Chapter 4 )
Fractional Differential Equations e

4.1 The Existence and Uniqueness Theorem for Initial Value
Problems

Definition 1 Let be the fractional differential equation (FDE)
(D N0 = flt,y®Ol, «>0, t>a,
with the conditions:
DLy a+) =be, k=1,....n,

called also Riemann-Liouville FDE.

Definition 2 Let the FDE
(D@ = flt.y@®)], «>0, t>a,
with the initial conditions:
(D*y)(©0) = by, k=0,1,....n—1,

called also Caputo FDE.

Lemma 1 Let y(t) be a function with continuous derivative in the interval I,(0) =
[0, h] with values in [yo — 1, Yo + nl, then y(t) satisfies the Caputo type

D¥y(t) = f@t,y(), 0 <a =1, t>0,
y(0) = yo.
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48 4 Fractional Differential Equations

if and only if it satisfies the Voltera' integral,

1 t
¥(0) = o+ W/o (t — w0 fu, y(w) du.
Proof Let L[y(¢t] = Y be the LT of y(¢). We have

s“Y —s*lyg = LLF(, y()],
1
v =24 S LIf o)),
S S

1

t
V) = yo + %/o (t — w0 £ (u, y(w)) du.

Definition 3 (Chebyshev> Norm) The Chebyshev norm on a set S is:
[ flloo = sup{|f(x)] : x € S},
where Supremum (sup) denotes the supremum.

Lemma 2 (The Weierstrass Test) Suppose that {f,(t)} is a sequence of real
functions defined on a set A, and there is a sequence of positive numbers {R,}

satisfying:
o0
Vn>1, VieA, | fn(D] < Ry, ZR,, < o0.
n=1

o
Then the series Z fn () is convergent.

n=1
Theorem 1 (Existence and Uniqueness for the Caputo Problem) Let a Caputo
FDE be
D%y(t) = f(t, y()), O<a<l, t >0,
with the initial condition:
y(0) = yo.

We consider the domain

D =1[0,7n] x [yo —n, yo +nl,

1V, Voltera (1860-1940).
2P L. Chebyshev (1821-1894).
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on which f satisfies:

— f(t,y) is continuous,
- | f@t, y)| < M, where M = (m?xD | f(t, y)|, and Maximum (max) denotes the
t,y)e

maximum function
— f(t,y) satisfy in D the Lipschitz® condition in vy if there is a constant K such
that:

[f(t,y2) — f& yDl < Kly2 — y1l.

Then it exists § > 0 and a function y(t) € C[0, n] unique for

é = min {n, <w>l/“ },

where Minimum (min) denotes the minimum function.

Proof We consider the Voltera integral (see Lemma 1)

)’(t)—)’o-i-m / (0 — w0 f s y(u)) du,

and successive approximations:

yn(t) = yo+m / (t —w)* f(u, yoo1(w)) du.

Using the method of successive approximations, on the basis of the Weierstrass
test we prove the existence and the uniqueness of the solution of Caputo FDE.
For the sequence {y,(¢)}, we can prove that:

(i) the sequence {y, ()} is well defined,
(ii) the sequence is uniformly continuous,
(iii) and its limit y(¢) is unique.

Proof

(i) We will use the induction method. In the case n = 0 it is obvious.
If n = 1, then we have:

1 B M [ »
910 =0l = [ [ € =0 psoau] <[5 @ = du

M® Ms®
= [terpl = lFarpl <
Ca+1) C(a+1)

3R.0.S. Lipschitz (1832-1903).



50 4 Fractional Differential Equations
If we assume

[Yn—1 — Yol < m,

then it follows that:

— 1 ! a—1 d M ! Ol—ld
lyn — yol = ‘mfo & —w)* " f(u, yn—1) u) < )mfo (t —u) u

Mr* M«
=t l= <1
[(a+1) C(a+1)

(ii) We consider the series

Y0+ Y Orr1 () = y(@),

k=0
equal with:
n—1
Y0+ D Gkr1(t) = () = Yag1(0).
k=0
We have:
] t
ly2 =yl = F—/ (t—u)“”[f(u,yl(u))—f(u,yo)]du‘
(o)
<[ [ 0= 0% i yola| < | A e
=T I+ 1)
KM
< |—— 8% =K.
Ca+1)
s =2l = | f (6 — 0 s y2 ) — F G, y1)ldu
(o)
_ a—1 _ 2
< F(a)fa 0"y y]ldu)_‘r(aﬂ)t
B K—ZU o _ K2n2
“ITMa+1) M’
K}’lnn
[Yn+1 — yul <

—Mnl
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Using the Weierstrass test [9, 10] we obtain:

oo oo

Z|.~.|=YO+U+%Z<%>n.

n=0 n=1

. M
The series are convergent for n < X

Thus the sequence {y,(t)} is uniform convergent on the compact [0, n].
Hence, y, () is convergent to a function y(¢) for ¢ € [0, n].
Vn > 0, 3N positive number so for n > N we have:

lyn () = y(OI < 1.

