Geometric Methods in Physics. XXXVI Workshop 2017 ,')

Trends in Mathematics, 331-340
(© Springer Nature Switzerland AG 2019

Check for
updates

Remarks to the Resonance-Decay Problem
in Quantum Mechanics from a
Mathematical Point of View

Hellmut Baumgartel

Abstract. The description of bumps in scattering cross-sections by Breit—
Wigner amplitudes led in the framework of the mathematical Physics to its
formulation as the so-called Resonance-Decay Problem. It consists of a spec-
tral theoretical component and the connection of this component with the
construction of decaying states. First the note quotes a solution for scattering
systems, where the absolutely continuous parts of the Hamiltonians are semi-
bounded and the scattering matrix is holomorphic in the upper half-plane.
This result uses the approach developed by Lax and Phillips, where the en-
ergy scale is extended to the whole real axis. The relationship of the spectral
theoretic part of its solution and corresponding solutions obtained by other
approaches is explained in the case of the Friedrichs model. A No-Go theorem
shows the impossibility of the total solution within the specific framework
of non-relativistic quantum mechanics. This points to the importance of the
Lax—Phillips approach. At last, a solution is presented, where the scattering
matrix is meromorphic in the upper half-plane.
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1. Introduction

The origin of the resonance-decay problem in non-relativistic quantum mechan-
ics is the observation of bumps in scattering cross-sections and their successful
description by the so-called Breit—Wigner formula
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where c is the resonance energy Ey. Since

! F N dr =1 (1)

) A=) +a2 "
the Breit—Wigner formula describes, in a more general scope, a probability distri-
bution of a real numerical quantity varying over the whole real axis R. However
in the framework of scattering theory the Breit-Wigner formula is interpreted by
the Breit-Wigner amplitude

= (Dt

- A= (c—ia)’ c—ia=:eC_,

such that Eq. (1) now reads Siooo le(A)|?d\ = 1. This suggests to consider the
function e as a state of a quantum-mechanical quantity, whose states are elements
of the Hilbert space L?(R, d)\), where the energy is “diagonalized”, i.e., the energy
operator is the multiplication operator M in this space and the time-evolution is
given by the unitary operator e *M .

The so-called expectation value for the state e according to the evolution
e M s given by (e,e”"Me) and the corresponding “Born probability” by
|(e,e~*M¢)|2. The calculation of the expectation value gives

(6, efitMe) _ efa\t\fict,
i.e., with ¢ := ¢ — i« one gets
—itM e " s t > 0,
(676 " e) = {e—it( t<0 (2)
and
(e,e ™M) |2 = ¢7201tl e R.

That is, the expectation value forms an exponentially decaying semigroup t —
e "¢ for t > 0, similarly for ¢ < 0. Within this context the Breit-Wigner ampli-
tude — in particular the decay-semigroup property (2) — suggests the idea that e
could be interpreted as an unstable or decaying state, i.e., as an eigenvector of an
exponentially decaying semigroup, where ( is an eigenvalue of its generator. This
interpretation of the Breit—Wigner amplitude leads to the problem to derive such
a semigroup and the spectrum of its generator from properties of the scattering
matrix, in particular from their poles in the lower half-plane. The reason to focus
on the poles is explained in Section 2. The formulation of these ideas within the
framework of the mathematical scattering theory led to the so-called

Resonance-Decay Problem. Let {H, Hy} be an asymptotically complete quan-
tum-mechanical scattering system with scattering operator S. Then one has to
construct a non-selfadjoint operator B, generator of a so-called decay-semigroup,
depending on H via S, whose eigenvalue spectrum coincides with the set of all
poles of the scattering matrix in the lower half-plane, such that the corresponding
eigenstates can be interpreted as the hypothetical decaying states, connected with
the Breit-Wigner amplitudes.
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In other words, the first part of the problem is a spectral theoretical character-
ization of the poles of the scattering matrix in the lower half-plane and the second
step is to connect this characterization with the decay problem. Since the seventies
this problem induced a vast series of various developments (for a selection of ref-
erences see [1, 2]). In the non-relativistic quantum mechanics the focus of interest
is directed to scattering systems, whose Hamiltonians are semi-bounded. However
the mathematical framework of scattering theory also includes scattering systems,
where the generator H of the unitary evolution group R 3¢t — e ** on a Hilbert
space ‘H together with the multiplication operator M =: Hy on the Hilbert space
L*(R,K, d\) form an asymptotic complete scattering system, i.e., the absolutely
continuous spectrum of H and Hj is the whole real axis. The Hilbert space K
represents the multiplicity of the problem.

