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Abstract In this minicourse, we study hypersurfaces that solve geometric evolution
equations. More precisely, we investigate hypersurfaces that evolve with a normal
velocity depending on a curvature function like the mean curvature or Gauf}
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curvature. In three lectures, we address

* hypersurfaces, principal curvatures and evolution equations for geometric quan-
tities like the metric and the second fundamental form.

* the convergence of convex hypersurfaces to round points. Here, we will also show
some computer algebra calculations.

* the evolution of graphical hypersurfaces under mean curvature flow.

1 Opverview and Plan for the Summer School

We consider flow equations that deform hypersurfaces according to their curvature.

If X : M" — Rt is an embedding of an n-dimensional manifold, we
can define principal curvatures (A;)1<j<, and a normal vector v. We deform the
embedding vector X according to

dy _
th =—Fv,
X('a 0) = XOa

where F is a symmetric function of the principal curvatures, e.g. the mean curvature
H = A1 + --- 4+ A,. In this way, we obtain a family X (-, ) of embeddings and
study their behaviour especially near singularities and for large times. We consider
hypersurfaces that contract to a point in finite time and, after appropriate rescaling,
to a round sphere. Graphical solutions are shown to exist for all times or to disappear
to infinity.

Classical results in this direction were obtained by Huisken [20] and Ecker and
Huisken [11] for mean curvature flow.

Remark 1

(i) We will use geometric flow equations as a tool to deform a manifold.
(i) The flow equations considered are parabolic equations like the heat equation.
(iii) In order to control the behaviour of the flow, we will look for properties of
the manifold that are preserved under the flow. For that purpose, we will also
look for quantities that are monotone and have geometric significance, i.e. their
boundedness implies geometric properties of the evolving manifold.

We wish to thank Ben Lambert and Wolfgang Maurer for corrections and
Wolfgang Maurer for carefully preparing the figures.

1.1 Plan for the Summer School

These notes first cover some necessary background material. We will then derive
evolution equations for geometric quantities and study two geometric problems.
More precisely, our plan is to study the following:
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* Geometric prerequisites and evolution equations of geometric quantities.

* Convex surfaces contracting to a round point and an estimate for Gaul3 curvature
flow, Theorem 6, measuring the deviation from being umbilic.

 Mean curvature flow of complete graphs and local C'-bounds, Theorem 16.

2 Differential Geometry of Submanifolds

We will only consider hypersurfaces in Euclidean space.

We use X = X (x, 1) = (X%)|<q<pn+1 to denote the time-dependent embedding
vector of a manifold M" into R"*! and H‘;IX = X for its total time derivative.
Set M, := X(M,t) c R""!. We will often identify an embedded manifold
with its image. We will assume that X is smooth. Assume furthermore that M"
is smooth, orientable, connected, complete and dM" = . We choose v = v(x) =
(v¥)1<w<n+1 to be the outer (or downward pointing) unit normal vector to M, at
x € M;. The embedding X (-, r) induces at each point on M; a metric (g;j)1<i, j<n
and a second fundamental form (%;;)1<;, j<n. Let (g"/) denote the inverse of (g;;).
These tensors are symmetric. The principal curvatures (A;)1<;<, are the eigenvalues
of the second fundamental form with respect to that metric. That is, at p € M, for
each principal curvature A;, there exists 0 # & € T, M = R" such that

n n n
A nglg’ = thlél or, equivalently, A,-Sl = Z g”‘hk,g’.
=1 =1 k,r=1

As usual, eigenvalues are listed according to their multiplicity. A hypersurface is
called strictly convex, if all principal curvatures are strictly positive. The inverse of
the second fundamental form is denoted by (h'/), i jen

Latin indices range from 1 to n and refer to geometric quantities on the
hypersurface, Greek indices range from 1 to n 4 1 and refer to components in the
ambient space R"T!. In R"*! we will always choose Euclidean coordinates. We
use the Einstein summation convention for repeated upper and lower indices. Latin
indices are raised and lowered with respect to the induced metric or its inverse ( gl ) ,
for Greek indices we use the flat metric (gaﬂ)lfa,,ggn“ = (8up)1<a,p<n+10f R+
So the defining equation for the principal curvatures becomes A; gklél = hy& L

Denoting by (-, -) the Euclidean scalar product in R"*!, we have

gij = (X1, X j) = Xfxi‘saﬂxf}j’

where we used indices, preceded by commas, to denote partial derivatives. We
write indices, preceded by semi-colons, e.g. h;j.x or vy, to indicate covariant
differentiation with respect to the induced metric. Later, we will also drop the
commas and semi-colons, if the meaning is clear from the context. We set X Oi =X ‘f
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and

k
Xy = X0y — I X7 M

where

Fk—Qg (&1, j + &ji.i — &ij.1)

are the Christoffel symbols of the metric (g;;). Therefore, X"‘j becomes a tensor.
The GauBl formula relates covariant derivatives of the position vector to the
second fundamental form and the normal vector

X?ti/ = —hijv“. (2)

The Weingarten equation allows to compute derivatives of the normal vector
VY = hk X (3)
i itk

We can use the Gaul} formula (2) or the Weingarten equation (3) to compute the
second fundamental form.
Symmetric functions of the principal curvatures are well-defined, we will use

the mean curvature H = Aj; + ... + A,, the square of the norm of the second
fundamental form |A|> = )\% + . a2 AR = )Jf + ...+ Ak, and the GauB
curvature K = A1 -...- A,. Itis often convenient to choose coordinate systems such

that, at a fixed point, the metric tensor equals the Kronecker delta, g;; = J;;, and
(hij) is diagonal, (h;;) = diag(A1, ..., A,), e.g.

n
Yohi= D hiy =R b = heshijchap g™ g7 g g
i, j k=1

Whenever we use this notation, we will also assume that we have fixed such a
coordinate system.

A normal velocity F can be considered as a functionof (A1, ..., A,) or (h;;, gij)-
If F(A;) is symmetric and smooth, then F(h;;, g;;) is also smooth [17, Theorem

2.1.20]. We set FY = adhE- , Fl-kl — ah‘?{h . Note that in coordinate systems with
ij ijOnkl

diagonal h;; and g;; = §;; as mentioned above, F'/ is diagonal. For F = |A|?, we
have FU/ = 2K/ = ZA;gi/, and for F = K%, «a > 0, we have F/ = o K*h'/ =
aKx gl

The Gauf} equation expresses the Riemannian curvature tensor of the hypersur-
face in terms of the second fundamental form

Rijki = highji — hith j. 4
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As we use only Euclidean coordinate systems in R"*!, ; j; k 18 symmetric in all
three indices according to the Codazzi equations.

The Ricci identity allows to interchange covariant derivatives. We will use it for
the second fundamental form

hik;1j = hik; j1 + hi Raitj + h Ragij Q)

For tensors A and B, A;; > B;; means that (A;; — B;;) is positive semi-definite.
Finally, we use ¢ to denote universal, estimated constants.

2.1 Graphical Submanifolds

Lemma 1 Letu : R" — R be smooth. Then graphu is a submanifold in R, The
metric gij, the lower unit normal vector v, the second fundamental form h;j, the
mean curvature H, and the Gauf3 curvature K are given by

8ij =08ij Tujuj,
.. .. uiuj
ij gl _
8 1+ [Duf?’
p o (@) =1 (), =D
V1+|Dul? v
/’l,’j Ujj Uijj

T+ v

. Du
H = le )
V1+ Duf?

and
det D%u
K = n+2°
(1+ |Du|?) 2
where u; = f’”i, u = uj(;/l and u;j = afiauxf' Note that in Euclidean space, we

often do not distinguish between Du and Vu.
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Proof

(i) We use the embedding vector X (x) = (x,u(x)), X : R" — R+
The induced metric is the pull-back of the Euclidean metric in Rt g =
X*gpnt1. We have X ; = (e;, u;). Hence

Eucl.

gij = X%Saﬂxfgj = (X, X ;)= ((ei,u;), (ej,uj)) =8;j +ujuj.

(i1) Itis easy to check, that gi/ is the inverse of g;;. Note that ut =8y j.i.e., we
lift the index with respect to the flat metric.

(iii) The vectors X ; = (e;, u;) are tangent to graphu. The vector ((—u;), 1) =
(—=Du, 1) is orthogonal to these vectors, hence, up to normalization, a unit
normal vector.