This limit is unique.
(iii)) Let x(¢) be another limit for {y,(¢)}, then:

[x(@) —y(@)| = |x(@) — yu(@) + yn (@) — y(2)]

i

< lyn(®) = (O] + [y (6) — y(O)] < g + 1oy

[\

Remark (Another Solution) In order to prove the existence of the solution we can
introduce the set

U={yeCl0,n]:lly—yol =n}
and an operator A:

1

t
Ay(t) = yo + %fo t —w)* ' f(u, y@w)) du,

where A has a fixed point, and U is a closed and convex subset of all continuous
functions on [0, 1] equipped with Chebyshev norm [12].
Generally:

RS b, wi L [T FQu, y@)
y(t)_;oF(a—jH)“_“) "t Ty amwre

wheret >0, n—1 <o <n.
The technique used for proving the existence solution of the Voltera equation is
often the successive approximation:

n

_ bk a—k
00 =) re

k=1
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Wit = yo(t)-i-m/ =0 fo i ()dr,  i=1,2,...

y(@@) = lim y;(1).
1—> 00
Example 1 Using method of successive approximation we solve the FDE:
DUy)=1*+y* O<a<l yO =0, (yel-1L1x[-11].

Solution

— For « = 1, we have method of successive approximation or the method of
Picard.*
We construct a sequence {y, (¢)} by the recurrence

t
yn(t) = Yo +/ Slu, yp—1@)ldu, n=1,2,...
0
The {y, (¢)} is convergent to an exact solution of the equation

Y(0) = flt, yO)l =2 + 2, y(0) =0,

in some interval 0 —h <t < 0+ & in the rectangle |t — 9] <a =1, |y — yo| <
b=1,

b
h=min(a, — ), M = max t,y)l,
(a M) (t’y)eDIf( I

yn(t) is given by the inequality

n—1
D —yu(D)] < h", N = max ‘
y(@) — yn(@)] < A oy
For
1
M = 2, a = 1, h = %>
2
it results:
yo() =0,

a2 !
y1(¢)=/ u” + yy)du = —,
0 3

4E. Picard (1856-1941).
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t t3 t7
(r)=/<u2+y2>du=—+—
y2 0 1 3 63’
! B 7 2l t's

2 2
t) = d = — e [ _—,
y3(t) /O(M + ydu 3t &3 T 2070 T 30533

2 (1, 1
|)’3(f)—y(l‘)|§§ 5 2 =5 N =max |2y| = 2.

— For0 < a < 1, we obtain:
Yo =0,

(t)—;/t(t—u)al[uz—i- 2 (w))du
=T Jo In- 1O

We can calculate y; (¢):

1 t
yi(t) = —f (t —uw)* 'uldu.
(@) Jo
The LT of this convolution is

_ b ey L T@IG) TG
Y| = F(O[)L[u 1L[u"] = T s« 57 — s

from which, by inversion, we obtain:

2t°‘+2

N0 = vy

Similarly, we obtain also:

1 t witl o ylo+4
n0 =g [ oo [ e

with:

2 4 TQa+5)
Ya(s) = goat3 + FZ(a +3) g3ot+5 7

and finally:

2ta+2 AT Qo + 5) t3ot+4

0 =513 T Per3) reats)

53
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IR
F =1, btai H=—+—.
or we obtain y, (1) 3 + 3

Example 2 Using method of successive approximation we solve the FDE:
DUy =1+1y0+y* (1), O<as<l  y©0) =0
Solution As in the previous example, we have:
yo(t) =0, -
yn(t) = W/O t —u)*! [1 +uy,—1(u) + y,f_l(u)] du,

_ 1 ! a—1
yl(f)—mfo t —w)*" du,

e _ 1 Tl Td
= F(a)L[u LU= M) s¢ s  sotl’

[a
@) = NCES))

1 ' a—1 2
120 = g [ =0 [+ 530 au

rCa+1) 1 a+1
1*2(05 + 1) g3a+l1 2042 ’

Y2 = SOH-] F(a + 1) +
e FrQa+1) 3@ p2o+1

“TetrD Paxnrcasn T VramTn

2

4.2 Linear Fractional Differential Equations

A linear FDE is an equation of form
(D" + a1 D' + .. a1 D' 4+ ag)y(t) = f(1), a eR,
with the conditions:
YOO =b,  k=0,1,2,...,n—1.

An equation which is not linear is called nonlinear.

Theorem 2 (Existence and Uniqueness) If f(t) is bounded on (0, T) and a; =
ar(t), k € {0, 1, ..., n — 1} are continuous functions on [0, T], the equation has a
unique solution.
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Proof The proof used here will be based on the proof of the existence and
uniqueness of the solution of Voltera integral equation.

Theorem 3 The linear FDE:
D%y(t) = f(1), where: n—1 <o <n,
and
yP©0) =0, k=0,1,2,...,n—1,

has the solution:

_ 1 ! a—1
y(t)_W/o @t —uw)* " f(u)du.
Proof We apply the LT:
LlyOl=Y =Y(s),

L[D*y()] = LLf ()] = F(s),

F(s)

SO{

%Y = F(s) = Y=

and using the convolution theorem it results the assumption of this theorem.

Theorem 4 The linear FDE:
D%y (t) = Ay(1), where: n — 1 <o < n,
with the initial condition
yOO) =b,  beR  k=012....n—1,

has the solution:
n—1
Y(6) = bit* Eq 1 (11%).
k=0
Proof We apply the LT method:
Lyl =Y =Y(s),

L[D*y®)] = ALIy(®)],
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n—1
saY _ Zsol—k—ly(k)(o) _ )\,Y — 0’

k=0
n—1 Saikil n—1 n—1
Y = ;;) b = ;0 L [bktkEa,kH(M“)] - LZO bkt"Ea,kH(m)] .

Because L[y(#)] = Y it results the statements of the theorem.

