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Preface

The concept of fractional derivative (Fractional derivative (FD)) was introduced
after 1695 as a simply academic generalization of integer derivative. An FD
generalizes the order of differentiation from positive integers Set of natural numbers
(N) to real Set of real numbers (R), or even to complex Set of complex numbers (C)
numbers. A detailed presentation of the old historical steps of fractional calculus
(Fractional calculus (FC)) with references is presented in the papers [45, 50].

New sporadic investigation in this field was published after 1930. A deep
research was carried out by E.L. Post [31, 52]. More recently we find a series of
definitions of the FD [7]. A presentation of the recent history steps can be found in
the papers [46–48, 51]. It was published in a series of monographic books as [6, 21,
22, 26, 37, 38].

In the last two decades, it was established that a series of phenomena can be
studied in terms of FC. It was established that the rheologic properties [34] of some
polymers can be expressed with the aid of fractional differential models [1, 2, 10,
15, 20, 26, 28, 29, 36]. Fractional phenomena were established as the damping
phenomena in the high-density polyurethane foams [42], nuclear reactor dynamics
[35], thermoelasticity [33], mechanical vibrations [8], or biological tissues [5, 19].
An analysis of the integer and fractional entropy is performed in [44].

It was also experimentally verified fractional diffusion phenomena and fractional
electrolytic coating process [4, 30, 32]. This confirms that the roughness of the
electrolytic metallic coatings has a fractal structure and can be described in terms of
fractional diffusion [3] and stochastic differential process [22].

Quantum fractional differential models were studied also in the book of R.
Herrmann [11] or in the papers of Saxena [39], Xiao et al. [55], and Yang et al. [53].

Recently, several fractional devices were developed, containing electrical, ther-
mal, and mechanical components [12, 14]. Also, a series of fractional dynamics
experiments are presented in the book of Biswas et al. [4].

It was designed and has been achieved experimentally a series of fractional
systems [9, 16, 56] involving control [18, 49] and fractional controllers [43]. It was
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introduced a series of identification methods for fractional dynamic systems [13].
Fractional wavelet bases [54] in the field of signal processing were discussed [40].
It is important to tell that FD of a periodic function is also periodic [27].

This review of the possible applications of FC in the real world justifies the
necessity of its extensive study. The aim of this book is to introduce a series of
problems and methods insufficiently discussed in the field of FC.

A series of examples based on symbolic computation, written in Maple© and
Mathematica©, are presented. The reader can find other useful applications for the
case of integer order systems in the book of Inna Shingareva and C. Lizárraga-
Celaya [41], which can be extended to the case of fractional calculus, or the book of
problems [17].

This book is organized in six chapters.

Chapter 1 This chapter presents the most important special functions involved in
FC. A special attention is devoted to the Gamma function, used in FC calculations.
Other special functions such as the Euler, Beta, and Mittag-Leffler functions
(Mittag-Leffler function (MLF)) are also introduced.

Chapter 2 This chapter introduces the fractional integral (Fractional integral (FI))
and FD, in the sense of Riemann–Liouville. The properties of these fractional
operators are discussed.

Chapter 3 This chapter is devoted to the use of the Laplace transform (Laplace
transform (LT)) in FC, because the Riemann–Liouville FI and FD allow the
derivation of closed-form solutions with the aid of the LT method.

Chapter 4 This chapter is devoted to the nonlinear fractional differential equations
(Fractional differential equation (FDE)). The text discusses the generalization of the
methods used to solve the integer order differential equations. In this line of thought,
approaches such as the Picard array, Adomian decomposition, and perturbation
methods are analyzed.

Chapter 5 In this chapter several classical models are generalized in the perspective
of FC. First, the fractional integral sine and cosine functions are formulated, and
the corresponding spirals, projected on the plane, sphere, and cone, are illustrated.
Second, the fractional generalizations of the Lane-Emden, Hermite, Legendre, and
Bessel equations are studied. It is also discussed the power series method for their
solution.

Chapter 6 This chapter extends standard numerical algorithms, namely, the least
squares, Galerkin, and Euler methods, that are applied to FDE. A special attention
is given the Runge–Kutta (Runge–Kutta (RK)) method for fractional equations
and systems. The algorithms are applied to a series of FDE and systems of FDE.
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Moreover, a generalized method, based on decomposition and LT, is presented [23–
25].

These new algorithms are illustrated by means of the Maple and Mathematica
software packages.

The content of this book is addressed to large category of readers, working in
the fields of fundamental and applied mathematics, theoretical and experimental
physics, experimental engineering, and others. The authors hope that the material
included in the book help researchers to enter to the huge emerging scientific area
of FC and its applications.

Timişoara, Romania Constantin Milici
Timişoara, Romania Gheorghe Drăgănescu
Porto, Portugal J. Tenreiro Machado
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10. Drăgănescu, G. E. (2006). Application of a variational iteration method to
linear and nonlinear viscoelastic models with fractional derivatives. Journal of
Mathematical Physics, 47, 082902.

11. Herrmann, R. (2011). Fractional calculus. An introduction for physicists.
Singapore: World Scientific Publishing Company.

12. Hughes, R. N. (1992). Design and analysis of electrical circuits that pro-
duce fractional-order differentiation. Master’s thesis, Air University, Wright-
Patterson Air Force Base, Ohio. AFIT/GE/ENG/92M-05.

13. Jalloul, A., Jelassi, K., & Trigeassou, J.-C. (2013). A comparative study
of identification techniques for fractional models. International Journal of
Electrical & Computer Engineering, 3, 186–196.

14. Jesus, I. S., Tenreiro Machado, J. A., & Boaventura Cunha, J. (2008). Fractional
electrical impedances in botanical elements. Journal of Vibration and Control,
14, 1389–1402.

15. Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and applica-
tions of fractional differential equations. Amsterdam: Elsevier.

16. Klafter, J., Lim, S. C., & Metzler, R. (2011). Fractional dynamics: Recent
advances. Singapore: World Scientific Publishing Company.

17. Krasnov, M. L., Kiselyov, A. I., & Makarenko, G. I. (1981). A book of problems
in ordinary differential equations. Moscow: Mir Publishers.

18. Luo, Y., & Chen, Y. (2012). Fractional order motion controls. Chichester: John
Wiley & Sons.

19. Magin, R. L. (2010). Fractional calculus models of complex dynamics in
biological tissuese. Computers & Mathematics with Applications, 59, 1586–
1593.

20. Mainardi, F., & Spada, G. (2011). Creep, relaxation and viscosity properties for
basic fractional models in rheology. The European Physical Journal Special
Topics, 193, 133–160.

21. Malinowska, A. B., Odzijewicz, T., & Torres, D. F. M. (2015). Advanced
methods in the fractional calculus of variations. SpringerBriefs in applied
sciences and technology. Heidelberg: Springer.

22. Meerschaert, M. M., & Sikorskii, A. (2012). Stochastic models for fractional
calculus. De Gruyter studies in mathematics. Heidelberg: Walter de Gruyter
GmbH & Co.
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Chapter 1
Special Functions

In this chapter several special functions used in the follow-up of the book are
presented briefly. More details about these functions can be found in [1, 3, 4, 8].

1.1 Euler’s Function

1.1.1 Gamma Function

We start by considering the Gamma function, or second order Euler1 integral,
denoted �(·) represented in Fig. 1.1.

Function Gamma function (�) is defined as:

�(p) =
∫ ∞

0
e−xxp−1dx. (1.1)

Theorem Function �(p) is convergent for p > 0.

Proof The integral can be written as:

�(p) =
∫ 1

0
e−xxp−1dx +

∫ ∞

1
e−xxp−1dx = I1 + I2,

where I1 =
∫ 1

0
e−xxp−1dx is convergent.

1L. Euler (1707–1783).

© Springer Nature Switzerland AG 2019
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Fig. 1.1 The plot of
y = �(x) function
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Since e−x is decreasing on the interval [0, 1], from x = 0, we have:

∫ 1

0
e−xxp−1dx <

∫ 1

0
xp−1dx = 1

p
.

Moreover, I2 =
∫ ∞

1
e−xxp−1dx is also convergent. We obtain:

1 ≤ x ⇒ xp−1e−x ≤ e−x/2 ⇔ xp−1 ≤ ex/2 ⇔ xp−1

ex/2
≤ 1.

Because lim
x→∞

xp−1

ex/2 = 0, we have:

∫ ∞

1
e−xxp−1dx ≤

∫ ∞

1
e−x/2dx = 2e−1/2.

The integral (1.1) is convergent for p > 0 and divergent for p ≤ 0.
The basic properties of the Gamma function are:

1. The function �(p) is continuous for p > 0.
2. The function �(p) obeys the property:

�(p + 1) = p �(p). (1.2)
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Proof �(p+1) =
∫ ∞

0
e−xxpdx = −[e−xxp]∞0 +p

∫ ∞

0
e−xxp−1dx = p�(p).

3. The following relations are also valid:

�(p + n) = (p + n − 1) . . . (p + 1) p �(p), (1.3)

�(1) = 1,

�(n + 1) = n!,

�(0) = +∞.

4. For p = −n it results:

�(−n) = �(−n + 1)

−n

= �(−n + 2)

n(n − 1)
= �(−n + 3)

n(n − 1)(n − 2)
= . . . = (−1)n

�(0)

n! = (−1)n∞.

5. Taking account that the � function can be written as �(p) = �(p + 1)

p
, it

results that the � function can be defined also for negative values of p, in the
interval −1 < p < 0.

If −n < p < −(n − 1), then from (1.3) it results:

�(p) = �(p + n)

p(p + 1) . . . (p + n − 1)
.

Using the substitution p + n = α, it results after calculations:

�(α − n) = (−1)n�(α)

(1 − α)(2 − α) . . . (n − α)
.

6. Using the identity (1.2) we obtain:

�

(
m + 1

2

)
= �

[
1 +

(
m − 1

2

)]
=
(

m − 1

2

)
�

(
m − 1

2

)

=
(

m − 1

2

)(
m − 3

2

)
�

(
m − 1

2

)

=
(

m − 1

2

)(
m − 3

2

)
. . .

5

2

3

2

1

2
�

(
1

2

)
,
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or:

�

(
m + 1

2

)
= (2m − 1)!

2m
�

(
1

2

)
= (2m)!

m!22m
�

(
1

2

)
.

7. We can prove the identity [4]:

�(p) =
∫ 1

0

(
ln

1

y

)p−1

dy

8. The following particular values for � function can be useful for calculation
purposes:

�

(
1

2

)
= √

π,

�

(
−1

2

)
= −2

√
π,

�

(
3

2

)
= �

(
1 + 1

2

)
= 1

2
�

(
1

2

)
= 1

2

√
π,

�

(
5

2

)
= �

(
2 + 1

2

)
=

4!�
(

1
2

)

2! 24 = 3

4

√
π,

�

(
1

3

)
= 2.678938 �

(
m + 1

3

)
= 1 4 . . . (3m − 2)

3m
�

(
1

3

)
,

�

(
2

3

)
= 1.354118 �

(
m + 2

3

)
= 2 5 . . . (3m − 1)

3m
�

(
2

3

)
,

�

(
1

4

)
= 3.625600 �

(
m + 1

4

)
= 1 5 . . . (4m − 3)

4m
�

(
1

4

)
,

�

(
3

4

)
= 1.225417 �

(
m + 3

4

)
= 3 7 . . . (4m − 1)

4m
�

(
3

4

)
.

9.

�(p + 1)

�(q + 1)�(p − q + 1)
=
(p

q

)
,
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10. The Gauss’2 formula is:

�(p) = 1

p

∞∏
k=1

(
1 + 1

k

)p (
1 + p

k

)−1
.

Proof We express e−x as:

e−x = lim
k→∞

(
1 − x

k

)k

.

Then, we obtain:

�(p) =
∫ ∞

0
e−xxp−1dx = lim

k→∞

∫ k

0

(
1 − x

k

)k

xp−1dx.

For x = t k ⇒ dx = k dt , resulting:

�(p) = lim
k→∞ kp

∫ 1

0
(1 − t)ktp−1dt.

Integrating by parts we obtain:

1

p

∫ 1

0
(1− t)kdtp = 1

p

[
(1 − t)ktp

]1

0
− 1

p

∫ 1

0
tpd(1− t)k = k

p

∫ 1

0
(1− t)k−1tpdt.

Repeating this operation it follows:

�(p) = lim
k→∞

kpk!
p(p + 1) . . . (p + k)

.

But:

lim
k→∞

(k + 1)p

kp
= 1.

From:

�(p) = 1

p
lim

k→∞
1

(1 + p)(1 + p/2) . . . (1 + p/k)

2p3p . . . (k + 1)p

1p2p . . . kp
,

it follows:

�(p) = 1

p

∞∏
k=1

1

(1 + p/k)

(k + 1)p

kp
= 1

p

∞∏
k=1

(
1 + 1

k

)p (
1 + p

k

)−1
,

2J.C.F. Gauss (1777–1855).



6 1 Special Functions

excepting the values Re(p) = 0,−1,−2, . . ..

11. The Weierstrass3 form of the Gamma function is:

1

�(p)
= peγp

∞∏
k=1

(
1 + 1

k

)
e−p/k

valid, excepting the values Re(p) = 0, −1, −2, . . . ,−n, . . . , where Real
part (Re) represents the real part and n ∈ N.

Here the symbol Euler’s constant (γ ) represents the Euler’s constant, given by:

γ = lim
p→∞

(
p∑

k=1

1

k
− ln p

)
= 0.577215663 . . .

Proof The Gauss’ formula can be written as:

�(p) = lim
k→∞

kpk!
p(p + 1) . . . (p + k)

,

excepting for Re(p) = 0,−1,−2, . . .. We can write also:

kp = ep ln k = ep(ln k − 1 − 1/2 − . . . − 1/k)ep + p/2 + . . . + p/k,

�k(t) = ep(ln k − 1 − 1/2 − . . . − 1/k)ep + p/2 + . . . + p/k

p(1 + p)(1 + p/2) . . . (1 + p/k)
,

�k(t) = exp

[
p

(
ln k − 1 − 1

2
− . . . − 1

k

)]
ep

1 + p

e
p
2

1 + p
2

. . .
e

p
k

1 + p
k

,

and finally:

1

�(p)
= lim

k→∞
1

�k(t)
= epγ lim

k→∞ e−p(1 + p)e− p
2 . . . e− p

k

(
1 + p

k

)

= peγp
∞∏

k=1

(
1 + p

k

)
e− p

k .

12. Reflection property of the Gamma function is given by:

�(p)�(1 − p) = π

sin(πp)
, 0 ≤ p ≤ 1.

3K.T.W. Weierstrass (1815–1897).
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Proof From the Weierstrass’ formula we have:

1

�(p)

1

�(−p)
= −p2eγpe−γp

∞∏
k=1

(
1 + p

k

)
e−p/k

(
1 − p

k

)
ep/k

= −p2
∞∏

k=1

(
1 − p2

k2

)
.

But �(−p) = �(1 − p)

p
. It results:

1

�(p)

1

�(1 − p)
= p

∞∏
k=1

(
1 − p2

k2

)
.

Because sin(nπ) = πn

∞∏
k=1

(
1 − p2

k2

)
it results the reflection property.

Another Proof

�(p)�(1 − p) =
∫ ∞

0
e−t tp−1dt

∫ ∞

0
e−ss1−p−1ds

=
∫ ∞

0

∫ ∞

0
e−(t+s)

(
t

s

)p

t−1dtds.

Using the changes of variables

t + s = u,
t

s
= v,

and the residue theory it can be obtained:

�(p)�(1 − p) =
∫ 1

0

vp

1 + v
dv = π

sin(pπ)
.

Figure 1.2 depicts 1
�(x)

.

1.1.2 Beta Function

Here we consider the Beta function, denoted Beta function (B).
The Beta function, or the first order Euler function, can be defined as [2, 7]:

B(p, q) =
∫ 1

0
xp−1(1 − x)q−1 dx,

where Re(p) > 0 and Re(q) > 0.
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Fig. 1.2 The plot of
y = 1/�(x) function
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In the following we will enumerate the basic properties of the Beta function:

1. For every p > 0 and q > 0, we have:

B(p, q) = B(q, p).

2. For every p > 0 and q > 1, the Beta function B satisfies the property:

B(p, q) = q − 1

p + q − 1
B(p, q − 1).

Proof

B(p, q) =
∫ 1

0
xp−1(1 − x)q−1 dx,

xp(1 − x)q−2 = xp−1(1 − x)q−2 − xp−1(1 − x)q−1,

B(p, q) =
∫ 1

0
(1 − x)q−1d

xp

p
= xp(1 − x)q−1

p

∣∣∣1
0
+ q − 1

p

∫ 1

0
xp(1 − x)q−2dx

= q − 1

p

∫ 1

0
xp−1(1 − x)q−2dx − q − 1

p

∫ 1

0
xp−1(1 − x)q−1dx

= q − 1

p
B(p, q − 1) − q − 1

p
B(p, q).
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3. For every p > 0 and q > 0, it is valid the identity:

B(p, q) = �(p)�(q)

�(p + q)
.

Proof The product �(p)�(q) can be written as:

�(p)�(q) =
∫ ∞

0
e−t tp−1dt

∫ ∞

0
e−ssp−1ds =

∫ ∞

0

∫ ∞

0
e−(t+s)tp−1sq−1dtds,

�(p + q) =
∫ ∞

0

∫ ∞

0
e−(t+s)tp−1sq−1 dt ds.

We use the notation t + s = x, for 0 < t < ∞ and 0 < t < ∞.
The Jacobian is

D[t, s]
D[x, y] =

∥∥∥∥∥∥
y x

1 − y −x

∥∥∥∥∥∥ = −xy − x + xy = −x,

resulting:

dtds =
∣∣∣∣ D[t, s]
D[x, y]

∣∣∣∣ dxdy = xdxdy,

�(p)�(q) =
∫ 1

0

∫ 1

0
e−x(xy)p−1xq−1(1 − y)q−1xdxdy

=
∫ ∞

0
e−xxp+q−1dx

∫ 1

0
yp−1(1 − y)q−1dy,

�(p)�(q) = �(p + q)B(p, q).

4. For every p > 0, and for the natural number n, it can be proved

B(p, n) = B(n, p) = 1 · 2 · 3 . . . (n − 1)

p(p + 1) . . . (p + n)
,

and also:

B(p, 1) = 1

p
.
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For any natural numbers m, n we obtain:

B(m, n) = (n − 1)!(m − 1)!
(m + n − 1)! .

5. Legendre4 duplication formula:

�(2p) = 22p−1

√
π

�(p)�

(
p + 1

2

)
.

Proof Substituting p = q in B(p, q):

B(p, q) = �(p)�(q)

γ (p + q)
=
∫ 1

0
up−1(1 − u)q−1 du,

and replacing u = 1 + x

2
, we have:

�2(p)

�(2p)
= 1

2

∫ 1

−1

(
1 + x

2

)p−1 (1 − x

2

)p−1

= 1

22p−1

∫ 1

−1

(
1 − x2)p−1

dx,

resulting

22p−1�2(p) = 2�(2p)

∫ 1

0
(1 − x2)p−1 dx.

But B

(
1

2
, p

)
= 2

∫ 1

0
(1 − x2)p−1dx, �

(
1

2

)
= √

π , resulting finally:

22p−1�2(p) = �(2p)B

(
1

2
, p

)
= �(2p)

�

(
1

2

)
�(p)

�

(
1

2
+ p

) .

6. Triplication formula:

�(3p) = 33p− 1
2√

π
�(p)�

(
p + 1

2

)
�

(
p + 2

3

)
.

4A.M. Legendre (1752–1833).
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7. Gauss multiplication formula:

�(p)�

(
p + 1

k

)
. . . �

(
p + k − 1

k

)
= (2k)(k−1)/2k−kp+1�(kp).

1.2 Integral Functions

In this section we introduce the error, imaginary error, complementary error,
and exponential integral functions, denoted as erf(·), erfi(·), erfc(·), and Ei(·),
respectively.

Function Error function (erf) is defined as:

erf(az) = 2a√
π

∫ z

0
e−a2z2

dz.

Function Imaginary error function (erfi) is defined as:

erfi(az) = 2a√
π

∫ z

0
ea2z2

dz = −i erf(iaz)

Function Complementary error function (erfc) is defined as:

erfc(az) = 2a√
π

∫ ∞

z

e−a2z2
dz

Function Exponential integral function (Ei) is defined as:

Ei(az) =
∫ z

−∞
eaz

z
dz.

1.3 Mittag-Leffler Function

In this section we introduce the one- and two-parameter Mittag-Leffler functions,
denoted as Eα(·) and Eα,β(·), respectively.

The one-parameter Mittag-Leffler5 function, One parameter Mittag-Leffler func-
tion (Eα), is defined as:

5M.G. Mittag-Leffler (1846–1927).
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Eα(z) =
∞∑

k=0

zk

�(αk + 1)
Re(α) > 0.

The two-parameter Mittag-Leffler function, Two parameter Mittag-Leffler func-
tion (Eα,β ), is defined as:

Eα,β(z) =
∞∑

k=0

zk

�(αk + β)
Re(α), Re(β) > 0, β ∈ C.

For particular values of α and β it results:

E0,1(z) =
∞∑

k=0

zk

�(1)
=

∞∑
k=0

zk, (1.4)

E1,1(z) =
∞∑

k=0

zk

�(k + 1)
=

∞∑
k=0

zk

k! = ez, (1.5)

E1,2(z) =
∞∑

k=0

zk

�(k + 2)
=

∞∑
k=0

zk

(k + 1)! = 1

z

∞∑
k=0

zk+1

(k + 1)! = ez − 1

z
, (1.6)

E1,3(z) =
∞∑

k=0

zk

�(k + 3)
=

∞∑
k=0

zk

(k + 2)! = 1

z2

∞∑
k=0

zk+2

(k + 2)! = ez − 1 − z

z2
,

(1.7)

E1,0(z) =
∞∑

k=0

zk

�(k)
= zez, (1.8)

E1, 3
2
(at) = eat

√
at

erf(
√

at), (1.9)

E1, 1
2
(at) = 1√

π
+ eat

√
at erf(

√
at), (1.10)

E1, 5
2
(at) = 1

at

[
eat

√
at

erf(
√

at) − 2√
π

]
, (1.11)

E1,− 1
2
(at) = − 1

2
√

π
+ (at)

[
1√
π

+ √
at eat erf(

√
at)

]
, (1.12)

Eα,β(t) = 1

�(β)
+ tEα,α+β(t), (1.13)
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Eα,β(t) =
∞∑

k=0

tk

�(αk + β)
=

∞∑
k=−1

tk+1

�(α(k + 1) + β)
=

∞∑
k=−1

tk

�(αk + α + β)

= 1

�(β)
+ tEα,α+β(t),

E
(m)
α,β (z) = dm

dzm
Eα,β(z) =

∞∑
k=0

(k + m)!
k!

tk

�(αk + αm + β)
. (1.14)

1.4 Function E(t, α, a)

The function E function (E(t, α, a)) is defined as:

E(t, α, a) =
∞∑

k=0

(at)k

�(k + α + 1)
= tαE1,α+1(at), (1.15)

or in the integral form:

E(t, α, a) = 1

�(α)

∫ t

0
τα−1ea(t−τ)dτ. (1.16)

We prove schematically the equivalence between the forms (1.15) and (1.16). We
denote the integral:

I = 1

�(α)

∫ t

0
τα−1ea(t−τ) dτ

= 1

�(α)

∫ t

0
τα−1

[ ∞∑
k=0

ak(t − τ)k

k!

]
dτ

= 1

�(α)

∞∑
k=0

[
aktk

k!
(∫ t

0
τα−1

(
1 − τ

t

)k

dτ

)]
.

For u = τ

t
we obtain:

I1 =
∫ t

0
τα−1

(
1 − τ

t

)k

dτ =
∫ 1

0
tα−1uα−1(1 − u)kdu
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= tα
∫ 1

0
uα−1(1 − u)kdu = tαB(α, k + 1) = tα�(α)�(k + 1)

�(α + k + 1)
.

It results:

I = tα
∞∑

k=0

(at)k

�(k + α + 1)
= tαE1,α+1(at) = E(t, α, a).

In (1.16) we take α = 1
2 and u2 = aτ . It results after calculations:

E1, 3
2
(at) = eat

√
at

erf(a
√

t).

Using the definition we obtain:

E1, 1
2
(at) =

∞∑
k=0

(at)k

�
(
k + 1

2

) .

Replacing k with k + 1 we have:

E1, 1
2
(at) =

∞∑
k=−1

(at)k+1

�
(
k + 1

2

) = (at)

⎡
⎣ (at)−1

�
(

1
2

) +
∞∑

k=0

(at)k

�
(
k + 3

2

)
⎤
⎦

= 1√
π

+ atE1, 3
2
(at) = 1√

π
+ √

ateaterf(
√

at)

results finally (1.10).
In order to obtain (1.11), the parameter k will be replaced by k − 1 in E1, 5

2
(at).

To obtain (1.12) the parameter k will be replaced by k + 2 in E1,− 1
2
(at).

For further details about the Mittag-Leffler function, readers can check [5].
There are known a series of fractional trigonometric functions, useful to solve

FDE, studied in detail in [6].
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Chapter 2
Fractional Derivative and Fractional
Integral

2.1 Fractional Integral and Derivative

Definition (Fractional Integral of Order α) For every α > 0 and a local inte-
grable function f (t), the right FI of order α is defined:

aI
α
t f (t) = 1

�(α)

∫ t

a

(t − u)α−1f (u)du, −∞ ≤ a < t < ∞. (2.1)

Alternatively, it can be defined also the left FI as:

t I
α
b f (t) = 1

�(α)

∫ b

t

(u − t)α−1f (u)du, −∞ < t < b ≤ ∞. (2.2)

For particular values of the a and b parameters, the following cases are known:

• Riemann1: a = 0, b = +∞
• Liouville2: a = −∞, b = 0.

Definition (Fractional Derivative of Order α) For every α, and n = 	α
 the
Riemann–Liouville derivative of order α can be defined as:

aD
α
t f (t) = 1

�(n − α)

( d

dx

)n
∫ t

a

(t − u)n−α−1 f (u) du. (2.3)

1G.F.B. Riemann (1826–1866).
2J. Liouville (1809–1882).
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Theorem 1 The following integration rules are valid:

∫ b

a

φ(x)aI
α
x ψ(x)dx =

∫ b

a

ψ(x)xI
α
b φ(x) dx, (2.4)

∫ b

a

f (x)aD
α
x g(x)dx =

∫ b

a

g(x)xD
α
b f (x) dx. (2.5)

Also, it must be noticed that:

aI
α
x aD

α
x f (x) = f (x),

where 0 < α < 1.

Proof We use the Dirichlet3 theorem, written in the form:

∫ b

a

dx

∫ x

a

f (x, t)dt =
∫ b

a

dt

∫ b

t

f (x, t) dx.

– For the case (2.4), we introduce the following notation:

f (x, t) = 1

�(α)

φ(x)ψ(t)

(x − t)1−α
,

in the Dirichlet theorem. It results:

∫ b

a

φ(x)dx
1

�(α)

∫ x

a

ψ(t)

(x − t)1−α
dt =

∫ b

a

ψ(t)dt
1

�(α)

∫ b

t

φ(t)

(x − t)1−α
dt,

∫ b

a

φ(x)aI
α
x ψ(x)dx =

∫ b

a

ψ(x)xI
α
b φ(x) dx

– For case (2.5), we introduce in (2.4):

xD
α
b f (x) = φ(x), aD

α
x g(x) = ψ(x), aI

α
x aD

α
x f (x) = f (x).

Theorem 2 The following integration and derivation rules are valid:

(a) aI
α+1
t [Df (t)] = aI

α
t f (t) − (t − a)α

�(α + 1)
f (a),

3J.P.G.L. Dirichlet (1805–1859).
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(b) aI
α
t [aDα

t f (t)] = f (t) −
n∑

k=1

aD
α−k
t f (t)

∣∣∣
t=a

(t − a)α−k

�(α − k + 1)
,

(c) D[aIα
t f (t)] = aI

α
t [Df (t)] + (t − a)α−1

�(α)
f (a),

(d) aI
α
t f (t) = aI

α+p
t [Dpf (t)] +

p−1∑
k=0

Dkf (a)(t − a)α+k

�(α + k + 1)
, where p is a positive

integer.

(e) Dp[aIα
t f (t)] = aI

α
t [Dpf (t)] +

p−1∑
k=0

Dkf (a)(t − a)α+k

�(α + k + 1)
, where p is positive

integer.

Proof

(a) Integrating by parts, it results:

aI
α+1
t [Df (t)] = 1

�(α + 1)

∫ t

a

(t − u)αf ′(u)du = 1

�(α + 1)
[(t − u)αf (u)]

∣∣∣t
a

+ α

�(α + 1)

∫ t

a

(t − u)α−1 f (u) du,

aI
α+1
t [Df (t)] = − (t − a)α

�(α + 1)
f (a) + α

α�(α)

∫ t

a

(t − u)α−1 f (u) du.

(b) This formula can be verified by induction, using (a), or:

I = aI
α
t [aDα

t f (t)] = 1

�(α)

∫ t

a

(t − u)α−1[aDα
uf (u)] du,

I = 1

�(α + 1)

∫ t

0

d

dt
(t − u)α[aDα

uf (u)] du,

I = − (t − a)α

�(α + 1)
aD

α
t f (t)

∣∣∣
t=a

+ 1

�(α + 2)

∫ t

0

d

dt
(t − u)α+1[aDα−1

u f (u)] du.

I = − (t − a)α

�(α + 1)
aD

α
t f (t)

∣∣∣
t=a

− (t − a)α+1

�(α + 2)
aD

α−1
t f (t)

∣∣∣
t=a

+ 1

�(α + 2)

∫ t

0

d

dt
(t − u)α+1[aDα−1

u f (u)] du,

. . .

I = f (t) −
n∑

k=1

aD
α−k
t f (t)

∣∣∣
t=a

(t − a)α−k

�(α − k + 1)
.
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(c) In the FI, we have:

aI
α
t f (t) = 1

�(α)

∫ t

a

(t − u)α−1f (u) du,

and we make the change of variable: u = t − x1/α (see also [3]). We obtain:

aI
α
t f (t) = 1

�(1 + α)

∫ (t−a)α

a

f (t − x1/α) dx.

Then, for t > 0:

D[aIα
t f (t)] = 1

�(1 + α)

[
α(t − a)α−1f (a) +

∫ (t−a)α

a

∂

∂t
f (t − x1/α) dx

]
.

Reversing the change of variable t − x1/α = u, we obtain:

D[aIα
t f (t)] = 1

�(1 + α)

[
α(t − a)α−1f (a) + α

∫ t

a

(t − u)α−1 ∂

∂t
f (u) du

]
.

Hence:

D[aIα
t f (t)] = (t − a)α−1f (a)

�(α)
+ aI

α
t [Df (t)].

(d) Replacing α by α + 1 and f by Df in (a), we have:

aI
α+1
t [D2f (t)] = aI

α+1
t [Df (t)] − (t − a)αf (a)

�(α + 1)
.

Replacing aI
α+1
t [Df (t)] with (a), we obtain:

aI
α+1
t [D2f (t)] = aI

α
t [f (t)] − (t − a)αf (a)

�(α + 1)
− Df (a) (t − a)α−1

�(α + 1)
.