(iv) We combine (1), (2) and compute the scalar product with v to get

hij = —(X,;j,v) =—(Xij — F,'];'X,k, v) = —(X;j, V)
i), _1 ..
o (T B
A% \'

(v) We obtain
- 1 — jy — - 2
P L+ [Dul*) /1 + |Du?
_ 8iju,~j uiuju,-j
- 2 2\3/2
V1+[Du2 (14 |Dul?)
Au uiujuij

T VU4 1Dul (14 |Dup)?

and, on the other hand,

div Du _ Zn: 0 Uj
Vi+1Dul2] & 0xt /14 |Dup
Wil U ji
Z\/1+IDu|2 Z 2)%2

i,j=1 1+|D”|

=H.
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(vi) From the defining equation for the principal curvatures and det g;; = 1+|Du 12,

we obtain
" ij ij deth,'j
K = gxi = det (g7hji) = detg" - deth;j = e,
_ v detu;; _ det D%u
Y ()

O

These formulae extend to the situation, in which u is defined on an open subset
of R".

Exercise 1 (Spheres) The lower hemisphere of radius R is locally given as graph u
with u : Bg(0) — R defined by u(x) := —y/R? — |x|2. Compute all the quantities
mentioned in Lemma 1 and the principal curvatures explicitly for this example.

Exercise 2 Give a geometric definition of the (principal) curvature of a curve in R?
in terms of a circle approximating that curve in an optimal way.

Use the min-max characterization of eigenvalues to extend that geometric
definition to n-dimensional hypersurfaces in R"+1.

Exercise 3 (Rotationally Symmetric Graphs) Assume that the function u
R* — R is smooth and u(x) = u(y), if |x| = |y|. Then u(x) = f(]x|) for
some f : Ry — R. Compute once again all the geometric quantities mentioned
in Lemma 1.

3 Evolving Submanifolds

3.1 General Assumption

We will only consider the evolution of manifolds of dimension » embedded into
R"*+! ji.e. the evolution of hypersurfaces in Euclidean space. (Mean curvature flow
is also considered for manifolds of arbitrary codimension. Another generalisation is
to study flow equations of hypersurfaces immersed into Riemannian or Lorentzian
manifolds.)

Definition 1 Let M" denote an orientable manifold of dimension n. Let X (-, t) :
M" - R" 0 <t < T < oo, be a smooth family of smooth embeddings. Let v
denote one choice of the normal vector field along X (M", t). Then X or (M;)o<i<T
with M, := X (M", t) is said to move with normal velocity F, if

d
X=—Fv inM"x][0,T).
dt
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Remark 2 In codimension 1, we often do not need to assume that M" is orientable:
Let X : M* — N"t! be a C?-immersion and H(N; Z/27) = 0. Assume that
X is proper, X '"(ON) = M, and X is transverse to dN. Then N \ X (M) is not
connected [13]. Hence, if M" is closed and embedded in R”*!, M" is orientable.

3.2 Evolution of Graphs

Lemma 2 Letu : R" x[0, 0c0) — R be a smooth function such that graphu evolves
according to dth = —Fv. Then

gz\/1~|—|Du|2~F.

This result also holds, if u is defined on an open subset of R” x [0, 00).

Proof Beware of assuming that the (n 4+ 1)-st component in the evolution equation
j[ X = —Fv were equal to u as a hypersurface evolving according to j[ X =—Fv
does not only move in vertical direction but also in horizontal direction.

Let p denote a point on the abstract manifold embedded via X into R"*!. As our
embeddings are graphical, we see that

X(p.1) = (x(p, 1), u(x(p, 1), 1)).

We consider the scalar product of both sides of the evolution equation with v and
obtain

_ N N 0y A N (CH R VI
F—(Fv,V)—< th"’>— <((")’"’x +u>’\/1+|Du|2>_\/1+|Du|2'

O

Corollary 1 Let u : R" x [0,00) — R be a smooth function such that graphu
solves mean curvature flow j[ X = —Hv. Then

D
uz\/l—HDul?-div( “ )

V1+ |Du)?

Exercise 4 (Rotationally Symmetric Translating Solutions) Letu := R" xR —
R be rotationally symmetric. Assume that graph u is a translating solution to mean
curvature flow j[ X = —Hv, i.e. a solution such that « is constant.
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Similar to Exercise 3, derive an ordinary differential equation for translating
rotationally symmetric solutions to mean curvature flow.
Why does it suffice to consider the case i = 1?

Remark 3 Consider a physical system consisting of a domain 2 C R3. Assume
that the energy of the system is proportional to the surface area of 9£2. Then, up to
a transformation ¢ — ut for some p > 0, the L2-gradient flow for the area is mean
curvature flow. We check that in a model case for graphical solutions in Lemma 3.

Lemma 3 Let u : R" x [0,00) — R be smooth. Assume that u(x,t) = 0 for
|x] = R. Then the surface area is maximally reduced among all normal velocities
F with given L?-norm, if the normal velocity of graphu is given by H, i.e. if it =
V1+|Du> - H

Note that in general, solulons to u = \/1 + |Du|? - H do not have compact
support.

Proof The area of graphu(:, t)| g, is given by
A@t) = /\/1 + |Dul?dx.
Bg

Define the induced area element diu by dp = \/ 1 + |Du|* dx. We obtain using
integration by parts

1
A(t) / \/1+|Du|2dx = \/1+|D |2(Du,Du)
u
=0 R =0
D .
:—/div “ u-vdx =—/HFd,u
J1+|Du2 ] v
Br =0 Br =0
1/2 1/2
> — /szu /deu
Br Br =0

Here, we have used Hoélder’s inequality |labll;1 < |lal;2 - |16, 2. There, we
get equality precisely if a and b differ only by a multiplicative constant. Hence
the surface area is reduced most efficiently among all normal velocities F with
|Fll;2 = [|H| 2, if we choose ' = H. In this sense, mean curvature flow is the

L?-gradient flow for the area integral. O
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3.3 Examples

Lemma 4 Consider mean curvature flow, i.e. the evolution equation jt X =—Hy,
with My = 9 Bg(0). Then a smooth solution exists for0 <t < T := 21’1 R? and is
given by M; = 3B, (1 (0) with r(t) = /2n(T —t) = ~/R? — 2nt.

Proof The mean curvature of a sphere of radius r(f) is given by H = r:’t). Hence
we obtain a solution to mean curvature flow, if r(¢) fulfills

(1) = ")

A solution to this ordinary differential equation is given by r(t) = /2n(T — 1).
(The theory of partial differential equations implies that this solution is actually
unique and hence no solutions exist that are not spherical.) O

Exercise 5 Find a solution to mean curvature flow with My = dBg(0) x Rk ¢
R! x R¥. This includes in particular cylinders. Note that for £ > 1, it is not obvious,
whether these solutions are unique.

Exercise 6 Find solutions for ¢ X = —|A%v, X = —Kv
49X = gvif Mo = 9Bg(0) C R"!, especially for n = 2.

Remark 4 (Level-Set Flow for F > 0) Let M, be a family of smooth embedded
hypersurfaces in R”*! that move according to g(zlz X = —Fv with F > 0. Impose the
global assumption that each point x € R"*! belongs to at most one hypersurface
M;. Then we can (at least locally) define a function u : R"*! — R by setting
u(x) = t,if x € M,. That is, u(x) is the time, at which the hypersurface passes
through the point x. We differentiate the identity ¢t = u(X (p, t)), use that for closed
shrinking hypersurfaces, Du is a negative multiple of the outer unit normal v and
get

d _ 1
s X = v and

d d
= uX(p.0)= <Du, th> = (Du, —Fv) = F - |Dul.

We obtain the equation F - |Du| = 1.

If F <0, Du is a positive multiple of v and we get F - |Du| = —1.

This formulation is used to describe weak solutions, where singularities in the
classical formulation occur. See for example [21], where the inverse mean curvature
flow F = — ;1 is considered to prove the Riemannian Penrose inequality. Note that

H = div (@5‘) as the outer unit normal vector to a closed expanding hypersurface
Du

M; = {u = t} is given by \Dul" According to (3), the divergence of the unit normal
yields the mean curvature as the derivative of the unit normal in the direction of the
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unit normal vanishes. Hence the evolution equation jt X = Iliv can be rewritten as

. Du
div = |Dul|.
| Dul

For contracting hypersurfaces under mean curvature flow with H > 0, the outer

unit normal is given by — | gz‘ and H = —div (Igzl ) Hence mean curvature flow
can be rewritten as |Du| - div (@m) =—1.

