /Gr. J. Math. Kyoto Univ. 31 (1991), no. 2, 377-417.

[39] Varadarajan, V.S. An introduction to harmonic analysis on semisimple Lie groups.
Cambridge University Press, Cambridge, 1989.

[40] Vilenkin, N.Ja. Special functions and the theory of group representations. American
Mathematical Society, Providence, R. I. 1968

[41] Wallach, N.R. Real reductive groups. II. Academic Press, Inc., Boston, MA, 1992.

Yury Neretin
Math. Dept., University of Vienna

and
Institute for Theoretical and Experimental Physics (Moscow)
MechMath Dept., Moscow State University
Institute for Information Transmission Problems
URL: http://mat.univie.ac.at/~neretin/
e-mail: yurii.neretin@univie.ac.at


http://mat.univie.ac.at/%E2%88%BCneretin/
mailto:yurii.neretin@univie.ac.at

	After Plancherel Formula
	1. Abstract Plancherel theorem for groups
	2. An example. The group GL(2,R)
	3. Homogeneous spaces, etc.
	4. Operational calculus for GL(2, R), see [33], 2017
	5. Difference operators in imaginary direction and classical integral transforms
	6. A general problem about overalgebras
	7. The Gelfand–Gindikin problem, [3], 1977
	8. Example: separation of series for the one-sheet hyperboloid
	9. Splitting off the complementary series, see [35]
	10. The modern status of the problem
	References




