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Preface

The concept of fractional derivative (Fractional derivative (FD)) was introduced
after 1695 as a simply academic generalization of integer derivative. An FD
generalizes the order of differentiation from positive integers Set of natural numbers
(N) to real Set of real numbers (R), or even to complex Set of complex numbers (C)
numbers. A detailed presentation of the old historical steps of fractional calculus
(Fractional calculus (FC)) with references is presented in the papers [45, 50].

New sporadic investigation in this field was published after 1930. A deep
research was carried out by E.L. Post [31, 52]. More recently we find a series of
definitions of the FD [7]. A presentation of the recent history steps can be found in
the papers [46—48, 51]. It was published in a series of monographic books as [6, 21,
22,26, 37, 38].

In the last two decades, it was established that a series of phenomena can be
studied in terms of FC. It was established that the rheologic properties [34] of some
polymers can be expressed with the aid of fractional differential models [1, 2, 10,
15, 20, 26, 28, 29, 36]. Fractional phenomena were established as the damping
phenomena in the high-density polyurethane foams [42], nuclear reactor dynamics
[35], thermoelasticity [33], mechanical vibrations [8], or biological tissues [5, 19].
An analysis of the integer and fractional entropy is performed in [44].

It was also experimentally verified fractional diffusion phenomena and fractional
electrolytic coating process [4, 30, 32]. This confirms that the roughness of the
electrolytic metallic coatings has a fractal structure and can be described in terms of
fractional diffusion [3] and stochastic differential process [22].

Quantum fractional differential models were studied also in the book of R.
Herrmann [11] or in the papers of Saxena [39], Xiao et al. [55], and Yang et al. [53].

Recently, several fractional devices were developed, containing electrical, ther-
mal, and mechanical components [12, 14]. Also, a series of fractional dynamics
experiments are presented in the book of Biswas et al. [4].

It was designed and has been achieved experimentally a series of fractional
systems [9, 16, 56] involving control [18, 49] and fractional controllers [43]. It was
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introduced a series of identification methods for fractional dynamic systems [13].
Fractional wavelet bases [54] in the field of signal processing were discussed [40].
It is important to tell that FD of a periodic function is also periodic [27].

This review of the possible applications of FC in the real world justifies the
necessity of its extensive study. The aim of this book is to introduce a series of
problems and methods insufficiently discussed in the field of FC.

A series of examples based on symbolic computation, written in Maple® and
Mathematica®, are presented. The reader can find other useful applications for the
case of integer order systems in the book of Inna Shingareva and C. Lizarraga-
Celaya [41], which can be extended to the case of fractional calculus, or the book of
problems [17].

This book is organized in six chapters.

Chapter 1 This chapter presents the most important special functions involved in
FC. A special attention is devoted to the Gamma function, used in FC calculations.
Other special functions such as the Euler, Beta, and Mittag-Leffler functions
(Mittag-Leffler function (MLF)) are also introduced.

Chapter 2 This chapter introduces the fractional integral (Fractional integral (FI))
and FD, in the sense of Riemann-Liouville. The properties of these fractional
operators are discussed.

Chapter 3 This chapter is devoted to the use of the Laplace transform (Laplace
transform (LT)) in FC, because the Riemann-Liouville FI and FD allow the
derivation of closed-form solutions with the aid of the LT method.

Chapter 4 This chapter is devoted to the nonlinear fractional differential equations
(Fractional differential equation (FDE)). The text discusses the generalization of the
methods used to solve the integer order differential equations. In this line of thought,
approaches such as the Picard array, Adomian decomposition, and perturbation
methods are analyzed.

Chapter 5 In this chapter several classical models are generalized in the perspective
of FC. First, the fractional integral sine and cosine functions are formulated, and
the corresponding spirals, projected on the plane, sphere, and cone, are illustrated.
Second, the fractional generalizations of the Lane-Emden, Hermite, Legendre, and
Bessel equations are studied. It is also discussed the power series method for their
solution.

Chapter 6 This chapter extends standard numerical algorithms, namely, the least
squares, Galerkin, and Euler methods, that are applied to FDE. A special attention
is given the Runge—Kutta (Runge—Kutta (RK)) method for fractional equations
and systems. The algorithms are applied to a series of FDE and systems of FDE.
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Moreover, a generalized method, based on decomposition and LT, is presented [23—
25].

These new algorithms are illustrated by means of the Maple and Mathematica
software packages.

The content of this book is addressed to large category of readers, working in
the fields of fundamental and applied mathematics, theoretical and experimental
physics, experimental engineering, and others. The authors hope that the material
included in the book help researchers to enter to the huge emerging scientific area
of FC and its applications.

Timigoara, Romania Constantin Milici
Timigoara, Romania Gheorghe Driagéanescu
Porto, Portugal J. Tenreiro Machado
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Chapter 1 )
Special Functions e

In this chapter several special functions used in the follow-up of the book are
presented briefly. More details about these functions can be found in [1, 3, 4, §8].

1.1 Euler’s Function

1.1.1 Gamma Function

We start by considering the Gamma function, or second order Euler! integral,
denoted I'(-) represented in Fig. 1.1.
Function Gamma function (I") is defined as:

I'(p) =/ e *xPldx. (1.1)
0

Theorem Function I'(p) is convergent for p > Q.

Proof The integral can be written as:

1 00
I'(p) = / e *xPldx +/ e *xPldx = I, + Iy,
0 1

1
where I} = / e *xP~1dx is convergent.
0

IL. Euler (1707-1783).

© Springer Nature Switzerland AG 2019 1
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2 1 Special Functions

Fig. 1.1 The plot of
y = I'(x) function 6

X

Since e is decreasing on the interval [0, 1], from x = 0, we have:

1 1 1
/ e *xPldyx < f P ldx = —.
0 0 p

o0
Moreover, I, = / e *xP~1dx is also convergent. We obtain:
1

xP~1
<.
ex/2 —

x/2

l<x = xPle?<e™? o xPl<e <

xP—1
Because lim
x—>00 eX/2

o0 o0
/ e xPldx < / e 24y = 207172,
1 1

= 0, we have:

The integral (1.1) is convergent for p > 0 and divergent for p < 0.
The basic properties of the Gamma function are:

1. The function I'(p) is continuous for p > 0.
2. The function I'(p) obeys the property:

Fp+1D=pL(p). (1.2)
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[e.¢]

o0
Proof T'(p+1) =/ e “xPdx = —[efxxp]go—i—p/ e *xP~ldx = pT(p).
0 0

3. The following relations are also valid:

F(p+n)=(@+n—-10...(p+1)pl(p), (1.3)
o) =1,
'n+1) =n!,
I'(0) = +oc.
4. For p = —n it results:
F(en) = LD
—n
['(—n+2)  TI'(-n+3) I"'(0)

nn=1)  a—Dm—2 - T = e

. . . Cip+1) .
5. Taking account that the I' function can be written as I'(p) = —————, it

results that the I' function can be defined also for negative values of p, in the
interval —1 < p < 0.
If —n < p < —(n — 1), then from (1.3) it results:

L'(p+n)
pp+D...(p+n—-1)

C(p) =

Using the substitution p + n = «, it results after calculations:

(=" (er)
I-)2—-a)...(n—a)

IMN'a —n) =

6. Using the identity (1.2) we obtain:
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or:

1 @2m — 1)! 1 2m)! 1
Frim+—-|=—7-—"T(=)= ri=9».
2 2m 2 m122m -\ 2
7. We can prove the identity [4]:

1 1 p—1
I'(p) :/ <ln —) dy
0 y

8. The following particular values for I' function can be useful for calculation
purposes:

()
()

1 N 14...0Gm-2) (1
r(=)=2678938 M m+-)= Gm=2 (1)
3 3 3m 3
2 2\ 25...Gm—1)_/2
r(Z)=1354118 r(m+2)= r{z),
3 3 3m 3
1 N 15...@4m—3) (1
r (=) =3.625600 T {m+-)= (m =3 (1)
4 4 4 4

7. (4m—
r(3) = 1225417 r(maed) 23 @n=D 3y
4 4 4m 4
9,
Fip+1) :(p)
Fg+DI'(p—qg+1) q/



1.1 Euler’s Function 5

10. The Gauss’? formula is:

o0

p _
r(;;):%]‘[(H%) <1+%) g

k=1

X

Proof We express e as:

Then, we obtain:

oo k x\k
I‘(P)=/ e *xP7ldx = lim (1——) xPldx.
0 k—o0 Jo k
Forx =tk = dx = kdt, resulting:
1
I'(p) = lim k”f (1 =0k dr.
k—o00 0
Integrating by parts we obtain:

1! 1 I T k !
—/ A=nkd? = = [(1 —z)ktl’] ——/ Pd(1 -tk = —/ A —=0*1¢Pdr.
P Jo p 0 plJo P Jo

Repeating this operation it follows:

kPk!
I'(p) = lim .
koo p(p+1)...(p+k)
But:
k+ 1P
lim &+ D7 =1
k— 00 kP
From:
1 . 1 2P3P (k4 1)P
'(p) =— lim ,
pksoo (14+p)1+p/2)y...(1 +p/k) 1P2P . kP
it follows:
1 & 1 k+DP 15 1\ -1
rip)=—1] =—]_[<1+—) (1+£) ;
P (1+p/k) kP P k k

2J.C.F. Gauss (1777-1855).
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excepting the values Re(p) =0, —1, =2, .. ..

11. The Weierstrass® form of the Gamma function is:

L = pe’? lO_O[ (1 4 l) e Pk
(p) AN

valid, excepting the values Re(p) = 0, —1, —2,...,—n,..., where Real
part (Re) represents the real part and n € N.

Here the symbol Euler’s constant (y) represents the Euler’s constant, given by:
"1
y = pan;o (1; L~ p) = 0.577215663 ...
Proof The Gauss’ formula can be written as:

kP!
['(p) = lim ,
koo p(p+1)...(p+k)

excepting for Re(p) =0, —1, —2, .... We can write also:
kP = pInk _ ,pnk—1-1/2—...=1/k),p+p/2+...+p/k

PNk —1—1/2— . —1/k),p+p/2+...+ p/k
F = P}
() P+ A+ p/2) ...+ p/k)

14 )4
2 k

) Ink — 1 1 1 el e e
=ex nk—1—--—...—— ,
¢ PP 2 KT p1+ L " 1+2
and finally:

1

= i = e lim e (14 e ek (14 )
T el T ¢ dme T+ pe ¢ +

o0
P _P
=71 (1 _) £,
pe H( —l—k e

12. Reflection property of the Gamma function is given by:

T

F(P)F(I—P)=m,

p=1l

3K.T.W. Weierstrass (1815-1897).
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Proof From the Weierstrass’ formula we have:

11 2y T Py - P
JEE— — P~ Vp 1 = plk 1—= plk
rmteEp - P Q(+k>e (-%)
00 2
_ 2 p
-1~ %)
k=1
ra-—
ButI'(—p) = M It results:
p
=1 (-5)
_— = 1—= ).
I'(p) (1 —p) l_[ k2

k=1
2

o
Because sin(nr) = n l_[ (1 _b

ﬁ) it results the reflection property.
k=1

Another Proof

F(IT — p) =/

0

00 00 t p
= / f e+ <—> 1~ Ydrds.
0 0 s

Using the changes of variables

0 o0
e_’tp_ldt/ e Sslmr1gs
0

t+s=u, -=wv,
s

and the residue theory it can be obtained:

I'(p)r'(l — p) Z/O 1+ vdv - sin(pm)’

Figure 1.2 depicts ﬁ
1.1.2 Beta Function

Here we consider the Beta function, denoted Beta function (B).
The Beta function, or the first order Euler function, can be defined as [2, 7]:

1
B(p,q) = / (1 = x9 dx,
0

where Re(p) > 0 and Re(g) > 0.
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Fig. 1.2 The plot of
y = 1/I'(x) function o

L2

In the following we will enumerate the basic properties of the Beta function:

1. For every p > 0 and ¢ > 0, we have:

B(p,q) = B(q, p).

2. Forevery p > 0 and g > 1, the Beta function B satisfies the property:

qg—1
B(p,q) = ——B(p,qg — 1).
(r.q) Pp— (p.g =1

Proof
1
B(p,q) = / P71 = x) d,
0

2PA =) =xP7 11— x)?2 — xP~ (1 — )77,

_xP(l —x)?-1! ‘1

p 0

1 P -1 1
B(p,q)z/ (1 —x)1-lg= +2 / xP(1 — x)92dx
0 p p Jo

-1 ! -1 !
=97 [ el — )i 20y — q—f P11 = )7 dx
p Jo p Jo

qg—1 qg—1
= —B(p,q—1)— ——B(p,q).
P P
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3. Forevery p > 0 and g > O, it is valid the identity:

_I'(»I'(g)

B(p,q) = m

Proof The product I'(p)I"(¢) can be written as:

o o0 o0 o0
l"(p)f‘(q):/0 e*ttpfldt/o ef“spflds:/(; /0 eI p=1ga= gt

o0 o0
L(p+q) = / f e~ U+ p=lga=1 gy g,
0 0

We use the notationt +s = x,for0 <t <oo and0 <t < 0.
The Jacobian is

ple,s1 | 7
= =—Xy —Xx-+xy=-—x,
Dlx, y] -y —x
resulting:
Dlt,
dtds = ‘ [r, 51 dxdy = xdxdy,
DI[x, y]

1 1
F(p)F(q)=/ / e (xy)? 9711 — y)9~  xdxdy
0 Jo

00 1
= [ e *x Py / Y —y)ilay,
0 0

C(p)I'(q) =T(p+q)B(p,q).

4. For every p > 0, and for the natural number 7, it can be proved

1-2.3...(n—1)
pip+D...(p+n)

B(p,n) = B(n,p) =
and also:

1
B(p,1) = —.
p
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For any natural numbers m, n we obtain:

— DIn — 1)!
B(m,n) = w
(m+n-—1)!
5. Legendre* duplication formula:
) 221 1
r = '(p)r - .
@p) Nz P (p+ 2)

Proof Substituting p = g in B(p, q):

1
B(p.q) = I'(p)I'(q) _/ W11 — )7 du,

Cyp+a)

1
and replacing u = %, we have:

2 1 [t /1 =l x\P7! 1 1 _
(P):_/ +x X :—/ (l_xz)p ldx,
rep 2/, 2 2 221 |,

resulting

1
22P=112(p) =2F(2p)/ (1 —x3HPdx.
0

1 ! 1
But B <§, p) = 2/ 1—x»P"ldx, T (5) = /7, resulting finally:
0

1
. r (5) T'(p)
2°P7'T%(p) =T (2p)B (5, p) =Tep)— 1
*(3+7)

6. Triplication formula:

31

1 2
F(3p)= ﬁ r'(p)I' (p—l—E)F(p—i-g)

4AM. Legendre (1752-1833).
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7. Gauss multiplication formula:

I'(p)rr <p + %) ...T (p + %) = (2k)*=D/2f=kp+Ip (kp).

1.2 Integral Functions

In this section we introduce the error, imaginary error, complementary error,
and exponential integral functions, denoted as erf(-), erfi(-), erfc(-), and Ei(-),
respectively.

Function Error function (erf) is defined as:

2 Z
erf(az) = T;/ e dz.
0

Function Imaginary error function (erfi) is defined as:

2a (% pp2 . .
erfi(az) = — e’V dz = —ierf(iaz)

NE

Function Complementary error function (erfc) is defined as:
2 o
erfc(az) = il / e*"zzzdz
NEE

Function Exponential integral function (E7) is defined as:

Z eaZ
Ei(az) =/ —dz.

—o0 2

1.3 Mittag-Leffler Function

In this section we introduce the one- and two-parameter Mittag-Leffler functions,

denoted as Ey(-) and Ey g(-), respectively.
The one-parameter Mittag-Leffler’ function, One parameter Mittag-Leffler func-

tion (Ey), is defined as:

SM.G. Mittag-Leffler (1846-1927).
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Ey(z) = ; F(ak .y Re(a) > 0.

The two-parameter Mittag-Leffler function, Two parameter Mittag-Leffler func-
tion (Eq,g), is defined as:

o k
4
Eqp(2) = ;} Tatss  Re@.Re(®)>0.¢C.

For particular values of o and g it resultS'
o o

Eo,1(2) = m) =y (1.4)

k=0

oo o0 Z
Ei1(z) = RS (1.5)

kX:(:)F(k—i—l) kgk'

00 00 1 & pes e 1
E2(0) = ZF(k+2) 1;( 1)v_2Z h+D! - 10
00 00 k | & 11—
ELs(@) ZZ::F(k+3) g(k+2)'_z_zz:: k+2)'_ 2

1.7
E10(2) i < Elsz

1,02) = —=Z€Z,

i T
E, 3(an) = \/_ (1.9)
Elv%(at)z% e at erf(v/at), (1.10)
1
E, jan = — ¢ erf(«/_)—T] (1.11)
E,_i(at) = _T + (at) [% + Jat e ed(ﬁ)], (1.12)
1

Eqp(t) = B + tEqatp(), (1.13)
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00 ik o0 s 00 y
E t = _—8—_— _— = e —
«p®) k;) [(ak + ) k;l Mk + 1)+ B) kgl T(ak +a+ B)
B,
= F(,B) a,a+f
(m) (k +m)! tk
E, . 1.14
p@) = g Eap@) = ]; kI T(ak +am+ p) (119
1.4 Function E(¢, o, a)
The function E function (E(¢, «, a)) is defined as:
o
(at)*
E(t,a,a) = T N A 1), 1.15
(t, 0, a) I;)F(k+oz+1) Lat1(at) (1.15)
or in the integral form:
1 t
E(t,a,a) = —/ @ 1= g, (1.16)
C(e) Jo

We prove schematically the equivalence between the forms (1.15) and (1.16). We
denote the integral:

1 t
I = _/ _L,a—lea(t—r) dr
C(a) Jo
Oo k(l—T)k J
F(a)/ |9
1 Ela bl T\ Kk
ro 2 (fo (1-5) o)

k=0

T .
For u = ; we obtain:

t k 1
L = / o1 (1 - E) dt =/ N1 — wkdu
0 t 0
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1T (@)T(k + 1)

1
=1“ w11 — wkdu = 1“B(a,k+ 1) =
,/(; ( ) ( ) MNa+k+1)

It results:

t“i (an =t“E (at) = E(t )
at) = , o, a).
—Tk+a+t) batd

In (1.16) we take o = % and u? = at. It results after calculations:

e
E, s(at) =
)

JVat

Using the definition we obtain:

—  (a)
E i(at)=Y ——.
L3 ,;F(k—f-%)

Replacing k with k 4+ 1 we have:

00 k+1 -1 0 k
E =Y Oy |y @D

k=—1T (k + %) r (%) k=0 m
= % +atE, 3(ar) = % + Vate™erf(v/at)

results finally (1.10).
In order to obtain (1.11), the parameter k will be replaced by k — 1in E, 3 (at).

To obtain (1.12) the parameter k will be replaced by k + 2 in E; _1 (at).
T2

For further details about the Mittag-Leffler function, readers can check [5].
There are known a series of fractional trigonometric functions, useful to solve
FDE, studied in detail in [6].
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Chapter 2 ®
Fractional Derivative and Fractional Chock or
Integral

2.1 Fractional Integral and Derivative

Definition (Fractional Integral of Order «) For every « > 0 and a local inte-
grable function f(¢), the right FI of order « is defined:

t
A f() = %/ (t —w)* ! fu)du, —o0<a<t<oo. 2.1

Alternatively, it can be defined also the left FI as:

1

fI;‘,"f(t) = m

b
/ (u — 0% fuydu, —c0 <t <b<oo. (2.2)
t

For particular values of the a and b parameters, the following cases are known:

e Riemannl:a =0, b= +o0

 Liouville?: a = —oco, b =0.

Definition (Fractional Derivative of Order «) For every «, and n = [« the
Riemann-Liouville derivative of order « can be defined as:

[44 — 1 d \" ! n—a—1
o DS fm_m(ﬁ> /;(t—u) f(u)du. 2.3)

1

1G.F.B. Riemann (1826-1866).
2J. Liouville (1809-1882).

© Springer Nature Switzerland AG 2019 17
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18 2 Fractional Derivative and Fractional Integral

Theorem 1 The following integration rules are valid:

b b
/ ¢>(X)alfl/f(X)dX=/ V()1 ¢(x)dx, (2.4)

b b
/ f(x)aDSg(x)dx = / g(x)x Dy f(x)dx. (2.5)
a a
Also, it must be noticed that:

alfaDS f(x) = f(x),
where 0 < a < 1.

Proof We use the Dirichlet® theorem, written in the form:

b X b b
/ dx/ f(x,t)dt =/ dt/ f(x,t)dx.
a a a t

— For the case (2.4), we introduce the following notation:

1 9(x)y()

T = e

in the Dirichlet theorem. It results:

b 1 ARVI(3) @)
/; sy | e = / vindisg )/ Gonred"

b b
/(ﬁ(ﬂﬂ?lﬁ(}c)dx:/ Y () Iy ¢ (x) dx

— For case (2.5), we introduce in (2.4):

Dy f(x) =¢(x), oDig(x) =v(x), oI}.DYf(x)= f(x).

Theorem 2 The following integration and derivation rules are valid:

(@) I [DF (O] = oI f (1) — % @

3J.P.G.L. Dirichlet (1805-1859).
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n

(b) oI DEfD] = f(1) =) aDf

(l‘ _a)a—k
t=al (@ —k+1)’

k=1
(t —a)*!
(c) DlIf f(O)] =7 [Df ()] + Tf(a),
o [+ \ D f(a)a — )t . ”
(d) If f(t) = of, ""[DP f(1)] + Z NCEVESTEE where p is a positive

integer.

DX f(a)(t — a)***
Cl@+k+1)

(e) DPLLIY f()] = JIF[DP f(1)] + Z
integer.

Proof

, Where p is positive

(a) Integrating by parts, it results:

DI = +1)/ (0= 0 ) = sl = |
< (t—w* " fuyd
+F(a+1)/a —u fu)du,
— o t
JCDF()] = —f(a j)l)ﬂa) + aFL(a) f t —w)*" fu)du.

(b) This formula can be verified by induction, using (a), or:

1 t
I = "D f(1)] = @f (t — ) [ D% £ ()] du,

/ S 01D f )] d,

I"(a +1)
- F(’(_j_”l) 4 (a = — 0", DE f ()] du.
B (l _ a)oz N (l _ a)ot—i-l
I__r(a+1)“D’ Fo_, Ma+2)° by

_— —_ _ a+1 o—1
+F(a+2)/0dt( W aDy f )] du,

N a—a* Tt
I=fa) ;az), f(t)(tzar(a_k“)'
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(C) In the FI, we ha\/e.
aI[ (l) F / (l ll) (ll) dll,
f (Ol) a f

and we make the change of variable: u =t — x /% (see also [3]). We obtain:

P f@) = S /(t_a)a ft—x"*)dx
“ I+ J, '

Then, fort > 0:

D[alzaf(t)] ==

(t—a)* g
- _ na—1 - _ 1/
N |:ot(t a)*~ f(a) +fa BIf(t X )dxi| .

Reversing the change of variable t — x!/* = u, we obtain:

t
DLIf f(1)] = a(t —a)* " f(a) +a / (t - u)“*%f(u)du] :

1
'+ a) [
Hence:

(t —a)* ' f(a)

DlIf f(D] = r@)

+alIDf(D)].

(d) Replacing @ by @ + 1 and f by Df in (a), we have:

(t —a)’ fla)

JACTID?f(0)] = 1T DF (1)) - Fat D)

Replacing 5,1,0hLl [Df (¢)] with (a), we obtain:

(t—a)*f@) Dfa)t—a)*!

JITD?F O] = oIF1F (] - T(a+ 1) Pla+D

(d) Can be established by repeated iterations.
(e) Fort > 0, we must differentiate (c):

D =2
D[ I* f(1)] = D[ I% f(1)] + f(a) (t —a) .

Fe—1)
- e [Df(a) t —a)*~*]  [Df(a)(t —a)*""]
Dlalf fO) = ol () + =+ @ :

and by repeated iterations we obtain (e).
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Theorem 3 The exponents property:
oAl F) = ol (0.

For this theorem we recommend also [4].

Proof Fora > 0, B > 0, it results:

1=a1,“a1ff<z>—mm/< e lf (= 0/~ £(v) dudo.

If we apply the Dirichlet equality

ft/uf(v)dudv=/tftf(v)dudv,

we obtain:
! _ ha—1 B—1
F(a)r(m f (¢ =" =) f(v) dudv,
u=v+z(t—v),
d’/‘:(t—v)dz, t-u:(l_z)(t_v)’
a+pB—1 _a— lﬁ 1
F(a)rw)/ (= f“’)f (1-2) dvdz,

but:

! 1 B C@)T'(B)
_e—1_p—1 _ —
/(;(1 )2 du=Bla—-1,8—-1) NCETR

Finally, it results:
1 ! a+p—1 a+p
= m (t — 'U) f(U)dU = aIt f(t)
a

Theorem 4
(@ oDf [alf F0)] = DI £ ).

aly (alt = aly k=]r(a+1_k)a t —

where m = [B] + 1.

21
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(¢) Df [«DL F )] = DI ) - gan_kf(t)(t:a&:a—%-
Proof
@
D [utl @] = S e [l @] = 5 [orm ] = i,

®)

1=t [2D 0] = s fata — w0 [aDf fw) | du

1= ﬁ/ﬂ%(r—u)“ [«Df £@)) du

1= Lt s|Jrpa [ -0t [opE ]

Example Solve the following FDE with initial value:
DY2y(0) = y(),
D™'2y(0) = 2/,

transforming it in a first order differential equation.

Solution Using the theorem 4 (c), we obtain:

(—1/2-1

12 n1/2 _ ey pl/2-1 _ nl2 _
DDy | =y 6 = DYy O gy = D0 = v,

Y0 =17 =y ().
Theorem 5 Linearity property:
df[CL () + Cag®)] = Cralf f(1) + Caalf g(1),

where: C1 and Cy are constants and f(t) and g(t) are two arbitrary functions.
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Proof
1 t
aDF[CL f() + Cag(t)] = m/ t —y)* ' [CLf) + C28(0)]dy
=Cirg )/(t N ()dy

- _ a—1
o )/a Ve g (ndy

= Cial{ f() + C2al{8(1).

Theorem 6 If the function f(t) possess continuous derivative, then for a >
0, n=Ja]+1:

n—1
a _ f(k)(t - a)k—oz 1 ! n—a—1 g(n)
A0 =2 T e F(n_a)fa (t = 9" F O (3) dy.

Proof In the Cauchy” formula:

l t
A2 () = v / (t —w)* ! f(u)du,

it will be applied successively the integration by parts formula (see [5]).

Theorem 7 We denote oI with 1€, for p € N, o > 0. It can be proved that:

p

(@ 1 fen =Y (, )jtkt” 1 £ (o),
k=0
p

(b) Di? ()] = Z( ) 7 D
k=0

Proof

t
(@ I =1 f)] = %/0 (t —w)* P fu)du,

P (—1)kprpp—k
ul =t —(t —u)? = Z%O -y,
= K=k

4A.L. Cauchy (1789-1857).
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|
e I F(a)/ =0 f)du,

k=0 p
a4 k — d*
I = Z(_l)k(a—i_k#d kthaJrk (@),
k=0
k a+k
I—Z( E(; )dzktpl @

(b) I =D*[tPf(1)] = dt I"%[t? f (¢)]. We obtain:

=S () ()

J

=5 o3 (7))

but
> ()0 =0)
j=0
thus:
D*[” £ (1)] = f( )—rf’D“ “ra.
k=0

Definition of Caputo Fractional Derivative

Leta >0, n = [a].The Caputo5 derivative operator of order « is defined as [1, 2]:

C 1 "
£08 10 = s [ =0 (4) 26
For a = 0, we introduce the notation:

DY f(1) = D* f(1).