(d) Can be established by repeated iterations.
(e) For t > 0, we must differentiate (c):

D2[aIα
t f (t)] = D[aIα

t f (t)] + Df (a) (t − a)α−2

�(α − 1)
.

D2[aIα
t f (t)] = aI

α
t f (t) + [Df (a) (t − a)α−2]

�(α − 1)
+ [Df (a) (t − a)α−1]

�(α)
,

and by repeated iterations we obtain (e).
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Theorem 3 The exponents property:

aI
α
t aI

β
t f (t) = aI

α+β
t f (t).

For this theorem we recommend also [4].

Proof For α > 0, β > 0, it results:

I = aI
α
t aI

β
t f (t) = 1

�(α)

1

�(β)

∫ t

a

(t − u)α−1
∫ u

a

(u − v)β−1f (v) du dv.

If we apply the Dirichlet equality

∫ t

a

∫ u

a

f (v)dudv =
∫ t

a

∫ t

v

f (v) du dv,

we obtain:

I = 1

�(α)

1

�(β)

∫ t

a

∫ t

v

(t − u)α−1(u − v)β−1f (v) dudv,

u = v + z(t − v),

du = (t − v)dz, t − u = (1 − z)(t − v),

I = 1

�(α)

1

�(β)

∫ t

a

(t − v)α+β−1f (v)

∫ 1

0
(1 − z)α−1zβ−1 dv dz,

but:

∫ 1

0
(1 − z)α−1zβ−1du = B(α − 1, β − 1) = �(α)�(β)

�(α + β)
.

Finally, it results:

I = 1

�(α + β)

∫ t

a

(t − v)α+β−1f (v)dv = aI
α+β
t f (t).

Theorem 4

(a) aD
α
t

[
aI

β
t f (t)

]
= aD

α−β
t f (t).

(b) aI
α
t

[
aD

β
t f (t)

]
= aI

α−β
t f (t) −

m∑
k=1

(t − a)α−k

�(α + 1 − k)
aD

β−k
t f (t)

∣∣∣
t=a

.

where m = 	β
 + 1.
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(c) aD
α
t

[
aD

β
t f (t)

]
= aD

α+β
t f (t) −

m∑
k=1

aD
β−k
t f (t)

∣∣∣
t=a

(t − a)−α−k

�(1 − α − k)
.

Proof

(a)

aD
α
t

[
aI

β
t f (t)

]
= dn

dtn

[
aI

n−α
t

[
aI

β
t f (t)

]]
= dn

dtn

[
aI

n−(α−β)
t

]
= aD

α−β
t .

(b)

I = aI
α
t

[
aD

β
t f (t)

]
= 1

�(α)

∫ t

a

(t − u)α−1
[
aD

β
t f (u)

]
du

I = 1

�(α + 1)

∫ t

a

d

dt
(t − u)α

[
aD

β
t f (u)

]
du

I= − (t − a)α

�(α+1)

[
aD

β
t f (t)

∣∣∣
t=a

]
+ 1

�(α+2)

∫ t

a

d

dt
(t − u)α+1

[
aD

β−1
t f (u)

]
du

. . .

Example Solve the following FDE with initial value:

D1/2y(t) = y(t),

D−1/2y(0) = −2
√

π,

transforming it in a first order differential equation.

Solution Using the theorem 4 (c), we obtain:

D1/2
[
D1/2y(t)

]
= y′(t) − D1/2−1y(0)

t−1/2−1

�(1 − 1/2 − 1)
= D1/2y(t) = y(t),

y′(t) − t−3/2 = y(t).

Theorem 5 Linearity property:

aI
α
t [C1 f (t) + C2 g(t)] = C1 aI

α
t f (t) + C2 aI

α
t g(t),

where: C1 and C2 are constants and f (t) and g(t) are two arbitrary functions.
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Proof

aD
α
t [C1 f (t) + C2 g(t)] = 1

�(α)

∫ t

a

(t − y)α−1 [C1 f (y) + C2 g(y)] dy

= C1
1

�(α)

∫ t

a

(t − y)α−1f (y)dy

+C2
1

�(α)

∫ t

a

(t − y)α−1g(y)dy

= C1 aI
α
t f (t) + C2 aI

α
t g(t).

Theorem 6 If the function f (t) possess continuous derivative, then for α >

0, n = 	α
 + 1:

aI
α
t f (t) =

n−1∑
k=0

f (k)(t − a)k−α

�(k + 1 − α)
+ 1

�(n − α)

∫ t

a

(t − y)n−α−1f (n)(y) dy.

Proof In the Cauchy4 formula:

aI
α
t f (t) = 1

�(α)

∫ t

a

(t − u)α−1f (u)du,

it will be applied successively the integration by parts formula (see [5]).

Theorem 7 We denote 0I
α
t with Iα , for p ∈ N, α > 0. It can be proved that:

(a) Iα[tpf (t)] =
p∑

k=0

(−α

k

) dk

dtk
tp Iα+k f (t),

(b) Dα[tpf (t)] =
p∑

k=0

(α

k

) dk

dtk
tp Dα−k f (t).

Proof

(a) I = Iα[tpf (t)] = 1

�(α)

∫ t

0
(t − u)α−1up f (u) du,

up = (t − (t − u))p =
p∑

k=0

(−1)kp!tp−k

k!(p − k)! (t − u)k,

4A.L. Cauchy (1789–1857).
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I =
p∑

k=0

(−1)k
p!

(p − k)! t
p−k 1

�(α)

∫ t

0

1

k! (t − u)α+k−1 f (u) du,

I =
p∑

k=0

(−1)k
(α + k − 1) . . . α

k!
dk

dtk
tpIα+k f (t),

I =
p∑

k=0

(−1)k
(α

k

) dk

dtk
tpIα+k f (t).

(b) I = Dα[tpf (t)] = dn

dtn
In−α[tpf (t)]. We obtain:

I =
p∑

k=0

(−n+α

k

) n∑
j=0

(n

j

) dk+j

dtk=j
tpDα−k−j f (t)

I =
p∑

i=0

di

dt i
tpDn−if (t)

i∑
j=0

(−n+α

i−j

)(n

j

)
,

but

i∑
j=0

(−n+α

i−j

)(n

j

)
=
(α

i

)
,

thus:

Dα[tpf (t)] =
p∑

k=0

(α

k

) dk

dtk
tpDα−kf (t).

Definition of Caputo Fractional Derivative

Let α > 0, n = 	α
. The Caputo5 derivative operator of order α is defined as [1, 2]:

C
a Dα

t f (t) = 1

�(n − α)

∫ t

a

(t − u)n−α−1
( d

du

)n

f (u) du. (2.6)

For a = 0, we introduce the notation:

CDα
t f (t) = Dαf (t).

5M. Caputo (1967–).
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Theorem 8 For t > 0, α ∈ R, n − 1 < α < n, n ∈ N, and a function f (t) which
obey the conditions of Taylor6 theorem, the following representation is valid:

aD
α
t f (t) = C

a Dα
t f (t) +

n−1∑
k=0

f (k)(a)

�(1 + k − α)
(t − a)k−α.

Proof In order to simplify our presentation, we consider a = 0.
Because f (t) can be expanded in Taylor series we can write

f (t) =
n−1∑
k=0

tk

�(k + 1)
f (k)(0) + Rn−1,

where:

Rn−1 =
∫ t

0

f (n)(y)(t − y)n−1

(n − 1)! dy = 1

�(n)

∫ t

0
f (n)(y)(t − y)n−1dy = Inf (n).

If we apply the operator Dα we obtain successively:

Dαf (t)=Dα

[
n−1∑
k=0

tk

�(k+1)
f (k)(0) + Rn−1

]
=

n−1∑
k=0

Dαtk

�(k + 1)
f (k)(0) + DαRn−1,

Dαf (t) =
n−1∑
k=0

tk−α

�(k − α + 1)
f (k)(0) + In−αf n(t),

Dαf (t) =
n−1∑
k=0

tk−α

�(k − α + 1)
f (k)(0) + Dαf (t).

The Caputo Fractional Derivative in the Origin

For a function f (t), for which f (t) = 0, if t < 0, it can be defined:

C
0 Dα

t f (t) = 1

�(n − α)

∫ t

0
(t − u)n−α−1f (n)(u) du,

where 	α
 = n.

Observation

If C is a constant, then:

C
0 Dα

t C = 0,

6B. Taylor (1685–1731).
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and the Riemann–Liouville FD of C is:

0D
α
t C = C x−α

�(1 − α)
, α = 1, 2, . . . .

In what follows we note the Caputo derivative in the origin, simply, using the
notation Dα f (x).

Theorem 9 If n − 1 < α < n, where n ∈ N, and α ∈ R, then:

lim
α→n

Dαf (t) = f (n)(t),

lim
α→n−1

Dαf (t) = f (n−1)(t) − f (n−1)(0).

Proof In the formula

Dαf (t) = 1

�(n − α)

∫ t

0

f (n)(y)dy

(t − y)α+1−n
,

we will use the integration by parts, obtaining:

∫ t

0
u(y)v′(y) dy = u(y) v(y)

∣∣∣t
0
−
∫ t

0
u′(y) v(y) dy,

u(y) = f (n)(y), v′(y) = (t − y)n−α−1,

u′(y) = f (n+1)(y), v(y) = −(t − y)n−α.

It results:

Dαf (t) = 1

�(n − α)

[
−f (n)(y)

(t − y)n−α

n − α

∣∣∣t
0

+ 1

n − α

∫ t

0
(t − y)n−αf (n+1)(y)dy

]
.

Using the property of � function

�(n − α + 1) = (n − α)�(n − α),

it results:

Dαf (t) = 1

�(n − α + 1)

[
f (n)(0) +

∫ t

0
f (n+1)(y)(t − y)n−α dy

]
,
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lim
α→n

Dαf (t) =
[
f (n)(0) +

∫ t

0
f (n+1)(y)dy ] = f (n)(0) + f (n)(y)

∣∣∣t
0

= f (n)(t),

lim
α→n−1

Dαf (t) =
[
f (n)(0) +

∫ t

0
f (n+1)(y)(t − y)dy

]

= f (n)(0)t + (t − y)f (n)(y)

∣∣∣t
0

= f (n−1)(t) − f (n−1)(0).

Example 1 Let us calculate the FD for α > 0, n − 1 < α < n, β > n − 1 of the
function f (t) = tβ using the definitions, for the case:

1. Riemann–Liouville.
2. Caputo in the origin, using the definition.

Solution

1. For the Riemann–Liouville derivative, we can write:

I = Dαtβ = 1

�(n − α)

dn

dtn

∫ t

0
uβ(t − u)n−α−1 du,

and we take:

u = v t, du = t dv.

It follows:

I = 1

�(n − α)

dn

dtn

∫ t

0
(vt)β [(1 − v)t]n−α−1t dv

= 1

�(n − α)

dn

dtn

∫ t

0
(1 − v)n−α−1vβtn−α+β dv,

I = 1

�(n − α)

∫ t

0
(1 − v)n−α−1vβ dn

dtn
tn−α+β dv,

but

dn

dtn
tλ = �(λ + 1)

�(λ − n + 1)
tλ−n,

B(p, q) =
∫ 1

0
vp−1(1 − v)q−1 dv,
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so that it results:

I = 1

�(n − α)

�(n − α + β + 1)

�(−α + β + 1)
t−α+β

∫ 1

0
(1 − v)n−α−1vβ dv,

∫ 1

0
(1 − v)n−α−1vβ dv = B(n − α, β + 1) = �(n − α)�(β + 1)

�(n − α + β + 1)
,

Dαtβ = I = �(β + 1)

�(−α + β + 1)
tβ−α.

2. In this case we apply the definition of the Caputo derivative of tβ :

I = Dαtβ = 1

�(n − α)

∫ t

0

(uβ)(n)

(t − u)α+1−β
du,

I = 1

�(n − α)

∫ t

0

�(β + 1)

�(β − n + 1)
uβ−n(t − u)n−α−1 du.

We use the change of variable u = vt , resulting after calculations:

du = t dv,

I = �(β + 1)

�(n − α)�(β − n + 1)

∫ 1

0
(uv)β−n[(t − v)n−α−1]t dv.

Finally, we obtain:

I = �(β + 1)

�(n − α)�(β − n + 1)
B(β − n + 1, n − α) = �(β + 1)

�(β − α + 1)
tβ−α.

Example 2 Find the Riemann–Liouville FI and FD of

f (t) = (t − a)β.

Solution For the FI we apply the Riemann–Liouville definition:

I = aI
α
t f (t) = 1

�(α)

∫ t

a

(t − u)α−1(u − a)βdu.

The following change of variable

u − a

t − a
= v,

du = (t − a)dv,
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allows to calculate:

I = (t − a)α+β

�(α)

∫ 1

0
(1 − v)α−1vβdv = (t − a)α+β

�(α)
B(α, β + 1),

I = �(β + 1)

�(α + β + 1)
(t − a)α+β.

For the FD we apply the Riemann–Liouville definition:

Df = aD
α
t (t − a)β = dn

dtn
aI

n−α(t − a)β,

and finally:

Df = �(β + 1)

�(β + n − α + 1)

dn

dtn
(t − a)β+n−α = �(β + 1)

�(β − α + 1)
(t − a)β−α.

Theorem 10 If n − 1 < α < n and if f (t) satisfy the conditions of the Taylor
theorem, then:

Dαf (t) =
∞∑

k=0

f (k)(0)

�(k − α + 1)
tk−α.

Proof Because f (t) satisfy the conditions of the Taylor theorem, we can apply the
Taylor expansion:

f (t) =
∞∑

k=0

f (k)(0)

k! tk =
∞∑

k=0

f (k)(0)

�(k + 1)
tk.

The FD will be

Dαf (t) =
∞∑

k=0

f (k)(0)

�(k + 1)
Dαtk =

∞∑
k=0

f (k)(0)

�(k + 1)

�(k + 1)

�(k − α + 1)
tk−α,

and finally:

Dαf (t) =
∞∑

k=0

f (k)(0)

�(k − α + 1)
tk−α.

Theorem 11 The integration and derivation rules are valid:

Iα[t rf (t)] =
r∑

k=0

(−α

k

) dk

dtk
tr I α+kf (t), r ∈ N, α > 0

Dα[t rf (t)] =
r∑

k−0

(α

k

) dk

dtk
trDα−kf (t), r ∈ N, α ∈ R.
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Proof Using the definition

Iα[t rf (t)] = 1

�(α)

∫ t

0
(t − τ)α−1τ rf (τ )dτ

and taking

τ r = [t − (t − τ)]r =
r∑

k=0

(−1)kr!
k!(r − k)! t

r−k(t − r)k,

we obtain:

Iα[t rf (t)] =
r∑

k=0

(−1)kr!
k!(r − k)! t

r−k 1

�(α)

∫ t

0

1

k! (t − τ)α+k−1f (τ)dτ.

But:

Iα+kf (t) = 1

�(α + k)

∫ t

0
(t − τ)α+k−1f (τ)dτ,

�(α + k) = (α + k − 1)�(α + k − 1) = . . . = (α + k − 1) . . . α�(α).

Finally, we obtain:

Iα[t rf (t)] =
r∑

k=0

(−1)k
(α + k − 1) . . . α

k!
dk

dtk
tr I α+kf (t)

=
r∑

k=0

(−α

k

) dk

dtk
tr I α+k f (t).

Observation
For 0 < α < 1, f (0) = 0, we have:

Iαf (t) = 1

�(α)

∫ t

0
(t − u)α−1 f (u) du,

Iαf (t) = α

α�(α)

∫ t

0
(t − u)α−1 f (u) du = 1

�(α + 1)

∫ t

0
f (u) (du)α.
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Chapter 3
The Laplace Transform

A function f (t) is called original function if [8, 9]:

1. f (t) ≡ 0 for t < 0,
2. |f (t)| < Mes0t for t > 0 with M > 0, s0 ∈ R.
3. For every closed interval [a, b], the function satisfies the Dirichlet conditions:

(a) is bounded,
(b) or is continuous, or has a finite number of discontinuities of first kind,
(c) has a finite number of extremes.

We consider the complex variable s = α + iβ, where Re(s) = α ≥ s1 ≥ s0.
Then

F(s) =
∫ ∞

0
e−st f (t) dt, (3.1)

is called the Laplace1 integral, or Laplace transform (LT), or image of the original
function f (t). In the follow-up we denote by L[f (t)] = F(s) or simply by Laplace
transform (L) the Laplace transform. In Table 3.1 the LT of some elementary usual
functions are listed.

The corresponding inverse Laplace transform is [1, 4]:

f (t) = 1

2πi
lim

t→∞

∫ γ+it

γ−it

F (s)est dt = L−1[F(s)], (3.2)

where i = √−1 and γ ∈ R, so that the contour path of integration is contained in
the convergence region.

1Pierre Laplace (1749–1827).
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Table 3.1 Images of basic elementary functions

Number Original Image Number Original Image

1 1 1

s
7 eαt cos βt

s − α

(s − α)2 + β2

2 tn

n!
1

sn+1
8 eαt sin βt

β

(s − α)2 + β2

3 eαt 1

s − α
9 tn

n! e
αt 1

(s − α)n+1

4 cos βt
s

s2 + β2
10 t cos βt

s2 − β2

(s2 + β2)2

5 sin βt
β

s2 + β2
11 t sin βt

2sβ

(s2 + β2)2

6 cosh(βt)
s

s2 − β2
12 sinh(βt)

β

s2 − β2

3.1 Calculus of the Images

Example 1 Establish the image of f (t) = tλ:

F(s) =
∫ ∞

0
e−ts tλ dt.

We introduce the change of variable x = ts. We have also dx = s dt . It results:

F(s) =
∫ ∞

0
e−x xλ

sλ

dx

s
,

F (s) = 1

sλ+1

∫ ∞

0
e−xxλdx = �(λ + 1)

sλ+1 .

The direct and inverse LT are:

L(tλ) = �(λ + 1)

sλ+1 , L−1
(

1

sλ+1

)
= tλ

�(λ + 1)
.

Example 2 Find the image of: f (t) = sin2(t).

Using the identity sin2 t = 1 − cos(2t)

2
, it results:

F(s) = 1

2s
− 2s

2(s2 + 4)
= 2

s(s2 + 4)
.

Example 3 Find the image of f (t) = 1

2
tebt + 1

2
te−bt .

F(s) = 1

2(s − b)2 + 1

2(s + b)2 = s2 + b2

(s2 − b2)2 .
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3.2 Calculus of the Original Function

3.2.1 Calculus of Original Using Residues

If we denote by L[f (t)] = F(s), then if we consider all residues of the function
F(s)est , denoted by r1, r2, . . . rn we can use the theorem:

f (t) = r1 + r2 + . . . + rn.

The residues, denoted by Residues (Res), can be calculated using the following
procedure (theorem):

If a is a simple pole of the function, then:

Res
a

[estF (s)] = lim
s→a

[(s − a)estF (s)].

If a is a simple pole of order n of the function, then:

Res
a

[estF (s)] = 1

(n − 1)! lim
s→a

[(s − a)nestF (s)](n−1).

Example 1 Find the original function of the image:

F(s) = 1

(s − 3)2(s + 1)
.

Solution The residue of the function F(s)est is

r1 = lim
t→−1

(s + 1)
est

(s − 3)2(s + 1)
= e−t

16
,

r2 = lim
t→3

d

ds

(
est

s + 1

)

= te3t − e3t

16
,

resulting:

f (t) = r1 + r2 = e−t

16
+ te3t − e3t

16
.

Example 2 Find the original function of the following image:

F(s) = s2

s4 − 1
.
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Solution The function F has singularities: 1, −1, −i, i. The residues will be:

r1 = Res
1

F(s)est = lim
s→1

(s − 1)
s2est

(s − 1)(s + 1)(s2 + 1)
= et

4
,

r2 = Res−1
F(s)est = lim

s→−1
(s + 1)

s2est

(s − 1)(s + 1)(s2 + 1)
= −e−t

4
,

r3 = Res−i
F (s)est = lim

s→−i
(s + i)

s2est

(s2 − 1)(s − i)(s + i)
= −e−it

4i
,

r4 = Res
i

F (s)est = lim
s→i

(s + i)
s2est

(s2 − 1)(s − i)(s + i)
= eit

4i
.

It results finally

f (t) = 1

2

(
et − e−t

2

)
+ 1

2

(
eit − e−it

2i

)
,

or:

f (t) = 1

2
(sinh t + sin t).

3.2.2 Calculus of Original with Post’s Inversion Formula

E. Post2 obtained the formula [7, 10]:

f (t) = lim
k→∞

(−1)k

k!
(

k

t

)k+1

F (k)

(
k

t

)
, t > 0.

Example 3 Find the original function of the image:

F(s) = n!
sn+1

n!s−1−n.

Solution With the aid of Post formula we have

f (t) = tn lim
k→∞

kk+1(n + k)!
k!tk+1

(
k

t

)−n−k−1

.

2E. Post (1897–1954).
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Using the Stirling3 formula:

lim
k→∞

k!√
2πk

kke−k = 1,

it results:

f (t) = tne−n lim
k→∞

√
1 + n

k

(
1 + n

k

)k (
1 + n

k

)n = tn.

3.3 The Properties of the Laplace Transform

In this section, we will use the notations F(s) = L[f (t)] and L(s) = G[g(t)]. In
the follow-up are discussed properties of the LT.

3.3.1 The Property of Linearity

L[af (t) + bg(t)] = aF(s) + bG(s), a, b ∈ R. (3.3)

3.3.2 Similarity Theorem

L[f (αt)] = 1

α
F
( s

α

)
, α > 0. (3.4)

3.3.3 The Differentiation and Integration Theorems

Theorem (Differentiation of an Original) The LT of the derivative of order k from
f (t) gives:

L[f (k)(t)] = skF (s) −
[
sk−1f (0) + sk−2f ′(0) + . . . + f (k−1)(0)

]
. (3.5)

Proof For k = 1, using the definition and integrating by parts, we have:

L[f ′(t)] =
∫ ∞

0
e−st f ′(t)dt = e−st f (t)

∣∣∣∞
0

+ s

∫ ∞

0
e−st f (t) dt

= −f (0) + sL[f (t)],

3J. Stirling (1692–1770).
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L[f ′(t)] = sF (s) − f (0),

and for k = 2, using L[f ′′(t)] = L[(f ′(t))′] we obtain:

L[f ′′(t)] = s2F(s) − sf (0) − f ′(0).

Using mathematical induction method, we have: L[f (k)(t)].
Example 1 Find the LT for original f (t) = t2.

Solution

f ′(t) = 2t, f ′′(t) = 2,
f (0) = 0, f ′(0) = 0, f ′′(0) = 2,
L[f ′′(0)] = s2F(s) − sf (0) − f ′(0),

L[2] = 2

s
= s2F(s) ⇒ F(s) = 2

s3
.

Example 2 Find the LT of following original f (t) = cos 2t .

Solution f ′(t) = −2 sin(2t), f ′′(t) = −4 cos(2t),
f (0) = 1, f ′(0) = 0, f ′′(0) = −4,
L[f ′′(t)] = s2F(s) − sf ′(0) − f (0), ⇒ −4F(s) = s2F(s) − s,

F (s) = s

s2 + 4
.

Theorem (Integration of an Original) It can be obtained:

L

[∫ t

0
f (τ)dτ

]
= F(s)

s
,

Proof Let be g(t) =
∫ t

0
f (τ)dτ . Then:

L[g′(t)] = sL[g] − g(0).

Also, we have g′(t) = f (t) and g(0) = 0. Then:

L[g] = F(s)

s
.

Theorem (Differentiation of a Transform) We have:

F (n)(s) = L[(−t)nf (t)].
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Proof The theorem can be proved by induction. For n = 1, we have, successively:

F ′(s) = L[−tf (t)],
dF (s)

ds
= d

ds

∫ ∞

0
e−st f (t)dt = −

∫ ∞

0
e−st tf (t)dt = −L[tf (t)],

and, finally:

F (n)(s) = d

ds
[F (n−1)(s)].

3.3.4 Delay Theorem

For a positive number a we have:

L[f (t − a)] = e−asF (s)

3.3.5 Displacement Theorem

It is valid the formula:

L[eλtf (t)] = F(s − λ).

3.3.6 Multiplication Theorem

The convolution product of two functions f (t) and g(t) is designated by the symbol
∗. We have:

(f ∗ g)(t) =
∫ t

0
f (τ)g(t − τ) dτ,

L[(f ∗ g)(t)] = F(s)G(s), F (s) = L[f (t)], G(s) = L[g(t)].

3.3.7 Properties of the Inverse Laplace Transform

The following formula is valid:
The inverse LT is not unique. We have:

L−1

[
s−(α−β)

sβ − a

]
= tα−1Eβ,α(atβ), α, β > 0, sα > |a|, (3.6)
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L−1

[
s−(α−1)

s − a

]
= tα−1E1,α(at) = E(t, α − 1, a), (3.7)

L−1
[

s−α

(s − a)2

]
= tE(t, α, a) − αE(t, α + 1, a), (3.8)

L−1
[

s−α

(s − a)3

]
= 1

2
t2E(t, α, a) − αtE(t, α + 1, a) + α(α + 1)

2
E(t, α + 2, a),

(3.9)

L−1
[

1

(sα + asβ)n+1

]
= tα(n+1)−1

∞∑
k=0

(−a)k
(n+k

k

)

�[k(α − β) + (n + 1)α] t
k(α−β),

(3.10)
where 0 < β ≤ α.

L−1
[

sγ

sα + asβ + b

]
= tα−γ−1

∞∑
n=0

∞∑
k=0

(−b)n(−a)k
(n+k

k

)

�[k(α − β) + (n + 1)α − γ ] t
k(α−β)+nα,

(3.11)

where β ≤ α, γ < α, a ∈ R or: |a| < sα−β, |b| < |sα + asβ |.
Proof Proof of the identity (3.6):

L
[
tα−1Eβ,α(atβ)

]
=
∫ ∞

0
e−st tα−1Eβ,α(atβ)dt

=
∞∑

k=0

ak

�(kβ + α)

∫ ∞

0
e−st tkβ+α−1dt

=
∞∑

k=0

ak

�(kβ + α)
L[tkβ+α−1]

=
∞∑

k=0

ak

�(kβ + α)

�(kβ + α)

skβ+α
= 1

sα

∞∑
k=0

( a

sβ

)k = s−(α−β)

sβ − a
.

Proof of the identity (3.8):

L[t E(t, α, a) − αE(t, α + 1, a)] = − d

ds
L[E(t, α, a)] − αL[E(t, α + 1, a)]

= − d

ds

[
s−α

s − a

]
− α

[
s−(α+1)

s − a

]
= 1

sα(s − a)2
.
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Proof of the identity (3.9):

L

[
1

2
t2E(t, α, a) − αtE(t, α + 1, a) + 1

2
α(α + 1)E(t, α + 2, a)

]

= 1

2

d2

ds2 L [E(t, α, a)] + α
d

ds
L [E(t, α + 1, a)] + α(α + 1)

2
L [E(t, α + 2, a)]

= 1

2

d2

ds2

(
s−α

s − a

)
+ α

d

ds

(
s−(α+1)

s − a

)
+ α(α + 1)

2

(
s−(α+2)

s − a

)
= 1

sα(s − a)3 .

For the identities (3.10) and (3.11) the reader can use the reference [5].
Proof of the identity (3.10). We will apply the well-known identity [4]:

1

(1 + x)n
=

∞∑
k=0

(n+k

k

)
(−x)k.

It follows:

1

(sα + asβ)n+1
= 1

(sα)n+1

1(
1 + a

sαβ

)n+1

= 1

(sα)n+1

∞∑
k=0

(n+k

k

)( −a

sα−β

)k

.

Proof of the identity (3.11):

sγ

sα + asβ + b
= sγ

sα + asβ

1

1 + b

sα + asβ

=
∞∑

n=0

sγ (−b)n

(sα + asβ)n+1 ,

and for the case of (3.10) we obtain:

sγ

(sα + sβa)n+1 = sγ

sα(n+1)

1(
1 + a

sα−β

)n+1

= 1

sα(n+1)−γ

∞∑
k=0

(n+k

k

)( −a

sα−β

)k

=
∞∑

k=0

(n+k

k

) (−a)k

sα(n+1)+k(α−β)−γ
,

sγ

sα + asβ + b
=

∞∑
n=0

(−b)n
∞∑

k=0

(n+k

k

) (−a)k

sα(n+1)+k(α−β)−γ
,
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L−1
[

sγ

sα + asβ + b

]
= tα−γ−1

∞∑
n=0

∞∑
k=0

(−b)n(−a)k
(n+k

k

)

�[k(α − β) + (n + 1)α − γ ] t
k(α−β)+nα.

Lemma The following identities are valid:

L−1
[

1

sα + as + b

]
= tα−1

∞∑
n=0

∞∑
k=0

(−b)n(−a)k
(n+k

k

)

�[k(α − 1) + (n + 1)α] t
k(α−1)+nα,

(3.12)
for 1 ≤ α, 0 < α, a ∈ R, and |a| < sα−1, |b| < |sα + as|, respectively:

L−1
[

sα−1

sα + as + b

]
=

∞∑
n=0

∞∑
k=0

(−b)n(−a)k
(n+k

k

)

�[k(α − 1) + nα + 1] t
k(α−1)+nα, (3.13)

for 1 ≤ α, a ∈ R and for |a| < sα−1, |b| < |sα + as|.

Proof Proof of the identity (3.12). In (3.11) we take γ = 0, β = 1.
Proof of the identity (3.13). In (3.11) we take γ = α − 1, and β = 1.

Example 1 Establish the LT of:

f (t) = y′′(t) − 2y′(t) − 3y(t); where: y(0) = y′(0) = 0.

Solution

F(s) = s2Y (s) − sy(0) − y′(0) − 2[sY (s) − y(0)] − 3Y (s),

and finally:

F(s) = (s2 − 2s − 3)Y (s).

Example 2 Establish the LT of:

y =
∫ t

0
ydt + 1.

Solution

Y (s) = Y (s)

s
+ 1

s
⇒ Y (s) = 1

s − 1
.

Example 3 Establish the LT of:

∫ t

0
y(τ) sin(t − τ)dτ = 1 − cos t.
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Solution

Y (s)
1

s2 + 1
= 1

s
− s

s2 + 1
= 1

s(s2 + 1)
, ⇒ Y (s) = 1

s
.

Example 4 Establish the LT of:

∫ t

0
y(τ)et−τ dτ = y(t) − et .

Solution

Y (s)
1

s − 1
= Y (s) − 1

s − 1
; ⇒ Y (s) = 1

s − 2
.

3.4 Laplace Transform of the Fractional Integrals
and Derivatives

3.4.1 Fractional Integrals

If α > 0, the Riemann–Liouville and Caputo FI are the same for both cases:

I = Iαf (t) = 1

�(α)

∫ t

0
(t − y)α−1f (y)dy.

Using the LT of the convolution product formula, we have:

L[I ] = 1

�(α)
L[tα−1]L[f (t)] = F(s)

sα
.