Exercise 7 Verify the formula for the mean curvature in the level-set formulation.
Compute level-set solutions to the flow equations th = —Hv and th = fllv,
where u depends only on |x|, i.e. the hypersurfaces M, are spheres centered at the
origin. Compare the result to your earlier computations.

We will use the level-set formulation to study a less trivial solution to mean
curvature flow which can be written down in closed form.

Exercise 8 (Paper-Clip Solution) Let v # 0. Consider the set
M, = {(x, y) eR?: eVt cosh(vy) = cos(vx)} .

Show that M, solves mean curvature flow. Describe the shape of M; for t — —oo
and for r /' O (after appropriate rescaling).

Compare this to Theorem 3.

Note that you may also rewrite solutions equivalently (on an appropriate domain)
as

1 2
y+ := log| cos(vx) & /cos?(vx) — e2V! | — vt.
\

__ sinh(vy)
vcosh(vy) "

sin(vx)

Hint: You should obtain #; = uy = — cos(vx)

and u, =

Remark 5 (Level-Set Flow) 1If a hypersurface moves with velocity F, where F
is not necessarily positive, we cannot use the level-set formulation from above.
Instead, we can use a function u: R" x [0, 00) — R such that for each ¢ € R,
the set M, := {x € R": u(x, t) = c} (if it is a smooth hypersurface) is an embedded
hypersurface that moves with velocity F.

We fix the unit normal v = \gZ\' Recall that X = —Fv. If u is as described
above, we have u(X (p, t), t) = c along the flow. Differentiating this equation yields
O=u+Du-X=1+Du-(—v)-F=1—|Du|-F.

For mean curvature flow, we obtain

A . Du i ulu/
it = |Du| - div =8 — uij.
| Du| | Dul|?
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We leave it as an exercise that the converse implication is also true if the level sets
are regular in the sense that Du # 0, i.e. that {x: u(x, r) = c} evolves with normal
velocity F if u = |Du| - F and Du # 0 along {x: u(x,t) = c}.

3.4 Short-Time Existence and Avoidance Principle

In the case of closed initial hypersurfaces, short-time existence is guaranteed by the
following

Theorem 1 (Short-Time Existence) Ler Xo : M" — R"™! pe an embedding
descrlbmg a smooth closed hypersurface. Let F = F()\;) be smooth, symmetric,
and ? 3 A > 0 everywhere on X (M"™) for all i. Then the initial value problem

d
th =—Fv,
X(,O) = XO

has a smooth solution on some (short) time interval [0, T), T > O.

Proof (Idea of Proof) Represent potential solutions locally as graphs in a tubular
neighbourhood of Xo(M"). Then "F > ( ensures that the evolution equation for
the height function in this coordlnate system is strictly parabolic. Linear theory and
the implicit function theorem guarantee that there exists a solution on a short time
interval.

For more details see [22, Theorem 3.1]. |

Exercise 9

(i) Check, for which initial data the conditions in Theorem 1 are fulfilled if F =
H, K, |A?, —=1/H, —1/K.
(i) Find examples of closed hypersurfaces such that

a) H>0,

b) K > 0,

¢) H is not positive everywhere,
d) H > 0, but K changes sign.

(iii) Show that on every smooth closed hypersurface M C R"*!, there is a point,
where M" is strictly convex, i.e. A; > 0 is fulfilled for every i.

On the other hand, starting with a closed hypersurface gives rise to solutions
that exist at most on a finite time interval. This is a consequence of the avoidance
principle. We will only consider the avoidance principle for mean curvature flow:

Theorem 2 (Avoidance Principle) Let M and M?> C R"*! be two embedded
closed hypersurfaces and smooth solutions to th = —Hv on a common time

interval [0, T). IfMé and Mg are disjoint, then le and Mt2 are also disjoint.
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In particular, lfM(% is contained in a bounded component of R"+1\ Mg, then Mtl
is contained in a bounded component of R"*1 \ Mtz.

Proof Suppose not. Then there would be some minimal 7o > 0 such that Mt2
touches M,t at some point p € R"*!. We get for the normals v! = +v? at p.
Observe that if we change v to —v, H also changes sign and H v remains unchanged.
Therefore it does not matter for mean curvature flow, which normal we choose and
we may assume without loss of generality that v! = v? at p. Writing M! locally
as graphu’ over the common tangent hyperplane Tthi0 C R™!, we see that the
functions u’ fulfill

ut _\/1—|—|Du’ -di EF(Dzui,Dui).

\
\/1 - |Du’

We may assume that u' > u? for t < fy. The evolution equation for the difference

w = ul — u? fulfills w > 0 fors < g locally in space-time and w(0, 7o) = O, if

we have p = (0, 0) in our coordinate system. The evolution equation for w can be
computed as follows

w=i'—i>=F (Dzul, Du1> —F (Dzuz, Du2>

F (tD2u1 + (1 —0)D*3, tDu' + (1 — r)Duz) dt
T

1
f; (.)dr- (u! _”2),~,~ +Of g; (.ydr- (u! _u2)i

Ea’/w,-j + b'w;.

I I
o o _

Hence we can apply the parabolic Harnack inequality or the strong parabolic
maximum principle and see that it is impossible that w(x,?) > 0 for small |x|
and t < g, but w(0, r9) = 0. Hence M,1 cannot touch M,2 in a point, where vl =2,

The theorem follows. O

Remark 6 The avoidance principle also extends to other normal velocities.
However, if Fv is not invariant under changing v to —v, we have to ensure
that the normals do not point in opposite directions, e.g. by assuming that one
hypersurface encloses the other initially.
Usually, the normal velocity F, considered as a function of the principal
curvatures, is defined on a convex cone I" C R”. However, this does not ensure in
general that F, considered as a function of (Dzu, Du), is also defined on a convex
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set. Therefore we recommend in those cases to interpolate between the principal
curvatures instead.

Exercise 10 Show that the normal velocities as considered in Exercise 9 can be
represented (in an appropriate domain) as smooth functions of (Dzu, Du) for
hypersurfaces that are locally represented as graph u.

Corollary 2 (Finite Existence Time) Let My be a smooth closed embedded
hypersurface in R" 1. Then a smooth solution M; to jt X = —Hv can only exist on
some finite time interval [0, T), T < oo.

Proof Choose a large sphere that encloses M. According to Lemma 4, that sphere
shrinks to a point in finite time. Thus the solution M; can exist smoothly at most up
to that time. O

Exercise 11 Deduce similar corollaries for the normal velocities in Exercise 9. You
may use Exercise 6.

Remark 7 (Maximal Existence Time) Consider T maximal such that a smooth
solution M; as in Corollary 2 exists on [0, 7). Then the embedding vector X is
uniformly bounded according to Theorem 2. Then some spatial derivative of the
embedding X (-, ¢) has to become unbounded as ¢+  T. For otherwise we could
apply Arzela-Ascoli and obtain a smooth limiting hypersurface My such that M;
converges smoothly to My ast /' T. This, however, is impossibly, as Theorem 1
would allow to restart the flow from M7. In this way, we could extend the flow
smoothly all the way up to T + ¢ for some ¢ > 0, contradicting the maximality
of T.

It can often be shown that extending a solution beyond T is possible provided
that | X (-, t)||c2 is uniformly bounded. For mean curvature flow, this follows from
explicit estimates. For other normal velocities, additional assumptions (the principal
curvatures stay in a region, where F has nice properties) and Krylov-Safonov-
estimates may be used to show such a result.

4 Evolution Equations for Submanifolds

In this chapter, we will compute evolution equations of geometric quantities, see
e.g. [20, 22, 27].
For a family M, of hypersurfaces solving the evolution equation

d
X=-F 6
dt v (6)

with F = F(};), where F is a smooth symmetric function, we have the following
evolution equations.
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Lemma 5 The metric g;; evolves according to

d
g8 = —2Fh;;j. @)

Proof By definition, g;; = (X ;, X ;) = X%SaﬁXij. We differentiate with respect
to time. Derivatives of 84g vanish. The term X? involves only partial derivatives.
We obtain

d . .
8 = (x%), aaﬂxfj + X%8up (X))

(we may exchange partial spatial and time derivatives)
B
= (=Fv*) ; 8up X"} + X48up (- FVP)
(in view of the evolution equation jt X =-Fv)

= — FV%8up X", — X%0u0p Fv,

(terms involving derivatives of F vanish as v and X% are orthogonal to each other;
as the background metric g, = &4p is flat, covariant and partial derivatives of v
coincide)

= — FREX%8up X", — FX90,p05 X%,
(in view of the Weingarten equation (3))

= — Fhigij — ngkhlj
(by the definition of the metric)

= —2Fh;;

(by the definition of k', := h jxg").