SM. Caputo (1967-).
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Theorem 8 Fort > 0,0 e R,n—1 <o < n,n €N, and a function f(t) which
obey the conditions of Taylor® theorem, the following representation is valid:

n—1 k)
WD f =D fiy+Y L@
k=0

_ Nk—a
:F(l—f-k—a)(t @y

Proof In order to simplify our presentation, we consider a = 0.
Because f(¢) can be expanded in Taylor series we can write

n—1 k
NP
f(r)-l;F(kH)f 0) + Ru—1,
where:
. OO =yt 1 ! n) n—=1 4. _ yn po)
Bt = [ Lty s [ 00—y = 1.

If we apply the operator D* we obtain successively:

n—1 k n—1 Q. k
o e ! k) _ D%t *) o
D* f(1)=D [g—r(kﬂ)f (0>+Rn_1}—§—r(k+l)f (0) + D¥R,_1,

|
—_

n

o _ (k) n—a rn
D f(t)—kzo—r(k_a+1)f ) + 1" (),

O LA T

! _k:OF(k—a+1)f F@.

The Caputo Fractional Derivative in the Origin
For a function f(¢), for which f(¢) =0, if ¢t < 0, it can be defined:

1 t
§DY f(t) = m/o (t —w)" 7 £ W) du,

where [a] = n.

Observation

If C is a constant, then:

C
Spec =0,

SB. Taylor (1685-1731).
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and the Riemann—-Liouville FD of C is:

C —x
oDIC=—2 a=12,....
ra-ow’

In what follows we note the Caputo derivative in the origin, simply, using the
notation D% f(x).

Theorem 9 Ifn —1 <a < n, wheren € N, and a € R, then:
lim D% f (1) = £ (1),
a—n

lim Df(r) = f" V) — f"D0).

a—>n—1

Proof In the formula

1 L™ (y)dy

PIO=50=a Jy t=peri

we will use the integration by parts, obtaining:
t ¢ t
[ umworay =umvf) - o,
0 0

14()’) = f(n)(_Y), U/(y) =(t— y)n—ct—l’
u/(y) — f(n+l)(y)’ U(y) - (- y)n—oz_

It results:

1 o\«
D“f(t)z—r(n_a)[ PLOTe bl y)a

0

y)"—“f““)(y)dy] :
Using the property of I' function
'h—a+1)=m—o)[(n —a),

it results:

1 t
o - (n) (n+1) o\
DY f(1) = F—atl) [f (0)+/0 f M@ —y) dy],
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t
Jim D f (1) = [f<"><0> + /O O mdy] = £70) + f"“(y)(; =,

t
lim D" f(r) = [f“”(o) +/ £ - y)dy]
a—>n— 0

!
= OO+ = )P0 =000 - 1070,
Example 1 Let us calculate the FD fora > 0,n — 1 <o <n, 8 > n — 1 of the

function f(¢) = t# using the definitions, for the case:

1. Riemann-Liouville.
2. Caputo in the origin, using the definition.

Solution

1. For the Riemann—Liouville derivative, we can write:

1 dn t
I = DY%P = ——/ WPt — )= "du,
I'n —a)dt" )
and we take:
u=ut, du =tdv.
It follows:
| = —— 1 B 1—v)e]" 4 lt
F(n—a)dt” / (v)”[(1 — v)t]
= ——/ (1 —v)'—eybn—ath gy
I'n —a)dt" Jy ’
1 ! da"
I = —/ (1 — vy e B Z_pn—atB gy,
L(n—a)Jo drn
but

d_ntA: rx+10 tkfn
dtn Frh—n+1) ’

1
B(p,q):/ P71 = v)? ! v,
0
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so that it results:

[ 1 'h—a+B+1) ,a+5/(l )nalﬂdv
I'h—a) T'(—a+p+1)

F'n—a)[(B+1)
Frn—a+pB+1)°

1
/(1—@“”4ﬁdv=BM—aJ%+D=
0

Datﬁ I = Mrﬂ_a'
N—a+pg+1)

2. In this case we apply the definition of the Caputo derivative of ##:

1 L wPHm
Pn—a) Jo (t—wt!=F

= 1 ft F(ﬂ + 1) uﬁ_n(t - u)l’l—Ol—l dl/l.
Tn—a)Jo TB—n+1)

[ = D%P = du,

We use the change of variable u = vt, resulting after calculations:
du =tdv,

B rB+1)
T Tn—a)[(B—n—+1)

1
/‘wmﬂ%up-m*“*ydu
0

Finally, we obtain:

= Fg+1) B(,B—n—i—l,n—oz):Mtﬂ_“
Tn—alB—n+1) TB—a+l)

Example 2 Find the Riemann-Liouville FI and FD of
fo=a-al.
Solution For the FI we apply the Riemann—Liouville definition:
1 ! | 8
I =,1I"f(t) = — t—u)*" — du.
alf" (1) F(a)fQ( w)* " (u —a)’du

The following change of variable

u—a

:‘U,
t—a

du = (t — a)dv,
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allows to calculate:

(t_a)wrﬁ a=1,p ( _a)oz+ﬂ

I = F((x) / (1—-v) dv o) ——— B(a, B+ 1),
_ T+ s,

Fa+p+1)

For the FD we apply the Riemann-Liouville definition:

n

d
A" —a)P,

Df=uDf—af = 5

and finally:

pf=—LtCED & yprna_ LEED (e
FrB+n—a+1)dm rB—a+1) '

Theorem 10 Ifn — 1 < o < n and if f(t) satisfy the conditions of the Taylor
theorem, then:

v SPO
PUO =D g ey

Proof Because f (¢) satisfy the conditions of the Taylor theorem, we can apply the
Taylor expansion:

O k) i k)
Y S AU AR
k=0

k! i Tk+ 1D
The FD will be
v SO0 PO re+n .,
Df(t)_gl‘(kJrl) ZF(k—i—l)F(k—oc—i—l)t :
and finally:

o f(k)(o) k—Dt
by = ZI*(k (x-l—l) )

Theorem 11 The integration and derivation rules are valid:

I"‘[t’f(t)]:Z( )jtkt 1" (1), reN, a>0

T dk
DU fD] = (k)d?t’D“*kf(t), reN, aeR.

k=0
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Proof Using the definition

IOl = s / (t — "1 f(r)d
and taking
T =t—-(t-1)] = Xr: (! R =)
= k'(r — k)!
we obtain:
(DR k-1
1°[t" f()] = Z t / —)* =l r(nydr.
= k'(r — ! F(a)
But:
t
a+k _ _ \atk—1
O = o /O (t — 0T f(o)dr,
Na+k)=(@+k—Dl'a+k—1)=...=(@+k—-1)...al'(x).

Finally, we obtain:

(@+k—=1)...adr

t IDt+k ¢t
o G @)

"1 ] = (-nk

k=0

_ Z( ) 19k £ (1),

Observation
ForO <a <1, f(0) =0, we have:

1 t
() = W/o (0 — w0 f ) du,

o _ o ! a—1 _ o
150 = s fo (0 — w0 Fu)du = ; / F ) (du)®.

F(+
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Chapter 3 )
The Laplace Transform Qs

A function f(t) is called original function if [8, 9]:

1. f&)=0 fort <O,
2. |f@)] < Me* fort > 0 with M > 0, 59 € R.
3. For every closed interval [a, b], the function satisfies the Dirichlet conditions:

(a) is bounded,
(b) oris continuous, or has a finite number of discontinuities of first kind,
(c) has a finite number of extremes.

We consider the complex variable s = o + i, where Re(s) = o > 51 > sp.
Then

F(s) = /OO e F(n) dt, 3.1
0

is called the Laplace' integral, or Laplace transform (LT), or image of the original
function f(¢). In the follow-up we denote by L[ f(t)] = F(s) or simply by Laplace
transform (L) the Laplace transform. In Table 3.1 the LT of some elementary usual
functions are listed.

The corresponding inverse Laplace transform is [1, 4]:

1 y+it
f(t) = — lim F(s)e!'dt = L™ [F(s)], (3.2)

27wl t—>00 y—it

where i = +/—1 and y € R, so that the contour path of integration is contained in
the convergence region.

Ipierre Laplace (1749-1827).
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Table 3.1 Images of basic elementary functions

Number Original Image Number Original Image
1 s—a
1 1 — 7 eat t -
P cos f G alt B
2 " 1 8 €% gin Bt B
n! sntl (s —a)2 4 B2
3 eat ! 9 et _
s—o n! (s — )t
Ky 52 _ ﬂZ
4 cos Bt _° 10 t cos Bt
52 4+ B2 (52 + B2)2
5 sin Bt _B 11 t sin Bt 258
52+ B2 (52 + B2)2
6 cosh(B1) _s 12 sinh(81) A
s2 — /32 §2 — ’32

3.1 Calculus of the Images

Example 1 Establish the image of f(r) = t*:

o0
F(s):/ e Bt dr.
0

We introduce the change of variable x = ts. We have also dx = s dr. It results:
© _ xhdx
F(s) = e =,
0 S S

1 L ra+1
F(S)=F‘/(; €Xde=S)LT.

The direct and inverse LT are:

C(+1) (1 t
L") = ——=, L = .
) sAtl gAtl ra+1)
Example 2 Find the image of: f(r) = sin® (7).
. .o 1 —cos(2r) .
Using the identity sin“ ¢ = — it results:
1 2s 2
F(s)=—

25 2244 s(214)

1 1
Example 3 Find the image of f(t) = Etebl + Ete_b’.
SR B s+
(s —b)2  2(s+b)2  (s2—b2)2

F(s) = 3
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3.2 Calculus of the Original Function

3.2.1 Calculus of Original Using Residues

If we denote by L[f ()] = F(s), then if we consider all residues of the function
F(s)e’, denoted by ry, 12, ..., we can use the theorem:

f@&)=rn+rn+...+r.

The residues, denoted by Residues (Res), can be calculated using the following
procedure (theorem):
If a is a simple pole of the function, then:

Res[e*' F(s)] = li_r)n[(s —a)e’ F(s)].

If a is a simple pole of order n of the function, then:

Res[e*' F(s)] = ‘ SILYI};[(S — )¢ F(s)]" .

1
(n—1)
Example 1 Find the original function of the image:

1

SR

Solution The residue of the function F(s)e*’ is

st e—t

G-32Gs+1) 16

d est
rp = lim —
t—=3ds \s +1

3t

rp= lim (s + 1)
t——1

’

te’ —e
16
resulting:

et tedt — o3t
1) = = — -
f@)=ri+nr TS
Example 2 Find the original function of the following image:
52
s4—1"

F(s) =
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Solution The function F has singularities: 1, —1, —i, i. The residues will be:

sze” ¢!

G—De+DeZ+1) 4

ri = Res F(s)e’ = lim(s — 1)
1 s—1

SZest e—t
rp =Res F(s)e’ = lim (s + 1) =——
i Plareas G-DGE+DE2+ 1) 4
r3 = Res F(s)e*’ = lim (s + 1) ste _
3T = o GZ—De—DG+i) 4
r4 = Res F(s)e’ = lim(s + i) se - e_it
*T N = i 2D —i)s+i) 4

It results finally

or:

f@) = %(sinht + sint).

3.2.2 Calculus of Original with Post’s Inversion Formula

E. Post? obtained the formula [7, 10]:

-1 k k k+1 k

Example 3 Find the original function of the image:

n!
_ 1o—1—n
F(s) = —Sn+]n.s .

Solution With the aid of Post formula we have

K (n + k) (k)”kl
; .

— 15
fo =t klgrolo klk+1

2E. Post (1897-1954).
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Using the Stirling? formula:

k!
lim ke % =1,

k—o00 /2mk

it results:

k n
f(l)zt”e_"klim 1+E<1+E) (1+E> sy
—00

k k k
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In this section, we will use the notations F(s) = L[ f(¢)] and L(s) = G[g(?)]. In

the follow-up are discussed properties of the LT.

3.3.1 The Property of Linearity

Llaf(t) +bg(t)] =aF(s) +bG(s), a,beR.

3.3.2 Similarity Theorem

Lif(ar)] = éF (g) a>0.

3.3.3 The Differentiation and Integration Theorems

(3.3)

(34)

Theorem (Differentiation of an Original) The LT of the derivative of order k from

f(t) gives:

LIfP@0)] = s"F(s) - [sk—lf(m +52 O+ f““”(O)] :

Proof For k = 1, using the definition and integrating by parts, we have:

e¢]

LIf'(1)] = f ooe‘”f/(t)dt=e‘”f(t)’20+s / ™ f(0)d1
0 0

=—fO) +sLLf ()],

3]. Stirling (1692-1770).

(3.5)
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LIf ()] =sF(s) — £(0),
and for k = 2, using L[ f”(t)] = L[(f'(¢))'] we obtain:
LIf"(0)] = s*F(s) — sf(0) — £/(0).

Using mathematical induction method, we have: L[ f *) 1.
Example 1 Find the LT for original f () = 2.

Solution

floy=2t, ") =2,
f(0)=0, f(0)=0, f"(0)=2,
LLf"(0)] = s2F(s) — sf(0) — f'(0),

2 2
LR2l=-=s"F(s) = F(s)=—3.
s s

Example 2 Find the LT of following original f(t) = cos2z.

Solution f'(r) = —2sin(2r), f”(t) = —4cos(2t),
fO) =1, f(0)=0, f"0)=-4,
LIf"(1)] = s*F(s) —sf'(0) — f(0), = —4F(s)=s>F(s)—s,

N

F(s) = ——.
(s) 14

Theorem (Integration of an Original) /7 can be obtained:

t
0 N

1
Proof Letbe g(t) :/ f(z)dt. Then:
0

L[g' (0] = sL[g] — g(0).
Also, we have g'(t) = f(¢) and g(0) = 0. Then:

F
Lig) = 29
N

Theorem (Differentiation of a Transform) We have:

F™(s) = LI(=1)" f(1)].
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Proof The theorem can be proved by induction. For n = 1, we have, successively:

F'(s) = LI-tf (0],

dF(s) _ d
ds ~ ds

/meﬂ70wn=—fwé“UOMt=—M#0H
0 0
and, finally:

i (n—1)
75 [F ()]

F™(s) =
3.3.4 Delay Theorem

For a positive number a we have:

LIf(t—a)]=e“F(s)

3.3.5 Displacement Theorem

It is valid the formula:

Ll f(1)] = F(s — A).

3.3.6 Multiplication Theorem

The convolution product of two functions f(¢) and g(¢) is designated by the symbol
*. We have:

t
(f *g)(@) :/0 f(D)glt —1)dr,

LI(f xg))] = F(s)G(s), F(s) =L[f(®)], G(s) = L[g(n)].

3.3.7 Properties of the Inverse Laplace Transform

The following formula is valid:
The inverse LT is not unique. We have:

s—@=B)
L™ = = 1" Egqlat’), a. p > 0,5% > la, (3.6)
SF —a
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—(a—1)
Lt [s } =1""'E| 4(at) = E(t,a — 1, ), (3.7)
S —a
1 s
L G a2 =tE(t,a,a) —aE(t,a+1,a), 3.9)

—a I I
L [(s—] = lercwa)y—wECa+1.0)+ 2T VG 02,0,

s —a)’ 2 2
(3.9
n—+k
1 - ( ")k( )
-1 — o)1 30 k fk@=p).
(s¥ + ashntl = Tlk(a = B) + (n+ Da]
(3.10)
where 0 < 8 < a.
b)" k
-1 sY _ eyl i i (=0)"(—a) ( ) h@=p)+na
s%4+asP +b = Tk(e = )+ (n+ Da —y] ’
3.11)
where B <a, y <a, acRor: |a| < s* P, |b| <|s*+asP|.
Proof Proof of the identity (3.6):
o
L [t“*‘Eﬂ,a(atﬂ)] =/ e By g (atPydt
0
— i a foo e—sttkﬁ+a—ldt
T kB +) Jo
- a* kB+a—1
=2 N ]
k=0 0[
_i ak F'kp+oa) 1 i(d)k_ s—@=h)
- C(kB +a) skbre sB)  sP—a’

k

Il
=}

Proof of the identity (3.8):

LltE(t,a,a) —aE({t,a+1,a)] = —%L[E(t,oz, a)l—aL[E(t,a+ 1,a)]

d[ s s—@+h 1
= —— — = .
ds |:s—ai| s—a s%(s — a)?
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Proof of the identity (3.9):
1, 1
L Et E(t,a,a) —atE(t,a+1,a)+ Ea(a +1DE(t,aa+2,a)

d? d ala+1)
2d 2L[E(t o, a)]—i—ozd—L[E(t a+1,a )]—i—TL[E(t,oz—{—Z,a)]

1d* [ s@ d [s~@tD al@+1) [s~@t2 1
2ds?2 \s —a ds \ s—a 2 s—a s%(s —a)3
For the identities (3.10) and (3.11) the reader can use the reference [5].
Proof of the identity (3.10). We will apply the well-known identity [4]:

ﬁ = Z (n:k)(—x)k.

k=0
It follows:
1 _ 1 1
(5% +asﬂ)n+l - (Sa)n+l <1+i)n+l
s

-2 (O ()

Proof of the identity (3.11):

sY . sv 1 . i sV (—=b)"
s*+asP+b s +ash | b T (5% fashyl
5% +ash
and for the case of (3.10) we obtain:
s? st 1
(s% + sPayntl — gam+D 1 a \ntl
( s"‘_ﬁ)

1 O ntky [ —a \* & etk (—a)
= gatD—y ,;)< A ) <sa—ﬂ> = Z( X )Sa(n+1)+k(a—ﬁ)—y’

n+k (—a)k
n
s+ asﬂ +b Z( b) Z ( )sa("+1)+k(a—/3)—y’
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00 00 b)" k
L—l|: sV i|_ta v 122 (=0)"(=a) ( ) (ka—B)tna_
s* +asP +b Clk(ae — B) + (n + Da — y]

=0 k=0

Lemma The following identities are valid:

n—+k
1 o 2 hrar()
L71 |: j| — tafl k tk(a71)+not’
0k [

s*+as+b k(e —1)4+ (n+ D]
(3.12)
forl <a,0<a,acR and|a| <s* !, |b| < |s* + as|, respectively:
n—+k
ol o 2 hrat( )
Lfl 2 = k tk(a71)+n0{ (3.13)
s¥4as+b Ok:OF[k(oz—l)—i—noc—i—l] ’

for1l <a, a € Randfor|a| < s*~ Y, |b| < |s* + as|.

Proof Proof of the identity (3.12). In (3.11) wetake y =0, g = 1.
Proof of the identity (3.13). In (3.11) wetake y =« — 1,and 8 = 1.

Example 1 Establish the LT of:
f@6)=y"(t) =2y (t) = 3y(t);  where: y(0) = y'(0) = 0.
Solution
F(s) = s7Y(s) = sy(0) — y'(0) — 2[s¥ (s) — y(0)] = 3Y (),
and finally:
F(s) = (s* = 25 = 3)Y (s).

Example 2 Establish the LT of:

t
y:/ ydt + 1.
0

Solution

Y() 1

Example 3 Establish the LT of:

t
f y(t)sin(t — t)dt = 1 —cost.
0
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Solution
Y(s) Lo : = Y(s)
S = - — = y s) = —
s24+1 s s241 s(sZ+1D
Example 4 Establish the LT of:
t
/ y(r)e'Tdt = y(t) — €.
0
Solution
Y(s) ! Y(s) ! = Y(s) !
S =r$) == §)=——2.
s—1 s—1 s—2

3.4 Laplace Transform of the Fractional Integrals
and Derivatives

3.4.1 Fractional Integrals
If o > 0, the Riemann-Liouville and Caputo FI are the same for both cases:
1 ! 1
=160 = s [ =0 Oy,
(@) Jo

Using the LT of the convolution product formula, we have:

F(s)

LI = mL[r“ NLifo1 =

3.4.2 Fractional Derivatives

— The Riemann—Liouville FD is

L[DYf )] =L[r(n;_ (””") [ - 1f<u>du]
(&)

where we can apply the classical formula:

LIF™ 0] =5"F(9) ="~ f(0) = ... = f" D),
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F(s) n—1

LIDE f] =" 220 = 3 5" DA f (D))o,
k=0
n—1

LIDy f()] = s“F(s) = Y_s" ' [D*I"™* f (1)]i=o.
k=0

— The Caputo [2, 3] FD is

1 t
LID*fD)] =L | ——— / (t —w" " F O @ydu | = LI fP @),
'n—o) Jo
where we can apply the classical formula:

LI 01 =s"F(s) ="~ f/(0) ... = f*"D(0),
and

—1

LD fay =" ") B I Ta T CI

k=0

n—1
LID*f(] =s“F(s) = ) _s" ' fW0).

k=0

Exercise 5 For the function f(¢) = 12, calculate the Caputo L[D“]. It results:

l. o = -,
2
1
2. =——.
2
Solution

1.
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In MAPLE, the FD of order 1/2 of ¢ from 2 can be evaluated using the
command: fracdiff(t” 2,t,1/2).
For0 <o < 1, f(0) =0, and

t t
F(r) = / ) (du)* = o / (t — w0 £ () du
0 0
we define:
Lalf ()] = Fuls) = /0 Ea(=s*1) £ (1) (d1)°

The following formulae can be obtained without difficulty [6]:

L. Lo[t* f(D)] = I—D"‘La[f(t)]-
2. Loyl f(at)] = a_aLa[f(t)]-
3. Loz[f(tl_ b)] = Eq(=s*b¥) Lol f (1)].

ol 1
4. Ly [fo S ) (du) } T 1)La[f(t)]-
5. Lalg@ ()] = s*Lo[g(1)] — T'( + 1)g(0).

For
t

(f(®)*gt))y =/0 ft—uwg)(du),
we have:

L [(f(t) * g(t))a] = Lo[f ()] Lolg(D)].
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Chapter 4 )
Fractional Differential Equations e

4.1 The Existence and Uniqueness Theorem for Initial Value
Problems

Definition 1 Let be the fractional differential equation (FDE)
(D N0 = flt,y®Ol, «>0, t>a,
with the conditions:
DLy a+) =be, k=1,....n,

called also Riemann-Liouville FDE.

Definition 2 Let the FDE
(D@ = flt.y@®)], «>0, t>a,
with the initial conditions:
(D*y)(©0) = by, k=0,1,....n—1,

called also Caputo FDE.

Lemma 1 Let y(t) be a function with continuous derivative in the interval I,(0) =
[0, h] with values in [yo — 1, Yo + nl, then y(t) satisfies the Caputo type

D¥y(t) = f@t,y(), 0 <a =1, t>0,
y(0) = yo.
© Springer Nature Switzerland AG 2019 47
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if and only if it satisfies the Voltera' integral,

1 t
¥(0) = o+ W/o (t — w0 fu, y(w) du.
Proof Let L[y(¢t] = Y be the LT of y(¢). We have

s“Y —s*lyg = LLF(, y()],
1
v =24 S LIf o)),
S S

1

t
V) = yo + %/o (t — w0 £ (u, y(w)) du.

Definition 3 (Chebyshev> Norm) The Chebyshev norm on a set S is:
[ flloo = sup{|f(x)] : x € S},
where Supremum (sup) denotes the supremum.

Lemma 2 (The Weierstrass Test) Suppose that {f,(t)} is a sequence of real
functions defined on a set A, and there is a sequence of positive numbers {R,}

satisfying:
o0
Vn>1, VieA, | fn(D] < Ry, ZR,, < o0.
n=1

o
Then the series Z fn () is convergent.

n=1
Theorem 1 (Existence and Uniqueness for the Caputo Problem) Ler a Caputo
FDE be
D%y(t) = f(t, y()), O<a<l, t >0,
with the initial condition:
y(0) = yo.

We consider the domain

D =1[0,7n] x [yo —n, yo +nl,

1V, Voltera (1860-1940).
2P L. Chebyshev (1821-1894).
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on which f satisfies:

— f(t,y) is continuous,
- | f@t, y)| < M, where M = (m?xD | f(t, y)|, and Maximum (max) denotes the
t,y)e

maximum function
— f(t,y) satisfy in D the Lipschitz® condition in vy if there is a constant K such
that:

[f(t,y2) — f& yDl < Kly2 — y1l.

Then it exists § > 0 and a function y(t) € C[0, n] unique for

é = min {n, <w>l/“ },

where Minimum (min) denotes the minimum function.

Proof We consider the Voltera integral (see Lemma 1)

)’(t)—)’o-i-m / (0 — w0 f s y(u)) du,

and successive approximations:

yn(t) = yo+m / (t —w)* f(u, yoo1(w)) du.

Using the method of successive approximations, on the basis of the Weierstrass
test we prove the existence and the uniqueness of the solution of Caputo FDE.
For the sequence {y,(¢)}, we can prove that:

(i) the sequence {y, ()} is well defined,
(ii) the sequence is uniformly continuous,
(iii) and its limit y(¢) is unique.

Proof

(i) We will use the induction method. In the case n = 0 it is obvious.
If n = 1, then we have:

1 B M [ »
910 =0l = [ [ € =0 psoau] <[5 @ = du

M® Ms®
= [terpl = lFarpl <
Ca+1) C(a+1)

3R.0.S. Lipschitz (1832-1903).
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If we assume

[Yn—1 — Yol < m,

then it follows that:

— 1 ! a—1 d M ! Ol—ld
lyn — yol = ‘mfo & —w)* " f(u, yn—1) u) < )mfo (t —u) u

Mr* M«
=t l= <1
[(a+1) C(a+1)

(ii) We consider the series

Y0+ Y Orr1 () = y(@),

k=0
equal with:
n—1
Y0+ D Gkr1(t) = () = Yag1(0).
k=0
We have:
] t
ly2 =yl = F—/ (t—u)“”[f(u,yl(u))—f(u,yo)]du‘
(o)
<[ [ 0= 0% i yola| < | A e
=T I+ 1)
KM
< |—— 8% =K.
Ca+1)
s =2l = | f (6 — 0 s y2 ) — F G, y1)ldu
(o)
_ a—1 _ 2
< F(a)fa 0"y y]ldu)_‘r(aﬂ)t
B K—ZU o _ K2n2
“ITMa+1) M’
K}’lnn
[Yn+1 — yul <

—Mnl
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Using the Weierstrass test [9, 10] we obtain:

oo oo

Z|.~.|=YO+U+%Z<%>n.

n=0 n=1

. M
The series are convergent for n < X

Thus the sequence {y,(t)} is uniform convergent on the compact [0, n].
Hence, y, () is convergent to a function y(¢) for ¢ € [0, n].
Vn > 0, 3N positive number so for n > N we have:

lyn () = y(OI < 1.