3.4.2 Fractional Derivatives

– The Riemann–Liouville FD is

L
[
Dα

t f (t)
] = L

[
1

�(n − α)

(
dtn

dnt

)∫ t

0
(t − u)n−α−1f (u)du

]

= L

[(
dtn

dnt

)
In−αf (t)

]
,

where we can apply the classical formula:

L[f (n)(t)] = snF (s) − sn−1f ′(0) − . . . − f (n−1)(0),
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L[Dα
t f (t)] = sn F (s)

sn−α
−

n−1∑
k=0

sn−α−1[DkIn−αf (t)]t=0,

L[Dα
t f (t)] = sαF (s) −

n−1∑
k=0

sn−α−1[DkIn−αf (t)]t=0.

– The Caputo [2, 3] FD is

L[Dαf (t)] = L

[
1

�(n − α)

∫ t

0
(t − u)n−α−1f (n)(u)du

]
= L[In−αf (n)(t)],

where we can apply the classical formula:

L[f (n)(t)] = snF (s) − sn−1f ′(0) − . . . − f (n−1)(0),

and

L[Dαf (t)] = sn F (s)

sn−α
−

n−1∑
k=0

sn−α−1[In−αf (k)(t)]t=0.

L[Dαf (t)] = sαF (s) −
n−1∑
k=0

sn−α−1f (k)(0).

Exercise 5 For the function f (t) = t2, calculate the Caputo L[Dα]. It results:

1. α = 1

2
,

2. α = −1

2
.

Solution

1.

L[D1/2t2] = 1

s1− 1
2

L[2t],

L[D1/2t2] = 2

s
5
2

,

D1/2t2 = L−1
[

2

s
5
2

]
= 2t

3
2

�
(

5
2

) = 8t
3
2

3
√

π
.
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In MAPLE, the FD of order 1/2 of t from t2 can be evaluated using the
command: fracdiff(tˆ 2,t,1/2).

For 0 < α < 1, f α(0) = 0, and

F(t) =
∫ t

0
f (u)(du)α = α

∫ t

0
(t − u)α−1f (u) du

we define:

Lα[f (t)] = Fα(s) =
∫ ∞

0
Eα(−sαtα)f (t) (dt)α.

The following formulae can be obtained without difficulty [6]:

1. Lα[tαf (t)] = −DαLα[f (t)].
2. Lα[f (at)] = 1

aα
Lα[f (t)].

3. Lα[f (t − b)] = Eα(−sαbα)Lα[f (t)].
4. Lα

[∫ t

0
f (u) (du)α

]
= 1

aα�(α + 1)
Lα[f (t)].

5. Lα[g(α)(t)] = sαLα[g(t)] − �(α + 1)g(0).

For

(f (t) ∗ g(t))α =
∫ t

0
f (t − u)g(u)(du)α,

we have:

Lα

[
(f (t) ∗ g(t))α

] = Lα[f (t)] Lα[g(t)].
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Chapter 4
Fractional Differential Equations

4.1 The Existence and Uniqueness Theorem for Initial Value
Problems

Definition 1 Let be the fractional differential equation (FDE)

(Dα
a+y)(t) = f [t, y(t)], α > 0, t > a,

with the conditions:

(Dα−k
a+ y)(a+) = bk, k = 1, . . . , n,

called also Riemann–Liouville FDE.

Definition 2 Let the FDE

(Dα
a+y)(t) = f [t, y(t)], α > 0, t > a,

with the initial conditions:

(Dky)(0) = bk, k = 0, 1, . . . , n − 1,

called also Caputo FDE.

Lemma 1 Let y(t) be a function with continuous derivative in the interval Ih(0) =
[0, h] with values in [y0 − η, y0 + η], then y(t) satisfies the Caputo type

Dαy(t) = f (t, y(t)), 0 < α ≤ 1, t > 0,

y(0) = y0,
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if and only if it satisfies the Voltera1 integral,

y(t) = y0 + 1

�(α)

∫ t

0
(t − u)α−1 f (u, y(u)) du.

Proof Let L[y(t] = Y be the LT of y(t). We have

sαY − sα−1y0 = L[f (t, y(t))],

Y = y0

s
+ 1

sα
L[f (t, y(t))],

y(t) = y0 + 1

�(α)

∫ t

0
(t − u)α−1f (u, y(u)) du.

Definition 3 (Chebyshev2 Norm) The Chebyshev norm on a set S is:

‖f ‖∞ = sup{|f (x)| : x ∈ S},

where Supremum (sup) denotes the supremum.

Lemma 2 (The Weierstrass Test) Suppose that {fn(t)} is a sequence of real
functions defined on a set A, and there is a sequence of positive numbers {Rn}
satisfying:

∀n > 1, ∀t ∈ A, |fn(t)| ≤ Rn,

∞∑
n=1

Rn < ∞.

Then the series
∞∑

n=1

fn(t) is convergent.

Theorem 1 (Existence and Uniqueness for the Caputo Problem) Let a Caputo
FDE be

Dαy(t) = f (t, y(t)), 0 < α ≤ 1, t > 0,

with the initial condition:

y(0) = y0.

We consider the domain

D = [0, η] × [y0 − η, y0 + η],

1V. Voltera (1860–1940).
2P.L. Chebyshev (1821–1894).
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on which f satisfies:

– f (t, y) is continuous,
– |f (t, y)| < M , where M = max

(t,y)∈D
|f (t, y)|, and Maximum (max) denotes the

maximum function
– f (t, y) satisfy in D the Lipschitz3 condition in y if there is a constant K such

that:

|f (t, y2) − f (t, y1)| ≤ K|y2 − y1|.

Then it exists δ > 0 and a function y(t) ∈ C[0, η] unique for

δ = min
{
η,

(
η�(α + 1)

M

)1/α }
,

where Minimum (min) denotes the minimum function.

Proof We consider the Voltera integral (see Lemma 1)

y(t) = y0 + 1

�(α)

∫ t

0
(t − u)α−1f (u, y(u)) du,

and successive approximations:

yn(t) = y0 + 1

�(α)

∫ t

0
(t − u)α−1f (u, yn−1(u)) du.

Using the method of successive approximations, on the basis of the Weierstrass
test we prove the existence and the uniqueness of the solution of Caputo FDE.

For the sequence {yn(t)}, we can prove that:

(i) the sequence {yn(t)} is well defined,
(ii) the sequence is uniformly continuous,

(iii) and its limit y(t) is unique.

Proof

(i) We will use the induction method. In the case n = 0 it is obvious.
If n = 1, then we have:

|y1(t) − y0| =
∣∣∣ 1

�(α)

∫ t

0
(t − u)α−if (u, y0) du

∣∣∣ <
∣∣∣ M

�(α)

∫ t

0
(t − u)α−1 du

∣∣∣

=
∣∣∣ Mtα

�(α + 1)

∣∣∣ ≤
∣∣∣ Mδα

�(α + 1)

∣∣∣ < η.

3R.O.S. Lipschitz (1832–1903).
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If we assume

|yn−1 − y0| ≤ η,

then it follows that:

|yn − y0| =
∣∣∣ 1

�(α)

∫ t

0
(t − u)α−1f (u, yn−1)du

∣∣∣ <
∣∣∣ M

�(α)

∫ t

0
(t − u)α−1 du

∣∣∣

=
∣∣∣ Mtα

�(α + 1)

∣∣∣ ≤
∣∣∣ Mδα

�(α + 1)

∣∣∣ < η.

(ii) We consider the series

y0 +
∞∑

k=0

(yk+1(t) − y(t)),

equal with:

y0 +
n−1∑
k=0

(yk+1(t) − yk(t)) = yn+1(t).

We have:

|y2 − y1| =
∣∣∣ 1

�(α)

∫ t

0
(t − u)α−1[f (u, y1(u)) − f (u, y0)] du

∣∣∣

≤
∣∣∣ K

�(α)

∫ t

0
(t − u)α−1|y1 − y0|du

∣∣∣ ≤
∣∣∣ KM

�(α + 1)
tα
∣∣∣

≤
∣∣∣ KM

�(α + 1)
δα
∣∣∣ = Kη.

|y3 − y2| =
∣∣∣ 1

�(α)

∫ t

0
(t − u)α−1[f (u, y2(u)) − f (u, y1)]du

∣∣∣

≤
∣∣∣ K

�(α)

∫ t

0
(t − u)α−1|y2 − y1|du

∣∣∣ ≤
∣∣∣ K2η

�(α + 1)
tα
∣∣∣

≤
∣∣∣ K2η

�(α + 1)
δα
∣∣∣ = K2η2

M
,

|yn+1 − yn| ≤ Knηn

Mn−1 .
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Using the Weierstrass test [9, 10] we obtain:

∞∑
n=0

| . . . | = y0 + η + 1

M

∞∑
n=1

(
Kη

M

)n

.

The series are convergent for η <
M

K
.

Thus the sequence {yn(t)} is uniform convergent on the compact [0, η].
Hence, yn(t) is convergent to a function y(t) for t ∈ [0, η].

∀η > 0, ∃N positive number so for n > N we have:

|yn(t) − y(t)| < η.

This limit is unique.
(iii) Let x(t) be another limit for {yn(t)}, then:

|x(t) − y(t)| = |x(t) − yn(t) + yn(t) − y(t)|
≤ |yn(t) − x(t)| + |yn(t) − y(t)| ≤ η

2
+ η

2
= η.

Remark (Another Solution) In order to prove the existence of the solution we can
introduce the set

U = {y ∈ C[0, η] : ‖y − y0‖ ≤ η}

and an operator A:

Ay(t) = y0 + 1

�(α)

∫ t

0
(t − u)α−1f (u, y(u)) du,

where A has a fixed point, and U is a closed and convex subset of all continuous
functions on [0, η] equipped with Chebyshev norm [12].

Generally:

y(t) =
n∑

j=0

bj

�(α − j + 1)
(t − a)α−j + 1

�(α)

∫ t

0

f (u, y(u))

(t − u)1−α
du,

where t > 0, n − 1 ≤ α < n.
The technique used for proving the existence solution of the Voltera equation is

often the successive approximation:

y0(t) =
n∑

k=1

bk

�(α − k + 1)
tα−k,
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yi(t) = y0(t) + 1

�(α)

∫ t

0
(t − τ)α−1f (τ, yi−1(τ ))dτ, i = 1, 2, . . .

y(t) = lim
i→∞ yi(t).

Example 1 Using method of successive approximation we solve the FDE:

Dαy(t) = t2 + y2, 0 < α ≤ 1, y(0) = 0, (t, y) ∈ [−1, 1] × [−1, 1].

Solution

– For α = 1, we have method of successive approximation or the method of
Picard.4

We construct a sequence {yn(t)} by the recurrence

yn(t) = y0 +
∫ t

0
f [u, yn−1(u)]du, n = 1, 2, . . .

The {yn(t)} is convergent to an exact solution of the equation

y′(t) = f [t, y(t)] = t2 + y2, y(0) = 0,

in some interval 0 − h < t < 0 + h in the rectangle |t − t0| ≤ a = 1, |y − y0| ≤
b = 1,

h = min

(
a,

b

M

)
, M = max

(t,y)∈D
|f (t, y)|,

yn(t) is given by the inequality

|y(t) − yn(t)| ≤ MNn−1

n! hn, N = max
(t,y)∈D

∣∣∣∂f
∂y

∣∣∣.

For

M = 2, a = 1, h = 1

2
,

it results:
y0(t) = 0,

y1(t) =
∫ t

0
(u2 + y2

0)du = t3

3
,

4E. Picard (1856–1941).
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y2(t) =
∫ t

0
(u2 + y2

1)du = t3

3
+ t7

63
,

y3(t) =
∫ t

0
(u2 + y2

1)du = t3

3
+ t7

63
+ 2t11

2079
+ t15

59535
,

|y3(t) − y(t)| ≤ 2

3!
(

1

2

)3

22 = 1

6
, N = max |2y| = 2.

– For 0 < α ≤ 1, we obtain:

y0 = 0,

yn(t) = 1

�(α)

∫ t

0
(t − u)α−1[u2 + y2

n−1(u)]du.

We can calculate y1(t):

y1(t) = 1

�(α)

∫ t

0
(t − u)α−1u2du.

The LT of this convolution is

Y1 = 1

�(α)
L[uα−1]L[u2] = 1

�(α)

�(α)

sα

�(3)

s3
= �(3)

sα+3
,

from which, by inversion, we obtain:

y1(t) = 2tα+2

�(α + 3)
.

Similarly, we obtain also:

y2(t) = 1

�(α)

∫ t

0
(t − u)α−1

[
u2 + 4

u2α+4

�2(α + 3)

]
du,

with:

Y2(s) = 2

sα+3
+ 4

�2(α + 3)

�(2α + 5)

s3α+5
,

and finally:

y2(t) = 2tα+2

�(α + 3)
+ 4�(2α + 5)

�2(α + 3)

t3α+4

�(3α + 5)
,
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For α = 1, we obtain y2(t) = t3

3
+ t7

63
.

Example 2 Using method of successive approximation we solve the FDE:

Dαy(t) = 1 + ty(t) + y2(t), 0 < α ≤ 1, y(0) = 0.

Solution As in the previous example, we have:
y0(t) = 0,

yn(t) = 1

�(α)

∫ t

0
(t − u)α−1

[
1 + uyn−1(u) + y2

n−1(u)
]

du,

y1(t) = 1

�(α)

∫ t

0
(t − u)α−1 du,

Y1 = 1

�(α)
L[uα−1]L[1] = 1

�(α)

�(α)

sα

1

s
= �(1)

sα+1
,

y1(t) = tα

�(α + 1)

y2(t) = 1

�(α)

∫ t

0
(t − u)α−1

[
1 + u · y1(u) + y2

1(u)
]
du

Y2 = 1

sα+1 �(α + 1) + �(2α + 1)

�2(α + 1)

1

s3α+1 + α + 1

s2α+2 ,

y2 = tα

�(α + 1)
+ �(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
+ (α + 1)

t2α+1

�(2α + 1)
.

4.2 Linear Fractional Differential Equations

A linear FDE is an equation of form

(Dαn + an−1D
αn−1 + . . . a1D

α1 + a0)y(t) = f (t), α ∈ R,

with the conditions:

y(k)(0) = bk, k = 0, 1, 2, . . ., n − 1.

An equation which is not linear is called nonlinear.

Theorem 2 (Existence and Uniqueness) If f (t) is bounded on (0, T ) and ak =
ak(t), k ∈ {0, 1, . . ., n − 1} are continuous functions on [0, T ], the equation has a
unique solution.
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Proof The proof used here will be based on the proof of the existence and
uniqueness of the solution of Voltera integral equation.

Theorem 3 The linear FDE:

Dαy(t) = f (t), where: n − 1 < α < n,

and

y(k)(0) = 0, k = 0, 1, 2, . . . , n − 1,

has the solution:

y(t) = 1

�(α)

∫ t

0
(t − u)α−1f (u) du.

Proof We apply the LT:

L[y(t)] = Y = Y (s),

L
[
Dαy(t)

] = L[f (t)] = F(s),

sαY = F(s) ⇒ Y = F(s)

sα

and using the convolution theorem it results the assumption of this theorem.

Theorem 4 The linear FDE:

Dαy(t) = λy(t), where: n − 1 < α < n,

with the initial condition

y(k)(0) = bk, bk ∈ R, k = 0, 1, 2, . . . , n − 1,

has the solution:

y(t) =
n−1∑
k=0

bkt
kEα,k+1(λtα).

Proof We apply the LT method:

L[y(t)] = Y = Y (s),

L
[
Dαy(t)

] = λL[y(t)],
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sαY −
n−1∑
k=0

sα−k−1y(k)(0) − λY = 0,

Y =
n−1∑
k=0

sα−k−1

sα − λ
bk =

n−1∑
k=0

L
[
bkt

kEα,k+1(λtα)
]

= L

[
n−1∑
k=0

bkt
kEα,k+1(λtα)

]
.

Because L[y(t)] = Y it results the statements of the theorem.

Theorem 5 The linear FDE:

Dαy(t) = f (t), where: 0 < α < 1,

with the initial condition

y(0) = A,

and where:

f (t) =
∞∑

n=0

f (n)(0)

n! tn,

has the solution:

y(t) = A + tα
∞∑

n=0

f (n)(0)

�(n + α + 1)
tn.

Proof We apply the LT:

L[y(t)] = Y = Y (s),

L
[
Dαy(t)

] = sαY − Asα−1,

sαY − Asα−1 = L[f (t)] =
∞∑

n=0

f (n)(0)

n! L[tn],

y(t) =
∞∑

n=0

yn, Y = L[y(t)] =
∞∑

n=0

Yn,

∞∑
n=0

Yn = A

s
+ 1

sα

∞∑
n=0

f (n)(0)

n! L[tn],
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Y0 = A

s
⇒ y0 = A,

Yn = f (n)(0)

�(n + 1)

�(n + 1)

sn+α+1 ⇒ yn = f (n)(0)

�(n + α + 1)
,

y(t) = A +
∞∑

n=0

f (n)(0)

�(n + α + 1)
tn+α.

Theorem 6 The linear FDE:

aDαy(t) + by(t) = f (t), 0 < α < 1,

y(0) = A,

where:

f (t) =
∞∑

n=0

f (n)(0)

n! tn,

has the solution:

y(t) = AEα,1

(
−b

a
tα
)

+
∞∑

n=0

f (n)(0)

a
tn
[

1 − Eα,n+1(−b

a
tα)

]
.

Proof Applying the LT, it results:

L[y(t)] = Y = Y (s),

L
[
Dαy(t)

] = sαY − Asα−1,

sαY − Asα−1 + bY = L[f (t)] =
∞∑

n=0

f (n)(0)

n! L[tn],

y(t) =
∞∑

n=0

yn, Y = L[y(t)] =
∞∑

n=0

Yn,

∞∑
n=0

Yn = Asα−1

asα + b
+ 1

asα + b

∞∑
n=0

f (n)(0)

n! L[tn],
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Y0 = Asα−1

asα + b
⇒ Y0 = A

as

1

1 + b

asα

,

Yn = 1

asα + b

f (n)(0)

n! L[tn] ⇒ Yn = f (n)(0)

asn+1+α

1

1 + b

asα

,

Y0 = A

[
1

s
− b

a

1

sα+1 + b2

a2

1

s2α+1 + . . .

]
,

y0 = A

[
1 − b

a

tα

�(α + 1)
+ b2

a2

t2α

�(2α + 1)
+ . . .

]
,

y0 = AEα,1

(
−b

a
tα
)

,

Yn = f (n)(0)

a

[
1

sn+1+α
− b

a

1

sn+1+2α
+ b2

a2

1

sn+1+3α
+ . . .

]
,

yn = f (n)(0)

a

[
tn+α

�(n + 1 + α)
− b

a

tn+2α

�(n + 1 + 2α)
+ b2

a2

tn+3α

�(n + 1 + 3α)
+ . . .

]
,

yn = f (n)(0)

a
tn
[

1 − Eα,n+1

(
−b

a
tα
)]

.

Finally, we obtain the solution:

y(t) = y0 +
∞∑

n=0

yn,

y(t) = AEα,1

(
−b

a
tα
)

+
∞∑

n=0

f (n)(0)

a
tn
[

1 − Eα,n+1

(
−b

a
tα
)]

.

Example 1 We will establish here the solution of the FDE:

Dαy(t) + y(t) = 1,

with the initial condition:

y(0) = 0.
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Solution We apply the LT:

L
[
Dαy(t)

]+ L[y(t)] = L[1],

sαY − sα−1y(0) + Y = 1

s
,

Y = 1

s(sα + 1)
,

Y = 1

sα+1

1

1 + 1

sα

,

and using the identity

1

1 + u
= 1 − u + u2 − u3 + . . . |u| < 1,

we obtain:

Y = 1

sα+1 − 1

s2α+1 + 1

s3α+1 + . . .

Finally, it results:

y(t) = tα

�(α + 1)
− t2α

�(2α + 1)
+ t3α

�(3α + 1)
+ . . .

For α = 1, we can use the Maple or Mathematica commands in order to establish
the solution:

MAPLE

ec: = diff(y(t),t) + y(t) = 1;
dsolve({ec,y(0) = 0},y(t),type = series);

MATHEMATICA

Clear["‘*"]c
ec := y’[t] + y[t] == 1;
sol = DSolve[{ec, y[0] == 0}, y, t]
Series[y[t] /. sol, {t, 0, 10}]

It results the solution:

y(t) = t − t2

3
+ t3

6
− t4

24
+ . . .
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Example 2 We consider the FDE

Dαy(t) = y(t),

with the initial conditions:

y(0) = 0, y′(0) = 1.

We will establish the solution of this equation for the cases:

1. 1 < α ≤ 2,
2. 2 < α ≤ 3.

Solution

1. For the case 1 < α ≤ 2, using the LT, we have:

L[Dαy(t]) = L[y(t)],

sαY − sα−1y(0) − sα−2y′(0) = Y,

Y = sα−2

sα − 1
,

Y = 1

s2

1

1 − 1

sα

,

and using the identity

1

1 − u
= 1 + u + u2 + u3 + |u| < 1,

we have

Y = 1

s2
+ 1

sα+2
+ 1

s2α+2
+ . . .,

and the solution:

y(t) = t

�(2)
+ tα+1

�(α + 2)
+ t2α+1

�(2α + 2)
+ . . .

We can note that:

lim
α→2

y(t) = t

1! + t3

3! + t5

5! . . . = sinh(t).
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2. For the case 2 < α ≤ 3, using same procedure, we have:

sαY (s) − sα−1y(0) − sα−2y′(0) − sα−3y′′(0) = Y (s).

For y′′(0) = b, we obtain:

Y = sα−2

sα − 1
+ b

sα−3

sα − 1
,

and using the residues theorem we have:

lim
α↘2

Y = s + b

s(s2 − 1)
,

r1 = Res
0

(Y est ) = lim
s→0

sY est = −b,

r2 = Res−1
(Y est ) = lim

s→−1
(s + 1)Y est = (b − 1)e−t

2
,

r3 = Res
1

(Y est ) = lim
s→1

(s − 1)Y est = (b + 1)et

2
.

The solution will be:

y(t) = r1 + r2 + r3 = sinh(t) + b cosh(t) − b.

Observation

This equation can be solved also in terms of perturbation method. In this case we
take

y(t) = t + c1t
α+1 + c2t

2α+1 + c3t
3α+1 + . . . ,

and using the formula:

Dα∗ tβ =

⎧⎪⎪⎨
⎪⎪⎩

�(β + 1)

�(β + 1 − α)
tβ−α β > n − 1

0 β ≤ n − 1.

Dα∗ y(t) = c1D
α∗ tα+1 + c2D

α∗ t2α+1 + c3D
α∗ tα+1 + . . .

= t + c1t
α+1 + c2t

2α+1 + c3t
3α+1 + . . .
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we have

c1
�(α + 2)

�(2)
t + c2

�(2α + 2)

�(α + 2)
tα+1 + c3

�(3α + 2)

�(2α + 2)
t2α+1 + . . .

= t + c1t
α+1 + c2t

2α+1 + c3t
3α+1 + . . .

and after the identification we obtain:

c1�(α + 2) = 1 ⇒ c1 = 1

�(α + 2)
,

c2
�(2α + 2)

�(α + 2)
= c1 ⇒ c2 = 1

�(2α + 2)
,

c3
�(3α + 2)

�(2α + 2)
= c2 ⇒ c3 = 1

�(3α + 2)
,

. . .

For α = 2, we have:

y′′(t) = y(t).

We apply the LT:

L[y′′(t]) = L[y(t)], L[y(t)] = Y = Y (s),

s2Y − sy′(0) − y(0) = Y,

Y = 1

s2 − 1
,

r1 = Res−1
Yest = lim

s→−1
Yest = lim

s→−1
(s + 1)

est

(s − 1)(s + 1)
= −e−t

2
,

r2 = Res
1

Yest = lim
s→1

Yest = lim
s→1

(s − 1)
est

(s − 1)(s + 1)
= et

2
,

f (t) = r1 + r2 = et − e−t

2
= sinh(t).

We can use here the MAPLE commands:

with(inttrans);
ec:=diff(y(t),t$2) = y(t);
dsolve(ec,D(y)(0) = 1,y(0) = 0,y(t), method = laplace);
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Example 3 Find the solution of the FDE:

D2y(t) − D3/2y(t) − y(t) + t + 1 = 0,

with the initial conditions:

y(0) = y′(0) = 1.

Solution We apply the LT:

L
[
D2y(t)

]
− L

[
D

3
2 y(t)

]
− L[y(t)] + L[t] + L[1] = 0,

L
[
D2y(t)

]
= s2Y − sy(0) − y′(0) = s2Y − s − 1,

L
[
D

3
2 y(t)

]
= s

3
2 Y − s

1
2 y(0) − s− 1

2 y′(0) = s
1
2 Y − s

1
2 − s− 1

2 =

= s2 − s − 1√
s

,

L[y(t)] = Y,

L[t] = 1

s2
,

L[1] = 1

s
,

s2Y − s − 1 − s2Y − s − 1√
s

−
[
s2Y − s − 1

]
= 0,

s2Y − s − 1 = 0, ⇒ Y = 1

s
+ 1

s2 ,

y(t) = L−1[Y ], ⇒ y(t) = 1 + t.

Example 4 We consider the problem [11], with the initial condition:

d1/2y

dx1/2 = y

x
, y(0) = 0.

which can be rewritten as:

tD1/2y(t) − y(t) = 0, y(0) = 0.

We will establish the solution of this equation.
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Solution We apply the LT method:

L
[
tD1/2y(t)

]
− L[y(t)] = 0,

L
[
tD1/2y(t)

]
= − d

ds

[
s1/2Y − s−1/2y(0)

]
− Y = 0,

dY

ds
+
(

1

2s
+ 1√

s

)
Y = 0.

We obtain:

Y (s) = C
e−2

√
s

√
s

⇒ y(t) = Ce−1/t

√
πt

.

The same solution can be found using the Maple program:

MAPLE

with(inttrans):
ec:= diff(Y(s),s) + (1/(2*s)+1/sqrt(s)) - Y(s) = 0;
F(s):= dsolve(ec,Y(s));
f(t):= invlaplace(F(s),s,t);
Other applications can be found in [5, 6].

4.3 Nonlinear Equations

4.3.1 The Adomian Decomposition Method

The Adomian5 method [1–3], applied to the ordinary and partial differential
equations of integer order was extended also to the case of FDE (for further details
and examples see [7, 8]).

Adomian Polynomials

We will denote these polynomials by A0, A1, . . . An, . . ..
We consider a nonlinear analytic function G(y(t), t) and that y(t0) = y0, in

the D domain. The Adomian method consists in the decomposition the unknown
function y(t) in a series of form y(t) = y0 + y1 + y2 + . . .+ yn + . . ., where yn can
be expressed in terms of Adomian polynomials An.

5G. Adomian (1922–1996).
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The Adomian polynomials are defined [1, 2, 8]:

An = 1

n!
dn

dλn

⎡
⎣G(t,

n∑
j=0

yjλ
j )

⎤
⎦

λ=0

.

These polynomials can be established algorithmically, using the symbolic pro-
gramming packages, with the aid of do . . . end do repetition statements:

Step 1: To calculate first the Adomian polynomial A0, i.e., A0 = G(y0, t).

Step 2: Iterative calculation of Ak using the for . . . do .. end do loop:

> for k = 0 to n - 1 do
> Ak = Ak(y0 + λ ∗ y1, . . . , yk + (k + 1) ∗ λ ∗ yk+1)

> end do;
It must be underlined that in the Ak polynomial yi is replaced with

yi → yi + (i + 1) ∗ yi+1 ∗ λ, for: i = 0, 1, . . . , k.

Step 3:

d

dλ
Ak

∣∣∣
λ=0

= (k + 1) ∗ Ak.

Step 4: We obtain, finally A0, A1, . . . , An and y0, y1, y2, . . . in terms of An.

A given f (u) can be expressed as a series of An,

f (u) =
∞∑

n=0

An,

and u =
∞∑

n=0

un.

The series
∞∑

n=0

An can be rearranged as a generalized Taylor series:

f (u) =
∞∑

n=0

An = f (u0) + (u1 + u2 + . . .)f (1)(u0)

+
[

u2
1

2! + u1u2 + . . .

]
f (2)(u0) + . . .

=
∞∑

n=0

[
(u − u0)

n/n!] f (n)(u0) =
∞∑

n=0

[
(u1 + u2 + . . .)n/n!] f (n)(u0),
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so that:

A0 = f (u0),

A1 = u1f
(1)(u0),

A2 = u2f
(1)(u0) + (1/2!)u2

1f
(2)(u0),

A3 = u3f
(1)(u0) + u1u2f

(2)(u0) + (1/3!)u3
1f

(3)(u0),

. . .

Example 1 We will establish the Adomian polynomials for G(y) = y2.
The Adomian polynomials will be:

A0 = y2
0 , A1 = 2y0y1, A2 = y2

1 + 2y0y2, A3 = 2y1y2 + 2y0y3, etc.
For calculation you can use also the following Maple, or Mathematica sequences:

MAPLE

restart;
with(LinearAlgebra):
unassign(’y,lambda’):
f:=y->y^2:
S:=lambda->sum(y[i]*lambda^i,i=0..4):
g:=lambda->(S(lambda))^2:
c:=Vector(4,n->diff(1/n!*g(lambda),lambda$n):
A:=<subs(lambda=0,g(lambda)),subs(lambda=0,c)>;

MATHEMATICA

Clear["‘*"]
f[y_] := y^2;
S[\[Lambda]_] := Sum[y[i]*\[Lambda]^i, {i, 0, 5}];
g[\[Lambda]_] := f[S[\[Lambda]]];
ad = Table[
1/n!*D[g[\[Lambda]], {\[Lambda],n}]/. \[Lambda]-> 0,
{n, 0, 5}] // Simplify;
TableForm[ad, TableAlignments -> Left]

Example 2 Let us calculate the Adomian polynomials for G = y3.

Solution

A0 = y3
0 , A1 = 3y1y

2
0 , A2 = 3y2

0y2 + 3y2
1y0,

A3 = y3
1 + 6y0y1y2 + 3y2

0y1, etc.

The basic principles of this algorithm remain unchanged for other definitions of the
function G.
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Example 3 Let us calculate the Adomian polynomials for G = f (u).
We obtain successively:

A0 = f (u0), A1 = u1(d/du0)f (u0),

A2 = u2(d/du0)f (u0) + (u2
1)/2!)(d2/du2

0)f (u0),

A3 = u3(d/du0)f (u0) + (u1u2)(d
2/du2

0)f (u0) + (u3
1/3!)(d3/du3

0)f (u0), etc.

Example 4 Find the Adomian polynomials for G = sin θ . It results:

A0 = sin θ0, A1 = θ1 cos θ0, A2 = −(θ2
1 /2) sin θ0 + θ2 cos θ0, etc.

4.3.2 Decomposition of Nonlinear Equations

We consider the nonlinear FDE of type:

Dαy(t) + Ry(t) + Ny(t) = f (t), y(k)(0) = ck, k = 0, 1, . . . , n − 1, α > 0,

where N is a nonlinear operator, and Ry is a residual part of the equation.
We apply the LT to the equation. It follows:

L[Dαy(t)] = sαY − sα−1y(0) − sα−2y′(0) − . . . − y(n−1)(0) = sαY − c,

c = sα−1y(0) + sα−2y′(0) − . . . + y(n−1)(0),

where c is a constant.
We use the following decomposition of y(t)

y(t) =
∞∑

n=0

yn(t),

with

Ny(t) =
∞∑

n=0

An,
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where An are Adomian polynomials:

An = 1

n!
dn

dλn

[
N

( ∞∑
i=0

λiyi

)]
,

L

[ ∞∑
n=0

yn

]
= c

sα
Y − 1

sα
L

[
R

∞∑
n=0

yn

]
− 1

sα
L

[ ∞∑
n=0

An

]
.

