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Abstract Biological membranes are both barriers and communication interfaces
of cells. Transport across membranes is therefore essential for life. It encompasses
both endocytotic and exocytotic processes important for cell function, but also the
invasion of cells by parasites and viruses, and targeted drug delivery. Whereas
interactions on the molecular scale are important for particles with sizes comparable
with the thickness of the membrane, the mechanical properties of the entire
membrane determine its interaction with larger particles. We focus here on large
particles and parasites and discuss wrapping of single particles by homogeneous
and complex membranes. Both solid particles with various shapes as well as soft
particles are considered. Membrane-mediated interactions of many particles lead
to aggregation and tubulation. Finally, active biological mechanisms are shown
to support the invasion of parasites, such as the malaria parasite, and to drive
phagocytosis.

Keywords Nanoparticles · Helfrich Hamiltonian · Endocytosis · Pathogens ·
Malaria · Phagocytosis

1 Introduction

Membranes are ubiquitous in biological cells. While the plasma membrane
encloses the entire cell, membranes also compartmentalize cells and thereby
define organelles. Transmembrane transport is essential for both the intracellular
communication and the communication of cells with their environment [16, 60]. The
interaction of particles and pathogens with biological membranes—and therefore
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Fig. 1 Interaction of nanoparticles with membranes. (a) Incorporation. Fullerenes in a POPC
membrane. Reprinted with permission from [10]. Copyright 2014 by the American Physical
Society. (b) Penetration. An ellipsoidal nanoparticle passes through a lipid bilayer. Adapted by
permission from Macmillan Publishers Ltd: Nat. Nanotechnol., [116], Copyright © 2010. (c)
Wrapping. An ellipsoidal nanoparticle gets wrapped by a lipid bilayer membrane. Reproduced
from [31] with permission from The Royal Society of Chemistry. (d) Cooperative wrapping.
Capsids bud cooperatively. Adapted by permission from Macmillan Publishers Ltd: Nature, [87],
Copyright © 2007. (e) Cryo-TEM micrographs of nanoparticles incorporated into a vesicle. The
length of the scale bar corresponds to 100 nm. Reprinted from [72] with permission from The Royal
Society of Chemistry. (f) TEM micrographs of nanoparticles internalized in human mesenchymal
stem cells. The length of the scale bar corresponds to 500 nm. Adapted with permission from [45].
Copyright © 2012 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

also their transport across membranes—crucially depends on the particle size,
shape, softness, and surface functionalization. A zoo of engineered nanoparticles
can nowadays be fabricated, with sizes from nanometers to micrometers and
various shapes, such as spherical, ellipsoidal, cuboidal, dumbbell-shaped, and
bullet-shaped [18, 22, 82]. Pathogens are nanometer-sized viruses, such as the
filamentous Marburg and Ebola viruses [78, 113], and micrometer-sized parasites,
such as the egg-shaped malaria parasite [25, 30]. Figure 1 shows an overview over
particle–membrane interactions.

For particles with diameters that are large compared to the thickness of the
membrane, the membrane can be modeled using a mathematical surface with
curvature-elastic properties. The deformation energy is calculated using the Helfrich
Hamiltonian [55], and the attractive interaction between particle and membrane can
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be taken into account using a contact energy:

H =
∫

S

dS
[
γ + 2κ(H − c0)

2 + κ̄K
]

+ w

∫
Sad

dS . (1)

The membrane conformation is characterized by the two principal curvatures at each
point of the membrane, c1 and c2, that enter the Hamiltonian via the mean curvature
H = (c1 + c2)/2 and the Gaussian curvature K = c1c2. The total deformation
energy is obtained by integration over the entire membrane area S, the adhesion
energy by integration over the adhered membrane area Sad. Membrane tension γ ,
bending rigidity κ , Gaussian saddle-splay modulus κ̄ , and spontaneous curvature
c0 describe the mechanical properties of the membrane; the adhesion strength w

characterizes the contact interaction. If we assume a homogeneous membrane and
disregard topology changes, i.e., the last step of detachment of a wrapped particle
that is still connected via a small neck to the lipid bilayer membrane, the contribution
of the Gaussian curvature is constant and given by the Euler characteristic of the
surface [1]. Typical values for the bending rigidity are 20 kBT < κ < 100 kBT ,
for the membrane tension 10−5 kBT/nm2 < γ < 1 kBT/nm2 [103], and for the
adhesion strength 2 × 10−6 kBT/nm2 < w < 0.2 kBT/nm2 [2].

In Sect. 2, wrapping of single spherical and nonspherical particles by homo-
geneous model membranes is discussed. For tensionless membranes, spherical
particles are either not wrapped or completely wrapped by the membrane at low and
high adhesion strength, respectively. The transition between these two states is dis-
continuous. Nonspherical particles show a much more complex wrapping behavior
and an increased stability of partial-wrapped states [29]. Soft particles deform while
adhering to the membrane, which further increases the stability of partial-wrapped
states. We also briefly address dynamical aspects of particle wrapping. For partial
wrapping of spherical particles, not only the attached membrane, but also the free
membrane around particles and the particle itself gets deformed. Both contribute to
the deformation energy.

In Sect. 3, the complexity of the single-particle wrapping scenario is extended to
multicomponent biomembranes. Biomembranes can show strong and weak segrega-
tion, domain formation and aggregation of lipid and protein components within the
membranes, respectively. In Sect. 4, examples for membrane deformation-mediated
interaction between particles and for particle self-assembly are presented. In Sect. 5,
systems with biological activity are discussed, such as the invasion of the malarial
parasite and phagocytosis.

Interaction of Small Particles with Biological Membranes Particles
that are comparable with molecular sizes of lipids interact similarly with
biological membranes as proteins. Particles with suitable hydrophobicity may
penetrate the lipid bilayer [84], which is also observed for cell-penetrating
peptides [24] and which has been proposed for amphiphilic polymers [114].