This limit is unique.
(iii)) Let x(¢) be another limit for {y,(¢)}, then:

[x(@) —y(@)| = |x(@) — yu(@) + yn (@) — y(2)]

i

< lyn(®) = (O] + [y (6) — y(O)] < g + 1oy

[\

Remark (Another Solution) In order to prove the existence of the solution we can
introduce the set

U={yeCl0,n]:lly—yol =n}
and an operator A:

1

t
Ay(t) = yo + %fo t —w)* ' f(u, y@w)) du,

where A has a fixed point, and U is a closed and convex subset of all continuous
functions on [0, 1] equipped with Chebyshev norm [12].
Generally:

RS b, wi L [T FQu, y@)
y(t)_;oF(a—jH)“_“) "t Ty amwre

wheret >0, n—1 <o <n.
The technique used for proving the existence solution of the Voltera equation is
often the successive approximation:

n

_ bk a—k
00 =) re

k=1
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Wit = yo(t)-i-m/ =0 fo i ()dr,  i=1,2,...

y(@@) = lim y;(1).
1—> 00
Example 1 Using method of successive approximation we solve the FDE:
DUy)=1*+y* O<a<l yO =0, (yel-1L1x[-11].

Solution

— For « = 1, we have method of successive approximation or the method of
Picard.*
We construct a sequence {y, (¢)} by the recurrence

t
yn(t) = Yo +/ Slu, yp—1@)ldu, n=1,2,...
0
The {y, (¢)} is convergent to an exact solution of the equation

Y(0) = flt, yO)l =2 + 2, y(0) =0,

in some interval 0 —h <t < 0+ & in the rectangle |t — 9] <a =1, |y — yo| <
b=1,

b
h=min(a, — ), M = max t,y)l,
(a M) (t’y)eDIf( I

yn(t) is given by the inequality

n—1
D —yu(D)] < h", N = max ‘
y(@) — yn(@)] < A oy
For
1
M = 2, a = 1, h = %>
2
it results:
yo() =0,

a2 !
y1(¢)=/ u” + yy)du = —,
0 3

4E. Picard (1856-1941).
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t t3 t7
(r)=/<u2+y2>du=—+—
y2 0 1 3 63’
! B 7 2l t's

2 2
t) = d = — e [ _—,
y3(t) /O(M + ydu 3t &3 T 2070 T 30533

2 (1, 1
|)’3(f)—y(l‘)|§§ 5 2 =5 N =max |2y| = 2.

— For0 < a < 1, we obtain:
Yo =0,

(t)—;/t(t—u)al[uz—i- 2 (w))du
=T Jo In- 1O

We can calculate y; (¢):

1 t
yi(t) = —f (t —uw)* 'uldu.
(@) Jo
The LT of this convolution is

_ b ey L T@IG) TG
Y| = F(O[)L[u 1L[u"] = T s« 57 — s

from which, by inversion, we obtain:

2t°‘+2

N0 = vy

Similarly, we obtain also:

1 t witl o ylo+4
n0 =g [ oo [ e

with:

2 4 TQa+5)
Ya(s) = goat3 + FZ(a +3) g3ot+5 7

and finally:

2ta+2 AT Qo + 5) t3ot+4

0 =513 T Per3) reats)

53
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IR
F =1, btai H=—+—.
or we obtain y, (1) 3 + 3

Example 2 Using method of successive approximation we solve the FDE:
DUy =1+1y0+y* (1), O<as<l  y©0) =0
Solution As in the previous example, we have:
yo(t) =0, -
yn(t) = W/O t —u)*! [1 +uy,—1(u) + y,f_l(u)] du,

_ 1 ! a—1
yl(f)—mfo t —w)*" du,

e _ 1 Tl Td
= F(a)L[u LU= M) s¢ s  sotl’

[a
@) = NCES))

1 ' a—1 2
120 = g [ =0 [+ 530 au

rCa+1) 1 a+1
1*2(05 + 1) g3a+l1 2042 ’

Y2 = SOH-] F(a + 1) +
e FrQa+1) 3@ p2o+1

“TetrD Paxnrcasn T VramTn

2

4.2 Linear Fractional Differential Equations

A linear FDE is an equation of form
(D" + a1 D' + .. a1 D' 4+ ag)y(t) = f(1), a eR,
with the conditions:
YOO =b,  k=0,1,2,...,n—1.

An equation which is not linear is called nonlinear.

Theorem 2 (Existence and Uniqueness) If f(¢) is bounded on (0, T) and a; =
ar(t), k € {0, 1, ..., n — 1} are continuous functions on [0, T], the equation has a
unique solution.
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Proof The proof used here will be based on the proof of the existence and
uniqueness of the solution of Voltera integral equation.

Theorem 3 The linear FDE:
D%y(t) = f(1), where: n—1 <o <n,
and
yP©0) =0, k=0,1,2,...,n—1,

has the solution:

_ 1 ! a—1
y(t)_W/o @t —uw)* " f(u)du.
Proof We apply the LT:
LlyOl=Y =Y(s),

L[D*y()] = LLf ()] = F(s),

F(s)

SO{

%Y = F(s) = Y=

and using the convolution theorem it results the assumption of this theorem.

Theorem 4 The linear FDE:
D%y (t) = Ay(1), where: n — 1 <o < n,
with the initial condition
yOO) =b,  beR  k=012....n—1,

has the solution:
n—1
Y(6) = bit* Eq 1 (11%).
k=0
Proof We apply the LT method:
Lyl =Y =Y(s),

L[D*y®)] = ALIy(®)],
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n—1
saY _ Zsol—k—ly(k)(o) _ )\,Y — 0’

k=0
n—1 Saikil n—1 n—1
Y = ;;) b = ;0 L [bktkEa,kH(M“)] - LZO bkt"Ea,kH(m)] .

Because L[y(#)] = Y it results the statements of the theorem.

Theorem 5 The linear FDE:
DYy (1) = f(v), where: 0 < o < 1,
with the initial condition
y(0) = A,

and where:

]

™) 0
ro=3 "0

n!
n=0

has the solution:

AU,
y(t)y=A+t Zm
n=0

Proof We apply the LT:
Lyl =Y =Y(s),

L[D%y()] = s*Y — As*",

>
v — A =01 = Y L O,
n=0 ’

YO =Y yu, Y=LyOl=Y Y,
n=0 n=0

(e.¢] o

3 A 1 3 ™0
N N n.

n=0 n=0
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A
Yo = " =Y =A4,
™0 T+ D A C)
"T T+ 1) shtetl "TTm+a+1)

_ f(n)(o) n+ot
v = A+Zr(n+oz+1) '

Theorem 6 The linear FDE:
aD%y(t) + by(t) = f(1), O<a<l,
y(0) =
where:
X ™
fo=y 0 n,( !
n=0 ’

has the solution:

() b
Y1) = AE, (——t ) Zf © [ —Ea,nﬂ(—;r“)]

Proof Applying the LT, it results:
Lyl =Y =Y(s),

L [Day(t)] =s%Y — As® L,

f(’”(O)

s“Y—As“‘l—i—bY:L[f(t)]_Z L[],

n=0

YO =Yy Y=LyOI=) Y,
n=0 n=0

§9— 1 1

o0 o0
™)
= L[],
Z as“—i—b_’_as“—i—bl;) n! ]

n=0

57
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_Ase! S oy A 1
O_as“—i—b O_asl L’
as®
I A (0) N ™o 1
"Tas*+b nl Ll = Yn:as"+1+‘¥1 b’
as®
1 b1 »? o1
o=Als et amat )
b p2 2
Syl | [ ——— R
Y0 [ aT@+1)  a?TQa+1) ]
b
Yo = AEgy 1 (——t“> ,
a
™ 1 b 1 b2 1
Yy = f ( ) [ n+lta  , on+l+2a + "2 n+13a +j| ’
a S as a s
B f(n)(o) tn+a b [n+2ot N b2 tn+3oz N
"T o a Fn+14+a) aln+14+20) a?T+14+3x) |

(n)
Yn = wtn [1 — Eq nt1 (‘éta>i| .
a a

Finally, we obtain the solution:

o
YO =y0+ Y Yn»

n=0
b £ b
Y1) = AEq, (——t“> + Z S )t" [1 — Egnt1 (——t“)] )
a = a a

Example 1 We will establish here the solution of the FDE:
Dy(t) +y(t) =1,
with the initial condition:

y(0) =0.
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Solution We apply the LT:

L[D*y(®)] + LIy(®)] = L[1],

1
s°Y — sy + v = P

B 1
Tos(s¥ 4+ 1)
1 1
= jatl 1’
1+S_°‘
and using the identity
1 23
——=1l—-u+tu"—u +... lu] <1,
14+u
we obtain:
1 1 1
Y = — + + ...

g+l s20+1 g3+l
Finally, it results:

o t2a t3a
Tatl) TQatD (TGaxD

y@) =

For @ = 1, we can use the Maple or Mathematica commands in order to establish
the solution:

MAPLE

ec: = diff(y(t),t) + y(t) = 1;

dsolve ({ec,y(0) = 0},y(t),type = series);
MATHEMATICA

Clear["'x"]c

ec := y'[t] + yI[t] == 1;

sol = DSolve[{ec, yI[0] == 0}, vy, t]

Series([y[t] /. sol, {t, 0, 10}]

It results the solution:

2 B3
yo) =t——+——-——+...

3 6 24
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Example 2 'We consider the FDE

D%y(1) = y(1),

with the initial conditions:

y(0) =0, y'(0) = 1.

We will establish the solution of this equation for the cases:

.1l <a <2,
2.2 <o <3.

Solution
1. For the case 1 < o < 2, using the LT, we have:
L[D*y(t]) = L[y (1],
s?Y — 597 1y(0) — 572y (0) = Y,

Sa—Z
Y =

and using the identity

=l+ut+u’>+u’+ lul <1,

1—u
we have
1 1 1
Y= S_2+soz+2 §20+2 T
and the solution:
ta+1 t2a+l
y() =

r@ T@+2 Teat2

‘We can note that:

2P )
— + — 4+ — ... =sinh(?).

dmy0 =3ty
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2. For the case 2 < « < 3, using same procedure, we have:
S*Y(s) = s*7'y(0) = s7%Y'(0) — s* 3y (0) = Y ().

For y”(0) = b, we obtain:

Y = +b )

and using the residues theorem we have:

b
a\2 s(s2—1)
r1 = Res(Ye'') = lim sYe' = —b,
0 s—0
b—1)e™!
r» =Res(Ye'') = lim (s + DY = ﬁ,
-1 s—>—1 2
b+ e
r3 = Res(Ye') = lim(s — )Ye* = u.
1 s—>1 2

The solution will be:
y(t) = r1 4+ rp + r3 = sinh(¢) 4+ b cosh(t) — b.

Observation
This equation can be solved also in terms of perturbation method. In this case we
take

y(t) =t + et 4 et poegtet 4

and using the formula:

M,ﬂ—a B>n—1
Dgtﬁ: reg+1—-ow
0 B=<n-—1

Diy(t) = C1D$Ia+l +62D$t2a+1 +C3D$ta+l +.

=t 41t 4 ot o oytet 4
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we have

F(a+2)t o Qo +2) @ 4y I'Ga +2) at]
') Mo +2) Qo +2)

= +C1ta+l +62t2a+1 +C3t3a+1 4.

and after the identification we obtain:

1
Ta+2) =1 -
cl'(a +2) = C Fat2)
et . R
Ta+2 “ 2T Tr2a+2)
a2 . 1
— ~ =r¢ 3= —,
Teat2 3T TGa+12)

For o = 2, we have:
y'(@) = y@).
We apply the LT:
L[y"(t]) = LIy(®)], Lyl =Y =Y(s),

s2Y — 5y (0) — y(0) =

Y — 1
sz 1
oSt ot
= Res Y = lim Ye' = lim (s+1)———— = ———,
s—>—1 s—>—1 s—D(@G+1) 2
eSl el
r = Res Ye'' = limYe* = lim(s — 1) ———— = —,
s—1 s—>1 =D+ 2
o — ot
fO=r+nrn= = sinh(r).

We can use here the MAPLE commands:
with(inttrans);

ec:=diff(y(t),t$2) = y(t);

dsolve(ec,D(y)(0) = 1,y(0) = 0,y(t), method = laplace);
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Example 3 Find the solution of the FDE:
D*y(t) = D¥?y(t) = y()) +1+ 1 =0,
with the initial conditions:
y(0) = y'(0) = L.

Solution We apply the LT:
L [Dzy(t)] ) [D%y(t)] — LIy(O)] + LI1] + L[1] = 0,
L[D2y®)] =Y —s5y0) = (O =52Y =5 -1,

L[Diy)] =537 =52y = s72y/(O) =53V — 53 =573 =

s2—s—1

7

Lly()] =Y,
1
LI = 5.

1
L[] = -,
s

2
Y —s—1
szY—s—l—¥—[s2Y—s—l]=O,

/5

Y —s—1=0, = Y=-+—,
yo)=L7'Yl, =  y@o) =1+

Example 4 We consider the problem [11], with the initial condition:

d]/Zy y
dx_l/z = )_c’ y(0) = 0.

which can be rewritten as:
tD'2y() —y() =0,  y(0) =0.

We will establish the solution of this equation.

63
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Solution We apply the LT method:

L[D"2y0)] - LIy =0,

L [tDl/2y(t)] — —% [SI/ZY - s_l/zy(O)] —y =0,

dY+ 1+ 1 Y=o
ds 2s  Js)

We obtain:
Y(s) = ce_zﬁ = )= Ce /1t
Vs Vrt
The same solution can be found using the Maple program:
MAPLE
with(inttrans):

ec:= diff(Y(s),s) + (1/(2*s)+1/sqrt(s)) - Y(s) = 0;
F(s):= dsolve(ec,Y(s));

f(t):= invlaplace(F(s),s,t);

Other applications can be found in [5, 6].

4.3 Nonlinear Equations

4.3.1 The Adomian Decomposition Method

The Adomian® method [1-3], applied to the ordinary and partial differential

equations of integer order was extended also to the case of FDE (for further details
and examples see [7, 8]).

Adomian Polynomials

We will denote these polynomials by Ag, Ay, ... Ay, . ...

We consider a nonlinear analytic function G(y(¢), t) and that y(tp) = yp, in
the D domain. The Adomian method consists in the decomposition the unknown
function y(¢) in a series of form y(¢) = yo+y1 +y2+...+ yn + ..., where y, can
be expressed in terms of Adomian polynomials A,,.

5G. Adomian (1922-1996).
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The Adomian polynomials are defined [1, 2, 8]:

1 a" - .
Ar= o | G Z(j)y,w)
/:

A=0

These polynomials can be established algorithmically, using the symbolic pro-
gramming packages, with the aid of do ... end do repetition statements:

Step 1:  To calculate first the Adomian polynomial Ao, i.e., Ag = G(yo, 1).
Step 2:  Iterative calculation of Ay using the for ... do .. end do loop:

>fork=0ton-1do

> A =Ak(o+ Ak Y1, .o, i+ (k+ 1) %Ak yegn)

> end do;

It must be underlined that in the Ay polynomial y; is replaced with

Vi —=> Vi + @+ 1)k yip1 A, for:i =0,1,...,k.

Step 3:

d
—A =(k+1)*Ag.
PTR (k+1)* Ay

Step 4: We obtain, finally Ag, Ay, ..., A, and yq, ¥1, y2, . .. in terms of A,,.

A given f(u) can be expressed as a series of A,

fu)y =) A,
n=0

o
and u = Z Uy.
n=0
o
The series Z A, can be rearranged as a generalized Taylor series:
n=0

@)= A= fuo)+ i +uz+...)f" (uo)

n=0

2
u
+|:2—:+u1u2+,__]f(2)(uo)+.--

oo o0

=Y [ —u0)*/n] FPwo) = [ +uz+..)"/n!] £® (wo),

n=0 n=0
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so that:
Ag = f(uo),
Ar=ur fD(uo),
Az = ua f (o) + (1/2hui £ (o),

Az = us f D (uo) + uruz £ (uo) + (1/30ui £ (o),

Example 1 We will establish the Adomian polynomials for G(y) = y*.
The Adomian polynomials will be:

Ao = 3, A1 = 2y0y1, Ay = y} + 2y0y2. A3 = 2y1y2 + 2)0y3, etc.
For calculation you can use also the following Maple, or Mathematica sequences:

MAPLE

restart;

with (LinearAlgebra) :

unassign(’y,lambda’) :

fr=y->y72:

S:=lambda->sum(y[i] xlambda™i,i=0..4):
g:=lambda-> (S (lambda)) *2:

c:=Vector (4,n->diff (1/n!+g(lambda), lambdasn) :
A:=<subs (lambda=0,g(lambda) ), subs (lambda=0,c) >;

MATHEMATICA

Clear["‘x"]

fly 1 := v*2;

S[\ [Lambda] ]

g[\ [Lambdal ]

ad = Tablel
1/n!+«D[g[\ [Lambda]], {\[Lambda],n}]/. \[Lambdal-> 0,
{n, 0, 5}] // Simplify;

TableForm[ad, TableAlignments -> Left]

Sum[y[i] *\ [Lambda] *i, {i, 0, 5}1;
f[S[\ [Lambdalll];

Example 2 Let us calculate the Adomian polynomials for G = y3.

Solution

Ao = v, A1 = 3y133, Ax = 3y3y2 + 3y3 o,
Az =y} + 6y0y1y2 + 3y2 1, ete.

The basic principles of this algorithm remain unchanged for other definitions of the
function G.
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Example 3 Let us calculate the Adomian polynomials for G = f(u).
We obtain successively:

Ao = f(uo), A1 = ui(d/dug) f (uo),
Az = un(d/du) f (o) + u3)/2)(d?/dud) f (uo),

A3 = uz(d/du) f (uo) + (uru2)(d*/dul) f (uo) + (3 /3)(d> /dud) f (uo), etc.

Example 4 Find the Adomian polynomials for G = sin 6. It results:

Ag = sinfy, A; = ) cos by, Ay = —(67/2) sin by + 6, cos b, etc.

4.3.2 Decomposition of Nonlinear Equations

We consider the nonlinear FDE of type:
DYy(@) + Ry() + Ny(t) = f(), yXO) =ci,k=0,1,....n =1, a >0,

where N is a nonlinear operator, and Ry is a residual part of the equation.
We apply the LT to the equation. It follows:

L[D%y()] = s°Y — s 1y(0) — s*72y/(0) — ... — y"~D(0) = s*Y — ¢,
¢ =51y (0) +5472Y(0) — ...+ y" D (0),

where c is a constant.
We use the following decomposition of y(#)

Y =Y ya),
n=0

with

Ny(t) =) A,

n=0

67
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where A, are Adomian polynomials:

— Ly,
An_n!d)»" N EO)L yi)l,
=

ZOO c 1 Z"" 1 ZOO
L|: yn:|=S—aY—S—(¥L |:R y":|_s_0lL|: An:|
n=0 n=0

n=0

We have after calculations:

1
Yo = Llyo] = Si + LU0,
1 1
Vi = Liyil =~ LIRyol = — LlAol

1 1
Y, =L[y] = —s—aL[Ryl] - S—aL[Al],

Y, = Lly,) = _S%L[RYnfl] - SiaL[AnflL
Example 1 Solve the nonlinear FDE using the Adomian decomposition method:
DYy(t) =t+y*, 1l<a<2,
y(0) =0, y'(0) =1.
Solution In order to solve the equation we apply the LT:
LDy 0] =L [r+y?],

Lly®)]=7Y,

LID%y(t)] = s*Y — s*71y(0) — s%72y/(0) = s*Y — 572,

so that, for the decomposition

Y=Y yalt),

n=0
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we obtain:

o0 o0
Y=Y 14y =) A
n=0

n=0

where A, are Adomian polynomials. We obtain:

Ao =1+, Ar=2yoy1, Ar=y}+2y0y2, A3 =2y1y2+2y0¥2 ...

oo 1 1 00
ZYn = S_2 + s_aZA”’
n=0 n=0

Y0:—2 = yo:t,
A():l‘—l-l‘z,

1 1
Yi=—LlA] = Yi=-—L [t +r2],
S S

1 1 toH—l toc+2
Y= —— 42— = = 2 ,
1= ez T2l N ra+ TTerd
A1 =2yoy1,

toz+2 ta+3

(o +2) +4F(a+3)’

1 2 +2)  4(a+3)
Y2=s_aL[A1] = = §20+3 s2at4

B 2(a +2)t2a+2 4(a +3)t2a+3
2= 'Qa + 3) 'Qa +4)

y@) = yo) + y1() + y2() + ...,
and finally, it yields:

ta—l—l tot+2 2(0[ + 2)t2(¥+2 4(0[ 4 3)t2a+3

YOt e ) P Tern T Tee+s T reetd)

For o = 2, we obtain:

Yty =2 +y* ),  y0) =0, Y0 =1

69
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The result
30 4

t
)=t — — e
y(@) +6+12+

can be obtained also on computer, using the sequences:

MAPLE

ec: = diff (y(t), t$2) = t + (y(t))"2;

dsolve ({ec,y(0) = 0,D(y) (0) = 1},y(t),type = series);
MATHEMATICA

ec:=y"[t] ==t + yltlxy[t];

sol=DSolve[{ec,y[0]==0,y’ [0]==1},v,t];
Series([y[t]/.sol,{t,0,10}]

MATHEMATICA

Clear["'x"]
Manipulate [
flt ] :=t + t"3/6 + t™4/12 + t*5/120;
ylte 1 :=
t + t%(a + 1)/Gammala + 2] + 2+t™(a + 2)/Gamma
[a + 3] + 2x(a + 2)*t™(2%a + 2)/Gammal[2+a + 3] +
4%x(a + 3)*t™ (2+a + 3)/Gamma[2xa + 4] ;
Plot [{£[t], vItl}, {t, 0, 1}, ImageSize -> 300,
Frame -> Truel, {{a, 1/2}, 0, 1}]

The functions f(¢) and y(¢) calculated here are plotted in Fig. 4.1.
Example 2 Let us solve the FDE:

DUy =1+y*®). O<a<l,
where:
y(0) =0,
using the Adomian decomposition method.

Solution To solve this problem we apply the LT:
LID*y0)] = LI+ L [?],

Lyl =Y,
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Fig. 4.1 Plots of the functions f(¢) and y(¢) from the Example 1

LID%y()] = s“Y —s*"1y(0) = s

1 1 7,
Y:sa+1+s—aL|:y].

For the decomposition

Y=Y yalt),

n=0
we obtain
9 )
Y=> Yi =) A
n=0 n=0

where A, are the Adomian polynomials:

Ao=y3,  Air=2yoy,  Az=y}+2yy,

OlY’

71

A3z =2y1y2 + 2y0y2, - ..
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1 1 &
ZYnZW_‘_S_aZOAn,
n=

1 _ [
T T+’

2a

Tt

Yi= LAl =  Yi=—1L i
I= a0 e N
1 TQa+1)

Yy = g3ot+1 F2(a + 1)

= y =Ly,

_TQa+1) ™
S 2@+ DTGa+1)’

Y1
Ay =2yoy1,
1
Yy = —L[A4],
S

FrRa+1HTM@a+1) 1
M+ 1) T'Ga+ 1) gdatl’

y2 = L7I[1¥a],

I'Co+1) 4o +1) 5o
B+ 1) TGa+ DI'Ga + 1)

y2 =

’

y@&) =yo) + (@) + y2(t) + ...

1 FQa+1) 1@
Fa+1) T2a+1)TGa+1)

I'Qa+1) (4o + 1) o

MBa+1)T'Ga+ DI Ga+1)

y() =

+...

You can also use the programs:
MAPLE

ec:=diff (y(t),t) = 1 + y(t))"2;
dsolve ({ec,y(0) = 0},y(t),type = series);

A
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MATHEMATICA

ec:=y’ [t] == 1 + y[tlxyI[t];
sol=DSolve[{ec,y[0]==0},y,t];
Series[y[t]/.sol,{t,0,10}]

Finally, we have:

Example 3 Solve the Ghelfand’s® FDE:
D*y(r) = 2¢*®, 0O<ac<l,
where:
y(0) = y*(0) =0,

using the Adomian decomposition method.

Solution To solve this problem we apply the LT:
LID*y()) =2L [e"?],

L[y(t)] =Y yo(t) = y(O) + ﬂt‘x =0
’ (o +1) '

L[D**y(1)] = s2Y — s2*~1y(0) = s*Y

[ <t>] [Z A }
For the decomposition

NOESPSHGE

n=0
we obtain
00 00
YZZYna yZZZAna
n=0 n=0

61.M. Ghelfand (1913-2009).
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where A,, are the Adomian polynomials:

Ag = e, Al =y, ...
o0 2 o0
n=0 n=0
yo =0,
Ag=e =1,
1 2
Y, = SEL[AO] = Y1 = W,
2t2o{
M= T et 1)
Ap = y1e”,
4
V2= G
y2=L7[1a),
4t4oz
X2 E That 1)

@) =yo) + (@) + @)+ ...

212 414
Fr2a+tD T@atn

y(@) =0+

It can be used also the program:
MATHEMATICA

Clear["‘x"]
Manipulate [

flt ] := t*2 + t"4/6;

vyt 1 := 2+t"(2%a)/Gamma[2xa + 1] + $xt” (4xa)/CGamma
[4xa + 1]; Plot[{f([t], vItl}, {t, o, 1},

ImageSize -> 300, Frame -> Truel], {{a, 1/2}, 0, 1}]

Figure 4.2 shows the plots of the functions f(¢) and y ().
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C3

Fig. 4.2 Plots of the functions f(¢) and y(#) from the Example 3

4.3.3 Perturbation Method

Here, we will extend the perturbation method for the case of FDE with the aid of
some examples.

Example 1 Find the solution of the FDE:
Dyt =14y*(1), O<a<l,
for the initial condition:
y(0) =0,

using the small parameter (perturbation) method, 0 < € < 1.

Solution We consider a solution of form:

Y1) = yo(t) + €1 (1) + €2ya(t) + €3 y3(0) + ... .,
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which, replaced in the equation, gives:
D%(t) = 1, y0(0) =0,
Dyi(t) =y5. (0 =0,

D%y, (t) = 2yoy1, y2(0) =0,

We apply the LT:
L[D%yo(t)] = L[1], y0(0) =0,
%Yy — (0)_1 Y_L = (t)_—a
0 yO _sﬂ O_Sa+l yO _F(o[-{-])’
LID*yD]=Lly5l,  y1(0) =0,
ay 1 'Qa+1) rRa+1) 1
) = s = = 3,
1 Fz(a + 1) 52a+1 1 FZ((X + 1) S3ot+1

and by inverse LT, we obtain:

(t)_I‘(2a+1) 3
M = Ry D TGa+ 1)’

It results also:

L[D%y>] = L[2yoy1], y2(0) =0,

2y, — 1 I . FrRa+1 1@
TR T T+ T P@+ D TGa+ 1) |
s9Y, =2 ['Qa+1) LI:ZA(X]’

B3+ HrGa+ 1)

v _ FQa+ 1) 4o+ 1)
2T 3+ DI Ga + 1) soat

B P@a+1)  Tla+1) s,
2T e+ DMGa+ D TGa + 1)

k]

The solution for this example:

y(@) = yo(t) + y1(#) + y2(6) + ...,
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will be:

o FrRa+1 3@ N
S T@+1) TXa+DTQGa+1)

y(@)

N IFQa+1) (4o + 1)1
M+ DHrGa+1) I'Ga+1)

The plot of f(¢) and y(¢) is done with the following program and presented in
Fig.4.3.