Theorem 5 The linear FDE:
DYy (1) = f(v), where: 0 < o < 1,
with the initial condition
y(0) = A,

and where:

]

™) 0
ro=3 "0

n!
n=0

has the solution:

AU,
y(t)y=A+t Zm
n=0

Proof We apply the LT:
Lyl =Y =Y(s),

L[D%y()] = s*Y — As*",

>
v — A =01 = Y L O,
n=0 ’

YO =Y yu, Y=LyOl=Y Y,
n=0 n=0

(e.¢] o

3 A 1 3 ™0
N N n.

n=0 n=0
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A
Yo = " =Y =A4,
™0 T+ D A C)
"T T+ 1) shtetl "TTm+a+1)

_ f(n)(o) n+ot
v = A+Zr(n+oz+1) '

Theorem 6 The linear FDE:
aD%y(t) + by(t) = f(1), O<a<l,
y(0) =
where:
X ™
fo=y 0 n,( !
n=0 ’

has the solution:

() b
Y1) = AE, (——t ) Zf © [ —Ea,nﬂ(—;r“)]

Proof Applying the LT, it results:
Lyl =Y =Y(s),

L [Day(t)] =s%Y — As® L,

f(’”(O)

s“Y—As“‘l—i—bY:L[f(t)]_Z L[],

n=0

YO =Yy Y=LyOI=) Y,
n=0 n=0

§9— 1 1

o0 o0
™)
= L[],
Z as“—i—b_’_as“—i—bl;) n! ]

n=0

57
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_Ase! S oy A 1
O_as“—i—b O_asl L’
as®
I A (0) N ™o 1
"Tas*+b nl Ll = Yn:as"+1+‘¥1 b’
as®
1 b1 »? o1
o=Als et amat )
b p2 2
Syl | [ ——— R
Y0 [ aT@+1)  a?TQa+1) ]
b
Yo = AEgy 1 (——t“> ,
a
™ 1 b 1 b2 1
Yy = f ( ) [ n+lta  , on+l+2a + "2 n+13a +j| ’
a S as a s
B f(n)(o) tn+a b [n+2ot N b2 tn+3oz N
"T o a Fn+14+a) aln+14+20) a?T+14+3x) |

(n)
Yn = wtn [1 — Eq nt1 (‘éta>i| .
a a

Finally, we obtain the solution:

o
YO =y0+ Y Yn»

n=0
b £ b
Y1) = AEq, (——t“> + Z S )t" [1 — Egnt1 (——t“)] )
a = a a

Example 1 We will establish here the solution of the FDE:
Dy(t) +y(t) =1,
with the initial condition:

y(0) =0.
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Solution We apply the LT:

L[D*y(®)] + LIy(®)] = L[1],

1
s°Y — sy + v = P

B 1
Tos(s¥ 4+ 1)
1 1
= jatl 1’
1+S_°‘
and using the identity
1 23
——=1l—-u+tu"—u +... lu] <1,
14+u
we obtain:
1 1 1
Y = — + + ...

g+l s20+1 g3+l
Finally, it results:

o t2a t3a
Tatl) TQatD (TGaxD

y@) =

For @ = 1, we can use the Maple or Mathematica commands in order to establish
the solution:

MAPLE

ec: = diff(y(t),t) + y(t) = 1;

dsolve ({ec,y(0) = 0},y(t),type = series);
MATHEMATICA

Clear["'x"]c

ec := y'[t] + yI[t] == 1;

sol = DSolve[{ec, yI[0] == 0}, vy, t]

Series([y[t] /. sol, {t, 0, 10}]

It results the solution:

2 B3
yo) =t——+——-——+...

3 6 24
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Example 2 'We consider the FDE

D%y(1) = y(1),

with the initial conditions:

y(0) =0, y'(0) = 1.

We will establish the solution of this equation for the cases:

.1l <a <2,
2.2 <o <3.

Solution
1. For the case 1 < o < 2, using the LT, we have:
L[D*y(t]) = L[y (1],
s?Y — 597 1y(0) — 572y (0) = Y,

Sa—Z
Y =

and using the identity

=l+ut+u’>+u’+ lul <1,

1—u
we have
1 1 1
Y= S_2+soz+2 §20+2 T
and the solution:
ta+1 t2a+l
y() =

r@ T@+2 Teat2

‘We can note that:

2P )
— + — 4+ — ... =sinh(?).

dmy0 =3ty
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2. For the case 2 < « < 3, using same procedure, we have:
S*Y(s) = s*7'y(0) = s7%Y'(0) — s* 3y (0) = Y ().

For y”(0) = b, we obtain:

Y = +b )

and using the residues theorem we have:

b
a\2 s(s2—1)
r1 = Res(Ye'') = lim sYe' = —b,
0 s—0
b—1)e™!
r» =Res(Ye'') = lim (s + DY = ﬁ,
-1 s—>—1 2
b+ e
r3 = Res(Ye') = lim(s — )Ye* = u.
1 s—>1 2

The solution will be:
y(t) = r1 4+ rp + r3 = sinh(¢) 4+ b cosh(t) — b.

Observation
This equation can be solved also in terms of perturbation method. In this case we
take

y(t) =t + et 4 et poegtet 4

and using the formula:

M,ﬂ—a B>n—1
Dgtﬁ: reg+1—-ow
0 B=<n-—1

Diy(t) = C1D$Ia+l +62D$t2a+1 +C3D$ta+l +.