(continued)
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Hydrophobic nanoparticles assemble within the tail region of the lipid bilayer
[90, 100] and aggregate, probably similar to integral proteins that deform
the headgroup layers of the bilayer [27, 64, 96, 107]. Small nanoparticles
distort the lipid structure and may affect the integrity of lipid bilayer
membranes [68, 69, 105, 106, 122]. Besides surface properties, also particle
shape has been found to strongly affect the interaction of small particles
with membranes [104]. The formation of a protein corona on the surface
of a nanoparticle considerably affects both size and surface properties of
the particles [23, 67, 75]. Small polymeric nanoparticles may be unstable
and dissolve [90]. The interaction of small nanoparticles with membranes is
studied experimentally using optical microscopy [112], electron microscopy
[98, 111], and scattering techniques [58, 99]. Atomistic and coarse-grained
models can be used to study the interaction of small nanoparticles with
membranes using computer simulations [41, 76, 84, 114, 116].
Interaction of Large Particles with Biological Membranes Particles with
sizes significantly larger than lipids interact with membranes via wrapping.
This encompasses engineered nanoparticles [7, 8, 28, 29, 31, 37–40, 51, 73,
93–95, 119], but also viruses and parasites [26, 30, 78, 113]. Size, shape,
surface functionalization, and particle orientation determine the interaction
of particles and membranes [21, 29, 45, 89, 115, 118, 124]. An energy gain
due to adhesion is opposed by a deformation energy cost for wrapping the
membrane around the particle [39]. The adhesion can be mediated by van der
Waals interaction or by receptor–ligand bonds [48, 123]. Membrane-mediated
and direct interactions may lead to clustering of particles [7, 61, 93, 94]. A
passive cytoskeleton below the membrane contributes shear elasticity to the
membrane deformation energy [6, 92] and can hinder particle wrapping by the
bilayer that it attaches to [54], while an active cytoskeleton can assist particle
wrapping [88, 101]. The interaction of large particles with membranes is stud-
ied experimentally using optical microscopy [45, 47], electron microscopy
[62, 66, 72], atomic force microscopy [83, 110], and scattering techniques
[62, 63, 109]. Computer simulations and analytical calculations using coarse-
grained and continuum models have been used to study the interaction of large
particles with membranes [28, 29, 31, 39, 59, 104].

2 Wrapping by Homogeneous Membranes

Particles that interact with lipid bilayer membranes force the membranes to deform
upon particle wrapping (Fig. 2a), which results in deformation energy costs. The
adhesion energy gain upon direct contact of the particle with the membrane drives
the wrapping process.
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Fig. 2 Wrapping of a spherical nanoparticle of radius R by a membrane with bending rigidity κ

and tension γ . The adhesion strength between particle and membrane is w. (a) The membrane
deforms in a cylindrically symmetric way around the symmetry axis, and the shape can be
described by a radial deformation profile. For an infinitely large tensionless membrane, the shape of
the free membranes is catenoidal. Reprinted with permission from [32]. CC BY 3.0. (b) Wrapping
phase diagram for membrane tension and adhesion strength. Nanoparticles are unwrapped for
adhesion strengths below 2wR2/κ = 4, indicated by the thick dashed line (W). They are
completely enveloped for adhesion strengths beyond the thick solid line (E). The thin dotted line
is the envelopment transition calculated neglecting the deformation energy of the free membrane.
The thin dashed lines (S1, S2) describe the spinodals for spontaneous unwrapping (directly to the
free state) and for spontaneous envelopment. T indicates the triple point. Reprinted with permission
from [37]. Copyright 2004 by the American Physical Society

2.1 Spherical Particles

When particles interact with membranes, both the membrane attached to the particle
and the free membrane surrounding the particle get deformed, see Fig. 2a. For
spherical particles that attach to an infinitely large tensionless membrane, the free
membrane forms a catenoid without deformation energy costs. Spherical particles
have the same curvature everywhere on their surface, therefore the deformation
energy cost increases linearly with the attached area. The deformation energy
cost for wrapping an entire particle with radius R by a membrane with bending
rigidity κ and tension γ is Edef. = 8πκ + 4πR2γ , and the adhesion energy
gain is Eadh. = −4πR2w. The contribution of bending to the deformation energy
dominates for particle radii below R∗ = √

2κ/γ , the contribution of tension for
larger particle radii. For values of bending rigidity and tension in the range reported
above, 6 nm < R∗ < 4.5 μm.
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Particles get wrapped by membranes if the adhesion energy gain exceeds the
deformation energy cost, Edef. + Eadh. ≤ 0. For initially planar membranes, this
determines a minimal radius for complete envelopment, Renv. = √

2κ/(w − γ ).
The minimal radius for binding, Rbind. = √

2κ/w, is independent of the membrane
tension [37]. Binding and envelopment transition obtained by these estimates are
indicated by the thick dashed line and the thin dotted line in the wrapping phase
diagram in Fig. 2b, respectively. While the bending energy is scale invariant, both
tension and adhesion contributions to the total energy increase with the surface
area of the particle. In the bending-dominated regime, a larger particle therefore
gets wrapped easier than a smaller particle. Dimensionless quantities for energies,
membrane tension, and adhesion strength,

Ẽ = E/(πκ) γ̃ = γR2/κ w̃ = 2wR2/κ , (2)

make results universally applicable for various particle sizes. It is obvious from these
definitions that for γ = 0 increasing w is equivalent to increasing R2.

Figure 2b indicates the wrapping states of particles obtained from energy
minimization for various values of w and γ . Below a threshold adhesion strength,
particles remain free. The transition from free to partial-wrapped and complete-
wrapped states is continuous, and the transition from partial-wrapped to complete-
wrapped states is discontinuous. The latter transition is shifted to slightly higher
adhesion strengths than those estimated above, because of a local energy minimum
for stable partial-wrapped states. The energy barrier between partial-wrapped and
complete-wrapped states results in spinodals that delimit the regimes where particles
spontaneously wrap and unwrap. While wrapping occurs via stable partial-wrapped
states, spontaneous unwrapping occurs directly to the free state.