We have after calculations:

Y0 = L[y0] = c

sα
+ 1

sα
L [f (t)] ,

Y1 = L[y1] = − 1

sα
L[Ry0] − 1

sα
L[A0],

Y2 = L[y2] = − 1

sα
L[Ry1] − 1

sα
L[A1],

. . .

Yn = L[yn] = − 1

sα
L[Ryn−1] − 1

sα
L[An−1].

Example 1 Solve the nonlinear FDE using the Adomian decomposition method:

Dαy(t) = t + y2, 1 < α ≤ 2,

y(0) = 0, y′(0) = 1.

Solution In order to solve the equation we apply the LT:

L[Dαy(t)] = L
[
t + y2

]
,

L[y(t)] = Y,

L[Dαy(t)] = sαY − sα−1y(0) − sα−2y′(0) = sαY − sα−2,

Y = 1

s2 + 1

sα
L
[
t + y2

]
,

so that, for the decomposition

y(t) =
∞∑

n=0

yn(t),
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we obtain:

Y =
∞∑

n=0

Yn, t + y2 =
∞∑

n=0

An,

where An are Adomian polynomials. We obtain:

A0 = t + y2
0 , A1 = 2y0y1, A2 = y2

1 + 2y0y2, A3 = 2y1y2 + 2y0y2, . . .

∞∑
n=0

Yn = 1

s2 + 1

sα

∞∑
n=0

An,

Y0 = 1

s2
⇒ y0 = t,

A0 = t + t2,

Y1 = 1

sα
L[A0] ⇒ Y1 = 1

sα
L
[
t + t2

]
,

Y1 = 1

sα+2
+ 2

1

sα+3
⇒ y1 = tα+1

�(α + 2)
+ 2

tα+2

�(α + 3)
,

A1 = 2y0y1,

A1 = 2
tα+2

�(α + 2)
+ 4

tα+3

�(α + 3)
,

Y2 = 1

sα
L[A1] ⇒ Y2 = 2(α + 2)

s2α+3
+ 4(α + 3)

s2α+4
,

y2 = 2(α + 2)t2α+2

�(2α + 3)
+ 4(α + 3)t2α+3

�(2α + 4)
,

y(t) = y0(t) + y1(t) + y2(t) + . . . ,

and finally, it yields:

y(t) = t + tα+1

�(α + 2)
+ 2

tα+2

�(α + 3)
+ 2(α + 2)t2α+2

�(2α + 3)
+ 4(α + 3)t2α+3

�(2α + 4)
+ . . .

For α = 2, we obtain:

y′′(t) = t2 + y2(t), y(0) = 0, y′(0) = 1.
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The result

y(t) = t + t3

6
+ t4

12
+ . . . ,

can be obtained also on computer, using the sequences:

MAPLE

ec: = diff(y(t), t$2) = t + (y(t))^2;
dsolve({ec,y(0) = 0,D(y)(0) = 1},y(t),type = series);

MATHEMATICA

ec:=y"[t] == t + y[t]*y[t];
sol=DSolve[{ec,y[0]==0,y’[0]==1},y,t];
Series[y[t]/.sol,{t,0,10}]

MATHEMATICA

Clear["‘*"]
Manipulate[
f[t_] := t + t^3/6 + t^4/12 + t^5/120;
y[t_] :=
t + t^(a + 1)/Gamma[a + 2] + 2*t^(a + 2)/Gamma
[a + 3] + 2*(a + 2)*t^(2*a + 2)/Gamma[2*a + 3] +
4*(a + 3)*t^(2*a + 3)/Gamma[2*a + 4];

Plot[{f[t], y[t]}, {t, 0, 1}, ImageSize -> 300,
Frame -> True], {{a, 1/2}, 0, 1}]

The functions f (t) and y(t) calculated here are plotted in Fig. 4.1.

Example 2 Let us solve the FDE:

Dαy(t) = 1 + y2(t), 0 < α ≤ 1,

where:

y(0) = 0,

using the Adomian decomposition method.

Solution To solve this problem we apply the LT:

L[Dαy(t)] = L[1] + L
[
y2
]
,

L[y(t)] = Y,
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Fig. 4.1 Plots of the functions f (t) and y(t) from the Example 1

L[Dαy(t)] = sαY − sα−1y(0) = sαY,

Y = 1

sα+1 + 1

sα
L
[
y2
]
.

For the decomposition

y(t) =
∞∑

n=0

yn(t),

we obtain

Y =
∞∑

n=0

Yn, y2 =
∞∑

n=0

An,

where An are the Adomian polynomials:

A0 = y2
0 , A1 = 2y0y1, A2 = y2

1 + 2y0y2, A3 = 2y1y2 + 2y0y2, . . .
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∞∑
n=0

Yn = 1

sα+1
+ 1

sα

∞∑
n=0

An,

Y0 = 1

sα+1
⇒ y0 = tα

�(α + 1)
,

A0 = y2
0 = t2α

�2(α + 1)
,

Y1 = 1

sα
L[A0] ⇒ Y1 = 1

sα
L

[
t2α

�2(α + 1)

]
,

Y1 = 1

s3α+1

�(2α + 1)

�2(α + 1)
⇒ y1 = L−1Y1,

y1 = �(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
,

A1 = 2y0y1,

Y2 = 1

sα
L[A1],

Y2 = 2
�(2α + 1)

�3(α + 1)

�(4α + 1)

�(3α + 1)

1

s5α+1 ,

y2 = L−1[Y2],

y2 = 2
�(2α + 1)

�3(α + 1)

�(4α + 1)

�(3α + 1)�(5α + 1)
t5α,

y(t) = y0(t) + y1(t) + y2(t) + . . .

y(t) = tα

�(α + 1)
+ �(2α + 1)

�2(α + 1)

t3α

�(3α + 1)

+2
�(2α + 1)

�3(α + 1)

�(4α + 1)

�(3α + 1)�(5α + 1)
t5α + . . .

You can also use the programs:

MAPLE

ec:=diff(y(t),t) = 1 + y(t))^2;
dsolve({ec,y(0) = 0},y(t),type = series);
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MATHEMATICA

ec:=y’[t] == 1 + y[t]*y[t];
sol=DSolve[{ec,y[0]==0},y,t];
Series[y[t]/.sol,{t,0,10}]

Finally, we have:

y(t) = t + t3

3
+ 2t5

15
+ . . .

Example 3 Solve the Ghelfand’s6 FDE:

D2αy(t) = 2ey(t), 0 < α ≤ 1,

where:

y(0) = yα(0) = 0,

using the Adomian decomposition method.

Solution To solve this problem we apply the LT:

L[D2αy(t)] = 2L
[
ey(t)

]
,

L[y(t)] = Y, y0(t) = y(0) + yα(0)

�(α + 1)
tα = 0,

L[D2αy(t)] = s2αY − s2α−1y(0) = sαY,

L
[
ey(t)

]
= L

[ ∞∑
n=0

An

]
.

For the decomposition

y(t) =
∞∑

n=0

yn(t),

we obtain

Y =
∞∑

n=0

Yn, y2 =
∞∑

n=0

An,

6I.M. Ghelfand (1913–2009).
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where An are the Adomian polynomials:

A0 = ey0 , A1 = y1e
y0 , . . .

∞∑
n=0

Yn = 2

s2α
L

[ ∞∑
n=0

An

]
,

y0 = 0,

A0 = ey0 = 1,

Y1 = 1

s2α
L[A0] ⇒ Y1 = 2

s2α+1 ,

y1 = 2t2α

�(2α + 1)
,

A1 = y1e
y0 ,

Y2 = 4

s4α+1 ,

y2 = L−1[Y2],

y2 = 4t4α

�(4α + 1)
,

y(t) = y0(t) + y1(t) + y2(t) + . . .

y(t) = 0 + 2t2α

�(2α + 1)
+ 4t4α

�(4α + 1)
+ . . .

It can be used also the program:

MATHEMATICA

Clear["‘*"]
Manipulate[
f[t_] := t^2 + t^4/6;
y[t_] := 2*t^(2*a)/Gamma[2*a + 1] + $*t^(4*a)/Gamma
[4*a + 1]; Plot[{f[t], y[t]}, {t, 0, 1},
ImageSize -> 300, Frame -> True], {{a, 1/2}, 0, 1}]

Figure 4.2 shows the plots of the functions f (t) and y(t).
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Fig. 4.2 Plots of the functions f (t) and y(t) from the Example 3

4.3.3 Perturbation Method

Here, we will extend the perturbation method for the case of FDE with the aid of
some examples.

Example 1 Find the solution of the FDE:

Dαy(t) = 1 + y2(t), 0 < α ≤ 1,

for the initial condition:

y(0) = 0,

using the small parameter (perturbation) method, 0 < ε � 1.

Solution We consider a solution of form:

y(t) = y0(t) + εy1(t) + ε2y2(t) + ε3y3(t) + . . . ,
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which, replaced in the equation, gives:

Dαy0(t) = 1, y0(0) = 0,

Dαy1(t) = y2
0 , y1(0) = 0,

Dαy2(t) = 2y0y1, y2(0) = 0,

. . .

We apply the LT:

L[Dαy0(t)] = L[1], y0(0) = 0,

sαY0 − y0(0) = 1

s
, Y0 = 1

sα+1 ⇒ y0(t) = tα

�(α + 1)
,

L[Dαy1)] = L[y2
0 ], y1(0) = 0,

sαY1 = 1

�2(α + 1)

�(2α + 1)

s2α+1 , Y1 = �(2α + 1)

�2(α + 1)

1

s3α+1 ,

and by inverse LT, we obtain:

y1(t) = �(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
.

It results also:

L[Dαy2] = L[2y0y1], y2(0) = 0,

sαY2 = 2

[
tα

�(α + 1)

]
L

[
�(2α + 1)

�2(α + 1)

t3α

�(3α + 1)

]
,

sαY2 = 2
�(2α + 1)

�3(α + 1)�(3α + 1)
L
[
t4α
]
,

Y2 = 2
�(2α + 1)

�3(α + 1)�(3α + 1)

�(4α + 1)

s5α+1 ,

y2 = 2
�(2α + 1)

�3(α + 1)�(3α + 1)

�(4α + 1)

�(5α + 1)
t5α,

The solution for this example:

y(t) = y0(t) + y1(t) + y2(t) + . . . ,
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will be:

y(t) = tα

�(α + 1)
+ �(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
+

+2
�(2α + 1)

�3(α + 1)�(3α + 1)

�(4α + 1)t5α

�(5α + 1)
+ . . .

The plot of f (t) and y(t) is done with the following program and presented in
Fig. 4.3.

MATHEMATICA

Clear["‘*"]
Manipulate[
f[t_] := t + t^3/3 + 2/15*t^5;
y[t_] :=
t^a/Gamma[a + 1] +

a

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

Fig. 4.3 Plots of the functions f (t) and y(t) from the above Example 1
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Gamma[2*a + 1]/(Gamma[a + 1])^2*t^(3*a)/Gamma
[3*a + 1] + 2 Gamma[2*a + 1]/((Gamma[a + 1])^3*Gamma
[3*a + 1])* Gamma[4*a + 1]/Gamma[5*a + 1]*t^(5*a);

Plot[{f[t], y[t]}, {t, 0, 1}, ImageSize -> 300,
Frame -> True], {{a, 1/2}, 0, 1}]

Example 2 Find the solution of the FDE:

Dαy(t) = −y(t)

1 + ε
, 0 < α ≤ 1,

for the initial condition:

y(0) = cos(ε), 0 < ε � 1,

using the small parameter (perturbation) method.

Solution We consider a solution of form:

y(t) = y0(t) + εy1(t) + ε2y2(t) + ε3y3(t) + . . . ,

1

1 + ε
= 1 − ε + ε2 − ε3 + . . .

cos(ε) = 1 − 1

2!ε
2 + 1

4!ε
4 + . . . ,

which, replaced in the equation, gives:

Dα(y0 + εy1 + ε2y2 + . . .) = −(y0 + εy1 + ε2y2 + . . .)(1 − ε + ε2 + . . .)

Dαy0 = −y0, y0(0) = 1,

Dαy1 = y0 − y1, y1(0) = 0,

Dαy2 = −y2 + y1 + y0, y2(0) = −1

2
,

. . .

We apply the LT:

L[Dαy0(t)] = −L[y0], y0(0) = 1,

sαY0 − y0(0)sα−1 = −Y0, Y0 = sα−1

sα + 1
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L[Dαy1] = L[y0] − L[y1], y1(0) = 0,

L[Dαy2] = −L[y2] + L[y1] + L[y0], y2(0) = −1

2
,

(sα + 1)Y1 = Y0, Y1 = sα

(sα + 1)2 ,

Y2 = sα−1

(sα + 1)3
+ sα−1

(sα + 1)2
− 1

2

sα

sα + 1
,

y0(t) = 1 − tα

�(α + 1)
+ t2α

�(2α + 1)
− t3α

�(3α + 1)
+ . . . ,

Y1 = 1

sα+1

1(
1 + 1

sα

)2 ,

Y1 = 1

sα+1 − 2
1

s2α+1 + 3
1

s4α+1 + . . . ,

and by inverse LT, we obtain:

y1(t) = tα

�(α + 1)
− 2

t2α

�(2α + 1)
+ 3

t4α

�(4α + 1)
+ . . .

But:

sα−1

s3α

(
1 + 1

sα

)3
= 1

s2α+1

1

2

[
2 − 2 · 3

1

sα
+ 4 · 3

1

s2α
+ . . .

]
.

It results also:

y2(t) = 1

2

[
2

t2α

�(2α + 1)
− 2 · 3

t3α

�(3α + 1)
+ . . .

]

+
[

tα

�(α + 1)
− 2

t2α

�(2α + 1)
+ 3

t4α

�(4α + 1)
+ . . .

]

−1

2

[
1 − tα

�(α + 1)
+ t2α

�(2α + 1)
− t3α

�(3α + 1)
+ . . .

]
.
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4.4 Fractional Systems of Differential Equations

4.4.1 Linear Systems

Examples Solve the system of FDE:

⎧⎨
⎩

Dαx(t) = Dβy(t) + 1, x(0) = 1, 0 < α ≤ 1
,

Dβy(t) = 2Dαx(t) − 1, y(0) = 1, 0 < β ≤ 1.

Solution We apply the LT method:

L[x(t)] = X, L[y(t)] = Y,

L[Dαx(t)] = sαX − sα−1x(0) = sαX − sα−1,

L[Dβy(t)] = sβY − sβ−1y(0) = sβY − sβ−1.

We obtain the system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X = 1

s
,

Y = 1

s
− 1

sβ+! ,

with the solution:

⎧⎪⎪⎨
⎪⎪⎩

x(t) = 1,

y(t) = 1 − tβ

�(β + 1)
.

4.4.2 Nonlinear Systems

(A) Method of Successive Approximations

For the system of FDE:

⎧⎨
⎩

Dαx(t) = f (t, y(t)), x(0) = x0,

Dαy(t) = g(t, x(t)), y(0) = y0,
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we can use the following successive approximations [4]:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xn(t) = x0 + 1

�(α)

∫ t

0
f (u, yn−1(u))(t − u)α−1du,

yn(t) = y0 + 1

�(α)

∫ t

0
g(u, xn−1(u))(t − u)α−1du.

Example We apply the successive approximation method for the system of FDE
with initial conditions:

⎧⎨
⎩

Dαx(t) = 3.5y(t)(1 − y(t)), x(0) = 0.2,

Dαy(t) = 4x(t)(1 − x(t)), y(0) = 0.2.

We have:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

xn(t) = 0.2 + 3.5

�(α)

∫ t

0

(
yn−1(u) − y2

n−1(u)
)

(t − u)α−1du,

yn(t) = 0.2 + 4

�(α)

∫ t

0

(
xn−1(u) − x2

n−1(u)
)

(t − u)α−1du,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x1 = 0.2 + 3.5

�(α)

∫ t

0

(
0.2 − (0.2)2

)
(t − u)α−1du,

y1 = 0.2 + 4

�(α)

∫ t

0

(
0.2 − (0.2)2

)
(t − u)α−1du.

Using the theorem regarding the product of convolution, we obtain the following
three iterations:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x1(t) = 0.2 + 0.56
tα

�(α + 1)
,

y1(t) = 0.2 + 0.56
tα

�(α + 1)
.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x2(t) = 0.2 + 3.5

�(α)

∫ t

0

(
y1(u) − y1

2(u)
)

(t − u)α−1du,

y2(t) = 0.2 + 4

�(α)

∫ t

0

(
x1(u) − x1

2(u)
)

(t − u)α−1du,
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x2(t) = 0.2

+0.56
tα

�(α + 1)
+ 1.344

t2α

�(2α + 1)
− 0.808

�(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
,

y2(t) = 0.2

+0.64
tα

�(α + 1)
+ 1.344

t2α

�(2α + 1)
− 0.7077

�(2α + 1)

�2(α + 1)

t3α

�(3α + 1)
,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x3(t) = 0.2 + 3.5

�(α)

∫ t

0

(
y2(u) − y2

2(u)
)

(t − u)α−1du

y3(t) = 0.2 + 4

�(α)

∫ t

0

(
x2(u) − x2

2(u)
)

(t − u)α−1du

. . .

For α = 0.9 we can apply the Maple and Mathematica programs:

MAPLE

> restart;
> with(inttrans):
> Digits:=5:
> x:=array(0..10):
> y:=array(0..10):
> x[0]:=0.2:
> y[0]:=0.2:
> for k from 1 to 5 do
> x[k]:=evalf(0.2+3.5*invlaplace(1/s^0.9*laplace

(y[k-1]-(y[k-1])^2,
t,s),s,t));

> y[k]:=evalf(0.2+4*invlaplace(1/s^0.9*laplace
(x[k-1]-(y[k-1])^2,
t,s),s,t));

> od:
> for k from 0 to 4 do
> print([x[k],y[k]]) od:
x y
0.2 0.2
0.2 + 0.58230 t^(9/10) 0.2 + 0.66548t^(9/10)
0.2 + 0.58230 t^(9/10) + 0.80171 t^(9/5) - 0.62304

t^(27/10),
0.2 + 0.66548 t^(9/10) + 0.72536 t^(9/5) - 0.71204

t^(27/10)
. . . . .
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MATHEMATICA

Clear["‘*"]
Array[x, 10]
Array[y, 10]
For[{n = 0, x[0] = 0.2, y[0] = 0.2}, n < 4,
n++, {x[n + 1] =
0.2 + 3.5 InverseLaplaceTransform[
1/s^0.9 LaplaceTransform[y[n] - (y[n])^2, t, s],
s, t]// FullSimplify,

y[n + 1] =
0.2 + 4 InverseLaplaceTransform[
1/s^0.9 LaplaceTransform[(x[n] - (x[n])^2), t, s],

s, t]//
FullSimplify, Print["x=", x[n], " , ", "y= ", y[n]]}]
x = 0.2, y=0.2
x = 0.2+0.582262 t^0.9 , y= 0.2+0.665443 t^0.9

(B) Method of Laplace’s Transform

We will illustrate this method on the function:

F(y) = y − y2.

First, we will decompose F in terms of Adomian’s polynomials

F =
∞∑

n=0

An,

where A0 = y0 − y2
0 and

φ1(λ) = (y0 + λy1) − (y0 + λy1)
2,

φ′
1 = y1 − 2y1(y0 + λy1),

A1 = 1

1!φ1(0),

from which we obtain: A1 = y1 − 2y0y1.
In the case of next step we have:

φ2(λ) = (y1 + 2λy2) − 2(y0 + λy1)(y1 + 2λy2),

φ′
2 = 2y2 − 2y1(y1 + 2λy2) − 2y2(y0 + λy1),

A2 = 1

2!φ
′
2(0),

or finally: A2 = y2 − y2
1 − y2y0.
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We have also:

φ3(λ) = (y2 + 3λy3) − (y1 + 2λy2)
2 − (y2 + 3λy3)(y0 + λy1),

A3 = 1

3!φ
′
3(0),

. . .

We consider now a system described by the equations [8]:

⎧⎨
⎩

L[Dαx(t)] = 3.5L[y(t)(1 − y(t))], x(0) = 0.2,

L[Dαy(t)] = 4L[x(t)(1 − x(t))], y(0) = 0.2,

with initial conditions and we apply the LT to this system. We have:

L[x(t)] = X, L[y(t)] = Y,

L[Dαx(t)] = sα − x(0)sα−1,

L[Dαy(t)] = sα − y(0)sα−1,

We consider the solutions:

X =
∞∑

n=0

Xn, Y =
∞∑

n=0

Yn.

After calculations we have:

L [x(t)(1 − x(t))] = L

[ ∞∑
n=0

An

]
, L [y(t)(1 − y(t))] = L

[ ∞∑
n=0

Bn

]
,

where An and Bn are Adomian’s polynomials.

∞∑
n=0

Xn = 0.2

s
+ 3.5

sα
L

[ ∞∑
n=0

Bn

]

∞∑
n=0

Yn = 0.2

s
+ 4

sα
L

[ ∞∑
n=0

An

]

X0 = 0.2

s
⇒ x0 = 0.2
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Y0 = 0.2

s
⇒ x0 = 0.2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X1 = 3.5

sα
L[B0] = 0.56

sα+1
, ⇒ x1(t) = 0.56

tα

�(α + 1)

Y1 = 4

sα
L[A0] = 0.64

sα+1 , ⇒ y1(t) = 0.64
tα

�(α + 1)

B1 = y1 − 2y0y1 = y1(1 − 2y0) = 0.64
tα

�(α + 1)
(1 − 2 · 0.2)

= 0.64 · 0.6 · tα

�(α + 1)
= 0.384

tα

�(α + 1)

A1 = x1 − 2x0x1 = x1(1 − 2x0) = 0.56
tα

�(α + 1)
(1 − 2 · 0.2)

= 0.56 · 0.6 · tα

�(α + 1)
= 0.336

tα

�(α + 1)

X2 = 3.5

sα
L[B1] = 1.344

s2α
⇒ x2(t) = 1.344

t2α

�(2α + 1)

Y2 = 4

sα
L[A1] = 1.344

s2α
⇒ y2(t) = 1.344

t2α

�(2α + 1)

Finally, the solution is:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(t)=x0(t)+x1(t)+x2(t)+ . . . = 0.2 + 0.56
tα

�(α + 1)
+ 1.344

t2α

�(2α + 1)
+ . . .

y(t)=y0(t)+y1(t)+y2(t) + . . . = 0.2 + 0.64
tα

�(α + 1)
+ 1.344

t2α

�(2α + 1)
+ . . .
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Chapter 5
Generalized Systems

This chapter addresses the generalization of classical models and systems in the
perspective of FC. The following sections study the Cornu, Emden, Hermite,
Legendre, and Bessel fractional systems.

5.1 Cornu Fractional System

5.1.1 Cos and Sin Fractional of Type Fresnel

We define fractional Cos, and Sin of order 0 < q ≤ 1, as:

Cq(t2) = 1

�(q)

∫ t

0
(t − u)q−1 cos u2du,

Sq(t2) = 1

�(q)

∫ t

0
(t − u)q−1 sin u2du.

These functions can be represented in Mathematica with the aid of the following
program for q = 1/2 (see Fig. 5.1).

MATHEMATICA

Clear["‘*"]
q = 1/2;
u[t_] = 1/Gamma[q]*Integrate[(t-s)^(q-1)*Cos[s^2],
{s, 0, t}];

© Springer Nature Switzerland AG 2019
C. Milici et al., Introduction to Fractional Differential Equations, Nonlinear
Systems and Complexity 25, https://doi.org/10.1007/978-3-030-00895-6_5
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Fig. 5.1 The graph of fractional cosine (left) and sine (right) for q = 1/2

p = Plot[{u[t]}, {t, 0, 10}, PlotLabel -> "Cos
fractional",
ImageSize -> 200, Frame -> True];

v[t_] = 1/Gamma[q]*Integrate[(t-s)^(q-1)*Sin[s^2],
{s, 0, t}];
q = Plot[{v[t]}, {t, 0, 10}, PlotLabel -> "Sin
fractional",
ImageSize -> 200, Frame -> True];
Show[GraphicsArray[{p, q}]]

5.1.2 Cornu Fractional System and Curve

We will introduce the following Cornu1 fractional differential system with initial
conditions:

⎧⎨
⎩

Dqx(t) = cos(t2), x(0) = 0,

Dqy(t) = sin(t2), y(0) = 0.

1M.A. Cornu (1841–1902).
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Solution We will solve this system using the LT. We have:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

L [xq(t)] = L
[
cos(t2)

]
= L

[
1 − t4

2! + t8

4! − t12

6! + . . .

]
,

L [yq(t)] = L
[
sin(t2)

]
= L

[
t2 − t6

3! + t10

5! − t14

7! + . . .

]
,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

sqX = 1

s
− 4!

2!s5
+ 8!

4!s9
− 12!

6!s13
+ . . . ,

sqY = 2!
s3 − 6!

3!s7 + 10!
5!s11 − 14!

7!s15 + . . . ,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X = 1

sq+1
− 4!

2!sq+5
+ 8!

4!sq+9
− 12!

6!sq+13
+ . . . ,

Y = 2!
sq+3 − 6!

3!sq+7 + 10!
5!sq+11 − 14!

7!sq+15 + . . .

By inverse LT we obtain the solution {x(t), y(t)}:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(t) = tq

�(q + 1)
− 4!

2!
tq+4

�(q + 5)
+ 8!

4!
tq+8

�(q + 9)
− 12!

6!
tq+12

�(q + 13)
+ . . .

y(t) = 2tq+2

�(q + 3)
− 6!

3!
tq+6

�(q + 7)
+ 10!

5!
tq+10

�(q + 11)
− 14!

7!
tq+14

�(q + 15)
+ . . .

The graph of this curve can be written in Maple and Mathematica as:

MAPLE

restart;a:=1/2:
> x(t):=1/GAMMA(a)*int((t-u)^(a-1)*cos(u^2),u=0..t):
> y(t):=1/GAMMA(a)*int((t-u)^(a-1)*sin(u^2),u=0..t):
> plot([x(t),y(t),t=0..10],color=black,
scaling=constrained);

MATHEMATICA

Clear["‘*"]
q = 1/2;
u[t_] = 1/Gamma[q]*Integrate[(t - s)^(q - 1)*Cos[s^2],

{s, 0, t}];
v[t_] = 1/Gamma[q]*Integrate[(t-s)^(q-1)*Sin[s^2],
{s, 0, t}];
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ParametricPlot[{u[t], v[t]}, {t, 0, 10},
Frame -> True, ImageSize -> 300]

Clear["‘*"]
Manipulate[
ParametricPlot[{1/Gamma[q]

*Integrate[(t - u)^(q - 1)*Cos[u^2], {u, 0, t}],
1/Gamma[q]*Integrate[(t - u)^(q - 1)*Sin[u^2],
{u, 0, t}]}, {t, 0, 10}, Frame -> True,
ImageSize -> 300], {{q, 3/2}, 0, 2}]

5.1.3 Cornu Generalized Curve/System

For 0 ≤ α ≤ 1 we can introduce a generalization of above curve and system, as:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Dαx(t) = cos
tq

�(q + 1)
, x(0) = 0

Dαy(t) = sin
tq

�(q + 1)
, y(0) = 0

5.1.4 Cornu Fractional System in a Plane

This curve can be plotted (see Fig. 5.2) in a plane using Maple and Mathematica as:

MAPLE

> restart;
> with(plots):
> a:=1/2:
> x:=1/GAMMA(a)*int((t-u)^(a-1)*cos(u^2),u=0..t):
> y:=1/GAMMA(a)*int((t-u)^(a-1)*sin(u^2),u=0..t):
> spacecurve([x,y,3 - x - y,t = 0..4],color=black,

scaling=constrained);

MATHEMATICA

Clear["‘*"]
Manipulate[
{x[t], y[t]} = {Integrate[Cos[u^2], {u, 0, t}],
Integrate[Sin[u^2], {u, 0, t}]};

p = ({x, y, z} /. First@Solve[x/a + y/b + z/c - 1
== 0, z]);
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Fig. 5.2 Cornu fractional curve in plane

q = p /. {x -> x[t], y -> y[t]};
Show[Plot3D[Evaluate[p[[3]]], {x, 0, 1},

{y, 0, 1}, Mesh->None,
PlotStyle -> {Blue, Opacity[0.05]}],
ParametricPlot3D[Evaluate[q], {t, 0, 2*Pi},

PlotStyle -> Blue],
ImageSize->300, AspectRatio->1], {{a, 1}, 0, 2},

{{b, 1}, 0, 2}, {{c, 1}, 0, 2}]

5.1.5 Fractional Cornu Spiral on the Sphere

Projection of the Cornu fractional curve on sphere (see Fig. 5.3) can be obtained in
Maple and Mathematica as:
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Fig. 5.3 Projection of the
Cornu fractional curve on
sphere

MAPLE

> restart;
> with(plots):
> a:=1/2:
> x:=1/GAMMA(a)*int((t-u)^(a-1)*cos(u^2),u=0..t):
> y:=1/GAMMA(a)*int((t-u)^(a-1)*sin(u^2),u=0..t):
> spacecurve([cos(x)*sin(y),sin(x)*sin(y),cos(y),
t=0..4],

color=black,scaling=constrained);

MATHEMATICA

Clear["‘*"]
p = ParametricPlot3D[{Cos[u]*Sin[v], Sin[u]*Sin[v],
Cos[v]},
{u, 0, 2*Pi}, {v, 0, Pi}, PlotStyle->{Cyan,
Opacity[0.3]},
Mesh -> None, Axes -> False, Boxed -> False];
q = 1/2;

u[t_] = 1/Gamma[q]*Integrate[(t - s)^(q - 1)*Cos[s^2],
{s, 0, t}];

v[t_] = 1/Gamma[q]*Integrate[(t - s)^(q - 1)*Sin[s^2],
{s, 0, t}];

q1 = ParametricPlot3D[{Cos[u[t]]*Sin[v[t]],
Sin[u[t]]*Sin[v[t]], Cos[v[t]]}, {t, 0, 10},

PlotStyle -> {Red, Opacity[0.3]},
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Mesh -> None, Axes -> False, Boxed -> False];
Show[p, q1]

5.1.6 Fractional Cornu Spiral on the Cone

This projection (see Fig. 5.4) can be obtained with Mathematica as:

Clear["‘*"]
x[u_, v_] := u*Cos[v];
y[u_, v_] := u*Sin[v];
z[u_, v_] := -u;
Manipulate[
u[t_] = 1/Gamma[q]*Integrate[(t - s)^(q - 1)*Cos[s^2],

{s, 0, t}];
v[t_] = 1/Gamma[q]*Integrate[(t - s)^(q - 1)*Sin[s^2],

{s, 0, t}];
p = ParametricPlot3D[{x[u, v], y[u, v], z[u, v]}, {

u, -1, 1}, {v, 0, 2*Pi}, Mesh -> None, Axes
-> False, Boxed -> False];

q1 = ParametricPlot3D[{x[u[t], v[t]], y[u[t], v[t]],
z[u[t], v[t]]}, {t, 0, 10}, Mesh -> None,
Axes -> False, Boxed -> False];

Show[p, q1], {{q, 1/2}, 0, 2}]

Fig. 5.4 Projection of the
Cornu fractional spiral on the
cone
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5.2 Power Series

We will use here the power series method [3] to solve the FDE. We denote by:

1

�(α + 1)

∫ t

0
f (t)(dt)α = α

�(α + 1

∫ t

0
(t − u)α−1f (u)du = Iαf (t),

the FI of order α of f (t). Then, the norm of order α on LL2[0,1]
of f (t) can be defined:

‖Iαf (t)‖α

L2[0,1]
=
(

1

�(α + 1)

∫ 1

0
f 2(t)(dt)α)

)1/2

.