MATHEMATICA

Clear["'x"]
Manipulate [
£t 1 =t + t73/3 + 2/15%t"5;
ylt 1l :=
t*a/Gammala + 1] +

Fig. 4.3 Plots of the functions f(¢) and y(z) from the above Example 1
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Gamma [2*a + 1]/ (Gammala + 1])"2+t” (3xa)/Gamma

[3xa + 1] + 2 Gamma[2+a + 1]/ ((Gammal[a + 1]) *3+*Gamma

[3¥a + 1])+* Gamma[4xa + 1]/CGammal[5+a + 1]1*t” (5+a);
Plot [{£[t], vI[tl}, {t, 0, 1}, ImageSize -> 300,

Frame -> Truel, {{a, 1/2}, 0, 1}]

Example 2 Find the solution of the FDE:

—y()
14+¢€

D%y(t) = , O<a<l,

for the initial condition:
y(0) = cos(e), 0<exl,

using the small parameter (perturbation) method.

Solution We consider a solution of form:

y(t) = yo(t) + €y1(t) + €*y2(t) + Ey3(1) + . ...,

1

=1—6+€2—E3+...
1+€

1, 14
cos(e):l—ie +Ie +...,
which, replaced in the equation, gives:
D Go+eyi+eym—+..)=—Oo+eyi +ym+.. )1 —e+e>+..)
D% = —yo,  yo(0) =1,

D¥y1 = yo — y1. y1(0) =0,

1
D%y = —y> + y1 + o, »2(0) = —3

We apply the LT:

L[D”yo(t)] = —L[yol, y0(0) =1,

s“Yo — o (0)s* ' = -y,  Yo=
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L[D“y1= Llyol — LIy, y1(0) =0,

L[D%y;] = —L[y2]1+ L[y1]1+ L[yol, »2(0) = —
o Sa
(s* + DYy = Yo, Y, = I
safl Sotfl 1 s®
Y, = — = ,
2T ) T e 2
(t) _ 1o N t2a t3oz N
W= T rTa+1) "TQe+1) TGastl
1 1
=G\
(1 + S_"‘>
1 1 1
Y =

go+l _2s2a+] +3S4a+1 +...

and by inverse LT, we obtain:

o tZa t4oz
1) = -2 3
NO =0 TD  ToasD  TaatD
But:
sl 1 1 1 1
53 (1—1——)
SC{

It results also:

1 t3ot
=~ 2.3 4
n) =3 r(2a+ ) FrGatD | }

+3
+10 F(Za +1) " TT@a+ 1)

|: t2a t4ot
1
2

IN'a
t2a t3a
[ F(a+ D TeatD TGatD

4]
s,

ey

79
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4.4 Fractional Systems of Differential Equations

4.4.1 Linear Systems

Examples Solve the system of FDE:
D (1) = DPy(t)+1, x(0)=1, 0 <a <1
DPy(t) =2D%(t) — 1, y(0)=1, 0<p < I
Solution We apply the LT method:
Lix®)]=X, Lly®]l=Y,
LID*x(t)] = sX — s 1x(0) = s*X — 5%~ 1,
LIDPyt)) =sPY — s~ 1y(0) = sy — sP~1.

We obtain the system

X=-,
s
v — 1 1
s sPED
with the solution:
x(t) =1,
tB
H=1— ——.
Yo rB+1D)

4.4.2 Nonlinear Systems
(A) Method of Successive Approximations

For the system of FDE:
D%x(1) = f(t, y(1)), x(0) = xo,

D%y(t) = g(t,x(1)), y(0) = yo,
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we can use the following successive approximations [4]:

1 t
xn () =xo+mf0 @, yuo1 ) (¢ — u)*du,
(t) - t ( W)t —u)*~'d
n == - u,xn—1\u —Uu u.
Y Yo T Jo 8 1

Example We apply the successive approximation method for the system of FDE
with initial conditions:

D%x(t) =3.5y(t)(1 — y(2)), x(0) =0.2,

Dy(t) = 4x(1)(1 — x(1)),  y(0) =0.2.

We have:

t

3.5
w0 =024 2o | (1@ =571 w0) (= w0,

t

4 _
yn(t)=0.2+m A (xnfl(u)—x,%_l(u)> (t —w)* du,

t

x=02+gon | (0.2 —0.2) ) t — ) \du,

t

_ 4 2 a—1
n=02+p | (0.2 —02) ) (t — ) du.

Using the theorem regarding the product of convolution, we obtain the following
three iterations:

o

) =02+056—1
xi(0) T e T

o
1) =024+056——.
y1(0) + O

t

00 =02+ 2o [ (i — ) ¢ — w0 du
T T@Jo 2 ’

t

() = 02+ —+— (xl(u)—x‘(u))(t—u)“”du
T T Jo : ’
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t

3.5
x3(t) =0.2 4+ m A

t

4
y3(t) =02 + m A

x() =02
1o 20
0566—— +1.344————
T T M T 1
() =0.2
1o 20
064—— +1344———
+ Fm+4)+ 'Qa+1)
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FrRa+1 1@

Ma+1)TGa+1)

FQa+1) 3¢

M+ HIr@Eae+1)’

(yz(u)-—)%(u))(t——u)“‘ldu

<x2(u) - x%(u)) t — ) \du

For @ = 0.9 we can apply the Maple and Mathematica programs:
MAPLE

>
>
>
>
>
>
>
>
>

>
>

> print ([x[k],y[k]])

X
0.
0
0

restart;
with(inttrans) :
Digits:=5:
X:=array(0..10) :
y:=array(0..10) :
x[0]:=0.2:
y[0]:=0.2:

for k from 1 to 5 do

x[k] :=evalf (0.2+3.5+invlaplace (1/s%0.9«laplace

y[k] :=evalf (0.2+4xinvlaplace

od:
for k from 0 to 4 do
od:

2
.2 + 0.58230 t*(9/10)
.2 + 0.58230 t*(9/10)
t*(27/10)

0.2
0.2 + 0.66548t™(9/10)
+ 0.80171 t*(9/5) -

(y[k-11- (y[k-11) "2,

t,s),s,t));
1/s*0.9«laplace
x[k-11-(y[k-11)"2,
t,s),s,t));

0.62304

.2 + 0.66548 t*(9/10) + 0.72536 t*(9/5) - 0.71204
)

t*(27/10
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MATHEMATICA
Clear["'*"]
Array[x, 10]
Array [y, 10]
For[{n = 0, x[0] = 0.2, y[0] = 0.2}, n < 4,
n++, {x[n + 11 =
0.2 + 3.5 InverselaplaceTransform][
1/8%0.9 LaplaceTransform[y[n] - (yI[nl)*2, t, sl,
s, tl// FullSimplify,
yn + 1] =
0.2 + 4 InverselaplaceTransform|
1/8%0.9 LaplaceTransform[ (x[n] - (x[n])"2), sl,
s, t1//
FullSimplify, Print["x=", x[n], " , ", "y= ", y[n]]}]
x = 0.2, y=0.2

x = 0.2+40.582262 £t*0.9 , y= 0.2+0.665443 t*0.

(B) Method of Laplace’s Transform

We will illustrate this method on the function:
F(y)=y—y.

First, we will decompose F in terms of Adomian’s polynomials

o0
F =Y Ay,
n=0

where Ag = yg — yg and
1 (M) = (yo + Ay1) — (o + Ay,
1 = y1 —2y1(vo + Ay1),
1
A= F¢1(O)’

from which we obtain: A; = y; — 2ypy1.
In the case of next step we have:

$2(M) = (y1 +20y2) — 2(yo + Ay1)(y1 + 2Ay2),

¢ = 2y2 — 2y1(y1 + 2Ay2) — 2y2(y0 + Ay1),
Ar = L0
2= 2—!¢2( ),

or finally: Ay =y — )’12 — Y2)o-
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We have also:

$3(0) = (2 + 34y3) — (31 + 242)% — (y2 + 34y3) (3o + Ay1),

A —1 10
3—5053(),

We consider now a system described by the equations [8]:
L[D*x(1)] =3.5L[y(®)(1 — y())], x(0) =0.2,
LID%y()] = 4L[x(1)(1 — x ()], y(0) =02,
with initial conditions and we apply the LT to this system. We have:
Lx(0)] = X, Lly®] =Y,
L[D%x(1)] = s% — x(0)s*~ !,
LIDy(n)] = 5* — y(0)s*~",

We consider the solutions:

o0 o0
X:ZXn, Y:ZY,,
n=0 n=0

After calculations we have:

Lx()(1 —x)] =L [Z An] . Ly —y@)l=L [Z Bn] ,
n=0

n=0

where A, and B, are Adomian’s polynomials.
o o0
02 35
D Xu="C+ 0L [ZBn]
n=0
o0 o
02 4
n=

0.2
Xo=— = xp=02
S



References

0.2
)
X = 220 = 22 o ) =056
= —_— = —, X = U. —_—
P e PP o ! T+ 1)
4 0.64 1
Y| = —L[Ag] = —, N =0.64— 0
1= [Ao] = yi(0) Mot D)

o

t
By = y1 — 2yoy1 = y1(1 —2yp) = 0.64 ———(1-2-0.2)

C(a+1)
t ¥
=064-06- ——— =0384——
Ca+1) Ca+1)

o

t
Al = x1 —2xpx1 = x1(1 —2x9) = 0.56——(1 —-2-0.2)

C(a+1)
v v
=0.56-06- —— =0.336———
C(a+1) C(a+1)

3.5 1.344 12
2=3 [B1] a = x2(1) FQa+ D)
oo o= 2% L e = s
27 A T Y2 = T e + 1)

Finally, the solution is:

1o 20
)=xo(t t H+...=024+056——— + 1344 — + . ..
x(t)=xo(t)+x1()+x2(t)+ + NCES + FOa D) +
1o 2a
H)=yo(t t t ...=024064—+1344—— + ...
Y(O)=yo()+y1()+y2(1) + + 1ﬂ(oﬂrl)+ F(2a+1)+
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Chapter 5 )
Generalized Systems e

This chapter addresses the generalization of classical models and systems in the
perspective of FC. The following sections study the Cornu, Emden, Hermite,
Legendre, and Bessel fractional systems.

5.1 Cornu Fractional System

5.1.1 Cos and Sin Fractional of Type Fresnel

We define fractional Cos, and Sin of order 0 < ¢ < 1, as:

1 t
Cci(1?) = Tq)/ (t —u)4 ' cosu’du,
0

t
89(12) = %q)/o (t —u)? " sinu’du.

These functions can be represented in Mathematica with the aid of the following
program for g = 1/2 (see Fig.5.1).

MATHEMATICA

Clear["'*"]

q=1/2;

ult ] = 1/Gammalq] *Integrate[(t-s)”(g-1)*Cos[s"2],
{S, 0, t}];

© Springer Nature Switzerland AG 2019 87
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Fig. 5.1 The graph of fractional cosine (left) and sine (right) forg = 1/2

p = Plot[{ult]l}, {t, 0, 10}, PlotLabel -> "Cos
fractional",
ImageSize -> 200, Frame -> True];

vt ] = 1/Gamma[q] *Integrate[(t-s)”(g-1)=*Sin[s"2],

{s, 0, t}1;
g = Plot[{v([t]}, {t, 0, 10}, PlotLabel -> "Sin
fractional",

ImageSize -> 200, Frame -> True];
Show [GraphicsArray [{p, q}l]

5.1.2 Cornu Fractional System and Curve

We will introduce the following Cornu! fractional differential system with initial
conditions:

Dx(t) = cos(t?), x(0) =0,

D7y(1) = sin(t?), y(0) = 0.

M.A. Cornu (1841-1902).
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Solution We will solve this system using the LT. We have:

4 8 12
L[xq(t)]zL[cos(tz)]=L|:1—t—+——t—+...i|,

TIPS

6 10 14

_ N , 7
L[yq(t)]_L[sm(t )]_L[t 5T +}

1 4! 8! 12!

q — -
X =T s T et T
ay — 2! 6! 10! 14!
TG T T T s T
o] 41 8! 12!
T osatl 21ga+S + 415919 6lga+13 Feee
,_ 2 6 10! 14
T ogqt3 - 3159+7 + 515q+11 - T1gq+15 +...

By inverse LT we obtain the solution {x(z), y()}:

14 41 et 8! a8 12! patl2
- = + — - ...
F'(g+1) 2'T(q+5) 4T(g+9) 6 I'(g+13)

x(t) =

21912 6! 1410 100 gat10 14! patl4
y(t) = - = + — - — +...
I'(g+3) 3'T(@q+7 5 T(@+11) 7! T'(g+15)

The graph of this curve can be written in Maple and Mathematica as:

MAPLE

restart;a:=1/2:

> x(t) :=1/GAMMA (a) *int ( (t-u) * (a-1) xcos (u™2),

> y(t):=1/GAMMA (a) *int ((t-u) * (a-1) xsin (u™2),

> plot ([x(t),y(t),t=0..10],color=black,
scaling=constrained) ;

MATHEMATICA

Clear["'x"]
q=1/2;

ult ] 1/Gamma [g] *Integrate[(t - s)* (g - 1)xCos[s”2],

{s, 0, t}1;
v[t ] = 1/Gamma[qg]+Integrate[(t-s)”(g-1)*Sin[s*2],
{s., 0, t}1;
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ParametricPlot [{u[t], vI[t]}, {t, 0, 10},
Frame -> True, ImageSize -> 300]

Clear["'x"]

Manipulate [

ParametricPlot[{1/Gamma[q]
xIntegrate[(t - u)”(g - 1)*Cos[u™2], {u, 0, t}1,
1/Gamma [g] *Integrate[(t - u) (g - 1)xSin[u”2],
{u, o, t£}1}, {t, o, 10}, Frame -> True,
ImageSize -> 3001, {{g, 3/2}, 0, 2}]

5.1.3 Cornu Generalized Curve/System

For 0 < o < 1 we can introduce a generalization of above curve and system, as:

o — r —
D X(l)—COSm, X(O)—O
o ; e
D y(t) = sin m, y(O) =0

5.1.4 Cornu Fractional System in a Plane

This curve can be plotted (see Fig. 5.2) in a plane using Maple and Mathematica as:

MAPLE

> restart;

> with(plots):

> a:=1/2:

> x:=1/GAMMA (a) *int ((t-u) * (a-1) *cos (u"2) ,u=0..t) :
> y:=1/GAMMA (a) *int ((t-u) * (a-1) *sin(u™2) ,u=0..t) :
> spacecurve([x,y,3 - x - y,t = 0..4],color=black,

scaling=constrained) ;
MATHEMATICA

Clear["'x"]
Manipulate [
{x[t], y[t]l} = {IntegratelCos[u™2], {u, 0, t}l,
Integrate[Sin[u®2], {u, 0, t}1};
p = ({x, vy, z} /. Firste@eSolvelx/a + y/b + z/c - 1
== 0, z]);
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a

Cc

Fig. 5.2 Cornu fractional curve in plane

g=p /. {x ->x[t], v -> yltl};
Show [Plot3D [Evaluate [p[[3]]], {x, 0, 1},
{yv, 0, 1}, Mesh->None,
PlotStyle -> {Blue, Opacity[0.05]}],
ParametricPlot3D[Evaluate[g], {t, 0, 2xPi},
PlotStyle -> Blue],
ImageSize->300, AspectRatio->1], {{a, 1}, 0, 2},
{{o, 1}, o, 2}, {{e, 1}, 0, 2}]

5.1.5 Fractional Cornu Spiral on the Sphere

Projection of the Cornu fractional curve on sphere (see Fig. 5.3) can be obtained in
Maple and Mathematica as:
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Fig. 5.3 Projection of the
Cornu fractional curve on
sphere

MAPLE

restart;

with (plots) :

a:=1/2:

x:=1/GAMMA (a) »int ( (t-u) * (a-1) *cos (U™2) ,u=0..t) :
y:=1/GAMMA (a) #int ((t-u) * (a-1) *sin(u”2) ,u=0..t) :
spacecurve ( [cos (x) *sin(y) ,sin(x) *sin(y) ,cos (y),
t=0..41,

color=black, scaling=constrained) ;

V V. V V V V

MATHEMATICA

Clear[" "]

p = ParametricPlot3D[{Cos[u] *Sin[v], Sin[u]*Sin[v],
Cos [v]},
{u, 0, 2xPi}, {v, 0, Pi}, PlotStyle->{Cyan,
Opacity[0.3]},
Mesh -> None, Axes -> False, Boxed -> False];

q=1/2;
ult ] = 1/Gammalqgl *Integrate[(t - s)”*(g - 1)=*Cos[s”2],
{S, 0, t}];
vt ] = 1/Gammalqgl *Integrate[(t - s)”*(g - 1)=*Sin[s"2],
{S, 0, t}];
gl = ParametricPlot3D[{Cos[ult]]*Sin[vI[t]],

Sin[ult]]xSin[v([t]], CosvIit]]l}, {t, 0, 10},
PlotStyle -> {Red, Opacity[0.3]},
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Mesh -> None, Axes -> False, Boxed -> False];
Show [p, gll

5.1.6 Fractional Cornu Spiral on the Cone

This projection (see Fig. 5.4) can be obtained with Mathematica as:

Clear["'x"]

x[u , v_] = uxCos[v] ;

ylu , v.] := uxSinl[v];

zlu , v.]1 := -u;

Manipulate [

ult ] = 1/Gammalqgl *Integrate[(t - s)”*(g - 1)=*Cos[s”2],
{S, 0, t}];

vt ] = 1/Gammalq] *Integrate[(t - s)”*(g - 1)=*Sin[s”2],
{S, 0, t}];

p = ParametricPlot3D[{x[u, v], vI[u, v], zlu, vl}, {
u, -1, 1}, {v, 0, 2«Pi}, Mesh -> None, Axes
-> False, Boxed -> False];
gl = ParametricPlot3D[{x[ult], vI[t]], yIlult], vI[t]l],
z[ult], vI[t]l}, {t, 0, 10}, Mesh -> None,
Axes -> False, Boxed -> False];
Show([p, gqll, {{g, 1/2}, 0, 2}]

Fig. 5.4 Projection of the
Cornu fractional spiral on the
cone
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5.2 Power Series

We will use here the power series method [3] to solve the FDE. We denote by:

o

1 ! a ! a—1 _ga
mfo FOdD* = r(a+1/0("“) Fldu = 1% £ (1),

the FI of order « of f(¢). Then, the norm of order @ on L 3 of f(¢) can be defined:

! U 12
1 f(t)”L[ZO_” = (F(oe——i-l)/o f(@)(dr) )> .

5.2.1 The Miintz Theorem

For details, regarding this theorem,? the reader can see [1,7,8].
We denote by C[a, b] the set of all continuous functions on [a, b].

Definition 4 For a function f € C[a, b] the norm is defined
I/l = max |f(@)l,
t€la,b]
and for f, g € Cl[a, b] it can be defined the distance:
I f —gll = max |f(z) — g()].
t€la,b)

Definition 5 A sequence f,(#) of functions in C[a, b] converges uniformly to a
function f(z) if lim | f,(z) — f ()| = 0.
n—oo

Definition 6 Let X be a metric space. If A C X then
A=A U{li}{nan :Vn >0, a, € A},

is dense in A if:

|
I
e

Theorem 7 The system

IT(A) = span{t®, t*', ..., %, ...}, ar € R,

2H. Miintz (1884-1956).
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where
A={0=ay<a; <ay <...},

is dense in C[0, 1], if:
1
Y=o
n=1 n
Proof We will establish the expression of error in L>[0, 1]. We have:

119 = p®)llcro.nr < llgt?™" = p' Ol 270,175

p(r) € II(A),

1
Erd, pt) 01 = 11C1. Can ... Col = / [t — p() dr
0

1 n 2
= f 11 — Z Crt** | dt — min,
0 k=1

where ¢ € [0, 1], p(¢) € span{l, t*!, t*2, ..., }, we have the functional:

2
1 n
I[C17C27...,Cn]:/ |:tq—Zth°“':| dt — min.
0
k=1

which, by minimization, give us the following system of equations in {Cj, C3,
Gl

81[C17 C21 LR} Cl’l]
aC;

This system can be written in an explicit form as:

1 1
+Cn = )
011+6fn+1 Ot1+1q+1

-+Cn = ’
oy + oy + 1 a+q+1

Cy + Cy +.
011+(1¥1+1 0l1+<i62+1

Cq + Cy +..
oy +op + 1 oy + oy + 1

. | | |
1 + Cy +...4+Cy = .
oy + oy + 1 oy +oay+ 1 o, +a, +1 oap +q+ 1
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In the above system it appears the symmetric matrix:

1 1 1
a1+(f1+1 (¥1+<i62+1 a1+citn+1
H(ap,o0,...,00) =] co+a;+1 aco+ar+1 7~ aata,+1 |,
| SR |
antoar+1 ay+ar+1 7 apta,+1

having the Gram® determinant:

Gay, az, ..., ) =det(H (a1, az, ..., ),

where Determinant (det) denotes determinant.
It is well known that:

G(g,a1,a2,...,0,)
Er(t?, p(1)) 210,17 = ’
L2[0,1] G(ag,a,...,a)

lg — ol

] n
Er(t?, p(t = '
@, p()) 201 2q+1]£[1q+ak+1

By recurrence, we can build the following set of functions:

Qo(t) =11,

1
On(t) = (an — Pt / On—1(yu~ o) qy,
t
After calculations, we obtain:
1
01 = (g —)t™ / u TNy gy =4 —
t

n—1

Qu(t) =19 =) Crt*.

k=0

3J.P. Gram (1850-1916).
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The last function can be verified by induction

1
0n(t) = (an — )1 / w0 O ) du,
t
1 n—2
0,(t) = (ay — )t / u~ (e (l/lq — ZC;Jﬂ") du
! k=0

On(t) =17 — 1" + (an — q) Z (% =1,

— o
or, using the inequality
at*(1—1) < 1, where: t € [0,1], « > 0.

Ifa =0, and ¢ € [0, 1], we obtain:

04| =

10x(llcro, 1 < n=273,...,

or

)

1
o = qle [ ut e = =gy <12 L
t

n 273

QoM =1,

1 On

n
Q) =Y In|1 = L],
k=1 Yk

But, for o — o0, we obtain:

mli—L|~_4

o o
In|Q,(O| = =00 = [0, — 0.

Thus for all g € N, Er(t9, p(t))cio,1]) converges to zero as n — 0.
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Remark We consider the functional

2
1 1 "

= ——— 19 — Cit% | (dn)* in,

F(oz—i—l)/o |: kX:(:) * :|( )¥ — min

and noting that

/lt“"t“f(dt)az T +aj+1)
0 Mo +aj+a+1)

we have the matrix (see Theorem 7):

Moy +ar+1) Moy +a, +1)
Mo+ +14+a) T +a,+14+a)
H(al’a27"'5an)= PPN
o, +a1+1) ', +a,+1)
Ty +a1+14+a) T +a,+1+a)
We cannot calculate Cy,Cy,...,C, and fractional error Er(z?, p(¢)), in
LZ[0, 1]).

Example To approximate the function
fo =1 relo1],

using the function system:

(V5,2 B4y

Solution We will introduce the matrix A = [a;;], where

1
a,,:f t9tPdt,  a,be{l1/5,1/2,3/4) i, j=1...3,
0

in order to write the following Maple application for calculation of the a;; elements.
MAPLE

with(Student[LinearAlgebra]):

Digits:=4:

A=« 5/7,10/17,20/39 > | < 10/17,1/2,4/9 > | <20/39,4/9,2/5 >;
b=k 15/23 > | < 6/11 > | < 12/25 >;

C:= evalf(LeastSquares(A,b));

f(t):=t"(1/3);

2(1):=0.3335*t"(1/5) + 0.9676*t"(1/2) - 0.3027*t"(3/4);

plot(f(t),g(t),t=0..1);
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G:=abs(f(1) - g(1);
for t from 0 to 1 by 0.2 do G od;

It results:
C1 =0.3335, C» =0.9676, C3 = —0.3027
|f(0)—g(@)] =0, |f(0.2) —g(0.2)|] = 0.00094
|£(0.4) — g(0.4)] = 0.0005, ...,|f(1)—g(1)]=0.001
Error of Type «

Matrix A = (ajj)1<i,j<3

1
arl :/ tz/s(dt)a = M
0 re/5+1+a

1
a1 = / (/ST (gpe r{/54+1/2+ 1)
0 ra/5+1/2+14a)

s :/‘tlmm(dt)a _ T(/5+43/4+1)
0 T(1/5+3/4+1+a)

az1 =dap

_/lt(dt)a_ re
=, “TC+ta)

1
ary = f V23 gy = r{/2+3/4+1)
0 ra/24+3/4+1+a)

asp = dai3

aszy = azs

! rG/2+1)
— 32,00 _ LG22+
ass = fo e dt)” = N RN

by = /1t1/3+1/5(dt)“ __ras+1/5+1
0 F(1/34+1/5+1+a)

by = /l A2 gy = ra/3+1/24+1)
0 T1/3+1/2+1+a)
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by = /l (/34374 gy = ra/3+3/4+1
A T(/343/4+1+a)

For b = (by, by, b3), C = (Cy, Cy, C3) we have
AcT =pT = T =a""pT

MAPLE

restart;

Digits: = 4;

all:=evalf(GAMMA(2/5 + 1)/GAMMA(2/5 + 1 + a));
al2:=evalf(GAMMA(1/5 + 1/2 + 1)/ GAMMA(1/5 + 1/2 + 1 + a);
al3:=evalf(GAMMA(1/5 + 3/4 + 1)/ GAMMA(1/5 + 3/4 + 1 + a);
a2l:=al2;

a22:=evalf(A(2 + a))

a23:=evalf(1/2 + 3/4 + 1)/GAMMA(1/2 + 3/4 + 1 + a))
a31l:=al3;

a32:=a23;

a33:=evalf(3/2 + 1)/GAMMA(3/2 +1 + a))

bl:=evalf(1/3 + 1/5 + 1)/ GAMMA(1/3 + 1/5 + 1 + a))
b2:=evalf(1/3 + 1/2 + 1)/ GAMMA(1/3 + 1/2 + 1 + a))
b3:=evalf(1/3 + 3/4 + 1)/ GAMMA(1/3 + 3/4 + 1 + a))
ecl:=Cl*all + C2*al2 + C3*al3 =bl;

ec2:= Cl*a2l + C2*a22 + C3*a23 = b2;

ec3:=Cl*a31 + C2*a32 + C3*a33 = b3;
solve({ecl,ec2,ec3},{C1,C2,C3});

fora =2/3, Cy =0.5444, C, =0.3366, Cz =0.1264
f(t):=t"(1/3);

g(t):= 0.54448*t"(1/5) + 0.3366*t"(1/2) + 0.1264*t"(3/4);
plot(f(t),g(t),t =0..1);

G:= abs(f(1) - g(1));

for t from 0 to 1 by 0.2 do G od;

From the last program, we obtain:
[f(0) —g(0)] =0, [f(0.2) —g(0.2)] = 0.001,
|£(0.4) — g(0.4)] = 0.007, |f(0.6) — g(0.6)| = 0.005,
|£(0.8) — g(0.8)] = 0.004 |f(1) — g(1)] = 0.007.