2.2 Nonspherical Particles

Particle shape is a critical parameter for drug delivery [44]; for example, higher
specificity has been reported for nonspherical antibody-displaying nanoparticles
compared with spherical particles [11]. Engineered nanoparticles with a variety of
shapes can be fabricated, see Fig. 3. Furthermore, viruses can have very different
shapes, e.g., elongated filoviruses and bullet-shaped rhabdoviruses [49, 113], and,
for example, the malaria parasite is egg-shaped [30]. Nonspherical particles at
homogeneous membranes show a much richer wrapping behavior compared with
spherical particles, because the curvature of their surface is not homogeneous.
The local bending energy cost is proportional to the squared mean curvature of
the membrane, while the adhesion energy gain is independent of the shape of the
membrane. Thus, energy barriers for wrapping are associated with highly curved
regions on the particle surface, which stabilizes partial-wrapped states. For example,
for wrapping fractions below 50 %, ellipsoidal particles have partial-wrapped states
with their long axis parallel to the membrane that avoid the strong membrane
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Fig. 3 Examples for engineered nanoparticles: (a) Cube-like and (b) rod-like gold nanoparticles.
Reprinted by permission from Macmillan Publishers Ltd: Nat. Nanotech., [22], Copyright © 2011.
(c) Silver nanoparticles with irregular shapes. Reprinted with permission from [61]. OA CC BY
4.0. The length of the scale bars corresponds to 100 nm

deformations at the highly curved tips of the particle [31]. Similarly, for cube-
like and rod-like particles highly curved ridges constitute energy barriers [29]. In
contrast, locally planar parts of the particle surface, such as the faces of a cube,
readily attach to a planar membrane at infinitely small adhesion strengths.

Nonspherical particle shapes can be described analytically using (x/a)n +
(y/a)n + (z/b)n = 1 for cube-like particles and [(x2 +y2)/a2]n/2 + (z/b)n = 1 for
rod-like, “superegg” particles. In both expressions, a = b and n = 2 gives a sphere;
a superegg with a �= b and n = 2 is an ellipsoid. The deformation energy can be
calculated numerically using triangulated membranes [14, 50], where the surface
is constructed by small triangles. The dihedral angle between adjacent triangles
is used to calculate the bending energy; the total area of all triangles couples to
the membrane tension. Figure 4a–c shows a wrapping diagram and snapshots for
stable, partial-wrapped states for a Hauser’s cube-shaped particle, described by
(x/a)6 + (y/a)6 + (z/a)6 = 1. We use dimensionless parameters γ̃ = γ a2/κ

and w̄ = wA/(2πκ), where A is the particle surface area. The particle attaches at
vanishing adhesion strength to one of the flat faces. In this shallow-wrapped state,
the membrane binds to approximately 1/6 of the particle’s surface area. In order
to transit to the deep-wrapped state with a wrapping fraction of 5/6, an energy
barrier because of the highly bent edges of the particle has to be overcome; the
same applies for the transition from the deep-wrapped state to the complete wrapped
state. Because of the energy barriers, these transitions are discontinuous already
for tensionless membranes. In addition to a globally stable state with the lowest
energy, the system may therefore also be found in a metastable state. Qualitatively
similar wrapping behavior is observed for other nonspherical particles. In general, a
nonspherical particle shape stabilizes partial-wrapped states.

While the binding transition of the particle is always continuous, the other
transitions between wrapping states are often associated with energy barriers and
are thus discontinuous. For elongated particles, also the orientation of the particle
with respect to the membrane varies with the wrapping state. For shallow-wrapped
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Fig. 4 Wrapping of cube-like and rod-like nanoparticles. (a) Phase diagram for wrapping of
Hauser’s cube for membrane tension γ̃ and adhesion strength w̄; the parameters are given in
dimensionless form. We find a shallow-wrapped (SW), a deep-wrapped (DW), and a complete-
wrapped (CW) state, separated by two discontinuous wrapping transitions, W2 and W3. (b),
(c): Membrane deformation for wrapping of Hauser’s cube. The network of edges and triangles
describes the membrane shape and is used for the numerical calculation of the curvature energy.
Membrane conformations are shown at fixed tension γ̃ = 0.50 for two corresponding states at
the W2 phase boundary: (b) a shallow-wrapped state with approximately 10% of particle wrapped,
and (c) a deep-wrapped state with a wrapping fraction of approximately 80%. (d)–(g) Membrane-
particle conformations for rod-like nanoparticles with (d) n = 4 and b/a = 1.5 (SW), (e) n = 4
and b/a = 1.5 (DW), (f) n = 6 and b/a = 1.5 (SW), and (g) n = 6 and b/a = 1.5 (DW). Adapted
with permission from [29]. Copyright (2014) American Chemical Society

states, particles are mostly oriented with their long axis parallel to the membrane, the
so-called submarine orientation, while for deep-wrapped states particles are oriented
with their long axis perpendicular to the membrane, the so-called rocket orientation.
This behavior can again be rationalized by the requirement to maximize the adhered
membrane area while avoiding highly curved regions of the particle. A point of
caveat for comparing the wrapping behavior of particles with different shapes
quantitatively is that particle size also has to be taken into account. Although the
bending energy is scale-independent, the tension and adhesion contributions to the
total energy are not. Therefore, when comparing, for instance, two rod-like particles
with different aspect ratios, it is essential to specify whether particle volume, surface
area, or the length of the small axis is fixed [29]. Table 1 qualitatively summarizes
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Table 1 Shape dependence of particle wrapping, based on [28, 31, 37] and this work

Particle shape Membrane
Binding
transition

Shallow-
wrapped
state

Deep-
wrapping
transition

Deep-
wrapped
state

Envelopment
transition

Spherical κ Cont., for
w = 2κ/R2

– – – ≡ binding

Spherical κ and γ Cont., for
w = 2κ/R2

Yes – – Discont.

Ellipsoidal κ , κ and γ Cont., indep.
of γ

Yes,
submarine

Discont.,
reorient.

Yes,
rocket

Cont.

Ellipsoidala κ , κ and γ Cont., indep.
of γ

Yes,
submarine

– – Discont.

Cube-like κ , κ and γ At vanishing
w

Yes Discont. Yes Discont.

Sphero-cylinder κ , κ and γ At vanishing
w, rocket

Yes,
submarine

Discont.,
reorient.

Yes,
rocket

Discont.

Rod-like κ , κ and γ At vanishing
w, rocket

Yes,
submarine

Discont.,
reorient.

Yes,
rocket

Discont.

Rod-likea κ , κ and γ At vanishing
w, rocket

Yes,
submarine

– – Discont.

Rod-likeb κ , κ and γ At vanishing
w, rocket

Yes,
rocket

Discont. Yes,
rocket

Discont.

The membrane can be characterized by bending rigidity only, “κ”, or by bending rigidity and
membrane tension, “κ and γ ”; the binding transition can occur at finite or vanishing adhesion
strength w; the particle can be in submarine or rocket orientation; transitions can be continuous
(cont.) or discontinuous (discont.) and may involve reorientation (reorient.). The binding transition
for ellipsoids is independent of the membrane tension and is given in [28, 31]. Reprinted with
permission from [29]. Copyright (2014) American Chemical Society
aFast wrapping at high adhesion strength, such that a bound ellipsoid cannot reorient to rocket
orientation
bRocket mode for supereggs with blunt tips and small aspect ratio (e.g., n = 4 and b/a = 1.5)

the wrapping behavior for various shapes of the particle and curvature-elastic
properties of the membrane.