=t 41t 4 ot o oytet 4
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we have

F(a+2)t o Qo +2) @ 4y I'Ga +2) at]
') Mo +2) Qo +2)

= +C1ta+l +62t2a+1 +C3t3a+1 4.

and after the identification we obtain:

1
Ta+2) =1 -
cl'(a +2) = C Fat2)
et . R
Ta+2 “ 2T Tr2a+2)
a2 . 1
— ~ =r¢ 3= —,
Teat2 3T TGa+12)

For o = 2, we have:
y'(@) = y@).
We apply the LT:
L[y"(t]) = LIy(®)], Lyl =Y =Y(s),

s2Y — 5y (0) — y(0) =

Y — 1
sz 1
oSt ot
= Res Y = lim Ye' = lim (s+1)———— = ———,
s—>—1 s—>—1 s—D(@G+1) 2
eSl el
r = Res Ye'' = limYe* = lim(s — 1) ———— = —,
s—1 s—>1 =D+ 2
o — ot
fO=r+nrn= = sinh(r).

We can use here the MAPLE commands:
with(inttrans);

ec:=diff(y(t),t$2) = y(t);

dsolve(ec,D(y)(0) = 1,y(0) = 0,y(t), method = laplace);



4.2 Linear Fractional Differential Equations

Example 3 Find the solution of the FDE:
D*y(t) = D¥?y(t) = y()) +1+ 1 =0,
with the initial conditions:
y(0) = y'(0) = L.

Solution We apply the LT:
L [Dzy(t)] ) [D%y(t)] — LIy(O)] + LI1] + L[1] = 0,
L[D2y®)] =Y —s5y0) = (O =52Y =5 -1,

L[Diy)] =537 =52y = s72y/(O) =53V — 53 =573 =

s2—s—1

7

Lly()] =Y,
1
LI = 5.

1
L[] = -,
s

2
Y —s—1
szY—s—l—¥—[s2Y—s—l]=O,

/5

Y —s—1=0, = Y=-+—,
yo)=L7'Yl, =  y@o) =1+

Example 4 We consider the problem [11], with the initial condition:

d]/Zy y
dx_l/z = )_c’ y(0) = 0.

which can be rewritten as:
tD'2y() —y() =0,  y(0) =0.

We will establish the solution of this equation.

63
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Solution We apply the LT method:

L[D"2y0)] - LIy =0,

L [tDl/2y(t)] — —% [SI/ZY - s_l/zy(O)] —y =0,

dY+ 1+ 1 Y=o
ds 2s  Js)

We obtain:
Y(s) = ce_zﬁ = )= Ce /1t
Vs Vrt
The same solution can be found using the Maple program:
MAPLE
with(inttrans):

ec:= diff(Y(s),s) + (1/(2*s)+1/sqrt(s)) - Y(s) = 0;
F(s):= dsolve(ec,Y(s));

f(t):= invlaplace(F(s),s,t);

Other applications can be found in [5, 6].

4.3 Nonlinear Equations

4.3.1 The Adomian Decomposition Method

The Adomian® method [1-3], applied to the ordinary and partial differential

equations of integer order was extended also to the case of FDE (for further details
and examples see [7, 8]).

Adomian Polynomials

We will denote these polynomials by Ag, Ay, ... Ay, . ...

We consider a nonlinear analytic function G(y(¢), t) and that y(tp) = yp, in
the D domain. The Adomian method consists in the decomposition the unknown
function y(¢) in a series of form y(¢) = yo+y1 +y2+...+ yn + ..., where y, can
be expressed in terms of Adomian polynomials A,,.

5G. Adomian (1922-1996).
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The Adomian polynomials are defined [1, 2, 8]:

1 a" - .
Ar= o | G Z(j)y,w)
/:

A=0

These polynomials can be established algorithmically, using the symbolic pro-
gramming packages, with the aid of do ... end do repetition statements:

Step 1:  To calculate first the Adomian polynomial Ao, i.e., Ag = G(yo, 1).
Step 2:  Iterative calculation of Ay using the for ... do .. end do loop:

>fork=0ton-1do

> A =Ak(o+ Ak Y1, .o, i+ (k+ 1) %Ak yegn)

> end do;

It must be underlined that in the Ay polynomial y; is replaced with

Vi —=> Vi + @+ 1)k yip1 A, for:i =0,1,...,k.

Step 3:

d
—A =(k+1)*Ag.
PTR (k+1)* Ay

Step 4: We obtain, finally Ag, Ay, ..., A, and yq, ¥1, y2, . .. in terms of A,,.

A given f(u) can be expressed as a series of A,

fu)y =) A,
n=0

o
and u = Z Uy.
n=0
o
The series Z A, can be rearranged as a generalized Taylor series:
n=0

@)= A= fuo)+ i +uz+...)f" (uo)

n=0

2
u
+|:2—:+u1u2+,__]f(2)(uo)+.--

oo o0

=Y [ —u0)*/n] FPwo) = [ +uz+..)"/n!] £® (wo),

n=0 n=0
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so that:
Ag = f(uo),
Ar=ur fD(uo),
Az = ua f (o) + (1/2hui £ (o),

Az = us f D (uo) + uruz £ (uo) + (1/30ui £ (o),

Example 1 We will establish the Adomian polynomials for G(y) = y*.
The Adomian polynomials will be:

Ao = 3, A1 = 2y0y1, Ay = y} + 2y0y2. A3 = 2y1y2 + 2)0y3, etc.
For calculation you can use also the following Maple, or Mathematica sequences:

MAPLE

restart;

with (LinearAlgebra) :

unassign(’y,lambda’) :

fr=y->y72:

S:=lambda->sum(y[i] xlambda™i,i=0..4):
g:=lambda-> (S (lambda)) *2:

c:=Vector (4,n->diff (1/n!+g(lambda), lambdasn) :
A:=<subs (lambda=0,g(lambda) ), subs (lambda=0,c) >;

MATHEMATICA

Clear["‘x"]

fly 1 := v*2;

S[\ [Lambda] ]

g[\ [Lambdal ]

ad = Tablel
1/n!+«D[g[\ [Lambda]], {\[Lambda],n}]/. \[Lambdal-> 0,
{n, 0, 5}] // Simplify;

TableForm[ad, TableAlignments -> Left]

Sum[y[i] *\ [Lambda] *i, {i, 0, 5}1;
f[S[\ [Lambdalll];

Example 2 Let us calculate the Adomian polynomials for G = y3.

Solution

Ao = v, A1 = 3y133, Ax = 3y3y2 + 3y3 o,
Az =y} + 6y0y1y2 + 3y2 1, ete.

The basic principles of this algorithm remain unchanged for other definitions of the
function G.
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Example 3 Let us calculate the Adomian polynomials for G = f(u).
We obtain successively:

Ao = f(uo), A1 = ui(d/dug) f (uo),
Az = un(d/du) f (o) + u3)/2)(d?/dud) f (uo),

A3 = uz(d/du) f (uo) + (uru2)(d*/dul) f (uo) + (3 /3)(d> /dud) f (uo), etc.

Example 4 Find the Adomian polynomials for G = sin 6. It results:

Ag = sinfy, A; = ) cos by, Ay = —(67/2) sin by + 6, cos b, etc.

4.3.2 Decomposition of Nonlinear Equations

We consider the nonlinear FDE of type:
DYy(@) + Ry() + Ny(t) = f(), yXO) =ci,k=0,1,....n =1, a >0,

where N is a nonlinear operator, and Ry is a residual part of the equation.
We apply the LT to the equation. It follows:

L[D%y()] = s°Y — s 1y(0) — s*72y/(0) — ... — y"~D(0) = s*Y — ¢,
¢ =51y (0) +5472Y(0) — ...+ y" D (0),

where c is a constant.
We use the following decomposition of y(#)

Y =Y ya),
n=0

with

Ny(t) =) A,

n=0

67
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where A, are Adomian polynomials:

— Ly,
An_n!d)»" N EO)L yi)l,
=

ZOO c 1 Z"" 1 ZOO
L|: yn:|=S—aY—S—(¥L |:R y":|_s_0lL|: An:|
n=0 n=0

n=0

We have after calculations:

1
Yo = Llyo] = Si + LU0,
1 1
Vi = Liyil =~ LIRyol = — LlAol

1 1
Y, =L[y] = —s—aL[Ryl] - S—aL[Al],

Y, = Lly,) = _S%L[RYnfl] - SiaL[AnflL
Example 1 Solve the nonlinear FDE using the Adomian decomposition method:
DYy(t) =t+y*, 1l<a<2,
y(0) =0, y'(0) =1.
Solution In order to solve the equation we apply the LT:
LDy 0] =L [r+y?],

Lly®)]=7Y,

LID%y(t)] = s*Y — s*71y(0) — s%72y/(0) = s*Y — 572,

so that, for the decomposition

Y=Y yalt),

n=0
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we obtain:

o0 o0
Y=Y 14y =) A
n=0

n=0

where A, are Adomian polynomials. We obtain:

Ao =1+, Ar=2yoy1, Ar=y}+2y0y2, A3 =2y1y2+2y0¥2 ...

oo 1 1 00
ZYn = S_2 + s_aZA”’
n=0 n=0

Y0:—2 = yo:t,
A():l‘—l-l‘z,

1 1
Yi=—LlA] = Yi=-—L [t +r2],
S S

1 1 toH—l toc+2
Y= —— 42— = = 2 ,
1= ez T2l N ra+ TTerd
A1 =2yoy1,

toz+2 ta+3

(o +2) +4F(a+3)’

1 2 +2)  4(a+3)
Y2=s_aL[A1] = = §20+3 s2at4

B 2(a +2)t2a+2 4(a +3)t2a+3
2= 'Qa + 3) 'Qa +4)

y@) = yo) + y1() + y2() + ...,
and finally, it yields:

ta—l—l tot+2 2(0[ + 2)t2(¥+2 4(0[ 4 3)t2a+3

YOt e ) P Tern T Tee+s T reetd)

For o = 2, we obtain:

Yty =2 +y* ),  y0) =0, Y0 =1
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The result
30 4

t
)=t — — e
y(@) +6+12+

can be obtained also on computer, using the sequences:

MAPLE

ec: = diff (y(t), t$2) = t + (y(t))"2;

dsolve ({ec,y(0) = 0,D(y) (0) = 1},y(t),type = series);
MATHEMATICA

ec:=y"[t] ==t + yltlxy[t];

sol=DSolve[{ec,y[0]==0,y’ [0]==1},v,t];
Series([y[t]/.sol,{t,0,10}]

MATHEMATICA

Clear["'x"]
Manipulate [
flt ] :=t + t"3/6 + t™4/12 + t*5/120;
ylte 1 :=
t + t%(a + 1)/Gammala + 2] + 2+t™(a + 2)/Gamma
[a + 3] + 2x(a + 2)*t™(2%a + 2)/Gammal[2+a + 3] +
4%x(a + 3)*t™ (2+a + 3)/Gamma[2xa + 4] ;
Plot [{£[t], vItl}, {t, 0, 1}, ImageSize -> 300,
Frame -> Truel, {{a, 1/2}, 0, 1}]

The functions f(¢) and y(¢) calculated here are plotted in Fig. 4.1.
Example 2 Let us solve the FDE:

DUy =1+y*®). O<a<l,
where:
y(0) =0,
using the Adomian decomposition method.