Alternatively, in Mathematica we have:
MATHEMATICA

all= Gamma(2/5 + 1)/Gamma(2/5 + 1 + a)//N
al2= Gamma(1/5 + 1/2 + 1)/Gamma(1/5 + 1/2 + 1 + a)//N
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al3= Gamma(l/5 + 3/4 + 1)/Gamma(1/5 + 3/4 + 1 + a)//N
a2l=al2;

a22= 1/Gamma(2 + a)//N

a23= Gamma(1/2 + 3/4 + 1)/Gamma(1/2 + 3/4 + 1 + a)//N
a3l=al3

a32=a23

a33= Gamma(3/2 + 1)/Gamma(3/2 +1 + a)//N

bl= Gamma(1/3 + 1/5 + 1)/Gamma(1/3 + 1/5 + 1 + a)//N
b2= Gamma(1/3 + 1/2 + 1)/Gamma(1/3 + 1/2 + 1 + a)//N
b3= Gamma + 3/4 + 1)/Gamma + 3/4 + 1 + a)//N
ecl=Cl*all + C2*al2 + C3*al3

ec2=Cl*a2l + C2*a22 + C3*a23

ec3=Cl*a31 + C2*a32 + C3*a33

Solve[{ecl,ec2,ec3}== {bl,b2,b3},{C1,C2,C3}]//N
flt]=t"(1/3)

g[t]= 0.54448*t"(1/5) + 0.3366*t"(1/2) + 0.1264*t"(3/4)
Plot[{f[t].g[t]},{t,0,1}]

o
Theorem 8 If Z Crt* is convergent for t = tg, then it is convergent whenever

k=0
0<t <ty

o
Proof Suppose that Z th(')“" is convergent.
k=0
Then sequence {akt(])“"} — 0, for k — oo.
Thus, there is a constant M > 0, so that:

Curfe| <M. k=01,
Then
t t ka
}th"’ = ’th(’)‘H— <M|—
fo Iy
Again, if 0 < t < 19, then
t 1ka
— <1,
Io

ko
is a convergent series.

Xt
SO ‘—

o
Applying the comparison test, the series Z |Ct*®| is convergent.
k=0
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o
Then Z Crt*® is absolutely convergent and therefore convergent.
k=0
o
Remark 1If Z C ktk"‘, diverges for t = 1y, then it diverges for ¢t > #.
k=0

Example 1 Let us determine the solution of the FDE:
D(z“‘)y(t) +a)2y =0, O<a<l1, t>0,
with the conditions:
YO =4,  D@y0) =B
where A, B are constants. We apply now the series of powers method.

Solution We can write the solution as the series:

o0
Y(6) = Cut™.
n=0

We have:

o]

> I'(na + 1)
DPVy(1) =) C, DV (") = Cpe—— et 7D
(1) Z n ") Z "F((n—2)a+1)

B ic L 42+ 1)
- " T e + 1)

Replacing in the equation, we have:

o0
r 2 1
Z Coin (n+2)a+1) 2m1 > Z C, 1" =

e F'na+1) =
Hence:
2
r 1
Cpog =~ T+ 01
C'((n+2a+1)
B @*A
C():A’ Cl =—7 C2=_—’
F'a+1) I'Ca+1)

oo

(=)™ (2ne (=)™ @n+)a
(0 = ZF(Zna—I—l) +Bn§) @t Dat 1) :
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or:

(_1)nw2n 2n+1)a
(Q2n+ DHa+1) ’

o
Y(t) = AEy(—a***) + B Y
n=0

Example 2 Let us determine the solution of the FDE [2]:
DWy1)—y>—1=0, m—l<a<m, >0,
with the initial conditions
yO0)=0,  i=01,...,m—1,

using the series of powers method.

Solution We take the solution as a series of powers

o
y(t) = Z Cpt"™.
n=0
‘We define the so-called ak-th FD as
D (D@yi) —y21)—1)=0, k=0,1,...,m—1,

and introducing the solution in the equation we obtain

oo o0
D(Ol(k'i'l)) (Z Cntna) _ D(Otk) (Z Cntn()l> — D(ak)(l), k — O, 1’ e
n=0

n=0

o o n
IF'noa+1) (1—k—1)
Z Cy " “ _Z ZCJC"*j
aratt 'ln—k—Da+1) parll W
x Pooet D oia _ Xk
'ln—k—Da+1)
where

Xk
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By identification, we get the coefficients

Co =0,
oo ]
"“ Tty
_ Tka+1)
Crr1 = ZCJCk j

T'(1+ka+1) 1)

and the solution:

1 'Qa+ 1
(@) = 1+ (20 + 1)

t3a +
C(a+1) (a4 HrGa +1)

5.2.2 Lane-Emden Equation

We apply now the series of powers method to solve the FDE of Lane* and Emden’
(5]

DO(

YO+ + 3 Cfi,gn y@) +y" @) =0,
and the initial conditions are:
yO) =1, y'(0) = 0.
We considerthat 0 < ¢t < 1,0 < B, <1,i =1,2,...,n,1 <a <2,a; €R,

and m € Ny. The equation can be written also as Ly + y” = 0, using the linear
operator L.

Solution We take the approximate solution as a series of powers:

o0
NOED IS

k=0

where Cy are constants. The term Ly can be written also as:

aj .
w5 Dyo.

Lyl =D+

4] H. Lane (1819-1880).
5J.R. Emden (1862-1940).



5.2 Power Series 105

We will use also the formula:

wp_ _TOAD 5,

A+ 1—a)
It results:
_i P@k+1) o _ic Lk +1+a) 4,
= Tek+i-a 1 ek + 1)

[o)0]
) a; ko +1) 4
DPiy(t) = — C kb
mDYW = 5og k; Tha +1—8)

o0
IMka+ 14+ o)
:ch-‘rlai tko{.
o Fka+1+a—8)

The equation becomes:

n

o0
1 a; k
CriT(ak + 1 1k Ly — 0.
kg k(@ + +°‘)[r( k+1) ZF(koz-l—l—i—a—,Bl:| Ty

We introduce now the notation F(«, k):

1 = i
F(a,k)ZCk+1F(ak+1+“)[p( k+ 1) ZF(koz+1a+a—,3 ]

We will examine some cases:

(a) In the case m = 0, we have:

o0
Z F(ak)t** +1=0.
k=0

Then:

Co=1,

n a;
C1F((x+1)|:1+ —l}+1=o,
; F(+a—p)
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Fora =2, B=1, a1 =2,4,=0, i=2,3,...
y'() + %y +1=0,
resulting the solution:
yt)y=1-——.

(b) The case m > 0.

Then we have the following relations for different values of m:

1. m=1, F(a,k)+Cr =0,
k
2.m =2, F(a, k) + Z C;Cr_; =0, because:
i=0
00 2 oo k
yz(t) = <Z thak) = ZZCiCk_it“k.
k=0 k=0 i=0
k k—i
3. m =3, F(a, k) + Z Z CiC;Cy_i—;j =0, because:
i=0 j=0
o0 3 ook k—i
Yo = (Z Cklak> = ZZ C,'C.,'Ck—i—jtak,
k=0 k=0 i=0 j=0
or, the relation:
k k—i  k—i—j—.ty_
Flah+> Y ... Y CCj...Coimmy, =0.
i=0 j=0 =0

For same special cases, we have:

a=2, =1 a1 =2, =0, i=2,3...,

2 12
(@) m=1, y”(t)+;y’(t)+y(t)=0 & y(t)=1—€+...,
y 2, 2 2 4 sint
by m=2,y (t)+;y(t)+y ®H=0<% y(t)=1—§+§+...=7,
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_ " %/ 3 = = —f ﬁ
(C)m_3’y(t)+ty(t)+y(t)—0¢>y(l‘)—1 3'+60+...

These results are confirmed by the following Maple program:

MAPLE

>m: = is introduced here
sec:= diff(y(t),t,t) + 2/t+diff(y(t),t)+(y(t))"™m = 0;
>dsolve({ec, y(0) = 1, D(y) (0) = 0}, y(t), series);

Other results are as follows:

2 4

(Hm =4, y(t):l—%+;—0+0(t6),
2t

2)m =5, y(t):l—g—i-ﬁ-l-O(tG),
2t

(B)ym =6, y(t):l—g—i-%—l—O(tﬁ),
2t

@)m = 10, yit)=1-— g+E+0(t6),
2t

(5)m =20, Y0 =1 =2+ = +06°).

Finally we will examine the following particular case:

3 2 1 1 3
Y20+ 220+ 5y PO +y" 0 =0,
ta

3
= - = 21 = 19
B2 1@ az

- - :
3 3.3

r(Zk+2) T(2k+2

(++2) r(ae+3)

G(0) =5.07282, G(1) =13.4199, G(2) =24.9119,...
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o0
(@)ym =0, Y 6wk +1=0
k=0
Co=1, C ! 019742, C; =0, i=2.3
=1, = —— = —U. , = VU, 1 =4,5,...,
0 1 G(O) i

Y1) =1-0.197113,

b)) m=1, Cikt1G(k) + Cr =0,
Co=1 C = ! = —0.19742
O - ’ 9 1 - G(O) - . ’

CG(H)+Ci =0 = C,=00146,...,

y(1) =1—0.19711> +0.01461° + ...,
k
(©) m=2, Cir1G(k) + ) CiCri =0,
i=0
Co=1,
Ci1G0)+Ct=0 = C;=-0.1971,
C2G(1) +2CoC1 =0 = C3 =0.0293,

Y1) =1 —0.197113 +0.02931> + ...

5.2.3 The Taylor Series Method

o
Theorem 9 The series Z Crt*®, here Cy £ 0, is convergent for 0 < t < RY/?.
k=0

Proof We can write:

‘ Cn+lt(n+l)ot
Cntn()(

<1,

or:
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C
But the convergence radius is R = lim d ‘ so that, finally, we obtain:
n—00 CrH—l
0<t <RV,

Theorem 10 Suppose that:
o0
f@)y=>"Cut", O<m—1<a<m, 0<t <R,
n=0
If f(t) € C[0, RV*), and D" f(t) € C(0, RY), forn =0, 1, ..., then:

_ D™ f©)
" Tha+1)
where D"® = p@p@)  p@) — (pyn,
Proof Fort =0, we have Co = f(0).

Using the formula

DO — M A—na
'd+1—no

it results:

Qa1 r'Ga + 1
D(a)f(t)=C1F(a+l)+C2wta M,Za

Ta+1) TQa+ 1)
For:
D@ £(0
t =0, we have: Clzﬁ.
C(a+1)

However, if we continue to apply n times D® we obtain for t = 0:
_ D" f(0)
YT Ta+ 1)
Thus we have the generalized MacLaurin series:
00

D" O ,,
IO=2 Tty
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Remark Similarly, for tg <t < R/% and

fO =) —w)",

n=0

we have the Taylor generalized formula:

= D (10)

— T SNV no
f(t)_nX:(:)F(na—i—l)([ 10)".

5.2.4 The Generalized Hermite Equation

The Hermite® equation [6] can be generalized as [4]:
D@y (1) = 2(*D@ (1) + Ay(r) = 0,

for the fractional case.

Solution The solution can be written using the powers series method, as:
(0.¢]
YOy =D Cut"™,  (Co#0),
n=0

where C,, are constants.

In the calculations we apply the formula:

akz F()‘+1) A—a
F(A+1—a)

It results:

o o oo
D CuDEOE — 26N " Cu D@ £ 1Y Cut" =0,
n=2 n=1 n=0

0 0
Z o +1) [1=Da o ZC I'(na + 1) {(n=Da

=T (n =2+ 1) D= D+ 1)

o0
+A Z C,t"™ =0,
n=0

6C. Hermite (1822-1901).
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or, finally:

r 2 1 r 1 ad
ch+2 ((n+ )a+ ) n(x chn&tna +)\'chth :O
i

F'na+1) 'n —Ha+1)
Forn=0= C;TQa+1)+1Co =0 c = o
orn=0= CI' Qu ) 0= = 1= m

F((n+2a+1) A(a+1)

" T+ 1) | T((i=Da+ 1)

For o = 1, we obtain:

LCo
Gr=-7
2n — A
Cn+1 = Cn

n+1Hn+2)’

y(t)zco[ —%M + — m H3 +}

1
For o = o we have

21C 2Co [ 2
Ci1 = —XCo, C2=—9, Csy = 0 — —A), ...,
3 3 \Jm

and the solution:

20 A2/ 2
H=Col|ll =P+ 2 (== — )32
y(@) 0[ + 3 + s\ 7=

5.2.5 The Generalized Legendre Equation

The generalized Legendre FDE can be defined as [4]:
(1= 2*)DPDy (1) = 21* DDy (1) + Ay(t) = 0.

Solution We consider a power series solution:

o0
YO =) Cut™,  Co#0
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where C,, are constants. We replace the solution in the equation

o0 o0 oo
(1 =12 " CpDP*" — 2% 3" C, D@1 + 2. Ct™ =0,
n=2 n=1 n=0

or:

oo oo

ZC F'na+1) (n-2a _ ZC IF'na+1) e

"T(n—2)a+1) =~ "T((n—2)a+1)

ad Cna+1)
_ch”r((n “Dat 1)

n=2

oo
1) Cut™ =0
n=0

and, finally we obtain:

F(n+a+1) ,, M"“
dsZCn+2 Tha+1) 2; T —2a+ D)

> Cna+1) .,
_ZZ "Ti—Dat 1)

o0
1) Cut™ =0
n=0

For n = 0, we have:

Col
CrI" (2 1)+ X1Cyp=0, Chp=——--—-—.
I'QCa + 1)+ ACy = (O T 2a+ 1)
For n = 1, we obtain:
I'Ga+1) A=2(a+1)
C3———-2CTI’ 1)+1Ci =0, C3=-C—=T 1
STt 1Ne+1)+AC, = G T Ga 1 D) (@+1)
FNanr+2)+1) I'(an + 1)
Cn+2— —Yn S, S AN, 4~
F'an+1) Fa(n—-2)+1)
r 1
_2C &_{_)\Cn =0.

"Tamn—-1)+1)
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Fora =1
LCo
Cr=——,
2 6
Cr = CA—Z
3= s
A(A—6)
Cy = C ,
4 0y

and the solution:

A, AA—6) =2,
H=Col1l—=Zr2+=" 4 | +C | t——FP+...
y(1) 0[ 3 + o + + Cy 6 +

1
For o = 5 we have:

1Co
C _ T T
2 6
A —
C3 = =20 3ﬁ,

5.2.6 The Generalized Bessel Equation

The Bessel” FDE can be introduced as [4]:
2D y(t) + 1* D@y (1) + (t** — pHy(t) =0, p e R.

Solution We consider a power series solution:

Y6y =D Gttt (Co #0),

n=0

F. Bessel (1784—1846).
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where C,, are constants. Replacing the solution in the equation, we have:

'hA+na+1) na—2a
FhA+m—a+1)

o0
tZOlD(ZOl)y(t) — t2a Z Cn
n=0

’

_ic G +na+1) t)»+not
_n:O "Th+m—-2a+1)

or
o
INes 1
1*D@y(t) =1*) Cy GrrotD tnea
T+ (- Da+1)
B ic (A +na+1) e
- "Th+m—-Da+1) ’
n=0
and, finally:

00 00 00
(t2a . p2) Z Cnt)»+na — Z Cnt)\+(n+2)(x _ p2 Z Cnt)»+na
n=0 n=0 n=0

00 00
— Z Cnle)d_na _ p2 Z Cnt)»-‘rna'
n=0 n=0

Hence, the recurrence relation between the coefficients C,, is:

oo oo

Z 'h+na+1) na +Z 'hA+na+1) e
"T((n=2a+1) "T((n—=Da+1)

n=0 n=0
00 00
+ Z Cn_2tk+na _ p2 Z Cntk+rza —0.
n=0 n=0

From the recurrence relation, it results:

Co[ roo+ 1) roo+ 1) _pz]:()’
FA—2a+1) Th—a+])

c F'G+a+1) TO+a+l _0
"Th—a+t D T+D e

ey

T+ ke + 1 POtke+1) 5]
“ITar*k—2a+n ' TG+ P 2=
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For « = 1, we have:
Co [,\2 - p2] —o,
ol [(x F1)2 - p2] —0.

For Cy arbitrary, . = £p, (A + 1 # 0) results C; = 0.

Cox—2
Cop = =i
2p + 2k)(2k)
or:
C
Co = (=D} 0

2:4.6---2k@2p+2)---2p+2k)
We obtain the solution:

(—l)klp+2k
y() = C0]§4kk!(p+ D(p+2)---(p+k)’

and
oo (_l)kther
2PT(p+ 1) ,; K (p+D(p+2)---(p+k)’

Jp(t) =

o0

( l)k ¢ p+2k
Ip® = Zkvr(p+k+1)< ) ’

where Bessel function of first kind (J),(#)) is called the Bessel function of first kind.

1
For o = > Cy arbitrary, C1 = 0, using Mathematica we will solve the equation:

A(A

r{r+ !
2
For p = 2, if we apply the Mathematica command:
FindRoot[x + x *xT'[x +1/2] —4 == 0, {x, 0.1}],

we obtain x = A = 2.37593, [3].
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5.2.7 Nonlinear Systems
Lotka System

We consider as a first example the Lotka® system with initial conditions:
D%x(t) =3.5y(@) (1 — y(1)), x(0) =0.2,
D%y(t) =4x(t) (1 — x(2)), y(0) =0.2.

We look here for solutions in the form of series of powers:

o0 o0
x(t) = Zant”“, y(t) = ant”“.
n=0 n=0

We use the derivation rule:

wph _ ra+1 o

T+ 1—a)
It results:
o o0 o0
F'na+1)
DO{ tnoz — Datna —
(Zan ) 2 2 - Da+ D
n=0 n=1 n=lI
B i C((m+ Do+ Ur’”“ B i C((n+ Do+ 1)1‘"“
- [(ma + 1) - F(no + 1)
m=0 n=0
We obtain the following recurrence relations:
T((n+ Da + 1) nk
_ =3.5(b, — bib,—i),
T(na + 1) ap+1 (b Xk: Dn—k)
ag = 0.2,
T((n+ Da + 1) nk
—— by =4 - |
T(na + 1) n+1 (an ;akan k)
by =0.2.

8A.J. Lotka (1880-1949).
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For numerical calculations of a,, b,, we can use the Mathematica program:
MATHEMATICA

Clear[" x"]

\ [Alpha] := 3/4;
al0] = 0.1; b[0] = 0;
f[n ] := Gamma[nx\[Alphal + 1]/Gammal[(n + 1)=*
\ [Alphal] +1];
For[n = 0, n <= 5,

n++, {aln + 1] = 3.5%xf[nl«*(b[n] -
Sum([b(k]l«b[n - kI, {k, 0, n}l),
bn + 1] = 4xf[n]*(aln] -
Sum[al[k]*aln - k], {k, 0, n}l), {n, 0, 5}}]
TableForm[Table[{n, al[n], blnl}, {n, 0, 5}1]

0 0.1 0

1 0 0.3917
2 0.9475 1.5816
3 -0.2800 1.58164
4 2.3520 -0.3807
5 -2.0508 1.42210

sol = Table[{aln], blnl}, {n, 1, 1000}];
p = Interpolation /@ Transpose@sol;
ParametricPlot [Evaluate@Throughepet,

{t, 1, 1000}, Frame -> True]

Figure 5.5 shows the solution (a(t), b(¢)) of the Lotka attractor.

Fig. 5.5 Lotka attractor \ \ ‘ \ \
solution (a(t), b(t))

1.0t

05¢

<

-2 -1 0 1 2
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Lorenz Fractional Attractor
The Lorenz® fractional attractor is defined by the system of FDE:

D%x (1) =10 (y(1) — x(1)),

D*y(t) = x(t) (28 — z(1)) — y (1),

8
D%z(t) = x(t) y(t) — §Z(t)'
We use the initial conditions:
x(0)=0.1, y(0)=0.1, z(0) =0.1.

We take the power series solutions and 0 < o < 1:

oo oo oo
() =) @™,y =Y bat" D) =Y e
n=0 n=0 n=0

We obtain the recurrence relations:

F((n+Da+1) B
an+lm = 10[b, — a,]

n

C((n+ Da+1)
by ————= =28a, — _r—>b
n+1 T + 1) [ ];akcn k n

T(no + 1)

SRS TS N PV 4
k=0
Example For o = 0.95, we have:
DY%x(t) = 10[y (1) — x(1)]
D™ y(1) = x(1)[28 — z(1)] — y (1)
0.95 8
D¥7z(t) = x(@)y(1) — gz(t)

x(0) =0.1, y(0) =0.1, z(0) =0.1.

9E.N. Lorenz (1917-2008).
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The coefficients a,, b,, ¢, can be calculated using the program:

MAPLE

restart:Digits:=5:

> al[0]:=0.1:
> b[0]:=0.1:
> c[0]:=0.1:
> alpha:=0.95:
> unassign(’n’) ;
> f:=n->GAMMA (nxalpha+1) /GAMMA ( (n+1) xalpha+1) ;
GAMMA (n alpha + 1)
f :=n -> ------- -
GAMMA ((n + 1) alpha + 1)
> al[l] :=£(0)*10% (b[0]-al0]):
> b[1]:=£(0) % (28«a[0]-a[0]*c[0]-b[0]):
> c[1]:=£(0)x(a[0]lxb[0]-8/3%c[0]):
> for n from 1 to 5 do
> a[n+1] :=f (n) *x10* (b[n]-alnl) ;
> b[n+l] :=f (n) * (28*a[n] -sum(a [k] xb[n-k] ,k=0..n)-b[n]);
> c¢[n+1] :=f (n) x (sum(a[k] *xb[n-k] ,k=0..n)-8/3%c[n]);
> od;

The solutions are:
x() = 0.1 — 0:%% + 14.720.%09 — 59.987:309 4 519.9454095_
—2523.97¢7995 4 122426095
y(t) = 0.1 +2.7451:%% — 1.6192:709 4+ 151.18:39% — 524 764095+
+3900£7°095 — 14988909
z(t) = 0.1 — 0.26193:%% 4 0.52174:>9% — 00297799 +
+13.86814095 — 495187095 4 802.5:509% .

For o = 0.995, the coefficients a,, b,, ¢, are:

MATHEMATICA
In this case, we have:
Clear["'*"]

\ [Alpha] := 0.995;
al0] = 0.1; b[0] = 0.1; c[0] = 0.1;



120 5 Generalized Systems

f[n ] := Gamma [nx\[Alpha] + 1]/Gammal[(n + 1)
x\ [Alphal] + 11;

a1l = £[0]lx10«(b[0] - al0]);
b[1] = f£[0]*(28xa[0] - al[0]l*c[0] - DbI[O]);
cl[1l] = £[0]lx(al[0]lxb[0] - 8/3%c[0]); For[n = 0, n <= 5,

n++, {aln + 1] = 10«f[nl*(b[n] - alnl),
bn + 1] = f£f[n]*(28*a[n] - Suml[alk]lxb[n - kI,
{k, 0, n}]),
cln + 1] = £[n]l*(Sumlalk]l*b[n - k], {k, 0, n}]
- 8/3%c(nl) }]

TableForm[Table[{n, aln], blnl, cnl}, {n, 0, 5}11]
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Chapter 6 ®
Numerical Methods Chock or

This chapter studies several numerical methods for fractional order systems. In
the following sections variational iteration, least squares, Euler’s, and Runge—Kutta
methods are analyzed.

6.1 Variational Iteration Method for Fractional Differential
Equations

In this section we will introduce the variational iteration method (Variational
iteration method (VIM)) [3, 4] to solve the nonlinear FDE [2, 5, 6]. We consider
the FDE:

D*y(t) + Rly()] + Nly(1)] = g(1),

where g(¢) is a given function, N[y(¢)] is a nonlinear operator, and R is a residual
linear operator. The equation will be solved for the initial conditions:

y(k)(())=y(()k), m—1<a<|a] =m, k=0,....m—1,

considering that the conditions of existence and uniqueness are satisfied.
We apply the LT method:

Lyl =Y(s) =7,

m—1
LID*y(0)] = sY — Y ygse7k1,
k=0

© Springer Nature Switzerland AG 2019 121
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We will introduce now the correction relation, written in a recurrent form:
m—1
k) o—k—
Yoi1 =Yy + A(s) [s“Yn =Y 55+ LIR[yn] + Niyul — g(r)]} :
k=0

where A(s) is the Lagrange' multiplier.
n+1

We impose the condition = 0. It follows:

n

I+A()s*=0 = A(s) = —i.

SCZ
It results:

m—1

1 i 1
Yuer = D50 s = S LIRD] + Nyl = g0)].
k=0

or:
g, 1
Y41 () =L~ [—a > w25 K — — LIR[ya] + Nlyal g(r)]} :
S =0 N

Example I Use the VIM method to solve the FDE:

t

Dy =1+ [y,
with the initial condition:
y0) =1, O0<a<l.
Solution Using LT we have successively:

Lly(n]l =Y,

1 t
sy — 57! =—+L|:./ y(u)dui|,
s 0

t
Yoi1 = Yo + A(s) [SO‘Y,, ety U y(u) du]:| ,
s 0

!Joseph-Louis Lagrange (1736-1813).
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5Yn+1 1
W:O = 14+As)s“=0 = A(s):_s_a,
Ly ! Lol yana
Yn+1 = ;+s°‘+1+s_‘¥ 0y(u) ull,

¢ Y,
H=14——+L7" 1
) =14 o+ [Sa+1}
yo=1,

Pt ta+1

—1 ,
N= e T Te o

Example 2 Use the VIM to solve the FDE:

D%y(t) =1 +/0t(t —u)y(u)du,
with the conditions:
y(0) =1, y'(0) =0, l<a<?2.
Solution Using LT we have:

Lyl =Y,

1 1
sY =5 ==+ SLIyw],
S N
o a—1 1
o1 =Y, +A06) [s°Y, — s _E_L[)’n] ,

Y11 1
5, =0 = 14+A(s)s"=0 = )»(s):—;,

1 1 1
Yn+1 = L! |:— + + ——=L [)’n]:| s
s ga+1 Sot+2

=1+t ppt| D
=T T e+ 1) sa+2 |

yo =1,

123
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1o ta+2
1 .
+ M(a+1) + [(a+3)

y1 =
Other details on VIM can be found in [2-4].

6.2 The Least Squares Method

Consider the equation
D¥y(@) +y(®) + f(1) =0,
with the conditions:
y(0) =0, y(1) =0, O<acx<l,
using the approximation:
n
Yapp = Z Cidi,
i=1

where C; are constants, and ¢; = ¢;(t), i = 1,...,n are test functions. For
calculations, we will introduce an operator L:

L[)’app] = Dayupp + Yapp-

We will define the functional /

1 1
I[C1,Ca, ..., Chl = m/{) [L[Yapp] + f(f)]2 (dt)* — min,

which, by minimization, gives a system of equations in Cy, ..., Cy:

aI[ClsC29""Cl’l] _

0, i=1,2,...n.
aC;

from which we obtain the constants Cq, ..., C,.

Example 1 Establish an approximate solution, with the aid of least squares method,
for the FDE:

D) +1—(1+a) =0,
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with the conditions:
y(0) =0, y(1) =0, O<a<l.

Solution Exact solution, using the LT method is:

o ta+1
+ .
Fle+1) T+

sY = L1+ @+ DL, & y(1) = -
For

Yapp = Ci¢1 + Cr2,
D%yupp = C1D%P1 4+ C2D% 3.

we obtain:

1 1
I[Cy, C3] = m/ [ClDa(m +Co D% + 1 — (o + 1)t]2 (dt)* — min,
0

31[C17C2]_0
ac,
8I[C1,C2]_0
ac,

1
/ [C1D%1 + CaD ¢ + 1 — (1 + )] D%¢1 (d1)* =0,
0

1
/ [C1D%1 + CaD ¢ + 1 — (1 + )] D*¢a(dn)® =0,
0

and using the notation

1 1
By = / (D“¢)(D ¢/ (D). Fr = — / (1= (& + 1)) D%y (dn)°
0 0
where i, j = 1, 2. It follows:
B B2,

B = , C =[Cy, (3], F =[F, F2].
By B,
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Finally, the system will be:
BCT = FT,
ch =B 'F'.
Using the formulas:

ak _ Fk+1

-

T+l
g _ _TED 4,
Ck+1+a)
We choose the test functions as:
vy =1(1 —1), vy =121 — 1),

Yapp = C1v1 + Ca 02,

D“yapp = C; D% + C, D%v;.