The role of edge curvature for wrapping nonspherical particles is illustrated
in Fig. 5. A spherical particle at a tensionless membrane directly transits from
the free to the complete-wrapped state. Ellipsoidal particles experience an energy
barrier between the shallow-wrapped state in submarine orientation and the deep-
wrapped/complete-wrapped state that depends on the curvature of the tips and
therefore on the aspect ratio. For a rod-like particle, aspect ratio and edge curvature
are independent of each other. In the shallow-wrapped state, a particle is found
in rocket (b/a = 1) or submarine (b/a = 2) orientation. The extent of the
partial-wrapped regime increases with edge curvature, and the transitions to the
deep-wrapped state and to the complete-wrapped state both shift to higher values
of the adhesion strength. Therefore, not only size and aspect ratio of a particle, but
also local curvature distribution and, e.g., surface roughness crucially influence the
wrapping behavior.
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Fig. 5 Role of edge curvature (characterized by n) on the wrapping behavior of a tensionless
membrane for rod-like nanoparticles with fixed aspect ratios, (a) b/a = 1 and (b) b/a = 2. The
particle orientation in the shallow-wrapped (SW) and the deep-wrapped (DW) states is indicated
by the symbols ⊥ and ‖, corresponding to rocket and submarine orientation, respectively. Non-
wrapped (NW) states are marked by light-blue lines, and W1 and W2 indicate the transitions
between shallow-wrapped and deep-wrapped states, and between deep-wrapped and complete-
wrapped states, respectively. Reprinted with permission from [29]. Copyright (2014) American
Chemical Society

2.3 Deformable Particles

Macrophages preferentially engulf rigid objects [13]. Soft microgel particles in the
hydrophilic swollen state have been shown to adsorb densely on giant unilamellar
vesicles; the same particles in the more hydrophobic collapsed state remain attached,
but partially desorb from the membrane and self-organize in domains [73]. Both
observations indicate that particle wrapping is also affected by particle deformabil-
ity. When soft particles get wrapped by lipid bilayer membranes, for partial-wrapped
states not only the membrane but also the particle deforms, see Fig. 6a, b. Therefore
in a passive system, a soft particle that attaches to a planar membrane assumes an
oblate shape, and the deformation of the planar membrane is reduced compared to
a hard particle of the same size. Wrapping of a lipid vesicle or a thin elastic capsule
with initial radius R by a lipid membrane can serve as model system for wrapping of
a soft particle [117, 119, 121]. The total energy for a vesicle wrapped by an initially
flat membrane is [119]

H =
∑

i=1,2,3

∫
Si

dSi

[
2κiH

2 + κ̄iK
]

+ pVv + �Av + γAf − wAad , (3)

where i = 1 denotes the vesicle membrane, i = 2 the initially planar membrane, and
i = 3 the double bilayer formed by vesicle and planar membrane. Thus, κ3 = κ1+κ2
and κ̄3 = κ̄1 + κ̄2. In addition, p, �, γ , and w characterize the energy change
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Fig. 6 Wrapping of vesicles by initially flat membranes. (a)–(b) Vesicle shapes for partial-
wrapped states with wrapping fractions f = 0.4 and f = 0.7 for various ratios of the bending
rigidity of vesicle and initially flat membrane, κ1/κ2. (c)–(d) Wrapping phase diagrams for
pressure p = 0 with respect to the dimensionless adhesion strengths w̄ = 2wR2/κ2 and surface
tension γ̄ = 2γR2/κ2 at different values of the rigidity ratio κ1/κ2: (I) stable non-wrapped state,
(II) stable non-wrapped and metastable partial-wrapped state, (II’) stable partial-wrapped and
unstable non-wrapped state, (III) stable partial-wrapped state and metastable complete-wrapped
state, (IV) stable complete-wrapped state and metastable partial-wrapped state, and (V) stable
complete-wrapped state. Reprinted with permission from [119]. Copyright 2011 by the American
Physical Society

upon changes of volume Vv and area Av of the vesicle, area Af of the initially flat
membrane, and the contact area Aad between vesicle and membrane, respectively.

Phase diagrams for wrapping of soft nanoparticles with different ratios between
the stiffnesses of the vesicle membrane and the membrane that wraps the vesicle,
κ1/κ2, are shown in Fig. 6c, d. For stiff vesicles, the wrapping phase diagram
in Fig. 6c is very similar to the wrapping phase diagram for hard spherical
nanoparticles in Fig. 2b. For soft vesicles, the phase boundary between non-wrapped
and partial-wrapped states is shifted to smaller adhesion strengths, see Fig. 6d. The
regime with stable non-wrapped states and metastable partial-wrapped states is
replaced by a regime with stable partial-wrapped and unstable non-wrapped states,
which also partially extends into the regime of stable complete-wrapped states for
hard particles. Soft nanoparticles therefore attach much more readily to membranes,
while at the same time the transition to the complete-wrapped state shifts to higher
adhesion strengths.
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2.4 Dynamics

The dynamics of particle wrapping is determined by the typical timescales of the
relevant processes, such as membrane deformation and—for complex membranes—
receptor diffusion and potentially deformation or remodeling of the cytoskeleton.
Molecular dynamics simulations for nanoparticles that interact with initially flat
lipid bilayer membranes allow to follow a typical wrapping process in time
[59, 104]. After the initial contact between nanoparticle and membrane, the size of
the deformed membrane patch around the particles increases; it is largest for about
half-wrapped nanoparticles. Towards the end of the wrapping process, the bent
membrane attached to the particle is connected to the flat region surrounding the
particle only by a small neck. Formation of a defect in the neck leads to separation
of bent and flat membrane and completes the wrapping process.

