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Abstract We present recent results on singularly perturbed reaction-advection-
diffusion problems, which are based on a further development of the asymptotic
comparison principle. We illustrate this approach applying it to new problems. We
also give Theorems stating the existence of periodic solutions with an internal layer,
providing their asymptotic approximation and establishing their Lyapunov stability
for these problems. We discuss further development of the asymptotic method of
differential inequalities (see [1–5]) for the periodic parabolic problems and apply
this method to new cases.

1 Introduction

We consider periodic solutions with internal layer in the case of non-balanced and
balanced advection, and in the case of non-balanced and balanced reaction for the
problem

ε2
(

∂2u

∂x2
− ∂u

∂t

)
− A(u, x, t, ε)

∂u

∂x
− B(u, x, t, ε) = 0 for x ∈ (0, 1), t ∈ R,

u(0, t, ε) = u(−)(t), u(1, t, ε) = u(+)(t) for t ∈ R,

u(x, t, ε) = u(x, t + T, ε) for t ∈ R, (1)

where ε is a small parameter, and A, B, u(−)(t) and u(+)(t) are sufficiently smooth
T -periodic in t functions. We also extend these results for the reaction-advection-
diffusion equation

ε
∂2u

∂x2
− A(u, x)

∂u

∂x
− ∂u

∂t
= f (u, x, ε), x ∈ (0, 1), t > 0.
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For the initial boundary value problems for this equation we prove the existence of
fronts and give its asymptotic approximation including the new case of the blowing-
up fronts. The last case we illustrate by the generalised Burgers equation.

2 Periodic Problems

We present recent results on general scheme of asymptotic method of differential
inequalities for periodic reaction-advection-diffusion equations (see [2] and refer-
ences therein) and apply it to some important for applications cases of problem (1).

2.1 Periodic BVP with Balanced Reaction

We illustrate our approach applying it to the following variant of the Eq. (1):

ε2
[(

∂2u

∂x2
− ∂u

∂t

)
− A(u, x, t)

∂u

∂x

]
− F(u, x, t, ε) = 0.

This is subject to the following conditions:

(A1) the reduced equation F(u, x, t, 0) = 0 has exactly three roots φ(−)(x, t),
φ(0)(x, t), and φ(+)(x, t), such that φ(−)(x, t) < φ(0)(x, t) < φ(+)(x, t);

(A2) Fu(φ
(±), x, t, 0) > 0 and Fu(φ

(0), x, t, 0) < 0.

For the case of a balanced reaction we have

(A3) I (x, t) := ∫ φ(+)(x,t)
φ(−)(x,t) F(u, x, t, 0)du ≡ 0.

To construct the formal interior layer asymptotics, we use the anzatz (a similar
treatment one can find in [1–5])

U (±)(x, t, ε, x∗) = u(±)(x, t, ε) + Q(±)(τ , x∗, t, ε) + �(±)(ξ, t, ),

where the terms are the series in ε, and the location of the interior layer x∗(t, ε) is
unknown from the beginning and is defined by C1-matching procedure x∗(t, ε) =
x0(t) + εx1(t) + ε2x2(t) + · · · . The main term of the layer location is a solution to
the problem

−dx0
dt

= H(x0, t) = 0, x0(t) = x0(t + T ),

where H(x0, t) is defined by input data. We assume

(A4) the problem for x0(t) has a solution.

For the next terms of the layer location we have the equation
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−m(t)
dxi
dt

+ d(t)xi = fi (t), i = 1, 2, . . . , x1(t) = x1(t + T ),

and we assume

(A5) 1
T

∫ T
0

d(t)
m(t)dt < 0.

Theorem 1 Suppose (A1) − (A5) are valid. Then there exists the contrast structure
type solution u(x, t, ε), |u(x, t, ε) −Un(x, t, ε)| < Cεn+1, which is asymptotically
stable in the sense of Lyapunov with the local domain of stability [α1,β1], where
Un(x, t, ε) is the n-th order partial sum of the constructed approximation and α1,β1

are lower and upper solutions constructed by the modification of U1(x, t, ε) accord-
ing to general scheme of asymptotic method of differential inequalities; see [1–5].

3 Initial Boundary Value Problems with Fronts: Motion
and Blow-Up

We present recent results for some classes of IBVP (initial boundary value problem)
where we investigate moving fronts by using the developed comparison technique.
For these initial boundary value problems we prove the existence of fronts and give
their asymptotic approximation.We prove that the principal term, describing location
of the moving front, is determined by the initial value problem

dx0
dt

= V (x0), x0(0) = x00, (2)

where x00 is an initial location of the front and V (x0) is a known function, defined
by the input data. We proved that the Lyapunov stability of steady points of Eq.
(2) determine the Lyapunov stability of stationary solutions with interior layer of
the IBVP. We also proved that under some conditions the blow-up of the solution
problem (2) determine the blow-up of the interior layer solution of the IBVP.

3.1 Reaction-Advection-Diffusion Equations

We illustrate our results considering the problem

ε
∂2u

∂x2
− A(u, x)

∂u

∂x
− ∂u

∂t
= f (u, x, ε), x ∈ (0, 1), t > 0,

u(0, t, ε) = u0, u(1, t, ε) = u1, t ∈ [0, T ],
u(x, 0, ε) = uinit (x, ε), x ∈ [0, 1].

Let us assume
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Fig. 1 Typical examples of numerical solutions u(x, t). (A refining of the mesh in a neighborhood
of the transition point and the bounds has been performed.)

(H1) equation A(u, x) dudx + B(u, x) = 0 with initial condition u(0) = u0 has solu-
tion u = ϕl(x), and with initial condition u(1) = u1 has solution u = ϕr (x),
such that for all x ∈ [0, 1] ϕl(x) < ϕr (x), A(ϕl(x), x) > 0, A(ϕr (x), x) < 0
hold;

(H2) I (x) := ∫ ϕr (x)
ϕl (x) A(u, x)du > 0;

(H3) the initial value problem

dx0
dt

= I (x0)

ϕr (x0) − ϕl(x0)
, x0(0) = x00,

where x00 is the initial location of the front, has solution x0(t) : [0; T ] → [0, 1]
such that x0(t) ∈ (0, 1) for all t ∈ [0, T ].

The main result for this problem is the existence and asymptotic approximation
theorem of the moving front with the principal term of the front location x0(t).
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3.2 Burgers Type Equation with Blow-up of the Solution

The following Burgers type equation exhibits the blow-up of the front type solution:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ε
∂2u

∂x2
− ∂u

∂t
= −u

∂u

∂x
− u3, x ∈ (0, 1), t ∈ (0, 0.3],

u(0, t) = −2, u(1, t) = 1

3
,

u(x, 0) = 7

6
tanh

x − 1
4

ε
− 5

6
.

Examples of calculations are in Fig. 1.
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