2
Davl = Dat(l _ t) — —tlfa _ —[270(,
r2-a rG-a)
6
D%y = D*(t? — 1*) = D%* — D® = (2o _ 3w
ré—ow r4—o)
We introduce the notations:
1 2 6
P=——, Q=—"—, R=—"—.
r2-o rG-a T(4—a)

We obtain:
D% =Pt ™% — 0>,
D%y = P>~ — R,
D%, D%vy = P22 _op 32 4 g2 pt2e
D%y D%y = PQ 1372 — PRY72% _ 0?42 4 QR %,

DD( U2 DOZU2 — Q2 t4—2(1 _ 2QR t5—20! + R2 t6—2a.
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Using the integration rule

wh_ TE+D

T Tk+1+a)
we obtain:
! I'G—2a) 4 —2a) ' —2a)
_ o a o _ p2 _ 22 =
B“_/O D*v1D%v1(dt)* = P To o PO Ta—w) +0 e
o T =20) T(5—20) ,T(5—2a) I'6—2a)
B =B = POr o= "~ PR 6w TR T6a
,T(5 - 2a) r6—2a) ,0(7-2a)
By = QP = —20R— — —+ RP————
(5—a) T'6—a) I'(7—a)
1
F = —/ [1— (a+ De][Pt' ™% — Q1] (d1)”
0
L re-w rG-—o) FrG-w rQ—a
=—P o +0 NE) + P(« +1)—F(3) Ol +H)———= o
1
—/ [1— (e + DeI[Q>™ — REZ™)(d1)®
0
T3 -o) ré4—a) Fé4—a) r's—oa)
=-Q T3 +R @ + Q(a +1)—r(4) R(““)—r(s) :

We can build now the matrix B:

B B2,

B = s
By By,
=[C; (2],
=[N F]

and solve the matrix equation:
Bc"=r" =  cT'=B""F",

resulting C1 and C».
The programs in Maple and Mathematica are listed in the follow-up.
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MAPLE
> restart:
> Digits:= 4:
> a:= 1/2;
> P:= evalf (1/GAMMA (2 - a));
> Q:= evalf (2/GAMMA (3 - a));
> R:= evalf(6/GAMMA (4 - a));
> Bll:=evalf (P*2+GAMMA (3 - 2xa)/GAMMA (3 - a)

- 2%PxQ*CGAMMA (4 - 2xa) /GAMMA (4-a) +

Q*2%GAMMA (5 - 2%a)/GAMMA(5 - a));
> Bl2:=evalf (PxQxGAMMA (4 - 2xa)/GAMMA (4 - a)

-PxR+GAMMA (5 - 2%a)/GAMMA(5 - a) - Q"2

*GAMMA (5 - 2%a)

/GAMMA (5 - a) + QxR+GAMMA (6 - 2xa) /GAMMA(6 - a));
> B22:=evalf (P*2+xGAMMA (5 - 2xa)/GAMMA (5 - a) -
2xQxR+*GAMMA (6 - 2xa)/GAMMA (6 - a) + R™2
*GAMMA (7 - 2xa)

/GAMMA (7 - a) );

Fl:=evalf (2/GAMMA(3 + a) - 6/GAMMA(4 + a));
F2:=evalf (6/GAMMA (4 + a) - 24/GAMMA(5 + a)) ;
ecl:= Cl«B1ll + C2%B1l2 = F1;

ec2:= Cl+B1l2 + C2%B22 = F2;

solve ({ecl,ec2},{C1,C2});

MATHEMATICA

V V. .V V V

Clear[" ‘"]

a = 1/2

P 1/Gammal[2 - a] // N

Q = 2/Gamma [3 - al] // N

c1 6/Gammal4 - al // N

vl = Pxt - Bxt™2 // N

v2 = Pxt"2 - Cl#t"3 // N

Bll = P*2+Gamma[3 - 2+al/Gammal[3 - a] -
2+PxQ+xGamma[4 - 2+a]/Gammal4 - a] +
Q0*2+Gamma[5 - 2+al]/Gammal[5 - a] // N

Bl2 = P+xQxGamma[4 - 2+a]/Gammal[4 - a] -
PxCl+xGamma[5 - 2+al]/Gammal[5 - a] -
0*2+Gamma[5 - 2+al/Gammal[5 - a] +
QxClxGamma[6 - 2xa]/Gammal[6 - al] // N

B22 = Q*"2+Gammal[5 - 2+al /Gammal[5 - a] -
2+Q*Cl+CGamma[6 - 2+al]/Gammal6 - a] +
Cl*2xGamma[7 - 2+a]/Gammal7 - al // N

Fl = -PxGamma[2 - a]/Gammal[2] + Q+xGammal[3 -

a/Gamma [3]] +
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Px(a + 1)+xGamma[3 - a]/Gamma[3]

-Q%x(a + 1)*CGammal[4 - al]/Gamma[4]

F2 = -Q«Gamma[3 - a]/Gamma[3] + Cl+xGammal[4 - al/
Gamma [4] +
QOx(a + 1)*CGammal[4 - al]/Gammal[4]

-Cl*(a + 1)+*Gammal[5 - al]/Gammal[5]

ecl = Cl1xBll + C2xB12
ec2 = Cl1xB1l2 + C2xB22
Solve[{ecl, ec2} == {F1, F2}, {cCc1i, C2}]1 // N

For o = 0.50, we obtain:
C| = 54.3332, Cp, = —39.3793.

Example 2 Establish an approximate solution, with the aid of least squares method,
for the FDE

t
lﬂﬂﬂ—y0%=;j7, 0<t<l,

with the initial conditions:
y(©0) =1, y'(0) =0, where: 0 < o < 1.

Solution It is well known that f(¢) can be expanded as:
f6) = ]; Beiy

where By are Bernoulli? numbers. In our case:

1 1 1
B0:11 B1=_—, B2=_7 B4:_

—,..., B =0.
5 6 30 2k+1

The approximate solution is in this case:

00

k

Yapp = Z Crt™,
k=0

where Cy are constants.

2J. Bernoulli (1655-1705).
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We apply now the least squares method. We introduce the functional:

1 S fk 2
I = / |:Da}’app — Yapp — Z BkE:| (dt)® — min,
0 .
k=0

which will be minimized. We can calculate also:

T(ak+1)
DY — C, D% ak C v ok
Yapp = ]; k Z T(ak+ 1 —a)

ZC Dk tat1) 4
- T ek +

3

INak+ao+1 .
/ |:Z k+1 (ff( kil))“k Zth"‘k ZBk :| (dt)* — min,

We apply now the minimization conditions

— =0=,
dCy

from which we obtain the relations:

MNoak+o+1)
/Qk[zc"“ Flak+ 1) ak ZC’ak ZBk }(‘”)“ﬂ)
where k =0,1, ...

Plak+o+1) 50 2k Bk ktak
7 — Crt™* — —1t dn)* =0, k=0,1,...
Z/ [ T+ g k! (@)

We obtain from these relations:

Co= By =1,

Flektatl) TQek+D) . TQok+1)
Fak+1) TQak+a+1l) @ “TQak+a+ 1)
1 T(k+k+1)

—Br— =0,
KT(ak+k+14+a)

k+1
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I T(a@+2) o+ DIrGa+1)

Ci=0 Cr=—=
: 2T T2TQa+2) TI2Qa+1)

3

Finally, we obtain the solution:

1 T(@+2) I'e+ HMGe + 1)t2a

H=1-
Yapp (1) 2TQa+2) T2Qa+1)
For o = 1, we have y,p, ~ 1 — th.
Using the Maple sequence of commands:

MAPLE
> ec:=diff(y(t),t,t) + y(t) = t/(exp(t) -1 );
> dsolve({ec,y(0) = 1,D(y)0) = 0},y(t),series);

it results yqpp ~ 1 — Et3.

Remark Due the fact that FI is difficult to calculate it is recommended that the
function f(¢) to be represented by a series of powers. So:

foy=é =Z%;
n=0

o0
cosh(z) D",
) = = 1
Fo {cos(t) } nX_;: 2n)!
o0
sinh(t (D"
fay= SOt s
sin(t) = 2n+ 1)!
Example 3 Establish the solution, with the aid of least squares method, for the FDE:
4¢1/2
DO yay — 32y = —— _ {12,
y(®) y(®) T

with the initial conditions:
y(0) =0, y'(0) = 0.

Solution Let B = {By, Bji, By} be basis, with:

By =1,
By =1,
B =12
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We consider a solution of type:
Yap = XxBo + yB1 +zB>

Using the least squares method we can build the functional 7, which will be
minimized:

4¢1/2 ?

1 1
7 = Dy 32y (_ _ t3/2) dn3? in,
r'(5/2) ~/() |: Yapp Yapp \/E (dt) — min

or:

1 /1|: 3/2 3/2 3/2 3/2
I = (D3?By — 3*Bo) x + (D/*B; — 3/*B)) y
I'(5/2) Jo

44172 2
—|—(D3/2Bz — t3/2B2)z — (T — t3/2>1| (dt)3/2 — min.
b1
We use the notations

A = D32By — 132 By;
B = DB, —3/?By;
C = D3?B, —t3/2B,.

The functional I becomes
1/2 2

1 1 4tY/
I = Ax + B +Cz—<——t3/2>] (dt)3/2—>min,
F(5/2)/0 [ Y Ned

and the minimization conditions are:

al al al
_— O, _—= O, -_— = O
ox ay 0z

Explicitly, we have:

1 1 4t1/2
/ [Ax + By + Cz] A (d1)*? = / <— - z3/2> A(dr)’/?,
0 0 \ /T

1 L /44172
/ [Ax + By + Cz] B (d1)*/* = / (—
0 0

3/2 3/2
—t B (dt ,
7 ) (dr)

1 L /44172
/ [Ax + By + Cz] C (d1t)*/? = / <— - z3/2> C(dn)*>.
0 0o \ VT
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We obtain the system
Anx+An y+Aizz=F,
Aix +An y+ Apnz=F,

A31x + A y+ Aszz = F3.

with:

1 1 1
A11=/ A2 (@, A12=/ B AW@N?, A13=/ C A @n?,
0 0

0
L /44172
ﬂ:/(__—ﬁﬁAwNﬂ
0o \ V7

1 1 1
Ay = / AB @2, Ap = f BXd*?, Ay = f C B @,
0 0

0
L /44172
@:/(-—WﬂBu&ﬂ
0o \ /7

1 1 1
Ag = / C AW, Ap = / CB@), Ap = / 2 @n*?,
0 0 0

L /44172
&:f<__—ﬁﬁcmﬂ?
0o \ VT

We observe that:

A=Az, Aiz= A3, Ax=Axn,

1 : FB+1)
_ B 3/2 _
1) = F(5/2)/0 U= F gy sy

In MAPLE, we obtain exact solution y(¢) = 2:

> restart;

> Digits:= 6;

> B0:= 1;

> Bl:= t;

> B2:=t"2;

> A:= fracdiff (BO,t,3/2) - t*(3/2)*B0;

133



134 6 Numerical Methods

> B:= fracdiff(B1,t,3/2) - t*(3/2)xB1l;

> C:= fracdiff (B2,t,3/2) - t*(3/2)%B2;

> f:= proc(beta) ;

> f (beta) :=evalf (GAMMA (beta+1) /GAMMA (beta+5/2))

> end proc;

> all:= collect (A™2,t);

> All:= £(3);

> al2:= collect (BxA,t);

> Al2:= £(4);

> al3:= collect(CxA,t);

> Al3:= £(5) - evalf(4/Pi*(1/2))*£(2);

> A2l1l:= Al2;

> a22:= collect (B*2,t);

> A22:= f£(5);

> a23:= collect (CxB,t);

> A23:= f(6) - evalf(4/sqrt(Pi))*£(3);

> A31l:= Al3;

> A32:= A23;

> a33:= collect(C*2,t);

> A33:= £(7) - evalf(8/sqrt(Pi))*£f(4) + evalf
(16/P1i)*£ (1) ;

> fl:= collect ((4/sqgrt(Pi)+t™(1/2) - t*(7/2))%A,t);

> Fl:= £(5) - evalf (4/sqgrt( Pi))*f(2)

> f2:= collect (((4/sqrt(Pi)) (1/2) - t%(7/2))*B,t);

> F2:= £(6) - evalf (4/sqrt( Pl)) £(3);

> f3:= collect ((4/sqgrt(Pi)+t™(1/2) - t*(7/2))xC,t);

> F3:= £(7) - evalf(8/sqrt(Pi))x£f (4 )+11/P1*f 1);

> ecl:= All*x + Al2xy + Al3xz = F1;

> ec2:= A21l*x + A22xy + A23xz = F2;

> ec3:= A31l*x + A32xy + A33xz = F3;

> solve({ecl,ec2,ec3},{x,v,z});

The solution is {x = 0, y =0, z = 1}, the exact solution being y(t) = 2. In
Mathematica we obtain:

MATHEMATICA
Clear["Global‘'x"]
flx ] := Gamma[x + 1]/Gamma([x + 5/2] // N
BO = 1
Bl = t
B2 = t*2
A = -t*(3/2)*B0O
B = -t*(3/2)xB1
Cl = 4xSqgrt[t] Sgrt[Pi]l - t*(3/2)xB2

all = A™2
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Expand [%]

All = £[3]
al2 = Bx*A
Expand [%]

Al2 = f[4]
al3 = ClxA

Expand [%]
Al13 = f£[5] - 4/Pi*(1/2)*f[2] // N
A21 = Al2

a22 = B™2

Expand [%]

A22 = f[5]

az23 = CxB

Expand [%]

A23 = f[6] - 4/Sqrt[Pilxf[3] // N
A31 = Al3

A32 = A23

a33 = C1”*2

Expand [%]

A33 = f[7] - 8/Sqrt[Pil«f[4] + 16/Pixf[1]
f1 = (4/Sgrt[Pilxt™(1/2) - t*(7/2))*A

Expand [%]
F1 = £[5] - 4/Sqgrt[Pi]l«f[2] // N;

f2 = (4/Sgrt[Pil+t™(1/2) - t*(7/2))xB

Expand [%]
F2 = f[6] - 4/Sqgrt[Pi]+f[3] // N

£3 := (4/Sqrt[Pilxt”(1/2) - t*(7/2))=«C

F3 := £[7] - 8/Sqrt[Pil*f[4] // N
Expand [%]

e3 = £[7] - 8/Sgrt([Pi]l«*£f[4] // N
ecl = Allxx + Al2xy + Al3xz

ecz A21xxX + A22xy + A23xz

ec3 A31lxx + A32xy + A33xz
Solve[{ecl, ec2, ec3}

6.3 The Galerkin Method for Fractional Differential

Equations

= {F1, F2, F3}, {x, vy, z}]

135

The Galerkin® method is a direct method for approximate estimation of the solution

of FDE. This method will be used here to the FDE:

3B.G. Galerkin (1871-1945).
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D%y(t) + f(t) =0,
where 0 <t < 1,and 0 < « < 1, and the conditions:

y(0) =0, y(1) =0.

We denote by R(¢) the residual of the equation

R(1) = Dayapp(t) + f(@©),

and we will use the approximate solution

N
Yapp(t) =Y Cighi (1),

i=1

where ¢; (t) are the test (or weight) functions, so that

1
/ R(1)¢i (t)(d)* =0, i=1,2,...,N
0
1
/() [Dayﬂpp(t) + f(t)]d)l(l)(dt)a = Oa l = ls 29 ceey Nv

/01 D% yapp ()i () (d1)® = —/0] f @i ()(dn)”, i=12...,N.
Example 1 Use the Galerkin method to find the approximate solution for the FDE:
D%y(r) —t =0,

with the conditions:

y(0) =0, y*(0) =0, 0<ac<l.

Solution We choose the test functions:

resulting the solution:

Yapp = Cit+ C2t2.
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We obtain
D%yapp = C1 D%t + C2 D1

It results the formulas:

ok F(k~|—1) k—a
Tk+1—a)

)

Iottk _ F(k + 1) tk+oz
S Tk+1+a)

ra+1 re+1
(+) tlfot_i_cz (+) 2—a

DY —Cy— T e
Yapr =S 11 ) FrQ+1—a)

and finally, we obtain the system

fl [C 2 +C #ﬁ—“} 1(d)® = —/1 12 (dt)®
o L 'TC—a) ‘TG —w) I A :

l C #zl—“ C #rz—“ 2(dn)® = 1z3(dr)0‘
/0 [‘F(z—oo M e ] __/0 ’

or:
o2 TG-w 2 Téd-o T
'Te—a) T3 ‘TG-a) I'd  TG+a)
2 T@-a) 2 I'S-a)  TI'®
Clr(z—a) T 4) +C2F(3—a) ré)  Té+a)
For:

a=050, = C;=-04156, C=0.02536.
a=1, = C;=-03871, C,=0.08067.

Example 2 Establish an approximate solution for the following FDE, using the
Galerkin method:

D¥y(t)+1 =0,
with the boundary conditions

y(0) =0, y(1) =0, O<a=<l

Solution We choose the test functions

v =121 —1), vy =121 -1,
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and the approximate solution:
Yapp = C1v1 + Cav2.
We obtain
D*y4pp = C1D* vy + C2D* vy,

20,k _ Fk+1D 4o
T+ 1—2a)

’

and the Galerkin system:

1
/ D> yappv1(dt)* =0,
0
1
/ D> yappv2(dn)* =0,
0

1 1 1
C]f D2°‘v1v1(dt)°‘ + C2/ Dzavzvl(dt)a = —f tv1(dt)®,
0 0 0

1

1 1
Ci / D™ v v (d)* 4+ Ca / D* vy (dt)* = — / tva(dt)®.
0 0 0

Introducing the notations

2 6 24
= —’ B = —’ C = —’
I3 - 2a) T4 - 2a) IG5 - 2a)

A
we have:
Dzl)tvl — D2at2(1 _ t) — At272a _ Bt3720l7
D20[v2 — D2a(t2 _ t4) — At2—2a _ Ct4_2a,

(DZaUI)U] — At4—2a _ Bt5—2a _ At5—2a + Bt6—2a’

(D2avl)v2 — At4—2a _ Bt5—2a _ At6—2a + Bt7_2a,

(D2aU2)U1 — At4—20t _ At5—2ot _ Ct6—2(x + Ct7_2a,

(D20tv2)v2 — At4720( _ At672ﬂt _ Ct6720[ + CtS*ZOl’



6.3 The Galerkin Method for Fractional Differential Equations 139

1
By = f (D**v1)1 (d1)*
0

IS —20) BF(6—2oz) _Ar(6—2a) I'(7 —2a)
INCEE)) 6 —o) 6 —o) r7—w’

1
By = / (D v))va(di)®
0

_AF(S—Za)_ F(6—2a)_AF(7—2a) '8 —2a)
T UG- (6 —a) (7 —a) r@¢—ou)’

1
By = f (D**v))va(di)®* =
0

r¢6-2  TG6-2)  T(7-2) I'E-2)
rG-—a) TG6-a  I'(l-0a r¢—a)’

1
By — / (D vy)vs(dn)® =
0

_ T6-2)  T0-20) I(7-20  TO-2)

s —o) N I'(7—o) ro—ow)’
R X I
b= _/0 @D =~ it e T et

T re)
Fz__/o @) =~ ra vy T et e

Using the notation

By Bia,
B= ,

By By,
C=[C (],
F=[F F],

we obtain in the matrix notation:

BcT = FT = cl =B 'FT.
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Using Maple or Mathematica C| and C, can be calculated:
MAPLE

restart;Digits:=4:

a:=1/2:

Vi:= t*2 - t*3:

V2:= t*2 t™a;

A:= ;

evalf (2/GAMMA (3 - 2%a)

B:= evalf (6/GAMMA (4 - 2xa));

C:= evalf (24/GAMMA (5 - 2%a)) ;

Bll:=evalf (AxGAMMA (5 - 2xa)/GAMMA(5 - a)
- BxGAMMA (6 - 2%a)/GAMMA (6 - a)

- AxGAMMA (6 - 2%a)/GAMMA (6 - a)

+ BxGAMMA (7 - 2xa)/GAMMA (7 - a));

Bl2:=evalf (AxGAMMA (5 - 2xa)/GAMMA (5 - a)
- BxGAMMA (6 - 2%a)/GAMMA (6 - a)

- A*GAMMA (7 - 2%a)/GAMMA(7 - a)

+ BxGAMMA (8 - 2xa)/GAMMA (8 - a));

B21l:=evalf (AxGAMMA (5 - 2xa)/GAMMA(5 - a)

- AxGAMMA (6 - 2%a)/GAMMA (6 - a)

- C*GAMMA (7 - 2%a)/GAMMA(7 - a)

+ CxGAMMA (8 - 2xa)/GAMMA (8 - a));

B22:=evalf (AxGAMMA (5 - 2xa)/GAMMA(5 - a)

- A*GAMMA (7 - 2%a)/GAMMA(7 - a)

- C*GAMMA (7 - 2%a)/GAMMA(7 - a)

+ CxGAMMA (9 - 2xa)/GAMMA(9 - a));

Fl:=evalf (-GAMMA (4) /GAMMA (4 + a)

+ GAMMA (5) /GAMMA (5 + a)) ;

> F2:=evalf (-GAMMA (4) /GAMMA (4 + a)
+ GAMMA (6) /GAMMA (6 + a)) ;

> ecl:= ClxB1ll + C2xBl2 = F1;

> ec2:= ClxB21 + C2xB22 = F2;

> solve({ecl,ec2},{C1,C2});

)
)
)
)

V V.V V V V V V V V V V V V V V V V V V V V V

MATHEMATICA
a= 1/2
A = 2/Gammal[3 - 2xal//N

B = 2/Gamma [4 - 2+al//N
C = 24/Gamma[5 - 2+al//N
Bll = AxGammal[5 - 2xa]/Gammal[5 - al
- BxGamma[6 - 2xa]/Gammal[6 - al
- AxGamma[6 - 2xa]/Gammal[6 - al
+ BxGamma [7 - 2+al]/Gammal7 - al//N
Bl2 = AxGammal[5 - 2xa]/Gammal[5 - al
- BxGamma[6 - 2xa]/Gammal[6 - al



6.3 The Galerkin Method for Fractional Differential Equations 141

- AxGamma[7 - 2xa]/Gammal[7 - al

+ BxGamma[8 - 2%al]/Gammal[8 - al//N
B21 = AxGamma[5 - 2xal]/Gammal[5 - a]

- AxGamma[6 - 2xa]/Gammal[6 - al

- CxGamma[7 - 2xa]/Gammal[7 - al

+ CxGamma[8 - 2%al]/Gammal[8 - al//N
B22 = AxGamma[5 - 2xal]/Gammal[5 - a]

- AxGamma[7 - 2xa]/Gammal[7 - al

- CxGamma[7 - 2xa]/Gammal[7 - al

+ CxGamma[9 - 2%al/Gammal9 - al//N
Fl = -Gamma[4] /Gamma[4 + a] + Gammal[5]/
Gamma [5 + al//N
F2 = -Gamma[4]/Gamma[4 + a] + Gammal[6]/

Gamma [6 + al//N

ecl = ClxB1ll + C2%xBl2

ec2 = ClxB1l2 + C2xB22
Solve[{ecl,ec2}=={F1,F2},{F1,F2}]//N

For:
a=0.50,C; =—-12.89, C, =8.135
a=1,C; =1.067, C, = —0.3944

Example 3 Establish an approximate solution using the Galerkin method, for the
FDE:

Dy =1+, y0) =0, 0<r<l.
Solution We apply the LT and Adomian method :
LID®y(n)] = —L11+ L[y’ @], y(0) =0,
(see Example 2 presented in Sec. 4.3.2) solution is:

Pl 'Ra+1) 3
Y, =— [ R S
4 C(e+1) + M2(a+ DI Ga + 1) +

We consider approximate solution
Y, = At'? 4 B3/2,

and we have:

1 1
/ (D'2y, — YaZ)tl/Z(dt)l/Z _ _/ \2an'2,
0 0

1 1
/ (DY, — Y )H'2dn'/? = —/ £ (an'?.
0 0
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Using Maple or Mathematica A and B can be calculated:

MAPLE
> restart:
> Digits:=4:
> a:=1/2:
> Y_a:=A*tAa+B*tA(3*a):
> fracdiff (Y a,t,1/2):
> unassign(’t’):
> g:=t->fracdiff (Y a,t,1/2)-(Y a)™2:
> exl:=g(t)*t"(1/2):
> Exl:=collect (exl,t):
> ex2:=g(t)*t"(3/2):
> Ex2:=collect (ex2,t) :
> f:=t->GAMMA (t+1) /GAMMA (t+1+1/2) :
> f1:=£(1/2) :
> £2:=£(3/2):
> ecl:=-B*2+f(7/2) -2+xA*xB+f (5/2) + (3/4+«P1i™(1/2)

*B-A"2)*f (3/2)+1/2+Pi" (1/2) *A+f (1/2)=-f1:
> ec2:=-B*2+f (9/2) -2+xA*xB+f (7/2) + (3/4+xP1i"(1/2)
*B-A"2)*f (5/2)+1/2+Pi” (1/2) *A+f (3/2)=-f2:
> ecul:=evalf (ecl) :
> ecu2:=evalf (ec2) :
> solve ({ecul,ecu2},{a,B});

{n = -0.9740, B = 0.2786}, {A = -5.798, B = 9.315},

-~

{n = 4.568 - 0.6385 I, B = -3.956 + 1.690 I},
{n = 4.568 + 0.6385 I, B = -3.956 - 1.690 I}
MATHEMATICA

Clear[" ‘"]
flx ] := Gamma[x + 1]/Gammal[x + 3/2];
Ya = Axt™(1/2) + Bxt™(3/2);

DYa = AxSqgrt[Pil/2 + Bx3xSqrt[Pil]/4=xt;
glt 1 := DYa - (Ya)*2;

exl = gltl*t*(1/2);

Ex1l = Expand[%];

ex2 = gltl+t™(3/2);

Ex2 = Expand([%];

fi1 = -f[1/2] // N;

f2 = -£[3/2]1 // N;

exl = (Sqgrt[Pi]/2xA + 3xSgrt[Pi]/4%B - (AxSgrt[tl+
Bxt™(3/2))"2) »Sqrt [t];

Ex1l = Expand[%

ex2 = (Sqgrt[Pi
Bxt™(3/2

—_—

/2%A + 3%xSgrt[Pil]/4%B - (AxSqgrtltl+
) "2) %™ (3/2) ;
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Ex22 = Expand[%];

ecl = 1/2%A*xSqrt [Pi]l*f[1/2] + 3/4*BxSqrt[Pi]*£f[3/2]
- A"2%f[3/2] - 2 A«Bxf[5/2] - B"2xf[7/2] // N;
ec2 = 1/2%AxSqrt [Pi]*f[3/2] + 3/4*BxSqrt[Pi]*£f[5/2]
- A"2%xf[5/2] - 2 A«Bxf[7/2] - B"2xf[9/2] // N;

NSolve[{ecl, ec2} == {f1, £2}, {A, B}]

6.4 Euler’s Method

We introduce here a generalization of the Euler method to the case of FDE of type:
D%y(t) = f(t, y()), with: y(f) = yo, where:0 <o <1.