Solution To solve this problem we apply the LT:
LID*y0)] = LI+ L [?],

Lyl =Y,



4.3 Nonlinear Equations

Fig. 4.1 Plots of the functions f(¢) and y(¢) from the Example 1

LID%y()] = s“Y —s*"1y(0) = s

1 1 7,
Y:sa+1+s—aL|:y].

For the decomposition

Y=Y yalt),

n=0
we obtain
9 )
Y=> Yi =) A
n=0 n=0

where A, are the Adomian polynomials:

Ao=y3,  Air=2yoy,  Az=y}+2yy,

OlY’

71

A3z =2y1y2 + 2y0y2, - ..
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1 1 &
ZYnZW_‘_S_aZOAn,
n=

1 _ [
T T+’

2a

Tt

Yi= LAl =  Yi=—1L i
I= a0 e N
1 TQa+1)

Yy = g3ot+1 F2(a + 1)

= y =Ly,

_TQa+1) ™
S 2@+ DTGa+1)’

Y1
Ay =2yoy1,
1
Yy = —L[A4],
S

FrRa+1HTM@a+1) 1
M+ 1) T'Ga+ 1) gdatl’

y2 = L7I[1¥a],

I'Co+1) 4o +1) 5o
B+ 1) TGa+ DI'Ga + 1)

y2 =

’

y@&) =yo) + (@) + y2(t) + ...

1 FQa+1) 1@
Fa+1) T2a+1)TGa+1)

I'Qa+1) (4o + 1) o

MBa+1)T'Ga+ DI Ga+1)

y() =

+...

You can also use the programs:
MAPLE

ec:=diff (y(t),t) = 1 + y(t))"2;
dsolve ({ec,y(0) = 0},y(t),type = series);

A



4.3 Nonlinear Equations 73

MATHEMATICA

ec:=y’ [t] == 1 + y[tlxyI[t];
sol=DSolve[{ec,y[0]==0},y,t];
Series[y[t]/.sol,{t,0,10}]

Finally, we have:

Example 3 Solve the Ghelfand’s® FDE:
D*y(r) = 2¢*®, 0O<ac<l,
where:
y(0) = y*(0) =0,

using the Adomian decomposition method.

Solution To solve this problem we apply the LT:
LID*y()) =2L [e"?],

L[y(t)] =Y yo(t) = y(O) + ﬂt‘x =0
’ (o +1) '

L[D**y(1)] = s2Y — s2*~1y(0) = s*Y

[ <t>] [Z A }
For the decomposition

NOESPSHGE

n=0
we obtain
00 00
YZZYna yZZZAna
n=0 n=0

61.M. Ghelfand (1913-2009).
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where A,, are the Adomian polynomials:

Ag = e, Al =y, ...
o0 2 o0
n=0 n=0
yo =0,
Ag=e =1,
1 2
Y, = SEL[AO] = Y1 = W,
2t2o{
M= T et 1)
Ap = y1e”,
4
V2= G
y2=L7[1a),
4t4oz
X2 E That 1)

@) =yo) + (@) + @)+ ...

212 414
Fr2a+tD T@atn

y(@) =0+

It can be used also the program:
MATHEMATICA

Clear["‘x"]
Manipulate [

flt ] := t*2 + t"4/6;

vyt 1 := 2+t"(2%a)/Gamma[2xa + 1] + $xt” (4xa)/CGamma
[4xa + 1]; Plot[{f([t], vItl}, {t, o, 1},

ImageSize -> 300, Frame -> Truel], {{a, 1/2}, 0, 1}]

Figure 4.2 shows the plots of the functions f(¢) and y ().
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C3

Fig. 4.2 Plots of the functions f(¢) and y(#) from the Example 3

4.3.3 Perturbation Method

Here, we will extend the perturbation method for the case of FDE with the aid of
some examples.

Example 1 Find the solution of the FDE:
Dyt =14y*(1), O<a<l,
for the initial condition:
y(0) =0,

using the small parameter (perturbation) method, 0 < € < 1.

Solution We consider a solution of form:

Y1) = yo(t) + €1 (1) + €2ya(t) + €3 y3(0) + ... .,
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which, replaced in the equation, gives:
D%(t) = 1, y0(0) =0,
Dyi(t) =y5. (0 =0,

D%y, (t) = 2yoy1, y2(0) =0,

We apply the LT:
L[D%yo(t)] = L[1], y0(0) =0,
%Yy — (0)_1 Y_L = (t)_—a
0 yO _sﬂ O_Sa+l yO _F(o[-{-])’
LID*yD]=Lly5l,  y1(0) =0,
ay 1 'Qa+1) rRa+1) 1
) = s = = 3,
1 Fz(a + 1) 52a+1 1 FZ((X + 1) S3ot+1

and by inverse LT, we obtain:

(t)_I‘(2a+1) 3
M = Ry D TGa+ 1)’

It results also:

L[D%y>] = L[2yoy1], y2(0) =0,

2y, — 1 I . FrRa+1 1@
TR T T+ T P@+ D TGa+ 1) |
s9Y, =2 ['Qa+1) LI:ZA(X]’

B3+ HrGa+ 1)

v _ FQa+ 1) 4o+ 1)
2T 3+ DI Ga + 1) soat

B P@a+1)  Tla+1) s,
2T e+ DMGa+ D TGa + 1)

k]

The solution for this example:

y(@) = yo(t) + y1(#) + y2(6) + ...,



4.3 Nonlinear Equations 77

will be:

o FrRa+1 3@ N
S T@+1) TXa+DTQGa+1)

y(@)

N IFQa+1) (4o + 1)1
M+ DHrGa+1) I'Ga+1)

The plot of f(¢) and y(¢) is done with the following program and presented in
Fig.4.3.