The lemma follows. m]
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Corollary 3 The evolution equation of the volume element dj := \/ detg;jdx is
given by

d
du=—-FHdpu. 8
M g ®)
Proof Exercise. Recall the formula for differentiating the determinant. O

Lemma 6 The unit normal v evolves according to

d o ij o
PR FiXY;. )

Proof By definition, the unit normal vector v has length one,
(v,Vy=1= v“Saﬂvﬂ.
Differentiating yields
0= v¥8up0".

Hence it suffices to show that the claimed equation is true if we take on both sides
the scalar product with an arbitrary tangent vector. The vectors X ; (which we will
also denote henceforth by X; as there is no danger of confusion; we will also use this
convention in other situations if partial and covariant derivatives of some quantity
coincide) form a basis of the tangent plane at a fixed point. We differentiate the
relation

0= (v, X;) = "8 X"

and obtain
d B d g
OzdtVO[Sa’BXi +Va5aﬁthl-
d 4. op d
= Sup XY + %8 xP
ar’ 0P Y “ﬂ<dt )l-
_doas B e 8
= V¥8upX; —1¥8ap (FVF),.
dt
Hence

d
it v“(SaﬂXf = v“(SaﬂvﬁFi + Fv"‘&x,gv;s

=F, + Fy(v,v)i = F,
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and the lemma follows as taking the scalar product of the claimed evolution equation
with Xy, i.e. multiplying it with 8,5 X f , yields

tva(sa/ng = gl]EXj‘SaﬂXf = gl]F}gjk = SIICF'[ = Fk

d
O
Lemma 7 The second fundamental form h;; evolves according to
d k
dthij =F.;j — Fhih;. (10)

Proof The GauB} formula (2) implies that h;; = —X ‘i Ve Differentiating yields

d
dt

d
- dt(X;ij,v)

d d
— th;,-j,v —{—hijv, dtv
d d
— th;,'j,v + hij (v, dtv

d
gy Koo

d k
= (X‘)j] — I“UXg) Vo

d d
—( " x= rk( = x«
(dt ),ij Ve - ij <dl ),k v

(where no time derivatives of Fl’j‘ show up as X g vy = 0)

= (Fv).ijve — T} (FV®) tvy
(in view of the evolution equation)

k k
=F;jviv, + F,ivf);-va + Ejvf’l‘»va + va)l‘-jva — 1"l-jF,kv°‘va — Fiijf)f{va

o
ZF'J] + FU’ij])a
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as F.j; = Fj —Fl.lj‘.Ek and v";.va = ;(v"‘va)j = 0. It remains to show that v"lfjva =
—h¥hyj. We obtain

(as v = vf’i)

— .,
=VijjVa

(v;";j =0, — Fl’j‘v,‘;‘ and 0 = v vgy)

= (hf‘ X,i‘) Vg
i
(according to the Weingarten equation (3))
_ 1k o
_hi (—hkjv )Ua
(due to the GauB equation (2) and the orthogonality X}’ v, = 0)
k
= — hjhyj

as claimed. The Lemma follows. O
Lemma 8 The normal velocity F evolves according to

d ij ik
o F = FUE; = FFInhy. (11)

Proof We have, see [26, Lemma 5.4], the proof of [17, Theorem 2.1.20], or check
this explicitly for the normal velocity considered,

dgki !
and compute the evolution equation of the normal velocity F

d N
hij — FY Fij

d y oo d .
= FUR = — F'nj gu + F7

d Ldt
i1k
=FF”hl-hkj,

where we used (7) and (10). |
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We will need more explicit evolution equations for geometric quantities H
involving ¢ 8 —FUH,;.

Lemma 9 The second fundamental form h;; evolves according to

d kl kl ki
g7 = Fhijia = Fohichar - hij — F i - hihaj (12)

— Fh{»(hkj + FK "Shit: ihrs: j
Proof Direct calculations yield

d
dt

hij = F¥hiji 0 = Fij = Fhifhig — F¥hijg by 10)

=F¥hg ij + FM " hg ihys,

— Fhfhij — FMhyj
= F i1y + F* b iy,

— Fhfh — FMhge 1 by Codazzi
= F* (h{ Raitj + h¢ Rarij) — Fh¥hy;

+ FM S g ihy, by (3)
= FM i hahij — FM ¢ hajhi

+ FM ¢ hohy; — FH RS hgjhi

— Fh¥ g + FM " hyg. by, by (4)
= FM R hahij — FM RS hajhg

— Fh¥hy + FHTSpy by -

O
Remark 8 A direct consequence of (6) and (2) is
d o ij yo ij o
X F X = (Fiing = F) . (13)

Hence

d N N N
o X% — Fi <|X|2).H _2 (F’fh,-j — F) (X, v) —2Fiig;.

L



96 0. C. Schniirer
Proof We have

d |X|* — Fl (|X|2) _a2(x. 4x —2FU(X;, X;)—2F(X, X.;;)

dt i " dt "y P

=2(X, —Fv) —2FU g;; —2F7(X, —h;jv).

O
Lemma 10 The evolution equation for the unit normal v is
d v — Fve = FUpk - v®, (14)
dt 4 !
Proof We compute
d y y y
o FU =g F X~ Y (h{f ngk);j by (9) and (3)
— .. -
=g"F hkl;,-Xf‘j — F”hi;ij‘k — FYn; Xf‘kj
= FU ¥ hyjo® by (2).
O
Lemma 11 The evolution equation for the scalar product (X, v) is
4 x Fi(x = —FYh;j — F + FYh¥hy (X 15
dt( 7U>_ ( 7U>;ij__ ij = + i kj( 7‘))- ( )

Proof We obtain

d ! d i
o X v) = IO )i = X80 <dtvﬂ B F””gf)

+ (th“ — F"J'Xf‘,.j> Sap 1P
— 2F U X% 8007,
= Fihkh; (X, v) + (F"fh,-, - F) v, v)
— 2FT X 5,phk X7,
by (3), (13), and (14)

:Fijhfhkj(X, V) — Fijhij — F.
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Lemma 12 Let (ng)q = —ent+1 = (0, ...,0, —1). Then v := (n, v) = nov* fulfills

d

dlv—F"/v;,»j = F Rk (16)

and v = v~ fulfills
d ij ijpk 1 ij
dtv_F v,jj = —VF h,-hkj—va Vivj. (17)

Proof The evolution equation for Vv is a direct consequence of (14). For the proof of
the evolution equation of v observe that

Vi = — {7726,' = —szli

and

Vij = — V2 A 20 = v+ 2v T vy

5 Convex Hypersurfaces

5.1 Mean Curvature Flow

G. Huisken obtained the following theorem [20] for n > 2. The corresponding result
for curves by M. Gage, R. Hamilton, and M. Grayson is even better, see [15, 18]. It
is only required that M C R? is a closed embedded curve.

Theorem 3 Let M C R"!, n > 2, be a smooth closed convex hypersurface. Then
there exists a smooth family M; of hypersurfaces solving

dX=—Hv for0<t<T,
Mo=M
for some T > 0.
Ast /T,

s M, — Q in Hausdorff distance for some Q € R"*! (convergence to a point),
e (M;— Q) (2n(T — )~V sn smoothly (convergence to a “round point”).
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The key step in the proof of Theorem 3 (in the case n > 2) is the following:
Theorem 4 Let M, C R™ n > 2, be a family of convex closed hypersurfaces

flowing according to mean curvature flow. Then there exists some § > 0 such that

n|Al> — H?
max
M, H2—5

is bounded above.
The proof involves complicated integral estimates.

Exercise 12 Prove Theorem 4 for § = 0.
Hint: Use Kato’s inequality.

Theorem 5 (Kato’s Inequality) We have
IVIAIP < [VAP.

Proof We prove this inequality if |A| # 0. In the exercise above, we only need
that case. As V|A[?> = 2|A|V]|A], the claim is equivalent to } |V|A|2|2 < |A)*-
|VA|2. We choose a coordinate system such that in a fixed point g;; = &;; and h;;
is diagonal with eigenvalues A;. We obtain there

1 2 2 1 2 2
) ‘lel ‘ =4Zk:(VkIAI ) = Z;Ckihu;kkjhu;k
L],

1 2712 1 212 2712 2 2
=53 (2% Wijat hiee ) = D05 < D hijidi

i,j.k i,j.k ikl
2 2
=|A|"-[VAI".
O

Remark 9 For simplicity, we will illustrate the significance of the quantity consid-
ered in Theorem 4 only in the case n = 2. These considerations extend to higher
dimensions.