We assume that y(¢), D¥y(r), D**y(¢) are continuous on [fg, a] and we will
apply the generalized Taylor’s formula:

o 2a

t t
y(t)=y(t0)+D“y(t0)m+D2“(n)m, fh<n<=t.

We obtain the iterative Euler’s formula:
o

h
(@) ~ y(to) + Mot ])f(to y(t0)),

or, expressed in the recurrent form:

o

h
Yn+1 = Yn 1-,( +1)f(n’yn

Example 1 Solve the following FDE:

D'2y(t) = y(t) - with the initial condition: y(0) = 1,

2t
y(@®)’
where ¢ € [0, 1], and step & = 0.2.

Solution We can calculate the solution in Maple and Mathematica using the Euler
formula:

MAPLE
> restart;
> Digits:=4:
> unassign(t,vy) ;
> f:=(t,y)->y-2%t/y:
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> d:=0.2:
> a:=1/2:
> h:=evalf (d"a/GAMMA (a+1)) :
> t:=array[0..10]:
> y:=array[0..10]:
> for k from 0 to 5 do tl[k]:=kx0.2 od:
> y[0]:=1:
> for k from 0 to 5 do y[k+1]:=y[k]+h+£f (t[k],y[k]) od:
> for k from 0 to 5 do print(t[k]," " ,y[k]l) od;
0.0, 1
0.2, 1.504
0.4, 2.128
0.6, 3.012
0.8, 4.331
1.0, 6.329
MATHEMATICA
Clear["*"]
\ [Delta] = 0.1; \I[Alphal] = 1/2;
fle_, v 1 =y - 2+t/y
values =
RecurrenceTable [{t [k + 1] == t[k] + \[Delta],
yvik + 1] ==

vIk] + \[Delta]”\[Alpha]/Gamma [\ [Alpha] + 1]
«f[elk]l, ylkl],

t[0] == 0, y[0] == 1}, {t, v}, {k, 0, 10}1;
Grid[values]

ListLinePlot [values, PlotMarkers -> Automatic]

The solution y(¢) is plotted in Fig. 6.1.
Example 2 Approximate the following FDE with the aid of Euler method:

y@) —1t

D y0)==y0)+t

,  for the initial condition: y(0) = 1,

with the step » = 0.1, and ¢ € [0, 1].
MAPLE

restart;

Digits:=4:

unassign(t,y) ;
f:=(t,y)->(y- £)/(y+t):
d:=0.1:

a:=1/2:

h:=evalf (d*a/GAMMA (a+1)) :

V V.V V V VvV A
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Fig. 6.1 The solution y(¢) of

Example 1

> t:=array|[0
> y:=array|[0
for k from
y[0]:=1:
for k from
y[k]) od:
for k from
1

vV V V

.357
.665
. 945
.206
.453
.689
.916
.135
.347
.552

H O OOOOOOoOOoOOoOOoyv
O LV O JO0 Ul b WDN B~
W W W NDNDMNNMNNDNRLE R

MATHEMATICA

Clear["*"]

\ [Delta] = 0
£t , v 1 :=
values =

145

..10]:

..10]:

0 to 10 do t[k]:=kx0.1 od:

0 to 10 do yl[k+1]:=y[k]+h+f (t[k],

0 to 10 do print(t([k]," " ,yl[k]) od;

.1; \[Alphal] = 1/2;
(y - £)/(y + t)

RecurrenceTable [{t [k + 1] == t[k] + \[Delta],
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vk + 1] ==

vkl + \[Deltal”\[Alphal/Gamma [\ [Alpha]l + 1]
*f[t[k], yI[kl],

t[0] == 0, y[0] == 1}, {t, v}, {k, 0, 10}1;
Grid[values]

ListLinePlot [values, PlotMarkers -> Automatic]

0.0 1

0.1 1.35582
0.2 1.86466
0.3 1.94494
0.4 2.2064

0.5 2.4532

0.6 2.68972
0.7 2.91639
0.8 3.13587
0.9 3.34681
1 3.5524

In this case the solution y(¢) is plotted in Fig. 6.2.
Using the eulerstep[...] command, the solution can be obtained using the
Mathematica program:

MATHEMATICA

Clear["'x"]

a = 1/2;

d=0.1;

eulerstepl[f , {t , v}, h1 := {t + h,

Fig. 6.2 The solution y(¢) of 35 [
Example 2 ’

25

20t
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v + d "a/Gammala + 1] f[t, vyl}

euler[f , {t , v}, t£, h ] :=

NestList [eulerstep[f, #1, h]l &, {t, v},

Ceiling[(tf - t)/h]]

flt , vy 1 = (y - &8)/(y + t)

tmp = euler[f, {0, 1}, 1, 0.1];

PaddedForm [TableForm[tmp]l, {6, 4}]
0.0, 1.0,

.3568,

.6646,

.9449,

.2064,

.4537,

.6897,

.9163,

O O O O O o o
NDNNMDNDRFE R BRP

Example 3 Approximate the system of FDE:

Dhﬂx@)zzlgézl,
DIy = 2O,

with the initial conditions x(1) = 1, y(1) = 1, the time step h = 0.2 and ¢ € [1, 2].

Solution We can use the following program:
MAPLE

> restart; Digits:=4:

> unassign(t,x,y) ;

> fi=(t,x,y)->(y-x)/t:g:=(t,x,y) -> (y+x) /t:

> d:=0.2:

> a:=1/2:

> h:=evalf (d"a/GAMMA (a+1) ) :

t:=array[l..10] :x:=array[l..10]:

y:=array[1l..10]:t[1]:=1:

> for k from 1 to 6 do t[k+1]:=t[k]+0.2 od:

> y[1]:=1:x[1]:=1:

> for k from 1 to 6 do
x[k+1] :=x[k] +h+f (£t [k] ,x[k],y[k]):
y[k+1] : =y [k] +hxg (t [k] ,x [k] ,yv[k]) od;

> for k from 1 to 6 do print(t[k]l,x[k]l ,yI[kl) od;

\%

\%

1,0 1, 1

1.2, 1., 2.009
1.4, 1.424, 3.274
1.6, 2.090, 4.967
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1.8, 2.997, 7.192
2.0, 4.173, 10.05

MATHEMATICA

Clear["*"]
\ [Delta] = 0.2; \[Alphal] = 1/2;
flt , x, v 1 := (y - x)/t
glt , x , yv.1 := (y + x)/t
values = RecurrenceTable[{t[k + 1] == t[k] + \[Delta],
x[k + 1] == x[k] + \I[Deltal”\[Alpha]/Gamma [\ [Alpha]

+ 1]1*xf[t[k], x[k], yIk]l,
vIlk + 1] == y[k] + \[Delta]l”*\[Alpha]/Gamma [\ [Alphal

+ 1lxgltlk]l, x[k], yI[kll,
t[0] == 1, x[0] == 1, yl[0] == 1}, {t, %, v},

{k, 0, 5}1//
TableForm
1 1 1
1.2 1 2.00925
1.4 1.42441 3.27471
1.6 2.09135 4.96135
1,8 2.91878 7.19151
2 4.17521 10.053
Remark Using the notations
k1 = f(tn, yn),
k2:f<tn+g,yn+%>s

a more general Euler’s iterative formula can be written as:
Ynt+1 = Yn +hka.
Example 4 (Lorenz Attractor) Solve the Lorentz attractor system:
DYBx(r) = —10(x — y), x(0) =0,
DYy (1) = 28x — y — xz, y(0) =1,
Do'ggz(t) =xy— %z, z(0) = 0.

The solution in Mathematica is:

Clear["'x"]
d = 0.01
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Fig. 6.3 The 3D Lorenz
attractor solution
(x (@), y(t), z(t)) for o = 0.98

a = 0.98
h = d*a/Gamma[a + 1]
Eulerlor[{x , v , z }] := {x - 10xhx(x - y),

vy + hx(28xx - y - xx%z),
Z + hx (xxy - 8/3%z)}
sol = NestList[Eulerlor, {0, 1, 0}, 1000];
p = Interpolation /@ Transpose@sol;
ParametricPlot3D [Throughepet, {t, 1, 1000},
PlotPoints -> 100,
ColorFunction -> (Huel[4 #] &), ImageSize -> 300]

Figure 6.3 shows the 3D Lorenz attractor solution (x(¢), y(¢), z(¢)) for @ = 0.98.

6.5 Runge-Kutta Methods for Fractional Differential
Equation

In this section we will suppose that all conditions of existence and uniqueness of the
solutions are fulfilled.
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6.5.1 The Second Order Runge—Kutta Method

The second order Runge*—Kutta> method Second order Runge-Kutta (RK2)
introduced here is an extension of the first Euler method for approximation of the
solution of the FDE:

DYy (t) = f(t, y(1)), y(t0) = Yo, 0<a<l,
where:
y e CP (1o, 1o+ TY).

In this case the solution can be approximated in the following discrete form:

h* K1+ K
n +
Fa+1) 2

Yn+1 =Y

3

where

Kl == f(trh yl’l)7

he he
K =r(s , K ).
2 f<”+r(a+1y”+r(a+1) ‘)

Proof We introduce the notations

Kl = f(tn» yn)v

he he
K, = 1, A—, B K )
2 f(” Frat 1 T PTat1 ‘)

where A and B are two unknown real constants.
The local error from the Taylor expansion is

E(h) = Ynt1 — yn,
with:

Yoyl = Yty +h), thyl =ty + h, Yu = y(ta).

4C.D.T. Runge (1856-1927).
SM.W. Kutta (1867-1944).
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Obviously, for minimization of error, we impose the conditions:
E(0) = DYE(0) =...= DP*E(0) =0, DPFTDe £,

Using the Taylor polynomial we obtain:

B = yart = 3n = e D+ iy, 1 0
Fao+1) 'Qa+1)
h® i 2 3a
= mf(lm yn) + mD yn +O0™),
«
DUE(h) = f(tn. ) + oy Dn + O™,
and
@ @
Y4l = Yn = ClmKl + szK2~
Hence, it results E[h] and D* E[h]:
h¢ h*
Elh] = ClmKl + szlﬁ,

hO[
DYE[h] =c1K K —DYK,,
[A]=c1K|+ 2+F(ot+l) 2

DKy = D% f (1 + A—1 L
2= " e+ 1" T P Ta 1!

= o A o BK .

ntA F(ngl) + fy""‘B r(ﬁ+1) K !

For h — 0 we obtain:
DE[0] = C1 K1[0] + C2K>[0],
F@nsyn) = C1f(tn, yn) + C2f (I, yn), = 1=C1+Cy,
D*E(h) = D*(D*E(h)) = C;D*K, + D“K;.
But D**E(0) = D>*y, (1), and:

D*y(t) = D*(f(t,y(1)) = fi + fD*y(t) = fi + [y

151
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It results:
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2C2Aftn (tns yn) + ZCZBf(tns yn)fyn (tn: Yn) = ft,, (tn’ yn) + f(tnv yn)fyn (tn, Yn)-

We obtain finally the system:

1
ForCi1 =Cy = -
or Cp 2 )

Ci+Cr=1
200A—1=0
2C,B—1=0

we have the classical RK2 method, with the step

Example Solve with RK2 the FDE

DY2y@) =>4+

y
.

y(0) = 1.

The solution can be written in Maple or Mathematica:

MAPLE
> restart;
> Digits:=3:
> a:=1/2:
> d:=0.2:
> h:=evalf (d%a/GAMMA (a+1)) :
> y:=Array[0..10]:
> y[0]:=1:
> unassign(’'t,y’);
> f:=(t,y)->t"2+y"2/4:
> for i from 0 to 4 do
> kl:=f(1i%x0.2,yI[i]):
> k2:=f£(ix0.2 + h,y[i]+hxkl):
> y[i+1] :=y[il+(k1+k2) /2 od:
> for i from 0 to 5

0

R O O O O

w O BN

1

o W N R

.207
.560
.200
.468
.597

o

T+ 1)

do print (ix0.2,y[i]) od;



6.5 Runge—Kutta Methods for Fractional Differential Equation

MATHEMATICA

Clear["'x"]

a =1/2

d = 0.2

h = d*a/Gamma[a + 1]
y[0] =1

/. {t -> i%x0.2, v -> yl[il},

1

{

+ (k1 + k2)%0.5xh}]

}, {3, 0, 5}1 // TableForm

0 1

0.2 1.20733
0.4 1.56029
0.6 2.20011
0.8 3.469

1 6.59765

6.5.2 The Fourth Order Runge—Kutta Method

153

t -> ix0.2 + h, y -> y[i] + hx«kl1},

In the case of fourth order Runge—Kutta Fourth order Runge-Kutta (RK4)

algorithm, we will establish an algorithm to solve the following FDE:
D*y(t) = f(t, (1), y(to) =y, 0<a =1,
where:
y e CP(lty, to+TY.
In the neighborhood of 7y we suppose that
DYE0) = D**E) =0, E(h) = y(t+h) — y(@).

The approximate solution can be obtained from the expansion
o

h
= —(K 2K 2K Ky),
Yn+1 y"+61“(oz+1)( 1 +2K, +2K3 + K4)

where K1, ..., K4 are functions which will be established in the proof.

Proof The proof is similar to the previous case (RK2).
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We introduce here the expansion error:

he h2a

DY D2o¢ OhBa
rat D " T raegn? T OHD)

E(h) = ynt1 —yn = Y

o 20

h h
— DZC{ 3a
F(Ol—i—l)f(tm Yn)+—l_,(2a+l) yu +O0™),

and its derivative of order «:

o

h
DYE(h) = f(tn, Yn) + ———— D%y, + O(h*¥),

Fo+1)
and
o o a h¢
-y =C Ki+C K> +C K3+C K.
e = O T O T T ) P T e ) T S Ter
Hence, we have
he h¢ h* h*
Elh) = Cr o K1+ Cop o Ko+ Oy Ka o+ Cop = Ke,
= O e T e O Cren e ™
where:
K] — f(tru yn)v
h h*
K = 1, . . b—K ’
? f(”+a22r(a+1) SRRC TPy 1>
he h
K3 = 1 P TIETY bysm——K2)
’ f("+a3zr(a+1) N+ D) 2)
he h®
K4 = 1 _—, by———K3 |,
o=t (et )
and finally:

DYE[h] = C1K| + C2K2 + C3K3 + C4K4

he he
|——— DK, + Cy———— DK,
Ca+1) Ca+1)
he he
C3———D*K3 + C4q———— D Ky
Tatrn” B T%TwxD 4

+C

+
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We take now & — 0:
DYE[0] = C1 K/[0] + C2K2[0] + C3K3[0] + C4K4[0]
ftn, yn) = (Cr + C2 4 C3+ Ca) f (tn, yn).
Hence, we obtain the equation:
1=Ci+Cy+ C3+ Ca.

From the other conditions we get:

l—

Crar + Czaz + Cga4 =

B[—

Crby + C3b3 + Caby =

(i.e., from D¥E(h) = 0).
Finally, we have the system:

Ci+Cr+C3+C4=1,

Nf—

Cray + Czaz + Cqaq =

B[—

Crby + C3b3 + Caby =

Remark The solution of this system is not unique. For this reason we choose as in
the RK2 case:

Ci=Cs=1/6, Cr=Cs=1/3

1
ag=by=a1=bs=1, (12=172=a3=b3=E

Example 1 Solve, using the RK4 algorithm, the following FDE:

2

D“ya>=r2+-%r, y0) =1,

for the cases:
@ a=a=j,
(b) a =a =0.98.
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The solution can be written as:
MATHEMATICA

Clear["'x"];

a=1/2;

ylo]l = 1;

h = (0.01)%a/Gammala + 1];

n =>5;

flt , v 1 =t%2 + y"2/4;

Do[{Kl1 = £[1 h, yI[il], K2 = f[i+h + h/2, yI[i]
+ h/2xK1],
K3 = f[1i h + h/2, y[i]+hxK2/2], K4 =f[i h + h,
y[i]+hxK3],
vIi + 1] = yv[i] + (K1 + 2 K2 + 2 K3 + K4)xh/6},
{i, 0, n}]

Do [Print [PaddedForm[i h, {6, 4}], " ",
PaddedForm[y[i]l, {6, 4}11, {i, o, 5}1;

0.0000 1.0000
0.1128 1.0295
0.2257 1.0637
0.3385 1.1060
0.4514 1.1599
0.5642 1.2292

Clear["‘x"]
RKastep[{t , v }] := Module([{k1l, k2, k3, k4},
ki1 = £[t, yl;
k2 = £f[t + h/2, v + h/2 k1];
k3 flt + h/2, v + h/2 k2];
k4 = f[t + h, v + h Kk3];
{t + h, v + 1/6 (k1 + 2 k2 + 2 k3 + k4)}]

flt , v 1 = t%2 + y"2/4;
t0 = 0;
y0 = 1;
a=1/2;
h = (0.01)%a/Gammala + 1];

n =>5;
rkpoints = NestList [RK4step, {tO0, y0}, nl;
PaddedForm [TableForm[rkpoints], {6, 4}]

0, 1,

0.1128, 1.261¢6,
0.2256, 1.7047,
0.3385, 2.5522,
0.4513, 4.4782,
0.5641, 10.500
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Example 2 Solve the following system of FDE:

2
Dl/zx(t)=t2+yz, x(0) =0,
)
Dy =r+—o,  yO) =1
Solution
MATHEMATICA
Cleaxr["'x"];
a =1/2; x[0] := 0;
y[0] = 1; h = (0.01)"a/Gammala + 1]; n = 5;
Do[t[i] = 0.0 + (0.2)%i, {i, 0, n}]
flt , x , v]1l =t"2 +y"2/4
glt , x, v 1 =1t"2 + x"2/4
Do[{K1 = f[t[i], x[i], yI[il]l,
Ll = gltlil, xI[i]l, yI[ill,
K2 = f[t[i] + h, x[i] + h*K1l, yI[i] + hxL1l],
L2 = glt[i] + h, x[i] + hxK1l, yI[i] + h*L1],
K3 = £[t[i] + h/2, x[i] + hxK2/2, yI[i]l + hxL2/21,
L3 = gltl[i] + h/2, x[i] + h*K2/2, y[i]l + hxL2/2],
K4 = £[t[i] + h, x[i] + h*K3, yI[i] + hxL3],
L4 = glt[i] + h, x[i] + hxK3, yI[i] + h*L3],
x[1 + 1] = x[1] + (K1 + 2 K2 + 2 K3 + K4)«*h/s6,
y[1+1] = y[i]l + (L1 + 2 L2 + 2 L3 + L4)xh/6},
{i, 0, n}I
Do [Print [t [i], " v,ox[il, v v, yI[ill, {i, 0, 5}1;
0 0 1
0.2 0.0290 0.0088
0.4 0.0663 1.0096
0.6 0.1216 1.0356
0.8 0.3054 1.0881
1 0.3189 1.1771

Example 3 Solve the fractional Van der Pol® system:

D'2x(t) =y,

x(0) = 1,

D'2y(t) = —x +0.25(1 —x?) y, y(0) = 0.

B. van der Pol (1889-1959).
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Solution
MATHEMATICA

Clear["*x"];

a =1/2; x[0] := 1;

y[0] = 0; h = (0.2)"%a/Gammala + 1]; n = 10000;

Do[t[i] = 0.0 + (0.2)*i, {i, 0, n}]

flt , x,v1]1 =y

glt , x , yv.1 = -x + 0.25%x(1 - x*2) *y

Do[{K1l = f[t[l], x[1], yI[ill,
Ll = gltl[i]l, x[il, yI[il],
K2 = f[t[i] + h, x[i] + h*K1l, yI[i] + hxL1l]l,
L2 = gl[t[i] + h, x[i] + hxK1l, yI[i] + h*L1],
K3 = £[t[i] + h/2, x[i] + hxK2/2, yI[i] + hxL2/2],
L3 = glt[i] + h/2, x[i] + hxK2/2, yI[i]l + hxL2/2],
K4 = £[t[i] + h, x[i] + h*K3, y[i] + hxL3],
L4 = g[t[i] + h, x[i] + hxK3, yI[i] + h*L3],
x[1i + 1] = x[1] + (K1 + 2 K2 + 2 K3 + K4)«h/6,
yli + 1] = y[i]l + (L1 + 2 L2 + 2 L3 + L4)xh/6},
{i, 0, n}l;

Do [Print [t [i], " ", ox[11, v v, yI[ill, {i, 0, 5}1;

Figure 6.4 shows the plot of the Van der Pol solution from Example 3.

Fig. 6.4 Plot of the Van der
Pol solution from Example 3

0.0
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Example 4 Solve the fractional Duffing’ system:

DYy (1) =y, x(0) =1,

DYy (1) = —x — x3, y(0) = 0.

Solution

Clear["'x"];

a = 0.998; x[0] = 1;
y[0] = 0; h = (0.2)"a/Gammala + 1]; n = 10000;
Do[t[i] = 0.0 + (0.2)%i, {i, 0, n}]
flte ., x, v.1 :=y
glt , x , vyl :=-x - x"3
Do[{K1 = f£[t[i], x[i], yI[il]l, L1l = gltl[di]l, xI[i],
yI[ill,
K2 = £[t[i] + h, x[i] + h*K1l, yI[i] + hxL1l],
L2 = glt[i] + h, x[i] + h*K1l, y[i] + hxL1l],
K3 = £[t[i] + h/2, x[i] + hxK2/2, yI[i] + hxL2/21,
L3 = glt[i] + h/2, x[i] + hxK2/2, yI[i]l + hxL2/2],
K4 = £[t[i] + h, x[i] + h*K3, y[i] + hxL3],
L4 = glt[i] + h, x[i] + h*K3, y[i] + hxL3],
x[1 + 1] = x[1] + (K1 + 2 K2 + 2 K3 + K4)=xh/e6,
vIi + 1] = y[i] + (L1 + 2 L2 + 2 L3 + L4)xh/6},

{i, 0, n}]; ListPlot[Table[{xI[n], yI[nl},
{n, 0, 10000}], Frame -> True]

Figure 6.5 shows the plot of the fractional Duffing solution from the Example 4.

Example 5 Solve fractional system
D'2x(1) =2y, x(0) =1,
D'2y(t) =2z,  y(0) =1,
D'V2z(t) = x —y, 2(0) = 1.

Solution
MAPLE

> restart;
> Digits:=4:X:=array[0..5] :Y:=array[0..5]:
Z:=array[0..5]:

7Ge. Duffing (1861-1944).
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Fig. 6.5 Plot of the fractional Duffing solution from the Example 4

V V.V V V V V V V V V V V V V V V V V

unassign(’'t,x,y,z’'):

f:=(t,x
g:=(t,x
p:=(t,x
a:=1/2:
b4
h

:=1:Z2[0] :=1":
:=evalf (d"a/GAMMA (a+1) ) :

J Y, Z) ->2%Y:
J Y, Z) ->2%2Z:
Y. 2Z)->X - ¥
x:=1:X[0]:=1:
d:=0.2:

y:=1:Y[0] :=1:

for n from 0 to 5 by 1 do

kl:=hxf
11l:=hxg
ml:=hxp
k2:=hxf
12:=hxg
m2:=hxp
k3:=hxf
13:=hxg
m3:=hxp
k4 :=hxf
14:=hxg

(d*n,x,y,2);
d+n,x,vy,z):
d+n,x,vy,z):

~ o~ o~~~ o~~~ o~ —~

dxn+h,x+kl,y+11,z+ml) :
dxn+h,x+kl,y+11,z+ml) :
dxn+h,x+kl,y+11, z+ml) ;
d+n+h/2,x+k2/2,y+12/2,z+m2/2) :
d+n+h/2,x+k2/2,y+12/2,z+m2/2) :
d+n+h/2,x+k2/2,y+12/2,z+m2/2) :
dxn,x+k3,y+13,z+m3) :
d+n,x+hxk3,y+hx13, z+h*m3) :
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> m4:=hx+p (d*n,x+h+k3,y+h*13, z+h*m3) :

> xX:=x+ (k1l+2xk2+2%xk3+k4) /6:X[n+1] : =x:

> yi=y+ (11+42%12+2%13+14) /6:Y [n+1] :=y:

> Z:=2+ (Ml+2*m2+2+«m3+m4) /6:Z[n+1] :=z od:

> for n from 0 to 5 do print(d+n,X[n],Y[n],Z[n]l) od;
0., 1, 1, 1
0.2, 2.688, 2.030, 1.108
0.4, 5.612, 3.458, 1.795
0.6, 10.67, 6.102, 3.458
0.8, 19.87, 11.26, 6.694
1.0, 37.08, 21.11, 12.70

MATHEMATICA

Clear["'x"]

flt , x , v, z_ 1 := 2%y;

glt , x , v, 21 = 2%z;

plt , x , v, z ] :=x -vy;

a=1/2; d = 0.2; x[0] = 1; y[0] = 1; z[0]
tmax = 5;

Il
[

h = (d)*a/Gammala + 11;
Do[{k1 = h f£[t[n], x[n], yInl, z[nl]l;

11 = h glnxd, x[nl, yInl, z[nll;

ml = h pln+d, x[n], yInl, z[nll;

k2 = h f[n*d + h/2, x[n] + k1/2, yI[n] + 11/2,

z[n] + ml1/2];

12 = h g[n+d + h/2, x[n] + k1/2, yIn] + 11/2,

z[n] + ml/2];

m2 = h pln+d + h/2, x[n] + k1/2, yIn]l + 11/2,

z[n] + ml/2];

k3 = h f[nxd + h/2, x[n] + k2/2, y[n] + 12/2,

z[n] + m2/2];

13 = h g[ln+d + h/2, x[n] + k2/2, yIn]l + 12/2,

z[n] + m2/2];

m3 = h pln«d + h/2, x[n] + k2/2, yIn]l + 12/2,

z[n] + m2/2];

ki = h f[n*d + h, x[n] + k3, y[n] + 13, z[n] + m3];
14 = h g[nxd + h, x[n] + k3, y[n] + 13, z[n] + m3];
m4d = h plnxd + h, x[n] + k3, yinl + 13, z[n] + m3];
x[n + 1] = x[n] + 1/6 *(k1 + 2 k2 + 2 k3 + k4);

yln + 1] = y[n] + 1/6% (11 + 2 12 + 2 13 + 14);

z[n + 1] = z[n] + 1/6%x (ml + 2 m2 + 2 m3 + m4) };
Print[0.2xn, " ", x[n], " ", y[nl, " ", z[nl],

{n, 0, tmax}]
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Example 6 (Lorenz Attractor with Interpolation Solution) Solve the Lorenz attrac-
tor problem:

D0998x(t) — 10(y — x), X(O) = 1’
DY%By(1)=28x —y —xz,  y(0) =1,
D998z (1) = xy — %Z, z(0) =1,

in Mathematica, using the interpolation command.

