Chapter 3 )
The Laplace Transform Qs

A function f(t) is called original function if [8, 9]:

1. f&)=0 fort <O,
2. |f@)] < Me* fort > 0 with M > 0, 59 € R.
3. For every closed interval [a, b], the function satisfies the Dirichlet conditions:

(a) is bounded,
(b) oris continuous, or has a finite number of discontinuities of first kind,
(c) has a finite number of extremes.

We consider the complex variable s = o + i, where Re(s) = o > 51 > sp.
Then

F(s) = /OO e F(n) dt, 3.1
0

is called the Laplace' integral, or Laplace transform (LT), or image of the original
function f(¢). In the follow-up we denote by L[ f(t)] = F(s) or simply by Laplace
transform (L) the Laplace transform. In Table 3.1 the LT of some elementary usual
functions are listed.

The corresponding inverse Laplace transform is [1, 4]:

1 y+it
f(t) = — lim F(s)e!'dt = L™ [F(s)], (3.2)

27wl t—>00 y—it

where i = +/—1 and y € R, so that the contour path of integration is contained in
the convergence region.

Ipierre Laplace (1749-1827).
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Table 3.1 Images of basic elementary functions

Number Original Image Number Original Image
1 s—a
1 1 — 7 eat t -
P cos f G alt B
2 " 1 8 €% gin Bt B
n! sntl (s —a)2 4 B2
3 eat ! 9 et _
s—o n! (s — )t
Ky 52 _ ﬂZ
4 cos Bt _° 10 t cos Bt
52 4+ B2 (52 + B2)2
5 sin Bt _B 11 t sin Bt 258
52+ B2 (52 + B2)2
6 cosh(B1) _s 12 sinh(81) A
s2 — /32 §2 — ’32

3.1 Calculus of the Images

Example 1 Establish the image of f(r) = t*:

o0
F(s):/ e Bt dr.
0

We introduce the change of variable x = ts. We have also dx = s dr. It results:
© _ xhdx
F(s) = e =,
0 S S

1 L ra+1
F(S)=F‘/(; €Xde=S)LT.

The direct and inverse LT are:

C(+1) (1 t
L") = ——=, L = .
) sAtl gAtl ra+1)
Example 2 Find the image of: f(r) = sin® (7).
. .o 1 —cos(2r) .
Using the identity sin“ ¢ = — it results:
1 2s 2
F(s)=—

25 2244 s(214)

1 1
Example 3 Find the image of f(t) = Etebl + Ete_b’.
SR B s+
(s —b)2  2(s+b)2  (s2—b2)2

F(s) = 3
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3.2 Calculus of the Original Function

3.2.1 Calculus of Original Using Residues

If we denote by L[f ()] = F(s), then if we consider all residues of the function
F(s)e’, denoted by ry, 12, ..., we can use the theorem:

f@&)=rn+rn+...+r.

The residues, denoted by Residues (Res), can be calculated using the following
procedure (theorem):
If a is a simple pole of the function, then:

Res[e*' F(s)] = li_r)n[(s —a)e’ F(s)].

If a is a simple pole of order n of the function, then:

Res[e*' F(s)] = ‘ SILYI};[(S — )¢ F(s)]" .

1
(n—1)
Example 1 Find the original function of the image:

1

SR

Solution The residue of the function F(s)e*’ is

st e—t

G-32Gs+1) 16

d est
rp = lim —
t—=3ds \s +1

3t

rp= lim (s + 1)
t——1

’

te’ —e
16
resulting:

et tedt — o3t
1) = = — -
f@)=ri+nr TS
Example 2 Find the original function of the following image:
52
s4—1"

F(s) =
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Solution The function F has singularities: 1, —1, —i, i. The residues will be:

sze” ¢!

G—De+DeZ+1) 4

ri = Res F(s)e’ = lim(s — 1)
1 s—1

SZest e—t
rp =Res F(s)e’ = lim (s + 1) =——
i Plareas G-DGE+DE2+ 1) 4
r3 = Res F(s)e*’ = lim (s + 1) ste _
3T = o GZ—De—DG+i) 4
r4 = Res F(s)e’ = lim(s + i) se - e_it
*T N = i 2D —i)s+i) 4

It results finally

or:

f@) = %(sinht + sint).

3.2.2 Calculus of Original with Post’s Inversion Formula

E. Post? obtained the formula [7, 10]:

-1 k k k+1 k

Example 3 Find the original function of the image:

n!
_ 1o—1—n
F(s) = —Sn+]n.s .

Solution With the aid of Post formula we have

K (n + k) (k)”kl
; .

— 15
fo =t klgrolo klk+1

2E. Post (1897-1954).
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Using the Stirling? formula:

k!
lim ke % =1,

k—o00 /2mk

it results:

k n
f(l)zt”e_"klim 1+E<1+E) (1+E> sy
—00

k k k
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In this section, we will use the notations F(s) = L[ f(¢)] and L(s) = G[g(?)]. In

the follow-up are discussed properties of the LT.

3.3.1 The Property of Linearity

Llaf(t) +bg(t)] =aF(s) +bG(s), a,beR.