5.2.1 The Müntz Theorem

For details, regarding this theorem,2 the reader can see [1, 7, 8].
We denote by C[a, b] the set of all continuous functions on [a, b].

Definition 4 For a function f ∈ C[a, b] the norm is defined

‖f ‖ = max
t∈[a,b] |f (t)|,

and for f, g ∈ C[a, b] it can be defined the distance:

‖f − g‖ = max
t∈[a,b] |f (t) − g(t)|.

Definition 5 A sequence fn(t) of functions in C[a, b] converges uniformly to a
function f (t) if lim

n→∞ ‖fn(t) − f (t)‖ = 0.

Definition 6 Let X be a metric space. If A ⊂ X then

A = A
⋃

{lim
n

an : ∀n > 0, an ∈ A},

is dense in A if:

A = X.

Theorem 7 The system

�(�) = span{tα0, tα1 , . . . , tαn, . . .}, αk ∈ R,

2H. Müntz (1884–1956).
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where

� = {0 = α0 < α1 < α2 < . . .},

is dense in C[0, 1], if:

∞∑
n=1

1

αn

= ∞.

Proof We will establish the expression of error in L2[0, 1]. We have:

‖tq − p(t)‖C[0,1] < ‖qtq−1 − p′(t)‖L2[0,1],

p(t) ∈ �(�),

Er(tq, p(t))L2[0,1]) = I [C1, C2, . . . , Cn] =
∫ 1

0
[tq − p(t)]2 dt

=
∫ 1

0

[
tq −

n∑
k=1

Ckt
αk

]2

dt → min,

where t ∈ [0, 1], p(t) ∈ span{1, tα1 , tα2 , . . . , }, we have the functional:

I [C1, C2, . . . , Cn] =
∫ 1

0

[
tq −

n∑
k=1

Ckt
αk

]2

dt → min .

which, by minimization, give us the following system of equations in {C1, C2,

. . . , Cn}:
∂I [C1, C2, . . . , Cn]

∂Ci

= 0, i = 1, 2, . . . n.

This system can be written in an explicit form as:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

C1
1

α1 + α1 + 1
+ C2

1

α1 + α2 + 1
+ . . . + Cn

1

α1 + αn + 1
= 1

α1 + q + 1
,

C1
1

α2 + α1 + 1
+ C2

1

α2 + α2 + 1
+ . . . + Cn

1

α2 + αn + 1
= 1

α2 + q + 1
,

. . . . . . . . .

C1
1

αn + α1 + 1
+ C2

1

αn + α2 + 1
+ . . . + Cn

1

αn + αn + 1
= 1

αn + q + 1
.
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In the above system it appears the symmetric matrix:

H(α1, α2, . . . , αn) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

α1 + α1 + 1

1

α1 + α2 + 1
. . .

1

α1 + αn + 1
1

α2 + α1 + 1

1

α2 + α2 + 1
. . .

1

α2 + αn + 1
. . . . . . . . .

1

αn + α1 + 1

1

αn + α2 + 1
. . .

1

αn + αn + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

having the Gram3 determinant:

G(α1, α2, . . . , αn) = det(H(α1, α2, . . . , αn)),

where Determinant (det) denotes determinant.
It is well known that:

Er(tq, p(t))L2[0,1] =
√

G(q, α1, α2, . . . , αn)

G(α1, α2, . . . , αn)
,

Er(tq , p(t))L2[0,1] = 1√
2q + 1

n∏
k=1

|q − αk|
q + αk + 1

.

By recurrence, we can build the following set of functions:

Q0(t) = tq ,

. . .

Qn(t) = (αn − q)tαn

∫ 1

t

Qn−1(u)u−(1+αn) du.

After calculations, we obtain:

Q1 = (α1 − q)tα1

∫ 1

t

u−1−α1uqdu = tq − tα1 ,

Qn(t) = tq −
n−1∑
k=0

Ckt
αk .

3J.P. Gram (1850–1916).
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The last function can be verified by induction

Qn(t) = (αn − q)tαn

∫ 1

t

u−(1+αn)Qn−1(u) du,

Qn(t) = (αn − q)tαn

∫ 1

t

u−(1+αn)

(
uq −

n−2∑
k=0

Cku
αk

)
du,

Qn(t) = tq − tαn + (αn − q)

n−2∑
k=0

Ck

αn − αk

(tαk − tαn),

or, using the inequality

αtα(1 − t) < 1, where: t ∈ [0, 1], α > 0.

If α = 0, and t ∈ [0, 1], we obtain:

∣∣∣Qn(t)

∣∣∣ ≤ ‖Qn−1‖
∣∣∣1 − q

αn

∣∣∣(1 − αn) ≤ ‖Qn−1‖|
∣∣∣1 − q

αn

∣∣∣,

‖Qn(t)‖C[0,1] ≤
∣∣∣1 − q

αn

∣∣∣‖Qn−1‖C[0,1], n = 2, 3, . . . ,

or

|αn − q|tαn

∫ 1

t

u−1−αndu = |αn − q|
αn

(1 − tαn) ≤
∣∣∣1 − q

αn

∣∣∣,

‖Q0(t)‖ = 1,

‖Qn(t)‖ ≤
n∏

k=1

∣∣∣1 − q

αk

∣∣∣,

ln ‖Qn(t)‖ =
n∑

k=1

ln
∣∣∣1 − q

αk

∣∣∣.

But, for αk → ∞, we obtain:

ln
∣∣∣1 − q

αk

∣∣∣ ≈ − q

αk

,

ln ‖Qn(t)‖ → −∞ ⇒ ‖Qn(t)‖ → 0.

Thus for all q ∈ N, Er(tq, p(t))C[0,1]) converges to zero as n → ∞.
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Remark We consider the functional

I = 1

�(α + 1)

∫ 1

0

[
tq −

n∑
k=0

Ckt
αk

]2

(dt)α → min,

and noting that

∫ 1

0
tαi tαj (dt)α = �(αi + αj + 1)

�(αi + αj + α + 1)

we have the matrix (see Theorem 7):

H(α1, α2, . . . , αn) =

⎛
⎜⎜⎜⎝

�(α1 + α1 + 1)

�(α1 + α1 + 1 + α)
. . .

�(α1 + αn + 1)

�(α1 + αn + 1 + α)

. . .
�(αn + α1 + 1)

�(αn + α1 + 1 + α)
. . .

�(αn + αn + 1)

�(αn + αn + 1 + α)

⎞
⎟⎟⎟⎠ .

We cannot calculate C1, C2, . . . , Cn and fractional error Er(tq , p(t)), in
L2

α[0, 1]).
Example To approximate the function

f (t) = t1/3, t ∈ [0, 1],

using the function system:

{t1/5, t1/2, t3/4}.

Solution We will introduce the matrix A = [aij ], where

aij =
∫ 1

0
tatbdt, a, b ∈ {1/5, 1/2, 3/4} i, j = 1 . . . 3,

in order to write the following Maple application for calculation of the aij elements.

MAPLE

with(Student[LinearAlgebra]):
Digits:=4:
A:=� 5/7, 10/17, 20/39 > | < 10/17, 1/2, 4/9 > | < 20/39, 4/9, 2/5 �;
b:=� 15/23 > | < 6/11 > | < 12/25 �;
C:= evalf(LeastSquares(A,b));
f(t):=tˆ(1/3);
g(t):=0.3335*tˆ(1/5) + 0.9676*tˆ(1/2) - 0.3027*tˆ(3/4);
plot(f(t),g(t),t=0..1);
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G:=abs(f(t) - g(t));
for t from 0 to 1 by 0.2 do G od;

It results:

C1 = 0.3335, C2 = 0.9676, C3 = −0.3027

|f (0) − g(0)| = 0, |f (0.2) − g(0.2)| = 0.00094

|f (0.4) − g(0.4)| = 0.0005, . . . , |f (1) − g(1)| = 0.001

Error of Type α

Matrix A = (aij )1≤i,j≤3

a11 =
∫ 1

0
t2/5(dt)α = �(2/5 + 1)

�(2/5 + 1 + α)

a12 =
∫ 1

0
t1/5+1/2(dt)α = �(1/5 + 1/2 + 1)

�(1/5 + 1/2 + 1 + α)

a13 =
∫ 1

0
t1/5+3/4(dt)α = �(1/5 + 3/4 + 1)

�(1/5 + 3/4 + 1 + α)

a21 = a12

a22 =
∫ 1

0
t (dt)α = �(2)

�(2 + α)

a23 =
∫ 1

0
t1/2+3/4(dt)α = �(1/2 + 3/4 + 1)

�(1/2 + 3/4 + 1 + α)

a31 = a13

a32 = a23

a33 =
∫ 1

0
t3/2(dt)α = �(3/2 + 1)

�(3/2 + 1 + α)

b1 =
∫ 1

0
t1/3+1/5(dt)α = �(1/3 + 1/5 + 1)

�(1/3 + 1/5 + 1 + α)

b2 =
∫ 1

0
t1/3+1/2(dt)α = �(1/3 + 1/2 + 1)

�(1/3 + 1/2 + 1 + α)
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b3 =
∫ 1

0
t1/3+3/4(dt)α = �(1/3 + 3/4 + 1)

�(1/3 + 3/4 + 1 + α)

For b = (b1, b2, b3), C = (C1, C2, C3) we have

ACT = bT ⇒ CT = A−1bT

MAPLE

restart;
Digits: = 4;
a11:= evalf(GAMMA(2/5 + 1)/GAMMA(2/5 + 1 + a));
a12:= evalf(GAMMA(1/5 + 1/2 + 1)/GAMMA(1/5 + 1/2 + 1 + a);
a13:= evalf(GAMMA(1/5 + 3/4 + 1)/GAMMA(1/5 + 3/4 + 1 + a);
a21:= a12;
a22:= evalf(A(2 + a))
a23:= evalf(1/2 + 3/4 + 1)/GAMMA(1/2 + 3/4 + 1 + a))
a31:= a13;
a32:= a23;
a33:= evalf(3/2 + 1)/GAMMA(3/2 +1 + a))
b1:= evalf(1/3 + 1/5 + 1)/GAMMA(1/3 + 1/5 + 1 + a))
b2:= evalf(1/3 + 1/2 + 1)/GAMMA(1/3 + 1/2 + 1 + a))
b3:= evalf(1/3 + 3/4 + 1)/GAMMA(1/3 + 3/4 + 1 + a))
ec1:= C1*a11 + C2*a12 + C3*a13 = b1;
ec2:= C1*a21 + C2*a22 + C3*a23 = b2;
ec3:= C1*a31 + C2*a32 + C3*a33 = b3;
solve({ec1,ec2,ec3},{C1,C2,C3});
for α = 2/3, C1 = 0.5444, C2 = 0.3366, C3 = 0.1264
f(t):= tˆ(1/3);
g(t):= 0.54448*tˆ(1/5) + 0.3366*tˆ(1/2) + 0.1264*tˆ(3/4);
plot(f(t),g(t),t = 0..1);
G:= abs(f(t) - g(t));
for t from 0 to 1 by 0.2 do G od;

From the last program, we obtain:

|f (0) − g(0)| = 0, |f (0.2) − g(0.2)| = 0.001,

|f (0.4) − g(0.4)| = 0.007, |f (0.6) − g(0.6)| = 0.005,

|f (0.8) − g(0.8)| = 0.004 |f (1) − g(1)| = 0.007.

Alternatively, in Mathematica we have:

MATHEMATICA

a11= Gamma(2/5 + 1)/Gamma(2/5 + 1 + a)//N
a12= Gamma(1/5 + 1/2 + 1)/Gamma(1/5 + 1/2 + 1 + a)//N
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a13= Gamma(1/5 + 3/4 + 1)/Gamma(1/5 + 3/4 + 1 + a)//N
a21= a12;
a22= 1/Gamma(2 + a)//N
a23= Gamma(1/2 + 3/4 + 1)/Gamma(1/2 + 3/4 + 1 + a)//N
a31= a13
a32= a23
a33= Gamma(3/2 + 1)/Gamma(3/2 +1 + a)//N
b1= Gamma(1/3 + 1/5 + 1)/Gamma(1/3 + 1/5 + 1 + a)//N
b2= Gamma(1/3 + 1/2 + 1)/Gamma(1/3 + 1/2 + 1 + a)//N
b3= Gamma + 3/4 + 1)/Gamma + 3/4 + 1 + a)//N
ec1= C1*a11 + C2*a12 + C3*a13
ec2= C1*a21 + C2*a22 + C3*a23
ec3= C1*a31 + C2*a32 + C3*a33
Solve[{ec1,ec2,ec3}== {b1,b2,b3},{C1,C2,C3}]//N
f[t]= tˆ(1/3)
g[t]= 0.54448*tˆ(1/5) + 0.3366*tˆ(1/2) + 0.1264*tˆ(3/4)
Plot[{f[t],g[t]},{t,0,1}]

Theorem 8 If
∞∑

k=0

Ckt
kα is convergent for t = t0, then it is convergent whenever

0 ≤ t < t0.

Proof Suppose that
∞∑

k=0

Ckt
kα
0 is convergent.

Then sequence {akt
kα
0 } → 0, for k → ∞.

Thus, there is a constant M > 0, so that:

∣∣∣Ckt
kα
0

∣∣∣ ≤ M, k = 0, 1, . . .

Then

∣∣∣Ckt
k
∣∣∣ =

∣∣∣Ckt
k
0

∣∣∣
∣∣∣ t

t0

∣∣∣ ≤ M

∣∣∣ t

t0

∣∣∣kα

.

Again, if 0 ≤ t < t0, then

∣∣∣ t

t0

∣∣∣kα

< 1,

so
∞∑

k=0

∣∣∣ t

t0

∣∣∣kα

is a convergent series.

Applying the comparison test, the series
∞∑

k=0

|Ckt
kα| is convergent.
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Then
∞∑

k=0

Ckt
kα is absolutely convergent and therefore convergent.

Remark If
∞∑

k=0

Ckt
kα , diverges for t = t0, then it diverges for t > t0.

Example 1 Let us determine the solution of the FDE:

D(2α)y(t) + ω2y = 0, 0 < α ≤ 1, t > 0,

with the conditions:

y(0) = A, D(α)y(0) = B,

where A,B are constants. We apply now the series of powers method.

Solution We can write the solution as the series:

y(t) =
∞∑

n=0

Cnt
nα.

We have:

D(2α)y(t) =
∞∑

n=0

CnD
(2α)(tnα) =

∞∑
n=2

Cn

�(nα + 1)

�((n − 2)α + 1)
t(n−2)α

=
∞∑

n=0

Cn+2
�((n + 2)α + 1)

�(nα + 1)
tnα.

Replacing in the equation, we have:

∞∑
n=0

Cn+2
�((n + 2)α + 1)

�(nα + 1)
t2nα + ω2

∞∑
n+0

Cnt
nα = 0.

Hence:

Cn+2 = − ω2�(nα + 1)

�((n + 2)α + 1)
Cn, n = 0, 1, . . . ,

C0 = A, C1 = B

�(α + 1)
, C2 = − ω2A

�(2α + 1)
, . . .

y(t) = A

∞∑
n=0

(−1)nω2n

�(2nα + 1)
t2nα + B

∞∑
n=0

(−1)nω2n

�((2n + 1)α + 1)
t(2n+1)α,
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or:

y(t) = AE2α(−ω2t2α) + B

∞∑
n=0

(−1)nω2n

�((2n + 1)α + 1)
t(2n+1)α.

Example 2 Let us determine the solution of the FDE [2]:

D(α)y(t) − y2 − 1 = 0, m − 1 < α ≤ m, t > 0,

with the initial conditions

y(i)(0) = 0, i = 0, 1, . . . , m − 1,

using the series of powers method.

Solution We take the solution as a series of powers

y(t) =
∞∑

n=0

Cnt
nα.

We define the so-called αk-th FD as

D(kα)(D(α)y(t) − y2(t) − 1) = 0, k = 0, 1, . . . , m − 1,

and introducing the solution in the equation we obtain

D(α(k+1))

( ∞∑
n=0

Cnt
nα

)
− D(αk)

( ∞∑
n=0

Cnt
nα

)
= D(αk)(1), k = 0, 1, . . . ,

∞∑
n=k+1

Cn

�(nα + 1)

�((n − k − 1)α + 1)
t(n−k−1)α −

∞∑
n=k

⎛
⎝ n∑

j=0

CjCn−j

⎞
⎠

× �(nα + 1)

�((n − k − 1)α + 1)
t(n−k)α = χk,

where

χk =
⎧⎨
⎩

1, k = 0,

0, k ≥ 1.
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By identification, we get the coefficients

C0 = 0,

C1 = 1

�(α + 1)
,

Ck+1 = �(kα + 1)

�((1 + k)α + 1)

n∑
j=0

CjCk−j ,

and the solution:

y(t) = 1

�(α + 1)
tα + �(2α + 1)

�2(α + 1)�(3α + 1)
t3α + . . .

5.2.2 Lane-Emden Equation

We apply now the series of powers method to solve the FDE of Lane4 and Emden5

[5]

Dαy(t) + a1

tα−β1
Dβ1y(t) + a2

tα−β2
Dβ2y(t) + . . . + an

tα−βn
Dβny(t) + ym(t) = 0,

and the initial conditions are:

y(0) = 1, y′(0) = 0.

We consider that 0 < t ≤ 1, 0 < βi ≤ 1, i = 1, 2, . . . , n, 1 < α ≤ 2, ai ∈ R,
and m ∈ N+. The equation can be written also as Ly + ym = 0, using the linear
operator L.

Solution We take the approximate solution as a series of powers:

y(t) =
∞∑

k=0

Ckt
kα,

where Ck are constants. The term Ly can be written also as:

L[y(t)] = Dαy +
n∑

i=0

ai

tα−βi
Dβi y(t).

4J.H. Lane (1819–1880).
5J.R. Emden (1862–1940).
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We will use also the formula:

Dαtλ = �(λ + 1)

�(λ + 1 − α)
tλ−α.

It results:

Dαy =
∞∑

k=1

Ck

�(αk + 1)

�(αk + 1 − α)
tkα−α =

∞∑
k=0

Ck+1
�(αk + 1 + α)

�(αk + 1)
tkα

ai

tα−βi
Dβi y(t) = ai

tα−βi

∞∑
k=1

Ck

�(kα + 1)

�(kα + 1 − βi)
tkα−βi

=
∞∑

k=0

Ck+1 ai

�(kα + 1 + α)

�(kα + 1 + α − βi)
tkα.

The equation becomes:

∞∑
k=0

Ck+1�(αk + 1 + α)

[
1

�(αk + 1)
+

n∑
i=1

ai

�(kα + 1 + α − βi)

]
tαk + ym = 0.

We introduce now the notation F(α, k):

F(α, k) = Ck+1�(αk + 1 + α)

[
1

�(αk + 1)
+

n∑
i=1

ai

�(kα + 1 + α − βi)

]
.

We will examine some cases:

(a) In the case m = 0, we have:

∞∑
k=0

F(αk)tαk + 1 = 0.

Then:

C0 = 1,

C1�(α + 1)

[
1 +

n∑
i=1

ai

�(1 + α − βi)

]
+ 1 = 0,

Ci = 0, i = 2, 3, . . .
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For α = 2, β = 1, a1 = 2, ai = 0, i = 2, 3, . . .

y′′(t) + 2

t
y′ + 1 = 0,

resulting the solution:

y(t) = 1 − t2

6
.

(b) The case m > 0.

Then we have the following relations for different values of m:

1. m = 1, F (α, k) + Ck = 0,

2. m = 2, F (α, k) +
k∑

i=0

CiCk−i = 0, because:

y2(t) =
( ∞∑

k=0

Ckt
αk

)2

=
∞∑

k=0

k∑
i=0

CiCk−i t
αk.

3. m = 3, F (α, k) +
k∑

i=0

k−i∑
j=0

CiCjCk−i−j = 0, because:

y3(t) =
( ∞∑

k=0

Ckt
αk

)3

=
∞∑

k=0

k∑
i=0

k−i∑
j=0

CiCjCk−i−j t
αk,

or, the relation:

F(α, k) +
k∑

i=0

k−i∑
j=0

. . .

k−i−j−...tm−1∑
tm=0

CiCj . . . Ck−i−...−tm = 0.

For same special cases, we have:

α = 2, β = 1, a1 = 2, ai = 0, i = 2, 3 . . . ,

(a) m = 1, y′′(t) + 2

t
y′(t) + y(t) = 0 ⇔ y(t) = 1 − t2

6
+ . . . ,

(b) m = 2, y′′(t) + 2

t
y′(t) + y2(t) = 0 ⇔ y(t) = 1 − t2

3! + t4

5! + . . . = sin t

t
,



5.2 Power Series 107

(c) m = 3, y′′(t) + 2

t
y′(t) + y3(t) = 0 ⇔ y(t) = 1 − t2

3! + t4

60
+ . . .

These results are confirmed by the following Maple program:

MAPLE

>m:= ... is introduced here
>ec:= diff(y(t),t,t) + 2/t*diff(y(t),t)+(y(t))^m = 0;
>dsolve({ec, y(0) = 1, D(y)(0) = 0}, y(t), series);

Other results are as follows:

(1)m = 4, y(t) = 1 − t2

6
+ t4

30
+ O(t6),

(2)m = 5, y(t) = 1 − t2

6
+ t4

24
+ O(t6),

(3)m = 6, y(t) = 1 − t2

6
+ t4

20
+ O(t6),

(4)m = 10, y(t) = 1 − t2

6
+ t4

12
+ O(t6),

(5)m = 20, y(t) = 1 − t2

6
+ t4

6
+ O(t6).

Finally we will examine the following particular case:

y( 3
2 )(t) + 2

t
y( 1

2 )(t) + 1

t
3
4

y( 3
4 )(t) + ym(t) = 0,

α = 3

2
, β1 = 1

2
, β2 = 3

4
, a1 = 2, a2 = 1,

G(k) = F

(
3

2
, k

)
= �

(
3

2
k + 5

2

)
⎡
⎢⎢⎣ 1

�

(
3

2
k + 1

)

+ 2

�

(
3

2
k + 2

) + 1

�

(
3

2
k + 3

4

)
⎤
⎥⎥⎦ ,

G(0) = 5.07282, G(1) = 13.4199, G(2) = 24.9119, . . .
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(a)m = 0,

∞∑
k=0

G(k)t
3
2 k + 1 = 0

C0 = 1, C1 = − 1

G(0)
= −0.19742, Ci = 0, i = 2, 3, . . . ,

y(t) = 1 − 0.1971 t
3
2 ,

(b) m = 1, Ck+1G(k) + Ck = 0,

C0 = 1, , C1 = − 1

G(0)
= −0.19742,

C2G(1) + C1 = 0 ⇒ C2 = 0.0146, . . . ,

y(t) = 1 − 0.1971t
3
2 + 0.0146t3 + . . . ,

(c) m = 2, Ck+1G(k) +
k∑

i=0

CiCk−i = 0,

C0 = 1,

C1G(0) + C2
0 = 0 ⇒ C1 = −0.1971,

C2G(1) + 2C0C1 = 0 ⇒ C2 = 0.0293,

y(t) = 1 − 0.1971t
3
2 + 0.0293t3 + . . .

5.2.3 The Taylor Series Method

Theorem 9 The series
∞∑

k=0

Ckt
kα, here C0 �= 0, is convergent for 0 < t < R1/α .

Proof We can write:

∣∣∣Cn+1t
(n+1)α

Cntnα

∣∣∣ < 1,

or:

0 < tα <

∣∣∣ Cn

Cn+1

∣∣∣.
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But the convergence radius is R = lim
n→∞

∣∣∣ Cn

Cn+1

∣∣∣ so that, finally, we obtain:

0 < t < R1/α.

Theorem 10 Suppose that:

f (t) =
∞∑

n=0

Cnt
nα, 0 ≤ m − 1 < α ≤ m, 0 ≤ t < R1/α.

If f (t) ∈ C[0, R1/α), and D(nα)f (t) ∈ C(0, R1/α), for n = 0, 1, . . ., then:

Cn = Dnαf (0)

�(nα + 1)
,

where D(nα) = D(α)D(α) . . . D(α) = (D(α))n.

Proof For t = 0, we have C0 = f (0).
Using the formula

D(nα)tλ = �(λ + 1)

�(λ + 1 − nα)
tλ−nα,

it results:

D(α)f (t) = C1�(α + 1) + C2
�(2α + 1)

�(α + 1)
tα + C3

�(3α + 1)

�(2α + 1)
t2α + . . .

For:

t = 0, we have: C1 = D(α)f (0)

�(α + 1)
.

However, if we continue to apply n times D(α) we obtain for t = 0:

Cn = D(nα)f (0)

�(nα + 1)
.

Thus we have the generalized MacLaurin series:

f (t) =
∞∑

n=0

D(nα)f (0)

�(nα + 1)
tnα.
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Remark Similarly, for t0 ≤ t < R1/α and

f (t) =
∞∑

n=0

(t − t0)
nα,

we have the Taylor generalized formula:

f (t) =
∞∑

n=0

D
(nα)
t0

f (t0)

�(nα + 1)
(t − t0)

nα.

5.2.4 The Generalized Hermite Equation

The Hermite6 equation [6] can be generalized as [4]:

D(2α)y(t) − 2tαD(α)y(t) + λy(t) = 0,

for the fractional case.

Solution The solution can be written using the powers series method, as:

y(t) =
∞∑

n=0

Cnt
nα, (C0 �= 0),

where Cn are constants.

In the calculations we apply the formula:

Dαtλ = �(λ + 1)

�(λ + 1 − α)
tλ−α.

It results:

∞∑
n=2

CnD
(2α)tnα − 2tα

∞∑
n=1

CnD
(α)tnα + λ

∞∑
n=0

Cnt
nα = 0,

∞∑
n=2

Cn

�(nα + 1)

�((n − 2)α + 1)
t(n−2)α −2tα

∞∑
n=1

Cn

�(nα + 1)

�((n − 1)α + 1)
t(n−1)α

+λ

∞∑
n=0

Cnt
nα = 0,

6C. Hermite (1822–1901).
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or, finally:

∞∑
n=0

Cn+2
�((n + 2)α + 1)

�(nα + 1)
tnα − 2

∞∑
n=1

Cn

�(nα + 1)

�((n − 1)α + 1)
tnα + λ

∞∑
n=0

Cnt
nα = 0

For n = 0 ⇒ C1�(2α + 1) + λC0 = 0 ⇒ C1 = − λC0

�(2α + 1)

Cm+1
�((n + 2)α + 1)

�(nα + 1)
= Cn

[
2�(nα + 1)

�((n − 1)α + 1)
− λ

]
.

For α = 1, we obtain:

C1 = −λC0

2! ,

Cn+1 = Cn

2n − λ

(n + 1)(n + 2)
,

y(t) = C0

[
1 − 1

2!λt2 + 1

4!λ(λ − 4)t3 + . . .

]
.

For α = 1

2
, we have

C1 = −λC0, C2 = 2λC9

3
, C3 = λ2C0

3

(
2√
π

− λ

)
, . . . ,

and the solution:

y(t) = C0

[
1 − λt1/2 + 2λ

3
t + λ2

3

(
2√
π

− λ

)
t3/2
]

5.2.5 The Generalized Legendre Equation

The generalized Legendre FDE can be defined as [4]:

(1 − t2α)D(2α)y(t) − 2tαD(α)y(t) + λy(t) = 0.

Solution We consider a power series solution:

y(t) =
∞∑

n=0

Cnt
nα, C0 �= 0
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where Cn are constants. We replace the solution in the equation

(1 − t2α)

∞∑
n=2

CnD
(2α)tαn − 2tα

∞∑
n=1

CnD
(α)tαn + λ

∞∑
n=0

Cnt
αn = 0,

or:

∞∑
n=2

Cn

�(nα + 1)

�((n − 2)α + 1)
t(n−2)α −

∞∑
n=2

Cn

�(nα + 1)

�((n − 2)α + 1)
tnα

−2
∞∑

n=1

Cn

�(nα + 1)

�((n − 1)α + 1)
tnα

+λ

∞∑
n=0

Cnt
nα = 0,

and, finally we obtain:

ds

∞∑
n=0

Cn+2
�((n + 2)α + 1)

�(nα + 1)
tnα −

∞∑
n=2

Cn

�(nα + 1)

�((n − 2)α + 1)
tnα

−2
∞∑

n=1

Cn

�(nα + 1)

�((n − 1)α + 1)
tnα

+λ

∞∑
n=0

Cnt
nα = 0.

For n = 0, we have:

C2�(2α + 1) + λC0 = 0, ⇒ C2 = − C0λ

�(2α + 1)
.

For n = 1, we obtain:

C3
�(3α + 1)

�(α + 1)
−2C1�(α+1)+λC1 = 0, ⇒ C3 = −C1

λ − 2�(α + 1)

�(3α + 1)
�(α+1)

Cn+2
�(α(n + 2) + 1)

�(αn + 1)
−Cn

�(αn + 1)

�(α(n − 2) + 1)

−2Cn

�(αn + 1)

�(α(n − 1) + 1)
+ λCn = 0.
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For α = 1

C2 = −λC0

6
,

C3 = −C1
λ − 2

6
,

C4 = C0
λ(λ − 6)

24
,

. . .

and the solution:

y(t) = C0

[
1 − λ

2
t2 + λ(λ − 6)

24
t4 + . . .

]
+ C1

[
t − λ − 2

6
t3 + . . .

]

For α = 1

2
, we have:

C2 = −λC0

6
,

C3 = −2C1
λ − √

π

3
,

C4 = −C0
1

12

[
1 − λ + 4√

π

]
.

5.2.6 The Generalized Bessel Equation

The Bessel7 FDE can be introduced as [4]:

t2αD(2α)y(t) + tαD(α)y(t) + (t2α − p2)y(t) = 0, p ∈ R.

Solution We consider a power series solution:

y(t) =
∞∑

n=0

Cnt
λ+nα, (C0 �= 0),

7F. Bessel (1784–1846).
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where Cn are constants. Replacing the solution in the equation, we have:

t2αD(2α)y(t) = t2α
∞∑

n=0

Cn

�(λ + nα + 1)

�(λ + (n − 2)α + 1)
tλ+nα−2α

=
∞∑

n=0

Cn

�(λ + nα + 1)

�(λ + (n − 2)α + 1)
tλ+nα,

or

tαD(α)y(t) = tα
∞∑

n=0

Cn

�(λ + nα + 1)

�(λ + (n − 1)α + 1)
tλ+nα−α

=
∞∑

n=0

Cn

�(λ + nα + 1)

�(λ + (n − 1)α + 1)
tλ+nα,

and, finally:

(t2α − p2)

∞∑
n=0

Cnt
λ+nα =

∞∑
n=0

Cnt
λ+(n+2)α − p2

∞∑
n=0

Cnt
λ+nα

=
∞∑

n=0

Cn−2t
λ+nα − p2

∞∑
n=0

Cnt
λ+nα.