As

20417 — H* =200 + 43) — (A + 12)?
=207 + 203 — AT = 2h1h2 — A3
=22 —2h + A3
= (M — A2,

it measures the difference from being umbilic (A; = A») and vanishes precisely if
M; is a sphere. Here, we have used that, according to Codazzi, A = A everywhere
implies that M, is locally part of a sphere or hyperplane.
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Assume that nj}/[in H — ooast / T. Assume also that A1 < A, and that the
t

surfaces stay strictly convex, i.e. minA; > 0. Then Theorem 4 implies for any ¢ that
t

there exists t¢, such that fort, <t < T

4P —H?2 (v —2)? =M% 1 /A 2
6> max H > 1Al ) _ 2)22(1 22) _ (1_1).
M; H A+ 22) 4135 4 \ ho

Hence i; ~ 1 and thus this implies that M, is, in terms of the principal curvatures

X, close to a sphere.

5.2 Gaup Curvature Flow and Other Normal Velocities

There are many results showing that convex hypersurfaces converge to round points
under certain flow equations, see e.g. [1, 2, 6, 14-16, 23, 27, 28, 32].

Let us consider normal velocities of homogeneity bigger than one. In this case,
the calculations, that lead to a theorem corresponding to Theorem 4 for mean
curvature flow, are much simpler and rely only on the maximum principle.

Theorem 6 ([2, Proposition 3]) Let M; be a smooth family of closed strictly
convex solutions to Gauf3 curvature flow jt X = —Kv. Then

t — max (A — )\2)2
M;

is non-increasing.

Proof Recall that H> — 4K = (A1 + A2)? — 4A1h2 = (A; — A2)? =: w. For GauB
curvature flow, we have, according to Appendix 2,

Fiil _ gl 0 dethy _ dethkl;tij _ ki
3/1,']' det gx det gx/ ’

Fij,kl :Kﬁijﬁkl _ Kﬁikﬁlj’

where (ﬁij ) _is the inverse of (h;;);,j. Recall the evolution equations (7), (11),

ij
and (12) which become for Gauf} curvature flow

d
gy 8 = — 2Khij.

d - -
LK KM Ky = KKh'hkhy; = K2H,
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and

d . . N
i Kifhijg = K hdhaphi; — KhM high@hgj — Khfy
+K (ilklflrs _ Ekrﬁsl) hkl;ihrs;j
=K Hhjj — 0+ DKhhgj + K (R = BB ) by, .

where n = 2. We have

d . o
H — K Hj = —h;jg'kg!

d - (d ~
d 8Kl + g% (dthij - thlhij;kl)

d
=2K|A® + KH? —3K|A]* + K gl (ﬁ"lﬁ“‘ - izk’if‘l) higiihrs:
—K <H2 _ |A|2> +Kgl (Eklflrs _ Ekrﬁsl) hiihrs:

— k24 Kgll (Eklﬁrs _ }“lkrﬁsl) hitsihrs; js
hence
d =i d =i =i
w—Khw,;; =2H (| H—KhH;; ) —2KhH;H;
dt ) dt 3 J

d ..
—4(° K- KhVK,;
dt :
—2H <2K2 + K¢l (Eklﬁrs _ }“lkrﬁsl) hkl;ihrsij)
—2Kh"H;H; — 4K*H
=20 Kl (RS — W) by iy, — 2K HiH .

In a coordinate system, such that g;; = §;; and h;; = diag (A1, A2) in a fixed point,
we obtain

d =i 1 1
w—Kh’/w;,-j =2KH Z h,’i;khjj;k—ZKH hlzjk
di it Mt it MR

2
1
_ 2K' E )Lkh”;khjj;k
i,j,k=1



Geometric Flow Equations 101

2 2 2
1 1, 1
=2KH § : , hiikhjje—2KH E L hf 2K E hii:khjjik
- )\-1)\/ - )\z)\-/ - Ak
z,l;ij;l t{ij:l i,j,k=1

_4KH

- (hll;lhzz:l = by + hihno _h%“)
AA ’ ’

2K 2K
- (hi1.1 + hap:1)? — (h11:2 + h2p:2)?
Al A2

From now on, we consider a positive spatial maximum of H 2 _ 4K. There, we get
2HgY hij.x — 4Kh"h;j,; = 0for k = 1, 2. In a coordinate system as above, this
(divided by 2) becomes

K K
O=Hhi.x+Hhox—2_ hiie—2. haok
A Ao

=1+ A2 = 2X)h11: 0 + (M 4+ A2 — 20 1) ook
=1 — A (hink — hooyi)-
This enables us to replace /1.2 in the evolution equation in a positive critical point

by h22.2: hi1:2 = h2o.2 and hpp.1 = hyy;1. Using also the Codazzi equations, we can
rewrite the evolution equation in a positive critical point as

d L
at Khw,;j =401 + A2) (h%l;l — W3y + iy — h%l;l)

2K , 2K )
= (i +ho)”— o (b +haoo)
MM A2
<0.
Hence, by the parabolic maximum principle, see Theorem 18 for a version on a
domain, the claim follows. m]

A consequence of Theorem 6 is the following result, see [2, Theorem 1].

Theorem7 Let M C R3 be a smooth closed strictly convex surface. Then
there exists a smooth family of closed strictly convex hypersurfaces solving Gauf
curvature flow g‘lltX = —KvforO<t<T.Ast /' T, M; converges to a round
point.

Proof (Sketch of Proof) The main steps are

(i) The convergence to a point is due to K. Tso [31]. There, the problem is
rewritten in terms of the support function and considered in all dimensions.
It is shown that a positive lower bound on the Gauf3 curvature is preserved
during the evolution. This ensures that the surfaces stay convex. The evolution
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equation of

K
1
(X,v) - IR

is used to estimate K from above as long as the surface encloses B (0). Then,
using further estimates, a bound on the principal curvatures follows. Parabolic
Krylov-Safonov estimates imply bounds on higher derivatives.
(ii)) Theorem 6.
(iii) Show that M; is between spheres of radius r4 (¢) and r_ (¢) and center ¢ (t) with

r4(t)
rj(t) —last /' T. .

(iv) Show that the quotient Kr”( &

;) convergesto 1 ast / T. Here

r(t) = (T — )3

is the radius of a sphere flowing according to Gauf} curvature flow that becomes
singularatt = T and K, ;) = 3(T — 1))~2/3 its GauB curvature. This involves
a Harnack inequality for the normal velocity.
(v) Show that (3(T_t"))71/3 —last /' T.
(vi) Obtain uniform a priori estimates for a rescaled version of the flow and hence
smooth convergence to a round sphere.
0

Theorem 7 has recently been generalised to higher dimensions by other methods,
see [3, 4].

5.3 The Tensor Maximum Principle

Often, the tensor maximum principle can be used to deduce a priori bounds.

We see directly from the parabolic maximum principle for tensors that a positive
lower bound on the principal curvatures is preserved for surfaces moving with
normal velocity |A|%.

Lemma 13 For a smooth closed strictly convex surface M in R3, flowing according
to jr X = —|A|?v, the minimum of the principal curvatures is non-decreasing.

Proof Wehave F = |A|> = h;jg/*hy g, FU = 2g"h,pg"7, and FIK = 26Tk gJl.
Consider M;; = h;j — eg;j with & > 0 so small that M;; is positive semi-definite

for some time #). We wish to show that M;; is positive semi-definite for 1 > 1.
Using (7) and (12), we obtain

d

i FMhjog =20 A3k — 3|APR by 4 28" " hyg, ity .



Geometric Flow Equations 103

In the evolution equation for M;;, we drop the positive definite terms involving
derivatives of the second fundamental form

d
g Mii = F* M 10 > 2t A%hij — 3| APhE iy + 26| APhy;.

Let & be a zero eigenvalue of M;; with [§| =1, Mijsj = h,-j§/ — sgijgj = 0. So
we obtain in a point with M;; > 0

(2 tr A3hi; — 3| AR by + 28|A|2h,-j) glg) =2etr A3 — 3% A + 262 |A?
=2etr A% — ¢?|A)?
>2e2|1A17 — 2|A)F > 0

and the maximum principle for tensors, Theorem 19, stated in the case of a
differential equation jt M;; = ..., extends to the case of a differential inequality

g‘zlz M;j > ... and implies the result. m]

Exercise 13 Show that under mean curvature flow of closed hypersurfaces, the
following inequalities are preserved during the flow.