Dynamics is particularly interesting for nonspherical particles that attach to
lipid bilayer membranes. While the stable orientation for elongated particles at
small wrapping fraction is (usually) the submarine orientation with the long axis
parallel to the membrane, for high wrapping fraction the rocket orientation with the
long axis perpendicular to the membrane corresponds to the lowest energy [29].
Coarse-grained molecular dynamics simulations allow to follow the orientational
changes that elongated nanoparticles undergo during wrapping [59, 104]. A local
free energy analysis and incremental changes of the nanoparticle orientation in
the direction of lowest energy allow to predict a wrapping pathway, see Fig. 7.
The corresponding curvature energy landscapes are plotted using color density
plots. A sphero-cylindrical nanoparticle that is initially in the unfavorable rocket
orientation first reorients towards submarine orientation. Although energetically
most favorable until half-wrapping, the particle may never actually reach submarine
orientation. Beyond half-wrapping, the particle turns back to the then favorable

Fig. 7 Endocytic pathways for nanoparticles with aspect ratios (a) 2 and (b) 5.5 predicted by
local energetics. The sphero-cylindrical nanoparticles take a general laying-down-then-standing-
up sequence during endocytosis. The contour maps plot the curvature energy level in the plane
of rotation angle and wrapping extent. The turning points (I–V) along the endocytic pathways
predicted by local free-energy analysis are schematically shown in each subfigure, where the green-
shaded areas are wrapped, while yellow-shaded areas are naked. Reprinted with permission from
[59]. Copyright (2013) American Chemical Society
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rocket orientation, in agreement with the energetics discussed in Sect. 2.2. For very
fast uptake, reorientation may be suppressed and an ellipsoidal particle may, for
example, be taken up completely in submarine orientation [31].

3 Wrapping by Complex Membranes

Many biological membranes contain a variety of lipids and proteins and are much
more complex than the model membranes that have been discussed so far [91].
These different components can interact with particles and pathogens and may
either be randomly distributed as suggested by the fluid mosaic model or aggregated
already before the interaction with particles in lipid rafts [77]. Furthermore, a
cortical cytoskeleton may rigidify the membrane by adding shear elasticity [6, 53],
slow down diffusion within the membrane [5], and alter distribution of lipids and
proteins [42].

3.1 Two-Component Membranes with Domains

Particle adhesion has been found experimentally to depend on lipid composition and
membrane structure: small particles with R < 100 nm have been observed to attach
to the liquid-ordered phase, larger particles attach to the liquid-disordered phase
[52]. Computer simulations for a particle that is attached to a lipid raft show that the
presence of the domain boundary facilitates particle detachment from the membrane
after complete wrapping [97]. Membranes where two or more phases with different
lipid compositions coexist can be described by a set of elastic parameters for each
domain and a line tension at the domain boundary. Domain formation alone can
induce budding [12, 70], therefore domains can assist particle wrapping. The effect
of lipid phase segregation on the interaction of particles with membranes can be
investigated using the Hamiltonian:

H =
∑
i=1,2

{∫
Si

dSi

[
γi + 2κi(H − c0,i)

2 + κ̄iK
]

+ γ�

∫
�c

d� − wi

∫
Sad,i

dSi

}
,

(4)

where the sum adds the integrals over a domain and its surrounding, see Fig. 8a.
The line tension γ� arises at the boundary where the phases are in contact, and it
might be very small if hybrid lipids with one saturated and one partially unsaturated
chain act as line-active component [15]. The value of κ̄ is not well known in many
cases, because the Gaussian saddle-splay modulus only contributes to the energy of
the membrane if it is inhomogeneous or if topology changes of the membrane are
observed. We neglect this contribution in the following discussion, the contribution
at the domain boundary might be thought of as redefined line tension.
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Fig. 8 Particle wrapping by multicomponent membranes with strong segregation. (a) Membrane
with domain size smaller than the particle surface area partially wrapped around the particle (d:
domain area, s: surrounding membrane, and b: domain boundary). (b) Wrapping phase diagrams
for a particle that preferentially adheres to a domain that is smaller than the surface area of the
particle (NW: non-wrapped particle, PW: partial-wrapped particle, and CW: complete-wrapped
particle). The phases are sketched for the adhesion strength of the surrounding membrane ws and
either the difference of the adhesion strengths �w, the difference of the bending rigidities �κ , or
the spontaneous curvature c0,d of the membrane that forms the domain. All other parameters are
kept constant. Calculated using the model in (a)

Figure 8b shows a phase diagram for particles that interact with a domain in a
tensionless, phase-separated membrane with vanishing line tension at the domain
boundary. If the domain is larger than the surface area of the particle, the wrapping
behavior is expected to be similar to a homogeneous membrane. If the domain is too
small to cover the entire surface area of the particle, the change of curvature-elastic
constants and adhesion strength is reflected in the wrapping phase diagrams. The
diagram shows wrapping phases for particles that adhere to a domain with adhesion
strength wd ≥ ws, where ws is the adhesion strength between the particle and the
surrounding membrane. Stable partial-wrapped states occur when the wd is large
enough for wrapping, but ws is too small. The phases are plotted for ws and �w =
wd −ws. Analogous to an increased adhesion strength, stable partial-wrapped states
are found if the bending rigidity of the membrane that forms the domain is smaller
than the bending rigidity of the surrounding membrane, �κ = κs − κd > 0, and if
the membrane of the domain has a preferable spontaneous curvature c0,d. A finite
line tension for the boundary of a preexisting domain also assists wrapping, because
the length of the domain boundary decreases with increasing wrapping fraction of
the particle.

3.2 Receptor–Ligand Bond-Mediated Wrapping

The interaction of particles with multicomponent membranes in a single phase
cannot be described by domains with different curvature-elastic parameters and
adhesion strengths as discussed in Sect. 3.1. Here, the presence of the nanoparticle
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can induce segregation of the components, such as aggregation of receptors in the
adhered region. Experimental data indicates the importance of receptor-mediated
nanoparticle wrapping. For example, particles that are half-coated with ligands are
endocytosed in steps [47]. In a first step, a membrane cup forms on the ligand-
coated surface and afterwards the endocytic process stalls. Only in a second step, the
ligand-absent hemisphere is wrapped. Furthermore, experiments for nanoparticle
uptake by cells reveal a preferred particle radius of about 25 nm [20, 21, 81], while
calculations with a homogeneous adhesion strength between particle and membrane
predict that the larger the nanoparticle the easier it gets wrapped. This has triggered
theoretical studies on receptor-mediated endocytosis using kinetic [9, 34, 35, 48]
and free-energy approaches [33, 120] that both predict an optimal radius for uptake
close to the experimentally observed radius.