A scattering theory for such unitary evolutions, which are equipped with
so-called outgoing and incoming subspaces was presented by P.D. Lax and R.S.
Phillips (see [3] and also [6, Chap. 12]), in particular for mutual orthogonal out-
and incoming subspaces. In this case the scattering matrix is holomorphic in C, ,
it satisfies the condition |S(z)|] < 1,z € C4, and Lax and Phillips solved the
resonance-decay problem completely. A decisive concept for their solution is an
invariant subspace of a special decay-semigroup, defined on the so-called Hardy
space H% (R, K, d\) for the upper half-plane, defined by

Rot— Qe M Mi, (3)

where Q4 is the projection from L?(R, K, d)\) onto H?%. In the following this decay-
semigroup is called the characteristic semigroup. At this point it is appropriate to
refer to the property (2) of the Breit-Wigner amplitude and the idea mentioned
there. Remarkably e is an eigenvector of the decay-semigroup (3) with eigenvalue
et T.e., the Breit-Wigner amplitude appears in the Lax-Phillips approach as
an important element of a solution of the resonance-decay problem.

The idea, to use the Lax—Phillips technique also for the resonance-decay
problem on the positive energy half-axis, i.e., for semi-bounded Hamiltonians, is
based on the property that the linear manifold PJH?F is dense in the Hilbert
space L?(Ry, K, d\) of the reference Hamiltonian Hy, where P, is the projection
from L?(R, K, d)) on L*(R4, K, d\). The linear manifold P, H? equipped with the
norm of H2 is H2 itself, since P, is injective on H2. The proof of the following
result for semi-bounded Hamiltonians H, Hy applies the Lax—Phillips technique,
in particular the properties of the characteristic semigroup (see [2, Theorem 3]):

If the scattering matrix of the scattering system {H, Hp} on Ry is holomor-
phic continuable into the upper half-plane C, and satisfies a certain boundedness
condition then an invariant subspace of the characteristic semigroup is constructed
such that its restriction to this subspace is a solution of the resonance-decay prob-
lem. That is, the spectrum of the generator of this restriction consists exactly of
all poles of the scattering matrix and its resolvent set of all points, where the
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scattering matrix is holomorphic. The eigenvectors for the poles { are exactly spe-
cial Breit-Wigner amplitudes k/(\ — ) for certain vectors k, which satisfy the
condition S({)*k = 0, thus solving the multiplicity problem.

So far, this result solves the first part of the resonance-decay problem, the
spectral characterization of the poles, completely. However, the eigenvectors, i.e.,
the decaying states, are vectors from H3 < L*(R,K,d)). This means that the
direct relationship to the positive energy axis and the initial Hilbert space of
states is lost. Even it turns out that these states constructed, i.e., the Breit—Wigner
amplitudes, cannot be transferred unitarily to the Hilbert space L?(R,, K, d\) of
the reference Hamiltonian Hy = M, its multiplication operator, to be decaying
states w.r.t. the evolution e ="M+ (see Section 3).

Nevertheless, in sight of the structural mathematical point of view, the result
can be interpreted within this Hilbert space: in the dense linear manifold PJH%r
one can introduce without ambiguity the H2-norm. Then the decay-semigroup
can be considered as acting on Py H? equipped with this stronger norm.