Clear["'x"]

flt , x, v, 2z 1 :=10x(y - x);
glt , x , v, 2] := 28%X - y - XxZ;
plt , x , v, z_ ] := xxy - 8/3% z;
a = 0.998; d = 0.01;

x[0] = 1;

ylol = 1;

z[0] = 1;

tmax = 10000;
h = (d)*a/Gammala + 1]; Dol[{kl = h f[t[n], x[n],
y[nl, z[nll;
11 = h glnxd, x[n], yInl, z[nl];
ml = h plnxd, x[n], yInl, z[nll;
k2 = h f[nxd + h/2, x[n] + k1/2, y[n] + 11/2, z[n]

+ ml/2];

12 = h gln*d + h/2, x[n] + k1/2, yIn]l + 11/2, z[n]
+ ml/2];

m2 = h p[nxd + h/2, x[n] + k1/2, y[n] + 11/2, zI[n]
+ ml/2];

k3 = h f[nxd + h/2, x[n] + k2/2, y[n] + 12/2, z[n]
+ m2/2];

13 = h gln*d + h/2, x[n] + k2/2, yIn]l + 12/2, z[n]
+ m2/2];

m3 = h plnxd + h/2, x[n] + k2/2, y[n] + 12/2, z[n]
+ m2/2];

k4 = h f[nxd + h, x[n] k3, yIn] + 13, zI[n m3] ;

+ ] +

14 h gln+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];
m4d = h p[n+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
yin + 1] yin] + 1/6 (11 + 2 12 + 2 13 + 14);
zln + 1] = z[n] + 1/6 (ml1 + 2 m2 + 2 m3 + m4);},
{n,0,tmax}];

sos = Table[{x[t], vI[t]l, =z[t]l}, {t, 0, tmax}];

ListPointPlot3D[sos, ImageSize -> 300]
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p = Interpolation /@ Transpose@sos;
ParametricPlot3D[Throughepet, {t, 0, 10000},
PlotPoints -> 100,
ColorFunction -> (Huel[#4] &), ImageSize -> 300]

Figures 6.6 and 6.7 show the Lorenz system without and with interpolation,
respectively.

Example 7 (Rissler Attractor) Solve the fractional Rossler® attractor system, using
the RK4 method:

D¥Bx(t)y=-y—2z,  x(0) =1,

DYBy(r)y =x+02y,  y0) =1,

D98z (1) = 0.2 + z(x — 8), z(0) = 1.

Fig. 6.6 Lorenz system without interpolation

80.E. Rossler(1940-).
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Fig. 6.7 Lorenz system with interpolation

The Mathematica solution is:

Clear["'x"]

flt , x, v, z1 = -y - z;

glt , x , v, z_] X + 0.2xy;

plt , x , v, z ] := 0.2 4+ zx(x - 8);
a = 0.998; d = 0.01; x[0] = 1;

y[0] = 1; z[0] = 1; tmax = 2000;

h = (d)*a/Gammala + 11;

Do[{k1 = h f£[t[n], x[n], yInl, z[nl]l;

11 = h gln*d, x[n], yinl, z[nll;

ml = h plnxd, x[nl, yinl, zlnll;

k2 = h fln*d + h/2, x[n] + k1/2, y[n]l + 11/2,
z[n] + ml1/2];

12 = h gln*d + h/2, x[n] + k1/2, yIn]l + 11/2,
z[n] + ml1/2];

m2 = h plnxd + h/2, x[n] + k1/2, y[n] + 11/2,
z[n] + ml1/2];
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k3 = h fln*d + h/2, x[n] + k2/2, y[n]l + 12/2,

z[n] + m2/2];

13 = h gln*d + h/2, x[n] + k2/2, yIn]l + 12/2,

z[n] + m2/2];

m3 = h plnxd + h/2, x[n] + k2/2, y[n] + 12/2,

z[n] + m2/2];

k4 = h f[n+d + h, x[n] + k3, y[n] + 13, z[n] + m3];
14 = h g[nxd + h, x[n] + k3, y[n] + 13, z[n] + m3];
m4d = h pn+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];

]
]
]
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4
yn + 1] = y[n] + 1/6 (11 + 2 12 + 2 13 + 14
z[ln + 1] = z[n] + 1/6 (ml1 + 2 m2 + 2 m3 + m4);},
{n, 0, tmax}]
ListPointPlot3D[Table [{x[t]l, yIt]l, z[tl},
{t, 0, tmax}],
ImageSize -> 300]

Figure 6.8 shows the 3D Rossler attractor solution (x(¢), y(¢), z(¢)).

Fig. 6.8 The 3D Rossler attractor solution (x (1), y(¢), z(¢))
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Example 8 Find the solution of the fractional Volta attractor:

D98y (1) = —x — 5y — yz, x(0) = 8,

DYy (1) = —85x — y — xz, y(0) = 2,

DY9B (1) = 0.5z +xy + 1, z(0) = 1.

Solution in Mathematica, based on the RK4 method.

Clear["‘x"]
£t ., x ., v . = -X - 5xy - zxy;

- 85%X - Yy - X%xZ;

[
1]

plt , x , v, 21 := 0.5%z + x*xy + 1;
a = 0.998; d = 0.001; tmax = 10000;
x[0] = 8; y[0] = 2; z[0] = 1;
h = (d)*a/Gammala + 11;
Do[{k1 = h f[t[n], x[n], yInl, z[nl]l;
11 = h glnxd, x[n], yInl, z[nl];
ml = h pln+xd, x[n], yInl, z[nll;
k2 = h f[nxd + h/2, x[n] + k1/2, y[n] + 11/2,
z[n] + ml/2];
12 = h g[n*d + h/2, x[n] + k1/2, y[n] + 11/2,
z[n] + ml/2];
m2 = h pln*d + h/2, x[n] + k1/2, yIn] + 11/2,
z[n] + ml1/2];
k3 = h f[nxd + h/2, x[n] + k2/2, y[n] + 12/2,
z[n] + m2/271;
13 = h g[n*d + h/2, x[n] + k2/2, y[n] + 12/2,
z[n] + m2/2]1;
m3 = h pln*d + h/2, x[n] + k2/2, yIn] + 12/2,
z[n] + m2/2]1;
k4 = h f[n+d + h, x[n] + k3, y[n] + 13, z[n] + m3];
14 = h g[nxd + h, x[n] + k3, y[n] + 13, z[n] + m3];
m4 = h pln+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];

x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);
yln + 1] = y[n] + 1/6 (11 + 2 12 + 2 13 + 14);
z[ln + 1] = z[n] + 1/6 (m1 + 2 m2 + 2 m3 + m4);},
{n,0,tmax}]
sos = Table[{x[t], vI[t]l, =z[t]l}, {t, 0, tmax}];
ListPointPlot3D[Table[{x[t], yI[t], z[t]l},{t,0,tmax}],
ImageSize -> 300]
sos = Table[{xI[n], yI[nl, z[nl}, {n, 1, 10000}];
p = Interpolation /@ Transpose@sos;
ParametricPlot3D [Evaluate@Throughepet, {t,1,10000},
ImageSize->300]



6.5 Runge—Kutta Methods for Fractional Differential Equation 167

Figures 6.9 and 6.10 show the fractional Volta attractor solution without and with
interpolation, respectively.

Example 9 (Chua Attractor System) Find the numeric solution of the Chua® attrac-
tor system:

DO.998x(t) =40(y — x), x(0) =0,
DY9%8y(t) = (28 —40)x +28y —xz,  y(0) =1,
D0'998Z(t) =xy— 2Z, Z(O) =0.

Solution The solution in Mathematica is:

Clear[" x"]
fle_, x., v,
g[t_l X_I Y_r

40 (y - x);
1= X% (28 - 40) + 28xy - X*z;

z ]
z_]

100

Fig. 6.9 Fractional Volta attractor solution without interpolation

9L.0. Chua (1936-).
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Fig. 6.10 Fractional Volta attractor solution with interpolation

plt , x , v, z ] 1= xXxy - 2% z;

a = 0.998;

d = 0.01;

x[0] = 0O;

ylol = 1;

z[0] = O;

tmax = 10000;

h = (d)*a/Gammala + 1]; Dol[{kl = h f[t[n], x[n],

yI[nl, z[nll;

11 = h gln*d, x[nl], y[nl, z[nll;

ml = h plnxd, x[n], yInl, z[nll;
h f[n*d + h/2, x[n] + k1/2, yIn]l + 11/2,
+ ml/2];

12 = h gln*d + h/2, x[n] + k1/2, yIn]l + 11/2,

z[n] + m1/2];

m2 = h p[nxd + h/2, x[n] + k1/2, y[n] + 11/2,

z[n] + m1/2];

k3 = h fln*d + h/2, x[n] + k2/2, y[nl + 12/2,

z[n] + m2/2];
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13 = h gln*d + h/2, x[n] + k2/2, yIn]l +
z[n] + m2/2];

m3 = h plnxd + h/2, x[n] + k2/2, y[n] +
z[n] + m2/2];

k4 = h f[n+d + h, x[n] + k3, y[n] + 13,
14 = h g[nxd + h, x[n] + k3, y[n] + 13,
m4d = h pn+xd + h, x[n] + k3, y[n] + 13,
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3
yln + 1] = y[n] + 1/6 (11 + 2 12 + 2 13
z[n + 1] = z[n] + 1/6 (ml + 2 m2 + 2 m3

{n,0,tmax}];
sos = Table[{xI[t], yI[t]l, z[t]},
ListPointPlot3D[sos, ImageSize -> 300]
p = Interpolation /@ Transpose@sos;
ParametricPlot3D [Throughepet,
PlotPoints -> 100,

ColorFunction -> (Huel[#4] &),
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12/2,
12/2,
m3] ;

+
+ m3] ;
+ m3] ;

z [n]

z [n]

z [n]
).
)
)

7

+k4
+14
+m4

7

it

{t, 0, tmax}];

{t, o, 10000},

ImageSize -> 300]

Figures 6.11 and 6.12 show the fractional Chua attractor solution without and

with interpolation, respectively.

20

Fig. 6.11 The Chua attractor solution without interpolation

20
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20

Fig. 6.12 The Chua attractor solution with interpolation

6.5.3 A More General System

Let the following general system of FDE, with initial conditions:
D%x (1) = f (1, x(1), y(1)), x(f0) = Xo,

DPy@) = g(t, x(t), y(®),  y(to) = yo,

where we suppose that 0 < 8 <o < 1.
We will establish here a RK2 approximate solution for this system.
We will denote the temporal step with A, so that the discrete values of time are:

t, = to +nh, neN.

The approximate solution of second order of this system can be written as:

o

—(K K>),
n+1_,(a+1)( 1+ K2)

Xn+1 = X
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WP
= — (L L»),
Yn+1 yn+F(IB+1)( 1+ L2)

where we used the notations:

Ky = f(tn, xn, yn), Ly = g(tu, Xn, Yn),

he he K L
K2:f tn+— .X‘I‘— yn+ )

Fa+1) " "T@+1) 2’ rB+1) 2

L o LA N .
= _— Xyt — — ).

28T " T Tern 2 T T 2

Proof In this proof the calculations will be presented schematically.

By analogy with Subsection 4.11.1, we will establish an approximation using the
Taylor expansion:

t(l o
= K K
Xn+1 xn+ClF(a+l) 1+C2F(O{+1) 2
o o

yn+1=yn+dlF L+

@+ et

where

K1 = f(tu, Xn, Yn),
L1 = g(tu, Xn, yn),

h* he hf
tn+mafaa Xn Klbfou Yn+

fa=s T Fart).

hP he ) hP
Ly = ty + —————aes, x+ ——K , 4+ —1I11b ,
2 g(" FE+D " T Tatn 5 "TrEr “”ﬂ)

where the constants ¢, ¢2, di, d2, afy, bfa, Gga, bea, arg, byp, agp, and beg will
be established.

We define the errors E(h) and F (h) of expansions

. _ h()t o 2a 20 3a
E(h)—x(t,, -i—h)—x(t,,)—mD X(tn)+mD X(tn)+0(h ),
B 2B
F(h) = y(ty + h) — y(tn) = h—Dﬁy(tn) + h—D2f‘y<tn) + O,

rg+1 r2g+1
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and the derivatives:
DYE(h) = f(tn, Xn, yu) + O(h*) = D E(0) = f(tn, Xn, Yn),
DPF(h) = g(tw. Xn, yu) + OhP) = DPE(0) = g(tu, X, yn)-
On the other hand
DYE(h) = c1K1 + c2K2 + O(ha) = DY E(0) = (c1 + ¢2) f (ta, Xn, Yn),
DPE(h) = diLi +d2La+ O(he) = DPE(0) = (di + d2)g(tn, X, Yn),
hence, by minimization (A — 0) we obtain:
cir+ceo =1,
di+dy=1.
The derivative of E(h) is

D**E(h) = D*(D“E(h))

= D(1K K+ D% (e
(c1K1 + c2K3) + (czl“(a—i-l)

D“Kz) + Oh?),
and for 4 — 0 we have

D* E(0) = 2¢, D**K»(0).

But:
D f(t, x(t), y®) = fi + fxD*x + fyD%y = fi + fx ],
D% =0 because: a > B,
we obtain
200a 54 =1,
200bpo1 =1,
2c2bfg2 = 1.

The calculations will continue with the derivative. Similar computations can be
carried out in the case of RK4 method.
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It results:
o

Xp+1 = Xp + E—F(Ol—i- D

hB

1
Yn+1 = Yn + gm

173

(K1 +2K2 +2K3 + Ka),

(L1 + 2Ly +2L3 + Ly).

Example 1 (Modified Duffing System) Find the RK4 solution for the modified

fractional Duffing system:

DY%x@t) =y,  x(0) =1,

DOy (1) = —x +0.25(1 — x3)y,

The RK4 solution in Mathematica is:

Clear["'x"];

a = 0.998; b = 0.5; x[0]

h (0.2)*a/Gammala + 1];

n = 10000;

Do [t [i]

£l ., x,

glt_

Do [{
1!
K2
L2
K3
L3
K4

=l’~
1 =

(0.2) %1,

0.0 {i, o,
y. 1l =y

y_]

[

+

X_I

K1 x[i]l, yI[ill,
i

h, x[i]
1, xI[i]
h/2, x[1i]
1/2, xI[i
h, x[i]
x[i]
(K1
(L1

+ h*K1,
+ 1%K1,

1
+ hxK3,
+ 1xK3,
+ +
+

ListPlot [Table[{x[n], yInl},

sol
p:

Table[{x[n], yI[nl},

y [0]
(0.2)"b/Gamma[b + 1];

+ hxK2/2,
+ 1xK2/2,

y(0) = 0.

0;

n}]

-x + 0.25% (1 - x™2)xy
L1

glt[il, xI[il,
+ h+L1],
+ 1%L17,
y[i] + hxL2/21,
y[i] + 1xL2/27,
+ h+L3],
+ 1%L37,

y[i]
y[i]

y[i]
y[i]

2 K2 + 2 K3 + K4)+«h/6,
2 L2 + 2 L3 + L4)x1l/6},

{n, 0, 10000}1,
Frame -> True]

{n, 1, 1000}1;
Interpolation /@ Transpose@sol;
ParametricPlot [Evaluate@Throughepet,

{t, 1, 1000},
Frame -> Truel]
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Fig. 6.13 RK4 solution
(x(2), y(t)) of the modified
fractional Duffing system
without iteration

Fig. 6.14 RK4 solution
(x(1), y(t)) of the modified
fractional Duffing system
with iteration

150 | | ]
100 ]

050 ]

0.0F

-1.0F ]

-1.5} ]

Figures 6.13 and 6.14 show the RK4 solution (x(¢), y(t)) of the modified
fractional Duffing system without and with iteration, respectively.

Remark Starting from the fractional RK procedures introduced in this section, the
reader can establish similar procedures for the other RK methods, established for
the integer order cases [1].
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The Fractional Colpitts Oscillator
Solve the fractional Colpitts'® oscillator described by the system of FDE:

DO x (1) = v, x(0) =0,
D0.998 y(t) =7z, y(O) = 04,
DY z(1) = —z —x — 102 (exp(y) — 1), z(0) =0,

using RK4 method in Mathematica.

Solution

Clear[" x"]

flt , x, v, z1 :=vy;

glt , x , v, z1 := z;

plt , x, v, z] := -z -x - 10"(-9) (Explyl - 1);
a = 0.998;

d = 0.01;

x[0] = 0O;

y[0] = 0.4;

z[0] = 0;

tmax = 10000;

h = (d)*a/CGammala + 1];
Dol[{kl1 = h flt[n], x[n], yInl, z[nll;
11 = h glnxd, x[n], ylnl, z[nll;
ml = h pln+d, x[n], ylnl, z[nll;
k2 = h f[nxd + h/2, x[n] + k1/2, yI[n] + 11/2,
z[n] + mi1/2];
12 = h g[ln*d + h/2, x[n] + k1/2, yIn]l + 11/2,
z[n] + mi1/2];
m2 = h pln*d + h/2, x[n] + k1/2, yIn]l + 11/2,
z[n] + ml/2];
k3 = h f[nxd + h/2, x[n] + k2/2, y[n] + 12/2,
z[n] + m2/2];
13 = h g[ln*d + h/2, x[n] + k2/2, yIn]l + 12/2,
z[n] + m2/2];
m3 = h pln*d + h/2, x[n] + k2/2, yIn]l + 12/2,
z[n] + m2/2];
ki = h f[n*d + h, x[n] + k3, y[n] + 13, z[n] + m3];
14 = h g[nxd + h, x[n] + k3, y[n] + 13, z[n] + m3];
m4d = h p[n+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];
x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);

10 H. Colpitts (1872-1949).
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yn + 1] = y[n] + 1/6 (11 + 2 12 + 2 13 + 14);
z[n + 1] z[n] + 1/6 (ml + 2 m2 + 2 m3 + m4);},
{n, 0, tmax}]
ListPointPlot3D([Table[{x[t], yI[t], z[tl},
{t, 0, tmax}], ImageSize -> 300]

sos = Table[{x[t], vI[t]l, =z[t]l}, {t, 0, tmax}];
p = Interpolation /@ Transpose@sos;
ParametricPlot3D [Throughepet, {t, 0, 10000},
PlotPoints -> 100,

ColorFunction -> (Huel[#4] &), ImageSize -> 300]

Figures 6.15 and 6.16 show the RK4 solution (x(t), y(#)) of the fractional
Colpitts oscillator system without and with iteration, respectively.

The Fractional Sprott Oscillator
Solve the fractional Sprott!! oscillator described by the system of FDE:

DY x(1) =y, x(0) = —0.5,
D%y =z,  y(0) =0,
DY9B 7(1) = —z — x — 10 %(exp(y) — 1), z(0) =0,

using RK4 method in Mathematica.

Fig. 6.15 RK4 solution of
the fractional Colpitts
oscillator system without
iteration

1D A Sprott (1930-2013).
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Fig. 6.16 RK4 solution of the fractional Colpitts oscillator system with iteration

Solution

Clear["'x"]
flt , x, v, z1 :=vy;
glt , x , v, 21 = z;
plt , x , v, z 1 := -x -y - Signl[l + 4xyl;
a =0.998; d = 0.01; x[0] = -0.5; y[0] = O;
z[0] = 0; tmax = 2000; h = (d)"a/Gammala + 1];
Do[{k1 = h f£[t[n], x[n], yInl, z[nll;
11 = h glnxd, x[n]l, yInl, z[nll;
ml = h pln+d, x[n], yInl, z[nll;
k2 = h f[nxd + h/2, x[n] + k1/2, yI[n] + 11/2,
z[n] + m1/2];
12 = h g[n*d + h/2, x[n] + k1/2, yIn]l + 11/2,
z[n] + ml/2];
m2 = h pln*d + h/2, x[n] + k1/2, yIn]l + 11/2,
z[n] + ml/2];
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k3 = h fln*d + h/2, x[n] + k2/2, y[n]l + 12/2,

z[n] + m2/2]1;

13 = h gln*d + h/2, x[n] + k2/2, yIn]l + 12/2,

z[n] + m2/2];

m3 = h pln*d + h/2, x[n] + k2/2, y[n] + 12/2,

z[n] + m2/2];

k4 = h f[n+d + h, x[n] + k3, y[n] + 13, z[n] + m3];

14 = h g[nxd + h, x[n] + k3, y[n] + 13, z[n] + m3];

m4d = h pn+xd + h, x[n] + k3, y[n] + 13, z[n] + m3];

x[n + 1] = x[n] + 1/6 (k1 + 2 k2 + 2 k3 + k4);

yin + 1] = y[n] + 1/6 (11 + 2 12 + 2 13 + 14);

z[ln + 1] = z[n] + 1/6 (ml1 + 2 m2 + 2 m3 + m4);},
{n, 0, tmax}]

ListPointPlot3D[Table[{x[t], yIt]l, =zI[tl},
{t, 0, tmax}], ImageSize -> 300]

sos = Table[{x[t], vI[t]l, z[t]l},
Interpolation /@ Transpose@sos ;

o
ParametricPlot3D [Throughepet,

PlotPoints -> 100,
ColorFunction -> (Hue [#4]

&),

{t, 0, tmax}];
{t, o, 2000},

ImageSize -> 300]

Figures 6.17 and 6.18 show the RK4 solution of the fractional Sprott oscillator

system without and with iteration, respectively.

Fig. 6.17 RK4 solution of
the Sprott oscillator system
without iteration
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Fig. 6.18 RK4 solution of the Sprott oscillator system with iteration

6.5.4 A Vectorial Runge—Kutta Algorithm

We illustrate the vectorial Runge—Kutta algorithm by means of four examples:

Example 1 (Van Der Pol Fractional Equation)
D%x1(t) = x2, x1(0) =0,

D (1) = —x1 +2(1—xD)x2,  x(0) =1,

for @ = 0.998.

Solution In Mathematica the solution will be:

Clear[" x"]
a = 0.998
RK4[f , xO , A, B, n ] :=
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Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h*a/Gammala + 1];
K1l h*a/Gammala + 1] f[t, xI;
K2 = h™a/Gammala + 1] f[t + (1/2) h*a/Gammala + 1],
x + (1/2) Ki];
K3 = h™a/Gammala + 1] f[t + (1/2) h*a/Gammala + 1],
x + (1/2) K2];
K4 h*a/Gammala + 1] f[t + h*a/Gammala + 11,
x + K3];
X =x + (1/6) KL + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}I1, {k, 1, n}l;
Sol]
Flt , x 1 := { x[[2]], 2 (1 - x[[1]] *2) x[I[2]]

Solution = RK4[F, {0, 1}, 0.0, 100.0, 5000];
A =0
ListPlot [Take [Solution[[All, 2]], 5000],
ImageSize -> 300,
PlotStyle -> {Blue}]

Figure 6.19 shows the (x(¢), x2(¢)) vector solution of the Van der Pol system.

Fig. 6.19 The (x(t), x2(t))
vector solution of the Van der
Pol system
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Example 2 Solve the fractional Rossler attractor system, using the vector RK4
method:

DO%Bxi(t) = —x2 —x3,  x1(0) =0,
DB x5 (1) = x1 + 0.2x7, x(0) =1,

DYBx3(t) = 0.2 4+ x3(x1 — 8), x3(0) = 0.

Solution

Clear["'x"]
a = 0.998
RK4[f , x0 , A, B, n ] :=
Module[{h, K1, K2, K3, K4, Sol = {{A, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h*a/Gammala + 1];
K1 = h™a/Gammala + 1] f[t, xI;
K2 = h™a/Gammala + 1] f[t +
(1/2) h™*a/Gammala + 1], x + (1/2) K11;

K3 = h™a/Gammala + 1] f[t +
(1/2) h™a/Gammala + 1], x + (1/2) K21;
K4 = h™a/Gammala + 1] f[t +
h*a/Gammala + 1], x + K3];
x =x + (1/6) K1 + (1/3) K2 +
(1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}I, {k, 1, n}l;
Sol]
Flt , x 1 := {-x[[2]] - x[[3]1], x[[1]]

+ 0.2 x[[2]], 0.2 + x[[11] xI[I[3]] -
5.7 x[[3]11};

Solution = RK4[F, {0, 1.0, 0}, 0.0, 200.0, 5000];

A=0

ListPointPlot3D[Take [Solution[[All, 2]], 1000],
PlotStyle -> {Blue}]

Figure 6.20 shows the (x1(¢), x2(¢)) vector solution of the Rossler attractor.

Example 3 (Volta Fractional Attractor) Find the solution of the fractional Volta
attractor using the vector RK4 algorithm:

D998y, (1) = —x1 — 5x2 — X213, x1(0) =38,
DO'998X2(Z) = —85x] — x2 — x1x3, x2(0) = 2,

D981 () = 0.5x3 + x1x2 + 1, x3(0) = 1.
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Fig. 6.20 The (x(t), x2(¢), x3(t)) vector solution of the Rossler attractor

Solution
In Mathematica can be written:

Clear["‘*x"]
a = 0.998
RK4[f , x0O , A , B, n] :=
Module[{h, K1, K2, K3, K4, Sol = {{Aa, x0}},
x = x0, t}, h = (B - A)/n;
Do[t = A + k h*a/Gammala + 1];
K1 h*a/Gammala + 1] f[t, xI;
K2 h*a/Gammala + 1] f[t + (1/2) h*a/Gammala + 11,
x + (1/2) K11;
K3 = h™a/Gammala + 1] f[t + (1/2) h*a/Gammala + 11,
x + (1/2) K21;
K4 = h™a/Gammala + 1] f[t + h*a/Gammala + 11,
x + K3];
X =X + (1/6) K1 + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}I, {k, 1, n}l;
Sol]
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Flt , x 1 := {-x[[1]] - 5 x[[2]] - x[[2]] x[I[311],
-85 x[[1]]
- x[[2]] - x[[1]1] x([[3]1]1, =x[[1]] x[[2]] + 0.5
x[[3]1] + 1};

Solution = RK4[F, {8.0, 2.0, 1.0}, 0.0, 100.0, 5000];

A=0

ListPointPlot3D[Take [Solution[[All, 2]], 1000],
PlotStyle -> {Blue}]

Figure 6.21 shows the (x1(#), x2(¢)) vector solution of the Volta attractor.
Example 4 (Lorenz Fractional Attractor) Solve the Lorentz attractor system:
DO%x (1) = —10(x1 —x2),  x1(0) =1,
D¥Bxy(t) = 28x1 —x2 — x1x3,  x2(0) = 1,
D098

B =xxn-in,  nO=L

using the vector RK4 method, in Mathematica.

Fig. 6.21 The (x(¢), x2(¢), x3(¢)) vector solution of the Volta attractor
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Fig. 6.22 The (x(t), x2(t), x3(t)) vector solution of the Lorenz attractor

Solution

Clear["'x"]
a = 0.998
RK4[f , x0 , A , B, n ] :=
Module[{h, K1, K2, K3, K4, Sol = {{a, x0}},
x = x0, t}, h = (B - A)/n;
Dolt = A + k h*a/Gamma[a + 1];
K1 h*a/Gammala + 1] f[t, xI];
K2 = h™a/Gammala + 1] f[t + (1/2) h*a/Gammala + 1],
x + (1/2) K1];
K3 = h™a/Gammala + 1] f[t + (1/2) h*a/Gammala + 11,
x + (1/2) K21;
K4 h*a/Gammala + 1] f[t + h*a/Gammala + 11,
x + K3];
x = x + (1/6) K1 + (1/3) K2 + (1/3) K3 + (1/6) K4;
Sol = Append[Sol, {t, x}1, {k, 1, n}l;
Sol]
Flt , x ] := {10 (x[[2]] - x[[11]), x[I[1]]
(28 - x[I[311)
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- x[[2]1], x[[11] x[[21] - 8/3 x[[311};

Solution = RK4[F, {1.0, 1.0, 1.0}, 0.0, 100.0, 5000];

A=0

ListPointPlot3D[Take [Solution[[All, 2]], 1000],
PlotStyle -> {Blue}]

Figure 6.22 shows the (x(¢), x2(¢)) vector solution of the Lorenz attractor.
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