Hence, the recurrence relation between the coefficients Cn is:

∞∑
n=0

Cn

�(λ + nα + 1)

�((n − 2)α + 1)
tλ+nα +

∞∑
n=0

Cn

�(λ + nα + 1)

�((n − 1)α + 1)
tλ+nα

+
∞∑

n=0

Cn−2t
λ+nα − p2

∞∑
n=0

Cnt
λ+nα = 0.

From the recurrence relation, it results:

C0

[
�(λ + 1)

�(λ − 2α + 1)
+ �(λ + 1)

�(λ − α + 1)
− p2

]
= 0,

C1

[
�(λ + α + 1)

�(λ − α + 1)
+ �(λ + α + 1

�(λ + 1)
− p2

]
= 0,

. . . ,

Ck

[
�(λ + kα + 1

�(λ + (k − 2)α + 1)
+ �(λ + kα + 1)

�(λ + 1)
− p2

]
+ Ck−2 = 0.
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For α = 1, we have:

C0

[
λ2 − p2

]
= 0,

C1

[
(λ + 1)2 − p2

]
= 0.

For C0 arbitrary, λ = ±p, (λ + 1 �= 0) results C1 = 0.

C2k = − C2k−2

(2p + 2k)(2k)
,

or:

C2k = (−1)k+1 C0

2 · 4 · 6 · · · 2k (2p + 2) · · · (2p + 2k)
.

We obtain the solution:

y(t) = C0

∞∑
k=0

(−1)ktp+2k

4kk!(p + 1)(p + 2) · · · (p + k)
,

and

Jp(t) = 1

2p�(p + 1)

∞∑
k=0

(−1)ktp+2k

4kk!(p + 1)(p + 2) · · · (p + k)
,

Jp(t) =
∞∑

k=0

(−1)k

k!�(p + k + 1)

(
t

2

)p+2k

,

where Bessel function of first kind (Jp(t)) is called the Bessel function of first kind.

For α = 1

2
, C0 arbitrary, C1 = 0, using Mathematica we will solve the equation:

λ + λ�(λ)

�

(
λ + 1

2

) − p2 = 0.

For p = 2, if we apply the Mathematica command:

FindRoot[x + x ∗ �[x + 1/2] − 4 == 0, {x, 0.1}],

we obtain x = λ = 2.37593, [3].
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5.2.7 Nonlinear Systems

Lotka System

We consider as a first example the Lotka8 system with initial conditions:

⎧⎨
⎩

Dαx(t) = 3.5 y(t) (1 − y(t)), x(0) = 0.2,

Dαy(t) = 4 x(t) (1 − x(t)), y(0) = 0.2.

We look here for solutions in the form of series of powers:

x(t) =
∞∑

n=0

ant
nα, y(t) =

∞∑
n=0

bnt
nα.

We use the derivation rule:

Dαtλ = �(λ + 1)

�(λ + 1 − α)
tλ−α.

It results:

Dα

( ∞∑
n=0

ant
nα

)
=

∞∑
n=1

anD
αtnα =

∞∑
n=1

�(nα + 1)

�((n − 1)α + 1)

=
∞∑

m=0

�((m + 1)α + 1)

�(mα + 1)
tmα =

∞∑
n=0

�((n + 1)α + 1)

�(nα + 1)
tnα.

We obtain the following recurrence relations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�((n + 1)α + 1)

�(nα + 1)
an+1 = 3.5(bn −

n−k∑
k

bkbn−k),

a0 = 0.2,

�((n + 1)α + 1)

�(nα + 1)
bn+1 = 4

(
an −

n−k∑
k

akan−k

)
,

b0 = 0.2.

8A.J. Lotka (1880–1949).
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For numerical calculations of an, bn, we can use the Mathematica program:

MATHEMATICA

Clear["‘*"]
\[Alpha] := 3/4;
a[0] = 0.1; b[0] = 0;
f[n_] := Gamma[n*\[Alpha] + 1]/Gamma[(n + 1)*

\[Alpha]+1];
For[n = 0, n <= 5,
n++, {a[n + 1] = 3.5*f[n]*(b[n] -

Sum[b[k]*b[n - k], {k, 0, n}]),
b[n + 1] = 4*f[n]*(a[n] -
Sum[a[k]*a[n - k], {k, 0, n}]), {n, 0, 5}}]

TableForm[Table[{n, a[n], b[n]}, {n, 0, 5}]]

0 0.1 0
1 0 0.3917
2 0.9475 1.5816
3 -0.2800 1.58164
4 2.3520 -0.3807
5 -2.0508 1.42210

sol = Table[{a[n], b[n]}, {n, 1, 1000}];
p = Interpolation /@ Transpose@sol;
ParametricPlot[Evaluate@Through@p@t,

{t, 1, 1000}, Frame -> True]

Figure 5.5 shows the solution (a(t), b(t)) of the Lotka attractor.

Fig. 5.5 Lotka attractor
solution (a(t), b(t))

–2 –1 0 1 2

0.0

0.5

1.0
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Lorenz Fractional Attractor

The Lorenz9 fractional attractor is defined by the system of FDE:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Dαx(t) = 10 (y(t) − x(t)),

Dαy(t) = x(t) (28 − z(t)) − y(t),

Dαz(t) = x(t) y(t) − 8

3
z(t).

We use the initial conditions:

x(0) = 0.1, y(0) = 0.1, z(0) = 0.1.

We take the power series solutions and 0 < α ≤ 1:

x(t) =
∞∑

n=0

ant
nα, y(t) =

∞∑
n=0

bnt
nα, z(t) =

∞∑
n=0

cnt
nα.

We obtain the recurrence relations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

an+1
�((n + 1)α + 1)

�(nα + 1)
= 10[bn − an]

bn+1
�((n + 1)α + 1)

�(nα + 1)
= 28an −

n∑
k=0

akcn−k − bn

cn+1
�((n + 1)α + 1)

�(nα + 1)
=

n∑
k=0

akbn−k − 8

3
cn.

Example For α = 0.95, we have:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

D0.95x(t) = 10[y(t) − x(t)]

D0.95y(t) = x(t)[28 − z(t)] − y(t)

D0.95z(t) = x(t)y(t) − 8

3
z(t)

x(0) = 0.1, y(0) = 0.1, z(0) = 0.1.

9E.N. Lorenz (1917–2008).
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The coefficients an, bn, cn can be calculated using the program:

MAPLE

restart:Digits:=5:
> a[0]:=0.1:
> b[0]:=0.1:
> c[0]:=0.1:
> alpha:=0.95:
> unassign(’n’);
> f:=n->GAMMA(n*alpha+1)/GAMMA((n+1)*alpha+1);

GAMMA(n alpha + 1)
f := n -> ------------------------

GAMMA((n + 1) alpha + 1)

> a[1]:=f(0)*10*(b[0]-a[0]):
> b[1]:=f(0)*(28*a[0]-a[0]*c[0]-b[0]):
> c[1]:=f(0)*(a[0]*b[0]-8/3*c[0]):
> for n from 1 to 5 do
> a[n+1]:=f(n)*10*(b[n]-a[n]);
> b[n+1]:=f(n)*(28*a[n]-sum(a[k]*b[n-k],k=0..n)-b[n]);
> c[n+1]:=f(n)*(sum(a[k]*b[n-k],k=0..n)-8/3*c[n]);
> od;

The solutions are:

x(t) = 0.1 − 0t0.95 + 14.720t2·0.95 − 59.987t3·0.95 + 519.94t4·0.95−

−2523.97t5·0.95 + 12242t6·0.95 . . .

y(t) = 0.1 + 2.7451t0.95 − 1.6192t2·0.95 + 151.18t3·0.95 − 524.76t4·0.95+

+3900t5·0.95 − 14988t6·0.95 . . .

z(t) = 0.1 − 0.26193t0.95 + 0.52174t2·0.95 − 0.02977t3·0.95+

+13.868t4·0.95 − 49.518t5·0.95 + 802.5t6·0.95 . . .

For α = 0.995, the coefficients an, bn, cn are:

MATHEMATICA

In this case, we have:

Clear["‘*"]
\[Alpha] := 0.995;
a[0] = 0.1; b[0] = 0.1; c[0] = 0.1;
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f[n_] := Gamma[n*\[Alpha] + 1]/Gamma[(n + 1)

*\[Alpha] + 1];
a[1] = f[0]*10*(b[0] - a[0]);
b[1] = f[0]*(28*a[0] - a[0]*c[0] - b[0]);
c[1] = f[0]*(a[0]*b[0] - 8/3*c[0]); For[n = 0, n <= 5,
n++, {a[n + 1] = 10*f[n]*(b[n] - a[n]),
b[n + 1] = f[n]*(28*a[n] - Sum[a[k]*b[n - k],
{k, 0, n}]),
c[n + 1] = f[n]*(Sum[a[k]*b[n - k], {k, 0, n}]
- 8/3*c[n])}]

TableForm[Table[{n, a[n], b[n], c[n]}, {n, 0, 5}]]
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Chapter 6
Numerical Methods

This chapter studies several numerical methods for fractional order systems. In
the following sections variational iteration, least squares, Euler’s, and Runge–Kutta
methods are analyzed.

6.1 Variational Iteration Method for Fractional Differential
Equations

In this section we will introduce the variational iteration method (Variational
iteration method (VIM)) [3, 4] to solve the nonlinear FDE [2, 5, 6]. We consider
the FDE:

Dαy(t) + R[y(t)] + N [y(t)] = g(t),

where g(t) is a given function, N [y(t)] is a nonlinear operator, and R is a residual
linear operator. The equation will be solved for the initial conditions:

y(k)(0) = y
(k)
0 , m − 1 < α ≤ 	α
 = m, k = 0, . . . , m − 1,

considering that the conditions of existence and uniqueness are satisfied.
We apply the LT method:

L[y(t)] = Y (s) = Y,

L[Dαy(t)] = sαY −
m−1∑
k=0

y
(k)
0 sα−k−1.

© Springer Nature Switzerland AG 2019
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We will introduce now the correction relation, written in a recurrent form:

Yn+1 = Yn + λ(s)

[
sαYn −

m−1∑
k=0

y
(k)
0 sα−k−1 + L[R[yn] + N [yn] − g(t)]

]
,

where λ(s) is the Lagrange1 multiplier.

We impose the condition
δYn+1

δYn

= 0. It follows:

1 + λ(s)sα = 0 ⇒ λ(s) = − 1

sα
.

It results:

Yn+1 = 1

sα

m−1∑
k=0

y
(k)
0 sα−k−1 − 1

sα
L[R[yn] + N [yn] − g(t)],

or:

yn+1(t) = L−1

[
1

sα

m−1∑
k=0

y
(k)
0 sα−k−1 − 1

sα
L[R[yn] + N [yn] − g(t)]

]
.

Example 1 Use the VIM method to solve the FDE:

Dαy(t) = 1 +
∫ t

0
y(u) du,

with the initial condition:

y(0) = 1, 0 < α ≤ 1.

Solution Using LT we have successively:

L[y(t)] = Y,

sαY − sα−1 = 1

s
+ L

[∫ t

0
y(u) du

]
,

Yn+1 = Yn + λ(s)

[
sαYn − sα−1 − 1

s
− L

[∫ t

0
y(u) du

]]
,

1Joseph-Louis Lagrange (1736–1813).
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δYn+1

δYn

= 0 ⇒ 1 + λ(s)sα = 0 ⇒ λ(s) = − 1

sα
,

yn+1 = L−1
[

1

s
+ 1

sα+1 + 1

sα
L

[∫ t

0
y(u) du

]]
,

yn(t) = 1 + tα

�(α + 1)
+ L−1

[
Yn

sα+1

]

y0 = 1,

y1 = 1 + tα

�(α + 1)
+ tα+1

�(α + 2)
,

. . .

Example 2 Use the VIM to solve the FDE:

Dαy(t) = 1 +
∫ t

0
(t − u)y(u) du,

with the conditions:

y(0) = 1, y′(0) = 0, 1 < α ≤ 2.

Solution Using LT we have:

L[y(t)] = Y,

sαY − sα−1 = 1

s
+ 1

s2 L [yn(u)] ,

Yn+1 = Yn + λ(s)

[
sαYn − sα−1 − 1

s
− L [yn]

]
,

δYn+1

δYn

= 0 ⇒ 1 + λ(s)sα = 0 ⇒ λ(s) = − 1

sα
,

yn+1 = L−1
[

1

s
+ 1

sα+1 + 1

sα+2 L [yn]

]
,

yn(t) = 1 + tα

�(α + 1)
+ L−1

[
Yn

sα+2

]
,

y0 = 1,
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y1 = 1 + tα

�(α + 1)
+ tα+2

�(α + 3)
.

. . .

Other details on VIM can be found in [2–4].

6.2 The Least Squares Method

Consider the equation

Dαy(t) + y(t) + f (t) = 0,

with the conditions:

y(0) = 0, y(1) = 0, 0 < α ≤ 1,

using the approximation:

yapp =
n∑

i=1

Ciφi,

where Ci are constants, and φi = φi(t), i = 1, . . . , n are test functions. For
calculations, we will introduce an operator L:

L[yapp] = Dαyapp + yapp.

We will define the functional I

I [C1, C2, . . . , Cn] = 1

�(α + 1)

∫ 1

0

[
L[yapp] + f (t)

]2
(dt)α → min,

which, by minimization, gives a system of equations in C1, . . . , Cn:

∂I [C1, C2, . . . , Cn]
∂Ci

= 0, i = 1, 2, . . . n.

from which we obtain the constants C1, . . . , Cn.

Example 1 Establish an approximate solution, with the aid of least squares method,
for the FDE:

Dαy(t) + 1 − (1 + α)t = 0,
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with the conditions:

y(0) = 0, y(1) = 0, 0 < α ≤ 1.

Solution Exact solution, using the LT method is:

sαY = −L[1] + (α + 1)L[t], ⇔ y(t) = − tα

�(α + 1)
+ tα+1

�(α + 1)
.

For

yapp = C1φ1 + C2φ2,

Dαyapp = C1D
αφ1 + C2D

αφ2.

we obtain:

I [C1, C2] = 1

�(α + 1)

∫ 1

0

[
C1D

αφ1 + C2D
αφ2 + 1 − (α + 1)t

]2
(dt)α → min,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂I [C1, C2]
∂C1

= 0,

∂I [C1, C2]
∂C2

= 0,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ 1

0

[
C1D

αφ1 + C2D
αφ2 + 1 − (1 + α)t

]
Dαφ1(dt)α = 0,

∫ 1

0

[
C1D

αφ1 + C2D
αφ2 + 1 − (1 + α)t

]
Dαφ2(dt)α = 0,

and using the notation

Bij =
∫ 1

0
(Dαφi)(D

αφj )(dt)α, Fi = −
∫ 1

0
(1 − (α + 1)t)Dαφi(dt)α,

where i, j = 1, 2. It follows:

B =
⎛
⎝B11 B12,

B21 B22,

⎞
⎠ , C = [C1, C2], F = [F1, F2].
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Finally, the system will be:

BCT = FT ,

CT = B−1FT .

Using the formulas:

Dαtk = �(k + 1)

�(k + 1 − α)
tk−α

Iαtk = �(k + 1)

�(k + 1 + α)
tk+α,

We choose the test functions as:

v1 = t (1 − t), v2 = t2(1 − t),

yapp = C1 v1 + C2 v2,

Dαyapp = C1 Dαv1 + C2 Dαv2.

Dαv1 = Dαt(1 − t) = 1

�(2 − α)
t1−α − 2

�(3 − α)
t2−α,

Dαv2 = Dα(t2 − t3) = Dαt2 − Dαt3 = 2

�(3 − α)
t2−α − 6

�(4 − α)
t3−α.

We introduce the notations:

P = 1

�(2 − α)
, Q = 2

�(3 − α)
, R = 6

�(4 − α)
.

We obtain:

Dαv1 = P t1−α − Qt2−α,

Dαv2 = P t2−α − R t3−α,

Dαv1 Dαv1 = P 2 t2−2α − 2PQ t3−2α + Q2 t4−2α,

Dαv1 Dαv2 = PQ t3−2α − PR t4−2α − Q2 t4−2α + QR t5−2α,

Dαv2 Dαv2 = Q2 t4−2α − 2QR t5−2α + R2 t6−2α.
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Using the integration rule

0I
αxk = �(k + 1)

�(k + 1 + α)
,

we obtain:

B11 =
∫ 1

0
Dαv1Dαv1(dt)α = P 2 �(3 − 2α)

�(3 − α)
−2PQ

�(4 − 2α)

�(4 − α)
+Q2 �(5 − 2α)

�(5 − α)
,

B12 = B21 = PQ
�(5 − 2α)

�(5 − α)
−PR

�(5 − 2α)

�(5 − α)
−Q2 �(5 − 2α)

�(5 − α)
+QR

�(6 − 2α)

�(6 − α)
,

B22 = Q2 �(5 − 2α)

�(5 − α)
− 2QR

�(6 − 2α)

�(6 − α)
+ R2 �(7 − 2α)

�(7 − α)
,

F1 = −
∫ 1

0
[1 − (α + 1)t][P t1−α − Qt2−α](dt)α

= −P
�(2 − α)

�(2)
+ Q

�(3 − α)

�(3)
+ P(α + 1)

�(3 − α)

�(3)
− Q(α + 1)

�(2 − α)

�(2)
,

F2 = −
∫ 1

0
[1 − (α + 1)t][Qt2−α − Rt3−α](dt)α

= −Q
�(3 − α)

�(3)
+ R

�(4 − α)

�(4)
+ Q(α + 1)

�(4 − α)

�(4)
− R(α + 1)

�(5 − α)

�(5)
.

We can build now the matrix B:

B =
⎛
⎝B11 B12,

B21 B22,

⎞
⎠ ,

C = [C1 C2],

F = [F1 F2],

and solve the matrix equation:

BCT = FT ⇒ CT = B−1FT ,

resulting C1 and C2.
The programs in Maple and Mathematica are listed in the follow-up.
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MAPLE

> restart:
> Digits:= 4:
> a:= 1/2;
> P:= evalf(1/GAMMA(2 - a));
> Q:= evalf(2/GAMMA(3 - a));
> R:= evalf(6/GAMMA(4 - a));
> B11:=evalf(P^2*GAMMA(3 - 2*a)/GAMMA(3 - a)
- 2*P*Q*GAMMA(4 - 2*a)/GAMMA(4-a) +
Q^2*GAMMA(5 - 2*a)/GAMMA(5 - a));

> B12:=evalf(P*Q*GAMMA(4 - 2*a)/GAMMA(4 - a)
-P*R*GAMMA(5 - 2*a)/GAMMA(5 - a) - Q^2

*GAMMA(5 - 2*a)
/GAMMA(5 - a) + Q*R*GAMMA(6 - 2*a)/GAMMA(6 - a));

> B22:=evalf(P^2*GAMMA(5 - 2*a)/GAMMA(5 - a) -
2*Q*R*GAMMA(6 - 2*a)/GAMMA(6 - a) + R^2

*GAMMA(7 - 2*a)
/GAMMA(7 - a) );

> F1:=evalf(2/GAMMA(3 + a) - 6/GAMMA(4 + a));
> F2:=evalf(6/GAMMA(4 + a) - 24/GAMMA(5 + a));
> ec1:= C1*B11 + C2*B12 = F1;
> ec2:= C1*B12 + C2*B22 = F2;
> solve({ec1,ec2},{C1,C2});

MATHEMATICA

Clear["‘*"]
a = 1/2
P = 1/Gamma[2 - a] // N
Q = 2/Gamma[3 - a] // N
C1 = 6/Gamma[4 - a] // N
v1 = P*t - B*t^2 // N
v2 = P*t^2 - C1*t^3 // N
B11 = P^2*Gamma[3 - 2*a]/Gamma[3 - a] -

2*P*Q*Gamma[4 - 2*a]/Gamma[4 - a] +
Q^2*Gamma[5 - 2*a]/Gamma[5 - a] // N

B12 = P*Q*Gamma[4 - 2*a]/Gamma[4 - a] -
P*C1*Gamma[5 - 2*a]/Gamma[5 - a] -
Q^2*Gamma[5 - 2*a]/Gamma[5 - a] +
Q*C1*Gamma[6 - 2*a]/Gamma[6 - a] // N

B22 = Q^2*Gamma[5 - 2*a]/Gamma[5 - a] -
2*Q*C1*Gamma[6 - 2*a]/Gamma[6 - a] +
C1^2*Gamma[7 - 2*a]/Gamma[7 - a] // N

F1 = -P*Gamma[2 - a]/Gamma[2] + Q*Gamma[3 -
a/Gamma[3]] +
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P*(a + 1)*Gamma[3 - a]/Gamma[3]
-Q*(a + 1)*Gamma[4 - a]/Gamma[4]
F2 = -Q*Gamma[3 - a]/Gamma[3] + C1*Gamma[4 - a]/
Gamma[4] +
Q*(a + 1)*Gamma[4 - a]/Gamma[4]

-C1*(a + 1)*Gamma[5 - a]/Gamma[5]
ec1 = C11*B11 + C2*B12
ec2 = C11*B12 + C2*B22
Solve[{ec1, ec2} == {F1, F2}, {C1, C2}] // N

For α = 0.50, we obtain:

C1 = 54.3332, C2 = −39.3793.

Example 2 Establish an approximate solution, with the aid of least squares method,
for the FDE

Dαy(t) − y(t) = t

et − 1
, 0 ≤ t ≤ 1,

with the initial conditions:

y(0) = 1, y′(0) = 0, where: 0 < α ≤ 1.

Solution It is well known that f (t) can be expanded as:

f (t) =
∞∑

k=0

Bk

tk

k! ,

where Bk are Bernoulli2 numbers. In our case:

B0 = 1, B1 = −1

2
, B2 = 1

6
, B4 = − 1

30
, . . . , B2k+1 = 0.

The approximate solution is in this case:

yapp =
∞∑

k=0

Ckt
αk,

where Ck are constants.

2J. Bernoulli (1655–1705).
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We apply now the least squares method. We introduce the functional:

I =
∫ 1

0

[
Dαyapp − yapp −

∞∑
k=0

Bk

tk

k!

]2

(dt)α → min,

which will be minimized. We can calculate also:

Dαyapp =
∞∑

k=0

CkD
αtαk =

∞∑
k=1

Ck

�(αk + 1)

�(αk + 1 − α)
tαk−α

=
∞∑

k=0

Ck+1
�(αk + α + 1)

�(αk + 1)
tαk,

I =
∫ 1

0

[ ∞∑
k=0

Ck+1
�(αk + α + 1)

�(αk + 1)
tαk −

∞∑
k=0

Ckt
αk −

∞∑
k=0

Bk

tk

k!

]2

(dt)α → min,

We apply now the minimization conditions

∂I

∂Ck

= 0 ⇒,

from which we obtain the relations:

∫ 1

0
tαk

[ ∞∑
k=0

Ck+1
�(αk + α + 1)

�(αk + 1)
tαk −

∞∑
k=0

Ckt
αk −

∞∑
k=0

Bk

tk

k!

]
(dt)α = 0,

where k = 0, 1, . . .

∞∑
k=0

∫ 1

0

[
Ck+1

�(αk + α + 1)

�(αk + 1)
t2αk − Ckt

2αk − Bk

k! tk+αk

]
(dt)α = 0, k = 0, 1, . . .

We obtain from these relations:

C0 = B0 = 1,

Ck+1
�(αk + α + 1)

�(αk + 1)

�(2αk + 1)

�(2αk + α + 1)
+Ck

�(2αk + 1)

�(2αk + α + 1)

−Bk

1

k!
�(αk + k + 1)

�(αk + k + 1 + α)
= 0,
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C1 = 0 C2 = −1

2

�(α + 2)

�(2α + 2)

�(α + 1)�(3α + 1)

�2(2α + 1)
,

. . .

Finally, we obtain the solution:

yapp(t) = 1 − 1

2

�(α + 2)

�(2α + 2)

�(α + 1)�(3α + 1)

�2(2α + 1)
t2α + . . .

For α = 1, we have yapp ≈ 1 − 1

4
t2.

Using the Maple sequence of commands:

MAPLE

> ec:=diff(y(t),t,t) + y(t) = t/(exp(t) -1 );
> dsolve({ec,y(0) = 1,D(y)0) = 0},y(t),series);

it results yapp ≈ 1 − 1

12
t3.

Remark Due the fact that FI is difficult to calculate it is recommended that the
function f (t) to be represented by a series of powers. So:

f (t) = et =
∞∑

n=0

tn

n! ;

f (t) =
{

cosh(t)

cos(t)

}
=

∞∑
n=0

(±1)n

(2n)! tn

f (t) =
{

sinh(t)

sin(t)

}
=

∞∑
n=0

(±1)n

(2n + 1)! t
n

Example 3 Establish the solution, with the aid of least squares method, for the FDE:

D(3/2)y(t) − t3/2y(t) = 4t1/2

√
π

− t7/2,

with the initial conditions:

y(0) = 0, y′(0) = 0.

Solution Let B = {B0, B1, B2} be basis, with:

B0 = 1,
B1 = t ,
B2 = t2.
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We consider a solution of type:

yap = xB0 + yB1 + zB2

Using the least squares method we can build the functional I , which will be
minimized:

I = 1

�(5/2)

∫ 1

0

[
Dαyapp − t3/2yapp −

(
4t1/2

√
π

− t3/2
)]2

(dt)3/2 → min,

or:

I = 1

�(5/2)

∫ 1

0

[
(D3/2B0 − t3/2B0) x + (D3/2B1 − t3/2B1) y

+(D3/2B2 − t3/2B2) z −
(

4t1/2

√
π

− t3/2
)]2

(dt)3/2 → min.

We use the notations

A = D3/2B0 − t3/2B0;
B = D3/2B1 − t3/2B1;
C = D3/2B2 − t3/2B2.

The functional I becomes

I = 1

�(5/2)

∫ 1

0

[
Ax + By + Cz −

(
4t1/2

√
π

− t3/2
)]2

(dt)3/2 → min,

and the minimization conditions are:

∂I

∂x
= 0,

∂I

∂y
= 0,

∂I

∂z
= 0.

Explicitly, we have:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ 1

0
[Ax + By + Cz] A (dt)3/2 =

∫ 1

0

(
4t1/2

√
π

− t3/2
)

A(dt)3/2,

∫ 1

0
[Ax + By + Cz] B (dt)3/2 =

∫ 1

0

(
4t1/2

√
π

− t3/2
)

B (dt)3/2,

∫ 1

0
[Ax + By + Cz] C (dt)3/2 =

∫ 1

0

(
4t1/2

√
π

− t3/2
)

C(dt)3/2.
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We obtain the system

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

A11 x + A12 y + A13 z = F1,

A21 x + A22 y + A23 z = F2,

A31 x + A32 y + A33 z = F3.

with:

A11 =
∫ 1

0
A2 (dt)3/2, A12 =

∫ 1

0
B A(dt)3/2, A13 =

∫ 1

0
C A (dt)3/2,

F1 =
∫ 1

0

(
4t1/2

√
π

− t3/2
)

A (dt)3/2

A21 =
∫ 1

0
AB (dt)3/2, A22 =

∫ 1

0
B2(dt)3/2, A23 =

∫ 1

0
C B (dt)3/2,

F2 =
∫ 1

0

(
4t1/2

√
π

− t3/2
)

B (dt)3/2

A31 =
∫ 1

0
C A (dt)3/2, A32 =

∫ 1

0
C B (dt)3/2, A13 =

∫ 1

0
C2 (dt)3/2,

F3 =
∫ 1

0

(
4t1/2

√
π

− t3/2
)

C (dt)3/2.

We observe that:

A12 = A21, A13 = A31, A23 = A32,

f (β) = 1

�(5/2)

∫ 1

0
tβ(dt)3/2 = �(β + 1)

�(β + 5/2)
.

In MAPLE, we obtain exact solution y(t) = t2:

> restart;
> Digits:= 6;
> B0:= 1;
> B1:= t;
> B2:=t^2;
> A:= fracdiff(B0,t,3/2) - t^(3/2)*B0;
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> B:= fracdiff(B1,t,3/2) - t^(3/2)*B1;
> C:= fracdiff(B2,t,3/2) - t^(3/2)*B2;
> f:= proc(beta);
> f(beta):=evalf(GAMMA(beta+1)/GAMMA(beta+5/2))
> end proc;
> a11:= collect(A^2,t);
> A11:= f(3);
> a12:= collect(B*A,t);
> A12:= f(4);
> a13:= collect(C*A,t);
> A13:= f(5) - evalf(4/Pi^(1/2))*f(2);
> A21:= A12;
> a22:= collect(B^2,t);
> A22:= f(5);
> a23:= collect(C*B,t);
> A23:= f(6) - evalf(4/sqrt(Pi))*f(3);
> A31:= A13;
> A32:= A23;
> a33:= collect(C^2,t);
> A33:= f(7) - evalf(8/sqrt(Pi))*f(4) + evalf

(16/Pi)*f(1);
> f1:= collect((4/sqrt(Pi)*t^(1/2) - t^(7/2))*A,t);
> F1:= f(5) - evalf(4/sqrt(Pi))*f(2);
> f2:= collect(((4/sqrt(Pi))*t^(1/2) - t^(7/2))*B,t);
> F2:= f(6) - evalf(4/sqrt(Pi))*f(3);
> f3:= collect((4/sqrt(Pi)*t^(1/2) - t^(7/2))*C,t);
> F3:= f(7) - evalf(8/sqrt(Pi))*f(4)+11/Pi*f(1);
> ec1:= A11*x + A12*y + A13*z = F1;
> ec2:= A21*x + A22*y + A23*z = F2;
> ec3:= A31*x + A32*y + A33*z = F3;
> solve({ec1,ec2,ec3},{x,y,z});

The solution is {x = 0, y = 0, z = 1}, the exact solution being y(t) = t2. In
Mathematica we obtain:

MATHEMATICA

Clear["Global‘*"]
f[x_] := Gamma[x + 1]/Gamma[x + 5/2] // N
B0 = 1
B1 = t
B2 = t^2
A = -t^(3/2)*B0
B = -t^(3/2)*B1
C1 = 4*Sqrt[t] Sqrt[Pi] - t^(3/2)*B2
a11 = A^2
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Expand[%]
A11 = f[3]
a12 = B*A
Expand[%]
A12 = f[4]
a13 = C1*A
Expand[%]
A13 = f[5] - 4/Pi^(1/2)*f[2] // N
A21 = A12
a22 = B^2
Expand[%]
A22 = f[5]
a23 = C*B
Expand[%]
A23 = f[6] - 4/Sqrt[Pi]*f[3] // N
A31 = A13
A32 = A23
a33 = C1^2
Expand[%]
A33 = f[7] - 8/Sqrt[Pi]*f[4] + 16/Pi*f[1] // N
f1 = (4/Sqrt[Pi]*t^(1/2) - t^(7/2))*A
Expand[%]
F1 = f[5] - 4/Sqrt[Pi]*f[2] // N;
f2 = (4/Sqrt[Pi]*t^(1/2) - t^(7/2))*B
Expand[%]
F2 = f[6] - 4/Sqrt[Pi]*f[3] // N
f3 := (4/Sqrt[Pi]*t^(1/2) - t^(7/2))*C
F3 := f[7] - 8/Sqrt[Pi]*f[4] // N
Expand[%]
e3 = f[7] - 8/Sqrt[Pi]*f[4] // N
ec1 = A11*x + A12*y + A13*z
ec2 = A21*x + A22*y + A23*z
ec3 = A31*x + A32*y + A33*z
Solve[{ec1, ec2, ec3} == {F1, F2, F3}, {x, y, z}]

6.3 The Galerkin Method for Fractional Differential
Equations

The Galerkin3 method is a direct method for approximate estimation of the solution
of FDE. This method will be used here to the FDE:

3B.G. Galerkin (1871–1945).
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Dαy(t) + f (t) = 0,

where 0 < t < 1, and 0 < α ≤ 1, and the conditions:

y(0) = 0, y(1) = 0.