Receptor-mediated adhesion is a natural choice to model the adhesive interaction
in computer simulations, because nanoparticles are often modeled by an assembly of
beads [59, 104]. Figure 9a shows wrapping for a nanoparticle with ligand coverages
of 20% and 80% and receptor–ligand bond energies ε = 2 kBT and ε = 8 kBT . A
bound nanoparticle is observed for small bond energy and small ligand coverage,
a partial-wrapped nanoparticle is observed for small bond energy and high ligand
coverage or for high bond energy and low ligand coverage, and a complete-wrapped
nanoparticle is observed for high ligand coverage and high bond energy. Analogous
to the competition of adhesion energy and bond energy, for homogeneous adhesion
strength the nanoparticles get wrapped only if the adhesion energy gain exceeds the
deformation energy cost (this estimation neglects an energy minimum for partial-

Fig. 9 Particle wrapping by multicomponent membranes with weak segregation. (a) Receptor-
mediated wrapping for a spherical nanoparticle interacting with a membrane. Binding, partial,
and complete wrapping are observed depending on ligand coverage and receptor–ligand bond
energy. Color coding: nanoparticle, yellow beads are ligands and gray beads are purely repulsive;
membrane, blue beads are membrane receptors, orange are headgroups, and gray and orange are
tail beads. Adapted with permission from [104]. Copyright (2011) American Chemical Society.
(b) The phase diagram shows the cellular uptake for various particle sizes and ligand densities.
The dotted line represents the theoretical lower bound R = √

2κ/εar. The color bar indicates the
level of cellular uptake. The endocytosed phase (II) is separated from the ligand-shortage phase
(I) and the receptor-shortage phase (III) by the dashed and the dashed-dotted line. Reprinted with
permission from [120]. Copyright 2010 by the American Physical Society
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wrapped states). A minimal particle radius is given by ε/a2
r > 2κ/R2, where ar is

the area per receptor.
For a given wrapping fraction of the nanoparticle, the free energy for the

receptors on the membrane is

F = −Nbε − kBT ln

[(
Sb

Nb

)(
Sf

Nf

)]
. (5)

Here, we assume the ligands to be regularly distributed and fixed on the particle.
The receptor entropy is calculated for a membrane that is discretized into sites. Sb
and Sf are the numbers of available sites on the bound and unbound region of the
membrane, and Nb and Nf the numbers of bound and free receptors. The first term
represents the total bond energy and the second term represents the contribution of
the receptor entropy to the free energy. This is a simplified model that highlights the
interplay of bond energy and entropy of the receptors. A more complete model for
receptor-mediated adhesion accounts in addition for the entropy of the differently
wrapped nanoparticles, the enthalpy change by taking nanoparticles out of the
solution, and the membrane deformation energy [120]. Figure 9b quantifies cellular
uptake for a membrane with bending rigidity and tension. Three different wrapping
regimes are found: (1) a ligand-shortage phase where ε/a2

r < 2κ/R2, (2) an
endocytosed phase where the nanoparticle gets wrapped, and (3) a receptor-shortage
phase where both membrane tension and receptor entropy prevent wrapping.

Extensions of the basic model for receptor-mediated adhesion of single particles
allow to study of further aspects of related systems. For example, taking into account
mutual attraction of nanoparticles during cellular uptake leads to distributions for
uptake as function of nanoparticle size that agree better with the experimental
data than single-particle calculations [19]. In biological systems with high salt
concentrations and strong electrostatic screening, charged membranes that interact
with charges on the nanoparticle show a similar dependence of the energy of the
system on the wrapping fraction as found for receptor-mediated wrapping [46]. In
particular, frustrated endocytosis with partial-wrapped states is observed for lack of
charges on the membrane. Receptor-like models can also be used to understand the
role of curved proteins for wrapping, where the energy gain for the proteins in the
membrane adhered to the particle with favorable curvature competes with the loss
of entropy for protein aggregation [2, 79]. Finally, viral budding from and entry into
host cells is a receptor-mediated process [80, 102].

4 Many-Particle Interactions

Many-particle interactions significantly alter the interaction of nanoparticles with
membranes. For example, single nanoparticles are too small to be phagocytosed,
but aggregates may enter the cell via this pathway [16]. For dosage-dependent
effects, also membrane-mediated interaction is an important player in addition to
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Fig. 10 Membrane-mediated interaction. (a)–(b) Inclusions, indicated by small red caps, on a
vesicle. White catenoidal deformations with vanishing bending energy form around the inclusions.
An inclusion-decorated vesicle with vanishing bending energy cost at optimal inclusion density.
Reprinted with permission from [4]. Copyright 2009 by the American Physical Society. (c)–(e)
Nanoparticles attached to a vesicle aggregate, tubes form for sufficiently small reduced volume
of the vesicle, such that enough area is available to allow for this deformation. Reprinted with
permission from [7]. Copyright 2012 by the American Physical Society. (f) Phase diagram for
nanoparticle self-assembly in terms of membrane bending rigidity Kb = 2

√
3κ [50] and particle

binding strength D0 that is proportional to the adhesion strength w. The snapshots show typical
aggregates in H1, L, and H2 phase (top to bottom). Reprinted with permission from [93]. Copyright
2012 by the American Physical Society. (g) Phase diagram in terms of nanoparticle radius Rp (in
units of the radius of the beads that are used to represent the membrane in the simulations) and
D0: gaseous phase G, linear aggregation L, tube formation (T), and single-particle bud formation
B. Reprinted with permission from [94]. Copyright 2012 by the American Physical Society

direct interaction between nanoparticles. We first discuss the interaction of curved
inclusions: while two small spherical-cap inclusions—where the cap is only a small
part of the entire sphere—interact repulsively, for large spherical caps attraction
is observed [86, 87]; furthermore, many inclusions aggregate and induce bud
formation [3, 4, 87]. Figure 10a, b shows catenoidal membrane deformations around
inclusions that reduce the total bending energy of an inclusion-decorated vesicle
compared with a bare vesicle. The bending energy of the inclusion-decorated vesicle
vanishes at optimal inclusion density, while an energetic cost arises from the same
number of inclusions at maximal mutual distance on a planar membrane of finite
size. Thus, vesicle curvature screens the membrane-mediated repulsion between
inclusions.