(i) H>0,H >0,
(i) hi; =0,
(i) eHgij < hjj < BHgjfor0<e<! <p <1

Such estimates exist also for other normal velocities.

5.4 Two Dimensional Surfaces

Theorem 8 ([27]) Let M; be a family of closed strictly convex hypersurfaces
evolving according to ;IX = —|A|*v. Then

(A + 22) (A1 — A2)?
{ — max
My ALA2

is non-increasing.
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Exercise 14

(i) Prove Theorem 8.
2
Hint: In a positive critical point of w = (AI+A%»)1()€\217A2) , for F = |A)?, the
evolution equation of w is given by

d i 2
dtw — Flw,;j = —4(k1 — A2)"A1A2

25A§ — 4] hg + 462823 + 481923 + 720123 2
2 11;1
(A3 4+ xir2 +23)° 2%
244A§A§ + 340308 + 8114] + 3)\§h2
- 11;1
(A2 + Aiha +22)° 24
518 —AnIa + 460503 + 482343 + 724301
2 2 22,4 M2
(A3 4+ 221 +47)7 25
244A§A§ + 343328 + 80T + 3)\§h2
- 2 N2 .4 22;2°
()‘2 + A2k + )‘1) A

(This is a longer calculation.)

(i) Show that the only closed strictly convex surfaces contracting self-similarly
(by homotheties) under th = —|A|?v, are round spheres. A surface M, is
said to evolve by homotheties, if for all 1, f», there exists A € R such that
M;, = AM;,.

(iii)) Show that for closed strictly convex initial data M, there exists some ¢ > 0
such that } < i; + if < ¢ for surfaces evolving according to th =—|A%v
forall0 <t < T, where T is, as usual, the maximal existence time.

Similar results also exist for expanding surfaces

Theorem 9 ([28]) Let M; be a family of closed strictly convex hypersurfaces
evolving according to g‘lltX = Il<v. Then

is non-increasing.

Exercise 15 Prove Theorem 9 and deduce consequences similar to those in Exer-

cise 14.
Hint: In a critical point of w := (}"A;i‘f)z , the evolution equation of w reads
172
d j (M +A)0a =2 8, 8
dtw—F’/w;,-jz—Z 3333 _AGA 11;1 — 6h22;2-
172 172 AAy
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5.5 Calculations on a Computer Algebra System

For checking the monotonicity of

(A1 +22) (1 — 22)?

¢t — max ,

M, AMAp

see Theorem 8, the calculations become quite long. In the following we describe

how the calculations leading to this theorem can be done by a computer provided
that you trust these machines.

(i) Rewrite w = (“HZX)I(Q*“)Q in terms of H and K, H and K in terms of g;;
and h;; and finally g;; and h;; as a function of Du and D?u, provided that the
surface is locally described as graphu.

(ii) Proceed similarly with the normal velocity |[A|> = F (Du, Dzu). Then u

fulfills the partial differential equation
i = \/1 +|Du®-F (Du, Dzu) = VF.

(iii) Differentiating this equation yields

. u'
Uy = vF,l.ju,-jk + VFpuir + v Fuip,

where we have used F = F(p,r), and then dropping lower order terms
suggests to consider the linearised operator
LW := W —VF, W,
where v and F are evaluated at (Du, Du).
(iv) We would like to show that w is non-increasing. This follows from the
maximum principle if we can show that jt w—Flw,;; = jtw — aahF- w;;; <0
ij
in a positive maximum of w. By the chain rule, we get

oF OF 0dhy _ 0F 1

orij o dhy . orj o ohij . v

(v) The considerations in the last paragraph do not depend on the coordinate
system. We choose a coordinate system such that a positive maximum is
attained at the origin and Du(0) = 0. We may assume in addition that D2u(0)
is diagonal. At the origin, both factors that distinguish covariant and partial
derivatives in w,;; = w,j — I"l.k.w,k vanish. Hence it suffices to show that
Lwly=0 < 0. This can be carried out with the help of a computer.
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The algorithm in words:

AW N =

. Write w = w (Du, D?u) and F = F (Du, D*u).

. Compute the following derivatives in terms of derivatives of u: F,
. Combine those derivatives and get Lw =: N7 in terms of derivatives of u.

. Use the relations obtained from differentiating # = vF, ity = (VF); and 1ty =

w, wi, wij.

ij>

(VF)k; to remove any time derivative from Np: Call the result N,.

. As w is positive and maximal at the point we want to consider, we can solve

wy = 0 for u11x and uzox. We use this to replace the terms u112 and up21 in N»
and get N3.

. Assume that Du(0) = 0 and D?u(0) = () in N3 to get Nj.
. N4 consists of three terms:

Ny = A+ Bufyy + Cup,

no terms involving u111u222 show up. Observe that A, B and C do only depend
on a and b and that B and C are equal up to interchanging a and b.

. Itiseasy to see that A < 0 and B < 0 for @, b > 0 in the situation of Theorem 8.

If it is not obvious, whether these inequalities hold, Sturm’s algorithm [30]
can be used to check the underlying polynomials for positivity.

. Applying the steps above for different choices of w can be used to find monotone

quantities, see [27, 28].
Two warnings:

Do not use the simplifications valid at a single point, especially Du = 0, before
differentiating.

The computer might identify u 17 and u2;. Take this into account when computing
Fp,.

Exercise 16 Prove Theorem 8 based on computer algebra calculations.

6 Mean Curvature Flow of Entire Graphs

For mean curvature flow of entire graphs, K. Ecker and G. Huisken proved the
following existence theorem [11, Theorem 5.1].

Theorem 10 Let ug : R” — R be locally Lipschitz continuous. Then there exists a

functionu € C® (R" x (0, 00)) N CO (R" x [0, 00)) solving

D
i = /14 |Dul? - div !
V1+|Dul?

u(-,0) =up in R".

) in R" x (0, 00),
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The key ingredient in the existence proof is the following localised gradient
estimate.

Theorem 11 Letu : Bg(0) x [0, T] — R be a smooth solution to graphical mean
curvature flow. Then

2
\/1+|Du|2(0,t)§c(n) sup \/1+|Du|2(~,0)~exp c(n)R_z( osc u> )
0 Br(0)x[0,T]

Br(0)

We do not prove this Theorem in this course. However, if we additionally assume
that u(x,0) — oo as |x| — oo, Theorem 16, that is much easier to prove, can be
used instead of Theorem 11.

Theorem 10 has been extended to continuous initial data by J. Clutterbuck [7]
and T. Colding and W. Minicozzi [9].

If u is initially close to a cone in an appropriate sense, graphical mean curvature
flow converges, as t — 00, after appropriate rescaling, to a self-similarly expanding
solution “coming out of a cone”, see the papers by K. Ecker and G. Huisken [11]
and N. Stavrou [29].

Stability of translating solutions to graphical mean curvature flow without
rescaling is considered in [8].

7 Mean Curvature Flow Without Singularities

The material in this section is based on joint work with M. Sdez, see [25].

7.1 Intuition

Remark 10

(i) Long time existence for entire graphs was first shown by K. Ecker and G.
Huisken [11], see Theorem 10.
(i) We wish to study the evolution of complete graphs defined on subsets of
Euclidean space R"*!. The additional dimension is related to Theorem 13.
(iii) We assume for the moment that such initial data have smooth solutions. Then
the following figures should give some intuition about the behaviour of these
solutions.

a) A rotationally symmetric solution defined on a ball: Fig. 1 on page 108
shows a rotationally symmetric graph in R"*? defined on a ball in R**!. A
cylinder over the boundary of the ball encloses this graph. Asymptotically,
these two hypersurfaces coincide as x> — oo. Under mean curvature
flow, the cylinder in R"*? collapses to a line in finite time. The sphere
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Fig. 1 Graph defined over a

ball
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in R™*! collapses to a point in finite time. As the principal curvatures of
any cylinder M;' x Rare Ay, ..., A,, 0, where Ay, ..., A, are the principal
curvatures of M/, the projection of the evolving cylinder coincides at all
times with the evolving sphere.