We denote by R(t) the residual of the equation

R(t) = Dαyapp(t) + f (t),

and we will use the approximate solution

yapp(t) =
N∑

i=1

Ciφi(t),

where φi(t) are the test (or weight) functions, so that

∫ 1

0
R(t)φi(t)(dt)α = 0, i = 1, 2, . . . , N

∫ 1

0
[Dαyapp(t) + f (t)]φi(t)(dt)α = 0, i = 1, 2, . . . , N,

∫ 1

0
Dαyapp(t)φi(t)(dt)α = −

∫ 1

0
f (t)φi(t)(dt)α, i = 1, 2, . . . , N.

Example 1 Use the Galerkin method to find the approximate solution for the FDE:

Dαy(t) − t = 0,

with the conditions:

y(0) = 0, y(α)(0) = 0, 0 < α ≤ 1.

Solution We choose the test functions:

φ1 = t, φ2 = t2,

resulting the solution:

yapp = C1t + C2t
2.
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We obtain

Dαyapp = C1D
αt + C2D

αt2.

It results the formulas:

Dαtk = �(k + 1)

�(k + 1 − α)
tk−α,

Iαtk = �(k + 1)

�(k + 1 + α)
tk+α,

Dαyapp = C1
�(1 + 1)

�(1 + 1 − α)
t1−α + C2

�(2 + 1)

�(2 + 1 − α)
t2−α,

and finally, we obtain the system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ 1

0

[
C1

2

�(2 − α)
t1−α + C2

2

�(3 − α)
t2−α

]
t (dt)α = −

∫ 1

0
t2(dt)α,

∫ 1

0

[
C1

2

�(2 − α)
t1−α + C2

2

�(3 − α)
t2−α

]
t2(dt)α = −

∫ 1

0
t3(dt)α,

or:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

C1
2

�(2 − α)

�(3 − α)

�(3)
+ C2

2

�(3 − α)

�(4 − α)

�(4)
= − �(3)

�(3 + α)
,

C1
2

�(2 − α)

�(4 − α)

�(4)
+ C2

2

�(3 − α)

�(5 − α)

�(5)
= − �(4)

�(4 + α)
.

For:
α = 0.50, ⇒ C1 = −0.4156, C2 = 0.02536.
α = 1, ⇒ C1 = −0.3871, C2 = 0.08067.

Example 2 Establish an approximate solution for the following FDE, using the
Galerkin method:

D2αy(t) + t = 0,

with the boundary conditions

y(0) = 0, y(1) = 0, 0 < α ≤ 1.

Solution We choose the test functions

v1 = t2(1 − t), v2 = t2(1 − t2),
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and the approximate solution:

yapp = C1v1 + C2v2.

We obtain

D2αyapp = C1D
2αv1 + C2D

2αv2,

D2αtk = �(k + 1)

�(k + 1 − 2α)
tk−2α,

and the Galerkin system:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ 1

0
D2αyappv1(dt)α = 0,

∫ 1

0
D2αyappv2(dt)α = 0,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C1

∫ 1

0
D2αv1v1(dt)α + C2

∫ 1

0
D2αv2v1(dt)α = −

∫ 1

0
tv1(dt)α,

C1

∫ 1

0
D2αv1v2(dt)α + C2

∫ 1

0
D2αv2v2(dt)α = −

∫ 1

0
tv2(dt)α.

Introducing the notations

A = 2

�(3 − 2α)
, B = 6

�(4 − 2α)
, C = 24

�(5 − 2α)
,

we have:

D2αv1 = D2αt2(1 − t) = At2−2α − Bt3−2α,

D2αv2 = D2α(t2 − t4) = At2−2α − Ct4−2α,

(D2αv1)v1 = At4−2α − Bt5−2α − At5−2α + Bt6−2α,

(D2αv1)v2 = At4−2α − Bt5−2α − At6−2α + Bt7−2α,

(D2αv2)v1 = At4−2α − At5−2α − Ct6−2α + Ct7−2α,

(D2αv2)v2 = At4−2α − At6−2α − Ct6−2α + Ct8−2α,
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B11 =
∫ 1

0
(D2αv1)v1(dt)α

= A
�(5 − 2α)

�(5 − α)
− B

�(6 − 2α)

�(6 − α)
− A

�(6 − 2α)

�(6 − α)
+ B

�(7 − 2α)

�(7 − α)
,

B12 =
∫ 1

0
(D2αv1)v2(dt)α

= A
�(5 − 2α)

�(5 − α)
− B

�(6 − 2α)

�(6 − α)
− A

�(7 − 2α)

�(7 − α)
+ B

�(8 − 2α)

�(8 − α)
,

B21 =
∫ 1

0
(D2αv1)v2(dt)α =

= A
�(5 − 2α)

�(5 − α)
− A

�(6 − 2α)

�(6 − α)
− C

�(7 − 2α)

�(7 − α)
+ C

�(8 − 2α)

�(8 − α)
,

B22 =
∫ 1

0
(D2αv2)v2(dt)α =

= A
�(5 − 2α)

�(5 − α)
− A

�(7 − 2α)

�(7 − α)
− C

�(7 − 2α)

�(7 − α)
+ C

�(9 − 2α)

�(9 − α)
,

F1 = −
∫ 1

0
tv1(dt)α = − �(4)

�(4 + α)
+ �(5)

�(5 + α)
,

F2 = −
∫ 1

0
tv2(dt)α = − �(4)

�(4 + α)
+ �(6)

�(6 + α)
.

Using the notation

B =
⎛
⎝B11 B12,

B21 B22,

⎞
⎠ ,

C = [C1 C2],

F = [F1 F2],

we obtain in the matrix notation:

BCT = FT ⇒ CT = B−1FT .
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Using Maple or Mathematica C1 and C2 can be calculated:

MAPLE

restart;Digits:=4:
> a:=1/2:
> V1:= t^2 - t^3:
> V2:= t^2 - t^4;
> A:= evalf(2/GAMMA(3 - 2*a));
> B:= evalf(6/GAMMA(4 - 2*a));
> C:= evalf(24/GAMMA(5 - 2*a));
> B11:=evalf(A*GAMMA(5 - 2*a)/GAMMA(5 - a)
> - B*GAMMA(6 - 2*a)/GAMMA(6 - a)
> - A*GAMMA(6 - 2*a)/GAMMA(6 - a)
> + B*GAMMA(7 - 2*a)/GAMMA(7 - a));
> B12:=evalf(A*GAMMA(5 - 2*a)/GAMMA(5 - a)
> - B*GAMMA(6 - 2*a)/GAMMA(6 - a)
> - A*GAMMA(7 - 2*a)/GAMMA(7 - a)
> + B*GAMMA(8 - 2*a)/GAMMA(8 - a));
> B21:=evalf(A*GAMMA(5 - 2*a)/GAMMA(5 - a)
> - A*GAMMA(6 - 2*a)/GAMMA(6 - a)
> - C*GAMMA(7 - 2*a)/GAMMA(7 - a)
> + C*GAMMA(8 - 2*a)/GAMMA(8 - a));
> B22:=evalf(A*GAMMA(5 - 2*a)/GAMMA(5 - a)
> - A*GAMMA(7 - 2*a)/GAMMA(7 - a)
> - C*GAMMA(7 - 2*a)/GAMMA(7 - a)
> + C*GAMMA(9 - 2*a)/GAMMA(9 - a));
> F1:=evalf(-GAMMA(4)/GAMMA(4 + a)
+ GAMMA(5)/GAMMA(5 + a));

> F2:=evalf(-GAMMA(4)/GAMMA(4 + a)
+ GAMMA(6)/GAMMA(6 + a));

> ec1:= C1*B11 + C2*B12 = F1;
> ec2:= C1*B21 + C2*B22 = F2;
> solve({ec1,ec2},{C1,C2});

MATHEMATICA

a= 1/2
A = 2/Gamma[3 - 2*a]//N
B = 2/Gamma[4 - 2*a]//N
C = 24/Gamma[5 - 2*a]//N
B11 = A*Gamma[5 - 2*a]/Gamma[5 - a]
- B*Gamma[6 - 2*a]/Gamma[6 - a]
- A*Gamma[6 - 2*a]/Gamma[6 - a]
+ B*Gamma[7 - 2*a]/Gamma[7 - a]//N
B12 = A*Gamma[5 - 2*a]/Gamma[5 - a]
- B*Gamma[6 - 2*a]/Gamma[6 - a]
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- A*Gamma[7 - 2*a]/Gamma[7 - a]
+ B*Gamma[8 - 2*a]/Gamma[8 - a]//N
B21 = A*Gamma[5 - 2*a]/Gamma[5 - a]
- A*Gamma[6 - 2*a]/Gamma[6 - a]
- C*Gamma[7 - 2*a]/Gamma[7 - a]
+ C*Gamma[8 - 2*a]/Gamma[8 - a]//N
B22 = A*Gamma[5 - 2*a]/Gamma[5 - a]
- A*Gamma[7 - 2*a]/Gamma[7 - a]
- C*Gamma[7 - 2*a]/Gamma[7 - a]
+ C*Gamma[9 - 2*a]/Gamma[9 - a]//N
F1 = -Gamma[4]/Gamma[4 + a] + Gamma[5]/
Gamma[5 + a]//N
F2 = -Gamma[4]/Gamma[4 + a] + Gamma[6]/
Gamma[6 + a]//N
ec1 = C1*B11 + C2*B12
ec2 = C1*B12 + C2*B22
Solve[{ec1,ec2}=={F1,F2},{F1,F2}]//N

For:
α = 0.50, C1 = −12.89, C2 = 8.135
α = 1, C1 = 1.067, C2 = −0.3944

Example 3 Establish an approximate solution using the Galerkin method, for the
FDE:

D1/2y(t) = −1 + y2(t), y(0) = 0, 0 < t ≤ 1.

Solution We apply the LT and Adomian method :

L[Dαy(t)] = −L[1] + L[y2(t)], y(0) = 0,

(see Example 2 presented in Sec. 4.3.2) solution is:

Ya = − tα

�(α + 1)
+ �(2α + 1)

�2(α + 1)�(3α + 1)
t3α + . . .

We consider approximate solution

Ya = At1/2 + Bt3/2,

and we have:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ 1

0
(D1/2Ya − Y 2

a )t1/2(dt)1/2 = −
∫ 1

0
t1/2(dt)1/2,

∫ 1

0
(D1/2Ya − Y 2

a )t3/2(dt)1/2 = −
∫ 1

0
t3/2(dt)1/2.
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Using Maple or Mathematica A and B can be calculated:

MAPLE

> restart:
> Digits:=4:
> a:=1/2:
> Y_a:=A*t^a+B*t^(3*a):
> fracdiff(Y_a,t,1/2):
> unassign(’t’):
> g:=t->fracdiff(Y_a,t,1/2)-(Y_a)^2:
> ex1:=g(t)*t^(1/2):
> Ex1:=collect(ex1,t):
> ex2:=g(t)*t^(3/2):
> Ex2:=collect(ex2,t):
> f:=t->GAMMA(t+1)/GAMMA(t+1+1/2):
> f1:=f(1/2):
> f2:=f(3/2):
> ec1:=-B^2*f(7/2)-2*A*B*f(5/2)+(3/4*Pi^(1/2)

*B-A^2)*f(3/2)+1/2*Pi^(1/2)*A*f(1/2)=-f1:
> ec2:=-B^2*f(9/2)-2*A*B*f(7/2)+(3/4*Pi^(1/2)

*B-A^2)*f(5/2)+1/2*Pi^(1/2)*A*f(3/2)=-f2:
> ecu1:=evalf(ec1):
> ecu2:=evalf(ec2):
> solve({ecu1,ecu2},{A,B});
{A = -0.9740, B = 0.2786}, {A = -5.798, B = 9.315},
{A = 4.568 - 0.6385 I, B = -3.956 + 1.690 I},
{A = 4.568 + 0.6385 I, B = -3.956 - 1.690 I}

MATHEMATICA

Clear["‘*"]
f[x_] := Gamma[x + 1]/Gamma[x + 3/2];
Ya = A*t^(1/2) + B*t^(3/2);
DYa = A*Sqrt[Pi]/2 + B*3*Sqrt[Pi]/4*t;
g[t_] := DYa - (Ya)^2;
ex1 = g[t]*t^(1/2);
Ex1 = Expand[%];
ex2 = g[t]*t^(3/2);
Ex2 = Expand[%];
f1 = -f[1/2] // N;
f2 = -f[3/2] // N;
ex1 = (Sqrt[Pi]/2*A + 3*Sqrt[Pi]/4*B - (A*Sqrt[t]+

B*t^(3/2))^2)*Sqrt[t];
Ex1 = Expand[%];
ex2 = (Sqrt[Pi]/2*A + 3*Sqrt[Pi]/4*B - (A*Sqrt[t]+

B*t^(3/2))^2)*t^(3/2);
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Ex22 = Expand[%];
ec1 = 1/2*A*Sqrt[Pi]*f[1/2] + 3/4*B*Sqrt[Pi]*f[3/2]

- A^2*f[3/2] - 2 A*B*f[5/2] - B^2*f[7/2] // N;
ec2 = 1/2*A*Sqrt[Pi]*f[3/2] + 3/4*B*Sqrt[Pi]*f[5/2]

- A^2*f[5/2] - 2 A*B*f[7/2] - B^2*f[9/2] // N;
NSolve[{ec1, ec2} == {f1, f2}, {A, B}]

6.4 Euler’s Method

We introduce here a generalization of the Euler method to the case of FDE of type:

Dαy(t) = f (t, y(t)), with: y(t0) = y0, where: 0 < α ≤ 1.

We assume that y(t), Dαy(t), D2αy(t) are continuous on [t0, a] and we will
apply the generalized Taylor’s formula:

y(t) = y(t0) + Dαy(t0)
tα

�(α + 1)
+ D2α(η)

t2α

�(2α + 1)
, t0 < η ≤ t.

We obtain the iterative Euler’s formula:

y(t) ≈ y(t0) + hα

�(α + 1)
f (t0, y(t0)),

or, expressed in the recurrent form:

yn+1 ≈ yn + hα

�(α + 1)
f (tn, yn),

Example 1 Solve the following FDE:

D1/2y(t) = y(t) − 2t

y(t)
, with the initial condition: y(0) = 1,

where t ∈ [0, 1], and step h = 0.2.

Solution We can calculate the solution in Maple and Mathematica using the Euler
formula:

MAPLE

> restart;
> Digits:=4:
> unassign(t,y);
> f:=(t,y)->y-2*t/y:
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> d:=0.2:
> a:=1/2:
> h:=evalf(d^a/GAMMA(a+1)):
> t:=array[0..10]:
> y:=array[0..10]:
> for k from 0 to 5 do t[k]:=k*0.2 od:
> y[0]:=1:
> for k from 0 to 5 do y[k+1]:=y[k]+h*f(t[k],y[k]) od:
> for k from 0 to 5 do print(t[k]," " ,y[k]) od;
0.0, 1
0.2, 1.504
0.4, 2.128
0.6, 3.012
0.8, 4.331
1.0, 6.329

MATHEMATICA

Clear["*"]
\[Delta] = 0.1; \[Alpha] = 1/2;
f[t_, y_] := y - 2*t/y
values =
RecurrenceTable[{t[k + 1] == t[k] + \[Delta],
y[k + 1] ==
y[k] + \[Delta]^\[Alpha]/Gamma[\[Alpha] + 1]

*f[t[k], y[k]],
t[0] == 0, y[0] == 1}, {t, y}, {k, 0, 10}];
Grid[values]

ListLinePlot[values, PlotMarkers -> Automatic]

The solution y(t) is plotted in Fig. 6.1.

Example 2 Approximate the following FDE with the aid of Euler method:

Dαy(t) = y(t) − t

y(t) + t
, for the initial condition: y(0) = 1,

with the step h = 0.1, and t ∈ [0, 1].
MAPLE

< restart;
> Digits:=4:
> unassign(t,y);
> f:=(t,y)->(y- t)/(y+t):
> d:=0.1:
> a:=1/2:
> h:=evalf(d^a/GAMMA(a+1)):
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Fig. 6.1 The solution y(t) of
Example 1

0.2 0.4 0.6 0.8 1.0

5

10

15

> t:=array[0..10]:
> y:=array[0..10]:
> for k from 0 to 10 do t[k]:=k*0.1 od:
> y[0]:=1:
> for k from 0 to 10 do y[k+1]:=y[k]+h*f(t[k],
y[k]) od:

> for k from 0 to 10 do print(t[k]," " ,y[k]) od;
0., 1
0.1, 1.357
0.2, 1.665
0.3, 1.945
0.4, 2.206
0.5, 2.453
0.6, 2.689
0.7, 2.916
0.8, 3.135
0.9, 3.347
1.0, 3.552

MATHEMATICA

Clear["*"]
\[Delta] = 0.1; \[Alpha] = 1/2;
f[t_, y_] := (y - t)/(y + t)
values =
RecurrenceTable[{t[k + 1] == t[k] + \[Delta],
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y[k + 1] ==
y[k] + \[Delta]^\[Alpha]/Gamma[\[Alpha] + 1]

*f[t[k], y[k]],
t[0] == 0, y[0] == 1}, {t, y}, {k, 0, 10}];
Grid[values]

ListLinePlot[values, PlotMarkers -> Automatic]
0.0 1
0.1 1.35582
0.2 1.86466
0.3 1.94494
0.4 2.2064
0.5 2.4532
0.6 2.68972
0.7 2.91639
0.8 3.13587
0.9 3.34681
1 3.5524

In this case the solution y(t) is plotted in Fig. 6.2.
Using the eulerstep[. . . ] command, the solution can be obtained using the

Mathematica program:

MATHEMATICA

Clear["‘*"]
a = 1/2;
d = 0.1;
eulerstep[f_, {t_, y_}, h_] := {t + h,

Fig. 6.2 The solution y(t) of
Example 2

0.2 0.4 0.6 0.8 1.0

1.5

2.0

2.5

3.0

3.5
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y + d ^a/Gamma[a + 1] f[t, y]}
euler[f_, {t_, y_}, tf_, h_] :=
NestList[eulerstep[f, #1, h] &, {t, y},
Ceiling[(tf - t)/h]]
f[t_, y_] := (y - t)/(y + t)
tmp = euler[f, {0, 1}, 1, 0.1];
PaddedForm[TableForm[tmp], {6, 4}]
0.0, 1.0,
0.1, 1.3568,
0.2, 1.6646,
0.3, 1.9449,
0.4, 2.2064,
0.5, 2.4537,
0.6, 2.6897,
0.7, 2.9163,

Example 3 Approximate the system of FDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

D1/2x(t) = y(t) − t

t
,

D1/2y(t) = x(t) + t

t
,

with the initial conditions x(1) = 1, y(1) = 1, the time step h = 0.2 and t ∈ [1, 2].

Solution We can use the following program:

MAPLE

> restart; Digits:=4:
> unassign(t,x,y);
> f:=(t,x,y)->(y-x)/t:g:=(t,x,y)->(y+x)/t:
> d:=0.2:
> a:=1/2:
> h:=evalf(d^a/GAMMA(a+1)):
> t:=array[1..10]:x:=array[1..10]:
> y:=array[1..10]:t[1]:=1:
> for k from 1 to 6 do t[k+1]:=t[k]+0.2 od:
> y[1]:=1:x[1]:=1:
> for k from 1 to 6 do

x[k+1]:=x[k]+h*f(t[k],x[k],y[k]):
y[k+1]:=y[k]+h*g(t[k],x[k],y[k]) od;

> for k from 1 to 6 do print(t[k],x[k] ,y[k]) od;
1,0 1, 1
1.2, 1., 2.009
1.4, 1.424, 3.274
1.6, 2.090, 4.967
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1.8, 2.997, 7.192
2.0, 4.173, 10.05

MATHEMATICA

Clear["*"]
\[Delta] = 0.2; \[Alpha] = 1/2;
f[t_, x_, y_] := (y - x)/t
g[t_, x_, y_] := (y + x)/t
values = RecurrenceTable[{t[k + 1] == t[k] + \[Delta],
x[k + 1] == x[k] + \[Delta]^\[Alpha]/Gamma[\[Alpha]

+ 1]*f[t[k], x[k], y[k]],
y[k + 1] == y[k] + \[Delta]^\[Alpha]/Gamma[\[Alpha]

+ 1]*g[t[k], x[k], y[k]],
t[0] == 1, x[0] == 1, y[0] == 1}, {t, x, y},
{k, 0, 5}]//

TableForm
1 1 1
1.2 1 2.00925
1.4 1.42441 3.27471
1.6 2.09135 4.96135
1,8 2.91878 7.19151
2 4.17521 10.053

Remark Using the notations

k1 = f (tn, yn),

k2 = f

(
tn + h

2
, yn + k1

2

)
,

a more general Euler’s iterative formula can be written as:

yn+1 = yn + h k2.

Example 4 (Lorenz Attractor) Solve the Lorentz attractor system:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.98x(t) = −10(x − y), x(0) = 0,

D0.98y(t) = 28x − y − xz, y(0) = 1,

D0.98z(t) = xy − 8
3z, z(0) = 0.

The solution in Mathematica is:

Clear["‘*"]
d = 0.01
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Fig. 6.3 The 3D Lorenz
attractor solution
(x(t), y(t), z(t)) for α = 0.98

a = 0.98
h = d^a/Gamma[a + 1]
Eulerlor[{x_, y_, z_}] := {x - 10*h*(x - y),

y + h*(28*x - y - x*z),
z + h*(x*y - 8/3*z)}

sol = NestList[Eulerlor, {0, 1, 0}, 1000];
p = Interpolation /@ Transpose@sol;
ParametricPlot3D[Through@p@t, {t, 1, 1000},

PlotPoints -> 100,
ColorFunction -> (Hue[4 #] &), ImageSize -> 300]

Figure 6.3 shows the 3D Lorenz attractor solution (x(t), y(t), z(t)) for α = 0.98.

6.5 Runge–Kutta Methods for Fractional Differential
Equation

In this section we will suppose that all conditions of existence and uniqueness of the
solutions are fulfilled.
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6.5.1 The Second Order Runge–Kutta Method

The second order Runge4–Kutta5 method Second order Runge–Kutta (RK2)
introduced here is an extension of the first Euler method for approximation of the
solution of the FDE:

Dαy(t) = f (t, y(t)), y(t0) = y0, 0 < α ≤ 1,

where:

y ∈ Cp+1([t0, t0 + T ]).

In this case the solution can be approximated in the following discrete form:

yn+1 = yn + hα

�(α + 1)

K1 + K2

2
,

where

K1 = f (tn, yn),

K2 = f

(
tn + hα

�(α + 1
, yn + hα

�(α + 1)
K1

)
.

Proof We introduce the notations

K1 = f (tn, yn),

K2 = f

(
tn + A

hα

�(α + 1
, yn + B

hα

�(α + 1
K1

)
,

where A and B are two unknown real constants.
The local error from the Taylor expansion is

E(h) = yn+1 − yn,

with:

yn+1 = y(tn + h), tn+1 = tn + h, yn = y(tn).

4C.D.T. Runge (1856–1927).
5M.W. Kutta (1867–1944).
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Obviously, for minimization of error, we impose the conditions:

E(0) = DαE(0) = . . . = DpαE(0) = 0, D(p+1)α �= 0.

Using the Taylor polynomial we obtain:

E(h) = yn+1 − yn = hα

�(α + 1)
Dαyn + h2α

�(2α + 1)
D2αyn + O(h3α)

= hα

�(α + 1)
f (tn, yn) + h2α

�(2α + 1)
D2αyn + O(h3α),

DαE(h) = f (tn, yn) + hα

�(α + 1)
Dαyn + O(h2α),

and

yn+1 − yn = C1
hα

�(α + 1)
K1 + C2

hα

�(α + 1)
K2.

Hence, it results E[h] and DαE[h]:

E[h] = C1
hα

�(α + 1)
K1 + C2

hα

�(α + 1)
K2,

DαE[h] = c1K1 + c2K2 + hα

�(α + 1)
DαK2,

DαK2 = Dαf

(
tn + A

hα

�(α + 1
, yn + B

hα

�(α + 1
K1

)

= f
tn+A hα

�(α+1)
A + f

yn+B hα

�(α+1)
K1

BK1.

For h → 0 we obtain:

DαE[0] = C1K1[0] + C2K2[0],

f (tn, yn) = C1f (tn, yn) + C2f (tn, yn), ⇒ 1 = C1 + C2,

D2αE(h) = Dα(DαE(h)) = C2D
αK2 + DαK2.

But D2αE(0) = D2αyn(t), and:

D2αy(t) = Dα(f (t, y(t)) = ft + fyD
αy(t) = ft + ffy.
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It results:

2C2Aftn(tn, yn) + 2C2Bf (tn, yn)fyn(tn, yn) = ftn(tn, yn) + f (tn, yn)fyn(tn, yn).

We obtain finally the system:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

C1 + C2 = 1

2C2A − 1 = 0

2C2B − 1 = 0

For C1 = C2 = 1

2
we have the classical RK2 method, with the step

hα

�(α + 1)
.

Example Solve with RK2 the FDE

D1/2y(t) = t2 + y2

4
, y(0) = 1.

The solution can be written in Maple or Mathematica:

MAPLE

> restart;
> Digits:=3:
> a:=1/2:
> d:=0.2:
> h:=evalf(d^a/GAMMA(a+1)):
> y:=Array[0..10]:
> y[0]:=1:
> unassign(’t,y’);
> f:=(t,y)->t^2+y^2/4:
> for i from 0 to 4 do
> k1:=f(i*0.2,y[i]):
> k2:=f(i*0.2 + h,y[i]+h*k1):
> y[i+1]:=y[i]+(k1+k2)/2 od:
> for i from 0 to 5 do print(i*0.2,y[i]) od;
0 1
0.2 1.207
0.4 1.560
0.6 2.200
0.8 3.468
1 6.597
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MATHEMATICA

Clear["‘*"]
a = 1/2
d = 0.2
h = d^a/Gamma[a + 1]
y[0] = 1
f[t_, y_] := t^2 + y^2/4
For[i = 0, i < 5,
i++, {k1 = f[t, y] /. {t -> i*0.2, y -> y[i]},
k2 = f[t, y] /. {t -> i*0.2 + h, y -> y[i] + h*k1},
y[i + 1] = y[i] + (k1 + k2)*0.5*h}]

Table[{j*0.2, y[j]}, {j, 0, 5}] // TableForm
0 1
0.2 1.20733
0.4 1.56029
0.6 2.20011
0.8 3.469
1 6.59765

6.5.2 The Fourth Order Runge–Kutta Method

In the case of fourth order Runge–Kutta Fourth order Runge–Kutta (RK4)
algorithm, we will establish an algorithm to solve the following FDE:

Dαy(t) = f (t, y(t)), y(t0) = y0, 0 < α ≤ 1,

where:

y ∈ Cp+1([t0, t0 + T ]).

In the neighborhood of t0 we suppose that

DαE(0) = D2αE(0) = 0, E(h) = y(t + h) − y(t).

The approximate solution can be obtained from the expansion

yn+1 = yn + hα

6�(α + 1)
(K1 + 2K2 + 2K3 + K4),

where K1, . . . , K4 are functions which will be established in the proof.

Proof The proof is similar to the previous case (RK2).
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We introduce here the expansion error:

E(h) = yn+1 − yn = hα

�(α + 1)
Dαyn + h2α

�(2α + 1)
D2αyn + O(h3α)

= hα

�(α + 1)
f (tn, yn) + h2α

�(2α + 1)
D2αyn + O(h3α),

and its derivative of order α:

DαE(h) = f (tn, yn) + hα

�(α + 1)
Dαyn + O(h2α),

and

yn+1−yn = C1
hα

�(α + 1)
K1+C2

hα

�(α + 1)
K2+C3

hα

�(α + 1)
K3+C4

hα

�(α + 1)
K4.

Hence, we have

E[h] = C1
hα

�(α + 1)
K1 + C2

hα

�(α + 1)
K2 + C3

hα

�(α + 1)
K3 + C4

hα

�(α + 1)
K4,

where:

K1 = f (tn, yn),

K2 = f

(
tn + a2

hα

2�(α + 1)
, yn + b2

hα

2�(α + 1)
K1

)
,

K3 = f

(
tn + a3

hα

2�(α + 1)
, yn + b3

hα

2�(α + 1)
K2

)
,

K4 = f

(
tn + a4

hα

�(α + 1)
, yn + b4

hα

�(α + 1)
K3

)
,

and finally:

DαE[h] = C1K1 + C2K2 + C3K3 + C4K4

+C1
hα

�(α + 1)
DαK1 + C2

hα

�(α + 1)
DαK2

+C3
hα

�(α + 1)
DαK3 + C4

hα

�(α + 1)
Dα K4.
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We take now h → 0:

DαE[0] = C1K1[0] + C2K2[0] + C3K3[0] + C4K4[0]

f (tn, yn) = (C1 + C2 + C3 + C4)f (tn, yn).

Hence, we obtain the equation:

1 = C1 + C2 + C3 + C4.

From the other conditions we get:

⎧⎨
⎩

C2a2 + C3a3 + C4a4 = 1
2 ,

C2b2 + C3b3 + C4b4 = 1
2 ,

(i.e., from DαE(h) = 0).
Finally, we have the system:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

C1 + C2 + C3 + C4 = 1,

C2a2 + C3a3 + C4a4 = 1
2 ,

C2b2 + C3b3 + C4b4 = 1
2 .