MATHEMATICA

Clear["'x"]
Manipulate [
£t 1 =t + t73/3 + 2/15%t"5;
ylt 1l :=
t*a/Gammala + 1] +

Fig. 4.3 Plots of the functions f(¢) and y(z) from the above Example 1
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Gamma [2*a + 1]/ (Gammala + 1])"2+t” (3xa)/Gamma

[3xa + 1] + 2 Gamma[2+a + 1]/ ((Gammal[a + 1]) *3+*Gamma

[3¥a + 1])+* Gamma[4xa + 1]/CGammal[5+a + 1]1*t” (5+a);
Plot [{£[t], vI[tl}, {t, 0, 1}, ImageSize -> 300,

Frame -> Truel, {{a, 1/2}, 0, 1}]

Example 2 Find the solution of the FDE:

—y()
14+¢€

D%y(t) = , O<a<l,

for the initial condition:
y(0) = cos(e), 0<exl,

using the small parameter (perturbation) method.

Solution We consider a solution of form:

y(t) = yo(t) + €y1(t) + €*y2(t) + Ey3(1) + . ...,

1

=1—6+€2—E3+...
1+€

1, 14
cos(e):l—ie +Ie +...,
which, replaced in the equation, gives:
D Go+eyi+eym—+..)=—Oo+eyi +ym+.. )1 —e+e>+..)
D% = —yo,  yo(0) =1,

D¥y1 = yo — y1. y1(0) =0,

1
D%y = —y> + y1 + o, »2(0) = —3

We apply the LT:

L[D”yo(t)] = —L[yol, y0(0) =1,

s“Yo — o (0)s* ' = -y,  Yo=
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L[D“y1= Llyol — LIy, y1(0) =0,

L[D%y;] = —L[y2]1+ L[y1]1+ L[yol, »2(0) = —
o Sa
(s* + DYy = Yo, Y, = I
safl Sotfl 1 s®
Y, = — = ,
2T ) T e 2
(t) _ 1o N t2a t3oz N
W= T rTa+1) "TQe+1) TGastl
1 1
=G\
(1 + S_"‘>
1 1 1
Y =

go+l _2s2a+] +3S4a+1 +...

and by inverse LT, we obtain:

o tZa t4oz
1) = -2 3
NO =0 TD  ToasD  TaatD
But:
sl 1 1 1 1
53 (1—1——)
SC{

It results also:

1 t3ot
=~ 2.3 4
n) =3 r(2a+ ) FrGatD | }

+3
+10 F(Za +1) " TT@a+ 1)

|: t2a t4ot
1
2

IN'a
t2a t3a
[ F(a+ D TeatD TGatD

4]
s,

ey
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4.4 Fractional Systems of Differential Equations

4.4.1 Linear Systems

Examples Solve the system of FDE:
D (1) = DPy(t)+1, x(0)=1, 0 <a <1
DPy(t) =2D%(t) — 1, y(0)=1, 0<p < I
Solution We apply the LT method:
Lix®)]=X, Lly®]l=Y,
LID*x(t)] = sX — s 1x(0) = s*X — 5%~ 1,
LIDPyt)) =sPY — s~ 1y(0) = sy — sP~1.

We obtain the system

X=-,
s
v — 1 1
s sPED
with the solution:
x(t) =1,
tB
H=1— ——.
Yo rB+1D)

4.4.2 Nonlinear Systems
(A) Method of Successive Approximations

For the system of FDE:
D%x(1) = f(t, y(1)), x(0) = xo,

D%y(t) = g(t,x(1)), y(0) = yo,
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we can use the following successive approximations [4]:

1 t
xn () =xo+mf0 @, yuo1 ) (¢ — u)*du,
(t) - t ( W)t —u)*~'d
n == - u,xn—1\u —Uu u.
Y Yo T Jo 8 1

Example We apply the successive approximation method for the system of FDE
with initial conditions:

D%x(t) =3.5y(t)(1 — y(2)), x(0) =0.2,

Dy(t) = 4x(1)(1 — x(1)),  y(0) =0.2.

We have:

t

3.5
w0 =024 2o | (1@ =571 w0) (= w0,

t

4 _
yn(t)=0.2+m A (xnfl(u)—x,%_l(u)> (t —w)* du,

t

x=02+gon | (0.2 —0.2) ) t — ) \du,

t

_ 4 2 a—1
n=02+p | (0.2 —02) ) (t — ) du.