The evolution of the graph stays graphical and asymptotic to the evolving
cylinder as x"T2 — o0. As the curvature near the tip is larger than that of
the cylinder, the tip moves faster and moves up to infinity at precisely the
time when the cylinder collapses to a line. Thus for all times, the boundary
of the projections of the graphs coincides with the evolving spheres and
hence fulfills mean curvature flow.

b) A solution initially defined on a domain that will form a neckpinch under

mean curvature flow for n > 2: In Fig. 2 on page 109, the graph is initially
defined over a domain whose boundary will develop a neckpinch in finite
time, i.e. the thin neck will collapse. There are methods to continue the flow
past this neckpinch singularity. After this singularity, the hypersurface splits
into two topologically spherical components. Once again, the evolution of
the graph above is such that the boundary of its projection or, equivalently,
of the domain of definition of the graph, fulfills mean curvature flow. This
happens as follows: As the neckpinch singularity forms downstairs, the
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Fig. 2 Solution with a neckpinch singularity

Fig. 3 Graph defined over an annulus

mean curvature in R"*! blows up. Meanwhile, above the neck region in
R"*+2, the mean curvature becomes even larger so that the graph over the
neck region moves to infinity while the rest of the graph remains finite.
Then the graph separates into two disjoint components.

c) A solution initially defined on an annulus: In Fig. 3 on page 109, the domain
of definition is an annulus. Its boundary consists of two disjoint spheres that
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Fig. 4 2, with many holes

disappear at different times. The graph above is asymptotic to two cylinders
as x"*2 — oo. When the inner cylinder collapses, a “cap at infinity” is
added to the graph and its topology changes. Similarly to the example of a
contracting sphere, this cap can travel in finite time from infinity downwards
and become visible. Later, the situation is similar to that of Fig. 1.

d) A solution defined on a domain in the plane bounded by possibly countably
many disjoint curves: For a planar domain with finitely many holes,
see Fig.4 on page 110, there are finitely many times, where boundary
components shrink to points and vanish similarly to the situation in Fig. 3.
At those times, caps at infinity are added to the graphical solution similarly
to the annulus situation above.

Finally, if a planar domain has countably many holes, we can arrange so
that the holes disappear on a dense set of times. We get a smoothly evolving
graph whose mean curvature is unbounded at all times.
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7.2  Results

Let us consider mean curvature flow for graphs defined on a relatively open set

QEUQXMCWHX&M) (18)

>0

Our existence result for bounded domains is

Theorem 12 (Existence) Let A C R"H be a bounded open set and up: A — R
a locally Lipschitz continuous function with ug(x) — oo for x — xo € dA.

Then there exists (82, u), where 2 C R*™1 x [0, 00) is relatively open, such that
u: 2 — R solves graphical mean curvature flow

. . Du .
uz\/1+|Du|2~d1V in 2N {t> 0},
V1 +|Dul?

u is smooth for t > 0 and continuousup tot =0, 20 = A, u(-,0) = ug in A and
u(x,t) - oo as (x,t) — (xo,t) € 082, where 352 is the relative boundary of §2
in R x [0, 00).

Such smooth solutions yield weak solutions to mean curvature flow. We have

Theorem 13 (Weak Flow) Let (A, uo) and (82, u) be as in Theorem 12. Let 39,
be the level set evolution of 329 with Zo = $20. If 9D, does not fatten, the measure
theoretic boundaries of $2; and 2 coincide for every t > Q.

Here, 7, = {x e R""': w(x, 1) < 0} and w solves W = |Dw| - div (@gl) as in
Remark 5. The equation is solved in the viscosity sense, see e.g. [5, 12] for more
details.

7.3 Strategy of Proof

Proof (Strategy of the Proof of Theorem 12)

(i) Fix L > 0. Then there exists a solution with initial value min{ug, L} for all
t € [0, o0], see [11].

(i) If L1 < L, we prove a priori estimates for the part of the evolving graphs which
is below L. This is done in Theorem 16 for the (spatial) first order derivatives
of u. See Theorem 17 for the second derivative bounds. Similar techniques
imply bounds for all higher derivatives.

(iii) We let L — oo and use a variant of the Theorem of Arzela-Ascoli to pass to a
subsequence which converges to our solution.
O
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Proof (Sketch of the Strategy of the Proof of Theorem 13) In the following sketch of
a proof we try to give an idea of the argument without mentioning technical details,
e.g. approximations or fattening. None of the steps works exactly as described
below.

(i) The constructed solution graphu (-, ¢) corresponds to a level-set solution.

(i1) The level-set solution starting from d A x R is an outer barrier to the graphical
solution graphu(-, #). Observe that £2; is the projection of the evolving graph
at time ¢ to R"*1. Hence £2; is contained in the level-set evolution of A.

(iii) By shifting the level set solution downwards, we obtain convergence to the
level set solution starting with the cylinder d A x R. This prevents graphu(-, )
from detaching near infinity from the evolution of the cylinder.

0O

7.4 The A Priori Estimates

Recall the definition v = \/ 1 + | Du|?, where we consider u as a function defined
on some subset of R*t1 x [0, c0).

Let n := (ny) = (0,...,0,1). In the following, whenever quantities like v or
|A|? are involved, we consider u and v as functions on the evolving hypersurfaces
rather than as functions depending on (x,t) € R x [0, 00), i.e. we consider
u:=Xgqand v:= —(v,n)" L.

Theorem 14 Let X be a solution to mean curvature flow. Then we have the
following evolution equations

(4~ a)u=0,
(4 —A)v=—|A]Pv = 2|Vv]%,

(4 — A) AP = —2|VA]* +2|A%,

(8 =AY < —2k- 9% —20v3(Vv, V¥),

2 . . .
where 4 = ¢|A]> = 1—VkV2 |A|? and k > 0 is chosen so that kv? < é in the domain
considered.

Proof For mean curvature flow, we have F'/ = g'/. This implies F"/h;; = H.1In
view of (13), we deduce (¢, — A) X =0and (4 — A)u = 0.
For the evolution equation of w := |A|?, we calculate
(4 —A)gij = —2Hh;; see (7)
dt ij ijs ]
(4 — A) hij =|A1*hij — 2Hhhaj, see (12),

w=g"*n;jg! hy,
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w =2g%hi; g/ hiy — 28" g% hij g hia s,
wy =2¢"hij.r g/ i,
wrs =28"%nij.rs g hia + 28 hijir g7 hias,
(i——AﬂAﬂzzkaAij—ZHM%W>gﬂml+4HUA3—MVAF

=2|A|* —2|VAJ%.

For the remaining claims see [10, 11]. O

Assumption 15 For the proof of the a priori estimates, we will assume that
u: R"! % [0,00) > R

is a smooth solution to mean curvature flow such that for any T > 0 there exists
R > O such that forall t € [0, T]

{x:u(x,1) <0} C Br(0).
In order to be able to consider smooth solutions, a few extra constructions are

necessary.

Theorem 16 (C!-Estimates) Ler u be as in Assumption 15. Then

2

V(—u)2 =vu- < ma})x v
1=l

{u<0}
at points where u < 0.
Here and in the following, it is often possible to increase the exponent of —u.

Proof According to Theorem 14, w := vu? fulfills
W =vu? + 2vuu,
w; =V,~u2 + 2vuu;,
wjj :V,-ju2 + 2vuuj +2vuiu +2u(viuj + viu;),

(= A)w=u?( — A)v—2v|Vul> — 4u(Vv, Vu)

2
—u? (—vIAI2 - |Vv|2) —2v|Vu|* - 4< " v, \/VV”>
\' \'

v

< —u?v|AP? <.

The estimate follows from the maximum principle applied to w in the domain where
u < 0. O
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Remark 11 We recommend thinking of Theorem 16 as an estimate for V(—I/l)z.

Corollary 4 Let u be as in Assumption 15. Then

v < max vu2
t=0

(<0}

at points where u < —1.
Exercise 17 Consider v(—u) to obtain similar C!-estimates.

Remark 12 Corollaries similar to Corollary 4 also hold for the following a priori
estimates for points with u < —e < Oor¢ > ¢ > 0. We do not write them down
explicitly.

In Theorem 16 and later, the result still holds if we replace every u by u — h for
any constant /.

Remark 13 For later use, we estimate derivatives of # and v,

|Vu|? =naX§xgin’;n,3 =Ny (5“’3 — v"‘vﬂ) ng=1- vZ<l

and, according to (3),

i = (o)) (o)) = rastrte

<VHAP? < VilAPP = V9.
We therefore obtain
[(Vu, VV)| <|Vu| - |Vv] < V2|A] < vW9D.