The real weakness of this result is that its ansatz is an abstract one. Basi-
cally, it takes into consideration only the (canonical) reference Hamiltonian Hy
for the absolutely continuous spectrum and the scattering operator. The right or
justification to use this ansatz goes back to the theorem of Wollenberg (see [5, 6])
together with the fact that the Hamiltonian H, i.e., the interaction, is sometimes
unknown. However, the reason for the appearance of poles in the scattering matrix
of a scattering system H, Hy remains to be seen.

2. Friedrichs model

In so-called Friedrichs models the reason for the appearance of poles in the cor-
responding scattering matrix can be recognized. In these models eigenvalues of
the reference operator Hy, which are embedded in its absolutely continuous spec-
trum are sometimes unstable caused by the interaction of H. They can generate
poles of the scattering matrix. Therefore, the spectral theoretical characteriza-
tion of these poles can be alternatively obtained by the method of “generalized
eigenvalues”, for example by so-called Gelfand triples. In this approach the corre-
sponding eigenantilinear forms are usually of the pure Dirac-type (see, e.g., [4, 7, 9]
and [8]). Interestingly for the Friedrichs model presented in [7] the solution of the
multiplicity problem corresponds exactly to the solution quoted in Section 1 (see
[7, Theorem 4.2]). In this paper the Friedrichs model H := M + I" + I'* on the
full energy axis is considered on the Hilbert state space H := L?(R,K,d\) @ &,
where dim K < c0,dim€ < o0 and M the multiplication operator. The operator
I':E&— L%(R,K,d)) is defined by (Te)(\) := M()\)e, where M()\) € L(E — K).
In this model one obtains for the scattering matrix the expression

Sic(\) = L — 2wiM(\) Lo (A + i0) " M (N)*, (4)

where L (-) denotes the so-called Liv§ic matrix on C,. Now, if one assumes that
M (-) is holomorphic on R and meromorphic continuable, then for a pole ¢ of the
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scattering matrix in C_ one obtains that the multiplicity of the corresponding
Dirac-antilinear form is given by those k € K, such that k = M({)e, e € £, where
L ({)e = 0 and L,(-) denotes the continuation of the Livsic matrix into the
lower half-plane (see [7, Theorem 4.2]). The correspondence to the solution of the
multiplicity problem quoted in Section 1 is expressed by

Lemma. Let ( € C_ and k€ K. Then S({)*k = 0 iff k = M({)e, where e € £ and
Li(Qe = 0.

Proof. (i) Let S(¢)*k = 0. Then, according to Eq. (4), one obtains
k= —2miM (Q)(L+(¢)™1)*M(O)*k

Put
e 1= —2mi(L4 ()Y * M(C)*k = —2mi(L+(C)*) " M(C)*k. (5)

Since ¢ € C_, the Livsic matrix at ¢ reads
L4(0) = ¢~ tipe — [ MOV

)

d.

Further note
Li(Q)* =L-(C),
where L_(-) denotes the Livsic matrix on C_. According to Eq. (5) one has
Ly (Q)*e = —2miM(Q)*k = L_(C)e.

For the continuation of L, (-) into the lower half-plane one obtains

L (Q) = L(Q) + 2miM (()* M (C).
Then one obtains

L4(Q)e = —2miM(C)* (k — M(Q)e).
The definition of e in Eq. (5) implies k = M ({)e. Therefore L. ({)e = 0 follows.
(ii) Let k := M(¢)e, where Lo (¢)e = 0. Then

Lo (Q)*e = L_(Q)e = —2miM (Q)* M(Q)e,

hence
e = —=2mi(L1(¢)*) T M(¢)*M(¢)e
and
k=M(C)e = —2miM(Q)(L+(¢)*) M (¢)*k
follows, i.e., S(¢)*k = 0. |

Similar results one obtains for Friedrichs models on the positive half-axis.