Using the theorem regarding the product of convolution, we obtain the following
three iterations:

o

) =02+056—1
xi(0) T e T

o
1) =024+056——.
y1(0) + O

t

00 =02+ 2o [ (i — ) ¢ — w0 du
T T@Jo 2 ’

t

() = 02+ —+— (xl(u)—x‘(u))(t—u)“”du
T T Jo : ’
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t

3.5
x3(t) =0.2 4+ m A

t

4
y3(t) =02 + m A

x() =02
1o 20
0566—— +1.344————
T T M T 1
() =0.2
1o 20
064—— +1344———
+ Fm+4)+ 'Qa+1)
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FrRa+1 1@

Ma+1)TGa+1)

FQa+1) 3¢

M+ HIr@Eae+1)’

(yz(u)-—)%(u))(t——u)“‘ldu

<x2(u) - x%(u)) t — ) \du

For @ = 0.9 we can apply the Maple and Mathematica programs:
MAPLE

>
>
>
>
>
>
>
>
>

>
>

> print ([x[k],y[k]])

X
0.
0
0

restart;
with(inttrans) :
Digits:=5:
X:=array(0..10) :
y:=array(0..10) :
x[0]:=0.2:
y[0]:=0.2:

for k from 1 to 5 do

x[k] :=evalf (0.2+3.5+invlaplace (1/s%0.9«laplace

y[k] :=evalf (0.2+4xinvlaplace

od:
for k from 0 to 4 do
od:

2
.2 + 0.58230 t*(9/10)
.2 + 0.58230 t*(9/10)
t*(27/10)

0.2
0.2 + 0.66548t™(9/10)
+ 0.80171 t*(9/5) -

(y[k-11- (y[k-11) "2,

t,s),s,t));
1/s*0.9«laplace
x[k-11-(y[k-11)"2,
t,s),s,t));

0.62304

.2 + 0.66548 t*(9/10) + 0.72536 t*(9/5) - 0.71204
)

t*(27/10
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MATHEMATICA
Clear["'*"]
Array[x, 10]
Array [y, 10]
For[{n = 0, x[0] = 0.2, y[0] = 0.2}, n < 4,
n++, {x[n + 11 =
0.2 + 3.5 InverselaplaceTransform][
1/8%0.9 LaplaceTransform[y[n] - (yI[nl)*2, t, sl,
s, tl// FullSimplify,
yn + 1] =
0.2 + 4 InverselaplaceTransform|
1/8%0.9 LaplaceTransform[ (x[n] - (x[n])"2), sl,
s, t1//
FullSimplify, Print["x=", x[n], " , ", "y= ", y[n]]}]
x = 0.2, y=0.2

x = 0.2+40.582262 £t*0.9 , y= 0.2+0.665443 t*0.

(B) Method of Laplace’s Transform

We will illustrate this method on the function:
F(y)=y—y.

First, we will decompose F in terms of Adomian’s polynomials

o0
F =Y Ay,
n=0

where Ag = yg — yg and
1 (M) = (yo + Ay1) — (o + Ay,
1 = y1 —2y1(vo + Ay1),
1
A= F¢1(O)’

from which we obtain: A; = y; — 2ypy1.
In the case of next step we have:

$2(M) = (y1 +20y2) — 2(yo + Ay1)(y1 + 2Ay2),

¢ = 2y2 — 2y1(y1 + 2Ay2) — 2y2(y0 + Ay1),
Ar = L0
2= 2—!¢2( ),

or finally: Ay =y — )’12 — Y2)o-
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We have also:

$3(0) = (2 + 34y3) — (31 + 242)% — (y2 + 34y3) (3o + Ay1),

A —1 10
3—5053(),

We consider now a system described by the equations [8]:
L[D*x(1)] =3.5L[y(®)(1 — y())], x(0) =0.2,
LID%y()] = 4L[x(1)(1 — x ()], y(0) =02,
with initial conditions and we apply the LT to this system. We have:
Lx(0)] = X, Lly®] =Y,
L[D%x(1)] = s% — x(0)s*~ !,
LIDy(n)] = 5* — y(0)s*~",

We consider the solutions:

o0 o0
X:ZXn, Y:ZY,,
n=0 n=0

After calculations we have:

Lx()(1 —x)] =L [Z An] . Ly —y@)l=L [Z Bn] ,
n=0

n=0

where A, and B, are Adomian’s polynomials.
o o0
02 35
D Xu="C+ 0L [ZBn]
n=0
o0 o
02 4
n=

0.2
Xo=— = xp=02
S
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0.2
)
X = 220 = 22 o ) =056
= —_— = —, X = U. —_—
P e PP o ! T+ 1)
4 0.64 1
Y| = —L[Ag] = —, N =0.64— 0
1= [Ao] = yi(0) Mot D)

o

t
By = y1 — 2yoy1 = y1(1 —2yp) = 0.64 ———(1-2-0.2)

C(a+1)
t ¥
=064-06- ——— =0384——
Ca+1) Ca+1)

o

t
Al = x1 —2xpx1 = x1(1 —2x9) = 0.56——(1 —-2-0.2)

C(a+1)
v v
=0.56-06- —— =0.336———
C(a+1) C(a+1)

3.5 1.344 12
2=3 [B1] a = x2(1) FQa+ D)
oo o= 2% L e = s
27 A T Y2 = T e + 1)

Finally, the solution is:

1o 20
)=xo(t t H+...=024+056——— + 1344 — + . ..
x(t)=xo(t)+x1()+x2(t)+ + NCES + FOa D) +
1o 2a
H)=yo(t t t ...=024064—+1344—— + ...
Y(O)=yo()+y1()+y2(1) + + 1ﬂ(oﬂrl)+ F(2a+1)+
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