3.3.2 Similarity Theorem

Lif(ar)] = éF (g) a>0.

3.3.3 The Differentiation and Integration Theorems

(3.3)

(34)

Theorem (Differentiation of an Original) The LT of the derivative of order k from

f(t) gives:

LIfP@0)] = s"F(s) - [sk—lf(m +52 O+ f““”(O)] :

Proof For k = 1, using the definition and integrating by parts, we have:

e¢]

LIf'(1)] = f ooe‘”f/(t)dt=e‘”f(t)’20+s / ™ f(0)d1
0 0

=—fO) +sLLf ()],

3]. Stirling (1692-1770).

(3.5)
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LIf ()] =sF(s) — £(0),
and for k = 2, using L[ f”(t)] = L[(f'(¢))'] we obtain:
LIf"(0)] = s*F(s) — sf(0) — £/(0).

Using mathematical induction method, we have: L[ f *) 1.
Example 1 Find the LT for original f () = 2.

Solution

floy=2t, ") =2,
f(0)=0, f(0)=0, f"(0)=2,
LLf"(0)] = s2F(s) — sf(0) — f'(0),

2 2
LR2l=-=s"F(s) = F(s)=—3.
s s

Example 2 Find the LT of following original f(t) = cos2z.

Solution f'(r) = —2sin(2r), f”(t) = —4cos(2t),
fO) =1, f(0)=0, f"0)=-4,
LIf"(1)] = s*F(s) —sf'(0) — f(0), = —4F(s)=s>F(s)—s,

N

F(s) = ——.
(s) 14

Theorem (Integration of an Original) /7 can be obtained:

t
0 N

1
Proof Letbe g(t) :/ f(z)dt. Then:
0

L[g' (0] = sL[g] — g(0).
Also, we have g'(t) = f(¢) and g(0) = 0. Then:

F
Lig) = 29
N

Theorem (Differentiation of a Transform) We have:

F™(s) = LI(=1)" f(1)].
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Proof The theorem can be proved by induction. For n = 1, we have, successively:

F'(s) = LI-tf (0],

dF(s) _ d
ds ~ ds

/meﬂ70wn=—fwé“UOMt=—M#0H
0 0
and, finally:

i (n—1)
75 [F ()]

F™(s) =
3.3.4 Delay Theorem

For a positive number a we have:

LIf(t—a)]=e“F(s)

3.3.5 Displacement Theorem

It is valid the formula:

Ll f(1)] = F(s — A).

3.3.6 Multiplication Theorem

The convolution product of two functions f(¢) and g(¢) is designated by the symbol
*. We have:

t
(f *g)(@) :/0 f(D)glt —1)dr,

LI(f xg))] = F(s)G(s), F(s) =L[f(®)], G(s) = L[g(n)].

3.3.7 Properties of the Inverse Laplace Transform

The following formula is valid:
The inverse LT is not unique. We have:

s—@=B)
L™ = = 1" Egqlat’), a. p > 0,5% > la, (3.6)
SF —a
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—(a—1)
Lt [s } =1""'E| 4(at) = E(t,a — 1, ), (3.7)
S —a
1 s
L G a2 =tE(t,a,a) —aE(t,a+1,a), 3.9)

—a I I
L [(s—] = lercwa)y—wECa+1.0)+ 2T VG 02,0,

s —a)’ 2 2
(3.9
n—+k
1 - ( ")k( )
-1 — o)1 30 k fk@=p).
(s¥ + ashntl = Tlk(a = B) + (n+ Da]
(3.10)
where 0 < 8 < a.
b)" k
-1 sY _ eyl i i (=0)"(—a) ( ) h@=p)+na
s%4+asP +b = Tk(e = )+ (n+ Da —y] ’
3.11)
where B <a, y <a, acRor: |a| < s* P, |b| <|s*+asP|.
Proof Proof of the identity (3.6):
o
L [t“*‘Eﬂ,a(atﬂ)] =/ e By g (atPydt
0
— i a foo e—sttkﬁ+a—ldt
T kB +) Jo
- a* kB+a—1
=2 N ]
k=0 0[
_i ak F'kp+oa) 1 i(d)k_ s—@=h)
- C(kB +a) skbre sB)  sP—a’

k

Il
=}

Proof of the identity (3.8):

LltE(t,a,a) —aE({t,a+1,a)] = —%L[E(t,oz, a)l—aL[E(t,a+ 1,a)]

d[ s s—@+h 1
= —— — = .
ds |:s—ai| s—a s%(s — a)?
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Proof of the identity (3.9):
1, 1
L Et E(t,a,a) —atE(t,a+1,a)+ Ea(a +1DE(t,aa+2,a)

d? d ala+1)
2d 2L[E(t o, a)]—i—ozd—L[E(t a+1,a )]—i—TL[E(t,oz—{—Z,a)]

1d* [ s@ d [s~@tD al@+1) [s~@t2 1
2ds?2 \s —a ds \ s—a 2 s—a s%(s —a)3
For the identities (3.10) and (3.11) the reader can use the reference [5].
Proof of the identity (3.10). We will apply the well-known identity [4]:

ﬁ = Z (n:k)(—x)k.

k=0
It follows:
1 _ 1 1
(5% +asﬂ)n+l - (Sa)n+l <1+i)n+l
s

-2 (O ()

Proof of the identity (3.11):

sY . sv 1 . i sV (—=b)"
s*+asP+b s +ash | b T (5% fashyl
5% +ash
and for the case of (3.10) we obtain:
s? st 1
(s% + sPayntl — gam+D 1 a \ntl
( s"‘_ﬁ)

1 O ntky [ —a \* & etk (—a)
= gatD—y ,;)< A ) <sa—ﬂ> = Z( X )Sa(n+1)+k(a—ﬁ)—y’

n+k (—a)k
n
s+ asﬂ +b Z( b) Z ( )sa("+1)+k(a—/3)—y’
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00 00 b)" k
L—l|: sV i|_ta v 122 (=0)"(=a) ( ) (ka—B)tna_
s* +asP +b Clk(ae — B) + (n + Da — y]

=0 k=0

Lemma The following identities are valid:

n—+k
1 o 2 hrar()
L71 |: j| — tafl k tk(a71)+not’
0k [

s*+as+b k(e —1)4+ (n+ D]
(3.12)
forl <a,0<a,acR and|a| <s* !, |b| < |s* + as|, respectively:
n—+k
ol o 2 hrat( )
Lfl 2 = k tk(a71)+n0{ (3.13)
s¥4as+b Ok:OF[k(oz—l)—i—noc—i—l] ’

for1l <a, a € Randfor|a| < s*~ Y, |b| < |s* + as|.

Proof Proof of the identity (3.12). In (3.11) wetake y =0, g = 1.
Proof of the identity (3.13). In (3.11) wetake y =« — 1,and 8 = 1.

Example 1 Establish the LT of:
f@6)=y"(t) =2y (t) = 3y(t);  where: y(0) = y'(0) = 0.
Solution
F(s) = s7Y(s) = sy(0) — y'(0) — 2[s¥ (s) — y(0)] = 3Y (),
and finally:
F(s) = (s* = 25 = 3)Y (s).

Example 2 Establish the LT of:

t
y:/ ydt + 1.
0

Solution

Y() 1

Example 3 Establish the LT of:

t
f y(t)sin(t — t)dt = 1 —cost.
0
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Solution
Y(s) Lo : = Y(s)
S = - — = y s) = —
s24+1 s s241 s(sZ+1D
Example 4 Establish the LT of:
t
/ y(r)e'Tdt = y(t) — €.
0
Solution
Y(s) ! Y(s) ! = Y(s) !
S =r$) == §)=——2.
s—1 s—1 s—2

3.4 Laplace Transform of the Fractional Integrals
and Derivatives

3.4.1 Fractional Integrals
If o > 0, the Riemann-Liouville and Caputo FI are the same for both cases:
1 ! 1
=160 = s [ =0 Oy,
(@) Jo

Using the LT of the convolution product formula, we have:

F(s)

LI = mL[r“ NLifo1 =

3.4.2 Fractional Derivatives

— The Riemann—Liouville FD is

L[DYf )] =L[r(n;_ (””") [ - 1f<u>du]
(&)

where we can apply the classical formula:

LIF™ 0] =5"F(9) ="~ f(0) = ... = f" D),
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F(s) n—1

LIDE f] =" 220 = 3 5" DA f (D))o,
k=0
n—1

LIDy f()] = s“F(s) = Y_s" ' [D*I"™* f (1)]i=o.
k=0

— The Caputo [2, 3] FD is

1 t
LID*fD)] =L | ——— / (t —w" " F O @ydu | = LI fP @),
'n—o) Jo
where we can apply the classical formula:

LI 01 =s"F(s) ="~ f/(0) ... = f*"D(0),
and

—1

LD fay =" ") B I Ta T CI

k=0

n—1
LID*f(] =s“F(s) = ) _s" ' fW0).

k=0

Exercise 5 For the function f(¢) = 12, calculate the Caputo L[D“]. It results:

l. o = -,
2
1
2. =——.
2
Solution

1.
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In MAPLE, the FD of order 1/2 of ¢ from 2 can be evaluated using the
command: fracdiff(t” 2,t,1/2).
For0 <o < 1, f(0) =0, and

t t
F(r) = / ) (du)* = o / (t — w0 £ () du
0 0
we define:
Lalf ()] = Fuls) = /0 Ea(=s*1) £ (1) (d1)°

The following formulae can be obtained without difficulty [6]:

L. Lo[t* f(D)] = I—D"‘La[f(t)]-
2. Loyl f(at)] = a_aLa[f(t)]-
3. Loz[f(tl_ b)] = Eq(=s*b¥) Lol f (1)].

ol 1
4. Ly [fo S ) (du) } T 1)La[f(t)]-
5. Lalg@ ()] = s*Lo[g(1)] — T'( + 1)g(0).

For
t

(f(®)*gt))y =/0 ft—uwg)(du),
we have:

L [(f(t) * g(t))a] = Lo[f ()] Lolg(D)].
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