The scattering matrices of Friedrichs models may have poles in the upper half-
plane. Insofar the extension of the result mentioned in Section 1 to these cases is
obvious. For example, if in the Friedrichs model considered one puts dim/C = 1
and Te()\) := 7~ Y2(X\ +i)7!, then ¢ := i is a pole of the scattering matrix.
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3. A no-go-theorem

In Section 1 a solution of the resonance-decay problem for a scattering system
on the positive half-line, proved in [2], is quoted and critically considered. It was
mentioned that the decaying states constructed there cannot be transferred to the
Hilbert space of the reference Hamiltonian. This section contains a proof for this
assertion.

Theorem 1. There is no state ¢ € L*>(Ry, K, dN), ||¢| = 1, such that the Born prob-
ability w.r.t. the unitary time evolution generated by M is exponentially decaying,
i.e., such that

(e M) =7, t>0,

for some constant o > 0.

Proof. Born probabilities are symmetric w.r.t. future and past, i.e., they depend
only on |t|. Assume that there is a state ¢ and a constant o > 0 such that

(g7 Meg)? = e, teR

Then |(¢, e M+ ¢)| = el and

o]
(6.7 ) = [ G = e,
0

where ((+) is real-valued, continuous and one has §(—t) = —3(t). Define
_ [ sk, A>0
g(A) = { 0, A<0

Then g € L*(R,d)\) and
o
J e—it)\g()\)d)\ _ e—(x‘t‘-kiﬂ(t).
-0

The function on the right-hand side is a L2-function, where
o]
J Ol|€_a|t|+i’8(t)‘2dt _ 1’
—00

i.e., there is a function f € L?(R,d\) such that
FU)(E) = (t) = al/2e—eli+i00),
where | f]| 2 = 1 and F denotes the Fourier transform. That is, one obtains
o0 . . o0 .
J e 2ma) T2 F(A\)dA = emlITB = f e " g(N)dA.
—0 —00

Since the Schwartz space S(R) is dense in L'(R) w.r.t. the L'-norm and dense in
L?(R) w.r.t. the L?-norm, according to a standard argument in the theory of the
Fourier transformation it follows that (2ra)~Y2f = g, i.e., one obtains g € L*(R).
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Now g has the property g = P, g. This means f is an element of H2 (R), the

Hardy space of the lower half-plane, i.e., one gets f =Q_ f , where Q_ denotes the
projection onto H2 . Because of

P, =F'Q_F

it follows that the inverse Fourier transform F~! f is necessarily from P, L?(R, dx),
i.e., the function

0
xHJ ei:vtefa\t\JriB(t)dt
—0

vanishes for z < 0. However, the function

0
h(z) := f ei#tealtl+ift) gy
—o0
is well defined within the stripe |Imz| < a and a holomorphic function there.
Therefore, since this function vanishes for z = z < 0 it vanishes identically, hence
also for z > 0, i.e., one obtains g = f = 0, a contradiction. O

4. A result for scattering systems with poles of the
scattering matrix in the upper half-plane

An extension of the result mentioned in Section 1 in this direction is suggested
in Section 2. An incomplete version of the following result can be found already
in [2, Theorem 2], incomplete because of a flaw in the proof. Surprisingly it turns
out that not only the poles in the lower half-plane cause decaying states, but also
holomorphic points ¢ there may generate such states, but only in the case that ¢
is a pole (in the upper half-plane) with a special property of its main part.

Theorem 2. Assume that the scattering matriz of the scattering system {H, Hy}
on R satisfies the following conditions:

(I) It is meromorphic in C, with at most finitely many poles,

(II) |S(z)| < K, K >0, z€ C4 |z| > R, where R is sufficiently large,
(IIT) there are no complex-conjugated poles,
(IV) there is at least one pole in C_.

Then the spectrum spec By < C_ of the generator B, of the restriction of the
characteristic semigroup to the subspace T < H?% is described as follows:

(i) ¢ € C_ is an eigenvalue of By iff (a) ¢ is a pole of S(-) or (b) ¢ is a pole
of S(-) and the operator coefficient A of the leading term of the main part of
the pole  is not invertible.