Theorem 17 (C2-Estimates) Let u be as in Assumption 15.
(i) Then there exist A > 0, ¢ > 0 and k > 0 (the constant in ¢ and implicitly in
), depending on the C'-estimates, such that

1t + u*v? < ct + sup ru>v?
=0
(zr«<0)

at points where u < 0and0 <t < 1.
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(ii) Moreover, if u is in C? initially, we get C?-estimates up to t = 0: Then there
exists ¢ > 0, depending only on the C'-estimates, such that

u‘q <ct + sup u*q
=0
{;<0)

at points where u < 0.
Proof In order to prove both parts simultaneously, we set
w = (ut + (1 — W)Y + Vv = G + rauv2.

If we set © = 1, we obtain u; = t and later the first claim, if . = A = 0, we get
u: = 1 and deduce in the following the second claim. We calculate

W = pu*G + 4G + G + 2037w + 20>,

wi =4’ Gu; + Y + 20 uu; + 2a’vv;,

Wij =4/L,u3%u,~j + ;Ltu4%j + 2Av2uuij + 2Au2vvij + 12utu2%uiu/~
+ 4/Ltu3(%uj +Yu;) + 2Av2uiuj + 2Au2Vivj
+ A4 uv(uivi +ujv;),
1

w’VG = Vw — 4p,u’GVu — 2w Vu — 2huvVy,
u
(g‘llt - A) w < pu*9 + pou (—Zk G2 —29v3(Vy, V?ﬁ))

+ 20y (—|A|2v - 3|Vv|2) — 120G | Vu)?
— 8> (YD, Vu) — 202 |Vu|> = 20u?|Vv|*> — 8 uv(Vu, Vv).

In the following, we will use the notation (Vw, b) with a generic vector b. The
constants ¢ are allowed to depend on sup{|u|: u < 0} (which does not exceed its
initial value) and the C!-estimates. It may also depend on an upper bound for 7,
but we assume that 0 < ¢ < 1 whenever ¢ appears explicitly. L.e., we suppress
dependence on already estimated quantities.

We estimate the terms involving V¥ separately. Let ¢ > 0 be a constant. We fix
its value below. Using Remark 13 for estimating terms, we get

—2<p,u,u4v_3(VV, V¥Y)
ou 1 5 2
= -2 3 Vv, Vw —4uu 49Vu — 2Av"Vu — 2AuvVv
v u

u2
2

olul®
v

A
< (Vw, b) + 81ur g|A|+4x¢v|u||A|+4‘5 IVy|?
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2 luPg3/2 1

= (V. b) +8up? L, Argviul A+ VP4
] v

V2
< (Y, b) + ep*@? + en™? AP + 2’| Vv 4 7
\'%

+c(e, ),
—8uu>(VY, Vu)

1
= -8 <Vu, Vw — 4,u,u2€fVu —2AviVu — 2Aquv>
u

< (Vw, b) + 32,u*Y + 16A1v> + 161 |u|v’| A
<(Vw, b) 4+ epu*@? + eru®v? AP + c(e, ).

We obtain

(5 = ) w <pwu*? + pu@*(—2k + 2¢) + (Vw, b)

PV AP(=2 + 38) + a2 V)2 (4 Y- 6) T (e, h).
A%

Let us assume that k > 0 is chosen so small that kv2 < é in {u < 0}. This implies
@ < 2v2. We may assume that A > 2u? in {u < 0} and get pu*9 < é)\uz(p|A|2 <
auPv2 A% We get

4
Y _¢6 6<0.

4 - _
v2 1 — kv? -

Finally, fixing ¢ > 0 sufficiently small, we obtain

(jt—A)wf(Vw,b)—i—c.

Now, both claims follow from the maximum principle. O

Appendix 1: Parabolic Maximum Principles

The following maximum principle is fairly standard. For non-compact, strict or
other maximum principles, we refer to [11] or [24], respectively.

We will use C?! for the space of functions that are two times continuously dif-
ferentiable with respect to the space variables and once continuously differentiable
with respect to the time variable.



Geometric Flow Equations 117

Theorem 18 (Weak Parabolic Maximum Principle) Let 2 C R” be open and
bounded and T > 0. Let a/, b' € L*®°(£2 x [0, T]). Let a"’ be strictly elliptic, i.e.
a'(x,t) > 0in the sense of matrices. Let u € CEL(Q2 x[0,T)) x C° (.Q x [0, T])
Sfulfill

i < auij +blu; in 2 x(0,T).
Then we get for (x,t) € 2 x (0, T)

ulx,t) < sup u,
P(£2x(0,T))

where & (2 x (0, T)) := (£2 x {0}) U (382 x (0, T)).
Proof

(i) Let us assume first that iz < ai/u;j + biu; in £2 x (0, T). If there exists a point
(x0,t9) € £2 x (0, T) such that u(xg, to) > sup u, we find (x1, 1) €
P(£2x(0,T))
£2 x (0, T) and t; minimal such that u(xy, t1) = u(xg, fp). At (x1, t1), we have
u>0,u; =0forall 1 <i <n,andu;; < 0 (in the sense of matrices). This,
however, is impossible in view of the evolution equation.
(i) Define for 0 < ¢ the function v := u — ¢t. It fulfills the differential inequality

V=u—¢<u<a’ujj+bu =a’vij+0b'v,.
Hence, by the previous considerations,

ulx,t) —et =v(x,t) < sup V= sup u — et
P(2x(0,T)) P(2x(0,T))

and the result follows as & N\ 0.
O

There is also a parabolic maximum principle for tensors, see [19, Theorem 9.1].
(See the AMS-Review for a small correction of the proof.)

A tensor N;; depending smoothly on M;; and g;;, involving contractions with
the metric, is said to fulfill the null-eigenvector condition, if N;; vivi > 0 for all
null-eigenvectors v of M;;.

Theorem 19 Let (M;});,; be a tensor, defined on a closed Riemannian manifold
(M, g(1)), fulfilling

0
9 Mij = AM;; + b*ViM;; + Ni

on a time interval [0, T), where b is a smooth vector field and N;; fulfills the null-
eigenvector condition. If M;j > O att =0, then M;; > 0for0 <t < T.
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Appendix 2: Some Linear Algebra
Lemma 14 We have

ad .
det(a,s) = det(a,s)a’’,
da;;

if aij is invertible with inverse a, i.e. if a" aj; = §;.

Proof It suffices to prove that the claimed equality holds when we multiply it with
a;r and sum over i. Hence, we have to show that

9 .
‘ det(as)aix = det(a,s)Sli.

8a,']
We get
arr ... arj—1 0 arjp1 ... ai
3 @i—11---ai—1j—10ai—1j41 ... ai—1n
det(a,s) = det 0o ... 0 1 0 ... 0
a;j
/ Ait11 -+ i1 j—1 0 aig1j41 ... Git1n
ant ... apj—1 0 apjy1 ... ann
and thus
0O ... 0 axr 0 ... 0

0 azi ... dazj—1 0 az j+1 ... 42n
det(ays) - ajx =det . . . .

8a,'j

ant ... apj—1 0 aujy1 ... ann
arr ...a1j—1 0 apjy1 ... a1
0O ... 0 ay O ... 0

+det| a3t ---a3j—-1 0 azji1...a3,4

ant ... anj—1 0 Gujy1 ... ann
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ary ...dapj—14a1kaij+l ---din

a1 ...a2j—1 0 azjy1 ... a2,
=det . . i

anl ... anj—1 0 anjy1 ... ann

arr ...a1j—1 0 apjy1 ... a1
azy ...d2j—1 a2k A2 j41 ... A2y
+det| a3t ...azj—1 0 azji1...a3,

anl ... Gnj—1 0 Gnjy1 ... ann

ary ...dpj—1aik ajj+l -.. dip
— det . . . .

anl --.Qnj—1 Ank Qn j+1 - - - Ann

=5 det(ays).

Lemma 15 Let a;;(t) be differentiable in t with inverse a(t). Then

d al = —a'kqli d aki-
dt dt
Proof We have

aikakj = 5;

There exists @ such that
a,'kflkj = (Slj
Then a'/ = G/, as
a'l = “ik‘sli =a'* (aklfllj) = (a”‘akl) all = av.

We differentiate and obtain

d, da d 4 oad
0= _ §" (a’ akj) = dtal ayj +a'

dt T dr dr

119
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Hence

d . d . . 4
all = a’k(S,l( = a'kakjafl =—a
dt

dt dt

ikd

Ll
agia’’.
dr
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