The membrane-mediated many-particle interactions that have been studied so far
are always attractive. For instance, two particles form a dimer that switches from
a linear aggregate on the membrane to a tubule for increasing wrapping fraction
[7, 94], see also the discussion on submarine and rocket orientation of elongated
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particles in Sect. 2.2. The wrapping fraction of the particle can be tuned by adjusting
the reduced volume of the vesicle, v = V/Vsph, where V is its actual volume
and Vsph is the volume of a spherical vesicle with the same membrane area. Small
reduced volumes allow more than two particles to join a tube. The energetic gain
of tubular assemblies compared with single, complete-wrapped particles strongly
depends on the range of the particle–membrane interaction potential ρ; for example,
the energy gain is about 5 κ for ρ/R = 0.2 [85], because the curvature energy
decreases for a tube-like arrangement of nanoparticles, but the adhesion energy
hardly increases due to the finite potential range.

Figure 10f shows a phase diagram for many nanoparticles on a membrane for
different values of κ and particle binding strength D0 [93]. For small bending
rigidities, partial-wrapped particles form a hexagonal cluster phase where the
membrane penetrates inbetween the particles. For high bending rigidities, partial-
wrapped particles are barely attached to the membrane; they deform the membrane
only weakly and therefore also interact only weakly. Linear aggregates are observed
inbetween both phases for biologically relevant bending rigidities 10 kBT < κ <

100 kBT . Whereas the deformation energy cost prefers a hexagonal cluster, the
higher adhesion energy gain leads to formation of linear clusters [93]. Linear
aggregates have also been observed in experiments where colloidal particles were
bound to giant unilamellar vesicles (GUVs) [65]. In computer simulations at high
adhesion strengths, the particles are found in an arrested phase; this can either be
single-particle buds or tubular aggregates [94], see Fig. 10g. Tubule formation has
been observed experimentally, for instance, for the interaction of viruses with cells
and GUVs [43].

5 Pathogens and Other Active Biological Systems

Phagocytosis—a feeding mechanism or an immune response to foreign objects
of cells—and entry or exit of parasites involve active biological processes. For
example, mammalian cells form actin protrusions to interact with their immedi-
ate environment; membrane reservoirs and clustering of receptors and signaling
molecules can help to sculpture the plasma membrane into different shapes. The
malaria parasite is equipped with motor complexes that can assist invasion into red
blood cells.

5.1 Invasion of the Malaria Parasite into Erythrocytes

Malaria is a deadly disease that affects several hundred million people every year
around the world. One of the crucial stages of infection is the blood stage, where
the merozoites invade red blood cells [25]. A merozoite has an asymmetric egg-like
shape with a total surface area of 8 μm2 and a width/length ratio of 0.71. Merozoites



Interaction of Particles and Pathogens with Biological Membranes 489

Fig. 11 Membrane-wrapping contributions to malaria parasite invasion of the human erythrocyte.
(a) Malaria egress from an infected erythrocyte and an isosurface of a merozoite obtained from
cryo X-ray imaging. Merozoites are infectious for about 10 min, during which an adhesin gradient
may develop. (b) Wrapping phase diagram for a tip-first-oriented merozoite for adhesion strength
and membrane tension at fixed reduced line tension γ̃ = 0.2: (c) Schematic representation
depicting different wrapping phases of the merozoite from reorientation through to invasion and
post-invasion. Reprinted with permission from [30]. CC BY 4.0

approach the erythrocyte surface in a random orientation and then quickly undergo
reorientation with the pointed apical end towards the membrane. This reorientation
can be triggered by an adhesive gradient on the merozoite surface, see Fig. 11a.
Next, the merozoite invades the erythrocyte within several minutes by traversing
through the partial-wrapped states PW I and PW II, see Fig. 11b.

Phase diagrams for wrapping the parasite with erythrocyte membrane highlight
the interplay of membrane curvature elasticity and tension, parasite shape and
adhesion energy, and line tension where the membrane detaches from the parasite
(that possibly originates from the cytoskeleton of the erythrocyte) [30]. Wrapping
phase diagrams can be calculated along the same lines as described in Sect. 2. The
states in the phase diagram for a tip-first-oriented merozoite and a fixed line tension
in Fig. 11b correspond to the sketches in Fig. 11c: non-wrapped (NW), partial-
wrapped with small wrapping fraction (PW I), partial-wrapped with high wrapping
fraction (PW II), and complete-wrapped (CW). The transition W0 between the non-
wrapped and the partial-wrapped state is continuous, whereas the transitions W1,
W2, and E are discontinuous. At a critical membrane tension, the energy barrier
between the two partial-wrapped states vanishes and W1 ends at a critical point. The
arrows in Fig. 11b indicate active biological processes during invasion: a secretion
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of unstructured membrane by the merozoite, and b aggregation or secretion of
membrane components with favorable spontaneous curvature.

Wrapping-energy calculations provide a systematic understanding for passive
energetic contributions to the invasion process and can help to quantify the effect
of various active biological processes. (1) A gradient of adhesive strength can lead
to tip-first orientation of the parasite, the crucial first step of the invasion process.
(2) Parasite-stimulated reorganization of the erythrocyte cytoskeleton and release of
parasite-derived membrane area may affect elastic properties of the host-cell mem-
brane, such as tension and spontaneous curvature and thereby facilitate wrapping.
(3) Parasite actomyosin motor contributions can help to overcome energetic barriers
and to transition from metastable partial-wrapped to stable complete-wrapped states.
Combining these biophysical insights with a parasitological framework, drawing on
a broad foundation of molecular and cellular evidence, it is proposed that invasion is
achieved via a balance between parasite and host cell contributions. These findings
lay the foundations for identifying mechanisms related to the host cell membrane
that might be targeted in malaria treatment.

5.2 Active Invasion Mechanisms During Phagocytosis

Phagocytosis involves complex physiological mechanisms by which eukaryotic
cells ingest nutrients and immune cells eliminate pathogenic particles or dead
biological material. While particles with sizes below 500 nm are internalized via
receptor-mediated endocytosis, particles with sizes larger than 1 μm are internalized
through a phagocytic process [36]. Here, cells employ active mechanochemical
processes, such as cytoskeletal reorganization. Actin–myosin rings or phagocytic
cups, specific or unspecific adhesion mediated via receptor–ligand bonds, and
dynamical regulation of membrane tension assist to sculpture the plasma membrane
into a phagosome. Experiments demonstrate that local particle shape, not overall
particle size, plays a decisive role in initiating phagocytosis [17, 74]. For instance,
macrophages that attach to a flat side of an oblate ellipsoidal particle spread on
one side of the particle, but no formation of an actin ring and no phagocytosis
are observed. Figure 12a shows representative scanning electron micrographs and
fluorescent micrographs with actin staining for cells that interact with polystyrene
particles of different shapes. The fluorescent micrographs reveal remodeling of the
cytoskeleton to form ring-like and cup-like structures. The experiments suggest
that cells are not able to detect macroscopic properties, such as volume, until
phagocytosis is complete. However, the size of the particle could prevent the cell
from successfully completing internalization.