(ii) ¢ € C_ is a point of the resolvent set res By of By iff (a) S(¢) and S(¢) exist,
i.e., C,C are holomorphic points of S(-) or (b) S(C) exists and ¢ is a pole of
S(:) and A is invertible, i.e., A~ exists.
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Proof. Let m1,m2,...,n. be the poles in C; with the multiplicities g1, g2, ..., gr.
Put g := 22:1 gj. Let p(-) be the polynomial of degree g, defined by p(\) :=
H;:1(>‘ —n;)%. Put My := SN, where N is the linear manifold of H3 of all
functions u of the form u(\) := (f(f;%gw()\), where w € H2. Further put 7, :=
H: O M,

Proof of (i): Let ¢ be an eigenvalue of By. Then a corresponding eigenvector has
necessarily the form f(\) = )\kfg for some kg € K and one has

0 0 1
|G sutear= | (Ko, SOVu(N)edA = 0, we A,
—o A= —o A= ¢

First let ¢ be a holomorphic point of S(-). Then one obtains

F o (SO0 o, u() A = 2ri(S(C) o ulC)e = 0

hence S(¢)*ko = 0 follows, since every k € K is possible for u(¢). This means that
S(¢)* is not invertible, i.e., ( is a pole and (a) is true. Therefore, one can assume
that ¢ is a pole. Then one gets

[0k s PN wonear= [ 1 wosoon ") e

_ (A +1)9 —0 A= ¢ Aoy
=0 = 2mi(ko )P o)
= 0= 2milho, (SORNQ) 75,

= 27 c w(C)
= 2mitha. ()4, %)

where (S(-)p())(¢) = ¢(Q)A, ¢(¢) # 0 and A # 0, where A is the leading term of
the main part of the pole (, i.e., one obtains (A*kg, k) = 0 for all k € K, hence
A*ko = 0, i.e., A is not invertible and (b) is true.

For the reversal let ¢ be a pole of S(-) and S({)*ko = 0 or let ¢ be a pole
and A*kqg = 0 for some kg € K, kg # 0. Then all calculations are reversible.

Proof of (ii): Let ¢ € res By. If { is a pole then ( is an eigenvalue, hence it cannot
be a member of res By. If S(() exists and ( is a pole, but A is not invertible then
¢ is again an eigenvalue. Reversal:

(a): In this case S(¢) and S(¢) exist. Then ( is not an eigenvalue, hence
(By —¢1)~t
exists. According to the “closed graph theorem” it is sufficient to show that
ima(B, — (1) = T,
is true, i.e., if g € 71 then one has to construct a function f € dom By such that

(B+ —=C1)f =g.
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In any case f is an element from the domain of the generator of the full char-
acteristic semigroup. Therefore it is sufficient to construct f as an element of
T = H2 © My such that

A—C 7
where kg € K is a suitable vector. Since g1 M, i.e., gLSN, or S*gL N, one has
P()9() | 2
S* 1
(T

i.e., the function

o * p(\)
A= h0) = SO (P00
is an element of H#2 . The corresponding expression for f reads
S(N)*p(N) Al SN
o 0= =07 ) =7 Y k) (6)

Since ¢ € C_, on has p(¢) # 0. In order that the right-hand side of Eq. (6) is from
H?2 | one has to put

_ SO*p(Q), _ S(O)7p(C)
MO= (i T i ™
Hence kg is uniquely determined by
(ST
o(0) (A (<)

(b): In this case S(() exists but ( is a pole of S(-) and A is invertible. The function
h is defined as before. Now the equation (6) is written in the form

(SOOI 1y o ety SOPEFO)
o I =007 e - T Y k)

In this case one has (S(-)p(-))(¢) = cA, where ¢ # 0 because ¢ is one of the poles
n; and A is again the leading term of the main part of the pole (, i.e.,

(SC)p()*(C) = cA*
and one obtains kg uniquely from the equation

c

*
¢—ipg

h(¢) = (

ie.,

ko = (0)7H(¢ = D)9(A*) T h(C). 0
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