Remark The solution of this system is not unique. For this reason we choose as in
the RK2 case:

C1 = C4 = 1/6, C2 = C4 = 1/3

a1 = b1 = a4 = b4 = 1, a2 = b2 = a3 = b3 = 1

2

Example 1 Solve, using the RK4 algorithm, the following FDE:

Dαy(t) = t2 + y2

4
, y(0) = 1,

for the cases:

(a) α = a = 1
2 ,

(b) α = a = 0.98.
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The solution can be written as:

MATHEMATICA

Clear["‘*"];
a = 1/2;
y[0] = 1;
h = (0.01)^a/Gamma[a + 1];
n = 5;
f[t_, y_] = t^2 + y^2/4;
Do[{K1 = f[i h, y[i]], K2 = f[i*h + h/2, y[i]
+ h/2*K1],
K3 = f[i h + h/2, y[i]+h*K2/2], K4 =f[i h + h,
y[i]+h*K3],
y[i + 1] = y[i] + (K1 + 2 K2 + 2 K3 + K4)*h/6},
{i, 0, n}]

Do[Print[PaddedForm[i h, {6, 4}], " ",
PaddedForm[y[i], {6, 4}]], {i, 0, 5}];
0.0000 1.0000
0.1128 1.0295
0.2257 1.0637
0.3385 1.1060
0.4514 1.1599
0.5642 1.2292

Clear["‘*"]
RK4step[{t_, y_}] := Module[{k1, k2, k3, k4},
k1 = f[t, y];
k2 = f[t + h/2, y + h/2 k1];
k3 = f[t + h/2, y + h/2 k2];
k4 = f[t + h, y + h k3];
{t + h, y + 1/6 (k1 + 2 k2 + 2 k3 + k4)}]

f[t_, y_] := t^2 + y^2/4;
t0 = 0;
y0 = 1;
a = 1/2;
h = (0.01)^a/Gamma[a + 1];
n = 5;
rkpoints = NestList[RK4step, {t0, y0}, n];
PaddedForm[TableForm[rkpoints], {6, 4}]

0, 1,
0.1128, 1.2616,
0.2256, 1.7047,
0.3385, 2.5522,
0.4513, 4.4782,
0.5641, 10.500
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Example 2 Solve the following system of FDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

D1/2x(t) = t2 + y2

4
, x(0) = 0,

D1/2y(t) = t2 + x2

4
, y(0) = 1.

Solution

MATHEMATICA

Clear["‘*"];
a = 1/2; x[0] := 0;
y[0] = 1; h = (0.01)^a/Gamma[a + 1]; n = 5;
Do[t[i] = 0.0 + (0.2)*i, {i, 0, n}]
f[t_, x_, y_] = t^2 + y^2/4
g[t_, x_, y_] = t^2 + x^2/4
Do[{K1 = f[t[i], x[i], y[i]],
L1 = g[t[i], x[i], y[i]],
K2 = f[t[i] + h, x[i] + h*K1, y[i] + h*L1],
L2 = g[t[i] + h, x[i] + h*K1, y[i] + h*L1],
K3 = f[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
L3 = g[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
K4 = f[t[i] + h, x[i] + h*K3, y[i] + h*L3],
L4 = g[t[i] + h, x[i] + h*K3, y[i] + h*L3],
x[i + 1] = x[i] + (K1 + 2 K2 + 2 K3 + K4)*h/6,
y[i + 1] = y[i] + (L1 + 2 L2 + 2 L3 + L4)*h/6},
{i, 0, n}]

Do[Print[t[i], " ", x[i], " ", y[i]], {i, 0, 5}];
0 0 1
0.2 0.0290 0.0088
0.4 0.0663 1.0096
0.6 0.1216 1.0356
0.8 0.3054 1.0881
1 0.3189 1.1771

Example 3 Solve the fractional Van der Pol6 system:

⎧⎨
⎩

D1/2x(t) = y, x(0) = 1,

D1/2y(t) = −x + 0.25 (1 − x2) y, y(0) = 0.

6B. van der Pol (1889–1959).
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Solution

MATHEMATICA

Clear["‘*"];
a = 1/2; x[0] := 1;
y[0] = 0; h = (0.2)^a/Gamma[a + 1]; n = 10000;
Do[t[i] = 0.0 + (0.2)*i, {i, 0, n}]
f[t_, x_, y_] = y
g[t_, x_, y_] = -x + 0.25*(1 - x^2)*y
Do[{K1 = f[t[i], x[i], y[i]],

L1 = g[t[i], x[i], y[i]],
K2 = f[t[i] + h, x[i] + h*K1, y[i] + h*L1],
L2 = g[t[i] + h, x[i] + h*K1, y[i] + h*L1],
K3 = f[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
L3 = g[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
K4 = f[t[i] + h, x[i] + h*K3, y[i] + h*L3],
L4 = g[t[i] + h, x[i] + h*K3, y[i] + h*L3],
x[i + 1] = x[i] + (K1 + 2 K2 + 2 K3 + K4)*h/6,
y[i + 1] = y[i] + (L1 + 2 L2 + 2 L3 + L4)*h/6},
{i, 0, n}];

Do[Print[t[i], " ", x[i], " ", y[i]], {i, 0, 5}];

Figure 6.4 shows the plot of the Van der Pol solution from Example 3.

Fig. 6.4 Plot of the Van der
Pol solution from Example 3
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Example 4 Solve the fractional Duffing7 system:

⎧⎨
⎩

D0.998x(t) = y, x(0) = 1,

D0.998y(t) = −x − x3, y(0) = 0.

Solution

Clear["‘*"];
a = 0.998; x[0] = 1;
y[0] = 0; h = (0.2)^a/Gamma[a + 1]; n = 10000;
Do[t[i] = 0.0 + (0.2)*i, {i, 0, n}]
f[t_, x_, y_] := y
g[t_, x_, y_] := -x - x^3
Do[{K1 = f[t[i], x[i], y[i]], L1 = g[t[i], x[i],
y[i]],
K2 = f[t[i] + h, x[i] + h*K1, y[i] + h*L1],
L2 = g[t[i] + h, x[i] + h*K1, y[i] + h*L1],
K3 = f[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
L3 = g[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
K4 = f[t[i] + h, x[i] + h*K3, y[i] + h*L3],
L4 = g[t[i] + h, x[i] + h*K3, y[i] + h*L3],
x[i + 1] = x[i] + (K1 + 2 K2 + 2 K3 + K4)*h/6,
y[i + 1] = y[i] + (L1 + 2 L2 + 2 L3 + L4)*h/6},
{i, 0, n}]; ListPlot[Table[{x[n], y[n]},

{n, 0, 10000}], Frame -> True]

Figure 6.5 shows the plot of the fractional Duffing solution from the Example 4.

Example 5 Solve fractional system

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D1/2x(t) = 2y, x(0) = 1,

D1/2y(t) = 2z, y(0) = 1,

D1/2z(t) = x − y, z(0) = 1.

Solution

MAPLE

> restart;
> Digits:=4:X:=array[0..5]:Y:=array[0..5]:
Z:=array[0..5]:

7Ge. Duffing (1861–1944).
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5.x10–11
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–5.x10–11

0

0

Fig. 6.5 Plot of the fractional Duffing solution from the Example 4

> unassign(’t,x,y,z’):
> f:=(t,x,y,z)->2*y:
> g:=(t,x,y,z)->2*z:
> p:=(t,x,y,z)->x - y:
> a:=1/2: x:=1:X[0]:=1: y:=1:Y[0]:=1:
> z:=1:Z[0]:=1: d:=0.2:
> h:=evalf(d^a/GAMMA(a+1)):
> for n from 0 to 5 by 1 do
> k1:=h*f(d*n,x,y,z);
> l1:=h*g(d*n,x,y,z):
> m1:=h*p(d*n,x,y,z):
> k2:=h*f(d*n+h,x+k1,y+l1,z+m1):
> l2:=h*g(d*n+h,x+k1,y+l1,z+m1):
> m2:=h*p(d*n+h,x+k1,y+l1,z+m1);
> k3:=h*f(d*n+h/2,x+k2/2,y+l2/2,z+m2/2):
> l3:=h*g(d*n+h/2,x+k2/2,y+l2/2,z+m2/2):
> m3:=h*p(d*n+h/2,x+k2/2,y+l2/2,z+m2/2):
> k4:=h*f(d*n,x+k3,y+l3,z+m3):
> l4:=h*g(d*n,x+h*k3,y+h*l3,z+h*m3):
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> m4:=h*p(d*n,x+h*k3,y+h*l3,z+h*m3):
> x:=x+(k1+2*k2+2*k3+k4)/6:X[n+1]:=x:
> y:=y+(l1+2*l2+2*l3+l4)/6:Y[n+1]:=y:
> z:=z+(m1+2*m2+2*m3+m4)/6:Z[n+1]:=z od:
> for n from 0 to 5 do print(d*n,X[n],Y[n],Z[n]) od;

0., 1, 1, 1
0.2, 2.688, 2.030, 1.108
0.4, 5.612, 3.458, 1.795
0.6, 10.67, 6.102, 3.458
0.8, 19.87, 11.26, 6.694
1.0, 37.08, 21.11, 12.70

MATHEMATICA

Clear["‘*"]
f[t_, x_, y_, z_] := 2*y;
g[t_, x_, y_, z_] := 2*z;
p[t_, x_, y_, z_] := x - y;
a = 1/2; d = 0.2; x[0] = 1; y[0] = 1; z[0] = 1;
tmax = 5;

h = (d)^a/Gamma[a + 1];
Do[{k1 = h f[t[n], x[n], y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 *(k1 + 2 k2 + 2 k3 + k4);
y[n + 1] = y[n] + 1/6* (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6* (m1 + 2 m2 + 2 m3 + m4)};
Print[0.2*n, " ", x[n], " ", y[n], " ", z[n]],

{n, 0, tmax}]
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Example 6 (Lorenz Attractor with Interpolation Solution) Solve the Lorenz attrac-
tor problem:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998x(t) = 10(y − x), x(0) = 1,

D0.998y(t) = 28x − y − xz, y(0) = 1,

D0.998z(t) = xy − 8
3z, z(0) = 1,

in Mathematica, using the interpolation command.

Clear["‘*"]
f[t_, x_, y_, z_] := 10*(y - x);
g[t_, x_, y_, z_] := 28*x - y - x*z;
p[t_, x_, y_, z_] := x*y - 8/3* z;
a = 0.998; d = 0.01;
x[0] = 1;
y[0] = 1;
z[0] = 1;
tmax = 10000;
h = (d)^a/Gamma[a + 1]; Do[{k1 = h f[t[n], x[n],
y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2, z[n]
+ m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2, z[n]
+ m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2, z[n]
+ m1/2];
k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2, z[n]
+ m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2, z[n]
+ m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2, z[n]
+ m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},
{n,0,tmax}];

sos = Table[{x[t], y[t], z[t]}, {t, 0, tmax}];
ListPointPlot3D[sos, ImageSize -> 300]
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p = Interpolation /@ Transpose@sos;
ParametricPlot3D[Through@p@t, {t, 0, 10000},
PlotPoints -> 100,
ColorFunction -> (Hue[#4] &), ImageSize -> 300]

Figures 6.6 and 6.7 show the Lorenz system without and with interpolation,
respectively.

Example 7 (Rössler Attractor) Solve the fractional Rössler8 attractor system, using
the RK4 method:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.98x(t) = −y − z, x(0) = 1,

D0.98y(t) = x + 0.2y, y(0) = 1,

D0.98z(t) = 0.2 + z(x − 8), z(0) = 1.
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Fig. 6.6 Lorenz system without interpolation

8O.E. Rössler(1940–).
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Fig. 6.7 Lorenz system with interpolation

The Mathematica solution is:

Clear["‘*"]
f[t_, x_, y_, z_] := -y - z;
g[t_, x_, y_, z_] := x + 0.2*y;
p[t_, x_, y_, z_] := 0.2 + z*(x - 8);
a = 0.998; d = 0.01; x[0] = 1;
y[0] = 1; z[0] = 1; tmax = 2000;
h = (d)^a/Gamma[a + 1];
Do[{k1 = h f[t[n], x[n], y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
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k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},

{n, 0, tmax}]
ListPointPlot3D[Table[{x[t], y[t], z[t]},
{t, 0, tmax}],
ImageSize -> 300]

Figure 6.8 shows the 3D Rössler attractor solution (x(t), y(t), z(t)).
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Fig. 6.8 The 3D Rössler attractor solution (x(t), y(t), z(t))



166 6 Numerical Methods

Example 8 Find the solution of the fractional Volta attractor:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998x(t) = −x − 5y − yz, x(0) = 8,

D0.998y(t) = −85x − y − xz, y(0) = 2,

D0.998z(t) = 0.5z + xy + 1, z(0) = 1.

Solution in Mathematica, based on the RK4 method.

Clear["‘*"]
f[t_, x_, y_, z_] := -x - 5*y - z*y;
g[t_, x_, y_, z_] := - 85*x - y - x*z;
p[t_, x_, y_, z_] := 0.5*z + x*y + 1;
a = 0.998; d = 0.001; tmax = 10000;
x[0] = 8; y[0] = 2; z[0] = 1;
h = (d)^a/Gamma[a + 1];
Do[{k1 = h f[t[n], x[n], y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},
{n,0,tmax}]

sos = Table[{x[t], y[t], z[t]}, {t, 0, tmax}];
ListPointPlot3D[Table[{x[t], y[t], z[t]},{t,0,tmax}],
ImageSize -> 300]
sos = Table[{x[n], y[n], z[n]}, {n, 1, 10000}];
p = Interpolation /@ Transpose@sos;
ParametricPlot3D[Evaluate@Through@p@t,{t,1,10000},

ImageSize->300]



6.5 Runge–Kutta Methods for Fractional Differential Equation 167

Figures 6.9 and 6.10 show the fractional Volta attractor solution without and with
interpolation, respectively.

Example 9 (Chua Attractor System) Find the numeric solution of the Chua9 attrac-
tor system:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998x(t) = 40(y − x), x(0) = 0,

D0.998y(t) = (28 − 40)x + 28y − xz, y(0) = 1,

D0.998z(t) = xy − 2z, z(0) = 0.

Solution The solution in Mathematica is:

Clear["‘*"]
f[t_, x_, y_, z_] := 40*(y - x);
g[t_, x_, y_, z_] := x*(28 - 40) + 28*y - x*z;
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Fig. 6.9 Fractional Volta attractor solution without interpolation

9L.O. Chua (1936–).
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Fig. 6.10 Fractional Volta attractor solution with interpolation

p[t_, x_, y_, z_] := x*y - 2* z;
a = 0.998;
d = 0.01;
x[0] = 0;
y[0] = 1;
z[0] = 0;
tmax = 10000;
h = (d)^a/Gamma[a + 1]; Do[{k1 = h f[t[n], x[n],
y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
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l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 +k4);
y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 +l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 +m4);},
{n,0,tmax}];

sos = Table[{x[t], y[t], z[t]}, {t, 0, tmax}];
ListPointPlot3D[sos, ImageSize -> 300]
p = Interpolation /@ Transpose@sos;
ParametricPlot3D[Through@p@t, {t, 0, 10000},
PlotPoints -> 100,
ColorFunction -> (Hue[#4] &), ImageSize -> 300]

Figures 6.11 and 6.12 show the fractional Chua attractor solution without and
with interpolation, respectively.
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Fig. 6.11 The Chua attractor solution without interpolation
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Fig. 6.12 The Chua attractor solution with interpolation

6.5.3 A More General System

Let the following general system of FDE, with initial conditions:

⎧⎨
⎩

Dαx(t) = f (t, x(t), y(t)), x(t0) = x0,

Dβy(t) = g(t, x(t), y(t)), y(t0) = y0,

where we suppose that 0 < β ≤ α ≤ 1.
We will establish here a RK2 approximate solution for this system.
We will denote the temporal step with h, so that the discrete values of time are:

tn = t0 + nh, n ∈ N.

The approximate solution of second order of this system can be written as:

xn+1 = xn + hα

�(α + 1)
(K1 + K2),
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yn+1 = yn + hβ

�(β + 1)
(L1 + L2),

where we used the notations:

K1 = f (tn, xn, yn), L1 = g(tn, xn, yn),

K2 = f

(
tn + hα

�(α + 1)
, xn + hα

�(α + 1)

K1

2
, yn + hβ

�(β + 1)

L1

2

)
,

L2 = g

(
tn + hβ

�(β + 1)
, xn + hα

�(α + 1)

K1

2
, yn + hβ

�(β + 1)

L1

2

)
.

Proof In this proof the calculations will be presented schematically.
By analogy with Subsection 4.11.1, we will establish an approximation using the

Taylor expansion:

xn+1 = xn + c1
tα

�(α + 1)
K1 + c2

tα

�(α + 1)
K2

yn+1 = yn + d1
tα

�(α + 1)
L1 + d2

tα

�(α + 1)
L2

where

K1 = f (tn, xn, yn),

L1 = g(tn, xn, yn),

K2 = f

(
tn + hα

�(α + 1)
af α, xn + hα

�(α + 1)
K1bf α, yn + hβ

�(β + 1)
L1bfβ

)
,

L2 = g

(
tn + hβ

�(β + 1)
agβ, xn + hα

�(α + 1)
K1bgα, yn + hβ

�(β + 1)
L1bgβ

)
,

where the constants c1, c2, d1, d2, af α, bf α, agα, bgα, afβ, bfβ, agβ , and bgβ will
be established.

We define the errors E(h) and F(h) of expansions

E(h) = x(tn + h) − x(tn) = hα

�(α + 1)
Dαx(tn) + h2α

�(2α + 1)
D2αx(tn) + O(h3α),

F (h) = y(tn + h) − y(tn) = hβ

�(β + 1)
Dβy(tn) + h2β

�(2β + 1)
D2βy(tn) +O(h3β),
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and the derivatives:

DαE(h) = f (tn, xn, yn) + O(hα) ⇒ DαE(0) = f (tn, xn, yn),

DβF(h) = g(tn, xn, yn) + O(hβ) ⇒ DβE(0) = g(tn, xn, yn).

On the other hand

DαE(h) = c1K1 + c2K2 + O(hα) ⇒ DαE(0) = (c1 + c2)f (tn, xn, yn),

DβE(h) = d1L1 + d2L2 + O(hα) ⇒ DβE(0) = (d1 + d2)g(tn, xn, yn),

hence, by minimization (h → 0) we obtain:

⎧⎨
⎩

c1 + c2 = 1,

d1 + d2 = 1.

The derivative of E(h) is

D2αE(h) = Dα(DαE(h))

= Dα(c1K1 + c2K2) + Dα

(
c2

hα

�(α + 1)
DαK2

)
+ O(hα),

and for h → 0 we have

D2αE(0) = 2c2D
2αK2(0).

But:

Dαf (t, x(t), y(t)) = ft + fxD
αx + fyD

αy = ft + fxf,

Dαy = 0 because: α > β,

we obtain
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2c2af α = 1,

2c2bf α1 = 1,

2c2bf α2 = 1.

The calculations will continue with the derivative. Similar computations can be
carried out in the case of RK4 method.
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It results:

xn+1 = xn + 1

6

hα

�(α + 1)
(K1 + 2K2 + 2K3 + K4),

yn+1 = yn + 1

6

hβ

�(β + 1)
(L1 + 2L2 + 2L3 + L4).

Example 1 (Modified Duffing System) Find the RK4 solution for the modified
fractional Duffing system:

⎧⎨
⎩

D0.998x(t) = y, x(0) = 1,

D0.50y(t) = −x + 0.25(1 − x3)y, y(0) = 0.

The RK4 solution in Mathematica is:

Clear["‘*"];
a = 0.998; b = 0.5; x[0] = 1; y[0] = 0;
h = (0.2)^a/Gamma[a + 1]; l = (0.2)^b/Gamma[b + 1];
n = 10000;
Do[t[i] = 0.0 + (0.2)*i, {i, 0, n}]
f[t_, x_, y_] := y
g[t_, x_, y_] := -x + 0.25*(1 - x^2)*y
Do[{K1 = f[t[i], x[i], y[i]], L1 = g[t[i], x[i],
y[i]],
K2 = f[t[i] + h, x[i] + h*K1, y[i] + h*L1],
L2 = g[t[i] + l, x[i] + l*K1, y[i] + l*L1],
K3 = f[t[i] + h/2, x[i] + h*K2/2, y[i] + h*L2/2],
L3 = g[t[i] + l/2, x[i] + l*K2/2, y[i] + l*L2/2],
K4 = f[t[i] + h, x[i] + h*K3, y[i] + h*L3],
L4 = g[t[i] + l, x[i] + l*K3, y[i] + l*L3],
x[i + 1] = x[i] + (K1 + 2 K2 + 2 K3 + K4)*h/6,
y[i + 1] = y[i] + (L1 + 2 L2 + 2 L3 + L4)*l/6},
{i,0,n}];
ListPlot[Table[{x[n], y[n]}, {n, 0, 10000}],

Frame -> True]
sol = Table[{x[n], y[n]}, {n, 1, 1000}];
p = Interpolation /@ Transpose@sol;
ParametricPlot[Evaluate@Through@p@t, {t, 1, 1000},

Frame -> True]
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Fig. 6.13 RK4 solution
(x(t), y(t)) of the modified
fractional Duffing system
without iteration
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Fig. 6.14 RK4 solution
(x(t), y(t)) of the modified
fractional Duffing system
with iteration
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Figures 6.13 and 6.14 show the RK4 solution (x(t), y(t)) of the modified
fractional Duffing system without and with iteration, respectively.

Remark Starting from the fractional RK procedures introduced in this section, the
reader can establish similar procedures for the other RK methods, established for
the integer order cases [1].
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The Fractional Colpitts Oscillator

Solve the fractional Colpitts10 oscillator described by the system of FDE:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998 x(t) = y, x(0) = 0,

D0.998 y(t) = z, y(0) = 0.4,

D0.998 z(t) = −z − x − 10−9(exp(y) − 1), z(0) = 0,

using RK4 method in Mathematica.

Solution

Clear["‘*"]
f[t_, x_, y_, z_] := y;
g[t_, x_, y_, z_] := z;
p[t_, x_, y_, z_] := -z - x - 10^(-9) (Exp[y] - 1);
a = 0.998;
d = 0.01;
x[0] = 0;
y[0] = 0.4;
z[0] = 0;
tmax = 10000;
h = (d)^a/Gamma[a + 1];
Do[{k1 = h f[t[n], x[n], y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];

k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);

10E.H. Colpitts (1872–1949).
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y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},

{n, 0, tmax}]
ListPointPlot3D[Table[{x[t], y[t], z[t]},

{t, 0, tmax}], ImageSize -> 300]
sos = Table[{x[t], y[t], z[t]}, {t, 0, tmax}];
p = Interpolation /@ Transpose@sos;
ParametricPlot3D[Through@p@t, {t, 0, 10000},
PlotPoints -> 100,
ColorFunction -> (Hue[#4] &), ImageSize -> 300]

Figures 6.15 and 6.16 show the RK4 solution (x(t), y(t)) of the fractional
Colpitts oscillator system without and with iteration, respectively.

The Fractional Sprott Oscillator

Solve the fractional Sprott11 oscillator described by the system of FDE:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998 x(t) = y, x(0) = −0.5,

D0.998 y(t) = z, y(0) = 0,

D0.998 z(t) = −z − x − 10−9(exp(y) − 1), z(0) = 0,

using RK4 method in Mathematica.

Fig. 6.15 RK4 solution of
the fractional Colpitts
oscillator system without
iteration
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11D.A. Sprott (1930–2013).
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Fig. 6.16 RK4 solution of the fractional Colpitts oscillator system with iteration

Solution

Clear["‘*"]
f[t_, x_, y_, z_] := y;
g[t_, x_, y_, z_] := z;
p[t_, x_, y_, z_] := -x - y - Sign[1 + 4*y];
a = 0.998; d = 0.01; x[0] = -0.5; y[0] = 0;
z[0] = 0; tmax = 2000; h = (d)^a/Gamma[a + 1];
Do[{k1 = h f[t[n], x[n], y[n], z[n]];
l1 = h g[n*d, x[n], y[n], z[n]];
m1 = h p[n*d, x[n], y[n], z[n]];
k2 = h f[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
l2 = h g[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
m2 = h p[n*d + h/2, x[n] + k1/2, y[n] + l1/2,
z[n] + m1/2];
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k3 = h f[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
l3 = h g[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
m3 = h p[n*d + h/2, x[n] + k2/2, y[n] + l2/2,
z[n] + m2/2];
k4 = h f[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
l4 = h g[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
m4 = h p[n*d + h, x[n] + k3, y[n] + l3, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
y[n + 1] = y[n] + 1/6 (l1 + 2 l2 + 2 l3 + l4);
z[n + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},
{n, 0, tmax}]

ListPointPlot3D[Table[{x[t], y[t], z[t]},
{t, 0, tmax}], ImageSize -> 300]
sos = Table[{x[t], y[t], z[t]}, {t, 0, tmax}];

p = Interpolation /@ Transpose@sos ;
ParametricPlot3D[Through@p@t, {t, 0, 2000},
PlotPoints -> 100,
ColorFunction -> (Hue[#4] &), ImageSize -> 300]

Figures 6.17 and 6.18 show the RK4 solution of the fractional Sprott oscillator
system without and with iteration, respectively.

Fig. 6.17 RK4 solution of
the Sprott oscillator system
without iteration
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Fig. 6.18 RK4 solution of the Sprott oscillator system with iteration

6.5.4 A Vectorial Runge–Kutta Algorithm

We illustrate the vectorial Runge–Kutta algorithm by means of four examples:

Example 1 (Van Der Pol Fractional Equation)

⎧⎨
⎩

Dαx1(t) = x2, x1(0) = 0,

Dαx2(t) = −x1 + 2 (1 − x2
1) x2, x2(0) = 1,

for α = 0.998.

Solution In Mathematica the solution will be:

Clear["‘*"]
a = 0.998
RK4[f_, x0_, A_, B_, n_] :=
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Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h^a/Gamma[a + 1];
K1 = h^a/Gamma[a + 1] f[t, x];
K2 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K1];
K3 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K2];
K4 = h^a/Gamma[a + 1] f[t + h^a/Gamma[a + 1],
x + K3];
x = x + (1/6) K1 + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}], {k, 1, n}];
Sol]
F[t_, x_] := { x[[2]], 2 (1 - x[[1]] ^2) x[[2]]
- x[[1]]};

Solution = RK4[F, {0, 1}, 0.0, 100.0, 5000];
A = 0
ListPlot[Take[Solution[[All, 2]], 5000],
ImageSize -> 300,
PlotStyle -> {Blue}]

Figure 6.19 shows the (x1(t), x2(t)) vector solution of the Van der Pol system.

Fig. 6.19 The (x1(t), x2(t))

vector solution of the Van der
Pol system
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Example 2 Solve the fractional Rössler attractor system, using the vector RK4
method:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.98x1(t) = −x2 − x3, x1(0) = 0,

D0.98x2(t) = x1 + 0.2x2, x2(0) = 1,

D0.98x3(t) = 0.2 + x3(x1 − 8), x3(0) = 0.

Solution

Clear["‘*"]
a = 0.998
RK4[f_, x0_, A_, B_, n_] :=
Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h^a/Gamma[a + 1];
K1 = h^a/Gamma[a + 1] f[t, x];
K2 = h^a/Gamma[a + 1] f[t +

(1/2) h^a/Gamma[a + 1], x + (1/2) K1];
K3 = h^a/Gamma[a + 1] f[t +

(1/2) h^a/Gamma[a + 1], x + (1/2) K2];
K4 = h^a/Gamma[a + 1] f[t +

h^a/Gamma[a + 1], x + K3];
x = x + (1/6) K1 + (1/3) K2 +

(1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}], {k, 1, n}];
Sol]
F[t_, x_] := {-x[[2]] - x[[3]], x[[1]]
+ 0.2 x[[2]], 0.2 + x[[1]] x[[3]] -

5.7 x[[3]]};

Solution = RK4[F, {0, 1.0, 0}, 0.0, 200.0, 5000];
A = 0
ListPointPlot3D[Take[Solution[[All, 2]], 1000],

PlotStyle -> {Blue}]

Figure 6.20 shows the (x1(t), x2(t)) vector solution of the Rössler attractor.

Example 3 (Volta Fractional Attractor) Find the solution of the fractional Volta
attractor using the vector RK4 algorithm:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.998x1(t) = −x1 − 5x2 − x2x3, x1(0) = 8,

D0.998x2(t) = −85x1 − x2 − x1x3, x2(0) = 2,

D0.998x3(t) = 0.5x3 + x1x2 + 1, x3(0) = 1.
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Fig. 6.20 The (x1(t), x2(t), x3(t)) vector solution of the Rössler attractor

Solution

In Mathematica can be written:

Clear["‘*"]
a = 0.998
RK4[f_, x0_, A_, B_, n_] :=
Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h^a/Gamma[a + 1];
K1 = h^a/Gamma[a + 1] f[t, x];
K2 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K1];
K3 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K2];
K4 = h^a/Gamma[a + 1] f[t + h^a/Gamma[a + 1],
x + K3];
x = x + (1/6) K1 + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}], {k, 1, n}];
Sol]
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F[t_, x_] := {-x[[1]] - 5 x[[2]] - x[[2]] x[[3]],
-85 x[[1]]
- x[[2]] - x[[1]] x[[3]], x[[1]] x[[2]] + 0.5
x[[3]] + 1};

Solution = RK4[F, {8.0, 2.0, 1.0}, 0.0, 100.0, 5000];
A = 0
ListPointPlot3D[Take[Solution[[All, 2]], 1000],

PlotStyle -> {Blue}]

Figure 6.21 shows the (x1(t), x2(t)) vector solution of the Volta attractor.

Example 4 (Lorenz Fractional Attractor) Solve the Lorentz attractor system:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

D0.98x1(t) = −10(x1 − x2), x1(0) = 1,

D0.98x2(t) = 28x1 − x2 − x1x3, x2(0) = 1,

D0.98x3(t) = x1x2 − 8
3x3, x3(0) = 1.

using the vector RK4 method, in Mathematica.
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Fig. 6.21 The (x1(t), x2(t), x3(t)) vector solution of the Volta attractor
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Fig. 6.22 The (x1(t), x2(t), x3(t)) vector solution of the Lorenz attractor

Solution

Clear["‘*"]
a = 0.998
RK4[f_, x0_, A_, B_, n_] :=
Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h^a/Gamma[a + 1];
K1 = h^a/Gamma[a + 1] f[t, x];
K2 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K1];
K3 = h^a/Gamma[a + 1] f[t + (1/2) h^a/Gamma[a + 1],

x + (1/2) K2];
K4 = h^a/Gamma[a + 1] f[t + h^a/Gamma[a + 1],
x + K3];
x = x + (1/6) K1 + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}], {k, 1, n}];
Sol]

F[t_, x_] := {10 (x[[2]] - x[[1]]), x[[1]]
(28 - x[[3]])
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- x[[2]], x[[1]] x[[2]] - 8/3 x[[3]]};

Solution = RK4[F, {1.0, 1.0, 1.0}, 0.0, 100.0, 5000];
A = 0
ListPointPlot3D[Take[Solution[[All, 2]], 1000],

PlotStyle -> {Blue}]

Figure 6.22 shows the (x1(t), x2(t)) vector solution of the Lorenz attractor.
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L
Lagrange multiplier, 122
Lane and Emden fractional differential

equation, 104
Laplace transform, 33
Least squares method, 124
Left fractional integral, 17
Legendre duplication, 10
Legendre fractional differential equation, 111
Liouville, 17
Lorenz attractor, 148, 162
Lorenz attractor system, 183
Lorenz fractional system, 118
Lotka system, 116

M
Method of Picard, 52
Mittag-Leffler, 11
Modified fractional Duffing system, 173

O
One parameter Mittag-Leffler function, 11

P
Post formula, 36
Power series method, 94

R
Residues, 35
Riemann, 17
Riemann–Liouville derivative, 17
Riemann–Liouville FDE, 47
Riemann–Liouville fractional derivative, 43
Riemann–Liouville fractional integral, 43
Right fractional integral, 17
Runge–Kutta method, 150, 153

S
Second order Runge–Kutta algorithm, 150
Stirling formula, 37

T
Taylor, B., 25
Taylor generalized formula, 110
Two parameter Mittag-Leffler function, 11

V
Van Der Pol fractional equation, 179
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