Cellular uptake of large spherical particles by phagocytosis occurs in two
distinct phases, see Fig. 12b. During a first, slow engulfment phase, wrapping
is achieved by actin-rich protrusions. Receptor-mediated interactions drive the
wrapping process, such that for specific adhesion the efficiency can be increased
by higher receptor densities [17, 47]. During a second, fast envelopment phase,
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Fig. 12 Phagocytosis. (a) Micrographs of cells and opsonized particles, colored brown and purple,
respectively, and overlays of bright-field and fluorescent images after fixing the cells and staining
for polymerized actin with rhodamine phalloidin. A: Cell body at an end of a half-wrapped
elliptical disk. (Scale bar: 10 μm.) B: Cell attached to flat side of an elliptical disk. (Scale bar:
5 μm.) C: Spherical particle attached to top of a cell. (Scale bar: 5 μm.) D–F: Actin reorganization–
ring formation, polymerization at site of attachment, and start of internalization. (Scale bars in D-F:
10 μm). Reprinted with permission from [17]. Copyright (2006) National Academy of Sciences,
USA. (b) Analysis of the wrapping fraction for phagocytosis for a spherical bead with R = 2.3 μm.
Initially, slow engulfment (light gray) is followed by a much quicker engulfment (dark gray). Insets
show snapshots of the data that has been analyzed (blue: cell, red: bead, green: outline of pipette,
and yellow: attached membrane). Reprinted with permission from [88], Copyright (2014), with
permission from Elsevier. (c) Dynamical regulation of membrane tension during phagocytosis.
After bead engagement (1), signaling is activated and actin polymerization pushes the membrane
forward around the particle (2). Membrane tension increases because of protrusion, leading to
membrane buffer (folds) depletion. High membrane tension leads to deactivation of signaling, actin
reorganization, and activation of exocytosis (3). Increase of membrane area by actin-associated
exocytosis (4) and complete engulfment (5). Reprinted with permission from [71]

the particle is completely engulfed via a zipper-like mechanism. Fast wrapping is
also observed in the absence of receptors on half of the particle [47]. For elongated
particles, such as prolate ellipsoidal particles, internalization is most efficient when
the particles are wrapped tip-first; this is also predicted by calculations [88, 108].
These results suggest that phagocytic uptake is a combination of passive wrapping
with a competition of adhesion and deformation energy and active, regulated cellular
processes, such as cytoskeletal reorganization and formation of a phagocytic cup.
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Despite longstanding efforts to unravel phagocytosis, the current understanding
of the governing biophysical processes is limited. Therefore, efforts that interpret
experimental data using theoretical models for active engulfment scenarios in
biological cells are required to identify mechanisms. We discuss below some of
these modeling approaches for active uptake.

In [108], a set of reaction–diffusion equations is used to model the dynamics
of the signaling pathway. These equations are combined with an equation for the
dynamics of the phagocytic cup and the deformation energy of the membrane. In
agreement with experiments, this model predicts a mechanical bottleneck at half-
wrapping as well as high uptake for spherical and prolate ellipsoidal particles and
stalled phagocytosis for oblate ellipsoidal particles.

An alternative mechanism is described in [71] that suggests that the biphasic
process for pseudopod formation during phagocytosis is regulated by plasma
membrane tension. In the first phase of phagocytosis, a particle is wrapped until
a buffer for membrane area that is stored in folds and ruffles is depleted after about
half-wrapping. Hereafter, phagocytosis can only proceed if the tension of the plasma
membrane is again lowered. This occurs during the second phase of phagocytosis
by fusion of exocytic vesicles with the plasma membrane that enlarge its area and
decrease its tension. Figure 12c illustrates this process.

A zipper mechanism for phagocytic uptake is proposed and investigated in
[101]. Monte Carlo simulations for a fluctuating membrane are combined with
adhesive particles of different shapes. The deformation energy is modeled using a
triangulated membrane with the bending energy given by the Helfrich Hamiltonian.
For the adhesive interaction, the vertices of the membrane close to the particle either
gain a finite adhesion energy and attach reversibly or stick irreversibly. These two
interactions model passive adhesion and an active zipper mechanism, respectively.
The model suggests an increased importance of active wrapping with increasing
particle size and also predicts the mechanical bottleneck where cups get stalled at or
before half-wrapping. Furthermore, it reproduces the dependence of uptake on the
orientation for prolate ellipsoidal particles, tip-first uptake is faster than side-first
uptake.

Finite-element calculations for the membrane include the adhesive interaction
between cell surface and target, mimic actin cytoskeletal polymerization at the
leading edge, and invoke contractility at the cell–bead interface [56, 57]. Using this
model, shapes for the phagocytic cups can be obtained that are similar to those
observed experimentally during uptake.

A two-stage model assumes passive adhesion by receptor-mediated interaction
that is limited by receptor diffusion in the first phase, and active mechanisms with
directed motion of the receptors and signaling in the second phase [88]. This model
is consistent with slow wrapping in the first phase and fast wrapping in the second
phase, as observed in experiments. It also reproduces the observed quicker uptake
when prolate ellipsoidal particles enter tip-first.
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6 Conclusions and Outlook

With the advancement of technology, novel techniques to engineer nanoparticles of
various shapes and sizes are now available. Such particles are obvious candidates
for novel applications, therefore knowledge about their interaction in particular
with plasma membranes as first step of their interaction with biological cells is
required. A better understanding of the interaction of particles with biomembranes
can facilitate development of drug and gene-delivery systems, advance the research
on diseases by illuminating parasite and virus invasion, and may also help to
develop strategies to engineer nanostructured surfaces for optimal cell adhesion
to, e.g., biosensors. Soft particles, complex particle shapes, complex membrane
compositions, more realistic calculations for dynamics of particle wrapping, and
various active mechanisms, for example for phagocytic uptake, await further
research both using theoretical and experimental techniques.
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